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Abstract

We develop a conserative, secondorder accuratefully implicit discretizationin two di-
mensionsof the Navier-Stokes NS and Cahn-Hilliard CH systemthat hasan associated
discreteenegy functional. This systemprovides a diffuse-interhce descriptionof binary
fluid flows with compressibler incompressiblélow component$44,4]. In this work, we
focusonthe caseof flows containingtwo immiscible,incompressibl@enddensity-matched
componentsThe schemehowever, hasa straightforvard extensionto multi-component
systems.To efficiently solve the discretesystemat the implicit time-level, we develop a
nonlineamultigrid methodto solve the CH equationwhichis thencoupledto a projection
methodthatis usedto solve the NS equation.We analyzeand prove corvergenceof the
schemeén the absenceof flow. We demonstrateonvergenceof our schemenumerically
in boththe presenceindabsencef flow andperformsimulationsof phaseseparatiorvia
spinodaldecompositionWe examinethe separateffects of surfacetensionandexternal
flow onthedecompositionWefind surfacetensiondrivenflow aloneincreasesoalescence
ratesthroughtheretractionof interfaces Whenthereis anexternalshearlow, theevolution
of theflow is nontrivial andthe flow morphologyrepeatstself in time asmultiple pinchof
andreconnectioreventsoccur Eventually the periodic motion ceasesandthe systemre-
laxesto a global equilibrium. The equilibriawe obsene appearsasa similar structurein
all casesalthoughthe dynamicsof the evolution is quite different.We view the work pre-
sentedn this paperaspreparatoryfor the detailedinvestigationof liquid/liquid interfaces
with surfacetensionwheretheinterfacesseparatéwo immisciblefluids [37]. To this end,
we includea simulationof the pinchof of a liquid threadunderthe Rayleighinstability at
finite Reynoldsnumber

Key words: Cahn-Hilliardequationnonlineammultigrid method fluid flow, interfacial
tension
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1 Intr oduction

The Cahn-Hilliardequationis the prototypicalcontinuummodelof phasesepara-
tion. It wasoriginally proposedoy CahnandHilliard [14] to modelbinary alloys
andhassubsequentlypeenadoptedo modelmary otherphysicalsituationssuch
as phasetransitionsand interface dynamicsin multiphasefluids [32] which we
considerhere.Phaseseparatioroccurs,for example,whena single phasehomo-
geneoussystemcomposedf two fluid componentsin thermalequilibrium (e.g.
at a high temperature)is rapidly cooledto atemperaturél” below a critical tem-
peraturel, wherethe systems unstablewith respecto infinitesimalconcentration
fluctuations Spinodaldecompositiorthentakesplaceandthe systenmseparatesito
spatialregionsrich in onecomponenandpoorin the other The evolution lowers
the free enegy andleadsto an equilibrium statewith coexisting phaseqe.g.see
[13,48,10,47])Assumingthatthefluid componentareincompressibl€V - u = 0)
with equaldensities(setto onefor simplicity) and that the evolution is isother
mal, thenondimensionaCahn-HilliardCH modelis asfollows. Let ¢ bethephase
variable(i.e. concentration)then

1
" Pe
and p(x,t) = ¢(c(x,t)) — GQAC(X’ t), (2)
whereu is the mass-geragedfluid velocity (i.e. u = u; + uy, whereu; andu,
arethevelocitiesof thetwo components)Pe is the diffusionalPeclethumberand
measuretherelative strengthof adwectionanddiffusion, M isthenondimensional
mobility, u is the generalizecchemicalpotential,¢(c) = F’(c), and F'(c) is the
Helmholtzfree enegy whichis noncowex if T' < T, to reflectthe coexistenceof
separatgphasesande > 0 is a nondimensionaineasureof non-localitydueto the
gradientenegy (Cahnnumber)andintroducesan internallength scale(interface
thickness).Seealso [4,32,44] for further detailsand referencesThe nondimen-
sionalizationcanbe foundin [44,40]. Here,for simplicity, we considera constant
mobility! (M = 1) andwe take Pe = 1 andwe usethe quarticfree enegy F'(c),

whichis definedby

ci(x, 1)+ V- (uc) V- (M(e)Vu(x, 1)), for (x,1) € Qx[0,7] € R* xR (1)

F(c) = 362(0 - 1) (3)

Thus,the coexisting phasesorrespondo ¢ = 0 and1. The naturalboundaryand
initial conditionsfor the CH equationare

g—; = g—g =0,and u=0 o0no, c(x,0) = ¢(x), u(x,t) =0, (4)
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wheren is the normalunit vectorpointing out of §2.

Two importantfeaturesof the CH problemin the caseof zero Neumannbound-
ary conditionsarethe conseration of mass‘lﬁl Jq c(z, t)dx, andthe existenceof a
Lyapunw&/(Enegy) functional.J(c)

J(e) = /Q lF(c)—i—é\VcF] dx (5)

suchthat
S0 =~ [ 1Vul* ax

in theabsencef flow. Thesecondeatureplaysacrucialrole in theanalysisof the
CH equationjncludingthe proof of theexistenceof asolutionto theinitial bound-
ary valueproblem[21], andasymptotidong time behaior [54], [58]. The enegy
functionalalsoreadilyyieldsapointwiseestimateof ¢ in theone-dimensionatase.
In this paperwe developafinite differenceschemean two dimensionghatinherits
massconseration and enepgy dissipationfrom the continuouslevel. It is highly
desirablego have adiscreteenegy functionalbecausehis canbeusedto prove that
thenumericalsolutionis uniformly boundedwvith respecto thetime andspacestep
sizesfrom whichit followsthatthe schemas stable.

The CH equation,evenwithout flow, is challengingto solve numericallyfor two
reasonsFirst, the equationis fourth orderin spacewhich makes straightforvard
differencestencilsvery large andintroducesa severetime steprestrictionfor sta-
bility (stiffness),.e., At ~ Az* for explicit methodsSecondthereis nonlinearity
associateavith ¢, which canalso contribute to numericalstiffness.To overcome
thesedifficulties, we split the fourth order equationinto a systemof secondor-
der equationsWe thenusea fully implicit time discretization A nev nonlinear
multigrid methodis developedto solve the nonlineardiscretesystemto obtainthe
solutionatthe new time step.We find thatconvergenceof themultigrid methodcan
be achivedwith At < Aty whereAt, dependnly on physicalparametersand
is independentf thegrid size.Sincedetermininghe precisevalueof At, depends
ontheapplicationwe find thatby taking At ~ h we obtaincorvergencen awide
variety of applicationsOncethis time steprestrictionis satisfiedandthe multigrid
methodcornverges,our discreteenegy readilyyieldsthatthe overall schemas sta-
ble.

In the presenceof flow, the advectionterm is implementedas a forcing function
in thenonlinearmultigrid schemeThefunctional J(¢) now mayeitherincreaseor
decreasén time andsatisfies

d 2
%J(c)+/ﬂw-(cu) dx——/Q\V,u\ dx.



If theinterfacesarepassve, by which we meanthatthe concentratiorfield ¢ does

not affect the flow field, thenu satisfieghe classicalNavier-Stokesequationsand

may be imposedindependentlyof the concentratiorfield c. If the interfacesare

active,ontheotherhand,thevelocityfield u depend®n ¢ throughtheintroduction

of extra stresseshatmimic the surfacetensionbetweernthetwo fluid components.
In this casethe systemenenpy is givenby

-1

We
Bup = [ luf/2dz+ == J(c) (6)

€

wherethe first term is the kinetic enegy of the fluid system,the secondwhen
scaledthis way (notethe dependencef the secondterm upone) is a measureof
thesurfaceenegy andWe, is proportionako theWebemumber? whichmeasures
therelative strengthf the kineticandsurfaceenepies[44]. Thevelocity satisfies
ageneralizedNavier-StokesNS system:

u;+u-Vu=-Vp— es_lcVu—i- LV' (77(0) (Vu-i—VuT))
i € Re ’
V-u=0, @)

-1
s

wheretheextrastressiueto theconcentratiogradientgi.e. interfaces)s — cVu,

Re is the Reynolds numberandn is the nondimensionaliscosity which ig as-
sumedo dependnthemassconcentration. In [44], it is shavn usingthe method
of matchedasymptoticexpansionghatthis termcorvergesto the classicalsurface
tensionforcease — 0. This resulthasbeenrecentlymaderigorousby C. Liu &
S. Shioller (preprint)whereit is shavn thatsolutionsto the NS andCH equations
converge to weaksolutionsof classicalsharpinterfacemodelsof interfacial flows
with surfacetension.This NSCH systemis known asModel H in the notationof
Hohenbeg & Halperin[32]. We referthereaderto the recentreview paperby An-
dersonMcFadden& Wheeler[4] andto [44], for example,for further detailson
the model. The extensionof this systemto the more realistic caseof multiphase
fluids whosecomponent$ave differentdensitiess extensvely discussedn [44].
The systemenegy, assumingno-slip (u = 0) boundaryconditions satisfies

d We?_ Re!

L By = — s /v dx —
ap et c Q| pl® dx

whereD = Vu + Vu? isthescaleddeformationtensor

/(277(0)D : D dz, (8)

In this paper we considemoth passve andactive interfaceswherethe generalized
NS equationsaresolved usinga second-ordeaccuratdinite differenceprojection
method.Theresultingdiscretizatiorof the NSCH system(1-2) and(7)

2 The exactrelationis We = We;/ fol V2F (c) dc whereWe is the physical Weber
number44].



(i) preseresthemasgaverageof ¢) onthediscretdevel,
(i) givesasimpletreatmenbf boundaryconditions;
(i) hasadiscreteequivalentof the Lyapunw function E;;;
(iv) hasaconstrainbnthetime stepwhichdepend®nly onthephysicalquantities
¢, €, o andn andnot on the spatialdiscretization;
(v) extendseasilyto the multi-componentcase(i.e. two or more concentration
fields).

Oneof the mainachiezementf this paperis the developmenif anefficient non-
linearmultigrid methodto solvethediscretenonlinearschemdor theCH equation.
To our knowledgethis is the first work in which a nonlinearmultigrid methodis
usedto solve this equation Following the generalstratgy outlinedin [11], we de-
signasmoothebasedntreatingthe CH equatiorasa systenof two equationgor

c andy asin (1-2). This smootheis of pointwisecollective Newton-Gauss-Seidel
type[11], in which the nonlinearityis linearizedaboutthe currentgrid point and
a Jacobitype updateis usedfor the remainingnonlinearterms.A Gauss-Seidel
type updateis usedfor the lineartermsandc and i are updatedsimultaneously
We demonstratéhe excellentperformanceof the numericalmethodby simulating
variousregimesof the NSCH modelincluding spinodaldecomposition.

