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Application of a Psychometric Rating Model to
Ordered Categories Which Are Scored with
Successive Integers
David Andrich
The University of Western Australia

A latent trait measurement model in which
ordered response categories are both parameterized
and scored with successive integers is investigated
and applied to a summated rating or Likert ques-
tionnaire. In addition to each category, each item
of the questionnaire and each subject are para-
meterized in the model; and maximum likelihood

estimates for these parameters are derived. Among
the features of the model which make it attractive
for applications to Likert questionnaires is that the
total score is a sufficient statistic for a subject’s at-
titude measure. Thus, the model provides a formal-
ization of a familiar and practical procedure for
measuring attitudes.

One of the most persistent features in the scoring of response categories which are ordered is the
assignment of successive integers to the successive categories. This procedure is particularly evident
in the scoring of items of attitude questionnaires constructed in the popular Likert tradition in which
people rate their degree of agreement or disagreement to statements or items. In addition, the sum-
mary statistic indicating a person’s attitude with respect to a set of items on such a questionnaire is
commonly taken to be the sum of the integer scores assigned to the items. Although this is the com-
mon approach to dealing with such ordered response categories, certain assumptions of this scoring
procedure, particularly that with respect to the implied assumption of &dquo;equal distances&dquo; between

categories, continues to be questioned.
The general approach for overcoming objections to the integer-scoring procedure is to use a re-

sponse model which keeps track of the category in which a person responds. Two basic types of
models with such a property have been studied extensively. In the first type, exemplified by Samejima
(1969) and Kolakowski and Bock (1972), a unidimensional latent variable with distances between re-
sponse categories is postulated. The boundary positions of the distances are considered threshold
points of the continuous latent variable, and the response is supposed to be determined by the
interval in which the value of the latent variable falls. In the second type of model, considered by
Rasch (1961, 1968) and discussed in some detail by Andersen (1973), a multidimensional parametric
structure is postulated with respect to the response categories; and after the parameter estimation is
carried out, checks on the possible reduction of the dimensionality of this structure are made.
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Through a special case of this model, in which a single dimension is postulated immediately,
Andersen (1977) and Andrich (in press-b) have revived interest in the &dquo;equidistant&dquo; scoring of the
categories. First, Andersen has shown that if the sum of scores assigned to categories is to provide a
sufficient statistic for a person’s attitude and if certain plausible ordering properties among response
patterns are to hold, then the categories must be scored in an &dquo;equidistant,&dquo; or equivalently, integer-
scoring fashion. Secondly, Andrich has interpreted the model in terms of thresholds on a latent con-
tinuum. This interpretation is set in a similar context to that of the traditional threshold formulation
but is distinctively different from it. Thus, when it holds, the model formalizes in terms of a latent
trait approach the intuitive procedure of the Likert-type questionnaires. (For full details of the statis-
tical rationale and the interpretation of the model, the reader is referred to the above two papers.
However, since they contain no applications, an operationalization and an application of this model
are illustrated in the present paper.)

The Rating Response Model

The rating response model takes the form

where

is a normalizing factor.
In Model 1 the various variables are interpreted as follows. Firstly, it is proposed that when a

person responds to an item in one of m+1 ordered response categories, the categories are separated by
m ordered thresholds on a latent continuum. Secondly, the value x of random variable X, where jcc {0,
1, ..., m}, designates the number of thresholds passed. Specifically, x=0 indicates a response in the
first (or lowest) category, in which case no threshold is passed, while x=m indicates a response in the
last (or highest) category, in which case all thresholds are passed. Thirdly, and most importantly, the
category coefficients xx are defined in terms of the thresholds T,,, k=I, m as follows:

Finally, {3 and d, respectively, represent the attitude of a person and the affective value of an item.
Two related points are stressed with respect to this model-points developed in Andrich (in

press-b). Firstly, the scoring of successive categories with successive integers depends on the equal
discrimination at the thresholds and not on equal distances between thresholds. This is in contrast to
traditional formulations in which integer scoring is considered to depend on equal distances between
thresholds. Secondly, the values of thresholds are estimated. The relationship of each category coeffi-
cient to the thresholds is that except for the first coefficient (which is always zero), it is the sum of the
thresholds up to that category. The characteristic curves for the response categories in relation to the
thresholds are shown in Figure 1 in the context of the illustrative example.
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Before proceeding with the estimation, it is noted that when m=1-that is, when the response is
dichotomous-Model 1 reduces to Rasch’s simple logistic model (SLM). In the case exp xx = [x-l-that
is, when the coefficients are specified in advance to be binomial-it reduces to the binomial logistic
model (BLM) described in Andrich (1978, in press-a).

