FUNCTIONAL EQUATIONS
IN THE PROBLEM OF BOUNDEDNESS
OF STOCHASTIC BRANCHING DYNAMICS

F.I. Karpelevich! and Yu.M. Suhov?

Abstract. A general model of a branching random walk in Z (called in the
paper stochastic branching dynamics) is considered, where the branching and dis-
placements occur with probabilities determined by the position of a parent particle.
A necessary and sufficient condition is given for the random variable

M =sup max X,

to be finite. Here X, ; is the position of the k-th particle in the n-th generation.
The condition is stated in terms of a naturally arising linear functional equation.
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0. Introduction and Results

0.1. Suppose that at times n = 0,1, ... a population of individuals is observed,
placed on the one-dimensional lattice Z. After the unit time each individual disap-
pears, giving birth to a random number of offspring that are randomly distributed
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along the lattice. The number of offspring of a given individual and their positions
may depend on the place where they were born, but not on the pre-history of the
process. The offspring of different individuals are created and positioned on Z in-
dependently. At time zero there is a single individual at site = € Z. Following [1 |,
we call the random process arising here stochastic branching dynamics. The state
of the population in stochastic branching dynamics is described by the positions of
individuals. Thus, stochastic branching dynamics is a random process X = {Xn,
n=0,1,.. } in a space of counting measures on Z. We denote by X, (z) the
number of individuals at time n positioned at z € Z. We assume that process X
is time-homogeneous Markov.

Set
M =sup sup[z€Z: X,(z)>1] (0.0)
n>0
and
F(z,y)=Pr(M <y|Xo=6,), =,y €Z, (0.1)

where 6, is the Dirac measure at site z. Denote by U the set of functions w:
Z xZ — [0,1], such that u(z,y) =0 when z > y. Function F is a maximal
solution of an equation

u(way) = 1{z<y}E (H u(z7y)X1(z) Xo = 6z> , u € U; (0‘2)

see Theorems 2.1 and 2.2 below. Here and below, 0° = 1.

Thus the (natural) question when branching dynamics is bounded in probability
(that is, random variable M is proper), i.e.

Pr(M <o |Xo=6,) =1, z€Z, (0.3)
is reduced to the question when the maximal solution F' to equation (0.2) obeys

lim F(z,y)=1. (0.4)

Yy—oo

The question of boundedness of a stochastic branching dynamics was discussed,
in various terms, by a number of authors, see, e.g., [ 2, 3, 4 | (and the references
therein), where the space-homogeneous case was considered. The general case is
more difficult; an example of a non-homogeneous dynamics was considered in [ 5 |.
Some aspects of non-homogeneous diffusion branching dynamics are discussed in
[ 6] (see also the references therein, in particular, the earlier papers by the authors
of [ 6 ]). In this paper we give a necessary and sufficient condition for (0.4) to hold,
in terms of a linear equation (see equation (0.6) below) that is naturally associated
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with (0.2). The paper is a logical continuation of previous papers by the authors
(see the references in [ 5 |). The advantage of our approach is that linear equations
are much easier to deal with, and our result admits a generalisation to the case of
stochastic branching dynamics on a general graph.

0.2. As was noted, for stochastic branching dynamics X,, are counting measures:
X.(A) is a non-negative integer number. However, for the above problem of the
maximal solution F to equation (0.2), such a restriction seems unnatural. Let
M denote the space of non-negative measures p on Z satisfying the following
conditions:

1°. 1< u(Z) < .

2°. For each z € Z, either u(z) =0 or wu(z) > 1. Here and below u(y)
denotes the measure of a one-point set {y}.

Clearly, every counting measure on Z belongs to M. We endow M with the
topology of vague convergence.

Let {Pz, xr € Z} be a family of probability measures on M. Consider an
equation in space {:

u(way) = 1{z<y}E$ (H u(z7y)M(Z)> , uwEU; (0‘5)

E. denotes the expectation in P,. Let F be the maximal solution of equation
(0.5). [It always exists: see Theorem 2.1.] We are interested in the question: what
are the conditions on {Pz} under which function F' satisfies (0.4) for any = € Z7?