In theabsenc®f flow, therehasbeenmuchalgorithmdevelopmentandmary sim-
ulationsof the CH equationusingfinite elementmethods(e.g.[5], [6], [7], [9],
[21], [25], [23], [24], [27]), finite differencealgorithms(e.q.[26], [28], [29], [53])
andspectralmethods(e.g.[41,17]). Most of thesefinite differenceandfinite ele-
mentreferencesiseconserative algorithmswith discreteenepgy functionals.The
discretizatiorthatis closestto oursis givenin [21] in the context of finite element
methods.In [21], the CH equationis treatedas a systemof equationsfor ¢ and
1 anda Crank-Nicholsontype time discretizationis usedwherethe free enegy
derivativep = F'(c) is approximatedoasto yield aschemewith adiscreteenegy
functionalfor ary value of the time step(the schemes nonlinearat the implicit
time level). Here,we choosea differentapproximationfor ¢ on the discretelevel
thatyieldsenhancedtability overthemethodpresentedh [21]. Thisalternatve ap-
proximationalsoallows usto extendsystematicallyhe discretesystento the case
of ternarymixtures;the schemepresentedhn [21] doesnot have sucha straightfor
wardternaryextension Wewill consideternaryfluid flow in anothempaper[38]. In
spite of recentalgorithmic developmentsof numericalapproximationgo the CH
eqguation,the solution of the discreteequationshasremainedproblematicdue to
thenonlinearityof theimplicit schemeBYy usingthenonlineamultigrid methodto
obtainthe numericalsolutionat the implicit time level, we gainimproved numer
ical stability andefficiengy over standardsolutiontechniquesasedon Newton'’s
methodandover algorithmsfor which the nonlinearterm ¢ is treatedasa forcing
function.

In the presenceof flow, there hasbeenmuch recentwork on simulating multi-
componentfluid flows using Cahn-Hilliard (diffuse interface) models.We again



refer the readerto the review [4] andto the discussionbelov for referencesTo

our knowledge,the schemewe presenthereis thefirst to have anassociated.ya-

punov function E,,; onthefully discretelevel for any valueof thetime andspace
stepsWe notethatin [33] asemi-discret&dlSCH systemwaspresentedyheretime

remainedcontinuousthat did have a Lyapunw function. Recentapplicationsof

Cahn-Hilliardfluid modelingincludesimulationsof thetwo andthreedimensional
Rayleigh-Tylorinstability (e.g.[33,31,43]),the pinchof of liquid/liquid jets(e.g.

[46,42]),thermocapillaryflow (e.g.[35,57]),mixing (e.g.[15]), contactanglesand

wettingphenomende.qg.[34,49]), gravity andcapillarywaves(e.g.[3,50,51]),co-

alescencé¢e.g.[56]), reactveflows(e.g.[52]), nucleatiorandspinodaldecomposi-
tion (e.g.[18,19,46,35,56,30])n particularin [30,35],thespinodaldecomposition
occursin the presenc®f imposedemperaturgradients.

Here,we examinethe effect of shearflow andinterfacial tensionon spinodalde-

composition.The solutionof the Cahn-Hilliardequationandthe resolutionof the

associateaxtra stressesn the fluid aretypically the bottlenecksof thesesimula-
tions. Ourimproved CH solver togethemwith our enegy-preservingliscretization
for the NSCH system,which hasthe advantageouside-efect of improving the

accuray of the extra-stressresultsin improvedstability andaccurag of the mul-

ticomponentlow simulations.

The contentsof this paperare as follows. In Section2, we derive the discrete
schemedemonstrateéhe existenceof a discreteenegy functionaland,in the ab-
senceof flow, prove stability and convergenceof the algorithm.In Section3, we
presenthenonlinearmultigrid methodfor thefully discretesystemin theabsence
of flow. In section4, we presenthe approximateprojectionmethodusedto solve
thediscretegeneralizedNS equationsin section5, we performalocal modeanal-
ysisfor the nonlinearmultigrid schemeo analyzethe smoothingfactor Finally in
Section6, we presentnumericalresultsfor passve and active interfaces.In Ap-
pendixA, we presenthe extensionof our schemeo ternarymulti-componensys-
tems.In Appendix B, the derivation of the smoothingoperatorfor the nonlinear
multigrid schemas presentedin AppendixC, analternatve algorithmfor the CH
equationis discussedh whichthefreeenepgy deriative ¢ is notapproximatedi.e.
theclassicalCrank-Nicholsordiscretization).

2 Numerical analysis

In this section,we presensemi-discretandfully discreteschemegor the NSCH
system.In addition,we prove discreteversionsof massconseration and enegy
dissipation,which immediatelyimply the stability of the numericalscheme(as-
sumingthatthe implicit nonlinearequationscanbe solved). Finally, the proof of
cornvergenceof the numericalsolution,in theabsencef flow, is alsoestablished.



2.1 Discretization

We shall first discretizethe CH equation(1-2) in space.Let [a,b] and [c, d] be
partitionedby

Cc= y%
sothatthecellsI;; = [z;_1,
Q=la,b] x [c,d]. Let

For simplicity, we assumehatthe above partitionsareuniform in both directions
sothat

Az, =Ay;=h for1<i< N, 1<j5<N,
whereh = (b — a)/N, = (d — ¢)/N,. Therefore

andletQ, = {(z;,y;) : 1 <i < N,, 1< j < N,}, bethesetof cell-centers
where

1 1
Ti = 5(%‘7% +xi+%)’ Yi = 5(%’7% +yj+§)-

Thesetof cell-cornerds Qh,% = {(xi+%,yj+%) 0<i< N, 0<j<N,}

Sincethe concentratiore andthe chemicalpotentialy satisfyNeumanrboundary
conditions,it is naturalto definethemat cell centersLet ¢;; and y1;; be approxi-
mationsof ¢(z;, y;) andu(z;, y;). We firstimplementthe zeroNeumanrboundary
condition(4) by requiringthat

Da:ci_l j =0 fOI’Z = 0, chi-f—lj =0 fOI’Z — Nz’
2 3

Dyc,yy =0 forj=0,  Dyc;y =0 forj=Nn,

wherethe discretedifferentiationoperatorsare

(9)

1
DwCiJr%,j = E(CHLJ - Ci,j), Dyci,jJr% = ﬁ(ci,jJrl - Ci,j)'
We thendefinethe discretelaplacianby

1
Adcij = E (DIC

andthediscreteL? innerproductby

1
—Dye,_1 )+ E(Dyc

_iaj

i+, Gjt+s T Dycm-_%),

Ny N!l

(01, Cz)h = h? z Z C145C245- (10)

i=1j=1



For agrid functionc definedat cell centers,D,c and D, ¢ aredefinedat cell-edges,
andwe usethefollowing notation
aCij = (Dac

Dyc;

i+1,5 ij+3 1),

to representhe discretegradientof ¢ at cell-edgesCorrespondinglythe (MAC)
divergenceat cell-centersusingvaluesfrom cell-edgesis

= 1 1 1 1 2 2
Va g =7 (gz'+%,j - gi,%,j) T <9i,j+§ - gi,j,%) )

for a grid functiong = (¢!, ¢?) definedon cell-edgesWe can definean inner
productfor Vc onthestaggeredrid by

Ng; N:y Na: N?!
(Vgcl, dCQ ZZchlﬂ—l]D CQ,H_ J +ZZD 611J+1D CQZ,]+ )
1=0 j=1 =1 7=0

(11)
We alsodefinediscretenormsassociateavith (10) and(11) as

lel[* = (e, 0, lelzs = (Ve Vie)e
Thetime-continuousspace-discretgystenthatcorrespondso (1-4)in theabsence
of flow is

jt = Agpiij,  Mij = ¢(Cz'j) - GZAdCij, (12)
where¢ is definedin (3) andboundaryconditionsare implementedusing (9). It
is easyto seethat this discretizationis secondorder accuratein spaceand that
massis conseredidentically The schemealsohasanenegy functionalgivenby
the discretizationof (5). We discretize(12) in time by the Crank-Nicholsortype
algorithm:

n+1 n

Cij  — Cij n+i

! At 1 = Ad:uij ) (13)
n n+1 e n n+1
d)( Z]’ z] ) - EAd(Cij + Cij )7 (14)

where

u 1 1

¢(01, 02) = ¢(C2) - §¢I(Cz)(c2 - 01) + §¢"(C2)(C2 - 01)2- (15)
This is obtainedby usingthe Taylor expansionof (F(c;) — F(c2))/(c1 — ¢2) and
retainingtermsup to the secondorder deriative. This is a modificationof the
schemepresentedn [21], whereg(cy, ¢3) is wastakento be:



Ha)l-Flea) if o) # ¢

c1—cC2

(i(cla 02) =
¢(Cl), |f C1 = Co.

And unlike the schemein [21], our modified schemecan be easily extendedto
multi-componensystemgseeAppendixA). In AppendixD, we considera more
traditional Crank-Nicolsordiscretizatiorin which ¢(c;, ¢2) = (¢(c1) + ¢(c2)) /2.

In the presenceof flow u = (u,v) # 0, we usethe centerdifferenceoperatorto
definethediscretegradientanddivergenceoperatorsat cell-centergespectiely by

1
Vdcijzé(DcH_ T Dzc; Dc”+1—|—Dc 1)

=30 hi—3

1 1
Thenon-slipboundaryconditionsareimplementedy introducinga ring of ghost-
cells surroundingthe physical domain suchthat sum of the velocities (at cell-
centersiareequalto zeroon the physicalboundaryi.e.

Up,; = —U1,5, UN,+1,; = —UN,,j, W0 = —U;1 and ui,Ny—i—l = _ui,Ny- (16)
Accordingly, equation(13) becomesy
it = +3 n+3p +3
”Tt”+vd ( : ZCZ ) = Ad,u?j 2, (17)

whereu"tz = (u"*! 4+ u") /2, andc¢**2 is definedanalogously The chemical
1
potentialu?jr2 is still obtainedfrom (14).

For active interfacesthe velocity u satisfiesthe generalizedNavier-Stokes equa-
tions (7). Here,we will usetherotationform (i.e.u- Vu = w x u+ 1V|uf?) of
the equationstogetherwith the Bernoulli pressureP = p + %|u|2. To solve this
systemwe will usea projectionmethod.Following [1], the velocity components
aredefinedat cell centersvhereu;; ~ u(z;, y;) andthe pressurés definedat cell-
cornertl,, » whereP,,1 ;.1 ~ P(z Tip1, Yt 1). In the correspondingliscretesys-
tem,we addltlonalIydlelnegradlentand dlvergenceoperatorsiaklng valuesfrom
cell-centerdo cell-cornersandvice-versa.Theseoperatorsare:

1 1
c J—— —
Va-u,15,1= 9 (D Ui 1t Dty g+1) + 9 (D Ui+l Tt Dyvz+1,j+§) ;
1
C
ViR =g (Petons + Pgi s = Pyt~ Proga
R+2a]+_ 'PZ+%;]_% + -PZ_%J_F% - Z_%:]_%)



We alsointroducetwo Laplaceoperatorghatoperateon cell-corners:

Vgt T Vg — Wity Vi1 T ¥ug42
h? ’

c —
Ad¢i+§,j+§ -
and

c wi—%,j—% + ¢i+g,j+— 41/12'1' 7J+1 + wz——j—é + ,(/)H‘ ;]"‘3
d¢i+§,j+§ =

2h?

