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Waitress. How much pizza would you like? 

Homo fficonomicus, Jr. D. 
Waitress. How much? 

Homo fficonomicus, Jr. I don't have a word for the number. 

Waitress. Would you like a drink with that? 

Homo fficonomicus, Jr. D. 
Waitress. Well? 

Homo fficonomicus, Jr. I can't figure it out. 

Junior has neither the communication abilities nor the decision making 
abilities of his famous father. But then who does? 

1. INTRODUCTION 

How relevant to economics are all the real numbers and functions of mathe
matics? It is hard to take seriously the idea that economic agents can perceive, 
work with, and communicate arbitrary real numbers. There are continuumly 
many real numbers (and even more real functions and relations), but a human 
being can reason with and communicate with only the countably many words 
and sentences that his finite alphabet can form. In particular, it is unrealistic to 
assume agents can perform arbitrarily complex operations with these arbitrarily 
complex magnitudes. 

Of course, we knew all along that the fantastic communicating and calculating 
abilities in our models were only approximations to some real world abilities.(l) 
But to understand what becomes of our theories when more realistic human 
capabilities are assumed, we must incorporate such limitations in our models 
from the start. If the results don't change, we should be able to prove that. If 
they do change, we should know it. 

In this paper, we propose a framework within which many models of bounded 
rationality can be developed. We also examine a particular model based on 
computability theory: agents can work only with "computable real numbers," 
"computable relations," and "computable functions." 

(1) Or did we? Why did we spend so much effort proving existence of equilibria, based 
on arbitrary numbers and functions, if approximate equilibria are the only realistic ones? 
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One way to view our framework and our specific models(2) is to link them to 
theories of bounded rationality. While we do not propose specific decision making 
rules of thumb, we nevertheless take seriously the idea that agents are limited 
in what they can perceive, work with, and communicate. Our approach limits 
both magnitudes and operations in a parallel fashion. We mention two distinct 
applications, one to definable economies and the other to computable economies. 
In each of these applications, the limitations we impose on agents' abilities can 
be considered minimal restrictions; they are not as strong, for example, as those 
found in Simon (1959) and others, for specific situations. 

For the second application, in computable economies we examine the validity 
of several traditional assertions, from utility representation to existence of general 
equilibrium. For some of them we obtain sharper versions, others are refuted by 
"computable counterexamples." Our assertions and counterexamples can also 
be interpreted as possibility or impossibility results for economic data. 

2. BOUNDED RATIONALITY OVERVIEW 

Usable magnitudes. What numbers can agents perceive? Think about? 
Choose? Communicate? We would want most of our models to include the 
integers. And rational numbers are used to solve many practical economics 
problems that consumers and producers face in the real world. Beyond those, 
the numbers we allow in our model will help determine what particular type of 
bounded rationality we obtain. 

Whatever numbers we use, we expect them to satisfy these minimal proper
ties: 

U.a) Each magnitude must be specified by a simple rule that allows it to be 
used, thought of, and communicated by finitistic means, without an uncountable 
vocabulary. The natural numbers, for example, would satisfy this requirement. 

U.b) The system of magnitudes must allow divisibility. While the natural 
number magnitudes satisfy (a), they do not allow the divisibility required for 
commodities and prices in most economic models. 

U .c) The set of magnitudes must include the results of all simple calculations 
and operations. For example, if z and yare allowable magnitudes, then z+y, z·y, 
z - y and zlY (for y # 0) should also be allowable. Similarly, the results of other 

(2) The computability models of this paper, and the definability models in Richter and 
Wong (1996b). 
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simple operations that we expect economic agents to perform: calculation of 
square of roots (or more generally, extraction of roots of polynomials), calculation 
of circular areas, exponentiation, etc. While the rational numbers satisfy (a) and 
(b), they do not admit extraction of the roots, or the use of 11' required here. 

V.d) The system of magnitudes must allow comparability of magnitudes in 
a simple manner. In particular, each magnitude must have a simple rule that 
allows determination of whether any rational number above it is above it, and 
whether any rational number below it is below it. (A consumer has to determine 
whether a particular bundle is affordable within her budget; a producer has to 
determine whether one activity gives more profit than another.) 

Different interpretations of "simple" in (V.a,c,d) will give different bounded 
rationality types. In Richter and Wong (1996b), for example, "simple" means 
definable by a formula in a certain kind of language. In Sections 3, 4, and 5 
below, "simple" means Turing computable. 

Usable operations. Definability restrictions and computability restrictions 
on magnitudes are examples that capture different aspects of human perceptual, 
cognitive, decision making, and communicating limitations. But if we impose 
such limitations on the numbers our agents can use, then we should expect simi
lar limitations to hold for consumer preference relations and producer technology 
relations, as well as for any functions that consumers and producers work with. 
In the opposite direction, many writers have discussed the need to impose lim
itations on consumer and producer relations and maximand functions. And we 
should expect these arguments to apply to the number system as well as to 
relations and functions. 

We will therefore require a uniformity principle for our models: the same 
limitations must apply to both magnitudes and operations. 

What do we mean when we say that the "same" limitations should be imposed 
on the number system as on the relations and functions? Relations and functions, 
after all, seem like very different objects than numbers. Nevertheless, numbers 
and functions can both be described as types of relations, (3) so any restrktion 
on the allowable relations in our model can be viewed as applying to numbers 
and functions as well. 

If, for example, we require all relations to be "definable" (by some formula 
of some specified language), this will restrict the numbers in our model to be 
definable numbers, and the functions to be definable functions. If we require all 

(3) See Footnotes 13 and 19 below. 
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relations to be "computable," this will restrict the numbers and the functions to 
be computable. In this paper, we study the computability restriction. In Richter 
and Wong (1996b) we examine the definability restriction. 

We are not claiming that restrictions as broad as the computability restric
tion of this paper, or the definability restriction in our paper (1996b)) capture 
all aspects of "bounded rationality" as the term has been used by other writers. 
As they emphasize, it is important to discover what rules of thumb and practi
cal guidelines people and institutions use for making decisions in everyday life. 
Nevertheless, we hope that our framework and models show how some of the 
unrealistic properties of classical models can be avoided. 

3. COMPUTABILITY OVERVIEW 

In this part of this paper, we interpret "simple" in our usability properties 
(V.a,c,d) to mean computable by an algorithm or Turing machine. One justifica
tion for this interpretation is the widely accepted philosophical assertion, known 
as the Church-Turing Thesis (cf. Turing (1950)): any formal calculation possible 
for a human can be performed by a finite algorithm (Turing machine). 

When we interpret "simple" in this way, properties (V.a,b,c,d) will force us to 
work with what Turing (1936) called the computable numbers.(4) And then our 
uniformity principle requires us to work with computable relations and functions. 
So a computable operation is usable by an economic agent, who can execute it 
through the simple rules of a finite algorithm. (5) 

Thus we replace the usual real field lR by the field lRe of computable real 
numbers. In our model, then, all prices, quantities, preference relations, util
ity functions, demand functions, etc. are required to be computable by finite 
algorithms. We note several useful consequences of this change from lR to lRe: 

i) Every computable real is usable by our economic agents, who can use 
an algorithm to calculate its decimal digits to any desired degree of accuracy 
in a known amount of time, so the computable reals satisfy usability require
ment (V.a). 

ii) The set of computable reals is rich, containing, for example, all natural 
numbers, all rational numbers, all algebraic numbers, and many irrational num
bers such as 11", log 10, .J2, e, etc. (Cf. Pour-EI and Richards (1989), p. 21.) Thus 

(4) We'll see that, in fact, property (V.d) itselfforces the computable reals on us. 

(5) This does not restrict the length of the calculations, so it is a rather weak restriction. 
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it contains almost all numbers that we use in practical mathematical analysis, 
applied economics, and the calculations of our daily lives. It more than satisfies 
usability requirement (V.b). 

The computable real number field (.IRe, 0,1, <, +, . ) possesses many of the 
same natural field properties as the real number field; it is closed under natural 
operations such as summation, division, taking roots for polynomials of odd 
degrees, etc. That is, the computable real number field is real closed (cf. Rice 
(1954)).(6) It satisfies usability requirement (V.c). We'll see later that it also 
satisfies (V.d). 

iii) Allowing only computable reals instead of arbitrary reals, we will avoid the 
impracticality of requiring agents to have communication and decision making 
vocabularies of uncountable size. Since there are only count ably many com
putable reals (because there are only countably many simple rules (Turing ma
chines)), they can be coded into integers. Indeed, there exist simple rules for 
coding them (cf. Moschovakis (1964a); see Definition 2 below). This permits 
our agents to communicate their trading terms by finite means, and allows the 
agents to use realistic trading processes for the agents. If an agent wants to buy 
7r = 3.1415··· amount of a commodity, for example, he only need tell the seller 
an integer code of 7r rather than attempt to state all the digits of 3.1415· ... 

iv) For applications to computational economics, it is often important to 
know whether a certain magnitude (e.g. equilibrium price) is computable by 
computer programs, and hence by finite algorithms. This amounts to knowing 
whether it belongs to .IRe. 

So our commodity space will be the finite dimensional space .IR~ of com
putable reals .IRe, and our price space will be the nonnegative orthant .IR~+ of 
.IR~. We endow these spaces with the topology induced by the Euclidean norm. 
Similarly, we will assume agents' preferences to be computable, i.e. there exist 
finite algorithms that compute their (strict) preferences between pairs of com
modity bundles. Also, we will assume (utility, demand, production, profit, etc.) 
functions f to be computable, i.e. there exist finite algorithms that transform 
elements :x into f(:x). This formalizes the idea that these preferences and func
tions are generated by the operations that are usable by the bounded rational 
agents in our models. 

Despite the useful properties (i) - (iv), our choice of computable reals car-

(6) This permits us to use Tarski's quantifier elimination method (1951), which carries 
over all the properties of the real number field that can be stated by first order logic sentences 
for the computable real number fields (d. the discussion in Richter and Wong (1996b». 
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ries some mathematical difficulties for proving theorems. Many familiar results 
from standard economic models rely for their proofs on the basic (topological) 
completeness property of the reals. But our number system, the computable 
reals, is not complete, when we endow it with the topology induced by the Eu
clidean distance. And that incompleteness extends to our commodity and price 
spaces: a Cauchy sequence of vectors in our price space or commodity space 
is not necessarily convergent. Our spaces do satisfy a weaker property, called 
recursive completeness (Rice (1954); see Fact 1, page 52),(7) but that is too 
weak for many fundamental theorems to hold in the context of recursive anal
ysis: Weierstrass' Maximizer Existence Theorem fails (cf. Kreisel (1958)), and 
Brouwer's Fixed-Point Theorem fails (cf. Orevkov (1964) and Baigger (1985)). 
New assumptions are therefore required to obtain the classical analogies in our 
computability context. 

Our main results have two interpretations. For computable economies, they 
sharpen or refute classical assertions for classical models; they also give possibil
ity and impossibility results for computability of economic data: 

1) We show that a preference is computable if and only if it can be represented 
by a computable real-valued function. Intuitively, this means that assuming a 
preference is derived from a logical-reasoning algorithm is equivalent to assuming 
that it is derived from a utility-computing algorithm. (8) 

2) We find a counterexample to the general existence of a (computable) de
mand (i.e. preference-maximizing) bundle in a budget set (based on Kreisel's 
computable counterexample to Weierstrass' maximizer existence theorem). How
ever, when the computable preference is convex, we re-establish the existence of 
a demand bundle. Moreover, we show computability of the demand functions 
generated by convex computable preferences. These positive computability re
sults show that the demand behavior of a computable consumer can be generated 
by a purchase-algorithm. 

3) We prove the two classical welfare theorems for computable economies. 
The first proof follows standard lines; the second proof employs a computable 
supporting hyperlane theorem (Theorem C-3, page 61 in Appendix C; cf. Wong 
(1996a, Theorem 2)) from recursive analysis. Thus we strengthen the standard 

(7) Convergence holds for sequences that are generated by finite algorithms and that 
satisfy a computable analogue of the Cauchy criteria. 

(8) Our prooffor this result (1) is provided in Richter and Wong (1996a, Theorem 1). 
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conclusion of the second welfare theorem with a computable supporting price. 
Such a price can be computed by a social planner, using an algorithm. 

4) We prove a theorem characterizing computable market excess demand 
functions. This result is a computable analogue of Mas-Colell's theorem (1977). 
Our proof uses a simple effectivization of Wong's (1996b) refinement of Geanako
plos' (1984) method of constructing utility functions for a class of (Debreu's) 
excess demand functions. 

5) We provide two "computable counterexamples" to equilibrium existence 
for both market excess demand functions and economies. The first example 
is constructed by using a "computable counterexample" to Brouwer's Fixed
Point Theorem in recursive analysis (Proposition 2, page 66; cf. Orevkov (1964), 
Baigger (1985)). The second example is obtained by combining the first one with 
our characterization result (4) for computable market excess demand functions. 
These examples raise doubts about the existence of general equilibrium in the 
context of bounded rationality. 

These results have obvious implications in computational economics. For 
example, they verify computability for many processes: finding utility represen
tation for preferences, optimizing satisfaction given convex preferences, finding 
supporting prices, finding economies for rationalizing given excess demand func
tions, etc. They also demonstrate nonexistence of algorithms for finding general 
equili bri um. 

While we concentrate on exchange economies with finitely many commodities, 
our uniformity principle and computability restriction apply to more comprehen
sive models and to many other areas of economics and game theory. 

Computability approaches to modeling bounded rationality have been in
creasingly used in economic theory (cf. Kramer (1974), Lewis (1985, 1987, 1988), 
Binmore (1987), Spear (1989), Anderlini (1990), Rustem and Velupillai (1990), 
Canning (1992) and Mihara (1994)). (For other approaches to modeling bounded 
rationality, see Radner (1981), Neyman (1985), Rubinstein (1986), Radner (1993), 
Cho (1995), etc.) 

Among the earlier applications of recursive (computable) mathematical tools 
to economic questions, Lewis' general equilibrium framework (1987) is most 
closely related to ours: both of us take into account the computability of eco
nomic magnitudes (by using computable reals) and agents' preferences. However, 
there are two differences. First, Lewis uses computable notions to study decid
ability problems for general equilibrium theory, while we use them to model 

8 



bounded rationality. Second, our computability notion for preference is weaker 
than Lewis', which is too restrictive (cf. Lewis (1987), Wong (1994)). 

The following sections are organized as follows. In Section 4, we motivate and 
define our computability notions. Section 5 discusses our results (1-5). Section 
6 discusses some implications of our results in computational economics. We 
conclude this paper in Section 7. Some proofs are given in Appendix A. Appen
dix B provides a double (classical and computable) characterization of aggregate 
excess demand functions. The recursive mathematics used here is self-contained; 
basic definitions and useful tools are given in Section 4 and Appendix C. 

4. ALGORITHMS AND COMPUTABILITY NOTIONS 

Here we will motivate and introduce the computability notions used in our 
framework. These notions are standard in recursive mathematics. 

4.1 Turing Machines, Recursive Functions, and Algorithms 

We need to define (i) the "computability" magnitudes and (ii) the "com
putability" operations on them that we allow the bounded rational agents in our 
model to employ. We will base both definitions on that of a Turing machine, or a 
partial recursive function. This widely accepted formalization of computability 
for calculations using natural numbers was developed by mathematical logicians 
(Church, Kleene, Post, Turing and others) in the 1930s. For applications in 
economics, see Kramer (1974), Lewis (1985, 1987, 1988), Binmore (1987), Spear 
(1989), etc. 

Intuitively, a Turing machine is an unlimited memory digital computer that 
performs symbolic computations according to an in-stored program of finite
length. The notion of a Turing machine has been a standard model of human 
thinking in cognitive science; it has also been increasingly used in the formal 
theory of economic analysis. This use has been justified by the widely accepted 
philosophical assertion, known as the Church-Turing Thesis: any formal calcula
tion possible for a human can also be performed by a Turing machine (cf. Turing 
(1950)). We accept this thesis, and use the computability of Turing machines, 
or partial recursive functions to define usability for the magnitudes and for the 
operations on the magnitudes. 

We now give a brief intuitive description of a Turing machine. (For detailed 
descriptions, see e.g. Turing (1936), Kleene (1952) or Davis (1983).) A Turing 
machine M has a finite set Q of internal states, a blank tape (memory) that is 
divided into cells and is infinitely long on both sides, and a read-write head that 
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scans the symbols drawn from a finite alphabet set and recorded on the tape. It 
performs computations as follows. An input is any string (i.e. finite sequence) of 
symbols from the alphabet set, and it is first written on the tape. The machine 
M starts in the designated initial state in Q and reads the leftmost symbol of 
the input string recorded on the tape. In each step, given the current internal 
state q and the symbol a currently read (treating "blank" as a "blank symbol"), 
M will (according to its in-stored program) transit to a new internal state q', 
replace a by a new symbol a', and move the read-write head left or right one 
cell. The computation halts if the machine enters the designated halting state, 
and the string of symbols recorded in the tape is called the output; otherwise 
the computation does not halt. 

According to the Church-Turing Thesis, Turing machines capture the intu
itive idea of computability on natural numbers. Now we note that Turing ma
chines correspond to certain kinds of integer functions. Since inputs and outputs 
are finite strings from a finite alphabet set, they can be identified with natural 
numbers; conversely natural numbers can be represented by those finite strings. 
So without loss of generality we begin by restricting attention to computability 
of natural number functions. Thus we use the following standard definitions. 

Let IN = {O, 1,2", .}. A partial function is a mapping t/J : dom(t/J) --* IN, 
where dom( t/J) is contained in a I fold product JNI of IN. Although we only have: 
dom(t/J) ~ JN1, it is customary to write "t/J : JNI --* IN,'' and write "t/J(n) .J." 
("t/J(n) t") to indicate that t/J is defined at n, i.e. "n E dom(t/J)" ("n ft dom(~)"). 
A total function is a partial function ~ : JNI --* IN that is defined on all of JN1, 

i.e. t/J(n)..j. for every n E N 1• A partial recursive function is a partial function 
t/J : JNI --* IN that is computable by some Turing machine M, i.e. for every input 
n E JN1, the machine M will not halt on n if t/J(n) t, and M will halt and yield 
output ~(n) if t/J(n) ..j.. A recursive function is a partial recursive function that 
is total. (There are other characterizations for recursive and partial recursive 
functions, e.g. Church's A-calculus (1935), Kleene's recursion approach (1936), 
etc., which are known to be equivalent to the Turing-computability (cf. Kleene 
(1952)).) 

We accept the Church-Turing Thesis that any algorithm a person can ex
ecute can be performed by a Turing machine, hence can be calculated by a 
partial recursive function. Therefore, we consider partial recursive functions as 
formalizations of algorithms that our bounded rational agents can use. 

10 



4.2 Computability for Economic Magnitudes and Operations 

Computable Real Numbers 

The definitions of Turing machines and partial recursive functions above are 
widely accepted notions of computability on natural numbers. But for economic 
modeling we need to apply computability notions to real numbers. For this, we 
follow Turing (1936), who based the concept for reals on the concept for natural 
numbers, in the following way. 

According to Turing (1936), a real number x is computable if its decimal 
(hence dyadic, triadic etc.) expansions are computable by a Turing machine. In 
other words: 

Definition I" (Turing (1936». A real number x is computable if there is 
a Turing machine that, for any input n, has output dn , the n-th decimal digit of 
x. Equivalently, there is a recursive function ¢ : IN -+ IN for which ¢(n) = dn 

for every n E IN. 

We will consider any number computable in this sense to be usable for prac
tical computations by economic agents: they can apply the simple rules of a 
Turing machine to calculate the number to any desired degree. That seems to 
be sufficient to fulfill our computability requirement (V.a). 

What about the converse? Are these the only numbers we should consider to 
usable, or might there be others? In other words, is the decimal digit property 
of Definition I" necessary, as well as sufficient for usability? In view of our 
comparability requirement (V.d), no other real numbers are usable. That is 
because the following (Dedekind cut) definition of computable real number is 
equivalent to Definition I". 

Definition I' (cf. Rice (1954». A real number x is computable if there is a 
Turing machine that, for any rational number r =f. x, has output "yes" if x> r, 
and output "no" if x < r. 

So if our numbers are to have the comparability property of condition (V.d), 
they must be computable in the sense of Definition I' as well. 

For technical convenience, we will make use of still another equivalent (Cauchy 
sequence) definition of computable real number. 

