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I.    Non-Abelian vortices 
in general gauge theories

• Model

• General construction of BPS vortices 

• GNOW duality

• Vortex moduli for SO(N), USp(2N)



The models
• Gauge group    G= U(1) x G’

•   G’= SU(N), SO(N), USp(N), ... ... 

• Bosonic sector of “N=2” supersymmetric 
theories with N flavors of (s)quarks 

• FI term for the U(1) factor (vortex) 

• System in completely Higgs phase

• Color-flavor locked phase with exact,       
unbroken  G’       symmetryc+f



space for vortices with a general gauge group U(1) ! G! is discussed in Appendix A.

Two issues of considerable interest seem to emerge from our study, which are only briefly
discussed here. One is the question of the Goddard-Nuyts-Olive-Weinberg(GNOW) quanti-
zation/duality of the non-Abelian vortices, which is deeply related to the original problem of
understanding non-Abelian monopoles [46]. Another is the appearance of “fractional vortices”,
which seems to be very common when one studies vortices in models other than the U(N) gauge
theories. Although the results of the present paper provide us with a concrete starting point
and important ingredients for the analysis of these questions, in order to keep the length of the
paper to a reasonable size and for the ease of reading, we reserve a more thorough discussion of
these two issues for separate, forthcoming papers.

2 Vortex equations and basics

2.1 The moduli matrix and BPS equations

In this section we study vortex solutions in four-dimensional gauge theories with an SO(N) !
U(1) or USp(N)!U(1) gauge group1, and with NF scalars in the fundamental representation.
Sometimes the gauge group will be indicated in a more general way, as G = G! ! U(1) with
G! being any simple group; the prescription for writing down the BPS vortex solutions in all
these cases has in fact been given in Ref. [23]. However, below we shall concentrate on the gauge
groups SO(N)!U(1) and USp(N)!U(1). An integer M will be used to indicate the gauge
group, such that N = 2M or N = 2M + 1, for even SO(N) and USp(N) or odd SO(N),
respectively.

The Lagrangian density reads

L = Trc

!

"
1

2e2
Fµ!F µ! "

1

2g2
F̂µ!F̂ µ! + DµH (DµH)† "

e2

4

"
"X0t0 " 2!t0

"
"
2 "

g2

4
|Xata|2

#

,(2.1)

with the field strength, gauge fields and covariant derivative denoted as

Fµ! = F 0
µ!t0 , F 0

µ! = "µA0
! " "!A0

µ , F̂µ! = "µA! " "!Aµ + i [Aµ, A!] ,

Aµ = Aa
µta , Dµ = "µ + iA0

µt0 + iAa
µta . (2.2)

A0
µ is the gauge field associated with U(1) and Aa

µ are the gauge fields of G!. The matter scalar
fields are written as an N ! NF complex color (vertical) – flavor (horizontal) mixed matrix H .
It can be expanded as

X = HH† = X0t0 + Xata + X"t" , X0 = 2 Trc

$

HH†t0
%

, Xa = 2 Trc

$

HH†ta
%

,(2.3)

where the traces with subscript c are over the color indices. e and g are the U(1) and G!

coupling constants, respectively, while ! is a real constant. t0 and ta stand for the U(1) and G!

generators, respectively, and finally, t" # g!
", where g!

" is the orthogonal complement of the Lie
algebra g! in su(N). We normalize the generators according to

t0 =
1N$
2N

, Tr(tatb) =
1

2
#ab . (2.4)

1The case of local vortices with the gauge groups SO(N) ! U(1) has first been considered in Ref. [21].
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where

H:   N  Higgs fields in N  representation written as N x N  
matrix form ;  ξ > 0 is the FI  (forces the system into 
Higgs phase)   



“Color-flavor  locked”   vacuum

We have chosen in Eq. (2.1) a particular, critical quartic scalar coupling equal to the (square
of the) gauge coupling constants, i.e. the BPS limit. Indeed such a Lagrangian can be regarded
as the truncated bosonic sector of an N = 2 supersymmetric gauge theory.2 The constant !
would in this case be the Fayet-Iliopoulos parameter. In order to keep the system in the Higgs
phase, we take ! > 0. The model has a gauge symmetry acting from the left on H and a flavor
symmetry acting from the right. First we note that this theory has a continuous Higgs vacuum
which was discussed in detail in Ref. [22]. In this paper, we choose to work in a particular point
of the vacuum manifold:

!H" =
v

#
N

1N , ! =
v2

#
2N

, (2.5)

namely, in the maximally “color-flavor-locked” Higgs phase of the theory. We have set NF = N
which is the minimal number of flavors allowing such a vacuum 3. The existence of a continuous
vacuum degeneracy implies the emergence of vortices of semi-local type as we shall see shortly.

Performing the Bogomol’nyi completion, the energy (tension) reads

T =

!

d2x Trc

"
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e2

#
#
#
#
F12 $

e2
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g2

#
#
#
#
F̂12 $
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2
Xata

#
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#
#

2

+ 4
#
#D̄H

#
#
2 $ 2!F12t

0

&

% $!

!

d2x F 0
12 , (2.6)

where D̄ & D1+iD2

2
is used along with the standard complex coordinates z = x1 + ix2 and all

fields are taken to be independent of x3. When the inequality is saturated (BPS condition), the
tension is simply

T = 2
#

2N"!# = 2"v2# , # = $
1

2"
#

2N

!

d2x F 0
12 , (2.7)

where # is the U(1) winding number of the vortex. This leads immediately to the BPS equations
for the vortex

D̄H = $̄H + iĀH = 0 , (2.8)

F 0
12 = e2

'

Trc

$

HH†t0
%

$ !
(

, (2.9)

F a
12 = g2 Trc

$

HH†ta
%

. (2.10)

The matter BPS equation (2.8) can be solved [9, 10, 11] by the Ansatz

H = S!1(z, z̄)H0(z) , Ā = $iS!1(z, z̄)$̄S(z, z̄) , (2.11)

2 The full supersymmetric bosonic sector contains an additional set of squarks in the anti-fundamental rep-
resentation of the gauge group, and an adjoint scalar field. We can consistently forget about them, as they are
trivial on the BPS vortices. Although we shall not make explicit use of any of the consequences of N = 2
supersymmetry (the missing sector is truly relevant at the quantum level), this way of regarding our system is
useful for providing a convenient choice of the potential and its stability against radiative corrections.

3Notice that this not the minimal choice for the existence of a vacuum which supports BPS vortices. In fact,
such a minimal number is NF = 1 in the SO case and NF = 2 in the USp case. However, in this case there is
a residual Coulomb phase. The vortices actually reduce to those appearing in theories with a lower-rank gauge
group.
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D̄H = $̄H + iĀH = 0 , (2.8)

F 0
12 = e2

'

Trc

$

HH†t0
%

$ !
(

, (2.9)

F a
12 = g2 Trc

$

HH†ta
%

. (2.10)

The matter BPS equation (2.8) can be solved [9, 10, 11] by the Ansatz
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moduli matrix;

z = x + i y

where S belongs to the complexification of the gauge group, S ! C!"G"C. H0(z), holomorphic
in z, is called the moduli matrix [12], which contains all moduli parameters of the vortices as
will be seen below.

A gauge invariant object can be constructed as ! = SS†. It will, however, prove convenient
to split this into the U(1) part and the G" part, such that S = s S" and analogously ! = ! !",
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and # determines the asymptotic behavior of the Abelian field as

! = ss† # |z|2! , for |z| $ % . (2.13)

The minimal vortex solutions can be written down [23] by making use of the holomorphic
invariants for the gauge group G" made of H , which we denote Ii
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G"(H) invariant and thus the true gauge group is
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We have chosen in Eq. (2.1) a particular, critical quartic scalar coupling equal to the (square
of the) gauge coupling constants, i.e. the BPS limit. Indeed such a Lagrangian can be regarded
as the truncated bosonic sector of an N = 2 supersymmetric gauge theory.2 The constant !
would in this case be the Fayet-Iliopoulos parameter. In order to keep the system in the Higgs
phase, we take ! > 0. The model has a gauge symmetry acting from the left on H and a flavor
symmetry acting from the right. First we note that this theory has a continuous Higgs vacuum
which was discussed in detail in Ref. [22]. In this paper, we choose to work in a particular point
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namely, in the maximally “color-flavor-locked” Higgs phase of the theory. We have set NF = N
which is the minimal number of flavors allowing such a vacuum 3. The existence of a continuous
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The matter BPS equation (2.8) can be solved [9, 10, 11] by the Ansatz
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2 The full supersymmetric bosonic sector contains an additional set of squarks in the anti-fundamental rep-
resentation of the gauge group, and an adjoint scalar field. We can consistently forget about them, as they are
trivial on the BPS vortices. Although we shall not make explicit use of any of the consequences of N = 2
supersymmetry (the missing sector is truly relevant at the quantum level), this way of regarding our system is
useful for providing a convenient choice of the potential and its stability against radiative corrections.

3Notice that this not the minimal choice for the existence of a vacuum which supports BPS vortices. In fact,
such a minimal number is NF = 1 in the SO case and NF = 2 in the USp case. However, in this case there is
a residual Coulomb phase. The vortices actually reduce to those appearing in theories with a lower-rank gauge
group.
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where S belongs to the complexification of the gauge group, S ! C!"G"C. H0(z), holomorphic
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where “gcd” stands for the greatest common divisor. The U(1) gauge transformation e2#i/n0

leaves Ii
G"(H) invariant and thus the true gauge group is

G = [U(1) " G"] /Zn0 , (2.19)

where Zn0 is the center of the group G". The minimal winding in U(1) found here, 1
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corresponds to the minimal element of "1(G) = Z, as it represents a minimal loop in the group
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I(H)= det  H
for U(N)

= 2 ( SO(2N), USp(2N))
=1 SO(2N+1) ;   N  for SU(N)

U(1) winding  #

   ➔  H0 (z) 



GNOW quantization

Here the leading contribution !! = !!!"
! is given as the unique solution to the D-term

conditions X0 = Xa = 0 with a given H0(z). They are obtained by the Kähler quotient
method and are found for the gauge groups G" = SO(N), USp(N) in Ref. [22] to be:

!"
! = H0(z)

1N
!

I†
G"IG"

H0(z)†, !! =
1

v2
Tr

"!