0.3. We need to introduce several concepts. We say that a site b € Z is accessible
from site a € Z in one step if

P,(u(b) > 0) > 0.
We say that b is accessible from a in n steps if there exists a finite sequence of

sites z9 = a, 1, ., s = b, where z; is accessible from z;_; in one step. Consider
the following conditions on {Pz}:

(I) For any z € Z, Ez(y(Z)2) < 0.

(IT) For any a,b € Z, b is accessible from a in a finite number of steps
(possibly different for different a and b).
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(IIT) There exists a partition of Z into finite (lattice) intervals A; = {z;,2; +
1,...,2;41 — 1}, % € Z, such that

(IT1.1) the set of points accessible from z € A; in one step is contained

in |J 4,
j=i—1
(IT1.2) the product Ha(r) is divergent, where «(r) = min [Ez (,u(Z)),
r=0
z €A,

(IV) For any a € Z, the set of points accessible from a in one step is finite.

The main result of the paper is

Theorem 1. Assume that for a family {Pz} conditions (I) to (IV) are fulfilled.
Let F' be the maximal solution of (0.5). Then (0.4) holds iff there exists a positive
solution fy to a linear equation

fo(2) = fo(2)Ba (u(2)), (0.6)

with
lim fo(z) = oc. (0.7)

r—00

Without assumptions (I)-(IV), the above condition is still sufliecient for (0.4).

0.4. If, for any = € Z, measure P, is concentrated on counting measures p € M,
we have stochastic branching dynamics on Z, and Theorem 1 gives an answer to
the above question of when random variable M is proper. If stochastic branching
dynamics are space-homogeneous, Theorem 1 follows from results in [ 2, 3,4 ]. As
was noted, in paper [ 5 | a particular case of a non-homogeneous branching dynamics
was considered, where the distribution of the number of offspring of an individual
at site  does not depend on = and their positions are independent of each other
and take values ¢ and z +1 (with probabilities that may depend on ).

0.5. In Section 1 we introduce the operation h* (here,u € M and h: Z — [0,1])
and discuss its properties. In Section 2 we construct a particular solution to (0.5)
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and prove that it is maximal; we also show that function F, introduced in (0.1),
coincides with the maximal solution. In Section 3 we check the sufficiency of the
existence of a positive solution to (0.6)—(0.7) for (0.4). In Section 4 we construct,
for a given family {Pz}, a Markov process X’ = {X?L, n=20,1,... } and establish
its properties, in terms of measures P,. Finally, in Section 5 we check the necessity
of the existence of a positive solution to (0.6)—(0.7).

Among conditions (I)=(IV), (III.1) seems the least natural. However, the ap-
pendix gives an example of a family of counting measures P, for which all condi-
tions hold, except for (III.1), and the assertion of Theorem 1 fails; in this example,
(0.4) holds, but there is no solution to (0.6) with property (0.7).

0.6. Throughout the paper H denotes the set of functions h : Z — [0,1] and
notation ¢ is used from 0.1. If ¢ is a function on Z xZ and y € Z, ¢,
denotes a function on Z defined by ¢,(z) = o(z,y). We also set 1. = 1,,.

The ordering » < v and the convergence wu, — u (or lim w, =u) mean
nN—00

that the corresponding relations hold pointwise everywhere in the domain of the
corresponding functions. If g and ¢ are a measure and a function on Z, we
denote by (u¢e) the integral of ¢ in u:

(o) = o(2)u(z).

Finally we set (u) = (pl) = u(Z).
1. Operation A"

1.1. Lemma 1.1. Assume two sequences of numbers, my, ..., mp > 1 and 1, ...,
zy, € [0,1], are given, and a variable X € [0,1]. Then

k - k )2 k 2
1:[(1—)\wi) ' :1—)\21:miwi—l—m (21:7’)’1,le> G, (1.1)

where 0 < s < X and 0 <3 <1.

