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Abstract

New variational principles are developed for the effective conductivity tensor for
anisotropic two-phase electric conductors. Here the interface between phases is assumed
to be highly conducting. Extra geometric information i1s encoded into the principles
through the solution operators of simpler transport problems. These operators can
be expressed as gradients of simple layer potentials with densities supported on phase
interfaces or in terms or simple Dirichlet problems inside each phase region.

New upper bounds on the effective conductivity are found that depend upon com-
ponent volume fractions, a surface energy tensor and a scale-free matrix of parameters.
This matrix corresponds to the effective conductivity tensor associated with the same
geometry but with perfectly conducting inclusions. New lower bounds are given in
terms of two-point correlation functions, component volume fractions, and interfacial
geometric parameters. Both upper and lower bounds are found to be optimal for certain
choices of interfacial parameters.

For isotropic polydisperse suspensions of spheres we are able to estimate the ef-
fective conductivity based on measured values of the size distribution of the spheres.
Conversely, we are able to characterize the size distribution of the spherical inclusions

based on measured values of the effective conductivity.

1 Introduction

We consider two-phase electric conductors with phases separated by a highly conducting

interface. Such an interface may be thought of as the limiting case of electrical transport
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between phases separated by a thin highly conducting interphase layer. The highly con-
ducting interface is characterized by a discontinuous current field across the interface. The
jump in current normal to the interface produces a charge density on the interface. The as-
sociated electric potential is continuous across the interface and is coupled to the interfacial
charge density through a Poisson equation supported on the interface, see equation (2.3).
Existence and uniqueness of the solutions to the field equations have been established by
Pham Huy and Sanchez-Palencia (1974).

We investigate the effective electrical conductivity in the context of a periodic arrange-
ment of conductors. Aside from the requirement of periodicity, the distribution of the
phases within the period call can be arbitrary. To fix ideas, we assume that the two phases
consist of isotropic conductors, with conductivities specified by ¢, > ¢ in the proportions
#, and 65, respectively. The highly conducting interface is characterized by a constant,
scalar, “tangential conductivity” denoted by a. We treat both two and three dimensional
composite geometries. Here, a two dimensional composite geometry corresponds to parallel
cylinders of conductivity o; and g5. For this case we investigate the effective conductivity
in the plane transverse to the generators of the cylinders.

In this paper we provide new variational principles from which new bounds on effective
properties are obtained through simple choices of trial fields, (see Sections 3, 5 and 6.) The
extension of the variational principles to the multi-phase case is straight forward and is
discussed in Section 9.

This work is motivated by the idea that variational principles containing extra geomet-
ric information provide tighter bounds than those obtainable from Dirichlet or Thompson
variational principles for any given class of trial fields. The variational principles introduced
here incorporate geometric information through the solution operators of simpler compari-
son problems. These operators admit an explicit representation either in terms of gradients
of simple layer potentials supported on the two-phase interface, projection operators on the
space L*(Q)%, or are associated with simple Dirichlet problems in each phase. (see Section
3.)

New bounds and variational principles for two-phase conductors with contact resistance
have been derived using this approach by Lipton and Vernescu in (1996). Moreover this
approach has been successful in the context of two-phase elastic composites with imperfect
bonding at the two-phase interface. See Lipton and Vernescu (1995).

Substitution of simple trial fields into the upper variational principle (3.12) yields a new
upper bound on the effective conductivity that depends upon component volume fractions,
a surface energy tensor and a scale free matrix of parameters. For particulate composites,
this matrix corresponds to the effective conductivity tensor associated with the same ge-
ometry but with perfectly conducting inclusions. The surface energy tensor appearing in
the upper bound (5.9) is identical (up to sign) with the surface energy tensor introduced
by Chandrasekhar (1965) for the stability analysis of rotating liquid drops held together by



surface tension. For particulate composites, the new lower bound (6.10) is given in terms of
the two point correlation function, component volume fractions, and geometric parameters
of the interface phase.

When the composite geometry is isotropic the bounds simplify. We consider the behavior

“s” and a geometric parameter “m” of the interface.

of the bounds in the specific surface area
Here “m” represents the total polar moment of inertia of the interface. To fix ideas we note
that for a polydisperse suspension of “N” spheres with radii a,, a-,...,ax with prescribed
volume fraction 6, the geometric parameter of the interface “m” is given by 6,(a)/2 and

the total specific interfacial surface area is s = 30,(a~!). Here the averages of a quantity

¢i,t=1,2,..., N over all spheres is given by (¢) = 6, §(|K|/01)qi, where |Y;| is the volume
occupied by the 7" sphere. =

We find that in the limit s — oo, that the upper bound is linked to the effective
properties of suspensions of perfectly conducting inclusions, (Section 7). Indeed, it follows
from Lipton (1995), that the asymptotic behavior of the bounds is consistent with the
effective properties for a large class of composites in the high surface area limit. Physically
this follows from the behavior of the effective property under a rescaling of the geometry as
observed in Lipton (1995) (Theorem 4.2). This topic is pursued in Section 7.

