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ABSTRACT

Econometric models for consumé} demand systems with zero demand quantities
are specified which consider observed demands as the result of optimal behavior.
Our approach utilizes the concept of virtual prices to transform binding zero
quantities into nonbinding quantities and to provide a rigorous justification for
structural shifts in the observed (positive) demand equations across demand
regimes. Switching conditions, which determine the occurrence probabilities of
different demand regimes, are provided in terms of notional (latent) demand equa-
tions. This approach can estimate demand relationships derived from either
direct or indirect utility functions. The econometric model is used to estimate

a system of demand equations based on a household sample survey from Indonesia.
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1. Introduction.

A number of recent studies have used household level data to estimate
demand relationships [Pitt (1983a, 1983b), Deaton and Irish (1982), Strauss
(1982), and Pitt and Rosenzweig (1983)]. Many of these studies have made use of
household budget surveys from developing countries. The poor infrastructure of
these countries results in market separation sufficient to provide the price
variability required to estimate demand relationships at the level of the house-
hold from a single cross-section. These micro data sets offer a number of
important advantages. For example, demographic variables such as family size
and age composition are major determinants of household budget patterns but their
effects are not easily measured with aggregated data. Using budget surveys from
Bangladesh, Indonesia, and Sierra Leone, respectively, Pitt (1983a, 1983b), and
Strauss were able to incorporate demographic and other household specific
variables into their analyses. Strauss' data also enabled him to estimate an
economic model of household-firm behavior for farm households. A particularly
rich sample survey from Indonesia enabled Pitt and Rosenzweig to study the
relationship between food prices, food consumption, health and the efficiency of
household farm production. It is obvious that these kinds of issues are best
analyzed with micro data sets. Unfortunately, many studies using micro data
have suffered from the lack of an unrestrictive and theoretically consistent
approach to dealing with a common attribute of these data sets, the non- (or

otherwise bounded) consumption of goods. As micro data sets become increasingly
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available, it is important that this econometric problem be resolved so that the
interpretation of results is unclouded by econometric inconsistency.

Household budget data, which typically contains information on the consump-
tion of very disaggregated commodities over relatively short periods, often
contain a significant proportion of observations for which expenditure on one or
more goods is zero. Such samples contain 1imited dependent variables in that
certain demand values occur with finite positive probabilities. The estimation
of demand systems with Timited dependent variables differs from the well-known
limited dependent variable models of Tobin (1958) and Amemiya (1974) in that
demand systems involve complex structural interactions and cross-equation
restrictions.

As is well known, systems of demand equations can be derived directly by
maximizing a utility function subject to a budget constraint, or indirectly from
a cost or indirect utility function with Roy's identity. Furthermore, demand
functions that add up, are homogeneous of degree zero, and have symmetric,
negative definite compensated price responses are integrable into a theoretical-
1y consistent preference ordering (Hurwicz and Uzawa (1971)). Moreover, the
stochastic specification of demand systems with limited dependent variables must
also be compatible with demand theory. This issue has been addressed in a
recent article by Wales and Woodland (1983) where a system of demand equations
with limited dependent variables was derived by maximizing a random utility
function subject to a budget constraint. In this direct utility function ap-
proach, the Kuhn-Tucker inequalities determine the limited demand quantities.

In this article, we propose a more useful approach based only upon the "notional"
demand equations which does not require specification of the underlying utility
function. This is a great convenience since it is easier to think of specifica-

tions for demand equations (or cost and indirect utility functions) than for
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direct utility functions and also because it circumvents the frequent intract-
ability of the Kuhn-Tucker conditions.l/ In particular, our approach permits

the specification of systems of demand equations with limited dependent variables
derived from popular flexible functional forms for the indirect utility func-
tion, such as the translog. Contradicting the claims of Wales and Woodland (p.
273) that an indirect utility approach is inappropriate for dealing with non-
negativitiy constraints, we will show that such an approach is not only possible
but more useful than the direct utility approach. Our approach is in the tradi-
tion of the theory of consumer demand under rationing set forth in Tobin and
Houthakker (1950-51), Pollak (1969, 1971), Howard (1977), Neary and Roberts (1980),
and Deaton (1981), and utilizes the concept of the "virtual price" originated by
Rothbarth (1941).

This article is organized as follows. In Section 2, we formally present the
consumers' problem with binding non-negativity constraints and relate it to the
consumers' problem under rationing. In Section 3, we set forth rules which
discriminate among all possible consumption regimes. Section 4 provides the
stochastic version of the demand equations and the 1ikelihood function. 1In
Section 5, our results are compared with the existing literature on limited
dependent variables. In Section 6 we apply the econometric model to estimate a

system of demand equations based on household survey data from Indonesia.

Conclusions are set forth in the last section.



2. Demand Systems With Zero Demands.

As in traditional demand theory, assume that there exists a set of func-
tional relationships which relate the demand for goods as functions of prices

v,

(2.1) q.

i =D-i(V) i=1,...,K

which are defined on v > O,g/ where K 1is the number of goods and v is a
vector of prices normalized by total expenditure M, v = p/M. The equations
(2.1) are meaningful demand functions only if they are consistent with maximiz-
ing a well-behaved utility function subject to a budget constraint py = M and
the nonnegativity constraints y > 0. The existence of such demand equations
are guaranteed by some regularity assumptions on the utility function U(y),
e.g., U(y) is strictly quasi-concave, increasing and continuously differenti-
able. When q; > 0 for all i, it corresponds to the solution of the tradi-
tional problem

(2.2) max {U(y)|]vy =1, y > 0}
y

However, if some elements of the vector q in (2.1) are negative, the corre-
sponding nonnegativity constrained problem (2.2) will have a boundary solution.

If the utility function U(y) possesses the interior property that the utility

for a commodity combination in which one or more quantities is zero is Tower

than for any combination in which all quantities are positive, then the demand
equations for all goods will be positive for all positive price vectors v.

Zero consumption of certain goods can occur with behavioral interpratation only
if the utility function does not possess this interior property.é/ In our analy-
sis, we will rule out these utility functions and assume, furthermore, that the

utility function is not only well-defined on the nonnegative commodity space
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with behavioral meaning but can also be extended mathematically into regions
with negative quantities such that the equations (2.1) are the unique solution
of the following problem:

(2.3) max {U(y)|vy = 1}.
Y

The equations (2.1), which are the solutions to the utility maximization problem

without nonnegativity constraints (2.3), are referred to as notional demand

equations. This conceptualization is convenient and operationally relevant in
that most flexible demand systems which do not correspond to utility functions
with the interior property have negative notional demands when some nonnegativ-
ity constraints are binding.

