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Abstract

More than ever before, technology advances across the spectrum have meant that we
have individualized and decentralized access to data, resources, and human capital. The
capability to utilize massively and distributedly generated data (e.g., personal shopping
records) and distributed computation (e.g., fast smartphone processors) has simplified
our lives, facilitated optimal resource allocation, and unlocked innovation across indus-
tries. Distributed algorithms play a central role in the optimal operation of distributed
systems in many applications, such as machine learning, signal processing, and control.
Significant research efforts have been devoted to developing and analyzing new algo-
rithms for various applications. However, existing methods are still facing difficulties in
using computational resources and distributed data safely and efficiently. The three ma-
jor challenges in state-of-the-art distributed systems are 1) finding appropriate models
to describe the resources and problems in the system, 2) developing a general approach
to solving problems efficiently, and 3) ensuring participants’ privacy. My thesis research
focuses on building an algorithmic framework to resolve these fundamental and practical
challenges. This thesis provides a fresh perspective to understand, analyze, and design
distributed optimization algorithms. Through the lens of multi-rate feedback control,
this thesis theoretically proves that a wide class of distributed algorithms, including
popular decentralized and federated schemes, can be viewed as discretizing a certain
continuous-time feedback control system, possibly with multiple sampling rates, while
preserving the same convergence behavior. Further, the proposed system unifies the
stochasticities in a wide range of distributed optimization algorithms as several types
of noises injected into the control system, and provides a uniform convergence analysis
to a class of distributed stochastic optimization algorithms. The control-based frame-
work is applied to designing new algorithms in decentralized optimization and federated
learning to meet different system requirements including achieving convergence, opti-
mal performance, or meeting privacy concerns. In summary, this thesis establishes a
control-based framework to understand, analyze, and design distributed optimization
algorithms, with applications in decentralized optimization and federated learning al-

gorithm design.
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Chapter 1

Introduction

1.1 Distributed Optimization

The recent success of Machine Learning (ML) can be largely attributed to its exceptional
ability to process data on a massive scale. On the one hand, the size of modern machine
learning models have increased tremendously over the past few years. To achieve high
performance, these models are becoming so big that they cannot fit into a single GPU or
one computational node with multiple GPUs. The training procedure of large founda-
tion models with billions of parameters requires us to solve challenging problems using
massive computational resources, either under a centralized parameter server setting
[11[2] or a fully decentralized system [3]. On the other hand, the growing network size,
the increased amount of distributed data, and the requirements for real-time response
often make traditional centralized processing unviable. For example, self-driving cars
should be carefully coordinated when meeting at an intersection, but since every such
vehicle can generate up to 40 Gbit of data (e.g., from LIDAR and cameras) per second
— an amount that overwhelms the fastest cellular network — it is impossible to pool the
entirety of data for real-time central coordination. This and other examples, from small
and ordinary (e.g. coordinating smart appliances in homes) to large and vitally impor-
tant (e.g., national power distribution), show how paramount fast distributed processing
will be to our collective well-being, productivity, and prosperity.

Distributed optimization algorithms have played an increasingly important role in

efficiently utilizing the network resources in modern machine learning applications. The
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most widespread approach to distributed optimization is to learn a single global model
in a distributed system with IV agents connected by a graph G = (V, E), each optimizing
a smooth and possibility non-convex local function f;(z). The global optimization

problem is formulated as [4]

N
. 1 .
in, f(x):= N ;1 filx), st. x; =25, ¥V (i,j) € E, (1.1)
where x € RV*4= stacks N local variables x := [z1;...;zn]; 7; € R, Vi€ [N].

This problem has received much attention in recent years, see [5, [6] for a few recent
surveys. Heterogeneous computational and communication resources in the distributed
system create a number of different scenarios in distributed learning. In specific, based
on the application scenarios, we can roughly classify distributed optimization algo-
rithms into those that solve Decentralized Optimization (DO) problems, those that
solve Federated Learning (FL) problems, and those that accelerate the consensus step

in decentralized optimization (AC). Some of the related works are discussed below.

Decentralized Optimization

In the scenario of decentralized optimization (DO), the agents are usually connected
through a connected but incomplete communication graph, that is, each agent in the
communication graph only communicates with several neighboring agents, rather than
all agents. When solving the DO problems, the agents are typically modeled as nodes on
a communication graph, and the communication and computation resources are equally
important. So the algorithms alternatingly perform communication and communication
steps. For instance, the Decentralized Gradient Descent (DGD) algorithm [7, 8] extends
gradient descent (GD) to the decentralized setting, where each agent performs one
step of local gradient descent and local model average in each round. Other related
algorithms such as the DLM [9], the Decentralized Gradient Tracking (DGT) [10] and
the NEXT [11] all utilize this kind of alternating updates.

Federated Learning

Federated learning (FL)—a distributed machine learning approach proposed in [12]—

has gained popularity for applications involving learning from distributed data. In
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FL, a cloud server (the “server”) can communicate with distributed data sources (the
“agents”). The goal is to train a global model that works well for all the distributed
data, but without requiring the agents to reveal too much local information. In such
systems, communication is more time-consuming than the computation steps and con-
sidered as the bottleneck of the system. Since its inception, the broad consensus on
FL’s implementation appears to involve a generic “local update” strategy to save com-
munication efforts. The basic communication pattern “computation then aggregation”
(CTA) protocol involves the following steps: S1) the server sends the global model x to
the agents; S2) the agents update their local models x;’s based on their local data for
several iterations; S3) the server aggregates x;’s to obtain a new global model x. The FL
algorithms, such as the well-known FedAvg [13], perform multiple local updates before
one communication step. However, when the data is heterogeneous among the agents, it
is difficult for these algorithms to achieve convergence [14, [I5]. Recent algorithms such
as the FedProx [16], SCAFFOLD [17] and FedPD [I§] have developed new techniques

to improve upon FedAvg.

Accelerated Consensus Algorithm

There have been a number of recent algorithms that are designed to utilize the minimum
computation and/or communication resources, while computing high-quality solutions,
over a decentralized network. In order to accelerate the consensus of the local models
over the network and achieve an optimal dependency on the network topology, they
typically perform multiple communication steps before one local update. For examples,
in [19] a multi-step gossip protocol is used to achieve the optimal convergence rate in
decentralized convex optimization; the xFilter [20] is designed for decentralized non-
convex problems, and it implements the Chebyshev filter on the communication graph,
which requires multi-step communication, and achieves the optimal dependency on the

graph spectrum.



1.1.1 Challenges in Distributed Optimization

As previously discussed, distributed optimization comes with several fundamental and
practical challenges that differentiate it from the conventional field of centralized opti-
mization. In particular, we list four core challenges that distinguish distributed opti-

mization from traditional setups.

Unifying Framework

Despite the proliferation of distributed algorithms, there is no standard design proce-
dure and methodology for distributed optimization algorithms. For some hot appli-
cations, there are simply too many algorithms available, so much so that it becomes
difficult to track all the technical details. Much of the recent research on this topic
appears to be increasingly focused on a specific setting. For examples, there has been
remarkably high interest in distributed algorithms in recent years across applications.
These algorithms are typically developed in an application-specific manner. They are
designed, for example, to: improve communication efficiency by utilizing model com-
pression schemes [21], 22]; perform occasional communication [23], 24]; improve compu-
tational efficiency by utilizing SGD based schemes [3] 25]; understand the best possible
communication and computation complexity [19, 26]; incorporate differential privacy
(DP) guarantee into the system [27]; or to deal with the practical situation where even
the (stochastic) gradients may not be accessible [28] [29]. However, an algorithm devel-
oped for FL may have already been rigorously developed, analyzed, and tested for the
DO setting; and vice versa. Since developing algorithms and performing analyses take
significant time and effort. Since developing algorithms and performing analyses take
significant time and effort, it is desirable to have some mechanisms in place to reduce
the possibility of reinventing the wheel.

Note that many existing works analyze optimization algorithms using control the-
ory, but they mainly focus on some very special class of algorithms. For examples, [30]
studies continuous-time gradient flow for convex problems; [4, [31] study continuous-
time first-order convex optimization algorithms; [32] [33] [34] investigate the acceleration
approaches including Nesterov and Heavy-ball momentum methods for centralized prob-

lems in discrete time and interpret them as discrete-time controllers; [4] [34] focus on
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the continuous-time system and ignore the impact of the discretization; [35, 36 [37]
investigate the connection between continuous-time system and discretized gradient
descent algorithm, but their approaches and analyses do not generalize to other feder-
ated/decentralized algorithms. Further, to our knowledge, none of the above-referred
works provide insights about the relationship between different scenarios of distributed

algorithms (e.g., between DO and FL).

Agents’ System Heterogeneity

In distributed systems, the agents typically generate and store data locally, which leads
to non-identical data distribution across the network. For example, in a federated
learning next-word-prediction application, the typing history of each application user
can be very different. Such data heterogeneity leads to update and model divergence
and introduces extra challenges in designing computation- and communication-efficient
distributed algorithms. A brute-force implementation of centralized optimization tech-
niques to the distributed system leads to undesirable system behavior, such as bad model
performance or heavy resource consumption. In the early stage of distributed algorithm
design, either extra assumptions are used to overcome the heterogeneity issue: [12], [3§]
assume that the local functions are homogeneous and [15, [39] requires the gradients
to be bounded; or the algorithm only converges to a neighborhood of the stationary

solution, e.g., [40, B 14] or sub-optimal convergence rate |41, [42].

Communication Efficiency

It is well understood that communication cost can be the primary bottleneck in dis-
tributed optimization, which is mainly due to unreliable communication channels, agent
synchronization, and communication bandwidth. In distributed algorithms, the agents
need to repeatedly communicate the gradients of every parameter in the model with the
central server or with its neighboring agents. This can be time-intensive for large-scale
foundation models. In decentralized optimization and accelerated consensus algorithms,
the agents perform at least one step of neighbor aggregation between consecutive update
steps. Such frequent communication can be extremely time-consuming. On the other
hand, Federated learning performs multiple local updates between consecutive commu-

nication steps, thus significantly reduces the communication overhead. In recent works,
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it has been shown that for FL algorithms solving non-convex problems, such as [39] [14],
to achieve e-stationary solution, one can perform O(1/e/?) local (stochastic) computa-
tion step between every two aggregation steps, so that a total of O(1/ e/ 2) aggregation
steps are needed. However, it is not clear if this achieves the best communication

complexity.

Privacy

Due to the unavoidable communication among the agents during the optimization, the
concern of the agents’ local data privacy leakage has become a major concern in the
algorithm design procedure. While federated learning offers a solution for protecting
local data by communicating model updates, e.g., accumulated gradient updates, and
avoiding raw data exchange, it does not offer any theoretical guarantee ensuring that
such updates do not leak sensitive agent information. Recent works have shown that
they are vulnerable to inference attacks and can leak local information during train-
ing [43, [44] [45].

Recently, various FL algorithms [46], [47, 48] [49] [50] have been proposed to provide
the formal guarantees of differential privacy (DP) [51]. In these algorithms, the clients
perform multiple local updates between two communication steps, and then perturba-
tion mechanisms are applied to aggregate updates across individual clients. In order
for the perturbation mechanism to have formal privacy guarantees, each client’s model
update needs to have a bounded norm, which is ensured by applying a clipping opera-
tion that shrinks individual model updates when their norm exceeds a given threshold.
While there has been prior work that studies the clipping effects on stochastic gradi-
ents [52, 53 54] in the differentially private SGD [55], there has not been any work
on providing understanding how clipping the model updates affect the optimization

performance of FL subject to DP.

1.2 Chapter Organization and Outline of Contributions

This introductory chapter is followed by five chapters, each based on a single published

paper. In each chapter, we first introduce the background and motivation of the chapter
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and the related work. For readers’ convenience, we then introduce the specific prob-
lem, notations, and assumptions used in the chapter. Next, we describe the proposed
methods to address the specific challenges of the chapter, as well as the theoretical anal-
ysis. Finally, we present the numerical experiments to verify our theoretical analysis
and the proposed approaches. Each chapter, together with the corresponding appendix
containing detailed proofs and extra discussions, is mostly self-contained.

The first two chapters (Chapter |2/ and [3]) build a framework that addresses the first
challenge in distributed optimization as presented in Section [I.1.1] which serves as a
base theory for the rest three chapters. Chapter [4Hf] identify and address a specific
challenge presented in Section [I.1.1] These three chapters not only serve as specific
applications to the framework proposed in the first two chapters, but further expand
the border of the framework by studying some of the fundamental aspects that the
framework has not covered. These provided results are meant to bring us closer to
the overarching goal of providing a framework to help researchers and practitioners
understand algorithm behavior, predict algorithm performance, and provide guidelines
for designing application-specific efficient and secure algorithms to utilize the resources
in the distributed system.

Let us now briefly discuss the outline and scope of each chapter and their connections.

1.2.1 A Control-based Framework for Understanding Distributed Op-

timization

The first two chapters propose a control-based framework for understanding distributed
optimization algorithms. The first chapter studies deterministic algorithms belonging
to the scenarios of decentralized optimization, federated learning, and accelerated con-
sensus. Through the lens of control theory, we show that distributed algorithms in
the three scenarios can be modeled as a double-loop continuous-time system, which
differs only by the sampling rate of the two loops during discretization. The second
chapter complements the first chapter by extending the framework from deterministic
algorithms to stochastic ones. In this chapter, we model the stochasticity in different
algorithms as a few classes of noises injected into the control system satisfying certain
properties.

The proposed framework provides a pipeline for designing distributed algorithms



that meet specific system requirements with basic convergence guarantees.

Chapter 2 A Deterministic Framework

Distributed algorithms have been playing an increasingly important role in many ap-
plications such as machine learning, signal processing, and control. Significant research
efforts have been devoted to developing and analyzing new algorithms for various ap-
plications. In this work, we provide a fresh perspective to understand, analyze, and
design distributed optimization algorithms. Through the lens of multi-rate feedback
control, we show that a wide class of distributed algorithms, including popular de-
centralized /federated schemes, can be viewed as discretizing a certain continuous-time
feedback control system, possibly with multiple sampling rates, such as decentralized
gradient descent, gradient tracking, and federated averaging. This key observation not
only allows us to develop a generic framework to analyze the convergence of the en-
tire algorithm class. More importantly, it also leads to an interesting way of designing
new distributed algorithms. We develop the theory behind our framework and provide
examples to highlight how the framework can be used in practice.

This chapter is based on: [56] Xinwei Zhang, Mingyi Hong, and Nicola Elia. Un-
derstanding a class of decentralized and federated optimization algorithms: A multirate

feedback control perspective. SIAM Journal on Optimization, 33(2):652-683, 2023.

Chapter Modeling Stochastic Algorithms with the Framework

In modern machine learning systems, distributed algorithms are deployed across appli-
cations to ensure data privacy and optimal utilization of computational resources. This
work offers a fresh perspective to model, analyze, and design distributed optimization
algorithms through the lens of stochastic multi-rate feedback control. We show that a
substantial class of distributed algorithms—including popular Gradient Tracking for de-
centralized learning, and FedPD and Scaffold for federated learning—can be modeled as
a certain discrete-time stochastic feedback-control system, possibly with multiple sam-
pling rates. This key observation allows us to develop a generic framework to analyze the
convergence of the entire algorithm class. It also enables one to add desirable features

such as differential privacy guarantees easily, or to deal with practical settings such as
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partial agent participation, communication compression, and imperfect communication
in algorithm design and analysis.

This chapter is based on: [57] Xinwei Zhang, Mingyi Hong, Sairaj Dhople, and Nicola
Elia. A stochastic multi-rate control framework for modeling distributed optimiza-

tion algorithms. In International Conference on Machine Learning, pages 26206—26222.
PMLR, 2022.

1.2.2 Non-convex Distributed Optimization Algorithm Design

These three chapters focus on distributed non-convex optimization algorithm design
in decentralized optimization and federated learning scenarios with certain system re-
quirements. Firstly, they serve as algorithm design examples of the framework pro-
posed above. Further, each of the chapters addresses one of the fundamental chal-
lenges in Section Chapter [4] adopts the gradient-tracking controller to resolve the
data heterogeneity issue in decentralized optimization. Chapter [5| proposes using the
primal-dual updates to address the data and agents’ heterogeneity issue in the federated
learning scenario, which also achieves the communication complexity lower bound for
distributed optimization. Chapter [6]addresses the privacy issue in distributed optimiza-
tion by theoretically and numerically studying the impact of data heterogeneity on the

privacy-utility trade-off in federated learning.

Chapter Gradient Tracking for Decentralized Optimization

In the era of big data, it is challenging to train a machine learning model on a sin-
gle machine or over a distributed system with a central controller over a large-scale
dataset. In this chapter, we propose a gradient-tracking based monconvex stochastic
decentralized (GNSD) algorithm for solving non-convex optimization problems, where
the data is partitioned into multiple parts and processed by the local computational re-
source. Through exchanging the parameters at each node over a network, GNSD is able
to find the first-order stationary points (FOSP) efficiently. From the theoretical analysis,
it is guaranteed that the convergence rate of GNSD to FOSPs matches the well-known
convergence rate of stochastic gradient descent by shrinking the step-size. Finally, we
perform extensive numerical experiments on computational clusters to demonstrate the

advantage of GNSD compared with other state-of-the-art methods.
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This chapter is based on: [25] Songtao Lu, Xinwei Zhang, Haoran Sun, and Mingyi

Hong. GNSD: A gradient-tracking based non-convex stochastic algorithm for decen-

tralized optimization. In 2019 IEEE Data Science Workshop (DSW), pages 315-321.
IEEE, 2019.

Chapter Optimal Convergence for Federated Learning

Federated Learning (FL) has become a popular paradigm for learning from distributed
data. To effectively utilize data at different devices without moving them to the cloud,
algorithms such as the Federated Averaging (FedAvg) have adopted a “computation
then aggregation” (CTA) model, in which multiple local updates are performed using
local data, before sending the local models to the cloud for aggregation.

However, these schemes typically require strong assumptions, such as the local data
are identically independently distributed (i.i.d), or the size of the local gradients are
bounded. In this chapter, we first explicitly characterize the behavior of the FedAvg
algorithm, and show that without strong and unrealistic assumptions on the problem
structure, the algorithm can behave erratically (e.g., diverge to infinity). Aiming at
designing FL algorithms that are provably fast and require as few assumptions as pos-
sible, we propose a new algorithm design strategy from the primal-dual optimization
perspective. Our strategy yields a family of algorithms that take the same CTA model
as existing algorithms, but they can deal with the general non-convex objective, and
achieve the best possible optimization and communication complexity while being able
to deal with both the full batch and mini-batch local computation models. Most im-
portantly, the proposed algorithms are communication efficient, in the sense that the
communication pattern can be adaptive to the level of heterogeneity among the local
data. To the best of our knowledge, this is the first algorithmic framework for FL that
achieves all the above properties.

This chapter is based on: [I8] Xinwei Zhang, Mingyi Hong, Sairaj Dhople, Wotao
Yin, and Yang Liu. FedPD: A federated learning framework with adaptivity to non-iid
data. IEEE Transactions on Signal Processing, 69:6055-6070, 2021.
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Chapter [6t Privacy Preserving Algorithm for Federated Learning

Providing privacy protection has been one of the primary motivations of Federated
Learning (FL). Recently, there has been a line of work on incorporating the formal
privacy notion of differential privacy with FL. To guarantee the client-level differential
privacy in FL algorithms, the clients’ transmitted model updates have to be clipped
before adding privacy noise. Such clipping operation is substantially different from its
counterpart of gradient clipping in the centralized differentially private SGD and has not
been well-understood. In this chapter, we first empirically demonstrate that the clipped
FedAvg can perform surprisingly well even with substantial data heterogeneity when
training neural networks. This is partially because the clients’ updates become similar
for several popular deep architectures. Based on this key observation, we provide the
convergence analysis of a differential private (DP) FedAvg algorithm and highlight the
relationship between clipping bias and the distribution of the clients’ updates. To the
best of our knowledge, this is the first work that rigorously investigates theoretical and
empirical issues regarding the clipping operation in FL algorithms.

This chapter is based on: [58] Xinwei Zhang, Xiangyi Chen, Mingyi Hong, Steven
Wu, and Jinfeng Yi. Understanding clipping for federated learning: Convergence and
client-level differential privacy. In International Conference on Machine Learning, pages
26048-26067. PMLR, 2022.

1.2.3 Additional Works not Included in the Dissertation

During my PhD, I co-authored eight more papers that are not a part of this thesis. The

list includes:
e Two papers related to optimization algorithms on embedding systems [59, [60].

e Four FL papers. One focuses on hybrid federated learning, one on vertical feder-
ated learning, one on over-parameterized networks, and one on federated model
ensemble [61], [62], 63, [64].

e One survey paper related to decentralized optimization [5].

e One paper that I co-authored while in IBM focusing on federated graph neural
networks [65].



Chapter 2

A Control-based Framework for
Understanding Distributed
Optimization Algorithms:

Deterministic System

2.1 Motivation

Distributed computation has played an important role in popular applications such as
machine learning, signal processing, and wireless communications, partly due to the
dramatically increased size of the models and the datasets. In this chapter, we consider
a distributed system with N agents connected by a graph G = (V, E), each optimizing
a smooth and possibility non-convex local function f;j(z). The global optimization
problem is formulated as [4]

N

Jnin, f(x):= N ;fl(xz), st. z =z, V(i,j) € E, (2.1)
where x € RV*% stacks N local variables x := [z1;...;2y]; 2; € R%, Vi € [N]. This

problem has received much attention in recent years, see [5], 6] for a few recent surveys.
Heterogeneous computational and communication resources in the distributed system

create a number of different scenarios in distributed learning. In specific, based on

12
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the application scenarios, we can roughly classify distributed optimization algorithms
into those that solve Decentralized Optimization (DO) problems, that solve Federated
Learning (FL) problems, and those that accelerate model consensus (AC). Some of the
related works are discussed below.

a) When solving the DO problems, the agents are typically modeled as nodes on a
communication graph, and the communication and computation resources are equally
important. So the algorithms alternatingly perform communication and communication
steps. For instance, the Decentralized Gradient Descent (DGD) algorithm [7, 8] extends
gradient descent (GD) to the decentralized setting, where each agent performs one
step of local gradient descent and local model average in each round. Other related
algorithms such as the DLM [9], the Decentralized Gradient Tracking (DGT) [10] and
the NEXT [11] all utilize this kind of alternating updates.

b) The FL problems typically consider the setting that the clients are directly con-
nected to a parameter-server, and that the communication at the server is the bottleneck
of the system. The FL algorithms, such as the well-known Fed Avg [13], perform multiple
local updates before one communication step. However, when the data is heterogeneous
among the agents, it is difficult for these algorithms to achieve convergence [14, [15].
Recent algorithms such as the FedProx [16], SCAFFOLD [I7] and FedPD [I8] have
developed new techniques to improve upon FedAvg.

c¢) There have been a number of recent algorithms that are designed to utilize the
minimum computation and/or communication resources, while computing high-quality
solutions. They typically perform multiple communication steps to accelerate model
consensus before one local update. For examples, in [19] a multi-step gossip protocol is
used to achieve the optimal convergence rate in decentralized convex optimization; the
xFilter [20] is designed for decentralized non-convex problems, and it implements the
Chebyshev filter on the communication graph, which requires multi-step communication,
and achieves the optimal dependency on the graph spectrum.

Despite the proliferation of distributed algorithms, there are a few concerns and
challenges. First, for some hot applications, there are simply too many algorithms
available, so much so that it becomes difficult to track all the technical details. Is it
possible to establish some general guidelines to understand the relations between, and

the fundamental principles of, those algorithms that provide similar functionalities?
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Second, much of the recent research on this topic appears to be increasingly focused
on a specific setting (e.g., those mentioned in the previous paragraph). However, an
algorithm developed for FL. may have already been rigorously developed, analyzed, and
tested for the DO setting, and vice versa. Since developing algorithms and performing
analyses take significant time and effort, it is desirable to have some mechanisms in

place to reduce the possibility of reinventing the wheel.

2.2 Preliminaries

We introduce some useful assumptions and notations.

First, let ® denote the Kronecker product. the incidence matrix A of a graph G is
defined as: if edge e(i, j) € E connects vertex ¢ and j with ¢ > j, then A,; =1, Agj = —1
and Agr, =0, Vk #i,7. Let us use V; C [N] to denote the neighbors for agent i. For a
symmetric matrix X, let us use A\(X) to denote its eigenvalues. Then we can write the
constraint of in a more compact form:

x€RNdz

N
min  f(x) := %Zfz(xz), st. (A®I)-x=0.
i=1

For simplicity of notation, the Kronecker products are ignored in the subsequent discus-
sion, e.g., we use Ax in place of (A®I)-x. Define the averaging matrix R := % and the
average of x;’s as X := %X = % Ef\i 1 ;. Note, we have R? = R. The consensus error
can be written as [21 —X,...,zy —X] = (I — R)x, and we have Vf(X) = & SN Vi)
The stationary solution of is defined as follows:

Definition 1 (First-order Stationary Point) We define the first-order stationary
solution and the e-stationary solution respectively, as:

N 1Y 117
i=1 =1
| X LN 2 o2
— (=S4, x| <e 2.2

We refer to the left hand side (LHS) of (2.2b)) as the stationarity gap of (2.1).

We will make the following assumptions on problem ({2.1]) throughout the chapter:
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A 1 (Graph Connectivity) The graph is fized, and strongly connected at all time

t €[0,00), i.e. 0 is a simple eigenvalue of AT A, with corresponding eigenvector \/Lﬁ.

This assumption can be extended to time-varying graphs (denoted as A(t)’s), as they
can be treated as sub-sampling on a strongly connected graph A = |J, A(t). However,
to stay focused on the main point of the chapter (e.g., build the connection of different
algorithms from the control perspective) and to reduce notation, we choose to consider
the simple static graph A(t) = A, V¢ € [0,00) in this work.

Since the agents are connected by a fixed communication graph, we can further
define the averaging matrix of the communication graph as W := I — ATdiag(w)A,
where w is a vector each of whose entries wle(i, 7)] is positive, and it corresponds to

the weight of edge e(i, j). It is easy to check that W has the following properties:
w=w 1"w =17, W;; >0, Ve(i,j) €E. (2.3)

A 2 (Lipschitz gradient) The f;’s have Lipschitz gradient with constant Ly:

IV fi(z) = Vi)l < Lyllz —yll, ¥V a,yeR¥ Vie[N].
A 3 (Lower bounded functions) FEach f; is lower bounded as:

filz) > f, > =00, VzeR™, Viel[N]
A 4 (Coercive functions) Each f; approaches infinity as ||x|| approaches infinity:
fi(x) = o0, as ||z|| = oo, Vi€ [N].

and imply that there exists at least one globally optimal solution x* for problem
. Let us denote the corresponding optimal objective as f* := f(x*).
2.3 Continuous-time System

We present a continuous-time feedback control system. We will provide a number of key
properties of the controllers and the entire system, to ensure that the system converges

to the set of first-order stationary points with guaranteed speed. These properties will
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be instrumental when we subsequently analyze discretized version of the system (hence,

various distributed algorithms).

Figure 2.2: Discretized system using ZOH
Figure 2.1: The proposed continuous-time on both the GCFL and LCFL control loops
double-feedback system for modeling the de- with possibly different sampling times 74, 7.
centralized optimization problem . The The system dynamics are given in —
system dynamics are given in (2.8). [2.17)

2.3.1 System Description

To optimize problem , our approach is to design a continuous-time feedback control
system, such that the state variables belong to the set of stationary points of the system
if and only if they correspond to a stationary solution of . Towards this end, define
x € RN% ag the main state variable of the system; introduce the global consensus
feedback loop (GCFL) and local computation feedback loop (LCFL), where the former
incorporates the dynamics from multi-agent interactions and pushes x to consensus,
while the latter helps stabilize the system and finds the stationary solution. Specifically,
these loops are defined as below:

¢ (The GCFL). Define an auxiliary state variable v := [v1;...;vy] € RN% with
v; € R% V i; define y := [x;Vv] € RN(z+dv). Jefine a feedback controller Gy(+A) -
RN(dztdy) _y RN(datdv)  Then the GCFL uses Gy(-; A) to operate on y, to ensure the
agents remain coordinated, and their local control variables remain close to consensus;
e (The LCFL). Define an auxiliary state variable z := [21;...;2x] € RV% with
z; € R% | Y 4; define a set of feedback controller Gy(-; f;) : Rletdvtds _y Rdatdotds e
for each agent ¢. Then each agent will use LCFL to operate on its local state variables

x;, z; and v;, to ensure that its local system can be stabilized.
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The overall system is described in Fig. 2.1 The detailed description of properties

of different controllers, as well as the notations used, will be given in the next sections.
To have a rough idea of how these loops can be mapped to a distributed algorithm,

let us consider the PI distributed optimization algorithm [66], whose updates are:

X = —kaf(X) — /{?p . (I — W) X — kpk]V,
v =kpkr- (I — W)x.

The corresponding controllers are given by:

V fi(x;)

I—-W)-x+kv
( ) ! 5 Gf(xhviazi;fi) = 0 )

Gy(x,v; A) = ey (I-W)-x

with 7y = kg and ny = kp. Note that auxiliary state variable z has not been used in
this algorithm.

Next, we describe in detail the properties of the two feedback loops.

2.3.2 Global Consensus Feedback Loop

The GCFL performs inter-agent communication based on the incidence matrix A, and
it controls the consensus of the global variable y := [x;v]. Specifically, at time ¢, define
the output of the controller as uy4(t) = G4(y(t); A), which can be further decomposed
into two outputs ug(t) := [ug.(t); ugw(t)], one to control the consensus of x and the
other for v. After multiplied by the control gain 74(t) > 0, the resulting signal will be
combined with the output of the LCFL, and be fed back to local controllers.

We require that the global controller Gg4(-; A) to have the following properties:

P 1 (Control Signal Direction) The output of the controller G4 aligns with the di-

rection that reduces the consensus error, that is:
2
(I =R)-y,Gy(y; A)) 2 Cy - I = R)-yl*, Vy,
for some constant Cy > 0. Further, the controller G satisfies:

(1,G4(y; A)) =0, Vy, which implies (I,u4(t)) =0, V.
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P 2 (Linear Operator) The controller G4 is a linear operator of y, that is, we have
Gy(y; A) = Way for some matriz Wa € RNatdv) porameterized by A, and its eigen-
values satisfy: |(N(W4)| € [0, 1].

Combining and we have (1,W4) = 0, which indicates R - W4 = 0 and the

eigenvectors of Wy are orthogonal to the ones of R. Further we have

I = R)y|* = |Gy (y; A)II* = y" (I - R)® = W)y

yT
y'(I-2R+R-W3)y=y (I (R+W3))y.

Notice the eigenvectors of R and W4 are orthogonal and all eigenvalues are in [0, 1], so
we have matrix I — (R + W3) = 0. Thus y”(I — (R+ W3))y > 0 and ||(I — R)y|* >
|Gy (y; A)||>. Therefore, we have:

CHII = R) - y|* < |Gy(y; DI < (I = R) - y||*, and R-Wa=0. (2.4)

It is easy to check that both Plfand P2 hold in most of the existing consensus-based
algorithms. For example, when the communication graph is strongly connected, we can
choose Gy(y; A) = (I — W) -y. It is easy to verify that, Cy = 1 — Aa(W) where Aa(-)
denotes the eigenvalue withe the second largest magnitude [8,5]. As another example,

consider the accelerated averaging algorithms [67], where we have

I— H-W ¢ I 1—+/1—=X(W
Gy(y,A) = (c+1) ¢ x , with ¢ := 2(V) .
- I 14+ /1= A (W)2
In this case, one can verify that Cy =1 — % >1—X(W).

14+/1=X2(W)
By using , we can follow the general analysis of averaging systems [68], and show

that the GCFL will behave as expected, that is, if the system only performs GCFL and
shuts off the LCFL, then the consensus can be achieved. More precisely, assuming that
ne(t) = 0,m4(t) = 1, then under the local state y converges to the average of the

initial states linearly:
I = R)-y(@)* < e (I = R) - y(0)]*. (2.5)

For completeness, we include the derivation in Appendix
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2.3.3 The Local Computation Feedback Loop

The LCFL optimizes the local function f;(-)’s for each agent. At time ¢, the ith local
controller takes the local variables z;(t), v;(t), z;(t) as inputs and produces a local control
signal. To describe the system, let us denote the output of the local controllers as

wig(t) = Gu(zi(t),vi(t), zi(t); fi), ¥ ¢ € [N]; further decompose it into three parts:
i 0(t) 2= (w00 () Uie,0(t); Wi,z (1))

Denote the concatenated local controller outputs as: w4 (t) := [u102(t);...;unez(t)],
and define wg,(t), us.(t) similarly. Note that we have assumed that all the agents use
the same local controller Gy(-;-), but they are parameterized by different f;’s. After
multiplied by the control gain 7,(t) > 0, the resulting signal will be combined with the
output of GCFL, and be fed back to the local controllers.

The local controllers are designed to have the following properties:

P 3 (Lipschitz Smoothness) The controller is Lipschitz continuous, that is:

|Gelwi, vi, zi5 f3) — Gel@, v, 255 f3) || < L[ vis 23] — [ 055 2]

Vi€ [N], 2} € R% v;, V) € R% 2, 2, € R%.

)

P 4 (Control Signal Direction and Size) The local controllers are designed such

that there exist initial values x;(ty), vi(to) and z;(tg) ensuring that the following holds:
(Vfil@i(t) uiga(t)) > alt) - |V fiz O, V> to,

where a(t) > 0 satisfies limy_ o0 ftf) a(r)dr — oo.
Further, for any given x;, v;, z;, the sizes of the control signals are upper bounded

by those of the local gradients. That is, for some positive constants Cy, C, and C,:

[wial < Co IV izl lluiew

< Cu[[VFfilzi)lls Nuiesll < C IV filai)ll -

Let us comment on these properties. is easy to verify for a given realization of
the local controllers; abstracts the convergence property of the local optimizer. This
property implies that the update direction —u; ¢ ,(t) points to a direction that decreases

the local objective. Note that it is postulated that x;,v; and z; are initialized properly,
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because in some of the cases, improper initial values lead to non-convergence of the local
controllers (or equivalently, the local algorithm). For example, for accelerated gradient
descent method [69, [70], z;(to) should be initialized as V f;(z;(to)).

By using we can follow the general analysis of the gradient flow algorithms (e.g.,
[71]), and show that the LCFL will behave as expected, in the sense that the agents can
properly optimize their local problems. More precisely, assume that 1,(t) = 0,7,(t) = 1,
that is, the system shuts off the GCFL. Assume that Gy(+;-) satisfies then each local
system produces x;(t)’s that satisfy:

min ||V fi(zi(t + 7)) < A7) - (filwi(t)) = £, (2.6)

where {v(7)} is a sequence of positive constants satisfying:

1

=—————0, as7—o0. (2.7)
Jo a(r)dr

¥(7)

We include the proof of the above result in the Appendix

To close this subsection, we note that the continuous-time system we have presented

so far (cf. Figure can be described using the following dynamics:

V(t) = _ng(t) : Ug,v(t) - TM(t) : u&v(t)
X(t) = —ng(t) - uga(t) — me(t) - uea(t), z(t) = —ne(t) - ues(t). (2.8)

Additionally, throughout the chapter, we will use u4 and G, u; and Gy interchangeably.

2.3.4 Convergence Properties

We proceed to analyze the convergence of the continuous-time system. Toward this end,

we define an energy-like function:

E(t) == f(x(1)) — "+ % I(I = R) - y(®)II*. (2.9)

Note that £(t) > 0 for all t > 0. It follows that its derivative can be expressed as:
T

(0 = = (IR0 Spuna(®)) 4 (= B)- YO 1,00y (0)+ mOury 0] (210

In the following, we study the convergence of £(t) and characterize the set of stationary

points that the states satisfy & (t) = 0. We do not attempt to analyze the stronger



21
property of stability, not only because such kind of analysis can be challenging due
to the non-convexity of the local functions f;(-)’s, but more importantly, analyzing the
convergence of £(t) is already sufficient for us to understand the convergence of the state
variable x to the set of stationary solutions of problem , as we will show shortly.

To proceed, we require that the system satisfies the following property:

P 5 (Energy Function Reduction) The derivative of the energy function, E() as
expressed in (2.10)), satisfies the following:

- /ot (<Vf(i(7)’m(7) . %U&J(T)> + (I = R) - y(7),ng(T)ug(7) + W(T)ue,y(T)>) dr

</ t <w> - HVf(X(T))

+72(7) - (I = R) ~Y(T)||2> dr, (2.11)
where 1 (7),v2(7) > 0 are some time-dependent coefficients.

is a property about the entire continuous-time system. Although one could show
that by using P1|- and by selecting 74(t) and 7,(t) appropriately, this property can
be satisfied with some specific y1(7) and v2(7) (cf. Corollary [I]), here we still list it
as an independent property, because at this point we want to keep the choice of ~;(7),
~v2(7) general; please see Sec. for more detailed discussion.

Next, we will show that under the continuous-time system will converge to the

set of stationary points, and that x will converge to the set of stationary solutions of

problem ([2.1)).

Theorem 1 Suppose HJ| holds true. Then we have the following results:
1) Further, suppose that F@ and hold, then E=0 implies that the corresponding

state variable X5 is bounded, and the following holds:
X =0, vs=0, z,=0, uy=0, wu=0. (2.12)
Additionally, let us define the set S as below:

S = {V,Z) nfu&v + T]gug,v = 0, ’LL&Z — 0’ nﬁuﬁ,z + 779“9,:): -0 } ]

If we assume that S is compact for any state variable x that satisfies the stationarity

condition (2.2a), then the auziliary state variables {v(t)} and {z(t)} are also bounded.
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2) The control system asymptotically converges to the set of stationary points, in that
x(t) is bounded Wt € [0,00), and & — 0. Further, the stationary gap ([2.20) can be upper
bounded by the following:

min { IV A+ 17 = 1) -y0l | =0 (max { o T d}) -
0 0
(2.13)

Proof 1 To show part (1), consider a set of states X, Vs, 2 in which &(x,,vs) = 0.
Hj implies that V f(xs) = 0, and implies ||ue|| < (Cp + Cy + C) |VF(Xs)|| = 0.
Similarly, with and P@ we have that (ug, (I — R)ys) = 0 and 1Tuy; = 0 so ug = 0.
Therefore xs = 0,vs = 0,2z, = 0. Combining Vf(Xs) = 0 and implies that X
is bounded. Note that the value of v(t),z(t) may not be bounded, even if the system
converges to a stationary solution. Using the compactness assumption on the set S, it
is easy to show that v(t),z(t) are also bounded.

To show part (2), we can integrate E(t) from t =0 to T to obtain:

T

T
/0 2(t) !(I—R)-y(t)sztJr/O 7 () IV Fx()*dt < E(0) — E(T),

divide both sides by fOT 7 (t)dt or fOT v2(t)dt, we obtain(2.13). By F@ we know fg E(r)dr <

0, Vt, but since E(t) > 0, it follows that lim;_,o E(t) = 0.

Note that without the compactness assumption, v and z can be unbounded. As
an example, FedYogi uses AdaGrad for LCFL [72] where v(¢) accumulates the norm of
the gradients and does not satisfy the compactness assumption, so limy_, o, v(t) — oo.
Although such unboundedness does not affect the convergence of the main state variable
in part (2), from the control perspective it is still desirable to have a sufficient condition
to guarantee the boundedness of all state variables.

