
ConservativeMultigrid Methods for Cahn-Hilliard
Fluids

JunseokKim
�

, KyungkeunKang
�

, andJohnLowengrub
�

�
School of Mathematics,University of Minnesota,Minneapolis,MN 55455�

Max-Planck-Institutefor Mathematicsin theSciencesInselstr. 22 - 26,D-04103Leipzig,
Germany�

School of Mathematics,University of Minnesota,Minneapolis,MN 55455

Abstract

We develop a conservative, secondorderaccuratefully implicit discretizationin two di-
mensionsof the Navier-Stokes NS andCahn-HilliardCH systemthat hasan associated
discreteenergy functional.This systemprovidesa diffuse-interfacedescriptionof binary
fluid flows with compressibleor incompressibleflow components[44,4]. In this work, we
focusonthecaseof flowscontainingtwo immiscible,incompressibleanddensity-matched
components.The scheme,however, hasa straightforward extensionto multi-component
systems.To efficiently solve the discretesystemat the implicit time-level, we develop a
nonlinearmultigrid methodto solve theCH equationwhich is thencoupledto aprojection
methodthat is usedto solve the NS equation.We analyzeandprove convergenceof the
schemein the absenceof flow. We demonstrateconvergenceof our schemenumerically
in boththepresenceandabsenceof flow andperformsimulationsof phaseseparationvia
spinodaldecomposition.We examinethe separateeffectsof surfacetensionandexternal
flow onthedecomposition.Wefind surfacetensiondrivenflow aloneincreasescoalescence
ratesthroughtheretractionof interfaces.Whenthereis anexternalshearflow, theevolution
of theflow is nontrivial andtheflow morphologyrepeatsitself in timeasmultiplepinchoff
andreconnectioneventsoccur. Eventually, theperiodicmotionceasesandthesystemre-
laxesto a globalequilibrium.Theequilibriawe observe appearshasa similar structurein
all casesalthoughthedynamicsof theevolution is quitedifferent.We view thework pre-
sentedin this paperaspreparatoryfor thedetailedinvestigationof liquid/liquid interfaces
with surfacetensionwheretheinterfacesseparatetwo immisciblefluids [37]. To this end,
we includea simulationof thepinchoff of a liquid threadundertheRayleighinstability at
finite Reynoldsnumber.

Key words: Cahn-Hilliardequation,nonlinearmultigrid method,fluid flow, interfacial
tension
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1 Intr oduction

TheCahn-Hilliardequationis theprototypicalcontinuummodelof phasesepara-
tion. It wasoriginally proposedby CahnandHilliard [14] to modelbinaryalloys
andhassubsequentlybeenadoptedto modelmany otherphysicalsituationssuch
as phasetransitionsand interfacedynamicsin multiphasefluids [32] which we
considerhere.Phaseseparationoccurs,for example,whena singlephasehomo-
geneoussystemcomposedof two fluid components,in thermalequilibrium (e.g.
at a high temperature),is rapidly cooledto a temperature� below a critical tem-
perature��� wherethesystemis unstablewith respectto infinitesimalconcentration
fluctuations.Spinodaldecompositionthentakesplaceandthesystemseparatesinto
spatialregionsrich in onecomponentandpoor in theother. Theevolution lowers
the free energy andleadsto an equilibrium statewith coexisting phases(e.g.see
[13,48,10,47]).Assumingthatthefluid componentsareincompressible( 	�
����� )
with equaldensities(set to one for simplicity) and that the evolution is isother-
mal, thenondimensionalCahn-HilliardCH modelis asfollows.Let � bethephase
variable(i.e. concentration),then

�������������� 	!
"�#�$���%� &')( 	�
"�+*,�-����	/.����������0� for ���1����32547698:�;���=<?>�@%AB6B@ (1)

and .%���1������DCE�#�F�G�������$HJI�K�L �F�G�������� (2)

where � is the mass-averagedfluid velocity (i.e. �M�N�1O���� K , where �1O and � K
arethevelocitiesof thetwo components),

')(
is thediffusionalPecletnumberand

measurestherelativestrengthsof advectionanddiffusion, * is thenondimensional
mobility, . is the generalizedchemicalpotential, C$�-���P�RQTSG�-��� , and QU�#�V� is the
Helmholtzfreeenergy which is nonconvex if �XWY��� , to reflectthecoexistenceof
separatephasesand I[ZD� is a nondimensionalmeasureof non-localitydueto the
gradientenergy (Cahnnumber)andintroducesan internal lengthscale(interface
thickness).Seealso [4,32,44] for further detailsand references.The nondimen-
sionalizationcanbefound in [44,40].Here,for simplicity, we considera constant
mobility O ( * \ & � andwe take

')( � & andwe usethequarticfreeenergy Q]�-��� ,
which is definedby Q]�-���%� &^ ��K_�-�`H & �aKcb (3)

Thus,thecoexisting phasescorrespondto �9�d� and
&
. Thenaturalboundaryand

initial conditionsfor theCH equationaree �egf � e .egf �Y�;�1hjilk ���Mm on
e 4)� �j�����n�o���M��p_���q���5�`��������%�Ym?� (4)
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(KyungkeunKang),lowengrb@math. umn. edu (JohnLowengrub).
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http://www.math .u mn.e du/ ˜l owengr b/ (JohnLowengrub).O Theextensionto moregeneralr s�rMtvuxw is straightforward andwill beconsideredin
a futurework [37]. SeealsoFig. 11 in section7.
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where
f

is thenormalunit vectorpointingoutof 4 .

Two importantfeaturesof the CH problemin the caseof zeroNeumannbound-
ary conditionsaretheconservationof mass Oy z{y�| z �F�G}?����~���� andtheexistenceof a
Lyapunov(Energy) functional ���-���

���-�����D� z!� QU�#�V��� I K�/� 	/� � K�� ~o� (5)

suchthat ~~�� �%�#�V�%��H�� z � 	/. � K ~����
in theabsenceof flow. Thesecondfeatureplaysacrucialrole in theanalysisof the
CH equation,includingtheproofof theexistenceof asolutionto theinitial bound-
ary valueproblem[21], andasymptoticlong time behavior [54], [58]. Theenergy
functionalalsoreadilyyieldsapointwiseestimateof � in theone-dimensionalcase.
In thispaper, wedevelopafinite differenceschemein two dimensionsthatinherits
massconservation andenergy dissipationfrom the continuouslevel. It is highly
desirableto haveadiscreteenergy functionalbecausethiscanbeusedto provethat
thenumericalsolutionis uniformly boundedwith respectto thetimeandspacestep
sizesfrom which it follows thattheschemeis stable.

The CH equation,even without flow, is challengingto solve numericallyfor two
reasons.First, the equationis fourth order in spacewhich makesstraightforward
differencestencilsvery largeandintroducesa severetime steprestrictionfor sta-
bility (stiffness),i.e., L����DL�}g� for explicit methods.Second,thereis nonlinearity
associatedwith C , which canalsocontribute to numericalstiffness.To overcome
thesedifficulties, we split the fourth order equationinto a systemof secondor-
der equations.We thenusea fully implicit time discretization.A new nonlinear
multigrid methodis developedto solve thenonlineardiscretesystemto obtainthe
solutionatthenew timestep.Wefind thatconvergenceof themultigrid methodcan
beachievedwith L�����L���p where L���p dependsonly on physicalparametersand
is independentof thegrid size.Sincedeterminingtheprecisevalueof L���p depends
on theapplication,wefind thatby taking L������ weobtainconvergencein awide
varietyof applications.Oncethis timesteprestrictionis satisfiedandthemultigrid
methodconverges,ourdiscreteenergy readilyyieldsthattheoverallschemeis sta-
ble.

In the presenceof flow, the advectionterm is implementedasa forcing function
in thenonlinearmultigrid scheme.Thefunctional �%�#�V� now mayeitherincreaseor
decreasein timeandsatisfies~~�� �%�#�V��� � z .?	X
��#���$��~�����H � z � 	/. � K`~���b
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If theinterfacesarepassive,by which we meanthat theconcentrationfield � does
not affect theflow field, then � satisfiestheclassicalNavier-Stokesequationsand
may be imposedindependentlyof the concentrationfield � . If the interfacesare
active,on theotherhand,thevelocityfield � dependson � throughtheintroduction
of extra stressesthatmimic thesurfacetensionbetweenthetwo fluid components.
In this case,thesystemenergy is givenby� ���+��� � z � � � K�� � ~o}���� (l� O�I �%�#�V��� (6)

where the first term is the kinetic energy of the fluid system,the secondwhen
scaledthis way (notethe dependenceof the secondterm upon I ) is a measureof
thesurfaceenergy and� ( � is proportionalto theWebernumber K whichmeasures
therelativestrengthsof thekineticandsurfaceenergies[44]. Thevelocitysatisfies
ageneralizedNavier-StokesNSsystem:

�?�l����
�	]���JH)	��]H � ( � O�I ��	/.]� &�P(q	d
{ �¡0�-���� n	/�7�¢	/��£¥¤o¤=�	d
����!�;� (7)

wheretheextrastressdueto theconcentrationgradients(i.e.interfaces)is H � ( � O�I ��	/. ,�P(
is the Reynolds numberand ¡ is the nondimensionalviscosity which is as-

sumedto dependonthemassconcentration� . In [44], it is shown usingthemethod
of matchedasymptoticexpansionsthat this termconvergesto theclassicalsurface
tensionforce as I9¦ � . This resulthasbeenrecentlymaderigorousby C. Liu &
S.Shkoller (preprint)whereit is shown thatsolutionsto theNS andCH equations
convergeto weaksolutionsof classicalsharpinterfacemodelsof interfacialflows
with surfacetension.This NSCH systemis known asModel H in thenotationof
Hohenberg & Halperin[32]. Wereferthereaderto therecentreview paperby An-
derson,McFadden& Wheeler[4] andto [44], for example,for further detailson
the model.The extensionof this systemto the morerealisticcaseof multiphase
fluids whosecomponentshave differentdensitiesis extensively discussedin [44].
Thesystemenergy, assumingno-slip( ���M� ) boundaryconditions,satisfies~~�� � ���+�?��H/� (l� O�I � z � 	 . � K`~��§H �P(l� O� � z ¡0�-���¨ª©«¨�~�}?� (8)

where ¨¬��	]���	]� £ is thescaleddeformationtensor.

In this paper, we considerbothpassiveandactive interfaceswherethegeneralized
NS equationsaresolvedusinga second-orderaccuratefinite differenceprojection
method.Theresultingdiscretizationof theNSCH system(1-2)and(7)

K The exact relation is ®�¯Js¬®�¯ �°�± Op9² ³c´ tvu�w3µ¶u where ®·¯ is the physicalWeber
number[44].
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(i) preservesthemass(averageof � ) on thediscretelevel;
(ii) givesasimpletreatmentof boundaryconditions;
(iii) hasadiscreteequivalentof theLyapunov function

� ���+� ;
(iv) hasaconstraintonthetimestepwhichdependsonly onthephysicalquantitiesC , I , ¸ and ¡ andnoton thespatialdiscretization;
(v) extendseasily to the multi-componentcase(i.e. two or moreconcentration

fields).

Oneof themainachievementsof this paperis thedevelopmentof anefficientnon-
linearmultigrid methodto solvethediscretenonlinearschemefor theCH equation.
To our knowledgethis is the first work in which a nonlinearmultigrid methodis
usedto solve this equation.Following thegeneralstrategy outlinedin [11], wede-
signasmootherbasedontreatingtheCH equationasasystemof two equationsfor� and . asin (1-2).This smootheris of pointwisecollectiveNewton-Gauss-Seidel
type [11], in which the nonlinearityis linearizedaboutthe currentgrid point and
a Jacobitype updateis usedfor the remainingnonlinearterms.A Gauss-Seidel
type updateis usedfor the linear termsand � and . areupdatedsimultaneously.
We demonstratetheexcellentperformanceof thenumericalmethodby simulating
variousregimesof theNSCH modelincludingspinodaldecomposition.

In theabsenceof flow, therehasbeenmuchalgorithmdevelopmentandmany sim-
ulationsof the CH equationusingfinite elementmethods(e.g. [5], [6], [7], [9],
[21], [25], [23], [24], [27]), finite differencealgorithms(e.g.[26], [28], [29], [53])
andspectralmethods(e.g.[41,17]). Most of thesefinite differenceandfinite ele-
mentreferencesuseconservativealgorithmswith discreteenergy functionals.The
discretizationthat is closestto oursis givenin [21] in thecontext of finite element
methods.In [21], the CH equationis treatedasa systemof equationsfor � and. anda Crank-Nicholsontype time discretizationis usedwherethe free energy
derivative C§�YQTSG�-��� is approximatedsoasto yield aschemewith adiscreteenergy
functional for any valueof the time step(the schemeis nonlinearat the implicit
time level). Here,we choosea differentapproximationfor C on thediscretelevel
thatyieldsenhancedstabilityoverthemethodpresentedin [21]. Thisalternativeap-
proximationalsoallowsusto extendsystematicallythediscretesystemto thecase
of ternarymixtures;theschemepresentedin [21] doesnot havesuchastraightfor-
wardternaryextension.Wewill considerternaryfluid flow in anotherpaper[38]. In
spiteof recentalgorithmicdevelopmentsof numericalapproximationsto the CH
equation,the solutionof the discreteequationshasremainedproblematicdueto
thenonlinearityof theimplicit scheme.By usingthenonlinearmultigrid methodto
obtainthenumericalsolutionat the implicit time level, we gain improvednumer-
ical stability andefficiency over standardsolutiontechniquesbasedon Newton’s
methodandover algorithmsfor which thenonlinearterm C is treatedasa forcing
function.

In the presenceof flow, therehasbeenmuch recentwork on simulatingmulti-
componentfluid flows using Cahn-Hilliard (diffuse interface)models.We again
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refer the readerto the review [4] and to the discussionbelow for references.To
our knowledge,theschemewe presenthereis thefirst to have anassociatedLya-
punov function

� ���-� on thefully discretelevel for any valueof thetime andspace
steps.Wenotethatin [33] asemi-discreteNSCHsystemwaspresented,wheretime
remainedcontinuous,that did have a Lyapunov function. Recentapplicationsof
Cahn-Hilliardfluid modelingincludesimulationsof thetwo andthreedimensional
Rayleigh-Taylor instability (e.g.[33,31,43]),thepinchoff of liquid/liquid jets(e.g.
[46,42]),thermocapillaryflow (e.g.[35,57]),mixing (e.g.[15]), contactanglesand
wettingphenomena(e.g.[34,49]),gravity andcapillarywaves(e.g.[3,50,51]),co-
alescence(e.g.[56]), reactiveflows(e.g.[52]), nucleationandspinodaldecomposi-
tion (e.g.[18,19,46,35,56,30]).In particular, in [30,35],thespinodaldecomposition
occursin thepresenceof imposedtemperaturegradients.

