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Abstract

Decision-making problems arise in a wide range of applications in chemical engineer-
ing. The efficient solution of complex and large-scale optimization problems is key for
addressing problems related to the decarbonization of the chemical industry and the
design and operation of sustainable manufacturing systems. Decomposition-based solu-
tion algorithms can be used to improve the tractability of such problems by exploiting
their underlying structure. However, their application is problem-specific and time-
consuming, and a generic framework for their automatic implementation is currently
lacking. This thesis is focused on automating the application of decomposition-based
solution algorithms and accelerating their performance using tools from artificial in-
telligence and network science, as discussed in the two parts of this thesis. The main

contributions are:

1. We develop a graph classification approach, which can be applied to generic prob-
lems and considers the detailed coupling among the variables and constraints to de-
termine whether an optimization problem should be solved using a decomposition-

based or a monolithic solution approach.

2. We use Stochastic Blockmodeling (and its variants) and Bayesian inference to
learn the underlying structure of the problem based on an appropriate graph
representation of an optimization problem. The learned structure is used as the

basis for the application of decomposition-based solution algorithms.

3. We propose a machine learning approach to learn how to optimally initialize cut-
ting plane-based decomposition-based methods for the solution of optimization

problems that arise in the real-time operation of chemical processes.

4. We explore the relation between problem formulation and the computational per-
formance of decomposition-based solution methods and propose a new formulation
and solution approach for the integration of process operations with dynamic op-

timization.

5. We propose a machine learning-based approach to accelerate Generalized Benders
Decomposition for the solution of mixed integer model predictive control problems

that arise in the operation of chemical processes.
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Chapter 1
Introduction

Mathematical optimization is one of the pillars of process systems engineering (PSE)
and has been widely used to solve decision-making problems that arise in a wide range
of applications, such as process design and synthesis, supply chain management, pro-
duction planning and scheduling, and process control. Over the last three decades,
a large number of papers have been published focusing on modeling these problems
[293], 1772, [89], 211), 158, [142], 187, [55, 104, 115] as mathematical programming problems
in standardized forms. Simultaneously, significant advances have been made in both
optimization theory and algorithms for the solution of a broad class of problems such as
Nonlinear (NLP) [40], Mixed Integer Linear (MILP) [71], and Mixed Integer Nonlinear
(MINLP) [255],147, 100] programming problems, as well as the modeling, conversion, and
solution of stochastic programming [I17], robust optimization [31} 26], and disjunctive
programming problems [278].

In recent years large-scale and complex optimization problems have become increas-
ingly important, for example, those related to the decarbonization of the chemical in-
dustry and energy sector, the design of resilient and circular supply chain networks, and
the sustainable operation of the manufacturing system [216]. These problems include
control or dynamic optimization of large scale systems [29, 163, 214], design or oper-
ation in an uncertain economic environment [301) 164, 112 296], integrated decision
making across multiple time scales [17, 245] [82] [75], integrated design and operations
[297), 227, 4] and logistics on an enterprise-wide or nation-wide level [130] 173, [165].
Due to the nonconvex, nonlinear, and mixed-integer nature of these problems, they are
inherently nonscalable and tend to be computationally difficult to solve.

Different approaches have been followed in the process systems engineering commu-
nity to improve the tractability of such problems. These approaches either focus on
the problem formulation or on the solution method. In the former case, one may de-
velop alternative formulations [1011 [169], use alternative ways of conversion to standard
mathematical programs [72] 299, 278], or use reduced-order and hybrid surrogate mod-
els [73] 34, 259, 49, 257]. This approach aims at reducing the computational complexity
of the model, however, as expected it introduces some approximation error that might
affect the solution of the optimization problem.

For cases where a drastic reduction in complexity can not be achieved or the approxi-

mation error is significant, decomposition is a natural and common approach for solving



optimization problems. The decomposition approach exploits the fact that although
the aforementioned problems are complex and large-scale, they are also structured.
The structure of an optimization problem, or a system in general, arises due to the
coupling or interaction among the elements of the underlying system, and this structure
is reflected in the interaction pattern between the variables and constraints of an opti-
mization model. Decomposition, as a principle, has been widely used to model, analyze,
and control complex engineering systems [194. 193], 211), 186] and may refer to (i) the de-
composition of algebraic operations into maximally parallelized tasks [70], 298] 2911 286]
and (ii) the decomposition of the problem into interacting subproblems that need to
be solved iteratively [69, 96]. We focus on decomposition in the sense of decomposing
an optimization problem into a number of easier-to-solve subproblems, whose itera-
tive solution and coordination can lead to the solution of the original problem. This
type of decomposition has been applied to a wide spectrum of problems in process sys-
tems engineering, including supply chain design [224] [148], operations under uncertainty
[224, 117], integrated decision making [176], [64], planning and scheduling [213] 263, [166],
model predictive control [I80, [61), B, 271], and learning from data [12] 51 267 [45].
Despite the wide success of decomposition-based solution algorithms, their off-the-
shelf application is challenging, and their computational efficiency over monolithic ap-
proaches is not known a-priory. Decomposition-based solution approaches are usually
problem specific, their development is time-consuming and requires domain knowledge
about the underlying problem and the decomposition-based solution algorithm that will
be used. The literature on decomposition-based solution methods is mainly focused on
analyzing the theoretical aspects of these algorithms; the implementation is usually left
to the user. Although this can be justified since these algorithms exploit the under-
lying structure, which can differ significantly for different classes of problems, it also
limits the wide application of these methods by optimization practitioners. Therefore,
automated methods are necessary to determine when to select a decomposition-based
solution algorithm over a monolithic one, and how to configure (i.e., implement) the

algorithm.

1.1 When to use a decomposition-based solution algorithm

The first step during the solution of a large-scale optimization problem is to determine

which solution strategy should be followed. This gives rise to the following question:



Question 1.1. Should a given optimization problem be solved with a decomposition or

a monolithic-based solution algorithm?

Identifying the best solution strategy for a computational task is nontrivial; the com-
putational performance of a decomposition-based solution method depends on multiple
factors, such as problem formulation, decomposition, coordination, and initialization.
Considering, for example, the solution of an MINLP problem with Lagrangean decompo-
sition, the efficiency of the algorithm depends on the decomposition of the problem since
it affects the number of complicating constraints, the update scheme for the Lagrangean
multipliers, and the initialization of the variables and the multipliers. Similarly, the ef-
ficiency of monolithic solution approaches, such as branch and bound, depends on the
type and number of nonconvex terms in the problem formulation, branching strategy,
etc. Machine learning methods have been used to train a classifier that determined
whether a MILP problem should be solved using Dantzig-Wolfe decomposition or branch
and cut, based on a vectorial feature representation of the optimization problem [I61].
Although this approach can potentially be applied to nonlinear and mixed integer non-
linear problems, representing these problems by a set of features is challenging due to the
different types of nonlinear functions that are present in the constraints and objective.

To overcome these limitations the following contribution is made:

e In Chapter [2| we propose a graph classification approach to determine when to
decompose generic (linear, nonlinear, and mixed integer) optimization problems by
considering the detailed interaction pattern between the variables and constraints
of an optimization problem. The proposed approach can be potentially applied to
different graph representations of an optimization problem and consider multiple

features obtained from the problem formulation.

1.2 How to decompose an optimization problem

The prerequisite for implementing a decomposition-based solution algorithm is to de-
termine the decomposition itself, i.e., the partition of the variables and constraints into
subproblems, and the hierarchical relation between the subproblems. Such decomposi-
tions are typically adopted based on intuition, assuming a certain structure based on
insights about the system or the optimization problem. However, inferring this struc-
ture is time-consuming, and there might exist problems that do not have an apparent

structure for decomposition.



So far, determining systematically the most suitable decompositions of optimization
problems remains a crucial and open problem. Key to the solution of this problem
is finding a conceptual and methodological framework for evaluating the underlying
structure and sparsity of an optimization problem and determining the most suitable
decomposition in concert with the corresponding decomposition-based solution method.

Therefore, the question we will consider is the following:

Question 1.2. How to learn the stucture of a mathematical optimization problem and

how to exploit it for the automatic application of decomposition-based solution methods?

Learning or identifying the underlying structure of an optimization problem is not
a new idea. Initial attempts relied on graph theory to identify the underlying structure
by representing an optimization problem as a graph or hypergraph and applying graph
partitioning algorithms to identify a partition of the graph into N independent blocks
[195, 287, 01, 11]. The main limitation of these algorithms is that the number of blocks
must be determined a-priory and the objective with which the partition is optimal is
the size of the set of nodes that separates the blocks. Therefore, the structure identified
might not necessarily be the actual structure of the problem.

An alternative approach is to use tools from network science |20} 219] which focuses
on the coarse-grained and statistical properties of a complex system. This approach
has been applied to optimization problems where the decomposition is done according
to the presence of community structures in the network representations of the opti-
mization problem. Communities refer to subnetworks that are strongly interconnected
inside but weakly interconnected between, where the statistical significance of such in-
teractions is typically quantified according to a metric called modularity [220, 211, 42].
This approach has been applied for the solution of mixed integer linear programming
problems using Dantzig-Wolfe decomposition [30, [153], nonlinear programming prob-
lems [271], and mixed integer nonlinear programming problems [5] 6]. Although the
application of modularity-based community detection leads to high-quality decomposi-
tions, it is limited in the sense that it can only perform well if the problem has such
a community structure. However, given the wide range of optimization problems that
arise for different applications, one would expect that other types of structure might
be present. Finally, this approach can not detect the possible hierarchical structure
among the communities of an optimization problem. To overcome these limitations the

following contributions were made in the first part of the thesis:



e In Capter [3|we propose the combination of modularity-based community detection
and centrality analysis to identify the community structure of an optimization

problem and the underlying hierarchical relation between the communities.

e In Capter [4| we propose the application of Stochastic Blockmodeling [240] as a
systematic framework to learn the underlying structure of an optimization problem

without any a-priory assumptions on the structure of the problem.

e In Capter |5l we consider the structure detection problem for enterprise-wide op-
timization problems that consider simultaneously decisions across multiple scales.
Specifically, we propose the application of nested Stochastic Blockmodeling [236],
which assumes that a graph is generated by a nested sequence of Stochastic Block-

models, for learning the structure of such problems at different scales.

1.3 How to initialize a decomposition-based solution algo-

rithm

It is widely known that the initialization of an algorithm can have a significant effect
on computational performance. However, for complex algorithms with multiple steps,
such as decomposition-based ones, the effect of the initialization on the computational
performance is not obvious. In general, prior to the application of a decomposition-based

algorithm, the following question arises:

Question 1.3. How to initialize decomposition-based solution algorithms such that the

solution time is minimized?

Identifying the optimal initialization is especially important for cases where an opti-
mization problem is solved online to compensate for updated process information. The
initialization can be considered as a hyperparameter of the algorithm, thus identifying
the optimal initialization can be considered as an algorithm configuration task [258].
This is a black box optimization problem since the solution time is not known a-priory
and evaluating the solution time for a given initialization of a decomposition-based al-
gorithm is time-consuming. Additionally, based on the decomposition-based algorithm
used, the initialization itself can be a complex task. For example, for distributed algo-

rithms, the initialization determines the initial guess for the values of the Lagrangean



multipliers, whereas for Benders decomposition, the initialization determines the num-
ber of cuts that can be added in the master problem. In this case, selecting the cuts is

an open problem. To overcome these issues, the following contributions were made:

e In Chapter [6] we consider the initialization of Generalized Benders Decomposition.
Specifically, we propose the application of active learning for learning a surrogate
model that predicts the solution time of a given problem and a given initialization.

This surrogate model is subsequently used to identify the optimal initialization.

1.4 How to accelerate the computational performance of

decomposition-based solution algorithms

Despite the wide success of decomposition-based solution methods in reducing the solu-
tion time, convergence can be an issue, especially for nonlinear and nonconvex problems,
and the computational time can still be above the computational budget for online appli-
cations. The computational performance of a decomposition-based solution algorithm
depends on the problem formulation and the implementation of the algorithm. The

following questions will be considered:

Question 1.4. How to combine knowledge from mathematical optimization and chem-
ical engineering to develop problem formulations whose structure is ideal for the appli-
cation of decomposition-based solution algorithms, and how to improve the performance
of the algorithm itself?

The problem formulation determines the structure of the problem and therefore the
subsequent computational complexity of the subproblems. Usually, the modeling step is
guided by the modeler’s understanding of the underlying system and general modeling
practices [212, 284]. It does not consider the effect of the modeling on the structure
of the problem and therefore on the computational efficiency of a decomposition-based
solution strategy. However, considering the effect of the modeling on the efficiency of
decomposition-based methods, especially for large-scale problems, might lead to prob-
lem formulations whose structure is ideal for the application of a specific decomposition-
based solution algorithm. The second approach to accelerate decomposition-based meth-
ods is to focus on the algorithm itself and accelerate the individual steps of the method.
This approach, as expected, is problem specific, yet it can significantly reduce the solu-

tion time for optimization problems that must be solved online. We consider these two



questions for the application of Generalized Benders Decomposition to problems that
arise in the operation of chemical processes. The relevant contributions in the thesis

are:

e In Chapter [7] we consider the integration of planning, scheduling, and dynamic
optimization which arise in the operation of chemical processes. We propose a
new formulation for the integrated problem where the integrated problem can be
decomposed into a master problem that considers the planning and scheduling
decision and a number of independent subproblems which consider the dynamic
operation of the systems. Given this decomposition, we propose two multicut
Generalized Benders Decompositions which can solve the integrated problem in

reduced computational time.

e In Chapter [§] we propose a machine learning-based branch and check Benders
decomposition algorithm for the solution of mixed integer model predictive control.
THe reduction in solution time is achieved by solving the master problem only
once and approximating the information necessary to construct the Bender cuts

via machine learning models.

1.5 Summary

This Ph.D. thesis collects most of my research works on developing an automated frame-
work for automated decomposition-based solution algorithm selection and configuration.
The contents of the following chapters are based on the author’s written journal and
conference papers (Chapter 2 — [205, 203], Chapter 3 — [198], Chapter 4 — [207], Chapter
5 — [199], Chapter 6 — [204} 206], Chapter 7 - [201], Chapter 8 — [202]) with necessary
minor revisions. Chapters 2 and 6 correspond to papers under review, the first part of

Chapter 8 is also a paper under review and the second part is not published.



Part 1
Learning when and how to decompose an

optimization problem



Chapter 2
Learning when to decompose optimization prob-

lems via graph classification

2.1 Introduction

Decision-making problems arise in a wide range of applications in chemical engineering,
ranging from the molecular to the enterprise-wide scale [128, [115], (75, 244]. Mathematical
programming is a framework that has been widely used to model such decision-making
(optimization) problems. Different solution methods have been developed for the solu-
tion of a broad class of optimization problems, such as Mixed Integer Linear (MILP)
(cite), Nonlinear (NLP) [285], and Mixed Integer Nonlinear Programming problems
[273, [196]. Despite the significant advances, the solution of optimization problems that
arise in chemical engineering applications can be challenging due to the nonlinear nature
of most physical and chemical processes, the presence of multiple temporal and spatial
scales, and the discrete nature of design and operational decisions. The combination of
these features leads to complex and large-scale optimization problems whose monolithic

solution is challenging.
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Figure 2.1: Algorithm selection via classification based on handcrafted features v

Decomposition-based solution algorithms have been widely used to solve such com-
plex and large-scale optimization problems by exploiting the underlying structure of
the problem [69] 148, 176l 213| 12| 51, 166, 271]. In general, these algorithms can be
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classified as distributed or hierarchical. In both cases, a complex optimization problem
is decomposed into a number of easier-to-solve subproblems which can be solved effi-
ciently. The main difference lies in the solution and coordination of the subproblems.
In distributed decomposition-based algorithms, the subproblems are solved in parallel
and are coordinated via dual variables. Typical examples include Lagrangean relaxation
[94] 93] and decomposition [119], and the Alternating Direction methods of Multipli-
ers [48]. In hierarchical algorithms, the subproblems are solved sequentially, based on
some underlying hierarchy of the problem, and are coordinated via the addition of cuts.
Typical examples are Benders [27], Generalized benders [108], Outer Approximation
[86l 05], and Bilevel [69] decomposition algorithms. Finally, there are algorithms that
exploit both distributed and hierarchical structures such as cross-decomposition [281].

Despite the wide success of decomposition-based solution methods their efficiency
over monolithic solution approaches is not known apriory since it depends on multiple
factors. For example, the performance of Benders and Generalized Benders decomposi-
tion depends on the computational complexity of the master problem and the subprob-
lem, the number of infeasible subproblems that are solved, and the quality of cuts that
are generated. Similarly, for distributed algorithms such as Lagrangian decomposition,
the convergence depends on the coordination scheme and the initialization of the dual
variables.

In general, state-of-the-art optimization algorithms are black-box systems, and de-
termining the computational performance of an algorithm for a given problem apriory
is challenging. Similarly, determining whether to use a decomposition or a monolithic-
based solution algorithm for the solution of a given problem is not obvious. Although the
number of variables and constraints can guide this decision, for some classes of problems,
such as convex MINLP problems, decomposition-based solution methods can be more
efficient than monolithic solution approaches even for problems with few variables and
constraints. Therefore, automated methods are needed to determine whether a problem
should be solved using a monolithic or a decomposition-based solution strategy.

The problem of selecting the best solution method for a given computational task
is formally known as the algorithm selection problem [248] [I50]. Although this is a
well-studied problem in Computer Science it has received less attention in the Process
Systems Engineering community. The algorithm selection problem for optimization
problems has three components; (1) the space of optimization problems P, i.e., all the

problems that can be considered, (2) the set of algorithms A, i.e., all algorithms that
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are available for the solution of the problems in P, and (3) the performance space M,
i.e., some metric used to compare solution methods for a given problem. Given these

sets the algorithm selection problem is defined as follows:

Problem 2.1. (Algorithm selection) Given an optimization problem P and a set of
algorithms A = {ay, ..., a,}, which algorithm «* should be used to solve the problem

such that a desired performance function m : P x A — M is optimized.

The performance function m can be either the solution time or the best feasible
solution for a given computational time budget. This problem can be posed as an

optimization problem as follows

% .

a” € arggélillm(P, a). (2.1)
This is known as the per-instance algorithm selection problem, since the algorithm o*
is optimal for a given problem P. Given the inherent complexity of optimization algo-
rithms, the computational efficiency of an optimization algorithm for a given problem is
not known a priory. Thus the algorithm selection problem is a black box optimization
problem since the function m is now known explicitly. Although black-box optimization
algorithms, such as Bayesian Optimization [103] can be used to solve this problem, they
can be slow for automated online applications.

Automated algorithm selection tools rely on Artificial Intelligence (AI) and Machine
Learning (ML) to approximate the solution of the algorithm selection problem (see
Fig. . A typical approach is to approximate the computational performance of an
algorithm, measured in terms of solution time for global optimization solvers, for a
given problem (or class of problems) using a surrogate model [265] 141}, 159, 111, 243],
such as Decision Trees [22], Gaussian Processes [137], Neural Networks [266], and Ridge
regression [134]. The surrogate model is subsequently used to select the best solution
method. Another approach is to approximate the solution of the algorithm selection
problem itself using classification techniques, where a classifier is used to approximate
the best solution strategy [292]. These approaches have been applied to determine
the best solution strategy for satisfiability problems, Mixed Integer Linear (MILP) and
Mixed Integer Quadratic (MIQP) Programming problems [292) 44], [161].

The main limitation of these AI/ML approaches is that an optimization problem
can not be the input to standard surrogate models mentioned earlier. An optimization

problem is a complex data point since it has different types of variables and constraints
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and an objective function. Furthermore, two optimization problems can have different
number of variables and constraints making their comparison difficult. This necessitates
the usage of a handcrafted set of features, such as the number of variables, constraints,
range of coefficients in constraints and objective, the condition number of constraint
matric, etc. (see [265, 292], [161] for a detailed description of the features). In essence,
the usage of features is a dimensionality reduction step which although enables the
application of standard ML tools to a broad class of optimization problems, aggregates
information about the problem and does not consider the exact structural coupling
among the variables and constraints which is the basis of decomposition-based solution
algorithms.

To overcome these obstacles, in this paper we propose a graph classification approach
to determine if a decomposition-based solution algorithm should be used. Specifically,
based on our previous work we represent an optimization problem as a graph [6l 207],
where every node is a constraint or a variable (see Fig. . This representation captures
the structural coupling among the variables and constraints of a problem. We extend
this representation by adding features in every node (see Fig. . These features
are obtained from the problem formulation and their concatenation forms the feature
matrix. Overall, the structural coupling among the variables and the constraint is
captured via the adjacency matrix and the functional coupling via the feature matrix.
Given this representation, we use geometric deep learning [50] to build a graph classifier
to approximate the solution of the algorithm selection problem (Eq. as presented
in Fig. 2.2] In this approach, the classifier predicts whether an optimization problem P;
should be solved using a decomposition-based solution method by considering the exact
structural and functional coupling among the variables and the constraints through the
adjacency A; and feature F; matrices. The proposed approach can be applied to generic
optimization problems with different number and type of variables and constraints. For
illustration, we apply the proposed approach to determine if a convex MINLP should
be solved using Branch and Bound or the Outer Approximation algorithm. We use
benchmark optimization problems for training and testing. The results show that the
accuracy of the classifier on the testing dataset is 90%. Finally, we show how the
proposed approach can be integrated into existing technology regarding the solution of
convex MINLP problems.

The rest of the paper is organized as follows: in section we present the graph

representation of an optimization problem, in section[2.3|we pose the question of whether
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to decompose as an algorithm selection problem, in Section we present the graph
classification-based algorithm selection solution approach and Section we show how

the proposed approach can be used to determine when to decompose convex MINLPs.

2.2 Graph representation of an optimization problem and

node features
Consider the following general optimization problem
P := minimize f(z,y)
x7y
subject to g;i(x,y) <0 Vi=1,...,m;, (2.2)
hj(xz,y) =0 Vj=1,..,me
z €R"% ycZW,

where nS + nZ = n, Mjp + Meqg = m. The computational complexity of this problem
depends on the number of variables and constraints, the interaction pattern among the
variables, and the form of the constraints and objective function, i.e., whether they are
convex or nonconvex.

In previous work, we have proposed a graph representation of optimization problems
[6]. Three types of graphs were proposed (see Fig.[2.3). The first is a bipartite variable-
constraint graph, Gy,(Vy,, Vin, E) (|[Va| = n,|Vin] = m), which has two sets of nodes,
one representing the constraints (V,,) and the other the variables (V;,). The edges E
capture the presence of a variable in a constraint. The second type of graph is the
variable graph G, (Vy,, Ep,) (|Vi| = n) where the nodes are the variables of the problem
and the edges represent the constraints that couple the variables. The third type is the
constraint graph G.(Vin, Ep)(|Vin| = m) where the nodes are the constraints and the
edges represent the variables that couple two constraints. This representation captures
the structural coupling between the variables and the constraints, i.e. the presence
or not of a variable in a constraint, as reflected in the adjacency matrix. Such graph
representations have enabled the application of tools from network science and graph
theory in order to “learn” the structure of an optimization problem which can be subse-
quently used as the basis for the application of decomposition-based solution algorithms
[0, 207, 199, 2011, 198]. Whereas a bipartite graph variable-constraint graph is the more

general representation, the unipartite variable or constraint graphs may be better suited

13



to specific decomposition-based solution methods depending on whether complicating
variables or constraints are involved [207, 199]. Yet, all these representations do not
capture information about the type and domain of the variables or their functional form
in the different constraints (linear, power law, etc.) in the case of nonlinear problems.
We will refer to such information as functional coupling.

In this paper, we extend the aforementioned representation by incorporating a set of
features for every node. These features capture the different characteristics of the node,
such as the domain, and the upper and lower bound. Specifically, for a given graph
G(V, E) with |V| = ny (this can be any graph presented in Fig. [2.3)), every node n; has
a set of features ¢; € R™. Concatenation of these features forms the feature matrix
F € R"*"¢_ Under this representation, every graph is represented by three sets; the
nodes V, the edges F, and the node features F, i.e., G(V, E, F). This representation
simultaneously captures the structural and functional coupling among the variables and
the constraints of an optimization problem as presented in Fig. We note that similar
representations have been proposed in the literature [83] 122, 123, 175, 179, 215, 231],
however, they consider the case of Mixed Integer Linear Programming problems and
have been applied for tuning optimization solvers.

Optimization problem Variable graph Variable-constraint graph Constraint graph

min (21, ..., z7)
st ez, x3) <0

x4 € (5,

x5 € [—10,10]

wg € {1,2,3,4,5}
27 € (—00.00)

Figure 2.3: Graph representation of an optimization problem
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Optimization problem Variable graph Adjacency matrix A

min f(2q,...,27)

st (e, 29 <0 n/0 1100 00
ea(x1,22,73) < 0 z2[1 0 1 0 0 0 0
es(@y) <0 =1 1 0 0 0 0 0
ex(wr,21) <0 2|1 0o 0o 0o 1 0 o Variable features ¢; € R"*!
ex(za.2m) < 0 {0 0 0 1 0 1 1| o
w0 0 0 0 1 0 1 Is continuous — {no,yes} : ¢;(1) = {0,1}
ce(x5,26) < 0 2\0 0 0 0 1 1 0 Binary — {no,yes} : ¢;(2) = {0,1}
cr(xs,26,27) <0 Integer — {no,yes} : ¢;(3) = {0,1}
21 € [0,10] Feature matrix F' Has upper bound — {no,yes} : ¢;(4) = {0,1}
2 € {01} G/l 00 11 Has lower bound — {no, yes} : ¢;(5) = {0,1}
5 € 7y b0 1 01 1
el aloeten
s € [~10,10] o100 01
w6 € {1,2,3,4,5} 6610 0 1 1 1
7 € (—00,00) oz \1 0 0 0 O

Figure 2.4: Graph and feature representation of an optimization problem

2.3 Learning when to decompose as an algorithm selection

process

In this section, we pose the question of whether to decompose as an algorithm selection
problem. Specifically, the set P represents the class of optimization problems which are
considered, i.e., MILP, convex MINLP, etc. The set A has two algorithms, monolithic
based aps and decomposition-based ap, A = {a s, ap}. Finally, the performance space
is the solution time, i.e., M = R. Given these sets, we can determine whether to solve a
given problem using a decomposition or monolithic-based solution algorithm by solving
the following problem:

a* €arg min  m(Pa). (2.3)

a€{an,ap}
Remark 2.1. In this section we assumed that one monolithic and one decomposition-
based solution method is available. However, in general, multiple monolithic and
decomposition-based solution algorithms might be available. This scenario can be eas-
ily accommodated in the proposed framework by increasing the size of the possible

algorithms A.

Remark 2.2. In this section the performance function is the solution time. However,
one can select another metric, such as the duality gap or the quality of the best feasible

solution found after a fixed computational budget.

Remark 2.3. The question of whether to use a decomposition-based solution algorithm

over a monolithic one can be posed for every class of problems. However, different

15



performance functions must be used for different classes of problems and algorithms,
based on the available convergence guarantees. For example, one can consider whether
a nonconvex MINLP should be solved using branch and bound or Generalized Benders
Decomposition (GBD). Since the convergence of GBD is not guaranteed for this class
of problems, the performance function can not be simply the solution time, since GBD

can converge faster than branch and bound but the solution can be highly suboptimal.

2.4 Learning when to decompose via graph classification

In this section, we present the graph classification framework which will approximate
the solution of the algorithm selection problem presented in Eq. For illustration,
we use the variable graph of an optimization problem. However, the constraint and

bipartite variable constraint graphs can also be used.

2.4.1 Graph classification approach and architecture

Given an optimization problem P and the variable graph G, (A, F, E) the goal is to
develop a classifier C : F(P) x A(P) + p € RNa to determine if problem P should be
solved using a monolithic (ays) or decomposition-based (ap) solution approach (A =
{ar,ap},|Al = N, = 2). The inputs in the classifier are the adjacency A(P) and
feature F'(P) matrices (which depend on the problem P), and the output is a vector
p € RNeX1 where p; is equal to the probability that algorithm a; solves the problem in
the minimum computational time. Under this setting, the algorithm selection problem
is transformed into a graph classification problem, where for a given problem P the best

solution strategy o is equal to
* ] Na
o =argmin {p;},.%, (2.4)

where with p = C(F(P), A(P)). Comparing Eq. with Eq. we observe that
the graph classifier C(F(P), A(P)) approximates min,e(qa,, .o} M(FP,a). The overall
framework is presented in Fig.

The prediction of the best solution strategy is performed by considering the ex-
act structural and functional coupling among the variables and the constraints of the
problem. This prediction has three steps; (1) message passing, (2) pooling, (3) final

classification step.
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The first step updates the features of a node (e.g., variable) by considering the
features of the adjacent nodes, propagating information about the features of a node
across the graph. The pooling layer, creates a graph-level feature which is used to
characterize the whole graph based on the features of the individual nodes. The last
step, performs the classification step based on the graph level features. In the rest of this
section we present each step in detail using the variable graph as an example. However,

both the constraint and the variable-constraint bipartite graphs can be used.

2.4.2 Message passing

Given the graph representation of the problem and the adjacency A and feature matrices
F', message passing is performed to update the features of the nodes using information
from the neighbors. Specifically, given an optimization problem P; (see Eq. 2) with N,
variables and N,,, constraints, we can generate the variable graph G, (Vy, E,)(|Vy| = Ny)
and obtain the adjacency A € RV *Nv and feature F' € RYv*No matrices where Ny is
the number of features per node. We define as ¢; the features of node i (¢; is the i'h row
of matrix F). The features of node i are updated using information about the features

of the neighbor nodes N (i) of node i as presented below [50]

h; = 0'<hi7 P whi,hy; W)), (25)

JEN(3)

where @ denotes an aggregation function that is independent of the order of the neigh-
bors (sum, average, max, etc.), ¥ is a message function that takes as input the features
of node ¢ and the neighbor j € N'(i), W as learnable weights, and o is an update func-
tion that returns the new features of node ¢. Based on the type of function ¢ and the
aggregation function € that are used different graph neural network models have been
proposed, such as Graph Convolutional Neural Networks (GCN) [157], Graph Attention
Networks (GAT) [283] and GraphSage [127] (see [50] for a review).

Stacking L such layers sequentially leads to a deep learning architecture where the

features of a node in layer [ are given by:
hi = ¢i
At = o(hg, D q,z)(hi,hj;wl)) Vi=1,.,L—1,

JEN(3)
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Figure 2.5: Message passing on the graph representation of the optimization problem

where hé e RV»x1 ] > 1 are the features of node i in level I, W' are the learnable
weights at layer [, and IV, is the dimension of the hidden features. An example of

the message passing on the variable graph of the optimization problem is presented in

Fig

2.4.3 Pooling

The output of the last message passing layer is the original graph but the features of the
nodes have been updated to H. At this stage, the feature matrix H can not be used for
classification, since the dimensions of H depend on the number of the nodes (variables
and constraints) in the graph of the optimization problem. To overcome this obstacle, a

pooling layer is used to create a graph-level feature » € RV¢. Different pooling functions
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Figure 2.6: Learning when to decompose framework

can be used [50} 113], however, in this paper r is equal to
1 NU
L .
=5 Z‘; H) Vi=1,..,N,. (2.7)
J:

This pooling function returns the average value of every feature across all the nodes
in the graph.
2.4.4 Final classification step

Finally, the graph level feature is an input to a linear transformation layer, where the
output is y € RN¥eX1 (g, is the probability that algorithm i solves the problem in the

minimum computational time) and is equal to
y=0r+b, (2.8)
where © € RVaXNa ¢ RNaX1 are parameters.

2.4.5 Training

We assume that a set of optimization problems {P; fvzdfm is available and for these
problems we can obtain the variable graphs {Gi}fv:dft“, the adjacency and feature matrix
{Ai,Fi}f-V:dfm and labels {zi}fv:dfm where z; is the algorithm that solves problem P; in
the minimum computational time. Given these data, the task is to learn the classifier’s

parameters that will maximize its accuracy by optimizing some loss function, such as
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cross-entropy. The learning problem is

minimize L <zdata, Zpred., {VVZ}ZL:?, 0, b) (2.9)
{Wi}i2)ob

Remark 2.4. This classifier can classify problems with different number of variables

and constraints since the pooling layer after the last convolution layer creates the vector

r which has Np, x 1 dimension. Therefore, for the final classification step, every problem

is represented in the hidden features dimension space INj,.

Remark 2.5. In the case where multiple monolithic and decomposition -based solution
methods are available the same architecture can be used, however, the resulting problem

is a multiclass classification one.

2.5 Application to convex MINLP problems

In this section we implement the proposed approach to determine whether a convex
MINLP problem should be solved using Branch and Bound (B&B) [121], a monolithic-
based solution approach, or the Outer Approximation (OA) algorithm [86], a decomposition-
based solution approach, as implemented in BONMIN [43].

2.5.1 Branch and bound

Branch and Bound can be used to solve a convex MINLP problem by branching on the
binary variables. Given a convex MINLP as presented in Eq. branch and bound
starts by solving the continuous relaxation of the problem which is a convex NLP. We
will denote the solution of this problem as 2N2F yNEP | Given this solution, branching
on the binary variables is performed using some branching rules to select a binary
variable y; and create two nodes in the branch and bound tree, one solved for y; fixed

NLP NLP]

to |y;' | and the other for y; equal to [y; . This procedure continues until the

global optimal solution of the problem is found.

