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ptical Flow: A Curve Evolution Approach 
Arun Kumar, Allen R. Tannenbaum, and Gary J. Balas 

Abstract- A novel approach for the computation of optical 
flow based on an L1 type minimization is presented. It is shown 
that the approach has inherent advantages since it does not 
smooth the flow-velocity across the edges and hence preserves 
edge information. A numerical approach based on computation 
of evolving curves is proposed for computing the optical flow 
field. Computations are carried out on a number of real image 
sequences in order to illustrate the theory as well as the numerical 
approach. 

I. INTRODUCTION 

HE computation of optical flow has proved to be an T important tool for problems arising in active vision. The 
optical flow field is defined as the velocity vector field of 
apparent motion of brightness patterns in a sequence of images 
[22]. It is assumed that the motion of the brightness patterns is 
the result of relative motion large enough to register a change 
in the spatial distribution of intensities on the images. Thus, 
relative motion between an object and a camera can give rise 
to optical flow. Similarly, relative motion among objects in a 
scene being imaged by a static camera can give rise to optical 
flow. 

In this paper, we will consider a spatiotemporal differen- 
tiation method for optical flow (see the discussion below). 
Even though, in such an approach, the optical flow typically 
estimates only the isobrightness contours, it has been observed 
that if the motion gives rise to sufficiently large intensity 
gradients in the images, then the optical flow field can be 
used as an approximation to the real velocity field, and the 
computed optical flow can be used reliably in the solutions of 
a large number of problems; see [23], [60] and the references 
therein. Thus, optical flow computations have been used quite 
successfully in problems of 3-D object reconstruction and 
in 3-D scene analysis for computing information such as 
depths and surface orientation [37], [47]. In object tracking 
and robot navigation, optical flow has been used to track 
targets of interest. Discontinuities in optical flow have proved 
to be an important tool in approaching the problem of image- 
segmentation [24]-[26]. 
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The problem of computing optical flow is ill posed in the 
sense of Hadamard. Well-posedness has to be imposed by 
assuming suitable a priori knowledge [46]. In this paper, we 
concentrate on the variational formulation of imposing such a 
priori knowledge. 

One constraint that has often been used in the literature 
is the “optical flow constraint” (OFC). The OFC is a result 
of the simplifying assumption of constancy of the intensity 
E = E(zlylt)  at any point in the image [22]. It can be 
expressed as the following linear equation in the unknown 
variables U and ‘U: 

(1) 

where Ez,  E, and Et are the intensity gradients in the x, y, 
and the temporal directions, respectively, and U and w are 
the 2 and y velocity components of the apparent motion of 
brighmess patterns in &e images, respectively. It has been 
shown that the OFC holds, provided the scene has Lambertian 
surfaces and is illuminated by either a uniform or an isotropic 
light source, the 3-D motion is translational, the optical system 
is calibrated, and the patterns in the scene are locally rigid; see 
[8]. We should add (as pointed out by one of the referees) 
that since one typically does not have the choice of the 
temporal sampling rate, one does not have access to velocities 
but to displacements; therefore, the practical validity of the 
(OFC) equation when computing Et from finite differences is 
subject to a slow motion assumption. In fact, this hypothesis 
is satisfied in the test sequences that we use in this paper; see 
Section VIII. 

It is not difficult to see from (1) that computation of 
optical flow is unique only up to computation of the flow 
along the intensity gradient V E  = (Exl E,)T at a point 
in the image [22]. (The superscript 7’ denotes “&anspose.”) 
This is the celebrated aperture problem. One way of treating 
the aperture problem is through the use of regularization in 
computation of optical flow and, consequently, the choice of 
an appropriate constraint. A natural choice for such a constraint 
is the imposition of some measure of consistency on the flow 
vectors situated close to one another on the image. 

In their pioneering work, Hom and Schunk [22] use a 
quadratic smoothness constraint. The immediate difficulty with 
this smoothness constraint is that at the object boundaries, 
where it is natural to expect discontinuities in the flow, such a 
constraint will have difficulty capturing the optical flow. For 
instance, in the case of a quadratic constraint in the form of 
the square of the norm of the gradient of the optical flow 
field [22], the Euler-Lagrange (partial) differential equations 
for the velocity components tum out to be linear elliptic. 
The corresponding parabolic equations therefore have a linear 

E,U+ EYw + Et = 0 
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diffusive nature and tend to blur the edges of a given image. 
In the past, work has been done to try to suppress such a 
constraint in directions orthogonal to the occluding boundaries 
in an effort to capture discontinuities in image intensities that 
arise on the edges; see Nagel et al. [43] and the references 
therein. 

In this paper, we propose a novel method for computing 
optical flow based on the: theory of the evolution of curves 
and surfaces. The approach employs an L1 type minimization 
of the norm of the gradient of the optical flow vector rather 
than quadratic minimizatilon, as has been undertaken in most 
previous regularization approaches. This type of approach 
has already been applied to derive a powerful denoising 
algorithm in Rudin et ul. 1491. The equations that arise 
are nonlinear degenerate parabolic equations. The equations 
diffuse in a direction orthogonal to the intensity gradients 
i.e., in a direction along the edges. This results in the edges 
being preserved. The equations can be solved by following 
a methodology very similar to the evolution of curves based 
on the work of Osher and Sethian 1441, [55],  [56]. Proper 
numerical implementation of the equations leads to solutions 
that incorporate the nature of the discontinuities in image 
intensities into the optical flow. 