Here,we examinethe effect of shearflow andinterfacial tensionon spinodalde-
composition.Thesolutionof theCahn-Hilliardequationandthe resolutionof the
associatedextra stressesin thefluid aretypically thebottlenecksof thesesimula-
tions.Our improvedCH solver togetherwith our energy-preservingdiscretization
for the NSCH system,which hasthe advantageousside-effect of improving the
accuracy of theextra-stress,resultsin improvedstability andaccuracy of themul-
ticomponentflow simulations.

The contentsof this paperare as follows. In Section2, we derive the discrete
scheme,demonstratethe existenceof a discreteenergy functionaland,in the ab-
senceof flow, prove stability andconvergenceof the algorithm.In Section3, we
presentthenonlinearmultigrid methodfor thefully discretesystemin theabsence
of flow. In section4, we presenttheapproximateprojectionmethodusedto solve
thediscretegeneralizedNS equations.In section5, we performa local modeanal-
ysisfor thenonlinearmultigrid schemeto analyzethesmoothingfactor. Finally in
Section6, we presentnumericalresultsfor passive andactive interfaces.In Ap-
pendixA, wepresenttheextensionof ourschemeto ternarymulti-componentsys-
tems.In AppendixB, the derivation of the smoothingoperatorfor the nonlinear
multigrid schemeis presented.In AppendixC, analternativealgorithmfor theCH
equationis discussedin whichthefreeenergy derivative C is notapproximated(i.e.
theclassicalCrank-Nicholsondiscretization).

2 Numerical analysis

In this section,we presentsemi-discreteandfully discreteschemesfor theNSCH
system.In addition,we prove discreteversionsof massconservation andenergy
dissipation,which immediatelyimply the stability of the numericalscheme(as-
sumingthat the implicit nonlinearequationscanbe solved).Finally, the proof of
convergenceof thenumericalsolution,in theabsenceof flow, is alsoestablished.
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2.1 Discretization

We shall first discretizethe CH equation(1-2) in space.Let 8:¹g�xºn< and 8:�¶�x~�< be
partitionedby ¹��Y}3»¼ W�} O-½ »¼ WM
�
�
;W¢}¥¾g¿ � O-½ »¼ W�}¥¾{¿ ½ »¼ �Mº���=�YÀq»¼ W�À O-½ »¼ WM
�
�
;W�À ¾ ¿ � O-½ »¼ W¢À ¾{Á ½ »¼ �M~
sothatthecells Â�Ã:Ä��Å8 } Ã � »¼ ��} Ã�½ »¼ <$6Æ8:À Ä � »¼ �nÀ Ä½ »¼ <+� & �DÇB��È[Éo� & �ËÊ§��ÈTÌ cover4��d8:¹g�xºn<?6J8:�¶�x~�< . LetL�}gÃ0�Y} Ã�½ »¼ HÍ} Ã � »¼ � L ÀVÄB��À Ä�½ »¼ HÎÀ Ä � »¼ b
For simplicity, we assumethat theabove partitionsareuniform in bothdirections
sothat L�}gÃ��YL ÀVÄB�D� for

& �·ÇÏ�ËÈTÉo� & �JÊU�ËÈTÌ
where �P�,�-º`HJ¹���VÈ[ÉÐ�d�#~[HJ�����VÈTÌ¶b Therefore} Ã�½ »¼ �M¹)�JÇ"�Ñ� À Ä�½ »¼ �M���!ÊÒ�
andlet 43ÓÔ�ÖÕÒ��}gÃ+�nÀcÄ×�]© & �ØÇ��ÙÈTÉo� & �dÊJ�ÙÈ[Ì_Ú«� be the setof cell-centers
where }gÃ0� &� �G} Ã � »¼ �J} Ã�½ »¼ ���ÙÀcÄ3� &� ��À Ä � »¼ �JÀ Ä½ »¼ �×b
Thesetof cell-cornersis 4 ÓcÛ »¼ ��ÕÒ��} Ã�½ »¼ �nÀ Ä�½ »¼ �B©��/�·Ç%�ËÈ[É��5���JÊU�ËÈ[Ì_Ú«b
Sincetheconcentration� andthechemicalpotential . satisfyNeumannboundary
conditions,it is naturalto definethemat cell centers.Let �xÃ:Ä and .0ÃÜÄ be approxi-
mationsof �j��}gÃÝ��ÀcÄ×� and .���}gÃ"�nÀVÄ�� . We first implementthezeroNeumannboundary
condition(4) by requiringthatÞ É�� Ã ��»¼ Û Ä �M� for Ç$�M�Ò� Þ É_� Ã�½ »¼ Û Ä ��� for Ç$�YÈ[Éo�Þ Ì�� ÃßÛ Ä � »¼ �M� for Ê����;� Þ ÌV� ÃßÛ Ä½ »¼ ��� for Ê��MÈTÌj� (9)

wherethediscretedifferentiationoperatorsareÞ É�� Ã�½ »¼ Û Ä � &� �-�xÃ�½�O"Û ÄàHÎ�xÃßÛ Ä×�×� Þ Ì�� ÃßÛ Ä�½ »¼ � &� �#��ÃßÛ Ä½�OqHJ��ÃáÛ Ä���b
WethendefinethediscreteLaplacianby

L�â��xÃ:Ä=� &� � Þ É�� Ã�½ »¼ Û Ä H Þ É_� Ã � »¼ Û Ä ��� &� � Þ ÌV� ÃßÛ Ä½ »¼ H Þ ÌV� ÃßÛ Ä � »¼ �×�
andthediscreteã K innerproductby

�-�cO×�x� K �aÓÐ�D� K ¾g¿äÃ�å�O
¾ ÁäÄå�O �cO Ã:Ä � K Ã:Ä b (10)
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For agrid function � definedatcell centers,
Þ É�� and

Þ Ìc� aredefinedatcell-edges,
andweusethefollowing notation

	/æâ �xÃ:Ä=�,� Þ É�� Ã�½ »¼ Û Ä � Þ Ì�� ÃßÛ Ä�½ »¼ ���
to representthe discretegradientof � at cell-edges.Correspondingly, the (MAC)
divergenceat cell-centers,usingvaluesfrom cell-edges,isç	 æâ 
�ègÃ:ÄB� &�  é OÃ�½ »¼ Û Ä H é OÃ � »¼ Û Ä ¤ � &�  é KÃßÛ Ä½ »¼ H é KÃáÛ Ä � »¼ ¤ �
for a grid function èØ� � é O � é K � definedon cell-edges.We can definean inner
productfor 	 æâ � on thestaggeredgrid by

�+	 æâ ��O��x	/æâ � K � æ �D� K � ¾g¿äÃ�ålp
¾ ÁäÄå�O Þ É���O Ãê½ »¼ Û Ä Þ É�� K Ã�½ »¼ Û Ä � ¾g¿äÃêå�O

¾ ÁäÄ�ålp Þ ÌV�cO ÃßÛ Ä½ »¼ Þ Ìc� K ÃßÛ Ä½ »¼ �×b
(11)

Wealsodefinediscretenormsassociatedwith (10)and(11)as

�ß� � �á� K �,�#�¶�n�V��Óo� � � � Kæ ÛÜO �,�+	 æâ �¶��	 æâ �V� æ b
Thetime-continuous,space-discretesystemthatcorrespondsto (1-4)in theabsence
of flow is

~~�� �xÃ:Ä=��L�â�.0Ã:Ä�� .�Ã:Ä3�DC$�-�xÃ:Ä×�EHJI K L�â���ÃÜÄ¶� (12)

where C is definedin (3) andboundaryconditionsare implementedusing(9). It
is easyto seethat this discretizationis secondorder accuratein spaceand that
massis conservedidentically. Theschemealsohasanenergy functionalgivenby
the discretizationof (5). We discretize(12) in time by the Crank-Nicholsontype
algorithm:

�xA ½�OÃ:Ä HJ� AÃ:ÄL�� �YL â�. A ½ »¼ÃÜÄ � (13)

. A ½ »¼Ã:Ä �ìëC$�-�xAÃ:Ä �x�xA ½�OÃ:Ä �EH I K� L âj�#��AÃ:Ä ���xA ½�OÃ:Ä ��� (14)

where ëCE�-�cO��x� K �%�MC$�-� K �EH &� C S �-� K ���-� K HÎ�cO���� &íÒî C S S �#� K ���-� K HJ��O� K b (15)

This is obtainedby usingtheTaylor expansionof �#QU�#��O�%H�Q]�-� K ����l�-�cO%H¢� K � and
retaining termsup to the secondorder derivative. This is a modificationof the
schemepresentedin [21], where ëC$�-�cO��x� K � is wastakento be:
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ëCE�#��O��n� K �g�ðïññññò ññññó

ô0õ � »#ö � ô0õ � ¼ ö� » � � ¼ � if ��O)÷��� K
CE�#��Oa�×� if ��O���� K b

And unlike the schemein [21], our modified schemecan be easily extendedto
multi-componentsystems(seeAppendixA). In AppendixD, we considera more
traditionalCrank-Nicolsondiscretizationin which ëC$�-�cO��x� K ���d�+C$�-�cO���¢C$�-� K ���l� � .
In the presenceof flow ���ø��ù?�núÒ�§÷�Ù� , we usethe centerdifferenceoperatorto
definethediscretegradientanddivergenceoperatorsatcell-centersrespectively by

	 â×��Ã:Ä0� &�   Þ É_� Ã�½ »¼ Û Ä � Þ É_� Ã � »¼ Û Ä � Þ Ì�� ÃßÛ Ä�½ »¼ � Þ Ì�� ÃßÛ Ä � »¼ ¤ �	/â`
_�?Ã:Ä0� &�   Þ É�ù Ã�½ »¼ Û Ä � Þ É�ù Ã � »¼ Û Ä ¤Ð� &�   Þ Ì×ú ÃßÛ Ä½ »¼ � Þ Ì×ú ÃßÛ Ä � »¼ ¤=b
Thenon-slipboundaryconditionsareimplementedby introducinga ring of ghost-
cells surroundingthe physical domain such that sum of the velocities (at cell-
centers)areequalto zeroon thephysicalboundary, i.e.�qp�Û Ä3�XHÐ�1O"Û Ä_�5� ¾ ¿ ½�O"Û Ä3��Hû� ¾ ¿ Û Ä��5��ÃßÛ p3��HÐ��ÃßÛÜOÔhFi;k��?üýÛ þ�ÿ½�O%�XHû��üýÛ þÒÿ¶b (16)

Accordingly, equation(13)becomesby�xA ½�OÃ:Ä HÎ� AÃ:ÄL�� �¢	 âà
��j� A ½ »¼Ã:Ä � A ½ »¼Ã:Ä � �ML�âx. A ½ »¼Ã:Ä � (17)

where � A ½ »¼ � �#� A ½�O ��� A �g� � , and � A ½ »¼ is definedanalogously. The chemical

potential. A ½ »¼Ã:Ä is still obtainedfrom (14).

For active interfaces,the velocity � satisfiesthe generalizedNavier-Stokesequa-
tions (7). Here,we will usetherotationform (i.e. � 
o	/������6Í� � OK 	 � � � K ) of
the equations,togetherwith the Bernoulli pressure�Ö�d�U� OK � � � K . To solve this
system,we will usea projectionmethod.Following [1], the velocity components
aredefinedat cell centerswhere��Ã:Ä����à�G}gÃÝ�nÀVÄ×� andthepressureis definedat cell-
corners4 Ó�Û »¼ where � Ã�½ »¼ Û Ä½ »¼ ���]��} Ã�½ »¼ ��À Ä�½ »¼ � . In thecorrespondingdiscretesys-
tem,we additionallydefinegradientanddivergenceoperatorstaking valuesfrom
cell-centersto cell-cornersandvice-versa.Theseoperatorsare:

	 �â 
_� Ã�½ »¼ Û Ä½ »¼ � &�   Þ É�ù Ã�½ »¼ Û Ä � Þ É�ù Ã�½ »¼ Û Ä½�O ¤ � &�   Þ Ì×ú ÃßÛ Ä½ »¼ � Þ ÌVú Ã�½�O"Û Ä½ »¼ ¤ �ç	 �â �qÃßÛ Ä0� &� �  	� Ãê½ »¼ Û Ä�½ »¼ �
� Ã�½ »¼ Û Ä � »¼ H�� Ã � »¼ Û Ä�½ »¼ H�� Ã � »¼ Û Ä � »¼ �� Ã�½ »¼ Û Ä�½ »¼ H�� Ã�½ »¼ Û Ä � »¼ �
� Ã � »¼ Û Ä�½ »¼ H�� Ã � »¼ Û Ä � »¼ ¤ b
9



Wealsointroducetwo Laplaceoperatorsthatoperateon cell-corners:

L �â�qÃ�½ »¼ Û Ä�½ »¼ � qÃ � »¼ Û Ä�½ »¼ � qÃ�½ »¼ Û Ä�½��¼ H ^ qÃ�½ »¼ Û Ä�½ »¼ � $Ã�½ »¼ Û Ä � »¼ � $Ã�½�� ¼ Û Ä½ »¼� K �
and

	 �â 
 ç	 �â�qÃ�½ »¼ Û Ä�½ »¼ � qÃ � »¼ Û Ä � »¼ � $Ã�½�� ¼ Û Ä�½ »¼ H ^ $Ã�½ »¼ Û Ä½ »¼ � $Ã � »¼ Û Ä � �¼ � $Ãê½�� ¼ Û Ä½��¼� � K b
To discretizethe flow equations,we thenusean approximateprojectionmethod
(e.g.see[1,2]). In this scheme,theincompressibilityconditioncanbeposedas

	 �â 
�� � A ½�O HJ� AL�� � �ML��   L �â HÆ	 �â 
 ç	 �â ¤�� � O��� � A ½ »¼ HÔ� A ��»¼L�� �� � (18)

where� �ËÂ H�� ���K! !" L �â and Â is theidentityoperator. This form of theapproximate
projection,to our knowledge,hasnot beengivenin otherpapersutilizing thepro-
jectionmethod.Seesection4 for aderivation.NotethatthedifferenceL �â H]	 �â 
 ç	 �â
appliedto a smoothfunctionconvergesto zerowith secondorderaccuracy. If L �â
wastakento be 	 �â 
 ç	 �â , thenthevelocity is divergence-freeon thediscretelevel.
However, the correspondingexact projectionmethodis ill-conditionedsincethe
stencilfor thepressuresolve is algebraicallydecoupled(e.g.see[45]).

