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Abstract

In this paper, we introduce a new adaptive method for finding approximations for
Hamilton-Jacobi equations whose L∞-distance to the viscosity solution is no bigger
than a prescribed tolerance. This is done on the simple setting of a one-dimensional
model problem with periodic boundary conditions. We consider this to be a stepping
stone towards the more challenging goal of contructing such methods for general
Hamilton-Jacobi equations. The method proceeds as follows. On any given grid, the
approximate solution is computed by using a well known monotone scheme; then,
the quality of the approximation is tested by using an approximate a posteriori
error estimate. If the error is bigger than the prescribed tolerance, a new grid is
computed by solving a differential equation whose devising is the main contribution
of the paper. A thorough numerical study of the method is performed which shows
that rigorous error control is achieved, even though only an approximate a posteriori
error estimate is used; the method is thus reliable. Furthermore, the numerical study
also shows that the method is efficient and that it has an optimal computational
complexity. These properties are independent of the value of the tolerance. Finally,
we provide extensive numerical evidence indicating that the adaptive method con-
verges to an approximate solution that can be characterized solely in terms of the
tolerance, the artificial viscosity of the monotone scheme and the exact solution.
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1 Introduction

In this paper, dedicated to Joseph E. Flaherty on the occasion of his 60 th

birthday, we introduce and numerically study an adaptive method for approx-
imating the viscosity solution of the following model steady state Hamilton-
Jacobi equation

u + H(ux) = f in (0, 1), (1)

with periodic boundary conditions. For any given positive parameter τ , the
method obtains an approximation uh satisfying the quality constraint

‖ u − uh ‖L∞(Gh) := max
i=1,...,m

| (u − uh)(yi) | ≤ τ, (2)

where Gh = { yi }m
i=1 is the grid on which the approximate solution is com-

puted. Moreover, the method achieves this with optimal complexity.

Let us illustrate the performance of the adaptive method for the case

H(p) =
p2

π2
and f(x) = −| cos(π x) | + sin2(π x).

This case is particularly difficult due to the presence of a kink at x = 1/2 in
the viscosity solution,

u(x) = −| cos(π x) |.
The results of the first few steps of the method with a tolerance τ = 0.1 are
displayed in Fig. 1, where we plot the viscosity solution and its approximation.

In the first step, we take a coarse, uniform grid of 15 elements. Although the
approximation is not particularly good – the error is 3.75 times the tolerance
– the results of this initialization still give us valuable information to carry out
the next step. Thus, we compute another uniform grid that turns out to have
47 intervals. As a consequence, the approximation error is now only 30% bigger
than the tolerance. In the third step, the grid has now 61 intervals and shows
signs of adapting itself to the main features of the exact solution. Indeed, we
can see that it has been refined around the kink and around regions of higher
convexity of the viscosity solution. Moreover, not only the approximation error
is now 5% smaller than the tolerance but the distance between the approxima-
tion and the viscosity solution varies very little in all the domain. The steps
could have been stopped here but we show an additional step to display the
performance of the method. In this last step, the grid, with 67 intervals, is
refined in a small interval containing the kink and is unrefined around it. The
error increased in a neighborhood of the kink and the variation of the error
across the domain became even smaller. Strict error control is maintained as
the approximation error is now only 2% smaller than the tolerance.

To the knowledge of the authors, there is no other adaptive method for
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Fig. 1. Viscosity solution (solid line) and its approximation (dots): First (top, left),
second (top, right), third (bottom, left) and fourth (bottom, right) steps.

Hamilton-Jacobi equations. One reason might be that a posteriori error es-
timates in the L∞-norm were only recently introduced. Indeed, the adaptive
method we propose uses an approximate version of the rigorous a posteriori
error estimate obtained in [1], namely,

‖ u − uh ‖L∞(0,1) ≤ Φ(uh),

where Φ is a suitably defined non-linear functional; see a similar result in [2]
for the time-dependent case. A posteriori error estimates in L1-like norms for
time-dependent Hamilton-Jacobi equation with strictly convex Hamiltonians
were obtained in [3, Corollary 2.2]. However, we are not aware of any adaptive
method based on them.

On the other hand, there has been considerable amount of work on a posteri-
ori error estimation and adaptive methods for scalar hyperbolic conservation
laws, which are equations closely related to the Hamilton-Jacobi equations; for
example, the derivative of the viscosity solution of equation (1) is the entropy
solution of the equation

v + (H(v))x = fx.

A posteriori error estimates for the scalar hyperbolic conservation laws have
been obtained in almost all papers concerned with error estimation for these
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equations; see a review in [4]. However, only in [5] one can find a computational
study of the corresponding effectivity index which is the ratio of the upper
bound of the error given by the a posteriori error estimate to the actual value
of the error. It was carried out for the Engquist-Osher scheme on uniform
grids for the equation

vt + (H(v))x = 0.

