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1 Intr oduction

Imageprocessinga traditionally engineerindield, hasattractedhe attentionof
mary mathematicianduringthe pasttwo decadesFromthevision andcognitive
sciencepointof view, imageprocessings abasictool usedto reconstructherela-
tive order geometrytopology patternsanddynamicsof the 3-D world from 2-D
images. Therefore,it cannotbe merely a historic coincidencethat mathematics
mustmeetimageprocessingn this digital technologyera.

The role of mathematicss also determinedby the broadrangeof applica-
tions of image processingn contemporaryscienceand technology Thesein-
cludeastronomyandaerospacexploration,medicalimaging,moleculatimaging,
computemgraphicshumanandmachinevision, telecommunicatiorgauto-piloting,
suneillancevideo,andbiometricsecurityidentification(suchasfingerprintsand
faceidentification),etc. All thesehighly diversifieddisciplineshave madeit nec-
essaryto develop the commonmathematicafoundationandframewnorks for im-
ageanalysisandprocessingMathematicsatall levelsmustbeintroducedo meet
thecrucialqualitiesdemandedby this new era- genericity well-posednessccu-
ragy, andcomputationaéfficiency, justto nameafew. In return,imageprocessing
hascreatediremendoupportunitiesfor mathematicamodeling,analysis,and
computation.

In this article, we intendto give a broadpicture of mathematicalmagepro-
cessinghroughoneof themostrecentandvery successfuapproachesthevaria-
tional PDEmethod.Wefirst discusgwo crucialingredientdor imageprocessing:
imagemodelingor representationand processomodeling. We thenfocuson
the variationalPDE method. The backboneof the article consistsof two major
problemsn imageprocessing- inpaintingandsegmentationwhich we have per
sonallyworkedon, but by no meanglo we intendto have acomprehensie review
of theentirefield of imageprocessing.

1.1 Image processingasan input-output system

Directly connectedo imageprocessingarethe two dualfieldsin the contempo-
rary computerscience computervision andcomputergraphics.Vision (whether
machineor human)is to reconstructhe 3-D world from theobsened2-D images,
while graphicspursueghe oppositedirectionin designingsuitable2-D scenam-
agesto simulateour 3-D world. Imageprocessings the crucial middle way con-
nectingthetwo.



Mostabstractlyimageprocessinganbeconsidere@saninput-outputsystem

Qo — |ImageProcessof | — Q

Here T denotesa typical image processqrfor example,denoising,deblurring,
segmentation,compressionpr inpainting. The input data(), canrepresentan
obsered or measuredsingle image or image sequenceand the output ) =
(g1, 49, - - - ) containsall thetargetedimagefeatures.

For example the humanvision systemcanbe consideredisahighly involved
multi-level imageprocessor7. Q, representshe imagesequencehatis con-
stantlyprojectedontothe retina. The outputvector@ containsall the majorfea-
turesthatareimportantto our daily life, from the low-level onessuchasrelative
orders shapesandgroupingrules,to high-level featureparameter¢hathelpclas-
sify or identify variouspatternsaandobjects.

Listedin Table1 aresometypical imageprocessingroblems.

Thetwo mainingredientf imageprocessin@retheinput ), andtheproces-
sor7 . As aresult,thetwo key issueghathave beendriving theentiremainstream
mathematicafesearcton imageprocessingre (a) the modelingandrepresenta-
tion of theinputvisualdata@),, and(b) the modelingof the processingperators
T. Thetwo areindependenbut alsocloselyconnectedo eachotherby the uni-
versalrule in mathematics:the structureand performanceof an operator7 is
greatlyinfluencedoy how theinput classof functionsaremodeledor represented.

1.2 Image modeling and representation

To efficiently handleandprocessmagesfirst we needto understanavhatimages
really aremathematicallyandhow to representhem.For example,is it adequate
to treatthemas generalL? functions,or a subsetof L? with suitableregularity
constraints?Among the variousapproachesherewe briefly outline threemajor
classe®f imagemodelingandrepresentation.

Randomfieldsmodeling. An obsenedimageu, is modeledasthesampling
of arandomfield. For example,thelsing spinmodelin statisticalmechanicgan
be usedto modelbinary images. More generally imagesare modeledby some
Gibbs/Marlovian randomfields [29, 57]. The statisticalpropertiesof the fields
areoftenestablishedhroughthefiltering techniqueandlearningtheory Random
field modelingis the mostideal approactor describingnaturalimageswith rich
texture patternssuchastreesandmountains.

Waveletsrepresentation. Whetherdigitally or biologically, animageis often
acquiredrom theresponsesf a collectionof micro sensorgor photoreceptors).
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T Qo Q

denoising-deblurring | ug = Ku+n | clean& sharpu

inpainting Uo|o\p entireimageu|q
seggmenation Uo “objects”

[uk, Qk], k= 1, 2...
scale-space Uo multiscaleimages

(Ungs Unyy -- )

motionestimation (u(()l) ué?) ) opticalflows
o T, 5), )

Tablel: Typicalimageprocessorandtheirinputsandoutputs.The symbolsrep-
resen{1) K: ablurringkernel,andn: anadditve noise bothassumedo belinear
for simplicity in the currentpaper;(2) uq: the givennoisy or blurredimage;(3)
Q: theentireimagedomain,and D: a subsewhereimageinformationis missing
or unaccessible(4) [ux, Q]: Q4's arethe sggmentedndividual “objects; while
u’ s aretheirintensityvalues;(5) A\,’s aredifferentscalesandu, canberoughly
understoodasthe projectionof the inputimageat scale); (6) u(()”)’s denotethe
discretesamplingof a continuous'movie” uq(z, t) (with somesmalltime steph),
7™)'s arethe estimatecdbptical flows (i.e. velocity fields) at eachmoment.

Duringthe pasttwo decadest hasbeengraduallyrealizedor experimentallysup-
portedthatsuchlocal responsesanbewell approximatedy wavelets.Wavelets
asa new representatioiool hasrevolutionizedour notion of imagesand their
multiscalestructureq25, 33]. The new JPEG200(Qrotocolandthe successful
compressiomf the FBI fingerprintsdatabasareits two mostinfluentialapplica-
tions. Thetheoryis still beingactively pushedorward by the new generatiorof
geometriovaveletssuchascurvelets[7] andbeamlet442].

