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MESH-INDEPENDENCE AND FAST LOCAL CONVERGENCE OF A
PRIMAL-DUAL ACTIVE-SET METHOD FOR MIXED CONTROL-STATE

CONSTRAINED ELLIPTIC CONTROL PROBLEMS

M. HINTERMÜLLER†

Abstract. A class of mixed control-state constrained optimal control problems for elliptic
partial differential equations arising, e.g., in Lavrentiev-type regularized state constrained
optimal control is considered. Its numerical solution is obtained via a primal-dual active-
set method, which is equivalent to a class of semismooth Newton methods. The locally
superlinear convergence of the active-set method in function space is established, and its
mesh-independence is proved. The paper ends by a report on numerical test runs including a
comparison with a short-step path-following interior-point method and a coarse-to-fine mesh
sweep, i.e., a nested iteration technique, for accelerating the overall solution process.

1. Introduction

Recently, there has been significant interest in studying the optimal control (model) prob-
lem

(Pu)





minimize J(y, u) := 1
2‖y − yd‖2

L2 + α
2 ‖u‖2

L2 over (y, u) ∈ H1
0 (Ω)× L2(Ω),

subject to Ay = u + f in Ω,

a ≤ c u + y ≤ b almost everywhere (a.e.) in Ω,

where Ω ⊂ Rn is a bounded domain with sufficiently smooth boundary Γ = ∂Ω, and yd ∈
L2(Ω), f ∈ H−1(Ω), a, b ∈ Lq(Ω), for some q > 2 and with a < b, c ∈ L∞(Ω), with c ≥ εc > 0
a.e. in Ω, and α > 0 are given data. Further, A denotes a second order linear elliptic
differential operator. Throughout we use ‖ · ‖L2 = ‖ · ‖L2(Ω) and similarly for other function
space norms. In what follows, we call y the state and u the control (variable), respectively.

The recent focus on the model problem (Pu) is mainly due to its importance in the context
of (purely) state constrained optimal control problems, which is c ≡ 0 in (Pu) with f ∈ L2(Ω),
i.e.,

(Ps)





minimize J(y, u) := 1
2‖y − yd‖2

L2 + α
2 ‖u‖2

L2 over (y, u) ∈ H1
0 (Ω)× L2(Ω),

subject to Ay = u + f in Ω,

a ≤ y ≤ b almost everywhere (a.e.) in Ω.

Date: February 14, 2006.
1991 Mathematics Subject Classification. 65K05,90C33.
Key words and phrases. active-set strategy, mesh-independence, mixed control-state constraints, PDE con-

straints, primal-dual methods, semi-smooth Newton methods.
The author gratefully acknowledges financial support from the Austrian Science Fund FWF under START-

prize grant ”Interfaces and Free Boundaries” and from the Institute of Mathematics and Its Applications
(IMA) at the University of Minneapolis, Twin Cities, Minnesota.
†Department of Mathematics and Scientific Computing, University of Graz, Heinrichstraße 36, A-8010 Graz,
Austria.

1



2 M. HINTERMÜLLER†

For this problem, it is well-known that the Lagrange multiplier associated with the pointwise
almost everywhere state constraints is a Borel measure only; see [7, 8]. Consequently, nu-
merical algorithms such as projected Newton or semismooth Newton techniques suffer from
a mesh-dependent behavior and typically admit no function space analysis. As a remedy, in
[15] a Lavrentiev-type regularization of pointwise state constraints is proposed. The result-
ing regularized problem is of the type (Pu) for some small, but fixed c(x) = ε > 0. For its
numerical solution a short-step primal-dual path-following interior-point method is applied.

An alternative path-following concept for the solution of (Ps) can be found in [12]. It
is based on a generalized Moreau-Yosida-type regularization, i.e., it replaces (Ps) by the
approximate problem

(Pγ)





minimize J(y, u) + 1
2γ

(
‖max(0, λ̃b + γ(y − b))‖2

L2 + ‖max(0, λ̃a + γ(a− y))‖2
L2

)

over (y, u) ∈ H1
0 (Ω)× L2(Ω),

subject to Ay = u + f in Ω,

where γ > 0 represents a regularization parameter, and λ̃a, λ̃b ≥ 0 are fixed shift-parameters
in L2(Ω). The regularized problem (Pγ) is solved efficiently by a semismooth Newton method
(SSN). Note that the objective function of (Pγ) is related to an augmented Lagrangian pe-
nalization technique (of the pointwise inequality constraints) with γ representing the corre-
sponding penalty parameter and with λ̃a, λ̃b being approximations of the Lagrange multipliers
associated with the pointwise inequality constraints. In our function space context, in addi-
tion to the penalization aspect, replacing (Ps) by (Pγ) induces a regular approximation of the
Lagrange multipliers of the inequality constraints in (Ps). In fact, let 0 ≤ λ̄a ∈ M(Ω), with
M(Ω) representing the set of regular Borel measures on Ω, denote the Lagrange multiplier
associated with a ≤ ȳ at the solution ȳ ∈ H1

0 (Ω) ∩ H2(Ω) of (Ps). Then, in the context of
(Pγ), the quantity

λγ
a = max(0, λ̃a + γ(a− yγ)) ∈ L2(Ω)

is a regular approximation of λ̄a. Here yγ denotes the optimal solution of (Pγ). It can be
shown that λγ

a ⇀ λ̄a as γ → ∞ in (H1
0 (Ω) ∩H2(Ω))?. For details on this approach we refer

the reader to [12].
We point out that replacing (Ps) by the Lavrentiev-regularized problem (Pu) also induces a

regularization of the Lagrange multipliers associated to the pointwise inequality constraints.
In the next section we shall see that the multipliers for the inequality constraints in (Pu), like
the ones for (Pγ), exist as L2(Ω)-functions, respectively.

The present research is motivated by our numerical experience which shows that SSN, or
equivalently the primal-dual active-set method (pdAS), is typically superior to path-following
interior point algorithms [6, 12]. This claim relies on the fact that the convergence of SSN can
be proved in function space. In this case, the convergence rate of SSN, respectively pdAS, is
typically locally q-superlinear. Accordingly, one goal of this paper is to show that SSN can
be used as a solver for (Pu) (instead of the short-step path-following method in [15]) and that
it converges locally superlinearly in the appropriate function spaces.

For Newton’s method applied to smooth operator equations it is known that it exhibits
a mesh-independent behavior [2]. In the presence of pointwise inequality constraints, in
[3] the mesh-independence of Newton’s method for generalized equations is shown. In fact,
based on Robinson’s generalized equations technique [19, 20, 21], for the numerical solution of
constrained nonlinear optimal control problems by a sequential quadratic programming (SQP)
method, the analysis in [3] establishes the mesh-independence of the SQP-iteration (outer
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iteration). This, however, does not include the corresponding mesh-independence result for
the inner iteration for solving the quadratic programming (QP) sub-problem of every SQP-
iteration. In the context of optimization problems with partial differential equation (PDE)
constraints and pointwise control constraints, in the recent paper [13] this gap is closed
by proving a mesh-independence result when using semismooth Newton methods as QP-
solvers. As the method we are proposing for solving (Pu) is of SSN-type and in view of the
above results, a second focus of the present paper is on proving mesh-independence of our
semismooth Newton iteration, or equivalently of the primal-dual active-set method for solving
(Pu).

The rest of the paper is organized as follows: In section 2 we study the first order optimality
system associated with (Pu). The following section 3 concentrates on the primal-dual active-
set method, or equivalently SSN, as a solution technique for (Pu). Section 4 is devoted to the
mesh-independence analysis of the primal-dual active-set method. Finally, section 5 contains
a report on numerical results.

2. First order optimality system

In [15] it was observed that, by a simple transformation, the problem (Pu) can be cast into
a control constrained optimal control problem. For this purpose let ı0 denote the compact
embedding operator of H1

0 (Ω) into L2(Ω), and define ı−1 : L2(Ω) → H−1(Ω) by ı−1 = ı?0.
Strictly speaking, we have Ay = f + ı−1u as the state equation in (Pu) with A : H1

0 (Ω) →
H−1(Ω). Now let A−1 : H−1(Ω) → H1

0 (Ω) denote the solution operator of Ay = f + ı−1u
in H−1(Ω), i.e., y = y(u) = A−1(ı−1u + f). Define T = ı0A

−1ı−1, then T : L2(Ω) → L2(Ω)
is a compact operator. Further observe that by the Riesz-Schauder theory we infer that the
Fredholm-operator F := (c id +T ) admits a continuous inverse F−1 : L2(Ω) → L2(Ω).

