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Abstract: Despite the widespread belief that taxation upon realization 
discourages trade, the study of its macroeconomic effects has been limited 
by the lack of general equilibrium models suitable for quantitative analysis 
of capital-gains taxation. In this paper I present a variant of the standard 
growth model, amended to accommodate a role for asset trading and to 
generate capital gains. With a reasonable parameterization and a 
judiciously selected realization tax policy, revenues attributable to taxes 
on capital-gains in the computed steady-state resemble their counterpart 
for the US data. I also ask whether this government policy is a tax on 
consumption smoothing. I proceed by studying another steady-state that 
attains when gains are taxed upon accrual. I fmd the answer to be in the 
affirmative. Moreover, when compared to a 28 percent realization tax 
rate, accrual taxation is capable of raising the same revenue with a tax 
rate of just 7.7 percent together with a welfare improvement. 

1. Introduction 

Most OECD countries tax capital gains upon realization, that is, when 

people decide to trade appreciated capital assets. 1 There is a widespread 

belief that the transaction-tax aspect of this policy is an unfortunate feature 

of the taxation of capital income (see, e.g., Auerbach 1992, Feldstein and 

Yitzhaki 1978, Kovenock and Rothschild 1983, Stiglitz 1983 and Wetzler 

1977). This belief has been fueled by varying assessments of distortions 

induced by capital-gains taxes. I conjecture it nevertheless reflects the 

overall view that the policy leads to a dependence of marginal tax 
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liabilities on the history of endowments that is idiosyncratic to individual 

households. As a result, taxation upon realization distorts marginal rates 

of substitution across people. 

Reform of the capital-gains tax has attracted a great deal of 

attention in the US. Evidence has been gathered suggesting that 

realizations may be very responsive to changes in capital-gains tax rates 

(see Auerbach 1988, Feldstein 1995 and references therein). Many 

empirical studies have focused on the possibility that tax revenues increase 

for some time following a reduction in capital-gains taxation.2 In addition 

to empirical work on government revenue, proposals for accrual taxation 

have been offered since quite a long time.3 The case for accrual taxation 

and its alternatives is often made as means of eliminating distortions 

associated with the taxation upon realization. In contrast to revolving 

debate around capital-gains tax reforms, standard macroeconomic models 

used to address fiscal policies are silent on the subject. 

The goal of this paper is two-fold. First it attempts to provide 

scope for capital-gains taxation in a variant of the growth model of Brock 

and Mirman (1972), so that the analysis may benefit from the discipline 

of applied general equilibrium with endogenous interest rates.4 The model 

includes distributions of people subject to partially uninsurable income risk 

and borrowing constraints. The distinguished feature of the analysis is 

perhaps the judicious selection of capital-gains taxation policies followed 
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by the government in the model. In addition to accrual taxation, I restrict 

attention to a policy of capital-gains taxation upon realization that leaves 

a significant part of realized gains untaxed. Despite the arbitrariness of 

the selected policies, I argue that the resulting framework is suitable for 

the quantitative analysis of capital-gains taxation on the grounds that 

computed government revenues are consistent with US data statistics. 

The second goal of this paper is to show that the current US 

realization tax policy is a tax on consumption smoothing. More precisely 

I compare consumption statistics across steady-states under accrual and 

realization policies that raise the same aggregate tax revenues. The 

experiment reveals that tax rates across policies differ by a factor of four. 

I also find that although aggregate consumption is lower under accrual 

taxation, it is associated with higher welfare because consumption is 

smoother across income states. 

2. Discussion of Modeling Choices 

Capital-gains statistics are not naturally defmed in the neoclassical growth 

model. Dynamic general equilibrium models applied to the study of 

capital income taxation are usually built around the standard neoclassical 

growth model in a way that such statistics are irrelevant. Individuals are 

taxed on their capital rentals period by period. In these models the 

taxation of capital income is represented by a simple modification of the 

budget constraint, with prices adjusted to reflect after-tax rentals. 
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The standard framework basically assumes accrual taxation. 

Accrual taxation follows directly from income taxation whenever all 

income from capital in distributed in the form of rentals (dividends). If 

some earnings are retained and reinvested then ownership of capital 

commands increasing claims to output under normal conditions, generating 

capital gains. Accrual taxation collects a fraction of the gains every 

period, while taxation upon realization would let this fraction be 

reinvested and collect taxes only in case of ownership change. Put 

differently, realization taxation entails a certain interest free loan that 

accrual taxation takes away. Therefore in the presence of retained 

earnings it matters what the taxation policy is. The fact that standard 

models ignore the realization decision reflects the implicit assumption that 

taxation is upon accrual or that all earnings are distributed (which is the 

same). 

There is also a sense in which market frictions are necessary in the 

study of capital-gains taxation. Constantinides (1983) and Stiglitz (1983) 

show that with complete markets individuals can engage in arbitrage 

activities to explore deductions allowed by the US tax code to avoid any 

realization tax. This observation led Balcer and Iudd (1987) and 

Auerbach (1992), among others, to study household saving and portfolio 

decisions in the presence of borrowing constraints in order to avoid the 

counter-factual outcome that realization taxes generate negligible 
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government revenues. 

Whether frictions can also be introduced to the standard growth 

model so that realization taxation can be addressed in the style that 

Charnley (1986) and Lucas (1990) applied to accrual taxation is an open 

question. This paper is an attempt to proceed in such direction. 

Distributions of People 

I follow the route of models with distributions of people.5 These models 

proved useful to address monetary and fiscal policies that are likely to 

have distributive effects (e.g. Lucas 1980 and imrohoroglu and Prescott 

1991). Distributive effects are often seen as particularly important to the 

evaluation of welfare consequences of capital-gains taxation. 