Regularity spaces. In thelinearfiltering theoryof corventionaldigital image
processinganimageu is consideredo bein the Soboler spaceH ! (2). Soboler
modelworks well for homogeneousegionsbut is insufficient asa globalimage
model, sinceit “smears’the mostimportantvisual cue - edges[34]. Two well
known modelshave beenintroducedto legalize the existenceof edges. Oneis



MumfordandShahs“object-edge’model[39], andtheotheris Rudin,Osherand
Fatemis BV imagemodel[43]. Theobject-edgenodelassumeshatanidealim-
ageu consistof disjointhomogeneousbjectpatcheguy, Qi) with uy, € H(Q4)
andregularboundarie$$2, (characterizedby the 1-dimensionaHausdorf mea-
sure).TheBV imagemodelassumeshatanidealimagehasboundedotal varia-
tion [, [Dul. All theseregularity basedmagemodelsaregenerallyapplicableto
imageswith low texture patternsaandwithoutrapidly oscillatorycomponent$36].

1.3 Modeling of imageprocessors

How imagesare modeledand representedrery much determinesthe way we
model image processors.We shall illustrate this viewpoint throughthe exam-
ple of denoisingu = Tug: ug = u + n, assumingor simplicity that the white
noisen is additve andhomogeneousndthereis no blurring involved.
Whenimagesare representedy wavelets,the denoisingprocessor7 is in
somesensédiagonalized, andequialentto a simpleengineeringpntheindivid-
ual waveletcomponentsThis is the celebratedesultsof DonohoandJohnstone
onthethresholdingoaseddenoisingscheme$27].
Underthestatistical/randorfield modelingof imagesthedenoisingorocessor
T becomeshe MAP (MaximumA Posteriori) estimation By Bayes’formula,the
posteriomprobabilitygivenanobsenationu is

p(uluo) = p(uo|u)p(u)/p(uo).
Thedenoisingorocessof is achievedby solvingthe MAP problemmax p(u|ug).

Thereforepesidesherandonfield imagemodelp(u), it is alsoimportantto know
themechanisnby which ug is generatedrom the idealimageu (or the socalled
genertivedatamodel). Thetwo arecrucialfor successfullygarryingoutBayesian
denoising.

Finally, if theidealimageu is modeledasanelementn certainregularfunc-
tion spacessuchas H'(Q2) or BV(Q2), thenthe denoisingprocessor7 canbe
realizedby a variationaloptimization.For instancepy Rudin-OsheiFatemis BV
imagemodel, 7T is achievedby

. 1
min/ |Du| subjectto —/(u—uo)de <o?
wherethewhite noiseis assumedo be well approximatedy GaussianV (0, o2).

This is the well known denoisingmodel first proposedby Rudin, Osher and
Fatemi,andbelonggto the moregeneraklassof regularizeddatafitting models.
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Like using differentcoordinatesystemso describea single physicalobject,
the differentformulationsof a sameimageprocessoare closelyinterconnected.
Againtake denoisingior example.lt hasbeenshownn thatthewavelettechniquas
eguialentto anapproximateoptimalregularizationin certainBesw spaceg$23].
On the otherhand,Bayesianprocessingandthe regularity basedvariationalap-
proachcanalsobeconnectedat leastformally) by the Gibbs’ formulain statisti-
calmechanic$30] (seethe next section).

1.4 Variational PDE method

Having briefly introducedthe generalpicture of mathematicalmageprocessing,
we now focuson thevariationalPDE methodthroughtwo processorsinpainting
andsegmentation.

For the history anda detaileddescriptionof the currentdevelopmentsof the
variationaland PDE methodin imageand vision analysis,we refer to the two
specialissuesn IEEE Trans.Image Processing7(3), 1998]andJ. Visual Comm.
Image Rep.[13(1/2),2002],andalsotwo recentmonograph$2, 48].

In the variationalor “enelgy” basedmodels,nonlinearPDEsemege asone
derivestheirformal EulerLagrangesquationser triesto locatethelocal or global
minimaby the gradientdescentnethod.Someof the PDEscanbe studiedby the
viscosity solutionapproach24], while mary othersstill remainopento further
theoreticainvestigation.

Comparedvith otherapproacheghevariationalandPDEmethodhasremark-
ableadvantagesn boththeoryandcomputationFirst, it allowsto directly handle
andproceswisuallyimportantgeometrideaturesuchasgradientstangentscur-
vaturesandlevel sets.It canalsoeffectively simulateseveralvisually meaningful
dynamicprocessesuchaslinear and nonlineardiffusions,andthe information
transportimechanismSecondlyin termsof computationjt canprofoundlyben-
efit from the existing wealthyliteratureof numericalanalysisandcomputational
PDEs. For example,variouswell designedshockcapturingschemesn Compu-
tationalFluid Dynamics(CFD) canbe corvenientlyadaptedo edgecomputation
in images.

2 Variational Image Inpainting and Inter polation

The word inpainting is an artistic synorym for imageinterpolation,asinitially
circulatedamongmuseumrestorationartistswho manuallyrestorecracled an-



cientpaintings.The conceptof digital inpaintingwasfirst introducednto digital

imageprocessingn the paperby Bertalmioetal. [5]. Currently digital inpainting
techniqueshave found broadapplicationsin image processingyision analysis,
anddigital technologiessuchasimagerestorationdisocclusionperceptuaim-

agecoding,zoomingandimagesupefresolution,error concealmenin wireless
imagetransmissionandsoon[15, 16, 17, 18]. Seefor instanceFigure1 for the
applicationin errorconcealment.

We now discussthe mathematicaldeasandmethodologiebehindthe varia-
tionalinpaintingtechniquesThroughouthis sectionu denotesheoriginal com-
pleteimageon a2-D domain(2, andu, the obsenedor measuregbortionof « on
asubdomairor generakubsetD, which canbeeithernoisyor blurry. Thegoalof
inpaintingis to recover u on the entireimagedomain(2 asfaithfully aspossible
from the availabledatau, on D.

2.1 From Shannon's Theoremto variational inpainting

Interpolationis a classicakopic in approximatiortheory numericalanalysisand
signalandimageprocessing.Successfulnterpolantsinclude polynomials,har
monicwaves,radially symmetricfunctions finite elementssplines wavelets etc.
Despitethe diversity of the literature,thereindeedexists onemostwidely recog-
nizedresultdueto Shannor{50], known asShannors SamplingTheoem.

