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Abstract

In response to environmental signals such as light, temperature or chemicals, motile

organisms can change their behavior by directed movement toward or away from the

signal, by changing their speed of movement and/or frequency of turning. When the

signal is chemical, the process is called chemotaxis. E. coli employs chemotaxis to find

and move toward favorable locations. E. coli chemotaxis is a widely studied molecular

system. Our knowledge of the signaling pathway in E. coli chemotaxis has been signifi-

cantly advanced. The recent research mainly concentrates on receptor clustering. It is

established to account for the dramatic features of the system such as high sensitivity

in transmembrane signaling, precise adaptation over a wide dynamic range of ligand

concentrations, and robustness to quantities of intracellular proteins. To fully under-

stand the mechanism behind the high-performance signaling functions, researchers are

gaining insights into the structural basis and functional consequences of the interactions

among the networked receptors.

So far, we know that there are multiple levels of organization of a receptor network.

First, two receptor monomers bind into a homodimer. Second, three homodimers form a

trimer of dimers. Third, trimers cluster together into a patch of thousands of molecules,

probably in a hexagonal network. Last, most patches localize at a cell pole. We hy-

pothesize that multiple levels of molecular interactions exist in the receptor network and

each of them contributes specific functional features to the high-performance signaling

for E. coli chemotaxis.

In this dissertation we use mathematical modeling and computer simulation to study

the structure-function relationship in signaling for E. coli chemotaxis. We first develop

a model based on the experimental observation that the most permanent clusters of
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receptor homodimers are trimers of dimers. In the model, we only consider the interac-

tions among dimers within a trimer, called intratrimer interactions. We show that the

model can reproduce most of the experimentally-observed behaviors, including excita-

tion, adaptation, high sensitivity, and robustness to parameter variations. In addition,

the model makes a number of new predictions as to how the adaptation time varies

with the expression level of various proteins involved in signal transduction. Our results

provide a more mechanistically-based explanation of the origin of high sensitivity than

previous models, and show that in some situations, higher-order receptor interactions

beyond intratrimer interactions, called intertrimer interactions, may not be necessary

for chemotactic responses by cells.

The ’trimer-of-dimers’-based model describes the full dynamics and includes 158

differential equations. To simplify and apply it to later work, we use two approaches

of multi-time-scale analysis and mean-field theory to perform system reduction, and

obtain two low-dimension models, which comprise of only 16 and 4 differential equations,

respectively. Both of them successfully capture the main features of the response and

show very good agreement with the output of the original model.

The experimental measures on kinase activity response by the cheRcheB mutants

with overexpression of Tar or Tsr show high Hill coefficients, even up to 11, which prob-

ably suggests that higher-order interactions beyond those within a trimer are involved

in responses of these cells. The ’trimer-of-dimers’ model does not include higher-order

interactions and can hardly predict a Hill coefficient higher than 3. To explain the high

cooperativity in these strains, we model the signaling function of a trimer of dimers

with a free-energy-based method and then extend the equilibrium model for a single

trimer to a model for a cluster of coupled trimers. The new model reproduces the high

Hill coefficients observed in a range of experiments, verifying our hypothesis that the

extremely high cooperativity is attributed to the intertrimer interactions.

In wild-type cells, the copy number ratio of the receptor to the enzyme CheR or CheB

is very high. It is highly possible that a single CheR or CheB performs adaptational

modification on many receptors in a short time period, especially when the cell responds

to a large stimulus, and that the motility of the two enzymes plays some role in the

adaptation phase of chemotaxis. The short distance between neighbored trimers of

dimers allows the enzymes to quickly access a large number of receptors. Therefore,
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receptor clustering provides a physical basis for the feature. We develop a stochastic

model, apply the Gillespie algorithm in simulation, and show that a mobile CheR and

CheB can make the activity of a large receptor cluster precisely adapt in an appropriate

timescale.

In summary, in this dissertation, we intensively study the signal transduction path-

way of E. coli chemotaxis with the approach of quantitative modeling and computer

simulation. We specially focus on receptor clustering and its relationship with high-

performance signaling function. The models we construct and the analyses we conduct

deepen our understanding on the specific functions contributed by multiple levels of the

structure of a receptor network.
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Chapter 1

Introduction

1.1 An Overview of Methodology

The history of science is an interactive process of experiments and theories. New phe-

nomena are observed in experiments; theories are developed to explain the phenomena;

new experiments are conducted to test the theories; the theories are accepted, modi-

fied, or replaced with new ones according to the results of the experiments. The cycle

continues as the subject advances.

As a subject field matures, knowledge is accumulated, and theories to be tested

become more elaborate, eventually exceeding the limits of what a scientist can mentally

proceed without the help of computers, and experiments to conduct for testing become

more complicated, eventually exceeding the limits of what laboratory techniques can

handle. This is where computational modeling becomes necessary.

Cell biology is exactly one of the fields. Traditionally, biologists gain understanding

on a cellular system from experiments and accumulate knowledge. Currently, compu-

tational modeling has become a widely used tool as a supplement to experiments. The

available knowledge on a cellular system is integrated into a model. The model is used

to test a new hypothesis. With computations based on the model, we can see if the

simulation can reproduce a set of key data and if some new data generated from the

model to identify system aspects that are poorly understood can be verified by exper-

iments. In this way, the hypothesis can be evaluated. A good model puts all pieces of

information into a whole picture and represents the current understanding of a system.
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The work in this dissertation focuses on modeling and simulation on a biochemical

reaction network, the signaling pathway of bacterial chemotaxis in Escherichia coli (E.

coli). Therefore, the overview is only on modeling methods on biochemical reaction

networks.

A typical biochemical reaction is:

A + B
k1


k−1

C (1.1)

The molecules A, B and C could be proteins, DNA, RNA or other species. The molecular

concentrations, denoted as a, b and c, are variables that change over time. k1 and k−1

are the forward and backward reaction rates. There are usually two ways to describe

the behavior of the reaction system, deterministic and stochastic.

In the deterministic approach, the reaction occurs in a deterministic manner. Molec-

ular concentrations are assumed to be continuous and the discrete nature of molecules

is ignored. If the spatial aspects of the cellular system and diffusion of molecules have

little effect in reactions, we are able to assume that reactions take place in a homoge-

neous, well-stirred volume, and then the kinetic ordinary differential equation (ODE) is

normally used to simulate the transient dynamics of the system. Applying mass action

kinetics, the equation for the molecular species C in the system (1.1) is:

dc

dt
= k1ab− k−1c (1.2)

The time evolution of the chemical concentrations and the steady-state states can be

solved analytically for very simple cases and numerically for more typical situations.

If the spatial aspects of a system play a key role in cellular processes, then the

simple ODE model is not feasible. The spatial issue arises when the timescale of dif-

fusion is somewhat slower than that for reactions. If the system consists of multiple

compartments, for example the nucleus and cytoplasm, and there is rapid mixing within

compartments, then a compartmental model can be applied, where the dynamics are

treated with the same ODEs as for non-spatial models, but now with a set of equations

for each compartment and also terms for transport between compartments. Otherwise,

partial differential equations (PDE) are used to model continuous space, in which molec-

ular concentrations become functions of both time and position. The equation for the
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molecular species C in the system (1.1) is:

∂c(x)
∂t

= k1a(x)b(x)− k−1c(x) + Dc∇2c(x) (1.3)

The last term accounts for diffusion of C into and away from the position x, where DC

is the diffusion coefficient for C. Numerical integration, where the space is partitioned

into subvolumes, is challenging because instability arises when the time step exceeds

the diffusion time scale 4x2

D , where 4x is the partition width and D is the diffusion

coefficient of the fastest diffusing species. Therefore, high spatial resolution with low

prediction error requires both small subvolumes and short time steps, which make the

simulations computationally intensive.

Both ODE and PDE models are approximate because they treat molecules with

continuously variable concentrations rather than the discrete entities that they actually

are. In cells, reactions occur as a rapid succession of separate elementary events, the

exact timing of which is random because of the Brownian motion of the reactants.

For a system, if there are about n molecules of some species, this value fluctuates

with standard deviation of about
√

n. The noise, e.g. represented by coefficient of

variation (CV) that is defined as the ratio of the standard deviation σ to the mean µ

(CV = σ
µ), is typically negligible for millions of molecules in a cell, moderately significant

for thousands of molecules, and highly important for tens of molecules. In the latter

case, the alternative stochastic method is necessary.

In the stochastic approach, the reactions occurs in a stochastic manner. Molecular

concentrations are discrete. Chemical master equations are used to track the probabil-

ities of all possible system states over time. The equation for the molecular species C

in the system (1.1) is:

dpa,b,c

dt
= k1(a + 1)(b + 1)pa+1,b+1,c−1 − k−1(c + 1)pa−1,b−1,c+1 (1.4)

pa,b,c is the probability of the system state that there are a molecules of A, b molecules of

B, and c molecules of C. Generally, a Monte Carlo method such as the famous Gillespie

algorithm is used to simulate a series of random events and produce a stochastic time

course on every run, and the simulations are interpreted by analyzing statistics of all

the time courses. Several spatial-stochastic schemes are available to extend the model

for those systems that require spatial resolution and accurate stochastics.
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In this dissertation, first, the kinetic ODE method is used to model the overall

signaling pathway of E. coli chemotaxis. Due to the small size of bacteria, the spatial

aspect is ignored. Then the stochastic method is applied to a detailed microscopic

model of the adaptation phase in bacterial chemotaxis due to the small number of the

molecules involved in the process.

1.2 Key Results in the Dissertation

Chemotaxis to bacteria is like sight and hearing to human beings. They use it to

sense nutrients and toxins, and move toward a more favorable environment. Bacterial

chemotaxis is widely studied because of its experimental accessibility and because it

incorporates processes that are important in a number of sensory systems: signal trans-

duction, excitation, adaptation, and a change in behavior, all in response to stimuli.

The machinery for transduction of chemotactic stimuli in the bacterium E. coli is one

of the most completely-characterized signal transduction systems, and because of its

relative simplicity and the availability of data, quantitative analysis of this system is

possible.

A remarkable feature of the signal transduction system is high sensitivity to small

changes in chemical concentrations. It is discovered that receptor complexes in the

membrane aggregate and work as antennas to amplify weak signals. The exact organi-

zation of receptor clusters is being under investigation, but a most static cluster ’trimer

of receptor homodimers’ has been well observed, and the importance of the structure

in functioning has been reported. The phenomenon of receptor clustering widely ex-

ists in other biological systems, for examples, T cell receptors in the immune system,

neurotransmitter receptors in neurons, and tumor necrosis factor receptors in apoptosis

regulation system.

In this dissertation, first, we develop and analyze a deterministic model based on

the experimental observation that the most permanent clusters of receptors are trimers

of dimers. We show that the model can reproduce most of the experimentally-observed

behaviors, including excitation, adaptation, high gain, and robustness to parameter

variations. In addition, the model makes a number of new predictions as to how the

adaptation time varies with the expression level of various proteins involved in signal
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transduction.

Second, we perform a system reduction for the above model. The deterministic

model is based on a complex reaction network and consists of 158 differential equations.

To get a simple input-output relationship, we simplify the full model with a multi-

time-scale analysis and a mean-field theory. The reduced 16-ODE and 4-ODE models

successfully capture the key features of the original system and they are of much benefit

for further modeling and analysis on the subject because of their low dimensions.

Third, we develop a deterministic model for higher-order interaction in receptor

clusters than those within a trimer. The model explains high cooperativity observed in

a range of experiments.

Last, we propose the idea of development of a stochastic adaptation model where

the mobility of the enzyme proteins CheR and CheB is introduced into the adaptation

system, which has been suggested experimentally but not explored theoretically yet.

By using both deterministic and stochastic methods, we perform intensive modeling

and analysis on bacterial chemotaxis in E. coli. The work offers a more mechanistically-

based quantitative description of the origin of high sensitivity and perfect adaptation

in the signal transduction system. The work also helps deepen the understanding of

receptor clusters, the naturally evolved structure in many types of cells.

1.3 Outline of the Dissertation

• In Chapter 2, we briefly introduce the biological background of bacterial chemo-

taxis in E. coli and review the previous models in the literature.

• In Chapter 3, we present a ’trimer-of-dimers’-based deterministic model of signal

transduction in E. coli chemotaxis.

• In Chapter 4, we present two low-dimension models reduced from the full model

in Chapter 3.

• In Chapter 5, we present a deterministic model to cover inter-trimer interaction,

extending the single ’trimer-of-dimers’ model in Chapter 3 to a receptor cluster

model.

5



• In Chapter 6, we present a stochastic model of perfect adaptation with mobile

CheR and CheB in E. coli chemotaxis.

• In Chapter 7, we make a conclusion for the above modeling and analysis, and

introduce a future project, an integrated model from signal transduction to pattern

formation in E. coli.
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Chapter 2

Background

2.1 Biology in E. coli Chemotaxis

Bacterial chemotaxis in E. coli is an intensively studied biological system. With the

invention of light microscopy in the 17th century, people were able to observe the pur-

poseful motions of bacteria; by the end of the 19th century, the phenomenon of bacterial

chemotaxis was recognized by Engelmann, Pfeffer, and other biologists using their cre-

ative assays; by the 1980s, with the protein isolation and mapping technique and the

genetic approach, the signal transduction network in E. coli chemotaxis was defined

and reconstituted in vitro; in the 1990s, X-ray crystallography and nuclear magnetic

resonance spectroscopy made available the atomic resolution structures of all six Che

proteins and several receptor complexes; in the last ten years, with the prospering of

mathematical biology, various quantitative models appeared, deepening the understand-

ing of bacterial chemotaxis. E. coli chemotaxis is a piece of small water in the ocean of

biology while the footprints of people having dived into it reflect the huge progress of

modern science.

2.1.1 Behavior in E. coli Chemotaxis

In response to environmental signals such as light, temperature or chemicals, motile

organisms can change their behavior by directed movement toward or away from the

signal, which is called taxis, by changing their speed of movement and/or frequency of
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turning, which is called kinesis, or by a combination of these1 . E. coli employs kinesis

to move in favorable directions, and in particular, it executes the ‘bakery walk’ in finding

favorable locations, which is to take a ‘sniff’ and judge the signal intensity at the present

location, take a ‘step’ and another sniff, compare the signals, and from the comparison

decide on the next step. In this process it alternates between a more or less linear motion

called a run (the ‘step’) and a highly erratic motion called tumbling, which produces

little translocation but reorients the cell. E. coli has 6-8 motor-driven flagella that can

rotate in either direction, and when they rotate counterclockwise (CCW) when viewed

from behind they form a bundle that propels the cell forward in a run, but when they

rotate clockwise (CW) the bundle flies apart and the cell tumbles. Since these bacteria

are 1−2µm in length, they are too small to detect spatial differences in an extracellular

signal on the scale of a cell length, and they choose a new direction essentially at random

at the end of a tumble, although it has some bias in the direction of the preceding run [1].

In the absence of a signal the run times are much longer than the tumbling times, and

when bacteria move in a favorable direction (i.e., either in the direction of foodstuffs

or away from noxious substances), the run times are increased further by increasing

the probability p(CCW) of CCW rotation (called the rotational bias) [1, 2, 3, 4, 5, 6].

The effect of alternating these two modes of behavior is that a bacterium executes a

three-dimensional random walk with drift in the favorable direction, when observed on

a sufficiently long time scale [7, 8]. In addition, E. coli adapts to constant signal levels

and only alters the run length in response to changes in the extracellular signals; in effect

the sensory system functions as a derivative detector. Thus chemotaxis comprises two

essential phases: excitation that leads to a change in the tumbling rate, and adaptation

that returns the tumbling rate to the prestimulus level. The former is fast – it occurs

in a fraction of a second in response to a step change in the signal – while the latter

is slow and takes from seconds to minutes depending on the size of the stimuli [9, 10].

(Reviewed in [11])
1 Usually the distinction between taxis and kinesis is ignored, and we follow this convention here,

and refer to the process as chemotaxis when the signal is a chemical.
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2.1.2 Signaling in E. coli Chemotaxis

2.1.2.1 Overview

The signal transduction system of E. coli chemotaxis comprises five chemoreceptors

(Tsr, Tar, Tap, Trg and Aer) and six Che proteins (CheA, CheW, CheY, CheZ, CheR

and CheB). Chemoreceptors are the transmembrane proteins that bacteria use to de-

tect chemicals, which were firstly discovered by Julius Alder in E. coli [12]. Since then,

biologists have started elucidating the molecular mechanism of bacterial chemotaxis.

Chemoreceptors are neither the enzymes that catalyze the metabolism of the attrac-

tants nor the parts of the permeases as metabolism is not necessary for chemotaxis.

Experiments show the competition of the structurally related ligand, which induced the

idea of different classes of chemoreceptors recognized by different structures. So far, five

classes of chemoreceptors have been identified in E. coli. Among them, Tsr and Tar are

the major-type receptors with a few thousand copies per cell; Trg, Tap and Aer are the

minor types with a few hundred copies per cell.

Most motile prokaryotes have a two-component signal transduction system to control

motor behavior. The system includes a histidine protein kinase (HPK) and a response

regulator. HPK is linked to a sensory unit that detects changes in the environmental

condition and when activated by the unit, the kinase catalyzes phosphotransfer from

ATP to its own histidine residue. The response regulator, when phosphorylated by

HPK, acts directly to modify an effecter, leading to a change in cellular behavior. In

chemotaxis, the conserved components CheA and CheY function as a histidine kinase

and a response regulator, respectively. CheA associates with chemoreceptors as well as

a third protein CheW to form stable ternary signaling complexes. The complexes sense

environmental chemicals and regulate autophosphorylation of CheA in the presence of

ATP. Attractant binding to or repellent release from chemoreceptors inhibits the kinase

activity; attractant release or repellent binding promotes it. CheY, reversibly bound to

CheA, is phosphorylated by CheAp and then diffuses to flagellar motors. CheYp binds

to the protein FliM at the base of the motors and changes the rotational bias of the

flagella, promoting the tumbling of the cell. The protein phosphatase CheZ assists in

dissipating CW signals by enhancing dephosphorylation of CheYp.

Bacterial chemoreceptors belong to a family of transmembrane methyl-accepting
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chemotaxis proteins (MCP). An MCP has four or more sites in the cytoplasmic domain

that are occupied either by glutamine (Q) or glutamate (E). Glutamate is methylated

by the methyltransferase CheR (E → EM ) and demethylated by the methylesterase

CheB (EM → E), and glutamine is also deamidated to glutamates (Q → E) by CheB.

The activity of CheR is unregulated, whereas that of CheB is strongly enhanced upon

phosphorylation by CheAp so that CheB is considered activated by feedback signals

from the signaling complexes, which serves a negative feedback loop. Further, the

methylation level relates with the autophosphorylation rate of CheA. Each addition of

a methyl group increases CheA activity and each removal of a methyl group decreases

CheA activity. Since methylation of CheR counteracts the effect of attractant binding or

repellent release and demethylation of CheB counteracts the effect of attractant release

or repellent binding, they are responsible for a relatively slower phase of adaptation to

stimuli after an initial phase of excitation in bacteria.

The overall signal transduction network is depicted in Figure 2.1 [13]. The ternary

signaling complex MCP/CheW/CheA detects the concentrations of attractants and re-

pellents as well as temperature, pH value, etc. Upon stimulation, the complex regulates

the autophosphorylation rate of CheA. As a phosphor donor of CheY and CheB, CheA

modulates the activity of the two proteins. Upon phosphorylation, CheYp initiates flag-

ellar response and triggers cell tumbling by interacting with the motor and enhancing

the probability of CW rotation, and CheBp, together with unregulated CheR, helps

the cell adapt to stimuli and terminate motor responses through changing the methy-

lation level of receptors, increasing it by CheR and decreasing it by CheBp. CheYp
and CheBp autodephosphorylate, whereas CheZ enhances dephosphorylation of CheYp
and dissipation of CW signals. A two-state model is used long to explain the signal

pathway, in which the signaling complexes have two conformational states with the

different autophosphorylation rates of CheA. Attractant binding, repellent release and

demethylation shift the equilibrium toward a state of low CheA activity, and attractant

release, repellent binding and methylation shift the equilibrium toward a state of high

CheA activity. As a result, ligand inputs change the state of singling complexes and

induce the flagellar behavior as a rapid excitation of chemotaxis, and return the state

to the prestimulus level and terminate the flagellar response as a slow adaptation of

chemotaxis.
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Figure 2.1: Schematic of the signal transduction pathway for E. coli chemotaxis.
Chemoreceptors (MCPs) span the cytoplasmic membrane (hatched lines), with a ligand-
binding domain on the periplasmic side and a signaling domain on the cytoplasmic side.
The cytoplasmic signaling proteins, denoted Che in the text, are identified by single
letters, e.g., A = CheA. Adapted, with permission, from [13].

2.1.2.2 Chemoreceptor, CheA and CheW

Chemoreceptor

Chemoreceptors consist of a variable periplasmic ligand-binding domain, a transmem-

brane domain and a conserved cytoplasmic signaling domain. In the example of Tar,

the exterior periplasmic domain (residues 31-188) contains the aspartate binding site

and is connected to the interior cytoplasmic domain (residues 1-6 and 213-552) by two

transmembrane sequences (residues 7-30 and 189-212) [14, 15].

The X-ray crystal structure of the ligand-binding domain of Tar, expressed and pu-

rified from the tar gene fragment, demonstrated that the functional form of the domain

is a dimer, each monomer of which contains a four-α-helix bundle (α1-α4 in Figure

2.2) arranged in parallel to form a cluster of eight helices [16]. The helices α1 and

α4 of the bundle extend to the helices TM1 and TM2 of the transmembrane domain

respectively, and TM2 is linked to the signaling domain in the cytoplasm. The molec-

ular symmetry generates two ligand-binding sites, each at the dimer interface within

the quasi-four-helix bundle near the top of the molecule, distal from the membrane.
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Aspartate binding is negatively cooperative in that binding of aspartate to either site

causes an asymmetric change in the dimer that precludes binding at the second site.

Ligand occupancy induces a small downward piston-like shift of the second transmem-

brane helix TM2 relative to the first TM1 and also a slight rotation of dimer subunits

with respect to one another [17, 18, 19, 20]. The conformational changes could be the

source of transmembrane signaling for inhibition of CheA kinase activity.

Figure 2.2: Structure of chemoreceptors. A schematic side-view of two chemoreceptor
monomers (middle) demonstrates the primary architecture consisting of ligand-binding
domain (α1-α4), transmembrane domain (TM1-TM2) and cytoplasmic domain (α5-α9)
(left). The cytoplasmic domain can be further divided into three functional subdomains:
HAMP, methylation and signaling regions (left). The cross-sectional view of a dimer
(middle) illustrates spatial organization and two ligand-binding sites (ASP: aspartate).
The crystal structures of the dimerized ligand-binding domain and cytoplasmic domain
(right) are taken from [21] and [22].
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The cytoplasmic domain extends from the transmembrane domain and bends back

via a ’U’ turn (α5-α9 in Figure 2.2) [22]. This domain is highly conserved and the

degree of sequence identity is maximal in the ’U’ turn region and declines away from

the center [23, 24]. The cytoplasmic domain primarily consists of three functional re-

gions: (1) histidine kinase, adenylyl cyclase, methyl-binding proteins and phosphatase

(HAMP) region (α5 in Figure 2.2), (2) methylation region, including two helixes MH1

and MH2 (α6 and α9 in Figure 2.2), and (3) signaling region (α7 and α8 in Figure

2.2). The sequences of HAMP subdomain are little conserved and the investigation of

Tar generates a prediction that it is composed of two amphipathic helices connected

by a non-helical or globular structure [25, 26, 27]. The methylation region is a long

antiparallel α-helical coiled coil (MH1 and MH2), containing four or more glutamyl

residues (filled circles shown in Figure 2.2) that can be modified by CheR and CheB

[28, 29, 30]. These residues are spaced in heptad repeats along one face of each helix

[31]. The signaling region is highly conserved and serves a substrate for interaction with

CheA and CheW [28]. The crystal structure of a soluble fragment of Tsr, including the

cytoplasmic domain, has been reported, which is a 200
◦
A long coiled-coil of two antipar-

allel helices connected by a ’U’ turn [22]. The two domains form a long, supercoiled,

four-helical bundle when dimerized. It has been established that dimeric structure and

dimer interaction is necessary for the signaling function of chemoreceptors [32, 33].

CheA

A histidine protein kinase (HPK) has five regions of amino acids sequence similarity (H,

N, G1, F, and G2). Basically, there are two major classes of HPKs depending on the

position of the substrate histidine and the surrounding residues (H box) with respect

to the ATP-binding domain (N, G1, F and G2 boxes) (Figure 2.3(A)). CheA belongs to

the second class [34]. CheA has five structurally and functionally distinct domains: the

histidine phosphotransfer domain (P1), the response regulator binding domain (P2),

the dimerization domain (P3), the histidine protein kinase catalytic domain (P4), and

the regulatory domain (P5) (Figure 2.3(B)) [35].
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Figure 2.3: Structure of CheA. (A) Two classes of histidine protein kinase (from [34]).
In class I, the histidine residue H box is directly adjacent in sequence to the ATP-binding
domain. In class II, exemplified by CheA, the H box is located in P1, separated from
P4. (B) A molecular model of CheA, consisting of the histidine phosphotransfer domain
(P1), the response regulator-binding domain (P2), both depicted in a CheA monomer,
the dimerization domain (P3), the ATP-binding phosphotransfer domain (P4), and the
receptor-binding domain (P5), all three depicted in a CheA dimer (from [35]).
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The P1 domain, belonging to the histidine phosphotransfer (HPt) protein family,

consists of a four-helix bundle (Figure 2.3(B)) and functions as an intermediate in

the transfer of phosphoryl group from ATP to response regulators. The histidine to

be phosphorylated is located in a solvent exposed position on the second helix of the

bundle, and phosphorylation occurs on the N3 nitrogen of the imidazole side chain of

His48 [36, 37]. Experiments show that the isolated P1 domain, expressed and purified

from cheA gene, can be phosphorylated by the HPK catalytic core (the P3 and P4

domains), and the phosphorylated P1P can transfer phosphor to CheY [38].

The P2 domain is connected to P1 and P3 by two flexible linkers, and is composed

of four antiparallel β-sheets and two oppositely oriented α-helices (Figure 2.3(B))[39,

40, 41]. P2 binds CheY and CheB. Binding of P2 to CheY induces a conformational

change at the active site of CheY that increases the accessibility of the phosphor acceptor

aspartate Asp57, and increases the effective concentration of CheY for phosphor transfer

by P1P [42, 43].

The P3 and P4 domains constitute the HPK catalytic core. P3 is a long antiparallel

coiled coil that forms a symmetric four-helix bundle in the CheA dimer, the same fold

as the dimer of chemoreceptor cytoplasmic domains (Figure 2.3(B))[44, 34]. In solution,

the CheA monomers and dimers are in equilibrium with KD = 0.2 µm [36]. The dimer

exhibits a basal rate of ATP-dependent histidine phosphorylation (kcat = 0.2 s), while

the monomer is inactive. The dimerization domain P3 is of importance in CheA kinase

activity, though the catalytic ATP-binding domain P4 seems independent, because the

HPK catalytic core must be dimeric for phosphorylation of P1 [45, 46].

The P4 domain is directly attached to P3. P4 has all the conserved motifs found in

most HPKs, N, G1, F, and G2 boxes, except H box located in P1 (Figure 2.3(A)). ATP

binding to P4 causes the movement of a relatively unstructured loop, the ATP binding

lid, into a fixed position over the bound nucleotide, creating a new binding site for P1.

P1 binding triggers ATP hydrolysis and phosphotransfer to the His48 side chain in P1,

which leads to P1P dissociation and ADP release (Reviewed in [35]).

The P5 domain is connected to P4 without obvious linkers. Composed of tandem

SH3-like subdomain, it is homologous to CheW (Figure 2.3(B))[34]. CheA binds the

chemoreceptor signaling domain in P5. CheA is observed to bind chemoreceptors either

with or without CheW in vitro [47]. High levels of CheW binding displace bound
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CheA and vice versa. In saturation, each CheA dimer bound to membranes takes

the place of four CheW monomers. Without CheW, the maximal stoichiometry is

about one CheA dimer per ten Tsr dimers. In the presence of substoichiometric levels

of CheW, the maximal level of in vitro CheA binding increases to about one CheA

dimer per six Tsr dimers. Unlike CheW, CheA appears not bound to the isolated

chemoreceptor signaling domain monomer [28]. The above results indicate that CheA-

P5 and CheW bind to the overlapping sites but CheA with a lower affinity; effective

binding of P5 to chemoreceptors may require binary interactions by the dimeric nature

of CheA. Since the two P5 domains in a CheA dimer span a center-to center distance

of up to 7nm, CheW binding may facilitate the organization of chemoreceptors into a

multimeric array, thereby subsaturating CheW can increase the stoichiometry of CheA

binding; meanwhile, the long-range bridging of CheA between receptors also seemingly

facilitates the clustering of chemoreceptor complexes seen in vivo (Reviewed in [35]).

CheW

CheW is a soluble monomeric protein and often refers to an adapter protein as it serves

as a scaffold for MCP and CheA. The solution structure of CheW from Thermotoga

maritima shows that it is composed of two β-sheet domains, each of which forms a

loose five-stranded β-barrel around an internal hydrophobic core, and a third hydropho-

bic core sandwiched between the two β-sheet domains, and also that it contains two

seemingly disordered extended loops 1 and 2 (Figure 2.4)[48]. CheW is structurally

homologous to the P5 domain of CheA.

CheW binds to the chemoreceptor signaling domain with KD = 10 µm and 1:1

stoichiometry [28]. The capability of CheW binding to CheA and MCP appears crucial

for the formation and the activity of signaling complexes in vivo, but the function of

CheW seems more than that, because some CheW mutants with diminished affinities

for CheA and Tar do not preclude chemotaxis, while a mutant with a complete loss of

function in vivo has only small effects on the binding ability of CheW to form active

signaling complexes [49]. There is some evidence that domain 2 and loop 1 interact

with CheA and MCP, and domain 1 seems not, but it is argued that domain 1 may

mediate the interactions and as well loops 1 and 2 may participate in protein-protein

interactions in signaling complexes, likely becoming ordered upon complex formation
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[50].

