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ABSTRACT

In the era of big data, statistical application fields have been frequently encountering
data sets where features measured for each sample are more than sample size. In these
data sets, which we call high-dimensional data, traditional statistical tools are not
feasible, imposing challenges from both theoretical and computational perspectives.
This thesis is devoted to discuss several novel high dimensional methodologies with
both solid theoretical justification and computational efficiency to cope with the new
challenges in big data era.

Chapter 2 of the thesis systematically studies the estimation of a high dimensional
heteroscedastic regression model. In particular, the emphasis is on how to detect and
estimate the heteroscedasticity effects reliably and efficiently. To this end, we propose
a cross-fitted residual regression approach and prove the resulting estimator is selec-
tion consistent for heteroscedasticity effects and establish its rates of convergence.
Efficient algorithm is developed such that our method can be solved extremely fast.
Chapter 3 introduces a novel methodology called sparse convoluted rank regression.
The method is shown to maintain the good theoretical property of rank regression, a
very popular alternative to the least squares. Moreover, it avoids the computational
burden of rank regression caused by non-smooth loss, by adopting a smooth objective
function, which is derived from a statistical point of view. Chapter 4 proposes a
method called density convoluted support vector machine (DCSVM) for high dimen-
sional classification. Theoretical error bound is established, and numerical examples
demonstrate that our method outperforms SVM and other competitors in terms of

both prediction accuracy and computational speed.
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Chapter 1

Introduction

Due to the advanced technology for data collection over the past decades, scientific
community has witnessed a surge of data complexity in many research fields such as
genomics, genetics and finance, among others. As a result, it is very common for the
number of predictors in the dataset to be far larger than the number of observations
(Donoho et al., 2000). Under such high dimensionality in data, traditional statis-
tical methods are often infeasible, posing new challenges for statisticians from both
theoretical and computational perspectives.

To handle high dimensionality, many progress have been made during the past
two decades. The most popular method is the sparse regularized estimation, which
typically adopts the objective function with the form of an empirical loss plus an
penalty term. Popular regularization methods include the ¢; penalization (the lasso)
(Tibshirani, 1996), the linearly constrained ¢; minimization (the Dantzig selector)
(Candes and Tao, 2007), and folded-concave penalization (Fan and Li, 2001), among
others.

While existing regularization methods achieve success in many real applications,
many limitations are still present and may potentially harm the performance when
data does not behave as expected. One example is the homoscedasticity assumption,

which is the common starting point for most theories supporting sparse regression
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methods. Homoscedasticity refers to the constant variance of error, and is widely
adopted merely for theoretical convenience. Nevertheless, there are many real appli-
cations where this assumption easily fails, and one must consider the heteroscedas-
ticity, or non-constant variance in data. In fact, high dimensional datasets often
exhibits heteroscedasticity due to the fact that measurement error can accumulate
during the data collection process. To this end, in Chapter 2, we systematically study
the estimation of a high dimensional heteroscedastic regression model. In particular,
the emphasis is on how to detect and estimate the heteroscedasticity effects reliably
and efficiently. We propose a novel approach named cross-fitted residual regression
and prove the resulting estimator is selection consistent for heteroscedasticity effects
and establish its rates of convergence. Our estimator is indexed by a set of tuning
parameters to be determined by the data in practice. We further develop a high di-
mensional BIC criterion for tuning parameter selection and establish its consistency.
Our method can be computed extremely fast, which takes only a few seconds on an
ordinary dataset.

In many cases, the estimation efficiency and computational efficiency can not be
shared by the same statistical method. For example, many high dimensional datasets
exhibits heavy-tailedness, and it is well known that under heavy tailed error, clas-
sical least squares regression suffers from low estimation efficiency. An approach
for achieving a higher estimation efficiency is to use the Wilcoxon rank regression
(Hettmansperger and McKean, 2010; Wang and Li, 2009), whose high dimensional set-
ting was investigated in Wang et al. (2020). However, due to the non-differentiability
of the loss function in rank regression, the method can not be computed quickly, espe-
cially for high dimensional data. In Chapter 3, we resolve this problem by viewing the
rank regression loss as a non-smooth empirical counterpart of a population level quan-
tity. A smooth empirical counterpart is then derived by substituting a kernel density

estimator for the true distribution in the expectation calculation. This view leads to
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the convoluted rank regression loss and consequently the sparse penalized convoluted
rank regression (CRR) for high-dimensional data. Under the same key assumptions
for sparse rank regression, we establish the rate of convergence of the ¢;-penalized
CRR for a tuning free penalization parameter and prove the strong oracle property of
the folded concave penalized CRR. We further propose a high-dimensional Bayesian
information criterion for selecting the penalization parameter in folded concave pe-
nalized CRR and prove its selection consistency. An efficient algorithm is developed
for solving sparse convoluted rank regression, which scales well with high dimensions.
Numerical examples demonstrate the promising performance of the sparse convoluted
rank regression over the sparse rank regression.

In Chapter 4, we focus on high dimensional classification problem, where the
state-of-the-art classification method, SVM, also suffers from computational issue.
Adopting similar principle, we view the SVM objective function as the expectation of
hinge loss function with respect to the non-smooth empirical measure corresponding
to some true underlying measure, and a smooth counterpart is derived by substituting
a kernel density estimator for the measure in the expectation calculation. This view
leads to the density convoluted support vector machine (DCSVM) and consequently
the penalized DCSVM for high-dimensional classification. We systematically study
the rate of convergence of the DCSVM with elastic net penalty, and prove it has order
Op(\/@) under general random design setting. We further develop novel efficient
algorithm for computing elastic-net DCSVM. Extensive numerical examples are used
to demonstrate the superior performance of elastic-net DCSVM in both classification

and computation.



Chapter 2

Cross-fitted Residual Regression for
High Dimensional Heteroscedasticity
Pursuit

There is a vast amount of work on high dimensional regression. The common start-
ing point for the existing theoretical work is to assume the data generating model
is a homoscedastic linear regression model with some sparsity structure. In reality
the homoscedasticity assumption is often violated, and hence understanding the het-
eroscedasticity of the data is of critical importance. In this paper we systematically
study the estimation of a high dimensional heteroscedastic regression model. In par-
ticular, the emphasis is on how to detect and estimate the heteroscedasticity effects
reliably and efficiently. To this end, we propose a cross-fitted residual regression ap-
proach and prove the resulting estimator is selection consistent for heteroscedasticity
effects and establish its rates of convergence. Our estimator has tuning parameters
to be determined by the data in practice. We propose a novel high dimensional BIC
for tuning parameter selection and establish its consistency. This is the first high
dimensional BIC result under heteroscedasticity. The theoretical analysis is more
involved in order to handle heteroscedasticity, and we develop a couple of interesting

new concentration inequalities that are of independent interests.
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2.1 Introduction

High dimensional linear regression has been extensively studied during the past two
decades. Many fundamental developments have been made among which sparse reg-
ularized estimation plays an essential role including the ¢; penalization (the lasso)
(Tibshirani, 1996), the linearly constrained ¢; minimization (the Dantzig selector)
(Candes and Tao, 2007), and folded-concave penalization (Fan and Li, 2001), among
others. For a comprehensive review on sparse regression, the readers are referred to
Biithlmann and Van De Geer (2011), Fan et al. (2020), etc. The theories supporting
the sparse regression methods typically begin with a common assumption that the
data are generated from a homoscedastic linear model (see chapter 4 of Fan et al.

(2020)):

yi=%x0"+e€, 1<i<n (2.1.1)

where ¢;’s are independent and identically distributed model noise with mean zero and
variance 2. While it is convenient to consider the homoscedastic noise assumption
in theory, there are real applications where this assumption is easily violated and we
must consider heteroscedasticity effects in the model. For example, financial time
series often exhibits non-constant variance, due to varying volatility over the time. In
genomic studies, outlying measurements can accumulate to cause heteroscedasticity,
and it was shown by many studies (Wang, Wu and Li, 2012; Daye, Chen and Li,
2012) that not only the mean but also the scale of genetic responses could be affected
by relevant genetic covariates. As mentioned above, most existing work on high
dimensional analysis neglected the heteroscedasticity issue.

There are only a couple of papers that deal with the heteroscedasticity issue in
high dimensional regression. Sparse quantile regression (Wang, Wu and Li (2012))
generalizes the quantile regression (Koenker and Bassett, 1978) by adopting folded-
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concave penalization for sparsity. It assumes the conditional 1007% quantile of y;|x;

is x; 3, and the sparse quantile estimator is defined by
R 1 < b
B = argmin - D ey —xIB8) + > palIBi)),
i=1 j=1

where p,(t) = t(7—1I<0y) is the quantile check loss, and pj(-) is some penalty function
with tuning parameter A\. Wang, Wu and Li (2012) recommended to fit several
quantile functions for different 7 values and then one can see the heteroscedasticity
effects by comparing the fitted quantiles functions. The main idea is that under the
model ((2.1.1)) the theoretical quantile functions should be parallel to each other.
Therefore, non-parallel fitted quantile functions indicate a violation of the model
((2.1.1)) and hence heteroscedasticity effects. The underlying model for the sparse

quantile regression approach is
Ui =7+ (Xjwtwye, 1<i<n (2.1.2)

under which the 7 quantile function is linear in x for every 7 € (0, 1). Due to the non-
differentiability of the check loss, sparse quantile regression can be computationally
very expensive. Only recently, a fast and scalable algorithm based on ADMM was
proposed and implemented in R package FHDQR (Gu et al., 2018). Moreover, sparse
quantile regression does not directly show which variables are important in mean
effects and which are important in the scale. To handle both issues, Gu and Zou
(2016) proposed COSALES based on linear expectile regression (Newey and Powell,
1987; Efron, 1991):

P P
(3, @) = argmin S, (7, 0) + Y o (13]) + Y pr(lep;)

v,P j=1 j=1
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where S,(7, ) = £ 1 {Wois(3i—XE9) 4, (g —XI9—xTp) }, and W, (u) = |r—I(u <
0)|u? is the asymmetric square error loss. Theoretical justifications of COSALES were
established under the model ((2.1.2)). COSALE is computationally very efficient
because the asymmetric square error loss is convex and differentiable.

The model ((2.1.2)) is more or less a mathematical model for studying het-
eroscedacity. It may be difficult to apply model ((2.1.2)) in real applications. Note
that the conditional scale of y;|x; can not be directly interpreted as x]w, but its

absolute value. A general model for heteroscedasticity effects would be
yi = f(x;) +e9™e, (2.1.3)

where f and g are some unknown functionals that belong to some function classes F;

and F3, and ¢; is model noise with mean zero. In this paper, we focus on the linear

version of model ((2.1.3)),
Y =x; 3" F N i =1,...,n, (2.1.4)

where both f and ¢ are modeled as linear functions of x. Indeed, low dimensional
version of this linear model has been widely considered in the literature (Feigl and
Zelen, 1965; Cox and Snell, 1968; Cook and Weisberg, 1983; Carroll and Ruppert,
1988). The interpretation for model ((2.1.4)) is straightforward. The parameter v*
in the variance structure can be directly interpreted as follows: with other covariates
being fixed, if the jth covariate increases by one unit, then the conditional standard
deviation of response given covariates increases by 100(e” — 1)%. Note that the
conditional mean of y|x is still a linear function of x. Thus, the usual sparse mean
regression methods should be able to estimate * well and recover its support under
sparsity assumption on the mean effects. Let p be the dimension of covariates. It is

directly implied by Fano’s Lemma that even we know (5*, unless logp/n — 0, there
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is no consistent estimator of v*. In many real applications, researchers are interested
in knowing which variables are important for heteroscedasticity effects. For that,
it is natural to assume * is sparse. The problem of estimating v* is called high
dimensional heteroscedasticity pursuit.

Quantile regression and COSALES do not work under the model ((2.1.4)) because
the conditional quantile and expectile functions are no longer linear. Assuming the
error distribution is normal, a penalized maximum likelihood estimator (MLE) was

considered in Daye, Chen and Li (2012):

n p p
min » [exp(—70—=x77) (%=X 8)*+ (o +x NI+ D e (18D +D_pr(ll). (2.1.5)
i=1 j=1 j=1
Note that ((2.1.5)) is nonconvex. Daye, Chen and Li (2012) observed that ((2.1.5))
is bi-convex in that given v solving 3 is a convex problem and given 3 solving 7 is a
convex problem. They proposed an alternating algorithm between solving £ and -+,
and for each iteration, they used coordinate descent to handle the computation. They
implemented their method in an R package whose main function is written in Fortran.
We tried their code in simulations and found the computation efficiency is too low to
be practically useful: it took 9 hours to compute for n = 700, p = 5000. Moreover,
no theoretical justification was given for the estimator. Note that the non-convexity
of the log-likelihood makes its analysis technically nontrivial.

In light of the above discussions, we now formally state the objective as follows:

Heteroscedasticity pursuit: Can we design an explicit and efficient estimation
procedure for estimating v* in the model ((2.1.4)) under the sparsity assumption

on v* and log p/n — 0 without knowing the error distribution?

By “explicit" we mean that the whole procedure is clearly defined without any am-

biguity such as the choice of starting value in an iterative algorithm. In this paper,
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we propose a novel cross-fitted penalized residual regression method to estimate v* in
model ((2.1.4)). The method is shown to consistently estimate the heteroscedastic-
ity effect in ultra-high dimension. From computational perspective, our algorithm is
very fast since it reduces to computing several weighted Lasso-type regressions. Thus
our method can take advantage of the computational efficiency of ¢;-penalized least
squares (Efron et al., 2004). We also develop the first information criterion for consis-
tent model selection under heteroscedasticity and high dimensions. The theoretical
analysis of the new procedure is highly nontrivial compared to the homoscedastic
regression model case. For that, we develop a couple of interesting new concentration
inequalities that are of independent interests.

The rest of this paper is organized as follows. In Section 2.2, we introduce the ba-
sic setup. In Section 3.2, we introduce our methodology and propose our cross-fitted
penalized residual regression procedure. In Section 3.3, we establish the theoretical
properties for our estimators. In 7, we introduce a high dimensional BIC for selecting
tuning parameters and establish its model selection consistency. In Section 3.5, we
present some simulation studies and a real data example to demonstrate the perfor-
mance of our methodology. Some discussion is given in Section 2.7. The technical

proofs for the theoretical results are given in appendices.

2.2 Basic setup and notation

We introduce some notation first. For an arbitrary index set A C {1,...,p}, any
vector ¢ = (cq,...,¢p) and any n x p matrix U, let ¢y = (¢;,7 € A), and let Uy be
the submatrix with columns of U whose indices are in A. The complement of an
index set A is denoted as A° = {1,...,p} \ A. For any finite set B, let |B| be the
number of elements in B. For a vector ¢ € R and ¢ € [1,00), let [[c|l,, (or |[c[l;) =

(> 5 |cj|q)% be its ¢, norm, let ||c|loo (I ||C||max) = max; |c;| be its {o norm, and
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let ||c|[min = min, |c;| be its minimum absolute value. For a symmetric matrix M,
let Apin(M) and Apax(M) be its smallest and largest eigenvalue, respectively. This
is the common notation for eigenvalues of a matrix, and Ay, Amax should not be
confused with the penalization parameter used in a penalty function. For symmetric
matrices A and B, we denote A < B if B — A is a positive semidefinite matrix. For
any matrix G, let ||G|| = y/Amax(GTG) be its spectral norm. In particular, for a
vector ¢, ||c|]| = ||c|le,- For a,b € R, let a A b = min{a,b} and a V b = max{a,b}.

> b, if there exists C' > 0

~Y

For two nonnegative sequences {a,} and {b,}, we write a,
such that b, < Ca, for all n > 1, and we write a,, < b, if a, = b, and b, = a,. Also,
we use b, = o(a,) to represent Z—Z — 0.

Let X = (Xy,...,X,) € R™” be the design matrix, with X; = (z1;,...,2n;)"
containing observations for the jth variable, j = 1,...,p. The ith row of X can be
written as x;, where x; = (z1,...,2;)". Let y = (y1,...,y,)" be the n-dimensional

response vector. We consider the following regression model,
yi=B+xIB e e i =1,.. . n. (2.2.1)

where 5 € R, 8* € RP are unknown parameters that control the conditional mean,
and 75 € R, v* € R? are unknown parameters that control the conditional scale;

€1,...,6, are i.i.d. random variables that are independent of the covariates with

Ele;] = 0.

Remark 1 We assume that E[|log|¢;||]] < oo, which is satisfied by most continuous
probability distributions. Without loss of generality, we can assume Ellog|¢;|] =
0. In fact, if Ellogle|] = ¢o # 0, let €, = ¢e~. Then we have E[e¢}]] = 0, and
E[log |€)]] = E[log |e;e=|] = E[log |€;|]] —co = 0. Correspondingly, let 7 = ¢ + co, we

* T A * Yy T A * «! T * .
have €01 7¢; = % X7 ¢, and therefore y; = 55 + x5 + €% i7" ¢, holds with
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E[¢;] = 0 and E[log|€}|] = 0. O

Notice that one can always set the components of the first column of design
matrix to be one, without loss of generality. We rewrite model ((2.2.1)) as follows,

for notational convenience:
T % x L% .
yi=x 0"+ ¢, i=1,...,n, (2.2.2)

where x;, 5*,7* € RP. We let X = (x1,...,%x,)" € R"™? be the design matrix and let
X, = (x1j,...,2Ty;)" beits jth column.

Let Ay = {j : 8; # 0} and Ay = {j : 7} # 0} be the true support set of 3*
and ~*, respectively. Assume that |A;| = s; and |Ay| = so are relatively of smaller
order compared to n, while p is allowed to increase exponentially with n. Penalized
methods are used for sparse recovery. We consider the general folded concave penalty
(Fan et al., 2014b) in this paper; namely, p,(-) is a function defined on (—o0, )
satisfying:

(i) pa(=2) = pa(2);
(ii) pa(z) is increasing and concave in z € [0, 00), and py(0) = 0;
(iii) pa(z) is differentiable in z € (0,00), and p)(0) := p)(0+) > a1 );
(iv) ph(z) > a1\ for z € (0, a2)];
/

(v) p\(2) =0 for z € [a\, c0) with some pre-specified constant a > as,

where a; and a, are two fixed positive constants. Special cases of general folded

concave penalty are SCAD (Fan and Li, 2001) and MCP (Zhang, 2010). The SCAD
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penalty has the form

Mt| — (12 4+ \2) /2
Pt =AI(0 < 14 < 3 + DI EEX /2,

2
N (a+ 1)\ 7

2

(A < Jt] < ah)

(|t| > aX), for some a > 2,
which corresponds to a; = a; = 1. The MCP penalty function is defined as
t? a\?
INERY Y I(0 < |t| < aX) + TI(W > a)), for some a > 1,
a

which corresponds to a; =1 — %, as = 1.

2.3 Methodology

2.3.1 Heuristics for penalized residual regression

Our goal is to produce an estimator 4 that can efficiently perform the estimation

and support recovery for v*. The mean coefficient § is a nuisance parameter in this

problem, although estimation of 8 plays an important role in the estimation of ~*.
To get some intuition, let us assume that * is fully known, then recall from

((2.2.2)) that
log |y, — x; B*| = x; 7" + log |&;]-

By Ellogle;]] = 0 (see Remark 1), we can view this as a new linear model with

{log ||}, being i.i.d. errors. We would consider estimating v* through minimizing

1 & -
o Z (log |ly; — x; 8| — X;-F’y)2 + ZPA(WJ‘D
i=1 Jj=1
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where p,(+) is a folded concave penalty imposed on 7. To mimic the above idea, we

may consider using

n p
o> (log g~ x7B —x7)* + S palhul) (231)
i=1 j=1
where B is some good estimator of 5*. Note that y; — XlTB is called fitted residual
in regression, hence the above method for estimating v* is called penalized residual
regression.

We must show that we do have some appropriate estimator for 5* such that the
above procedure leads to a good estimator of v*. Under high dimensional setting,
we also need to keep the computational efficiency of the whole procedure in mind.

Thus, a natural way of estimating $* is to use penalized ordinary least squares, i.e.,

minimizing
1 < ?
o2 (= x[B)* + > pa (1)) (2.3.2)
i=1 j=1

over # € RP. We show that despite the heteroscedasticity effects the penalized OLS

estimator of * still enjoys nice rates of convergence.

2.3.2 Cross-fitted penalized residual regression

It is very clear that the penalized residual regression is computationally very efficient.
To handle the theoretical justification of the method, we need to carefully take care
of the dependence between B and data which causes technical challenges in the anal-
ysis of penalized residual regression. We further propose using cross-fitted penalized
residual regression to estimate the heteroscedasticity effect v*. The whole procedure
is summarized in Figure 2.1. The cross-fitted technique allows us to handle a broad

class of error distributions. Cross-fitting has been used for variance estimation in ho-
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moscedastic high dimensional linear regression in Fan et al. (2012) who showed that
in sparse linear regression, the usual mean squared error estimator underestimates the
true variance, and they proposed a so-called refitted cross-validation technique, which
was shown to consistently estimate the variance. The idea was extended to estimating
constant variance in high dimensional sparse additive model in Chen et al. (2018).
To our best knowledge, this work is the first to extend cross-fitting to heteroscedastic

models.

Remark 2 Empirical experiments suggest that the penalized residual regression with-
out cross-fitting may also work well under certain distributions. However, penalized
residual regression without cross-fitting has no rigorous theoretical justification un-
der general error distributions so far. Therefore, we do not present it in the present

paper. 0]

We summarize the details of cross-fitted penalized residual regression. We use Z =
(yi, %i)1, to represent the whole dataset. In cross-fitted penalized residual regression,
we first randomly split the n random samples into two datasets with approximately
same size, with the first dataset being Z() = (y;,%;)iez,, and the second dataset
being Z® = (yi,%,;)icz,, where I, and T, are disjoint subsets of {1,...,n} such that
T, UTI, = {1,...,n}. Without loss of generality, we assume Z; = {1,...,5} and
T, = {5 +1,...,n} throughout this paper. As can be seen from Figure 2.1, the
big picture is as follows. We first construct initial estimators of 5* on Z() and Z®
through penalized ordinary least squares, denoted as /3 (ZM) and B (Z®@). Then, we
do the penalized residual regression on Z(® using residuals by B from B (Z™M), and
on ZW using residuals by § from $(Z®). The resulting estimators of v* are denoted
as 4(ZW — Z@) and 4(Z2?® — ZW), respectively. The final estimator of v*, 42", is
simply the average of these two.

Next, we explain in detail the steps (O, R) in Figure 2.1.
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[ 20—y | (22 =10ax)0n
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‘ Z,: Penalized residual
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N 7
N ,
N ’
N ,
N
N
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pave _ 120 —-20)+9z®—-20)
= 2

Figure 2.1. Cross-fitted penalized residual regression
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Penalized OLS (O) in Figure 2.1

We take penalized OLS on Z() as an example (i.e. O;) and illustrate how we get the
initial estimator 5(Z(1). 3(Z®) is computed through exactly the same procedure on
a different dataset (with different tuning parameters), as indicated from Figure 2.1.
We use folded-concave penalty instead of lasso penalty for estimating 5* in penalized
OLS, because the latter induces some unnecessary bias which is propagated into

penalized residual regression. We use

2 p
I >omilsh (233)
with py(+) being a folded concave penalty and A > 0 being the tuning parameter.
Following Fan et al. (2014b), we use the local linear approximation (LLA) algorithm
(Zou and Li, 2008) for solving ((2.3.3)). We adopt zero vector as the initial value for
the LLA algorithm. /3 (Z™M)) is defined as the solution that the LLA algorithm gives
after convergence. Similarly, we can define 3(Z®) and let the corresponding tuning

parameters be \.

Penalized residual regression (R) in Figure 2.1

We take the penalized residual regression on Z? as an example (i.e. Ry) and explain
how we get 4(ZW) — Z®)). The procedure of getting 4(Z? — ZW) is similar. Let
2 = log |y — xTB(ZM)|. From the heuristics that we have provided, we consider

minimizing

% > (&~ x77)” + > oa () (2.3.4)

=241 =1
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over 7 € RP. Here, )\ is some tuning parameter that could differ from the previous
ones. Again, we adopt LLA algorithm for solving ((2.3.4)), and we use zero vector as
the initial value for the LLA algorithm. The 4(Z(1) — Z?)) is defined as the solution
we get after the LLA algorithm converges. Similarly, we can define 4(Z®? — Z(1)
and let \; be the corresponding tuning parameters. The final estimator of ~*, as

ve  H(ZM72@)45(2@) 5 z0))
- 2

can be seen from figure Figure 2.1, is A4* . The non-zero

elements of 42V form the estimated subset of variables that impact the scale function.

2.4 Theory

In this section we provide the theoretical justifications for the estimators.

We make the following assumption for the distribution of ¢;’s:

(Ag) €1,...,€, are i.i.d. sub-Gaussian(o) random variables with some fixed positive
constant o, i.e. Ele] = 0 and E[exp (t¢;)] < exp (0%t?/2). Also, E[log|e|] = 0.
Moreover, the distribution of ¢; has a density f on R with respect to Lebesgue
measure which satisfies |f(x) — f(y)| < Lz — y|,Vz,y € R, for some constant

L > 0. Consequently, we have Cj = sup,cp f(z) < o0.

Remark 3 The assumption of sub-Gaussian random variable is common in the lit-
erature on high dimensional statistics. The condition E[log |¢;|] = 0 has been justified
in Remark 1. The assumption of error having Lipschitz continuous density is satisfied

by most continuous probability distributions. O

For any index set A C {1,...,p}, let Sy == {u € R? : ||upcll,, < 3||ually # 0}.
Let y(l) = (yh s 7y%)T7 y(2) = (y%-l-l? st 7yn)T7 X(l) = (Xh s JX%)Ta and X(2) -
(Xz41,..-,%,)". Recall Ay = {j:8; # 0} Ay ={j: 7] # 0}, s1 = [Ay] and
sy = |Ag], and let s = max(sy, s2). We impose the following assumptions C;, C; or

C,, and C3 on the design matrix:
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(C1) There exist M € (0,00) such that |z;;]* < M,V1 < i <n,1 <j <p And
0 < ¥ < Q) < oo such that ¥ < i < Q,Vi.

) [XMu2 [X®u2 ) IIX(DUII2
Cs) Kk = min 2 2 ¢ (0,00), and k' = min
( 2) ucSy, %HUH?Q %Huulgz ( ) )7 u€eS,, %Hu\\gz
[X@ul|? . . IIXullg . [ Xul|?
2 € (0,00). These imply min ——z2 > K, min 2 > !
Slullz, (0,00) by u€Sa; nulZ, u€Say wlulz, =
. X ulf? [X@ 2
/ ._ L9 L9
(C2) p=miNues,, T, T Tule N Tun Ty Tale € (0500); and
. [XMu2 X2
/. Lo Lo
‘= min € (0, 00).
P UESAy Tupy fle, Mulloe " Eluny lle; ullos ( ’ )
[ XullZ, ||XU||4 ,

These imply that minyes, nflu

T T R T TR > and mln
il ule = P UESL, nlug,

lleg llulloe =

Y= )\mm(n/QXXB XAl) A )\mln( Xgl) XEM)) S (O, OO), and also
o= )\min(%/Qngg X&)) A )\mm(n/zXQ)TXg) € (0,00). These imply that
/\m1n< XX1 XA1> 2 2 and Amin(ﬁ AQXAQ) Z QOI-

Condition (C;) keeps the magnitude of design and the variances from blowing up.
Condition (Cz) and (C}) are known as the restricted eigenvalue condition (RE) and
the generalized invertability factor (GIF) condition respectively, which are commonly
used in the literature to study the estimation accuracy of the Lasso and Dantzig
estimators in high dimensional setting. We refer to Bickel et al. (2009), Meier et al.
(2009), Ye and Zhang (2010), Huang and Zhang (2012) and Negahban et al. (2012)
for discussions on these conditions and other relevant conditions. Condition (Cs) is
used to rule out the case where the important covariates with indices in set A;(or Ay)
are linearly dependent.
Let ap = min{1, as} where as is the constant associated with the folded-concave
penalty function. For SCAD or MCP, ay = 1 and hence ag = 1. Let AM = {i:
AZW = Z@), £0,i=1,...,ptand A® = {i : 5(Z@ — ZW); £0,i =1,...,p} be
the support sets of 4(Z1) — Z®) and 4(Z® — ZzM). And let A = {i : 32 £ 0,i =
1,...,p} be the support of our final estimator. The following theorem demonstrates

the oracle properties of the estimators.



2.4. THEORY 19

Theorem 1 Consider the SCAD or MCP as the penalty function. Let assumptions
(Ap), (Cq), (Cq) or (C)) and (Cj3) hold. Assume that agk > 331% and agk’ > 332% hold
under (C,), or agp > 3 and agp’ > 3 hold under (C))). Choose the tuning parameters
so that |8} [lmin > (a 4+ 1)(AV A) and 17k, llmin > (@ +1)(A1 V A1). Then we have

(i) A® = A, holds true with probability at least 1 — £(\, A;), where

na? ainz?
T V4 9(p— S b
teazore) TP T s e (Cynegy)
(|| B3, llmin — a$)2)
402€)?
+ 2pexp (—din) + 2( — S9) exp (—dan) + 2s5 exp (—dsn)

(K A

§(w,y) = 2pexp (—

+ 2sy exp (—

[ 2
(4L+2)G A (4L+22)G2 A (4L+2) )?W SOn)

40’29281M

+ nexp (—

where di = di(y) = gt A 1l b = da(y) = ﬁ A SS dy = dsly) =
gy L) o ) = 4 fa = faly) = s o= fily) =
17k, llmin — ay, G1 = VM, Gy = \/M(%;’%M +1), Gz = ‘/f;j, and 79, K are some
fixed positive constants whose definitions can be found in Lemma 3.

(i) A® = A, holds true with probability at least 1 — &(X, Ay).

(iii): Assume 511% — 0. Suppose we suitably choose A\ < \ =< \/@ and

)\1 - 5\1 = (Sg log(p—s2) vV 82 logglpfsz) V 89 /511%)' Then we have

n

192" = Z®) =7 |ley = Op(V/5/n),
19(Z® = ZD) =5l = Op(V/5/n),

and therefore ||9*¢ — v*||s, = Op(y/s/n). Moreover, P(A # Ay) — 0. U
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2.5 Consistency of BIC tuning

Theorem 1 shows that the proposed estimator is good in principle. In practice, we
also need to specify the tuning parameters used in the procedure. For homoscedastic
regression models, the commonly used tuning methods include cross-validation and
information criteria. However, the theory for CV or information criteria is not well
understood under heteroscedastic regression models. In this section, we propose a
new BIC for selecting the tuning parameters in our estimator and prove its selection
consistency. Note that the study on high dimensional BIC has been reported in several
papers such as Wang et al. (2013) and Fan and Tang (2013) where the underlying
model is the standard homoscedastic regression model. To the best of our knowledge,
our theory of BIC for heteroscedastic regression is the first in the literature.

To highlight the importance of tuning parameters, we use notation 3*(Z®) and
AM(ZM) — Z2)) to denote the estimator of * and * in O; and R, that correspond
to the tuning parameter A and A;. Similarly, we define f*(Z®) and 3% (Z® — zM)
in Oy and R;. The high dimensional Bayesian information criteria in O, and O, are
defined as

2 A 2 (1) 07(11) log p
HBIC™M () = log (— (i — %8N 2M)) ) + M| ———,
n n

i=1
2 — A 2 C’(Z)logp

HBIC@(\) = log [ 2 . — XN 2@ Y S e =2
0 =tox (2 32 (=P ) ¢ 7 L

where M)(\l) ={j: /3’;‘(2(1)) # 0} and M>(\2) ={j: B;‘(Z@)) # 0}, and the choice of
07(3;,2‘ = 1,2 is discussed in Proposition 1. The corresponding tuning parameters for

O, and O, are chosen by minimizing the proposed HBICY) and HBIC®, respectively.

~

Proposition 1 Let A = argmin,_, HBIC()\) and X = arg min, .3 HBIC®()),
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where A = {X : [M"] < K®} and A = {) : [MP| < KV}, and K > s is
allowed to diverge to infinity.

Under the conditions of Theorem 1, assume that there exists a positive constant
¢o such that for i = 1,2,

1 , ,
liminf  min — H (In — P(Z)> X(Z)ﬁ*
=00 4ar |Al<KO) {n /2 A AP A,

2} > co, (2.5.1)

where PX) = XX)(XX)TXX))”XX)T is the projection matrix onto the column space
i) . 7 0 s1 lo . (0)

of XX), i=1,2. If Cf&; — 00, W =0(1),i=1,2, and @ = 0(1), then we

have

P(Mj(\l) = Al) — 1, and P(Mj(\z) = A1) — 17

as n,p — o0. [l

Remark 4 The conditions ((2.5.1)) is the asymptotic model identifiability condition
used in Wang et al. (2013). Proposition 1 is for the selection consistency of BIC for
mean regression under heteroscedasticity. As expected, it is similar to the previous
results on BIC for mean regression under homoscedasticity. We only need to bound
the influences due to heteroscedasticity, and the rest proof of Proposition 1 are similar

to Wang et al. (2013). Thus, we omit its proof for the sake of space. O

Proposition 1 is an intermediate step in our BIC theory because our goal is to
develop BIC for model selection with regard to the heteroscedasticity pursuit problem.
We need to first construct a BIC for our estimator of v* and then prove its selection
consistency. To gain some intuition, suppose the true g* is known, then recall we have
log |y; — %7 B*| = x7v* + log |€;|, which can be treated as a homoscedastic regression.

The BIC for the homoscedastic case can be applied. However, £* is unknown, so we
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can use its estimators to replace it. Following our cross-fitted procedure in Figure 2.1,

we define the HBIC in R, and R, as

HBIC®())
2 & T Al (2) TAN( (2) (1)1 2 @), C\ylogp
= log ﬁZ(lngz‘—Xiﬁ(Z )| = x4 (2% — ZW))" ) + M) |T’
=1
HBICW())

R . ) 2 Ciiplogp
= log (5 D7 (loglys —x/A(ZD)| = x4 2 — 2)) ) LU

=241

where MY = {j : ANZ® — ZW) # 0} and MY = (- ANZW — Z2@) £
0}. Note that 3(Z®) in HBIC® is the HBIC® tuned estimator from step O, in
Figure 2.1. Likewise, B(Z(l)) in HBIC® is the HBIC™Y) tuned estimator from step O;
in Figure 2.1. The tuning parameters in R and R, are then chosen by minimizing
HBIC® and HBIC™, respectively. The choice of C’,(Z%), 1 = 3,4 is discussed in Theorem

2 in order to achieve model selection consistency.

