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1 Intr oduction

Imageprocessing,a traditionallyengineeringfield, hasattractedtheattentionof
many mathematiciansduringthepasttwo decades.Fromthevisionandcognitive
sciencepointof view, imageprocessingis abasictool usedto reconstructtherela-
tiveorder, geometry, topology, patterns,anddynamicsof the3-D world from 2-D
images.Therefore,it cannotbe merelya historic coincidencethat mathematics
mustmeetimageprocessingin this digital technologyera.

The role of mathematicsis also determinedby the broadrangeof applica-
tions of imageprocessingin contemporaryscienceand technology. Thesein-
cludeastronomyandaerospaceexploration,medicalimaging,molecularimaging,
computergraphics,humanandmachinevision,telecommunication,auto-piloting,
surveillancevideo,andbiometricsecurityidentification(suchasfingerprintsand
faceidentification),etc. All thesehighly diversifieddisciplineshavemadeit nec-
essaryto developthecommonmathematicalfoundationandframeworks for im-
ageanalysisandprocessing.Mathematicsatall levelsmustbeintroducedto meet
thecrucialqualitiesdemandedby thisnew era- genericity, well-posedness,accu-
racy, andcomputationalefficiency, just to nameafew. In return,imageprocessing
hascreatedtremendousopportunitiesfor mathematicalmodeling,analysis,and
computation.

In this article,we intendto give a broadpictureof mathematicalimagepro-
cessingthroughoneof themostrecentandverysuccessfulapproaches- thevaria-
tionalPDEmethod.Wefirst discusstwo crucialingredientsfor imageprocessing:
imagemodelingor representation,and processormodeling. We then focus on
the variationalPDE method. The backboneof the article consistsof two major
problemsin imageprocessing– inpaintingandsegmentation,whichwehaveper-
sonallyworkedon,but by nomeansdoweintendto haveacomprehensivereview
of theentirefield of imageprocessing.

1.1 Imageprocessingasan input-output system

Directly connectedto imageprocessingarethe two dualfields in thecontempo-
rarycomputerscience- computervision andcomputergraphics.Vision (whether
machineor human)is to reconstructthe3-D world from theobserved2-D images,
while graphicspursuestheoppositedirectionin designingsuitable2-D sceneim-
agesto simulateour 3-D world. Imageprocessingis thecrucialmiddleway con-
nectingthetwo.
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Mostabstractly, imageprocessingcanbeconsideredasaninput-outputsystem�����
	
ImageProcessor� �
	 �

Here � denotesa typical imageprocessor, for example,denoising,deblurring,
segmentation,compression,or inpainting. The input data

���
can representan

observed or measuredsingle image or image sequence,and the output
� 
���������������������

containsall thetargetedimagefeatures.
For example,thehumanvisionsystemcanbeconsideredasahighly involved

multi-level imageprocessor� .
���

representsthe imagesequencethat is con-
stantlyprojectedontotheretina. Theoutputvector

�
containsall themajor fea-

turesthatareimportantto our daily life, from the low-level onessuchasrelative
orders,shapes,andgroupingrules,to high-level featureparametersthathelpclas-
sify or identify variouspatternsandobjects.

Listedin Table1 aresometypical imageprocessingproblems.
Thetwo mainingredientsof imageprocessingaretheinput

���
andtheproces-

sor � . As aresult,thetwo key issuesthathavebeendriving theentiremainstream
mathematicalresearchon imageprocessingare(a) themodelingandrepresenta-
tion of theinput visualdata

���
, and(b) themodelingof theprocessingoperators� . Thetwo areindependentbut alsocloselyconnectedto eachotherby theuni-

versalrule in mathematics:the structureand performanceof an operator � is
greatlyinfluencedby how theinputclassof functionsaremodeledor represented.

1.2 Imagemodeling and representation

To efficiently handleandprocessimages,first weneedto understandwhatimages
really aremathematicallyandhow to representthem.For example,is it adequate
to treat themasgeneral� � functions,or a subsetof � � with suitableregularity
constraints?Among thevariousapproaches,herewe briefly outline threemajor
classesof imagemodelingandrepresentation.

Randomfieldsmodeling. An observedimage� � is modeledasthesampling
of a randomfield. For example,theIsing spinmodelin statisticalmechanicscan
be usedto modelbinary images.More generally, imagesaremodeledby some
Gibbs/Markovian randomfields [29, 57]. The statisticalpropertiesof the fields
areoftenestablishedthroughthefiltering techniqueandlearningtheory. Random
field modelingis themostidealapproachfor describingnaturalimageswith rich
texturepatternssuchastreesandmountains.

Waveletsrepresentation. Whetherdigitally orbiologically, animageis often
acquiredfrom theresponsesof acollectionof microsensors(or photoreceptors).
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� ��� �
denoising� deblurring � � 
"! �#�%$ clean& sharp�
inpainting � �'& (*),+ entireimage� & (
segmenation � � “objects”- �/. ��0 .21 ��3 
54 ��6879797
scale-space � � multiscaleimages� �/:�; � �/:2< ��797=7*�
motionestimation � �?> �A@� � �?> �B@� ��79797C� opticalflows��DE > �A@ �FDE > �B@ ��79797C�

Table1: Typical imageprocessorsandtheir inputsandoutputs.Thesymbolsrep-
resent(1)

!
: ablurringkernel,and $ : anadditivenoise,bothassumedto belinear

for simplicity in thecurrentpaper;(2) � � : thegivennoisyor blurredimage;(3)0
: theentireimagedomain,and G : asubsetwhereimageinformationis missing

or unaccessible;(4)
- �/. �H0 .�1 : 0 . ’s arethesegmentedindividual “objects,” while�/. ’s aretheir intensityvalues;(5) IJ. ’s aredifferentscales,and �/: canberoughly

understoodasthe projectionof the input imageat scale I ; (6) � >LK @� ’s denotethe
discretesamplingof acontinuous“movie” � � �NMO��PQ� (with somesmalltimestepR ),DE >LK @ ’s aretheestimatedopticalflows(i.e. velocityfields)at eachmoment.

Duringthepasttwo decades,it hasbeengraduallyrealizedor experimentallysup-
portedthatsuchlocal responsescanbewell approximatedby wavelets.Wavelets
as a new representationtool hasrevolutionizedour notion of imagesand their
multiscalestructures[25, 33]. The new JPEG2000protocoland the successful
compressionof theFBI fingerprintsdatabaseareits two mostinfluentialapplica-
tions. Thetheoryis still beingactively pushedforwardby thenew generationof
geometricwaveletssuchascurvelets[7] andbeamlets[42].