2.5.2 Outer Approximation algorithm

The Outer Approximation algorithm [86] is a decomposition-based solution algorithm

that alternates between the solution of a MIP master problem and a nonlinear convex
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optimization problem. Given a value of the binary variables, we obtain the subproblem

minimize f(z,7)
xX
subject to g(x,y) <0 (2.10)

x € R,

Given the optimal solution of the subproblem Z for a fixed value of y = ¥, the constraints

and objective of the subproblem are approximated via hyperplanes as follows

f@w>zf@ww+Vﬂmy>[x:?IVxeRﬂyezw
oy (2.11)
r—2x

g(f,gj)+Vg(3?,y)T[ ] <0 VxeR"g,yGZ"Z.
y—y

These approximations are generated iteratively as dictated by the master problem which

is equal to
minimize 7
x}y
. _ _ _ _ T Xr — .CEq
subject to 5> f(#%,5%) + V@t | " | vgeQ

(2.12)

_ 79
g(z,59) + Vg(jq’gq)T [x xq] <0Vlie 9
y—vy

z e Ry ez,
where Q = {1, .., Ng} denotes iteration number. The OA algorithm alternated between
the solution of the master problem, which provides a lower bound and the subproblem

which provides an upper bound. This is the standard application of the algorithm

assuming the subprolbem is always feasible (see [86] for more details)

Table 2.1: Performance metrics for the graph classifier on the testing data set

Confusion matrix
Predicted label
Label Precision Recall F1 score True label OA B&B
OA 0.83 1.00 0.91 OA 15 0
B&B 1.00 0.80 0.89 B&B 3 12

Accuracy 0.9
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2.5.3 Feature representation of the problem

We will consider the variable graph of an optimization and will consider five features

per node. The features are
e Variable domain: continuous, binary, integer
e Upper bound
e Lower bound
We use one hot encoding to represent these features as follows:
e ¢ € {0,1}: 1 if the variable is continuous and 0 otherwise
e ¢ € {0,1}: 1 if the variable is binary and 0 otherwise
e ¢3 € {0,1}: 1 if the variable is integer and 0 otherwise
e ¢4 €{0,1}: 1 if the variable has an upper bound and 0 otherwise
e ¢5 € {0,1}: 1 if the variable has a lower bound and 0 otherwise

Using these features the dimensions of the feature matrix are IV, x 5.

2.5.4 Data gathering for classification

We use benchmark convex MINLP problems to train and test the classifier. For every
problem P;, we obtain the adjacency matrix A; using DecODe [207] and the feature
matrix F; using the procedure presented in Algorithm Every problem is solved with
both algorithms (branch and bound and outer approximation) using BONMIN 1.8.8 [43]
with a maximum computational time of 3000 seconds. All the other parameters of both
parameters are set equal to their default values. From the 295 problems, 227 are solved
with at least one solver (151 problems are solved faster with OA and 57 with B&B).
Given the solution times, we use Algorithm to obtain the label z; of every problem.
Overall, we obtain the dataset D = {(Ai,Fi),zi}fv:ﬂlft“, where 66% of the data points
have label OA and 34% B&B.
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2.5.5 Graph classification architecture and implementation

We split the dataset D at random into a training set and a testing set. The training
set has 197 data points and the testing set has 30 data points picked at random (15
random data points have label OA and 15 have label B&B). We perform hyperparameter
optimization regarding the number of hidden features (Ny = {12,16,24,32,64,128}), the
batch size ({10, 20, 40,50}), and the learning rate ({0.0001, 0.0005, 0.001, 0.005, 0.01,
0.05}).

Based on the hyperparameter optimization results, the graph classifier has four
convolution layers (L = 4), a global mean pooling layer, a linear layer (with dropout
probability equal to 0.5), the number of hidden features is 12 (N, = 12), and tahnh is
used as the activation function. For the training, we use the Adam algorithm [156] for
50 iterations with random initialization, the learning rate equal to 0.005, and batch size
equal to 10. The loss function is the cross entropy and different weights are assigned to
the two classes to account for the imbalance in the training dataset. The weights are
computed as follows:

Naata
o Ndata

Wy = Ta ]11'(2]'))_1, (2.13)

j=1
where 1; is the indicator function, i.e., 1;(%;) = 1 if z; = ¢ and 0 otherwise. The weight

for class B&B is 1.6148 and for class OA is 0.7243. The GCN is implemented in PyTorch
Geometric [92] and the training is done using PyTorch [226].

2.5.6 Graph classification results

The accuracy of the classifier on the testing dataset is presented in Table From
the results we observe that the accuracy of the classifier is 90% and all the problems
with label OA, i.e., solved faster with the outer approximation algorithm, are classifier
correctly and only 3 problems solved faster with branch and bound as misclassified.
These results can be attributed to the small dataset since only 197 data points are used

for leanring and the imbalance in the training set.

2.5.7 Automated algorithm selection for convex MINLP problems

The classification results show that the proposed approach can be used to determine

the best solution strategy for a convex MINLP problem. In this section we present
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from pyomo.environ import

import torch, torch_geometric

# import optimization problem

from optimization_problem import model P omin f(z)
# get features of the optimization problem v

AF = get_features(model) st. g(z)
# determine the best solver h(z)
best_solver = graph_classifier (AF) e
# solve the problem with the best solver
best_solver.solve (model)

Automatic algorithm selection
for convex MINLP problems

0 y Solution .
——{C(A(P), F(P) method BONMIN -— Solution

Figure 2.7: Automated algorithm selection for convex MINLP problems

how the graph classifier can be readily incorporated in current mixed integer optimiza-
tion technology. Specifically, we consider the integration of the graph classifier with
BONMIN and Pyomo [129] as presented in Fig. Regarding the implementation in
Pyomo, the graph classifier will predict the best solution strategy «* which is either
B-BB (branch and bound) or B-0A (outer approximation). The best solution strategy
passed to BONMIN as follows solver.options[’algorithm’]=a".

2.6 Conclusions and discussion

Decomposition-based solution algorithms have been widely used to solve complex and
large optimization problems. However, their efficiency over monolithic methods is not
known a priory. In this paper, we proposed a graph classification approach to de-
termine whether an optimization problem should be solved using a monolithic or a
decomposition-based solution method. In the proposed approach the prediction of
the best solution strategy is performed by considering the detailed structural coupling
among the variables and constraints of an optimization problem, therefore alleviating
the need for a set of handcrafted features. Application of the proposed approach to
convex MINLP problems shows that the proposed approach can predict whether such
problems must be solved with a monolithic or a decomposition-based solution algorithm.
Finally, we showed how the graph classifier can be easily integrated with optimization
solvers, therefore leading to an automated algorithm selection for decomposition-based
optimization algorithms.

The proposed approach requires data regarding the performance of the solution
time or solution quality of optimization problems with different solvers. Such data can
be obtained using the numerous available benchmark optimization problem [109] 2] and
continuously enriched with data obtained from new problems that will be formulated and

solved. The availability of such data will enable the application of this approach to other

24



Data: Optimization problem P, Outer approximation algorithm (OA), Branch
and Bound algorithm (BB), solution time limit 4,
Result: Label of product P
for i € {OA, BB} do
Solve problem P using algorithm ¢ with time limit ¢4,
Store solution time t;
end
sFind solver with minimum CPU time ¢* = arg min;c(o4 BB} ti
if t;« <tz then
if i* = BB then
| y=1
end
if i* = OA then
| y=0
end

© o N O Ok W N -

-
= O

[
N

else
‘ Problem not solved, data point not considered
end

[
(5 B )

Algorithm 2.1: Procedure to obtain the label of an optimization problem

classes of problems such as LP, MILP, convex MIQPs as future work. Finally, potential
users such as process industries can build their own libraries of classes of problems of
their interest. Process industries solve a wide range of optimization problems daily, such
as production planning, production scheduling for different types of plants (continuous,
batch, etc.), process control, real-time optimization, and supply chain management
(planning and operation). Given the on-going digital transformation of the chemical
industry, this kind of data can be easily stored and used to inform the tools that will

be developed in the proposed research.
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Data: Variable v

Result: Features ¢

Initialize the feature vector ¢ = [0 0 0 0 0J;
if v is continuous then

Set ¢(1) = 1;
Set ¢(2) = 0,9(3) = 0;
else
| Set ¢(1) = 0;
end
if v is binary then

Set ¢(2) = 1;
Set (1) = 0,¢(3) =0,6(4) = 1,¢(5) = 1;

else

| Set ¢(2) = 0;
end
if v is integer then

Set ¢(3) = 1;
Set ¢(1) = 0,(2) =0,9(4) =1,¢(5) = 1;

else

| Set ¢(2) = 0;

end

if v has upper bound then
‘ Set ¢p(4) = 1;

else
| Set ¢(4) = 0;

end

if v has lower bound then
‘ Set ¢(5) = 1;

else
| Set ¢(5) = 0;

end

Get features ¢ = [¢(1) ¢(2) ¢(3) d(4) ¢(5)];

Algorithm 2.2: Procedure to obtain the features of a variable
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Chapter 3
Decomposition of integrated scheduling and dy-
namic optimization problems using community

detection

3.1 Introduction

Process scheduling and control constitute the basis of the decision making pyramid. The
goal of scheduling is to determine the optimal production decisions in order to satisfy
the demand and maximize the profit. The task of process control is to maintain or track
desired operating conditions and reject disturbances. Although the objectives of these
tasks might seem different, their interaction can have a significant economic impact on
the operation of a plant [75].

The first attempt to integrate scheduling and control was to incorporate the dy-
namic behavior of the system into the scheduling calculations as constraints [97]. In
this approach a time slot formulation of the scheduling problem was used and the in-
tegrated problem was a mixed integer dynamic optimization problem (MIDO) which
was transformed into a mixed integer nonlinear programming (MINLP) problem us-
ing orthogonal collocation on finite elements. This formulation was further extended
to account for multiproduct parallel lines [98] and find optimal scheduling and control
policies of polymerization reactors [274]. In these cases, the scheduling and control deci-
sions are made simultaneously. This approach is called “top-down” [17] since open-loop
optimal control is applied to find the optimal transition policies. The solution of this
integrated problem is challenging due to the nonlinear behavior of chemical processes,
and the fact that the scheduling time horizon is longer than the control horizon and thus
the discretization of the dynamic model results in a high dimensional MINLP problem.

Two approaches have been proposed to reduce the computational time in such in-
tegrated problems. In the first approach the dynamic model is replaced by a surrogate
model. Scale-bridging and Hammerstein-Weiner models have been used to describe the
dynamic behavior of the system. These models are used as constraints in the scheduling
calculations instead of the detailed dynamic model [85, 16, 228]. The dynamic behav-

ior of the system has also been approximated by piece-wise affine models and based

(©2020 Elsevier. Reprinted, with permission, from I. Mitrai, P. Daoutidis. Decomposition of inte-
grated scheduling and dynamic optimization problems using community detection. Journal of Process
Control, 90, pp.63-74, D0I:10.1016/3 . jprocont . 2020.04.003.
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on this representation multiparametric and fast MPC was used to close the control
loop [306}, B07]. A multiparametric approach has also been proposed where surrogate
modeling is used to approximate the dynamic model [52]. Finally, manifold learning
has been used to build low order models from high dimensional data using artificial
neural networks [279]. In these approaches the goal is to reduce the complexity of the
dynamic model that will be used in the scheduling calculations in order to reduce the
computational time.

The second approach is to use high-fidelity dynamic models and exploit the structure
of the integrated problem through decomposition-based solution algorithms [69]. The
decomposition-based algorithms can be classified as distributed or hierarchical based on
the interactions of the subproblems [76]. Lagrangean decomposition has been used to
obtain solutions of integrated problems with highly nonlinear dynamic behavior where
solving the entire problem monolithically is intractable [275]. This is a distributed opti-
mization approach where all the subproblems are equivalent and the coordination of the
subproblems is based on the difference of the shared variables among the subproblems.
Examples of hierarchical optimization involve the application of Generalized Benders
Decomposition (GBD) [64] 221] and bilevel decomposition [62] for the solution of the
integrated problem. In this approach the system is comprised of a master (leader) and
primal (follower) problem. The coordination in these cases is based on a hierarchy
where the solution of the master problem provides the values of the shared variables in
the primal problem. Then, based on the new information the master problem is solved
again. Although decomposition-based algorithms can reduce the computational time
for the solution of the integrated problem, a decomposition of the optimization problem
itself is required and its choice can have a strong effect on the resulting solution. The
decomposition of the optimization problem in the above cases was obtained by using
the binary variables as shared.

In this work, the goal is to develop a systematic way to decompose the integrated
scheduling and dynamic optimization problem. We will employ methods from network
theory to analyze the structure of this problem. In recent work in our group we have pro-
posed the use of network decomposition concepts and algorithms for distributed control
and optimization [77]. Specifically for optimization problems we have proposed graph
representations of the interconnections between variables and constraints [271, [6]. The
application of community detection to such graphs can provide high-quality decomposi-

tions whereby groups of constraints or variables are identified with weak interactions (in
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a statistical sense) among them. These groups can subsequently be used as the basis for
decomposition-based solution algorithms. This process has been automated in the soft-
ware package DeCODe [6]. In this paper we will use community detection to examine
the community structure of the graph representation of integrated cyclic scheduling and
dynamic optimization problems. We will show that such a framework allows identifying
systematically a hybrid hierarchical /community structure in such problems, along with
the set of corresponding shared variables, which can then be used effectively in a hier-
archical optimization solution approach. The rest of the paper is organized as follows:
In Section 2 the integrated scheduling and dynamic optimization problem is presented.
In Section 3 community detection is applied to the unipartite constraint graph of the
integrated optimization problem of an isothermal CSTR and the hierarchical structure
of the communities is further examined. Based on the decomposition obtained from the
community detection GBD is applied to solve the problem. Finally, in Section 4 the

integrated optimization problem of more general systems is examined.

3.2 Problem formulation

The integrated cyclic scheduling and dynamic optimization problem is defined as fol-
lows: Given N, products, costs, demand rates, operating conditions and constraints
find the optimal production sequence, amount of products to be manufactured, optimal
transition profiles and minimum total operating time. The mathematical formulation
presented below is based on [97, 275] and is composed of a scheduling and a dynamic
optimization problem. Initially, each problem will be presented separately and then the

integrated problem will be stated.

3.2.1 Scheduling problem

The main task of the scheduling problem is to decide on the sequence and amount of
each product that will be manufactured. These decisions affect the profit, production
and inventory cost. Hence, the objective of the scheduling problem is to maximize the

profit and is given by the following equation [275]:

g’: crw; % C3(Gi — Wi/ T.)®:; )
i=1 . i=1 2 .

The first term defines the profit from the sales and the second term the inventory
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cost. W; (kg) is the amount of product ¢ manufactured, C?($/kg) is the selling price
of product i, C? ($/(kg h)) is the inventory cost of product 4, 0.5(G; — W;/T..)©; is the
product accumulation over time [305], G; (kg/hr) is the production rate of product i,
©; (hr) is the production time of i and T, is the total operating time. The objective
function units are ($/hr). The scheduling time horizon is divided into k slots using a
time slot based formulation. We assume that each product is manufactured only once
and that in each slot only one product can be manufactured. These constraints are

imposed by the following equations:

Ns
>y =1 Vi (3.2)
k=1
NP
Y ywk=1 Vk (3.3)
=1

where ;1. is a binary variable which is equal to one if product 7 is manufactured in slot
k and zero otherwise, N, is the number of slots and [V, is the number of products. Since
each product is manufactured only once, at the start of a slot the operating conditions
correspond to the steady state values of the product that was manufactured in the
previous slot. Thus, the slot is divided into a transition and a production regime. An
illustration of the slot formulation and the two operating regimes is presented in Figure

Since the transition and production time depend on the dynamic characteristics of

J Slot 1 J Slot 2 J Slot 3 I ]Slotk J

| l l [ I |

& 2
"

t t

Figure 3.1: Discretization of time horizon into slots

the system, the duration of each slot is a variable captured by the starting ¢;, ending ¢,
production py and transition time 6%. Equations 4-7 are then the timing relationships
for each slot:

to=ti +px+ 05, Vk (3.4)
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=t Vk#1 (3.5)
=0 (3.6)
< T, Vk (3.7)

Equation 7 is used since cyclic scheduling is assumed and the demand rate (D;) of
each product is constant. The production time of product i in slot k (6;;) is bounded
by ™% and the total manufacturing time of product i (©;) is given by Equation 9.
The processing time pg in each slot is given by Equation 10 and the production rate
of each product depends on the production process and can either be constant or time
dependent (see Equation 11). Finally, the total production of product i must satisfy

the demand. These constraints are given below:

O < 0"y Vi k (3.8)
N,

O, =Y Oy Vi (3.9)
k=1

pe=)» 0O Vk (3.10)

W; = G,0; Vi (3.11)

Wi > DT, Vi (3.12)

Combining the aforementioned constraints and objective function the scheduling prob-

lem is:
NP

cP Wi C:(G; — W T
maximize Z . C i/1e)®:
=1 1=1 (313)
subject to Equations 3.2-3.12
This formulation of the scheduling problem results in a mixed integer nonlinear program-

ming problem due to the binary assignment variables (y;;) and the nonlinear objective

function.
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3.2.2 Dynamic optimization problem

A continuous production system can be modeled by the following general system of

differential equations:
x = F(x,u)

where X = [21, ..., %], W = [u1, ..., uy] are the states and the manipulated variables of
the system. We assume that multiple products can be manufactured, thus the operating
conditions of the plant can change over time. This frequent transitional operating policy
requires the usage of a control system that can track the time varying set points and
minimize the transition cost between products. A dynamic optimization problem for
this system can be stated as:

miniumize J(u)

subject to x = F(x,u)

x(to) = X0

x(ty) =% (3.14)
u(tp) = ug

u(ty) = u

xpp < x(t) < Xup

up < u(t) < uw

where J(u) is the transition cost and x°P, u®P are the set point values for the states
and the manipulated variables. Concerning the integration with scheduling, the control

actions should minimize the transition cost.

3.2.3 Integration of scheduling and dynamic optimization

The integrated problem combines the scheduling and dynamic optimization problem
resulting in a mixed integer dynamic optimization problem. It is usually solved using
a simultaneous solution approach and the method of orthogonal collocation on finite
elements [36]. Since a transition occurs in each slot, the transition time is discretized

in Ny finite elements and each element has N, collocation points. The discretized
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differential equations are:

Ne

Tnfek = 0npi + hie Y Quengir V0, fr¢k
=1
Ne

20n 1k = 20pp—1,1 + I Z WU NG Tnf—10k YN, [ 22,k
=1

Enfek = Fn(Tifeks - Tnfek, Wifcky - Umfek) VN, frc, k
trek = (f =1+7)h Vf, ¢k
hi =0 /Ny Vk
mﬁ’ < Zpfer < azqflb vn, f,c k

uﬁ’z < Upfek < u%) vYm, f,c, k

where ¢, is the value of the n' state at finite element f, collocation point ¢ at slot

k, wmper is the value of the mth

manipulated variable at finite element f, collocation

point ¢ at slot k, 0,y is the value of the n state at the start of the finite element
f in slot k, Q is the collocation matrix [97] and ~, is the c* Radau root [37]. In the

integrated problem the set point values of the states and manipulated variables for each

slot are decision variables and are calculated as follows:

Tl = meym L Yk #£1
Tp1 = ZfUmyz Nao VN, k=1
mk_zumzyzk 1 Ym,k#1
Uppy = Z UpniYi N, VML Ek =1
wi Z 2y Y,k

end
Uk = Zumiyi,k vm, k
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(3.25)
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where z7% is the steady state value of state n when product 7 is produced and u;’; is the
steady state value of the manipulated variable m when product 7 is produced. Equations
2.23 and 2.25 are used because cyclic scheduling is assumed, thus the starting operating
conditions at the first slot are equal to the operating conditions at the end of the last
slot. The values of the states and manipulated variables at the start (finite element 1,
collocation point 1) and end (finite element Ny, collocation point N.) of each slot are

equal to their set point:

20p1k = xnk Vn, k (3.28)
Uitk = upy  Ym, k (3.29)
TN Nok = Top? Vn, k (3.30)
U Ny Nok = Ugnit Fm, k (3.31)

The objective of the control problem is to minimize the transition cost. Thus, the
objective function is a weighted average of the manipulated variables for each finite

element and slot and is given by the following equation [275]:

M cm Ns Ny
¢ k=1f=1

m=1 1

where C™ is the cost of the m** manipulated variable. Finally, bounds on the value of

the state and manipulated variables are imposed:

T < Tnpek <y, fck (3.33)
ull < upper <ut Vm, foek (3.34)

Overall, the integrated optimization problem is:

Np pr, Np M .y Ns Ny
maximize (ZCZTVVZ—ZC (G~ W/T ch! ZzhkakZumfck’)’c)

i=1 i=1 m=1 k=1 f=1
subject to Equations 3.2 —3.12

Equations 3.15 — 3.31,3.33,3.34
(3.35)
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This is a mixed integer nonlinear problem due to the binary assignment variables, the

nonlinear objective function and the nonlinear discretized differential equations.

3.3 Decomposition of the integrated optimization problem

and decomposition-based solution

With the formulation presented above, finding a solution for this problem, even for a
simple case, is a challenging task. The computational complexity of the problem de-
pends on the number of products that can be manufactured and the nonlinearities of
the dynamic model. The number of products affects the number of the binary vari-
ables and highly nonlinear systems require finer discretization of the dynamic model.
Decomposition-based solutions [64], 275] may reduce the computational time, however
a decomposition of the optimization problem is required. In this section, the integrated
optimization problem will be decomposed using community detection and solved us-
ing Generalized Benders Decomposition. The community detection is applied to the
constraint graph of the integrated optimization problem [6]. The constraint graph is
composed of nodes which are the constraints of the optimization problem. The edges
are the variables that link two constraints. Each edge has a weight which is equal to
the number of shared variables between two constraints. The goal of the community
detection algorithm is to divide a graph into communities such that the intraconnections
are higher than the interconnections between the communities. Since the weight of the
edges represent the number of variables between two constraints, the minimization of
the interconnections in the constraint graph results in weakly connected subproblems.
From the community detection results, the group membership of each constraint is ob-
tained and the shared variables are detected, i.e. variables that belong to constraints
with different group membership. The structure of the optimization problem can also
be examined from the variable graph of the problem. In this case the nodes are the
variables of the optimization problem and the edges are the constraints that connect
two variables. The community detection is performed using the Louvain algorithm [42]
in NetworkX [126], a package for network operations in Python. Initially, the cyclic
scheduling and dynamic optimization problem of an isothermal CSTR will be used as a
case study to illustrate the community-based decomposition and solve the problem. In

Section 4 the decomposition of more general systems will be discussed.
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3.3.1 Isothermal CSTR

Community detection on the unipartite constraint graph

In this case study a multiproduct CSTR is considered with an irreversible reaction
3A—B. The production cost and operating data are taken from [97]. We assume that five
products can be manufactured and the system is modeled by the following differential
equation:

de(t) Q1)

i = % (Cfeed - C(t)) - kc(t)g (336)

where ¢ (mol/L) is the concentration of the reactant, ¢ (L/h) is the inlet flowrate and
the volume V, the rate constant k and inlet concentration of the reactant cy..q are
constant. In this system the manipulated variable is the inlet flowrate and the system
has one state, the concentration of the reactant. The production rate of each product
is constant and is calculated based on the steady state conversion of the reactant. The
dynamic model is discretized using 20 finite elements with 3 collocation points. For
five products, one state and one manipulated variable, the number of variables and
constraints are 1411 and 1115, respectively. The result of the community detection on
the unipartite constraint graph of the system is shown in Figure [3.2

In the constraint unipartite graph six communities are identified. One community
corresponds to the scheduling subproblem (S) and the other five are the dynamic op-
timization subproblems in each slot (Dy). Each dynamic optimization subproblem is
directly connected only with the scheduling subproblem. The shared variables between

the scheduling subproblem and the dynamic optimization subproblem in slot k£ are:
Gy " QL 1, k], Q[20,3,k], 6,

The shared variables obtained from the community detection on the unipartite con-
straint graph are the set points for the concentration at the start c}:‘ and end cz”d of
each slot, the inlet flowrate at the start Q[1,1, k| (finite element 1, collocation point 1
in slot k) and the end @[20, 3, k] (finite element 20, collocation point 3, slot k) of each
slot and the transition time 6% at slot k. All the shared variables in this case are contin-
uous. This set of shared variables differs from the one used in literature [275] [64] where
the set of shared variables includes the binary assignment variables. The conclusion

reached from the community detection on the constraint unipartite graph can be seen
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Figure 3.2: Unipartite constraint graph community detection results

also by considering the variable graph. Figure [3.3] shows specifically the interaction of
the variables between the scheduling and dynamic optimization subproblem in slot k.
The two subproblems are coupled through the red nodes, which are the shared vari-
ables obtained from the community detection on the constraint unipartite graph of the

integrated optimization problem.

Hierarchical structure of the communities

The results of the community detection on the constraint unipartite graph reveal the
community structure of the integrated optimization problem. In this part two met-
rics from graph theory, closeness and betweenness centrality [219] will be evaluated in

order to further analyze the structure of the constraint graph. Closeness centrality is
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N
\r \\
Figure 3.3: Variable unipartite graph presenting the interaction of the scheduling and
dynamic optimization variables in slot &

proportional to the distance of a node from the rest of the graph and betweenness cen-
trality measures the extent to which a node lies in the shortest paths between other
nodes. These metrics quantify the importance of a node in a graph since nodes with
high centrality connect the different parts of the graph. Details of the calculation of
the centralities can be found in Appendix. For each node its centrality is calculated
and based on the group membership of the nodes, the average centrality of the com-
munities is computed and presented in Table 1. We note that the centrality of the
scheduling subproblem is higher than that of the dynamic optimization subproblems.
Also, the centralities of the dynamic optimization subproblems have the same value.
These results indicate that the graph has a hierarchical structure. From a graph theory

perspective, this structure emerges since the shortest path from any node that belongs
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Table 3.1: Average closeness and betweenness centrality for the constraint unipartite
graph

Subproblem Closeness centrality Betweenness centrality

Scheduling 0.24 0.021
Dynamic opt. slot 1 0.18 0.002
Dynamic opt. slot 2 0.18 0.002
Dynamic opt. slot 3 0.18 0.002
Dynamic opt. slot 4 0.18 0.002
Dynamic opt. slot 5 0.18 0.002

in Slot 1 (see Figure 2) to any node in Slot 2 must visit at least one node that belongs
in the scheduling subproblem. Thus, we can relate this hierarchical structure of the
graph with a hierarchical structure in the optimization problem, where the scheduling
subproblem is in the first level and the dynamic optimization subproblems in the second

level.

Decomposition-based solution of the integrated problem

In this section the decomposed problem obtained from the community detection will be
solved. The data for the problem are presented in Tables 2 and 3 and the cost of the
inlet feed is 15 $/L.

Table 3.2: Steady state and cost data for the multiproduct CSTR [97]

Product Q% (L/h) ¢**(mol/L) Demand (kg/h) Product price ($/kg) Inventory cost (%)

A 10 0.0967 3 200 1
B 100 0.2 8 150 1.5
C 400 0.3032 10 130 1.8
D 1000 0.393 10 125 2
B 2500 0.5 10 120 1.7

Table 3.3: Data of the dynamic problem

States: c(t)

Manipulated variable: Q(t)
Number of finite elements: 20
Number of collocation points: 3

Based on the hierarchy identified above, GBD [10§] is used in order to solve the
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integrated problem. In the GBD algorithm the master problem (scheduling) is the first
level of the hierarchy and provides target values for the states, manipulated variables
and operating constraints like the transition time in each slot. The second level of the
hierarchy is composed of the dynamic optimization problem in each slot. Thus the mas-
ter problem provides the set point values for the states and the manipulated variables
and the available transition time. Given these constraints a dynamic optimization prob-
lem is solved for each slot and based on the transition cost a Benders cut is added to
the master problem. From the results of the community detection, the proposed set of
shared variables does not provide a separable objective function as the total operating
time that affects the transition cost belongs to the scheduling subproblem. Thus, we will
use the total operating time as a shared variable in order to decompose the objective
function. Also, due to equations 29 and 31 the value of the inlet flowrate @ at the start
(finite element 1, collocation point 1) and end (finite element 20, collocation point 3)
are equal to the inlet flowrate set points. Thus the set points qz” and qi"d are used as
shared variables. Overall, the shared variables between the scheduling problem (.S) and

the dynamic optimization problem in slot k& (Dy) are:
(Su Dk) : ci;n’ Cz;nd7 q]i{;nuqlf;nda et’ Tc

The total number of shared variables between the scheduling subproblem and the dy-
namic optimization subproblem in slot k are six. The integrated problem ([I) is described

by the following general MINLP problem:

maximize f(w,y,z)
subject to hs.(z,y) =0

gsc(Z7Y) =0 (3‘37)

hayn(z,w) =0
gdyn(zy W) =0

weWyeYzeZ

where z are the shared variables, y are variables that belong only to the scheduling
problem and w are variables that belong only to the dynamic optimization problem.
Also, hs. and g, are constraints that have scheduling and shared variables and hgyp,

and gg4y, are constraints that contain shared and dynamic optimization variables. The
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master problem (M) is:

maximize 7

7%,y
subject to n < L(Wk,y,z, b
hse(z,y) =0 (3.38)
9se(z,y) <0
zcZ, yeY

where L(w*,y,z, A\*, uF) = f(wF y,2) + (A*) hayn(W*, 2) + (%) gayn(w",z). The
superscript k in this equation is the iteration number in the GBD algorithm and A , u
are the Lagrange multipliers for the equality and inequality constraints in the primal
problem. The primal problem (P) is:

maximize f(w,y",z")
) p—

J (3.39)
zk)

subject to  hgyn (W,

0
0

IN

gdyn(w7

We use the second variant of the Generalized Benders decomposition [99] and we assume
that the solution of the primal problem is the same as the solution of the following

problem:
min L(w,y, 2, A, 1) = f(W*,y,2) + (A) T hayn (W", 2) (") gayn(w", 2)
The steps of the Benders decomposition algorithm are:
1. Initialize the master problem solving the original problem without any cuts;
2. Given y solve the subproblems and obtain a lower bound (LB);
3. Add Benders cut to the master problem;
4. Solve the master problem and obtain an upper bound (UB);
5. Check if [UB — LB| < e or UB < LB [99], if true, stop otherwise, go to step 2

Before applying Benders decomposition we change the master problem as follows: The

objective of the scheduling problem is to maximize the hourly profit. Since the total
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operating time is in the denominator of the objective function, minimizing the operating
time contributes to maximizing the profit. From Equations 4,5,7, a lower bound on the

total operating time can be obtained:

N,
F=t okt 0 o th, =) pi+ 0
k=1

N
t?vs §Tc—>TcZZpk+92
k=1

In the scheduling subproblem of the decomposed problem the transition time in each slot
is a variable. Since the total operating time (7,) must be minimized, the optimal solution
is to set all the transition times equal to zero. However, the dynamic optimization
subproblems will be infeasible for this choice of the shared variables ¢%. In this case, a
relaxed primal subproblem must be solved and a feasibility cut must be added to the
master problem. In order to decrease the number of iterations, a lower bound on the
transitions time is added. This bound is obtained by solving the following dynamic

optimization problem [64]:
min __ : t
iy = = arg min 0

subject to ¢ = Q—(Cfeed —¢(t)) — ke(t)?

0') = Cena (3.40)

cp << cyp

Qu <Q < Qu

where the objective of this problem is to find the minimum time ngm for a transition
from product i to p, Cin, Cend, Gin, Gend are the values of the states and manipulated

variables at the start and end of the time horizon. The lower bound is added as a
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constraint in the master (scheduling) problem using Equation 41 [63]:

N, N,
0h >zt Vk (3.41)
i=1 p=1
where z;,, are calculated as [97]:
Zipk 2 Yi + Ypk — LV i,p =i, k (3.42)
Yik = Yig1 ¥k #1 (3.43)
Yi1 = Yis (3.44)

)

Equations 42-44 are used in order to define a transition from product ¢ to product j in

slot k. Also, we add operating constraints in the primal subproblems:

Ufek — Ufe—1k < Ugone VS, kyc # 1 (3.45)
Ufek — Ufe1k > —ugontVf, k,c 75 1 (3.46)
Up 1k = Uf—1 Ny s < Ul Ve, f 7 1 (3.47)
Up1 k= Ufmt Ny = — ULy Ve, f 7 1 (3.48)

Equations 45,46 bound the change of the manipulated variable between the collocation
points, while Equations 47,48 between finite elements. The maximum rate of change
between collocation points is 200 L/h (uS,,;) and between finite elements is 500 L/h
(u{om). The detailed formulation of the master and primal subproblems are presented
on Appendix A. The master problem is an MINLP problem and is solved using BARON
[254]. The dynamic optimization subproblems are solved with IPOPT [285]. The al-
gorithm was implemented in Python using Pyomo [129]. In this case study the master
problem is a nonconvex MINLP and the subproblems are nonconvex NLPs thus global

optimality of the solution can not be guaranteed [13], 256].

Benders Decomposition results

The initial guess for the sequence was B— E— D— A— C and the initial guess for
the values of the state variables in the dynamic optimization problem is obtained by

solving a feasibility problem for the entire integrated problem. The algorithm converges
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after 3 iterations and the optimal sequence found is A— B— D— E— C. The objective
function is 17260 $/h and the total operating time is 109.37 hours. The solution was
obtained after 50 CPU seconds. The absolute tolerance between the upper and lower

bound was 1073. The production results of the problem can be found in Table 4 and

Table 3.4: Results of the integrated problem

Slot Product W;(kg) Starting time (h) Trans. time (k) Prod. time (k) End. time (h)

1 1 328 0 24.96 36.32 61.28
2 2 875 61.28 0.17 10.93 72.38
3 4 1093 72.38 0.42 1.80 74.6

4 5 35649 74.6 0.37 28.52 103.49
5 3 1093 103.49 1.92 3.93 109.37

the evolution of the lower and upper bound with the number of iterations is presented
in Figure 4 while the concentration and inlet flowrated are presented in Figure 5. From
Table 4, all the demands are satisfied and the amount of product 5 manufactured is
higher than the demand since we did not impose an upper bound on the amount of each

product that is manufactured.

50

—=&<— Upper bound
—&— Lower bound
40 -

30

20

Upper and lower bound (1()3)

Iteration

Figure 3.4: Evolution of upper and lower bound
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Figure 3.5: Concentration (c¢) and inlet flowrate (@) profile in each slot during the
transition regime
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From the transition profiles in Figure [3.5| we can draw the following conclusions.
The transition in slot 1, from low to high conversion is slow since the transition time
is 24.96 hours, while transition from high to low conversion is fast (slot 2). In order to
achieve these fast transitions the value of the manipulated variable is increased from the
initial value to its upper bound for a short amount of time and then is reduced to its
steady state value. The changes of the manipulated variables are not instantaneous due
to the operating constraints that were imposed on each primal subproblem. The value
of the manipulated variable reaches its maximum value and then is reduced; this excess
usage of feed is due to the difference in the cost of the feed (15$/L) and the lowest price
of the product (120$/kg for product E). Also, this action reduced the total operating
time. Concerning the computational time, solving the primal problem (MINLP) with
BARON required 50 CPU seconds. The computational time of solving the subproblems
using IPOPT was less than five CPU seconds. Finally, trying to solve the entire problem
with BARON, after 9000 seconds the gap between the lower and upper bound is 67.5%.