Theorem 1 (Shannons Theorem) If asignalu(t) is bandlimitedwithin (—w, w),
then

o

u(t) = Z u (n%) sinc (%t - n) .

n—=—oo

Thatis, if ananalogsignalu(t) (with finite enegy, or equivalently, in L?(IR))
doesnot containary high frequenciesthenit canbe perfectlyinterpolatedrom
its properlysampleddiscretesequenceyy[n] = u(nnw/w) (with w /7 known asthe
Nyquistfrequeng).

All interpolationproblemssharethis “if-then” structure. “If” specifiesthe
spacewherethe target signal v is to be looked for, while “then” givesthe re-
constructionor interpolationprocedurebasedon the discretesamplegor more
generallyary partialinformationaboutthe signal).

Unfortunately for mostreal applicationdn signalandimageprocessingpne
cannotexpecta closed-formformula ascleanas Shannors. Thisis at leastdue

7



to two factors.First, signalslike imagesareintrinsically not bandlimitedbecause
of the presencef edges(or Heaviside type singularities)for vision analysisand
communicatior{34]. Secondlyfor mostreal applicationsthe givenincomplete
dataare often noisy and even blurred during the imaging or transimissionpro-
cesses.Therefore,in the criterion of Shannors Theoremwe are dealingwith a
classof “bad” signalsu with “unreliable” samples.,.

Naturally, for imageinpainting,boththe“if” and“then” statementsn Shan-
non’s Theoremneedto be modeledcarefully It turnsoutthattherearetwo pow-
erful andinterdependerframenorksthatcancarry outthis task: oneis thevaria-
tional method,andthe other, the Bayesiarframework [29].

In the Bayesiampproachthe“if’-statementspecifiedoththe so-calledprior
modelandthe data model. The prior model specifieshow a priori imagesare
distributed,or equialently, which imagesoccurmorefrequentlythanthe others.
Probabilistically it specifieghe prior probabilityp(u). Let u, denotetheincom-
pletedatathatareobsened,measuredor sampled.Thenthesecondoartof “if” is
to modelhow uy is generatedrom u: u — uq, Or to specifythe conditionalprob-
ability p(uo|u). Finally, in the Bayesiarframewnork, Shannors “then”-statement
is replacedby the MaximumA Posteriori (MAP) optimization:

max p(uluo) = p(uo|u)p(u)/p(uo), (1)

wherewe have spelledout Bayes'formula. (It is alsoequialentto maximizing
the productof the prior modelanddatamodel, sincethe denominatoiis a fixed
normalizationconstantonce u, is given.) To summarize Bayesianinpainting
is to find the most probableimage given its incompleteand possibly distorted
obsenation.

Thevariationalapproachresembleshe Bayesiammethodologyonly now ev-
erythingis expressedleterministically The Bayesiarprior modelp(u) becomes
the specificationof the regularity of animagew, while the datamodel p(ug|u)
now measuresion well the obsenation u is fitted if the original imageis in-
deedu. Regularity is enforcedthrough“enelgy” functionals,for example,the

Sobole norm Efu] = / |Vu|®dz, the total variation model of Rudin, Osher
Q
and Fatemi [31, 43] E[u] = / |Dul|, and the Mumford-Shahfree-boundary
Q

model[39] E[u,T'] = / \Vu|?dx + BH*(T), with H! denotingthe 1-D Haus-

O\l
dorff measure.The quality of datafitting v — wug is oftenjudgedby an error



measureF|uy|u]. For instancetheleastsquae measurg51] prevailsin theliter-
aturedueto thegenericityof GaussianypenoisesandtheCentral Limit Theoem

1 , : .
Eluglu] = 7] /D(Tu — ug)*dz, where D is the domainon which u, hasbeen

sampledor measured|D| its areaor cardinalityfor the discretecase,and?” de-
notesary linearor nonlinearimageprocessofsuchasblurring anddiffusion). In
this variationalsetting, Shannors “then”-statemenbecomesa constrainedpti-
mizationproblem:

min E[u]  overallu: Efulu] < o

Hereo? denoteshe varianceof the white noise,which is assumedo be known
by properstatisticalestimators Equivalently, the modelsolvesthe following un-
constrainegroblemusingLagrangemultiplier: A [9],

muin Elu] + AE[ug|ul. (2)

Generally \ expresseghe balancebetweenregularity andfitting. In summary
variationalinpaintingis to searchfor the most“regular” imagethat bestfits the
givenobsenation.

TheBayesiampproachs moreuniversalin the senseof allowing generalkta-
tistical prior anddatamodels,andis powerful for restoringboth artificial images
andnaturalimages(or textures. But the learningof the prior modelandthe data
modelis usually quite expensve. The variationalapproachis ideal for dealing
with regularity and geometry but tendsto work bestfor man-madendoor and
outdoorscenespr imageswith low textures. Thetwo approachegl) and(2) can
be atleastformally unifiedunderGibbs’ formulain statisticalmechanic$30]:

E[] X _B logp(')a or p() X eiE[']/ﬂa (3)

whereg = kT is the productof the Boltzmannconstantandtemperatureandoc
meansequality up to a multiplicative or additive constant.(However, the defin-
ability of a rigorousprobability measureover “all” imagesis highly non-trivial
becausef the multi-scalenatureof images.Recentfforts canbefoundin Mum-
ford andGidas[38].)

2.2 Variational inpainting basedon geometricimage models

In a typical imageinpaintingproblem,u, denoteshe obsered or measuredn-
completeportion of a clean“good” imagewu on the entireimagedomain(2. A
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simplified but alreadyvery powerful datamodelin variousdigital applicationss
blurring followedby noisedegradatiorandspatialrestriction:

whereK is a continuousblurring kernel,oftenassumedo belinearor evenshift-
invariant,andn, an additive white noisefield assumedo be closeto Gaussian
for simplicity. uo|o\p iS missingor inaccessible.The goal of inpaintingis to
reconstructu asfaithfully aspossiblefrom uO|D. The datamodelis explicitly
givenby

Therefore from the variationalpoint of view, the quality of aninpaintingmodel
crucially depend®n the prior modelor theregularity enegy E|u].