To discretizethe flow equationswe thenusean approximateprojectionmethod
(e.g.se€]1,2]). In this schemetheincompressibilityconditioncanbe posedas

u"t! —un - L prtE —pr3
\R (T) = At (AG - Vg V) L™ (%) : (18)

wherel =1 — At” L Ag and! is theidentity operator This form of theapproximate
projection,to our knowledge hasnot beengivenin otherpaperautilizing the pro-
jectionmethod Seesection4 for aderivation.NotethatthedifferenceAs — V- V¢
appliedto a smoothfunction convergesto zerowith secondorderaccurag. If A
wastakento be V¢ - V¢, thenthe velocity is divergence-freeon the discretelevel.
However, the correspondingxact projectionmethodis ill-conditioned sincethe
stencilfor the pressuresolve is algebraicallydecouplede.g.see[45]).

Finally, thediscretizednomentumequationis

n+1 n
Ui — Uy nt3 nt3 Se pits ”"’2
RS ot - VP (19)
Ube_l nt nti nti,\nti
s 2 2 2 3
- G Vapi; * + Revd . (77(%' )D;; )

AtZ c Tyrc cr -1 Pn+%_Pnf%
+2Revd-(n( ?) (VaV+ VEVE— AST) £ (T))

1
wherethe vorticity is w"+2 = Vg4 X u , andthe (scaled)rate of deformation

1
tensoris D;}J’ = Vdu + (Vdu 2) . The lasttermin Eq. (19) arisesin

the projectionmethodby replacingan intermediatevelocity that consistsof the

projectedvelocity atthen + 1 stepanda pressuraipdate Again, this form of the

projectionmethodhasnot beenpresentedn other papersutilizing the projection
method Again,seesectiord for aderivation.If theviscosityn is constantthelatter

two viscoustermsin Eq. (19) arereplacedby the singleterm Re 'Agu™"2. We

includethemoregenerataseherefor completenesalthoughin thispapemwe focus

on the casein which n constant.The casewith non-constant) will be considered
in anothermaper[37].
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If n is constanandoneusesthereplacementdescribedabore,thend in Eq.(19)is
givenby

5= (umte, V5Pt /|lumte|P, (20)

~ 1 1

in orderto remove the componentf Vfng“ that are not orthogonalto uf;rz
in the discreteL? spaceNote that on the continuoudevel, § = 0. Indeed,aswe
demonstratén section6, § corvergesto zerowith secondorderaccurag. On the
discretdevel thistermensuresaswe will demonstratén the next sectionthatthe
discretesystem(17)-(19)in facthasanenegy functionalgivenby thediscretization
of (6). For non-constant), the projectionfactorshouldbetakento be[37]:

5= (un+%’@gpn+%) /Hun+%H2 (21)
(ur*s, Va - m(ed) (VaVi+ VIV — agr) £ 1 (222 ) )
2At2 Re [[u™*z |2 '

Thenumericalimplementatiorof Eqgs.(13)-(14)and(18)- (20) is discussedh sec-
tions3 and4 whereit is shavn how theimplicit solutionsattime¢,,,; areobtained
usingmultigrid methods.

2.2 Analysisof Sheme

We next analyzethe numericalschemesAt this stage,we assumethereare no
restrictionsto solvingtheimplicit systemf equationsLater, we examinethe ef-
fectivenesf themultigrid algorithmsusedto solve theimplicit equationsBefore
we proceedwe first statewithout proof the following lemmawhich is a easycon-
sequencef discretesummatiorby parts.

Lemmal Letc, ande, bedefinedon (2, satisfying(9). Letu bedefinedon (2, and
satisfy(16). Finally, let P bedefinedon Qh,%. Then,

(c1, Agea)n = (Ager, co)p = (Vdcl,VdCQ) (22)
(ll Vdcl) (Vd u, 01) (23)
(0, V5P) = —(V5 - u, P), ;. %)

whete the cell-cornerinner productis givenby thetrapezoidakule approximation
of the continuousnner product:

h2 Ny Ny h2 Ny—1 Ny—1
c _ v c c
(Vgu, P), é— > Viu U1t Z > Vi LRIV TS WIS}
=0 j=0 i=1 j=1

11



Thefollowing lemmaestablisheshe massconserationandthe existenceof a dis-
creteenegy functionalin the absencef flow.

Lemma?2 If {¢", "2} is the solution of (13-14) and if we definethe discrete

enegy functionalby
2

Fale) = (F(e), D+ Sl (25)

whee F'is definedn (3), then
(Cn_Ha 1)11 = (Cnv 1)h7

and
1 1
Fu(@h) = Fu(c") = =At|p™ 22, — Z((c”+1 — M D (26)

PROOF. Thefirst assertionis dueto the combinationof (13) andthediscretever
sionof integrationby partsin lemmal. Indeed,

(1) = (", Da+ AL Agu™ 2, 1)), = (", 1)a— ALV a2, Val)e = (", 1)

It remainsto prove the secondassertionMultiplying z"+z andc¢™+! — ¢ to (13)
and(14),respectrely andsummingby parts,we obtainthefollowing two identities

(Cn+1 . cn“un—l—%)h + At|un+%‘§,1 — 0,

2
(cn—l—l _ Cn’ Mn—l—%)h _ %|Cn+1

Usingtheidentitiesabove, we obtain

2
€ ~
24 I = (B ), -

Fa(e™) = Fu(e) = glem ey = Fleley + (FE) = F(e"),
= AL = (G ), = ey

+(F (™) = F(c"), D

Fromthe Taylor expansionwe have

F(E) = F(e") = g(e+1) (e — ) = 10/ ) (e = )2
+%¢Il(cn+l)(cn+1 _ cn)3 _ iqblll(cn—f—l)(cn—l—l _ cn)4'

12



Since¢™ (¢"*!) = 6, we obtain

Fa(e™Y) — Fu(c) + At|pn*3 2,
- —(é(cn, ), ™ — )y + (F (™) — F(c™), 1),

= =B = e D = (e )

This completeghe proof.

Remark 3 Fromlemma2, it followsthat the numericalsolution||c¢"|| is bounded
(assumingthat it is possibleto solvethe nonlinear schemeat the implicit time
level). Thisyieldsstability (in discretel,) of the numericalscheme Thesolutionof
theequationsat theimplicit timelevelis discussedn sections3 and5.1whe, re-
spectivelythe nonlinearmultigrid is presentedand the weaktime steprestrictions
At < Aty(e, @) or At ~ h are shownto be suficientto obtainconvemenceof the
nonlinearmultigrid method.

Remark 4 The presenceof the secondterm on the right hand side of Eq. (26)
suggeststhat our methods more stablethanthat of [21] whee thistermis absent.

Remark 5 Lemma still holdsfor regular solutionmodelfreeenegiesof theform
[8]:

F(c):=0[cln(c) + (1 — ¢)In(1 — ¢)] — 20.¢(1 — ¢),
(9 and @, aretheabsoluteandthecritical tempeatures,respectivelyprovidedthat
they are regularizedby fourth order polynomialsnearthe singularpoints,i.e.,

m(c) if ¢<4,
Fs(c) = F(e) if d<e<1-4,
pr(c) if ¢>1-19,
wheee p;(c) andp,(c) are fourth order polynomialswhich matd valueswith F'(c)

upto fourth order derivativesat c = § andc = 1 — 4, respectivelyands is a small
positiveparameter

Next, we demonstrat¢he existenceof anenegy functionalin the presencef flow.
For simplicity, we stateandprove the lemmafor the casein which the viscosityn
is constant.

Lemma6 Let{c", §nz, u"} bethesolutionsof (14) and(17),and (18)-(19)with
n constantandlet the discretetotal enegy functionalbe

We; !
€

) = o+ o (FO. D+ Gle2). @

13



then

g n+1 n+1ly _ 5 n n 1
AL A)t e ~"Re (IU”+%|§,1 + |Un+%
We; '

€

21) (28)

We;!

n+i2
A (0

PROOF. Multiply Eg.(19) by u"*2 andsumover cell-centergo get

(un—|—1’ un—|—1)h _ (un’ un)h

= —(u"2, VEP™2), + 6(uTE, u"tE),  (29)

2At
We; ' 1
_ 6s (un+%cn+%’vdun+%)h + ﬁ(un—k%’Adun-l-%)h
_ We, !

1
(Va- (u"+%c"+%) ,u"+%)h =y (|u"+%|§,1 + |v”+%)|§,1)

€ Re

wherewe have usedthe valueof § from Eq. (120) andwe have summedby parts
usinglemmal. Next, multiply Eq. (13) by x"*2 andsumto get

Yo+ At(Agp3, y" 7Y,
1
Jh — At |gl (30)

("t — ¢, ,u”Jr%)h =—At(Vy-(c"*
= —At(Vd - (Cn+

)
)

CombiningEgs.(29) and(30) andusingthe agumentin the proof of lemma2, we
obtain

n 1
u 2
1

+ 5

Nl Nl
Nl= o=

n+
)y

n-+
)

. . I At ;o1 nald
En(e™ u ) — (e u") = — oo (Ju R L+ o)
We, ' At We;*
S T e (RSO R

wherewe have usedthatthetermsthatcoupleflow with concentrationn theequa-
tionscanceloneanotherexactly. This completeghe proof of thelemma.

Remark 7 Fromlemmas, it follows that both ||c"|| and ||u"|| are boundeduni-
formly in n. This yields stability (in discrete /) of the numericalschemein the
presencef flowwhele again we haveassumedhatit is possibleto solvetheequa-
tionsat theimplicit timelevel.

Remark 8 Usingthe more geneal discretization(19) andthe choiceof § givenin
21,thelemmaalsoholdsif theviscosityn is not constant.

14



Next, we demonstrat¢éhe corvergenceof the schemeat afixedtime in theabsence
of flow. Letu = 0 andlet C™ and¢" bethe continuousanddiscretesolutionsof
Egs.(1)-(2) and(13)-(14)attime t = t,, respectrely andlete™ = C™ — ¢" bethe
error. Thenwe have thefollowing errorestimate.

Theorem9 Supposé&’ is smoothandu = 0. Then,for anyT" > 0, there existsa
constantK, At,, andhy dependingon T, ¢, ¢, e, and smoothnessf C' sud that
thefollowing error estimateholds:

le"|] < K(h* + At?)

for nAt < T if h < hy andAt < Aty.

