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Abstract. The goal of this paper is to provide a simple and efficient algorithm for the The
recovery of a three-dimensional scene from two-dimensional images of the same object or scene. To
this end, we present an outline of an approach to extracting depth information from two-dimensional
images, and then a direct featureless method to recover the 15 parameters of the exact projective
coordinate transformation between two images. When we say exact, we are operating under the
assumptions of static scene and no parallax, although we suspect and hope in the future to show that
our methods are robust under deviations from these assumptions. Future work includes numerical
experiments, and comparisons with real data.
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1. Introduction and examples. It would often be useful to be able to generate
a three dimensional image from a series of two dimensional images of the same object.
One could extract more detailed information from the scene being photographed, for
example. To do this, we would need some approach to uncover depth information and
then find the coordinate transformations between images.

Our goal is to accomplish this featurelessly, that is, without some foreknowledge
of objects in the image to create automatic depth or coordinate transformations. To
this end, we split our task into two steps: generating the three-dimensional from
two-dimensional scenes, and then relating the three-dimensional images to each other
through coordinate transformations.

The algorithm to make the three-dimensional images have yet to be properly
developed. We present here a first approach to the problem, together with a more
concrete but unfortunately featured method for extracting depth information.

The featureless motion estimation to find the coordinate transformation is more
specifically geared towards finding the 15-parameter projective coordinate transfor-
mation. Our technique utilizes the projective flow transformation and the optical flow
equations, taking as input two frames and providing as output the 15-parameters of
the exact model of motion. This approach is largely a three-dimensional extension of
Mann and Picard’s work on featureless estimation of parameters,[1].

The approach presented here operates under the assumptions of static scene (the
image brightness stays constant between shots) and no parallax. We hope, with time,
to show the methods are robust to within some deviations of these assumptions, as
that would render them more practical.

2. Extracting Depth Information from 2-Dimensional Images:. Trans-
forming a scene from a series of 2-dimensional images to a full-blown 3-dimensional
scene is tricky. How does one extract depth information out of a photograph consis-
tently without some precious knowledge of the scene?

Our approach is to attempt to find a transformation from the three-dimensional
coordinate ~x = (x, y, z)T to the two-dimensional coordinate ~x′ = (x′, y′, z0)T where
z0 is a fixed plane, and then invert the transformation.
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We assume that the original point ~x (coordinates relative to some fixed origin) is
related to the image point (x′, y′, z0) (in the same reference frame) via a projection: x′

y′

z0

 =
1

(c1, c2, 0)~x+ 1


 a11 a12 a13

a21 a22 a23

0 0 k0/z

 ~x+

 b1
b2
0

 ,

where k0 = ((c1, c2, 0)~x + 1)z0. We seek to estimate the parameters a11, a12, ..., c2.
Notice that both b and c here have a third component of zero. This may seem
strange, but it is automatically corrected for in 2-dimensional images in the x and y
coordinate transformation. So we have(

x′

y′

)
=

1
(c1, c2, 0)~x+ 1

{(
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)(
x
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)
+
(
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Since there are 12 unknowns, we need 4 points from a frame whose z-coordinate is
z0 to make any progress at all. One attempt to solve for the parameters is to take

points located in a pictures- say

 x′

y′

z1

 and

 x′′

y′′

z2

, apply the transformation,

and compare the results. We thus get equations of the form
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which we can solve for the parameters so that (x′, y′, z1)T and (x′′, y′′, z2)T ) both map
to some (x, y, z0). Another, more featured approach to finding the transform before
inverting it is to find a box of known depth configuration in the three-dimensional
image (say, the side of a building). An analysis of how this box shifts into a par-
allelopiped may yield an initial transform T~x → ~x′, where ~x′ = (x′, y′, z0)T , and a
simple inversion of T would give the transformation we require for the whole picture.

3. Relating 3-dimensional images to each other.

3.1. Coordinate transformation. The desired coordinate transformation maps
the image coordinates ~x = (x, y, z)T to a new set of coordinates ~x′ = (x′, y′, z′)T . The
transformation parameters encompass camera rotation, zoom, pan, tilt and transla-
tion. We use the exact projective coordinate transformation

~x′ =
A~x+ b
cT~x+ δ

,

where A describes a rotation, b a translation, and c, δ describe “stretching”. As
in most engineering applications δ 6= 0, we divide through by δ, resulting in the
transformation

~x′ =
A~x+ b
cT~x+ 1

.
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Our aim is to estimate the motion parameters. To do so, we define for ~x in frame t
going to ~x′ = ~x +4~x in a frame t +4t the “image brightness”, E(~x, t). From our
static scene assumption,

E(~x, t) = E(~x+4~x, t+4t).

We expand the right-hand side in a Taylor series about (~x, t), and drop the higher
order terms to get

E(~x, t) = E(~x, t) +4~xEx +4tEt ⇒
4~x
4t

Ex + Et = 0.

Here we denote ∇E(~x, t) = (∂Ex ,
∂E
∂y ,

∂E
∂z ) = Ex. The quantity 4~x4t is called the flow

velocity uf . We want the flow velocity to match the model velocity um = ~x′ − ~x =
A~x+b
cT ~x+1

− ~x. We therefore want to minimize

ε =
∑

~x in frame
‖um − uf‖2.