Theorem 2 Let \; = argminy g, HBIC®W(\) and j\l = argmin, g, HBIC®)()),
where Ay = {\ : \M | < K,} and Ay = {) : \M | < K,}, and K, > s =
max(si, s2) is allowed to diverge to infinity. Under the conditions of Proposition 1,
assume there exists a positive constant ¢, such that

1 . .
limn inf . 1 H(I” _P(1)> X () ~
P A;éAI;}gﬂgKn {n /2 A A2V

2
}>%, (2.5.2)

where PX) = XX)(XX)TXX))”XX)T is the projection matrix onto the column space
2XX)TX§§))

n

of XX), i = 1,2. Also assume that ¢ = min;c(; oy minjs <, Amin > 0.

(%) silogn Cysalogp C_ Kalogp _
If Cmp — 0Q, m = 0(1), pT = O(l),l = 3,4, and — 0 = 0(1), then
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we have

P(Mi(i’) =A,) > 1, and P(M§‘f> = Ay) > 1,

as n,p — o0. 0

Remark 5 Similar to ((2.5.1)), ((2.5.2)) is the asymptotic model identifiability con-

dition for the scale effects. O

2.6 Numeric Results

We demonstrate the sparsity recovery and estimation accuracy of our procedure
through several simulation examples and a real data example. For the nonconvex

penalty function, we use the SCAD penalty.

2.6.1 Simulation

In all simulations, we generated data (n = 700 and p = 5000) from the following
heteroscedastic regression model y = x"g* + e*' "¢, where in the fifth and tenth
examples € follows mixture of normal distributions, and in the other examples € follows
the standard normal distribution. In example 1-5, §* is less sparse compared to ~*,
and in example 6-10, v* is less sparse compared to *. We let (zq,...,2,) ~ N(0,X)
with ¥;; = pli=il 1 <i,5 <p.

e Example 1.
— p=0.5; y = 6(x + 712 + T15 + To0) + %91, where € ~ N(0,1).

e Example 2.
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— p=0.85;y = 6(w + 712 + T15 + T90) + %91, where € ~ N(0,1).
Example 3.

— p=0.5; y = 6(x + 12 + T15 + Tog) + %971 T0I12¢ where € ~ N (0, 1).
Example 4.

— p=0.85; y = 6(x6 + 12 + T15 + Too) + 29109126 where € ~ N (0, 1).

Example 5.
— p=0.5; y = 6(x6+ 212+ T15+ o) + 0971 T09712¢ where € ~ #EN(ES, 1)+
1
s N(=3,1).
Example 6.

— = 0.5; y = Bg + 05T H05T2H0525 405515 where ¢ ~ N(0, 1),
Example 7.

— p = 0.85; y = 6wy + €0-5%1 105212405225 40 5246 ¢ wwhere € ~ N (0, 1).
Example 8.

— p=0.5; y = 6x95 + 659 + e027110-521270522540.5246 ¢ \where € ~ N(0, 1).
Example 9.

— p = 0.85; y = 6x95 + 659 + 0271 T05712405225405%46¢ - where € ~ N (0, 1).
Example 10.

— p=05; y = 695 + e0-501+0.52121+0.5225 +0.5246 ¢ where € ~ LN(—ZL, 1) +

2v/19
N(2,3)+ —==N(6,3).

1
4v19 2 4v/19 2
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We used the first § rows of the data in O; and R, steps in Figure 2.1 and the
remaining 7 rows of the data in O, and R steps in Figure 2.1. We used 0 as the initial
values for all the LLA algorithms involved in our procedure. The tuning parameters
were selected by using the high dimensional BIC method as shown in 7. We let
C’,(f;) = loglogn,i = 1,2,3,4. Let Bave be the average of two estimators of g* from
O, and O,. Let Ay = {j : Bj‘-“e 40}, Ay = {5 : 43¢ # 0} be our selected submodel.
After model selection, we refit v* by the same cross-fitted residual regression on the
selected submodel without using any penalty. This extra step does not change model
selection results but may further reduce estimation bias due to penalization, which is
related to the relaxed lasso (Meinshausen, 2007; Hastie et al., 2017).

We evaluated the performance of our final estimator 4 based on 400 replications.

We evaluated the performance by the following quantities:

e /y: the average ¢ risk || — "¢, -

(5: the average (5 risk ||[5 — 7" |4,

e CP: coverage probability, which is the proportion of replicates where Ay C AQ,
Ag = {j : 4; # 0} is the active set of v*, and Ay =1{j: 4; # 0} is the active set

of 4.
e TP: true positives, which is the average size of the set Ay N A,.

FP: false positives, which is the average size of the set A§ N A,.

In general, estimating the scale function is different from estimating the mean
function. In our model, the error in estimating 5* can be transferred into the esti-
mation of v*. To highlight the impact of estimating £* in the estimation of v*, we
consider an idealized estimators of v*, denoted by 4°% by assuming the true sup-

port set of §* is known in our estimation procedure. In other words, we replace the

estimators of $* in our original procedure by their corresponding oracle estimators
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of B*. This estimator, 4°'2°'* utilizes the information of the support set of 3*, which
is not available in practice. Its performance provides a benchmark for comparing an
actual estimator. Note that this estimator avoids high-dimensionality in estimating
g

The results for the idealized estimator (4°'2°'°) and our actual estimator (¥) are
summarized in 1 and Table 2.2. We first discuss the selection results. We can see that
4 can cover the true support set A, with high probability in all examples. Moreover,
the average false positives for 4 are very small in all examples, suggesting that our
proposed method selects very few redundant variables. We can see that even under
highly correlated design matrix (p = 0.85), the selection performance of our method
is only slightly affected. Thus, in terms of variable selection, our proposed method
is almost perfect. This confirms our theoretical results for the selection consistency
of the proposed method. As for estimation accuracy, 1 and Table 2.2 show that the
estimation error of 4 is very close to the error of 4% in all examples. This com-
parison demonstrates that our actual estimator 4 is almost the same as the idealized
estimator 4°'®' which also confirms our theory. Moreover, it suggests that there is
little room for improvement for the estimation performance of our estimator. Finally,
we can see that our method works very well in the cases where the error does not

follow normal distribution. This is consistent with the fact that our theory does not

require the error distribution to be normal.

Remark 6 The implemented HHR algorithm in Daye, Chen and Li (2012) was ini-
tially considered as a competing method of estimating v*. However, their algorithm

costs over 9 hours for one replication. So we did not present their results here. U
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Table 2.1. Simulation results for example 1-5. The estimation accuracy is measured by
£y and lo. The sparsity recovery performance is measured by the last three columns. The
ideal selection result would be CP =1, TP =1, FP = 0 for example 1-2, and CP = 1,
TP =2, FP =0 for example 3-5 (shown in “Truth” rows). The standard errors listed in
the parentheses are based on 400 replications.

Example Estimator /¢ lo CP TP FP

4oracle 0.113 (0.003) 0.112 (0.003) 100% 1.000 (0.000) 0.018 (0.007)
1 0 0.111 (0.003) 0.109 (0.003) 100% 1.000 (0.000) 0.025 (0.008)

Truth 1 0

4oracle 0.125 (0.003) 0.123 (0.003) 100% 1.000 (0.000) 0.020 (0.008)
2 o 0.124 (0.003) 0.123 (0.003) 100% 1.000 (0.000) 0.013 (0.006)

Truth 1 0

4oracle 0.705 (0.009) 0.488 (0.006) 99.25% 1.993 (0.004) 0.258 (0.027)
3 0 0.711 (0.010)  0.493 (0.007) 99.5% 1.995 (0.004) 0.245 (0.026)

Truth 2 0

4oracle 0.953 (0.012) 0.641 (0.008) 96.25% 1.963 (0.010) 0.668 (0.046)
4 o 0.940 (0.014) 0.635 (0.009) 94.25% 1.935 (0.014) 0.665 (0.045)

Truth 2 0

4oracle 0.468 (0.010) 0.335 (0.007) 99.75% 1.998 (0.003) 0.113 (0.018)
5 o 0.482 (0.010) 0.344 (0.007) 100% 2.000 (0.000) 0.115 (0.017)

Truth 2 0

2.6.2 A Real Data Example

In this section, we apply our procedure to a microarray data set used in Scheetz et al.
(2006). The data set consists of summary gene expression values of 18986 probe sets
on 120 twelve-week-old male offspring rats, which were analyzed on a logarithmic
scale. The goal is to find the genes whose expression share strong association with
the expression of gene TRIM32 (corresponding to probe 1389163 at). This gene is
found to cause Bardet-Biedl syndrome (Chiang et al., 2006), which is a human genetic
disorder that affects many body systems including the retina. We apply the fused
Kolmogorov filter (Mai and Zou, 2015) to obtain a reduced set of 300 probes. The
300 probes are standardized so that they have mean zero and standard deviation

one. The key motivation for using variable screening is to remove noise variables and
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Table 2.2. Simulation results for example 6-10. The estimation accuracy is measured by {1
and lo. The sparsity recovery performance is measured by the last three columns. The ideal
selection result would be CP =1, TP =4, FP =0 (shown in “Truth” rows). The standard
errors listed in the parentheses are based on 400 replications.

Example Estimator /; 2 CP TP FP

4oracle 0.379 (0.009) 0.192 (0.004) 98.5% 3.983 (0.007) 1.053 (0.055)
6 o 0.405 (0.011) 0.208 (0.006) 96.25%  3.938 (0.018) 0.963 (0.049)

Truth 4 0

4oracle 0.704 (0.016) 0.321 (0.007) 91.25% 3.888 (0.021) 2.565 (0.086)
7 0 0.737 (0.017)  0.326 (0.007) 90% 3.900 (0.015) 2.100 (0.057)

Truth 4 0

4oracle 0.418 (0.010) 0.211 (0.005) 98.75% 3.970 (0.015) 0.813 (0.050)
8 o 0.438 (0.010) 0.221 (0.005) 96.25% 3.950 (0.013) 0.863 (0.044)

Truth 4 0

4oracle 0.773 (0.017) 0.346 (0.007) 90% 3.880 (0.020) 2.658 (0.094)
9 o 0.802 (0.016) 0.359 (0.008) 90% 3.813 (0.033) 2.663 (0.089)

Truth 4 0

4oracle 0.169 (0.006) 0.094 (0.003) 100% 4.000 (0.000) 0.410 (0.034)
10 0 0.138 (0.005) 0.078 (0.002) 100% 4.000 (0.000) 0.313 (0.035)

Truth 4 0

boost the signal to noise ratio in data, which in practice can benefit the performance of
statistical methods in further analysis. Many methods for variable screening has been
proposed in the literature. The reader is referred to chapter 8 of Fan et al. (2020) for
a comprehensive review of this topic. Here we choose the fused Kolmogorov filter as a
part of our procedure because it is a nonparametric model-free method and its strong
theoretical guarantee and excellent empirical performance (Mai and Zou, 2015).

We first compare our method with the standard penalized least square developed
for homoscedastic regression. We randomly split the data to generate a training set
with 100 samples, and the rest were treated as testing data on which we can compute
the prediction error. The whole process was repeated 100 times. 6 summarizes the
prediction errors as well as variable selection outcomes with the standard errors listed

in the parentheses. For our method, we can list the number of variables selected for
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the mean (| A;|) and the scale (|As|), as well as the number of variables that affect both
mean and scale (|A; N Ay|). For SCAD penalized least square |A,| is non-applicable.
The values along with their standard errors are reported in the last three columns
of 6. We see that our method provides more accurate prediction, implying that the
loss of prediction power of SCAD penalized least squares comes from the ignorance

of possible heteroscedasticity of the data.

Table 2.3. Results based on 100 replicates. The average prediction error under squared
error loss is given in column 2. The average number of variables selected for the mean and
scale (only for our method) are given in columns 3 to 5. Standard errors are given in the
parentheses.

Method Prediction error | Ay |As]  |A1 N A
SCAD-LS 0.017 (0.002)  5.13 (0.44) N/A N/A
Our method  0.013 (0.001) 12.34 (1.09) 4.67 (1.14) 0.17 (0.06)

We further examine the fitted model by our method. We fit our method on the
whole dataset. In Table 2.4, we report the probes selected and their corresponding
estimated coefficients, respectively. It is worth noting that probe X1396130 at is

found to be related to both the mean and the scale.
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Table 2.4. FEstimated mean and heteroscedasticity effect using the whole data set.

Mean effect Heteroscedasticity effect
Probe Estimated value Probe Estimated value

X1380486 at 0.017 X1372930 at 0.108
X1389183 at 0.021 X1396310 _at 0.155
X1378901 at -0.016 X1381083 at 0.269
X1373709 at 0.027 X1382278 at -0.082
X1378758 at 0.021
X1369143 at 0.008
X1379614 at 0.018
X1391529 at -0.045
X1390539 at 0.028
X1396310_at -0.011
X1369326 at 0.014

X1369756 a_at 0.011
X1395404 at 0.011
X1380123 at -0.018
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2.7 Discussion

In this paper we have proposed a log-linear model for modeling the heteroscedasticity
in a high-dimensional regression model and have developed a cross-fitted penalized
residual regression for estimating the heteroscedasticity effects with strong theoreti-
cal guarantee and excellent empirical performance. There are other ways to model
heteroscedasticity. For example, it is known that the mixed-effect models can also be
used to model heteroscedasticity. A high dimensional linear mixed effects model can

be written as follows
yi=x; 04z vi+e, i=1...,n,

where x;,5 € RP, z;,v; € R? {¢}", are i.i.d. random errors with mean zero and
variance o2, /3 is the unknown fixed effects, {7;}", are i.i.d. unknown random effects
with mean zero and covariance matrix G, and {7;}?_, are independent from {¢;}? ;.
G is a ¢ X g covariance matrix, which is typically unknown. In high dimensions, p
and ¢ are allowed to grow exponentially with n, and sparsity in both fixed effects
and random effects is typically assumed. Under these settings, the conditional mean
and variance of response given covariates are E[y;|x;,z;] = x]* and var(y;|x;,z;) =
z]Gz; + o*. Therefore, the high dimensional linear mixed effects model also allows
for high dimensional heteroscedasticity. The scale function is \/W or the
log-scale function is (2] Gz; +0¢?). In our model the log-scale function is modeled as
x;v*. As mentioned before, it is natural to consider a linear model for the log-scale
function, which has been considered in the literature (Feigl and Zelen, 1965; Cox and
Snell, 1968; Cook and Weisberg, 1983; Carroll and Ruppert, 1988; Daye, Chen and
Li, 2012). For a positive univariate quantity, it is often more natural to consider
its multiplicative effects, which can be well handled by logarithm transformation

(Cleveland, 1993).
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Mathematically, it is hard to tell which model for the log-scale function is the
best. We notice that existing popular works on high-dimensional mixed-effects model
all focused on the mean function part and variable selection in mixed effects. It is
shown that without knowing the true G matrix, such goals can be achieved (Fan
and Li, 2012). On the other hand, the estimation of heteroscedasticity in the linear
mixed-effects model requires the estimation of the true G matrix, which seems to be
very much understudied in the high-dimensional literature. It would be an important

topic for future study if one uses the linear mixed-effects model for heteroscedasticity.



Chapter 3

Sparse Convoluted Rank Regression
in High Dimensions

Wang et al. (2020, JASA) studied the high-dimensional sparse penalized rank regres-
sion and established its nice theoretical properties. Compared with the least squares,
rank regression can have a substantial gain in estimation efficiency while maintain-
ing a minimal relative efficiency of 86.4%. However, the computation of penalized
rank regression can be very challenging for high-dimensional data, due to the highly
nonsmooth rank regression loss. In this work we view the rank regression loss as
a non-smooth empirical counterpart of a population level quantity, and a smooth
empirical counterpart is derived by substituting a kernel density estimator for the
true distribution in the expectation calculation. This view leads to the convoluted
rank regression loss and consequently the sparse penalized convoluted rank regression
(CRR) for high-dimensional data. Under the same key assumptions for sparse rank
regression, we establish the rate of convergence of the ¢;-penalized CRR for a tuning
free penalization parameter and prove the strong oracle property of the folded con-
cave penalized CRR. We further propose a high-dimensional Bayesian information
criterion for selecting the penalization parameter in folded concave penalized CRR
and prove its selection consistency. We derive an efficient algorithm for solving sparse

convoluted rank regression that scales well with high dimensions. Numerical examples

33
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demonstrate the promising performance of the sparse convoluted rank regression over
the sparse rank regression. Our theoretical and numerical results suggest that sparse
convoluted rank regression enjoys the best of both sparse least squares regression and

sparse rank regression.

3.1 Introduction

Over the past two decades, there has been a surge of literature on high dimensional
statistics. We refer to Bithlmann and Van De Geer (2011) and Fan et al. (2020)
for a comprehensive review of the existing work on this topic. In particular, many
penalization methods have been proposed for high-dimensional regression, including
(1-penalized regression (Tibshirani, 1996), the Dantzig selector (Candes and Tao,
2007), concave-penalized regression (Fan and Li, 2001), among others. These tech-
niques are also applicable in other statistical models. The penalized least squares
method is at the center of the stage in terms of theoretical and computational de-
velopments in high-dimensional regression. The theoretical setup typically assumes
that the true model is a linear regression model with homoscedastic variance. As
long as the error is sub-Gaussian, the penalized least squares estimator enjoys nice
theoretical guarantees even if the number of covariates grows at a nearly exponential
rate with sample size.

An approach for achieving a higher efficiency is the penalized Wilcoxon rank
regression (or rank regression for short). Wilcoxon rank regression is well studied
in the classical robust nonparametric statistics (Hettmansperger and McKean, 2010).
The penalized rank regression was studied by several authors (Wang and Li, 2009) for
the low dimension setting. Recently, penalized rank regression in high dimensional

setting was fully investigated in Wang et al. (2020). The penalized rank regression
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solves the estimator of regression coefficient through minimizing

T 0 Sl =) — (1= 3 )| + pa( 1) (1)
7]

over § € RP, where p,(-) is some penalty function. The penalized rank regression
has several advantages compared with the penalized least squares regression. First,
penalized rank regression is shown to possess better efficiency than the least squares
approach when error has a heavy-tailed distribution, while maintaining a good relative
efficiency when error is normally distributed. Second, penalized rank regression enjoys
tuning free property, which means the theoretical correct tuning parameter can be
easily estimated from the dataset without any cross validation. Although tuning free
property can be also obtained through other methodologies such as the square-root
Lasso (Belloni, Chernozhukov and Li, 2012) and penalized quantile regression (Wang,
Wu and Li, 2012), these methods do not necessarily have the first aforementioned
efficiency property.

Although penalized rank regression has the aforementioned nice theoretical advan-
tages, it can be difficult to use in practice due to computational challenges, especially
when the number of covariates in the dataset is very large. It is known that high
dimensional penalized regression with a smooth loss function can be efficiently com-
puted by cyclical coordinate descent algorithm (Friedman, Hastie and Tibshirani,
2010). However, the loss function in penalized rank regression is highly non-smooth.
In principle, coordinate descent may fail to deliver the right solution due to the non-
smoothness of the objective function. A similar problem is quantile regression in
which the check loss is nonsmooth. The computation of quantile regression is done
by using interior point algorithms. One way of computing the penalized rank re-
gression is to transform it into linear programming and then apply the interior point

algorithm. However, the interior point algorithm does not scale well with high di-
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mensions. Gu et al. (2018) developed an alternating directional method of multipliers
for computing the high-dimensional quantile regression. Computationally speaking,
sparse penalized rank regression is more challenging than penalized quantile regres-
sion. The interior point algorithm is not a suitable choice for solving high-dimensional
sparse rank regression.

It is natural to ask whether the aforementioned good theoretical properties pos-
sessed by rank regression can be shared with good computational efficiency for prac-
tical applications. If one focuses on ((3.1.1)), then the only solution is to develop an
efficient algorithm for solving ((3.1.1)) exactly for large p problems. Recently, Fer-
nandes et al. (2021) proposed an interesting smoothing technique for solving quantile
regression with statistical guarantees. They showed that the smoothing quantile re-
gression can even have a smaller mean squared error than the exact quantile regression
for estimating the same conditional quantile function. Their work is more interesting
from a statistical perspective, because fast computation for the quantile regression
has already been solved in Gu et al. (2018). Their work motivated us to develop a
smooth version of sparse rank regression from the statistical perspective, as opposed
to trying to solve it exactly. For easy discussion, we call the first term in ((3.1.1)) the
rank regression loss, although it is not like the empirical average of a loss function in
empirical risk minimization. If we could replace the rank regression loss in ((3.1.1))
with a smooth loss such that the resulting estimator still has the nice theoretical
properties of sparse rank regression, then we should focus on solving the smooth
problem instead of ((3.1.1)). This is what Fernandes et al. (2021) did for quantile
regression. To this end, we consider the expectation of the rank regression loss with
respect to the true distribution. The rank regression loss is viewed as the expectation
of a random variable with respect to some empirical distribution assigning uniform
discrete probability to each observed realization. If we estimate the true distribution

by using a smoothed kernel density estimator, then we can take the expectation of
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the same random variable with respect to the smoothed kernel density estimator.
The resulting quantity is shown to be smooth, convex and has a Lipschitz continuous
derivative. We name it convoluted rank loss because the kernel density estimator has a
convolution interpretation. We then replace the rank regression loss in ((3.1.1)) with
the convoluted rank loss and the resulting estimator is called sparse convoluted rank
regression. By its convexity and smoothness, the sparse convoluted rank regression
can be efficiently solved by using the generalized coordinate descent algorithm (Yang
and Zou, 2013).

We systematically study the theoretical properties of the sparse convoluted rank
regression. The goal is to show that it maintains all the essential theoretical proper-
ties of rank regression. Specifically, we first establish the rate of convergence of the
{1-penalized convoluted rank regression in ultra-high dimensions without assuming
a strong moment condition on the error and the ¢;-penalized convoluted regression
is also shown to enjoy the asymptotic tuning free property. Second, we analyze the
folded concave penalized convoluted rank regression and establish its strong oracle
property without imposing strong moment conditions on the error. The folded con-
cave penalized regression involves a tuning parameter. We thus further propose a
high dimensional Bayesian information criterion (HBIC) and establish its consistency
for the selection of the theoretically optimal tuning parameter.

The rest of this paper is organized as follows. In Section 3.2, we introduce con-
voluted rank regression loss and the sparse convoluted rank regression estimator. In
Section 3.3, we present the theoretical justifications for the proposed estimators. We
also present the HBIC criterion and its theoretical results. In Section 3.4, we derive an
efficient algorithm for solving sparse convoluted rank regression for high-dimensional
data. In Section 3.5, we use simulations and a real data example to compare sparse
convoluted rank regression and sparse rank regression. The technical proofs are given

in the supplement file.
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3.2 Convoluted Rank Regression

In this section we present the main idea that leads to the convoluted rank regression

loss and the sparse convoluted rank regression.

3.2.1 Notation and definitions

We begin with some necessary definitions. For an arbitrary index set A C {1,...,p},
any vector ¢ = (cq,...,¢,) and any n x p matrix U, let co = (¢;,7 € A), and let
U be the submatrix with columns of U whose indices are in A. The complement

of an index set A is denoted as A° = {1,...,p} \ A. For any finite set B, let |B|

be the number of elements in B. For a vector ¢ = (cq,...,¢,)" and ¢ € [1,00),
let ||c|l, = ( §:1|cj|q)% be its ¢, norm, let ||c|le (oI ||C|lmax) = max; |c;| be its
(s norm, let |lcllo = |{j : ¢; # 0} be its ¢y norm, and let ||c||min = min,|c]

be its minimum absolute value. For a matrix M, let Apin(M) and Ay (M) be its
eigenvalue with smallest absolute value and largest absolute value, respectively. This
is the common notation for eigenvalues of a matrix, and Ay, Amax should not be
confused with the penalization parameter used in a penalty function. For any matrix
G, let |G| = v/ Amax(GTG) be its spectral norm. In particular, for a vector c,
lcll = |lc|ls. For a,b € R, let a A b = min{a,b} and a V b = max{a,b}. For a
sequence {a,} and another nonnegative sequence {b,}, we write a,, = O(b,) if there
exists a constant ¢ > 0 such that |a,| < ¢b, for all n > 1. And we write a,, < b,
if a, = O(b,) and b, = O(a,). Also, we use a, = o(b,), or a, < b,, to represent
lim,, o0 3 = 0. We write b, > a, if a, < b,. Let (Q,G,P) be a probability space
on which all the random variables that appear in this paper are defined. Let E[-] be
the expectation with respect to the probability measure P. For a sequence of random
variables {Z,, },,>1, we write Z,, = O,(1) if limy;_,c limsup,,_,. P(|Z,| > M) =0, and

we write Z,, = o0,(1) if lim,, 0o P(|Z,| > €) = 0,Ve > 0. For two sequences of random
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variables Z, and Z,, we write Z, = O,(Z},) if 2+ = O,(1), and we write Z,, = 0,(Z),)
ﬁ%:qﬂ)

3.2.2 Canonical Convoluted Rank Regression

Suppose we have the observed data {(y;,x;)}", where y; € R is the response value
and x; € RP is the p-dimensional covariate vector for the ith subject. Let X =
(Xy,...,X,) € R be the design matrix, with X; = (z;,...,2,;)" containing ob-
servations for the jth variable, j = 1,...,p. The ¢th row of X can be written as x;,
where x; = (z1,...,2;)". Let y = (y1,...,yn)" be the n-dimensional response vec-
tor. For the sake of brevity, we adopt the fixed design setting in the sequel, although
our methodology can also be justified under the random design setting. Assume that

the data are generated from the following linear regression model {(y;,x;)}" 4,
yi =x; 0" + €, (3.2.1)

where {¢;} ; are i.i.d. random errors, 5* € R? is the unknown vector to be estimated.
Note that we do not assume the errors in ((3.2.1)) have mean zero. Consequently,
the intercept can be absorbed into the error term.

The canonical rank regression (Jaeckel, 1972; Hettmansperger and McKean, 2010)

in the fixed dimension setting proposes to estimate * through
— X —x:B)]. 3.2.2
B sy 202 X0~ (=39 422
i#j
Compared with the standard least squares method, the rank regression estimator of
[£* can have arbitrarily high relative efficiency when error distribution is heavy-tailed,

while having at least 86.4% asymptotic relative efficiency under arbitrary symmetric

error distribution with finite Fisher information (Hettmansperger and McKean, 2010).
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For each (4,7) pair, define {(;;}iz; with ; = (yi — xi8) — (y; — x; ). For the
discussion in this part, we treat (y;, x;)I, as independent and identically distributed.
Although (;;s are not independent, they still follow an identical distribution. For any
B, let F(t,3) denote its cumulative distribution function. After taking the expecta-
tion of the objective function in ((3.2.2)) with respect to the true distribution of ¢,
the population level objective function is [*_[t|dF (¢, 8). Then, we can view the ob-
jective function in ((3.2.2)) as [ t|dE(t, 8), where F(t, 8) = m >0 iz Licy<n
is the estimated cumulative distribution function for {(;;},z;. Since the estimated
CDF is discontinuous, it causes the objective function in ((3.2.2)) to have the same
degree of smoothness as the absolute value function. This statistical view of the ob-
jective function in rank regression suggests us to use an alternative estimator for the
distribution of ¢;;. If we use a smooth estimator F'(t, 3), then s It|dF(t, 3) can be
the new objective function and become smooth.

Specifically, we consider using the kernel density estimator

F(t,8) —/ T I IETEt

i#]

with some kernel function K : R — [0, 00) satisfying K (—t) = K (¢), [*°_ K(t)dt =1,

and h > 0. Replacing F with F, we obtain a new objective function

| s - - n_lzz/wl 5
————= >3 Lal( = xIB) = (3 — x] B)).
n 1

i#]

||l>

where Ly (u) = [72 |u—v|3 K (¥)dv. It is worth noting that Ly(-) is a smooth convex
function. The function L, satisfies the relation L, = L * K}, where L(u) = |u],

Kp(u) = $ K(%) and “«” stands for convolution.
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Thus, in the fixed dimension setting, we propose the canonical convoluted rank

regression

wmin ﬁ 3 ; Lu(y: —x8) — (y; —x78)). (3.2.3)
It turns out that the rank regression ((3.2.2)) and the convoluted rank regression
((3.2.3)) shares interesting connection in the population sense. In fact, let (y,x) and
(v/,x') be i.i.d. random vectors with continuous distribution in RP™! satisfying y =
x"f*+eand iy = x"B*+¢€, where € is independent from x, and € is independent from
x’. For rank regression, it is well known that the minimizer of the population version
of its loss function, i.e. argming g, E[le — € — (x —x')"(8 — 8%)[], is exactly the same
as 3*, the true regression coefficients. This simple fact justifies that rank regression is
valid in the population sense, which is necessary in order for its sample version to aim
at estimating the true regression coefficients. One may naturally ask if the population
version of ((3.2.3)) also has such property. Let f; = argmingcg, E[Ly(y — ' — (x —
x')"3)]. We have the following theorem, stating that smoothing via convolution does

not incur any bias at all in the population sense.

Theorem 3 For any h > 0 and any kernel K(-) satisfying [*° K(u)du = 1 and
K(u) = K(—u),Yu € R, we have g} = *. d

Remark 7 Note that the smoothing quantile regression (Fernandes et al., 2021) does
not have the good property of zero smoothing bias as shown in Theorem 3. In fact,
the proof of Theorem 3 crucially relies on the fact that the distributions of € — ¢’ and
x — x’ are symmetric about zero, which can only be taken advantage of given the

special form of rank regression. U
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3.2.3 Sparse Convoluted Rank Regression

When p is large, we consider designing the estimator under a sparsity assumption that
B* in the data generating model has many zero components. Let A = {j : 85 # 0} be
the support set of 5, i.e., the set of indices of the important covariates. Let s = |A]|.
Throughout this paper, we allow p = p,, and s = s,, to diverge with n, and we assume
s, > 1 and p,, goes to infinity as n goes to infinity. For convenience, we still use p and
s to represent these quantities since no confusion is caused. In ultra-high dimensions,
the dimension p is allowed to increase exponentially with the sample size n, and we
assume that s is relatively of smaller order compared to n. Otherwise, no consistent
estimator is possible.

To estimate (3*, we propose the sparse Convoluted Rank Regression (CRR) by

solving

N . -
/gfelﬁg) m ZZLh(yz —y; — (% — %) B) + ZPA(WJD
=1 j#i 7=1
Here p,(+) is some sparsity-inducing penalty function with a tuning parameter A > 0,
Lp(u) = [Z_|u—v|3 K(%)dv, where K : R — [0,00) is a kernel function satisfying

72 K(u)du =1 and K(u) = K(—u),Vu, and h > 0 is a constant.

Remark 8 There can be a lot of choices for the kernel function K(-) satisfying the
conditions in our theory presented in section 3. In the numerical studies of this work,
we focus on the Epanechnikov kernel K (u) = 2(1 —u?)I(—1 < u < 1) for illustration
purposes, where [(+) is the indicator function.

Intuitively, ~A should be small such that the sparse convoluted rank regression is
very close to the sparse rank regression. As suggested by the theoretical results in

Section 3, h = O(1) is sufficient for our method to achieve optimal rate and oracle

property. According to density estimator, the optimal rate for h is O(n='/%). So, we
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use h = 2.5n" /% as the default value in our implementation. [l

3.3 Theoretical Justifications for Sparse CRR

In this section we study the theoretical properties of the ¢;-penalized convoluted
rank regression (CRR) and the folded concave penalized CRR under the same key

regularity conditions for the rank regression in Wang et al. (2020).

3.3.1 /;-penalized CRR

For a tuning parameter Ay > 0, we define the ¢;-penalized CRR estimator as

- ) 1 n p

5)\0 = arg min —1 Z Z Lh(yl — y] — (Xl — XJ)TB) + )\0 Z ’B]‘
pere n(n —1) i=1 j#i j=1

We now state the assumptions needed throughout this paper. We make the fol-

lowing assumptions for the kernel function K(-).

Assumption 1 K : R — [0,00) is a function satisfying the following properties:
(i), K(=t) = K(t), Vt € R; (ii), 30 > 0 s.t. r = infiei_g,0,] K () > 0; (iil),
2K () dt =15 (iv), k= [0 [HK(t) dt < oo, O

For the error distribution, we impose the following assumption.

Assumption 2 The errors {¢;}"; are independent and identically distributed with
density function f(-) with respect to the Lebesgue measure on R. Besides, let ¢;; =
e —€j,1 <i# 35 <mn. Let g(-) denote the probability density function of ¢;, we
assume sup,cg g(t) = po < co. Meanwhile, there exist positive constants d1, gy such

that g(t) > p1, Vt € [—01,01]. O
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For any index set A C {1,...,p}, let Sao = {u € R? : ||uac|ly < 3||uall; # 0}.

We also impose the following conditions on the design matrix.

Assumption 3 There exists a constant M > 0 such that maxi<;<,1<j<p |zi;| < M.

Also, the covariates are centered, i.e. Y . z;; =0,¥j=1,...,p. 0

2
Xulf S

n|lullz

XgnxA) > ). ]

Assumption 4 There exists a constant p > 0 such that minyes,

particular, this implies Ay (

Assumption 5 is common in the fixed design case. It can be relaxed with M
increasing with n at a suitable rate, without much difficulty. We keep it here for
the sake of brevity. We can center the design matrix when estimating the 5* vector
because centering only affects the intercept part which is a nuisance parameter in our
method as well as in rank regression. Assumption 6, which is known as the restricted
eigenvalue condition (RE), is needed to establish fo-type error bound for ¢;-penalized
estimator. It is a commonly used assumption in the literature (Biithlmann and Van

De Geer, 2011; Fan et al., 2020).