Finally, thediscretizedmomentumequationis

��A ½�OÃ:Ä HÎ� AÃ:ÄL�� ��H�� A ½ »¼Ã:Ä 6�� A ½ »¼Ã:Ä H ç	 �â � A ½ »¼ÃÜÄ �
#¶� A ½ »¼ÃÜÄ (19)

H � ( � O�I � A ½ »¼ÃÜÄ 	/â�. A ½ »¼ÃÜÄ � &�P( 	/âÏ
!�_¡Ñ�#� A ½ »¼ÃÜÄ �¨ A ½ »¼Ã:Ä �
� L�� K� �P($	 â`
 �� ¡Ñ�#� A ½ »¼ �   	/â ç	 �â ��	 £â ç	 �â HJL �â Â ¤ � � O �� � A ½ »¼ H�� A � »¼L�� ����� �

wherethe vorticity is � A ½ »¼Ã:Ä �R	/â�6Æ� A ½ »¼Ã:Ä , andthe (scaled)rateof deformation

tensoris ¨ A ½ »¼ÃÜÄ � 	/â�� A ½ »¼Ã:Ä �$�j	/â�� A ½ »¼Ã:Ä � £ . The last term in Eq. (19) arisesin

the projectionmethodby replacingan intermediatevelocity that consistsof the
projectedvelocity at the

f � & stepanda pressureupdate.Again, this form of the
projectionmethodhasnot beenpresentedin otherpapersutilizing the projection
method.Again,seesection4 for aderivation.If theviscosity ¡ is constant,thelatter
two viscoustermsin Eq. (19) arereplacedby the singleterm

�P( � O L�â×� A ½ »¼ . We
includethemoregeneralcaseherefor completenessalthoughin thispaperwefocus
on thecasein which ¡ constant.Thecasewith non-constant¡ will beconsidered
in anotherpaper[37].
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If ¡ is constantandoneusesthereplacementdescribedabove,then # in Eq.(19) is
givenby #T�   � A ½ »¼ � ç	 �â � A ½ »¼ ¤ Ó � �á� � A ½ »¼ �á� Kc� (20)

in order to remove the componentsof
ç	 �â � A ½ »¼Ã:Ä that arenot orthogonalto � A ½ »¼Ã:Ä

in the discreteã K space.Note that on the continuouslevel, #§�¬� . Indeed,aswe
demonstratein section6, # convergesto zerowith secondorderaccuracy. On the
discretelevel this termensures,aswe will demonstratein thenext section,thatthe
discretesystem(17)-(19)in facthasanenergy functionalgivenby thediscretization
of (6). For non-constant¡ , theprojectionfactorshouldbetakento be[37]:

#��   � A ½ »¼ � ç	 �â � A ½ »¼ ¤ Ó � �ß� � A ½ »¼ �ß� K (21)

H �j� A ½ »¼ ��	 âà
c¡0�-� A ½ »¼ �� �	/â ç	 �â �¢	 £â ç	 �â HJL �â Â«¤ � � O �&%('	) »¼ � %('�* »¼� � �+� Ó� L�� � K �P( �ß� � A ½ »¼ �ß� K b
Thenumericalimplementationof Eqs.(13)-(14)and(18)- (20) is discussedin sec-
tions3 and4 whereit is shown how theimplicit solutionsat time � A ½�O areobtained
usingmultigrid methods.

2.2 Analysisof Scheme

We next analyzethe numericalschemes.At this stage,we assumethereare no
restrictionsto solvingtheimplicit systemsof equations.Later, we examinetheef-
fectivenessof themultigrid algorithmsusedto solve theimplicit equations.Before
we proceed,we first statewithout proof thefollowing lemmawhich is a easycon-
sequenceof discretesummationby parts.

Lemma 1 Let �cO and � K bedefinedon 43Ó satisfying(9). Letu bedefinedon 43Ó and
satisfy(16).Finally, let � bedefinedon 4 ÓcÛ »¼ . Then,

�-�cO��xL�â×� K �aÓE���#L â×�cO��x� K �aÓ)��H9�+	 æâ �cO×��	 æâ � K � æ � (22)�#�Ï��	 â���Oa�aÓE�JH9�+	 âà
_�%�x��Oa�aÓo�5hFi;k (23)�#�Ï� ç	 �â �9��Ó$�JH9�+	 �â 
_�%�,�9� ÓcÛ »¼ � (24)

where thecell-cornerinnerproductis givenby thetrapezoidalrule approximation
of thecontinuousinnerproduct:

�+	 �â 
ý�%�,�9� ÓcÛ »¼ � � K� ¾ ¿äÃ�ålp ¾gÁäÄ�ålp 	 �â 
 � Ãê½ »¼ Û Ä�½ »¼ � Ã�½ »¼ Û Ä�½ »¼ � � K� ¾ ¿ � Oä Ã�å�O ¾{Á � OäÄ�å�O 	 �â 
ý� Ã�½ »¼ Û Ä�½ »¼ � Ã�½ »¼ Û Ä½ »¼
11



Thefollowing lemmaestablishesthemassconservationandtheexistenceof adis-
creteenergy functionalin theabsenceof flow.

Lemma 2 If Õ¶� A �n. A � »¼ Ú is the solution of (13-14) and if we definethe discrete
energy functionalby - Óo�-���Ï�X�-Q]�-���×� & �aÓ`� I K� � � � Kæ ÛÜO � (25)

where Q is definedin (3), then

�#� A ½�O � & ��ÓÐ�,�-� A � & �aÓ��
and - Ó��-� A ½�O �EH - Ó��#� A ���XHûL�� � . A ½ »¼ � Kæ ÛÜO H &^1���#� A ½�O HJ� A � � � & �aÓob (26)

PROOF. Thefirst assertionis dueto thecombinationof (13)andthediscretever-
sionof integrationby partsin lemma1. Indeed,

�-�xA ½�O � & �aÓÐ�d�-�xA�� & ��Ó¶�TL����#L â�.0A ½ »¼ � & ��Ó)�X�-�xA;� & �aÓ�HûL����+	 â�.0A ½ »¼ ��	 â & � æ �,�-�xAÒ� & �aÓob
It remainsto prove thesecondassertion.Multiplying . A ½ »¼ and � A ½�O H¢� A to (13)
and(14),respectivelyandsummingby parts,weobtainthefollowing two identities

�#��A ½�O HJ��AÒ�n.0A ½ »¼ �aÓà��L�� � .0A ½ »¼ � Kæ ÛÜO ���;�
�-�xA ½�O HÎ��AÒ�n.0A ½ »¼ �aÓ H I K� � ��A ½�O � Kæ ÛÜO � I K� � ��A � Kæ ÛÜO �d�ÒëCq�-�xA;�n��A ½�O �×�x�xA ½�O HÎ�xA��aÓob

Usingtheidentitiesabove,weobtain- Ó��#� A ½�O �EH - Ó��-� A �=�/. ¼K � � A ½�O � Kæ ÛÜO H0. ¼K � � A � Kæ ÛÜO �M�#QU�#� A ½�O �EHJQU�#� A ��� & �aÓ
�ØHûL�� � . A ½ »¼ � Kæ ÛÜO HY� ëC$�#� A �x� A ½�O ���x� A ½�O HJ� A �aÓ
� �-Q]�-� A ½�O �EHÎQU�#� A �×� & �aÓ�b

FromtheTaylor expansion,wehave

Q]�-� A ½�O �EHJQ]�-� A �=�dCE�#� A ½�O �V�#� A ½�O HJ� A �EH OK C{S��#� A ½�O �V�#� A ½�O HJ� A � K
� O132 C{S SG�-� A ½�O ���-� A ½�O HJ� A � 1 H O� 2 CgS S S��#� A ½�O �V�#� A ½�O H � A � � b
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Since C S S S �-� A ½�O ���54 , we obtain- Ó«�#� A ½�O �EH - Ó«�-� A ���ÆL�� � . A ½ »¼ � Kæ ÛÜO
�ÅH��ÒëCE�-� A �x� A ½�O �×�n� A ½�O HJ� A �aÓà�M�#QU�#� A ½�O �EHÎQ]�-� A ��� & �aÓ
�ÅH76� 2 ��-� A ½�O HJ� A � � � & �aÓÐ�XH O� ���#� A ½�O HJ� A � � � & �aÓob

Thiscompletestheproof.

Remark 3 Fromlemma2, it followsthat thenumericalsolution �á� � A �á� is bounded
(assumingthat it is possibleto solvethe nonlinear schemeat the implicit time
level).Thisyieldsstability (in discrete 8 K ) of thenumericalscheme. Thesolutionof
theequationsat theimplicit timelevel is discussedin sections3 and5.1where, re-
spectively, thenonlinearmultigrid is presentedandtheweaktimesteprestrictionsL��û�DL���p¶�#IV��C�� or L��B�X� are shownto besufficientto obtainconvergenceof the
nonlinearmultigrid method.

Remark 4 The presenceof the secondterm on the right hand side of Eq. (26)
suggeststhatour methodis morestablethanthatof [21] where this termis absent.

Remark 5 Lemma2 still holdsfor regular solutionmodelfreeenergiesof theform
[8]: Q]�-���à©ý�:9=8 �<;ßi��#�V����� & HJ���=;ßi0� & HJ�V�"<gH � 9c���j� & HÎ���×�
( 9 and 9c� aretheabsoluteandthecritical temperatures,respectively)providedthat
they are regularizedby fourthorder polynomialsnearthesingularpoints,i.e.,

Q+>c�-����� ïñññññò ñññññó
�(?-�-��� if �)�@#��Q]�-��� if #�W¢�)W & H�#���BA��-��� if �DC & H�#��

where �B?+�#�V� and �BA��-��� are fourth order polynomialswhich match valueswith Q]�-���
up to fourthorder derivativesat �B�E# and �=� & H�# , respectivelyand # is a small
positiveparameter.

Next, wedemonstratetheexistenceof anenergy functionalin thepresenceof flow.
For simplicity, we stateandprove thelemmafor thecasein which theviscosity ¡
is constant.

Lemma 6 Let Õ¶� A �n. A � »¼ �x� A Ú bethesolutionsof (14)and(17),and(18)-(19)with¡ constantandlet thediscretetotal energy functionalbeF Ó��#�¶�x�$��� &� �-�%�x�E��Ó3��� (l� O�I �{�-Q]�-���×� & �aÓ`� I K��� � � K O � � (27)
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then F Ó��#� A ½�O �x� A ½�O �EH F Ó��-� A �n� A �L�� �ÆH &�P(   � ùgA ½ »¼ � Kæ ÛÜO � � úoA ½ »¼ � Kæ ÛÜO ¤ (28)

H � ( � O�I � .0A ½ »¼ � Kæ ÛÜO H � ( � O�^ InL�� ��-�xA ½�O HÎ�xAo� � � & �aÓFb
PROOF. Multiply Eq. (19)by � A ½ »¼ andsumovercell-centersto get

�#� A ½�O �x� A ½�O �aÓ HË�#� A �x� A ��Ó� L�� ��H9�-� A ½ »¼ � ç	 �â � A ½ »¼ ��Ó3�G#;�#� A ½ »¼ �x� A ½ »¼ �aÓ (29)

H � (g� O�I �-��A ½ »¼ �xA ½ »¼ �x	/â�.0A ½ »¼ �aÓ`� &�P( �#�?A ½ »¼ �xL�â��?A ½ »¼ �aÓ
�Å� ( � O�I �+	/âÏ
   � A ½ »¼ � A ½ »¼ ¤ �n. A ½ »¼ ��ÓûH &�P(   � ù A ½ »¼ � Kæ ÛÜO � � ú A ½ »¼ � � Kæ ÛÜO ¤

wherewe have usedthe valueof # from Eq. (20) andwe have summedby parts
usinglemma1. Next, multiply Eq. (13)by . A ½ »¼ andsumto get

�-�xA ½�O HJ�xA;�n.�A ½ »¼ ��ÓE�ÎHûL����-	/â3
��#��A ½ »¼ ��A ½ »¼ ���n.0A ½ »¼ �aÓà��L����-L�â�.0A ½ »¼ �n.0A ½ »¼ �aÓ�ÎHûL����-	/â3
��#� A ½ »¼ � A ½ »¼ ���n. A ½ »¼ �aÓ HÎL�� � . A ½ »¼ � Kæ ÛÜO b (30)

CombiningEqs.(29)and(30)andusingtheargumentin theproof of lemma2, we
obtainF Ó��-�xA ½�O �x��A ½�O �EH F Ó«�#��AÒ�x��Ao���XH L���P(   � ùgA ½ »¼ � Kæ ÛÜO � � úoA ½ »¼ � Kæ ÛÜO ¤HM� (l� O� L��I � . A ½ »¼ � Kæ ÛÜO HM� (l� O�^ I ��-� A ½�O HJ� A � � � & ��Ó��
wherewehaveusedthatthetermsthatcoupleflow with concentrationin theequa-
tionscanceloneanotherexactly. Thiscompletestheproofof thelemma.

Remark 7 From lemma6, it follows that both �ß� � A �ß� and �á� � A �á� are boundeduni-
formly in

f
. This yields stability (in discrete 8 K ) of the numericalschemein the

presenceof flowwhereagainwehaveassumedthat it is possibleto solvetheequa-
tionsat theimplicit timelevel.

Remark 8 Usingthemoregeneral discretization(19)andthechoiceof # givenin
21, thelemmaalsoholdsif theviscosity¡ is not constant.
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Next, wedemonstratetheconvergenceof theschemeatafixedtime in theabsence
of flow. Let �Ë� m andlet H A and � A be the continuousanddiscretesolutionsof
Eqs.(1)-(2) and(13)-(14)at time �`��� A , respectively andlet I A �0H A HJ� A bethe
error. Thenwehave thefollowing errorestimate.