To this end, let

A :=

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 , b =

 b1
b2
b3

 , c =

 c1
c2
c3

 , Ex =

 Ex
Ey
Ez

 , etc

and the cost function be given by

Ew =
∑

~x in frame
{(A~x+ b− (c · ~x+ 1)~x) ·Ex + (c · ~x+ 1)Et}2(3.1)

Note that Ew is a weighted error, whose minimum is computed via a least squares
best fit. (The weight is (cT~x + 1)Ex). To complete this process, we require at least
5 points. Note that

(A~x) ·Ex =

 a11xEx a12yEx a13zEx
a21xEy a22yEy a23zEy
a31xEz a32yEz a33zEz



b ·Ex = b1Ex + b2Ey + b3Ez

(c · ~x+ 1)~x ·Ex = c1(x2Ex + xyEy + xzEz)
+c2(xyEx + y2Ey + yzEz)
+c3(xzEx + yzEy + z2Ez)− ~x ·Ex

and

(c · ~x+ 1)Et = c1xEt + c2yEt + c3zEt.
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To compute the minimum, we differentiate Ew w.r.t. the free parameters A,b, c and
set the result to zero. This results in the linear system

(
∑

φφT ) [a11 a12 a13 b1 a21 a22 a23 b2, a31 a32 a33 b3]T =
∑

(~xTEx − Et)φ,

where

φ =
[
Ex(x, y, z, 1), Ey(x, y, z, 1), Ez(x, y, z, 1), (Et − ~xTEx)(x, y, z)

]T
3.2. The approximate model. To obtain the approximate model for the trans-

formation parameters, we expand ~x′ = A~x+b
cT ~x+1

in a Taylor series about ~x. Approxi-
mately constraining parameters engendered by the Taylor series to 3rd or 4th order,
a variety of 15-parameter models can be obtained. Call these parameters q. These
parameters are used to create a model velocity um, which is then inserted into the
flow criteria. This insertion yields a simple set of fifteen nonlinear equations:

(
∑

φTφ)q = −
∑

Etφ

where φ is a vector function of x, y, z,E, Et depending on the approximate model
chosen.

The goodness of fit of the approximate model to the exact model can be evaluated
by first relating the parameters of the approximate model to the exact model, and
then finding the MSE between the reference image and the comparison image after
application of the coordinate transformation to the exact model. This is done because
our true goal is to assess how the exact model describes the coordinate transformation.
A method of finding, given the parameters of the approximate model, those of the
exact model, is given next.

3.3. An ‘8-point method’ for relating an approximate model to an exact
model. As the Taylor series method described above yields 15 nonlinear equations,
the parameters of the exact model cannot be easily related to those of the approximate
model directly. Instead, we put forward as featureless “8-point” method based on the
4-point method of [1].

1. Take 8 ordered points (e.g., the 8 corners bounding the entire 3-dimensional
image, or the 8 corners of a box bounding a region under analysis). For
argument’s sake, suppose the box is the unit cube

s = [s1, s2, s3, s4, s5, s6, s7, s8] = [(0, 0, 0)T , (1, 0, 0)T , ..., (0, 1, 1)T ]

2. Apply to these points the coordinate transformation using the Taylor series
for the approximate model to each of these points, obtaining rm = um(s).

3. Treat the correspondences between r and s as features, which results in 8
easier-to-solve linear equations x′k

y′k
z′k

 = M1 ~m

with

M1 =

 xk yk zk 1 0 0 0 0 0 0 0 0 −xkx′k −ykx′k −zkx′k
0 0 0 0 xk yk zk 1 0 0 0 0 −xky′k −yky′k −zky′k
0 0 0 0 0 0 0 0 xk yk zk 1 −xkz′k −ykz′k −zkz′k
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and

~m =



ax′x
ax′y
ax′z
bx
ay′x
ay′y
ay′z
by
az′x
az′y
az′z
bz
cx
cy
cz



.

This results in fifteen exact parameters, which we denote by p.

3.4. Multiscale iterative implementation. In practice, multi-scale algorithms
are preferable, allowing the recovery of the transformation between images to a de-
sired accuracy. This process of iterative refinement is rapid. Here, we would like
to retrieve the “exact” motion model from approximate ones. Given two images (a
reference image and a transformed one), we begin with a coarse-level description of
an approximate transformation between the two. Once we have this approximate
model, we retrieve a (coarse-level) exact model, and check this for “goodness” of fit.
If required, we iterative this procedure.

In an attempt to iteratively converge to the exact motion model, one must first
note that the projective model forms a group, and that thus we can use the algebraic
law of composition.

The following algorithm utilizes both this idea and the 8-point method to yield
the exact coordinate transform between two images. (Again, this is a 3-d version of
Mann’s algorithm).

1. Initialize: set g the reference image, h the shifted image, ho = q, po,To the
identity.

2. Somehow estimate the 15 or more terms of the approximate model between
two image frames g and hi−1 which results in the approximate model param-
eters qi.

3. Use the 8-point method to relate the approximate parameters qi to the exact
parameters, denotes Ti.

4. Resample : set pi = Ti � Ti−1,hi = pi � h
This process is repeated until the error between hi and g falls below some tolerance,
or until a maximum number of iterations is achieved. One should note that this is
based on the featureless 8-point method, and is hence also featureless.
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