Figure 2.4: Structure of CheW. (A) Topology diagram of CheW showing the locations of
secondary structural elements within the primary sequence [49]. β-strands are shown as
red arrows and helices as blue cylinders. (B) Ribbon diagram of the minimized average

structure of CheW [49]. The two views are rotated
◦
90 along the horizontal axis. The

order of the secondary elements is indicated in numbers. The positions of absolutely
conserved residues are shown as balls: Gly51 in red; Arg56, Gly57, Gly92 and Gly124
in green.

2.1.2.3 CheY and CheZ

CheY

The response regulator CheY is a soluble monomeric protein. The catalytic domain of

CheY is a doubly wound five-stranded parallel β-sheet [51, 52]. CheY associates with

the P2 domain of CheA, and CheYp has a substantially lower affinity for CheA and is
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more likely to diffuse away, and CheYp binds the protein FliM at the flagellar motor

[53, 42, 54, 55, 56]. The half life of CheYp is only 15 seconds as a result of the intrinsic

autophosphatase activity.

How can the physical interaction of CheYp and FliM result in reversal of the di-

rection of flagellar rotation? A stochastic mechanism states that the CCW and CW

rotations represent two thermodynamic states of the flagellar, both of which lie in equi-

librium and are capable of switching at a small but finite rate even in the absence of

CheY, and that binding of CheYp to the switch decreases the energy of the CW state

relative to the CCW and increases the probability or the rate of switching from CCW

to CW. The mechanism is supported by (1) the consistent relationship between the

concentration of an activated CheY mutant and the CW bias and (2) the observation

of switching from CCW to CW in CheY-lacking cells upon lowering the temperature

[54, 57, 52].

CheZ

The phosphatase CheZ is essential for the timely chemotactic response in that motile

bacteria detect stimuli at the 1 second time scale, while the intrinsic half life of CheYp
is around 15 seconds [58]. CheZ is isolated as a dimer of 24 kDa subunits and assembles

into higher order oligomers in vitro and in vivo. CheYp, other than CheY, drives the

formation of a large oligomer with a molar ratio of CheZ to CheYp – 2:1, and the

oligomer is thought to increase the rate of free CheYp hydrolysis [58]. Except that

the stimulation of CheZ oligomerization by CheYp, no regulation of CheZ has been

discovered yet.

In E. coli and S. typhimurium, the gene cheA encodes two forms of proteins with

a common C-terminus: the full-length CheA (CheAl), which plays an essential role in

chemotaxis, and the short CheA (CheAs), which lacks the first 97 amino acids including

the phosphorylation site [59]. The cellular concentration of CheAs is about half of that

of CheAl, and the CheAl-CheAl, CheAs-CheAs, CheAl-CheAs dimers coexist in vivo

[60]. CheZ binds to the N-terminus of CheAs and forms mixed oligomers. The CheAs-

CheZ complex formed in vitro shows a greater dephosphorylation activity on CheYp
than free CheZ [59, 58]. Since expression of CheAs is restricted to the enteric bacteria
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that express CheZ, recruiting CheZ to the signaling complex clusters and then CheZ-

dependent localization of CheY may be the main function of CheAs [61, 62].

2.1.2.4 CheB and CheR

CheB

CheB deamidates the specific glutamine groups to produce glutamates that are subject

to methylation by CheR and also hydrolyzes the methyl esters introduced by CheR to

restore negatively charged glutamates. The crystal structure of CheB reveals that it

has a two-domain architecture composed of an N-terminal regulatory domain joined

by a linker region to a C-terminal effecter domain [63, 64]. In the unphosphorylated

inactive state, the regulatory domain inhibits the methylesterase activity of the effecter

domain. Upon phosphorylation of a specific aspartate residue, Asp56, within the N-

terminal domain, the C-terminal methylesterase activity is stimulated, resulting in the

subsequent demethylation of chemoreceptors [65]. Mutations in the linker region relieve

inhibition of the regulatory domain without phosphorylation, suggesting that the linker

may propagate the conformation change during the activation of CheB, based on which

a model for the phosphorylation-induced activation of CheB was proposed [65]. In

the unphosphorylated state, CheB exists in equilibrium between a closed, less active

conformation and an open, more active conformation. The small amount of proteins

existing in the active conformation would provide the low level of methylesterase activity

observed in unphosphorylated CheB. Phosphorylation-induced changes in the regulatory

domain are postulated to shift the equilibrium toward the open, more active form of

CheB. Specifically, phosphorylation at Asp-56 in the N-terminal domain is expected to

cause a conformational change that is propagated to the interdomain interface, causing

a disruption of the interface that allows separation of the domains and formation of a

cleft wide enough to accommodate the coiled coil of the substrate chemoreceptors.

CheR

CheR is an S-adenosylmethionine-dependent methyltransferase that methylates the spe-

cific glutamate side chains, converting the carboxylate anions into uncharged methyl

esters. The monomeric CheR consists of two domains (the N-terminal domain and the
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MTase catalytic domain) and one β-subdomain. The β-subdomain binds to the C-

terminal pentapeptide sequence NWETF that two major chemoreceptors Tar and Tsr

contain while the minors Trg and Tap do not [66]. The interaction primarily accounts

for the targeting of CheR to receptor clusters. The positively charged face of helix α2

in the N-terminal domain of CheR interacts with the negatively charged methylation

sites in receptors, which contributes to recognition of the methylation substrates [66].

The low-abundance receptors Trg and Tap lack the NWETF docking site for CheR and

are defective in methylation. They stimulate kinase only weakly in vitro, and when

expressed alone, they cannot support chemotaxis, but they mediate strong responses to

stimuli in wild-type cells. The interesting fact intrigues a possibility that the chemore-

ceptor methylation occurs via an inter-dimer process. It has been demonstrated that

the receptor Tsr can be methylated by an inter-dimer interaction, where CheR bound

to one monomer in a Tsr dimer is found to catalyze the addition of methyl groups to a

monomer in an adjacent dimer in the membrane [67].

The pentapeptide sequence NWETF is also necessary for the demethylation activ-

ity. Like CheR, CheB binds to the sequence, but the affinity of CheB is much lower

than that of CheR and the cellular concentration of CheB is much higher than that

of CheR. The mechanisms of the two activations are distinctly different. For CheR,

the sequence acts as a high-affinity docking site, enhancing methylation by increasing

enzyme concentration near the methyl-accepting glutamates; for CheB, interaction with

the sequence activates demethylation by allosterically activating the receptor substrate,

not the enzyme, thereby increasing the rate rather than the affinity (Figure 2.5) [68].
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Figure 2.5: Mechanisms underlying polar localization of CheB and CheR (from [68]).
CheB localizes to a cell pole via the binding of its N-terminal regulatory domain to
the P2 domain of CheA, whereas polar localization of CheR requires binding of its β
subdomain to the C-terminal NWETF sequence of MCP. The C-terminal fragment of
CheB, including the linker and the C-terminal catalytic domain, also localizes to a cell
pole, presumably by interacting with the methylation helices of MCP, which might serve
as second target of CheB.
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2.1.2.5 Chemoreceptor Clustering and Polar Localization

Most chemoreceptors form ternary signaling complexes with CheA and CheW, aggregate

into clusters, and localize predominantly at one or both poles of cells [69]. In the

absence of receptors, CheA and CheW are largely cytoplasmic; in the absence of CheA,

receptors are less tightly associated at the poles; in the absence of CheW, the polar bias

of receptors is much weakened, and the number and the size of clusters are reduced;

in the absence of both CheA and CheW, receptors are more likely to be randomly

distributed around the inner membrane [69]. Other chemotactic proteins CheY, CheZ,

CheB and CheR are not required for the polar clusters [69, 70]. Polar clustering of the

major receptors Tsr and Tar is insensitive to the signaling state of the receptor signaling

domain [71]. When expressed alone, the minor receptors Trg and Tap are deficient in

clustering if locked in the state of CheA being fully inhibited, but polar localization is not

altered, which suggests that localization and clustering seem independent [72]. A single

cell-tracking experiment demonstrated that the tumbling of E. coli tends to randomize

cell orientation, and runs of either orientation are in similar duration, thereby E. coli

have no preferred leading end and the clustered signaling complexes do not determine

asymmetric cell orientation [73].

Several studies on organization of chemoreceptor clusters have been conducted. The

X-ray crystal structure of the cytoplasmic domain of Tsr indicates a ’trimer of receptor

dimers’ assembly with tight inter-dimer contacts in the ’U’ turn regions [22]. The

chemoreceptor crosslinking studies support the structure [74, 75, 76]. The ’trimer of

dimers’ probably serves a structural and functional precursor for chemoreceptor clusters.

The trimers can contain different types of receptors that act collaboratively, and they

seem to assemble through random recruitment of dimers from the receptor pool [74, 75].

Further, in the absence of CheA or CheW, Tar trimers can exchange partners readily

with Tsr, while in the presence of CheA and CheW, trimers seldom exchange partners,

irrespective of the presence or absence of attractants [76]. Unlike CheA, overexpression

of CheW interferes with trimer formation and chemotaxis [76]. Structurally, CheW

binding possibly pulls the dimers within a trimer apart in the ’U’ turn region, and

CheA binding requires a binary interaction at two relatively distant ’U’ turn regions

and thus may involve more than one trimer. Chemoreceptor clusters may be organized

from mixed trimers of dimers through binding of CheA and CheW, which may play
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different architectural roles, and once complete signaling teams have formed, they may

no longer undergo dynamic exchange of receptor members.

Tar or Tsr fragments containing the conserved signaling domain can bind CheA and

CheW to form soluble signaling complexes in vitro. A couple of studies based on the

complexes had roughly consistent results on complexes assembly. Liu et al. reported

the estimated stoichiometry from in vitro construct of active ternary complexes is 28±4

Tar, 6±2 CheW and 4 CheA [77]. Francis et al. reported a cylindrical shape structure

containing approximately 12 receptor dimers, 6 CheW monomers and 2 CheA dimers,

with CheW and CheA binding around the center and 6 four-helix bundles extending

from each side of the central region [78]. The assembly of 2 trimers of Tar dimers, 2

CheW monomers, and 1 CheA dimer could fit the above results. The potential artifacts

of these in vitro studies are: (1) soluble complex formation is critically dependent

on the nature of the cytoplasmic domain fragments, including the level of glutamyl

methylation or amidation [77]; (2) fusion of a coiled coil dimerization domain from a

Leucine zipper transcription factor or deletion of the helix MH2 of the cytoplasmic

domain, is introduced to form complexes for most Tar fragments [28, 79].

Two other studies applied different approaches. Levit et al. investigated the ternary

complexes formed by adding purified CheA and CheW to Tar and Tsr receptors in E.

coli membranes and found that at the concentrations of CheW and CheA giving the

highest total kinase activity, membrane signaling complexes are saturated at a subunit

stoichiometry of around 6 MCP/4 CheW/1 CheA [47]. If the ’trimer of dimers’ structure

in crystal is still true in membrane, a potential scheme can be an assembly of 2 trimers,

8 CheW monomers, and 1 CheA dimer. In another study, Li and Hazelbauer used

quantitative immunoblotting to determine cellular amounts of all components in two E.

coli wild-type strains. Cellular content varied up to 10-fold, but cellular stoichiometry

was almost not altered (variation ≤ 30%). The estimated in vivo stoichiometry is 3.4

receptor dimers/1.6 CheW monomers/1 CheA dimer, which seemingly suggests a core

unit of 1 trimer of MCP dimers, 2 CheW monomers and 1 CheA dimer [80].

In summary, although the exact stoichiometry of the MCP/CheA/CheW complexes

is not known, ’trimer of dimers’ is probably a basic structural and functional element

of chemoreceptor clusters, and also it is possible that one trimer of MCP homodimers

directly interacts with one CheA dimer and a certain number (two or more) of CheW
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monomers.

2.1.2.6 Function-Structure Relationship in Signaling

It is known that aspartate binding causes a downward movement of the transmembrane

helix TM2 relative to TM1 in a Tar monomer and a rotation of two subunits relative to

each other in a dimer as well as a change in the orientation of the dimer with respect

to the plane of the membrane [17, 18, 19, 20]. All of the conformational changes may

promote disorder within the array of ligand-binding domains, and then the disorder

possibly disrupts the well organized array of signaling domains and associated CheA

and CheW on the cytoplasm side of the membrane.

Glutamines (Q) in cytoplasmic domain of chemoreceptors can be deamidated to

glutamates (E) by CheB and then the negative-charged carboxylate anions of E can

be methylated to neutral methyl esters by CheR. The Q to E conversion can produce

up to four ’-1’ charged acidic groups per monomer, so each dimer has a range of eight

possible ’-1’ or ’0’ values in charge. When all eight are negative, the kinase of CheA

is least active; when all are neutral, the kinase is maximal active. The all-negative

state may be repulsive and the array of signaling complexes may expand; the all-neutral

state may be interactive and the array may contract. Expansion of the signaling array

may affect the location or conformation of CheA in a complex and thereby inhibit

kinase activity. Following this way, the mechanism of transmembrane signaling simplifies

into how attractant binding tends to expand the array of signaling complexes so as to

inactivate CheA. The expansion may be implemented by those conformational changes

of ligand-binding domains induced by attractant occupancy. (Reviewed in [81])

With a two-state approximation, the structure of the ligand-binding domain array

may be considered in equilibrium between two states, an ordered, condensed state and

a disordered, expanded state. The structure of the cytoplasmic signaling domain array

may also be considered in equilibrium between two states, a condensed state where

CheA is fully active, and an expanded state where CheA is inactive. For simplicity,

we can assume a one-to-one correspondence between the two equilibrium and derive

a two-state model to explain the function-structure relationship in signaling of E. coli

chemotaxis.
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2.2 Modeling in E. coli Chemotaxis

E. coli chemotaxis has been the subject of various mathematical modeling studies since

the early 1990s (Table 2.1 and 2.2). The foci of the models have changed from the basic

excitation and adaptation behavior to the specific properties of the signaling pathway

such as the robustness and the sensitivity. The applied modeling methods have ranged

from classical chemical kinetics to statistical mechanics. The simulation techniques used

have varied from deterministic differential equation to stochastic Monte Carlo methods.

In the journey of exploring the biological system, quantitative modeling has helped

experimentalists test their existing data and stimulate their ideas for new experiments,

and helped biologists integrate many pieces of scattered information into a coherent

picture.

The early work attempted to model the signaling pathway of E. coli chemotaxis

and reproduce the excitation and adaptation behavior of wild-type and mutant cells.

Mass action kinetics and Michaelis-Menten enzyme kinetics were usually used and op-

timization techniques were applied in some studies to fine tune the parameters. Bray

et al. firstly modeled the excitation response of chemotaxis using a simplified network

without methylation and demethylation [82] and later a hypothetical reaction network

for formation of ternary signaling complexes was added [83]. Hauri and Ross reported

the first adaptation model with a complete signaling pathway [84], and then Spiro et al.

simplified it, reducing five methylation states to three, accurately reproduced the step,

ramp and saturation responses to aspartate in the correct time scale, and predicted that

a high Hill coefficient ≥ 11 in binding of CheYp to FliM is needed to explain a modest

gain 3 to 6 in the absence of cooperativity in other places of the signal pathway [13],

which has been experimentally confirmed later [85]. Besides the deterministic models,

Morton-Firth et al. developed the first stochastic model and simulated chemotactic

responses to aspartate [86]. Recently, using the output of a previous model on the up-

stream signaling [83], Lipkow et al. performed a stochastic simulation of the downstream

pathway including CheY phosphorylation, CheY/ CheYp diffusion, CheYp binding to

FliM and dephosphorylation, which has two fascinating features (1) incorporating dif-

fusion of molecules into stochastic simulation of chemical reactions and (2) tracking

three-dimensional spatial locations of individual molecules [87]. But phosphotransfer
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from CheAp to CheB was not included and an out-of-date model to generate the level

of CheAp as an input was used, which may decrease the realism of the simulated results.

Besides E. coli, Rao et al. modeled bacterial chemotaxis in a different species Bacillus

subtilis and argued that the core control strategy of the two signaling pathways remains

the same [88].

A long standing question is how biological systems overcome the perturbation of

parameters and maintain the stability of their functions, for example, how a cellu-

lar biochemical network keeps the output insensitive to the precise values of reaction

rates or molecular concentrations. Barkai and Leibler introduced the concept of robust-

ness into E. coli chemotaxis [89]. They constructed a three-component (MCP, CheR

and CheB) two-state (active and inactive) model including ligand binding/releasing and

methylation/demethylation reactions, and showed the robustness of the ratio of adapted

steady-state system activity over prestimulus activity. In the model, two key assump-

tions were made (1) CheR works at saturation in a constant rate and (2) CheB acts

only on active receptors in a rate independent of ligand binding. It is the direct cou-

pling between kinase activity and demethylation rate that provides an integral feedback

control in the Barkai-Leibler model and leads to robust perfect adaptation, which was

demonstrated later [90]. However, the elegant model did not include the phosphotrans-

fer part of the signaling pathway and the robustness of the output of the system such

as the concentration of CheYp or the rotational bias of flagellar motors still remained a

question. Later, an experimental study showed that the working range of the concentra-

tion of CheYp for the proper response of flagellar motors is so narrow that the level of

CheYp in adapted cells can vary only about one-third from its optimal value [85], which

indicated that the stationary concentration of CheYp should be highly robust. Recent

work indeed showed that the experimentally established network topology of E. coli

chemotaxis is robust to the intercellular variation in chemotactic protein concentrations

arising from gene expression, and the variation of CheYp is much smaller than that of

other proteins, which has been confirmed by the experimental finding that the cells keep

the concentration of CheYp in the right range and still remain chemotactic upon up to

6.6-fold overexpression of all proteins in the system [91]. It had been reported that the

’fine-tuned’ adaptation system such as Spiro et al.’s and Hauri and Ross’ behaves much
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different than the ’robust’ adaptation system such as Barkai and Leibler’s, when exam-

ining the effects on the level of CheYp and the bias by the coordinate overexpression

of all seven che- genes [92]. The weakness of Kollmann et al.’s model may lie in the

oversimplification of the signaling network where receptors are assumed to have only

one methylation site, which leaves the real role of the multiple-site methylation system

unclear. Mello and Tu studied the question in a different way [93]. They constructed

global steady-state equations using global and composite variables, which do not depend

on the receptor population in any individual methylation state, and tried to search a

set of conditions under which the numbers of global equations and of global/composite

variables are equal so that the values of the variables are determined, independent of the

concentration of ligand input. In the six conditions for perfect adaptation they found,

the assumptions used in the Barkai-Leibler model are confirmed, but these conditions

still await experimental verification.

The chemotaxis system of E. coli has the unique properties: the cell can sense and

adapt to chemotactic chemicals spanning over five orders in concentration, and can

detect a change in occupancy of the receptor Tar as little as 0.1− 0.2%, corresponding

to binding of one or two ligand molecules per cell [94], and the gain of the system can be

as high as 55 if defined as the ratio of the change in rotational bias over the change in

receptor occupancy [95] or as 35 if defined as the ratio of the change in kinase activity

over the change in receptor occupancy [96]. The mechanism behind the high sensitivity

and the wide dynamic range has intrigued much interest of not only biologists and also

modelists. Gradually, it has been dissected that receptor clustering serves the primary

source of high sensitivity in signal processing, though allosteric interaction of the protein

CheYp with the flagellar motor secondarily contributes to it [69, 85, 96]. In the past

ten years, specially after Sourjik and Berg published their informative FRET data on

receptor sensitivity in 2002 [96], many models have come up. For simplicity, we can

separate all these models into two categories, one hypothesizing that receptor complexes

exist in an extended weakly coupled lattice network and the other hypothesizing that

receptor complexes exist in several strongly coupled clusters.

Category I: Bray et al. proposed the idea that receptor complexes exist in an ex-

tended lattice and each receptor interacts with its neighbors so that conformational

spread occurs from ligand-bound receptors to neighbors [97]. As a materialization of
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the idea, Shi and Duke adopted the Ising model developed for depicting a ferromag-

net to the chemotactic signaling because of the similarity of the two systems that each

unit of the lattice lies in two stable states, active or inactive, and the probability of

being which state is determined by not only its own properties (the ligand binding

and methylation states of receptors) but also the states of its neighbors [98]. Based

on the model, a Monte Carlo simulation showed that a two-dimensional lattice of cou-

pled receptors generates a higher sensitivity to external stimuli and a wider operational

range of ambient ligand concentrations than an array of independent receptors [99].

However, these conceptual frameworks did not include many necessary molecular ingre-

dients of the signaling pathway and also they did not fit the parameters and validate

the simulations probably because of the lack of the relevant experimental data then.

Later, Shimizu et al. incorporated the Ising-type ’conformational spread’ framework

into the stochastic model they developed before [86] to explain signaling sensitivity

[100]. Though the full signaling model convincingly showed the enhanced signal gain

through chemoreceptor clustering, the simulated dose responses and sensitivity profiles

were not in good qualitative and/or quantitative agreement with Sourjik and Berg’s

FRET data [96]. To reproduce these data, Mello and Tu proposed a new deterministic

version of Ising-type lattice model, taking into account receptor interactions among dif-

ferent species Tar and Tsr [101]. Later, it was generalized to include the slow kinetics of

methylation and demethylation, and then a mean-field theory was applied to simplify

the model so that a Monte Carlo simulation could be implemented [102]. Both models

explained Sourjik and Berg’s FRET data on mutant strains. The output of the former

model on wild-type cells was in qualitative agreement with Sourjik and Berg’s result

too, and the latter model reproduced the observed ’overshoot’ phenomenon in response

to strong pulse stimuli [9, 95]. However, there are several limitations in the two ap-

proaches. Firstly, the intermediate kinetics of phosphor transfer was neglected by both.

Second, the parameters were obtained though fitting to experimental data, and some of

them, for example, several dissociation constants in the parameter set for reproducing

FRET mutant data, were out of reasonable biological limits. Third, the wild-type and

the mutant experimental data were reproduced with two different parameter sets in the

first model and the problem remained in the second too. The relation between the two

parameter sets should be looked into to validate the framework and understand the
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Sourjik and Berg’s data [96].

Category II: In 2004, Sourjik and Berg’s experiments indicated that clustered chemore-

ceptors work in high cooperativity and the functional interaction mimics the behavior

of multi-subunit allosteric proteins and thus they proposed to use the classical Monod-

Wyman-Changeux (MWC) model [103] to explain it [104]. The following key questions

would be (1) in spatial scale, what is the typical size of receptor clusters, and (2) in

time scale, whether receptor complexes behave like static or dynamic clusters relative

to ligand binding and kinase activity. In terms of the first question, although biolo-

gists have not been able to precisely measure the range of the sizes of receptor clusters

yet, a variety of experimental findings have favored ’trimer of dimers’ being the unit

of clusters [22, 74, 75, 76], that is, three receptor homodimers together with a cer-

tain number of CheW and CheA (probably a certain part of CheA) form a trimer and

then the trimers assemble into receptor clusters. The discovery intrigued the interest

of modeling. Albert et al. developed a dynamic formation model to account for high

upstream sensitivity, which assumes that the time scale of association and dissociation

of trimer of dimers is comparable to that of ligand binding and kinase activity [105].

The model produced good agreement with experimental data, but later the above as-

sumption was disproved in that the half-life of trimers was experimentally estimated

as around 5 minutes [106] and thus a static scheme would make more sense. Rao et

al. reported a MWC-type model based on the static trimer of dimers and explained in

vitro kinase activity data on pure Tar receptors [107] and on pure Tsr receptors [108]

and in vivo FRET data on mixed Tar-Tsr receptors [96] [109]. Several weak points of

the model are (1) the dynamics was omitted and only the steady states are analyzed,

(2) the model of ligand binding and activity regulation was not incorporated into the

rest of the signaling pathway, (3) it could not account for Sourjik and Berg’s FRET

data on sensitivity profiles of wild-type and mutant cells [96], and (4) it used inde-

pendent energy parameters for different mixed receptor clusters and therefore missed

the connection between different receptor configurations. Instead of modeling a series

of ligand binding and corresponding activity regulation in detail as the above studies

did, the recent work avoided the complexity and assumed a ’none-or-all’ behavior of

receptor subunits within a cluster, flipping between two states simultaneously, which

makes it possible to analyze a larger sized receptor cluster. Mello and Tu reported
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a generalized MWC model for allosteric interaction and multiple signal integration in

heterogeneous receptor clusters, and it could reproduce response measurement for 14

mutant strains with different expression levels of Tar and/or Tsr [104, 110]. Further, the

authors based on a simplified version for homogeneous receptor complexes and studied

the underlying mechanism how the cells maintain high sensitivity over a wide range of

backgrounds [111]. Recently, the Wingreen group pointed out that the differences of

FRET data between wild-type, cheR, and cheRcheB mutant cells suggested two regimes

of receptor behavior: regime I is characterized by low to moderate kinase activity and

a low, constant inhibition number for half-maximal activity Ki, in which coupling of

receptors leads to high sensitivity (in the case of wild-type and cheR mutant cells);

regime II is characterized by high kinase activity and a high Ki, increasing with the

methylated level of receptors, in which coupling leads to high cooperativity (in the case

of cheRcheB mutant cells) [112]. Following the framework and inspired by a recent

experimental finding ’assistance neighborhoods’ that CheR and CheB can access five

to seven receptors when tethered to a particular receptor [113], Endres and Wingreen

extended the Barkai and Leibler model to the mixed Tar-Tsr clusters and showed that

’assistance neighborhoods’ is necessary for precise adaptation because the probability

of the enzymes CheR/CheB encountering fully methylated or demethylated receptors,

which is believed to induce imprecise adaptation, is highly reduced due to a large num-

ber of modification sites available [114]. To dissect the Ising-type and the MWC-type

models, the Wingreen group also compared the activity response of coupled receptors

from three different models: an one-dimensional Ising-type model for weakly-coupled

receptor lattice, a two-dimensional Ising-type model for weakly-coupled receptor lat-

tice, and a two-regime MWC-type model for isolated strongly-coupled receptor clusters,

and it turned out that Sourjik and Berg’s FRET data on activity responses to steps of

chemoattractants for wild-type and cheR mutant strains [96] are inconsistent with the

Ising-type model, but consistent with the MWC-type model, which seemingly suggests

that receptors form isolated strongly-coupled clusters [115].

Toward the end of the review, I want to discuss several potential key questions that

I believe await future modeling work in this field. First, whether chemoreceptors exist

in an extended weakly coupled lattice network or in several strongly coupled clusters

at a cell pole? The question needs to be further examined by experimentalists. In
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terms of modeling, it turns into whether an Ising-type or a MWC-type model works

better. Cooperativity of receptors, which is characterized by the correlation length of

the system, is differently modeled in the two frameworks. In Ising-type model, it depends

on the correlation strength of interactions between nearest receptor neighbors; in MWC-

type model, it is directly set by the size of receptor clusters. Second, do we need a better

version of MWC-type model? The Wingreen group proposed an elegant framework,

which successfully explained a range of experimental data [112, 115, 116, 116, 117].

However, their models and others [110, 111] all assume that (1) receptors in strongly

coupled clusters behavior like ’none-or-all’, simultaneously flipping between active and

inactive states, and (2) receptors have the same methylation states and the states change

simultaneously. These assumptions seem questionable in a real situation, especially

when the size of receptor clusters is large, which is indeed what they predicted in the

papers. Third, do we have to make the Ising-type models consistent with parameter

sets? There have been several existing models [98, 99, 100, 101, 102], and each can

explain part of the available experimental data, but a consistent framework that can

cover a full range of data is still missing. The recent models [101, 102] produced good

agreement with FRET data, but two different parameter sets were used to fit the data

for wild-type cells and mutant strains. The biological meaning behind the difference of

two sets are not known yet, and it may weaken the validity of their models and also

restrict the insights that the Ising-type framework can bring to us. Fourth, the existing

models have made different assumptions on the same biological process and a typical

example is on ligand binding to coupled receptors. To validate their assumptions and

predictions, the following questions should be answered:

(1)Does the ligand dissociation constant Kd change with the activity of receptors (Kon
d ∼

Koff
d )?

(2)Does the ligand dissociation constant Kd change with the methylation level (Km=0
d ∼

· · · ∼ Km=4
d )?

(3) Does the ligand dissociation constant Kd change with the number of ligands bound

to receptor dimers within a trimer or a larger cluster, that is, any cooperativity in ligand

binding exists within a trimer or a cluster (KL=0
d ∼ · · · ∼ KL=3

d )?

In our point of view, the future of quantitative modeling in E. coli chemotaxis relies

on more available experimental data by biologists and more thinking on the questions
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addressed above by modelists.

