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Abstract

For the class of single-index models, I construct a semiparametric estimator of coefficients
up to a multiplicative constant that exhibits 1/\/n-consistency and asymptotic normality. This
class of models includes censored and truncated Tobit models, binary choice models, and dura-
tion models with unobserved individual heterogeneity and random censoring. I also investigate

a weighting scheme that achieves the semiparametric efficiency bound.
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1 Introduction

In this paper I define a new semiparametric least squares (SLS) estimator for the single-index model,
establish its 1/ /n—consistency and asymptotic normality, where n here refers to the sample size,
and present a consistent estimator of the covariance matrix. I also study a weighted SLS (WSLS)
estimator and show that it achieves the semiparametric efficiency bound obtained by Newey (1990)
for the single-index model.!

We say that a probabilistic model is semiparametric if an index parameterizing the distribution
consists of two parts, say 6 and 4, where @ lies in a finite-dimensional space © and v lies in an
infinite-dimensional space I'.

Let (8o,70) € © X T be the true value of the parameter in the model. We call an estimator of 4,
semiparametric if the model is semiparametric and the definition of the estimator does not involve
knowledge of v9. We call a model and an estimation method parametric if the model specifies vg
and thus restricts the distribution to a finite-dimensional space.

For example, the regression model

y= .’L"ﬂo-{-é,

with E(e|z) = 0 and independent and identically distributed (i.i.d.) sampling, is semiparametric,
for By corresponds to 8y and the joint distribution of z and € corresponds to 49. An example of a
semiparametric estimator is the ordinary least squares estimator.

The regression model has played a prominent role in econometric analysis. Careful inspections
of economic problems, however, have revealed limitations of the regression model and induced
efforts to overcome the inadequacies of the basic model.? Recognition of the simultaneous equation
problem, nonnegativity restrictions, probabilistic choices, disequilibria in markets, the selectivity
bias problem, and the time-dependence of economic decisions led to the construction of more

appropriate econometric models.? All of these models were initially specified as parametric models.*

1The optimal weighting scheme involves knowing the conditional variance of y given z and hence is infeasible. In

this paper I do not investigate the use of estimated weights.
2 A statistical problem with the least squares estimator, nonrobustness, lead Koenker and Basset (1978) to study

the least absolute deviation estimator.

3Some of these models had more impact on empirical studies than others.
*To be precise, they are specified as parametric models up to an ancillary parameter, such as the marginal

distribution of exogenous regressors.




For the simultaneous equation model, Theil (1953a, b) and Basmann (1957) developed a semi-
parametric estimator, the two-stage least squares method. Analogous development has been on-
going for other models since Manski (1975) initiated research in semiparametric estimation for the
discrete choice model.

Some of the models mentioned above are single-index models (see section 2). Under some
regularity conditions, the SLS estimator for single-index models is consistent with rate 1/4/n, the
typical rate achieved by parametric estimators under i.i.d. sampling. The 1/4/n convergence rate of
the SLS estimator implies that the estimator is not infinitely inefficient compared with conventional
parametric approaches even though the model is not restricted within a finite-dimensional space,
as it is for the parametric maximum likelihood (ML) estimation method. I call the estimator
semiparametric least squares because the objective function resembles that of the nonlinear least
squares (NLS) estimator.

In the next section, I define the single-index model, and show that it includes censored Tobit
models, binary choice models, and duration models, among others. Section 3 gives a geometric
motivation for the proposed estimator. In the fourth section, I formally define the SLS estimator,
discuss the identification of the parameters of the model, and show that under some regularity
conditions, the estimation technique identifies the true parameters up to a multiplicative constant
in the linear single-index model. Section 5 provides proofs of consistency and asymptotic normality
of the SLS and the WSLS estimators. The section 6 addresses some efficiency issues, and the section
7 presents a consistent estimator for the covariance matrix. The section 8 investigates the small-
sample properties of the SLS estimator by analyzing a Monte Carlo experiment. The final section

discusses some directions for future research.

2 Single-Index Models

Let L, M, and n be positive integers and let n denote the sample size.

DEFINITION 2.1 (Single-Index Models) The model
vi = o(h(z;;60)) + €& for i=1,...,n,

where



(1) (zl,y:) fori=1,...,n is an i.i.d. sample;

(2) vi € R and z; € RL are observed, ¢; € R is an unobserved disturbance, and 6y € RM is an

unknown parameter to be estimated;
(3) E(eilz;) = 0;
(4) the function h : X x © — R for some X x © C RL x RM is known up to a parameter §; and
(5) the function ¢ : R — R is not known
is a single-index model.

The single-index model is semiparametric for two reasons: first, the function ¢ : R — R is
not known and second, the conditional probability of € conditioned on z is not specified except
for E(¢|z) = 0. If the function ¢ is known, then it is well known that the least squares method
consistently estimates 6y under some general conditions. Thus the lack of knowledge of ¢ makes
the estimation of 8p nontrivial.

Brillinger (1983) first proposed studying limited dependent variable models within this frame-
work. He calls this model a generalized linear model, for he considers a case where h(z;0) = z'6.
Since a class of models with the same name already exists in a different context (for example,
see McCullagh and Nelder (1983)), we refer to this class as single-index models, following Stoker
(1986).

As an illustration of a single-index model, consider the following latent dependent variable

model. In this model we do not observe y* but y, which is a transformation of y*. Formally,
y* = h(z;0)+v
y = 7(¥°).
We assume that z and v are independent® and that the sampling of (z’,y) is i.i.d. Furthermore,

we assume that z € RL and 8, € RM.

The function 7 : R — R may or may not be known. If the function 7 : R — R takes the form

s ifs>0
0 if s<0,

T(s) =

5In general, the distribution of ¥ can depend on k(z;8o).



then the censored Tobit model results. If the function 7 : R — R takes the form

1 ifs>0
0 if s<0,

T(s) =

then the binary choice model results. In both cases the transformation function 7 is known but
E(y|z) is not known unless the distribution of the error term is specified. Knowing the transfor-
mation function 7 alone does not allow least squares estimation.

The reduced form has the form of a single-index model, as the following calculation shows:

E(yle) = / Tt (h(z300) + v)dFy,

where F, is the distribution function of the random variable v. By defining € to be the difference

between the observable y and the conditional expectation, or
€E=y - E(ylx)’

we can transform this class of latent variable models into the single-index model defined in Défini-
tion 2.1.

Applications of single-index models are not restricted to censored Tobit models and binary
choice models. Since the transformation function 7 is completely unspecified, single-index models
can also be regarded as an alternative to the errors—in—variable formulation of regression models.
For example,® suppose y* is unobserved true profit of a firm and we observe only reported profit y.
We could assume that reported profit is true profit plus an error term. This is the errors—in-variable
formulation. An alternative is to use the model y = 7(y*). With this modeling strategy, we allow
reported profit to differ systematically from true profit and yet we are able to consistently estimate
the relative determinants of firm profitability.

Another model that can be regarded as a single-index model is the truncated Tobit model.
Here, unlike in censored Tobit models, we do not observe z when the corresponding dependent
variable y is censored. Let I(A) be a function that takes value 1 when a logical statement A is true
and value 0 when A is false. When the logical statement is indexed by ¢ and no confusion ensues,

I(A;) will be abbreviated as I;. Then, truncated Tobit models can be written as

y = h(z;60) + u,

®1 thank Professor Robert Gertner for suggesting this example.



where u has density

I(u > —h(z;00))F,(du)[1 = F,(—h(z;60))]7 .

Therefore, E(y|z) equals

h(z;00) + /_ Z )uF.,(du)[l—F,,(—h(z;eo))]“l

360
and has the form ¢(h(z;6)).

The class of single-index models also includes duration models as a special case if (1) censoring
is random, (2) exogenous variables are time-independent, and (3) individual heterogeneity is inde-
pendent of exogenous variables. To see this, let the conditional density function of a duration spell

t and the unobserved heterogeneity o given z without censoring be

f(t,@) = fi(t; k(23 60)) fo( @),

where fa(a) denotes a density for individual heterogeneity. Let fc be the density for censoring.

Then the density function of a duration spell ¢ with random censoring is

fo®) = Je® [ fi(s,h(z00))ds + [1 = Fo(lt, hzi o)),

where Fc denotes the distribution function of the censoring point. Therefore the conditional
expectation of the duration spell conditioned on the regressors has the form ¢(h(z;6)) as desired.

Because single-index models abstract from the specific structures of each model, they do not
take advantage of particular restrictions within each model other than those already exploited by
the formulation of the single-index model. For binary choice models, the unknown function ¢ is
the cumulative distribution function. Thus it is a nondecreasing function with range between 0 and

1. For censored Tobit models,

h(z;60)
o(h(z;60)) = /_oo ! F,(s)ds,

and thus ¢ is a nondecreasing function that is an integral of the cumulative distribution function
of the error term. Nevertheless, in the single-index framework, both functions are specified only
as measurable functions with some finite moments. We shall see that the abstraction results in
a loss in identification for some models in the single-index class. Typically, Tobit models allow

identification of all parameters, and binary choice models allow identification of parameters up

6



to a multiplicative positive constant. In“ both cases we shall see that in the linear single-index
model formulation, slope coefficients are identified only up to a multiplicative constant that is
not necessarily positive. However, even in those cases analysis often simplifies considerably once
unknown coefficients are estimated up to a scalar. SLS provides a convenient initial estimator in
those cases. In other more complicated cases, such as the unknown transformation model or the
duration model with unobserved heterogeneity, the single-index approach provides a convenient

framework in which to consider estimation.