The effectivity index was shown to remain very close to the ideal value of
one in two cases: When the entropy solution is smooth, and when it has a
discontinuity and the Hamiltonian H is linear. Unfortunately, no results were
given for the difficult case in which H is a non-linear function and the entropy
solution has a discontinuity. This case, however, was successfully treated by the
adaptive algorithm developed in [6] where a few numerical tests show that the
effectivity index is of order one. The study of the adaptive algorithm proposed
in [7], does not include a study of the effectivity index. In [8], an adaptive
method for a shock-capturing discontinuous Galerkin method is considered
and a study of two effectivity indexes carried out for functionals of the solution
of linear hyperbolic conservation laws. In this paper, we also carry out a
thorough study of the effectivity index of our method extending in this way the
work carried out in [1] for the case of uniform grids. We also display extensive
numerical evidence that shows that it is reasonable to believe that the adaptive
method converges to an approximate solution that can be characterized solely
in terms of the tolerance τ , the artificial viscosity of the monotone scheme and
the exact solution. The authors are not aware of any other similar result.

The paper is organized as follows. In Section 2, we describe in detail each of
the main features of the method, namely,

(i) The use of a monotone scheme to compute the approximate solution uh

associated to any given grid Gh.
(ii) The use of an approximate a posteriori error estimate Φh to try to enforce

a rigorous error control.
(iii) The use of a suitable defined ordinary differential equation to define a new

grid. This equation is defined in terms of the previous grid, the approxi-
mate a posteriori error estimate on the corresponding approximate solution,
Φh(uh), and the tolerance τ .

Then, in Section 3, we carry out a thorough numerical study of its performance
on five different test problems. The test problems are chosen to ensure that
both the simplest as well as the most difficult cases are considered. Finally, in
Section 4 we end with some concluding remarks.
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2 The adaptive method

In this section, after giving a precise definition of the exact solution we seek
to approximate, namely, the viscosity solution of the equation (1), we describe
our adaptive method.

Given a tolerance τ > 0, the method has the following form:

(0) Construct an initial grid Gh.
(1) Compute an approximate solution uh on the grid Gh.
(2) If Φh(uh) ≤ τ and the grid Gh is reasonable, stop.
(3) Otherwise, compute a new grid Gh, and go to (1).

In what follows, we describe the numerical method that we use to compute
the approximate solution, the approximate a posteriori error estimate Φh(uh),
what do we mean by a reasonable grid, and, most important, how do we
compute a new grid. To end, we summarize this information into a precise
description of the adaptive method.

2.1 The viscosity solution

To state the definition of the viscosity solution of (1), we need the notion
of semi-differentials of a function. The super-differential of a function u at a
point x, D+u(x), is the set of all vectors p in R such that

lim sup
y→x

(

u(y) − {u(x) + (y − x) · p}
| y − x |

)

≤ 0,

and the sub-differential of a u at a point x, D−u(x), is the set of all vectors p
in R such that

lim inf
y→x

(

u(y)− {u(x) + (y − x) · p}
| y − x |

)

≥ 0.

We also need to define the following quantity:

R(u; x, p) = u(x) + H(p) − f(x),

which is just the residual of u at x if p = ∇u(x).

We are now ready to define the viscosity solution of (1).

Definition 2.1 (The viscosity solution [9]) A viscosity solution of the Hamilton-
Jacobi equation (1) is a continuous periodic function on R such that, for all x
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in R,

+R(u; x, p) ≤ 0 ∀p ∈ D+u(x), and −R(u; x, p) ≤ 0 ∀p ∈ D−u(x).

The viscosity solution exists, for example, when both the Hamiltonian H and
the right-hand side f are Lipschitz. See [9] and the references therein for more
general results.

2.2 A monotone scheme

Given a grid Gh = { xi }n
i=1, where the point xn = 1 is always identified with

the point x0 := 0 because of the periodicity of the problem, we take the
approximate solution uh to be a piecewise linear function with value uh j at
the grid-point xj. We determine these values by using the following monotone
scheme:

uh j + H
(

zj+1/2 + zj−1/2

2

)

− ω
(

zj+1/2 − zj−1/2

)

= f(xj), (3)

zj+1/2 =
uh j+1 − uh j

xj+1 − xj
, (4)

ω = sup
p∈R(f)

|H ′(p) |, (5)

where

R(f) =

[

inf
δ>0

inf
x∈R

(

f(x + δ) − f(x)

δ

)

, sup
δ>0

sup
x∈R

(

f(x + δ) − f(x)

δ

)]

.

Notice that in the above expression, we can take x ∈ R since f is periodic.