I†
G"IG"

#

, (2.28)

where the G"-invariant IG" = IG"(H0) = HT
0 (z)JH0(z). With this boundary condition, the

master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.
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Solution:

G! G̃!

SU(N) SU(N)/ZN

U(N) U(N)
SO(2M) SO(2M)
USp(2M) SO(2M + 1)

SO(2M + 1) USp(2M)

Table 2: Some pairs of dual groups

well-known problems of non-normalizability. Another way the latter di!culty manifests itself is
that the näıve “unbroken” group cannot be defined globally due to a topological obstruction [48]
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The solution of the quantization condition (2.32) is that
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is any of the weight vectors of the dual group of G!. The dual group, denoted as G̃!, is defined
by the dual root vectors [46]

!#" =
!#

!# · !#
. (2.34)

We show examples of dual pairs of groups G!, G̃! in Table 2. Note that (2.31) is stronger than
(2.32), it has to be zero or a positive integer. This positive quantization condition allows for
only a few weight vectors. For concreteness, let us consider scalar fields in the fundamental
representation, and choose a basis where the Cartan generators of G! = SO(2M), SO(2M +
1), USp(2M) are given by
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with a = 1, · · · , M . In this basis, special solutions H0 have the form6 for G! = SO(2M) and
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while for SO(2M + 1)
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0 = diag
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M , zk#
1 , · · · , zk#
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, (2.37)

where k±
a = " ± µ̃a.

For example, in the cases of G! = SO(4), USp(4) with a " = 1/2 vortex, there are four

6The integers k±
a and k here coincide with n±

a and n(0), respectively, of Ref. [21].

7

is a weight vector of  

G! G̃!

SU(N) SU(N)/ZN

U(N) U(N)
SO(2M) SO(2M)
USp(2M) SO(2M + 1)

SO(2M + 1) USp(2M)

Table 2: Some pairs of dual groups

well-known problems of non-normalizability. Another way the latter di!culty manifests itself is
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Constraints for SO, USp

SO(2M) USp(2M) SO(2M + 1)
n0 2 2 1

Table 1: n0 for SO(N) and USp(2M)

Let us now obtain the explicit constraints for the gauge groups SO and USp. The invariants
are

(ISO,USp)
r
s = (HTJH)r

s , 1 ! r ! s ! N , (2.21)

which finally yields what we call the weak constraint for the moduli matrix,

HT
0 (z)JH0(z) = z

2k
n0 J + O

!

z
2k
n0

!1
"

. (2.22)

Here J is the invariant tensor of G":

Jeven =

#

0 1M

! 1M 0

$

, Jodd =

%

&

0 1M 0
1M 0 0
0 0 1

'

( , (2.23)

where in the first matrix ! = +1 for SO(2M) and ! = "1 for USp(2M)4, while the second
matrix is for the SO(2M +1) theory. The integer n0 for each group is listed in Table 1. Vortices
represented by Eq. (2.22) include also semi-local vortices.

In terms of ! the BPS-equations (for the gauge-fields) (2.9) and (2.10) can be expressed as

""̄ log # =
m2

e

4

#

1 "
1

N#
Trc

!

!0!
"!1

"
$

, (2.24)

"̄
!

!""!"!1
"

=
m2

g

8 #

!

!0!
"!1 " J†(!0!

"!1)TJ
"

, (2.25)

where !0 # N
v2 H0H

†
0 and me = ev#

N
, mg = gv#

N
are masses around the vacuum (2.5).

The equations (2.24) and (2.25) are called master equations for the gauge group G" = SO(N)
and USp(2M) with the respective invariant tensor J . Both sides of these equations transform
covariantly under the following transformation:

S(z, z̄) $ Ve(z)V "(z)S(z, z̄) , H0(z) $ Ve(z)V "(z)H0(z) , Ve(z) % C
$ , V "(z) % G"C .

(2.26)

This transformation does not change the original fields H and A (see equation (2.11)). Therefore,
the solutions to the equations (2.24) and (2.25) are equivalent if they are related by the transfor-
mation (2.26). We denote this the V-equivalence relation. The master equations (2.24) and (2.25)
should be solved such that the solution approaches the vacuum configuration at the boundary
|z| $ &. Therefore, one must enforce the following asymptotic behavior on 5 ! = #!",

log ! = log !% + O
#

1

me,gz
,

1

me,gz̄

$

. (2.27)

4The symbol ! will appear many times below. It will always take one of the two values, depending on the
choice of the gauge group

5For vortices satisfying the strong condition (2.64), !% reduces to !0 and the next to leading terms of log !
are O

)

e!me,g |z|* as will be explained later.
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cfr.     U(N) model:     det H0  =   z k  + ...  

k=1, 2, ...



• (❣) formally identical to the GNOW “quantization” 
condition for the “non-Abelian monopoles”   for YM

• (❣)  formally identical to that found for “non-Abelian 
vortices” for YM (Spanu-Konishi)  

• The latter are actually ZN vortices (no cont. moduli) 

• The former has the well-known difficulties

• Our vortices have continuous moduli connecting them 
(orientational moduli)      

• They transform genuinly as various representations of  
the dual  G’   group,   

Remarks :

G! G̃!

SU(N) SU(N)/ZN

U(N) U(N)
SO(2M) SO(2M)
USp(2M) SO(2M + 1)

SO(2M + 1) USp(2M)

Table 2: Some pairs of dual groups

well-known problems of non-normalizability. Another way the latter di!culty manifests itself is
that the näıve “unbroken” group cannot be defined globally due to a topological obstruction [48]
in the monopole backgrounds.

The solution of the quantization condition (2.32) is that

!̃µ ! !"/2 , (2.33)

is any of the weight vectors of the dual group of G!. The dual group, denoted as G̃!, is defined
by the dual root vectors [46]

!#" =
!#

!# · !#
. (2.34)

We show examples of dual pairs of groups G!, G̃! in Table 2. Note that (2.31) is stronger than
(2.32), it has to be zero or a positive integer. This positive quantization condition allows for
only a few weight vectors. For concreteness, let us consider scalar fields in the fundamental
representation, and choose a basis where the Cartan generators of G! = SO(2M), SO(2M +
1), USp(2M) are given by

Ha = diag
!

0, · · · , 0
" #$ %

a#1

,
1

2
, 0, · · · , 0
" #$ %

M#1

, "
1

2
, 0, · · · , 0

&

, (2.35)

with a = 1, · · · , M . In this basis, special solutions H0 have the form6 for G! = SO(2M) and
USp(2M)

H(µ̃1,··· ,µ̃M )
0 = diag

!

zk+
1 , · · · , zk+

M , zk#
1 , · · · , zk#

M

&

, (2.36)

while for SO(2M + 1)

H(µ̃1,··· ,µ̃M )
0 = diag

!

zk+
1 , · · · , zk+

M , zk#
1 , · · · , zk#

M , zk
&

, (2.37)

where k±
a = " ± µ̃a.

For example, in the cases of G! = SO(4), USp(4) with a " = 1/2 vortex, there are four

6The integers k±
a and k here coincide with n±

a and n(0), respectively, of Ref. [21].
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Examples of the dual pairs
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➱  True non-Abelian quantum monopoles via 
embedding of our system in  G0   such that

 G0 ➜ G ➜ 1  
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Figure 1: The special points for the k = 1 vortex.

the case of SO(4). The dual weight vectors are listed in Table 3. Let us compare two states:
namely (µ̃1, µ̃2) = (1/2, 1/2) and (µ̃1, µ̃2) = (1/2, !1/2). The di!erence between them is
!(µ̃1, µ̃2) = (0, 1): thus one of them can be obtained from the other by a 2" rotation in the
(24)-plane in SO(4). As a path from unity to a 2" rotation is a non-contractible loop, they
have di!erent Z2 charges.

On the other hand, the di!erence between (µ̃1, µ̃2) = (1/2, 1/2) and (µ̃1, µ̃2) = (!1/2, !1/2)
is !(µ̃1, µ̃2) = (1, 1), hence this is homotopic to the trivial element of Z2. Therefore, the vor-
tices can be classified by the Z2-parity, QZ2 = ±1. In Figs. 1 and 4, the dark points correspond
to vortices with QZ2 = +1 while the empty circles correspond to those with QZ2 = !1.

µ̃1 µ̃2 QZ2
1
2

1
2

+1
1
2

!1
2

!1
!1

2
1
2

!1
!1

2
!1

2
+1

µ̃1 µ̃2 QZ2

0 0 +1
±{1 0} !1
±{1 ±1} +1

Table 3: k = 1 SO(4) vortices (left), k = 1 SO(5) or k = 2 SO(4) (right).
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II.    Fractional Vortices

• EAH model 

• Arena of study: various Abelian and non-A generalizzations 

• Vortices in degenerate vacua: origin of the vortex 
substructures

• Models based on CP1  

• SO(2N) 

Def.  (here): 
Vortices with minimum vorticity (the minium winding 
required by the topological stability) but with non-trivial 
tension substructures in the transverse plane 

(Known examples in EAH;  also torons, calorons .... ) 



Extended Abelian Higgs models  (EAH)

2 Semi-local vortex in the Extended Abelian-Higgs model

Something quite non-trivial occurs already in the Abelian-Higgs model, if the number of charged

fields is greater than one [?, ?]. The model is

L = !
1

4e2
Fµ!F µ! + Dµq (Dµq)† !

!

2

!

qq† ! "
"2

, (2.1)

where Dµ = #µ ! iAµ is the standard covariant derivative, q = (q1, q2, . . . , qNf ) represents

a set of complex scalar matter fields of the equal charge. This model is sometimes called the

semi-local model since not all global symmetries, i.e. G = U(Nf) here, are gauged. Even if

we restrict to the minimum vorticity, the vortex profile turns out to depend on the particular

solution considered.

In order to have a finite-energy (the energy per unit length—the tension) configuration, the

complex scalar fields must asymptotically approach a vacuum configuration,

M " {qi},

Nf
#

i=1

|qi|2 = " , (2.2)

far from the vortex center. By the SU(NF) global and U(1) local symmetry they can be chosen

to be

#$$ = ($0, 0, . . . , 0), $0 =
$

", (2.3)

breaking the global symmetry to SU(Nf ! 1) % U(1). In other words, the vacuum moduli

space is

M = CP Nf!1 = SU(Nf)/[SU(Nf ! 1) % U(1)] . (2.4)

As the U(1) & U(Nf) part is gauged its breaking does not lead to any further vacuum de-

generacy. Since the first homotopy group of M is trivial for Nf > 1, vortex solutions may not

necessarily be stable.