The notional demands q; are latent variables. For a given vector of
normalized prices v, the observed demand quantities vector x is the (non-
negative) solution to (2.2). If some of the X; are zero, the vector x may
not necessarily equal D(v) = [D](v),...,DK(v)]'. However, there exists a
vector of normalized prices v* such that x = D(v*). These prices v* are

known as virtual prices (Rothbarth (1941)). Neary and Roberts have shown that

if the preference function is strictly quasi-concave, continuous and strictly
monotonic, any allocation can be supported with virtual prices. Strict mono-
tonicity also implies that support prices will always be strictly positive.
Furthermore, the virtual prices corresponding to demands which are positive are
4/

*
. > 0, then Vi = Ve

the actual market prices themselves, that is, if X; ;

As each good may be consumed at some price vector but not at others, there
are many possible patterns of consumed and non-consumed goods. Each pattern

constitutes a single demand regime, and for each regime there exists a unique

vector of virtual prices which support the observed demand vector x. Consider,

for example, the regime with zero quantities demanded for the first L goods
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and positive quantities for the remaining K-L goods. The vector of normalized
*
virtual prices corresponding to this regime is characterized by Vi =V, for

i=L+1,...,K, and the observed demand equations are

* *
(2.4) X; = Di(v1”"’VL’VL+1""’VK)’ i=L+1,...,K

*

* -
(2.5) 0= Di(vl""’VL’VL+1""’VK)’ i=1,...,L.

*
The virtual prices v:,...,vL can be solved as functions of the observed prices

Vigyee sV i.e.,
* -
(2.6) Vi = Ei(VL+1""’VK)’ i=1,...,L.

Hence, the observed demand quantities (2.4) can be written as

(2.7) X; = Di(s](vL+1,...,vK),...,sL(vL+],...,vK),vL+],...,vK).

The demand equations (2.7) are conditional (restricted) demand equations, condi-

tional on the first L goods havina zero demands. For each regime, the ob-
served set of conditional demand equations (2.7) depends on the notional demand
equations (2.1) The virtual prices provide the 1ink between the conditional and
the notional demand equations. These virtual prices replace the actual prices
of those goods which are not consumed and hence do not appear in the demand
equations of the remaining goods. The equations (2.7) are the estimable equa-
tions, and the unknown parameters of the utility function U(y) or the cor-
responding notional demand equations (2.4) and (2.5) can be identified by

estimating this conditional demand system.§/
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3. Criteria for Discriminating Among Demand Regimes. .

In the traditional consumer problem (2.2), the determination of the demand
regime, that is, which goods are consumed and which are not, is simply reflected
by the corresponding Kuhn-Tucker conditions, However, an explicit statement of
these conditions requires knowledge of the direct utility function. The problem
with this Kuhn-Tucker approach is that for many popular demand systems the
underlying utility function does not have a closed-form expression, hence
econometric implementation is problematical. Below we will demonstrate that
alternative criteria for discriminating among demand regimes can be derived

solely from the notional demand equations (2.1). These regime switching condi-

tions will be used to determine regimec occurrence probabilities for use in the
econometric modeling discussed in Section 4 of this article.
In the simple case of an interior solution, that is, all demand quantities

are positive, it is clear that the notional demands must obey
Di(vi""’vK) >0 forall 1i=1,...,K.

Without loss of generality, consider the regime for which the demanded quanti-
ties of the first L goods are zero and the quantities of the remaining K-L
goods are positive. Denote Vv = (VL+1""’VK)' This regime is characterized

by the conditions

D'l (V'] :E 12(V'| 3\-’) LR 95 'IL (V'I 90) 3\7) _<_ O
DZ(EZ] (VZS\-/) ,V2,£23(>V2,\-/) LIRS SE 2 L(VZ,\-/) ,V) _<__ 0
(3.1)

DL(EL](vL,v),...,ELL_1(vL,V),vL,V) <0
Dj (£1(V)5ensf (W),9) > 0, § =L+ 1,k
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where Ej(V), j=1,...,L are the solutions to (2.5) (as in (2.6)) and the

virtual prices E]z(v],V),...,s]L(v],V) are the solutions to the equations

*

(3.2) 0= Di(v],v;,v;,...,vL,V) i=2.3,....L

and the other £'s are similarly defined. In order to simplify notation,
henceforth the arguments of the functions ¢ will be omitted. The demand

equations (3.1) are conditional notional demand equations. For example, the

first equation D](v1,£]2,...,£]L,V) is the notional demand for good 1 condi-
tional on the zero demands for the goods 2,3,...,L. The second equation,
D2(£2],v2,£23,...,£2L,V) is the notional demand for good 2 conditional on
goods 1,3,4,...,L all having zero gemgnds. This conceptualization of condi-
tional demand is essentially the same as that set out in the rationing litera=-
ture, except that the "ration" above is always zero.

For the simple two-good case, the regime having observed demands
X = (0,x2), Xy > 0, is characterized by the condition D](v],vz) < 0. The
condition 02(51,v2) > 0 always holds because D](§1,v2) = 0, and le1(£1,v2)
+ VZDZ(E1,V2) = 1 and therefore DZ(E],VZ) = 1/v,. Figure 1 clearly demon-
strates that this single condition is sufficient and necessary for the consump-
tion pattern x = (0,1~0.
V2

The role of conditional notional demands in determining the demand regime
is best illustrated geometrically in the three-good case. Figure 2 illustrates

the consumers' problem in this instance. The budget constraint is the tri-

angular region (simplex) bounded by A*, B*, and C*. The hyperplane defined

by these three points is the budget hyperplane. The line A3B3, which contains
the segment A*B*, 1is the locus of points in the budget hyperplane at which the
demand for good 3 1is zero, i.e., y3 = 0. Similarly, Yo = 0 along BZCZ

and Yy = 0 along A]C].
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It is obvious that an interior solution requires that an indifference sur-
face be tangent to the budget hyperplane within the region A*B*C*. An observed
demand will be zero only if an indifference surface is tangent to the budget
hyperplane outside of the interior of A*B*C*. Such a tangency occurs at the

point Z having notional demands 9y > 0, q, > 0, and 93 < 0. Define

indifference contours as the loci of points providing identical levels of

utility consistent with the budget hyperplane. Z], Zz, and Z3 are such
contours associated with point Z. It is clear that these contours are convex
and never cross since they are merely cross-sections of the unrestricted indif-

ference surfaces.
Equations (3.1) state that the demand regime (y1 >0, y,>0, yg= 0)

is uniquely characterized by the conditions

D'l (V],VZ,E 3) >0
(3.3) Dy(VysVostg) > 0
D3(V],V2,V3) < 0,

that is, the demands for goods 1 and 2 conditional on the nonconsumption of
good 3 must both be positive and the notional demand for good 3 1is non-
positive. Geometrically, this means checking where the tangency of the notional

indifference contours {such as Z3) occurs along the conditional budget line.

Since the line A3B3 represents 93 = ¥3 = 0, it is therefore the conditional
(on Y3 = 0) budget line. Note that the contour I 1is tangent to this condi-
tional budget 1ine above point B* where the conditional notional demand for
good 2 1is negative, thus violating (3.3). Therefore, even though the uncondi-
tional notional demand for good 2 is positive, its conditional demand is

negative and therefore point Z is not consistent with the demand regime

(y] > 0, y2>0, y3=0).
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This is not the case for a point such as W in Figure 3, having notional
demands (q1 <0, q, > 0, q3 < 0). Its conditional notional demands, given by
the tangency of the indifference contour w3 and the conditional budget line,
correspond to the conditions (3.3) and thus to the specified demand regime.