As a consequence, by defining the transformed control variable

v = Fu,

problem (Pu) becomes

(Pv)





minimize Ĵ(v) := 1
2‖TF−1v − ỹd‖2

L2 + α
2 ‖F−1v‖2

L2

over v ∈ L2(Ω),
subject to ã ≤ v ≤ b̃ a.e. in Ω,

where
ỹd = yd −A−1f, ã = a−A−1f, b̃ = b−A−1f

neglecting embedding operators. Note that the objective function in (Pv) is uniformly convex
and continuously Fréchet-differentiable in L2(Ω). Further, the feasible set is closed and convex.
Thus, standard arguments guarantee the existence of a unique solution v̄ ∈ L2(Ω) of(Pv).
Given v̄ we can reconstruct the unique solution (ȳ, ū) of (Pu) by

ū = F−1v̄, and ȳ = A−1(ı−1ū + f).

Our algorithmic considerations in the subsequent sections will be based on the transformed
problem (Pv), more specifically, on its first order optimality system, which we state next. Its
proof follows from standard arguments; see, e.g., [15, 22]. For the formulation, for w, z ∈
L2(Ω), we use

w ⊥ z ⇐⇒ w ≥ 0, z ≥ 0, w z = 0 a.e. in Ω,

and F−? for (F ?)−1, which is the inverse of the adjoint operator of F .
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Theorem 2.1. The optimal solution v̄ ∈ L2(Ω) of (Pv) is characterized by the existence of
(λ̄a, λ̄b) ∈ L2(Ω)× L2(Ω) satisfying

F−?(T ?T + α id)F−1v̄ + λ̄b − λ̄a = F−?T ?ỹd,(2.1a)

λ̄a ⊥ (v̄ − ã),(2.1b)

λ̄b ⊥ (b̃− v̄).(2.1c)

Applying F ? to (2.1a) and inserting ū = F−1v̄ yield

(2.2) (T ?T + α id)ū + F ?(λ̄b − λ̄a) = T ?ỹd.

Expanding F ? gives

(2.3) T ?(T ū− ỹd + λ̄b − λ̄a) + α ū + c (λ̄b − λ̄a) = 0.

Next we define

(2.4) p̄ := A−?ı?0(yd − ı0ȳ − λ̄b + λ̄a)

then we have

(2.5) ı?−1p̄ = T ?(yd − ı0ȳ − λ̄b + λ̄a)

where we used ı0ȳ = T ū + ı0A
−1f . Equation (2.4) implies

(2.6) A?p̄ + ȳ − λ̄a + λ̄b = yd,

which is the adjoint equation, and p̄ ∈ H1
0 (Ω) ∩ H2(Ω) denotes the adjoint state associated

with (ȳ, v̄). Note that we have neglected the embedding operators in (2.6) as we shall do in
general from now on. From (2.3) it follows

(2.7) α ū− p̄ + c (λ̄b − λ̄a) = 0.

Now we study the complementarity system (2.1b)-(2.1c). First we condense the Lagrange
multipliers λ̄a and λ̄b into one multiplier

(2.8) λ̄ = λ̄b − λ̄a.

Then we utilize nonlinear complementarity problem (NCP) functions to reformulate (2.1b)-
(2.1c) as a single equality. For this purpose, based on numerical experience [11] we use

(2.9) λ̄−min(0, λ̄ + σ (v̄ − ã))−max(0, λ̄ + σ (v̄ − b̃)) = 0

for some σ ∈ L∞(Ω), σ > 0. Here the max- respectively min-operations are performed
pointwise. It is straightforward to prove that (2.9) and (2.1b)–(2.1c) are equivalent.

We define the a-active, b-active, and inactive sets by

Aa(v, λ) := {x ∈ Ω : λ(x) + σ(v(x)− a(x)) < 0},(2.10a)
Ab(v, λ) := {x ∈ Ω : λ(x) + σ(v(x)− b(x)) > 0},(2.10b)
I(v, λ) := Ω \ (Aa(v, λ) ∪ Ab(v, λ)).(2.10c)

Further we shall frequently use the active set A(v, λ) = Aa(v, λ)∪Ab(v, λ) and Āa = Aa(v̄, λ̄),
and similarly for the active, b-active, and inactive sets. Observe that by definition we have

λ̄|Āa
≤ 0, λ̄|Āb

≥ 0, λ̄|Ī = 0.

Next we replace v̄ by Fū in (2.9) and, considering the composition of F , we get

(2.11) λ̄−min(0, λ̄ + σ (c ū + ȳ − a))−max(0, λ̄ + σ (c ū + ȳ − b)) = 0.
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Collecting (2.6), (2.7), (2.8), and (2.11) we obtain the following characterization.

Theorem 2.2. The optimal solution (ȳ, ū) ∈ H1
0 (Ω)× L2(Ω) is characterized by the adjoint

state p̄ ∈ H1
0 (Ω) ∩H2(Ω) and the Lagrange multiplier λ̄ ∈ L2(Ω) satisfying

A?p̄ + λ̄ + ȳ = yd,(2.12a)
α ū− p̄ + c λ̄ = 0,(2.12b)

λ̄−min(0, λ̄ + σ (c ū + ȳ − a))−max(0, λ̄ + σ (c ū + ȳ − b)) = 0(2.12c)

for arbitrarily fixed σ ∈ L∞(Ω) with σ > 0 a.e. in Ω. The multipliers λ̄a and λ̄b in (2.1b)–
(2.1c) can be reconstructed by

λ̄a = χĀa
λ̄ and λ̄b = χĀb

λ̄,

where χS denotes the characteristic function of a set S ⊂ Ω.

In the case where (Pu) comes from a Lavrentiev-type regularization of (Ps) with c ≡ εn and
εn > 0, in [15] it is shown that for εn ↓ 0 the sequence {(ȳ, ū)} = {(ȳ(εn), ū(εn))} converges
strongly in L2(Ω)× L2(Ω) to (y∗, u∗) ∈ H1

0 (Ω)× L2(Ω), the optimal solution of (Ps).
Our algorithmic development in the subsequent section is based on the system (2.12) to-

gether with the state equation Aȳ = ū + f .

3. Primal-dual active-set method

Now we focus on a numerical technique for computing the solution of (Pu). Due to the
complementarity system and its reformulation (2.11) it has to cope with the non-differentiable
max- and min-terms. Since our goal is to apply a fast solution technique based on appropriate
linearization of the first order optimality system, we, hence, have to work with generalized
derivatives when linearizing (2.12c). This is done by employing the differentiability concept
developed in [9, 11]. We first recall the general notion, and then we apply it to our specific
context.

Definition 3.1. Let X and Y be Banach spaces, and let D ⊂ X be an open set. A mapping
F : D → Y is called generalized differentiable in the open set U ⊂ D if there exists a family
of mappings G : U → L(X ,Y) such that

(3.13) lim
s→0

1
‖s‖X ‖F(x + s)−F(x)− G(x + s)s‖Y = 0

for every x ∈ U .

Notice that the generalized derivative need not be unique. In [14] a notion similar to the
one in Definition 3.1 is introduced and the name Newton map is coined for an element of the
generalized derivative. Here we adopt this notion for operators G satisfying (3.13).

Remark 3.1. In an Lp-setting it was shown in [11] that max : Lr(Ω) → Ls(Ω) is generalized
differentiable iff r > s ≥ 1. The mapping

(3.14) G0
max(w)(x) =

{
1 if w(x) > 0,
0 if w(x) ≤ 0,
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i.e., G0
max(w) = χ{w>0}, is a particular Newton map. A more general class of Newton maps

for the max-operation is given by

(3.15) Gml,mu
max (w)(x) ∈




{1} if w(x) > 0,
{0} if w(x) < 0,
[ml,mu] if w(x) = 0

with ml,mu ∈ R, ml ≤ mu, arbitrarily fixed. The choice (ml,mu) = (0, 1) yields the
subgradient of convex analysis. The analogous result holds true for the min-operator with
G0

min(w) = χ{w<0} being a particular Newton map, and with

(3.16) Gml,mu

min (w)(x) ∈



{1} if w(x) < 0,
{0} if w(x) > 0,
[ml,mu] if w(x) = 0

representing a more general class.