Theorem 4 Assume assumptions 1-6 hold, and s = o(, /2-). Let 0 < A\g = ¢/ 222

Tgs e
with 8v/2M < ¢y = O(1), and let 0 < h = O(1). Then the ¢;-penalized CRR

estimator 0 satisfies

1% — 84|, < 192M +4cy [slogp
Y n

02
with probability at least 1 — 2p_(128?v12_1) — 2p~2, where po = K1 (200 A %1) O

Notice that the probabilistic bound in Theorem 1 does not depend on unknown

quantities, since with the design matrix at hand, M and p are both available. This
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means that in principle, the Ay in /;-penalized CRR estimator is tuning-free. As
long as ¢ is a constant which is larger than 8v/2M, the probabilistic lower bound in
Theorem 1 converges to 1, and as a result we have || — 8*||, = O,(1/ #1982 " which

means the ¢;-penalized CRR estimator achieves the near-optimal rate.

3.3.2 Folded concave penalized CRR

It has been well established in the literature that folded concave penalized estimators
can enjoy strong oracle property. We prove the same is true for convoluted rank

regression. Define

o = arg min L(y x; —x;)" 3.3.1

min s Zg ~ (i —%)") (33.1
as the CRR oracle estimator. It can be directly verified that Bom exists due to
the convexity of Lj(+), assumption 5 and assumption 6. We establish the following

property for the oracle estimator.

Theorem 5 Assume assumptions 1-6 hold, s = o(y/n) and h = O(1). Then we have
18 = B2 = 0y (V/3)- D

Remark 9 In the case where Bora is not unique, one may take any solution to

((3.3.1)), and our theory about CRR oracle estimator still holds. O

We now propose the concave penalized convoluted rank regression. It solves the

following problem:

gger;n D) ZZLh = (xi = %)) + 3_ I (3.3.2)

zl];éz
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For the choice of py(-), we adopt the folded concave penalty (Fan et al., 2014b), i.e.
pa(+) is a function defined on (—oo,00) satisfying: (i), pa(—2z) = pa(2); (i), pa(2)
is increasing and concave in z € [0,00), and p,(0) = 0; (iii), pa(z) is differentiable
in z € (0,00), and p4(0) := pi(0+) > a1 A; (iv), pi(2) > a1 A for z € (0,a2)]; (v)
pi(z) = 0 for z € [a), 00) with some pre-specified constant a > ay. Here a; and ag

are two fixed positive constants. Special cases of folded concave penalty are SCAD

(Fan and Li, 2001) and MCP (Zhang, 2010). The SCAD penalty has the form

Alt] — (82 + X\?) /2
pA(|tD:)‘|t|f(0§|t\<)\)+aH a(—l )/ 7

2
M[

2

(A < Jt] < ah)

+ (|t| > a)), for some a > 2,

which corresponds to a; = ay = 1. The MCP penalty function is defined as

2

t A?
oa(lt]) = A <\t! — ﬂ) I(0 < |t| < a)) + %I(M > a)), for some a > 1,
a

which corresponds to a; =1 — %, as = 1.
We adopt the local linear approximation (LLA) (Zou and Li, 2008) algorithm to
solve ((3.3.2)). The LLA algorithm iteratively solves
n ) 1 n p
B argmin ——— 35" Ly — y; — (i —x0)"8) + 04 (181]) 184
j=1

BERP n(n — 1) =1 A

k=0,1,2,..., (3.3.3)

where B(O) is some initial estimator. We use B)‘ to denote the folded concave penalized
CRR estimator computed by the LLA algorithm, with tuning parameter A. Below

we establish theory for the folded concave penalized CRR estimator.

Theorem 6 Let the conditions of Theorem 1 and Theorem 5 hold. Assume that
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sup,ecr K (t) = Ky < 00. Let ap = min{l,as} where ay is the constant associated
with the folded-concave penalty function. Choose the tuning parameter so that
minjea 55| > (a + 1A

(i) Suppose s = o(log p) and h > \/E. Let the tuning parameter be chosen as

A=c1y/ s‘lo%’ such that 19204 \/32V2M . — (1), where ¢y is defined in Theorem

aop2p ai

1. Then the LLA algorithm in ((3.3.3)) initialized by BO) = B with A\, being defined
in Theorem 1, converges to Bora in two iterations with probability converging to 1 as
n — oQ.

(ii) Consider the SCAD or MCP as the penalty function. Suppose s = o(+/log p)
and h > —= Let the tuning parameter be chosen as A = cl\/@ such that

nlogp’

(UoaMden)ys v 32¥2M  8/2M < ¢; = O(1). Then the LLA algorithm in ((3.3.3))

aop2p

initialized by B ) = 0 converges to Bom in three iterations with probability converging

tol asn — oo. O

Theorem 6 shows that the folded concave penalized CRR estimator equals to
the oracle estimator with overwhelming probability, which is typically referred to as
strong oracle property. It means that our estimator can perform as well as if the true

set of important covariates was given.

Remark 10 In Theorems 1 and 5, we only require h = O(1), and in Theorem 6,
\/Lﬁ < h = 0(1) is sufficient. These are weaker conditions on the smoothing band-
width A than that is required for smoothing quantile regression (Fernandes et al.,
2021) in which A should satisfy (@)*1/3 < h = o(1). Again, this is a consequence

of the delicate form of rank regression which makes important first order terms vanish,

as can be seen from our theoretical proofs. 0]
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3.3.3 Consistent tuning parameter selection

For the folded concave penalization, Theorem 6 guarantees that there exists a good
tuning parameter in principle. Since the tuning parameter depends on unknown quan-
tities, a data-driven approach is needed to specify the tuning parameter in practice.
Motivated by Wang et al. (2013), we propose a modified high dimensional Bayesian

information criteria, defined as

HBIC(\) = log (ﬁ ZZLh(yi —y — (% - Xj)TB)‘)) + ’MA‘CH L(L)gp,

where M) = {j: B]’\ # 0}, and the choice of C,, is discussed in Theorem 7. The cor-
responding tuning parameter for the folded concave penalty is chosen by minimizing

the proposed HBIC.

Theorem 7 Let A\ = argmin,, HBIC()), where A = {\ > 0 : |[M,| < K, }, and
K,, > s is allowed to diverge to infinity. Under the conditions of Theorem 6, assume
that E[|c;|] < oo, ¢ = ming<ax, )\min(xgnxs) > 0. If \/C"‘/Zlogp v C"bgsm —
o(|| Bx |l min)» % = o(1) and K,, = o/~ A/C,), then we have P(M; = A) — 1

log p

as n — oo. O

T
Remark 11 The condition mingj<ox,, )\min(XS Xs

) > 0 in Theorem 7 is known as the
sparse Riesz condition and is widely used in literature on high dimensional statistics
(Zhang and Huang, 2008). In our numerical studies, the sequence C,, is chosen such
that C,, =< loglogn. This is the same choice as in the HBIC for the penalized rank
regression (Wang et al., 2020). 0

Theorem 7 shows that with proposed HBIC, our method can exactly identify the

important variables with probability approaching to 1. Unlike cross validation, the
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HBIC criterion does not require sample splitting or repeated evaluation of the test
error on each sub-dataset. As a result, our method requires no extra computation for

tuning.

3.4 Computation

We have shown that we need to solve the folded concave penalized CRR by running
the LLA iteration 2-3 times. In each LLA iteration, we need to solve a weighted
(1-penalized CRR problem. In this section, we develop an efficient algorithm for
computing the solution path of a weighted ¢;-penalized CRR.

Consider the following “weighted" ¢;-penalized CRR problem:

argminn =) ZZLh —(x; —x;)" +Zwk|6k (3.4.1)

BERP i=1 j#i

where each wy > 0. In contrast to the sparse rank regression, the density convolution
gives a smooth loss function Lj,. To see this, recall Lh(u) =7 Ju—v]F K(%)dv,u €
R, and a direct calculation gives Lj,(u) = 2 [* 2)dv — 1 and Lj(u) = 2K (%),
Vu € R. We thus establish some basic properties of Lh(-).

Lemma 1 Under assumption 1, for any ¢;,%2,¢ € R, we have L} (—t) = —L} (t) and
|Lp(t1) — Lp(t2)| < |t1 — ta]. If we use a kernel such that sup,.gp K(t) = K, < 0o, then
Ly (t1) = Ly (t2)] < fhults — tal. O

Therefore, the objective function in problem ((3.4.1)) is the summation of a convex
and smooth loss function and a convex and separable penalty term. It turns out that
a coordinate descent-type algorithm usually works well in this situation (Tseng, 2001).

In a coordinate-wise manner, suppose we have updated the coordinates 5, 5, . . ., Br_1

and we now need to update (. Denote by B the current solution and let v;; =
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v — vy — (% — xj)TB . The standard coordinate descent algorithm cyclically updates

B by minimizing

F(BlB) = Z > Lu(vig — (zie — 20) (Br — Br)) + wilBil-
i=1 j#i
We observe that minimizing the above function does not have a close-form solution,
so we consider a generalized coordinate descent algorithm (Yang and Zou, 2013). The
idea is to perform a majorization-minimization update rather than directly minimize
F (S| B) Specifically, we need to find a quadratic function G such that F(S] B) =
G(B]B) and F(4]5) < G(7|8) for any v # f.

From the last inequality of Lemma 1, we can obtain a quadratic majorization

condition for CRR:
Ry
Lu(ty) < Li(ta) + L) (ta) (t1 — t2) + 7(tl — t9)?,

for t; # t5. For each pair of i # j, by letting ¢, = v;; — (wix — xj1) (B — Bk) and

ty = v;j, we have the quadratic majorization function for F(8;|3):

D it Zj;«éi Li(vij) > CrKu
h

G(BlB) = n(n—1) + a,(By — Br) + (B — Br)* + wilBil,

where a, = — - 1) >imr 2 L (vig) (@i, — xj3,) and ¢ = n(n;_l) Doicn 2T —
z;5)%. Hence, we update f) using the minimizer of G (Bk\ﬁ)

N ~ ha ~ ha hw
B =sgn ( B — —— B — —| - i :
20Ky 20Ky, 20Ky n

Therefore, we solve problem ((3.4.1)) by cyclically performing the above update for

each k =1,2,...,p.

In our implementation, we directly compute the solution path problem ((3.4.1))
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L)

at a sequence of tuning parameters, A\, X2 . A instead of calling the algorithm

L times for each individual parameter. We let

[e.e]

which is the smallest penalization parameter to make all Bk = 0. We then choose other
A-values such that they are uniformly distributed on a logarithm scale. In addition, we
also employ the warm start and active set strategies to further accelerate the GCD
algorithm; see details of these two strategies in Friedman, Hastie and Tibshirani

(2010).

3.5 Numerical Examples

3.5.1 Simulation Study

In this section, we demonstrate the performance of the sparse convoluted rank regres-
sion in terms of estimation accuracy and variable selection using simulations. Because
the most attractive property of rank regression is its efficiency argument, we focus
on estimators with strong oracle properties such as the SCAD-penalized convoluted
rank regression (denoted by CRR-SCAD) and SCAD-penalized rank regression (de-
noted by RR-SCAD). We use zero vector as the initial value in the LLA algorithm for
computing CRR-SCAD, so that we do not have to compute the ¢;-penalized CRR in
order to compute CRR-SCAD. We used the code from Wang et al. (2020) to compute
RR-SCAD. In our numerical studies, we used Epanechnikov kernel as the density

convolution kernel, K(u) = 2(1 — w*)I(—1 < u < 1), where I(-) is the indicator
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function, and the loss function is

(

u, u > h,
2 4
Lp(u) = Q22 — 25 4 3 _h<u<h,
—u, u < —h.
\

Both the RR-SCAD and CRR-SCAD are tuned based on HBIC. For comparison, we
also include the SCAD-penalized least squares (denoted by LS-SCAD) and tune it by
its corresponding HBIC (Wang et al., 2013).

We consider a model y = x"8* + ¢, where §* = (\/5, V3,4/3,0,0, ... ,0) € RP,
x is independently generated from N(0,3), and € is independently generated from
some certain distributions. We fix the sample size n = 100 and use the dimensions
p = 400 and 3000. We consider four situations for the correlation structure of x: CS
(0.2), CS (0.5), CS (0.8), and AR (0.5), where each CS (p) represents the compound
symmetry correlation, i.e., ¥; ; = p if i # j or 1 otherwise, and AR (p) indicates the
autoregressive correlation, that is, 3 = (pli=l),.,.

We compare these methods based on five criteria: ¢1 error (E||3 — 8*|1), £s error
(EHB — f*|l2), model error, (]E(B — ﬁ*)TZ(B — (%)), the number of false positive
variables, and the number of false negative variables. All the quantities are averaged
over 200 independent runs and the standard errors are provided.

Table 3.1 exhibits the simulation results when € is from N(0, 1). In each situation,
we use boldface to indicate the best performance that is evaluated based on each
of the five criteria. When p = 400, we observe that the estimation accuracy of LS-
SCAD and CRR-SCAD is similar and better than that of RR-SCAD; when p = 3000,
the estimation accuracy of CRR-SCAD is the best. In addition, both LS-SCAD and
CRR-SCAD have perfect performance in variable selection and RR-SCAD is the only

method that makes mistakes. By comparing the performance of CRR-SCAD when
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p = 400 and 3000, we see the performance of CRR-SCAD is less prone to the increase
in p.

Table 3.2 summarizes the simulation results when e is from a mixture normal
distribution: € ~ 0.95N(0, 1) +0.05N(0, 100). From Table 3.2, we find that LS-SCAD
fails to work well in this situation. For both p = 400 and p = 3000, RR-SCAD and
CRR-SCAD perform similarly. Table 3.3 shows the results when ¢/v/2 follows the
t-distribution with four degrees of freedom. In all situations, CRR-SCAD performs
better than the other two methods, in terms of both estimation accuracy and variable
selection. When p is increased from 400 to 3000, CRR-SCAD suffers minimal impact,

while RR-SCAD shows a significant loss in estimation accuracy.

3.5.2 A real data application

We illustrate our proposed method on a microarray gene expression data reported in
(Scheetz et al., 2006). The dataset contains RNA expression levels of more than 31,000
gene probes from 120 twelve-week-old laboratory rats. Following Scheetz et al. (2006),
we include 18,976 genes that have sufficient variation and are considered expressed
in mammalian eyes. Among these genes, TRIM32 has genetic influences on a rare
genetic disorder, the Bardet-Biedl syndrome (Chiang et al., 2006). Thus TRIM32 is
chosen as the target variable and our goal is to identify the genes that are associated
with TRIM32.

In our experiments, we randomly split the original data into a training set and
a test set in the ratio 1:1. On the training set, we apply the fused Kolmogorov
filter (Mai and Zou, 2015) to obtain a reduced set of 300 probes and retained the
same 300 probes on the test set. We then fit SCAD-penalized least squares (SCAD),
rank regression (RR-SCAD) and our convoluted rank regression (CRR-SCAD) on
the training set and compute the prediction error on the test set. To illustrate the

performance in higher dimensions, we repeat the same above procedure except that
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Table 3.1. Comparison of least-square regression with SCAD (LS-SCAD), rank regression
with SCAD (RR-SCAD) and convoluted rank regression with SCAD (CRR-SCAD). The
comparison criteria are {1 error, ly error, model error (ME), number of false positive vari-
ables (FP) and number of false negative variables (FN). In each example, the best method
evaluated based on each criterion is in boldface. All the quantities are averaged over 200
independent runs and standard errors are given in parentheses. In all the examples shown
in this table, the error term in the data generating model is drawn from the standard normal
distribution.

p =400 p = 3000

by criterion. LS-SCAD ~ RR-SCAD  CRR-SCAD LS-SCAD ~ RR-SCAD  CRR-SCAD

CS (0.2) ¢ 031 (0.01) 037 (0.01) 032 (0.01) 036 (0.01) 0.53 (0.01) 0.33 (0.01)
¢ 0.8 (0.00) 021 (0.01) 0.18 (0.00)  0.22 (0.01) 029 (0.01) 0.19 (0.00)
ME  0.03 (0.00) 0.04 (0.00) 0.03 (0.00)  0.05 (0.00) 0.09 (0.00) 0.04 (0.00)
FP o (© o0 (0 o (0 o (0 1 (0 0 (0
FN o (© o (0 o (0 o (0 o (0 0 (0

CS (0.5) ¢ 036 (0.01) 038 (0.01) 0.36 (0.01) 039 (0.01) 046 (0.01) 0.37 (0.01)
t; 021 (0.01) 023 (0.01) 0.21 (0.01) 023 (0.01) 0.27 (0.01) 0.22 (0.01)
ME  0.03 (0.00) 0.04 (0.00) 0.04 (0.00) 0.4 (0.00) 0.05 (0.00) 0.03 (0.00)
FP o (0 o (© o (0 o © o (0 0 (0
FN o (© o (0 o (0 o (0 o (0 0 (0

AR (05) 6 0.35 (0.01) 045 (0.01) 0.35 (0.01) 039 (0.01) 0.62 (0.02) 0.37 (0.01)
t; 020 (0.01) 023 (0.01) 021 (0.01) 023 (0.01) 034 (0.01) 0.22 (0.01)
ME  0.03 (0.00) 0.05 (0.00) 0.03 (0.00)  0.04 (0.00) 0.09 (0.00) 0.04 (0.00)
FP o (© 1 (0 o (0 o (0 0 (0 0 (0
FN o (© o (0 0o (0 o (0 0o (0 0 (0

the reduced set from the fused Kolmogorov filter has 5,000 probes.

Based on 200 random partitions, we report the prediction error and run time
in Table 3.4. We observe CRR-SCAD has the lowest prediction error whereas LS-
SCAD has the highest error. When p grows from 300 to 5000, both RR-SCAD and
CRR-SCAD become more accurate; this may be because some important variables
are discarded in the screening step. In terms of speed, we see the smoothed rank loss
offers some obvious benefits in the computational efficiency: CRR-SCAD is as fast as
LS-SCAD and it is about two orders of magnitude faster than RR-SCAD. LS-SCAD is
implemented in a standard way by using the LLA algorithm with the glmnet package.
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Table 3.2. Comparison of least-square regression with SCAD (LS-SCAD), rank regression
with SCAD (RR-SCAD) and convoluted rank regression with SCAD (CRR-SCAD). The
comparison criteria are {1 error, ly error, model error (ME), number of false positive vari-
ables (FP) and number of false negative variables (FN). In each example, the best method
evaluated based on each criterion is in boldface. All the quantities are averaged over 200
independent runs and standard errors are given in parentheses. In all the examples shown in
this table, the error term in the data generating model follows a mizture normal distribution:

€ ~ 0.95N(0,1) + 0.05N(0, 100).

p =400 p = 3000

by criterion. LS-SCAD ~ RR-SCAD  CRR-SCAD LS-SCAD  RR-SCAD  CRR-SCAD

CS (0.2) A 151 (0.08) 0.18 (0.01) 022 (0.01) 3.18 (0.14) 0.19 (0.01) 021 (0.01)
6 079 (0.04) 0.16 (0.01) 0.7 (0.01)  1.68 (0.07) 0.16 (0.01) 0.16 (0.01)
ME  0.67 (0.06) 0.03 (0.00) 0.03 (0.00) 5.8 (0.33) 0.03 (0.00) 0.03 (0.00)
FP 1 (0) o (0 o (0 1 (0 0o (0 0 (0
FN 0o (0 o (0 0o (0 1 (0 0o (0 0 (0

CS (0.5) 0 1.86 (0.11) 0.21 (0.01) 024 (0.01) 372 (0.15) 0.25 (0.01) 0.21 (0.01)
6 090 (0.05) 0.16 (0.01) 0.18 (0.01) 1.84 (0.08) 0.8 (0.01) 0.17 (0.01)
ME 047 (0.04) 0.03 (0.00) 0.03 (0.00) 7.82 (0.51) 0.03 (0.00) 0.03 (0.00)
FP 2 (0 o © 0o (0 2. (0 0 (0 0 (0
FN 0o (0 o (0 o (0 1 (0 0o (0 0 (0

AR (05) 4 122 (0.05) 0.19 (0.01) 026 (0.01) 172 (0.07) 0.20 (0.01) 0.22 (0.01)
t; 073 (0.03) 0.16 (0.01) 018 (0.01) 1.03 (0.04) 0.16 (0.01) 0.16 (0.01)
ME 050 (0.04) 0.03 (0.00) 0.03 (0.00) 144 (0.10) 0.03 (0.00) 0.03 (0.00)
FP 0o (0 o (0 o (0 0 (0 0o (0 0 (0
FN 0o (0 o (0 o (0 0 (0 0o (0 0 (0

When we implemented CRR-SCAD, we made some efforts to integrate the GCD and
LLA algorithms by avoiding some repeated computation, thus our CRR-SCAD is
even faster than LS-SCAD when p = 5000. Without such implementation efforts, our
CRR-SCAD would be slower than LS-SCAD.
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Table 3.3. Comparison of least-square regression with SCAD (LS-SCAD), rank regression
with SCAD (RR-SCAD), and convoluted rank regression with SCAD (CRR-SCAD). The
comparison criteria are {1 error, ly error, model error (ME), number of false positive vari-
ables (FP) and number of false negative variables (FN). In each example, the best method
evaluated based on each criterion is in boldface. All the quantities are averaged over 200
independent runs and standard errors are given in parentheses. In all the examples shown
in this table, the error term in the data generating model € ~ \/2t(4).

p = 400 » = 3000
by criterion  LS-SCAD RR-SCAD CRR-SCAD LS-SCAD RR-SCAD  CRR-SCAD
CS(02) £ 113 (0.03) 079 (0.02) 0.58 (0.02)  3.33 (0.10) 1.69 (0.06) 0.63 (0.02)
6 063 (0.02) 043 (0.01) 0.34 (0.01) 174 (0.05) 0.82 (0.02) 0.37 (0.01)
ME 042 (0.02) 019 (0.01) 0.12 (0.01) 470 (0.26) 0.64 (0.03) 0.14 (0.01)
FP 1 © o © o (0 2 (0 5 (0 0 (0
FN 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
CS(05) 6 133 (0.05) 0.72 (0.02) 0.70 (0.02)  4.01 (0.12) 110 (0.03) 0.72 (0.02)
6 069 (0.02) 041 (0.01) 0.40 (0.01) 195 (0.06) 0.63 (0.02) 0.41 (0.01)
ME 034 (0.02) 0.14 (0.01) 0.13 (0.01) 7.53 (0.47) 0.26 (0.01) 0.14 (0.01)
FP 2 © o0 (© 0 (0 4 o © o (0
FN 0 (0) 0 (0) 0 (0) 1 (0) 0 (0) 0 (0)
AR (0.5) 6 L12 (0.03) 089 (0.03) 0.62 (0.02) 156 (0.04) 150 (0.04) 0.71 (0.02)
6 066 (0.02) 046 (0.01) 0.37 (0.01) 093 (0.02) 0.86 (0.03) 0.41 (0.01)
ME 037 (0.02) 0.8 (0.01) 0.12 (0.01) 100 (0.05) 0.64 (0.03) 0.15 (0.01)
FP o (© 1 (© o (0 o © 1 (© o (0
FN o © o (0 o (0 o (© o (© o (0

Table 3.4. Real data analysis. Comparison of prediction error and run time using least-
square regression with SCAD (LS-SCAD), rank regression with SCAD (RR-SCAD), and
convoluted rank regression with SCAD (CRR-SCAD). The data is split into a training and a
test set in the ratio of 1:1 and the fused Kolmogorov filter is applied to reduced the dimension
to 800 and 5000. All the quantities are averaged over 200 random partitions. The lowest
prediction errors are in boldface, and standard errors are given in parentheses.

p =300 p = 5000
method prediction error time (sec) prediction error time (sec)
LS-SCAD 1.027  (0.018) 2.52 1.061  (0.017) 8.76
RR-SCAD 0.942  (0.015) 20.86 0.865 (0.012) 487.91

CRR-SCAD 0.898 (0.010) 1.86 0.825 (0.009) 7.81




Chapter 4

Density-Convoluted Support Vector
Machines for High-Dimensional
Classification

The support vector machine (SVM) is a popular classification method which enjoys
good performance in many real applications. The SVM can be viewed as a penalized
minimization problem in which the objective function is the expectation of hinge loss
function with respect to the standard non-smooth empirical measure corresponding
to the true underlying measure. We further extend this viewpoint and propose a
smoothed SVM by substituting a kernel density estimator for the measure in the
expectation calculation. The resulting method is called density convoluted support
vector machine (DCSVM). We argue that the DCSVM is particularly more interesting
than the standard SVM in the context of high-dimensional classification. We system-
atically study the rate of convergence of the elastic-net penalized DCSVM and prove it
has order Op(\/@ ) under general random design setting. We further develop novel
efficient algorithm for computing elastic-net penalized DCSVM. Simulation studies
and 8 benchmark datasets are used to demonstrate the superior classification perfor-
mance of elastic-net DCSVM over other competitors, and it is demonstrated in these
numerical studies that the computation of DCSVM can be more than 100 times faster

than that of the SVM.
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4.1 Introduction

Due to the advanced technology for data collection over the past decades, there has
been a surge of data complexity in many research fields such as genomics, genetics and
finance, among others. Consequently, it is very common for the number of predictors
in the dataset to be far larger than the number of observations (Donoho et al., 2000).
For example, in genomics it is crucial to build a classifier for the purpose of disease
diagnosis, with thousands of candidate genes at hand but only tens of instances
available for study. Such high dimensionality in data makes traditional classification
methods infeasible and poses new challenges from both theoretical and computational
perspectives.

One method for performing high dimensional classification is the penalized large
margin classifier. The standard support vector machine (SVM), initially proposed
and investigated in Boser et al. (1992) and Vapnik (1995), has an objective equal
to hinge loss plus an /¢y penalty. It is also referred to as fo-norm SVM. When the
dimension greatly exceeds the sample size and there are many noisy features in the
predictor set, it has been shown that it is more beneficial to use a sparse penalty
such as the ¢; norm penalty (a.k.a. the lasso) to replace the s norm penalty in order
to perform classification and variable selection simultaneously in high dimensional
setting (Zhu et al., 2003; Wang et al., 2006). Consider the ¢; norm SVM for example.

It can be written as

n

o1
g;lgEZL(yi(xfﬁ—i—ﬁo)) + MBI, (4.1.1)
' i=1
where L(u) = (1 — u)4 is the hinge loss. Just like in lasso regression, the ¢; penalty
induces sparsity in the solution and is thus capable of removing irrelevant features.

More recently, Peng et al. (2016) investigated the rate of convergence of the ¢;-norm
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SVM and an error bound of O(\/@) was established in their paper.

The sparse penalized SVM can be computationally intensive especially when the
number of predictors is huge in the dataset, owing to the non-differentiable loss func-
tion part. It is known that penalized problem in high dimensions with a smooth
loss function can be efficiently computed by cyclical coordinate descent algorithm
(Friedman, Hastie and Tibshirani, 2010). Nevertheless, the SVM is based on the
non-differentiable hinge loss, which means that there is no convergence guarantee if
one uses cyclical coordinate descent to solve the SVM. In principle, coordinate de-
scent may not give the right solution due to the non-differentiability of the objective
function (Luo and Tseng, 1992; Tseng, 2001). A similar problem under regression
context is the quantile regression, in which the check loss is not differentiable (Fan
et al., 2020). The typical method of solving quantile regression is the interior point
algorithm. Since ¢;-norm SVM can be transformed into linear programming, one may
also consider interior point algorithm for solving it. However, interior point algorithm
may not scale well with high dimensional input and thus is not suitable for solving
SVM in high dimensions.

Recently, Fernandes et al. (2021) studied an interesting smoothing technique for
solving quantile regression with statistical guarantees. Later, Tan et al. (2021) fur-
ther studied the smoothing quantile regression under high dimensional settings and
showed that the statistical property of quantile regression is maintained after smooth-
ing. Motivated by their work, we develop a smooth version of SVM from statistical

perspective, as opposed to trying to solve it exactly. Consider the first term in ((4.1.1))

S LB + ), (112

which is non-smooth. If we could replace it by some smooth loss such that the

resulting estimator has nice theoretical properties, then we should focus on solving the
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smooth problem instead of the original problem. In fact, one may view ((4.1.2)) as the
expectation of the hinge loss function with respect to the empirical measure assigning
% probability mass to each y;(x; 8+ /p),7 = 1,...,n. The empirical measure is viewed
as an estimator for the true distribution of the random variable y(x"8+ (). Clearly, if
we estimate the true distribution by using a smoothed kernel density estimator, then
we can take the expectation of the hinge loss function with respect to the distribution
determined by the smoothed kernel density estimator. This leads us to a new objective

function
% > Li(yi(xB+ Bo)). (4.1.3)
=1

which we use to replace ((4.1.2)). Here h is the bandwidth of kernel density estimator
and is used to index the new classifier. The resulting estimator is named as density
convoluted support vector machine (DCSVM), since the kernel density estimator has a
convolution interpretation. We study the following general form of penalized DCSVM

in high dimensions,
1 n
- Z L (y:(x] B+ 50)) + Aol BlI3 + Al
i=1

The resulting estimator is called elastic-net DCSVM, which involves both ¢;-DCSVM
and £5-DCSVM as special cases. By its convexity and smoothness, elastic-net DCSVM
can be efficiently solved by using the generalized coordinate descent algorithm (Yang
and Zou, 2013).

In this paper, we first study the theoretical properties of the elastic-net DCSVM.
We show that the convergence rate of the elastic-net DCSVM is Op(\/@ ) under the
general random design setting. Furthermore, we develop novel efficient algorithm for

computing elastic-net DCSVM. We use simulation studies and 8 benchmark datasets
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to demonstrate that elastic-net DCSVM delivers superior classification performance
over its competitors, and the computational speed of DCSVM can be two orders of

magnitude faster than that of SVM.

4.2 Density-Convoluted SVM

4.2.1 Notation and definitions

We first introduce some notation that is used throughout the paper. For an arbitrary
index set A C {1,...,p}, any vector ¢ = (cq,...,¢,) and any n X p matrix U, let
ca = (¢;,1 € A), and let Up be the submatrix with columns of U whose indices are
in A. The complement of an index set A is denoted as A¢ = {1,...,p} \ A. For
any finite set B, let |B| be the number of elements in B. For a vector ¢ € RP and
q € [1,00), let [lcfl, = (327, |cj|q)% be its ¢, norm, let ||c|loo (0r ||C|[max) = max; |¢;]
be its (s norm, and let |c|mim = min; |¢;| be its minimum absolute value. For a
matrix M, let A\puin (M) and Ay (M) be its eigenvalue with smallest absolute value
and largest absolute value, respectively. This is the common notation for eigenvalues
of a matrix, and Apin, Amax Should not be confused with the penalization parameter
used in a penalty function. For any matrix G, let |G|l = \/Amax(GTG) be its spectral
norm. In particular, for a vector c, ||c|| = ||c||o. For a,b € R, let a A b = min{a, b}
and a V b = max{a,b}. For a sequence {a,} and another nonnegative sequence {b,},
we write a,, = O(b,,) if there exists a constant ¢ > 0 such that |a,| < ¢b,, for all n > 1.
Also, we use a,, = o(b,), or a, < by, to represent lim,, ., 32 = 0. We write b, > a,
if a, < b,. Let (£2,G,P) be a probability space on which all the random variables
that appear in this paper are defined. Let E[-] be the expectation corresponding
to the probability measure P. Let 9 : [0,00) — [0,00] be a nondecreasing, convex

function with ¢(0) = 0, then we denote ||Z]|, = inf{t > 0 : EW(@)] < 1} as
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th 1-Orlicz norm for any random variable Z. In particular, if p > 1, let ¢,(z) =
e® — 1 which is a nondecreasing convex function with ,(0) = 0, then we denote
its corresponding Orlicz norm as || Z||y, = inf{t > 0 : E[e%p] < 2} where Z is any
random variable. For a sequence of random variables {Z,,},>1, we write Z,, = O,(1)
if limp/_y00 limsup,, . P(|Z,| > M) = 0, and we write Z,, = 0,(1) if lim,,_,o P(|Z,] >
€) = 0,Ve > 0. For two sequences of random variables Z,, and Z/, we write Z, =

0,(Z),) if Z= = 0,(1), and we write Z, = 0,(Z),) if Z¢ = 0,(1).

4.2.2 Density-Convoluted SVM

Suppose the training data consists of n observations {(y;,x;)},, where y; € {—1,1}
is the class label and x; = (z1,...,2;,)" are predictors for the ith subject. We use
X = (Xjy,...,X,) to denote the design matrix, where X, = (xy;,...,2,;)" contains
observations for the jth variable, and use y = (y1,...,y,)" to represent the response
vector. We focus on the general case where the observed data {(y;,x;)}", are i.i.d.
samples from the distribution of a random vector (y,x). Let the jth component of
the random vector x be denoted as z;. Meanwhile, let X = (1,x")" and x; = (1,x])",
i =1,...,n. To perform the classification task, the support vector machine (SVM,
Vapnik, 1995) seeks a separating hyperplane {x : 5y + x*3 = 0} where

A T
min —
BoBrts 2“5H2

n (4.2.1)
subject to  ; (B0 + %/ B) 21-6,6>0,> & <e
i=1

It is well known that the above problem can be equivalently formulated as a penalized

empirical risk minimization problem:

1 n
%igEZL(yi(Xgﬁ‘i‘ﬁo)) + |83, (4.2.2)
' i=1
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where L(u) = (1 — u)+ = max{l — u,0} is known as the SVM hinge loss and Ay > 0
is a tuning parameter that is one-to-one correspondent to the constant ¢ in prob-
lem ((4.2.1)).

Let us consider the population version of risk appearing in ((4.2.2)), E[L(y(x"8+
ﬁo))]. If we define new random variable U = y(x"3 + (5y) and let F(u;(3, ) be
its cumulative distribution function (cdf), then the population risk is written as
f L(t)dF(t; B, 50). The unpenalized objective function in ((4.2.2)) can be fur-
ther viewed as [~ L( (t)AF(t; B, By), where F(t; 3, 8y) = LD Ly, (xT8p0)<t} 15 the
empirical cdf based on i.i.d. realizations of U. The usage of the discontinuous empir-
ical cdf here makes the objective in ((4.2.2)) to have the same degree of smoothness
as the hinge loss L(-), i,e. continuous but nondifferentiable. This has motivated us
to consider an alternative estimator for the cdf. If we use an estimator ]5( : 3, 5o)
that is smooth enough, the ffooo L(t)dF(t; B, By) shall lead us towards a new objective
which is differentiable to certain degrees.