3 Geometric Motivation for the SLS Estimation Method

Recall the definition of the single-index model:
vi = ¢(h(zi;00))+ €& for i=1,...,n.
SLS estimation is based on the following three observations:
(1) The variation in y results from both the variation in h(z;8) and the variation in e.

(2) Nevertheless, on the contour line h(z;6p) = ¢, where c is a given constant, the variability in

y results only from the variation in e.

(3) Observation (2) does not necessarily hold on a contour line defined by h(z;8) = ¢ for 8 # 6.
Along this contour line, the value of h(z;6p) changes and therefore the variability in y again

results from the variation in both A(z;6p) and e.
These three observations indicate a way to identify 6;. The conditional variance’
Varlylh(z;6) = ] = E {[y - E[ylh(:6) = c]]*}

measures the variability in y on the contour line h(z;68) = ¢ for each ¢. Therefore a sensible way to

estimate fp is to first construct a sample analog of

E{W(2)ly - Elylh(z:0)]]’}

"In this paper I use the conditional variance as a measure of variability, but that choice is not unique. One may

be able to use other measures, such as absolute deviation, and derive other estimation methods. This possibility is

pursued in Hall and Ichimura (1991).



as the objective function, where W : Rl — R is a weighting function, and then find 8 that minimizes

the objective function.

4 The Estimator and the Identification Conditions
The heuristic argument in the previous section suggests minimizing an objective function

J(9) = E{[y - E(slh(=; 6))I*}

with respect to 8 to define an estimator of fy. Since J(8) is unknown, it must be estimated in order
to define a feasible estimator.
If E[y|h(z;80)] is known, then a sample analog of J(8) is
1 n
- > {wi — Elyilh(zs; 0)]}>.
i=1

Since E[ylh(z; )] is not known, we replace it with a kernel estimator. (For discussion of the kernel
estimator, see Parzen (1962), Nadaraja (1964), Watson (1964), and Prakasa Rao (1983).) Thus,

we define the SLS estimator as follows:

DEFINITION 4.1 (SLS Estimator) The SLS estimator minimizes the square root of
1& =
In(6) = — > I(z: € X)[yi — E(=:,0)),
=1

where

(1) X c RL;

(2)
2izi Yil(z; € Xo)K ([A(zi; 6) — h(z;;0)]/an)

B ) = S € KoK Wz 0) — Rz 6 ar)
if
2_1(z; € Xn)K ([h(z:; 6) - h(z5:6)]/an) # 0,
and i
Bz 0)= | ¥ if % < (Ymax + Ymin)/2,

Ymin Otherwise,

where X,, = {z|||z — 2'|| < 2a, for some z’ € X}, Ymax = max; ¥i, and Ymin = min; y;;

8



(3) K : R — R is a one—-dimensional density function; and
(4) an >0 and a, — 0.
When all the denominators of kernel regression estimators are 0, we assume that d=0.

Some remarks on this definition are in order. First, clearly any objective function that is strictly
a monotonic transformation of J,(8) defines the SLS estimator. The current version is convenient
for proving consistency.

Second, for each finite n, there is a positive probability that 6 = 0. As I show later, the
probability goes to 0 if na? — oo and the density of h(z;8) is uniformly bounded and bounded
away from 0 on X.

Third, the trimming term I(z € X) is introduced to guarantee that the density of h(z;6) is
bounded away from 0. This condition helps to establish uniform convergence of E(z,8) and its first
and second derivatives to their respective limits in probability. These convergence results will be
used to establish consistency and asymptotic normality of the estimator.®

Fourth, E(z,ﬂ) is defined as the usual kernel regression estimator using (zj,y;) such that
z; € X,. Because X, is taken to be a set that includes X in such a way that all boundary points
in X are interior to X, in a neighborhood of z, with probability approaching 1, there are data
in all directions to take a local average. The construction helps to prove uniform convergence of
E(z, ). We take a monotonically convergent sequence of sets {X,}32, rather than a fixed set that
includes X in oreder to reduce bias.® This point is elaborated further in section 5.

Fifth, the boundary conditions could be defined differently, but the current version makes the
objective function lower-semicontinuous.

Sixth, conceivably one could use any estimator of E[y|h(z;8)] in place of a kernel estimator.
There are at least two advantages to using a kernel estimator.!® First, the objective function is
differentiable with probability approaching 1 if a differentiable kernel function is used. Second,
when a kernel estimator is used, a derivative of the objective function converges to a derivative of

the limiting function.

8] thank Professor Lung-Fei Lee for pointing out the importance of the trimming in establishing asymptotic

properties of the estimator.
®] thank Professor Peter Hall for this idea.

191 thank Professor Daniel McFadden for suggesting the use of a kernel estimator.



Lastly, if ¢ is known, minimizing
1 n
= v — e(h(z;6)))?
n 4
=1

yields an estimator that is 1//n—consistent and asymptotically normal under some general condi-
tions. This is the NLS approach. One might be tempted to regard SLS as the same as NLS except
that ¢ is replaced by its estimate, say @. This is not the case. The estimator of 6y in SLS involves
estimation of E[y|h(z;0)] = E[p|h(z;0)] but does not involve estimation of ¢. In general, the two
functions ¢(h(z;80)) and E[p|h(z;8)] are different.

The single-index model does not preclude heteroskedasticity. To take heteroskedasticity into

account, we define the WSLS estimator.
DEFINITION 4.2 (WSLS Estimator) The WSLS estimator minimizes the square root of

1(0) = 2" I € X)W @il - Bl O,
where
(1) X c RE;
(2
22 Vil(zi € Xo)W(z;) K ([h(zi;6) — h(z;;6)]/an)

Ew(zi,0) = 52 1(z; € Xa)W(2;)K ([h(z:; 6) — h(z;;0))/an)
if
Y I(zj € X)W (2;)K ([h(zi; 0) — h(z;;0)]/an) # 0,
J#i
and
Ew(zi,0)={ "™ 13 < (Yrax + o) /2,

Ymin Otherwise,

where X, = {z|||z — 2’|| £ 2an for some z' € X}, ymax = max; ¥i, and Ymin = min; y;;
(3) weights {W(z;)}7, satisfy 0 < W(z;) < W, for some constant W;
(4) K : R — R is a one-dimensional density function; and

(5) an >0 and a, — 0.

10



We assume that § = 0 when Ew(z;,8) =0 foralli=1,...,n.

Two remarks on the weighting scheme in this definition are in order. First, in the NLS frame-
work, heteroskedasticity is corrected by reweighting. That is, if ¢(h(z;;8)) is known, then the NLS
weighting scheme is .
=S W(ely: - elh(zi O))]

i=1
In this model the scheme W(z;) = 0~%(z;), where o%(z;) gives the conditional variance of y; given
z;, is the optimal weights. Since in the single-index model ¢(h(z;;8)) is not known, we introduce
weighting also in the kernel regression estimator (see also section 6).

Second, because I treat-W(z;) as a known function in this paper, an optimal estimator is
infeasible. Rather, the point of introducing a weighting scheme is theoretical: it is intended to
clarify the roles played by weights that are different from the roles played by weights in NLS
estimation problems. As we shall see in section 6, the semiparametric efficiency bound for the
single-index model is not achieved if we use the NLS weighting scheme only.

Clearly, as discussed in the previous section, the function
J(8) = E{W(2)[y - ElylA(z;6)]]*}

takes the minimum value E(W(z)e?) when 6 = 6. For identification we should also ask whether
0o is the only 8 that achieves the minimum value. This holds only under further assumptions. The

general condition is that for all 8 # 6, there is a positive probability in z such that

w(h(z;00)) # E(plh(z;6)).

Since the condition involves an unknown function ¢ and the distribution of z given h(z;#8), it is
not immediately obvious whether the condition holds under some general conditions. I provide
sufficient conditions for identification in the linear single-index model.

The linear single-index model specifies
h(z;8) = 6121 + 0222 + - -+ + Oz,

where 6 = (6y,...,0.) and 8 € © C RE.

We assume that the unknown function ¢ is smooth and not everywhere constant:

11



AssUMPTION 4.1 The unknown function <p : R — R is (1) differentiable and (2) not constant on

the support of z’fy.

In the following analysis I make assumptions on regressors that are not necessary for usual
regression analysis. To allow some of the regressors to be deterministically related to other re-
gressors, I denote zt, for £ = 1,..., L, to be a function of the more fundamental regressors. That

is, z¢ = z!(2',...,z"), for £ = 1,...,L, is a known function from RX' into R. I call z!,...,zL

nominal regressors and z!,... ,z underlying regressors. To simplify the exposition, we assume
that the underlying regressors are all either continuous or discrete, but we could allow regressors
to be mixtures of continuous and discrete types by restating the assumptions all conditional on the
continuous parts of mixed regressors.

Now we place some restrictions on nominal regressors that amount to placing joint restrictions
on the functions z¢ : RY' — R for £ = 1,...,L and the random variables 2%,...,2L'. We arrange

1

regressors so that the first L; nominal regressors, z!,...,zL, and the first L) underlying regressors,

! . . . . .
z',...,z51 have continuous marginal distributions.

AssUMPTION 4.2 (1) z': RY — R for£ = 1,...,L has a partial derivative almost everywhere

in z with respect to all continuous underlying regressors z¢ for £ =1,...,L}.

(2) For discrete nominal regressors, dz%(z)/8z% = 0 for £ = Ly +1,...,L, and ¢' = 1,...,L}

almost everywhere in z.

(3) For each £, the set
sl,,...,sl;‘ "4 = 828/0z% for some z € Z for each £ = 1,..., L}
(4 {4 L4

has positive measure with respect to z and that the intersection of their linear orthogonal

sets is a singleton of a zero vector in RL1; that is,

L
At ysg1Y|sb = 02°/82%  for some z € Z for each £ =1,...,L1}* = {0},
=1

where Z is the support of z and AL denotes the linear space that is orthogonal to a set A.