The TV prior model E[u] =/ | Du| wasfirst introducedinto imageprocess-
Q
ing by Rudin, Osher Fatemiin [43]. Unlike the Soboler imagemodel E;[u] =
|Vu|*dz, the TV modellegalizesone of the mostimportantvision features-

tth “edges. For example,for a cartoonimageu shaving the night sky (v = 0)
with afull brightmoon(u = 1), the Sobole enegy blows up, while the TV en-

ergy/ |Du| = the perimeterof themoon which is finite. Therefore,in combi-
Q
nationwith thedatamodel(4), thevariationalTV inpaintingmodelis to minimize

Eiv[u|ug, D] = a/ |Dul| + /\/ (Ku — up)?dz. (5)
0 D

Theadmissiblespaceis BV ((2), the Banachspaceof all functionswith bounded
variation[31]. We obsenre thatit is very similar to the celebrated'V restoration
modelof Rudin, Osher andFatemi[43]. In fact, the beautyand power exactly
lie in thatthe modelprovidesa unified frameawork for denoisingdeblurring,and
imagereconstructiorfrom incompletedata. Figure 1 displaysthe computational
outputof the modelasappliedto the error concealmenbf a blurry imagewith
simulatedrandompaclet lossdueto thetransmissioriailure of a network.
Thesecondvell-known prior modelis Mumford-Shahs object-edgenodel[39].
Unlike TV, theedgesetI" is now explicitly singledout,andanimageu is under
stoodasthecombinatiorof boththegeometrideaturel” andthe piecavisesmooth
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A blurred image with 80 lost packets Deblurring and error concealment by TV inpainting

Figurel: TV inpaintingfor theerrorconcealmenof ablurry image.

“objects” u;'s on all the connecteccomponents?;’s of Q \ I'. Thusin boththe
Bayesiarandvariationallanguagesheprior modelconsistf two parts(se€&(3)):

p(u,I') =p(ul')p(I')  and
Elu,T] = E[u[T] + E[T).

In the Mumford-Shahmodel,the edgeregularity is specifiedby E[I'| = H'(T),
the 1-D Hausdorf measurepr asin mostcomputationalpplications,E['] =
length(T") assuminghatT is Lipschitz. The smoothnessf the “objects” is nat-

urally characterizedy the ordinary Soboles norm: E[u|l'] = / \Vul?dz.
r

2\
Therefore,in combinationwith the datamodel (4), the variationalinpainting

modelbasedn the Mumford-Shatprior is givenby

ian Eps[u, T|ug, D] =

6
a/ |Vu|2d:v+ﬁH1(P)+)\/(Ku—u0)2dx. ©)
O\r D

Figure 2 showns oneapplicationof this modelfor text removal [28]. Note edges
arepreseredandsmoothregionsremainsmooth.

Numerousapplicationshave demonstratedhat, for classicalapplicationsin
denoising,deblurringor segmentation both the TV and Mumford-Shahmodels
performsufiiciently well evenby the high standardf humanvision. But inpaint-
ing doeshave its specialidentity. We have demonstratedn [15, 28] that for
large-scald@npainting problems high orderimagemodelswhich incorporatethe
cunvatureinformationbecomenecessaryor morefaithful visualeffects.
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Image to be inpainted Inpainting domain (or mask) Inpainting output

Hello! We are Penguin
A and B. You guys
must think that so many
words have made a
large amount of image
information lost.

Is this true? We
disagree. We are

more optimistic. The

Figure2: Mumford-Shahnpaintingfor text removal.

Thekey to highordergeometriamagemodelsis Euler’s elasticacurve model:
e[vy] = /(a +bk%)ds, a,b> 0,
Y

wherex denoteghe scalarcurvature.Birkhoff anddeBoor [6] calledit the“non-
linearspline”modelin approximatiortheory It wasfirstintroducednto computer
vision by Mumford [37]. Unlike straightlines (for which b = 0), the elastica
modelallows smoothcurvesbecaus®f thecunatureterm,whichis importantfor
computervisionandcomputergraphics.

By imposingthe elasticaenegy on eachindividual level lines of « (at least
symbolically or by assumingthat « is regular enough),we obtainthe so-called
elasticamagemodel:

Eulu] = /_OO e[u = AJdA

= /_i /E/\(a + br?)dsd\ (7)

:/(a+b/{2)\Vu\d:v.
v

In the lastintegrand,the curvatureis givenby k = V - [Vu/|Vul]. (Noticethat
in the absenceof the curvatureterm, the above formula is exactly the co-area
formula for smoothfunctions[31].) This elasticaprior modelwasfirst studied
for inpaintingby MasnouandMorel [35], andChan,Kang,andShen[11], andit
improvesthe TV inpaintingmodelasexpected.

Similarly, the Mumford-Shahimagemodel E,,; canalsobeimprovedby hav-
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ing thelengthenepgy replacedy Euler’s elasticaenepy:

B, T] = o / Vul2dz + e[T].
Q\T
It wasfirstappliedto imageinpaintingby EsedogliandShen28]. Figure3 shaws
oneexampleof applyingthis imageprior modelto theinpaintingof anoccluded
disk. Both the TV and Mumford-Shahinpainting modelswould completethe
interpolationwith a straightline edgeandintroducevisible cornersaresult. The
elasticamodelrestoreghe smoothboundary

A noisy image to be inpainted. Inpainting via Mumford-Shah~Euler image model

Figure3: Smoothinpaintingby the Mumford-Shah-Eulemodel.

Theimproved performanceof curvaturebasedmodelscomesat a price, both
in termsof theoryandcomputation.The existenceanduniquenessf the TV and
Mumford-Shahinpaintingmodelscanbe studiedin afashionsimilarto theclassi-
calrestoratiorandsegmentatiorproblems.But theoreticaktudyonthehighorder
modelsis only in thevery beginning. Thedifficulty liesin theinvolvementof the
secondrdergeometrideature- curvature andtheidentificationof aproperfunc-
tion spaceto studythe models. Secondlyin termsof computation the calculus
of variationon the curvatureterm leadsto fourth-orderhighly nonlinearPDEs,
whosefastandefficient numericalsolutionimposesa tremendoughallenge.