Let us assume we are interested in finding x̄ ∈ X such that

(3.17) F(x̄) = 0.

This can be achieved by employing a Newton iteration, i.e., given xk ∈ X , a sufficiently
good approximation of x̄, one linearizes (3.17) in the generalized sense and computes the next
iterate xk+1 such that

F(xk) + G(xk)(xk+1 − xk) = 0.

Note that xk+1 is uniquely defined whenever G(xk) is invertible. In fact, we have the following
result; see [9, 11].

Theorem 3.1. Suppose x̄ is a solution of (3.17) and that F is generalized differentiable in
an open neighborhood U containing x̄ with a Newton map G. If G(x) is non-singular for all
x ∈ U and {‖G(x)−1‖ : x ∈ U} is bounded, then the generalized Newton iteration

(3.18) xk+1 = xk − G(xk)−1F(xk), with x0 ∈ U given,

is well-defined and converges locally at a superlinear rate to x̄ provided that x0 is sufficiently
close to x̄.

In finite dimensional space, in [18] the concept of semismoothness of a scalar-valued function
(see [16] for its definition) is extended to the vector-valued case. It is shown that semismooth-
ness of a mapping F : Rn → Rm is equivalent to (3.13) with G replaced by an element of the
generalized Jacobian in Clarke’s sense at x + s. Hence, whenever G satisfies (3.13) we call
(3.18) a semismooth Newton method.

Now we turn to the solution of (Pu). From (2.12b) we infer

(3.19) λ̄ = c−1 p̄− α c−1 ū.

Inserting this identity in (2.12a) yields

(3.20) (A? + c−1 id) p̄ + (A−1 − α c−1 id)ū = ỹd.

Here we used ȳ = y(ū) := A−1(ū + f). Since A is a second order linear elliptic partial
differential operator and c ≥ εc > 0 a.e. in Ω, we conclude that, given ū ∈ L2(Ω), (3.20)
admits a unique solution p̄ ∈ H1

0 (Ω), i.e., (A? + c−1 id) : H1
0 (Ω) → H−1(Ω) is a continuously



PDAS FOR MIXED CONTROL-STATE CONSTRAINTS 7

invertible linear operator. In addition, under a regularity assumption on the coefficients of
the operator A? + c−1 id elliptic regularity theory yields p̄ ∈ H2(Ω); see [10]. Hence, we have

p̄ = p(ū) = (A? + c−1 id)−1(ỹd + α c−1ū−A−1ū).

As a consequence, we obtain

(3.21) λ̄ = l(ū) = c−1p(ū)− α c−1ū.

The last identity is now used in studying λ̄ + σ (c ū + ȳ). In fact, we find

λ̄ + σ (c ū + ȳ) = c−1p(ū)− α c−1ū + σ
(
c ū + A−1(ū + f)

)

= c−1p(ū) + (σ c− α c−1)ū + σ A−1(ū + f)(3.22)

Choosing σ = α c−2 ≥ (α/‖c‖2
L∞) > 0 a.e., we can further simplify (3.22):

(3.23) λ̄ + σ (c ū + ȳ) = c−1p(ū) + α c−2 A−1(ū + f).

We adopt this choice for σ from now on. The Sobolev embedding theorem [1] yields

(3.24) H1
0 (Ω) ↪→ Ls(Ω), with s





= ∞ if n = 1,
∈ [1,∞) if n = 2,
∈ [1, 2 + 4

n−2 ] if n ≥ 3.

Hence, from p(ū) ∈ H1
0 (Ω), A−1 : H−1(Ω) → H1

0 (Ω), c ∈ L∞(Ω), with c ≥ εc > 0 a.e. in Ω,
(3.23), and (3.24) we conclude

(3.25) `(ū) := λ̄ + σ (c ū + ȳ) = c−1p(ū) + α c−2 A−1(ū + f) ∈ L2+κ(Ω), with κ > 0.

We have shown the first part of the following result.

Proposition 3.1. The mapping

`(u) = c−1p(u) + α c−2 A−1(u + f)

is continuous from L2(Ω) to L2+κ(Ω) with

κ





= ∞ if n = 1,
∈ [0,∞) if n = 2,
∈ [0, 4

n−2 ] if n ≥ 3.

Moreover, ` : L2(Ω) → L2+κ(Ω) is continuously Fréchet differentiable.

Proof. The proof of the continuity result lies in the discussion before the proposition. The
continuous Fréchet differentiability is then immediate due to the affine linear nature of the
operators involved in the definition of `. ¤

Next we use the results obtained so far to reformulate the first order system in Theorem 2.2.
In fact, since ȳ = y(ū) and p̄ = p(ū), we can condense (2.12) into

(3.26) c−1p(ū)− α c−1ū−min(0, `(ū)− α c−2a)−max(0, `(ū)− α c−2b) = 0.

Setting x̄ := ū and F : L2(Ω) → L2(Ω), with

(3.27) F(x̄) := c−1p(x̄)− α c−1x̄−min(0, `(x̄)− α c−2a)−max(0, `(x̄)− α c−2b),

(3.26) is equivalent to the non-differentiable equation F(x̄) = 0. Thus, we are back at (3.17)
with X = L2(Ω), i.e., finding a solution of (Pu) is equivalent to finding the root of F . In
what follows, we prefer to keep ū (or u) instead of x̄ (or x).



8 M. HINTERMÜLLER†

Given some guess u0 of ū, our goal is to use a semismooth Newton method (SSN) for
finding ū. For a successful application of SSN in function space we have to verify property
(3.13). Remark 3.1 yields generalized differentiability of max : Lr(Ω) → Ls(Ω) (and also
min : Lr(Ω) → Ls(Ω)) if r > s. Note that in (3.27) we consider F from L2(Ω) to L2(Ω), only.
A generalized differentiability result, however, still holds true.

Proposition 3.2. The mapping F : L2(Ω) → L2(Ω) defined in (3.27) is generalized differen-
tiable in the sense of Definition 3.1. A particular Newton map is given by

〈G(u), ϕ〉 = 〈c−1(p′(u)− α id), ϕ〉 − 〈G0
min(`(u)− α c−2a)`′(u), ϕ〉(3.28)

− 〈G0
max(`(u)− α c−2b)`′(u), ϕ〉 ∀ϕ ∈ L2(Ω).

Proof. We argue only for the max-operator. The proof for the min-operator follows from
analogous arguments.

First notice that `(·) is a continuous affine linear operator from L2(Ω) to L2+κ(Ω). Hence,
there exist a continuous linear operator L : L2(Ω) → L2+κ(Ω) and g ∈ L2+κ(Ω) such that

`(u) = L u + g.

Next we study the relevant difference quotient
1

‖s‖L2

‖max(0, `(u + s)− α c−2b)−max(0, `(u)− α c−2b)

− Ga
max(`(u + s)− α c−2b)`′(s)‖L2

≤ C
1

‖Ls‖L2+κ

‖max(0, L(u + s) + g − α c−2b)−max(0, L u + g − α c−2b)(3.29)

− Ga
max(L(u + s) + g − α c−2b)L s‖L2 ,

where Ga
max denotes an arbitrary Newton map of the max-operator. Here we have used Propo-

sition 3.1, which yields ‖L s‖L2+κ/‖s‖L2 ≤ C for some positive constant C. By Remark 3.1,
the quotient in (3.29) tends to zero for ‖s‖L2 → 0. Thus, max(0, `(·)− α c−2b) is generalized
differentiable, and Ga

max(L ·+g − α c−2b)L· provides a Newton map fulfilling (3.13). ¤
Now we have all the ingredients at hand for defining a semismooth Newton method for

solving (Pu), or equivalently (Pv).

Algorithm 3.1 (Semismooth Newton method).
(i) Choose u0 ∈ L2(Ω), and set k = 0.
(ii) Unless some stopping rule is satisfied, compute G(uk) according to (3.28) and solve

for δuk:

(3.30) G(uk)δuk = −F(uk),

with F given by (3.27).
(iii) Set uk+1 = uk + δuk, and k := k + 1. Return to (ii).