(4) For each § € O there exists an open interval T and at least L — Ly + 1 constant vectors

¢ = (cil_,_l,...,ci)' for{=0,...,L — L, such that

12



(i)t =cPfort=1,...,L - L are linearly independent;

(ii) T is included in the following set

L-L '
N {tlt = 012" (2) + -+ + 02,25 (2) + Br,aachyga + - + O
{=0

for some z € Z(c‘)},

where

Z(ct) = {z € Zlzr,41(2) = ¢} 41, --»2L(2) = L };
and

(iii) ¢ is not periodic on I; that is, if ¢(t) = ¢(t + p) for allt € Z, then p = 0.

Assumption 4.2(4) places restrictions on the size of the parameter space @ and on the support

of continuous nominal regressors.
THEOREM 4.1 (Identification of Linear Single-Index Models) Let
y = ¢(z'6) + .

be a linear single-index model.

(1) If there exists a continuous nominal regressor whose coefficient is not 0 and if Assumptions

4.1 and 4.2(1-3) are satisfied, then the coefficients corresponding to all continuous nominal

regressors are identified up to a scalar constant.

(2) If furthermore Assumption 4.2(4) is satisfied, then g is identified up to a scalar constant.

PROOF.
Suppose §* = (1,63,...,0;) € O minimizes the objective function E{W(z)[y— E(y|z'8*)]?}. Since

6o also minimizes the objective function,
E{W(z)ly - E(ylz'60)]*} = E{W (z)ly — E(y|='6")]*}.
Since the left-hand side equals E[W(z)e?] and the right-hand side equals
E[W(2)e’] + E{W (z)[p ~ E(#lz'8")]},

13



we have

E{W(2)lp - E(plz'6")]’} = 0.

Moreover W(z) > 0 implies
o(z'8) = E(p|2'8*) a.e. in 2.

Let t = z'0*; then
@(Bo1t + 7222 + -+ + 102") = E(plt),

where v, = 0gy — 0010;. Taking partial derivatives with respect to 21,...,25, we have for almost

all z
@'(z'00)[12022/0z*+ --- +v1,0z11/8z'] = 0

@'(2'80)[1202% /0211 + -+ 71,0211 /8211] = 0.

By Assumption 4.1, there is a positive probability that ¢/ # 0. Thus

[y202%/82'+ .- +7L18:cL1/821] =0

[7231:2/3le+ +‘7L13$L1/3ZL1] = 0

holds with positive probability. Assumption 4.3(3) then implies y2 = --+ = 41, = 0. This completes
the proof of part (1).
Now we assume without loss of generality that the coefficients of the continuous random variables

are proportional to the true coeflicients; that is,
(61,...,81,) =7(bo1,...,00L,)" for some r#0.
Let t = r(z'00; + --- + 2% 6or,) + :,,Ll+1921+1 +---+zL6;. Then

o(z'001 + ---+2001) = E(plt)

= @(t/r+ (Bor,+1 — 0], 41 /)8 ¥ + - + (Bor - 67 /7)2D).

The last equality implies that the right-hand side is constant for all (:z:L’“,. .. ,:z:L) values. Then

Assumption 4.2(4) implies that
(021+1, tee ,92)’ = r(foL, +1,- - - ,90L)'-

14



Note that if all regressors are discrete, then a special configuration of the discrete support is

necessary in order to identify the parameter, as Example 4.1 shows.
EXAMPLE 4.1 Consider a linear single-index model with L = 2; that is,
h(z;0) = 61z, + 6,21,
where 8y = (001, 602) and 8 = (6,,0,). If
(1) the support of z, X, consists of isolated points in R?,
(2) inf, pex ||z — 2’| > 0, and
(3) the set of slopes defined by joining any two points in X is not dense in R?,

then there exists g > 0 and 7o # 0g2/001 such that the o-algebra generated by z coincides with
that generated by the sets

{z € X|— € < z1 + r0z2 < €0}.

Proor.
By assumption (3) in the statement of the example, there exist rg and an open neighborhood of
ro, U(rg), such that for any r in U(ro), there does not correspond any slope defined by connecting

two points in X that is, for each point z* = (z1,z3)’ € X, defining
A(z*) = {(21,22) € R?| z; -2} + (22 —23) =0, for some r € U(rg)},

X AG") = {(a1,23)).

Also, writing ¢ = inf, y/¢x ||z — 2'|| and

B(z*) = {(z1,22) € R*|(21 - 27)* + (22 - 23)* < 7},

X(B(") = {(=h,23)).

Since the set A(z*)J B(z*) includes a rectangular set of the form

{(z1,22) € R*|—e0 < (21 — 27) + ro(z2 — 23) < €0}

15



for some small but positive ¢, we have the desired result.
|

As a direct corollary to this example, no r € U(ro) is distinguishable by SLS estimation from
the slope of interest, fg2/80;. Clearly, 8o2/00; is not in U(ro) in general. Therefore we assume that
there exists a continuous variable with a nonzero coefficient.

Note, however-, that if all regressors are discrete, then for each point in X, E(y|z) can be
estimated with rate 1/,/n, which is the usual convergence rate for parametric models. In that case,
therefore, researchers might as well take a nonparametric approach rather than a semiparametric
one.

Assumption 4.1(1) is assumed for convenience. One could assume the existence of one-sided
derivatives instead, at the cost oil a longer proof. Without Assumption 4.1(2), clearly one cannot
identify 6o.

Assumptions 4.2(1) and 4.2(2) are regularity conditions. Assumption 4.2(3) excludes exact

multicollinearity problems. Example 4.2 shows that the assumption is easy to check.

EXAMPLE 4.2 Consider the same model as in Example 4.1 except that ¢, = z,z2 = 2%, and z has
support on the unit interval, [0,1]. Thus, in this example L = L; = 2, L' = L] = 1, and the set
specified in Assumption 4.2(3) is {(1,z)'|z € [0,1]}%, which is {0} as required.

Assumption 4.2(4) rules out the situation described by Examples 4.3 and 4.4.

ExaMPLE 4.3 Consider the same model as in Example 4.1 except that z; has support on {0, o),
ro > 0, and z, has discrete support {0,1}. Consider any r = 62/6, that is greater than ro. Then
the line defined by z, + rxo intersects with the support of (zy,z2)" at most once, and therefore
conditioning on the line is the same as conditioning on (z1,z2)’. That is, E(y|61z, + 0222) =

@(z1001 + z2002) for all (61,62) such that 62/6; > ro.

ExAMPLE 4.4 Consider the same model as in Example 4.3 except that now the parameter space is
restricted to [0, 7o) so that the problem raised in Example 4.3 is not an issue. Suppose ¢ is periodic

with periodicity p. Since the support of z, is {0,1}, it is easy to verify that

E[W(2)[y - E(yl6121 + 8222)]"] = E[W(z)e’]

1T thank Professors Jonathan Feinstein and Kazumitsu Nawata for the examples.
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for all 6, /6, such that
82/61 = ip/o1 + Oo2/001

for any i = 1,2,....

5 Asymptotic Properties of the SLS and WSLS Estimators

In this section I prove that the SLS and the WSLS estimators are consistent and asymptotically
normal. Since WSLS includes SLS as a special case, we study the asymptotics of WSLS.

We assume that (z!,y;) for i = 1,...,n are observed.
AsSsUMPTION 5.1 Observations (z},y;) fori=1,...,n are i.i.d.
We introduce a parameter space O.
ASSUMPTION 5.2 O is a subset of RM and is compact. Moreover, g is in the interior of ©.
Let a Lebesgue density of ¢t = h(z;6) be f(t;0) and define
To(X) = {t € R|t = h(z;0) and z € X}.
We also define a subset X of the support of z that satisfies that satisfies the following assumptions.

AssuMPTION 5.3 (1) X is compact.
(2) infzex f(h(z;6);6) > 0.

(3) f(t;0) and E[y|h(z;6) = t] are three times continuously differentiable with respect to t, and

the third derivatives satisfy Lipschitz conditions for all t € Tp(X) uniformly in 8 € O.

AssUMPTION 5.4 The dependent variable y has the mth-order absolute moment, where m > 2,
and the conditional variance of y given z is uniformly bounded and bounded away from 0 on the

subset X chosen in Assumption 5.3.
AssuMPTION 5.5 The function h(z;8) satisfies a Lipschitz condition on X x O.

We allow kernel function K that satisfy the following assumptions.

17



AssUMPTION 5.6 (1) K(s) is twice continuously differentiable, and the second derivative satisfies

a Lipschitz condition.
(2) [K(s)ds=1.
(3) [sK(s)ds=0.
(4) K(s)=0fors< -1 and s> 1.

Note in particular that Assumption 5.6(1) implies boundedness and Lipschitz properties of K(s)
and K'(s). We place restrictions on the bandwidth sequence as we need them.

Let Ew(z,0) be the probability limit of Ew(z,e). The consistency proof reduces to showing
uniform convergence of the kernel regression estimator, and thus the following lemma (proven in

the Appendix) is useful.

LEMMA 5.1 Under Assumptions 5.1-5.6, ifa, — 0 and na}.“/('"-l)/(— loga,) — oo, where m > 2
is the highest absolute moment of y, then for any € > 0,
Pr{ sup IE’W(z,H) - Ew(z,B)I > e}
(z',6')'€Xx©

converges to 0 as n — oo.

THEOREM 5.1 (Consistency) The WSLS estimator is consistent if Assumptions 5.1-5.6 hold, the
bandwidth sequence satisfies a, — 0 and na3,+1/(m—1)/(— loga,) — oo, where m > 2 is the highest

absolute moment of y, and 8y is identified.