Definition 1 (Specker (1949». 

a) A real number x is computable if there are recursive function ¢1, ¢2, ¢3 
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IN -t IN such that <P3 (k) f. 0 for every k E IN and 

'x- (_1)<i>1(k) <p2(k) , < 2-k 

<P3(k) = 
for every k E IN.(9) 

b) A vector x = (Xl, ... , Xl) E /R} is computable if each Xi is computable. 

(1) 

In our model the commodity space is the I-dimensional space iR~ of com
putable reals, the price and consumption spaces for our agents are the nonneg
ative orthant iR~+ of iR~. We endow these spaces with the metric topology 
induced by the Euclidean norm II . II. 

We now state several basic properties for computable reals (cf. the introduc
tion). First, as an immediate consequence of (1), a real number is computable if 
and only if there is an algorithm for calculating it to any desired accuracy within 
a known time period. Second, the set iRe of computable real is countable, con
taining all natural numbers, rational numbers, algebraic numbers, etc. Third, the 
computable real number field (iRe, 0,1, <, +, . ) is a real closed (ordered) subfield 
of the real number field (cf. Rice (1954)). Fourth, the metric space (iRe,' . I) is 
not complete but is only recursively complete (Rice (1954); see Fact 1, page 52) 
and similarly for the metric spaces (iR~,,, . II) and (iR~+, II . II). 

Computable Operations 

We want to define computability not only for numbers that represent com
modity quantities and prices, etc., but also for (preference) relations over com
putable numbers and for (utility and demand) functions from computable num
bers to computable numbers. Again, we will reduce computability of such oper
ations to computability on natural numbers. Our first step is to reduce the basic 
objects (computable reals and vectors of computable reals) to natural numbers. 

Reduction of computable objects to natural numbers. We can identify 
computable real numbers by the Turing machines or recursive functions that 
compute them; so utility and demand functions become higher level operators, 
carrying over functions to functions; and similarly for preferences. It is not 
immediately obvious how to define computability for these operators. There 
are, however, standard ways of reducing the higher level operators to ordinary 
functions on natural numbers, where we can apply the previous notion of com
putability via partial recursiveness. 

(9) Then we say x is the effective limit of the (recursive) sequence of rational numbers 
Vk = (-1)4>d k )tP2(k)/4>3(k); and we call {Vk} a .equence oj approximation. of x. 
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One standard way of making such a reduction is to use Definitions 1", by 
which every every computable real number is computable by a Turing machine 
that approximates it, hence by a partial recursive function that computes it. 
Then we note that every Turing machine or partial recursive function is rep
resentable by a natural number or Godel number. There are standard ways of 
doing this representation algorithmically. For the methods of assigning Godel 
numbers to Turing machines, see Kleene (1952). For functions, Kleene's Normal 
Form Theorem (Theorem C-l, page 49 in Appendix C) in recursion theory yields 
a "universal" partial recursive function, i.e. a partial recursive function <J( . , . ) 
such that for every partial recursive function <p : IN -7 IN, there is at least one 
n E IN such that: 

<p(k) = <J(n, k) for every k E IN; (2) 

then we can simply represent <p by the Godel number n. (10) 

For later use, we note a second standard way of reducing computable reals to 
natural numbers (cf. Moschovakis (1964a)). First, we fix any one-to-one recursive 
function ( . , . ) from IN x IN onto IN, say the Godel 

Definition 2. We sayan integer n E IN is a code of a computable number 
x, and write A(n,x)), if n = «nl,n2),n3) for some Godel numbers nl,n2,n3 
of some recursive functions <PI, <P2, <P3 satisfying equation (1). Similarly, we say 
an integer n E IN is a code of a computable vector x = (Xl'···' Xl) E 1R~ if 
n = ( ... «nl, n2), n3) ... nl) for some codes ni of Xi; then we write.A(n, x). 

As Godel numbers represent partial recursive functions through equation (2), 
the codes n of computable reals X represent the partial recursive functions for 
computing x. In fact, by decoding n into nl, n2, and n3, and feeding them into 
the "universal" partial recursive function <J, we can recover X through equation 
(1). We can also recover computable vectors from their codes in a similar fashion. 

As mentioned in the introduction, this algorithmic "coding" method permits 
realistic modeling of trading processes: agents can communicate .their trading 
terms with "small" vocabulary. They can use the codes to communicate prices 
and quantities, rather than stating infinitely long sequences of decimal (dyadic, 
triadic, etc.) expansions. 

Having reduced computable objects (computable numbers and vectors) to 
natural number representatives in an algorithmic manner, we can next define 

(10) Although each Turing machine will have a unique GOdel number, there will be mul
tiple Godel numbers representing any single partial recursive function. 
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computability for the operations (e.g. functions of computable reals, preference 
relations J>ver computable reals) by applying the natural-number notion of com
putability to the integer representatives of the computable objects. 

Computable Preferences. Classical equilibrium theory views agents' behav
ior as generated by constrained maximization of preferences. For bounded ratio
nality, we require more: preferences are the outcomes of algorithmic-reasoning 
processes. For example, an agent may ranking alternatives according to some 
simple goals (Simon (1978)), or according to some simple evaluation criteria. 
What do we mean by a "simple" goal, or a "simple" evaluation? Certain calcu
lations are undeniably simple: adding two natural numbers, for example. Our 
definition of "simple" will also allows the other operations on natural numbers 
that can be performed by Turing machines and partial recursive functions. (For 
other interpretations of "simple," see Richter and Wong (1996b).) Our justifi
cation is once again the Church-Turing Thesis. These simple operations are the 
ones that we say are usable by the agents in our models. 

Thus, we require each agent's preference to be computable by an algorithm. 
In particular, we assume each agent has a strict preference )-- on 1R~+ (i.e. )-
is an asymmetric and negatively transitive(U) binary relation on 1R~+) that is 
computable in the following sense. 

Definition 3 (cf. Moschovakis (1964a». A binary relation )-- on 1R~+ is 
computable(12) if there is a partial recursive function ,p : IN x IN -+ IN such that 
for all n, n' E IN and all x, x' E 1R~+: 

if A(n,x) and A(n', x'), then: x)-- x' ¢:} ,p(n,n') = 1. (3) 

This definition has obvious extensions to other (unary, ternary, quaternary, etc.) 
relations. 

The partial recursive function f represents an algorithm that computes whether 
x )-- x' for any pair of bundles x and x' in the following sense: the computation 
uses any codes for x and x', and halts and returns "yes" when it has determined 
that x )-- x', if that ever occurs. Thus the computation result is independent of 
which particular codes of x and x' are used. 

(11) By negative transitivity, we mean (-.x >- y & -'Y >- z) => -'X>- z, for all x,y, z. 

(12) Equivalently, if there is a Turing machine M that, for any pair of (Godel numbers 
of) computable sequences {v,,} and {vD of approximations (see Footnote 9) of some pair of 
x,x' in R~+ with x 1- x', has output "yes" if x >- x', and output "no" if x --< x'. (Compare 
Definition 1/.) 
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Remark 1. 

1) Many strict preference relations are computable. For example, the strictly 
greater than relation> (cf. Moschovakis (1964a)) on IRe, the strict preferences 
corresponding to the utility functions log(x), min{x, y}, polynomials g(x) with 
computable coefficients, etc. (see Theorem 1 below).{13) 

2) Examples of non-computable strict preferences include: lexicographic pref
erences (cf. (4) in this Remark, and Fact 1, page 52), strict preferences given by 
non-computable utility functions such as u(x, y) = x + a:y, where a: is a non
computable real (cf. Theorem 1 below), etc. 

3) Each strict preference >- on IR~+ corresponds to a unique weak preference 
t (i.e. t is a reflexive, transitive, and total binary relation) on IR~+) for which 
>- is the asymmetric part (thus x>- y ¢:> ...,y t x). 

However, the computability of >- does not imply the computability for t. 
For example, it is well-known in recursive mathematics (Turing (1936)) that the 
strictly greater relation> on IRe is computable,(14) but the weakly greater than 
relation ~ is not computable.(15) (For economic applications, see Wong (1994, 
Thm. IV.4.3.) and Lewis (1987).) 

4) The computability restriction automatically yields a useful topological 
property: By a well-known theorem (Moschovakis (1964b); see Fact 2, page 53) in 
recursive analysis, every computable strict preference >- on IR~+ is continuous:(16) 

(13) We can view a computable number as a computable relation on the set Q of rational 
numbers. Each real number x can be identified with the binary relation >- on Q defined by 
y >- z <=> y > x > z. It can be shown that the number x is computable if and only if the 
relation >- is computable. 

(14) An algorithm for computing> is to compare the decimal expansions (rational num
ber approximations, etc.) of pairs of computable reals (c!. Pour-El and Richards (1989, 
p. 14». More precisely, one can use the following partial recursive function ,pen, m) = min{k : 
("I~i~3.1~1e'~1e ~(ni' k') -l-)&(AI~i~3.1~1e'~1e ~(mi, k') -l-)&[( _1)·(nl.Ie)~(n2' k)/~(n3, k)

(-I).{;;·lolel~(~2' k)/~(m3, k) > 2-: i-Ie]}, where ni and mi are the unique nonnegative inte
gers such that n = {(nl,n2),n3) and m = «ml,m2),ma). 

(15) Because the computability of ~ would imply computability for the equality relation 
=, which is known (Turing (1936» to be not computable. 

(16) In fact, for computable relations, the f can be found algorithmically in (4). Thus 
computable relations have a stronger continuity property than other continuous relations in 
R~+: they are computably continuou •. 
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for every x, y E IR~+, if x >- y, then there is an { > 0 E IRe 
such that x' >- y and x >- y' for all x', y' E IR~+ with 
IIx - x'll. lIy - y'11 < {, 

(4) 

(An arbitrary computable binary relation may not be continuous; cf. Remark 13(4) 
in Appendix C). 

Computable Functions. Now we need to model bounded rationality for utility 
functions, demand functions, production functions, profit functions, etc. We 
require a definition of computability for such functions; the definition we use is 
similar in spirit to that for relations. 

Definition 4 (cf. Moschovakis (1964a». Let X ~ IR~. A function 
1 : X -+ IR'; is a computable lunction(17) (18) if there is a partial recursive 
function tjJ : IN -+ IN such that for every x E X and every n E IN: 

A(n, x) implies tjJ(n).J. & A(tjJ(n), I(x)). (5) 

Since a partial recursive function tjJ corresponds to an algorithm, this essen
tially states that 1 is determined by an algorithm that transforms codes of x E X 
into codes of I(x). Hence 1 is usable by our bounded rational agents, who can 
apply an algorithm to compute it. (19) 

Remark 2. 

1) Most functions that we use in applied economics are computable: exp{ x }, 
log(x), max{x, y}, x . y, polynomials with computable coefficients, etc. 

2) It is clear from the definition that a composition of computable functions 
is computable. 

(17) Equivalently, there is a Turing machine that transforms (a Godel number of) each 
sequence of computable approximations of x E X into (a Godel number of) a sequence of 
approximations of J(y). 

(18) In the literature of recursive analysis, what we call "computable function" has sev
eral different names: "effective operation" (cf. Kreisel at aI (1959)), "recursive operator" 
(cf. Moschovakis (1964a)) "constructive operator" (cf. Sanin (1956)), etc.). The notion of 
a computable function is weaker than the one (Definition 7, page 56) developed by Lacombe 
(1955a,b) and Grzegorczyk (1955, 1957) (see also Pour-EI and Richards (1989)), where an 
additional condition of effective uniform continuity is required (cf. Remarkl5, page 58). 

(19) We can characterize computability of functions in terms of the earlier computability 
notion for relations. Let X ~ R~. A function J : X -+ R~ can be identified with the unary 
relation>- on X X R~ X R~ defined by (x, y, z) E>- <:> y> J(x) > z. Then it can be shown 
that the function J is computable if and only if the relation >- is computable. 
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3) As with computable strict preferences, a computable function f : IR~+ -* 
IRr;' is continuous: 

for every ( > 0 E IRe+ and every x E IR~+, there is a 
6> 0 E IRe such that IIx-yli ~ 6 implies IIf(y)- f(x)1I ~ ( (6) 

for every y E IR~+. This continuity property holds also for computable functions 
defined on many other domains, for example on IR~+, on Be = {p E IR~ : 
p» O,lIpli = I}, and on Be(P,w) = {x E IR~+: p·x ~ w}, where (p,c) E 
IR~++ x IRe++, etc. (See Fact 2, page 53)(20) (21) 

5. COMPUTABLE ECONOMIES AND STATEMENT OF RESULTS 

In the previous section, we have provided computability notions in modeling 
procedural restrictions for our bounded-rational agents. Here we will present our 
computable equilibrium framework and discuss our main results. 

5.1 Notation 

Economic magnitudes will be measured only by computable real numbers. 
We list some notation. 

IRe is the set of computable numbers, 

IR~ is the I-dimensional space of computable reals, 

x ~ y means "Xi ~ Yi for all i = 1, .. " I" for all x, y E IR~, 

x » y means "Xi > Yi for all i = 1, ... ,I" for all x, Y E IR~, 

IRe+ = {x E IRe : x ~ O}, 

IRe++ = {x E IRe : x > O}, 

IR~+ = {x E IR~ : X ~ O}, 

IR~++ = {x E IR~ : X »O}, 
e = (1,1,··.,1) E ~, 

II . II is the Euclidean norm, i.e. IIxli = CL!=l x1)1/2 for all·x E IR~, 

(20) Furthermore, for computable functions on such domains, the 0 in (6) also be found 
algorithmically. Thus they satisfy a stronger property then continuous functions: they are 
effectively continuou& (cf. Footnote 16, and Moschovakis (19Mb». It should be clear that 
this term "effectively continuous" is different from the term "computable-continuous" given in 
Definition 7, page 56. 

(21) However, R~ is not locally-compact, so continuity of J : X -+ R:;' does necessarily 
not imply locally uniform continuity even when X is bounded and is closed in R~. (Cf. Beeson 
(1985, p. 70).» 
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(0, I)e = {>. E IRe : 0 < A < I}, 

[0, I]e = {>. EIRe: 0 ~ A ~ I}, 

[x, Y]e = {AX + (1- A)Y : A E [0, I]e} for all x, Y E IR~, 

Se = {p E IR~++ : IIpll = I}, 

Se,f = {p E Se : p ~ {e} for all ( > 0 EIRe, 

Be = IR~++ X IRe++, 

Be(P,w) = {X E IR~+ :p·x ~ w} for all (p,w) E IR~+ x IRe+. 

5.2 Preference and Utility 

In our bounded rationality framework, we assume each agent has a com
putable strict preference >- on the consumption space IR~+. The following result 
shows that this approach is equivalent to assume each agent has a computable 
utility function. (22) 

Theorem 1 (Computable Utility Functions and Computable Prefer
ences (Richter and Wong (1996a, Theorem 1». If >- is a computable 
strict preference on IR~+, then there is a computable function u : IR~+ -+ IRe 
such that: 

u(x) > u(y) ¢::> X >- Y for every x, Y E ~+. (7) 

Conversely, ifu : IR~+ -+ IRe is a computable function, then there is a computable 
strict preference on IR~+ satisfying (7). 

5.3 Consumer Demands 

We now discuss the demand behavior of a bounded rational agent. We find 
sufficient conditions for the existence of a computable demand bundle and the 
existence of a computable demand function. We provide a revealed preference 
characterization of computable rationality for the finite case. 

Let >- be a computable strict preference on consumption space IR~+ . . Let 
the vectors (p, w) E Be, so the price vector p and income m are computable and 
positive. A computable budget set is a set Be (p, w) = {x E IR~+ : p . X ~ w}, 
where (p, w) E Be. A >--maximal element of Be(P, w) is a X E Bc(p, w) such 
that if y E Be(P, w), then -,y >- x. 

(22) The theorem does not require the usual explicit assumption of continuity for prefer
ence, because continuity is automatically implied by the computability of preferences. 
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First, we study the existence of a computable demand bundle, i.e. a com
putable >--maximal element of a computable budget set Be(P, w). Similar to 
many optimization problems in recursive analysis (cf. Beeson (1985, pp. 71-
73)), the major difficulty is that a computable budget set is not topologically 
complete (hence not compact), but only satisfies a weak completeness prop
erty (recursive completeness). The recursive completeness condition is too weak 
for the existence of an extremum in many cases. For example, Kreisel (1959) 
found a computable function! : [0, l]e -+ lRe that does not admit a maximizer, 
i.e. sup! > !(x) for all x E [0,1Jc.(23) Considering this! as a utility function 
and consider [0, l]e as a computable budget set,(24) then Kreisel's example easily 
gives a counterexample to the existence of a computable demand bundle in our 
computability context (cf. Theorem 1). 

One might surmise that the existence of a demand bundle requires certain 
strong restrictions on a computable preference >-. On the contrary, a fairly 
natural and simple condition will be sufficient. A strict preference >- on lR~+ 
is said to be c-convex if each weakly preferred set 'Rz = {x E lR~+ : -,z >- x} 
is c-convex in lR~+ (cf. Section C.6 in Appendix C). In other words, for every 
x, y, z E lR~+ and every computable real number A E [O,I]e, if -,z >- x and 
-,z >- y, then -,z >- AX + (1 - A)Y, 

Theorem 2 (Existence of a >--Maximal Element). (25) Let>- be a com
putable strict preference on lR~+. Assume >- is c-convex. Then for every 
(p, w) E Be, there exists a >--maximal element of Be(P, w). 

Proof. From Theorem 1, it is clear that >- can be represented by a computable 
function u : lR~+ -+ lRe (i.e. (7) holds) that is c-quasiconcave, i.e. for all 
x, y E lR~+, A E [O,I]e implies U(AX + (1 - A)Y) ~ min{x, y}. Then Theo
rem 2 follows immediate from Richter and Wong (1996a, Theorem 2), which 
states that every c-quasiconcave computable function U : lR~+ -+ lRe admits a 
computable maximizer on every computable budget set Be(P, w). Q.E.D. 

Next, we prove computability of demand functions. A (demand) function 
h : Be -+ lR~+ is genemted by a strict preference >- defined on 1R~+ if for all 
(p, w) E Be, the vector h(p, w) is the unique >--maximalelement of Be(P, w). The 

(23) Such J may even be required to be uniformly continuous, e.g. lJ(x) - J(y)1 ~ Ix-yl 
for all x, y E [O,ljc' 

(24) See also Lewis (1988). 

(25) Since a computable strict preference ~ is continuous, we do not need to make the 
usual explicit assumption of continuity (or upper semicontinuity) for ~. 
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following theorem proves that the function h( . ) is computable if the preference 
~ is c-convex. This essentially shows that the demand functions of our bounded
rational agents can be determined by algorithms. 

Theorem 3 (Computability of Demand Functions). Let ~ be a c-convex 
and computable strict preference on IR~+. Let h : Be -t IR~+ be a demand 
function generated by~. Then h is computable. 

Proof. By Theorem 1, Theorem 3 is equivalent to Richter and Wong (1996a, The
orem 3), which states that if u : IR~+ -t IRe is a c-quasiconcave and computable 
function, and if a function h : Be -t IR~+ satisfies h(p, w) = argm~EBc(p,w)u(x) 
for all (p, w) E Be, then h is computable. Q.E.D. 

Remark 3. Consider a computable strict preference ~ on IR~+ that is strictly 
c-convex, i.e. for every x, y E IR~+, if x "# y and ...,x ~ y, then AX+ (1-A)y ~ y for 

every A E (0, 1)c.(26) (In other words, each weakly-preferred set 'R" = {x E IR~+ : 
...,y ~ x} is "strictly c-convex" in IR~+.) Then it is c-convex, so Theorem 2 ensures 
the existence of a ~-maximal element x of Be(P, w) for any (p, w) E Be. In fact 
it is unique. Suppose, by contradiction, that y is another ~-maximal element of 
Be(P, w). Then for any A E (0, l)e, the bundle AX + (1 - A)y E Be(P, w). The 
strict c-convexity of ~ implies AX + (1 - A)y ~ x, contracting the ~-maximality 
of x. Therefore, the preference ~ generates a demand function h : Be -t IR~+, 
and by Theorem 3 the function h is computable. 

Finally, we ask whether there are any consequences of computable preference 
maximization, beyond computability of a demand function h. Equivalently, can 
we tell from observing h, whether it was generated by a computable preference. 
Certainly, h must satisfy Houthakker's Strong Axiom of Revealed Preference 
(cf. Richter (1966». Are there further requirements? For the case of a finite 
set of observations with exhaustiveness (i.e. p. h(p, w) = w for all observed 
(p, w», (27) these conditions characterize computable rationality For a proof see 
Richter and Wong (1966a). 