This analysis is readily extended to models with more than three goods. A
mathematical proof is provided as an appendix. Intuitively, evaluating condi-
tional notional demand functions to determine which of a set of nonnegativity
constraints are binding should be equivalent to evaluating the Kuhn-Tucker
conditions for the direct utility function underlying those demand functions.

This important conjecture is also established in the appendix.
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4, Econometric Model Specification.

In order to estimate the notional demand equations, a functional form needs
to be specified which includes a finite number of unknown parameters plus
stochastic components. These stochastic components reflect random preferences
or other unexplained factors. Let 6 be the vector of unknown parameters and
e the vector of random components. The stochastic notional demand equations

are
(4.1) q; = Di(vge,e).

These demand equations can be derived either by maximizing the direct utility
function subject to the budget constraint as in (2.3) or from an indirect
utility function through Roy's identity. Let H(vi0,e) be an indirect utility
function defined as

(4.2) H(v3i0 e ) = max {U(q:6,e)|vq = 1}.
q

Applying Roy's identity, the notional demand equations are

__ OH(v3f ,e) K 9H(v;0 ,e) . _
(4.3) q; v, / 2j=]vj ———5vj i=1,...,K

To derive the observed demand equations (2.7) and the regime switching,
replace the actual prices v in the notional demand equations (2.1) with the
relevant virtual price. These virtual prices are the solutions to the equations
(4.3) with q; set equal to zero if its notional value is negative. In the
analysis of quantity rationing, Deaton (1981) has noted that it may be difficult
to analytically derive virtual price functions from most flexible function forms
for the indirect utility function. In subsequent work on labor supply and com-
modity demands, Deaton and Muellbauer (1981), and Blundell and Walker (1982)

find a generalization of the Gorman polar form of the indirect utility function
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to be particularly convenient (albeit restrictive) in the derivation of virtual
prices. This results from the asymmetric manner in which leisure is specified
compared to commodity demands, and because leisure is the only rationed good.
Our problem is somewhat different. On the one hand we consider a model in which
there are many commodities whose demands may be restricted, which complicates
matters. On the other hand, all of the restricted demands in our model are zero
rather than positive as in the rationing literature. With zero restricted
demands, the derivation of virtual prices is considerably simplified as the
denominator in Roy's identity (4.3) drops out of the virtual price functions.

If demands for the first L goods are zero, the virtual prices % are solved

from the equations
(4.4) 0 =6H(£],.“,5L,Gw,e)/avi i=1,...,L

and the remaining (positive) demands are

BH(E 1, ... by »V30 5€) BH(E | sun sty 5 V30 € )
(4.5) X, = L e Ky 1 L

i oV =173 avj

: K OH(vi0,e) _ -0H(v;0 ,¢)
Since Ej=1vj V. = oM

this pattern of demand the following must hold

) i =L+1,...,K.

is always negative, in order to observe

W

i} avH(V],E]Zs---ss]L:V;o se) 0

l - aV-l -

(4.6) ; =
© _ aH(EL],-.-,ELL_] ’VL’V’G ’e) 0
= 3 >
L Vi
aH(E],...,EL,\_/;e ’e)
and <0 for i =L+1,...,K.

dy,
Vi

Let  flogs.vuxopsX 47s---5X¢) be the joint density function of
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(“ﬁ;°"’wL’xL+1""’XK)‘ The contribution of this consumption pattern to the

likelihood function is

20

{oo
(4.7) Qc(xw) = f . JO fhﬁ,...yqfo+1“..,XKJ)dwlp..,dq:

0
Note that the demand equation for Xy can be dropped from the likelihood function
due to the linear dependence 21=E+1Vixi = 1. The probability that this regime

occurs is

(4.8) PY‘(C) = fO ees {0 ( (0 f(('.)l,...,COL,XL_'_'I’.--sXK)d(Jl’---sde)de*.'l,...’

de

(~ * ® [
for L<K=-1. For L=K -1, Pr(c) = JO .o {0 ( JO . JO f«o],...;uL,
XL+1""’XK_1)d“ﬁ""’d(ﬁ)dXL+]=~-~’dXK_])' Let Ii(c) be a dichotomous indi-

cator such that Ii(c) = 1 1f the observed consumption-pattern for individual

i 1is the demand regime ¢, zero otherwise. The likelihood function for a

sample with N observations is

N I.(c)
(4.9) L= mufe(x:0)]" .

i=1 ¢

The parameter vector 6 can be estimated by the method of maximum 1ikelihood.
As an illustration of the notional demand approach, consider the translog

indirect utility function of Christensen, Jorgenson and Lau (1975),

(4.10) H(vi0,e) = 1§1ai]nvi + %'21512j5131j]nvi]nvj + 2151e11nvi
where € 1is a K-dimensional vector of normal variables N(O,E)Tg/
normalization, it is convenient to set 1§1a1 = -1 and i§1ei = O-Z/
notional share equations derived from Roy's identity are

ey P40 ¥ e

(4.17) Viqi = D i=1,...,K
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where D = -1 + Eiilzjflﬁijlnvj' Consider the regime for which the quantity

demanded for one of the goods is zero and positive for all others, i.e., Xy = 0,

Xy > 0s...5x¢ > 0. The virtual price &, as a function of v,,...,vg, fis
Ity = -(aq + 2508, anvy +ey)8
nt, 1 Egfaginyg t eyl

The remaining positive share equations are

oy~ agil 455506, - 8 o iy, + e, - ik
U PYRNR A N 1Jﬂ] n L P
(4.12)  vix, = < ; , i=2,...,K
E'=2(B"'ﬁ-'l 1J)1nV = (] +a] B8 ]) ‘ﬁ]
e B J Bye B
1 1 1

Note from the above equations that e. can be expressed

_ s« K
where ﬁ.j = Ei=]ﬁij' j
as functions of X; and €q. The switching conditions for this demand regime

are

K
‘1 NCTRARY

_>__-(a,.I + Ej
and X; > 0, i=2,...,K.

Let f(e1) be the density function of €q and g(ez,...,eK_]|e]) be the
conditional density function, conditional on €y The Jacobian transformation
J](x,e]) from (ez,...,eK_]) to (XZ""’XK-])’ which can be derived from
(4.12), is a function of x and €y The likelihood function for this demand
regime is

(00

g(ez,...,eK_]|e])f(e])de1

J-(a] + Ejf]ﬁ 1nV )

13
where ei’i=2""’eK-1 are functions of x and €q from (4.12). Now consider
the demand regime in which the demands for the first two commodities are zero
and all remaining demands are positive. The virtual prices £q and £, as

functions of V3.5V are
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1 K 1
[In_’g]J L] [a] + Zj=3ﬁ]‘j1n"j} ] {e]J

K

Ing, ay + Ej=3?2j]"vj €y

Pt . "
where B = [ﬁ 8 ]. The remaining positive shares are

21 22
K
a, +B.,ng. + 8., Int, + Z. B..1nv. + €.