The existence and uniqueness of the approximate solution can be obtained by a
fixed-point argument; see, for example, [10]. A simple modification of the proof
for monotone schemes for the time-dependent monotone schemes obtained in
[11] can be used to prove that its approximate solution also converges to the
viscosity solution as the maximum grid-size

∆x = max
j=0,...,n−1

(xj+1 − xj) ,

goes to zero.

The viscosity parameter ω is taken as in (5) to ensure the monotonicity of
the method. Indeed, a simple calculation shows that such property is verified
provided that

ω ≥ max
j=0,...,n−1

∣

∣

∣

∣

H ′
(

zj+1/2 + zj−1/2

2

) ∣

∣

∣

∣

.
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Since in such a case, we also have that

R(uh) ⊂ R(f),

the choice (5) does ensure the monotonicity of the method and, moreover,
allows us to compute the parameter ω in terms of the data of the problem.
Motivated by the fact that a smaller ω results in better approximations to the
kinks of the viscosity solution, and by the fact that

R(u) ⊂ R(f),

we took the viscosity coefficient as follows:

ω = sup
p∈R(u)

|H ′(p) |.

This choice also seems to ensure the monotonicity of the scheme. This is the
parameter we use in all our numerical experiments.

2.3 The approximate a posteriori error estimate

In this subsection, we present the rigorous and then the approximate a pos-
teriori error estimates obtained in [1]. To do so, we need to introduce several
quantities. First, we introduce the following semi-norms:

| u − v |− = sup
x∈Ω

( u(x) − v(x) )+, | u − v |+ = sup
x∈Ω

( v(x) − u(x) )+,

where w+ ≡ max{0, w} and Ω = R.

Next, we consider the following generalization of the residual:

Rε(u; x, p) = u(x) + H(p) − f(x − ε p) − 1

2
ε | p |2, (6)

which is called the shifted residual.

Finally, we introduce the paraboloid Pv,

Pv(x, p, κ; y) = v(x) + (y − x) · p +
κ

2
| y − x |2 y ∈ R, (7)

where x is a point in R, p is a vector of R, and κ is a real number.

We are now ready to state the a posteriori error estimate.

Theorem 2.2 (A posteriori error estimate [1]) Let u be the viscosity so-
lution of the equation (1) and let v be any continuous function on R periodic
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with period 1. Then, for σ ∈ {−, +}, we have that

| u − v |σ ≤ inf
ε≥0

Φσ(v; ε), (8)

where
Φσ(v; ε) = sup

(x,p)∈Aσ(v;ε)

(

σ Rσε(v; x, p)
)+

. (9)

The set Aσ(v; ε) is the set of elements (x, p) satisfying

x ∈ R,

p ∈ Dσv(x),

σ {v(y) − Pv(x, p, σ/ε ; y)} ≤ 0 ∀y ∈ R.

(For ε = 0, only the first two conditions apply.)

Note that the above result implies that

‖ u − v ‖L∞(Ω) ≤ Φ(v),

where

Φ(v) = max
{

inf
ε≥0

Φ+(v, ε), inf
ε≥0

Φ−(v, ε)
}

.

In practice, we do not use the above functional Φ, but an approximation Φh,
also introduced in [1]. The functional Φh is given by

Φh(v) = max
{

inf
ε∈Eh

Φh,+(v, ε), inf
ε∈Eh

Φh,−(v, ε)
}

.

Let us describe the set Eh. Instead of taking the parameter ε in the interval
[0,∞), we take it in the discrete set Eh, where

Eh = {i · E/N, 0 ≤ i ≤ N},

where

E = 2 E0 ∆x ω | ln(1/∆x ω) | and N = 4 | ln(1/∆x ω) |.

Here ω is the artificial diffusion coefficient defined by (5).

We pick E0 in an adaptive way. Following [1], we first take E0 = 1. If neither
the first nor the last element in Eh is picked as the optimal ε, we consider that
our choice of E0 was reasonable. If instead the first element E/N is picked as
the optimal ε, we set E0 := E0/N and start anew. Finally, if the last element
E is picked as the optimal ε, then we set E0 := E0 · N and restart.

It remains to describe the functional Φh,σ(v, ε). These functionals are obtained
from the functional Φσ(v, ε) by simply replacing the set Aσ(v; ε) by the set
Ah,σ(v; ε) which is defined as the set of elements (x, p) satisfying
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x ∈ Ωh,

p ∈ Dσv(x),

σ {v(y) − Pv(x, p, σ/ε ; y)} ≤ 0 ∀y ∈ Ωh : | y − x | ≤ 2 ‖ v ‖Lip(Ω) ε,

where

Ωh = Z +
{

xj+1/2 := (xj + xj+1)/2
}n−1

j=0
.