Proof of Lemma 1.1. Denote the LHS of (1.1) by =w(A). Differentiating in A and
using conditions m; > 1 and z; € [0,1] yields #''(A) > 0. In addition,

L zx' 2

(A =-m(A)) v
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and

Together with
2

m(A) = m(0) + )\7r'(0) + %W”(s), 0<s<A,

this implies (1.1).

1.2. For a function A € H and a measure u € M we define a number hA* by
ht =T (). (1.2)

Owing to 1° and 2°, all but a finite number of terms in the product are equal to 1.
Note that the map (h,u) — h* is continuous.

Lemma 1.2. If fe H,p e M and X €]0,1], then
2
(L= Af) =1 = Apf) + ﬁ(ww, (1.3)

where 0 < s < X and 0 <G8 < 1.

Proof of Lemma 1.2. By 1° and 2°, the support of measure p is finite. Suppose
supp p = {21,..-,25}. Set wu(z;) = m;. From 2° it follows that m; > 1,
t=1,...,k. Denoting z; = f(z;), we obtain (1.3) from Lemma 1.1.

Lemma 1.3. Suppose that f € H, u € M and a set S O supp p. Denote | =
sup [ f(z): z € S]. Then the representation

(=1 = 1= tuh) + gD (19)

holds, where 0 < s <!l and 0 < <1.

Proof of Lemma 1.3. Consider a function




It is clear that f; € H. For fi, write expansion (1.3) with A =1 (clearly, [ <1).

We obtain
P((pfr))?

A=1fi)" =1-Upf)+ mﬂ,

where 0 < s <[ and 0 <3 < 1. Since f; coincides, on S, with f/I,and (uf1)
and h* depend on the values of f; and h on supp p only, we obtain (1.4).

Lemma 1.4. For any h € H and p € M, the following bound holds:

Bt < %L—m (1.6)

)

Proof of Lemma 1./. As was noted, supp p is finite. As before, set S =

k
{z1,..., 21}, p(z) =my, h(z) =2;,1=1, ..., k, and m = Zmi. Then
1

k
ht =T = (1.6)
1

A well-known inequality
k k
H z; < Z riT; (1.7)
1 1

k
holds for any =z; € [0,1] and r; € [0,1], with Zri = 1. Taking r; = m;/m and

1
noting that m > 1, we derive (1.5) from (1.6) and (1.7).
2. Existence of the maximal solution to (0.5)

2.1. Consider the following non-linear operator L on space U:
(Lu)(z,y) = 1< Eg(ul). (2.1)
Operator L preserves the order between functions: if v < v then
Lu < Lo. (2.2)

7



Equation (0.5) now takes the form

Lu=u, uel. (2.3)
Set
Fo(z,y) = 1<, (2.4)
and
Foii(z,y) = (LFn)(w,y), n=0,1,.... (2.5)

Theorem 2.1. Functions F, form a non-increasing sequence of functions from
U. The limit
F = nlEI;o F, (2.6)
gives the maximal solution to (2.3) in the sense that, if w € U is an arbitrary
solution of (2.3), then
u < F. (2.7)

Proof of Theorem 2.2. Obviously, F, €¢ 4, n =0,1, ... . Hence, F; <1. = F.
Applying operator L and using (2.2), we obtain that sequence {F,} is non-
increasing. Letting n — oo, in (2.5), and using (2.6), we conclude that F' satisfies
(2.3). It remains to check (2.7); fix an arbitrary solution, w € U, to (2.3). Then
v < 1. = Fy. Again applying operator L and using (2.2) and (2.5), we obtain
u < F,. Letting n — oo yields the result.