Regularity spaces. In thelinearfiltering theoryof conventionaldigital image
processing,animage � is consideredto bein theSobolev spaceS � �A0T� . Sobolev
modelworkswell for homogeneousregionsbut is insufficient asa global image
model,sinceit “smears”the most importantvisual cue- edges[34]. Two well
known modelshave beenintroducedto legalizethe existenceof edges.Oneis
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MumfordandShah’s“object-edge”model[39], andtheotheris Rudin,Osher, and
Fatemi’sBV imagemodel[43]. Theobject-edgemodelassumesthatanidealim-
age� consistsof disjointhomogeneousobjectpatches

- �/. ��0 .�1 with �/.VUWS � �X0 . �
andregularboundariesY 0 . (characterizedby the1-dimensionalHausdorff mea-
sure).TheBV imagemodelassumesthatanidealimagehasboundedtotal varia-
tion Z ( & G[� & . All theseregularitybasedimagemodelsaregenerallyapplicableto
imageswith low texturepatternsandwithoutrapidlyoscillatorycomponents[36].

1.3 Modeling of imageprocessors

How imagesare modeledand representedvery much determinesthe way we
model imageprocessors.We shall illustrate this viewpoint throughthe exam-
ple of denoising� 
 �\� � : � �]
 �[�^$ , assumingfor simplicity that the white
noise$ is additiveandhomogeneous,andthereis noblurring involved.

When imagesare representedby wavelets,the denoisingprocessor� is in
somesense“diagonalized,” andequivalentto asimpleengineeringontheindivid-
ual waveletcomponents.This is thecelebratedresultsof DonohoandJohnstone
on thethresholdingbaseddenoisingschemes[27].

Underthestatistical/randomfield modelingof images,thedenoisingprocessor� becomestheMAP (MaximumA Posteriori) estimation.By Bayes’formula,the
posteriorprobabilitygivenanobservation � � is_ � � & � � � 
 _ � � �`& � � _ � � ��a _ � � � ��7
Thedenoisingprocessor� is achievedby solvingtheMAP problemb[cedf _ � � & � � � .
Therefore,besidestherandomfield imagemodel_ � � � , it is alsoimportantto know
themechanismby which � � is generatedfrom theideal image � (or thesocalled
generativedatamodel).Thetwoarecrucialfor successfullycarryingoutBayesian
denoising.

Finally, if theideal image � is modeledasanelementin certainregularfunc-
tion spacessuchas S � �X0T� or g h �X0T� , then the denoisingprocessor� can be
realizedby avariationaloptimization.For instance,by Rudin-Osher-Fatemi’sBV
imagemodel, � is achievedbybjilkf m ( & G[� & subjectto

4& 0 & m ( � � � � � � �Hn Mporq � �
wherethewhitenoiseis assumedto bewell approximatedby Gaussians �Xtu��q � � .
This is the well known denoisingmodel first proposedby Rudin, Osher, and
Fatemi,andbelongsto themoregeneralclassof regularizeddatafitting models.
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Like usingdifferentcoordinatesystemsto describea singlephysicalobject,
thedifferentformulationsof a sameimageprocessorarecloselyinterconnected.
Againtakedenoisingfor example.It hasbeenshown thatthewavelettechniqueis
equivalentto anapproximateoptimalregularizationin certainBesov spaces[23].
On the otherhand,Bayesianprocessingandthe regularity basedvariationalap-
proachcanalsobeconnected(at leastformally) by theGibbs’ formulain statisti-
calmechanics[30] (seethenext section).

1.4 Variational PDE method

Having briefly introducedthegeneralpictureof mathematicalimageprocessing,
we now focuson thevariationalPDEmethodthroughtwo processors:inpainting
andsegmentation.

For thehistory anda detaileddescriptionof thecurrentdevelopmentsof the
variationalandPDE methodin imageand vision analysis,we refer to the two
specialissuesin IEEETrans.ImageProcessing[7(3), 1998]andJ. VisualComm.
ImageRep.[13(1/2),2002],andalsotwo recentmonographs[2, 48].

In the variationalor “energy” basedmodels,nonlinearPDEsemerge asone
derivestheir formalEuler-Lagrangeequations,or triesto locatethelocalor global
minimaby thegradientdescentmethod.Someof thePDEscanbestudiedby the
viscositysolutionapproach[24], while many othersstill remainopento further
theoreticalinvestigation.

Comparedwith otherapproaches,thevariationalandPDEmethodhasremark-
ableadvantagesin boththeoryandcomputation.First, it allowsto directlyhandle
andprocessvisually importantgeometricfeaturessuchasgradients,tangents,cur-
vatures,andlevel sets.It canalsoeffectively simulateseveralvisuallymeaningful
dynamicprocessessuchas linear andnonlineardiffusions,andthe information
transportmechanism.Secondly, in termsof computation,it canprofoundlyben-
efit from theexisting wealthyliteratureof numericalanalysisandcomputational
PDEs. For example,variouswell designedshockcapturingschemesin Compu-
tationalFluid Dynamics(CFD) canbeconvenientlyadaptedto edgecomputation
in images.

2 Variational Image Inpainting and Inter polation

The word inpainting is an artistic synonym for imageinterpolation,as initially
circulatedamongmuseumrestorationartistswho manuallyrestorecracked an-
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cientpaintings.Theconceptof digital inpaintingwasfirst introducedinto digital
imageprocessingin thepaperby Bertalmioetal. [5]. Currently, digital inpainting
techniqueshave found broadapplicationsin imageprocessing,vision analysis,
anddigital technologies,suchasimagerestoration,disocclusion,perceptualim-
agecoding,zoomingandimagesuper-resolution,error concealmentin wireless
imagetransmission,andsoon [15, 16, 17, 18]. Seefor instanceFigure1 for the
applicationin errorconcealment.

We now discussthemathematicalideasandmethodologiesbehindthevaria-
tional inpaintingtechniques.Throughoutthissection,� denotestheoriginalcom-
pleteimageona2-D domain

0
, and � � theobservedor measuredportionof � on

asubdomainor generalsubsetG , whichcanbeeithernoisyor blurry. Thegoalof
inpaintingis to recover � on theentireimagedomain

0
asfaithfully aspossible

from theavailabledata� � on G .

2.1 From Shannon’s Theoremto variational inpainting

Interpolationis a classicaltopic in approximationtheory, numericalanalysis,and
signalandimageprocessing.Successfulinterpolantsincludepolynomials,har-
monicwaves,radiallysymmetricfunctions,finite elements,splines,wavelets,etc.
Despitethediversityof theliterature,thereindeedexistsonemostwidely recog-
nizedresultdueto Shannon[50], known asShannon’sSamplingTheorem.

Theorem 1 (Shannon’s Theorem) If asignal � ��PQ� isbandlimitedwithin
� �Tv � v �

,
then, � �NPQ� 
 wxK�y
z w �p{|$T}v�~V� i=k���{ v } P � $ ~ 7
That is, if an analogsignal � �NPQ� (with finite energy, or equivalently, in � � � IR � )
doesnot containany high frequencies,thenit canbeperfectlyinterpolatedfrom
its properlysampleddiscretesequence� � - $
1 
 � � $ } a v � (with

v a } known asthe
Nyquistfrequency).