Proor.
By the definition of WSLS,
SR 1
Pr {J,e @) < J,z(oo)} -1

On the other hand, note that for any open set U(fp) that includes 8o,

Pr {J,%(é) < J,%(oo)} Pr {J,,% (@) < JE(8) and b € U(eo)}

1 . 1 -
+Pr{J,'f(0) < J#(6o) and 6 € ©\ U(9o)}

IA

- 1 1
H 2 < 2 .
Pr{f € U(fo)} + Pr {oeg\ng(ao) J3(8) < J2 (oo)}
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Therefore,

n <Jx
Pr{@e@\nU(G Ji (0) Je (00)}

implies consistency. To see that it indeed converges to 0, note that

i n < n
Pr{aeo\nu(a I 1(0) < J2 (oo)}

= Pr {06 daf [J,% (6) - J2(8) + 2 (6) - J3(8) + J%(e)] < Ji (oo)}

. =1 1 1 i
< Pr{oee\uw [do-Ro)+, ut [Ho-110)]+ 260 - e

< J¥(8) - inf J%(o)}

6eO\U(8)

1 -1 ~1 1
< Pr {sup |72 (8) = J2(6)| + sup |JZ () — J3(8)| + |J2 (80) — T (60)|
fe© 6€O

2
0€0\U(6o)

inf J¥(6) - J%(oo)} ,
where

Jn(0) = 1Y Wiz I € X0l - Bw(ai, 0
1—1
and
J(0) = _ZE{W(W(Z, € X)y:i — Ew(2:,0)2}

For each open set U(fp), the identification condition guarantees that there exists ¢ > 0 such

that

9501{1U(o )J2(0) J2(6’0) > €.

Therefore it is sufficient to show that for each ¢ > 0,

Pr{sup 75(8) - J3 ()] > } — 0, (1)
6eo
Pr {sup |j,% (8) - J%(B)I > e} -0, (2)
(TS
and
Pr {|J,%(oo) — 74(80)| > e} 0. 3)
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Clearly, result (3) follows from results (1) and (2). Lemma 5.2 establishes result (1), and Lemma 5.3

establishes result (2).
|

Note that the consistency proof holds even when we replace the kernel regression estimator with

any nonparametric estimator that satisfies the uniform convergence result of Lemma 5.1.

LEMMA 5.2 Under Assumptions 5.1-5.6, ifa, — 0 and na}.“/(m—l)/(— loga,) — oo, where m > 3

is the highest absolute moment of the dependent random variable y, then for any € > 0,

Pr{sup
fe0©

1 ~1
O (o)l > e}
converges to 0 as n — oo.

Proor.

Since
1

1J2(6) - A (0)] < {% S UBw(a:,0) - Ew(x,-,on?}’ :
=1

Lemma 5.1 implies the result.

LEMMA 5.3 Under Assumptions 5.1-5.5, for any € > 0,

Pr{sup
8ec0

-1
i) - J%(o)l > e}
converges to 0 as n — oo.

Proor.

Since

173 (6) - J3(8)] < 172(8) - (O3,

>e}—>0

(zi,4i,0) = W(z:)I(zi € X)[vi — Ew(z:,0))?
-E{W(z)I(z: € X)lyi - Ew(zi, )]}

it is sufficient to show that for any ¢ > 0,

1 n
Pr<{sup|— i Vi, 0
{01618 =2 %(zi,vi,6)

i=1

as n — 0o, where
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This type of uniform convergence result 1s well established in the literature. We can, for example,
use the approach of Andrews (1987) to show the result. Under our assumptions, Assumptions Al,
A2, and A4 of Andrews (1987) are satisfied, and therefore the result holds.
|
Next we turn to proving asymptotic normality of the WSLS estimator. Denote a sequence of
random functions f,(8) by op(an) if fr(6)/an(f) converges in probability to 0 for a sequence of
random functions a,(6) uniformly in § € ©, and denote a sequence of random functions f,(6) by
Op(ay) if fo(8)/an(0) is stochastically bounded for a sequence of random functions o, () uniformly
in 6. Also, we use the sup—norm, denoted |a|, for any finite-dimensional vectors and matrices a;
that is, |a| is a maximum absolute element of a.

It is convenient to organize the proof around the following lemma.

LEMMA 5.4 Let Jn(0) be twice continuously differentiable with probability approaching 1 uni-
formly in 6, and let the following conditions hold when J,,(8) is differentiable:

(1) 6 converges in probability to 8, and
0 = arg inf Jn(6);

(2) there exists a random vector A, that converges in distribution to a normal random vector

with mean 0 and variance—covariance matrix X, such that

8J,.(00)

I\/_ — An| = 0p(1);
(3) there exists a positive—definite matrix V such that
02J,.(6o)
M

(4) for any € > 0, there exists a neighborhood of 8y, Uy, such that
Pr { sup > e} -0
éclyp

Then /n(f — 8,) converges in distribution to a normal random vector with mean 0 and variance-

92Jn(6) _ 9%n(60)
5000" 0900

asn — o0.

covariance matrix V=1LV 1,
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Proor.
The proof consists of two steps: the first step shows that the estimator is 1/\/n—consistent, and
the second step shows that the estimator is asymptotically normal.
Step 1
With probability close to 1, by Taylor expansion, for § between 6 and 0o,

0Jn(60) 62J,,(0)

20 (6 —60) + 1/2(6 — 6o) 5650

Jn(6) = Jn(6o) +

—a5a (8 — bo).
By assumption (1) in the statement of the lemma,
Jn(6) = Ju(60) < 0.

Then the Taylor expansion formula and assumptions (3) and (4) imply that

aJ(o)

(0= 80) =222+ 1/2(6 — 60)'V (6 — 6o) + 0p(}8 — 60]?) < 0.

Multiply both sides by n(1 + /n|d — 6o])~2 and define

ca(6) = (1 + /716 — 6ol)™"v/A(6 - 6o).

Then

aJn(OO)(l + \/—w Hol)_ + 1/2Cn(0)vcn(0) + OP(]') <0.

cn(6)v/n
If \/n|§ — 6o| — oo, then the inequality implies c,(§)Veq(6) < 0p(1). Since V is positive-definite,
lea(8)] = 0,(1), or v/n|f — 6| = 0p(1). This is a contradiction. Therefore /7|6 — 8| = Op(1).
Step 2
Step 1 and Taylor expansion imply

Jo(8) = Jn(80) + (6 - 0 )'an(gf"’) +1/2(6 - 80)'V (4 - 80) + o,(n™Y).
Rewriting, we have
Jn(8) = 1/2[(6 - 60) + V~? aJ"( 0)]'V[(0 o) + v-120200) (0")]
+J4(80) - 1/ aJaéf}")V'l an(o%) op(n~1) < 0.
Next evaluate J,(6) at
0 =60 - V“(—?J#.
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Applying the same argument as above, we have

0Jn (o) _13Jn(90) -1
50 Vv 50 + op(n™7).

Jn(6) = Jo(80) — 1/2

Since § minimizes J,(9),
Jn(0) < Jo(6).

Therefore,

9Jn (00)]

1/2[(6 — 60) + V! VI - 60) + V“a‘] (0")] < o,(n71).

Multiplying both sides by n, since V' is positive-definite,

9Jn (90)

VAl - 80) = —v-tyr2Iale) o ).

THEOREM 5.2 (Asymptotic Normality) Under Assumptions 5.1-5.6, if dependent variable y
has first m absolute moments, where m > 3, 6y is identified, and the bandwidth sequence satisfies
nad — 0 and na>t3/(m=1) /(=loga,) — oo, then the WSLS estimator converges with rate 1/\/n
and the asymptotic distribution of \/n(f — 8,) is normal with mean 0 and variance—covariance

matrix V-1EV -1, where

vV = [W( )aEw(z ,00) (?Evg(; ,60) c X- ,
S = B[We)e(s) 2Ennb) BB, ¢ x|, and
aEwa(;?,Oo) = (h(z;60)) [6h(z ;60) - Ew (w h(z;60),z € X)] ,

where 0?(z) = Var(y|z).

Note that the variance—covariance matrix is similar to that of the conventional NLS estimator
when (h(z;0)) is used. They are not quite the same because ¢ is not known. The WSLS approach
may utilize only the variation along the known function h(z;8), and therefore conditional variance,
instead of the second moment, of ¢'9k(z;8y)/30 shows up in the formula. Thus we can identify two

sources of inefficiency with the WSLS estimator: heteroskedasticity and the semiparametric nature
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of the problem. In fact, I show in the ne}gt section that the optimally weighted WSLS estimator
achieves the semiparametric efficiency bound for the single-index model.
Following lemmas (proven in the Appendix) are useful for the proof of asymptotic normality of

WSLS estimator.

LEMMA 5.5 Order h(zi;0) from smallest to largest, and call the ordered indez, h(zi;0), h(;). Let
8i = h(iy1) — h) for i = 0,...,n and let h(g) and h(,,;) be the lower and the upper endpoints
respectively, of the support of h(z;;60). If Assumption 5.3 holds, then the second moment of s; is of

order O(n~?) uniformly in i.

LEMMA 5.8 Under Assumptions 5.1-5.6, ifa, — 0 and na,2,+2/(m-1)/(—-log a,) — 0o, where m > 2

is the highest absolute moment of y, then for any € > 0,
Ew(z,0 0
Pr{ sup O0Fw(z,8) _9Ew(s,6) > e}
(z',6')'€Xx©

a6 00
converges to 0 as n — oo.