The organization of this paper is as follows. In Section 11, we 
give a brief survey of gradient-based approaches. In Section 
111, we review the relevant curve evolution theory and scale- 
spaces. In Section IV, we motivate the approach based on level 
curve evolution and discuss the more intrinsic dependency on 
the geometry of the optical flow that this approach allows. 
Section V gives a formulation for the optical flow problem 
whose solution will make contact with the nonlinear geometric 
scale-space ideas given iin the previous sections. In Section 
VI, we explore the smoothing properties of the geometric heat 
equation while preserving edges. In Section VII, we discuss 
the numerical issues involved in the computation of the optical 
flow and give the algorithm used. Finally in Section VIII, we 
present results of experiments on images. 

11. A BRIEF SURVEY OIF GRADIENT-BASED APPROACHES 

Numerous techniques for optical flow computation have 
been reported in the literature. Recently, an excellent survey 
of existing optical flow computation techniques has been done 
in Barron et al. [7]. They perform comparisons of eight key 
approaches from the category of gradient-based approaches, 
region-based matching, and energy- and phase-based methods. 

The technique we propose in this paper belongs to the 
category of the classical gradient-based approaches. In this 
category, two main methods are discussed in the literature: reg- 
ularization and multiconstraint-based approaches. The regu- 
larization approach involves imposing smoothness constraints 
on the optical flow. In the first such approach, Horn and 
Schunk 1221 used a smoothness constraint that is quadratic 
in nature: 

The first term puts a penalty on the optical flow constraint, and 
the second imposes a penalty on the departure from smooth- 
ness of the flow field with a as a weighting between these 
two terms. This approach gives rise to two equations at each 
pixel of the image that can be solved iteratively for the optical 
flow field. In an effort to capture discontinuities on object 
boundaries, Nagel and Enkelmann [43] studied orientation- 
dependent smoothness constraints and their computation. In 
Konrad and Dubois [33], two techniques are presented for 
motion estimation based on Bayesian estimators. In Schunk 
[53],  an extended opticakJEow constraint has been derived that 
also involves the divergence of the optical flow field: 

dE 
at v . (E;) + - = 0. (3 )  

Bimbo et al. [8] study computational approaches to optical 
flow using the extended1 optical flow constraints. In Hildreth 
[21], optical flow is computed along contours rather than the 
entire object. This avoids the propagation effects from one 
region to another in the presence of object occlusions. We 
should also add that some work has recently been done in 
Luettgen et al. [38] on rnultiscale regularization ideas applied 
to optical flow. 

Multiconstraint-based' methods make use of the stationarity 
condition for other image properties like contrast, entropy, 
color spectrum, etc. Such constraints are imposed and a 
system of equations is obtained for U and U ,  which can be 
solved using traditional numerical methods. Such approaches 
have been explored in Markandey and Flichbaugh [40] and 
Mitiche et al. [41]. Other approaches in this category employ 
constraints with second-order partial derivatives of the image 
brightness; see Haralick and Lee 1201, Tretiak and Pastor 1591, 
and the references therein. In other related approaches to the 
computation of optical flow, researchers have used images 
illuminated with different sources of light; see Woodham [63]. 
An overdetermined set of equations is developed by using one 
optical flow constraint for each illumination and solved for 
the optical flow using standard techniques. Markandey and 
Flichbaugh [40] take images at different spectra and use one 
optical flow constraint equation for each spectrum. 

A third set of approaches are called multipoint. The multi- 
point methods assume that the flow field is smooth and that 
constraints can be evaluated in a neighborhood of a pixel. 
This results in an Overdetermined system of equations with 
constraints evaluated at more than one point; see Cafforio and 
Rocca [9] and Campani and Verri [lo] for details on these 
techniques. 

111. CURVE EVOLUTION THEORY AND SCALE-SPACES 

The numerical approach we will use for the implementation 
of our optical flow algorithm is very closely related to the 
theory of evolution of level curves and, hence, a certain 
nonlinear scale-space [4], 131, [44]. Moreover, by putting 
optical flow in such a scale-space framework, we believe that 
one can glean new insight into its geometric structure. Thus, 
in this section, we briefly review work on curve evolution and 
the corresponding theory of scale-spaces of planar images. 
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We follow quite closely the treatment given in Sapiro and 
Tannenbaum [Sl], [50]. 

Multiscale representations have been the object of much 
research effort since the work of Witkin [62]. The basic 
concept of scale-space filtering is to filter a signal with a 
kernel that depends on a positive parameter representing the 
scale. Different values of the scale parameter result in a scale- 
space. More precisely, let Qo(2)  : R" + R" be an initial 
signal, and let T ( 2 ,  t )  : R" x R+ 4 R" be a kernel, where 
t E R+ (i.e., t 2 0) is the scale parameter. If A,(y,,)[Qo(Xf)] 
represents the action of the filter T(.), then the scale-space 
can be defined as 

(4) 

In the context of image processing, increased values of the 
parameter t can be thought of as representing an image at 
a coarser resolution. There are restrictions to be imposed on 
the kernels used to define a scale-space, a key one being the 
restriction of causality, i.e., that information cannot be created 
when passing from finer to coarser scales. For an extensive 
discussion of such issues, see 1311, [45], [16]. Our aim, in this 
paper, is to examine the problem of optical flow determination 
from a perspective based on scale-spaces and the theory of 
curve evolution. This work provides good insight as to how 
the problem formulation should be carried out. We will restrict 
our attention to the classical and the geometric heat equations 
that are discussed below. 