PROOF. Usingthenumericalschemeye obtain

Bre™ + AT = §O™ + EAZCTTT — Ayd(e", ™)

= Ct(tm-F%) + 62A2C(tm+%) - Adé(cma cm—|—1) + O(h’2 + AtQ)

= Agd(C™2) — Agd(c™, ™) + O(K2 + At2). (31)
whereby 0;, we denotethe temporaldifferencequotient.Fromnow on, the capital
letter K will beusedto denotethegenericconstantthevalueof whichmaychange
from line to line. Adding andsubtractingAdgb(cm“L%) in (31), we obtain

Bie™ + AZe™ 3 = Ay (A + B) + O(h? + AP),
whereA and B aredefinedasfollows:

A=¢(C™32) — ¢(c™2),  B=¢(d"2) — d(c", ™).

Multiplying emta andusingsummatiorby parts,we have

L0y[e™]2 + €| Age™ 3|2 < (A, Age™t3)y + (B, Age™ )y,
(32)
+K (B + At) + [|emt3| 2

We first considerthe first term of theright side of (32). Since||u"|| and||c"|| are
boundedwe obtain

2
€
(A, Age™2) < K (™3], [Age™ 3 )y < Kl 2] + ]| Age™ 32

15



It remainsto estimatethe secondterm. A simple computationshows that B is
factoredasfollows:

1
B = g(Cm—l—l _ Cm)2(36m+1 —cm— 1)‘
With the aid of thefactorizationrand Young'sinequalitywe obtain

1 € 1 € 1
(B, Age™2), < K\\B||2+Z||Ad€m+2\|2 < K||(0m+1—0m)2|\2+z\|Ad6m+2||2,

wherewe usedthe fact that numericalsolutionis bounded.The next stepis to
estimatd |(c™™! — ¢™)?||2. Adding andsubtractinghe analyticsolution,we have

H(cm+1 _ Cm)2||2 < 2(H(Cm+1 _ cm)2 _ (Cm+1 _ Cm)2H2 + H(Cmﬂ _ Cm)2H2)

< K([[em*t —em|[2 + [|[(C™H = ™)),

where againthe boundednessf the numericaland analytical solutionsis used.
Sinceanalyticsolutionu is smooth the secondermis estimatedasfollows:

1™ = C™)|* < KAEY|Cyls.

Puttingeverythingtogetheywe get

2
(B, Age™8)y < KAL + K||e™ — e |[? + || Age™ 3.

Subtractingf;HAdem“L% ||3 andmultiplying 2 to bothsidesin (32), we obtain
atHem||2+62||Adem+%||2 < K(h4+At4)+KHem+%||2+KHem+1 —e™|%. (33)

Droppinge?|| Aqe™ 2| |2 in (33) andsummingin time, we have

n—1

[e"[PAE~" < X [K (B + At') + K|[e™2[[2 4 K|[e™*! — ™|
m=0
n—1
< ¥ [K(A* + Ath) + K™ + Klle™|”]

n—1
= Kn(h* + AtY)Y + K ¥ ||e™]|> + K||e"|.
m=0

16



Multiplying At onbothsideswe obtain

n—1
(1— KAt)||e"]|> < K(Atn)(h* + At*) + KAt Y |le™][?
m=0

n—1
< KT(h* + At*) + KAt Z_O lle™]]?

wherewe usedthefactthatn At < T'. SinceAt canbechosersuchthatl — K A¢ >
0, thediscreteversionof Gronwall’sinequalityenablesisto obtain||e”|| < K (h?+
At?). This completeghe proof.

Remark 10 Theproofof corvergenceof thecoupledNSCH scheme(14)and(17),
and(18)-(19)in the presencef flowis currentlyunderstudy

3 Solution of the systemin absenceof flow

In this section,we develop a nonlinearFull ApproximationStorage(FAS) multi-
grid methodto solve the nonlineardiscreteCH system(13)-(14) at the implicit
time level in the absencef flow. The fundamentaideaof nonlinearmultigrid is
analogougo thelinearcaseFirst, theerrorsto the solutionhave to be smoothedso
thatthey canbe approximatedn a coarsemgrid. An analogueof the linear defect
equationis transformedo the coarseggrid. The coarsegrid correctionsareinterpo-
latedbackto thefine grid, wherethe errorsareagainsmoothedHowever, because
thesystems nonlineamwe do notwork with theerrors but ratherwith full approxi-
mationsto thediscretesolutiononthecoarsegrid. Thenonlinearityis treatedusing
onestepof Newton’s iterationanda pointwiseGauss-Seidalelaxationschemas
usedasthe smootherin the multigrid method.This correspondso a local rather
thangloballinearizationof the nonlinearschemeandassuchis moreefficientthan
standardNewton-Gauss-SeidgloballinearizationschemesSeethereferencdext
[55] for additionaldetailsandbackground.

Let usrewrite equationg13), (14) asfollows.

NSO(c", ™1, y"+3) = (f*, g,

where
+1
NSO(C" ctl n+%)_ (C:L] _A n+% n—l—% _é( n n+1)+§A n—|—1)
; ) = A7 dlbij ~ 5 Mij Cij» Cij 9 aC; )

andthesourcetermis
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c? €2

ij
A—t, —5Adc’zr;)

(f"q") = (
In the following descriptionof one FAS cycle, we assumea sequencef grids ),
(Qx_1 is coarsethan(); by factor2). Giventhenumberv of pre-andpost-smooth-

ing relaxationsweepsaniteratonstepfor thenonlineamultigrid methodusingthe
V-cycle is formally written asfollows:

FAS multigrid cycle

w2y = FASeycle(k, o, o, 2, NSOy, f2, g7
{Ck y Mg }_ Cyce( s s Cp » Mg ) kafkagkay)'

That s, {c@”,uznf%} and{c}c”+1,ukm+%} are the approximationsof ¢, (z;, ;) and
wi(zi,y,;) beforeandaftera FAScycle. Now, we definethe FAScycle.

(1) Presmoothing
Compute{&}", ,akm*%} by applyingr smoothingstepsto { ¢}, ,u,cmfé}

m—1 v n _m m—3 n .n
{E,;cn’ /_j'k Z}ZSMOOTH (Ckackalj'k 2:NSOk:fk:gk)a

1

which meansperformingr smoothingstepswith initial approximationc}’, MZLW,
cy, sourceterms f7, gn, andthe SMOOT H relaxationoperator(seeAppendixB
1

for its derivation)to getthe approximatioré?, i, >.

One SMOOTH relaxationoperatorstepconsistsof solving the system(34) and
(35) givenbelow by 2 x 2 matrix inversionfor each; andj.

n 5 5 1 um_% N ﬂm_% Mm—% N ﬂm_g
ij om—g _ Mip1y T i1 i+l T i1
v vl B v R v A
and
2, 2 2 dp(c, ™) et
n i(,m m aé(cn'v Cm) m
=g;; + ¢(Cija Cij) - #CU
62 m -m 62 m -m
_m(ciﬂ,j +et ) — W(Ci,jﬂ + ¢y 1)
(2) Compute the defect
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() = () = NSOW(E o it ).

(3) Restrict the defectand {7, 7"}

(d_l;cn—la JQZL—l) = Illgil(d_l;cn’ Jka)>
_1 il
@it ) =18 e e ).

Therestrictionoperatorl; ! mapsk-level functionsto (k — 1)-level functions.

_ 1 h h
de—1(zi,y;) = IF'dy (i, y5) = 1 di(z; —h/2,y; — 5) +di(zi — h/2,y; + 5)

h h
+dk($z + h/2,yj - 5) + dk(xz + h,/2,yj + 5) .

Thatis, coarsegrid valuesareobtainedby averagingthe four nearbyfine grid val-
ues.

(4) Computethe right-hand side

1

(flzl—lv g;cl—l) = (Jlkm—b JQ;cn—l) + Nsok—l(é,};—lv E;cn—lv ﬂZL_—lg)

_1
(5) Compute an approximate solution {¢}* ,, ﬂ;n,f } of the coarsegrid equation
on_;, l.e.solve

NSOy—1(cp_y, 1, /}';n—_lg) = (fr_1, 9p1)- (36)

If £ = 1, we explicitly inverta 2 x 2 matrix to obtainthe solution.If & > 1,
_1

we solve (36) by performinga FAS k-grid cycle using{¢ ,, fi, .’} asaninitial

approximation:

_1 _1
{ékmfla /Aj';cnff } = FASWCIe(k -1, szla E;cnfla ﬂ;cnfl? , NSOy, 1, fl?fla gl?fla V)'

(6) Compute the coarsegrid correction (CGC):

~m AT ~m
Vig—1 = Ck—1 — Cp_1-

19



1 1
s M=y _ gk T3
Vo * = Tg_1U25_4".

The interpolationoperator¥ , maps(k-1)-level functionsto k-level functions.

Here,the coarsevaluesare simply transferredo the four nearbyfine grid points,

i.e.vp(zs,y;) = If_vk_1 (24, y5) = vk—1 (i + 2, y; + 2) for i andj odd-numbered
integers.Thevaluesatthe othernodepointsaregivenby

h h
vk (i + by y5) = ve(@i, y; + h) = ve(zi + h,y; + h) = ve—1 (2 + Yz §)a

where; andj areodd.

(8) Compute the correctedapproximation on €2,

o aftercec _ & gy,
m—1, afterccc _m—1 ~m—i
pe =pp *tUy

(9) PostsmoothingCompute{¢™*!, ;" * } by applyingr smoothingstepsto <™ ftercac
k k k

m-1, aftercac
My

1 _1
{1, 1y = SMOOTH (¢, - ftereee m=, ATCGC gy, pa g

Thiscompleteshedescriptiorof anonlineaFAScycle. We next turnto thesolution
of thediscretesystemin the presencef flow.

4 Solution of systemin presenceof flow

Here,we presentan iterative projectionmethodfor solving the coupleddiscrete
NSCH system(14), (17) and (18)- (19). For simplicity, we focus on the casein

which n is constant.Let »***! be an intermediatevelocity field and satisfy the
following systemfor theiterationnumberk > 0:

20



u*,k_H -u” n+ik n+lk Se pntik k. .n+ik
+ W' xu" "t = VP "2 4 §fu" T (37)
At
1 We,' .1 1
+ A (u*,k+1 +un) o ] cn+2,kvdu’n+2,k’
2 Re €
where
n+3.k n+ik
W X Wy =
Vig1,j — Vi1 — U1 + Ui Vig1j — Vim1,j — U1 + Ui j—1 _
- Vijs Uiz | 5
2h 2h
and
k _ ntik c pnt+ik n+i k(2
0" = (uT2E, VP TR ] [ut | (38)

and(u,7) = u"tz* = (untbk + un)/2 andc"t 2+ is definedanalogouslyin the
first stepof theiteration,we take u"+* = u" andp"*+z° = p"~3. Note thatthe
pressurggradient,advection and surfaceforce termsare treatedas forcing func-
tions. Thefactthatthelattertwo termsaretreatedn this way ensuresfrom lemma
6, thatthediscretesystemhasanenegy functionalask — oo, assuminghattheit-

erationcorverges.Numerically we found corvergences typically achiezedin just
two or threeiterations We arealsoinvestigatingotheralgorithmsfor whichthe CH

andNS equationsaresolvedsimultaneouslyfFollowing [1,2,55],Eq. (37)is solved
for u**+! usingalinearmultigrid method.For completenesghis schemds given
in AppendixC.