3.4 Decomposition of the integrated problem for more

general production systems

In this section the integrated problem will be decomposed using community detection for
different production systems. The scheduling problem remains the same in all the cases,
specifically, we will assume that five products can be manufactured. In general, the
relative values of the cost data and steady state values of the states for each product do
not affect the result of the decomposition, since it is based on the structural interactions
between the constraints and the variables, thus relative cost data are not presented.
Finally, in the cases below, the integrated dynamic optimization problem will again be
discretized using orthogonal collocation on finite elements using 20 finite elements with

3 collocation points.

3.4.1 Non isothermal CSTR

We consider a non isothermal CSTR with two states (concentration and temperature).

The system is modeled using the following system of ordinary differential equations
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[275):
de(t) 1 —c(t)
at
dr(t) Ty —T(t)
dt

where T' and c are the scaled temperature and concentration, 7 is the residence time,

o k‘loe_ER/T(t)C(t)

(3.49)
+ ke PRITO () — aQ ) (T(t) — T,.)

ER is the scaled activation energy, « is the dimensionless heat transfer area and @) is
the coolant flowrate. For this system two different sets of manipulated variables will be
analyzed. In the first case, the manipulated variable is the coolant flowrate, while in
the second case, the manipulated variables are the coolant flowrate () and the residence

time 7.

One manipulated variable - Cooling flowrate

In this case [97] the system has two states, one manipulated variable and the number of
variables and constraints are 2121 and 1830 respectively. Applying community detection
on the unipartite constraint graph six communities are identified; one corresponds to
the scheduling problem and the other five are the dynamic optimization subproblems
in each slot. The shared variables are the initial and final set point values of the states
(T,i", T,f”d, 02”, ci"d), the initial and final value of the inlet flowrate (Q[1, 1, k], q,ﬁ”d) and
the transition time 6. This set of shared variables is similar as the one obtained from
the community detection in the case of an isothermal CSTR reactor with one state
(Section . The final set of shared variables between the scheduling and dynamic

optimization subproblem in slot k£ are:
Tlsnd7 Tln? c]e{)nd7 Cf;{j”? QIZ€n7 QEnd? TC? 9;{)

where T, is used for the separability of the objective function. The centrality of the
different communities (subproblems) is presented in Table 5. Again, the scheduling
subproblem has higher average centrality than the dynamic optimization subproblems.
Thus, a hierarchical structure can be identified where the scheduling problem is in the
first level of the hierarchy and the dynamic optimization subproblems in the second

level.
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Table 3.5: Average closeness and betweenness centrality for the constraint unipartite
graph of the integrated problem for a non-isothermal CSTR with two states and one
manipulated variable

Subproblem Closeness centrality Betweenness centrality

Scheduling 0.21 0.022
Dynamic opt. slot 1 0.16 0.0015
Dynamic opt. slot 2 0.16 0.0013
Dynamic opt. slot 3 0.16 0.0013
Dynamic opt. slot 4 0.16 0.0013
Dynamic opt. slot 5 0.16 0.0015

Two manipulated variables - Cooling flowrate and inlet flowrate

In this case [16] the system has two states and two manipulated variables, the inlet
flowrate Qi (7 = V/Qin) and the coolant flowrate Q. The number of variables and
constraints are 2431 and 1845 respectively. From the community detection on the
unipartite constraint graph, the problem is decomposed into six communities and the
modularity of the graph is 0.8. The shared variables between the scheduling subproblem
(S) and the dynamic optimization subproblem in slot k (Dy) are the initial (7}™, ¢{™)
and final (T¢™, c¢{") set point values of the states, the value of the inlet and coolant
flowrate at the start (Q[1,1,k], Qin[l,1,k]) and end (Q[20,3, k], Qin[20,3,k]) of each
slot and the transition time () in each slot. This set of shared variables, is similar to
the one obtained for the case of an isothermal CSTR and the final set of shared variables
is:
Tlsndv Tm7 Cind7 Ci:na Q}‘cnv Qana ZZ:1T’LLJ€7 fr?,cllcv eltcv T.

where T is used as a shared variable in order to decompose the objective function. Based
on the average centrality values of the communities (Table 6) the scheduling subprob-
lem has the highest centrality and the dynamic optimization subproblems centralities
are equal. Hence, this system with two manipulated variables also has a hierarchical

structure.
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Table 3.6: Average closeness and betweenness centrality for the constraint unipartite
graph of the integrated problem for a non-isothermal CSTR with two states and two
manipulated variable

Subproblem Closeness centrality Betweenness centrality

Scheduling 0.21 0.021
Dynamic opt. slot 1 0.16 0.0014
Dynamic opt. slot 2 0.16 0.0013
Dynamic opt. slot 3 0.16 0.0013
Dynamic opt. slot 4 0.16 0.0013
Dynamic opt. slot 5 0.16 0.0014

3.4.2 Cascade of CSTRs

The last example is a cascade of isothermal CSTRs (Figure with an irrevesible

reaction 3A — B. The dynamic equations for five reactors are:

dCi o Q . — ; , =
= e — i) —ka(t)?, i=1 (3.50)

de; _ Q. ‘ ()3 i —
E - V(Cz—l(t) cl(t)) kcl(t) ) v = 2737475

where ¢;(t) is the concentration in reactor i. The volumes of the reactors, the rate
constant and the inlet concentration into the first reactor are constant. This system
has five states and one manipulated variable, the inlet flowrate @) in the first reactor,
and the output is the concentration in the last reactor. The transition time is equal
to the time required that the concentration in the last reactor changes from an initial

value to the new set point. Applying community detection on the unipartite constraint

¢

CSTR-1 CSTR-2 CSTR-3 CSTR-N

Figure 3.6: Cascade of N CSTRs

graph we again identify six communities. One community is the scheduling subproblem

and the other five are the dynamic optimization subproblems in each slot. The shared
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variables between the scheduling and dynamic optimization subproblem in slot k are:

in in in in in end end end end end in end pt
Clks Cokr C3ks Calr Coks Clh s Cak s €557 Car'» Cons Qi s Gk Ok

where cgz,cf,?d are the set point values of the concentration in reactor ¢ at the start

and end of slot k ,q,i”,qz”d are the values of the manipulated variable and 6! is the
transition time in slot k. The total operating time is used as a shared variable in order
to decompose the objective function, thus the final set of shared variables is (n is the

reactor number from 1 to 5):

in  out _in _end pt
Crkes Coke e > Ak > O Te

Finally, from Table 7, the average centrality of the scheduling problem is higher than

Table 3.7: Average closeness and betweenness centrality for the constraint unipartite
graph of the integrated problem for a cascade of five isothermal CSTRs

Subproblem Closeness centrality Betweenness centrality

Scheduling 0.21 0.019
Dynamic opt. slot 1 0.16 0.0007
Dynamic opt. slot 2 0.16 0.0006
Dynamic opt. slot 3 0.16 0.0006
Dynamic opt. slot 4 0.16 0.0006
Dynamic opt. slot 5 0.16 0.0007

the centrality of the dynamic optimization subproblems. Thus, the system has a two-
level hierarchical structure like the previous systems considered. Overall, examining the
shared variables in the above cases (and in Section [3.3.1)), the following remarks can be

made.

Remark 1. For the integrated cyclic scheduling and dynamic optimization problem
of a broad class of continuous processes with time slot formulation, a natural two-
level hierarchy can be identified, where one layer is the scheduling problem and the
second layer are the dynamic optimization problems in each slot. The two layers are
connected by the shared variables that naturally arise from the community detection
on the unipartite constraint graph of the integrated optimization problem. For general

systems the shared variables between the scheduling (S) and the dynamic optimization
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subproblem (D) in slot k are:

. in end . in end pt
(S7Dk) D Tk Tk 7umk7umk79k7Tc Vn,m,k

in end

end
mk> Ymk

with xﬁ:, 2o the initial and final set-points of the nt" state in slot k , u
th

the ini-
tial and final set-point value of the m' manipulated variable in slot k, ¢} the transition

time in slot k£ and 7, the total operating time.

Remark 2. In all the cases examined in this work, the integrated mixed integer dynamic
optimization problem was discretized using orthogonal collocation on finite elements.
It can be shown that the same set of shared variables and hierarchical structure are
obtained also in the case that Explicit Euler, Implicit Euler or Runge-Kutta methods

are used.

3.5 Conclusions

The integration of scheduling and dynamic optimization is a challenging task due to
the combinatorial nature of the problem, the nonlinear behavior of chemical processes
and the time scale separation of the scheduling and dynamic optimization problem.
The solution of the monolithic problem is challenging, even impossible for large-scale
systems, thus decomposition-based solutions have been proposed in order to reduce
the computational load. In this paper, we obtain the decomposition of the integrated
optimization problem using community detection on a unipartite constraint graph of
the discretized problem. In the proposed community-based decomposition, the shared
variables are continuous and the discretization method that is used to convert the inte-
grated MIDO problem to an MINLP problem does not affect the results. A hierarchical
structure in the communities is also identified using two centrality measures. Based on
this structure, Generalized Benders Decomposition is used as a decomposition-based
solution algorithm and is shown to significantly reduce the computational time over a

monolithic solution approach.
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Chapter 4
Stochastic Blockmodeling for Learning the Struc-

ture of Optimization Problems

4.1 Introduction

Optimization algorithms and solvers are key to solving a wide range of problems in pro-
cess systems engineering (PSE) [99] [38|, [116]. Solving these problems in an efficient and
scalable way can be challenging due to the nonlinearity of most physical and chemical
systems, multi-scale behavior [39], heat and mass integration among process units [15],
demand and supply relations within the enterprise [114], integration of multiple layers
of decision-making [17, [81], etc.

When the direct solution of an optimization problem is not possible, techniques such
as surrogate modeling and derivative-free optimization, driven by data, can be used to
build a model with lower computational complexity than a detailed first-principles model
and handle cases where a detailed equation-based model is unavailable [73], 46, [34], [155].
Alternatively, one could attempt to exploit the inherent structure of the problem and
follow a decomposition-based solution [76], i.e., construct multiple subproblems which
can be solved efficiently and upon coordination, their iterative solution can lead to the
solution of the original problem.

There is an abundance of such decomposition-based solution approaches in the op-
timization literature [69]. These algorithms are well established in their theoretical
aspects and have been applied to a variety of problems [275, 177, 64, 63]. They can be

broadly classified as distributed and hierarchical ones [76].

e In distributed decomposition-based solution algorithms, the subproblems are co-
ordinated by a central agent. For example, in Lagrangean decomposition [119]
the subproblems interact through a number of constraints called complicating
constraints, and the coordination is achieved through the update of the dual vari-
ables based on the value of the complicating constraints. For such an approach
the subproblems should be weakly coupled and hence the problem should have a

block diagonal structure.

(©2020 Wiley. Reprinted, with permission, from I. Mitrai, W. Tang, P. Daoutidis. Mitrai, I.,
Tang, W. and Daoutidis, P., 2022. Stochastic blockmodeling for learning the structure of optimization
problems. AIChE Journal, 68(6), p.e17415, DOI:10.1002/aic.17415
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e In hierarchical decomposition-based solution algorithms, the coordination is based
on a hierarchical relation between the subproblems. For example, in Benders
decomposition [27, [108], a small fraction of variables called complicating variables
are assigned into the master problem and the rest are assigned into the subproblem
which depends on the values of the complicating variables. This partition of the
variables implies an L-shaped interaction pattern, since the complicating variables
are present in both the master and subproblem. The coordination is achieved
through Benders and feasibility cuts which inform the master problem about the

effect of the shared variables on the subproblem.

It is commonly known that the decomposition of the problem itself can have an impor-
tant effect on the performance of decomposition-based solution algorithms [253], 276].
Yet decompositions have been typically chosen based on intuition or relying on a-priori
knowledge of certain structure of the problem.

In recent research of our group, we have proposed the application of network science
tools for the decomposition of optimization and control problems [77, [76]. The idea
is to represent the structural coupling among the variables and constraints of an opti-
mization problem or between the inputs, states and outputs of a control problem, as a
network (graph). Then, through community detection algorithms [102], the network can
be partitioned according to its community structure, namely blocks of nodes that are
weakly coupled between them but with dense interconnections inside. This approach
has been applied to nonlinear optimization problems arising in distributed model predic-
tive control [271], mixed integer nonlinear problems arising in integration of scheduling
and control [198] and an optimal biorefinery /microgrid design problem [6], documenting
the ability of community detection to provide high-quality decompositions. The above
approach is restricted to problems with community structure.

In general, the structure of a network is determined by the connectivity of the nodes
which can be analyzed at different scales; the micro, macro and meso scale. The first
provides information about a specific node and the second about statistical properties of
the entire graph. In this work we will focus on the meso scale structure which considers
the interaction pattern among blocks of nodes. A block refers to a group of nodes
that have a similar interaction pattern. Based on these interaction patterns, different
block structures exist. For example, core periphery is a block structure where the nodes
are partitioned into two blocks; a dense core and a sparse periphery which is mainly

connected with the core. This heterogeneity in the number of connections between the
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two blocks reveals a hierarchy which can be exploited and used as the basis for the
application of hierarchical decomposition based solution algorithms. Hybrid structures
such as multicore-periphery and core-community are also common. The detection of
the underlying block structure in an optimization problem can guide the adoption of
the appropriate decomposition based solution algorithm.

In this paper we aim at a method for automatically learning general latent block
structures of optimization problems and utilizing them as the basis for distributed and
hierarchical decomposition-based solution approaches. Specifically, we propose stochas-
tic Blockmodeling (SBM) [110] as a systematic framework to learn the underlying struc-
ture of optimization problems without any a-priori assumptions on the structure of the
problem. SBM is a stochastic generative model of networks, which, can generate graphs
with any specific block structure based on the input parameters that specify the expected
interconnection densities among the blocks. This feature allows SBM, which originated
in the data analysis of social networks [133, [7] to capture the generative mechanisms and
model the structure of complex networks, including community structure as assortative
(preferring internal linkage) blocks. For networks whose block structures are unknown
a-priori, the density parameters together with the latent block affiliations of the nodes
can be estimated through statistical inference procedures based on the data, i.e., the
network itself [I31] 149] [78]. Hence, for an optimization problem represented as a net-
work, we assume that it is generated by a SBM and estimate the parameters involved
in the SBM to reveal its underlying block structure. We then use the decompositions
obtained from SBM as the basis for the application of decomposition-based solution
algorithms, and show with several benchmark problems that such decompositions can
reduce the necessary computational time to obtain an optimal solution or an estimate
of the upper and lower bound.

The rest of the paper is organized as follows. In Section 2, we introduce the funda-
mentals of SBM, the inference problem and the different inference approaches. In Sec-
tion 3, we apply SBM and inference to the constraint and variable graphs of benchmark
optimization problems, exposing their inherent block structures and demonstrating the
numerical advantage of exploiting them in subsequent decomposition-based algorithms.
In Section 4, we illustrate how such a systematic structure learning and decomposition-
based solution framework is implemented in our DecODe software package. Conclusions

are given in Section 5.
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4.2 Stochastic Blockmodeling

4.2.1 Inference of latent block structure

We will consider an undirected graph G = (V, E) (V and E are the set of nodes and
edges, respectively). Let the number of nodes and number of edges be n = |V| and

= | E|, respectively, and the adjacency matrix be A € R™*", where A;; = Aj; is equal
to the number of edges between node ¢ and node j. One self loop on node ¢ corresponds
to A;; = 2. We will define the partition vector b € R™, where b; € {1,2,..., B} denotes
the group membership of node i and B is the number of blocks (groups). We will assume
that the number of edges between a node belonging to group r and a node in group
s is a Poisson distributed random variable with expected value w,s. Since the graph
is undirected, the matrix w € RP*B is symmetric. Then the probability to observe a

network with adjacency matrix A is:

(JJ ) Ai
P(Apw) = ] H () (4.1)

1<i<j<n Ajj!

where a term in the first product is the probability of an edge between two distinct
nodes and a term in the second product is the probability of a self edge.

Since the adjacency matrix A and the block interconnection matrix w are both
symmetric, the logarithm of the likelihood can be written as (by dropping the constant

terms):
B

L(Alb,w) = log P(Alw,b) = > <m log wrs — nnw) (4.2)

r,s=1

Here m,.; is the number of edges between blocks r and s, and n, is the number of nodes
in block r, defined as

n
Mys = Z Azg(sb rfsb s e = Zébi,m (43)

t,j=1 i=1
where ¢ is the Kronecker delta. This is the basic SBM model where the inputs are the
number of the nodes n, number of blocks B, partition of the nodes b, and the matrix
w characterizing the interconnection densities among the B blocks, and the output is a

graph with a structure depending on the elements of the w matrix.
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The main limitation of the basic SBM model is that it does not account for the
degree distribution of the nodes. This can be resolved by defining the degree-corrected
SBM (DC-SBM) [149] which has an additional group of parameters — 6;, the expected
degree of node i, i = 1,...,n (the degree of node i is equal to the number of edges
incident to node ). If we assume the same probability distribution as before, then the

probability to observe the network is:

(92 HJUJbZ bj )Aij

n 1 .

_ 5 wbb Aii _1lg2
e 990-}1) ibj % |I 2 2270 7%, QGiwbibi_ (4 4)
Aij! '
17°

P(AI6,w,b) = ] (/2]

1<i<j<n

Following the same steps as before, the logarithm of the probability can be written as

n B
k;
L(A|0,w,b) =log P(A|f,w,b) =2 E k;log ot g myslog m,s — 2m, (4.5)

=1 gi r,s=1

where k; is the degree of node i, k, is equal to the sum of the degrees of all the nodes

in block 7: 5
ki = Z Aij7 ky = Z Mys = Z kidbi,r (46)
j=1 s=1 i=1

and m is the total number of edges.

Given the observed network A, in order to learn the latent block structures, one
then needs to carry out a parametric statistical inference procedure to estimate the
block affiliations of the nodes b and the interconnection densities w. In the sequel of
this section, we will present two major types of inference methods, namely maximum
likelihood estimation and Bayesian estimation, for the case of the basic SBM model in
order to keep the notation simple. For the degree-corrected case, the results can be

found in the cited references.

Remark 4.1. Different forms of probability distributions other than Poisson distri-
bution can be assumed for the number of edges between the nodes, e.g., Bernoulli or
normal distributions. However, it is known that for sparse networks, the choice of the
probability distribution does not significantly affect the inference results [241] and that
the Poisson distribution makes the calculations easier. Also based on the definition of
matrix A we can consider multi-graphs (graphs where there may exist multiple edges
between node pairs). This assumption is valid in the limit of sparse networks since the

probability of multiple edges is low.
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Remark 4.2. Based on the structure of the input parameters different types of graphs
can be generated. For example, a non-symmetric matrix w leads to a directed graph.
Also, SBM can be extended to generate bipartite graphs where the entries of the w

matrix that connect nodes that belong to the same type are set equal to zero [167].

4.2.2 Maximum Likelihood Estimation

Given a graph G = (V| E), which is assumed to be generated by a SBM, the task of
Maximum Likelihood Estimation (MLE) is to find the values of the parameters (b,w)
that maximize the logarithm of the probability P(A[b,w):

maximize log P(A|b,w). (4.7)

b,w

The estimates of w can be obtained by simple differentiation:
0log P(Alw,b)/0wrs =0 = @ps = Mys/Nypns. (4.8)
Then we obtain the normalized log-likelihood:

L(Alb) = Z Myslog(mys/neng) — 2m. (4.9)

8

The maximization with respect to the assignment vector b is a combinatorial problem.
One approach to solve this problem is to recursively move nodes across blocks with
maximum increase or minimum decrease in £ [I49]. This is a local optimization ap-
proach. Therefore, the calculations should be performed under different initializations
of the partition b.

An alternative approach to solve the inference problem is to define an additional
parameter -, for each block r, which is considered as the probability that any node
belongs to group r [302]. If we assume a Bernoulli distribution for simplicity, the

logarithm of the probability to observe a graph is:
P(Alw,7) ZP (Alw,7,b)P(bl)

—ZHwbb 1 —wpp,)' ™ A”H%“

b i<y

(4.10)

where the sum is taken over all possible partitions b. The MLE problem is to find
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the values of (w,7v,b) that maximize the logarithm of the likelihood. This is done
using Jensen’s inequality for the logarithm function, which is concave. Let ¢(-) be any
probability distribution over all possible block assignments {1,2,...,B}". Then we
have
log P(Alw,7) > q(b)
b
1 (4.11)
Ai j 1_ArL' i
X log m o wbibjj (1 - wbibj) ! 1:[ Vb

This leads to

log P(A|w, ") ZZ [qu log v, — Z (b) log q(b)

W (4.12)
+ Aijgid logwy s 4+ (1 — Aij)g log(1 — W?”s):| :

where ¢& is the marginal distribution within the chosen distribution ¢(b) that node 4
belongs to group r and qf«js is the joint marginal probability that node ¢ belongs to group

r and node j to group s:

= a0)0br g =Y q(b)b,0h, s (4.13)

b b

The above inequality turns into an equality if ¢(b) is chosen according to the following

formula:
H7,<] u)b b (1 _wb b )1 A” H P)/b

2o Hi<j Wbibj (1- wbibj)l_Aij 1T 7,

If we substitute this expression in Eq. the optimal values of the parameters w,s and

q(b) = (4.14)

7, can be obtained by maximizing the logarithm under the constraint that ) ~, = 1:

Zij Az‘qu 1 i
e = 23 IS e LN (4.15)
Zij %Z"]s n ; "

The expectation-mazimization (EM) algorithm uses iterations of Egs. and for
the maximization of log-likelihood. That is, given an initial guess for (w,~), the prob-
ability distribution ¢(b) is computed, and then using the new value of ¢(b), the values

of w,~ are updated. The EM approach provides a local solution to the maximization

58



problem; however, the update of ¢(b) requires the summation over all possible node
partitions. To avoid this, the belief propagation (BP) algorithm is used to estimate
the probability distribution q(b) and marginal probabilities ¢, qfﬂ]s This is a message-
passing approach to compute the marginal probabilities on graph models. We refer the

reader to [302] for a systematic explanation of the BP algorithm.

Remark 4.3. In the MLE approach, the number of blocks B is fixed as a hyperparame-
ter for the SBM. From a network science point of view, one often does not know a priori
the actual number of latent blocks, and hence B should also be inferred. Discussions
can be found in [217] on extending the SBM framework to estimate B. For our purpose
of decomposing optimization problems, however, it may be useful to keep B as a tunable

hyperparameter so that the most appropriate decomposition can be selected.

Remark 4.4. Community structure [102] refers to an assortative block structure, i.e.,
blocks such that the interconnections inside blocks are much stronger than those between
blocks. In the parlance of SBM, community structure corresponds to a matrix w that
is diagonally dominant. Traditionally, community detection is based on maximizing a
quantitative index called Newman-Girvan modularity [220], which was proved equivalent
to the MLE for SBM [218]. Therefore, the framework of using SBM for learning and
exploiting block structure of optimization problems incorporates our previous efforts

that focused on community detection for decomposition [271], [6].

4.2.3 Bayesian inference

Different from MLE which is a direct point estimation scheme, i.e., which determines a
unique value of parameters, Bayesian inference introduces a prior belief of the probabil-
ity distribution of the parameters, and through the observation, infers an a posteriori
distribution. The main advantage of using Bayesian inference for SBM, proposed by
Peixoto [241], 237], is the role of the prior distribution of the block partitions P(b) as a
regulating factor in the inference.

Specifically, using Bayes’ rule, we obtain

P(b]4) = P(ﬂ%(b) (4.16)
where
P(Alb) = P(Alw,b)P(w|b), P(A)= ZP(A|b)P(b). (4.17)

b
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The task of Bayesian inference is to find the probability distribution P(b|A). Once
P(b|A) is known, the partition b that maximizes P(b|A) can be found as a point es-
timation, which is called the maximum a posteriori (MAP) estimate. Rewriting the
numerator of Eq. as

P(AJb)P(b) = P(A|w,b)P(w|b)P(b) = P(Alw,b)P(w,b), (4.18)
we aim at solving the following optimization problem:
ma}lc)imize log P(A|w,b) + log P(w, b). (4.19)

Comparing to the MLE problem (Eq. , the MAP problem has a regulating term
log P(w, b), which helps to prevent overfitting. For example, for a given network A,
if the number of blocks is increased, with a larger number of parameters, the fitting
based on the log-likelihood log P(A|w,b) alone will always be improved, even if not
revealing the actual latent blocks. Nevertheless, log P(w,b) can be made to decrease
if the prior distribution has a low probability on large numbers of blocks. Thus, the
Bayesian approach provides the user with an additional tuning handle to fit the SBM.

In this paper, the prior distribution is specified according to the microcanonical
ensemble approach [237]. Let v = (v,...,vp) be the vector of numbers of nodes
allocated to the B blocks, with ), 1, = n. Supposing n is given, the prior probability
that the block affiliations b are the current ones is the reciprocal of the total numbers

of permutations that keep v unchanged, i.e.,

v,!

Pbjy) = Ll

o (4.20)

Then, the number of ways to separate m nodes into B blocks is (g:ll) Then the

probability that the sizes of blocks are consistent with v is

P(|B) = <gj>_l. (4.21)

To avoid overfitting, one can further assume that the probability of having B blocks,

P(B), equals 1/N where N is a maximum allowed number of blocks. Hence the prior

60



of block assignments P(b) is

1
P(b) = P(blv)P(v|B)P(B) = H;!”“! (g:ll) % (4.22)

The prior of w can be substituted by a prior of the number of edges e,; between each
pair of blocks r < s. This prior is assumed to be uniform among all ways of allocating
m edges among B(B + 1)/2 block pairs:

-1
P(e) = <B(B+1)?<j+m— 1> | (423)

For the computation, we follow a Markov Chain Monte Carlo (MCMC) approach
where P(b|A) will be sampled starting from a random node assignment by. For each
node a move proposal is made b; — b, and is accepted with probability « following the
Metropolis-Hastings criterion. This guarantees that the Markov chain will converge to
the equilibrium distribution P(b|A). The selection of the move proposal for each node
is done by exploiting the group membership of the neighbor nodes and selecting one of
them. The complexity of the algorithm is quasilinear O(nIn?n), where n is the number
of nodes in the network, and is independent of the number of the blocks [234]. Hence,
the inference problem can be solved efficiently for large graphs. We refer the reader to
Peixoto [241], 237] for a detailed explanation of the algorithm. This approach allows the
estimation of P(b|A), the number of blocks B, and partition b. We must notice that

since this algorithm is stochastic, the results might differ among runs.

Remark 4.5. Let
P(A|lw,b)P(w,b) =277, (4.24)

where o is called the description length of the data:
o = —logy P(A|w,b) — logy P(w, b). (4.25)

Description length is a information-theoretical concept that characterizes the amount
of information that is necessary to encode the data A and the parameters of the model
(b,w). Thus, the goal of finding the network partition that maximizes the posterior dis-
tribution (Eq. is equivalent to finding the partition with the minimum description
length.
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Bipartite graph
Variable graph

subject to hq(x1,23) <0
ho(z1,22,23) <0
hs(z1) <0
ha(zy,24) <
hs (x4, 25) <
he (x5, 26) <
hr (x5, 26, 27) <0

0
0
0

Figure 4.1: Example of the network representation of optimization problems

4.3 Application to optimization problems

In this section we will address the learning of the structure and interaction pattern be-
tween the variables and constraints of optimization problems using the degree-corrected
SBM. First we describe a conceptual, formal relation between different block structures
and decomposition-based solution algorithms. Then, through examples we show the
ability of the proposed approach to learn the block structure of optimization problems

which can subsequently be used in decomposition-based solution algorithms.

4.3.1 Relation between block structure in the optimization problem
and decomposition-based solution algorithms

Network perspective of optimization problems

We will consider a general optimization problem:

minimize f(z)
@ (4.26)
subject to g(x) <0,

where the variables x can be both continuous and binary. Given this problem we
can create the bipartite variable-constraint and the unipartite variable and constraint
graphs [6] which capture the structural interaction among the variables and constraints

of the problem. The bipartite graph has two sets of nodes representing variables and
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constraints, with an edge signifying that a variable appears in a constraint. In the
constraint graph, the nodes are the constraints of the problem and the edges capture
the variables that couple the constraints. Similarly, in the variable graph the nodes are
the variables of the problem and the edges correspond to the constraints that couple
the variables. The graphs for an example problem are shown in Figure [4.1

Although all these graphs correspond to the same problem, each one captures dif-
ferent structural interactions, i.e. the constraint graph captures the constraint coupling
whereas the variable graph captures the variable coupling. Assuming that the graph
of an optimization problem is generated by a SBM, the estimated structure of the w
matrix will allow us to learn the interaction pattern among the variables or constraints
and decide on an appropriate solution algorithm. This selection can be based on the
structure of either the constraint or the variable graph. Therefore we recommend that
one should analyze the structure of both graphs before selecting the most appropri-
ate decomposition based algorithm. In Figure different possible block structures in
a graph and their conceptual relation to decomposition-based solution algorithms are
presented.

The first example (a) corresponds to a community structure (wj; > w;;) where the
two blocks are weakly coupled. This structure can be used for the application of dis-
tributed optimization algorithms, where a central agent coordinates the subproblems
(blocks). The second example (b) corresponds to a core-periphery structure where the
graph is composed of a densely connected core and a sparse periphery which is mainly
connected with the core (w11 > w2 > waz). This is a hierarchical (L-shaped) structure
and can be used as the basis for the application of hierarchical solution algorithms. In
such an approach, the part of the problem that corresponds to the core or the periphery
is assigned to the high-level agent, and the other part is assigned to the lower-level agent.
The relation between the high/lower-level agent and core/periphery is not strict (see
sections 3.1.2 and 3.1.3). The last two cases (c,d) correspond to hybrid core-community
structures. In this case multiple lower-level agents exist and might cooperate to solve

the problem in a nested decomposition approach.

Constraint graph

The constraint graph captures the structural coupling of the constraints, hence a par-
tition of the nodes reveals the variables that couple constraints that belong to different

blocks (overlapping variables). Let’s consider a general optimization problem (Eq. [4.26))
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High-level
agent

Low-level
agent

Figure 4.2: Conceptual relation between the w matrix and decomposition-based solution
algorithms.

and let’s assume, for simplicity, that a partition of the constraint graph into two blocks
is obtained. Hence, the constraints of the problem are partitioned into two sets g1, go
and the variables are partitioned into three sets: variables that belong only in the first
block y, variables that belong only in the second block z, and variables u that couple
constraints that belong in different blocks. Given this partition, the original problem
can be written as:

minimize f(y,z,u)
y7z7u

subject to gi1(y,u) < (4.27)

0
g2(z,u) <0.

Based on the type of variables (continuous or binary) and the hierarchy among the
blocks in this problem, we can apply either Lagrangean or Benders decomposition.

If the problem has binary variables which exist in all sets y, z,u we can apply La-
grangean decomposition. Creating a copy of the coupling variables, u, the problem can

be written as (assuming that the objective function is separable):

y7z7u7u

minimize f1(y) + fa(z) + fa(u)
subject to g1(y,u) <0

92(2,u)

§|
I/\

g
S
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Dualizing the last constraint we obtain:

minimize f1(y) + fa(2) + fa(u) + Au — @)

y7z7u7u 2
subject to g1(y,u) < (4.28)
z 0,

IN

92( ,ﬂ)

where \ are the Lagrange multipliers. This problem can be solved independently for ¥, u
and z,u. In this case, the block structure of the constraint graph lends itself naturally
to a Lagrangean decomposition approach.

If the binary variables belong in some but not all blocks and by fixing these variables
the problem can be solved efficiently, we can apply hierarchical solution algorithms. For
the case of Benders decomposition, we can formulate the master problem (M), sub-
problem (S), and infeasible subproblem (IS) based on the block partition. For example,

assuming that the binary variables belong in ¥, u we obtain:

S := minimize f(y,z,u) 1S := minimize o
z z,a
subject to ga(z,u) <0 subject to ga(z,u) < .

The master problem is:
minimize 7
y7u’17

subject to g1(y,u) <0
n> fy,2,u) + ANga(2P,u) ¥ p € P
0> Nego(ZF,u) V k € K,

where A\, )\ are the Lagrange multipliers and p,k are the iteration numbers that the
subproblem is feasible and infeasible, respectively. In this case the application of Benders
decomposition is based on the idea that some blocks contain only continuous variables
and are connected with the blocks that contain the binary variables. Finally, we must
note that the complicating variables u can be both binary and continuous and different
formulations of the subproblems (S,IS) can be used [99] [69].
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Variable graph

The variable graph captures the interactions among the variables through the con-
straints. Given a partition of the variables into two blocks y, z, the constraints are
decomposed into three sets: constraints that contain only y variables g;, constraints
that contain only z variables go, and constraints that contain both y, z variables, g..

The original problem can then be written as:

minimize f(y, z)

Y,2

subject to g1(y) <0 (4.29)
92(2) <0
gc(.% Z) <0.

Assuming that the binary variables belong in both sets y, z and the objective function

is separable, we can dualize the last constraint (g.) to obtain:

minimize f1(y) + fa(2) + Age(y, 2)

subject to g1(y) <0 (4.30)
0.

IN

92(2)

In this case the constraints are decoupled and if the constraints g. are linear or decom-
posable we can apply Lagrangean relaxation.

If all the binary variables belong in one block, e.g. y (y can contain both continu-
ous and binary variables), and the variable graph has a hierarchical structure such as
core-periphery, hierarchical algorithms can be applied. Again, for the case of Benders
decomposition, we can assign variables y and g; into the master problem and variables

x and go, g. into the subproblem. Given this partition the subproblems are:

S := minimize f(y,z) IS := minimize «
z z,a
subject to g2(2) <0 subject to g2(2) < «
9e(2,9) <0 subject to gc(2,7) <
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and the master problem is:
minimize 7
Yo
subject to g1(y) <0

n> f(y,2) + Ng(zP,y) Vp e P
0> j\lgc(zk’y) Vkek,

Remark 4.6. In the above formulations we assumed that the constraint or variable
graph is decomposed into two blocks. In general, the graph can be decomposed into any
number of blocks. The requirements for the application of Lagrangean decomposition
is the separability of the objective function and the coupling constraints (g.) in the case
that the block structure of the variable graph is used. For the application of Benders
decomposition the requirement is that the binary variables belong in some blocks and

by fixing the variables in these blocks the problem can be solved efficiently.

Remark 4.7. For the application of hierarchical solution algorithms, we considered only
Benders decomposition. In general the hierarchical structure of both the constraint and
variable graphs can be used as the basis for the application of bilevel decomposition. In
this case the master and subproblem are the same and integer/design cuts are added in

each iteration.