Another attractive feature of this class of models is the enhanced 

role for asset trading. This is accomplished with people trading in 

incomplete markets to smooth consumption in the presence of 

idiosyncratic shocks. Aiyagari (1994) documents the importance of asset 

trading in this class of models, a fmding consistent with assessments by 

several authors about the quantitative importance of precautionary savings 

in the US.6 

Aiyagari (1995) goes on to address the interaction between accrual 

taxation and consumption smoothing in this framework. He shows that 

some accrual taxation on capital income is beneficial as it reduces the 

opportunity costs of precautionary savings, an effect not captured by the 



6 

complete markets analysis of Charnley (1986). Whether or not distortions 

specific to taxation upon realization may overturn Aiyagari's fmdings on 

quantitative grounds is also an inquiry beyond the scope of my present 

analysis. But his findings do indicate that the comparison between accrual 

and realization taxation is not a vacuous exercise in positive economics. 

In this class of models zero capital-gains taxation does not trivially 

dominate accrual taxation in terms of welfare. 

Capital Accumulation With Infinitely Lived Households 

In the model that follows, trade of capital assets (machines) is the only 

mechanism individuals can use to handle their income fluctuation problem 

in face of borrowing constraints and shocks to their labor incomes. I also 

focus on steady-states in which, given a taxation policy, prices and 

aggregate quantities of capital remain constant, although households are 

hit by persistent income shocks. The distribution of households as 

indexed by their holdings of capital and income shocks is an endogenous 

equilibrium object. 

In the particular case where the idiosyncratic shocks are absent, the 

model collapses to the dynamic capital accumulation model of Brock and 

Mirman (1972). The underlying neoclassical growth structure certainly 

helps this class of models to match macroeconomic statistics reported in 

the national income and product accounts. I also see the dynasty structure 

of infinitely lived households in this framework as a plus to the study of 
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capital-gains taxation. Although it restricts the number of life-cycle 

elements that can be eventually incorporated into the model, it surely 

captures bequest motives leading to holdings of assets generating capital 

gains. 

Taxable Gains 

The production side of the economy is composed by a profit center (firm) 

operating a constant returns to scale technology described by a 

neoclassical aggregate production function. Holdings of capital assets by 

households are interpreted as ownership of machines available for 

production at the profit center. At a given period, households can trade 

capital before production takes place in exchange for claims of end-of

period composite goods. I assume that the profit center follows an 

exogenously fixed policy of retaining earnings. In equilibrium, property 

ownership will then command increasing rights to output as time goes by. 

I also assume that the dates of capital sales are public information 

and that a tax authority is ready to identify capital gains associated to each 

trade and to tax the seller according to a judiciously selected taxation 

policy. The gain is defined as the difference in foregone consumptions 

associated to the property ownership at "starting" and "termination" dates 

(to be defmed below). Thus all gains taxed are real in the sense that 

nominal gains attributable to inflation are not considered by the tax 

authority. 
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The taxation policy is judiciously selected not only because it 

targets real gains only, but also because it will let some gains escape 

taxation as I turn to explain now. I set the termination date as the date in 

which capital is sold, as it is natural to think. Unfortunately I cannot set 

the starting date as the date in which ownership started for reasons related 

to the computation of equilibrium that will be discussed later in the paper. 

Instead I appeal to the following abstraction. I assume that the realization 

tax policy is to tax those gains accrued in the last four periods (years). 

As a result, any acquisition made five or more periods ago leads to an 

ownership that, for tax purposes, started four periods ago. 

Although computation considerations impose limitations on the 

class of taxation policies considered, I emphasize it is desirable to set 

limits to the tax base implied by the model. Deductions, exemptions and 

exclusions in the US tax code, in addition to under-reporting, do reduce 

the effective capital-gains tax base.' Moreover, under this judiciously 

selected four-period policy, computed equilibrium revenues associated to 

a capital-gains tax rate of 28 percent, which is the relevant statutory rate 

under the current US law, are close to the aggregate revenues attributable 

to capital-gains taxation relative to GNP reported in the US data. Since 

the model captures this outcome in a coherent way, I conclude it is an 

useful abstraction for the study of taxation upon realization. But my 

conclusion should not be interpreted as neglecting the limitations of the 
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model. The taxation of inflationary gains and the exemption of gains 

bequeathed at death are features that, once modeled properly, are likely 

to enrich the analysis. 

Tax-Induced Vintages of Asset Holdings 

I shall cast the household maximization problem in the language of 

recursive competitive equilibrium. The state of the household includes a 

partition of its capital holdings into four vintages, according to the dates 

and magnitudes of past investments in the form of capital purchases. This 

vintage structure is purely induced by the taxation policy. Asset holdings 

in all vintages command ownership of machines with the same quality and 

the same before-tax market value. It is shown nonetheless that, under 

taxation upon realization, the after-tax sale price of capital varies across 

vintages. With the need to sell assets to buffer income volatility, 

equilibrium marginal rates of substitution often differ across people with 

different histories of income shocks. This happens whenever trade occurs 

with people exchanging marginal units of capital from different 

vintages. 

Under accrual taxation the partition of asset holdings into vintages 

is unnecessary since after-tax prices of capital are invariant to the date it 

was acquired. Despite the vintage structure induced by the realization tax, 

I find that the economic environment is represented by a fairly simple 

model. There is no technological progress and no special role for 
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government expenditures. Without taxation the framework collapses to 

the model studied by Aiyagari (1994). With accrual taxation it resembles 

the version adopted by Aiyagari (1995), although the later includes home 

production. 

The rest of the paper is organized as follows. Section 3 presents 

the economic environment formally. The model that is actually computed 

departs from the Section 3 structure by assuming that people randomize 

over discrete choices of asset holdings. An overview of the computable 

model is presented in Section 4, followed by a description of the 

specification and parameterization used. Section 5 reports the findings 

from the numerical results. Section 6 concludes. 