However, for the case of an infinite set of observations, the computability 
and strong axiom properties of h do not suffice for computable rationality. For 
a proof see Richter and and Wong (1996a, Remark 4). 

(26) The strict c-convexity of >- on R~+ does not imply the strict convexity of the exten

sion of >- to a\l of R~. This is true even when >- has a unique continuous extension to R~. 
(See Appendix II in Richter and Wong (1996a). 

(27) It is clear that this exhaustiveness property is satisfied when h is generated by a 
locally insatiable preference (as defined in Section 5.4 below). 
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5.4 Computable Economy and the Two Welfare Theorems 

In the previous sections, we have developed a bounded rationality approach 
to consumer theory. Here we will give a general equilibrium framework. We 
will also carryover the two classical welfare theorems (Arrow (1951)) to our 
computable context. 

We define a formal notion of economy with bounded rational agents. The 
commodity space is IR~, the price space is IR~+, and the consumption space 
for each agent is IR~+. For simplicity, we will consider only trading ~ctivities, 
i.e. we will not model production activities. A computable economy is an m
tuple E = {(h, Wi)}r;l' where h is a computable strict preference on IR~+ and 
Wi is a computable endowment (i.e. Wi E IR~+) for each agent i. 

We now carryover some standard notions to our context. Given a computable 
economy E = {(h,Wi)}r;l' a computable allocation is a tuple (xdr;l' where 
Xi E IR~+. A computable allocation (Xi)r;l is feasible if L:~1 Xi ~ L:~1 Wi. A 
computable allocation (xdr;l is Pareto optimal if it is feasible and if there does 
not exist any feasible computable allocation (Xi)r;l such that: 

a) "'Xi >-i Xi for every i, 

b) Xi h Xi for some i. 
(8) 

A computable equilibrium is a tuple (p, (xi)r;d of a computable price and a 
computable allocation such that: 

a) L:~1 Xi ~ L:~1 wi and p ~ 0 and 
P(L:~l X - L:~1 wd = 0 

b) Xi is a h-maximal element of the computable budget 
set Be(P, P . wd for each agent i = 1, ... , m. 

(9) 

Then we call P a computable equilibrium price, and we call (xdr;l a computable 
equilibrium allocation. 

Condition (9a) is the natural condition of market clearing; and (9b) is the 
condition of consumer maximization. 

We now study the optimality of computable equilibria. As in the standard 
version, the following theorem requires each consumer's preference h to be 
locally insatiable, i.e. for every X E Dl~+ and a > 0 E IRe, there is ayE Dl~+ 
such that IIx - yll < a and y h x. 

Theorem 4 (Computable First Welfare Theorem). Let E = {(h 
,Wi)}r;l be a computable economy, and let (p, (Xi)r;l) be a computable equi-
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librium for E. Suppose each >-; is locally insatiable. Then (X;)t;l is Pareto 
optimal. 

Proof. This can be proved along standard lines (Arrow (1951)); and we omit the 
details. 

As in the standard case, the condition of locally insatiability is indispensable 
for Theorem 4. 

We now turn to the converse problem: implementing a Pareto optimal com
putable allocation (x;)t;l as a computable equilibrium allocation. As in the 
standard version, we require each >-; to be (weakly) monotone, i.e. for every 
x, y E 1R.~+: if x » y, then x >-; y. Convexity for >-; and strict-positivity for x; 

will also be required. The usual continuity assumption of >-; will be implied by 
the computability of >-;. 

Theorem 5 (Computable Second Welfare Theorem). Let E = {(>-; 

,W;)}t;l be a computable economy, and let (x;)t;l be a Pareto optimal (com
putable) allocation. Assume each computable preference >-; is c-convex and 
(weakly) monotone, and each X; »0. Then there exists a computable price p 
and a vector (W;)t;l of computable endowments with L:~1 w; ~ L:~1 W; and 
such that (p, (x;)t;l) is a computable equilibrium for the computable economy 
E = {(>-;, w;)}t;l. 

Proof. This can be proved along standard lines (Arrow (1951)) with a new 
computable separation theorem (Theorem C-3, page 61); cf. Wong (1996a, The
orem 2)). See Appendix A for details. 

As is standard, if all >-; in Theorem 5 are strictly monotone (i.e. x >-; y for 
all x, y E 1R.~+ with x ~ y and x =I y),(28) then the Pareto optimality of (x;)t;l 
forces the inequality in "L:~1 w; ~ L:~1 w;" to become equality. 

Compared to its standard version, Theorem 5 allows a weaker topological 
property for the price space (recursive completeness is weaker than topological 
completeness). It also strengthens the standard conclusion by obtaining com
putability for supporting prices, which therefore can be computed by a social 
planner through algorithms. 

(28) As with strict c-convexity (cf. Footnote 26) the strict monotonicity property fails for 
continuous extension from R~+ to R~. 
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5.5 Market Excess Demands 

In this section, we characterize aggregate excess demand functions for a com
putable economy. 

Sonnenschein (1972, 1973) asked whether individual rationality imposes any 
restrictions on aggregate excess demand functions. A sequence of results by 
Sonnenschein (1972, 1973), Mantel (1974), Debreu (1974), Mas-Colell (1977) 
and others essentially showed that no rationality properties beyond Walras' Law 
(WL), Boundedness from Below (BB), and a boundary condition (BC). Now that 
we are imposing computability restrictions on the rationality of our individual 
agents, are there any new implications for aggregate demand functions? The
orem 6 will show that the only new consequence is computability of aggregate 
demand functions. 

Beyond showing the consequences of computable rationality, Theorem 6 will 
be used in the next section to prove non-existence of computable equilibrium. 

Consider a computable economy E = {(h,Wi)}?;l such that for each i = 
1,···,m: 

the computable strict preference h is strictly monotone 
and strictly c-convex, and the computable endowment Wi » (10) 
o. 

Let the price set be Se = {p E lR~++ : IIplI = I}. It follows immediately from 
Theorem 3 (even dropping strict monotonicity) that the excess demand function 
f : Se -t lR~ defined by 

m m 

f(p) = L{Zi E Be(p,p·Wi) :VYYEBc(P,P·Wi)-'Y h z} - LWi (11) 
i=l i=l 

is a computable function. Being computable, f is also continuous. It is easily 
shown that f satisfies: 

WL) (Walras Law) p. f(p) = 0 for every p ESe. 

Also, it is clear from (11) that f also satisfies: 

BB) (Bounded from Below) there is an M E lRe such that 
f(p) ~ Me for every p ESe· 

However, since the consumption space lR~+ is not topologically complete (in 
fact bounded closed balls are not compact), f need not satisfy the following 
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condition:(29) 

BC) (Boundary Condition) for every sequence of vectors 
Pk ESe, if (Pk)i -+ 0 as k -+ 00 for some i 
1", ',l, then II/(Pk)1I converges to 00. 

We now study the converse. As with current proofs of the standard analogues, 
we are only able to provide a partial (f-qualified) answer to our problem. For sim
plicity of exposition, we also require the given function I : Se -+ lR~ to be twice
continuously differentiable (C2), i.e. I can be extended to a twice-continuously 
differentiable function from some open set in the I-dimensional space lRl of real 
numbers into lRl. For such I satisfying (WL), we find a computable economy 
E generating I on a large portion S6,e = {p E Se : P ~ be} of Se. We can also 
obtain the following property for E: 

(strict concavity) each h is represented by a strictly c
concave utility function u i : lR~+ -+ lRe. 

(12) 

(By the strict c-concavity of ui , we mean that Ui(AX + (1- A)Y) > AUi(X) + (1-
A)ui(y) for all pairs of distinct X,Y E lR~+ and all A E (0, 1)c.) Moreover, when 
I satisfies also (BB) and (BC), we can also choose E so that it has the same set 
of equilibrium prices as I. 
Theorem 6 (A Computable Characterization of Excess Demand Func
tions). Let positive f E lRe and let I : Se -+ lR~ be C 2 and computable. 

I) If I satisfies (WL) , then there exists a positive b E lRe with b < f, and there 
exists an excess demand function j of some computable economy E = {(h 
,Wi)}~=1 satisfying (10) and (12) for all i = 1, .. " I, and such that: 

1) jlsc .• = Ilsc .• · 
II) Moreover, if I also satisfies (BB) and (BC), then the b and j can be chosen 

so that: 

2) j-l(O) = 1-1(0) ~ Se,6. 

Proof This follows from Theorem B-1, page 33 in Appendix B; see Remark 6, 
page 34. 

(29) Indeed, by using a "singular covering" lemma in recursive analysis (e.g. Beeson 
(1985, p. 69, Theorem 6.1); Fact 5, page 67), one can find a computable strict preference ,.. 
on R~+ with the property that it is strictly monotone and strictly c-convex on R~+, has a 
continuous extension on ~ that is only weakly monotone (not strictly monotone), and has an 
excess demand function that does not satisfy (Be). See Richter and Wong (1996a, Appendix II, 
Remark 9). 
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Remark 4. 

a) In the economy E the number I of agents and the number of commodities 
are equal. 

b) If we drop the strict concavity conclusion (12), then Theorem 6(1) is a 
computable version of Geanakoplos' Theorem (1984), and Theorem 6(11) is a 
computable version of Mas-Colell's Theorem (with stronger C 2 assumption). 

c) The C 2 assumption in Theorem 6 can be relaxed to an effective condition 
of local uniform continuity (Wong (1994, Theorem 2.5, p. 127)) by using effec
tivizations of both the methods of Debreu (1974) and Mas-Colell (1977). That 
method, however, does not obtain the strict concavity conclusion. 

5.6 Non-existence of Computable Equilibrium 

Theorems 1 through 6 established some positive results in our bounded ra
tionality framework. We prove negative results for the existence of computable 
(general) equilibrium in our bounded rationality context. These negative results 
are rooted in a "recursive analysis counterexample" (Remark 20 and Proposi
tion 2, page 66; cf. Orevkov (1964), Baigger (1985)) to Brouwer's Fixed-Point 
Theorem. They suggest new evidence on the observation (cf. Uzawa (1962), 
Sonnenschein (1972)) that Brouwer's theorem or one of its immediate family is 
needed for proving existence of a general equilibrium. 

Consider a computable (hence continuous) f : Se -t lR~ satisfying (WL), 
(BB) and (BC). Must there exist an equilibrium (i.e. apE Se with f(p) = O)? 
As is well-known, (Gale (1954), Nikaido (1955), Debreu (1956)) the answer for 
the conventional version is positive, and can be proved by using Brouwer's Fixed
Point Theorem (cf. Border (1985, Section 9.12 and Section 18.11)). However, 
Brouwer's theorem fails to hold in our computable (recursive analysis) context. 
Does this imply the failure of the equilibrium existence claim for functions f? 

The existence failure is an immediate consequence of the following result, 
which transforms computation of fixed-points to computation of equilibria. In 
what follows, for any k = 1,2,···,00 and any X ~ lR~, we say a function 
f : X -t lRr;' is Ck if f can be extended to a k times continuously differentiable 
function j : U -t lRm for some open set U ~ lRl, where JR! and lRm are the 
I-dimensional and m-dimensional spaces of real numbers. 

Theorem 7 (Computable Fixed-Points and Computable Equilibria). 
Let positive £ E lRe and let Se,. = {p E Se : p ~ £e} be non-empty, and let 
9 : Se,. -t Se,. be computable. Then: 

1) there is a computable function f : Se -t lR~ satisfying (WL), (BB), and (BC), 
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and such that 1-1(0) = {p ESe,.: g(p) = p}, 

2) for any k = 1,2,···,00, if g is also Ck and g(Se,.) ~ Se,.' for some (' E IRe 
with (' > (, then the function I claimed in (1) can be chosen to be Ck . 

Proof. See Appendix B. 

Combining Theorem 7 with a "computable counterexample" to Brouwer's 
Fixed-Point Theorem (Proposition 2 and Remark 20, page 66), the following 
corollary is immediate. 

Corollary 1 (Non-existence of Equilibrium for a Market Excess De
mand). There exists a computable function I : Se = {p E IR~++ : Ilpll = I} -t 
IR~ that is C2, satisfies (WL), (BB) and (BC), but has 1-1(0) = 0. 

The negative result in Corollary 1 can be easily extended to the case where 
I ~ 3. However, for 1 ~ 2, the results are positive; every computable function 
I: Se = {p E IR~+ : IIpll = I} -t IR~ satisfying (WL), (BC) and (BB) does ad
mit an equilibrium. This follows easily from an intermediate value theorem(30) 
for computable functions. Thus for 1 ~ 2, there exists a computable equilibrium 
for any computable economy E = {(h,Wi)}r;l (with no more than two com
modities) satisfying (10) for all i = 1,···, m.(31) However, for 1 ~ 3, computable 
equilibrium does not necessarily exist. This negative result follows easily from 
the following immediate consequence of Corollary 1 and Theorem 7. 

Corollary 2 (Non-existence of Computable Equilibrium for a Com
putable Economy). There exists a computable economy E = {(h,Wi)}~=l 
with commodity space IR~, satisfying (lO) for all i = 1,2,3, and such that there 
does not exist any computable equilibrium. 

Without computability restrictions on prices and trading quantities (i.e. per
mitting arbitrary reals), Arrow-Debreu (1954, Theorem I) proved the existence of 
a (not-necessarily-computable) competitive equilibrium for an economy. Corol
lary 2 shows that existence can fail when we impose computability restrictions on 

(30) This states that if h : [0, Ijc -+ Rc is computable, then for every computable real Q 

with h(O) ~ Q ~ h(l) there exists a x E [O,ljc with h(x) = Q. This theorem extends Pour
El and Richards(1989, Theorem 8, p. 41) by relaxing their assumption of effective uniform 
continuity (EUC) on /; it can be shown by following their proof, in which they actually use 
only the continuity property for / (which is implied by the computability of 1) rather than the 
stronger property of EUC. 

(31) This existence claim still holds even when one weakens strict c-convexity in (10) to 
c-convexity. 
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prices and quantities, even when preferences and endowments are computable. 
We cannot rely, then, on the Arrow-Debreu theorem to guarantee existence of 
computable equilibrium - whether we assume computable preferences on 1R~+ 
and computable endowments in 1R~++, or whether we weaken the assumption to 
classical preferences on 1R~ and classical endowments in 1R~+. 

6. APPLICATIONS IN COMPUTATIONAL ECONOMICS 

Beyond modeling bounded rationality, our computability tools and results of 
Section 5 have several implications for computational economics. In particular, 
they show the existence or non-existence of algorithms to compute economic 
data. That is because by our definition of computability, existence of computable 
prices, quantities, etc. is equivalent to existence of algorithms for computing 
them, i.e. for calculating digital approximations to any desired degree of accuracy 
within known time. 

1) Computing Utilities. Theorem 1 implies that given a preference that is 
computable by an algorithm, it is possible to find a utility representation that 
is computable by an algorithm. Indeed, as shown in the proof of Theorem 1 
of Richter and Wong (1996a), such a utility representation can be found by 
a uniform algorithm - i.e., there is an algorithm that, for every computable 
preference, computes a computable utility function. 

2) Computing Demands. The computable counterexample to the existence 
of a demand bundle implies the general impossibility of using algorithms to find 
a preference-maximization bundle in a budget set. 

Theorem 2 shows that if a computable preference >- is convex, then for every 
computable budget there exists a computable maximizer, and by definition there 
exists an algorithm to compute it. It remains an open question whether there 
exists a uniform algorithm for this - i.e., a single algorithm that computes a 
computable demand for every computable budget. However, as shown in Richter 
and Wong (1996a, proof of Proposition 1), such a uniform algorithm exists that 
computes unique maximizers of strictly convex preferences. 

:1) Computing Supporting Prices. Theorem 5 implies that given a model 
of exchange economy E = {(>-i,Wi)}~l satisfying the standard assumptions 
and a strictly positive Pareto optimal allocation (Zi)~l in E, there exists an 
algorithm to compute a price p supporting (Zi)~l as a competitive equilibrium 
(with transfers of endowments). Whether there exists a uniform algorithm for 
this remains an open question. 
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4) Computing Economies for Rationalizing given Market Excess Demands. 
Theorem 6 ensures that given a C 2 computable market excess demand f, there 
exists an algorithm to find an economy E that generates f on a given sphere 
SC,f and with the same set of equilibria as f. In fact, as shown in the proofs of 
Theorem B-1, page 33, and Proposition 1, page 38, there is a uniform algorithm 
that finds such an economy for those f and Sf. 

5) Computing Fixed-Points and Computing Equilibria. Theorem 7 shows that 
a fixed-point computation can be transformed into a computation of equilibrium 
for an excess demand function. Indeed, our proof of Theorem 7 gives a uniform 
algorithm for performing such transformations. 

Corollary 1 asserts the general impossibility of computing equilibria for ex
cess demand functions; and Corollary 2 asserts the general impossibility for 
computing equilibria for exchange economies. These corollaries show that even 
when all elements (e.g. consumers' preferences, endowments) in a given economy 
generated by an algorithm, there may not exist any algorithm to compute an 
equilibrium price. Therefore, when an economist attempts to construct a model 
of an economy and to compute an equilibrium, it may be necessary to impose 
more restrictions on the model, beyond the standard assumptions (such as those 
in the Arrow-Debreu theorem). 

7. CONCLUSION 

In this paper we have proposed a framework with which many models of 
bounded rationality can be developed. We have also examine a particular model 
- computable economies. Although the computable real number system and 
computable operations have the attraction of realism, they lack the technical 
convenience of classical models. In particular, the commodity and price spaces 
have very weak topological completeness properties. 

Despite the technical inconvenience of the computable model, our positive 
results have shown that many important conclusions from the classical model 
remain valid. In particular, many of them, from utility representation to char
acterization of excess demand functions, can be transported to the computable 
(boundedly rational) environment developed in this paper. 

On the other hand, we also refute the existence of general equilibrium in our 
computability context by finding "computable counterexamples." Some impli
cations of our results for computational economics have also been discussed. 

It has been shown in Richter and Wong (1996b), by using model-theoretic 
methods, that equilibrium existence can be obtained if we replace computability 
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by definability, i.e., if we require excess demand functions or economies to be 
definable in a language of first order logic. The definable environment of that 
paper represents an alternative framework for bounded rationality. It remains 
to investigate other coherent models - i.e., models satisfying the uniformity 
principle. 

Our computability approach can be extended to model economies with pro
duction, with uncertainties, with infinitely many commodities, infinitely many 
agents, etc. The topological tools (see e.g. Moschovakis (1964b), Zhou (1992), 
etc.) and integration tools (see e.g. Beeson (1985), Pour-EI and Richards (1989), 
etc.) from recursive analysis are useful. Also, our computability approach and 
general bounded rationality framework can also be applied in the context of 
game theory, mechanism design, institutional economics, financial economics, 
and other areas in economic theory. 
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APPENDIX A: PROOFS OF THEOREMS 5 AND 7 

Here we will prove Theorems 5, page 22, and 7, page 26. We require some 
standard notions and facts in recursive analysis, which can be found in Appendix 
C. 

Proof of Theorem 5. Let E = {(h,Wi)}r;l and (Xi)r;l be as given in Theo
rem 5. 

We will first obtain a computable supporting price. For each i, Theorem 1, 
page 18, yields a computable function u i : IR~+ -+ IRe represents h, and so we 
can (see Remark 12(2), page 51) pick a recursive sequence (Definition 5, page 50) 
{vihe.RV that enumerates all rational vectors v E IR~+ with the property that 
ui(v) > Ui(Xi), or equivalently that v h Xi. Each h is computable, so it 
is continuous (Fact 2, page 53); therefore, the set {vi : k E IN} is a dense 
subset of the set c i = {y E IR~+ : Y h x;}. We can pick a recursive (hence 
computable; Remark 12(2), page 51) sequence {vn}ne.RV that enumerates the set 
{vl : k E IN} + ... + {vk : k E IN}. The set {vn : n E IN} is dense in the 
set C = C 1 + ... + cm; therefore C is recursively separable (see the paragraph 
immediately above Fact 2, page 53). The c-convexity of h implies that each Ci 

is c-convex in IR~ (as defined in Section C.6 in Appendix C), and so the set C 

is also. The Pareto optimality of (xi)f;l implies that I:~=l Wi f!. C. We apply a 
computable separating hyperplane theorem (Theorem C-3, page 61 in Appendix 
C), which yields a computable supporting vector p such that p. I::l Wi ~ p. Y 
for all y E C. 

As standard, we define Wi = Xi for all i, so I::l Wi ~ I::l Wi. Then the 
monotonicity and continuity ofthe preferences h implies (cf. Arrow (1951)) that 
(p, (xi)r;d is a computable equilibrium for the computable economy E = {(h 
,wi)}f;l' Q.E.D. 