Part (2) of the above result indicates that if Pj5|is satisfied, not only will the system
asymptotically converge to the set of stationary points, but more importantly, we can
use {71(t),72(t)} to characterize the rate in which the stationary gap of problem
shrinks. This result, although rather simple, will serve as the basis for our subsequent

system discretization analysis.
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2.3.5 Summary

So far, we have completed the setup of the continuous-time feedback control system,
by specifying the state variables, the feedback loops, and by introducing a few desired
properties of the local controllers and the entire system. In particular, we show that
property P|is instrumental in ensuring that the system converges to the set of stationary
points. However, there are two key questions remain to be answered:
(i) How to ensure property for a given continuous-time feedback control system?
(ii) How to map the continuous-time system to a distributed optimization algorithm,
and to transfer the convergence guarantees of the former to the latter?

There are two different ways to answer question (i). First, for a generic system that
satisfies properties - we can show that when the control gains ny(t),n,(t) are
selected appropriately, then will be satisfied; see Corollary (1| below.

Corollary 1 Suppose that H3, are satisfied. By choosing ng(t) = 1,me(t) =
O(1/VT)), f@ holds true with ~1(t) = O(ne(t)), v2(t) = O(1) Further,

. _ 2 _ . 2 — ; — i
min { IV F @I + 11T - B) - y(1)]1*} 0( fOTMT)dT) o(7):

The proof of the above result follows the steps used in analyzing distributed gradient
flow algorithm [37]; see Appendix

The second answer to question (i) is that one can also verify in a case-by-
case manner for individual systems. In this way, it is possible that one can obtain
larger gains 7,(t),n,4(t), hence larger coefficients v;(t) and v2(t) to further improve the
convergence rate estimate. In fact, verifying property and computing the corre-
sponding coefficients is a key step in our proposed analysis framework for distributed
algorithms. Shortly in Sec. we will provide an example to showcase how to verify
that the continuous-time system which corresponds to the DGT algorithm satisfies
with 71 (t) = O(1) and 72(t) = O(1), leading to a convergence rate of O(1/T).

On the other hand, the answer to question (ii) is more involved, so this question will
be addressed in the main technical part of this work to be presented shortly. Generally
speaking, one needs to discretize the continuous-time system properly to map the system

to a particular distributed algorithm. Further, one needs to utilize all the properties
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— and carefully select the discretization intervals, to ensure that the resulting

discretized systems perform appropriately.

2.4 System Discretization

In this section, we discuss how to use system discretization to map the continuous-time

system introduced in the previous section to distributed algorithms.

2.4.1 Modeling the Discretization

Typically, a continuous-time system is discretized by using a switch that samples the
input with sample time 7, followed by a zeroth-order hold (ZOH) that keeps the signal

constant between the consecutive sampling instances [73]; see Figure

X(tl(_ I:' _Jz(t)
T T 1

Figure 2.3: The discretization block that has a switch and a Zero-Order Hold.

Now, let us use ZOH to discretize the continuous-time system depicted in Fig.
We will place the ZOH before the variables enter the controllers, i.e., at points A and B
in Fig. Note that the original continuous-time system can be discretized in many
different ways, by customizing the sampling rates for the discretization blocks. Each
of these discretization schemes will correspond to a multi-rate control system, in which
different parts of the system run on different sampling rates. To describe such kinds of
multi-rate systems, let us define the sampling intervals for the GCFL and LCFL as 7,
and 7y, respectively. Then we can consider the following five cases:

e Case I. 7, > 0,7y = 0, the GCFL is discretized while the LCFL is not;

e Case II. 7, = 0,7 > 0, the GCFL remains continuous while the LCFL is not;

e Case III. 74, = 74 > 0, the GCFL and LCFL are discretized with the same rate;

e Case IV. 7, > 7y > 0, both the GCFL and LCFL are discretized, while the local

computation loop is updated more frequently;
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e Case V. 7y > 74 > 0, both GCFL and LCFL are discretized, while the global
communication loop is updated more frequently.

We note that the systems in cases I and II are sampled data systems which has
both continuous-time part and discretized part, while systems in cases IV, V are multi-
rate discrete-time systems. Further, the entire system in case III operates on the same
sampling rate. For simplicity, we refer both sampled data systems and fully discretized

systems as discretized system in the rest of the chapter.

2.4.2 Distributed Algorithms as Multi-Rate Discretized Systems

In this section, we make the connection between sub-classes of distributed algorithms
and different discretization patterns. For convenience, let t; denote the times at which
the inputs of the ZOHs get sampled by both the global and local controllers.

Case I (74, > 0,7, = 0): The system can be described as:

V(t) = —779(75) : Ug,v(tk) - W(t) : UE,U(t)

X(t) = =mg(t) - uga(tr) = ne(t) - uea(t), 2(t) = —ne(t) - uez(t).

Due to the use of ZOH, during an interval [y, 5 + 74), the control signals ug, and ug

(2.14)

are fixed. By it follows that the dynamic system finds a stationary point of the
local problem satisfying @; = 0, V i, that is ny(t) - ue(t) + n¢(t) - ug(tx) = 0. This is
the stationary solution of the following perturbed problem for each agent:

Ug(t)
m(t)

Using ([2.6)), it follows that the above problem is optimized to satisfy:

~ 2 ~ ~
V@) <) - (i) = Filate+ 1))

min fi(ws) == fi(ws) + 205 (uig o (t), i) (2.15)

min
te[tk,tk-‘rTg]

with y(ry) = That is, we obtain a v(7,)-stationary solution for the local

1
Jo? a(t)dt”
problem (2.15). This system has the same form as the distributed algorithms that
require to solve some local problems to a given accuracy, before any local communication
steps take place; see for examples FedProx [16], FedPD [I8] and NEXT [I1].

Case II (1, = 0,7, > 0): The system can be described as:

V(t) = —ng(t) - ugw(t) —me(t) - weo(ty)
X(t) = —ng(t) - uge(t) = ne(t) - up(tr), z(t) = —ne(t) - ug. ().

(2.16)
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During [tg, t +7¢) the control signals wg ,(t), uey(t), ue . (t) are fixed. By the system
finds a solution y = 0, which implies that —ng(t) - ug..(t) — 1¢(t) - ur »(tx) = 0. By (2.5),
in [tg,tx + 7¢), the system optimizes the following network problem:

ming(y) == [|(L = R) -y + (ne(t) /g (%)) - uey ()|

and obtain a solution that satisfies: | Vg(y (tx + 7¢))||> < e 2% g(y(t;)). This system is
related to those algorithms that achieve the optimal communication complexity [19, 20].
In these algorithms, it is often the case that some networked problems are solved (to
sufficient accuracies) between two local optimization steps.

Case III (7, = 7y > 0): The system is discretized with a single sampling interval. Once
sampled at ¢y, the controllers’ inputs remain to be x(t), v(tx), z(t;) during the sampling
interval, the output of the controllers are also kept constant wugy(t) = ug(ty), ue(t) =
up(ty), Vt € [tg, ty + 74). So the system update can be written as:

— mp(tr) - wee(tr) — 1y (th) - uge(t),

— p(tr) - wep(tr) — 1y (tk) - ugw(tr), (2.17)
— 1y (tk) - gz (tk),

where 1) (t) = tt:JrTg ne(t)dt, my(tx) = ;;HT" ng(t)dt. The above updates are equivalent
to many existing decentralized optimization algorithms, such as DGD, DLM, which
perform one step local update, followed by one step of communication.
Case IV (1, > 7 > 0): We assume that 7, = @ - 7y, which means that each agent
performs @ steps of local computation between every two communication steps. This
update strategy is related to the class of (horizontal) federated learning algorithms [13].
Case V (1 > 7, > 0): We assume that 7, = K - 74, that the agents perform K steps of
communication between two local computation steps. Although K can be arbitrary, in
practice, it is typically chosen large enough so that certain network problem is solved
approximately; therefore in practice, this case is closely related to Case II.

We summarize the above discussion in Table and provide some example algo-
rithms for each case. In Sec. we will specify the controllers for these algorithms
so that we can precisely map them to a discretization setting. It is important to note

that the connection identified here is useful in helping predict algorithm performance,

as well as facilitates new algorithm design.However, these benefits can be realized only if
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there is a systematic way of transferring the theoretical results from the continuous-time

system to different discretization settings. This will be discussed in detail in the next

subsection.
Case Te, Tg Comm. Comp. Related Algorithm
I Tg>0,7,=0 Slow Continuous | NEXT [11], FedProx [16], NIDS [74]
II | 7g=0,7 >0 | Continuous Slow MSDA [19], xFilter [20],AGD [70]
111 Tg=1¢>0 Same rate DGD [§], DGT [10]
v Tg > 10 >0 Slow Fast Local GD [I4], Scaffold [I7]
Vv Te > Tg >0 Fast Slow Same as Case I

Table 2.1: Summary of discretization settings and the corresponding distributed algo-

rithms.

2.4.3 Convergence of Discretized Systems

Next, we leverage the convergence results of the continuous-time system to analyze dis-
tributed algorithms. The key challenge is to properly deal with the potential instability
introduced by discretization. The proof of this subsection is relegated to Appendix[A.1.T]
-[A2

Discretized Communication (7, > 0,7, = 0, Case I). Recall that the system

dynamics are given in (2.14). Let us first show how the sampling error affects E.

Lemma 1 (£ in Case I) Suppose the GCFL and LCFL satisfy f@ and consider
the discretized system with 7, = 0,7, > 0. Then we have the following:

| Emar< [ = ouo) - Cn) Vs ar

[ (B2 - cn) - myer e

—_—
:=H2(T)

(2.18)

2
where Cll = % and Qmax -— €Xp {\/iTg . ( C% + Cg{’%(t) : <1 + %) >} -1

The lemma shows that discretizing the communication with sufficiently small 7, leads

to a small ¢uax, which preserves the desired descent property.
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Discretized Computation (7, > 0,7, = 0, Case II). Recall that the system dynam-
ics can be expressed in (2.16)). We have the following result:

Lemma 2 (£ in Case II) Suppose the GCFL and LCFL satisfy P@ and consider
the discretized system with 7, = 0,7, > 0. Then we have the following:

/Oté(f)df < /Ot - (%éﬂ - 021> AV FEE) 2 dr
—_—

=H1(T)
C 2 (2.19)
[ = (B2 G ) - Ry P
0
—_———
=52(7)
where we have defined:
1-C,
o 412C;CRi3 () _ v ((fg) +a5ect)
27 91— 2L2C2) - min{ Ny (1), 12()} 2 2(1 — 2L2C2) - min{ Ny (), 72(7)}
Cpim C2 4 C2 4 (2, O = Corom(™)| ¢y e —__T00(7)

min{2C;ny (), 1}

Note that the requirements on 41 (7) > 0,42(7) > 0 result in the constraint on 74, which
will be discussed at the end of this section.

Two-sided Discretization (7, > 0,7, > 0, Case III-V). We then analyze the more
challenging cases where both the communication and the computation are discretized.

Note that Case III with 7y = 74 > 0 can be merged into Case IV, with @ = 1.

Lemma 3 (£ in Case III-IV) Suppose the GCFL and LCFL satisfy properties
R3, and consider the discretized system with 7, = Q - 7y. Then we have:

/Otg(T)dT < /Ot - (’YléT) _ 041(7)) V&) dr
=91(7)
*At<w§)(b“0””3%wﬂWw,

=H2(T)

(2.20)
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where the constants Cy1(7) and Cia(T) are defined as:

 L2np(r)- (Cus - (1+ L3Cur + Cus) + CusL3) €y (r) - (Cis + L3Cir)

C = N + 9
" 2min{ N7 (), 72(7)} 272(7)
L2n(1) - (Cas + Cu5Caz)  Cyni(7)Caz
Cyo = f. g , Cyr = 262 . 02+02 ,
2 S min{N (et | 2(n) 0 T @G (GG
Arini (1) 27773(7)
Cyz = —— 5 —, Cyy :=

1 —472n2(1)’ Tgng(ﬂ’
Ay (r) _ 8L2Cyrini(7)
11— 4L (r)’ o 4027 (1)’
Furthermore, we can check that when 7, = 0 and 7, = 0, then Cy1(7), Cy2(7) are both
zero. Additionally, 41(7) > 0,42(7) > 0 determine the upper bounds for 7,, 7y, as well
as the choice of the stepsizes of the discretized algorithms.

Finally, we note that for Case V, a similar result with different 4 (7),42(7) can be
proved using the same technique as Lemma 2l and Lemma 3| Since the utility of Case V
can be covered mostly by that of Case II (cf. Table , and due to the space limitation,
we will not discuss this case in detail here.

By using the above results, it is easy to obtain the following convergence character-

ization. The proof is straightforward and follows that of Theorem

Theorem 2 (Convergence of the discretized systems) Suppose the GCFL and LCFL
satisfy properties HIFH3, and consider the discretized system with 7o > 0,7, > 0. Then

the convergence of the discretized system can be characterized as:

2 2 1 1
min ¢ ||V f(x(t I-R) y(t = 0O | max , ,
] {II FEEIT+IC ) -y (@) } ( {fOT%(r)dr fOTfyz(r)dT}>

where 41(7) > 0 and 42(7) > 0 depend on v1(7),v2(7), N,Cy, L and ng,ng, ¢, 74, K, Q,

and their choices are specified in Lemmas[1] —[3.

This result indicates that as long as 41(7) > 0 and A2(7) > 0, the discretized system
preserves the convergence rate of the continuous-time system, but it slows down by a
factor max {v1(7) /%1 (7) ,v2(7) /A2(7) } . Further, the condition that 41(7) > 0,42(7) >
0 give a way to decide the maximum sampling intervals and the choice of the hyper-
parameters (e.g., stepsize, the number of communication steps and local update steps

K,Q) for different algorithms, as we explain below.
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Let us consider Case I first. By Lemma [T}

Gmax var, (Vezream (1+4))

— 1.

min{fYZv 2’71} > , with Gmax = €

It follows that 7, < In(min{n2(t), v 2 (t)’LW(t)}ng). Note that all the variables on the right

hand side (RHS) can be determined from the continuous-time system. This indicates
that by having a convergent continuous-time system, the maximum sampling interval of
the GCFL can be determined. Similarly, for Case II, by Lemma y(t) > 2Co1, Y2(t) >
2C'99, which implies:

N log (‘7/2(t)+2[ﬂ7e(t)>
< min{ (t) 2Ln, () 7

2(37 (1) +4Cy) Lz (t)’ Cyty(t)

where 32(t) := min{N72(t), 1 (t) - 12(0)}, 33() == min{r3(t), N1 (£) - 72(8)}. Al the
variables on the RHS can be determined from the continuous-time system, so the max-
imum sampling interval of the LCFL can be determined.

For Case III-1V, it requires 2Cy; < 71(t),2C2 < y2(t) and {Cy; §:3 to be positive.
It may be difficult to obtain the exact bound for 74, 7, and @, but we can derive

an approximate bound on these parameters. For {Cy;}% 5 to be positive, it requires

1 1 _ c _ c 3
T < L@ T < PTROR Set 7 = ST (D) 79 = 20y (D) for some ¢ < 1. By choosing

N I - . 1 1
¢® < min {4, mln{y%(t),vg(t)} - min { 2 (Lt L}) Foxelty }, (2.21)

we have Cy1 = O(71(t)), Ca2 = O(72(t)). In addition, Q = 7,/7; ~ 25%5()75)'

2.5 Application of the Framework

In this section, we discuss some applications of the proposed framework. We first show
that by properly choosing the controllers and the discretization scheme, the multi-rate
feedback control system can be specialized to a number of popular distributed algo-
rithms. Due to space limitations, we relegate the discussion some additional algorithms
to appendix Appendix Second, we show how the proposed framework can help
identify the relationship between different algorithms. Finally, we use DGT as an ex-
ample to show how the framework can be used to streamline the convergence analysis

of a series of algorithms, as well as to facilitate the development of new ones.
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2.5.1 A New Interpretation of Distributed Algorithms

In this part, we map some popular distributed algorithms to the discretized multi-

rate systems, with specific GCFL and LCFL, and specific discretization setting. These

mappings together provides a new perspective for understanding distributed algorithms.
Let us begin with mapping the decentralized optimization algorithms.

DGT [10]: The updates are given by:

x(k+1)=Wx(k) —cv(k), v(k+1)=Wv(k)+ Vf(x(k+1)) — Vf(x(k)), (2.22)

where ¢ > 0 is the stepsize. It corresponds to the discretization Case III with the

following continuous-time controllers:

Uge =T —W)-x, ugo,=I1—-W)-v, (2.23)
Uw = ¥, Uy = —V(x)+ V() we=7—x

NEXT [11]: The updates of NEXT in discrete time are:

x(k +1/2) = axgmin FO6 x(8) + (NV(E) = V7 (x(k), % — x(8))
x(k+1) =W (x(k) + o (x(k+1/2) —x(k))),
vik+1)=Wv(k)+Vfx(k+1))—zk), zk+1)=Vf(x(k+1)),

where f is some surrogate function; k indicates the iteration index; a > 0 and ¢ > 0 are
some stepsize parameters. By using the common choice that f(x; x(k)) = (Vf(x(k)), x—
x(k)) + 4 [|x — x(k) |?, (where i > 0 are some constant) the algorithm can be simplified

as:

x(k+1)=Wx(k) — Na/n-v(k), z(k+1)=x(k+1),
vik+1)=Wv(k)+Vfx(k+1)) - Vf(z(k)).

(2.24)

Here, x is the optimization variable, v tracks the average of the gradients, z records
the one-step-behind state of x. It corresponds to Case III, with the continuous-time
controllers given by:

Vg
v ] v Gz, v, 205 fi) = Vfi(zi) = Vfi(x) |- (2.25)

Zi — Iy
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Next, we discuss two popular federated learning algorithms. In this class of algo-
rithms, the agents are connected with a central server which performs averaging. So
the communication graph is a fully connected graph, with the weight matrix being the
averaging matrix, i.e., W =R, Wy =1— R.
FedAvg [13]: The updates are given by (where GD is used for the local steps):

Rx(k) —nVf(x(k)), kmod@ =0,
x(k) —nVf(x(k)), kmodQ@ #0.

x(k+1) =

This algorithm has the following continuous-time controller:

uge = _0(t—kry) - (I - R)-x(t) (2.26)
k=0

where §(t) denotes the Dirac delta function. It is interesting to note that FedAvg
cannot be mapped to a continuous-time double-feedback system, as it does not have a
persistent GCFL (it is only activated when ¢ = k7,; see (2.26])). This partially explains

why FedAvg algorithm requires additional assumptions for convergence.
Scaffold [17]: The updates are given by (where kg := k — (k mod K)):

x(k+1) = x(k) —n - (VF(x(k)) — z(k) + v(ko)) — 12 - (x(k) —w(k)), (k mod Q) =0,
x k) +v(ko)), (kmod Q) # 0.

—~
&y
S~—
I
3
=
—
<
-
—~
%
—~
&y
S—
=
I
N
—

)—R-(v(k)+ le -(w(k) —x(k))), kmod@ =0
k mod Q # 0,

=
oyl
+
=
|
——
< <
= =

1)~ {Rx(k) kmod Q = 0
w(k), kmod Q@ #0,
1 1
z(k+1) =1z(k) — av(k) “on (x(k+1) —x(k)).

So it uses the discretization Case IV. Observe that w tracks Rx, so in continuous-time
we have: x —w= (I —R) -x+ (Rx —w) = (I — R) - x + R%x. Then we can replace w
by R-(x — %), and obtain the continuous-time controller as:

Uge =n2- (I = R)-x+mv +1mRX,  ugy=—(—R)-(v+x/m),

(2.27)
Up,z :vf(x) —Z, UWp :V+5(/7717 U,z :V+X/771.



Finally, we discuss one accelerated consensus algorithm:
xFilter [20]: The updates are given by (where ko := k — (k mod K)):
x(k+1) =m - (L=m)l —nz- (I =W))-x(k) + (1 —m) - x(k = 1) +mnz2v (ko)
=x(k) —=mmnz - (21 = W)x(k) = (1 = m) - (x(k) = x(k — 1)) +mnz2v(ko),
vk t1) = v(k)+ (wi(k) —wa(k) — (I —W) -x(k), kmod K =0
v(k), k mod K # 0,

Wl(k + 1) = {X(k) B UBVf(X(k’))’ kmod K =0
W1(l€), k mOdK#()?

wi(k), kmod K=0
wo(k), kmod K # 0,
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This algorithm uses the discretization Case V. We can see wo tracks wi, and wj tracks

x — 13V f(x), therefore in continuous-time we have w; — wy = x — 13 - V.f(x), with the

following continuous-time system:

x=-—mn2- 2L =W)-x+mnv—(1-mn)- X,

(2.28)

v=%-—mVf(x)-(I-W) x.

Integrating over time, and use the initialization that v(0) = x(0) —n3V f(x(0)), we have

the following expression for v(¢):

vit) = / (K(r) — s F(x(r)) — (I = W) - x(r))dr = x() — 15V f(x(£)) / (I - W) x(r)dr.

Define v; = ﬁ -(x = V), z= 5BV f(x), then (2.28)) can be equivalently written as:

m

x=—mn- I =W)-x—mn2-(2—m)-vi—(1—m)- X%,

=-mm- ([ =W)-x—=mne-(2—m) (vi—2z)—(1—m) x—mmnpVfx)

. 1 03 ¢ : U
= (I -W) -x+ Vfx), z= Vf(x).
V=g =Wk SV, = V()

2—m

The dynamic of x implies 52— (I — R)- (I — W) -x= —(I — R) - (vl + Lx) , where

mnn2

(I-R)-(I-W)=(I-W) by Substituting this into vy, defining 1y := n1192, 75 :=

(2 —m),n6 := mmnzn3, and rearranging the terms, we obtain the following equivalent
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controller:

e=M- (I =W)-x+mnsvi+ (5 —1)-%, wugo=—(I—R)-(vi+%X/n4),

Upx = 776Vf(x) — N4T5Z,  Upy = %Vf(x)a U,z = %Vf(x)

Interestingly, the above dynamics is close to those of Scaffold in (2.27)), except that

Scaffold uses R instead of W, a different stepsize, and use Rx in ug, instead of x.

2.5.2 Algorithms Connections

We summarize the discussion in the previous subsection in Table It is interesting
to observe that, some seemingly unrelated algorithms, in fact are very closely related
in continuous-time. For example, somewhat surprisingly, Scaffold and xFilter share
very similar continuous-time dynamics, although they are designed for very different
purposes: the former is designed to improve FedAvg algorithm to better deal with
data heterogeneity, while the latter is a primal-dual algorithm designed to achieve the
optimal graph dependency. Similarly, each pair of algorithms FedPD and DLM, FedProx
and DGD shares the same continuous-time dynamics (these algorithms are discussed in
detail in Appendix . The latter two relations are relatively easier to identify. For

example, FedPD and DLM are in fact designed from the same primal-dual perspective.

GCFL LCFL FL AC DO
I-w) -x Vf(x) FedProx - DGD
(I-W)-y —Vfx)+Vf(z) - - DGT, NEXT

c(I-W)-x+v V(%) FedPD - DLM
(I—-W)-x+nv+ Rx Vix)—z Scaffold - -
(I-W)-x+nv+x Vf(x)—z —  xFilter -

Table 2.2: A summary of the controllers used in different algorithms. In GCFL and

LCFL we abstract the most important steps of the controller.

Additionally, from the table we can see that there are a few missing entries. Each
of these entries represents a new algorithm. Also, we can combine different GCFLs and
LCFLs, or design new controllers, to create new control systems (hence algorithms) that

are not included in this table.
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2.5.3 Convergence Analysis and Algorithm Design: A Case Study

In this subsection, we use the DGT algorithm as an example to illustrate how our
proposed framework can be used in practice to analyze algorithm behavior, and to
facilitate the development of new algorithms.

The iteration of the DGT is given in . Under f this algorithm converges
to the stationary point of the problem at a rate of O(1/T") [25,[75]. To use our framework
to analyze it, we will first construct a continuous-time double-feedback system, apply
the discretization scheme III, and finally leverage Lemma [3] and Theorem [2] to obtain

the convergence rate.

Continuous-time Analysis

We begin by analyzing the continuous-time counterpart of the DGT, whose dynamics,
according to (2.23)), is given by:

X(t) = —ng(t) - (I = W) - x(t) = ne(t) - (ev(t),  2(t) = —ne(t) - (2(t) —x(t))
V(t) = —ng(t) - (I = W) -v(t) +ne(t) - (Vf(x(t)) = V[f(z(t)))

where ny(t) = 1,m0(t) =1,V ¢.

Let us verify properties First, it is easy to prove PP with the definition of
ug given in (2:23). To show Pl1] recall that we have defined W := I — AT diag(w)A, so
it is easy to verify that 17 - (I — W) = 17 - ATdiag(w)A =0 and C, = 1 — Xg(W).

To show we have the following bounds for different parts of the local controller:

(2.29)

|G (@i, vis 235 fi) = Gew (), 05, 255 fi) | = lle(ui — v)|| = ¢ llvi — v

1Gew(@i, v, 233 fi) — Gew(@, vis 25 fi) | = |V filzi) — Vi(zi) = Vfil@) + V falz) ||
< IV fi(zi) = V(@) + IV fi(z:) = Vi)l
< Ly(llws — @l + [z — =)

1Gez(isvi, i3 fi) = Gz (@, 05, 235 fi)ll = llwi — 20 — 2 + 24| < Nloa — il + [z — 2]

where Ly is the constant of the Lipschitz gradient in So the smoothness constant

of the local controller g, can be expressed as L = max{L¢,c, 1}.
To verify let us initialize v(t) = V f(x(t)), z(t) = x(t), and assume that 74(t) = 0
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in (2.29)), that is, the GCFL is inactive. Then we have:

zit+7)=x({t+7), vit+7)=Vf(x{t+T1)),

(2.30)
X(t+7)=—cv(t+71) = —cV[f(x(t+T1)).

Further, we can verify that the output of the LCFL can be bounded by

[tie ()] = llc-vi@)] = |V fi(z:(t))]]
[wieo I = [V filzi(t)) = Vfilzi (@) < 2V filz:(8))]]
[ui e (O = llz:(t) — 2 (D)l = lle - vi(®)]| = e[|V filz: (@) -

The algorithm becomes the gradient flow algorithm that satisfies with a(t) = ¢,
C,=¢0C, <2, C, =c. Finally, we verify We can compute & (t) as follows:

E(t) = <Vf X(t ZUM > (I = R)-y(t), ugy(t) + ugy(t))
V), v (8) — (I = R) - y(), (I — W) - y(1)) (2.31)
— (T = R) - x(), ev(t)) + (I — R) - v(t), VF(x()) — VF(a(t)) -

Then we bound each term on the RHS above separately, and finally integrate it. The detailed
derivation is relegated to Appendix The final bound we can obtain is:

/g<_,/”vf,-< )2 dr - 8Lfc/ﬁ/n I ar

c+2cLy+ B+ 16¢Ls/B 2
- (0 - LRI [y - gy (o) ar
2
By choosing 8 < Cy/2, 64L <c< 33%, we can verify that the dynamics of the continuous-time

2
system ([2.29)) satisfy -7 with v (¢) > 12(;L and v, (t) > =£. Applying Theoreml we know
that continuous-time gradient tracking algorithm converges in (’)(1 /T).

New Algorithm Design

Now that we have verified properties for the continuous-time system , we can
derive a number of related algorithms by adjusting the discretization schemes, or by changing
the GCFL.

Let us first consider changing the discretization scheme from Case III to Case IV, where 7, =
Q7 > 0. In this case, there will be @ local computation steps between every two communication

steps. This kind of update scheme is closely related to algorithms in FL, and we refer to the
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resulting algorithm the Decentralized Federated Gradient Tracking (D-FedGT) algorithm. Its
steps are listed below (where ky = k — (k mod Q)):

x(k+1) =x(k) — mpv(k) — 7,(I — W)x(ko),

(2.32)
vik+1)=v(k)+ Vfx(k+1)) - Vf(xg) —7g(I — W)v(ko).

By applying Lemma [3] and Theorem [2] we can directly obtain that this new algorithm also
converges with rate (9(%) with properly chosen constant 74,7, and @ following Lemma (3| and
@21).

Second, we can replace the GCFL of the DGT with an accelerated consensus controller [67].
This leads to a new Accelerated Gradient Tracking (AGT) algorithm:

x(k+1) = x(k) = npv(k) = ng(1+ c)x(k) + cva(k),
vik+1)=v(k)+Vf(x(k+1)) = Vi) —ng(1+c)v(k) + cvy(k),
1—+/1—=X2(W)
L+ /1= X(W)%
Then by examining PlI} we know that the network dependency of the new algorithm improved

from Cy to C =Cy- \ﬁ”+zvj% > Cy. And when C is small, C’g scales with /C. Then,

according to the derivation in the last subsection, we have ~o(t) > %. Finally, we can apply

Theorem [2| and assert that the new algorithm improves the convergence speed from (’)( =) to

(7).

(2.33)

v (k+1)=x(k), v,(k+1)=v(k), wherec:=

Numerical Results

We provide numerical results for implementations of Continuous-time (CT) DGT, the D-FedGT,
and D-AGT algorithms discussed in the previous subsection. We first verify an observation from
Theorem |2 that discretization slows down the convergence speed of the system. Towards this
end, we conduct numerical experiments with different discretization patterns and compare the
convergence speed in terms of the stationarity gap. Then we compare the convergence speed
of CT-DGT and CT-AGT, to demonstrate the benefit of changing the controller in the GCFL
from the standard consensus controller to the accelerated one.

In the experiments, we consider the non-convex regularized logistic regression problem:

a(x[d])>

filxs (a1.5) = og(1 + exp(~bix"a) +ZW’

where a; denotes the features and b; denotes the labels of the dataset on the ith agent. We

set the number of agents NV = 20, and each agent has a local dataset of size 500. We use an
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Erd6s—Rényi random graph with density 0.5 for the network and optimize the weight matrix W

to achieve the optimal C;. We set ¢ = 1 for the gradient tracking algorithm.

We first compare CT-DGT (7, = 7, = 0) and D-FedGT (1, = 0.1,7% = 0.005,Q = 20),
the result of CT-DGT and D-FedGT is showed in Figure 2.4a] We can see that by discretizing
each loop, the system converges slower than the continuous time system. Figure shows the

convergence behavior of the D-FedGT algorithm with different 7,. We observe that by increasing

the sampling interval for GCFL, the convergence of the system slows down, and it eventually
diverges. Figure and Figure [2.4d] show the convergence results of D-AGT compared with
DGT in both continuous-time and in Case III. We observe that by changing the GCFL, D-AGT

converges faster than DGT.

—CT-DGT
10° - -D-FedGT

0 20 40 60 80 100
Time ¢

(a) The evoluation of the Energy function
£(t) of CT-CGT, D-FedGT.

—CT-DGT
10 —CT-D-AGT

10°°

0 20 40 60 80 100
Time t

(¢) The evolution of the Energy function
&(t) of CT-DGT and CT-D-AGT.

10°

B — D-FedGT 7, = 0.03
100 " |= =D-FedGT 7, = 0.1
= —-=D-FedGT 7, = 0.2
Y
10°° -
0 20 40 60 80 100

Time t

(b) Energy function £(t) of D-FedGT with

different intervals 7.

— CT-DGT
10° — CT-D-AGT

---DGT 7y =7, = 0.01
---D-AGT 7, =7, = 0.01

0 20 40 60 80 100
Time ¢

(d) The evolution of the Energy function
E(t) of DGT and D-AGT.

Figure 2.4: The performance of Continuous-GT, D-FedGT, D-MGT and AGT.



Chapter 3

A Control-based Framework for
Understanding Distributed

Optimization Algorithms:
Modeling Stochastic Algorithm

3.1 Motivation

Distributed optimization has played an important role in several traditional system-theoretic
domains such as control and signal processing, and more recently, in machine learning (ML).
Some contemporary applications where distributed optimization finds useful include large-scale
decentralized neural network training, federated learning (FL), and multi-agent reinforcement
learning. In a typical distributed optimization setting, the agents in the network jointly solve
a system-level optimization problem, with the constraint that they only utilize local data, local

computation, and local communication resources.

3.1.1 Design Considerations and Challenges

A few key design considerations for contemporary distributed algorithms are listed below:
Efficient Computation. Since local agents may contend with computational-resource and
power limitations, it is desirable that they perform computation in a cost-effective manner. In

practice, state-of-the-art distributed algorithms in ML applications typically utilize stochastic

39
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gradient descent (SGD) based algorithm as their local computation engine [5]. So a key design

consideration is to reduce the total number of data sample access, or equivalently, to improve
sample efficiency.

Efficient Communication. Frequent inter-agent message exchanges can present several bot-
tlenecks to system performance in addition to consuming power. In applications such as de-
centralized training (DT) and federated learning (FL), communication links may not have high
enough bandwidth [I3] [6]. Therefore, it is desirable that the local communication between the
agents happen only when necessary, and when it happens, as little information is exchanged as
possible.

Flexibility based on Practical System Considerations. Since distributed algorithms are
often implemented in different environments, and they are used in applications across different
domains, it is desirable that they are flexible and can take into consideration practical require-
ments (e.g., preserving user privacy), accommodate desired communication patterns, and allow
for the possibility of agents participating occasionally [76], [77), 27].

Guaranteed Performance. The performance of distributed algorithms can be very different
compared with their centralized counterpart, and if not designed carefully, distributed algorithms
can diverge easily [3, [I8]. So, it is important that algorithms offer convergence guarantees at a
minimum. Further, it is desirable if such guarantees can characterize the efficiency in computa-
tion and communication.

There has been remarkably high interest in distributed algorithms in recent years across
applications. These algorithms are typically developed in an application-specific manner. They
are designed, for example, to: improve communication efficiency by utilizing model compression
schemes [21], 22]; perform occasional communication [23] [24]; improve computational efficiency
by utilizing SGD based schemes [3], 25]; understand the best possible communication and compu-
tation complexity [19] [26]; incorporate differential privacy (DP) guarantee into the system [27];
or to deal with the practical situation where even the (stochastic) gradients may not be acces-
sible [28] 29].

Despite extensive research in distributed algorithms, several challenges persist in their syn-
thesis and application. First, the proliferation of the algorithms indeed gives practitioners
many alternatives to choose from. However, the downside is that there are simply too many
algorithms available, so it becomes difficult to appreciate all underlying technical details and
common themes linking them. Second, the current practice is that we need to design a new
algorithm and develop the corresponding analysis for each particular application scenario (e.g.,
FL) with a specific set of requirements (e.g., communication efficiency + privacy). Given the
combinatorial number of different applications and requirements, this general process readily

becomes very tedious.
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Therefore, we ask: Is it possible to have a generic “model” of distributed algorithms, which
can abstract their important features (e.g., DP preserving mechanism, compressed communica-
tion, occasional communication) into tractable modules? If the answer is affirmative, can we
design a framework that utilizes these abstract modules, unifies the analysis of (possibly a large
subclass of) distributed algorithms, and subsequently facilitates the design of new ones?

A limited number of existing works have attempted to address these two questions, but
the scope is still very restricted. Reference [78] focuses only on the DT algorithms with linear
operators on the gradients and fails to cover the FL or stochastic settings. [77] only considers
stochastic gradient descent in FL setting, which cannot generalize to any other algorithms.
Other works related to continuous-time analysis of distributed algorithms, as well as using

control theory to facilitate the design and analysis, are provided in Appendix

3.2 Preliminaries

In this section, we introduce assumptions and notations leveraged in the remainder. First,
we formally define the distributed optimization problem as minimizing a sum of smooth and

possibly non-convex local loss functions on N agents [4]:

1 N
min - f(x) = 5 > filwi),
i=1

xERNdz (3.1)
s.t. x; =z, ¥V (i,5) € E,
where x € R4 stacks N local variables x := [z1;...;2x], 2; € R% Vi € [N], where we denote

the set [N] :={1,..., N}, and the agents are connected by a communication graph G = (V,E),
which consists of a set V of agents indexed by i € [N], and a undirected edge set E C V x V.
The incidence matrix A € {—1,0, 1}/EXIVI of graph G is defined as follows: if edge (i,7) € E
connects agent 7,7 with i > j, then A jy; =1, Ay j,; = —1 and A, ), =0, Vk # 4,5. The
Laplacian matrix of the graph can be expressed as £ = —A” A. We denote the length-n all-one

T
vector by 1,,, averaging matrix R := IN]\],I N and identity matrix of dimension N x N by I.

For simplicity of notation, we ignore the possible Kronecker products and vectorization when
T
dealing with stacked vectors and matrices; for instance, we write the average of x as x := ]lWNX,

the stacked local gradient as Vf(x) = [Vfi(z1);...; Vfn(zn)], and the averaged gradient as
Vi) = % ik VAi(%).
We make the following blanket assumptions on ((3.1)):

A 5 (Graph connectivity) The union of the communication graphs over time t € [0,00) is

connected, i.e., 0 is a simple eigenvalue its Laplacian matriz, with corresponding eigenvector

1y

N
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A 6 (Lipschitz gradient) The f;’s have Lipschitz gradient with constant Ly:

IVfi(@) = Vi < Ly e —yll, ¥ o,y € R%,V i € [N].
A 7 (Lower bounded functions) The loss functions are lower bounded:
filx) 2f, > —0c0, VxeR¥™, Vie|N],
N
) 223 f, vxe RV,
i=1
where f* is the infimum of f(x).

Let us briefly comment on these assumptions. First, is necessary for the problem
to be solved with distributed iterative methods, while allowing directed and/or not strongly
connected time-varying communication graphs G(t). Subsequently, in Section we will show
that time-varying graphs can be related to many practical algorithm implementations. Second,
A is a commonly used assumption for analyzing non-convex optimizations. We are interested
in finding the (e-accurate) first-order stationary points (FOSP) of the problem, which is defined

as follows:

Definition 2 (FOSP, e-stationary point) The FOSP and e-stationary point are defined re-

spectively as:

Vfx) =0, (I-R)-x=0, (3.2a)
IVFI*+ (1= R)-x[* < e. (3.:2b)

In addition, we refer to the left-hand-side (LHS) of as the stationarity gap of ,
[VF&)|? as the convergence error, and ||(I — R) - x| as the consensus error.

To analyze stochastic systems, we define the expectation conditioning on all the information
until time ¢ as E[(-)] := E[(-)|information until ¢], the variance as Var.(-), and covariance as

Covy(-,-). Further, (-) denotes the stochastic version of the variables and functions.

3.3 System Description

In this section, we present the stochastic multi-rate feedback-control system that we propose to
“model” distributed algorithms. We first develop a deterministic version of the system, discuss
its properties, as well as how the system can model certain classes of (deterministic) algorithms
under different sampling strategies. Then, we establish the link between different kinds of system

stochasticity to desirable features of distributed algorithms.
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3.3.1 Deterministic System

To find the FOSP of problem , we first develop a deterministic control system, in such a
way that the system enters its stationary points if and only if one set of the state variables
of the system correspond to a stationary solution of . First, let us define x as the main
state variable of the system; introduce the global consensus feedback loop (GCFL) and local
computation feedback loop (LCFL), where the former incorporates the dynamics from multi-agent
interactions and pushes x to consensus, while the latter steers the system to find the stationary
solution. See Figure [3.1] as an illustration of the system. In what follows, we introduce the
different subsystems involved; note that ny(t) and 7;(t) are the controller gains for the global

and local controllers.