3. The Economic Environment 

The model has a continuum of people that are ex ante identical but ex post 

diverse in their labor incomes. I focus on steady-states in which prices 

are deterministic but uninsurable labor income risk generates trade among 

heterogeneous households. Households face borrowing constraints and 

capital is the only asset. 

Time is discrete. The continuum of infmitely lived households has 

total mass equal to unity. At date t each household faces the stochastic 

draw of a labor endowment St that evolves according to a two-state 

Markov chain with transition matrix M. In the first state the household 

is able to supply one unit of labor services to the market in exchange for 
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w units of the composite good, where w is the wage rate. In the second 

state the household is restricted to supply 8 units of labor services in 

exchange for Ow units of the composite good. I shall pick the parameter 

8 from the interval (0,1) and refer to the states as high-labor-income and 

low-labor-income, respectively. The shock s, is idiosyncratic. I assume 

that a law of large numbers holds in the sense that M maps the current 

period's distribution of people across labor-income status into next 

period's distribution. 

There is a government that follows either a policy of capital-gains 

taxation upon realization or accrual taxation (to be described later). The 

government balances its budget and tax revenues finance expenditures that 

enter utility additively. There is no utility from leisure and given that 

government expenditures are taken as fixed, consumption profiles are 

ordered according to 

where u is a concave and strictly increasing utility function, Ct is 

consumption at date t and f3 E (0,1) is a discount factor. 

There is a constant returns to scale technology represented by a 

neoclassical production function F, so that aggregate production of the 

composite good is F(K,N) whenever total supply of capital and labor in 

the period are K and N, respectively. Capital is assumed to depreciate at 

the constant rate a. At the aggregate level capital evolves according to the 
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standard law of motion 

where ~ is aggregate investment. 

The physical environment also includes a sequence of market 

events that occurs within each period, as described in Figure 1. 

Figure 1 

Sequence of Events 

date t date t+ 1 

1----------------------------------1 
• People start • People learn • Capital is • Production • Consumption 
with k labor shock traded 

After learning its labor-income shock, a household that starts the 

period with ownership of k machines allocated to the profit center faces 

an opportunity to place orders of purchase of capital and/or orders of sales 

of capital. Capital is sold before production takes place but after all 

uncertainty in the period is revealed. The frrm credits the household with 

additional capital at the end of the period according to the proceeds from 

production net of depreciation. This credit obeys an earnings retainment 

policy and the taxation policy as now I tum to explain. 

The profit center retains a fraction of earnings according to an 

exogenously fixed policy. For ease of exposition I first assume that all 
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earnings are retained. For this scenario I show how the realization tax 

policy corresponds to instructions made by the government of how the 

household should partition its asset holdings according to vintages. I shall 

describe the vintage problem from the household perspective. All 

machines commanded by the household are seen by the profit center as 

having the same qUality. Nevertheless it is important that the profit center 

credits retained earnings according to the vintage structure of property 

ownership so that the household can comply with the tax laws. 

A Deterministic Household Problem Without Taxation 

Let me start with a simplified version of a typical household's 

maximization problem that will help illustrating the vintage structure 

induced by the policy of taxation upon realization. The household's 

problem under accrual taxation is addressed later, but it is basically a 

particular case of the structure induced by taxation upon realization. 

Let me assume shocks away and consider initially a household that 

faces a constant stream of labor income w, and shifts income over time 

by acquiring and selling a capital asset which is paid a constant marginal 

product r net of depreciation. The household starts the period with k 

holdings of the capital asset. It then faces an opportunity to sell at price 

p a positive quantity k - i of the asset before production takes place, 

where i represents the number of machines saved for investment. The 

profit center reinvests all earnings associated to the i machines and credits 
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the household accordingly. In the absence of taxation the maximization 

problem is described by the following Bellman's functional equation with 

time subscripts dropped: 

v{k) = max{u(c) + I3v{k')} 

s.t. 

c + x = w + p{k-i) 

k' = x + (l+r)i 

c, x, i, k - i ~ 0 

where k' is next period's quantity of machines held, v{k) is the optimal 

value of the discounted sum of utilities, starting from holding k, and x 

represents quantity of machines acquired in units of the composite good. 

The law of motion for k' reflects that next period's holdings come from 

three alternative sources: (1) capital purchased in the current period, x, 

(2) capital purchased in other periods, i, and (3) reinvested earnings 

associated to capital purchased in other periods, rio 

Notice that p is the price of capital, in terms of the end-of-period 

composite good, and before production takes place. In the absence of 

capital-gains taxation, p = 1 + r in equilibrium, otherwise arbitrage 

opportunities would be created. In the absence of inflation, an assumption 

maintained throughout the paper, whenever all the sales of capital assets 

is made out of capital acquired in the previous period, trade generates a 

capital gain of p - I per unit sold, which equals the rate of earnings 
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retained r. Since a sale can be made out of capital purchased two or more 

periods ago, which increases in value with the reinvestment at the profit 

center, the magnitude of the capital gains varies across holdings as 

indexed by their dates of acquisition. If there is a transaction tax that is 

proportional to the underlying capital gains then tax liabilities are indexed 

by dates of acquisition. 

The Problem With Taxation 

Now I introduce capital-gains taxation upon realization to this simple 

household's maximization problem. Let me suppose that a period is a 

year. For simplicity I proceed by assuming first that there is an 

enforceable government policy of taxing gains accrued within the last two 

years. I shall refer to this policy as two-period gains taxation. Later I 

extend this policy to include four model periods. For now the government 

instructs people to partition their capital holdings into two sets of assets. 

The first set includes only those machines acquired at the end of the last 

period. The second set includes the remaining savings, that is, capital 

holdings which resulted from investment made two or more periods ago 

plus their reinvested earnings. Given this government policy the 

associated Bellman's equation now reads 
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V(khkJ = max{u(c) + pv(k~,kD} 

s.t. 

c + x = w + p,(k,-i,) + P2(k2-iJ 

k~ = x 

k~ = (1 +r)(il +iJ 

with the understanding that a subscript indexes the vintage category while 

a prime is a reference to the next period's value of a variable. 

