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Abstract 
Chronic pain presents a substantial socioeconomic burden and public health 

challenge, with low back pain (LBP) being the primary reason for activity restriction in 

individuals under 45 years of age in the United States. Between 70 to 85% of the entire 

adult population in the US will experience LBP, often idiopathic, at some point in their 

lives.  While numerous factors can contribute to LBP, the facet joint and the surrounding 

facet capsular ligament (FCL) are recognized as potential sources. Given the FCL’s 

possible role in LBP and its innervation with nociceptive (pain) and proprioceptive 

(position) nerve endings, there is considerable interest in its mechanical behavior. 

Unfortunately, the unloaded in situ configuration and the internal loading state of the FCL 

is often unknown, presenting challenges when simulating realistic mechanical response. 

The goal of this dissertation was to determine the on-joint in vivo behavior of the ligament. 

Here we show how the variation in collagen and elastin fibers within the microstructure 

affects bending mechanics, and why pressurization of the inner joint space and ligament-

bone attachment is mechanically important. We found that collagen content, distribution, 

and crimp length are vital to the ligament’s through-thickness mechanics. Furthermore, we 

found that the lumbar facet capsular ligament is under constant tensile strain in vivo due to 

its attachment to the bone and inner joint pressure. Both have large effects on overall on-

joint ligament stresses and strains. Our novel enhanced multiscale finite element model of 

on-joint mechanics of the lumbar facet capsular ligament demonstrates the complex 

behavior of the ligament and how it remains in tension even when it is unstretched or 

compressed relative to the neutral joint position.  Multiscale model facilitates further 

insights on in vivo ligament mechanics and influence therapeutic approaches to low back 

pain.  
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1 Introduction 
1.1 Lumbar Facet Capsular Ligament’s role in low back pain 

Low back pain (LBP) reduces quality of life and imposes a steep financial burden on 

patients, particularly elderly and low-income persons [1]. Between 70 and 85% of 

Americans will experience LBP at some point [1], with nearly 90% of patients being 

diagnosed with non-specific lower back pain. Weight and age are two notable factors 

contributing to spinal degeneration, making it a critical concern in light of our aging society 

and increasing obesity rate. LBP research has focused primarily on the intervertebral 

disc[2], [3], but the lumbar facet capsular ligament, which degrades concurrently with the 

disc, has been increasingly suggested as a source of LBP [4], [5]. Due to the nature of facet 

capsular ligament degeneration, our current understanding of how the ligament contributes 

to LBP is limited, and medical intervention is confined to superficially treating FCL joint 

pain, which may result in a poor outcome with reoccurring pain.  

1.2 Lumbar Facet Capsular Ligament Anatomy, Structure, 

and Function 
The facet capsular ligament (FCL)* encases the facet joint, which spans between the 

superior and inferior articular processes of each vertebra, and encapsulates the synovial 

fluid lubricating the joint [4], [6], [7]. The geometry of the facet joints varies across the 

regions of the spine; the cervical and thoracic facets are flatter and allow for a greater range 

of motion, while the facet joints in the lumbar regions are curvier and more vertically 

oriented [6]. This orientation limits the range of motion in the lumbar region but better 

protects the intervertebral disc and spinal cord from motions that could cause injury or 

paralysis. The FCL is a strong, flexible, highly innervated ligament that is composed of 

two primary regions: (1) a highly aligned collagen fiber portion on the exterior (posterior) 

side and (2) an elastin-rich portion on the interior (anterior) side. It plays both a structural 

and mechanosensory role, supporting spinal motions and sending proprioceptive (position) 

 
* In this document, “facet capsular ligament” and “FCL” always refer to those in the lumbar spine 
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and nociceptive (pain) signals to the brain [4]. These characteristics make the FCL a 

primary target for LBP research. Although research has shown that the FCL degrades with 

the disc, there is little information on how FCL degradation changes structural and 

mechanical properties, what drives FCL degradation, and how degradative changes alter 

spinal kinematics.  

The synovium is a very thin membrane that secretes and maintains the synovial fluid 

in the joint space between adjacent facets [6]. It has been estimated that the joint space has 

the potential capacity of 1-2 mL[8], and the synovial fluid helps maintain and lubricate the 

articular cartilage of the facet joints. The synovial fluid serves as the interface between the 

avascular articular cartilage and the blood vessels within the surrounding tissue. It also acts 

as a joint stabilizer by providing an adhesive seal in the joint space due to its viscous 

properties [4]–[6]. Very little is known about the mechanics of the synovial fluid and how 

the inner capsular pressure affects the loading mechanics on the facet capsular ligament. 

Defining these underlying mechanics of the synovial fluid would further our understanding 

of the ligament-fluid interactions.  

Both the capsular ligament and the synovium are highly innervated with both 

proprioceptive and nociceptive nerve endings [6], [9]. The FCL is innervated by the medial 

branch of the primary dorsal rami at both the current vertebral level as well as from the 

level above [8]. These nerve endings are believed to be controlled by stretch-activated ion 

channels, and large deformations could cause the nerve to send a pain signal to the brain. 

The central nervous system will activate the surrounding muscles if the duration or 

magnitude of the pain response is abnormal. In this way, the nerves provide feedback and 

correct the loading on the joint for less pain [6]. 

The capsular ligament covers the synovium and fully encapsulates adjacent facet 

joint pairs. As noted above, the ligament is composed of two primary regions: the elastin-

rich region and the collagen-rich region [4]. The elastin-rich portion contains primarily 

isotropic elastin fibers [10]. The collagen-rich portion of the ligament is characterized by 

highly aligned Type I collagen fibers that are predominately oriented in the medial-lateral 

direction, or the bone-to-bone direction. Additionally, this region contains off-axis fibers 

that contribute to the shear behavior, as reported by Claeson et al. [10]. These collagen 
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fibers are believed to be crimped when unloaded, and the crimping factor does not vary 

greatly along the length of the ligament [4]. It is also believed that the collagen fiber crimps 

allow the joint capsule to undergo large strains before the fibers lock out (uncrimp) and 

reach their mechanical loading limit [4]. Little is known, however, about how these 

crimped collagen fibers contribute to the modulus of the collagen-rich region and whether 

the modulus varies between the collagen-rich region and the elastin-rich region. It is 

theorized that these fibers also play a large role in the range of motion allowed per vertebral 

pair [6], [8]. Little et al. [4] have demonstrated that as the crimped fibers are being 

straightened out, the modulus of the tissue is similar to the elastin region. At low strains, 

the elastin dominates the contribution to the mechanical support of the tissue. Once the 

fibers are uncrimped, however, they have a higher load-bearing capacity and greatly exceed 

the mechanical stiffness of the elastin region and, therefore, dominate the observed 

mechanical behavior.  

1.3 Prior Mechanical Characterization of the Lumbar Facet 

Capsular Ligament and Their Limitations 
Excised, off-bone lumbar facet capsular ligaments have been previously well 

characterized with a series of planar mechanical tests, including uniaxial [4], biaxial [10], 

or shear [11] testing. These studied observed key characteristics, such as fiber alignment 

and tissue stiffness, and defined the structural-mechanical relationship of the ligament, 

such as its on- and off-axis mechanical behavior. The mechanical response of an excised, 

off-bone facet capsular ligament (1) undergoes a long toe region within which the elastin 

component may dominate the tissue’s response while the collagen fibers remain crimped 

and unloaded, and (2) is nonlinear when stretched parallel to the primary collagen fiber 

alignment [4], [10], [12]. In contrast, the ligament is more linear and more compliant in the 

transverse direction to primary fiber alignment, although off-angle fibers contributing to 

the tissue’s mechanics have been observed in shear tests [11]. The facet capsular ligament 

is typically excised and flattened prior to traditional planar mechanical testing, and it is not 

clear how the mechanics of the unloaded free ligament relate back to the in vivo, on-bone 

state. Consequently,  it is difficult to determine the significance of the strain fields across 
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the facet capsular ligament during physiologic motion [9] and to specify correctly the 

undeformed, unloaded ligament state in whole-motion-segment finite-element models [13]. 

1.4 Multiscale Models of the Lumbar Facet Capsular Ligament 
Finite element modeling is a perfect tool for modeling in vivo loading scenarios that 

are otherwise not feasible for benchtop testing. Prior work has been done on simulating 

both macroscale and microscale deformations on the lumbar spine and its constituents. 

Ellingson et al. modeled the full unit of lumbar spine, including connective soft tissues and 

the intervertebral disc [14]. The facet capsular ligaments within this model are treated as 

wire elements, with realistic assigned ligament material properties. Cleason et al. created 

a multiscale spine-ligament model by applying spine kinematics to a realistic fact capsular 

ligament model obtained from µ-CT [15]. Zarei et al. expanded on the work of both 

Ellingson et al. and Cleason et al by applying the resultant kinematics of a full range of 

realistic spine motions on the facet capsular ligament model, determining the effect of 

macroscale spinal kinematics on the microstructural collagen and elastin fibers as well as 

the embedded nerve endings [16], [17]. Although the models of Ellingson et al., Cleason 

et al., and Zarei et al. provided valuable information on spine-ligament interaction and 

macroscale to microscale coupling, the model of the facet capsular ligament is limited to 

mechanical behavior observed during planar mechanical testing and the true behavior of 

the ligament in-vivo is unclear.   

1.5 Motivations and Open Questions 
In recent years, there has been a collective effort to define the mechanics of the facet 

capsular ligament and bridge the gap between macroscale spinal motions and microscale 

fiber mechanics. Despite these advances, however, our understanding of the true on-joint 

behavior of the ligament is limited to extending planar ligament mechanics onto in vitro 

multiscale computation models of the lumbar spine. Very little is still known about the on-

joint in vivo behavior of the ligament, how the variation in collagen and elastin fibers within 

the microstructure affect bending mechanics, and whether pressurization of the inner joint 

space is mechanically important.  
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 The objective of my thesis was, firstly, to define key experimental areas that have 

been previously overlooked when mechanically characterizing the ligament, secondly, to 

validate a multiscale facet capsular ligament computation model using the observed on-

joint strain field obtained during an on-joint inflation experiment, and, thirdly, to capture 

ligament constriction when releasing the ligament’s residual stress. Having accomplished 

these objectives, this work was further extended to consider the role that growth and 

remodeling of collagen and elastin fibers had on the observed structural and mechanical 

state of soft tissues.  

1.6 Summary of Accomplishments 
 

Determining the on-joint mechanical state of the lumbar facet capsular ligament, both 

during healthy adulthood and its potential progression throughout growth, has resulted in 

four studies which are organized as chapters in my thesis.  
 

Through-thickness Regional Variation in the Mechanical Characterization of the Lumbar 

Facet Capsular Ligament (Chapter 2) [12] 

The mechanics of the lumbar facet capsular ligament, and its ability to shield the 

ligament from harmful spinal motions, depends largely on the contribution of the 

microstructural collagen and elastin fibers. However, previous studies conducted on the 

facet capsular ligament failed to elucidate the specific role of the collagen fibers compared 

to the more compliant elastin fibers. The first chapter of my thesis describes a stretch-and-

bend technique that was developed to study the tension-compression asymmetry of the 

FCL due to varying collagen and elastin fiber density throughout the thickness of the tissue. 

This study determined that the ligament was stiffest when 3 conditions were met: the 

collagen fibers were (1) aligned in the direction of loading and (2) were in tension, and (3) 

the ligament was stretch ~16% from the off-bone, undeformed state. Therefore, collagen 

composition and distribution, as well as crimp length, are important factors when 

considering how planar facet capsular ligament mechanics may be related back to the on-

joint ligament.  
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In Situ Lumbar Facet Capsular Strains due to Joint Pressurization and Residual Strain 

(Chapter 3) [18] 

Having determined that the mechanics of the collagen heavily depend on crimp 

length and loading direction, the objective of this study was to determine how excising the 

ligament for planar mechanical tests changed the undeformed state of the ligament relative 

to its in vivo state. To measure this, a series of experiments were conducted to determine 

ligament deformation due to both residual strain and joint pressurization strain.   Briefly, 

to measure strains due to pressurization of the encapsulated synovial fluid, 3D strain 

tracking was utilized to track the posterior portion of the ligament as the joint space was 

inflated with an injected saline solution, a substitute for the synovial fluid. Having restored 

the ligament back to the original, undeformed on-joint state, the same region of interested 

on the posterior portion was tracked as the ligament was cut off the bone. Based on these 

measurements, and the results of the previous experiment described in Chapter 2, we 

conclude that the normal in vivo state of the facet capsular ligament is in tension, and that 

the collagen fibers within the ligament are likely uncrimped even when the spine is not 

loaded. 

Exploring On-Joint Mechanics of the Lumbar Facet Capsular Ligament: Accounting for 

Residual Strain, Joint Pressurization, and Microstructural Heterogeneity (Chapter 4) 

 Chapter 3 concluded with the idea that collagen fibers within a pressurized capsular 

ligament are in tension before motion and any observed on-joint strain underestimates the 

total applied strain to the fibers in that it doesn’t account for pressurization strain or residual 

strain. All previous planar mechanical tests conducted on the facet capsular ligament 

observed large toe regions where the collagen fibers were uncrimping. However, we have 

also noted a potential unloaded state of the ligament in vivo in which the collagen fibers 

are not uncrimped fully. This implies that the results from planar mechanical tests are 

overestimating the extent of stretch a ligament can endure before the collagen lock-out 

state is achieved. Additionally, we explored how the organization and distribution of the 

collagen and elastin fibers through the thickness of the ligament, the focus of chapter 1, 

contribute to on-joint ligament strains.  
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Hybrid Discrete-Continuum Multiscale Model of Tissue Growth and Remodeling (Chapter 

5) [19] 

Tissue growth and remodeling (G&R) is central to understanding both the 

development of a structure into a healthy tissue and its progression during a diseased state.   

In this chapter, we develop a discrete-continuum modeling scheme for analyzing G&R, in 

which we apply changes directly to a discrete cell and extracellular matrix (ECM) 

architecture, modeled as a network of various fiber types, and pass changes occurring on a 

microscale level up to a finite-element macroscale geometry. Growing and remodeling the 

tissue directly on the network level allows us to gather information on microstructural 

changes along with information on local material inhomogeneities, which are critical areas 

in understanding initiating events in growth, remodeling, and failure. The cases studies 

presented in this chapter are focused on G&R of cardiovascular tissues, due to the wealth 

of prior knowledge on their progression. However, the applicability of this technique is 

broad in that one can model any tissue with any microstructure in any finite element 

software, making it a highly accessible approach for multiscale mechanic simulations. 

Further work is still needed to broaden our understanding of the observed growth and 

remodeling phenomenon in the facet capsular ligament. However, the research presented 

in this thesis provide a solid foundation for this work.  
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2 Through-thickness Regional Variation in the 

Mechanical Characteristics of the Lumbar Facet 

Capsular Ligament  
 

The contents of this chapter were previously published as a research article in the Journal 

of Biomechanics and Modeling in Mechanobiology by Gacek, Bermel, Ellingson, and 

Barocas [12].  
 

2.1 Summary  
The human lumbar facet capsule, and the facet capsular ligament (FCL) that forms 

its primary constituent, is a common source of lower back pain. Prior studies on the FCL 

were limited to in-plane tissue behavior but due to the presence of two distinct yet 

mechanically different regions, a novel out-of-plane study was conducted to further 

characterize the roles of the collagen and elastin regions. An experimental technique, called 

stretch-and-bend, was developed to study the tension-compression asymmetry of the FCL 

due to varying collagen fiber density throughout the thickness of the tissue. Each healthy 

excised cadaveric FCL sample was tested in four conditions depending on primary collagen 

fiber alignment and regional loading. Our results indicate that the FCL is stiffest when the 

collagen fibers (1) are aligned in the direction of loading, (2) are in tension, and (3) are 

stretched ~16% from its off-the-bone, undeformed state. An optimization routine was used 

to fit a four-parameter anisotropic, hyperplastic model to the experimental data.  The 

average elastin modulus, E, and the average collagen fiber modulus, x, were 13.15 ± 3.59 

kPa and 18.68 ± 13.71 MPa (95% CI), respectively.  

2.2 Introduction 
Low back pain (LBP), the most common cause of activity limitation in the United 

States for persons under 45 years old, imposes significant quality-of-life and financial 

burdens [1]. Between 70 and 85% of all adults in the United States experience LBP at some 

point in their lives. Although LBP is attributable to many sources and is often idiopathic 
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[20], the facet joint and the surrounding facet capsular ligament (FCL) have been identified 

as possible contributors [21]. Facet joint pairs line the spinous processes along the length 

of the spine from cervical level 3 to sacrum. The FCL is a curved ligament that surrounds 

the facet joint and is innervated with nociceptive and proprioceptive nerve endings [22]. 

Given the FCL’s possible role in LBP, there is considerable interest in its 

mechanical behavior. Much research has focused on the tissue as a whole [4], [9], [10], but 

the FCL is not a monolithic structure. The FCL is viscoelastic [4], anisotropic [10], 

heterogenous [23]–[25], and layered [26]. In terms of the layering, Yamashita et al. (1996) 

reported that the FCL is composed of two primary regions: (1) the highly aligned collagen-

rich fibrous portion on the posterior side (i.e., the portion of the FCL farther from the joint 

space) and (2) an elastin-rich portion on the anterior side (i.e., the portion in contact with 

the joint space). Another structurally important feature is the collagen fiber alignment in 

the FCL. The primary fiber alignment is in the bone-to-bone direction, with additional 

fibers aligned off-axis [10], [11].  We know from other tissues [27]–[30] and our own work 

[10], [23]–[25] that structural anisotropy begets mechanical anisotropy, particularly in light 

of evidence that the fibers are the primary load bearing structure in the FCL [4], [10]. The 

mechanical impact of the bilayered anisotropic structure of the FCL has not been quantified 

and requires a non-standard experimental approach. 

Most mechanical tests (e.g. uniaxial extension [4]) cannot distinguish through-

thickness variation. Three-point bending, which places part of the sample in tension and 

part in compression, has been used to distinguish mechanical differences between tissue 

layers in other soft tissues [31]–[35] and in bone [36]. The soft and compliant elastin-rich 

region dominates at small strains while the collagen-rich region of the FCL is expected to 

be very stiff under tension but compliant under compression[4], together making the FCL 

a prime candidate for determining through-thickness modulus variations with the 3-point 

bend test’s application of tension and compression to different regions. However, as we 

observed previously [37], the traditional 3-point bend test does not uncrimp the FCL’s 

collagen fibers fully and therefore fails to load the fibers and elucidate differences between 

the two regions (Figure 1a). To overcome this challenge, we bring the collagen fibers 

closer to their uncrimped state by initially stretching the tissue to 10% before bending, in 
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a method we call stretch-and-bend (Figure 1b-c). A similar principle – introducing a 

deformation to bring the collagen fibers into tension before the mechanical test – were 

applied to study the tension-compression asymmetry of bovine articular cartilage [38] by 

using osmotic swelling prior to compression. 

 The objective of this work was to characterize the cadaveric human lumbar FCL 

mechanically, via a novel stretch-and-bend test sensitive to the mechanical difference 

between the layers of the tissue. We hypothesized that tissue regions largely composed of 

highly aligned collagen fibers would be stiffer than regions containing primarily elastin. 

 
Figure 1 (a.) A traditional 3-point bend test does not generate enough train to uncrimp the 
collagen fibers in the FCL. (b.) The stretch portion of the stretch-and-bend test brings the 
collagen fibers close to uncrimping, after which a stiffness increase is observed when the 
bend portion of the test puts the collagen in tension. (c.) Representative second harmonic 
generation images of FCL collagen fibers at 0% (solid), 10% (dotted), and 20% (dashed) 
strain. Blue = collagen region, Red = elastin, Black = collagen fibers. Scale bars = 150 
um 

2.3 Methods 

2.3.1 Sample Preparation and Mounting 
Three cadaveric lumber spine specimens (F, aged 26-65 years) without history of 

spinal pathologies, were obtained through the University of Minnesota Anatomy Bequest 
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Program, as approved by institutional review. The spinal health of each specimen was 

assessed via MRI. Scans of the samples were reviewed, and none displayed advanced signs 

of degeneration or pathology. The spines were cleared of superficial tissue, taking special 

care to keep the FCLs fully intact. Rectangular FCL samples were resected from L2L3, 

L3L4, and L4L5 vertebral segments (N = 16), such that the bone-to-bone direction, which 

corresponded to the main collagen fiber alignment, was parallel to the short side of the 

sample. FCL samples were visually healthy with no indication of osteophyte formation.   

Sample dimensions were measured using digital calipers. The mean1 and range for 

parallel and perpendicular samples are shown in Table 1 and are listed in full in Appendix 

B - Supplementary Table 3 .  

Table 1 Average sample dimensions as measured parallel and perpendicular to the primary 
collagen fiber alignment. 

 

An Instron-Sacks planar biaxial mechanical testing machine (Instron, Norwood, 

MA, USA) was fitted with three dynamic load cells. Two load cells (500N, 0.05%, Instron) 

were fitted on one axis of the machine, henceforth referred to as the grip axis. The 

remaining load cell (5N, 0.05%, Instron) was fitted on the axis perpendicular to the grip 

axis, henceforth referred to as the cantilever axis. All load cells recorded normal forces. 

The biaxial machine was fit with a custom stretch-and-bend apparatus (Figure 2a-b) 

comprised of three vertical steel pins, one for each load cell. Hollow grip attachments cut 

from plastic tubing were attached to the sample using a cyanoacrylate adhesive. The grip 

attachments slid over the grip axis pins such that the sample was allowed to rotate freely 

about the pin. The rigid pin on the cantilever axis, i.e., the cantilever, was aligned with the 

center of the sample and moved perpendicular to the grip axis. 

 
1 Unless otherwise noted, data in this chapter are reported as mean ± 95% confidence interval. 

 Parallel Samples Perpendicular Samples 
 Mean Range Mean Range 

Width (mm) 9.37 ± 1.40 [7.43,12.64] 13.61 ± 2.74 [9.43,17.77] 
Length (mm) 13.49 ± 2.82 [8.94,17.77] 9.49 ± 1.53 [7.43,12.64] 

Thickness 
(mm) 

1.70 ± 0.29 [1.16,2.17] 1.70 ± 0.29 [1.16,2.17] 
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Figure 2 A view of the prepared, mounted sample is shown in (a.) a top-down view and (b.) 
in a side view. The pin is connected to individual load cells. (c.) Tissue strain (left axis) of 
a single axis arm and cantilever displacement (right axis) for (I.) 10 cycles of 
preconditioning, (II.) 2 uniaxial stretches, (III.) a stretch-and-bend test, and (IV.) 10 cycles 
of postconditioning. (d.) Representative bilinear fit analysis of the uniaxial data to derive 
the degree of fiber crimp. (e.) Representative bilinear fit of the cantilever force-
displacement data from c. III to derive the toe and linear region stiffness. (f.) Top-down 
view of the 4 test cases    

2.3.2 Preconditioning and Estimation of Crimp Stretch 
The samples were initially stretched until a preload of 0.1N was achieved. Each 

sample was preconditioned with 10 cycles to 20% uniaxial stretch (Figure 2c., region I). 

Following preconditioning, the samples were twice stretched uniaxially to 20% to estimate 

the degree of fiber crimp (Figure 2c.II). A toe and a linear region were defined by fitting 

two lines to the uniaxial stress-stretch curve (Figure 2d), one at low stretch (the toe region) 

and one at high stretch (the linear region), following methods used previously [39], [40]. 

The intersection of the two lines, which marks the transition point between the toe and 

linear regions, was taken to be the stretch at which the fibers transition from crimped to 

uncrimped, or the degree of fiber crimp. 

2.3.3 Stretch and Bend Experiment 
Based on the measured transition strains in preliminary samples, samples were next 

stretched to 10% and held at 10% stretch while being bent by a cantilever displaced in the 
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direction transverse to stretch (Figure 2c.III). To prevent off-axis loading during 

preconditioning, the cantilever was initially located away from the sample. The reference 

position of the cantilever was then determined during data analysis as the initial point of 

contact with the sample. The recorded data were trimmed to run from the point of first 

cantilever-sample contact to the point of 3 mm cantilever travel.  Each sample was tested 

four times total, following the 2 x 2 design shown in Figure 2e 

I. collagen fibers parallel to the grip axis and bending placing the collagen 

layer in tension  

II. collagen fibers parallel to the grip axis and bending placing the elastin layer 

in tension 

III. collagen fibers perpendicular to the grip axis and bending placing the 

collagen layer in tension 

IV. collagen fibers perpendicular to the grip axis and bending placing the 

elastin layer in tension 

Samples were first tested in one fiber orientation (Case I-II or Case III-IV) before 

being carefully removed from the plastic tubing and reattached for testing in the opposite 

orientation. Previous studies [4], [10] suggest minimal viscoelastic effects for stretch rates 

of around 2%/s, so all tests were conducted on at a 2.4%/s stretch rate (for stretch along 

the grip axis) or a 1 mm/s cantilever displacement rate (for bending). The protocol 

concluded with 10 cycles of postconditioning, similar to the preconditioning cycles, to 

ensure that the sample was not damaged during the experiment (Figure 2c. IV).  

2.3.4 Data Analysis: Stretch-and-Bend Response 
An estimate of fiber crimp length was experimentally derived from the uniaxial 

stretch tests conducted on each sample prior to the stretch-and-bend test. As shown in 

figure 2d, the toe-region and linear-region of the resulting stress-λ curve were linearly fit. 

The resulting intercept between these two lines provided a measure of the sample’s degree 

of fiber crimp. 

A sample’s small-strain and high-strain bending stiffnesses were computed from 

the cantilever force-displacement curves for each test case.  The toe-region stiffness (small-
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strain) and the linear-region stiffness (high-strain) were computed in the range of 0.0 - 1.5 

mm and 2.7 - 3.0 mm cantilever displacement, respectively (Figure 2f).  Significance of 

differences between collagen or elastin regions as measured by toe stiffness was 

determined using paired t-test between cases with the same fiber orientation (Case I and II 

or Case III and Case IV) and unpaired t-tests between cases with different fiber orientations 

(Case I and Case III or Case II and Case IV). The same was done when comparing a 

region’s linear stiffnesses across cases.  

2.3.5 Finite Element Composite Model 
Although the characterization methods described above provide a sense of the 

FCL's behavior, they do not translate well to other geometries and thus cannot be used to 

simulate the in situ joint behavior.  To specify a full constitutive model of the FCL, sample-

specific finite element models were created on the FEBio finite element platform [41] using 

experimental FCL sample dimensions; the ratio of the collagen layer to the elastin layer 

was set to 1:1, roughly consistent with the observations of Bermel [37]. To reduce 

computational complexity, a quarter of each sample was modeled using symmetry planes 

bisecting the x- and z-axes (Figure 3a). The grip pin and the cantilever were modeled as 

rigid bodies, with a rigid interface between the grip and the sample. A sliding contact 

boundary condition was used to define the interface between the cantilever and the sample.  

During the stretch portion of the stretch-and-bend test, the grip was constrained to displace 

only in the x-direction, and the cantilever was held fixed out of contact with the sample. 

During the bend portion of the test, the grip was only allowed to rotate freely about the z-

axis to mimic the rotation of the sample grip attachments, and the cantilever was 

constrained to displacement in the y-direction. Both the grip and cantilever were 

displacement-controlled to match the experimental protocol.  

To aid in parameter optimization, the uniaxial stretch test for a sample when loaded 

parallel to the collagen fiber direction was also modeled using the same quarter symmetry 

planes described above, and the grip was displaced to match the experimental protocol. 

The cantilever was omitted from this model since it was not used in the uniaxial tests. 

A hyperelastic strain energy density function was used to describe the tissue 

behavior. The collagen layer was modeled as a coupled solid mixture with a single fiber 
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family embedded in a compressible neo-Hookean matrix with the following strain energy 

function W: 

𝑊 = µ
!
(𝐼" − 3) − µ ln 𝐽 + l

!
(ln 𝐽)!    (2.1) 

where µ and l are the Lamé parameters; I1 is the first invariant† (i.e., the trace) of the right 

Cauchy-Green tensor (I1 = Cii; Cij = FkiFkj), and J is the determinant (i.e., the third invariant) 

of the deformation gradient tensor F [41], [42]. The collagen fibers were described using 

an exponential fiber constitutive equation: 

𝜓#(𝐼#) =
$
%&
(exp%((!)")" − 1)              (2.2) 

In equation (2.2), 𝜉 is the fiber small-strain modulus, a and b are the coefficient and power 

of the exponential, respectively, and In is the square of stretch in fiber direction. The 

collagen fiber orientations were defined with a 2D von Mises distribution [42], [43]: 

𝑅(𝒏) = +,-#$%!&
%'&(

!.()(/)
          (2.3) 

where (n1, n2, n3) are the components of the fiber direction vector n, b is the concentration 

parameter, and I0 is a modified Bessel function of the first kind of order 0. The 

concentration parameter was set to 8, consistent with a highly aligned fiber network in our 

previous equibiaxial studies [10]. FEBio uses a trapezoidal integration scheme to integrate 

the distribution over the 2D unit circle [41], [42]. 

The elastin layer was modeled as neo-Hookean (Eqn. 2.1). The collagen layer was 

modeled as nearly incompressible by setting the Poisson’s ratio to 0.4999. The elastin layer 

was modeled as slightly compressible by setting the Poisson’s ratio to 0.45.  

 
† It is unfortunate that a capital I with a numeric subscript is used both for the invariants of a tensor (as 
here) and for the modified Bessel function of the first kind (as in Eq. 2.3), and that both are needed in this 
paper. To emphasize, I1, here and throughout this chapter, refers to the first invariant of the tensor C; I0 in 
Eq. 2.3 and throughout this chapter, refers to the modified Bessel function of the first kind and order 0. 
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Figure 3 (a.) The dimensions of a single representative FCL sample shown as width (W), 
length (L), and thickness (t). A quarter of the sample was modeled in FEBio and two 
symmetry planes were used as outlines. (b.) Steps of the optimization routine used to 
determine FCL elastin and collagen material parameters (E, x, a, b ) 
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Optimizing Model Parameters 
The reaction force at the cantilever and at the grip were output by the model at each 

displacement step, and MATLAB’s fminsearch algorithm was used to obtain the set of 

material parameters {E, x, a, b} that minimized the sum of squared error (Figure 3b) 

between the cantilever experimental and computation data points for all four testing 

configurations in Figure 2e as well as grip force for the sample’s uniaxial stretch test, 

shown in Figure 2d. 

 A segregated approach was used to accelerate the fitting process and reduce the 

likelihood of local minima polluting the results. The response of the tissue during the 

perpendicular-fiber test cases (III and IV) was assumed to be wholly dependent on the 

elastin. Therefore, the elastin modulus (E) was fitted only to the two perpendicular test 

cases (III-IV) with a negligible collagen fiber modulus. The fitted elastin modulus was then 

held fixed when optimizing the collagen parameters x, a, b using the parallel test cases (I-

II) and the uniaxial stretch response. The fitting algorithm was modified to constrain the 

parameter b to be less than 10 because larger values produced unreasonable results for the 

other parameter values from the fitting routine. An approximate 95% confidence interval 

for each parameter was calculated based on the error linearized about the minimal point, 

as described in Draper and Smith [44] and the work by Claeson et al.[10]. The FEBio 

simulations and optimization routine were computed using one core at the University of 

Minnesota Supercomputing Institute. A single sample was discarded due to a much stiffer 

response of the perpendicular collagen fibers of Case III, which more closely resembled 

Case I than Case IV. Our fitting routine failed to capture this tissue’s behavior in all four 

loading cases.  

2.3.6 Sensitivity Analysis  
As noted above, the Poisson’s ratio of the elastin layer was set 0.45 due to the 

experimentally observed compression of the tissue’s elastin region. A sensitivity analysis 

was conducted to determine the effect of the elastin region’s Poisson’s ratio on model 

results. The Poisson’s ratio was varied between 0.43 (more compressible), and 0.49 (nearly 
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incompressible) and compared against the optimized results of Case I, Case II, Case III, 

Case IV, and the uniaxial stretch (Poisson’s ratio of 0.45). 

2.4 Results 

2.4.1 Mechanical Testing 
A traditional planar uniaxial stretch test identifies nonlinear behavior of materials 

(Figure 2d). The mean stretch ratio, or λcrimp, at which the L2-L5 FCLs transitioned from 

crimped to uncrimped was 15.9 +/- 0.2 % stretch (95% CI). The mean λcrimp for all samples 

tested with parallel collagen fibers (cases I-II) was 15.9 +/- 0.3% and with perpendicular 

collagen fiber orientation (cases III-IV) was 15.9 +/- 0.2% (Figure 4). No statistically 

significant difference was found between loading directions or between spinal levels (p > 

0.1 for all comparisons). Our results suggest that there is low sample-to-sample variability 

in the crimp of the collagen fibers in the lumbar spine, which is consistent with previous 

studies done on the FCL and other soft tissues [4], [45]. Samples were considered not 

damaged over the course of the testing protocol since there was an average 6% difference 

between the pre- and postconditioning cycles.   