Indeed, for % " !/e2 > 1 (i.e. type II superconductors), an ANO vortex solution embedded

in the first flavor is found to be unstable against fluctuations of the extra fields (i = 2, 3, . . . , Nf)

which increase its size; the vortex flux spreads out all over the transverse space.

For % < 1 (i.e. type I superconductors), instead, an ANO vortex [?, ?] embedded in one of the

flavors is found to be stable. The origin of the stability of such a vortex can be traced to the fact

that the asymptotic scalar field must be actually the vacuum configuration (??) modulo gauge
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∏1 (   ) = 1   ➜  vortex may not be stable
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2

transformations. The vortex represents a non-trivial U(1) fibration over the vacuum manifold

CP Nf!1: the relevant homotopy is

!1(U(1)) = Z , (2.5)

just as in the case of the ANO vortex (which indeed it is).

In the interesting special (BPS) case, " = 1, we find a family of degenerate vortex solutions

with the same tension, T = 2!#. Except for the special point of the moduli (i.e. the space of

solutions), which represents the ANO vortex (sometimes called a “local vortex”), the vortex has a

power-like tail in the profile function, and the width of the vortex (thickness of the string) can be

of an arbitrary size2. In the limit of large size, the vortex configuration essentially “occupies” the

whole transverse space R2, and reduces to the CP Nf!1 sigma-model lump (or two-dimensional

Skyrmion), characterized by

!2

!

CP Nf!1
"

= Z . (2.6)

In terms of an e!ective potential as a function of the vortex radius, the k = 1 (minimum-

winding) sector of the system has the minimum at the origin for " < 1; at infinity for " > 1 (a

“run-away vacuum” behavior); and has no potential—a flat direction—in the BPS case.

3 Vortices in degenerate vacua

There are two crucial ingredients which lead to the interesting varieties of degenerate vortex

solutions in systems such as the extended Abelian-Higgs model (with " = 1) just considered:

the vacuum degeneracy and the BPS saturated nature of the vortices. The first means that, in

contrast to the cases in which the vacuum moduli is trivial (a point)3, we must consider in general

all vortex solutions in all possible points of the vacuum moduli simultaneously. See Fig. 1. Even

if we restrict ourselves to the minimally winding vortex solutions only—we shall do so in this

article for definiteness—the vortices represent non-trivial fiber bundles over the vacuum moduli

M. The BPS saturated nature of the vortices implies that the vortex equations linearize, and in

turn half of the equations (the matter equations of motion) being solved by the moduli-matrix

2This type of vortex solutions has been termed “semi-local vortices”. Again although this is not an entirely

adequate terminology we shall stick to it as it is commonly used in the literature.
3This is the case for the standard Abelian-Higgs model, of course, but so it is in the case of the U(N) gauge

theory with Nf = N squarks in the fundamental representation. The latter model and its generalizations, after

the discovery of the non-Abelian vortices in the color-flavor locked vacuum [8, 9], has attracted considerable

attention [10]-[31].
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2 Semi-local vortex in the Extended Abelian-Higgs model

Something quite non-trivial occurs already in the Abelian-Higgs model, if the number of charged

fields is greater than one [6, 7]. The model is
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, (2.1)

where Dµ = #µ ! iAµ is the standard covariant derivative, q = (q1, q2, . . . , qNf ) represents

a set of complex scalar matter fields of the equal charge. This model is sometimes called the

semi-local model since not all global symmetries, i.e. G = U(Nf) here, are gauged. Even if

we restrict to the minimum vorticity, the vortex profile turns out to depend on the particular

solution considered.

In order to have a finite-energy (the energy per unit length—the tension) configuration, the

complex scalar fields must asymptotically approach a vacuum configuration,

M " {qi},

Nf
#

i=1

|qi|2 = " , (2.2)

far from the vortex center. By the SU(NF) global and U(1) local symmetry they can be chosen

to be

#q$ = (q0, 0, . . . , 0), q0 =
$

", (2.3)

breaking the global symmetry to SU(Nf ! 1) % U(1). In other words, the vacuum moduli

space is

M = CP Nf!1 = SU(Nf)/[SU(Nf ! 1) % U(1)] . (2.4)

As the U(1) & U(Nf) part is gauged its breaking does not lead to any further vacuum de-

generacy. Since the first homotopy group of M is trivial for Nf > 1, vortex solutions may not

necessarily be stable.

Indeed, for $ " !/e2 > 1 (i.e. type II superconductors), an ANO vortex solution embedded

in the first flavor is found to be unstable against fluctuations of the extra fields (i = 2, 3, . . . , Nf)

which increase its size; the vortex flux spreads out all over the transverse space.

For $ < 1 (i.e. type I superconductors), instead, an ANO vortex [1, 2] embedded in one of the

flavors is found to be stable. The origin of the stability of such a vortex can be traced to the fact

that the asymptotic scalar field must be actually the vacuum configuration (2.3) modulo gauge
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transformations. The vortex represents a non-trivial U(1) fibration over the vacuum manifold

CP Nf!1: the relevant homotopy is

!1(U(1)) = Z , (2.5)

just as in the case of the ANO vortex (which indeed it is).

In the interesting special (BPS) case, " = 1, we find a family of degenerate vortex solutions

with the same tension, T = 2!#. Except for the special point of the moduli (i.e. the space of

solutions), which represents the ANO vortex (sometimes called a “local vortex”), the vortex has a

power-like tail in the profile function, and the width of the vortex (thickness of the string) can be

of an arbitrary size2. In the limit of large size, the vortex configuration essentially “occupies” the

whole transverse space R2, and reduces to the CP Nf!1 sigma-model lump (or two-dimensional

Skyrmion), characterized by
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"

= Z . (2.6)

In terms of an e!ective potential as a function of the vortex radius, the k = 1 (minimum-

winding) sector of the system has the minimum at the origin for " < 1; at infinity for " > 1 (a

“run-away vacuum” behavior); and has no potential—a flat direction—in the BPS case.

3 Vortices in degenerate vacua

There are two crucial ingredients which lead to the interesting varieties of degenerate vortex

solutions in systems such as the extended Abelian-Higgs model (with " = 1) just considered:

the vacuum degeneracy and the BPS saturated nature of the vortices. The first means that, in

contrast to the cases in which the vacuum moduli is trivial (a point)3, we must consider in general

all vortex solutions in all possible points of the vacuum moduli simultaneously. See Fig. 1. Even

if we restrict ourselves to the minimally winding vortex solutions only—we shall do so in this

article for definiteness—the vortices represent non-trivial fiber bundles over the vacuum moduli

M. The BPS saturated nature of the vortices implies that the vortex equations linearize, and in

turn half of the equations (the matter equations of motion) being solved by the moduli-matrix
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adequate terminology we shall stick to it as it is commonly used in the literature.
3This is the case for the standard Abelian-Higgs model, of course, but so it is in the case of the U(N) gauge
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the discovery of the non-Abelian vortices in the color-flavor locked vacuum [8, 9], has attracted considerable

attention [10]-[31].
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2 Semi-local vortex in the Extended Abelian-Higgs model

Something quite non-trivial occurs already in the Abelian-Higgs model, if the number of charged

fields is greater than one [6, 7]. The model is

L = !
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where Dµ = #µ ! iAµ is the standard covariant derivative, q = (q1, q2, . . . , qNf ) represents

a set of complex scalar matter fields of the equal charge. This model is sometimes called the

semi-local model since not all global symmetries, i.e. G = U(Nf) here, are gauged. Even if

we restrict to the minimum vorticity, the vortex profile turns out to depend on the particular

solution considered.

In order to have a finite-energy (the energy per unit length—the tension) configuration, the

complex scalar fields must asymptotically approach a vacuum configuration,

M " {qi},

Nf
#

i=1

|qi|2 = " , (2.2)

far from the vortex center. By the SU(NF) global and U(1) local symmetry they can be chosen

to be

#q$ = (q0, 0, . . . , 0), q0 =
$

", (2.3)

breaking the global symmetry to SU(Nf ! 1) % U(1). In other words, the vacuum moduli

space is

M = CP Nf!1 = SU(Nf)/[SU(Nf ! 1) % U(1)] . (2.4)

As the U(1) & U(Nf) part is gauged its breaking does not lead to any further vacuum de-

generacy. Since the first homotopy group of M is trivial for Nf > 1, vortex solutions may not

necessarily be stable.

Indeed, for $ " !/e2 > 1 (i.e. type II superconductors), an ANO vortex solution embedded

in the first flavor is found to be unstable against fluctuations of the extra fields (i = 2, 3, . . . , Nf)

which increase its size; the vortex flux spreads out all over the transverse space.

For $ < 1 (i.e. type I superconductors), instead, an ANO vortex [1, 2] embedded in one of the

flavors is found to be stable. The origin of the stability of such a vortex can be traced to the fact

that the asymptotic scalar field must be actually the vacuum configuration (2.3) modulo gauge
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Fig. 1: Vacuum moduli M, fiber F over it, and possible singularities

Ansatz, as is well known [15, 16], see Eqs. (A.5), (A.6). The other equations (the gauge field

equations) reduce, in the strong coupling limit or anyway su!ciently far from the vortex center,

to the vacuum equations for the scalar fields. In other words, the vortex solutions tend to sigma

model lumps.

3.1 Structures of the vacuum moduli

Let us first consider what we regard as the global aspect of our vortices. More precisely, our first

concern is the vacuum moduli M on each point of which the vortex solutions are defined. Let

the symmetry group of the underlying system be

K = L ! GF , (3.1)

where L is the local gauge group, while GF is the global symmetry group. Let M be the manifold

of the minima of the scalar potential, the vacuum configuration M = {qi | q†T Iq = !I}. The

vacuum moduli M is given by the points

p " M = M/F , (3.2)

where the fiber F is the sum of the gauge orbits of a point in M

f " F = {qg | qg = gq} , g " L/L0 , (3.3)
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Let us first consider what we regard as the global aspect of our vortices. More precisely, our first

concern is the vacuum moduli M on each point of which the vortex solutions are defined. Let

the symmetry group of the underlying system be

K = L ! GF , (3.1)

where L is the local gauge group, while GF is the global symmetry group. Let M be the manifold

of the minima of the scalar potential, the vacuum configuration M = {qi | q†T Iq = !I}. The

vacuum moduli M is given by the points

p " M = M/F , (3.2)

where the fiber F is the sum of the gauge orbits of a point in M

f " F = {qg | qg = gq} , g " L/L0 , (3.3)
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where we have taken into account the possibility that a given vacuum configuration might leave

a subgroup L0 ! L unbroken:

L{q}
0 = {!0 " L | !0q = q} . (3.4)

In other words the vacuum moduli are made of the points of M in which gauge-equivalent points

are identified.