In Sections 5 and 6, the bounds are shown to be monotonic with respect to the geometric
parameters of the interface. This property is used in Section 7 to identify a parameter
Pl = (d - 1a(oy — 01)7'(d = 2,3). This parameter measures the relative importance
of the tangential conductivity with respect to the contrast between bulk conductivities.
Here d gives the dimension of the composite. Physically speaking this parameter picks
out the length scale for which effects of the interface balance the mismatch between the
conductivities of each phase. This is clearly seen for isotropic monodisperse suspensions of
spheres of conductivity o; in a matrix of conductivity o,. Indeed, for isotropic monodisperse
suspensions of spheres of radius “P2”, the effective conductivity o¢ is precisely the matrix
conductivity o5, see Theorem 7.1. This result has been observed earlier by Torquato and
Rintoul (1995) and by Lipton (1995). The method of Torquato and Rintoul considers
classical Thompson and Dirichlet variational principles for three phase statistically isotropic
composites. Here the two bulk phases are o5 and o; and the third phase is a thin highly
conducting interphase layer of conductivity o; and width /. By means of an elegant choice
of trial fields, the upper and lower bounds are found to agree at critical radius P32, in the
finite limit of lo;, when [ tends to zero and o; tends to infinity. On the other hand, the
approach presented in Lipton (1995) calculates the fields inside the composite to find that
the electric field is uniform throughout the composite for suspensions of spheres (disks) at
critical radius P?d = 2,3. From this it follows that the inclusions are hidden even when
the monodisperse distribution of spheres is statistically anisotropic, see Lipton (1995). This

observation is not possible using the methods of Torquato and Rintoul (1995).



In this paper we extend the known results to include size effects for isotropic polydisperse
suspensions of spheres and for inclusions of any shape and distribution see Theorem 7.1,
7.2, and 7.3. For polydisperse suspension of spheres at fixed volume fraction, it is shown
that the effective conductivity always lies above that of the matrix provided that the mean
radius of the polydisperse suspension lies below P¢. When the harmonic mean of the radii
are above PZ then the effective conductivity always lies below the matrix (see Theorem
7.2.) More generally, for isotropic suspensions of particles of any shape and distribution we
find that the effective conductivity lies below that of the matrix when the specific surface
area to particle volume fraction lies below d(P%L)~!, d = 2,3 (see Theorem 7.3.) These
theorems are applied to address the role of surface energy when designing energy minimizing
arrangements of inclusions (see Theorem 7.4.) Here, we fix the volume fraction and find a
necessary condition on the size distribution for the isotropic polydisperse suspension with
minimal effective conductivity.

We remark that in two dimensions a reciprocal relation was obtained in Lipton (1995)
relating the effective conductivity function to the effective conductivity of a composite with
interfacial contact resistance. This reciprocal relation together with new bounds on the
effective conductivity tensor for composites with interfacial contact resistance introduced
in Lipton and Vernescu (1996) were applied to obtain bounds on the effective conductivity
tensor for composites with highly conducting interface, see Lipton (1995). The two dimen-
sional versions of the bounds obtained in this paper naturally agree those given in Lipton
(1995) (see Sections 5 and 6.)

The monotonicity of the bounds can be used to solve inverse problems. In Section 8,
we show how to apply measured values of the effective conductivity to characterize the size
distribution for isotropic, polydisperse suspensions of spheres.

Lastly, we note that although we have used the terminology of electrical conductivity,
our results apply equally to the contexts of thermal conductivity, magnetic permeability,

and diffusivity.

2 Effective Conductivity for Composites with Highly Con-
ducting Interface and a New Thompson Variational Prin-
ciple

We consider a unit cube @) filled with two isotropic conductors with conductivities specified

by o, and ¢5. In what follows we make no assumption on the distribution of the conductors

within the interior of the domain. Omne can think of the cube as representing a (possibly

very complicated) period cell for a composite material. Decomposing the electric potential



into a periodic fluctuation ¢ and a linear part E - 2 the average electric field inside @ is:

(2.1) E- /(cfo—l—E-ac)nds.
oQ
Here 0@) is the boundary of the cube and n is the outer normal to the boundary.
To fix ideas we assume that the two-phase boundary is sufficiently smooth (i.e., a twice
differentiable surface). The fluctuating part of the potential is continuous across phase

interfaces and satisfies:

(2.2) A¢ =0 inside each phase
and:
(2.3) o1 (Ve+E); n—0:(Vp+E); - n=aA(¢g+E-2)

on the phase boundary I'. Subscripts 1 and 2 denote the side of the interface where field
quantities are evaluated. Here n is the unit normal pointing into phase 2, and A is the

Laplace-Beltrami operator on I' defined by

(2.4) Ag+E-2)=680(p+E-2)

where 6 is the tangential gradient of @+ E -z on T, i.e.,

(2.5) 6(p+E-2)=0,(¢+E-2)—(n- (Vo + E))n,.

We observe from (2.3) that the current suffers a discontinuity at the two-phase interface.
The jump in current provides a surface charge density which drives the Poisson equation
(2.3) on the two-phase interface.

Denoting the local conductivity by o(z) the (possibly anisotropic) effective conductivity

tensor ¢° of the mixture as measured by an outside observer is defined as:

(2.6) o°F = /U(x)(Vc,B +E)-nzds.
oQ
When a = 0 we recover the well known case of perfectly bonded composites. The limit
a = oo corresponds to a composite filled with perfectly conducting inclusions.
Integration by parts and application of (2.2), (2.3) and the natural boundary condition

for the current yields:

(2.7) aeE-E:/a(x)|v¢+E|2dx+a/|5(¢+E-x)|2ds.
Q r

Physically equation (2.7) is a relation between the total energy dissipation rate inside the
heterogeneous conductor and the energy dissipated in a homogeneous effective conductor.

One easily verifies the Dirichlet variational principle for the effective conductivity:

(2.8) c’E-E = Hlei‘I/l/O'($)|Vg0—|— El*dz + a/ 6(p+E-2)]*ds.
p
q r



where the space of trial fields is given by:

(2.9) V ={peW"(Q)|¢ — Q periodic}.