 

Figure 4 A measure of collagen fiber crimp derived from the bilinear fit of the uniaxial 
stretch data. Shown is the mean of the parallel fiber cases (Case I – II) and perpendicular 
fiber cases (Case III – IV) with 95% CI. No significant difference was found for any 
comparison 
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 The stretch-and-bend results for two samples were discarded due to experimental 

errors, leaving the 14 data sets shown collectively in Figure 5, which highlight the FCL's 

bilayered, anisotropic nature. As reported previously [4], the FCL is much stiffer when the 

collagen fibers are loaded in tension (Figure 5a,b vs, c,d; summarized in Figure 5e).  

Using the mean stretch ratio of roughly 16% as the starting point at which collagen fiber 

contribution to the observable mechanical behavior, our results indicate that the collagen 

fibers in Case II remain crimped and unloaded due to the relatively small loads in 

comparison to Case I (Figure 5b). 

The experimentally-derived tissue stiffness values for small and large cantilever 

displacements are shown in Figure 6a-b. The linear-region stiffness of the tissue when the 

collagen is in tension with parallel collagen fibers (i.e., Case I) was 1.20 ± 0.57 N/mm, 

which was significantly higher than all other testing conditions (p < 0.001, Fig. 6b) and 

smaller than previously reported lumbar FCL stiffness by Little et al. [4]. 

 

Figure 5 (a.-d.) Cantilever load-displacement curves for all 14 samples tested in all 4 test 
cases. Note differing scale bars. (e.) Plots of a.-d. shown on the same scale demonstrate 
the greater stiffness in the parallel-to-fibers collagen-in-tension cases. These curves are 
the result of the stretch-and-bend test shown in figure 2c.III. (n = 14 for all plots) 
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The difference with a change in collagen orientation (Case I vs. Case III) is consistent with 

previous planar mechanical tests [10], [46] demonstrating pronounced anisotropy in the 

ligament.  Sample stiffness was positively correlated between collagen-in-tension and 

elastin-in-tension tests (Figure 6c-d). The linear regression of both lines indicates that 

samples that are stiffer when the elastin-rich region is in tension tend to be stiffer when the 

collagen region is in tension. However, there was no apparent correlation between linear-

region stiffness and sample thickness (p > 0.45, r2 = 0.047 (Case I); data not shown). 

 

Figure 6 Tissue stiffness derived from the cantilever force-displacement curves of each 
case during stretch-and-bend. (a.) The toe region stiffness (Stoe) was fit to the curves from 
0 – 1.5mm cantilever displacement and (b.) the linear region stiffness (Slinear) was fit the 
curves from 2.7 – 3.0 mm cantilever displacement. Mean and 95% CI error bars are shown 
(n=14). Plot of each sample’s Slinear for (c.) parallel collagen fiber test cases (Case I - II) 
and (d.) perpendicular collagen fiber test cases (Case III - IV) 

 * denotes significant difference for p≤0.05 

** denotes significance for p≤0.01 

*** denotes significance for p≤0.001 
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2.4.2 Computational Model 

The four model parameters (E, x, a, and b) were fit using the experimental stretch-

and-bend data for all four cases and the uniaxial stretch of Case I. In general, Case I and 

Case II contributed more to the error than Case III-IV or the uniaxial stretch, as shown for 

the cantilever load versus displacement for a single representative sample (Figure 7a-c). 

As can be seen in Figure 7a, when the collagen stresses are set to zero for an elastin-only 

model of the perpendicular-collagen-fibers cases, Equation (2.1) provides a reasonable fit 

but does not display as much nonlinearity as the tissue; a more complicated model could 

be introduced to capture that nonlinearity, but we chose not to do so since the elastin 

contribution is very small compared to the collagen.  For the parallel-collagen-fibers cases 

in both bending (Figure 7b) and uniaxial stretch (Figure 7c), the model captured but 

underpredicted the asymmetry between the collagen-in-tension (Case I) and elastin-in-

tension (Case II) bending experiments, and it produced results consistent between the 

bending and stretching data using the same set of model parameters. The range for the RMS 

error was [0.051, 1.08] N when fitting x, a, and b and was [0.0011, 0.030] N when fitting 

E. The normalized mean of each parameter is shown in Figure 7d, and all optimized model 

parameter values are shown in Figure 7e. For a, the calculated upper and lower 95% 

confidence interval bounds were infinite for all 13 model fits and could not be shown in 

Figure 7d. This suggests that a had very little effect on the observable model fiber behavior 

provided that it was not approaching zero. All other parameters were considered well 

estimated as they had normalized value greater than one (Figure 7d). The calculated 95% 

confidence bounds for each sample’s parameter set is shown in Appendix B - 

Supplementary Table 4. The average elastin modulus, E, was 13.15 ± 3.59 kPa, the 

average collagen fiber modulus, x, was 18.68 ± 13.71 MPa, and the average coefficient, a, 

and power, b, of the exponential were 0.079 ± 0.073 and 7.58 ± 0.98, respectively (Figure 

7e).  

A sensitivity analysis of the elastin region Poisson’s ratio concluded that the difference 

between a more compressible (Poisson’s ratio of 0.43) or a more incompressible (Poisson’s 
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ratio of 0.49) and our own material (Poisson’s ratio of 0.45) was small, signifying that the 

response of the tissue depends more on the collagen fibers than on the elastin. At most,  

 

 

Figure 7 Representative model fits (lines) fit to a representative experimental data set (n=1) 
for (a.) Cases III and IV, (b.) Case I and II, and (c.) a uniaxial stretch test (shown in Figure 
2c.II) done on a sample with fibers aligned parallel to the loading direction (d.) The 
normalized mean of each parameter obtained by dividing the parameter value by its 
respective 95% confidence region width, which gives us a measure of goodness of fit. 
Parameter values greater than 1 are considered a good fit. (e.) The results of the optimized 
parameter, E, x, a, and b, for all optimized models (n=13). The parameter a was not 
divided by its confidence region width because all individual model values had infinite 
bounds 

there was a 9.7% change in the results for the parallel-fiber, collagen-in-tension case, with 

negligible change to the other cases. 

 Figure 8 shows the Green-Lagrange strain along the x- and y-axis for a single 

representative sample; results for all samples were qualitatively similar. The sample has 

much higher maximum strains when tested with the collagen region in tension and fibers 

parallel to the grip axis (Case I). In that Case, there is a region of high X-extension (EX ~ 

1.70) and Y-compression (EY ~ -0.45) directly below the cantilever. This large deformation 

is due to the compression of the elastin region, and it closely mimics the tissue’s 

experimental behavior. There is relatively little strain in the much stiffer collagen-rich 
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region. While each case has an applied 10% prestretch before bending, that stretch is small 

compared to the peak strains of 67-170% observed throughout all four cases. Therefore, 

the observed peak tissue strains in Figure 8 can be largely attributed to the bending portion 

of the stretch-and-bend experiment and show the tension-compression asymmetry of the 

FCL. The neutral axis, calculated in the midplane at 3 mm cantilever displacement, shows 

where the tissue transitions from a tensile stress to a compressive stress. For Case I, the 

neutral axis lies at the boundary between the elastin and collagen regions. Cases II-IV show 

similar behavior, with the largest X-extension and Y-compression at the midplane and on 

the surface opposite the indenter (i.e., the concave surface), as one would expect from linear 

beam theory. There is also an edge effect from the rigid grip. The neutral axis lies in the 

region closest to the cantilever for Case II-IV, indicating that there is a portion of this region 

that is in tension. While this shift does not appear to increase cantilever load for Cases III 

and IV (Figure 7a), it could explain the increased load shown in the optimized model 

results of Figure 7b. A portion of the collagen fibers are in tension and contributing to the 

observed response.  

 Figure 9 shows the 1st, and 2nd principal stresses for Case I and Case II and is 

broken down to show the contribution of the collagen fibers compared to the elastin matrix. 

The 3rd principal stress is very similar to the 2nd principal stress and thus not shown. The 

1st principal stress roughly aligns with the x-axis while the 2nd and 3rd align with the z- and 

y-axis, respectively. The collagen fibers contribute more to the total 1st principal stress than 

the elastin matrix but not when the collagen fibers are compressed, as shown by the 2nd 

principal stress (Figure 9a). In Cases I and II, the stiff collagen fibers lead to large stresses 

in the collagen region even though the strains there are much lower than in the elastin 

region (cf. Figure 8). Our results also indicate that there is a region of high tensile stress 

in the collagen region near the neutral axis of Case II (Figure 9b), which is the most-

strained portion of the collagen region in that geometry.  
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Figure 8 The Green-Lagrange strain along the x-axis (Ex) and along the y-axis (Ey) for a 
single representative FCL sample for all four test cases. The neutral axis was determined 
as the location with zero stress at the end point of the experiment (cantilever 
displacement of 3mm) for all test cases. 
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2.5 Discussion 
We used a novel stretch-and-bend test to capture the through-thickness variation in 

the mechanical response of L2-L5 FCLs. Using experimental data, we optimized a set of 

model material parameters that matched the behavior observed experimentally. To our 

knowledge, this is the first characterization of the mechanical variation through the 

thickness of the lumbar FCL, and it consistent with previous observations of structural and 

compositional variation [26]. The anisotropy and heterogeneity of the FCL cause large 

variability in the tissue’s strength in relation to direction of tissue loading. The tissue has 

the highest strength parallel to the collagen fibers due to the presence of highly aligned 

collagen fiber bundles [4], [26].  

In their uniaxial experiment, Little et al. [4] demonstrated that the FCL exhibits 

nonlinear material behavior when loaded parallel to the collagen fibers and was an order 

of magnitude stiffer than the linear material behavior of the sample when loaded 

perpendicular to the collagen fibers. In their morphological assessment of lumbar FCLs, 

Yamashita et al. [26] observed anatomical and histological differences between the outer 

(collagenous) and inner (elastin) portion of the ligament. Our own previous histological 

assessment [37] supports this observation, which led us to hypothesize that there will be 

some level of variability between the mechanics of the outer and inner portion of the FCL. 

The presence of two distinct regions, a collagen-rich region and an elastin-rich region, 

through the thickness of the FCL indicate that the observation by Little et al. [4] could 

change if the collagen region were not under tension when loaded parallel to the collagen 

fibers. Our results indicate that the FCL is stiffest when three conditions are met: (1) the 

collagen fibers are aligned parallel to the direction of loading, (2) the collagen region is 

placed under tension, and (3) the tissue stretch is at least 16% from its undeformed state. 

Following these three criteria, the FCL collagen fibers must be fully uncrimped and loaded 

to contribute significantly to the stiffness of the tissue. Outside of these three conditions, 

the elastin structure dominates the response during loading.   
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Figure 9 The principal stresses of the collagen fibers, elastin matrix, and the total sample 
response for a single representative FCL sample are shown for (a.) Case I and (b.) Case 
II. The 1st, and 2nd principal stresses are roughly aligned along the x-axis, and z-axis, 
respectively 
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The lumbar FCL’s microstructure plays a large role in providing stability and 

strength for everyday spinal motions [13]. The collagen fiber orientation is an important 

microstructural component that prevents painful motions by stiffening and resisting tissue 

shear in response to loads parallel to the fiber orientation [24]. Fiber orientation and crimp 

has been shown to cause nonlinear stress-strain behavior of the lumbar FCL in tension [4], 

and many previous studies have mathematically captured this orientation-functionality 

relationship [4], [16], [23], [24]. However, most experimental studies done on the lumbar 

FCL have been limited to excised, planar tissue samples. Little is known about the state of 

the collagen fibers in situ and whether removing the tissue from the bone induces or further 

causes crimp of the collagen fibers. It is possible, perhaps even likely, that a combination 

of constraints due to attachment to the vertebrae and pressure from the synovial fluid 

contained within the capsule lead to a degree of tissue strain in vivo, even when the joint is 

not loaded. Further, the rest states of the collagen and elastin may not be the same, an effect 

well studied in vascular mechanics [47]–[49]. 

 Previous mechanical tests on lumbar FCLs focused on the mechanical behavior of 

planar samples. In addition to the uniaxial test done by Little et al. [4], Claeson et al. [10] 

performed a planar equabiaxial experiment to determine in-plane normal and shear 

behavior. Again, Claeson et al. concluded that the tissue is stiffer when loaded in the 

direction of the collagen fibers but that there was some contribution to the load from fibers 

at an angle to the load direction. Both the uniaxial and biaxial experiments demonstrated a 

significant difference in the response of the tissue depending on the load direction, but 

these studies were limited to describing the tissue’s in-plane behavior. Our study indicated 

that there is a scenario in which the FCL is loaded parallel to the collagen fibers but, due 

to through-thickness tension-compression asymmetry, there is no observable stiffening of 

the tissue at similar cantilever displacements (Case II, Figure 5). The slight upturn in the 

cantilever load of Case II may be due to the shift of the neutral axis of bending into the 

collagen region so that there is a small portion of the collagen region in tension. Therefore, 

the through-thickness inhomogeneity of the microstructure is an important consideration 

when modeling the lumbar facet joint.  
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 To compare our experimental results with those of Claeson et al. [10] and Little et 

al. [4], we simulated a 10% and 20% uniaxial extension test by deforming a 1x1x1 mm 

cube, with both a collagen and elastin region, either parallel or perpendicular to the fiber 

direction. The average calculated material parameters were used (E=13.15 kPa, x=18.68 

MPa, a=0.079, and b=7.58). The parallel elastic modulus at 10% and 20% strain was 0.17 

MPa and 7.72 MPa, respectively. The simulated 10% parallel elastic modulus was smaller 

than that reported by Claeson et al. (4.34 ± 1.25 MPa) but the 20% parallel elastic modulus 

was similar to Claeson et al. (7.82 ± 3.13 MPa). The simulated perpendicular elastic 

modulus at 10% and 20% strain was 0.040 MPa and 0.037 MPa, respectively. Again, this 

is smaller than those reported by Claeson et al. (0.52 ± 0.34 MPa and 1.17 ± 0.79 MPa, 

respectively). The maximum stress in the direction of loading at 10% parallel strain (0.0071 

MPa) for our model was similar to the stress derived from the exponential stress-strain 

relationship reported by Little et al. (0.0082 MPa) but the strain at 20% (0.17 MPa) was 

larger than Little et al (0.022 MPa). However, the stress perpendicular to fiber orientation 

at 10% (0.0042 MPa) and 20% (0.0080 MPa) strain was similar to Little et al. (0.0070 and 

0.010 MPa, respectively). Differences between data sets may be due to differences in 

estimation of the collagen layer fraction. Claeson et al. [10] had a homogenous-though-

thickness model that did not account for a separate collagen and elastin region. 

Additionally, Little et al. [4]reported a smaller parallel modulus when compared to the 

perpendicular modulus up to strains of 40% which our model cannot capture.  

During physiological spinal motion, both the lumbar [9] and cervical FCLs [6] 

simultaneously experience compressive and tensile strains. These motion-specific strain 

fields could play a role in sensory perception by the embedded proprioceptive nerve 

endings [16], [50]. Simultaneous compressive and tensile surface strains could also cause 

regions of fairly complaint tissue next to regions of very stiff tissue as the collagen fibers 

are loaded in tension, which could also produce a shearing interface. Ianuzzi et al. [9] 

reported the highest observed FCL maximum principal strain was 14.6% during spine 

flexion. In the representative sample shown in Figure 8, the maximum 1st principal strain 

was 167% in Case I and 81.8% in Case II. The large model strain for Case I is due to the 

compression of the elastin by the cantilever and a more appropriate comparison may be 
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found on the outer edge of the collagen region, which reached a maximum 1st principal 

strain of approximately 25.2%. Comparatively, at the same point on the outer edge of the 

elastin region in Case II, the maximum 1st principal strain was 56.0%. It is important to 

recognize that the Ianuzzi et al. [9] study observed strains of the ligament while on the joint. 

In our own study, the ligament was removed from the bone, and any pre-stain that the 

ligament would have experienced in vivo was released during sample preparations.  

The stretch and bend test was not designed to mimic the in vivo loading conditions 

but rather to isolate the effect of the non-uniform, layered structure of the FCL. 

Examination of our previous study of on-joint (homogeneous-through-thickness) FCL 

mechanics under various realistic spinal motions [16] showed curvature differences greater 

than mm-1, especially in the simulated spinal motion of extension. There are changes in 

ligament curvature in vivo that would involve bending of the ligament which could not be 

assessed in planar mechanical tests. While it is not clear whether the change in curvature 

produced stresses of any significance when compared to the stresses generated within the 

plane of the ligament, the fact that the curvature does change suggests that through-

thickness heterogeneity should be considered because the stretch on the inner and outer 

surfaces of the tissue will not be the same. Our study seeks to understand the through-

thickness regional difference in the FCL which is needed to fully understand the in situ role 

of the FCL and whether the observed change in curvature is physiologically important for 

healthy FCL mechanics.  

Viscoelasticity of the FCL is an important spinal characteristics that has been 

studied by others [4], [51], [52]. Our study is limited to characterizing the elastic behavior 

of the elastin and collagen regions since the experiment was preformed slow enough that 

viscoelastic effects were negligible, making any analysis on the through-thickness 

viscoelastic effects impossible. Additionally, there is a high degree of variability between 

FCL samples, as initially observed by Little et al. [4], and supported by our own 

observations of the FCL bending behavior. Therefore, while the global fiber alignment in 

the FCL has been observed to be predominately in the bone-to-bone direction, it was not 

possible to measure the sample’s actual fiber alignment in this study, which may contribute 

to the larger loads observed in Case III compared to Case II and IV (Figure 5c-d). The 
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Poisson effect was not measured in the third dimension, which would give a better insight 

into the compressibility of the regions when computationally modeling the experimental 

results.  

 Finally, we observe that this experiment can be easily applied to other tissues that 

also exhibit regional variations in its microstructure. Currently, a 3-point bend test is the 

only method for measuring through-thickness variations in a tissue modulus by localizing 

tensile and compressive strains via the applied moment of bending. Previously, Yu et al. 

[30]  used a traditional 3-point bending apparatus to quantify the neutral axis and Young’s 

modulus of the arterial wall layers [30]. This technique was later expanded to quantify the 

flexural properties of heterograft biomaterials [32]. The 3-point bend test is limited in that 

it generates relatively small strains if the sample is thin. The stretch-and-bend technique 

could be used to study layer-dependent arterial mechanics during larger strains, which may 

give more insight into the tissue’s layers functionality. This technique could also be used 

to the cervical FCL which differs from the lumbar FCL in size and anatomical orientation; 

such a study might provide insight into differences between cervical and lumbar FCL and 

common injurious loading conditions (traumatic neck injury versus chronic lower back 

pain). 
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3 In Situ Lumbar Facet Capsular Strains due to 

Joint Pressurization and Residual Strain  
 

The contents of the chapter were previously published as a research article in the Journal 

of Biomedical Engineering by Gacek, Ellingson, and Barocas. [18] 
 

3.1 Summary 
The lumbar facet capsular ligament, which surrounds and limits the motion of each 

facet joint in the lumbar spine, has been recognized as being mechanically significant and 

has been the subject of multiple mechanical characterization studies in the past. Those 

studies, however, were performed on isolated tissue samples and thus could not assess the 

mechanical state of the ligament in vivo, where the constraints of attachment to rigid bone 

and the force of the joint pressure lead to non-zero strain even when the spine is not loaded. 

In the current work, we quantified these two effects using cadaveric lumbar spines (5 spines, 

20 total facet joints harvested from L2-L5). The effect of joint pressure was measured by 

injecting saline into the joint space and tracking the 3-D capsule surface motion via digital 

image correlation, and the prestrain due to attachment was measured by dissecting a large 

section of the tissue from the bone and by tracking the motion between the on-bone and 

free states. We measured joint pressures of roughly 15-40kPa and local 1st principal strains 

of up to 25-50% when 0.3 mL of saline was injected into the joint space; the subsequent 

increase in pressure and strain were more modest for further increases in injection volume, 

possibly due to leakage of fluid from the joint. The largest stretches were in the bone-to-

bone direction in the portions of the ligament spanning the joint space. When the ligament 

was released from the vertebrae, it shrank by an average of 4-5%, with local maximum 

(negative) principal strain values of up to 30%, on average.  Based on these measurements 

and previous tests on isolated lumbar facet capsular ligaments, we conclude that the normal 

in vivo state of the facet capsular ligament is in tension, and that the collagen in the 

ligament is likely uncrimped even when the spine is not loaded. 
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3.2 Introduction  
The lumbar facet capsular ligament, which contributes to the health and stability of 

the lumbar spine, connects adjacent vertebrae by spanning between, and fully 

encapsulating, the superior articular process of the inferior vertebra and the inferior 

articular process of the superior vertebra. The interfacing surfaces of the articular processes 

are covered with cartilage and are lubricated by the synovial fluid contained within the 

joint space. The articular processes, along with the synovium and synovial fluid, are 

considered the compressive load bearers of the joint, while the fibrous facet capsular 

ligament limits motion by resisting tensile loads [4], [6], [7]. The lumbar facet joints were 

previously reported [53] to bear 3-25% of a compressive load applied to the spine, such as 

body weight, with the remainder being shared by the intervertebral disc. The collagen fibers 

found within the facet capsular ligament’s microstructure are highly aligned with a primary 

orientation in the bone-to-bone direction[26]. These collagen fibers are load-bearing under 

tension and are believed to help maintain spinal health by restricting harmful translations 

and rotations of adjacent vertebrae [4], [10]. 

Although the facet capsular ligament has been recognized as a possible source of 

low back pain (LBP) for over a century [21], prior LBP research has focused primarily on 

the intervertebral disc. To date, mechanical testing of the lumbar facet capsular ligament 

has been limited to planar mechanical tests of excised, off-bone samples, such as uniaxial 

[4], biaxial [10], or shear [11] testing. The facet capsular ligament’s structural-mechanical 

relationship has been well defined with these tests, with key observations having been 

made about fiber alignment and measured tissue stiffness. Briefly, the mechanical response 

of the facet capsular ligament is nonlinear when stretched parallel to the primary collagen 

fiber alignment. There is a long toe region within which the elastin component may 

dominate the tissue’s response while the collagen fibers remain crimped and unloaded [4], 

[10], [12]. In contrast, the ligament is more linear and more compliant in the transverse 

direction, and shear tests provide evidence of off-angle fibers contributing to the tissue’s 

mechanics [11]. For these traditional planar mechanical tests, the facet capsular ligament 

is cut off the bone and flattened prior to testing, and it is not clear that the unloaded state 

of the free ligament is relevant to the in vivo, on-bone state. As a result, it is difficult to 
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interpret the strain fields of the facet capsular ligament during physiologic motion [9] and 

to specify correctly the ligament state in whole-motion-segment finite-element models [13]. 

For example, the facet joint capsule may be pressurized due to the encapsulation of the 

synovial fluid within the joint cavity. Although there has been limited research on the 

pressure within in vivo facet capsular joints, previous studies on the contact pressure of 

adjacent articular facet surfaces of the lumbar spine observed peak contact pressures of up 

to 6.1 MPa on the dorsal region of the articular cartilage during combined loading [6]. A 

further study of contact pressure within the cervical spine observed mean contact pressures 

of 158 kPa during extension, with measured contact pressure varying across the articular 

surface [6], [54]. However, these studies do not consider the increase in contact pressure 

due to the fluid pressure alone. Additionally, these studies do not account for pressure 

increases during rapid, high load dynamic motions due to the relative incompressibility of 

the synovial fluid and little time for it to permeate out of the capsule space to retain baseline 

pressure. Further analysis on the strain contribution of pressurized facet capsular ligaments 

may help further our understanding of how facet joint effusions can lead to degenerative 

pathologies, such as spondylolisthesis [55]. 

   In this study, we considered two factors so as to address the limited knowledge 

of the on-joint mechanical state: 

(1) Joint pressurization via the encapsulated synovial fluid, measured by an 

inflation experiment on an intact cadaveric facet joint, and  

(2) Residual strain in the ligament due to its attachment to the vertebrae, addressed 

by a study of deformation when the ligament is released from the bone. 

3.3 Methods 

3.3.1 Sample Preparation 
Five donor lumbar spines (31M, 41F, 46M, 71M, 73F) were obtained through the 

Anatomy Bequest Program at the University of Minnesota, Twin Cities. Twenty facet 

capsular samples, from a variety of lumbar levels (L2-L5) and from both the left and right 

portion of the spine, were obtained from the donor spines. Each spine was scanned in a 3T 

MRI (Siemens MAGNEtoM Prisma) at the University of Minnesota Center for Magnetic 
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Resonance Research, and the health of the facet joint was graded on the Fujiwara scale 

[56]. The spine was cleared of the surrounding soft tissue to expose the posterior region of 

both the left and right L2-L5 facet capsular ligaments. To prepare the samples for strain 

tracking via digital image correlation, dried powdered Verhoeff-Van Gieson stain was used 

to speckle the surface of the facet capsular ligament samples [10], [11]. 

3.3.2 Inflation Testing 
Each facet joint specimen (n=20) was injected with approximately 0.55 mL of 1% 

phosphate-buffered saline (PBS) at a rate of 1 mL/min by passing a needle (outer diameter 

of 0.53 mm) through the ligament and into the joint space between adjacent facet pairs. 

The chosen needle gauge was confirmed to be sufficiently small to pass into the joint space 

between adjacent articular processes by acquiring x-ray images of a representative sample 

(Figure 10). A pressure transducer (Harvard Apparatus) measured the pressure within the 

joint space for a given volume of injected PBS, and a baseline pressure drop due to flow 

through the needle was established prior to insertion into the joint space and subtracted 

from the measurement. The PBS was withdrawn from the joint space at the conclusion of 

the test to return the facet capsular ligament to its original, uninflated state and to prepare 

the sample for the residual strain test. Speckle displacements were tracked over the course 

of the experiment using open-source 3D strain-tracking software [57]; details can be found 

below in the section 3D Strain Tracking. 

 

Figure 10 X-ray image of needle of the syringe pump inserted into the joint space of a 
L3L4 facet capsular ligament. The arrow denotes the needle inserted into the joint space. 
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3.3.3 Residual Strain Testing 
Following inflation testing, the facet capsular ligament was cut into a rectangular 

sample using a 15-blade scalpel, with the longer edge cuts occurring parallel to the spinous 

process (superior-inferior axis) and the shorter edge cuts occurring along the medial-lateral 

axis. Careful consideration was taken to prevent speckle smearing and to release the 

underside (anterior) of the ligament fully from the bone. The deformation of the ligament 

due to the release of the residual strain was continuously tracked in 3D. 

3.3.4 3D Strain Tracking 
 Facet capsular ligament surface displacement was tracked in 3D using a three-

camera stereo system (Canon EOS Rebel T3i with Canon 100 mm f/2.8 Macro lens, Canon 

EOS Rebel T3i with Canon 18-55 mm f/3.5-5.6 lens, and Canon EOS Rebel T2i with 

Canon 105mm Macro lens) with stereo planes of 15 degrees between adjacent camera pairs. 

A focal distance was chosen such that the entire sample was within the camera’s field of 

view. Each camera recorded at 1920x1280 30fps, and videos were synced using an audio 

cue in Cyberlink PowerDirector 19.  

 A quarter-cylinder calibration object with a known, uniform speckling pattern was 

used to calibrate the three-camera system. The calibration object was placed on top of the 

sample and within the field of view of each camera at the start of testing. The calibration 

images were then analyzed, using MultiDIC [57], to relate the positions of the calibration 

pattern within the image to its known position in 3D space.  This step also served to relate 

the positioning of the three cameras relative to one another with the calibration outputs. 

Reconstruction errors were calculated, and, due to incompatible overlap between adjacent 

camera pairs, the camera pair resulting in the lowest reconstruction error was chosen for 

further analysis.  Samples with reconstruction errors under 10% were considered for further 

analysis.  

Ligament strains were also analyzed using MultiDIC, which initially uses the open-

source, subset based 2D strain tracking software NCorr  [58], to calculate the speckle 

displacement from stereo-image pairs before a 3D reconstruction algorithm computes full-

field 3D ligament displacement, surface strains, and other rigid-body motion. For the 2D 
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portion of the analysis, a region of interest (ROI) was selected to include the released area 

and the area immediately surrounding it. Each ROI is discretized based on the specified 

subset size and spacing, and points correlated between images are triangulated into 

individual elements within the ROI.  For inflation analysis, a subset size of 26 pixels and a 

subset spacing of 13 pixels was chosen for each sample. For residual strain analysis, a 

subset size of 40 pixels and a subset spacing of 20 pixels was chosen. Additionally, a 

backwards analysis was conducted on the residual strain to ensure that the chosen region 

of interest included only the portion of the ligament that was released from the bone. These 

subset sizes and spacing ensured that 3-5 speckles were viewed within the subset’s region. 

The image dataset for the residual strain analysis included the same image of the 

undeformed sample, prior to inflation testing, as the inflation analysis image dataset. This 

process ensured that the deformations from each test were related back to the same 

undeformed, reference ligament configuration. All strains reported in this study are Green-

Lagrangian strains. 

Some portions of the ROI were untrackable due to a high normalized correlation 

coefficient between the tracked stereo images. A cut-off correlation coefficient of 0.7 was 

chosen to remove outliers due to bad tracking. Both increasing and decreasing area changes 

were observed in some samples.  For this reason, the mean area change for a sample was 

calculated over the middle portion of the tracked ROI. 

3.3.5 Analysis – Inflation Testing 
 Nine facet capsular ligament samples that leaked were removed from the inflation 

testing analysis, leaving a total of 11 facet capsular ligament samples taken from different 

lumbar motion segments (L2-L5). A relationship between inner capsular pressure and 

volume of injected saline was found for each inflated sample. For each point along the 

pressure-volume curve, the maximum area change was calculated for each sample as the 

largest surface Jacobian of the elements within the sample’s strain-tracked region of 

interest that successfully tracked over the entire testing time span. Additionally, the 

maximum 1st principal strains (i.e., the largest eigenvalue of the strain tensor) were 

measured for the point at which the maximum area change occurs. An angle of the 1st 

principal strain was calculated in reference to the medial-lateral axis of the sample as the 
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dot product of the 1st principal strain vector with the global medial-lateral axis. A positive 

angle is defined as clockwise towards the superior direction of a given sample. To represent 

more clearly the deformation of the ligament in 3D space during inflation, the 2D change 

in curvature for the ligament was also calculated. An estimate of the facet joint location 

was obtained by overlaying the 3D ligament surface obtained from strain tracking onto the 

segmented bone geometries for each representative sample.  

3.3.6 Analysis – Residual Strain Testing 
 The mean surface area change during the residual strain test was calculated as the 

determinant of the resulting surface deformation gradient tensor from 3D strain tracking. 

The mean area change was calculated for all elements in the tracked ROI as well as for the 

center portion of the tracked ROI. As in the inflation tests, the center portion was examined 

to reduce the influence of any outlier elements on the outside edge of the ROI.  

3.3.7 Analysis – Total Deformation  
For the eleven samples that underwent both inflation and residual strain analysis, 

three deformation tensors were obtained for each discretized element on the tracked ROI 

related by the formula (Figure 11): 

𝑭 = 𝑭	𝑰	𝑭𝑹)𝟏     (3.1) 

The three deformation gradients are as follows:  

• F is the deformation from the truly unloaded tissue state to the inflated state, 

representing the deformation state of the facet capsular ligament on a pressurized 

joint with no other loading, 

• FI is the deformation experienced by the facet capsular ligament on the joint from 

the uninflated to the inflated state, and 

• FR-1 is the deformation form the truly unloaded tissue state to the uninflated on-

joint state. This tensor is the inverse of the deformation gradient calculated when 

the tissue was released from the bone.  
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Figure 11 Posterior view of the FCL in a stress-free state, the unloaded on-bone state, and 
the inflated state. The total deformation (F) of the ligament from its stress-free 
configuration is the combined deformation of the residual and inflated states. 

3.3.8 Statistical Analysis  
 The relationship between the area change when maximally inflated and the area 

change when release during the residual strain test was determined by plotting each area 

change for a given element on the tracked ROI. Linear regression was performed to 

determine the relationship and its significance. This process was repeated to determine the 

relationship between 1st principal strain during inflation and 1st contractile strain upon 

release. All values are shown as mean ± 95% confidence interval (CI).  

3.3.9 Comparison to Facet Capsular Strains during Physiological Motion 
For a better understanding of the contribution of joint pressurization and residual 

strain on total ligament strain, the principal strains during flexion reported by Ianuzzi et al. 

[9] were recalculated to include both contributions. The global coordinate system was 

chosen to match [9] where E1 during flexion was observed to most closely align in the 

medial-lateral direction and E2 in the superior-inferior direction. A representative element 

within the tracked ROI was chosen from the representative sample 1 and used for the 
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analysis.  The total deformation tensor accounting for joint motion, inflation, and residual 

strain was obtained by the following: 

𝐹3 = 𝐹4𝐹(′𝐹5′)"    (3.2) 

The four deformation gradients are as follows:  

• FT is the deformation from the undeformed state to the inflated state with joint 

motion, representing the deformation state of the facet capsular ligament on a 

pressurized joint with physiological motion, 

• FM is the deformation experienced during flexion for a left L3L4 motion segment, 

calculated from [9], 

• FI’ is the deformation experienced from the uninflated to the inflated state with an 

injected volume of 0.5 mL, and rotated into the coordinate system described in [9] 

• FR’ -1 is the deformation from the truly unloaded tissue state to the uninflated on-

joint state. This tensor is rotated from its local coordinate system into the global 

coordinate system described in Ianuzzi, et al. [9] 

The Green-Lagrangian strain tensor was then calculated from FT. E1 is the largest 

eigenvalue and E2 was the smallest eigenvalue of the strain tensor.  