4.3.2 Lagrangean decomposition based on the block structure of the

constraint graph

In this section we apply the degree corrected SBM to benchmark optimization problems.
We show that the learnt block structure can be used effectively in decomposition-based
solution algorithms with either a solution or an estimate of the upper and lower bound

obtained in reduced computational time.

Case study 1: General_Model_Casel

We will consider problem General_Model_CaselE] from MORG Library. This is a non-
convex Mixed Integer Nonlinear Problem (MINLP) with 113 variables (12 binary) and
121 constraints. The constraint graph is presented in Figure[4.3] Based on this figure we

'The problem is downloaded in Pyomo format from Thttps://www.minlp.com/
nlp-and-minlp-test-problems.
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Figure 4.3: Constraint graph of the General_Model _Casel problem

5

2

Figure 4.4: SBM results on the constraint graph of problem General Model Casel

see that the graph does not have an apparent structure. We applied Bayesian inference
in graph-tool [23F] and the partition that maximizes P(b|A) is presented in Figure [4.4]
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Table 4.1: Statistics of the subproblems based on the SBM partition of constraints for
problem General Model Case 1.

Subproblem
1 2 3 4 5
Constraints 26 30 36 19 9
Variables

(cont. /binary)

26/3 29/3 38/4 24/2 18/2

From the inference results, the graph is decomposed into five blocks and the w matrix
is: ) )
48 88 36 40 99
88 57 42 0 0

w= (36 42 96 57 O
40 0 57 50 55
99 0 0 55 64]

Based on matrix w the problem has a complex, hybrid core-community structure. Block
1 acts as a coordinator (core) since it connects all the other blocks which form an ordered
community structure. If we consider only the interactions among blocks 2-5, we see that
blocks 2,3,5 are assortative communities (w;; > wij) whereas block 4 is a dissasortative
community (w;; > wj;). Given this partition of the constraints, the binary variables
are present in all the blocks and the problem is decomposed into five MINLPs with the
statistics of the subproblems presented in Table

We apply Lagrangean decomposition, the subproblems are solved with BARON
[273] and the dual variables are updated using the Fischer formula [93]. The evolution
of upper and lower bounds are presented in Figure From the results after 400 CPU
seconds the gap between the upper and lower bound is 131.8% whereas solving the entire

problem monolithically the gap is 526%.

Case study 2: 4stufen

In the second case study we consider problem 4stufen from MINLP Libraryﬂ Before
creating the constraint graph one equality constraint is removed since it contains only

one variable and the variable appears only in this constraint and the objective function.

2The problem is downloaded in Pyomo format from https://www.minlp.com/
nlp-and-minlp-test-problems [53].
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Figure 4.5: Evolution of the upper and lower bound for problem General Model_Casel
using Lagrangean decomposition based on the results of Bayesian SBM.

The variable is fixed to the value of the constraint and is considered as a parameter
in the problem. This is a nonconvex MINLP with 148 variables (48 binary) and 97
constraints. Application of Bayesian SBM on the constraint graph identifies two blocks
and the partition with maximum P(b|A) is presented in Figure

Based on the entries of the w matrix the blocks are weakly connected (wi; > wj)

[71 16 ]
Wstufen =

and have different densities.

16 154

The problem that corresponds to block 1 (blue nodes) is a MINLP with 43 constraints
and 95 variables and the problem that corresponds to block 2 (yellow nodes) has 54
constraints and 53 variables and is a nonlinear problem (NLP). Based on this decompo-
sition we apply Lagrangean decomposition, the subproblems are solved with BARON
[273], the update of the dual variables is based on the Fischer formula [93], and the
initial stepsize is one and is reduced by a factor of two if the lower bound is not up-
dated after three iterations. The evolution of the upper and lower bound is presented
in Figure After 3000 CPU seconds the gap is 18.7% whereas solving the problem
monolithically with BARON the gap is 928%.

70



Figure 4.6: SBM results on the constraint graph of problem 4stufen

4.3.3 Generalized Benders decomposition based on the hybrid core

community structure of the variable graph

In this section we analyze the variable graph of the optimization problem. We consider
problem feedtray from MINLP Libraryﬂ This is a nonconvex MINLP with 98 variables
(7 binary) and 92 constraints. The partition of the variables with the maximum value
of P(b|A) is presented in Figure From the results, the variable graph has a complex

block structure and is decomposed into nine blocks. Block 1 contains all the binary

variables and the continuous variables are assigned into the other blocks. The matrix w

is:

21 0 1 2 1 0 2 1 0
0 48 563 0 0 0 0 O O
1 53 30 55 1 0 2 1 O
2 0 55 45 55 0 4 2 0
1 0 1 55 33 53 2 1 O
0 0 O 0 53 22 53 0 O
2 0 2 4 2 53 45 55 O
1 0 1 2 1 0 55 30 53
0 0 0 0 0 0 0 53 53
3The problem is downloaded in Pyomo format from

nlp-and-minlp-test-problems| [53].
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Figure 4.7: Evolution of the upper and lower bound for problem 4stufen. The dashed
line corresponds to the solution reported in MINLP Library.
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Figure 4.8: Bayesian SBM results of the variable graph of feedtray problem
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From the structure of the w matrix the graph has a hybrid or two level core-community
structure. We can argue that block 1 is in the first level (core) since all the nodes in this
block are connected with each other, and this block is connected with the other blocks
which contain continuous variables. Blocks 2 to 9 are in the second level, where from the
structure of the w matrix, we can determine that a dissasortitive community structure
exists since w;; > wy; for the highlighted entries. Given this structure, we solve the
problem using Generalized Benders Decomposition (GBD) [99, [108]. The variables in
the first block and the constraints that contain only these variables are assigned in the
master problem and the other variables and constraints are assigned in the subproblem.
Although the variables in the subproblem have a dissasortative community structure,
we do not decompose it further since the problem can be solved efficiently. Given
this decomposition, the master problem is a mixed integer linear problem which is
solved with Gurobi [I24] and the subproblem is a nonlinear problem which is solved
with IPOPT [285]. GBD converges after four iterations, 2.34 CPU seconds, and the
objective function is -13.42 (the global solution from MINLP Library is -13.42). Solving
the problem monolithically with BARON [273] the gap after 100 CPU seconds is 412%.
We must note that although in this case the global solution of the problem is found, this
can not be guaranteed for the general case where the subproblem is nonconvex [256],
and the solution depends on the initialization of the GBD algorithm.

These case studies show that application of SBM to optimization problems can reveal
the underlying, often complex, block structure of the problem and guide effectively the
adoption of the proper decomposition-based solution algorithm. However we must note
that the convergence of decomposition-based solution algorithms can not be guaranteed
[275], (108, 256, T3], since it depends on the problem formulation (convex/nonconvex
objective and constraints), problem decomposition and the algorithm itself (values of
the algorithm parameters). Therefore, for a general problem we cannot guarantee that
a decomposition-based solution approach based on the underlying block structure is

superior to a monolithic approach.

Remark 4.8. We note that in the proposed approach the decompositions obtained
are optimal from a network structure perspective. Although the examples document
improvements over monolithic solution approaches, these decompositions are not guar-
anteed to be optimal with respect to the computational time or convergence rate. Also,

the graph representation of the optimization problem does not differentiate between
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convex/nonconvex constraints and continuous/binary variables whose allocation to spe-
cific subsystems may lead to further computational improvements. Finally, the com-
putational times for the subproblems generated in the decomposition might not be
balanced, hence the decomposition might not fully exploit the benefits of parallel com-

puting. These issues will be addressed in future work.

Remark 4.9. In this paper SBM is used to learn the structure and interaction pattern
of the variables and constraints at the optimization level (problem formulation) in order
to facilitate the solution of these problems. Structure detection can also be used at the
linear algebra level [146] to accelerate the solution of the large-scale systems of linear

algebraic equations that are solved in the optimization iterations.

4.4 Automated structure learning and decomposition based

solution of optimization problems

In previous work we have developed DeCODe (Detection of Communities for Optimization
Decomposition) [6], a Python package for community-based automatic decomposition
of optimization problems. Lagrangean decomposition is then applied based on the com-
munity structure of the constraint graph. In this section we describe an extension of
this software by considering more general block structures in both the variable and
constraint graph of optimization problems, and the application of distributed and hi-
erarchical solution algorithms as discussed in the previous section. The new package,
written in Python, is called DecODe (Decomposition of Optimization problems by
Detection) and is presented in Figure

The solution of the optimization problem in DecODe is obtained in three automated
steps: learning of the underlying structure, subproblem generation, and decomposition-
based solution. Given an optimization problem in Pyomo [129] (Eq. [£.26)), first the
structure of the problem is learnt. DecODe allows the implementation of community
detection (through modularity maximization using the Louvain algorithm [?] in the
community package), core-periphery detection using SBM with two blocks, and SBM
without any assumption on the number of the blocks (using Maximum Likelihood Esti-
mation or Bayesian inference in graph-tool [235]). These algorithms can be applied to
the constraint and variable graphs (created using Networkx [126]) of the optimization
problem. The pseudo-code for this task is presented in Algorithm
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Optimization .

! DecODe Solution

problem
Block structure detection Decomposition based solution

Variable graph Create subproblems
Core periphery and hybrid Apply Benders
core-community structure Decomposition
Network

creation

Create subproblems
Apply Lagrangean
Decomposition

Constraint graph
Block structure

Figure 4.9: General overview of the DecODe Python package

Based on the learnt structure of the constraint and variable graph, different solution
algorithms can be applied. A block structure in the constraint graph is used as the basis
for the application of Lagrangean decomposition. First the original problem is decom-
posed into the subproblems based on the partition of the constraints (Algorithm .
Given the partition of the constraints, the variables (z.) that couple constraints that
belong to different blocks are identified, a copy is created (Z.) and equality constraints
are added x. = T.. The dualization of these constraints decouples the constraints and
the subproblems can be solved independently.

Given the subproblems and the associated dual variables, Lagrangean decomposition
is applied (Algorithm . The update of the dual variables is done using subgradient
ascent and the Fischer formula [93]. The initial step size and its reduction schedule are
parameters that can be selected by the user. The update of the upper bound is done
based on the heuristic of fixing the binary variables.

A core-periphery structure in the variable graph is used as the basis for the applica-
tion of Benders decomposition [99, 27, [108]. First the affiliation of the binary variables
is analyzed. The algorithm requires that the binary variables should be assigned in
the master problem. Thus given the learnt partition, if the above requirement is met,
the variables are assigned in the master and subproblems. We must note that in this

approach the master problem can have both binary and continuous variables. This is
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Data: Optimization problem in Pyomo
Result: Constraint and variable graphs and the learnt structure:
By, Bey by, bey wiyy we, ™™ bEP
1 import NetworkX, graph-tool and community libraries;
2 Create unipartite variable (B,,) and constraint (B.) graphs;
3 Apply Stochastic Blockmodeling to B, B;, and obtain network partitions
bn, by Wi, We;
4 Apply community detection on the constraint graph to obtain a partition of the
constraints bSo"™;
5 Apply core-periphery detection on the variable graph to obtain a partition of
the variables by

Algorithm 4.1: Learn the structure of the optimization problem

Data: Constraint graph B, and partition b. or b5

Result: Subproblems, dual variables

Identify the coupling variables, x;

Create a copy of each coupling variable, Z;

Create equality constraints x. = Z;

Dualize the constraint from previous step, create dual parameter A and assign
variables-constraints to their respective subproblems;

5 Distribute the terms of the objective function based on the group membership

of each variable and equally distribute the fixed terms among the blocks;

B W N =

Algorithm 4.2: Decompose the problem into subproblems based on the parti-
tion of the constraint graph

different compared to the traditional application of the algorithms, where only the bi-
nary variables are assigned in the master problem. Let’s define as y the variables in the
master problem and x the variables in the subproblem. The constraints that contain
only y variables are assigned in the master problem and constraints that contain both
x,y variables are assigned in the subproblem. Given this partition the infeasible sub-
problem is created by relaxing the inequality constraints of the subproblem [99]. Finally
the Lagrangean functions and objective functions are created (Algorithm .

Given the decomposition of the original problem, Benders decomposition is applied.
The algorithm is initialized by solving a feasibility problem and the user must define
the tolerance, maximum number of iterations, CPU time and the output is the solution
of the master problem, subproblems, and the upper and lower bounds (Algorithm .
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Data: Subproblems, dual variables, tolerance=tol, maximum number of
iterations=max_iter

Result: Values of the variables, upper and lower bound

Define solvers;

Initialize the algorithm, fix the value of the dual variables to zero;

Define upper bound, UB = oo and lower bound LB = —oc;

while |UB — LB|y > tol and iteration < maz_iter do

Solve the subproblems and obtain a lower bound, LB;

Update upper bound, U B, fixing the binary variables (from the solution of
the subproblems in the previous step) in the original problem and solving
the problem;

7 Update the dual variables;
8 end

[~ B B VU R VN

Algorithm 4.3: Apply Lagrangean decomposition based on the block structure
of the constraint graph

4.5 Conclusions

The solution of large-scale optimization problems is pivotal for the optimal design and
operation of process systems. In this paper we introduced Stochastic Blockmodeling
and statistical inference as a framework to learn the underlying structure of optimiza-
tion problems without any assumption on the structure of the problem. We applied
this approach to benchmark optimization problems and we showed that it can learn
the underlying complex block structure which can subsequently be used effectively in
decomposition-based solution methods. Finally, we presented DecODe a python pack-
age for automated structure detection and decomposition-based solution of optimization

problems.
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Data: Variable graph B,, and partition b, or b;’
Result: Master, subproblem and Infeasible subproblem, Langrangean functions

1 Identify the set with the binary variables and assign them in the master
problem, let’s assume the set is y;

2 Assign the other set, z, in the subproblem;

3 Based on the decomposition of the variables, the constraints that depend only
on y are assigned into the master problem and constraints that depend on y, x
are assigned into the subproblem:;

a Create n variable in the master problem and change the objective function;

5 Create the infeasible subproblem by relaxing the inequality constraints;

6 Create the Lagrangean functions L, L;

Algorithm 4.4: Decompose the problem into subproblems based on the parti-
tion of the variable graph

Data: Master problem (M), Subproblem (S) and Infeasible subproblem (1.5)
problems, Langrangean functions, tolerance=tol, maximum number of
iterations=max_iter

Result: UB,LB and the values of the variables

1 Set upper bound UB = oo and lower bound LB = —o0;
2 while |UB — LB| > ¢ and iteration < maz_iter do

3 Solve problem M and obtain y =y, n = LB;
4 Solve problem S for y = ¥;
5 if problem S is feasible then
6 Obtain x, dual variables A\, p and UB = f(Z,);
7 Add Benders cut: n > L(Z,y, A, fi);
8 else
9 Solve problem IS for y = ¥;
10 if problem 1S is feasible then
11 Obtain # and dual variables ), fi;
12 Add feasibility cut: 0 > L(z*, y, \*, @*);
13 else
14 ‘ break: Problem IS is infeasible
15 end
16 end
17 end

Algorithm 4.5: Apply Benders decomposition
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Chapter 5
Efficient Solution of Enterprise-wide Optimiza-
tion Problems Using Nested Stochastic Blockmod-

eling

5.1 Introduction

The integration of process operations is considered as a promising avenue to improve
the economic performance of process systems [114) [75]. This approach considers si-
multaneously different decision making problems, resulting in large scale optimization
problems whose solution is a challenging task. The difficulty arises from the inherently
nonlinear behavior of most process systems and the different time scales that are in-
volved. For example, supply chain/planning decisions span a time horizon of months,
scheduling decisions are made weekly, and control decisions are made in the time scale
of seconds or minutes. The integration of these decision layers leads to multi-scale op-
timization problems which are generally nonscalable and whose monolithic solution can
be intractable.

Different approaches have been proposed to reduce the complexity of such problems
and improve the computational time. In one approach the problem is decomposed into
distinct steps, where the different problems are solved hierarchically and the solution of
the upper level problem is an input to the lower level problems [I8§]. In this approach,
although the computational time is reduced the solution can be suboptimal. A second
approach to improve the tractability of a problem is to approximate the computationally
complex part with a simpler surrogate model [34]. Typically, this approach is used to
handle long time horizons and approximate the behavior of nonlinear systems [188] 230,
300, 52, [65] 57, [4].

A different approach is to exploit the structure of the full problem and apply decom-
position based solution methods. Typical examples are the application of Lagrangean
and augmented Lagrangean relaxation/decomposition [119, 280 120, [I77], Benders

and Generalized Benders decomposition [27, 108, 64, [174], and bilevel decomposition

(©Reprinted, with permission, from I. Mitrai, P. Daoutidis. Mitrai, I. and Daoutidis, P., 2021.
Efficient solution of enterprise-wide optimization problems using nested stochastic blockmodeling. In-
dustrial & Engineering Chemistry Research, 60(40), pp.14476-14494, DOI:10.1021/acs.iecr.1c01570.
Copyright 2023 Americal Chemical Society
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[144), 264]. Although this approach can reduce the computational time, a decomposi-
tion of the problem itself is necessary. The decomposition chosen is typically problem
specific or is based on intuition. In general we can argue that decomposition based
solution algorithms exploit some block structure in the problem [69, [76]. For exam-
ple, in Benders decomposition the problem is decomposed into a master problem and
a subproblem, where the latter provides information about the effect of the master
problem on the solution of the subproblem. This can be considered as a hierarchical
structure since the solution of the subproblem depends on the solution of the master
problem. On the contrary, in Lagrangean relaxation/decomposition, the problem is de-
composed into subproblems which are coupled through a number of constraints, called
complicating constraints. This partition implies a weakly coupled block structure in
the problem, where the value of the coupling constraints affects the solution of the sub-
problems. Despite this direct relation between block structure and decomposition based
solution algorithms, the block structure of an optimization problem is not always appar-
ent. Therefore, the detection of the underlying structure of a problem is an important
first step towards the selection of the most appropriate decomposition based solution
algorithm.

In recent research, we have proposed the application of network science concepts
and tools in order to systematically decompose optimization problems [6, 198]. In this
approach the structural coupling among the variables and constraints of an optimiza-
tion problem is captured through the variable and constraint graphs. In the variable
graph, the nodes are the variables of an optimization problem, the edges are the con-
straints that couple two variables and a weight, which is equal to the number of such
constraints, can be assigned to each edge. Similarly, in the constraint graph, the nodes
are the constraints of the problem and the edges are the variables that are present in
the constraints. This graph representation of an optimization problem allows the sys-
tematic analysis of its structure using tools from network science. The first tool that
was employed was community detection [102]. This approach can provide high quality
decompositions whereby groups (blocks) of variables or constraints are identified with
weak interactions (in a statistical sense) [6, 271]. Centrality analysis can be used in
conjunction to reveal the hierarchical relation among the communities [I98]. Although
this approach can provide decompositions that can reduce the computational time, the
main assumption is that the graph and hence the optimization problem has a commu-

nity structure. In [207] we have proposed the application of Stochastic Blockmodeling
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(SBM) and statistical inference as a framework to learn the underlying structure of op-
timization problems without any a-priori assumptions on the structure of the problem.
Stochastic Blockmodels are random graph generative models that allow the genera-
tion of random graphs with arbitrary block structure [110]. Statistical inference allows
learning the SBM that generated a given problem and therefore detecting its underlying
block structure. The estimated structure can then be used as the basis for the applica-
tion of decomposition based solution algorithms, which can reduce the necessary time
to obtain a solution or an estimate of its lower and upper bound. However, neither of
these approaches (community detection or SBM) can detect the possible hierarchical or
multi-scale structure of a problem.

In this paper, we propose the application of nested Stochastic Blockmodeling (nSBM)
for learning the hierarchical block structure of optimization problems. nSBM describes
a nested hierarchy of Stochastic Blockmodels where the connections among the nodes
depend solely on their block affiliation [236], 240, 133]. The parameters of the model,
which are estimated through statistical inference [236] 237], reveal the block structure
of the problem at different hierarchical levels and the hierarchy itself. We apply this
approach to optimization problems that arise in the integration of process operations,
and we show that it can indeed learn the hierarchical multi-scale structure of these
problems and guide the application of decomposition based solution algorithms.

In the rest of the manuscript, we begin by presenting the nSBM model, the inference
problem, and solution approaches. In the next two sections we apply this approach to
the integration of scheduling and dynamic optimization and the integration of planning,
scheduling and dynamic optimization. For both cases, we analyze the structure of the
problem and compare the decompositions that are obtained at different hierarchical

levels.

5.2 Nested Stochastic Blockmodeling and Bayesian Infer-

ence

In this section the stochastic model and inference approaches will be presented for the
simple nested Stochastic Blockmodel in order to keep the notation simple. In the end

of the section we will discuss extensions and variants of this basic model.

81



5.2.1 Stochastic Blockmodel

Consider an undirected graph G(V, E) with N nodes, M edges (|[V| = N,|E| = M) and
adjacency matrix A € RV where A;; = Aj; is equal to the number of edges between
node ¢ and j. We will assume that the nodes are assigned into B blocks and will define
a partition vector b € RN, where b; € {1, ..., B} denotes the group membership of node

REXB  where w,s is equal to the number of edges

i. We also define the matrix w €
between the nodes that belong in block r and the nodes that belong in block s, and w;.,
is equal to twice the number of edges between the nodes in block r. The entries of the

w matrix are equal to:

N N
Wrs = ZZAijabi’l‘ébjs VT' - 13 "'7B73 - 17 B7 (51)

i=1 j=1

where ¢ is the Kronecker delta. Finally, we define n € RZ, where n, is equal to the

number of nodes in block r and is equal to:

N
Ne = Opy ¥r=1,.,B. (5.2)
=1

We note that for a given graph with adjacency matrix A, both w and n depend on the
partition of the nodes b.

For a simple graph (A;; € {0,1}), given a number of nodes N and a partition b into
B blocks, different graphs with the same w matrix can be generated, and all the graphs
are equally probable. This leads to an ensemble of graphs where the total number of

different graphs is equal to [233]:

B
Q)= ] Qs (5.3)

e (22 0= (2)

The first expression above is equal to all the possible ways to select w,.s; edges from n,ng

where

(nyns is equal to all the possible edges between all the nodes in block 7 and all the nodes

in block s). Similarly, the second expression is equal to the number of ways to assign
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wyr/2 edges between the nodes in block r. Since all these graphs are equally probable,
the probability to observe a graph G given a partition b is equal to

1
P(GJb) = .
G = g (55)
and the entropy of the ensemble is equal to
Sg(w,b) =InQ(w,b). (5.6)

For a multigraph, defined as a graph with multiple edges between two nodes (A;; €
Z+.), the different ways to create a graph with N nodes and a partition b into B blocks
are equal to [233]

B
Qnw,b) = [ o, (5.7)
r=1,s=1,r>s
where ) e " .
Q:’;:(nrns—i_wrs_ >,Q$:< P} —t} 9 > (58)
Wrs =5

The first expression is equal to the number of w,s combinations with repetition from a
set with size n,ns. Similarly as in the case of a simple graph, all multigraphs are equally

probable, the probability to observe a multigraph is 1/€Q,,(w,b), and the entropy is
S (w,b) = In Qypy (w, b). (5.9)

5.2.2 Nested Stochastic Blockmodel

The nSBM is based on the idea that for a given graph G(V, E) (simple or multigraph),
a partition b into B blocks leads to an w matrix whose entries are positive integer values
(wrs € Z4). Therefore this w matrix can be considered as the adjacency matrix of a new
multigraph G’ with B nodes and F edges, i.e. w = A’, where A’ is the adjacency matrix
of mutigraph G’. Similarly, the nodes in this new multigraph can be partitioned into
B’ blocks leading in turn to a new w’ matrix, which can be considered as the adjacency
matrix of a new multigraph G” with B’ nodes. This procedure can be continued until
one block is left, leading to a nested sequence of Stochastic Blockmodels, where the first
level simple graph is the observed network and the multigraphs in the other levels form
the nested model [236]. An example of a nested stochastic blockmodel with three levels

is presented in Figure [5.1} The colors used to denote the blocks in a specific level do
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not have any association with the colors in the other levels.

Let’s assume that [ = L levels exist and [ = 0 corresponds to the observed network.
The number of nodes in level [ multigraph is B; (B; < B;—1) and the number of edges
is E. Based on the definition of the nSBM, the last level | = L has one block (Br = 1).
We define w! € RBXBi where w!, is equal to the number of edges between the nodes
in block r and s in level I. We also define n! € RB!, where n. is the number of nodes
in block r in level I, and b € RP! is the partition of the nodes in level [ into B; blocks.

Given these definitions the following equations hold

B, B, B
By=Y nb, E=) "> uwl /2 (5.10)
r=1 r=1s=1
B;_1 B
why=>_ Aﬁjébirébés Vr=1,..,B_1,s=1,..B_1. (5.11)
i=1 j=1

Based on these equations, the total number of edges is the same in all the levels and

the number of nodes decreases. The entropy of the nested SBM is equal to:

L
Sn = Sg(w®,1°) + > S (', 1), (5.12)
=1

where S, Sy, are given by Eq. The first term is the entropy of the observed
simple graph, and the second term accounts for the entropies of the multigraphs in each

level I. Since all graphs at all levels are equally probable, the probability to observe a

nested SBM is equal to
1
P= 7 (5.13)
Q0,09 TI2, D (W, b)

5.2.3 Inference approach

Given a graph G(V, E) the goal is to infer the block partition and w matrix for all the
levels that best fit the data (the observed graph). Two approaches can be followed
to solve the problem, Maximum Likelihood Estimation (MLE) and Bayesian Inference.
In this work, we will focus on the second approach, which involves the estimation of

the posterior probability of the observed network. If we assume that one level exists
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Figure 5.1: Example of a nested SBM (reproduced/adapted with permission from [240].
Copyright 2020 Wiley). The observed graph has N = 1273 nodes, E = 8309 edges and
the nodes of the observed network are partitioned into By = 12 blocks. The hollow
circles denote self-edges.
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(L =1), then from Bayes’ rule:

P(blA) = P(’g?x(b), (5.14)
where
P(AJb) = P(A|w,b)P(w|b), P(A) = ZP(A|b)P(b). (5.15)

b

In Bayesian inference the goal is to find the probability distribution P(b|A). Based on
this distribution different partitions can be sampled, and the partition that maximizes

the probability can be found. The numerator in the above expression can be written as:
P(A|b)P(b) = P(A|w,b)P(w|b)P(b) = P(A|w,b)P(w,b). (5.16)

Therefore the original task of maximizing P(A|b) is equivalent to maximizing P(b|A) or

minimizing — P(b|A) which is equal to:

mir%)i’glize —logy P(Alw,b) — logy P(w, b). (5.17)
This objective function has an information theoretical interpretation. The first term
is the amount of bits necessary to encode the observed data, and the second term
is the amount of bits necessary to encode the parameters of the model. Hence, the
Bayesian inference approach lends itself naturally to the usage of the description length
Y = —logy P(Alw,b) — logy P(w,b) as the objective function and avoids overfitting. An
increase in the number of blocks leads to a reduction in the first term, but the model is
more complex leading to an increase in the second term.
For the nested SBM case, the goal is to estimate or maximize P({b'}%_,|A) which is

equal to [237]
P({bl L |A) = P(A’{bl}lL:I)qul}lL:l)‘

- 1
=1 P(A) (5 8)
Similarly to the case of a single level, the numerator can be written as
P(ARW Ly Y ) P g, (0 ), (5.19)
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and the inference problem is:

minimize ( — logy P(A{w! M, (W) — logy P({W! Yy, {bl}fzo) . (520)
{bl}zL:v{wl zL:1
In this paper, we will use the microcanonical ensemble approach to define the prior
distribution [237]. The prior for the partition in all levels, P({b' }lB:l 1), is equal to

L
P({t'}{y) = [T PO). (5.21)

I=1
We can assume that the size of the different blocks depends on the number of blocks.
Therefore, given the sizes of the different blocks, n!, the probability to observe b' is

equal to

[T, nl!
P(bl|n!) = lel. (5.22)

Additionally, the different ways to assign the nodes in level [ into B; nonempty blocks

is (B 511_11). Hence, the probability to obtain n! given B! is
pas) - (P 1) (5.23)
1) = B —1 . .

Finally, we can assume that the probability of having B! blocks is P(B') = 1/B;_1,
where B;_; is the maximum number of blocks in level [, i.e. every node is assigned into

one block. Overall, the prior probability of the block assignments in level [ is

B l| B -1 —1

—1 Nyt _ _
p(bl):P(blnl)pmlyBl)P(Bl):Hél,< él 1) B (5.24)

-1 l —

The prior for P({w'}  [{b'}E£)) is equal to
L L

P({w' Hoy {0} iy) = [T P!, 0h) = [T P(A™ o™, 0) (5.25)
=1 =1
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where .

1,1 I+1
nen. + -1
P(wl|wl+17bl) I | ( ne lciTls )

r<s Wrs

B (5.26)

<11 (ni(ni F1)/2 +whtl/2 — 1>

; wanﬁl/Q

Based on the above equation, the probability P(w!|w!*!, b) to observe a multigraph in
level I+ 1 with adjacency matrix A" = w!, depends on b',w!*!. b* dictates the number
of nodes in level [ + 1 and w't! dictates the connection pattern among the nodes.
Note that the expression for P(w'|w!*!,b') is equal to 1/Q.,. Given the above prior
distributions, the posterior is estimated using a Markov Chain Monte Carlo approach
as described in [240), 237]. In this method, at each level, node move proposals are made
based on the block affiliation of the neighbor nodes using a Metropolis-Hastings criterion
which guarantees ergodicity, i.e. all possible partitions are possible.

The above formulation and inference approach for the basic nSBM model can be
extended to account for more general models. Specifically, we first mention the degree-
corrected nSBM [237, 240]. In the simple nSBM, nodes with high degree tend to be
assigned to the same block. This issue is resolved using the degree corrected version (DC-
nSBM), where the prior of the degree distribution depends on some hyper-parameters
which are estimated from the data, i.e. observed network.

The second variant of the nSBM, called weighted nSBM [238], accounts for edge
weights, which denote the strength of coupling among the nodes. We define the observed
weights as x, where x;; is the weight of an edge between node 7 and j, and the probability
distribution of the weights depends solely on the group membership of nodes i and j.
If we assume for simplicity that only one level exists, then given a number of nodes n, a
partition b and v, a parameter that governs the sampling of the weights, a graph with
adjacency matrix A and weights x can be generated, and the probability to observe it

is equal to
P(A, ]6,,b) = P(x|A,7,b)P(A]6,b), (5.27)

where 6 are the parameters of the model. The partition that maximizes the probability

to observe a partition b, given a graph A and weights x is

P(A,z|b)P(b)

P(b|A,x) = PA, )

(5.28)
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The posterior distribution can be estimated following a Bayesian inference approach.
Based on the data, different models can be used for the weights. We refer the reader to
[238] for a detailed explanation of the weighted nSBM model and the inference approach.
We must note that although the number of blocks in the observed network By can be
inferred from the data it can also be used as tunable hyperparameter.

In the subsequent sections we illustrate the application of this modeling and inference

framework to two different classes of enterprise-wide optimization problems.

5.3 Integration of Scheduling and Dynamic Optimization

5.3.1 Optimization model

First we will consider the integration of scheduling and dynamic optimization for con-
tinuous parallel lines. The problem formulation is based on [98]. We assume that
N, (I, = {1, ..., N,}) products must be produced, N; (Z; = {1, ..., N;}) production lines
are available and the time horizon in each line, H;, is divided into Ng (Zs = {1, ..., N5})

slots.

Scheduling model

First we define variable Yji; € {0,1} which is one if product i is produced at slot k
in line [ and zero otherwise. In each slot and line only one product can be produced
and each product is produced at least once. These constraints are modeled through the

following equations:

Np

Y Yiu=1VkeI,leT

=1

. (5.29)
ZZYM >1VicT,

=1 k=1

Additionally, variable z;;; € [0,1] is introduced to denote a transition from product i

to product j at slot k and line [, which depends on the value of the Yj;; variables as
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follows:
NP

> ziju =Y Vi€ keI, lel

= (5.30)

Zz”kl Yieen VieL,kel,k#1,1€T.