(4.13) vy = ——TL_1 12 2 =M T gy

- K

-1+ 3,]1ng1 + 3.21n52 + 2j=3ﬁ'j]nvj
The €:,1=3,...,K, can be expressed (from (4.13)) as functions of X,eq and
€. The regime switching conditions are as follows. The virtual price
512(V1’V3""’VK) is

K

gy = -lay + 258,510V + €,) /85
j#2
and the first condition is
€1 - g']“'z*'z z 3
22
where
S, = glg(a + 3 K B, .INy.) ~a. - % K Bq.1nv
1 322 2 j=12; "J 1 =113 "3
j#2 Jj#2

Furthermore, the virtual price 521(v2,v3,...,vK) is
Tng,qy = ~{a; +2 K Inv, +€7)/8
21 14 E5b vy teqlBy

and the second condition is

B
21
€n = 77—€4> §
where
3 =[-3~gl(a R Inv;) - a -z K .Iny,
2 Tt Eg=hg Iyl el T Bpday Ty
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B 621
Let M €] -F—€) and 7, = €y - E;;—e]. Let g(e3,...,eK_]ln],n2) be the
conditional density function of (e3,...,eK_]), conditional on 7 and (P
and f("1’"2) be the marginal density of ny and n,. The likelihood function
for this regime is
JSZ JS]Q(G ces€y_qlmyamp)fngny)dngdn,.

The likelihood function for other regimes can similarly be derived.

For some cases, we may specify the utility function or the demand equations

instead of the indirect utility function. Consider the demand equations derived

from the quadratic utility function and analyzed in Wegge (1968)

(4.14) ) =aly
k-1

= l—{] = VyGy=- =V 19 ]) where ¢ is a (K-1) x (K-1) matrix and

and ag Vg
)th

v is a (K-1) vector. The (i,j entry of a is

a =

2
ij aijVK - aivavK - (akjvivK = aKKvivj)

.th

and the i— element of 7y is

_ 2
7 = ViRV +ag) - ageV - vt (v vdvee

where (e1,...,eK) are random terms N(0,Z) and 330> 3 are unknown para-

meters. The quadratic utility function corresponding to these demand equations
is

_ K K K
(4.15) uly) = Zi= 1 Yq t 7 Ei=1® 3=13i3Y1 yJ Zi=1€ Y4
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where aij = aji' A simple normalization that can be adopted for parameter

identification is var(e]) = 1. Wales and Woodland (1983) have derived the
likelihood function for this demand system with limited dependent variables from
the Kuhn-Tucker conditions. Below, we derive the likelihood using the

virtual price approach. It is important to note that %3 is a function

depending on Vis vj and Vg only, and not on the other prices, and that

T3 is a function of v and Vg only. Consider the demand regime where

Xy = 0 and all other xi's are positive. Evaluating e« and v at the

virtual price vector (5],v2,...,vK), we have

i) 1
X2
Vi T Eq|-

a|

This implies that the positive demand equations are

-1 (72

fx
2 “200 52 K-1
(4.16) |° | = ;

Cgo1,220 %K T K1
k-1 (-1

and the first regime condition is

(4.17) @)y 7 <0

where (a'1)1. denotes the first row of a"].

Denote @ = (a-])].y. The
1ikelihood function for this regime is

f
0 “2200 % 2K-1
J g(72:°--97K_-Il(‘)'|)f(w-l)d&)~|!det : : I .

aK-1,2°"2*%-1,K-1
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=0, xp=0 and x;j >0, i=3,...,K

Now consider the demand regime Xy

At the virtual prices £](v3,...,vK) and 52(v3,...,vK),

0 3\
. l
X =9 _
alv =E .3 V]—E]
1 1. vo = £y
Vo = E2{ X1l
which implies that
(v Y =1 )
X3 (43300 -+ 29 3K-1 73
(4.18) : = | : : :
k-1 “K-1,3," " *%K-T,k-1)  {TK-1).

Since, at the virtual price E]Z(V],VB,...,VK),

(4.19) 37 7'vz = £,

’]

Vo = E120 %1
the solution of X from (4.19) provides the first regime switching condition,

which is

A f,
11 M3 %K i
(4.20) 431 %33> 0%3K-] Y3 | <o0.

FR-11 9K-1,320K-1,k-V 1. (7K1

Similarly, the second regime switching condition is
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f.
(@595 e s8] ¥2
(4.21) . 73 <0
k=12 %K-1,k-1 1.}
TK-1

Denote the random variates on the left hand sides of (4.20) and (4.21) by w0

and Wo respectively. The log likelihood function for this regime is

(@ nse ..yt 1
(00 33 3K-1
J_w J 009(73,...,7K_]|co.l ,wz)f(w] ,'wz)dw]dwzidet : : l

%K -1,3% 2K -1K-1

where 7v3,...,7,_y are functions of x from (4.18). The 1ikelihood function
for other regimes can be similarly derived. Note that the explicit expressions
for the virtual prices cannot be derived analytically in the quadratic case.
Nevertheless, this example has demonstrated that it may not be necessary to
explicitly solve for the virtual prices in order to derive the observed demand

equations and the regime conditions.
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5. Relationship of This Approach With Tobit Models.

The econometric model of consumer demand with 1imited dependent variables
set out above is not the familiar Tobit model (Tobin (1958)) nor the simul-
taneous equations Tobit model of Amemiya (1974). However, there are both
structural differences and similarities among these models.

Consider the two-good case. The notional demand equations are

(5.1) q] D] (,V],Vz;a s€ )

and
(5.2) q2 = DZ(V-I,VZ;O,G).

These two equations are functionally dependent because they satisfy the budget

constraint

(5.3) Viaj * Vo0 = 1.

Thus there are at most three different regimes for the observed quantities

X = (x1,x2).
Regime 1: Both Xy > 0, Xy > 0.

The positive demand equations are Xy = D1(v1,v2;0,e) and the conditions

are D](v],vz;e,e) >0 and Dz(v],vz;o,e) > 0.
Regime 2: Xy = 0, x, > 0.

The positive demand equation is Xy = D2(£1,v2;0,e) = %—- and the regime
2

condition is Dy(vqy,v,30.e) < 0.

Regime 3: Xy > 0, x,=0.
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The positive demand equation is Xq = D](v1,£2;0,e) = %—- and the regime
1
condition is Dz(v],vz;o,e) < 0.