A subgroup of the global group

G̃{q} ! GF , such that G̃{q} = {gf " GF | gfq = !q}, ! " L , (3.5)

represents the unbroken global symmetry group of the system4.

A vortex solution is defined on each point of M, in the sense that the scalar configuration

along a su!ciently large circle (S1) surrounding it traces a non-trivial orbit in F (hence a point

in M). The existence of a vortex solution requires that

"1 (F, f) #= ; (3.6)

a vortex corresponds to a non-trivial element of "1(F, f). The field configuration on a disk

D2 encircled by S1 traces M, apart from points at finite radius where it goes o" M (hence

from M). In other words it represents an element of "2(M, p) 5, where p is the gauge orbit

containing f , or

p = "(f) : (3.7)

" is the projection of the fiber onto a point of the basis M. The exact sequence of homotopy

groups for the fiber bundle reads

· · · $ "2 (M, f) $ "2 (M, p) $ "1 (F, f) $ "1 (M, f) $ "1 (M, p) $ · · · (3.8)

where "2(M/F, f) % "2(M, p). Note that in our application of such a sequence to the

physical, vortex solutions, the reference point f or p appearing in the definition of the homotopy

groups, corresponds to the field configurations along the large circle S1 encircling the given

solution, see Fig. 2.

4In other words, G̃{q} is the subgroup of GF i.e. transformations which can be “undone” by—or equivalent

to—a local gauge transformation.
5This notion can be made more precise by considering the strong-coupling limit of our systems where the gauge

field equations reduce to the vacuum condition, see Eq. (3.9) below. In the presence of an ANO like sub-peaks,

however, this correspondence leads to a singular lump, as will be seen in several examples below.
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The vacuum manifold is the zero locus of the SUSY potential
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*

(A.1)

and the vacuum moduli is

Mv = M/G ) H//GC . (A.2)

These quotients may be ill-defined where the vacuum moduli space is singular or when some

gauge symmetry is restored.
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Given the points f, p and the space M, the vortex solution is still not unique. Any exact sym-

metry of the system (internal symmetry G̃{q} as well as spacetime symmetries such as Poincaré

invariance) broken by an individual vortex solution gives rise to vortex zero modes (moduli), V.

The vortex-center position moduli V ! C, for instance, arise as a result of the breaking of the

translation invariance in R2. The breaking of the internal symmetry G̃{q} (Eq. (3.5)) by the

individual vortex solution gives rise to orientational zeromodes in the U(N) models extensively

studied in last several years. See [32, 33, 34] for more recent results on this issue.

Our main interest here, however, is the vortex moduli which arises from the non-trivial vacuum

moduli M itself. Due to the BPS nature of our vortices, the gauge field equation (see Eq. (A.3))6

F I
12 = g2

I

!

q†T Iq " !I
"

, (3.9)

reduces, in the strong-coupling limit (or in any case, su!ciently far from the vortex center), to

the vacuum equation defining M . This means that a vortex configuration can be approximately

seen as a non-linear "-model (NL"M) lump with target space M (for non-trivial element of

#2(M)). Various distinct maps

S2 #$ M , (3.10)

of the same homotopy class correspond to physically inequivalent solutions; each of these corre-

sponds to a vortex with the equal tension

Tmin = "!I

#

d2x F I
12 > 0 , (3.11)

6The index I denotes generally all the generators of the gauge group considered. A non-vanishing (FI) param-

eter ! is assumed only for U(1) factor(s).
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G̃{q} ! GF , such that G̃{q} = {gf " GF | gfq = !q}, ! " L , (3.5)

represents the unbroken global symmetry group of the system4.

A vortex solution is defined on each point of M, in the sense that the scalar configuration

along a su!ciently large circle (S1) surrounding it traces a non-trivial orbit in F (hence a point

in M). The existence of a vortex solution requires that

"1 (F, f) #= ; (3.6)

a vortex corresponds to a non-trivial element of "1(F, f). The field configuration on a disk

D2 encircled by S1 traces M, apart from points at finite radius where it goes o" M (hence

from M). In other words it represents an element of "2(M, p) 5, where p is the gauge orbit

containing f , or

p = "(f) : (3.7)

" is the projection of the fiber onto a point of the basis M. The exact sequence of homotopy

groups for the fiber bundle reads

· · · $ "2 (M, f) $ "2 (M, p) $ "1 (F, f) $ "1 (M, f) $ "1 (M, p) $ · · · (3.8)

where "2(M/F, f) % "2(M, p). Note that in our application of such a sequence to the

physical, vortex solutions, the reference point f or p appearing in the definition of the homotopy

groups, corresponds to the field configurations along the large circle S1 encircling the given

solution, see Fig. 2.

4In other words, G̃{q} is the subgroup of GF i.e. transformations which can be “undone” by—or equivalent

to—a local gauge transformation.
5This notion can be made more precise by considering the strong-coupling limit of our systems where the gauge

field equations reduce to the vacuum condition, see Eq. (3.9) below. In the presence of an ANO like sub-peaks,

however, this correspondence leads to a singular lump, as will be seen in several examples below.
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In the simple EAH model :

because of their BPS nature. They thus represent non-trivial vortex moduli.

The semi-local vortices of the extended-Abelian Higgs (EAH) model reviewed in the previous

section arise precisely this way. In the EAH model with N flavors of (scalar) electrons,

M = S2N!1 , F = S1 , M = S2N!1/S = CP N!1 , (3.12)

and the homotopy sequence reads

· · · ! !2

!

S2N!1
"

"
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CP N!1
"

"
Z
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S1
"

"
Z
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"
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The usual argument tells us then that !2(CP N!1) and !1(S1) are isomorphic: each (i.e. min-

imum) vortex solution corresponds to a minimal "-model lump solution. As in this model the

vacuum moduli M is a (smooth) manifold, the above relations do not depend on the reference

point f (or p).

In most cases discussed below, however, the base space M will be various kinds of singular

manifolds: a manifold with singularities. The nature of the singularity depends on the system

and on the particular point(s) of M. Some of them are simple conic (orbifold) singularities, due

to the fact that some discrete (e.g. ZN) symmetry is restored at that point. The fiber (the gauge

orbits) is smaller by some discrete quotient, with respect to F at neighbouring points. Other

singularities at isolated points, or along some submanifold, reflect an even more drastic change of

F such as a di!erent unbroken gauge group at those points, as compared to that in surrounding

regular (or less singular) points of M. The fiber itself goes through a discrete change in its

dimension and in the type, at or along the singularity(ies). Our BPS degenerate vortices thus

represent (generalized) fiber bundles with the singular manifolds M as the base space.

3.2 Vortex substructures

There are basically two distinct causes or mechanisms leading to the appearance of multiple

peaks in the energy density even if the vortex under consideration has a minimum vorticity

required by the topological stability. The first is related to the presence of orbifold singularities

in M. For example, let us consider a 2 point p0 such as the one appearing in a simple U(1)

model with two scalars (Section 4.1). At this singularity, both !2 (M, p) and !1 (F, f) make a

discontinuous change. The minimum element of !1 (F0, f0) is half of that of !1 (F, f) defined

o! the singularity, and similarly for !2 (M, p0) with respect to !2 (M, p), p #= p0. Even

7

because of their BPS nature. They thus represent non-trivial vortex moduli.

The semi-local vortices of the extended-Abelian Higgs (EAH) model reviewed in the previous

section arise precisely this way. In the EAH model with N flavors of (scalar) electrons,

M = S2N!1 , F = S1 , M = S2N!1/S = CP N!1 , (3.12)

and the homotopy sequence reads

· · · ! !2

!

S2N!1
"

"
! !2

!

CP N!1
"

"
Z

! !1

!

S1
"

"
Z

! !1

!

S2N!1
"

"
! · · · (3.13)

The usual argument tells us then that !2(CP N!1) and !1(S1) are isomorphic: each (i.e. min-

imum) vortex solution corresponds to a minimal "-model lump solution. As in this model the

vacuum moduli M is a (smooth) manifold, the above relations do not depend on the reference

point f (or p).

In most cases discussed below, however, the base space M will be various kinds of singular

manifolds: a manifold with singularities. The nature of the singularity depends on the system

and on the particular point(s) of M. Some of them are simple conic (orbifold) singularities, due

to the fact that some discrete (e.g. ZN) symmetry is restored at that point. The fiber (the gauge

orbits) is smaller by some discrete quotient, with respect to F at neighbouring points. Other

singularities at isolated points, or along some submanifold, reflect an even more drastic change of

F such as a di!erent unbroken gauge group at those points, as compared to that in surrounding

regular (or less singular) points of M. The fiber itself goes through a discrete change in its

dimension and in the type, at or along the singularity(ies). Our BPS degenerate vortices thus

represent (generalized) fiber bundles with the singular manifolds M as the base space.

3.2 Vortex substructures

There are basically two distinct causes or mechanisms leading to the appearance of multiple

peaks in the energy density even if the vortex under consideration has a minimum vorticity

required by the topological stability. The first is related to the presence of orbifold singularities

in M. For example, let us consider a 2 point p0 such as the one appearing in a simple U(1)

model with two scalars (Section 4.1). At this singularity, both !2 (M, p) and !1 (F, f) make a

discontinuous change. The minimum element of !1 (F0, f0) is half of that of !1 (F, f) defined

o! the singularity, and similarly for !2 (M, p0) with respect to !2 (M, p), p #= p0. Even

7

  The minimum vortex corresponds to a minimum CPN-1  lump

where we have taken into account the possibility that a given vacuum configuration might leave

a subgroup L0 ! L unbroken:

L{q}
0 = {!0 " L | !0q = q} . (3.4)

In other words the vacuum moduli are made of the points of M in which gauge-equivalent points

are identified.