That this functional equation corresponds to the given tax policy 

is a proposition that can be proved formally. An heuristic argument can 

be offered as follows. The household acquires machines given the "cash 

flow" implied by its budget constraint. Available income ("cash") is 

composed of labor compensation plus the proceeds of sales executed at the 

beginning of the period. Given that the tax policy is enforceable, the 

government can distinguish which fraction of the sales came out of capital 

held for less than a year. Contingent on PI and P2 representing the after

tax sale prices induced by this distinction, this explains the budget 

constraint as written. The other two equalities constraining the 

maximization problem postulate what the state of the household will be 

next period. Since the tax policy leads to a difference in sale prices, as 

shown below, the state of the household ought to discriminate capital 

acquired recently from the remaining asset holdings, as the equations do. 
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I have shown how the government policy of taxing two-period 

gains upon realization forces the household to partition its capital holdings 

into two vintages, as long as this policy implies distinct sale proceeds 

across vintages. If the policy is extended to include n-period gains, a 

similar result holds and the state of the household includes n vintages. 

Table 1 

Price for Selected Vintages With Return R * 

Book Value Tax Sale Price Pj 

Vintage 

One 1 T(R-l) R - T(R-l) 

Two lIR T(R-lIR) R - T(R-lIR) 

Three lIR2 T(R-lIR~ R - T(R-lIR~ 

Four lIR3 T(R-lIR3) R - T(R-lIR3
) 

*One period, before-tax, gross rate of return. 

Table 1 displays the after-tax prices Pj for j = 1, ... ,4 when the 

before-tax price is R and capital-gains are levied at the flat rate T. As the 

table shows, when R equals 1 + r, PI equals 1 + (I-T)r, the familiar 

after-tax proceeds under accrual taxation. Tax liabilities are computed as 

the tax rate times the capital gain, and the latter is receipts minus the book 

value which depends on the date of investment. Because, for tax 

purposes, assets are classified as belonging to vintage one if and only if 

they were acquired at the beginning of the last period, the book value per 
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machine in vintage one equals unity, and the associated gain is R - 1. 

Now, for tax purposes, all assets in vintage two are the result of 

an initial investment of lIR per machine provided at the beginning of the 

period before the last. The book value per machine in vintage two is thus 

lIR. 

As before, absence of arbitrage opportunities requires the 

beginning-of-period, before-tax sale price for all vintages to attain the 

common value R = 1 + r. It then follows that Pj is decreasing in j and 

indeed varies across vintages although a flat tax rate is used. Also notice 

that with a two-period gain taxation policy all capital not considered 

vintage one for tax purposes is considered vintage two. As a result this 

policy can be described as including a deduction of the gains accrued three 

or more years ago. 

Four-Period Gains Taxation With Shocks and Earnings Distribution 

Next I consider the scenario of a four-period gains taxation in the presence 

of idiosyncratic shocks. In addition I assume that the profit center 

distributes every period a fraction p. of accrued earnings associated to 

every ownership. This distribution can be interpreted as an arbitrary 

decision of realizing gains made by the profit center as if it "sells" some 

capital to itself and then distributes the associated gains to the capital 

owners. From the household perspective this realization is involuntary 

and it is meant to capture arbitrary realization decisions due to portfolio 
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adjustments made by third parties such as mutual fund managers. Here 

p. E [0,1] and the fraction 1 - p. of earnings is reinvested as before. 

When p. = 1, all earnings are retained. When p. = 0, all earnings are 

distributed. I shall assume that the fraction p. of earnings that is 

distributed involuntarily is also taxed at the flat rate T.
8 The Bellman's 

equation now reads 

V(k.,k2,k3'k,.,S) = max{u(c) + PE.·Mu.v(k~,k:i,k~,~,s')} 

s.t. 

c + x = ws + (l-T)p.rE1-1k; + E1-1Pj(k;-i) 

k~ = x 

k:i = [1 + (1-p.)r]il 

k~ = [1 + (1-p.)r]i2 

~ = [1 + (1-p.)r](i3 + i.) 

c, x, ~, k;- ij ~ 0, for j = 1, ... ,4 

where s E {8, I} is also part of the state of the household. 

Definition of Equilibrium Under Taxation Upon Realization 

Let me denote by h the policy function that attains the maximum of the 

household's problem. Hence h maps (k.,k2,k3,k.,s) to optimal holdings 

(k~,k:i,k~,~). Due to the tax policy the state of the household includes 

four vintages of capital assets. As a dynamic system, the state of the 

economy is composed by the entire distribution of people across labor-
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income states and capital holdings per vintage. 

I shall restrict attention to steady-states characterized by constant 

prices. In such a steady-state the per capital labor supply N is pin down 

by the parameters of the model and the per capita mass of capital K is 

endogenous but constant over time. I use f(k"k2'~'k.,s) to denote the 

fraction of people holding a profile (k"k2,k3,k.) of vintage-indexed 

machines and featuring a labor status s. The measure f is an endogenous 

equilibrium object that also remains constant in the steady-states I study. 

A steady-state equilibrium, relative to the government policy of 

taxation upon realization at rate 'T, is a value function v, a policy function 

h, a probability distribution function f, prices (w,r,p" ... ,P4) and 

aggregates (K,N) satisfying the following properties: 

• v solves the household problem given prices (w,r,p., ... ,P4) and 

h attains v (individual rationality) 

• r + 0 = aF(K,N)laK and w = aF(K,N)laN (profit maxim.) 

• P" ... ,P4 are given by Table 1 with R = 1 + (l-#L)r 

(absence of arbitrage opportunities) 

• K = I: k •• f(k,s) I: jhj(k,s) and N = I: k •• f(k,s)s 

(consistency between aggregates and individual choices) 

• f(k' ,s') = I:. I: A(.)f(k,s)Mu ' for A(s) = {k:k' = h(k,s)} 

(stationarity) 

• Government balances its budget 
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where k = (kl" .. '~). 