Let usconcludethis sectionwith a brief discussioron computationgspecially
for the TV andMumford-Shahnpaintings.

For theTV inpaintingmodel E,,, the EulerLagrangesquationis formally (or
assuminghatu is in the Soboler spacei’ ') givenby

-V [%] + pK*xp(Ku — ug) = 0. (8)
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Here K* denotesheadjointof thelinearblurring kernel i, the multiplier xp (z)
theindicatorof D, andu = 2)/«. Theboundaryconditionalongos? is Neumann
adiabaticto eliminateany boundarycontribution duringthe integration-by-parts
process.This nonlinearPDE canbe solvediteratively by the freezingtechnique:
let u(™ denotethe currentinpaintingat stepn, thenthe updatednpaintingu(™+1)
solvesthelinearizedPDE

[Vu(”“)

- * (n+1) _ —
|Vu(")\} + pK*xp(Ku ug) = 0.

In practice the intermediatediffusivity coeficient 1/| V(™| is often modifiedto

|Vu()|2 + €2 for somesmall conditioningparametet, or by the mandatory
ceiling andflooring between: and1/e. Thecornvergenceof suchalgorithmshave
beenwell studiedin the literature[9, 26]. Therearealsomary othertechniques
possiblefor solving (8) in the literature,for example,seeVogeland Oman[54],
andChan,Mulet, andGolub[10]. We only needto relate(8) to the corventional
TV restoratiorcase.

The computationof the Mumford-Shahinpainting modelis alsovery inter-
esting. Unlike sggmentationfor inpainting,one’s directinterestis only in u, not
I'. Suchunderstandingnakesthe I'-corvergenceapproximationtheory perfect
for inpainting. Accordingto AmbrosioandTortorelli [1], by introducinganedge

signaturefunction z(z) € [0,1],z € , andhaving E[u|T] = a/ \Vul*dz
Q\l'

replacedby Euz] = a/ 2?|Vu|*dz, onecanapproximatethe lengthenegy in
theMumford-SharmodeI%y aquadratidntegralin z (upto aconstantnultiplier):

EJ7] = B/Q (G‘V;P G UQ) dz, €< 1.

2e

Thusthe Mumford-Shahnpaintingmodelis approximatedy
E|u, z|ug, D] = E[u|z] + Ez] + AE[uo|u, D],

whichis aquadratidntegralin bothu andz! It leadsto acoupledsystenof linear
elliptic type of PDE’s in both » andthe edgesignaturez, which canbe solved
efficiently usingany numericalelliptic solver. The examplein Figure2 hasbeen
computedoy this schemd28].

Finally we shouldalsomentionsomeof the majorapplicationsof the inpaint-
ing and geometricimageinterpolationmodelsdevelopedabore. Theseinclude
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digital zooming,primal-sketchbasederceptualmagecoding,errorconcealment
for wirelessimage transmissionand progressie disocclusionin computervi-
sion[15]. Extensiongo color or moregenerahyperspectraimages.andnonflat
imagefeatureg(i.e., thatlive on Riemannianmanifolds[14]) are also currently
beingstudiedin theliterature.Otherapproacheso theinpaintingproblemcanbe
foundin [3, 5, 8]. In particular it hasbeenjust recentlypointedout in [4] that
the PDEinpaintingmodelin [5] is closelyrelatedto the streamfunction-\orticity
equationin fluid dynamics.

3 Variational Level Setimage Segmentation

Imagesarethe proper2-D projectionsof the 3-D world containingvariousob-
jects. To successfullyreconstructhe 3-D world, or at leastapproximately the
first crucial stepis to identify theregionsin imagesthatcorrespondo individual
objects. This is the well known problemof image segmentation. It hasbroad
applicationgn a variety of importantfields suchascomputervision andmedical
imageprocessing.

Denoteby uq an obsenedimageon a 2-D Lipschitz openandboundeddo-
main 2. Segmentations to find a visually meaningfuledgesetI” which leadsto
acompletepartition of 2. Eachconnecteccomponent?; of (2 \ T" shouldcorre-
spondto atmostonerealphysicalobjector patternin our 3-D world, for example,
the white matterin brainimagesor the abnormaltissuesin organs.In someap-
plications,oneis alsointerestedn the cleanimagepatchesu; on each(); of the
segmentationsinceu, is oftennoisy.

Thereforetherearetwo crucialingredientsn the mathematicainodelingand
computationof the segmentatiorproblem. Thefirst is how to formulatea model
thatappropriatelycombineghe effects of boththe edgesetI” andits segmented
regions {€2;,7 = 1,2,---}. And the otheris to find the mostefficient way to
representhe geometryof boththe edgesetandtheregions,andto representhe
seggmentatiormodelasa result. This of coursereflectsthe generalphilosophyin
theintroductionsection.

In the variationalPDE approachthesetwo issueshave found good answers
in theliterature. For thefirst, oneobsenresthe celebratedegmentatiormodelof
MumfordandShah39], andthesecondthelevel setrepresentatiotechnologyof
OsherandSethian40]. In whatfollows, we detailour recenteffortsin advancing
theapplicationof thelevel settechnologyto variousMumford-Shatrelatedimage
segmentatiormodels.Much of theworks canbefoundin our paperq19, 20, 22,
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21, 53], andalsoin therelatedworks[52, 55, 41, 44,58].

We startwith a novel actve contourmodelwhoseformulationis independent
of intensityedgesdefinedby the gradientsjn contrastto mostcorventionalones
in the literature. We then explain how this model can be efficiently computed
basedon the multi-phaselevel setmethod. In the secondpart, we extendthese
resultsto thelevel setformulationandcomputatiorof thegeneraMumford-Shah
segmentationmodelfor piecavise smoothimages. In the last part, we present
our recentwork on extendingthe previous modelsto the logical operationson
multi-channeimageobijects.

3.1 Active contourswithout edgesand multi-phase level sets

Active contouris apowerful tool in imageandvision analysigor boundarydetec-
tion andobjectsegmentation.Thekey ideais to evolveacurve sothatit eventually
stopsalongthe objectedgesof the givenimageu,. The curve evolution is con-
trolled by two sortsof enegies: theinternalenegy which definesthe regularity
of thecurve, andthe externalonedeterminedy the givenimageu,. Thelatteris
oftencalledthe feature-dwenenenpy.