Note that when v = uh and x = xj+1/2, we have

p = u′
h(xj+1/2) =

uh j+1 − uh j

xj+1 − xj
,

and hence we have a very simple way to compute the shifted residual. Note
also that if we replace Ωh by Ω, the above test is equivalent to the original
test in Theorem 2.2; see [1].

2.4 Computing a new grid

To describe the way we compute a new grid, we need to introduce an auxiliary
mapping that associates a grid of the domain [0, 1) to any given bounded and
integrable function Γ : (0, 1) → R

+. It is defined as follows. First, we solve the
equation

1

Γ

d

dx
N = 1 in (0, 1), where N (0) = 0. (10)

Then, we set

G(Γ) = { xj = N−1(j) }n
j=1,

where n is the smallest natural number greater or equal to N (1).

Let us give two examples to illustrate the action of this mapping. First, con-
sider the case in which the function Γ is the constant function m. Then, since

N (x) =
∫ x

0
Γ(s) ds = m x,

the grid G(Γ) is nothing but the uniform grid { xj = j/m }m
j=1.

Now, take Γ to be the inverse of the grid-size function of the grid Gh = { yi }m
i=1,

that is, of the function

h(y) = yi+1 − yi for y ∈ (yi, yi+1), i = 0, · · · , m.

Then, the grid G(Γ) in nothing but the original grid Gh itself since we have

N (yi) =
∫ yi

0
Γ(s) ds =

i−1
∑

j=0

∫ yj+1

yj

1

yj+1 − yj
dx = i for i = 0, · · · , m.
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In other words, the grid-size function of the grid G(1/h) is nothing but h itself.

This simple fact suggests a way of using the above mapping to compute a new
grid given the grid-size function of an old one. Indeed, if we take Γ = µ/h,
G(Γ) is a grid whose grid-size function is, roughly speaking, 1/Γ = h/µ. Thus,
the new grid will be refined or unrefined according to whether the function
µ is bigger or smaller than one, respectively. Hence, we take this grid-size
modification function µ to depend on the ratio of the approximate a posteriori
error estimate to the tolerance. Indeed, if the approximate a posteriori error
estimate is bigger than the tolerance, we need to refine the grid and hence µ
should be bigger than one. If, on the other hand, the approximate a posteriori
error estimate is smaller than the tolerance, we need to unrefine the grid in
order to optimize our computational resources; in this case µ should be smaller
than one. For this reason, we take

µ := Ψ(γ),

where γ captures the information of the ratio between the approximate a
posteriori error estimate and the tolerance, and Ψ is a function which tells us
how much refinement or unrefinement we are to do for a given value of γ.

The function γ is taken as follows:

γ(s) =
1

τ
min

{

max
|`−j|≤2

|R(uh; x`+1/2, u
′
h(x`+1/2)) |, Φh(uh)

}

, (11)

for s ∈ (xj, xj+1) where j = 0, · · · , n− 1. If we simply take γ to be a constant
function equal to Φh(uh)/τ , since Φh(uh) is only an upper bound for the error,
this choice could result in unnecessarily over-refined grids. It is much better
to take into account the variations of the residual over the computational
domain. Finally, note that we have taken the maximum of the residual in five
points to take into account the fact that the residual at a given point xj+1/2

actually depends on the values of the approximate solution at the points xj−1,
xj, xj+1, and xj+2.

The function Ψ is defined as follows:

Ψ(g) =











g (1 +
√

g − 1), g > 1,

g+3
4

, 0 ≤ g ≤ 1

First, note that Ψ(1) = 1. This means that if γ is identically equal to one,
which implies that the quality constraint is satisfied, the grid-modification
function µ = Ψ(Γ) will also be identically equal to one. Also, note that Ψ
is an increasing function. This implies that when γ is less than one, then
µ = Ψ(Γ) will also be less than one, as expected. A similar property holds if
γ is bigger than one.
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We arrived to the above form for Ψ after extensive experimentation. We began
by taking the simple choice of Ψ(g) = g. The numerical results we carried
out, not reported here, indicated that around regions when the residual is
actually equal to zero, the adaptive method was unrefining too much. In other
words, if g ∈ (0, 1), the choice Ψ(g) = g was giving too small a number. In
order to reduce the amount of unrefinement requested by the method, we took
Ψ(g) = (g + 3)/4.

To further reduce the tendency towards unrefinement, we take

µ := max{1, Ψ(γ)},

whenever we consider that our grid is reasonable, that is, whenever we have
that

‖ (1 − Ψ(γ))+ ‖L1(0,1) ≤ 0.02.