Estimation

Because Model 1 is a straightforward generalization of the SLM and the BLM, it is possible to
approach its parameter estimation from the two main approaches which have been studied with re-
spect to these special cases. They are the so-called conditional and unconditional approaches. In the
conditional approach, sufficient statistics are identified for the person and category parameters; and
then an equation, conditional on these statistics and containing only the item parameters, is obtained.
With respect to a sample of data, a conditional likelihood equation may be derived which can be used
to obtain maximum likelihood estimates of the item parameters. On the basis of the item parameter
estimates so obtained, which are then treated as fixed and known quantities, maximum likelihood
person and threshold parameters may be estimated.

Although this approach, exemplified by Andersen (1973) and Wright and Douglas (1977), is
ideal theoretically, implementation problems for routine computer analyses do seem to arise in the
solution algorithms. In particular, round-off errors in associated symmetric functions seem to miti-
gate against successful estimation with large numbers of items. Douglas (in press) has studied this ap-
proach with respect to the BLM; the problem is exaggerated as the number of categories is also in-
creased. In the model of Equation 1, these same drawbacks seem to exist.

In the unconditional approach, used by Wright and Panchapakesan (1969), Wright and Douglas
(1977), and Andrich (1978), a direct likelihood function is obtained; and the item and person para-
meters are effectively estimated simultaneously. While this approach is not hampered by large num-
bers of items, it has the weakness that the item parameters are not consistent. This weakness, dis-
cussed by Andersen (1973) for the SLM, is due to the retention of the &dquo;incidental&dquo; person parameters
(which vary from person to person) in the estimation. Fortunately, a simple correction factor, which
gives estimates identical to those obtained in the conditional approach in the case of two items and
two response categories, does exist. Wright and Douglas provide a rationale for this factor in the
SLM; the factor will be discussed later with respect to the model studied in this paper.

Unconditional Estimation

If N subjects respond to I items in one of m+1 ordered categories which are successively scored
from 0 to m, then the joint probability of the data matrix [xv,], given the parameter vectors x, (3, d, is
given by 

~ ~ ~
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Expanding, simplifying, and taking the logarithm of Equation 3 gives

where Tx is the total number of responses with respect to all subjects and all items which are in
the category x;
rv = ~x~, is the total score of subject v;

S, = 2jc~, is the total score of item i; and
L is the likelihood.

It can now be seen readily from the logarithmic form of Equation 4, and according to the factori-
zation theorem of sufficient statistics, that the total person score r~ is a sufficient statistic for (3v. Simi-
larly, it can be seen that 7B and S, are respectively sufficient statistics for xx and d,. These are key
features of the model, which not only make it relatively tractable, but also provide very clear connec-
tions with more intuitive approaches to the analysis of questionnaires with ordered response cate-
gories. This is especially the case with respect to finding an index for a person’s attitude.

Reparameterization

By differentiating Equation 4 with respect to each of xx, (3~, and d, and equating the resultant ex-
pressions to zero, maximum likelihood equations may be obtained directly. Before doing so, however,
it proves expedient to anticipate two dependencies in the resultant equations: one among the item
parameters and one among the category parameters. These can readily be seen from Equation 3,
since the probability statement is unchanged if a constant is added to each d&dquo; providing it is also
added to each (3v; and it is unchanged if a constant is added to each xx.

Adding the equation ~d, = 0 provides an origin and a simple method for placing a constraint on
the items. The most efficient and useful method for handling the indeterminacy on the categories is to
reparameterize them in a way analogous to the procedure used by Bock (1972) for a similar model in
which the categories are nominal rather than ordered.

Reparameterizing according to
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where the matrix B (called the basis matrix) takes the form

reduces by 1 the number of parameters to be estimated. This overcomes the indeterminacy and pro-
vides immediately an estimate of the thresholds rather than the category coefficients. This effect is
ideal, since it is the thresholds and not the category coefficients which can be interpreted directly.

The Solution Equations

With the above general reparameterization, the log likelihood takes the form

where bxk is the (x, k~th element of B. In the estimation, the following relationships, which can be
shown readily, help simplify the resulting expression considerably:
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Using the above results, differentiating Equation 7 with respect to d&dquo; r~, and (3~, and equating the
resultant expressions to 0 provides the following solution equations:

A Solution Algorithm

Because there are usually many more persons than items, more than one person will have the
same total score. Then, because all people with the same total score will have the same parameter esti-
mate-a consequence of the sufficient statistic for (3v and clearly evident from Equation 13-it is
necessary to estimate only a parameter with respect to each total score. With these observations, the
parameter estimation procedure is divided into three stages and is analogous to that used by Wright
and Panchapakesan (1969) and Wright and Douglas (1977) for the SLM and that used by Lord (1968)
and Bock (1972) for other similar latent trait models. Because the procedure has become familiar in
the literature, these stages will now be described only in brief and general terms.