3.4 Results  

3.4.1 Inflation of the Joint Space 
Contrary to the nonlinear behavior of off-bone planar samples, pressure within the 

joint space increased linearly with volume for most samples, but there were some samples 

that exhibited an initial linear increase in pressure with volume before tapering off (Figure 

12a). This sublinear response may have been due to minor leakage of the joint fluid or a 

shift in the facet joints that relieved some of the pressure. Despite a variance in the lumbar 

spine levels, ranging from L2-L3 to L4-L5, of the facet capsules studied, most samples had 

very similar initial slopes. For injected volumes up to 0.25 mL, the volumetric compliance 

(i.e., the inverse slope of the lines in Figure 12a) over the samples was 0.011 ±  0.0018 

mL/kPa (mean ± 95% CI). The maximum local area change (Figure 12b) and 1st principal 

strain at maximum area change (Figure 12c) showed considerably more spread. 
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Figure 12 a.) The pressure-volume relationship of the capsular joint space of all inflated 
samples. b.) The maximum area change vs. volume of injected saline for each sample. c.) 
The 1st principal strain at the location of maximum area change vs. volume of injected 
saline. 

Looking into three representative samples in more detail, we can see that the 

greatest principal strains are observed in two locations: (1) the portion of the ligament 

spanning across the joint gap, and (2) the portion of the ligament at the enthesis (Figure 

13). A rough estimate of the bone location under the facet capsular ligament is shown in 

Figure 13 a1-a3. This effect is most clearly shown in Sample 1 (Figure 13 a1,b1, and d1). 

The direction of the 1st principal strain is generally in the bone-to-bone direction (Figure 

13 b1), which ranges from 15-70 degrees in the axial plane in the lumbar spine, with larger 

angles towards the lower L4 – L5 spine region [6], [59]. In the case of sample 1, the 1st 

principal strain is oriented from bone-to-bone. Similarly, although to a lesser degree, the 

same trend is observed in Sample 2 (Figure 13 b3 & d3). Here the maximum 1st principal 

strain is observed in the portion of the ligament spanning the joint gap and closest to the 

site of needle insertion. The direction of max 1st principal strain (Figure 13b2-b3) is 

oriented bone-to-bone in the region with the highest 1st principal strain (Figure 13d2-d3).  

Figure 14a displays the location of two slices taken from the 3D strain tracking 

results of sample 1. One slice runs roughly bone to bone, and the other along a bone surface. 

The greatest change in the surface contour is observed in the portion of the ligament that 

spans across the joint gap (Figure 14b vs c). This region initially inflates outwards before 

a pressure threshold is surpassed, at which point the two facet surfaces move away from 

each other and the joint gap is further inflated. The behavior is reflected in the slices at 

three pressures: (1) uninflated at P = 0 kPa, (2) outward inflation at P = 10 kPa, and (3) 
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outward inflation with facet motion at P = 36 kPa. A slice along the joint shown in Figure 

14c shows different behavior. The slice, taken close to the enthesis of the facet capsular 

ligament, exhibits very little deformation. For this representative sample, the change in 

curve length at maximum inflation with facet motion, when the pressure = 36 kPa, in the 

bone- to-bone direction is +4.63% compared to -1.46% along the joint direction.  

Summarizing the inflation results, we saw a nearly linear pressure-volume 

relationship for the joint space during inflation, with a heterogeneous strain field arising in 

the facet capsular ligament. The largest principal strains, which were on the order of 50% 

for a joint volume of 0.3 mL for most samples, occurred in the region of the facet capsular 

ligament above the joint space and in the bone-to-bone direction. 

3.4.2 Release of Residual Strains 
Viewed grossly, the facet capsular ligament shrank upon release from its 

attachments to the vertebrae. The area change upon release is shown in Figure 15 for the 

same samples as in Figure 13. To avoid confusion, in this section and in Figure 15, we 

use the phrase “1st contractile strain” to mean the more negative of the two eigenvalues of 

the strain tensor, and its corresponding eigenvector. There was no clear primary direction 

of contraction, with the majority of contraction upon release occurring in the bone-to-bone 

(Figure 15a1) or along-bone (Figure 15a2) direction. Tissue retraction was roughly 

uniform, with 1st contractile strain values mostly in the range -0.05 to -0.1% (Figure 15c1-

c3) Similar behavior was seen in the area change (Figure 15 d1-d3) with values in the 

range of 0.9 to 1. The red outline in Figure 15 d1-d3 depict the same tracked ROI in its 

undeformed state. When tissue contraction was particularly small, as observed in Sample 

3, the edges of the undeformed ROI almost perfectly overlap with those of the deformed 

ROI (Figure 15 d3).  

Sample 1 showed nonuniform area change with higher measurements found at the 

edge of the tracked ROI, possibly due to edge effects that were not resolved with the 

correlation coefficient (Figure 15 d1). Both sample 2 and sample 3 appear to have a 

uniform area change across the surface of each ligament (Figure 15 d2-d3) with mean area 

changes of 0.910 and 0.957 for all tracked points in the ROI, respectively.    
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Figure 13 a.) The location of the facet joint within the ROI estimated from the overlay of 
the tracked ROI onto CT segmentation of three representative samples.  b-c.) The direction 
of and d.) the maximum principal strain fields at maximum inflation for three 
representative samples. The angles shown in c.) are the principal direction with respect to 
the medial-lateral axis of a sample. Red arrows denote the location of maximum strain. 
Sample 1 and 2 are from the left side. Sample 3 is from the right side; images of sample 3 
are mirrored for easier comparison to samples 1 and 2. The needle tip for each sample can 
be seen in the upper right corner of each image for sample 1 and 2 and in the upper left 
corner of the image for sample 3. Axes denote the superior (S) and lateral (L) direction for 
each sample. e.) The surface area change at maximum inflation.  
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Figure 14 Anatomy is as described in Figure 13 a-c. a.) En face image of sample 1 (same 
as Figure 13a) with lines drawn in the bone-to-bone (thick red line) and along-bone (thin 
green line) direction. b.)  Surface contour along bone-to-bone line shows motion upon 
outward inflation (P = 10 kPa) and inflation with facet motion (P = 36 kPa). c.) Along-
bone line shows no significant motion because of anchorage to the bone. The superior (S), 
inferior (I), medial (M), and lateral (L) are shown on the representative sample in panel A. 
Tick spacing in panel b and c is 2mm. 

The distribution of the 1st principal strains during inflation and the 1st contractile 

strains upon release for all samples is shown in Figure 16. The direction of the principal 

and contractile strain is the angle off the medial-lateral axis, which is taken as being the 

bone-to-bone direction, with a positive angle behind defined towards the superior axis for 

a given sample. The average 1st principal strains for the tracked elements within all samples 

was 0.11 ± 0.0070  mm/mm (Figure 16a), with a predominate alignment ±55° off of the 

medial-lateral axis (Figure 16b). The average magnitude of 1st contractile strain for all 

tracked elements in all samples was -0.078 ± 0.0019 mm/mm (Figure 16c). The 1st 

contractile strains were less aligned, with a peak angle of 50° off the medial-lateral axis 

but with a relatively high frequency of strains aligned between 120-160° (Figure 16d). 

Figure 7 shows a summary of the area change, 1st principal strain, and 1st contractile 

strain for all samples. The mean area change over all tracked points within the ROI was 

0.953 ± 0.017, indicating roughly 5% area loss upon release (Figure 17a). The average 

area change for elements within the middle portion of the total tracked ROI was 0.965 ± 

0.016. The mean area change at maximum inflation was 1.014 ± 0.011 (Figure 17b). 

Figure 17c displays the spread of all elements’ area change due to residual strain and 

maximum inflation. Each point represents a single element within the tracked ROI for both 

the inflation experiment and the residual strain experiment. There was a slight positive  
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Figure 15 a-b.) The direction and c.) magnitude of the 1st contractile strain, measured as 
the most negative eigenvalue of the strain tensor and its corresponding eigenvector, of the 
same three representative samples shown in Figure 13. The angles shown in B. are the 
component of the 1st contractile strain vector with respect to the medial-lateral axis of the 
sample. d.) The surface area change across the tracked ROI for the residual strain test. 
Area change and 1st contractile strain are shown in 2D on the undeformed sample surface. 
The red outline in d. depicts the size and shape of the undeformed ROI for each of the three 
samples. Axes denote the superior (S) and lateral (L) direction for each sample.  
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correlation between the area change during inflation and the area change upon release (r2 

= 0.015, p < 0.0001). It appeared that portions of the facet capsular ligament that contracted 

more during the residual strain test had a smaller area change when inflated. However, the  

r2 value is reported very close to zero, so any relationship between the two measurements 

may be influenced by outliers beyond the 20% area change. To eliminate the extreme 

values, Figure 17d zooms in on a portion of the graph in Figure 17c. The mean max 1st 

contractile strain for all tracked points and the middle portion was -0.283 ± 0.043 and -

0.223 ± 0.041, respectively (Figure 17e), while the mean max 1st principal strain during 

inflation was 0.588 ± 0.226 (Figure 17f). The relationship between the 1st contractile strain 

upon release and the 1st principal strain upon inflation for each element for all samples is 

shown in Figure 17g. The equation Y = -0.048*X - 0.057, with r2 = 0.003 and P value = 

0.002, was fit to all the data points in all samples tracked in both the residual strain test and 

the inflation test. There was little to no relationship between the 1st contractile strain and 

the 1st principal strain. Again, Figure 17h zooms in on a portion of the graph in Figure 

17g.  

To summarize, the facet capsular ligament shrank upon release from the bone, with 

no clear primary direction of contraction. However, most samples appeared to contract 

either bone-to-bone or along the bone (Figure 15 a1-a3).  Due to the anatomy of the facet 

joint and the location of the joint gap within the ROI of the tracked samples, most samples 

were released with the majority of the ligament over and attached to the bone. 

Consequently, the tissue contracted about 4-5% upon release (Figure 17a). There was 

neither a clear correlation between area change upon release and upon inflation (Figure 

17c-d) nor with the 1st contraction strain upon release and 1st principal strain upon inflation 

(Figure 17 g-h). 
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Figure 16 The distributions of the a.) magnitude and b.) direction with respect to the 
medial-lateral axis of the 1st principal strain during inflation for all samples. Similarly, the 
distributions of the c.) magnitude and d.) direction, with respect to the medial-lateral axis, 
of the 1st contractile strain upon release for all samples. The direction of the inflation and 
residual strain vectors are weighted by the element’s magnitude of the strain and 
normalized to the total magnitude of all samples. 
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Figure 17 a.) The average surface area change tracked in the ROI during the residual 
strain test. Both the results for all tracked points as well as points taken from the middle 
region of the ROI are shown. The grey line indicates no area change on release. b.) The 
average surface area change in the ROI during maximum inflation c.) Plot of the area 
change during inflation versus the area change upon release for every element within the 
ROI. Only samples that inflated and released successfully are shown.  d.) Zooms in on a 
region of interest of the data presented in (c). e.) The maximum 1st contractile strain upon 
release across the entire tracked ROI as well as points taken from the middle region of the 
ROI to reduce error due to boundary outliers. f.) The max 1st principal strain during 
maximum inflation and g.) a plot of 1st contractile strain during release versus 1st principal 
strain during inflation for each element with the ROI of all samples, with h.) a zoom in on 
a region of interest. 

3.4.3 Total Deformation of In Situ Facet Capsular Ligament Samples 
To account for the combined effect of residual strain and joint pressurization, the 

total deformation due to both was calculated; the results for sample 1 are shown as surface 

area changes in Figure 18. To clarify, the residual surface area change is the hypothetical 

deformation required to take a planar, off-joint sample and place it back on the joint 

(Figure 18a). This deformation gradient is calculated as the inverse of the deformation 

gradient tensor of the residual strain test. Due to the current absence of in situ facet capsular 

ligament joint capsule pressure measurements, we have shown the total deformation at 

three pressure levels: approximately 12 kPa (low), 22 kPa (mid), and 36 kPa (high) (Figure 

18b-d).  The residual surface area change shown in Figure 18a appears as the dominant 

strain in the total strain state (Figure 18b-d). This may be due to less overlap between the 

area observed during inflation and the tracked area during the residual strain test.  
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Figure 19 demonstrates the change in the observed on-joint ligament strains with motion 

when including the joint pressurization and residual strain contribution, calculated as 

described under Methods in Comparison to Facet Capsular Strains during Physiological 

Motion. The black line, labeled M, is the principal strains on an on-joint left L3L4 facet 

capsular ligament due to flexion as measured by Ianuzzi et al.  [9]. The blue line, labeled 

M + I + R, represents the principal strains on the ligament due to joint pressurization, 

residual strain, and joint motion. The inflation contribution, labeled I, added 20% strain in 

the E1, or superior-inferior, direction. The residual strain contributions, labeled R, an 

addition 4% strain in the E1 direction, giving a total of 24% strain on the ligament before 

spinal motion. This indicates that the collagen fibers are in tension in both the E1 (bone-to-

bone) and E2 (alone-joint) direction before the addition of spinal motions such as flexion.  

 

Figure 18 The surface area change for sample 1 a.) needed to place the off-bone, planar 
ligament back on to its on-joint state, as well as the total deformation due to residual strain 
and pressurization to roughly b.) 12 kPa, c.) 22 kPa and, d.) 36 kPa are shown. All surface 
area changes are shown in 2D on the undeformed ligament surface. 
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Figure 19 E1 and E2 lumbar facet joint capsule strains during joint motion (M), residual 
strain (R), and inflation (I) strain for an injected volume of approximately 0.5 mL. Strains 
for joint motion were obtained from Ianuzzi et al. in their study of facet capsular ligament 
strains during flexion. The new total strain was calculated to include the contributions 
from joint pressurization and the residual strain, in addition to those observed on the 
ligament during flexion. E1 was aligned in the medial-lateral direction and E2 was aligned 
in the superior-inferior direction. 

3.5 Discussion 
In this study, we measured the facet capsular ligament strains due to both joint 

pressurization and residual strain, both of which have been unaccounted for in previous 

studies that characterized the facet capsular ligament with planar mechanical tests. Using 

3D strain tracking, we determined ligament strain at a given volume of injected saline, as 

well as the inner capsular pressure (Figure 12, Figure 13). We also measured contraction 

of the ligament upon the release of the residual strain (Figure 15). To our knowledge, this 

is the first study of the deformation state of the facet capsular ligament on an unloaded 

joint, providing a bridge between the results of previous whole lumbar spine studies [9] 

and traditional planar mechanical testing of isolated lumbar facet capsular ligaments [4], 

[10], [11], [24], [46]. 

 The major conclusion of this study is that even when the spine is not loaded, the 

facet capsular ligament is under constant tensile strain due to its attachment to the bone and 

the influence of the joint pressure (Figure 15 & Figure 17). The strain is not merely a non-

zero quantity but could have mechanical significance for in vivo function of the lumbar 
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facet capsular ligament. The toe region for uniaxial loading of the lumbar facet capsular 

ligament is roughly 10-12 % strain [4], [12], and for biaxial loading it is roughly 6-8 % 

strain [10], [60], measured from the true undeformed state. These numbers are comparable 

to the strains we calculated for the facet capsular ligament due to prestrain and joint 

pressure, suggesting that the collagen fibers in the facet capsular ligament are never 

crimped in vivo, or perhaps only in the case of a spinal motion that would put the facet 

capsular ligament into compression relative to the neutral spine state.  This result has 

bearing on whole-joint models of the lumbar spine [13], [14], [16] and on attempts to use 

in vitro experimental data to understand in vivo tissue mechanics [17], [24]. For example, 

an analysis based on facet capsular ligament strain from its true unloaded state rather than 

from the neutral spine state would overestimate the facet capsular ligament laxity at low 

strains and thus would overestimate the range of motion for any motion restricted by the 

facet capsular ligament. 

 The range of pressures in the lumbar facet joint is, to our knowledge, unmeasured. 

Jaumard et al. [6], [54] measured the joint pressure in the cervical facet joint, but their 

device measured the pressure on the cartilage surface, not the pressurization of the synovial 

fluid. It is conceivable that the joint pressure could be measured via an instrumented 

syringe during intra-articular injection for low back pain, but to our knowledge, no such 

measurement has been made; since such injections are typically 0.5-1.5 ml [61] it might 

also be possible to measure the joint pressure-volume relationship in vivo. Our cadaveric 

joint results showed a significant pressure rise for 0.5 ml of injection (Figure 12), however, 

without knowing the in vivo pressure range of the joint capsule, the applicability of our 

inflation results are unknown. Our study is also limited to characterizing the truly 

undeformed state of the lumbar facet capsular ligament from isolated donor spine units, 

without musculature or body weight, which is not the true resting state in vivo. Additionally, 

in our study the facet joints are unconstrained which, when pressurized, may cause motions 

that are potentially not possible in vivo. Computationally modeling the results of our study 

with realistic geometries and boundary conditions may provide further insights into the 

significance of these limitations.  
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 There was a great degree of variability observed in the direction of the 1st principal 

and 1st contractile strain (Figure 13b-c, Figure 15a-b, Figure 16). Some samples displayed 

a clear predominate direction of 1st principal strain, aligning roughly in the bone-to-bone 

direction (Figure 13 b1-b2), while others had a less clear preference (Figure 13 b3). 

Difference in the location and direction of the highest strain in the facet capsular ligament 

joint gap region may be due to the increase in angle from the axial plane of the two 

articulating facet surfaces. The orientation angle of the two surfaces, and thus that of the 

joint gap, becomes more aligned in the sagittal plane further down the lumbar spine [6]. 

Sample 1 and 2 were both taken from the left facet capsular ligament. Sample 3, however, 

was taken from the right side of the spinous process. This is observed to a lesser degree in 

the direction of the 1st contractile strain upon release (Figure 15a-b), however, the amount 

of trackable area is smaller than in inflation. While the sum distribution of all 1st contractile 

strain directions has a peak angle of 50° off the medial-lateral axis, a bimodal distribution 

is observed with strain directions occurring 100-120° off the medial-lateral axis with a high 

relative frequency (Figure 16d). Although the overall fiber alignment is taken as being 

bone-to-bone, previous studies have demonstrated a high degree of heterogeneity in the 

local collagen fiber orientation [23]. Further studies on the relationship between the 

direction of the principal strains and the predominate local alignment of the collagen 

microstructure are needed to explain this variability and the lack of correlation seen 

between the 1st principal inflation strain and the 1st contractile strain (Figure 17c-d & g-h).  

 Previous studies have demonstrated that planar off-bone facet capsular ligament 

samples are uncrimped until about 16% stretch [12]. We determined the total ligament 

strain from a truly unloaded, planar state to being on-joint with applied motion by adding 

the contributions due to joint pressurization and residual strain to the on-joint strain 

observation by Ianuzzi et al. [9]. We looked at the strains due to flexion for a left L3L4 

sample with primary axis in the medial-lateral (E1) direction and superior-inferior (E2) 

(Figure 19). The largest magnitude strains were those in the E1 direction. Considering that 

this is roughly the bone-to-bone direction, the strains due to inflation and residual strain 

have the potential to uncrimp the collagen fibers fully from the truly unloaded to the on-

joint state without considering an additional strain due to joint motion (Figure 19). The 
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collagen fibers in the facet capsular ligament on a pressurized joint are in tension before 

motion causing the on-joint observation of ligament strain fields to underestimate the total 

applied strain.  

 The potential role of fluid pressurization in determining the lumbar facet capsular 

ligament's mechanical state also suggests that one may need to consider how the available 

facet joint volume changes during spinal motion. If a motion causes the joint space to lose 

volume, and the synovial fluid cannot escape quickly, it would be expected that the fluid 

would pressurize and push the facet capsular ligament out so as to maintain volume; a 

similar but opposite effect would be seen if the joint space volume were increased, possibly 

creating a negative (suction) pressure and pulling the facet capsular ligament into the joint 

space. If the configuration were maintained for an extended period of time, however, 

synovial fluid turnover could allow re-equilibration of the joint pressure within the facet 

capsular ligament.  

 The potential role of pressurization also compels some discussion of the anatomy 

of the lumbar facet capsular ligament, which contains an inner elastin-rich layer and an 

outer collagen-rich layer [12], [26]. By analogy with arterial wall mechanics, we can 

hypothesize that the elastin component provides elastic restoration under small loads, such 

as might arise due to synovial fluid pressurization during normal motions, and the collagen 

component provides stiffness resistance to pressure overload, due to abnormal motions. 

This hypothesis could be explored in various ways, including leveraging the large volume 

of work and methodological development for arterial mechanics.
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4 Exploring On-Joint Mechanics of the Lumbar 

Facet Capsular Ligament: Accounting for 

Residual Strain, Joint Pressurization and 

Microstructural Heterogeneity 
 

The contents of the chapter are in preparation to be submitted as a journal article by Gacek, 

Ellingson, and Barocas.  

4.1 Summary 
Modeling the lumbar facet capsular ligament's mechanical behavior under various 

physiological motions has often been a challenge due to limited knowledge about the on-

joint ligament loads arising from attachment to the bone or other internal loads. Building 

on prior work, this study presents an enhanced computational model incorporating residual 

strain, joint pressurization strain, and through-thickness variation of collagen and elastin 

distribution, factors often neglected in prior models. Further, the model can predict strain 

and stress distribution across the ligament under various spinal motions, highlighting the 

influence of the ligament's attachment to the bone, internal synovial fluid pressurization, 

and distribution of collagen fiber alignment. Joint space inflation was found to notably 

influence the total observed stress and strain fields, both at rest and during motion. A 

significant portion of the ligament was found to be in tension, even in the absence of 

external load. Additionally, the model's ability to account for strain in the predominate 

collagen fiber direction offers a more realistic portrayal of the collagen fibers and elastin 

matrix’s role in ligament mechanics. This study's findings could significantly enhance our 

understanding of spine and ligament biomechanics, bone health, and could potentially 

contribute to prevention strategies for spinal diseases and instabilities. It also expresses 

important considerations for modeling the lumbar facet capsular ligament or other synovial 

ligaments. 

 



 
 

54 
 
 

4.2 Introduction  
The lumbar facet capsular ligament (LFCL) is a vital component of the lumbar spine, 

playing a crucial role in maintaining spinal stability. Despite its significance, the LFCL has 

historically received less attention than the interverbal disc and spinal muscles, especially 

as a possible source of lower back pain, which serves as the leading cause of activity 

limitation among individuals under the age of 45 and imposes considerable financial 

burden [62], [63]. However, recent advances in computational model have allowed us to 

model the complex behavior of the lumbar facet capsular ligament and its implication for 

spinal health and degeneration. 

Most biomechanical scientific research on disease and degeneration of the LFCL 

fails to translate between microstructural phenomenon and macroscale motion and medical 

therapeutics. This is, in part, due to a technological limitation on imaging and measuring 

ligament behavior in vivo and with no clear experimental link between clinical studies and 

their benchtop counterparts. In recent years, advances in computational modeling 

techniques have provided a powerful tool to simulate the complex behavior of soft tissues 

under various loading conditions and have allowed us to bridge the experimental-clinical 

gap by circumventing many of the limitations experienced in traditional experiments.  

Finite element modeling is often used for performing material parameter extraction on 

various tissues with realistic boundary conditions [10], [12], [13], analyzing macroscale 

tissue deformations driven by microstructural mechanics[16], [23], [25], and as a method 

of estimating the growth and remodeling phenomenon of soft tissues in response to its local 

microenvironment [19]. More importantly, finite element modeling has the potential to link 

measurable experimental metrics, such as ligament strain, with unmeasurable quantities 

that drive tissue failure and degeneration, such as ligament stress, paving the way for 

improved therapeutic strategies for disease and degeneration. Unfortunately, there exists a 

fundamental challenge when developing biomechanical finite element models that the 

unloaded configuration of the tissue is often unknown, as is the in situ loading state – even 

in the absence of external loads on the joint.  

 In this study, we build upon the lumbar facet capsular ligament computational 

model of Zarei et al. [16], which links macroscale spinal motions with microscale ligament 
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deformations. We further explore the impact of the facet capsular ligament’s 

microstructural composites, inner capsular pressure, and residual strain on the observed 

stress and strain fields across the ligament. Initially, we expanded the model by 

incorporating inner capsular pressure and residual strain, as previously measured in Gacek 

et al.[18], to evaluate the lumbar facet capsular ligament’s response under physiological 

spinal motions and compare it to a non-pressurized, zero-stress ligament. Next, we 

investigated the influence of the collagen and elastin layer on ligament mechanics by 

altering the concentration of each component throughout the thickness of the ligament and 

measuring the response under identical spinal motions. Thus, we computationally evaluate 

the hypothesis that the lumbar facet capsular ligament remains in tension even when it is 

unstretched or compressed relative to the neutral joint position.  

4.3 Methods  
The first step was to build upon the foundational work of both the lumbar spine 

finite element model of Ellingson et al. [14] and the facet capsular ligament multiscale 

model framework of Zarei et al. [16].  The macroscale boundary conditions provided by 

the ligament’s attachment to the boney facets were obtained by simulating desired L4L5 

motion using the model of Ellingson et al. [14]. We studied the effect of 6 spinal motions 

on ligament mechanics: flexion, extension, ipsilateral and contralateral bending, and 

ipsilateral and contralateral axial rotation. The L5 vertebrae remained fixed in space. Each 

motion was simulated by first applying a downwards, axial load of 500N to the L4 

vertebrae to simulate body weight, followed by a 7.5 Nm moment in the desired direction 

of motion. The resulting displacements and rotations (Ux, Uy, Uz, Rx, Ry, and Rz) of the 

reference point of the L4 vertebral rigid body was passed down to the smaller-scale model 

of the lumbar facet capsular ligament (Figure 20).  

An existing finite element representation of the L4L5 facet capsular ligament, with 

realistic microstructural fiber alignment and orientation and as described in [16], [23], [24], 

was used. Briefly, a geometric model of the ligament was obtained via 𝜇-CT and morphed 

onto the facet joint geometries of the L4L5 motion segment model (Abaqus 2018). 

Realistic fiber architecture was obtained by analyzing fiber orientation and alignment from  
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Figure 20 - The model setup: The enhanced model combines (a) realistic lumbar facet 
capsular ligament (LFCL) geometry with structural fiber orientation data [16] and (b) the 
bone kinematics obtained from a L4L5 motion segment model [14]. Body weight and a 
moment to simulate desired spinal motions were applied. (c) Final model includes 
contribution from inflation of the joint space, residual strain, and through-thickness 
variation between the collagen and elastin regions.     

polarization-sensitive optical coherence tomography of 6 donor lumbar facet capsular 

ligaments. The spatial distribution of fiber alignment was then morphed over the finite 

element representation of the L4-L5 facet capsular ligament such that each element had a 

unique primary fiber direction and degree of alignment. While the geometry of the L4-L5 

facet capsular ligament remained consistent across all models, the 6 resultant FCL models 

reflect the sample-specific microstructure of the 6 distinct donor samples.  
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The ligament model was assembled using FEBioStudio 1.9.0. The original lumbar 

facet capsular ligament model geometry had one layer of elements through the thickness 

of the tissue. For more resolution, the model was partitioned to have 6 layers of hex8 

elements through the thickness of the ligament, for a total of 5,400 hex8 elements. The 

ligament was partitioned to preserve the unique, sample-specific fiber architectures of the 

original models of Zarei et al. [16]. Each set of element partitions was modeled using a 

hyperelastic strain energy density function in which the collagen fibers were modeled as a 

coupled solid mixture with a single fiber family embedded in a compressible neo-Hookean 

matrix representing the elastin fibers. The primary alignment direction of the fiber family 

was set to match the fiber distribution measured in the 6 donor samples from Zarei et al. 

The strain energy density function of the neo-Hookean matrix is as follows: 

 𝑊 = µ
!
(𝐼" − 3) − µ ln 𝐽 + l

!
(ln 𝐽)!    (4.1) 

where µ and l are the Lamé parameters; I1 is the first invariant (i.e., the trace) of the right 

Cauchy-Green tensor (I1 = Cii; Cij = FkiFkj), and J is the determinant of the deformation 

gradient tensor F [64]. The collagen fibers were modeled using an exponential fiber 

constitutive equation: 

𝜓#(𝐼#) =
$
%&
(exp%((!)")" − 1)               (4.2) 

where 𝜉 is the fiber small-strain modulus, a and b are the coefficient and power of the 

exponential, respectively, and In is the square of stretch in fiber direction. A 2D von Mises 

distribution was used to describe the collagen fiber orientations, with the orientation and 

strength of alignment as described in Zarei et al. [16]: 

𝑅(𝒏) = +,-#$%!&
%'&(

!.()(/)
          (4.3) 

where (n1, n2, n3) are the components of the fiber direction vector n, b is the concentration 

parameter, and I0 is a modified Bessel function of the first kind of order 0. A trapezoidal 

integration scheme was used in FEBio to integrate the distribution over the 2D unit circle 

[64]. Mean collagen and elastin region material constants, as described in Gacek et al. [12], 

were used and are shown in Table 2. 
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Table 2: Model parameters for collagen fibers and elastin matrix 

Variable Value Units 
E 13.15 kPa 
v 0.499   
𝜉 18.68 MPa 
𝛼 0.079   
𝛽 7.58   

We computed the percentage of collagen fibers in tension (𝜆6 ≥ 1.16), neutral (1 ≤ 

𝜆6  < 1.16), and compression (1.0 > 𝜆6) at rest, or directly preceding the application of 

motion, and at the end of each applied motion. Fiber stretch is denoted by 𝜆6  and was 

calculated as: 

𝜆6! = 𝑛7𝑛8𝐶78      (4.4) 

where n is the unit vector along the direction of the fiber and C is the right Cauchy green 

tensor [41], [64]. 

Two rigid bodies were defined to model the L4 and L5 vertebral bodies, and their 

centers of mass were defined to match those of Ellingson et al. [14]. Each of the 6 motions 

were applied by setting the displacement and rotation of the L4 rigid body to that of the 

resultant displacement and rotation L4 vertebra output of the macroscale spinal motion 

model (i.e., all motion was defined relative to L5). Similarly, the L5 rigid body was fixed 

in space. The medial insertion points on the ligament were set as rigid contact points to the 

L4 rigid body while the lateral insertions points were set as rigid contact points to the L5 

rigid body. Due to a lack of in situ lumbar facet capsular joint pressure measurements, we 

have chosen to model joint pressurization with a modest pressure of 5kPa, defined as an 

applied pressure on the inner facet of the ligament [18]. Residual strain, as measured by 

Gacek et al., was prescribed by defining a prestrain tensor, FR, for each element such that 

the ligament expanded 4% in the bone-to-bone direction and 0.089% in the direction 

perpendicular to it, or along the joint. A zero-stress ligament state was found such that the 

deformed ligament with applied prestrain will match the geometry of the original, 

undeformed ligament.  
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The influence of through-thickness variation in collagen and elastin was modeled 

by partitioning our ligament geometry such that the ratio of collagen to elastin was 1:1 

through-thickness, as described by [12].The collagen region was modeled using equations 

4.1-4.3, as described above, while the elastin region was modeled as purely neo-Hookean 

(eq. 4.1). Material constants are shown in Table 2. For each of the 6 FCL models, and for 

each of the 6 applied spinal motions, the following combinations were tested: 

Table 3: Tested model factor combinations 

Case Motion? Residual 
Strain? Pressurization? 

Collagen & 
Elastin 
Layers? 

I Yes No No No 
II Yes Yes Yes No 
III Yes No No Yes 
IV Yes Yes Yes Yes 

 

Cases I and III will hereafter be referred to as cases of apparent motion and Cases II and 

IV will hereafter be referred to as cases of true motion.  

The influence of each of these factors was assessed by comparing the maximum 

principal Lagrange strains across all elements in each model, after which we also compared 

maximum principal Cauchy stresses for all models in all cases. For a comparison of motion 

in the predominate fiber direction, we compared the strains in the 1-direction (𝐸""), or in 

the bone-to-bone direction. These strains were compared against the strains in the along-

joint direction (𝐸!!), or 2-direction. Additionally, the resultant stress across the ligament 

were compared in both the 1-direction (𝜎"") and 2-direction (𝜎!!) for apparent and true 

motion models.   

4.4 Results 

4.4.1 Contribution of Model Factors 
We compared the contribution of residual strain, inflation strain, and strain due to 

spinal flexion, including the contribution of body weight, on total ligament strain, shown  
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Figure 21 - The contribution of residual strain, inflation strain, and flexion strain on 
total ligament strain in both the bone-to-bone direction and along the joint: In the bone-
to-bone direction, inflation strains due to pressurization of the joint space have the largest 
apparent impact on the total strain field, when compared to strain from residual and flexion 
strain. When observing strains along the joint, flexion strains have the largest area of 
highest magnitude when compared to inflation strain and residual strain. All 
corresponding strains are plotted as on the same scale for clarity. All data is shown for a 
single representative sample. 

from the posterior portion, or top face, of the ligament (Figure 21). Strains are shown in 

the bone-to-bone (1) direction, which is generally the primary direction of collagen fiber 

alignment, as well as strains along-the-joint (2) direction. The largest contribution to total 

flexion strain is from inflation of the joint space, at about 41.2% 𝐸"" strain and 10.6% 𝐸!! 

strain, with the second largest contribution coming from flexion of the spine, at about 9.8% 

𝐸""  strain and 11.7% 𝐸!! strain (Fig 2). The max total strain observed during flexion was 

60.0%  𝐸""	strain and 20.7% 𝐸!! strain.  