The velocity field u***! is not, in general,divergence-freeThe projectionstep
of thealgorithmdecomposethe intermediaterelocity into a discretegradientof a
scalampotentialandanapproximatelydivergence-frearectorfield. They correspond
to the pressuragyradientandto the velocity updatesrespectiely. In particulay if P
representghe projectionoperatoythen

un—|—1,k+1 —u" u*,k—|—1 —u" u*,k—|—1 —u" -
T_P<T> = a v 9
wherey is obtainedby
u*,k)—|—1 —u®
A = V- (T> , (40)

with Neumannboundaryconditionswhich areimposedby introducinga ring of
ghost-cellsurroundinghephysicaldomain.Notethatthevelocityu™*'*+! is only
approximatelydivergence-freei.e.

(un+1,k—|—1 _

v (M) = (a5 Ve ) @1)
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Thepressuras thenupdatedusingthe second-ordeaccurateschemg12]:

n—}-l,k-r—l: n+1k _ At AS 42
P AR ) T (42)

We notethatcombiningEqgs.(42) and(41) andletting ¥ — oo (assuminghatthe
iterationcorverges)yields Eq. (18) asclaimedin section2. Analogously plugging
Eq. (39)into Eq. (37),andusingEq. (42),yieldsEqg. (19) alsoasclaimed.

The approximateprojectionPoissons Eq. (40) is solved using a linear multigrid
method.Similar multigrid methodshave beenusedin 3D [2] andin a finite el-
ementcontet in 2D [1]. The multigrid algorithm we useis analogousto that
presentedn Appendix C for the intermediatevelocity. In the caseof approxi-
mateprojection,we usethe Gauss-Seidesmoothingoperatoron grid level %, i.e.
Y™ = SMOOTH (¢, Ly, fr) whereL,, is the LaplacianoperatorAg on the k
grid level. The smoothingoperationis

1, - . h?
m m m m
1 (O g s T ¥ s + 01 +¥hs ) 1 vkt

m
it+5.0+3
wheretheforcingtermis
*,k—+1 .

0 u”
1] 9
fi+%,j+%:vfi' TJ :

In section5, we analyzetheprojectionalgorithmanddemonstratéhatthe multigrid
methodcorvemgencerateis insensitve to thegrid size.

We next updatethe concentratioriield by

n

LA L g+l ntlk L g+l
+ Vg - (urtmE et s k) = Ak, (43)

At

C

", c

62
n+1,k+1
[ )~

2

This systemis solvedusingthe non-lineamultigrid methodpresentedn section3
wherethe sourceterm f™ is modifiedto accountfor theadvection.

n+3k+1 _ é( Ad(cn + Cn+1’k+1). (44)

The above system(37)-(39)and (43)-(44)is iteratedin £ until the differencebe-
tweensuccessie iteratess lessthananerrortolerance As mentionedaborve, typi-
cally only two or threeiterationsarerequiredto achieve anerrortoleranceof 10=7.
We foundthatthis numberis insensitve to the valueof the Webernumber
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5 Local Fourier Analysis
5.1 Absencefflow

To analyzethebehaior of themultigrid methodwe linearizethenonlinearscheme
and performa local Fourier analysis(e.g.see[55]). In particular we analyzethe
smoothersincethe performanceof the multigrid methoddependsstronglyon the
smoother

Letc*t!, p"t1/2 bethesolutionof

n+l _ n

R AL (45)
At o

1 R 2

€
= o(cf, i) — 5Ad(c?j+1 + ). (46)

After linearizingthe nonlinearterm ¢ (c” Ciys ity = (el + it + B, wherea =

1
¢'(cm), cm IS @anaverageconcentrationandj is a constantand substitutingu;}+2
into (45),theschemebecomes

n+l _ rn
Lhc fh,a

where

N

Lycitt = Zt - 2h2( 4+l — Ayt
+2€;4[ Py ity 20+ )
—8( ;H—ll] + C?;Lll) + 200”“ - Qihg( ?—I_—Fllg + C?ﬁl)
2

o O e + 20+ A1) — 8(ekt + )]

and
o
i = Sy - Sakp+

For Gauss-Seiddterationwith alexicographlcorderlngof thegrid pointsapplied
to theabove equationwe have the following operatordecomposition.
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n+1 2
C,. «
L—I—C'n—|—1 . Ty n—l—l + Cn—l—l _ 4 n—l—l + cn—l—l + Cn—l—l
h ~h At 2h2(z 1,5 2,j—1 ) 2h4[z 2,5 1,j—2
n+1 n+1 n—l—l n+1 n+1
+2(Ci*1,j+1 + Ci—1,5— 1) - 8( Ci—1,5 + Cij— 1) + QOci,j )
2
— n+1l, n+1 n+1 n+1 n+1 n+1 n+1
Lyeyt == (et + o) + _[CH—Q] + ¢ fre T 2(6 j + Ci 1)
2h? 2h4

—8( ?-:—llj + C?;—-:l)]

Therefore,this relaxationmethod(which is the linear analogueof the nonlinear
multigrid smoothercanbewrittenlocally as

where z;, correspondgo the old approximationof ¢, (approximationbeforethe
relaxationstep)and?z;, to the new approximation(afterthe step).Subtracting(47)
from the discreteequationl,c, = f;, andletting o, = ¢, — Z, andv, = ¢, — 2,
we obtainthe equation

L;’ljh + L;’Uh = 0,
or, equialently,

Up = Spup,

whereS;, = —(L;")~!L; istheresultingsmoothingoperatorApplying L; andL;
to theformal eigenfunctiong?12/h¢#29/h e obtain

Ltewl:c/hez%y/h — L;ezelw/hew’zy/h,

L 6101z/h i62y/h __ L ez91z/h 192y/h

whereL; andL; arethesymbolsof the operatorsl; andLh, respectrely:

1 « 2

~ ) ' c . .
L;LF (01, 92) = E _ ﬁ(e—zﬂl + 6—192 _ 4) + %[6—2101 + 6_2102
+2(€7i(01702) + e*i(01+02)) _ 8(672'91 + efi02) + 20]’
LT (6, 6,) = o ( i01 192) €’ £ e 261 26,
h 1,V2) — _2—h2 [ + [ + 2h4 + e

+2(€i(91+02) + e’i(gl 92)) _ 8(ei01 + ei02)].
Theamplificationfactorof therelaxationschemas
Ly (61, 62)

Ly (61,6)
Definethehigh frequeny smoothing(HFS)factor:

S’h(Hl, 02) = —

f10c(Sh) == sup{[Sh(01,02)] = = < [64], |62] < 7}

l\9|>1
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Here,asis typically done[55], we assumeéhatthe coarsegrid operationsareideal
and annihilatethe low frequeng error componentswhile leaving the high fre-
queny componentsinchangedTherefore we only considery < |6,], |6, < .
We definea corvergencefactorasanaverageof thequantity||di||/||d}" ||, where
di* (m =1,2,---) arethedefects.

Theconvergencefactoris estimatechumericallyusingour nonlinearcodewith the
parameterg = 0.01, and the mesh-dependenime stepA¢ = 0.1h andinitial
conditions

ol y) = 0.0 4+ 0.01 cos(0.57x/h) cos(0.5my/h), a=1/4
7T 0.5 + 0.01 cos(0.572 /) cos(0.5my /h), «=—1/4

We measurehe V' (m, n)- HFS factors,wherem andn arethe numbersof pre-
smoothingandpost-smoothingwith differentmeshsizes We focusonm = 1 and
n = 0 and1 astheseyield the mostefficient algorithms.In addition,we consider
a = +1/4 wherethe positive (negative) valuescorrespondo linearizationin the
stable(unstablej.e. spinodalregion) rangesof the evolution.

Table 1 shavs HFS factorsand measured/(m,n)-cycle corvergencefactorswith

differentmeshsizesanda = 0.25. Notethat,/V' (1, 1)-cycle meanghesquareoot
of V(1,1)-¢ycle corvergencefactor Obsere thatwith m = 1 andn = 0, theHFS
factortendsto 1 asthe meshis refinedandthus suggestghat the numberof V-
cyclesrequiredto solve thefull systemincreasesvith increasingesolution.n fact
this resultis comparabléo simply usingGauss-Siedeaterationwithout multigrid.
However, the HFS factorcorrespondingo m = 1 andn = 1 remainsuniformly
boundedelow 1 with increasingesolutionandapparentlycornvergesto 0.4196 as
h — 0. Thisis significantlybelown thetheoreticakstimate).6694. Thusthenumber
of V(1, 1)-cyclesrequiredto solve thefull problemis insensitie to theresolution.

The HFSfactorsfor « = —0.25 aregivenin Table2. Their behaior is analogous
to thatobsened for the « = 0.25. Note thatthe HFS factorfor V' (1, 0)-cyclesis
actuallygreaterthan1 atthefinestresolution.

Tablel. HFSfactorsfor differentmeshsizes.a = 0.25, At = 0.1h andh = 1/N
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Case 16x16 | 32x32 | 64x64 | 128x128
Litoc 0.0363 | 0.2839 | 0.5460 0.6376
V(1,0)-gicle | 0.1643 | 0.2108 | 0.2865 0.3489
V(1,1)-cycle| 0.2108 | 0.2462 | 0.2840 0.3434
Case 256 256 | 512X 512 | 1024x 1024 | 2048x 2048
Litoc 0.6616 | 0.6676 | 0.6690 0.6694
V(1,0)-g/cle | 0.4636 | 0.6563 | 0.8198 0.9810
JV(1,1)-cycle | 0.4021 | 04171 | 0.4196 0.4196

Table2. HFSfactorsfor differentmeshsizes.a. = —0.25, At = 0.1h andh = 1/N

Case 16x16 | 32x32 | 64x64 | 128x128
Hitoc 1.3773 | 1.1563 | 0.7874 0.6992
V(1,0)-ccle | 0.5183 | 0.5837 | 0.4245 0.4829
V(1,1)-cycle | 0.5501 | 0.6061 | 0.3706 0.4162
Case 256X 256 | 512x 512 | 1024x 1024 | 2048x 2048
Jitoc 0.6771 | 0.6714 | 0.6700 0.6697
V(1,0)-ccle | 0.6260 | 0.7904 | 0.8719 N/A
JV(1,1)-cycle | 0.4141 | 0.4209 | 0.4299 0.4382
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Togethertheseresultsfor « = +0.25 suggesthat the multigrid methodusinga
V' (1, 1)-cycle with time stepAt ~ h corvergesuniformly with respecto increas-
ing resolution Correspondinglythiswould imposeafirst ordertime stepconstraint
onourdiscreteschemdo solve the CH equation.