Each line is composed from Ny slots and the total production time of product i in slot k
and line [ is tf,:lo ?_ This time is the sum of the production time and the transition time

¢%,. The timing constraints are the following:

t?]:lOd < tmainkzl Vie Ip, ke Is,l c Il
SRt (5.31)

_Y Y melyier,

1=1 k=1

The amount of product ¢ produced in slot k at line [ is given by W;; and the production
rate is 7. The amount of product 7 that is produced must satisfy the demand (d;). The

constraints are the following:

Wikt = rag(t57" — 08, Yim) Vi € Ty k € Ty, 1 € T
N Qi (5.32)

ZZ ““l—d Viel,

k=11=1

The objective of the scheduling model is to minimize the cost which consists of the

production, transition and storage cost and is given by the following equation:

NP NP N l

A d
BN CLEETNED 3w SIS

i=1 k=1 I=1 i=1 j=1 k=1 I=1

trans ;

where cp is the production cost of product ¢ at line [, ¢;7*"* is the transition cost between

stor :

product i and j, and ¢7°" is the inventory cost of product 7 in line [. These parameters

are calculated using the following equations

cfl = cfrOdril , cf;l‘ms = 0.9cfmdril , cflmr =0.5(1 — di/ril)cﬁnv, (5.34)

v

where "o is the production cost of product i and ¢ is the inventory holding cost.
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Dynamic model

We will assume that the dynamic behavior of the system for each line | can be modeled

by a general system of differential equations:
i = F(af,u) Vi€ T (5.35)

where 27" is the value of state n at line [. The dynamic model is discretized using colloca-
tion on finite elements and the discretized equations are (N, Ny, is the number of finite

elements and collocation points respectively, and Zr = {1,..., N¢.},Z. = {1, ..., Ngp}):

Nep
Do = 20 + 1l S Qued iy V0, f €Ly, c € Tok € I, 1 €T

m=1
Nep

20y = 2071y + bl D" Qe g g I, f €Ly f > 2, (5.36)

m=1

cel. kelled
jjrflckl = Fn(l‘?ckl,'u;cnckl) Vn,f S If7C S Ic,k S Ig,l S Il

t

0
hie = - VkeL,leT (5.37)
fe

Finally, we define t‘}ckl which is equal to the time at finite element f, collocation point

c at slot k in line [, and the following equation holds:
th =Wl (f —1+7) Vfe€ZIyceT, keI, leT, (5.38)

where v, is the root of the Lagrange orthogonal polynomial at collocation point c.
The dynamic model is used to find the optimal transition profiles for the states and
manipulated variables of the problem. The objective function for a transition from

(w0, u0) to (xf,uy) is given by:

tf 1 N.fe NCP d
/0 (u — uy)?dt ~ N Z thcklAc,Ncp(Ufc —ug)? (5.39)
€ f=lc=1

where . is the Radau root at collocation point ¢ and A is the collocation matrix.
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Integrated problem

The steady state value of state n and manipulated variable m for product 7 is z% and
usy respectively. Next we define xﬁ}d, x%’ﬁl, ufgkl, uﬁf,fl which is the value of state n and
manipulated variable m at the beginning and end of slot k at line . These variables are

related to the scheduling variables through the following constraints:

NP
ziy =Y anYi_u Vn,k € Ik > 1,1 €T,
=1

NP
mn ss
Tpi = me iNgl V.l €1
i=1

Np
ufgkzl = ZufrfiYik—u Vm,k € Is, k > 1,1 € I,
i—1
N, (5.40)
U1 = ZufiiYist vm,l €T,
=1
Np
wond = foﬁ ikl Y,k € Is, 1 € 7,
=1
Np
ush = us Vi ¥m k € I, 1 € T
i—1
20y = @y VK, 1
d
TN Nophl = Tt V1, K,
o o (5.41)

m in
Ui = ug Y0, ksl

m __,end
UN, Nkt = Ut V7, K,
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Table 5.1: Steady state conditions, production and inventory cost for all the products
(the production rate for each product is the same in both production lines), a,, = 0.01

s os Production  Inventory = Production Demand
Product - e*(mol/L) - Q*(L/R) i ($/kg) cost (8/kgh) rate (kg/h) rate (kg/hr)
1 0.24 200 120 ) 40 18
2 0.2 150 150 5.5 80 14
3 0.3032 130 130 7.8 278.8 17
4 0.32 1000 125 9 607 16

The objective of the integrated problem is to minimize the cost and the optimization

problem is the following (a, is a weight coefficient):

N, N,

P s l S l
ikl
minimize ZZZ D ’kl+zzzz transgt Z]
H,
i=1 k=1 [=1 i=1 j=1 j5=1I=1
NP Ns Nl
t
D W
i=1 k=1 =1 (5.42)

N; Ng Nfe Ncp

td
+auzzzz kal cNLp ufckl_ukl )2

I=1 k=1 f=1 c=1

subject to Equations [5.29]5.30} [5.31], [5.32} [5.36][5.37][5.38] .40 [5.41]

5.3.2 Application of Nested Stochastic Blockmodeling

In this case study, we will assume that four products must be produced in two identical
isothermal continuous stirred reactors (2 lines) with two slots. The dynamic behavior
of the reactors is modeled by the following equation:

% = %(Cfeed - C(t)) + k’C(t)S, (543)

where ¢ is the concentration of the reactant, @ is the inlet flowrate (manipulated vari-
able) and V = 5000 L,cfeeq = 1 mol/L,k = 2 L*/(hr mol?) are the volume, inlet
concentration and reaction constant parameter. The economic data of the problem are
presented in Table First, we analyze the structure of the variable graph solving
the inference problem using Bayesian inference in graph-tool [235]. We present the re-
sults for By = 6 blocks because this resulted in a decomposition which is suitable for

the application of a decomposition based solution algorithm and makes intuitive sense.
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As discussed earlier, in the variable graph the nodes are the variables of the problem
and an edge corresponds to the constraints that couple two variables. Each edge has
a weight which is equal to the number of coupling constraints. Since these weights are
positive integer values we assume that the weights in the nSBM model follow a discrete
geometric distribution (see Remark 3 for additional discussion on this assumption). The
observed network (variable graph) is decomposed into 6 blocks (Figure and the w

matrix for the partition of the observed graph (wp) is:

(336 48 4 4 4 4]
48
4 0 0
wo = 3
4 756 0
4 0 0
i 4 0 0 0o 7 )()_

where the colors in the entries correspond to the graph shown in Figure [5.2

Based on the structure of this matrix the observed graph has a hybrid multi-core
community structure. The two blocks in the center of the graph form the two cores and
correspond to the scheduling variables. The purple block contains variables Y, z;jki,
m}g, xi?d, u}c’}, uz’fd and the pink block contains the other scheduling variables. The
variables that are related to the dynamic behavior of the system (& ferr, U feri, t‘fcckl, hile)
for each slot and line are assigned in the other blocks. These blocks can be considered
as communities, since the variables (nodes) in a block are highly coupled with the other
variables in the block and loosely coupled with the variables in the two blocks in the
core. This structure leads to the nested or double L shape of the wy matrix.

Based on the inference results three levels are identified (Figure in the nSBM
model. The graph in the first level is partitioned into three blocks. This partition
reveals a core-periphery structure where the two blocks in the middle correspond to the
scheduling variables and the other nodes correspond to the variables for the dynamic
optimization problem in each slot and line. This structure is evident in the L shape of

the w; matrix

561 10 10
wp =10 1512 O
10 0 1512

Although the nodes for the four dynamic optimization problems are partitioned into
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Figure 5.2: Partition of the variable graph using Nested Stochastic Blockmodel-
ing with maximum number of blocks equal to 6. The nodes with purple color
are Yip, zijki, 0%, 2614 it w4 the nodes with pink color are GZZ,Wikl,Hl,t%‘)d and
the nodes with the other colors correspond to the variables for a slot and line

d fe
Tnfckly Umfckls tfck;la hkl
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Level 3
2 Nodes, B3 =1

Level 2
L7 RN 3 Nodes, By = 2

///’ e \‘\\ Level 1
L < 6 Nodes, B; =3
It o T Observed network

{/ N Nodes, By = 6

Figure 5.3: Inferred nSBM model of the variable graph for the integrated scheduling
and dynamic optimization problem. The hollow cycles indicate self-edges.
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two blocks (blue and green nodes), the variables are decoupled since the nodes are not
connected directly, i.e. there does not exist an edge between these nodes. This partition
is a 'coarser’ partition of that of the observed graph. The multigraph in the second level
is partitioned into two blocks. The yellow square node contains the scheduling variables
and each blue node contains the variables associated with the dynamic optimization for
each line. Finally, in the third level, the nodes are assigned in the same block. One
node contains the scheduling and the other node the dynamic optimization variables.
Based on these results, we can argue that the estimated nSBM model indeed reveals
the multi-scale nature of the problem. The partition in the third level shows that two
sets of variables exist, scheduling and dynamic optimization ones. In the second level,
the dynamic optimization variables are decomposed further into lines, and in the first
level into slots and lines. Finally, the partition of the variables graph (Level 0) reveals
the complex interaction among the different variables.

We note that application of community detection and centrality analysis [198] [198)]
to this problem decomposes the variable graph into five communities and a hierarchy
among the communities is identified. The scheduling variables are assigned into one
community, and the variables for the dynamic optimization problems for each slot and
line are assigned into the other communities. In this partition, all the variables in the
scheduling problem are assigned in the same block, i.e. community. Therefore, commu-
nity detection and centrality analysis can not identify the hybrid multi-core community
structure of the variable graph. This highlights the ability of nSBM to identify the
‘true’ structure of the problem.

Based on the structure of the wgy, wy matrices different decomposition based solution
approaches can be proposed. The core-periphery structure in the first or second level can
be used as the basis for the application of Generalized Benders Decomposition (GBD)
[108], where the variables in the core (nodes with yellow color in the multigraph of the
first or second level in Fig. are assigned in the master problem and the variables
in the periphery in the subproblem. The hybrid multi-core community structure of
the observed graph can be used as the basis for the application of nested GBD. The
original problem is first decomposed into a master and subproblem. The variables in
the two blocks in the core are assigned in the master problem and the other variables
are assigned in the subproblem. The master problem is decomposed further, based on

the two-block partition of the scheduling variables.
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5.3.3 Application of Generalized Benders Decomposition based on the
structure of the level 1 variable graph

Based on the structure of the w; matrix, we apply Generalized Benders Decomposition
(GBD). A detailed explanation of the application of GBD based on this partition of the
variable graph can be found in [207]. The scheduling variables (yellow nodes in the first
level multigraph Figure are assigned in the master problem and the variables associ-
ated with the dynamic optimization problem are assigned in the subproblem. The edges
that couple nodes that belong to different blocks correspond to constraints that couple
variables that belong in the master and subproblem. These constraints are assigned in
the subproblem and the master variables present are the complicating variables. For
this case study these variables are x}g,xi?d,u}g,uz?d,%l. Given this decomposition,
the variables are decomposed in three sets. The first set contains the scheduling vari-
ables that do not affect directly the subproblem (sy = {Yju, zijur, thy d H,;}), the second
set contains the variables for the dynamic optimization problem from each slot and
line (s2 = {Z feni, ufckl,tjf ckl> hﬁf}), and the last set contains the complicating variables
(83 = {xin, xi?d, ui”, ui?d, 6%,}). The subproblem is solved by fixing the shared variables
and is equal to:

N N Ny Nep 4
C

e ki
minimize a, Z Z Z Z N Ac,NCp (u fekl — UZ?d)Q
e

=1 k=1 f=lc=1 "'/

subject to gayn < 0 (Eq. 536538, 537)

o =T VheT, el Ny 5.4
el =zl Ve eI el : M\
uilt =al YVkeI e, 1 Ay
uf =t Yk e I,le T A
0, =0, YEeT,leT, : My

where the bar denotes that the corresponding variable is fixed and A is the Lagrangean
multiplier. This problem corresponds to the dynamic optimization problems for ev-
ery slot and line. Hence the different problems can be solved independently and their

solution depends on the values of the complicating variables (x}g,m%d, u}g,ui?d, Gltcl).
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Therefore, the value function of the dynamic optimization problem, 7, can be approxi-

mated by the following Benders cuts:

7d,p
fckl _p ~end,p\2
Nz ay Z N A@Ncp(ufckl — )
kife’ Te
1Lp in =in,p 27p end ?end,p 37p n =in,p
_Z<)‘kl (@ = gy ") + Nt (@l = 2 7) + A (wg — ™) (5.45)
k.l

4, ~end, At
P — Py 4 KL (gt ek;’>> weP,

where p is the iteration number. The detailed derivation of the Benders cut can be

found in the Supporting Information. The master problem is

W, 7.
minimize Z c f}kl + Z cﬁg“"sezl;[—]’“ + Z Wik + 1
ikl Lk ! ikl (5.46)

subject to Equations [5.29)5.3015.31]/5.32l5.40]5.45

In order to guarantee that the dynamic optimization problems are feasible we add the

following constraints in the master problem:

Np Np '
02[ > Z Zeg‘wnzijkl \V/]{Z, la (547)

i=1 j=1

where 02”]"" is the minimum transition time between product ¢ and j. We also add the
following symmetry-breaking constraint which reduces the computational time without

affecting the solution [304]:

N, Np
> iV <Y iy Yk € Tk > 1,1€ T, (5.48)
i=1 =1
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Finally, we can add operational constraints in the subproblem. In this work, we add

the following constraints which constrain the change of the manipulated variables:

t?ckz - t;l—l,ckl Vm, f > 1,¢,k,l

U fekl — Umf—1,ckl < U™ )

t(;ckl - t?cq,kz) Vm, f,c > 1,k,1
)
)

T

—~

U feki = Umfe-1,k1 < Up® (5.49)

n

t?‘ckl - t?q,cm Vm, f > 1,¢,k,l
t?ckl - t?cfl,kl Vm, fv ¢z 17 k7 l,

™mi
Umfckl — Umf—1,ckl > Um

—~

min
Umfckl — Umfe—1,kl > Um

where U9 UM is the maximum and minimum rate of change of manipulated variable
m. The master problem is a Mixed Integer Nonlinear Problem (MINLP) which is solved
with BARON [273] and the subproblems are Nonlinear Problems (NLPs) which are
solved with IPOPT [285] in Pyomo [129]. The optimality gap tolerance is set equal to
0.1%. Finally, we note that this approach can not guarantee global optimality since the

subproblem is nonconvex [256].

5.3.4 Application of nested Generalized Benders Decomposition based
on the structure of the variable graph

Based on the structure of the wy matrix, nested Generalized Benders Decomposition
can be applied. The original problem is first decomposed into a master and subprob-
lem as described in the previous section. Then, the structure of the core is used to
solve the master problem using GBD. The master problem is decomposed into two
subproblems that we will define as MM and MS, where MM stands for Master_Master
and MS for Master_Subproblem. In this approach, the MM problem contains variables
sS4 = {Yikl,zl-jkl,xi?d,x}g,uz?d,u}g} (complicating variables) and the other scheduling

variables and associated constrains are assigned in the MS problem. Therefore, problem
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MS is solved for fixed values of the complicating variables s4 and is equal to

ikl Zijkl
minimize Zcfl Wi +Z tmet ” +Z StOTWikle??

ikl ijkl ikl

subject to Equation [5.31], [5.32] [5.471/5.45]
Y =Y Vi€, keIl el .
Zijkl = Zig Vi € Lp, j €Lk €Tl €L ¢ piyy (5.50)
e =TV kel e Doy
J:z?d—xkldeGIs,leIl Lo
“kl :@kl Vkelslel : le
ui?d—ukldeEIS,ZEIl Coud,

where p are the Lagrangean multipliers. The solution of this problem depends on the
values of the complicating variables and the value function of this problem, 72, can be

approximated by the following Benders cut:

zkl transgl,q ’Ukl stor 1174 —q
772>Zzl = Z O I JFZ Wi +1
ikl l ijki ikl

- Z/’szl Yikl — zkl Z'uljkl Zijkl — quk:l)
ikl ijkl (5 51)

_m,q 4,9/ end —end,q
Z <Mkz xkl Tygt) = fy (i — 7 )

5,9 —in,q 6,q d _end,q
— pu (gt — ) — g (ufp® — gy )) Vq € Q,

where ¢ is the inner iteration number. The exact derivation of this equation can be

found in the Supporting Information. The MM problem is equal to:

minimize 1y

(5.52)
subject to Equations [5.29] [5.30] [5.40}, [5.48] [6.51

Problem MM is a Mixed Integer Linear Problem (MILP) solved with Gurobi [124] and
problem MS is a NLP solved with IPOPT [285]. The overall nested GBD algorithm is
presented in Algorithm 1. In this nested GBD approach the number of constraints in

problem MS at every iteration increases due to the addition of the Benders cuts that
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Data: Optimization problem
Result: Upper, lower bound and variable values
1 Set UB™ = 00, LB™ = —00, UB°" = 0o, LB = —o0;

2 Set tolerance and optimality gap (tol);

s while (UB° — LBo")/LB > (.01 tol do

4 | while (UB™ — LB™)/LB™ > 0.01 tol do

5 Solve problem MM (Eq. ) and obtain LB™;
6 Solve problem MS (Eq. } and obtain UB™;

7 Add benders cut in the MM problem (Eq. ;
8 end

9 Set LB = UB™;

10 Solve dynamic optimization problems for each slot and line (Eq. ,
obtain U B°“;

11 Add Benders cut to problem MS (Eq. |5.45);

12 Remove Benders cuts from problem MM (Eq. [5.51);

13 end

Algorithm 5.1: Nested Generalized Benders Decomposition

approximate the value function of the dynamic optimization problem. Also, once the
master problem is solved, the Benders cuts (Eq. are removed, since they may not
be valid for the problem in the next iteration. The optimality gap tolerance for both
the inner and outer loops is set equal to 0.1%. Similarly to the case of single GBD, the
nested GBD can not guarantee global optimality [256].

5.3.5 Results

First we solve the problem using GBD and the results are presented in Figure The
algorithm converges after 209 CPU seconds (19 iterations) and the value of the objective
function is 43.36 103$/hr. 99% of the CPU time is used for the solution of the master
problem. The production results are presented in Table and the concentration and
flowrate profiles are presented in Figures[5.5|5.6] The cycle time in the first line is 26.89
hours and in the second line is 44.47 hours. The transition times in the first line are
smaller compared to the second line. Furthermore, in both lines the majority of the
production time is dedicated for the production of one product (product 1 in line 1 and
product 2 in line 2). This is due to the lower production rate of these products.

The nested algorithm converges after 54 CPU seconds. The value of the objective
function is 43.36 103$/hr and the evolution of the upper and lower bounds is presented
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Figure 5.4: Evolution of the upper and lower bound for the single GBD algorithm.

Table 5.2: Production results

Line 1, Cycle time 26.89 hr
Production amount Production time Transition time

Slot Product

(kg) (hr) (hr)
1 1 912 24.3 1.50
2 3 457 2.58 0.93

Line 2, Cycle time 44.47 hr
Production amount Production time Transition time

Slot Product

(kg) (hr) (hr)
1 4 711 3.57 2.15
2 2 2341 40.90 4.87
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Figure 5.6: Concentration and inlet flowrate profile in line 2

in Figure The production results are the same as the ones obtained with the single
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Figure 5.7: Evolution of the upper and lower bound for the nested GBD.

GBD algorithm (Table . Finally, we compare the evolution of the upper and lower
bounds with CPU time for the GBD and nested GBD approach. From Figure [5.8] we
see that the exploitation of the hybrid multicore-community structure of the problem
reduces the computational time by 74%. Finally, we note that solving the monolithic
problem with BARON, after 3000 CPU seconds the gap is 33 % and the value of the
objective function is 80.7 103$/hr. These results highlight the importance of detecting

and exploiting the true underlying structure of an optimization problem.

5.4 Integration of Planning, Scheduling and Dynamic Op-

timization

5.4.1 Problem formulation

We now consider the problem of integration of planning, scheduling and dynamic op-
timization. The detailed explanation of the model can be found in [125]. We assume
that the number of products is N, (i = {1, .., Np}), the number of planning periods is
Npr (p = {1,.., Npr}), and the number of slots is Ny (k = {1,.., Ns}). First we define
the binary variable Wy, which is equal to 1 if product ¢ is produced at slot k in period
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Figure 5.8: Evolution of the upper and lower bound for the single and nested decompo-
sition algorithm.

p and zero otherwise. We also define the binary variable Z;;;, which is equal to 1 if a
product ¢ is followed by product j in slot k in period p and the binary variable Zp;;,
which is equal to one if transition occurs between product 7 and j between time peri-
ods. At each time slot only one product can be produced, which is enforced with the

following constraints:

> Wikp = 1 Vk, p. (5.53)
i
The transitions between products are modeled though the following equations:

Zijkp = Wikp + Wiipgr1p — 1 Vi, 5 € Np,i # j,k # Ng,p

(5.54)
Zpijep > Wingp + Wiipr1 — 1 Vi, j € Np,i # J, p # Nper

The production time of product ¢ in slot k£ in period p is 61, and the production time

of product 7 in period p is éip. The starting, ending, and transition time in slot k£ in
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eriod p is T¢ ,T¢ , and 6% | respectively. The timing constraints are the following:
p p kpr Lkp kp p y g

T1871 - O
T, =Ti,+ Y Oikp + 04, VE,p
%
le—i—l,p = Tls,p vk 7& NSap
éip = Z eikp Vi,p
k

Tip < Hp,

(5.55)

where H), is the duration of period p. The production rate of product ¢ is r;, the amount
of product ¢ produced in slot k at period p is g;xp, and the amount of product i produced

in period p is ¢;,. The production and inventory constraints are:
P y

Gikp = TiOikp Vi, k,p

Gip =Y dikp Virp
p (5.56)
Ly = Iip—1 + qip — Sip Vi,p

Aip = Hy(Lip—1 — Sip—1) + qipH, Vi, p,

where I;, is the inventory of product i in period p, A;;, is the linear overestimation of the
integral of inventory, and S;, is the amount of product ¢ sold in period p. The following

symmetry breaking constraints are also included:

mp > Wikp VZ, k7p
Y;p < Nip Vi7p

Nz‘pZN_<ZYip_1>_M(1_Wi1p> Vi, p (5.5)

Nijp < N — (Zyip—1> + M1 —Wiy) Vi,p

Nip =Y Wiy Vi,p
k

The dynamic behavior of the system is modeled as in the previous case study, the differ-

ential equations are discretized using collocation on finite elements, and the constraints
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are:
Nep

x?dﬂp = xo?kp + hi; Z chj:?mkp vn’ fv ¢, kap

m=1
Nep

20 = 20F 1y + Bl D Qunci} g gy ¥ f > 2,0,k (5.58)

m=1
i'?ckp = fn(x?ck;m u}nckp) \V/Tl, fa Cy kap
fckp_ hfe(f_ 1+/70) Vf,C,ki,p.

nie

0}
by = N—;’ Vk,p (5.59)

The dynamic model is integrated with the planning/scheduling problem through the

following constraints:

nkp Zx‘” ikp VN, kD

anip Z:v Wikt1p YN, k,p

(5.60)
Unep = Z ui*Wikyp Vn,k,p
anglp Zu Wzk+1p Vn, k,p
"L‘O?kp = xiﬁk,p VTL, k7p
TN Nephp = Trep V1 K (5.61)
uﬁkp =u D va kap
u%fENcpkp =u D Vm7 kap
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The objective is to maximize the profit which is equal to

Np Nper Np Nper
o oper
f=22 P23 C3"a
i=1 p=1 i=1 p=1
Np Nper Np Np Ns Nper
3 t
_Cmv§ :E :Azp_E :E :E :2 :Ci;anszijkp
=1 p=1 i=1 j=1 k=1 p=1
5.62
Np Np Nper ( )
trans
- E E E Ci;"" Zpijp
i=1 j=1 p=1

Nper Np Nfe Nep

- Gy Z Z Z Z N_elt?ck:pAC,Ncp (qukP - uzzd)27

p=1 k=1 f=1c=1

where P, is the price of product ¢ in period p, Cg “" is the operating cost of product i
in period p, C"™ is the inventory cost, ij’.’ans is the transition cost from product i to j

and a,, is a weight coefficient. The goal of the optimization problem is to maximize Eq.

subject to constraints [5.53} [5.54} [5.55} (.56} [5.57}, [5.58] [5.591IS.6] [S.71

5.4.2 Application of nested Stochastic Blockmodeling

The structure of the variable graph will be analyzed using degree-corrected nSBM and
Bayesian inference in graph-tool [235]. We will assume that four products (4 slots)
must be produced in three planning periods and the system is the same as in the
previous case study (one isothermal continuous stirred reactor). Application of nSBM
identifies four levels (Figure . The observed network is partitioned into 14 blocks
(Figure [5.10).

The multigraph in the first level is partitioned into seven blocks and in the second
level into four blocks. The number of edges between the blocks in the observed and the
different multigraphs is given by wq, w1, ws respectively. This partition of the variable

graph into four levels provides information about the multi-scale nature of the problem
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Figure 5.9: Inferred nSBM model of the variable graph for the integrated planning,
scheduling and dynamic optimization problem. The hollow cycles indicate self-edges.
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and the different structures that are present at different hierarchical levels.

[842 48 3 3 3
48 742 1 1 1
3 1 77 0 0
_ 14x14
W= 1 o 7H7 o | €R
'3 1 0 . 757
1672 8 8 8 8 8 8 |
8 1514 0 0 0 0 0
8 0 1514 0 0 0 0
wi=| 8 0 0 1514 0 0 0
8 0 0 0 1514 0 0
8 0 0 0 0 1514 0
8 0 0 0 0 0 1514]
1672 16 16 16
16 3028 0 0
Wy =

16 0 3028 O
16 0 0 3028

The original graph is decomposed into 14 blocks and the planning and scheduling
variables are assigned in the two middle blocks. Variables Wik, Zijki, Zpijp, Yip, Nip,

end end
kp kp

variables in the other blocks. The variables associated with the dynamic behavior of the

ZEZ;, T u}g), u{™® are assigned in the green block and the other planning/scheduling
problem for each slot and period (Zyfckp, Um fckps hi;,t fekp) are assigned in the blocks
in the periphery. From the structure of the wgy matrix, we can determine that the
graph has a hybrid multi-core community structure. The variables for the dynamic
optimization problems for each slot and period are assigned into different blocks. The
variables in these blocks are densely coupled denoting a community structure. However,
these blocks are weakly coupled with the planning/scheduling variables, which form a
multi-core structure, since these variables are assigned into two blocks and are connected
with all the dynamic optimization variables.

In the first level, the planning and scheduling variables are assigned into the same

block and the dynamic optimization variables are assigned into different blocks leading
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Figure 5.10: Partition of the variable graph for the integrated planning, scheduling and
dynamic optimization problem
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Figure 5.11: Partition of the first level multigraph for the integrated planning, scheduling
and dynamic optimization problem

to a core-periphery structure, highlighted by the L shape of the w1 matrix. Similarly, the
multigraph in the second level has a core-periphery structure. In this multigraph, the
planning/scheduling variables are in the middle node and the variables for the dynamic
optimization problems are in the periphery. This graph is a coarser partition of the
level 1 graph, and although each node in the periphery corresponds to the variables of
two dynamic optimization problems, these variables are decoupled since in the first level
the nodes in the periphery are not coupled directly, i.e. there does not exist an edge

between the nodes in the periphery.
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5.4.3 Application of Generalized Benders Decomposition based on the
core-periphery structure of the first level multigraph

The core-periphery structure of the multigraph in level 1 can be used as the basis for the
application of GBD. The variables in the core (grey nodes in Figure correspond to
the planning/scheduling variables and are assigned in the master problem. The variables
for the dynamic optimization problems for each slot and period, and the associated
constraints, are assigned in the subproblem. The complicating variables are a:kp, xzzd,
ukp, ukpd, ¢ . The subproblem is solved for fixed values of the complicating variables

and is
Npe'r Ny Nfe Ncp

minimize o, Z Z Z Z N_eltslcckaqNCp (Uferp — uzzd)

p=1 k=1 f=1c=1

subject to Equations [5.585.59] [5.7]

T, = Tk, Yn,k,p L Y (5.63)
woh = Toh n k. p D

Uy = Uiy Y, K, p Loy

Uiy = Uiy VM k. p L

Okp = Okp V. p R

where 7 is the Lagrangean multiplier of each constraint. This problem can be solved
independently for every slot and period. The value function of this problem is approxi-

mated by the following Benders cut:

Nper Np Nye Nep

=y Z Z Z Z N el _(;cvkaC Nep (ufckp uzzd,,v)

p=1 k=1 f=1 c=1

Npe'r Ns
d _ ~end,
D> (wp O R L T B
p—l k=1
lTL’U

d - d)

+ ykp(a 92;;)) Yo eV,

114



where the superscript v is the iteration number. The master problem is

Np Nper
oper L Mnv Yy .
maximize E E <Plp51p i Qip C A2p>
i=1 p=1
Np Np Ny Nper
trans
=220 D G ey
i=1 j=1 k=1 p=1 (5.65)
N, Np Nper

=222 Gz =

i=1 j=1 p=1

subject to Eq. [5.53} .54 [5.55) [5.56} [5.57)

In order to guarantee that the dynamic optimization problem is feasible we add the

following constraint in the master problem:

Np Np

ekp = ZZZZ]kpngn Vk‘)p?k 7& Ns
i=1 j=1
Np Np

9§VS,P > ZZZpijpagnn VPap 7& Nper

i=1 j=1

(5.66)

Finally, we add operational constraints similar to Eq. The exact derivation of the
master, subproblem and Benders cut can be found in the Supplementary material. The
master problem is a MILP solved with Gurobi [124] and the subproblem is a NLP solved
with TIPOPT [285] in Pyomo [129]. The problem is solved to 0.1% optimality gap.

5.4.4 Results

We solve the integrated problem, using the GBD approach proposed in the previous
section and the economic parameters of the optimization problem are presented in Tables
The algorithm converges after 294 CPU seconds, the evolution of the upper
and lower bounds is presented in Figure and the value of the objective function
is 1.247 107$. The solution of the master problem accounts for 76% of the total CPU
time. Monolithic solution with BARON [273] can not find a feasible solution after 500
CPU seconds.

The production results are presented in Table and the profiles of the concentra-
tion and inlet flowrate for each slot and period are presented in Fig. [5.13] [5.14] [5.15]
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Figure 5.12: Convergence of Generalized Benders Decomposition based on the core-
periphery structure of the first level multigraph for the integrated planning, scheduling
and dynamic optimization problem.

No transition occurs between the different time periods, leading to a reduction in the
transition cost. The production of the products satisfies the demand. Furthermore, we
note the production profiles of products C,D. Product C is overproduced in the first
period, since its operating cost is lower compared to the other two periods. Product
D is overproduced in the last period where its operating cost is lower and price higher
compared to the other periods.

From these results, we can argue that application of GBD based on the core-
periphery structure of level 1 of the variable graph enables an efficient solution of the

integrated problem.

Remark 5.1. We note that in this case study, similar to the one in the integration
of scheduling and dynamic optimization, we can apply a nested GBD approach, based
on the hybrid multi-core community structure of the variable graph. We did not apply
nested GBD since the master problem is a MILP which can be solved efficiently with
Gurobi. For problems with larger number of products/periods, application of nested

GBD might be necessary in order to further reduce the computational time.
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Table 5.3: Operating conditions and product price for the integrated planning, schedul-
ing and dynamic optimization problem

Product c¢**(mol/L) Q*(L/h) PrOf;(;tlon
A 0.24 200 150
B 0.2 150 80
C 0.30 130 978
D 0.32 1000 607

Table 5.4: Operating and transition cost for the integrated planning, scheduling and
dynamic optimization problem, C*™ = 0.026,a, = 1

Concentration mol/L

Flowrate L/hr

0.24 4

0.234

0.22 4

0.214

0.20 4

(Coper Ctrans
Product | p=1 p=2 p=3| A B C D
A 13 13 13 0 100 600 120
B 22 12 12 150 0 50 80
C 35 45 45 200 150 0 100
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Figure 5.13: Concentration and inlet flowrate profile for the first period
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Table 5.5: Product demand for the integrated planning, scheduling and dynamic opti-
mization problem

Demand (mol /week) Price ($/mol)
Prod. | p=1 p=2 p=3 |p=1 p=2 p=3
A 6000 8000 7000 200 220 200
B 5000 3600 6000 160 140 150
C 7000 9000 7000 130 150 140
D 4000 11000 11000 | 110 110 120
Slot 1 Slot 2 Slot 3
0304
0.38 0.24
= = 0.29 =
2 036 2 08 2 0234
g 0.34 é 0.27 4 é 0.22
8 0.32 1 8 o 8 a1
0.25
S SRS — . . . .
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Figure 5.14: Concentration and inlet flowrate profile for the second period

5.5 Conclusions and Further Remarks

The integration of process operations leads to large scale optimization problems whose
monolithic solution is challenging. In this work we proposed nested Stochastic Block-
modeling and Bayesian inference as a framework to detect the underlying hierarchical
block structure and the hierarchy itself of such optimization problems. We applied
this framework to representative problems on integration of scheduling and dynamic
optimization, and planning, scheduling and dynamic optimization. The inference and
solution results highlight the inherent ability of the proposed approach to detect the

multi-scale nature of these problems and the complex block structures that are present
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Table 5.6: Production results for the integrated planning, scheduling and dynamic op-
timization problem.

Period 1
Production amount Production time Transition time
Slot Product
(mol) (hr) (hr)
1 B 5000 62.50 0.82
2 A 6000 39.83 1.19
3 C 15418 55.31 1.73
4 D 4000 6.59 0
Period 2
Production amount Production time Transition time
Slot Product
(mol) (hr) (hr)
1 D 11000 18.12 1.33
2 C 581.85 2.08 1.50
3 A 8000 53.11 2.24
4 B 5000 62.5. 0
Period 3
Production amount Production time Transition time
Slot Product
(mol) (hr) (hr)
1 B 4600 57.5. 1.08
2 A 8000 53.11 1.16
3 C 9000 32.29 2.01
4 D 29089 47.92 0

in the different hierarchical levels. Furthermore, we showed that the exploitation of the
structure at different hierarchical levels enables an efficient solution of such problems
using decomposition based solution algorithms. Finally, the following general remarks

can be made.

Remark 5.2. The decomposition that is obtained with this approach is supported
by statistical evidence, and when the decomposition with the minimum description
length is selected, it is optimal from a network structure perspective. Despite the
improvement in computational time noted compared to the monolithic solution of the
problem, it is not guaranteed that the obtained decomposition is optimal with respect
to the computational time or convergence rate. This problem will be addressed in future

work.

Remark 5.3. For the integrated scheduling and dynamic optimization problem, we

applied weighted nested SBM using a discrete geometric model for the edge weights. In
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Figure 5.15: Concentration and inlet flowrate profile for the third period

general, different models can be selected, such as discrete binomial and Poisson, and
real exponential and normal [238]. Since the selection of the model for the weights is

an assumption, one can try different models and test the suitability of the resulting

decompositions for the solution of the problem.
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Chapter 6
Learning to initialize Generalized Benders De-

composition via active learning

6.1 Introduction

Decomposition-based optimization algorithms have been used widely to solve complex
and large-scale optimization problems in a broad range of applications in chemical engi-
neering, such as production scheduling and planning, supply chain management, mixed
integer optimal control, and real-time operation. These algorithms exploit the underly-
ing structure of a problem and decompose it into a number of easier-to-solve subprob-
lems. Typical examples include Benders [27] and Generalized Benders Decomposition
[108], Lagrangean decomposition [119], Alternating Direction Method of Multipliers
(ADMM) [48], and cross decomposition [281].

Despite the wide success of these algorithms, their efficiency over monolithic meth-
ods is not known a-priory and their implementation, especially in an online setting,
is challenging due to the many steps involved in their implementation and the un-
derlying computational complexity of every step. Automatically determining when to
use and how to implement a decomposition-based solution algorithm can simplify their
implementation and reduce the solution time for complex optimization problems. In
the companion paper [205] we proposed a graph classification approach to determine
when to use a decomposition-based solution algorithm. In this paper, we focus on the
implementation of decomposition-based solution methods.