In particular, we consider the cdf from the kernel density estimator

F(1:, o) = /nhZK( —HEeB )y,

where K : R — [0, 00) is a smooth kernel function satisfying K (—u) = K(u),Vu € R,
Jo K(t)dt =1 and [ [t|K(t)dt < oo, and h > 0 is the bandwidth parameter to

be tuned. Replacing F by F gives the new objective function,

/_ " LOdE(5; B, o)
SN IR e S RS SAIERNS)

where Ly(t) = [ (1 —u): +K (%) du. Note that Ly(-) is a convex function that is

at least second order differentiable. Also, it satisfies the relation L;, = L x K where
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Kp(u) = $ K(%) and “«” stands for convolution.

As such, with the penalty term \o||3]|3, we obtain

g;igzl/h(yi(x;/@"i‘ﬁo)) +XolIBI15- (4.2.3)
=1

We treat the classifier arisen from the above problem as a new classifier and coin it
the density-convoluted SVM (DCSVM).

As discussed above, DCSVM originates from a statistical view of the SVM, while it
shows merit from the computational perspective as it overcomes the non-differentiability
of the original SVM problem. Smoothing a non-differentiable problem through con-
volution can be traced back to the idea of mollification (Friedrichs, 1944) and has also
been studied in the optimization community, for example, Bertsekas (1973) and Ru-
binstein (1983). The method was recently adopted to smooth the quantile regression
by He et al. (2021), Fernandes et al. (2021) and Tan et al. (2021).

In this work, we focus on two most popular kernel functions, Gaussian kernel and
Epanechnikov kernel in DCSVM, and we denote the corresponding convoluted loss
function by LY (v) and LE(v), respectively.

For the Gaussian kernel K (u) = \/%7 exp{—u?/2}, one can show that

1—w h (1—v)?
G —
Ly (v) = (1—@)@( - ) + \/ﬁexp{— 572 },
where ®(+) is the cumulative distribution function of the standard normal distribution.

For the Epanechnikov kernel K(u) = 3(1 — u?)I(—1 < u < 1), where I(-) is the
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Figure 4.1. Top row: plots of Lg(v) and LE (v), the density-convoluted SVM loss functions
with Gaussian kernel (left) and Epanechnikov kernels (right). Bottom row: plots of the first-
order derivatives, LS (v) and L¥'(v).

indicator function,

(
1—w, v<1-h,
3
LE() — 4 (L—v+h)*(3h — (1 —v)) B <
n (V) e , 1—h<v<1+h,
0, v>1+h.

\

The top row of Figure 4.1 depicts the DCSVM losses with Gaussian kernel and
Epanechnikov kernel.
It can be shown that when h — 0, Ly (+) converges pointwise to L(-) and the objec-

tive function of DCSVM reduces to that of the ordinary SVM. Thus the nonsmooth
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SVM can be viewed as a marginal case of a broad family of smooth classifiers being
indexed by h. In practice, the best h can be determined in a data-driven approach

such as cross-validation.

4.2.3 Sparse density-convoluted SVM

Define (85,8") = argmin(ﬁoﬁ)eRxRpE[Lh(y(xT,B + 60))] In high dimensions, we
consider designing the estimator under a sparsity assumption that 8 has many zero
components. Let A = {j : 87 # 0,1 < j < p} be the support set of 387, i.e., the set
of indices of the important covariates. Let s = |A|. Throughout this paper, we allow
p =p, and s = s, to diverge with n, and we assume s,, > 1 and p,, goes to infinity as
n goes to infinity. For convenience, we still use p and s to represent these quantities
since no confusion is caused. In ultra-high dimensions, the dimension p is allowed to
increase exponentially with the sample size n. We also assume that s is relatively
of smaller order compared to n, which is necessary for the existence of a consistent
estimator.

To perform the classification for high-dimensional data, we present sparse DCSVM

with an additional /;-penalty term

n

(BorB) = argmin — 3 Lu(w(<T8+ Bo) + MollBIE + A8l (4.2.4)

(Bo,B)ERxRP TV i=1

The ¢;-penalty is used to induce sparsity in the estimator. We also consider the

following version of sparse DCSVM with only an ¢;-penalty term:

n

(Bo. B) = (ﬁ?’rﬁ%g{%p % ; Li(y(x"B + Bo)) + A8l (4.2.5)

Borrowing the commonly used terminologies for different penalties in high dimensional

literature, we refer to the estimator in ((4.2.4)) as elastic-net DCSVM, and refer to



4.3. THEORETICAL STUDIES 67

the estimator in ((4.2.5)) as lasso DCSVM. Note that the lasso DCSVM is a special
case of elastic-net DCSVM with A\ = 0.

4.3 Theoretical Studies

We now state the assumptions needed to establish our theoretical results. We first

impose the following conditions on the random design.

Assumption 5 {(y;,x;)}",, (y,x) are independent and identically distributed on
R x RP. x is a zero-mean sub-exponential random vector, i.e. E[x] = 0, and there

exists a constant mg > 0 such that

sup [[a™x([y, < mo.
acRr:|ja|[2<1

By definition of Orlicz norm and Markov’s inequality, this further implies

sup  P(la'x| > 1) < 2e_mL0,Vt > 0. O
ack¥:[lal2<1

For any index set A C {l,...,p}, consider the cone Sp = {(0,u) € R x R? :

|luac|li < 3Jjual|r + |d]}. Such type of cone has been widely considered in literature

on high dimensional statistics. Meanwhile, let I(8,8) = E[L} (y(ﬁo + XT,B))SQET]

be Hessian matrix of the population loss, or information matrix. We impose the

following condition on the information.

Assumption 6 There exists a constant p > 0 such that

min Amin (I(BS +0,8"+ u)) 2P
(6,u)€S4:82+|u||3=0(2122)
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for large enough n. O

Assumption 5 is a general setting in the random design, which relaxes the classi-
cal condition that the components of x are bounded random variables (Peng et al.,
2016). Assumption 6, which is a restricted eigenvalues type of condition, is needed to
establish fy-type error bound for /;-penalized type of estimator. Similar conditions
have been widely adopted in the literature (Biithlmann and Van De Geer, 2011; Fan
et al., 2020).

Theorem 1
Assume assumptions 5-6 hold, and slog p = o(n). Choose the tuning parameters such

that 8o||f*|lmax < A. Then there exists a large enough constant ¢y > 0 such that

with the choice A = cgy/ 22, the elastic-net DCSVM estimator (Bo, B) satisfies

n

N * e * Slng
o= Bil? + 18 = 8113 = 0, (*22),

Theorem 1 shows that the sparse density convoluted SVM estimator shares the same
optimal rate of convergence as the ¢;-SVM (Peng et al., 2016). It is worth noting that
we establish Theorem 1 under sub-exponential random design, which is more general
than the bounded design used in Peng et al. (2016). Meanwhile, the sparse DCSVM
has better computational efficiency than penalized SVM due to the smoothness of its

loss function. O

4.4 Computation

In this section, we develop an efficient algorithm for computing the solution path of
DCSVM.
At the outset, we present the first-order derivative of the density-convoluted SVM
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loss and show they are Lipschitz continuous in Lemma 1:

1) =2 (<)

(

-1, v<1-—h,
1—v+h)2(2h— (1 —
Loy ={ 1 =vt )4(h3 A=) hcu<iin
0, v>1+h

\

Lemma 1
Let L¢(v) and LZ(v) be the DCSVM loss using Gaussian kernel and Epanechnikov

kernel, respectively. For vy < vy,

L5 (v1) = L§ (v)| < o1 — val, (4.4.1)
LY (v1) = LY (v2)] < cf oy — val, (4.4.2)
O

G 1

where the Lipschitz constants are given as ¢ = —2— and k=23

E.
The bottom row of Figure 4.1 depicts L&’ (v) and LE'(v).

Lemma 1 gives rise to the following quadratic majorization condition for the

DCSVM:

Ln(v1) < Ln(en) + Ly (v) (01 = v2) + 501 = )2, (4.4.3)

where Ly, is exemplified by L§ and LE and ¢y, is the corresponding Lipschitz constant.

Based on the Lipschitz condition, we develop a generalized coordinate descent
(GCD) algorithm (Yang and Zou, 2013) to solve those sparse penalized DCSVMs.
We first consider the adaptive lasso penalty. The algorithm can be easily adjusted to

handle lasso and elastic net.
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Without loss of generality, we assume each X; has zero mean and unit length. In
a coordinate-wise manner, suppose the coordinate 3, 32, ..., 8;_1 have been updated
and we now update 3;. Denote by B~0 and B by the current solution and let v; =

yi(ﬁo + XZT@) To update (3;, instead of solving the coordinate-wise update function,

F(B;) = %zn:Lh (Uz' + Yiti; (ﬁj - 5;)) + Aw;| By,
=1

we solve its majorization function
1 " 1 - ' ~ Ch ~\ 2
QB) =~ > Ly (vi) + p > L (0i) iy (@' - 5;‘) t5 (@‘ - 5j> + Awj By,
i=1 i=1

that is obtained through the quadratic majorization condition. The minimizer of

Q(B;) is

<5j T on ; LZ(Ui)yﬂz‘j) L= ’

B — L300 Ly (o)

Likewise, 3y is updated to be By — c}%n S Ly (v
In our implementation, we further apply the strong rule (Tibshirani et al., 2010),
warm start, and active set strategy (Friedman, Hastie and Tibshirani, 2010) to further

accelerate the algorithm.

4.5 Numerical Studies

4.5.1 Simulation

In this section, we use several simulation examples to demonstrate the performance

of DCSVM.
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The response variables of all the simulated data are binary and the two classes
are balanced, i.e., P(Y = 1) = P(Y = —1) = 0.5. In each example, define the
p-dimensional mean vectors p, = (0.7,0.7,0.7,0.7,0.7,0,0,...,0) and p_ = —p,
where p = 500 or 5000 in our experiments. Each observation from the positive class
is drawn from N(p_,X) and each observation from the negative class is drawn from
N(p_,X). We consider three different choices of ¥. In example 1, ¥ = I,,,, so the
variables are independent. In both examples 2 and 3,

5 35 Osxpos)

0p-5)x5  Lip—5)x(p—5)

where X% . have all diagonal elements of 1 and off-diagonal elements of p in example
2, and (2%,5)i; = p" 7! in example 3. We use p = 0.2,0.7, and 0.9.

We first compared elastic-net DCSVM with Gaussian kernel and Epanechnikov
kernel with elastic-net SVM (Wang et al., 2006) and elastic-net logistic regression
that is fitted using the R package gcdnet (Yang and Zou, 2013). For each example,
the training size is 200 and we use five-fold cross-validation to select the best tuple
of (h, Ao, A\) where h is chosen from 0.1,0.25,0.5, and 1, \g is selected from 0.5 x*
(107%,1073,1072,1071,1,5), and X is searched along the solution path; for the SVM
and logistic regression, we select Ay and A in the same manner.

We record the prediction error and run time in Table 4.1. The run time include
all the time spent on tuning and training the models. We observe the DCSVM with
Epanechnikov kernel has slightly better performance than DCSVM with Gaussian
kernel, and both of them have better prediction accuracy than the other two methods.
DCSVM with Epanechnikov kernel is the fastest while the elastic-net SVM is the
slowest.

All the methods exhibited in Table 4.1 use elastic-net penalty. We now study the

performance when using other sparse penalities. Due to the overall best performance,
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Table 4.1. Comparison of prediction error (in percentage) and run time (in second) of
elastic-net density-convoluted SVM with Gaussian and FEpanechnikov kernels, elastic-net
SVM, and elastic-net logistc regression. Under each simulation setting, the method with
the lowest prediction error is marked by a black box. All the quantities are averaged over 50
independent runs and the standard errors of the prediction error are given in parentheses.

DCSVM-Gaussian DCSVM-Epanechnikov SVM logistic
P P err (%) time err (%) time err (%) time err (%) time
Example 1
500 6.83  (0.14) 267.89 6.75] (0.14) 29.67 9.76  (1.51) 1362.44 6.98 (0.15) 49.78
5000 (0.13) 771.87 729 (0.16) 139.07  7.90 (0.87) 2832347  7.33 (0.17) 417.54
Example 2
500 0.2 13.52  (0.19) 305.95 (017) 3342 1602 (1.26) 1687.62  13.88 (0.22) 52.44
0.7 22.65  (0.25) 385.08 22.50| (0.27) 41.39 25.75 (1.21) 1585.23 22.88 (0.28) 59.99
0.9 2476 (0.24) 467.40 (0.24) 48.78 2742 (1.16) 1510.98 24.82 (0.31) 69.52
5000 0.2 1378 (0.18) 806.36 (0.21) 142.09 1632 (1.25) 3017044  14.12 (0.26) 420.09
0.7 (0.21) 890.84 23.00 (0.24) 15044  24.15 (0.79) 31865.01  23.03 (0.23) 435.63
0.9 24.70| (0.25) 975.34 24.76  (0.24) 154.73 26.88 (1.00) 32132.55 25.03 (0.24) 450.30

Example 3

500 0.2 10.30  (0.15) 290.41 (0.16)  31.53 12.04 (1.14) 147620 10.69 (0.24) 51.16
0.7 1948  (0.18) 368.74 (0.18) 39.71 2290 (1.34) 1726.07  19.80 (0.25) 60.53
0.9 (0.22) 435.55 23.54  (0.22) 44.92 2655 (1.19) 1625.15  23.93 (0.28) 66.23
5000 0.2 1051 (0.20) 793.67  [10.46] (0.18) 141.23  13.02 (1.35) 34555.70  10.74 (0.21) 418.58
0.7 (0.21) 877.54 19.89  (0.22) 146.99  22.54 (1.18) 34574.72  20.09 (0.25) 433.84
0.9 23.85 (0.23) 944.63  [23.81] (0.24) 152.78  26.55 (1.11) 36732.99  23.90 (0.24) 445.60

we stay with DCSVM with Epanechnikov kernel and we compare the prediction ac-
curacy and variable selection when using lasso and elastic-net penalties. We present
the results in Table 4.2. In general, we find the elastic-net has the best performance

in both prediction error and variable selection.

4.5.2 Benchmark data applications

In this section, we demonstrate the performance of DCSVM using several benchmark
data, which are available from UCI machine learning repository. We randomly split
each data set into a training set and a test set with a 1:1 ratio. On the training set, we
fit elastic-net DCSVM, elastic-net logistic regression, and elastic-net SVM, and tune

each method using five-fold cross-validation. The prediction accuracy is computed
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Table 4.2. Comparison of prediction error (in percentage) and variable selection of density-
convoluted SVM with Epanechnikov kernels using lasso and elastic-net (enet) penalties. De-
note by C and IC the number of correctly and incorrectly selected variables, respectively.
Under each simulation setting, the method with the lowest prediction error is marked by a
black box. All the quantities are averaged over 50 independent runs and the standard errors
of the prediction error are given in parentheses.

lasso-DCSVM enet-DCSVM
p P err (%) Cc IC err (%) C 1IC
Example 1
500 6.88 (0.14) 5 0 (0.14) 5
5000 731 (0.19) 5 0 (0.16) 5
Example 2
500 0.2 13.89 (0.23) 5 0 (0.17) 5 0
0.7 2286 (0.20) 3 0 (027) 5 0
0.9 2453 (0.19) 2 0 24.51] (0.23) 4 0
5000 0.2 1455 (0.25) 5 0 (0.21) 5 0
0.7 2341 (023) 3 0 (0.25) 4 0
0.9 2536 (0.35) 2 0 (0.26) 3 0
Example 3
500 0.2 1047 (022) 5 0 10.09] (0.15) 5 0
0.7 1990 (0.22) 3 0 19.44] (0.19) 4 0
0.9 2374 (020) 3 0 23.49| (0.22) 4 0
5000 0.2 1078 (0.23) 5 0 (018) 5 0
0.7 2012 (022) 3 0 19.89] (0.22) 4 0
0.9 2434 (031) 2 0 23.81] (0.24) 3 0

based on the test set.
We present the result in Table 4.3. We observe the elastic-net DCSVM has the

best performance in general.
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Table 4.3. Comparison of prediction error (in percentage) and run time (in second) of
elastic-net density-convoluted SVM with Epanechnikov kernel, elastic-net SVM, and elastic-
net logistc regression. For each benchmark data, the method with the lowest prediction error
is marked by a black box. All the quantities are averaged over 50 independent runs and the

standard errors of the prediction error are given in parentheses.

enet-DCSVM enet-SVM enet-logistic
data n o p err (%) time err (%) time time
arcene 100 9920 [32.24] (1.46) 53.26 37.09 (1.59) 8912.87 219.30
breast 42 22283 (1.64) 51.33 30.38  (2.05) 1946.98 227.88
colon 62 2000 8.13] (1.03) 10.22 1890 (1.55) 722.48 27.33
leuk 72 7128 (0.47) 2298 3.89  (0.51) 1863.23 115.00
LSVT 126 309 6.01 (0.73) 6.25 1620 (0.68)  74.20 9.05
malaria 71 22283 (0.68) 85.52 7.60 (1.21) 12046.09 483.20
ovarian 253 15154 0.63] (0.12) 189.22 4.87  (1.23) 14442.87 964.16
prostate 102 6033 9.25  (0.67) 29.34 (0.50)  2421.20 116.50
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Appendix A

Proof of Chapter 2

A.1 Proofs for the main results

In Appendix A.1.1, we first present some general technical lemmas and proposi-
tions that are frequently used in the proof for our main results. We then present
the proof for Theorem 1 in Appendix A.1.2 and sketch the proof of Theorem 2
in Appendix A.1.3. All the other proofs are placed in Appendix Appendix A.2—
Appendix A.8.

A.1.1 General technical lemmas and propositions

Proposition 2 Let ¢;,7i = 1,...,n be i.i.d. sub-Gaussian(o) random variables.
Then, for any real numbers aq,...,a,, any t > 0,
P €l >1) < 2e ( — ———————7;————-) . O
<|Za6| ) S 2exp 202371 a?
i=1 i=1"
Proposition 3 Let ¢;,7 = 1,...,n be independent sub-exponential(\) random vari-

22
2

ables, i.e. E[X] =0 and E[e’*] <e 2, V|t| < 1, for some A > 0. Then, for any real

numbers a4, ..., a,, any t > 0,

n t2 t
P i€i t) <2 _( n ) . :
(|Za6|> ) < exp[ 2225 a2A2/\maX1§i§n|ai| }

i=1 i=1"

82
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Lemma 2 Let € be sub-Gaussian(c) random variable that satisfies assumption (Ay).
Let p be some real number satisfying |u| < ¢ for some ¢ > 0. Then, log|e + u| —
E[log |e + p|] is sub-exponential(n) random variables for any

n > 24/ (4o2e@Lt2)c) v (2ceLtle) v (2 4 20 eL+1)e) | with Cy = sup,.g f(z) being

the maximum density of € and L being the Lipschitz constant for f. O

Lemma 3 Let € be a random variable that has a density f on R with respect to
lebesgue measure. And let f satisfies |f(z) — f(y)| < L|z — y| for some constant
L > 0. For positive integer k define hy(p) == |Eflog" ¢ + p|] — E[log" |¢|]|. Then for
any p € R, we have

() ha(i) < (2L + D]y,

(ii) ha(n) < p + (4L + 2E[| log Je]|] )],

(iii) foa() < p* +4E[| log [e]|]uf* + 6E[log® |e[] s + (48L + 4E[| log’ |el[]) || O

Proposition 4 (Upper bounds for a generic £; problem) A generic ¢; penal-

ized estimator is defined as
201 . 1 2
ﬁ = argman_”y_XﬁHZ+)‘lassoH5H7 (All)
BeRrp 2T

where y € R” is some vector, X € R™*? is some matrix and Ao > 0. Let §* € R?
be some sparse vector, i.e. |A| =s < p where A = {i: 5f # 0,1 <i < p}. Assume
that the matrix X satisfies one of the following:

1Xul2,

Blunlley T, > a € (0,00), or

RE: minyo:ju,cll, <

IXull, > - e (0, 00).

llualley nlfuplle, Tulle =

GIF: minu;é():HuAcHelS

Then, given Ao > 2| X" (y — X5%)]/co, B4 from ((A.1.1)) satisfies

~ 3
Hﬁel - B*HQ S a\/g)\lassm if RE hOldSv

||B£1 - B*Hoo S g)\lassoa if GIF holds. =
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Remark 12 The proofs of the above results can be found in Appendix Appendix A.2
of the supplementary material. Proposition 2-3 give tail bounds for sub-Gaussian and
sub-exponential random variables. Lemma 2 shows the the sub-exponential tail for
log |€ 4 p1| with € being sub-Gaussian, and Lemma 3 provides deviation bounds for the
moments of such type of random variable. These two lemmas are newly developed
and they are important to our proofs. Proposition 4 is from Hastie et al. (2015).

Notice that the notation is generic, and the statement is non-stochastic. ([l

A.1.2 Proofs for Theorem 1

First, we define some necessary notation and quantities for the proof, as well as
a useful proposition. Recall that ¢,(8) = L+ 3°2,(y; — x78)? and define ! :=

n

argminﬁ:ﬂAgzo (,(B). Similarly, we can define o2 = argminﬁ:ﬁA?zo (,(B), where

UalB) = 2 0 i — XI B,

Proposition 5 Let assumptions (Ag), (Cq), (Cs) or (C}) and (C3) hold. Assume
that agr > 3s? under (Cs) or agp > 3 under (C)). Choose the tuning parameters so
that || 83, [lmin > (@ +1)(AV A). Then we have

N A _ Qora 3 13 n\?

(i) B(ZW) = por! holds true with probability at least 1 — 2pexp (— grasgs)

2n )2 ne(||8x Hmin_a)‘)2
P — S1) €xp (——45582]\4) — 2s1exp (— ?0292 ).
.. 2

(
3 __ [oral : 14 n\
(ii) B(Z®) = p°=2 holds true with probability z}tzleast 1 —2pexp (—if5zaz)
a2n)2 ne(|1B, llmin—al)
2(p — s1) exp (—ﬁ) — 2syexp (— d 2292 ).
(ifi) If we suitably choose A =< A =< {/'22_ then we have ||3(Z®) — 8*|l,, =

Op(y/2),i=1,2. O

The proof of Proposition 5 is relegated to Appendix Appendix A.3 of the supplemen-

2

tary material. Proposition 5 is used in the proof of Theorem 1.
Recall that (1 (y) = 2 Z?:%H (log|y; — xTB(ZW)] — xiTv)2 in Ry. Similarly, we

denote £}(y) = 2 2-%21 (log |y; — xTB(ZP)| — x;f’y)2 in Ry. We also define
1 1 . T Qoral T \2
eno(’y) = E Z (10g |yZ - X; 5 | - X; ’V) )

=241
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~ 1 3
0Lo(y) = - Z (log ly; — XT@ora2| T’y)z.

i=1

(13 77

Here we use a sign to indicate the corresponding quantity is hypothetical. We
use this kind of notation throughout the proof part of this paper. Then, we define

another two hypothetical estimators as follows:

L, 0ra ~ ora

Vo = arg min g;. (7)7 Yo = aIg min g}lo (’Y)
VERP:7,c=0 VERP7, =0

For (i) and (ii) of Theorem 1, due to symmetry, it suffices to prove the re-
sults for 4(Z®) — ZM). We consider a general ¢; penalized estimator %° =
arg min ¢y 01 (7) + Magso D7y |71, Where Af., > 0 is some tuning parameter. Recall
that with 0 as initial Value, the first iteration of the LLA algorithm in R, gives the
above ¢, penalized estimator with pg\l (0) as tuning parameter. For SCAD and MCP,

p’j\1 (0) = A1. For the LLA with initial value 5%5°, we have the following result.

(ii’) Choose the tuning parameters such that ||} |lmin > (a+1)(AV)) and 17, Ml min >

1
~ 1 ~ 3/
(a+ 1)()\1 \ A1). If apr > 3s? and we pick A\; > % under (Cs), or agp > 3
and ) > Phso ypnder (C%), then, A® = A, holds true with probability at least

n2 a2n\2
L= 2pexp (= 16M0292) B 2(p~— 51) exp (_40292]\4)
(|85, lmin — ar)
— 25y exp (— 1202 )

—2pexp (—d1n) — 2(p — $9) exp (—d0yn) — 232 exp (—d7n)

Co 2
nexp (— (A (4L+2)G N atoe N (4L+2) )?W Spn)
4020025 M ’
- - - 5 * 3 \2
Where 5 — lasso A{asso / — a%)\% /\ 0«1>\1 1/ — 90l (”’YAQ”mm G)\l)
1 64nZM ' 16movM’ 1 16n3G2 " 8noGa? 1 16n2sa M
¢’ (|75, lImin—aX1) Y 3 3
SW?)\/W ) Cl = 12 ) 02 = al)\la CS = ”’V;ngmin _a)\b and Gla GQ and GS

are the same as in Theorem 1 (i).

With (ii’) in hand, (ii) of Theorem 1 follows by taking X, .. = A;.
The proof of (ii’) makes use of Lemma 4 and Proposition 67 below. Lemma 4
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is an newly developed concentration inequality that is frequently used to bound the
relevant probabilities in the proofs of Theorem 1 and Theorem 2. Its proof is placed
in Appendix Appendix A.4 of the supplementary material. The proof of Proposition
6 and the proof of Proposition 7 are placed in Appendix Appendix A.5 and Appendix
Appendix A.6 of the supplementary material, respectively.

Lemma 4 Assume assumptions (Ay), (C1), (C3) hold. Let a = (ay, as,...,a»)" and
satisfies |a;| < G,Vi =1,...,% for some constant G > 0. Let v; == T i=1,...,n.
Let ¢; = vlix;rAl( Afgla? — By, )i=1,...,5. Fort >0, T; = {max;<;<z [(;] <t}. Then,
we have

(i) For any t > 0,

t2W2p

P(7) < nexp (—mn)-

(A.1.2)
(ii) Let K > 0 be any fixed positive constant. Then for any C' > 0,

P(%
2
< Zexp [_ (16%(}2 A 877?(?)”]’

a®log [y" — Xf@@gﬁaﬂ —a"™ XUyt > O Ty

)

__Cc
(AL+2)G

where 1y = 24/(402e(4L+2K) v (2KeLTDE) v/ (2 + 2C,eLHDK) s a fixed positive
constant. Here the applications of the functions |- | and log(:) on any vector are

componentwise. Consequently, by union bound,

2 1) Hora *
P(>|a"log|y!" — X157 — a™XWy"| > 0)
C? C (KA (4L$2)G>2‘I’290
<2 [— ( A ) ] - . 0
=20 |~ \tezee N/ T nexp ( Tores, Y

/

We define 725 := argmin gy £2,(7) + Moo L [l

Proposition 6 Under assumptions (Ag), (C1), (Cy) or (C}), (Cs), 725 satisfies

1.
P([|3255° — 4%, > 353 Mo 5 T, o, ) < 2pexp(—dn), if (Cy) holds;

lasso s TRA CvE=yTer
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P(I72* =77 llso > 3Massol’ ™" T ) < 2pexp (=din), if (Cj5) holds,

(4L+2)G

/2 3\
where 8 = gl A e Oy = s and Gy = /M. Here 7 is the event that has

been defined in Lemma 4. O

Proposition 7 Suppose the tuning parameters are chosen so that ||V}, |lmin > (a +
1)(AVA1). Then, the LLA algorithm in R, initialized by ' converges to 4o after
two iterations with probability at least 1 — P(3(Z®) # §o92) — p\ — pl, — ply — p},

where

~lasso
” -7 ||oo > aO)‘lvTK/\W)v

IVaglh e (3™ oo = arhr, T,

KA

(4L+2)G’

(4L+2)G

P
P
P
P

4;\

(
(
(min [337°] < ad, Ty,
(T e ),

KA (4L+2)G1 A (4L+2)G2 (4L+2)G3

where C7, G; have been defined in Proposition 6, Cy, G5, C3, G5 are any positive
constants (which will be determined later in the proof of Theorem 1), 7, has been
defined in Lemma 4. O

Proof A.1 (Proof of Theorem 1)
We slightly abuse the notation. Let y and X be the response and design matrix in
ZW e y = (Y1, Yny2)" and X = XM, And we let X, = (mlj,...,x%j)T to
represent the jth column of X,

Recall Proposition 7 shows that the LLA algorithm in R, initialized by 7'ass°
3or after two iterations with probability at least 1—P(3(Z®) £ fora2) —

Py — phy — ps — pjy. From Proposition 5 we already have

converges to 7,

a(7(2) Qora2 nA\? a%nS\Z
P(B(Z'7) # p7*) < QPGXP(—W) +2(p — 81)GXP(—m)

10|85, llmin — aX)?
4020)2 )

+ 251 exp (—
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And from Proposition 6 we already have

(H,ylasso Y ||22 > 3822 )‘lasso T TK/\ 1 ) < 2peXp (-5171), if (CQ> hOldS,

(4L+2)G

lasso — Hoo > 3)‘lassop T ) < 2pexp (—(5177,), if (C,Q) holds.

P KA (4L+2)G

P([|%

~ ~ 1.
Under (C,), since we pick \; such that agh; > 353\, "%, and |[525%° — 4*]|, <
17

lasso ,Y*HZ27 we have

Py < PR = 1l > 353 Mok’ Tren e ) < 2pexp (=8un).

(AL+2)Gq

Under (C}), since we pick A; such that agh; > 3\, p"~", we have

< lasso * N/ /— < _ '
pl P(H7 -7 HOO > 3)\1assop TK/\W) = 2p€‘Xp( 51”)
Next, we bound p), and p} in Proposition 7.

We first look at pf, = P(HVAcém(fyfra)Hoo > al)\l,’TK/\ ). We denote z; =

(4L+2)G

T Qora2 _ T Jora Jora
) y Z

log |y; — x = (21,...,22)". By definition of 7J™, we know that 73 =
(XE,Xa,) "' X}, 2, and 755 = 0. So £,(78) = £llz — X727, = +llz — Xa, 3017,

and VAcﬁn.(”yfra) = XTAQ( — Xa,Veir). By the expression of g%, we have
VAcﬁm(yfra) = -2 Ac( — X, (X}, Xy,) 1 X} 2) = —%XAS(I — Hy,)z, in which

H,, = XAQ(XXZXAQ) 1XX2. Notice that (1 — Hy,)Xvy* = (1 — Hy,)Xs,7:, = 0.
Therefore,

2 " Y
Vo = P~ 2XEg(1— H )z~ X o > 0 7,

= K/\m
2
< Z1XT( —
<D PCIXGI-Hy,)(z—Xy")| > al)\l,TKA(4L+2)G
JEAS
2
< —w, > 1.
XA; P(ofwjz = wiXy' | > aidy, Ty, ey ), (A13)
JEAS

where we denote w} = X7 (1 — Hy,) = (wij,...,wn;),Vj € A3, and Cy, Gy are to be
determined. Let H' = Hy, = (h;)nxz. We claim that |hj;] < 252M V1<id,j <% In
fact, for any 1 <i < %, hj; = efH'e;, where e; is the unit Vector Wlth ith component
being 1 and others belng 0. Therefore 0 < hj; = (X}, e;)" (X}, Xa,) (X}, &) <
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i||X£2eiH§2 < QZanM On the other hand, since H' is semi-positive definite, we have

|| < (/B < 222810 So the claim is true.

ne’

Now, we have

n/2
fwigl = [ Y aag(H{k = i} = Bi)l < 3 gl + il = B
k=1 ki
259 M M 259 M
g(g—l)\/M Z; + VM (1+5; ) < VM (S; +1) 2 G,

Vj € A5, Vi =1,...,n. Therefore, we use C' = C = ai\ and G = Gy in Lemma 4,

and have

2
P(=|wjz — w;Xv*| > ah, T,
n

A I ATe

) < 2eXp (_6177')7 Vn,

(4L+2)G

where 0] = 153TG A 2 Thus by ((A.1.3)) we have pl, < 2(p — s2) exp (—=d\n), Vn.

8no G2
Next, we examine py = P(minjey, |70 < ah, T, ). By the choice of

KA

(4L+2)G
~ora

tuning parameters, we have {minjea, [0;*| < ah} C 7eRs — vi, lmax > |74, [lmin —
al}. Let us denote (X}, Xa,) ' X}, = (wg,...,u,,)", where u; € R". Then we have
u; = X, (X}, Xy,) 'e;, where e; is the unit vector with jth element 1 and other

elements 0. Then,

Py < P25 — Vigllmax = 17, llmin — ad, T

= Pl (X, Xa0) ™ X, (2 = Xy ) lnax = 72, lnin — ads, T,

(4L+2)G

<ZPru (2 = X7) > [, lmin — aAs, Ty s ), (A.1.4)

(4L+2)G3
7=1

with C5 and G5 to be determined later.
Denote u; = (uyj, ..., un;)", we claim that |u;;| < Q—M,Vl <i<F VI <G < s
In fact,

|uij| = |e§XA2(XX2XA2)_lej| < \/efoz(XXQXAz)_1XX29i\/e}r(XKQXAQ)_lej

ny! ny’ ny'

(A.1.5)
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Therefore, we use C' = C3 == ||7;, [|min — ad and G = G5 = —V‘Z;,]V[ in Lemma 4, and

we have

P<|u]T‘Z - UJT(’YSln + X’Y*)’ Z HP)/XQHmin - aS\l; TK/\ C3 ) S 2€Xp (_51/77‘)7 vnv

(4L+2)G3

2 Ao lmin— X 2 ! Ao llmin— X . . .
where §7 = £ (H’};,XJL&MG 2y (H;,:;?)I\I/Wa 2 Combining this result and ((A.1.4)), we
0

have pj < 2s9 exp (—d7n) for all n.
Finally, for p), by ((A.1.2)) in Lemma 4 we have

pﬁl = P(le c C

1 2 C3
A (AL+2)Gq A (AL +2)Go A (4L+2)G3

C c c
(KA e N arrayas (4L+3)G3)2\I’29"

(4L+2)G1
402025, M

< nexp(— n),vn.
Thus (ii)’ is proved.