2.2. Suppose that for any = € Z P, is concentrated on counting measures
p € M. As was noted, family {Pz} determines stochastic branching dynamics.
In fact, for A C M, setting

Pr(X, € A| Xo =56, ) = P,(A) (2.8)

leads, via the independence, to a Markov process X = {X,,, n = 0,1, ...}, on the
space of counting measures, with the initial state §,. Denoting

= : > .
M, 1r§nkagxn max [z € Z : Xp(z) > 1], (2.9)

we observe that, for the random variable M (see (0.0)),

M = sup M,. (2.10)
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It is plain that
M, /M, for n — oco. (2.11)

By construction,
Pr<M0 <yl X = 5$> — 1. = Fy(a,y).
Using the Markov property of the dynamics, it is easy to check that probabilities

Pr<Mn <y ‘ Xy = 6z> satisfy (2.5). Therefore

Fo(z,y) = Pr<Mn <y | X = 5z>, n=01,... (2.12)

Letting n — oo and using (2.11) leads to the following theorem:

Theorem 2.2. If measure P, is concentrated, for any = € Z, on counting
measures, and F is the maximal solution to (2.3), then

F(z,y) = Pr <M <y | X :5z>.

3. Proof of Theorem 1: sufficiency

3.1. Consider an operator K taking a function u € U to a function on Z x Z:
(Ku)(z,y) = E, (uZ), z,y € Z. (3.1)
Observe that K preserves the inequality: if « < v then
Ku < Kw. (3.2)

Set w =1 —wv. Taking, in Lemma 1.3, f =v, and S =Z, we deduce from (1.4)
that
uy > 1— (Hvy).

Hence, for any u=1—v € U,

(Ku)(z,y) > 1 - Bq((uo,)). (3.3)

Theorem 3.1. Suppose that there exists a positive solution to (0.6), with
property (0.7). Then, for the maximal solution, F, to (0.5), for any =z relation
(0.4) holds.



3.2. Proof of Theorem 3.1. Let fy, be a positive solution of (0.6)-(0.7). Given
y € Z, denote

a(y) = inf [fg(w) x> y]. (3.4)

Following from (0.7), the infimum in (3.4) is attained. Therefore, as fo > 0, then
a > 0. Furthermore, function a is non-decreasing, and

lim a(y) = c. (3.5)

Yy—oo

Consider a function ug on Z x Z given by

uo(z,y) = max (0, 1- f;’gf) . (3.6)

It is easy to check that wug € U. Set ug =1 — v, then from (3.3) we obtain
(Kuo)(z,y) > 1 —E,({uvy,)). (3.7)

fo(z)
a(y)

Since wuo(z,y) > 1— , we have

1
S
From (0.6) we deduce that
B (1)) < B ((nfol) = 202
Therefore, according to (3.7),
fo(=)

But (Kug)(z,y) > 0; thus

fb(w)>

Kug)(z,y) > max (0,1— = uo(x,y).

(Kuo)(z,v) o)) — o)

Multiplying the last inequality by 1. and using the fact that we(z,y) = 0 for

z >y, we obtain
L’u,() Z Ug. (38)

Now set w41 = Lu,, n =0,1, ... . From (3.8) and (2.2) it follows that {u,}
is a non-decreasing sequence from !/, bounded by 1. . Therefore, there exists the
limit

Im u, = u.

n—00
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It is plain that v € U, w > ug, and that u satisfies (2.3) (which is equivalent to
(0.5)). By Theorem 2.1, F > u, and hence

F > u. (3.9)
According to (3.5), for any = € Z,

lim wo(z,y) = 1.

Yy—oo

The last relation, together with (3.9), implies (0.4). This completes the proof of
sufficiency.

4. Process X"

4.1. Consider a pair of linear operators, @ and Q°, acting on functions f: Z —

R and defined by
Qf(z) = Eu(nf) (4.1)

and

Q°f(z) = E, =~ (4.2)

These operators are determined by non-negative kernels ¢ and ¢°:

Qf(z) = _ q(z,v)f(y) (4.3)

Y

and

Q f() =) ¢°(=,y) f(y)- (4.4)

Properties 1° and 2° guarantee that, for any p € M, (u) > 1. Therefore, for any
z,y € Z,
0 < ¢"(2,y) < q(=,y). (4.5)

Operator Q" takes the unit function 1 to itself; thus ¢ is a stochastic kernel:

Y ¢ (z,y) = 1. (4.6)

Hence ¢’ determines a time-homogeneous Markov chain X’ = {X?L, n=0,1,... }
on Z. So, for any function f: Z — R,