A subgroup of the global group

G̃{q} ! GF , such that G̃{q} = {gf " GF | gfq = !q}, ! " L , (3.5)

represents the unbroken global symmetry group of the system4.

A vortex solution is defined on each point of M, in the sense that the scalar configuration

along a su!ciently large circle (S1) surrounding it traces a non-trivial orbit in F (hence a point

in M). The existence of a vortex solution requires that

"1 (F, f) #= ; (3.6)

a vortex corresponds to a non-trivial element of "1(F, f). The field configuration on a disk

D2 encircled by S1 traces M, apart from points at finite radius where it goes o" M (hence

from M). In other words it represents an element of "2(M, p) 5, where p is the gauge orbit

containing f , or

p = "(f) : (3.7)

" is the projection of the fiber onto a point of the basis M. The exact sequence of homotopy

groups for the fiber bundle reads

· · · $ "2 (M, f) $ "2 (M, p) $ "1 (F, f) $ "1 (M, f) $ "1 (M, p) $ · · · (3.8)

where "2(M/F, f) % "2(M, p). Note that in our application of such a sequence to the

physical, vortex solutions, the reference point f or p appearing in the definition of the homotopy

groups, corresponds to the field configurations along the large circle S1 encircling the given

solution, see Fig. 2.

4In other words, G̃{q} is the subgroup of GF i.e. transformations which can be “undone” by—or equivalent

to—a local gauge transformation.
5This notion can be made more precise by considering the strong-coupling limit of our systems where the gauge

field equations reduce to the vacuum condition, see Eq. (3.9) below. In the presence of an ANO like sub-peaks,

however, this correspondence leads to a singular lump, as will be seen in several examples below.
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3.2 Vortex substructures
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o! the singularity, and similarly for !2 (M, p0) with respect to !2 (M, p), p #= p0. Even
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Vortex defined near p =p0  feels the presence of  p0 

and look like a k=N vortex

(ii)  Even when p is a regular point (not near any singularity),  
  the fields {q}  inside S1 (a disk D2 )  ~        :  may hit
  either one of the singularities or simply pass the region  
  of a large scalar curveture. 

though the exact sequence such as Eq. (3.8) continues to hold on and o! the orbifold point,

the vortex defined near such a point will look like a doubly-wound vortex, with two centers (if

the vortex moduli parameters are chosen appropriately). Analogous multi-peak vortex solution

occurs near a N orbifold point of M.

Another cause for the appearance of fractional peaks is best understood by considering the

strong coupling limit where the vortex reduces to a sigma-model lump, as already noted. Even

if the base point p is a perfectly generic, regular point of M, not close to any singularity, the

field configurations in the transverse plane (S2) trace the whole vacuum moduli space M. The

energy distribution reflects the nontrivial structure of M as the volume of the target space is

mapped into the transverse plane, C

E = 2

!

C

!2K

!"I!"†J̄
!"I!̄"†J̄ = 2

!

C

!̄!K . (3.14)

The field configuration may hit for instance one of the singularities (conic or not), or simply the

regions of large scalar curvature. At such points the energy density will show a peak, in addition

to the standard peak representing the vortex center. Even at finite coupling, the vortex tension

density will exhibit a similar substructure.

4 Models based on CP 1

Several concrete models will be studied below. The fractional vortices appearing in these systems

are caused by one or the other of the above mechanisms, or by collaboration of the two. The

actual manifestation of these singularities could sometimes look quite complicated. We first

discuss in this section models where the base space (vacuum manifold) is a CP 1 with one or two

singularities.

4.1 Abelian Higgs model with two fields of di!erent charges

The first model is a simple extension of the Abelian-Higgs model with Nf = 2 flavors H =

(A, B) but with unequal charges. We assign the U(1) charges ({m, n}) to the fields A and

B, respectively. The gauge transformations take the form,

H = (A, B) ! (eim!(x)A, ein!(x)B) . (4.1)

For simplicity, we assume that the charges are relatively prime, i.e., g.c.d({m, n}) = 1. The

vacuum manifold (D-flatness condition) is topologically equivalent to S3 and the vacuum moduli
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 Fractional vortex substructures caused either by one of these 
or by a collaboration of the two  ➔  examples
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(1) Abelian Higgs model with (A,B), with charges (2,1).
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Fig. 3: The energy density of a multi-center vortex (lump) in the U(1) (“2-1”)-model in the strong coupling

limit e ! ". The position moduli are z1 = #1 + i, z2 = #1 # i, z3 = 1. The vevs are chosen as (a) :

v2 = 0.2, ! = 1, (b) : v2 = 0.7, ! = 1, (c) : v2 = 0.99, ! = 1.

by the gauge identification,

A $ e2i!(x)A, B $ ei!(x)B. (4.15)

Because of unequal charges of the two fields, the resulting space M turns out to be a weighted

projective space,

M = W CP 1
2,1 $

CP 1

Z2

. (4.16)

The master equation (4.8) can approximately be solved in the strong gauge coupling limit e ! "
(or in any case, far from the vortex center), by

|"|2 =
|B0|2

2!

!
1 +

"

1 + 2!
4|A0|2
|B0|4

#
, (4.17)

corresponding to a lump solution in the non-linear # model with target space M. The approxi-

mate results for the vortex energy profile of Fig. 3 have been obtained by substituting this into

Eq. (4.9). The lump solution corresponding to the generic [1, 1] vacua, and two special points

[0, 1] and [1, 0] are

$[1,1] =
v2

1

2v2

(z # z1)(z # z2)

(z # z3)2
, $[0,1] =

%1z # %2

! (z # z3)2
, $[1,0] =

%
! (z # z1)

%2
1

. (4.18)

In the context of a supersymmetric model, the Kähler potential can be found [37] by elimi-

nating V from

K = |A|2e!2V + |B|2e!V + !V = 0 , (4.19)

11

where gcd is the greatest common divisor of the Abelian charges ni of the holomorphic invariant

Ii(z).

At generic points of the vacuum moduli, v1 != 0, v2 != 0, where

|"A#| =
v1$
2
, |"B#| = v2, v2

1 + v2
2 = !,

the asymptotic behavior of the moduli matrix is

A0(z) =
v1$
2
z2k + O(z2k!1) , B0(z) = v2z

k + O(zk!1). (4.11)

The k = 1 (minimal winding) solution can be parametrized concretely as

H [11]
0 =

!
v1"
2
(z % z1)(z % z2) 0

0 v2(z % z3)

"
, v2

1 + v2
2 = ! . (4.12)

We denote these generic points on M as [1, 1] vacua.

Consider now special points v1 = 0, v2 != 0, or v1 != 0, v2 = 0, denoted as [01] or [10],

respectively. The moduli matrix takes the form (for k = 1)

H [01]
0 =

!
"1z % "2 0

0
$

!(z % z3)

"
, H [10]

0 =

!$
!(z % z1) 0

0 "1

"
, (4.13)

where "1, "2 are the “size” moduli parameters. The vortex described by the moduli matrix H [01]
0

is similar to a concentric semi-local vortex k = 2. The vortex with H [10]
0 on the other hand is

a single semi-local vortex k = 1 with size "1.5

The vortex (energy-) profile can be approximately determined from the strong-coupling limit

consideration. A numerical result is shown in Fig. 3. We observe that, depending on the values

of the vacuum parameters v1, v2 and on the vortex moduli parameters, z1, z2, z3, the tension

density gets various substructures. In particular, observe the fractional vortices in Fig. 3 (a).

As discussed in Section 3, these characteristics of the vortex energy profile are deeply rooted

in the property of the vacuum moduli M itself and to its singularity structure. In the present

model, the vacuum moduli is determined from the vacuum configurations M & S3 (the D-term

condition)

2|A|2 + |B|2 = ! , (4.14)

5The symbols such as H [01]
0 (z), H [11]

0 (z), etc. used here to indicate the vortex solutions in di!erent parts

of the vacuum moduli (i.e., in di!erent theories), should be confused with somewhat similar symbols used in

[18, 25, 17] to indicate the vortex solutions in di!erent patches of the vortex moduli V , arising in the same theory

(i.e., in the same, given vacuum).
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with the charges

c = diag(cA, cB) =

!
2 0

0 1

"

and scalar fields

H =

!
A 0

0 B

"
. (4.3)

The Bologmol’nyi completion reads

T =

#

C
d2x

$
1

4e2

%%%
!

2F12 " e2
&
Tr HH† " !

'%%%
2

+ 4Tr |D̄H|2 "
!

!
2
F12

(
, (4.4)

yielding the BPS-equations

D̄H = 0 , F12 =
e2

!
2

&
Tr HH† " !

'
, (4.5)

with the tension

T = "
!

!
2

#

C
d2x F12 > 0 . (4.6)

The first BPS equation (4.5) is solved automatically [] by the Ansätze H = S!1(z, z̄)H0(z),

where

H0(z) =

!
A0(z) 0

0 B0(z)

"
,

is holomorphic in z # x1 + ix2 (the moduli matrix), and with the gauge field Ā = [A1(x) "
iA2(x)]/

!
2 given by

1
!

2
Āc = "i "̄ log S , S = diag(#c1, #c2) =

!
#2(x) 0

0 #(x)

"
. (4.7)

The second BPS equation (4.5) leads to the master equation

"̄" log |#|2 = "
e2

4

)
|#|!2

&
2|#|!2|A0|2 + |B0|2

'
" !

*
, (4.8)

where the tension of this vortex is

T = 2!

#

C
d2x "̄" log |#|2 = 2$!k . (4.9)

The vortex solution can be studied in more detail by following the general construction of [35],

i.e., using the holomorphic “G"” invariants

Ii(z) = Ii
vevz

nik/n0 + O(znik/n0!1) , with n0 = gcd{ni|Ii
vev $= 0} , (4.10)
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where gcd is the greatest common divisor of the Abelian charges ni of the holomorphic invariant

Ii(z).

At generic points of the vacuum moduli, v1 != 0, v2 != 0, where

|"A#| =
v1$
2
, |"B#| = v2, v2

1 + v2
2 = !,

the asymptotic behavior of the moduli matrix is

A0(z) =
v1$
2
z2k + O(z2k!1) , B0(z) = v2z

k + O(zk!1). (4.11)

The k = 1 (minimal winding) solution can be parametrized concretely as

H [11]
0 =
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2
(z % z1)(z % z2) 0

0 v2(z % z3)

"
, v2
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2 = ! . (4.12)

We denote these generic points on M as [1, 1] vacua.