Now, we prove (iii) of Theorem 1. Due to symmetry, we only need to prove the
result for 4(Z? — ZW). So we slightly abuse notation in this proof. We let y and
X be the response and design matrix in ZU, ie. y = (y1,...,Yn2)" and X = X1,

By (ii) of Theorem 1, it is easy to verify that if we take

/~\:T(\/lo,gz;(p—sl)v\/logzslv\/logp)7

n n n

5\1:T(52 ].Og(p_SQ)\/SQIOg(p_SQ)\/ /3210g52\/\/510g52v52 [s1logn
n n n n n

\/\/818210gn\/\/10gp\/10gp\/ sﬂogn)

n n n n

with sufficiently large T' > 0, then we can make P(Y(Z®? — ZW) £ 39) — 0 as
n — oo. In terms of order, this can be simplified to

. /logp’ S = (50 [log(p — s2) y 52 log(p — s2) V g [$1 logn)‘
n n n n

With suitably chosen tuning parameters described above, we have
lim,, 0o P(H(Z® — ZW) #£ 3072) = 0.
Next, we show E[|7™ —*[[2,] = O(2) that yields 52 = 7* s, = O,(/Z), which
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further implies [|[§(Z® — ZW) —y*||,, = Oy(1/Z). In fact,

E[I70 = 7*117,] = B[l (X5, Xa,) " X5, (2 = X977,
= E(z — Xy") "X, (X, X,) "X, (2 — X97)]
=E[(z — Xv")"A(z — X~v")], (A.1.6)

where we denote A := X, (X}, Xy,) ?X}, = (aij)1<ij<n-

Let v; = 57" ;0 =1,...,n. We have y; = xj, B, +wvie, i =1,...,8. Let y
and X be the response and the design matrix in Z®, ie. y = (y ni1,.e )", and
X = X®. Also, let ¥; = v nj2,5 = 1,... . Then let W* = diag{d,, ... ,17n/2} and
let € := (€1,...,6n/2) = (€nj241:-- -, €n)- Thus we can write y = XAlﬁA + W*¢, and
we have 492 = (X] X,,) 'X].¥.

Let ¢ = Lx, (B2 — 8;)) = 2xJ, (X5, X,,) ' X5, W*€i = 1,..., 2. Then,
notice that

log [yi — xu, B3| — = log [vie: — Xy, (272 = B3, — X7

1 ora * . n
= log |e; — ZAl(ﬁ 2 BAI)]:log|ei—CZ~|,V@:1,...,§.
Let 0/ = (m,....m, /) with n; = log|e; — (;|. By law of iterated expectation, we have

E[(z — Xv")"A(z — Xy*)] = E[y "Ay'] = E[E[y " Ar/|€]
= E[E[(n —E[y|e])"A(y' — E[y'|é])|e]] + E[E[|e]"AE[y'|€]]. (A.1.7)

Given €, n — E[n/|€] has independent components with mean zero, therefore

E[E[(f — Eln'|)" Al — Elif|d)|e]

n/2
E[Z azi(logle; — G| — Eflog le; — Gl €])?|€]]
n/2 -
< Za“ Ellog” |; — Gil|€]] (A.1.8)

|3

- -2 4 2 dsyM
Notice that a; = ef Xy, (X}, Xa,) "X 6 < mozllxinll, < 3322V = 1,.
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Combining this fact and Lemma 3 (ii), we have

L 4so M n/2
2 B [Ellog? es — G| < o O E[Ellog” e — Gil|]
=1

482M o/ 2 2

< Z{E [Eflog? ed] + 2 + (41 + 2E|log |el[]) - 1¢] }
n/2

4s,M

< nSQQQOQ 2{E[10g2 ler|] + E[¢F] + (4L+2E[|log|el|u CQ]} (A.1.9)

For the last term in ((A.1.7)), notice Apax(A) = Amax(Xa, (X3, Xa,) ?X])) =
Amax (X}, Xa,) ") < n%,. Combining this fact and Lemma 3 (i), we have

n/2
. . 2 .
E[E[ [ AE[]d] < P [Eflog |e; — Gl €]
i=1
n/2
(A.1.10)
It remains to bound E[¢?] for any 1 < i < Z. By the assumptions (C;) and (Cj)
we have
1 K~ *
BIC?) = Bl (XE, X)X WHee WK, (K], K, )
1 *
= Var(el)vz iAg (XT XA1) 1XT W QXAI (XA XAl) XzAl
02 2 0225\ M
< Var(el)ﬁ — Xip, Xin, < var(el)qﬂ nlgp . (A.1.11)

Because ¢, is sub-Gaussian, log |¢; | has sub-exponential tail by Lemma 2. So E[log? |e;|] =
O(1), and by Cauchy-Schwarz inequality, E[| log ;][] < y/E[log?|e1]], so E[| log |e1]]] =
O(1). Collecting the resultsin ((A.1.6)), ((A.1.7)), ((A.1.8)), ((A.1.9)), ((A.1.10)) and
((A.1.11)), we have

4soM n

~ora * % 251 M
Bl ~ 7] < g - 5 { Bllogt el + ver(e

U2 np
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02 2s; M
+ (4L + 2E[| log |e1]|]) \/var (€1) 7] nlgo }
2 n QQ 251 M
mp’(QL +1)%. 5 {var €1) T g }
— 022 Sy o2
— o) 1o =0(%),
This completes the proof of (iii). O

A.1.3 Proof of Theorem 2

Proof A.2

For the sake of space, we sketch the proof of Theorem 2 here and defer details to
Appendix Appendix A.8 of the supplementary material. By symmetry, we only need
to prove the result for HBIC® i.e. P(M ®) = Ag) — 1. So we slightly abuse notation

in this proof. We use y and X to represent ) and X, Let € = (ey, ..., en) and let
€= (€1,...,€yp)" With & =€;yn, 1 =1,..., 5. For any A > 0, we use A to represent
‘y’\(Z@) — Z(l)), and use M) to represent M)(\B), which is the support of 4*. Also, we
use HBIC to represent HBIC®), and we use C,,.p to represent Cﬁ?l),. For any index set
A cC{l,...,p}, we use P4 to represent the projection matrix Pfql) for convenience.

Let z; = log|y; —X;FBO““QL i =1,...,%, and let z = (21,...,2,/2)". For any
M C {1,...,p}, let SSEy = inf, g ||z — XMVMHZ, and let 63, = %SSEM. By
definition, we have 2|z — X4*||7 > SSEyy,, VA > 0. Let 4° be the p-dimensional
vector with 49 = (X} X,,) "X} z and Jag = 0.

We divide the candidate set of tuning parameters into three subsets. In particular,
let AL ={A>0: €A, A MY, Ag={A>0:AeA, Ay =M} A, ={A>0:
A E /~X1, Ay, C MA and Ay # M,}. From Theorem 1, we know there exists )= S\n >0
such that P(4™ = 4°%) — 1 as n — oo. This implies that P(A, € Ag) — 1.
Therefore, it suffices to show (i): P(inf,.; HBIC()) > HBIC(S\n)) — 1 and (ii):
P(inf, 5, HBIC(\) > HBIC(),)) — 1.

For (i), we can show that

P(Aienﬁfi [HBIC()\) — HBIC(),)] > 0)

> P( inf [log(63, /57,) + (|Ma] = 52)

AeA_

%og(m] > 0) +o(1), (A.1.12)
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which follows from Theorem 1 and the property of 6J2\4x Let ' =z — X~*. Then we
have 6%, = 2||(1,/2 — Pa,)7/||7,, and

log (Oﬁj) — log (1 o, — %)/ ) . (A.1.13)
G n

A2 (L2 —Pay) 1

To evaluate n'7 (In /2 — PAZ) 1/, notice that 7/ involves 3°%2 whose randomness
comes from €. By applying conditioning argument and Lemma 3, we can establish

0T (L2 — Pa,) ' = Oy(n), which means

lim limsup P(n" (L2 — Pa,) 7' > Tn) = 0. (A.1.14)
T—00 pnooo
To evaluate n(63;, —63,)/2 for any A € A_, let n = X,,7j,. We break the target

into four terms as follows,

n,. .
5(03@ —01,) = 1 (e = Pag )+ 20" (Luyo — Par ) — 0" Paryy + 1" Py
Sh+hL—I+ 1 (A.1.15)

By condition ((2.5.2)), I1 = " (L2 —Par, ) > ncfy for sufficiently large n. Evaluating
I, I3 and 14 are technically challenging. The concentration inequalities we developed

to deal with these terms include Lemma 4 as well as the following lemma.

Lemma 5 Assume assumptions (Ao) (Cl), (Cs3) hold. Let 7' be 2—dimensional
vector with 7, = log|y; — lAlB"mZ = log|e; — ¢, where ¢; = -xj} | (BoraQ

Bi,) and v; = ex%* =1,..., 5. Let 5 > 0 be any positive real number Let
P = (Pjj)i<ij<z be a §-dimensional projection matrix (i.e. P? = P and P = P") of

rank m, and satisfying P;; < ZG’ for some G’ > 0. Then we have for any C' > 0,

C
P[Py e, > ———.T, 3

1 202 V20
<2(1+=)"e —

v

where T, is a event that has been defined in Lemma 4 for any = > 0, and K is any
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fixed positive number. O

The proof of Lemma 5 is deferred to Appendix Appendix A.7 of the supplementary
material. With these two lemmas, we are able to show that sup, .z [l2| = op(n),
SUp,ci, 13| = 0p(n) and Iy = oy(n) (notice that I, does not depend on A). These
results together with ((A.1.15)) imply that P(5 (63, — 0%,) > %n) — 1. Then by
((A.1.13)) and ((A.1.14)), for any T > 0 there exists ez > 0 that depends only on T

and satisfies ez — 0 as T" — 00, such that

52 /
lim inf P(_inf log( &Z) > log(1 + ;—%)) >1—er.

Following ((A.1.12)), we have

lim inf P( inf [HBIC(A) — HBIC(),,)] > 0)

n—o0 AeAi

/ Cn l
> liminf P( log(1 + 25) - #Og(m > 0)

21_€T7

where the last step is because C"”’SQTI%T(M = 0(1). Note the left hand side of the above
inequality chain does not depend on T', so (i) is proved by letting 7" — oo.

For (ii), consider any A\ € A,. Then we have Ay C My and A, # M,. So by the
relation z = Xv* + 1/, we have 2" (L2 — Py, )z = /" (1,2 — P, )ny'. Therefore we

have §(6%, — 37,) = 1" (Par, — Pay,)n’. Therefore, we have

52 /T N ’ T B ,
0 < log( AU;M ) = log(1 + " (Pas, = Py ) ) < 1" (Par, — Pay)n ’
T 0 (L2 = Par )" = 0" (Lujz — Par )1/

where the last step is due to log(1 4+ z) < z,Vx > 0. Similar to ((A.1.12)), we can
show

P( inf [HBIC()\) — HBIC(),)] > 0)

/\E]\+

zP( it [(190] ) <Cn,p;ogp 0 (Pag, — P (1M, — 82>)] y 0)

AeAy 0" (L2 — Pag )0’
+o(1).
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Because |M,| — so > 1, it suffices to show

1 (P oy — P )i /(M| —
P( inf [(C”’p ogp _ 1 M 27 /(] A/' SQ))} >0)] =1 (A.116)
NeAs n N (L2 — Py )

as n — oo. We first evaluate n'"(1,,)2 — Py, )n'. We can write it as the sum of two
terms, '™ (L2 — Par, )7 = 0/ (L2 — Pay) — 0" (Par, — Pa, ) = I — Ig. For I5, we
have I5 = n"" (L2 — Pa,)n’ = n'"'n’ — L4, notice that this term does not depend on A.
Since we have derived |I4| = 0,(n), we need to evaluate n''n’ = (z — Xv*)"(z — X~%).
In particular, we show % 5 E[log” |e;|]. Note that components in 7’ are neither
independent nor identically distributed, so the law of large numbers does not apply.
Instead, we show this by applying a conditioning technique, Lemma 3 and a tail
integration argument to bound the deviation probability P( % — E[log? |e1]]| > t)
and proving that it converges to zero for any ¢ > 0. Therefore, with probability going
to 1, we have I5 > 2E[log” |e|].

For Is = 0" (P, —Pa,)n, we have 0 < I < n"Pp, 1 = I3. Since we have already
shown that sup,z, [I3| = 0,(n), and Ay C Ay, we have supyci, |1s| = 0p(n). There-
fore, with probability going to 1, we have n/"(L,/2 — Py, )y = I — Is > 2E[log? |ey]
holds for all A € A

It remains to evaluate the term 7" (P, — Py, )n'/(|My| — s2) = I; in ((A.1.16)).
The term |M,| — so in the denominator makes I; complicated, and we need to bound
the supreme of I; over A € A, which makes the problem more challenging. To bound
17, we will first consider an event 7T /Torlogn/m with 7' > 0 being temporarily fixed,
under which the vector 1’ behaves well as a sub-exponential random vector. Here T,
refers to the event that has been defined in Lemma 4 for any x > 0. Then we apply the
results in Gotze et al. (2021) which deal with the quadratic forms of sub-exponential
vector and establish the concentration of (7' — E[1|€])" (P, — Pa,)(n — E[n'|€])
around its conditional expectation given €. Then we apply Lemma 3 to evaluate
the difference between the conditional expectation and a term E[log? |e;|](|My| —
So), and show the difference is asymptotically negligible. Next, applying Lemma 3
again, we bound a term E[1)|€]" (P, — Pa,)E[7|€] and show that it is asymptotically
negligible under 7 Tortognn’ By these results and the inequality 0" (P, —Pa,)n’ <
200" = E['[é])"(Par, — Pay) (' — E[1|€]) 4 2E['[€]" (Par, — Pa,)E[7'[€], we then get
an upper bound for P (77’T(PMA — Py, — 2E[log? |1 |](| M| — s2) > t’T\/Tsngn/n>
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for any t > 0. By carefully evaluating a union bound and choosing an appropriate
value t = c(mlogpV s; logn) with some suitable constant ¢, we show P(sup/\e/Lr I; >
2E[log? |e1]] +c(log pV sy logn), T\/Tsngn/n) — 0 asn — oco. Moreover, by choosing T’
large enough and applying Lemma 4, we show P( \C/m) — 0 as n — oco. Once

again by a union bound, we concludes that P( SUpjei, I7 = d(logp V s1log n)) — 0
as n — oo, for some constant ¢ > 0.

Summarizing the previous results, we get

1 (P, — Poy)n /(| My] —
P ( e |:Cn7p ogp 7" (Pa, — Pa,)n'/(|M)] Sz)} - 0)
NeAy n N (Lujz — Par, )0/

1 /(1 1
> p [ Cuplosp C(Sgpvjl 1) _ o) 4 o(1) > 1,

n gEllog” |e1|]
since C,, , — 0o and s; logn = o(C,, ,log p). So ((A.1.16)) is proved and the conclusion
of Theorem 2 follows. O



A.2. PROOFS OF PROPOSITION 2-4 AND LEMMA 1-2. 98

A.2 Proofs of Proposition 2-4 and Lemma 1-2.

Proposition 2 is Corollary 1.7 in Rigollet and Hiitter (2015), so we omit the proof
here. Proposition 3 is standard and has similar argument such as Proposition 5.16
in Vershynin (2012). Due to the difference in constants, we give its proof here for
completeness. The proof of Proposition 4 is also standard, which can be found in
Hastie et al. (2015) and Fan et al. (2020). We omit its proof here.

A.2.1 Proof of Proposition 3
Proof A.3

Fort>0,any0<5§/\+,wehave
max? ;| |a;]
2 2,2
- Ees 2= @c  [[, Bess  [IF o A2s2 550 a?
y— y — 1= 2
P(E a;€; > t) S = — i=1 — S i=1 — S e 5 st.
e e e
i=1

Choosing s = 33 Zi —= A

i=1"

we get

1
Amax? | |ag|’

n t2 t
P I R |
(Z a;€ ) < exp [ X2 a2’ 2\ maxi <j<n | }

i=1 i=1 "

Applying this inequality on {—¢;} |, we have

n

t2 t
P(Z G@'(_Gi) - t) S oxp {_ (2)\2 Z?:l a? A 2\ maxlgign |CL1‘>:| .

i=1

Combining these two inequalities, the proof is completed. 0]

A.2.2 Proof of Lemma 2

Proof A .4

We first claim that P(|logle; + p| — E[logle; + pf]] > t) < ae™ for any ¢ > 0,
where a = (402eE+2)) v/ (2ceLHe) v (2 4 2CHe2E1e) s a positive constant. To
prove this, let b = E[log|e; + p], then by assumption (Aj) and Lemma 3, we have
b] < (2L + 1)|u| < (2L + 1)c. When ¢ > log |2u| — b, we have et > 2|u|, then by
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Proposition 2 and assumption (Ay),

P(|log|e + u| — Ellog |e + pf]| > t) = P(le + p| > ) + P(le + p| < ")

b—t
€ K $2b+2¢

< P(le] > %e”b) —i—/ . f(r)der < 2™ &2 + 20pe’e™.
b=ty
When ¢ > log 402 — 2b, we have e2+2 > 452et > 402!, Also, let h(t) = est — 2t we
have h/(t) = %egt—Z, so h/(t) <0 whent < §, and h/(t) > 0 when ¢ > §, which means
h(t) > h(§) = 0. So when t > log40? — 20, e20t2t > 4522t = 80°t, and efeQSbo;?% < et
Therefore when ¢ > (log 46%+2(2L+1)c)V (log 2¢+ (2L +1)c), we will simultaneously
have t > log4o? — 2b and t > log |21 — b, so that P(|log|e + | — E[log | + pl]| >
t) < (24 2Cpe)e™ < (2 + 2CoeEre)e

When 0 < ¢t < (logdo? + 2(2L + 1)c) V (log 2¢ + (2L + 1)c), then we have e™* >
Lie~(L+2e p Lo=(LtDe apq

P(|logle+ p| — Eflog|e + pl]| > ¢) <1 < (40%eH72) v (2ceFH1)e .
So the claim is true. We have, for any positive integer k,

k > 1
E[|log |e + | — Eflog |e + p]| ]=/ P(|log |e + u| — E[log |e + pl]| > t¥)dt
0

o0 1
< / ae ' dt
0

= ak!.

Then we have for any s such that |s| < 3,

k
Ees(log|6+M|7E[log\6+,u|]) <1+ i |S|kEH IOg |6 + :u| B E[log |6 + :U’|H ]

k!
k=2
<14 a(ls)
k=2
1
=1+ as?

1 —1s]
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<1+ 2as?

S eQa52

where the last step holds true for any n > 2y/a. Since % < ﬁa < %, we have
252
Ees(ogletul—Ellogletull) < o5~ for any s such that ls| < %, for any n > 2y/a. This

shows that log |e + u| — E[log |€ 4+ p|] is sub-exponential(n) random variable for any
n = 2va. m

A.2.3 Proof of Lemma 3
Proof A.5
For any = > 0, let gi(x) = log(x)1{;>1; and gs(x) = log(x)1l{z<13. Notice that g is
differentiable almost everywhere, and the derivative has magnitude that is no greater
than 1. Therefore we have |g1(x) — g1(y)| < |z — y| for all z,y > 0.
(i): By definition, log(z) = g1(z) + g2(z). Consequently,
[Eflog e + p] — Ellog el]| = |Eg1(Ie + ) — gr(lel) + galle + ) — ga(le])]|
< |Efga(le + 1) = ga(leD]) | + [Elga(le + al) = ga(lel)]

<E[|letul = lll] + | [ oglal- (fa~ ) - ) s

z|<1

Shﬂ+/<ﬁbwﬂkﬁw—u%<ﬂwmw

< |pl + Lyl |log ||| dz = |u| + 2L|u| = (2L + 1)|n].

|z|<1

So (i) is proved.
(ii): By definition, log®(z) = ¢?(z) + g2(z). We have

E[log2 le + ,u” - IE[log2 |e|] ‘
<[Bl2(1e + ) — 20D + [ELg3le + 1) — 31|

~[E[(onle + ) = (10 + 2n 1+ ) = 1) - ]|
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+ [B[g3(le + ul) — g3(Ie])]

<E

(Ie+ sl = 1€)*] + 2B [le + al = lel| - ga(le])

+ /|z|<1 log? [z] - (f(z — p) = f(x)) dﬁ‘

L—

<Juf? + 2|l g (1)) + Llul [ (log |o))? de

lz|<1

<|ul* + (21E[| logIEH] +4L) 1.

So (ii) is proved.
(iii): By definition, log*(z) = ¢%(x) + gi(z). We have

E

IN

E[log" |e + ] — [log4|e|]‘
[

gille+ ul) — gi1e)]| + [Elgdle + wl) — gd(lel)]|

=B (g1(le + ) = gr(|e)" + 4(gr(le + pl) = g1(lel))” - an(le])

+6(g1(le + ) = 91(1e)” - (91(1eD)” + 4(ga(le + ) = g1 (1€D)) - (91(Ie))’]

+ [B[adlle+ u) - 1)
<E|(Je+ i = le)*] + 4B e+l = Iel]” - a(Je)

+ 68 [le+ ul = 1l[*+ (51eD)”] + 4B []le + il = lel| - (gn(1eD)”]
/|m|<1 log |«] - ((z — ) — f()) da]

<|ul* +4|u|’E [! log |¢] \] + 6| u*E [ log® [¢[] + 4|p|E U log || ﬂ

_|_

+ Ll (log |z[)*d

lz|<1

=|u|* + 4]u|3]E[| log |e|‘] + 6|u|*E[log® |¢]] + <4E“ log ]eHg] + 48L) |

So (iii) is proved. O
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A.3 Proofs for Proposition 5

In order to prove Proposition 5, notice that by symmetry, we only need to prove the
result in (i) and the result in (iii) that corresponds to 3(Z™). The results for 3(Z®)
follows similarly. To prove (i) for 3(Z™), we will prove a more general case where
we use the ¢; penalized estimator as the initial estimator of LLA. The case of using
0 as initial value follows as a special case then. Recall £,(3) = Zig:l(yi — x7f3)2.

T on

The ¢, penalized estimator is defined as

p
Blasso = arg min gn(ﬁ> + Masso Z |6j|7
7j=1

BERP

where Ao > 0 is some tuning paramater. Recall that with 0 as initial value, the
first iteration of the LLA algorithm gives the ¢; penalized estimator with p)(0) as
tuning parameter. For SCAD and MCP, p)(0) = A. Hence, the estimator given by
the LLA algorithm in O; with 0 as initial value is the same as that given by the LLA
algorithm with Blasso as initial value, with the specific choice Ajs50 = A.

So instead of proving (i), we prove the following result for general Ajsso

1
(i) If we pick A > ?’slai% when (Cyz) holds and pick A > % when (CY) holds,

then S(ZW) = o2l holds with probability at least 1 — 2pexp (—1;\;1235562) -
a?n)? ne(|18; Hmin_a)‘)2
2(p — s1) exp (—m) — 25y exp (— id . )

We can see that (i) follows from (i’) after taking Ajasso = A
With lasso being the initial estimator, we have the following Proposition 8 and

Proposition 9.

Proposition 8 Let Blasso be the lasso estimator on Z() with tuning parameter Ajusso,
i.e. the initial estimator for the LLA algorithm from which we get B(Z (1)), Under
assumptions (Ap), (Cy), (Cs) or (C)), (Cs), we have 5% satisfies

R 1
”ﬁlasso — ﬁ*H@ < 3312/\121880&717 if (CQ) holds;
||Blasso - B*Hoo S 3)\1assop_1v if (CIQ) hOldS?

2

n)‘lasso ) . |:|

with probability at least 1 — 2pexp (— 1572582
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Proposition 9 Choose the tuning parameters so that |85, [[min > (a+1)(AVX). Let
Blasso be the same estimator as in Proposition 8. Then, the LLA algorithm in O,
initialized by 8° = S%5° converges to 4! after two iterations with probability at

least 1 — p; — ps — p3, where

p1 = P([|3° = B*[|o > ao)),
p2 = P(|Vaglu(87) ||l > a1 ),
_ . Aqral <
ps =P(min |5"!] < a)). -

We prove Proposition 8 first.

A.3.1 Proof of Proposition 8
Proof A.6

For notational convenience, we slightly abuse notation in this proof. We use y to
denote the response vector in ZW ie. (yi,... ,yg), use X to represent XM, and
use X; = (715,...,2n;)" to represent the jth column of XM, The ith row of X is
still denoted as x7,i = 1,...,5. Write y = XB" + 7, where n = (n1,...,72)" with
N = e*i7"¢;. Define the event & = {Masso > ni/QHXTnHOO} = {Nasso > %HXTUHOO}-
Then, by Proposition 4 and |A;| = s;, we know that the event £ implies event
{||8"s% — B*||s, < %Alassoslé} under assumption (Cy), and implies {||3%5%° — %o <
%Alasso} under assumption (C}). So under assumption (Cz) or assumption (Cj), we
have

~ 1
P(Hﬁlasso - B*Hﬂz S %)\lassosf> Z P({)\lasso Z %HXTn”oo})
=1- P(%HXTUHOO > Alasso}
or (A.3.1)

P([|395% — 5*[|oc < ZAasso) = P({Masso > 2[[X 7]l })
=1- P(%HXTUHOO > Masso)

respectively. It suffices to derive an upper bound for P(2(|X™7|/e > Masso). In fact,

n)\lasso

4 p
P(E”XTUHOO > Alasso) < ZP<|X]T77| > )

J=1
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n/\lasso

p
= P(XIW* ), (A.3.2)
7j=1

where W* = diag{eX"", ... ,exg/ﬂ*}. Let a" = (a1, ..., an2) = X W*, then a’a =
XTW*X;. By Proposition 2, we have

P(|XTW* | > n)\lasso) < 26 ( 2)\]2asso )
W > ——— xp [ —
d 1=t 30X TWX
n2\2 n\:

<9 ( o lasso > <9 ( o lasso )’ A.33

=TT 302exrX; ) T TP T Te0202 M (A-33)
where we use €57 < Q. Vi = 1,...,n in the second inequality and | J/!@ < M in
the third inequality. Collecting the results in ((A.3.1)), ((A.3.2)) and ((A.3.3)), the
proof of the proposition is completed. O

We next prove Proposition 9.

A.3.2 Proof of Proposition 9

Proof A.7
We have V2(,,(8) = T%DZ?/? x;xT. Since uT(-1; /2 S %X n/2 S (xTu)? >
0 Vu € RP, V20, () is nonnegative definite. So ¢, is a convex function. Similarly, let
0o(Bay) =1 Z?/?(yz Xjy, Ba,)? = £n(B) for any 8 such that fuc = 0. Then, we have
Vﬁ (/BAl) - n_/2 Z?/?(yl - X;FAIBIM )XiAla and also vzgn(ﬁlM) = nL/Q Z?/? Xin X zAl =
n}QX(l) X(ll). By assumption (C3z) we know Xxl) is of full rank, so WX() Xxl)
is positive definite and /,, is strictly convex. Therefore 52! is the unique solution
to V4,(Ba,) = 0 and Bac = 0. The proposition then follows from Theorem 1 and

Theorem 2 in Fan et al. (2014b). O

Now we are ready to prove Proposition 5.

A.3.3 Proof of Proposition 5

Proof A.8
By symmetry we only need to prove the result in (i) and the result in (iii) for B (ZzW).

So we may abuse the notation in the same way as we did in the proof of Proposition
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8. That is, we use y to denote the response vector in Z, ie. (yi,... ,y%), use X
to represent X, and use X; = (215, . Tn ;)" to represent the jth column of xXM®
The ith row of X! is still denoted as x7,i =1,..., 2.

(i): It suffices to prove (i’). Recall Proposmon 9 shows that the LLA algorithm
in O; converges to Bora after two interations with probability at least 1 —p; — ps —

Let Blasso be the one appeared in Proposition 8. From Proposition 8 we already have

~ 1 )\2 )
P(HBI%SO - 5*”52 > 3512 )\lassofiil) < 2]9 €xXp <_ﬁ), if (CQ) hOldS7

3 - n)‘Qasso .
P(Hﬁlasso - B*HOO > 3)\lassop 1) < 2]7 €xXp (—m), if (C/Q) holds.

1 .
So under (Cs), since we pick A such that ag\ > 357 Massori 1, and || 3855 — B*||o <

|50 — 3*||,,, we have

= P(”Blasso - 6*”00 > ap)) < P(“Blasso - ﬂ*||e2 > 331§>‘1ass0’f_1>

7
asso )

< 2 exp (e e

Similarly, under (C}), since we pick A such that ag\ > 3\ .sop™ ', We have

)\2

lasso )

_ Hlasso *
=P(||3 — B oo > ag)) < QPGXP(—W .

It suffices to bound p, and p3 in Proposition 9.

We first look at py = P(HVM&(BOFM)HOO > ai\). Recall 321 = (X}, X,,) "' X]y
and Boral = 0. So we have £,(3°*) = iy - Bora1||52 = +lly - XAlﬂomle,
and we also have that VAgfn(Boral) = n}QXT (v — Xa 5‘“1) = n}2XT (y
X, (X}, Xa,) 71X}, y). Plugging in y = X3* + 1, where we denote n = (11, ..., 7z)"
with ; = %7 ¢;, we have Vel (5721) = n}2XT (1—Xa, (X}, X4,) ' XE )0, where
1 € R5*% is the identity matrix. Denote Hy, = Xy, (X} X,,)'X] , and denote
W* = diag{exi™, ... ,exg/ﬂ*} so that n = W*e. By Proposition 2 and assumption

(C1) we have

P(|l - /2 AC( Hy )nllmax > a1A)
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% n
< D PIXF(—Ha)We| > a1 M)

JEAS
a?n?\?
<2 exp ( — 1 )
];A? 802X (1= Hy, )W*(1 — Hy, ) X;
2,212
ain’
<2) e ( - 80292XTX-)
JEAS 77
2,212
ain’
=2 Z P ( B 402QQnM>
JEAY

a2n\?
=2p—si)exp < - 4a;Q2M>‘

Next we look at p; = P(minjea, | B;’ra1| < al). By the choice of tuning parameters,
we have {minjeg, |69 < aA} C {||62*" — Bk, lmax > 5%, [lmin — @A}, Denote
(X3, Xa,) ' XE, = (ug,...,u,,)", where u; € R”. Then u; = X, (X} Xa,) ey,
where e; is the unit vector with jth element 1 and other elements 0. Then we have

uiu; = e (X} X,,) ey < ﬁ. Therefore by Proposition 2,

P3 < P(Hﬁf&ﬂal - @ngmax > ||6;§1||m1n —al)
= P(lKXfT&lXAl)_lXKlnHmax > Hﬁ}ilein - a)\)

< D P Wl > (15, i — )

j=1
s1 * 2
(185, lmin — aX)
< QZGXP ( - 202uT W21, )
j=1 J J
A min — )\ 2
< 20 xp ("B = a2y

402Q)2

Thus (i’) is proved and (i) follows.
(ii): Similar to (i).

(iii): From (i) and the choice of tuning parameters we already have

P(B(Z(l)) 7é Boral) < 2pe—cln)\2 _‘_2pe—02n)\2 (A34)

N %55). For T > 0, let

40202

. . 1 . al
for some ¢y, ¢y > 0 (for instance, ¢; = ooz 2 = 2070
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A =T logp Then we have

P(B(Z(l)) 7& Boral) < 2p—(c1T—1) _}_2p—(czT—1)' (A35)

Take T > = , we have lim,,_,, P(3(Z1) # foral) = 0
It sufﬁces to show 137 — B*|le, = Op(\/=) which implies [|3(ZD) — B, =
Op(y/Z). In fact,

E[| 8o - 671I7,) = ENI6Z — B, 112]
= E[e"W*X,, (X}, Xy, ) ? X}, We|
Var(el)tr(W*XAl (X3, Xa,) X5, W)
var(ep)Q%tr(Xa, (X5, Xa, ) 72X} )
Var(el) tr((XAlXAl) D)
var(e)

ar

This implies |37 — 5*[|s, = O,(1/Z). So the proof is completed. O

A.4 Proof of Lemma 3
Proof A.9 (Proof of Lemma 4)

For notational convenience, we slightly abuse the notation in this proof. Let y
and X be the response and design matrix in ZW, ie. y = (y1,...,Yns2)" and
X = XM, Let y and X be the response and the design matrix in Z®, ie. § =
(Y241, 9a)T, and X = X®. Then recall that ﬁoml = (X}, X4,) "X}y, and
XraQ (XT XAI) 15(:;&15/. Recall that v; = eX1 7", i = 1,...,n. Define ¢; == Vignj2,t =

L,...,5. Let W* = diag{vi,...,v,2}, and denote W* = diag{d,,... ,Uny2}. Let

€= (€1,...,€n2)" and € := (&,...,6,2)" = (€nj241,---,€)". By definition, we have
_ 1,7 (WT W —1YT YA & 4=
Ci — 'U_ZX'LAl(XAIXAl) XAIW 1 ]_ ey 2
. T A% . . .
Since v; = €*i 7, we have y; = x;, 3 +wvi€;, 1 = 1,..., 5. This can also be written

as y = Xy, B3, + W7e. Similarly we can write y = Xmﬁgl + W*é. Then we have

( TlOg |y XAlBoraQ TX,Y* > C)

/2
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n/2

1 *
=P(—| Y (ailog|y: — x,, B2 — aix}y") )
n/2l
1 n/2
= P(n—/2 Z (a;log |vie; — Xy, (50”‘2 Bi) —axiy*)| > O)
i=1
1 n/2
= P(n—/z > (ailogle — zAl(ﬁoraQ 5&1)!)‘ > C)
i=1
1| & 1
=P Zl (ahog Jes — 7, (K], X)) XL, W) | > ). (A4.1)
Recall ¢; = ZAI(XT Xa,)™ 1XX1W*€. Let K > 0 be any fixed positive constant,

and let C' = K N —= (4L+2)G Then, by union bound, we have

n/2
n/Z‘Z a210g|ez Gl ‘>C’

n/2

<P n/Q‘ Z (a;log |e; — CA)‘ > C, ax |C,| <C) —I—P(max G| > O).