We start our convergence analysis of Algorithm 3.1 by showing that (3.30) admits a unique
solution for every k ∈ N. For this purpose observe that (3.30) is equivalent to

0 = c−1
(
p(uk) + p′(uk)δuk

)
− α c−1(uk + δuk)− χAk

a

(
L(uk + δuk) + g − α c−2a

)

− χAk
b

(
L(uk + δuk) + g − α c−2b

)
,(3.31)
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where we have used

Ak
a :=

{
x ∈ Ω : λk(x) + α c−1uk(x) + α c−2(yk − a)(x) < 0

}
,(3.32)

Ak
b :=

{
x ∈ Ω : λk(x) + α c−1uk(x) + α c−2(yk − b)(x) > 0

}
,(3.33)

Ik := Ω \ Ak, with Ak := Ak
a ∪ Ak

b .

Next recall that y(w) = A−1(w + f) for w ∈ L2(Ω), with A−1 a linear continuous operator,
and p(w) = (A? + c−1 id)−1(yd + αc−1w − y(w)). This yields

A?p(w) + c−1(p− αw) = yd − y(w).

Since l(w) := c−1p(w)− αc−1w, we obtain

A?p(w) + l(w) = yd − y(w).

For w = uk + δuk we set yk+1 = y(uk + δuk), and similarly for pk+1, and λk+1. Hence, (3.31)
becomes

0 =λk+1 − χAk
a

(
λk+1 + α c−1uk+1 + α c−2(yk+1 − a)

)
(3.34a)

− χAk
b

(
λk+1 + α c−1uk+1 + α c−2(yk+1 − b)

)
,

0 =Ayk+1 − uk+1 − f,(3.34b)

0 =A?pk+1 + λk+1 + yk+1 − yd,(3.34c)

0 =αuk+1 − pk+1 + c λk+1.(3.34d)

A further analysis of (3.34a) yields

λk+1 = 0 on Ik,(3.35a)

c uk+1 + yk+1 = a on Ak
a,(3.35b)

c uk+1 + yk+1 = b on Ak
b .(3.35c)

Combining (3.34b)–(3.35c) we conclude that in every iteration of our Algorithm 3.1 the fol-
lowing system has to be solved:

Ayk+1 = uk+1 + f,(3.36a)

A?pk+1 + λk+1 = yd − yk+1,(3.36b)

αuk+1 − pk+1 + c λk+1 = 0,(3.36c)

λk+1 = 0 on Ik,(3.36d)

c uk+1 + yk+1 = a on Ak
a,(3.36e)

c uk+1 + yk+1 = b on Ak
b .(3.36f)

For proceeding with our arguments that step (ii) of Algorithm 3.1 is well-defined, we rewrite
(3.36a)–(3.36c). In fact, solving (3.36a) for yk+1, inserting the result in (3.36b), solving for
pk+1, utilizing the result in (3.36c), and taking into account the various embedding operators,
we get

(3.37) (T ?T + α id)uk+1 + F ?λk+1 = T ?ỹd.

Using uk+1 = F−1vk+1 and the invertibility of F ?, (3.37) is equivalent to

(3.38a) F−?(T ?T + α id)F−1vk+1 + λk+1 = F−?T ?ỹd.
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Further recall that

c uk+1 + yk+1 = F uk+1 + A−1f = vk+1 + A−1f.

Thus, (3.36d)–(3.36f) become

λk+1 = 0 on Ik,(3.38b)

vk+1 = ã on Ak
a,(3.38c)

vk+1 = b̃ on Ak
b .(3.38d)

Proposition 3.3. The system

F−?(T ?T + α id)F−1w + µ = a1,(3.39a)
µ = 0 on I,(3.39b)
w = a2 on Aa,(3.39c)
w = a3 on Ab,(3.39d)

with ai ∈ L2(Ω), i ∈ {1, 2, 3}, and (I,Aa,Ab) a partitioning of Ω, admits a unique solution
(w̄, µ̄) ∈ L2(Ω)× L2(Ω).

Proof. First note that

(
F−?(T ?T + α id)F−1ϕ,ϕ

)
L2 = ‖TF−1ϕ‖2

L2 + α‖F−1ϕ‖2
L2 ≥ α

‖F‖2
‖ϕ‖2

L2 ∀ϕ ∈ L2(Ω).

(3.40)

Hence, for given µ, a1 ∈ L2(Ω) equation (3.39a) admits a unique solution w = w(µ) ∈ L2(Ω).
Let EI denote the extension-by-zero operator from I to Ω, and analogously for EA with

A = Aa∪Ab. By E?
I and E?

A we denote the respective restriction operators. Then, considering
(3.39b)–(3.39d) in (3.39a) we obtain

(3.41) E?
ICEIwI = E?

Ia1 −E?
ICEAâA,

where wI ∈ L2(I),
â|Aa := a2|Aa , â|Ab

:= a3|Ab

and

(3.42) C := F−?(T ?T + α id)F−1.

If I 6= ∅ is measurable, then, from the properties of C, we conclude that equation (3.41)
admits a unique solution w̄I ∈ L2(I). From this we construct a solution of (3.39) in the
following way:

w̄|I := w̄I , w̄|Aa := a2|Aa , w̄|Ab
:= a3|Ab

.

Then w̄ ∈ L2(Ω). Further, µ̄|I = 0 and

µ̄A = E?
Aa1 −E?

ACw̄, µ̄A ∈ L2(A),

which defines µ̄|A = µ̄A uniquely. This ends the proof. ¤

From Proposition 3.3 we immediately infer that step (ii) of Algorithm 3.1 is well-defined.

Corollary 3.1. For every k ∈ N step (ii) of Algorithm 3.1 admits a unique solution δuk ∈
L2(Ω). Further, there exists a constant KG > 0 independent of k such that ‖G(uk)−1‖ ≤ KG
for all k ∈ N0.
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Proof. By our discussion before Proposition 3.3 the Newton system (3.30) is equivalent to
(3.39) with I = Ik, Aa = Ak

a, Ab = Ak
b , w = F (uk + δuk), µ = λk+1, a1 = F−?T ?ỹd, a2 = ã,

and a3 = b̃. Now, Proposition 3.3 yields that (3.30) admits a unique solution δuk = uk+1−uk.
Further λk+1 is the multiplier associated with uk+1.

The uniform boundedness of {‖G(uk)−1‖}k≥0 follows from the fact that C (see (3.42) in the
proof of Proposition 3.3) and its corresponding coercivity constant, cf. (3.40), are independent
of k. ¤

The locally superlinear convergence of the semismooth Newton Algorithm 3.1 is the subject
of our next result.

Theorem 3.2. Let {uk} be the sequence generated by Algorithm 3.1, and define the corre-
sponding states by yk = A−1(uk + f) ∈ H1

0 (Ω). Then {(yk, uk)} converges to the solution
(ȳ, ū) ∈ H1

0 (Ω)× L2(Ω) of (Pu) at a superlinear rate provided that u0 ∈ L2(Ω) is sufficiently
close to ū.

Proof. Proposition 3.2 shows that Algorithm 3.1 is a semismooth Newton method for solving
(3.27) with x = u. Hence, by our general result, Theorem 3.18, the sequence {uk} con-
verges superlinearly to ū provided that u0 is sufficiently close to ū. The locally superlinear
convergence of {yk} is then an immediate consequence. ¤

We end this section by establishing a relation between the semismooth Newton method,
Algorithm 3.1, and a primal-dual active-set method. We already showed that computing
δuk such that (3.30) is satisfied is equivalent to solving (3.36). Hence, we may restate Algo-
rithm 3.1 as follows.

Algorithm 3.2 (Primal-dual active-set method).
(i) Choose u0 ∈ L2(Ω) and compute (y0, p0, λ0) such that

Ay0 = u0 + f,

A?p0 + λ0 + y0 = yd,

α u0 − p0 + c λ0 = 0.

Set k := 0.
(ii) Unless some stopping rule is satisfied, determine

Ak
a :=

{
x ∈ Ω :

(
λk + α c−1uk + α c−2(yk − a)

)
(x) < 0

}
,

Ak
b :=

{
x ∈ Ω :

(
λk + α c−1uk + α c−2(yk − b)

)
(x) > 0

}
,

Ik := Ω \
(
Ak

a ∪ Ak
b

)
.