Because of the budget constraint (5.3), the condition D2(v],v2;a,e) <0 is

equivalent to the condition D](v],vzge,e) Z.%T‘ and the condition

1
D1(v1,v2;0,e) < 0 1is equivalent to the condition Dy (v 5Vy30 5€) z~%gn Combining
the three regimes

-1 - . 1
Xy = v if D](v],vz,e,e) z'VT
(5-4) = D](V],Vz;a ,e) if “'/—]‘> D-l (V],VZ;O ,6) > O
= 0 if Dy (vyav,30.¢) < O

which is, in effect, the two-limit Tobit model of Rosett and Nelson (1975). If
good 2 was always consumed in positive amounts, we have a standard Tobit model.
With appropriate separability assumptions, the K goods case can be reduced to
a set of independent two-1imit Tobit equations. This approach significantly
reduces the computational burden but such strong restrictions on preferences may
not be realistic. In the unrestricted case, consumer demand equations are more
closely related to the multivariate and simultaneous equations Tobit models of
Amemiya (1974). As an example, consider the case where one of the commodities

is always consumed, say Xg > 0. Following Wales and Woodland (1983), the Kuhn-

Tucker conditions for utility maximization are

VUL (x30,6) = vl (xs0,e) <0 = 1,00 K1

vex = 1
and

Xi(VKUi(X;B’G) - viUK(x;G,e)) =0 i=1,...,K-1.
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After substituting Xy = (1 -Ef;}yixi)/vK into the remaining equations, these

conditions can be rewritten as
(5.5) Fi(xl,...,xK_];G,e) >0 i=1,...,K-1
where Fi(x1,...,xK_];6,e) = viuK(x;o,e) - VKUi(X;e’G)’ and

(5.6)  X; =0 i FilXpseersXs_ 150Xy 0500 0sX_q305€) > 0

and
(5.7) Fi(xl""’XK-1;0’6) = 0, otherwise.

This system, which relates the dependent variables Xyse e Xg_1 in a direct
interactive way, is similar to the formulation of simultaneous equations with
limited dependent variables of Amemiya even though the equations in the latter
model are usually expressed in linear form. Furthermore, the former system may
not have the conventional meaning of simultaneity. Our approach differs from
that approach in that we specify the "reduced form" equations first and incor-
porate the structural differences of different regimes through the use of virtual
prices. In general, the observed system is a switching multivariate equations

model where the regime criteria consist of multivariate inequality rules.
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6. An Illustration: Analyzing Energy Price Policy in Indonesia.

In this section we discuss the application of the econometric model set out
above to estimate a system of demand equations derived from the quadratic utility
function (4.15). The data used in the estimation are taken from the 1976 National
Socio-Economic Survey of Indonesia (SUSENAS 1976) carried out by the Biro Pusat
Statistik (Central Bureau of Statistics). This survey provides detailed informa-
tion on the expenditure pattern of 51,816 households. The survey was conducted in
three subrounds--January-April, May-August, and September-December, with approx-
imately one-third of the sample surveyed in each subround.

The purpose of this exercise is not only to illustrate our approach to
estimating demand systems with 1imited dependent variables, but also to analyze the
change in welfare among consumers resulting from increases in the price of energy
in Indonesia. This is an important issue in the Indonesian government's delibera-
tions on reducing the large subsidies provided consumers of energy. The measure of
welfare gain and loss used is the compensating variation associated with any price
change. We will only briefly sketch the compensating variation results and their
policy implications here as they are discussed at length in Pitt and Lee (1983).

Five expenditure categories are distinguished in this analysis. These
categories, aggregates of the more than 150 individual consumption items provided
by the SUSENAS survey, are food and beverages, apparel, fuel, housing and other
nondurables. Price indices for the five expenditure aggregates are constructed
from price data derived directly from the 1976 SUSENAS tapes, from retail prices
used in the construction of cost of living indices specific to 39 cities, from
other household surveys and from other market price information collected by
various Indonesian government agencies. The poor infrastructural and market
separation of island Indonesia result in substantial price variation in cross-

section. The construction of each price index as well as the other data used in



TABLE 1

Parameter Estimates of the
Quadratic Utility Function*

Maximum Likelihood Estimate

Asymptotic t-ratio

.2482
.1551
.1769
.0259
.0502
-.0577
-.0420
-.0042
.0703
. 0697
.0922
.0165
.0949
.0569
.0649
.0123
-.1034
-.0671
-.0534
-.0283
-.0142
.0439
-.0069
.0126
.0132

1

7.

1

.57

07

.24
.20
.16
.07
11
.01
.49
.32
.85
A7
.70
.58

0.57

1
.37
.68
.75
.38
.27
.43
.51
.86
.92

...Continued



Maximum Likg]ihood Estimate

Asymptotic t-ratio

p2l
p 31
e 41
p51
p 32
p42
p 52
p43
p53
p 54

* ,
For the parameters cji, 1 refers to goods and has the values:
The values of j .are:

.0384
.0087
. 1646

.0824

.0059
.0029
. 0002
.1990
.0131

.0178
.6434
.8345

.0095
.4766

.1153

.0150
.1755
.3336
.0216
.0146
.0250
.0046
.0136
.0299

1

-5.

.65

52

-14.53

22,
1.
-4,

93
07
00

-.057

-15.
5.
-22.
3.
12.
15.

"apparel; =3, housing; i=4, fuel; i=5, other nondurables.
j=0, intercept; j=1, household size; j=2, Jan-April; j=3, May-August. The para-
meters ajij, variances o5 and correlation coefficients pij

which refer only to goods as in

i above.

53
90
25
80
69
02

.25
.15
.29
.74
.97
1
.06
.12
.06
.18
.42

i=1, food; i=2,

have subscripts
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this analysis is described in Pitt and Lee.

The parameters of the quadratic utility function were estimated using a sample
of 767 households randomly drawn from the 1976 SUSENAS survey. Zero levels of
consumption were often observed for both the clothing and housing expenditure
categories. The zero levels of housing expenditure represent an imputed market
valuation of housing of zero. This would correspond to housing of such simple
construction or poor quality that no market exists for its sale, construction or
rental.

The presence of two commodities for which zero demand is observed means that
there are four demand regimes (as defined in Section 2): a regime where all five
goods are consumed, two regimes in which either clothing or marketable housing is
not consumed, and a regime in which both clothing and marketable housing are not
consumed. There are households in the sample corresponding to all four regimes.

In order to allow for the effects of season and household composition on

demands, the parameters a of the utility function (4.15) were assumed to be

io
linear functions of seasonal dummy variables and the size of the households (SIZE),

as follows:

(6.1) ;0 = Gy * G4y SIZE + c;p Jan-April + C;5 May-August, i=1,5

The maximum Tikelihood estimates of the parameters of the quadratic utility
function were obtained using the quadratic hill-climbing methods of Goldfeld and
Quandt (1972) and are presented in Table 1. The normalization adopted for para-
meter identification is var (e]) = 1. The asymptotic t-ratios reported in the
table suggest that the seasonal component of demands (CiZ’CiB) is not significant.
However, household size (Ci1) is significant in the relations (6.1) for the cases
of food, housing, fuel and other nondurables. The positive signs of the coef-

ficients Cy1s C31s Cqp Mean that the marginal utility of food, housing and fuel
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are higher the larger is household size given an allocation of the five commodities.
A11 but two of the quadratic terms of the utility function (aij) are statistical-
ly different from zero at the .01 Tlevel of significance. All of the variance

o; are significantly greater than zero as expected and some of the correlation
coefficients of the stochastic terms are also statistically significant.