LeMMA 5.7 Under Assumptions 5.1-5.6, if a, — 0 and naﬁ+3/(m_1)/(— loga,) — oo, where m > 2

is the highest absolute moment of y, then for any € > 0,
2 5 9 2
Pr{ wp  |ZEw(=:0) 0’Ew(z.0) e}
(z',8')€X x©

0006’ 0606’
converges to 0 as n — oo.

LEMMA 5.8 Under Assumptions 5.1-5.6, if a, — 0 and nal — 0,
Pr { S Wik [aEW(z;,oo) _ 9Ew(z;, 90)]

1
Vi & 06 06
converges to 0 as n — o0,

> e}
LEMMA 5.9 Under Assurﬁptions 5.1-5.6, if an — 0 and nal — 0,

g

converges to 0 as n — 0o.

'\%‘ﬁ g; Wililp(h(zi; 60)) — Ew (i, 90)]@5%;%_90_)

:
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LEMMA 5.10 Under Assumptions 5.1-5.6, if na® — 0 and na3+3/(m 1)/(—loga,,) — o0, and

:

dependent variable y has first m absolute moments, where m > 3, then

L S~ W Llo(h(zs & o [0Ew(zi80) _ 9Ew(zi,60)
Pr{ ;/_1—1’ ZVV'I‘[(P(h(xHHO)) - EW(zu 00)] 60 30
converges to 0 as n — oo,

i=1

Proor.
We first show that the objective function is twice continuously differentiable with probability ap-
proaching 1 as n — co. We then verify the three conditions in the lemma above.
Step 1
Since none of the denominators of the kernel regression estimators are zero if the maximum

spacing of h(z;,#) is less than a,, it is sufficient for our purpose to prove that

sup Pr{ma.xs. > an},
0]

where s; is defined in Lemma 5.5, goes to 0 as n — oo. Since

Pr{maxs, >an} < ZPI‘{S. > an},
i=1

2

and, under our assumption, na; — 00, by Markov’s inequality, it is sufficient to show that the

second moments of s; are O(n~2) uniformly in ¢, which is shown in Lemma 5.5.

Step 2
To see that
a2zl (9") 2 N0, V),
note that
\/_3']3(000) = —%E;W(z.)I(z. € X))y - EW(mi,ﬂo)]aﬂVé%i’—@
= ZWI, .BEW;""O) “
- T ;WL ' 3Ew§:i,00) N aEW(gzi,éo)] "
_ 71—122 .-Ii[(P(h(a:;;Oo))—Ew(x'-,oo)]_aE_W(%ﬁQ )
i=1

- %,2:; iLlp(h(zi;00)) — Ew(zi, 00)] [aEw(z,,Oo) 3E'Wg;i,90) o
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Clearly, term (4) converges in distribution to N(0,V). Lemmas 5.8-5.10 show that terms (5), (6)

and (7) all converge in probability to 0 under our assumptions.

Step 3
To see that
9%J (00) 2
2008 "
note that
a J (90) }_ aEW(xHOO) 6EW($,,00)
3600 ZW( (=i € X) 5 (8)

8?Ew(z;,60)

__ZW(J: M (i € X)lyi — Bw(zi, 0)]—77 52— (9)

i=1
Clearly, Lemma 5.6 implies that the right-hand side of line (8) converges in probability to V and
Lemma 5.1 and Lemma 5.7 imply that the expression on line (9) converges in probability to the
zero matrix.
Step 4

To see that for any € > 0 there exists a neighborhood of 8y, Up, such that

2 2
Pr{sup I In(8) _ 9" Jn(bo) > e} -0
delp

0000’ ~—  080¢

as n — 0o, note that

92Jn(6)  8%Jn(60) -

st | 606" ~ d600
sup |2 3wy Sl PBuent) L3 Wikl - B 0) )
--ZWIaEW(x"0°) aEW(,;;,"o"H §w1[y, Buw (i, 00 21 Egog?f)o)
< gup[s Sowin [ Pnt) - Dlentl] OBu(eut w0
+ sup —,;W IaEw(z,,o) [aEvg(o:::,ﬂ) aEwa(;,-,oo)] an
v gop g it | Tgeet - PRt 2
+ sup —ng [Ew(:c,,e) Ew(:c,,()g)] -———azﬁa“;gg;%) (13)
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n - 2 5 . 25 .
+ s |2 S Wili B a1, 6) 0*Ew(z:,0) 0 Ew(z,,Oo)} (14)

8els |7 = 0006' 2006
Clearly, Lemma 5.1, 5.6, and 5.7 imply that (10)—(14) all converge in probability to 0 in a neigh-
borhood of 8y, U(6s).

6 Weighting in WSLS

I will distinguish between outer weighting, the \;veighting that corresponds to the NLS weighting
scheme, and inner weighting, the weighting used in kernel regression estimators. Outer weighting is
introduced for the same reason that weighting is introduced in parametric heteroskedastic models:
to adjust the error terms to homoskedastic ones. Inner weighting has a similar role. Recall that a
kernel regression estimator, like any other nonparametric estimator, is a local average of data. Thus
if the conditional variance of y given z depends only on h(z;6p), then the conditional variances
of y; given z; such that h(z;; 6) is near h(z;0p) are almost constant. On the other hand, if the
conditional variance depends on z other than h(z;fp), then even for the data near h(z;6p), the
variance of y given z is heteroskedastic. Thus the regression may be estimated more efficiently
using weighted kernel estimators.!?

But increasing efficiency is not the only role of the inner weighting; it also reduces bias. To see
this, note that

dEw(z;60) , Oh(zi;00) E(W(z)0h(z;60)/8) | h(z;60),z € X)
_—Wa; 0 —-»W(-’E)‘P(h(-’l?;o))[ 20 > - o E(;Vllg(z;Oo),:r :X(;

in probability and that the right-hand side has conditional mean 0 given h(z;6) for z € X. Note

W(z)

also that if only the outer weighting is used, then the right-hand side does not have mean 0 unless
W (z) is a function of z only through h(z;8,).13

Indeed, the asymptotic variance-covariance matrix of the WSLS estimator, when W(z) =
1/0?(z) is used, coincides with the efficiency bound obtained by Newey (1990) for the single-index
model, but if only outer weighting is used, W(z) = 1/0%(z) does not lead to the efficiency bound
unless W(z) depends on z only through h(z;6o).

12This point is further pursued in Ichimura and Newey {1990].
13Therefore when the conditional variance of y given z is a function only of h(z;60), such as in binary choice

models, there is no need for inner weighting.
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By the same reason the inner weighting reduce bias, trimmings used in kernel regression es-
timators reduce bias. To see this, note that if we take {X,}52, such that N, X, = X, where

X # X, then

W(z)

dEw(z;00) , Oh(zi;00) E(W(z)dh(z;00)/06) | h(z;b0),z € X)
Wa; "W(””)"’(h(”;g))[ T E(W|h(z;0o),zeX0) ]

in probability and that the conditional mean of the right-hand side given h(z;6p) for z € X is not

zZero.

7 Estimation of the Covariance Matrix

In order to perform hypothesis tests and construct confidence intervals we need a consistent estima-
tor of the covariance matrix. Recall that the asymptotic variance~covariance matrix is V-1V 1,

where V and T are defined in Theorem 5.2.

THEOREM 7.1 Under Assumptions 5.1-5.6, if a, — 0 and na?;“/(m_l)/(—logan) — 00, where

m > 3 is the highest absolute moment of dependent variable y, then

(1) V can be estimated consistently by

1 ZWI 6Ew(z,,0) aEv:;(g:f., 0) ,

and

(2) X can be estimated consistently by

Ew(z;,6) 0Ew(z;,6)
96 T

LS Wity - Bw(a P

i=1
Note that the bandwidth used in the variance-covariance estimator may differ from that used
to construct the SLS or WSLS estimator.

Proor.

To show part (1), it is sufficient to show that

1 i 3EW($579) aEW(z,-,é) 1 i OEw(zi,00) 0Ew(zi,60)| _ 0,(1)
n 09 a6’ n 06 o | T

=1 =1

28



But this follows from consistency of § and Lemma 5.6. To show part (2), it is sufficient to show

that

1 .
- > lvi — Ew(zi,6)

=1

0Ew(z:,0) 0Ew(2:,0) 13~ ,8Ew(zi,00) 8Ew(zi,0
e A R
=1

But this also follows from consistency of 6 and Lemmas 5.1 and 5.6.

8 Monte Carlo Results

In this section we look at the small-sample properties of the SLS estimator via a Monte Carlo
experiment. The construction of the experiment is identical to that of Cosslett (1986). He considers

a binary choice model with two regressors:

¥i = ao + BroT1i + B2z + €.

As usual, the observed indicator y; takes the value 1 if the latent variable y is positive and the
value 0 otherwise.

The true parameter values are ag = 0, 10 = —2, and By = 1. In Cosslett’s specification,
exogenous variables take two distributions and the errors take three distributions, giving rise to six
models. The exogenous variables z; and z, are independently distributed. The two distributions of
the exogenous variables are standard normal and standard exponential. Three mixtures of normal
distributions are considered for the error distributions: (1) standard normal, (2) 0.75 - N(0,1) +
0.25- N(0,25), and (3) 0.75 - N(-0.5,1) + 0.25 - N(1.5,25). According to Cosslett’s calculation,
the second distribution has standard error 2.65, skewness 0, and kurtosis 6.61. Similarly, the third
distribution has standard error 2.78, skewness 1.29, and kurtosis 6.29.