:_Local Computation L0

Gy(x1,v1, 215 f1)

1

I 1
| Up u ] |
il 1

: % ol v 26 £) ZOH () ,
' :
I 1

Ge(xy, vy, zn; f)

T

: ug y = [x2]
1

: Global Consensus

Figure 3.1: The multi-agent multi-rate double-loop feedback control system for solving

(3-1).

e (GCFL). Define a set of auxiliary state variables v := [v1;...;vn] € RVN% with v; €
Re | i; further define y := [x;v] € RV (dz+dv). the time-invariant feedback controller Gg(5A):
RN(dztdv) _y RN(dstdv) gperates on y to ensure the agents remain coordinated, and the states
y remain close to consensus. Finally, we denote the output at time ¢ as uy(t) = Gy(y(t); 4),
which can be split as ug(t) = [ug,(t); ug,o(t)];
e (LCFL). Define another set of auxiliary state variables z := [z1;...;2x] € RV% | with z; €
R?, V 4; define a set of time-invariant feedback controllers Gy(-; f;) : Rdetdvtdz _ Rdotdvtd:
one for each agent 7. Further define s := [x; v;z] € RV(do+dv+dz) Then each agent will use LCFL
to operate on its local state variables s; := [z;;v;; 2;], to ensure that its local system converges
to a stationary solution. Finally, we denote the output at time ¢ as u; ¢(t) := G¢(s:(t); f;), which
can further be split as w; ¢(t) = [w;,0,5(t), Wi 0.0 (t), wie,-(t)].

Throughout the chapter, we use u; ¢(t), ug(t) and Ge(s;(t); fi), G4(y(t); A) interchangeably.
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x(t) — £(t)
S P K2 N e
ZOH

Figure 3.2: The zeroth-order hold (ZOH) for discretizing a continuous-time system.

System Discretization: The double-loop continuous-time system can be discretized by
using a switch that samples the input with sample time 7, followed by a zeroth-order hold
(ZOH) that keeps the signal constant between the consecutive sampling instances [73]; see
Figure More specifically, we place two ZOH units before the signal enters the two loops.
This architecture offers the flexibility of choosing different sampling time for different loops
resulting in three kinds of discretized systems:

e Case I. 7y = 7y > 0, the GCFL and LCFL are discretized with the same rate. In this case,
the algorithm performs one local update followed by one step of global communication. Such
an update pattern belongs to the scheme of decentralized training (DT) algorithms;

e Case II. 7, > 74 > 0, the local computation loop is updated more frequently. Let 74 = @ - 7¢,
i.e., each agent performs @) steps of local computation between every two communication steps.
This update strategy is related to the class of (horizontal) FL algorithms [I3]. Further note that
in the FL setting, the communication graph takes the fully connected graph as a special case;
e Case III. 7, > 7, > 0, the global communication loop is updated more frequently. We
assume that 7, = K - 7y, i.e., the agents perform K steps of communication between two local
computation steps. This system is related to algorithms that aims to achieve the optimal
communication complexity [19] 20 [79].

Let us define 7 := min{r,, 74} as the minimum sampling time interval, and assume ¢ mod 7 =
0 for the rest of the chapter. We summarize the above discretization cases in Table and

provide some example algorithms that fit in the three cases.

Case Te, Tg Comm. Comp. Related Algorithm
1 Ty =10>0 Same rate DGD [§], DGT [10]
I Tg=Qme >0 Slow Fast FedPD [I8], Scaffold [17]
111 =K1y >0 Fast Slow xFilter [20], DSAGD [79]

Table 3.1: Summary of discretization settings, and the corresponding distributed algorithms.
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We use the distributed gradient tracking (DGT) algorithm [I1 [10] as an example to illus-
trate how to place it within the structure of the proposed system. The steps of DGT are:
xT=Wx—av, zt=x,
(3.3)
vE =Wy 4 (V(x) - Vf(2),

0

where the states are initialized as v0 = V f(x°),z° = x°, a is the stepsize, and W is some mixing

matrix. The continuous-time system corresponding to the DGT is:
x=—(I-W)x—av, z=x-—z,
V=—(I-W)v+(Vf(x) - Vf(z)),

with 7, = 7, = 1. Such a discretization pattern places the above transcription in Case I. We can

(3.4)

also extract the local and consensus controllers of the system as:
[ T-w 0 x(t)
ORI ,
0 (I-w)
av;(t)
wie(t) = | (Vfi(zi(t)) = Vfi(zi(t) |
i(t) — 2i(t)

with n4(t) = n,(t) = 1. Note that using the discretization patterns in Case II and Case III,

instead of Case I, leads to new variants of the DGT algorithm.
Next, let us specify a few abstract properties that the controllers need to have. These
properties will later help us analyze the behavior of the entire system, and therefore, all the

algorithms that it can be used to model.

PD 1 (Linear Averaging GCFL) The controller G is a linear averaging operator of y, i.e.,
Gy(y; A) = Way for some matriz W4 € RN(@e+do) parameterized by A, and satisfies the fol-

lowing properties:

Coll(I = R)-ylI* < [Wayl* < (I = R) - |, (35)
Wa=W2E (1y,Wa)=0.

PD 2 (Lipschitz Smoothness) The local controller is Lipschitz continuous, that is:
1Ge(sis fi) — Gg(s;,fz)H < L|s; — 3;” 7
Vie [N], 51‘75; c Rde+dotds

PD 3 (Size of Control Signals) For given s;, the sizes of the control signals are upper bounded

by that of the local gradients, i.e., for some positive constants Cy,, C,, C, and Cy = C2+C%+C?:

[tiell < Co IV Filz)l s uieoll < CollV fi(za)]l
ftie |l < CL IV filaa)l s NJuiell® < CrlIV filai)|?
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These properties are easy to verify: PD[] follows PDP2] and PD can be derived from Af]

Further, assume that within the sampling intervals the stepsizes are kept as constants, i.e.,
Ng(t1) = ng(t), Vi1 € [t,t + 74), and ne(t1) = ne(t), VE; € [t,t + 72),

3.3.2 System Stochasticity

As mentioned in the introduction, in practical ML applications, it is often preferred to use
stochastic algorithms rather than deterministic ones. Therefore, we consider replacing the deter-
ministic controllers introduced previously (Fig. with stochastic ones, denoted by Gy(-), ég(~).
We start by providing generic discussions on how these stochastic controllers are modeled. Spe-
cific correspondence of these controllers to concrete applications will be presented in Section 3.5
Additive Noise: The first form of stochastic controller has additive noise at its output. That
is:

U =u-+w,

where w is the additive noise, and in most cases we consider white noise (i.e., E{w(¢)] = 0 and
Cov(w(t),w(t + h)) =0,V h # 0). Additive white noises arise in many situations, for example,
in algorithms involving stochastic gradients or differential privacy.

Multiplicative Noise: The second form of stochastic controller has multiplicative noise. That
is:

where W is a random matrix. This type of stochasticity can be used to model random commu-
nication graphs, partial participation, and communication sparsification.
Mixture of Noise: The third form of stochastic controller is the combination of the previous
two, involving a mizture of additive and multiplicative noises. This setting can be used to model
complex algorithms, e.g., FL algorithms that involve both differentially private noise and agent
sampling; cf. [76].

From the above-mentioned scenarios, we can abstract the following assumptions on the

stochastic controllers:

PS 1 (Expected Control Signal) The stochastic GCFL is an unbiased estimator of its de-

termainastic counterpart:
E[G,y(x,v; A)] = Gy(x,v; A),¥Vx € RNde v Ndv,
and (A ) the stochastic LCFL is also unbiased, satisfying:

Ei[Ge(si; fi)] = Ge(si; fi), Vi € [N], s; € Rb=Fotds,
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or (B) the stochastic LCFL 1is biased: there exist positive constants C1,Ca, 06 satisfying the

following:
E {<GZ(5i§fi)>G£(5i§fi)>} > Cy || Golsis f)|I” — o,

H]E[éz(si; f)]

2
’ <Oy, Vi€ |N],s; € Rltdvtds,

Note that the controller G4 (y(t); A) is linear in y(¢), thus we can guarantee it is unbiased.
However, the LCFL may be nonlinear or non-convex; consequently, PA) can be difficult to
satisfy. Therefore, we make a relaxed assumption PB), which allows certain degrees of bias
and misalignment between the deterministic controller and its stochastic counterpart. It is easy
to see that PYI|(A) is a special case of (B) with Cy = 00,y = 1,06 = 0.

PS 2 (Bounded Variance) There exist positive constants By, By, 04,04, such that the follow-

}

~ 2
< By HE[GK(Sw fz)]H + O'l?, Ve [N]7Sz c Rdw+dv+dz7

ing hold:

E :Hég(si;fi) —E[Ge(s:5 f2)]

[ ~ 2
E HGQ(X,V;A)—GQ<X,V;A)H }
< By ||Gy(x,vi A)||* + 02, ¥x € RN v € RN

Note that if the stochasticity in the controller is an additive white noise, then it is easy to see
that B, = 0, By = 0 and P(A) is satisfied.

PS 3 (Independence) The stochastic noise terms in the controllers are independent, satisfy-

ing the following:
Covy Gy (x(), v(£); A), Gilsi(1); fi)) = 0.
Note that we only assume independence between the consensus and local control signals at time
t, while the control signals at different times can be correlated.
3.4 Convergence Analysis

In this section, we analyze the theoretical behavior of the stochastic system described in Sec-

tion [3.3.2] First, we introduce an energy-like function for the system:

E(t) = f(x(1) = f*+ (I = R) - y(®)|*. (3.6)
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Note that £(t) > 0 for all s(t) = [x(¢); v(t); z(¢)].

Let us begin by assuming that the deterministic system satisfies the following property.

PD 4 (Descent of Deterministic System) The difference of the energy function of the de-

terministic system satisfies:

t/T—1
E(t) —£(0) < - W (rr) - IV &)
t;“jf’l (3.7)
- Y (rr) - ||(T = R) - y(rr)|?,
r=0

where y1(rT),v2(r7) > 0 are coefficients depending on the choice of n¢,ng, e, Ty.

This property immediately implies that the algorithm converges to the FOSP of the problem, in
the sense that the following holds: the convergence error and consensus error are both decreasing
to zero as the LHS is lower bounded by —&(0). Property PD{] appears to be strong compared
with Properties PD[I] - PDj3] since it is about the entire sequence generated by the control
system. We require that the deterministic system satisfies this property because: 1) This is in
fact a standard property that a wide range of deterministic algorithms can satisfy; 2) Having
this property can help us focus on investigating the effect of various kinds of stochasticity on
the system performance. To see point 1) above, we note that this property has been explicitly
shown in algorithms such as DGD [80][Theorem 2], DGT [1I][Theorem 3], xFilter [20][Theorem
5.1], and FedDP [18][Theorem 1 Case I]. Of course, when designing a new (stochastic) algorithm,
this property has to be verified for its deterministic counterpart, before we move to analyze the
entire stochastic system.

Next, we move on to characterize the impact of the stochasticity in the controllers satisfying
PSl| - P The key challenge is to characterize the deviations of £(¢) caused by the system
stochasticity in different discretization cases.

Case I: For Case I, 7y = 7¢ > 0. Let us denote the states at the r*® sampling time instance as

()" := (-)(r7¢), then the discretized system can be written as:

sr+1 _ sr . ~r r ~r

X =X =Ny Upgp —Tg Uy

~r+1 _ &r o ~r o ~r

v =V =1 - uf,v - ng . ug,v (38)
~r+1 _ =r o ~r

Z =z —1y - U/Z’Z,

where ;" = 7¢ - 90(r7e), 1) = 70 - 0y (r70).

Then, we have the following results:
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Lemma 4 Suppose the deterministic system satisfies PI] - PI}J, and the stochastic controllers
satisfy P@ and Pﬁ. Consider the discretization Case I with 7y = 74 > 0.
(A) If PY1(A) is satisfied, then we have the following:

t—1
E[€Y - €< Y (f — C1) - E[|VFED|
r=0 v

=1(r)

—Z : (C)12 E[I(I = R)-5"[I"]

+ Cu3(t)os + Cra(t)oy,

where Cfy i= By - (C2+C2) - (1+ 3%) - (0 )%, Cfy = C1 L3 + By - () - (1+ 5%), Cus(t) =

Seso(m)? - (1+ 58), Cra(t) := 3,2 3(7727") (1 5%)-
(B) If P(B) is satisfied, then we have the following:

t—1

~ - - =y (]2
E[EN—£°< =Y (4 — ) -E[|VFED|]
—0
=71 (r)
t—1
s T 57|12
=Y (% —C%)-EI(I-R)-§"|*]
=
=T

+ 013(t)03 + Cra(t)of + C15(t)C1 + Cr6(t) o
where C11, Oy, C15(t), C16(t) are positive coefficients depending on L, Ly, Ca, Cy, Cyy, Be, By, my"smy .

The proofs and choices of the parameters for Lemma A) and (B) are provided in Ap-
pendix and Appendix due to space limits. This lemma indicates that by using
stochastic controllers, the system introduces extra perturbations. Compared with (A), the re-
sult in (B) has two extra error terms which are caused by the biased stochastic local controllers.
The key point is to choose n;", 7, such that v{(r) > 0,v(r) > 0 and minimize {C;(t)}?_3, so
that the error terms accumulate slower than the rate at which the first two terms decrease. This

choice depends on the specification of the deterministic algorithm. Further, we have:

Theorem 3 Suppose the deterministic system in Case I satisfies P[] - PO, with stochastic
controllers satisfying PY1, P99 and P93 The algorithm converges with:

N 2 E% + Cs(t)
E|||Vf(x™ I-R) - y™ —_—
[IwrG P+ =Ry 5] < o
where~'(r) := min{~} (r), ¥ (r)}, Cs(t) = Ci3(t)o2+Ci4(t)o} for P(A) and C3(t) = Cis(t)oo+
Cp;(t)()’% + 015( )Cl + Clg(t O'G fOT P’(B)

)
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For Case II and Case III, similar results can be derived. Detailed derivations are provided
in Appendix

In summary, starting with a convergent deterministic system, we can replace the controllers
with their stochastic versions that satisfy properties PSIFPY3] The resulting stochastic systems
not only slow down by a certain factor depending on C;1, C;e, but also suffers form additional
error terms in C3. Let us comment on these terms:

1) Suppose that PA) is satisfied and 0y = 0y = 0 in P i.e., the variance of the controller
can be fully bounded by the size of the deterministic control signal, then C'5 = 0. Therefore,
it only requires C;; < ¢y1,Cyia < ¢y with constant 0 < ¢ < 1 for the stochastic algorithm to
converge. In this case, the convergence rate of the stochastic algorithm will have the same order
as the baseline deterministic algorithm.

2) If 04,00 > 0, i.e., the variance of the controller stays constant, then we need to bal-
ance between the error term and the descent terms. In this case, the convergence rate of the
stochastic algorithm may slow down in order, or lose it convergence. In Section we use
the DGT algorithm to demonstrate how the parameters are specified to balance the error and

the convergence rate.

3.5 Application of the Framework

In this section, we demonstrate the modeling capability of the proposed control system. We first
show that a few important algorithmic features can be mapped to specific types of stochastic
controllers. We then combine these controllers in different ways to construct a number of popular
distributed algorithms. Finally, we use the DGT algorithm as an example to illustrate how the

proposed framework facilitates new algorithm design.

3.5.1 Mapping Features to the Stochastic Controllers

We first discuss how a number of features that are desirable to distributed algorithms can be
mapped to specific stochastic controllers, which satisfy PSIIPS3]
First, we discuss a few realizations of G, (y(t); A):

e Randomized Communication Graph (RG): Suppose the communication graph G(¢) is randomly
time-varying. This can be caused by limited bandwidth or unreliable connection, so that at time
t, the agents randomly choose a subset of their neighbors to broadcast local information, and
gather the information from a possibly different random subset of neighbours [77, 27]. In this
case, Gy(y(t); A) :== Wa(t)y(t), where Wa(t) is a random matrix satisfying E[Wa(t)] = W4 and
if (i,j) ¢ E, WAJ-]- (t) = 0. An extreme is that W, is diagonal and no communication happens.
This case satisfies P9Il and P2
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e Partial Agent Participation (PP): Partial agent participation often arises in FL, where at each
communication round, only a subset of P agents send their updates to the server [I3] [81]. PP
is a more practical approach than full agent aggregation and can be viewed as a special case of
randomized communication graph G, (y(t); A) := Wa(t)y(t), where the averaging matrix takes

the following form:

T
Walt) = Sgs B € (0,11, EBEO)] = T,
where B(t) is a length-N random vector. In this case, it satisfies P that E[W(t)] = R and
P with o4 = 0.
e Compressed Communication (CC): A different way of resolving the communication bandwidth
issue is to reduce the data transmitted as each communication round by using compression
methods such as (randomized) quantization and sparsification [82] [83]. The controller can be

written as:

Gy(y; A) == G,(Wy; A), EW] =1,

where W is a diagonal multiplicative noise matrix for compression and satisfies P]I, PS2] For

example, we can set VW as the sparsification matrix with:

) W.p. P,
0, w.p. 1 —p,

where p < 1 denotes the compression rate [21]; or set W as the quantization matrix with:

NYED B R OO e e
77 Lyl W [vil-y;
Y P Ty v

where [-],|-] denote the upper and lower quantization levels [22] which satisfies P and P
These methods can efficiently save the communication on structured data.

o Differential Privacy Noise: One important motivation to implement distributed systems is
to guarantee user data privacy. DP is a widely used notion for measuring privacy, because it
provides strong guarantees, while being easily implementable [55]. The most popular mechanism
to ensure DP is called the Gaussian mechanism, which adds noise to the algorithm outputs [55].
In a distributed setting, this mechanism can be viewed as adding noise to the local messages

before they get transmitted. To model the DP noise, the stochastic controller can be written as

Gy(y; A) :=Wa - (y +wy),

where w, ~ N (0,0%]) with 02 = Q(%ﬁgﬂ) capturing the privacy noise [76].
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Next, we discuss a few realizations of Gy(s;(t); fi):
e Clipping: Note that when implementing differentially private algorithms, local clipping opera-

tion is usually needed to bound the algorithm sensitivity, which can be written as:

clip(Gri(si; fi); ¢) := Gra(si; fi) - max {1’ M} 7

where ¢ denotes the clipping threshold. In this case, even if G ;(s;; f;) is unbiased, the non-
linear clipping operation will introduce extra biased noise [53] satisfying PB) with C1 = ¢,
and Cy, 0g depending on data distribution.

e Stochastic Gradient (SG): As mentioned before, state-of-the-art ML applications often use
SGD based local updates. This can be easily translated to a stochastic local controller where

the stochastic gradient is estimated on sampled data:

Ui e(t) = Vfi(zi(t) + Vfilwi(t): &(¢) — Vi(za(t)),

w; (t)

where w; (t) is the additive noise; & (t) is drawn uniformly from the local dataset. So E[V f;(z;(t))] =
V f;(x;(t)) which satisfies P]I] and it is common to assume that Var(w;(t)) satisfies PS2] [3] 25
17.

e Zeroth-order Optimization (ZO): the zeroth-order optimization method have been developed in
recent years in the setting that only the loss values f;(z;) can be accessed [28] [84) [29]. One can

use zeroth-order method to approximate the gradient:

ﬁfl(xz) — filw; + (5h)2—hfz(xz — 5h)5’

where ¢ uniformly samples from the unit sphere and h is a sufficiently small scalar. Similar to

the previous case, we have:

i 0(t) = Vfi(xi(t)) + Vi(ai(t) = V fi(z:(t),

w; (t)

where w;(t) is a biased additive noise [2§].
Note that different forms of noises can be combined together for more complex applications,

e.g., in DP, we may combine DP with Clipping and SG for better performance.

3.5.2 Algorithm Classification

In this subsection, we discuss some popular distributed algorithms and how they fall into the
proposed framework.
o We first start with DT algorithms, which belongs to Case I: DSGD [3] uses stochastic gradient
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as LCFL with deterministic GCFL. Its variations include [77] which studies random communi-
cation graph, [85] [22] with communication compression, and D-(DP)2SGD [27] with differential
privacy. GNSD [25] uses gradient tracking on stochastic gradient, and ZONE [29] uses zeroth-
order optimization for gradient estimation.
e F'L is another popular class of distributed algorithms, which uses discretization Case I1. Popular
algorithms include FedPD [1§] that implements the ADMM algorithm with stochastic gradient
as the local solver, and uses a random aggregation scheme to save communication while Fed-
Dyn [81] considers partial client participation. Scaffold [I7] tracks local stochastic gradients to
correct the update direction; DP-Fed Avg [76l 58] apply differential privacy to FedAvg; Qsparse-
Local-SGD uses communication sparsification on FedAvg [21].
e Finally, we give an example algorithm trying to optimize the convergence rate dependencies
via multi-step communication in Case III: DSAGD [79] uses stochastic gradient and multi-step
averaging on random communication graphs to accelerate consensus.

We summarize the above discussions in Table where we specify the discretization cases

and the stochasticities in each algorithm. More detailed algorithmic correspondence are included

in Appendix [B2]

3.5.3 Algorithm Design: A Case Study

In this subsection, we take the decentralized gradient tracking (DGT) algorithm as an example to
illustrate how the framework can be applied to design new algorithms for different applications.
In specific, we modify the DGT algorithm to include features such as SG, RG and DP, and name
the resulting algorithms as Distributed Stochastic Gradient Tracking (DSGT) (which is the
same as GNSD [25]), Distributed Dynamic-graph Gradient Tracking (D?GT) and Differentially
Private DSGT (DP-DSGT). By verifying PDI}PD{] and PYI}PY3] for each case, we have the

following informal theoretical result:

Corollary 2 (Informal) With properly chosen stepsize, the expected stationarity gaps of DSGT,

D?>GT, and DP-DSGT converge with rates O(lo\g/(g) ), O(3), and O(iwvfg(m) respectively,
where the expectation is taken over the iterations, and DP-DSGT satisfies the (e, §)-differential

privacy.

We can see that with multiplicative noise, D?GT has the fastest convergence rate, which is
essentially the same order as DGT; DSGT converges slower due to the additive noise in SG, and
recovers the rate obtained in [25]; DP-DSGT has a constant error independent of ¢ due to the
additive noises caused by DP.
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Algorithm Discretization | Stochasticity
DSGD Case 1 SG, CC, RG
GNSD Case 1 SG
D-(DP)2SGD Case I SG, DP, RG
ZONE Case 1 Z0

FedPD /FedDyn Case II SG, RG/PP
Scaffold Case 11 SG, PP
Qsparse-Local-SGD | Case 11 SG, CC
DP-FedAvg Case 11 SG, DP, PP
DSAGD Case 111 SG, RG

Table 3.2: Summary of the distributed stochastic algorithms, with discretization cases and

stochasticity in the controller.

Numerical results for the algorithms on the non-convex regularized logistic regression prob-
lem [86] are shown in Figure In the experiment, we choose the stepsizes based on the
theoretical result, i.e., n;,7; as constants for DGT, D2GT; and 0 = O(1/y/r) for GNSD and
DP-GNSD.

10~ 6
0 100 200 300 400 500
Time t

Figure 3.3: The convergence of the stationarity gap of DGT, D?GT, GSGT and DP-
DSGT.

It can be observed that D?GT has the same convergence rate as DGT with a constant
slow down, while GNSD and DP-GNSD have slower convergence rates. Due to page limitation,
we refer to Appendix [B-4] for detailed discussions on the algorithm modifications, theoretical

analyses and experiment settings and additional results.



Chapter 4

Gradient Tracking for

Decentralized Optimization

4.1 Motivation

Recent advances in deep learning have dramatically improved the performance of many classical
machine learning tasks, such as image processing and natural language processing [87]. However,
as the sizes of model parameters and training datasets keep increasing, the model training time
also increases dramatically. For example, training the visual geometry group (VGG) neural
network on a single machine usually takes 2 to 3 weeks [88]. This motivates us to solve challenging
problems using massive computational resources, either using a centralized parameter server
setting [1][2] or a fully decentralized system [3]. However, the centralized distributed system has
its own bottleneck due to its fragile structure, bandwidth limit, latency requirement and large
communication overhead. Therefore, an efficient decentralized algorithm is highly needed such
that the learning tasks can be performed efficiently by using multiple computational nodes.

In this work, we consider a network of n agents defined by a connected graph G = (V, &),
where each agent indexed by i only has access to its own local function f;(x;) and can only
communicate with its immediate neighbors. The goal of the optimization problem is to minimize
the total loss value of the network, which can be formulated as the following non-convex finite

sum problem with the consensus constraint:

1 n
min foi(xi), s. t. x; =%, €N}, Vi (4.1)
i=1

{xi ERd} n i

where N; denotes the set of the ith node’s neighbors.

55
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When the size of the dataset is large, the calculation of the full gradient requires accessing the
entire dataset, which is computationally expensive. One of the most efficient ways in practice
is to use the stochastic gradient to approximate the true gradient at each iteration. To be
specific, the algorithm samples a subset of data &; randomly at each iteration and calculates the
stochastic gradient g;(x;,&;), where the data follows some distribution D;. Obviously, if those
samples are collected randomly and independently, we have the following unbiasedness property

of estimating the gradient: E¢,.p,[gi(x;,&)] = V fi(x;), Vi.

4.1.1 Related work

Motivated by applications such as distributed machine learning [2] or statistical learning [89],
distributed optimization has attracted significant attention nowadays. Extensive work has been
conducted by focusing on convex optimization problems with applications in signal processing
and communications, for example, the primal variable based methods such as distributed sub-
gradient (DSG) method [90, @], the EXTRA method [92], distributed adaptive filters [93], and
primal-dual based methods such as [04] [89, @5]. However, in practice, most of the problems,
e.g., training neural networks, are highly non-convex, which are more difficult to be solved com-
pared with the convex cases, especially in decentralized settings. For example, the classic DSG
algorithm cannot find the first-order stationary points (FOSP) by using a constant step-size.
Recently, there are several works on developing non-convex decentralized methods. For instance,
primal-dual based methods proposed in [96], 07, 20], gradient-tracking based methods shown in
[111, 98], non-convex extensions of decentralized gradient descent (DGD) methods described in
[80). These methods are all deterministic, which may not be suitable when the dataset is large.

Stochastic distributed non-convex methods can be traced back to [41] [42], where distributed
stochastic algorithms consisting of one local stochastic gradient descent (SGD) step and one
gossip step has been proposed. Related works on stochastic distributed non-convex methods
include the consensus-based distributed SGD [40] and decentralized PSGD [3]. Although these
algorithms can obtain some reasonably high-quality solutions, the convergence analysis as well
as the numerical experiments show that they either do not have global convergence rates (see,
e.g., [41l [42]), or they can only converge to a neighborhood of FOSP [40] [3]. More recently, a
variant of PSGD [99], named D?, has been proposed, and it has been shown that this algorithm
can converge to FOSPs with a quantifiable rate of O(1/v/T). However, D? requires that the

mixing matrix satisfy certain restrictive assumptions (which will be discussed in details shortly).



57
4.2 Preliminaries

4.2.1 Assumptions

We consider the following standard assumptions:

A1: The objective function has Lipschitz gradient with constant L:
IV, fi(xi) = Vi, fi(xi) || < Lllx; — x5, Vi (4.2)

A2: The samples are collected independently at each iteration and the stochastic gradient is

unbiased, i.e.,
E¢,[Vx, 9i(xi, &) = V fi(xi), Vi (4.3)
A3: The estimates of gradient have bounded variance, i.e.,

Ee, ||V, 9i(%i, &) — Vfi(x)||* < 02, Vi (4.4)

A4: The mixing matrix W € R™*" is symmetric (to be defined more formally soon), satisfying
the following
Amax (W) £ <1, WI1=1. (4.5)

where Apmax(W) denotes the second largest eigenvalue of W, and also implies ||[W —
1317 < 1, where 1 € R"*! is an all one vector.

Remark 1. Note the requirement of the spectral norm of W is relaxed to [Amax(W)| < 1
compared with the existing results —1/3 < Apmax(W) < 1 shown in [99].

Remark 2. Note that many choices of W satisfy the above condition. For example, W = I—
aL, where £ denotes the normalized graph Laplacian matrix, and «a € (0, 1) is some sufficiently

small weighting parameter.

4.3 Algorithm Design

Let r denote the index of the iteration. The GNSD algorithm is shown in Algorithm [I} where
the iterates of GNSD x7,y!, Vi are updated locally as follows, for all » > 1

xit = Z Wix; — ayi, (4.6a)
JEN;

Yith =) Wiyl + Ve ai(xi T 67 = Vi gi (%7, €D), (4.6b)
JEN;

and x} £ Zje/\/i Wijx?, Vi, y! 2 Vy,0i(x},&}),Vi. We further define some global optimization

variables by a concatenation of local variables as follows, X £ [x1,...,%,]", ¥ £ [y1,---,¥nl]",
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F(X) £ [fl(xl)v LR} fn(xn)]Ta G(Xv 5) £ [gl(xlagl)a o 7gn(xn1£n)]T7 g £ [517 e 7£n]T‘ Then we
have the following updates

X" = Wx" — ay”, (4.7a)

yr+1 — Wyr + va(XT+17 £r+1) _ VXG(XT, fr) (4.7b)

Algorithm 1 Gradient-Tracking based Nonconvex Stochastic Decentralized (GNSD) Algo-

rithm

Input: x(©
for r=0,1,... do
Random sample £ at each node
Calculate the stochastic gradient Vg;(x],&]) at each node
Update x;"“ by
Update yf“ by

end for

Remark 8. Tt can be easily shown that when W = I, GNSD is the D? algorithm [99], see

below.

X" = Wx" —aWy" —a (VG = VG(x", )
= 2Wx'H — W' — o (VA6 - VG(x,¢"))
— 2Xr+1 —x"— (VG(XT+17§T+1) _ VG(XT’é-T)) .

4.4 Convergence Analysis

To facilitate our analysis, we first define a “virtual sequence” {y”}, which characterizes the

updated by using the true gradients. That is:
Yy E Wy + Vi F(x™) — Vi F(x"),Vr > 1 (4.8)

as the counterpart of (4.7b)), to help us quantify the difference between the estimated gradient

and the true one, where y!' £ VF(x!) .

A A A

Also, let X" £ L17x" ym £ Ly7yr g7 £ LTy Qubstituting (4.8) into the definition of
t

y" and applying the telescope sum, we can get y" = %Z;;l Vxfi(x"). Then, the average of
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iterates can be expressed as:
)—(r-',-l —x" — g]lTyr —x" — g]lT(yr _ ]l}:fr + ]l}:fr)
n n
=% —ay" — 217(y" - 157). (4.9)
y n Y
Further, the tracked full gradient can be expressed as:

y =y +g(x"") — g(x"), (4.10)

where we denote the average of the randomly sampled gradient as g(x") £ %]lTVG(x”,fr).

Note that for notational simplicity we dropped £" in g(x").
Further, we define 7" = {¢7,...,€% x",...,x"} as the history of the random samples.
Next, we are ready to provide a convergence rate analysis of the proposed method, by
following the steps below.
Step 1. We bound the variance of the tracked full gradient compared to its deterministic
counterpart by using Lemma
Step 2. We analyze the dynamics of f(X") by Lemma [6]
Step 3. We establish the contraction property of the x and y update by Lemma [7}
Step 4. We construct a potential function P(x") and show that it is monotonic decreasing as
the algorithm proceeds, by using Lemma
Step 5. We show in Theorem [4] that the expected optimality gap decreases in the order of

O(ﬁ)7 where 1" denotes the number of iterations.

Lemma 5 (Bounded Variance) The iterates {y"} are generated by GNSD. Under assumption
A, we have
Elly” —y"||* < ro?, (4.11)
where k = (14+7/(1 —n))*n? and |W —1I|| 2 7.
Proof 2 From (4.7b) and (4.8) and using the triangle inequality, we have
(a)
[y =y S VG ) - VT
+IWE —y") - (VG ¢ - VFE))

CIveErt, ety - vExY)| (4.12)
(W = (VG €7) — VR
LIWW - D(VEa e - VR + .. (4.13)

where in (b) we use inequality (a) recursively. Then take expectation over F™t1 conditioned on
FT on both sides, we have

Ely™™ —y " < no+ (W = I)(VG(a",€") — VF(x"))| (4.14)
+. W W =) (VG(,€%) — VEE))| (4.15)
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where we use the variance of the estimated gradient is upper bounded, i.e., E|VG(x"t1, &7 +1) —
VF ("] < no. By leveraging the above fact, we take expectation on F" conditioned on F"~!
on both sides of (4.15)) recursively until v = 1. Then, due to A3 and the property of conditional
expectation, we can get

Elly™" —y™|

<A+ W =1+ [[WW =D +...+ [[W (W =TI)||) no

(a) 7
< (1 4 L) no,
L=mn
where in (a) we use [W(W = I)|| < [Anax(W)||W = 1| and |Amax(W)| < 1 since we know

(W —-1)1 =0 (i.e., W —1 lies in the null space of 1) and W1 = 1 by condition A4.

Lemma 6 (Descent Lemma) Assume the sequence (x",y") is generated by Algorithm [], We
have

B () <E[E] - (a- (9 +aL) ) Bl

2
a L? s a?Lo?
— 2 F|x" — 1x"

+25n lI< X7+ )

where B is some constant.

Proof 3 According the Lipschitz continuity, we have

FE) < FE) + (VI E %) 4 x|

(=)~ (VI =), 3) ~ V), 17y~ 15")

2

oL, _,. 1_ 1, . —r\ )2
Ry - STy — 1
e st

<FE) + 35IVIE) -3 I+ S - allyI

—alVAE), D17 (" —y") — el 1Ty - 157))

+ LIy |I? + LIy - 13"|?
_r «Q =T —T a/B =T =T
<fx")+ ﬁl\vf(x ) =¥ I+ - Iy 1> = ally"|?
=T 1 I s =T =T =T
—a(Vf(x ),EHT(y —y N+ LY P+ L)y - 137,

where the first inequality use the variants of the Cauchy-Schwarz inequality (a,b) < %Ha”2 +
gHsz in which B is some parameter that can be tuned later, and the last inequality we use the
fact that 1" (y" — 1y") = 0.

Taking expectation on both sides, according to the unbiasedness assumption , we have

B [(VI(E), 17"~y )IF] =0,
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Then we have

(a)
E[fx*)] £ B[] + sgEIVSE) - 5| + Bl

2 2
r _r L
— aElly"|? + *LE|y"|* + 22
L2

<BUEN+ (—o+  + L) Bl I + 55 B - 1)

o’ Lo?
+ ,

n

where (a) is true because E|ly" —y"||> < 0 /n, and the last inequality we use E[|V f(X")—y"||* <

%EHXT — 1x"||? by applying assumption A1 and Lemma @
Lemma 7 (Tterates Contraction) Using the assumption of W, we have following contraction
property of iterates generated by GNSD:

B[l — 1% < (14 B)n°E[)x” — 17|

1 ., 1
+3(1+ B)OCQEHY — 15> +6(1 + B)OéQK,O'Q

Elly™" — 15" |* < 4nl’a’(1 + %)ﬂbﬁ’rll2

(PR B+ ) + a1+ ) Bl - 1)

+ (o +aztats ) Ely - 15

+4L%*(1 4 %)2/102

where (3 is some constant such that (1+ B8)n* <1 and |I— 2117 < 1.

Proof 4 First, using the assumption of W, we can obtain the contraction property of the iter-

ates, i.e.,
[Wx" — Ix"|| = [W(x" — 1x")[ < nfx" — 1X"| (4.16)

where the inequality comes from 17 (x" — 1X") =0, i.e., X" — 1X" € col(W) and |Amax(W)| =

n <1
Then applying the definition of (4.7a) and the Cauchy-Schwartz inequality, we have

[x T —1x")? = [Wx" —ay” — 1(X" — ay")|?

T ST 1 T =T
< (L4 B)IWx" = 1% + (1 + Z)a’(ly” — 15"

3
r =T 1 T '
< (1+B)n?|x" — 1x ||2+3(1+B)a2lly -y'II?
]. r —r 1 =T o7
+3(1+ B)oﬂly —1y"|I* +3(1 + B)oflllly - 13"

in which B is some constant parameter can be tuned later. Take exceptions on both sides we have

the desired results.



Similarly, applying the definition of y" shown in (4.8)), we have
ly™" = 13" = [Wy" + Vi F(x") = Vi F(x")
- %MT(WYT + VR (xH) — vxF<xT>>||2

S@+Bly" =137 1" + (1 + )IIV F(x™) = Ve F(x)|I*.

Therefore, combining the following
[VxF(x"1) = Ve F(x7)|* < L?[x"* = x|
= LW —x" —ay" |
= LW(x" —1%") +1x" —x" —ay”|?

r —r 1 ST T T
< L1+ B)Ix" = 1x"|* + L* (1 + ) 1x" —x" — ay"||*

5
< Ln*(1+ B)|x" — 1x"[|* +4L*(1 + ﬁ)llx - 1x"|*

41202
+

1 r r 1 r —r
L+ )ly" —y 1> +4L%° (1 + 7y~ 1y I
+4L%? (14 5 )Hll "%,
we have
r o7 1 T —r
Iy —13™* < ((1 +B8)n* +4L%* (1 + 3)2) ly" = 15"
1 2 1 2 T =72
E)+4L (1—&—5) Ix" — 1x"|
) 7711 +4L%a 2(1+/B) ly" —y"II”

+ (L2n2(1 +B8)(1 +

+4nL%a?(1 +
( B

After taking exceptions on both sides and applying Lemma[3] the proof is complete.

Lemma 8 (Potential Function) Constructing the potential function
r <7 L o7 T o
P(x") = E[f(x")] + 257 g Elx = 1% + o*E[ly" - 13",

then we have

L%« -
557 755 CoE|x" — 1x I

+ CyL2aPkn’o

P(x") - P(x") < —C1oEl|y"|* —

a?Lao? 2

- a203E||¥T - ILyTH2

62

(4.17)



63
where constants are defined as follows:

Ci21-— g —aL —4nL*a®(1 + %)2,

2
TR

—280(*(1+A)(1 + 5) —4(1 +5)°),
3(1+ H)al?
C3 21— (148’ —4L%*(1+ %)2 - %,

1+ 1 1
3——2 +4a(1+ <)L
g Tl )
Proof 5 Combining Lemma@ and Lemmam and by definition of P(x"), we can get (4.17)) after

some simple manipulations.

[I>

Cy

Theorem 4 If we pick a ~ O(—2=), then we have

VT/n
LS Bl B - 1w <0 i )
T = \VaT

where T is large.

Proof 6 Given n < 1, first pick up B < 1. Then to have C1 > 0 we must have 0 < o < K1,
where

K1 £ min 71 i
! VnL(1+3) 2L [
Similarly, choose 8 € (0,1) such that (1 4+ (14 1/n)B)n? < 1. in order to have Cy > 0 and
C3 > 0, we require that step-size o needs to satisfy 0 < a < Ky and 0 < a < K3, respectively,

where
K, 2 1-(1+(1+1/n)B)n
28((L+B)(1+ 3)n? +4(1 + 5)?
K & 1oL+ VIL2 /4 + 164 (1 — (1 + B)n?)