(A.4.2)

For any ¢ > 0, let 7, = {max;<;<» |(;| < ¢}. By union bound, Proposition 2, assump-
tions (C;) and (Cj3), we have

n/2
(T) < Y PG > 1)
i=1
n/2 .2
SZQexp(— 21 ,T (WT Y “1YWT \W#*2X T X -1 )
i=1 20 w2 Xin (XE, Xy )71 XE WX, (XE, X)X,
n/2 2
< 2exp (— )
RN TR EN
n/2 t2
= Z 2exp <—2029—lx

i=1 U2 npiAg Xihy
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t2
< 2ex
Z P 20232 2 51]\/[)
202p

=nexp (—

To bound the first term on the right hand side of ((A.4.2)), notice that

n/2
1
/212 ailogle; — Gif)| > €, max ygy <0)
1 n/2
Z]E[P(n—/z\;(ailog!ei—gl)\ > C, glgxgléi < Cle)]
1 n/2
S]E [1{1113)(195% ‘Cz'Sé} ° {P<’[’L_/2| Zzl(a/’LE[lOg |€Z C’LH )
n/2

< L |Z a;log|e; — G| — a;Ellog |e; — C,H |>—‘ >H (A.4.4)

By Lemma 2, conditioning on € where max1<i<n ;] < C holds,

log |e; — ¢;| —E[log le; — ¢;|],i = 1,..., %2 are independent sub-exponential(r) random
variables, where 7, is a fixed posmve constant defined as

no = 24/ (402e(L+2K) v/ (2K eRLADK) v/ (2 4 2C,e@LT1K) . Therefore, by Proposition

3, we have

n/2
E[umxl%%mc}( |Za110g|ez G| — aEllog |e; — GiI|)) |>—‘)]

2 2
< 2o |- ( (/2 C2 )
8nE 262 Anomaxi<i<z |ag]
[ ((C/2)?  C)2
= 2exp o (47}8G2 " 4770G>n

[ Cc? C
= 2exp - <167)§G2 A 8770G>n} (A.4.5)

We are left to bound the remaining term in ((A.4.4)). In fact, by Lemma 3 (i) and
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Ellog |€;|] = 0, we have that |E[log |e; — ¢||€]| < (2L + 1)|¢;|. Therefore,

n/2

E[l{maxl<b<n\cl|<c’} ( }2|Z a;E[log |e; — QH |>_‘ )}

=0, (A.4.6)

where the last equality holds true since we have chosen C' such that C' < ﬁ.
Collecting the results in ((A.4.1)), ((A.4.2)), ((A.4.3)), ((A.4.4)), ((A.4.5)), ((A.4.6)),

the proof of lemma 4 is completed. O

A.5 Proof of Proposition 6

Proof A.10 (Proof of Proposition 6)

For notational convenience we slightly abuse the notation in this proof. That is, we

let y and X be the response and design matrix in ZW, ie. y = (y1,... ,Yns2)" and

X =XO. And we let X; = (45, . .. ,xn;)" to represent the jth column of X®. Then

we can write y = X" +n, where n = (n1,...,72)" with n; = i i=1,..., 5. Let
= loglys — x{ 3|, 2 = (21,...,22)". Let ' = z — Xv*. Then, by the definition

Of ~lasso’

~lasso

Jo™° = arg min —||Z = X3 + MassolI7]11-
YERP

Define event £ = {\, . > 4|X™|loc}. Then, by Proposition 4 and [As| = ss,

we know that under assumption (Cs), the event € implies event {[|78s%° — ~*||,, <

3/
)\lasso$2 }7 and we have

1
~1 =
P(H,y.asso Y ||€2 > )‘lass 22 TK/\W)

4
S P(EHXTT],HOO > AlassoJTK/\i)' (A51)

(AL+2)G
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Similarly, under (C}), the event £ implies event {[|725%° — v*||, < j/\{asso} and we

have

lasso
-7 ||é2 > /\lasso7TK/\ﬁ)

P((|7 p
(A.5.2)

4 T,/ N/
P(EHX n HOO > )\lasszK/\W)'

. We

Here, C' and G are positive number to be determined later
It suffices to derive an upper bound for P(3|X™7[|sc > Mo T <4L$2)G)

have

4 T, /
P(E”X n HOO > AlassoﬂTK/\m>

4 T * /
P(E”X (Z - X"}/ )“OO > )\lasso’TK/\ﬁ)

) (A.5.3)

p
4 * N/
< Z_: P(H‘X;(Z - X’V )| > )\laSSO’ TK/\(4L+2)G

,p}, we give an upper bound for P(3|X}(z — Xv*)| >

Next, for any j € {1,...
). We have

lasso’ KA (4L+2)G

4 T * NG
P(E|X] (Z - Xﬁ)/ )’ > Alasso’ TK/\ﬁ)
\/
(A.5.4)

lasso ) )

2 T T *

Since X; = (w15, 72j,...,7y;)" and |zy] < VM, Vi = 1,...,n, plugging C' = C}
% and G = G; = v M into Lemma 4, we have

2 et TN A% ;\i ss
' I asso < ) 5.
P<n Xjz — XXy > = ,‘7KA(4LS%)G1> 2exp | —din|, Vn (A.5.5)

Here, 6; = 6115;?/[ T lg\c’ﬁ Therefore by ((A.5.1)) or ((A.5.2)), ((A.5.3)), ((A.5.4))
and ((A.5.5)), we have

asso 3 < 3 T
; -7 ||f2 > Alasso 22 K/\#) < 2]9 exp |i - 61”1 7vn-
ari2)0,

P17
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This completes the proof of Proposition 6. 0

A.6 Proof of Proposition 7

Proof A.11 (Proof of Proposition 7)

For notational convenience, we abuse the notation in this proof in the same way as we
did in the proof of Proposition 6. That is, we let y and X be the response and design
matrix in ZW ie. y = (y1,. .., Yn2)" and X = X, And we let X; = (21, . .. yanj)"
to represent the jth column of X(Y). We have V2E1( ) = Z”/i x;X;. This is
nonnegative definite since Yu € RP, u"(2 Z?/f x;xF)u = 2 Zn/Q( Tu)2 > 0. So f} is
a convex function. Let 0% (ys,) = * Zn/Q(log ly: — XZTB( )| — x5y, Va,)% = () for
any 7y such that y,¢ = 0. Then, we have VI (ys,) = —2 "2 (og |y — xTB(Z?)] —
X2y Vas )Xoy, and V22 (ya,) = 25702 X7, = %XKQXAQ. Since X, is of full rank
by assumption (Cs), %XXQXAQ is positive definite and so /. is strictly convex. So
there is a unique solution to V) (vs,) = 0 and v, = 0. Following from Theorem
1 and Theorem 2 in Fan et al. (2014b), we know that the LLA algorithm in R,

converges to

7o .= argmin £} (v)
"/ERPWAg:O
after two iterations, under the following event & = {[|7*%° — 7*[l.c < agh} N

{||VAc£ (37 lse < a1 A1} N {mineg, o0 S = al}. Now consider the event & =
& N{B(ZD) = o2}, then under the event &, (2 = 71, so the LLA algorithm in R,

ne’

converges to the solution to

~ora : 1
Yot = argmin £,,(7),
’yERP:'yAg:O

after two iterations. So the LLA algorithm in R, converges to 4™ with probability
at least P(£). To lower bound P(€), we have

P(E) = P({II7"™* = 7" lloo < aohi} N {[Vaglu (3l < i1}
N {min [77%] = ai} N{B(Z%) = po2Y)

= P{lA8*° = 7"l < aohi} N {IIVaglha(30™) oo < ar A1}
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N {mm e > al} N {B(Z?) = po=2})
>1—P(B(Z®) # 6°2) — P({3%° — 4[|l < achi} N Tper )

@L+2)Gy
— P{IVasla (G lloe < A} N T ey )
— P({mm Vo5 > ar <N KAW)
_P(TK/\ . oy )

@ALT2)G1 N AL+2)Gy "\ (AL+2)Gg

where the last inequality follows from union bound technique and the fact that 7,

N
Tz = Tainwss V21,22 > 0. This completes the proof of Proposition 7. O

A.7 Proof of Lemma 4

Proof A.12 (Proof of Lemma 5)

Let Sp—1 = {v € span(P) : ||v||s, = 1} be the unit sphere in the range of P. Let N be
the 2d-packing number of S,,,_1, i.e. the maximum N such that we can choose distinct
Vi,...,Vy from S,,_q such that ||v; — v;||s,, > 26,Vi, j. Such choice ensures that the
balls {v € R"?: ||v — vj||s, < &} are disjoint. Thus comparing the volume in R™ we
have N§™ < (14 9)™. Moreover, by definition of N, we have for any v € S,,,_1, there
exists a j € {1,..., N} such that ||v—vj|l,, < 20. Since ||P7'||,, = sup,es,_, [V'P7|,
and v = v; + (v —v;) for any j, we have ||[P7[|s, < maxjeqi,. vy [ViP7[+25[ P/,
This implies ||P7/||¢, <

max;e(1,.. N} |V;~FP77,| = max;eq1,.. N} |V]T77’|. For

1 1
=207 =207
any v € S,,_1, we have ||v||s, = 1 and v = Pu for some u € R"/2. Therefore,

[V|max = max |e;Pul= max |e/PPu]
ie{1,...,n/2} i€{l,...,n/2}
< max _||e/P|s[Pull, = max \/ e/ Pe; < \/>\/G’
26{177’”/2} {1”

So applying Lemma 4 with C' = \/%t and G = VG’ we get

vin t, T, Ve )
K/\(4L+2)\/ \/7 \/7’ K/\(4L+2)\/nc;'

P(lvin'| > t.7,

22 V2t 22 V2t
<2 — <2 — .
= eXp{ (mnonG'A nwnG)”} exp{ <16n 3v/nG’ 8no¢_af)ﬁ]
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Therefore, apply a union bound we have

t
P(|P7 (s, > ——-—, T, <P( max |[vi79|>tT,
(P77 le, (1—20)4 KA@{%) - (je{l ,,,,, N}| il KAMJ%)

212 V2t
2 / N ) \/ﬁ}
16770 \/EG 8770 \/@

1 2t? V2t
<21+ )™ — .
< 2( +5) exp[ <16n§\/ﬁG’/\8no —G’)\/ﬁ}

So Lemma 5 is proved after replacing ¢t with C. O

§2Nexp{—(

A.8 Proof of Theorem 2

Proof A.13 (Proof of Theorem 2)
By symmetry, we only need to prove the result for HBIC®, i.e. P(M/f\?’) =Ay) — 1.
1

So we slightly abuse notation in this proof. We use y and X to represent y(!) and X,
j=1,...,p. We use y to represent y®), and use X to represent X, Let v; = % 7"

and still use x; and X to represent the 7th row and jth column of XD i=1,...

fori =1,...,n. Let 0; = vjynp,i = 1,...,5. Let W* = diag{vy,...,v,/2}, and
let W* = diag{,...,Bn}. Let € = (e1,...,e2) and Let é = (¢1,...,&)" with
&=¢€4n,1=1,...,3

For any A > 0, we use 4 to represent 4*(Z® — ZW)) and use M, to represent
Mig), which is the support of 4*. Also, we use HBIC to represent HBIC®, and we
use (), , to represent C’r({?;)). For any index set A C {1,...,p}, we use P4 to represent
the projection matrix PS) in this proof, since no confusion is caused.

Meanwhile, recall that the oracle estimator that corresponds to B(Z @) is BoraQ
with B;grf? = (XfifTXfff)—lefny@) and BK?Z = 0. By Proposition 1, we have
P(3(Z®) = Bor22) — 1. Let % = logly; — x78(Z@)] and z = log|y; — xT 32|,
i=1,...,%. Consequently, P(2; = 2;,Vi) — 1. Further, we let z = (z1,..., 2,2)".

Let A = {A>0:XcALA & My}, Ag = {\>0: )€ ALA, = M},
Ay ={A>0:XeA,Ay € Myand Ay # M,}. For any M C {1,...,p}, let
SSEy = inf, g [|2 — Xnmymll7,, and let 63, = 2SSEy,. By definition, we have
2||z — XA*M|7, = SSEa,, VA > 0. Let 4 be the p-dimensional vector which satisfies
Ag = (X}, Xa,) ' X},z and 48 = 0. By Theorem 1, there exists A=\, >0
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such that P(3™ = 4°%) — 1 as n — oo. This implies that P(A\, € Ag) — 1.
Therefore, it suffices to show (i): P(inf, 5 HBIC()) > HBIC(;\n)) — 1 and (ii):
P(inf, 5, HBIC(\) > HBIC(),)) — 1.

For (i), we have

P(Air}\f [HBIC(\) — HBIC()\,)] > 0)

= P( inf [HBIC()) — HBIC(A,)] > 0, Fhn = 4ora)
+P( inf [HBIC()) - HBIC(A,)] > 0,4 # 4°7)
( )

> P(}\ler}\f_[log(O-M /63,) + (|My] — 52)

| > 0) + o(1). (A.8.1)

Here, the last inequality follows from P(3* = 4°%) — 1, P(4 = 2,Vi) — 1, and
2|z —XA3M|?, > SSEyy,. Write z = Xvy* 41/, where 1)/ = (1, . .. ,n’%)T. Then we have

0312 = 2ll(Inj2 = Pay)zll7, = 2lI(Tnj2 = Pay)[I7,- So we have

=2 52 _52) /9
log (ig*) = log (1 + 7 (%, ~ %) / ) : (A.8.2)
g n

Ao o (In/2 - PA2) us

To evaluate n" (L2 — Pa,) 1/, first we have N7 (L2 — Pa,)n' < n'Try. Then notice
that

771/ = log |y7, - zA1ﬁ0ra2| - XT IOg |Ui€i - ZAl(/Boraz /8A1)| o X "Y

1 ora. * . n

= log|e; — ZAI(ﬁ ? BAl)]élog\ei—g|,Vz:1,...,§,
where we denote {; = X}, (6‘“32 Bi.). By definition of ﬁoraz, we have (; =
%fol(Xxlel)*lﬁf{XlW*e, i=1,...,5. So the randomness of (; comes from €. By

law of iterated expectation and Lemma 3 (ii) we have

n/2 n/2
0] Z]Elog le; — Gl] = > E[Eflog [e; — ¢||]]
i=1

n/2

<Z{ Ellog® |e;]] + ¢ + (AL + 2E[| log |&;]|]) |Cz]}
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n/2

<Z{ log® |€1]] +E[C]—|—(4L+2Eulog]61|u CQ]}

In the proof of Theorem 1 (iii), we have established that E[(?] < Var(61)$2 2%\4 :

/T o/

Plugging it in we get E[/™n] = O(n). This implies that 7" (Lo — Pa,) ' = O,(n).

Next, for any A € A_, we evaluate n(63, — 63,)/2. Let = Xyu,7L,, we have

SIS

(‘ﬁ/& - &12&2) = MT(ln/2 - PMA),U + QMT(ln/z - PM)\>77, - 77/TPM)\77, + U/TPAQU/
EL+L—-L+1, (A.8.3)

By condition ((2.5.2)), I} = p* (1,/2—P s, )pu > ncj for sufficiently large n. To evaluate
Iy, we first write I, = 2a}, 7', where a}, = (L2 — Pay ). We first show that
lans, [lo < ko K, for some constant ky > 0. In fact, ||ans |lo < [|tllco + 1P as, 2] 0o-
By assumption (Cy), we know there exists some constant xo > 0 such that |x;s,7;,| <
Ko, Vi. This gives |[ullc < Ko. To bound [[Paspilleo, let Par, = (pij)i<ij<z. By
the condition given in the theorem, we have p; = e Xy, (X7, Xar,) ' X} € <
aollxian ll7, < .., % Then we have for any 1 < i < 2, |u"Pye] <
VTP /€T P e < lplloy/Pi < \/_/-@0«/2K”M £ k1K, with k; being some
positive constant. Thus we have ||ay, || < Ko+ k1V K, < Ko/ K, for some constant

Ko > 0.

2K, M . n
Syt Vi =1,

Thus for any A, any ¢ > 0, plugging C' =t and G = 1 into Lemma 4 we get

2 t? t
P(m|aMA7]|>t TK/\ t ><26Xp|: <—/\—>TL:|,

16m3  8no
c ( 4L+2) \IIQSO
P(T 4Lt+2) S nexp( 4029281M )

where K can be any positive constant, 79 and L are fixed positive constants that have
been defined in Lemma 4, and 7, is some event that has also been defined in Lemma

4 for any positive x.

Notice that the number of possible outcomes for M, is at most Zfi’}] (p) <
i
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ZZ W= fm < 2pfn. So applying a union bound, we have for any ¢ > 0,

2 t2 t
P(sup ————|a%, 0| > t, Trr_+ ) < 4pFre —(—/\—)n.
<,\e]\p_ nﬁzm‘ 7| Kinagles) S AP XD 1603 8no

Therefore, again by union bound, we have

P(sup 0| >t)

a
reh N2V K | X
(KA 755)2 0%

t2 t
<dpfn _ ( A _> B AL+2
= e { 162 " 8o ”} e (s e

To make the right hand side of the above inequality goes to zero, it suffices to take

t="T(y/ %= logp v En logp V2 log” with sufficiently large T > 0. This concludes that
2
SUP e | aMA (/) Ko logp v En logp V/ sllog" (/K 1ng) by the condition

on K,. Sosup,ci_[2ay, 7| = p(n\/%) = 0,(n) since @ = o(1). So with

probability going to 1, we have I + I, > %n holds for all A € A_.
To evaluate I3 = 7Py, 17/, notice that n'Py,n = ”PMW,”?Q- Recall Py, =

(pij)i<ij<n and we have shown p; < 2Ifm’sz,Vi =1,...,5. Let m be the rank of M),
so we have m = tr(M),) < |M,| < K,. Therefore, applying Lemma 5 with C' = ¢,

G = KZ)M, and 0 = %, we have

P(\/I_3 > 2t TK/\ V24t ) = P(HPM)\n/HKz > QthK/\ V24t )
(4L+2)vnKn M (4L+2)vnKnM

. 26t Vot
= 2onex [‘ (v 8nom—MM}
202 V20t
16m3/nK, M " 8770\/[('”]\/[)\/%] '

Next, similar as before, we apply a union bound. Notice that the above inequality

§2~5K"exp{—<

does not depend on the relation between A, and M),. As long as \ € /~\1, we have
|M,| < K, so that the number of possible outcomes for My, is at most 2p™». Therefore

we have

Sup \/‘[_3 > 2t7 KA— V20t V2ot )
>\€A1 (4L+2)v/nKn M
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202 V20t ]
<4 - (5p)fn — A :
<4 (5p) 7" exp { <16n§\/ﬁKnM 81 KnM>\/E
Also, by Lemma 4 we know

V2¢t 27,2
P(T¢ ) < nexp(—<K/\ (142 nK"M) v (pn)
KNGy et 452025, M ’

therefore by union bound again we have

P(sup \/I3 > 2t) <4 - (5p)%" exp [— (
)\6]\1

20t> V20t
2 ¢ A ¢ ) \/ﬁ}
168 /n K, M " 81gv/EK, M
V26t
(KA (4L+2)m)2q’2@n)
40’29251M '

+ nexp(—

To make the right hand side of the above inequality go to zero, it suffices to take
t =T (K,\/logpV % V /K, s1logn) with sufficiently large T > 0 (notice that
log 5p is of same order as logp since p — c0). Since we require K2logp = o(n), and
we have the relations s; < Ky, n < p, this implies sup, .z, VI3 = O,(Kynv/1ogp),
and therefore sup, 3, Is = O,(K} logp) = 0p(n). In particular, sup, 5 |I3] = op(n).
Thus with probability going to 1, we have Iy + I, — I3 > %n holds for all A € A_.

For I, = n'TP,,n, notice this term does not depend on A. The procedure of
bounding I, is similar to I3, but we need to replace Pj;, with P,,. We now have
efPy,e; < 22M and the rank of Py, is s, (by assumption (Cs)). So similar as before,

ne
we apply Lemma 5 with C' =t, G' = %, 0= i, and then apply a union bound, we

obtain

261 V291
< 9 .52 —
P(VE> 20 257 ep |~ (g Ty A ) v

V26t 22
(K A (4L+2)\/nszM) v Spn)

40'29281M

+ nexp (—

By similar technique as before, it follows that /Ty = O,(y/s251 logn) = 0,(/n) since
max{sy, s2} < K, logn < logp and K2logp = o(n). So Iy = o,(n). Thus with
probability going to 1, we have Iy + [, — I3+ I, > %n holds for all A € A_.

Now, following ((A.8.3)), we have P(%(63,, — 0%,) > %n) — 1. Recall that we
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have ((A.8.2)). By the fact that we have derived n'" (1,2 — Pa,) /' = Op(n), we have

lim limsup P(n" (L,2 — Pa,) 7' > Tn) = 0.

—X  p—oo

Therefore, there exists e > 0 that depends only on 1" and satisfies ez — 0 as T — oo,

such that
~9 /

o c
AJ\QA) > log(1 + 8—%)) > 1 —erp.

liminf P( inf log(
n—00 AEA_ Ao

Following ((A.8.1)), we have

lim inf P( inf [HBIC(\) — HBIC()\,,)] > 0)

n—o0 AEA7

/
|
> liminf P log(1 + <%) - Cpsalog(p) _ 0)

Z 1- €r,
where the last step is because C""’SQTW = 0o(1). The left hand side of the above

inequality chain does not depend on T', so let T' — oo we get

liminf P( inf [HBIC(\) — HBIC(),)] > 0) > 1,

n— 00 AEA_

which implies P(inf, 3 [HBIC(A) — HBIC(A,)] > 0) — 1 as n — oc.
For (ii), consider any A\ € A,. Then we have Ay C My and A, # M,. So by the
relation z = Xv* + 7/, we have 2" (Lo — Py, )z = /" (1,2 — P, )n'. Therefore we

have §(6%, — 37,) = 1" (Par, — Pay)n’. Therefore, we have

5-2 /T P _ P / /T P _ P /
0 < log(—5>) = log(1 + ”/T( My Az)”/) < 77/T( My AQ)",,
I, 0" (L2 — Pas )n 0" (L2 — Pary )

where the last step is due to log(1 + x) < x,Vz > 0. Similar to ((A.8.1)), we have

P( inf [HBIC(A) — HBIC(),)] > 0)

/\EJKJr
b2 C,.,lo
>P( inf [ log( A;\b )+ (|My] — 89)—2—= gp] > 0) + o(1)
AEAL O-M)\ n
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P P
>P( inf [ 77 ( My — Az)n
rehy (12 — Pag)n

( f [(|MA . )< np;ogp 0" (Par, — Pag)n' /(| M) —82>>] >0>

Chnpl
+ (1My] = 52)="22E] > 0) + o(1)

Aehy 0" (12 — Pag, )0’
+o(1).

Because |M,| — sy > 1, it suffices to show that

. Crplogp 0" (P, — Pa)n' /(| My] — s2)
p £ P o A 2 >0 1 A84
(AIEI}\JF [< n an(ln/Q - PM)\)n, >i| - ( )

as n — oo. We first evaluate (1,2 — Py, )n'. We can write it as the sum of two
terms, 7" (L2 — Par )0’ = 0" (L2 — Pa, )y’ — 0" (Par, — Puy)n' £ Is — Is. For I,
we have I5 = 7'"(L,,)2 — Pa,)n’ = 0"’ — L4, notice that this term does not depend on
A. Since we have derived |I4| = op(n), we need to evaluate n'"n’ = Z?ﬁ log? |e; — ¢

We claim that -2 5 E[log? [e;|]. To prove this, first we have for any t > 0,
,’7/T,r’/ TIITn/ _
P ~Ellog*alll > ) = B[P ~Ellog* ] > 1})]
Yili(log? e — Gl — E[log? |ei — Gil[e]) | _ t.
<E[P( - )
S (E[log? e — Gille] — Eflog? [el]), ¢,
+E[P( - > Lo

For Py, notice that conditioning on €, log® |e; — (| — ]E[log2 le; — G }é} are independent

with mean zero. So by Lemma 3 (iii), we have

S var(log? |e; — G| [) S E[log e — Gil[¢]
B SE[ 1 n?t2/4 ] SE[ n?t?/4 ]
Eflog? |e1 ] 1 ks

nt?/4 + n2t2/4 E[ZCf +4E[|log |ex|[] |G

=1

+ 6E[log? [e1[|¢ + (48L + 4E (| log’ kl”b!@!}
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< n‘i ( [log* |€1|]+maXE[C +4]E[\10g|61|\] 'm?XEHQP]

+ 6E[log? |e1 ] - max E[¢?] + (48L + 4E[| log® |ey[]) - miaxE[C?]). (A.8.6)

Here all the maximum is taken over ¢ € {1,..., 2}. Recall from the proof of Theorem
1 (iii) that E[¢?] < var(61)$2 2‘%\/[ = o(1). By Cauchy-Schwarz inequality we have
max; E[|G[?] < \/maxZ (4 \/maxZ [¢?]. For any 4, we give an upper bound for
E[¢!]. Recall that ¢ = 1xJ, (X} Xa,)"'X: W*é. By Proposition 2, assumptions
(Cy) and (Cj3) we have

t2
P(|G| > t) < 2exp{— T ST T ST G0 e }
20 EXzAl(XAlXAl) XuW XA1(XA1XA1) Xih
t2 12
< 2expi{— <2exp{l—————1}.
= p{ 2 23; nQPX;FAlXZAl} — p{ 20_2%%}

Therefore,

+2

202 251 M

E[|G") =4 / t3P(\QI>t)dt§8/ Be 2 HEHE 4
0 0

+2

e’} [
202 25\ M
:4/ tfe 5 at
—0o0

02 25, M 02 25, M
= /2102 22 AR[| X [P where X ~ N(0, 02— 10
U2 np U2 np
0225, M, Q [25,M
=\ [2m0? 2 (o= [Z220)3  B[| 2] where Z ~ N(0, 1)
U2 np U\ ne
2
S
= 003y = o),

and notice that this bound does not depend on ¢. Therefore, we have already shown
that max; E[¢!] = o(1), max; E[|(;])] = o(1), and max; E[¢?] = o(1). Plugging these
into ((A.8.6)) we have P, = O(2), so P, — 0 as n — oo.

Now we look at P,. We have

n/2

[ ( Z‘E log? le; — CZH] log |el]| %

)]
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n/2
_P(%i{m<4L+2E[uog|a||]>-|<z-l} > 3)
n/; o M2 t
ZC2 ZK’ 4L+2E[\log|ellﬂ))
£ P21 +P22>

where the first step is by triangle inequality, the second step is by Lemma 3 (ii), and

the third step is by union bound. Now we have

[ ZH/Q ] maXzE[sz] n—00
Por < t/4 = t/4 -0
P E[2 021G < max; E[|¢;]]
= 1/(16L + 8E[[log|e1]]]) ~ ¢/(16L + 8E[| log |e1|[])
max; [C?] n— 00 0

< — 0,
~ t/(16L + 8E[|log |e1]|])

since we have shown max; E[¢?] = o(1). Therefore P, - 0 asn — oo. So by
((A.8.5)) and arbitrariness of t > 0, we get I’—/;L 5 E[log” |e;|]. Therefore, with

probability going to 1, we have I5 > 2E[log” |e|].

For Is = 0" (P, —Pa,)n, we have 0 < I < n"Pp, 1 = I3. Since we have already
shown that sup,z, [I3| = 0,(n), and A, € Ay, we have supyei, |1s| = 0p(n). There-
fore, with probability going to 1, we have 7" (1,2 — Py, )y = Is — Is > 2E[log? |ey]
holds for all A € A

Next, it remains to evaluate the term n'™(Py;, — P, )n'/(|My| — s2) £ Ir that
appeared in ((A.8.4)). By the condition given in the theorem, and the fact that
Py, — Py, is a projection matrix, we have tr(Py, — Py,) = rank(Py, — Pa,) =
| M| — s2. For ease of notation let B = Py, — Py,. Then we have tr(B) < K, — s9
since |M,| < K,,. Since B is positive definite for A\ € Ay, we have "By’ < 2(1/ —
Eln'|€))"B(n' —E[y'|&)+2(E[n|é])* B(E[|€]). Let K’ = |/ T8 where T' > 0 can be
any positive constant. We take T as fixed at present. Recall Ty = {maxlglgg G| <
K'}. For a fixed A € A, which satisfies tr(B) = m € {1,..., K, — so}, we have for
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any t > 0,

P(n" By — 2E[log® |e:|Jm > t, Tx)
=E[P(n" By — 2E[log? |e1|Jm > t, Tir

)]

<E[PQ2(n' - E[|&)"B(n' — E['|e])) — 2E[log” |e|]m > % Ti|é)]
+ E[P (2Bl |&" BE[1¢] > 5 Tro o)
s (A8.7)

We bound I first. Let o = var(logle; — (i|[€), so we have o7 < E[log” |e; — (i||€].
Further, by Lemma 3 we know o7 < E[log® |e;|] + ¢Z + (4L + 2E[| log |&1]|])[¢|. Under
Tr and by the choice of K’, there exists some fixed positive constant ¢; such that for
sufficiently large n,

Ts 1
o2 — Eflog |e1]] < K™ + (AL + 2E[| log |e1||] K" < e/ %, (A.8.8)

since our conditions in the theorem imply that 511% =o(1).
Let b;; be the (i, j)th component of the matrix B. Also, let bf = (b1, ...,b;z) be
the ith row of B. We have

n/2

/ /| ~1\T / /|~ t
Is < E[P(z(ﬁ —E[1'[é)"B(n" —E[n|€) — 22%2(7% > ZyTK’
i—1

9]

n/2
t
E[P(2 2p,; — 2E[log? > = T
+E[PE) i log? er[Jm > 7 Tie

&)
£ Ig1 + Iso.

For Ig;, we have

n/2

Iy = E[lTK/P((n/ - E[W/‘g])TB(U/ - E[U/‘g]) - Z%’%bii > é}g)} (A.8.9)

Since K’ = o(1), by Lemma 2, there exists some fixed positive constant ¢y, such that

under the event Tk and conditioning on ¢, log |e; — ¢;| — Eflog |e; — G|, i =1,..., %
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are independent sub-exponential(cy) random variable. Equivalently, this means that
there exists some fixed positive constant ¢, such that, conditioning on € and un-
der Tr, ||logle; — G| — Ellogle; — Gl|éllyy < 2,Vi = 1,...,%. Here || Xy, =
inf {t > 0 : Elexp (|X|/t)] < 2} refers to the Orlicz norm of a random variable X.

Next, applying Proposition 1.5 of Gotze et al. (2021) with ¢ = 2, we have

n/2

Lo (0~ EB/1E) BOF ~ Bl 1) — 3 o > ]9

<9 ( 1 . { 2 t
<Zexp | — —min , ,
Cs 64cs|| B3 8c3 | B

t 3 < t )é})
, . (A8.10
(802 max;—i,..n/2 ||bi ||52) 8¢2|| Bl|so ( )

-----

where || B||r = 1/tr(BTB) is the Frobenius norm and || B||o, = max;  |b;], and ¢z > 0
is some absolute constant. Since B is a projection matrix with rank m, we have
IB||r = /tr(B) = v/m, | B|| = Amax(B) = 1. Also, by the condition given in the
theorem, we have b;; = €f (P, — Pa,)e; < /Py e; = ef Xy, (XG, Xy, ) ' XG0 <
Zlxiag 17, < 22 vi =1, Amtoa)M,
Since B is positive definite, we have |b;;| < 1/biibj; < m Vi, 7. So || Bl <

(m+52) B

For any i € {l,...,5}, we have ||b;lls, = ||e-TB||g2 = /e BBe; =

\/ TBel <4/ (m+52 M Combining these bound with ((A.8.9)) and ((A.8.10)),

we have
1 t? t
Iy <2exp| — —min{ ——, —,
= P < c3 {64c§‘m 8¢3

tv/ng 3 tne
<802 Q(mn+ 32)M> ’ (160§(mn+ 32)M>

, 5. Since |My| = m + 53, we have b; <

N

i

Now let us take t = c4(mlogpV s;logn), where ¢4 can be any fixed positive constant.

Then t > ¢ymlog p and we have for sufficiently large n,

1 >m?log® 1
181 S 26Xp ( — —min {64214 40g p7 647781, ;jgpa

( camlog py/ng >§ ( camlogp ne >§})

80% 2(m-|—52)M 160%(777,—1— SQ)M
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1c4mlogp} (A.8.11)

<2expq——
- p{ cz  8c3

holds true for all A € A, that satisfies tr(B) = m. Here the last inequality is because

we have m + s < K, and K2logp = o(n).

For Igs, we have

n/2

Isy = E[17,,P( > 0%b; — Ellog?|er[Jm > —| )]

=1

By ((A.8.8)), we know o? < E[log” |e1]] + c14/ T2 s0 S 52 < (Ellog” |e1]] +

CM/—T“:’g”) . Z?ﬁ by = (E[log2 le1]] + c“/—T‘”log")m. So we have Z?/f o2by; —

E[log® |e1|Jm < eym T‘“Tlog”. Since SR8 — (1), ¢ym Tsl—log" < cymlogp / 8 <

t/8 for sufficiently large n. Therefore, for sufficiently large n, 182 =0 for any A € A,
that satisfies tr(B) = m.
We bound Iy now. Recall that

Iy =E[17,,P(E[y|e"BE[|¢] > —|¢)]. (A.8.12)

A~ =+

By Lemma 3, under the event T/, we have E[logle; — ¢l < (2L + 1)|¢] <
(2L + 1)K'. So under T+, ||E[7|€]llc < (2L + 1)K’, and we have ||BE['|€]|,, =
SUD)jy|,, =1 [vIBE[/|€]| < SUD|jy ||, =1 |Bv|l¢ (2L + 1)K'. Notice SUD|jy ||, =1 | BVl <
SUD|jy,, =1 \/gHBng2 < \/g)\maX(B) = \/g, we know || BE[1|€]]¢, < \/§(2L +1)K'.
So under Ty, E[/|e]"BE[r/|€] = |BE['|€]|l}, < 2L +1)*-% - K”? = (2L 4+ 1)*- %

Tsilogn (2L+1)2

- £ ¢4T's1 log n where ¢ = is a fixed positive constant. Therefore, under
Tk, E[n|€]* BE[n/|€] < ¢6T's1logn < M < L if we choose ¢4 > 4¢gT. Under such
choice, following ((A.8.12)) we have Iy = 0. This holds for any A € A

Now, combining ((A.8.7)) with the bound ((A.8.11)) and Igs = Iy = 0 we have for

sufficiently large n,

1 1
P(n" By — 2E[log? |e1|Jm > cs(mlogp V silogn), Tx:) < 2exp{ w}

cg 8¢

holds for any A € A, such that tr(B) = m. Recall that I; = ’7 By

B ) ,and m = tr(B) >
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1, so the above implies

1 1
P(I; — 2E[log? |e1]] > cu(logp V s1logn), Trer) < 2exp {—c—%} .
3 2
Now applying union bound we have
P( sup I; > 2E[10g2 le1|] + ca(logp V s1logn), TK/)
)\E[\J,—
= (p—s 1 eamlogp
— 52
< 2 —_ 5.
<2 (7)o
Take ¢4 large enough so that 853402 > 2, then we have
2
P( sup I; > 2E[log® |e1]] + ca(logp V s1logn), TK/)
)\€/~\+
p—s2 P S p—s2 p So 1
— 5 _
< 2exp{—2mlogp} =2 —)"
S (1) 2o t-amoen =237 (7 %) i

1
_ 2((1 T 1) 0.
p

Again, by Lemma 4 and our choice K’ = /=252 we have

K’2\I/2g0

P(Tf(é/) S n exp <—mn

) = exp < —(Ter — 1) logn>

where ¢; = is a fixed positive constant. Let us finally choose T' > é so that

U2y
40202 M
P(Tg/) — 0. Then by union bound we have

P( sup I; > 2E[log” |e1]] + cs(logp V 51 logn))
)\€/~\+

< P( sup I; > 2E[log” |&1]] + ca(logp V s1log n), Trr) + P(T)
)\€1~X+

— 0.