Table 2.1: The existing models on E. coli chemotaxis.
Model Emphasis
Bray et al., 1993, Excitation
Mol. Biol. Cell [82]
Bray and Bourret, 1995, Ternary chemoreceptor complex formation
Mol. Biol. Cell [83]
Hauri and Ross, 1995, Excitation,
Biophys. J. [84] Adaptation
Barkai and Leibler, 1997, Adaptation,
Nature [89] Robustness
Spiro et al., 1997, Excitation, Adaptation,
Proc. Natl. Acad. Sci. U.S.A. [13] Sensitivity
Levin et al., 1998, Adaptation
Biophys. J. [92]
Bray et al., 1998, Chemoreceptor clustering,
Nature [97] Sensitivity
Shi and Duke, 1998, Chemoreceptor clustering, Sensitivity,
Phys. Rev. E [98] Ising-type model
Duke and Bray, 1999, Chemoreceptor clustering, Sensitivity,
Proc. Natl. Acad. Sci. U.S.A. [99] Ising-type model, Monte Carlo simulation
Morton-Firth et al., 1999, Excitation, Adaptation,
J Mol. Biol. [86] Free-energy based stochastic simulation
Yi et al., 2000, Adaptation,
Proc. Natl. Acad. Sci. U.S.A. [90] Robustness
Shimizu et al., 2003, Chemoreceptor clustering, Sensitivity, Ising-type
J Mol. Biol. [100] model, Free-energy based stochastic simulation
Mello and Tu, 2003, Chemoreceptor clustering, Sensitivity,
Proc. Natl. Acad. Sci. U.S.A. [101] Ising-type model
Mello and Tu, 2003, Adaptation,
Biophys. J. [93] Robustness
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Table 2.2: The existing models on E. coli chemotaxis (continued).
Model Emphasis
Sourjik and Burg, 2004, Chemoreceptor clustering, Sensitivity,
Nature [104] MWC-type model
Albert et al., 2004, Chemoreceptor clustering, Sensitivity,
Biophys. J. [105] dynamic formation of trimer of dimers
Rao et al., 2004, Chemoreceptor clustering, Sensitivity,
J. Mol. Biol. [109] Trimer of dimers, MWC-type model
Rao et al., 2004, Comparison of signaling pathways
PLoS Biology [88] in Bacillus subtilis and E. coli
Mello et al., 2004, Chemoreceptor clustering, Sensitivity,
Biophys. J. [102] Ising-type model
Mello and Tu, 2005, Chemoreceptor clustering, Response to multiple
Proc. Natl. Acad. Sci. U.S.A. [110] stimuli, MWC-type model
Lipkow et al., 2005, Diffusion and reaction of CheY,
J. Bacteriol. [87] Stochastic simulation
Kollmann et al., 2005, Adaptation,
Nature [91] Robustness
Keymer et al., 2006, Chemoreceptor clustering, Sensitivity,
Proc. Natl. Acad. Sci. U.S.A [112] MWC-type model
Skoge et al., 2006, Chemoreceptor clustering, Sensitivity,
Biophys. J. [115] comparison of Ising-type and MWC-type models
Endres and Wingreen, 2006, Adaptation, Chemoreceptor clustering,
Proc. Natl. Acad. Sci. U.S.A. [114] MWC-type model
Mello and Tu, 2007, Chemoreceptor clustering, Sensitivity,
Biophys. J. [111] Dynamic range, MWC-type model
Endres et al., 2008, Chemoreceptor clustering,
PLoS Comput. Biol. [116] Trimer of dimers, MWC-type model
Hansen et al., 2008, adaptation,
PLoS Comput. Biol. [117] robustness
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Chapter 3

Deterministic Model: trimer of

dimers

3.1 Introduction

In this chapter we develop a model based on the assumption that the functional unit is

the ’trimer of receptor dimers’.

Long-range interactions between receptors are being established, not conclusively

yet; the units best known experimentally are trimers of receptor homodimers [22, 118,

119] (cf. Figure 3.1). A trimer can contain different types of receptor dimers that

apparently assemble through random recruitment from the receptor pool, and mixed

trimers may assemble into a larger receptor cluster, the process of which is facilitated

by binding of CheA and CheW [74, 75, 76]. Once formed in the presence of CheA and

CheW, the trimer may no longer undergo dynamic exchange of receptor members [76].

The precise stoichiometry of MCP, CheA, and CheW is not known, and it is possible

that one [77, 120, 78, 47] or two [80] trimers of dimers interact with one CheA dimer

and two or more CheW monomers. In support of the hypothesis that the trimer is the

functional unit, a recent study using the Nanodisc technology showed that maximal

activation of the kinase occurred in discs containing three chemoreceptor dimers, which

suggests that core structural unit of kinase activation and control is a trimer of dimers

[121](see also [122]).

Albert et al.,[105] developed a model based on the assumption that association and
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Figure 3.1: Cartoon of a signaling complex consisting of a trimer of receptor dimers
(labeled as Receptors), a CheA dimer (labeled as A) and two CheW monomers (labeled
as W ). CheR (labeled as R) and CheB (labeled as B) interact with glutamyl residues
(ovals on the receptors) and carboxyl terminal pentapeptide NWETF (rectangles on the
receptors). CheB also interacts with phosphorylated CheA. Adapted, with permission,
from [113].

dissociation of a trimer occurs on time scale comparable to that of ligand binding and

activity regulation, but experiments have shown that the half-life of trimers is as long

as 5 minutes in the absence of ligand [106]. Another two relevant models are based on a

static scheme [109, 116], but neither includes dynamics and models the overall pathway.

Compared to them, our model treats a static ternary complex of a trimer of receptor

dimers, a CheA dimer and two CheW monomers as a signaling complex, incorporates

the sensing scheme into the following phosphorylation cascade and methylation chain,

and then simulates kinetics for the overall pathway. We also conduct sensitivity analysis

to offer a more mechanistic description of origin of high sensitivity. Finally, we do not

use data fitting algorithms to establish system parameters, but rather we base parameter
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sets used in the simulations on the available measured values or estimates.

3.2 Model Development

The goal in the remainder of this chapter is to develop and analyze a complete module

for signal transduction from ligand binding to CheYp dynamics [11]; later work focuses

on the motor behavior and simplification of the signaling module. We first focus on

a model comprising only one type of receptor dimers in the signaling complex; the

mixed-type is treated later.

3.2.1 The Signaling Module

Signal transduction for chemotaxis in E. coli can be divided into three steps, ligand

binding and kinase activity regulation, which occurs on a time scale of milliseconds,

phosphoryl transfer, which occurs on an intermediate time scale of seconds, and methy-

lation and demethylation, which occurs on a time scale of seconds to minutes, depending

on the level of the stimulus. The input to the signaling module is the concentration of

signal, and the output is the concentration of the response regulator protein CheYp.

Figure 3.2 illustrates the states of the signaling complexes and the network of transi-

tions among them that we use in the signaling module. The signaling complex, which

we denote by T, consists of a trimer of identical receptor dimers (which we call a pure-

type), a CheA dimer and a two CheW monomers;. mixed trimers will be discussed

later. Receptor trimers and CheA/CheW proteins are assumed to form static signaling

complexes in that the estimated half-life of receptor trimers is much larger than the

time scale of the reactions involving receptors and CheA [106].
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Figure 3.2: Network of the signaling module. The basic unit of the network is the
signaling complex, denoted by T. Three indices are used to model the properties of the
complex, shown in the upper left corner. The network consists of ligand binding, activity
regulation, phosphotransfer, methylation and demethylation reactions of the signaling
complex, illustrated in the upper right. In the 3D network, vertical transitions involve
ligand binding and release, horizontal transitions involve methylation and demethyla-
tion, and front-to-rear transitions involve kinase activation and phosphorylation, and
the reverse involve deactivation and dephosphorylation. The details of the phospho-
transfer transitions are depicted separately in the left. A typical transition chain in the
network is zoomed in the lower part of the figure, where reactions of the same type
is marked with the same color and labeled with the same number. More details are
discussed in the text and Table 3.1. 37



Each trimer is characterized by its ligand occupancy, the state of its CheA, and its

methylation level. Concerning ligand binding, we assume that only one ligand binds to a

receptor dimer, since the binding of the second aspartate to a Tar dimer is estimated to

be at least 450-fold weaker than that of the first [123]. Thus there are three equivalent

ligand binding sites, and therefore the signaling complex has four ligand binding states

denoted by 0, 1, 2 and 3 in n, the second superscript of T. The second component of a

receptor state is the activity state of its CheA, and we assume that a receptor trimer has

two conformational states, active and inactive. In the active state, the trimer promotes

the kinase activity of the CheA dimer and the latter undergoes autophosphorylation;

in the inactive state, the trimer inhibits the activity of CheA and the phosphorylation

reaction does not occur. Since each receptor trimer binds to a dimeric CheA, we assume

that when the trimer is in the active state, both CheA monomers are phosphorylated.

Thus a signaling complex has three activity states, inactive, active-unphosphorylated,

and active-phosphorylated, denoted by i, a, and p in s, the first superscript of T,

respectively. The third component of the state is the methylation state, and here we

focus primarily on the chemotactic response to aspartate. The aspartate receptor Tar

has four methylation sites and the wild-type response probably involves only increases

in the average methylation level above the unstimulated level of about 1.5-2 methyl

esters per receptor [124]. Therefore we assume that a trimer can be methylated to the

maximum level of 12 and demethylated to the minimum level of 0 above the basal level.

Thus a signaling complex has thirteen methylation states, denoted by 0, 1, ..., 12 in m,

the subscript of T.

Changes in the trimer state are encoded in the transitions in a complete reaction

network, a portion of which is shown in Figure 3.2. In the figure, vertical transitions

represent ligand binding or release, and front-to-rear transitions involve kinase activity

change and phosphoryl transfer. The first step front-to-rear is activation and deacti-

vation of CheA by the receptor trimer, the second step involves autophosphorylation

of CheA (front to rear) and phosphorylation of CheY and CheB (rear to front). Upon

removal of the phosphoryl group from CheA, the phosphorylated signaling complex is

assumed to return to the active state, i.e., we assume that there is no direct transition

from a phosphorylated to an inactive state. CheBp and CheYp autodephosphorylate

and CheZ enhances the dephosphorylation of CheYp. Horizontal transitions involve

38



methylation (left to right) and demethylation (right to left) of receptors by CheR and

CheBp respectively. We assume that CheR acts only on inactive receptors and CheBp
only on active ones, either unphosphorylated or phosphorylated.

Table 3.1: Kinetics and rates of the reactions in the signaling module.

Label and Description Kinetics Rate Value Reference

1© ligand binding T a
m,n + L

(3−n)km
n+1


(n+1)km

−(n+1)

T a
m,n+1 km

n Table 3.3 [107, 125, 108]

km
−n Table 3.3 [107, 125, 108] a

2© activity regulation T a
m,n

k
m,n
i


k

m,n
−i

T i
m,n Ki

b Table 3.3 [107, 125] c

3© autophosphorylation T a
m,n

kA→ T p
m,n kA 100 s−1 [56, 120]

4© phosphotransfer T p
m,n + Y

KY [T p
m,nY ]

kY1→ T a
m,n + Yp kY1 200 s−1 [56, 43, 53]

KY 0.65 µM−1 [53]

T p
m,n + B

KB [T p
m,nB]

kB1→ T a
m,n + Bp kB1 30 s−1 [43, 53]

KB 0.25 µM−1 [53]

5© dephosphorylation Yp + Z
KZ [YpZ]

kZ→ Y + Z kZ 10 s−1 [56, 91, 126]

KZ 1 µM−1 [56, 126] d

Yp

kY2→ Y kY2 0.1 s−1 [56]

Bp

kB2→ B kB2 1 s−1 [91, 88]

6© methylation T i
m,n + R

KR [T i
m,nR]

kR1→ T i
m+1,n + R kR1 0.255 s−1 [86, 88]

KR 0.15 µM−1 [86, 89] d

7© demethylation T a
m,n + Bp

KBp

 [T a
m,nBp]

kB3→ T a
m−1,n + Bp kB3 0.5 s−1 [86, 88]

T p
m,n + Bp

KBp

 [T p
m,nBp]

kB3→ T p
m−1,n + Bp KBp 6.5 µM−1 [86, 89] d

aThe cooperativity coefficients in ligand affinity are estimated in this work.
bKi =

k
m,n
i

k
m,n
−i

. For simplicity, we define pn
m as the probability of an unphosphorylated signaling

complex being in the active state with n bound ligands and m methyl groups, and then pn
m = 1

1+Ki
.

Estimate of pn
m is reported in Table 3.3.

cThe cooperativity coefficients in kinase deactivation are estimated in this work.
dThe dissociation constant is fine tuned in this work

Since the ligand binding reactions are the fastest, the first component of the response

following an increase in attractant is a shift toward higher ligand occupancy states. At-

tractant binding induces a conformational change in the ligand binding domain that is

transduced to the cytoplasmic side, which decreases the probability of CheA autophos-

phorylation, and in turn reduces the rate of phosphotransfer to CheY and CheB. As a
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result, CheAp and and CheBp decrease, and the decrease in CheYp leads to an increase

in p(CCW). Thus the second component of the response is the shift in distribution of

the activity states from rear to front and a change in the level of CheYp; this constitutes

excitation. The final component of the response involves the methylation and demethy-

lation steps. Here we assume that there is no difference in the methylation rates of

ligand-free and ligand-occupied receptors nor is there a dependence on the methylation

state of a receptor; the effect of methylation is simply to shift the equilibrium between

the active and inactive state. Since methylation leads to higher kinase activity the final

component of the response is the redistribution of receptor complexes horizontally in

the network so as balance the lower kinase activity induced by ligand binding; this leads

to adaptation. In order to adapt perfectly, CheYp must return to the level that prevails

in the absence of a stimulus.

The following mathematical description of the network dynamics is based on mass

action kinetics for all the steps listed in Table 3.1. Here is a note on the kinetics we use

for bimolecular reactions. A typical enzyme catalyzed reaction is E+S
k+
1


k−1

[ES] k2→ E+P ,

where E is the free enzyme, S is the substrate, [ES] is the complex of substrate and

enzyme, and P is the product. Let E0 denote the total amount of enzyme. In Michaelis-

Menten kinetics
dP

dt
=

k2E0S

K + S
, where K = k−1 +k2

k+
1

, the steady state assumption to the

intermediate product [ES] and the conservation condition for the enzyme E+[ES] = E0

are applied. However, for an individual methylation or demethylation reaction ( 6© or

7© in Table 3.1), a simple condition like the above does not hold for CheR or CheBp.

Instead it would couple all reactions of the same type. To avoid the complexity, consid-

ering the fast time scale of the binding step relative to the following production step, the

kinetics of [ES] could be approximated as
d[ES]

dt
= k+

1 ES − k−1 [ES], and then with the

steady state assumption, we have [ES] = k+
1

k−1
ES, and finally a modified enzyme kinetics

is
dP

dt
= Kak2ES, where the association constant Ka = k+

1

k−1
. We assume that the asso-

ciation/disassociation step between CheY, CheR, CheB or CheBp and the receptor is

fast and can be set to equilibrium, and therefore we can apply the above kinetics to the

bimolecular reactions. Below we only display the equations that govern the evolution of

the amounts in the various states of the signaling complexes for n=2; other equations

are the same modulo changes in the sub- and superscripts.
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dT i
m,2

dt
= 2km

2 LT i
m,1 − 2km

−2T
i
m,2 − km

3 LT i
m,2 + 3km

−3T
i
m,3︸ ︷︷ ︸

Ligand binding/release

+ km,2
i T a

m,2 − km,2
−i T i

m,2︸ ︷︷ ︸
Activity regulation

+ KRkR1RT i
m−1,2 −KRkR1RT i

m,2︸ ︷︷ ︸
Methylation

(3.1)

dT a
m,2

dt
= 2km

2 LT a
m,1 − 2km

−2T
a
m,2 − km

3 LT a
m,2 + 3km

−3T
a
m,3︸ ︷︷ ︸

Ligand binding/release

− km,2
i T a

m,2 + km,2
−i T i

m,2︸ ︷︷ ︸
Activity regulation

− kAT a
m,2︸ ︷︷ ︸

Phosphorylation

+ KY kY 1Y T p
m,2 + KBkB1BT p

m,2︸ ︷︷ ︸
Phosphotransfer

− KBpkB3BpT
a
m,2 + KBpkB3BpT

a
m+1,2︸ ︷︷ ︸

Demethylation

(3.2)

dT p
m,2

dt
= 2km

2 LT p
m,1 − 2km

−2T
p
m,2 − km

3 LT p
m,2 + 3km

−3T
p
m,3︸ ︷︷ ︸

Ligand binding/release

+ kAT a
m,2︸ ︷︷ ︸

Phosphorylation

− KY kY 1Y T p
m,2 −KBkB1BT p

m,2︸ ︷︷ ︸
Phosphotransfer

− KBpkB3BpT
p
m,2 + KBpkB3BpT

p
m+1,2︸ ︷︷ ︸

Demethylation

(3.3)

The equations for CheYp and CheBp are

dYp

dt
= KY kY 1Y

12∑

m=0

3∑

n=0

T p
m,n − kY 2Yp −KZkZZYp (3.4)

dBp

dt
= KBkB1B

12∑

m=0

3∑

n=0

T p
m,n − kB2Bp. (3.5)

In addition, the total amounts of MCP, CheY, CheZ CheB, and CheR are conserved;
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for CheY, CheZ, CheR and CheB, this leads to the equations

Y =
Yt − (1 + KZZ)Yp

1 + KY
∑12

m=0

∑3
n=0 T p

m,n

(3.6)

Z =
Zt

1 + KZYp
(3.7)

B =
Bt − [1 + KBp

∑12
m=0

∑3
n=0(T

a
m,n + T p

m,n)]Bp

1 + KB
∑12

m=0

∑3
n=0 T p

m,n

(3.8)

R =
Rt

1 + KR
∑12

m=0

∑3
n=0 T i

m,n

. (3.9)

The four conditions can be used to eliminate four variables, and the resulting system can

be integrated numerically upon assignment of parameters. In the following sections, we

derive the parameter set and display the computational results for several experimental

settings.

Table 3.2: Amounts of chemotactic proteins.

Species Label Concentration (µM) Reference

Signaling complex Tt 5/3 a [80, 127]

CheR Rt 0.3 [128]

CheB Bt 2 [129]

CheY Yt 18 [57, 54]

CheZ Zt 1.1 [56]

aA signaling complex comprises one trimer of MCP dimers, one CheA dimer and two

CheW monomers. In the pure-type model, the MCP is assumed to be Tar. The stoichiom-

etry is Tar:CheA:CheW=3:1:1. In the model of mixed type, the MCPs are Tar and Tsr,

and a receptor trimer consists of one Tar dimer and two Tsr dimers. The stoichiometry is

Tar:Tsr:CheA:CheW=1:2:1:1.

Parameter estimation

Many of the parameters such as ligand binding rates are known experimentally [107,

125, 108] but others have to be estimated. A major unknown concerns the activities of

the different receptor states and the effect of methylation on these activities. The total

kinase activity Vt of the pure-type receptor population is given by Vt = VaFa + ViFi,

where Fa and Fi are the fractions in the active and inactive states, and Va and Vi are the
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activities in these states. Here we assume that Vi = 0, i.e., ‘inactive’ receptors are com-

pletely inactive. The parameters involved in activity regulation, km,n
i and km,n

−i in Table

3.1, vary with the methylation level because covalent adaptation alters the distribution

of receptors in two states [130]. Concerning other microscopic parameters such as the

ligand dissociation constant of inactive or active receptors Ki
D, Ka

D and the individual

activity Va, Bornhorst and Falke’s [107, 125] have shown that a homogeneous, two-state

model (receptor covalent modification has no effect on the microscopic parameters of

the active and the inactive state) fails to account for the observed linear correlation of

the apparent attractant affinity K1/2 and the kinase activity in the absence of ligand

V 0. They tested six heterogeneous models in which one of (1) Ki
D, (2) Ka

D, (3) Va, (4)

Vi, (5) cooperative interaction between trimers, or (6) stability of signaling complexes,

can vary with the methylation level, and found that the modified model using a variable

Ki
D can reproduce the linear correlation [125]. Their finding does not rule out the si-

multaneous change of any combination of the six parameters, and we assume that both

Ki
D and Ka

D can be altered.

Next, we set the rate constants for transitions between the active and inactive state

of the receptor/kinase, km,n
i and km,n

−i . There are no experimental data for this, but they

can be estimated from the observed relative kinase activity of the reconstituted signaling

complexes in the absence of attractants (Table 1 in [125]). The linear relationship

between the relative kinase activity and the fraction of active receptors in the absence

of ligands, V 0
t = VaF

0
a , allows one to estimate that the maximal relative activity in

absence of ligand, Va, is 3.5, assuming that the fully methylated state QQQQ drives a

receptor population completely into the active state. Alternatively, the assumption that

one of the most active mutants, G278V in QQQQ state, traps the population fully in

the active state, which prevents both attractant-triggered inhibition of kinase activity

and demethylation-induced loss of activity, yields Va = 5.5 [125]. We use the former

value in the simulation, and can now convert the observed activity to the fraction of

activated signaling complexes. Let Ki = km,n
i /km,n

−i denote the deactivation equilibrium

constant, and define pn
m as the probability that an unphosphorylated signaling complex

is in the active state with n ligands bound and m methyl groups. These are related by

pn
m = 1/(1 + Ki). If we apply a steady state assumption to the transition of ligand-free

activity regulation, we have p0
m ≈ F 0

a = V 0
t /Va. Since aspartate and α-methyl-aspartate
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inhibit the kinase activity of Tar, it is expected that pn
m decreases with n. In addition,

p2
m and p3

m may be significantly less than p0
m and p1

m, even approaching zero, because the

observed kinase activity approaches zero under a saturating stimulus [125]. We assume

that p1
m, p2

m, and p3
m are 2, 10 and 100 times less than p0

m. This leads to the ratios of

rate constants given in Table 3.3, and to determine the individual rates we can either

impose thermodynamic constraints to determine specific rates or apply the quasi-steady

state assumption in activity regulation steps where only the relative ratios are necessary

because essentially the transition is conformational change in the cytoplasmic domain of

a receptor and it is much faster than other steps that are two-protein involved reactions.

We have tested both methods, and for our choice of the transition rates the QSSH is an

excellent approximation, and we use it hereafter. This leads to the following reduced

system for the evolution of the receptor states. Hereafter Tm,n denotes the combined

active and inactive states of a complex.

dTm,2

dt
= 2km

2 LTm,1 − 2km
−2Tm,2 − km

3 LTm,2 + 3km
−3Tm,3 − kAp2

mTm,2 + KY kY 1Y T p
m,2

+ KBkB1BT p
m,2 + KRkR1R[(1− p2

m−1)Tm−1,2 − (1− p2
m)Tm,2]

+ KBpkB3Bp(p2
m+1Tm+1,2 − p2

mTm,2) (3.10)

dT p
m,2

dt
= 2km

2 LT p
m,1 − 2km

−2T
p
m,2 − km

3 LT p
m,2 + 3km

−3T
p
m,3 + kAp2

mTm,2 −KY kY 1Y T p
m,2

− KBkB1BT p
m,2 −KBpkB3Bp(T

p
m,2 − T p

m+1,2) (3.11)

Thirdly, we set the rate constants for ligand binding and release, beginning with a

receptor dimer. The rates of aspartate binding to and release from a Tar dimer are

70 µM−1 s−1 and 70 s−1, respectively [10, 13], and the affinity of Tar for α-methyl-

aspartate is about 10 times less than for aspartate [105]. Therefore we assume that

the ligand release rate of a dimer is 10 times larger than the aspartate release rate,

whereas the ligand binding rate is the same as the aspartate binding rate. In the ab-

sence of experimental evidence to the contrary, we assume that receptors have the same

ligand affinity in both the active and inactive states. Since a heterogeneous two-state

assumption is adopted, the ligand dissociation constant depends on the methylation

level, and we use the factors Ki
D=8.4uM , 19uM , 44uM and 67uM for receptors with
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the methylation state QEEE, QEQE, QQEQ and QQQQ, respectively, as estimated in

[125]. In addition, Ki
D=3.6uM for EEEE is interpolated from their results, and we scale

the corresponding ligand release rates.

There remains the question of the effect on ligand affinity of multiple ligand binding

to trimers. We suppose that there is positive cooperativity in ligand binding among

three dimer members in the trimer, and assume that the ligand affinities of one-ligand-

bound and two-ligand-bound trimers, either active or inactive, are 5 and 50 times larger

than that of ligand-free trimers, respectively. This fixes the ligand binding and release

rates for five methylation states EEEE, QEEE, QEQE, QQEQ, and QQQQ, and we

next assume that the rates only depend on the methylation level (the combination of

Q and E), but not on the methylation state (a permutation of Q and E), and thereby

we obtain a complete set of rates for a dimer. Finally, we have to map the rates from

a dimer to a trimer of dimers. The accurate mapping is complicated, if not impossible,

because it concerns the stochastic nature that to which dimer of the trimer a ligand

binds and in which order, in sequence of dimers or in parallel among dimers, CheR and

CheBp change methylation levels. Here we use a mean field theory and do a simple

linear mapping: we separate the full range of methylation levels of a trimer to five levels

and map each to one level of a dimer in order. This enables us to assign the ligand

binding and release rates km
n and km−n as in Table 3.3. The two assumptions we have

made here, namely, independence of ligand dissociation constants of receptor activity

and positive cooperativity in multiple ligand binding to a trimer, are discussed in detail

in Section 5.4.

Table 3.3: Rates of pure-type ligand binding and kinase activity regulation.
Rate\Methylation 0-1 2-4 5-7 8-10 11-12
km

1 (µM−1 s−1) 70 70 70 70 70
km

2 (µM−1 s−1) 70 70 70 70 70
km

3 (µM−1 s−1) 70 70 70 70 70
km
−1(s

−1) 700*3.6 700*8.4 700*19 700*49 700*67
km
−2(s

−1) 700*3.6/5 700*8.4/5 700*19/5 700*49/5 700*67/5
km
−3(s

−1) 700*3.6/50 700*8.4/50 700*19/50 700*49/50 700*67/50
p0

m 0 0.10 0.29 0.51 0.89
p1

m 0 0.10/2 0.29/2 0.51/2 0.89/2
p2

m 0 0.10/10 0.29/10 0.51/10 0.89/10
p3

m 0 0.10/100 0.29/100 0.51/100 0.89/100
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Lastly, the rate constants in phosphorylation, phosphotransfer, methylation and

demethylation transitions are well documented in literature, but vary somewhat in dif-

ferent reports due to the different experiment settings. We base ours on the most used

and tune them slightly. See Table 3.1 for details.

3.2.2 The Motor Module

Upon phosphorylation, the response regulator CheYp dissociates from CheA , diffuses

in the cell body and binds to the motor. The binding changes the tendency of motor-

controlled flagellar rotation. The input of the motor module is the concentration of

CheYp and the output is the rotational bias of flagella.

This module is to couple the signal transduction model with a model for interaction

of CheYp with the motor proteins FliM and FliG at the flagellar switch. The experi-

mental finding suggests that only CheYp binds to FliM and produces a conformational

change that is somehow propagated to FliG [131]. A kinetic scheme based on the evi-

dence is shown in Figure 3.3. On average there are 26 copies of the two proteins, and

we suppose that the motor can be in either the clockwise (CW) or the counterclockwise

(CCW) state for any number of CheYp bound. The transition between CW and CCW

can occur from any of the states in the row, but the probability of such a transition

is affected by the state of CheYp binding. Assuming that binding of CheYp is not

cooperative, there are only four distinct constants for binding and release of CheYp.

But there are 54 distinct constants for transitions between CW and CCW and we have

little information in the literature to estimate them, which is a big obstacle to simu-

late the full network. Since the horizontal state transitions are the same as those in

the Monod-Wyman-Changeux (MWC) model for allosteric proteins except that in the

scheme, vertical transitions are allowed between all pairs of states having the equal

number of CheYp bound, we propose to use the MWC model (Equation 3.12) as an

approximation. We assume that the transition between CW and CCW states only oc-

curs in the first column between the pair of CheYp free states, shown in Figure 3.4. A

similar MWC likewise model is proposed [57], and later a more precise measurement on

motor behavior at single cell level is conducted [85], so our aim is to refine the model
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and use it to simulate Cluzel et al’s experiment.

PCW =
(1 + [YP ]

K1
)n

(1 + [YP ]
K1

)n + α0
β0

(1 + [YP ]
K2

)n
(3.12)

Figure 3.3: Network of the motor module. Interaction between CheYp and the motor
protein FliM. States in the top row correspond to clockwise (CW) rotation of the flagellar
and similarly those in the bottom to counterclockwise (CCW).

Figure 3.4: Simplified network of the motor module for an MWC model. Vertical
transition is only allowed between the pair of CheYp free states.

3.3 Results

3.3.1 Model Predictions for Pure-type Receptors

3.3.1.1 The variation of activity with the methylation level

In the first set of computations we remove the methylation and demethylation terms in

(3.10) and (3.11)1 to simulate the in vitro experiments reported in [107, 125], wherein

the kinase activity as a function of ligand concentration for five fixed methylation levels

was studied. We compute the fraction of active (both unphosphorylated and phospho-

rylated) receptors and scale it to the relative kinase activity using the linear relationship

Vt = VaFa, where Va = 3.5 [125]. The results of these computations are shown in Figure
1 Of course we do this for the analogous equations for other (m,n) as well, but we will not repeat

this qualifier hereafter.
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3.5(A) as open symbols. To further compare the theoretical and experimental results

we fit the computed activities with the Hill function

Vt = V 0
t (1− LH

LH + KH
1/2

). (3.13)

The values of the parameters used to fit the simulation results to Equation (3.13), as

well as the experimental estimates of these parameters, are given in Table 3.4.

Figure 3.5: Variation of kinase activity for pure-type receptors. (A) Relative kinase
activity of signaling complexes as a function of α-methyl-aspartate concentration for five
fixed methylation levels, compared to Figure 2(c) in [107] and Figure 3(b) in [125]. (B)
Correlation of apparent dissociation constant K1/2 (α- methyl-aspartate) and relative
kinase activity in absence of ligand V 0

t , compared to Figure 4 in [125].

The curves in Figure 3.5(A) capture the observed decay of kinase activity at sat-

urating ligand concentrations. As expected, the apparent dissociation constant of α-

methyl-aspartate increases dramatically with the methylation level, whereas the value

of the Hill coefficient is approximately the same for each level. A linear correlation be-

tween the apparent dissociation constant and the maximal relative activity as observed

in experiment [125] is reproduced in Figure 3.5(B). The prediction is in good qualitative

agreement with the studies [107, 125, 108, 132] and in quantitative agreement with the

experiments we initially model for [107, 125].
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Table 3.4: Data fitting in Figure 3.5. Parameters used for fitting the simulation results
in Figure 3.5 (top row) and comparison to experimental measures in [107, 125] (bottom
row).

V 0
t K1/2 (µM) H

QQQQ QQQE QEQE QEEE QQQQ QQQE QEQE QEEE QQQQ QQQE QEQE QEEE
3.16 1.85 1.06 0.36 96.79 69.45 26.53 11.91 2.10 2.06 2.05 2.06

3.1±0.4 1.4±0.1 1.0±0.1 0.36±0.06 97±4 54±6 23±4 9±1 2.2±0.2 2.0±0.5 1.8±0.1 1.7±0.1

To further validate the proposed framework and the estimated parameter set, we

also simulate another in vitro study in which L-aspartate was used as ligand [133]. In

the study the apparent dissociation constant of L-aspartate for receptors fixed in the

QEQE state is estimated as 7.5 ± 1.7µM. We remove the 10-fold factor in the ligand

release rate for a dimer, which is specifically assumed for experiments with α-methyl-

aspartate used, and redo the simulation. The resulting apparent dissociation constants

for QEQE is K1/2 = 2.01µM, which is of the same order of magnitude as the reported

value. Differences in the strains used in the two experiments could account for the

differences in parameters needed to match the results.