8L(1+ 5)B%n?
Therefore, if we choose Cy 2 min{ K, Ky, K3} and o = —$— we have C; > 0,Cy > 0,C5 > 0.

\/T/n’
Nezxt, we divide a on both sides of (4.17)) in Lemma@ and apply the telescope sum. Finally, we

can obtain

1 . L2Cy .
73 (GBI P + sl - 15

28212
- Vn(P° — P) N Lo?Cy N C4CZL?kn’0?
- 00T3/2 vnT T ’

where P denotes the lower bound of P(x"). Obviously, when T is large, term Lj%o dominates

the convergence rate of GNSD.

(4.18)
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Remark 4. Alternatively, we can also choose step-size as O(1/+/r), which will result that the
convergence rate of the algorithm is O(log(T)/V/T).

4.5 Numerical Results

In this section, we present the numerical performance of GNSD compared with the existing
works, i.e., the DSG [3] and D? [99]. We evaluate the performance of the algorithms with an

optimality gap defined as the sum of local error and consensus error as the following,

n B n

G(x1,...,%p) = II% DD VLGP + D lIx - xil? (4.19)
i=0 j=0 i=0

where B denotes the batchsize. In all simulations, tested algorithms use diminishing step-sizes

Dy /(104 /1) where Dy denotes a constant. The (initial) step-sizes of each algorithm are chosen

with binary search to get the best performance. Also if not otherwise specified, the batchsize is

chosen as 1.

First, we compare the convergence performance of the algorithm on the binary classification
problem using the metropolis mixing matrix (shown in Figure and a shifted mixing matrix
(shown in Figure . The optimality gaps is averaged over different types of graphs. Next,
we evaluate the convergence performance of the algorithms on training the convolutional neural
network (CNN) model when the distributions of data one each agent are different in Figure
and Figure [{.:4] It can be observed that GNSD converges faster and better than the other
algorithms. In Figure [1.6] we show the impact of different batch sizes on the convergence
performance of the algorithm in the CNN model training problem when different agents have
different data distributions.

In our simulation, we test the algorithms using different kinds of undirected graphs with 10
and 20 agents, including a fully connected graph, a circle graph, a star graph and Erdés—Rényi
random graphs with density 0.5 for the network including 10 agents and densities 0.4 and 0.2
for the network having 20 agents. The mixing matrices used include metropolis weight WM and
a shifted version W?.

K mad T for (i,)) €&,
wi £¢ 0, for (i,§) € € andi#j, ¢, (4.20)
17234#11)%!, for i = j.
I+ 2WM
w* 2 % (4.21)

If not specified, the algorithms use the shifted version. All algorithms are implemented in
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Python, run on multiple Intel Haswell E5-2680v3 processors in the Minnesota Supercomput-
ing Institute (MSI), each agent in the graph is assigned with a processor core and allowed to
communicate with each other using MPI [100].

We consider two learning models in the numerical experiments: penalized likelihood regres-
sion [86] for binary classification by synthetic dataset, and CNN for multi-classification by the
MNIST dataset. In the non-convex binary classification problem [86], the feature vectors are
randomly generated, following standard normal distribution N (0, I) except the first entries are
fixed to be 1s, and the labels are also generated randomly, following uniform distribution in
{—1,1}. In the multi-classification problem, we consider the decentralized training problem by
CNN on MNIST [10T] dataset. The CNN model is built with TensorFlow, constructed with three
3 x 3 convolutional layers using sigmoid function defined by f(x) = 1/(1 + €”) as the rectifier,
one average pooling layer and one fully connected layer. The classification loss is evaluated by
cross-entropy, so it is a smooth non-convex problem. In the balanced case, each agent randomly
takes 300 different samples in the MNIST dataset as its training dataset. In the unbalanced case,
which is used as default, each agent takes total 300 samples from 2 classes in the MNIST dataset

as its training dataset, different agents take samples from different classes, so the variation of
the data is very large.
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Figure 4.1: Optimality gap (averaged over different types of graphs) of DSG, D? and
GNSD algorithms in solving binary classification problem using metropolis weight with

a) 10 agents; b) 20 agents.
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Figure 4.2: Optimality gap (averaged over different types of graphs) of DSG, D?
and GNSD algorithms in solving binary classification problem using shifted metropolis

weight with a) 10 agents; b) 20 agents.
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Figure 4.3: The average optimality gap (averaged over different types of graphs) of
DSG, D? and GNSD algorithms in training the CNN model with balanced data a) 10
agents; b) 20 agents.
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Chapter 5

Primal-dual Based Federated
Learning Algorithm

5.1 Motivation

Federated learning (FL)—a distributed machine learning approach proposed in [I2]—has gained
popularity for applications involving learning from distributed data. In FL, a cloud server
(the “server”) can communicate with distributed data sources (the “agents”). The goal is to
train a global model that works well for all the distributed data, but without requiring the
agents to reveal too much local information. Since its inception, the broad consensus on FL’s
implementation appears to involve a generic “local update” strategy to save communication
efforts. The basic communication pattern “computation then aggregation” (CTA) protocol
involves the following steps: S1) the server sends the global model x to the agents; S2) the agents
update their local models x;’s based on their local data for several iterations; S3) the server
aggregates x;’s to obtain a new global model x. The CTA protocol is popular, partly because
transmitting local gradients and other statistics to the server is undesirable. For instance, it has
been shown that local gradient information can leak private data [43, 102, [45] and increase the
cost when applying privacy-preserving methods.

Even though the FL paradigm has attracted significant attention from both academia and
industry, and many algorithms such as Federated Averaging (FedAvg) have been proposed [103]
1041, 105} [39], several attributes are not clearly established. In particular, the commonly adopted
local update strategy poses significant theoretical and practical challenges to designing effective
FL algorithms. This work attempts to provide a deeper understanding of FL by raising and

resolving key theoretical questions, as well as by developing an effective algorithmic framework

69
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with several desirable features.

5.2 Preliminaries
Problem Formulation. Consider the following problem:
(5.1)

| X
min f(x) £ N Zfi(x),
i=1

x€R4
filx) 2w > F(x;6),

& €D;

where &; denotes one sample in data set D; stored on the i-th agent; F' : R® — R is the
“loss function” for data point &; and w; > 0 is a “weight coefficient” (a common choice is

w; = 1/|D;| [6]). We assume that the loss function takes the same form across different agents,
(5.2)

and furthermore, we denote M := Zf;l |D;| to be the total number of samples. One can also

consider a related setting, where each f;(x) represents the expected loss [39]

fz(x) = Efiépi F(Xv 61)7
where P; denotes the data distribution on the i-th agent. Throughout the chapter, we will make

the following blanket assumptions for problem (5.1):

A 8 Each fi(+), as well as f(-) in (5.1) is L—-smooth:

IVfi(x) =V iyl < Llx =yl
IVf(x) = V)l < Llx =y, ¥xy € R

A 9 The objective of problem (5.1)) is lower bounded: f(x) > ¢ > —o0, ¥ x € R%.
In addition to these standard assumptions, state-of-the-art efforts on analysis of FL algo-

., N.

=1,.

rithms oftentimes invoke a number of more restrictive assumptions.
A 10 (Bounded Gradient Dissimilarity (BGD)) [17] The gradients V f;’s are upper bounded (by a

(5.3)

constant G >0 and D > 0)

1 N

T I IVAEI® <62+ D V)P, VxR
=1
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Table 5.1: Convergence rates of FL algorithms, measured by total rounds of communication
(RC), number of local updates (LC) and number of samples (SC), before reaching e-stationary
solution. CVX refers to convexity, NC is non-convex, uSC means u-Strongly Convex, BGD
refers to bounded gradient dissimilarity, CTA refers to CTA protocol and LP refers to solving
the local problem to a certain accuracy. p is the function of O({z) illustrated in Fig.

Algorithm CVX BGD CTA LP RC (T) LC (QT) sC
FedAvg [15] uSC  (G,0) v X O (1/e) O(1/e) O(1/e)
FedAvg [I7] uSC (GD) v x (1/61/2) O(1/e) O(1/e)
FedSplit [106] uSC v v | O(log(1l/e)) 0O(Qlog(l/e)) O(QBlog(1l/e))
Local-GD [14] C - v X O(1/3?) O(1/%) 0(Q/e?)
FedAc [107] C (G,0) v x | O(log(1/e))  O(log(1/€)/e) O(log(1/€)/e)
FedAvg [103] NC  (G,0) v x O(1/€¥/?) O(1/€%) 0(1/€%)
FedAvg [17] NC (G)D) Vv X O(1/€¥/?) O(1/€%) O(1/€%)
VRL-SGD [108] | NC - V" O(1/¢) 0(1/¢?) 0(1/¢?)
F-SVRG [109] NC - X X O(1/e) 0(Q/e) O((M +Q)/e)
SCAFFOLD [17] | NC - X X O(1/e) O(1/€?) O(1/€?)
FedProx [38] NC  (0,D) v v O(1/e) O(Q/e) O(QB/e)
Fed-PD NC - v v O (1/e) 0(Q/e) O(QB/e)
Fed-PD NC (Gl v v [ 0((1-p)e) 0OQRQA—-p)/e) O@QB(1-p)/e)
Fed-PD (VR) NC - v X O(1/€) 0(Q/e) O(M +VMJe)

Let us comment on the two special cases of this assumption. 1) When D = 0: this assumption
is the so-called bounded gradient (BG) assumption, and it indicates the local gradients are upper
bounded by some constant. In early works, the BG assumption is used to bound the deviation
between the agents after multiple local updates, which is critical for analyzing FL algorithms;
2) When G = 0 and D = 1: this assumption indicates that the local functions have the same
gradient for all x, or equivalently the distribution of local data is homogeneous. We provided a
few commonly used functions that satisfy this assumption in Appendix[C.5] Overall, the above
assumption can be used to characterize the non-i.i.d.-ness of the local data set — the larger the
values of D and G, the higher the level of non-i.i.d.-ness (or data heterogeneity) there is among
the local data.

Finally, we mention that our objective is to understand the FL algorithm from an opti-
mization perspective. So we say that a solution x is an e-stationary solution if the following
holds:

IVf)|* <e. (5.4)

We are interested in finding the minimum system resources required, such as the number of
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local updates, the number of times local data are transmitted to the server, and the number of
times local samples F(x;¢;)’s are accessed, before computing an e-solution . These quan-
tities are referred to as local computation, communication complezity, and sample complexities,
respectively. Below, we list four questions to be addressed in this work.

Q1 (local updates). What are the best local update directions for the agents to take to achieve
the best overall system performance (stability, sample complexity, etc.)?

Q2 (global aggregation). Can we use more sophisticated processing in the aggregation step to
improve system performance (sample or communication complexity)?

Q3 (communication efficiency). What is the minimum communication (at each round and in total)
to achieve a desired solution accuracy? Can the communication efficiency of FL algorithms be
adapted to the local data non-i.i.d.-ness (as defined in Assumption [10)?

Q4 (assumptions). What is the best performance that a CTA type algorithm can achieve while
relying on a minimum set of assumptions (e.g. only relying on A@?

Although these questions are not directly related to data privacy—another important aspect
of FL—we argue that answering these fundamental questions can provide a much-needed un-
derstanding of the FL. approach. A few recent works have touched upon those questions. Still,
to our knowledge, none of them have provided a thorough investigation of the questions listed
above.

Related Works. We discuss existing algorithms in FL by roughly classifying them based on two
considerations: 1) Communication protocol: whether the algorithm follows the CTA protocol,
i.e., only transfer the models during the communication, or transfer more information; 2) Local
update strategy: whether the local agents solve a local problem to a certain accuracy, or just
perform certain fixed steps of local update. The results are summarized in Table It is

pertinent to consider how these algorithms address questions Q1-Q4.

Table 5.2: Summary of notation used in the chapter

N,i total number, and index of clients
M, B,b | total number, batch size and index of samples
T r total number and index of communication rounds

Q,q total number and index of local updates

X( global model at communication round r
X0 it" client’s estimated global model at round r
x; ! " client’s model at round r and step ¢

r,+

the model it client send to server after round r
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To answer Q1, let us review the local steps used for state-of-the-art algorithms. The well-
known FedAvg algorithm performs multiple local (stochastic) GD steps to minimize the local

loss function between two aggregation steps; see Algorithm [2] below.

Algorithm 2 FedAvg Algorithm
V&2 x0i=1,...,N
for r=0,...,7 —1 (stage) do
for ¢ =0,...,Q — 1 (iteration) do
for i =1,..., N in parallel do
Local update: x["*" = x"7 — nVF(x%; £0) Vi

7 7

Initialize: x

end for
end for
Global averaging: x"+! = 1 Zfil xz’Q
Update agents’ x/ "0 =x™+1, i =1,... N
end for

However, in most cases, successive local GD steps lead to sub-optimal communication com-
plexity [T4} [IT0]. By using correction terms, FedSplit [106] greatly reduces the communication
complexity in the convex setting; VRL-SGD [108] and SCAFFOLD [17] also reduce the com-
munication complexity in certain non-convex settings, but VRL-SGD requires some bounded
variance assumption, which essentially implies that the (stochastic) gradients are bounded. Ad-
ditionally, SCAFFOLD needs to communicate both the local models and the local gradients,
which doubles the communication overhead.

For Q2, although most algorithms use simple averaging, F-SVRG [109] and SCAFFOLD
break the CTA protocol. F-SVRG shows an improvement in sample complexity, and SCAF-
FOLD improves the dependence on agent number N compared with VRL-SGD. However, there
is little discussion on whether other types of linear processing are helpful or the CTA protocol
is enough for FL algorithms.

For Q3, a number of recent works show that a total of O(1/¢€) aggregation steps are needed
for non-convex problems to achieve e-solution . However, bounded variance assumption and
local statistics are needed. It is not clear if this achieves the best communication complexity.

As for Q4, the algorithms typically require either bounded variance assumption, or some
BGD assumption, or both to achieve a good performance. FedSplit shows a possible optimal
performance under the strongly convex setting, but the best performance under the non-convex

setting remains unknown.
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5.3 Properties of CTA Protocols

In this section, we formally address questions raised in the previous section about the CTA

protocol.

5.3.1 Communication Lower Complexity Bounds

We first address Q2-Q3 under the CTA protocol. Specifically, for problems satisfying AR}-AQ]
does performing multiple local updates or using different ways to combine local models reduce
communication complexity? We show below that under the CTA protocol, such a saving is
impossible.

Consider the following generic CTA protocol. Let r denote the index for communication

rounds. Between two rounds r — 1 and r, each agent performs @ local updates. Denote x:_l’q
to be the ¢g-th local update. Then, x:_l’Q’s are sent to the server, combined through a (possibly
time-varying) function V7(-) : RV4 — R9 and sent back. The agents then generate a new
iterate by combining the received message with past gradients using a (possibly time-varying)

function W/ (-):

" = VT({QCTLQ}Z-]\;)7 x:’o =2a", Vie|[N], (5.5a)
J);’q GW{ ({-’17;7k7 {VF($;7q7 5")}57€D1 }’ke[qfl],re[r})a
VqelQ], Vie][N]. (5.5b)

We focus on the case where the V" (-)’s and W/ (+)’s are linear operators, which implies that ;¢
can use all past iterates and (sample) gradients for its update. Clearly, (5.5) covers both the
local-GD and local-SGD versions of FedAvg as special cases.

In the following, we provide an informal statement of the result. The formal statement and
the full proof are given in Theorem which is relegated to Appendix

Claim 1 (Informal) Consider any algorithm A that belongs to the class described in ,
with V7 (-) and W} (-)’s being linear and possibly time-varying operators. Then, there exists a
non-convez problem instance satisfying Assumptions[§{9 such that for any Q > 0, algorithm A
takes at least O(1/€) communication rounds to reach an e-stationary solution satisfying .

Remark 5. The proof technique is related to those developed from both classical and recent
works that characterize lower bounds for first-order methods, in both centralized [I111, [112] and
decentralized [19] 20] settings. The main technical difference is that our processing model
additionally allows local processing iterations, and there is a central aggregator. In the proof, we

construct problem instances in which f;’s are non-i.i.d. (i.e., G in assumption grows with
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the total number of iterations T, and D = 1). Then we show that it is necessary to aggregate
(thus communicate) to make any progress. On the other hand, it is obvious that in another
extreme case where the data are homogeneous (i.e., G = 0, D = 1), only O(1) communication

rounds are needed. |

5.3.2 Local Update Strategy and Bounded Gradient

We now address Q1 and Q4. We consider the FedAvg Algorithm and show that when using
(stochastic) gradient as the local update direction, the bounded gradient assumption is

critical to ensure performance.

Claim 2 Fiz any constant n > 0, Q > 1 for FedAvg. There exists a problem that satisfies A
and A9 but fails to satisfy AL0, on which FedAvg diverges to infinity.

Due to space limitation, the proof of the above result is relegated to Appendix

Remark 6. A recent work [I4] has shown that FedAvg with constant stepsize n > 0 can
only converge to a neighborhood of the global minimizer for conver problems. Beyond that,
our result indicates that when f;’s are non-convex, FedAvg can perform much worse without
the BGD assumption. Even if () = 2 and there exists a solution such that vazl I £:(%)]I? = 0,
FedAvg (with constant stepsize 1) diverges and the iteration can go to oo. |

The above result suggests that, despite its popularity, the pure local (stochastic) gradient
direction is not compatible with the CTA protocol. This motivates the design of local update
strategies that allow the agents to work together properly.
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5.4 Algorithm Design

In this section, we propose a meta-algorithm called Federated Primal-Dual (FedPD), which is
an efficient algorithm following the CTA protocol. Among many of its features, the FedPD
achieves the communication lower bound mentioned in the previous section without requiring
additional assumptions such as BGD (5.3)). Further, we show that for problems satisfying the
BGD assumption , the proposed algorithm can effectively reduce communication overhead.

Our algorithm is based on the following global consensus reformulation of the original prob-
lem (5.1)):

N
1 .
min ;_1 fi(x:), st x; =x0, Vi € [N]. (5.6)

To present our algorithm, let us define the augmented Lagrangian (AL) function of (5.6]) as

N
1
L(xo:n, A) £ N > Li(xo,xi, M),

i=1

1
Li(xi,x0, M) = fi(xi) + (Ai,xi — o) + o lIx; — %ol

Fixing xg, the AL is separable over all local pairs {(x;, A;)}. The key technique in the design is
to specify how each local AL L;(-) should be optimized, and when to perform model aggregation.

Federated primal-dual algorithm (FedPD) can be easily implemented in the FL setting,
while capturing the main idea of the classical primal-dual based algorithm; see Algorithm [3]
In particular, its update rules share a similar pattern as the Alternating Direction Method
of Multipliers (ADMM), but it does not specify how the local models are updated. Instead,
an oracle Oracle;(+) is used as a placeholder for local processing, and we will see that careful
instantiations of these oracles lead to algorithms with different properties. Importantly, we
introduce a critical constant p € [0, 1), which determines the frequency at which the aggregation
and communication steps are skipped. By using FedPD, we can see that at each communication
round, only the local models are exchanged. In Algorithm []land Algorithm 5] we provide different
oracles for FedPD. It is worth noting that Oracle II is based on the idea of variance reduction,
and it can achieve a lower sample complexity compared with those in Oracle I. Below, we provide

more discussion about these proposed local oracles.
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Algorithm 3 Federated Primal-Dual Algorithm

Input: x° n,p,T,Q1,...,QnN
Initialize: x§ = x°,
forr=0,...,7—1do
for i =1,..., N in parallel do local updates do

x;'+1 = Oracle-(ﬁ'(xf,xg,i, /\;)7 Qz)

/\r+1 =\ 4 ( r+1 ) #Dual updates
th =x"+ 77)‘2“
end for

With probability 1 — p do global communication:
Global Communicate:
xp = ~ Zl 1 Xo i
xstl —x6+1, i=1,...,N
With probability p skip global communication:
Local Update: XT-H = XS-:

end for

Algorithm 4 Oracle Choice 1
Input: Ei(xf,xgﬁi,)\f),Qi
Initialize: x}, = x;,

Option I (GD)

for ¢q=0,...,Q; — 1 do

XpI = X = Vo L%, %5 5, AT
end for

Option II (SGD)

for ¢q=0,...,Q; — 1 do

xS X (i (6% 600 + AT + (x0T = x5 )
end for
Output: x’“+1 £ :Q

In Algorithm [4] the stochastic gradient is defined as

hi(x;% €07 & VF(x)%€07), with €9 ~ D;, (5.7)

(2

where ~ denotes uniform sampling. Further, for both options, @);’s are chosen so that the local

problems are solved accurately enough. Specifically, for GD (Option I) we need to ensure that
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we run the inner iterations long enough such that the following holds:
Vs £ x5 DI < e (5.8)
Similarly, for SGD (Option II), we need to assume that the following holds:
E [ Va, L0 x5, M) < e (5.9)

Note that in Algorithm 2 we provide two ways for solving this subproblem by using GD and
SGD, but any other solver that achieves (5.8]) can be used. Despite the simplicity of the local

updates, we will show that using Oracle I makes FedPD adaptive to the non-i.i.d. parameter G.

Algorithm 5 Oracle Choice II
Input: £;(x],x3;,A}),Q,1,B
r,0

)

if + mod I =0 then ¢"° = V/;(x"°)

Initialize: x> = x7,

else g:’o = gir*l’Q

end if

for¢g=0,...,QQ —1do

x:’qH = argmin,, Li(xi, X040 Af3 x4, g77)

I +1 b B b +1. b I . K
97" = g7+ 5 e (T €N = hi(x% €)
end for
Output: xg“'l £ xz’Q,

g:’Q

Alternatively, when instantiating the local oracle using Algorithm [5} the original local prob-
lems are not required to solve to €; accuracy. Instead, we successively optimize a linearized AL
function:

L7(x:) = fi(xa;x79) + (AL % — x0,) + ! |xi — XS,Z-Hz :

o

In the above expression, we linearize f;(x;) at inner iteration x;?

as

_ 1 5
fl(xaxp?) & fx0) + (979, % — x7) + 2 [Ixi — % 7°,
where 7 is a constant and g;'? is an approximation of V f;(x;’?). The optimizer has a closed-form

expression:

:,q+1 — n X:,q + Y o ny
n+y n+y n+7
In Oracle II, an agent ¢ first decides whether to compute the full gradient V fi(x:’o), or to

X (9" + A7)

r
0,2

keep using the previous estimate g:_l’Q. Then @ local steps are performed, each requiring B

local data samples. In this scheme, @) can be chosen as any positive integer.
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It is important to note that this oracle does not simply apply the variance reduction (VR)
technique (such as F-SVRG) to solve the subproblem of optimizing £;(x;,xg ;, ;). That is, it
is not a variation of Oracle I. Instead, the VR technique is applied to the entire primal-dual
iteration, and the full gradient evaluation V fi(xz’o) is only needed every I iteration r. Later we

will see that if I is large enough, then there is an O(v/ M) reduction of sample complexity.

5.5 Convergence Analysis

In this section, we first provide a basic convergence analysis of FedPD without assuming
(or effectively, with G in being infinity). Then, we show that with Assumption FedPD
allows some communication rounds to be skipped when the local functions become similar (that

is, when G becomes smaller). We refer the readers to Appendix for detailed proof of Theorem
and [7] Appendix for proof of Theorem [6]

5.5.1 Analysis Without the BGD Assumption

We first characterize the convergence of FedPD with different oracles, without assuming the
BGD assumption

Theorem 5 Suppose A@ 7A|g hold. Define Do := f(x)) — f(x*). Consider FedPD with Oracle
I, where Q;’s are selected such that (5.8]) holds if Option I is used, and (5.9) holds if Option II

is used. Set 0 < n < ‘/;L , p=0. Then we have:

*ZHVJC < *D0+C461,
where Cy, Cy are constants only depending on L,n, and are independent of T, G, p.

Theorem 6 Suppose A@»AB hold. Consider FedPD with Oracle II. Choose p =0, v >

1
and n € (0, 3(Q+\/W)L)'
on L7 77, B, Q):

B\F’
Then, the following holds (where Cg > 0 is a constant that depends

=S EIVAHI® < S (708)  £6x). (5.10)
r=0

Remark 7. For Oracle I to achieve € accuracy, we need to set the communication round
T = CyDq/e and local accuracy €; = €/Cy. As the local AL is strongly convex with respect to
x;, optimizing it to € accuracy requires Q; = O(log(¢)) iterations for GD and @; = O(1/¢) for
SGD [113]. |
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Remark 8. Suppose Oracle II runs for T' communication rounds, the total number of full
gradient evaluation is T/I + 1, each uses M samples. Meanwhile, the total number of mini-
batch stochastic gradient evaluation is T'Q), each uses 2B samples per node. So the total sample
complexity is O(M+MT/I+2TQBN). Therefore, we choose I = /M, B =I/QN = +M/QN,
then the sample complexity of Algorithm [5(is O(M + ‘/TM) [ |

5.5.2 Analysis with the BGD Assumption

In this subsection, we analyze how the additional assumption A[I0] can affect the proposed
algorithm. Towards this end, let us consider the following (G,1)-BGD assumption (which is
equivalent to with D =1).

A 11 (G,1)-BGD The local functions are called (G,1)-BGD if either one of the equivalent con-
ditions below holds:
IVfi(x) = Vi(x)I < G, VxR, Vi#j,

(5.11)
or |V fi(x) — V)| <GV x € R, Vi,

Theorem 7 Suppose A ~Ag and holds. Consider FedPD with Oracle I, where Q;’s are
selected such that (5.8) holds if Option I is used, and (5.9) holds if Option II is used. Set

0<n< \/;L , 0<p< 1. Then we have:

*ZE IVfx)I™ < DO + Cyer +1*(1 — p)(N — 1)Cs

o o (1+ Ln)*(2Ln + p(3 + Ln))*
N(1—2Ln—p(1+ Ln))?

x (1—C37 P>) (G? + €1). (5.12)

Here Cy,Cy,Cs > 0 are constants independent of T, G, p; Cs : W > 0.

Table 5.3: The relation between p and & with fixed n = ‘[ 1.

Range of p  C3 C(p) p as function of zz  Relation
[0, 11+2LL’7) <1 =12n%*p? ﬁé Linear
[11+2LL;’, 1) >1 = 141720??/(171’) 1-2/ log(4217]2 &z) Log

Remark 9. (Communication reduction). Note that since 0 < p < 1, the total communi-
cation rounds is given by T'(1 — p). To achieve the € accuracy, we need to chose T = CyDq /e,
€1 = €¢/C4, and need to chose p appropriately so that the last term in ((5.12)) is also smaller than
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€. This implies that T'= CyDg /e and the following shall hold

C(p) 2n(1 — p)(N —1)C5(1 — O3/ 1 77)2p?

A+ In)?*@2Ln+pB+Ln)? _ €
N(1—-2Lp—p(1+4Ln)*> ~ 3G*

The above relation implies that p and &z should be related by (1 — p)T" = O(G(_;if) when
G? € (O(¢),00); further, p — 1 at a log-rate when G? — 0, that is, when G = O (expz/gg )),

1 —p = O(%) and it requires O(1) total communication; see Table for details. These

results characterize the relation between communication saving and the homogeneity of the

local problems. u

5.5.3 Connection with Other Algorithms

Before we close this section, we discuss the relation of FedPD with a few existing algorithms. In
FedProx [38] the agents optimize the following local objective: fi(x;) 4+ § [|x; — x5||%. FedProx
algorithm fails to converge to the global stationary solution. In contrast, FedPD introduces
extra local dual variables {)A;} that record the gap between the local model x; and the global
model xg which help the global convergence. FedDANE [114] also proposes a way of designing
the subproblem by using the global gradient, but this violates the CTA protocol. Compared
with these two algorithms, the proposed FedPD has weaker assumptions, and it achieves better

sample and /or communication complexity. In SCAFFOLD [I7], the clients perform the following

update:
q+1 )
P = XD (gl — ¢+ ),
1
G =cl e+t E(Xs - x}9),

and the server performs the following step:

1 N 1 N
X6+1 § :X?Qv ol § :C;Jrl.
N ¢4 N 4
i=1 =1

Compared to the update with FedPD, we can observe that ¢ — ¢;’s play the same role as the
dual variables \A;’s in FedPD. But SCAFFOLD requires the clients to send the ¢;’s to the
server which breaks the CTA protocol and doubles the communicated information. However,
our results showed that even without the extra communication, FedPD can achieve the same
convergence rate by adopting a more sophisticated local update direction. FedSplit [106] also
keeps a local variable for local update and the algorithm is based on the Peaceman-Rachford
splitting method, while FedPD is based on ADMM which can be related to the Douglas—Rachford
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splitting method. However, FedSplit only deals with convex problems while FedPD works in the

non-convex case. Finally, FedDyn [81] is a recently developed algorithm that mainly deals with
partial user participation. The algorithm turns out to be closely related to our proposed FedPD.

For detailed discussion about the connection of these two algorithms, please see Appendix [C.§

5.6 Numerical Results

In the first experiment, we show the convergence of the proposed algorithms on synthetic data
with FedAvg and FedProx as baselines. We use the non-convex penalized logistic regression [86]

as the loss function. The loss function evaluated on a single sample (a, b) = £ is given by:

(5.13)

D
e (b)) — lon( 1t exo( T Baxld)*
Fx; (a,1)) = log(1+ exp(—bx"a)) + 3 7~ o g

Here x[d] denotes the d'" component of x. The feature vector and model parameter a,x €
R? have dimension D and b € {—1,1} is the label corresponding to the feature. During the
simulation, we set the constants to be « =1 and g = 0.1.

In the experiment, we use two ways to generate the data. In the first case (referred to as the
“weakly non-i.i.d” case), the features and the labels on the agents are randomly generated, so
the local data sets are not very non-i.i.d. In the second case (referred to as the “strong non-i.i.d.”
case), we first generate the feature vector a’s following the standard Normal distribution, then
we generate the local model x; on the i*" agent by using uniform distribution in the range of
[—10, 10] for each component. Then we compute the label b’s according to the local models and
the features, and then add noise following the standard normal distribution. In this case, the
agents’ data distribution is more non-i.i.d compared to the first case. In both cases, there are
400 samples on each agent with total 100 agents.

We run FedPD with Oracle I (FedPD-SGD and FedPD-GD) and Oracle II (FedPD-VR). For
FedPD-SGD, we set @ = 600, and for FedPD-GD and FedPD-VR we set Q = 8. For FedPD-GD
we set p = 0 and p = 0.5, where in the latter case, the agents skip half of the communication
rounds. For FedPD-VR, we set mini-batch size B = 1 and gradient computation frequency
I = 20. For comparison, we also run FedAvg with local GD/SGD and FedProx. For FedAvg
with GD, @ = 8, and for FedAvg with SGD, @ = 600. For FedProx, we solve the local problem
using variance reduction for () = 8 iterations. The total number of iterations 7' is set as 600 for

all algorithms.
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(a) Stationary gap of FedAvg, FedProx and (b) Stationary gap of FedAvg, FedProx and
FedPD; weakly non-i.i.d. data. FedPD; strongly non-i.i.d. data.

Figure 5.2: The convergence result of the algorithms on penalized logistic regression with

weakly and strongly non-i.i.d. data with respect to the number of communication rounds.

Figure [5.2] shows the results with respect to the number of communication rounds. In
Fig. [5.2(a), we compare the convergence of the tested algorithms on weakly non-i.i.d. data
set. It is clear that FedProx and FedPD with p = 0 (i.e., no communication skipping) are
comparable. Meanwhile, FedAvg with local GD will not converge to the stationary point with a
constant stepsize when local update step Q > 1. By skipping half of the communication, FedPD
with local GD can still achieve a similar error as FedAvg, but using fewer communication
rounds. In Fig. b)7 we compare the convergence results of different algorithms with the
strongly non-i.i.d. data set. We can see that the algorithms using stochastic solvers become less
stable compared with the case when the data sets are weakly non-i.i.d. Further, FedPD-VR and
FedPD-GD with p = 0 are still able to converge to the global stationary point while FedProx
will achieve a similar error as the FedAvg with local GD.

We have included more details on the experimental results and additional experiments in

Appendix [C7]



Chapter 6

Understanding Clipping in

Privatized Federated Learning

6.1 Motivation

First proposed by [12], Federated Learning (FL) is a distributed learning framework that aims
to reduce communication complexity and to provide privacy protection during training. The
popular FedAvg algorithm [12] has been proposed to reduce the communication cost by using
periodic averaging and client sampling. There has been many extensions of this algorithm,
mostly by modifying the local update directions [I'7} (18] [I0§]. Even though FL algorithms have
the goal of privacy protection, recent works have shown that they are vulnerable to inference
attacks and leak local information during training [43] [44] 45]. As a result, striking a balance
between formal privacy guarantees and desirable optimization performance remains one of the
fundamental challenges in FL.

Recently, various FL algorithms [46], [47], 48], 49] [50] have been proposed to provide the formal
guarantees of differential privacy (DP) [5I]. In these algorithms, the clients perform multiple
local updates between two communication steps, and then perturbation mechanisms are added
to aggregate updates across individual clients. In order for the perturbation mechanism to have
formal privacy guarantees, each client’s model update needs to have a bounded norm, which is
ensured by applying a clipping operation that shrinks individual model updates when their norm
exceeds a given threshold. While there has been prior work that studies the clipping effects on
stochastic gradients [52 53], [54] in the differentially private SGD [55], there has not been any work
on providing understanding how clipping the model updates affect the optimization performance

of FL subject to DP. Our work provides the first in-depth study on such clipping effects.

84
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6.2 Preliminaries

Federated learning typically considers the following optimization problem:

N
min [ IHEEDY fz-(x)] , where f;(x) = Eeup, F(x;€), (6.1)
i=1
where N is the number of participating clients; the i*! client optimizes a local model f;, which
is the expectation of a loss function F(x;¢), where the expectation is taken over local data
distribution D;. At each communication round ¢, the server samples a subset of clients P
and broadcasts the global model parameters x’. The sampled clients perform @ steps of SGD
updates and compute the total update differences Ax!’s, and then the server aggregates the
update differences to update the global model. In Algorithm [6] we present a slightly generalized
FedAvg algorithm [I7, I15], in which the server uses a stepsize 7, to perform its update. When

1y = 1, the algorithm becomes the same as the original FedAvg.

Algorithm 6 FedAvg Algorithm
02x0i=1,...,N

i =

2: fort=0,...,T —1 (stage) do

1: Initialize: x

3:  for i € P, C [N] in parallel do

4 Update agents’ x*? = x*

5 for ¢g=0,...,Q — 1 (iteration) do

6 Compute stochastic gradient gi*? with E[g!?] = V f;(x59)

7: Local update: x/%T! = xb4 — p g0

8 end for

9 end for
10:  Global averaging: Ax! = X?Q —xt, xttl=x!+ ngﬁ ZiGPt Axt
11: end for

In this work, we study FL subject to the rigorous privacy guarantees of Differential Privacy

(DP) [51], whose formal definition is given below.
Definition 3 [51] An algorithm M is (e,0)-differentially private if

P(M(D) e S8) <eP(M(D') €S8) +6, (6.2)
where D and D' are neighboring datasets, S is an arbitrary subset of outputs of M.

The common mechanism used to protect DP in centralized training is straightforward: 1) clip

the stochastic gradient with the so-called clipping operation (6.3)); 2) add a random perturbation
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z ~ N(0,02%I) to the clipped quantity [55]. The clipping operation is the key step to guarantee
DP as the noise level 02 is determined by the clipping threshold ¢ [116]:

. . c
clip(g’,c) = g' - min {1, ||gt||} (6.3)

However, DP is more complex in FL than that in centralized training. Two key factors

distinguish FL from existing DP machine learning framework are:

e Data distribution: unlike centralized training, in FL the data are naturally distributed on
the clients, and the clients can potentially have very different data distributions. In the
centralized setting, the recent work [53] has shown that the distribution of the samples
affects the performance of the DP-SGD, but how heterogeneous data distribution affects
the design and analysis of FL algorithm that protects DP is unclear.

e Local updates: as described in Algorithm [6] the clients will perform multiple local update
steps before sending the model to the server, and it is well-known that when @ > 1, the
data heterogeneity will cause performance degradation in FedAvg even without clipping
and perturbation [14]. Although there are multiple alternatives of how the DP mechanism
can be applied to FL algorithms, none of those mechanisms has a rigorous theoretical
guarantee, and it is not clear how to properly balance the optimization performance and

privacy guarantees.

These two factors result in different definitions and clipping operations in FL.

DP definitions in FL: Based on the distribution pattern of the client and local datasets, two

DP definitions correspond to the neighboring datasets in Definition [3] are commonly considered

in FL algorithm design:

e Sample-level differential privacy (SL-DP): SL-DP directly follows the centralized DP and
protects each local sample so that the server could not identify one sample from the union
of all local datasets, i.e., D = Ufil D;, and D, D’ differ by one sample £&. SL-DP fits
in the cross-silo FL scenario that has a relatively small number of clients, each with a
large dataset. E.g., SL-DP is used in medical image classification application to protect
patients’ personal information [II7]. However, in the Google Keyboard application [118]
where each client is an application user, SL-DP that only protects one sample (i.e., an

input record) will not be sufficient to protect the user’s personal information.

e Client-level differential privacy (CL-DP): CL-DP has a stricter privacy guarantee com-
pared with SL-DP. It requires that the server cannot identify the participation of one
client by observing the output of the local updates, i.e., D = {D;}¥,, and D, D’ differ
by one dataset D;. CL-DP is suitable for the cross-device FL scenario such as the Google

Keyboard application, which has a large number of distributed clients.
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Clipping operation in FL: Based on different DP requirements and the algorithm structures,

a number of FL algorithms have been proposed which protect DP to some extent.

To protect SL-DP, [48] proposes to clip and inject noise to every local update. That is,
some Gaussian noise is added to the stochastic gradients gf’q given in Algorithm @ However, as
intermediate updates are kept local and private, the clipping and perturbation to the local steps
appear to be unnecessary, and such operations result in significant performance degradation.
Moreover, it is not clear how such kind of operation impact other aspects of the algorithm
performance (such as algorithm convergence, quality of solutions, etc.)

To protect CL-DP, [I19] proposes to clip the local models to be transmitted directly. Sim-
ilarly, [47] assumes that the model parameters are upper and lower bounded by some constant
and directly apply perturbations to the local models. However, this scheme also significantly
reduces the training and test accuracy empirically and has no theoretical convergence guarantee.
Recently, [46] proposes to clip the difference between the input model and the output models
of the FedAvg algorithm. In particular, one can replace the update directions Ax!’s of line 8 in

Algorithm 1 by their clipped versions as expressed below:
c
clip(Ax!, c) = Ax! - min {1, },
' ' Al

Z clip(Axt, c).

1€P;

(6.4)

t+

X 1:Xt+ng

1
[P]
It is shown that such a scheme has better numerical performance than model clipping, but no
convergence proof for the algorithm is given. Reference [50] also clips the update difference
and proposed Bayesian DP to measure the privacy loss and only demonstrates the numerical
performance of the proposed algorithm. D2P-Fed [49] follows the same clipping strategy and
further apply compression and quantization during communication to improve communication
efficiency while having DP guarantee, but its convergence guarantee only applies to the non-
clipping version.