Consider now special points v1 = 0, v2 != 0, or v1 != 0, v2 = 0, denoted as [01] or [10],

respectively. The moduli matrix takes the form (for k = 1)

H [01]
0 =

!
"1z % "2 0

0
$

!(z % z3)

"
, H [10]

0 =

!$
!(z % z1) 0

0 "1

"
, (4.13)

where "1, "2 are the “size” moduli parameters. The vortex described by the moduli matrix H [01]
0

is similar to a concentric semi-local vortex k = 2. The vortex with H [10]
0 on the other hand is

a single semi-local vortex k = 1 with size "1.5

The vortex (energy-) profile can be approximately determined from the strong-coupling limit

consideration. A numerical result is shown in Fig. 3. We observe that, depending on the values

of the vacuum parameters v1, v2 and on the vortex moduli parameters, z1, z2, z3, the tension

density gets various substructures. In particular, observe the fractional vortices in Fig. 3 (a).

As discussed in Section 3, these characteristics of the vortex energy profile are deeply rooted

in the property of the vacuum moduli M itself and to its singularity structure. In the present

model, the vacuum moduli is determined from the vacuum configurations M & S3 (the D-term

condition)

2|A|2 + |B|2 = ! , (4.14)

5The symbols such as H [01]
0 (z), H [11]

0 (z), etc. used here to indicate the vortex solutions in di!erent parts

of the vacuum moduli (i.e., in di!erent theories), should be confused with somewhat similar symbols used in

[18, 25, 17] to indicate the vortex solutions in di!erent patches of the vortex moduli V , arising in the same theory

(i.e., in the same, given vacuum).
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p generic

p=
(B=0)

|Bvev| = 0. If the vacuum is chosen at Bvev != 0 the solution touches the singularity at a finite

point in the z-plane and would get singular there. To remove such a singularity, the solution

must wrap twice around the vacuum moduli. On the other hand, if one is at exactly the Z2

point the solution never touches it and a regular solution can be constructed with just a single

winding.

As discussed in Section 3, these characteristics of the vortex-energy profile are thus deeply

rooted in the property of the vacuum moduli M itself and to its singularity structure. In

understanding the qualitative features of the vortex tension distribution and their dependence

on p = !vev = Avev/B2
vev just described, the crucial fact is that the homotopy groups appearing

in the sequence (3.8) make a discontinous jump at p = ! = " (Bvev = 0). In fact

"2 (M, p)

"2 (M, ")
= Z2 ,

"1 (F, f)

"1 (F, f0)
= Z2 , p != " . (4.22)

The fiber itself reduces to half at the orbifold singularity

f = "!1(p) = S1 , f0 = "!1(") = S1/Z2 . (4.23)

Thus even though "2(M) = and "1(M) = , just as in the case of the EAH model Eq. (3.13),

each minimum element of "2(M, p) is a double cover of the minimum element of "2(M, "),

just as the fiber at the generic p (S1: # = 0 # 2" in Eq. (4.1)) is a double cover of the fiber

at B = 0 (# = 0 # " in Eq. (4.1)). This is the (global) reason for the double peaks observed

in Fig. 4.

The argument here can be easily extended to more general cases with the multiple flavors

H = (A, B, C, D, · · · ) with generic U(1) charges Q = (m, n, o, q, · · · ), which are all

relatively prime. The moduli manifold is then M = CP Nf!1/(Zm $ Zn $ · · · ). Near a

Zm singular point, (|Avev|, |Bvev|, |Cvev|, · · · ) = (
!

$/m, 0, 0, · · · , ) m peaks appear in the

energy distribution.

4.2 An Abelian U(1) $ U(1) Higgs model

The next system we consider, which has the same target space as in the previous model, is a

U1(1)$ U2(1) gauge theory with three flavors of scalar electrons H = (A, B, C) with charges

Q1 = (2, 1, 1) for U(1)1 and Q2 = (0, 1, %1) for U(1)2. The gauge transformations act as

(A, B, C) #
"

ei2!(x)A, ei!(x)+i"(x)B, ei!(x)!i"(x)C
#

. (4.24)
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where a, b are the moduli parameters. Comparing this with Eq. (4.16) with Bvev = 0, one

immediately sees that the latter is not a minimal-energy solution.

The vortex (energy, and magnetic flux) profiles can be approximately determined from the

strong-coupling limit consideration. The gauge theory reduces to the non-linear sigma model

whose target space is the vacuum moduli M in Eq. (4.2). The Kähler potential is given, in the

supersymetric version of our model, by

K = |A|2e!2V + |B|2e!V + !V . (4.19)

Integrating out the U(1) vector multiplet V , we get the following Kähler potential in terms of

an inhomogeneous coordinate: " = 2A/B2

K = ! log f(", "̄) + !f!1(", "̄) , f(", "̄) ! 1 +
!

1 + 2!|"|2 , " !
2A

B2
. (4.20)

Note that the first term is due to the magnetic flux F12 and the second term corresponds to the

surface term #2
i J in Eq. (4.4). All the regular BPS solutions are analytically solved by

2!|s|2 = |B0|2 +
!

|B0|4 + 8!|A0|2 = |B0|2f(", "̄) , " = "(z) =
2A0(z)

B0(z)2
. (4.21)

Only the solutions which have points where A and B simultaneously vanish cannot be seen

in this limit, because the U(1) gauge symmetry would remain unbroken there. Such solutions

contain small lump singularities and we should go back to the original gauge theory in order to

observe the configurations correctly. A numerical result is shown in Fig. 4.

As we move in the vacuum moduli space M by varying the VEVs Avev, Bvev and change the

vortex moduli parameters the tension density profile shows varying substructures. Since the zeros

of the fields do not imply necessarily the restoration of a U(1) gauge symmetry, the positions

of the peaks do not always coincide with the zeros of A, B. Although it is very complicated to

specify the postioins of peaks analytically, it is easy to visualize it numerically. In Fig. 4, we have

shown the zeros of A, B and the peaks. We observe that there are no direct relations between

the zeros of fields and the positions of the peaks, except at Avev = 0 or at Bvev = 0.

An axially symmetric peak appears in the limit Avev " 0 and it decomposes into two sub

peaks as Avev moves out of 0. We cannot discard one of two sub peaks pushing it to infinity.

Only when Bvev = 0, they become independent. Such a limiting configuration is no longer a

minimal energy configuration, however. The minimal configuration at exactly Bvev = 0 (with

(4.18)) has only one peak. Its tension is half of the minimal configuration for Bvev #= 0.

The reason why the minimum vortex at Bvev #= 0 must have twice the energy with respect

to the minimal object at Bvev = 0 is as follows. Our vacuum moduli has a Z2 singularity at
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Note that the first term is due to the magnetic flux F12 and the second term corresponds to the

surface term #2
i J in Eq. (4.4). All the regular BPS solutions are analytically solved by

2!|s|2 = |B0|2 +
!

|B0|4 + 8!|A0|2 = |B0|2f(", "̄) , " = "(z) =
2A0(z)

B0(z)2
. (4.21)

Only the solutions which have points where A and B simultaneously vanish cannot be seen

in this limit, because the U(1) gauge symmetry would remain unbroken there. Such solutions

contain small lump singularities and we should go back to the original gauge theory in order to

observe the configurations correctly. A numerical result is shown in Fig. 4.

As we move in the vacuum moduli space M by varying the VEVs Avev, Bvev and change the

vortex moduli parameters the tension density profile shows varying substructures. Since the zeros

of the fields do not imply necessarily the restoration of a U(1) gauge symmetry, the positions

of the peaks do not always coincide with the zeros of A, B. Although it is very complicated to

specify the postioins of peaks analytically, it is easy to visualize it numerically. In Fig. 4, we have

shown the zeros of A, B and the peaks. We observe that there are no direct relations between

the zeros of fields and the positions of the peaks, except at Avev = 0 or at Bvev = 0.

An axially symmetric peak appears in the limit Avev " 0 and it decomposes into two sub

peaks as Avev moves out of 0. We cannot discard one of two sub peaks pushing it to infinity.

Only when Bvev = 0, they become independent. Such a limiting configuration is no longer a

minimal energy configuration, however. The minimal configuration at exactly Bvev = 0 (with

(4.18)) has only one peak. Its tension is half of the minimal configuration for Bvev #= 0.

The reason why the minimum vortex at Bvev #= 0 must have twice the energy with respect

to the minimal object at Bvev = 0 is as follows. Our vacuum moduli has a Z2 singularity at
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Fig. 4: A sketch of the CP 1/Z2 which is a sphere with a conical singularity at a (i.e., north) pole. The north

pole is where B = 0 which corresponds to z3 in the configuration space, while the south pole (A = 0) which is

a regular point.

Thus even though !2(M) = 1 and !1(M) = 1, as in the sequence for the EAH model

Eq. (3.7), each minimum element of !2(M, m) is roughly a double cover of a minimum element

of !2(M, !), just as the fiber at the generic m (S1: " = 0 " 2! in Eq. (4.15)), is a double

cover of the fiber at B = 0 (" = 0 " ! in Eq. (4.15)). This is the (global) reason for the

double peaks observed in Fig. 3 (a). The exact position of the peaks (local feature), instead,

can be understood as in the local ANO vortices. In fact, at B # 0, the system near z = z1

or z = z2 is locally similar to the standard ANO vortex system: the U(1) symmetry broken

elsewhere is restored at these points.

When m is far from the orbifold singularity (Fig. 3(c)), the existence of latter is not felt and

the system produces the usual semilocal vortices similar to those in the EAH model.

4.2 An Abelian U(1)2 Higgs model

The next model, with the same target space as in Section 4.1, is a theory with U1(1) $ U2(1)

gauge group and with three flavors of scalar “electrons” with charges:
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Fig. 4: The energy (the left-most and the 2nd left panels) and the magnetic flux (the 2nd right panels) density,

together with the boundary values (A, B) (the right-most panel) for the minimal vortex. The moduli parameters

are fixed as a1 = 0, a2 = 1, b1 = !1 in Eq. (4.16). The red dots are zeros of A and the black one is the zero of

B. ! = 1. The last figures illustrates the minimum vortex defined at exactly the orbifold point (see Eq. (4.18))

with Avev = 1/
"

2, and with b = 0.8.
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Models based on CP1

(2) U(1)xU(1) Higgs model with (A,B,C)  with charges:

|Bvev| = 0. If the vacuum is chosen at Bvev != 0 the solution touches the singularity at a finite

point in the z-plane and would get singular there. To remove such a singularity, the solution

must wrap twice around the vacuum moduli. On the other hand, if one is at exactly the Z2

point the solution never touches it and a regular solution can be constructed with just a single

winding.