[}

We represent a jump in a quantity “¢” across the two-phase boundary by [¢] = ¢1 — ¢o.
The unit cell admits the partition ¢ = ¢); U @5 U, where ¢); and (), are the parts of ¢
occupied by conductor one and two respectively. We consider particulate composites for
which the particles do not intersect the walls of the period cell. We make this assumption
for convenience only and to keep the exposition focused. (What follows can be applied to

any periodic two-phase geometry.) We denote the surface of the ith particle by T'; and write

I' = JI;. We introduce the space of trial fields C defined by
(2.10) C = {pin L*(Q)", where :

i)divp=0in Q, UQQ,/ﬁ-ndeZ 0,
oQ
ii)/[ﬁ-n]ds: 0 and
r;
iii) p - n anti-periodic on .}

Next we introduce the solution ¢ in H*(T') of the Poisson equation on the interface given

by

(2.11) Ag=I[p-n]onl;

We observe that g is determined uniquely up to a constant on each particle surface for
p satisfying the solvability condition given by ii).

We state the new Thompson variational principle for composites with highly conducting

interface:
Theorem 2.1 For all p in R? one has

(2.12) o p-p=min {/ o N 2)p+ |+t / |6g|2ds} .

Q r
Proof: One could proceed applying the methods of duality theory given in Ekeland and
Temam (1976) to the Dirichlet-like variational principle (2.8). However, we proceed with
a hands on approach. Starting with (2.8) we take the convex dual in each of the terms on
the right hand side to obtain:

c°E-E =min max  max {Q/p-(ch—l—E)—/U_lp-p—l—

pEV peL?(Q)* weL(D)
Q

Q
—|—2/v-6(cp—|—E-$)—a_1/|v|2}.

T

(2.13)



Exchanging max and min implies that the trial fields p and » must be chosen such that

(2.14) min{/p-ch—l—/v-écpds} > —00.
pEV
r

Q

Integration by parts reveals that (2.14) is equivalent to the constraints divp = 0in @, UQ,
[p-n] =6v;,+d(v-n)H on I', and p-n is anti-periodic. Here the mean curvature of I' is
written as H = —d~'divn, and for any v in L*(I') the tangential derivitave §;v; is defined
in the distributional sense.

Substitution of these identities into (2.13) together with the identity

(2.15) / diV(E-xp)—/(E-w)p-nds:/(E-x)[p-n] ds
Q1UQ2 aQ r

gives

c’E -E > sup Q/p-nxds-E—/U‘lp-p—/a_1|v|2ds
(p,v)

8Q Q r
Setting p = [ (p-n)zds and p = p — p, it follows from (2.6) that p = o°E or o 'p=E and
S0, o9
(2.16) o pep<min {/ o (p+p) (p+p) +a”! / Ivl“ls} |
P,
Q r

For the choice p+ p = o(2)(V@+ E), E = 0°" j, and v = ad(p + E - z) one satisfies the
constraints implied by (2.14) and obtains equality in (2.16). Last we note that the optimal
choice of v in (2.16) is of the form 6g where g satisfies (2.11) and the Theorem follows. O

3 New Variational Principles

In this Section, we introduce new variational principles for the effective conductivity tensor.
Before giving the first variational principle we introduce a homogeneous comparison material
with conductivity v > o, and formulate three auxiliary conductivity problems. For any

constant ¢ in R4 d = 2,3) we introduce the potential ¢ in V which solves:

(3.1) P +ec-z=0 on I,
(32) A¢c =0 in Ql U Qz .

We introduce the space H(div,Q; U ()2) of square integrable vector fields 5 for which div
lies in L*(Q; U Q,). We denote by P the space:

(3.3) P =A{nin H(div,Q, U Q2) such that n-n is anti-periodic. }



Then for 7 in P and ¢ in H'(T') we have the potentials ¥¢ and " that are solutions of:

(3.4) P! =g, on I’

(3.5) Ay =0, on ; UQ-, and
(3.6) P =0, on I,

(3.7) Ay = divy on Q; UQ,.

We introduce the linear operators M, R, P defined by:

(3.8) M(c)=Vy© on Q1 UQ,, R(q)=Vyion QUQ,,
and
(3.9) P(n)=Vy" Qi UQ-.
Next, we define the constant d x d tensor o, by:
(3.10) OooC = /(V¢C +¢) - nzds,
oQ

for any ¢ in RY d = 2,3, and introduce the surface energy tensor given by:

(3.11) - —d/ n)H ds,

where H is the mean curvature of the interface. One can show that o_ —1

established in the Appendix. We introduce the space of trial fields U given by U = Px HY(T)

and state the new upper variational principle given by:

exists, this is

Theorem 3.1 For any vector p in R one has

- o o o
(3.12) (0 =P p+ —ZGP p=
= p-nde + 2= /5 - ds—
(%Lg[][ p-nde + q- n@n)pds
/ nn—a/|5q| ds —
Q

— 7/ M (o} (74§) + R(q)+ P(n) + 0 (11 + §) — nlzdw] ,
Q

where

(3.13) n=[(n=V¢")-nxds,g=— [ V! -nads.
| ;



We note here that the tensor “G” appearing in Theorem 3.1 is (up to sign) identical
to the surface energy tensor introduced in Chandrasekhar [1] for the stability analysis of a
rotating liquid drop held together by surface tension.