In summary, despite extensive recent research about DP-enabled FL, there are still a number
of technical challenges and open research questions in this area. First, it is not clear how various
kinds of clipping operations can affect the performance of FL algorithms. Second, it is not clear

how to add noise to balance the convergence of FL algorithms and its CL-DP guarantee.

6.3 Clipping Issues in FL

As discussed above, clipping is a key operation in providing DP guarantee for FL algorithms.
Therefore, to design algorithms that protect DP in FL, the first step is to understand how

clipping affects the convergence performance of a FL algorithm. Towards this end, we start
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with analyzing two common clipping strategies, and identify their theoretical properties. Then
we provide a series of empirical studies to demonstrate how system parameters such as training
models, datasets and data distributions can affect the performance of clipping-enabled FedAvg
algorithm. These empirical studies will be combined with our theoretical analysis in the next
section to provide a comprehensive understanding about the optimization performance and CL-

DP guarantees in FL.

6.3.1 Model clipping versus Difference Clipping

The two major clipping strategies used in protecting CL-DP for FL algorithms are local model

clipping and local update difference clipping, as we describe below.

1. Model clipping [119]: The clients directly clip the models sent to the server. For FedAvg
algorithm, this means performing clip(xE’Q, ¢). This method appears to be straightfor-
ward, but clipping the model directly results in relatively large clipping threshold, so it

requires to add larger perturbation.

2. Difference clipping [46]: The clients clip the local update difference between the ini-
tial model and the output model according to . This method needs to record the
initial model and to perform extra computation before clipping, but the update differ-
ence typically has smaller magnitudes than the model itself, so the clipping threshold
and the perturbation can be smaller than using model clipping. Note that when @ = 1,
the difference clipping is equivalent to the standard mini-batch gradient clipping (i.e., the
DP-SGD), but in the general case where @) > 1, their behaviors are very different.

Below we analyze how they perform on simple quadratic problems. Our results indicate that
the difference clipping strategy is more preferable, because it is less likely to have strong impact

on the optimization performance. The full proofs of the claims are given in Appendix

Claim 3 Given any constant clipping threshold c, there exists a convex quadratic problem, for
which FedAvg with model clipping does not converge to the global optimal solution with any fixed
Q>1andn > 0.

Claim 4 For all linear regression problem with fixzed clipping threshold c, there exist m; and
local update step Q > 1 such that FedAvg with difference clipping converges to the global optimal
solution. Furthermore, there exist a linear regression problem such that under the same c,n;
and Q, FedAvg with difference clipping converges to a better solution with smaller loss than the

original FedAvg.
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Remark 10. To prove Claim [3] we construct a problem whose magnitude of the optimal
solution is larger than the clipping threshold. Then FedAvg with model clipping will converge to
a stationary point with magnitude bounded by the clipping threshold, therefore the algorithm
will not converge to global optimal solution.

The technique to prove the first part of Claim [4] is related to the analysis for centralized
gradient clipping algorithms [120]. The main difference is that our algorithm consider @ steps
of local update before clipping. We show that by allowing multiple local updates, FedAvg
algorithm with difference clipping optimizes the sum of the Huberzied re-weighted local loss
functions. By properly choosing the learning rate 7; for each local loss function, we can balance
the re-weighting factors so that the optimal solution to the new loss function matches the solution
to the original problem. [ ]

The above claims indicate that the difference clipping should outperform the model clip-
ping in terms of convergence guarantees. Therefore, in the subsequent analysis, we will focus
on understanding the difference clipping enabled FL algorithms. In particular, we consider the
Clipping-Enabled FedAvg (CE-FedAvg) algorithm described in Algorithm [7] which combines
the difference clipping with the slightly generalized FedAvg algorithm described in Algorithm [6]
(which uses two stepsizes 1,74, one for local and one for global updates, respectively). The
reason to consider such a bi-level-stepsize version of FedAvg is that, it has been proved to have
superior performance, especially when not all clients participate in each round of communica-
tion [17, [LT5).

Algorithm 7 Clipping-enabled FedAvg (CE-FedAvg)

1: Initialize: x9 £x0i=1,...,N

2: fort=0,...,7 —1 (stage) do

3 for i € P; C [N] in parallel do

4 Update agents’ x'? = x*
5: for ¢=0,...,Q — 1 (iteration) do
6

7

8

9

Compute stochastic gradient gi*? with E[g)] = V fi(21?)

Local update: x/%T! = xb4 — p g0
end for
Compute update difference: Ax! = XZ’Q — XE’O

10: Clip: Ax! = clip(Ax?, ¢), where clip(-) is defined in
11:  end for

12:  Global averaging: x!*! =x!+ ngﬁ Y iep, Ax!

13: end for
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6.3.2 Empirical Results

Experiment Setting. To have a thorough understanding about how the difference clipping
can impact the FedAvg, we conduct numerical experiments with different models, datasets and
local data distributions. We compare the test accuracies between CE-FedAvg and the original
FedAvg. Note that in this set of experiments we do not consider the privacy issues yet, so we
do not add perturbation.

To have a fair comparison, we set Q, T', N, |P;|, m; and 74 to be identical for both FedAvg
and CE-FedAvg. We first run the original FedAvg, compute ||Ax!|| and average over all clients
i and iterations ¢ to obtain A and choose the clipping threshold ¢ = 0.5A.

We run the algorithm using AlexNet [121] and ResNet-18 [122] with EMNIST dataset [123]
and Cifar-10 dataset [124] for comparison. We split the dataset in two different ways: 1) IID
Data setting, where the samples are uniformly distributed to each client; 2) Non-IID Data
setting, where the clients have unbalanced samples. Details are described below. For EMNIST
digit classification dataset, each client has 500 samples without overlapping. In the IID case,
each client has around 50 samples of each class and in the Non-IID case, there are 8 classes each
has around 5 samples and 2 classes each has 230 samples on each client. For the Cifar-10 dataset,
in the IID case (resp. Non-IID case), each client also has 500 samples (resp. 50 samples); these
samples can overlap with those on the other clients and the samples on each client are uniformly
distributed in 10 classes, i.e., each client has 50 samples (resp. 5 samples) from each class.
Performance Degradation. In Table we compare the classification results produced by
using AlexNet and ResNet-18 on the two datasets.

Model dataset IID(%) - Clipping (% drop) Non-IID (%) - Clipping (% drop)
AlexNet EMNIST 98.20 0.19 95.60 3.60
Cifar-10 66.01 4.83 57.14 7.30
ResNet-18 | EMNIST 99.61 0.02 95.43 0.10
Cifar-10 76.36 0.53 59.46 1.55

Table 6.1: The accuracy drop between a) FedAvg and clipping-enabled FedAvg, used for training
AlexNet and ResNet-18, on IID and Non-IID data.

There are three interesting observations: 1) The data distribution will greatly affect the
clipping performance in FL. When data are IID across the clients, clipping has far less impact
on the final accuracy, otherwise the clipping will introduce some accuracy drop to the trained
models; 2) Clipping has quite different impact on different models — the best accuracy of the
models drops 0.10% and 3.60% for ResNet-18 and AlexNet on EMNIST, respetively. The drop is
1.55% for ResNet-18 and 7.30% for AlexNet on Cifar-10, comparing CE-Fed Avg with non-clipped
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version on the Non-IID data; 3) Data complexity also affects the behavior of the CE-FedAvg —
the accuracy drop on Cifar-10 dataset is much larger than that on EMNIST dataset.

The empirical experiments show that heterogeneous data distribution among the clients is
one of the main causes of the different behavior between the clipped and non-clipped algorithms.
The data heterogeneity issue is unique in FL cause by periodical communication. It does not
happen in centralized optimization where the data are shared among all workers.

Update Difference Distribution. To further understand the clipping procedure, we plot in
Fig. and Fig. the magnitudes of local updates ||Ax!|| and the cosine angles between the

last iteration’s global update and Ax!:

1 t—1
<Ax§, il ZiePFl Ax; >
t—1 '
At || iy Sie,, A%

cos™!

Due to page limitation, we only put the distribution of communication round 7' = 16. More
detailed results are given in Appendix In the plots, we mainly focus on the variance of the
magnitudes of the clients’ update difference (i.e., the blue dots). Larger variance indicates that
the updates made by different clients are more different from each other.

Comparing Fig. [6.1with Fig. we can see that the update magnitudes on EMNIST dataset
are more concentrated than that on Cifar-10 dataset by having smaller mean and variance.
Similarly, by comparing Fig. with Fig. or Fig. with Fig. it is clear
that the local update magnitudes are more concentrated on IID data than on Non-IID data.
Moreover, ResNet-18 has a more concentrated distribution of update magnitudes than AlexNet.
Importantly, comparing Table with Fig. and Fig. one can observe that the drop
in final accuracy of a model caused by clipping is correlated with the degree of concentration
of update magnitudes, as AlexNet with less concentrated update magnitudes suffers more from
clipping, while ResNet-18 exhibits the opposite behavior.

The above results about the update difference distributions match the accuracy results in
Table in the sense that clipping performs worse when update differences distribution has a
larger divergence and vise versa. Inspired by this observation, in the next subsection, we will
characterize the impact of clipping based on the degree of concentration in local updates and

develop the convergence analysis of CE-FedAvg.
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Figure 6.1: The distribution of local updates for AlexNet and ResNet-18 on IID and Non-IID data at

communication round 16 for EMNIST dataset. Each blue dot corresponds to the local update from one

client. The black dot shows the magnitude and the cosine angle of averaged local update at iteration ¢.
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Figure 6.2: The distribution of local updates for AlexNet and ResNet-18 on IID and Non-IID data at
communication round 16 for Cifar-10 dataset. Each blue dot corresponds to the local update from one

client. The black dot shows the magnitude and the cosine angle of averaged local update at iteration ¢.

6.4 Convergence Analysis

In this section, we analyze the theoretical performance of CE-FedAvg as well as its randomly
perturbed version, in order to gain a better understanding of our previous empirical observations
and the trade-off between the convergence performance of FedAvg and its DP guarantees.
Towards this end, we will provide the convergence analysis and privacy guarantees for the
DP-FedAvg algorithm, described in Algorithm Compared to CE-FedAvg, this algorithm
further adds a random perturbation z! to the locally clipped model differences. During the

communication, we assume that the attacker can only observe the aggregated update > ieP, Axﬁ,
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and this can be guaranteed by using secure aggregation [125] or assuming the uplink of the clients
to the server is secure.

Despite the similar mechanism used in DPSGD and DP-FedAvg, let us point their major
differences: in DPSGD, the goal is to protect SL-DP, while DP-FedAvg is to protect CL-DP.
The key difference in DP-FedAvg is that the local dataset size is large enough so that after
performing multiple local update steps, the resulting model has relatively good performance. By
doing so, we can largely reduce the number of communications and the corresponding privacy
noise added per communication. Note that DP-FedAvg becomes DPSGD with the following
choices of hyperparameters: 1) enlarge the client number to be the same as the size of the
dataset, 2) decrease the local dataset size to 1; 3) decrease the number of local updates to 1; 4)

decrease the privacy noise accordingly.

6.4.1 Convergence Analysis

Theorem 8 (Convergence of DP-FedAvg) For Algorithm@ assume
IV fi(x) = Vi)l < Lllz = yl, Vi, 2,y, min f(z) >
Ellg;" =V iler P < of, gl < G, Vt,q,d,
IVfi(2) = Vi@)I* < o3, ¥,

where L is the Lipschitz constant of gradient, o? and 03 are intra-client and inter-client gradient
variance, G is the bound on stochastic gradient.

By letting ngm < min{&, W};—l)} and m < ——, we have

V60QL’
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A(f(a%) — f7) | 25 6ngm Lot
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standard terms for FedAvg
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Algorithm 8 DP-FedAvg Algorithm
1: Initialize: x? £x04i=1,...,N
2: fort=0,...,T —1 (stage) do
3:  for i € P, C [N] in parallel do

4: Update agents’ XZ’O =x!

5: for ¢ =0,...,Q — 1 (iteration) do

6: Compute stochastic gradient gf’q with E[gf’q] = Vfi(xz’q)
7: Local update: x; batl S

8: end for

9: Compute update difference: Ax! = xt @ xﬁ’o

10: Clip and perturb: AXZ» = clip(Ax}, ¢) + z!, where clip(+) is defined in ([6.3))

11:  end for

t+1

12 Global averaging: x!*1 =x!+ ng‘%tl Ziem sz

13: end for

In the bound of Theorem [§] the standard terms are inherited from standard FedAvg with
two-sided learning rates which can yield a convergence rate of O(—=== W + %) when setting
; = VQP and n, = \FTQL' When there is no clipping bias and privacy noise, Theorem
exactly recovers the standard convergence bounds for FedAvg up to a constant, see Theorem 1
n [I15]. In addition to the standard terms, we have extra terms caused by the privacy noise 2!
and the clipping operation. We highlight the terms caused by clipping which characterize the
estimation bias caused by clipping. The bias can be decomposed into terms Caubed by |t — at]
and terms caused by |a! —@’|. Notice that |af — at| < nl|| Zq 0 90— ||E[Zq o 974l it is
clear E[|al — &t |] will be small if the stochastic local updates have similar variance or magnitudes
in norm, and E[|af — &f|] = 0 if 0 = 0. This term characterizes the bias caused by local update
variance. In addition, E[|&! —@*|] will be small if the expected local model updates have similar
magnitudes in norm across clients and E[|a} —@'(] = 0 if |E[Az{]|| = [[E[Az!]||, Vi, j. This term
shows the bias caused by cross-client update variance.

In FL, sometimes each client will have limited amount of data, and the local model updates
can be performed with small o; or even o; = 0 (full batch update). Thus, the bias caused by
|at —@t| can be small and is avoidable. However, the bias caused by |&! —@'| is unavoidable since
this term will not diminish even each client updates its local model with full batch gradient. In
addition, this term might be large with heterogeneous data distribution since the heterogeneity
may induce quite disparate gradient distributions across clients. Thus, it is crucial to investigate

the bias caused by |a! — @'| in practice. Note that |a! — @| is fully controlled by differences
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in magnitudes of local model updates when o; = 0 for fixed ¢. Going back to Fig. we do

see that how such differences in update magnitudes can be affected by both the neural network

models and data heterogeneity.

6.4.2 Differential Privacy Guarantee

The privacy guarantee of DP-FedAvg can be characterized by standard privacy theorems on

Gaussian mechanism. We rephrase [55], Theorem 1] for client privacy in Theorem @

Theorem 9 (Privacy of DP-FedAvg) There e:m'st constants u and v so that given the num-
ber of iterations T, for any € < ug®T with ¢ = & and |Py| = P, Vt, Algomthmla is (€,0)-

differentially private for any 6 > 0 if o2 > v%.

The privacy-utility trade-off of DP-FedAvg can be analyzed by substituting ¢ from Theorem |§|
into Theorem [8| To get more insights on how parameters like T', 74, 7; and € affect DP-FedAvg,
let us consider simplified Theoremin Corollarywith ¢ > mQG and o? substituted . If ¢ < G
in Corollary [3] then there will be extra bias terms inherited from the bound in Theorem [§] it

can be affected by ¢’ and the distribution of update magnitude of different clients.

Corollary 3 (Convergence with privacy guarantee) Assume all assumptions in Theorem
@ for any clipping threshold ¢ = m;Qc’ with ¢ > G, and set 0® as in Theorem@ for any (¢, 0)

satisfying the constraints in Theorem[9, we have

S 1
Z IVf(a §0<nngT +IPQ + W")

standard terms for FedAvg

'ﬂ \

ngmQTdIn(})
+0 ( NZ2¢2

caused by privacy noise

and the best rate one can get from the above bound is O(%) by optimizing ng,m, Q,T.

A direct implication of Corollary |3|is that the big-O convergence rate of DP-FedAvg is the same
as differentially private SGD (DP-SGD) in terms of d, ¢, and N (note that N which will be the
number of training samples in DP-SGD).
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Model # Parameters # Layers Acc. (%) Clipping (% drop) DP (% drop)
MLP 159K 2 94.0 1.84 0.29
AlexNet 3.3M 7 96.4 1.47 0.16
MobileNetV2 2.3M 24 97.8 0.35 1.62
ResNet-18 11.1M 18 95.2 -0.15 3.76*

Table 6.2: The accuracy drop between a) FedAvg and clip-enabled FedAvg and b) clip-
enabled FedAvg and DP-FedAvg. The clipping threshold is 0.5 of the average magnitude
and privacy budget € = 1.5 for MLP, AlexNet and MobileNetV2 and ¢ = 5 for ResNet-
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Figure 6.3: The test accuracy of FedAvg, CE-FedAvg and DP-FedAvg on different
models on EMNIST. The privacy budgets for MLLP, AlexNet and MobileNet are e = 1.5

while for ResNet, we set € = 5.
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Cifar-10 dataset. The dataset we use is the Cifar-10 dataset, which has 50K training samples
and 10K testing samples. We distribute the data in the IID way described in Section IT and

each client has 500 samples. We conduct experiments on a 2-layer MLP with one hidden layer,
AlexNet and ResNet-18. The results are listed in Table [6.3 and Figure [6.4]

Model # Parameters # Layers Accuracy (%) Clipping (% drop) DP (% drop)
MLP 616K 2 51.90 7.39 0.90
AlexNet 3.3M 7 66.01 4.83 -0.18
ResNet-18 11.1M 18 76.36 0.53 5.15

Table 6.3: The accuracy drop between a) FedAvg and CE-FedAvg and b) CE-FedAvg
and DP-FedAvg. The clipping threshold is 0.5 of the average magnitude and privacy
budget ¢ = 1.5 for MLP, AlexNet and ResNet-18.

40

Test accuracy

Test acc uracy

20 —FedAvg 20 - —FedAvg —FedAvg
10 - -CE-FedAvg < --CE-FedAvg - CE-FedAvg
0 -~DP-FedAvg o +DP-FedAvg ++DP-FedAvg
0 16 32 48 64 80 96 112 128 0 16 32 48 64 80 96 112 128 0 16 32 48 64 80 96 112 128
Communication round Communication round Communication round
(a) MLP, e = 1.5 (b) AlexNet, e = 1.5 (c) ResNet-18, ¢ = 1.5

Figure 6.4: The test accuracy of FedAvg, CE-FedAvg and DP-FedAvg on different
models on Cifar-10. The privacy budgets for MLP, AlexNet and ResNet are ¢ = 1.5.

In the experiment, we compare the performance of FedAvg, CE-FedAvg and DP-FedAvg
on two datasets. In both experiments, we set client number N = 1920, the number of client
participates in each round |P;| = 80, V ¢, the number of local iterations @ = 32 and the mini-
batch size 64. The clipping threshold is set to 50% of the average (over clients and iterations)
of local update magnitudes recorded in FedAvg. For DP-FedAvg we set the clipping threshold
the same as in CE-FedAvg, we fix the number of communication rounds and privacy budget for
the algorithms to obtain the noise variance that needs to be added. Among all the experiments,
we fix privacy budget § = 107°.

EMNIST dataset. We use the digit part of the EMNIST dataset, which has 240K training
samples and 40K testing samples. We distribute the data in the Non-IID way described in
Section II and each client has 125 samples. We conduct experiments on a 2-layer MLP with one
hidden layer, AlexNet, ModelNetV2 [126] and ResNet-18. The results are listed in Table
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and Figure (6.3

Discussion. Let us discuss the relation between our empirical observations and the theo-
retical results.

1) One of the main claims we made in Section is that clipping performs worse when the
update differences are less concentrated and vice versa. To support such a claim, let us first
clarify the relationship between the “degree of concentration” (DoC) of the update differences,
and the clipping error in Theorem Define the DoC as the averaged normalized variance
of the magnitude of the clients’ update differences, i.e., DoC:= Var(||Axf||)/||Axf||4,
laxt] = & Zf\il |Ax!||. Then the clipping error in Theorem 3.1 can be approximated by

where

the DoC as follows: when clipping is activated, the clipping factors are af = ¢/ ||Ax!|, and

the clipping error equals to ¢? - Var(1/ [|Ax!||) + ¢ - MAD(1/ ||Ax!||) where MAD denotes Mean

Absolute Deviation. With Taylor expansion, the above terms can be approximated by: c? -

Vaur(”AxlE||)/||Ax;?||4 +ec- \/Var(HAx;?||)/||Ax§||4 = ¢?-DoC + ¢+ v/DoC. Therefore, DoC can be

used to estimate the clipping error.

Based on the above discussion, we conduct experiments on MLP, AlexNet, ResNet-18, and
GoogLeNet on both IID and Non-IID Cifar-10 datasets and plot the accuracy drop caused by
clipping versus DoC averaged over all iterations. The results are shown in Figure [6.5bf The
lighter side of the line denotes the result of IID data, and the darker side denotes the Non-IID
data. We can see that when DoC is small (i.e., the update differences’ magnitudes are more

concentrated), then the accuracy drop caused by the clipping is also small, and vice versa.

80 ~ e

R?=0.6724

«MLP

)
- __— +-GoogLeNet
1. = / + AlexNet

+ResNet

Clipping Accuracy Drop

id_CE-FedAve 0 0.02 0.04 0.06 0.08 0.1

9% 128 ) DoC

64
Communication

(a) GoogLeNet Test Accuracy on Cifar-10 (b) The relationship between the averaged

dataset with IID and Non-IID data distri- degree of concentration of the update dif-

bution. ferences and the clipping accuracy drop for
the IID (light end) and Non-IID (dark end)
Cifar-10 dataset.

2) It appears that when the underlying machine learning model is structured (e.g., many

layers, has convolution layers, skip connections, etc), the update difference of FedAvg becomes
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concentrated, yielding a better clipping performance (as suggested by the terms related to clip-
ping in Theorem ;

3) When the model has too many parameters and/or layers, they are sensitive to privacy
noise. This is reasonable since the error term caused by privacy noise in Theorem [§ is linearly
dependent on the size of the model d and the square of the Lipschitz constant L (note, that
n¢ < 1/L). From [127, Corollary 3.3], we know that L increases exponentially with the number
of layers. Therefore, larger and deeper models are potentially more sensitive to privacy noise.

4) We conjecture that, to ensure good performance of DP-FedAvg, we need to pick a neural
network that is structured enough, while not having too many variables and too many number

of layers.



Chapter 7

Conclusion and Discussion

In this chapter, we first summarize the contribution of each chapter and then comment on the

potential future work enabled by the results of this thesis.

7.1 Summary

In Chapter [2] we have designed a framework to understand distributed optimization algorithms
from a control perspective. We have shown that a multi-rate double-feedback control system
can represent a wide range of deterministic distributed optimization algorithms. We use a
few examples to demonstrate how the proposed framework can help understand the connection
between algorithms, as well as facilitate new algorithm design. In the future, we plan to extend
the framework to model distributed stochastic algorithms.

In Chapter[3] we have proposed a feedback-control system to model distributed optimization
algorithms from the multi-rate stochastic control perspective. We have shown that the multi-rate
stochastic control system can represent a variety of distributed stochastic algorithms. Illustrative
examples demonstrate how the system can help understand existing algorithms and design new
algorithms.

In Chapter [4] a gradient-based non-convex stochastic decentralized algorithm was proposed
for solving non-convex optimization problems over a network. The GNSD is able to process
the data locally at each node and minimize the objective function by gradient tracking over the
network so that the interest of the parameters can be learned faster without loss of accuracy.
The algorithm can be applied to solve multiple learning tasks, when the size of data is large,

such as training deep neural networks.

100
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In Chapter |5, we study federated learning under the CTA protocol. We explore a num-
ber of theoretical properties of this protocol and design a meta-algorithm called FedPD, which
contains various algorithms with desirable properties, such as achieving the best communica-
tion/computation complexity and adapting its communication pattern with data heterogeneity.

In Chapter [} we provide an empirical and theoretical understanding of the clipping opera-
tion in FL. We show how to properly combine the clipping operation with existing FL algorithms
to achieve the desirable trade-off between convergence and differential privacy guarantees. Ex-
tensive numerical results also corroborate our theory and suggest that the distribution of the

clients’ updates is a key factor that affects the performance of the clipping-enabled FL algorithm.

7.2 Future Research Work

In this section, we outline a few directions for future work.

e Firstly, throughout the thesis, we focus on distributed optimization with model consensus
constraint. However, many applications (e.g., distributed power generation, distributed
vehicle control) have more complicated network constraints on the optimization variables.
Therefore, we are interested in developing a generic framework for solving distributed

optimization with complex network constraints.

e Secondly, we would like to extend the framework to complex global communication con-
trollers, e.g., with a directed graph where the communication matrix is no longer sym-
metric, or when the consensus controllers are no longer linear. In those cases, the analysis

of the current framework no longer applies and requires a different analysis technique.

e Finally, it is worth investigating whether the accuracy drop caused by the clipping oper-

ation in Chapter [6] can be reduced or fully eliminated with more advanced algorithms.
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Appendix A

Additional Results and Proofs of
Chapter

A.1 Proofs of Section 2.4

Let ¢, (resp. t,) denote the time at which the local (resp. global) controller samples, that
is: ty :=t —t mod 7 and t, := t — t mod 7,. To simplify the analysis, we treat the stepsizes
ne(t),me(t) as constants in each sampling intervals. Also recall that y(t) = [x(t);v(t)]. The

following relations will be useful:

2

1 2 o 2
< — — |6 A1l
<sollal?+ S0P (A

1 2 (&% 2 1 1
b) = — — b = = ||—= b
(@) = g ol + 5 101° - 5 | T=a+ v
(I-R?=1-2R+R*=IT-R, |R|<1, |I-R|<1. (A.2)
The proofs of Lemma [I| - Lemma [3| adopt a similar concept in robust control theory. The

time derivative of the energy function of the discretized system is given by:

£(0) = = (IO, AT Oue ) ) = (= Ry (0 ey 0) + 1) 1y (0)

term I

+ &), (A.3)

where “term I” is the derivative of the continuous-time energy function given in (2.10); £(t) is
the error caused by discretization. Integrate (A.3)) and apply we have:

/ £t < — / () [V FEEDIE + () | = R) - y(r)|2dr + / Er)dr.  (Ad)
0 0 0

The key idea of proofs is to bound fot E(7)dr by the first two terms.
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A.1.1 Proof of Lemma [1

In this case t4(t) = G4(x(tq),v(ty); A). By taking derivative of £(¢), and by comparing with
(A.3), we can obtain

E(t) = ng(t) (I = R) -y (1), ug(t) — iy (1)) (A.5)

Next, we bound fot E(7)dr. Towards this end, we first observe that:

(T = R) -y (1), uy(t) — 1y (1)) 2 (T = R) - y(1), Gy y(t) — y(t); A))

- (I—R)~y(t),Gg</ttY(s)d5§A>>

g9

2
ED 4y (t) 2 1 L, ‘
= 00 Ry O + s Gal [ s 1)

where (i) is due to the linearity property Next, we bound the last term above by ||V f(x(¢))||
and ||(I — R) - y(t)||>. To proceed, let us define

y(t) = Gg(/ S’(S)dS;A> = ug(t) —ty(t), w(t):=[(I—R) y():;Vf(x())],
v (A.6)
Gg(/t Y(S)dS;A> /U = R)-y(@); VEEOI = [[y@)l/w@)]-

g9

q(t) =

Using the above definition, we have:

2

Gg(/t y(s)ds; A)|| = 51" = ¢* (&) [lw(t)]. (A7)

g

It then suffices to bound ¢(t). Towards this end, let us first bound ||w(t)|| by:

. T
o 2 [ = ) (010 + n(0hues 0 {2 x(O), 0 ) |
<10 = -0+ min {0, MO WLEOM

< 1) (10— R (&) — g )] + 10— B) - ()]
FVETECE () (L D) VA

< 19 () (YO + T = B) -y (@OI) + VCF + CF - ne(t) - (1 + %) V@)
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() L\’
< V2 (ng(t)q(t) +1g(t) + VO + CF-me(t) - (1 + N) ) AW @l (A-8)

where (i) can be derived similarly as in (2.10)); in (¢4) we add and subtract uy(t) to the first
term, apply PH] to the last term, used the following definition of sub-Hessian:

1 1@ +0) = f(@) = (Vf(@),0) = 377 f(@)a]| _
o0 Isl®

)

and the fact that that under the smoothness it holds that ||0%f(x)|| < L [128, Theorem
3.1]; in (#¢%) we combine ||I — R|| <1 and to the second term, use the definition of y(¢) in
(AZ6)); in (iv) we use the definition of ¢(t) in (A.6)), add and subtract V f(X(t)) to the last term
and apply in (v) we use the fact that ||al| 4 ||0]] < v/2(||a|]? + ||b]|?), and x is a subvector of
y. Then we can bound ¢(t) by:

0TI 3@l we e
1O = T o0 T
O [FOISOI gl iwol wo ) @ Iw(#)]]
Sworsor T wor . S YT Oge)

2
(1 +4(t) - V2 <q(t)ng(t) +y(0)+ VOTH Clno)- (1+ ) ) ,

where in (i) we apply the Cauchy—Schwarz inequality; (i7) is due to the definition of ¢(t) in
(A.6), and the relations below (where equality comes from the linearity property :

[5@)|| = 16,60 01 = 1T = R) - 30)] < ()]

Note that ¢(t,) = 0, solve the above inequality of ¢(¢) by using Grownwall’s inequality, we obtain
2

q(t) < Gmax := €xp {ﬂrg . ( CZHCZ-n(t)- (1+ Lf/N) )} — 1. Plug in this estimate to

(A.7), and further to (A.5) and (A.4), we obtain:

[ éar < [ (- IV = o) I = B -y () ar
" () —R)-y(n)|? L 2 lw(n)|? ) dr
s [P Ry I d
_ t_ ) — max ) <)% — ’YQ(T)_ max . —R)-v(DI?dr
= [ = (0= g ) s - (207 - ) - )y

A.1.2 Proof of Lemma 2

For notation simplicity, let us define the discrete time controller output as @; ¢(t) = Gy o(xi(te), vi(te), 2i (te); f)-
Then we can write &(t) similarly as in (A.3), and the error term & (¢) in this case can be expressed,
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and bounded as below:

() = (1NN ) = . 6) ) + (1 = RO, ~ ) ey 1) — 0, 0)
200 o i + 2 - By yo?
O R e 0) = e O + (T = ) iy 0) ey )
O ool + 20 - my -y
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where the last inequality combines (A.2]) and the Lipschitz gradient property which gives:

[,y (£) = e, (¢ Z IGe(xi(t), vi(t), 2:(1)) — Ge(xi(te), vi(te), zi(to)) |
< L2(||.Y(t) —y(t)I” + ll2(t) — =(to)])-

The key step is to bound the last term in (A.9). Towards this end, first note that we have the
following relations from and PI

(I = R)-y(t) = =ng(t) - (I = R) -ugy(t) =me(t) - (I = R) - tigy ().
= —ng(t) - (I = R) - Way(t) = ne(t) - (I = R) - tig ().

Solving this differential equation with initial condition y(¢¢), we obtain:

t t s
(I _ R) ] y(t) _ ef(IfR)-WA ftz ng(s)ds <y<tl) _ / ne(s)e(IfR)-WA fté 77g(81)ds1d8 . ﬁﬁ,y(t)) -
te

(A.10)
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This expression for y(ty) can be used to further bound the following term:

I(T = R) - (y(t) =y (to))|®
(A.10)

(I-R)- < (t) — (e_(I—R)'WA ftt[ ng(s)d8)71 (I—R)-y(t) (A.11)

2

t .
_/ m(s)e(I*R)-WA I ﬂg(51)d51ds.ﬁ£’y(t)>

te

R R ) W W RO

R R |
Lo (0) 0 m vor s H-(C2O) iy o
@(1;20) I(I - R)- ()||2+<”2’(7i(t)) I = R) - duey (0)]7, (A.12)

where in (i) we use Cauchy—Schwarz inequality (with 8 > 0 being an arbitrary constant); in
(#3) we bound the first norm with Pll| so that ||(I — R)Wa|| = [|[Wa|l > C,, which implies the

following:

HI —(I-R)- (efufR)-WA I m,(s)ds)*l ? < (1 (e Ot ng(S)ds)—l)Q;

then by using the fact that t —t, < 7, n4(s) can be treat as constant in the integration, and

t 2
define C, := e~%7es())  the bound can be further simplified as (1 - (e_CQ Jie "g(s)ds)’l) <

-
Using the system dynamics (2.16), we have

2
(1 - C%,) ; in (i44) we choose = 19’

¢
R-y(t)=R-y(te) — (/ m(s)ds> Ry (t). (A.13)
te
Then we can bound the last term of (A.9) by:
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+ACE - (CF+C2+C2) - (VLR + [V F(x(t) — VFRE)I)
28 + 413030y
=TI arece

AC3Cy
1 - 2L2C2

17 = R)-y()1” + IV Fx0)I* (A.14)

where in (i) we separate y(t) —y(t¢) into R- (y(t) —y(t¢)) + (I — R) - (y(t) — y(t¢)), expand the
square, and use the fact that R- (I — R) = 0; in (i7) we bound the integration interval in the last
two terms with ¢ — ¢, < 74, using the fact that 7,(s) is treated as constant in the integration,
and combine the last three terms; in (i4i) we add and subtract u,(t) to the last term and apply
the Cauchy—Schwarz inequality and further define Cy := #&, in (iv) we apply and
to the last two terms and define

Cp:=0C2+C2+ 0% (A.15)

in (v) we apply A2 to the last term and move |y (t) — y(to)||”> + ||2(t) — z(t)||* to the left and
divide both sides by 1 — 2L2C7? (note that this operation is legitimate since we have chosen
7y < H2E0 such that 2L2C? < 1),

Substitute to £ in (A.4)), we have:

/5 &</<< 20 - Ca YT - (57 - G )17 - )y 0

L2n3(7)4(<1;§y )+4L?C?Cf)
= 2(1—2L2C7)-min{N~1 (7),v2(7)} "

AL%C2n3(1)-C
¢y (r) f and 022 :

where Cy; 1= 2(1—2L2C%) - min{ N1 (7) .72 (7)}

A.2 Proof for Lemma [3

In Case III-IV, we have 7, = Q7¢. Also note that ¢, ¢, were defined at the beginning of Appendix
The update of the states can be written as:

tg+(g+1)Te
y(tg + (g + 1)7e) = y(tg +qme) — / Ng(8)lg(s) + ne(s)ie,y(s)ds,
tg+qme
tg+(q+1)7e (A.16)
z(ty + (¢ + 1)1¢) = z(ty + qre) — / Ne(8)te,»(s)ds.
tg+qTe
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Using the decomposition £(t) = term I+ £ (t), one can express, and subsequently bound the

sampling error as:

1 9 sexent® + 22 - Ry yiol?

R g 0) = g O+ 5D (1) i, (1)
(0) o) =D+ ey ey e~

0O o sl + 20 11 - Ry -yl + 201 - Ry (v - eI

2(t)

2,2
P (Iy0) v + ) — a(00) ). (A1)

2min{Nvi(t),v2(t)}

where in (i) we apply and to the third term, such that ||(I — R) - (uq(t) — ﬁg(t))H2 =
I(I—=R) Wa(y(t) — y(tg))||2 < ||I-R)-(y() — y(tg))||2, and we have used to the last
term. The key is to bound the last three terms of . We divide it into three steps.

Step 1) We bound the third term involving ||(I — R) - (y(t) — y(tg))||2. With (A2), we
have |[(I — R) - (y(t) — y(t,)* < ly(t) — y(t,)|I”, then we bound the RHS by:

2

ly(t) — y(ty)|* 2

I=R)- [ ny(e)ig(s)as+ [ mo)in, (s

9 g9

: 2
/t 7e(5)i0(5)ds

g

(i) )
< 2722 (1) [l (1)) + 2

2
ity (8) = g ()1 + g (8 )+2n2m )l ()]

70
(iv) (

2
< a2 (Iy(6) = y(t)|* + (1 = R) -y >+2TeZm ) e ()]
(v) 4T2772(t) 27‘
< — 99~ _|(I-R) y@#)|* + ——~t—— Al
S T |0 B YOI s Zw ) e (DI, (A.18)

where (i) uses the first relation in (A.16)), and R - d,(t) = 0 (see HI); in (i) we apply Cauchy-
Schwarz inequality and use the fact that ¢t — ¢, < 7, and 4g4(s),n4(s) remain constants in the
integration; in (4i1) we add and subtract uy(t) in the first term and applied Cauchy-Schwarz
inequality, and (A.2); in (iv) we apply P2 to the first term and get d4(t) — uy(t) = G,4(y(t) —
v(tg); A), and apply the second inequality in , and the last inequality in ; (v) holds
because we moved ||y(t) — y(?fg)||2 to the left and divide both sides by 1 —47772(t), and choose
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Ty < m such that 47272(¢) < 1. To bound the last term of (A.18), we note that following
series of relations:

e (P < Nite()I? < 2 te(7) = we DI + 2 jue(7)]? (A19)
Doz (Iy(r) - yle) | + ar) - 2(t)]?) + 2 Jur(r)|

Doz (Iyr) vl + ()  5tt0)?) +207 [V x()
<212 (Ily() = yl* + la(r) - 2(te)|*)

105 (IV () — T DI+ 19 (7))
B arz (ly(r) - vt + alr) - alt) )

+4Cy (L3I = B) - x(D)P + VS &()IP)

where C is defined in (A.15]). Note that we need to further bound ||y (7) — y(t¢) IP+lz(7) — z(te)]?,
which is the same to the last two terms in (A.16).

Step 2. We then bound [[y(t) — y(to)||* + [|2(t) — z(te)||*. By (A16), we have:

2

Iy () — y(t)|” + a(t) — a(to))> B2 / Ny (5)i1g (5) + 1e(5) - te(5)ds (A.20)

te

< 2r2i2 (1), (017 + 272520) - D)
252028 g (1) + ALZ202(8) - (I (8) — ¥ + late) — (o) )
+8L2Cern () - (IVS &I + L3I - R) -x(1)]1)
(i1) 47'2773(0 . 9 9
< i (e = 21 + e O1)
T (VIO + 2311 = B)-x(0))
iii 7202 ) )
& (v -y 10— )y 0))

8L2Cpr2n2(t) ) ,
t i (NGO + L3I0~ R -x(OIF)

where in () we apply Cauchy-Schwarz inequality; in (i) add and subtract u,(t) to the first term
and move ||y (t) — y(to)||* + ||2(t) — z(t)||* to the left and divide both sides by 1 — 4L272n2(t),
and choose 1p < m such that 4L%72n2(t) < 1; in (iii) we apply the second inequality in
([2.4), as well as the fact that |[I — R[] < 1.

arina(t) 27202 (t) 47203 (t)
— g'lg — YRID — ¢'lg —
To proceed, let us define Cy3 := 1202 (D) Cyq = T a3 (1) Cys = =47 202 (1) Cye =
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%%Z%. Then by plug (A.18) into (A.20), we have:

Iy (t) =y (t)l* + l12(¢) — 2(te) I < (Cus + CusCus + Cu L) - (T = R) -y ()|* (A-21)

+ Cus IV F M) + QCuaCis - 3 ey (1)
& (Cus + CasCis + CasL2) - (L = R) - y ()2 + C [V £ (x()
+QCuCs - > (C2+C3) - (IVF(x(7) = VIO + V(D))

T=tg

| 2

‘@ (Cus + CugCas + CagL2) - [|(T = R) - y ()| + Cus | VF(X(2))

ty

+QCuCas - 3 (24 C) - (B3 1T - R) - x(0)|2 + IVFE()I?)