B, (F(X!) | X0 o) —B, %), (49)
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4.2. Process X' is a particular case of stochastic branching dynamics on Z, with
the number of offspring equal to one. [The corresponding random measure at time
n coincides with the Dirac measure éxo.] One can introduce, for process X0, all
objects and concepts used earlier for stochastic branching dynamics. We use the
same notation, with upper index 0. So, according to (2.9) and (2.10),

Mozmax(Xg:nggn), Mozsup(Xg:nZO).

n

Operators K and L become
(K°u)(z,y) = Eyuy (Xf) = Q%uy(z), uel, (4.9)

and

(L°u)(z,y) = 1< E,u, (Xf) =1.Q%,(z), uecl. (4.10)

Using Theorems 2.1 and 2.2, we arrive at

Theorem 4.1. Function
F(z,y) =Pr (M° <y | X3 =z) (4.11)
is the maximal solution of the equation

u=L"%, wcl. (4.12)

We need the following lemma:

Lemma 4.2. For any function v € U,
Ku< K%, uwel, (4.13)

and
Lu <L, ucl. (4.14)

Proof of Lemma 4.2. Operators K and L (and K° and L) differ by factor
1.. Therefore, it is sufficient to prove (4.13) only. By Lemma 1.4,

ub < (4.15)



For the expectations in measure P, we obtain, by using (3.1), (4.2), (4.9) and
(4.15),

(Ku)(e,y) < BA = Pru(z) = (K"u)(o,3).

Corollary 4.3. The following inequality holds:

F < F°. (4.16)

Proof. Consider a sequence of functions wug, u1, ., defining
wg=F, wpy1 = Lu,, n=0,1,....

It follows from (4.15) that wu, form a non-decreasing sequence from . Any
function from U is bounded by 1.. Therefore, u, converge, as n — oo, to a
limit w € U. Function u satisfies (4.12) and u > ug = F. Hence F° > F.

From (4.16) we immediately get

Corollary 4.4. If the maximal solution F of equation (0.5) satisfies (0.4) then,
for any z € Z,

Pr <M° < oo | X0 = w) ~1. (4.17)

4.3. It is easy to check that the set of the lattice sites accessible in one step from a
site a € Z coincides with the corresponding set for process X°. Thus conditions
(IT), (IT1.1) and (IV) are equivalent to similar conditions stated in terms of process

X0

(IT") Any site b € Z is accessible, for process X°, from any other site a € Z
in finitely many steps.
(ITI1.1") For the intervals A; figuringin (III), for any ¢ the set of sites accessible

o0
for X% in one step from z € A; is contained in U Aj.
j=i—1
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(IV) For any a € Z, the set of points accessible for X’ in one step from a
is finite.

Recall that a function f on Z is called excessive for process X° if f(z) >0,
z €Z, and f obeys
Q" < f. (4.18)

Lemma 4.5. Under condition (II'), any excessive function not identical to zero is
strictly positive.

Proof of Lemma 4.5. Let O denote the set of zeros of an excessive function f.
It follows from (4.18) that if ¢y € O then all sites accessible for X° in one step
from z¢ belong to O. Thus, either O is empty or it coincides with Z.

Lemma 4.6. Suppose that for process X° conditions (II') and (III.1') hold, and
for some zy € Z,

Pr <M° < oo | XQ = w0> = 1. (4.19)
Also suppose that f is an excessive function for X°. Then, for any 1 € Z,

min (f(z) 1z € Ai) < min (f(z) 1z € Ai_|_1). (4.20)

Proof of Lemma 4.6. Denote

A, = U;?iiAj-
Owing to (III.1"),
Pr <X{’ €A | X0 e Ai+1> = 1. (4.21)

Given [ >4, denote by gi(z), ¢ € A;, the probability that process X°, starting
at site @, hits A; earlier than A;. Function g; takes value zero on A;, value

-1
one on A; and satisfies, on Aﬁ = A;41 \ 4 = U Aj, an equation
j=it1
Q" gi(z) = gi(). (4.22)

Now suppose that (4.20) fails: for some zy € A1,

f(z0) < m, (4.23)
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where m = min (f(z): z € A;). Consider a function ¢, on set A;, given by

Function ¢ is >1 on A;UA;; on Al it obeys

Q% (z) < p(x).