The simplest kernel that generates a (nontrivial) scale-space 
is the Gaussian kernel [32]. The resulting scale-space is linear, 
and the filter is defined by convolution. One of the properties 
of the Gaussian kernel is that the filtered signal Q can also be 
obtained as the solution of the heat equation with the initial 
condition Qo 

- = A P  with Q ( 2 , O )  = !Po ( 5 )  
dP  
at 

where A(.) = 9 + 9 denotes the Laplacian. The 
Gaussian kernel has been classically used in image processing 
for smoothing images, in spite of the fact that it blurs the 
image, resulting in a loss of edge information. Moreover, 
mathematically, it possesses properties that are undesirable 
when applied to planar shapes, e.g., it is a filter that is not 
intrinsic to the geometry of the shape. Let us elucidate this 
point more precisely by relating it to the theory of planar 
curve evolution. 

Consider a family of simple closed planar curves depending 
on a parameter t ,  which can be thought of as time or as scale. 
Denote the family of such curves by C ( p , t )  : S1 x [ O , T )  + 
R2, where p is independent of t. Let the evolution of this 
family of curves be governed by the following evolution 
equation: 

(Here, the superscript T denotes "transpose.") As above, the 
solution vector of this heat equation [ z ( p ,  t ) ,  y(p, t)]* can be 

obtained by convolution with the Gaussian G(p,  t ) ,  which is 
given by 

(7) 

where t is the variance of the Gaussian filter. In this case, this 
results in the classical linear Gaussian scale-space with t as 
the scale-space parameter. 

In order to define an intrinsic geometric scale-space for pla- 
nar shapes, we must first introduce the arc-length parametriza- 
tion. This parametrization is the one in which the curve is 
traversed at unit speed. More precisely, define the Euclidean 
arc length as 

Then 

(9) 

and hence, as required, the curve is traversed at constant 
velocity of unity. Reparametrization of curves by using the 
Euclidean arc length forms the basis of the Euclidean or 
geometric scale-space. 

Consider the following general evolution equation: 

dC 
at -=aF+pi i f  

where 
fi inward Euclidean unit normal, 
T' unit tangent, 
a! 

,Ll 
tangential component of the evolution velocity, 
normal component of the evolution velocity [58]. 

It has been shown in [13] that if p is chosen as a geometric 
quantity for a curve, i.e., a function independent of the 
particular parametrization, then the tangential velocity does not 
effect the geometry of the solutions of (10) in the sense that 
the trace of the solutions of the following two equations-( 11) 
and (12)-are the same: 

ct=aF+pG (1 1) 
ct = Diif. (12) 

(Of course, we assume the same initial curve.) Thus, from the 
point of view of shape, it is sufficient to consider evolution 
equations of the form 

-=pG dC 
at 

where /3 is a geometric quantity and can be viewed as the 
projection of the velocity vector in the normal direction. 
Evolution of curves with different normal velocities has been 
the subject of research in a number of papers. The theory has 
been well developed in diverse areas such as computational 
physics [44], [55], [57], differential geometry [17], [18], [61], 
numerical analysis [56], parabolic equations [5], [6] ,  and 
viscosity solutions [ 121, [15]. In addition, evolution equations 
have been used to model different physical phenomena such 



KUMAR et al.: OPTICAL FLOW: A CURVE EVOLUTION APPROACH 60 1 

as crystal growth [57], the Huygen’s principle [55],  and curve 
shortening processes [SI, 1171-[19], [52]. Using these ideas, 
Kimia et al. have constructed a scale-space-the reaction- 
diffusion scale-space-that can be used in formulating a theory 
of shape. We will be concerned with the scale-space obtained 
by the evolution equation when the normal velocity ,B = 6, 

where K is the Euclidean curvature defined by (see 1.581) 

(Note that as above, ds denotes Euclidean arc length.) The 
resulting equation is 

ac - 
= KN. at 

.- 

The flow in (15) has been called the Euclidean shortening3ow. 
It has been shown in Gage and Hamilton [17] and Grayson 
[18] that a planar embedded curve shrinks to a round point 
when evolving according to (15). Discussions on the Euclidean 
curve shortening flow car1 be found in [1], [5] ,  161, [131, [171, 
and [61]. Now, it is a classical fact [58] that 

Hence, (15) results in the geometric heatJEow 

ct = css, (17) 

Notice that the equation above is not linear since the arc length 
s is a function of time for an evolving curve. A complete proof 
that the scale-space obtained satisfies all the basic properties 
for a scale-space is given in [15], [17]-[19], and the references 
therein. This nonlinear scale-space has been studied in relation 
to shape theory in 1281-[30] and 421. It will appear naturally 
as well in our approach to optical flow. 

IV. QUADRATIC REGULARIZATION REVISITED 

In the next two sections, we wish to examine the problem of 
the determination of optical flow from a slightly different point 
of view. The approach we give to computing optical flow is 
motivated using ideas from curve evolution theory and scale- 
spaces. Consider the classical regularization of the optical flow 
problem with a quadratic functional [22]: 

J’(ux2 + uy2 + wx2 + wy2)dxdy (18) 

0 

subject to 

E,u + EYv + Et = 0 (19) 

where E = E ( z , y , t )  denotes the intensity. 
This type of constraint seeks to improve some measure of 

consistency on the flow vectors that are close to each other. 
The domain R for the minimization problem is the 2-D image. 
Define the smoothing error 

cs = J’ /(uX” + uY2 + w X 2  + vy2)dxdy (20) 

R 

and the image motion error 

In the classical Horn ;and Schunk [22] approach, the follow- 
ing problem is solved ,where the minimization is performed 
over the entire image 0: 

The parameter a has the important role of weighting the error 
in the image motion relative to the departure from smoothness. 
The value of Q is usually specified based on the given problem. 
The Euler-Lagrange equations for this problem can be written 
as follows: 

with 

F = ( u ~ ~ + u ~ ~ + ~ , ~ + ~ ~ ~ ) + ~ ~ ( E , ~ +  E , ~ +  E J ~ .  (25) 