(iii) Solve for (uk+1, yk+1, pk+1, λk+1):

Ayk+1 − uk+1 = f,

A?pk+1 + λk+1 + yk+1 = yd,

α uk+1 − pk+1 + c λk+1 = 0,

λk+1 = 0 on Ik,

c uk+1 + yk+1 = a on Ak
a,

c uk+1 + yk+1 = b on Ak
b .



12 M. HINTERMÜLLER†

Set k := k + 1, and continue with (ii).

4. Mesh-independence

In this section we establish a mesh-independence result for our semismooth Newton method.
It states that for any q-linear rate of convergence θ, there exists a radius ρ > 0 such that, for all
h sufficiently small, the convergence basin of the primal-dual active-set method, Algorithm 3.2,
or equivalently the semismooth Newton method, Algorithm 3.1, and the discrete counterparts
contain the ρ-balls about their respective solution. A similar result was proven in [13] for
control constrained semilinear elliptic control problems. This type of mesh-independence is
in contrast to the strong mesh-independence principle like the one in [2] for smooth operator
equations.

We consider a finite element discretization of (3.27). Here we only provide a brief de-
scription and refer to, e.g., [4] for more details on appropriate discretizations in constrained
optimal control of PDEs. In fact, let Th be a sufficiently regular subdivision (triangulation)
of Ω into subdomains T ∈ Th such that

Ω̄ =
⋃

T∈Th

T, T1, T2 ∈ Th, T1 6= T2 ⇒ T1 ∩ T2 ⊂ ∂T1 ∪ ∂T2.

The subscript h refers to the maximal diameter of all elements. Motivated by (3.27) we next
define the space

Uh = {uh : Ω → R : uh|int T = constant ∀T ∈ Th}
which we endow with the L2-norm, i.e., ‖ · ‖Uh

= ‖ · ‖L2 . An appropriate discretization of
(3.27) yields Fh : Uh → Uh and in particular `h : Uh → Uh and ph : Uh → Uh, the discrete
versions of p and `, respectively. We denote by ūh ∈ Uh the unique solution of Fh(uh) = 0.
Further, discrete Newton maps of Fh are denoted by Gh. This allows us to define a discrete
version of Algorithm 3.1, the discrete semismooth Newton iteration:

Algorithm 4.1.
(i) Choose u0

h ∈ Uh, and set k = 0.
(ii) Unless some stopping rule is satisfied, compute Gh(uk

h), a Newton map of Fh at uk
h,

and solve for δuk
h:

(4.43) Gh(uk
h)δuk

h = −Fh(uk
h).

(iii) Set uk+1
h = uk

h + δuk
h, and k := k + 1. Return to (ii).

For Gh based on (3.28), by a similar reasoning as in the continuous case, one can show that
(4.43) is equivalent to the discrete version of (3.36) and Algorithm 4.1 is equivalent to the
discrete analogue of the active-set method, Algorithm 3.2.

For the proof of our main assertion we need an auxiliary result concerning the mesh-
independence of (3.13). For this purpose recall that `(u) = Lu+ g with L ∈ L(L2(Ω), Lq(Ω))
and g ∈ Lq(Ω) with

q ∈





[1,∞] n = 1,

[1,∞) n = 2,

[1, 2 + 4
n−2 ] n ≥ 3.

We also suppose that our discretization yields `h(uh) = Lhuh + gh such that the following
assumption holds true.
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Assumption 4.1. There exists some q > 2 and some positive constant K such that

(1)

lim
h→0+

max(‖g − gh‖Lq , ‖c−2a− c−2
h ah‖Lq , ‖c−2b− c−2

h bh‖Lq) = 0,(4.44)

lim
h→0+

‖ūh − ū‖L2 = 0,(4.45)

lim
h→0+

‖Lhūh − L ū‖Lq = 0.(4.46)

(2)

(4.47) ‖Lh‖L2→Lq ≤ K.

Note that due to (3.13), for given γ ∈ (0, 1), there exists δ0 > 0 such that

(4.48) ‖F(ū + s)−F(ū)− G(ū + s)s‖L2 ≤ γ‖s‖L2 ∀s ∈ L2(Ω), ‖s‖L2 ≤ δ0.

Here G(ū + s) denotes an arbitrary Newton map of F at ū + s. For our main result we need
the mesh-independence of

(4.49) ‖Fh(uh)−Fh(ūh)− Gh(uh)(uh − ūh)‖Uh
as h → 0

for arbitrary Gh(uh) satisfying the discrete analogue of (3.13). Due to the structure of Fh,
i.e.,

(4.50) Fh(uh) = c−1
h ph(uh)−α c−1

h uh−min(0, `h(uh)−α c−2
h ah)−max(0, `h(uh)−α c−2

h bh),

with ph affine linear, we only have to focus on the max- and min-terms, respectively, when
proving the mesh-independence of (4.49). We define

Fmax(u) := max(0, `(u)− α c−2b).

In what follows, the Newton maps of Fmax are denoted by Gmax. Their discrete counterparts
are Fmax,h and Gmax,h, respectively.

Lemma 4.1. Suppose that Assumption 4.1 holds true, and

(4.51) |{`(ū)− α c−2b = 0}| = |{L ū + g − α c−2b = 0}| = 0

is satisfied. Further assume that

Gmax(u) = Gml,mu
max (Lu + g − α c−2b)L

(see Remark 3.1 for the definition of Gml,mu
max ) and its discrete analogue are chosen as the

Newton maps of Fmax and Fmax,h, respectively. Then, for γ ∈ (0, 1), there exists δ̄ > 0 and
h̄ > 0 such that

‖Fmax(u)−Fmax(ū)− Gmax(u)(u− ū)‖L2 ≤ γ‖u− ū‖L2(4.52)

∀u ∈ L2(Ω), ‖u− ū‖L2 ≤ δ̄,

‖Fmax,h(uh)−Fmax,h(ūh)− Gmax,h(uh)(uh − ūh)‖Uh
≤ γ‖uh − ūh‖Uh

(4.53)

∀uh ∈ Uh, ‖uh − ūh‖Uh
≤ δ̄, ∀h ∈ (0, h̄].
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Proof. For ε > 0 and 0 < η ≤ ε define the sets

Ω(ε) := {|L ū + g − α c−2b| < ε},
Ωh(ε) := {|Lh ūh + gh − α c−2

h bh| < ε},
Ω1

h(ε) := {|Lh(uh − ūh)| < η} \ Ωh(ε),

Ω2
h(ε) := Ωh(ε) ∪ {|Lh(uh − ūh)| ≥ η}.

Note that Ω1
h(ε) ∪ Ω2

h(ε) = Ω. Further define the remainder term

Rh(uh; ūh) := Fmax,h(uh)−Fmax,h(ūh)− Gmax,h(uh)(uh − ūh).

On Ω1
h(ε) we have Rh(uh; ūh) = 0. Indeed:

(1) For x ∈ Ω with (Lhūh + gh − α c−2
h bh)(x) ≥ ε and |Lh(uh − ūh)(x)| < η we obtain

(Lhūh + gh − α c−2
h bh)(x) ≥ ε ≥ η > (Lh(ūh − uh)) (x).

and, hence,
(Lhuh + gh − α c−2

h bh)(x) > 0.

As a consequence, we have

Rh(uh; ūh)(x) =(Lhuh + gh − α c−2
h bh)(x)− (Lhūh + gh − αc−2

h bh)(x)

− (Lh(uh − ūh)) (x)

= (Lh(uh − ūh)) (x)− (Lh(uh − ūh)) (x) = 0.

(2) For x ∈ Ω with (Lhūh + gh − α c−2
h bh)(x) ≤ −ε and |Lh(uh − ūh)(x)| < η we get

(Lhūh + gh − α c−2
h bh)(x) ≤ −ε ≤ −η < (Lh(ūh − uh)) (x)

and, hence,
(Lhuh + gh − α c−2

h bh)(x) < 0.

Consequently, we infer Gmax,h(uh)(x) = 0 and Rh(uh; ūh)(x) = 0.

Summarizing both cases we have

(4.54) Rh(uh; ūh)(x) = 0 ∀x ∈ Ω1
h(ε).

The estimate on Ω2
h(ε) is more delicate. We make use of the following fact: For v ∈ Lq(Ω),

q > 2, and η > 0 we have

(4.55) |{|v| ≥ η}| ≤ 1
ηq
‖v‖q

Lq .