Table 2 presents compensating variation estimates by income class for urban
and rural households in Indonesia. For Indonesia as a whole, the compensating
variation associated with a 25% increase in the energy price in 1976 is Rp 162
(US$0.39) per month per household or .795% of average household expenditure.

While the upper income class has the largest absolute compensating variation,
the middle income class has the largest proportionate compensating variation. The

Towest income class has both the lowest absolute and proportional welfare loss, as

measured by compensating variation.

The patterns across income classes for urban and rural households separately
are rather different. Compensating variation as a percentage of base (actual)
expenditures declines with income among urban household but increases with income
among rural households. As Pitt and Lee demonstrated, there is also substantial
inter-regional variation in these results. As there were 26,648,000 households in
Indonesia in 1976, a suitably distributed transfer of Rp 51,804 million (US$124.8
million) would have been sufficient to make Indonesian households indifferent
between the actual level of energy prices and a level of energy prices 25% higher,
assuming that there were no other changes in prices and income. This transfer
seems small indeed compared to the economic subsidies provided petroleum fuels. In
fiscal 1981/82, this subsidy was Rp 2.8 trillion (US$4.4 billion or Rp 1.50 tril-
lion in 1976 prices).

Finally, in Table 3 the demand effects of compensated fuel price increases of

25% and 50% are presented. As is required by demand theory, fuel demand falls in



Urban Households

Rural Households

Total Households

TABLE 2

Compensating Variations for a 25 Percent Increase

in Fuel Prices (Rupiah per month per household)

Share of Compensated Compensating
Average House- Households Base Expenditures Expenditures Variation Percent
Income Group hold Size in Class (Rp) (Rp) (Rp) C.v.
Lower 6.09 3.68 16090. 16231. 141. .877
Middle 5.43 7.89 27257. 27453. 196. .720
Upper 4.54 5.88 52948. 53276. 327. .618
Average 5.27 17.44 33560. 33789. 229. .682
Lower 5.15 44 .35 11972. 12061. 90. .748
Middle 4.45 29.49 21186. 21371. 186. .877
Upper 3.61 8.71 34224. 34543. 319. .931
Average 4.74 82.56 17612. 17760. 148. .841
Lower 5.22 48.03 12287. 12380. 94. 761
Middle 4.66 37.38 22467. 22655. 188. .837
Upper 3.98 14.59 41767. 42089. 322. 7
Average 4.83 100.00 20393. 20555. 162. .795



TABLE 3
Effects of Compensated Fuel Price
Increases on Demand

(percent change)

Compensated 25 Percent Fuel  Compensated 50 Percent Fuel

Price Increase ) Price Increase
Urban Rural Total Urban Rural Total
Fuel -2.200%  -6.436 -5.359 -4.360° -12.632  -10.529
Food +0.167 +0.518 +0.448 +0.344 +1.057 +C,915
Apparel -1.694 -3.694 -3.313 -3.341 -7.234 -6.491
Housing -0.068 +0.587 +0.403 -0.118 +1.267 +0.878
Other

Nondurables +1.518 +7.472 +5.562 +3.049 +14.950 +11.313
a) These values can be converted into compensated arc elasticities
through division by 25.

b) These values can be converted into compensated arc elasticities
through division by 50.
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response to a compensated increase in its price. The arc price elasticity of
demand for fuel corresponding to a compensated 25% increase in fuels price is
-.214. It is only slightly less in absolute value for a 50% price increase.

The table also demonstrates that for the total of rural and urban households,
food, housing and other nondurables are substitutes for fuel while apparel is a
complement. Other nondurables and apparel consumption are the proportionately
most sensitive to a fuel price increase. There is some difference between rural
and urban households. Rural household demand for all five goods is more sensitive
to a change in the fuel price than are urban households. In particular, rural

household fuel elasticities are triple those of urban households.
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7. Conclusions.

In this article, we have considered the specification and estimation of
models of consumer demand where the demanded quantities for certain commodities
are zero for some consumers. The models specified recognize that the observed
demands are the result of optimal choice. Our approach generalizes the previous
econometric work of Wales and Woodland (1983) in that demand relationships
derived from either direct and indirect utility functions can be estimated. Our
approach utilizes the concept of virtual prices originated in the quantity
rationing literature. Virtual prices transform binding zero consumption quantit-
jes into nonbinding quantities, and provide a rigorous justification for struc-
tural shifts in the observed (positive) demand equations across demand regimes.
Switching conditions, which determine the occurrence probabilities of different
demand regimes, are provided in terms of notional (latent) demand equations. The
relationship between this approach and the conventional single equation and
simultaneous equation Tobit models is also considered.

We have used the approach described in this article to estimate a complete
system of demand equations using a household budget survey for Indonesia. A
demand system for five commodities was estimated with a sample of 767 households.
The computational cost of estimating this demand system, in which there were
at most two nonconsumed goods for each household, was quite moderate. How-
ever, because the econometric model is highly nonlinear and the censoring
problem is multivariate in nature, computational difficulty and cost may
increase rapidly with the number of conconsumed commodities.

Finally, although this article has concentrated on the anlysis of consumer
demand, the approach can also be applied to the analysis of production at the

level of the firm where the derived demand for certain inputs may be zero. An
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example of this problem is found iq Pitt (1983c), where an industrial census from
Indonesia is used to estimate a multi-input production structure. In the second
stage of a two-stage cost minimization problem, firms choose among a set of
alternative fuels to meet an energy requirement determined in the first stage.

As these fuels are close substitutes, most firms in the sample do not consume all
of them. However, as estimation of production structures with binding nonnegativ-
ity constraints differs somewhat from the estimation of consumer demand systems,

its discussion will appear elsewhere.
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Footnotes

This point is observed in the approach of Burtless and Hausman (1978)
in studying the effects of taxation on labor supply.

In this article, we use the convention that v > 0 means Vi > 0 for
all i, and v >0 means v; >0 forall i.

Survey sampling errors, such as reporting errors, may introduce zero
quantities in observed samples. Such measurement error problems will not be
considered in this article. A relatively simple model with reporting errors
is in Deaton and Irish (1982).

Sometimes only the components of p* which are subject to rationing
are referred to as virtual prices. In this article, virtual prices are
those price vectors which support boundary points of the simplex
{yly >0, v7y=1}

Browning (1983) has shown that the unconditional cost function can
theoretically be recovered from a conditional cost function. The necessary
conditions for the conditional cost function are also sufficient for the
recovery of the unconditional cost function when the rationed quantities are
positive. OQur approach starts with the unconditional functions. Identifi-
cation in this article refers to parameter jdentification given functional
forms for the unconditional functions.

One can also specify other distributions if they are of interest.
Normality is of interest because of its additive property.

It is necessary to specify 215161 = 0, since, for the homogeneous
case ziilﬁij = 0 so that D = -1 1in the share equations (4.11) and the

sum of the shares 1is unity.
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Appendix: Proof that the Conditions (3.1) Uniquely Characterize Demand Regimes

Inductive argument will be used to prove that the conditions (3.1) are valid
conditions for the determination of the corresponding demand regime. First,
consider the simple two-goods case. From the budget constraint v-°x =1, it is
clear that one of the goods must be consumed. Consider the regime in which
demand for the first good is zero and positive for the second, i.e., Xy = 0 and
Xy > 0. The solution of the unconstrained problem (2.3) gives the notional

demand equations
(A.1) q; = Di(V]’VZ) i=1,2.