Notice that I have made use of summations instead of integrals in 

this defmition. This justified by the additional structure I will impose to 

the economic environment so that f is indeed a discrete distribution. This 

additional structure is motivated by computation issues that I will address 

shortly. 

Definition of Equilibrium Under Accrual Taxation 

Since the vintage structure discussed so far is purely an outcome of the 

taxation upon realization policy, it should disappear under accrual 

taxation. To keep the model's presentation compact I shall nevertheless 

introduce the environment under accrual taxation as a particular case of 

the previous one. 

Let q, denote the flat accrual tax rate. A steady-state equilibrium, 

relative to the government policy of accrual taxation at rate q, (r = 0), is 

a value function v, a policy function h, a probability distribution function 

f, prices (w,r.,p., ... ,P4) and aggregates (K,N) satisfying the following 

properties: 

• v solves the household problem given prices (w,r.,p., ... ,P4) and 

h attains v (individual rationality) 

• r.l(I-q,) + a = aF(K,N)/aK and w = aF(K,N)/aN 

(profit maximization) 
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• Pj = 1 + (I-#L)r. for j = 1, ... ,4 

(absence of arbitrage opportunities) 

• K = l: k •• f(k,s) l: jhj(k,s) and N = = l: k •• f(k,s)s 

(consistency between aggregates and individual choices) 

• f(k' ,s') = l:.l: A(s)f(k,s)M .. , for A(s) = {k:k' = h(k,s)} 

(stationarity) 

• Government balances its budget. 

Hence as defined accrual taxation leads to after-tax sale prices of 

capital being equalized across vintages, and this makes the vintage 

categorization irrelevant. Households now face the yearly return under 

accrual taxation, r., which differs from the marginal product of capital net 

of depreciation as a result of the flat tax rate cP. Put in this language, the 

standard analysis of capital income taxation is mostly concerned with this 

difference, as it may distort the saving-consumption decision at the 

household level. By contrast, in this paper I focus on the distortions of 

marginal decisions across households induced by differences that 

realization taxation may exert on the p/s. 

4. Computation and Parameterization 

The Bellman's equation associated to the household problem has a high 

dimensionality. The state space contains four endogenous variables, the 

capital holdings across vintages, and one exogenous variable, the labor-
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income shock. The computation costs associated to this high 

dimensionality and the presence of binding constraints are multiplied by 

the need to compute a solution to the household's problem as many times 

as necessary to search for equilibrium prices. Motivated by these 

considerations I make modify the economic environment in order to make 

the computation problem easier to handle. 

In addition to the frictions originated by the uninsurable risk, 

borrowing constraints and the taxation and earnings distribution policies, 

I assume that asset holdings are restricted to discrete quantities. 

Households may partially overcome this friction by randomizing over next 

period's capital holdings.9 Specifically, let me suppose that households 

are restricted to hold in any vintage quantities of machines from the 

discrete set {O, 1 , ... ,kuwc} at the beginning of each period. One can think 

of this restriction as indivisibilities in the way capital is sold by rums. 

Now I will show that, by joining a large number of other investors 

and trading lotteries over next period's initial holdings with them, each 

household faces a continuum of expected utility values. This is possible 

because consumption can be chosen out of a continuum of positive 

quantities as before. For ease of exposition, I shall describe the lottery 

counterpart of the simple household's problem with two vintages discussed 

above. The extension to the general problem with four vintages, shocks 

and earnings distribution is straightforward and shall be omitted here. 
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The Bellman's equation with lotteries reads 

v(q.,q:z) = max{u(c) + P r 1r(K.,K:z)v(fhK:z)} 

s.t. 

c + x = w + Pl(ql-i1) + P2(q2-i:z) 

r 1r(KhK:z)K1 = X 

r 1r(K.,K:z)K2= (1 +r)(i1+i:z) 

1r(K1, K:z) = 0 if K2 > (1 +r)(q1 + q:z) 

r 1r(KltK:z) = 1 

1r(KhK:z) > 0 for all Kit K2 E {O,I, ... ,ku-} 

where 11' is the lottery contracted, which is a function defining a 

probability for each outcome of next period's holdings (KltK:z). In this 

problem 11' is a choice variable. The support of 11' may include all 

combinations of capital holdings that are feasible. All pairs of initial 

holdings (q It q:z) and final holdings (Kit K:z) have coordinates in the set 

{O,I, ... ,~}. All other variables in this functional equation can assume 

real values. The summations take place over all pairs in the domain of T. 

The lottery technology thus enables the household to pick the 

controls c, x, i1 and i2 from the usual convex set. These values are then 

committed to the lottery wheel in a poll with a large number of investors. 

Taxes are paid according to the transactions implied by these quantities. 

Consumption at the level c is certain, but x, i1 and i2, together with 11', 
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only guarantee some expected value for capital holdings, as indicated by 

the second and third constraints of the Bellman's equation. The fourth 

constraint follows from the assumption that the tax policy is enforced even 

in this probabilistic sense, and also restricts the support of the lotteries. 

I have thus shown that the introduction of lotteries leads to a 

dynamic programming problem in which consumption is chosen out of a 

continuum of possibilities, and so is expected utility. It can be further 

shown that, as a functional operator, the associated Bellman's equation 

preserves concavity. I found that this equation can be solved numerically 

with reasonable accuracy and at low computation cost. I also found that 

the 'I"s that attain the optimal values are very useful in computing the 

stationary distribution f for given price candidates. Relative to this 

environment with lotteries the computed f is very accurate. Now I give 

more details of the computation method. 

Computation of Equilibrium 

The method is in many regards standard. Given a parameterization of the 

model (to be discussed shortly) the first step is to compute the invariant 

distribution associated with the income shocks transition matrix M. 