Theorem 9 SupposeH is smoothand �Æ�dm . Then,for any ��Z�� , there existsa
constantJ��BL���p�� and �gp dependingon �=�xCq�ÑëC?�xIV� andsmoothnessof H such that
thefollowingerror estimateholds:

�á� IVA �ß� �@JJ�-� K ��L�� K �
for
f L��B��� if �Ô�Y�lp and L��3�ËL���p�b

PROOF. Usingthenumericalscheme,weobtain

e �KIML!�ÆI K L Kâ IML ½ »¼ � e �KHNL!�ÆI K L Kâ HNL ½ »¼ H L âqëC$�-�,Lû�n��L ½�O ��EHà��G� L ½ »¼ ���ÆI K L K HU�G� L ½ »¼ �EHJL�â ëCq�-�,LÐ�x�,L ½�O ���
OU�+� K ��L�� K ���L�â�CE�KHNL ½ »¼ �EHJL�âqëCE�-�,L �x�,L ½�O �?�GOP�+� K �ÆL�� K ��b (31)

whereby
e � , wedenotethetemporaldifferencequotient.Fromnow on, thecapital

letter J will beusedto denotethegenericconstant,thevalueof whichmaychange
from line to line. AddingandsubtractingL�âVC$�-� L ½ »¼ � in (31),weobtaine �KIML!��I K L Kâ IML ½ »¼ �YL�â��KPÆ�GQ����
OU�+� K ��L�� K �×�
whereP and Q aredefinedasfollows:P�\�C$�RHSL ½ »¼ �EHJC$�-�,L ½ »¼ ��� QX\�CE�#��L ½ »¼ �EH¬ëCE�#��L �x�,L ½�O �×b
Multiplying I L ½ »¼ andusingsummationby parts,wehaveOK e � �ß� I L �á� K ��I K �á� L�â�I L ½ »¼ �ß� K �Ø�KP��xL�â�I L ½ »¼ ��Ó3���RQU�xL�â�I L ½ »¼ �aÓ

�SJJ�+� � ��L�� � ��� �á� I L ½ »¼ �ß� K b (32)

We first considerthefirst termof theright sideof (32). Since �ß� ù A �á� and �á� � A �ß� are
bounded,weobtain

�KP9�nL â�IML ½ »¼ �aÓ[�@JJ� � IML ½ »¼ � � � L�â�IML ½ »¼ � �aÓ[�@J �ß� IML ½ »¼ �á� K � I K^ �ß� L â�IML ½ »¼ �ß� K b
15



It remainsto estimatethe secondterm. A simple computationshows that Q is
factoredasfollows: Q�� &T �-�,L ½�O HJ�,LB� K � í �,L ½�O HJ�,LÎH & �×b
With theaid of thefactorizationandYoung’s inequalityweobtain

�RQU�nL â�I L ½ »¼ �aÓ[�@J �ß� Q �ß� K � I K^ �á� L�â�I L ½ »¼ �á� K �:J �ß� �-� L ½�O H�� L � K �ß� K � I K^ �á� L�â�I L ½ »¼ �ß� K �
wherewe usedthe fact that numericalsolution is bounded.The next stepis to
estimate�á� �#� L ½�O HJ� L � K �á� K . Addingandsubtractingtheanalyticsolution,wehave

�á� �#� L ½�O HÎ� L � K �ß� K � � � �á� �#� L ½�O HÎ� L � K HË�KH L ½�O H�H L � K �á� K � �á� �KH L ½�O HUH L � K �á� K �
�VJJ� �á� I L ½�O H�I L �ß� K � �ß� �RH L ½�O H�H L � K �ß� K ���

whereagainthe boundednessof the numericaland analyticalsolutionsis used.
Sinceanalyticsolution ù is smooth,thesecondtermis estimatedasfollows:

�ß� �KHNL ½�O H�HNLà� K �ß� K �@J5L�� � �ß� Hà� �ß� � W b
Puttingeverythingtogether, weget

�KQU�xL�â�IML ½ »¼ ��Ó9�@J5L�� � �
J �ß� IML ½�O H�IML �ß� K � I K^ �ß� L�â�IML ½ »¼ �á� K b
Subtracting. ¼K �á� L�â�I L ½ »¼ �á� KK andmultiplying

�
to bothsidesin (32),weobtaine � �ß� IML �á� K ��I K �ß� L�â�IML ½ »¼ �ß� K �:JJ�-� � ��L�� � �Ò�XJ �á� IML ½ »¼ �ß� K �XJ �ß� IML ½�O HYIML �ß� K b (33)

Dropping I K �ß� L�â�I L ½ »¼ �ß� K in (33)andsummingin time,wehave

�ß� I A �ß� K L�� � O � A � OZL ålp 8[JJ�-� � ��L�� � ���GJ �ß� I L ½ »¼ �ß� K �
J �á� I L ½�O H�I L �ß� K <
� A � OZL ålp 8[JJ�-� � ��L�� � ���GJ �ß� I L ½�O �á� K �
J �á� I L �ß� K <
��J f �+� � �ÆL�� � �q�GJ A � OZL ålp �ß� I L �á� K �
J �á� I A �ß� b
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Multiplying L�� on bothsides,weobtain

� & HUJ5L��� �ß� I A �á� K �\JJ�#L�� f �V�-� � ��L�� � �?�GJ5L�� A � OZL ålp �á� I L �ß� K
�\J �9�-� � ��L�� � ���GJ5L�� A � OZL ålp �á� I L �ß� K

whereweusedthefactthat
f L��B��� . SinceL�� canbechosensuchthat

& H]J5L��BZ� , thediscreteversionof Gronwall’sinequalityenablesusto obtain �ß� I A �á� �:JJ�+� K �L�� K � . Thiscompletestheproof.

Remark 10 Theproofof convergenceof thecoupledNSCH scheme(14)and(17),
and(18)-(19)in thepresenceof flow is currentlyunderstudy.

3 Solution of the systemin absenceof flow

In this section,we developa nonlinearFull ApproximationStorage(FAS) multi-
grid methodto solve the nonlineardiscreteCH system(13)-(14) at the implicit
time level in the absenceof flow. The fundamentalideaof nonlinearmultigrid is
analogousto thelinearcase.First, theerrorsto thesolutionhaveto besmoothedso
that they canbeapproximatedon a coarsergrid. An analogueof the lineardefect
equationis transformedto thecoarsegrid. Thecoarsegrid correctionsareinterpo-
latedbackto thefinegrid, wheretheerrorsareagainsmoothed.However, because
thesystemis nonlinearwedonotwork with theerrors,but ratherwith full approxi-
mationsto thediscretesolutiononthecoarsegrid.Thenonlinearityis treatedusing
onestepof Newton’s iterationanda pointwiseGauss-Seidelrelaxationschemeis
usedasthe smootherin the multigrid method.This correspondsto a local rather
thangloballinearizationof thenonlinearschemeandassuchis moreefficient than
standardNewton-Gauss-Seidelgloballinearizationschemes.Seethereferencetext
[55] for additionaldetailsandbackground.

Let usrewrite equations(13),(14)asfollows.^`_�a �-� A �x� A ½�O �n. A ½ »¼ ���d�Rb A � é A ���
where^`_�a �-�xAÒ�x��A ½�O �n.0A ½ »¼ ���d� ��A ½�OÃ:ÄL�� H L â�. A ½ »¼ÃÜÄ �n. A ½ »¼ÃÜÄ HNëC$�#��AÃ:Ä �x�xA ½�OÃ:Ä ��� I K� L�â×��A ½�OÃÜÄ �×�
andthesourcetermis
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�cb¥AÒ� é AF���d� � AÃ:ÄL�� �cH I K� L�â×��AÃÜÄ ��b
In thefollowing descriptionof oneFAS cycle, we assumea sequenceof grids 4ed
( 4ed � O is coarserthan 4ed by factor2).Giventhenumberf of pre-andpost-smooth-
ing relaxationsweeps,aniteratonstepfor thenonlinearmultigrid methodusingthe
V-cycle is formally writtenasfollows:

FAS multigrid cycle

Õ¶��L ½�Od �n. L ½ »¼d Ú)�MQgPDh��×ÀÒ�i8jI«�Rk��x�xA d �x��Ld �n. L � »¼d � ^l_+a dj��b{Ad � é Ad ��fl��b
That is, Õ¶� L d �n. L � »¼d Ú and Õ¶� L ½�Od �n. L ½ »¼d Ú are the approximationsof ��do��}gÃ+�nÀcÄ×� and.�dF��}gÃ"�nÀVÄ×� beforeandafteraFAScycle.Now, wedefinetheFAScycle.

(1) Presmoothing

ComputeÕnm� L d �Sm. L � »¼d Ú by applying f smoothingstepsto Õ¶� L d �E. L � »¼d Ú
Õnm��Ld �Sm. L � »¼d Ú)�oh%*5OpOT��qsrF�#��A d �x�,Ld �n. L � »¼d � ^`_�a dj��b¥Ad � é Ad �×�

which meansperforming f smoothingstepswith initial approximation� L d �o. L � »¼d ,� A d , sourceterms b Ad � é Ad , andthe h%*5OtO[�uq relaxationoperator(seeAppendixB

for its derivation)to gettheapproximationm� L d �Sm. L � »¼d b
One h%*5OtO[�uq relaxationoperatorstepconsistsof solving the system(34) and
(35)givenbelow by

� 6 � matrix inversionfor eachÇ and Ê .m� LÃ:ÄL�� ��� �L�} K � �L�À K �vm. L � »¼Ã:Ä � . L � »¼Ã�½�O"Û Ä ��m. L � »¼Ã � O"Û ÄL�} K � . L � »¼ÃáÛ Ä�½�O ��m. L � »¼ÃáÛ Ä � OL�À K �wb¥AÃÜÄ (34)

and

H�8 I K� � �L�} K � �L�À K �g�
e ëCE�-� AÃ:Ä �n� LÃ:Ä �e ú <cm� LÃ:Ä ��m. L � »¼Ã:Ä (35)

� é AÃ:Ä � ëCE�#��AÃÜÄ �n��LÃ:Ä �EH e ëC1�-� AÃ:Ä �x� LÃ:Ä �e ú �,LÃ:Ä
H I K� L�} K �-�,L Ã�½�O"Û Ä �Em�,LÃ � O"Û Ä ��H I K� L�À K �#��L ÃáÛ Ä�½�O �Em�,LÃßÛ Ä � O �×b

(2) Compute the defect
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� m~;O L d � m~ K L d �%�,�cb Ad � é Ad �EH ^`_�a dF�xm� A d �ym� L d �zm. L � »¼d �×b
(3) Restrict the defectand Õnm� L d �Nm. L � »¼d Ú

� m~;O L d � O � m~ K L d � O �l��Â d � Od � m~lO L d � m~ K L d ����xm� L d � O �zm. L � »¼d � O �l��Â d � Od �xm� L d �{m. L � »¼d �×b
TherestrictionoperatorÂ d � Od mapsk -level functionsto �ck�H & � -level functions.

~{d � O���}gÃ+�nÀcÄ×�%�YÂ d � Od ~zdF��}gÃÝ�nÀcÄ×�l� &^ � ~{do�G}gÃ{HÆ�¥� � �nÀcÄÏH � � ����~{do�G}gÃ{HÆ�{� � �nÀVÄ1� � � �
�T~{dF��}gÃÒ���¥� � �nÀcÄÏH � � ����~{d��G}gÃ;�¢�{� � �nÀVÄ1� � � �+�ûb

Thatis, coarsegrid valuesareobtainedby averagingthefour nearbyfine grid val-
ues.

(4) Compute the right-hand side

�cb Ad � O � é Ad � O �%�X� m~;O L d � O � m~ K L d � O ��� ^l_+a d � O��xm� A d � O �|m� L d � O �}m. L ��»¼d � O �×b
(5)Computeanapproximatesolution Õ ë� L d � O � ë. L � »¼d � O Ú of thecoarsegrid equation
on 4ed � O , i.e. solve^`_�a d � O��#��A d � O � ë�,Ld � O � ë. L � »¼d � O ���d�Rb¥Ad � O � é Ad � O �×b (36)

If k�� &
, we explicitly invert a

� 6 � matrix to obtain the solution. If k,Z &
,

we solve (36) by performinga FAS k -grid cycle using Õ}m� L d � O �~m. L � »¼d � O Ú asaninitial
approximation:

Õ ë�,Ld � O � ë. L � »¼d � O Ú)� FAScycle�Rk�H & �x��A d � O �ym�,Ld � O �{m. L � »¼d � O � ^`_�a d � O���b{Ad � O � é Ad � O ��fl��b
(6) Compute the coarsegrid correction (CGC):

ëúoO L d � O � ë��Ld � O H@m�,Ld � O b
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ëú K L � »¼d � O � ë. L � »¼d � O H\m. L � »¼d � O b
(7) Inter polate the correction

ëú«O L d ��Â dd � O ëú«O L d � O b
ëú K L � »¼d ��Â dd � O ëú K L � »¼d � O b

The interpolationoperator Â dd � O maps(k-1)-level functions to k-level functions.
Here,the coarsevaluesaresimply transferredto the four nearbyfine grid points,
i.e. ú�d���}gÃÝ��ÀcÄ×�%�YÂ dd � O ú�d � O���}gÃ"��ÀcÄ��%��ú�d � O���}gÃo� Ó K �nÀcÄq� Ó K � for Ç and Ê odd-numbered
integers.Thevaluesat theothernodepointsaregivenby

ú�d���}gÃ;�¢�Ñ�nÀVÄ×����ú�d���}gÃ+�nÀcÄE�¢�{�%��ú�dF��}gÃ;������ÀcÄ1���{�Ï�Yú�d � O×��}gÃÒ� � � �nÀVÄ1� � � ���
whereÇ andÊ areodd.

(8) Compute the correctedapproximation on 4ed
� L Û after �(�(�d ��m� L d � ëú«O L d b

. L � »¼ Û after �(�(�d ��m. L � »¼d � ëú K L � »¼d b
(9)PostsmoothingComputeÕ¶� L ½�Od �n. L ½ »¼d Ú byapplying f smoothingstepsto � L Û after �(�(�d �. L � »¼ Û after �(�(�d
Õ¶� L ½�Od �n. L ½ »¼d Ú)�oh%*5OpOT�uq r �-� A d �x� L Û after �(�(�d ��. L � »¼ Û after �(�(�d � ^l_+a dF��b Ad � é Ad �×b
Thiscompletesthedescriptionof anonlinearFAScycle.Wenext turnto thesolution
of thediscretesystemin thepresenceof flow.