Before introducing the lower variational principle we select an isotropic comparison
material with conductivity v < oy, and introduce the linear operators N and 5. Here, for
any 7 in L*(Q)%, we have Ny in L*(Q)¢, where

b

1 . ? .
(314) NT} - __ Z 627T2k~x HT/(H)Z K
7 k=0 ||

and for any vector field v defined on I' with components v; in H'(I') we have Sv in L*(Q)*

where )
_ — -1 orik-w N —2MiR:
(3.15) Sv = <%) ¥ kEe W/@ YTvds.
#0 r
Here Tv is given by:
(3.16) Tv=év;,+dv-n)H,

and

We denote the set of vector fields defined on I' with components in H*(I') by W and
introduce the space £ of trial fields, £ = L*(Q)? x W, and state the new lower variational

principle:

Theorem 3.2 For any E in RY,

(3.17) (6c°—~)E-E = max [2/p-de—|—2/v-(I—n®n)Eds
r

(p,v) m L
Q

Jto =) plde =t [ jofds -
r

Q

—7/|Np—|— Sv|2dx] :
Q

We remark that the operator N is proportional to the projection of L*(@Q)¢ onto the
space of gradients of potential functions in V', (c.f. (2.9)). This operator is well known and
forms the basis for the Hashin Shtrikman bounds for anisotropic conductors with perfectly
bonded interfaces given by Kohn and Milton (1988). The 5 operator given by (3.15) is the
gradient in ¢); UQ5 of the simple layer potential with density 7Tv on the two phase interface.



4 Derivation of the Variational Principles

To derive the upper variational principle given by Theorem 3.1 we start with the Thompson
variational principle given by Theorem 2.1. We choose v > ¢ and add and subtract a

reference energy ¥|p + p|* to the right-hand side of (2.11) to obtain:
(@) T e = i [ Jlo@™ =25+ plde 47 [ I

Q Q

+ 27_1/13.pdx—|—a_1/|6g|2d5] .

Q r
Since p lies in C and Ag = [p - n], integration by parts gives:
(4.2) 2yt /ﬁ-ﬁdw =2y7! /[]3 ‘n]e-pds = 27_1/Agac -pds.

r r

Integration by parts on I' yields:

(4.3) 27_1/]5-]5(196 = 27_1/69 (I —n®mn)pds.
r

Next we apply (4.3) and complete the square in (4.1) to obtain

(4.4) (f“—v”)zr+;0pp gg[/W@Yl—TﬂW+pﬁw+
Q
7 [IpPde + a7 [leg = S(1 = ne )l ds
Q r 7
Here
(4.5) g:/U—n®nﬁk:—d/x®nH@
T T

is a surface energy tensor which up to sign agrees with the surface energy tensor introduced
in [1]. Equation (4.5) follows from integrating by parts on the surface I'.
Introducing the bulk and surface polarizations 5 in P, (cf. 3.3), and ¢ in H*(I') we have

the elementary estimates.

(4.6) /W”’ Np+mdw>2/p+p e / e
Q Q

and

(4.7) —1/|5g__( o)l ds>2/<sq (b9 - 2= n o)

—a/|(5q| ds.

10



Applying (4.6) and (4.7) to (4.4) we obtain

-1 (8% _ . 5~ S/ %
(4.8) (06 -7+ WG> pep 2 min £(p,1,q) = L(p,1,9)
where £ is defined by

(4.9) [ﬁ(ﬁ,n,q) = Q/p-ndx—Q%/éq-(I— n®n)]3ds—/(a_1 —’}/_1)_177'77d$
Q r Q

- a/|(5q|2—|—2/i)-77d$—|—2/6q-6gd5—|—7_1/|]5|2dx,
r Q r Q

X . . e .
and p is the minimizer of

(4.10) j:%16151{Q/ﬁ-ndw—l—Q/éq-égds—l—’y_l/|]3|2dx} .
r Q

Q

Since Ag = [p-n], integration by parts in the middle term of (4.10) shows that the minimum

value J is given by

(4.11) J = min {Q/ﬁ-ndw - Q/Q[ﬁ-n]ds +7‘1/|ﬁlzdw}
r Q

Q

for all p satisfying (2.10) (i) and (iii). Taking the first variation, one finds that the minimizer
p is given by

(4.12) p =7V +e—n),

where 1 is in V, (cf. (2.9)), and ¢ is a constant vector. The function 1 and ¢ are solutions

of the system:

*

(4.13) v+e-x=gq on T,
(4.14) A =V .p in @, UQ,, and
(4.15) /(Vzﬁ—l—c—n)-nwds:o.

oQ

In order to solve for ¢ and ¢ simultaneously in (4.13)—(4.15) we make use of the linearity
inherent in the problem and form the three auxiliary problems (3.1)-(3.2), (3.4)~(3.5), and
(3.6)—(3.7). One readily sees that the choice

(4.16) c =0 (n+4q)

and @b = ¥° + 1?4 9" is the solution for the system (4.13)—(4.15). Recalling the definitions
of the operators M, R, and P we have the inequality:

1 (84 — %
4.17 o —v '+ —=G)p-p> max L(p,n,q) =
(4.17) ( v 7 wep > [max, VN

11



— max lg/p.ndx_|_gg/5q.([_n®n)pd,g_
7
Q r

(n,0)eU

- /(U‘1 -y nen— a/ |6g|*ds —

Q@ r
— [ 1Mo+ @) + R(a) + Pl + 021+ @) - nf°da
Q

For the choice of bulk and surface polarizations, consistent with the actual current and

potential fields in the composite, i.e.,
(4.18) n=(" =y +Dp), ¢=¢+E-x—-7""p-u,

where E = 0" p, we find that ¢ = (0° — 7~")p and one observes that (4.17) holds with
equality. This establishes the upper variational principle.