The application of a decomposition-based solution algorithm has three steps: (1)
problem decomposition, (2) coordination scheme, and (3) initialization of the algorithm.
In the first step, the original problem is decomposed into a number of easier-to-solve sub-
problems. This step requires knowledge of the underlying structure of the problem. Au-
tomatic decomposition approaches either represent the problem as a graph and employ
methods from network science to learn the underlying structure [6, 198, 207, 199, [145] or
use machine learning (ML) to analyze the computational efficiency of different decompo-
sitions [24] 23]. The coordination step determines the exchange of information between
the different subproblems. For distributed algorithms, the coordination determines the
update of the dual variables whereas for hierarchical algorithms it involves the addition
of cuts. Finally, the last step is the initialization of the algorithm. Unlike monolithic

algorithms which may require an initial guess for the variables, decomposition-based
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algorithms require additional information regarding the values of the dual variables for
distributed algorithms or an initial set of cuts for hierarchical algorithms. The configu-
ration of these steps can have an important effect on the computational performance of
a decomposition-based solution algorithm, however, determining the best configuration
for a given problem is nontrivial.

These steps can be viewed as hyperparameters of the solution algorithm. Therefore,
given an optimization problem and a decomposition-based solution algorithm, one must
find the optimal values of the algorithm parameters such that a desired performance
function, e.g., the solution time, is optimized. Formally this is known as the algorithm

configuration problem and is stated as follows [88] [258]:

Problem 6.1. (Algorithm configuration) Given an optimization problem P, an opti-
mization algorithm « with parameter n € A/, and a performance function m : P x IT

M, determine the optimal values of the parameters n* that optimize m

n* € arg mlj\r} m(n, P). (6.1)
ne.

The algorithm configuration problem has three components, the optimization prob-
lem P which belongs in some class of optimization problems P, the parameter space,
i.e., all possible values of the parameters represented by A/, and the performance space
M which is a metric to compare the different configurations. We note that the version
of the problem presented above is known as the per-instance algorithm configuration
problem since the optimal parameters are determined only for a given problem P. Al-
ternatively, one can find the optimal values of the parameters for a class or set of
optimization problems. The algorithm configuration can be either static, i.e., the pa-
rameters of the algorithms remain fixed during the solution process, or dynamic, where
the parameters adapt as the solution procedure evolves. The solution of the algorithm
configuration problem is challenging since optimization solvers, either monolithic or
decomposition-based, have multiple algorithmic steps and each step can have different
parameters. Furthermore, optimization solvers employ a number of heuristics; although
these can accelerate the solution on average, their efficacy for a given problem is not
known a-priory. Therefore, finding the optimal configuration of an optimization solver
is a challenging black-box optimization problem since the number of possible combina-
tions of parameters can be very large, their optimal values may change significantly for
different classes of optimization problems, and the evaluation of a given configuration

can be computationally expensive.
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Automated algorithm configuration approaches aim to either solve the algorithm
configuration problem in a computationally efficient way or approximate its solution.
In the former approach, Bayesian optimization and derivative-free methods have been
employed to tune optimization algorithms by optimizing directly the black-box perfor-
mance function [I81), 59, 140} 139, 138]. In the latter approach, ML tools have been used
to approximate the performance function m with a surrogate one m and then identify
the optimal values of the parameters n*. These methods have been traditionally applied
for tuning monolithic solvers, either by considering all the parameters simultaneously
[143] or specific algorithmic steps such as branching [183] 152 14, 80, 122} 123, 179],
cutting plane methods [272] 130, 231], estimating active constraints [197, 32, B3], and
improving primal heuristics [83]. ML tools have also been used to tune decomposition-
based solution methods. For hierarchical decomposition-based methods, such as col-
umn generation and Benders Decomposition, machine learning is used to aid the cut
selection process using classification techniques [210] [147,, [170], whereas for distributed
algorithms, such as ADMM, machine learning is used to determine the values of the
dual variables and penalty parameters [35, B00]. In both cases, ML is used in the
coordination step of these algorithms.

These ML approaches are based on a handcrafted feature representation of an opti-
mization problem which is the input to the surrogate model m [265] 141, 28, [58], and
involve two steps; the first is offline where multiple problems are solved for different
values of the parameters in order to create a training dataset used to learn a surrogate
model for the performance function. Once the surrogate model is trained, it is used
online to identify the best set of parameters for a given problem. The main limitation
of these ML approaches is data availability since generating a large training data set
can be computationally expensive.

In this work, we focus on the initialization of decomposition-based solution methods.
Specifically, we focus on cutting plane-based hierarchical solution methods, such as
Benders and Generalized Benders Decomposition. These algorithms are based on the
observation that if a subset of the variables, called complicating variables, is fixed then
the problem is either easier to solve or has a special structure. Thus the original problem
is decomposed into two problems; a master problem which considers the complicating
variables and a subproblem which considers the non-complicating variables and whose
solution depends on the values of the complicating variables. The solution of the master

problem and the subproblem is coordinated via the addition of optimality and feasibility
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cuts, which inform the master problem about the bounds and the feasibility of the
problem respectively. In the standard application of the algorithm, the master problem
is initially solved without any cuts. Since the cuts contain information about the effect of
the complicating variables on the subproblem, the addition of cuts in the first iteration
can potentially lead to a reduction in the computational time since fewer iterations
might be necessary. However, the addition of a large number of cuts may increase
the computational complexity of the master problem which might increase the solution
time. Hence it is important to identify the number of cuts that balances the amount of
information added to the master problem with the increase in computational complexity.
This balance is important for online applications where an optimization problem is
solved repeatedly to compensate for updated process information. Depending on the
application, either only the parameters of the optimization problem change, such as
in model predictive control applications [271], or the parameters and the number of
variables and constraints can change, such as in online scheduling applications [200, 249].

In this paper, we propose an ML approach to learn how to initialize Generalized
Benders Decomposition. The proposed approach has two steps. In the first, ML is
used to learn a surrogate model that estimates the solution time of the optimization
problem for a given number of cuts added to the master problem in the first iteration of
the algorithm. In the second step, the surrogate model is used online to determine the
optimal number of cuts that should be added in the master problem in the first iteration.
We apply the proposed approach to a case study on the real-time operation of process
systems, where a mixed integer economic model predictive control problem is solved.
Specifically, we assume that the system is an isothermal continuously stirred tank reactor
(CSTR) that can manufacture a number of products, and multiple disturbances can
affect the operation of the system. The mixed integer economic model predictive control
problem is solved using a hybrid multicut Generalized Benders Decomposition proposed
in [201], initialized using the proposed approach. The results show that (1) the optimal
initialization can be achieved in an automated way without human intervention, (2)
the proper initialization can lead to a significant reduction in solution time, and (3)
active learning can guide the learning process either during the initial development of
such frameworks or for cases where generating the training dataset is computationally
expensive.

The rest of the paper is organized as follows: In Section [6.2] we present the Gen-

eralized Benders Decomposition algorithm and the different acceleration techniques, in
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Section [6.3] we pose the initialization of Generalized Benders Decomposition as an al-
gorithm configuration problem, in Section we present the proposed approach, and
in Section [6.5| we present the case study and the numerical results. Finally, in Sec-
tion given the results in the first part of this two-series paper [205] we present a
unified framework for automated decomposition-based solution algorithm selection and

configuration.

6.2 Generalized Benders Decomposition

6.2.1 Standard implemetation

We will assume that the following problem (denoted as P) must be solved:
P(p) = minimize fi(z,z5pm) + fo(, y; ps)
subject to g1(z,z;pm) <0
hl(zax;pm) =0
92(,y;ps) <0
ha(x,y;ps) =0
€2, 2 € R™ x ZMs y € R™,
where p = [pm,ps]' are the parameters of the problem, and z € Z", x € R" x
Zns ,y € R™ are the variables. The solution of this problem depends on the values
of the parameters p. In this problem, we observe that if the variables z,x are fixed,
then the resulting problem is a continuous optimization problem that depends on the
values of the variables x, which are the complicating variables, and the parameters ps.
Given this structure, we can apply Generalized Benders Decomposition, by assigning
the z,z variables and the associated constraints in the master problem and the other
variables and constraints in the subproblem. Under this decomposition, parameters p,,

affect only the master problem and parameters ps affect only the subproblems. The
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subproblem is
S(x,ps) := minimize fa(Z,y;ps)

w7y
subject to g2(Z,y;ps) <0
ho(Z,y;ps) = 0 (6.3)
I=x A

where A are the Lagrangean multipliers for the equality constraint = x. The solution
of this problem depends on the values of the complicating variables x and the param-
eters pg, and for a given value of x = & the value function of the subproblem can be

approximated as follows:
S(x,ps) > S(Z,ps) — Mz — ), (6.4)

where A is equal to the value of the Lagrangean multiplier at the optimal solution of
the subproblem when solved for x = Z. Note that we assume that the subproblem is
always feasible for all values of . The master problem is:
M(-) := minimize f1(z,z;p1) +1
271'7,,7

subject to g1(z,z;p2) <0

hi(z,z;p3) =0
n> fa2(z, 7 pa) — M@ —zh) VieL

c d
ze€Z",x € R" x Z"=,

where M () = M(pm, L), [ is the iteration number and the set £ denotes the index of
the Benders cuts. The steps of GBD are presented in Algorithm 1.

6.2.2 Acceleration techniques for Benders decomposition

The algorithm alternates between the solution of the master problem and the subprob-
lem, therefore the computational performance depends on the complexity of the master
problem and subproblem, i.e., the solution time per iteration, the number of infeasible
subproblems that must be solved, and the quality of cuts that are generated during
the solution. Two approaches can be followed to handle these issues. The first one is

based on the theoretical aspects of the algorithm and the underlying geometry of the
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Data: Optimization problem
Result: Upper, lower bound and variable values
Set UB = 0o, LB = —o0;
Set tolerance and optimality gap (tol);
Initialize the algorithm;
while (UB — LB)/LB > tol/100 do
Solve the master problem (Eq. and obtain LB, x;
Solve the subproblem (Eq. and obtain y;
Add Benders cut (Eq. ;
Update the upper bound f1(z, 23 pm) + fa(, y; ps);
end

© 00 N O Rk W N =

Algorithm 6.1: Generalized Benders Decomposition

problem. Common strategies in this approach are problem reformulation and decom-
position [74), 185], the addition of valid inequalities in the master problem to reduce
the number of infeasible subprolems [252], multicut implementation [295] for stochas-
tic optimization problems, cut generation and management [I85] 269, 253| 225, 282],
and regularization/stabilization of the master problem [250} [I78]. The second approach
involves the use of machine learning. For example, machine learning has been used
to develop a classifier to determine which cuts should be added in the master prob-
lem during the multicut implementation of the algorithm for the solution of two-stage
mixed integer stochastic optimization problems [147, [I70]. Machine learning has also
been used to approximate the solution of the subproblem reducing the solution time
for cases where the subproblem is computationally complex, such as two-stage stochas-
tic optimization problems [168] and mixed integer model predictive control problems
[202]. These acceleration methods, both the ones based on the underlying geometry
and the ones using machine learning, reduce the computational time either by reducing

the solution time per iteration or by reducing the number of iterations.

6.3 Initialization of GBD as an algorithm configuration

problem

We will assume that problem P(p) must be solved repeatedly given new values of the

parameters p. The problem that we will address is the following:

Problem 6.2. Given an optimization problem P(p) determine the optimal number of
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cuts to add in the master problem in the first iteration of Generalized Benders Decom-

position, such that the CPU time is minimized.

We can pose this as a per-instance algorithm configuration problem as follows

n}llélj{[rige m(n, P(p)), (6.6)
where the optimization problem is P(p), the parameter space N s represents the cuts
that can be added, and the performance function is the solution time M = R,. The
solution of the algorithm configuration problem for Generalized Benders Decomposition
has three main challenges. The first, which is common in algorithm configuration prob-
lems, is that the performance function m is not known a-priory. The second issue is
related to the parameter space, i.e., all the cuts that can potentially be used to initialize
the master problem. In general, selecting which cuts to use is a challenging problem
that arises in the solution of many classes of problems such as quadratic [19] [189], and
mixed integer linear programming problems [210] [60]. Regarding Generalized Benders
Decomposition, the number of cuts that can be evaluated depends on the number and
type of complicating variables. For cases where the complicating variables are integer
and n. cuts must be added, the cut selection process leads to a combinatorial opti-
mization problem since one must select n. cuts from all possible cuts. The situation
is more complex when the complicating variables are continuous, since in this case an
infinite number of cuts can be added even for one complicated variable. Finally, all the
parameters of the problem can change simultaneously, thus the cuts must be evaluated
continuously as the parameter of the problem change. Hence, although the addition of
cuts in the master problem might reduce the number of iterations required for conver-
gence, the solution time might increase since multiple subproblems must be solved to
evaluate the initial set of cuts.

We will assume that (1) the parameters of the subproblem do not change, (2) all the
complicating variables are continuous, and (3) n. cuts can be added by discretizing the
domain of the complicating variables (z € [2!*,2%*]) into n, uniform points. The first
assumption guarantees that the Benders cuts must be evaluated only once since even if
the parameters of the master problem change, the Benders cuts are still valid estimators
of the value function of the subproblem, since the parameters of the subproblem do not
change. Therefore, the process of adding these cuts to the master problem does not

affect the total solution time. The second and third assumptions determine the cut
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Figure 6.1: Domain discretization for the case study considered in Section for a
transition from product 1 to 2 for three and four number of cuts (n.). The solid line is
the value function, = € [2.24,6.73] is the complicating variable, the dotted lines are the
value function approximations, i.e., Benders cuts, evaluated ad the points indicated by
the dots.

selection strategy. In this work, the number of cuts determines the number of points
that will be used to approximate the value function of the subproblem via Benders cuts.
An example is presented in Fig. [6.1] where the value function corresponds to the system
discussed in Section [6.5] and the approximation with three and four cuts is presented.
This setting enables us to simplify the cut selection process for the case of continuous
complicating variables. Notice that in this setting the cuts are uniformly distributed in

the domain of the complicating variables.

6.4 Learning to initialize via supervised and active learn-
ing

The goal is to learn a surrogate model m which approximates the solution time and can

be used to identify the optimal number of cuts to add in the master problem,

n* € arg min m(n,v(P(p))), (6.7)

neZy
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where v(P(p)) are some features of problem P(p). We propose two ML approaches for

learning the surrogate model.

6.4.1 Supervised learning approach

The estimation of the parameters of a surrogate model requires data that capture the
relation between the features of an optimization problem v(P(p)) and the number of cuts
n with the solution time. Such data can be generated using the procedure presented in
Algorithm [6.2) where first random values of the parameters of the master problem (p,)
are generated based on some underlying probability distribution. Next, the optimization
problem P(p;) is solved for a fixed number of cuts n;, and the solution time y; is
obtained. Finally, the features of the problem v(P(p;)) are obtained and the tuplet
(ni, v(P(pi))) and the solution time y; are stored. Once this procedure is completed,
we obtain the dataset D = {(n;, v(P(p:))), yi}fv:dft“. This dataset can be used to learn
the parameters of the surrogate model by optimizing some loss function such as the
squared error between the model prediction and the data. Once the learning step is
completed, the surrogate model can be used to learn how many cuts to add for online
applications are presented in Algorithm where given new values of the parameters
of the optimization problem, the features of the problem are obtained and the optimal
number of cuts is computed by optimizing the surrogate model. Finally, the cuts are

added to the master problem and Generalized Benders Decomposition is implemented.

6.4.2 Active learning approach

The main limitation of the supervised learning approach is the computational time re-
quired to generate the training data, since for every value of the parameters p; and
number of cuts n; the problem must be solved to obtain the solution time. This ap-
proach can be computationally expensive, even intractable for complex optimization
problems. To resolve this we propose the application of active learning [260], a com-
monly used approach in machine learning tasks where the features of the data are known
but obtaining their label is costly or time-consuming. Unlike supervised learning where
all the data are available for training, in active learning the model itself determines
which data should be labeled and thus be used for training the surrogate model.

The active learning paradigm has three components. The first is the unlabeled
data which can be generated de novo (known as membership query synthesis) [§], can

become available in an online setting (stream-based selective sampling) [68], or can be
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Data: Optimization problem, number of data points Nyqz,, number of
discretization points N¢yus, upper and lower bounds for complicating
variables z € [2®, 2], p = [p4, ps, p6]

Result: Surrogate model m

11=1;
2 while 7 < Ny, do

3 | Generate parameters p1,p2,p3 — pi = [p1, P2, D3, P);

4 for j =2: Ngys do

5 Solve problem P(p;) using j cuts for each x;

6 Obtain CPU time y;;

7 Obtain features of the problem s; = (v(P(p;)), J);

8 Append data {s;,y;};

9 end
10 1 =141
11 end

: Naata(Neuts—1) N

12 Using data {s;, 3}, learn parameters of a surrogate model m;

Algorithm 6.2: Learning the relation between number of cuts and CPU time
for a general optimization problem for continuous complicating variables

gathered at once (pool-based sampling) [I71]. The second aspect is the query strategy,
which determines which data should be labeled. This decision is taken by considering the
informativeness of the available unlabeled data. Typical query strategies are uncertainty
sampling [I71], query by committee [262], and expected model change [261]. We refer
the reader to [260] for a detailed discussion of the different sampling methods. The last
component is an oracle which generates the label for a given input. Typical example of
an oracle is a human expert, a computer simulation or the outcome of an experiment.
In this work, we will use the pool-based active learning paradigm with uncertainty-
based sampling, where the data point for which the model is the least certain is labeled.
The basic steps of the application of active learning for learning the solution time of

Generalized Benders Decomposition are presented in Fig.

Generation of pool of labels and initial training set

For the application of active learning, first, the pool of labels is created. We generate
random values of the parameter p; and for every parameter the features of the opti-
mization problem v(P(p;)) are obtained and a number of cuts n; is selected. This forms

the pool of features C, = {Si}ﬁ\ff"l (si = {ni,v(P(pi))}). Next a small set of training
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dataset is obtained by sampling N;,q data points from the pool and evaluating the
solution time y;. This is the initial training set C = {s;, yi}iv:”fi”“l which we will refer to
as labeled training set.

Given the unlabeled pool C, and the labeled dataset C, the surrogate model considers
all the data in the pool, and the data point s = {ns, v(P(ps))} for which the prediction

is the least certain about is selected for labeling.

Undertainty based sampling using Gaussian Processes

The selection of the data point requires quantification of the prediction uncertainty.
Gaussian Process Regression (GPR) is a non-parameteric Bayesian approach which
can provide uncertainty measures [290]. GPR is based on the Gaussian Process which
is a stochastic process that defines a distribution over functions. Specifically, given
observations of the input variables X = [z1, ..., 2] and measurements of the output ¥ =
[y1,...,yn], the relationship between X and Y is modelled as a Gaussian multivariate
distribution. GPR seeks to learn a mapping f : X — Y, i.e., y = f(z), with mean m(z)

and covariance k(z,z’) where (E is the expected value)
(6.8)

This is done under the assumption that the data are indepedent and the probability
to observe an output given the observations can be factored over cases in the training
set. The Gaussian Process, is written as f(z) ~ GP(m(x), k(x,z")). Different kernel
functions k(-,-) can be used, however in this paper we use the Matern kernel given by

the following equation

ko) = s (Y ) (Yt ) (6.9

where d(-,-) is the Eucledian distance between features s; and s;, I'(-) is the gamma
function, K,(-) is the modified Bessel function, and ¢, v are tunable hyperparameters.
During training the parameters of the mean and kernel function are estimated based
on the available data. This step estimates the posterior distribution over functions that
best explain the data. This posterior distribution is also Gaussian and is used to make

predictions for a new data point. We refer the reader to [290] for detailed explanation
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of these steps.

Oracle

The oracle is the Generalized Benders Decomposition algorithm which given the param-
eters of an optimization problem and a number of cuts, solves the optimization problem
and returns the solution time. We note that although here we consider the standard
version of Generalized Benders Decomposition as the oracle, in principle, other vesions
can be incorporated, such as multicut implementation, partial Benders decomposition

etc.

Active learning loop

The active learning loop is presented in Algorithm The inputs are the pool of
unlabeled data C,, the initial training set C', and the surrogate model /m which is a
Gaussian Process with Matern kernel. First, the model is trained using the initial train-
ing dataset. Next, the model is used to predict the solution time and undertainty arount
the prediction for all the unlabeled data and idenitfy the datapoint s with the maxi-
mum uncertainty. This data point is passed to the Generalized Benders Decomposition
algorithm and the solution time (the label) is recored , the labeled datapoint {s,y} is
appended in the training dataset, and the datapoint with label s is removed form the
pool. The surrogate model is trained again using the new training dataset and this
loop continues until the maximum munber of iterations is reached. The outcome of this

approach is the surrogate model m.

6.5 Application to mixed integer economic model predic-
tive control for real time operation of chemical pro-

cesses

In this section, we apply the proposed method for learning to initialize Generalized Ben-
ders Decomposition for the solution of mixed integer economic model predictive control
problems that arise in the operation of chemical processes. Specifically, we consider a
continuous manufacturing system whose operation can be affected by disturbances in
the scheduling, e.g., change in demand, and control level, e.g., change in the inlet con-

ditions of the process, as presented in Fig. Once a disturbance affects the system
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Training Machine Learning

model fAL
Labeled training set Unlabeled pool
D = {(ns, v(P(p:))), yi b5 Cp = {ni, v(P(p:)) 1L
Data point
{(ns, v(P(p:))), y:} Generalized Benders _|to be evaluated

Decomposition (7 (ni, v(P(p:)))

Figure 6.2: Learning to initialize Generalized Benders Decomposition via active learning
framework

Data: Surrogate model 1, Optimization problem P, value of parameters p
Result: Problem solution
1 Compute the features of the problem v(P(p));
2 Determine the optimal number of cuts n’,,, = arg ming,en.,,. m(N,v(P(p)));
3 Add n},;, cuts in the master problem;
4 Solve the optimization problem using Algorithm 1;

Algorithm 6.3: Regression based initialization of Generalized Benders decom-
position

an optimization problem is solved to determine the production sequence and the tran-
sitions between the products. In this section, we present the optimization model, the
decomposition-based solution approach, the data generation process, and the evaluation

of the different learning approaches.
6.5.1 Optimization model

Scheduling model

We will consider the case where an isothermal CSTR is used to produce N, products
over a time horizon of H hours which is discretized into N; slots (Ng = N,). We will

assume that while the system is following a nominal schedule a disturbance affects the
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Figure 6.3: Schematic of rescheduling

Data: Number of evaluations N, initial labeled dataset C = {s,y}, Pool of
labels C,, Surrogate model 7
Result: Surrogate model m

1 Train surrogate model m on the initial dataset C;
2 while 1 < N do

3 Select a data point with features s from pool C, based on maximum
uncertainty sampling strategy s € arg maxsec, 0(s);

4 Evaluate label y for s using GBD;

5 Append data {s,y} inset C =CU{s,y};

6 Remove data-point s from pool C, = C, \ {s};

7 Train surrogate model m using set C;

8 1=141;

9 end

Algorithm 6.4: Learning surrogate model for solution time via active learning

system at time Tj, as presented in Fig. Under this setting, every slot k except the
first one has two regimes; a production regime where a product is manufactured and
a transition regime where a transition occurs from the operating point of the product

manufactured at slot & to the operating point of the product manufactured at slot k4 1.
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The first slot has three regimes; a transition regime that captures the transition from
some intermediate state (where the system is due to the disturbance) to the operating
point of the product manufactured in the first slot, a production regime, and another
transition regime which considers the transition from the product manufactured at the
first slot to the product manufactured in the second slot.

We define a binary variable W;; which is equal to one if product 7 is manufactured
in slot £ and zero otherwise. Also, we define a binary variable Z;;;, which is equal to
one if a transition occurs from product i to j in slot k, and variable Z; which is equal
to one if a transition occurs from an intermediate state to product 7 in the first slot. At

every time point, only one product can be manufactured. The logic constraints are:

Np

> Wi =1Vk=1,.,N,

= (6.10)
Zijk = Wigg + Wigy1 — 1V, 5,k # Ns

Z; = Wi Vi

The starting time of slot k is T}, the ending time T}, the production time of product ¢

in slot k is ©;;, and the transition time in slot k is #7. The timing constraints are:

N,
T¢ :Tks—i-zp@ik-l-@i Vk=1,.., N;
=1
T]f+1 =Ty, Vk=1,.,Ns—1
T]%S =H-1Tj
O < HWy, Vi=1,..,Np,k=1,..,N;
Np N, N,
95 = Zp Zp Zijleijl + Zp Zlél (6.11)
i=1 j=1 i=1

NP NP
0h =D Zijubijr Yk =2,.., Ny
i=1 j=1

Oijr > 9:']“" Vi, j, k
0; > 07" Vi

where ;5 is the transition time from product i to j in slot k, 0, is the transition

time from an intermediate state to the steady state of product i, H,Z”” is the minimum
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transition time from product ¢ to j, and ég”m is the minimum transition time from the
intermediate state to the steady state of product 7. The production rate of product 4 is
r;, the production amount of product ¢ in slot k is ¢;z, and the inventory of product ¢

in slot k is I;;. The production constraints are

Iik = [ikfl + T’i@ik - Slk Vi = 17 "7Np7 k= 27 "7Np

(6.12)
Iik = IZ-O + ri@ik — Szk Vi = 1, ..,Np,k = 1,

where IZQ is the initial inventory of product ¢. The demand of product i is d; and the
due date for every product is in the end of the time horizon. The demand satisfaction
constraints are

Sin, > d; Vi=1,.,N, (6.13)

Dynamic model

We will assume that the system is described by a system of differential equations
T = F(z,u), (6.14)

where x € R", u € R™ are the state and manipulated variables, and F : R"* x
R™ +— R™ are vector functions. We will consider simultaneously all transitions between
the products and discretize the differential equations using the method of orthogonal
collocation on finite elements (using N finite elements and N, collocation points). We
define state variable z;;;, r. and manipulated variable w,; ¢ for a transition from product
¢ to j in slot k, finite element f and collocation point c. We also define variable Z; .
and manipulated variable ;. for a transition from the intermediate state to product 4
in finite element f and collocation point c¢ in the first slot. The discretized differential

equations for transitions between products are

Tijkfe = Fa(Tijkfe, Wijkfe, Oiji) Vi, 5, k, f, ¢
Tijkn = xi° Vi, 5,k

TijkN;N. = T3 Vi, j, k (6.15)
Uik = Ui Vi, 5,k

s U
UijkN;N. = Uj~ Vi, J, k
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and the equations for the transition from the intermediate state to product i are:

Tite = Fg(Zife, Uife, 0i) Vi, 1
T = x" Vi

dangn, = @3 Vi (6.16)
Ui11 = u" Vi

UiNy N, = ui® Vi

where 7%, u3®

7% are the steady state values of the state and manipulated variables of

product 7. A detailed expression for the discretized differential equations can be found
at [201].

Objective function

The objective function has three terms; the first is the profit ®;, the second is the transi-
tion cost between products ®o, and the third is the transition cost from the intermediate

state ®3. These terms are equal to:

®1 = piSik — CF " qx — O™ Lik — Y _ CH™ Ziji

ik ijk
—1,d
=) Zijkow < > Nt o e (i ek — U§S)2> (6.17)
ijk fc

@3 = Z ZiOéu ( Z N;lfngACNC ('[Llfc — U§8)2>
- e

(2

where p;, C7¥ are the price and operating cost of product i, C™™ is the inventory cost,
C’Z is the transition cost from product i to j, a, is a weight coefficient, and A is the

collocation matrix.

Mixed Integer Model Predictive Problem and decomposition-based solution
The mixed integer MPC problem is:

P(p) : minimize ®; — &y — Py

(6.18)
subject to Eq.[6.106.111[6.12[6.13][6.15][6.16]

138



mzn NpN, S8
where p = {{d; }7, 1 {IO}Z 51, To, {9 i= plyp 17{9 }z 1 {Tz}z 1 {2 }z i) {“z}z 1t}

This problem has three sets of parameters; the ones related to the scheduling part of
the problem p = {{d; }1 1 {IO}z " To, {07 fv”f?g” R }Z L {n} |}, ones related to
the dynamlc behavior of the system for transitions between products p = {{z}* lN”l,
{ufs}izl}, and the ones related to the transition from the intermediate state to the
steady state of the different products p = x*.

We will rewrite the mixed integer economic MPC problem (Eq. [6.18]) as follows

maximize  ®q( ZZ”kfdyn Wijk, Oijk) ZZ fdyn Wi, Z)
ijk
Subject to gsched(w7 07,]]67 él)ﬁ) S 0 (619)

d y .
gijy]gn(eijhwijk;p) <0Vijk
~d A A ~ .
G;7" (05, @iji; p) <0 Vi

where w = {Wiy, Zij, 7, T, T, Ok, 0%, Sir} are scheduling variables, wijr = {@ijkfe, Wijk e}
are variables associated with the dynamic behavior of the system for a transition from
product i to product j in slot k, and @; = {&;f., Ui} are variables associated with

the dynamic behavior of the system for a transition from the intermediate state to the

product i. gscheq are the scheduling constraints (Eq.|6.10} |6.11}[6.12 /6.13)), gfl]yk" are the

discretized differential equations for transitions between products (Eq. |6.15)), and gdy”

are the discretized differential equations for transition from the intermediate state to
product i (Eq.

If we fix the scheduling variables w and the transition times 0;;, 0; then the dynamic
optimization problems for all the transitions can be solved independently. We define
as ¢;j the value function of the dynamic optimization problem for a transition from
product ¢ to product j in slot k. The dynamic optimization problem for this transition
is

®ijk(0ij1) := minimize fdyn(wz]kv 0ij1.)
subject to gdyn(eijk,wijk) <0 (6.20)
Oije = Oijc * Niji-
where \; ;i is the Lagrangean multiplier for the equality constraint. Similarly, we define

the value function for a transition from the intermediate state to product 4, gZ;i, and the
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dynamic optimization problem for this transition is

¢i(0;, ) := minimize fijk (@i, él)

dyn
subject to  gayn (0, @i p) <0 (6.21)
éz = éz j\z

We note that these dynamic optimization problems are always feasible, since the tran-
sition times are bounded from below by the minimum transition times, i.e., 0;;; > 9;}“”,
0; > HA;’”" The value functions ¢;;, él can be approximated with Benders cuts given

by the following equations [108]

Nijk Z¢ijk(§§jk) - Aéjk(eijk - Héjk)

R (6.22)
i 2¢i(07) — X(0; — 07),

where [ € £ denotes the number of points used to approximate the value functions. The

original problem can be reformulated as

maximize ®q(w) — Z ZijkMijk — Z Zi
ijk 7

subject to  gsched(w, Ok, 0;) <0 (6.23)
Mijk > G (Oin) — Nji(Oijie — Oijp,) Vi, g, K, 1
i > ¢i(6:) — Ni(B; — 65) Vi, .

To solve the problem we use a hybrid multicut Generalized Benders Decomposition
algorithm proposed in [201]. In this algorithm, the solution of the master problem
provides the production sequence and the transition times, and Benders cuts are added
to approximate the transition cost. In this case, the dynamic optimization problems
between the products depend only on the transition time, whereas the transition from
the intermediate state depends on the transition time and the concentration of the
intermediate state. Therefore, the initialization of the algorithm considers only the
optimal number of cuts added to approximate the transitions between the products, i.e.
how many points should be used to approximate ¢;;r. We use the same number of cuts

for all transitions.
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Data: Number of data points N4, Maximum number of discretization
points Neyu:s, upper and lower bounds for complicating variables
0k € [9;9”'", 59;’]7i”], Demand distribution for every product, Distribution
of inlet concentration in the reactor, Scheduling horizon H

Result: Pool of unlabeled data C,

16, = ()

2 1=0;

3 while 7 < Ny, do

4 Select at random a time point Ty ~ U(0, H);

5 Introduce a disturbance in the inlet concentration of the rector
co ~ U(0.8,1.2);

6 Generate new demand for every product d; ~ U(d;, d;);
7 Compute inventory Iy at time Tp;
8 Get the value of the concentration in the reactor z*;
9 Obtain minimum transition times élmm from z* to x}%;
10 Form and solve the master problem;
11 if Master problem is feasible then
12 Select at random 7 cuts to add in the master problem m ~ U (2, Neys);
13 Computer features s and append the data point in the pool Cp;

14 else

15 The demand can not be satisfied at the end of the time horizon due to
the disturbance, data point is not considered

16 end

17 end

Algorithm 6.5: Unlabeled data generation procedure for creating the pool of
unlabeled data for active learning

6.5.2 Application of active learning approach

For the application of active learning, first, we generate the pool of unlabeled data as
presented in Algorithm We assume that at a random time point 7y between 0 and

the end of the scheduling horizon, the demand of all the products and the inlet concen-

tration of the reactor change simultaneously based on some probability distributions.

The statistics of the demand are presented in Table [6.2] and we assume that the inlet

concentration follows a uniform distribution with a low value of 0.8 and a high value of

1.2. Once the disturbance occurs, we compute the inventory, based on the realization

of the initial schedule that was followed for Ty hours and the concentration x* inside

the reactor. Next, the minimum transition time from the intermediate state x* to the
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steady state x§° is computed for all the products. Given this information, we formulate
a new master problem where the scheduling horizon is H — Ty and check its feasibility.
If the master problem is infeasible, then the disturbance that was generated can not be
rejected such that the system can meet the demand at the end of the scheduling horizon.
If the master problem is feasible, then n. ~ U(2, Ngys) cuts are selected randomly and
the features of the problem and the number of cuts are added in the unlabeled pool
Cp. Note that the feasibility of the mixed integer MPC problem can be determined by
the feasibility of the master problem without any cuts since the subproblems are always
feasible and the only source of infeasibility in the mixed integer MPC problem is due to
the inability to satisfy the demand.

The features of the problem, in this case, are the time point Ty, the concentration
in the reactor z*, the inlet flowrate (), the demand of the products {di}ﬁ\g{()d, inventory
of the products {I?}ﬁvz”IOd, state of the system, i.e., production or transition, and the
number of cuts added n.,:s. For the state of the system, we use one-hot encoding, i.e.,

state € {0,1}. Overall the features s; for data point ¢ are:
N el N 0
S = [Tg, .CE*, Qa {dZ}lzpl dv {Izo}zzpl da state, ncuts]

These features form the pool C, = {s; fi’f ° of data points with Npoot = 49000. Next, we
generate a small number of data points (Nt = 10) and evaluate the CPU time. We
allow 100 evaluations N = 100, i.e., 100 data points are labeled. The computational time
for obtaining the data is 726 seconds. The active learning appraoch is implemented using
scikit-learn [232] and the mulitcut Generalized Benders Decomposition is implemented
in Pyomo [129], the master problem is solved using Gurobi [124] and the subproblem is
solved with IPOPT [285].