Proof of Theorem 7. Let Se,e and 9 : Se,e -+ Se,e be as given in the theorem. 

First, we will prove (1) in the theorem along the lines of Wong (1995). -We 
pick (by Remark 16(5), page 58) the computable function h : S -+ Se,e such that 
lip - h(p) II = min{lIp - pIli: p' E Se,e} for all p ESe. Then hlsc •• is the identity 

mapping. We define a computable function j: Se -+ Se by 

j(p) = g(h(p)) - (g(h(p)) . p)p, (13) 

which satisfies (WL), (BB) and such that j(p) = 0 <=> [p E Se,e & g(p) = p] for 

all p E Se. However j violates (BC). 
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We define the computable function j(p) = (l/(lpd,···, l/(lpd) - (l/(p·e))e, 
where e = (1,···,1). Clearly, j satisfies (WL), (BB) and (BC). We pick a 
j.l E IRe with 0 < j.l ~ (, and j.l ~ 1/1, and 0 < (- j.lsup{p· p : p E Se,f & p E 
Se}. Then we can (Remark 19(2), page 64) pick a (COO) computable function 

d: Se -+ [0, l]e such that disc,,, = 0, dlsc\sc,,, > 0, and dl sc\sc,,,/2 = 1 Thus the 

function 1 : Se -+ IR~ defined by 

I(p) = (1 - d(p))j(p) + d(p)j(p) (14) 

is computable and satisfies (WL), (BB) and (BC). It is easy to check that that 
1-1(0) = {p ESe: P E Se,f & g(p) = pl. This shows (1) in the theorem. 

Now, we prove (2) in the theorem. We consider any k = 1,2,···,00. We 
assume that 9 is Ck and such that g(Se,f) ~ Se,f' for some (' E IRe with (' > L 

The function 1 defined above is not differentiable because the function h used 
above is not differentiable, being kinked at the boundary aSe,f of aSe,f' 

To obtain differentiability, we pick acE IRe with ( < C < (', pick a large 
positive M E IRe and pick (cf. Remark 19(3), page 64) a Coo function a: Se -+ 
[0, M]e such that alsc,., = 0 and alsc\sc,& = M. We define a Coo and computable 

function h : Se -+ Se by h(p) = (p + a(p)q)/lip + a(p)qll, where q is the vector 
(1/0,···,1/0). Then his ,is the identity mapping. By picking a larger M, 

c •• 

we can assume h(Se) ~ Sf' We replace h by this h, and define 1 as above. Then 
this 1 is Coo and satisfies the properties proved above. This shows assertion (2) 
in the theorem. Q.E.D. 
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APPENDIX B: CHARACTERIZATIONS OF EXCESS DEMANDS 

B.1 Introduction 

We will prove a theorem characterizing market excess demand functions, 
which covers both the classical context (i.e. permitting arbitrary reals, and 
without computability restrictions) and our computability context. In particular, 
we will construct classical economies for given classical market excess demand 
functions; and we will construct computable economies for given computable 
market excess demand functions. 

For the classical case, Theorem B-1 extends Geanakoplos' theorem (1984) 
by obtaining a stronger concavity property for agents' utility in the economies 
we construct. We also obtain an additional equilibrium invariance property as 
in Mas-Colell (1978, theorem): our economies have the same set of equilibria 
as the given excess demand functions (with a standard boundary condition). 
Compared to Mas-Colell's proposition, we obtain the stronger concavity utility 
conclusion, but make an additional differentiability (C2 ) assumption on demand 
assumption. 

For the computability case, Theorem B-1 gives Theorem 6, page 24 in Section 
5. 

B.2 Statement of Results 

We use lR,l to denote the I-dimensional space of real numbers; 0 denotes the 
origin of JRI, and e = (1,1,···,1) E JR' . For all x, Y E JRI, we write x ~ Y if 

Xi ~ Yi for all i; and write x » Y if Xi > Yi for all i; and x . Y = E!=1 XiYi. We 
denote JR~ = {x E JRI : x ~ OJ; we use II . II to denote the Euclidean norm, i.e. 
IIxll = (x· x)I/2. We define B(p,p. w) = {x E JR~ : p. x ~ p. w} for all positive 
p, w E JRI, and define B(p) = {x E JRI : p. x ~ O} for all positive p E JR' . We 
denote S = {p E JRI : p » 0 & IIpll = I} and S6 = {p E S : p ~ oe} for all 
positive 0 E JR. 

Consider a classical economy E = {(>-;,Wi)}?;I' where for each consumer 
i, the consumption space is JR~, and the endowment is Wi E JRI with Wi » 0, 
and ~i is a strictly monotone, strictly convex, and continuous strict preference 
relation on JR~. Let the price space be S. It is well-known that the classical 
excess demand function f: S -+ JRI of E, which is defined by 

m m 

f(p) = l:)x E B(p,p· Wi) : VYI/EB(p,P·Wi)""Y >-; x} - LWi, (15) 
i=1 i=1 
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is continuous and satisfies: 

WL) (Walras Law) p. I(p) = 0 for every pES; 

BB) (Bounded from Below) there is an M E JR such that 
I(p) ~ Me for every pES; 

BC) (Boundary Condition) for every sequence of vectors 
Pk E S, if (Pk)i -t 0 as k -t 00 for some i 
1,·· ·,1, then II/(Pk)1I converges to 00. 

(Cf. Arrow and Hahn (1971, ch. 4); compare (11) in Section 5.) 

We now study the converse. In particular, we will construct classical economies 
for (classical) functions I: S -t JRI satisfying (WL), (BB) & (BC). Our method 
requires I to be twice-continuously differentiable (C2 ), and gives economies E 
consisting of I agents, and with the property that: 

SC) (Strict Concavity) h is representable by a strictly con-
cave utility function u i for all i = 1, ... , I, 

and such that E rationalizes I on the large compact portion S6 of S, where 
S6 = {p E JRI : P ~ oe}, and 0 > O. Moreover, the economies E also have the 
same sets of equilibria as the sets of zero of the functions f. 

We also notice that our construction method is in fact an algorithm, which 
can be applied in our computability context. In case that the given (classical) 
function I has a computable restriction liSe on the computable price set Se, the 
restriction Eln' of the classical economy E is also a computable economy (as 

c+ 
defined in Section 5.4). 

Theorem B-1 (Characterizations of Excess Demand Functions). 
Let I : S -t JRI be a C2 function satisfying (WL). 

1) If 0 < 0 E JR, then there is a classical economy E = {(h,Wi)}~=l satisfying 
(SC) and such that its excess demand function I satisfies: 

a) lis. = lis •. 
2) If I also satisfies (BB) and (BC), and 0 < 0 E JR is also sufficiently small, 

then there is a classical economy E = {(h,Wi)}~=l satisfying (SC) and such 
that its excess demand function I satisfies (a) and also 

b) 1-1(0) = 1-1(0) ~ S6. 

3) If the restriction liSe is a computable function from Se into JR~, then the 
economies E claimed in (1) and (2) above can be chosen so that the restric
tion Eln' = {(h In' ,Wi)}~=l of E is a computable economy and that 

c+ c+ 
h In' is representable by a strictly c-concave utility function ui : ~+ -t JRe . 

c+ 
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Remark 5. 

a) If we drop the (SC) conclusion, then Theorem B-l(l) becomes Geanako
plos'theorem (1984). 

b) If we drop the (C2 ) assumption and the (SC) conclusion, then Theorem B-
1 becomes Mas-Colell's (1977). 

c) Theorem B-l(2) was stated earlier in Wong (1996b, Proposition). 

Remark 6. 

Theorem 6, page 24, is an immediate corollary of the theorem. To see this, let 
o < ( E IRe and let 9 : Se -t IR~ be a C2 computable function satisfying (WL), 
(BB) and (BC) on Se. Then by our definition of a C2 computable function, the 
function 9 can be extended to a C2 function f : S -t IRI. It is clear that f 
satisfies (WL), (BB) and (BC) on S. Then we can pick a positive computable d 
and a classical economy E, so that the (classical) excess demand function i of 
E satisfies (a,b) in Theorem B-1 for f. By Theorem B-l(3), we can assume that 
the restriction Eln' = {(h Inl ,Wi)} is a computable economy, which clearly 

c+ c+ 
satisfies (10), page 23. It is easily shown that the excess demand function (as 
given in (11), page 23) of the computable economy Elnl is the function ilse' 

e+ 

Notice that 9 = fisc; then by (a) in Theorem B-1 we have ilse,6 = glse.,' and 

by (b) we have ilse1 (0) = g-1(0) ~ Se,6. This proves Theorem 6. 

In our proof of Theorem B-1, we will make use ofthe Debreu individual excess 
demand functions fi: S -t IRI, defined by 

(16) 

where f3i : S -t IR is C2 and positive on S, and and 7r
i is the orthogonal 

projection from the i-th standard coordinate vector ei into the plane orthogonal 
to p, i.e. 

(17) 

The functions pi may also satisfy the property that there is a (1' > 0 such that: 

1 1 
f3i(p) = -

I Pi 
for all P E S\S(7' 
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B.3 Proof of Theorem B-l 

We will first focus on part 2 of the theorem. Then we will discuss how to 
obtain the other assertions of the Theorem by modifying our proof of part (2). 

Proof of Theorem B-l(2). 

I) Boundary Step. Let 1 : S -t /R,l be C 2 and satisfy (WL). We consider ad> 0 
and a C 2 (even COO) function d : S -t [0,1] with the properties that: 

(19) 

We define a function 1 : S -t IRe by 

I(p) = d(p)/(p) + (1 - d(p))g(p), (20) 

where 

g(p) = (1/1)(1/Pb ... , l/pI) - p. (21) 

By (19) and (20) we have 118& = /18&, and 118\8&/2 = gI8\8&/2. It is clear that the 

function 1 is C2 and satisfies (WL) and (BB) and (BC). Now, as the hypothesis 
of Theorem B-1(2) requires, we further assume that 1 satisfies (BB) and (BC). 
Then by Mas-Colell (1977, p. 120 (Lemma 1) and p. 125), for d sufficiently small, 
we have: 1-1(0) = 1-1(0) ~ S6. We pick any such d and fix a function d as 
given above. 

II) Decomposition Step. We will now decompose the function 1 into Debreu 
individual excess demand functions. Since 1 satisfies (BB), we can pick a K > 1 
with I(S) + (Kd/2)e »0. We can pick a C2 (even COO) function () : S -t [1, K] 
such that 

(22) 

For all p E S6/2 we have I(p) + ()(p)p ~ I(p) + (Kd/2)e »0. For all p E S\S6/2, 
by (19b) and (20) we have I(p) + ()(p)p = g(p) + ()(p)p ~ g(p) + p» 0 because 

g(p) + p = (1/1)(1/Pb··· ,pI). 

Thus I(p) + ()(p)p » 0 for all pES, and we can write 

I 

I(p) + ()(p)p = L {Ji(p)ei for all pES, 
i=l 
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so that the functions f3i : S ~ JR are C 2 and positive on S. By (24) we have: 
j = E~=l fi, where fi is the Debreu individual excess demand function defined 

by (16). Also by (19b) we have jls\s&/3 = 9Is\s&/3; so by (22b), (23), and (24), 
the functions f3i satisfy (18) with u = 0/3. 

III) Economy Construction Step. By Proposition 1(2) below, we can pick M, 1', jJ. > 
o with jJ. < I' < 0/3 such that there exist positive vectors Wi, ... ,WI E JRI, and 
strictly monotone and strictly concave functions u1, .. " ul : JR~ ~ JR such that 

the functions ji : S ~ JRI defined by (25) below satisfy the properties (I-II) in 

Proposition 1 below. Then j(p) = E~=l ji(p) is the excess demand function of 
the classical economy E = {(h,Wi)}~=l that satisfies (SC) for all i = 1,·· ·,1, 
where each h is defined by x h y ¢} ui(x) > ui(y). 

We claim that j-1(0) ~ Sw Consider any p E S\Sp. We have either Pi < jJ. 
for some i or p E Sjj, so by (Il.a) and (II. b) in Proposition 1 for some coordinate 

i, we have E#i(ji(P))i + (ji(P))i ~ M, hence j(p) :I O. 

We now show that the function j satisfies the properties (a-b) in the theorem. 

By (I) in Proposition 1 below (with p. = /-I), we have jls" = lis". Notice that 

/-I < 0/3 < 0 and jls& = fls&; therefore jls& = jls& = fls&; this shows (a). Also, 
since j-1(0) ~ Sp and j-1(0) ~ S6 ~ Sp, it follows that j-1(0) = j-1(0). Since 

j-1(0) = f- 1(0) ~ S6 by Step I, we have j-1(0) = r1(0) ~ S6; this shows (b). 
This completes our proof of Theorem B-l(2). 

Proof of Theorem B-l(l). Let f : S ~ JRI be C2 and satisfies (WL), and 
let 0 < 0 E JR. We give two different methods for finding a classical economy E 
satisfying ( a) . 

A) As in the beginning of Step I above, we can pick a C 2 function d: S ~ 

[0,1] satisfying (19). Then the function j defined by (20) is C 2 , satisfies (WL), 
(BB), and (BC). We can apply Theorem B-l(2) and find a positive 0' < 0 and a 

classical economy E whose excess demand function j agrees with 1 on S6 1 2 S6, 
and so Ils& = jls& = fls& by (19). This shows condition (a) in Theorem B-l(l) 
holds. 

B) Alternatively, we can use a simpler version of the proof of Theorem B-
1(2). As in Geanakoplos (1984), we Can simply pick a C2 function 0 : Se ~ JR 
satisfying (24) with j = f and define function ~ by (24) with j = f, and define 
Debreu individual demand functions r as in Step II. We can apply Proposi
tion 1(1) to the functions fi; we obtain individual utility functions u i and Wi as 
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given in Proposition 1(1). Then we can construct a classical economy E as in 
the first paragraph of Step III; its excess demand function j clearly satisfies (a) 
in Theorem B-l. 

Proof of Theorem B-l(3). 

A') The computability case with (BB) & (BG). Let the given function I : 
S -+ lR,I be C 2 and satisfy (WL), (BB) and (BC), and also the property that 
lise is a computable function. We now show that with a more delicate proof, we 
can ensure that the economy E of Theorem B-1(2) satisfies the property claimed 
in Theorem B-1(3). 

1) We can assume that the restriction disc of the function d chosen in Step 
I is a computable function (by Remark 19(2), page 64). It is clear that glsc is 
computable function from Se into IR~, and so if lise is a computable function 

from Se into IR~, then lise (see (20)) is a computable function from Se into IR~ 
(cf. Remark 2, page 16). 

2) We can clearly assume the K chosen in Step II to be computable. By 
replacing (J (see (22)) we can also assume that (Jlsc is a computable function 
from Se into IRe (by Remark 19(2), page 64). 

Then by the modifications (1) and (2), we can assume the .Bilsc are also 
computable functions from Se into IRe. 

3) We can assume that the M and Jl chosen in Step III are computable 
numbers. Then by Proposition 1(3) we can assume the Wi and ui chosen in Step 
III satisfy property (III) in Proposition 1(3). Notice that for all consumers i in 
the economy E defined in Step III, the preference >-; IRI is represented by the 

c+ 
computable utility function ui IR' IR~+ -+ IRe, and so the preference >-; IRI is 

c+ c+ 
computable (by Theorem 1). Thus EIR' is a computable economy. Also, since 

c+ 
u i strictly concave, the function u i is strictly c-concave. Thus the economy E 
satisfies the computability requirements in Theorem B-1(3). 

B') The computability case without (BB) & (BG). Suppose I : S -+ IRI is C 2 

and satisfies (WL), and lise is a computable function. As in method A in the 
proof of Theorem B-1(1), we can pick a computable 6' ~ 6 and we can pick a C 2 

(even COO) function d : S -+ [0,1] satisfying (19) for 6' and such that disc is a 
computable function (by Remark 19(2), page 64). Then the function 1 defined 

by (20) is C2 , satisfies (WL), (BC) and (BB) and lise is computable. By the case 
(A') we can pick a classical economy E as claimed in Theorem B-1(3) and such 

that its excess demand function i agrees with Ion S6 ~ S61. Since Ils&1 = lls&I' 
we have lls& = fls&, i.e. (a) in Theorem B-1 holds. This proves case (B'). (Of 
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course, one can also give a computable analogue of method B discussed above.) 
Q.E.D. 

B.4 Utility functions for Debreu excess demands 

We will construct a strongly classical consumer (ui , Wi) for a function fi as 
defined in Step I, i.e. 0 < Wi E IRI and ui : IR~ ~ IR is strictly concave, 
strictly monotone and continuous. In particular, the excess demand function 
p : S ~ IRI of the consumer (Ui,Wi), which is defined by (cf. (15)): 

ji(p) = {x E B(p,p· Wi) : ui(x) ~ ui(y) for all y E B(p,p· Wi)} - Wi, (25) 

agrees with P on a large compact portion SIJ ~ Se. In additional, our method 
permits us to obtain a boundary condition for P (see properties II in Propo
sition 1) and a computability condition for (Ui,Wi) (see assertion 3 in Proposi
tion 1). 

Proposition 1. Consider any i = 1,···, I. Let /3i : S ~ IR be C 2 and positive 
on S. Let fi : S ~ IRI be defined by (16). 

1) (Strictly concave rationalization) Assume 0 < jj E IR. Then there exists a 
strongly classical consumer (ui , Wi) whose excess demand function ji : Se ~ 
IR~ satisfies: 

I) jilsp=filsp. 

2) (Rationalization with boundary properties) Assume 0 < u E IR and (18) 
holds. For all sufficiently large real M and all sufficiently small real I' > 0, 
the following is true: for all sufficiently small positive real it ~ 1', there 
exists a strongly classical consumer (ui , Wi) whose excess demand function ji 
satisfies (I) for 1', and has the "boundary" properties: 
Il.a) ji(p) ~ -Me for all pES, 
Il.b) (ji(P))i ~ 1M for all pES with Pi ~ it and 

all p E Sji. with Pi ~ 1'. 

3) (Computable rationalization) Suppose pi ISe is also a computable function 
from Se into IRe. 

a) Then the consumer (ui ,Wi) claimed in (1) above can be chosen so that: 

III) Wi E IR~ and uilRI is a computable function from IR~+ into IRe; 
e+ 

b) If, in addition to the hypotheses of (2) above, one has M, I' E IRe, then 
the consumer claimed in (2) can also be chosen with property (III). 
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Remark 7. 

a) Proposition 1(1) is a sharper version of Geanakoplos' result (1984) with 
strictly concavity (rather than just concave) utility conclusion. 

b) Proposition 1(2) was stated earlier in Wong (1996b, Lemma). 

B.5 Proof of Proposition 1(1) 

This lemma is trivial for I = 1. We now assume I > 1. 

Proof of Proposition 1(1). 

Step 1: Finding a utility function V on a rectangle X (Geanakoplos (1984)).) 

Since fi is C 2 (hence continuous), we can choose rectangle X = n~=daj, bj] 
that contains the compact set fi(Sp) in its interior. For all pES, by (16) and 
(17) we have (Ii (p))i > 0 and (Ii (p))j < 0 for all j ::/; i; therefore, we can choose 
the vertices of the rectangle so that ai, bi > 0 and 0 > aj, bj for all j ::/; i. (32) 

We can define the C2 real function q : X -t S by 

q(x) = ei - Xi(X/X . x); (26) 

thus q(x) is the unique pES such that x is on the ray {A1ri(p) : 0 ~ A E lR} 
(cf. Geanakoplos (1984, p. 6)). By Geanakoplos (p. 9, 2nd paragraph), if 01 > 0 
is small enough, and nl > 0 is big enough, then there is a positive N E lR such 
that for all n2 ~ N, the function V : X -t lR defined by(33) 

V(x) = -exp{n2(II1ri (q(x)) - ei ll2 + 01 exp{ndlx - Pi(q(X))1ri(q(x))1I2})}.(27) 

is a strictly monotone and strictly concave C2 function with negative definite 
matrix D2V(x) for all x E X, and has the property that fi(p) uniquely maxi
mizes V(x) on the set B(p)nX for all p ESp, where B(p) = {x E lRl : p·x ~ OJ. 
We fix such 01, nl, n2.(34) 

(32) We can even require these al, bl , ••• ,air b, to be rational or computable numbers. 