The boundary conditions are the Neumann boundary condi- 
tions = 0 and 2; = 0. This leads to the following 
equations in Hom and Schunk [22]: 

AU = a2(EXu  + EYv + &)Ex 
Aw = a2(E,u + Eyv + &)E, 

(26) 
(27) 

where A(.) = $$? + ‘a denotes the Laplacian. 
To derive some insight into the nature of the solutions of this 

set of equations, we can consider the associated set of (linear) 
parabolic equations; in other words, we try to solve (26) and 
(27) using gradient descent. Accordingly, we introduce a new 
“scale-space’’ variable il’ (independent of t),  and we consider 
linear scale-space type equations given by 

iiti = A& -- o2(EXii  + Ey6 + Et)Ex 
.Gt, = A6 -- a2(EZii + Ey6 + Et)E, 

(28) 
(29) 

where ii = &(x, y, t’) and similarly for 6. Note that the steady- 
state solution (that is, the limiting solution as t’ + eo) of 
the coupled pair of linear parabolic equations (28) and (29) 
is the desired solution of the Euler-Lagrange equations (26) 
and (27). (This is exactly the same relationship that the steady- 
state solution of the clarssical heat equation has with that of the 
Laplace equation. See 1341 for the precise technical conditions 
guaranteeing convergence.) Recall that a is the factor that 
weights the relative importance of the error in the image 
motion (i.e., a measure of how well the optical flow constraint 
is satisfied) against departure from smoothness. 

Clearly, as a --f 00, we approach the optical flow constraint 
(19). For Q = 0, we derive 
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which is, of course, a pair of ordinary heat equations. This 
generates a linear scale-space and is equivalent to convolution 
with a Gaussian filter. However, this inherits all the undesir- 
able properties of such a scale-space. The solution would tend 
to fill areas inwards from the boundaries. For any finite value 
of a,  the solution will have similar behavior. It is clear that in 
this framework, regardless of the value of a, important edge 
information will be lost. 

V. L1 MWLMIZATION 

We are now ready to give a formulation for the optical flow 
problem whose solution will make contact with the nonlinear 
geometric scale-space ideas given above. Intuitively, it is 
desired that the “geometry” of the optical flow dictated by 
the sharp intensity gradients in the images should be captured 
by the regularization. An Ll-type optimization problem is 
successful in satisfying this intuition and is directly related 
to the geometric scale-space developed in Section 111. It has 
been argued that L1 approximations give better visual features 
than the classical L2. Indeed, the L1 norm of the gradient has 
been found to be very useful for image denoising; see Rudin et 
al. [44]. For further mathematical details about the geometry 
of optimization problems relative to various Lip noms, see 
Evans [14]. 

We will therefore use the following L1 norm smoothing 
error to develop insights into the optical flow problem: 

t, = J’ J’ (JG + JG) drcciy. (32) 

R 

Notice that in the case of a single variable, the smoothing 
error in this form gives the L1 n o m  of the gradient of the 
optical flow 

Consider the regularization of the optical flow using the 
following cost functional: 

R 
+ d v z 2  + w y 2  + a2(Ezu + Eyv + Et)2)dxdy. 

It is easy to see that in this case, we get the following 
Euler-Lagrange equations 

d U ,  
- a2Ez(Ezu + Eyv + E,) + -( 

ax &7T$ 

(34) d U Y  + -( a y  JcT iq )  = O, 

+ ,,(JW’ = O .  

) ax d w  
d 

- a2Ey(E,u + EYv +Et)-( 
(35) d VY 
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As we show below, we can identify the “curvature terms” 
in these equations very easily and rewrite the equations as 

(36) 
(37) 

- a2EX(E,u + Eyv + E t )  = 0, 
K, - a2Ey(E,u + Eyv +E,) = U 

where the curvatures ti, and K, are given by (see [58]) 

ux2uyy - 2uzuyu~y  + uy2u,, VU 
ti, = (u,2 + u y 2 ) 3 / 2  = div(-) IIVuIl (38) 

and 

K, and K~ given in these equations are precisely the curvatures 
of level sets as we show now; see also [21-[41, [117, [44], 
WI, 1561. 

Consider the level set of the differentiable function @(IC, y) 

where k is a constant. An arc-length parametrization for C k  

is chosen by 

where L(.) denotes the length of the curve. Since the level 
set is given as 

S ( ~ ( S ) ~ ~ ( S ) )  = k =constant (42) 

differentiating gives 

Hence, we have 

(44) Y, = AQz and x, = -AQy. 

In addition, 

IC,, = -A2(QYySz-Q,,9,) and y,, = A2(Q,yQz-Q,zQY). 
(45) 

The curvature K of a curve (~(p), y(p))’ at a point is given by 

X P Y P P  - Y P X P P  
K =  

(x; + y,2)3/2 

Hence, via a simple computation, we may write the curvature 
of the implicitly defined curve c k  as follows: 

Now, as in the quadratic case, we want to use gradient 
descent to solve equations (36) and (37). Thus, once again, 
we introduce a new scale-space variable t’ and derive the 
following nonlinear parabolic evolution equations: 

for 6 = ti(%, g, t’) and similarly for 6. As before, the steady- 
state solution of the system (48) and (49) is precisely the 
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solution of the Euler-Lagrange equations (36) and (37). Note 
that in the limit that a + 0, we get the equations: 