Next, let usconsideresultsobtainedusinga fixed At = 0.005 independentf the
meshsize h. All otherparametersreasbefore.This valueof At roughly corre-
spondgo thatusedn Tablesl and2 with h = 1/16. Table3shavsthel/(1,1)-HFS
factorswith differentmeshsizesanda = 0.25. Again, theresultsarequalitatvely
similar to the casewith variableAt ~ h. Whena = —0.25, however, the results
arevery different. This is seenin Table4. The numericalHFSfactornow tendsto




1 asthe meshis refinedin spite of the factthat theoreticaHFS factorsare com-
parablefor all choicesof At anda. This behaior atfine grids occursbecausehe
coarsayrid correctionstepdanternalto theV -cycle usemuchlargertime stepswvhen
At is fixedthanwhen At ~ h whereh is the fine grid size. This canbe seenin
figs. 1(left,right) wherediagonalslicesof the amplificationfactors|S, (6, 8)|, for
6 € [—m,n], areshovn for h = 1/16, 1/32 and1/2048 where At = 0.005 (left)
andAt = 0.1/2048 (right). Obsenre thatfor the latter case the amplificationfac-
torsfor the coarsemeshesarenearlyequalto zeroin contrasto the casewith the
largertime step.

Theseresultssuggesthatwhena fixed At is used,it’s value shouldbe suchthat

the coarsegrid HFS factorsarelessthan 1. This is confirmedin Table5 where

the HFS factorsare showvn with At = 0.1/64 = 1.5625 x 10~3. This suggests
thatthe multigrid methodusinga V' (1, 1)-cycle with fixedtime stepAt corverges

uniformly with respecto increasingesolutionif At is smallenough.This would

imposeno grid-dependentime stepconstraintn our discreteschemeo solve the

CH equation.

Table3. HFSfactorsfor differentmeshsizes.cc = 0.25 andAt = 5 x 1073

Case 16x16 | 32x32 | 64x64 | 128x128
Litoc 0.0329 | 0.2984 | 0.5542 0.6392

JV(1,1)-cycle | 01930 | 02706 | 0.3428 0.3920
Case 256 256 | 512X 512 | 1024x 1024 | 2048x 2048
Hioe 0.6618 | 0.6676 | 0.6691 0.6694

JV(1,1)-cycle | 04127 | 04199 | 0.4294 0.4452

Table4. HFSfactorsfor differentmeshsizes.a = —0.25 andAt = 5 x 103

Case 16x 16 32x 32 64 x 64 128x 128
Hioc 0.9594 1.2796 0.8014 0.7009
\/m-cycle 0.3925 0.8503 0.9098 0.9177
Case 256x 256 | 512x 512 | 1024x 1024 | 2048x 2048
Hioc 0.6773 0.6715 0.6700 0.6697
V(1,1)-cycle | 0.9209 0.9220 0.9208 0.9860
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Table5. HFSfactorsfor differentmeshsizes.a = —0.25, At = .1/64 = 1.5625 x 103

Case 16x16 | 32x32 | 64x64 | 128x128
Lioe 0.2324 | 0.9016 | 0.7874 0.7002
V(1,1)-cycle | 0.1305 | 05117 | 0.3522 0.3907
Case 256X 256 | 512x 512 | 1024x 1024 | 2048x 2048
Lo 0.6772 | 0.6715 | 0.6700 0.6697
JV(1,1)-cycle | 0.4228 | 0.4206 0.4290 0.4495

-—= h=1/16
=== h 1/32
—— h - 1/,2048

Fig. 1. Diagonalslice of amplificationfactor|5‘h(0,0)|, over theintenal [—=, 7). In the
left figure, At = 0.005. In theright figure, At = 0.1/2048.

5.2 Presencef flow

Here,we analyzeapproximateprojectionalgorithmgivenin sectiond (ananalysis
of the multigrid methodusedto solve for the intermediatevelocity is similar and
thusis not presented)The multigrid smoothingoperatorL{?"™** = L+ + Ly~
where

Ly = (¢i+§,j+% — i1t ¢z’+%,j+§) /%,
Theresultingamplificationfactoris

. LY (64,0
Se(0y,0;) := _$
n (01,62)

I
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wherethesymbolsarecalculatedasin sections.1.In Fig. 2 (left), thediagonaklice
152 (9,0) | is shavn. Obsene thatthe HFS factor 1, ~ 0.45 which suggestshat
thelinear multigrid cornvergesuniformly with respecto increasingesolution.For
purpose®f comparisonthecorrespondingmplificationfactoris shown (right) for
the exactprojectionmethod(i.e. whereA¢ = V¢ - V¢). In the caseof exactprojec-
tion, however, the HFSfactor ;. &~ 1.0 andsuggestshatthe smoothingoperator
doesnot remove high frequenciefficiently which reflectstheiill-conditioning of
the system.The correspondingnultigrid methodrequiresa prohibitive numberof
iterationsto corverge whenthe meshsizeh is small. This is why the approximate
projectionalgorithmis used(seealso[45]).

-3 -2 -1 1 2 3 -3 -2 -1 1 2 3

Fig. 2. Diagonalslicesof amplificationfactor Approximateprojection(left), exactprojec-
tion (right).

6 Numerical experiments

In this section,we validateour schemeby verifying the second-ordecorvergence
andcomparingthe numericalresultswith the predictionof alinear stability analy-

sis.We thenperformsimulationsof spinodaldecompositiorandexaminetheeffect

of boundaryconditions flow andinterfacialtension.

6.1 CornvergenceTest

To obtainanestimateof therateof corvergencewe performa numberof simula-
tionsfor asampleinitial problemon a setof increasinglyfiner grids. We begin by
consideringhe casein theabsenc®f flow (u = 0). Theinitial datais

co(z,y) =0.5 4 0.12 cos(2mz) cos(2my) + 0.2 cos(mx) cos(3my) (48)
on a squaredomain,[0, 1] x [0, 1]. The numericalsolutionsare computedon the
uniform grids, Az = Ay = h = 1/2" forn = 4,5,6,7,8,9,10, and11. For

eachcase the corvergenceis measuredat time ¢ = 0.2, the uniform time steps,
At = 0.1~ ande = 0.01, areusedto establisithe corvergencerates.
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Fig. 3. The time dependentnegy of the numericalsolutionswith the initial data(48).
Snapshotof the concentationfield are shavn with filled contoursat the three levels
c¢=0.25, 0.5 and0.75.

In our formulationof the methodfor the CH equationsincea cell centeredyrid is
used,we definethe errorto bethe discretel,-normof the differencebetweerthat
grid andthe averageof the next finer grid cellscoveringit:

de
enr Deng—(en  Hen e den /4
21j 2 24,27 2 2i—1,27 22¢,25—1 22i—1,25—1

Therateof corvergences definedastheratio of successie errors:

1oy ([les2 11/ lleg a11).

The errorsandratesof corvergencearegivenin table 6. The resultssuggesthat
theschemas indeedsecondrderaccurateThedeterioratiorof theratesfrom 2 at
higherresolutiondgs believedto be dueto accumulatiorof errorsfrom coarsegrid
correctionstepsinternal to the nonlinearmultigrid method.In figure 3, the time
evolution of the enegy is shovn accompaniedvith grey-scalecontourimagesof
the numericalsolution ¢ at the (filled) levels from 0 to 0.25 (black), 0.25 to 0.5,
0.5t00.75 and0.75 to 1.0 (white). As expectedrom lemma26, theenegy is non-
increasingand tendsto a constantvalue. The concentratiorphase-separatesd
depleteghecenterregion of thedomain.Thephaseaccumuateatthey-boundaries
whichthenstraighterto lowerthe enegy andto subsequentljorm two horizontal
bands.This is in facta local equilibrium for Neumannboundaryconditions.The
globalequilibriumconsistof asingleinterface.
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Table6. I,-norm of the Err ors and Convergenceratesfor concentration c.

Case| 16-32 Rate 32-64 Rate 64-128
ls 1.721e-01 2.095e+00 4.027e-02| 3.290e+00 4.118e-03

Case Rate 128-256 Rate 256-512
ls 2.028e+00 1.010e-03 1.958e+00 2.598e-04

Next, let us considerthe corvergenceof the algorithmin the presencef flow. We
take the sameinitial concentratiorasin Eq. (48) andtheinitial velocity is takento
betherotation

u(z,y) = —sin®(7z) sin(27y), v(x,y) = sin®(7y) sin(27z). (49)

Theviscosityn is constanandRe = 100 andWe; = 100, which corresponds$o
the physicalWebernumberWe = 848.5. No-slip boundaryconditionsareapplied
attheboundarie®f the domain.The simulationparameters;ornvergencetiime and
errormeasuremerareasin thecasewithoutflow. In tables7, 8 and9 theerrorsand
ratesof corvergenceareshovn for theconcentratiorr andthevelocity components
u andwv, respectrely. Obsenre that thesequantitiescornverge with secondorder
accuray.

Table7.1l,-norm of the Err ors and Convergencerates for concentration c.

Case| 16-32 Rate 32-64 Rate | 64-128
ly 2.889e-01] 2.261| 6.030e-02| 3.589| 5.000e-03

Case| Rate | 128-256 | Rate | 256-512
Iy 2.062| 1.200e-03| 2.014| 2.970e-04

Table8. [5-norm of the Err ors and Convergencerates for velocity w.

Case| 16-32 Rate 32-64 Rate | 64-128
ls 3.900e-03| 1.797| 1.100e-03| 1.787| 3.230e-04
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Case| Rate

128-256

Rate

256-512

1.990

8.132e-05

1.997

2.037e-05

Table9. I[,-norm of the Err ors and Convergencerates for velocity .

Case

16-32

Rate

32-64

Rate

64-128

ly

3.400e-03

1.582

1.200e-03

1.827

3.242e-04

In table 10, the errorsand corvergenceratefor the pressureare shovn. Here,the

Case| Rate

128-256

Rate

256-512

1.990

ly

8.164e-05

1.997

2.045e-05

rateof convergenceappeardo belessthansecondrder

Table10.l»-norm of the Err ors and Convergenceratesfor pressue p.

Case

17-33

Rate

33-65

Rate

65-129

ly

8.200e-03

1.784

2.400e-03

2.921

3.129e-04

Finally, in table 11, the valuesof § are shovn. Obsene that§ corvergesto zero

Case| Rate

129-257

Rate

257-513

loy |1.774

9.149e-05

1.548

3.128e-05

with secondorderaccurag.

Tablell.Valuesof § andcorvergencerate.