As discussed in Section 3, these characteristics of the vortex-energy profile are thus deeply

rooted in the property of the vacuum moduli M itself and to its singularity structure. In

understanding the qualitative features of the vortex tension distribution and their dependence

on p = !vev = Avev/B2
vev just described, the crucial fact is that the homotopy groups appearing

in the sequence (3.8) make a discontinous jump at p = ! = " (Bvev = 0). In fact

"2 (M, p)

"2 (M, ")
= Z2 ,

"1 (F, f)

"1 (F, f0)
= Z2 , p != " . (4.22)

The fiber itself reduces to half at the orbifold singularity

f = "!1(p) = S1 , f0 = "!1(") = S1/Z2 . (4.23)

Thus even though "2(M) = and "1(M) = , just as in the case of the EAH model Eq. (3.13),

each minimum element of "2(M, p) is a double cover of the minimum element of "2(M, "),

just as the fiber at the generic p (S1: # = 0 # 2" in Eq. (4.1)) is a double cover of the fiber

at B = 0 (# = 0 # " in Eq. (4.1)). This is the (global) reason for the double peaks observed

in Fig. 4.

The argument here can be easily extended to more general cases with the multiple flavors

H = (A, B, C, D, · · · ) with generic U(1) charges Q = (m, n, o, q, · · · ), which are all

relatively prime. The moduli manifold is then M = CP Nf!1/(Zm $ Zn $ · · · ). Near a

Zm singular point, (|Avev|, |Bvev|, |Cvev|, · · · ) = (
!

$/m, 0, 0, · · · , ) m peaks appear in the

energy distribution.

4.2 An Abelian U(1) $ U(1) Higgs model

The next system we consider, which has the same target space as in the previous model, is a

U1(1)$ U2(1) gauge theory with three flavors of scalar electrons H = (A, B, C) with charges

Q1 = (2, 1, 1) for U(1)1 and Q2 = (0, 1, %1) for U(1)2. The gauge transformations act as

(A, B, C) #
"

ei2!(x)A, ei!(x)+i"(x)B, ei!(x)!i"(x)C
#

. (4.24)
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The next system we consider, which has the same target space as in the previous model, is a

U1(1)$ U2(1) gauge theory with three flavors of scalar electrons H = (A, B, C) with charges
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Note that the transformation (!, ") = (#, ±#) leaves the fields invariant: the true gauge group

is

U(1)1 ! U(1)2/Z2.

Some details about this model are given in the Appendix. The vacuum manifold and vacuum

moduli space are

M = {A, B, C | 2|A|2 + |B|2 + |C|2 = $1, |B|2 " |C|2 = $2} , (4.25)

M = M/ [(U(1)1 ! U(1)2) /Z2] . (4.26)

Here $1 is the FI term for the first U(1)1 and $2 is that for the second U(1)2. Below we shall

mainly be interested in the case of $2 = 0 (in the Appendix the case with a nonvanishing $2 is

also discussed).

When $2 = 0, the vacuum manifold is the same as one in Section 4.1. In fact, the Kähler

potential of the vacuum manifold is the same as Eq. (4.20) with replacements $ # $1 and

% = 2A/B2 # 2A/(BC). Although the vacuum moduli manifolds are the same, there is

an important di!erence. The singular point in the previous section was a Z2 conical (orbifold)

singularity whereas the singular point |B| = |C| = 0 here represents a theory with a restored

U(1)2 gauge symmetry. i.e., in a Coulomb phase. Since the Z2 action has been modded out

from the beginning, the singular point is not a Z2 fixed point.

Fig. 5: A sketch of the vacuum moduli space.

BPS vortex solutions can be treated by the moduli matrix formalism. The tension is de-

termined by the U(1)1 winding number &1 (and the U(1)2 winding number &2 if $2 $= 0)
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At exactly Bvev = Cvev = 0 the U(1)2 gauge symmetry is restored at infinity. The system

is in a Coulomb phase and there are no classical vortex solutions. On the contrary, at an orbifold

singularity such as those considered in the previous subsection the system remained in a Higgs

phase even though with a di!erent property from the surrounding vacua.

Numerical solutions with various choices of Avev, Bvev and Cvev are shown in Fig. 6. When

a point |Bvev| = |Cvev| ! 0 is chosen as the boundary condition, one peak is observed near

za = "a/Avev where A(za) = 0. On the other hand, another single peak appears near

zb = "b/Bvev where B(zb) = 0, when we choose |Avev| = 0 as the boundary condition.

These two peaks are smeared in the intermediate values of (Avev, Bvev, Cvev). Although the

Fig. 6: The energy density (left-most) and the magnetic flux density F (1)
12 (2nd from the left), F (1)

12 (2nd from

the right) and the boundary condition (right-most). We have chosen !1 = 2, !2 = 0, e1 = 1, e2 = 2 and

a = "1, b = 1 in Eq. (4.34).

vacuum manifold is the same as in Section 4.1, the vortex solutions are significantly di!erent.

The di!erence can be clearly seen in the winding numbers and tensions in Eqs. (4.15) and (4.33).

In the model of Section 4.1, the Z2 quotient requires us to choose " = 1 except for at the Z2

fixed point. However, exactly in that point there are no such discrete symmetries, so there exist

solutions with "1 = 1/2. On the contrary, in the model of this section, we cannot choose the

singular point (in the Coulomb phase) as the boundary condition.
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Models based on CP1

(3) A model with U(1)xSU(2)  with charges 

4.3 A model with U(1) ! SU(2)

The third and last example of a model with the target space of the droplet type is a gauge theory

with a U(1) ! SU(2) gauge group with Higgs fields H = (A, B)

U(1) SU(2)

A 2

B 1 !

namely, a complex scalar filed A of U(1) charge 2, and two complex scalars B = ( !B1, !B2) in

the fundamental representation of the SU(2) group, and with the Abelian charge 1, while A is

a singlet. The latter is conveniently denoted by a color-flavor mixed 2 ! 2 matrix, B. There is

furthermore a global symmetry SU(2)f . The gauge group acts on the fields as

(A, B) " (e2i!A, ei!gB) , ei! # U(1) , g # SU(2) . (4.38)

Note that the transformation (", g) = (±#, $12) is a symmetry, thus the gauge group is really

U(1) ! SU(2)/Z2 % U(2).

The vacuum manifold is given by the D-flatness condition

M =
!

(A, B) | 2|A|212 + 2BB† = $12

"

. (4.39)

By using SU(2) gauge and flavor symmetries, the vacuum configuration for B fields can be taken

in the form B = B12, showing that the vacuum manifold M is an S3 defined by |A|2 + |B|2 =

$/2. The vacuum moduli space M is a U(1) quotient of this S3 with the weighted charges

given above, topologically the same as CP 1. At a generic point (B &= 0) of the vacuum moduli,

the flavor symmetry SU(2)f is broken but the color-flavor diagonal symmetry SU(2)c+f is

preserved. At the special point B = 0, neither the SU(2) gauge nor the flavor symmetry

is broken. To be precise, we can compute the Kähler metric on the vacuum moduli space by

eliminating all the gauge multiplets from the Kähler potential

K = |A|2e!2V + Tr
#

BB†e!V !V "
$

+ $V , (4.40)

with V being a U(1) vector multiplet and V " being an SU(2) vector multiplet. Once we

eliminate V " from the Lagrangian, we obtain

K = |A|2e!2V +
%

%

%
(2 det B)

1
2

%

%

%

2
e!V + $V . (4.41)

Comparing this with Eq. (4.19), it is easy to see that the two spaces have the same metric, if

we replace the inhomogeneous coordinate % = 2A/B2 " A/ det B. Thus the vacuum moduli
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Similar to the U(1)xU(1) model, except of course the 
  vortex moduli includes orientational CP1   moduli

(4) An alternative  U(1)xU(1) model (A,B,C) with charges 

that the vortex has an internal orientation CP 1 ! SU(2)c+f/U(1)c+f (Nambu-Goldstone

mode). The moduli space of the single vortex is

V = C " VU(2)
k=1 , VU(2)

k=1 = C " CP 1 , (4.48)

which is a product of the orientational zeromodes (b) and a center of mass and a “size” parameter.

When we choose Avev = 0 as the boundary condition, the vortex is a semi-local extension of

the so-called U(2) local vortex. In fact, if we turn o! the size moduli, viz. a = 0, it is precisely

the U(2) local vortex. The transverse width of the vortex becomes large as |a| increases while

the orientational moduli are still localized near the vortex core. This is completely di!erent from

the so-called non-Abelian semi-local vortex in U(Nc) gauge theories with Nf > Nc Higgs fields

in the fundamental representation.

We see that the global features of the vortices of this model are similar to that of the U(1)"
U(1) model (except, of course, for the internal, orientational modes which are present here).

The key fact is that the non-Abelian sector of this model (with the matter fields B) is actually

a U(2) # SU(2) " U(1)/Z2 theory. Taking into account the U(1) charge of A, we see that

the fiber is generated by !1(S1/Z2), on and o! the orbifold singularities (B = 0).

The system at Bvev = 0 is in a (non-Abelian) Coulomb phase classically and no vortex

solutions exist. In the U(1)2 model of Section 4.2 we avoided the problem by turning on the FI

parameter for the second U(1) factor. The same cannot be done here, as no FI-like term exists

for a nonAbelian gauge group. Therefore there exist neither a smooth non-linear sigma-model

limit nor any regular lump solutions. Such solutions would necessarily be singular.

4.4 An alternative U(1)2 model: the lemon space

The model of Section 4.2 was chosen to have a minimal fiber F with the fewest possible fields.