(33) This modifies the second displayed fonnula in p. 7 of Geanakoplos (1984), in order to 
obtain differentiability of V( . ) and negative definiteness of its Hessian. Corresponding changes 
in pages 7-9 there support the proof of the rationality, strict monotonicity, strict concavity, 
and negative definiteness properties claimed for V( .). (Although the concavity and negative 
definiteness claims in lines 9 and 11 of his page 8 are not justified, the negative definiteness 
claim in his line 12 is correct, as a direct calculation can show.) 

(34) It is clear that these al, nl, n2 can be chosen to be rational or computable numbers. 
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Step 2) Extending V to a strictly concave function U on all of JRI . 

We pi~k any small positive 02 E JR. For all x E X and all y E JRI, we define 

I 

Lx(Y) = V(x) + DV(x)(y - x)T + L(l- exp{ -02(Yj - Xj)}). (28) 
j=l 

(For any fixed x E X, Geanakoplos' formula V(x) + DV(x - yf gives the affine 
tangent plane Hx approximation to the V-surface (as a function of y) near x. We 
have added the strictly concave sum in order to obtain (in (29) below) a strictly 
concave function having the same tangent plane as Lx. We will see below (32) 
that, by picking 02 small enough, we can also assume that the Lx( . )-surface lies 
between the tangent plane H x and the V-surface.) 

For all x, the function Lx (y) is clearly strictly concave in y. By picking a 
smaller 02 E JR, we can assume DV(x) » (02,···,02) for all x in the compact 
set X; so for all x E X, the function Lx(Y) is also strictly monotone in y. For 
all y E JR1, the mapping x t-+ Lx(Y) a is continuous function on the compact set 
X; then it follows that the function U : JRI -t JR defined by 

U(y) = min Lx (y) 
xEX 

(29) 

is strictly monotone and strictly concave. (35) 

To ensure that U coincides with V on X, notice that V is C2 and the matrix 
D2 V (z) is negative definite for all z in the compact set X; so by picking a still 
smaller 02 E JR we can assume: 

(30) 

for all z E X and all non-zero vectors z E JR1, where K = maXx,yEX IIx _ YII. (36) 

(35) Notice that U and V depend on ji. (through X). 

(36) It is clear that we can choose 0'2 to be a rational or computable number. 
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Then for all pairs of distinct x, y E X, we have L:r(Y) > V(y) because: 

L:r(Y) - V(y) = L:r(Y) - V(y) - L:r(x) - V(x) 

= 11 11 ~22 (L:r(ty + (1 - t)x) - V(ty + (1 - t)x))dt dt 

1 1 I 

= 11 (-(0'2)2I)Yj-Xj)2 exp{-0'2t (Yj-Xj)) 
o 0 j=1 . 

- (y - x)D2 V(ty + (1 - t)x)(y - xf)dt dt (31) 

1 1 I 

~ 11 (-(0'2)2L:(Yj -Xj)2exp{0'2K} 
o 0 j=1 

- (y - x)D2V(ty + (1 - t)x)(y - xf)dt dt 

> 0, 

where the first equality holds because L:r(x) = V(x) by (28), and the last in
equality is obtained by substituting z = (x - y) and x = (ty+ (1- t)x) into (30). 
Also, notice that V(y) = Ly(Y) when y E X; so we have: 

V(y) ~ L:r(Y) for all x, y EX. (32) 

Then by (29) we have: 

Ulx = Vlx. (33) 

For all p E Sjj, by Step 1 the the vector f(p) uniquely maximizes V(x) on 
B(p) nx, so by (33) f(p) uniquely maximizes U(x) on B(p) nx, hence also on 
B(p) since U is (strictly) concave. 

Step 9) Choosing (Ui,Wi)' 

We can pick any M > 0 with fi(p) > -Me for all p in the compact set Sjj.(37) 

We define Wi = (M,·.·, M) and define ui 
: 1R~ -+ 1R by ui(x) = U(x - w;). 

Obviously, the function ui is C2 , strictly monotone and strictly concave. For 
any p E Sjj, the vector f(p) + Wi is nonnegative, belongs to B(p,p . w;); it 
also uniquely maximizes ui(x) on B(p,p' Wi) since fi(p) uniquely maximizes 
U(x) on B(p). Therefore, we have f(p) = ji(p) for all p E Sjj, where ji is 
the excess demand function (see (25)) of the classical consumer (Ui,Wi)' Thus 
fi lsI' = ji lsI" as we desire. 

(37) It is clear that we can choose M to be a rational or computable number. 
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Proof of Proposition 1(2). By (16), (17), and (18), we have: 

(fi(p))i = (1/1)((I/p;) - p;) 

for j # i 
(34a) 

(34b) 

for all P E S\Su. Since Ii is C 2
, if M > 1 is sufficiently large, we have Ii (p) ~ 

-Me for all P in the compact set Su, and so by (34) we have: 

l(p) ~ -Me (35) 

for all pES. We fix such an M. 

By (34) it is clear that if a positive J.L is sufficiently small, then: 

Pi ~ J.L ~ (l(p))i ~ 21M for all pES. (36) 

We fix such a J.L < u. Notice that (34) holds for all pES with Pi ~ J.L (or when 
Pi is near J.L). 

We will make use of the two vectors p, P E SIJ such that 

1) a) Pi = J.L, b) Pi = ((1 - J.L2)/(l- 1))1/2 for j # i; 
2) a) Pi = J.L, b) Pi' = (1- (/- 1)J.L2)1/2, 

c) Pi = J.L for j # i, i', 
(37) 

where i' is a coordinate different from i. Notice that P (uniquely) maximizes Pi' 
on SIJ' i.e. 

for all P E SIJ. (38) 

Moreover, it can be checked that:(38) 

for all P E SIJ and all j # i'. (39) 

We now define x = li{p). For any P ESe, by substituting (37(1)) into (34) 
we have: 

p. x =p·l{p) 

= (1/1)[Pi{1/J.L - J.L) - LPi{{1- J.L2)/{1- 1))1/2] 
j¢i 

(40) 

(38) To see (39), consider any pES,.. Notice that (Pi' - Pi,)2 ~ 0, so 2Pi' (Pi' - Pi') ~ 
(Pi,)2 - (Pi' )2; hence 2Pi'(Pi' -Pi') ~ Ei~i' ((pi)2 - (Pi )2) = Ei# ((pi)2 - (1J)2). Also, since 

pES,., we have Pi ~ IJ for all j. Hence for all j:F i, we have 2Pi'(Pi' - Pi') ~ (pi)2 -1J2 ~ 
IJ(Pi - IJ) = IJ(Pj - Pi); so (39) follows immediately. 
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where the last inequality holds because Lj¢i Pj ~ 1-Pi for all P E 5. Therefore, 
for all sufficiently small ji > 0, we have: 

Pi ~ ji ~ p. x ~ 0 for all P E 5. (41) 

We now fix any such ji with ji < J1.. 

We now show that it suffices to find a continuous, strictly monotone and 
strictly concave function iii : IR,I --t JR such that 

1) fi (p) uniquely maximizes ui on B (p) for all P E 5 JJ , 

2) ui(y) ~ ui(x) implies Yi ~ 1M for all Y E JRI , (42) 

3) if P E 5p. with Pi ~ J1., and Y E JRI with iii (y) ~ 
iii(fi(p)), then Yi ~ 1M, 

where B(p) = {x E JRI : p. x ~ O} (as defined in Step 1 above). 

For such a iii, we define Wi = (M,···, M) and define ui : JR~ --t JR by 
ui(x) = iii (x -Wi). The function ui is continuous, strictly monotone and strictly 
concave. We consider the excess demand function ji of the strongly classical 
consumer (Ui,Wi) (see (25)). Conditions (35) and (42(1)) imply, as in the last 
paragraph of Step 3 above, that ji satisfies property (I) in Proposition 1 for J1.. 

Also, ji(5) ~ -Wi = -Me, i.e. ji satisfies property (II(a)). To see property 
(II(b)), we first suppose P E 5 with Pi ~ ji. By (35) and (41), the vector 
x + Wi E B(p,p· Wi)' so ui(ji(p) + W;) ~ ui(x + Wi), hence iii(ji(p)) ~ iii(xi); 
then by (42(2)) we have (ji(p))i ~ 1M. Now we suppose p E 5p. with Pi ~ J1.. By 
(35) the vector f(p) +Wi E B(p,p ·Wi), so it follows that iii(ji(p)) ~ ui(fi(p)), 
hence by (42(3)) we have (ji(p))i ~ 1M. Thus ji also satisfies (II(b)). 

It remains to find such function iii. We pick functions V and U as defined in 
Steps 1 and 2 (of proof of Proposition 1(1)) above with ji = ji. 

We define x = fi(p), where p is defined by (37(2)). For every ..\ E JR with 
o ~ ..\ < 1, we define the function g). : R --t JR by 

g).(x) = V(x) + (1- exp{-..\(x; - Xi)}) 

+ ..\(1- exp{-..\2(Xi' - Xi')}) 

+..\ L (1- exp{-..\3(Xj - Xj)}). 
j¢i,i' 

(43) 

It is clear that for all ..\ > 0, the function g). is C2 , strictly monotone, and strictly 
concave. 
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In order to ensure (42(2)) and (42(3)) for the function iii that we seek, it will 
be useful to show that if A > 0 is sufficiently small then: 

[Pi ~ Il & 9>.(Y) ~ 9>.(fi(p))] implies Yi > 1M (44) 

for all Y E IR,I and all pES. (So when we view 9>. as a "utility" function, 
(44) ensures that, if Pi is "small," then the component Yi of every bundle Y in 
the upper contour C of Ii (p) is "large" - i.e. C lies in the upper half space 
{x E JRI : Xi > 1M}.) 

To verify (44), consider any pES with Pi ~ Il = Pi. By (34a) we have 
(f(p))i = (1/1)(I/Pi - Pi) ~ (1/1)(1/1l-1l) = Ii (p)i = Xi; so (Ji(p))i - Xi ~ O. 
For all j:f- i, we have (fi(p))j ~ -M by (35), and Xj = (fi(p))j ~ 0 by (34b) & 
(37(2.a,b)); so Ii (p)j - Xj ~ -M. Also notice that A < 1, so by (43) have: 

9>.(Ji(P)) ~ V(x) + A(l- 1)(1- exp{.AM}). (45) 

Now consider any Y E JRI with Yi ~ 1M. We have Xi = (fi(P))i ~ 21M by (36) 
& (37(2.a)), so Yi - Xi ~ -1M. Also, the sum of the last two lines in (43) is 
bounded above by A(I - 1); so 

9>.(Y) ~ V(x) + 1- exp{AIM} + A(I- 1). 

By (45) and (46), we have: 

9>.(Ji(P)) - 9>.(Y) ~ H(A), 

(46) 

(47) 

where H(A) = -A(I-l) exp{AM} - (1- exp{AIM}). Notice that H(O) = 0 and 
DH(O) = -(I - 1) + 1M > O. Therefore, if A > 0 is sufficiently small, then we 
have H(A) > 0, so by (47) we have (44) for all Y E JRI and all pES. 

In order to ensure property (42(1)) for the function iii that we seek, it will 
be useful to show that if A is sufficiently small, then:(39) 

9>.(F(p)) ~ VCf(p)) for all P E S/J. (48) 

(The following proof of (48) ends in the paragraph preceding (61).) 

We suppose by contradiction that there exists a sequence of Ak > 0 convergent 
to 0 and a sequence of Pk E S/J such that 

for all k. (49) 

(39) This need not hold for p outside S,... or for bundles not chosen by ji. 
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Notice that for the function q defined in (26), we have q(t(p)) = P for all 
P E Sjl (as in Geanakoplos (1984, p. 7)). Thus for x = fi(p) and P E SIJ' the 
argument of the second exponential in (27) vanishes, and therefore: 

(50) 

for all P E Sw We can pick a positive N > 0 such that -exp{n2(p;)2 + ad ~ 
- exp{n2(p)2 + ad - (I/N)(Pi - p) for all P E SIJ; so when x = f(p) and Pi = p, 
then: 

V(t(p)) ~ V(x) - (I/N)(pi - p) (51) 

for all P E SIJ· 

Since SIJ is compact, by picking a subsequence we can assume Pk -t p* for 
some p* E Sw There are two possibilities: 

Case 1) Suppose pi > p. Then we have pi > Pi = p. By (50) we have 
V(fi(p*)) < V(fi(p)) = V(X). Since V(fi(pk)) -t V(fi(p*)) and gAk(Ji(Pk))-t 
go(Ji(p*)) = V(x) as k -t 00, it follows that gAk(fi(Pk)) > V(fi(pk)) for all 
sufficiently large k; this contradicts (49). 

Case 2) Suppose pi = IJ. Since u > p = lilI1Jc-+oo(Pk)i, by picking a 
subsequence we can assume for all k that (Pk)i < u, and so (34) holds for 
all the vectors Pk, hence by (34) and (37(1.b)) we have: (t(Pk))i - Xi = 
(1/1)[(I/(Pk)i - (Pk)i)) - (l/p- p)]. Therefore by picking a larger N we can 
assume (in addition to (51)): 

(52) 

By (34b) we have 

F(Pk)j - Xj = (1/I)(pj - (Pk)j) for all j =I i. (53) 

Then by picking a still larger N we can assume N > (1/1)2pil / p; so by (38) and 
(39) and (53) we have: 

for all j =I i, i'. (54) 

Substituting into (43) the inequalities (52), (53) for j = i', and (54), we obtain 

gAk(F(Pk)) ~ V(x) + 1- exp{AkN((Pk)i - p)} 

Ak[1 - exp{ -(Ak)2(1/1)(Pil - (Pk)i /)) (55) 

+ (I - 2)(1 - exp{(Ak)3 N(pi' - (Pk )i/)} )]. 
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By (51) and (55), we have: 

9>.. (x)(fi(Pk)) - V(l (Pk)) ~ G(Ak; (Pk)i -11-) + AkK(Ak;Pil - (Pkk), (56) 

where 

G(Ak; (Pk)i -11-) = 1 - exp{AkN((Pk)i -11-)} + (I/N)((Pk)i -11-) (57) 

K(Ak;Pil - (Pk)i l) = I-exp{-(Ak)2(1/1)(Pil - (Pk)i l)} (58) 

+ (1- 2)(1- exp{(Ak)3N(Pil - (Pk)il)). 

In order to contradict (49), we will now show that the G and K values are 
nonnegative for large k. 

Notice that for all nonnegative s ~ 1, we have 

G(Ak'S) = 16 

[-AkN exp{AkNt} + (I/N)] dt 

~ l' [-AkN exp{N} + (I/N)] dt, 
(59) 

(where the inequality holds since 0 < Ak < 1 and 0 ~ t ~ S ~ 1). Recall 
that Ak -t 0; therefore for all sufficiently large k, we have 1/ N ~ Ak N exp{ N}, 
so G(Ak' s) ~ 0 for all nonnegative S < 1, hence G(Ak; (Pk)i - 11-) ~ 0 (since 
O~(pk)i-Jl~I). 

Similarly, for all nonnegative S ~ 1, we have 

K(Ak'S) = 16 

[(Ak)2(I/I) exp{ -(Ak )2(1/I)t} - (I - 2)(Ak)3 N exp{(Ak)3 Nt}]dt 

~ 16 

[(Ak)2(1/I) exp{ -(Ak)2(1/l)) - (I - 2)(Ak)3 N exp{N}]dt (60) 

= (Ak)21
6 

[(1/1) exp{-(Ak)2(1/I)} - (1- 2)AkN exp{N}]dt, 

(where the inequality holds since 0 < Ak < 1 and 0 ~ t ~ S ~ 1). Notice that for 
the function J(A) = (1/1) exp{ -(A)2(I/I)}-(/-2)AN exp{N}, we have J(O) > 0, 
so J(A) > 0 for small A. Recall that Ak -t 0; therefore for all sufficiently large 
k we have J(Ak) > 0, so K(Ak'S) ~ 0 for all nonnegative S ~ 1, and hence 
K(Ak,pi' - (Pkk) ~ 0 (since 0 ~ Pi l - (Pk)il ~ 1, see (38)). 

As the last two paragraphs show, the G and K values are nonnegative for 
large k, so by (56) we have 9>.. (fi (Pk)) ~ V(fi(pk)) for all sufficiently large k. 
This contradicts (49). 
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Thus we have shown that if A is sufficiently small, then (48) holds for all 
p E SIJ. Pick such A > O. By picking a smaller A > 0, we can also assume (44) 
holds for all p E SIJ.(40) 

Now we define the function iii : IR,l --t JR by 

(61) 

It is clear that iii is continuous, strictly monotone and strictly concave. 

It remains to show that the function ii satisfies (42(1-3)). 

To see (42(1)), consider any p E SIJ. Suppose y E B(p) with y # fi(p). Since 
f(p) uniquely maximizes U(x) on B(p), we have U(f(p)) > U(y). By (48) and 
(61) we have 

(62) 

so iii(fi(p)) > Ui(y) ~ iii(y). Thus fi(p) uniquely maximizes iii(x) on B(p) for 
all p E SIJ. This proves (42(1)). 

To see (42(2)), notice that by (37(1a,2a)) and (50) we have V(f(p)) = 
V(fi(p)), so U(fi(p)) = U(fi(p)) by (33), hence iii(fi(p)) = iii(fi(p)) by (62); 
i.e. iii(i) = iii(z). Also by (43) we have 9>.(i) = V(i), so 9>.(i) = U(i) by 
(33), hence iii(z) = 9>. (i) by (62). Now consider any y E IR,l with iii(y) ~ iii(z). 
Then 9>.(y) ~ iii(y) ~ iii(z) = 9i(i). Then by (44) we have Yi > 1M. This 
proves (42(2)). 

To see (42(3)), consider any p E Sp with Pi ~ 1-', and any y E JRI with 
iii(y) ~ ui (fi (p)). Suppose y = F(p), then by (36) we have Yi ~ 21M ~ 
1M. Now suppose y # fi(p). Then we have: iii(F(p)) = 9>.(f(p)), because 
otherwise, we would have: iii(F(p)) = U(f(p)) > U(y) ~ iii(y) , contradicting 
the hypothesis that ui(y) ~ ui(fi(p)). Thus we must have 9>.(y) ~ iii(y) ~ 
iii(f(p)) = 9i(F(p)), and so by (44) we have Yi > 1M. Hence (42(3)) holds. 
This completes our proof of Proposition 1(2). Q.E.D. 

Proof of Proposition 1(3a) Suppose the given function Pi : .S --t IR also 
satisfies the property that Pilsc is a computable function from Se into IRe. We 
will show that we can ensure that the consumer (Ui,Wi) defined in Step 3 of our 
proof of Proposition 1(1) also satisfies property (III). 

We can assume the vertices of the box X = n~=l [ai, bi] chosen in the be
ginning of Step 1 in the above proof of Proposition 1(1) to be rational (hence 
computable) vectors, i.e. ai, bi are rational numbers (as noted in Footnote 32). 

(40) It is clear that this>' can be chosen to be a rational or computable number. 
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Now suppose the given function {3i : S -+ iR also satisfies the property that 
{3i Isc is a computable function from Se into iRe. It is clear from (26) that the qlxc 

is a computable function from Xe into Se, where Xe is the set of all computable 
vectors in X. Also, it is clear from (17) that the function 1rilsc is also a com
putable function from Se into iR~. We can assume the numbers al, nl, n2 chosen 
in (27) to be rational (hence computable) number (as noted in Footnote 34). 
Then, Vlxc is a computable function from Xe into iRe (cf. Remark 2(2), page 16). 
Since V is C 2 (hence C 1) on the rational box X, (by Remark 17(1), page 60(1)) 
it is computable-continuous. It is also clear that we can assume the a2 chosen in 
(28) is a rational (hence computable) number. Then (by Remark 17(3), page 60) 
the function U defined by (29) is computable-continuous. 

Since the function U : iRl -+ iR is computable-continuous, its restriction 
UIR~ is a computable function from iR~ into iRe (by Remark 15(1), page 58). 
It is also clear that we can assume the vector M chosen in Step 3 of our proof 
of Proposition 1(1) to be rational (hence computable). Then it is immediate 
that the function ui and the endowment Wi (again defined in Step 3) also satisfy 
property (III) in Proposition 1(3), and this proves Proposition 1(3a). 

Proof of Proposition 1(3b). Let the given function {3i have a computable 
restriction {3;jsc -+ iRe, and let M, JJ E iRe. We will show that we can ensure that 
the consumer (Ui , Wi) constructed in the proof of Proposition 1 (2) also satisfies 
property (III). 