 We also compared the contribution of residual stress, inflation stress, and flexion 

stress on the total stress of the ligament (Figure 22). Again, we observed modest 

contributions to ligament stress from the incorporation of a residual stress and a larger 

contribution from inflation of the joint space. When comparing stress contributions of each  
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Figure 22: - Stress contribution from residual strain, inflation, and joint motion of 
flexion of the total stress of the ligament: Stress 𝜎"" (bone-to-bone) and 𝜎!! (along the 
joint) are shown. Stress from incorporating residual strain has a negligible impact on total 
stress when compared to the contribution from inflation and joint motion of flexion. In both 
directions, inflation stress has the region of highest stress magnitude, but flexion stress has 
the widest spread across the surface of the ligament. All data is shown for a single 
representative sample. 

modeling factor, we observe a smaller contribution to ligament stress from joint motion, 

perhaps due to smaller contributions of motion to overall ligament strain. The largest 

contribution to total flexion stress was again from joint inflation, at about 40.3 kPa 𝜎"" 

stress and 5.5 kPa 𝜎!!	stress, with the second largest contribution coming from flexion of 

the spine, at about 2.0 kPa 𝜎"" stress and 1.1 kPa 𝜎!! stress (Figure 21). The max total 

stress observed during flexion was 34.7 kPa 𝜎"" stress and 16.8 kPa 𝜎!! stress. 

4.4.2 Model Predictions for Flexion and Extension 
The aggregated results for model predications of flexion and extension for a single 

representative sample are shown in Figure 23. In the case of true motion, the max principal 

strain during both flexion and extension were higher than that of the observed max 

principal strains during apparent motion (Figure 23a). The regions of highest max principal 

strain were generally found at the enthesis.  Looking at the max principal stress field of 

both cases, we saw that the stresses, like the strains, were higher in both flexion and  
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Figure 23 - Results for simulated flexion and extension: (a) Max principal strain and plotted for spinal motions of flexion (i-ii) and 
extension (iii-iv). (b) Max principal stress for same motions. Both stress and strain from apparent motion (i and iii) and the true motion 
(ii and iv), incorporating residual strain, inflation, and motion, are shown at peak motion. (c) The full motion progression of mean bone-
to-bone strain (𝐸"") and mean along-joint strain (𝐸!!) are shown. As in (a) and (b), the true motion cases for both flexion and extension 
show higher strains (c). (d) The full motion progression of mean bone-to-bone stress (𝜎"") and mean along-joint stress (𝜎!!) are also 
shown. Black dot denotes neutral position in both plots. (e) The percentage of collagen fibers in tension, neutral, and compression are 
shown for all cases. Additionally, the percentage of collagen fibers in tension, neutral, and compression are shown for the “at rest” 
position, which precedes motion but, in the case of true motion, includes stretch contributions from the incorporation of residual strain 
and inflation of the joint space. All data is shown for a single representative sample.
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extension for the case of true motion (Figure 23b). During true motion, the regions of high 

principal stress during flexion did not align with the regions of high principal strains, 

indicating that the principal stress and strain axes did not align. Instead, the area of highest 

stress is seen in the middle of the ligament, over the joint space. Conversely, the region of 

highest stress during extension did align with the region of highest strain (Figure 23b).  

Figure 23c displays the mean on-joint strains in the 1- and 2-direction during 

apparent motion and true motion of flexion and extension. The incorporation of residual 

strain and inflation significantly increases both the mean 1- and 2-direction strains during 

flexion and extension (Figure 23c). The mean apparent strain starts close to zero, with the 

only observed motion due to the body weight. After a slight initial drop, 𝐸""
9:: rises in both 

flexion and extension, whereas 𝐸!!
9::  is positive for flexion but negative for extension.  

When residual strain and inflation pressure are considered, 𝐸"";<=> is much larger but shows 

less increase with flexion, presumably due to the stiffening of the collagen at large strains. 

𝐸!!;<=> is similar to 𝐸!!
9:: but of larger magnitude. When we consider mean apparent stress, 

it again starts very close to zero. With a large rise in 𝐸""
9::, 𝜎""

9::rises sharply for extension 

but not as much for flexion, due to only a small percentage of collagen fibers in tension 

and a misalignment of high strain and high stress regions (Figure 23a-b, d, e). With similar 

amount of collagen fibers in tension, we observed similar magnitudes of 𝜎"";<=>. However, 

in both the apparent and true motion models, we observed a large increase in 𝜎!!;<=>  in 

extension (Figure 23d). As expected, all collagen fibers are in neutral (1 ≤ 𝜆6 < 1.16) when 

“at rest”, or before the application of motion, in all apparent motion models (Figure 23e). 

With the incorporation of residual strain and inflation during rest, the percentage of 

collagen fibers in tension (𝜆6  ≥ 1.16) rises to 43.0%, with an additional 18.7% of fibers in 

compression (1.0 > 𝜆6). With only small changes in strain in the 1-direction (Figure 23c), 

which is generally considered the predominant fiber alignment direction, the percentage of 

fibers in tension during flexion rises to 6.1% and 46.9% during apparent motion and true 

motion, respectively. In the case of apparent extension, the large changes in 1-direction 

strain and force on bone translates to a 36.2% increase in the total percentage of collagen 

fibers in tension and 24.2% of fibers in compression (Figure 23e). Since extension moves 
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the facet surfaces apart, there is little difference in stretch distribution between the apparent 

and true models.  

4.4.3 Model Predictions for Contralateral and Ipsilateral Bending 
The same representative sample shown for flexion and extension in Figure 23 is 

also shown for contralateral and ipsilateral bending in Figure 24. Again, we observed 

higher max principal strains (Figure 24a) and max principal stresses (Figure 24b) during 

the cases of true motion. Both the stress and the strain fields are heterogeneous, as is 

expected with an heterogenous distribution of collagen fiber orientations, and most peak 

principal strains are observed at the enthesis. The two motions produce max principal strain 

and stress fields of similar magnitude.  

Two striking differences can be seen between the apparent and true strains in 

Figure 24c, especially for ipsilateral bending. First, the true strain, 𝐸"";<=>, is much larger 

than the apparent strain; second, the changes in strain are much smaller in the true model. 

This difference arises because the contributions of residual strain and inflation are 

significant enough to place and maintain the collagen fibers in the 2-direction into tension 

from compression, whereas the apparent motion model of contralateral bending had tensile 

collagen fibers in the 1-direction become compressive by the end of the motion (Figure 

24c). This is further seen when comparing the apparent and true stress in the 1-direction 

(Figure 24d). During true motion, the distribution of collagen fibers in tension, neutral, 

and compression are fairly uniform between ipsilateral and contralateral bending (Figure 

24e). However, the apparent and true stress in the bone-to-bone (1) direction rises during 

ipsilateral bending but remains practically unchanged for contralateral bending, further 

indicating the compressive effect of contralateral bending on collagen fibers (Figure 24d). 

Additionally, the small changes in strain during true motion has a large effect on the true 

stress in the 1-direction for ipsilateral bending, indicating a large portion of the collagen 

fibers in tension being very near their ultimate lock-out state. There is low apparent strain 

in the predominant fiber direction during contralateral bending, as shown by a lack of 

collagen fibers in tension, and approximately half (50.3%) of collagen fibers in 

compression (Figure 24e) While the true percentage of collagen fibers in tension increases  
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Figure 24- Results for simulated contralateral and ipsilateral bending: (a) Max principal strain plotted for spinal motions of 
contralateral bending (i-ii) and ipsilateral bending (iii-iv). (b) Max principal stress for same motions. Both stress and strain from 
apparent motion (i and iii) and the true motion (ii and iv), incorporating residual strain, inflation, and motion, are shown at peak motion. 
In all cases of motion, max principal strains and stresses were higher during true motion (a.ii, a.iv, b.ii, and b.iv) compared to apparent 
motion (a.i, a.iii, b.i, and b.iii). (c) Strain in the bone-to-bone (𝐸"")  and along-joint (𝐸!!) are plotted for the full motion of contralateral 
bending and ipsilateral bending for all cases. (d) The mean bone-to-bone stress (𝜎"") and mean along-joint stress (𝜎!!) are also shown. 
Black dot denotes neutral position in both plots.  (e) Total percentage of fibers in tension, compression, and neutral at the end of motion 
for each scenario. All data is shown for a single representative sample. 
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to 40.0% during contralateral bending, this is still close to the true at rest results shown in 

Figure 23e. These results indicate that the residual strain and joint pressure dominate 

ligament mechanics during lateral bending, with the effect of the joint motion relatively 

small. 

4.4.4 Model Predictions for Contralateral and Ipsilateral Axial Rotation 
Figure 25 concludes our display of motion results for a single representative 

sample by displaying the model predictions for contralateral and ipsilateral axial rotation. 

As was the case for flexion-extension and contralateral-ipsilateral bending, the predicted 

max principal strain is higher in the cases of true motion for both contralateral and 

ipsilateral axial rotation (Figure 25a). In the case of contralateral axial rotation, we 

observed a buckling of the ligament at peak motion, leading to very low apparent strains 

(Figure 25a) and stresses (Figure 25b).  Regions of high predicted max principal stress 

are found near the regions of high predicted max principal strains (Figure 25b). The max 

principal stresses observed during true contralateral-ipsilateral axial rotation were 

comparable to those observed in true flexion-extension and true contralateral-ipsilateral 

bending (Figure 23b, Figure 24b, and Figure 25b). The predicted strain in the bone-to-

bone direction (𝐸"") is large for the true contralateral axial rotation case and both the 

apparent and true ipsilateral axial rotation models (Figure 25c). Smaller strains were 

observed for 𝐸!!  for all three models, with large changes in strains for apparent 

contralateral axial rotation. Collagen fibers that are initially in tension or compression at 

the start of motion remain in tension or compression in the case of ipsilateral axial rotation. 

This is further shown as a large rise in 𝜎"" stress for both apparent and true ipsilateral axial 

rotation models (Figure 25d). The 1-direction stress becomes more compressive in both 

apparent and true contralateral axial rotation, however, with the inclusion of inflation and 

residual strain, the total change in 𝜎"";<=>  is smaller. When comparing all 6 motions, 

contralateral and ipsilateral axial rotation had the largest apparent changes in percentage of 

collagen fibers in compression or flexion, respectively (Figure 25e). Approximately 73.9% 

of collagen fibers are in apparent compression at the end of contralateral axial rotation, but 

this percentage decreases to 52.0% percent with the  
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Figure 25 - Results for simulated contralateral and ipsilateral axial rotation: (a) Max principal strain during contralateral axial 
rotation (i-ii) and ipsilateral axial rotation (iii-iv). (b) Max principal stress for same motions. Both stress and strain from apparent 
motion (i and iii) and the true motion (ii and iv), incorporating residual strain, inflation, and motion, are shown at peak motion. (c) 
Comparison between 𝐸"" and 𝐸!! strain and (d) between 𝜎"" and 𝜎!! stress. Black dot denotes neutral position in both plots. (e)Total 
percentage of fibers in tension, neutral, or compression at the end of loading. All data is shown for a single representative sample
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addition of residual strain and inflation in the true motion cases. This result indicates that, 

as for lateral bending, the addition of residual strain and inflation is enough to load the 

ligament’s collagen fibers despite the compressive effect of the vertebral motion.  

4.4.5 Aggregated Model Predictions 
For an aggregated comparison of all model motions, in both apparent and true 

motion, for all 6 fiber distributions tested, the average maximum and minimum principal 

strains and stresses are shown in Figure 26. For easier comparison, all stresses and strains 

are plotted as the change in magnitude from the start and end of a given motion. Most 

motions exhibit mild nonlinearity in the stress and strain with increasing respective IVAs. 

The highest average maximum principal strain is observed for the true motion case of 

extension, followed by the case of apparent motion extension. Contralateral bending, 

flexion and ipsilateral axial rotation generated lower strains at all IVAs (Figure 26a-c). 

These observations are consistent with the observations of Zarei et al. [16].  Similarly, the 

highest observed stress is for extension, with true stress higher than apparent (Figure 26a).  

 
Figure 26 Comparison of average maximum and minimum principal strain with respect 
to interverbal angle (IVA): (a) Flexion-extension strains. (b) Contralateral-ipsilateral 
bending strains. (c) Contralateral-ipsilateral axial rotation strains. (d) – (f) Corresponding 
maximum and minimum principal strains. For easier comparison, all stresses and strains 
are plotted as the change in magnitude from the start and end of a given motion. All error 
bars indicate 95% CI with n=6 for each motion case. 



 
 

69 
 
 

In most cases, the average max and min principal strains are higher for the cases of true 

motion compared to the apparent motion models (Figure 26d). The average max principal 

stress is highly nonlinear for increasing IVAs during both cases of extension (Figure 26d). 

We observed a similar behavior for apparent ipsilateral axial rotation (Figure 26f), but not 

during the case of true ipsilateral axial rotation. This observation indicates increased 

recruitment of collagen fibers during apparent motion, whereas in actual motion many of 

those fibers were already recruited prior to the start of the motion.  

This effect can be seen strikingly in Figure 27, which shows the effect of adding 

residual stress and joint pressure on the fiber stretch distribution for each spinal motion.  

Our results suggest there is a higher percentage of collagen fibers in tension during all cases 

of true motion (Figure 27a). The percentage of fibers in neutral or compression decreases 

or remain unchanged from apparent motion to true motion models (Figure 27b-c). 

 
Figure 27 - Effect of residual stress and joint pressure on fiber stretch: The average 
percentage of fibers in (a) tension (fiber stretch ≥ 1.16), (b) neutral (1.0 ≤ fiber stretch < 
1.16), and (c) compression (fiber stretch < 1.0), across all motions and loading cases 
(apparent motion vs true motion). Error bars indicate 95% CI and n=6 for each case. 

4.4.6 Contribution of Distinct Collagen and Elastin Region on Model 

Predictions 
We now turn to the effect of through-thickness heterogeneity within the lumbar 

facet capsular ligament by examining results for a multilayer model with elastin-rich and 

collagen-rich layers. Figure 28 shows the maximum principal strains during peak flexion-

extension and is broken down to show the contribution of the collagen fibers compared to 

the elastin. The topmost layer of each region is shown for cases of apparent motion and  
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Figure 28 - Max principal strains for the topmost portion of the collagen and elastin 
regions: For the collagen region, the topmost layer is the posterior portion of the ligament, 
and, for the elastin region, the topmost layer is the middle portion of the ligament. Max 
principal strain is shown for both apparent and true motion, and for spinal motions of 
flexion and extension. Note that scale bars are different for apparent and true models in 
flexion. 

true motion. The topmost layer of the collagen region corresponds to the topmost portion, 

or the posterior portion, of the ligament. The topmost layer of the elastin region is taken as 

the elastin interface to the collagen region. Since results were largely uniform through 

either layer, the topmost (i.e. posterior) surface of each layer was used for visualization of 

the strain and stress fields. In the case of apparent flexion, the strain fields across the 

collagen region and the elastin regions are very similar whereas the strain field of the elastin 

region is significantly higher than strains observed in the collagen region at apparent 

extension. When inflation and residual strain are incorporated into the model, the strain 

fields across the elastin and collagen region between apparent and true motion become  
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Figure 29- Max principal stress during apparent and true motion for spinal motions of 
flexion and extension:  The stress in the topmost layer of both the collagen and elastin 
portion of the ligament are shown. Note that scale bars are different for apparent and true 
models in flexion. 

more similar, for both flexion and extension. However, the magnitude of the strain is still 

significantly higher in the elastin region of a true extension model (Figure 28).  

 Figure 29 compares the maximum principal stresses in the same locations as the 

max principal strain shown in Figure 28. Again, we are plotting max principal stress across 

the ligament at the topmost portion of each region: collagen and elastin. The stress field 

across the collagen and elastin regions are similar in the case of apparent flexion. However, 

in the other three cases, apparent extension, true flexion, and true extension, the stress 

across the ligament varies in each region. In the case of principal stress, the magnitude of 

the stress is lower in all elastin regions, despite higher observed strains in the same region. 

This is expected with the chosen material model of each region. The collagen fibers create  
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Figure 30- Comparison of mean max principal strain for the topmost portion of the 
collagen and elastin region for increasing IVA during spinal motions of flexion and 
extension: The cases of apparent motion and true motion are compared. For easier 
comparison, all stresses and strains are plotted as the change in magnitude from the start 
and end of a given motion. 

regions of high stress when fully loaded, as was the case in our 1-layer models (Figure 23-

Figure 25). 

 Further breaking down the contribution of the collagen-rich and elastin-rich regions 

to mean principal strain (Figure 30 a-b) and principal stress (Figure 30 c-d), we observed 

similar strains with increasing IVAs in the collagen region at flexion and in the elastin 

region at flexion and extension when comparing the apparent motion and true motion cases. 

For easier comparison, all stresses and strains are plotted as the change in magnitude from 
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the start and end of the given motion. The overall mean principal strain in the elastin region 

is slightly higher than the collagen region for spinal extension but similar for flexion 

(Figure 30a-b). The mean principal strain in the collagen region is higher in the case of 

true extension when compared to apparent extension (Figure 30a). Our results suggest that 

the mean principal strains are comparable between the two regions in the case of flexion 

but the higher observed strains during extension are primarily taken up in the elastin region. 

This idea is further supported by comparing the mean principal stress results of the two 

regions (Figure 30 c-d). The stress in the ligament is much higher in the collagen region 

than in the elastin region (Figure 30c), especially for the true model. The mean principal 

stresses in the elastin region for both flexion and extension remain the same between the 

apparent and true motion models and are overall lower than the mean stresses observed in 

the collagen region (Figure 30d).    

4.5 Discussion 
The major conclusion of this study is that the combined effect of prestress and joint 

pressure contributes significantly to the stress and strain fields that arise in the lumbar facet 

capsular ligament during spinal motion or even in the absence thereof. The results of our 

study indicate that a portion of the ligament is in tension on-joint due to residual strain and 

joint pressurization strain (Figure 27). In addition to its obvious ramifications for 

computational modeling of ligament mechanics, this conclusion also suggests certain 

considerations regarding the in vivo mechanics and function of the lumbar facet capsular 

ligament. Inflation of the joint space, specifically, had a large effect on the total observed 

strain (Figure 21) and stress (Figure 22) on the ligament, when comparing its contribution 

against that of residual strain and strain due to motion.  

Our multiscale computational model represents a significant step forward in the 

study of the lumbar facet capsular ligaments. However, the model also highlights the 

complexity of the lumbar spine and the ongoing challenges in developing truly 

comprehensive, predictive models of spine biomechanics. Our study has highlighted the 

significant role of joint pressurization strain on overall ligament mechanics, both before 

and during spinal motions. Our model assumes that the joint pressure does not change 
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throughout the application of motion, despite the available joint space volume changing. 

When the available joint volume changes, it will directly affect the pressure within the joint 

cavity and the resultant tension applied to the ligament. Further work is needed to 

characterize the change in joint volume with each motion and to define the rate at which 

the synovial fluid turns over, both important factors to consider when considering joint 

pressurization. 

When we compared the 𝐸"" strain against the 𝐸!! strain, our results indicated that, 

for the cases of true flexion-extension and contralateral-ipsilateral bending, with increasing 

respective IVAs the bulk of the strain is observed in the 2-direction, or normal to the 

average predominate fiber alignment (Figure 23c, Figure 24c). Lower changes in strains 

in the 1-direction, or the bone-to-bone direction, did indicate that there was a higher 

percentage of fibers in tension (Figure 23c&e, Figure 24c&e, and Figure 25c&e). This 

suggests that the addition of residual strain and inflation strain can uncrimp fully and load 

crucial collagen fibers, with any additional loading on the ligament being resisted by the 

collagen fibers and taken up by the underlying elastin matrix. In the case of contralateral-

ipsilateral axial rotation, increasing 𝐸""  strain is a result of motion being applied nearly 

parallel to the 1-direction, and, therefore, further strain and stress in that direction is 

expected (Figure 25c-d). This is further supported by our analysis of the average maximum 

and minimum principal stresses during motion, in which true ipsilateral axial rotation 

exhibit the second highest average max principal stress, after extension (Figure 26d&f). 

A strength of our model is its ability to have distinct regions of collagen and elastin 

fibers throughout the thickness of the ligament. Collagen, the primary structural component 

in ligament, provides tensile strength and allows the ligament to withstand various 

mechanical loads. Conversely, elastin provides elasticity, enabling the ligaments to return 

to its original shape after being stretched. The distribution and organization of these fibers 

throughout the ligament play a crucial role in the ligament’s anisotropic mechanical 

behavior and it affects the way the ligament responds to various spinal motions.  During 

high strain motion, the highest magnitude of strain was observed in the elastin region of 

the tissue, perhaps due to its attachment to the bone (Figure 28). Our results further suggest 

that both the stress distribution and the average max principal stress is higher in the 
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collagen region, due to the supportive role of collagen fibers to mechanical loads (Figure 

29, Figure 30c-d). Overall, the stress in the elastin region is small although we did not 

model the ligaments return to rest after motion or analyze its hyperelastic response to 

loading. Ligaments adapt to changes in mechanical loading by synthesizing, degrading, or 

reorganizing their extracellular matrix components to better withstand loading. The results 

of our through-thickness study highlight the need to consider growth and remodeling 

phenomenon of the tissue, both during development and during disease and degeneration 

of the tissue. We can hypothesize that joint pressurization plays a large role during ligament 

remodeling. Joint pressurization may explain the separation of ligament microstructural 

composites into collagen-rich and elastin-rich regions, where collagen provides structural 

rigidity during pressure overload while elastin restores to neutral during small motions.  
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5 Hybrid Discrete-Continuum Multiscale Model 

of Tissue Growth and Remodeling  
 

The contents of the chapter were previously published as a research article in the journal 

Acta Biomaterialia by Gacek, Mahutga, and Barocas. [19] The author of thesis 

conceptualized the idea, co-designed the study, developed the coupled micro-macroscale 

remodeling framework, ran all case studies, prepared all figures, and edited the manuscript.  
 

5.1 Summary 
Tissue growth and remodeling (G&R) is often central to disease etiology and 

progression, so understanding G&R is essential for understanding disease and developing 

effective therapies. While the state-of-the-art in this regard is animal and cellular models, 

recent advances in computational tools offer another avenue to investigate G&R. A major 

challenge for computational models is bridging from the cellular scale (at which changes 

are actually occurring) to the macroscopic, geometric-scale (at which physiological 

consequences arise). Thus, many computational models simplify one scale or another in 

the name of computational tractability. In this work, we develop a discrete-continuum 

modeling scheme for analyzing G&R, in which we apply changes directly to the discrete 

cell and extracellular matrix (ECM) architecture and pass those changes up to a finite-

element macroscale geometry. We demonstrate the use of the model in three case-study 

scenarios: the media of a thick-walled artery, and the media and adventitia of a thick-walled 

artery, and chronic dissection of an arterial wall. We analyze each case in terms of the new 

and insightful data that can be gathered from this technique, and we compare our results 

from this model to several others.  
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Figure 31: Graphical representation of the multiscale remodeling framework 

5.2 Introduction  
Biological soft tissues are living composite materials consisting of cells and an 

extracellular matrix (ECM) comprising various fibrillar components (such as collagen, 

elastin, and fibrin) and non-fibrillar components (such as proteoglycans, 

glycosaminoglycans, and lipids), making tissues structurally complex [65]. Further, many 

tissues organize from networks at the cell-scale (micro-scale) into layered structures at the 

meso-scale (e.g. arteries, skin, uterine wall) and into morphologically complex macroscale 

geometries (e.g. the aortic arch, the skin of the hand, the uterus), making tissues inherently 

multiscale [66]–[68]. The organization at each level changes constantly in response to 

external cues. From the point of view of mechanotransduction, this organization presents 

a cascading mechanism from the application of loads at the macro-scale, to the translation 

of forces within the meso-scale structure, to the response of cells at the micro-scale. The 

subsequent tissue-level changes arise from the aggregate of the individual cellular 

responses. 

Cells respond mechanically to their environment by remodeling both themselves 

[69]–[72] and the ECM that surrounds them [73]–[76]. Further, cells are responsible for 

forming the macroscopic geometries of the tissues they inhabit. Thus, it is important that 
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we understand how cellular-level cues lead to changes in tissue-level properties – and to 

gross morphologic changes. Knowing how a tissue achieves – or fails to achieve – its target 

functionality is essential in understanding and assessing growth and remodeling in the 

context of the transition from a ‘healthy’ to a ‘diseased’ phenotype, which is a key factor 

in the development and implementation of medical interventions and therapies [77]–[80].  

Previous work towards understanding the biomechanical behavior of soft tissues 

has primarily focused on the description of composite tissues using strain energy density 

functions (e.g., [49], [81]–[90]). This strain-energy-based continuum modeling approach 

provides a simple method for implementation into finite-element simulation of complex 

geometries. It also lends itself to efficient and insightful models of growth and remodeling.  

Further advances in the field have moved towards incorporating increasingly detailed 

loading scenarios, utilizing continuum constitutive relations including coupled 

computational fluid dynamics (CFD) or fluid-structure interaction (FSI) (e.g. [91]–[95]). 

However, the microstructural detail that is sacrificed in the description of a strain energy 

density function limits one’s potential to understand cellular mechanotransduction due to 

localized material properties. Microstructural remodeling models have emerged [96]–[100], 

as have cell-signaling-based models [101]–[103], providing more detailed tools to simulate 

changes in tissue structure and behavior.  

The objective of this study was to create and evaluate a multiscale framework to 

simulate multiple scales of the tissue growth and remodeling process without loss of 

microstructural detail. In this work, we utilize discrete network models of the micro-scale, 

on which the cell experiences its environment and subsequently makes changes to it. 

Further, it is at the micro-scale that disease and failure initiate. We layer the microscale 

models to describe the meso-scale architecture, then combine these micro/meso-scale 

models with a traditional finite element analysis by fitting the behavior of the micro/meso-

scale with a continuum strain energy density model similar to our previous work [104]. 

Thus, we leverage the structural detail of a discrete fiber network model and the speed of 

continuum-scale finite-element analysis. We utilize this model to examine the 

microstructural features resulting from remodeling in various systems under the 

assumption that cells respond to local mechanics to return tissue constituents to tensional 
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homeostasis [105]–[107]. We then probe the structure-function relationship under the 

hypothesis of tensional homeostasis in order to assess the role mechanical cues have on 

tissue growth and remodeling. 

5.3 Methods  

5.3.1 Multiscale Remodeling Framework and Nomenclature 
In this work, we define superscripts to denote tissue constituents and/or fibers. 

Superscripts allow us to delineate between individual constituents without summation, and 

therefore we include summation symbols when appropriate for superscripts. We apply the 

Einstein summation convention for subscripts. We also define an elastic deformation 

gradient as 𝐹> and a growth deformation gradient as 𝐹?, where ‘e’ and ‘g’ are not treated 

as indices, but rather used to distinguish between deformation gradients in different 

reference frames.  

5.3.2 Growth Preliminaries 
There are two ideas that intersect in the area of tissue growth and remodeling. The 

first is the concept of kinematic growth [47], [108]–[111], under which the tissue’s 

reference configuration can change based on some underlying remodeling law, and the 

growth of the tissue can be prescribed as a deformation tensor. This is shown schematically 

in Figure 32, and is given mathematically as 

𝐹78 = 𝐹7@> 𝐹@8
?      (5.1) 

where 𝐹78 is the total deformation tensor from the original configuration to the current - 

remodeled and deformed - configuration, 𝐹7@>  is the elastic deformation tensor that 

describes the elastic deformation from the grown stress-free reference configuration to the 

deformed configuration, and 𝐹@8
?  is the growth tensor that maps from the initial reference 

configuration to the grown stress-free reference configuration. Even with all boundary 

conditions free (i.e., no surface stresses), 𝐹@8>  is not, in general, the identity because the 

growth must be rectified by the compatibility equation, such that, in the absence of body 

forces,  

𝜎78,8 = 0      (5.2) 
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where 𝜎78 is the Cauchy stress. 

The second foundational idea is constrained mixture theory [112]–[116]. In its most 

basic form, constrained mixture theory defines each constituent as having its own 

associated mass fraction (or volume fraction), with the total solid volume fraction is given 

by 

𝜙B = "
C ∫ 𝑑𝑣BD = "

C
∑ 𝑣77 = ∑ 𝜙77    (5.3) 

where 𝜙E is the total volume fraction of constituents, 𝑣 is the volume of the tissue, 𝑣B is 

the total volume of constituents, 𝑣7 is the volume of constituent i, and 𝜙7 = 𝑣7/𝑣	 is the 

volume fraction of constituent i. A constrained mixture formulation further assumes that 

the constituents themselves are independent but are constrained to move together behaving 

as parallel structures that do no interact with one another such that the constituent stresses 

are additive to the total tissue stress  

𝜎@F(𝐹G#> ) = "
C ∫ 𝜎@F(𝐹G#> )𝑑𝑣D = "

C
∑ 𝜎@F7 (𝐹G#> )𝑣77 = ∑ 𝜙7𝜎@F7 (𝐹G#> )7  (5.4) 

where 𝜎@F(𝐹G#> )  is the stress in the tissue as a function of 𝐹G#> , which is the elastic 

deformation gradient applied to the tissue. The superscript i denotes a constituent of the 

tissue.  

If we combine constrained mixture theory with kinematic growth theory, each 

constituent must evolve such that  

𝐹G: = (𝐹G#> )7I𝐹#:
? J7 	     (5.5) 

so that the overall deformation gradients applied to each constituent are the same, but the 

growth (𝐹G#> )7 and elastic deformation I𝐹#:
? J7 	 of any given constituent i, need not be. We 

also note that 𝜎@F7 I𝐹G:J is not necessarily 0 when 𝐹G: = 𝛿G: since the reference, strain-

free configuration, I𝐹#:
? J7 , is not, in general, equal to 𝐹G: . One major benefit of using 

constrained mixture theory is the computational efficiency of being able to limit the 

behavior to a specified number of constituents (e.g., 𝑖 = 1,2,3  for tissues composed 

primarily of cells, collagen and elastin), and treating those constituents as independent so 

that for a specified deformation, each may remodel with no direct effect on the other 
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constituents. There are other ways to address growth using the combination of kinematic 

growth and constrained mixture theory as outlined further in [49], [117]. 

 

Figure 32: Kinematics of growth showing the reference configuration, the split material 
growth configuration, and the recombined, elastically deformed configuration. 

Clearly, the above formulation is an approximation since cells do interact with both 

collagen and elastin, and they are therefore not independent. We can account for this 

interaction by generating a stress constitutive equation for a microvolume of interest based 

on individual constituents, in this case fibers of collagen and elastin, which interact with 

one another and with a cell through the cellular stress-fiber network. Because biological 

tissues are composites of fibers, they do not necessarily behave as an affine continuum. 

Thus, if we return to the stress balance in Eq. 5.4, we can modify it to account for all 
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constituent fibers within a tissue, which gives us the relation from volume averaging theory 

[96], [118], [119] 

𝜎@8(𝐹G#> ) = "
C ∫ 𝜎@8

: (𝐹G#> )𝑑𝑣D = "
C
∑ 6*

9*
𝑎:𝑙:𝑛@

:𝑛8
:

:    (5.6) 

where 𝜎@8
:  is the stress in fiber constituent p, 𝑓: is the force generated by fiber p, 𝑎:	is the 

deformed cross-sectional area of fiber p, 𝑙: is the deformed length of fiber p, and 𝑛@
: is the 

orientation vector along fiber p. In Eq. 5.6, all tissue constituents are considered to be 

fibrous, and all fibers are assumed to generate forces only along their length. Further, to 

maintain network stability, we enforce an osmotic (or hydrostatic) pressure that prevents 

the network from collapsing. The expression for the osmotic pressure based on [60] is  

𝑐6HI = 𝑐J𝜙	; 𝑃 = 𝑅𝑇 VW𝑐6HI! + 4𝑐∗! − 2𝑐∗Y   (5.7) 

where 𝑐6HI is fixed charge density, 𝑐J is a fixed charge scaling factor (70 mM), 𝜙 is the 

total fiber (solid) volume fraction, 𝑃 is the osmotic pressure, 𝑅 is the universal gas constant, 

𝑇 is the tissue temperature (310K), and 𝑐∗ is the external osmolarity (150 mM).  Thus, the 

total stress in the fiber network system can be expressed as 

𝜎78;L;9F =
"
C
∑ 𝑓:𝑙:𝑛7

:𝑛8
: − 𝑃𝛿78:    (5.8) 

where 𝛿78 is the Kronecker delta.  