In the first stage of the estimation, person and threshold parameters are provisionally fixed, and
Equation 11 is solved for the item parameters. These implicit equations (as are the others) are solved
iteratively using the Newton-Raphson algorithm. Before proceeding to the second stage, the con-
straint 21, = 0 is imposed on these estimates. In the second stage, these new item parameters are con-
sidered fixed, and Equation 12 is solved for the threshold parameters. In the third stage, with both
item and threshold parameters fixed, Equation 13 is solved for ft, the attitude estimate of any person
with a total score of r. Although the possible total scores for a person range from 0 to Im, the (3 esti-
mates corresponding to the two extreme scores are not finite; consequently, Equation 13 is solved only
for r= 1, Im - 1, and any person with either of these extreme scores is eliminated in the estimation.
With these new person parameters taken as fixed, Stage 1 and Stage 2 are repeated. When two suc-
cessive sets of solutions for the items and threshold parameters differ by less than some arbitrary
small value, the iterative process is terminated.
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Inconsistency of Estimates

As was indicated earlier, the item parameter estimates obtained for the SLM from the above un-
conditional maximum likelihood approach are not consistent. That is, for a fixed number of items,
and with a sample size increasing without limit, the parameter estimates do not tend to the actual
values of the parameters. The correction factor for the SLM, for which Wright and Douglas (1977)
provide a rationale, involves multiplying the obtained item parameter estimates, d&dquo; by ([-1)//. In the
extended model described above, the same correction factor appears to be appropriate for the items,
but a correction factor of (m-1)lm also appears necessary for the thresholds. The details of these ob-
servations, which have been made from a series of simulations, are not reported in this paper. How-
ever, a full discussion on the nature of the inconsistency of estimates and the effectiveness of appro-
priate correction factors with respect to this model would be instructive. With the corrected item and
threshold parameters, a revised set of person parameter estimates can be obtained by re-solving
Equation 13.

Standard Errors of Estimates

In maximum likelihood estimation, the negative inverse of the second derivatives provides the
limiting variance of the parameter estimates. Their square roots therefore provide large sample
standard errors. With respect to each set of parameters, the second derivatives are used in the
Newton-Raphson algorithm and therefore are routinely available. However, the appropriate standard
errors for the corrected item and threshold values are estimated by evaluating them after correction
for bias.

These second derivatives take the following simple forms:

An Example

The set of data analyzed for illustrative purposes involves the responses of 273 Asian and Aus-
tralian students from the University of Western Australia. These students answered 20 items pertain-
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ing to an attitude to learning. The items and results, provided by Mastuhu (1977), were designed to

provide information about the relative independence or dependence from authority that these stu-
dents showed with respect to their learning in a University environment. These responses were used to

compare the attitudes of Australian and Asian students. As examples, three of the items were
I like to learn things which are definite.
I enjoy teasing ideas out in an argument.
I am confident that the lecturer always gives correct information in lectures.

The students responded to these questions across a continuum of strongly agree (SA), agree (A),
disagree (D), and strongly disagree (SD), in the Likert tradition. However, no neutral category was
provided because of the apparent general consensus in the literature that this category can attract re-
sponses other than those representing simple neutrality, such as indifference, misunderstanding, and
the like (cf. Dubois & Burns, 1976). Four of the items indicated dependence on authority, while the
others indicated independence. The scoring of the former were reversed, making a high score in-
dicate greater independence. The analysis described below pertains to checking the internal con-
sistency or unidimensionality of the items.

Results

The goodness of fit of the responses to the model was evaluated by a Pearsonian chi-square sta-
tistic generalized from the one described by Wright and Panchapakesan (1969) for the SLM and that
described in Andrich (in press-a) for the BLM. Because the number of persons in each possible score

group was small, people were grouped into four adjacent class intervals of approximately equal size.
Table 1 provides the values of the test statistic together with the associated probabilities under

the hypothesis of the fit of the data to the model. Two analyses are shown, one containing the entire
set of 20 items and the other containing a subset of 16 items, the 4 items showing misfit to the model

having been deleted. The chi-square for each item was considered to be distributed with approxi-
mately 3 degrees of freedom-one less than the number of class intervals G. For the joint test of fit the
number of degrees of freedom was taken to be I(G-1)-(G-I)-m 

= (J-1) (G-1)-m, where G-1 de-

grees of freedom correspond to the number of constraints across class intervals and m degrees of free-
dom correspond to the number of category parameters estimated. These figures are also shown in
Table 1.

It is evident from this table that the entire set of 20 items does not accord with the model, al-

though the individual item fit suggests that this is due primarily to the poor fit of three or four items.
Because the individual item fit test is conservative, four rather than only three of the least well-fitting
items-Items 3, 5, 11, and 12 were deleted and the analyses repeated. With the reduced set of items,
the fit according to the X2 criterion is very satisfactory, neither too good nor too bad.