As in the proof of Proposition 1(3a) above, we can assume the box X has 
rational vertices, and that the numbers al, nl, n2, a2 are rational, and so the 
function U : iRl -+ iR defined by (29) is computable-continuous. Since JJ is 
computable, then by (37(2)) the vector fJ is computable, and by (34) so is the 
vector i: = fi(fJ); also by (50) we have V(i:) = -exp{n2(Pi)2 + ad, which is 
a computable number. It is clear that we can assume the A used in (61) to be 
rational (as noted in Footnote 40), so the function 9>. is computable-continuous 
(cf. Remark 14(1,2), page 56). Then the utility iii defined by (61) is computable
continuous (cf. Remark 14(1,2)). 

Since M E iRe, the endowment Wi = (M, M,"', M) defined in the para
graph following (42) is computable. Also, since the function iii is computable
continuous, the function ui = iii(z - wd is also computable-continuous, and 
hence ui IRI is a computable function from iR~+ into iRe (by Remark 15( 1), 

c+ 
page 58). Thus the consumer (ui , Wi) also satisfies the property (III). 
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APPENDIX C: A REVIEW OF RECURSIVE ANALYSIS 

We discuss some recursive analysis tools that we have applied in our economic 
analysis. For general background, see Moschovakis (1964a, 1964b) , Beeson (1985) 
and Pour-EI and Richards (1989). 

We take as given the notions of a recursive function and a partial recursive 
function from IN into IN. (Cf. Section 4.1.) 

We use the notation of Section 5.1. 

C.I Two theorems in recursion theory 

In recursIve analysis, recursion theory is applied to studying problems in 
mathematical analysis. The following two theorems are fundamental in recursion 
theory. Their proofs can be found in standard references, e.g. Kleene (1952) and 
Davis (1983). 

Theorem C-I (Kleene's Normal Form Theorem). There is a recursive 
function U : IN ~ IN and recursive functions Rk : INk+2 ~ IN, where k = 
1,2"", such that for every partial recursive function I{' : INk ~ IN, there exists 
at least one n E IN (called a Godel number of I{') such that: 

(63) 

Remark 8. 

We choose any such hierarchy of functions <l>k and treat them fixed through 
this appendix. The function <I> in (2) in Section 4 is understood to be <1>1. 

Theorem C-2 (Kleene's S-m-n Theorem). There are recursive functions 
~(y, Zl,"', zn) such that: 
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C.2 Computability for sequences of computable real vectors 

The classical notion of recursive function applies to functions taking values in 
IN. The "recursive" notion easily extends to functions (sequences) taking values 
in the set Q of rational numbers (by applying the classical recursive definition 
of numerators and denominators). To extend to functions (or sequences), taking 
other real values, we will take limits (in a recursive/effective way); then we use 
the terminology "computable" rather than "recursive." 

Definition 5 (Specker (1949), Rice (1954); cf. Pour-EI and Richards 
(1989». A sequence {Vk}KeJV of q-dimensional vectors of rational numbers 
is recursive if it is generated by an algorithm, i.e. if there are recursive functions 
4>L 4>~, 4>~, ... , 4>1, 4>~, 4>Z : IN ~ IN such that 4>~(k) 1: 0 for all k E IN and all 
i = 1, ... , q, and 

v = ((_l)4>Uk)4>~(k) ... (_I)4>1(k)4>~(k)) for all k E IN 
10 4>~(k)" 4>Z(k) . 

(66) 

Similarly, a double sequence {Vnk }K,neN of rational vectors is recursive if there 
are recursive functions 4>i , 4>~, 4>~, ... , 4>1, 4>~, 4>Z : IN x IN ~ IN such that 4>~ (n, k) 1: 
o for all n,k E IN and all i= 1,···,q, and 

v = ((_l)4>~(n,k)4>Hn, k) ... (_I)4>~(n,k)4>~(n, k)) for all n k E 111.(67) 
nk 4>~(n, k)" 4>Z(n, k) ,'" 

The notion of a recursive triple sequence of rational vectors is defined in a similar 
manner. 

Going beyond rational numbers, to arbitrary reals, we define the notion of 
computable real numbers and vectors as in Definition 1, page 11. 

Remark 9. 

Obviously, a q-dimensional real vector x is computable if and only if x is the 
effective limit (cf. Footnote 9) of a recursive sequence of rational vectors Vk, 
i.e. IIvk - xII ~ 2- 10 for all k E IN. 

Remark 10. 

The computable real numbers constitute a real closed ordered field (IRe, +, . , 0, 1, > ) 
under the usual definitions of +, ·,0,1, and >. (Cf. Footnote 49, page 59.) 
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Definition 6 (Rice (1954); cf. Pour-El and Richards (1989». A se
quence {Xn}nEJV of real vectors is computable if it is the effective limit of some 
recursive double sequence of rational vectors Vnk, i.e. IIxn - vnkll ~ 2-k for 
all n, k E IN. Similarly, a double sequence {Xnk}n,kEJV of real vectors is com
putable if it is the effective limit of some recursive triple sequence {Vnktln,k,tEJV 
ofrational vectors, i.e. IIXnk - vnktll ~ 2- t for all n, k, t E IN. 

Remark 11. 

The following facts are easily verified: 

1) If {xn} is a computable sequence of real vectors, then each Xn is a com
putable vector; but the converse is not generally true, i.e. an arbitrary sequence 
of computable vectors is not necessarily computable. 

2) A recursive sequence ofrational vectors is a computable sequence; however 
a computable sequence of rational vectors is not necessarily recursive (cf. Pour-EI 
and Richards (1989, p. 24)). 

3) If a sequence {xkhEJV of vectors in IR~ is computable, then there is a 
recursive function r.p : IN -+ IN generating codes r.p(k) of the vectors Xk (cf. Def
inition 2, page 13), i.e. A(r.p(k), Xk) for all k E IN (cf. our proof of Fact 3, 
page 54). The converse is also true (cf. Definitions 5 and 6, equation (63) and 
Definition 2). 

Remark 12. 

1) For every X £ IR~, it follows immediately from Remark 11(3) that every 
computable(41) function f : X -+ IR~ is sequential-computable (as defined in 
Pour-EI and Richards (1989, p. 25)), i.e. 

f maps every computable sequence of vectors Xk E X into 
a computable sequence of vectors f(Xk). (68) 

2) In our economic analysis (see Appendix A, proof of Theorem 5), we have 
used the following sequential-computability property. Let u : IR~+ -+ IRe be a 
computable (hence sequential-computable) and monotone function, let x E IR~, 
and let {vn }nElV be a recursive sequence that enumerates all rational vectors 
in IR~+. We want to enumerate algorithmically all Vn' with the property that 
u(Vnl) > u(x). The monotonicity of u implies there are infinitely many such Vn. 

(41) Definition 4, page 16. 
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To do this, we use the sequential-computability of u, which ensures that the 
sequence {an}nElV of real numbers an = u(vn ) - u(x) is computable; so there 
exists a recursive double sequence {rnk}n ,kElV of rational numbers such that 
Irnk - ani ;£ 2-k for all n,k E IN. Thus for all n' E IN: u(vn,) > u(x) if and 
only if rn',k+l > 2-k for some k E IN. For each k E IN, we define 

Ck = {n' ;£ k : (3k' ;£ k)[rn',k'+l > 2-k']). 

Then we define: 

((0) = min{k : Ck :I 0}, 
i(O) = min{n' : n' E C(O)}, 

and we define for all n > 0: 

((n) = min{k : Ck \b(O),···, i(n - I)} :I 0}, 
i(n) = min{k : k E C(n) \b(O),···, i(n - I)}}. 

It is easy to check that the recursive sequence {v...,(n)}nElV enumerates all Vn ' 

with u(vn ,) > u(x). 

The following Fact 1 asserts that (1R~, II . II) is not a complete metric space, 
but is only recursively complete. 

We say a sequence of vectors Xk E ~ is computably cauchy (see Rice (1954)) 
if there is a recursive function t/J : IN --* IN such that for all N, n, n' E IN: 
n, n' ~ t/J(N) ~ IIxn - xn,lI ;£ 2-N . 

Fact 1 (Specker (1949), Rice (1954». 

1) There is a bounded, non decreasing, and recursive sequence of rational num
bers that does not converge (in the usual sense) to any computable real 
number. 

2) If a computable sequence {Xn}nEJV of vectors in 1R~ is computably cauchy, 
then Xn --* x for some x E 1R~. . 

Proof. See Rice (1954). 

C.3 Continuity and computability 

The following Fact 2 states the continuity property for a computable prefer
ence and computable functions. It has been mentioned earlier. (See Definitions 3, 
4, and Remarks 1, page 15, and 2, page 16.) 
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We say a set X ~ IR~ is recursively separable if it has a dense(42) and com
putable sequence of elements Xk EX (cf. Moschovakis (1964b, p. 223». 

Fact 2 (cr. Moschovakis (1964b)). If X ~ IR~ is closed in IR~ and is 
recursively separable then: 

1) every computable function on X is continuous. 

2) every computable strict preference relation on X is continuous. 

Proof. Assertion (1) is immediate from Moschovakis (1964b, Theorem 3 and 
Corollary 4.1). 

To see (1), by Moschovakis (1964b, Corollary 4.1 and Lemma 3) we have the 
following fact: 

if L1 , L2 ~ X are listable (in the sense of Moschovakis 
(p. 217» and such that Ll n L2 = 0, then for all x E Ll 
and all V E L2 , there exists a computable f > 0 with 
B,(x) n L2 = 0 and B,(V) n Ll = 0, 

(69) 

where B,(x) = {z' EX: IIz'-xll < f} and B,(V) = {z' EX: IIz'-vII < fl. Also, 
notice that for every computable binary relation ~ on X, the (strictly-preferred) 
set Gz = {z' EX: z' ~ z} and the (strictly-worsen) set Wz = {z' EX: z ~ z'} 
are listable sets for all z EX. 

Now we consider a computable strict preference relation on X and any x, V E 
X with x ~ v. There are two cases: 

a) Suppose there exists a z E X with x ~ z ~ v. Then x E Gz and V E Wz . 

Since ~ is computable, the sets Gz and Wz are listable. Notice that Gz n Wz = 0; 
so by (69) for some positive f E IRe, we have: B,(x) n Wz = 0 = Gz n B,(V), 
hence x' t z ~ V and x ~ z t y' for all x' E B,(x) and all y' E B,(V), where t 
is the weak preference corresponding to ~ (cf. Remark 1(3), page 15). Thus ~ 
is continuous at (x, V). 

b) Suppose there does not exist any z with x ~ z ~ v. Then we have i) 
Gil n W". = 0 and ii) Gil U W". = X. By (i) and (69) for some posjtive f EIRe, 
we have B,(x) n W". = 0 = Gil n B,(V), and so by (ii) we have: B,(x) ~ Gil and 
B,(V) ~ W"., i.e. ~ is continuous at (x, V). Q.E.D. 

Remark 13. 

1) The continuity property given in Fact 2 can be strengthened to effective 

(42) I.e. the set {XI< : keN} is dense in X. 
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continuity (cf. Footnotes 16 and 20). 

2) Many sets in IR~ are closed and recursively separable, e.g. IR~+, IR~, and 
Be(P, w) for all (p, w) E Be. 

3) Also, since each computable closed ball is recursively separable, it follows 
from Fact 2 that every open and recursively separable set X ~ IR~ satisfies 
properties (1,2) in Fact 2. 

4) An arbitrary computable relation need not be continuous. To see this, 
Moschovakis (1964b, Theorem 9) gives a listable set L in IRe that is not open 
(indeed is nowhere dense), so the corresponding computable unary relation on 
IRe is not continuous. A trivial extension applies for n-ary relations. 

C.4 Verifying computability for functions 

The following fact is useful for showing whether a given function is com
putable. 

Fact 3. Let X ~ IR~ and f : X --+ IRq. Assume there exists a recursive sequence 
of rational vectors Vic E IR~ and a partial recursive function, : IN x IN --+ IN 
such that for all n E IN and all x E X:( 43) 

A(n, x) =? (Vk E IN)b(n, k) ~ & IIV""/(n,lc) - f(x)1I ~ 2-Ic
]. (70) 

Then f is a computable function from X into IR~. 

Proof. First, for any x E X, we can pick any code n of x; then (70) implies 
that f( x) is the effective limit of the recursive sequence of rational vectors Wlc = 
V""/(n,Ic), and so is computable. 

We now construct a partial recursive function that transforms codes of x E X 
into codes of f(x) as in (5) in Section 4. Since {Vic} is recursive, by definition 
there are recursive functions 4>L 4>~, 4>~, ... , 4>1, 4>~, 4>~ : IN --+ IN as given in 
(66). For any 4>~, by Theorem C-1 we can pick a (Gooel number) tij E IN, so 

~2(tij, n, k) = 4>~b(n, k)) for all n, k E IN. Then by Theorem C-2 and Remark 
8 we can pick a recursive function Sf ( . ) so that 

~(T/J}(n),k) = 4>~b(n,k)) for all n,k E IN, (71) 

where T/J}(n) = St(ti,j, n), and ~ is given in (2) in Section 4. Now we define a 

(43) Recall the definition of A(n, x) in Definition 2 in Section 4. 
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partial recursive function ¢ : IN -+ IN by(44) 

¢(n) = (- .. ((Nt (n), 1/J~(n)), 1/J~(n)), (N~(n), 1/J~(n)), 1/J~(n))) .. . ). (72) 

We now show that ¢ satisfies (5). Let x E X and n E IN with A(n, x). Then 
1/J5(n) -l. for all i = 1,···, q and all j = 1,2,3, and so ¢(n) -l.. Notice that for all 
i = 1,···, q and all k E IN, by (66) and (71) we have 

(_1)-~(1/J:(n),k)(cI>(1/J;(n), k)jcI>(1/J1(n), k)) = (V-y(n,k));, 

so I(v-y(n,k)); - (I(x));1 ~ IIv-y(n,k) - l(x)II ~ 2-k by (70), and hence 

A(((1/Jl(n), 1/J;(n)), 1/J1(n)), (I(x));). 

Thus we have A(¢(n), I(x)). This shows that ¢ satisfies (5), and so 1 is com-
putable. Q.E.D. 

We give an application of Fact 3. 

Fact 4. Let X ~ IR~, and 1 : X -+ IRq. Assume 1 is: 
1) weakly sequential-computable, (45) i.e. 

there is a computable sequence of vectors Xk E X such that 
{Xk : k E IN} is dense in X and such that the sequence of (73) 
vectors I(Xk) is computable; 

2) effectively locally unilormly continuous (e.l. u. c.) i.e. 

there is a recursive function ( : IN -+ IN such that for all 
n E IN and all x, y E X: if IIzII, IIyll ~ n and IIx - yll ~ (74) 
2-((n), then II/(x) - l(y)II ~ 2-n. 

Then 1 is computable function from X into IR~. 

Proof. For {Zk} as in (73) the sequence of vectors I(Xk) is computable, so by 
definition there is a recursive double sequence of rational vectors Vkm such that 
II/(zk) - vkmll ~ 2-m for all k, m E IN. Then for the recursive sequence of 
rational vectors Vk = Vk,k+b we have II/(zk) - vkll ~ 2-(k+l) for all k E IN. 

By using partial recursive functions that compute the Euclidean norm II . II 
and the greater than relation> (cf. Footnote 14), it is easy to construct a partial 

(44) Recall that we have fixed the recursive "coding" function (" .) in Definition 2 in 
Section 4. 

(45) This is a weakened variant of (68). 
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recursive function , : IN x N -+ IN such that for all x E X and all n EN, if 
A(n,x), then for all k E IN, one has: ,(n,k).j., and IIxll,lIx'")'(n,k)ii < 2-(k+1), 

and IIx - x'")'(n,k)ii < 2-(k+1) for ('(.) as in (74). Then it follows that, satisfies 
(70), and so Fact 3 ensures that f is computable. Q.E.D. 

C.5 Computable-continuous real functions 

Fact 4 connects (see Remark 15 below) the notion(46) of a computable func
tion that we are using to another widely used computability notion, that of 
a "computable-continuous" function (Grzegorczyk (1955, 1957) and Lamcobe 
(1955a,b); cf. Pour-EI and Richards (1989, Definition A, p. 25)). While a com
putable function is defined on the computable reals JRe , a computable-continuous 
function is defined on the reals JR. Also, while a computable function is not nec
essarily locally uniformly continuous (cf. Beeson (1985, p. 70)), by definition a 
computable-continuous is locally uniformly continuous. 

For simplicity, we will consider computable-continuous functions defined on 
the closed sets such as JRI , JR~, I, I X JRI , where: JRI is the I-dimensional space 
of real numbers, JR~ = {x E JRI : x ~ OJ, and I is an arbitrary computable 

rectangle in JRI
, i.e. I = n~=dai,bd, where a,b are computable vectors in JRI 

with a ~ b. The definition can be applied to other sets in JRI . 

Definition 7 (Grzegorczyk (1955, 1957), Lacombe (1955); cf. Pour-EI 
and Richards (1989». Let X be JRI , JR~, a computable rectangle I in JRI , 

or the product JRI x I of JRI with a computable rectangle I in JRI . A function 
f : X -+ JRm is computable-continuous (c-c) if it is both sequential-computable 
and effectively locally uniformly continuous, i.e. if f satisfies (68) and (74) on 
X. A sequence Un}nEJV of c-c functions fn : X -+ JRm is computable if:(47) 

1) Un} is sequential-computable, i.e. for every computable sequence {xkhElN of 
elements in X, the double sequence Un(Xk)}n,kE.IV of vectors is computable. 

2) Un} is effectively locally uniformly continuous (e.l.u.c'), i.e. there is a recur
sive function (' : IN x IN -+ IN such that for all n, k E IN and all x, y EX: if 
IIxll, lIyll ~ k and IIx - yll ~ 2-(n,k), then IIfn(x) - fn(y)1I ~ 2-k . 

Remark 14. 

1) Most functions we use in applied economics and applied mathematics are 

(46) See Footnote 17. 

(47) Usually, the abbreviation "c-c" will be used when we discuss a sequence of computable
continuous functions, and we will not use it for a single computable-continuous function. 
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computable-continuous: x + y, x - y, yfi, exp{x}, log(x), max{x, V}, min{x, y} 
x· y, polynomials with computable coefficients, etc. (See Remark 2(1,2) page 16, 
and Remark 15 below). 

2) (a) A composition of computable-continuous function is computable con
tinuous. 

(b) More generally, the class of computable sequences of c-c functions is 
closed under effective compositions. For example, suppose {FkhelN is a com
putable sequence of c-c functions Fk : IRrq -+ IRm, and I : IRI -+ IRq is a 
computable-continuous function, and {glhelN,···, {gkhelN are computable se
quences of c-c functions gl, ... , gk : IRI -+ IRq, then the sequence {In }nelN of 
functions In : JR! -+ IRm defined by the following Scheme (I) is also a computable 
sequence of c-c functions; 

t/J : IN -+ IN is a recursive function, and 

In(·) = Ft/J(n)(g~(n)(·),··· ,g¢(n)( .)) for all n E IN. 
(I) 

And similarly, for the sequence {In}nelN offunctions defined by Scheme (II): 

10(·) = Fo(J(· ),g5(.), ... ,g~-l(.)) 

In+l(·) = Fn+1(Jn(· ),g!+1(.), ... ,g~+~(.)) for all n E IN. 
(II) 

is also a computable sequence of c-c functions. (This general assertion can be 
proved by an easy modification of the methods in Pour-EI and Richards (1989, 
pp. 28-32).) Also, notice that the sequence off unctions defined by Scheme (III): 

t/J : IN -+ IN is an increasing recursive function, and 

, () "t/J(n+l)-l 1 ( ) ror all n E IN In . = L.Jk=t/J(n) gk·, l' 

(III) 

can be defined by the effective composition schemata (I) and (II) above, and so 
{In} is also a computable sequence of c-c functions.(48) 

3) The class of computable-continuous functions is closed under effective uni
form convergence (cf. Pour-EI and Richards (1989, Theorem 4, p. 34)). Thus 
given a computable rectangle I in IRI, and a computable sequence of computable
continuous functions In : X -+ IRm, if there is a recursive function ( : N -+ IN 
such that for all k E IN and all n E IN: 

for all x E I, (75) 

(4S) It is clear that scheme (I) covers the case for In = g~(n). 
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then the limit function f(x) = limn-+oo fn(x) is a computable-continuous func
tion from I into JRm. 

Remark 15. 

We notice the relationship between the notion of a computable function and 
that of a computable-continuous function. Let X be as given in Definition 7 and 
let Xc be the set of computable vectors x EX. 