Next we establish Theorem 3.2 for the choice of isotropic comparison material v < .
Starting with the Dirichlet-like variational principle given by (2.8), we add and subtract the
reference energy 7|V + E|? to obtain

(4.19) (6°—+9)E-E = min [/(O‘($) —9)|Ve+ E|*dz + /7|Vc,o|2dx—|—
Q

wEV
Q

+ a/ |6(p+ E - x)|2d5] .
r
One has the elementary estimates,

(1200 [(ote) = IV + Bz 22 [ (Tot Byde — [(o(e) = 2) pfde
Q Q Q

and

(4.21) a/ |6(¢ + E - 2)|*ds > 2/?} e+ E-a)ds—a™t / |v)?ds,
r r r
for all polarizations (p,v) in L*(Q) x L*(T'). Application of the estimates to (4.19) yield
(4.22) (0° = 7)E-E > min L(p, v, ) = L(p,v. )
p
where L is defined by
(4.23) L(p,v,¢) = Q/p-Edac—l—Q/v-é(E-x)ds—
Q r

= [to= ) pltda — a7t [fopds +
r

Q
+ 2/p-V99+2/v-699ds+7/|V99|2,
Q r Q

12



and ¢ is the minimizer of

(4.24) l:min[2/p-ch—|—2/v-6cpds—|—’y/|ch|2 .
r Q

wEV
Q

Taking the first variation one finds that the minimizer ¢ is the solution of:

(4.25) YAp = —divp in Q,UQ,
and
(4.26) [YV¢ 4+ pl-n=6v;+dv-n)HonT.

Since (4.25), (4.26) are linear we may write ¢ = ¢? 4+ ¢ where both ¥ and ' are elements
of V and

(4.27) YAEP = —divpin QU Q., [7VeP +p]-n=0o0nT,
and
(4.28) YAP' =0in QU Qs, [YVe']-n=6v,4+d(v-n)H onI.

Writing Np = V¢f, Sv = V' for z in @1 U@, and observing that §(E-2) = ([ —n®@n)E

on I' we have the inequality

(429) (0" =9)EE> maxL(p,, ¢) =
P,

= max
(p,v)

—a_1/|v|2ds—’y/|Np—|— Sv|2dx] .
r Q

In fact, equality in (4.29) is easily seen to hold when the polarizations (p, v) are chosen to

z/p-deJrQ/v-(I—n®n)Eds—/(a—7)‘1lp|2dw—
Q r Q

correspond with the actual fields in the composite, i.e.,
(4.30) p=(o(2)=)(VE+E), v=ad(@+E ).

To finish the proof we show that the operators Np = VP and Sv = VU are given by the
explicit formulas (3.14) and (3.15) respectively. The explicit formula (3.14) for the operator
N follows immediately from solution of the comparison problem (4.27) using Fourier Series
expansions. To obtain the representation of the S operator we extend the density 7'v (cf.

3.16) into @), via the solution 1 of the boundary value problem

(4.31) AYp=0  in@
(4.32) Opp =Tv on I'

and

(4.33) ¥ — @ periodic on 3¢, N IQ).

13



Introducing yi, the characteristic function of ¢}, i.e., y;1 = 1 in @1, y1 = 0 otherwise; it is

evident that ¢V is the unique solution (up to a constant) of:

(4.34) YAp® = div(x; Vi) on @

in the weak sense. Fourier expansion gives

(4.35) So=at S e Lo [etmine Ty,

1

The desired representation for S follows upon integration by parts in (4.35) and application
of (4.32).

5 Upper Bounds

We apply Theorem 3.1 to obtain new upper bounds on the effective tensor. To fix ideas we
consider anisotropic particulate composites with particles of conductivity oy in a connected
matrix of ¢,. We denote the region occupied by the i*® particle by Y; and its boundary by
aY;.

We choose trial polarizations of the form n = yipt, ¢ = r -z on each particle surface and

set ¥ = 05 in (3.12). Here p and r are vectors in R% The associated bound is given by:

Theorem 5.1
(5.1) (o =05 +a0s?G) pp > max {2L(p, 1, 1) = Q(p, 1)}
rerd
where
(5.2) L(p, pt,7) = 261p - pu — 2005°Gr - p
and
(5.3) Q(p,r) = O \|pul* + aGr - r 4+ oy ((I —o Y r =200+ 01|,u|2) ,

here A = (o7 — 051)7Y, and o, is the effective conductivity tensor of a composite with
perfectly conducting particles having the same geometry as the original composite embedded

in a matriz of unit conductivity.

Proof: We observe that (5.2) and the first two terms of (5.3) follow immediately upon
substitution of the polarizations into (3.12). The last three terms in (5.3) follow from the
solutions of the comparison problems. Indeed, for n = y;p¢ and ¢ = r -  on each particle
one finds that "7 = 0, and ¢ affine inside each particle i.e., ¥? = r -z in Y;. Moreover 1!
is the solution of:

(5.4) AYI =0 inQ,
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and

(5.5) Pl=r-z onl =[]0y
From the definition of o, given by (3.10) it follows that

(5.6) QI—/V¢q-nXd82(0w—I)T.
5Q

Since 77 = 0 equation (4.16) yields:
(5.7) c=clqg=(~-o)r

It follows after a lengthy but straightforward application of (5.4)~(5.7) together with (3.1),
(3.2) that:

(55) JIM @+ 0) + Bla)+ PO + 037+ 0) = nfde =
Q
=T —0c)r-r—20r pu+ 6|

Last, for particulate geometries one readily observes that ¥V = —c -z inside each particle
and that the tensor o, reduces to o_ stated in Theorem 5.1, see Appendix. This completes
the proof. O

Optimizing over all constants p and r gives the following explicit upper bound for

anisotropic particulate composites.
Theorem 5.2 For any p in R one has the inequality:

(5.9) o 'p-p> (07 —aci*G)p-p+

-1
Ol(A -I— Uz)[ —0'201[ 01]5 01]5
_I_ .
—0'201[ Oég-I—O'z(I—O*'OO_l) ;—ggﬁ ;—ggﬁ

For isotropic composites the surface energy tensor G reduces to G = (djTl) sl and the

upper bound becomes:

Corollary 5.3
* 0'2(01Z+O'2(1—O*' _1))
1 *<UB = =
(5.10) o° < UB(sa,0.,) G107 + oa(l = 3.1

where Z 1is the characteristic combination

(5.11) 7 = (d%‘ll) %—(02—01).