3.3.1.2 Excitation and adaptation

To determine whether the model can reproduce the excitation and adaptation behavior

of E. coli we simulate the system (3.10) and (3.11) with the evolution equations (5.35)

and (5.36). The time course of CheYp in response to small and large stimuli is shown in

Figure 3.6. We also remove the proteins CheR and CheB from the system and simulate

the responses of the cheRcheB mutant. Both can be compared to an observation with

FRET imaging (Figure 1 in [96]). Clearly, the time spent to adapt to addition of

methyl-aspartate varies with the dose of the input. The time to adapt to removal of

methyl-aspartate seemingly does not change much with the dose. As shown in Figure

3.6(A4), the adaptation time following addition of a large dose of methyl-aspartate

addition is longer than that for removal, which is in agreement with the experimental

results (see the wt curve in Figure 1(B) in [96]). It indicates that demethylation is more

rapid than methylation, which reflects the relative amounts of CheB and CheR. We

show later that increases in the amount of CheR reduces the adaption time following

an increase in an attractant, as expected.
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Figure 3.6: Excitation and adaptation for pure-type receptors. (A) The time course of
CheYp in response to α-methyl-aspartate stimuli predicted by the full system (labeled
wt) and the nonadapting system (labeled cheRcheB). The input is a step of α-methyl-
aspartate from 0 µM to 0.1 µM (A1), 1 µM (A2), 10 µM (A3), 100 µM (A4) and
thereafter a removal of the previous addition. (B) Receptor occupancy of α-methyl-
aspartate. The points corresponding to the ligand concentrations of 0.1 µM, 1 µM, 10
µM and 100 µM are highlighted on the binding curve. (C)FRET responses to addi-
tion/removal of attractant and to addition/removal of repellent for wild type (labeled
wt) and mutant cells defective for methylation/demethylation (labeled cheRcheB). The
attractant is 30 µM α-methyl-aspartate for wt and 1.5 mM for cheRcheB. The repellent
is 100 µM NiCl2. Adapted, with permission, from [96].
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Besides the step-form input, Figure 3.7 and 3.8 show precise adaptation of the system

for pure-type receptors responding to the ramp-form input and the wave-form input of

attracts respectively.

Figure 3.7: Response of the system for pure-type receptors to a ramp-form input of
α-methyl-aspartate. The stimulus protocol is a ramp of rates 0.015 s−1(left) and 0.15
s−1(right).

Figure 3.8: Response of the system for pure-type receptors to a wave-form input of α-
methyl-aspartate. The stimulus protocol is a wave of amplitude 0.1 (left) and 1 (right).
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3.3.1.3 Sensitivity analysis – uncovering the source of the gain

To isolate the primary source of the high gain, we study the sensitivity of various steps

in the excitation phase of signal transduction to upstream factors, using the model

for nonadapting cells to derive analytic formulas for sensitivities of occupancy, activity

regulation, autophosphorylation of CheA and phosphoryl transfer to CheYp as a func-

tion of ligand concentration. Methylation, demethylation, and phosphoryl transfer to

CheBp are not considered since they are involved in the later adaptation phase of the

response. Unlike CheR, the protein CheB has a minor role in the downstream signaling

sensitivity in wild type cells because of its competition for phosphoryl group with CheY.

The reaction can cause some difference in sensitivity formula for a cheRcheB mutant

system and for a wild-type system. However, inclusion of CheBp makes it difficult to

obtain analytical solutions, and thus we restrict attention to the nonadapting system.

The sensitivity profile for each fixed methylation state is similar, so we use the state

QEQE as an example.

The sensitivity of a biochemical pathway is defined as the change of a given state

function Y caused by a variation of a given environmental signal X and can be expressed

with an unscaled response function (Equation 3.14) or a scaled (dimensionless, Equation

3.15), if infinitesimal changes are considered [134]. We use the scaled version since it

has been widely used in the field [101, 105, 135].

S(Y |X) =
dY

dX
(3.14)

S(Y |X) =
dlnY

dlnX
(3.15)

We separate the overall pathway into four steps: ligand binding, activity regulation,

phosphorylation and phosphoryl transfer. In the ligand binding step, we define sensi-

tivity as the relative change in ligand occupancy (O, fraction of signaling complexes

occupied with one or more ligands) in response to a unit relative change in ligand con-

centration (L). In the activity regulation step, we define it as the relative change in

activity of signaling complexes (A, fraction of activated signaling complexes) in response

to a unit relative change in ligand occupancy (O). In the phosphorylation step, it is

defined as the relative change in amount of phosphorylated signaling complexes (T p)

in response to a unit relative change in activity of signaling complexes (A). In the

52



phosphoryl transfer step, it is defined as the relative change in amount of CheYp (Yp)

in response to a unit relative change in amount of phosphorylated signaling complexes

(T p). Using the definition (Equation 3.15), we obtain the following results – see Section

3.5 for the derivation.

S(O|L) =
a

bc
(3.16)

S(A|O) =
cd

ae
(3.17)

S(T p|A) =
n2

1(ATt)2 + (2n1n3 − n1n2)ATt + n1ATt

√
∆

∆ + (n1ATt − n2)
√

∆
(3.18)

S(Yp|T p) =
kY 3

kY 1T p + kY 3
(3.19)

L : ligand concentration

O : fraction of binding sites occupied, defined as O =
∑3

n=0(nTn)
3Tt

A : activity of signaling complexes, defined as A =
∑3

n=0(T
a
n + T p

n)
Tt

=
∑3

n=0(p
nTn)

Tt
,where pnis the probability of signaling complexes

with n-ligand-bound being activated

T p : concentration of phosphorylated signaling complexes

Yp : concentration of phosphorylated CheYp

a = 1 +
4L

Kd2
+

3L2

Kd1Kd2
+

3L2

Kd2Kd3
+

4L3

Kd1Kd2Kd3
+

L4

Kd1K
2
d2Kd3

b = 1 +
3L

Kd1
+

3L2

Kd1Kd2
+

L3

Kd1Kd2Kd3

c = 1 +
2L

Kd2
+

L2

Kd2Kd3
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d = (p1 − p0)
3L

Kd1
+ (p2 − p0)

6L2

Kd1Kd2
+ (p2 − p1)

9L3

K2
d1Kd2

+ (p3 − p0)
3L3

Kd1Kd2Kd3

+ (p3 − p1)
6L4

K2
d1Kd2Kd3

+ (p3 − p2)
3L5

K2
d1K

2
d2Kd3
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n2 = kAkY 3 + kY 1kY 3YT

n3 = kAkY 3

∆ = n2
1(ATt)2 + (4n1n3 − 2n1n2)ATt + n2

2

Obviously, the sensitivities are multiplicative because if Z = f(Y ) = f(g(X)), then

S(Z|X) = dlnZ/dlnX = dlnZ/dlnY · dlnY/dlnX = S(Z|Y )S(Y |X), and thus one

can obtain the sensitivity for any combination of subsequent steps of the pathway. To

demonstrate the potential contribution of receptor clustering to signaling sensitivity, we

also derive the formulas for the hypothetical case in which a signaling complex contains

only a receptor dimer instead of a trimer of receptor dimers in Supporting Information.

Figure 3.9 shows the results computed with the parameter set for pure-type recep-

tors (Table 3.1 and 3.3). Comparison of Figures 3.9(A) and 3.9(B) demonstrates that

clustering of dimers into trimers of dimers significantly enhances the overall sensitivity

S(Yp|L), and clearly shows that the enhancement lies in the upstream pathway-ligand

binding and activity regulation. We replot the sensitivities in the two steps in Figure

3.9(C) and 3.9(D), respectively. The enhancement in sensitivity comes from positive

cooperativity in ligand binding, which induces higher ligand affinity of signaling com-

plexes with more ligands bound, and in activity regulation, which induces higher degree

of activity inhibition in signaling complexes with more attractants bound. As a simple

test, when we remove the cooperativity assumed in ligand affinities, as expected, the

’trimer of dimers’ sensitivity reduces to the dotted ’dimer’ sensitivity curve. It was es-

timated that in the cheRcheB mutant cells with the receptors fixed in QEQE state, the
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amplification factor, fractional change in kinase activity over fractional change in ligand

occupancy responding to fractional change in attractant concentration of 0.1 and 0.2,

averages 37± 9 [96]. In our computation, the sensitivity can be as large as 32 (see the

Trimer curve in Figure 3.9(D)), which is slightly lower but still close to the measured

value.

Figure 3.9: Sensitivity in signal transduction for two receptor complex structures ’trimer
of dimers’ and ’dimer’. (A) Sensitivities for signaling complexes consisting of ’trimer of
receptor dimers’ in ligand binding S(O|L), activity regulation S(A|O), phosphorylation
S(T p|A), phosphoryl transfer S(Yp|T p) and the overall pathway S(Yp|L). (B) Sensitiv-
ities for signaling complexes consisting of ’receptor dimers’ in ligand binding S(O|L),
activity regulation S(A|O), phosphorylation S(T p|A), phosphoryl transfer S(Yp|T p) and
the overall pathway S(Yp|L). (C) and (D) Comparison of S(O|L) (C) and S(A|O) (D)
between two structures of receptor complexes.

We have also analyzed parametric sensitivity in the upstream pathway. Figure

3.10(A) shows the sensitivities of receptor occupancy to two parameters – the ligand

dissociation constant and the cooperativity coefficient in ligand binding, and Figure

3.10(B) shows the sensitivities of receptor activity to four parameters – the ligand dis-

sociation constant, the probability of a signaling complex being in the active state and
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the cooperativity coefficients in ligand binding and activity regulation. The increase of

the first ligand dissociation constant reduces the receptor occupancy and the effect de-

clines at saturating ligand concentrations. The changes on receptor occupancy induced

by the increases of the second and the third ligand dissociation constant are similar

and maximized at medium stimulus. The increase of cooperativity in ligand affinity

enhances receptor occupancy and the enhancement is maximized at moderate stimulus

levels. Receptor activity increases with the increasing ligand dissociation constants and

decreases with the increasing cooperativity coefficients in ligand affinity, and both ef-

fects peak at moderate stimuli. The increase of the probability of a signaling complex

being in the active state with any number (from 0 to 3) of ligands bound increases

receptor activity. At a low stimulus the probability p0 (ligand-free) dominates and at a

high stimulus, the probability p3 (fully ligand-occupied) dominates. The probabilities

p1 and p2 (partially ligand-occupied) function primarily at an intermediate stimulus.

The three cooperativity coefficients in activity regulation have very similar effects, in

that the increase of each reduces the receptor activity and the reduction saturates at

high stimulus.

3.3.2 Model Predictions for Engineered Mixed-type Receptors

3.3.2.1 The variation of the CheYp response

Bacteria typically have several types of receptors – for example, E. coli has five – and

the different types may interact with each other to achieve an optimal response to

diverse environmental stimuli. Experimental evidence shows that receptor trimers may

comprise different types of dimers and their assembly involves random recruitment of

members from the different dimer pools [74, 75, 76]. To understand the consequences

of receptor heterogeneity, we extend the model of pure receptor types to mixed-types,

and we specifically focus on a combination of Tar and Tsr. Since trimer formation is a

stochastic process, a trimer can have one of four compositions, namely three Tar, two

Tar one Tsr, one Tar two Tsr, and three Tsr, but the response at the level of CheYp
represents an integration over receptor trimers in all possible compositions. The average

in vivo ratio of the amounts of Tar and Tsr is 1:2, so the combination of one Tar and

two Tsr is the most probable for trimers, and hereafter we neglect the random nature
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Figure 3.10: Parametric sensitivity of receptor occupancy with respect to ligand dis-
sociation constant (A1) and to cooperativity in ligand affinity (A2), and parametric
sensitivity of receptor activity with respect to ligand dissociation constant (B1), to co-
operativity in ligand affinity (B2), to probability of being in the active state (B3) and
to cooperativity in activity inhibition (B4).

of trimer formation and assume that a trimer comprises one Tar and two Tsr.
In a study of cheRcheB mutants, the methylation state of the Tar receptor is fixed

at one of EEEE, QEEE, QEQE, and QEQQ, whereas the state of Tsr is fixed at QEQE
[96]. To simulate these experiments, we adjust the rate assignments in the ligand release
and kinase activity regulation as shown in Table 3.5 and Table 3.6. Here and hereafter
the on-rates for ligand binding are as shown in Table 3.3 and are not repeated.The
α-methyl-aspartate affinity of Tsr is roughly one thousand times lower than the affinity
of Tar [105], and we find that a value of 1500 fits the experimental data well. In
light of the large difference, we assume that the ligand binding sequence in a trimer
is TSS → TLSS → TLSLS → TLSLSL, that is, first to the sole Tar dimer, then
to one of two Tsr dimers, and finally to the remaining unoccupied Tsr dimer. We
assign a cooperativity coefficient of 5 in ligand affinity of Tsr to keep the same positive-
cooperativity assumption as in pure-type, but the factor has little effect here because
of the dramatic difference in ligand affinities to Tar and Tsr. The off-rates are given in
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Table 3.5, where the scaling factor varied with the methylation level for km
−2 and km

−3

is fixed at 19 since the methylation state of Tsr dimers is fixed at QEQE. The values
of the kinase activity parameter pn

m are based on the estimates in Table 3.3 and the
variable factors in the activity regulation are adjusted to fit the data. Equations 3.20
and 3.21 show one set (n=2, m=fixed methylation level) for the nonadapting system,
in which CheR and CheB are deleted.

dTm,2

dt
=2km

2 LTm,1 − km
−2Tm,2 − km

3 LTm,2 + 2km
−3Tm,3 − kAp2

mTm,2 + KY kY 1Y T p
m,2 (3.20)

dT p
m,2

dt
=2km

2 LT p
m,1 − km

−2T
p
m,2 − km

3 LT p
m,2 + 2km

−3T
p
m,3 + kAp2

mTm,2 −KY kY 1Y T p
m,2 (3.21)

Table 3.5: Rates of ligand binding and release for mixed-type receptors ( in the sequence
of Tar-Tsr-Tsr).
Rate\Methylation 0-1 2-4 5-7 8-10 11-12
km
1 (µM−1 s−1) 70 70 70 70 70

km
2 (µM−1 s−1) 70 70 70 70 70

km
3 (µM−1 s−1) 70 70 70 70 70

km
−1(s

−1) 700*3.6 700*8.4 700*19 700*49 700*67
km
−2(s

−1) 700*19*1500 700*19*1500 700*19*1500 700*19*1500 700*19*1500
km
−3(s

−1) 700*19*1500/5 700*19*1500/5 700*19*1500/5 700*19*1500/5 700*19*1500/5

Table 3.6: Parameters of kinase activity regulation for mixed-type receptors.
Rate \ Mutant cheR cheRcheB cheB
State of Tar EEEE EEEE QEEE QEQE QEQQ QQQQ QQQQ
State of Tsr EEEE QEQE QEQE QEQE QEQE QEQE QQQQ
p0

m 0.05 0.61 0.70 0.75 0.84 0.89 0.89
p1

m 0.05/3 0.61/3 0.70/1.8 0.75/1.6 0.84/1.4 0.89/1.2 0.89/1
p2

m 0.05/9 0.61/9 0.70/5 0.75/2.5 0.84/2 0.89/1.5 0.89/2
p3

m 0.05/90 0.61/90 0.70/80 0.75/70 0.84/60 0.89/50 0.89/60

The normalized steady state concentration of CheYp predicted for various cheRcheB

mutants is shown in Figure 3.11(A) and can be compared to Figure 2 in [96] (reproduced

as Figure 3.11(C)). The four cheRcheB curves have two apparent dissociation constants

corresponding to Tar and Tsr and can be fit by a Hill function of the form [105]

FYP
= 1− β

LH1

LH1 + KH1
1

− (1− β)
LH2

LH2 + KH2
2

(3.22)
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Figure 3.11: Variation of CheYp response for CheR, CheB and CheRCheB mutants.
(A) Variation of CheYp response for mutants.Normalized concentration of CheYp as a
function of ligand concentration. The curves for cheRcheB (EEEE),cheRcheB (QEEE),
cheRcheB (QEQE), cheRcheB (QEQQ) are fit with the parameter set in Table 3.5 in the
case of m=0, m=3, m=6, m=9, respectively. The curve cheR is fit with the parameters
km

1 = km
2 = km

3 = 70 µM−1 s−1, km
−1 = 700 ∗ 3.6 s−1, km

−2 = 700 ∗ 3.6 ∗ 0.125 s−1,
km
−3 = 700 ∗ 3.6 ∗ 0.125/10 s−1, p0

m = 0.05/1.2, p1
m = 0.05/1.2/3, p2

m = 0.05/1.2/9, p3
m =

0.05/1.2/90. The curve cheB is fit with the parameters km
1 = km

2 = km
3 = 70 µM−1 s−1,

km
−1 = 700∗67 s−1, km

−2 = 700∗67∗400 s−1, km
−3 = 700∗67∗400/10 s−1, p0

m = 0.89∗1.2,
p1

m = 0.89 ∗ 1.2, p2
m = 0.89 ∗ 1.2/2, p3

m = 0.89 ∗ 1.2/60. (B) Sensitivity of the cheRcheB
mutant in four fixed methylation states to an 8% log increase in α-methyl-aspartate
concentration. The sensitivity is defined as the ratio of the relative change in steady
state concentration of CheYp and the relative change in ligand concentration. The
simulations can be compared to the experimentally measured responses of cheR and/or
cheB cells to steps of MeAsp at 0 ambient (C) and the sensitivity calculated from the
data for cheRchB cells (D: lower curve set). The figures (C) and (D) are adapted, with
permission, from Figure 2 and 3(B) of [96], respectively. The absolute amplitudes in C,
normalized to wt = 1, are 1:0.06:1.3:1.5:1.6:1.8:1.9.
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The values of the Hill coefficients and the half-maximal concentrations are reported

in Table 3.7. One sees from Figure 3.11 and the table that we obtain both qualitative

and quantitative agreement with the reported data in terms of the relative effects of

the ligand on the various mutants and the Hill coefficients that fit the various curves.

Furthermore, the magnitudes of the response amplitudes for the various strains, rela-

tive to cheRcheB(EEEE) and ordered as cheR, cheRcheB(EEEE), cheRcheB(QEEE),

cheRcheB(QEQE), cheRcheB(QEQQ), and cheB, are 0.05 : 1 : 1.12 : 1.19 : 1.28 : 1.33,

respectively, which is to be compared with the experimental observations of 0.04 : 1 :

1.15 : 1.23 : 1.38 : 1.46 for the same sequence (the wt results are discussed later). The

cheR and cheB curves have only one apparent dissociation constant, seemingly that of

cheR corresponding to Tar and that of cheB corresponding to Tsr, and both can be fit

using (3.13).

We also simulate the sensitivity profile for cheRcheB mutants, which is defined as

the ratio of the relative change in steady state levels of CheYp to the relative change

in ligand concentrations. We do this by applying a step increase of ambient ligand

concentration of 100.08µM. The result is shown in Figure 3.11(B) and can be compared

to the experimental results shown in Figure 3.11(D). Our model is able to account for

the observations, something which other models have not done to date.

Table 3.7: Data fitting in Figure 3.11. Hill coefficients and β for fitting the curves in
Figure 3.11 and comparison to the experimental measures in [96].

cheRcheB cheR cheB
QQQE QEQE QEEE EEEE

β simulation 0.27 0.37 0.44 0.66
experiment 0.27± 0.02 0.36±0.02 0.46±0.02 0.65± 0.02

K1(µM) simulation 421.41 180.69 84.70 36.14 3.89
experiment 440±70 150±15 80±15 38±5 3.3±0.5

K2(mM) simulation 105.05 102.21 85.01 83.85 90.0820
experiment 110±10 105±19 77±10 83±17 75±18

H1 simulation 1.08 1.04 1.00 1.01 2.60
experiment 1.2±0.1

H2 simulation 1.33 1.36 1.40 1.34 1.41
experiment 1.2±0.1

In another study, Sourjik and Berg measured the kinase activity response to MeAsp
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in cheRcheB mutant cells with Tar receptor expression levels at zero, one, two and six

times wild-type levels [104]. To simulate this experiment, we adjust the composition of

the mixed-type trimer according to the ratio of expressed Tar and Tsr receptors. We

assume that a trimer consists of three Tsr dimers, one Tar and two Tsr dimers, two Tar

and one Tsr dimers, and three Tar dimers when Tar receptors are expressed at zero, one,

two and six times wild-type levels, respectively. Since the cells used experimentally lack

CheR and CheB, the receptors in the strains encoded by wild-type genes remain in the

half-modified state QEQE, so we fix the methylation level of trimers in the nonadapting

system at 6. The equations that govern the evolution of the amounts in the various

states of the signaling complexes are similar, and we only display one set of them (n=2,

m=6).

dTm,2

dt
=





2km
2 LTm,1 − 2km

−2Tm,2 − km
3 LTm,2 + 3km

−3Tm,3 − kAp2
mTm,2 + KY kY 1Y T p

m,2 Tar=0/6wt

2km
2 LTm,1 − km

−2Tm,2 − km
3 LTm,2 + 2km

−3Tm,3 − kAp2
mTm,2 + KY kY 1Y T p

m,2 Tar=1wt

km
2 LTm,1 − 2km

−2Tm,2 − km
3 LTm,2 + km

−3Tm,3 − kAp2
mTm,2 + KY kY 1Y T p

m,2 Tar=2wt

(3.23)
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=





2km
2 LT p
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3 LT p
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−3T
p
m,3 + kAp2

mTm,2 −KY kY 1Y T p
m,2 Tar=0/6wt
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2 LT p

m,1 − km
−2T

p
m,2 − km

3 LT p
m,2 + 2km

−3T
p
m,3 + kAp2

mTm,2 −KY kY 1Y T p
m,2 Tar=1wt
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2 LT p

m,1 − 2km
−2T

p
m,2 − km

3 LT p
m,2 + km

−3T
p
m,3 + kAp2

mTm,2 −KY kY 1Y T p
m,2 Tar=2wt

(3.24)

The rates of ligand binding and kinase activity regulation in the four cases are listed in

Table 3.8. We use the previous assumptions concerning the α-methyl-aspartate affinity

of Tsr and the sequence of ligand binding to a trimer, and we assume that the coop-

erativity coefficients in ligand binding series are 5 from the first to the second binding,

and 10 from the second to the third. The values of pn
6 are taken from the corresponding

set (m=6, Tar-QEQE, Tsr-QEQE) in Table 3.6.

The normalized CheYp curves are shown in Figure 3.12, which can be compared to

Figure 1(C) of [104]. When the expression level of Tar is increased from 0 to 6 times the

wild-type level, the sensitivity to MeAsp increases dramatically. The higher the ratio of

one type of receptor relative to other type in receptor clusters, the higher the sensitivity

and cooperativity in response to the ligand for that type of receptors.
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Table 3.8: Rates of ligand release and activity regulation for different Tar expression.
Rate\Tar level 0wt 1wt 2wt 6wt
k6
−1(s

−1) 700*19*1500 700*19 700*19 700*19
k6
−2(s

−1) 700*19*1500/5 700*19*1500 700*19/5 700*19/5
k6
−3(s

−1) 700*19*1500/50 700*19*1500/5 700*19*1500 700*19/50
p0
6 0.29 0.29 0.29 0.29

p1
6 0.29/1.6 0.29/1.6 0.29/1.6 0.29/1.6

p2
6 0.29/2.5 0.29/2.5 0.29/2.5 0.29/2.5

p3
6 0.29/70 0.29/70 0.29/70 0.29/70

Figure 3.12: Variation of CheYp response with different expression levels of Tar. (A)
Normalized concentration of CheYp as a function of ligand concentration in a nonadapt-
ing system. Response curves are shown for the following compositions of a trimer: 3 Tsr
(©), 1 Tar-2 Tsr (¤), 2 Tar-1 Tsr (♦), and 3 Tar (4). (B) Experimentally-measured
response of cells expressing different levels of Tar in Tsr+ cells to MeAsp, normalized
to the total pre-stimulus kinase activity. The expression levels of Tar are 0 (©), 0.6
(♦), 1 (filled ©), 2 (¤) or 6 (4) times the native level. The figure is adapted, with
permission, from Figure 1(C) of [104].
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3.3.2.2 Excitation and adaptation

When the full system for mixed-type receptors with CheR and CheB included is simu-

lated, we obtain similar response characteristics and exact adaptation, as for the pure-

type version; see Figure 3.13. The parameters for the full mixed-type system are the

same as for the pure-type (Table 3.1 and 3.3) except for one change – the scale factors

for the ligand release rates for Tsr. Here the methylation-level-dependent scaling factor

for the off-rates km
−2 and km

−3 are the same as for km
−1 in Table 3.5 (3.6, 8.4, 19, 49, 67) be-

cause the methylation state of Tsr is not fixed at QEQE here. These results demonstrate

that the presence of a sub-population of low-affinity receptors does not significantly af-

fect the response characteristics of the system. The only noticeable difference from the

response of the previous system based on pure-type receptors is a small overshoot in

the recovery to an attractant increase at very large stimuli (cf. Figure 3.13(D)).

Figure 3.13: Excitation and adaptation for mixed-type receptors. (A) Time course of
CheYp as responses to α-methyl-aspartate by the full system for mixed-type receptors
(labeled wt) and the nonadapting system for mixed-type receptors (labeled cheRcheB).
The input is a step of α-methyl-aspartate from 0 µM to 0.1 µM (A), 10 µM (B), 1 mM
(C), 10 mM (D) and thereafter a removal of the previous addition.
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3.3.3 The Model for Wild-type Cells

The engineered strains discussed in the previous section show variations in two major

characteristics – the basal amplitude of the kinase activity and the sensitivity to ligand

– that bear on the analysis of the wild-type response shown in Figure 3.11(C).

• Basal kinase activity The amplitudes of the response shown in Figure 3.11(C)

are 1:0.06:1.3:1.5:1.6:1.8:1.9 relative to wt at 1.0. In the cheR strains, receptors

are in the lowest methylation state, which means that the equilibrium between

the active and inactive state is shifted toward the latter, and the pre-stimulus

activity is low, while at the other extreme, the receptors in the cheB mutant tend

to be in the active state and the initial activity is high. The various engineered

strains, which are locked at intermediate methylation levels, have basal activities

between these extremes. If the basal activity depends only on the methylation

level, receptors in unstimulated wild type cells, which are thought to be in a

QEQE state, would have an activity equal to that of the engineered QEQE, but

their initial activity is lower. This difference could arise either as a result of locking

a receptor in a fixed methylation state or from effects of CheB or CheR present

in wild-type.

• Sensitivity. The experimental results also show that the apparent Hill coefficients

for the ligand-dependence of activity varies significantly with the methylation

state. cheR strains show a single KD close to that of wild-type, engineered strains

locked in intermediate methylation states exhibit two distinct Hill coefficients that

probably reflect the disparate affinities of the two receptor types, and the cheB

mutant shows a single large KD, probably reflecting the predominance of the Tsr

response. One explanation that can account for this variation is that receptors in

the inactive state have a higher ligand affinity than those in the active state. In

this scenario the low KD for the cheR mutant stems from the fact that the receptor

equilibrium is shifted to the inactive state at low methylation levels. The trend in

sensitivity for the engineered mutants and the cheB mutant follows similarly, since

a shift in methylation level induces a shift to the active state. Why the response

of the cheB strains exhibit only one KD is not known, but it probably reflects

interactions between the dimers in a trimer that depend of the methylation level.
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It is not known why the cheR strains respond like wild-type cells in terms of their

kinase sensitivity to ligand, but one possibility is that CheB plays an important role

in the conformational transition induced by ligand binding, whereas CheR only has a

minor role in the transition. Of course this may simply reflect the relative abundance

of the two (0.3 µM for CheR compared to 2 µM for CheB).

In this section we extend the framework developed earlier to allow for variation in

the ligand affinity with receptor activity in order to account for the observations on

the wild-type response. We assume that receptor activity lowers attractant affinity and

heightens repellent affinity, which could arise as follows. Binding of a chemoattractant to

the ligand binding domain of a receptor, which initiates downward displacement of the

transmembrane domain, may also result in conformational changes of the cytoplasmic

domain that deactivates CheA. If the methylation that leads to adaptation in turn

induces a conformational shift that is transmitted to the pericellular domain, this could

alter the conformation of the ligand-binding site [122, 136].

The systems in Section 3.3.1 and 3.3.2, wherein ligand affinity is independent of

receptor activity, are a special case of the general framework developed next. Our

strategy in model development was to (i) begin from the reconstituted in vitro signaling

complexes, (ii) analyze the engineered mutant strains, and finally (iii) model the wild-

type cells. The results given later indicate that the correlation of ligand affinity and

receptor activity may exist and may play a crucial role in the wild-type cells, but other

explanations such as longer-range interactions between receptors cannot be ruled out.

3.3.3.1 Excitation and Adaptation

The significant difference in the modified equations for the evolution of the signaling

complexes is that we distinguish between the ligand release rates for active and inactive

receptors. For the stimulus levels used only the response of the Tar receptor plays a role,

and therefore we utilize a pure-type model, and as before, we only display representative

equations.
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dTm,2

dt
=2[ki,m

2 (1− p1
m) + ka,m

2 p1
m]LTm,1 − [ki,m

3 (1− p2
m) + ka,m

3 p2
m]LTm,2

−2[ki,m
−2 (1− p2

m) + ka,m
−2 p2

m]Tm,2 + 3[ki,m
−3 (1− p3

m) + ka,m
−3 p3

m]Tm,3

−kAp2
mTm,2 + KY kY 1Y T p

m,2 + KBkB1BT p
m,2

+KRkR1R[(1− p2
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m,2 − ka,m

3 LT p
m,2 + 3ka,m

−3 T p
m,3 + kAp2

mTm,2

−KY kY 1Y T p
m,2 −KBkB1BT p

m,2 −KBpkB3Bp(T
p
m,2 − T p

m+1,2) (3.26)

The rate constants for ligand binding and release, as well as the kinase activity, are

summarized in Table 3.9.