Together with the support {I ,e}, the invariant distribution probabilities pin 

down the per capita labor supply N. The algorithm proceeds by guessing 

and verifying the steady-state per capita holding of capital K. 

Given a taxation policy then w, r {or rJ and the p/s are pin down 
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by K and N according to the conditions in the steady-state equilibrium 

definition. Thus each guess for K implies a unique guess for the prices. 

Given a guess for K and all prices, the household's problem is solved by 

value function iteration. The distinguished feature of the value iteration 

applied here is the computation of the lottery 'lI", which is used both as a 

device to interpolate each value function at the discrete capital states, and 

to compute the invariant distribution of households as indexed by their 

asset holdings and income states, f. If the per capita mass of capital 

included in all vintages that is described by f agrees with the initial guess 

for K then the algorithm stops since a steady-state has been computed. 

Else, a new guess for K is computed along the lines described by 

imrohoroglu (1992). 

The guiding principle governing the computation of 'lI" during each 

value iteration is provided elsewhere (Cavalcanti 1995) where it is posed 

as a concavity preserving interpolation problem. The usefulness of 

preserving concavity during value iterations is that optimal decision rules 

can be found using local search. The interpolation problem addressed by 

Cavalcanti (1995) is two-dimensional. An extension to four dimensions 

is used here. Although preservation of concavity is not guaranteed 

generically for this extension, numerical global checks were performed 

after a candidate steady-state was found indicating that concavity was 

preserved. 
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Regarding the computation of optimal decision rules, local search 

was performed using a hill climbing method. The search performed was 

one-dimensional according to the findings of Balcer and Iudd (1977) who 

established that portfolio management for a similar capital-gains taxation 

problem displays a lifo structure. 10 Numerical global checks were also 

used to verify that the lifo structure was indeed optimal. 

An overview of the algorithm can be provided with the help of the 

following notation. Let Ici == (k:,k~,k~,ki) denote a typical profile of asset 

holdings and let the grid, induced by the support {O,I, ... ,~} for each 

dimension of the lotteries, be 

The value for k.u.x is set as 12 so that G contains 57,122 grid points. Now 

notice that an optimal policy T and the Markov chain M on s induce a 

Markov chain P on g E G according to 

and that f is the invariant distribution of P. These elements can be used 

to provide an overview of the algorithm as follows: 

Step 1: Guess K, compute prices 

Step 2: Compute T(k,S; .) for each (k,s) E G 

Step 3: Build P, compute f 

Step 4: Compute K' implied by f 

Step 5: If K' is close to K stop; else repeat Step 1 
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with value iterations being performed in Step 2. Apart from the attempt 

to preserve concavity, the value iteration part of the algorithm is similar 

to the method studied by Santos (1994). 

Finally, in addition to the steps used to compute steady-states under 

accrual and realization taxation, an algorithm was used to perform policy 

experiments and welfare comparisons. The main policy experiment 

computes the accrual tax rate <p that produces in the accrual taxation 

regime the same revenues raised by the realization tax regime at a given 

rate T. For this experiment a bisection method was used to find such a <p. 

For the welfare comparisons across steady-states two welfare criteria were 

used according to the formula 

I: k,.f(k,S)V(k,s) 

where f is a probability distribution function and v is the optimal value 

function associated to the computed steady-state under a given taxation 

policy. The first criterion attains by using the computed equilibrium 

distribution of people f, associated to a given tax policy, in place of f in 

this formula. The resulting welfare metric is thus the sum of discounted 

utilities of people in the given steady-state, with equal weights used to 

generate an average. This averaging interpretation is justified by the fact 

that f describes the average number of households in each state. 

Since I am also interested in equity issues regarding capital-gains 

taxation, a second criterion is considered in order to capture the average 
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welfare of the low-labor income households in the steady-state associated 

to a given tax policy. This criterion attains by replacing f(O,s) with 

f(k,O)! E kf(k,O) 

and putting f(le,l) = 0 in the generic formula. This second criteria thus 

applies zero weight to the utility of households receiving high income 

shocks. 

Parameterization 

The model's specification and parameterization are now presented. Utility 

has the constant relative risk aversion form 

u(c) = c1"'!(1-cr) 

while the production function has the Cobb-Douglas form 

The values for the main parameters are displayed in Table 2. The 

model period is taken to be one year and the discount factor (3 is set equal 

to 0.96. The risk aversion coefficient cr is set equal to three, a value 

commonly used in the related literature. The parameter ex corresponds to 

a capital share of 25 percent, while the depreciation rate of capital is set 

as three percent. The parameter 0 is such that low labor income is 

five percent of the high labor income. The transition probabilities for the 

matrix M are set so that households face high labor income shocks 
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92 percent of the time, roughly. The average duration of low labor 

income periods is two years. imrohoroglu and Prescott (1991) choose 

similar parameters for the transition probabilities for the idiosyncratic 

shocks that in the context of this class of models can also be interpreted 

as employment shocks. 

Table 2 

Parameter Selection and Some Related Statistics or Data Reports 

Value Related Statistics or Reports 

Preferences 

Discount factor {3 .96 Capital/GNP ratio 

Coef. of Risk A version a 3 Micro studies 

Labor endowment 

Low income shock 8 .05 Low/high income ratio 

Transition matrix M [-96.04J Unemployment rate and 
.50.50 average duration 

Technology 

Capital share a .25 Capital-income/GNP 

Depreciation rate ~ .03 Capital-allowance/GNP 

Earnings Distribution Policy 

Distributed earnings share p. . 2 Dist. earnings/total earn . 