Case

16

Rate

32

Rate

64

Rate

-4.827e-03

1.5636

-1.633e-03

1.8942

-4.393e-04

1.9808
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Case 128 Rate 256 Rate 512
) -1.113e-04| 1.9925| -2.797e-05| 1.9913| -7.035e-06

In figure4, thetime evolution of theenegy is shovn accompanietdy thegrey-scale
contourimagesof theconcentratioriield attheindicatedtimes.Thecontourvalues
shavn arethe sameasin the casewithout flow. At earlytimes,the phaseseparate
androtateaboutthe centerof the domaindueto the fluid flow. Betweent = 0.7
andt = 1.0, thethin neckspinchof andthelower (upper)bulbsof fluid reconnect
with the upper (lower) regions of fluid nearthe boundariesof the domainanda
wiggly interfacedevelops.Due to surfacetension,the wiggles straightenout and
thebulbsrederelop.At thesametime, therotationslows dueto viscousdissipation.
Theregionsof fluid thenfurther straightenagaindueto surfacetension,to form
two horizontalbands.This is the samelocal equilibrium structurethatdevelopsin
the casewithout flow eventhoughthe dynamicsis very different. However, here
the bandsconsistof fluid originatingin both the upperandlower regions of the
box while in the casewithout flow, thefluid in the bandsoriginatesfrom the same
region of thebox astheband.Obsene thatthetotal enegy decrease® a constant
valueconsistentith lemmaé.

T T T — T T T T T — T T — T T T T T —

0.18
0.16
0.14
Energy

0.12

0.1
0.08
0.06
0.04

0.02

107 10" tme  10° 10"

Fig. 4. Thetime dependentotal enegy of thenumericalsolutionswith theinitial data(48).
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6.2 Comparisorwith linear stability theory

Next, to ensurethat we are simulatingthe correctphysicalproblem,we consider
the agreemenbetweenthe numericsandthe resultsof a linear stability analysis
abouta constaniconcentratiore = ¢,, andvelocity u = 0. Accordingly, we look
for asolutionof equation(1) of theform

c(z,t) = e + i c*(t) cos(kmx)

where|cf(t)] < 1. Neglecting quadratictermsin c*(¢), we find that ¢*(¢) must
solve the ordinarydifferentialequation,

dck

dt
Notethatthereis no flow atthelinearlevel sinceatthatlevel the pressurdalances
the extra-strescouplingterm in the Navier-Stokes equation.The solution of Eq.
(50) is c*(t) = c*(0)e’+t, whereB, = —(kn)? (¢'(cm) + €2(km)?) is the growth
rate. Taking c,,, in the spinodalregion (i.e.c,, € (332, 223 ¢/(c,,) < 0), EQ.
(50) shaws thatthe amplitudeof afinite numberof long wavelengthperturbations
will grow exponentiallyin time for sufficiently smalle. In particularthe fastest
growing modeis

= —(kn)*[¢' (cm) + €2(km)?]c". (50)

kma:c = \/_¢I(cm)/(2€2ﬂ-2)7

andthegrowth rateof this modeis 5y,... = —(kmae™)?®' (cm) /2.

60 - -

40

20

—— Linear theory
O Numerical solution

-20

-40
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-80

-100 - -

-120
(o]

Fig. 5. Growth ratefor the differentwave numbersk.
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In Fig. 5, the theoreticalgrownth rate 5, is comparedto that obtainedfrom the
nonlinearschemeThenumericalgrowth rateis definedby

~ max;; |¢;': — 0.5
B, = log < s o |> /tn-

maXiyj |Ci,j - 05|

Here weusedc,, = 0.5, initial datacy(z) = 0.54+0.01 cos(kwz) ande = 0.018757,
At = 107*, h = 1/128 andt, = 0.01. The graphshaws thatthe linear analysis
(solid line) andnumericalsolution(circle) arein goodagreement.

6.3 Spinodaldecomposition

In orderto demonstratéhe effectivenes®f our new numericalschemewe consider
the effect of flow on spinodaldecompositionWe consideraninitial concentration
field °(x) = ¢, + £(x), wherec,,, = 0.5 is the spinodalpoint and&(x) is aran-
dom perturbationwith magnitude|{(x)| < 0.01. A 64 x 64 meshwasusedon
the square2 = [0, 1] x [0, 1] with periodicboundaryconditionsatz = 0 and1.
Ony = 0 and1 we usedeither no-slip velocity boundaryconditionsor anim-
posedshear Neumanrboundaryconditionsareusedfor ¢ and . Further we took
e = 0.01, h = 1/64, andAt = 0.1h. In Fig. 6 the evolution is shavn with no
flow (left column)andin thepresencef surfacetensiondrivenflow (right column)
with We, = 1/(6+/2) (this correspondso the physicalWebernumberwe = 1).
Thatis, the flow arisesonly dueto surfacestressebetweenthe componentsand
we have taken Re = 1 andthe viscosity 7 is constant.n Fig. 7, the evolution
is shawvn in the absenceind presencef surfacestress(left andright columnsre-
spectvely) and with an imposedshearflow, i.e. (u(z,1),v(z,1)) = (%,0) and
(u(z, 1), ( ) In the absenceof surfacestressthe velocity is the

Ilnearfleld( ( Y),v(x y)) (y — 1/2,0) andsatisfiesghe Navier-Stokesequa-
tion (7) with We; = oo. In the presenceof surfacestressthe velocity field is
non-linearandwe have againusedthe samenon-dimensionatonstantsasgiven
above.

In Figs.6 and7, threespatialperiodsareshown, thec = 0.25, 0.5 and0.75 contours
areshavn asfilled asbefore,andthe time is constantacrossa row andincreases
down the columnasindicatedin the caption.Thetimesin the correspondingows
for Figs.6 and7 arethe same At earlytimes,thereis classicakpinodaldecompo-
sition asthe unstablemixture phaseseparateandregionscoalesceThereis little
effect of surfacestressandflow.

Let us focusfirst on the effect of surfacetensionin the absenceof shearIn Fig.
6, at latertimes,we obsere that surfacetensionactsto decreas¢he deformation
of theinterfacesandto reducetheir overall length.This causeghefluid fingersto
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Fig. 6. Evolution with We,; = oo (left column)andWe, = 1/(6+/2) (right column).No
appliedshear Thetimesshavn are(from top to bottom)¢ = 0.03, 0.16, 0.56, 0.94, 1.88,
5.63, 6.56, 17.81 and45.94
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Fig. 7. Evolution with We, = oo (left column)and We, = 1/(6+/2) (right column).
Applied shearconditions.Thetimesshovn areidenticalto thosein figure 6.
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retractandbecomemorevertical. This leadsto the coalescencef thefingerswith
semi-circulardropsat the bottom of the domain. The resultingvertical bandsof
fluid arealocal equilibrium. In the absencef surfacetension,the fingersdo not
coalescavith thedropsandclassicalcoarseningccursasthe masstransferdrom
thedropsto thefingers.Thefingersthencoalescdo form a horizontalband.This
is aglobalenegy minimum.

In thepresencef sheaywe seefrom Fig. 7, thatsurfacetensionhasa similar effect
andthe deformationof interfacesis reducedHere,however, the morphologiesare
muchmoreelongateddueto the shear Further pinchof andreconnectiorevents
occurandthe morphologyactually repeatdtself in time. The stretchedbandsat
t = 5.63 pinchof andform drops(seet = 6.56). The dropsthenreconnectwith
thefingers(approximatelyat: = 7.0, not shovn) andre-formthe stretchedands.
WhenWe, = oo, this sequenceccurstwice while whenWe, = 1/(6/2) this
sequenceccursthreetimes sincethe fingersretractmore dueto surfacetension
which enhancesheir capabilityto coalesceThis temporalperiodicityis discussed
furtherbelow. Eventually the periodicityis brokensincethe dropsthatareformed
becomesmallerwith eachcycle. After thelastcycle, thereis noreconnectionThe
fingersthen memge to form a single horizontalbandwhich is the global enegy
minimum.

In Fig. 8 thetotal enegy (27) evolution for thedifferentsimulationss plottedver
sustime. In theabsencef sheadot-dashedWe, = 1/(61/2) anddashedWe, =
o), theenepgy decreasemonotonicallyaspredictedby lemmae. In the presence
of shear(large dots:We, = 1/(61/2) andsmalldots:We, = co0), thereareenegy
oscillations.Obsere thatthereare threeoscillationswhen We, = 1/(6/2) and
two whenWe, = oco. Thesecorrespondo the pinchof andreconnectiorscenarios
describedabore.

In Fig. 9, we presentthe scaledkinetic (dashed)and surfaceenegy (solid) evo-
lutions throughfirst oscillationendingapproximatelyat ¢ = 9.0. In addition,we
shawv the concentrationmorphologyat theindicatedtimes.To obtainthe scaledki-
neticenegy, the actualkinetic enegy is multiplied by 100. At earlytimes,enegy
is transferredrom the surfaceto the fluid while at later timesthis processs re-
versedasthe interfacesstretchandelongate.The peaksseenin the kinetic enegy
correspondo topology transitionsof the concentratiorfield in the flow. For ex-
ample,lower endsof the stretchedandspinchof to form dropsat approximately
t = 6.4. Thedropsthenrecoalesceavith thefingersatapproximatelyt = 7.0. Each
of theseeventsis seento be associateavith alocal peakin thekinetic enegy. En-
engy is transmittedo thefluid throughthelarge surfacestresghatdevelopsduring
thetransitionandsubsequentetractionof thefingers.

To understandurther the oscillation of the enegy in the presenceof sheay we
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compardn Fig. 10 thedifferencequotient

8h(Cn+1, un—l—l) _ gh(cn’ un)

A7 (51)

shawvn ascirclesto the correspondingpatialdiscretizationof the analyticalvalue
1 1 .
L& ("2, u"2) givenby

1
Re

We;*

(u"“L%,Au"“L%)h— ; (\Vu"“L%\Q,l) _Wes_l

n T eAL (" =M 1), (52)

shavn asthesolidline. Obsenethatthereis excellentagreemenbetweerthesewo
independenthcalculatedquantities.This shovs thatthe oscillationsaredueto the
flow throughthe sheatboundaryconditionandprovidesanindependentalidation
of theaccurag of our numericalresults.

We = 1 with shear B
We = o with shear
- — We = 1 without shear —
— — - We = oo without shear

Fig. 8. Enegy evolution undertheflow differentconditions.

7 Conclusions

In this paper we have developeda conserative, 2" orderaccuratefully implicit
discretizationof the NSCH systemthat hasan associatedliscreteenepgy func-
tional. In addition,the schemeéhasa straightforward extensionto multi-component
systemsThiswill beexploitedin afuturework wherewe examinefluid flows with
threeconstituencomponent$38].