15



It is easily checked that this bound is monotone increasing with respect to the specific
interfacial surface area s and tangential conductivity «. We note that for d = 2 this bound
is precisely the upper bound on the effective conductivity obtained in Lipton (1995) using
reciprocal relations together with lower bounds on effective properties for composites with
interfacial contact resistance.

For isotropic polydisperse suspensions of spheres one easily calculates that
(5.12) s =db (a"")

where ( ) is the average reciprocal radius taken over all spheres in the suspension. For

monodisperse suspensions we observe that s = 36, and for « = P? the upper bound
becomes
(5.13) UB (d0,(PL) " 0,0.,) = 0.

More generally, for any isotropic suspension one has
(5.14) UB (sa,(;oo) =0,

when s = df,(P%)7!.
Lastly, we observe that the upper bound is monotonic increasing in the parameter o

From the monotonicity properties we have

(5.15) o° < UB(as,0,) < UB(c0,0.) = 040,
and Jo1
(5.16) o° < UB(as,0,.) < UB(as, ) = (%) sa+ 6101 + 0,0,.

The right-most upper bound in (5.15) is the effective conductivity of the same suspension
but with perfectly conducting particles. The right-most bound in (5.16) corresponds with
an arithmetic mean type upper bound in terms of the tangential conductivity and the two

bulk conductives.

6 Lower Bounds

In this Section we make specific choices of trial fields in (3.17) to obtain new lower bounds
for three-dimensional anisotropic particulate suspensions of conductor 1 in a matrix of
conductor 2. We start with a choice of trials for which the integrals appearing in the
variational principle are easy to compute for any particle shape. The resulting bounds are
general and hold for all suspensions of particles independently of the shape and location
of the particles, see (6.13). We also present similar bounds for anisotropic two-dimensional
composites, see (6.14). If one knows the shape and size distribution of the particles then

one can tailor the trial fields to the inclusion shape. To fix ideas we consider an isotropic
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polydisperse suspension of spheres. Here we choose surface polarizations to be scaled affine
functions. This choice is motivated by the fact that affine functions are eigenfunctions of
the Laplacian on the sphere, c.f., Kobayashi and Nomizu (1969).

To start, we introduce the vector y* = 2 — r! where z lies on the surface Y* of the i*P
particle and r? is the center of mass inside the particle. We choose p = Yo where Y, is
the indicator function of the matrix and p is a vector in R3. For r in R® we introduce the
polarization v = r;z/ on dY", were 2/ = n X b/ such that curl Y = ¢/, and € is the 7% unit
vector for an orthogonal system. On the surface of the ith particle h' = yie®, h? = yie!,
and h3 = yle?.

We set v = o, and substitute these trial fields into (3.17) to find:

Theorem 6.1

(6.1) (0°=7)E-E> max [2L(s,7, E) = Q(u,7)],
in B -
‘:in B
where
(6.2) L(p,r,E) = 205 - E+ 20,7 - E,
(6.3) Qpsr) = Oa(0y — o) ul* + @™ Zr-r — o7 T(r — p) - (r — ).

Here 7 is a symmetric matriz of interfacial geometric parameters with components

(6.4) =Y /(h’“-h‘) —(n-BH)(n- h)ds,

K3

and

(6.5) T= /szdeﬂva
Q

where P is the projection of L*(Q)* onto the space of gradients of periodic potential fields
in the space V' given by (2.9).

Proof: Equation (6.2) and the first two terms of (6.3) follow directly from substitution of
the trials into the first four terms of (3.17). The last term of (6.3) follows from the identity

(6.6) 01/|Np—|— Svl*de = o7 ' T(r—p) - (r — p).
Q

To see this we substitute p = yop into (3.14) to get

— rinao .
(6.7) N(xop) = —o7? Z e WXz(H)H e
®Z0
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For our choice of v we integrate by parts on the surface of each particle to find:

(6.8) /e_ZWi“'yTvds = Z / eIV (152 ) ds

r i gy,

=— Z /(rizj)é(e_zm’“'y)ds = (2m1) Z / e Y (nox B )rids
Eoayi Eoayi

= 2mi 2/6_2“”'?/5 (e + (=2mi)k x B )rids.

Noting that for k # 0, {1(k) = —Xa(k), and k- (k X h¥) = 0, we find that

(6.9) oty et |2§<2 K)E - T.
®Z0
Identity 6.6 follows, observing that the projection P is given by Pp= 3" €?™* (r/|x|*)p(k)-

®Z0
k and an application of Parcevals identity. O

Carrying out the optimization implied by (6.1) we obtain the lower bound:

Theorem 6.2 For all E in R® one has,

02(0'2—0'1)_1l+ O'l_lT —0'1 T - 02E 02E
oc°E-E> o,E-E+ .
—oy'T a 'Z+o7'T 6. E 6. E

0102
d

(6.10)

I where

For statistically isotropic composites Z = ¢gsI, T =

(6.11) g5 = (1/3) (Z ( [-ovilyiPas = [ (i) + ndol ) + nd0h)?) d)) -

oY

Since |n|? = 1 it follows that g5 > 0.
We introduce the function defined for ¢t > 0 given by

Ozt + O%ﬁ + 01/(30'1)

(6.12) LBs(t) = o1 + B+6,/(30.)t+ 0,0,5/(30,)

Here 8 = (03 — 0y)7 1.
It is easily seen that this function is monotone decreasing in ¢. The lower bound on the

effective conductivity for statistically isotropic composites is given by:

Corollary 6.3
(6.13) o > LBs(gs/a).
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This lower bound holds for all isotropic particulate composites.