Let us give an interpretation of the above inequality. Note that if at some
point of the domain we have (1 − Ψ(γ))+ > 0, the adaptive method will try
to unrefine around that point. The inequality above states that even if certain
amount of unrefinement is unfulfilled, we consider our grid to be reasonable.
Also, note that it is simply unreasonable to have the left hand side equal
to zero. Indeed, consider the case for which residual is zero at some points
of the domain. Since around those points we can almost certainly have that
Ψ(γ) < 1, we are always going to try to unrefine the grid around those points.
Typically, this results in excessive unrefinement, which is then compensated
with refinement, but only to be once again followed by more unrefinement. To
break these limit cycles, we only refine if the above inequality is satisfied.

After these modifications, our experiments indicated that the convergence of
the adaptive method was still extremely slow. This happened because, when
the maximum of the function γ was very close to one, the method was not
refining enough. In order to increase the amount of refinement when g ≥ 1,
especially when g ≈ 1, we replaced Ψ(g) = g by Ψ(g) = g(1 +

√
g − 1).

Let us end the discussion of the construction of the function Ψ by pointing out
that our numerical experiments did not provide any indication that would led
us to believe that its form might actually depend on the data of the problems,
namely, the Hamiltonian H and the right-hand side f .

2.5 The adaptive method

We are now ready to describe in a precise way our adaptive method.

Given a tolerance τ > 0, the method computes an approximation uh to the
viscosity solution of (1) as follows:

11



(0) Set Gh = { j/15 }15
j=1.

(1) Compute the approximate solution uh by using a monotone method on the
grid Gh. Then, compute the approximate a posteriori error estimate Φh(uh)
and the function Ψ(γ).

(2) If

Φh(uh) ≤ 1 and ‖ (1 − Ψ(γ))+ ‖L1(0,1) ≤ 0.02,

stop.
(3) Otherwise, compute the grid-size function h, the grid-modification function

µ, the new grid Gh = G(h/µ), and go to (1). The first new grid is the uniform
grid Gh = { j/n }n

j=1, where n is the smallest natural number greater or
equal to N (1).

Using a uniform grid for the first new grid improves the quality of the grids ob-
tained by the algorithm. It does not, however, alter the convergence properties
of the method.

3 Numerical Results

3.1 The test problems.

We test our adaptive method on the very same problems used in [1] for the
study of the approximate a posteriori error estimate we are using; see Table
1. Note that the short names given in that table are used throughout this
section to refer to a particular problem. The first letter(s) refers to the type
of the Hamiltonian, and the last letter(s) refer to smoothness of the exact
solution. For example, CNS refers to the problem with convex Hamiltonian
and non-smooth solution.

This set of problems has the advantage of having the three main types of
Hamiltonians, namely, linear, strictly convex or concave, and non-convex. Also,
the solutions of the first three problems are smooth whereas those of the
last two problems have a kink at x = 1/2. We can thus be confident that
our adaptive method should perform on any other problem (1) in the way it
performed in the test problems we consider.

3.2 Results with the adaptive method

Here we display and discuss the results obtained by applying the adaptive
method. The tolerance τ takes the values of 10−2, 10−3 and 10−4.
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Table 1
The test problems.

Short Name Hamiltonian H(p) right-hand side f(x) viscosity solution u(x)

CS −p2/4π2 (concave) cos4(π x) cos2(π x)

NCS p3/8π3 (non-convex) sin(2πx) + cos3(2πx) sin(2πx)

LS p (linear) cos2(π x) − π sin(2π x) cos2(π x)

CNS
p2/π2

(convex)
−| cos(π x) | + sin2(π x) −| cos(π x) |

NCNS
−p4 + 2p2 − 1

(non − convex)
u(x) + H(u′(x)) if x 6= 1/2

{

x2, if 0 ≤ x ≤ 1
2
,

(x − 1)2, if 1
2
≤ x ≤ 1.

In Table 2, we can see that the method enforces a strict control on the error
‖ u − uh ‖L∞(Gh) since the effectivity index

eiτ (τ ; u, uh) =
τ

‖ u − uh ‖L∞(Gh)

,

is always bigger than one; the adaptive method is thus reliable. We can also
see that the effectivity index

eiadap(τ ; uh) =
τ

Φh(uh)
,

which is a measure of the quality of the adaptive method, is remarkably close
to the ideal value of one, independently of the huge variations in the value
of the tolerance. More than that, in Figs. 2 and 3, for τ = 10−3 and τ =
10−4, respectively, we see that modification function Ψ(γ), whose maximum is
precisely Φh(uh), is very close to be identically equal to 1. Thus, the adaptive
method is extremely efficient.