We take Cosslett’s models in order to facilitate comparison of the performance of the SLS estima-
tor with that of other estimators presented in his paper, including the maximum score estimator,!4
maximum rank correlation estimator,!® nonparametric maximum likelihood estimator,'® and its

smoothed version along with the conventional probit ML estimator. My results are not directly

143ee Manski (1975, 1985).
15See Han (1987).
16GSee Cosslett (1983).



Performance of parametric and semiparametric estimators:

A Monte Carlo experiment

Table 1: z; and z2 normal
Error 1 Error 2 Error 3
Estimator! | Bias | RMSE! | Bias | RMSE! | Bias | RMSE?
SLS 0.077 0.45 0.174 0.56 0.178 0.56
Probit -0.04 0.29 -0.11 0.49 -0.11 0.50
MS -0.22 0.76 —-0.34 1.16 -0.36 1.27
MRC -0.05 0.34 -0.11 0.49 -0.11 0.52
SML ~0.08 0.43 -0.20 0.67 -0.20 0.70
SML-1 -0.05| 031 |-0.11( 048 |-0.10| 0.47

t SLS = semiparametric least squares, MS = maximum score,

MRC = maximum rank correlation, SML = smoothed maximum likelihood.

: Root mean square error.

Table 2: z, and z2 exponential

Error 1 Error 2 Error 3
Estimator! | Bias | RMSE} | Bias | RMSE} | Bias | RMSE}
SLS 0.187 | 0.53 | 0288 | 0.70 | 0259 | 0.69
Probit | —-0.03| 035 |-023| 072 |-069]| 1.24
MS -0.37| 129 |-051| 1.87 |-055| 164
MRC | -005| 043 |-013] 071 |-027| 1.32
SML | -0.10| 053 |-023| 084 |-029| 1.01
SML-1 | -0.06| 039 |-023| 073 |-043| 1.38

tsLs = semiparametric least squares, MS = maximum score,

MRC = maximum rank correlation, SML = smoothed maximum likelihood.

! Root mean square error.
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comparable with Cosslett’s, however, because we used different random number generators and
different optimization methods. Cosslett’s method of optimization is grid search, initially between
—2.5 and —1.5 and further when the objective function is still improving at the boundaries. This
particular method of optimization may choose values close to the truth more often than we really
would when we did not know the truth. My experiment employs a different grid search method
that treats different parameter values identically.

The first—stage grid search is done between —50 and 50 with grid width 1, and the seven values
that performed best are selected. In the second stage, the grid search is done around the seven
selected values with grid width 0.1, and the five values that performed best are selected. In the
third stage, the grid search is done around the five selected values with grid width 0.01. The final
stage is performed around the five selected values with grid width 0.001.

An IBM 8760 was used for the computation. Each calculation took about 1.8 seconds of cpu
time. Computational speed with this algorithm increases roughly with the square of the sample
size. The results are presented in Tables 1 and 2. The results for other estimators are from Cosslett
(1986).

Ruud (1983) showed that probit ML estimators are consistent when regressors are jointly nor-
mal. Thus, MLE in Table 1 is consistent and asymptotically normal. Furthermore, clearly the
probit estimator in Table 2 with error 1 is consistent and efficient. Therefore error 2 and 3 in
Table 2 are the only cases where the probit estimator is not consistent. In those two cases, the
SLS estimator performs the best in terms of the estimated mean square error. Note that optimal
weighting is not used in the experiment. Even when the SLS estimator does not perform the best,
the ratios of its MSEs to those of the best cases do not go below 0.64. The MSEs lie between 0.45
and 0.70. Compared with those of other estimators, the estimated mean square errors of the SLS

estimator are less affected by the differences in distributions.

9 Concluding Remarks

We have established 1/,/n—consistency and asymptotic normality of the SLS and WSLS estimators
for the single-index model. A consistent estimator of the covariance matrix was also presented.
Since SLS estimation does not require specifying a parametric error distribution, the method allows

economists to focus on specifying systematic effects of an econometric model and frees them from
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distributional worries for a broader class of models than before. We also investigated a weighting
scheme that achieves the semiparametric efficiency bound obtained by Newey (1990) for the single—
index model.

While the results extend the applicability of semiparametric estimation, a number of related
issues were not addressed. Some of these issues are analyzed in other papers. In this section
I summarize the results of these other papers and point out some problems that have not been
investigated.

Ichimura and Lee (1991) studied an extension to the multiple-index model. Hall and Ichimura
(1991) analyzed an extension of the single-index model to a general moment condition other than
conditional mean zero.

The estimators presented in this paper treat a particular sequence of bandwidths and a kernel
function as given. A practical implication is that any sequence of bandwidths and kernel function
that satisfy certain assumptions will give rise asymptotically to the same estimators. As we showed,
the choice does not affect the asymptotic distribution, and hence we are left with an array of
estimators.

One approach to the bandwidth selection problem is to define an estimator that is independent
of the choice of bandwidth sequence. For example, one may choose the bandwidth, @, and the
estimator, 6, that minimize the ob jective function. This method is investigated by Haerdle, Hall,
and Ichimura (1991), who show that if the optimization is restricted to the 1//n neighborhood
of 8y for 8 and to [Cyn=1/5,Con=1/5] for a, where C; and C; are any given real number that
satisfy C; < Cs, then @/ap — 1 asymptotically as n — oo, where ag is the opti‘ma.l bandwidth for
estimating ¢ when 6 is known. Whether there is a way to choose a bandwidth sequence that is
optimal for the estimation of g is an open question.

Another potential problem with the method is computational burden. The computation time
is roughly n times more than with smooth parametric nonlinear regression estimation, where = is
the sample size. While the present method requires considerably fewer assumptions regarding the
shape of the error distribution, the asymptotic properties are derived assuming that the systematic
part is correctly specified, as usual. In practice, since empirical research requires trial and error
before the final specification is reached, the computational burden implies more casual specification

of the systematic part, which might lead to a larger bias than would the casual specification of the
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parametric error term that we successfuily avoided. Therefore it would be desirable to have a
method with less computational burden.}?

Another approach can be taken to the basic problem studied in this paper, namely, that forms
of the error distributions in econometric models are too often casually assumed without any jus-
tification. Rather than asking what the error terms are and how they might be distributed in a
specific context, I proposed an estimator that does not require knowledge of the error distribution
in a model; in other words, I took a semiparametric approach. We could instead have faced the
problem directly and tried to model the errors. Specifically, we could have tried to derive the error
distribution within a specific model based on the uniform distribution, rather than casually assume
it. This alternative approach has produced the Gaussian distribution, exponential distribution,
Wiener process, and Poisson process in other disciplines. Although the two approaches are very
different in their attitude toward the error terms, ultimately they should be complementary, for
the semiparametric approach offers a way to test the assumptions behind the derived distribution

while holding an alternative set of estimates ready should the specification be rejected.

}TOf course this point may be moot given a fast computational technology, and it may be risky to stress the point
too much: as Feller (1968) writes, “Only yesterday the practical things of today were decried as impractical, and the

theories which will be practical tomorrow will always be branded as valueless games by the practical men of today.”

33



”Appendix

In this appendix we prove Lemma 5.1, 5.6, 5.7, 5.10, 5.8, 5.9 and 5.5 in this order after estab-
lishing some preliminary lemmas.

Since Ew(z;,o) can be written in the ratio form, A,;/Bni, where

Ani = Gz——ll)ﬁ_ Y yiW(zi)I(zj € Xa)K([h(z:;8) — h(z;;6))/an)
n i
and
B = s S W (a; € X))~ a0l

J#

uniform convergence of Ew(z.-, 6), OEW(:C,-, 6)/00, and 62Ew(x,-, 6)/0006’ will be proven by show-
ing uniform convergence of A,; and By; and their first and second derivatives with respect to 6.
Since Bp; is Ay with y; = 1, only A,; and its first and second derivatives are considered. Let A;

be the probability limit of A,; and note the inequality
sup |Ani — Ai| < sup|Api — E(Ani)| + sup |E(Ani) — Ail.
fcO o feo

We refer to the second term of the right-hand side and analogous expressions for the first and the
second derivatives with respect to 8 as bias terms. Note further that, for any sequence of positive

numbers {M, }32,,

1
31618 |Ani = E(Aqi)| < Sgg m jé;gnj(xe, ) — E[gn;(zi, 0)]’
1 n . z. — p . z.
+sup (,:ng( i» 6) = Elgaj(zs, 0)]|, (15)
where
9ni(2,0) = =W (;)(2; € Xa)yil(3; € [ Mo, Ma)K(h(z; 0) = Bl 6))/an)
and

(2, 0) = 2= W(2)I(5; € Xn)us (15 ¢ [ M, MK ({3 0) = h(as; )/,

We refer to the first and the second term of the right-hand side of inequality (15) and their analogous
terms for the first and the second derivatives with respect to 0 as centered terms and tail terms,

respectively.
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Lemmas .2-.4 show that the bias termg, converge to 0 with rate a2, Lemmas .5-.7 establish the
convergence rates of the tail terms, and Lemmas .8-.10 show the convergence rates of the centered
terms.

The following lemma, which can be proven using integration by parts formula, is used in the

proofs of Lemmas .2-4.
LEMMA .1 Assumption 5.6 implies
(1) [K'(s)ds =0;
(2) [sK'(s)ds = -1;
(3) [$*K'(s)ds = 0;
(4) [K"(s)ds =0;
(5) [sK"(s)ds = 0;
(6) [s*K"(s)ds = 2;
(7) [s2K"(s)ds = 0.

The following three lemmas can be proven directly by change of variable formula and Taylor

expansions. We prove Lemma .4 only, because the other two can be proven analogously.