For two-dimensional composites we make the same choice of bulk polarization (i.e.,
p = Xai, o in R?), however, on the ith particle we choose the surface polarization to be
of the form v = (r - Ry')t. Here, ¢ is the tangent vector in the plane perpendicular to
the generators of the cylinders and R is a counter-clockwise rotation of 7/2 radians in the
plane.

For this choice we obtain the lower bound on the in plane conductivity given by:

Corollary 6.4 Two-dimensional lower bound
(6.14) 0° > LBs(g2/),

where

(6.15) LBy(t) = o, + 0t + 073+ 6,/(20,)

(B+0:/(201))t + 0,0,3/(20,)

and

(6.16) g2 = (1/2) (Z / |yi|2d5) .

)

If we know the shape of each inclusion one can adjust the surface polarization to give
tighter bounds for three dimensional particulate composites. We suppose that the particu-
late suspension is an isotropic polydisperse suspension of spheres of radii a,, a,,...,ax. We

observe that on the surface |y’| = a;, we have

R S
(617) A(T-yl) = a—zr-yl =

1 )

rT-n

for any r in R3.
Motivated by (6.17) we choose the surface polarization on the ith sphere to be of the
form v = a’(6(r - y') and so Tv = LA(r-y') = —r - n.
Thus
(6.18) Z / eI Tods = (2mi)k - rX1(K)
b oay;
and the identity (6.6) holds. Evaluation of all integrals in the variational principle and

optimization gives:

Corollary 6.5 Three-dimensional lower bound for isotropic polydisperse suspensions of

spheres.

(6.19) o > LBs(m/a),
where 4

(6.20) m = El<a>.
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We apply the general lower bound given in Corollary 6.3 to the case of polydisperse
suspensions of spheres. We find that for this geometry g3 = %01<a>. From the monotonicity

of the function LB3(?) and the inequality m < g3 it follows that

(6.21) LBy(m/a) = LBy <%<a>/a) > LB, (%01<a>/a) .

Thus the bound given by Corollary 6.5 is a strict improvement over the bound given by
Corollary 6.3 for polydisperse suspension of spheres.

In two dimensions one observes that the class of trials used in the bound (6.14) includes
the scaled tangential gradients of affine functions and so no special treatment is needed,
i.e., for circles v = (r - Ry')t = a'6(r - y').

The two-dimensional bound (6.14) was obtained earlier in Lipton (1995) through the
use of reciprocal relations and bounds on the effective conductivity with interfacial contact
resistance given in Lipton and Vernescu (1996).

We have observed that the bounds LB5(t) and LBs(t) are monotonic decreasing. From

this we see for @ = 0 that g3/a = oo and
(6.22) o> LBs(gs/a) > LB(oo)=HS5_.

Here HS_ is the Hashin Shtrikman (1962) lower bound for isotropic perfectly bonded two-

phase composites.

7 Size Effects, Inverse Problems, and Energy Minimizing

Polydisperse Suspensions of Spheres

We consider the behaviour of the upper bound in the limit of infinite interfacial surface
area. We fix volume fractions and pass to the infinite interfacial surface area limit, (i.e.,
s — 00) to find that the upper bound behaves like oy0 + O(s~!). Here 040, is the ef-
fective conductivity associated with the same microgeometry but with perfectly conducting
particles in a matrix of conductivity o,.

This behavior is physically consistent with the behavior of effective tensors under a
rescaling of the geometry. It is shown in Lipton (1995), that the effective conductivity of a
k=1 periodic composite is identical to that of an unrescaled composite, but with tangential
conductivity increased by the factor k, see Theorem 4.2 of Lipton (1995). Thus as & tends to
infinity so does the interfacial surface area and the effective conductivity of the k=1 periodic
composite tends to that of the unrescaled composite with infinite tangential conductivity.
The effective conductivity for such a composite is given precisely by oy0.,. Thus we see that
the upper bound captures the asymptotics consistent with effect tensors under rescaling.

Indeed we see that its optimal in this limit.
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Next we consider three dimensional isotropic particulate suspensions. As before we take
the particle conductivity to be o; and that of the matrix to be ;. We restrict discussion
to three-dimensional composites as the related two-dimensional problem was worked out
earlier in Lipton (1995). For fixed component volume fractions we use the monotonicity of
the bounds in the interfacial parameters gz, m, and specific surface area s to exhibit new
size effects. The bounds will serve as a tool for understanding the role of surface energy
in problems of energy minimizing arrangement of polydisperse suspensions of spheres. We
recall the parameter P? = 2a/(0,— 0;) and start by considering monodisperse suspensions

of spheres and state the following;:

Theorem 7.1 Given that the common radius of a monodisperse suspension of spheres is

a, then

(7.1) o > 0y for a< P2,
(7.2) o’ < oy for a> P2,
and

(7.3) o =0, for a=P2.

Proof: For monodisperse suspensions of common radius a the geometric parameters m and

s are given by
(7.4) m=6,a/2, s=36a"".

When a = P2 substitution of (7.4) into the upper and lower bounds (5.10) and (6.19) gives

(7.5) o, =UB = LB

and (7.3) follows. Inequalities (7.1) and (7.2) follow from the monotonicity of the bounds
in the geometric parameters.