1) If f : X -+ JRm is computable-continuous, then fixe is a computable 
function from Xc into JRr;'. To see this, we can (as in Pour-EI and Richards 
p. 40) pick a computable sequence of vectors Xk E X that is dense in X, hence is 
dense in Xc. The sequential-computability of f implies that the sequence {f(Xk)} 
is computable, and hence fiXe is weakly sequential-computable (as defined in 
(73)). Since f is e.l.u.c. on X, the restriction fiXe is also e.l.u.c. on Xc. Then 
Fact 4 implies that fiXe is a computable function from Xc into JRr;'. 

2) Conversely, if fiXe is a computable function from Xc into JRm , then (by 
(Remark 12(1), page 51) the function fiXe is sequential-computable, so the func
tion f is also. Thus if f is also e.l.u.c., then f is computable-continuous. 

Remark 16. 

We now summarize some known results on the optimization of computable
continuous functions. Let I be a computable rectangle I in JR' . 

1) If f : I -+ JR is computable-continuous, then the maximum value max~EI f(x) 
is a computable number (Grzegorczyk (1955)). 

(a) More generally, for every computable sequence of c-c functions fn : 1-+ 

JR, the numbers ma~El fn(x) form a computable sequence of computable reals 
(cf. Pour-EI and Richards (1989, p.'40, Theorem 7)). 

(b) Even more generally, let {Kn }nEJV be a computable sequence of finite 
unions Kn of computable rectangles, i.e. there is a computable sequence of 
computable vectors (ak' bk) E JRI x JRI with ak ~ bk for all k E IN and a 
increasing recursive function 'IjJ : IN -+ IN such that 

K - U.p(n+1)-l I 
n - k=.p(n) k for all n E IN, 

where Ik = II~=d(ak)i' (bk)i]. Let {fn}nElV be a computable sequence of c-c 
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functions In : Kn -+ IR, i.e. 

1) {fn}neJV is sequential-computable: for every computable 
double sequence of computable vectors Xnk E Kn, 
the sequence {In (Xnk )}n,k is a computable sequence 
of computable vectors in IR; 

2) {fn}neJV is effectively unilormly locally continuous (e.l. u.c.): 
(2) in Definition 7 holds with X = Kn. 

Then the numbers max.,eK .. In(x) also form a computable sequence of com
putable reals. (Cf. Pour-EI and Richards (1989, pp. 40-41, proof of Theorem 
7).) 

2) However a computable-continuous function I : I -+ IR does not neces
sarily admit a computable maximizer (Kreisel (1958); compare our Theorem 2, 
page 19). A counterexample can be constructed with reference to Fact 5 below 
(see e.g. Beeson (1985, pp. 71-73)). 

3) Nevertheless, if a computable-continuous function I : 1-+ IR has exactly 
one maximizer, then such maximizer is a computable vector. Similarly, for a 
computable sequence of c-c functions Ik : I -+ IR, if each Ik admits exactly one 
maximizer Xk, then the sequence of the vectors Xk is also computable. (Cf. Grze
gorczyk (1955, pp. 196-198, proof of Theorem 4) and Ko (1991, p. 73 (proof of 
Theorem 3.1) and p. 75 (Corollary 3.2(b))).(49) 

4) Also, if a computable-continuous I : 1-+ IR is quasiconcave, then I has 
a computable maximizer (Wong (1996a)). In fact, with quasiconcavity, we only 
need that Ille is a computable function from Ie = {x E IR~ : x E I} into IRe. 
(See Theorem 1 and Theorem 2; cf. Richter and Wong (1996a, Theorem 2).) 

5) As an application of (3), let 0 < l E IRe, and let D.f = {x E IRI : E~=l Xi = 
1 and Xi ~ l for all i} be non-empty. For all x E IRI, it is clear that there exists 
exactly one h(x) E D.f with IIh(x) - xII = min{IIY - xII : Y E D.f }. We now show 
that the function h : JR! -+ D.f is computable-continuous. Since IIh(x) - h(Y)1I ~ 
IIx - yll for all x, Y E JR!, it follows that h is e.l.u.c .. Now we consider any 
sequence of vectors Xk E IRI. We can consider D.f as a computable rectangle, 
so the functions dk : D.f -+ IR defined by dk(y) = -lly - xkll clearly form a 
computable sequence of c-c functions. Notice that for all k, the vector h(Xk) 
is the unique maximizer of dk; so by (3) the sequence {h(Xk)} is a computable 

(49) In fact the real closed ordered field properties in Remark 10, page 50, can be proved 
from this. 
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sequence of computable vectors. This shows the sequential-computability of h. 
Hence h is computable-continuous. 

Also, h is computable-continuous, so hllR~ is a computable function from IR~ 

into IR~, hence into l:::.e,f = {x E IR~ : x E l:::.f}' Therefore for all x E IR~, the 
computable vector h(x) uniquely minimizes Ilx - yll on l:::.e,f' and the restriction 

of h on any set in IR~, for example the set l:::.e = {x E IR~+ : 2:!=1 Xi = I}, is a 
computable function. 

Remark 17. 

Let I be a computable rectangle in IRI. 

1) If I : I -+ IRm is continuously differentiable (C1), then it is uniformly 
lipschitz, and hence e.l. u.c.. Further assume that IIIe is a computable func
tion from Ie = {x E I : x E IR~} into IR';', so I is sequential-computable (by 
Remark 12(1), page 51). Thus I is computable-continuous. 

2) If a C 2 function I : I -+ IRm is computable-continuous, then its deriva
tive DI is computable-continuous (cf. Pour-EI and Richards (1989, Theorem 2, 
p. 53)). However, the C 2 condition cannot be weakened to C 1 (Myhill (1971); 
cf. Pour-EI and Richards (1989, p. 51, Theorem 1)). 

3) As an application of (2), suppose V : I -+ IR is computable-continuous 
and C 2 • By (2), its derivative DV is also computable-continuous. Then for all 
n E IRe the equation 

I 

Lr(y) = V(x) + DV(x)(y - xf + 2:(1- exp{-n(Yj - Xj)}) 
j=l 

defines a computable-continuous function (x, y) I-t Lr(y) from I x IR' into IR 
(cf. Remark 14(1), page 56, and Remark 14(2a)). 

Also, the function U : IRI -+ IR defined by U(y) = min{Lr(y) : x E I} 
is also computable-continuous. First, since the function U is e.l.u.c., the map
ping (x, y) I-t Lr(y) is also e.l.u.c .. Next, to see the sequential-computability 
of U, consider any computable sequence of computable vectors Yk E IR'. Then 
the functions Ik : I -+ IR defined by Ik(X) = Lr(Yk) clearly form a computable 
sequence of computable-continuous functions, and so by Remark 16(la), the min
imum values minrEI Ik(X) = U(Yk) form a computable sequence of computable 
reals; hence U is sequential-computable. 

4) (a) Let the functions I,Fk,9k,···,gr., be as given in Remark 14(2b), 
page 56, where k E IN. Assume they are Coo, and that all the sequences of 
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derivatives 

(76) 

are computable sequences(50) of c-c functions. Let {In} be defined by any of the 
schemata (I)-(IlI) in Remark 14(2), page 56. Then the sequence {Dt Inh.nElN 
of derivatives Dt In can be defined by effective compositions as described by 
schemata (I)-(III) on the sequences given in (76), and so (as in Remark 14(2b)) 
{Dt Inh,nElN is also a computable sequence of c-c functions. 

(b) Suppose that {In} is a computable sequence of c-c functions In : I -+ 
JRm and that {Dk In }n,kElN is also a computable sequence of c-c functions, where 
I is a computable rectangle. Suppose {In} converges effectively uniformly to a 
function I as in Remark 14(3). It is not necessary that {Dk IhElN is a com
putable sequence of computable-continuous functions. A counterexample can be 
constructed easily with reference to Pour-El and Richards (1989, p. 56). 

C.6 Computability of separating hyperplanes 

The following theorem carries over a classical separating hyperplane theorem 
to the context of recursive analysis. It extends Theorem 2 in Wong (1996a) by 
permitting relatively convex sets in JR~, instead of requiring sets to be convex 
in JR' . (The proof in Wong (1996a) uses a classical separation theorem together 
with an existence theorem for computable maximizers (cf. Remark 16(4)).) In 
what follows, a set X ~ JR~ is c-convex if AX + (1- A)Y E X for all x, y E X and 
all A E [0,1]c. 

Theorem C-3 (A Computable Supporting Hyperplane Theorem; cf. 
Wong (1996a». Let X be a recursively separable and c-convex set in JR~. If 
X is disjoint from {OJ, then there exists a nonzero p E JR~ with 0 ~ p . X for all 
xEX. 

Proof Let co(X) be the convex hull of X in JR' . We first show that 0 ¢ co(X). 
If not, then by Caratheodory's Theorem, for some (computable) x~, .. " xl EX 

there exist nonnegative real numbers Ao,"', Al with 2:~=o Ai = 1 and 0 = 

(50) In Definition 7, we define a computable sequence of c-c functions In : X -+ Em 
for a fixed range space Em. But in (76), if I: X -+ Em, then D/,D2 I,'" ,Dt I .. · all have 
different range spaces. Therefore, to formally define the notion of a computable sequence of 
c-c functions in the context of (76), we would modify Definition 7 to allow In : X -+ Em", 
and accordingly extend Definition 5 of computable double sequence of vectors to allow Ynk in 
the varying range spaces nm". And similarly we can understand the definition of e.l.u.c. in 
Definition 7 to allow the norms " . " to apply to the varying ranges Em". 
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L:~~ .Ai Xi. Since the computable real number field is a real closed ordered sub
field of the reals, it follows from Tarski's theorem (1951) on elimination of quan
tifiers that we can assume those .Ai are computable.(51) So the c-convexity of X 
implies 0 EX, contradicting the hypothesis. Thus we must have co(X)n{O} = 0. 

Since X is recursively separable, it has a dense and computable sequence of 
elements Xn E X. It is clear that {xn } is also dense in co(X). Then Wong 
(1996a, Theorem 2) yields a nonzero ji E JR~ with 0 ;£ ji. x for all x E co(X), 
and hence 0 ;£ ji . x for all x EX. Q.E.D. 

Remark 18. 

As in the classical case, Theorem C-3 can be extended to a computable sep
arating hyperplane theorem for c-convex and recursively separable sets X, Y ~ 
~. -

C.7 Computable Urysohn's Lemma 

The following Lemma 1 is a computable version of Urysohn's Lemma. It es
sentially extends the lemma in Zhou (1992, p. 33) by obtaining the Coo property 
for the "bump" function. 

Lemma 1 focuses on an arbitrary union K = Uj=l Ii of finitely many rational 

rectangles Ij in JRI, where Ij = n~=d(aj)i' (bj)i] and aj, bj are rational numbers 
in JRI with aj ;£ bj. 

For every computable number r > 0, we define the computable rectangle 

(77) 

so the set K + Br contains the neighbourhood UzEK{Y E JRI : lIy - xII < r} of 
K. 

We will make use of the standard non-decreasing, Coo and computable
continuous "bump" function H : JR -t [0,1] defined by: 

H(z) = { ~ - exp{ -z/(I- z)) 
for x ~ 1 
for 0 < x < 1 
for x ;£ 0 

(78) 

(51) As noted in Richter and Wong (1996a, Footnote 10), this also follows from the weaker 
property of model completeness for the theory of real closed ordered fields. In fact, since the 
present equality system is linear, it also follows from the fact that solvable linear equality 
systems are solvable in the subfield in which their parameters lie. 
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Notice that the sequence {Dk H( . )heN of derivatives is a computable sequence 
of c-c functions from JR into JR. (Cf. Pour-El and Richards (1989, p.52).) 

Lemma 1 (A Computable Urysohn's Lemma; cf. Zhou (1992». Let 
K = U'J'=oIj be a finite union of rational rectangles Ij = II~=d(aj);, (bj );]. Let 
r > 0 be a rational number. Then there is a Coo computable-continuous function 
GK,r : JR -+ [0,1] such that: 

1) GK,r(x) = 1 

2) GK,r(x) = 0 

for all x E K, 

for all x E JRI\(K + Br). 
(79) 

Furthermore, the G K,r can be chosen so that: 

3) {DkGK,r heN is a computable sequence of c-c functions, 

4) for all k = 1,2"", the derivatives DkGK,r(X) = 0 (79) 

for all x E K and for all x in the closure of JRI \ (K + Br ). 

Proof. For each rectangle Ij, we can clearly choose a finite lattice of points v E Ij 
such that each x E Ij is within distance r/2 of some v. Furthermore we can do 
this algorithmically. For example, for each j we define Nj to be the least k E IN 
such that 

for all i = 1, ... , 1, (80) 

and define: 

N K = max{ Nj : 0 ~ j ~ m}. (81) 

For each Ij , we define C (Ij , N K) to be the set (lattice) of all the rational vectors 
v such that 

nl nl nl nl 
v=(NK(ajh +(l- NK)(bjh,"" NK(aj )I+(l- NK)(bj)t} (82) 

for some natural numbers nl,"',nl ~ NK. For each v E U'J'=lC(Ij,NK), we 
define a Coo computable-continuous function Gv,r : JR -+ [0,1] by:· 

Gv,r(x) = 1- H(lIx - vll/r). (83) 

Consider any x E K. Then x E Ij for some j, so IIx - vII ~ r/2 for some 
v E C(Ij, r), hence Gv,r(x) = 1 - H(lIx - vll/r) ~ 1 - H(1/2) > O. Therefore, 
we have: 

Gv,r(x) ~ 1 - H(1/2) for all x E K. (84) 
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Now consider any x E IRI\(K + Br). Then IIx - yll ~ r for all y E K; 
so for all v E UJ'=lC(Ij,NK), we have IIx-vll ~ r, hence by (78) we have 
H(lIx - vll/r) = 1, hence GtI,r(x) = O. Therefore, we have: 

GtI,r(x) = 0 

Finally, we define the Coo computable function GK,r : IR -+ [0,1] by 

G ()=H(LtlEU8'_ l C(Ij,NK)GtI,r(X)) 
K,r x 1 _ H(1/2) . 

(85) 

(86) 

By (84) and (78), the function GK,r satisfies (79(1)); and by (85) and (78), it 
also satisfies (79(2)). Also, recall that {Dk HhEIN is a computable sequence of 
c-c functions; so (79(3)) follows from (86) and (83) (cf. Remark 17(4a)). The 
property (79(4)) is easily checked. Q.E.D. 

Remark 19. 

1) Instead of restricting the range of GK,r to the unit interval [0,1] in 
Lemma 1, we can restrict it to any interval [a,.8] for any a,.8 E IRe with a ~ .8, 
by using e.g. the function a + (.8 - a)GK,r. 

2) More generally, let X, Y ~ IRI. Suppose there is a finite union K = Uh=lIj 
of rational rectangles such that X ~ K and Y n (K + Br) = 0 (see (77)) for 
some rational number r > O. Let a,.8 E IRe with a ~.8. Then by (1) there 
is a Coo computable-continuous function G : IR -+ [a,.8] such that GIK = .8 
and Glfll\(K+Br) = a, so Glx = .8 and Gly = a. Also, since G is computable
continuous, the restriction GIRlI is a computable function from IR~ into IRe, and 

c 

hence the function GIDc is also computable for any De ~ IR~. 

3) One can apply Lemma 1 to prove a computable analogue of the Tietze 
Extension Theorem; cf. Zhou (1992, Theorem 4, p. 48). 

4) Lemma 1 has the following extension: Let {Xn}nEIN be a recursive se-
quence of finite unions Xn of rational rectangles, i.e. 

there is a recursive sequence of rational vectors (aj, bj ) E 
IRI X IRI with aj ~ bj for all j, and there is a increasing 
recursive function ¢ : IN -+ IN such that (87) 

X - Ut/>(n+1)-l I· for all n E IN, 
n - j=t/>(n) J 
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where Ij = II~=d(aj)i' (bj )i].(52) Let {rn} be a recursive sequence of rational 
numbers rj > O. Then there is a computable (cf. Remark 16(lb), page 58) 
sequence of computable-continuous functions Gn : /R1 -+ [0,1] such that: 

1) Gn(x) = 1 for all x E Xn and all n E IN 

2) Gn(x) = 0 for all x E /Rl\(Xn + Brn) and all n E IN, 

3) {DkGn}n,kEN is a computable sequence of c-c func
tions. 

4) for all n E IN and all k = 1,2,···, the derivatives 
DkGn(x) = 0 for all x E Xn and for all x in the closure 
of /Rl\(Xn + BrJ. 

(88) 

Such functions Gn can be constructed by modifying our proof of Lemma 1 as 
follows. In particular, regarding each Xn as K and rn as r in that Lemma, we can 
construct Gn with properties (1,2,4) in (88). Since ¢ and the (aj, bj) sequence 
present the sequences Ij and Xn in a recursive manner, this clearly permits us 
to ensure property (3) in (88) and the computability of the Gn sequence. 

In more detail, for all j E IN, we define kj to be the least k E IN satisfying 
(80) with r = rn, where n is the unique n E IN with ¢(n) ~ j < ¢(n + 1). For 
each n E N, we define (as in 81) NXn = max{kj : ¢(n) ~ j < ¢(n + In. For all 
n E IN and all j with ¢(n) ~ j < ¢(n + 1), we define C(Ij, NXn) through (82) 
with K = X n . 

Since the sequence {(aj, bj)}JEJV is recursive and the function ¢ : 
IN -+ IN is recursive, one can clearly construct a recursive sequence {Vk hEN 
of rational vectors in /R1 and an increasing recursive function t/J : IN -+ IN such 
that for all n, the sequence Vt/I(n) , ... , Vk ... , vt/I(n+1)-l lists all the elements in 

uj~~1~~-lC(Ij, Nxn ). Then {G"k,r"h,nEJV defined by (83) with v = Vk and 
r = rn is a computable sequence of c-c functions; hence the functions 

t/I(n+1)-l 

Gn(x) = E G".,r" (x) 
k=t/I(n) 

also form a computable sequence of c-c functions (cf. Remark 14(2b(III)), and 
so do the functions 

Gn(x) = H(Gn(x)/(1 - H(I/2)) 

(52) For a sequence {Kn} of finite unions of rational rectangles, if it recursive, then it is 
computable (in the sense of Remark 16(lb), page 58); but the converse is not generally true 
(d. Remark 11, page 51). 
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(cf. Remark 14(2b(I)). Also, since {Dt HJtElN and {DtGvk,rnh.k,nElN are com
putable sequences of c-c functions, the sequence {DkGnh,nElN satisfies 88(3) 
(cf. Remark 17(4a), page 60). Also notice that 

LvEU .. (n+l>-lc(I Nx ) Gv,rJx) 
Gn(x) = H( J= .. (n~ _ H(~/2) ); 

so it follows easily (as in the proof of Lemma 1) that the functions Gn satisfy 
(88(1,2)); and (88(4)) is also easily checked. 

C.8 Non-computability of fixed-points 

The following result "refutes" Brouwer's Fixed-Point Theorem in the context 
of recursive analysis.(53) It asserts, for any k = 1,2,···, the existence of a C k 

function f : D = {p E JR? : lipii ~ I} -+ D, that is computable-continuous (i.e. f 
is sequential-computable and effectively locally uniformly continuous on D) and 
such that f(x) i x for all computable vectors xED. It strengthens the results 
of Orevkov (1964) and Baigger (1985) by obtaining the Ck property for f. For 
the purpose of application, we will construct f so that f(D) is contained in the 
interior of D. 

Proposition 2 (A computable counterexample to Brouwer's Fixed
Point Theorem; cf. Orevkov (1964) and Baigger (1985». For all 
k = 1,2,···, there exists a C k computable-continuous function f : D -+ D 
such that: 

1) f(x) i x for all computable vectors xED, 

2) f(D) ~ D£ = {p E IR2 : lipli ~ (} for some (E IRe with 0 < « 1. 

Remark 20. 

By Remark 17(9), page 60, Proposition 2 can be stated equivalently as fol
lows: for all k = 1,2,···, there is a computable function 9 : De = {x ED: x E 
IRD -+ De such that 9 can be extended to a Ck function from D into D, and 
g(x) i x for all x E De. and g(De) ~ De,£ = {x E D£ : x E IRD for some (EoIRe 

with 0 < « 1. 

We will prove Proposition 2 along the lines of Orevkov (1964), Baigger 
(1985), and Beeson (1985, pp. 75-76). The approach is to find an increasing 

(53) For a counterexample in the context of intuitistic mathematics, see Brouwer (1952). 
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and recursive sequence of finite unions Kn ~ lR? of rational rectangles such that 
the complement of UnE.DV Kn in D is non-empty but contains no computable 
points. We will use the Kn to find a C k computable function I : D -+ D that 
moves the I-values of every x E UnE.DVKn away from x, so I has no computable 
fixed-points. 