Table 3.9: Rates of ligand release and activity regulation for wild-type cells. ki,m
n and

ka,m
n for n = 1, 2, 3 are in the unit of µM−1 s−1. ki,m

−n and ka,m
−n for n = 1, 2, 3 are in the

unit of s−1. ’R.’ denotes ’Rate’. ’M.’ denotes ’Methylation’.
R.\M. 0-1 2-4 5-7 8-10 11-12
ki,m

1 70 70 70 70 70
ki,m

2 70 70 70 70 70
ki,m

3 70 70 70 70 70
ka,m

1 70 70 70 70 70
ka,m

2 70 70 70 70 70
ka,m

3 70 70 70 70 70
ki,m
−1 70*3.6 70*8.4 70*19 70*49 70*67

ki,m
−2 70*3.6/5 70*8.4/5 70*19/5 70*49/5 70*67/5

ki,m
−3 70*3.6/50 70*8.4/50 70*19/50 70*49/50 70*67/50

ka,m
−1 (70*3.6)*200 (70*8.4)*200 (70*19)*200 (70*49)*200 (70*67)*200

ka,m
−2 (70*3.6/5)*200 (70*8.4/5)*200 (70*19/5)*200 (70*49/5)*200 (70*67/5)*200

ka,m
−3 (70*3.6/50)*200 (70*8.4/50)*200 (70*19/50)*200 (70*49/50)*200 (70*67/50)*200

p0
m 0 0.10 0.29 0.51 0.89

p1
m 0 0.10/2 0.29/2 0.51/2 0.89/2

p2
m 0 0.10/10 0.29/10 0.51/10 0.89/10

p3
m 0 0.10/100 0.29/100 0.51/100 0.89/100

The normalized initial kinase response, as assayed by the amount of CheYp in

response to steps of MeAsp at 0 background is shown in Figure 3.14, which can be

compared to the wild-type curve wt in Figure 3.11(C). The CheYp response curves to
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steps of MeAsp at nonzero ambient concentrations, both as a function of the magnitude

of the step change in MeAsp after complete adaptation to ambient concentrations, and

as a function of the fractional change in receptor occupancy, are shown in Figure 3.14(A)

and 3.14(C), respectively. Figure 3.14(B) shows the dependency of response sensitivity

S(Yp|L) on ambient concentration. Figure 3.14 can be compared to Figure 3 in [96].

Figure 3.14: Variation of CheYp responses for wild-type cells. (A) Normalized con-
centration of CheYp as response of wild type cells to steps of MeAsp at zero ambient.
The best fit to the utilizes a Hill function with K1/2=3.21 µM and H=2.33. (B) Ini-
tial CheYp response amplitudes as a function of the magnitude of the step change in
concentration of MeAsp after complete adaptation to ambient concentrations 0 (©),
0.1 (¤), 0.5 (♦) and 1 (4) mM. Additional MeAsp was added (blue symbols) and then
removed (green symbols) after adaptation in a sequence of steps of increasing size. (C)
Dependence of the response sensitivity, defined as ∆[Y p]/[Y p]

∆[L]/L on increases in the con-
centration of MeAsp of 10% (blue symbols) and 20% (green symbols) as a function of
the ambient concentration. (D) Data from (B) plotted as a function of the fractional
change in receptor occupancy.
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The excitation and adaptation characteristics of the modified system are similar to

that shown earlier for the engineered in vitro receptors and the mutant strains; see

Figure 3.15. Thus the system exhibits the type of responses observed experimentally.

Detailed robustness analysis is done in the following section.

Figure 3.15: Excitation and adaptation for wild-type cells. (A) Time courses of CheYp
as responses to α-methyl-aspartate by the full system for wild-type cells (labeled wt) and
the nonadapting system (labeled cheRcheB). The input is a step of α-methyl-aspartate
from 0 µM to 0.1 µM (A), 1 µM (B), 10 µM (C), 100 µM (D) and thereafter a removal
of the previous addition.

3.3.3.2 Robustness

We investigate the ability of the wild-type-cell system to maintain exact adaptation in

the face of parametric variations; the results for the two previous systems are similar

to those shown later and will be omitted. There is evidence that the in vivo chemo-

taxis signaling network of E. coli buffers the chemotactic response to variations in the
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amounts of the chemotactic proteins, including variation in concerted expression of all

chemotactic proteins [91], variation in the expression of CheR [137], and variation in

the correlated expression of CheY and CheZ [138]. We employ several simulations for

testing the robustness of the model against these types of variation. First, we scale the

expression of all receptors and Che-proteins by the same factor and evaluate the effect

on adaptation. The variation ranges from 0.1 to 50 fold in log-linear scale, with the

wild type level treated as fold 1. For each level we stimulate the cell with a step input

of α-methyl-aspartate from 0 µM to 10 µM and record the steady-state post-stimulus

values of (i) the concentration of CheYp in adapted cells, (ii) the adaptation time and

(iii) the adaptation precision. The adaptation time is defined as the time at which the

concentration of CheYp in stimulated cells rises to halfway between the lowest level

following stimulation and the steady state level. Adaptation precision is defined as the

ratio between the steady-state concentrations of CheYp in pre-stimulated and adapted

cells; a precision of 1.0 corresponds to prefect adaptation of CheYp. We use the latter

definition to facilitate comparison of our results with earlier experimental results, but

the reader should note that even if the adaptation precision as defined is 1, the ratio of

time spent tumbling vs. swimming may not coincide with the wild-type ratio because

the level of CheYp generally changes. Thus adaptation precision does not provide a

good measure of cell-level robustness. The results are shown in Figure 3.16(A).

One sees that the concerted expression level of all proteins has little effect on exact

adaptation of CheYp (Figure 3.16(A1)), especially in the case of overexpression relative

to the wild type, while the adaptation time decreases significantly (Figure 3.16(A2)) and

the adapted steady state concentration of CheYp increases significantly with increased

expression (Figure 3.16(A3)). Therefore, adaptation precision is a robust property in

the model, while the adaptation time and the steady state concentration of CheYp
are not. The increase in CheYp can be understood from the fact that there are both

first- and second-order reactions in the mechanism and these scale differently under an

increase of all components. Because the rotational bias of the motor is very sensitive to

the level of CheYp [13, 85], the rise in CheYp means that the motor will be locked in

a tumbling state even at 2-3 times wt expression levels.

The second simulation uses a similar design except that only the level of CheR is

varied. One sees again that adaptation precision is insensitive to this protein level
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(Figure 3.16(B1) can be compared to Figure 2(a) in [137]). The adaptation time and

the steady-state level of CheYp show decreasing and increasing variation with the CheR

expression level similar to those in (A2) and (A3), respectively. However, in comparing

Figure 3.16(A2) and 3.16(B2), one sees that the change of adaptation time caused by

variation of CheR is less than by co-variation of all proteins. Figure 3.16(B2) and

3.16(B3) can be compared to Figure 2(b) in [137]. The adaptation time we observe

differs from that measured in [137], probably because they used a step addition of

saturating concentrations of attractants as the stimulus. One sees in Figure 3.15 that

the adaptation time increases significantly with the stimulus level.

In the third simulation we vary the expression levels of CheY and CheZ by the same

factor. The effects of the expression level on adaptation precision and the steady state

level of CheYp are similar to the two previous cases, but interestingly, adaptation time

increases with correlated underexpression, is maximum at normal levels, and decreases

with overexpression. Increasing only CheY tends to increase adaptation time and in-

creasing only CheZ tends to decrease it (Figure 3.17(C2) and 3.17(D2)), and therefore

the former appears to be the dominating effect when CheY and CheZ are coordinately

underexpressed and the latter dominates when overexpressed. Lastly, we evaluate the

effect on adaptation when the levels of chemoreceptor, CheB, CheY and CheZ are varied

individually, and as one sees in Figure 3.17, the robustness of adaptation is preserved.

The qualitative variation of adaptation time in response to addition of attractants

that results from under-/over-expression of proteins can be understood as follows. Ob-

viously, the adaptation time increases with stimulus amplitude if all other factors are

fixed. If the stimulus amplitude is fixed, then the adaptation time varies with the mag-

nitude of the CheYp response and the available number of CheR/CheB enzymes per

receptor, and it can be shown that the magnitude of CheYp response increases with

the steady-state value of CheYp. The effects of other variations are as follows, wherein

under/over - expression is relative to the nominal level.

1. CheR When the amount of CheR per receptor increases, the adaptation time

decreases (Figure 3.16(B2)) .

2. CheZ An increase in the amount of CheZ decreases the turnover time of CheYp
and reduces the adaptation time (Figure 3.17(D2)).
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3. CheB Increases in the amount of CheB leads to a monotone decrease in the steady-

state level of CheYp because the average methylation level of receptors is de-

creased, which produces a lower total kinase activity. However, changes is CheB

can have two opposing effects on adaptation time, as shown in Figure 3.17(B2),

and which dominates can depend on the stimulus level. An increase in CheB leads

to a higher level of CheBp and thus to a lower average methylation level. This

in turn shifts the activity equilibrium to the inactive state, and since CheR only

acts on inactive receptors, this leads to a higher methylation load and explains the

increase in adaptation time. On the other hand, an increase in CheB reduces the

steady-state level of CheYp (Figure 3.17(B3)) and induces a smaller response of

CheYp ( cf. the wt and cheB mutant responses in Figure 3.11) and a decrease in

adaptation time. At low stimulus levels this dominates and the adaptation time

is monotone decreasing, but at intermediate and high stimulus levels the larger

shift to the inactive state dominates at low CheB expression (Figure 3.17(B2)).

4. MCP An increase in MCP also involves two opposing effects. The first is an

increase in the steady-state level of CheYp and a larger change in CheYp response,

which lengthens adaptation time; the second is a decrease in the ratio of CheBp
to receptors (the ratio of CheR to receptors also decreases, but CheBp dominates

here due to its low abundance compared to CheR), which reduces the adaptation

time (Figure 3.17(A2)).

5. CheY An increase in CheY leads to a increase in the CheYp response and an in-

crease in adaptation time, but CheBp decreases and receptors are shifted to higher

methylation levels, which decreases adaptation time. Which effect dominates de-

pends on the stimulus level and the CheY expression level (Figure 3.17(C2)).

6. CheY/CheZ Adaptation time maximizes in the wild-type level and it seems that

CheY dominates the trend when CheY/CheZ are underexpressed and CheZ does

when overexpressed (Figure 3.16(C2)).

7. All proteins Adaptation time decreases monotonically (Figure 3.16(A2)) because

increases in most proteins decrease the adaptation time, which offsets the increase

due to the increase in CheYp (Figure 3.16(A3)).
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Changes in the expression levels of MCP, CheB or CheY all involve two opposing

effects on adaptation time, and the relative roles of the two vary with the stim-

ulus amplitude. The qualitative behavior of adaptation time can be understood

from the roles played by these proteins, but the quantitative aspects represent

predictions of the model that may be testable experimentally.
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Figure 3.16: Robustness of adaptation against variation in concerted expression of all
proteins (A), expression of CheR (B) and correlated expression of CheY/CheZ (C). The
wild type concentrations of the proteins are defined as the base level. The stimulus
protocol is a step of α-methyl-aspartate from 0 µM to 10 µM. Adaptation precision is
robust against the expression levels of all proteins (A1), of CheR (B1) and of CheY/CheZ
(C1), while adaptation time and steady level of CheYp are not. Adaptation time de-
creases with the level of all chemotactic proteins (A2) and of CheR (B2), and first
increases and then decreases with the levels of CheY/CheZ (C2). Steady state level of
CheYp consistently shifts increasingly with overexpression of all proteins (A3), of CheR
(B3) and of CheY/CheZ (C3). The simulations are comparable to the experimental
measures of chemotactic efficiency (green circles in (A4), open circles in top graph of
(B4) and diamonds in (C4)), average adaptation time to a step stimulation with 1mM
L-aspartate (open circles in bottom graph of (B4)) and average steady state tumbling
frequency of unstimulated cells (open squares in bottom graph of (B4)). The figures
(A4), (B4) and (C4) are adapted, with permission, from Figure 3(a) in [91], Figure 2 in
[137] and Figure 1(C) in [138], respectively.
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Figure 3.17: Robustness of adaptation against variation in expression of chemoreceptor
(A), CheB (B), CheY (C) and CheZ (D). The definitions of the three displayed variables
are as in Figure 3.16. The stimulus protocol is a step of α-methyl-aspartate from 0 µM
to 10 µM, except in (A2), (B2) and (C2), where three protocols (top: 0 µM to 1 µM;
center : 0 µM to 10 µM; bottom: 0 µM to 100 µM;) are used to show the change of
adaptation time with stimulus amplitude.

74



3.3.4 Model Predictions for Motors

We use Equation 3.12 to simulate rotational bias of the flagellar as a function of CheYp
concentration. With the parameters K1 = 1.46 µM, K2 = 7.60 µM and α0

β0
= 109, we

obtain perfect reproduction of Cluzel et al.’s measurement. The result is demonstrated

in Figure 3.18(A). We use a Hill function (Equation 3.13) to fit the sigmoid character-

istics of motor behavior and it leads to a Hill coefficient H = 10.1049 and an apparent

dissociate constant K1/2 = 3.1070 µM. In the same experiment, Cluzel et al. measured

switching frequency, defined as the number of times that a motor switches its direction

of rotation divided by the duration of the recording, and they suggested an interesting

phenomenon that the switching frequency F behaves as ∂(CW−bias)
∂[CheYP ] [85]. Thus we take

the first derivative of Equation 3.12 and plot ∂(PCW )
∂[YP ] in Figure 3.18(B), which indeed

gives a good fit of the previous observation (the data points in Figure 2(B) in [85]). The

steep input-output relationship of the motor response indicates that the wild-type cells

must adjust the steady state concentration of CheYp around the operational value of

3 µM to keep chemotaxis function. The parameter set we used in the signaling module

does fix the steady state level of CheYp around 3 µM and we are able to integrate

the two modules. Figure 3.19 shows two sample outputs of the entire model where the

simulated time courses of CheYp such as those in Figure 3.6 are used as inputs to the

motor module. The stimulus protocol is a step of α-methyl-aspartate at t=500 s from

the concentration of zero to the concentration of 1 µM for Figure 3.19(A), of 100 µM

for Figure 3.19(B), and thereafter a removal of the previous addition at t=2500 s. The

plotted traces of counterclockwise rotational bias can be compared to Figure 3, 4 and

6(B) of [9]. Finally, we look into the steady state concentration of CheYp in the case of

varied expression levels of chemotactic proteins, which we simulated in Section 3.3.3.2.

The value shifts from the wild-type level and the deviation is dependent on the type of

protein manipulated and the extent of variation. The result indicates that either there

exists an undiscovered molecular mechanism to lock the steady state concentration of

CheYp within the operational range of motors and we have not included it in the cur-

rent model yet, or an alternative characteristic response of the motor to CheYp with a

shifted or wide functional range needs be considered.

75



Figure 3.18: (A) Clockwise rotational bias of individual motors as a function of CheYp
concentration. The curve is best fit with a Hill function (Equation 3.13), where Hill
coefficient H = 10.1049 and K1/2 = 3.1070 µM. The figure can be compared to Fig.
2(A) in [85] where H = 10.3 ± 1.1 and K1/2 = 3.1 µM. (B) Switching frequency of
individual motors, defined as the number of times that a motor switches its direction of
rotation at a unit of time. The figure can be compared to Fig. 2(B) in [85]

Figure 3.19: Time courses of counterclockwise rotational bias as response to α-methyl-
aspartate by the system depicted in Figure 3.2 and Figure 3.4. The stimulus protocols
used in (A) and (B) are similar as those in Figure 3.6. Adaptation times vary with the
magnitudes of the stimuli. The traces can be compared to Fig. 3, 4 and 6(B) in [9].
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3.4 Discussion

Our major objective was to demonstrate that the experimental observations on sensitiv-

ity and adaptation in E. coli can be explained using a model based on static trimers of

receptor dimers. The existing models that explain sensitivity on the basis of of chemore-

ceptor clustering in E. coli fall into two categories – Ising-type models and MWC-type

models. The former hypothesizes that receptors exist in an extended weakly-coupled

network, while the latter postulate that they exist in several large strongly-coupled

clusters, but neither configuration has yet been established experimentally, whereas the

trimer of dimers structure has been. In either case clustering leads to cooperativity – in

the Ising-type model, the cooperativity is manifested via the correlation strength of the

nearest neighbor interaction while in the MWC-type model, it is simply introduced by

the size of a receptor cluster. Both types of models can reproduce the initial response

to ligand, but both have limitations as well. For example, MWC models assume that

strongly-coupled receptor clusters function in an ’all-or-none’ manner, i.e. all receptors

in a cluster flip between the active and inactive states simultaneously, and that the

methylation level of all coupled receptors are the same and undergo the same change

when the cell responds to a stimulus.

The model proposed here has several new aspects as compared to the existing ones.

Unlike Ising-type models, our model is based on a detailed kinetic scheme for all known

steps, and we do not assume that the transition between the active and inactive state

of receptors only occurs in one ligand-binding state, as MWC-type models do. We

are able to simulate the dynamics in the upstream pathway and analyze the potential

cooperativity in both ligand binding and kinase activity regulation induced by receptor

clustering, in a scheme that accounts for the full pathway, including the phosphorylation

cascade.

One aspect in which assumptions were necessary is ligand binding, but this is true of

all models. There are three key questions that remain in the modeling of ligand binding

to clustered receptors: (1) whether the ligand dissociation constant Kd varies with the

activity of receptors, that is, whether Ki
d = K

a/p
d holds; (2) whether the constant Kd

varies with the methylation level of receptors, that is, whether K0
d = ... = K12

d holds;

(3) whether cooperativity in ligand binding exists in a trimer or even a larger cluster,
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that is, whether Kd1 = ... = Kd3 holds.

Here we use a heterogenous two-state assumption on receptor activity in which

the ligand dissociation constant Kd varies with the methylation level of the receptor.

This assumption stems from the results reported [125], wherein the authors suggest a

heterogeneous scheme in which covalent adaptation changes the dissociation constant

of inactive receptors, Ki
d. We assume that the variation holds for both active and

inactive receptors, and to test it, we do three simulations: one based on the assumption

that only K
a/p
d is heterogeneous, one in which only Ki

d is heterogeneous, and one in

which both are heterogeneous. It turns out that one cannot reproduce the experimental

data using the first assumption, but one can using the latter two (cf. Figure 3.5). It

should be noted that the parameter set assigned in the model is for an inhibitory ligand

(α-methyl-aspartate). In this case, the dissociation constant for inactive receptors Ki
d

seems dominating the apparent dissociation constant K1/2. However, in the case of an

activating ligand, for symmetry, we expect to see the domination of K
a/p
d on K1/2, and

the second assumption could be ruled out. As a result, it is appropriate to assume the

simultaneous heterogeneity of Ki
d and Ka

d in a general framework, and also it may be

highly feasible in the view of structural biology.

If we consider the effects of receptor activity and cooperativity in multiple ligand

binding on the dissociation constant Kd together, there are three possible patterns,

as shown in Figure 3.20. In Case I the constant is independent of receptor activity

and positive cooperativity exists in ligand affinity; in Case II, receptor activity lowers

chemoattractant affinity and there is no cooperativity; in Case III, both dependencies

are present. In Case II we find that we cannot capture the decay of kinase activity with

saturating concentrations of chemoattractants (data not shown) observed in Bornhorst

and Falke’s experiments [107, 125]. With the Case I-based parameter set (Table 3.3,

3.5 and 3.8), we are able to quantitatively reproduce most of the measured responses

in the in vitro and cheRcheB mutant experiments. Using the Case III-based parameter

set (Table 3.9), which combines the two correlations assumed in Case I and II, we can

extend our framework to reproduce the data on the wild type cells. We have discussed

earlier why the wild type cells behave so differently from the cheB, cheRcheB mutants

and reconstituted signaling complexes, and correlation of ligand affinity and receptor

activity is necessary to capture the behavior of the wild type cells.
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Figure 3.20: Three potential patterns of chemoattractant dissociation constants of a
trimer of receptor dimers. Ki

dn is the attractant dissociation constant of inactive re-
ceptor trimers with n-ligand bound and K

a/p
dn is the constant of active receptors with

n-ligand bound. Case I: Receptor activity has no effect on ligand binding and positive
cooperativity exists in the multiple ligand affinity series. Case II: Active receptors have
a lower ligand affinity and no cooperativity in the multiple ligand affinity series. Case
III: Active receptors have a lower ligand affinity and positive cooperativity exists in the
multiple ligand affinity series. In the figure, we only consider the relationships with
receptor activity and existence of cooperativity in multiple ligand binding. Dissociation
constants also vary with methylation levels of receptors and the three patterns could
exist for each methylation level.

Our results demonstrate that short-range interactions within signaling complexes

comprising trimers of dimers can lead to high sensitivity and gain at the first level of

signal transduction. Clustering of chemoreceptors and the kinase protein CheA provides

the structural basis for cooperativity in ligand binding to receptors and CheA activity

regulation by receptors. In the ligand binding step, the cooperativity arises from the

increase of ligand affinity with the number of ligands bound. In the activity regulation

step, cooperativity manifests itself by the nonlinear decrease in activity with receptor

occupancy, and this accounts for the majority of the gain in signal transduction(cf.

Figure 3.9). It might be partially evidenced by the high stoichiometry of receptors and

CheA, which is assumed as 3:1 in our model, supported by a recent study [80], or even

could be up to 6:1 suggested by other studies [77, 120, 78, 47]. The downstream steps in

the signal transduction pathway – phosphorylation and phosphoryl transfer, as well as

methylation and demethylation – contribute little to signaling sensitivity, as was shown

earlier [13].

To date we have only used a trimer of receptor dimers as the functional unit for

receptor clusters, and thus we focus on the intratrimer interactions and its role in signal
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transduction. Longer-range interactions may exist and there is some evidence that

they might be necessary for adaptation in some cases [113]. Extension of the current

framework to model a receptor cluster with multiple coupled trimers of dimers and

explain intertrimer interactions would involve a huge number of states and transitions

in the network, and thus require enormous differential equations and kinetic parameters.

Estimation of such parameters may not be feasible at present. As reviewed before, in the

literature, several existing models, either of the Ising type or the MWC type, have been

used to analyze a receptor cluster larger than a trimer of dimers (10-20 dimers, equivalent

to 3-7 trimers of dimers) using a mean-field theory. In those models, the structures of

receptor clusters are simplified and the interactions among receptors are averaged. The

structural hierarchy in organization of receptor clusters, from a homodimer to a trimer

of homodimers and then to a cluster of multiple trimers, and its potential advantages

in signaling function are not considered. It would be interesting and useful if someone

could develop a framework that is able to model a larger receptor cluster than what

we have done, but still keep the ability to explore molecular details such as the specific

roles of intratrimer and intertrimer interactions.

3.5 Appendix: Sensitivity Analysis

We do sensitivity analysis for the chemotactic signaling series, including four steps -

ligand binding, kinase activity regulation, phosphorylation and phosphoryl transfer, in

a cheRcheB mutant system where expression of CheR and CheB is suppressed and the

methylation states of receptors are engineered and do not vary. The mutant cells can

respond to but not adapt to chemoattractants. The chemical reactions involved in the

system only lie in one slice of the full network depicted in Figure 3.2 excluding CheB

involved phosphoryl transfer, of which the methylation state is what is fixed. In the

analysis, we fix the state at QEQE, and then the reaction network lies in the m=6 slice

in Figure 3.2 and the corresponding m=6 parameter set in Table 3.1 and 3.3 is used

in computation. For simplicity, the subindex m of all signaling complex variables is

omitted in the section.

In the reaction network, the transitions involved in ligand binding and kinase ac-

tivity regulation are much faster than those in autophosphorylation and phosphoryl

80



transfer. So we apply the quasi-steady state assumption and separate the network into

two relatively independent parts. In the first part, we consider redistribution of signal-

ing complexes in ligand binding states induced by a chemoattractant stimulus. We use

Tn(n = 0, 1, 2, 3) to denote the amount of all signaling complexes with n-ligand bound,

regardless of the activity state (Tn = T i
n + T a

n + T p
n). The methylation state is fixed at

QEQE and the subindex m is dropped. Tt denotes the conserved total concentration of

signaling complexes. The equations that govern the evolution of the amounts in four

binding states of signaling complexes are as follows.

dT0

dt
= −3k1LT0 + k−1T1 (3.27)

dT1

dt
= 3k1LT0 − k−1T1 − 2k2LT1 + 2k−2T2 (3.28)

dT2

dt
= 2k2LT1 − 2k−2T2 − k3LT2 + 3k−3T3 (3.29)

dT3

dt
= k3LT2 − 3k−3T3 (3.30)

The steady state solution of ligand occupancy is

O =
∑3

n=0(nTn)
3Tt

=
L

Kd1
+ 2L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

. (3.31)

We assume that when redistribution of signaling complexes Tn in activity states takes

place, the ligand binding transitions have reached equilibrium. Then simply, T i
n =

(1 − pn)Tn, and T a
n + T p

n = pnTn, where pn is the probability of the signaling complex

with n-ligand bound being activated. So, the steady state solution of activity is

A =
∑3

n=0(T
a
n + T p

n)
Tt

=
p0 + p1 3L

Kd1
+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

. (3.32)

In the second part, we consider two slow transitions, redistribution of activated

signaling complexes in unphosphorylated and phosphorylated states and phosphoryl

transfer to CheY. Here, to explicitly solve the steady state solution, we apply the first

order kinetics to the bimolecular reactions T p
n + Y

kY1→ T a
n + Yp and Yp + Z

kZ→ Y + Z.

We use T a and T p to denote the amounts of all activated but unphosphorylated and

phosphorylated complexes, respectively, and then T a =
∑3

n=0 T a
n , T p =

∑3
n=0 T p

n , and
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T a
n + T p

n = pnTn hold. The governing equations are as follows.

dT a

dt
= −kAT a + kY 1Y T p (3.33)

dT p

dt
= kAT a − kY 1Y T p (3.34)

dYp

dt
= kY 1Y T p − kY 2Y

p − kZZY p (3.35)

Y = Yt − Yp (3.36)

ATt = T a + T p (3.37)

The steady state solutions of T p and Yp are

T p =
n1ATt − n2 +

√
∆

2n1
(3.38)

Yp =
kY 1YtT

p

kY 1T p + kY 3
(3.39)

kY 3 = kY 2 + kZZ

n1 = kAkY 1

n2 = kAkY 3 + kY 1kY 3Yt

n3 = kAkY 3

∆ = n2
1(ATt)2 + (4n1n3 − 2n1n2)ATt + n2

2.

Finally, we are able to apply the definition of dimensionless sensitivity (Equation

3.15) and obtain S(O|L), S(A|O), S(T p|A) and S(Yp|T p) as Equation 3.16, 3.17, 3.18

and 3.19, respectively.

For comparison, we do a similar analysis in the case of a signaling complex containing

a receptor dimer instead of a trimer of receptor dimers. The occupancy and activity are

O =
L

Kd1

1 + L
Kd1

(3.40)

A =
p0 + p1 L

Kd1

1 + L
Kd1

(3.41)
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The sensitivities in ligand binding and activity regulation steps are

S(O|L) =
1

1 + L
Kd1

(3.42)

S(A|O) =
(p1 − p0) L

Kd1

p0 + p1 L
Kd1

(3.43)

The sensitivities in the remaining steps are the same as Equations 3.18 and 3.19. The

variation in the composition of a signaling complex does not change the formula of the

downstream sensitivities, but we need adjust the values of rate constants in the CheA

related reactions due to the change in the stoichiometry of receptors and CheA in one

complex, and quantitatively it would rescale the downstream sensitivities.