Theorem 7.1 shows that the effective conductivity increases at fixed volume fraction
as the sphere diameter decreases. For polydisperse suspensions of spheres we state the

following:

Theorem 7.2 Size effects for polydisperse suspensions of spheres.
For particle volume fraction 6, fized:
If (a) < P2, then 0° > o5, and

(7.6)
if (a)™t > P3 then o¢ < 0.

Proof: For polydisperse suspensions, the geometric parameter m = 6,(a)/2 and the lower
bound (6.19) is strictly monotonically increasing as the mean radius tends to zero. For

(a) = P3 one has LBs(m/a) = 04, and the first statement follows. The second statement
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follows from (5.12), noting that UB is increasing in (a™') together with (5.14). We note
that identical results hold for two-dimensional composites. O

We now consider particulate suspensions with no assumption on particle shape or dis-
tribution other than that the resulting effective conductivity is isotropic. For this case we
have the:

Theorem 7.3 for fized particle fraction 8., if the specific surface area is bounded above by
6,(P3)~1, then
(7.7) o° < 0.

Proof: For s = 30,(P2 )" it follows from (5.14) that the upper bound UB = o,. Moreover,
since the upper bound is monotone increasing in s one has that UB < o, for s < 36,(P3)~!
and the theorem follows.

From its definition, its evident that the effective conductivity is equivalent to the energy
dissipated inside the two-phase conductor, see equation 2.7. In this regard, we see that
Theorems 7.1, 7.2, and 7.3 are energy dissipation theorems for a system with bulk and
interfacial energy. In what follows we consider only isotropic polydisperse suspensions of
spheres. We fix the volume fraction of spheres and examine the the role of surface energy
in selecting a suspension with minimum isotropic effective conductivity. In what follows
we present a necessary condition on the size distribution of the spheres appearing in the
optimal suspension. We remark that it is not known if a minimal suspension exists. Instead,
as with many problems, there may be no minimum but only a minimizing sequence of
suspensions. For this case, the same necessary condition would hold in the appropriate
sense for minimizing sequences of suspensions.

To fix ideas we suppose that the volume fraction of spheres satisfies the inequality:

That is, we require the volume fraction to be less than a sphere of radius 1/2 inscribed within
the unit cell. We restrict the parameters oy, 04, a so that P2 satisfies, 27(P2)? < 6. This
directs the discussion to cases where the volume of a single sphere of critical radius is strictly
less than the volume fraction occupied by the suspension. We have the following theorem

characterizing the optimal polydisperse suspension dissipating the least energy:

Theorem 7.4 Optimal design necessary condition.
Given 01, 01, 04, a satisfying the constraints stated above, then the mean radius of the

distribution of spheres dissipating the least energy is greater than P2.

Proof: From Theorem 7.2 we know if the mean radius lies below P2 then ¢¢ > o,. So to
establish the theorem we construct a polydisperse suspension of spheres with mean radius

greater than P> with effective conductivity less than .
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The construction is easy in light of the constraints on 6, o4, 05, and a. We choose

a suspension consisting of a single sphere centered in the period cell of radius “a” such

that 27a® = @;. Then for this suspension s/36; = ™.

a~t < (P2)7!, therefore s < 36,(P3)~! and so from Theorem 7.3 we have ¢¢ < o, and the

From the constraints we see that

theorem is proved.

This theorem shows that the scale of the heterogeneity plays a role in the extremal
energy dissipation for an isotropic polydisperse suspension of spheres. This is in contrast
to optimal layout problems with perfect transmission between phases where scale plays no
role in the optimal design, see Lurie and Cherkaev (1986) and Murat and Tartar (1985).

8 Inverse Problems

We show how to use the monotonicity of the bounds in the geometric parameters to char-
acterize the size distribution of a polydisperse suspension of spheres from measured values
of the effective conductivity.

Assuming that the volume fractions #;, 8, one known as well as the values o, 5, @ we

1

will bound the averages (a) and (=)' in terms of the measured value of o¢. Indeed we

have the:

Theorem 8.1 Characterization of the size distribution for suspensions of spheres.
If 0° < 0y then (a) > P32, and if 0° > oy then (a=")~1 < P3.

cr?

We note that this follows immediately from Theorem 7.2.

9 Concluding Remarks

The variational principles given in Section 3 can be extended to the multiphase case by
choosing the comparison conductivity v to render the difference between the local conduc-
tivity and the comparison conductivity, definite. The use of a comparison conductivity is
standard for perfectly bonded multiphase composites and was introduced in the celebrated
work of Hashin and Shtrikman (1962).

A Appendix

We show the tensor o, defined by (3.10)is invertible and symmetric. Noting that [ (V¢ © +
oQ

c) - ny©ds = 0, applying (3.1) and (3.2) and integrating by parts gives

(A1) Uooc-c:/|V¢c + c|*dz
Q
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and one easily verifies that

(A.2) OsC-C = {pnl‘l/l /|V¢—|— cl’dx .
€
Y=—Cx onl Q
It follows from (A.2) that o, is symmetric. For particulate composites 1 = —c - z inside
the particles and 0., = o, where o__ is the effective conductivity for a suspension of

perfectly conducting inclusions. Taking the Frenchel dual of the integrand and an exchange

of minimization and maximization gives

(A.3) OC-€> max |2 /(p n)(c-x)ds — / |p|*dx
Q

peL?(Q)?

Where divp = 0 and p - n is antiperiodic.
For the choice p = tc where ¢ is a scalar we obtain o, ¢-¢ > |c|?(2t — ¢?). Optimization

over 1 gives
(A4) oocc > |e]?,

and invertibility of o, follows.
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