However, the energy density (in the lump limit) and the Kähler metric turned out to be rather

elaborate. In this subsection, we analyze a related model, with a slightly di!erent charge assign-

ment, Q1 = (1, 1, 1) for U(1)1 and Q2 = (0, 1, $1) for U(1)2 as

(A, B, C) %
!

ei!(x)A, ei!(x)+i"(x)B, ei!(x)!i"(x)C
"

. (4.49)

An important di!erence from Section 4.2 is that the gauge symmetry is now U(1)1 " U(1)2,

without a Z2 division. The points (A, B, C) and ($A, B, C) related by (", #) = (!, ±!) &
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that the vortex has an internal orientation CP 1 ! SU(2)c+f/U(1)c+f (Nambu-Goldstone
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Z2, are distinct points. The vacuum manifold and vacuum moduli space are given by

M =
!

A, B, C | |A|2 + |B|2 + |C|2 = !1, |B|2 ! |C|2 = !2

"

, (4.50)

M = M/ (U(1)1 " U(1)2) . (4.51)

We see that A = 0 is a Z2 orbifold point, whereas the point B = C = 0 represents a system

in a Coulomb phase (which can be Higgsed and regularized by !2 #= 0). See Fig. 8. Clearly this

model shares aspects both of the simple U(1) model of Section 4.1 and of the U(1) " U(1)

model of Section 4.2. In the following we shall consider mainly the case of !2 = 0, except when

we consider the sigma-model limit, which is well defined only for a nonvanishing !2.

Fig. 8: The lemon space.

The vortex Ansatz is

(A, B, C) =
#

s!1
1 A0(z), s!1

1 s!1
2 B0(z), s!1

1 s2C0(z)
$

, (4.52)

with the gauge field equations

"̄" log #1 = !
e2

4

%

#!1
1

#

|A0|2 + #!1
2 |B0|2 + #2|C0|2

$

! !1

&

, (4.53)

"̄" log #2 = !
g2

4

%

#!1
1

#

#!1
2 |B0|2 ! #2|C0|2

$

! !2

&

, (4.54)

where #i $ sis
†
i , for i = 1, 2. In order to avoid repetition, all the details are summarized in

the Appendix. As in the case of Section 4.2, the winding numbers are $1 and $2 for U(1)1 and

U(1)2, respectively. The tension depends only on $1 for !2 = 0:

T = 2%!1$1 , $1 % Z+ . (4.55)
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Both mechanisms 
at work

Fig. 10: The energy density (left-most) and the magnetic flux density F (1)
12 (2nd from the left), F (1)

12 (2nd from

the right) and the boundary condition (right-most) for Eq. (4.57) with !1 = 1 and !2 = 0 and e1 = 1, e2 = 2.
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U(1) x SO(2N)  model

Only when we choose the special point Avev = 0, we can avoid the Z2 conical singularity.

The U(1) winding number ! can be a half integer and the minimal configuration is obtained by

! = 1/2

A0 = a , det B0 = B2
vev(z + b) . (4.74)

This reflects the fact that at the orbifold point A = 0 of M, the U(1) fiber makes a jump

(becomes a half of what is at regular points). The vortex moduli space is the same as that of

k = 1 U(2) local vortex [8, 9] and is given by

Vsp = VU(2)
k=1 , VU(2)

k=1 = C ! CP 1 . (4.75)

As in Section 4.3 we cannot take the singular point Bvev = 0 as a boundary condition

for constructing vortex solutions. The lumps in the strong gauge coupling limit always hit the

singularity.

5 U(1) ! SO(N) model

Wel now consider the fractional vortices occurring in a model with gauge group U(1)!SO(N).

Vortices with orientational modes (non-Abelian vortices) in these models, in a maximally color-

flavor locked vacuum, have recently been constructed and studied [32, 33, 34].

For our purposes here, we shall consider only the even-dimensional orthogonal groups, i.e. N =

2M . The matter content is Nf = N flavors of squarks in the fundamental (vector) representa-

tion of the SO(N) group, all with the same unit charge with respect to the U(1) group:

U(1) SO(N)

H 1 !

As the Z2 element (i.e. "1) of the SO(N) group is also an element of U(1), the gauge group

is really U(1) ! SO(N)/Z2.

The vacuum moduli have been studied in Ref. [35] and it turns out that it has a rather rich

structure. By color and flavor transformation, the scalar VEV can be put in the canonical form

#H$ = diag (v1, v2, · · · , v2M) ,
2M
!

i=1

v2
i = " , vi % R . (5.1)

Note that, in contrast to the U(N) models with Nf = N flavors, where vacuum conditions

force the VEV of H to be proportional to an N ! N unit matrix, the weaker condition here
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Large vacuum degeneracy

v1=v2=0    ➜ SO(2) unbroken 

v1=v2=v3=0  ➜ SO(3) unbroken, etc.  

stratified singular structure of    ➜

leaves the possibility of having arbitrary values vi subject to the constraint,
!2M

i=1 v2
i = !. A

large vacuum degeneracy is present here.

At a generic point in M, where vi != 0, "i, and all distinct, the gauge and flavor groups

L =
U(1) # SO(2M)

Z2

, GF = SU(2M) , (5.2)

are completely broken. The fiber F is given by the L orbits of the points H = diag(v1, v2, . . . , v2M).

On the points where some (at least two) of the vi’s vanish, the unbroken gauge group L0

is strictly smaller than L. The gauge orbit F is now generated by L/L0 and has a smaller

dimension than in the case of a vortex constructed on a generic point of M. Thus even though

in all cases

"1(F ) = Z , (5.3)

its actual (e.g.) minimal element goes through discontinuous changes whenever we hit a singu-

larity (or a singularity curve) on M. Also, in such a point, the global symmetry group GF is

di!erent from that at surrounding points, and the consequent internal vortex moduli also un-

dergoes a discontinuous change. As a singular surface (e.g. with a given number of vanishing

v!
is) contains a smaller subspace of singular points (some of the remaining vi’s vanishing there),

etc., one ends up with a rather rich structure of a (stratified) singular manifold M, and of the

vortices and related sigma-model lumps as the fiber defined over it. We shall leave the study of

these varieties of phenomena for a separate investigation: here we will take all vacuum moduli

to be non-vanishing.

Our fractional vortex solution is closely related to the “fractional lump” which was found by

some of us recently [35]. We choose in the following the scalar VEV to be of color-flavor diagonal

form, and moreover proportional to the unit matrix form,

$H% =
"

!12M (5.4)

leaving a residual global color-flavor symmetry SO(N)c+f unbroken. The standard moduli-

matrix Ansatz is

H = s"1(z, z̄)S!"1(z, z̄)H0(z) , (5.5)

where s & U(1)C, S! & SO(N)C. The gauge field BPS equations lead to

##̄ log $ = '
e2
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$
Tr

$
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!"1
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, (5.6)
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Below we consider the maximally color-flavor locked vacum:

v1=v2= ...  = v2M= √ξ/2M 
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where ! = ss†, !! = S!S!†, !0 = H0H
†
0. J is the invariant tensor of SO(N = 2M)

J =

!

0 M

M 0

"

. (5.8)

The tension of the vortex remains

T = 2v2

#

C

d2x "̄" log ! = #v2k . (5.9)

Following the construction of [33], we have the constraint

HT
0 JH0 = zkJ + O

$

zk"1
%

, (5.10)

for vortex solution of winding number k.

In order to study the minimal winding vortex configuration more concretely, we choose

H0 =

!

z M ! Z C

0 M

"

, Z = diag(z1, z2, . . . , zM) , C = diag(c1, c2, . . . , cM) .(5.11)

To solve the master equations (5.6) and (5.7), we set

!! = diag
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e!!
1, . . . , e!!

M , e"!!
1, . . . , e"!!

M
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, (5.12)

where the determinant one is manifest. Taking ! = e", we obtain
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If we now take the infinite gauge coupling limit e $ %, g $ %, we obtain the following lump

solution

e!!
i =

/

|z ! zi|2 + |ci|2 , (5.15)

e" =
2

v2

M
)

i=1

e!!
i =

2

v2

M
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i=1

/

|z ! zi|2 + |ci|2 , (5.16)

which has the energy density

E = 2&"̄" log

0

M
)

i=1

/

|z ! zi|2 + |ci|2
1

. (5.17)

This is the fractional lump solution found in Ref. [35].
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Moduli matrix for k=1 : 

the moduli parameters 

 SO(6)xU(1) model   ➜ fig. 



Fig. 11: The energy density of three fractional vortices (lumps) in the U(1) ! SO(6) model in the strong

coupling approximation. The positions are z1 = "
#

2 + i
#

2, z2 = "
#

2 " i
#

2, z3 = 2. Left panel :

the size parameters are chosen as c1 = c2 = c3 = 1/2. Right panel : the size parameters are chosen as

c1 = 0, c2 = 0.1, c3 = 0.3. Notice that one peak is singular (z1) and the other two are regularized by the finite

(non-zero) parameters c2,3.

The vortex energy profile in the strong-coupling approximation for the U(1)!SO(6) model

is shown in Figure 11. Three fractional peaks are clearly seen. The positions of the peaks can

be understood as follows. If ci = 0 one of the Û(1) $ U(1) ! SO(2M), constructed as the

diagonal combination of U(1) and one of the U(1) Cartan subalgebra of SO(2M), is restored

at the points z = zi (i = 1, 2, . . . M ). The sharp peak in the right panel of Fig. 11 can be

thought locally (in z) to be an ANO vortex. If ci %= 0 the situation around a fractional peak at

z = zi is more similar to the power-behaved semi-local vortex of the EAH model. The number

of peaks reflects obviously the rank of the group considered (here rank{SO(6)} = 3), but the

number of the possible fractional peaks depends on the point of the vacuum moduli (a particular

VEV) considered. For instance, if two of vi are taken to be zero, the maximum number of the

fractional peaks would be two, and so on.

In the supersymmetric version of the models based on the U(1) ! SO(N) gauge groups,

the Kähler potential has been determined in Ref. [35].

If we relax the vacuum moduli to be equal (5.4), thus having the possibility of distinct {vi}’s

in Eq. (5.1). it will prove convenient to work directly with the mesons of SO(2M)

M =

!

eu(z " a) ±ia

±ia e!u(z + a)

"

, (5.18)

with a, u & R. The meson VEV will be diag(eu, e!u). Using the Kähler quotient construction
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To conclude:  fractional vortices    

➜  interesting applications 

➜  new mathematical structures ?   

END

(a paper about to appear)   