Using the similar technique, we do a parametric sensitivity analysis for the upstream

signaling pathway. Specially we have interest in the sensitivity of receptor occupancy

to ligand dissociation constant S(O|Kdi
) and to cooperativity in ligand affinity S(O|ti),

where ti = Kdi
/Kdi+1

(i = 1, 2), and the sensitivity of receptor activity to ligand dis-

sociation constant S(A|Kdi
), to cooperativity in ligand affinity S(A|ti), to probability

of being activated S(A|pi) and to cooperativity in activity inhibition S(A|si), where

si = pi−1/pi(i = 1, 2, 3). The formula are Equation 3.44 to 3.60.
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S(O|Kd1) =
−1

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

(3.44)

S(O|Kd2) =
3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

−
2L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

L
Kd1

+ 2L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

(3.45)

S(O|Kd3) =
L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

−
L3

Kd1Kd2Kd3

L
Kd1

+ 2L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

(3.46)

S(O|t1) =
2t1L2

K2
d1

+ (3t1+2t21t2)L3

K3
d1

+ 4t21t2L4

K4
d1

+ t31t2L5

K5
d1

(1 + 3L
Kd1

+ 3t1L2

K2
d1

+ t21t2L3

K3
d1

)( L
Kd1

+ 2t1L2

K2
d1

+ t21t2L3

K3
d1

)
(3.47)

S(O|t2) =

t21t2L3

K3
d1

+ 2t21t2L4

K4
d1

+ t31t2L5

K5
d1

(1 + 3L
Kd1

+ 3t1L2

K2
d1

+ t21t2L3

K3
d1

)( L
Kd1

+ 2t1L2

K2
d1

+ t21t2L3

K3
d1

)
(3.48)

S(A|p0) =
p0

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.49)

S(A|p1) =
p1 3L

Kd1

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.50)

S(A|p2) =
p2 3L2

Kd1Kd2

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.51)

S(A|p3) =
p3 L3

Kd1Kd2Kd3

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.52)

S(A|s1) = −
p0

s1

3L
Kd1

+ p0

s1s2

3L2

Kd1Kd2
+ p0

s1s2s3

L3

Kd1Kd2Kd3

p0 + p0

s1

3L
Kd1

+ p0

s1s2

3L2

Kd1Kd2
+ p0

s1s2s3

L3

Kd1Kd2Kd3

(3.53)

S(A|s2) = −
p0

s1s2

3L2

Kd1Kd2
+ p0

s1s2s3

L3

Kd1Kd2Kd3

p0 + p0

s1

3L
Kd1

+ p0

s1s2

3L2

Kd1Kd2
+ p0

s1s2s3

L3

Kd1Kd2Kd3

(3.54)

S(A|s3) = −
p0

s1s2s3

L3

Kd1Kd2Kd3

p0 + p0

s1

3L
Kd1

+ p0

s1s2

3L2

Kd1Kd2
+ p0

s1s2s3

L3

Kd1Kd2Kd3

(3.55)
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S(A|Kd1) =
3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

−
p1 3L

Kd1
+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.56)

S(A|Kd2) =
3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

−
p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.57)

S(A|Kd3) =
L3

Kd1Kd2Kd3

1 + 3L
Kd1

+ 3L2

Kd1Kd2
+ L3

Kd1Kd2Kd3

−
p3 L3

Kd1Kd2Kd3

p0 + p1 3L
Kd1

+ p2 3L2

Kd1Kd2
+ p3 L3

Kd1Kd2Kd3

(3.58)

S(A|t1) =
p2 3t1L2

K2
d1

+ p3 2t21t2L3

K3
d1

p0 + p1 3L
Kd1

+ p2 3t1L2

K2
d1

+ p3 t21t2L3

K3
d1

−
3t1L2

K2
d1

+ 2t21t2L3

K3
d1

1 + 3L
Kd1

+ 3t1L2

K2
d1

+ t21t2L3

K3
d1

(3.59)

S(A|t2) =
p3 t21t2L3

K3
d1

p0 + p1 3L
Kd1

+ p2 3t1L2

K2
d1

+ p3 t21t2L3

K3
d1

−
t21t2L3

K3
d1

1 + 3L
Kd1

+ 3t1L2

K2
d1

+ t21t2L3

K3
d1

(3.60)
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Chapter 4

Reduction of Deterministic

Model: trimer of dimers

4.1 Introduction

In Chapter 3, we presented a ’trimer-of-dimers’-based deterministic model of signal

transduction in E. coli chemotaxis. The model is based on a very large complex network,

which is depicted in Figure 3.2, and the dynamics of the system is described by 158

ordinary differential equations. However, the relationship of the input and the output

of the system, that is, the concentration of the ligand and the concentration of the

protein CheYp, respectively, is relatively simple, as seen in Figures 3.6, 3.13 and 3.15.

The main feature of these curves is a rapid drop of the steady-state level of CheYp
following addition of the ligands, or a rapid jump following removal of the ligands,

which corresponds to the fast excitation phase of the chemotaxis, and then the gradual

return of CheYp to the prestimulus steady-state level, which corresponds to the slow

adaptation phase. The simple input-output relationship raises an interesting question:

whether we can use a simpler model to describe the system. Here, ’simpler’ means a

lower dimension of the model, equivalently, a smaller number of differential equations

used in the model. In this chapter, we apply two methods to perform system reduction

for the model in Chapter 3.
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4.2 System Reduction I: multi-time-scale analysis

In many complex reaction networks, the reactions occur on different time scales. Some

reactions dominate the initial dynamics and reach a steady state quickly, whereas others

go slowly and dominate the dynamics on a long time scale. We name the former fast

reactions and the latter slow reactions. The dynamics of such reaction networks are

described by a large number of variables and differential equations with kinetic rates of

widely-differing orders of magnitude. However, the slow dynamics are often of primary

interest. To reduce the modeling system and improve the computing efficiency, some

techniques have been developed to perform system reduction, constructing the governing

equations only for slowly-varying quantities and ignoring those for fast-varying variables.

The classical singular perturbation techniques separate variables into those that change

rapidly and those that vary slowly on a chosen time scale. This leads to a system of

equations of the form:

dx

dt
= f(x, y, ε) (4.1)

ε
dy

dt
= g(x, y, ε) (4.2)

where ε is a small parameter, x is a slow variable and y is a fast variable on the t time

scale. Well-known results such as Tikhonov’s theorem give conditions on the function g

under which y can be eliminated on the slow time scale, and establish precise estimates

of how well the reduced system obtained by the elimination approximates the dynamics

of the full system [139]. In the literature on biochemical networks, the technique is called

the partial-equilibrium assumption (PEA) if the reduction is obtained by setting the

net reaction rate of certain reactions to be zero, or the quasi-steady-state assumption

(QSSA) if it is obtained by setting the time derivative of the concentration of fast species

to be zero [140, 141, 142, 143]. The Michaelis-Menten enzyme kinetics is an example of

the application of QSSA. (Reviewed in [144])

The reaction network of E. coli chemotaxis (Figure 3.2) basically includes the re-

actions of three distinct time scales: (1) fast, the ligand binding and kinase activity

regulation reactions in milliseconds, (2) intermediate, the phosphorylation and phos-

phor transfer reactions in tenth of seconds to seconds, (3) slow, the methylation and

demethylation reactions in minutes. In Figure 3.2, the fast and intermediate reactions
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are the transitions in a slice of the network while the slow reactions are the transitions

between slices. In this section, we use QSSA to simplify the ’trimer-of-dimers’-based

model in Chapter 3.

4.2.1 System Derivation

To derive a reduced system, we apply the QSSA to the fast reactions (with the time

scale of milliseconds) in series, first to ligand binding and then to activity regulation.

The dynamics of the intermediate reactions (phosphorylation cascade with the time

scale of seconds) and the slow reactions (methylation and demethylation with the time

scale of minutes) are kept in the reduced system.

4.2.1.1 Ligand Binding

Let Tn
m(m = 0, ..., 12;n = 0, ..., 3) denote the amount of all signaling complexes with n

ligands bound and the methylation level m. Therefore, Tn
m = T i,n

m + T a,n
m + T p,n

m . The

network of transitions among the pure-type Tn
m is

T 0
m

3km
1 L


km
−1

T 1
m

2km
2 L


2km
−2

T 2
m

km
3 L


3km
−3

T 3
m.

The equations that govern the evolution of the amounts are

dT 0
m

dt
= −3km

1 LT 0
m + km

−1T
1
m (4.3)

dT 1
m

dt
= 3km

1 LT 0
m − km

−1T
1
m − 2km

2 LT 1
m + 2km

−2T
2
m (4.4)

dT 2
m

dt
= 2km

2 LT 1
m − 2km

−2T
2
m − km

3 LT 2
m + 3km

−3T
3
m (4.5)

dT 3
m

dt
= km

3 LT 2
m − 3km

−3T
3
m. (4.6)
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Applying the QSSA to the fast reactions, we have

qn
m ≡ Tn

m∑3
n=0 Tn

m

=





1

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 0

3L
Km

d1

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 1

3L2

Km
d1

Km
d2

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 2

L3

Km
d1

Km
d2

Km
d3

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 3

(4.7)

Similarly, for mixed-type receptors, where a trimer is composed of one Tar homodimer

and two Tsr homodimers, we have

qn
m =





1

1+ L
Km

d1
+ 2L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 0

L
Km

d1

1+ L
Km

d1
+ 2L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 1

2L2

Km
d1

Km
d2

1+ L
Km

d1
+ 2L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 2

L3

Km
d1

Km
d2

Km
d3

1+ L
Km

d1
+ 2L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

n = 3

(4.8)

4.2.1.2 Activity Regulation

We define pn
m as the proportion of active receptor trimers with n ligands bound and the

methylation level m. So, T a,n
m + T p,n

m = pn
mTn

m and T i,n
m = (1 − pn

m)Tn
m. The transition
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of activity regulation is

T a,n
m

km,n
i


km,n
−i

T i,n
m .

With the QSSA, T i,n
m = Ki

1+Ki
(Tn

m−T p,n
m ) and T a,n

m = 1
1+Ki

(Tn
m−T p,n

m ), where Ki = km,n
i

km,n
−i

.

As an estimate, we have pn
m ' 1

1+Ki
.

4.2.1.3 Phosphorylation Cascade

Let T a denote the amount of all activated signaling complexes and T p the amount of

all phosphorylated signaling complexes. Therefore, T a =
∑12

m=0

∑3
n=0 T a,n

m and T p =
∑12

m=0

∑3
n=0 T p,n

m . The network of transitions between them is shown in Figure 4.1.

Figure 4.1: Network of phosphorylation cascade.

Let Tm(m = 0, ..., 12) denote the amount of signaling complexes with the methyla-

tion level m. Therefore, Tm =
∑3

n=0(T
i,n
m + T a,n

m + T p,n
m ) =

∑3
n=0 Tn

m. From Section

4.2.1.1, we have Tn
m = qn

mTm.

Assuming mass action kinetics, the equations that govern the evolution of the

amounts of T p, Yp and Bp are

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (4.9)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (4.10)

dBp

dt
= KBkB1BT p − kB2Bp. (4.11)
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The amount of T a is determined by the upstream part of the pathway-ligand binding

and activity regulation as follows

T a =
12∑

m=0

3∑

n=0

(T a,n
m + T p,n

m )− T p =
12∑

m=0

3∑

n=0

pn
mTn

m − T p

=
12∑

m=0

3∑

n=0

pn
mqn

mTm − T p. (4.12)

The conservation conditions on CheY, CheZ and CheB are as follows

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(4.13)

Z =
Zt

1 + KZYp
(4.14)

B =
Bt − [1 + KBp(T a + T p)]Bp

1 + KBT p
. (4.15)

4.2.1.4 Methylation and Demethylation

Tm(m = 0, ..., 12) is the amount of signaling complexes with the methylation level m.

The network of transitions between Tm is

· · ·
f i

m−2k+


fa

m−1k−
Tm−1

f i
m−1k+


fa

mk−
Tm

f i
mk+


fa

m+1k−
Tm+1

f i
m+1k+


fa

m+2k−
· · · .

A set of equations that govern the evolution of the amounts are

dTm

dt
= (1− δm,0)(k+f i

m−1Tm−1 − k−fa
mTm)− (1− δm,M )(k+f i

mTm − k−fa
m+1Tm+1)(4.16)

where the function δ is defined as follows

δm,n =

{
0 if (m 6= n)

1 if (m = n).

Next, we derive the four coefficients in Equation 4.16: f i
m, fa

m, k+ and k−. f i
m is the

proportion of inactive signaling complexes with the methylation level m, so

f i
m =

∑3
n=0 T i,n

m

Tm
=

3∑

n=0

(1− pn
m)qn

m. (4.17)
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Similarly, fa
m is the proportion of active (either phosphorylated or unphosphorylated)

signaling complexes with the methylation level m and

fa
m =

∑3
n=0(T

a,n
m + T p,n

m )
Tm

=
3∑

n=0

pn
mqn

m. (4.18)

To derive k+ and k−, we use enzyme kinetics to describe the methylation and demethy-

lation reactions. Take methylation as an example. A typical transition is

T i,n
m + R

kR2


kR3

[T i,n
m R]

kR1→ T i,n
m+1 + R.

The kinetics can be written as
dT i,n

m+1

dt
= KRkR1RT i,n

m , where KR = kR2
kR3

. Therefore,

k+ = KRkR1R. (4.19)

Similarly,

k− = KBpkB3Bp, (4.20)

where KBp = kB4
kB5

. The conservation conditions on CheR and MCP are as follows

R =
Rt

1 + (kR2
kR3

)
∑12

m=0

∑3
n=0 T i,n

m

=
Rt

1 + KRT i
(4.21)

Tt =
12∑

m=0

Tm. (4.22)

The conservation condition on CheB is given by Equation 4.15.

Therefore, the resulting system consists of only 16 ordinary differential equations:

Equation 4.16 on Tm(m = 0, · · · , 12), Equation 4.9 on Tp, Equation 4.10 on Yp, and

Equation 4.11 on Bp, whereas the original full system consists of 158 differential equa-

tions.
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4.2.2 System Summary

The reduced 16-D model is summarized as below.

dTm

dt
= (1− δm,0)(k+f i

m−1Tm−1 − k−fa
mTm)− (1− δm,M )(k+f i

mTm − k−fa
m+1Tm+1)(4.23)

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (4.24)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (4.25)

dBp

dt
= KBkB1BT p − kB2Bp (4.26)

T a =
12∑

m=0

3∑

n=0

pn
mqn

mTm − T p (4.27)

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(4.28)

Z =
Zt

1 + KZYp
(4.29)

B =
Bt − [1 + KBp(T a + T p)]Bp

1 + KBT p
(4.30)

R=
Rt

1 + KR(TT − T a − T p)
(4.31)

Tt =
12∑

m=0

Tm (4.32)

k+ = KRkR1R (4.33)

k−= KBpkB3Bp (4.34)

f i
m =

3∑

n=0

(1− pn
m)qn

m (4.35)

fa
m =

3∑

n=0

pn
mqn

m (4.36)

93



qn
m =
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n = 3

pure-type (4.37)

(4.38)

qn
m =
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mixed-type (4.39)

4.2.3 Computational Results

To validate the system reduction, we simulate the time courses of CheYp as responses to

three varying-dose α-methyl-aspartate stimuli with the full and reduced systems. The

parameters for pure-type receptors are in Table 3.1, 3.2 and 3.3. The parameters for

mixed-type receptors are in Table 3.5. The computational results are shown in Figure

4.2. The reduced system successfully captures not only the steady-state value but also

the transient value of CheYp in the full system. Perfect adaptation is attained as well.
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Figure 4.2: Time courses of CheYp as responses to α-methyl-aspartate by the full
system (blue line) and the reduced system I (green line). In the simulations for pure-
type receptors, the input is a step of α-methyl-aspartate at t=200 s from 0 µM to 1 µM
(left), 10 µM (middle) and thereafter a removal of the previous addition at t=600 s, as
well as a step at t=1000 s from 0 µM to 100 µM (right) and thereafter a removal of the
previous addition at t=3000 s. In the simulations for mixed-type receptors, the input is
a step of α-methyl-aspartate at t=200 s from 0 µM to 1 µM (left), 10 µM (middle) and
thereafter a removal of the previous addition at t=600 s, as well as a step at t=1000
s from 0 µM to 1000 µM (right) and thereafter a removal of the previous addition at
t=3000 s.
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4.3 System Reduction II: mean-field theory

In statistical mechanics, a many-subunit system with interaction among subunits is

generally difficult to solve exactly, except for extremely simple cases (Gaussian field

theory, 1D Ising model). The great difficulty lies in the treatment of combinatorics

generated by the interaction terms in the Hamiltonian when summing over all states,

especially when computing the partition function of the system. The mean-field theory

(MFT) is developed to solve the problem. The main idea of the MFT is to replace all

interactions to any one subunit with an average or effective interaction, which reduces

any multi-subunit problem into an effective one-subunit problem. The advantage of the

application of the MFT is to gain some insight into the behavior of the system at a

relatively low cost.

In this section, we apply the MFT to model the methylation states of a trimer of

receptor dimers so as to continue the system reduction we have done in Section 4.2.

4.3.1 System Derivation

We still apply the QSSA to ligand binding and activity regulation. To derive a further

reduced system, the MFT is used in methylation to reduce the number of ODEs.

4.3.1.1 Ligand Binding and Activity Regulation

From Section 4.2.1.1, we have
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m

Tm
=





1

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3
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n = 3

(4.40)
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We define pn
m as the probability of a receptor trimer being active with n ligands

bound and the methylation level m, or equivalently the proportion of active receptor

trimers with n ligands bound and the methylation level m. So, T a,n
m +T p,n

m = pn
mTn

m and

T i,n
m = (1− pn

m)Tn
m. Let Am denote the activity of a receptor trimer at the methylation

level of m, that is, the probability of a receptor trimer being active at the methylation

level of m, which is dependent on the ligand concentration L. The activity Am is

approximated as the proportion of active receptor trimers with the methylation level of

m and under the given ligand concentration of L. The steady state solution of receptor

activity is

Am ≡
∑3

n=0(T
a,n
m + T p,n

m )
Tm

=
3∑

n=0

pn
m

Tn
m

Tm
=

p0
m + p1

m
3L
Km

d1
+ p2

m
3L2

Km
d1Km

d2
+ p3

m
L3

Km
d1Km

d2Km
d3

1 + 3L
Km

d1
+ 3L2

Km
d1Km

d2
+ L3

Km
d1Km

d2Km
d3

. (4.41)

Similarly, in the case of mixed-type receptors,

Am =
p0

m + p1
m

L
Km

d1
+ p2

m
2L2

Km
d1Km

d2
+ p3

m
L3

Km
d1Km

d2Km
d3

1 + L
Km

d1
+ 2L2

Km
d1Km

d2
+ L3

Km
d1Km

d2Km
d3

. (4.42)

Therefore,

Am =





p0
m+p1

m
3L

Km
d1

+p2
m

3L2

Km
d1

Km
d2

+p3
m

L3

Km
d1

Km
d2

Km
d3

1+ 3L
Km

d1
+ 3L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

pure-type

p0
m+p1

m
L

Km
d1

+p2
m

2L2

Km
d1

Km
d2

+p3
m

L3

Km
d1

Km
d2

Km
d3

1+ L
Km

d1
+ 2L2

Km
d1

Km
d2

+ L3

Km
d1

Km
d2

Km
d3

mixed-type

(4.43)

4.3.1.2 Phosphorylation Cascade

Let T a (T i) denote the amount of the active (inactive) trimers and T p the amount

of the phosphorylated trimers. The network of transitions between them is shown in

Figure 4.1. Following mass action kinetics, the equations that govern the evolution of

the amounts of T p, Yp and Bp are

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (4.44)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (4.45)

dBp

dt
= KBkB1BT p − kB2Bp. (4.46)
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The amounts of T a and T i are determined as follows

T a + T p = TtA. (4.47)

T i + T a + T p = Tt (4.48)

The conservation conditions on MCP, CheY, CheZ, CheR and CheB are

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(4.49)

Z =
Zt

1 + KZYp
(4.50)

B =
Bt − [1 + KBp(T a + T p)]Bp

1 + KBT p
(4.51)

R =
Rt

1 + KRT i
. (4.52)

4.3.1.3 Methylation and Demethylation

According to the mean-field theory, the continuum methylation level m̄ is defined as

the average methylation level of a trimer of receptor dimers in a large receptor cluster,

that is, m̄ =
∑M

m=0(
mTm

Tt
), where Tm is the amount of the trimers with the methylation

level m, Tm =
∑

s

∑
n T s

m,n, and Tt is the conserved total amount of trimers.

In the full model, the equations that govern the evolution of the amounts in the

various states of the signaling trimers, n=2 as an example, are as follows.
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dT i
m,2

dt
= 2km

2 LT i
m,1 − 2km

−2T
i
m,2 − km

3 LT i
m,2 + 3km

−3T
i
m,3︸ ︷︷ ︸

Ligand binding/release

+ km,2
i T a

m,2 − km,2
−i T i

m,2︸ ︷︷ ︸
Activity regulation

+ KRkR1RT i
m−1,2 −KRkR1RT i

m,2︸ ︷︷ ︸
Methylation

(4.53)

dT a
m,2

dt
= 2km

2 LT a
m,1 − 2km

−2T
a
m,2 − km

3 LT a
m,2 + 3km

−3T
a
m,3︸ ︷︷ ︸

Ligand binding/release

− km,2
i T a

m,2 + km,2
−i T i

m,2︸ ︷︷ ︸
Activity regulation

− kAT a
m,2︸ ︷︷ ︸

Phosphorylation

+KY kY 1Y T p
m,2 + KBkB1BT p

m,2︸ ︷︷ ︸
Phosphotransfer

− KBpkB3BpT
a
m,2 + KBpkB3BpT

a
m+1,2︸ ︷︷ ︸

Demethylation

(4.54)

dT p
m,2

dt
= 2km

2 LT p
m,1 − 2km

−2T
p
m,2 − km

3 LT p
m,2 + 3km

−3T
p
m,3︸ ︷︷ ︸

Ligand binding/release

+ kAT a
m,2︸ ︷︷ ︸

Phosphorylation

−KY kY 1Y T p
m,2 −KBkB1BT p

m,2︸ ︷︷ ︸
Phosphotransfer

− KBpkB3BpT
p
m,2 + KBpkB3BpT

p
m+1,2︸ ︷︷ ︸

Demethylation

(4.55)

Other equations are the same modulo changes in the sub- and superscripts. With the

quasi-steady-state assumption applied to the ligand binding/realease step, the ligand

binding/realease term of the equations can be dropped, when we focus on the dynamics

of slow reactions. To get the evolutionary equations on Tm, we sum
dT s

m,n

dt
over n and

s. The resulting equation set of Tm is

dTm

dt
=





−KRkR1RT i
0 + KBpkB3Bp(T a

1 + T p
1 ) m = 0

KRkR1R(T i
m−1 − T i

m) + KBpkB3Bp(T a
m+1 − T a

m + T p
m+1 − T p

m) 0 < m < M.

KRkR1RT i
M−1 −KBpkB3Bp(T a

M + T p
M ) m = M

(4.56)
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The Activity regulation, Phosphorylation and Phosphotransfer terms are crossed out

and do not appear in Equation 4.56. Then, we derive the first moment for Equation

4.56 and sum it over m, and we have

M∑

m=0

(m
dTm

dt
) = KRkR1R

M∑

m=0

[m(T i
m−1 − T i

m)]

+ KBpkB3Bp

M∑

m=0

[m(T a
m+1 − T a

m + T p
m+1 − T p

m)] (4.57)

= KRkR1R
M∑

m=1

T i
m−1 −KBpkB3Bp

M∑

m=1

(T a
m + T p

m). (4.58)

Simply,
dm̄

dt
=

d

dt

M∑

m=0

(
mTm

Tt
) =

1
Tt

M∑

m=0

(m
dTm

dt
). Therefore,

dm̄

dt
= KRkR1R

∑M
m=1 T i

m−1

Tt
−KBpkB3Bp

∑M
m=1(T

a
m + T p

m)
Tt

. (4.59)

We define the average activity of a trimer of dimers in a receptor cluster Am̄ ≡
∑M

m=0(T a
m+T p

m)
Tt

,

that is, the fraction of the activated trimers in a receptor cluster, and obviously 1−Am̄ =∑M
m=0 T i

m

Tt
. Comparing the definitions of Am̄ and 1 − Am̄ with the terms

∑M
m=1(T a

m+T p
m)

Tt

and
∑M

m=1 T i
m−1

Tt
in Equation 4.59, we can see that if we assume that the fully methylated

inactive trimers and the fully demethylated active trimers are negligible in amount,

that is T a
0 + T p

0 = 0 and T i
M = 0, which is justified by the fact that methylation

tends to activate receptors and demethylation tends to deactivate receptors, and that

a trimer has a wide range of methylation level and the probability of fully methylating

or demethylating a trimer is very low, then Equation 4.59 becomes

dm̄

dt
= KRkR1R(1−Am̄)−KBpkB3BpAm̄. (4.60)

We approximate the average activity of a trimer of dimers in a receptor cluster as

the activity of a single trimer of dimers with the methylation level equal to the average

methylation level of the cluster, that is, Am̄ = Am=m̄. Am is already derived as Equation

4.65.

Thus, we have derived a mean-field version of the ’trimer of dimers’-based determin-

istic model we developed in Chapter 3. Applying the mean-field theory, we are able to
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use a low-dimension system with only 4 differential equations to describe the signaling

behavior of a receptor trimer that is previously modeled with 158 differential equations.

4.3.2 System Summary

The reduced 4-D model is summarized as below.

dm̄

dt
= KRkR1R(1−Am̄)−KBpkB3BpAm̄ (4.61)

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (4.62)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (4.63)

dBp

dt
= KBkB1BT p − kB2Bp (4.64)

Am̄ =
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+ L3

Km̄
d1

Km̄
d2
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(4.65)

TtAm̄ = T a + T p (4.66)

Tt = T i + T a + T p (4.67)

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(4.68)

Z =
Zt

1 + KZYp
(4.69)

B =
Bt − [1 + KBp(T a + T p)]Bp

1 + KBT p
(4.70)

R =
Rt

1 + KRT i
(4.71)

4.3.3 Computational Results

We simulate the time courses of CheYp as responses to a range of ligand concentrations

with the full system and the reduced system II. The parameters for pure-type receptors

are in Table 3.1, 3.2 and 3.3. The parameters for mixed-type receptors are in Table 3.1,

3.2 and 3.5. The computational results are shown in Figure 4.3. Clearly, the reduced

system successfully captures the steady-state value of CheYp in the full system and
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perfect adaptation is attained, but there is a small shift in the transient value of CheYp
and the two traces are not exactly overlapped. The trace of the reduced system is

consistently behind the trace of the full system. The discrepancy is probably due to

the linear interpolation we made for the parameters Km̄
dn and pn

m̄ (n = 0, 1, 2, 3). Since

m̄ is defined as a continuous variable, the m̄-dependent parameters Km̄
dn and pn

m̄ are

continuous too. We assume that Km̄
dn and pn

m̄ have a linear correlation with m̄, and

for simplicity we performed liner interpolation between the two extreme points m̄ = 0

and m̄ = M to estimate the values of the two parameters. However, when we look into

the discrete values of the parameters we used in the full model (Table 3.3 and 3.5),

both Km̄
dn and pn

m̄ are concave-up-increasing functions of m, so they are overestimated.

In simulation, we used larger ligand dissociation constants and higher probability of

trimers being active. The former induces a lower sensitivity, and the latter induces

a heightened level of CheYp. They may explain the discrepancy of the two traces in

Figure 4.3.
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Figure 4.3: Time courses of CheYp as responses to α-methyl-aspartate by the full
system (blue line) and the reduced system (green line). In the simulations for pure-type
receptors, the input is a step of α-methyl-aspartate at t=200 s from 0 µM to 1 µM
(left), 10 µM (middle) and thereafter a removal of the previous addition at t=600 s, as
well as a step at t=1000 s from 0 µM to 100 µM (right) and thereafter a removal of the
previous addition at t=3000 s. In the simulations for mixed-type receptors, the input is
a step of α-methyl-aspartate at t=200 s from 0 µM to 1 µM (left), 10 µM (middle) and
thereafter a removal of the previous addition at t=600 s, as well as a step at t=1000
s from 0 µM to 1000 µM (right) and thereafter a removal of the previous addition at
t=3000 s.
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Chapter 5

Deterministic Model: from

trimers to clusters

5.1 Introduction

The signaling pathway of bacterial chemotaxis in E. coli exhibits the high-performance

features - high sensitivity, wide dynamic range and precise adaptation. The mechanisms

behind these features involve interactions among clusters of the chemoreceptor-CheA-

CheW signaling complexes that are localized at the cell poles. As far as we know, two

chemoreceptor monomers form a helical, intertwined homodimer. Three pure-type or

mixed-type receptor dimers together with the histidine kinase CheA and the coupling

protein CheW form a ternary signaling complex ’trimer of dimers’. The ternary signaling

complexes cluster into a membrane-associated patch. A few patches of the signaling

complexes are located at a cell pole. In Chapter 3, we introduced the structure and

function of the signaling complex ’trimer of dimers’, and hypothesized that the ’trimer of

dimers’ is the smallest functional unit for receptor clusters in that nanodisc-segregated

dimers are ineffective at kinase activation, which requires more than one dimer per

disc, and the nanodiscs with about three dimers per disc show a maximum of kinase

activation and this activation is inhibited by attractant ligands as in intact cells [121].

Then in Chapter 3 we extensively modeled the interactions among dimers of a trimer

and analyzed the correlation of the interactions and the signaling functions.

Some experimental data on kinase activity responses by nonadapting cells show a
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Hill coefficient that is higher than 3, even up to 11 in some case. It can not be explained

by our ’trimer-of-dimers’ model in Chapter 3. A high Hill coefficient indicates high co-

operativity existing among receptors. Since the interactions among homodimers within

a trimer, called intratrimer interactions, are not enough to support the cooperativity, we

hypothesize that higher-order interactions among trimers of dimers, called intertrimer

interactions, are responsible for the high cooperativity observed in some strains. In

this chapter, we focus on intertrimer interactions, that is, the interactions among the

trimers.

We first give an introduction on intertrimer interactions from the two aspects struc-

ture and function.

The membrane-associated clusters of the chemoreceptor-CheA-CheW signaling com-

plexes were first discovered by immunogold labeling of fixed, sectioned cells [69], later

by fluorescence imaging of chemotactic proteins in living cells [145, 146], and recently

by cryo-electron tomography of intact cells [119, 147, 148]. In all three methods, only a

few patches of the signaling complexes per cell are detected. About 80 percent of them

are located at a cell pole and the rest non-polar, lateral patches are distributed at future

division sites [149]. The polar patches are mobile within the curved membrane of the

pole, and the lateral patches are fixed [149]. Polar localization seems to be independent

of signaling complex clustering and patch formation, since chemoreceptors form polar

caps in the absence of CheA and CheW, but the two proteins are required to form the

patches of signaling complexes [150]. The most recent images taken by cryo-electron

microcopy and tomography have provided us the clearest views of signaling complex

clusters in patches and the best documentation of localized patches of sensory com-

ponents with defined boundaries. The patches appear circular or ellipsoid. They have

varying sizes and the average diameter is 250 nm or so. A circular 250 nm patch contains

roughly 40 percent of the total of about 7500 receptor dimers in the cell and occupy

about 1 percent of the cell surface [80, 122]. Shown in Figure 5.1, a patch contains

closely packed needle-like receptors embedded in the cytoplasmic membrane and as well

a layer of CheA and CheW at the cytoplasmic ends of receptors. Researchers have

started identifying the pattern of the patches, that is, how the signaling complexes are

packed into regular arrays. So far, two independent studies reported the same results

(see Figure 5.2) - the trimers of chemoreceptor dimers form hexagonally packed arrays
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in the cytoplasmic membrane [147, 148]. Currently, the image resolution is not sufficient

to explore more details on the structural organization of signaling complex clusters such

as how the proteins CheA and CheW are packed into the array in the cytoplasm side,

and what a typical stoichiometry of MCP, CheA and CheW is in the array. Answers to

these questions wait for continually applying to the field advanced imaging technique

in combination with innovative methods for tagging signaling components.