We have now come full circle. As we will see in Section VII, 
the numerical implementation of the geometric heat equation 
(17) is derived by embedding the evolution as a level curve 
evolution of an associated family of surfaces defined by 
@(x, y, t )  : R2 x [0,7) + R. In fact, the corresponding 
evolution of @ that induces (17) on the level curves is precisely 

where, as above 

VI. EDGE-PRESERVING SMOOTHING 

Classically, smoothing has been done using the linear heat 
equation, i.e., filtering with a Gaussian kernel. However, 
smoothing with the Gaussian operator smoothes isotropically 
and, thus, tends to blur edges. To alleviate this problem, we 
would like a filter in which the smoothing is minimal across 
edges and maximal along the direction of the edges. The idea 
of smoothing without losing important edge information can 
be made precise in the following mathematical form. We want 
a diffusion equation that does not diffuse in the direction of 
the gradient V@. This c,an be seen to be (see [2], [45]) 

(53) 
i.e., the Hessian V2@ is being applied to the gradient vector 
V@. Note that ( , ) denotes the usual inner product in R2. 

Via a simple computation, this equation may be written as 

(56) 

Thus, we will see that one can use similar numerical 
techniques as those developed in Osher and Sethian [44] for 

efficient reliable algorithm for numerically solving the system 
(48) and (49). Moreover, as we will see in the next section, 

2-D image have been proven to smooth on both sides of an 
edge while preserving the edge itself. Therefore, solutions of 

computing evolution of priopagating curves in order to find an V@ at = llV@lldiv(-). 
IlV@ll 

diffusion equations such and (sl) when to a H ~ ~ ~ ~ ,  based on (53), we can identify the curvature and write 
this diffusion equation i ~ s  

the optical flow based on (48) and (49) are expected to pick 
out discontinuous edges. 

Remark: We have considered another L1 -type minimization 
problem Now, in fact, the (50)i and (51) have the form 

@t = -llV@ll. 
IIV@lI min (%U) = / /($/uZ2 + uy2 + v.2 + vy2 

(57) 

R 
Since IlV@ll is maximal at an edge, (58) will smooth while pre- 
serving edges. (Diffusion at the edge is even slower than that 
of (57).) Moreover, the numerical techniques of Osher-Sethian 
1441 are valid for the n,lmerical implementation of (58); see 
[49] and Section VII. Hence, the optical flow equations (48) 

~i allow us to retain edges in the computation of the 
optical flow. 

+ a2(E,u + Evv + Et)')dxdy. 
This minimization problem performs in practice similar to the 
one discussed in this papler. 

following set of optimization problems. For R c R2 open 
and w = ( U ,  v )  E Cl, consider minimizing the energy 

In a nice paper, Evans [I41 considers the and (49) we have derived in the previous section based on the 

for 1 5 p 5 ca. Then, the Euler-Lagrange equation for this 
variational problem leads to a p-Laplacian operator, say Ap. In 
the present paper, we have considered exactly the case p = 1. 
As we have seen, the equation 

a,w = 0 

is geometric in the sense that it says that the level sets of w 
have zero mean curvature. For an extensive discussion about 
all of this, see Evans [14]. 

VII. NUME~RICAL IMPLEMENTATION 

Unfortunately, a straightforward finite-difference approach 
to numerically solve for the optical flow from (48) and (49) 
does not work very well. The motivation for the appropriate 
numerical method comer; from the problem of curves evolving 
with normal velocity as a function of the curvature. In this 
section, we will describe issues that are important in the 
numerical implementation of curve evolution. Problems can 
occur that are not obvious at the outset, and we shall attempt 
to briefly point them out. For more detailed treatments, see 
the work of Osher and Sethian [54], [ S I ,  [44] on which all of 
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the results of this section are based. In what follows, we will 
closely follow the discussion of [Sl]. 

It is very natural for evolving curves to develop singularities. 
For example, it is known that the curvature of a smooth 
nonconvex closed curve evolving according to equation 

dC 
at 
- = / 3 ( K ) 3  (59) 

blows up in finite time for /? = fl. After the singularity 
develops, it is not obvious how the evolution should be canied 
forward since the solution does not exist in the classical sense. 
The idea used to deal with this problem is to impose an 
entropy condition on the evolution. The entropy condition 
employed here is that for a propagating flame front formulated 
by Sethian: A particle once burnt remains burnt; see [54]-[56]. 
Kimia et al. [27], [29] have demonstrated the usefulness of this 
solution in their diffusion scale-space framework for shape, 
while Malladi et al. [39] have used it for shape modeling. 

The second problem with evolution of curves is that topo- 
logical changes may occur as the evolution proceeds. For 
example, a simply connected region enclosed by an evolving 
curve might get “broken up” into two or more simply con- 
nected regions. Further, since the numerical implementation of 
curve evolution usually proceeds with a suitable discretization 
of the curve, there is the issue of accurate and stable dis- 
cretizations. Simple Lagrangian difference approximations do 
not work well since, as the computation proceeds, the marker 
particles on the evolving curve may come very close to one 
another. Thus, the constraint of stability requires taking very 
small time steps, making the computation impractically slow; 
see Sethian [56]. 

Osher and Sethian in [44], [55],  [56] give powerful algo- 
rithms for the propagation of curves and surfaces that incor- 
porate the above-mentioned entropy condition. They develop 
equations of motion for propagating fronts with curvature- 
dependent speed that are Hamilton-Jacobi equations with 
parabolic right-hand sides and then develop numerical schemes 
using techniques from the theory of hyperbolic conservation 
laws to successfully compute the evolutions. They show that 
by embedding the curve in a 2-D surface and then evolving the 
surface rather than the curve, one derives robust, stable, and 
reliable evolution algorithms. As we show below, this will give 
the correct evolution of the curve when the curve is viewed as 
a level set of the embedding surface. This method takes care of 
the topological changes that might occur as the curve evolves: 
The embedding surface remains smooth even though the level 
set representing the curve may split into several closed curves. 