4 Solution of systemin presenceof flow

Here,we presentan iterative projectionmethodfor solving the coupleddiscrete
NSCH system(14), (17) and(18)- (19). For simplicity, we focuson the casein
which ¡ is constant.Let ù�� Û dx½�O be an intermediatevelocity field and satisfy the
following systemfor theiterationnumberk�CË� :
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��� Û dx½�O HJ� AL�� ���%A ½ »¼ Û d 65�?A ½ »¼ Û d �XH ç	 �â �TA ½ »¼ Û d �
# d ��A ½ »¼ Û d (37)

� &� �P(?L�âj�-� � Û dx½�O ��� A �1HM� (l� O�I � A ½ »¼ Û d 	 â�. A ½ »¼ Û d �
where

� A ½ »¼ Û dÃ:Ä 65� A ½ »¼ Û dÃÜÄ �� H mú¶Ã�½�O"Û Ä3H:mú¶Ã � O"Û Ä`HomùgÃßÛ Ä�½�O0�Vmù{ÃáÛ Ä � O� � mú_Ã:Ä_� mú_Ã�½�O"Û Ä`H5mú_Ã � O"Û Ä`H0mùgÃßÛ Ä½�O0�VmùgÃßÛ Ä � O� � mùgÃ:Ä � �
and # d �d�-��A ½ »¼ Û d ��	 �â ��A ½ »¼ Û d �aÓ¶� �ß� ��A ½ »¼ Û d �ß� K (38)

and ��mù?��mú��Ð�d� A ½ »¼ Û d \ª�#� A ½�O"Û d �·� A �� � and � A ½ »¼ Û d is definedanalogously. In the
first stepof the iteration,we take � A ½�O"Û p �Ø� A and � A ½ »¼ Û p ��� A � »¼ . Note that the
pressuregradient,advectionandsurfaceforce termsare treatedas forcing func-
tions.Thefactthatthelattertwo termsaretreatedin thiswayensures,from lemma
6, thatthediscretesystemhasanenergy functionalas k ¦ � , assumingthattheit-
erationconverges.Numerically, we foundconvergenceis typically achievedin just
two or threeiterations.Wearealsoinvestigatingotheralgorithmsfor whichtheCH
andNSequationsaresolvedsimultaneously. Following [1,2,55],Eq.(37) is solved
for ��� Û dx½�O usinga linearmultigrid method.For completeness,this schemeis given
in AppendixC.

The velocity field ��� Û dx½�O is not, in general,divergence-free.The projectionstep
of thealgorithmdecomposestheintermediatevelocity into a discretegradientof a
scalarpotentialandanapproximatelydivergence-freevectorfield.They correspond
to thepressuregradientandto thevelocityupdates,respectively. In particular, if �
representstheprojectionoperator, then� A ½�O"Û dx½�O HÎ� AL�� �:� � ��� Û dx½�O HJ� AL�� � \ ��� Û dx½�O HJ� AL�� H ç	 �â  (39)

where is obtainedby

L �â  �M	 �â 
 � ��� Û dx½�O HJ� AL�� � � (40)

with Neumannboundaryconditionswhich are imposedby introducinga ring of
ghost-cellssurroundingthephysicaldomain.Notethatthevelocity � A ½�O"Û dx½�O is only
approximatelydivergence-free,i.e.

	 �â 
�� � A ½�O"Û dx½�O HJ� AL�� � �   L �â HJ	 �â 
 ç	 �â ¤  b (41)
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Thepressureis thenupdatedusingthesecond-orderaccuratescheme[12]:

�;A ½ »¼ Û dx½�O �Æ�lA ½ »¼ Û d �  H L��� �P( L �â, b (42)

We notethatcombiningEqs.(42) and(41) andletting k§¦ � (assumingthat the
iterationconverges)yieldsEq.(18)asclaimedin section2. Analogously, plugging
Eq. (39) into Eq. (37),andusingEq. (42),yieldsEq. (19)alsoasclaimed.

The approximateprojectionPoisson’s Eq. (40) is solved usinga linear multigrid
method.Similar multigrid methodshave beenusedin 3D [2] and in a finite el-
ementcontext in 2D [1]. The multigrid algorithm we use is analogousto that
presentedin Appendix C for the intermediatevelocity. In the caseof approxi-
mateprojection,we usethe Gauss-Seidelsmoothingoperatoron grid level k , i.e.m Ld ��h%*5OtO[�uq r �  Ld �nã�dj��b�dc� where ã�d is the LaplacianoperatorL �â on the k
grid level. Thesmoothingoperationis

m LÃ�½ »¼ Û Ä½ »¼ � &^   m LÃ � »¼ Û Ä½ »¼ �  LÃ�½ »¼ Û Ä½��¼ � m LÃê½ »¼ Û Ä � »¼ �  LÃ�½�� ¼ Û Ä�½ »¼ ¤[H � K^ b Ãê½ »¼ Û Ä�½ »¼
wheretheforcing termis

b Ãê½ »¼ Û Ä½ »¼ �M	 �â 
 �� � � Û dx½�OÃ:Ä HÎ� AÃ:ÄL�� �� b
In section5,weanalyzetheprojectionalgorithmanddemonstratethatthemultigrid
methodconvergencerateis insensitive to thegrid size.

Wenext updatetheconcentrationfield by

� A ½�O"Û dx½�O HÎ� AL�� �¢	 âà
   � A ½ »¼ Û dx½�O � A ½ »¼ Û d ¤ ��L�â�. A ½ »¼ Û dx½�O � (43)

.0A ½ »¼ Û dx½�O � ëCE�-�xAÒ�x��A ½�O"Û dx½�O �EH I K� L â¶�#��A=���xA ½�O"Û dx½�O ��b (44)

Thissystemis solvedusingthenon-linearmultigrid methodpresentedin section3
wherethesourceterm b A is modifiedto accountfor theadvection.

The above system(37)-(39)and(43)-(44)is iteratedin k until the differencebe-
tweensuccessive iteratesis lessthananerrortolerance.As mentionedabove,typi-
cally only two or threeiterationsarerequiredto achieveanerrortoleranceof

& � �n� .
We foundthatthis numberis insensitive to thevalueof theWebernumber.
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5 Local Fourier Analysis

5.1 Absenceof flow

To analyzethebehavior of themultigrid method,welinearizethenonlinearscheme
andperforma local Fourier analysis(e.g.see[55]). In particular, we analyzethe
smoothersincethe performanceof the multigrid methoddependsstronglyon the
smoother.

Let � A ½�O �$. A ½�OR� K bethesolutionof

� A ½�OÃÜÄ HJ� AÃ:ÄL�� �ML�âx. A ½ »¼Ã:Ä � (45)

. A ½ »¼Ã:Ä � ëC$�-�xAÃ:Ä �x�xA ½�OÃ:Ä �EH I K� L�âj�-�xA ½�OÃ:Ä �Æ��AÃ:Ä ��b (46)

After linearizingthenonlinearterm ëCE�-� AÃ:Ä �x� A ½�OÃ:Ä �=�/� K �#� AÃ:Ä �·� A ½�OÃ:Ä �q�w�%� where ���C{SG�-� L ���à� L is anaverageconcentration,and � is a constantandsubstituting. A ½ »¼Ã:Ä
into (45), theschemebecomes

ã�Ó_� A ½�OÓ �5b AÓ �
where

ã�Ó_��A ½�OÓ © � �xA ½�OÃ:ÄL�� H �� � K �#��A ½�OÃ � O"Û Ä ���xA ½�OÃßÛ Ä � O H ^ ��A ½�OÃÜÄ �� I K� � � 8:�xA ½�OÃ � K Û Ä �Æ��A ½�OÃßÛ Ä � K � � �#��A ½�OÃ � O"Û Ä½�O ���xA ½�OÃ � O"Û Ä � O �H T �#��A ½�OÃ � O"Û Ä ���xA ½�OÃßÛ Ä � O ��� � ���xA ½�OÃßÛ Ä <{H �� � K �-�xA ½�OÃ�½�O"Û Ä ���xA ½�OÃßÛ Ä�½�O �� I K� � � 8:�xA ½�OÃ�½ K Û Ä �Æ��A ½�OÃßÛ Ä½ K � � �#��A ½�OÃ�½�O"Û Ä½�O ���xA ½�OÃ�½�O"Û Ä � O �EH T �-�xA ½�OÃ�½�O"Û Ä ���xA ½�OÃßÛ Ä�½�O �"<
and b AÓ � � � L�â×� AÃ:Ä H I K� L�Kâ � AÃ:Ä � � AÃ:ÄL�� b
For Gauss-Seideliterationwith a lexicographicorderingof thegrid pointsapplied
to theaboveequation,wehave thefollowing operatordecomposition.
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ã ½Ó ��A ½�OÓ ©ý� ��A ½�OÃ:ÄL�� H �� � K �-�xA ½�OÃ � O"Û Ä �Æ��A ½�OÃßÛ Ä � O H ^ �xA ½�OÃ:Ä ��� I K� � � 8 �xA ½�OÃ � K Û Ä �Æ��A ½�OÃáÛ Ä � K� � �-�xA ½�OÃ � O"Û Ä�½�O �Æ��A ½�OÃ � O"Û Ä � O �EH T �#��A ½�OÃ � O"Û Ä ���xA ½�OÃßÛ Ä � O ��� � �F��A ½�OÃßÛ Ä <-�ã �Ó ��A ½�OÓ ©ý�JH �� � K �#��A ½�OÃ�½�O"Û Ä ���xA ½�OÃßÛ Ä�½�O ��� I K� � � 8:��A ½�OÃê½ K Û Ä ���xA ½�OÃßÛ Ä½ K � � �-�xA ½�OÃ�½�O"Û Ä½�O ���xA ½�OÃ�½�O"Û Ä � O �H T �#��A ½�OÃê½�O"Û Ä �¢�xA ½�OÃßÛ Ä�½�O ��<-b
Therefore,this relaxationmethod(which is the linear analogueof the nonlinear
multigrid smoother)canbewritten locally as

ã ½Ó ç� Ó3�Æã �Ó � Ó��ob AÓ � (47)

where � Ó correspondsto the old approximationof �×Ó (approximationbeforethe
relaxationstep)and

ç� Ó to thenew approximation(after thestep).Subtracting(47)
from thediscreteequationã%Ó_��Ó ��b_Ó andletting

çú¶Ó �,��Ó�H ç� Ó and ú¶Ó��d��Ó)H � Ó«�
weobtaintheequation ã ½Ó çú¶Ó3�Æã �Ó újÓÐ�M�;�
or, equivalently, çújÓ)�oh0Ócú¶Óo�
whereh0Ó)�XH9�-ã ½Ó � � O ã �Ó is theresultingsmoothingoperator. Applying ã ½Ó and ã �Ó
to theformal eigenfunctionsI Ã�� » É��ÝÓ I Ã�� ¼ Ì3�ÝÓ � weobtainã ½Ó I Ã�� » É��ÝÓ I Ã�� ¼ Ì3�ÝÓ � ëã ½Ó I Ã�� » É��ÝÓ I Ã�� ¼ Ì	�ÝÓ �ã �Ó I Ã�� » É��ÝÓ I Ã�� ¼ Ì3�ÝÓ � ëã �Ó I Ã�� » É��ÝÓ I Ã�� ¼ Ì	�ÝÓ �
where ëã ½Ó and ëã �Ó arethesymbolsof theoperatorsã ½Ó and ã �Ó � respectively:

ëã ½Ó �R9jO��,9 K �%� &L�� H �� � K �RI � Ã�� » �
I � Ã�� ¼ H ^ �Ñ� I K� � � 8�I � K Ã�� » �GI � K Ã�� ¼� � �KI � Ã õ � » � � ¼ ö �
I � Ã õ � » ½B� ¼ ö �EH T �RI � Ã�� » �
I � Ã�� ¼ ��� � �j<+�ëã �Ó �R9jO��,9 K �%�ØH �� � K �KI Ã�� » �
I Ã�� ¼ ��� I K� � � 8[I K Ã�� » �
I K Ã�� ¼� � �KI Ã õ � » ½B� ¼ ö �
I Ã õ � » � � ¼ ö �EH T �RI Ã�� » �
I Ã�� ¼ ��<-b
Theamplificationfactorof therelaxationschemeis

ëh0Ó��K9jO×�,9 K �3©ý��H ëã �Ó �K9jO×�,9 K �ëã ½Ó �K9jO×�,9 K � b
Definethehigh frequency smoothing(HFS)factor:

.�? �Ý�×�ch0Ó_�3© �E�3�=�0Õ � ëh0Ó��K9jO×�,9 K � � ©�� � � � 9jO � � � 9 K � � � Ú«b
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Here,asis typically done[55], we assumethatthecoarsegrid operationsareideal
and annihilatethe low frequency error componentswhile leaving the high fre-
quency componentsunchanged.Therefore,we only consider � K � � 9jO � � � 9 K � � � bWedefineaconvergencefactorasanaverageof thequantity �á� ~ L Ó �ß� � �ß� ~{L � OÓ �á� , where~ L Ó �j�¬� & � � �c
�
�
� arethedefects.

Theconvergencefactoris estimatednumericallyusingournonlinearcodewith the
parametersIU� �;b � & , and the mesh-dependenttime step L����Ö�;b & � andinitial
conditions

�×p¶�G}?�nÀl��� ïò ó
�;b � ���;b � &��M� �V�-�Òb�� � }����{� �M� �c�-�;b�� � À;���{�×� �!� & � ^�;b��=���;b � &��M� �V�-�Òb�� � }����{� �M� �c�-�;b�� � À;���{�×� �!��H & � ^ b

We measurethe �P�j�5� f � - HFS factors,where � and
f

are the numbersof pre-
smoothingandpost-smoothing,with differentmeshsizes.We focuson �Ù� & andf ��� and

&
astheseyield themostefficient algorithms.In addition,we consider�Y�¡  & � ^ wherethepositive (negative) valuescorrespondto linearizationin the

stable(unstable,i.e. spinodalregion) rangesof theevolution.

Table1 shows HFS factorsandmeasuredV(m,n)-cycle convergencefactorswith
differentmeshsizesand ���M�Òb � � . Notethat ¢ �U� & � & � -cyclemeansthesquareroot
of V(1,1)-cycle convergencefactor. Observe thatwith �ð� & and

f ��� , theHFS
factor tendsto

&
as the meshis refinedand thussuggeststhat the numberof V-

cyclesrequiredto solvethefull systemincreaseswith increasingresolution.In fact
this resultis comparableto simply usingGauss-Siedeliterationwithout multigrid.
However, the HFS factorcorrespondingto � � & and

f � & remainsuniformly
boundedbelow

&
with increasingresolutionandapparentlyconvergesto �;b ^ &y£ 4 as�P¦ � . This is significantlybelow thetheoreticalestimate�;b¤4¥4 £ ^ . Thusthenumber

of �]� & � & � -cyclesrequiredto solve thefull problemis insensitive to theresolution.