5.3.3 Microscale Mechanics 
In the present work, we utilize microstructural discrete fiber networks to represent 

a tissue. The networks are generated from a periodic Delaunay tessellation using the 

tetrahedron edges as fibers. Fibers are linked at the vertices (nodes) of the tessellation 

tetrahedra via a pin joint. Multiple fiber types can be used in one model [96], [120], [121], 

and the properties of the fibers used in the presented models are given in Table 4. We 

describe both actin and elastin as linear elastic fibers with constitutive behavior governed 

by  

𝑓: = Z
𝐸: VF

*

M)
* − 1Y 𝑎:			𝑖𝑓	

F*

M)
* ≥ 1		

N*

"JJ
VF

*

M)
* − 1Y𝑎:			𝑖𝑓	

F*

M)
* < 1

   (5.9) 
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where 𝑓: is the force along the fiber p, 𝐸: is the fiber modulus, 𝑙: is the deformed fiber 

length, 𝐿J
: is the fiber undeformed length, and 𝑎: is the fiber cross-sectional area. In the 

calculation of 𝑓:, we assume fibers are long relative to their radius, and that they have 

uniform cross-section 𝑎: (i.e. they do not taper). This means that the fibers are likely to 

buckle under compressive loads, which we represent in Eq. 5.7 by reducing the force by a 

factor of 100 when the fiber stretch F+
*

M)
* < 1.  Collagen fibers are treated as helical springs 

as described in [122] to represent the waviness or crimp often associated with collagen. To 

solve for the internal equilibrium of the network subject to a deformation, we use Newton-

Raphson iteration to minimize the forces on all nodes, as described previously [96], [123], 

[124]. 

Table 4: Fiber constitutive equation properties 

Constituent Model Material Parameters References 

Actin Linear 
Elastic  𝐸 = 4	𝑀𝑃𝑎	 [125] 

Collagen Helical 
Spring 

𝐸 = 700	𝑀𝑃𝑎; 𝑅J = 5.8	𝑛𝑚; 
𝑟J = 1.6	𝑛𝑚;	
𝐻J = 67.4	𝑛𝑚	

[126]–
[128] 

Elastin Linear 
Elastic 𝐸 = 1	𝑀𝑃𝑎	 [129] 

 
5.3.4 Generating Meso-scale Structures 

A major benefit of using fiber networks is that we can generate meso-scale 

structures within our representative network. In this work, we combine three fiber types 

using three different network generation techniques to create a meso-scale arterial medial 

lamellar unit structure. First, we generate a 3D periodic Delaunay network of elastin fibers, 

which we collapse to a 2D circumferential-axial plane, then we take the collapsed nodes 

from the elastin network and perform a 2D Delaunay tessellation to create an 

interconnected collagen network. We then pare the collagen network down to a 

connectivity of nine in order to reduce the cross-link density to more closely mimic in vivo 

behavior. This gives us a highly connected (cross-linked), short fiber, elastin layer with a 

mechanically linked, lower-connectivity, longer fiber collagen network. This structure is 
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representative of the elastic lamina separating concentric rings of smooth muscle cells 

found in arteries. Next, we create a 3D periodic network of actin stress-fibers. We then 

determine which actin stress-fibers cross the elastin/collagen lamina layer. We split these 

actin fibers and connect each end to the nearest node in the elastin/collagen lamina to form 

physical links between the actin cytoskeleton and the elastic lamina (akin to integrins 

binding cells to the ECM). Importantly, meso-structures of this kind need no additional 

constraints applied to them in the solution of the micro-problem. They are subjected to the 

same boundary conditions and calculation of internal equilibrium as more basic network 

structures.  

5.3.5 Microscale Remodeling 
Each fiber in each network remodels separately based on its own fiber stress. The 

assumption is made that the microstructure remodels to approach a defined target stress for 

each individual fiber (local application of tensional homeostasis [105]–[107]), which, in 

turn, results in a net tissue equilibrium state. This remodeling model can be expressed 

mathematically on a local fiber-by-fiber basis motivated by the observations of [127], [130] 

as 

I5*

I;
= "

O
g‖Q

*‖
Q,

− 1h𝑅:	; IM)
*

I;
= 𝑘 I5*

I;
    (5.10) 

where 𝑅:  is the radius of fiber p, 𝑡  is the remodeling time, 𝜏  is the remodeling time 

constant, ‖𝜎:‖ = 𝑓:/𝑎: is the fiber stress magnitude, 𝜎R is the homeostatic, target fiber 

stress, 𝐿J
:  is the undeformed length of fiber p, and 𝑘  is a parameter relating fiber 

lengthening to fiber thickening. In this form, fibers can be thought of as adding individual 

collagen molecules to become thicker and to lengthen. Redundant or unloaded fibers are 

allowed to decay and disappear from the network, but the current model form does not 

prescribe the addition of any new fibers or fiber-fiber crosslinks. The fiber remodeling 

properties for each demonstration case and fiber type are given in Table 5. 
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Table 5: Fiber Remodeling Parameters 

 𝑁𝑒𝑡𝑤𝑜𝑟𝑘	𝑆𝑐𝑎𝑙𝑒, 
	[𝜇𝑚] 𝐶𝑜𝑛𝑠𝑡𝑖𝑡𝑢𝑒𝑛𝑡 𝜏 𝜎!, [𝑀𝑃𝑎] 𝑘 𝑅", [𝑛𝑚] 

Artery 10 
Actin 4 days 0.750 0.2 80 

Elastin NA NA NA 120 
Collagen 90 days 2.0 0.2 260 

 

This method of fiber remodeling assumes the network structure has already been 

synthesized and cells have matured to a more quiescent state. One could imagine creating 

some fiber generation rules or fiber crosslinking rules by which the underlying network 

topology could change, but that is beyond the scope of this work. As the fibers remodel, 

the network zero-stress state is updated by finding a new deformation such that the average 

stresses in the network are zero. More precisely, we calculate values of 𝐹#:
? , which are the 

growth stretches 𝜆77
?  and shears 𝜏78

? ,  such that the stresses of the volume-averaged Cauchy 

stress 𝜎78 are zero. 

5.3.6 Network Boundary Conditions 
In this work, networks are generated within representative cubes. Network 

boundaries are deformed using the deformation gradient to give a new network shape. The 

nodes internal to the network are then equilibrated while keeping the structure periodic. 

Physically, this means that a fiber passing through one boundary enters the opposite, 

parallel boundary at the same location. Thus, fibers passing through a boundary are free to 

slide both along a boundary or into/out of a boundary. Networks are always prescribed 

displacement boundary conditions. To solve for a specified applied stress, we solve the 

forward problem applying a deformation, calculating a stress error, then stepping forward 

to a new deformation, and so on until we reach stress convergence using Newton iteration. 

This technique is utilized to calculate the growth tensor (the deformation state of the 

network at zero-stress).   

5.3.7 Micro-to-Macro Coupling 
The output of the microscale remodeling code is a new, remodeled network 

representing a very small patch of tissue. Although it is possible to couple the remodeling 
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microstructure directly to the macrostructure [131], [132], it can be more convenient and 

often more easily interpretable to convert the microstructural model into an approximate 

continuum-scale strain energy density function, 𝑊 and kinematic growth tensor, 𝐹#:
? . For 

the former, we choose a mixture consisting of a neo-Hookean ground matrix and three 

exponential fiber families representing the three orthogonal axes of the network (i.e. x,y,z 

in Cartesian coordinates or r, ϴ, z in cylindrical coordinates). 

𝑊 = 𝑐"(𝐼" − 3) +
S
!
(𝑙𝑛	(𝐽)	)! +∑ H%-

!H.-
m𝑒𝑥𝑝	 g𝑐T7I𝐼U7 − 1J

!h 	− 1qT
7V" 	 (5.11) 

where W is strain energy density, c1 is the modulus of the ground matrix, 𝐼" = 𝑡𝑟(𝐶@F) is 

the first strain invariant of the right Cauchy-Green tensor 𝐶@F = 𝐹G@𝐹GF , K is the bulk 

modulus, J is the determinant of 𝐹, 𝑐!7  is the fiber modulus of family i, 𝑐T7  captures the 

nonlinearity of fiber family i, 𝐼U7 = 𝐶@F𝑁@𝑁F is the fourth strain invariant where 𝑁@ is the 

fiber family direction vector. The microscale network model was coupled to the macroscale 

geometry by creating a stress-strain curve for the material [34] and determining a suitable 

parameterization of Eq. 5.11 to match the microscale network results. For the first iteration, 

absent any prior knowledge of macroscale deformations, we perform a suite of uniaxial, 

biaxial, and shear tests to generate a characteristic behavior for the material. After the first 

iteration, we utilize the deformation from the finite element (FEM) simulation to perform 

a linear ramping from the undeformed network configuration to the deformed configuration. 

Briefly, a stress-strain curve was generated from a set of N points I(𝐹78>)G, 𝜎78GJ,𝑚 =

1…𝑁 where the elastic deformation 𝐹78>  is given by 

I𝐹78>J
G = gG

W
(𝐹7@XN4 − 𝛿7@) + 𝛿7@h I𝐹@8

? J)"   (5.12) 

and 𝐹7@XN4 is the finite element deformation gradient and 𝐹@8
?  is the network growth tensor. 

The elastic deformation is defined relative to the zero-stress deformation, as given by the 

growth tensor for the network, to give the material behavior from a zero-stress 

configuration to any arbitrary deformed configuration. The stress at each deformation is 

computed as derived in Eq. 5.8. We then fit the behavior subject to the applied deformation. 

The fitting process resulted in a defined material behavior from the strain energy density 
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function in Eq. 5.11 such that it would approximate the behavior of the discrete-fiber 

networks with maximum fidelity near the current deformation state. 

5.3.8 Biophysics of Network-Finite-Element Coupling 
The coupling technique outlined above focuses on using a single periodic network 

to represent a small patch of tissue represented by an FE element. One may wonder why 

we use the element average data rather than the Gauss point data to remodel our networks. 

Physically, we must maintain separation between the scale of the tissue and the size of the 

network in order to ensure that networks would not be occupying or intersecting the same 

physical space in the FE simulation. Thus, if we applied growth at each Gauss point, we 

would require a very coarse mesh, so we choose to apply growth on a per-element basis to 

utilize a finer mesh, which will have better overall FE convergence. With this information, 

one might think the best way to improve convergence in the macro problem would be to 

make the elements and thus the networks smaller, however, the network itself is dictated 

by a characteristic length based on the microscopic features we wish to model (e.g. the 

fiber lengths in a single constituent network or the size of the cells in our meso-scale arterial 

network). Thus, we are constrained on how aggressively we can make refinements to the 

elements. We have chosen this coupling method to balance the computational and 

biophysical trade-off between physical separation of periodic structural networks and the 

convergence of FE mesh elements. In the following examples we use a mean mesh edge 

size of 332.3um for the cruciform model, and a mean mesh edge size of 8.5um for the 

cylinder model.   

5.3.9 Coupling of the Micro and Macro Time Scales 
The solution of the fiber-by-fiber remodeling differential equations is performed 

using a forward Euler approach with two time scales: the micro time scale of the individual 

fiber remodeling within the network given as 𝑑𝑡, and a macro time scale representing the 

time between subsequent FE simulations given as 𝐷𝑇, where we can relate the two time 

steps through 𝐷𝑇 = ∫𝑑𝑡 ≈∑ 𝑑𝑡(𝑖):
7V" , and the total remodeling time T is given by 

𝑇 = ∫𝐷𝑇 = ∬𝑑𝑡 ≈ ∑ 𝐷𝑇(𝑗) = ∑ ∑ 𝑑𝑡(𝑖):
7V"

Y
8V"

Y
8V"    (5.13) 
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where Q is the total number of macro-scale FE iterations and p is the total number of micro-

scale network iterations. The convergence of the time-scale coupling is discussed further 

in Model Verification and Convergence.  The time scales used for simulation are given in 

Table 6. 

Table 6: Time Series Parameters for Forward Euler Simulation 

 
Micro time 

step, dt 
[days] 

Micro 
iterations, p 

Macro time 
step, DT 
[days] 

Macro 
iterations, Q 

Total Time 
[days] 

Media 0.05 10 0.5 300 150 

Media + 
Adventitia 0.05 10 0.5 300 150 

Chronic 
Dissection 0.05 10 0.5 64 32 

 
5.3.10 Full Multiscale Model Overview 

The overall FE-network multiscale remodeling algorithm is summarized in the 

flowchart in Figure 33a. The network remodeling code is summarized in the flowchart in 

Figure 33b. We note that one can simply alter the fiber-by-fiber remodeling equation 

(given as Remodel Fibers in Figure 33b) to change the physics of remodeling, and one can 

alter the constitutive model for the FE simulation (given as Fit Material Properties in 

Figure 33b) depending on the microstructural model used and the imposed FE deformation. 

This topic is discussed further in Model Limitations. The macroscale finite-element models 

in this work were created and simulated using FEBio2.9.1 [41]. Each element of the FE 

mesh was prescribed as a prestrain elastic material to solve the compatibility in growth 

[133]. The process begins by initializing a finite element mesh. We then generate a discrete 

fiber network structure for each element in the mesh. In step one, the fiber networks are 

run through a suite of deformations, and the behavior is fit to the material model in Eq. 

5.11, giving the initial properties for the element in the FE mesh. The FE simulation is then 

performed. The deformation and stresses from the FE simulation are next input into the 

remodeling code, and the networks are remodeled. The network growth is calculated, the 



 
 

89 
 
 

network is re-tested under the deformations extracted from the FE simulation, and the 

resulting stress-strain behavior is refit to calculate new material properties.  

 
Figure 33: (a) Hybrid discrete-continuum remodeling flowchart showing a representative 
macroscale geometry and a representative network used for constitutive modeling of each 
element of the FE geometry. (b) Network remodeling and material element update 
flowchart 

The code operates by calculating the material properties and zero-stress state 

(growth) from each network and then using that information as input into the FEBio 

simulation. The simulation is run, and the results for the element deformations and the 

element stresses are used for the network remodeling simulation. Briefly, the network is 

remodeled using deformation control, and operates using a forward Euler approach with 

the user defining the time-step length and the duration of remodeling for each FE 



 
 

90 
 
 

simulation step. The code begins by calculating the zero-stress state for the network using 

Newton’s method. The code then deforms the network to the given deformation and 

calculates the internal equilibrium of fibers. Each fiber is then remodeled based on Eq. 5.10. 

The micro scale time is incremented, and the code continues remodeling the network until 

it reaches the defined macro time step duration. The end-state network material properties 

and the ending zero-stress state are calculated and used as input to the next macro iteration 

FE simulation.  

5.3.11  Model Case Studies 

5.3.11.1 The Thick-walled cylinder 

Blood vessels are thick-walled cylinders that remodel in response to changes in 

blood pressure. Understanding how the architecture and residual stresses develop within 

blood vessels is central to relating tissue form and function. Further, understanding the 

remodeling process in terms of mechanical response to loading outside of the realm of 

‘normal’ loads continues to be an active area of research especially in aortic dilatation, 

aneurysm, and dissection [94], [134], [135]. In this case study, we used a wedge of elements 

to simulate the medial layers of the mouse aorta as shown in Figure 34a. We simulated 

both normotension (mean arterial pressure (MAP) of 100mHg) and hypertension (50% 

increase in MAP to 150mmHg) The aortic elements are defined as a prestrain elastic 

material with the strain energy function of Eq. 5.11. The microscale network was defined 

to have a planar layer of collagen and elastin separating three-dimensional cellular layers 

mimicking the aortic medial lamellar unit [28,70] as shown in Figure 34a. This architecture 

represents the use of microscale Delaunay networks of different fiber types to simulate the 

mesoscale architecture of the aorta as described in section 5.3.4. The collagen, elastin, and 

actin fiber behaviors are prescribed in Table 4. Actin and collagen remodeled according to 

Eq. 5.10, with remodeling parameters given in Table 6. Elastin has a very long half-life, 

and was thus assumed to not remodel [136]. This case study referred to as Media or Media 

Only in this manuscript demonstrated the use of complex micro/meso-scale networks to 

simulate naturally occurring structures within a macroscale geometry.    
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5.3.11.2 The Role of the Adventitia in Arterial Remodeling 

The adventitia is a collagen-rich layer that is thought to prevent damage to the 

vessel in the event of overload, and many studies have focused on the way the adventitia 

remodels in response to hypertension (e.g. [137]).  In this case study, we add an adventitial 

layer to our thick-walled cylinder media model. The objective of this work was to 

investigate the role that the collagen-rich adventitia has on the remodeling of the media. 

The aortic FE geometry is shown in Figure 34b. The inner elements are prescribed to be 

medial layers and the outermost layer is prescribed to be adventitia. As before, a prestrain 

elastic material was prescribed with strain energy density given by Eq. 5.11. The media 

networks are the same as those used in the previous thick-walled cylinder. The adventitia 

network is generated as a Delaunay network consisting of only collagen fibers. The 

collagen, elastin, and actin model properties are given in Table 4. Collagen and actin 

remodel according to Eq. 5.10, with remodeling parameters given in Table 6. Collagen is 

assumed to remodel the same way in the media and the adventitia. Elastin is again assumed 

not to remodel. This case study referred to as Adventitia or Media + Adventitia in this 

manuscript demonstrates the use of multiple different micro/meso-scale architectures in a 

single macroscale geometry. 

5.3.11.3 Remodeling in Chronic Aortic Dissection 

Aortic dissection is the formation of a tear between layers within the aortic wall. 

This tear usually forms from the intimal side of the aorta, and thus is exposed to arterial 

pressure and flow. The result is that the dissection tends to be expanded by the arterial 

pressure, filling the tear region with blood forming a “false lumen.” Dissection is associated 

with high levels of mortality both in the short term (acute phase) and in the long term 

(chronic phase) [138]. The treatment of aortic dissection varies widely based on where the 

tear and the subsequent false lumen form. In dissection affecting the ascending aorta (Type 

A), immediate surgery is generally performed. In dissections involving the descending or 

abdominal aorta (Type B), less aggressive treatments are often preferred including general 

monitoring to see whether the dissection stabilizes [138]. The false lumen is closed by 
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Figure 34: (a) Configuration of the cylinder growth and remodeling case study with the 
four-element wedge used shown in red. A pressure boundary condition of 100 mmHg was 
applied to the inner curvature of the cylinder of inner radius (ri ) of 1.3 mm and outer 
radius (ro ) of 1.5 mm.  The four-element wedge, representing the media layer, is shown 
with the periodic three fiber constituent network. Similarly, the five element wedge (b.) 
representing both the media and adventitial layer of arteries is shown with the same three 
fiber constituent fiber network representing the media and a collagen network representing 
the adventitia. (c) Configuration of the aortic dissection growth and remodeling case study 
with the dissection location shown in red in the healthy aorta slice. Similar to the previous 
case study, a healthy wedge was initially remodeled before the dissection was introduced. 
A pressure boundary condition of 100 mmHg was applied to the inner curvature of the 
cylinder of inner radius (ri ) of 0.127  mm and outer radius (ro ) of 0.195 mm. A periodic 
three fiber constituent network was used throughout the model. 
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endovascular stent graft placement in many of these cases. Thus, one might wonder what 

factors are important in the stability of a chronic aortic dissection? Mechanically, there are 

four main components to how the tissue might respond: 1. The initial properties of the 

vessel at the time of dissection, 2. The new loading conditions of the tissue, 3. The 

geometry of the vessel and the tear, and 4. The tissue remodeling response. We created an 

idealized computational model of aortic dissection allowing us to independently control 

each of these factors and taking advantage of the flexibility of the multiscale FE code 

described herein. The dissected aortic FE geometry is shown in Figure 34c. The elements 

are prescribed to within the medial layer of the vessel wall. A prestrain elastic material was 

prescribed with strain energy density given by Eq. 5.11 for each element. The collagen, 

elastin, and actin model properties are given in Table 4. Collagen and actin remodeled 

according to Eq. 5.10, with remodeling parameters given in Table 6, while elastin did not 

remodel. This case study, referred to as Dissection or Chronic Dissection in this manuscript, 

demonstrates the ability of our technique to utilize structural complexity in both the 

microscale and the macroscale. It also demonstrates the usefulness of this technique to 

decouple factors that are difficult to isolate experimentally. Further, our model system 

allows us to assess clinically measurable features and correlate them with the underlying 

biophysics and pathophysiology.    

5.4 Results  
The objective of this work was not necessarily to show direct comparisons between 

our model results and any experiments, but rather to demonstrate the types of problems our 

scheme is capable of tackling and the types of insights we can gain from inclusion of a 

discrete microstructure. That noted, we provide broad comparisons to some other modeling 

frameworks and some experiments that are generally similar to our case studies.  

5.4.1 The Thick-Walled Artery 
We simulated a simple thick-walled cylinder consistent with the structure of an 

artery (Figure 34a).  The simulation began by finding a normotensive, homeostatic state, 

after which we applied sustained hypertension of 50% over MAP. We refer to the 

normotensive state as "normotensive chronic" (NC), the state immediately after the 
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application of hypertension as "hypertensive acute" (HA), and the state after re-

equilibration to hypertension as "hypertensive chronic" (HC). During the remodeling 

process, the radius evolved as shown in Fig. 4a. In the thick-walled cylinder, the 

circumferential stress evolved through the wall thickness (Figure 35b). The hypertensive 

acute load caused a sharp increase in wall stress, alleviated over time by remodeling to the 

hypertensive chronic state; in all three states, the thick-walled geometry led to development 

of a stress gradient through the vessel wall. The results for the overall tissue growth in the 

remodeling of the thick-walled cylinder under normotensive and hypertensive loading 

scenarios are shown for the outermost element of the media in Figure 35c. The tissue 

thickens substantially and grows circumferentially in response to the pressure, as expected. 

The fiber volume faction given in Figure 35d for the outermost element showed substantial 

increases in actin stress-fiber content with much smaller magnitude decreases in collagen 

and elastin content.  The differences between the inner and outer medial elements were 

small, so we only give the outermost element. The final network geometries for each stage 

of the remodeling process are given in Figure 35e.  The inner and outer element differences 

are provided in Appendix C along with the observed elastic deformation for the tissue. We 

also show similar results for the case of hypotension given in Appendix C. 

During remodeling, the circumferential stresses evolve as shown in Figure 36. 

There is an initial, homeostatic (normotensive chronic) residual stress (first plateau in 

Figure 36a) corresponding to a normotensive chronically loaded circumferential stress 

(first plateau in Figure 36b). After the homeostatic phase, we apply a 50% overload, where 

we see instantaneous increase in loaded stress (hypertensive acute spike in Figure 36b), 

which is  

reduced back to a new homeostatic state for the hypertensive chronic scenario (second 

plateau in Figure 36b). The residual stress in response to chronic hypertension also 

increases in magnitude (second plateau of Figure 36a) with the tension on the outer surface 

and the compression on the inner surface roughly equal in magnitude. The residual stresses 

through the vessel wall (given at time points marked as normotensive chronic (NC), 

hypertensive acute (HA), and hypertensive chronic (HC) in Figure 36a) are shown in the 

cylinder cross-section in Figure 36c. These stresses are linked directly to the opening angle  
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Figure 35: The change in radius, normalized by the starting inner and outer radius for 
each network, is shown in (a). Three time points, chosen to represent the normotensive-
chronic (NC), hypertensive-acute (HA), and hypertensive-chronic (HC) states, and the 
mean circumferential stress vs. mean radius across all elements are shown in (b).(c) The 
normal remodeling and response to 50% increase in load as well as the (d) fiber volume 
fraction of all three constituents are shown for the outermost element. Yellow, black, and 
red fibers represent actin, elastin, and collagen, respectively. The (e) outer element 
networks at the three chosen time points (NC, HA, HC.) are shown. Note: The networks 
are periodic so the location of the planar collagen/elastin layer is arbitrary. All data are 
shown as mean +/- 95% CI. (n=10) 
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Figure 36: The (a) circumferential residual stress and (b) circumferential stress in the 
outer and inner element over the course of remodeling.  At time t=75 days, the pressure 
was increased from 100 mmHg to 150mmHg, simulating an overload case. The (c) residual 
and (d) circumferential stress at three time points (NC, HA, and HC) are shown for a given 
representative network. All data are shown as mean +/- 95% CI. (n=10) 
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measurements typically taken during experiments, where a higher residual stress leads to 

larger opening angle. The loaded circumferential stresses corresponding to the notations 

NC, HA, HC in Figure 36b are shown in the cross-section in Figure 36d, demonstrating 

a nearly complete return to a homeostatic stress level.  

5.4.2 The Role of the Adventitia in Arterial Remodeling 
The adventitia serves a critical role in protecting the aorta from damage, but it 

remains unclear what role it serves in normal growth and remodeling. We investigated this 

role with our multiscale model by adding a collagen layer to the outside of the previously 

described thick-walled cylinder model. We simulated the same normotensive and 

hypertensive scenarios as defined for the thick-walled cylinder. The radius changes for the 

outermost medial layer and the adventitial layer are shown in Figure 37a. The radius 

stabilized in remodeling for the normotensive chronic case (first plateau) and the 

hypertensive chronic case (second plateau). The circumferential stress distribution through 

the vessel wall is given in Figure 37b, which indicated that large magnitudes of stress were 

carried by the adventitia. The growth results for the addition of an adventitial layer of 

collagen are shown for the outer medial layer (Figure 37c,d), and the adventitial layer 

(Figure 37e,f). The growth results show the radial thickening of the media along with the 

more prominent circumferential growth of the adventitia. The fraction evolution of 

constituents through the thickness is also given for the outermost medial layer (Figure 37d), 

and for the adventitial layer (Figure 37f).  The medial layer predominantly increases in 

actin content, while the adventitia shows only slight increases in collagen content. The 

networks from the outer medial layer (Figure 37h) during the remodeling process indicated 

that the medial elements tended to thicken in response to load.  The adventitial network 

(Figure 37i), tended to grow more circumferentially and thin radially. 

The residual stress evolution in the inner medial, outer medial, and adventitial layer 

is given in Figure 38a. The residual stress shows two plateaus: one for the normotensive 

chronic case and one for the hypertensive chronic case. The magnitudes of both tensile and 

compressive stresses through the wall increased in response to hypertension. The residual 

stress also showed asymmetry through the thickness due to the adventitia. The media 

carried low levels of tension, while the adventitia was highly compressed in its unloaded  
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Figure 37: The remodeling behavior of the five-element cylindrical model with medial and 
adventitial layers. The change in radius at the inner and outer medial layer, as well as the 
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outer adventitial layer, normalized by the starting inner and outer radius for each network, 
are shown in (a) three time points, chosen to represent the normotensive-chronic (NC), 
hypertensive-acute (HA), and hypertensive-chronic (HC) states, and the mean 
circumferential stress vs. mean radius across all elements are shown in (b). (c) The normal 
remodeling and response to 50% increase in load as well as the (d) fiber volume fraction 
of all three constituents are shown for the outermost medial element. Similarly, the (e) 
normotensive and hypertensive remodeling response and the (f) collagen fiber volume 
fraction of the outer adventitial layer are shown. Yellow, black, and red fibers represent 
actin, elastin, and collagen, respectively. The (h) outer medial, and (i) outer adventitial 
element networks at the three chosen time points (NC, HA, HC.) are shown.  Note: The 
networks are periodic so the location of the planar collagen/elastin layer is arbitrary. All 
data are shown as mean +/- 95% CI. (n=10)  
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state. The loaded circumferential stress for the inner medial, outer medial, and adventitial 

layer are given in Figure 38b. The circumferential loaded stress reaches a normotensive, 

homeostatic state, then hypertension is applied and a new homeostatic state is recovered. 

Here the results showed much of the stress due to loading being carried by the adventitia 

while the media was relatively shielded. The stress distribution through the wall for 

normotensive chronic (NC), hypertensive acute (HA), and hypertensive chronic (HC) are 

given for both the residual stress state (Figure 38c) and the loaded state (Figure 38d).These 

results further demonstrated the asymmetries in loading through the vessel wall due to the 

adventitia.  

5.4.3 Microstructural Features of Arterial Remodeling  
As previously mentioned, the network topologies for the media alone and the media 

and adventitia are given in Figure 35e and Figure 37h-i. When we look beyond the bulk 

network topology into individual fiber characteristics shown in Table 7, we see that, as 

expected hypertension increases both fiber diameter and fiber length for both actin and 

collagen. Further, we see that the adventitia does significantly alter the mean fiber 

diameters and lengths due to the stress shielding effects. Histograms of fiber lengths and 

radii are given in the Appendix C Figure S9-Figure S10.  

5.4.4 Remodeling in the Chronic Aortic Dissection 
To begin our simulation of chronic dissection, we remodeled a thick-walled 

cylinder consistent with our previous case study (see Section 5.3.11.1 and 5.4.1). This 

intact-tissue remodel gave us a starting state for our tissue. We then formed a tear within 

our tissue by splitting elements within the vessel as shown in Figure 34c, defining the 

onset of dissection. Mean arterial pressure was then applied to the newly formed false 

lumen as well as the true lumen, and the tissue was allowed to remodel. The differences 

between the initial cylinder immediately following dissection (left column) and the 

dissected cylinder after 32 days of remodeling (right column) are shown in Figure 39. The 

dissected cylinder significantly altered its residual stress state (Figure 39a), showing 

significant reductions in residual stress in the non-dissected region, and slight increases in 
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Figure 38: Curves are shown for (a) residual stress and (b) circumferential stress over the 
course of remodeling. At time t=75 days, the pressure was increased from 100 mmHg to 
150mmHg, simulating an overload case. The (c) residual stress and (d) circumferential 
stress for a representative case is shown, with the majority of the circumferential load 
being in the outer adventitial layer. All data are shown as mean +/- 95% CI. (n=10) 

the dissected septum (i.e., the wall separating the true lumen and false lumen). Initially 

under load, the dissected cylinder formed a band of stress emanating from the crack tip 

(Figure 39b), which was reduced and equilibrated during the remodeling. The remodeling 

itself resulted in significant volumetric growth of the tissue (Figure 39c) particularly 

towards the outer edge of the wall just away from the dissection. We also see that collagen 

content increased near the crack tip and opposite the dissection across the true lumen 

(Figure 39d). The collagen content decreased on the adventitial side of the media just past 

the crack tip (Figure 39d) consistent with the region of largest volumetric growth (Figure 

39c). Further, significant alterations arose in material behavior, with the circumferential 
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fiber modulus (𝑐! in Eq. 5.11) increasing significantly (shown in Appendix C Figure S11a), 

particularly near the crack tip and along the region of largest growth. We also saw 

significant decreases in the axial modulus in the tissue as a whole, with small region of 

increased stiffness in the septal wall and outer wall of the false lumen (shown in the 

Appendix C Figure S11b).     

5.5 Discussion 
The scheme presented in this work provides a link between micro-scale cell/ECM 

remodeling and the macro-scale tissue consequences thereof. Local, independently-solved 

micro-problems for each macro-scale finite element allow study of detailed, local 

phenomena through application of local remodeling rules while capturing macroscopic 

geometric and physiologic effects. Below, we discuss each of the case studies in turn, 

followed by some limitations of this modeling scheme.   

5.5.1 The Thick-walled Artery 
The thick-walled cylinder results presented in Figure 35 closely mimic our 

previous study using a thin-walled cylinder [96]. The model showed a significant increase 

in radius with the application of hypertension (Figure 35a). The remodeling process 

allowed the tissue to recover a homeostatic state, and we observed decreasing stress 

through the aortic wall in all cases (Figure 35b). Further, our results indicated that the 

stress though the aortic wall seemed to level out (slope of curves in Figure 35b) making 

the environment more consistent in terms of its stress-state. We also observed significant 

radial thickening and circumferential growth (Figure 35c) in the simulated artery. This 

demonstrates a tendency of arteries to thicken as a protective response to overload under 

normal extracellular conditions. In our simulations, a majority of remodeling happened 

within the cellular network, which might be expected because the actin cytoskeleton is 

prescribed a much faster turnover rate than collagen. We also saw that elastin fiber volume 

fraction dropped significantly. This decrease was not because elastin turned over, but rather 

because the tissue volume changed. In response to hypertension, we observed that the actin 

content increased sharply while the elastin content decreased slightly, and the collagen  
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Figure 39: The results of the aortic dissection case study before and after 32 days of 
remodeling. The results under “0 remodeling days” depict a healthy artery initially 
remodeled under normotensive pressure for 150 days. The (a) residual and (b) pressurized 
first principal stress, oriented circumferentially, are shown. The changes in the microscale 
fiber network are depicted as (c) volume change, and (d) collagen fiber volume fraction 
(FVF) 
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Table 7: Comparison of fiber lengths (L) and fiber radii (R) for actin stress fibers (SF) and collagen fibers (CF) in the initial network, 
the normotensive chronic (NC) case, and the hypertensive chronic (HC) case. Compared are the media only (M) and the media and 
adventitia (M+A) cases for both the innermost medial element (Inner), outermost medial element (Outer), and the adventitial layer 
(M+A Adventitia). The differential between inner and outer medial elements is given as Inner-Outer.   