Of course, this efficiency refers only to the last step of the adaptive algorithm.
To have an idea of the efficiency of the whole adaptive method, we must
compare the computational complexity needed to carry out all the steps of
the method with the computational complexity needed to carry out the last
one. Since in our case, the complexity of each step is proportional to the
number of elements of the grid, our measure of efficiency is the complexity
ratio

cmplxr =

∑K
k=1 nk

nK
,

where nk is the number of intervals of the grid of the step k, and K is the
number of steps needed for convergence. A bigger complexity ratio indicates a
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less efficient adaptive method. In the last two columns of Table 2, we display
the numbers of steps needed for convergence and the complexity ratio. We see
that the complexity ratio, which is always less that five, is essentially equal to
the number of steps minus one. Since the initial step involves the computation
on a grid of only 15 points, it is reasonable to expect that this step would
not have an impact in the overall computational complexity of the algorithm.
Hence, the adaptive method converges with an optimal complexity, that is,
with only a few times the complexity needed to carry out its last step.

Table 2
History of convergence of the adaptive method.

Problem τ n ‖u − uh ‖L∞(Gh) order eiτ (τ ; u, v) eiadap(τ ; v) steps cmplxr

CS 1.0E-2 212 9.93E-3 – 1.01 1.00 6 4.88

1.0E-3 2040 9.98E-4 1.01 1.00 1.00 4 2.77

1.0E-4 20071 1.00E-4 1.01 1.00 1.00 6 4.78

NCS 1.0E-2 1301 9.36E-3 – 1.07 1.01 5 3.54

1.0E-3 12320 9.87E-4 1.00 1.01 1.00 5 3.58

1.0E-4 120749 9.98E-5 1.00 1.00 1.00 4 2.61

LS 1.0E-2 1271 2.35E-3 – 4.26 1.00 4 2.89

1.0E-3 12587 2.42E-4 0.99 4.13 1.00 5 3.89

1.0E-4 125690 2.44E-5 1.00 4.10 1.00 5 3.89

CNS 1.0E-2 454 9.95E-3 – 1.01 1.00 3 2.05

1.0E-3 4085 9.98E-4 1.05 1.00 1.00 3 2.13

1.0E-4 40148 9.99E-5 1.01 1.00 1.00 5 4.15

NCNS 1.0E-2 357 9.97E-3 – 1.00 1.00 4 2.73

1.0E-3 3378 9.97E-4 1.02 1.00 1.00 4 2.74

1.0E-4 32458 9.99E-5 1.02 1.00 1.00 4 2.80

It is interesting to note that the effectivity index

eih(u, uh) =
Φh(uh)

‖ u − uh ‖L∞(Gh)

for the adaptive grids does not behave exactly as it did for the uniform grids.
Indeed, noting that

eih(u, uh) = eiτ (τ ; u, uh)/eiadap(τ, uh) ≈ eiτ (τ ; u, uh),

from Tables 2 and 3, we see that although there is no significant difference in
the cases of non-linear Hamiltonians and smooth solutions, in the case of a
linear Hamiltonian with a smooth case, the effectivity index for the adaptive
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Fig. 2. Convergence step, τ = 10−3.
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Fig. 3. Convergence step, τ = 10−4.
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grids is about 4/6.36 ≈ 0.63 times smaller than that for the uniform grids. In
the case of non-linear Hamiltonians and non-smooth viscosity solutions, the
difference is even more remarkable. Indeed, from Tables 2 and 4 we can see
that for the adaptive grids, the effectivity index remains essentially equal to
one as the error in the approximation varies from 10−2 to 10−4, whereas for the
uniform grids, the index increases from ≈ 2.4 to ≈ 4.5 when the Hamiltonian
is convex, and from ≈ 3.3 to ≈ 13 when the Hamiltonian is non-convex.
The refinement strategy of the adaptive method around the kink might be
responsible for this behavior.

Finally, let us point out that the grids produced by the method are very
smooth in most of the domain. Indeed, in Fig. 4, we display logaritm of the
ratio of the size of two consecutive intervals. We can see that it is essentially
equal to zero in most of the domain.

3.3 The approximate solution obtained by the adaptive method

In this subsection, we present numerical evidence suggesting that the adaptive
method converges to an approximation that can be characterized in terms of
the viscosity coefficient of the tolerance τ , the numerical method ω and the
viscosity solution u.
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Table 3
History of convergence for uniform grids: Smooth solution test problems.