If both g, and q, are positive, the constrained problem (2.2) will have an
interior solution Xy > 0 and Xy > 0, which is a contradiction. Because of

the constraint Viay * Voly = 1 and v > 0, only one of the components of

q = (q1,q2) can be negative or zero. As U(Y) 1is quasi-concave, the set

S ={yjvy = 1,U(y) > U(%;30)}

is convex and therefore necessarily a connected set. Since U(q1,q2) > U(O,%—O
2
and U(O,l—o > U(l—ao) (as  (Xq.X,) = (0,1—0), it follows that gy must either
D) Vi 1272 Vo 1

be negative or zero. This situation is clearly illustrated in Figure 1. There-
fore Xy =0 s characterized by D](v1,v2) < 0, and since x, = Dz(z](vz),vz),
X, > 0 s characterized by Dz(z](vz),vz) > 0.

Now consider the K goods case where Xy = 0 but X; > 0 for i=2,...,K
Given the consumption pattern Xy = 0, x5 > 0 for all 1 =2,...,K, we want to
show that the conditions (3.1) are necessary. By the construction of the virtual

price vector for Xy = 0, Xj > C, i=2,...,K,

X; = Di(zl(vz,...,vK),vz,...,vK) i=2,...,K.
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Hence Di(z],vz,...,vK) for i = 2,...,K are necessarily positive. It remains
to be shown that D](v],vz,...,vK) < 0. Define the function V(y],r) as

(A.2) V(y],r) = max  {U{y, ,yz,...,yK)lvzyz oot vy =}
Yosree ¥y

As noted by Neary and Roberts (1980), the function V(y],r) will be quasi-
concave on (y],r) when the utility function U is quasi-concave. With this
construction, it is obvious that the optimal problem in (2.3) can be reduced to a

two-commodity problem

max {U(y_' ’y2""’yK)|v1y] + v2y2 + ...+ vaK = 1}

Yysee ¥k
(A.3)

= max {V(y],r)lv]y] +r = 1}.

Y1.¥
Let (q;,r*) be the optimal solution of the latter problem in (A.3). It follows
that
a4 = D:(V] 1)
(A.4)
= Dy(VysVos.otsvy)

and

*
(A.5) r*x = Dz(vz,l)

where D; and DZ denote the solution (q],r) as a function of the normalized
price vector (v1,1) where 1 1is the normalized price for the aggregate good
r. To prove that qq < 0 1is necessary, it is sufficient to prove that (0,1)
is the optimal solution of the constrained problem

(A.6) gifr{V(y],r)|v1y] t+r=1, y7>20, r>0}.

For all (yq,r) > 0 and vqy; +r =1, we have
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(A.7) U(O,xz,...,xK) 3_V(y1,r)w

If this were not so, there would exist a vector (y1,r) and a vector y =
(y1,y2,...,yK) such that voy, + ... + vy =r, vy +r=1 and U(y) »
U(O,xz,...,xK). It follows that there exists a small A, 1 >X >0 and a
vector z, z =ix + (1-\)y, such that v“z =1, z >0 and U(z) > U(x) by
the strictly quasi-concavity of U. As this would be a contradiction, the in-
equality in (A.7) must hold. By the construction of V from (A.2), it follows
that V(0,1) 3_U(0,x2,...,xK). Hence (0,1) 1is the optimal solution of (A.6).
It follows from the two-goods case that it is necessary that D;(v],1) ~ 0, i.e.,
D](v],vz,...,vK) < 0. Furthermore, that these conditions are sufficient to
determine the demand regime X = 0, X; > 0 for i=2,...,K, can be shown as
follows. We note that the solution of the optimum problem
(A.8) max {V(yq,r){vqyy + r =1}

Ypr
js given in (A.4) and (A.5). The condition D](v],vz,...,vK) < 0 implies that
the optimal solution of the constrained problem in (A.6) for the two-good case is
(0,1) since Dy(v;,1) < 0. Hence it follows from (A.6) and (A.2)

V(0,1) = max {V(y],r)lv] yp +r=1, Y >0, r> 0}
y]:r

(A.9)
> max {U(y],yz,...,yK)|v]y] VoY, bt vy = 1,y > O
Yyo-ees¥yg

By construction (as in (A.2)), we have
(A.10) V(0,1) = max {U(O,yz,...,yK)lvzy2 oot vy = 1
YosernsYy

The virtual price vector (z](vz,...,VK),vz,...,vK), supports the gquantities

(O,Dz(s],vz,...,vK),...,DK(E],v2,...,vK)) and
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U(O,Dz(sl,vz,...,vK),...,DK(£1,vz,...,vK))

A.11
( ) = max {U(.Y]""’-YK)IE]Y] + v2y2 + PP + VKyK = ]}o
y],...,yK

Since
max  {UQyqs. ooy [Eqyq + voyp + ool + Viyg = 13
> max {U(O,ng---,yK)Ivzyz ..t VKyK = ]}s

Yoo ea¥y
it follows from this inequality and the relations in (A.9), (A.10) and (A.11)

that
U(O,D2(£1,v2,...,vK),...,DK(E],vz,...,vK))
> max {U(y],...,yK)lv]y] FVoyp b vy =1,y > 0L
Yyseeea¥g )
But since Di(s],vz,...,vK) >0, 1=2,...,K and 1'Z=22v1.D1.(£1,v2,...,vK) =1,

it follows that

U(O’DZ(E]’VZ"°"VK)"' osDK(g]svz’---sVK))

= max {U(y],...,yK)[v1y] FVYp b b vy =1,y > 0}
y]’---,yK

Therefore the solution vector x = (x],...,xK)’ of the constrained optimal
problem (2.3) is simply (O,Dz(z],vz,...,vK),...,DK(E],VZ,...,VK)) and the
demand regime is Xy = 0, X5 > 0 for all i =2,...,K

Consider the more general demand regime where the quantities of the first
L goods are zero and all others are positive. We want to show that the condi-
tions in (3.1) characterize this regime. To simplify the notation, denote
V= (VL+],...,VK), y = (yL+1,...,yK) and x = (X 475 +-sX¢)s which are sub-
vectors of the corresponding vectors v, y and x. That the conditions (3.1)

are necessary for the regime Xy = O,...,xL =0, x>0 can be proven as fol-

lows. The virtual price vector (E](V),...,EL(V),V) supports the demand
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quantities and therefore x, = Di(E](V),...,EL(V),V), i=L1+1,...,K. It then
follows that

D, (57 (@)oe b (3),0) > 0 = LH,.LL 0K

To prove that the remaining conditions of (3.1) are necessary, it is sufficient
to show that the first condition in (3.1) holds because the other conditions can
be established in an analogous fashion. Define a utility function in the com-

modity space (y1,§) as

(A°]2) V](y]s,;’) = U(.Y],O,...,Os.)-/)

and consider the corresponding constrained optimization problem,
(A13)  max_{Vilyqsy)lvqyy # vy =1, y; 20, y>0}

.Y'I 2y
and the unconstrained optimization problem,
(A.14) max_{V1(y1,§)}v]y] + vy = 1}.