LEMMA .2 Let f be a Lebesgue density of a random variable z and g be a functiong : R — R. When
Elg(z)/an K[(t — z)/an]] ezists, if p = gf is twice continuously differentiable, the second derivative
satisfy Lipschitz condition, a kernel function satisfies Assumption 5.6, and t is an interior point of

the support of z then for a, > 0 and a, — 0,

|Elg(2)/anK[(t — 2)/aa]] - 9(8)f(2)] = O(a})).

LEMMA .3 Let f be a Lebesgue density of a random variable z and g be a function g : R — R.
When Eg(z)/a®K'[(t — z)/a,)] ezists, if = gf is twice continuously differentiable, the second
derivative satisfy Lipschitz condition, a kernel function satisfies Assumption 5.6, andt is an interior

‘poin¥ of the support of z then for a, > 0 and a, — 0,
|Elg(z)/a’ K'[(t — z)/as]] - [9() F())| = O(ad).
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LEMMA .4 Let f be a Lebesgue density of a random variable z and g be a function g : R — R.
When Elg(z)/a2K"[(t — z)/a,)] ezists, if = gf is three times continuously differentiable, the
third derivative satisfy Lipschitz condition, a kernel function satisfies Assumption 5.6, and t is an

interior point of the support of z then for a, > 0 and a, — 0,

|Elg(z)/a K"[(t - z)/an]] - [9()f(®))"] = O(a?).

Proor.

Note that
| s@at K1t - )/l f@)de - o))"
- l /_ : Wt — ans)az?K"(s)ds - 1,b”(t)| . (16)
By Taylor expansion, for some value t between t and t — a,s,
Bt = ans) = ¥(E) — ant ()5 + a2/20(1)5" - o3 /69" (D

Therefore equation (16) equals

| [0 - a5 + a2/28 (05 = 60" ) |

+a3/6[4"(2) - 9" (1)s°]az 2 K"(s)] ds — ¥(2)| -

Lemma .1, a Lipschitz condition on %", and the fact that |t — | < a,|s| imply that there exists a

constant ¢ such that the last expression is not greater than,

ca? / "1 K"(s)| = 0(a2)

LEMMA .5 Let m > 2 be the highest absolute moment of y and suppose Assumptions 5.4 and 5.6

hold. If eonanM™ ! = oo, then

Pr { sup
(z,0)€XXxO

1 \ngm-(z,e) - E[gn;(z,())]‘ > €0n} —0,

nayn i=1
where

gni(z, ) = yiW(z)(z: € Xo)I(yi & [-Mn, Ma))K([1(z; 6) — h(zs, 0)]/an).
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Proor.

Note that

Pr su ni(,0 Egmz9|>5n}
{(zy9)6§x9 nan .'z;g (2,6) = Elgni(z,0)] 0

Pr {Zn: sup If]m'(:t,o) - Ewni(zvg)]l > naﬂEO"}

=1 (z.0)eXx©
2E[ sup  gni(z,0)]/(an€on)
Xx©

(z,8)eXx

CE[lyilI(yi & [~Mn, Mn})]/(ancon),

IN A

IA

where C is some large constant. By Hélder’s inequality and Chebyschev’s inequality

Elyid(yi € [-Ma, Ma])l < [E(lg:™P™Pr{jyi| > M}/

< [E(ul™)/me

This implies the result.

Proofs of the next two lemmas are analogous to the previous one and hence omitted.

LEMMA .6 Let m > be the highest absolute moment of y and suppose Assumptions 5.4 and 5.6
hold. If H(z, z;, 8) is uniformally bounded on X x X x © and €1,a2M™"1 — 0o, then

Pr{
(z, 9)€Xx6

na2 Z Gni(z, 0) — E[?],ln-(z, 0)], > 51n} — 0,

n =1
where

Gni(z, 8) = yiW (2:)I(zi € Xp)I(yi & [~Mn, Mu))H(z, zi, 0)K'([h(z; 6) — h(z:, 8)]/an).

LEMMA .7 Let m > 2 be the highest absolute moment of y and suppose Assumptions 5.4 - 5.6 hold.
If H(z, z;, 8) is uniformally bounded on X x X x © and 3,3 M1 — oo, then

Pr{
(=, o)eXxe

S e, 0 - Bl 0] > ezn} —q,

n ¢=1

where

a2, 8) = W (2:)I(2i € Xn)I(yi & [-Mn, Ma])H(z, zi, 0)K"([h(z; ) = h(zi; 6)]/an)-
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We use Bernstein’s inequality to prove »Lemmas .8-.10. For completeness we list the inequality
here:
Bernstein’s inequality
Let Yin,...,Yn, be independent random variables with 0 means and bounded ranges, that is,

|Yin| < cn. Write o2, for the variance of Y;,. Suppose V,, > 62, +---+ 02%,. Then for each 1, > 0,

1 1
Pr{lyin + e + Ynnl > nn} S exp [57’121/ (Vn + gcnnn)] .

LEMMA .8 Suppose (loga,)(1 4+ Mpeon)/(naned,) — 0, a®/eon — 0 for large v, and X C R¥ and

O C RM are compact, then

Pr { sup ;[gm(z 8) — Elgni(=, 6’)]]l > eon} — 0,
‘where
gni(2, 0) = iW;I (zi € Xn)uil(yi € [—Mn, Mu])K([R(z; 6) — h(zi; 0)/an])-
Proor.

Without loss of generality assume that |6] <1 forall # € © and |z| <1 forall z € X. Partition
O into N; cubes with the length of a side a3é and X into Nz cubes with the length of a side
a’6 where 6 is a small and positive number and v is a large constant. Then Ny = §~M(a;M?)
and N, = §~¥(a-K") and space X x O is partitioned into N = Ny x N, = §-(M+K) g (MF+K)v
of K + M-dimensional cubes, B,I‘V ,fork=1,..., N, which become smaller and smaller as =

becomes larger. Now pick a point (zY, YY) from each By for k=1,..., N.

n
Pr{sup
Xx0l;

Z[gni(z, 0) - E[gni(x’ 0)]]{ > nEOn}
i=1

< Pr{ LIj [Stip z_‘;[gm(z 0) = Elgni(z, 9)]]' > nEOn]}

< EPr{stp ;[ym(r 0) — Elgni(z, 9)]]‘ > nEOn}

< EPr{ ; [9ni(ad, 0F) - Elgni(=F, 91’3’)]” > 9%} (17)
+ z‘,Pr {S“,f’ 3 [oni@: 0) = gtal’ o) | > %"—} (18)
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> [Elgailz, 8)) - Elgni(a}, 6 )]]l > ""jf"} (19)

=1

+ Z Pr {sup

k=1 B,‘

We show that terms (17)—(19) all converge to 0. To show that term (17) converges to zero, note

.

that

>~ [onial', 6) = Blontall, o] > 2}

= Pr{ z";[w,.,-y.-z(y,- € [~Ma, MAD)K((h(=F, 6') = h(z:, 61)]/an)
i=1
- Bl Wil (s € [ Mo, MDE (G, 0) - hai, 6 )/an)]| > 222202} o0)

Applying Bernstein’s inequality with
Mn = NanEon/2, cn = 2M, K, and V, = na, K>,
where K and IK; are some positive constants, the right-hand side of equation (20) is bounded by
2exp[—K3naned, /(1 + Mneon)),
where I3 is some positive constant. Therefore term 17 is bounded by

2N exp[—(K3nane2)/(1 + Mpeon)]

= 26~ (MHK) = (M+K) oy i (Kananel,)/(1 + Mpon))
Kinague?, ]

. 21
1 + MnEOn ( )

26~ (M+K) oxp [—(M + K)vloga, —

Hence term (17) converges to zero if —(log an)(1+ Mréon)/(naned,) = o(1), which holds under our
assumption.

To show that term (18) converges to zero, note that

Pr {sup Z[gm(x g) - gm(zk ) 0,1:1)]| 2o }
Bk i=1

NEon
< {Zsup gni(z, 0) = gni(zl, 61')| > 40 }
i=1 BY
N€on
< { Zsup |gm(z 0) gm(zk ’ t911:])] - E[sup |gm(z 0) gm(xk ’ HII:V)I]' - } (22)

=1 B

+P {E[Suplgm(z 6) - gni(<l, 6111 > 60"} (23)
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Note that by Markov’s inequality, term (23) is less than K4a%™1 [eop, for some large constant number
K4. Thus when a%~!/egn = o(1), term (23) is 0 for large enough n.

To show that term (22) converges to zero, use Bernstein’s inequality again, this time with
N = NEQnan[8, en = Mpch a7l and V, = nc6a3,("'1)
for large ¢ > 0. Then term (22) is less than
2N exp [(—-Ksnans%n)/(aﬁ(""s) + Mna;’"150u)] , (24)

where K5 is some positive constant number. When v > 4 term (24) is smaller than term (21)
asymptotically, and hence it converges to zero.

To show that term (19) converges to zero just note the inequality

Pr {sgllglE[gni(x’o) - gng(sz,eiv)]l > EOﬂ}

k
S Pr {E[SU}’) lgni(z’ 0) - gm(m}cvaollcv)” > 5On} (25)
B;

By the same approach taken for proving that term (23) converges to zero, term (25) converges to

zero. This completes the proof.

The proof of the following two lemmas follows the same arguments and thus omitted.

LEMMA .9 Suppose (loga, )(1 4+ Mne1n)/(nae?,) — 0, a%/e1n, — 0 for large v, and X C RX and

© C RM are compact, then
Pr { sup
Xx0

gni(z, 0) = g—;—](a:.' € X)(y; € [~ M, Mo))H(z,zi,0)K'([h(z; 8) — h(zi; 6)/an).