Taxation Policy 

Capital-gains tax rate T .28 Statutory tax rate 

The share of distributed earnings, represented by p., corresponds 

to 20 percent. While the share of distributed earnings on corporate profit 



31 

in the US national income and product accounts has a higher value on 

average, around 40 percent, gains from corporate stock and partnership 

distributions were near a half of gross capital gains excluding personal 

residences in 1982 (see Gravelle 1994). Hence much capital gains in the 

US come from capital assets that do not pay dividends such as real estate 

and other depreciable property. Finally the tax rate parameter Tis chosen 

to be 28 percent, the current top statutory capital-gains tax rate in the US. 

s. Fmdings 

In this section I report findings from the numerical experiments. The first 

experiment is the computation of the steady-state under taxation upon 

realization at the flat tax rate of 28 percent. Some key statistics of the 

computed steady-state are displayed in Table 3. In this as in other tables, 

statistics for low-income and high-income households are averages 

computed using the fraction of people in each income state as implied by 

the computed invariant distribution associated to a given policy. 

There are three observations particularly informative in Table 3. 

First, trade as represented by average sales of capital is higher by a factor 

of six for households in the low labor income state relative to households 

in the high income state. This contrasts with the computed consumption 

across income groups, with high-labor-income people enjoying extra 

consumption that is just one third of the average low-labor-income 

consumption. This finding reflects the importance of trade as a 
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mechanism to smooth out consumption in this class of models. 

Table 3 

Statistical Properties of the Model Under Taxation Upon Realization 

Average Levels Relative to Per Capita Output 

Consumption 

high labor income 

low labor income 

Realized four-period gains 

Total four-period gains 

Capital sold by individuals 

high labor income 

low labor income 

Other Statistics 

Return on capital 

Fraction of realized gains that 
accrued within last three years 

85.4% 

87.5% 

67.9% 

3.2% 

34.0% 

12.1 % 

5.9% 

63.5% 

2.46% 

65.5% 

Second, two thirds of the realized gains are on average associated 

to trade of capital first acquired in the last three years. This is a 

consequence from the fact that in order to minimize tax liabilities people 

sell capital with higher book value first. According to the price structure 

displayed in Table 1, the older the capital the higher the tax liability, 

given that there is no aggregate uncertainty in these steady-states. 

Third, gains accrued within the last four years are higher than the 

taxable gains in the same period by a factor of ten. This observation is 
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consistent with empirical studies that find that revenues may increase after 

some period following a capital-gains tax reduction. There is potential for 

a similar outcome here as well but such investigation is out of the scope 

of this paper. 

Before proceeding with the assessment of the consumption 

smoothing effects of the current US tax system, which I shall highlight by 

checking out how equilibrium allocations look like under accrual taxation, 

let me first report how the model fares regarding the volume of 

realizations and tax collections relative to GNP. 

Volume of Realizations and Tia Revenues 

Table 4 displays a comparison between the US data and the model 

economy regarding computed statistics for volume of capital-gains 

realizations and the associated tax revenues. For the model economy only 

taxable realizations, according to the judiciously selected taxation upon 

realization policy, are taken into account. 

The data of interest for the US economy shows the values of 

reported capital-gains realizations in the period 1954-1985 and the 

associated tax revenues. Part of these gains take the form of distributions 

and other realizations that are involuntary from the hous~hold perspective. 

In order to proceed with a meaningful comparison I defme similar 

statistics for the model economy. For this sake I assume that ten percent 

of the distributed earnings in the model is considered, for this statistical 
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comparison, as capital gains. Since distributed earnings are 20 percent of 

accruals, the numbers in Table 4 are generated under the assumption that 

two percent of the capital income is attributable to involuntary 

realizations. 

Table 4 

Realizations and Tax Revenues Attributable to Capital Gains* 

Capital-Gains Realizations Relative to GNP 

In the model economy 

In the US data 

All households 

Bottom 99%** 

Capital-Gains Tax Revenues Relative to GNP 

In the model economy 

In the US data 

1.09% 

2.65% 

1.42% 

.30% 

.38% 

*Statistics for the US data are averages for the 1954-1985 period based on net long term 
gains reported by the U.S. Congressional Budget Office (1988). For the model economy ten 
percent of the distributed earnings was computed as capital-gains realizations. 
**Ranked by the AGI concept of income. 

These numbers reveal that the model has no difficulty in producing 

revenues relative to GNP of the same order of magnitude as the 

corresponding average over the years from 1954 to 1985 in the US data. 

They also reveal that the volume of realizations in the data is greater than 

the corresponding model's statistic by more than a factor of two. But this 

disparity should be given less importance since a significant part of the 

observed realizations receive tax exemptions and deductions with no 
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counterpart in the model. In any event it is likely that this class of models 

does have some difficulty in matching the high concentration of realized 

gains at the top of the income distribution (see U.S. Congressional Budget 

Office 1988 for evidence on this issue). Nevertheless, the model's 

performance along the revenues dimension is encouraging and allows me 

to go on and measure the consumption smoothing distortion despite the 

simplicity of the framework. 

Insights From Accrual Taxation 

Tables 5 and 6 report fmdings from the accrual taxation experiment and 

allow for a measurement of the consumption smoothing distortion 

associated to the policy of taxation upon realization. 

Table 5 

Statistical Properties of the Model Under Accrual Taxation 

Average Levels Relative to Per Capita Output 

Consumption 

high labor income 

low labor income 

Other Statistics 

Accrual tax rate 

Return on capital 

85.4% 

87.5% 

68.5% 

7.7% 

2.49% 

In this experiment I compute the tax rate that under accrual 
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taxation raises the same magnitude of capital-gains tax revenues found in 

the steady-state under taxation upon realization. The computed rate is 7.7 

percent. Thus the increase in tax base induced by accrual taxation leads 

to a variation of flat tax rates across steady-states of roughly a factor of 

four. Although there is little change on interest rates and average 

consumption flows relative to output, there are significant changes of 

consumption levels indexed by labor income status as shown in Table 6. 