We shall now indicate how the evolution of a curve under 
equation (59) may be recovered as the level set of an evolving 
surface [44], [55], [2],  [ll]. Let us consider the curve C ( p ,  t )  
embedded as the zero level set of a surface defined by a 
smooth and Lipschitz continuous surface @ : R2 x [O,.) --i R. 
Without loss of generality, we may assume that Q, is negative 
in the interior and positive in the exterior of the zero level set. 
One way to construct this surface is to consider the distance 
of each point from the level set curve boundary and assign an 
appropriate sign to the distance, depending upon the position 
of the point relative to the curve’s interior. Now, consider the 

zero level set Z(t)  of the surface @(t)  defined as 

(Z( t )  E R2 : Q,(Z,t) = O } .  

The evolution of the surface Q, will be carried out so that the 
evolving zero level set of the surface gives the evolution of 
the curve, i.e. 

Differentiating equation (60) with respect to t gives 

V Q ( 2 , t ) .  2, + Q,,(Z,t) = 0. (62) 

Now, for a level set, the following relation holds: 

where fi is the unit normal. Notice that in (63), the surface 
is on the left side of the equation, whereas the right side is 
related to the curve C. Using (59) and (63j, we see that 

-+ apt = -O@-2, = -V@.C, = ( - V @ d ) p ( K )  = p(.)liV@.ll. 
(64) 

Thus, from (64) and (57), it is clear that the problem of 
smoothing while preserving edges can be solved by carrying 
out evolution of curves embedded in higher dimensional 
surfaces. In an earlier section, it had already been established 
that there is a connection between the optical flow problem and 
the evolution of curves through the geometric heat equation. 
Thus, it seems natural to derive the numerical algorithms to 
compute optical flow based on algorithms for curve evolution. 

Accordingly, we apply the aforementioned numerical meth- 
ods of Qsher and Sethian to the optical flow equations (48) 
and (49) given in Section V, where the parameter t’ plays 
the role of a gradient descent (scale-space) parameter along 
which the evolution is performed. The discretization of t’ is, 
of course, dictated by the given problem, and an exercise of 
choice will have to be made in its selection. Similarly, we 
will assume that a is a fixed positive number, and the choice 
here is also problem dependent. Note that each of the optical 
flow velocity components are considered to be functions of 
the spatial coordinates and scale-space parameter, i.e., G(.) 
and C(.) are G(x, y, t’), G(x, y, t’). 

The numerical algorithm we use is similar to the one 
developed in Rudin et al. [49]. As pointed out in [49], the 
advantage of this approach is that it allows us to compute the 
optical flow based on the gradient projection method presented 
in [48]. The 2-D image is discretized with the grid points 
placed at the pixel locations; A x  and Ay represent the step 
sizes in the two directions, which we take to be equal, i.e., 

Ax = Ay = h. 

A discretization in the temporal direction is introduced, and 
the time step At is used to compute the temporal intensity 
gradient change at each pixel. Notice that we will also need a 
discretization At’ for the scale parameter t’. We shall briefly 
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( 4  (e) 

Fig. 1. Frames from (a) sinusoidal, (b) diverging tree, (c) Yosemite, (d) Rubic's cube, and (e) NASA sequences. 

indicate how we use simple discretizations to compute the 
gradients at the point ( i A x , j A y ,  k a t ) :  

Ez( i , j ,  k )  M 0.25(E(i + l,j, k )  - E( i , j ,  k )  
+ E ( i + l , j , k + I )  - E ( i , j , k + I ) ) ,  

+ E ( i , j  t- 1, k + 1) - E( i , j ,  k + l)), 

Ey(i,j, k )  M 0.25(E(i,j + 1, k )  - E( i , j ,  k )  

E t ( i , j ,  k )  M 0.5(E(i , j ,  k + 1) - E ( i , j ,  k ) ) .  

(Note that we are setting 

Ez( i , j ,  k )  = E , ( i A x , j A y ,  k a t )  

and similarly for the other expressions.) 
Following [49], we discretize our equations in the following 

manner. The selection of the derivatives in the numerical 
scheme is important to introduce proper upwinding into the 
equations. We now write down the discretized expression for 
(50). The discretization of (.51) (the equation for 6) is identical. 
Moreover, the extension to equations (48) and (49) (a  # 0) is 
obvious. Note that we are setting 

. iL;,j,p = &(  AX, j a y ,  k 'A t ' ) .  

Accordingly, we take 

where 

and the function m(., .) is defined as 

As is usual in the numerical solutions of hyperbolic con- 
servation laws, a Courant-Friedrichs-Lewy (CFL) step-size 
restriction is imposed on the numerical schemes [36]. In [49], 
in order to guarantee stability, a CFL step-size restriction of 
the following form is suggested: 

(This is quite standard with the parabolic type equations we are 
considereing here; see [36] .) In our numerical computations, 
we follow such a restriction. 

VIII. RESULTS OF EXPERIMENTS 
In this section, we present experimental simulations per- 

formed on selected sequences of images. Results are presented 
for five sets of image sequences, all of which are taken from 
Barron et al. [7]. Three sequences are synthetic, and they also 
serve as test cases for emor analysis of the optical flow fields. 
Two sequences are real image sequences. 

A. Synthetic Image Sequences and Error 
Analysis of Flow Fields 

The following three synthetic image sequences have been 
used for analysis of the flow fields produced by the technique 
presented in this paper. 