Xn:[gni(xa 0) - E[gni(z’ 0)]]' 2 Eln} — 0,

i=1

where

LEMMA .10 Suppose (logan)(1+ Mpe2,)/(na3e?,) — 0, a®/ezn — 0 for large v, and X C RX and

© C RM are compact, then

Pr {)S{l)l(% Z[gm’(z, 0) - E[gni(z, 0)]]

=1

Z 5271} — 0,

40



where
gni(z, 8) = %I(z,- € Xn)I(y; € [~ My, Mo))H(z,z;,0)K"([h(z; 8) — h(zs; 6)]/an).

We now turn to the proofs of the lemmas in the text.
Proof of Lemma 5.1

By Lemmas .2, .5, and .8, we need to show that there exists a positive sequence {M,} that
satisfies a,M""! — oo and (-loga,)M,/(na,) — 0. For any positive sequence {b,} which
converges to 0, M, = nanb,/(—loga,) satisfies the second condition. For this sequence {M,}, the

first condition is satisfied if

naltV/(m=1p /(- loga,) — co.

But if we set b, = [(-loga,)/ nantt/ (m_l)]l/ 2, under our assumption b, — 0 and the first condition
is also satisfied. This completes the proof.
Proof of Lemma 5.6

By Lemmas .3, .6, and .9, we need to show that there exists a positive sequence {M,} that
satisfies a2M™"! — oo and (-logas,)M,/(na2) — 0. For any positive sequence {b,} which
converges to 0, My, = na2b,/(—loga,) satisfies the second condition. For this sequence {M,}, the
first condition is satisfied if

na+?/(m=p /(—logay,) — 0.

But if we set b, = [(—loga,)/na2" (m"l)]lf 2, under our assumption b, — 0 and the first condition

is also satisfied. This completes the proof.
Proof of Lemma 5.7

By Lemmas .4, .7, and .10, we need to show that there exists a positive sequence {M,} that
satisfies a3M™™! — oo and (-loga,)M,/(na3) — 0. For any positive sequence {b,} which
converges to 0, M, = nalb,/(—logay) satisfies the second condition. For this sequence {M,}, the
first condition is satisfied if

na*t3/(m=1p /(- loga,) — oo.

But if we set b, = [(— log an)/nai+3/(m_l)]l/2, under our assumption b, — 0 and the first condition
is also satisfied. This completes the proof.

Proof of Lemma 5.10
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By Lemmas .2 and .3 we need to show that there exists a positive sequence an, {€on} and {€1n}

that satisfy
(i) v/na} — 0,
(ii) v/neonal — 0,
(iii) v/ne1nal — 0,
(iv) V/neonein = 0

By Lemmas .5, .6, .8, and .9, this amounts to finding positive sequences {M,}, {€on}, and {e1n}

that satisfy the four conditions above and
(v) €onanM™"1 = oo,
(vi) €1,a2 M1 - 00,
(vii) (—logan)/(naned,) — 0,
(viii) (—logan)Myn/(naneon) — 0,
(ix) (~logan)/(nazel,) — O,
(x) (=loga,)M,/(na%e,) — 0,

To see that there exist such sequences let

—logan ~logan nal
Eon = bin, €1n = 2 bin, and M, = Z btl‘m
nay nad —loga,

where 0 < u < 1 and by, is a positive sequence that diverges to infinity. Then eon, €10, and
M, satisfy conditions (v)—(x) since na2t¥/(m=2) /(=logan) — oo. The first four conditions are
satisfied by taking b1, to diverge slower than o([a,/—Ioga,]~!) and o([na3 /(—loga,)]}/4). This

completes the proof.

Proof of Lemma 5.10
Note first that

N 0Ani OBy
OEw(zi,00) _ “pe _ ﬁ Y,
06 - Bm' Bm' Bni
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and

8A; dB;
O0Ew(zi,00) _ 39  Ai 96
a6 ~ B B; B;
Thus _ 8A,; 0A; OB.; 0B;
OEw(zi,60) _ 0Ew(zi00) _ "9 _ 58 _ Ani 50 Ai 59
06 a0 " By B; B, B, B; B;’

Therefore, to prove the lemma, it is sufficient to show that

1 & 6A,,;/60_8A,-/60] _
ﬁgw,I,e, o B ’_o,,(1), (26)

and

Ani 0Bni/08  A; aB,/ao] _
ZWI‘ ' [Bm By Bi B; I - Op(l)- (27)

Equation (26) and (26) can be shown analogously and hence we show only (26). Note that by

1—1

Taylor expansion, for some value B; between B; and Bqi,

0Ani/00 0Ai/86 _ [aAm- B _Bﬁ] 1, [aAm 94 ] [_ _ L]
By B; - a6 o6 o6 a6 B;
DA; [ 1
+___ — o —
= [M 240 L 2 ] [ ]
- Lo o 90 Bni  B;
aA 1 dA; 1 )
69 B2 [Bng B ] + 60 B3 [-Bng - t]

Hence, to show (26), it is sufficient to show

1 & 0A,; 041 1

——nZVV,'I,’G,‘ [—67_-—87]—5: = op(l)’ (28)
0A,; O0A; 1 1 _

\/_ZWIG,[ iy 30—] 'BZ‘B;] = o0p(1), (29)

— B;) 0A;
EWI,. e Boi ~BAOZN = o), (30)
l\/_EWIG.B:;[Bm—B;]z?&i = o0y(1). (31)

i=1

Equations (29) and (31) can be proven in the same way we proved Lemma 5.10. To show equa-

tions (28) and (30) we calculate the means and the variances explicitly. Clearly, the means of the
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~ terms inside the norms are zero. To calculate the variance of the left—hand side of equation (28),
note that

0dni 0AJ L1 _ 1 ()
EWIG,[ ae aa] B" (n—l)\/ﬁaz sztwu ’

n =1 j#i

my _ Wil; [6h Bh] ,(h(z;;eo)—h(zj;eo)) zaA]
Y = g, [ Wilvi |59 = 20| X @n 56

where

The variance of
(n)
S e
(n— 1)\/—02 il

equals

= = (), (n)
0 1)2na4 {Z§Z§¢w }

- —'1—-2—5['-’ (r) (n)]+

T Bl (¥})]

1)a4

1 n)  (n
(n—_l)—.,E[&GJ'l’( ),

where i, j, and k are all different. By Lemma .3, since 1, j, and k are all different,

al;11 (@¥Pv) = E{G?E{é'l’g‘) i} { v }}

= 0(a}).
If a, — 0 and nal — oo, then the variance converges to zero. Chebyshev’s inequality then implies

+

equation (28). Equation (30) can be shown analogously. This completes the proof.
Proof of Lemma 5.9

The proof is analogous to that of Lemma 5.8 and hence omitted.
Proof of Lemma 5.5

The density of (h(yy, ..., h(ny) is
’n!fo(h(l)) .. -fg(h(n)) if h< h(l) < h(z) e L h(n) < 71.
and zero otherwise, where fy is the density of h(z; #). Thus the density of (sy, ..., s5) is

nlfo(s1 +h)fo(s1+s2+h)---fo(s1+ 824+ 43, +h)
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if ;>0 for t=1,...,n and s; + 2 + -+++ 8, < h — h, and zero otherwise. Therefore,

k- h—sy—~32

h—h h—h—s;
E(S?) = ./0 ’n!fﬁ(Sl + h)/{; fg(sl + 82 + h)/
h—h—s1—s3 =+ =3i-1 g [Rh-si-sm—emsi
/ f9(31+“'+3i+ﬁ)3.‘/
0 0
h-b-‘l— —Sn-1
'.A f0(31+"'+3n+h)d8n"'d81

h-h h—h—-sy h— h-—sl—sg
= [Tat+n [ st atn [ -

h—h—sy——s8i3 2
/0 fo(s1 + -+ si + b)s]

= ).[1 Fo(s1+ -+ 8 + )" "'ds; - - dsy.

By integration by parts,
h—h—s1—+-—5i-1 2 .
/0 fo(si+ -+ si +h)s{[1 — Fy(s1 4 -+ + si + B)]"'ds;
2 by —-msiny pmist
= m/o 1-Fa(s1+---+3si+h)] sids;.

Approximate Fy from below on [0,k —h — s — -+ — 5;-1] by a continuous piecewise linear
functions cgsi +¢; fork=1,..., K <oo. Let t; denote knots for k=1,..., K — 1. We can
take ¢] = Fp(sy +---+ si-1 +h) and cx(h—h—s; - cee=8in)t g =1, 0< ¢y € <0

because fy is bounded away from zero and bounded from above. Then

h=h—sy—-—sig .
/ [1— Fy(s1+ -+ s; + )" *F2s;ds;
0

131 . t2 i1
< / [1-cisi =} *Flsids; + / (1= cosi = ch)"*Hsids;
0 t1

Reh—sy—-msi .
R [1 - cxsi — ck]* " sids;
tK-1

Since each term of the right-hand side of the equation can be bounded by

t.
A [1 = cip18i = ¢y P~ lsids;
. 3+15i = € $;dS;
3

1 ti41

- _ 1_ ) .- I. n-i+2 .
citi(n—i+ 2)[ €418 = Gl Si

t
ti+a

1 )
Taam-it2)(n—it gL~ s = G

]n—i+3

1]
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Let ¢* = maxc; and ¢, = mingc;, then

t.
’“[1 —Cii18: — }n—i+2 .ds:
A j+15¢ cj+1 S{45{

1 y
< m[l - Cj418; — C;- l]n .+23£
- 1 n—14 [1 - Cj4+18i —

CZ(" i+ 2)( i 3) 184

Summing over all knots we have

1
(n—-i+2)(n—-1i+3)

Completing the rest of the integral we have

2
Fn+ D(nt2)

E(s?) <
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