 SF L (um) CF L (um) SF R (nm) CF R (nm) CF L (um) CF R (nm) 
M M+A M M+A M M+A M M+A M+A Adventitia 

Initial Both 
mean 3.52 3.52 1.41 1.41 80.00 80.00 260.00 260.00 3.03 260.00 

std 1.43 1.43 0.69 0.69 0.00 0.00 0.00 0.00 1.15 0.00 

NC 

Inner 
mean 6.40 4.31 2.90 1.89 224.18 119.45 334.40 284.21 3.18 267.70 

std 3.47 2.17 1.67 1.08 141.17 68.92 68.33 37.49 1.45 55.93 

Outer 
mean 6.04 4.11 2.71 1.79 206.18 109.58 325.09 278.83 

 std 3.22 2.03 1.56 1.02 127.50 60.25 62.73 34.21 
 delta IO 0.36 0.20 0.19 0.11 18.01 9.87 9.32 5.38 

HC 

Inner 
mean 8.32 5.07 3.69 2.29 319.80 157.56 374.04 304.08 3.76 296.36 

std 4.51 2.72 2.18 1.33 194.41 101.48 94.23 50.79 1.77 73.14 

Outer 
mean 7.87 4.79 3.46 2.15 297.42 143.51 362.63 296.82 

 std 4.19 2.52 2.04 1.25 178.13 90.38 87.31 46.26 
 delta IO 0.45 0.28 0.23 0.14 22.38 14.05 11.41 7.26 
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content remained relatively consistent. This result indicates that, in healthy tissue, the cells 

would grow in response to increases in MAP. This is a favorable condition, especially in 

development. Further, increased cellularity may change the rate at which collagen turns 

over, which the model in its current form does not capture, but which could also be an 

important factor in normal development. For example, one could imagine the rate of 

turnover set proportional to the fraction of cells in the tissue (as proposed in [81]) 

effectively scaling the remodeling equation in Eq. 5.10 by the actin fiber volume fraction, 

although the investigation of alternative mathematical descriptions of single fiber 

remodeling laws are beyond the scope of this work. 

In our previous study [96], there was not a convenient method for including residual 

stress, a problem resolved by the new method. We observed in this simulation that despite 

the small differences between the growth on the inner surface and outer surface, we still 

develop appreciable residual stresses (Figure 36). We can interpret the higher tension on 

the outer surface and compression on the inner surface as exerting a bending moment that 

would cause the tissue to spring open forming an opening angle when cut through the radial 

thickness. Our results demonstrate relatively similar residual tensions on the inner and 

outer surface. The residual stress was shown to increase in hypertensive cases relative to 

normotensive. This indicates that we might expect increases in opening angle with 

hypertension (at least in the absence of an adventitial layer). In their seminal work Fung 

and Liu [139] showed increases in opening angle with hypertension in the ascending aorta 

(which has a characteristically thinner adventitia that the descending/abdominal aorta), 

consistent with our model findings. 

The thick-walled cylinder further showed modest, but appreciable, changes in 

growth between the innermost element and the outermost element (given in the Appendix 

C), which parallels results shown by [47], [49]. In response to hypertension, the 

circumferential elastic stretch (given in the Appendix C) returned to near homeostatic levels, 

while the radial compression showed hyper-restoration. This result indicates that the radial 

direction gets stiffer (more resistant to compression) in response to hypertension. Taken 

together, the differences in growth and mechanics indicated that the tissue remodeled by 
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changing not only the physical size of the tissue, but also the mechanical response. This 

could be interpreted as a protective mechanism where when increased pressure is applied, 

the tissue grows circumferentially and radially, and stiffens radially to prevent damage, 

while maintaining circumferential properties.  

5.5.2 The Role of the Adventitia in Arterial Remodeling 
With the addition of an adventitial layer, the simulated remodeling process occurred 

more slowly in the media (Figure 37a, c, and e) and to a much lesser extent (Figure 37a 

and c) than the previous results for the thick-walled cylinder (Figure 35a and c). Much of 

the pressure load was shifted to the collagen-rich adventitia (Figure 37b), which made the 

actin content of the media (Figure 37d) much less prominent than for the media-only case. 

This result suggests a protective effect of the adventitial layer to medial cells. The stress 

through the wall (Figure 37b) tended to be much flatter in the media for this case versus 

the thick-walled, media-only case. Further, in response to load, the medial stress levels 

hardly change (NC vs. HA in Figure 37b). This is additional evidence for the protective 

effect the adventitia has in hypertension to the media.   As for the adventitia itself, there 

was significant circumferential growth and radial compaction (Figure 37e), which is 

consistent with histology for the aorta [66]. We also observed modest increases in collagen 

content of the adventitia in response to hypertension (Figure 37f). The total fiber content 

(sum of actin, collagen, and elastin) in the medial wall was similar to the total collagen in 

the adventitia, indicating that the changes between the media and adventitia were likely a 

product of the microstructure and not due to the influence of hydrostatic pressure (based 

on fiber content).   

The addition of an adventitia significantly altered the residual stresses in the wall 

with the media being held entirely in tension and the adventitia being in compression 

(Figure 38a). The net result of such loading would be a negative opening angle, which 

would mean when cut open the tissue would spring closed to form an overlap of the cut 

ends. This is in stark contrast to the media only case, where the inner media was in 

compression and the outer media was in tension (Figure 38a). Although surprising, this 

result, and the increase in the closing angle with hypertension, are not unheard of. In the 

afore mentioned paper by Fung and Liu, they demonstrate negative opening angles in the 
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mouse aorta in the lower thoracic/upper abdominal region, which appears to be exacerbated 

with hypertension [139], [140]. The existence of negative opening angles in the lower part 

of the aorta, and the fact the adventitia in this region tends to be thicker [141], would 

indicate that the adventitial thickness plays a key role in mediating the arterial residual 

stress, particularly in the cell-laden media. Further, the addition of the adventitia seemed 

to make the residual stresses and the loaded stresses (Figure 38c and d) more consistent 

though the wall consistent with the model of Alford et al. [49]. It is possible that this is an 

important feature for maintaining the cellular mechanical environment within a vessel wall, 

as suggested by Bersi et al. [137].   

5.5.3 Remodeling in Chronic Aortic Dissection 
Our simulations on chronic aortic dissection suggest that the tissue undergoes 

significant remodeling with relatively small changes in macroscopic features. The overall 

shape of the tissue shows relatively little change (Figure 39a,b), but we see large 

discrepancies in underlying growth (Figure 39c), which manifested itself not through 

macroscale geometric shape changes, but through changes in the residual stresses in the 

vessel wall (Figure 39a). There were also significant changes in collagen content of the 

vessel wall with large regional variations around the circumference of the vessel (Figure 

39d). Further, the properties of the underlying tissue were region-dependent, with 

significant differences near the false lumen and through the wall thickness, even far from 

the dissection (Figure S11a,b). There is disagreement in the literature on the properties of 

tissue near a dissection, as some studies report increases in small-strain stiffness [142], 

[143], while other studies (utilizing more advanced characterization techniques) have 

shown both increases and decreases in stiffness from sample to sample with a wide range 

in stiffness [144]–[146]. Our data might suggest that treating the sample as one tissue could 

be part of the problem, and that even tissue samples in close proximity may have vastly 

different properties. However, the observed differences may be more indicative of 

differences in initial pathology (prior to dissection) than in dissected vs. non-dissected 

tissues. The growth of the vessel during the chronic phase in type B dissection has been 

reported to be ~4%/year of the initial diameter [147], and the intimomedial flap of the false 

lumen has been shown to remain relatively stable in thickness (<0.5%/year increase in 
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thickness) [148], [149].  Our results over the course of 30 days simulated time showed an 

increase in the false lumen impinged diameter of 4.25%, and an increase in the flap 

thickness of 0.66% under MAP loading. Clearly, our results show that the tissue 

remodeling is regionally variable around the circumference of the tissue slice and inducing 

minimal tissue macroscopic changes, but significant changes in the residual stress, tissue 

fiber content, and gross material properties.  

5.5.4 Computational Efficiency  
Although this method serves as a simplified way to interface any discrete 

microstructural description of a tissue with an FE model, the computational efficiency 

aspects must be addressed if this technique is to be tractable. Here we perform a rough cost 

estimate based on the stress and stiffness calculations only, neglecting the macroscopic-

scale Newton solve that is the same for all approaches. Consider a network of fibers 

representing the microstructure. If we have a network of N fibers and M nodes used as a 

constitutive equation for an FE simulation, assuming the network behaves affinely, we 

would calculate N fiber forces and fiber lengths + 1 summation for total volume averaged 

stress. This would be required for every gauss point within every element. Thus, for a hex 

mesh of E elements, we would have 8xE stress calculations, which would become 8E(N+1) 

calculations for a network of N fibers. In the same way, we would have 8E(N+1) 

calculations of the stiffness tensor. This is for each step of the FE solution, so if we have S 

steps, then we would have 8ES stress calculation and 8ES elasticity calculations for the 

normal FE simulation and 8ES(N+1) calculations for the stress and elasticity of the 

network. This is not really a huge major hinderance to the solution because the calculation 

can be simply vectorized. However, since there is no requirement that the deformation on 

any given fiber is affine, we must iterate to ensure an equilibrium solution. The solution of 

equilibrium requires another solution of the internal Jacobian, which is an additional N 

calculations of the derivative of fiber forces with respect to fiber end nodal coordinates per 

iteration +1 summation of derivatives in addition to the calculated fiber forces. Thus, if the 

Newton loop ensure convergences after K iterations, we have a total of 8ES(2N + 2)K 

calculations to determine the stress in the network. By the same argument, the stiffness 

calculation would be 8ES(2N + 2)K calculations. If we contrast this with the fitting of a 
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constitutive model, we would have 8ES calculations for the stress and the stiffness for the 

constitutive model. We would also have TE(2N+2)K calculations for the fitting process 

where T is the number of test points (deformation steps) for fitting. Now, assume that H 

iterations are required to fit the constitutive behavior for the network so that the overall 

fitting the constitutive behavior requires (𝑇(2𝑁 + 2)𝐾	 + 	𝐻)𝐸 	calculations. There is no 

additional calculation of the stiffness of the network required, as we let the fitting of stress 

also dictate the stiffness tensor. The results are summarized in Table 8. 

Table 8: Computational Efficiency of Hybrid relative to Continuum Model and Full 
Multiscale Model 

 Continuum Full Multiscale Hybrid (fitting + continuum) 
Stress Calcs. 8𝐸𝑆 8𝐸𝑆(2𝑁 + 2)𝐾 𝑇𝐸(2𝑁 + 2)𝐾	 + 	𝐻𝐸	 + 	8𝐸𝑆 

Elasticity Calcs. 8𝐸𝑆 8𝐸𝑆(2𝑁 + 2)𝐾 0	 + 	8𝐸𝑆 

Total 16𝐸𝑆 16𝐸𝑆(2𝑁 + 2)𝐾 𝑇𝐸(2𝑁 + 2)𝐾	 + 	𝐻𝐸	 + 	16𝐸𝑆 

Calcs. Normalized to 
Continuum Solution 1 (2𝑁 + 2)𝐾 𝑇(2𝑁 + 2)𝐾

16𝑆 	+
𝐻
16𝑆 	+ 	1 

Calcs. Normalized to 
Full Multiscale 

1
(2𝑁 + 2)𝐾 1 

𝑇
16𝑆 +

𝐻
16𝑆(2𝑁 + 2)𝐾 	+

1
(2𝑁 + 2)𝐾 

 

Observing that, for nearly any reasonable problem, 𝑁 ≫ 	1  (e.g., 𝑁 = 1076 ±

13	fibers for the medial networks of Fig. 4b-c, and 𝑁 = 322 ± 3 fibers for the adventitial 

networks of Figure 35c). Thus, we see we will never approach the efficiency of the 

continuum, constrained mixture model due to the structural complexity of our networks. 

However, the cost of the approach is mitigated by the highly parallelizable nature of the 

micro-problems, which would reduce the (2𝑁 + 2)  calculations proportional to the 

number of CPUs used provided that number is less than or equal to the number of elements 

in the FE mesh.   

We see from this illustrative example that the computational benefit over the full 

multiscale simulation comes into play when we are dealing with multiple FE steps (i.e., 

large S). In this scenario we will see speed improvement over the full multiscale simulation 

when 3
"ZB

+ [
"ZB(!W\!)S

+ "
(!W\!)S

< 1 , where the first term is expected to dominate 
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because of the large number of fibers N, reducing the expression to 3
"ZB

< 1. Thus, when 

we increase the number of FE steps, which is quite common especially in nonlinear, large 

deformation problems, or in dynamic problems (like the arterial pulse), we would 

anticipate significant speed benefits from this method over the full multiscale method. The 

computational value of the coupling approach is further outlined with more concrete wall-

time numbers in [104]. 

5.5.5 Model Verification and Convergence  
The behavior of the model system was verified by remodeling a simple cube in the 

FE domain consistent with a single network. We show in the Appendix C to this manuscript 

that that the code demonstrates the correct solution for both stress-control and displacement 

control provided we utilize small macroscopic time steps (i.e. the time between subsequent 

FE solutions). We further verified the code by simulating the remodeling a simple collagen 

cruciform during compaction by fibroblasts (a common G&R experimental model system), 

which is also given in the Appendix C to this paper.  

A potential inaccuracy in this modeling system evolves from the fact that error can 

be propagated forward from treating the reciprocal nature of this scheme as an explicit 

forward algorithm. What we mean by this is that the macro FE problem is dependent on 

the micro network properties, which are fitted to the constitutive relation. Thus, if the fit is 

not accurate, we will have a stress differential between what the FE model predicts and 

what the micro network shows. To address this, one could alternate macro-micro steps until 

the stress differential converges. We have found that such a relationship is unnecessary 

beyond the first step of the simulation (or at the time of imposing specified boundary 

conditions more accurately). The reason is after the first step, the deformation of the FE 

model elements are used to define the local behavior of the micro networks, and in the 

absence of rapidly changing loading, the estimation of properties only improves beyond 

the first, initial step.  

Still, we are propagating feed forward error, so we performed a time series 

convergence study on our multi-constituent cylinder model (Figure 34a) to ensure proper 

convergence. In our convergence study we looked at two time scales: the microscale, 
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network (single fiber) remodeling time, and the macroscale, FE remodeling time. We 

choose the multi-constituent case because the actin remodels much faster than the collagen, 

so we must ensure convergence based on the fastest remodeling time scale utilized in this 

work. Table 9 shows the time series performed and the end-state errors in growth relative 

to the most refined run (denoted by - - - in the table). The full plots of the time course of 

remodeling for the entire growth tensor are given in Figs. Figure S4-Figure S5 in the 

Appendix C. In the micro-time step, we see small magnitudes of error all around. We note 

there is less than 0.02% error propagated over 50 macro time steps using the micro time 

step of 0.05 days, which is what is employed in this study. Further, we show that we are 

propagating less than 0.125% error over the course of 100 macro time steps at 0.5 days 

each, which is the length of step used for these studies. Thus, we recommend the use of 

dt=0.05 days for 10 iterations on the micro-scale, which gives us DT=0.5 days on the 

macro-scale for simulations following the parameters listed in this work. The time step 

length should be carefully considered if adapting this remodeling framework to different 

time-scales, or if one is employing different remodeling rules.    
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Table 9: Time Convergence study for both the micro-scale (network) and macro-scale (FE) simulation of the thick-walled multi-
constituent artery cylinder run for a total of 50 days 

Micro 
time 
step 

[days] 

Micro 
iterations, 

p 

Macro 
time 
step 

[days] 

Macro 
iterations, 

Q 

Inner Element Growth Error 
(𝑒"", 𝑒!!, 𝑒TT)	; [%] 

Outer Element Growth Error 
(𝑒"", 𝑒!!, 𝑒TT)	; [%] 

1.0 1 1.0 50 -0.099 -0.148 0.166 
 

-0.189 -0.088 0.530 
 

0.1 10 1.0 50 0.040 0.026 0.009 
 

0.038 0.025 0.015 
 

0.05 20 1.0 50 0.017 0.011 0.005 
 

0.017 0.011 0.006 
 

0.01 100 1.0 50 - - - - - - 
0.05 100 5.0 10 -14.163 -14.143 -9.727 

 

-13.253 -14.448 -8.959 
 

0.05 20 1.0 50 -0.461 -0.394 -0.285 
 

-0.413 -0.379 -0.252 
 

0.05 10 0.5 100 -0.124 -0.108 -0.086 
 

-0.108 -0.114 -0.061 
 

0.05 5 0.25 200 - - - - - - 
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5.5.6 Limitations of the Modeling Scheme 

The constitutive coupling used in this method approximates the network behavior, and 

therefore should be considered carefully. For example, in our current model, we found that 

the collagen networks and the composite medial networks show nonlinear behavior very 

similar to the GOH model [150] under the investigated loading conditions (i.e. biaxial 

tension and inflation). In contrast, an eight-fiber Arruda-Boyce-like [151], linear fiber 

network model (used in a verification study included in Appendix C) exhibited nearly linear 

behavior. Thus, it would be more reasonable to use the neo-Hookean (or Mooney-Rivlin) 

constitutive model for that material. In the cases studied here, we utilize loading scenarios 

that are characterized by stretch-dominated deformations. In this type of deformation, we 

capture the behavior of any network shear using the principal fiber directions. Further, the 

networks used herein develop small magnitudes of shear due to the ability of fibers to rotate 

and realign within the network. Thus, the simple GOH model make for a reasonable 

approximation. If, however, our macroscale geometry was subject pure shear loading 

without significant stretch, we might need to consider other constitutive models to 

represent the network material behavior accurately. For example, one could add shear 

coupling fibers similar to those employed by the four-fiber family model [152], one could 

use a distributed fiber version of the GOH model [153], [154], or one could use the Arruda-

Boyce material model [151].   

The use of a single network to define the properties of an element is also an 

approximation of the microstructure. We mitigate the effect of using only a single network 

for an element by prescribing periodicity on the microscale. The imposition of periodicity, 

however, means the deformation must follow the element-averaged deformation gradient, 

rather than being defined from the nodal positions of the elements themselves. The network 

deformation could be defined based on nodal coordinates of elements, but that would 

require the use of networks with non-periodic boundaries. Such networks tend to 

exaggerate edge effects and were therefore precluded from this study.  

This technique in the form presented uses a very simple model of fiber turnover. 

The idea is that the fiber radius increases and this increase in radius is proportional to an 
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increase in length (effectively adding fibril monomers to an existing fiber). Further, the 

model in its current form has no way to add new fibers to the network, it only grows and 

decays existing fibers. Thus, there is a mechanism for removal of unimportant fibers, but 

no mechanism for the addition of new fibers in any preferred alignment. Further, the decay 

and addition time constants are not variable and the fiber addition/removal is only based 

on stress. One could imagine that this relationship might also be dependent on other factors 

including cellularity of the tissue (e.g. the form proposed in [81]). The definition of growth 

in this work is phenomenological and is clearly an abstraction of the remodeling process. 

Future work is needed in biophysically motivating ECM growth models on both the single 

fiber and network level.  

This work demonstrates a hybrid method for multiscale simulation of remodeling 

in biological tissues. We couple network microstructural elements to finite element 

modeling via FEBio by using simple constitutive modeling. The finite element code solves 

the compatibility of the growth, and determines the stress-strain state, while the remodeling 

is handled by the microstructural model given the stress-strain state of the tissue as a whole. 

Being able to apply the remodeling directly to the network level allows for gathering 

architectural information along with local material inhomogeneities, which are critical 

aspects in understanding initiating events in growth, remodeling, and failure. The 

applicability of this technique is broad in that one can model any tissue with any 

microstructure in any finite element software, making it a highly accessible approach for 

multiscale mechanic simulations. 
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6 Discussions and Conclusions 
6.1 Summary 

This dissertation characterized the on-joint, or in vivo, mechanical state of a capsular 

ligament during healthy adulthood. Three key features, and their relation to the stress and 

strain response of the ligament, were explored: (1) residual strain, (2) inflation strain due 

to joint pressurization, and (3) through-thickness variation in the collagen and elastin fibers.  

First, I characterized the mechanical differences between the collagen and elastin 

regions using a novel stretch-and-bend experimental technique (Chapter 2). This study 

highlighted the effect of the inherent tension-compression asymmetry on ligament 

mechanics and offered novel insights on the effect of varying collagen and elastin fiber 

densities across the tissue. The main conclusion was that collagen composition, distribution, 

and crimp length are important considerations when bridging the knowledge gap between 

planar facet capsular ligament mechanics and on-joint behavior of the ligament. This work 

presents a significant advancement in our understanding of the behavior of capsular 

ligaments on-joint. 

 Next, I characterized the effect of joint pressurization on observed ligament surface 

strains using 3D strain tracking (Chapter 3). Although there has been limited research on 

inner capsular pressure at rest, dynamic rapid movement of the synovial fluid during spinal 

motions will cause changes in capsular pressure that has previously been overlooked. I 

performed a novel study to track the effect of joint pressure on ligament strains and, 

additionally, I directly measured the residual strain in the ligament as it was cut off the 

bone. The study reveals that the normal in vivo state of the facet capsular ligament is in 

tension, and that the collagen fibers are most likely uncrimped even when the spine is not 

loaded. 

Finally, I expanded the capabilities of an existing multiscale FCL by Zarei et. al [16]  

model to include all 3 key features and determined the on-joint mechanical state of the 

ligament, both at rest and during spinal motion (Chapter 4). While the current validated 

model represented a significant advancement in our understanding of multiscale mechanics 

of the ligament, its performance was validated against an in vitro experimental dataset that 
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does not necessary account for all factors.  The enhanced computational model allowed us 

to observe realistic on-joint ligament stress distributions from the knowledge gained in 

previous planar and in situ mechanical tests of the ligament (Chapter 2-3). This enhanced 

computational model could significantly enhance our understanding of spine and ligament 

biomechanics, bone health, and could potentially contribute to prevention strategies for 

spinal diseases and instabilities. 

Additionally, a discrete-continuum computational growth and remodeling 

framework was presented that has potential to track the progression of the ligament 

throughout growth and remodeling (Chapter 5). We coupled networks of collagen, elastin, 

and actin fibers to finite element modeling, via FEBio, using the hybrid continuum 

approached described in Appendix A. The macroscale solution of the growth and stress-

strain state of the tissue is resolved within FEBio while the remodeling is done on the 

microstructural networks, allowing us to study changes on both the micro- and macroscale 

level. Although this study focused on G&R phenomenon in cardiovascular tissues, due to 

the wealth of prior knowledge, a small case study on G&R in the FCL is presented in 

Appendix A. This method can be broadly applied as it allows modeling of any tissue with 

any microstructure using any finite element software, and even allowing for expansion of 

the framework to include other mechanical loads, such as fluid-solid interactions, or 

remodeling factors, such as matrix metalloproteinases and tissue inhibitors of 

metalloproteinases, key indicators of tissue degeneration [155]. 

6.2 Future Direction 
While the enhanced multiscale model presented in this dissertation advanced our 

understanding of the on-joint mechanics of the facet capsular ligament, it also highlighted 

the complex nature of the ligament and numerous factors that contribute to its mechanical 

state.  

The incorporation of residual strain and inflation strain expanded our understanding 

of their effects on ligament mechanics, both at rest and during motion. The current 

methodologies can be expanded to include more realistic representations of these factors.  

Currently, a single representation of the L3L4 FCL was used, and a future next step could 
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be to obtain sample-specific geometries of each tested specimen. While an average residual 

deformation was applied across the entire ligament, as observed in our experimental results 

described in Chapter 3, the residual strain is not homogenous. Using sample-specific 

geometries for each model would allow us to directly apply the observed residual strain 

field in our model. Additionally, the inflation strain was prescribed as a pressure load on 

the anterior portion of the ligament. We can further study the effect of joint pressurization 

by modeling the synovial fluid as an encapsulated fluid with prescribed fluid boundary 

conditions. This would allow us to study the pressure change within the joint space for a 

given applied spinal motion. We can also include fluid dissipation and speed of applied 

motion to study the effect of rapid spinal motions on ligament stress and strain fields.  

Further, this model represents spine and ligament mechanics in a healthy patient, 

with no additional factors that would contribute to LBP. Future work can expand this model 

to simulate stages of aging and degeneration. The introduction of different pathologies, 

such as spondylolisthesis, or surgical interventions could provide a more holistic 

perspective on the lumbar facet capsular ligament’s mechanics and their role in spinal 

biomechanics.  

6.3 Conclusion 
This work led to three novel findings. First, the ligament was stiffest when 3 

conditions were met: the collagen fibers were (1) aligned in the direction of loading and (2) 

were in tension, and (3) the ligament was stretch ~16% from the off-bone, undeformed 

state. Second, results from planar mechanical tests overestimate the extent of stretch a 

ligament can endure before the collagen lock-out state is achieved. The normal in vivo state 

of the facet capsular ligament is in tension, and that the collagen fibers within the ligament 

are likely uncrimped even when the spine is not loaded. Third, pressurization (inflation) 

strain and residual strain have large effects on overall ligament stresses and strains. These 

factors (joint pressurization, residual strain, and through-thickness collagen variation) are 

contributors to or are driven by growth and remodeling phenomenon in soft tissues. 

Together these results provide a comprehensive analysis on the on-joint mechanical state 

of the lumbar facet capsular ligament and provide important insights that can influence 

future research, clinical applications, and therapeutic approaches of spinal biomechanics. 
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Appendix A: A Hybrid Microstructural-

Continuum Multiscale Approach for Modeling 

Hyperelastic Fibrous Soft Tissue 
 

The contents of the appendix were previously published as a research article in the Journal 

Elasticity by Nikpasand, Mahutga, Bersie-Larson, Gacek, and Barocas. The author of 

thesis developed the Network-to-HGO model framework (7.3.7 Comparison between 

Network-to-HGO and Full Multiscale Simulation), compared results to the Full Multiscale 

Framework, and provided an analysis on the results. [104] 
 

6.1 Summary  
The heterogeneous, nonlinear, anisotropic material behavior of biological tissues 

makes precise definition of an accurate constitutive model difficult. One possible solution 

to this issue would be to define microstructural elements and perform fully coupled 

multiscale simulation. However, for complex geometries and loading scenarios, the 

computational costs of such simulations can be prohibitive. Ideally then, we should seek a 

method that contains microstructural detail, but leverages the speed of classical continuum-

based finite-element (FE) modeling. In this work, we demonstrate the use of the Holzapfel-

Gasser-Ogden (HGO) model [150], [156] to fit the behavior of microstructural network 

models. We show that Delaunay microstructural networks can be fit to the HGO strain 

energy function by calculating fiber network strain energy and average fiber stretch ratio. 

We then use the HGO constitutive model in a FE framework to improve the speed of our 

hybrid model, and demonstrate that this method, combined with a material property update 

scheme, can match a full multiscale simulation. This method gives us flexibility in defining 

complex FE simulations that would be impossible, or at least prohibitively time consuming, 

in multiscale simulation, while still accounting for microstructural heterogeneity.      
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6.2 Introduction  
Biological soft tissues are complex, hydrated composites, typically simplified as a 

mixture of fibrous proteins (primarily collagen and elastin) and cells [157], [158]. The 

multi-constituent nature of tissues and the dependence on crimped collagen fibers to add 

structural reinforcement makes tissue mechanical behavior inherently nonlinear. The 

heterogeneous distribution of constituents due to the varied mechanical loading 

environments, and the various microstructural requirements of cell populations also tend 

to make tissues anisotropic (Figure 40). The behavior of these tissues, including dissonant 

behavior from tissue to tissue (e.g. auxetic behaviors in tendon/ligaments [159], [160] 

compared to the relative rubber-like behavior of arteries [161]–[165]), makes defining a 

consistent constitutive model challenging. 

 

Figure 40 .a.) Quantitative Polarized Light Imaging (QPLI) of the brachiocephalic artery 
bifurcation showing macro-scale fiber orientation vectors. b.)  Second Harmonic 
Generation (SHG) imaging of collagen microstructure in the Facet Capsular Ligament 
(FCL). c.) Scanning Electron Microscopy (SEM) of the collagen microstructure in the FCL 

Despite the complexity of tissue microstructure, a number of models have been 

proposed in the continuum framework to define the nonlinear, anisotropic material 

behavior. By far the most common method for defining the nonlinearity of soft tissues is 

by treating the material as having stress developed as an exponential of strain [156], [166]–

[170].  Perhaps the most significant, and widely used constitutive model for nonlinear, 

anisotropic materials is the Holzapfel-Gasser-Ogden (HGO) model [150], [156]. The 

beauty of this model is in its simplicity, its broad applicability [10], [171]–[181], and its 
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adaptability and ability to be extended [153], [173], [182]–[186]. In its most basic form, 

the model is described by a strain energy density function of a neo-Hookean ground 

substrate with an exponential anisotropic fiber component. The HGO model is given by: 

𝑊 = 𝑊G +𝑊6 = 𝐶"(𝐼" − 3) + 𝐶! (2𝐶T)⁄ [exp(𝐶T(𝐼U − 1)!) − 1]  (A.1) 

where 𝑊G is the non-fibrillar matrix strain energy density, 𝑊6 is the fiber strain energy 

density, 𝐶" is the neo-Hookean material parameter, 𝐼" = 𝐶(( is the first strain invariant of 

the right Cauchy-Green tensor (𝐶(] ), 𝐶!  is the fiber modulus term, 𝐶T  is the fiber 

nonlinearity, and 𝐼U = 𝑎(J𝐶(]𝑎]J  is the fourth strain invariant of the right Cauchy-Green 

tensor 𝐶(] and 𝒂𝟎 is a vector describing the fiber direction. 

A critical simplification in the analysis of such tissue behavior is the assumption that 

the deformation of the underlying fiber network is affine [187]. This assumption has been 

used countless times to lead to different soft tissue models based on invariants and/or the 

complete fiber distribution. However, the detailed microstructural behavior of a tissue is 

not, in general, affine [188], [189]. This fact leads to the use of multiscale models where 

one can precisely define the microstructure while still leveraging the advantages of finite-

element modeling [23], [25], [121], [190]–[199]. Of course, the necessity of solving many 

microstructural problems in the pursuit of modeling the deformation of a specific tissue 

leads to a huge computational cost. This computational cost is especially exacerbated when 

one adds in multi-physics such as tissue failure, fluid dynamics, or microstructural 

remodeling [83], [96], [132], [176], [178], [179], [200]–[209]. Thus, the ideal scenario 

would be to use the microstructural models when we need the structural and mechanical 

detail, but use a constitutive model (like the HGO) with a finite element solver when we 

need to run large-scale, multi-physics models.  

In this work, we propose a hybrid modeling approach in which we fit an HGO model 

to deformations imposed on a microstructural element, then use the HGO constitutive 

model to enhance the speed of the finite element simulation. This technique allows one to 

examine microstructural features when necessary without generating and solving all the 

microstructural problems during the finite element solution. In this way, we enhance the 

flexibility in multiscale modeling by allowing for the use of larger domains with 
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heterogeneous material definitions and complex boundary conditions without the need to 

run computationally expensive fully coupled multiscale simulations via a supercomputer. 

6.3 Methods 

6.3.1 Mechanics Mathematical Preliminaries 
Kinematic quantities important in the following analysis are given here. The first 

important descriptor is the deformation gradient, 𝑭, which maps the deformation from the 

undeformed domain to the deformed domain. Out of the deformation gradient comes the 

Jacobian, 𝑱 which is given as the determinant of 𝑭, and represents the volume change due 

to the deformation. Additional important kinematic variables are the right Cauchy-Green 

tensor C, defined by 𝐶(] = 𝐹@(𝐹@] , and the Green-Lagrange strain tensor E, defined by 

𝐸(] =
"
!
(𝐶(] − 𝛿(]) where 𝛿(]  is the Kronecker delta. In this work, we also use several 

strain invariants. The isotropic first strain invariant, 𝐼" = 𝐶(( , and the transverse isotropic 

fourth strain invariant, 𝐼U = 𝑎(J𝐶(]𝑎]J, dictated by a direction vector, 𝒂𝟎. We further define 

the fourth strain invariant as the square of the averaged fiber stretch 〈𝐼U〉 = 𝐻(]𝐶(] = 𝜆�6!, 

where 𝐻(] is the generalized structure tensor (defined below) and 𝜆�6 is the averaged fiber 

stretch. A number of mechanics quantities are also addressed in the following analysis. The 

first is the concept of stress. The Cauchy stress carries the physical interpretation of force 

per current cross-sectional area and is defined as 𝝈 = !
]
𝑭 _`

_𝑪
𝑭3 	where W is the strain 

energy density function for the material. The second Piola-Kirchoff stress is defined as 𝑺 =
_`
_𝑬
= 𝐽𝑭)3𝝈𝑭)", which carries no meaningful physical interpretation, but does represent 

a useful quantity for purposes of calculation due to both force and area being mapped to 

the reference configuration. 