Sinusoidal Sequence: The sinusoidal sequence is a syn- 
thetic image sequence and consists of the superposition of 
two sinusoidal plane waves: 

sin(k1 . IC'+ w l t )  + sin(kZ . I + wzt)  
The spatial wavelength is taken to be 16 pixelskycle, and 

the orientations of the two waves is taken as 54" and -27". 
The velocity vector is v' = (1,l); see Fig. l(a). 
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Diverging Tree Sequence: This is also a synthetic image 
sequence in which the camera is moved along the line of sight, 
and the focus of expansion is taken as the center of the image. 
The flow velocities vary from 1.29 pixeldframe on the left 
side to 1.86 pixeldframe on the right side; see Fig. l(b). 

Yosemite Sequence: This synthetic sequence has divergent 
motion in the upper right, the clouds themselves undergo 
translational motion to the right with a speed of 2 pixels/frame, 
and speeds on the lower left are about 4-5 pixels/frame; see 
Fig. l(c). 

We have observed that for most cases, no presmooth- 
ing is required to produce acceptable flow fields. In fact, 
presmoothing the images using Gaussian filter tends to blur 
edges and attenuates the advantages of using curve evolution. 
(A key feature of the L1 minimization is to preserve edge 
information.) Thresholding is done in some cases to produce 
visually pleasing flow fields, but otherwise, it is found that the 
technique works quite well without any thresholding either 
in the intensity values or the flow velocity values. In our 
simulations, we have found that simple centered differencing, 
both spatial and temporal, is quite adequate to produce good 
flow fields. In some cases where there are large number of 
spatial pockets of intensity gradients, it might be advisable 
to use averages over a small neighborhood of the computation 
molecule to get a satisfactory global flow field. This is because 
the algorithm is designed to capture intensity gradients that 
are local in nature. 

As we mentioned before, it is standard to impose the CFL 
restriction when evolving the equations due to stability require- 
ments. In addition, we have the Q parameter, which, we have 
observed, behaves like a scale-space parameter describing the 
optical flow field at various amounts of smoothing. The choice 
of a determines how sharply the resulting flow field reproduces 
the edge information present in the images. The optical flow 
computed based on curve evolution is less diffusive and quite 
sensitive to edge information in the images. However, recall 
that varying the value of Q in the evolution equations gave a 
scale-space with varying degrees of smoothness in the flow 
field. We have exploited this property of the evolution in 
computing the flow fields for the synthetic image sequences. 
For the results presented for the synthetic images, the values 
of a used were in the range of 30-50. 

This was done to successfully capture the global nature of 
the fields, in particular, the translational field in the sinusoidal 
sequence of Fig. 2 and the divergent field in the diverging tree 
sequence of Fig. 3. For the Yosemite sequence of Fig. 4, in 
areas of the image where there were substantial gradients, the 
global flow field is faithfully captured. In other areas, the flow 
field produced is quite sparse. This example also suggests that 
an Q that varies over the image might be used to better capture 
the global field, which changes in nature over the image 
(translational and divergent in different parts of the image). 

The time steps used for all the results in this paper were 
in the range 0.00001-0.001. Note that too large a time step 
may cause instability since the solution from one cell may 
travel into the neighboring cells. The space steps used were 
in the range 0.1-1.0. Again, these values were chosen on a 
case-by-case basis. 

I . . . , , . . . . . . . . . . . . . ,  . . . . . . .  . . . . .  

Fig. 2. 
(b) flow field using curve evolution. 

Comparison of the sinusoidal synthetic sequence: (a) True flow field; 

We employed a measure of accuracy based on the angular 
deviations of the estimated flow field from the true flow field 
as in [7]. If t? and I? denote the correct and estimated flow 
fields, respectively, then the measure of the angle between 
the augmented vectors (wz, w;, l . O ) T  and (w:, w;, l . O ) T  is 
independent of the size of the individual components of the 
vectors. The angle may be defined using the inner product as 
follows: 

However, this measure is quite limited in scope and can only 
be used with a sequence of frames in which the correct flow 
field is known. We also note here that for the technique 
proposed in this paper, the above measure might result in large 
angular errors since the flow fields generated tend to be sharply 
aligned with the intensity edges causing local departures from 
the constant global flow fields. Of course, as discussed above, 
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-..*..... I 

(b) 

Fig. 3. Comparison of the diverging tree synthetic sequence: (a) True flow 
field; (b) flow field using curve evolution. 

it is possible to obtain smoother flow fields by tuning the a 
scale-space parameter. 

Table I reports angular emor estimates for curve evolution 
and the quadratic approach of Horn and Schunk. For a com- 
plete tabulation of various optical flow techniques, see [7]. We 
present here error estimates for the modified Horn and Schunk. 
The modified Horn and Schunk approach, which involves 
considerable preprocessing of the images, was developed in 
[7] and is an improvement over the original method. In this 
approach, spatio-temporal srnoothing is applied to the images, 
and then, optical flow field is computed. Curve evolution-based 
optical flow computation does not need spatial smoothing to 
be applied. In fact, the smoothing using a Gaussian filter 
smoothes edges and would not utilize the full potential of 
our method, which is to preserve the edge information in 
the computed field. In cabes where there is large motion 
occurring between frames however, it might prove helpful 
if some amount of smoothing is performed in the temporal 
direction. This would allow information from the previous 
and future frames to be processed simultaneously. We use 

(b) 

Fig. 4. 
(b) flow field using curve evolution. 