In almostall classicalactive contourmodels,the feature-diven enegiesrely
heavily onthegradientfeaturel Vuy| orits smoothedrersion| VG, xug |, whereG,,
denotesa Gaussiarkernelwith a smallvariances. They work well for detecting
gradient-definecedges,but fail for more generalclassesof edges,suchasthe
boundaryof anelulain someastronomidmagesor thetopimagein Figure4.

Our new model- active contours withoutedges first introducedin [19, 20],
is formulatedindependenbf the gradientinformation,andthereforecanhandle
moregenerakypesof edges.Themodelis to minimizetheenepgy

EZ[Cla Ca, F|U()] = /

int(T")

lug(x) — c1*dx +/ luo(x) — co|*dz +v|T|, (9)
ext(T)
wherer > 0, andint(I") andext(I") denotetheinterior andexterior of I, and|T'|
its length. Thesubscrip® in E, indicateghatit dealswith two-phasemagesj.e.,
oneswhose“objects” canbe completelyindexedby theinterior andexteriorof I
In the level setformulationof Osherand Sethian[40], I' is embeddedsthe
zerolevel set{¢ = 0} of a Lipschitz continuousfunction¢ : 2 — IR. Conse-
quently {¢ > 0} and{¢ < 0} definetheinteriorQ* andexteriorQ~ of thecurwe.
(Computationallythelevel setapproachs superiorto othercurve representations
in both letting one directly work on a fixed rectangulargrid and allowing au-
tomatic topologicalchangessuchas memging and breaking.) Denoteby H the
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1-dimensionaHeaviside function: H(z) = 1if z > 0 and0 if z < 0. Thenthe
enegy in ourmodelbecomes

Byler, e, $luo] = / uo(z) — eaPH(¢)dz + / uo(z) — 2 (1 — H($))da
. /Q VH()|d.

Minimizing Es|c1, co, ¢|ug] With respecto ¢, ¢, andg leadsto theEulerLagrange
equation:

a6

5t = 0(¢) [udlv(|

) lug — ¢1|* + |ug — ¢ ]

Vo
a(t) = Jo wo(z)H (o(x))dz Jouo(z)(1 = H(p(x)))dz
1 Jo H(9(2))dz JoA=H(g(x)de

with a suitableinitial guessp(0,z) = ¢o(z). In numericalimplementationsthe
Heaviside function H(z) is often regularizedby someH,(z) in C*(IR), so that
ase — 0, thelatter corvergesto H(z) in somesuitablesense.As a result, the
Dirac function §(z) in the last equationis regularizedto §.(z) = H.(z). We
have discoveredin [20] thata carefully designedapproximatiorschemecaneven
allow interior contoursto emepge, which hasbeena challengingtask for most
cornventionalalgorithms.Also noticethatthelengthtermin theenepgy hasledto
themeancurvaturemotion.

The model performsas an active contourin the classof piecavise constant
imagestaking only two values,looking for a two-phasesegmentationof a given
image. The internalenegy is definedby the length, while the external enegy
is independenof the gradient| Vu,|. Definingthe sgmentedmageby u(z) =
cH(¢(z)) + c2(1 — H(¢(x))), we realizethat the enegy modelis exactly the
Mumford-Shahsegmentatiormodel[39] restrictedto the classof piecavise con-
stantimages.However, our modelwasinitially developedfrom theactive contour
point of view.

Two typical numericaloutputsof themodelaredisplayedn Figure4. Thetop
row shows that our modelcansegmentanddetectobjectswithout cleargradient
edges.Thebottomoneshawsthatit canalsocapturecomplicatedooundariegand
interior contours.

For more complicatedsituationswhere multiple objectsoccludeeachother
and multi-phaseedgessuchas T-junctionsemege, the above two-phaseactive
contourmodelbecomesnsufficientandwe needto introducemorethanonelevel

Co (t) =
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Figure 4: Top: detectionof a simulatedminefield by our new active contour
model. Bottom: segmentationof an MRI brainimage. Notice that the interior
boundariesareautomaticallydetected.

setfunctions. In [22, 53], we generalizethe above framavork to multi-phase
active contourspr equialently, the piecaviseconstanMumford-Shahsegmenta-
tion with multi-phaseegions:

. . 2
1unrf Eslu, Tlug) = ;/ﬂm lug — ¢;|*dx + v|T|. (10)

Here,(2;’s denotethe connecteccomponent®f Q \ I', andu = ¢; on ;. Notice
thatI" cannow be a generalset of edgecurves, including for examplethe T-
junctionclass.

Generally considermn level setfunctionse; : 2 — IR. Theunionof the zero-
level setsof ¢, representshe edgesn the segmentedmage.Usingthesem level
setfunctions,one candefineup to n = 2™ phaseswhich form a disjoint and
completepartitioningof 2. Thereforegachpointz € €2 belongsto oneandonly
onephase.In particular thereis no vacuumor overlapamongthe phases.This
is animportantadvantagecompareavith the classicamulti-phaserepresentation
in [44, 56], wherea level setfunctionis associatedo eachphaseandtherefore
more level setfunctionsare needed. Figure 5 shaws two typical examplesof
multi-phasepartitioningcorrespondingo m = 2 and3.

We now illustratethe multi-phasedevel setapproachthroughthe exampleof
n = 4andm = 2. Letc = (e1,c10, Co1, Cop) denotea constantvector and
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Figure5: Left: two curvesgivenby ¢, = 0 andg, = 0, partitionthedomaininto
four regionsbasedon indicatorvector (sign(¢;), sign(¢z)). Right: Threecurves
givenby ¢; = 0, ¢ = 0, and¢3 = 0, partition the domaininto eight regions
basednthetriple (sign(¢:), sign(¢s), sign(ds)).

® = (¢4, ¢2) the two-phasdevel setvector Thenwe arelooking for anideal
imageu in theform of

u=ciH(¢1)H(¢2) + croH (¢1)(1 — H(d2))
+co1(1 — H(¢1))H (¢2) + coo(1 — H(¢1))(1 — H(¢2))-

The Mumford-Shalsggmentatiorenegy becomes
Eule, 0] = [ Jun(s) = cuaPH (6 H(2)da
Q
+ [ Juo(o) = cuol B (60)(1 — H(g))ds
Q
+ [ Juo(o) = e (1~ (o) H(2)da (1)
Q
+ [ Jun(o) = (1 = H(8))(1 = H(éa))da
Q
v /Q VH (1) |dz + v /Q VH ()| dz.