6.3.2 Methodological Principles 
Our goal is to convert a discrete fiber network model, which allows a high degree of 

structural fidelity but is computationally intensive, into an HGO model, which is 

computationally much more tractable. Because our goal is computational simplicity, we 

use the simple form of the HGO model shown above in Eq. A.1. It is routinely assumed in 
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affine models of this type that the constitutive equation can be written in terms of 

independent contributions from a non-fibrous matrix and the fiber network. The non-

fibrous matrix is often incompressible or includes a volume-dependent term to limit 

material compressibility. Similarly, in multiscale models [23], [193], [194], a separate neo-

Hookean matrix is introduced in parallel to the network. For the present analysis, it is 

therefore assumed that the fiber network contribution is distinct from the neo-Hookean, 

incompressible non-fibrillar matrix, and the current work focuses on the fiber network 

contribution only. The fundamental challenge to be addressed is to convert a fiber network 

model into one based on the fiber stretch via 𝐼U (i.e. 𝑎(J𝐶(]𝑎]J in a model of the classical 

HGO form).  That is, the problem is to determine parameters C2 and C3 such that the model 

𝑊6 = 𝐶! (2𝐶T)⁄ [𝑒𝑥𝑝(𝐶T(〈𝐼U〉 − 1)!) − 1]	 	 	 (A.2)	

yields a fiber-network strain energy density function 𝑊6 that matches the results from the 

network computations. Here we delineate the difference between the square stretch, 𝐼U, in 

a given direction 𝒂𝟎, and the square stretch in the average fiber direction 〈𝐼4〉 = 𝐻𝐼𝐽𝐶𝐼𝐽. 

The invariant 〈𝐼4〉	is calculated as the double contraction of a generalized structure tensor 

𝐻(] with the right Cauchy-Green tensor 𝐶(]. The generalized structure tensor 𝐻(] is defined 

as 

𝐻(] =
"
f ∫ 𝑁(G𝑁]G𝑑𝑉g =

∑ f/W0
/W1

/+
/2&

∑ f/+
/2&

		 	 	 (A.3)	

where 𝑵G is the unit vector in the direction of fiber m, and 𝑉G = 𝜋(𝑅G)!𝐿G is the volume 

of a fiber with radius, 𝑅G  and length, 𝐿G . The calculation of the generalized structure 

tensor and its use to calculate 〈𝐼4〉 are based on the underlying assumption that, in general, 

the network behaves affinely. This calculation does not account for different properties of 

fibers such as the tension-compression asymmetry of fiber response, or the different fiber 

types that might occur (e.g., collagen and elastin). There are also differences incurred 

because the fibers are exponential and the deformation in a network is not affine, meaning 

the apparent modulus of any given fiber need not be the same as any other or, in fact, the 

average fiber. There are several ways one could approach this problem, including 

calculating the end-state ℎ78 = 𝐹7S𝐻SM𝐹8M  for the network and mapping it back to the 
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undeformed domain with or without those fibers that are in compression. This strategy, 

however, would rely on an accurate representation of the deformation, which is often 

unknown a priori. A second option would be to not calculate the structure tensor from the 

fiber network, but instead treat its components as additional fitting parameters. Doing so, 

however, would leave the underlying structural information we have from the 

microstructural networks unutilized.    

One of the challenges with a structure-tensor-based model is the so-called tension-

compression switch. Fibers are very stiff in tension but buckle and support almost no load 

in compression. If the structure tensor and the resulting calculated 〈𝐼U〉 do not exclude 

fibers in compression, then the model is at risk of overpredicting the stress response, 

especially if the model has been fitted to data from a different strain field. This issue has 

received much discussion (e.g., [182], [210]), and variations have been proposed in which 

compressed fibers are excluded [183], [186]. In the current work, we chose to use a simpler, 

all-fiber structure tensor. As noted earlier, the tension-compression switch is approximated 

smoothly in the discrete-fiber model by the exponential fiber constitutive equation; the 

specific representation of the switch has relatively little effect on the overall network 

mechanics [188]. We refer the reader to the in-depth discussions on structure tensors and 

tension-compression asymmetry in biological tissues given in other works [186], [210], 

[211]. 

There are, of course, infinitely many possible deformations, but the fitting problem can 

be reduced conveniently by considering the fiber network strain energy 𝑊6	as a function 

of 𝜆.# 	= 1〈𝐼$〉 = 1H%&C%& , which represents an averaged fiber stretch in the affine, 

continuous model. Although the product H%&C%& does not have any physical meaning within 

the context of the non-affine discrete fiber model, it is easily calculated and convenient for 

use in the fitting process. Likewise, 𝑊6  can be calculated either from computing an 

average stress in the domain [118] and integrating it with respect to its energy conjugate in 

the continuum sense to determine a strain energy, or by summing the total strain energy of 

all fibers and dividing by the domain volume. These two methods are given by 

𝑊6 = ∫ 𝑆(]𝑑𝐸(]
N01
N01VJ

= "
f ∫ 𝑤G𝑑𝑉g ≈ "

f
∑ 𝑤G𝑉G@
GV" 		 	 (A.4.1)	
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where 𝑊6 is the total strain energy density of the fiber network, 𝑆(] is the second Piola-

Kirchhoff stress, 𝐸(] is the Green strain,  𝑤Gis the strain energy density of fiber 𝑚, 𝑉 is 

the domain volume, and 𝑉G is the volume of fiber 𝑚.  The individual strain energy of a 

fiber is given by 

𝑤G = ∫ 𝑆(]G𝑑𝐸(]G
N01
/

N01
/VJ 			 	 	 	 (A.4.2)	

The results from a network simulation of any macroscopic deformation can then be 

represented as 𝑊6 vs. 𝜆6. This method is further summarized in the flowchart in Figure 

41. With 𝑊6	vs. 𝜆6  from the network determined, the total-fiber constitutive law can be fit 

to the aggregated network-scale simulation results. Although in principle any total-fiber 

constitutive law could be used, a continuum model in an exponential format that is similar 

to the fiber’s qualitative behavior is an intuitive choice to predict fibers’ overall behavior. 

Therefore, throughout this work we use the expression of Eq. A.2 and fit 𝐶! and 𝐶T to the 

𝑊6 vs. 𝜆6curve.  

 

Figure 41 Flowchart for converting fiber network model to affine model 

6.3.3 Case Study: Multiple Deformations of a Single Network 
To verify the ability of an HGO-type model to reproduce network mechanical response, 

a moderately aligned (𝐻"" = 0.69, 𝐻!! = 0.21 and 𝐻TT = 0.10) 3D Delaunay network 

was generated using the Delaunay triangulation function, delaunay, in MATLAB (R2019a, 

MathWorks, Natick, MA). This alignment was chosen due to the tendency of collagenous 

tissues to possess a preferred alignment, observed in, for example, ligaments [4], [212]. 

Briefly, randomly generated seed points in the 3D space were used to generate a Delaunay 

tetrahedral network. The seed points represent network nodes, and the edges of the 
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tetrahedral regions represent the fibers. After initial generation, the network was subjected 

to artificial stretches to reach the desired alignment. Finally, the aligned network was 

clipped from the stretched network to a unit cube, and the fibers and nodes inside the cube 

were extracted to form the aligned networks used in these simulations. This process was 

done iteratively, with the number of the seed points adjusted in order to obtain a final 

volume fraction of 0.04 for each network, holding the fiber cross-sectional areas constant. 

This fiber fraction represents a collagenous tissue as in [123], [213]. The fiber volume 

fraction in a network is given by  

	𝜙6 = f3

f
= i∑ .(5/)%M∗/+

/2&
i.f∗

		 	 			 				(A.5)	

where 𝜙6is the fiber volume fraction, 𝑉6is the total fiber volume, 𝑉 is the network volume, 

𝜒 is a scale factor converting from computational length units to real length unit [m], 𝑅G 

is the radius of fiber m, 𝐿∗G is the length of fiber m in computational space, and 𝑉∗ is the 

network volume in computational space.  

The fibers in these networks were then modeled as one-dimensional nonlinear springs 

connected at freely-rotating pin joints (nodes) at two ends. The slender fibers are subjected 

to moderate to large strains and have negligible bending stiffness. The governing equation 

describing the fibers in the network was adapted from [214] and is defined as    

𝑓 = @j
k
(𝑒𝑥𝑝[𝐵𝐸] − 1)	 	 	 (A.6) 

where 𝑓 is the force generated within the fiber, A is the fiber undeformed cross-sectional 

area, k and B are constant and represent fiber stiffness and nonlinearity, respectively, and 

𝐸 = "
!
(𝜆G! − 1) is the Green strain of the fiber, m, stretched to stretch ratio lm. The values 

for k and B in Eq. A.6 and the fiber radius were set to 10 MPa, 2.5, and 100nm, respectively, 

following Dhume et al. [123]. We emphasize that the function in Eq. A.6 represents a single 

fiber in the network, where the function itself is chosen so that the force is zero at zero 

strain, with large magnitude forces developed in tension and low magnitude forces 

developed in compression, simulating the tension-compression switch seen in native 

collagen fibers. The solution of the network state given a prescribed deformation was 
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calculated using Newton iteration to balance all forces on internal nodes. The overall 

Cauchy stress state for the network was then calculated as 

𝜎78 =
"
f ∫ 𝜎78𝑑𝑉g ≈ "

f
∑ 𝜎78G@
GV" 𝑉G = "

f
∑ g6-

/

j/
h 𝑛8G(𝐴G𝑙G)@

GV" = "
f
∑ 𝑓7G𝑛8G𝑙G@
GV" 	 				

(A.7) 

where 𝜎78 is the network volume averaged Cauchy stress, V is the network volume, 𝜎78G is 

the Cauchy stress of fiber m, 𝑉G is the volume of fiber m, 𝑓7G is the force from fiber m, 

𝐴G is the instantaneous cross-sectional area of fiber m, 𝒏𝒎 is the fiber normal direction in 

the deformed state, and 𝑙G is the current length of fiber m. 

The network was subjected to five different deformations: x-direction uniaxial stretch, 

simple shear on the xy- and yz-faces, and equibiaxial stretch in the xy- and xz-plane 

(Figure 42a, b). The network underwent a stretch of 1.8 in the x-direction. The stretches 

for other deformations were calculated such that the final 𝜆�6 = �𝐻(]𝐶(] in all deformations 

was equal to the calculated 𝜆�6  for the x-direction uniaxial stretch experiment. These 

deformations were selected because the network of interest has 𝐻"" 	> 	0.33, meaning that 

the main fiber direction falls mostly in the x-direction. This approach ensures 𝐻(]𝐶(] > 1,  

which allows for proper fitting of the 𝑊6  curves. In this work, the directionality of the 

networks drove the deformations used for the initial HGO fits (i.e. networks aligned in x 

are subjected to x, xy, and/or xz deformations).  For each deformation, the boundary nodes 

were displaced, and internal node equilibrium was attained using Newton iteration. In all 

deformations, the boundaries were displaced such that incompressibility was guaranteed 

on the network's bounding box. For each deformation, the (macroscopic) right Cauchy-

Green tensor, 𝐶78 , and the macroscopic volume-averaged Cauchy stress, 𝜎78 , were 

calculated  and stress converted to 𝑊6 vs. 𝜆6	as described previously (Eq. A.4). The 𝑊6 

vs. 𝜆6curves were plotted simultaneously for all the generated deformations, and a single 

constitutive HGO fiber model given in Eq. A.2 was fit to the data using MATLAB (R2019a, 

MathWorks, Natick, MA) built in constrained minimization routine fmincon. An example 

of the 𝑊6 vs. 𝜆6curves and the fit are shown in Figure 43. 
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To show that how fiber realignment can differ in various deformations, the largest 

eigenvalue of the instantaneous orientation tensor at each steps, ℎ78, was calculated and 

plotted vs. the average value of fiber stretch (Figure 45c, d).    

 

 

 
 

Figure 42 a1-5.) Network deformations for x-uniaxial, xy-shear, yz-shear, xz-biaxial, xy-
biaxial for 112% fiber Green strain. b1-5.) Network deformations for x-uniaxial, xy-shear, 
yz-shear, xz-biaxial, xy-biaxial for 10% fiber Green strain. c1-5.) The largest eigenvalue 
of the instantaneous orientation tensor, hij versus the average value of fiber stretch for 
112 %fiber Green strain. d1-5.) The largest eigenvalue of the instantaneous orientation 
tensor, hij versus the average value of fiber stretch for 10% Green strain 
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Figure 43 Holzapfel-Gasser-Ogden material property determination from microstructural 

networks under varied deformations for a.) 112% Green strain, b.) 10% Green strain 

6.3.4 Alignment Dependance for Delaunay Networks 
We evaluated the proposed method by generating HGO model parameters for 750 

Delaunay networks with a range of alignments. The various deformations described in 

Figure 45 were imposed on the networks, and 𝑊6 vs. 𝜆6plots were constructed for each 

deformation. For each network, the 𝑊6 vs. 𝜆6deformation plots were fit together with the 

single HGO model given in Eq. 2. Contour plots of the material parameters were then 

created to evaluate the material property variation with alignment and assess if the HGO 

model could be broadly applied across Delaunay networks of varying alignment. 

6.3.5 Hybrid Microstructural-Continuum Approach 
The novelty of this approach is that it removes much of the computational overhead 

needed in fully coupled multiscale approaches. Particularly, the use of the network model 

to fit a continuous material model (HGO) lets us leverage the increased speed in calculating 

both stress and the material (or spatial) elasticity tensor of the continuum material model 

over the micro-network model. Take, for example, a network consisting of Q fibers and R 

nodes where we have Cauchy stress given by Eq. A.7 converted to the PK2 stress to 

calculate the material elasticity tensor 

𝐶(]4W =
_B01
_m56

= _
_m56

m "
f)
𝐹(G)"I∑ 𝑓G@𝑙@𝑛#@

Y
@V" J𝐹]#)"q	 	 	 	(A.8)	
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where 𝑆(] is the network PK2 stress, and 𝐶4W is the right Cauchy-Green tensor, 𝑉J is the 

undeformed network volume, 𝑭)𝟏  is the inverse deformation gradient tensor, 𝒇𝒌  is the 

fiber force vector, 𝒏𝒌 is the fiber direction vector, and 𝑙6 is the fiber current length.  If we 

examine these equations, it becomes clear that, at a minimum, we would need to calculate 

the fiber force, 𝒇 for each fiber, k, and we would need to calculate something akin to the 

fiber elasticity,  _
_m56

g(∑ 𝑓G@𝑙#@W
@V" )h for each fiber, k. For each network at each Gauss 

point in each element (i.e. 8 networks per hex element), we would have to calculate both 

of these quantities. That means we would have to run one network simulation per Gauss 

point and make Q calculations for the stress and Q calculations for the elasticity per network, 

if there existed an analytical solution to the elasticity tensor, which, in the case of non-

affine networks, is not necessarily the case. Additionally, the network solution relies on 

determining the static force balance of internal nodes, which, if solved explicitly, would 

yield another R calculations. However, this solution typically involves implicit solution via 

Newton iteration, resulting in between 5-10 iterations to achieve static equilibrium for a 

well-conditioned network. Thus, in the best case scenario, we would have 2Q+R 

calculations per Gauss point. If we contrast this with the HGO model, which involves one 

stress calculation and one elasticity calculation per Gauss point, we expect a minimum 

decrease in computational cost of 𝑄 + "
!
𝑅 per network. The overall computation time is 

presented in Supplementary Table 1.      

One can fit the behavior of a network by subjecting it to many potential 

deformations and fitting the total data (as in Case Study 7.3.3), or one could simply fit one 

single deformation of interest. The former will give a better rough estimate if the actual 

deformation of the material is unknown, while the latter will be more accurate if there is 

confidence in the magnitude and type of deformation the network will undergo. We 

henceforth refer to the initial average fit to many deformations as the HGO fit and to the 

later fit to a single deformation as the refit. Care must be taken when refitting to a single 

deformation, as not all deformations will cause the average stretch to be greater than one. 

In these cases, the fit will not capture the behavior of the network, and an alternative fit 
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Supplementary Table 1: Coefficients for the fit of HGO parameters C2 and C3 

ij 𝛼78 	[𝑀𝑃𝑎] 𝛽78 	[−]  

00 1.56 ± 0.22 −11.84 ± 4.46 

01 −8.30 ± 1.89 94.49 ± 28.61 

10 14.10 ± 3.77 70.46 ± 15.98 

11 −5.56 ± 0.58 −517.60 ± 97.80 

02 33.70 ± 7.63 −106.90 ± 29.40 

20 −59.90 ± 16.27 −59.44 ± 13.25 

12 5.47 ± 0.79 474.80 ± 69.40 

21 −35.90 ± 7.57 396.00 ± 75.60 

22 67.25 ± 17.50 0 

 

should be used. In our model, we use two methods for dealing with this issue: 1. If the 

average stretch never exceeds one, we simply make the fiber modulus zero, thereby 

removing the fiber contribution, and 2. If the average stretch does eventually exceed one, 

but the fit is poor due to the behavior of the strain energy curve (i.e., Figure 44), we attempt 

to fit only the slope of the strain energy curve for which the average stretch is greater than 

one. This effectively allows us to fit something closer to the stress, as the stress is directly 

related to the slope of the 𝑊6 vs. 𝜆6curve. 

Once the HGO properties are fitted to the network simulations, we can use those 

material inputs in a finite element (FE) framework as shown in Figure 44a. This allows us 

to rely on the constitutive relation to solve the FE simulation rather than having to use 

costly microscale network simulations.  Further, once we have the solution from the FE 

simulation, we can extract the deformation gradient at any point of interest and run the 

networks to evaluate any microstructural quantities such as fiber orientation or fiber 

stresses. This offers us the ability to evaluate discrete quantities in regions of interest, or to 

pass strains down to the microstructure to evaluate fiber remodeling or failure.  
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Figure 44 a.) Schematic of the hybrid continuum-discrete multiscale approach. b.) 
Flowchart for the hybrid continuum-discrete multiscale approach. 

In an FE simulation, one often is concerned with an imposed deformation that 

occurs in a series of small steps. In this case, one can choose whether to iterate at a given 

step until the deformation field and model are consistent, or to adjust the model based on a 

given step and use the updated parameters for the next step. The latter approach introduces 

some error in that the continuum model does not match the microscopic model at the end 

of the step, but it has the considerable efficiency advantage of allowing an update at 

relatively low computational cost. The lagging update errors can also be further mitigated 

by imposing smaller deformation steps where in the limit of an infinitesimally small step 

the error becomes zero. If one only cared about the end state of the deformation, then this 

method would introduce little error, especially if the state or states of interest are iterated 

to match microscopic and macroscopic stress. For this work, we chose the less costly 

approach of allowing the continuum model correction to proceed with the previous step 

update, and only iterate the state of interest, which in our example (7.3.7) is the final step. 

This process is shown in Figure 44b.  
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6.3.6 Case Study: Single-Network Model Performance for Non-Fitted 

Deformation 
In this study, we compared the fit of the HGO model to an array of deformations and 

the fit of an HGO model to a specific deformation. To do this, we first fit the network to x-

uniaxial (magnitude 1.25), xy-biaxial, xz-biaxial (magnitude 1.1), xy- shear and xz-shear 

(magnitude 0.15). Once the HGO model had been fit, we tested it on a deformation that 

differed from the ones used in fitting the model parameters. Specifically, we modeled an 

element from complex motion of the stretching and three-point bending of a facet capsular 

ligament as in [12]. We imposed the deformation gradient of an element experiencing 

maximum stretch during the simulated experiment: 

𝑭 = �
1.239 0 0.0035
0 1.048 −0.0014

−0.0080 0.102 0.770
	�		 	 	 (A.9)	

which was dissimilar to the uniaxial, biaxial, and shear deformations used to fit the initial 

HGO model. The deformation was imposed on the discrete network model, and the 

volume-averaged Cauchy stress was determined. Concurrently, the Cauchy stress was 

calculated by the HGO model using the parameters fitted to the suite of deformations 

(given above as HGO fit). In addition, in keeping with the refit update strategy discussed 

above, after the simulation was done, we refit the HGO model to 𝑊6 vs. 𝜆6 giving us 

stress estimates for the deformation imposed in Eq. A.9. 

6.3.7 Comparison between Network-to-HGO Model and Full Multiscale 

Model 
The goal of the proposed method is to facilitate higher-efficiency multiscale 

simulations based on network structure. To evaluate its potential, we performed a full 

multiscale simulation of a representative L4-L5 facet capsular ligament (FCL)  sample 

during spinal flexion (reproducing the model of Zarei et al. [16]). The model boundary 

conditions are defined through application of nodal displacements based on the bone 

surface from the kinematic simulation of Bermel et al. [13].  Additional details of the 

simulation setup are available in [16]. The same micro-networks used in [16] were applied 
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in the network-to-continuum scheme, and the resulting continuum biomechanics problem 

was solved using the open-source finite-element platform FEBio [41]. Because FEBio does 

not support the HGO model, the ligament was modeled as a coupled solid mixture of a 

Mooney-Rivlin (effectively reduced to a neo-Hookean) ground matrix with three fiber 

families, leading to the strain energy density function 

 𝑊 = 𝑊G +𝑊6	 	 		 						(A.10a) 

where W is the total strain energy density. The first term in the total strain energy density 

is the non-fibrillar matrix component of the strain energy density 𝑊G	given by 

 𝑊G = 𝐶"(𝐼" − 3) − 2𝐶" 𝑙𝑛 𝐽 +
o
!
(𝑙𝑛 𝐽)!	 	 	 												(A.10b) 

where 𝐶"  is half the second Lam é  parameter relating to the neo-Hookean material 

parameter, 𝐼" is the first strain invariant of the right Cauchy-Green tensor, 𝐶(],  𝐽 = det	(𝑭) 

is the differential volume change of the deformation, and	𝜆 is the first Lamé parameter 

relating to the bulk modulus. The tissue was considered as a compressible material with a 

matrix modulus and bulk modulus that matched those used by Zarei et al. [16]. The 

compressibility of the FCL was experimentally observed by Little et al., who suggest that 

the Poisson’s ratio is as low as 0.3 [4]. The second half of the strain energy density is the 

fiber component of the strain energy density 𝑊6 given by 

	𝑊6 =	𝐶!/(2𝐶T)∑ ℎ: g𝑒𝑥𝑝I𝐶T(𝐼U
: − 1J!) − 1hT

:V" 				 												(A.10c) 

where 𝐶! represents the fiber modulus, 𝐶T	captures fiber nonlinearity, ℎ: is the weighting 

factor for fiber family p, 𝐼U
: = 𝐶(]𝑁(

:𝑁]
: = (𝜆:)! is the fourth strain invariant of the right 

Cauchy-Green tensor, 𝐶(], 𝑵:	is the unit vector pointing in the direction of fiber family p 

in the undeformed state, and 𝜆:	 is the average fiber stretch of fiber family p. The 

undeformed direction vectors 𝑵:, were generated directly from the structure tensors 𝐻(] 

by taking the eigenvectors, which, since 𝐻(] is a symmetric positive definite matrix, give 

three orthogonal fiber directions.  For the current work, we use these three orthogonal fiber 

families pointing in the principal directions of 𝐻(]  and assign the weight ℎ: to each family 

based on the eigenvalues of 𝐻(]  corresponding to each eigenvector 𝑵: .  Fiber material 
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parameters 𝐶! and 𝐶T were fit to the 𝑊6  vs. 𝜆6plots using the method described above. 

The neo-Hookean material parameter, 𝐶", and the bulk modulus	parameter,  𝜆, were set to 

0.025 MPa and 0.417 MPa, respectively, to match [16]. The analogous stress for this strain 

energy function can be found in the FEBio manual [64] under compressible materials Fiber 

with Exponential Power Law (4.1.3.8) and Coupled Mooney-Rivlin (4.1.3.17). 

Briefly, to generate the finite-element simulation, we imported the L4-L5 FCL 

geometry mesh of hexahedral elements [16], and applied HGO parameters to each 

individual element corresponding to the microstructural networks applied in [16]. To 

simulate flexion, the displacement of the nodes at the entheses (left and right sides of 

Figure 44a) were specified based on the L4-L5 motion segment model [13] as further 

described in [16]. 

Initially, micro-networks from the full multiscale model were fit to the HGO using 

multiple deformations, as described previously. A FEBio model of the representative FCL 

sample bending in flexion was then simulated using the initial HGO fit for fiber material 

parameters in Eq. A.10c. For added accuracy, the deformation gradient tensor for each 

element in the FEBio HGO model was then used to refit the fiber material parameters. For 

comparison, maximum shear stress and maximum shear strain fields were computed for 

the full multiscale model, the FEBio initial HGO model, and the FEBio refit HGO model.   

6.4 Results 

6.4.1 Multiple Deformations of a Single Network 
A representative fiber network was chosen for detailed analysis. The network is 

shown after moderate (10% Green strain, Figure 42a) and extremely large (112% Green 

strain in Figure 42b) deformations. The deformed network is shown for x-uniaxial, xy- 

and xz-shear, and xy- and xz-biaxial deformations (Figure 42 a and b). In this case, the 

network of interest has 𝐻"" = 0.69, meaning that the use of x-direction deformations 

ensures 𝐻(]𝐶(] 	> 	1 which allow us to more accurately fit the 𝑊6  curves.  

The largest eigenvalue of the instantaneous orientation tensor, ℎ78, is plotted versus the 

average value of fiber stretch over the full stretch range (Figure 42c) and in close-up of 

the small-stretch range (Figure 42d). The eigenvalues show large variation with 
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deformations which is particularly pronounced at low strains. This result shows that the 

fiber realignment is highly deformation-dependent. 

The fitting of network behavior to a series of different deformations is shown in Figure 

43. We see that under relatively large strains, the 𝑊6 vs. 𝜆6 curves become more similar. 

At small to moderate strains, the non-affinity of the deformation can play a significant role 

in the mechanics of the network, causing the plot of 𝑊6  vs. 𝜆6 to become strongly 

deformation-dependent (Figure 43b). In the case of Figure 43, for example, a single HGO 

model cannot match the network model for all possible deformations, or even for specific 

families of deformations.  

6.4.2 Alignment Dependence for Delaunay Networks 
A total of 750 networks with different orientations ranging from isotropic (𝐻"" = 0.33) 

to strongly aligned (𝐻"" = 0.8 ) were studied, with the five representative networks 

(numbers 1-5) examined in detail in Figure 45. The network views in Figure 45a (xy-view) 

and Figure 45b (xz-view) show markedly different alignments.  The orientations of these 

networks start with network 1 being nearly isotropic, network 2 being slightly aligned in 

the x-direction, network 3 being slightly aligned in the z-direction, network 4 being more 

strongly aligned in the x-direction, and network 5 being even more strongly aligned in the 

x-direction, as demonstrated by the numbering in Figure 45d-f. The 𝑊6 vs. 𝜆6curves were 

plotted for each network, and an HGO curve was fit to them (Figure 45c). It is evident 

from these 𝑊6 vs. 𝜆6plots that the fit of the HGO model becomes more variable for more 

highly aligned fiber networks, especially at large strains. Another particularly interesting 

aspect of these plots is the behavior of network 3. The 𝑊6 vs. 𝜆6plot would indicate that 

the direction transverse to the alignment direction is actually stiffer than that in the 

direction of alignment. However, this is not the whole story. The fiber stretch values are 

the double contraction of the orientation tensor and the right Cauchy-Green tensor, so when 

stretching in directions transverse to the primary alignment, much greater magnitudes of 

stretch are necessary to produce the same averaged fiber family stretch. In fact, the 

magnitude of the xy-biaxial stretch in network 3 was 3.33, while the magnitude of the xz-

biaxial stretch was only 1.17. This effect is further evidence of the non-affine fiber  
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Figure 45 a1-5.) xy view of networks 1-5. b1-5) xz view of networks 1-5. c1-5.) Wf-lf of 
networks 1-5 with alignment, network 1: H11= 0.35 and H11= 0.32, network 2: H11= 0.5 
and H11= 0.32, network 3: H11= 0.36 and H11= 0.12, network 4: H11= 0.66 and H11= 0.18, 
network 5: H11= 0.74 and H11= 0.14. d.) and e.) Contour plots of HGO material property, 
C2 and C3, respectively, as a function of alignment in x, H11, and y direction, H22. f.) and 
g). Contour plots of fitted value of HGO material property, C2 and C3, respectively, to the 
multivariate nonlinear model of Eq. A.11 

realignment occurring in fiber networks that is not well captured by the HGO model. 

Figure 45c also shows that the deformations corresponding with alignment are similar to 

what was observed in Figure 43. For network 1, all deformations form a tight cluster of 

𝑊6 vs. 𝜆6curves because the fibers are nearly isotropic. Network 2 shows slightly more 

spread since the primary orientation is more strongly aligned in the x-direction, and 

networks 4 and 5 exhibit even greater spread due to increased alignment in the primary x-

direction.   

Despite the differing 𝑊6 vs. 𝜆6behavior with different deformations, we still require 

an initial set of parameters for our simulations. We therefore fit a pair of model parameters 

𝐶! and 𝐶T from Eq. 2 to the 𝑊6  vs. 𝜆6curves to allow us to readily determine material 

parameters without the need to run any additional simulations. We observed that the fitted 
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parameters 𝐶!	and 𝐶T  were not constant over all networks, but showed considerable 

variation with network alignment. This result indicates that the degree of non-affinity, as 

indicated by the amount of correction necessary to convert the discrete fiber network model 

into an affine model, is dependent on fiber alignment. This result was previously obtained 

by Hatami-Marbini and Picu [189], who found a greater degree of non-affinity in aligned 

networks loaded transverse to the preferred direction of alignment. The importance of this 

result lies in the fact that the constants 𝐶! and 𝐶T depend the fiber network orientation, even 

for networks constructed of identical fibers and even when orientation is included in the 

continuum model via the construct 𝐻(]𝐶(].  

To further explore the observed dependence, contour graphs of the calculated 

parameters, 𝐶!  and 𝐶T , were generated as a function of the alignment in the 1 and 2 

directions (𝐻""	and 𝐻!!, respectively) for all networks simulated (Figure 45 d and e). The 

location of networks of Figure 45 a and b are indicated on the contours with numbers 1-5. 

The non-smooth appearance of the contour lines must derive from other factors that 

contribute to the network behavior. However, 𝐻"" and 𝐻!! are sufficient to capture the 

general trend via the quadratic curve fits shown in Figure 45 f and g. The equations for 

those fits, 

𝐶!	 = ∑ ∑ 𝛼78𝐻""7 𝐻!!
8!

8VJ
!
7VJ 	 	 	 												(A.11a)	

𝐶T	 = ∑ ∑ 𝛽78𝐻""7 𝐻!!
8!

8VJ
!
7VJ 	 	 	 												(A11b)	

allow estimation of 𝐶!  and 𝐶T  for any Delaunay network of fibers with the underlying 

properties specified above (Eq. A.6). The goodness of fit was marginal (R2	=	0.47 for 𝐶! 

and R2	=	0.73 for 𝐶T) due to the inherent differences between networks and other factors 

influencing behavior (i.e. even networks with the same alignment have varied nodal 

positions and fiber lengths, which can change the network response to stretch). The 

coefficient values are given in Supplementary Table 1. 

Large values of 𝐶! and the smallest values of 𝐶T occur when the network is close to 

isotropic (point 1 in Figure 45 d and e). If one desires to represent the behavior of an 

isotropic, non-affinely deforming discrete-fiber network with an affine-deformation model, 
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the underlying fiber model in the network needs to be stiffer and less nonlinear compared 

to that representing a more strongly aligned network (point 5 in Figure 45 d and e). As a 

simple verification, suppose we have the network shown in Figure 46a having 𝐻(] =

�2/3 0
0 1/3�. If we stretch in the direction of fibers as shown in Figure 46b where 𝐹7] =

�3/2 0
0 2/3� and 𝐶(] = �9/4 0

0 4/9�, we have an estimated average fiber stretch of 〈𝜆6〉 =

�𝐻(]𝐶(] = �3/2 + 4/27 = 1.284. If we simply compute the average stretch of the three 

fibers we have 𝜆" = 2/3 and 𝜆! = 𝜆T = 3/2 which gives us a mean stretch of �̅� = 1.222. 

Now if we take the same network and stretch transverse to the direction of alignment as 

shown in Figure 46c where 𝐹7] = �2/3 0
0 3/2�  and 𝐶(] = �4/9 0

0 9/4� , we get an 

estimated average stretch of 〈𝜆6〉 = �8/27 + 3/4 = 1.023. If we then compute the actual 

stretches by computing the equilibrium positions assuming that the fiber forces are linear 

in strain such that sum of vertical forces is zero: 

∑𝑓q = 0 = (𝐿"/𝑙 − 1) − 2(𝐿!/𝑙 − 1)cos	(𝜃)  (A.12) 

and enforcing the geometric constraints that 𝐿! cos(𝜃) + 𝐿" = 1.5/2 and 2𝐿! sin(𝜃) =

1/1.5, we can solve giving 𝐿" = 0.439	, 𝐿! = 0.456, and 𝜃 = 47.0L. Thus, the stretches 

are 𝜆" = 0.88 and 𝜆! = 𝜆T = 0.91 giving an average stretch of �̅� = 0.900. This example 

leads us to two observations: 1. The estimated stretch transverse to the direction of 

alignment is far from that in the direction of alignment, and 2. The estimated behavior of 

the stretch transverse to the direction of alignment is not representative of the true 

average, and is, in fact, indicating the network is in tension when the true behavior of the 

network shows all the fibers in compression. This simple example drives home the point 

that the networks estimated using the structure tensor, 𝐻(] can be quite different from the 

real network behavior when the network is loaded transverse to its preferred direction of 

alignment. In this case, the network itself is very non-affine and should require a larger 

correction which is observed in Figure 45d-e. Further, this result demonstrates the issue 

one can encounter when trying to fit the network behavior to the HGO model where the 

network itself develops almost no stress (effectively zero since the fibers buckle in  
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Figure 46 a.) Undeformed network where 𝑙" = 𝑙! = 𝑙T = 𝑙 = 1/2. b.) Network stretched 
in the direction of strongest alignment where 𝐿! = 𝐿T = 3/4 and 𝐿" = 1/3. c.) Network 
stretched transverse to the direction of stongest alignment where 𝐿! = 𝐿T. 

compression) despite the fact that the HGO model using the structure tensor and calculating 

〈𝐼4〉 indicates the fibers should be in tension. This results in a fitted HGO fiber stiffness of 

~0, which is clearly unphysical in general, but may be true for certain deformations. This 

effect is one that we must account for in our fitting method as discussed in Section 7.3.5 

above.    