TheHFSfactorsfor ��� Hû�;b � � aregivenin Table2. Their behavior is analogous
to that observed for the �M�¬�;b � � . Note that the HFS factorfor �P� & �x�o� -cyclesis
actuallygreaterthan

&
at thefinestresolution.

Table1. HFSfactorsfor differentmeshsizes.¦Ps�§¥¨ ³y© , ªD«?sU§¥¨¬�® and ®�s¯¬ °3°
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Case 16x 16 32x 32 64x 64 128x 128.�? �Ý� 0.0363 0.2839 0.5460 0.6376

V(1,0)-cycle 0.1643 0.2108 0.2865 0.3489¢ �U� & � & � -cycle 0.2108 0.2462 0.2840 0.3434

Case 256x 256 512x 512 1024x 1024 2048x 2048.�? �Ý� 0.6616 0.6676 0.6690 0.6694

V(1,0)-cycle 0.4636 0.6563 0.8198 0.9810¢ �U� & � & � -cycle 0.4021 0.4171 0.4196 0.4196

Table2. HFSfactorsfor differentmeshsizes.¦Ps²±�§¥¨ ³y© , ªD«?sU§¥¨¬�® and ®�s¯¬ °3°
Case 16x 16 32x 32 64x 64 128x 128.�? �Ý� 1.3773 1.1563 0.7874 0.6992

V(1,0)-cycle 0.5183 0.5837 0.4245 0.4829¢ �U� & � & � -cycle 0.5501 0.6061 0.3706 0.4162

Case 256x 256 512x 512 1024x 1024 2048x 2048.�? �Ý� 0.6771 0.6714 0.6700 0.6697

V(1,0)-cycle 0.6260 0.7904 0.8719 N/A¢ �U� & � & � -cycle 0.4141 0.4209 0.4299 0.4382

Together, theseresultsfor ���³ T�;b � � suggestthat the multigrid methodusinga�P� & � & � -cycle with time step L��B�d� convergesuniformly with respectto increas-
ing resolution.Correspondingly, thiswouldimposeafirst ordertimestepconstraint
on ourdiscreteschemeto solve theCH equation.

Next, let usconsiderresultsobtainedusinga fixed L��3�X�;b ���{� independentof the
meshsize � . All otherparametersareasbefore.This valueof L�� roughly corre-
spondsto thatusedin Tables1and2with �P� & � & 4 . Table3showsthe �P� & � & � -HFS
factorswith differentmeshsizesand �Í���Òb � � . Again, theresultsarequalitatively
similar to thecasewith variable L��)�¬� . When �Ë� Hû�;b � � , however, the results
arevery different.This is seenin Table4. ThenumericalHFSfactornow tendsto
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&
asthe meshis refinedin spiteof the fact that theoreticalHFS factorsarecom-

parablefor all choicesof L�� and � . This behavior at fine gridsoccursbecausethe
coarsegrid correctionstepsinternalto the � -cycleusemuchlargertimestepswhenL�� is fixed thanwhen L��9�ð� where � is the fine grid size.This canbe seenin
figs. 1(left,right) wherediagonalslicesof the amplificationfactors � ëh0Ó��R9��,9�� � , for9�2�8êH � � � < , areshown for �Í� & � & 4 , & � ío� and

& � � � ^ T where L��)�Ø�Òb ���¥� (left)
and L��û���;b & � � � ^ T (right). Observe that for the lattercase,theamplificationfac-
tors for thecoarsemeshesarenearlyequalto zeroin contrastto thecasewith the
largertime step.

Theseresultssuggestthat whena fixed L�� is used,it’ s valueshouldbe suchthat
the coarsegrid HFS factorsare lessthan

&
. This is confirmedin Table5 where

the HFS factorsareshown with L��7� �;b & �v4 ^ � & b���4 � �Ô6 & � � 1 . This suggests
thatthemultigrid methodusinga �]� & � & � -cycle with fixedtime step L�� converges
uniformly with respectto increasingresolutionif L�� is smallenough.This would
imposenogrid-dependenttimestepconstraintsonourdiscreteschemeto solvethe
CH equation.

Table3. HFSfactorsfor differentmeshsizes.¦PsU§¥¨ ³y© and ªD«Ñs ©S´ ¬,§ � 1
Case 16x 16 32x 32 64x 64 128x 128.�? �Ý� 0.0329 0.2984 0.5542 0.6392¢ �U� & � & � -cycle 0.1930 0.2706 0.3428 0.3920

Case 256x 256 512x 512 1024x 1024 2048x 2048.�? �Ý� 0.6618 0.6676 0.6691 0.6694¢ �U� & � & � -cycle 0.4127 0.4199 0.4294 0.4452

Table4. HFSfactorsfor differentmeshsizes.¦7s¯±�§¥¨ ³y© and ªD«?s ©D´ ¬,§ � 1
Case 16x 16 32x 32 64x 64 128x 128.�? �Ý� 0.9594 1.2796 0.8014 0.7009¢ �U� & � & � -cycle 0.3925 0.8503 0.9098 0.9177

Case 256x 256 512x 512 1024x 1024 2048x 2048.�? �Ý� 0.6773 0.6715 0.6700 0.6697¢ �U� & � & � -cycle 0.9209 0.9220 0.9208 0.9860
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Table5. HFSfactorsfor differentmeshsizes.¦Ps²±�§¥¨ ³y© , ªD«�s¯¨¬ °|µM¶ s¯¬|¨ © µ ³y©g´ ¬,§ � 1
Case 16x 16 32x 32 64x 64 128x 128.�? �Ý� 0.2324 0.9016 0.7874 0.7002¢ �U� & � & � -cycle 0.1305 0.5117 0.3522 0.3907

Case 256x 256 512x 512 1024x 1024 2048x 2048.�? �Ý� 0.6772 0.6715 0.6700 0.6697¢ �U� & � & � -cycle 0.4228 0.4206 0.4290 0.4495
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Fig. 1. Diagonalslice of amplificationfactor »�¼½ Ó«t¿¾{ÀÁ¾jw,» , over the interval Â�±�Ã�À�Ã=Ä . In the
left figure, ªS«�sU§¥¨�§y§ © . In theright figure, ªD«?sU§¥¨¬ ° ³ § ¶�Å .
5.2 Presenceof flow

Here,we analyzeapproximateprojectionalgorithmgivenin section4 (ananalysis
of the multigrid methodusedto solve for the intermediatevelocity is similar and
thusis not presented).The multigrid smoothingoperatorã�ÆKÇÈÇ A"�-ÉÓ �ªã�Æ Û ½Ó �Mã�Æ Û �Ó
where

ã Æ Û ½Ó/ ©ý��  $Ã�½ »¼ Û Ä½��¼ H ^ $Ã�½ »¼ Û Ä½ »¼ � $Ãê½�� ¼ Û Ä½ »¼ ¤`��� K �ã Æ Û �Ó/ ©ý�   $Ã ��»¼ Û Ä½ »¼ � $Ã�½ »¼ Û Ä ��»¼ ¤ ��� K b
Theresultingamplificationfactoris

ëh ÆÓ �R9jO��,9 K �3© ��H ëã�Æ Û �Ó �K9jO×�,9 K �ëã�Æ Û ½Ó �K9jO×�,9 K � �
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wherethesymbolsarecalculatedasin section5.1.In Fig.2 (left), thediagonalslice� ëh ÆÓ �K9Ò�,9F� � is shown. Observe that theHFSfactor .�? �Ý��� �;b ^ � which suggeststhat
thelinearmultigrid convergesuniformly with respectto increasingresolution.For
purposesof comparison,thecorrespondingamplificationfactoris shown (right) for
theexactprojectionmethod(i.e.whereL �â \�	 �â 
 ç	 �â ). In thecaseof exactprojec-
tion, however, theHFSfactor .É? �Ý�Ê� & b � andsuggeststhat thesmoothingoperator
doesnot remove high frequenciesefficiently which reflectsthe ill-conditioning of
thesystem.Thecorrespondingmultigrid methodrequiresa prohibitive numberof
iterationsto convergewhenthemeshsize � is small.This is why theapproximate
projectionalgorithmis used(seealso[45]).
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Fig. 2. Diagonalslicesof amplificationfactor. Approximateprojection(left), exactprojec-
tion (right).

6 Numerical experiments

In this section,we validateour schemeby verifying thesecond-orderconvergence
andcomparingthenumericalresultswith thepredictionof a linearstability analy-
sis.Wethenperformsimulationsof spinodaldecompositionandexaminetheeffect
of boundaryconditions,flow andinterfacialtension.

6.1 ConvergenceTest

To obtainanestimateof therateof convergence,we performa numberof simula-
tionsfor a sampleinitial problemon a setof increasinglyfiner grids.We begin by
consideringthecasein theabsenceof flow ( ���Y� ). Theinitial datais

�×p¶�G}?�nÀ;�;� �Òb��=���Òb &_���i� �c� � � }�� �i� ��� � � À;�Ñ���;b ���M� �c� � }�� �i� �_� í � À;� (48)

on a squaredomain, 8:�;� & <Ï6Ë8:�;� & < . The numericalsolutionsarecomputedon the
uniform grids, L�}�� L�À�� �X� & � � A for

f � ^ ���Ò�,4Ò��ËÒ� T � £ � & �;� and
&�&

. For
eachcase,the convergenceis measuredat time � �Ö�;b � , the uniform time steps,L��%�M�;b & � and I`�M�;b � & , areusedto establishtheconvergencerates.
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Fig. 3. The time dependentenergy of the numericalsolutionswith the initial data(48).
Snapshotsof the concentationfield are shown with filled contoursat the three levelsuÏsU§¥¨ ³y© , §¥¨ © and §¥¨¤Ì © .
In our formulationof themethodfor theCH equation,sinceacell centeredgrid is
used,we definetheerror to bethediscrete8 K -normof thedifferencebetweenthat
grid andtheaverageof thenext finergrid cellscoveringit:I Ó��yÍ ¼ Ã:Ä â æcÎ�R�×Ó ÃÜÄ H��¶� Í ¼ K ÃáÛ K Ä ��� Í ¼ K Ã � O"Û K Ä �Æ� Í ¼ K ÃßÛ K Ä � O �Æ� Í ¼ K Ã � O"Û K Ä � O � � ^ b
Therateof convergenceis definedastheratio of successiveerrors:; �¥Ï K � �ß� I Ó�� Í ¼ �ß� � �ß� I Í ¼ � Í Ð �á� ��b
The errorsandratesof convergencearegiven in table6. The resultssuggestthat
theschemeis indeedsecondorderaccurate.Thedeteriorationof theratesfrom

�
at

higherresolutionsis believedto bedueto accumulationof errorsfrom coarsegrid
correctionstepsinternal to the nonlinearmultigrid method.In figure 3, the time
evolution of the energy is shown accompaniedwith grey-scalecontourimagesof
the numericalsolution � at the (filled) levels from � to �;b � � (black), �;b � � to �;b�� ,�;b�� to �;b�Ëv� and �;b�Ëv� to

& b � (white).As expectedfrom lemma26,theenergy is non-
increasingand tendsto a constantvalue.The concentrationphase-separatesand
depletesthecenterregionof thedomain.Thephaseaccumuatesatthe À -boundaries
which thenstraightento lower theenergy andto subsequentlyform two horizontal
bands.This is in fact a local equilibrium for Neumannboundaryconditions.The
globalequilibriumconsistsof asingleinterface.
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Table6. Ñ K -norm of the Err ors and Convergencerates for concentration u .
Case 16-32 Rate 32-64 Rate 64-1288 K 1.721e-01 2.095e+00 4.027e-02 3.290e+00 4.118e-03

Case Rate 128-256 Rate 256-5128 K 2.028e+00 1.010e-03 1.958e+00 2.598e-04

Next, let usconsidertheconvergenceof thealgorithmin thepresenceof flow. We
take thesameinitial concentrationasin Eq. (48)andtheinitial velocity is takento
betherotation

ùE�G}?�nÀ;�1��HX�xÒßi K � � }��=�3Òái�� � � À;�×� ú��G}?�nÀl�E�E�3Òái K � � Àl�=�xÒßi0� � � }���b (49)

Theviscosity ¡ is constantand
�P( � & �F� and � ( � � & ��� , which correspondsto

thephysicalWebernumber� ( � T ^ T b�� . No-slip boundaryconditionsareapplied
at theboundariesof thedomain.Thesimulationparameters,convergencetimeand
errormeasurementareasin thecasewithoutflow. In tables7,8 and9 theerrorsand
ratesof convergenceareshown for theconcentration� andthevelocitycomponentsù and ú , respectively. Observe that thesequantitiesconverge with secondorder
accuracy.

Table7. Ñ K -norm of the Err ors and Convergencerates for concentration u .
Case 16-32 Rate 32-64 Rate 64-1288 K 2.889e-01 2.261 6.030e-02 3.589 5.000e-03

Case Rate 128-256 Rate 256-5128 K 2.062 1.200e-03 2.014 2.970e-04

Table8. Ñ K -norm of the Err ors and Convergencerates for velocity Ó .

Case 16-32 Rate 32-64 Rate 64-1288 K 3.900e-03 1.797 1.100e-03 1.787 3.230e-04
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Case Rate 128-256 Rate 256-5128 K 1.990 8.132e-05 1.997 2.037e-05

Table9. Ñ K -norm of the Err ors and Convergencerates for velocity Ô .
Case 16-32 Rate 32-64 Rate 64-1288 K 3.400e-03 1.582 1.200e-03 1.827 3.242e-04

Case Rate 128-256 Rate 256-5128 K 1.990 8.164e-05 1.997 2.045e-05

In table10, theerrorsandconvergenceratefor the pressureareshown. Here,the
rateof convergenceappearsto belessthansecondorder.

Table10. Ñ K -norm of the Err ors and Convergencerates for pressure Õ .

Case 17-33 Rate 33-65 Rate 65-1298 K 8.200e-03 1.784 2.400e-03 2.921 3.129e-04

Case Rate 129-257 Rate 257-5138 K 1.774 9.149e-05 1.548 3.128e-05

Finally, in table11, the valuesof # areshown. Observe that # convergesto zero
with secondorderaccuracy.

Table11.Valuesof Ö andconvergencerate.