Its minimizationleadsto the EulerLagrangeequations First, with @ fixed,thec
minimizercanbeexplicitly workedout asbefore:

ci;(t) = averageof ug on{(2: — 1)¢y > 0, (2j — 1)¢o > 0} ¢,5 =0,1.
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In return,this new ¢ informationleadsto the EulerLagrangesquationgor ®:

—<(u0 — c10)” — (uo — 000)2) (1- H(¢2))]’
% = §(¢2) [VdiV( éi;) — ((Uo —c11)? — (ug — 001)2>H(¢1)

— (w0 = €10)” = (w0 — 0)”) (1 = H(81))].

Note thatthe equationsare governedby both the meancurvaturesandjumps of
thedataenegy termsacrosshe boundary

Figure6 shows anapplicationof the modelto the medicalanalysisof a brain
image. Displayedarethe final sggmentedmageandits associatedour phases.
Our modelsuccessfullydentifiesandsegmentsthewhite andgray matters.

Recentlytheabore modelsandalgorithmshave beenextendedo multi-channel,
volumetric, and texture imagesin [12, 13, 46]. Let us give a little more de-
tails abouttexture segmentationfrom [46]. Texture imagesreferto generalim-
agesof naturalscenessuchasgrasslandsheaches;ocks,mountainsandhuman
body tissues.They typically carry certaincoherentstructuresn scales,orienta-
tions,andlocal frequencies.To sggmenttexture imagesusingthe abose models,
we first apply Gabors filters to extract thesecoherentstructures. The filter re-
sponsegreatea new vectorial (or multi-channel)featureimagein the form of
U(z) = (ua(z),us(x), - ,u,(x)), wherethe Greeklettersstandfor the filter
signaturesndtypically eachtakesavalueof (scale orientation Jocal frequeng).
We thenapplythe vectorialactive-contouswithout-edgesnodelto the segmenta-
tion of U. Figure7 shons onetypical example.

3.2 PiecewisesmoothMumford-Shah segmentation

The mostgeneraMumford-Shatpiecavise smoothsegmentation39] is defined
by

inf Eyslu, T|ug] = / lu — ug|*dz + ,u/ \Vul*dz + v|T|, (12)
wl’ Q Q\T

where i, v are positive parameters.It allows the segmented‘objects” to have
smoothlyvarying intensities,insteadof being strictly constant. We now shaw
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Initial Segmented

Figure6: The original and segmentedimages(top row), andthe final four seg-
ments(therest).
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Figure7: An exampleof texture segmentation(atincreasingimes).

how to carry outthe modelbasedon the multi-phasdevel setapproact20]. As
before,we startwith thetwo-phasesituationwhereasinglelevel setfunction¢ is
sufficient, followed by the moregeneramulti-phasecase.

In the two-phasesituation,the idealimagew is segmentedo u* by the level
setfunction ¢:

u(z) = u'(2)H($(x)) + u (z)(1 — H(¢(2)))-

We assumehatboth u* andu~ areC' functionsup to the boundary{¢ = 0}.
Substitutingthis expressiorinto (12), we obtain

Elu*,u™, dlug) = / 't — uoPH(6)dz + / ™ — uoP(1 — H(6))dz
Q Q
u / VutPH(@))de + / Vu 21— H($))dz + v / VH($). (13)
Q Q Q
First with ¢ fixed, the variationon E[u™, u~, ¢|ue] leadsto the two Euler

Lagrangesquationgor u* separately:

Ou”
on
(Here+ takeseither+ or —, but uniformly acrosshe formula.) They actasthe

denoisingoperatoron the homogeneousegionsonly. Notice thatno smoothing
is doneacrosstheboundary{¢ = 0}, whichis veryimportantin imageanalysis.

+

ut —ug = pAuF on £¢ >0, 0 on{¢ = 0}. (14)
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Next, keepingthefunctionsu™ andu ™~ fixed,andminimizing E[u™, u~, ¢|u]
with respecto ¢, we obtainthe motionof the zerolevel set:

0p Vo

at g~ (" =l +uVu = T — woff = ulVuT),

5(6) [V (

with someinitial guessp(t = 0,z). The above equationis actuallycomputedat
leastnearanarronv bandof thezerolevel set.As aresult,computationallywe have
to continuouslyextendbothu™ andu~ from their original domains{+¢ > 0} to
a suitableneighborhoodof the zerolevel set{¢ = 0}. Figure 8 displaysan
applicationof the modelin astronomicaimage analysis. Although the nehula
itself doesnot seemto be a smoothobject,the piesavise smoothmodelcanstill
correctlycaptureall the mainfeatures.

Figure8: Numericalresultfrom the piecavise smoothMumford-Shahlevel set
algorithmwith onelevel setfunction.

As in the previous section,thereare caseswherethe boundarieforming a
completepartition of theimagecannotbe representetby a singlelevel setfunc-
tion. Thenonehasto turn to the multi-phaseapproach.In our papersthanksto
the planerFour Color Theoremwe have beenableto concludethattwo level set
functionsaresufficientfor any multi-phasepartitionproblems.

By the Four Color Theoremonecancolor all theregionsin a partition using
only four colors,sothatarny two adjacentegionsarecolor distinguishablelden-
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tifying a phasewith onecolor, we seethattwo level setfunctions¢,; and ¢, are
sufficient to producefour “colors:” {£¢; > 0,+¢o > 0}. Thereforethey can
completelysegmenta generaimagewith a multi-phaseboundarysetI’ givenby
{#1 = 0} or {¢2 = 0}. As before,we do not have the problemsof “overlapping”
or “vacuum’asin [56, 44]. Notethatby this formulation,generallyeach“color”
canstill have mary isolatedcomponentsThereforethe segmentatioris complete
only after oneappliesan extra stepof the well known topologicalprocessofor
finding the connectedomponent®f anopenset.

In this four-phaseformulation, the idealimagewu is sgmentednto four dis-
joint but completepartsu®*, eachdefinedby oneof thefour phases:

{£d1 >0, £do > 0}.