T=tg4

where in (i) we use the fact that ¢t — ¢, < Q7y; in (44) we first apply Pd| to the last term, then
subtract V f(x(7)), and finally used Cauchy-Schwartz inequality. This completes Part II of the

proof.
Step 3. Finally, we substitute (A.21)) into Part I (A.19)) then to (A.18)), we obtain:
:
2 2 - 2
Iy(®) = y(t)I* "= 4CrCu Y- (L3I0 = B)-x(n)IF + IVF (7))
T=tg

+ O (1= R) -y O +202Cu 3 (Ily(r) = y(t0l* + [la(r) —u(t0)]*)
Cas (T = B) -y ()I* +4C;Caa Y (L3 = R) - x| + IVFE()I)

T=tg4

+2L°Cas Y Cus |V f(x(7))]?
+2L°CHCs- Y Y (C2+CY)- (Lff (7 = R) - x()]* + ||Vf(5<(n))\|2> :

T=tg T1=t4

Then we substitute (A.18)) and (A.21) to (A.17) then to (A.4), we obtain:

b ‘ 71(7) - 2
| é@ar < [0 - Cu) - 195 ar
- [ - cutry - )yl
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where we have defined

Cyq = Lo (7) - <C45 1+ L?"C‘” +Cas) + O46L?C> + Cyni(7) - (Caz + L?Cu)
e 2min{ N1 (7),72(7)} 272(7) ’
 LPn3(1) - (Cug + Cus5Caz)  Cymy(1)Car

O = (N (™)) T 20()

, and Cy7 := Q*C3, - (C? 4+ C?).

A.3 Distributed Algorithms as Discretized Multi-Rate Sys-

tems

In this section, we provide additional discussions on how to map the distributed algorithms to
the discretized multi-rate systems. First, let us discuss decentralized algorithms.

DGD [7]: The updates are given by (where ¢ > 0 is the stepsize):
x(k+1) = Wx(k) — eV f(x(k)) = x(k) = (I = W)x(k) + ¢) - Vf(x(F)).
It uses the discretization Case III, with the following continuous-time controllers:
Uge = (I = W) %, we=V[f(x)

DLM [9]: The updates are given by:

X(k+1) =x(k) —=n- (Vf(x(k)) +c- (I =W)-x(k) +v(F)),

vik+1)=v(k)+c-(I-W) -x(k+1).
It corresponds to Case III, with the following continuous-time controllers:

Ugg=cC- (I —=W)-x+v, ugpy=I—-W)-x, upy=Vf(x), upy=0.

Next, we discuss some popular federated learning algorithms. For this class of algorithms,
the agents are connected with a central server which performs averaging. The corresponding
communication graph is a fully connected graph, with the weight matrix being the averaging
matrix, i.e., W =R, W4 =1— R.

FedProx [16]: The updates are given by (where GD is used to solve local problems):
x(k) = mVf(x(k)) — no(x(k) — x(ko)), kmod Q # 0, ko =k — (k mod @),

x(k+1) =
Rx(k) —mVf(x(k)) —n2 - (x(k) — x(ko)), k mod @ = 0.

It uses the discretization Case I, with the following continuous-time controllers:

Uge =T —R)-x, up,=Vf(x).
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FedPD [18]: The updates are given by (where GD is used to solve local problems):
=x(k) = m - (Vf(x(F)) + v(k) + 12 - (x(ko) = Bx(k0))), ko =k — (k mod @),
Rx(k),k mod @ =0
w(k),k mod Q # 0,

w(k+1)

v(k) + - - (x(k) = w(k)), k mod @ =0
v(k),k mod @ # 0.

vik+1) =
It uses the discretization Case I or IV. Observe that w tracks Rx. Replace w with Rx, we can
obtain the following controller:
Uge=UI—R)-x+V, Ujo=—T—R)-x, u,=Vf(x), up,=0.

Finally, we discuss one more rate optimal algorithm:
D-GPDA [20]: The update step of Distributed Gradient Primal-Dual Algorithm (D-GPDA)
is given by:

x(k + 1) = arg min, (Vf(x(k)) + ATv(k),x — x(k))
+ % I Ax® + fls AL - (x = x(R)II + Iz - (x = x (k)|
v(k+1) = v(k) +niAx(k + 1),

where v is the dual variable for the linear consensus constraint. By assuming the minimization
is solved with gradient flow or K-step gradient descent, this algorithm is using the discretization

Case II, with the following continuous-time controllers:

Ugw = MWK+ 02 (x —va) —mi |[ATA|va + ATV, g, = [-nfAx; 0],
g = Vf(X), wu=[0; —(x—va)]

A.4 Proofs for Section 2.3
In this section, we provide the proofs for (2.5)), (2.6) and Corollary [1|in Section

A.4.1 Proof of (2.5)

From P[I] we show that the time derivative of the consensus error is strictly negative:

=

D= By @I =200~ Ry y(0),50) L 240~ B) -y (1), u, (1)

(i) )
< =20, (1= R) -y,
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where in (i) we apply (2.8)) and substitute ng(t) = 1,7¢(t) = 0 and in (¢%) we apply
By applying Gronwall’s inequality, we have
2 o 2
(I =R)-y(t+7)|" < exp{/ —2ngﬁ} (I = R)-y(@
¢
=oxp { —2C,7} (I - R)-y(#)II”,

which completes the proof of (2.5]).

A.4.2 Proof of (2.6)

From we show that the time derivatives of the local functions are strictly negative:

%fi(xi(t)) = (Vfilai(t)), :(0) 2 — (Y fili(0)), i (1))

(i2)
< —alt) - |V filwi ()] -
where in (i) we apply (2.8) and substitute 1y (¢) = 0,7,(t) = 1; in (ii) we apply Integrate it

over time we have:

/ B(r,1) - |V filwi(r))||* dr < L(ﬁ( i(0)) = fizi(t))), (A.22)
Jo alr)dr
1
Iél[gl] IV fi(ws(r) ) dr < MT (fi(2i(0)) = fi(wi(t))) , (A.23)
where in (A.22)), 5(7,t) ftz(:))dr defines a distribution over time [0,¢] and the LHS is the

expected value of ||V f;(z:(7))|?; in (A.23) we use the fact that E,[X(£)] > min{X(¢)} for an
arbitrary random variable X (¢). This completes the proof of (2.6] .

A.4.3 Proof of Corollary

In this part, we prove the convergence of the system under P[I} P3| P First, we compute the
derivative of £, then we break it down into three terms. By bounding each term, we obtain
From Theorem [I| we perform integration over time, then we have the final convergence result.

The time derivative of £ can be bounded by

g(t):<Vf>‘< %sz > (I=R)-y(t),y())

T

N
Q] - 1 1
<fo ’NZW Ui 0 (1) + g (2) - Nug’”’()>

s
,_.
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D 1By O ~ ) < (x(t ZNjum >

) (0~ R) - y(0), e, 1) _

B2 Cyn ) I~ B)- ¥~ ne(t) (L~ B) - ¥(0). (I~ B) - ug 1)

) <fo }Vi sealt) + VS <>>ch<x<t>>>
< @I~ By @I ) e[V + P - Ry -y

+ 1= ) w0 + 2L s + 220 Nzum s
=~ (Comt = P2) 10 = )y = () = Balo)/2) - 19 )

+ 0— R) w0 + 0 if;(ui,e,m(t) s e

where in () we substitute the system dynamics (2.8]), and uy(t) = [ug.(t); ug,»(t)]; in (i) we
apply . Then, we bound the last two terms of (A.24)) separately. We have

N 1 N 2
0= 2wy O = 3 0~ > s (1)~ usea )P
i=1 Jj=1 7]
N A 2 2
< D S o 2 AN D) 5 .
i=1

Also we have:

2

1 N
N Z(uiygﬁz(t) — cVfi(x(t)))

2

N
Z Wi,e,x (t) = cVfi(xi(t)) + eV fi(zi(t)) — cV fi(X(1)))

N
zsz (hi0(6) = 9 Filas ) + € IV fular (1) = V Flx(0)]°)
W2 242 2 272 12
< 5 2o @I+ IV i) = 20 (i 0(0), Vi) + LG [lzi(e) = =(0))
(Z) 2(C2 + % — 2ca(t)) 2c¢*L2

c Lf
~ IV £(x(0)]* + v IU-R) x(1)],

where (i) we expand the first term and apply to the second term; in (ii) we use P/ for the
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first three terms and plug the definition of I — R into the last term. Further, we have:

97 (x an 7i(t)) = V(%) + VL)
T N
23" (IVfitai(t) = VHEEOI® + [V H=O)I?)

2 N
( 2Ly (1= R) - x(®)|I” + 2 IV fi(x(t)].
i=1

Substitute back to (A.24]), we have

. 1 02L2

£ < - (ang(t) U] (w = +cdef)> - B) -y
(A.25)

_ 20m(t) - a(t)

5 IV £ (= ()1 + 7 (¢ CdeIIszfc NI,

=1

 (AN-1(C2+C2) | 2(C2+c*—2ca(t)
where Cyr := ( NBL () + NB2(t)

i) Cdf <0, and ii) Cdf > 0.

Case i: If Cy <0, which implies a(t) > C,. Then, by choosing 5 (t) < Cg"Tg(t), Ba2(t) < ene(t),
NCgny(t) .

ne(t) < —£2 we have:

) . We analyze the convergence rate in two cases:

4cL?
: Cyiy (1) CW( )
E(t) < ==l = R) - y()* ~ IV F @)
. . o _ NCgny(t) _ o . .
In this case, by choosing ny(t) = 1,n,(t) = —%5%=,¢c = a(t) > C,, then satisfies with
Ly

NC, Cy
Vl(t) = 4L2 772(-&) = 2 ) and

min{|[(I = R) - y(r)|” + [V f(x(n))II"} = O(1/1).

Case ii: If Cyr > 0, we show that by choosing 7,(t) = O(||(I — R) - y(7)||> + [|[VF(X())|?),
ng(t) = O1), min{||(I = R) -y(n)||* + IVFE)|I’]} = O(1/v1) is satisfied. We proceed
by bounding vazl IV fi(x(E)]]* in (A:25). First, we define the level set S(t) := {z | f(z) <
Et)+ f*}. By we can define the upper bound of Zf\il |V fi(x(1))]|* as

= sup {Z”Vﬁ }

z€S(t)
Then, to guarantee that

Cyng(T)

D) < 4Cqm; (1)

NI =R) -y ()" + Cgm() V@I, vr € [0,t],
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we can solve for £1(7), B2(7) and 7,(7), which result in the following three relations:

air) < B B < el
no(7) < max VCyngM)Co Ly |(I - R) - y(DII°  ¢| V()|
a ACyD(7) +2C4 Ly |(I - R) -y(r)||*” 4CyD(r) [~

These choices of parameters guarantee that

N
7) - Car Y IV Fix(7))I* < i (7) - CayD(7)

i=1
< C”T“ =Ry + P s e 0. (A20)
Substituting (A.26) to , we have:
£r) < —C”T” =Ry~ 0 g ps) P <o, vr e 0,1
Integrating over time, it gives £(t) )+ fo s)ds < £(0). Therefore, S(7) := {x | f(x) <
E(T)+ f*} C€8(0), D(7) < D(0), Vr € [O,t]. So we can choose the parameters as:
nM =1 =1 air) = %2, py(r) = D
) = man | /G CIT I =Ry |9l
4CyD(0) +2Cy Ly ||(I = R) - y(7)[|*" 8Ca D(0)

=0 (I = R)-y()I* + IVF&D)I*) , v € [0,1):

Based on the above choices of parameters, we will show below that the convergence rate of the
system is O(1/vt). If min,¢jo 4 [|(I — R) vy + IV = (’)(%), then the result is

achieved. Otherwise we have:

I~ By + IV =2 (7). w7 < 0.t (A27)
This will guarantee that ny(7) = @(%), V7 € [0,t] and v, (1) = "“4(;) = @(%)7 Yo () = % =

O(1), V7 € [0,t] for Then we apply Theorem [1] and obtain that
min{|[( - R) - y (7 )Z + [V A(&())[*} = max{O(1/t), 0(1/V1)} = O(1/v/1).

Summarizing the above two cases, we have the worst convergence rate for the algorithm as:
max{O(1/t), O(1/vt)} = O(1/+/t). This completes the proof for Corollary
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A.5 Verify Property P5 for DGT Algorithm

Recall that the derivative of the energy function is given by:

N
Et) = - <Vf(X(t)), % Zw,x(t)> — (I = R) -y (), ugy(t) + uey(t))

V&), e (B) — (I = R) - y(5), (T — W) - y(t)) (A.28)
— (= R) - x(t), ev(t)) + (I — R) - v(t), VF(x(t)) — VF(a(t)) .

Then we bound each term on the RHS above separtately.
To bound the first term, note that:

IVIE) - v

(#i1)

where in (i) we apply (A.1) and Jensen’s inequality; in (i¢) we apply in (447) we substitute
the definition of R. From (2.30), v(¢) = %Vf(x(t)), and we have

V) ~ v < L= Ry - x(0)]?.
So the first term in can be bounded as
—(Vf(x(1)),cv(t) = —g (|\Vf(5<(t))||2 VO = IVF(&E) - ‘7(15)”2) (A.29)
C _ 2 _ 2 2Lf 2
< 5 (195 + 19 = 2L 11 - 1) x(0)).
The second term in can be bounded by directly applying That is, we have:
—((I=R)-y(t),(I-W) y(t)) <=C, (I - R) - y(1)||*.
Next, the third term in can be bounded as:
{1~ By x(t),v(0) B e (1~ B) - x(1), (1~ B) - v(1))

2 (0 =Ry <@+ 10— B)vI) = S 10— R) -y (@)
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Finally, we bound the last term in (2.31)) by:

(A.2)

(I =R)-v(t), VF(x(t) — Vf(z(t))) (I=R)-v(t),I = R)-(Vf(x(t)) — Vf(z(1)))

g B H(I R)-v(t)|* + i II(I — R) - (Vf(x(t) — V(=)

@ B
2

T 2

17 1
w V() = Vfi(wi(t)) - 7 V(=) + Vfi(2(t))

(= R) v *mz

)

where (i) is due to R := 3117, The last term above can be further bounded by:
N

Z

2

~ Viilwi(t) — S VI @0) + Vil ()

Tv ; H (%Vf(x(tb - Vf(i@))) + (Vf(fc( ) — ﬁVﬂ (t ))) — (Vfilzi(t)) = Vfi=zi(1)))

2

sﬁﬁvz< st - vreo)| + vy - L es) +|sz-<xz-<t>>—Vfi<zi<t>>|2>
? %(H(I —R)-x(®)]2 + [%() — 2(8)[2 + [x(8) - z(8)][%)

= ZELI(T = B x(OI + 1%(6) ~ 3(0) + 3(2) ~ 2(O)* + x(t) - %(2) + %(2) ~ 2(0) + 3(0) ~ 2(0)*)
8Lf

5 It = R)- x(6)|* + 1% (t) — 2@)[* + (1 = R) - 2()[|),

where in (i) we add and substracts V f(x(¢)); in (i) we apply
Finally, we analyze ||x(t) — z(t)|*:

]lT

' ~ /Ot (I =W)-x(1) = ev(r)) e~ 7dr

t ? (i)
/()e(tT)dT < e /*@T)dT/Hv P e=tdr
<c/|\v )P e,

where in (i) we apply (2.4)), that 17W4 = 0, and in this case W4 = (I — W); in (i) we use
Cauchy—Schwarz inequality to break the integration.

Plugging in the above into - the final bound we have is:

) < 5 IO - § O + 245 [ sl e-Dar

c+2cL¢/N 16¢L
- (- 2L f/ﬂ)-w—m-y(t)n?

Integrating the above relation over time, we have:

L
/5 d7-<—f/||Vf DII2 dr +8fc// () |2 e dmdr

2

Ix(t) — z(1)|* *=

(@) o

= C

(A.30)
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-5 [ Iwerar - (¢, - SERELERRIEY [y - (o) ar

;_,/ IV F&()| dr +8Lgc / (n o ||/ ~r- “’dT>dﬁ

— ¢ [wtar— (¢ - SE2LEREOLIBY Py gy o) ar

2
w> c—8L¢c? ¢
- [vsnirar - =2 [ oar
L 16¢L K
—@—"“" f*f* L8y [ 1 - Ry vl ar

where in (7) we switch the order of integration; in (i7) we apply that f:l e~ (t=T)dr < 1.



Appendix B

Additional Results and Proofs of
Chapter

In this section, we provide additional discussions missing in the main body of Chapter

B.1 Related Works in Dynamic Systems

In this subsection, we provide additional discussion on existing works, which are related to using
control theory, and dynamic system to analyze distributed algorithms.

Controlling the stochastic system using robust control has been a standard approach in the
control theory [129]. More recent works such as [I30] generalizes the small gain theorem to
nonlinear control systems to analyze the system stability with stochasticity. Distributed con-
trol system has been studied for optimizing global performance in distributed energy resources
applications [I31]. Research has shown that centralized and decentralized deterministic opti-
mization algorithms [4] 36 B4] can be analyzed as dynamic systems. However, these works are
restricted to convex optimization with deterministic controllers in continuous time, and fail to
capture the impact of the “multi-rate” discretization, thus cannot cover the FL and algorithms
that performs multiple consensus steps [19] 26}, [79].

From the continuous-time perspective, there are a series of related researches focus on both
gradient and stochastic gradient flow algorithms. The convergence rate of the non-convex
stochastic gradient flow algorithm has been studied in [71] as the continuous-time counter-
part of stochastic gradient descent algorithm in centralized setting. Some recent works focus on
analyzing the stochastic gradient Langevin dynamics [132, 133] which are closely related to the

stochastic gradient descent algorithms in both centralized and distributed settings. However,

133
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they are hard to be generalized to other stochastic algorithms.

B.2 Algorithm Discussion

In this part, we provide some concrete examples on how the existing algorithms are covered by
the proposed model.

First we start with the ZONE algorithm [29] in decentralized training setting:

The update steps of ZONE are:

XT+1 =x" — p- (VT + WXT) — né@f(xr)
vt = v WX

where W = AT A, Vf(x") is the stochastic zeroth-order estimation of V f(x"). It is easy to see

that the corresponding continuous-time deterministic controllers are:

(1) = oW pl x(t)
I -W 0 v(t) |
Vﬂﬂm]_

uio(t) = [ 0

ZONE corresponds to discretization Case I with 7, = 7, = 1, and has zeroth-order gradient as
stochastic LCFL.
Second, we provide the mapping for FedPD [I8] and FedDyn [81] in the federated learning
setting where the communication graph can be viewed as a complete graph, and W4 =1 — R:
The update of FedPD is given by [I8]:

R A ()
- (pe (T = W) 4 v7)

VRl (XML W) (g4 1) = Q

yhatl —
v, (¢+1)#@Q,
TR (2xm 0t — W), (¢4 1) = Q, wp. p
whIth = $oxratl _ wra, (¢g+1)=Q, wp.1—p
WT‘,(]7 (q + 1) 7& Q7

where V f(x™2;€m1) denotes the stochastic gradient estimated on samples 9. Observe that w

tracks Rx and update with probability p, so in continuous time, we can replace w with Rx, and
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obtain the following continuous-time controllers:

uga)l""“‘ﬁ’) pIme]

—(I—-R) 0 v(t)
e e(t) = l Vf(;c(t)) ] |

FedPD corresponds to discretization Case II with 7, = Q7 = 1, and has both stochastic gradient

as stochastic LCFL and random communication graph

p-(I—=R/p) pl

(- R/p) 0 W.p. p,
Wa = g
pl pl
w.p. 1 —p,
-I 0

in the stochastic GCFL.
The update of FedDyn is given by [81]:

XD = X7 — N f(x79 €09)
+gp - (p- (X7 = wh) 4 v70)

VRl (xR W) (g4 1) = Q

vr,q+1 —

v, (¢+1) #Q,
et _ J B — W), (g 41) = Q,

wh, (¢+1) #Q,

1yvBY
T
N]lN

where V f(x™9;£™?) denotes the stochastic gradient estimated on samples £™9, and R:= 5
B € {0, 1}N is a random vector denotes the partial participation pattern with E[R] = R.

)

Observe that w tracks Rx in expectation, so in continuous time we can replace w with Rx, and

obtain the following deterministic controllers:

ug@):lp'“‘R) pIme]

—~I-R) © v(t)
weolt) = l Vf<;<<t)> ] |

FedDyn corresponds to discretization Case II with 7, = Q7 = 1, and has both stochastic

gradient as stochastic LCFL and random communication graph

WA:lP'(I_{%) PI]7
-I{—-R) O
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in the stochastic GCFL.
Lastly, we map the DSAGD algorithm [79] to our system:
The update of DSAGD is given by [79]:

NS X"k =y (xPF vt k1=K

X"k k14K
Vr,k+1 — Wr,/c . (akXT,O + (1 _ ak) _VT,O)
—aFEV ()

rk oo/
gkl z 1 - (

Zrk, kt14K

Xr,k+1 _ V7",k+1)7 k +1=K

where V f (z"0; £7) denotes the stochastic gradient estimated on samples ", and W™ are random

mixing matrices. We can obtain the following deterministic controller:

wo=| | HX(’”],
—alt) W 1= (a0 W | [ v

x(t) — v(t)
uie(t) = | aft)-Bt)- Vizt)
x(t) = v(t)

DSAGD corresponds to discretization Case III with 7, = K7, > 0, and has both stochastic

gradient as stochastic LCFL and random communication graph

- 0 0
WA - ~ ~ )
_akWT,k (I _ (1 _ Oék) . Wr,k)
in the stochastic GCFL.
Algorithm connections: Interestingly, we can observe that ZONE, FedPD and FedDyn
has almost the same deterministic continuous-time controllers, where the only difference is the
the mixing matrix W = R in FL. These three algorithms distinguish from each other by having

different sampling rates and introducing different forms of stochasticities.
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B.3 Detailed Discussions for Section [3.4]

In this section, we provide the proof for the lemmas in Section [3.4] Before we start, let us
introduce some useful relations:

2

o 1 2 « 2 1 1
(@.0) = g lall + 5 b1 = 5 | et v
1 2, @0
< — — .
< 55 llall”™ + 5 l1o] (B.1)
(I-R?*=I-2R+R*=I—-R. (B.2)

B.3.1 Proofs for Case I

We first present the proof for Lemma 4 in Case I.

B.3.2 Case I: Lemma [4[(A)

The proof for Lemma [4[A) is straightforward. We first write the difference between the consec-

utive energy functions as:

B e — 8] — [err] e gt g

term I

(B.3)

AT+1

where we can apply P to bound the sum of term I. The main challenge is to bound A"+,
This can be proceed by the following:

E [ — & =R, [f&x) - f(&T)]
FE |- R)-5 P~ |l - )y
< Var, (1~ B) -3 + LB (&t -5
LB, [(VAR),ZH —x+)]

<1 g) Ve

i L - -
() (1 + f) - Var,(n, ty +ny"uy,,)

(PS3) Ly
& (1 " 2N)
x ((ny)? - Var,(ag) + (ny")? - Var,(ay,,))

(PY2) L
& (1 5E) w2 (Bl + 02)
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(14 -(n”)Q-(BeHUT H2+‘72>
ON 1 Ly 7
(iv) L .
2 <1+f) @ By I~ R) -3 + 02)

T (1 + 2]6) S(n)? (Bz(Cg +C7)

(I1GON + 2 - Ry 1) 4 02),

where in (i) we apply Af] to the first two terms; in (ii) we apply PYI[A) to the last term
as E,x""1 = x"™! and merge the other two terms by using the fact that ||X" f)’cTHz <
% Ix" — XT||2 and x is a sub-vector of y; in (iii) we apply the update steps of y" in ;
in (iv) we apply P to the first term and bound the third term by

[k B o) (B.4)
<2(C2+C) - (|IVISE)|* + IVFE) = VIED|D)

(Ap) . .
< 2C2+C2) - (|VFEN|P + L2 |x - &
=2C2+C2) - (|VE)|)* + LT - R)-x7|1%)

Finally, substitute the above result into A" in (B.3) and apply PD4} then Lemma A) is

proved.

B.3.3 Case I: Lemma [4/(B)
In Lemma [4[B), the key step is to bound:
A7*+1 =E, |:((:*r+1:| _ gr+1

—E, [54] - & %) - (- R) B3|
(B.5)

Aa
+ f(Er §T+1) + ||(I B R) K, S’THZ &

Ap

First, we bound A 4, which is the same as A"*! in the previous case:

r~r

L
Aa < (L4 5Ly Var, (g + i)

2N
(P L r ~r
< (4 o) 0 (BB + )

L . —
+ (L FL) - () (By [[E- | + 03)
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© L

< (1 2L) (B + )
(U 25) - By I~ B) 37 + 02),

where in (7) we apply Pi(B to bound the first term and P* to bound HE
We then bound Ap by:

;[

AB A_@ <Vf( r+1) Er ):(r+1 75(T+1>
~p _ 2
R S

+2<(17R).yr+1 (I R) ( ~r+1 yr+1)>
+ H I _ R) . (Er yT“rl _ yr+1)H

( <Vf( T+1) vf():(r) E, Fr+1 _)—(r+1>

(VIR B R %)
( ]{]) ~r+1 r+1||
)
).y

+2< (I-R)-(y*'=3"),I-R)- (B, 37" —y™*))
+2(I-R)-y",(I-R)- (B, 3" —y"*))
< 2 Ivre|” + B 2 -R)-5|?
2+ L2
61( . f) ||yr+1 _yr”2
ﬁ L 62 +63 ~r+1
+(1+2N+51 206203 )H

where in (i) we use the fact that x is a sub-vector of y and combine the two norms; add and
subtract Vf(X") to the first term, and add and subtract (I — R) -y" to the third term.

To bound the last two terms in the above relation, we have:
[ e AT
<20 (CF+ O - (|VIEI + L3 1 = R) - %)
+ 20y ) (I = R) - 3",
where we apply to bound uy , and P I to bound ug. And we have

gLyt 2
B, ¥ I
= ||n (E, az,y—uz, )+l (B — )|

T 2 (et P + [ty 1P 2 (B iy 0,)7)
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—~

.) m\2 ” 2 2
) (Cr+ (L= 203) - fug | +202)

2 (C2 4 C2)- (1 —20y) - |V &)

+2L% - ()2 (C24C2) - (1-2Cs) - |(I - R) - %72
+(n))? - (Cr +202).

2
IS

substitute the above results to (B.5]), we have:
Er |:(c:-'r+1:| o 57‘+1
— o
< CL[[VIE|+CL It - R) -3
Ly ™2 | 2 Ly 2 2
+(1+ﬁ)'(fi;) 'Ug+(1+ﬁ)'(n?.) 0y

L
+(Be(l+ 530) + Cur) - () Co+ (1)? - Craog,

where we define the following constants

Cly = % +B1-(2+ Ly) - Cig +2C17Ci5 - (1 —2C3),
L
Ciy =1+ L) (n)2By + 2L3C1:C1s - (1 — 2C5)

2N

WLy O B O,

t
Ci5 := C14By + Z Ci7 - (777)2’
r=0

t
Cis:= ) _Cir- (),
r=0

Ly 1 B2 + B3
Ciri=1+ -+ —+ ,
1 2N " B 2Baps

Cis == ())? - (C2 + C7).

Plug it into (B.3), and apply PD{4] then Lemma [4[B) is proved.

B.3.4 Case II and III

Case II: For Case II, 7, = Qm > 0. Let us denote the states at 7' global sampling time
instance as (-)" := (-)(r7,), where the ¢'"" local sampling time between two consecutive global

sampling instance as ()" := (-)(r7y + q7¢), then the system can be written as:

rq+l _ rq _ /79 ~Tq _ITq ST
X=Xy Uy — Mg Ug g

rg+l _ g A ST it
v =v My Uy — g g, (B.6)
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rq+1 _ rq _ /T4 ~Tq
z’ =7’ 77@ uéz’

where 7, = 7ym;? , 9 = T, Note that we have (-)"9 = (-)"*19. In this case, we have the

following result for the stochastic system:

Lemma 9 Suppose the deterministic system satisfies P - PIJ, with stochastic controllers
satisfy P(A) - Pﬁ@ and consider the discretization Case II with 7y = Q1 > 0. Then we have

the following:
t—1

EE] - €<~ (3 - C5) - E[|VFE)|)

r=0
- Z ~Ch)-E[|(I - R)- 571"

+ Cas(t)o; + Cou(t)oy,
where {Cy; }1_, are some coefficients related to L, Ly, Cy, Cy, By, By, n,"?, and Q.

This result is similar to Lemma A). The proof of this lemma is given in Sec. m

Also, a similar result with the LCFL satisfies PB) can be proved following similar steps
as Lemma (B) and Lemma @ We omitted these derivations to avoid repetition.

Case III: For Case III, 7, = K7, > 0. Let us denote the states at r*® local sampling time
instance as (-)" := (-)(r7y), where the k" global sampling time between two consecutive local
sampling time instances as (-)"* := (-)(r7 + k7,), then the system can be written as:

~ ~ I ~ -
Xr,k+1 — Xr,k - T,k r 1k rk

4 : uf,:p 779 U’g@
R R B3
AL k+1 _ ink o 7727‘,]6 . 712 B
where néT"k = Tgnz , ny = Tgny¥. Note that (-)5 = (-)r+10,

A similar result to Case I can be shown for Case III:

Lemma 10 Suppose the deterministic system satisfies PIJ1] - P, with stochastic controllers
satisfy P(A) - Pé@ and consider the discretization Case IIT with ny = Kni > 0. Then we

have the following:
t—1

E[E] - €<~ (3 - Ch) - E[|VFE|]

r=0
- Z —C5)-E[|(I - R)- 37|17

+ Cs3(t)o; + Cay(t)oy,
where {C3;}}_, are some coefficients related to L, Ly, Cy, Cy, By, By, %0, and K.

The proof follows the similar steps as in Case I and Case II so we omit it due to page limitation.
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B.3.5 Proof of Lemma

The proof follows the similar steps as in Case I. We first break down the difference between the

energy functions of the consecutive communications as:

E o {(cjr-‘rl,o -~ gr,o} =E,, {grﬂ,o} _ grt10

At (B.10)
+ 57'-1-1,0 _ (c:’"r',O
—

term I

Then the key is to bound A", We proceed by the following:

Ar+1 — Er,O [f():(T+1’O) _ f(ir+1’0)}
+Er,0 |:H(I o R) 'S’TJFLOHQ N ||(I - R) . yr+1,0||2]
( L
B by pgfyo g
4 ET,O [<Vf(5(r+1’0), ):(r+1,0 _ )—(r+1,0>}

L v ~
= (1 530) B ly™* 10 — 3710

F B [(VFETI0) = V(R0), %10 — gr+1.0Y]
+Epo [(Vf(x"0), %10 — g7 T1.0)]
(B.1) L
< (1+ ﬁ) :
G ws )~ v+ B 96|

E, Hyr+1,0 . S,r+1,oH2

P1+ fo =r41,0 _ or+1,0(2
g, trolF A

We need to bound each term separately. Notice that we have
zra _ gzmal|? < 1 gra  gra)2
e S RS~ et S

Y e

Therefore, we first bound the first term and the last term in the above equation by:

B, [§79 —sm9||? (B.11)
q 2
Z n;%,Ql (a?m _ u;"h) + qn;r(ago _ u;,o)
q1=0
@ - m,q1\2 ~7,q1 7,q1 |2
<2q- Z (M ")"  Ero [lag™ —up™ ||

q1=0

= E’I',O




+2¢% - ()2 B || — ||

(i) g
< g Y (") Ero 5" — Epgy " |
q1=0

q
2
+4q- Z (nér,ql) . rO ”Er " u/h _ uz,th ”

q1=0

+2¢% - (nﬁf)z - Var,.o ()

'Ll’L

g Y R (BB 77+ o)
q1=0

q
+4gLE Y () B 57 — 57
q1=0

+24°- (1, "2 (B HETOUTOH +U)
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where in (7) we plug in the update and apply Cauchy—Schwarz inequality; in (i7) we add

and subtract E, o, @,?" to the first term and apply P’ 1| to the second term; in (iii) we apply
P’ 2| to the first and third terms and apply P* 2| to the second term. Note that same as ,

we have )
~T, ST, 2
[Erq %" < Cr IVFE™)|

<205(||[VFE|* + [V FE) - VFE|))

<205 (|VFE)|* + L3 & — %79 )
=205 (||VF &) + L2 ||(I - R) - X"7)%)

(B.12)

Applying (B.12)) to the first term and P to the last term, recursively apply (B.11]) to the

second term in (B.11), we obtain:

E, |57 — an”?

q
<> o (B |[VrG )| +of)

Q1_0

+ZC4*‘“BszL I(7 = R) - x|
q1=0
2% (y)?
4qL2 ( /T0)2

dq-(ng"")?
1—4qL>-(n,"")?"

Next, we bound the second term by:

where we define C};7 :=

. (A|§I>
||vf()—(r+l,0) —Vf(iT’O)H2 < HXT+10

(B, (1= R) -y +02),

7T’OH2

(B.13)
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2

17 Q—
J E 'hq 7,q
q=0

0O luy? — E, iy —HErqueqH

I/\@
xw
M|

q=
(“) 2 2 T T ~7 2
f}j C2 B, @yl
q=0
2QL2 L, .
+ s LR sm — 8 (B.14)
q=0

where in (i) we apply Cauchy—Schwarz inequality; in (m) we first apply Cauchy—Schwarz in-
equality and then apply PD2l Further plug (B.12]) and ( into (| - we have:

I

||vf(ir+170) _ Vf():(r,O)

4@0 L2 .
LS AV FE | + 23 (= R) - xP)
q=0
2@ %Q y yray?
q:O

( 2.¢ i (B [V £GP+ 0?)

+ZciéqlBeOfL (7 = R) - %7

q1=0
2¢° - (ny)? .
S WERm (By 1= R)-y™|* + 0 )) (B.15)

Substitute (B.13)) and (B.15) into A" in (B.10]), then apply P Lemma@ is proved.

B.4 Algorithm Design: a Case Study

In this part, we take the gradient tracking algorithm as an example to illustrate how the frame-
work can be applied to design new algorithms for different applications. In specific, we modify
the stochastic local and consensus controllers for different applications. Then we verify PSI] -
P3| for the stochastic controllers and PDII}PDH] for the deterministic system, so that we can
apply Theorem (3| to obtain the final convergence result and optimize the hyper-parameters.

Finally we conduct additional numerical experiments to verify these convergence results.



145
B.4.1 Gradient-tracking Based Stochastic Algorithm
We start with the deterministic gradient tracking algorithm described in (3.4]) as baseline. First,

we consider adopting the stochastic gradient, which results in the Distributed Stochastic Gra-
dient Tracking (DSGT) algorithm [25], with the following updates:

xT =x—Wx—av,
vi=v - Wv+ (Vf(x) - Vf(z)), (B.16)
7z = X,
where the LCFL for auxiliary state v are replaced by the difference of stochastic gradients Vf ()
estimated with a subset of samples.

Then, we consider the randomized communication scheme, where each communication con-
nection between the agents has a p failure rate at each round of communication. Which result
in gradient tracking on dynamic directed communication graph (D2GT):

xT=x— n’gWx —av,
Vi =v - Wv+ (Vf(x) - Vf(2), (B.17)

77 = X,
where W is a stochastic weight matrix satisfies
~ ~ Wi;/(L—p), wp.1—p
o waa-p) |
0, wW.p. p
For the third application, we consider adopting the Gaussian mechanism [55] to provide DP
guarantee for the local data. The resulting DP-DSGT algorithm is:
st = x — W - (x+ w,) — - clip(v, ),
vi=v— 77;17[/ (V4 wy) + cip(VF(x) — Vf(z),5), (B.18)
zT =X,

where W is the same as the one in (B.17), w, ~ N(0,02I),w, ~ N(0,02I) are the privacy
noises, and B,, 8, are the clipping thresholds.

B.4.2 Theoretical Analysis

In this part, we show how the proposed framework helps analyze the stochastic algorithms.
It is easy to verify PDI}PDB] We can also verify PD{] for the deterministic algorithm with
11 =0(a"),75 = O(a"), cf. [25]:
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Lemma 11 ([25] Lemma 4) With the energy function E(t) defined in (3.6), we have

EH — & < —e1a|[VIE)|* = caa||(T = R)-y"|1%,
where ¢ and ca are some constants depending on Cy, L¢, N.

For DSGT, only the LCFL has stochasticity. By assuming the stochastic gradients are

unbiased and has bounded variance, i.e.,
EV/(x) = Vf(x), E||V/(x) - V/(x)|| < o
then P(A) is satisfied; P is satisfied with By = 0,0y = 20; and P is also satisfied.
Therefore, apply Lemma A), we obtain the following convergence result:
3 t—1 )
E[E] - €0 < =) 0(a") - E[|Vf(x)]]
r=0

- Z_I O(a") -E[|[(I = R)-3"|°] + Cra(t)o?,
r=0

where C4 = Zf;t(of)z 1+ QL—J{,) Therefore, we can choose a” = O(1/4/r), then the algorithm

converges with

B [[Vs@) |+ 1 - R) 57 ]

1 t—1 7\2
—o( 2|0 Z=l@)) 2
Z’I':O a’ ZT':O a’

with rate O(log(t)/+/t). This recovers the convergence result in [25].

For D2GT, only the GCFL has stochasticity. We can verify that P(A) is satisfied,
P is satisfied with B, = p/(1 — p),0, = 0, and P is also satisfied. Therefore, apply
Lemma A), it requires Cfy = By - (n)? - (1+ %) < ca”. So we can choose a = O(1), 17, =

(@) <\/ Bgyesam - (1 + ZL]G)>, and we obtain the following convergence result:

SN 0 1
E[[vr@) P+ 10 - R) 37 ] =0 | = | &°
Zr:O a’
with rate O(1/t).
For DP-DSGT, both controllers have stochasticities. We can verify that PB) is satisfied,
with C1 = 2(8y + By). For Cy,0¢ can be derived with similar technique in [53]. For P92 we

can verify that B, = 0,0y = 20 and B, =p/(1 — p),04 = 05 + 0. If we assume S, > |v||* and
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. ~ 2
By = HVf(x) —Vf(z)|| forallte [0,00), then PA) is satisfied. Applying Lemma (B)7 we

obtain:
. t—1 ,
E[E - €° <= (v - Cf) - E[|VFE|]
r=0
- Z E[|I(I-R)-§"|]
+ Cu3(t)ol + Cra(t)o; + Ci5(t)Cr + Cr(t) o
where

Cli=0((@)?), Cfhy=0((a")?+ (U;r)Q)a

t—1

C1d>t - (1-p)
6 — \2 2 T
(ks = O(TZ:O(“ S on =9 <N2 :
C1d%t - (1 —p)
7= ( —Ne )

04,0, are chosen for the algorithm to provide (e, §)-DP guarantee, cf. [55][Definition 1, Theorem
1]:

Definition 4 ( (¢,6)-DP) An algorithm M is (e,8)-DP if
P(M(D) e S) <eP(M(D') €S8) +56, (B.19)
where D and D' are neighboring datasets, S is an arbitrary subset of outputs of M.