Case 16 Rate 32 Rate 64 Rate# -4.827e-03 1.5636 -1.633e-03 1.8942 -4.393e-04 1.9808
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Case 128 Rate 256 Rate 512# -1.113e-04 1.9925 -2.797e-05 1.9913 -7.035e-06

In figure4, thetimeevolutionof theenergy is shownaccompaniedby thegrey-scale
contourimagesof theconcentrationfield at theindicatedtimes.Thecontourvalues
shown arethesameasin thecasewithoutflow. At earlytimes,thephasesseparate
androtateaboutthe centerof the domaindueto the fluid flow. Between���¬�;b�Ë
and �Ï� & b � , thethin neckspinchoff andthelower (upper)bulbsof fluid reconnect
with the upper(lower) regionsof fluid nearthe boundariesof the domainanda
wiggly interfacedevelops.Due to surfacetension,the wigglesstraightenout and
thebulbsredevelop.At thesametime,therotationslowsdueto viscousdissipation.
The regionsof fluid thenfurther straighten,againdueto surfacetension,to form
two horizontalbands.This is thesamelocal equilibriumstructurethatdevelopsin
the casewithout flow even thoughthe dynamicsis very different.However, here
the bandsconsistof fluid originating in both the upperand lower regionsof the
box while in thecasewithout flow, thefluid in thebandsoriginatesfrom thesame
regionof theboxastheband.Observe thatthetotal energy decreasesto aconstant
valueconsistentwith lemma6.
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Fig.4. Thetimedependenttotalenergy of thenumericalsolutionswith theinitial data(48).
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6.2 Comparisonwith linear stability theory

Next, to ensurethat we aresimulatingthe correctphysicalproblem,we consider
the agreementbetweenthe numericsandthe resultsof a linear stability analysis
abouta constantconcentration�9�d� L andvelocity ����m . Accordingly, we look
for asolutionof equation(1) of theform

�j��}?�����M� L � Wädxå�O � d ���� �i� ���Rk � }��
where � � d ���� �Ê× & b Neglectingquadratictermsin � d ���� , we find that � d �G�� must
solve theordinarydifferentialequation,

~«� d~�� �XH9�ck � � K 8 C S �-� L ���ÆI K �ck � � K <ß� d b (50)

Notethatthereis noflow at thelinearlevel sinceat thatlevel thepressurebalances
the extra-stresscouplingterm in the Navier-Stokesequation.The solutionof Eq.
(50) is � d ����U�R� d �#�o�xIMØ�Ù � , where �(d�� H��Rk � � K �-C{S��#� L ����I K �ck � � K � is the growth
rate.Taking � L in thespinodalregion � i.e. � L 2�� 1 �nÚ 16 � 1 ½ Ú 16 ����C{S��#� L �ÐW��o�×� Eq.
(50) shows that theamplitudeof a finite numberof long wavelengthperturbations
will grow exponentiallyin time for sufficiently small I . In particular the fastest
growing modeis

k L Æ É�� ¢ HÐC S �#� L ���;� � I K � K �×�
andthegrowth rateof this modeis �(dÈÛ=Ü ¿ �XH9�ck L Æ É � � K C S �-� L �� � b
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Fig. 5. Growth ratefor thedifferentwave numbersk.
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In Fig. 5, the theoreticalgrowth rate Ý(Þ is comparedto that obtainedfrom the
nonlinearscheme.Thenumericalgrowth rateis definedbyßÝ(ÞáàEâäã¥åçæÉèêé�ë}ìîí ï�ðòñ,óìîí ï�ô�õ=ö�÷ ðèêé�ë}ìîí ï�ðòñ�øìîí ï ô�õ=ö�÷ ðäù�ú�û ó ö
Here,weusedñ,ü à õnö�÷ , initial datañ ø�ýjþ<ÿ à õ=ö�÷��põ=ö¤õ ��� ã�� ý ��� þ<ÿ and 	Êà õ=ö¤õ ��
� ÷ � ,� û à � õ ��� , �Gà � ú ����
 and û ó à õ=ö�õ � . The graphshows that the linear analysis
(solid line) andnumericalsolution(circle) arein goodagreement.

6.3 Spinodaldecomposition

In orderto demonstratetheeffectivenessof ournew numericalschemeweconsider
theeffect of flow on spinodaldecomposition.We consideraninitial concentration
field ñ ø ý � ÿ à ñ�ü � � ý � ÿ � where ñ�ü à õnö�÷ is thespinodalpoint and

� ý � ÿ is a ran-
dom perturbationwith magnitude ð � ý � ÿ ð � õ=ö¤õ � ö A ��������� meshwasusedon
the square� à! õ � �#" �$ õ � �%" with periodicboundaryconditionsat þ à õ and

�
.

On &:à õ and
�

we usedeitherno-slip velocity boundaryconditionsor an im-
posedshear. Neumannboundaryconditionsareusedfor ñ and ' . Further, we took	�à õ=ö¤õ � � �@à � ú ��� � and

� û à õ=ö � � ö In Fig. 6 the evolution is shown with no
flow (left column)andin thepresenceof surfacetensiondrivenflow (right column)
with (*)�+uà � ú ý ��, � ÿ (this correspondsto thephysicalWebernumber(-)Yà �

).
That is, the flow arisesonly dueto surfacestressesbetweenthe componentsand
we have taken ./):à �

and the viscosity 0 is constant.In Fig. 7, the evolution
is shown in theabsenceandpresenceof surfacestress(left andright columnsre-

spectively) and with an imposedshearflow, i.e. ý 1 ýjþ � � ÿ �32 ýjþ � � ÿ3ÿ à54 �� � õ76 and

ý 1 ýjþ � � ÿ �32 ý þ � � ÿ3ÿ à 4 ô �� � õ 6 . In the absenceof surfacestress,the velocity is the

linearfield ý 1 ýjþ � & ÿ �32 ý þ � & ÿxÿ à ý & ô � ú � � õ ÿ andsatisfiestheNavier-Stokesequa-
tion (7) with (*)�+Xà 8 . In the presenceof surfacestress,the velocity field is
non-linearandwe have againusedthe samenon-dimensionalconstantsasgiven
above.

In Figs.6 and7, threespatialperiodsareshown, the ñ à õ=ö � ÷ , õnö�÷ and õ=ö � ÷ contours
areshown asfilled asbefore,andthe time is constantacrossa row andincreases
down thecolumnasindicatedin thecaption.Thetimesin thecorrespondingrows
for Figs.6 and7 arethesame.At earlytimes,thereis classicalspinodaldecompo-
sition astheunstablemixturephaseseparatesandregionscoalesce.Thereis little
effectof surfacestressandflow.

Let us focusfirst on the effect of surfacetensionin the absenceof shear. In Fig.
6, at later times,we observe that surfacetensionactsto decreasethedeformation
of theinterfacesandto reducetheir overall length.This causesthefluid fingersto
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Fig. 6. Evolution with 9$: +<;>= (left column)and 9$: +<;@?BA�CED�F G7H (right column).No
appliedshear. Thetimesshown are(from top to bottom) I ;KJ�LMJ�N , J�LO?PD , J�LRQ�D , J�LRS#T , ?ULRV�V ,Q�LRD�N , D�LRQ�D , ?BW7LRV�? and TXQ�LRS#T
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Fig. 7. Evolution with 9$: + ;Y= (left column) and 9$: + ;Z?BA�CED F GXH (right column).
Applied shearconditions.Thetimesshown areidenticalto thosein figure6.
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retractandbecomemorevertical.This leadsto thecoalescenceof thefingerswith
semi-circulardropsat the bottomof the domain.The resultingvertical bandsof
fluid area local equilibrium. In the absenceof surfacetension,the fingersdo not
coalescewith thedropsandclassicalcoarseningoccursasthemasstransfersfrom
thedropsto thefingers.Thefingersthencoalesceto form a horizontalband.This
is a globalenergy minimum.

In thepresenceof shear, weseefrom Fig.7, thatsurfacetensionhasasimilareffect
andthedeformationof interfacesis reduced.Here,however, themorphologiesare
muchmoreelongateddueto the shear. Further, pinchoff andreconnectionevents
occurand the morphologyactually repeatsitself in time. The stretchedbandsatû à ÷nö ��[ pinchoff andform drops(seeû à\� ö�÷ � ). The dropsthenreconnectwith
thefingers(approximatelyat û à � ö¤õ , not shown) andre-formthestretchedbands.
When (*)�+]à]8 , this sequenceoccurstwice while when (-)�+]à � ú ý � , � ÿ this
sequenceoccursthreetimessincethe fingersretractmoredueto surfacetension
which enhancestheir capabilityto coalesce.This temporalperiodicityis discussed
furtherbelow. Eventually, theperiodicityis brokensincethedropsthatareformed
becomesmallerwith eachcycle.After thelastcycle, thereis no reconnection.The
fingersthen merge to form a single horizontalbandwhich is the global energy
minimum.

In Fig. 8 thetotal energy (27)evolution for thedifferentsimulationsis plottedver-
sustime.In theabsenceof shear(dot-dashed:(-)�+�à � ú ý ��, � ÿ anddashed:(*)�+�à8 ), theenergy decreasesmonotonicallyaspredictedby lemma6. In thepresence
of shear(largedots: (-)�+�à � ú ý � , � ÿ andsmalldots: (-)�+�à@8 ), thereareenergy
oscillations.Observe that therearethreeoscillationswhen (*)�+pà � ú ý � , � ÿ and
two when (*)�+�à^8 . Thesecorrespondto thepinchoff andreconnectionscenarios
describedabove.

In Fig. 9, we presentthe scaledkinetic (dashed)andsurfaceenergy (solid) evo-
lutions throughfirst oscillationendingapproximatelyat û à`_ ö¤õ . In addition,we
show theconcentrationmorphologyat theindicatedtimes.To obtainthescaledki-
neticenergy, theactualkinetic energy is multiplied by

� õ¥õ . At earlytimes,energy
is transferredfrom the surfaceto the fluid while at later timesthis processis re-
versedasthe interfacesstretchandelongate.Thepeaksseenin thekinetic energy
correspondto topology transitionsof the concentrationfield in the flow. For ex-
ample,lower endsof thestretchedbandspinchoff to form dropsat approximatelyû à^� ö � . Thedropsthenrecoalescewith thefingersatapproximatelyû à � ö¤õ . Each
of theseeventsis seento beassociatedwith a local peakin thekinetic energy. En-
ergy is transmittedto thefluid throughthelargesurfacestressthatdevelopsduring
thetransitionandsubsequentretractionof thefingers.

To understandfurther the oscillation of the energy in the presenceof shear, we
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comparein Fig. 10 thedifferencequotientacb ý ñ,ó�dfe �3g óUdfe ÿ ô ahb ý ñ�ó �ig ó ÿ� û (51)

shown ascirclesto thecorrespondingspatialdiscretizationof theanalyticalvaluejjlk a ý ñ ó�dnmo �ig ó�dnmo ÿ givenby�./)qp g ó�dnmo � � g ó�dnmo#r b ô (-) � e+	 p ðts ' óUdnmo ð u � � r b ô (-) � e+	 � û ý3ý ñ ó�dfe ô ñ ó ÿ � � � ÿ b (52)

shownasthesolidline.Observethatthereis excellentagreementbetweenthesetwo
independentlycalculatedquantities.This shows thattheoscillationsaredueto the
flow throughtheshearboundaryconditionandprovidesanindependentvalidation
of theaccuracy of our numericalresults.
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Fig. 8. Energy evolution undertheflow differentconditions.

7 Conclusions

In this paper, we have developeda conservative,
� ó j orderaccuratefully implicit

discretizationof the NSCH systemthat hasan associateddiscreteenergy func-
tional. In addition,theschemehasastraightforwardextensionto multi-component
systems.Thiswill beexploitedin afuturework whereweexaminefluid flowswith
threeconstituentcomponents[38].

To efficiently solve the discretesystemat the implicit time-level, we have devel-
opedanonlinearmultigrid methodto solvetheCH equationwhich is thencoupled
to a projectionmethodthat is usedto solve the NS equation.We have analyzed
andprovedconvergenceof theschemein theabsenceof flow. Theconvergencein
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Fig. 10.Comparisonof Eqs.(51),circles,and(52),solid line.

thepresenceof flow is currentlyunderstudy. Wedemonstratedconvergenceof our
schemenumericallyin boththepresenceandabsenceof flow andperformedsimu-
lationsof phaseseparationvia spinodaldecomposition.We examinedtheseparate
effectsof surfacetensionandexternalflow onthedecomposition.Wefoundsurface
tensiondrivenflow aloneincreasescoalescenceratesthroughthe retractionof in-
terfaces.Whenthereis anexternalshearflow, theevolutionof theflow is nontrivial
andtheflow morphologyrepeatsitself in time asmultiple pinchoff andreconnec-
tion eventsoccur. Eventually, theperiodicmotionceasesandthesystemrelaxesto
a globalequilibrium.Theequilibriawe observe appearshasa similar structurein
all casesalthoughthedynamicsof theevolution is quitedifferent.
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We view the work presentedin this paperaspreparatoryfor the detailedinvesti-
gationof liquid/liquid interfaceswith surfacetensionwheretheinterfacesseparate
two immisciblefluids.Onesuchexampleis thebreak-upof anaxisymmetricthread
of viscousfluid surroundedby anotherliquid dueto theRayleighinstability. In fig-
ure 11, the break-upof sucha threadis shown usingan axisymmetricversionof
theNSCH algorithmpresentedin thispaper. In thissimulation,theinitial condition
consistsof acolumnof fluid with radiusõ=ö�÷ perturbedby acosineperturbationwith
anamplitudeof õ=ö¤õ{÷ . Theinitial velocity is equalto zero.Theinnerandouterfluids
arehavethesamedensityandviscosity. TheReynoldsnumber(usingthecharacter-
istic velocity scalethat is proportionalto theratio of surfacetensionandviscosity
andlengthscalethatis proportionalto theradiusof thecolumn)is .v) àw� ö�õ . The
physicalWebernumberis (*)Xà õ=ö ��
 , which correspondsto (*)�+Sà õ=ö�õ �x� . The
timestep

� û à � � � õ ��y , thedomainis õ �{z|� � ú � and õ �{}~� � � . Thegrid size
is �êà � ú ���7
�� õnö�õ ��_ in both

z
and

}
. Periodicboundaryconditionsareimposedat} à õ and

� �
. Neumannandno-slipboundaryconditionsareimposedat

z à � ú �for ñ ,' and g respectively. Finally, 	�à õ=ö�õ � and ��)�à � ú 	 . In thesimulationpre-
sentedin figure11, a neckis seento developandpinchoff to form threedroplets
atapproximatelytime û à � ö�÷ . At thisfirst pinchoff, thereis aslightoverturningof
theinterfacein theneckregion (seeû à � ö 
 ). At latertimes,themaindropscircu-
larize dueto surfacetensionwhile thesmallerdaughterdropsundergo additional
pinchoff events.Thesesecondarypinchoff eventsappearto bedueto theRayleigh
instabilityactinguponthesmalldropsasthesmalldropsoscillate.In eachevent,it
is theoutermostdropsthatpinchoff. Thissignificantlyreducesthesizeof thedrops
andeventuallyleadsto steadystatein whichadistributionof smalldropsseparates
the larger ones.The small dropsarenearlymonodispersein size.This resultwill
beinvestigatedin moredetail in [37].