For µ > 0, this estimate implies

(4.56) |{|Lh(uh − ūh)| ≥ η}| ≤ 1
ηq
‖Lh(uh − ūh)‖q

Lq ≤ 1
ηq
‖Lh‖q

L2→Lq‖uh − ūh‖q
Uh
≤ µ

for ‖uh − ūh‖Uh
≤ δ̄ with

δ̄ := min
(

δ0,
η q
√

µ

‖Lh‖L2→Lq

)
> 0
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and δ0 from (4.48). Observe that |max(0, r)−max(0, s)| ≤ |r − s|. We, thus, conclude

‖Rh(uh; ūh)‖Lq =‖max(0, Lhuh + gh − α c−2
h bh)−max(0, Lhūh + gh − α c−2

h bh)

− Gml,mu

max,h (Lhuh + gh − α c−2
h bh)Lh(uh − ūh)‖Lq

≤‖Lh(uh − ūh)‖Lq + ‖Gml,mu

max,h (Lhuh + gh − α c−2
h bh)Lh(uh − ūh)‖Lq

≤ (1 + max(|ml|, |mu|)) ‖Lh‖L2→Lq‖uh − ūh‖Uh
.(4.57)

Further note that our assumption (4.51) implies

(4.58) |Ω(ε)| = |{|L ū− g − α c−2b| < ε}| → 0 as ε ↓ 0.

We next use the last two equations to establish the desired estimate of Rh(uh; ūh) on Ω2
h(ε).

(3) Consider x ∈ Ω such that

(4.59) dh(ū, ūh)(x) := (L ū + g − α c−2b)(x)− (Lhūh + gh − αc−2
h bh)(x) > ε.

Now assume that x ∈ Ω(2ε) satisfies (4.59). Then,

2ε >(L ū + g − α c−2b)(x)

=(Lū + g − α c−2b− Lhūh − gh + α c−2
h bh)(x) + (Lhūh + gh − α c−2

h bh)(x)

>ε +
(
Lhūh + gh − αc−2

h bh

)
(x),

which implies (
Lhūh + gh − α c−2

h bh

)
(x) < ε.

Similarly we obtain
(
Lhūh + gh − α c−2

h bh

)
(x) > −ε.

We, hence, conclude

(4.60) Ωh(ε) ⊂ Ω(2ε) ∩ {dh(ū, ūh) > ε}.
Since dh(ū, ūh) ∈ Lq(Ω), (4.55) yields

(4.61) |{dh(ū, ūh) > ε}| ≤ 1
εq
‖dh(ū, ūh)‖q

Lq .

The estimate

‖dh(ū, ūh)‖Lq ≤ ‖g − gh‖Lq + α‖c−2b− c−2
h bh‖Lq + ‖Lū− Lhūh‖Lq ,

(4.44), (4.46) and (4.61) yield

(4.62) |{dh(ū, ūh) > ε}| → 0 as h → 0+.

Using (4.58) and (4.62), for µ > 0 there exist ε = ε(µ) > 0 and h1 = h1(ε) > 0 such
that for all h ≤ h1 we obtain

|Ω(2ε)| ≤ µ

2
and |{dh(ū, ūh) > ε}| ≤ µ

2
and therefore

(4.63) |Ωh(ε)| ≤ µ

by (4.60).
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(4) Since q > 2, Hölder’s inequality and the estimates (4.57), (4.63) and (4.56) yield

‖Rh(uh; ūh)‖L2(Ω2
h(ε)) ≤|Ω2

h(ε)| 12− 1
q ‖Rh(uh; ūh)‖Lq(Ω2

h(ε))

≤ (1 + max(|ml|, |mu|)) (2µ)
q−2
2q ‖Lh‖L2→Lq‖uh − ūh‖Uh

for ‖uh − ūh‖Uh
≤ δ̄.

(5) For γ ∈ (0, 1) we choose

µ =
1
2

(
γ

(1 + max(|ml|, |mu|)) ‖Lh‖L2→Lq

) 2q
q−2

and ε = ε(µ), h̄ = h1(ε), δ̄ = δ̄(µ, ε). Then, for all h ≤ h̄, we have

‖Rh(uh; ūh)‖Uh
≤ γ‖uh − ūh‖Uh

∀uh ∈ Uh, ‖uh − ūh‖Uh
≤ δ̄.

This proves the assertion. ¤

The same proof technique yields the analogous result for the min-operation in (3.27), i.e.,

Fmin(u) := min(0, `(u)− α c−2a)

and its discrete version Fmin,h in (4.50).

Lemma 4.2. Suppose that Assumption 4.1 holds true, and

(4.64) |{`(ū)− α c−2a = 0}| = |{L ū + g − α c−2a = 0}| = 0

is satisfied. Further assume that

Gmin(u) = Gml,mu

min (Lu + g − α c−2a)L

(see Remark 3.1 for the definition of Gml,mu

min ) and its discrete analogue are chosen as the
Newton maps of Fmin and Fmin,h, respectively. Then, for γ ∈ (0, 1), there exists δ̄ > 0 and
h̄ > 0 such that

‖Fmin(u)−Fmin(ū)− Gmin(u)(u− ū)‖L2 ≤ γ‖u− ū‖L2(4.65)

∀u ∈ L2(Ω), ‖u− ū‖L2 ≤ δ̄,

‖Fmin,h(uh)−Fmin,h(ūh)− Gmin,h(uh)(uh − ūh)‖Uh
≤ γ‖uh − ūh‖Uh

(4.66)

∀uh ∈ Uh, ‖uh − ūh‖Uh
≤ δ̄, ∀h ∈ (0, h̄].

Combining Lemma 4.1 and 4.2 we obtain the following mesh-independence result.

Proposition 4.1. Let the assumptions of Lemma 4.1 and 4.2 hold true. Further assume that
for u ∈ L2(Ω) and uh ∈ Uh with ‖u− uh‖L2 → 0 as h → 0+ we have

(4.67) ‖c−1p(u)− c−1
h ph(uh)‖L2 → 0 as h → 0+.

Then, for γ ∈ (0, 1), there exists δ̄ > 0 and h̄ > 0 such that

‖F(u)−F(ū)− G(u)(u− ū)‖L2 ≤ γ‖u− ū‖L2(4.68)

∀u ∈ L2(Ω), ‖u− ū‖L2 ≤ δ̄,

‖Fh(uh)−Fh(ūh)− Gh(uh)(uh − ūh)‖Uh
≤ γ‖uh − ūh‖Uh

(4.69)

∀uh ∈ Uh, ‖uh − ūh‖Uh
≤ δ̄, ∀h ∈ (0, h̄].
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Proof. Note that p and ph are affine linear. Hence,

p(uh)− p(ūh)− p′(uh)(uh − ūh) = 0.

This fact, together with Lemma 4.1 and 4.2, yields the assertion. ¤

Our mesh-independence result now follows from [13, Theorem 3]. Here we only state the
theorem and refer to [13] for the proof.

Theorem 4.1. Let the assumptions of Proposition 4.1 hold true. Then, for arbitrarily fixed
θ ∈ (0, 1), there exists δ̄ > 0 and h̄ > 0 such that for all h ≤ h̄ and k ∈ N0

‖uk+1 − ū‖L2 ≤ θ‖uk − ū‖L2 ,(4.70)

‖uk+1
h − ūh‖L2 ≤ θ‖uk

h − ūh‖Uh
,(4.71)

provided that max(‖u0 − ū‖L2 , ‖u0
h − ūh‖Uh

) ≤ δ̄.

In Section 5 we provide a validation of the above result. In fact, in our numerical tests
we even observe strong mesh-independence, i.e., for h sufficiently small and for fixed ε > 0
the algorithm stops with ‖uk

h − ūh‖Uh ≤ ε after essentially the same number of iterations
regardless of the mesh-size of discretization.

5. Numerics

We end this paper by a report on the numerical behavior of Algorithm 4.1. Among other
aspects, we aim at numerically verifying our mesh-independence result, Theorem 4.1. Further
we study our algorithm when solving degenerate problems.