Theorem 10 (Privacy of DP-DSGT) There exist constants u and v so that given the num-

ber of iterations t, for any € < u(l — p)?t with p as communication dropout rate, Algorithm
201 1

DP-DSGT is (¢,8)-differentially private for any § > 0 if 0% > v%.

Vdg+d, )

Optimizing p, o, t, Bz, By, 0x, 0y, We obtain the final convergence rate O(¥%:=

B.4.3 Numerical Results

In this subsection, we provide numerical results for implementations of the three algorithms
discussed in the previous subsection. We verify the convergence speed derived from the previous
subsection for each algorithm.

In the experiments, we consider optimizing the non-convex regularized logistic regression

problem:

[d] §
fi(x; (a;,b;)) = log(1 + exp(—b; xT a;)) Z
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where a; denotes the features and b; denotes the labels of the dataset on the it® agent. We set
the number of agents N = 200, and each agent has a local dataset of size 1000. We use an
Erdo6s—Rényi random graph with density 0.5 for the network and the weight matrix is selected
as W :=0.94T A/ max{AT A}

For DSGT and DP-DSGT, we use batch size 10 to estimate the stochastic gradients; for
D2GT, and DP-DSGT, we choose the communication dropout rate p = 0.9. The clipping
threshold 3., 8, are set as the average of local controller’s magnitude of the DSGT algorithm
and o, 0, are chosen following [76] with (e, d) = (4,1075) at t = 128.

107!,

—DSGT (1, = O(1/v/1))
- -DSGT (5, = 0(1))

0 100 200 300 400 500 0 200 400 600 800 1000

Time ¢ Time ¢
(a) The convergence of the Energy func- (b) Energy function £(t) of DSGT with
tion £(t) of DGT, D2GT, DSGT and DP- different decreasing and constant stepsizes
DSGT. ny(t).

Figure B.1: The performance of DGT, D?GT, DSGT and DP-DSGT.

The result is shown in Figure It can be observed that D*GT has the same convergence
rate as DGT with a constant slowdown, while DSGT and DP-DSGT have slower convergence
rates. These results match with the theoretical results in the previous subsection.

In addition, we provided another example demonstrating the necessity of the O(1//t) rate
for DSGT. We run the DSGT algorithm with batch size 2 to estimate the stochastic gradients.
In one setting we choose a = O(1) and a = O(1/+/t) in the other setting. The result is shown
in Figure We can see that with improperly chosen constant stepsize, DSGT will not

converge.



Appendix C

Additional Results and Proofs of
Chapter

C.1 Proof of Claim [2

Proof. We consider the following problem with N = 2, which satisfies both Assumptions [8 and
[ with f(x) =0, V x. It is easy to show that is not satisfied.

hi(x)=x% falx) = —x*. (C.1)
Each local iteration of the FedAvg is given by
X = (1 =)xy, x5 = (14 ")xs. (C.2)

For simplicity, let us define y = [x;,Xs]”, and define the matrix D, = [1 —7,",0;0,1+7"]. Then
running @ rounds of the FedAvg algorithm starting with » = kQ for some non-negative integer

k > 0, can be expressed as

(k+1)Q-1

i 1 )
y(k-‘rl)Q — H Drka-i-l7 ka-‘rl — 51]_T]:)kakQ_
r=kQ+1
Therefore, overall we have
1 (k+1)Q—1
y* e — 3 [I D11 Dioy*e. (C.3)
r=kQ+1

Then for Q > 1, we can show that the matrix %Hi@;ggl—l D, 117D, has an eigenvalue
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given below:
1, (k1 . k41 .
A= S0 ) + %W+ 0)

Q Q
Yo+ S0 R0 + 14 Y Byr)

N

(C.4)

=1+ q=2kq<QPn")
> 1,

in (a) we break the product into the summation of polynomials of n"’s where P,(n") denotes

the polynomial of " with degree gq. This indicates that the algorithm will diverge. |

C.2 Proofs for Results in Section [5.4]

C.2.1 Proof of Theorem [5l and Theorem [T

First, let us assume that when the GD option in Oracle I is used, @; is large enough such that

the following holds:

[V 2% x5, X0) Y IV L6 x5 A < e (C.5)

Similarly, when the SGD option is used, then @; is chosen such that the following holds true:
E[[|Va, £ x5, ADIIP] = B[V £, x5, A7) < €1 (C.6)

The difference does not significantly change the proofs and the results. So throughout the proof
of this theorem, we use as the condition.

Throughout the proof, we denote the expectation taken on the communication r*" itera-
tion to the r + 1*! iteration conditioning on all the previous knowledge as E,,;. Using these

notations, define the error between different nodes as

A" 2 [AxD: AxT], with (C.7)

, AX" £ max ||x] — x]||. (C.8)
0.

r A r r
Axgy = max %6, = 5.4

Here, Ax{, denotes the maximum difference of estimated center model among all the nodes and
Ax" denotes the maximum difference of local models among all nodes.
From the termination condition that generates x! ' (given in (C.5))), we have

()

(3 K2

. 1
VAT + AT = VAT + A7 + 5(Xf+1 —X,i)

2 )
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where HefJr1 H2 < €1, and the first equality holds because of the update rule of A;. Furthermore,
from the update step of )\;H, we can explicitly write down the following expression

1
AT =07 + E(XHI —xp,;) =-Vfix{T) +elth

(3 (3

The main lemmas that we need are outlined below. Their proofs can be found in Appendix

Sec. [C31

Lemma 12 Suppose A8 holds true. Consider FedPD with Algorithm[5 (Oracle 1) as the update
rule. When the local problem is solved such that (C.5)) is satisfied, we have

L; (X;"J,-l’ XST /\T—H) —L; (x:, xg,i? /\:)

PRRA)

< L2 5l

1— T
7277 il — % on,i — X0,4 (C.10)
€1

2L

Then we derive a key lemma about how the error propagates if the communication step is

A =) +

skipped.

Lemma 13 Suppose A@ and hold. Consider FedPD with Algorithm @ (Oracle I) as the
update rule. When the local problem is solved such that (C.5) is satisfied, the difference between

the local models x; ’s and the local copies of the global models xg ;s is bounded by

1
B, AT < E(AAT +nB(G + 2\/€1), (C.11)
where we have defined
p(1+Ln) pLn(1— Ln)
1 Ln

which is a rank one matriz with eigenvalues (0, Ln + p(1 + Ln)) and B = [p(3 + Ln),2]".

AL

)

: =T <r & 1 N T 3 3
Next, we define a virtual sequence {Xp} where X = > ;1 X3, which is the average

of the local x3 ;. We know that xj; = x; when the communication and aggregation step is
performed). Next, we bound the error between the local AL and the global AL evaluated at the

virtual sequence.

Lemma 14 Suppose A@ holds. Consider FedPD with Algorithm@ (Oracle 1) as the update rule.
When the local problem is solved such that (C.5|) is satisfied, the difference between local AL and
the global AL is bounded as below:

N

[‘Ci (X:+17 XS?;) )‘;‘+1) - Ei(X;’;+1,§6+17 /\:+1)]

1
N

7

—~ (C.12)
(N1

>
- 2Nn

(AX6+1)2.
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Lastly we bound the objective function using the global AL.

Lemma 15 Under A@ and A@ consider FedPD with Algorithm@ (Oracle 1) as the update rule.
When the local problem is solved to €1 accuracy satisfying (C.5), the difference between the

original loss and the augmented Lagrangian is bounded.
N
r r T 1- 2L77 r 2 €1
f(x5) <L(xG.n, A7) — TNy ; =i —xgll” + BV (C.13)

Now we are ready to prove Theorem [f] and Theorem [7]

C.2.2 Proof of Theorem [5l and Theorem [7]
First, for notational simplicity, let us define the following:
L& Li(x], %53, A7), L7712 Li(xH xp i AT (C.14)
L7F & L AT, L2 LG R A,
Notice that from the optimality condition , the following holds:
AT =N Y)P < 202 |xd — x| o+ e (C.15)

Then we bound the gradients of £(x},x ;, A]).

1
IV 5 = Hsz) A 10 )

B 1

2 \foxn A T ) — VAT - A (C.16)
1 1+ L

e =) e < [t -+ v

Note that when no aggregation has been performed at iteration r, then xg ; = x; +nAJ, so the

following holds

1
IV 3] = \ N+ - x| = o (C.17)

N

When aggregation has been performed at iteration 7, then xg ; = = =1 (X5 +nAT), Vi, so we

have

[V L%, A7) | =

1 < 1
N ;(/\f + E(X: — xai))H =0. (C.18)
Further by using the definition of £} and the dual update step, we have:
IVaLill =[x — x|
< I .
< a2 = AT [l — o
< (L ;= x|+ 2v/e) + [xos = %6l
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From (C.17), we know that ||V, L7|| = 0. So we see that the size of the full gradient VL] can
be expressed by:

T T |2 r r
Hvﬁi(xivxo,i» )‘7,)H = |IVx, Li ||2 + [V, L] H2 (C.20)
< IV, LE 11+ 1V, L7 1D (C.21)

Then we have

) 1+ L .
nvaWs(:’Wﬁ“—xM+¢a

Lt =7 + 2v@) + g = i)

, (C.22)
< G ([lx:" = x5
S e
where Cg > 3max{(1+nﬂ)2, (14 2n)%,L?n?}. Apply to Lemma |12 we obtain
1—2Ln—4L%n* . Au2 1o, 12
o ™ =7+ g [l = .
_1+8Ly ’

< Lr— Lt
o, L= T

. T 2
Notice that when communication is not performed, we have ||x6 P XSHH < ngi — xStH .

When communication is performed, the following holds:

1 N
L3 g -t
=1

2 al r r+ 2 2 o r+ T+1
=N Dl = xoE [+ N DIt - =g (C.24)
i=1 1=1
N -1

x5 — x5 ||” + (Axpth?,

nN

|
2w
-

=1

where the last inequality holds due to the use of Jensen’s inequality, and the definition of Ax”l
in - It follows that summing both sides of over i, we have

1—2L7] 4L°%n? ZHXT_H || 2, N(1+8Ln)

o,
N1 N-1
+D (4 H b= xl - o (Axp™)?) (C.25)
=1
al N(1+ 8Ln)
<DL L)+ ——"a.

s
Il
_
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Taking the expectation over the randomness on the communication step, we obtain the following;:

L
Er1 > [L7 - £]F)

Il
_

N

I
==
MZ N

1
T r+1 - r+1 _ prrt+
221[‘6 Ei ]+]ET+1 N ;[ﬁz ‘Cz ]
(a) 1 N 1 N
@) = r_ pr+l _ )\ prtl + _ pt
N

|
2=

«
Il
-

1 _
27— £+ (L= p) e SIET - £

i=1

—~
o
=

IA
=1
Mz

N-—-1
r r+1 _ r+1
127 = £+ (1= p) o (B (C.26)

<.
—

where (a) expands the expectation on p, and use the fact that with probability p, xgtl = ng,

and with probability (1 — p) X6+1 will be updated; in (b) we apply Lemma to the last term.
Combining ((C.25)) and (C.26)), we have

(1 —2Lnp—4L?*n* 1 1+8Ly
min y=—,
2n 2n 2L

x *ZETH et = x|+ s = x| +

N
<< Z — L+ (C.27)

—

f €1+(1_ )(J\;]—Vl)(AXS-i-l)Z

Combining (C.22), (C.25) and (C.27), define C7 = 2Cs/ min{i= 2L" 4L2 2, = H'QSLL"} and sum

2n?
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up the iterations, we have

1 N T
rn2
LSS
i=1r=0
20 L
SRS DD

+(1-p) (A;_ 2 (AxGT)? + el} (C.28)

L

Next we bound the last term in the above inequality. By iteratively applying Lemma

from 7 = 0 to r and use the fact that G° = 0, we have

E Axg“ [1,0] x EA™H

r T (C.29)
< [1,0] x Z:O(l an)rn[P(i%l-l-_LZ?)?, 2] (G +2ya).

From Lemma [13] we have:

1 p(1+ Ln)+Ln A
A) = o
A(1—Ln > Ly

So by squaring both side of (C.29)), we have

E(AX6+1)2

<

r T
103 (P A G v

1— 411 2
<B (155 ) e+ L@+ + L)
x (G +€)

= dp*n* (1 + Ln)*(2Ln + p(3 + Ln))*
2
1— Cl/(l_P)
X <1_8(18 (G2 + 61).

Substitute (C.30)) into (C.28]) and divide both sides by T we have

(C.30)




156

1 L1 &
rn2
Ly ISR
=1 r=0
C7(1+ 8Ln)
“ (C.31)

Cr
< T (L(xQ, %9, A)) — L(x], x4, A7) + T

(1= p)(V = 1)Cr (1= G5/
1+ Ln)*(2Ln + p(3 + Ln))?
N(1—08)2 (G +61).
9 A = f(x9) and apply Lemma [15 we obtain

7.7 K2

+n
o

From the initial conditions we have £(xJ,x

1 N T
r2
LSS BV
i=1r=0

(C.32)

o Crlf(x)) — F(xf)) | Cr(1+8Ln)
- T L
(1= p)(N = 1)Cr(1 - Cy/ )
(1+ Ln)?(2Ly +p(3+ Ln))? 5
N{ - Cs)2 (& +e).

Finally we bound ||V f(x3)||* by

IV £ ()11
N 2
1
Vi, L}

N
2 2
Vf(x0) N - Jrﬁ;Hvxﬁz”

< 2

N
Z IV fi(x5) = V fi ()|

N

2
N
s 2 2
2N 4 =) |+ DIVl

+4

(C.33)

412
Vi L7 < 7ZHV£I||2,
i=1

) 412

N

AL? "

=N ||V/\£H +N;|

where in (a) we use the same argument in (C.17) and (C.18].
Therefore, set p = 0 Theorem [§] is proved, and when p ;é 0 Theorem [7is proved. During

7
N 9 N

>t = I + 5 S 19 11
= -

2

the proof, we need all Cs, ..., C7,Cg > 0, therefore, 0 < n <
Finally, let us note that if the local problems are solved Wlth SGD, then the local problem

needs to be solved such that the condition (C.6) holds true. As no other information of the local
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solvers except error term e is used in the proof, the proofs and results of FedPD with SGD as
local solver will not change much, except that all the results hold in expectation. Therefore we

skip the proof for the SGD version.

C.2.3 Constants used in the proofs
In this subsection we list all the constants Cs,...,Cs used in the proof of Theorem [5| and
Theorem [7l
Co(1 + 8Ln)
L )
)%, (1+20)%, L*n?},

Cy > AL*Cy, C3 = Cg, Cy >
14+ Ln

05 = 802, 06 > 3111&}({(

1—2Ln—4L?*n*> 1 1+8Ly
=9 i —
p(1+Ln) + Ln
Cg = ——7—"—,
1—1Ln

we can see that when 0 < n < \/EL_I, all the terms are positive.

C.3 Proof for Lemma 12~ Lemma [14]

C.3.1 Proof of Lemma [12]

We divide the left hand side (LHS) of (C.10), i.e., £;™ — £, into the sum of three parts (where
LT, L are defined in (C.14)):

+ _ +1
L7 = L7 = L%, %0, A7) = £f

+ Li(x T X AT = Lo(xxG AT (C.34)

) I

+ LT — L (T X0.i5 PYARS)
We bound the first difference by first applying to —f(+):

L
—fi) £ —fiO) + (VARG - x )+ g

r r+1
[ = x|
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and obtain the following series of inequalities:

+1
Li(xi™ %0, A7) = £

(3

L
< (VAT = x4 5 -
T T' ‘s 1 T ‘s 2 1 ' ‘s
+ (AL X = x]) + m ;7! —xp||” — 2 [ —Xo,z'||2
(é) <sz( r+1)+)\r r+1 X:>+§||X;+1 X£||2
+%< x; x| _QXOz»XTH X:>
Z <sz< A D) (€33
” 2 1., 2
5 HX x| - g e x|
(c) . 1, ?
< o VAT 4+ A+ 77( Xt —xp ;)
L r r||? 1_L77 r r)2
+ 5 [ x| = = T = x|
(d) 1-2Ln, , -
< —THXiH—XiH +ﬁ

In the above derivation, in (a) we use the fact that [a]|® — ||b]|> = (a + b, a — b) when vector
a,b has the same length to the last two terms; in (b) we split the last term into 2XT+1 2x4.;
and —x| ™' +x7; in (c) we use the fact that (a,b) < £ llal|® + = 16/*); in (d) we apply the fact
that x] "' is the inexact solution; see (C.9).

Then we bound the second difference in by the following:

Li(x x50 AT = La(x( T x5, AT)

= (AT = AL X =g (C.36)
(g) <)\:+1 . )\:’n(/\:ﬂ . )\f)> _ H)\;’Jrl Y 2

where (a) directly comes from the update rule of A7 .
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Further we bound the third difference in (C.34)) by the following

Er—i— E (Xr-i-l 0 i )\r-i-l)
= O ) - O )
H x|

1
bt :
@ <)\T+1 > Xg’i> + o <2x;+1 - QXE,"; + XSZE —X0.,%0 x0t> (C.37)
=5t ) = 5 st =

1
<T](n)\:+1 + er XO 7

2

T
)

1
2 - HXS,J? — X0,

where, in (a), we use the same reasoning as in (C.35) (a) and (b); in (b) we apply the update

rule of X(T),t' in the FedPD algorithm, which implies that the first term becomes zero
Finally we sum up (C.35)), (C.36]), (C.37) and Lemma [12]is proved.

C.3.2 Proof of Lemma [13l
T“H for arbitrary i # j and A" by using the

First we derive the relation between HXTH

definition of €; .

i ™ = x|
r+1 Vf( r+1) )\;_’_e;Jrl)H

. — X6, — (VA + A7 —
—xp ||+ [|[VAEETT = VEET|
Nj[| (e | + [lef D
VAT + VAT = V)|
(C.38)

< x5,

+n[|A7 —

(a)

< Axp 4 ||V -
+n H)\f - )\;H + 2ny/e1

()

< Axp+ Ly < = x| ||V GG = V)
+n||A7 = N5 + 2ny/ex
x| 4+ 0G + || A7

= Ajll +2nver
r 2n
= +m\/av

we use (c) comes form Al11} in

(g Ax{ + Ln Hx?‘l —

1 . n Ul .
AXO+1—LnG+1—Ln ||)\z-

(d

1-1Ln

where in (a) we plug the definition of Ax} and e/ '; i
(d) we move the second term to the left and divide both side by 1 — Ln
)\’"H by plugging in the expression of A} in (C.9)), and

=

Then we bound the difference Hx\f —
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note that A7 + (XZJr1 —X4;) = N1 we have:

I =
= |-V + €] + V(x)) — €|

VA6 = VG| + [V £65) — V1 )]+ 2va (©.39)
%’Luxzf—xguwwa

Y Lax + G+ 2ya,

where (a) and (b) follow the same argument in (a), (b) and (c) of (C.38) ; in (c) we plug in the
definition of Ax".

Next we bound the difference HXT+1 TH H With probability 1 — p the aggregation step
has just been done at iteration r, X0+1 = XSng With probability p, they are not equal, then we

take expectation with communication probability p, and obtain

et [0 =05

=p|x]
< p ;T = x| o [N = AT

7+1 ;+1 _|_ 7](>\Z+1 _ )\'jr+1)||
(C.40)

p(1+ L) AX™ 4 pn(G + 24/€1),

where in (a) we plug in the definition of Ax"*! and (C.39). As these relations hold true for

arbitrary (i, 7) pairs, they are also true for the maximum of Hx”‘l T+1 H and HXT+1 — x6+1 H

Therefore stacking (C.38) and - and plug in , we have

Ax™T < T _1 (LnAX + Axg) +

1+ Ln r r
I (LnAX" 4+ Axg) +p

(Gt 2y,

(3+L77)
1- L

(C.41)
7"+1AX()+1 <p

— (G +2/e1).

Rewrite it into matrix form then we complete the proof of Lemma

C.3.3 Proof of Lemma [14]

Let us first recall that the definition of local AL is given below:
‘C’ (Xlax()a )_ fz(xz) <)\i,X1‘7X0>+*

Similar to (C.37)), we have
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E;--{- Er-ﬁ-l </\7+1 r+1 r+> _ <)\;'+1’X:+1 _ i6+1>

1 r _ 2
+%|| x| - H e
DL -7
N 2
© 1 1 r
™ N ZXﬁ
j=1 (C.42)
2
N
11
= —% N Z(ng - XS,J;)
j=1
© 1 I H
= 790N Xo — Xp
2N 2 !
@ N-1 P12
2 *W(Axo )%,
where (a) follows the same argument in (C.37); in (b),we plug in the definition of X;*"; in (c)

T+1

we use Jensen’s inequality and we bound the term with Ax( Then the lemma is proved.

C.3.4 Proof of Lemma [15]
Applying we have:

L
[ilx)) +(V fi(x}), %0 = x5) + 5 HXo - x|

fi(xg) <
(C.9) T LT \T [ T L77 T 2
= £i(xi7x07)‘i)_<ei7xo_xi>_ oy [xp — %7 ||
r 1- 2L7I r 2
< Li(x] X07>‘)+E_T”XO_X1'H . (C.43)

Taking an average over N agents we are able to prove Lemma

C.4 Proofs for Results in Section [5.4]

C.4.1 Proof of Theorem

Following the similar proof of Theorem we first analyze the descent between each outer
iteration. Notice throughout the proof, we assume that p = 0, that is, there is no delayed

communication. It follows that the following holds:

N
r+1 __ T+ . __
Xo; = E X050 Vi=1,...,N.
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We also recall that r is the (outer) stage index, and ¢ is the local update index. First we

provide a series of lemmas.

Lemma 16 Under Assumption@ consider FedPD with Algorithm@ (Oracle II) as the update
rule. The difference of the local AL is bounded by (C.44)).

£t -t - It - - (1+1L%)h

rnQ Q-1 2
2 2 )1 T
n Y

7 i

11
— 4+ = — L—-9Q*L*n)
2n v Z

3
+ <9Q2L2n + ﬂ) |

1
(e Lot gt - xs,z->

rQ 17vf1( T‘Q 1

—(

Tq 1”2

Q-2
x'LQ _ XH’Q*HQ bt STV — gl
1 i 2L = L\ [

1

P A ] (R T0
Then we deal with the variance of the stochastic gradients.

Lemma 17 Suppose A@ holds and the samples are randomly sampled according to (5.7)), con-
stder FedPD with Algom'thm@ (Oracle II) as the update rule. The expected norm square of the
difference between g% and V f;(x791h) is bounded by

{r.q+1}
e T S e (c.05
7={ro,1}

E

Lastly we upper bound the original loss function.

Lemma 18 Under A8 and A9, the difference between the original loss and the AL is bounded
as below:

E f(xq)
< LG K, Xy AL X) 3L"ZE|| T
{r—1,Q—-1}
(14 Ly)? + L?y? a2
4L’yQ [E Z EHXz - X; 1”
T7={ro,1}

2
+E %7 -9

(3

]. (C.46)
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C.4.2 Proof of Lemma [16]

Let us first express the difference of the local AL as:

L7 £ = L  A) — £+ L g AT (C.47)

LG AT+ L = Lk X X,

where the above three differences respectively correspond to the three steps in the algorithm’s
update steps.

Let us bound the above three differences one by one. First, note that we have the following

decomposition (by using the fact that x’ QL xI* and xZ’l =x!):

Li(x[ %0, A) = L]
:Z( PTG AT) = L XG0 M) ) (C.48)

Each term on the right hand side (RHS) of the above equality can be bounded by (see a
similar arguments in (C.35))):

L; (X?qul’ XS,i’ )‘zr) - L (x;,q7 Xs,iv A:)

K2

1
< (VR + 00+ Lo )1 )

_ 2
_ 1 g+l Xz',q

(a) T, T, 1 r T, T, T,
B <vfi(xi ) =g - Q(X LX) X k] ‘1>
1 L
— (

— -3 ‘ %

2n 2
_ <sz(x: ) — gl :q-&-l _x;ﬁq>_
L1 L g

(2774';—5)‘)%

rq+1 X;:q

2
i ‘

(b)

2
a2 Ja+1 :

1 1
—(—=+-—--L ‘x

where in (a) we use the optimal condition that V,, £;(x}¢"" , X0, AT %, g;7%) = 0 which gives

us the following relation
r 1 r,q+1 r r,q 1 r,q+1 r.q
Ai T+ ;(Xz —X0,4) +9; ;(Xz —x;") =0; (C.49)

n (b) we use the fact that 2 (a,b) < L |la||* + 1 ||b]|>. Therefore, the first difference in the RHS
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of (C.47) is given by
1 < 2
rHl oy Ay _pr o L (x70) — g
L X M) L] < o Zjnvmxl ) gl (C50)
Q
AR R
The other two differences in (C.47)) can be expressed as:
L xp AT — Ly x0 DA = A=), (C.51)
E;‘Jrl _ Cl(XTJrl XO“)\T+1 o H 7‘+1 7' H (052)

1
(0 Lo o), xstl x5,¢>.

Next we bound H)\;H — )\;Hz. Notice that the from the update rule the following holds:

1 C. 1 _
N =N D ) B X

r,Q—1
i -9 . C.53
0, 5 (C.53)

Using the above property, we have

=l = [ - e

y
1 2
_1, ~1,0-1 1,0-1
SR Y B
Y
(a) ) 3 I
< 3|gret - gren 1” + 5 e x|
Y
3 _ _ a2
—|—¥’xf I (C.54)

where in (a) we apply Cauchy-Schwarz inequality. Next we bound ‘ g

).

0—1 1,0-1
P9 ngHby

ot e

=l - VRGO VAT - VRGO 2 Ve et
(C.55)

(@) rQ—1 rno—1+]|? r—1,Q-1 r—1,0-1, 2 Q-1 r—1,0-1|?

< 3l|gret = VRGO 8]|er 0T = vaGGTO | 2 x|

—
INes

d

2
G =L 48

2 Q-1
girfl,Qfl _ Vfi(Xffl’Qfl)H + 3Q2L2

r,q r,q—1 2
b 4
x|
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+3Q7L% ||x; M9 — x’?—l’Q—l‘ :

i 9
where in (a) and (b) we both apply Cauchy-Schwarz inequality, in (a) we use AR|to the last term
and in (b) we notice x| ¢ = x7°

Substitute - to - and sum the three parts, we have (C.56)), which complete the
proof of Lemma

1 11 3 2
L = L7 < = gt =l = (g + = L= ) [ x|
2n ’ 2n v ¥
1 1 272 = r,q rq—1 2
—(2*+*—L—9QL77)Z’XZ- - x; H
noy e
272, N ||r-1,0 _r-1,0-1]|2 1 = . g2 (C.56)
QT+ ) [ =X T G DT VA — 67
q=0

1
r+1 r4+1 r4+1 r+1 r
+ <>‘i + ;(Xl — X5 )Xoy — X0

oo a9t = WAt @]+ onl

2L

C.4.3 Proof of Lemma

To study E|[|g" — V f;(x7)||”, we denote the latest iteration before 7 that computes full gra-
dients as ro. That is, in 7o we have ¢/°% = Vfi(x/"). By the description of the algorithm we
know

ro=kI, keN, rQ+q—1roQ < IQ.

That is, r¢ is a multiple of I and there is no more than I(Q) local update steps between step

r0,0} and step {r, ¢}. By the update rule of ¢.'?, we have
{ro,0} p {r,q}. By p g;%

grrtt v (xPTT (C.57)

%
B

=g, = Vfilx;* Z xR — (T E)).-

Take expectation on both sides, we have
,q+1 q+1
Eger }b gt = V)]

:gi sz( rq+1)

1 KDL, ) — hi (x5 €00))] (C.58)

Mw

+ E{frq B
b:l

= gl = VAEPTT) + VAT - Vi(x))
= g, = Vi(x").
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By using the fact that E[X?] = [E X]? + E[[X — E X]?] and substitute (C.58) we obtain

).

Eteraye,

FACARINES S NOCERD H2 (C.59)

s o = VAT

2

B, [T = VAT — g I - VAT
33 g7

— 9;° -V

B
1 T T T T T,
T, |5 Do — R €)= VGG + T (x)
b=1

(@ g2 1 &
< llgi" = VA + 55 ZE{E:;;I};B:I

i ) 54,b

nG T ) — ha(x ) |

2
,q+1 r,q
- X

b
g - Vi + £
> i i

where (a) comes form the fact that we view h;(x ’q+1,§ D) —hi(x;?€)) as X and by identically

random sampling strategy we have EX = V f;(x; qul) Vfi(x;?) and E[[X — EX]? < E[X]?,

) we use Alg|

Iteratively taking expectation until {r,q} = {rp,0}, we have

) ) 1,2 {r,q+1}
r,q+ g+ T -
E | g/t — Vii(x] )H <% Y E[x-x (C.60)
T7={ro,1}
which completes the proof.
C.4.4 Proof of Lemma [18|
Applying we have
T T T T L T
fi(xg) < fix}) + (Vfi(x}),xg — xi) + ||X0_X I
= Li(xi,x(, A7) — (V/filx )+)\f’Xo X;)
1-— L?’] 2
T x5 — 7‘"|| (C.61)
< L ( s X5 A7)+ L IV £i(x5) + A7 |I?
—3Ln

2
— s =
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Then notice x7 = x "< and apply (C.53), we can bound E ||V f;(x}) 4+ A7[|* by the following:

E [V f;(x}) + M|

‘ _ o1 1, - NIk
= ‘Vfi(xf R I
(a) (1+ Ly)? 10— r—1.0—11I%
< (1+L2772)EHVJ2‘(X: LTy g9 1H

L272 1 -1 —1,0-14
T e ]
U G B [VAGT) - VA
L2’72
+ 1+ (1+L’Y);)(1 +L7) E ‘ X;fl,Q _ X:fl,Qfllr
0
) (14 Ly)2 L2277 (C.62)
2 UL TS Tl x|
T={ro,1}
L?4? 1 14+ Ly
+(14+ ————) ((1+)L2+ )
(14 Lv)? Ly ok
X E‘ x:_l’Q — x:_l’Q_lH2

e S
- WIS e )

7={ro,1}

1 L 2 L2 2 2

LA 7)2+ gl E‘X;fLQ_x:le*lH 7
Y

where in (a) we apply Cauchy-Schwarz inequality twice:
1
lz+y+ 2" < (1+ ) lz]* + (1 +a) [ly + =/
1 2 2 1 2
< (4 2) Izl + A +a) (@ +0) llyll™ + (1 +a)(A + ) [l=]";

in (b) we apply Lemma to the first term and apply to the second term.
Substitute (C.62) to (C.61) and average over the agents, Lemma [18]is proved.

C.4.5 Proof of Theorem

By the update step of x{, following (C.17)) we have
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We also have (C.63|

||V£ xl,xol,)\r || ||V L;(x] xgvi,)\;)Her||V>\i£i(xf,x67i,)\f)||2
2

= oo S x|l
(a) ro MY e r 2 r—1 r—1]|2
= ||Vfi(x]) —g; " —(x;" —x;) +HX XOZ+X01 — X0,i H

N+ ’
< ono o - Tt x| 2l i 2
< 2| WA -+ 2 et -t 20 7= 2 = )

(C.63)

where in (a), the first term is obtained by plugging in (C.53)) given below

1 1
N = =gl = S =) = (=)

Next we take expectation and substitute (C.54]), (C.55) to obtain (C.64]),

E [[V£i(och, x50 A)|* < 2E||V£i(x7) - g7

3

2
— X +2]EHX61 fxoll||

\ 4oty

nmy
x:_l’Q — x’;_l’Q—lH +F ’ X

K3

61 ot rso|?
+7772(72E’9§ heT_grmae 1” +E’

2
-2 —2,Q—-1
;ﬂ Q@ r=2.Q H )

{r,0}
(a) 2L2 2 X
S Bl - 2o x| 2B
7={ro,1}
Ui r—1,Q r—1,Q—1 2 r—2,Q r—2,Q—1 2
Jrf2]E‘ —-x; H +E’Xi e H)
2 2
R e R )
Q-1 2 2
+187°Q*L? (Z E s =0 — x| x>0 ) . (C.64)
qg=1

where we substitute Lemma [17] and (C.55)) in (a)
Taking expectation of (C.44)), summing over r = 0 to r = T'— 1 and average over the agents,

we obtain ((C.65))

N
D EILi(x] x5, AT) = Lalxd, x0 4, AD)]

=1

1
N

<3 Lt il - - i- H o0t LS
0 m "y 2 VN -
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1 1
+ (= +18n)— Z IEllVﬁ( ) -

Pt e ZEHW x|

(14 18Ln)LIQ 1
* 2B N Z
i=1 r=0 gq=0

Q-1T-1
X P 1H ZEHXM xp))” (C.65)

where in (a) we apply Lemma[17 and (C.17).
Finally, in the last equation of (C.65)), we have defined the constant Cyg as
1 1 6 1+ 18Ln)LI
Cyo := 7+**L7£ 9Q2L2 —( + ) Q
2n v 2 2B

Then by taking expectation and applying Lemma we obtain
0

E[f(x5) — f(x0)]

(4+Ly)*+L%* Q-17-1

Cro — 4BLA? al
> Y DE|

= - N
i=1 q=0 r=0

2
Z E [ = x|
where by the initialization that x) = x{ we have f(x{) = + Zl L Li(x2,x0 4, AY).

Combine (C.64)) and (C.66)), we can find a positive constant C1; satisfying

Ci1 < min {012/0137 1/(477)},

rq+1l r,q—lH2
X; X;

(C.66)

where we have defined
(14 Ly)* + L**

)

+ 21(1 + 18n2) L2
2(nn77)2+ ( n°) )

3L(1+9Ln)n 272 2
+Q( spr e 18QL) (C.67)

013éQ<
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so that the following holds

C
V7 ZZEHW (< x ADII

r=0i=1
Cho — % N Q-17-1 ) e
= NT > et x|
i=1 g=0 r=0 (C.68)

e SRl -
< %<f<x8> ~E () < 7 (F6) — £).

Similar to the proof of Theorem we can bound ||V f(x{) 1> by + Zf\;1 IV Li(xT, x5, AL) [
therefore Theorem [f] is proved.

Note that during the proof we need the following constants Cg, Cig, C11 in to be

positive

11 61  (L+18Ly)LIQ
Cy = 4L%/C Cio=—+— L—— 9 2L2 - C.69
9 /Ch1, 10 2 + 5 7 Q 2B ; ( )
2 2_2
(Clo _ (A4Ly)*+L7y )
Cll S min 73 ABLy? 7i
0 (2(7,;?)2 n 21(1+§n e 3L(12+97L77)77 + 18Q2L2n2) 4n

By selecting v > BVL'D and 0 <7 < NQr/QIBIL’ this is guaranteed.

C.5 Examples of Cost Functions Satisfying

In this part, we provide a commonly used function that satisfies

Logistic Regression. Consider the case where the k" sample &, in data set D; consist
of a feature vector a; and a scalar label by. The feature vector a; has the same length as x and
by, is a scalar in R. Then the loss function of a logistic regression problem is expressed as

1 1
fi®) = 7 > — (C.70)

il (o SeD, 1+ exp(br, — aj x)

The gradient of this loss function is

1 ay exp(by — af x)
. L . e
filx) |D;] ( bz;eo (14 exp(bx — ai'x))? ( )
ay,by)€ED;

% as v(ag, by, x), we have v(ag,bg,x) € (0,1), Vz,ay, by.
k

Further stack v(ay, by, x) as v(D;, x), that is v(Dy, x) = [v(ai, b1, X);. .., ;v(ap,|, bp,|, x)]. Fur-

ther we define A; as the stacked matrix of all a; € D; (i.e., A; = [ay,...,ap,|]), then we can

Define the scalar
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express V f;(x) as

Vfi(x) = = A4iv(Di, x). (C.72)

\D |
The difference between the gradients of f; and f; is

1
9560 - V56l = | 5 2 Arv(Dy ) - |D‘A-v@-,x)
J (C.73)
< i (D + 31 145w(D;. )
As v(a,b,x) € (0,1), we know ||v(D;,x)|| < ||[1,...,1]|| = /|D:|, which implies:
[Aiv(Di,x)[|  [[Aiv(Ds, x|
Al > >
e e
Utilizing the above inequality in (C.73)), we obtain:
IV5:6) = VA1 < 0 j 400Dy + 37 [45(D5. )]
(C.74)
||A I+ —==ll4;1l.

JI?T

So we can define G = max; ; {\/|1177, |4 + \/\7 ||A]||} which is a finite constant. Note
that the above analysis holds true for any D; and x. Note that with finer analysis we can obtain
better bounds for G.

Hyperbolic Tangent. Similar to logistic regression, we can also show that holds for
hyperbolic tangent function which is commonly used in neural network models. First, notice

that the hyperbolic tangent is a rescaled version of logistic regression:

exp(br, — al x) — exp(alx — by)
exp(by, — a} x) + exp(a} x — by,)

2
- 1.
1+ exp(2(bx — al x))

tanh(by — aix) =

Therefore we have

1
*1+exp(2(by —alx))’

Vy tanh(b, — al x) = 4V

So, G for tanh is 4 times that applicable to the logistic regression problem. Note that this
analysis can further cover a wide range of neural network training problems that uses cross
entropy loss and sigmoidal activation functions (e.g. MLP, CNN and RNN).

Special Case in Linear Regression. Consider the linear regression problem

1
filw) =5 |Aix +bg|*,i=1,...,N.
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We have

Then if the feature A;’s satisfy AT A; = AT A;,V i # j, we have

G = max ’Aini — AJ»Tbj‘ .
0.

C.6 Proof of Claim [1]

The proof is related to techniques developed in classical and recent works that characterize lower
bounds for first-order methods in centralized [T11},[112] and decentralized [19] [20] settings. Tech-
nically, our computational/communication model is different compared to the aforementioned
works, since we allow arbitrary number of local processing iterations, and we have a central
aggregator. The difference here is that our goal is not to show the lower bounds on the number
of total (centralized) gradient access, nor to show the optimal graph dependency. The main
point we would like to make is that there exist constructions of local functions f;’s such that no
matter how many times that local first-order processing is performed, without communication
and aggregation, no significant progress can be made in reducing the stationarity gap of the
original problem.

For notational simplicity, we will assume that the full local gradients {Vf;(z)} can be
evaluated. Later we will comment on how to extend this result to enable access to the sample

gradients VF(27;&;). In particular, we consider the following slightly simplified model for now:

2" =V ({2] YY), 2P0 =2, Vi€ [N], (C.75a)
et ewp (1 (VA

k=0:q—1

r=0:t

>,q €[Q], V. (C.75b)

C.6.1 Notation.

)

In this section, we will call each r a “stage,” and call each local iteration ¢ an “iteration.” We
use z to denote the variable located at the server. We use z; (and sometimes z,) to denote the
local variable at node i, and use x;[j] and x;[k] to denote its jth and kth elements, respectively.
We use ¢;(-) and f;(-) to denote some functions related to node 4, and g(-) and f(-) to denote the

average functions of g;’s and f;’s, respectively. We use N to denote the total number of nodes.
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C.6.2 Main Constructions.

Suppose there are N distributed nodes in the system, and they can all communicate with the

server. To begin, we construct the following two non-convex functions

1 1
g(x) = N Zgi(»’f), f(z) = N Zfi(x) (C.76)
=1 i=1

Here we have # € RTT1. We assume N is constant, and T is the total number of stages (a
large number and one that can potentially increase). For notational simplicity, and without loss

of generality, we assume that T' > N, and it is divisible by N. Let us define the component
functions g;’s in (C.76]) as follows.