To find such Kn ~ JR2, we begin with the following one dimensional Fact, 
which is a well-known "computable counterexample" to the Heine-Borel theorem. 
Our version is due to Beeson (1985, pp. 69-70), and is stated in a form convenient 
for our applications. 

Fact 5 (Lacombe (1955), Zaslavskii and Ceitin (1962); cr. Beeson 
(1985». There are two recursive sequences of rational numbers an, bn E 

[-1/2,1/2] such that an < bn for all n E IN, where the sequence of computable 
intervals I n = [an, bn] satisfies: 

1) J1 = [-1/2, -1/4] and J2 = [1/4,1/2]. 
2) Any two I n are disjoint or have only one common endpoint; 

3) For each computable x E (-1/2,1/2), there exist n,n' with x E (an,bn,) 

and bn = an" 

Remark 21. 

1) The union of all I n contains all computable reals in the interval [-1/2, 1/2] 
(by (3)). 

2) However, it does not contain all reals in the interval (since no finite union 
of them covers the interval (by (2))). 

3) Thus [-1/2,1/2]\ UnElldn is non-empty and contains no computable real. 

Proposition 2 focuses on the unit disc; it will be convenient to restrict our 
attention to the square 

1= [-1,1] x [-1,1]. 

We define 

K = [-1/2,1/2] x [-1/2,1/2]' 
which will playa role analogous to that of the interval [-1/2,1/2] in Fact 5. We 
define: 

R-4 = [1/2,1] x [-1,1]' R-3 = [-1, -1/2] x [-1,1]' 
R-2 = [-1/2,1/2] x [-1, -1/2], R-1 = [-1/2,1/2] x [1/2,1]; 

K-1 = R-4 U R-3 U R-2 U R_1; 

so K-1 is the closure of I\K. Now, let the sequences {an} and {bn} define the 
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interval intervals I n as in Fact 5. We will now use the one-dimensional intervals 
Jm as building blocks for two dimensional rectangles Rmk, whose unions will 
constitute the desired sets Kn. In particular, we define: 

Rnk = I n x Jk for all n,k E IN, 

An = Uk;;;n(Rkn U Rnk) for all n E IN. 

Notice that the rectangles Rkn, Rnk in An are newly created at stage n and do 
not belong to previous Am (by Fact 5(2)). We define 

for all n E IN; 

so An is the part of Kn newly created at stage n. We also denote 

Br = [-r, r] x [-r, r] for all rational numbers r> 0 (as in (77)), 

S = {p E JR,2 : IIpll = I}. 

Since the sequences {ak} and {h} are recursive, it follows that the sequence 
{Kn}nElV of finite unions of rational rectangles is also recursive (as defined in 
Remark 19(4)). 

Similarly, {Pn}nElV is also a recursive sequence of finite unions of rational 
rectangles, where Pn = closure(K\Kn). To see this, first we notice that for 
n = 0,1, the set Pn is finite union of rational rectangles in K. Next, we notice 
that for each n ~ 2, by Fact 5(2) we can (uniquely) list all the ak, bk with k ~ n 
in a nondecreasingly sequence: 

By Fact 5(1) we have bmo = -1/4 and am" = 1/4. We define en to be set 
of the i ~ n - 1 such that bm • < am .+1 • The set en is non-empty because 
otherwise, the set U~=OJk would cover [-1/2,1/2]' which is impossible (cf. the 
paragraph immediately below Fact 5). For each i E en, we define the rational 
interval Li = [bm ., am .+1 ], which is clearly contained in [-1/2,1/2] and intersects 
U~=l Jk only at the endpoints bm ., am .+1 • Now we define 

and so 

J:k = Li x Jk 

J;i = Jk XLi 

ro:,* = Li xLi' 1,1 

for all i E en and all k ~ n, 

for all i E en and all k ~ n, 

for all i, i' E en, 

P. - U{J* J** J*** . . ., E C & k < } n - ik' ki' i,i' . l, l n = n . 

(89) 

(90) 

Thus the sequence {Pn}nElV of sets Pn can be described as in (87), therefore is 
recursive. 
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Also, notice that for all n, the intersection Pn n Kn ~ K and is contained in 
the boundary of Kn. 

Proof of Proposition 2(1). We pick a sequence of functions hn as given in 
Lemma 2 below. We fix any k = 1,2,· ". We will transform these functions hn 

into a Ck computable-continuous "perturbation" function h, and then we will 
transform this h into the function f that we seek «97) below). 

Step 1) Constructing the "perturbation" h. We pick the recursive sequence 
{Pn}nEN of sets defined through (90), and pick a computable sequence of c
c functions Gn : JR? ~ [0,1] satisfying (88) with Xn = Pn and rn = 2-n . 

For all n E lN, we define a function hn : I ~ JR2 by 

(91) 

Recall that each Pn is the closure of the complement of Kn in K, then by 
(88(1,4» and Remark 19(4b), it follows that each hn is a Coo function. Since 
{Gn } and {h n } are computable sequences of c-c functions, it follows that {hn } 

also is (cf. Remark 14(2b)). Also, by (88(3)) and Lemma 2(3), it follows that 
{nkhn } is also a computable sequence of c-c functions (cf. Remark 17(4a)), and 
so is the sequence {IIDkhn(· )1Ih.nEN. Then Remark 16(lb) ensures that there 
is a computable sequence of computable reals An > 0 such that 

for all x E I and all n E IN. (92) 

For every x E I, we define 

(93) 

recall that hn(x) E S for all n, so by (91) and (93) IIh(x)1I ~ '1. Therefore 
(93) defines a function h : I ~ D. Since the functions hn are Coo (hence C k

), 

by (92) and (93) the function h is also C k
• Also, since {hn } is a computable

sequence of c-c functions, the function h is also computable-continuous (cf. Re
marks 14(2b,3)). 

Now consider any x E I with 1- Gn (x) > 0 for some n EN. Then we have: 

o < ~(x) ~ 1, (94) 
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where 

(95) 

Nr = min{n E IN : 1 - Gn(x) > O}. 

Also, since GN" (x) < 1, we have x f!. PN" (by (88(1)) with Xn = Pn ); so 
x E KN", hence x E Kn for all n ~ Nx , and therefore by Lemma 2(2), we have 
hln(x) = hIN,,(X) for all n ~ N(x). Therefore by (91) and (93) for all x E I: 

h(x) = <I>(X)hN" (x) if 1- Gn(x) > 0 for some n. (96) 

Step 2) Constructing f. We now define the function f : D -+ JR2 by 

f(x) = x - (1/4)h(x). (97) 

Since h is Ck and computable-continuous, the function f is also Ck and computable
continuous. 

We will now show that f(D) is contained in the interior Int(D) of D. 

(Case 1) Suppose x E D\K. Since all the sets Pn are contained in the 
compact set K, it follows that x f!. Pn + B1/n for some n, so 1 - Gn(x) > 0 for 
some n, hence by (96) we have f(x) = x - (1/4)<I>(x)hN" (x). Recall that x f!. K; 
so x E K-1 ~ Ko, hence by Lemma 2(1) we have x/llxll = ho(x) and therefore 
hN,,(X) = x/llxll by Lemma 2(2), and consequently: 

1 <I>(x)x 
f(x) = x - 4Txi1. (98) 

Since x E D\K, we have 1 ~ IIxll > 1/2> 1/4<I>(x) > 0 by (94); so IIf(x)1I = 
(1Ixll- (1/4)<I>(x))II(x/llxIDIl < lI(x/llxIDIl ~ 1, hence f(x) E Int(D). 

(Case 2) Suppose x E K. Then IIxll ~ (1/2)1/2. Recall that IIh(x)11 ~ 1; 
so from (97) we have IIf(x)1I ~ IIxll + (1/4)lIh(x)1I ~ (1/2)1/2 + 1/4 < 1, hence 
f(x) E Int(D). 

Thus f(D) ~ Int(D); then (2) in Proposition 2 is immediate by the compact
ness of f(D). 

We now show property (1) in Proposition 2. 

(Case I) Suppose a computable x E D\K. Then, as seen in Case 1 above, we 
have <I>(x) > 0 and (98), so f(x) - x = -(1/4)<I>(x)(x/llxll)::f. o. 

(Case II) Suppose a computable x E K. As we will show, we have x E 
Int(Kn) for some n, so x f!. Pn + B1/m for any sufficiently large m, hence x f!. 
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Pn+m + B 2-<"+m), hence (by (88) with Xn = Pn+m and rn = 2-(n+m)) we have 
1- Gn+m(x) > O. Then by (96) and (97) we have !(x) - x = (1/4)<I>(x)hN,,,{x). 
Recall that hN,.(X) E S; so by (94) we have !(x) - x:l O. 

It remains to show that each computable x E K belongs to Int(I<n) for some 
n. First, suppose x is in the corners of K, then by Fact 5(1) x E Int(Kd. Next, 
suppose x is in the boundary of K, but not in the corners of K. For example, 
let Xl = 1/2 and X2 E (-1/2,1/2). Then by Fact 5(3), X2 E (ak,bk,) for some 
k, k' with bk = ak', so X2 E Int(Jk U Jk')' hence x E Int(K_l U h x (Jk U Jk' )), 
therefore x E Int(Kn ) for all n ~ max{2,k,k'}. Finally, suppose x E Int(K). 

Then Xl, x2 E (-1/2, 1/2), and so by Fact 5(3) we have x E (ak, bk,) X (ai., bi.') for 

some k, k' ,k,k' with bk = ak' and bi. = ai.' Thus x E Int((Jk U Jk') x (Ji. X Jj,' )), 

so x E Int(Kn) for all n ~ max{k,k',k,k'}. Thus we have shown that any 
computable x E K belongs to Int(Kn ) for some n, completing the proof of (1) 
in Proposition 2. Q.E.D. 

Lemma 2. There is a computable sequence of Coo c-c functions hn : Kn --+ S 
satisfying: 

for all x E K o, 

2) hn'IK" = hn for all n, n' E IN with n' ~ n, 

3) {Dk hnh,nE.IV is a computable sequence of c-c functions. 

Proof of Lemma 2. In order to obtain Coo differentiability for the extension 
functions hn, it is convenient to expand the sets Kn into the sets Kn + BliNn' 
where the natural numbers Nn > 0 are defined by the following algorithm. We 
define No = 4 (so that 0 ¢ Ko + B1/No)' We continue as follows. At the n-th 
stage, we have defined Nn . Now consider the set Kn+! = Kn U An+!. Notice 
that An+! is contained in the "cross-shaped" region T = I n+! x [-1/2,1/2] U 
[-1/2,1/2] x I n+!. By Fact 5(2), Kn nTis contained in the boundary of 
T. We can decompose the set An+! (uniquely) into its connected components 
r;'+l, ... , T.!!!ll' Each rr+! must have at least one boundary segment interior 

to T,(54) because otherwise rr+! would be equal to all of T, so Uk~n+1Jk = 
[-1/2,1/2]' contradicting Remark 21(2).<55) Therefore, for any sufficiently large 

(54) This observation is due to Beeson (1985, p. 76, first paragraph). 

(55) Alternatively, there are some rectangles, e.g. R..+!,n+2, which belong to T but (by 
Fact 5(2)) do not belong to An+!, hence also do not belong to Tr+ 1

• 
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m' E IN, we have: 

a) 8(1'('+1 + B1/ml) ~ (Kn + B1/ml) for all i ~ mn+1, 

b) (1'('+1 + B1/ml) n (1j+1 + B1/ml) = 0 for all i, j ~ mn+1 
with i # j. 

(99) 

where 8(1'('+1 + B1/ml) is the boundary of 1'('+1 + B1/ml. Therefore we can 
define Nn+1 to be the least natural number m' ~ N n satisfying (99). Since 
{Kn} is a recursive sequence a finite union of rational rectangles, it follows that 
the function n I-t N n is also a recursive from from IN into IN, and so {1/ Nn}nElN 

is a recursive sequence of positive rational numbers. 

The rest of the proof will be divided into three steps. First, in Step I we will 
choose a computable sequence {9t/>(n)}nElN of rational polynomials(56) (hence 
computable-continuous) 9t/>(n) : JR2 -+ JR2 such that: 

1) 9t/>(0) is the identity mapping Id; 

2) min{1I9t/>(n)(x)1I : x E Kn + B 1/N,J > 1/8 for all n E IN; (100) 

3) max{1I9t/>(n)(X)-9t/>(n+1)(x)1I : x E Kn +B1/ N .. +1 } < (1/8)2-(n+1) 
for all n E IN. 

Then in Step II we will transform {gt/>(n)}nEJV into a computable sequence 
{fn}nEJV of computable-continuous functions In : JR2 -+ JR2 such that: 

1) 10 = 9t/>(0)IKo; 

2) InIIK .. = InIK .. for all n, n' E IN with n' ~ n; 

3) min{lI/(x)1I : x E Knl > 0 for all n E IN; 

4) {Dk Inh,nEJV is a computable sequence of c-c func
tions. 

Finally, in Step III we will define the functions hn : K -+ JR2 by: 

which will be shown to satisfy (1-3) in Lemma 2. 

(101) 

(102) 

Step /) Choosin9 {9t/>(n)}nEJV. First, we can pick a computable sequence {9khEJV 
that enumerates (with or without repetitions) all rational polynomials from JR2 

(56) I.e. 9<1>(n) = (9~(n)' 9~(n»' where each 9~(n) is a polynomial with rational coefficients. 
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into JR2. Then for all n, k', k E IN, we define: 

1) Sn,k,k' = max{/l9k l (Z) - 9k(z)1I : z E Kn + B1/N,,+1}' (103) 
2) tn,k = min{1I9k(z)1I : z E Kn + B1/N,,}. 

Notice that {Kn + B1/N,,+JnElV and {Kn + B1/N,,+JnElV are recursive (hence 
computable) sequences of finite unions of rational (hence computable) rectangles. 
Therefore, {tnk}n,kElV and {Sn,k,k'}n,k,k'ElV are computable sequences of com
putable reals (cf. Remark 16(lb), page 58), so by definition there are recursive 
sequences {Cn,k,k',m}n,k,k',mElV and {dn,k,m}n,k,mElV of rational numbers such 
that: 

1) ISn,k,k' - Cn,k,k',ml ~ 2-m 

2) Itn,k - dn,k,ml ~ 2-m 
for all n, k, k', mE IN, 

for all n, k, mE IN. 
(104) 

Now we can define a function ¢ : IN -+ IN by recursion as follows. (The 
function ¢ will select the desired sequence {9<f>(n)}nEJV from {9n}nEJV.) 

First, we set ¢(O) to be a k E IN such that 9k = Id. Since IIz/i > 1/8 for all 
z E Ko + B1/No , property (100(2)) holds for n = O. 

We continue as follows. At the n-th stage, we are given 9<f>(n) such that 
tn,<f>(n) > 1/8. First, we want to ensure that the restriction 9<f>(n)IK,,+B 1I N "+l 

can be extended to a continuous function h from Kn+! + B1/N"+1 = (Kn + 
B1/N,,+J U (An+! + B1/N,,+J into JR2 with the property that min{lIh(z)1I : z E 
Kn+l + B1/N,,+1} > 1/8. Of course, this might be impossible if the boundary of 
one of the connected components in the "new" part An+! + B1/N,,+1 were not 
completely contained in the "old" domain Kn + B1/N"+l. However, (99) (with 
m' = 1/ Nn+d ensures that such containment cannot occur; and then standard 
tools of topology (e.g. the lifting lemma (cf. Munkres (1975), Section 8-4), or 
Hirsch (1976, Theorem 1.8, p. 126)) ensure the existence of such extension h. By 
the Weierstrass Approximation Theorem, there exist some 9k close enough to h 

on Kn+l + B1/N"+1 so that 

tn+l,k > 1/8 & sn,<f>(n),k < (1/8)2-(n+l). (105) 

Notice that for all k E IN, by (98) we have: k satisfies (105) if and only if the 
following (106) holds for some m; 

[dn+1,k,m > 1/8 + 2 . 2-m) & [cn,<f>(n),k,m < (1/8)T(n+l) - 2 ·2-m). (106) 

Then we can set M n+1 to be the least M E IN such that (106) holds for some 
natural numbers k, m ~ M; and define ¢(n + 1) to be the least natural number 
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k ~ M satisfying (106) for some m ~ M. Hence 9</>(n+l) satisfies (100(2)), and 
with 9</>(n) satisfies (100(3)). 

It is clear that the function ~ : IN -+ IN is recursive; so {9</>(n)}nElN is a 
computable sequence of rational polynomials (cf. Footnote 48). 

Step II) Constructing {fn }nElN. First, we pick a computable sequence of Coo 
c-c functions Gn : JR2 -+ [0,1] satisfying (88(1,2,3)) with Xn = Kn and rn = 
1/Nn +1 . 

We define the functions fn : JR2 -+ JR2 by the following recursion. First, 
we define the function fo = 9</>(0), so (101(1)) holds. For n E IN, we define the 
function fn+l : JR2 -+ JR2 by 

(107) 

By (88(1)) with Xn = Kn, we have GnI K .. = 1 for all n, so fn+dK .. = fnIK ... It 
follows that {fk}kE.IV will satisfy (101(2)). 

Since {Gn}nE.IV and {9</>(n)}nE.IV are computable sequence of c-c functions, 
the sequence {fn}nE.IV also is (cf. Remark 14(2(11)), page 56). Also, notice that 
the derivatives of a computable sequence of rational polynomials also form a 
computable sequence of rational polynomials; so the sequence {Dkg</>(n)h,nE.IV 
is also a computable sequence of rational polynomials. Then by (88(3)), the 
sequence {Dk fn}n,kElN satisfies (101(4)) (cf. Remark 17(4), page 60). 

To complete this step, it remains to show (101(3)). First, notice that by 
definition for all x E K o+B1/ No we have fo(x) = 9</>(0)(X), so IIfo(x)-90(x)1I = O. 
Next, we will show that for all n ~ 1: 

n 

IIfn(x) - 9</>(n) (x)1I ~ (1/8) L 2-; for all x E Kn + B1/ N ... (108) 
;=1 

To see this, first let n = 1. Consider any x E Kl + B1/ N ,. Suppose x fI. 
Ko + B 1/ N ,· Since (88(2)) holds for Xn = Ko and rn = l/NI, we have Go(x) = 
0; so by (107) we have IIh(x) - 9</>(1)11 = O. Suppose x E Ko + B 1/ N ,. By 
(107) we have IIh (x) - 9</>(1)11 = Gn(x)lIfo(x) - 9</>(1)(x)1I ~ IIfo(x) - 9</>(0) (x)1I + 
119</>(0)(X) - 9</>(I)(x)1I ~ 0 + (1/8)(1/2) (see (100(3))). Hence (108) holds for 
n = 1. Now we assume (108) holds for n, and we show (108) for n + 1. Consider 
any x E Kn+l + B 1/N .. +,. Suppose x fI. Kn + B1/N ,,+,. Since (88(2)) holds 
with Xn = Kn and rn = Nn+1, we have Gn(x) = 0; so by (107) we have 
IIfn+dx) - 9</>(n+1)(x)1I = O. Suppose x E Kn + B1/N .. +,. By (107) we have: 
IIfn+1(X) - 9</>(n+1)(x)1I = Gn(x)lIfn(x) - 9</>(n+1) (x)1I ~ IIfn(x) - 9</>(n)(x)1I + 
119</>(n)(X) - 9</>(n+1)(x)lI. Then by the induction hypothesis and (100(3)), we 
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have: /l/n+l(X) - g</>(n+1)(x)/I ~ (1/8) L:~1 Ti + (1/8)2-(n+l). Hence (108) 
holds for n + 1. 

Then for all n E IN and all x E Kn, we have: II/n(x)1I ~ Ilg</>(n)(x)II-lI/n(x)
g</>(n)(x)11 > 0 by (108) and (100(2»; i.e. (101(3» holds. 

Step III) Constructing {hn}nElV. By (101(3», we can define the functions hn : 
Kn -+ S by (102). Since {fn}nElV is a computable sequence of c-c functions, 
the sequence {hn}nElV also is. Notice that 10 agrees with g</>(O) = Id on Ko; so 
ho satisfies (1) in Lemma 2. Also, (2) in Lemma 2 is immediate from (101(2»; 
and (3) in Lemma 2 is also clear from (101(4». This completes our prooffor the 
lemma. Q.E.D. 
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