Below we denote by yh, uh, ... the coefficient vectors for the corresponding finite element
representation. We assume that yh, ph ∈ Rny

h and uh, λh ∈ Rnu
h , where ny

h and nu
h depend on

the mesh-size of discretization. Concerning the data a, b, c, f (which we assume to be in L2(Ω)
for simplicity), and yd we employ a piecewise constant (over every triangle T ) discretization.
We therefore have ah, bh, ch, fh, yd,h ∈ Rnu

h , respectively. For later use we also introduce the
mass matrices M0

h ∈ Rnu
h×ny

h and M1
h := (M0

h)>M0
h ∈ Rny

h×ny
h . Further, we denote by Ch the

diagonal matrix diag(ch) with entries ch,i, i = 1, . . . , nu
h.

In all of our test runs reported on below, we initialize Algorithm 4.1 by setting λ0
h = 0 and

computing (y0
h, u0

h, p0
h) as the solution to

Ahyh − (M0
h)>uh = (M0

h)>fh,

A>h ph + M1
hyh = (M0

h)>yd,h,

αuh −M0
hph = 0.

This procedure provides our initial u0
h. Note that (y0

h, u0
h, p0

h, λ0
h) corresponds to the solution

of the unconstrained version of (Pu). We stop the algorithm if the active sets (Ak+1
a,h ,Ak+1

b,h )
and (Ak

a,h,Ak
b,h) coincide for k ≥ 1 or as soon as the norm of the residual of the first order

optimality system drops below a prescribed tolerance. Above, we denote by Ak
a,h,Ak

b,h the
discrete analogues of Ak

a,Ak
b in (3.32) and (3.33). Assuming that the linear systems are solved

exactly in Algorithm 4.1, then the first stopping rule yields the exact solution of the discrete
problem.
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Theorem 5.1. Let {uk
h} be computed by Algorithm 4.1. If (Ak+1

a,h ,Ak+1
b,h ) = (Ak

a,h,Ak+1
b,h ) for

k ≥ 1, then (uk+1
h , yk+1

h , pk+1
h , λk+1

h ) solves

Ahyh − (M0
h)>uh = (M0

h)>fh,(5.72a)

A>h ph + (M0
h)>λh + M1

hyh = (M0
h)>yd,h,(5.72b)

α uh −M0
hph + Chλh = 0,(5.72c)

and the complementarity system

ah ≤ Chuh + M0
hyh ≤ bh,(5.72d)

λh,i < 0 for all i ∈ Ak+1
a,h , λh,i > 0 for all i ∈ Ak+1

b,h , λh,i = 0 for all i ∈ Ik+1
h(5.72e)

Proof. First notice that due to the equivalence of Algorithm 4.1 to the discrete analogue of
Algorithm 3.2 the system (5.72a)-(5.72c) is satisfied in every iteration k. Hence, we only
need to check (5.72d) and (5.72e). If Ak+1

a,h = Ak
a,h, then, for i ∈ Ak+1

a,h , we have ch,i u
k+1
h,i +

(M0
hyk+1

h )i = ah,i and

0 > λk+1
h,i + α c−2

h,i

(
ch,i u

k+1
h,i + (M0

hyk+1
h )i − ah,i

)
= λk+1

h,i .

Similarly, if Ak+1
b,h = Ak

b,h, then we get

λk+1
h,i > 0 and ch,i u

k+1
h,i + (M0

hyk+1
h )i = bh,i for all i ∈ Ak+1

b,h .

Finally, for i ∈ Ik+1
h = Ik

h we have

λk+1
h,i = 0 and ah,i ≤ ch,iu

k+1
h,i + (M0

hyk+1
h )i ≤ bh,i.

This ends the proof. ¤
Subsequently we focus on the following test problems. In all cases we have Ω = (0, 1)2.
Example 1. The data for this example are as follows: yd(x = (x1, x2)) = sin(5πx1) +

cos(10πx2), f(x) = − exp(x1), a(x) = −0.1|x1 + x2 − 1|, b = 0.045 + a, c(x) = 0.0025(1 +
(x1 − 0.5)2 + (x2 − 0.5)2), and α = 0.001. In Figure 1 we depict the optimal state ȳh, the
optimal control ūh, the corresponding optimal Lagrange multiplier λ̄h, and the active set
(black regions) for h = 1/256. Note that due to the active regions next to the boundary
in the lower left and upper right corner of the domain and the requirement ȳ|∂Ω = 0, the
Lagrange multiplier becomes large in these regions.

Example 2. The data are as in Example 1 except for the upper bound which is now
b = −a. Notice that we have a = b along the diagonal {x ∈ Ω : |x1 + x2 − 1| = 0} of the
unit square (= Ω). As a consequence a < b is violated on a set of measure zero in R2. The
discrete optimal state, control, multiplier and active set are shown in Figure 2.

Example 3. The data are as in Example 1 except for c and α, which are now c(x) = 7.5E-
4
(
1 + (x1 − 0.5)2 + (x2 − 0.5)2

)
and α = 0.1. Notice that this choice increases the quotient

α/c2 when compared to the one in Example 1. This fact and the resulting active-set structure
make this problem more challenging than Example 1. The discrete optimal state and the
active set can be found in Figure 3. Due to the requirements ȳ|∂Ω = 0 and a ≤ c ū + ȳ ≤ b,
the control action close to the lower left and upper right corners (where we have b < 0) is
more pronounced then the one in Example 1.

Example 4. The construction of this test problem yields a highly degenerate, i.e., very
flat transition of c ū + ȳ into the active set. As can be seen from Figure 4, also λ̄ is highly
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Figure 1. Example 1: Optimal state ȳh (upper left), optimal control ūh

(upper right), corresponding Lagrange multiplier λ̄h (lower left), and active
set (in black; lower right) for h = 1/256.

degenerate. This usually poses severe difficulties for numerical algorithms due to possible
instabilities in the active-set detection. For the problem formulation we slightly extend the
objective function in (Pu) by considering

J(y, u) =
1
2
‖y − yd‖2

L2 +
α

2
‖u− ud‖2

L2 .

The remaining problem data are as follows: Set g(x) := x8
1(1 − x1)x2(1 − x2), c ≡ 0.5, and

define the optimal control and state by setting ū := g, ȳ := g − c ū. The source term in the
state equation is chosen as f = A(g− c ū)− ū. Next fix t(x) := (x1− 0.5)2 + (x2− 0.3)2− 0.4
and determine At := {t ≥ 0} and It = Ω \ At. Then the upper bound is defined by b :=
χAtg+χIt(g+t8), and the lower bound is a ≡ −∞. The optimal multiplier is λ̄ = χAt |t|4, and
the adjoint state is p̄ = 10 sin(5πx1)x1(1−x1)x2(1−x2). Then the desired state is computed
as yd = Ap̄ + λ̄ + ȳ. Finally, we set ud = ū + α−1(c λ̄− p̄) with α = 1E-5. Figure 4 contains
the discrete solution, the corresponding multiplier and the active-set (black).

In the following tables, for the numerical validation of Theorem 4.1 we provide the quotients

qk
h =

‖uk
h − u∗h‖Uh

‖uk−1
h − u∗h‖Uh

, k = 1, 2, 3, . . . ,
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Figure 2. Example 2: Optimal state ȳh (upper left), optimal control ūh

(upper right), corresponding Lagrange multiplier λ̄h (lower left), and active
set (in black; lower right) for h = 1/256.

Figure 3. Example 3: Optimal state ȳh (left) for h = 1/256 and the active
set (in black; right) for h = 1/512.

where u∗h denotes the discrete optimal control for H = 1/512 restricted to the current
mesh of mesh-size h. Here we use the restriction operator corresponding to the nine-point-
interpolation scheme. For Example 1, 2 and 4, Tables 1–3 depict the behavior of qk

h for various
mesh-sizes (rows). The qualitative behavior of qk

h for Example 3 is similar.
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Figure 4. Example 4: Optimal state ȳh (upper left), optimal control uh

(upper right), corresponding Lagrange multiplier λ̄h (lower left), and active-
set (in black; lower right) for h = 1/256

h qk
h

1/32 0.633 0.386 0.315 0.389 0.977 –
1/64 0.570 0.394 0.309 0.161 0.577 –
1/128 0.542 0.394 0.313 0.147 0.149 0.969
1/256 0.528 0.396 0.314 0.145 0.047 0.624
1/512 0.521 0.395 0.313 0.144 0.036 0.002

Table 1. Example 1: Mesh-independent behavior of (convergence) quotient qk
h.