In view of (4.21) and the minimum principle for the excessive functions (see, e.g.,
[7]), e(z) >1 for ¢ € A;. Hence

f(z)

m

gi(z) >1— (4.24)

Condition (II') then implies that if (4.19) holds for some starting point z, it holds
for any other starting point, in particular for the starting point zy from (4.23). On
the other hand, using (4.23) and (4.24), we obtain

Pr <M0 = 00 ‘ X = z0> > llim gi(z0) > 1 — 1(20) >0,
— 00 m

which contradicts (4.19).
5. Proof of Theorem 1: necessity

Throughout this section we assume that properties (I)-(IV) (and hence (II')—(IV'))
are valid.

5.1. Lemma 5.1. If, for the maximal solution of (0.5), relation (0.4) holds then
any non-negative solution of (0.6), which is not identical to zero, is strictly positive

and obeys (0.7).

Proof of Lemma 5.1. Let f be a solution to (0.6), not identical to zero. Then

f=Qf, (5.1)

where @ is the operator defined in (4.1). It follows from (4.3)—(4.5) and (5.1) that
f is an excessive function for X°. By virtue of Lemma 4.5, f >0 on Z.

It remains to check that f obeys (0.7). To this end, set
f(r) = min <f(z) Pz € Ar>,
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where A, r € Z, are the intervals from (III). By using Corollary 4.4 and Lemma
4.6, we find that f(r) is non-decreasingin r. Let z, be a site in A,, where f
takes value f(r). Then, using (5.1) and (III.1"), we have

-~ -~ -~

f(T) - f(wr) = Qf(w ) (T - 1) (<:U“>> = (T - 1)EzT (:U’(Z))
Therefore,

-~ -~

cf. (II1.2). For k > 0, we have

which, in view of (I11.2), yields (0.7).

5.2. Set

and

Lemma 5.2. For any a € Z, H(a,y) is bounded in y.

Proof of Lemma 5.2. Using (4.14), we find that

F(z,y) = (LF)(z,y) < (LOF)(w,y).

Thus,
G(z,y) = (K°G)(z,y), = <y. (52)
[Operators LY and K° are defined in (4.10) and (4.9), respectively.] According
o (IT'), there exists a sequence of sites zg =0, z1, ..., ©,, = @ for which
" (zi,2i31) >0, i =0,...,n—1, (5.3)

where ¢° is defined in (4.4).
Assume that y > max (wg, e ,wn_l). Using (4.9) and (5.2), we obtain that

why Zq Liy 2 7y)2q0(wi+17y)G(wi+l7y)7 7::07"'777'_1'
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This yields

n—1

G(0,y) = G(20,9) 2 G(zn,y) [ | ¢°(zi,ziva).

=0

The last inequality, together with (5.3) and the fact that G(z,,y) = G(a,y), gives
the assertion of the lemma.

5.3. From Lemma 5.2 it follows that there exists a sequence yi, ..., ¥, ... such
that for any z there exists a finite limit

im H(z,yn) = fo(z). (5.4)

n—00

Theorem 5.3. If the maximal solution F of equation (0.5) satisfies (0.4) then
there exists a positive solution to (0.6)—(0.7).

Proof of Theorem 5.3. We will check that function f; defined by (5.4) is a positive
solution to (0.6)—(0.7). Fix a point z9 € Z and assume that =z, belongs to an
interval A; . Let A denote the set of points accessible from z¢ in one step.
According to condition (IV), set A is finite. Setting

[, = max (G(w,yn) NS A), (5.5)

write (0.4) in the equivalent form

lim G(z,y) =0, z € Z, (5.6)
y—oo
and conclude that
lim {,, = 0. (5.7)

Suppose that y, > z¢. From (0.5) we obtain that
F(zo,yn) = Eqg, (F;ﬂ) . (5.8)

In equality (5.8), one can assume that supp g C A. Thus we can use Lemma
1.3, setting f =G,, and S = A. Then, by virtue of (1.4) and (5.5),

(LG >2ﬂn
Ft =1— (uG _—
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where 0 < 3, <1.