Overall, by usingthe Heaviside function, we obtainthe following synthesigor-
mula:

u=u""H(¢:1)H(do) +ut"H(¢1)(1 — H(¢2))
+u (1 — H(d))H (o) +u (1 — H(61))(1 — H(¢s)),

for all x € €. We canexpressin a similar way the enegy function of u» and
® = (¢, ¢2), andderive thecorrespondindculerLagrangesquations.

Notice the remarkablefeatureof this single model, which includesboth the
original enegy formulationandthe elliptic and evolutionary PDES: it naturally
combinesall the threeimageprocessors- active contour segmentationandde-
noising.

3.3 Logic operators for multi-channel image segmentation

In amulti-channeimageu(z) = (uy(z), us(z), - - - , un(x)), asinglephysicalob-
ject canleave differenttracesin differentchannelsFor example,Figure9 shovs
a two-channeimagecontaininga triangle which is however incompletein each
individual channel.For this example, mostcorventionalsegmentatiormodelsfor
multi-channeimageq12, 13, 32,47,49, 58] would outputthe completetriangle,
i.e.,theunionof both channelsTheunionis just oneof the severalpossiblelog-
ical operationgor multi-channelimages. For example,the intersectionandthe
differentiationarealsovery commonin applicationsasillustratedin Figure10.

In this section,we outline our recentefforts in developinglogical segmenta-
tion schemegor multi-channeimagedasedntheactive-contouswithout-edges
model[45].
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Figure9: A syntheticexampleof anobjectin two differentchannels Notice that
thelowerleft cornerof A; andthe uppercornerof A, aremissing.

A1UA2. AlﬂAQ_ Alﬂ_'AQ

A a ‘

Figure 10: Differentlogical combinationgor the sampleimage: the union, the
intersectionandthedifferentiation.

First, we definetwo logical variablesto encodethe informationinside and
outsidethe contourl” separatelyor eachchannel:

(g T) = 1 if zisinsideI’ andnotontheobject,
¢ V0T 0 otherwise;

(5 T) = 1 if z is outsidel’ andontheobject,
¢ RS T 0 otherwise.

Suchdifferenttreatmentsare motivatedby the enegy minimizationformulation.
Intuitively speaking,in orderfor the active coutourl" to evolve and eventually
capturethe exact boundaryof the targetedlogical object, the enegy shouldbe
designedothatbothpartialcaptureandover capturdeadto high enepgies(corre-
spondingto z{“* = 1 andz{" = 1 separately)imaginethatthetargetobjectis the
tumortissue thenin termsof decisiontheory overandpartialcapturesorrespond
to falsealarmsandmisseseparatelyBoth areto be penalized.

In practice,we do not have the preciseinformationof “the object; whichis
exactly to be sggmented.Onepossibleway to approximate:!" andz¢* is based
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Truthtablefor thetwo-channetase
Zin Zén ZfUt ZgUt Al U A2 Al N A2 Al N _|A2
z insidel’ 1 |1 |0 0 1 1 1
(orzeQt)|1 |0 |O 0 0 1 1
O |1 |0 0 0 1 0
0O |0 |O 0 0 0 1
zoutsidel' |0 |0 |1 1 1 1 0
(orzeQ)|0 |0 |1 0 1 0 1
O |0 |O 1 1 0 0
0O |0 |O 0 0 0 0

Table2: The truth table for two channels.Notice thatinsideI” “true” is repre-
sentedby 0. It is so designedo encouragehe contourto enclosethe targeted
logical objectatalower enepgy cost.

ontheinterior (2*) andexterior (1) averages;" in channet:

) ) i — cf|2
2" (ug, x, I') = [u (=) - il 3 forz e Qf
maxyeo+ |[uh(y) — ¢ |
i () |2
20" (uf, z,T) = ug(x) — €| forz e Q™

maxyeo- [uf(y) — ¢; [’

The desiredtruth table canthen be describedusing the 2/"’s and z¢“*'s. In
Table2, we have shaovn threeexamplesof logical operationdor the two-channel
case Noticethat“true” isrepresentedtly 0 insidel. It is sodesignedo encourage
enegy minimizationwhenthe contourtriesto capturethetargetedobjectinside.

We thendesigncontinuousobjective functionsto smoothlyinterpolatethe bi-
nary truth table. This is becausdn practice,as mentionedabove, the z's are
approximatecndtake continuousvalues.For example,the possibleinterpolants
for theunionandintersectiorcanbe:

faan(x) = \Ja"(@)25"(2) + (1 = V(1 = 27" (2)) (1 — 28*(2))),
fana(2) = 1- \/(1 — 2" (2))(1 = 257 (x)) + /29 () 28" ().

The squarerootsaretaken to keepthemof the sameorderasthe original scalar
models. It is straightforward to extendthe two-channelkcaseto more general-
channebnes.
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Theenegy functional E for thelogical objectve function f canbe expressed
by thelevel setfunction¢. Generally asjust shavn above, the objective function
canbeseparatedhto two parts,

f = f(zin,ZfUta e azzna Zrolut) = fin(zin, T ’Zriln) + fout(zimta o :ZZUt)-

Theenegy functionalis thendefinedby

E[¢|ct,c] = plength(¢ = 0) + )\/Q [fin(Z", -+ 22 H (9)

Lo (20, <+, 22 (1 — H(0))] da.
+

Hereeachc™ = (¢, -, c¢r) is in facta multi-channelvector The associated
EulerLagrangesquationis similar to the scalaimodel:

o = 00 [uaiv(Z5) = A (el o) = et 2) |
with suitableboundaryconditionsas before. Even thoughthe form often looks
complicatedor atypical application,its implementatioris very similar to that of
thescalarmodel.

Numericalresultssupportour above efforts. Figure 9 shows two different
occlusionsof atriangle. We areableto successfullyecover the union, theinter-
section,andthe differentiationof the objectsin Figure 10 usingour model. In
Figurell, we have atwo-channeimageof the brain. In onewe have a “tumor”
with somenoise, while the otheris clear The imagesare not registered. We
wantto find A; N = A, sothatthetumor canbe obsered. This happengo bea
very complicatedexampleastherearealot of featuresandtextures.Howeverthe
modelfindsthetumorsuccessfully
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