All interpolationproblemssharethis “if-then” structure. “If” specifiesthe
spacewherethe target signal � is to be looked for, while “then” gives the re-
constructionor interpolationprocedurebasedon the discretesamples(or more
generally, any partial informationaboutthesignal).

Unfortunately, for mostrealapplicationsin signalandimageprocessing,one
cannotexpecta closed-formformulaascleanasShannon’s. This is at leastdue
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to two factors.First,signalslike imagesareintrinsicallynot bandlimitedbecause
of thepresenceof edges(or Heaviside typesingularities)for vision analysisand
communication[34]. Secondly, for mostreal applications,thegiven incomplete
dataareoften noisy andeven blurredduring the imagingor transimissionpro-
cesses.Therefore,in thecriterionof Shannon’s Theorem,we aredealingwith a
classof “bad” signals� with “unreliable”samples� � .

Naturally, for imageinpainting,both the“if” and“then” statementsin Shan-
non’s Theoremneedto bemodeledcarefully. It turnsout thattherearetwo pow-
erful andinterdependentframeworksthatcancarryout this task:oneis thevaria-
tionalmethod,andtheother, theBayesianframework [29].

In theBayesianapproach,the“if”-statementspecifiesboththeso-calledprior
modelandthe data model. The prior modelspecifieshow a priori imagesare
distributed,or equivalently, which imagesoccurmorefrequentlythantheothers.
Probabilistically, it specifiestheprior probability _ � � � . Let � � denotetheincom-
pletedatathatareobserved,measured,or sampled.Thenthesecondpartof “if” is
to modelhow � � is generatedfrom � : � 	 � � , or to specifytheconditionalprob-
ability _ � � �'& � � . Finally, in theBayesianframework, Shannon’s “then”-statement
is replacedby theMaximumA Posteriori (MAP) optimization:b�c�df _ � � & � � � 
 _ � � �`& � � _ � � ��a _ � � � ��� (1)

wherewe have spelledout Bayes’formula. (It is alsoequivalentto maximizing
the productof the prior modelanddatamodel,sincethe denominatoris a fixed
normalizationconstantonce � � is given.) To summarize,Bayesianinpainting
is to find the most probableimagegiven its incompleteand possiblydistorted
observation.

ThevariationalapproachresemblestheBayesianmethodology, only now ev-
erythingis expresseddeterministically. TheBayesianprior model _ � � � becomes
the specificationof the regularity of an image � , while the datamodel _ � � �'& � �
now measureshow well the observation � � is fitted if the original imageis in-
deed � . Regularity is enforcedthrough“energy” functionals,for example,the

Sobolev norm � - �/1 
 m ( &�� � & � n M , the total variationmodel of Rudin, Osher,

and Fatemi [31, 43] � - �J1 
 m ( & G�� & , and the Mumford-Shahfree-boundary

model[39] � - � �H� 1 
 m (*)�� &�� � & � n M ����S � �A��� , with S � denotingthe1-D Haus-

dorff measure.The quality of datafitting � 	 � � is often judgedby an error
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measure� - � �'& �J1 . For instance,the leastsquaremeasure[51] prevails in theliter-
aturedueto thegenericityof GaussiantypenoisesandtheCentral Limit Theorem:� - � �'& �/1 
 4& G & m + ��� � � � � � � n MO� where G is thedomainon which � � hasbeen

sampledor measured,
& G & its areaor cardinalityfor thediscretecase,and

�
de-

notesany linearor nonlinearimageprocessor(suchasblurring anddiffusion). In
this variationalsetting,Shannon’s “then”-statementbecomesa constrainedopti-
mizationproblem: bjilk�� - �/1 overall �p� � - � �'& �J1 o�q � 7
Here

q �
denotesthevarianceof thewhite noise,which is assumedto be known

by properstatisticalestimators.Equivalently, themodelsolvesthefollowing un-
constrainedproblemusingLagrangemultiplier: I [9],b�i=kf � - �J1*��I/� - � �'& �J1 7 (2)

Generally, I expressesthe balancebetweenregularity andfitting. In summary,
variationalinpaintingis to searchfor the most“regular” imagethat bestfits the
givenobservation.

TheBayesianapproachis moreuniversalin thesenseof allowing generalsta-
tistical prior anddatamodels,andis powerful for restoringbothartificial images
andnaturalimages(or textures). But thelearningof theprior modelandthedata
model is usuallyquite expensive. The variationalapproachis ideal for dealing
with regularity andgeometry, but tendsto work bestfor man-madeindoor and
outdoorscenes,or imageswith low textures.Thetwo approaches(1) and(2) can
beat leastformally unifiedunderGibbs’ formulain statisticalmechanics[30]:� - � 1�� � �\�=��� _ ���C�2� or _ �B��� ��� z*� � ¡ ¢L£�¤ � (3)

where � 
 3¥�
is theproductof theBoltzmannconstantandtemperature,and �

meansequalityup to a multiplicative or additive constant.(However, the defin-
ability of a rigorousprobability measureover “all” imagesis highly non-trivial
becauseof themulti-scalenatureof images.Recenteffortscanbefoundin Mum-
ford andGidas[38].)

2.2 Variational inpainting basedon geometricimagemodels

In a typical imageinpaintingproblem, � � denotesthe observed or measuredin-
completeportion of a clean“good” image � on the entire imagedomain

0
. A
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simplifiedbut alreadyvery powerful datamodelin variousdigital applicationsis
blurring followedby noisedegradationandspatialrestriction:� ��¦¦ + 
 � ! �§�%$ � + �
where

!
is acontinuousblurringkernel,oftenassumedto belinearor evenshift-

invariant,and $ , an additive white noisefield assumedto be closeto Gaussian
for simplicity. � �`& (*),+ is missingor inaccessible.The goal of inpainting is to
reconstruct� as faithfully aspossiblefrom � �'¦¦ + . The datamodel is explicitly
givenby � - � �'& � � Gj1 
 4& G & m + � ! � � � � � � n MO7 (4)

Therefore,from thevariationalpoint of view, thequality of an inpaintingmodel
cruciallydependson theprior modelor theregularityenergy � - �/1 .

TheTV prior model � - �/1 
 m ( & G�� & wasfirst introducedinto imageprocess-

ing by Rudin,Osher, Fatemiin [43]. Unlike the Sobolev imagemodel � � - �J1 
m ( &�� � & � n M , theTV modellegalizesoneof themostimportantvision features–

the “edges.” For example,for a cartoonimage � showing the night sky ( � 
 t
)

with a full bright moon( � 
¨4
), theSobolev energy blows up, while theTV en-

ergy
m ( & G�� &u
 theperimeterof themoon

�
which is finite. Therefore,in combi-

nationwith thedatamodel(4), thevariationalTV inpaintingmodelis to minimize��©=ª - � & � � � G�1 
¬« m ( & G[� & ��I m + � ! � � � � � � n MO7 (5)

Theadmissiblespaceis g h �X0T� , theBanachspaceof all functionswith bounded
variation[31]. We observe that it is very similar to thecelebratedTV restoration
modelof Rudin, Osher, andFatemi[43]. In fact, the beautyandpower exactly
lie in that themodelprovidesa unifiedframework for denoising,deblurring,and
imagereconstructionfrom incompletedata.Figure1 displaysthecomputational
outputof the modelasappliedto the error concealmentof a blurry imagewith
simulatedrandompacket lossdueto thetransmissionfailureof anetwork.