The above test of fit, however, is a very general one and therefore does not disclose certain
specific violations of the model. In particular, scores are amalgamated among categories so that the
test does not indicate specifically whether the responses among categories accord with expectation. In
order to get an orientation to this aspect of the data, the average attitude (38 of the people in each class
interval g was calculated. Then, the probability that a person of attitude fjg responded in category x to
item i was obtained by entering (3g and d, into the probability statement of the model-Equation 1. If
the responses accord with the model, then these probabilities should be similar to the proportion of
persons in each class interval who respond in each category to each item. The patterns of observed
proportions and model probabilities are illustrated in Figure 1 with Items 6, 15, and 7. These items
were chosen because they represent a spread across the continuum.
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Table 1

Goodness of Fit of 20-Item and 16-Item Sets

For ease of visual inspection, items have been ordered

according to the fit on the first analysis.

It is apparent from Figure 1 that the corresponding proportions and probabilities do tend to fol-
low each other (with the probability of a high score increasing as either the person attitude increases
or the item affective value decreases), although, as expected in a probabilistic model, there were dis-
crepancies. If the model does account for the data, however, then these discrepancies, with respect to
all class intervals and all items, should not show any systematic pattern.

To investigate the pattern of these discrepancies, each observed proportion which was greater
than the corresponding model probability was classed as a positive residual. The number of positive
residuals with respect to all class intervals and all items are shown in Table 2. If the items do accord
with the model, then about half of the residuals in each category (shown as expected frequencies in
Table 2) should be positive. From this Table it is evident that the number of positive residuals, in both
the 20-item and 16-item sets, was not untenable under a random sampling hypothesis.

With no evidence that the 16-item set did not accord with the model, the various parameter esti-
mates are shown in Tables 3 and 4. For comparison purposes the figures for the 20-item set as well as
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Figure 1
Observed proportions (+) and model probabilities of responses in each category for

3 items and 4 class intervals

For ease of visual inspection, adjacent model probabilities have been joined by curves.
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Table 2

Number of Positive Residuals with

Respect to Each Response Category

the 16-item set are shown. One of the most interesting results with respect to the parameter estimates
is that of the threshold estimates shown in Table 3. In both the 20- and 16-item sets, and more closely
with the latter set with only the conformable items, not only were the distances between thresholds
statistically equivalent but these distances were one unit. That is, within 95% confidence limits for the
estimates, the respective threshold estimates were -1.0, 0.0, and 1.0.

Three points should perhaps be stressed in relation to this result. Firstly, although the threshold
estimates are constrained to sum to zero, there are no further constraints placed upon them.
Secondly, these values follow after a correction for bias, where the original estimates were multiplied
by a factor of (m-1)lm; the appropriateness of this factor, as mentioned earlier, requires further
study. Finally, it is reiterated that the equality of distances between successive thresholds is not what
governs the appropriateness of the integer scoring; it is instead an equality of discriminations at the
thresholds.

With unit distances between threshold values centered at 0.0, Figure 2 displays the category
characteristic curves as a function of the difference between a person’s attitude, (3, and an item’s af-
fective value, d. Clearly, as the attitude increases relative to an item’s affective value, the probability
of a high score increases.

Discussion

Unlike the simple logistic specialization of the general multidimensional Rasch model which has
been studied extensively with respect to its implementation and application to both achievement and
attitude tests, other specializations have received relatively little attention. This paper has dealt with
one of these alternate specializations, which should prove useful in educational and psychological
scaling applications.

The special feature of the model is the integer scoring of categories, even though the thresholds
between them are parameterized separately, and its relatively successful application in the illustrative
example. Perhaps the most desirable aspect of the integer-scoring function, an aspect which has been
mentioned before, is that a person’s attitude is a function of his/her total score with respect to items.
Thus, in the first step of obtaining an attitude estimate, one proceeds as in the usual summated rating
approach. For the second step, which requires a non-linear transformation of the total score, the con-
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Table 3
Item and Threshold Estimates for

20-Item and 16-Item Sets

version table can be made readily available from the corresponding item analysis. The familiarity of
these steps with the SLM should facilitate the application of the model described to Likert question-
naires.

In addition to these advantageous properties for person measurement, the model has the same
advantageous properties for item analysis as those discussed in Andrich (1978, in press-a) with re-
spect to the model where the thresholds are not estimated, but the category coefficients are specified
to be binomial. First, checks on the internal consistency of items can be made with explicit prob-
ability statements. Secondly, and unlike traditional analyses of Likert questionnaires, estimates of
scale values which reflect affective characteristics of items are provided.
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Table 4

Attitude Estimates and Standard Errors

Corresponding to Every Third Possible
Score for 20-Item and 16-Item Sets

Figure 2
Obtained Characteristic Curves for Four Categories as a Function of the Difference

Between Person Attitude and Item Affective Value
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