6.5.3 Comparison of active and supervised learning

We compare the proposed active learning approach, denoted as GP-AL, with a random
sampling of 110 points from the pool using different surrogates models such as Gaussian
Process (GP) with Matern kernel, Neural Network (NN), Random Forest (RF) and
Decision Tree (DT). The hyperparameters of the Gaussian Process, Random Forest,
and the Decision Tree were set equal to their default values while the neural network
has 3 layers, 150 neurons per layer, and tanh as activation function.

We generate 100 new disturbances that are not part of the pool and were not used for
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training in either the active or supervised learning approach. The solution time statistics
for the different models are presented in Table[6.1] From the results, we observe that the
active learning approach leads on average to 66.5% reduction in CPU time compared
to the standard application of GBD, whereas the Gaussian process, neural network,
random forest, and decision tree lead to 53%, 43%, 51% and 33% reduction respectively.

Additionally, for the 100 random disturbances considered, the solution time ob-
tained from the active learning approach is always lower than the solution time without
the addition of cuts. The minimum percentage reduction in solution time for the ac-
tive learning approach is 0.09%, whereas for the surrogate models learned via random
sampling, the minimum reduction is negative, i.e., the solution time of the proposed
approach is higher than the original implementation of Generalized Benders Decompo-
sition. These results indicate that the optimal number of cuts identified by optimizing
the surrogate model trained via random sampling is highly suboptimal. Although these
results can be justified by the fact that only 110 data points were used for training, they
also highlight the importance of selecting the proper data points to label in cases where

obtaining the labels is computationally expensive.

6.5.4 Application of supervised learning

We also consider the case where the labeling cost is not significant. Specifically, for
every data point in the pool C, with features s; generated in the previous section, we
solve the optimization problem and obtain the solution time y;, leading to a data set
D = {s, yi}ﬁ({oo. We use this data set for training three surrogate modes; a decision
tree, a random forest, and a neural network using scikit-learn [232]. For the Decision
Tree and the Random Forest, we used the default values of the hyperparameters. The
neural network had 3 layers with 150 neurons, the activation function was tanh, the
learning rate was equal to 1074, and the regularization parameter o was set equal to
0.01. Note that in this case, we do not train Gaussian Processes since the dataset has
49000 data points and the Gaussian processes have cubic complexity on the number of
samples.

Once the surrogate models were trained, we generate 100 random disturbances that
change simultaneously the demands and the inlet concentration as in the previous sec-
tion. These disturbances are different than the disturbances generated in the previous
section. We solve the optimization problem for every disturbance by initializing the

Generalized Benders Decomposition algorithm using the number of cuts suggested by
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Table 6.1: Computational time for the proposed approach for different surrogate models.
NC refers to solving the problem without the addition of cuts in the first iteration.

Solution Initalization strategy

statistics NC GP-AL GP NN RF DT
Aver. CPU time 13.7 4.31 6.22 7.67 6.34 9.11
Aver. red. - 66.5 53.44 43.52 51.61 33.64
Aver. fold red. - 3.33 249  2.18 2.38 1.75
Max. red. (%) - 81.3 81.41 79.57 81.96 77.55
Min. red. (%) - 0.09 -2.66 -0.02 -26.47 -18.82
Max fold red. - 5.35 5.38  4.48 5.54 4.45
Min fold red. - 1.00 0.97 0.99 0.79 0.84

Table 6.2: Distribution of the demand

Product Nominal value Distribution (Uniform)

low high
1 600 -100 100
2 550 -15 15
3 600 -30 30
4 1200 -20 20
5 2000 -400 400

optimizing the different surrogate models.

The total CPU time for the different disturbances is presented in Fig. and the
solution time statistics in Table From the results, we observe that the average total
CPU time without the addition of cuts (No cuts) is 14.7 seconds. The selection of the
optimal number of cuts to add to the master problem leads to a 70% reduction in CPU
time. From the three surrogate models, the neural network shows the maximum im-
provement in total CPU time, although the average reduction is similar for all surrogate
models. Furthermore, the minimum reduction is positive for all models, indicating that
the solution time with the proposed initialization is lower than the original implemen-
tation of the algorithm without cuts. Finally, the time presetned in Table is the
total time required to determine the optimal number of cuts and solve the problem.
For case study considered, the time to determine the optimal number of cuts is in the
order of 1072 seconds for the decision tree and the neural network and in the order of
10~! seconds for the random forest (see Fig. . Thus, the process of determining the

number of cuts and adding them is significantly smaller than the solution time.
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Figure 6.4: Solution time of the proposed approach with different surrogate models for
49000 training data points.

6.6 Conclusions and discusion

The repeated solution of large-scale decision-making problems arises frequently in the
operation of process systems. The efficient solution of such problems with monolithic
optimization algorithms can be challenging, especially in online settings. Although
decomposition-based solution methods have been widely used to solve large-scale op-
timization problems, their off-the-shelf implementation is nontrivial. In this work, we
proposed a machine learning-based approach for optimally initializing cutting plane-
based decomposition-based solution algorithms, such as Generalized Benders. We use
active learning to guide the generation of labeled data for learning a surrogate model
that predicts the solution time of Generalized Benders Decomposition for a given prob-
lem and the initial set of cuts added in the master problem. The proposed approach
is applied to a case study on the solution of mixed integer economic model predictive
control problems that arise in the real-time operation of process systems. The numerical

results show that the optimal initialization of the algorithm can significantly reduce the
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Table 6.3: Computational time for the proposed approach for different surrogate models
trained via supervised learning

Solution Initalization strategy
statistics Neural Random Decision
No cuts
networks forests trees
Average CPU time (sec) 14.7 3.63 3.78 3.74
Average reduction (%) - 71.71 70.50 70.53
Average fold reduction - 4.23 4.01 4.10
Max. reduction (%) - 84.85 83.88 86.40
Min. reduction (%) - 25.66 17.30 21.13
Max fold reduction - 6.60 6.20 7.35
Min fold reduction - 1.34 1.20 1.26
++ + 4 ++ + +
F T gy et o o T e e ey
10-1 4
£
= ¢ ]
ot ’
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Figure 6.5: CPU time to determine the optimal number of cuts to add for the different
surrogate models.

solution time up to 70 % and the computation of the optimal number of cuts using
the learn surrogate model does not incur additional computational cost. Finally, these
results highlight the ability of active learning to guide the data generation process for

cases where obtaining the solution time is computationally expensive.
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Figure 6.6: Learning to Decompose (L2D) framework for automated decomposition-
based solution algorithm selection and configuration via artificial intelligence and net-
work science

Remark 6.1. In this paper, we used a pool-based active learning approach with
uncertainty-based sampling. However different active learning paradigms have been
proposed. These paradigms can potentially be exploited for learning how to initial-
ize decomposition-based and monolithic-based solution algorithms for different applica-
tions. For example, stream-based selective sampling can be used for learning online the
surrogate models for the performance function, thus enabling the online learning of the

optimal initialization.

In general, the solution of an optimization problem with decomposition-based so-
lution methods poses four questions; (1) Should a decomposition-based method be se-
lected over a monolithic one, (2) how to decompose the optimization problem, (3)
Which coordination scheme should be used, and (4) how to initialize the algorithm?
The results presented in this paper and in [205] in tandem with our previous work on
learning the underlying structure of an optimization problem [6, 207, 199] show that
artificial intelligence tools in combination with network science can be used to create an
automated framework for decomposition-based solution algorithm selection and config-

uration, called Learning to Decompose (L2D).
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The overall framework is presented in Fig. [6.6] and has two parts. The first fo-
cuses on algorithm selection, where given an optimization problem graph classification
techniques can be used to determine whether, and potentially which, decomposition-
based solution algorithm should be used. In the second part, the configuration of the
selected decomposition-based solution algorithm is considered. The configuration has
three aspects, problem decomposition, coordination, and initialization. For the prob-
lem decomposition, structure detection algorithms can be implemented to learn the
underlying structure of the problem and use it as the basis for the application of the
decomposition-based solution algorithm using DecODe [207].

Regarding coordination, although it was not considered in this paper or in [205], it
is an important aspect for decomposition-based solution algorithms. For hierarchical
decomposition-based methods, the coordination is done via cuts and the different coordi-
nation schemes correspond to different cut generation and management techniques. For
distributed algorithms, the coordination considers the different methods to update the
dual variables or Lagranean multiples. Consider for example the case of Lagrangean de-
composition, where the dual variables can be updated using subgradient, cutting plane,
bundle, and trust region methods [69]. Determining which coordination scheme is the
best, especially for mixed integer nonlinear programming problems is not obvious. ML
tools such as classification and regression, possibly coupled with geometric deep learn-
ing, might aid the selection of the coordination scheme as presented in Fig. [6.6] Finally,
for the initialization, supervised learning can be used to learn surrogate models for the
computational performance of the algorithm which can subsequently be used to opti-
mally initialize the algorithm. Finally, these steps can either be performed sequentially
given an optimization problem or can be performed individually.

This framework, and any ML-based approach, requires data for learning the param-
eters of the surrogate models used in the different tasks. Although multiple libraries
of optimization problems exist [Il 2 [I09], these are unlabeled data since for a given
problem the solution time for a given algorithm and a given configuration is not known.
Building a library where not only the optimization problem but also the solution time,
and possibly other information regarding the solution, is stored would significantly re-
duce the required time for building such an ML-based approach for decomposition-based
solution algorithms. Finally, the computational effort required to obtain the labels can

be reduced either via active learning or semi-supervised learning [18].
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Chapter 7
A multicut Generalized Benders Decomposition
approach for the integration of process operations

and dynamic optimization for continuous systems

7.1 Introduction

The optimal operation of process systems depends on the solution of a wide class of
optimization problems which are typically considered independently. However, fast
changing economic environments render this approach suboptimal and motivate the
integration of different decision levels [114 [75]. A typical example is the integration of
process operations, i.e. production planning and scheduling, with dynamic optimization
[17, 67, [82]. In these problems, production decisions such as execution of a task and
allocation of resources are made simultaneously with optimal control decisions leading
to increased profitability.

In order to achieve this integration two solution approaches have been proposed in
the literature [I7]. In the “top-down” approach, the dynamic behavior of the system
is incorporated in the planning/scheduling problem, the problem is solved once and
the results provide the production sequence which is the set point for the control level
[97,222] 125]. In the “bottom up” approach the integrated problem is solved in a rolling
horizon manner resulting in a closed loop implementation [305, 229] 66], 249, [54].

We can argue that the main limitation in both approaches is the solution of the
resulting optimization problem. The main challenges arise due to the inherently non-
linear behavior of most process systems, which in conjunction with the multiple time
scales of the different decision making problems lead to large scale Mixed Integer Non-
linear Programs (MINLP). The monolithic solution of such problems is challenging
due to the presence of continuous and discrete variables which are coupled through
nonlinear constraints [25]. In order to improve the tractability of these problems two
paths can be followed. In the first, the optimization problem is simplified using sur-
rogate models, typically approximating the nonlinear dynamic behavior of the system
12301, 306l 52, 65, 264, 57]. The alternative approach is to use decomposition based

(©2020 Elsevier. Reprinted, with permission, from I. Mitrai, P. Daoutidis. Mitrai, I. and Daou-
tidis, P., 2022. A multicut generalized benders decomposition approach for the integration of process
operations and dynamic optimization for continuous systems. Computers & Chemical Engineering, 164,
p.107859, [DOI:10.1016/7 . compchemeng. 2022. 107859.
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solution algorithms and exploit the structure of the full optimization problem. Typical
examples of this approach include the application of Lagrangean [275] 209] and Ben-
ders [2211, 63, [64] decomposition. Although these algorithms can potentially reduce the
computational time, their application is challenging too. First, a decomposition of the
optimization problem itself is necessary. Its structure however, as it relates to the req-
uisite solution algorithm, is not always evident. In recent research in our group we have
proposed the application of Stochastic Blockmodeling (SBM) and Bayesian inference as
a tool to learn the underlying structure of the problem [207, [199]. In this approach the
optimization problem is represented as a graph, and application of statistical inference
allows learning the structure of the problem which can guide us towards the selection
of the most appropriate decomposition based solution algorithm.

The second issue is related to the convergence of decomposition based solution al-
gorithms which depends strongly on the problem formulation. For the integration of
planning, scheduling, and dynamic optimization for continuous systems, two problem
formulations have been proposed: one based on slots [125] and another one based on
the Traveling Salesman Problem [57]. In this work we will focus on the slot based
formulation, where the planning horizon is discretized into periods, and each period is
discretized into slots. The values of the state and manipulated variables for each slot and
period depend on the production sequence and the transition time. We have recently
shown that application of nested SBM [199] can reveal the underlying structure of such
a problem and can be used as the basis for the application of Generalized Benders De-
composition (GBD) [199, [108]. However, global optimality can not be guaranteed due
to the nonconvexity of the dynamic optimization problems that consider the dynamic
transition of the system between the different products.

In this work, we propose a new formulation of the integrated problem for single
stage continuous processes. Specifically, motivated by the formulation of the integrated
scheduling and dynamic optimization problem for batch systems [63], we consider all the
transitions between the products for all the slots and periods simultaneously. We analyze
the structure of the problem using SBM and Bayesian inference. Based on the inference
results, we find that the planning/scheduling and dynamic optimization constraints are
coupled only through the transition times. Therefore, the cost associated with the dy-
namic optimization problem for each transition, slot, and period depends only on the
transition time and can be replaced by its value function in the objective function. This

structure lends itself to the application of multicut Generalized Benders decomposition,
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which solves the problem in reduced computational time compared to other formula-
tions of the problem and decomposition based solution algorithms [125], 199]. In order
to reduce further the computational time we propose a hybrid multicut Generalized
Benders decomposition algorithm where the cut associated with one transition in one
slot and period is added for all slots and periods. We show that this approach leads
to further reduction in computational time without affecting the solution quality. The
rest of the document is organized as follows: In Section we present the integrated
optimization problem, in Section we analyze the structure of the integrated problem
and in Section [7.4] we present the decomposition based solution algorithms. Finally in
Sections we analyze the performance of the proposed algorithms.

7.2 Problem formulation

7.2.1 Production planning and scheduling

In this section we will present the planning and scheduling model for a single stage single
line continuous process proposed in [84]. We assume that N, (i = {1,.., N,}) products
must be produced over a planning horizon which is discretized into Ny, (p = {1, .., Npr})
periods, which are further discretized into Ns (k = {1,.., Ns}) slots. First we define a
binary variable W;,, which is equal to 1 if product ¢ is produced at slot k in period p
and zero otherwise. We also define the variable Z;j, € {0,1} which is equal to 1 if a
product ¢ is followed by product j in slot k in period p, and the variable Zp;;, which
is equal to one if transition occurs between product i and j between time periods. At
each time slot only one product can be produced, which is enforced with the following

constraints:

> Wikp = 1 Vk, p. (7.1)

Based on the sequence of the products at the end of each slot, either a transition occurs
from product ¢ to j or the same product is produced in the next slot. The transition

between products for every slot and period is modeled though the following equations:

Zijkp = Wikp + Wiks1p — 1 Vi, j, k # Ng,p (72)
Zpijkp = Wingp + Wi pt1 — 1 Vi, 4, p,
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where the first constraint considers the transitions between the slots in a period, and
the second constraint considers the transitions between the periods. Due to the pos-
sible transitions, each slot is composed of a production and a transition regime. The
production time of product 7 in slot % in period p is Oz, and the transition time in slot

k in period p is 9210. The timing constraints are the following:

va]- - O
Te, =Ty, + Z Oikp + Op, VE,p
7

Ti,=T%, Vk#Nyp
T5 i1 =T p V9 # Nper (7.3)
Oirp < WirpH, Vi, k,p
Oip = Oirp Vi,p
k
Ts, < pH, Vk,p,

where T} is the starting tine of slot k in period p, Tk, is the ending time in slot k and
period p, H, is the duration of period p and ©;, is the production time of product ¢ in
period p. We assume that the demand of product ¢ in period p (d;p) must be satisfied
in the end of the period. The production rate of product 7 is r;, the amount of product
i produced in slot k at period p is gk, and the amount of product ¢ produced in period

p is gip. The production and inventory constraints are:

Qikp = 7iOukp Vi, k,p

dip = Z (jikp Vi,p
k

Lip = Iip—1 + qip — Sip Vi,p
Aip = Hp(Iip—l - Sip—l) + qipHp Vi, p
Sip = dip Vi, p,

where I;;, is the inventory of product 7 in period p, A;, is the linear overestimation of

the integral of inventory, S;, is the amount of product 7 sold in period p. Finally, the
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following symmetry breaking constraints are included:

Y;p > Wikp Via kvp
Y;p < Nip < N}/zp Vi,p

Nijp > N — (Zyip—1> — M(1—Wi,) Vi,p
Nj < N — (ZYW—1> + M(1 - W) Vi,p

Nip =Y Wiy Vi,p
k
where Y;, € {0,1} is equal to 1 if product i is assigned in period p and zero otherwise,
N is the number of slots, M is a parameter, and N;p is equal to the number of slots
that product 7 is manufactured in period p. The first constraint (in Eq. ensures
that every product is assigned to at least one slot every period, the second constraint
guarantees that if a product is manufactured in a period then at least one slot must be
used, and the last constraint enforces that a product is manufactured in consecutive slots

if necessary. We refer the reader to [84] for a detailed explanation of these constraints.

7.2.2 Dynamic model

We assume that the dynamic behavior of the system is described by a system of ordinary
differential equations
i(t) = F(z,u), (7.6)

where x € R™ are the states of the system, u € R™ are the manipulated variables and
F : R"™™ — R"™ are vector functions. The differential equations are discretized using
the method of orthogonal collocation on finite elements using Ny (f = {1,..,Nse})

finite elements and N, (¢ = {1, .., N.}) collocation points. In this work, we will consider
?J'kap
as the values of the n'” state and m*" manipulated variable for a transition from product

simultaneously all the possible transitions and will define the variables x and u?j‘f ckp

1 to product j at finite element f, collocation point ¢, slot k and period p. We will also

define 0,1, as the transition time for the transition from product i to j in slot k and
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period p. The discretized differential equations are:

Nep
T fekp = O3 prp + hi; Z Qne®i fmkp V19,3, fr ¢k, p
m=1
nle =Yty g
z]kp Nfe 7.]7 7p
Nep

iL'Olefkp SCOZ] f—1kp + hz]kp Z chi%,f—l,mk:p \V/n, iaja f > 2a ¢, kap

m=1
i%fdcp = F(':E?jfckp’ Ug?fckp) vn, i, j, f, ¢, k,p
t ok = Wl (f = 1+9¢) Vioj, fre,k,p
20i1kp = 7" Vi, j, k,p
TijNy Nephp = 5~ Vi, J, K, p
Uijtikp = ui° Vi, 5, k,p

ss .o
uiijeNCpkp = u] VZ,], kapa

where x°,uj® are the steady state values of the state and manipulated variables for

)

product 7, 2 is the collocation matrix, and v are the Radau roots. We note that in

this formulation, the values of the state and manipulated variables at the beginning and

end of each slot and period do not depend on the binary variables Wiy, or Z;ji,. This

is different from [125] [57] where the values of the states/manipulated variables at the

beginning and end of each slot and period depend on the values of the binary variables.

7.2.3 Integrated problem

The objective function of the integrated optimization problem is:
®= Z (PZpSzp ZO;) 7 qip — Cvai:D)

_ Z CtrzmsZ iikp — Z Cf;ans Zpijp

i,J,k,p ,J,P
- Z; a N1 (u;; — uss)?
ijkp u fe “ijfckp chp ij fckp j
4,5,p:k
S$5\2
- § szgkp <Oéu E fe z]chsp chp(uijchSp_uj ) )’
7]7p
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where P, is the price of product 4 in period p, C77" is the operating cost of product i
in period p, C"™ is the inventory cost, Cf}-"ans is the transition cost from product 7 to j,
and a, is a weight coefficient. The first term represents the sales, the second and third
terms are related to the operating and inventory costs, and the fourth and fifth terms
represent the fixed transition cost between the slots and periods. The last two terms
represent the transition cost. In these terms, the cost of a transition from product 7 to j
in slot k£ and period p is multiplied by Z;;x, (and by Zp;;, if we consider the transition
between the time periods). Therefore, if a transition does not occur, i.e. Zjji, = 0 or
Zpijp = 0, then the cost does not contribute to the objective. Finally, the transition
time for each slot and period depends on the transitions that occur and the following

equations are added:

Np Np

ézp = Z Z‘gijkpzijkp Vk,k # Ng,p
i=1 i=1

: o X (7.9)
91]‘/\7517 = Z Z Histprijp Vp,p # Nper

=1 1=1
Qijkp > e;rzlzn Vi7j7k7p7

where 677" is the minimum transition time for a transition between product ¢ and j.

The integrated optimization problem is:

maximize &

subject to Eq. [7.1} [7-2} [7-3] [7-4] [7-5] [7-7), [7-9]

This is the general problem formulation for the integration of planning, scheduling,

(7.10)

and dynamic optimization for a single stage single unit system. In this formulation, each
slot is composed of a production and a transition regime. Therefore, if the number of
slots is equal to the number of products, in the last slot of the last period no transition
occurs. Hence the variables and constraints associated with all the transitions for this

slot can be removed from the optimization problem.

7.3 Problem decomposition

In this section we will analyze the structure of the integrated problem using SBM

and Bayesian inference. We refer the reader to the Supplementary material for an
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introduction to SBM and to [207, 199] for a detailed explanation on the application
of this approach to optimization problems. For illustration, we consider an isothermal
continuous stirred tank reactor where an irreversible reaction occurs (A — 3B). The
dynamic behavior of the system is described by the following equation [125]:

de(t) _ Q(t)

dt = Vv (Cfeed - C(t)) - k:C(t)s, (711)

where ¢ is the concentration of the reactant, @ is the inlet flowrate (manipulated vari-
able) and V' = 5000 L, cfeeq = 1 mol/L,k = 2 L*/(hr mol?) are the reactor volume,
inlet concentration and reaction rate constant, respectively. In order to keep the graph
simple, we will assume that two products must be produced in three planning periods
and the dynamic model is discretized using 20 finite elements with 3 collocation points.
We apply degree corrected SBM in the constraint graph of the problem using graph-
tool [235]. In this graph, the nodes are the constraints of the problem and the edges
are the variables that couple two constraints. Based on the inference results (Fig. ,
twenty five blocks are identified. The planning/scheduling constraints are assigned in
one block (nodes in the middle of the graph), and the constraints that are associated
with the dynamic behavior of the system for each transition, slot, and period are as-
signed into different blocks. These blocks are connected with the block in the center of
the graph through one edge, the coupling variables. In this case the coupling variables
are the transition times 0;;1,. This hybrid core community structure in the graph is also
manifested in the L shape of the w (block density) matrix inferred for the SBM:

(1392 1 1 ... 1]
1 6794 0 ... 0
w=| 1 0 6794 ... 0 | ecR¥*®,
1 0 ... ... 6794

where the w;; entry of this matrix is equal to the number of edges between the nodes
in block ¢ and the nodes in block j. The planning/scheduling constraints form the
core, which is connected with all the communities, i.e. the constraints of the dynamic
optimization problems, through the variables 0;;,,.

We note that although the structure of this problem is the same as the one identified

using nested SBM in our previous work [199] based on the problem formulation proposed
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Figure 7.1: Inference results on the constraint graph of the integrated optimization
problem
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in [125], the coupling variables differ. In [199] the coupling variables are the transition
time, initial and final states, and manipulated variables. In this case the coupling vari-
ables are only the transition times 6;;,. This coupling of the variables/constraints can
be attributed to the modeling of the transitions. The state and manipulated variables

depend on the transition times through the discretization of the differential equations.

7.4 Decomposition based solution algorithm

7.4.1 Problem reformulation based on the identified structure from
SBM

Given the structure of the problem the variables can be decomposed into three sets.
The first contains the variables that are associated with planning and scheduling deci-
sions, the second set contains the variables that are associated with transitions between
products, and the last set contains the coupling variables (transition times) that couple
the planning/scheduling decisions with the dynamic optimization decisions. Given this
partition of the variables, if we fix the planning/scheduling and the coupling variables,
then the dynamic optimization problems for the transitions are independent and depend

only on the transition time 6;;;. The dynamic optimization problem for a transition
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from product ¢ to j in slot k& and period p is:

Nye Nep
maximize — qy Z Z Nﬂlt%fckpgc,Ncp (Wijfekp — ujs)2
f=1lc=1
Nep
subject to a7’ o, = O pp + hi; Z Qnc®is iy Y frC
m=1
pte _ Bikp
ijkp Nfe
Nep
fL’Okap = $0?j7f—1kp + hzfﬁcp Z chi%,f—l,mkp vna f > 2, c
m=1 (712)

i ekp = J (T35 pekps Wi pekp) I frC
t gy = M (f = 1+ 70) Ve
xoijlkp = .Ifs

TijNsNepkp = T3

Uijlikp = Ui°

UijNy, Nephp = U5

Oijkp = Oijhp-

We will write this problem as:

. . dyn
maximize — fi40
subject to giylgo <0 (7.13)

~

Osjkp = Oijkp

d . d N
iﬁg’; subject to gijykg < 0 and 0;jkp = 0O;jkp. The

solution of this problem depends on the value of the transition time 6;;1,. We define as

which is equivalent to minimizing

¢ijkp the value function of a transition from product i to j in slot k& and period p, which

is equal to the optimal value of the objective function of the following optimization

problem:
e dyn
minimize ;3
subject to gf]y& <0 (7.14)

Oijkp = Oijkp  * Aijkp
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where A;jx, is the Lagrange multiplier for the equality constraint éijkp = O;jkp- The
value function depends only on the transition time, i.e. the coupling variable.

The objective function of the integrated problem can be decomposed into two parts.
The first contains the cost associated with the planning/ scheduling variables (®1) and

the second part considers the transition costs (P2):

01 =3 (PySiy = Oy~ € )
i,p
= 3 O g~ 5™ 2y

,L‘?j?k’p i?j7p

1= 3 i (o0 S o s~ 57

t,5,k,p
1 2
32 2oty (o SN o o sgons )
0.5,p
Based on the value function of the dynamic optimization problem, the integrated prob-

lem is written as follows:

maximize @1 — > Zijpijip(Oijhp) — > ZPijp®iiNop(0ijN.p)
ijkp ijp (7.15)

subject to Equations 7.4

This problem is equivalent to the original integrated problem (Eq. since @;jkp is
only a function of the transition time 6;;;, as identified by the application of SBM.
Therefore, if a transition does not occur, i.e. Zjjr, = 0, then Z;ji,0iikp(0ijkp) = 0 even
if Gijkp(Oijrp) # 0, so the cost associated with this transition does not affect the profit.
If the transition occurs, i.e. Zjji, = 1, then the cost, which is equal to ¢;jkp(0ijkp),
affects the profit.

7.4.2 Solution algorithm

The above problem can not be solved directly since the value functions are not known
explicitly. We will follow a cutting plane method to solve the problem. Specifically, we
will approximate the value functions with hyperplanes. From [107], it is known that if

the value function ¢;j, is convex and we solve the problem in Eq. for O;jkp = Oijkp,
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we can outer approximate ¢;;x, as follows:
Sijkp Oijip) = PijrpOigip) + 00ijnp Oijrp) Oy — Oijip) Oijup = O™ (7.16)

where 8(;5(915/@) is the subgradient of the value function for 0,5, = 9ijkp and is equal
to the negative of the optimal Lagrange multiplier \;jx, for the equality constraint
Oijip = Oijrp-

Given this approximation, if we solve the dynamic optimization problems for differ-

ent values of 0;;1, we can approximate the function ¢;;x, and the problem:

minimize ¢ijkp(0ijkp) (717)
ijkp
is equivalent to [105] [106]:
minimize 7;;kp
subject to Nijkp > G5y (Oiinp) — A Oijip — Oijkp) Vo = 1,...,V

where V = {v1,vg, .., v, } is the number of points used to approximate the value function
and the overbar denotes a fixed value. The integrated optimization problem can be

written as:
maximize P; — E ZijkpNijkp — E ZDijpNijNep
ijkp ijp

subject to Equations [7.2 73] [74

Nijkp = Pijrp — NijipOigkp — Oiinp) Vi Jskyp,v €V

(7.19)

We note that the tangent approximation corresponds to the Benders cuts [108]. We
will follow a Generalized Benders Decomposition approach to solve this problem. The
master problem is the relaxed planning/scheduling problem and the subproblems are
independent dynamic optimization problems for each transition, slot, and period. The
dynamic optimization problems are solved only for the transitions that occur, i.e.
(4,4, k,p) € {(i,4, k. p)| Zijkp = 1}, (4,4, p) € {(i,7,p)|Zpijp = 1}. Once the subprob-
lems are solved, the following Benders cuts are added in the master problem:

Nijkp = Pijip — Nijkp(Oijrp — ijip)
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Data: Optimization problem

Result: Upper, lower bound and variable values

Set UB = 00, LB = —ox;

Set tolerance and optimality gap (tol);

Initialize the algorithm by fixing the production sequence and obtain the
transitions that occur, transition times, Lagrangean multipliers A;jxp, @ijkp
and add tangent approximation (Line 10);

while (UB — LB)/LB > tol/100 do

Solve the master problem (Eq. , obtain UB and transitions;

6 Solve the dynamic optimization problems (Eq. that correspond to
Zijkp = 1, Zpijp = 1;

Obtain Lagrangean multipliers \;jxp, @ijkp, ®1,P2;

Update lower bound LB = max{LB,®; — ®s};

Add following tangent approximation in the relaxed problem:

W N =

[

if Zijkp =1 add nijkp > Bijip — NijkpOijip — Oijip)

if Zpijp=1 add nijngp > GijNgp — XijNp(OijNep — OijN.p)

10 end

Algorithm 7.1: Multicut Generalized Benders Decomposition based on the
learnt structure

if Zijkp =1 and

NijNep = PiiNep — MijNep(OijN, — OijN.p)

if Zpi;p = 1, where the overbar denotes a fixed value. The steps that are followed to
solve the problem are presented in Algorithm In this approach at every iteration
one cut is added for every transition that occurs, therefore multiple cuts are added per
iteration. This approach is known in the literature as multicut Benders decomposition
[41].

We can exploit further the structure of the problem to accelerate its solution. Specif-
ically, since n is defined for all (ijkp), the approximation of the transition from i to j
in slot 1 is also valid in all the other slots and periods. Therefore, we propose an

accelerated hybrid multicut algorithm where in each iteration we add the constraints:

Nijkrp = Bijip — Nijhp Oijrry — Oijip) Vi, 5, k' € Ng,p' € Npey
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if Zijkp =1 and
Nijk'p’ > ¢istp - Aistp(Hijk’p’ - e_istp) Vivja k, € Nsap, € Nper

if Zp;jp = 1, where the overbar denotes a fixed value. In this approach, at each iteration,
for each transition that occurs multiple cuts are added. We note that the addition
of multiple cuts per iteration is a common strategy in decomposition based solution
methods for MINLP problems [269, [160]. In these cases the solution of the master
problem provides a pool of solutions which can be used to solve multiple subproblems
which lead to the addition of multiple cuts per iteration. In the proposed hybrid multicut
GBD approach, the subproblems are solved based on the global solution of the master
problem but the cut for a transition between product ¢ and j in slot k£ and period p is used
to approximate the value functions for the specific transition for all slots and periods.
The steps that are followed to solve the problem are presented in Algorithm [7.2] For
both algorithms (multicut and hybrid multicut), the relaxed problem is a Mixed Integer
Nonlinear Program (MINLP) with bilinear terms in the objective function (Z;jrpnijkp,
ZpijpnijN,p) and in Eq. (ZijkpBijkp, Zpijpbijn,p) solved with Gurobi [124]. We note
that this problem can be transformed into a Mixed Integer Linear Program (MILP)
by linearizing the bilinear terms. Specifically we can replace every bilinear term, e.g.

ZijkpNijkp With n € [ﬂij’ 7i;] as follows

min{O,Qij} < Oijkp < Tij

1, %ijkp < Oijkp < MijZijkp
(7.20)
Nijkp = (L= Zijkp)Tlig < Oijhp < Nijhp — (1 = Zijhp)1,

Sijp < Mijkp + (1 — Zijkp)ﬂij-

The computation of UM 7;j is presented in the Supplementary material. Similarly we
can linearize the Z;;,0;kp, bilinear terms. Although this leads to a MILP, we found
that for small planning horizons solving the master problem with the bilinear terms
(using Gurobi) is faster than solving the MILP model. Hence, in the first case study
(Section[7.5) the master problem is a MINLP whereas in the second case study (Section
we use the MILP model. The subproblems are nonlinear optimization problems
solved with IPOPT [285] and the values of the dual variables that are used are the ones
returned by IPOPT. The algorithm is implemented in Python using Pyomo [129].
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Data: Optimization problem
Result: Upper, lower bound and variable values

1 Set UB = 00, LB = —ox0;

2 Set tolerance and optimality gap (tol);

3 Initialize the algorithm by fixing the production sequence and obtain the
transitions that occur, transition times, Lagrangean multipliers A;jxp, @ijkp
and add tangent approximation (Line 10);

4 while (UB — LB)/LB > tol/100 do

5 Solve the master problem (Eq. , obtain UB and transitions;

6 Solve the dynamic optimization problems (Eq. that correspond to

Zijkp = 1, Zpijp = 1;

Obtain Lagrangean multipliers \;jxp, @ijkp, ®1,P2;

Update lower bound LB = max{LB,®; — ®s};

Add the following tangent approximation in the relaxed problem:;

10 if Zijkp =1 then

11 | add nijrp > iy — Nijkp (Oijirn — Oijip) Vi, j, k' € Ne,p' € Nper

12 end

13 if Zpijp =1 then

14 ‘ add Nijk'p’ > ¢istp — )\ijNSp(Gijk/p/ — QijNSp) Vi,j, kK e Ns,p/ (S Nper
15 end

16 end

Algorithm 7.2: Hybrid Multicut Generalized Benders Decomposition

Remark 7.1. In the proposed algorithms the hyperplanes that approximate a value
function are valid under the assumption that the value function is convex. For the
isothermal CSTR considered in Section 3, when four products can be produced, the
value function for each transition from product 1 to the other products is shown in
Figure and the Benders cut for the transition from product 1 to product 2 is shown
in Fig (the steady state values of the concentration and inlet flowrate are presented
in Table . From these figures we observe that the value functions are convex and

the Benders cuts are valid understimators.