Thesecondwell-knownpriormodelis Mumford-Shah’sobject-edgemodel[39].
Unlike TV, theedgeset

�
is now explicitly singledout,andanimage � is under-

stoodasthecombinationof boththegeometricfeature
�

andthepiecewisesmooth
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A blurred image with 80 lost packets Deblurring and error concealment by TV inpainting

Figure1: TV inpaintingfor theerrorconcealmentof ablurry image.

“objects” �J­ ’s on all the connectedcomponents
0 ­ ’s of

0�®��
. Thusin both the

Bayesianandvariationallanguages,thepriormodelconsistsof twoparts(see(3)):_ � � �H��� 
 _ � � & �¯� _ �A��� and� - � ��� 1 
 � - � & � 1¥�%� - � 1 7
In theMumford-Shahmodel,theedgeregularity is specifiedby � - � 1 
 S � �A��� ,
the 1-D Hausdorff measure,or as in most computationalapplications,� - � 1 
�=°|k��'±�² �X�¯� assumingthat

�
is Lipschitz. Thesmoothnessof the “objects” is nat-

urally characterizedby the ordinary Sobolev norm: � - � & � 1 
 m (*)�� &�� � & �Hn M .

Therefore,in combinationwith the data model (4), the variational inpainting
modelbasedon theMumford-Shahprior is givenbyilku³f�´ � �Tµ ¶ - � ��� & � � � G�1 
« m (*)�� &�� � & � n M ����S � �X�¯� �·I m + � ! � � � � � � n MO7 (6)

Figure2 shows oneapplicationof this modelfor text removal [28]. Note edges
arepreservedandsmoothregionsremainsmooth.

Numerousapplicationshave demonstratedthat, for classicalapplicationsin
denoising,deblurringor segmentation,both the TV andMumford-Shahmodels
performsufficiently well evenby thehighstandardof humanvision. But inpaint-
ing doeshave its specialidentity. We have demonstratedin [15, 28] that for
large-scaleinpaintingproblems,high orderimagemodelswhich incorporatethe
curvatureinformationbecomenecessaryfor morefaithful visualeffects.
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Image to be inpainted Inpainting domain (or mask) Inpainting output

Figure2: Mumford-Shahinpaintingfor text removal.

Thekey to highordergeometricimagemodelsis Euler’selasticacurvemodel:� -�¸ 1 
 mu¹ �Aº �%»2¼ � � n*½ � ºJ� »¿¾ tu�
where¼ denotesthescalarcurvature.Birkhoff anddeBoor [6] calledit the“non-
linearspline”modelin approximationtheory. It wasfirst introducedintocomputer
vision by Mumford [37]. Unlike straightlines (for which » 
 t

), the elastica
modelallowssmoothcurvesbecauseof thecurvatureterm,which is importantfor
computervisionandcomputergraphics.

By imposingthe elasticaenergy on eachindividual level lines of � (at least
symbolicallyor by assumingthat � is regular enough),we obtain the so-called
elasticaimagemodel: �ÁÀXÂ - �J1 
 m wz w � - �ÄÃÅIJ1 n I
 m wz w m f�Æ : �Aº �%»2¼ � � n*½en I
 m ( �Xº �·»2¼ � � &�� � & n MO7 (7)

In the last integrand,thecurvatureis givenby ¼ 
Ç� � - � � a &�� � & 1 . (Notice that
in the absenceof the curvatureterm, the above formula is exactly the co-area
formula for smoothfunctions[31].) This elasticaprior modelwasfirst studied
for inpaintingby MasnouandMorel [35], andChan,Kang,andShen[11], andit
improvestheTV inpaintingmodelasexpected.

Similarly, theMumford-Shahimagemodel �Áµ ¶ canalsobeimprovedby hav-
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ing thelengthenergy replacedby Euler’selasticaenergy:�Tµ ¶=À - � �H� 1 
^« m (*)�� &�� � & � n M �%� - � 1 7
It wasfirstappliedto imageinpaintingbyEsedogluandShen[28]. Figure3 shows
oneexampleof applyingthis imageprior modelto theinpaintingof anoccluded
disk. Both the TV and Mumford-Shahinpainting modelswould completethe
interpolationwith a straightline edgeandintroducevisible cornersa result. The
elasticamodelrestoresthesmoothboundary.

A noisy image to be inpainted. Inpainting via Mumford−Shah−Euler image model

Figure3: Smoothinpaintingby theMumford-Shah-Eulermodel.

The improvedperformanceof curvaturebasedmodelscomesat a price,both
in termsof theoryandcomputation.Theexistenceanduniquenessof theTV and
Mumford-Shahinpaintingmodelscanbestudiedin afashionsimilar to theclassi-
calrestorationandsegmentationproblems.But theoreticalstudyonthehighorder
modelsis only in theverybeginning.Thedifficulty lies in theinvolvementof the
secondordergeometricfeature- curvature,andtheidentificationof aproperfunc-
tion spaceto studythe models. Secondlyin termsof computation,the calculus
of variationon the curvatureterm leadsto fourth-orderhighly nonlinearPDEs,
whosefastandefficientnumericalsolutionimposesa tremendouschallenge.

Let usconcludethissectionwith abrief discussiononcomputation,especially
for theTV andMumford-Shahinpaintings.

For theTV inpaintingmodel �Á©9ª , theEuler-Lagrangeequationis formally (or
assumingthat � is in theSobolev spaceÈ � ´ �

) givenby�¿� �ÊÉ � �&�� � &�Ë �%Ì !WÍQÎ + � ! � � � � � 
 tu7
(8)
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Here
! Í

denotestheadjointof thelinearblurringkernel
!

, themultiplier
Î + ��M
�

theindicatorof G , and Ì 
 6 I a « . Theboundaryconditionalong Y 0 is Neumann
adiabatic,to eliminateany boundarycontribution duringthe integration-by-parts
process.This nonlinearPDEcanbesolvediteratively by thefreezingtechnique:
let � >LK @ denotethecurrentinpaintingat step $ , thentheupdatedinpainting � >LK�Ï �A@
solvesthelinearizedPDE�¿� �ÊÉ � � >ÐK�Ï �A@&�� � >LK @ &�Ë ��Ì !WÍ�Î + � ! � >LK�Ï �A@ � � � � 
 tu7
In practice,theintermediatediffusivity coefficient

4 a &�� � >ÐK @ & is oftenmodifiedto4 aJÑ &�� � >LK @ & � �%Ò � for somesmallconditioningparameterÒ , or by themandatory
ceilingandflooring betweenÒ and

4 a Ò . Theconvergenceof suchalgorithmshave
beenwell studiedin the literature[9, 26]. Therearealsomany othertechniques
possiblefor solving (8) in the literature,for example,seeVogelandOman[54],
andChan,Mulet, andGolub[10]. We only needto relate(8) to theconventional
TV restorationcase.