Notice that there exists some fixed positive constant cg such that 2E[log? |e;|] +

ca(logp V silogn) < cs(logp V silogn) for sufficiently large n. Therefore we can
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conclude that for sufficiently large n, with probability going to 1, sup,cz, |I;] <
E[log? 1] + c4(logp V s11logn) < cs(logp V 51 logn). Therefore we have

b < o |:Cn,p10gp _ 0T (P, = Pay)n' /(1M — 52)} - 0)

Aehy n (L2 — P )
Cphpl | Vs
2 P P ogp o Cg(ggp ;1 Ogn) >0 + O(l) -1
n 2E[log” [e1]]

since C),, — oo and s;logn = o(C,,logp). So ((A.8.4)) is proved and the whole

proof for the theorem is completed. 0



Appendix B

Proof of Chapter 3

In this appendix we present technical proofs for all theoretical results. We will fre-
quently need the following expressions for the loss function L, and its derivatives in
our proofs. Recall Ly(u) = [*° |u— v|+ K(¥)dv,u € R. A direct calculation gives

“1 v Yo v

oy L (? _o [T Lg
Lh(u)—Z/oth(h)dv 1—2/O hK(h)dv

2
L) (u) = EK(%), Vu € R. (B.0.1)

Meanwhile, it can be directly checked that the following identity holds

[n/2]

n—1§:§:wzﬁﬂ§:7ug§: ([ 5)4) (B.0.2)

i=1 j#i

for any deterministic (a;j)1<;j<n. Here [z] refers to the largest integer that is no
larger than =, 7 : {1,...,n} — {1,...,n} is a permutation for {1,...,n} and II,
is the set of all such permutations (so |II,,| = n!). We will also frequently use the
identity ((B.0.2)) in our proofs.

128
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B.0.1 Proof of Theorem 3

Proof B.1 (Proof of Theorem 3)

Let ¥ = E[(x —E[x])(x —E[x])"] be the covariance matrix of x. Since the distribution
of x is continuous, ¥ is positive definite. For ease of notation let S(8) = E[Lx(y —
Yy — (x—x")"B)]. Since Ly(+) is convex, we know S(-) is convex. By Lemma 1 and the
dominated convergence theorem, we have VS(8) = —E[L} (y—y' — (x—x")"5) (x —x')]
and V2S(B) = E[L}(y — vy — (x — x')"8)(x — x')(x — x')"]. Plugging in 3* we have
VS(8) = —BIL(y—y' — (x—x)"8°) (x—x')] = —E[L} (¢ — €)(x—x)] = —E[L}(e—
¢)]E[x — x| = 0, by independence between the errors and covariates. Also, we have
V2S(8%) = EIL(y—y'— (x—X) T8 ) (x— X )(x—x)] = BL{(e— ) (x—x') (x—x')7] =
E[L} (e — €)|E[(x — x")(x — x’)T] = IE[K (= £ )]Z By definition, assumption 1 and
assumption 2 we have E[K = [T K(#)g(v)dv > [* h?}‘iég\%l)[{ (B)g(v)dv >
Kipr ((hdg A d1)) > 0. Thus V2S(ﬁ )isa p051tlve deﬁnlte matrix. Therefore, §* is the

unique minimizer of S(B), i.e. B = p*. O

B.0.2 Proof of Lemma 1
Proof B.2 (Proof of Lemma 1)
Notice that Lj(t) = 2 [*_ 2)dv — 1 and [7 K(t)dt = 1, so we have L’( t) =

2 [T LK (Y)du— 1—2( f“lK( )dv)—1 = 1— 2ffjh Ydo =1-2 [*__L1K(2)d
—Lj (1), Where the last equality is due to a change of variable and K(—t) = ( ), Vt.

So the first statement is proved.

v

By the property of the kernel function, we have [~ > l K(3)dv = 1. Since Lj(t) =
2 [' L1K(2)dv—1and K(t) > 0 for all t, we know —1 < L) <2 % LK(2)dv -
1=1,s0|L,(t)] <1,Vt € R. The second statement then follows from the mean value
theorem.

Similarly, by assumption 1 we have 0 < L}(t) = 2K(£) < 2k,, which means
|L(t)] < 2 +u- Applying the mean value theorem once again gives the third statement.

So the proof is finished. O
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B.0.3 Proof of Theorem 1
Proof B.3 (Proof of Theorem 1)
By definition of the ¢;-penalized CRR estimator, we have
1 a \
n(n —1) ZZLh(% yj — (% = %)"57%)
i=1 j#i
1 & .
) 2 2 Ll b))
* 20 * Ao 2o 220 220 *
< Ao(I8% M = 118711) < Ao(llBE = Bi°llr + 185" Iy — 182" Iy — 1852 — Biell1)
— Nollluall — fusell). (B.0.3)

where we denote u := 5* — §*. On the other hand, by convexity of Ly(+), we have

m z:; ; Li(yi — yj — (x; — x;)"5%)

- ﬁ é ; Ln(yi —y; — (xi —x;)"3%)

> —ﬁ i ; Liy (v — 5 — (xi = %3)"67) (x; —x)" (5™ — B7)
‘”ﬁé%mw — 5 (xs = x)"87) s = x)||_1B* = Bl

- S e Gl s B0

Define event £ = {||ﬁ Do 2z L€ =€) (xi — %) [loo < 20}, Then we have

. A\
PE) = Pl 35 e — ) = )l > )
i=1 j#i
p

< P(‘ oY ZZL’ V(i — xjk)‘ >ﬁ) (B.0.5)

2
k=1 i=1 j#i
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By Lemma 1 and the fact that the distribution of €¢; — ¢; is symmetric about zero, we
know Lj (& — €;) is a bounded random variable with mean zero who takes its value

in [—1,1]. Also, we know |z;; — x| < 2M Thus, changing the value of ¢; for some 7
will lead to a change in the value of ——— 1) > icr 2 L (€0 — €5)(wir, — x53,) Which is
no greater than 824 By McDiarmid’s 1nequahty,

1 Ao An
- "e: — eV — as =)< _ 70 )
P(‘n(n— ) 22 Lile = &) xf’“)‘ ~ 2> QGXP{ 128M2}
(B.0.6)
So combining ((B.0.5)) and ((B.0.6)) we have P(€°) < 2pexp { - 12’?%

&, combining ((B.0.3)) and ((B.0.4)), we have Xo(|lualli — [[uacll1) > —22(|jual: +

|uac|l1), which is ||11Ac||1 < 3||luall;- In other words, under &, we have u € Sy.

} . Now, under

Define F(v) = n(n 1 Doie1 D Li(e& — €; — (x; — x;)"(v — 8%)) for any v € RP.
Also, define C(r) = {W €RP: |wly = ry/2%2 w € SA} for any » > 0. Let
G(v)=F(v)— F(p*), and let H(r) = SUDyegs+C(r) }G [G(V)H

We first give an upper bound of H(r). Not1ce that for any v € 5* + C(r), by

Lemma 1 and assumption 5,

|Ln(ei — & — (xi = %) (v = 87)) = Lu(& — )| < | (i — x)"(v = 67)

< % = %o - ||V — 6l

<2M - A||(v = B)alli < 8M - /s||(v — B%)alla
1 1
< 8M /57 ,/5 %8P _ gnfrsy) 2P (B.0.7)
Therefore, when viewing H(r) as a function of (ey,...,€,), changing the value of

a particular ¢; will lead to a difference in the value of H(r) whose absolute value

is no more than X .23 .8Mrsy/=8 logp _ W% V052 So by McDiarmid’s inequality,
2t2

P(|H(r) —E[H(r)]| > t) < 2e” 4096M22 2Ziesr . Taking t = 64M "°82 we obtain

P(|H(r) — E[H(r)]| > gans "2 108P

) < 2e72lo8P, (B.0.8)
n

We next derive an upper bound for E[H(r)]. Let (¢},...,€,) be an ii.d. copy of
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(€1,...,€). Let (o1,...,0,) be a random vector with its components being i.i.d.
Rademacher random variables (i.e. P(o; = 1) = P(o; = —1) = 1), which is inde-

pendent from all the other random elements. By ((B.0.2)), for large enough n we

have

E[H(r)] = E[ sup
vep*+C(r)

— Lu(ei — ¢j)
—E[Ln(ei — ¢ = (xi = x;)"(v = 87))] + E[Ln (e — ¢;)] }H

)

2 F2 Z {Lh(@r(i) — En((31+)

— (Xn(i) = Xn(iz140) (Vv = £7))
— Li(eni) — €nz1+0)
w(i) — Xn((z140) (V= B7))]

=1 ZZ{Lh e — € — (xi —x;)" (v — §7))

zl];éz

= IE[ sup  —
vepr+C(r) T

”

— E[Ln(€x(i) — €xzia) — (

+ E[Ln(x) — exzien)] |

(g 'ZE[ sup

rell,, vep*+C(r

—_

|
7 D En(eny — exzinn
) 115

1

Gl

—_

(2

— (Xa(@) = Xn(n)40)) (v = BY))
— Li(en(s) = €n(12]44))
— E[Ln(exti) — ex(zlts) — Kty = Xn(izrei) (v = 59))]

+ E[Ln(x) — exzien)] | ]

1
2] 2 {Lh(eﬂi) — En((2]+i)
1] 4

— (Xn(i) = Xn((211)" (v = 57))
— L (€x(i) = €x((2]44))
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Gi) 1
= Z IE[ sup

vep*+C(r)

‘m O'i{Lh (671-(1') - 677([%]4_1‘) - (Xﬂ-(i) — Xﬂ-([%]_ﬂ‘))T(V — /8*))
2 .

— Ly (Ew(i) - Gw([%Hi))

1 (3]

@ Z Ui{Lh (Ew(i) — Ex([2]+4)

i=1

— (Xn(i) = Xn((2]19) (Vv = 7))

= Ln(ext) — fw([gw))}”

— E[ sup
n: rell,, vep*+C(r)

l Z E{ Sup
eIl vep*+C(r)

1
W Z 0§ (Xn(i) — XW([%H"))T(V —5) H
2 =1

S%ZE sup

" rell, L veps*+C(r)

- (3]
1 slogp
E ‘ ™ § 03 (%) —Xw([§]+z‘))Hm] ~A/sr

" wen, G [%] i=1 n

i) 1 1 128Mrs1
< iy VT (5] 200 -4/ [ B < SEEIER (g
5 n n

7 Dy = o) =71
=1

where (i) is by triangle inequality, (ii) is by triangle inequality and Fubini’s theorem,
(iii) is by symmetry and independence, (iv) is by triangle inequality, (v) is because of
comparison theorem (for instance, see Theorem 4.12 in Ledoux and Talagrand (2013)),
and (vi) is by Lemma 14.14 in Biihlmann and Van De Geer (2011). Combining
((B.0.8)) and ((B.0.9)), we know for sufficiently large n, with probability at least
1—2e7218P H(r) < 192M ™12 Define & = {H(r) < 192M %22} 50 that we have
P(&f) < 2e72loep,

Next, for any v € 5*+ C(r), we derive a lower bound for E[G(v)]. First note that
for any v € g* + C(r), |(xi — x;)"(v — %)] < 8M7‘s\/@ = o(1). Thus for large
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enough n, for any v € 5*+C(r), by Taylor’s theorem, there exists a € [0, 1] such that

E[G(v)] = n_lzzmh i = (=) (v = 59) = Ll — )]

i=1 j#i
a— LS SR )] - %) (v — )
i=1 j#i
n_l ZZE (L (e — ¢ — a(x; — %) (v = BN] (% — x,)" (v = 5))*
i=1 j#i
_Xj T V—ﬁ*
e I e e (OE
(<xz —x;)" (v — §9))”

| V

SonSL
Y p— Z / ot g(he + a(x; — x;)" (v — B%))de

i=1 j#i
((xi = %) (v = 57))

% —/ﬁul(%o M) Z Z ((xi —x;)" (v — 5*))2

n(n —1)

2

ii 0
(:) 2/‘6[,&1(250 A El)(v — B*)

J LX) .
> g (26 A 1) (v - 1) I gy

(iii)

01 *
> 2411 (200 A )pH AE

25 slo
= (460 A =) pr? gpj

. (B.0.10)

where (i) is by assumption 1 and 2, (ii) is by assumption 5, (iii) is by assumption 6.
On the other hand, for any v € g* + C(r), we have

Xo|Ivlls = 18% M1 < Xoll(v = B*)alls + Xoll(v = B%)aclly < 4Xoll(v — B%)alls
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1 1
< AV/s||(v = BF)all2 < dXo/sT 2 08P = 4cysr %8P
n

(B.0.11)

Thus, combining ((B.0.10)) and ((B.0.11)), under &, we have for any v € g* 4+ C(r),

Fv) +Xolvlli = F(8%) = XolIB*[lh = G(v) = Xol[[vlly = 15"l ]
> E[G(WV)] = H(r) = Xolllv]: = 157l ]
rslogp log p

> E[G(v)] — 192M — 4egsr

20 1
> (mul(éléo A Tl)pr —192M — 4co> r808p.
n

Denote g = rypi1(209 A %1) Now, choose r = %, we have that under &,

inf  F(v)+ X[Vl > F(B%) + Xl 8- (B.0.12)
vepB*+C(r)

Recall that under &, g% € 8* + S,. We next claim that under €N &, HB’\O — 02 <

m/%. In fact, if |5 — B*[s > 7 %, let tg = T‘B—m, then 0 < #p < 1.

Further define 3’ := (3% + (1 —ty)3*, then we have ||3'— 5|2 = 4/ %. Moreover,
since % — B* € S, under £ and S, is a cone, we know 3 — §* = to([é)‘o — %) € Sa.
This means that under £, 5/ € 8* + C(r). By convexity of F(-) and | - ||; and by
((B.0.12)), we further have

to(F(B) + 2oll 311 ) + (1= t0) (F(87) + Xall8" 1) = F(B) + doll
> inf  F(v)+ dollvh > F(8) + doll Il

vep*+C(r)

under € N'&. The above inequality implies F(5°) 4+ \o|[5 |1 > F(5*) + ol 5|1,
which is a contradiction with the definition of 5*. So the claim is proved. By union
bound and previous results, we have P((£ N &)%) < P(E°) + P(&f) < 2pexp{ -

(12
12’\82M2} + 2e2losr — 2~ (1) + 2p~2. By the claim and the above bound, the

proof of Theorem 1 is finished. 0
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B.0.4 Proof of Theorem 5
Proof B.4 (Proof of Theorem 5)

For notational simplicity, let F/(v) = m D e g L (ei—€j—(xi—x;)E(v—051))
for any v € R®. Also, define B(A) = {v € R® : [v— [}l = A/Z} for any A > 0. By

convexity of F(+), it suffices to prove that lima P(infveB(A) F(v) > F(ﬁj&)) =1
Let G(v) = F(v) — F(B}), and let H(A) = supycpa) |G(v) —E[G(v)]|. First, by

Lemma 1 and assumption 5, for any v € B(A), we have

1 * 1 *
—[Ln(e =6 — (o =x)h(v = B1)) = Ln(ei — ;)| < ~[(xi = %)) (v = B})
s 2MA
< = 2M+/s- Ay — = . B.0.13
v - (B.0.13)
Consequently, when viewing H(A) as a function of (ey,...,€,), changing the value

of a particular ¢; will lead to a difference in the value of H(A) whose absolute value

.93 . 2MA _ 16MA

is no more than + A= e So by McDiarmid’s inequality, P(‘H(A —

E[H(A)]| > t) < 2672523/1%. Taking ¢ = T2 with sufficiently large constant 7' > 0,
the right hand side of this inequality can be made arbitrarily small. This concludes
that |H(A) — E[H(A)]| = O, (2). We next derive an upper bound for E[H(A)].
Similar as ((B.0.9)), by ((B.0.2)), triangle inequality and comparison theorem we

have

n_IZZ{ 6~ ¢ — (xi = X)LV = 1)) = Lu(ei — ¢;)

i=1 j#i

—E[Ln(e — ¢ — (xi = x5)5(v = 53)) ] +E[Lh(6i_€j)}}u

2
< — E[ sup
sn! veB(A

I3

]
Uz‘{Lh (ex(i) — €1 — (Xn(i) = X214 (V — B2))

1
— Ln(ex) — ex1s0) } H

w|:| —

)
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4 1
< — E| sup |+ 0i(Xn(i) = Xn 0)a (V_ﬁ)]
— W;ﬂ b V2] 2 o0~ Xngie A
(5] .
4 1 S
< — Tha 7 (e 1 : A -
<— ] 2 iat) — Xn(ig1ei)a o
rell,, 21 4=1 -
(5]
4 1 2 S
S — E{ ™ UZ(Xﬂ(z) ([ ]+i)) ) ] A=
S?’L! mwell, [5] i=1 2 n
4 s 1 SMA |1 A

Combining this and previous result we get H(A) = O,(2). Let n > 0 be an arbitrary
number, then it follows that there exists a constant C; > 0 such that P(H (A) >

Cl%) < n,Vn. Next, for any v € B(A), we derive a lower bound for E[G(v)]. First
note that for any v € B(A), |(x; — x;)3(v — B1)| < % = o(1). Thus similar
as before, for large enough n, for any v € B(A), by Taylor’s theorem, there exists

a € [0, 1] such that
ElG(v)] = snln—1) ZZE [Ln(e — €5 — (xi = x))5(v = B1)) — Lu(ei — ¢5)]

K(e)g(he + a(x; —x;) 1 (v — B;))de

(26
> ”lg‘; i Al T — )’

i=1 j#i

2 0 20, A?

> gﬁlul(%o A ﬁ)ﬂ“ — Bill3 = rip (460 A T)/)—

Combining this and P(H(A) > %) < n, we see as long as A is large enough such
that mul(éléo/\%)pA? > 2C1 A, we have P(inf\,eB(A) G(v) > O) > P(infveB(A) G(v) >
%) > P(H(A) < Cl%) > 1 —n. Since n is arbitrary, lima_.« P(infveB(A) F(v) >
F (fﬁg)) =1, so Theorem 5 is proved. O
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B.0.5 Proofs for Theorem 6

To establish the strong oracle property, we first introduce the following proposition.

Proposition 10 Choose the tuning parameters such that minjes |87] > (a + 1)\
Then, the LLA algorithm in ((3.3.3)) initialized by the ¢;-penalized CRR estimator
B converges to Bora after two iterations with probability at least 1 — p; — py —
ps, where pi = P(|3% — §[lsc > aoA), p2 = P(|VacQu(5)[lo > a1)), ps =
P(min;ea \B;’ra] < a\). Here Q,(B) = ﬁ D im1 2 Ln (yi —y; — (xi —x;)76). O

The proof of Proposition 10 directly follows from Theorem 1 and Theorem 2 of Fan
et al. (2014b) and thus is omitted here.

Proof B.5 (Proof of Theorem 6)
Notice that for SCAD and MCP penalty, p)(0) = A. Therefore, with these penalty
functions and the zero vector as initial value, the first iteration of LLA algorithm gives
the ¢;-penalized CRR estimator with tuning parameter A\. Thus, the proof for case
(ii) reduces to the proof of case (i) with the tuning parameter in the ¢;-penalization
being the same as A.

By Proposition 10, it suffices to upper bound p;, p and ps and show that they all

converge to zero as n — 0o. First, for py, in case (i), we have

3 5 192M + 4 1
pr =PI ~ Bl > apd) < P = 5l > —— = \/?)

H2p

< 2p_($_1) +2p2,

where the second inequality is because || - || < || - ||2 and our choice for tuning
parameter, and the last inequality is by Theorem 1. This implies p; — 0 as n — oo.

In case (ii), we have

3 5 192M + 4 ]
P =P(I3* = 8"l > aod) < P(|I3* = 5] > m: c W)

,(i,l) _9
< 2p 128 M2 + Qp ,

where the second inequality is because || - || < || - ||2 and our choice for tuning
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parameter, and the last inequality is by Theorem 1. Once again, this implies p; — 0
as n — oo. Below, our bounds for p, and p3 are unified treatments for both case (i)
and case (ii).

For p,, first by Theorem 5, we know for any 6 > 0, for sufficiently large r > 0
we have P(|| Bera — B*la > r\/§> < 6§, Vn. For notational simplicity, define event

£ = {]|8*—B*||l < r\/Z}, so that P(£¢) < 8. Also, let B(r) = {v € R*: [v—p;[l <
T\/g} We have

p2:P<H (n—1) ZZL, — (% = x;)" 37 (xi — X; ) ac . Zaﬂ\)

i=1 j#i
(H n(n — 1) ZZLh Xi — Xj)T/éora)(Xi — X;)ac . > al)\f,’)

i=1 j#i

+ P(&°)

< P

< Z 2

‘ n(n —1) ZL, S _Xj>2(v_5:§))(l‘ik_l'jk)‘ > CL1)\> + 0.

1#]

(B.0.14)

We provide an upper bound for each term in the above summation. We have

P s 7V_1;;%;y = & = (6 =X )E(v = 1) (e — )| > i)

<p( s 7%_1;;2;(ﬂ i 6 = (5 = x))E(v = B}))
—Eﬂﬂai@—%&—Xﬂﬂv—ﬁbﬂ)@m—xm‘2%?)

P,

o S Bl e 6 b )k — ) ) o~ )| > %)

i=1 j#i
spip, (B.0.15)
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Let F( ) = SUDyeB(r)

e S S (L= & — (=) 5 (v = 8) — B[ L (e -
€ — (% —x;)p (v — ))]) (Ta — a:jk)‘ Then for P;, we have

P =P(F() 2 ) <P(IF(r) - BP0 2 %) + P (BFE) 2 %)
(

£ P+ Pro. 16)

Notice that for any v € B(r),

(L= & = G = x)3(v = ) — E[Li (6 — & — (i = x)E(v = 1))
(2ir — :Ejk))
< 2-2M = 4M,

since |L}(-)] < 1. Therefore, changing the value of a particular ¢; will lead to a

difference in the value of F'(r) that is no greater than %. By McDiarmid’s inequality,

naj 252 af c% log p a%c%

A
Py = P<|F(T) — E[F(’F)H > &Z > < 2e” 2048M2 < 2e 20a8M27 = 2p 2048MZ
(B.0.17)

To upper bound Pjs, we first give an upper bound for E[F(r)]. Similar as ((B.0.9)),
by ((B.0.2)), triangle inequality, comparison theorem and Lemma 1, for sufficiently

large n we have

E[F(r)]
3]

Z[%Z(%(@r() En((z1+) — (Xn(i) = Xe(z140)A(V = B1))

=1

1
= IEI[ sup —
veB(r) n!

— E[L}, (ex(i) — €x(ziti) — Kn(i) = X(zla))a (v — 65&))])

}

Zaz Liy(exti) = extign — (Xnt) = Xn(ig140)a(V = B2))

(%(i)k - %([g]ﬂ')k)

ZE{ sup

7r€H veB(r)
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|

(T — Ta((n]4ipk)

NIE]

4 2 1
< — =Ky 2M - E[ SUP | D 0i(Xa(i) = X ((2144))a(V — B4) ]
n! h WEZH veB(r) [5] Zzl
4 2 1 2] 2 5
< E'E'Hu'QM' Z E{ mzai(xw(i)_xﬂ([%]+i))A 2} T n
’ mell, 2 =1
1 1 4M?k,
< 16Mp, - —r\/g- oMys < B TS
h \Vn 2] nh
By the conditions of the theorem, we have T)\ > 4M === for sufficiently large n, and
consequently by the above inequality, Py = < “1>‘) = 0. Next, we upper
bound P,. For large enough n, for any v € B(r) by the mean value theorem, there

exists a € [0,1] such that

ot Bl e 6~ ()i = )] )

7,1]751

- |- n_lzzm'f — ¢ —alxi —x;)i(v = 5))]

i=1 j#i

(xi - x»&(v — B — y0)

:‘ ) ZZ / 6—‘1 )}(Lj)‘T&(V—ﬁ‘g»g(e)de

zl];éz

(s = %) B(v = B) (s — )|

2 > T *
i X [ K @the s a1 - s
(%~ %;)h(v — B}) (e — m)\

2 4M“° ZD x; — x;)5(v — B3)]

11_775@

s s
< AM g - 2M+/s - r\/% = 8M2MOT% =o(A),
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where (i) is by assumption 2.

So for sufficiently large n, supyep, T > Z#Z [ ( —€;— (% —x;) 1 (v—

B (zaw — x]k)‘ < 92 and consequently, P» = 0. Combining this result with

((B.0.14)), ((B.0.15)), ((B 0 16)), ((B.0. 17)2 and Pj; = 0, we have for sufficiently

large n,pe <2(p—s)p 2048M2 +0<2p (oasar 1 )48, Since ajc; > 32v/2M, we have
— 1 > 0. So the previous inequality implies that limsup,,_,. p2 < 6. By the
arbitrariness of §, we have p, — 0 as n — oo.

Next, to upper bound ps, we first have p; = P(min;ea \Bjm\ < a)) < P(max;ep |B§ra—
Bl > A) < P(lI52 Bora — B%|l, > A). By Theorem 5, we already have
limy_, o0 limsup,, . P(|| 55 = Bz, > T./%) = 0. Since /£ = o()), limsup,,_, ., p3 <
limy, o0 hms.upn_moP(Hﬁ"ra Billz > T\/g) = 0. Thus p3 — 0 as n — oo. The
proof of Theorem 6 is finished. O

B.0.6 Proofs for Theorem 7

For any v € RP, denote

n

Qu(v) = ﬁ Do Ly =y — (ki —x))™v)

=1 j#i
IR \
= 2 2 Inle e~ )T = 8).
i=1 j#i
Also, define B(r) = {v € R : ||[v— %] <r, 3S C {1,...,p} s.t. vec = 0,A C

S,IS| < 2K,.} for any r > 0, and define e(r) = supyc () |Qn(V) = Qn (") —E[Qn (V)] +
E[@,.(8%)]|- We first introduce the following lemma.

nt2
Lemma 6 For any ¢, > 0, with probability at least 1 — 2e 236M?*2Kkn  we have
le(r) — Ele(r)]] < t and e(r) < 2Mn/Iale 4y o

Proof B.6 (Proof of Lemma 6)
First, for any v = (vy,...,v,)" € B(r), let S be the index set such that A C S, S| <
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2K,,vse = 0. Then by Lemma 1 and assumption 5, we have

|Li(ei — ¢ — (xi = x3)" (v = 8%)) — Li(ei — ¢;) |
< |(XZ —X;)g(v — ﬂ*)g‘ < 2M\/@-T‘ < 2Mr+/2K,.

Consequently, when viewing e(r) as a function of (ey,...,€,), changing the value of
a particular ¢; will lead to a difference in the value of e(r) whose absolute value is no
more than % 228 2MN\2K,, -1 = 16MV Ka’ - So by McDiarmid’s inequality, for any
t >0,

nt2

P(le(r) — Ele(r)]| > t) < 2e” wov27Kar (B.0.18)

We next derive an upper bound for Ele(r)]. Similar as ((B.0.9)), by ((B.0.2)), triangle

inequality and contraction principle, for large enough n we have

E
22’:

= (Xn(i) = Xr(z1+) (v = 57))
— Ln(exty = €xtize) } H

M e

Uz{Lh En(i) = Em([Z]+1)

Ele(r)] < — [ sup
" rell, veB(r)

4 1 X
< ]E{ SUD o7 Y 0i(Xn(i) — Xn(2)4) (V= B )]

4
< sup |[[v—p0%1-— [ 0i(Xn(i) — Xn([2]+ H }
veB(r) H ||1 n! nell, Z (5] )) oo
1 2Mr+/ K, log2p
<AV —— - \/Tlog 2p - 2M < SV En 082D (B.0.19)
V5] vn
Combining ((B.0.18)) and ((B.0.19)), the proof of Lemma 6 is finished. O

We now turn to the proof of Theorem 7. Recall that A = {\ > 0: |M,| < K,,}.
Define A == {A € A : A ¢ M,}, which corresponds to underfitted models, and
define Ay = {\ € A : A C M,,A # M,}, which corresponds to overfitted models.
Meanwhile, for any index set S € {S c{L,2,...;p} A C S5 < 2Kn} and any
r>0,let P(S,r)={veR:|v—p*r=rvs =0}
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Proof B.7 (Proof of Theorem 7)
By Theorem 6, there exists a correct tuning parameter A = )\, such that P(B*" =

Bora) — 1 as n — oo. It suffices to show the following two formulae,

P( inf [HBIC()) — HBIC(),)] > 0) = 1, (B.0.20a)
P( inf [HBIC(A) — HBIC(A,)] > 0) = 1. (B.0.20D)

For any set S € {S C {1,...,p} : |S| < K,}, define 5% := arg MiNgepp.g..—0 @n(B),
and define Q5 = Q,,(5°).

First, we prove ((B.0.20a)). Note that for A € A, A € M, and thus QM <
Q2 < Q,(8*). Meanwhile, by definition, QM < Q,(4*). Thus we have

AA AL _ AMX . .
log (Q (éf)r;)) log (Q" > = —log <%) > —Q"Q% by the inequality log(1+z) <

x,Vx > 0. Then we have

P( inf [HBIC()) — HBIC(),)] > 0)

AEA

= P( inf [HBIC()) — HBIC(\,)] > 0, B = oy

+ P( inf [HBIC(\) — HBIC(A,)] > 0 B £ o)

> P(nf [HBIC(Y) — HBIC(\)] > 0, 3% = 4o%) — P(3% # 4o

= P( inf [HBIC()) — HBIC(,)] > 0, B = )+ o(1)

. Qn(B)\) Cn logp AAn __ Hora

= P()\ler}\er log (Qn(ﬁora)) + (|My] — S)T >0, =8 > +o(1)

QTL(B)\) Cn lng AAn Qora

= P(AleAf+1 & (Qn(ﬁora)) + <|M/\’ B S)T ~ O) B P(B)\ # ﬁ ) + 0(1)
o Gyl Qn — QW) /(1M —

> P(AlenAf+ :gp _ Q?}' A=9) 0) +o(1). (B.0.21)

Consider any A € A;. For QM we derive a lower bound. Let r* = C /%2182 anq

= Cyr*y/ 22, where C, Cy are positive constants to be chosen. Consider the event
& = {e(r S 32Mr” V\/If" loe%p 1. t*}. Then plugging r = r* and ¢ = ¢* into Lemma
nt* *2 02

6, we obtain P(€°) < 2e 26M2r*2Kn = 2e” mar? . Now for arbitrary o > 0, we choose
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Cy == 16My/log(2), so that the previous inequality gives P(€°) < 4.
For any v € R?, denote F(v) = Q,(v)—Q,(8*). Under &, for any g € P(My,r*),

we have

F() 2 EF@) = sw | [F() = EFW)| 2 BFE)] - efr)
> B[F(3)] — 2T \/[ﬁ(" log2p _ cﬂ*\/?. (B.0.22)

Meanwhile, for any 8 € P(My,7*), we have |(x; —x;)3,, (8= 8" )m,| < 2My/|My[r* =
O(Envoe2p i/lgg%’) = 0(1). Similar as before, by Taylor’s theorem and the conditions of
Theorem 7, for large enough n, for any g € P(M,,r*), there exists a € [0, 1] s.t.

E[F(ﬂ)]
T 21;/ K(e)g(he + alx; — x;)1, (8 — 8)ar,)de
((xi = ')MA(B — 8,)°
e ; > / JOAh g(he +a(xi — %)y, (B — B7), )de
(= %))i (8= By’
A séi/l\ ;; D (8= Bn)”
> 2411 (280 A ﬁ)d)H(ﬁ = B3 = 2p20r". (B.0.23)

Combining ((B.0.22)) and ((B.0.23)) we have, under &, for any g € P(M,,r*),

32Mr*/ K, log2p Cor® | K,
n

F(B) > 2pa¢r™? —

NG
K, log?2 32M+/ K, log?2 K, .
— (212001 | 2B B [y (B.0.24)
n vn n
We now choose Cy = 321;42;02 so that 2ue¢C, [ Kn log2p 32M\/\I/(£ log2p Ch % > 0.

By ((B.0.24)), this implies that under &, 1nf/3€p(MA7r y F(8) > 0. Since F(-) is convex
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and F(8*) = 0, this further implies that under &, [|8M — 5*||]y < r* = Oyy/Knle2e,

On the other hand, for any /5 such that || — 5*||s < r* = C} W, Bsc = 0 with
some S satisfying A C S and |S| < K,,, similarly as before, by Taylor’s theorem, there
exists a € [0, 1] such that for large enough n,

[ELEB)

- |- n_lzz/ K (e)g (he + a(x; = x,)§(8 ~ 8°)s)de

=1 j#i

((Xi—X‘)T(ﬁ—ﬁ )s) ’
< n—1ZZ i —X)s(B— 6))

=1 j#i

@2uo(ﬁ—ﬂ*)§—zn " (5 - )

Z 1X1§XzS

< duo(B — B8 (B—B)s < 4Mo—|| sz sxg| - | sl

1 < K2log?2
< dpto( D xisl3) - 18 = 87)sll3 < 4podd?Kor™ = dpag MPCE=2"5L,
1=1

where (i) is by assumption 2 and (ii) is by assumption 5. This further implies that
under &, for any  such that || — *|s < 7* = C’“/%'g%, Bsc = 0 with some S
satisfying A C S and [S| < K,

Kilog2p | 820y VK, 062
4y MO KEL log 2p N 32MC, K, log 2p 0102[( VIog 2p K2 log 2p
n n

(B.0.25)

where C; > 0 is some large constant. So under &, by ((B.0.25)) and || — 5%, < r*,

A K?log?2
sup [QM — Q,(8%)| < Cy——2L. (B.0.26)

AeAL n
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Since P(€°) < ¢ and ¢ is arbitrary positive number, this means

A . K2log2p
sup |QM — Q,.(5%)] = O, (—) = 0,(1) (B.0.27)
AeA n
where the last equality is by the conditions of the theorem.