.y]’.y
Since x = (0,...,0,x) is the solution of the general constrained problem in
(2.2), it follows that

U(0,...,0,x) > max (Vi(yqsy){vqyp + vy =1, y; 20, y> 0l
Y1sY
However, note that the subvector (0,x) satisfies the constraints (A.13), so
therefore
(A.15)  Vi(0,X) = max_{V (y{-¥)[vyyp + vy =1, y; 20, y>0}
y] sy

and (0,X) is the solution to the problem (A.13). Denote the notional demand
functions of the problem (A.14) as D]i(v],V), i=1,L+1,...,K. By construction

(as in (3.2)) at the virtual prices E]i’i = 2,...,5L,
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IMX{UUHVW]+E]ﬁé+3..+§uﬁ_+gi=:”
Y - -
= U(D-I(V-l ,212,...,E-|L,V) 509-- -sO:DL+] (V] 35123---9E]L’V)”"’
(A.16) DK(V] ,512,. ,E]L’V))
=V (Dg (vt qpseeab g aVDaD 1 (VesE1pse sty sV)see ey

DK(V] 32123- .o ’E]L:v))'

As

max {U(y)|vqyy +Eqpyp + .o +Eq Y + VY = 1)

> max_{V,(y -y} |vyy, + vy = 1}
1V 1M
¥qs¥

_ = K A :
and V]D1(V1’E]2""’E]L’V) + 21=L+1V1D1(V1’512""’E1L’V) =1, it follows that

ATV A2 SPYPRRIN ST PRI C TR 2 PISRAK STINT) PRSI MU SPRINE ST )

(A.17) = max_{V1(y] ,)7)|v1y1 + vy = 1}
y]ay

Therefore,
(A.18) D11(v1,v) = Di(v1’512”"’§1L’V) i= 1,L+1,...,K.

As shown in the previous paragraph, the demand regime (0,x), X > 0, for the
K-L+1 commodity space, implies that D1](v],V) < 0. It then follows that
Di(v]’EIZ""’ElL’V) < 0, and hence the conditions are necessary for the demand
regime x = (0,...,0,X), x > 0. That these conditions are also sufficient can
be established as follows. First, it can be shown that for the reduced dimension

problem (A.13), the conditions

D](v],zlz(v],V),...,E]L(v],9),?) <0

(A.19) i o
Di(gq(v)soo st (V)5V) > 0§ = L41,..0 0K

will characterize the demand regime (O,qL+],...,qK) with q; > 0, 1=

L+1,...,K and furthermore the optimal solution for (A.13) is the vector



-39~

(A.20) (05D 4y (Eq(VDsunus (V)V)s e sy (8 (V) 5o 08 (V),V)).

By induction, we know that the consumption pattern (0,qL+],.;.,qK), q; > 0,

i = L+1,...,K for the problem (A.13) is characterized by the conditions:

Dy1(vqs¥) < 0
D]T(E]1(V),V) > 0 i=L+1,...,K

where (z]](V),V) is the virtual price vector for the reduced dimension com-

modities system. To prove that the statement in (A.19) holds, we will show that
Dy (Eq7sv) = DilE qaueisfsV) i= L+, K.

The relation D1](v],9) = D](v],slz,...,£1L,V) has already been demonstrated in
(A.18). By the construction of £11»

V1(O’D1L+1 (E-”sv)s--- ’D]K(EH’V))

= max_{Vy(y;:¥) 6y + V7Y = 13
AN

But,
gaxy{vl(y],y)lslly] + vy =1}

P75 max v1(0,9)17F = 1)

y - -

i V'| (03D‘IL+'| (E'” ’V)a- --,D”((%’H sv))

and therefore

(A.21)  max_{V,(y;-¥)|Eqqy7 + vy = 1} = max (V3(0,y)[v7y = 1}.
Yqs¥ y

Furthermore, since

(AU Y CRVRRRE JIRT) PPN NI C STRRRI IR0
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U(0,0,...50,D) 1y (Eqsee s sV) e s (Ese it V)
max'{U(y)IE]y] oo vE Yyt vy =1}

y . - = -
max {U(0,...,0,y)|v"y = 1}

| v

y
and
max {U(0,...,0,y)|v’y = 1}
y -
= max {V1(0,§)|v‘y =1}
y
iV](O’DL'F'I(E]"..,%’L’v)’...’DK(E]’.'.,EI—‘V))’
we have
Vo{0,D) L1 (EqseeestysV)anennsD(Eqsn.n. k) sV))
(A.22) ] L+1% 1 L K\ 1 L

= max {v](o,y)jv»y = 1}.
y

It follows from (A.21) and (A.22) that the vector (O,DL+1(£],...,£L,V),...,

DK(£1,...,£L,V)) is the solution to the problem (A.14) and therefore

D]-I(E'Hs\_’) = D1(S](V))9,£L(V),\_/) i = L+1,...,K.

This proves the statement (A.19). With similar arguments, we can characterize
all the reduced dimension commodities spaces of the form '{yg,yL+],...,yK},
2 =1,...,L. Also note that the solutions for all of these reduced dimension

problems have the form (O’XL+1"”’XK) where
X5 = Di(é](v),...,EL(v),V) i = L+1,...,K.

Finally, it remains to be shown that the K-dimensional vector x = (0,...,0,
XL+1""’XK) is the optimum solution of the general constrained problem in
(2.2). For each of the reduced dimension problems, the solution (O’XL+1""’XK)

is characterized by a set of Kuhn-Tucker conditions. For the problem with utiTity
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function Vi’ i€ {1,...,L}, the Kuhn-Tucker conditions are

avi(o,xL+],...,xK) ) avi(O,xL+1,...,xK)‘Zi
9y, Oy Yk

<0

(A.23) OV (0,x yqyse-eaXy)  BVS(0,X) 4qsennsXy) i L K-1
9y Ve o ; o

=1, x, >0 for all 1= L+1,...,K-1.

Since Vi(yi’yL+1""’yK) = U(O,...,O,yi,O,...,O,yL+],...,yK) for each 1,
i=1,...,L,

6V1(0,XL+1,...,XK) _ aU(O""’O’XL+1""’XK)

ay. ay .
Y; YJ

s j =.i,|_+-|’...,K-

The combination of the L sets of conditions in (A.23) forms the complete set of
Kuhn-Tucker conditions for the general problem (2.2) and therefore x = (0,...,0,
XL+1""’XK) is the optimal solution. Thus we conclude that the conditions
(3.1) are sufficient to imply the desired regime.

As all other demand regimes are merely rearrangements in the order of goods
so that the quantities of the first L goods are zeroes and the remaining ones

are positive, the notional demand functions can completely characterize all

possible consumption patterns,
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