The computationof the Mumford-Shahinpaintingmodel is alsovery inter-
esting.Unlike segmentation,for inpainting,one’s direct interestis only in � , not�

. Suchunderstandingmakes the
�

-convergenceapproximationtheoryperfect
for inpainting.Accordingto AmbrosioandTortorelli [1], by introducinganedge

signaturefunction Ó �NM
� U - tu� 4 1 ��M U 0
, andhaving � - � & � 1 
Ô« m (*)�� &�� � & � n M

replacedby � - � & Ó�1 
Õ« m ( Ó � &�� � & � n M , onecanapproximatethelengthenergy in

theMumford-Shahmodelby aquadraticintegralin Ó (upto aconstantmultiplier):�TÖ - Ó`1 
 � m (Ø× Ò &�� Ó & �6 � � Ó �r4 � �6 Ò Ù n MO� Ò Ú 4 7
ThustheMumford-Shahinpaintingmodelis approximatedby�TÖ - � � Ó & � � � Gj1 
 � - � & Ó�18�·�TÖ - Ó`18��I/� - � �'& � � G�1 �
whichis aquadraticintegral in both � and Ó ! It leadsto acoupledsystemof linear
elliptic type of PDE’s in both � andthe edgesignatureÓ , which canbe solved
efficiently usingany numericalelliptic solver. Theexamplein Figure2 hasbeen
computedby this scheme[28].

Finally weshouldalsomentionsomeof themajorapplicationsof theinpaint-
ing andgeometricimageinterpolationmodelsdevelopedabove. Theseinclude
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digital zooming,primal-sketchbasedperceptualimagecoding,errorconcealment
for wirelessimagetransmission,and progressive disocclusionin computervi-
sion[15]. Extensionsto color or moregeneralhyperspectralimages,andnonflat
imagefeatures(i.e., that live on Riemannianmanifolds[14]) arealsocurrently
beingstudiedin theliterature.Otherapproachesto theinpaintingproblemcanbe
found in [3, 5, 8]. In particular, it hasbeenjust recentlypointedout in [4] that
thePDEinpaintingmodelin [5] is closelyrelatedto thestreamfunction-vorticity
equationin fluid dynamics.

3 Variational Level SetImageSegmentation

Imagesare the proper2-D projectionsof the 3-D world containingvariousob-
jects. To successfullyreconstructthe 3-D world, or at leastapproximately, the
first crucialstepis to identify theregionsin imagesthatcorrespondto individual
objects. This is the well known problemof imagesegmentation. It hasbroad
applicationsin a varietyof importantfieldssuchascomputervision andmedical
imageprocessing.

Denoteby � � an observed imageon a 2-D Lipschitz openandboundeddo-
main

0
. Segmentationis to find a visually meaningfuledgeset

�
which leadsto

a completepartitionof
0

. Eachconnectedcomponent
0 ­ of

0�®��
shouldcorre-

spondto atmostonerealphysicalobjector patternin our3-D world, for example,
thewhite matterin brain imagesor theabnormaltissuesin organs. In someap-
plications,oneis alsointerestedin thecleanimagepatches�J­ on each

0 ­ of the
segmentation,since � � is oftennoisy.

Therefore,therearetwo crucialingredientsin themathematicalmodelingand
computationof thesegmentationproblem.Thefirst is how to formulatea model
thatappropriatelycombinestheeffectsof both theedgeset

�
andits segmented

regions Û 0 ­ ��Ü 
 4 �H68��������Ý
. And the other is to find the most efficient way to

representthegeometryof both theedgesetandtheregions,andto representthe
segmentationmodelasa result. This of coursereflectsthegeneralphilosophyin
theintroductionsection.

In the variationalPDE approach,thesetwo issueshave found goodanswers
in theliterature.For thefirst, oneobservesthecelebratedsegmentationmodelof
MumfordandShah[39], andthesecond,thelevel setrepresentationtechnologyof
OsherandSethian[40]. In whatfollows,wedetailour recentefforts in advancing
theapplicationof thelevel settechnologyto variousMumford-Shahrelatedimage
segmentationmodels.Much of theworkscanbefoundin our papers[19, 20,22,
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21, 53], andalsoin therelatedworks[52, 55,41, 44,58].
We startwith a novel activecontourmodelwhoseformulationis independent

of intensityedgesdefinedby thegradients,in contrastto mostconventionalones
in the literature. We then explain how this model can be efficiently computed
basedon the multi-phaselevel setmethod. In the secondpart, we extendthese
resultsto thelevel setformulationandcomputationof thegeneralMumford-Shah
segmentationmodel for piecewise smoothimages. In the last part, we present
our recentwork on extendingthe previous modelsto the logical operationson
multi-channelimageobjects.

3.1 Activecontourswithout edgesand multi-phase level sets

Activecontouris apowerful tool in imageandvisionanalysisfor boundarydetec-
tion andobjectsegmentation.Thekey ideais to evolveacurvesothatit eventually
stopsalongtheobjectedgesof thegiven image � � . Thecurve evolution is con-
trolled by two sortsof energies: the internalenergy which definesthe regularity
of thecurve,andtheexternalonedeterminedby thegivenimage � � . Thelatteris
oftencalledthefeature-drivenenergy.

In almostall classicalactive contourmodels,thefeature-drivenenergiesrely
heavily onthegradientfeature

&�� � �'& or itssmoothedversion
&��jÞ�ß¥à � ��& , where

Þ�ß
denotesa Gaussiankernelwith a smallvariance

q
. They work well for detecting

gradient-definededges,but fail for more generalclassesof edges,suchas the
boundaryof anebula in someastronomicimagesor thetop imagein Figure4.

Our new model– activecontours withoutedges, first introducedin [19, 20],
is formulatedindependentof the gradientinformation,andthereforecanhandle
moregeneraltypesof edges.Themodelis to minimizetheenergy� � -�á ��� á ���H� & � � 1 
 m8â�ã © > � @ & � � �NM
� � á � & � n M � m À�ä�© > � @ & � � ��M
� � á � & � n M ��å & � & � (9)

where åÄ¾ t , and ilkF± �A��� and °�d8± �A��� denotetheinterior andexterior of
�

, and
& � &

its length.Thesubscript
6

in � � indicatesthatit dealswith two-phaseimages,i.e.,
oneswhose“objects”canbecompletelyindexedby theinteriorandexteriorof

�
.