T/N
gi(x) =O(x, 1) + > O(x,(j — )N +i+1), (C.77)

where we have defined the following functions
O(z,j) = W(=z[j — 1)) @(==[j]) — ¥(z[j — 1)) 2([5]),
Vi=2---,T+1,
O(z,1) := =U(1)P(z[1]). (C.78a)

Clearly, each ©(z, j) is only related to two components in z, i.e., z[j — 1] and z[j].

The component functions ¥, ® : R — R are given as below

0 w <0
U(w) = )

1—e™ w>0,
®(w) :=4arctan w + 2.

By the above definition, the average function becomes:

1 M T+1
9(x) = 57 > gilx) =0z, 1)+ Y O(x,5) (C.79)
Jj=1 Jj=2
=—U(1)® (z[1])
T+1

+ D [ (=alj = 1) @ (=alj]) = ¥ (alj - 1)) @ [j])]

See Fig. for an illustration of the construction discussed above.
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I TN
z1[1] O
w2 O @ =02 o
mp () eBl . zn (3]

z1[4] [ ) ol
1 [5] . To [5]

.
.
.
. . — =

:EN[N] |

I
N+ 1@ () @AV +1] an[N +1)
N+2] x2N+2 LI I | (L'N[N“r‘2]
1[N + 3] z2[N + 3] .

1 T] 8 $2[T e CL'N[T]'
z1[T + 1] zo[T + 1] e[l + 1] @8

Figure C.1: The example constructed for proving Claim 2.1. Here each agent has a local length
T +1 vector z;; each block in the figure represents one dimension of the local vector. If for agent
i, its jth block is white it means that f; is not a function of z;[4], while if jth block is shaded
means f; is a function of z;[j]. Each dashed red box contains two variables that are coupled

together by a function ©(-).

Further, for a given error constant € > 0 and a given the Lipschitz constant L, let us define

filz) = %gi (%) : (C.80)

Therefore, we also have
1 Y 2me zL
— .81
N z:: (77\/_> (C.81)
C.6.3 Properties.

First we present some properties of the component functions h;’s.

Lemma 19 The functions ¥ and ® satisfy the following:

1. For allw <0, ¥(w) =0, ¥(w)=0.
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2. The following bounds hold for the functions and their first- and second-order derivatives:

2
0<P(w) <1, 0< P (w)<y/-,
e

< U (w) <2, Yw > 0.

o
m\m‘ =~

0< ®(w) <4m, 0<d(w)<A4,

_3v3 < 9" (w) < —3\/3, Vw € R.
2 2
3. The following key property holds:
U(w)®'(v) >1, YVw>1, |v]<1. (C.82)

4. The function h is lower bounded as follows:
9:(0) — inf g;(z) < 57T/N,
x
9(0) — inf g(x) < 57T/N.
x

5. The first-order derivative of g (respectively, g;) is Lipschitz continuous with constant £ =

27w (respectively, £; = 27w, ¥ i).

Proof. Property 1) is easy to check.
To prove Property 2), note that following holds for w > 0:

U(w)=1- e v’ V' (w) = 2w,

U (w) =2 — e w2, ¥ w > 0.

Obviously, ¥(w) is an increasing function over w > 0, therefore the lower and upper bounds

are ¥(0) = 0,¥P(c0) = 1; ¥'(w) is increasing on [O,%] and decreasing on [%,oo], where

\If”(%) = 0, therefore the lower and upper bounds are ¥’'(0) = ¥'(c0) = O,\I/’(%) = /%
U"(w) is decreasing on (0, \/g] and increasing on [\/g, 00) (this can be verified by checking the

signs of U (w) = 4e=*"w(2w? — 3) in these intervals). Therefore the lower and upper bounds

are \Il”(\/g) =4 00t =2, ie,



176
Further, for all w € R, the following holds:

4
®(w) = darctanw + 2m, &' (w) = mORE
" (w) = _(wzgirw' (C.83)
Similarly, as above, we can obtain the following bounds:
0< ®(w) <4dm, 0< P (w) <4,
—¥ < d"(w) < ?, Yw € R.

To show Property 3), note that for all w > 1 and |v| < 1,
T(w)®' (v) > V()P (1) =2(1—e 1) >1

where the first inequality is true because ¥(w) is strictly increasing and ®’(v) is strictly decreas-
ing for all w > 0 and v > 0, and that ®'(v) = ®'(|v]).

Next we show Property 4). Note that 0 < ¥(w) < 1 and 0 < ®(w) < 4w. Therefore we have
g(0) = —=¥(1)®(0) < 0 and using the construction in

T/N
i) 2 ~W()RE() — 3 supWw)o(r) (C.84)
> —4m — 4(T/N)m > —57xT/N, (C.85)

where the first inequality follows from ¥(w)®(v) > 0, the second follows from ¥ (w)®(v) < 4,
and the last is true because T/N > 1.

Finally, we show Property 5), using the fact that a function is Lipschitz if it is piecewise
smooth with bounded derivative. Before proceeding, let us note a few properties of the con-
struction in (also see Fig. [C.1)). First, for a given node g, its local function h, is only
related to the following z[j]’s

j=14+q+{xN>1,£=0,---,(N—1),
]:q+£XN21,£:0,,(N_1),

or equivalently

q=j—1—-¢xN>1,0=0,--- (N —1),
q=j—{¢xN>1,£0=0,--- (N —1).

Then the first-order partial derivative of g,4(y) can be expressed below.
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Case I) If j # 1 we have

(=¥ (—z[j — 1)) @' (—z[j]) — ¥ (z[j — 1]) @' (z[5])),
5 q=j—-1-N{)>1,0=0,---, % —-1,j=23,.-- ,T+1
axg[j} = (=0 (—z[j]) @ (—=[j + 1]) = V' (2[j]) @ (x[j + 1])) ,
g=j-N)>1,0=0,---,L—-1,j=34,---T
0 otherwise.
(C.86)
Case II) If j = 1, we have
994 _ =U(1)@'(z1]) + (=¥ (—=[1]) @ (—2[2]) — V' (z[1]) @ (z[2])), ¢=1 (C.87)
9al] (1) (a[1]), a7l

From the above derivation, it is clear that for any j, q, ;Tg[",] is either zero or is a piecewise
smooth function separated at the non-differentiable point z[j] = 0, because the function ¥’(-)
is not differentiable at 0.

Further, fix a point z € RT*! and a unit vector v € RT*! where Z?ﬁl v[j]? = 1. Define
0y(0;z,v) = gq(z + Ov)

to be the directional projection of g, on to the direction v at point . We will show that there
exists C' > 0 such that |¢,”(0;z,v)| < C for all z # 0 (where the second-order derivative is taken
with respect to ).

First, by noting the fact that each if z[j] appears in g,(z), then it must also be coupled with
either z[j+1] or z[j — 1], but not other z[k]’s for k # j—1, j+1. This means that % =0,
V j2 # {j1,71 + 1, j1 — 1}. Using this fact, we can compute ¢,”(0;z,v) as follows:

aQQq ()
9x[j1]0x 2]

T
"
by (052,0) =
J1,J2=1

= 2 Zamagq gl + 6l

Ge{0,1,—1} j=1

v[j1]vliz]

where we take v[0] :== 0 and v[T + 1] := 0.
By using (C.86) and the above facts, the second-order partial derivative of g4(z) (Vx # 0)

is given as follows when j # 1:

(W (—zlj —1]) " (—2[j]) — ¥ (2[5 — 1]) " (z[4])),
92 q=j—1-N)>1,0=0,--- , 5% —1,j=23,--- ,T+1
ngﬂm = (O (—z[j]) @ (—=[j + 1]) = ¥" (z[j]) @ (=[j + 1])),
q=j—-N{)>1,¢=0,---,%—1,j=3.4,---,T
0, otherwise

(C.88)
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(V' (—z[5]) @' (=z[j +1]) = V' (2[4]) @' (2[5 +1])) ,

g,
= = 97 — > = R A ) — N
0, otherwise
(C.89)
o2 (' (=a[j — 1]) @' (—z[j]) — ¥’ (z[j — 1]) @' (z[4])),
q _ i -0... T _q1 5=

0, otherwise

(C.90)

By applying Lemma |19 i) [i.e., ¥(w) = ¥'(w) = ¥’ (w) = 0 for V w < 0], we can obtain that
at least one of the terms ¥ (—z[j — 1]) ®” (—z[j]) or =¥ (x[j — 1]) ®” (z[j]) is zero. It follows
that

U (—zlj — 1)) " (=z[j]) = ¥ (z[j — 1)) " (z[j]) < sup [ (w)] sup |7 (v)]-

Taking the maximum over equations (C.88) to (C.90) and plug in the above inequalities, we
obtain

0%g,
Oz[j1]0x[j2]

< max{sup [¥" (w)| sup [®(v)], sup |¥ (w)| sup [@" (v)], sup [¥' (w)| sup [’ (v) }

3V3 2
:max{87r,\2f,4\/?} <8m, Vj #1,

where the equality comes from Lemma [19] - ii).
When j =1, by using (C.87)), we have the following:

0%gq(7) —U(1)@"(z[1]) + (=" (=z[1]) @ (—z[2]) — ¥" (z[1]) @ (z[2])), ¢=1
0x[1)0z[1] —U(1)®" (1)), otherwise

0%gq(x) (=0 (—2[1]) @' (—=[2]) — V' (2[1]) @' (2[2])), ¢=1
0x[1]0x[2] 0, otherwise

Again by applying Lemma [19|— i) and ii),

gqy(x)
0zx[1)0x[ja]

< max{sup [¥(1)®" (w)| + sup [ " (w)| sup |®(v)], sup [¥'(w)| sup |®'(v)[}

3V3 2
:max{;[(l —eh +87r,4\/;} <97, V jo.
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Summarizing the above results, we obtain:

HCERIE Y Zaxagq e v[jlvli + G

Ge{0,1,-1} j=1

<97 Z |2T:v

Ge{0,1,—-1} j=1
<97 |Z |+2|Z

< 27772 lv[j]?| = 277.

Overall, the first-order derivatives of h, are Lipsschitz continuous for any ¢ with constant at
most ¢ = 277. |

The following lemma is a simple extension of the previous result.

Lemma 20 We have the following properties for the functions f defined in (C.81) and (C.80)):

1. We have ¥V z € RT+!
1072¢

LN

o(ve)

3. The first-order derivatives of f and that for each f;,i € [N] are Lipschitz continuous, with

T.

7(0) ~ inf /() <
2. We have

IVf()] = , ¥V zeRTHL (C.91)

the same constant U > 0.

Proof. To show that property 1) is true, note that we have the following:

2me

J(0) —inf f(@) = =2 (9(0) — inf g(a) ) .
Then by applying Lemma [19 we have that for any T" > 1, the following holds

£(0) —iI;ff(.Z‘) < % X %

Property 2) is true is due to the definition of f;, so that we have:

Vfi(z) = vV2e x Vg; <7:f%> .

Property 3) is true because the following:

195(:) = ¥l = v v () - v (L) H < Uz -y
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where the last inequality comes from Lemma f (5). This completes the proof. ]
Next let us analyze the size of Vg. We have the following result.

Lemma 21 If there exists k € [T] such that |z[k]| < 1, then
o~ Jgi
IV (e H Z Vg(x (=)

oxlk]
Proof. The first inequality holds for all k € [T7], since Ef\il %[k]gi(x) is one element of

> 1/N.

i=1

LS Vgi(z). We divide the proof for the second inequality into two cases.
Case 1. Suppose |z[j — 1]| < 1 for all 2 < j < k. Therefore, we have |z[1]| < 1. Using (C.87),

we have the following inequalities:

agz(x)
Ox[1]

where (i) is true because ¥/ (w), ®(w) are all non-negative from Lemma [19]-(2); (ii) is true due
to Lemma [19|— (3). Therefore, we have the following

1Y 1L 9
N;V%(l") > N;ng(x) >

Case 2) Suppose there exists 2 < j < k such that |z[j — 1]| > 1.

C ey L 1, vi (C.92)

We choose j so that |z[j — 1]| > 1 and |z[j]| < 1. Therefore, depending on the choices of

(i,4) we have three cases:

(=¥ (—2[j — 1)) @' (—2[j]) = ¥ (zj — 1]) @' (z[5])) ,
i=j—1-N{)>1,(=0,---, % —-1,j=2.3,--- ,T+1
9gi(x) _ (=0 (—z[f]) @ (—2[j + 1]) = ¥’ (2[5]) @ (z[5 + 1])),
Oxlj] i=j—1-N({)>1,¢=0,---, %L ~1,j=3,4,---,T
0
otherwise

(C.93)
First, note that 689;%) <0, for all 4, 4, by checking the definitions of W(-), ®'(-), ¥'(-), ®(+).
Then for (i,5) satisfying the first condition, because |z[j — 1]| > 1 and |z[f]] < 1, using

Lemma [19|— (3), and the fact that the negative part is zero for ¥, and ®’ is even function, the
expression further simplifies to:

W (jalj — 1N (2] = 1. (C.94)

If the second condition holds true, the expression is obviously non-positive because both ¥’

and ® are non-negative. Overall, we have

lNag
N;ax
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This completes the proof. |

Lemma 22 Consider using an algorithm of the form (C.75) to solve the following problem:

N
. 1
min, g(@) = ;gi(x)- (C.95)
Assume the initial solution: x; = 0, V i € [N]. Let T = %2511 a;z; denote some linear

combination of local variables, where {a; > 0} are the coefficients (possibly time-varying and
dependent on t). Then no matter how many local computation steps (C.75b) are performed, at
least T communication steps (C.75a)) are needed to ensure Z[T]| # 0.

Proof. For a given j > 2, suppose that x;[j], z;[j+1], ..., 2;[T] = 0, Vi, that is, support{z;} C
{1,2,3,...,j — 1} for all i. Then ¥’ (x;[j]) = ¥’ (—xz;[j]) = 0 for all 7, and g; has the following
partial derivative (see (C.86))

agi(l’i)

Tl = (Wl — 1)@ (i) + (@ @l ~ 1) @ wli), (C.96)
i=j—1-N({)>1,£=0, - ,%—1,;‘:2,3,--. T+ 1. (C.97)

Clearly, if x;[j — 1] = 0, then by the definition of ¥(-), the above partial gradient is also
zero. In other words, the above partial gradient is only non-zero if z;[j — 1] # 0.

Recall that we have assumed that the server aggregation is performed using a linear combi-
nation ¥ = % Ziil a;x;, with the coefficients «;’s possibly depending on the stage ¢ (but such
a dependency will be irrelevant for our purpose, as will be see shortly). Therefore, at a given
stage t, for a given node i, when j > 3, its jth element will become nonzero only if one of the

following two cases hold true:

o If before the aggregation step (i.e., at stage ¢t — 1), some other node ¢ has z4[j] being

nonzero.

o If Bgéfﬁi]) is nonzero at stage t.

Now suppose that the initial solution is z;[j] = 0 for all (i, j). Then at the first iteration only
6{99;%@]) is non-zero for all 7, due to the fact that a(;’;f[”“f]) = U(1)®'(0) = 4(1 — e 1) for all i from
. It is also important to observe that, if all nodes i # 1 were to perform subsequent local
updates (C.75b)), the local variable z; will have the same support (i.e., only the first element is

non-zero). To see this, suppose k = 2, then for ¢ = 2, we have

9gi(x:)
6.%'7; [2]

= (=W (—2[2]) @ (=2[3]) — ¥’ (=[2]) @ (x[3])) =0, (C.98)
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since x[2] = 0 implies ¥’ (—z[2]) = 0. Similarly reasoning applies when i = 2, k > 3.

If ¢ > 3, then these local functions are not related to x;[2], so the partial derivative is also

zero.
Now let us look at node ¢ = 1. For this node, according to (C.96)), we have
17)
) (W )@ (a2 + (0 @ 1) @ (). (©.99)

Since z1[1] can be non-zero, then this partial gradient can also be non-zero. Further, with a
similar argument as above, we can also confirm that no matter how many local computation
steps that node 1 performs, only the first two elements of x; can be non-zero.

So for the first stage ¢ = 1, we conclude that, no matter how many local computation that
the nodes perform (in the form of the computation step given in ), only x1 can have two
non-zero entries, while the rest of the local variables only have one non-zero entries.

Then suppose that the communication and aggregation step is performed once. It follows
that after broadcasting z = % vazl a;x; to all the nodes, everyone can have two non-zero
entries. Then the nodes proceed with local computation, and by the same argument as above,
one can show that this time only x5 can have three non-zero entries. Following the above
procedure, it is clear that each aggregation step can advance the non-zero entry of T by one,
while performing multiple local updates does not advance the non-zero entry. Then we conclude
that we need at least T' communication steps, and local gradient computation steps, to make

x;[T possibly non-zero. [ ]

C.6.4 Main Result for Claim 2.1.

Below we state and prove a formal version of Claim 2.1 given in the main text.

Theorem 11 Let € be a positive number. Let 29[j] = 0 for alli € [N], and all j = 1,--- , T +1.
Consider any algorithm obeying the rules given in , where the V7 (-) and W[ (-)’s are linear
operators. Then regardless of the number of local updates there exists a problem satisfying
Assumption@ f@ such that it requires at least the following number of stagest (and equivalently,
aggregation and communications rounds in )

s 0= iif);f(x)) LN - (C.100)

to achieve the following error

2

N
« || L (T
hy = HN ;Vfl(x )N <e (C.101)
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Proof of Claim 2.1. First, let us show that the algorithm obeying the rules given in
has the desired property. Note that the difference between two rules is whether the sampled
local gradients are used for the update, or the full local gradients are used.

By Lemma [22f we have Z[T] = 0 for all » < T. Then by applying Lemma [20| - (2) and
Lemma we can conclude that the following holds

IV £(2[T])| = \/%Hw (ﬁ%) H > V2e/N, (C.102)
zkU

where the second inequality follows that there exists k € [T] such that |7r \/ﬂ| =0 <1, then we

can directly apply Lemma
The third part of Lemma [20] ensures that f;’s are L-Lipschitz continuous gradient, and the

first part shows

1072
€ T,

LN

f(0) —inf f(2) <

Therefore we obtain -
o () —inf, @) LN

> — (C.103)

This completes the proof.
Second, consider the algorithm obeying the rules give in ([5.5)), in which local sampled gradi-
ents are used. By careful inspection, the result for this case can be trivially extended from the

previous case. We only need to consider the following local functions

fz(x) = Z F(x; &) (C.104)

&ieD;

where each sampled loss function F(x;&;) is defined as

F(x;&) = G(&) fi(x), where f;(x) is defined in (C.80). (C.105)

where G(&;)’s satisfy G(&) > 0 and >_; ., G(&§) = 1. It is easy to see that, the local sampled
gradients have the same dependency on x as their averaged version (by dependency we meant
the structure that is depicted in Fig. . Therefore, the progression of the non-zero pattern
of the average T = % vazl x; is exactly the same as the batch gradient version. Additionally,
since the local function f (z) is exactly the same as the previous local function f(z), so other

estimates, such as the one that bounds f(0) — inf f(z), also remain the same.
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C.7 Additional Numerical Results

C.7.1 Handwritten Character Classification
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(a) The testing accuracy of FedAvg-
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Figure C.2: The convergence result of the algorithms on training neural network for

handwriting character classification.
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Figure C.3: The convergence results of the algorithms on training neural networks on

the federated handwritten characters classification problem.
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Figure C.4: The convergence results of the algorithms on training neural networks on

the federated handwritten characters classification problem with test data set.

In the second experiment, we compare FedPD with FedAvg and FedProx on the FEMNIST data
set [134]. The FEMNIST data set collects the handwritten characters, including numbers 1-10
and the upper- and lower-case letters A-7Z and a—z, from different writers and is separated by
the writers, therefore the data set naturally preserves non-i.i.d-ness.

The entire data set contains 805,000 samples collected from 3,550 writers. In our experi-
ments, we use the data collected from 100 writers with an average of 300 samples per writer and
the size of the whole data set is 29,214. We set the number of agent N = 90, the first ten agents
are assigned with data from two writers, and the rest of the agents are assigned with data form
one writer. Therefore, the data distribution is neither i.i.d. nor balanced. We use the neural
network given in [I34] as the training model, which consists of 2 convolutional layers and two
fully connected layers. The output layer has 62 neurons that matches the number of classes in
the FEMNIST data set.

The numerical results shown in Fig. [C.2]in the main text were generated by running MAT-
LAB codes on Amazon Web Services (AWS), with Intel Xeon E5-2686 v4 CPUs. In the training
phase, we train the CNN model with FedAvg, FedProx and FedPD. In Fig. a), for FedAvg,
we use gradient descent for = 8 local update steps between each communication rounds; to
solve the local problem for FedProx, we use SARAH with @ = 20 local steps; we use FedPD
with Oracle II, computing full gradient every I = 20 communication rounds and perform @ = 2
local steps between two communication rounds. The hyper-parameters we use for FedAvg is

n = 0.005; for FedProx we use p = 1 and stepsize n = 0.01; for FedPD we use n = 100 and
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v = 400. In Fig. b)7 we use FedPD with Oracle I, with @ = 20, n = 100 and v = 400 and

the mini-batch size 2. We set the communication saving to p = 0 and p = 0.5.

The results shown in Fig. were generated by running Python codes (using the the
PyTorch packageﬂ ) with AMD EPYC 7702 CPUs and an NVIDIA V100 GPU.

In the training phase, we train with FedProx, FedAvg and FedPD with a total 7' = 1000 outer
iterations. The local problems are solved with SGD for @ = 300 local iterations and the mini-
batch size in evaluating the stochastic gradient is 2. The stepsize choice for FedAvg, FedProx
and FedPD are 0.001, 0.01 and 0.01 by grid-search from {1,0.3,0.1,0.03,0.01,0.003,0.001}, the
hyper-parameter of FedProx is p = 1 and for FedPD n = 1. In the experiment, we set the
communication saving for FedPD to be p = 0, p = 0.5 and p = 0.25. Note that we also tested
FedAvg with larger stepsize 0.01, but the algorithm becomes unstable, and its performance
degrages significantly. As shown in Fig.[C.3|and[C-4] FedAvg is slower than FedPD and FedProx,
while FedProx has similar performance as FedPD when p = 0. Further, we can see that as the
frequency of communication of FedPD decreases, the final accuracy decreases and the final loss
increases. However, the drop of accuracy is not significant, so FedPD is able to achieve a better

performance with the same number of communication rounds.

C.7.2 Cifar-10 Dataset Classification
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nication rounds.
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Figure C.5: The convergence results of the algorithms on training neural networks on

the Cifar-10 classification problem with test data set.

1 PyTorch: An Imperative Style, High-Performance Deep Learning Library, https://pytorch.org/


https://pytorch.org/
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In the third experiment, we compare FedPD with Fed Avg and FedProx on the Cifar-10 dataset [124].

In the experiment, we set the number of agent N = 90. The data partitioning method follows
the one used in [I135] and the details of the method is described as follows: first we sort the
samples by the labels and divide the dataset into 200 non-overlapping subsets and each subset
of samples only has one class of samples; then for 10 agents, we randomly sample 4 subsets
from the 200 subsets without replacement and assign to each agent; for the other 80 agents, we
sample 2 subsets without replacement and assign to each client. Each agent only has at most
4 classes of samples and have different number of samples, therefore, the data distribution is
non-i.i.d. and unbalanced.

The results are shown in Fig. In the training phase, we train with FedProx, FedAvg
and FedPD with a total T = 1000 outer iterations. The local problems are solved with SGD for
Q = 64 local iterations and the mini-batch size in evaluating the stochastic gradient is 16. The
stepsize choice for FedAvg, FedProx and FedPD are 0.001, 0.01 and 0.01, the hyper-parameter
of FedProx is p = 1 and FedPD is n = 1. We use the neural network which consists of 2
convolutional layers and three fully connected layers as the training model. As shown in the
result, FedAvg is slower than FedPD and FedProx, while FedProx has a lower final accuracy
than FedPD when p = 0.

C.8 The Connection Between FedDyn and FedPD

In this section, we provide a short discussion about the connections of FedPD and FedDyn [81].
The bottom line is that, without communication reduction, these two algorithms are identical.
In particular, the so-called “dynamic regularization” step in FedDyn is precisely the dual update
step in FedPD.

The Federated Dynamic Regularization Algorithm (FedDyn) proposes “a dynamic regu-
larizer for each device at each round, so that in the limit the global and device solutions are
aligned”. Further, in each iteration r, only a subset of users P, C U is selected, out of a total

of N users. The FedDyn algorithm is given below.
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Algorithm 9 Federated Dynamic Regularizer

Input: x° n, T,
Initialize: x§ = x% h°
forr=0,...,7—1do

for 7 € P, in parallel do local updates do

1
X = argmin, f;(x) + (Vfi(x}),x — x}) + 5 lx — x5 (C.106)
1
Vﬂ&?*%zvﬂ&9+7#%*l—x® (C.107)
end for
for i ¢ P, in parallel do local updates do
Xt =x{, VAT = Vi) (C.108)
end for
Global Communicate:
1
h ' =h"+ — Y (x[" —xp) (C.109)
N ieP,
1
X = > x4 phrt (C.110)
7] i€P,

end for

To see the relation between these two algorithms, let us assume the following:

e Let P. = N for FedDyn, that is, all clients will participate in communication in all the

iterations;
e Consider p = 0 for FedPD, that is, communication will take place in all the iterations;
e Consider a simplified version of FedPD where the local problem is solved exactly.

e FedPD and FedDyn are initialized such that their initial x° are the same, and that the
following holds:

A=\ =10’ = Vi(x"), Vi.j. (C.111)
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Based on the above conditions, we will show that the {x]} and {x{} iterates generated by the
two algorithms are the same.

Below, we will show that the following two relations hold:

N
T T ro__ 1 r o
V(x]) =], h —N;Ai r=01,--,T.

First, at » = 0, the two relations hold trivially because of the initialization.
Let us consider the update in » = 0. Recall that the local AL at each client is defined as

1
Ll x0, M) £ fi(x) + (i xi = x0) + 3o xi = xall
and the local primal update step for FedPD is

xIt = argmin, £;(x;, x5, AT). (C.112)

Clearly, the x} updates in (C.106)) and (C.112)) are exactly the same, since they are both min-
imizing the local augmented Lagrangian function, and that Vfi(xy) = A), V i. Therefore, the

two algorithms generate the same x}. It follows that for the FedDyn, the following hold:

Vi(xi) = Vfi(x)) +

(! = x0)

SH

1 y
=0+ (=) WAL v, (C.113)

(3 (3

where in (i) we used the initialization (C.111]), and in (i4) we used the dual update of FedPD

1
N =X O )

K2

and the fact that the x} generated by the two algorithms are exactly the same.

Next, we note that the following relations hold for FedDyn:

N

1
hr+1 _ hr 4+ Xvi"+1 _ Xr
TN ;( o)
107 1
= b+ Y (VAT - V().
=1

And in particular
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where the last equality comes from (C.113]).
Utilizing the fact that h! = % Zivzl A}, and the two algorithms have the same x}, by a

direct comparison of (C.110)) and the aggregation step of FedPD

1 N

T
N X0,

i=1

x6+1 =
we obtain that x} generated by the two algorithms are the same.

The case for all » > 1 can be similarly derived.

In conclusion, under the initialization , and assuming that p = 0 for FedPD and
P, = N for all 7, and the FedPD solves local problem exactly, then the FedPD and FedDyn
are identical. The key observation from the above analysis is that, the so-called “dynamic

regularization” updates in FedDyn are the dual variable updates in FedPD.



Appendix D

Additional Results and Proofs of
Chapter 6

D.1 Proof of Theorem

By Lipschitz smoothness, we have
L 2
Fl@err) < f(@e) +(VF(@e), zep1 = 20) + S llzesn — 2" (D.1)
Before we proceed, we define the following quantities to simplify notation:

c - c .
Oég = at = t._—

N
1 ~t
1 ) . 1 5 (&% - ZOA,
max(c,ml| Yy gr ) max(e, mlEZe, ) N&

Q-1 Q-1
Ai = Z gf,q ’ O‘Ev Af = Z gg,q : df,
q=0 q=0
Q-1 Q-1
Zz = —n Z ght.at, Ali=—p Z Vi) -at P:=|P, (D.2)
q=0 q=0

where the expectation in &! is taken over all possible randomness.
By using the above definitions, the model difference between two consecutive iterations can

be expressed as:

Ti41 — T =NgH Z(Af +27),

with 2! ~ N(0,0%I). Using the above expressions, and take an conditional expectation of (D.1]
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(conditioned on x;), we obtain:

2

1
Elf(ze41)] < flze) + 779<Vf 1), Z Al + 7 > P Z Ab+ 2
zEPt 1€EPy
1 ? L 4,1
_ ¢ 2 ¢ o2
f(iﬂt)+77g<vffft [ EZPA > g F;Ai + UgP d,

(D.3)

where d in the last expression represents dimension of x;; in the last equation we use the fact
that 2! is zero mean.
Next, we will analyze the bias caused by clipping, through analyzing the first order term in

(D.3)). Towards this end, we have the following series of relations:

<Vf (1), ZN >

ZGPf

N
@ <Vf )E | SE[S Al ><Vf(xt),113P]E ]1VZA§>
1E€Py =1
NE 1 N
Vi), E| =) Al —A! >+<Vf(x),E =Y AL -A; >
- (w2 i

<Vf 1), JbZAD (D.4)

where (i) we takes expectation on the randomness of the client sampling, i.e., E; Af = % 25\7:1 Al

The first two terms of RHS of the above equality can be viewed as bias caused by clipping. The

first order predicted descent can be analyzed from the last term by completing the square:

<Vf(:rt)7]E

0 1 &
=E | ( V(@) AED
N
(“) 7710‘Q 2 N 1 a Xt
V7Ol =50 ® | v 22
1 GV )~ L i (D.5)
2 Y /QnNa' L .




where (¢) comes from ]EZ: = Al (ii) is because (a,b) = -1 llal® — i 1b]|* + ia
true for any vector a, b.

We further upper bound A; as

[ N Q-1 2
A1 =QE ||V f (@) = 5> > Vi)
i=1 ¢=0
[ ;] NQl 2
=QE || 53 2 D Viila") = Vi)
I QN i=1 ¢q=0
1 N Q-1
<5 3 ST EIVAE) - VI

1 N
<% LPEllet — )

<L?5Q%n} (o7 4+ 6Qo2) + L*30Q%n7 ||V f(x) ||
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— b||* holds

(D.6)

where the first inequality comes from Jensen’s inequality, the second inequality comes from

L-smoothness and the last inequality is due to [72, Lemma 3].

Now we turn to upper bounding the second order term in (D.3)), as follows

2
1 t
BB 2 A
1€P:
| 1 ’ 1 ’ 1 ’
t At At At At
<3E PZAi—Ai + 3E FZAi—Ai + 3E FZAi
i€Py 1€P 1€P:

We can bound the expectation in the last term of (D.7)) as follows:

r 2
1 —t
E|l5 Z A,
L 1€Py
- 1 01 9
=z 2 (m > o ‘at>
L i€P q=0
1 = ’ 1
<R (2|5 > Y V@) a| +2 5 (Vf(z) = g7") - @
1€Pt g=0 i€Py q=0
1 ? 2
<2E 12 Z Af + an&%)a?
1€Ps
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where the last inequality is because the assumption that E[||gi'? — Vfi(zb?)||?] < 0. Let us
further bound the expectation in the first term of as:

2 2
TP > A

1€EP: i€Py

@ - EIEE:HAt

where in (i) we expand the square and take expectation on the randomness of client sampling,
and (ii) is due to independent sampling the clients with replacement so that E; ; <Af,A§-> =
(E; ALE; Ab).

Additionally, note we have:

)+ Vfi(x;?) =V fila")

9 . N
A @EEZﬁC%
<2n tz(wzww )+ Vfi(zb)|” +Q22Hw )

q=0

(2i1)

< i@ N <L25Q2 £ (of +6Q0g) + L2B0Q% [V f(w)l|* + 2QV f () |* + 26230-3)
= 0Ny @' L*Q%a7 + 4Nnia@' Q* (151207 + 1) (| V f (x:) > + 07
(D.10)
where (i) comes from the definition of Af; (ii) comes from the fact that ||la + b||> < 2(a|®
6]1%); in (iii) we apply to the first term and bound the second term by the assumption
that |V fi(z) — Vf(@)]]? < o

Combining (D.3)-(D.10), we have

%mﬁE
2Q)

Bl (o)) <) ~ W9 ()2 -

| X
Y

mNa E;
ngmia’ 120202 (02 2 L20%2 |1V 2
+ ———(L7Q%n; (07 +6Qay) + 30L7Q n; |V f(z4)[|)

2
<Vf (zt), [ ZAt Al >+779 <Vf(xt)7E
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3L2(P —1) 1.y, 3L, 2
— p E N;Ai + 5y i (@)?Qof + UgP d
30 4 5 12 5 5,
+ Smnga Q%7 + pn?nﬁat@‘(l%%? + DIV f ()| + a7)
2
3L, R 3L o || 1 .
+ 5 mE ;;A — At + 5 mE F;Ai— (D.11)

1 . . . .
J600L the above inequality simplifies to

When 7,7, < min{ \/7@, GQL(P 1)} and 7, <

Elf (zee)] <F(0) — 0L 10 f 0|2
P (1 4 1200 12020 4 607)

+ 2 P
> + g <Vf(xt),E

<Vf (1), [ ZN Al
3L L ,1
+ —=noni (@)?Qof + ngP o’d

N
ZN At

zEPt

2

L
+ 37 ’E (D.12)

=Y ALA]

1E€EP

L
+3—2E

Sum over ¢ from 1 to T, divide both sides by TngmQ/4, and rearrange, we have

1 T
= E[@ |V f ()]
t=1

1 4 1ML
+T;m—QE <Vf 1), ZN At > <Vf(a:t),]E N;Af—A: >
6L 1« - Al & ’
g Z Z A=Al |+ 7,791 Z Z LA, (D.13)
Q T Zept T Zept

Upper-bounding the last four terms using || gf’qH < G yields the desired result

D.2 Additional Numerical Experiments

In this part, we provide additional numerical results of Chapter [6]
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D.2.1 Update Distributions

In this part, we plot the change of the distributions of the update differences of different al-
gorithms listed Chapter [} Notice that in all models and datasets, the distributions of the
magnitude in the IID cases are more concentrated than the corresponding Non-IID cases. Also,

the distributions of the same model trained on EMNIST dataset are more concentrated than

trained on Cifar-10 dataset.

0° 180°)

0 180°)

(e) Non-IID, t =0 (f) Non-IID, ¢ = 2 (g) Non-IID, t =8 (h) Non-IID, t = 64

Figure D.1: The distribution of local updates for MLP on IID and Non-IID data at different commu-
nication rounds for EMNIST dataset. Each blue dot corresponds to the local update from one client.

The black dot shows the magnitude and the cosine angle of global model update at iteration t.
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(e) Non-IID, t =0 (f) Non-IID, ¢t = 2 (¢) Non-IID, t =8 (h) Non-IID, t = 64

Figure D.2: The distribution of local updates for AlexNet on IID and Non-IID data at different
communication rounds for EMNIST dataset. Each blue dot corresponds to the local update from one
client. The black dot shows the magnitude and the cosine angle of global local model update at iteration
t.
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(e) Non-IID, t =0 (f) Non-IID, ¢t = 2 (¢) Non-IID, t =8 (h) Non-IID, t = 32

Figure D.3: The distribution of local updates for ResNet-18 on IID and Non-IID data at different
communication rounds for EMNIST dataset. Each blue dot corresponds to the local update from one
client. The black dot shows the magnitude and the cosine angle of global local model update at iteration
t.

D.3 Quadratic Example

D.3.1 Proof of Claim [3

Given a fixed clipping threshold ¢, consider the following quadratic problem

L
fla)y=> 5@ =07,

i=1
where we have N = 3 clients. By applying model clipping to FedAvg, one round update can be

expressed as:

3
1
er = — Chp()\l' + (1 - )\)bm 0)7
3 ; (D.14)

A=(1- nl)Q €(0,1),

where 7; is the local stepsize.
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Suppose that the algorithm converges, then we will have solution z+ = z = z°°. This

implies that

3
1
3 > clip(Az™ + (1= A)bs, ) = 2. (D.15)
=1

Let us set by = by = —0.5¢,b3 = ke, then it is easy to verify that the optimal solution of the
problem is given by z* = @ > 0. However, when k > 4, from we can see that 2>° < ¢
and x* > c. Therefore, the only possibility is that z*° = ﬁc < ¢ # z*, and this holds true for
any A € (0,1). So the stationary solution of FedAvg with model clipping to this problem will

not converge to the original optimal solution no matter how we choose @) and ;.

D.3.2 Proof of Claim (4

First, we prove that using difference clipping, FedAvg can converge to global optimal by carefully

selecting @) and ;. Consider the following convex quadratic problem

:Z%Ax—b
i=1

By applying FedAvg with update difference clipping, one round of update can be expressed as:

N
1
o= - o3 ip(AV(e), ), where Ay = (I~ (T - mAT A))(ATA) . (D.16)
i=1
In order for the problem to converge to the original problem, it is easy to verify that the

following condition has to hold:

N
ZClip(Az‘Vfi(m*)7 c) = 0.
i=1
The above example can be viewed as using gradient descent to optimize a problem with the

following gradient

i Vi D.17
% otherwise. ( )

VH (@) = { AV fi(a) AV i@ <e,

Note that in general it is hard to write down the exact local problems f/ that satisfies the above

condition, but when z € R is a scalar, f/(x) is the Huberized loss of A; f;(z) [54]

(3

, Aifi(z) if [AiAi(Aiz —bi)| <e,
=400 e (D13)
c|a-fi(x)] — 3¢*  otherwise.
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In general, the re-weighted problem does not have the same solution as the original problem,
but we can select 7; and @ (determined by on z* and f;’s) so that f’(z) has the same solution
as f(x). For example, one set of parameters that satisfy the above requirement is Q = 1,7, =
1/ max;{||V fi(x*)||}. In this case, A; = In;, and when 7 is small enough, the clipping will not
be activate when x = 2* and Zi\; clip(A;Vfi(x*),c) = vazl mV fi(z*) = 0.

Next, we show that Clipping-enabled FedAvg can outperform the non-clipped version. Note
that when @ > 1, even when 7 is small such that the clipping is not activated, the algorithm
will not converge to the original solution. So in general one cannot draw the conclusion about

whether clipping helps or hurts the performance of FedAvg. Consider the following problem:

Zfz(x), where fi(x) = %(x —4)2, folz) = %(QI —1)2, f3(z) = %(Gx +1)%

(D.19)

AsVf(x) = (z—4)+(4x—2)+(36x+6) = 41z, the optimal solution of this problem is z* = 0.
Table show the stationary points of FedAvg under different choice of parameters. When
@ = 1, FedAvg is equivalent to SGD and clipping hurts the performance of FedAvg. However,
when @ is large, clipped FedAvg has a better performance than the non-clipped version, in the

sense that the stationary solution it obtains are closer to the global optimal solution z* = 0.

Table D.1: Stationary points of FedAvg with gradient clipping for (D.19)) under different

parameter settings.
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