Therefore,

1
E., (F).) =1 = E4s(uGy,) + mEiBo <<ﬂGyn>2ﬂn> :

Together with (5.8), (4.1) and (4.3) this yields

1
G(zo,yn) = Z q(x0,2)G(2,yn) — mEzo <<#Gyn>25n>
z€EA "
and, after dividing by G(0,y,,),
G(0,yn
H(eo,) = 3 alon, () = 5 =B (0H,)'8) . (69)

zEA

As before, one can assume in equality (5.9) that supp g C A. By Lemma 5.2,

T is bounded by a constant ¢ that may depend on zy, but not on n.
L

hus,
Eq, <<:“JHyn>2ﬂn> < C2Ezo <<ﬂ>2> )
and, by virtue of (5.9),

G(07yn)

H(zo,yn) = Z q(zo,2)H(2,yn) — mcn,

zEA

(5.10)

where ¢, is bounded by C2Ez0(<,u,>2). By virtue of condition (I), E$0(<ﬂ>2) =
E., (1(Z)?) < oc.

Letting in (5.10) n — oo and using (5.4), (5.6) and (5.7), we obtain, by virtue of
(4.1) and (4.3), that

fo(zo) = Y a(@0,2)fo(2) = Euolufo)-

zEA

Therefore f, satisfies (0.6). It is plain that f; > 0. Using Lemma 5.1 completes
the proof of Theorem 5.3.

Theorem 1 follows immediately from Theorems 3.1 and 5.3.

6. Appendix
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6.1. We construct here an example of stochastic brancing dynamics where the fam-
ily {Pz} satisfies all conditions (I)~(IV) but (III.1), and the assertion of Theorem
1 fails. That is, the maximal solution F of equation (0.5) satisfies (0.4) whereas
problem (0.6)—(0.7) does not have a solution. We start by analyzing simple stochas-
tic branching dynamics on Z. Assume that, in branching dynamics, each individual
produces, after the unit time, precisely two offspring. If the individual is positioned
at time n at site # € Z, then at time n + 1 its offspring are positioned indepen-
dently of each other at sites # +1 with probability p and # —1 with probability
q. It is easy to check that in this case all conditions (I)~(IV) are fulfilled. Equation
(0.6) takes the form

fo(z) = 2(pfo(z + 1) + qfo(z — 1)),

and its general solution is

fo(z) = C1AT + C2A7,

where A; and A, are the roots of the characteristic equation

1:2@A+%» (6.1)

According to Theorem 1, relation (0.4) (and, in view of Theorem 2.2, also (0.3))
holds iff (6.1) possesses a root > 1. This condition is equivalent to

) q 1
inf (w+5) <5, (62)

or to

o5

(6.3)

N | =

6.2. To modify the above example, assume that if the individual is positioned at
site x < 0 then, as before, each of its two offspring is positioned, independently of
each other, at site = + 1 with probability p and at site £ —1 with probability
g =1—p. On the other hand,if z > 2 and « is even then each of the offspring is
positioned, again independently of each other, with probability ¢ at z — 2, with
probability p — e at z + 2 and with probability ¢ at z —1. Here, ¢ > 0 is
small enough. If > 1 and z is odd then with probability one both offspring are
positioned at site 0. Finally, if x = 0 then each of two offspring, still independently
of each other, is positioned with probability ¢ at —1 and with probability p at
site 2.

It is not hard to check that, for the family of probability measures P, which
corresponds to modified stochastic branching dynamics, all properties (I)-(IV) are
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valid, except for (III.1). Comparing these dynamics to those from 6.1, we see that,
if (6.3) holds, then (0.3) holds, which implies (0.4). But for odd « > 1, relation
(0.6) takes the form fo(z) = 2£9(0). Therefore, for any solution of (0.6), relation
(0.7) fails to hold. Thus, for modified dynamics (0.4) is fulfilled, but there is no
solution to (0.6) — (0.7).
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