In the level setformulationof OsherandSethian[40],
�

is embeddedasthe
zerolevel set Û`æ 
 t8Ý

of a Lipschitz continuousfunction æ^� 0 	
IR. Conse-

quently, Û`æØ¾ t8Ý and Û`æpç t8Ý definetheinterior
0 Ï andexterior

0 z of thecurve.
(Computationally, thelevel setapproachis superiorto othercurverepresentations
in both letting one directly work on a fixed rectangulargrid and allowing au-
tomatic topologicalchangessuchasmerging andbreaking.) Denoteby S the
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1-dimensionalHeaviside function: S � Ó � 
è4
if ÓØé t

and
t

if ÓØç t
. Thenthe

energy in our modelbecomes� � -êá �2� á ��� æ & � � 1 
 m ( & � � �NM
� � á � & � S � æ � n M � m ( & � � �NM
� � á � & � � 4T� S � æ �Q� n M� å m ( &�� S � æ � & n MO7
Minimizing � � -�á ��� á ��� æ & � � 1 with respectto

á �
,
á �

and æ leadsto theEuler-Lagrange
equation:Y�æY P 
"ë � æ �Jì å div { � æ&�� æ &l~ �"& � �Ê� á � & � � & � �í� á � & ��î �á �2��PQ� 
 Z ( � � �NM
� S � æ �NM
��� n MZ ( S � æ ��M
��� n M � á �e�NPQ� 
 Z ( � � ��M
��� 4T� S � æ ��M
�Q��� n MZ ( � 4T� S � æ �NM
���Q� n M �
with a suitableinitial guessæ �Xtu��M
� 
 æ � ��M
� . In numericalimplementations,the
Heaviside function S � Ó � is often regularizedby some S#ï � Ó � in ð � � IR� , so that
as ñ 	 t

, the latter convergesto S � Ó � in somesuitablesense.As a result, the
Dirac function

ë � Ó � in the last equationis regularizedto
ë ï � Ó � 
 Sóòï � Ó � . We

havediscoveredin [20] thatacarefullydesignedapproximationschemecaneven
allow interior contoursto emerge, which hasbeena challengingtask for most
conventionalalgorithms.Also noticethatthelengthtermin theenergy hasled to
themeancurvaturemotion.

The modelperformsasan active contourin the classof piecewise constant
imagestakingonly two values,looking for a two-phasesegmentationof a given
image. The internalenergy is definedby the length,while the externalenergy
is independentof the gradient

&�� � �'& . Defining the segmentedimageby � ��M
� 
á � S � æ ��M
�Q� � á �e� 4\� S � æ ��M
�Q��� , we realizethat the energy model is exactly the
Mumford-Shahsegmentationmodel[39] restrictedto theclassof piecewisecon-
stantimages.However, ourmodelwasinitially developedfrom theactivecontour
point of view.

Two typicalnumericaloutputsof themodelaredisplayedin Figure4. Thetop
row shows thatour modelcansegmentanddetectobjectswithout cleargradient
edges.Thebottomoneshowsthatit canalsocapturecomplicatedboundariesand
interior contours.

For more complicatedsituationswheremultiple objectsoccludeeachother
andmulti-phaseedgessuchasT-junctionsemerge, the above two-phaseactive
contourmodelbecomesinsufficientandweneedto introducemorethanonelevel
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Figure 4: Top: detectionof a simulatedminefield by our new active contour
model. Bottom: segmentationof an MRI brain image. Notice that the interior
boundariesareautomaticallydetected.

set functions. In [22, 53], we generalizethe above framework to multi-phase
activecontours,or equivalently, thepiecewiseconstantMumford-Shahsegmenta-
tion with multi-phaseregions:ilku³f�´ � �Áµ ¶ - � �H� & � � 1 
 x ­ m (¥ô & � �í� á ­ & � n M �·å & � & 7 (10)

Here,
0 ­ ’s denotetheconnectedcomponentsof

0�®¿�
, and � 
 á ­ on

0 ­ . Notice
that

�
can now be a generalset of edgecurves, including for examplethe T-

junctionclass.
Generally, considerõ level setfunctions æ/­¯� 0 	 IR. Theunionof thezero-

level setsof æJ­ representstheedgesin thesegmentedimage.Usingtheseõ level
set functions,onecandefineup to $ 
 6�ö

phases,which form a disjoint and
completepartitioningof

0
. Therefore,eachpoint

M U 0 belongsto oneandonly
onephase.In particular, thereis no vacuumor overlapamongthephases.This
is animportantadvantage,comparedwith theclassicalmulti-phaserepresentation
in [44, 56], wherea level setfunction is associatedto eachphase,andtherefore
more level set functionsare needed. Figure 5 shows two typical examplesof
multi-phasepartitioningcorrespondingto õ 
 6

and ÷ .
We now illustratethemulti-phaselevel setapproachthroughtheexampleof$ 
 ø

and õ 
 6
. Let

á 
 � á �,�2� á � � � á � �2� á �,� �
denotea constantvector, and
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Figure5: Left: two curvesgivenby æ � 
 t
and æ � 
 t

, partitionthedomaininto
four regionsbasedon indicatorvector

� � i=��k � æ ���2� � il�'k � æ ����� . Right: Threecurves
given by æ � 
 t

, æ � 
 t
, and æ�ù 
 t

, partition the domaininto eight regions
basedon thetriple

� � i=��k � æ ����� � il��k � æ ���2� � i=��k � æ�ù �Q� .ú 
 � æ ��� æ �H� the two-phaselevel setvector. Thenwe are looking for an ideal
image� in theform of� 
 á �,� S � æ �Q� S � æ ��� � á � � S � æ �Q�|� 4T� S � æ ������ á � ��� 4T� S � æ ���Q� S � æ ��� � á �,� � 4T� S � æ �Q����� 4Á� S � æ ���Q�27
TheMumford-Shahsegmentationenergy becomes�Áû -�á � ú & � � 1 
 m ( & � � �NM
� � á �,� & � S � æ �Q� S � æ ��� n M� m ( & � � �NM
� � á � �`& � S � æ ����� 4T� S � æ �H�Q� n M� m ( & � � �NM
� � á � � & � � 4Á� S � æ ����� S � æ ��� n M (11)� m ( & � � ��M
� � á �,��& � � 4T� S � æ ������� 4T� S � æ �H�Q� n M��å m ( &�� S � æ �B� & n M ��å m ( &�� S � æ ��� & n MO7
Its minimizationleadsto theEuler-Lagrangeequations.First,with

ú
fixed,the

á
minimizercanbeexplicitly workedoutasbefore:á ­�ü �NPQ� 
 averageof � � on Û �A6`Ü �r4 � æ � ¾ tu����6�ý �r4 � æ � ¾ t8Ý ÜQ�,ý 
 tu� 4 7
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In return,this new
á

informationleadsto theEuler-Lagrangeequationsfor
ú

:Y�æ �Y P 
^ë � æ �Q� ì å div { � æ �&�� æ � &l~ � { � � �Ê� á �,��� � � � � �þ� á � ��� � ~ S � æ ���� { � � �Ê� á � � � � � � � �Ê� á �,� � � ~ � 4T� S � æ �H�Q� î �Y�æ �Y P 
^ë � æ ��� ì å div { � æ �&�� æ � &l~ � { � � �Ê� á �,��� � � � � �þ� á � ��� � ~ S � æ �Q�� { � � �Ê� á � � � � � � � �Ê� á �,� � � ~ � 4T� S � æ ���Q� î 7
Note that the equationsaregovernedby both themeancurvaturesandjumpsof
thedataenergy termsacrosstheboundary.