More specifically, although average consumption falls in the steady-state 

under accrual taxation, average low-labor-income consumption increases 

by 0.7 percent. This indicates that consumption is smoother with accrual 

taxation, as opposed to taxation upon realization, even in this environment 

of deterministic prices. 

The consumption smoothing distortion can also be measured by 

statistics of utilities and consumption medians across computed eqUilibria. 

Indeed consumption is more evenly distributed for both income groups 

under accrual taxation as Table 6 shows. 

Finally the smoother pattern of consumption is captured by the 

welfare gains criteria. They indicate, relative to the current US system, 

what the necessary increase in aggregate consumption is in order to make 

welfare as high as in the accrual taxation environment. The first welfare 

criterium takes the perspective of a typical household that starts in the 

economies with average labor income and asset holdings, according to the 
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long run distributions computed with the model. 

Table 6 

Comparison Between Capital-Gains Taxation Policies 

Upon Accrual Variation 
Realization 

Average Levels 

Output 1.4911 1.4892 -.13% 

Capital 6.8224 6.7872 -.52% 

Consumption 1.2734 1.2726 -.06% 

high labor income 1.3048 1.3029 -.15% 

low labor income 1.0124 1.0195 +.70% 

Average utility -8.4700 -8.4652 +.06% 

high labor income -8.1877 -8.1858 +.02% 

low labor income -10.8224 -10.7936 +.27% 

Medians for Consumption 

High labor income 1.3157 1.3227 +.53% 

Low labor income 1.0432 1.0538 +1.01% 

Welfare Gains* 

With equal weights for all states .02% 

With equal weights for low income states, 
zero weights for high income states .13% 

*Relative to aggregate consumption. 

The second criterium funnels this perspective to the point of view 

of an individual who expects to start in the economies with a low labor 

income shock. The findings are that welfare gains are much higher 
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according to the second criteria as a result of the consumption smoothing 

effects across policies. 

Taken in isolation, the welfare gains are small. When compared 

to measures from other macroeconomic exercises in this class of models, 

the picture that emerges is somewhat different. For instance, Aiyagari 

and McGrattan (1995) compute welfare gains for a similar model that is 

calibrated to the US data and used to address the optimum quantity of 

government debt. They use a comparable welfare criterium to assess 

gains in utilities generated by adjusting the observed US debt, relative to 

output, to an optimum level. They find magnitudes of welfare gains that 

are roughly bounded by 0.06 percent of aggregate consumption. 

Two other qualifications may highlight the quantitative significance 

of the measured distortion on consumption smoothing. First the computed 

welfare gains are not likely to be reduced by effects from transitional 

dynamics not captured in my steady-state analysis. This follows since the 

steady-state under accrual taxation entails a lower level of aggregate 

capital, so that households may consume the extra capital in the transition 

from the taxation upon realization regime. 

Second the computed welfare gains are likely to perform as a lower 

bound given that the heavier burden associated with the taxation of 

inflationary gains, as well the additional incentives to postpone trade 

induced by the zero taxation of gains on capital bequeathed at death, have 
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not been incorporated into the model. 

6. Conclusions 

I have shown that the current US capital-gains tax policy is a tax on 

consumption smoothing. This finding is consistent with the widespread 

belief that the transaction-tax aspect of the policy discourages trade. This 

general equilibrium effect cannot be measured in light of macroeconomic 

models that do not incorporate the choice households face of avoiding 

taxation by postponing sales of capital assets. The fmding is thus different 

in nature from measurements of pure distortions to aggregate saving 

(Aiyagari 1995, Charnley 1986 and Lucas 1990). 

The analysis was carried out in the context of the neoclassical 

growth model, arnended to accommodate a role for asset trading and to 

generate capital gains. It also revealed that accrual taxation is capable of 

raising the same revenues with a 7.7 percent flat rate as the tax collections 

under the current system, plus generating welfare gains. 

The results are likely to hold in the presence of price uncertainty 

and the taxation of inflationary gains. 
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Endnotes 

lSee Bizer (1992). According to King and Fullerton (1984), an 

OECD country with basically zero taxes on capital gains was West 

Germany. 

2The empirical literature on revenue effects of capital-gains tax 

changes is voluminous. See, e.g., Auerbach (1992), Burman and 

Randolph (1994), Feldstein (1995), and Slemrod (1995). For a simulation 

model see Kiefer (1990). 

3See Vickrey (1939) and Shakow (1986). For an alternative to 

accrual taxation see Auerbach (1991). 

4See Kehoe and Prescott (1994) for a discussion on this issue. See 

also Chari, Christiano and Kehoe (1994) for a study of taxation in a 

framework with many applications in macroeconomics. 

sSee Sargent (1993). These models are also known as models with 

heterogenous agents. The term "people" is used here since households in 

this class of models represent themselves in the market, instead of using 

"agents" to do so. This class of models has been explored by Aiyagari 

(1994, 1995), Bewley (1986), Diaz-Gimenez and Prescott (1989), Huggett 

(1989), imrohoroglu (1989, 1992), Krusell and Smith (1995), Laitner 

(1979), Deborah Lucas (1994) and Scheinkman and Weiss (1986), among 

others. 

6See Caballero (1991), Cantor (1995), Hubbard, Skinner and 
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Zeldes (1995), Kimball (1990), Kotlikoff (1988) and references therein. 

'See Poterba (1987) and Spatt (1987). 

8 Another possible specification is to assume that a fraction, say 'Y, 

of the involuntary distributions take the form of capital-gains realizations 

which are taxed at the rate 1', while the remaining fraction is taxed at a 

different personal tax rate. 

'For alternative applications of lotteries see Hansen (1985), 

Prescott and Townsend (1984) and Rogerson (1988). 

l'That is, last in first out. Thus when households sell capital they 

do so by minimizing tax liabilities, i.e., by selling capital from vintage j 

only if there will be no holdings left in vintage j - 1. 
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