Comparison of the Yosemite synthetic sequence: (a) True flow field; 

temporal smoothing and simple differencing to compute the 
errors reported here. For the Horn and Schunk modified 
method, the thresholding i:j done at ((V(I 2 5.011 (as suggested 
in [7]). For curve evolution, the thresholding values for the 
results reported here were 8.0 (Yosemite) and 10.0 (diverging 
tree). It is seen that the curve evolution-based optical flow 
field is more accurate than the modified Horn and Schunk. 
In fact, on comparison with other techniques investigated 
in [7], it is found that curve evolution gives better error 
estimates than a majority of the techniques for optical flow 
computation. 

B. Real Image Sequences 

Rotating Rubik’s Cube Sequence: This sequence shows a 
Rubik’s cube rotating colunterclockwise on a turntable; see 
Fig. l(d). It is primarily a rotational motion field. Velocities 
on the turntable are between 1.2 to 1.4 pixeldframe, whereas 
on the cube, they are between 0.2 to 0.5 pixels/frame. 
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Method Mean error Deviation density 

TABLE I 
PERFORMANCE OF OPTICAL FLOW ALGORITHM BASED ON CURVE EVOLUTION 
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. .  
. . . .  . . . .  
...... . . . .  ...... ..... 

.... ... ... ... ... 
. .  

... 

(b) 

Fig. 5. 
(b) Horn and Schunk. 

Optical flow (intensity thresholded) using (a) curve evolution and 

NASASequence: The NASA sequence is a real image 
sequence showing dilational motion. The camera moves along 
its line of sight toward the Coke can, which is kept close to 
the center of the image; see Fig. l(e). Image velocities of less 
than 1 pixel/frame are reported. 

For the flow fields computed from the real sequences, 
we have kept low values of 01 to closely follow the edges. 
Satisfactory values were found to be in the range of 2-5. 
For the two real sequences, we have performed the flow 
computation using the Horn and Schunck method for the sake 
of comparison. The flow fields for the Hom and Schunck ap- 
proach have been computed using the software of Barron et al. 
[7], which is available via anonymous ftp from ftp. csd. uwo. ca 

...... ... 
. . .  
.. ... ....... 
:: .. . . .  

. . . . . . . . . . . . . . . . . .  . . .  . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  .................. ................... ....... ‘ 1  .................... 
2: :: . : . : : : : : : : :I .. : .. ...................... . . . .  . . . . .  . .  ....... I.. ................. ............................. ........................ ........................ ........................... .. . . . .  .. ..... .. . . . .  .. . . . .  

.I . . . . .  .. . . . .  .............. ................ . . . . . . . . . . . . .  . .  ....... . . . . . .  . . . . . . . . . . .  . . . . . . . . . . . .  ..,. * . .  t ,.I.. . . . . . .  . ,. . . . . .  . . . . . . . . .  . . . .  . . . .  
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. (I . : * !  

::,.:: .............. ............. ....................... ................... . . . . . . . . . . . . . . . .  ..................... ................... .................... ................. . . . . . . . . . . . . . . .  
........... .\. ....... 
< .:: *-::-:-::::-:: . . .  , ............ .... ......... ............... 

. .  . .  
. . . . . . . . . . . . . .  . . .  .. ..................... ................... . * . a . .  
: 1 . .  . .I 

1 ‘ . + *::!i.i,,, rir)i *~ . *: . . ‘ .  .. . ,  ... 
(b) 

Fig. 6.  
(b) Horn and Schunk. 

Optical flow (intensity thresholded) using (a) curve evolution and 

in the directory pub/vision. The flow fields for the Horn and 
Schunck approach have been computed using the original 
method described in [22], i.e., no presmoothing was performed 
on images, and simple differencing was used. The flow fields 
have been intensity thresholded at IlVEll > 5.0 for the sake 
of presentation. 

It is observed that the L1 minimization approach based on 
curve evolution is sensitive to intensity gradients and is much 
less diffusive in its computations of the flow fields. In the 
real image sequence of the Rubik’s cube placed on a rotating 
turntable, the flow field computed shows sensitivity to the 
intensity gradients (due to the local patterns on the turntable’s 
edge) while at the same time reproducing the global motion of 
the turntable; see Fig. 5(a). On the cube itself, the L1 approach 
is able to capture the rotating faces and the top surface quite 
well. Notice that the flow vectors on the top face of the cube 
are longer toward the circumference than in the center. On 
the other hand, the diffusive action in the Horn and Schunk’s 
approach gives a very smooth flow field on the base of the 
turntable while barely capturing the motion of the cube itself; 
see Fig. 5(b). In the dilational motion in the NASA sequence, 
the L1-based approach captures the global motion as well as 
the edges in the scene; see Fig. 6(a). The Horn and Schunk 
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method, on the other hand, is seen to capture the global motion 
but is much more diffusive, and hence, much edge information 
is lost; see Fig. 6(b). 

IX. CONCLUSIONS 

In this paper, we have developed a novel approach for 
the computation of optical flow from sequence of images. 
We motivate the use of an Ll-norm minimization of the 
flow vectors based on the ideas of scale-spaces and the 
geometric heat equation. It has been shown that this approach 
has inherent advantages since it does not smooth the flow 
velocity across the edges andl, hence, is likely to preserve edge 
information. The numerical approach to solving the resulting 
equations is implemented using numerical approaches from 
the theory of evolution of curves. The results of applying 
the approach to some standard image sequences have been 
presented, and a very brief comparison is made with the 
classical Horn and Schunk approach for the purposes of 
showing the advantages to be gained by such an approach. 
Results show that L1 -norm minimization is successful in 
capturing local intensity gradient information and, hence, 
edges while at the same time preserving the global motion 
field. This, in general, is not true of the approaches based on 
quadratic regularization. Finidly, in [35] ,  we are now applying 
similar techniques to the problem of stereo disparity. 
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