Figure6 shows anapplicationof themodelto themedicalanalysisof a brain
image. Displayedarethe final segmentedimageandits associatedfour phases.
Our modelsuccessfullyidentifiesandsegmentsthewhite andgraymatters.

Recentlytheabovemodelsandalgorithmshavebeenextendedtomulti-channel,
volumetric, and texture imagesin [12, 13, 46]. Let us give a little more de-
tails abouttexture segmentationfrom [46]. Texture imagesrefer to generalim-
agesof naturalscenes,suchasgrasslands,beaches,rocks,mountains,andhuman
body tissues.They typically carry certaincoherentstructuresin scales,orienta-
tions,andlocal frequencies.To segmenttexture imagesusingtheabove models,
we first apply Gabor’s filters to extract thesecoherentstructures.The filter re-
sponsescreatea new vectorial (or multi-channel)featureimagein the form ofÿ ��M
� 
 � ��� ��M
��� � ¤ �NM
�2������� � � ¹ ��M
�Q� , wherethe Greeklettersstandfor the filter
signaturesandtypically eachtakesavalueof (scale,orientation,local frequency).
We thenapplythevectorialactive-contour-without-edgesmodelto thesegmenta-
tion of

ÿ
. Figure7 showsonetypicalexample.

3.2 PiecewisesmoothMumf ord-Shahsegmentation

ThemostgeneralMumford-Shahpiecewisesmoothsegmentation[39] is defined
by i=ku³f�´ � �Áµ ¶ - � �H� & � � 1 
 m ( & � � � �'& � n M ��Ì m (8)�� &�� � & � n M ��å & � & � (12)

where Ì � å are positive parameters.It allows the segmented“objects” to have
smoothlyvarying intensities,insteadof being strictly constant. We now show
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Initial Segmented

Final four segments

Figure6: The original andsegmentedimages(top row), andthe final four seg-
ments(therest).
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Figure7: An exampleof texturesegmentation(at increasingtimes).

how to carryout themodelbasedon themulti-phaselevel setapproach[20]. As
before,westartwith thetwo-phasesituationwhereasinglelevel setfunction æ is
sufficient, followedby themoregeneralmulti-phasecase.

In thetwo-phasesituation,the ideal image � is segmentedto � � by the level
setfunction æ : � �NM
� 
 � Ï ��M
� S � æ ��M
�Q� �%� z ��M
��� 4T� S � æ �NM
������7
We assumethat both � Ï and � z are ð � functionsup to the boundaryÛ`æ 
 t*Ý

.
Substitutingthis expressioninto (12),we obtain� - � Ï � � z � æ & � � 1 
 m ( & � Ï � � �'& � S � æ � n M � m ( & � z � � �'& � � 4T� S � æ �Q� n M�VÌ m ( &�� � Ï & � S � æ �Q� n M �%Ì m ( &�� � z & � � 4 � S � æ ��� n M ��å m ( &�� S � æ � & 7 (13)

First with æ fixed, the variation on � - � Ï � � z � æ & � � 1 leadsto the two Euler-
Lagrangeequationsfor � � separately:� � � � � 
 Ì � � � on ��æW¾ tu� YJ� �Y D$ 
 t

on Û`æ 
 t*Ý¥7
(14)

(Here � takeseither � or
�

, but uniformly acrossthe formula.) They actasthe
denoisingoperatorson thehomogeneousregionsonly. Noticethatno smoothing
is doneacrosstheboundaryÛ`æ 
 t8Ý

, which is very importantin imageanalysis.
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Next, keepingthefunctions� Ï and � z fixed,andminimizing � - � Ï � � z � æ & � � 1
with respectto æ , weobtainthemotionof thezerolevel set:Y�æY P 
"ë � æ � ì å � � � æ&�� æ & � � � & � Ï � � �'& � ��Ì &�� � Ï & � ��& � z � � �'& � � Ì &�� � z & � � î �
with someinitial guessæ �NP 
 tu��M
�

. Theabove equationis actuallycomputedat
leastnearanarrow bandof thezerolevelset.Asaresult,computationally, wehave
to continuouslyextendboth � Ï and � z from their original domainsÛ���æ ¾ t8Ý

to
a suitableneighborhoodof the zero level set Û`æ 
 t8Ý

. Figure 8 displaysan
applicationof the model in astronomicalimageanalysis. Although the nebula
itself doesnot seemto bea smoothobject,thepiesewisesmoothmodelcanstill
correctlycaptureall themainfeatures.

Figure8: Numericalresult from the piecewise smoothMumford-Shahlevel set
algorithmwith onelevel setfunction.

As in the previous section,thereare caseswherethe boundariesforming a
completepartitionof the imagecannotberepresentedby a singlelevel setfunc-
tion. Thenonehasto turn to themulti-phaseapproach.In our papers,thanksto
theplanerFour Color Theorem,we have beenableto concludethat two level set
functionsaresufficient for any multi-phasepartitionproblems.

By theFour Color Theorem,onecancolor all theregionsin a partitionusing
only four colors,sothatany two adjacentregionsarecolordistinguishable.Iden-
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tifying a phasewith onecolor, we seethat two level setfunctions æ � and æ � are
sufficient to producefour “colors:” Û���æ � ¾ tu� ��æ � ¾ t8Ý

. Therefore,they can
completelysegmenta generalimagewith a multi-phaseboundaryset

�
givenbyÛ`æ � 
 t8Ý

or Û`æ � 
 t8Ý
. As before,we do not have theproblemsof “overlapping”

or “vacuum”asin [56, 44]. Notethatby this formulation,generallyeach“color”
canstill havemany isolatedcomponents.Therefore,thesegmentationis complete
only after oneappliesan extra stepof the well known topologicalprocessorfor
finding theconnectedcomponentsof anopenset.

In this four-phaseformulation,the ideal image � is segmentedinto four dis-
joint but completeparts� ��� , eachdefinedby oneof thefour phases:Û���æ � ¾ tu� ��æ � ¾ t8Ý¥7
Overall, by usingtheHeaviside function,we obtainthe following synthesisfor-
mula: � 
 � ÏJÏ S � æ �Q� S � æ ��� �%� Ï
z S � æ �Q��� 4Á� S � æ ���Q���� z8Ï � 4T� S � æ ���Q� S � æ ��� ��� zJz � 4T� S � æ �B���|� 4T� S � æ �H�����
for all

M U 0
. We can expressin a similar way the energy function of � andú 
 � æ �2� æ ��� , andderive thecorrespondingEuler-Lagrangeequations.