Besides that the observed higher-order structure of signaling complex clusters than

trimer of dimers provides the physical basis for higher-order interactions, the features

of signaling function also imply that interactions among trimers could exist. In Li and

Weis’ in vitro assays, Hill coefficients of 5.3 and 6.8 were used to fit the phosphorylated

fractions of CheAp and CheYp as a function of the serine concentration, respectively

[108]. In Sourjik and Berg’s study with cheRcheB mutants, Hill coefficients as high

as 10 and 11 were estimated from the kinase activity curves versus MeAsp and serine

concentrations, respectively [104]. According to our modeling study (see Chapter 3), a

single trimer of dimers only contributes a Hill coefficient of around 2, less than 3. The

data on responses of wild-type cells to MeAsp show a low cooperativity, a Hill coefficient

of 1.2±0.1 [96], which suggests that higher-order interactions might not be necessary in

wild-type cells, however at least, interactions among trimers are evidenced to exist in

some special situations. See [122] for a more detailed review on higher-order interaction

in signaling complex clusters.
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Figure 5.1: A patch of the MCP-CheA-CheW signaling complexes at a cell pole. (A)
Cyro-electron projection image of the polar region in a wild-type E. coli cell, with the
MCP-CheA-CheW signaling complex array shown in greater detail in Inset. (B) Cartoon
representation of a patch of chemotactic sensory components at the polar region of a
wild-type E. coli cell, illustrating the assembly and orientation of the MCP-CheA-CheW
signaling complex array. Adapted from [119].
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Figure 5.2: Hexagonal organization of trimer of receptor dimers in signaling complex
clusters. (A) Averaged density map of a chemoreceptor array, exhibiting hexagonal
packing. The ’trimer of receptor dimers’ structure (cyan and magenta) is docked into
a single hexagonal unit. The scale bar is 20 nm. (B) Cross-sectional view through the
chemoreceptor array, demonstrating the structure of a hexagon of trimers of dimers.
The structure might suggest multiple interactions between adjacent trimers. The scale
bar is 5 nm. (A) and (B) are adapted from [147]. (C) The second model for hexagon
arrangement of receptors. The background is a slice of the symmetrized average unit
cell parallel to the membrane and close to the CheA/CheW base plate. While the
resolution of the average is not sufficient to dock the receptor structures precisely, the
overall dimensions and symmetry (purple) of the bottom half of the trimer-of-dimers
crystal structure (PDB ID-1QU7 ) (receptor dimers colored in red, yellow and blue) fit
well into the hexagonal lattice. The scale bar is 5 nm. (C) is adapted from [148].
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5.2 Model Development

Barkai and Leibler proposed a two-state model for receptor dimers, in which the two

states represent two distinct conformations of each receptor homodimer, the on or active

state corresponding to the conformation of the dimer that leads to high kinase activity of

the receptor-bound CheA, the off or inactive state corresponding to the conformation

of the dimer that leads to low or zero kinase activity of the bound CheA [89]. See

Section 2.1.2.6 for the biological reasoning of the two-state assumption.

Later, Keymer et al. proposed a four-free-energy-level model for receptor dimers

where combining two activity states of a homodimer, on and off, with two ligand-binding

states of the dimer, ligand-free and ligand-bound, leads to four distinct free-energy levels

in which the dimer may lie [112]. The authors used the simple framework to explain

the different signaling behavior of wild-type and mutant cells with two distinct regimes

hidden in the relative energies of the two activity states of the receptors. In regime I, low

activity and high sensitivity, behavior of the cheR mutant as an example; in regime II,

high activity and high cooperativity, behavior of the cheRcheB mutant as an example

[112]. The two-regime hypothesis waits for further verification by biologists. The other

advantage of the framework is easiness to apply the MWC scheme in extending a model

for a single homodimer to a model for coupled homodimers.

In Chapter 3, we proposed a model for a single ’trimer of dimers’. We used 158

differential equations extensively modeling the intra-trimer interactions and the overall

pathway with ’trimer of dimers’ as a signaling unit. Obviously, it is very difficult to

extend the model for a single trimer to a model for a cluster with coupled trimers due

to the huge number of equations and parameters involved and also lack of necessary

data to estimate so many parameters. Here, we extend Keymer et al.’s framework for a

receptor homodimer to a framework for a trimer of receptor dimers, and then we apply

the MWC scheme to the new framework in order to develop a model for a receptor

cluster where a trimer of dimers serves the functional unit.

Figure 5.3 depicts the network of ligand binding and activity regulation for the

two-state model of a pure-type trimer of dimers. ’Pure-type’ means that all three

homodimers are of the same receptor type. For a given methylation level, a trimer of

dimers has two distinct activity states and four distinct ligand-binding states. Therefore,

109



a trimer of dimers at a fixed methylation level could exist in eight distinct free-energy

levels. We denote the free-energy level for an active ligand-free trimer as Em
on, and

similarly the free-energy level for an inactive ligand-free trimer as Eoff . All energies

that appear in the chapter are in units of the thermal energy kBT . For simplicity, we

specify Em
on as a function of the methylation level m and Eoff independent of m, since

only an offset energy, the relative difference between the two energy levels, appears when

we use Boltzmann’s law to derive the formula for the probability of each state.

Figure 5.3: Network of a two-state pure-type trimer of dimers.

Next, we deal with ligand-binding states. We first consider the first ligand binding

to or release from an active trimer. In the steady state,

3kon
1 L

kon
−1

= e−∆Eon
1 . (5.1)

∆Eon
1 is the free-energy change upon the first ligand binding to the active trimer of

dimers. L is the ligand concentration. Therefore,

∆Eon
1 = −log(

3kon,m
1 L

kon,m
−1

) = −log(
3L

Kon,m
d1

). (5.2)

Kon
d1 is the first ligand dissociation constant for an active trimer, and Kon,m

d1 =
kon,m
−1

kon,m
1

.

Similarly, we have

∆Eon,m
2 = −log(

L

Kon,m
d2

) (5.3)

∆Eon,m
3 = −log(

L

3Kon,m
d3

). (5.4)
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So, the free-energy levels for an active trimer with one-ligand, two-ligand and three-

ligand bound are

Em
on + ∆Eon,m

1 = Em
on − log(

3L

Kon,m
d1

) (5.5)

Em
on + ∆Eon,m

1 + ∆Eon,m
2 = Em

on − log(
3L2

Kon,m
d1 Kon,m

d2

) (5.6)

Em
on + ∆Eon,m

1 + ∆Eon,m
2 + ∆Eon,m

3 = Em
on − log(

L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

). (5.7)

Similarly, the free-energy levels for an inactive trimer with one-ligand, two-ligand and

three-ligand bound are

Eoff + ∆Eoff,m
1 = Eoff − log(

3L

Koff,m
d1

) (5.8)

Eoff + ∆Eoff,m
1 + ∆Eoff,m

2 = Eoff − log(
3L2

Koff,m
d1 Koff,m

d2

) (5.9)

Eoff + ∆Eoff,m
1 + ∆Eoff,m

2 + ∆Eoff,m
3 = Eoff − log(

L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

). (5.10)

We summarize the free-energy levels for a pure-type trimer of dimers in Table 5.1.

Table 5.1: Free-energy levels for a pure-type trimer of dimers.
State Free-energy Level (unit: kBT )
On with 0 ligand bound Em

on

On with 1 ligands bound Em
on − log( 3L

Kon,m
d1

)

On with 2 ligands bound Em
on − log( 3L2

Kon,m
d1 Kon,m

d2
)

On with 3 ligands bound Em
on − log( L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

)

Off with 0 ligand bound Eoff

Off with 1 ligands bound Eoff − log( 3L

Koff,m
d1

)

Off with 2 ligands bound Eoff − log( 3L2

Koff,m
d1 Koff,m

d2

)

Off with 3 ligands bound Eoff − log( L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

)

Using Boltzmann’s law, the probability for a pure-type trimer of dimers to be active
(on) at equilibrium is the sum of Boltzmann factors for all active (on) states, with and
without ligand, divided by the partition function, the sum of the Boltzmann factors for
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all states.

on factors = e−Em
on + e

−Em
on+log( 3L

K
on,m
d1

)
+ e

−Em
on+log( 3L2

K
on,m
d1 K

on,m
d2

)

+ e
−Em

on+log( L3

K
on,m
d1 K

on,m
d2 K

on,m
d3

)

= e−Em
on(1 +

3L

Kon,m
d1

+
3L2

Kon,m
d1 Kon,m

d2

+
L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.11)

off factors = e−Eoff + e
−Eoff +log( 3L

K
off,m
d1

)
+ e

−Eoff +log( 3L2

K
off,m
d1 K

off,m
d2

)

+ e
−Eoff +log( L3

K
off,m
d1 K

off,m
d2 K

off,m
d3

)

= e−Eoff (1 +
3L

Koff,m
d1

+
3L2

Koff,m
d1 Koff,m

d2

+
L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

) (5.12)

pon =
on factors

partition function
=

on factors
on factors + off factors

(5.13)

We can combine all on states into one, all off states into the other, and rewrite Equation 5.13.

pon =
e−fm

on

e−fm
on + e−fm

off
=

1
1 + e∆fm (5.14)

fm
on = Em

on − log(1 +
3L

Kon,m
d1

+
3L2

Kon,m
d1 Kon,m

d2

+
L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.15)

fm
off = Eoff − log(1 +

3L

Koff,m
d1

+
3L2

Koff,m
d1 Koff,m

d2

+
L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

) (5.16)

∆fm = ∆εm + log(
1 + 3L

Koff,m
d1

+ 3L2

Koff,m
d1 Koff,m

d2
+ L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

1 + 3L
Kon,m

d1
+ 3L2

Kon,m
d1 Kon,m

d2
+ L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.17)

∆εm = Em
on − Eoff (5.18)

So far, we have derived the probability for a single trimer of dimers to be active at equi-
librium. Now, we consider the probability for a receptor cluster with n trimers of dimers to be
active at equilibrium. We assume that the energy for a receptor cluster depends linearly on the
number of trimers, that is, the free-energy level for a receptor cluster to be in a certain state
is the sum of the free-energy level for each trimer of dimers to be in the same state. This is
the simplest linear approximation. So, the probability for an n-trimer cluster to be active at
equilibrium is

pon =
e−nfm

on

e−nfm
on + e−nfm

off
=

1
1 + en∆fm (5.19)

∆fm = ∆εm + log(
1 + 3L

Koff,m
d1

+ 3L2

Koff,m
d1 Koff,m

d2
+ L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

1 + 3L
Kon,m

d1
+ 3L2

Kon,m
d1 Kon,m

d2
+ L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.20)

∆εm = Em
on − Eoff . (5.21)
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Finally, we consider a cluster of mixed-type receptors. Here, we only work on the case of
two types, say Tar and Tsr as an example. When a cluster is made of two types of receptors,
a trimer could contain three Tar homodimers, three Tsr homodimers, or a combination of Tar
and Tsr homodimers. For simplicity, we use the approximation wherein only trimers made of
the same homodimers exist in a mixed-type receptor cluster. With the assumption, a Tar-Tsr
cluster only consists of the pure Tar trimers and the pure Tsr trimers. We only consider the
response of the mixed-type cluster to a single type of ligands. We are able to determine the
free-energy levels for a mixed-type receptor cluster, shown in Table 5.2. The probability for
a mixed-type receptor cluster with na Tar trimers and ns Tsr trimers coupled to be active at
equilibrium is

pon =
1

1 + e∆fm (5.22)

∆fm = na∆fm
a + ns∆fm

s (5.23)

∆fm
a = ∆εm

a + log(
1 + 3L

Koff,m
d1,a

+ 3L2

Koff,m
d1,a Koff,m

d2,a

+ L3

Koff,m
d1,a Koff,m

d2,a Koff,m
d3,a

1 + 3L
Kon,m

d1,a
+ 3L2

Kon,m
d1,a Kon,m

d2,a
+ L3

Kon,m
d1,a Kon,m

d2,a Kon,m
d3,a

) (5.24)

∆fm
s = ∆εm

s + log(
1 + 3L

Koff,m
d1,s

+ 3L2

Koff,m
d1,s Koff,m

d2,s

+ L3

Koff,m
d1,s Koff,m

d2,s Koff,m
d3,s

1 + 3L
Kon,m

d1,s
+ 3L2

Kon,m
d1,s Kon,m

d2,s
+ L3

Kon,m
d1,s Kon,m

d2,s Kon,m
d3,s

) (5.25)

∆εm
a = Em

on,a − Eoff,a (5.26)

∆εm
s = Em

on,s − Eoff,s. (5.27)

Table 5.2: Free-energy levels for a mixed-type receptor cluster.
State Free-energy Level (unit: kBT )

Tar trimers Tsr trimers
On with 0 ligand bound Em

on,a Em
on,s

On with 1 ligands bound Em
on,a − log( 3L

Kon,m
d1,a

) Em
on,s − log( 3L

Kon,m
d1,s

)

On with 2 ligands bound Em
on,a − log( 3L2

Kon,m
d1,a Kon,m

d2,a
) Em

on,s − log( 3L2

Kon,m
d1,s Kon,m

d2,s
)

On with 3 ligands bound Em
on,a − log( L3

Kon,m
d1,a Kon,m

d2,a Kon,m
d3,a

) Em
on,s − log( L3

Kon,m
d1,s Kon,m

d2,s Kon,m
d3,s

)

Off with 0 ligand bound Eoff,a Eoff,s

Off with 1 ligands bound Eoff,a − log( 3L

Koff,m
d1,a

) Eoff,s − log( 3L

Koff,m
d1,s

)

Off with 2 ligands bound Eoff,a − log( 3L2

Koff,m
d1,a Koff,m

d2,a

) Eoff,s − log( 3L2

Koff,m
d1,s Koff,m

d2,s

)

Off with 3 ligands bound Eoff,a − log( L3

Koff,m
d1,a Koff,m

d2,a Koff,m
d3,a

) Eoff,s − log( L3

Koff,m
d1,s Koff,m

d2,s Koff,m
d3,s

)
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5.3 Results

5.3.1 The Variation of Kinase Activity

In this section, we use the model developed for receptor clusters to understand some experimental
data, in which high Hill coefficients were estimated. We hypothesize that intertrimer interactions
account for the observed high cooperativity.

Sourjik and Berg studied the responses to methyl-aspartate and serine by the cheRcheB
mutants with different expression levels of the receptors Tar and Tsr (Figure 5.4 and 5.6) [104].
In Figure 5.4 (B) and (D) are the data on the cheRcheB mutants with pure-type receptors
expressed: responses to MeAsp and serine with only Tar or Tsr expressed, respectively. In Figure
5.6 (B) and (D) are the data on the cheRcheB mutants with mixed-type receptors expressed:
responses to MeAsp and serine with both Tar and Tsr expressed, respectively.

In another study, Li and Weis measured the kinase activity of the receptor Tsr responding to
serine in vitro [108]. At different methylation states, the receptors exhibit a significant difference
on cooperativity (the estimated Hill coefficients) in response, shown in Figure 5.5 (B). In similar
experiments done by Bornhorst and Falke, they investigated the receptor Tar and interestingly
the results are much different [125, 107]. The receptors Tar at different methylation states show
a close cooperativity when responding to MeAsp, which is reproduced by our ’trimer-of-dimers’
model (Figure 3.5). A plausible explanation is that probably, in vitro, intra-trimer interactions
play a major role in response of the receptor Tar, and inter-trimer interactions are involved in
response of Tsr.

We simulate the data for pure-type receptors first and then go for the mixed-type. The data
that we have already reproduced and explained in Chapter 3 (mainly from [96, 107, 125]) are
not re-simulated here.

5.3.1.1 Simulation for Pure-type Receptors

Sourjik and Berg’s data (Figure 5.4 (B) and (D)) clearly show that the extent of cooperativity
among receptors varies with the expression level of the receptor. Since our model is based on
the MWC scheme, the extent of cooperativity is directly set up by the variable N , the size of a
receptor cluster or the number of highly coupled receptor trimers, in the model. We hypothesize
that receptor cooperativity is dependent on the level of receptor gene expression and the cluster
size varies with the expression level.

Equations 5.19, 5.20 and 5.21 comprise a nonadapting system for pure-type receptor clusters.
Since Sourjik and Berg used FRET imaging, the non-normalized data that were actually plotted
in Figure 5.4 (B) and (D) are FRET signal strength. We use a scaling factor A0 to convert our
kinase activity (pon in Equation 5.19) to theirs. Therefore, A = A0pn. The value of A0 should be
proportional to the number of CheA bound to the receptor cluster. Table 5.3 lists the parameters
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used in simulation to reproduce Figure 5.4 (B) and (D).

Table 5.3: Parameters for the simulation for pure-type receptors in Figure 5.4.
Receptor Expression Cluster size Offset energy Scaling factor Dissociation constant

type level N ∆ε A0 Kd

1 1 0.026 Koff
d1 = 60µM, Koff

d2 = Koff
d1
5

Tar 2 3 -0.85 0.070 Koff
d3 = Koff

d1
25

6 10 0.086 Kon
di = Koff

di × 10

0.3 2 0.013 Koff
d1 = 50µM, Koff

d2 = Koff
d1
5

Tsr 0.7 3 -0.62 0.045 Koff
d3 = Koff

d1
25

5 11 0.094 Kon
di = Koff

di × 10

The simulated results are shown in Figure 5.4 (A) and (C), and they are comparable to
Figure 5.4 (B) and (D), respectively. Qualitatively, they agree very well. To further compare
the computed and experimental results, we fit the activity curves with the Hill function

Vt = V 0
t (1− LH

LH + KH
1/2

). (5.28)

The values of the parameters used to fit the simulated results to Equation (5.28), as well as the
experimental estimates of the parameters, are given in Table 5.4. Both are in good quantitative
agreement too.
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Figure 5.4: Responses by cheRcheB mutants with pure-type receptors. (A) Simulated
responses to MeAsp of cheRcheB mutant cells expressing only Tar at 1 (©), 2 (¤) and
6 (♦) times the native level. (B) In vivo measured responses to MeAsp of cheRcheB
mutant cells expressing only Tar at 1 (filled circles), 2 (filled squares) and 6 (open
diamonds) times the native level. (C) Simulated responses to serine of cheRcheB mutant
cells expressing only Tsr at 0.3 (©), 0.7 (¤) and 5 (♦) times the native level. (D) In
vivo measured responses to serine of cheRcheB mutant cells expressing only Tsr at 0.3
(filled circles), 0.7 (filled squares) and 5 (open diamonds) times the native level. (B)
and (D) are adapted, with permission, from [104].
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Table 5.4: Data fitting in Figure 5.4. Parameters used for fitting the simulated results
in Figure 5.4 and comparison to the experimental measures in [104].

V 0
t K1/2 (µM) H

Tar 1wt 2wt 6wt 1wt 2wt 6wt 1wt 2wt 6wt
Simulation 0.018 0.064 0.086 12.44 13.37 21.30 2.23 3.86 11.46
Experiment 0.018 0.061 0.086 11 13 21 2 3.7 11

V 0
t K1/2 (µM) H

Tsr 0.3wt 0.7wt 5wt 0.3wt 0.7wt 5wt 0.3wt 0.7wt 5wt
Simulation 0.010 0.038 0.094 11.13 20.92 32.55 2.84 3.33 9.39
Experiment 0.009 0.036 0.094 12 20 36 2.7 3.2 10

We also simulate Li and Weis’ experiments. The parameter set for simulation is listed in
Table 5.5. The simulated results are demonstrated in Figure 5.5 (A). The curves can be fit with
Hill function (Equation 5.28) too. The parameter values in data fitting are reported in Table
5.6. Our predictions are in good agreement with the experimental measures (Figure 5.5 (B)).
The proposed model is able to account for the data from different experimental settings.

Table 5.5: Parameters for the simulation for pure-type receptors in Figure 5.5. For all

three states, Koff
d2 = Koff

d1
5 , Koff

d3 = Koff
d1
25 Kon

di = Koff
di × 10.

Receptor Methylation Cluster size Offset energy Scaling factorDissociation constant
type state N ∆ε A0 Koff

d1

EEEE 1 3.89 1.1 2µM
Tsr QEQE 3 -0.04 0.11 60µM

QQQQ 3 -1.39 0.11 400µM

Table 5.6: Data fitting in Figure 5.5. Parameters used for fitting the simulated results
in Figure 5.5 and comparison to the experimental measures in [108].

V 0
t K1/2 (µM) H

Tar QQQQ QEQE EEEE QQQQ QEQE EEEE QQQQ QEQE EEEE
Simulation 0.108 0.058 0.022 951.77 5.18 0.28 4.97 2.31 1.92
Experiment 0.110 0.062 0.028 1000 5.2 0.2 5.3 2.5 1.0

5.3.1.2 Simulation for Mixed-type Receptors

In this section, we go for mixed-type receptors. Following Section 5.2, we assume that in a
cluster of mixed-type receptors, the homodimers in each trimer is of the same type, and the
receptor cluster consists of different types of trimers. In Sourjik and Berg’s data (Figure 5.6
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Figure 5.5: Responses by the receptor Tsr at different methylation states. (A) Simulated
responses to serine by the receptor Tsr at the methylation state QQQQ (©), QEQE
(♦) and EEEE (4). (B) Measured responses to serine by the receptor Tsr at the
methylation state QQQQ (¤), QEQE (©) and EEEE (4 and 5). The filled symbols
are the fraction of CheA in the phosphorylated form and the open symbols are of CheY.
Adapted, with permission, from [108].

(B) and (D)), the extent of receptor cooperativity in responses to MeAsp and serine varies with
the ratio of expressed Tar and Tsr in quantity. Our hypothesis is that receptor cooperativity in
a cluster is related with the relative quantities of mixed-type receptors in it. Therefore, in our
model, the cluster size varies with the ratio of expression levels of different types of receptors
existing in the cluster.

Equations 5.22 to 5.27 comprise a nonadapting system for mixed-type receptor clusters.
Since Sourjik and Berg’s mixed-type data are normalized, we do not need to convert kinase
activity to FRET signal strength. Table 5.7 lists the parameters used in simulation to reproduce
Figure 5.6 (B) and (D).

Table 5.7: Parameters for the simulation for mixed-type receptors in Figure 5.6. For

dissociation constants, we use a consistent assumption that Koff
d2 = Koff

d1
5 , Koff

d3 = Koff
d1
25

Kon
di = Koff

di × 10.
Expression Cluster size Offset energy Dissociation constant
level of Tar N of Tar ∆εa of Tsr ∆εs of Tar Koff

d1,a of Tsr Koff
d1,s

0 4
0.6 3 MeAsp: 60µM MeAsp: Inf
1 2.5 -0.85 -0.62 Ser: Inf Ser: 50µM
2 2
6 3.5
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The simulated results are shown in Figure 5.6 (A) and (C), and they are comparable to
Figure 5.6 (B) and (D), respectively. To compare the computed and experimental results, we
fit the activity curves with the Hill function

Vt = (V 0
t − V f

t )(1− LH

LH + KH
1/2

) + V f
t . (5.29)

The values of the parameters used to fit the simulated results to Equation (5.29) and the exper-
imental estimates of the parameters are reported in Table 5.8. They are in good quantitative
agreement.

Table 5.8: Data fitting in Figure 5.6. Parameters used for fitting the simulated results
in Figure 5.6 and comparison to the experimental measures in [104].

V 0
t V f

t

MeAsp 0wt 0.6wt 1wt 2wt 6wt 0wt 0.6wt 1wt 2wt 6wt
Simulation - 1 1 1 1 - 0.930 0.583 0.275 0.001
Experiment - 1 1 1 1 - 0.937 0.687 0.290 0.013

K1/2(µM) H
MeAsp 0wt 0.6wt 1wt 2wt 6wt 0wt 0.6wt 1wt 2wt 6wt

Simulation - 130 113 91 46 - 1.30 1.97 2.25 6.07
Experiment - 130 130 79 44 - 1.3 1.3 1.6 3.8

V 0
t V f

t

Ser 0wt 0.6wt 1wt 2wt 6wt 0wt 0.6wt 1wt 2wt 6wt
Simulation 1 1 1 1 1 0 0 0 0.081 0.241
Experiment 1 1 1 1 1 0 0 0 0.124 0.21

K1/2(µM) H
Ser 0wt 0.6wt 1wt 2wt 6wt 0wt 0.6wt 1wt 2wt 6wt

Simulation 25 28 34 45 64 9.3 5.3 3.8 2.4 2.1
Experiment 27 29 44 53 160 9.0 5.3 3.8 2.6 1.3
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Figure 5.6: Responses by cheRcheB mutants with mixed-type receptors. (A) Simulated
responses to MeAsp of cheRcheB mutant cells expressing Tsr at the native level and Tar
at 0 (∗), 0.6 (♦), 1 (©), 2 (¤) and 6 (4) times the native level. (B) In vivo measured
responses to MeAsp of cheRcheB mutant cells expressing Tsr at the native level and Tar
at 0 (open circles), 0.6 (diamonds), 1 (filled circles), 2 (squares) or 6 (triangles) times
the native level. (C) Simulated responses to serine of cheRcheB mutant cells expressing
Tsr at the native level and Tar at 0 (∗), 0.6 (♦), 1 (©), 2 (¤) and 6 (4) times the native
level. (D) In vivo measured responses to serine of cheRcheB mutant cells expressing
Tsr at the native level and Tar at 0 (open circles), 0.6 (diamonds), 1 (filled circles), 2
(squares) or 6 (triangles) times the native level. In (B) and (D), data are normalized to
the total prestimulus kinase activity. (B) and (D) are adapted, with permission, from
[104].
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5.3.2 Excitation and Adaptation

In this section, we put the cluster model for ligand binding and activity regulation into the
downstream pathway to develop an adapting system.

5.3.2.1 System for Pure-type Receptors

We first work on the pure-type receptors. In Section 4.3, we have developed a simplified ’trimer-
of-dimers’-based model. The scheme is transferable to the case of receptor clusters here. Ac-
cording to the definition of Am, the activity of a trimer of dimers, in Equation 4.41, it is exactly
pon, the probability for a pure-type trimer of dimers to be active (on) at equilibrium, which we
defined in Equation 5.14. So similarly, we can define the activity of a receptor cluster as the
probability for the receptor cluster to be active at equilibrium, and then for pure-type receptors,
the formula of Am is given in Equation 5.19. A difficult question is to determine the stichome-
try of a receptor cluster and the rest of chemotactic proteins such as CheA, CheY, CheB and
CheR. The ratio depends on the size of a receptor cluster. Here, we only run simulations for
a small-size cluster (N=4) to test whether the framework we propose is able to capture perfect
adaptation, the key feature of the adapting system. So, we simply assume that the stichometry
of the small-size receptor cluster to the other signaling proteins is 1:1. With the assumption, we
can directly use the differential equations for the downstream pathways here. The system for
pure-type receptors is summarized as below.

∆fm = ∆εm + log(
1 + 3L

Koff,m
d1

+ 3L2

Koff,m
d1 Koff,m

d2
+ L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

1 + 3L
Kon,m

d1
+ 3L2

Kon,m
d1 Kon,m

d2
+ L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.30)

∆εm = 3∆εm
a (5.31)

Am =
1

1 + eN∆fm (5.32)

dm

dt
= KRkR1R(1−Am)−KBp

kB3BpA
m (5.33)

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (5.34)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (5.35)

dBp

dt
= KBkB1BT p − kB2Bp (5.36)

TtA
m = T a + T p (5.37)

Tt = T i + T a + T p (5.38)

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(5.39)

(5.40)
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Z =
Zt

1 + KZYp
(5.41)

B =
Bt − [1 + KBp(T a + T p)]Bp

1 + KBT p
(5.42)

R =
Rt

1 + KRT i
(5.43)

We simulate the time courses of CheYp as responses to a range of ligand concentrations with
the full system and the nonadapting system. The computational results are shown in Figure
5.7. The proposed model successfully captures the key feature of the target system, excitation
and adaption, over a wide functional range.

Figure 5.7: Excitation and adaptation for pure-type receptor clusters. Time courses of
CheYp as responses to α-methyl-aspartate by the full system for pure-type receptors
(labeled wt) and the nonadapting system for pure-type receptors (labeled cheRcheB).
The input is a step of α-methyl-aspartate at t=1000 s from 0 µM to 0.1 µM (A), 1
µM (B), 10 µM (C), 100 µM (D) and thereafter a removal of the previous addition at
t=3000 s.
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5.3.2.2 System for Mixed-type Receptors

Now, we go for mixed-type receptors. On average, the quantity ratio of the receptors Tar and
Tsr in wild-type cells is roughly a constant of 1:2, and the combination of one Tar and two Tsr
might be a most probable composition for a trimer of dimers. For simplicity, we neglect the
stochastic nature of trimer formation and assume that a trimer of dimers comprises one Tar
homodimer and two Tsr homodimers as we have done in Section 3.3.2.

Figure 5.8 shows the network of ligand binding and activity regulation transitions for the
’one Tar-two Tsr’ trimer. We only consider the response to a single type of ligands. The free-
energy levels for the ’one Tar-two Tsr’ trimer is summarized in in Table 5.9. Derivation of the
rest part is very similar as in Section 5.3.2.1. We run simulations for a small-size cluster (N=4),
and we assume that the stichometry of the small-size receptor cluster to the other signaling
proteins is 1:1.

Figure 5.8: Network of a two-state mixed-type trimer of dimers for wild-type cells.

Table 5.9: Free-energy levels for a ’one Tar-two Tsr’ trimer of dimers.
State Free-energy Level (unit: kBT )
On with 0 ligand bound Em

on

On with 1 ligands bound Em
on − log( L

Kon,m
d1

)

On with 2 ligands bound Em
on − log( 2L2

Kon,m
d1 Kon,m

d2
)

On with 3 ligands bound Em
on − log( L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

)

Off with 0 ligand bound Eoff

Off with 1 ligands bound Eoff − log( L

Koff,m
d1

)

Off with 2 ligands bound Eoff − log( 2L2

Koff,m
d1 Koff,m

d2

)

Off with 3 ligands bound Eoff − log( L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

)
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The system for mixed-type receptors is summarized as below.