Problem n ‖u − uh ‖L∞(Gh) order eih(u, uh)

CS 40 7.4E-2 – 1.02

80 3.8E-2 0.96 1.01

160 1.9E-2 0.98 1.00

320 9.8E-3 0.99 1.00

640 4.9E-3 1.00 1.00

1280 2.5E-3 1.00 1.00

2560 1.2E-3 1.00 1.00

5120 6.1E-4 1.00 1.00

10240 3.1E-4 1.00 1.00

20480 1.5E-4 1.00 1.00

40960 7.7E-5 1.00 1.00

NCS 40 3.1E-1 – 1.39

80 1.8E-1 0.81 1.42

160 9.8E-2 0.86 1.34

320 5.2E-2 0.90 1.24

640 2.7E-2 0.93 1.14

1280 1.4E-2 0.96 1.08

2560 7.2E-3 0.97 1.03

5120 3.6E-3 0.98 1.01

10240 1.8E-3 0.99 1.00

20480 9.2E-4 1.00 1.00

40960 4.6E-4 1.00 1.00

LS 40 7.5E-2 – 6.38

80 3.8E-2 0.97 6.37

160 1.9E-2 0.99 6.37

320 9.7E-3 0.99 6.36

640 4.8E-3 1.00 6.36

1280 2.4E-3 1.00 6.36

2560 1.2E-3 1.00 6.36

5120 6.1E-4 1.00 6.36

10240 3.0E-4 1.00 6.36

20480 1.5E-4 1.00 6.36

40960 7.6E-5 1.00 6.36

Indeed, we claim that such an approximation is the approximate solution
obtained by the monotone scheme for the grid given by

G(ω | u′′ |/τ),
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Table 4
History of convergence for uniform grids: Non-smooth solution test problems.

Problem n ‖u − uh ‖L∞(Gh) order eih(u, uh)

CNS 40 1.5E-1 – 1.69

80 7.7E-2 0.98 1.69

160 3.9E-2 0.99 1.96

320 2.0E-2 0.99 2.31

640 9.8E-3 1.00 2.43

1280 4.9E-3 1.00 2.89

2560 2.5E-3 1.00 3.03

5120 1.2E-3 1.00 3.45

10240 6.1E-4 1.00 3.77

20480 3.1E-4 1.00 4.02

40960 1.5E-4 1.00 4.58

NCNS 40 7.7E-2 – 1.56

80 3.8E-2 1.00 1.96

160 1.9E-2 1.00 2.51

320 9.6E-3 1.00 3.27

640 4.8E-3 1.00 4.31

1280 2.4E-3 1.00 5.19

2560 1.2E-3 1.00 6.65

5120 6.0E-4 1.00 8.74

10240 3.0E-4 1.00 10.83

20480 1.5E-4 1.00 13.77

40960 7.5E-5 1.00 17.27

when the viscosity solution is smooth. Recall that this grid is given by

{N−1(j) }n
j=1,

where
N (x) =

ω

τ

∫ x

0
|u′′(s)| ds.

For the case in which the viscosity solution has a kink at x = 1/2, we use the
following modification

N (x) =







ω
τ

∫ x
0 |u′′(s)| ds, if 0 ≤ x < 1/2,

ω
τ

∫ 1/2
0 |u′′(s)| ds + ω

τ

∫ x
1/2 |u′′(s)| ds if 1/2 < x ≤ 1.

The results in Fig. 5 support this claim. Therein, we compare the grid-size
function of the above grid, which we call the optimal grid, with that of the
grid obtained with the adaptive method for τ = 10−4. We see that they are
almost identical for all the problems. Moreover, we can see that the grids are
more refined whenever the absolute value of the second order derivate of the
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viscosity solution, when defined, is bigger and that the peaks in the grid-size
functions, which correspond to the biggest mesh-size, of the first four problems
occur at the points at which the second derivative of the viscosity solution is
equal to zero. Note that in the last problem, the second derivative of the
approximate solution is constant , except at the point x = 1/2. This results
in a grid which is uniform except in a small neighborhood around the kink.
For the two last problems, the grid is more refined around the kinks. In all
the cases, the grid obtained by the adaptive algorithm is slightly more refined
than the optimal grid, as we can see in the last column of Fig. 5.

Next, we provide a heuristic argument that shows that in fact this is not such
an unexpected occurrence. Let us consider the case in which the viscosity
solution is actually smooth. Then, the optimal grid would satisfy the identity

τ = |R(uh) |.

If we replace the residual by the truncation error, we get

τ = |TE(u) | ≈ ω | u′′ | h,

and hence,

1/h ≈ ω | u′′ |/τ.
This means that G(ω | u′′ |/τ) should provide us with the wanted grid. In the
case in which the viscosity solution has a kink, the above heuristic reasoning
holds except for a few consecutive intervals containing the kink. Thus, if we
use the above formula for N , we still should get reasonable results.

3.4 Adaptivity versus uniform refinement

In this subsection, we compare the efficiency of computing in uniform grids and
that of computing in the non-uniform grid resulting from our adaptive method.
We do that in two ways. First, by taking the exact error ‖ u−uh ‖L∞(0,1) as the
measure of quality of the approximation and then the approximate a posteriori
error estimate Φh(uh).