A Ternary Cahn-Hilliard system

Letusshow how toextendthescheme(13)-(15)to thecaseof threespecies(ternary).
Thissystemcanbederivedfrom theenergy functional

� ý ñ e � ñ u ÿ à@�U�� R� ý ñ e � ñ u ÿ � 	 u e� ðMsçñ e ð u � 	 uu� ðMs ñ u ð u � 	 uy� ðts ý � ô ñ e ô ñ u ÿ ð u " ~ � ö(A.1)

For simplicity, weconsidera typical freeenergy givenby fourth orderpolynomial

� ý ñ e � ñ u ÿ à ñBu e ñ u u � ñ u u�ñPuy � ñBuy ñPu e à ñPu e ñ u u � ý ñBu e � ñ u u ÿiý � ô ñ e ô ñ u ÿ u �
whereñ e � ñ u � and ñ y asconcentrationsof threedifferentspeciesand ñ e � ñ u � ñ y à �

.
Fromthis constraint,we have thefollowing system,
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t=0.00 t=2.8

t=1.4 t=5.8

t=1.6 t=7.8

t=1.8 t=10.0

Fig. 11.Time evolution of a highly extendedfluid suspendedin anotherfluid. Thedimen-
sionlesstimesareshown below eachfigure.� ñ e� û à � ' e � ' e à � ý ñ e � ñ u ÿ� ñ e ô ý 	 u e � 	 uy ÿ � ñ e ô 	 uy � ñ u � in ��� ý õ ��� ÿ �� ñ u� û à � ' u � ' u à � ý ñ e � ñ u ÿ� ñ u ô ý 	 uu � 	 uy ÿ � ñ u ô 	 uy � ñ e � in ��� ý õ ��� ÿ �
subjectto initial conditions

ñ e ý � � õ ÿ à ñ e ø ý � ÿ � ñ u ý � � õ ÿ à ñ u ø ý � ÿ ��� � �
with homogeneousNeumannboundaryconditions.Thediscretizationof thisternary
systemis astraightforwardextensionof thebinaryscheme(13)and(14):
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ñ e óUdfeìòï� û ô � j ' e ó�d moì�ï àEñ e óì�ï� û � (A.2)ñ u óUdfeìòï� û ô � j ' u ó�dnmoì�ï àEñ u óì�ï� û � (A.3)

where

' e óUd moì�ï ôY�� ý ñ e óì�ï � ñ e ó�dfeì�ï � ñ u óìòï � ñ u óUdfeì�ï ÿ e � 	 u e � 	 uy� � j ñ e óUdfeìòï � 	 uy� � j ñ u óUdfeìòïà ô 	 u e � 	 uy� � j ñ e óì�ï ô 	 uy� � j ñ u óì�ï � (A.4)

' u óUd moì�ï ô �� ý ñ e óì�ï � ñ e ó�dfeì�ï � ñ u óìòï � ñ u óUdfeì�ï ÿ u � 	 uu � 	 uy� � j ñ u óUdfeìòï � 	 uy� � j ñ e óUdfeìòïà ô 	 uu � 	 uy� � j ñ u óì�ï ô 	 uy� � j ñ e óì�ï � (A.5)

and

�� ý ñ e ó � ñ e ó�dfe � ñ u ó � ñ u ó�dfe ÿ e à �� m � ý ñ e ó�dfe � ñ u ó�dfe ÿ� �� �� m
�
m � ý ñ e ó�dfe � ñ u ó�dfe ÿiý ñ e ó ô ñ e ó�dfe ÿ��������� ��h� �� o � o � o � m � ý ñ e ó�dfe � ñ u óUdfe ÿMý ñ u ó ô ñ u ó�dfe ÿ y ��� ý ñ e ó � ñ e ó�dfe � ñ u ó � ñ u ó�dfe ÿ u à �� o � ý ñ e ó�dfe � ñ u ó�dfe ÿ� �� �� m
� o � ý ñ e ó�dfe � ñ u ó�dfe ÿiý ñ e ó ô ñ e ó�dfe ÿ��������� ��h� �� o � o � o � o � ý ñ e ó�dfe � ñ u óUdfe ÿMý ñ u ó ô ñ u ó�dfe ÿ y �

where �� ý ö öäö ÿ e and �� ý öäö ö ÿ u denoteTaylor seriesapproximationsto
��
m � and

�� o �
respectively. Thisschemehasadiscreteenergy functionalgivenby adiscretization
of (A.1) analogousto Eq. (25) in thebinarycase.

Next, thenondimensional,ternaryincompressiblegeneralizedNSequationis:

s � g à õ �g k ��� � g à ô s~� � �.v) s �  M0 ý ñ e � ñ u ÿMý s g � s g�� ÿ " (A.6)

ô (-) � e+� 	 ì ñ,ì�s ' ì ö
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Takingadiscretizationof thissystemanalogousto thatin thebinarycase(e.g.Eqs.
(18) - (20)), andaddingadvectiontermsto Eqs.(A.2) and(A.3), it is straightfor-
ward to show that this schemehasa discreteenergy functionalanalogousto Eq.
(27).

B Smoothingoperator

Thederivationof the ���^��� �¡  relaxationoperatorgivenin Eqs.(34)and(35) is
asfollows.Rewriting (45),weget

ñ óUdfeìòï� û � ý �� þ u � �� & u ÿ ' óUd moìòï à ý ' ó�dnmoì dfe í ï � ' ó�dnmoì � e í ï� þ u � ' óUdnmoìîí ï dfe � ' óUdnmoìîí ï � e� & u ÿ � ñ,óì�ï� û öBy Eq.(46),

ô 	 u� ý �� þ u � �� & u ÿ ñ ó�dfeì�ï � ' óUd moìòï à �� 	 u � j ñ óìòï � �� ý ñ óì�ï � ñ óUdfeìòï ÿ (B.1)

ô 	 u� � þ u ý ñ óUdfeì dfe í ï¢� ñ ó�dfeì � e í ï ÿ ô 	 u� � & u ý ñ ó�dfeìîí ï dfe � ñ óUdfeìäí ï � e ÿ ö
Since �� ý ñ,óì�ï � ñ ó�dfeì�ï ÿ is nonlinearwith respectto ñ ó�dfeì�ï , we linearize �� ý ñ,óì�ï � ñ ó�dfeì�ï ÿ at ñ üì�ï

�� ý ñ óì�ï � ñ ó�dfeì�ï ÿ � �� ý ñ óì�ï � ñ üì�ï ÿ � � �� ý ñ,óì�ï � ñ üì�ï ÿ� ñ u ý ñ ó�dfeì�ï ô ñ üì�ï ÿ ö
After substitutionof this into (B.1),weget

ô  	 u� ý �� þ u � �� & u ÿ � � �� ý ñ,óì�ï � ñ üì�ï ÿ� ñ u " ñ ó�dfeì�ï � ' óUdnmoìòï (B.2)à 	 u� � ñ óì�ï¢�]�� ý ñ óìòï � ñ üì�ï ÿ ô � �� ý ñ,óì�ï � ñ üì�ï ÿ� ñ u ñ üìòïô 	 u� � þ u ý ñ ó�dfeì dfe í ï£� ñ ó�dfeì � e í ï ÿ ô 	 u� � & u ý ñ óUdfeìäí ï dfe � ñ ó�dfeìîí ï � e ÿ ö
Next, replace ñ ó�dfeì � e í ï , ñ ó�dfeìîí ï and ñ óUdfeìäí ï � e with ¤ñ üì � e í ï , ¤ñ üìîí ï and ¤ñ üìîí ï � e respectively. The
othertwo termsñ óUdfeì dfe í ï and ñ ó�dfeìîí ï dfe arereplacedwith ñ üì dfe í ï and ñ üìäí ï dfe respectively. The
chemicalpotentialis replacedanalogouslywith thetime index beingsetto ¥ ô eu .We thusobtaintherelaxationscheme:¤ñ üìòï� û � ý �� þ u � �� & u ÿ ¤' ü � moì�ï à ' ü � moì dfe í ï � ¤' ü � moì � e í ï� þ u � ' ü � moìîí ï dfe � ¤' ü � moìîí ï � e� & u � ñ,óì�ï� û � (B.3)
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and

ô  	 u� ý �� þ u � �� & u ÿ � � �� ý ñ,óì�ï � ñ üì�ï ÿ� ñ u " ¤ñ üì�ï¦� ¤' ü � moì�ï (B.4)à ô 	 u� � ñ óì�ï � �� ý ñ óì�ï � ñ üì�ï ÿ ô � �� ý ñ óì�ï � ñ üì�ï ÿ� ñ u ñ üì�ïô 	 u� � þ u ý ñ üì dfe í ï£� ¤ñ üì � e í ï ÿ ô 	 u� � & u ý ñ üìäí ï dfe � ¤ñ üìîí ï � e ÿ �
asclaimedin section3.

C Multigrid method for the intermediate velocity field g¨§
For simplicity, let g à g § í Þ dfe � thenwehave

© g à ý«ª ��¬ ÿ � (C.1)

where

© à �� û ô
�� ./) � j

and

ý«ª ��¬ ÿ à ô �� � ó�d mo í Þ � ý g óUdfe í Þ � g ó ÿ ô ßs �j � óUd mo í Þ � �� ./) � j g óô �� 	(-) p ñ óUdfe í Þ � ñ ó r s j ' ó�d mo í Þ
Sinceoperator

©
is a linearoperator, weusea linearmultigrid methodto solveEq.

(C.1).

Multigrid cycle

g ü dfeÞ à@�¯®�°²±³° ý � �ig ü Þ � © Þ � ª óÞ �¬ óÞ �P´ ÿ ö
Now, definetheMGCYC.

(1) Presmoothing
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Compute¤g ü Þ by applying ´ smoothingstepsto g ü Þ¤g ü Þ à@���^��� �¡ qµ ý g ü Þ � © Þ � ª óÞ ��¬ óÞ ÿ �
One ���^��� �¡  operatorstepconsistsof relaxingthe system(C.1) given below
for each¶ and· .

¤1 üì�ï à æ ª � 1 üì dfe í ï � ¤1 üì � e í ï � 1 üìîí ï dfe � ¤1 üìîí ï � e� � u ./) ù ú 4 �� û �
�� u ./) 6 �¤2 üìòï à æ ¬ � 2 üì dfe í ï¸� ¤2 üì � e í ï¸� 2 üìîí ï dfe � ¤2 üìäí ï � e� � u .v) ù ú 4 �� û �
�� u ./) 6 ö

(2) Compute the defect

ý ¤~ e ü Þ � ¤~ u ü Þ ÿ à ý«ª óÞ ��¬ óÞ ÿ ô © Þ ý ¤1 ü Þ � ¤2 üÞ ÿ ö
(3) Restrict the defect

ý ¤~ e ü Þ � e � ¤~ u ü Þ � e ÿ à>¹ Þ � eÞ ý ¤~ e ü Þ � ¤~ u ü Þ ÿ �(4) Computean approximatesolution º �1 ü Þ � e � �2 üÞ � ei» of the coarsegrid equation
on �eÞ � e , i.e.

© Þ � e ý 1 ü Þ � e �32 üÞ � e ÿ à ý ¤~ e ü Þ � e � ¤~ u ü Þ � e ÿ ö (C.2)

If
� à �

, we usea directsolver. If
�½¼ �

, we solve (C.2) by performinga
�
-grid

cycleusingthezerogrid functionasaninitial approximation:

�¾ üÞ � e à@�^®²°²±³° ý � ô � �i¿À� © Þ � e � ¤~ e ü Þ � e � ¤~ u ü Þ � e �P´ ÿ ö
(5) Inter polate the correction

�2 e ü Þ àÁ¹ ÞÞ � e �2 e ü Þ � e ö�2 u ü Þ àÁ¹ ÞÞ � e �2 u ü Þ � e ö
(6) Compute the correctedapproximation on �eÞ

1 ü í after ÂÄÃÄÂÞ à>¤1 ü Þ � �2 e ü Þ ö2 ü í after ÂÄÃÄÂÞ àK¤2 üÞ � �2 u ü Þ ö
(7) Postsmoothing
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Computeg ü dfeÞ by applying ´ smoothingstepsto g ü í after ÂÄÃÄÂÞ �
g ü dfeÞ à^���^�|� �¡  µ ý g ü�í after ÂÄÃÄÂÞ � © Þ � ª óÞ ��¬ óÞ ÿ ö

Thiscompletesthedescriptionof themultigrid cycle.

D Crank-Nicholson scheme

Here,wepresentanotherCrank-Nicholsonschemein which

�� ý ñ ó � ñ ó�dfe ÿ à �� p � ý ñ ó ÿ � � ý ñ ó�dfe ÿ r ö
This resultsin themoretraditionalscheme:

ñ óUdfeìòï ô ñ�óì�ï� û à � j ' ó�d moì�ï �
' ó�dfeÆÅ uì�ï à �� ý � ý ñ óUdfeìòï ÿ � � ý ñ óì�ï ÿ3ÿ ô 	 u� � j ý ñ ó�dfeì�ï � ñ óì�ï ÿ ö

This schemeis secondorder accurateandconvergencemay be proved using an
argumentanalogousto that given in theorem9. Further, this algorithm extends
straightforwardly to the ternarycaseandthenonlinearmultigrid methodgiven in
section3 alsocaneasilybemodifiedto solve thecorrespondingnonlinearsystem
at the implicit time level. Moreover, at the linear level (i.e.

�
is a linear function),

this schemeis the sameasthat consideredin the body of the paper. However, at
thenonlinearlevel, we areunableto prove that thesystemgivenabove hasa dis-
creteenergy function unlessa secondordertime stepconstraintis imposed.This
constraintis muchstrongerthanthatneededfor stability andseemsto bea short-
comingof the analysisassimulationresultsalwaysyield non-increasingdiscrete
energies.
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