Notice the remarkablefeatureof this singlemodel,which includesboth the
original energy formulationandthe elliptic andevolutionaryPDEs: it naturally
combinesall the threeimageprocessors– active contour, segmentation,andde-
noising.

3.3 Logic operators for multi-channel imagesegmentation

In amulti-channelimage� �NM
� 
 � � ���NM
�2� � �e�NM
�2������� � � K ��M
�Q� , asinglephysicalob-
ject canleave differenttracesin differentchannels.For example,Figure9 shows
a two-channelimagecontaininga trianglewhich is however incompletein each
individualchannel.For thisexample,mostconventionalsegmentationmodelsfor
multi-channelimages[12, 13, 32,47,49,58] wouldoutputthecompletetriangle,
i.e., theunionof bothchannels.Theunionis just oneof theseveralpossiblelog-
ical operationsfor multi-channelimages.For example,the intersectionandthe
differentiationarealsoverycommonin applications,asillustratedin Figure10.

In this section,we outlineour recentefforts in developinglogical segmenta-
tion schemesfor multi-channelimagesbasedontheactive-contour-without-edges
model[45].
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� � � �
Figure9: A syntheticexampleof anobjectin two differentchannels.Noticethat
thelower left cornerof

� �
andtheuppercornerof

� �
aremissing.� �	� � � � ��
 � � � ��
�
 � �

Figure10: Dif ferent logical combinationsfor the sampleimage: the union, the
intersection,andthedifferentiation.

First, we definetwo logical variablesto encodethe information inside and
outsidethecontour

�
separatelyfor eachchannel

Ü
:Ó ­ K­ � � ­ � ��MO�H��� 
�� 4

if
M

is inside
�

andnot on theobject,t
otherwise;

Ó�� f��­ � � ­ � ��MO�H��� 
 � 4
if
M

is outside
�

andon theobject,t
otherwise.

Suchdifferenttreatmentsaremotivatedby theenergy minimizationformulation.
Intuitively speaking,in order for the active coutour

�
to evolve andeventually

capturethe exact boundaryof the targetedlogical object, the energy shouldbe
designedsothatbothpartialcaptureandovercaptureleadto highenergies(corre-
spondingto Ó � f��­ 
Õ4

and Ó ­ K­ 
54
separately).Imaginethatthetargetobjectis the

tumortissue,thenin termsof decisiontheory, overandpartialcapturescorrespond
to falsealarmsandmissesseparately. Both areto bepenalized.

In practice,we do not have the preciseinformationof “the object,” which is
exactly to besegmented.Onepossibleway to approximateÓ ­ K­ and Ó � f��­ is based
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Truth tablefor thetwo-channelcaseÓ ­ K� Ó ­ K� Ó � f��� Ó � f��� � ��� � � � ��
 � � � ��
�
 � �M
inside

�
1 1 0 0 1 1 1

(or
M U 0 Ï ) 1 0 0 0 0 1 1

0 1 0 0 0 1 0
0 0 0 0 0 0 1M

outside
�

0 0 1 1 1 1 0
(or

M U 0 z ) 0 0 1 0 1 0 1
0 0 0 1 1 0 0
0 0 0 0 0 0 0

Table2: The truth tablefor two channels.Notice that inside
�

“true” is repre-
sentedby

t
. It is so designedto encouragethe contourto enclosethe targeted

logicalobjectat a lowerenergy cost.

on theinterior (
0 Ï ) andexterior (

0 z ) averages
á �­ in channel

Ü
:Ó ­ K­ � � ­ � ��MO���¯� 
 & � ­ � ��M
� � á Ï­ & �b[ced���� (��§& � ­� ���u� � á Ï­ & � � for

M U 0 Ï��Ó�� f��­ � � ­ � ��MO���¯� 
 & � ­ � ��M
� � á z­ & �b[ced ��� (�� & � ­ � ����� � á z­ & � � for
M U 0 z 7

The desiredtruth tablecan thenbe describedusing the Ó ­ K­ ’s and Ó � f��­ ’s. In
Table2, we have shown threeexamplesof logical operationsfor thetwo-channel
case.Noticethat“true” is representedby

t
inside

�
. It is sodesignedto encourage

energy minimizationwhenthecontourtriesto capturethetargetedobjectinside.
We thendesigncontinuousobjective functionsto smoothlyinterpolatethebi-

nary truth table. This is becausein practice,as mentionedabove, the Ó ’s are
approximatedandtake continuousvalues.For example,thepossibleinterpolants
for theunionandintersectioncanbe: "! ;$# ! < �NM
� 
 % Ó ­ K� �NM
� Ó ­ K� ��M
� � � 4T� Ñ � 4Á� Ó � f��� ��M
����� 4T� Ó � f��� �NM
�������

 "! ;$& ! < �NM
� 
 4Á� % � 4T� Ó ­ K� ��M
����� 4T� Ó ­ K� ��M
�Q� � Ñ Ó � f'�� �NM
� Ó � f��� �NM
��7
Thesquarerootsaretaken to keepthemof thesameorderastheoriginal scalar
models. It is straightforward to extendthe two-channelcaseto moregeneral$ -
channelones.
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Theenergy functional � for thelogicalobjective function
 

canbeexpressed
by thelevel setfunction æ . Generally, asjust shown above,theobjective function
canbeseparatedinto two parts, 
( � Ó ­ K� � Ó � f��� �������?� Ó ­ KK � Ó � f��K � 
( ­ K � Ó ­ K� �|�����?� Ó ­ KK � �  � f�� � Ó � f��� ������� � Ó � f��K �27
Theenergy functionalis thendefinedby� - æ & á Ï � á z 1 
 Ì?�=°|k��`±�² � æ 
 tF� �·I m (�)  ­ K � Ó ­ K� �������?� Ó ­ KK � S � æ ��  � f'� � Ó�� f��� �������?� Ó�� f��K �|� 4 � S � æ �Q�+* n MO7
Hereeach

á � 
 � á � � �������?� á �K � is in fact a multi-channelvector. The associated
Euler-Lagrangeequationis similar to thescalarmodel:Y�æY P 
 ë � æ � ì Ì-,�i/.Ê{ � æ&�� æ & ~ � I10  ­ K � Ó ­ K� ������� � Ó ­ KK � �2 � f�� � Ó�� f��� ������� � Ó�� f'�K �43 î �
with suitableboundaryconditionsasbefore. Even thoughthe form often looks
complicatedfor a typicalapplication,its implementationis verysimilar to thatof
thescalarmodel.

Numerical resultssupportour above efforts. Figure 9 shows two different
occlusionsof a triangle. We areableto successfullyrecover theunion,the inter-
section,andthe differentiationof the objectsin Figure10 usingour model. In
Figure11, we have a two-channelimageof thebrain. In onewe have a “tumor”
with somenoise,while the other is clear. The imagesare not registered. We
want to find

� ��
5
 � �
so that the tumor canbeobserved. This happensto bea

verycomplicatedexampleastherearea lot of featuresandtextures.However the
modelfindsthetumorsuccessfully.
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