Mesh-independence. Upon studying Tables 1-3 we can draw the following conclusions:
For each fixed mesh-size (row) Algorithm 4.1 converges superlinearly, i.e, the quotients qk

h tend
to zero. The increase of qk

h from the next to the last to the last column, respectively in each
table, is related to the restriction process for obtaining u∗h. If we study the behavior of these
critical quotients along the columns, we observe a stabilizing (even decreasing) behavior. The
mesh-independence (validation of Theorem 4.1) of Algorithm 4.1 is reflected by qk

h along the
columns of each table. For each test example we clearly detect a stable behavior of qk

h as the
mesh is refined. As a consequence, we obtain a mesh-independent superlinear convergence.
We further observe that for each example the algorithm requires essentially the same number
of iterations until successful termination. This effect, which is beyond our theoretical result,
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h qk
h

1/32 0.930 0.362 0.185 0.773 – –
1/64 0.937 0.393 0.149 0.233 – –
1/128 0.945 0.391 0.154 0.085 0.585 –
1/256 0.946 0.397 0.152 0.063 0.157 –
1/512 0.946 0.397 0.152 0.062 0.015 5E-5

Table 2. Example 2: Mesh-independent behavior of (convergence) quotient qk
h.

h qk
h

1/32 0.010E-1 0.403E-1 0.586E-1 0.540E-1 0.416E-1 –
1/64 0.013E-1 0.403E-1 0.728E-1 0.526E-1 0.286E-1 –
1/128 0.013E-1 0.365E-1 0.649E-1 0.521E-1 0.312E-1 3.151E-1
1/256 0.013E-1 0.357E-1 0.681E-1 0.499E-1 0.302E-1 3.282E-1
1/512 0.013E-1 0.358E-1 0.682E-1 0.503E-1 0.274E-1 0.979E-1

Table 3. Example 4: Mesh-independent behavior of (convergence) quotient qk
h.

is known as strong mesh-independence; see [2] for smooth operator equations. Also note that
the mesh-independent convergence of our algorithm is not influenced by the degeneracy of the
solution of Example 4. Although, the optimal solutions, the adjoint states and the Lagrange
multipliers on various meshes reflect this numerical stability, the active set detection is indeed
affected. In Figure 5, we show the active-sets upon termination of the algorithm when solving
Example 4 for mesh-sizes h ranging from 1/32 to 1/256. The active-set for h = 1/512 is
depicted in Figure 4 (lower right plot). It coincides with the true active-set on the underlying
mesh.

Comparison with a short-step path-following interior-point method. The re-
cent paper [17] establishes a convergence result for a short-step path-following interior-point
method (SPF) in function space for the solution of the unilaterally constrained version of
(Pu). We point out that for more progressive versions of path-following interior-point meth-
ods (such as long-step methods or predictor-corrector algorithms; see, e.g., [23]) up to date
no function space analysis is available. It is therefore of interest to compare SPF with our
semismooth Newton (SSN), or equivalently primal-dual active set, framework. In Table 4 we
report on the number of iterations required until successful termination for various mesh-sizes
h. We stop the interior-point method as soon as the duality measure

µk
h :=

1
2nu

h

nu
h∑

i=1

zh,iwh,i,

with zh = ((λk
a,h)>, (λk

b,h)>)> ∈ R2nu
h and with wh = (w>a,h, w>b,h)> ∈ R2nu

h , w ≥ 0, denoting a
vector of slack variables such that

Chuk
h + M0

hyk
h − ah − wa,h = 0,

Chuk
h + M0

hyk
h − bh + wb,h = 0,

drops below some prescribed tolerance εµ > 0. We use εµ =1E-9 for Examples 1,2 and 4,
and εµ =1E-6 for Example 3. From the results in Table 4 we find that in all test cases SSN
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0 1
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Active (black) and inactive (white) sets (h=1/32)
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x 2

0 1
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0

1
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Figure 5. Example 4: active-sets upon termination of Algorithm 4.1 for
various mesh-sizes.

Alg. h =1/32 1/64 1/128 1/256 1/512
Example 1

SPF 17 17 17 17 17
SSN 5 5 6 6 6

Example 2
SPF 19 19 19 19 19
SSN 4 4 5 5 6

Example 3
SPF 64 64 63 63 63
SSN 9 10 10 10 11

Example 4
SPF 17 17 18 18 18
SSN 5 5 6 6 6

Table 4. Comparison of iteration numbers required by a short-step path-
following interior-point method (SPF) and by our semismooth Newton method
(SSN).

requires a significantly smaller number of iterations than SPF. In Figure 6, for the degenerate
Example 4 we depict the active-set estimates upon termination of SPF for various mesh-sizes.
Comparing these results with the ones for SSN in Figures 4 and 5, we see that SSN yields
better approximations of the true active-sets than SPF.

Coarse-to-fine sweep. Next we report on the speed-up of the solution process when
combining Algorithm 4.1 with a coarse-to-fine sweep with respect to the underlying meshes.
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Figure 6. Short-step path-following (SPF) for Example 4: Active sets upon
termination of SPF for mesh-sizes h = 1/128, h = 1/256 and h = 1/512 (from
left to right).

Starting on the coarsest mesh (h = 1/4 on our regular triangulation) Algorithm 4.1 is used
for computing the numerical solution which is then prolongated to the next finer mesh. The
prolongated coarse-mesh solution is taken as the starting point for Algorithm 4.1 on the fine
mesh. This cycle is repeated until a desired mesh-size is reached. In Table 5 we report on
the results for Examples 1 and 3. In the next to the last column, in parenthesis we provide
the number of iterations needed by Algorithm 4.1 on the finest mesh (h = 1/512 in our case)
without the coarse-to-fine technique. The last column contains the ratio of the CPU-time
consumed by Algorithm 4.1 with coarse-to-fine feature vs. the CPU-time without the mesh
refinement. From the results in Table 5 we infer that the coarse-to-fine sweep speeds up the

Problem #iterations/h CPU-ratio
Ex. 1 3 3 3 2 2 1 2 1 (6) 0.41
Ex. 3 1 2 2 7 3 2 2 1 (11) 0.26

Table 5. Coarse-to-fine sweep combined with Algorithm 4.1 for hi = 2−i,
i = 2, 3, . . . , 9 (from left to right).

overall solution process (CPU-ratio < 1) considerably. It provides excellent initial points on
the fine meshes (h ≤ 1/128 in our examples) such that Algorithm 4.1 requires at most 2
iterations until successful termination on these fine meshes. The results for Example 2 and
4 are similar to the ones for Example 1. In case of Example 3 we point out that only for
h = 1/32 (and smaller) the problem features are resolved reasonably well (with increasing
accuracy as h decreases). Therefore, Algorithm 4.1 requires 7 iterations for h = 1/32 where
it encounters these problem features for the first time in our mesh refinement process. Again,
the subsequent applications of Algorithm 4.1 benefit from excellent initial points.

6. Conclusions

In this paper we prove the locally superlinear convergence of a primal-dual active-set, or
equivalently semismooth Newton, method in function space. We further establish a mesh-
independence result proving the numerical stability of the fast local convergence of our al-
gorithm under mesh-refinements. This latter behavior was observed in numerical practice
before. In our report on numerical results we validate the mesh-independence theory and
study the numerical behavior of our algorithm in case of primal as well as dual degeneracy.
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We also provide a comparison with a short-step path-following interior-point method. This
latter comparison is of interest since the short-step version of interior-point methods is cur-
rently the only available path-following method with a function space convergence analysis.
In our tests we find that our method is superior to the short-step path-following algorithm.
Another advantage of our primal-dual active-set method when compared to the interior-point
technique is related to its warm-start ability. In fact, our numerical results show that our algo-
rithm benefits significantly from a coarse-to-fine mesh-refinement. For interior-point methods,
on the other hand, it was observed in [5, 12] that such a warm-start property is much harder
(if at all) to achieve.

The warm-start ability respectively the speed-up under coarse-to-fine mesh-refinements of
our primal-dual active-set method is also of interest in case of vanishing Lavrentiev parameter.
In this case (Pu) is used as a (regularizing) device for solving the state constrained problem
(Ps). From our findings a combined tuning of the mesh-size of the underlying discretization
and the Lavrentiev parameter appears to be appealing and is the subject of future research.
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