6.4.3 Case Study: Single-Network Model Performance for Non-Fitted 

Deformation 
A simple validation of the initial HGO fit and refit process is shown in Figure 47. The 

initial HGO fit of uniaxial, biaxial, and shear deformations produces stresses of a similar 

magnitude as the network simulation under the deformation given in Eq. A.9 (Figure 47a). 
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However, the results show large discrepancies in the shape of the curve (Figure 47a), 

which are largely corrected in the refit process (Figure 47b). The study presented indicates 

the viability of fitting an HGO model using the underlying orientation and a generated 𝑊6 

vs. 𝜆6for many deformations to give a rough estimate of parameters, while highlighting 

importance of the refit process to producing the proper behavior. Further, this case study 

demonstrates how network mechanics vary significantly from the extrapolated HGO model 

under different deformations.    

 

Figure 47 Comparison between HGO model and network simulation under complex 
deformation for a.) initial fit and b.) refit 

6.4.4 Comparison to Full Multiscale Simulations 
Maximum shear stress and strain fields are shown for the multiscale model, initial 

HGO model, and refit HGO model (Figure 48). The maximum shear stress and strain 

distribution of the HGO model compared to the multiscale model are visually 

similar, and the HGO model was able to predict the regions of high shear stress and 

strain. The initial HGO model parameters underpredicted the magnitude of the maximum 

shear stress and overpredicted the max shear strains in these regions, but the accuracy 

of the tissue’s stress prediction improved with a refit of the HGO parameters with each 

element’s average deformation gradient tensor. The refit HGO model more accurately 

localized regions of high tissue shear stress, at the cost of a small increase in the tissue’s 

strain, when compared to the initial HGO model. This observation is supported by the 

improvement of RMS error of the refit HGO model maximum shear stress compared to  
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Figure 48 Maximum Shear Stresses and Strains of the multiscale, HGO, and refit HGO 
models for a single representative FCL sample during spinal flexion. The HGO model 
predicted the location of high shear stresses and strains while the refit HGO model 
improved the accuracy of magnitude of the maximum shear stress 

the initial HGO model. The RMS errors for the initial HGO model maximum shear stress 

and strain are 0.074 MPa, and 3.28%, respectively. The RMS errors for the refit HGO 

model maximum shear stress and strain are 0.062 MPa, and 4.12%, respectively.  Further, 

the computation time for the entire HGO simulation including the final step refit is shown 

in Supplementary Table 2. The time to run the HGO simulation is orders of magnitude 

decreased over the full multiscale simulation.   
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Supplementary Table 2: Computation Time for Multiscale vs HGO FE model 

 Multiscale HGO 
Task Time [CPU hour] 

Initial Simulation and Fit of 900 
Networks (x 5 deformations x 20 steps) NA 1.12 

Re-simulation and Refit of 900 
Networks (x 1 deformation x 20 steps) NA 0.34 

FE Simulation 2622.69 0.02 
Total 2622.69 1.48 

 

6.5 Discussion 

6.5.1 Major Findings and Potential Significance 
In this work, we developed a hybrid microstructural-continuum multiscale model to 

reproduce the macroscopic constitutive behavior of a structure-based multiscale simulation. 

This paper presents methods to speed up the model construction and full analysis of a 

discrete-fiber multiscale model while accounting for the microstructural details of a 

heterogeneous tissue such as FCL. The proposed work uses the structural parameters of 

discrete fiber networks in a continuous-fiber model such as HGO to decrease the 

computational cost of a full multiscale simulation of a heterogeneous tissue from 2622.69 

to 1.48 CPU-hours as is shown in Supplementary Table 2. 

We found that the macroscopic-scale behavior of a Delaunay network can be 

reasonably described using the HGO model, but the accuracy of the approximation is 

dependent on the degree of alignment of the fiber network, the type of deformation imposed, 

and the magnitude of the deformation. The results of Figure 44 and Figure 45c indicate 

that simulations within a certain family of deformation types (uniaxial, biaxial, shear) can 

be fit with a high degree of confidence. The results of Figure 45c and Figure 47 suggest 

that extrapolating beyond the fitting range can give an overall rough estimate of behavior, 

but it is important to update the parameters based on the deformation. If the deformation 

of interest is known (e.g., one knows that the system will be loaded in equibiaxial 

extension), then one can simply fit a model to that deformation and use the model, but the 

deformation of interest is almost never known a priori. Even if the type of deformation or 
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the boundary conditions are known, however, the magnitude of the deformation is often 

unknown, and tissue heterogeneity virtually assures that the local deformation is different 

from the applied (global) deformation, so it is essential to have a procedure that can be 

used to provide a good initial guess of the continuum model parameters one needs, as well 

as a method for updating the parameters. This work demonstrates reasonable methods for 

selection of initial parameters via fitting multiple deformations, and a refitting process 

based on the simulation deformation gradient. 

In addition, we have described how stronger alignment of Delaunay networks results 

in more dissimilar behavior between deformations in terms of 𝑊6 vs. 𝜆6curves (Figure 

45c). This result, while not unexpected based on previous studies [189], is significant 

because it further emphasizes the importance of the refit process and the challenges of 

trying to use an affine model to describe a material that exhibits non-affine behavior. The 

networks also showed increased nonlinearity and fiber modulus with alignment, which 

further indicates that inherent non-affinity alters the apparent mechanical response of the 

tissue. We further offered a simple verification of this result in the example in Figure 46, 

which further demonstrates the pitfalls in assuming affine behavior in the modeling of 

fibrous tissues. Particularly, one must be cautious when one starts to probe local 

phenomena such as cell-ECM interactions or tissue failure in affine continuous models.  

Taken together, these results indicate that the HGO model itself does not fully capture 

the change in network behavior with the generalized structure tensor, 𝐻(]. One issue with 

this structure tensor is that, to properly capture the behavior of a dispersed fiber population 

with a tension-compression switch, one needs to recalculate the tensor using only the 

tensile fibers. In an ideal case, this would be done for each deformation step (alternative 

approaches are not given here, but are discussed in [186], [210]). Such an approach could 

help alleviate some of these differences observed in the current study, but the cost of 

performing a spherical integration over 3D distributions of fibers might well prove greater 

than that of the simple refit process, especially for multiple fiber families or multiple fiber 

types. Some network models, might be better fit, to a certain extent, by a compressed-fiber-

excluding macroscopic model, and a more thorough testing regimen achievable via 

computational vs. experimental tests may provide more insight into exactly what behaviors 



 
 

170 
 
 

are captured or lost by such models. Future in-depth studies of on the translation of a 

discrete, fiber-level tension-compression switch to a macroscopic fiber compression 

exclusion model are merited. 

As discussed above, we do not account for the fiber tension-compression asymmetry 

in the calculation of 𝐻(]. That is, 𝐻(] is calculated based on all fibers in the initial state. We 

instead capture the fiber tension-compression switch through the fiber constitutive law, 

which is much stiffer in tension than in compression. The tension-compression switch of 

fibers is intrinsic to the microstructural model, so we remove the requirement for fiber 

exclusion from the structure tensor [159], [210]. The HGO parameters C2 and C3, which 

are fit to the results of the microstructural simulations, are thus informed by the tension-

compression asymmetry inherent to the model. It may be possible that a better fit of the 

microstructural model could be obtained by an HGO model with a tension-compression 

switch, but that possibility was not explored in the current work. 

We further described how a curve-fit of multiple simulations could allow one to select 

continuous model parameters to represent Delaunay networks with arbitrary orientation 

without rerunning simulations (Figure 45). The construction of such databases of 

properties for networks can further simplify the assessment of material parameters that 

describe network behavior. While the equations show a high degree of variance, 

construction of a broad curve-fit of parameter values can give us a reasonable starting point 

for a wide range of networks. The initial fitting of the network behavior to multiple 

deformations is the largest contribution to the overall time spent on simulation for the HGO 

FE model (Supplementary Table 2). Thus, if one can select starting parameters based on 

network orientation and some other metric of network construction like network type 

(Delaunay, Voronoi, etc.), one can greatly reduce the time to produce simulations. In fact, 

this method of reproducing network parameters from pre-defined relations rather than 

having to generate and run the networks could have a significant impact on creation and 

simulation of multiscale tissue models, allowing for many hypotheses to be tested quickly 

with regards to fiber orientations, tissue composition, or localized defects. If such a strategy 

is to be pursued, however, it is imperative that the starting parameter values be based on 

networks similar to the ones being used in the simulation. 
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We describe the application of the microstructural-to-HGO modelling strategy to a 

finite-element simulation. This simulation shows similar results to a full multiscale 

simulation (Figure 48) while reducing the model construction and simulation time by 

orders of magnitude over a full multiscale approach (Supplementary Table 2). As 

mentioned previously, this approach, combined with estimation of material parameters 

without generating and simulating networks, could enable multiscale simulations without 

the need for a supercomputing cluster. Eliminating the necessity of bridging micro- to mm-

scale could also open up opportunities to take tissue multiscale approaches up another scale 

level to organ or full-body kinematics, further helping us identify things like the role local 

FCL defects play in the spine or elucidating the role of microstructure in aneurysm 

mechanics.     

6.5.2 Model Limitations 
As with all models, the proposed system has several limitations. First, because the HGO 

model is an imperfect estimator of actual network behavior, there will be intrinsic errors 

even after the proposed refitting procedure. One could perform this analysis with other 

constitutive models that may capture specific behavior differently as compared to the HGO 

model (take for example the Blatz-Ko material for compressible materials like collagen 

gels [215], or any of a number of actively contracting models for vascular tissues such as 

[216]–[218]). The proposed technique is adaptable to different constitutive models, and 

could be fit to multiple affine models to select the best choice. 

As noted above, the HGO model did not fully capture the observed network behavior. 

We observe that a strength of our approach is that the computational experiments are not 

limited by the physical realities of equipment design and sample damage, so one can 

perform any experiment desired and as many experiments as desired. As a result, any 

inability of the continuum-scale model to capture the micro-scale network model's 

behavior will be apparent. Whether this effect is a positive or negative feature depends on 

the perspective of the user: it virtually guarantees inconsistency between the micro- and 

macro-scale models in some deformation, but it enables the user to see exactly where and 

how severe such inconsistency is, which could be valuable. For example, one could decide 

that the inaccuracy is in a range of deformations that are not physiologically relevant, or 
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the inconsistency could inspire the development of new constitutive models at the 

continuum scale. 

Another limitation of the approach in current form is the restriction to a single, non-

evolving network. A major advantage of the full multiscale approach is the ability to 

accommodate changes in the network due to, e.g., failure [121], [207], [219] or remodeling 

[131], [132]. In the case of an evolving network, the macroscale parameters would 

necessarily have to be refit at each step. Knowing the deformation state at the previous step 

could allow for efficient re-fitting, but there is much work still to be done to identify the 

optimal strategy for such problems. Similarly, in particular in the case of the arterial wall, 

multicomponent models are important at both the microstructural [96], [121], [207] and 

macrostructural [220]–[223] scales, and the best strategy to fit a multicomponent, discrete-

fiber microstructural model is by no means clear and has not been explored in this work.  

Lastly, compressing the network in the direction in which most fibers are aligned might 

result in average of fiber stretch (𝜆�6 ) less than one. In this case, some fibers are still 

stretched leading to a rise in the strain energy. The fitting procedure will be unable to 

capture these behaviors, and such artifacts will cause an increase in the stiffness of the 

model, since the slope of 𝑊6 vs. 𝜆6 curve, i.e. stress, will be artificially increased as the 

fit attempts to match the network when average stretch becomes greater than one (i.e. 𝑊6 

has been increasing from the network model since some fibers are in tension, but the overall 

average 𝜆�6 is still less than one, thus the fit must be stiffer than the network in order to 

minimize the distance between the curves). Conversely, as observed in the example given 

in Figure 46, it is also possible for the average fiber stretch 𝜆�6 to give a value greater than 

one, while the true average is less than one. This would indicate that the fibers themselves 

have a negligible effect on the behavior. While this might be true for a specific deformation, 

it is, in general, not an accurate representation of the material, and thus requires special 

care to be taken in the fitting process. These problems are mostly theoretical, since tissues 

are almost always loaded in the direction that their fibers are aligned, but it is nonetheless 

important to make sure there is a method for dealing with this issue in this framework. We 

offer one solution in this work, but it is by no means the only way to deal with this issue.  
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6.6 Conclusion 
In this work, we have demonstrated a novel technique for simulating multiscale 

biological tissues. This work focuses on simple microstructures applied to complex finite 

element geometries, but this technique can be expanded for any microstructural model. The 

present method gives us flexibility to perform large-scale simulations while maintaining 

microstructural detail.  
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Appendix B: Supplementary Material - Chapter 2 
The contents of this appendix were previously published as the supplemental material for 

the research article in the Journal of Biomechanics and Modeling in Mechanobiology by 

Gacek, Bermel, Ellingson, and Barocas. [12] 

 

Supplementary Table 3: Samples dimensions as measured for parallel and perpendicular 
orientations 

 Parallel Orientation Perpendicular Orientation 

 Width 
(mm) 

Length 
(mm) 

Thickness 
(mm) 

Width 
(mm) 

Length 
(mm) 

Thickness 
(mm) 

Sample 1 9.99 9.43 1.58 9.43 9.99 1.58 
Sample 2 8.73 12.93 1.35 12.93 8.73 1.35 
Sample 3 9.31 12.4 1.99 12.40 9.31 1.99 
Sample 4 12.64 16.06 1.53 16.06 12.64 1.53 
Sample 5 9.07 17.77 1.68 17.77 9.07 1.68 
Sample 6 8.74 16.99 2.17 16.99 8.74 2.17 
Sample 7 9.27 16.82 1.93 16.82 9.27 1.93 
Sample 8 9.19 15.24 2.06 15.24 9.19 2.06 
Sample 9 7.63 14.35 1.88 14.35 7.63 1.88 

Sample 10 8.02 13 1.74 9.59 8.02 1.74 
Sample 11 9.99 8.94 1.29 14 12 1.29 
Sample 12 7.43 10.34 1.16 10.34 7.43 1.16 
Sample 13 11.51 12.62 1.79 12.62 11.21 1.79 
Sample 14 9.65 12.10 1.75 12.10 9.65 1.75 
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Supplementary Table 4: Each sample’s optimized parameter values and 95% confidence intervals 

 
  E (MPa) E 95% CI 

(MPa) ξ (MPa) ξ 95% CI 
(MPa) β β 95% CI α α 95% CI 

Sample 1 0.019 [0.00077, 
0.041] 19.43 [18.22, 

20.52] 8.27 [8.20,8.3
5] 0.026 [Inf, Inf] 

Sample 2 0.018 [0.014, 
0.037] 5.84 [5.06, 

6.60] 7.57 [7.37, 
7.80] 0.0035 [Inf, Inf] 

Sample 3 0.014 [0.011, 
0.017] 64.00 [20.03, 

23.42] 8.16 [7.40, 
7.60] 0.049 [Inf, Inf] 

Sample 4 0.024 [0.019, 
0.029] 

45.88 [39.05, 
52.36] 

10.0 [9.85, 
10.20] 

0.064 [Inf, Inf] 

Sample 5 0.0042 [0.0037, 
0.0065] 

6.71 [5.06, 
8.36] 

9.72 [9.39, 
10.14] 

0.0026 [Inf, Inf] 

Sample 6 0.019 [0.017, 
0.021] 1.56 [1.43, 

1.68] 9.60 [9.42, 
9.82] 0.115 [Inf, Inf] 

Sample 7 0.0065 [0.0042, 
0.0071] 1.48 [1.27, 

1.79] 6.37 [6.22, 
6.66] 0.0045 [Inf, Inf] 

Sample 8 0.0075 [0.0067, 
0.021] 1.34 [0.77, 

1.95] 7.58 [6.84, 
8.46] 0.46 [Inf, Inf] 

Sample 9 0.0084 [0.0076, 
0.011] 9.84 [8.36, 

11.22] 7.64 [7.45, 
7.90] 0.031 [Inf, Inf] 

Sample 
10 0.0084 [0.0048, 

0.038] 2.00 [1.67, 
2.36] 5.07 [5.27, 

5.37] 0.046 [Inf, Inf] 

Sample 
11 0.018 [0.013, 

0.021] 19.92 [17.90, 
21.94] 6.63 [6.53, 

6.75] 0.076 [Inf, Inf] 

Sample 
12 0.012 [0.0098, 

0.014] 5.48 [5.11, 
5.83] 4.84 [4.78, 

4.95] 0.036 [Inf, Inf] 

Sample 
13 0.013 [0.00050, 

0.059] 59.36 [56.39, 
62.33] 7.19 [7.15, 

7.24] 0.12 [Inf, Inf] 
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Supplementary Table 5: The starting inputs into the optimization routine for each sample 

 
E (MPa) ξ  (MPa) β α 

Sample 1 0.0193 23 6.5 0.03 
Sample 2 0.0175 23 6.5 0.03 
Sample 3 0.0139 64.06 8.15 0.048 
Sample 4 0.0235 6.5 9.15 0.05 
Sample 5 0.0042 3.6514 8.6462 0.003 
Sample 6 0.0186 3.3 6.5 0.13 
Sample 7 0.0065 1.5325 6.4169 0.1297 
Sample 8 0.0235 1.4639 7.688 0.4359 
Sample 9 0.008 9 8.7 0.03 

Sample 10 0.008 2 5.07 0.046 
Sample 11 0.0175 24.57 6.74 0.0765 
Sample 12 0.012 2.9 4.8 0.105 
Sample 13 0.012 23.5 5.737 0.05 
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Appendix C: Supplementary Material - Chapter 5 
 

The contents of this appendix were previously published as the supplemental material for 

the research article published in the journal Acta Biomaterialia by Gacek, Mahutga, and 

Barocas. [19] 
 

Model Verification Case Study: 

Verification Methods: 

 To verify the simulation framework, we performed a suite of simple remodeling 

cases. We defined a simple eight-element cube macroscale geometry (Figure S1a). Each 

element of the cube is represented by an eight-fiber, one-node periodic network (similar to 

the Arruda-Boyce material model [151]) (Figure S1b). The network behavior was fit 

(Figure S1c) to the strain energy density function in Eq. 5.11 to define the materials for 

each element of Figure S1a. Test cases utilizing boundary conditions of free in all 

dimensions and fixed in all dimensions were used to validate the code and compare to the 

results of a single network remodeled under the same conditions.  

 

Figure S1:Verification problem setup showing (a) the FE Geometry, (b) the network 
structure, and (c) the fitted constitutive network behavior.   

Verification Results: 

To verify the results of our simulation framework, we addressed two network 

remodeling methods one using deformation-control (i.e., fixing the deformation, then 

remodeling) and one using stress-control (i.e., deforming the network to match the stress, 

then remodeling). We consider boundary conditions of all faces fixed and all faces free. 
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With all faces fixed, we see very good agreement between the single network simulation, 

the deformation-control simulations, and the stress-control simulations (Figure S2).  

 
Figure S2: Fixed boundary remodeling verification problem showing stress evolution (left 
column), growth (middle column), and fiber volume fraction evolution (right column) for 
a single microscale network (top row) and for the hybrid discrete-continuum method using 
deformation control (bottom row). 

In the first column, we show that the stress approaches the same target stress for all 

simulation types. In the stress-control simulation we do observe steps in the stress profile 

of the stress-control simulation (last row) due to the nature of the network deformation 

changing with remodeling as the stress is matched. In both growth (second column) and 

fiber volume evolution (third column), we show negligible differences between the various 

simulation types. 

With all faces free, we show good agreement between the single network 

simulations and the deformation-control and stress-control simulations (Figure S3). In the 

stress evolution (first column), we see that the deformation-control simulation (second row) 

at each step begins at zero stress, but then ramps up. This is to be expected as the 

deformation is fixed so the network naturally tends to remodel to develop some level of 

stress. As time progresses the amount of stress developed in remodeling does decrease, 

indicating the simulation is closing in on a solution. The growth in the simulations (second 

column) also shows good agreement, with the deformation-control simulations (second 
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row) showing slight differences in the remodeling profile. The fiber volume fraction 

profiles also show good agreement (third column), with the deformation-control 

simulations (second row), again, showing slight differences in the remodeling profile.  

 
Figure S3: Zero-stress boundary remodeling verification problem showing stress 
evolution (left column), growth (middle column), and fiber volume fraction evolution (right 
column) for a single microscale network (top row) and for the hybrid discrete-continuum 
method using deformation control (bottom row). 
 

Verification Discussion: 

The verification problem sets demonstrate the ability to match single-network 

remodeling using the FE multiscale framework. We are able to show that two different 

methods (deformation-control and stress-control) can match the single network simulation 

provided we use small time steps. This is important because it illuminates the importance 

of selecting the time step duration between macro-scale FE simulations which is further 

discussed in the manuscript Discussion section under Model Verification and Convergence. 

These simulations serve as proof of concept that deformation applied to a network can 

recapitulate both deformation-control and stress-control boundary conditions on the 

macro-scale. 
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The Collagen Cruciform 

Methods 

A common in vitro system for studying collagen remodeling is created by placing 

fibroblasts in a reconstituted collagen gel [74], [224]. In this work, we simulate the 

remodeling of a collagen cruciform due to fibroblasts as given by [74], [131], [225].  The 

objective of this study was to demonstrate the microscale reorientation of collagen fibers 

related to the macroscale cruciform geometry while capturing the macroscale compaction 

of the cruciform itself. We investigate three cases of different vertical to transverse arm 

width ratios 1:1, 1:0.5, and 1:0.375 as in [224]. The behavior of each element was 

prescribed as a prestrain elastic material having the strain energy function given in Eq. 5.11 

above. The microscale network was prescribed as an Arruda-Boyce-like network of 

collagen fibers with fiber behavior given in Table 4. This was done to simulate the lower 

fiber connectivity seen in in vitro collagen gels. The network had a collagen volume 

fraction of 2mg/mL initially. The collagen fibers in the gel were remodeled subject to the 

growth law of Eq. 5.10, with remodeling parameters given in Table 5. In this simulation, 

fibroblasts were considered as passive elements only responsible for remodeling collagen 

fibers. This case study demonstrated the use of the multiscale framework to assess 

microscopic features in different locations of a heterogeneous system.    

Results 

A simple and controlled way to investigate the role of mechanical forces on tissue 

remodeling is the collagen gel cruciform. We simulated remodeling of the collagen 

cruciform using our multiscale framework (Figure S4a) consistent with the experiments 

and models of [74], [131], [224], [225]. The cruciform showed significant compaction 

based on decreases in relative volume (Fig. S4a) during the remodeling process. In the 

microstructure, the collagen alignment tended to follow the contour of the cruciform 

(Figure S4b) and the strength of alignment followed the arms of the cruciform (Figure 

S4c). We simulated the experiments of [224] utilizing different arm size ratios, and showed 

an increased strength of alignment within the center region with decrease in transverse arm 

size (Figure S4c). Further, the simulations showed regions of low alignment just off the 

cruciform centerline toward the smaller arms consistent with [224]. The simulation also 
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allowed us to visualize the residual strain field over the cruciform (Figure S4d) arising 

from the remodeling process.  The residual strain concentrates in the arms, with higher 

magnitudes of strain in smaller arms. 

Discussion 

The basic behavior of the collagen gel cruciform model causes the gel to compact and 

to stiffen as the fiber content increases [226], [227]. The increased compaction in the model 

(Figure S4a) is consistent with the observations of [228]. We also observed different 

orientations in different regions of the gel (Fig. S4b), which is consistent with what has 

been shown previously [131], [224], [225], [229]. When we altered the gel initial arm 

thicknesses, we also showed increased alignment in the center region, away from the 

transverse arms consistent with the experimental observations of [224]. Further, the model 

also captures the shift of the low alignment regions in the center of the sample toward the 

transverse arms as width of the arms were decreased (Figure S4c) as also shown in [224]. 

We showed a heterogeneous residual strain distribution through the cruciform arising from 

the remodeling due to heterogeneity of the macrostructure based on arm width differences 

(Figure S4d). Our model is capable of capturing many of the phenomena observed in 

collagen-fibroblast tissue equivalents while allowing direct observation of the collagen 

network underlying the macrostructure (e.g. fiber orientations shown in Figure S4c). The 

microstructural detail allows us to view microscale heterogeneities and local initiation of 

growth and remodeling within the structure.  
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Figure S4:Collagen alignment in (a) cruciform, shown with relative volume changes, with 
arm width ratio of 1:1, 1:0.5, 1:0.375. (b) Primary direction and (c) strength of aligment 
are shown, with the center region of each cruciform enlarged to show detail. (d) The first 
principal strain for each cruciform at the end of remodeling.   
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Thick-Walled Cylinder: 

Model Validation:  

Time Series Convergence Methods: 

 For analysis of convergence behavior, we used the multi-constituent cylinder model 

given in Figure 34b. The time series convergence was performed as outline in the 

manuscript discussion following the micro and macro times steps given in Table 6. Micro 

times steps are denoted ‘dt’ while macro time steps are denoted ‘DT’. 

Time Series Convergence Results: 

The effect of micro time-step length (dt) while holding the macro time step constant 

(DT=1.0 days) is shown in Figure S5. The results of all 6 independent components of 

growth are given as the rows in the figure, while the columns show the difference between 

the innermost medial element and the outermost medial element. The effect of macro time-

step length (DT) while holding the micro time-step constant (dt=0.05 days) is given in 

Figure S6. Results are displayed in the same way as Figure S5.  

Time Series Convergence Discussion: 

 Based on the data of Figure S5 and Figure S6, we see that the micro time-step 

length seems to have little effect on the remodeling behavior, while the macro time-step 

length can significantly affect both the trajectory of remodeling and the end-state of the 

simulation. The implications of this study are that special attention should be given to the 

choice of macro time-step length. It is imperative that when the model parameters or the 

remodeling equation itself is altered, one performs a similar convergence analysis to avoid 

propagation of large errors. Further, one must also be careful when remodeling with 

abruptly changing boundary conditions (e.g. applying ‘instantaneous’ hypertension to an 

artery) as this event can induce large errors in remodeling if we do not properly adjust our 

macro time-step length. In this work, we mitigate potential inaccuracies by locally 

shortening the time step duration following the application of hypertension to minimize 

forward propagated error.   
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Micro Time Step Convergence 
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Figure S5: Micro-scale convergence analysis holding the macro-scale time step constant 
at DT=1.0. 
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Macro Time Step Convergence 
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Figure S6: Macro-scale convergence analysis holding the macro-scale time step 
constant at dt=0.05. 
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Under Hypertension: 

Results: 

The growth of the inner medial (Figure S7a) and outer medial (Figure S7d) 

elements showed relatively small differences. The elastic stretch in the cylinder in Figure 

S7b and Figure S7e showed large stretches in the circumferential direction and 

compression in the radial direction. Further, we saw an instantaneous spike in elastic stretch 

in the circumferential direction as well as a spike in radial compression in response to 

hypertension, which is recovered through the remodeling process. We saw relatively small 

differences in the cell and fiber content in the inner element (Figure S7c) and the outer 

element (Figure S7f). 

Discussion:  

 Because the elastic stretch is recovered after hypertension (Figure S7b and e), we 

conclude the tissue stiffens since it deforms less under an increased load compared to the 

homeostatic, normotensive case. Further, we saw the radial compression also decreased in 

response to hypertension. This also demonstrates tissue stiffening in response to 

hypertension. 

  



 
 

189 
 
 

 

 

Figure S7:Normal remodeling and response to 50% increase in mean arterial pressure. 
(a) Growth in the innermost element, (b) Elastic stretch in the innermost element, (c) fiber 
volume fraction evolution in the innermost element, (d) growth in the outermost elements, 
(e) elastic stretch in the outermost element, (f) fiber volume fraction in the outermost 
element.  Data is shown as mean +/- 95% CI (n=10).   
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Under Hypotension: 

Motivation: 

 Hypotension is a reduction in blood pressure below normal levels. Hypotension is 

a relatively uncommon chronic condition, typically only linked to aortic valve 

insufficiency and aortic coarctation, although it is commonly reported in pregnancy around 

mid-gestation [230]. The case studied here is an extreme exaggeration of hypotension (50% 

drop) compared to the modest drops seen in mid-gestation (~5-10% drop), but parallels 

closely to coarctation induced hypotension in cynomolgus monkeys given in [231].  

Methods: 

 The methods followed in this study are identical to those outlined for the thick-

walled media-only cylinder given in the manuscript. In the case of hypotension, we induce 

a 50% drop in mean arterial pressure and measure the morphometric and compositional 

changes induced.  

Results: 

The stress evolution for hypotension is given for the innermost element (Figure S8a) 

and the outermost element (Figure S8d). We see from these results that the remodeling 

process is much slower to re-equilibrate. In the data for the elastic deformation (Figure 

S8b and e), we see an instantaneous drop in circumferential stretch and an instantaneous 

increase in radial stretch. This is a mirror image to the hypertension case. The constituent 

volume fraction evolution is given in Figure S8c and f for the inner and outer elements 

respectively.  

Discussion: 

After hypotension initiation (Figure S8b and e), the circumferential elastic stretch 

shows a slight increase indicating stiffening relative to the homeostatic state. When 

pressure is decreased the tissue shrinks radially and circumferentially, becomes slightly 

stiffer circumferentially and becomes slightly more compliant radially to prevent collapse 

or buckling of the wall under very small pressures. In our simulations of hypotension, we 

see that the cellular network remodels to decrease actin content. This could be a 

metabolically favorable effect as the lower pressure likely means lower flow and thus less 

opportunity for transport through the wall which balances with a decrease in metabolic 
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demand by decreasing cellularity. The elastin volume fraction increases, which indicates 

the tissue decreases in overall volume. We would anticipate that the net result of this 

remodeling is that load is shifted from collagen and actin onto the elastin. The increase in 

elastin content and the decrease in cellularity parallel the coarctation-induced hypotension 

results given in [231]. 

 

Figure S8: Normal remodeling and response to 50% decrease in mean arterial pressure. 
(a) Growth in the innermost element, (b) Elastic stretch in the innermost element, (c) fiber 
volume fraction evolution in the innermost element, (d) growth in the outermost elements, 
(e) elastic stretch in the outermost element, (f) fiber volume fraction in the outermost 
element. Data is shown as mean +/- 95% CI (n=10). 
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Effect of the Adventitia on Individual Fiber Properties: 

Results:  

 During the remodeling process fibers both lengthen and thicken according to the 

remodeling law given in Eq. 5.12. In the thick-walled cylinder, we have three primary fiber 

types: cellular stress fibers (actin), collagen ECM fibers, and elastin ECM fibers. The 

cellular stress fiber bundles start out at 80nm in radius and the collagen fiber bundles start 

at 260nm radius. The elastin fibers do not remodel, and stay at 120nm in radius. The 

changes in actin fibers are given in Figure S9. The top two rows show the actin fiber radius 

changes for the innermost and outermost medial elements with and without an adventitial 

layer. The third and fourth rows show the changes in actin fiber length for the inner and 

outer medial layers. The left column is under normotensive conditions and the right column 

is under hypertensive conditions. The changes in collagen fibers are given in Figure S10. 

The figure setup is the same as Figure S9, except we include fiber data the adventitial layer 

given in yellow.  

Discussion:   

 In Figure S9, we see that the actin fiber bundles tend to remodel to form a skew 

normal distribution from the initial state. We also see that the innermost element tends to 

have longer and thicker fibers than the outermost element due to its higher stress state. We 

see a significant shielding effect of the adventitia on the actin fibers demonstrated by a 

leftward shift of both the actin fiber radii and the actin fiber lengths in the media+adventitia 

case vs. the media only case. In Figure S10, we see that the collagen fibers tend to have a 

more normal, less skewed distribution in radii, but a similar skewed distribution in lengths. 

We again see the shielding effect of the adventitia on the medial layers noted by the 

distribution leftward shift in the media+adventitia case relative to the media only case.  We 

further see that the adventitial fibers (given in yellow), show a similar mean radius to those 

of the media.   
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Figure S9: Actin fiber radii and lengths for media and media + adventitia in normotension 
and hypertension. 
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Figure S10 Collagen fiber radii and lengths for media and media + adventitia in 
normotension and hypertension. 
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Figure S11: a) Circumferential and b) axial fiber modulus (C2 in Eq. 5.11) in the normal 
(0 days of remodeling) and dissected (32 days of remodeling) cylinder 
 

 