To efficiently solve the discretesystemat the implicit time-level, we have devel-
opedanonlineamultigrid methodto solvethe CH equationwhichis thencoupled
to a projectionmethodthat is usedto solve the NS equation.We have analyzed
andproved corvergenceof the scheman the absencef flow. The corvergencein
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Fig. 10. Comparisorof Egs.(51), circles,and(52), solid line.

thepresencef flow is currentlyunderstudy We demonstratedornvergenceof our
schemenumericallyin boththe presencendabsencef flow andperformedsimu-
lationsof phaseseparatiorvia spinodaldecompositionWe examinedthe separate
effectsof surfacetensionandexternalflow onthedecompositionwWe foundsurface
tensiondrivenflow aloneincreasesoalescenceatesthroughthe retractionof in-
terfacesWhenthereis anexternalshearflow, theevolution of theflow is nontrivial
andthe flow morphologyrepeatstself in time asmultiple pinchof andreconnec-
tion eventsoccur Eventually the periodicmotion ceasesndthe systenrelaxesto
a global equilibrium. The equilibriawe obsene appearsasa similar structurein
all casesalthoughthe dynamicsof the evolutionis quite different.
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We view the work presentedn this paperas preparatoryfor the detailedinvesti-
gationof liquid/liquid interfaceswith surfacetensionwheretheinterfacesseparate
two immisciblefluids. Onesuchexampleis the break-upof anaxisymmetridhread
of viscousfluid surroundedy anotheiiquid dueto the Rayleighinstability. In fig-
ure 11, the break-upof sucha threadis shavn usingan axisymmetricversionof
theNSCH algorithmpresentedh this paperin thissimulation theinitial condition
consistf acolumnof fluid with radius0.5 perturbedyy acosineperturbatiorwith
anamplitudeof 0.05. Theinitial velocityis equatlto zero.Theinnerandouterfluids
arehave thesamedensityandviscosity TheReynoldsnumber(usingthecharacter
istic velocity scalethatis proportionalto the ratio of surfacetensionandviscosity
andlengthscalethatis proportionatto the radiusof the column)is Re = 6.0. The
physicalWebernumberis We = (.18, which correspond$o We, = 0.021. The
timestepAt = 1x 1073, thedomainis 0 < r < w/2and0 < z < 27. Thegrid size
ish = /128 ~ 0.049 in bothr andz. Periodicbhoundaryconditionsareimposedat
z = 0 and27. Neumanrandno-slipboundaryconditionsareimposedatr = 7 /2
for ¢, andu respectiely. Finally, e = 0.02 andPe = 1/e. In the simulationpre-
sentedn figure 11, a neckis seento develop andpinch off to form threedroplets
atapproximatelytime¢ = 2.5. At thisfirst pinchof, thereis a slight overturningof
theinterfacein the neckregion (seet = 1.8). At latertimes,the maindropscircu-
larize dueto surfacetensionwhile the smallerdaughterdropsundego additional
pinchof events.Thesesecondanpinchof eventsappeaio be dueto the Rayleigh
instability actinguponthe smalldropsasthe smalldropsoscillate.In eachevent, it
is theoutermostropsthatpinchof. This significantlyreduceshesizeof thedrops
andeventuallyleadsto steadystatein which a distribution of smalldropsseparates
the larger ones.The small dropsare nearly monodispersén size. This resultwill
beinvestigatedn moredetailin [37].

A Ternary Cahn-Hilliard system

Letusshav how to extendtheschemg13)-(15)to thecaseof threespeciegternary).
This systemcanbe derivedfrom the enegy functional

€ €3 €3
Jerer) = [ [Fleno) + 5IVes” + Z Vel + TV~ 1 — o).
(A.1)

For simplicity, we consideratypical freeenegy givenby fourth orderpolynomial
Fler,e) = e + e’ch +cact = e’ + ( + ) (1 — 1 — )2,
wherecy, ¢, andes asconcentrationsf threedifferentspeciesandc; +c; +c¢3 = 1.

Fromthis constraintwe have the following system,
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t=2.8

t=7.8

t=1.8

t=10.0

Fig. 11. Time evolution of a highly extendedfluid suspendeih anotherfluid. The dimen-
sionlesdimesareshavn below eachfigure.

0 F .
a _ Apy, pip= Fleveo) (€ +e3)Ac; — 6Acy, INnQx(0,7),
ot 801

F .
%:Am, Ho = Fleve) (65 +e3)Acy, — 5Ac;, InQx (0,7),
ot 802

subjectto initial conditions

c1(x,0) = c19(x), ca(x,0) = cg0(x) x € Q,

with homogeneousleumanrboundaryconditionsThediscretizatiorof thisternary
systemis a straightforward extensionof the binary schemg13) and(14):
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where d(...); and ¢(...)

n—l—l’ CQn—H) (an
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(A.2)

(A.3)

(A.4)

(A.5)

n—|—1)3’

n—|—1)3’

denoteTaylor seriesapproximationgo o, F' andd,, F’
respectrely. This schemehasadiscreteenegy functionalgivenby a discretization
of (A.1) analogougo Eq. (25) in thebinarycase.

Next, thenondimensionatternaryincompressiblgeneralizedNS equationis:

V-u=0,
wt+wxu=—VP+
We, !
26,‘

év -[n(e1, ) (Vu+ Vu')]
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Takingadiscretizatiorof this systemanalogoudgo thatin thebinarycase(e.g.Eqgs.
(18) - (20)), andaddingadwectiontermsto Egs.(A.2) and(A.3), it is straightfor

ward to shav that this schemehasa discreteenegy functionalanalogougo Eq.
(27).

B Smoothingoperator

Thederivationof the SMOOT H relaxationoperatogivenin Egs.(34) and(35) is
asfollows. Rewriting (45), we get

n+3 n+3 +3
C?J'H +( 2 + 2 ) TH‘%_(MZH,J +“z ?J + 'um+21 +/‘Zj—21) + ﬁ
At VA2 T Ayt Az? Ay? At
By Eq. (46),
e 2 2 +l 1
5 (R T g G = 5 Nacly + 9L, ) (B.1)
62 n+1 n+1 62 n+1 n+1
_QA.TZ( i+1,5 +¢Z 1;) 2Ay2 (CZ,]+1 +Ci,j—1)
Sinceg(cf;, ;™) is nonlineawith respecto s, we linearized(cy;, cii™) atc?
e ) m e oy 4 20 it _
¢(cij7 Cij ) ~ ¢(Cz’j7 Cij) + T(ng Czj)'
After substitutionof thisinto (B.1), we get
e 2 2 Ad(c, e, gl
B Ea TR T o T ®2)
= —~Ac + o(c, ¢if) — #Cz‘j
62 n+1 n+1 62 n+1 n+1
_QAJTQ( i+1,5 +cz 1]) 2Ay2 (Ci,j+1 +cz]fl)

Next, replacec;™;, ¢if' and ¢}/l with &, ;, & and &, respectiely. The
othertwo termSijllj andcj 1, arereplacedvith ¢, j andc ., respectiely. The
chemicalpotentialis replacedanalogouslywith thetime index beingsetto m — -

We thusobtaintherelaxationscheme:

1 el 1 el

G 22 med gty | Mg A1, Oy

_4 1l -- = u u 2 > —_— B.3
RV UL Az T ag tar B9
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and

e, 2 2 dp(c, ™)

_i& if? Cis)yom e B.4
[2(A$2+Ay2)+ dcs ]czj+/j‘z] ( )
62 n I mom aé(C?chL) m
= _EA%’ + (e ciy) — T he, W
2 2

€ _ €
_—Q(Cru,j + Cﬁl,j) T oA 2 (CZEH + é;r'n,jfl)’
2Azx 2Ay

asclaimedin section3.

C Multigrid methodfor the intermediate velocity field u*

For simplicity, let u = u***!, thenwe have

Lu= (f,9), cn
where
_ 1 1
T At 2Re °
and
(f,9)= L (U™ 4y — VPR 4 LN
| 2 ¢ 2Re d

_2 W (cn+1,k + Cn) vdun—ké,k
evve

SinceoperatorL is alinearoperatoywe usealinearmultigrid methodto solve Eq.
(C.2).

Multigrid cycle

uZl—H = MGCYC’(k,uZl,Lk,fZagz,’/)-

Now, definethe MGCYC.

(1) Presmoothing
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Computeu;” by applyingr smoothingstepsto u}’
uy = SMOOTH"(u}", L, f, 9 )

One SMOQOTH operatorstepconsistsof relaxingthe system(C.1) given belov
for eachi andj.

— Uity T U U U (i 2_)
i = <f * 2h"Re '\t Re)
_m vﬁ1j+@i@1j+v’%+l+ﬁgnjfl (1 2 )
m _ + ) 2, 2, ) _ + .
R <g 2h°Re /& " Re
(2) Compute the defect

(d_lzna Jka) = (fl::la gl?) - Lk(azna 1712”)
(3) Restrict the defect
(dije1, dojy) = I (duy, day,),
(4) Compute an approximate solution {4}" ,, 07", } of the coarsegrid equation
onQ_q,l.e.
Ly (g, vpty) = (d_l;cn—l’ J2;cn—1)- (C.2)

If £ = 1, we useadirectsolver. If £ > 1, we solve (C.2) by performinga k-grid
cycle usingthe zerogrid functionasaninitial approximation:

(5) Inter polate the correction
~m o__ Ik ~m
Vg = dgp—1V1f—1-
Uag = Ii_1Uag .

(6) Compute the correctedapproximation on €,

m, afterccc _ —m |, .m
uk = U/k + Ulk .
m, afterccc _ —m | ~m

(7) Postsmoothing
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Computeu!™*! by applyingr smoothingstepsto u™ &lter¢éc.

umt = SMOOTH" (u™ Areee 1 pm ony.

This completeghe descriptionof the multigrid cycle.

D Crank-Nicholson scheme

Here,we presentinotherCrank-Nicholsorschemen which

1

B ety = 5 (9 + 6 ))

Thisresultsin themoretraditionalscheme:

ntl _

ng Cij . n+i
Tar B

n+1/2 1 n+1 n ¢ n+1 n
Mg = §(¢(ng )+ ¢(%)) - §Ad(cij + Cij)'

This schemeis secondorder accurateand corvergencemay be proved using an
argumentanalogougo that given in theorem9. Further this algorithm extends
straightforvardly to the ternarycaseandthe nonlinearmultigrid methodgivenin

section3 alsocaneasilybe modifiedto solve the correspondingionlinearsystem
attheimplicit time level. Moreover, atthelinearlevel (i.e. ¢ is a linearfunction),
this schemeas the sameasthat consideredn the body of the paper However, at
the nonlinearlevel, we areunableto prove thatthe systemgiven above hasa dis-

creteenegy function unlessa secondordertime stepconstraintis imposed.This
constraintis muchstrongerthanthat neededor stability andseemgo be a short-
comingof the analysisas simulationresultsalwaysyield non-increasingliscrete
enegies.
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