We begin by considering the exact error. In Fig. 6, we plot the history of
convergence for both methods. We see that for convex Hamiltonians, the com-
putation with adaptive grids is more efficient than that for uniform ones. We
also see that for the linear Hamiltonian, there is essentially no difference. Fi-
nally, in the case of non-convex Hamiltonians, we see that using adaptive grids
is clearly more efficient when the solution is smooth. In the non-smooth case
computation with the uniform grid seems to be slightly more efficient but the
advantage disappears as the tolerance goes to zero. This happens because in
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Fig. 5. Optimal and adaptive grid-size functions for τ = 10−4.
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Fig. 6. Comparison of convergence rates: Uniform (dashed line) and adaptive (solid
line) refinement.

this case, the adaptive grid is actually a uniform grid except for a very small
region around the kink; see Figs. 2 and 3.

Next, we take as our measure of quality the a posteriori error estimate Φh(uh)
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since this is the only quantity we can actually compute if we do not know
the viscosity solution. Making use of the heuristic argument proposed in the
previous subsection, we should have that

nunif =
ω

Φh(uh)
‖ u′′ ‖L∞(0,1) and nadap =

ω

Φh(uh)
‖ u′′ ‖L1(0,1),

when the viscosity solution is smooth. In Table 5, obtained from Tables 3 and
2, we can see numerical evidence that supports this claim. Hence, in such a
case we see that

nunif

nadap

=
‖ u′′ ‖L∞(0,1)

‖ u′′ ‖L1(0,1)

≥ 1.

This means that computing the approximate solution with the adaptive grid
is always more efficient that computing it with the uniform grid that produces
the same value of Φ(uh). In each of the three problems with smooth solutions,
we have that the above ratio is equal to π/2 ≈ 1.57. Hence, in these cases,
computing in a uniform grid is about 57% more costly than computing in the
adaptive grid for the same value of Φ(uh).

Table 5
Behavior of n · Φh(uh) for adaptive and uniform grids.

Problem Φh(uh) nadap · Φh(uh)/(ω · ‖u′′ ‖L1(0,1)) Φh(uh) nunif · Φh(uh)/(ω · ‖u′′ ‖L∞(0,1))

CS 1.0E-2 1.06 9.8E-3 1.00

1.0E-3 1.02 1.2E-3 0.98

1.0E-4 1.00 1.5E-4 0.98

NCS 9.9E-3 1.07 1.5E-2 1.01

1.0E-3 1.02 1.8E-3 0.98

1.0E-4 1.01 4.6E-4 1.00

LS 1.0E-2 1.01 3.1E-2 0.99

1.0E-3 1.00 1.9E-3 0.99

1.0E-4 1.00 4.8E-4 1.00

For the cases in which the viscosity solution is not smooth, that is, for the last
two problems, we cannot use the above approach. Instead, we simply plot, in
Fig. 7, the number of intervals of the grid versus the corresponding Φh(uh).
We see that the advantage of using an adaptive grid is much more accentuated
in this case than in the case in which the viscosity solution is smooth.
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Fig. 7. Comparison of convergence rates: Uniform (dashed line) and adaptive (solid
line) refinement.

4 Conclusions, extensions and on-going work

In this paper, we have proposed an adaptive method for computing approx-
imations to the viscosity solution of a model steady state Hamilton-Jacobi
equation. The method has been shown to exert a rigorous error control and to
be extremely reliable and efficient for a wide variation of the tolerance param-
eter even in the presence of kinks in the viscosity solution. Moreover, we have
provided numerical evidence that supports a characterization of the approx-
imate solution given by the method in terms of the tolerance, the viscosity
coefficient and the exact solution.

In the multi-dimensional case, monotone schemes, like the Lax-Friedrichs
scheme and the ones introduced in [12] and in [13], can be employed. Also, the
a posteriori error estimate introduced in [1], which is independent of the space
dimension, can be easily used. The key point here is how to obtain a suitable
extension of the mapping Γ 7→ N with which the new grid is constructed. One
possible approach is immediately suggested when we realize that the equa-
tion defining such a map, namely, equation (10), is nothing but the following
eikonal equation:

1

Γ

∣

∣

∣

∣

∣

d

dx
N
∣

∣

∣

∣

∣

= 1 in (0, 1), where N (0) = 0.

Thus, in several space dimensions, we can solve the eikonal equation

1

Γ
|∇N | = 1 in Ω, where N = 0 on ∂Ω,

to define a new grid. This new approach to adaptivity is currently being stud-
ied.
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In the time-dependent case, straightforward extensions of the above mentioned
monotone schemes can be used. However, in this case the time-space grids
must be allowed to vary locally and the schemes must be properly modified to
handle them. The a posteriori error estimate obtained in [2] can be used. Al-
though we have focused on monotone schemes, the adaptive method proposed
here can be easily applied to high-order accurate methods like the discontin-
uous Galerkin method developed in [14]. The above extensions constitute the
subject of ongoing work.
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