Next, we derive a lower bound for Q,,(5*). We first establish some useful inequali-

ties regarding Ly(-). By ((C.1.1)), we have Lh =u [" TK()dv-2 " 2K (2)dv =
uff% K(v)dv —2h [* vK(v)dv = |ul f_’i%, (v)dv — 2h f_’loo vK(v)dfv. Let

Lna(u) = Jul /_ K (v)dv

and

u

Ly o(u) = —2h /h vK (v)dv.

e}

We have |Lyo(u)| < 2k [7_|v|K(v)dv = 2hky, and it is also straightforward to see
that 0 < Lp, 1 (u) < |ul,Vu € R.

So by triangle inequality, we have

|Qn(87) — ZZ =l

i=1 j#i
<| wn D) ZZ L (i) = lsis)] ZZWMJ
n— i=1 j#i 1
S ZZ |g13| th gzg)) +2hl€1
i=1 j#i
B szﬂ/ o K(v)dv + 2hk,
i=1 j#i -+

< n—1ZZ/ hlv| K (v)dv + 2hky

Isizl
=1 j#i lol> =

n_lzZ/ hlv| K (v)dv + 2hk,

=1 j#i

= 3hk,. (B.0.28)
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Meanwhile, by ((C.1.1)), it can be directly calculated that L;(0) = hk; > 0. And
because L) (0) = 0 and L} (t) > 0,Vt € R, we have the trivial inequality Lp(t) >
L,(0) = hiy, Vt € R.

Moreover by the strong law of large numbers for U-statistics (Hoeffding, 1961),
we know ——— Zz 1 D |l =% Ells12]] > 0. So we have
P (m 2i:1 > i lSisl > M) — 1. If hk; < HCUH, combining this result and
((B.0.28)) we obtain

p (Qn(ﬂ*) > E“;””) 1. (B.0.29)

If however hx; > M, using Ly (t) > hk; we still get ((B.0.29)). So ((B.0.29))
always holds true.

((B.0.27)) and ((B.0.29)) together imply P (mf)\eM QM > Hm“) — 1. Combin-
ing this result and ((B.0.26)) and following ((B.0.21)), we have

liminf P( inf [HBIC()\) — HBIC(A,)] > 0)

n—00 AEAL
1 A — QM) /(IM,] —
> lim inf P(Cn ogP _ sup (@ Q"sz/[ﬂ il > 0,5) -0
n—00 n NEAL nA
*\ AJ\J)\ M _
> liminf P(C nlogp — sup (@n(57) QA"M)/G A= 9) > 0,5) -4
n—00 >\€A+ n>\
o Cplogp  CyK:log2p/n
> n —
> hgriglf P( E[[12]]/16 > 0,5) 5
2
> lim inf P(O logp CaK, log 2p/n ) _ 2
n—00 E[ls12]]/16

=1-20.

By the arbitrariness of d, ((B.0.20a)) is proved.
Next, we prove ((B.0.20b)). First, similar to ((B.0.21)), we have

P( inf [HBIC()) — HBIC(),)] > 0)

AEA_
( Qn(BY)

> P( inf log 0 (Bora

AEA_

o)+ (] ) > 0) (B 2 ) o)
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~

Q™
Qn(5)

@ > 0) +o(1). (B.0.30)

> i —
> P( inf log JERCIARE
Consider any A € A_. Then || — B*||l3 > [|5% ||min-

Let T ={p € R? : || = B*|l2 > || 8% |lmin, Bsc = 0 with some Ss.t. A Z S, S| <
K,}. Let 7 = || 8%l min A WW' For any 3 € T with its corresponding S, define 3 :=

af+(1—a)p* where a = W Then ||3—*||2 = 7, Bsuaye = 0, and [SUA| < 2K,,.

Define event & = { ) < BMT Vﬁ” log2p | t} where ¢ = C57 % Then plugging
2 c?

r =7 and t = { into Lemma 6, we obtain P(£f) < D¢ BoMIPRy = 2¢ mowZ. Now
for arbitrary 6 > 0, we choose C5 = 16M 4 /log(%), so that the above inequality gives
P(&r) < 6.

Again, for any v € R?, denote F(v) = Q,(v) — Q,(5*). Under &, for any g € T
with its corresponding S, by convexity of F(-), we have F(3) < aF(B8)+(1—a)F(8*) =
aF(B). Consequently, we have, under &, for any 5 € T,

1 = B—p" z B—p z _

F() > Lr@) = V=l pg) 5 W= P i) - o))
- B - 32M1r\/ K, log 2 . K,
T NLD n

Similar as before, by Taylor’s theorem and conditions of Theorem 7, there exists
a € [0, 1] such that

(B.0.31)

E[F(B) :n(n—l ZZ]E Ly (€ — € — (xi = X;)50(8 — B")sua)

=1 j#i

— Lh (Ei — Ej)]
n (50/\

S T (e -+ alx; = x50 (3 — B")aus)de

i=1 j#i (50/\

: ((Xz - X‘)guA(ﬁ - 5*)SUA)2
(26
> i (200 15 ZZ J)sua (B — B )SUA)2

n(n —1)
=1 j#i

> 26141 (200 A )ﬁbH(ﬁ B )sualls = 22077, (B.0.32)

—
=
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where (i) is by |(x; — x;)80.(8 — 8%)sual < 2M+/[SUA|F < 2M /2K, 7-%— e = a.
So under &£

18— 6*|2 — 32M7/K, log2p _ K,
F(3) > T(E[F(ﬁ)] - Jn — Cs7 7)
T NZD V n

f 2 A [|min 4M\/m \/ﬁ 5\/ n
01 ) _ 32M K, log2p &)

=118 = 67l (220 (183 o A 77~ 7 Csy/ =

for any 5 € T, by ((B.0.31)) and ((B.0.32)). By the conditions of Theorem 7,

\/W = o(y/ < logp A 4M\/7) = 0(]| B2 || min A ﬁm), so for large enough n, we
have F(8) > M2¢||5 B2 (185 llmin A g37957=)- Denote S'(8) = {j € A : §; = 0}
and S*(8) = {j € {1,....p} : B; # 0,87 = 0} for any 3, and note that [S?(8)| —
ISY(B)| = ||B]lo — 5. Then the previous inequality implies F(3) > pag/|S*(B)] -

1182 min (/| 82 | nin A 4M\/—) Therefore, since /M € T for any )\ € A_, under &;, we

have for large enough n,

A ~ d
Q™ = Qn(B7) = papA/[ST(BM)] - || B lmin (1| B lmin A W). (B.0.33)

Moreover, we have P (ﬁ Yoy >z lSiil < 2E[|§12|]> — 1. So by ((B.0.28)),
P(Q.(8) < 2E[[s12|] + 3hx1) — 1. This combined with ((B.0.30)) and ((B.0.33))

gives

lim inf P( f [HBIC()\) — HBIC(\,)] > 0)

n—o0

. QA Cylogp ‘
> — —
> hgri})rolf P( 1nf log <Qn(ﬁ )> + (|My] — s) > 0,51> P(&7)
> g ol
> hgrig)lf P(Aler}xf, min{log 2, 200 (5" (| My] —s) > O,€1>

-0
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1200/ ISH B - 18 i (118 llmin A

151

4M 612Kn) }

> lim inf P( inf min{log 2,
n—00 AEA_

4E[|12]] + 6k,

A . 1
+ (85 - I8 (DL > 0,61) - 5

Ha ‘Sl(BMA” : Hﬁgumin(”ﬁg”min A

4M 612Kn ) }

. V.

2 limint P( i minflog TEul] - Ol
A 1

— |5 (i Cnlo? 5L~ 0) -2

=1-2¢

by the conditions of the theorem and the inequality log(1+z) > min{§,log 2}, Vz > 0.
By the arbitrariness of 4, ((B.0.20b)) is proved. So we finish the proof of Theorem

7.

O



Appendix C

Proof of Chapter 4

C.1 Proof of Theorem 1

We first give some general formula regarding the loss function L; and its derivatives.
Recall Ly(u) = [7 (1 —u+v); K (2)dv,u € R. A direct calculation gives

o0
oo

L) = [ R
L =- [ " Kudu
L) = %K(#), Vi € R. (C.1.1)

It is important to note that |Lj(-)] <1, since K(¢) > 0,Vt and [*° K(u)du = 1.

Proof C.1 (Proof of Theorem 1)
By definition of the ¢;-penalized CRR estimator and triangle inequality, we have

1 & P 1 & .
- > Li(y(xB+ bo)) — - D Lu(u(xIB"+ 5) + X185 — 18715)
i1 i=1

< A8 = 181) < ABL = Balh + 184l = 1Bl = 1Bue — Biclh)
= A(llually = ffaaclly), (C.1.2)

152
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where we denote u := 3 — 8*. On the other hand, by convexity of Li(+), we have
LS LB A0) — 30 LG8 + 55) + X131~ 18715
=1 =1
> 2L = )
<2A BT+~ ZL’ yi(XIB" + ) yix )(6 8)

> |- Z L (58" + 55))wi) - 0]

* 1 - * *

_(haally + ffaacfh), (C.1.3)

where § = () — 8;. Define event & = {1250 Ly (vi(x7B* + B5))vi| < 3} and
& = {l120B" + 5 X0, Ly (ui(x7B" + B5))yixilloe < 5} Note that E[Lj, (y(x"8" +
55)) } =0, and ‘L' ( X6+ 57) )y| < 1. So by Hoeffding’s inequality,

> %) §2exp{—n—)\2}. (C.1.4)

ples) =P[5 D0 L8 + 50w ’
1=1

Meanwhile, we have E [L;Z (y(XT,B*—i-ﬂa‘))yx} = 0 by the definition of 3" and optimality
condition. By the choice of tuning parameters we have

1 O A
Pe) = P([[2%8" + - - Li (!B + Ay > 5)
1=1

IN

- A
(B ST e My
=1
j=1

Notice that by assumption 5 and |Lj(-)] < 1,

E[e|L§L(y¢(xiTﬁ*+BS))ymjI/mO} < E[elzg} < 2.
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This implies that ||L}, (vi(x7 8" + 83))yiwijlly, < mo, Vi€ {1,...,n},¥j € {1,...,p}.
By Theorem 1.4 in Géotze et al. (2021), there exists an absolute constant 1y > 0 such
that

2
_L( A n

AN L A o
P (‘ ﬁ Z L;L (yl(XZT/B + 50))y1$2‘]‘ > Z) S 2e 10 16m0 s NTo— 5 '
i=1

12

So following ((C.1.5)) we have P(E5) < 2pe ™ 173
Now, under & N &, combining ((C.1.2)) and ((C.1.3)) we have

A
4m0 )

A
=5 (o1 + lualls + fluaclly) < Alllually = f[uacll),

which implies ||uac|; < 3|luallr + |0], or (4, u) € Sa.

Define F(8y, 8) = 1 377 | Ly (vi(xF B+ Bo)) for any (8o, 8) € Rx RP. Also, define
C(r) = {<w,w) €Sy |+ w2 = r2w} for any 7 > 0. Let G(8,3) =
F(Bo,B) — F(B5,B8"), and let H(r) = SUDP(8,,8)e(8;,8%)+C(r |G B0, B) — [G(ﬁmﬁm-

We give an upper bound for E[H (r)]. Let oy,...,0, be i.i.d. Rademacher random
variables (i.e. P(0; = 1) = P(0; = —1) = 1), which is independent from all the other
random elements. By the symmetrization inequality (see for instance, Lemma 2.3.1
in Van Der Vaart and Wellner (1996)) and contraction inequality (see for instance,
Theorem 4.12 in Ledoux and Talagrand (2013)), |L}(-)] < 1 and Cauchy-Schwarz

inequality, we have

n

Zaz{Lh vi(x; B+ Bo))

=1

E[H(r)] < 2E{ sup
(Bo.B)E(B5,8%)+C

3|’—‘

— Ln(w(x8" + 57) } H

< 4E[ Sup Zazyz )+60 _60) :|
(Bo,B)E(Bg,8™)+C(r)
4 n slogp slogp
- H;Jy( X0 J Vaory| TER g [T (C.16)

By assumption 5 and definition of Orlicz norm, we know ||o;y;xij||p, = ||Zijl|v. < Mo,

Vi e {1,...,n},Vy € {1,...,p}. Also, it is straightforward to see ||o;yilly, = @.
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By Proposition 2.7.1 in Vershynin (2018), there exists a constant ¢; > 0 such that
Eletoviti] < e¢i” and Efet] < it for all |t| < é, Vie{l,...,n},Vje{l,...,p}.
By Jensen’s inequality, we have for any 0 < t < é,

etEmax{maxi<j<p [ 307, oiyizij |\ 225, oiyil}]

< Elet mexdmaxisysp [ 2505 oiviwis bl iy oivil}]

< E[ max (e 21 ST 4 e Tt Tt ) et Mt Tl 4 et i Uiyii|

1<j<p
p n n n n
< Z(H E[etoiymij] + H E[e—tgiyilij]) + H]E[etaiyi] + H E[e_miyi]
j=1 i=1 pale} Pl o

S 2pec%t2n + 2ec%t2n S 4pec%t2n.

Consequently, for any 0 <t < é,

. 1 log 4
B[|| > owx| ] < w + Ein. (C.1.7)
i=1
By the condition of Theorem 1, we know —Vk)ffjﬁlogzl = o(1), so for large enough n,

@\}‘;g‘l < é Thus, Choosing t = @W in ((Cl?)) we obtain

} < 2¢1v/(logp + log 4)n (C.1.8)

E[H Z oiyi(Lx;)"
i=1 o

for large enough n. Thus, combining ((C.1.6)) and ((C.1.8)) we get

slogp slogp

E[H < -2¢1+/(log p + log 4)n 4\/5 r
< 9601rslogp.
n
This implies that H(r) = Op(%). Define event Gr == {H(r) < TTSTIng} for any
T > 0, then we have limp_,, limsup,, . P(G%) = 0.

Next, for any (8o, 8) € (85, 3") + C(r), we derive a lower bound for E[G(fo, B)].
For large enough n, for any (5o, 3) € (55,3") + C(r), by Taylor’s theorem and as-
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sumption 6, there exists a € [0, 1] such that

E[G(Bo,B)] =E[Lu(y(x"B+ 5o))] — E[Ln(y(x"B" + 53))]
= (B0 5, (8= BB + alfo — 55). B+ a(B — 5))
(o~ 65, (8~ B)")"

> p((Bo— B3 +118 - B°1B)

> lprzs logp‘
n

(C.1.9)

(\]

On the other hand, by our choice for tuning parameters, for any (5, 3) € (55, 8%)+

C(r) we have

MBI = 181 ]
< AM(B = B%)ally + A(B — B )acllx
< AM[(B = B )allr + AlBo — Byl

slo
< 4/\\/_||(ﬁ B )all2 + Ary/ gpP
< 4/\\/_7”\/ slogp + \r SIng

< 56087”

(C.1.10)

n

and we also have, by convexity of ¢, norm,

(||B||§ = [187112) = 2287 (8 = B7) = =2X0|8"[|max[18 — 8|1
> ——(4H B—=087)alls + 16 —

> _AVEr /slogp__ slogp

_ 2cosr log P

(C.1.11)

n

Thus, combining ((C.1.9)), ((C.1.10)) and ((C.1.11)), under Gz, we have for any
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(60, B) € (B5,87) + C(r),

F(Bo,8) + XlIBIIz + MBIl — F (85, 87) = Xl B3 = N8|

> G, ) - 2D
> E[G(fo. B)] — H(r) — "0 1087
> E[G(Bo, B)] — TTSTIng — 7cosrlogp

1 1
> (—pr -1 — 700) s ng.
2 n

Now, choose r = %

, we have that under Gr,

inf F(Bo, B) + A 24+ > F(55,8%) 4+ Xol| B2 + M|
e F (0 B) + MBI+ MBI > F(5%.87) + X85 + X8

(C.1.12)

Recall that under £,N&s, (Bo, ,C:i) € (Bo, B%)+Sa. We next claim that under £&NENGr,
1Bo — Bsl? + 1B — B°I13 < r282_ In fact, if |Gy — B3> + 1B — B[} > r?=15E let

rv/slogp/n ' al Ao
ty = = - , then 0 < ty < 1. Further defi , =t ,
© T Ve ° urther define (5, ) = to(fo, 8) +

(1 —t0)(B5,8"), then we have |8) — Bi|* + |8 — B*[|3 = %82, Moreover, since
(Bo, B) = (Bo, B) € S under £ N &, and Sy is a cone, we know (5, B') — (5, 3°) =
to((ﬁo,B) —(5,B%)) € Sa. This means that under & N&,, (5, B") € (65,8") +C(r).
By convexity of F'(-) and norm functions and by ((C.1.12)), we further have

to(F(Bo, B) + Mol BIE + MBI ) + (1 = to) (F (85, 8°) + 1813 + N6 I
> F(5,8) + Mol 81 + MBI

> inf F(Bo, B) + A 2+ > F(B5,8%) + Mol B2 + M| B
> eBE P (B B) + llBIE + Bl > P55, B7) + Mol A8
under & N & N Gp. The above inequality implies F(5o, B) + Mol|Bl12 + N8|, >
F(Bg,8%) + Xl B||3+ Al|B¥||1, which is a contradiction with the definition of (Bo, B)
So the claim is proved. By union bound, previous results and choice of tuning pa-
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rameters, we have

P((&1n&NGr)°) < P(&) +P(&) + P(G7)
2 L A2 A

< 2exp{ — %} + 2pe ™0 16mg"Amo

n

+P(97)

1 A2n

C2 —_

< 2p % 4 2pe ™I 4 2pe” 0 70 + P(GE)

1 ¢

C2 —\ - C2 - Vv g
§2p,§0+2p (nlo 167(31% 1> +2€_W(%m_ lsp) "‘P(g’;’)

Since 122 — o(1), as long as ¢y is large enough (for instance ¢y > 4v/219my), we have

n

lim lim supP((Sl N&E N QT)C) = 0.

T—=00 pooo

Combining this result and the previous claim, the proof of Theorem 1 is finished. [J

C.2 Proof of Lemma 1

It is seen that L§ (v) is twice differentiable with

1 (1—v)? } 1
LG// _ o < )
v () V21h exp{ 2h? ~ V2mh

Thus inequality ((4.4.1)) is obtained due to the mean value theorem.

(C.2.1)

We then prove inequality ((4.4.2)). The inequality is trivial when v; < vy <1—h
orvo >wv; > 14+ h. When 1 —h < vy < vy <1+ h, since Lf is twice differentiable

between 1 — h and 1+ h, we see

Ly (01) = Ly (v)] < sup | Ly (v)][vr — val,

ve(l—h,1+h)
and
3(h? — (1 —u)?) 3
En
sup Ly (v)| = sup < —.
ve(l—h,1+h)‘ v ) vE(1—h,1+h) 4h3 4h




C.3. ITERATION COMPLEXITY ANALYSIS OF THE GCD ALGORITHM 159

When v; <1—h and vy > 1+ h,

3
ILE (vy) — LE' (1) < 1 < (2 <

V1 — Uag].

3|
4h
When vy <1—hand1—h<wvy <1+h,

(1 — Vg + h)2(2h -1+ UQ)

L8 (o) — L (e2)] = [1 - =

3
<E|1 — h—U2|

<—|Ul — U2|,

—4h

where the second to the last inequality is due to

1— (1—U2+h>2(2h—1+1)2)
S 4h3 < 9 - 3
up < —.
va€(1—h,14h) |1 —h — v, 16h  4h

When 1 —h<wvi<1l+handuwvy,>1+h,

(1 — v+ h>2(2h -1+ ’01)
4h3

LE'(01) — LE' () =]

3
<l = (1+h)

<i|v — vy
=4h 1 2]

where the second to the last inequality is due to

(1 — U1 —f- h)2(2h — ]_ —I— ’Ul)
sup ol < 9 < =2
va€(1—h,14h) |1 — v + A — 16h  4h’

C.3 Iteration complexity analysis of the GCD algo-

rithm

T

Notation. For a vector v = (v1,...,v5)" € R? and a univariate function u(-),

we write u(v) = (u(vy),...,u(vg))". Also, denote the subvector of v with its kth
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component removed by v_j = (v1,...,Uk_1, Ugs1,-.-,0q)" and recover v from v_; by
v = [vg, v_i]. We also let Oh be the sub-differential of a nonsmooth convex function
h (see e.g., Bertsekas, 1999).

Iteration Complexity Analysis. Without loss of generality, we focus solely on
the GCD algorithm for solving the weighted lasso penalized DCSVM

n p
min Y Ly (yx;B) + > wilBil. (C.3.1)
i=1 k=1

BERP <
where wj, > 0 are the weights of the penalty. Indeed, this formulation covers all the
sparsity patterns in Section 4.2.3. Also, the intercept term (3, can be absorbed into

the formulation by setting z;; = 1 for i =1,...,n and w; = 0. For ease of exposition,

let us rewrite ((C.3.1)) as the following unconstrained optimization problem

BeRP

min /(8) = g(8) + > hu(B), (€32)

where ¢g(8) = >, Ly(y;x} 3) is smooth convex in B € RP, while hy(8;) = wy| S| is
nonsmooth convex in S for each k = 1,....p. Let h(B) = >_v_, hx(Bk). Note that
Vo(8) = X, Lt B)x: with Veg(B) = X0 sl (it B for k= 1,.....p.
Let pmax = Amax(X7X) = A (XXT) and £(8) = (4(B),. .., (u(8))" with (:(8) =
L (yxFB) for i = 1,...,n. Denote by o the Hadamard product. It follows that

IV9(8) = Va(B)]| = IX"[y o (£(8) — £(B)]I| < prall€(B) — (8]

< Pl X (B = B < enpunax 1B — 8]

which implies that the gradient of g(+) is uniformly Lipschitz continuous with Lipschitz

constant L = c¢ppmax.- When restricted to each coordinate, we have

Vg (B Bi]) = Vig([Br Bl < cnl Xl*|8x — Bil. k=1,....p,

which implies that the gradient of g(-) is coordinate-wise uniformly Lipschitz contin-
uous with Lipschitz constants Ly = ;|| Xy |?, k= 1,...,p.
In the GCD (cyclic coordinate descent) algorithm, let 3" be the update of 3 after
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the rth cycle, » > 0. For ease of notation, denote

r+1 __ r+1 r+1 T T T\ T _
bk _(1 oy Mek—10 k?/BkJ,-la"')/Bp)7k_17"'7p7

bl = (B, ;ﬂ,ﬁzﬂ,...,ﬁ;)T,k:l,...,p.

Clearly, we have b'™ = 8" and b;ﬁ — B! Note that in the proximal gradient

update,
P = prox, (9 — L Vag (6 b71)

is equivalent to

p= argﬂmin we(Brs [B5, b75T) + hie(Be),
k
where the proximity operator prox does the soft-thresholding (Parikh and Boyd,
2013) and

e (B 87, 70) = ([0, B75)) + Vg (155 b5 — 55) + 22 (86— 55)?

is a quadratic majorization function of g(Bx; b™3!) := g([Bk, b"']) at Bi. It is easy to
see that u(By; [BL, b)) is strongly convex in 8. By the optimality of 3,7, there
exists (7' € Ohy(B;1") such that

(Vue (B [BE, D) + G (Be — By > 0, VB (C.3.3)

Our analysis will be divided into three parts: the sufficient descent step, the cost-to-
go estimate step, and the local error bound step. Similar techniques can be found
in Luo and Tseng (1992), Luo and Tseng (1993), Zhang et al. (2013) and Hong et al.
(2013).

Sufficient Descent. Consider the proximal gradient method applied to solving the

following problem

min f ([, b)) = g([Br, T]) + hie(Br).

BreR
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we have by ((C.3.3))
FOR) = F(bih) = F(8 DR — F(B DI
> (B 185, ) — w8 18, bE) + ha(By) — ha (B
L
= Vi (B 86 DI (B = B + e(B) = ha(B) + 5B D7 3.
> (Ve 81, BU) + G — BP) + (5 — 55
> %(ﬁ};— R

k

It follows that

S
N[~

87 = F(B7) = Y [F(B) = (b)) = 187 - 871, (C:3.5)

k=1
where L = minj<j<, Ly = ¢, minj<p<, ||x %

Cost-to-go Estimate. Let 27 := {8%|f(8") = ming f(8)} be the optimal so-
lution set of problem ((C.3.2)). Let B € 2™ be the point in 2™* such that

dy-(B") := minge o~ |8 — 87| = |8 — B"||. By optimality of

Tt = arg min ug (Bx; [, b)) + A (Br),
BrER

one has
— n L o}
BB = h(B) + Veg([BE DTN (B = BY) < (B — B0

By the mean value theorem, there exists A € [0,1] and & = A3 "' 4 (1 — \)3" such
that

g(B™) = g(B") = (Vg(&"), 87" = B).
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It follows that

hS]

fB = f(B") = g(B) - +Z T = hi(Br)]
—Z Vig(€) (B = Br) + (B — hi(By)]

=Z[vkg<[ﬁz,bi*,;1]>< v — B + h(ByTY) — hi(By)
+ (Vig(€") — Vig([B1, ")) (B = 5]
<> [Iék (Br = Bi)* + (Vig(€") — Vg (180, 3) (B = Bi)]-
k=1

By the fact that Vg(-) is Lipschitz continuous, it is implied that

(Z (Vegl€) — Vig([8, 7)) (57 m)

k=1

(ng vy ﬂk,b’“*w)n?)(fj( - 5)

k=1

< (Z e - wk,b"“nﬁ) I8 — B
k=1

— (X2 - )4 (=N )+ )

218 B+ 187~ B1P)
<120+ DI - I+ 1187 - BT1P)°
< 25pL*[[|87+ — 87|12 + 4% (BN)]".

It follows that

FB™) = f(B) < GLyp+ L)[IIB™ = 87" + d%-(87)].

where L = max;<x<, Ly, = ¢, max;<x<p || Xz ]|

163

(C.3.6)
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B* — B||. Here we handle the Gaus-
sian and Epanechnikov kernels separately. For the Gaussian kernel, that is, when
Ly(+) = L§ (), according to ((C.3.4)) and ((C.3.5)), the GCD algorithm is descend-
ing along its iterations. We can thus restrict the domain of 3 to the sublevel set
Lo =A{B: f(B) < f(0)}. Let n; = x;3 for i = 1,...,n. It follows that the set
Co={n=(n,1<i<n)": B €Ly} is convex compact. Therefore, for all 3 € Ly, n;
is bounded by Nimax, Where Nyax = maxi<i<n SUPger, |n;| < co. Note that the function
p(z) = > L (yi2;) is strongly convex in z € Cy by ((C.2.1)). We can see that
9(8) = p(XB). It follows from Zhang et al. (2013) that for any £ > ming f(3), there
exist k,e > 0 such that

Local error bound. Let dg+(8) = ming-cg~

do-(B) < k|8 — prox, (8 — Vg(8))l, (C.3.7)

for all @ such that |8 — prox, (8 — Vg(8))|| < e and f(B) <&.
For the Epanechnikov kernel, that is, when L, (-) = LE(-), one needs to add an

additional ridge penalty p||3]|* for some small g > 0 in order to achieve strong
optimality. Thus, when the Epanechnikov kernel is used, we instead consider the

following problem

n p
min Z Ly (yx;B8) + Z w| Bk| + 1| BII?
=1 k=1

Berr £

and solve it using the GCD algorithm.
As a summary, we show in the following theorem that the GCD algorithm con-

verges at least linearly.

Theorem 2

The GCD algorithm converges at least linearly to a solution in 2. OJ

Proof C.2
We first show that there exists some o > 0 such that

18" — prox, (8" — Vg(B")| < o[B8 = B, vr > 1. (C.3.8)
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For any » > 1 and any 1 < k < p, by the optimality of

"1 = arg min ug (By; [Br, b)) + h(Br),

Bk

we have
r+l _ prox, -1 ( r+1 L*1Vu ( r+1. [Br br+1]))
k L, “hi \Pk k E\Pr  IPEe Pk .

Let Ly, = max(1, L) and L = max(1, L;'). It follows from Lemma 4.3 of Kadkhodaie
et al. (2014) that

187 = proxy, (87 — Vig(B))] < Li|Bf — prox, 1, (B — L' Vig(8"))|
< Le[IB3 = prox; v, (B — L' Vg (B))| + 16 = 5]
< Le[lprox, 1, (8™ — L Vur (87 167, b71]))
—prox, 1, (B — L' Vig(8"))| + 1B, — Bi ]
< 2Ly B = Byl + L Ly [ Vur (B (87, D7) — Vig(8)]
< BLelB = Bil + Lil Vg (85, b7E1) — V(B
< (8L + LLy) |8, - By

It follows that

18" — prox, (8" — Vg(B"))| < 3L+ LL)\/plIBy — Bill,

where L = max(1,L) and L = max(1, L™!). Therefore, when we take o = (3L +
L[N/)\/g_), we get the desired result in ((C.3.8)). Note that the sufficient descent prop-
erty ((C.3.5)) implies that |3 — B"|| — 0 as r — oco. It follows from ((C.3.8)) that
|B" —prox, (8" —Vg(B"))|| = 0asr — oco. Thus, by ((C.3.7)) we have do+(3") — 0
as r — 0o0. Consequently, from ((C.3.6)) it implies that f(8") — f* := ming f(3),
which shows that the GCD algorithm converges to the global minimum.

Now let ¢; = L(2B)™", c; = 5L\/p + L, and A" = f(B") — f*. By the local error
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bound ((C.3.7)) and the cost-to-go estimate ((C.3.6)), we obtain

AT < ep[dY (B) + 1187 = BT

< er?[|B" — prox, (8" — Vg(B"))|I* + 2|8 — B7|I?
< (eor?0® + o) | B = B7I?

< (cor®0® + e2)er [f(B7) — (B

= (cok0” + o)) (AT — AT,

which implies that

ATl < B AT (C.3.9)
1 —+ C3

where c3 = (cok?02 +c3)c; . We can see from ((C.3.9)) that f(B") approaches f* with

at least linear rate of convergence. From ((C.3.5)) again, this further implies that the

sequence {8"} converges at least linearly. d

C.4 Additional numeric results with Gaussian kernel

Under the same settings introduced in our simulation section, we compared the per-
formance of lasso DCSVM and elastic-net DCSVM, using Gaussian kernel. The result
is shown in Table C.1. Again, we can see that the elastic-net DCSVM outperforms
lasso DCSVM. We also conducted elastic-net DCSVM with Gaussian kernel on the
same real datasets that we introduced in our real data section, and compared its
performance with the performance of elastic-net SVM and elastic-net logistic regres-
sion. The result is displayed in Table C.2. Overall, DCSVM still achieves the best

performance.
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Table C.1. Comparison of prediction error (in percentage) and variable selection of density-
convoluted SVM with Gaussian kernels using lasso and elastic-net (enet) penalties. Denote
by C and IC the number of correctly and incorrectly selected variables, respectively. Under
each simulation setting, the method with the lowest prediction error is marked by a black
box. All the quantities are averaged over 50 independent runs and the standard errors of the
prediction error are given in parentheses.

lasso-DCSVM enet-DCSVM
p p err (%) Cc IC err (%) C 1IC
Example 1
Example 1
500 6.92 (0.14) 5 0 (0.14) 5
5000 722 (0.19) 5 0 (0.13) 5
Example 2
500 0.2 1396 (021) 5 0 13.52] (0.19) 5 1
0.7 2318 (026) 3 0 (0.25) 4 0
09 2483 (024) 2 0 (0.23) 4 0
5000 0.2 1446 (0.23) 5 0 (0.18) 5 0
0.7 2357 (0.26) 3 0 (0.21) 4 0
0.9 2525 (025) 2 0 24.70] (0.25) 3 0
Example 3
500 0.2 1058 (0.21) 5 0 (0.15) 5 1
0.7 1978 (021) 4 0 (0.18) 4 0
09 2397 (022) 2 0 (0.21) 4 0
5000 0.2 10.70 (0.20) 5 0 10.51] (0.20) 5 0
0.7 2013 (024) 3 0 19.70] (0.21) 4 0
0.9 2434 (0.30) 2 0 23.85] (0.23) 4 0
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Table C.2. Comparison of prediction error (in percentage) and run time (in second) of
elastic-net density-convoluted SVM with Gaussian kernel, elastic-net SVM, and elastic-net
logistc regression. For each benchmark data, the method with the lowest prediction error is
marked by a black box. All the quantities are averaged over 50 independent runs and the
standard errors of the prediction error are given in parentheses.

enet-DCSVM enet-SVM enet-logistic
data n o p err (%) time err (%) time err (%) time
arcene 100 9920 32.00| (1.42) 454.36 37.09 (1.59) 8912.87 35.82 (1.65) 219.30
breast 42 22283 (1.79) 243.13 30.38  (2.05) 1946.98  30.76 (2.14) 227.88
colon 62 2000 (1.11)  91.70 18.90 (1.55) 722.48 23.87 (1.51) 27.33
leuk 72 7128 394  (0.51) 215.95 (0.51) 1863.23 4.33  (0.61) 115.00
LSVT 126 309 15.74| (0.62) 73.04 16.20 (0.68)  74.20 15.87 (0.68)  9.05
malaria 71 22283 (0.63) 818.98 7.60  (1.21) 12046.09 6.80 (0.98) 483.20
ovarian 253 15154 0.67]| (0.13) 1491.25 4.87  (1.23) 14442.87 0.87 (0.14) 964.16
prostate 102 6033 9.69  (0.68) 199.85 (0.50)  2421.20 10.24 (0.61) 116.50
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