∆fm = ∆εm + log(
1 + L

Koff,m
d1

+ 2L2

Koff,m
d1 Koff,m

d2
+ L3

Koff,m
d1 Koff,m

d2 Koff,m
d3

1 + L
Kon,m

d1
+ 2L2

Kon,m
d1 Kon,m

d2
+ L3

Kon,m
d1 Kon,m

d2 Kon,m
d3

) (5.44)

∆εm = ∆εm
a + 2∆εm

s (5.45)

Am =
1

1 + eN∆fm (5.46)

dm

dt
= KRkR1R(1−Am)−KBpkB3BpA

m (5.47)

dT p

dt
= kAT a −KY kY 1Y T p −KBkB1BT p (5.48)

dYp

dt
= KY kY 1Y T p − kY 2Yp −KZkZZYp (5.49)

dBp

dt
= KBkB1BT p − kB2Bp (5.50)

TtA
m = T a + T p (5.51)

Tt = T i + T a + T p (5.52)

Y =
Yt − (1 + KZZ)Yp

1 + KY T p
(5.53)

Z =
Zt

1 + KZYp
(5.54)

B =
Bt − [1 + KBp

(T a + T p)]Bp

1 + KBT p
(5.55)

R =
Rt

1 + KRT i
(5.56)

We simulate the time courses of CheYp as responses to a range of ligand concentrations with
the full system and the nonadapting system. The computational results are shown in Figure 5.9.
Same as the pure-type system, the proposed mixed-type system successfully captures excitation
and adaption over a wide functional range too.
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Figure 5.9: Excitation and adaptation for mixed-type receptor clusters. Time courses of
CheYp as responses to α-methyl-aspartate by the full system for mixed-type receptors
(labeled wt) and the nonadapting system for mixed-type receptors (labeled cheRcheB).
The input is a step of α-methyl-aspartate at t=1000 s from 0 µM to 1 µM (A), 10 µM
(B), 100 µM (C), 1000 µM (D) and thereafter a removal of the previous addition at
t=3000 s.
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5.4 Discussion

Biologists have gained many insights on characterization of chemoreceptor trimer of homodimers
that we have modeled and analyzed in Chapter 3. Researchers are now beginning to identify
patterns and mechanisms of higher order interactions among receptors. Following our modeling
work in the previous chapters, we move our attention from interactions among homodimers
within a trimer to interactions among trimers. In this chapter, we first use a different approach,
the free-energy-based method, to remodel a single trimer of dimers, then extend the scheme
from a single trimer to coupled multiple trimers, and construct a model of ligand binding and
activity regulation for a receptor cluster. After that, we integrate the non-adapting model into
the downstream pathway and get an adapting model for a receptor cluster with the overall
signaling pathway covered. We use the nonadapting model to understand some experimental
data measured from cheRcheB mutant strains with engineered expression levels of Tar or Tsr, in
which high Hill coefficients are observed and we have difficulty to explain the high cooperativity
with our single trimer model before. Finally, we successfully reproduce the excitation and
adaptation phases of bacterial chemotaxis with the adapting model.

In Chapter 3, we focus on the interactions among homodimers within a trimer,intratrimer
interactions, so we track the dynamics of ligand binding and activity regulation for a trimer of
dimers and construct a complex model with 158 differential equations included. In Chapter 4,
we apply the quasi-steady-state assumption to the upstream pathway, mainly the ligand binding
and activity regulation transitions involved, and only the equilibrium states of these reactions are
considered, and thus we reduce a huge number of differential equations. In the reduced models,
we only track the slow dynamics of the proteins involved in the downstream pathway. In this
chapter, we focus on the interactions among trimers, intertrimer interactions. If we follow the
same approach as in Chapter 3, we can hardly extend the model for a single trimer of dimers to
a model for a cluster of coupled trimers due to the enormous states and transitions involved in
the network. To overcome the obstacle, we choose a free-energy-based method to directly model
the activity of a trimer of dimers at the equilibrium or steady state. No any state transition
and temporary dynamics of the trimer is considered. Thus, we are able to compute the activity
for a single trimer with several simple algebraic equations. Then, applying the MWC scheme,
we construct an equilibrium model for a cluster of coupled trimers. If we compare the model
for a single trimer we made in this chapter with the full dynamic model in Chapter 3 and the
simplified equilibrium model in Chapter 4, we can see that they are similar except that we use
free energies in the former and kinetics rates in the latter. For a simple reaction system, both
are convertible. However, the difference is that the potential cooperativity in kinase activity
regulation is considered in the latter, but not in the former. In Chapter 3 and 4, we assume
that there is positive cooperativity in kinase activity regulation upon a series of ligand binding
to a trimer of dimers. As we discussed in Chapter 3, the cooperativity seems play a minor role
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in signaing function, which was tested with the modified simulations assuming no cooperativity
in kinase activity inhibition by a series of attractants binding to a trimer in Chapter 3. Further,
it is not evidenced yet by any experimental findings. So we believe that to some extent, the
two modeling methods are equivalent and do not affect simulations. The advantage of the free-
energy-based approach is that we can easily go for a cluster model with a simple assumption
that the free-energy level for a receptor cluster to be in a certain state is the sum of the free-
energy level for each trimer of dimers to be in the same state. Basically, it is a linear additive
approximation for free energies in thermodynamics, which is used in other fields too.

Though our model has explained many experimental data, where higher-order interactions
beyond those existing in a trimer of dimers are probably involved in signaling, a deeper under-
standing on higher-order organization and interactions of a receptor cluster is highly desired.
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Chapter 6

Stochastic Model: adaptation

with mobile CheR and CheB

6.1 Introduction

The methyltransferase CheR and the methylesterase CheB are the key proteins for E. coli chemo-
taxis. The two enzymes are responsible for the adaptation phase of the chemotactic response
through modifying the methylation level of the receptor and offsetting the conformational change
induced by ligand binding or release. But their copy numbers are very low compared to that
of MCP. Estimated in vivo in wild-types cells, in the strain RP437, the numbers of MCP (in-
cluding Tsr, Tar, Tap and Aer), CheB and CheR per cell are 15000±1700, 240±10 and 140±10,
respectively; in the strain OW1, the numbers of three proteins per cell are 3600±170, 240±10
and 140±10 [80]. After a simple calculation, we get these copy number ratios: for the strain
RP437, MCP trimers : CheR = 21 : 1, MCP trimers : CheB = 36 : 1; for the strain OW1, MCP
trimers : CheR = 24 : 1, MCP trimers : CheB = 30 : 1. It means that if we assume that all
receptors respond to ligands, on average, one CheR should cover at least 20 trimers of receptor
dimers, and one CheB at least 30 trimers. Of course, the assumed event can hardly happen, but
it is still highly possible that one CheR or CheB works on multiple trimers. Receptor clustering
also provides a physical basis for the functional feature.

Besides the methylation sites in the cytoplasmic domain, both CheR and CheB interact with
another site at the C terminus of the cytoplasmic domain, which is a pentapeptide NWETF.
The pentapeptide is linked to the C terminus by a flexible tether [23], which may enable either
enzyme to modify sites not only on the receptor to which it is bound, but also on its nearest
neighbors in a cluster of receptors. There is experimental evidence for an interdimer mechanism
of this kind in the case of CheR [151, 67]. A recent study reported that CheR and CheB can
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access five to seven receptor dimers when tethered to a particular receptor [113]. Later, two
modeling studies demonstrated that the ’assistance neighborhoods’ mechanism helps the cells
maintain precise adaptation of receptor activity over a broad range of ambient concentrations
and against variation in molecular quantities [114, 117].

Even though a receptor-bound CheR or CheB can work on five to seven receptor dimers in
the surrounding, the number of receptors covered by each enzyme is still significantly smaller
than the ratio of their copy numbers. Here, we hypothesize that diffusion or motility of CheR
and CheB may play an important role in the adaptation phase of chemotaxis. Our thinking is
that each enzyme should cover much more than five to seven receptor dimers and some farther
receptors cannot be accessed until the enzyme diffuses through the receptor cluster and binds
to one of them or one of their neighbors. We know that in chemotaxis, the adaptation phase
is much longer than the excitation phase. It is because that the rates of the methylation and
demethylation reactions are slower than those involved in excitation, but if our hypothesis is
true, it is also partly because motility of the two enzymes consumes some time.

Following the idea, we expect to develop a stochastic model of adaptation with mobile CheR
and CheB. The goal is to test the role of motility of the enzymes in adaptation of chemotactic
response.

6.2 Model Development

We set up a system with an one-dimensional receptor cluster, including N coupled trimers
of Tar dimers, one CheR and one CheBp (Figure 6.1). Based on the copy number ratios we
calculated in Section 6.1, we set N = 24. We assume that CheR and CheBp can diffuse in the
one-dimensional receptor cluster, jumping to the right or to the left. We assume that one step
of diffusion by CheR and CheBp is three times the center-to-center distance of two adjacent
trimers, that is, when they release from the bound i -th trimer and diffuse, they can jump into
the i-3 -th or i+3 -th trimer. We assume that when CheR or CheBp binds to the i -th trimer,
it can access and methylate or demethylate the bound i -th trimer and two nearest neighbors,
the i-1 -th and the i+1 -th trimer, which is supported by an experimental finding [113]. We also
assume that when CheR or CheBp dissociates from the bound i -th trimer, it can rebind to one
of two nearest neighbors, the i-1 -th or the i+1 -th trimers, without any diffusion. We divide the
domain of the system into N/3 compartments so that one compartment contains three trimers.
We set the compartment size h = 22.5 nm in that the center-to-center distance of neighbored
trimers of dimers in a hexagon cluster is 7.5 nm [147]. The size of CheR is 7.3× 7.1× 6.6 nm3,
and the size of CheB is 16.4 × 10.0 × 5.3 nm3 (from the Protein Data Bank). The distance
between trimers is comparable to the sizes of the two proteins. The assumptions that the length
of one step of diffusion by CheR and CheBp is three times trimer-to-trimer distance and that
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CheR and CheB bound to the i -th trimer can work on or rebind to the i-1 -th and i+1 -th trimers
are feasible.

We denote the i-th trimer as Ti (i = 1, 2, · · ·, N). We define the following variables to track
the states of the system.

• mi – the methylation level of the trimer Ti, mi = 0, 1, 2, · · ·,M (M = 24).

• Ri – the presence of free CheR for the trimer Ti, Ri = 0 (absent) or 1 (present).

• RTi – the occupancy of CheR in the trimer Ti, RTi = 0 (non-occupied) or 1 (occupied).

• Bp,i – the presence of free CheBp for the trimer Ti, Bp,i = 0 (absent) or 1 (present).

• BpTi – the occupancy of CheBp in the trimer Ti, BpTi = 0 (non-occupied) or 1 (occupied).

• M – the total methylation level of the receptor cluster, M = 0, 1, 2, · · ·,Mt ×N .

• A – the activity of the receptor cluster, see Equation 6.5, A ∈ [0, 1].

We assume that initially the methylation states of all receptor monomers are at QEQE, and
both CheR and CheBp are in the free state. So, the initial values of the seven variables at t=0
are:

• mi(0) = 6 (i = 1, 2, · · ·, N)

• Rj(0) = 1, Ri 6=j(0) = 0 (We set j = N
2 arbitrarily)

• Bp,k(0) = 1, Bp,i 6=k(0) = 0 (We set k = N
2 arbitrarily)

• RTi(0) = 0

• BpTi(0) = 0

• M(0) = 6×N

• A(0) = 1
1+eN∆f(0) (see Equation 6.5).

The input to the system is the concentration of attractant ligands L, which is a time-
dependent step function. The output from the system is the average activity of the receptor
cluster A as the response to the input of ligands.

In Figure 6.1, each compartment in the domain is sized as 22.5 nm × 22.5 nm × 30 nm in
that the distance between inner membrane and outer membrane is estimated as 30 nm and the
distance between adjacent trimers is 7.5 nm [147].

If we assume that the diffusion constants of CheR and CheBp are DR = DBp
= 10−8cm2sec−1,

then the time scale of of one step diffusion (h = 22.5 nm) is about 0.25 millisecond (τ = h2

2D ).
If we assume DR = DBp = 10−9cm2sec−1, then the time scale of diffusion is 2.5 millisecond.
The time scale of ligand binding is τ = 1.4 millisecond for a ligand concentration L = 10 µm
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Figure 6.1: Schematic of a N -trimer-of-receptor-dimers cluster together with the CheR
and CheB enzymes. Trimers of receptor dimers cross inner membrane. The distance
from inner membrane to outer membrane is 30 nm, estimated from [147]. The distance
between adjacent trimers is 7.5 nm [147].

and τ = 0.14 millisecond for L = 100 µm (τ = 1
k+L , and k+ = 70 µm−1s−1 for estimation

[13, 108]). The rates of methylation and demethylation are kR = 0.255 s−1 and kBp = 0.5 s−1

[114, 86, 88]. The rates of CheR binding to and releasing from the receptor are kr = 8.95 s−1 and
k−r = 0.1 s−1. The rates of CheBp binding to and releasing from the receptor are kb = 0.66 s−1

and k−b = 0.1 s−1. The binding and releasing rates are estimated from the kinetic dissociation
constants KD = 11µM for CheR [152] and KD = 150µM for CheBp [153].

In the stochastic adaptation model, we apply the exact Gillespie algorithm [154] to simulate
the time evolution of methylation and demethylation of receptors in the cluster. Table 6.1 lists
the involved eighteen reactions for each trimer Ti, i = 1 · · · N . In the propensity functions of
diffusion of CheR and CheBp, dR = DR

H2 and dBp
= DBp

H2 , where h = 22.5 nm and DR = DBp
=

10−9cm2sec−1.
The algorithm of simulation is as following. We perform the following steps at time t

(starting with the initial values L, mi(0), Ri(0), RTi(0), Bp,i(0), BpTi(0), M(0) and A(0) at
time t = 0):

(1) Generate two random numbers r1 and r2 uniformly distributed in (0, 1).
(2) Compute the propensity function of each reaction by

• α1 =
∑N

i=1 Ri(t)kr

• α2 =
∑N−1

i=1 Ri(t)kr

• α3 =
∑N

i=2 Ri(t)kr

• α4 =
∑N

i=1 RTi(t)k−r

• α5 =
∑N

i=1 Bp,i(t)kb

• α6 =
∑N−1

i=1 Bp,i(t)kb

• α7 =
∑N

i=2 Bp,i(t)kb
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Table 6.1: Reactions and propensity functions in the simulation.
Label and Description Reaction Propensity Function Range

1© binding of CheR Ri + Ti → RTi a1(i) = Ri(t)kr i = 1 · · ·N
2© binding of CheR Ri + Ti+1 → RTi+1 a2(i) = Ri(t)kr i = 1 · · ·N − 1
3© binding of CheR Ri + Ti−1 → RTi−1 a3(i) = Ri(t)kr i = 2 · · ·N
4© unbinding of CheR RTi → Ri + Ti a4(i) = RTi(t)k−r i = 1 · · ·N
5© binding of CheBp Bp,i + Ti → BpTi a5(i) = Bp,i(t)kb i = 1 · · ·N
6© binding of CheBp Bp,i + Ti+1 → BpTi+1 a6(i) = Bp,i(t)kb i = 1 · · ·N − 1
7© binding of CheBp Bp,i + Ti−1 → BpTi−1 a7(i) = Bp,i(t)kb i = 2 · · ·N
8© unbinding of CheBpBpTi → Bp,i + Ti a8(i) = BpTi(t)k−b i = 1 · · ·N
9© diffusion of CheR Ri → Ri+3 a9(i) = Ri(t)dR i = 1 · · ·N − 3
10© diffusion of CheR Ri → Ri−3 a10(i) = Ri(t)dR i = 4 · · ·N
11© diffusion of CheBp Bp,i → Bp,i+3 a11(i) = Bp,i(t)dBp i = 1 · · ·N − 3
12© diffusion of CheBp Bp,i → Bp,i−3 a12(i) = Bp,i(t)dBp i = 4 · · ·N
13© methylation RTm

i → RTm+1
i a13(i) = RTi(t)kR[1−A(t)] i = 1 · · ·N

14© methylation RTi + Tm
i+1 → RTi + Tm+1

i+1 a14(i) = RTi(t)kR[1−A(t)] i = 1 · · ·N − 1
15© methylation RTi + Tm

i−1 → RTi + Tm+1
i−1 a15(i) = RTi(t)kR[1−A(t)] i = 2 · · ·N

16© demethylation BpT
m
i → BpT

m−1
i a16(i) = BpTi(t)kBpA(t) i = 1 · · ·N

17© demethylation BpTi + Tm
i+1 → BpTi + Tm−1

i+1 a17(i) = BpTi(t)kBp
A(t) i = 1 · · ·N − 1

18© demethylation BpTi + Tm
i−1 → BpTi + Tm−1

i−1 a18(i) = BpTi(t)kBpA(t) i = 2 · · ·N

• α8 =
∑N

i=1 BpTi(t)k−b

• α9 =
∑N−3

i=1 Ri(t)dR

• α10 =
∑N

i=4 Ri(t)dR

• α11 =
∑N−3

i=1 Bp,i(t)dBp
,

• α12 =
∑N

i=4 Bp,i(t)dBp

• α13 =
∑N

i=1 RTi(t)kR[1−A(t)]

• α14 =
∑N−1

i=1 RTi(t)kR[1−A(t)]

• α15 =
∑N

i=2 RTi(t)kR[1−A(t)]

• α16 =
∑N

i=1 BpTi(t)kBp
A(t)

• α17 =
∑N−1

i=1 BpTi(t)kBpA(t)

• α18 =
∑N

i=2 BpTi(t)kBp
A(t).

Compute α0 =
∑18

k=1 αk.
(3) Compute the time when the next reaction takes place as t + τ where

τ =
1
α0

ln(
1
r1

). (6.1)
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(4) Use r2 to determine on which trimer, which reaction takes place. Update the methylation
level mi for each trimer. Update the presence and occupancy states Ri, RTi, Bp,i and BpTi for
each trimer.

• If reaction 1© on trimer Ti takes place, then Ri(t + τ) = 0, RTi(t + τ) = 1.

• If reaction 2© on trimer Ti takes place, then Ri(t + τ) = 0, RTi+1(t + τ) = 1.

• If reaction 3© on trimer Ti takes place, then Ri(t + τ) = 0, RTi−1(t + τ) = 1.

• If reaction 4© on trimer Ti takes place, then RTi(t + τ) = 0, Ri(t + τ) = 1.

• If reaction 5© on trimer Ti takes place, then Bp,i(t + τ) = 0, BpTi(t + τ) = 1.

• If reaction 6© on trimer Ti takes place, then Bp,i(t + τ) = 0, BpTi+1(t + τ) = 1.

• If reaction 7© on trimer Ti takes place, then Bp,i(t + τ) = 0, BpTi−1(t + τ) = 1.

• If reaction 8© on trimer Ti takes place, then BpTi(t + τ) = 0, Bp,i(t + τ) = 1.

• If reaction 9© on trimer Ti takes place, then Ri(t + τ) = 0, Ri+3(t + τ) = 1.

• If reaction 10© on trimer Ti takes place, then Ri(t + τ) = 0, Ri−3(t + τ) = 1.

• If reaction 11© on trimer Ti takes place, then Bp,i(t + τ) = 0, Bp,i+3(t + τ) = 1.

• If reaction 12© on trimer Ti takes place, then Bp,i(t + τ) = 0, Bp,i−3(t + τ) = 1.

• If reaction 13© on trimer Ti takes place, then mi(t + τ) = mi(t) + 1.

• If reaction 14© on trimer Ti takes place, then mi+1(t + τ) = mi+1(t) + 1.

• If reaction 15© on trimer Ti takes place, then mi−1(t + τ) = mi−1(t) + 1.

• If reaction 16© on trimer Ti takes place, then mi(t + τ) = mi(t)− 1.

• If reaction 17© on trimer Ti takes place, then mi+1(t + τ) = mi+1(t)− 1.

• If reaction 18© on trimer Ti takes place, then mi−1(t + τ) = mi−1(t)− 1.

(5) Compute the total methylation level M for the receptor cluster. Compute the activity
A for the receptor cluster.

M(t + τ) =
N∑

i=1

mi(t + τ) (6.2)

m̄(t + τ) =
M(t + τ)

N
(6.3)

∆f(t + τ) = ∆εm̄ + log(
1 + 3L

Koff,m̄
d1

+ 3L2

Koff,m̄
d1 Koff,m̄

d2
+ L3

Koff,m̄
d1 Koff,m̄

d2 Koff,m̄
d3

1 + 3L
Kon,m̄

d1
+ 3L2

Kon,m̄
d1 Kon,m̄

d2
+ L3

Kon,m̄
d1 Kon,m̄

d2 Kon,m̄
d3

) (6.4)

A(t + τ) =
1

1 + eN∆f
(6.5)
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Then continue with step (1) for time t + τ .
One adaptation simulation is averaged with 100 independent runs.
The above algorithm is for simulation with a pure-type receptor cluster. When it comes to

mixed-type receptor cluster, we can adjust the composition of trimers according to the ratio of
two types of receptors, and accordingly change the dissociation constants and binding coefficients
in Equation 6.4. For example, Equation 5.44 is for a trimer of one Tar and two Tsr dimers. The
rest part is similar as the algorithm for pure-type receptors.

6.3 Results

To determine whether the model can reproduce the excitation and adaptation behavior of E.
coli we simulate the full system developed in Section 6.2 and the nonadapting system with CheR
and CheB knocked out. The time courses of activity of a receptor cluster in response to addition
and removal of attractants are shown in Figure 6.2. The predicted theoretical response agrees
well with the real response measured with FRET imaging (Figure 1 in [96]). The scales of
adaptation time are matched too.

Figure 6.2: Time courses of receptor activity as response to α-methyl-aspartate by the
full system depicted in Figure 6.1 (labeled wt) and the nonadapting system (labeled
cheRcheB). The stimulus protocol is a step of α-methyl-aspartate from 0 µM to 30
µM (A and C) or from 30 µM to 0 µM (B and D) at 200 seconds. The traces can be
compared to Figure 1 in [96].
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

Bacterial chemotaxis in E. coli is a well studied biological system. Our knowledge on the signaling
pathway involved in chemotaxis has been significantly advanced in the past ten years. The recent
interests of researchers in the field concentrate on receptor clustering. Receptor clustering in
networks has been established to account for some dramatic features of the molecular system:
high sensitivity, especially high gain in signal transduction generated in the upstream pathway,
precise adaptation over a wide dynamic range of ligand concentrations, robustness to variation
in quantities of intracellular proteins. The unique phenomenon also exists in other biological
systems such as T cell receptors in the immune system, neurotransmitter receptors in neurons,
and tumor necrosis factor receptors in apoptosis regulation system. To fully understand the
mechanism how the high-performance signaling functions are achieved through the receptor
networks, currently researchers are gaining insights into the interactions among the components
in the network. We are interested in the knowledge on the structural basis and functional
consequences of the interactions.

As far as we know, there are multiple levels of organization of a receptor network. First,
two receptor monomers bind into a homodimer. Second, three homodimers form a trimer of
dimers. A dimer is made of pure-type receptor monomers, whereas a trimer of dimers could
consist of three pure-type dimers or three mixed-type dimers. Third, trimers cluster together
into a networked patch. A patch may include thousands of molecules. Recently, the patches
have been imaged in native cells. The results demonstrate that the receptor network probably
has a hexagonal organization [147, 148]. Last, a few receptor patches localize at a cell pole.

We hypothesize that multiple levels of molecular interactions exist in the receptor network
and each of them contributes specific functional features to the high-performance signaling for
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chemotaxis in E. coli. The hypothesis is supported by some new findings [121]. Individual
homodimers reconstituted in Nanodiscs are able to bind ligand, transmit ligand-induced confor-
mation through membrane to the methylation region of the receptor, and be methylated, but
they are ineffective at kinase activation. As a comparison, a trimer of dimers is capable of ki-
nase control as well as ligand binding, transmembrane signaling, and adaptational modification.
Furthermore, maximal activation of kinase of CheA occurs in discs with approximately three
dimers. The observations demonstrate that transmembrane signaling does not require organiza-
tion beyond homodimers and trimer of dimers seems a core structural unit of kinase control. It
tells us that each level of structure of the receptor network contributes different functions and
all fuse together into a high-performance signaling system.

In this dissertation, we used mathematical modeling and computer simulation to study the
question. We first developed a model based on the experimental observation that the most
permanent clusters of receptor homodimers are trimers of dimers. In this model, trimers of
dimers are assumed independent one another and we only considered the interactions among
dimers within the trimer, which we called intratrimer interactions. We showed that the model
can reproduce most of the experimentally-observed behaviors, including excitation, adaptation,
high gain, and robustness to parameter variations. In addition, the model makes a number of
new predictions as to how the adaptation time varies with the expression level of various proteins
involved in signal transduction. Our results provide a more mechanistically-based explanation
of the origin of high sensitivity than previous models, and show that in some situations, higher-
order receptor interactions beyond intratrimer interactions may not be necessary for chemotactic
responses by cells.

The ’trimer-of-dimers’-based model describes the full dynamics of ligand binding and activity
regulation transitions that take place in a trimer, and models the overall pathway of chemotactic
signal transduction. It includes 158 differential equations. To simplify the complex model and
apply it to later work, we used two approaches to perform system reduction, multi-time-scale
analysis and mean-field theory. As a result, we obtained two low-dimension models that comprise
of only 16 and 4 differential equations, respectively. Both of them successfully capture the
main feature of the responses, excitation and precise adaptation over a wide range of ligand
concentrations, and show very good agreement with the output of the original model.

Some experimental measures on kinase activity responses bycheRcheB mutant strains show
high Hill coefficients, even up to 11, which probably suggests that higher-order interactions
beyond the intra-trimer ones are involved in these cells. The ’trimer-of-dimers’ model can hardly
predict a Hill coefficient higher than 3 since no higher-order interaction is included. To explain
the high cooperativity existing in these strains, we remodeled the signaling function of a trimer of
dimers with a free-energy-based method and then extended the model for a single trimer to one
for a cluster of coupled trimers. The new model reproduces the high Hill coefficients observed
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in a range of experiments, verifying our hypothesis that the supremely high cooperativity is
attributed to the inter-trimer interactions.

In wild-type cells, the copy number ratio of the receptor to the enzyme CheR or CheB is
very high. It is highly possible that a single CheR or CheB performs adaptational modification
on many receptors in a short time period, especially when the cell responds to a large stimulus,
and that the motility of the two enzymes plays some role in the adaptation phase of chemotaxis.
The short distance between neighbored trimers of dimers allows the enzymes to quickly access
a large number of receptors. Therefore, receptor clustering provides a physical basis for the
feature. We developed a stochastic model and showed that a mobile CheR and CheB can make
the activity of a large receptor cluster precisely adapt in an appropriate timescale.

In summary, in this dissertation, we extensively studied the signal transduction pathway of
E. coli chemotaxis with the approach of quantitative modeling and computer simulation. We
specially focused on a hot topic, receptor clustering and its relationship with high-performance
signaling function. The models we constructed and the analyses we performed in the study
deepen our understanding on the specific functions contributed by multiple levels of the structure
of receptor network.

7.2 Integrated Model: from microscopic signaling to macro-

scopic patterning

7.2.1 Introduction

E. coli chemotaxis can lead to nontrivial collective behaviors when coupled with physiological
effects. Budrene and Berg found that under certain conditions, E. coli cells become the source
of chemoattractant and produce complex stable spatial patterns (Figure 7.1) [155, 156]. They
performed two types of experiments. In the first one, when E. coli cells are introduced to the
center of semi-solid agar on a single carbon source such as succinate (or other highly oxidized
intermediates of the TCA cycle), outgoing concentric swarm rings and symmetric arrays of spots
or stripes are sequentially formed during three days. In the second, when grown in a thin layer of
liquid medium on the same carbon source (without agar), spots with lower symmetry generate
synchronously in a shorter period of time, 5-15 minutes. In either experiment, aspartate (or
analogues) is secreted by the cells under certain stress and serves as chemoattractant. The
AspA− mutant, which is motile and chemotactic but fails to secrete the attractant aspartate,
fails to generate aggregates; an aspartate-blind mutant generates an expanding disk of much
lower, uniform cell density in the semi-solid experiment [156]; when non-metabolizable aspartate
is added to the agar, the pattern becomes inconspicuous or even disappears [155]. These results
show the importance of chemotaxis in generating the complex patterns. (for a review see [157])
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Figure 7.1: Patterns generated by E. coli cells chemotactic towards aspartate. (a) A
swarm ring generated by E. coli strain HCB317 (deleted for the gene tsr) grown on 1
mM succinate. (b) Spots on a pseudo-rectangular lattice, generated by the same strain
grown on 2 mM succinate. (c) Spots on a pseudo-hexagonal lattice generated by the
same strain grown on 3 mM succinate. (d) Spots with tails on a pseudo-hexagonal
lattice generated by cells of strain RP4368 grown on 3 mM succinate. Adapted from
[156].
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To understand the mechanism of the formation of these patterns in Figure 7.1 from the be-
havior of single cells, Xue and Othmer developed a hybrid cell-based model of pattern formation
in E. coli and predicted the network and aggregate formation in liquid culture as well as the
moving ring formation in soft agar (Figure 7.2) [157, 158].

Figure 7.2: Predicted network (left) and aggregates (middle) formation in E. coli liquid
culture, and predicted moving ring (right) formation in E. coli agar assay. Adapted,
with permission, from [157].

In the model, Xue used an oversimplified cartoon model comprised of two differential equa-
tions (Equation 3.2 and 3.3 in [157]), which is mathematically minimal to capture the excitation
and adaptation components, but is not based on the biology. However, the molecular basis of
chemotaxis-involved signal transduction in E. coli has been well studied and various model of
different complexity are available in the literature. In the future, I plan to work with Xue and
Othmer on incorporating a detailed signal-transduction model to the pattern-formation model.
Considering that long computing time in tens of hours is needed to generate a pattern by Xue’s
cell-based model, a low-dimension model for signaling such as the reduced 4D model in Section
4.3 will be a good start. The integrated model will provide us a tool to understand the macro-
scopic phenomenon, chemotaxis-driven pattern formation, from a microscopic view, and to test
the roles of intracellular signaling proteins in the population behavior.
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