Remark 7.2. Given the convexity of the value functions, the proposed multicut and
hybrid multicut algorithms can be used to solve the problem to global optimality since
the Benders cuts are valid understimators of the value functions. However, the solution
of the integrated problem to global optimality requires that the subproblems are also
solved to global optimality. Although this can be achieved using global optimization
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Figure 7.2: Transition cost for a transition from product 1 to products 2,3,4. The x
axis is the transition time and the y axis the scaled cost. The steady state values of the
state and manipulated variable are given in Table

solvers like BARON [154], this can increase the CPU time in cases where the subprob-
lems have a large number of variables/constraints and nonconvex terms. In the case
studies presented in this paper we solve the subproblems with IPOPT and therefore
global optimality cannot be guaranteed. We also note that in the general case, where
the value functions are not convex the proposed algorithms can still be applied but
global optimality cannot be guaranteed even if the subproblems are solved to global

optimality.

Remark 7.3. The idea of replacing the transition cost with its value function has
been previously pursued in literature. In [264], the dynamic optimization problem
was solved for different values of the transition time and a flexible recipe approach
was followed to solve the integrated planning, scheduling, and dynamic optimization
problem. Similarly in [57] a surrogate model was used to approximate the transition
cost. A similar approach was followed in [65], where a cooperative game theoretical

approach was followed and the problem was formulated as a two level game. The first
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Figure 7.3: Approximation of the value function for three different values of 6.

level agent solves the scheduling problem and the second level agent solves the dynamic
optimization problem by considering only its objective value. The value function of the
dynamic optimization problem was approximated using piece-wise linear functions. In
the above approaches the transition cost and value of the objective function obtained
are approximate. In our approach, the proposed algorithm provides the exact solution

of the problem.

7.5 Case study 1: Isothermal CSTR

In the first case study we consider the isothermal CSTR whose dynamic behavior is
described by Eq. We assume that four products must be produced in two planning
periods, each composed of four slots. The economic data of the problem, adapted from
[125], can be found in Tables We solve the problem with the proposed
formulation and multicut and hybrid multicut decomposition based solution algorithms
and compare them with the application of Generalized Benders Decomposition based on
the structure found in [199] using the formulation of the integrated problem proposed
in [125]. The formulation of the integrated problem and formulation of GBD [199] can
be found in the Supplementary material. In this case study, we constrain the rate of

change of the manipulated variable for the dynamic optimization problems through the
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following constraints:

u?;fckp 7,]f 1 ckp ijfckp — ij—l,ckp) Vm, i?ja f > 1a ¢, kap
< Um axr

= (tf

( ijfckp zjfc—l,k:p) Vm,i,j, faC > 1»k57p
> Umzn(

(tf

)vm’i’j’f Z 17C7k7p
)vm’i’j’f7cz ]"k;’p’

m
Wijfekp — Z]fC Lkp = (7.21)

m
uijfckp z]f l,ckp = ijfckp — zjf—l,ckp

> UmlTL

m
uijfckp z]fc 1.kp = ijfckp — zjfc—l,kp

where U4 ™" ig the maximum and minimum change for manipulated variable m.
The dynamic model is discretized using 20 finite elements with 3 collocation points.
For all algorithms the optimality gap was set equal to 0.1%, and the initial production
sequence was A — B — C' — D for both periods. The master problem in the first
iteration has 592 variables and 445 constraints and the dynamic optimization problem

for each transition, slot and period has 265 variables and 326 constraints.

“ —— Hybrid Multicut algorithm
L T LT Multicut algorithm
DAl VN - == Benders decomposition
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Figure 7.4: Evolution of the gap for the proposed algorithms and GBD (Benders de-
composition) based on [125],[199] for the first case study.

The evolution of the optimality gap and the upper and lower bound with the CPU
time for the different algorithms is presented in Fig. Based on the results,
GBD based on the formulation and decomposition from [125] [199] converges after 150
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Figure 7.5: Evolution of the upper and lower bounds for the proposed algorithms and
GBD (Benders decomposition) based on [125],[199] for the first case study.

Table 7.1: Operating conditions and product price for the first case study.

Product c*(mol/L) Qw(L/n) Troducton
A 0.24 200 150
B 0.2 100 S0
C 0.30 400 978
D 0.39 1000 607

Table 7.2: Operating and transition cost for the first case study, C"" = 0.026, a, = 1.

coper Ctrans

Product | p=1 p=2| A B C D
13 13 0 100 60 120
22 12 150 0 50 80
35 45 | 200 150 0 100
29 19 90 100 120 O

(ol @Nvell

CPU seconds (131 iterations) and the value of the objective function is 8.781 x 10°.
The multicut algorithm converges after 15 CPU seconds (28 iterations) leading to a
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Table 7.3: Product demand for the first case study.

Demand (mol/week) Price ($/mol)

Prod. | p=1 p=2 p=1 p=2
A 8000 9000 200 220
B 4000 3600 160 140
C 7000 8000 130 150
D 6000 11000 110 110

90% reduction in CPU time and the objective function is 8.782 x 10%. From Fig. we
observe that the multicut algorithm reduces the bounds faster even though initially the
lower bound obtained from GBD is better. The hybrid multicut algorithm converges
after 5 seconds (8 iterations) leading to a 96% reduction in CPU time compared to GBD
and 66% compared to the multicut algotirhm. The solution that is obtained is the same
as the one obtained from the multicut algorithm. The difference in the solution time is
due to the fact that in the hybrid multicut algorithm, in each iteration more information
is added in the master problem through the multiple cuts for each transition. In GBD
and the multicut algorithm, in each iteration the Benders cut provides information only
about the specific production sequence and transition time. The production results
obtained from the proposed algorithm are presented in Table and the concentration
and inlet flowrate profiles are presented in Fig. From the production results, we
see that the demand is satisfied and product D is overproduced in the second period.
Additionally, product C'is overproduced in the first period in order to satisfy the demand
in the second period where the operating cost is higher, compared to the first period.
Finally, no transition occurs between the two periods leading to a reduction in the cost

and increase in the profit.

7.6 Case study 2: MMA polymerization reactor

In the second case study we will consider a methyl methacrylate (MMA) polymerization
process. The states of the system are the concentration of the monomer c¢,,, the con-
centration of the initiator ¢;, concentration of dead chains Dy and mass concentration
of dead chains D. The input is the flowrate of the initiator F; and the output is the
molecular weight of each product Y. Based on the value of the initiator inlet flowrate,

products with different molecular weight can be produced. The dynamic behavior of
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Table 7.4: Production results for the for the first case study.

Period 1
Production amount Production time Transition time
Slot Product
(mol) (hr) (hr)
1 B 4000 50.0 0.98
2 A 8000 53.3 1.21
3 C 14176 51 1.58
4 D 6000 9.8 0
Period 2
Production amount Production time Transition time
Slot Product
(mol) (hr) (hr)
1 D 29968 49.3 1.87
2 C 823 2.9 1.55
3 A 9000 60 2.24
4 B 4000 50 0

the system is described by the following differential equations [64]:

dep (t)
dt

de; (t)
dt

dDy(1)

F(cp — cm(t)
|4

= —(kp + kgm)Pem(t)V/ci(t) +
Fy(t)c™ — Fey(t)

v
FDy(t
gt = (O~5ktc + ktd)P20i<t) + k:meCm(t) Ci(t) - ﬁ

%
dl)dlt(t) - Mm(kp + kfm)PCm(t) V Ci(t) - FDvl(t)

Y (t) = D1(t)/Do(t)

p_ 2f*ks
kia + ke

The parameters of the dynamic model can be found in Table[7.5([64]. We will assume

that four products must be produced in three planning periods. The steady state values

= —kici (t) +

(7.22)

of the states, inlet flowrate and molecular weight are presented in Table |[7.6] In this
case, the dynamic model is discretized using 20 finite elements and 3 collocation points.
The dynamic optimization problems for each slot has 741 variables and 689 constraints
and in the first iteration the master problem has 1368 variables and 2966 constraints.

We solve the problem using the proposed multicut and hybrid multicut algorithms and

171



Period 1 Period 2
0.400 0.400 1

0.375 =TT 0.375 Slot 1
. b - . A
- --- Slot 2
= 0350 - 0.350
30 PR : —— Slot 3
€ <
0.325 A 7 0.325 4
< s
203001 77T e 03001 “~<__
5 - it
c 0.275 - - 0.275 4 S~s
[} - S~o
2 S e s T
S 0.250{ —-- — Slot1 02501 —._ 77w
0.225 === Slot2 | 02251 = TTrm—_ _
—.— Slot 3 Tre—e—
0.200 A 0.200 A -
0.00 025 050 0.75 1.00 125 1.50 0.0 0.5 1.0 1.5 2.0
Transition time hr
1400 -
S~ 1000 Slot 1
1200 1 g T T Slot 2
i \ 8001 Slot 3
L 1000 -
L
3 600 -
o 800
3
© a
5 a1 i N\ TTe—a__ |
g 6004 i N\ = Tm==—e—o \ 400
o \
400 Slot 1 200 1
--- Slot 2 ,
200 . \ ! ;
Slot 3 o MM e _d
0.00 025 050 0.75 1.00 1.25 1.50 0.0 0.5 1.0 1.5 2.0
Transition time hr Transition time hr

Figure 7.6: Concentration and inlet flowrate profiles for each slot and period for the
first case study.

GBD based on [125, 199]. The algorithms are initialized by fixing the product sequence
to 1 — 2 — 3 — 4 for all periods and the optimality gap tolerance is set to 0.1%. The
economic data of the problem are presented in Tables [7.6[/7.7[7.8]

The evolution of the optimality gap and the upper and lower bound with the CPU
time for the different algorithms is presented in Fig. [7.7] The multicut algorithm
converges after 90 CPU seconds (17 iterations), the hybrid multicut algorithm converges
after 35 seconds (7 iterations) and the value of the objective function is 5.06 x 106. GBD
based on [125] 199] converges after 425 CPU seconds (71 iterations) and the value of
the objective function is 4.84 x 10%. The production sequence that is obtained from this
algorithm is the same as the initial guess, leading to lower value of the objective function
compared to the solution obtained by the multicut and hybrid multicut algorithm. In
this case, the hybrid multicut algorithm reduces the CPU time by 91 %, the multicut
algorithm by 78% and the value of the objective is improved by 4.5%. Similar to the
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Table 7.5: Parameters of the dynamic model for the MMA rector

Parameter Value

F 10 m3/h

\ 10 m?

f 0.58

ky 2.5 108 m3/(kmol h)
kiq 1.09 101 m?/(kmol h)
kfm 2.45 10% m?/(kmol h)
k; 1.02 107 A7t

cin 8 kmol/m?

cin 6 kmol /m?
M, 100.12 kg/kmol

Table 7.6: Steady state and production rate values for the MMA rector

Products
Steady
state value 1 2 3 4
Cm 3.07 3.22 3.33 3.43
Ci 0.14 0.12 0.1 0.09
Dy 0.019 0.016 0.014 0.012
Dy 292 277 267 257
Y 15000 17000 18500 20000
F; 0.2 0.16 0.14 0.12
Prod. rate (kg/hr) 123 76.4  50.8  35.2

Table 7.7: Operating and transition cost for the second case study, C* = 0.026, a,, =
106

coper Ctrans
Product | p=1 p=2 p=3] A B C D
1 23 10 15 0 150 120 180
2 30 25 20 160 0 180 160
3 45 95 40 150 100 O 90
4 50 29 20 110 100 120 O

previous case study the multicut and hybrid multicut algorithms improve the upper

and lower bounds faster compared to GBD. Also, the addition of multiple cuts per

transition in the hybrid multicut algorithm leads to improved performance compared to

the multicut algorithm (see Fig. . The production results obtained with the proposed
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Table 7.8: Product demand and price for the second case study.

Demand (kg/week) Price ($/kg)
Prod. | p=1 p=2 p=3|p=1 p=2 p=3
1 2500 2200 2150 300 280 250
2200 1400 1800 180 150 160
3000 3500 2500 160 190 180
1000 2000 1500 120 120 130

W N
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Figure 7.7: Evolution of the upper and lower bound for the different algorithms for the
second case study.

approach are presented in Table and the profiles of the output and manipulated
variables are presented in Fig From the production results, we observe that no
transitions occur between the time periods leading to a reduction in the transition cost.
Product C' is overproduced in the first period where the operating cost is lower compared
to the second time period and product D is overproduced in the last period.

Finally, we solve the problem for different numbers of planning periods and the
convergence results are presented in Table In all the cases the algorithms are
initialized by fixing the production sequence to 1 — 2 — 3 — 4 for all periods and
the optimality gap tolerance is set to 0.1%. The economic data can be found in the

Supplementary Material.
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Figure 7.8: Evolution of the optimality gap for the different algorithms for the second
case study.

From the results we observe that for all cases the proposed algorithms solve the
problem faster than GBD and the solution that is obtained is better, i.e. the value of
the objective function is higher. Specifically, the multicut algorithm reduces the CPU
time up to 94% (for 7 planning periods) and the hybrid multicut algorithm up to 98%
(for 9 planning periods). Both algorithms provide better results since the value of the
objective function is increased up to 6.4% for 7 planning periods. For all algorithms
an increase in the number of planning periods leads to an increase in the CPU time.
For the proposed algorithms this increase is caused by the increase in the number of
variables/constraints in the master problem. For example, the solution of the master
problem requires 43% of the CPU time for the hybrid multicut algorithm for 6 planning
periods and 53% of the CPU time for the multicut algorithm for 10 planning periods,
whereas for the GBD algorithm the solution of the master problem requires (on average)
2.5% of the CPU time. However, the overall CPU time for the proposed algorithms is
lower since fewer iterations are required, i.e. the master problem and subproblems are
solved fewer times. Comparing the performance of the hybrid multicut and multicut
algorithm, from Fig. we observe that the solution time of the master problem per

iteration is similar, however since the hybrid multicut algorithm requires fewer iterations
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Table 7.9: Production results for the second case study.

Period 1
Slot  Product Production amount Production time Transition time
(kg) (hr) (hr)
1 4 1000 28.36 1.10
2 3 4013 78.86 1.14
3 2 2200 28.76 1.41
4 1 3481 28.28 0
Period 2
Slot  Product Production amount Production time Transition time
(k) (hr) (hr)
1 1 3481 28.28 1.95
2 2 2200 28.76 1.69
3 3 2486 48.85 1.66
4 4 2000 56.72 0
Period 3
Slot  Product Production amount Production time Transition time
(kg) (hr) (hr)
1 4 2000 56.72 1.10
2 3 3500 68.77 1.25
3 2 1000 13.07 1.41
4 1 3156 25.64 0

the total CPU time for the solution of the problem and the solution of the master
problem is lower.

We note that the dynamic optimization problems that are solved in each iteration
for all algorithms are independent and can be solved in parallel. Although this will lead
to a reduction in the total CPU time, it will not affect the computational performance of
the hybrid multicut algorithm compared to GBD, since this parallelization will reduce
the computational time for the solution of the subproblems. The solution time of the
master problem will not be affected. From Table we can see that for the cases
considered the total solution time of the master problem in the hybrid multicut algo-
rithm is lower than the total solution time of the master problem in the GBD algorithm.
Therefore, the solution time of the hybrid multicut algorithm will still be lower than the
solution time of GBD. Finally, based on these results we note that for a large number
of products/planning periods the limiting step in the proposed algorithm will be the

solution of the master problem. In such cases one must employ different acceleration
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Table 7.10: Convergence results for the MMA reactor for different planning periods.

4 weeks 5 weeks 6 weeks 7 weeks 8 weeks 9 weeks 10 weeks
Hybrid Multicut algorithm

Master problem?

Variables 1824 (400)® 2280 (500)® 2736 (600)® 3192 (700)® 3648 (800)" 4104 (900)" 4560 (1000)P
Constraints 3959 4952 5945 6938 7931 8924 9917
Objective (x109) 7.57 9.66 10.70 12.24 14.7 17.64 21.58
CPU time (sec) 56 72 123 100 161 128 247
Master prob. 14.2 20 54 28.8 62.5 41.3 106
Subproblem 41.8 52 68 71.2 98.5 86.7 141
Iterations 7 6 7 6 7 5 6

Multicut algorithm

Master problem?

Variables 1824 (400)® 2280 (500)® 2736 (600)® 3192 (700)® 3648 (800)" 4104 (900)" 4560 (1000)P
Constraints 3959 4952 5945 6938 7931 8924 9917
Objective (x109) 7.57 9.66 10.70 12.24 14.7 17.64 21.5
CPU time (sec) 156 199 464 289 681 613 1193
Master prob. 42.58 72.94 212.32 111 306 256 612
Subproblem 113.15 126.06 251.68 178 375 357 571
Tterations 23 21 28 17 27 19 30

Generalized Benders Decomposition from [125] [199]

Master problem?

Variables 865 (400)®> 1081 (500)® 1297 (600)®> 1513 (700)®> 1729 (800)® 1945 (900)® 2161 (1000)®
Constraints 865 1086 1307 1507 1725 1943 2616
Objective (x109) 7.27 9.27 10.2 11.5 14 16.7 20.6
CPU time (sec) 908 1812 2087 5095 6800 9748 11246
Master prob. 22 42 47 106 256 247 314
Subproblem 886 1170 2040 4989 6544 9488 10932
Tterations 96 165 179 252 418 424 451

® First iteration
® Binary variables

techniques for the solution of the master problem, such as using decomposition based

solution algorithms like Benders [27] or bilevel [90, 264] decomposition.

7.7 Conclusions

The optimal operation of process systems depends on the solution of problems that
involve different time scales, the integration of which leads to large scale optimization
problems. In this work, we proposed a new formulation of the integrated planning,
scheduling, and dynamic optimization problem for continuous systems. In this approach,
all the possible transitions are considered simultaneously. Using SBM we analyzed the
structure of the problem and proposed a multicut and a hybrid multicut Generalized

Benders Decomposition algorithm. Through case studies we showed that the proposed
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Figure 7.9: Average computational time per iteration for the solution of the master
problem for different planning periods.

problem formulation and multicut and hybrid multicut GBD algorithms can reduce
the necessary CPU time and find a better solution compared to the application of GBD
using other formulations. Finally, we point out some extensions of the proposed problem

formulation and decomposition based solution approach in the remarks below.

Remark 7.4. In this work we considered the case of planning, scheduling, and dynamic
optimization. The same problem formulation and solution approach can be followed
in the case of the integration of scheduling and dynamic optimization for continuous
systems for different problems such as cyclic/ non-cyclic schedules and single and parallel

lines.

Remark 7.5. In the case studies considered, the production planning and scheduling
problem was modelled using a slot based formulation. We can also follow a Traveling
Salesman Problem formulation [57, [I82]. In that case the time horizon is discretized
into periods and in each period each transition can occur at most once. We can define
¢ijp as the value function for the dynamic optimization cost for the transition from
product i to j in slot p. The value of ¢;j, will depend on the value of the transition

time. Therefore, we can follow the same hybrid multicut GBD algorithm to solve the
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Figure 7.10: Inlet flowrate and output profile for the second case study.

problem.
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Chapter 8
Efficient solution of mixed integer model predic-

tive control problems via Benders decomposition

8.1 Introduction

Model Predictive Contol (MPC) is a common strategy for controlling and operating
a system such that a desired objective function is optimized subject to constraints
that describe the behavior of the system [246]. MPC is usually applied to continuous
dynamical systems. The efficient solution of the MPC dynamic optimization problem
is especially challenging when the optimization problem contains both discrete and
continuous variables.

Discrete variables can arise either due to the hybrid nature of the dynamic system
(e.g., piece-wise affine dynamics) or due to the presence of discrete variables related to
the operation of the system. Typical examples of the latter include the operation of
energy systems where a generator is either on or off [79] and the operation of chemical
processes that can operate only at specific operating points [75]. Such cases are becoming
common in the chemical industry due to converging time scales of scheduling and real-
time operation caused by fast-changing economic conditions [I7), 249]. These problems
are formally known as mixed-integer optimal control problems [I91] and are formulated
as Mixed Integer Dynamic Optimization problems (MIDO). A common approach to
solving such problems is to discretize the differential equations that describe the system
and then use mathematical optimization techniques. This approach approximates the
original MIDO problem with a Mixed Integer Programming (MIP) problem.

Solving such MIP problems online can be a daunting computational task and thus
a major limitation for the implementation of mixed integer MPC. Branch and Bound is
a standard (off-line) solution strategy for MIP problems, where branching is performed
either on the integer variables or on the spatial domain of the feasible region for noncon-
vex nonlinear problems [273] [132]. This approach can guarantee global optimality, yet
it is generally slow for online applications. Multiparametric programming can be used
to efficiently determine the optimal solution of the MIP problem [223] [10]. However,
computing the critical regions, i.e., the optimal solution, for every value of the parame-
ters of the MIP problem is computationally expensive for nonlinear systems with many
states. Another solution approach is to exploit the underlying structure of the problem

and use decomposition-based solution algorithms, such as the combinatorial integral
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approximation (CIA) [251], dual dynamic programming [162], and Generalized Benders
Decomposition (GBD) [208, 200}, 192, 288].

GBD is based on the observation that if a subset of the variables of the optimiza-
tion problem, called complicating variables, are fixed, then the problem can be solved
faster. GBD decomposes the MIP problem into a master problem which considers the
binary (and possibly some continuous) variables and a subproblem which is a continu-
ous optimization problem. This decomposition is based on the underlying structure of
the problem, which in general can be inferred using structure detection methods from
network science [207), [199]. The master problem and subproblem are solved iteratively
and coordinated via cuts which inform the former about the effect of the complicating
variables on the latter. The convergence of GBD can be slow and is guaranteed only
when the value function of the subproblem is convex [108].

Recently, machine learning (ML) has been used to improve the computational perfor-
mance of optimization algorithms [28]. In the context of mixed integer MPC, ML can be
used to approximate the values of the binary variables [190} B03] and active constraints
[56l B3]. This approach transforms the MIP problem into a continuous optimization
problem that can be solved faster. Alternatively, ML can be used to accelerate the
solver itself, either by warm-starting or improving algorithmic steps such as branching
and cut selection for GBD [204].

In this work, we aim to reduce the computational time related to the solution of the
master problem and the subproblem, and thus enable the efficient online application
of GBD in mixed integer MPC problems. Specifically, we propose a branch and check
algorithm where the master problem is solved only once and Benders cuts are added
whenever an integer feasible solution is found during branch and bound. We use machine
learning to approximate the information that is required for the construction of cuts
added to the master problem, therefore, alleviating the need for iterative solution of the
subproblem. The proposed algorithm can be applied to a broad class of optimization
problems that frequently arise in mixed-integer MPC applications, such as Mixed Integer
Linear (MILP), Quadratic (MIQP) and Nonlinear (MINLP) Programming problems.
We illustrate the application and advantages of the proposed approach through two
case studies; one on the dynamic real time operation of chemical processes and one on

mixed integer model predictive control.
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8.2 Machine learning based branch and check Generalized

Benders Decomposition algorithm

8.2.1 Generalized Benders Decomposition

Consider the following optimization problem

min f(x)
st g(x) <0 (8.1)
z € R™ x 2"

where x are the decision variables that can be both continuous and discrete. The first
step in the implementation of GBD is to decompose the problem and determine the
complicating variables. Let’s assume, for simplicity, that the constraints of the problem
are partitioned into two sets g1, g2 using some structure detection approach [207, [199].
Given this partition of the constraints, the variables are partitioned into three sets:
variables u that are present only in constraints g;, variables z that are present only
in g9, and variables y that are present in both constraints, i.e., complicating variables.
Given this partition of the variables and constraints, the above problem can be written
as
minimize fi1(u,y) + f2(z,y)

u’y7z

subject to g1(u,y) <0

92(2,y) <0
u€R™ yeRY x Z", » € R™,

(8.2)

d
Y

Note that in this case, the complicating variables are both continuous and discrete.
Fixing the y variables in Eq. we obtain the subproblem

where n,, +ny +n, = ng, ny = ng, and the objective is also decomposed into two terms.

S(y) = minimize f(7, 2)
Y,z

subject to g2(7, z;p2) <0
g=y : A
g€ R 2 c R,
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where X are the Lagrange multipliers for the equality constraints §y = y. The solution of
this problem, in terms of objective function value and the Lagrange multipliers, depends
on the value of the complicating variables y. Given the value function of the subproblem
S(y), the original problem in Eq. can be written as

minimize fi(u,y) + S(y)
u,y

subject to g1(u,y) <0 (8.4)
ueR™, y € RY x 7.

This problem can not be solved directly, since S(y) is not known explicitly. An ap-
proach to overcome this obstacle is to approximate S with hyperplanes generated using
information from the dual of the subproblem [I08]. Specifically, if the subproblem is
solved for § = y, then S(y) can be approximated from below as follows [107]:

S(y) = 8() +0S@)(y — ), (8.5)

where 0S(y) is the subgradient of the value function for § = y and is equal to the
negative of the optimal Lagrange multiplier A, i.e., dS(y) = —A. This inequality is

known as Benders cut [108], and the problem

minimize S(y) (8.6)
Y

is equivalent to:
minimize 7
y
subject to 7> S(@) - N(y—-7) Ve L (8.7)
y € R" x Z",

where £ = {1, ..., ¢} is the number of points used to approximate the value function and
the overbar denotes a fixed value. Given this approximation of S the problem in Eq.

can be written as
minimize fi(u,y)+n
u?y
subject to g1 (u,y) <0
n>8SH) - Ny-g)viec

c d
ueR™ yeR"™ x Z".

(8.8)
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We note that the Benders cuts are generated in cases where the subproblem (Eq.|8.3)) is
feasible for given values of the complicating variables y. For cases where the subproblem
is infeasible, a feasibility cut can be generated (see [108] for details on the generation of
these cuts).

This approximation is exact for cases where the value function S(y) is convex [108],
otherwise the solution of this problem cannot be guaranteed to be the globally optimal
solution of the original problem (Eq. [8.2). However, even for the case where S(y) is
convex, the solution to this problem can be challenging since the number of approxima-
tions that must be added can be large (e.g., consider the case where the complicating
variables are only continuous and thus an infinite number of approximations are added).
To overcome this, the cuts are added iteratively as dictated by the solution of the prob-
lem in Eq. which is called the master problem. Specifically, in the first iteration, the
master problem is solved without any cuts. This solution provides a lower bound to the
optimal solution of the original problem and the values of the complicating variables.
The subproblem is solved for the given values of the complicating variables providing
an upper bound and the information for the generation of the Benders cuts. Once the
subproblem is solved, the approximations are added to the master problem which is

solved again. This procedure is repeated until the bounds converge.

8.2.2 Branch and check solution approach

The repeated solution of the master problem in the standard application of GBD de-
scribed above is computationally expensive for online applications or for problems where
the master problem is complex. Branch and check has been proposed as an approach to
overcome this limitation [277]. In branch and check the solution of the master problem
starts from the LP (or continuous) relaxation of the master problem which generates a
set of open nodes R and standard node selection techniques are used to select a node p.
If the solution of the LP relaxation at node p is integral, then the subproblem (Eq.

is solved for § = y” and the cut

n>SW") = Ay’)(y —y”) (8.9)

is added to all the open nodes R in the branch and bound tree and the solver continues

the solution of the problem by adapting the set of open nodes.

184



8.2.3 Machine learning based branch and check Generalized Benders
Decomposition

A major limitation in the branch and check GBD algorithm described above is the
need to solve the subproblem every time an integer feasible solution is found. This
can be limiting in cases where the subproblem is computationally expensive or the
original problem is decomposed into multiple subproblems. We address this limitation
by proposing a machine learning approach to alleviate the need to solve the subproblem
multiple times.

Given an integer feasible solution of the master problem at a node p, the solution of
the subproblem provides S(y”) and A(y”), information which is later used to form the
cut and add it in the master problem. We will approximate S(y), A(y) with surrogate
models S(y), A(y). These models can be obtained offline by solving the subproblem for
different values of the complicating variables y; and obtaining S(y;) and A(y;). Through
this procedure, we can obtain two datasets; one that can be used to learn the value
function {y;, S(yi)} Ve and {yi, A(yi)}25e which can be used to learn a function to
approximate the value of the Lagrange multipliers. Given these surrogate models, once
an integer feasible solution is found at a node p in the branch and bound tree, the

following cut is added to the open nodes
n=>S5y") = Ay - v). (8.10)

and the solver continues the solution of the problem (see Algorithm [8.1)).

This algorithm can be applied to a wide class of mixed integer MPC applications,
where the underlying optimization problem is an MILP (f,g are affine), an MIQP (f is
quadratic positive definite and ¢ is affine), or an MINLP (which is either convex, i.e.,
the continuous relaxation is convex, or the value function of the subproblem is convex).

Note that although the proposed algorithm combines mathematical optimization
with machine learning, it is different than other ML-based techniques [190] 303, (56,
33, 204] which focus on the initialization of the solution method. In the proposed
approach, ML is used to accelerate the algorithmic step related to the solution of the
subproblem. A similar approach has been proposed in [168] for the solution of linear
two-stage stochastic optimization problems using Benders Decomposition.

Note also that the solution obtained by the proposed approach is not guaranteed to
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be the same as the one obtained by the application of standard GBD or a monolithic so-
lution approach, since both the value function and the dual variables are approximated.
However, the approximation does not affect the feasibility of the problem itself which
is determined by the feasibility of the master problem, i.e., the cuts approximate the
value function of the subproblem which does not affect the feasible region of the master

problem.

8.3 Application to dynamic real time optimization of chem-

ical processes

We apply the proposed method to a case study regarding the operation of chemical
processes. We will consider the case where an isothermal continuously stirred tank re-
actor (CSTR) is used to manufacture N, products and a dynamic real time optimization
problem is solved to determine the production sequence while considering the dynamic
behavior of the system given the price, production cost, and demand for each product.
The problem formulation for this case is similar to the model presented in Chapter

and in [200]. We present here the main components of the model.

8.3.1 Mathematical optimization model
Scheduling problem

The scheduling horizon is H hours and is discretized into N slots (Ny = N,). We define
a binary variable W;, which is equal to one if product ¢ is manufactured in slot k£ and
zero otherwise. We also define binary variable Z;;;, which is equal to one if a transition
occurs from product ¢ to product j in slot & and zero otherwise. We will assume that
at every time point, only one product is manufactured. The logic constraints related to

the production sequence and transitions are

Np
> Wik =1Vk
i=1

Zijle > Wi + W1 — 1 Vi, j, k # Ns.

(8.11)

We define 7] and T} as the starting and ending time of slot k& (77 = 0,T%, = H). The

production time of product ¢ in slot k is ©;, the transition time between product ¢ and
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Data: Optimization problem, surrogate models S and X
Result: Solution of the optimization problem
1 Start Branch and Bound algorithm by solving continuous relaxation of the
master problem;
2 Obtain open nodes R;
3 while R # ) do
4 Select a node p from R using node selection techniques;
5 Solve continuous relaxation at p and obtain y”;
6 if y” s integer then
7 Approximate the value function S (yP);
8 Approximate Lagrange multipliers S\(y’));
9 Add Benders cut to all open nodes in R;
10
n=Sy") =AWy —y°)
Add MIP-based cuts Update existing nodes in R;
11 else
12 Partition domain of y variables;
13 Add MIP-based cuts;
14 Update existing nodes in R;
15 end
16 end

Algorithm 8.1: Machine Learning based Branch and Check Generalized Ben-
ders Decomposition

Jj in slot k is 0;;;, and the timing constraints are:

Tlg = le =+ Z @zk + Z aiijijk Yk
i ij
Tigpq =Ty VE # N (8.12)
O < Wi H Vi, k
Oiji, > 07" Vi, 4, k,

where GZ”” is the minimum transition time from product ¢ to product j. Given these

constraints, each slot has two regimes, a production regime where a product is manu-

factured with duration ©;; and a transition regime with duration 6;;;. The amount of

product ¢ manufactured in slot k is ¢;x and the inventory level is I;5. The inventory and
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demand satisfaction constraints are:

Lipy = Ii 1 + 1O, — Six Vi, k > 1

(8.13)
Si.ng > d; Vi,

where r; is the production rate of product ¢ and d; is the demand.

Dynamic model

We assume that an irreversible reaction occurs (A — 3B) and multiple products can be
manufactured by adjusting the inlet flowrate. The dynamic behavior of the system is
described by the following differential equation

de(t)  F(t)

dt = Vv (Cfeed - C(t)) - krc(t)3a (8'14)

where c(t) is the concentration of A, F(t) is the inlet flowrate, and V,cfeeq, kr are
parameters which correspond to the reactor volume, inlet concentration and reaction
constant, and are equal to 5000 L,1 mol/L,2 L?/(hr mol?). The differential equation
is discretized using orthogonal collocation on finite elements (using Ny, finite elements
and N collocation points).

We consider simultaneously all the transitions between the products and we define
Cijkip, Fijkip as the concentration and inlet flowrate for a transition from product i to
j in slot k£ at finite element f and collocation point p. The algebraic equations that
describe the dynamic behavior of the system during a transition are represented as (see
[201] for a detailed description)

G(CijklIH Ejklpa tijklpv eljk) <0 VZa ja k7 lapa (815)
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Optimization problem

The objective function has two terms. The first represents the sales minus the operating

and inventory cost and the second term is the transition cost (®2). The costs are
¢ = Z PirSik — Z CXaim — C™ Iy, — Z Cii Zij
ik ik ijk

(I)Z = Z Zijk Qy, ( Z Nl_ltijklpAp,Np (Fijklp — Fjss>2> , (816)
ijk lp

i
where Pj is the price of product i in slot k, C’iolf is the operating cost of product ¢ in
slot k, C'™ is the inventory cost, Cf]’" is the fixed transition cost from product 7 to j, ay,

is a weight coefficient, and A is the collocation matrix. Overall, the resulting problem

is a mixed integer economic MPC problem and the optimization problem is

P(p) := maximize P — Py

(8.17)
subject to Eq. [B.II|[8.T2U8.13|[].15]

where p = {{d;};, { P}y, {7 Yoy Cnw {Clry 2 27, ). This is an MINLP prob-

lem that can not be solved efficiently monolithically.

8.3.2 Decomposition of the optimization problem

The above problem can be solved using GBD by noting that if the scheduling-related
variables are fixed, then the problem is decomposed into a number of independent non-
linear optimization problems. Specifically, if we fix the Wi, Z; 1, T3, 1%, O, Oijk, Like, Sike
variables, then problem in Eq. can be written as

maximize — Z Zijk ffﬂn
ijk (8.18)
subject to  G(cijkip, Fijrip, tijkip, Oiji) < 0 Vi, j, k, 1, p.

From Eq. [8:18 we observe that the problem can be decomposed into independent sub-
problems and the solution of each subproblem depends on the values of the transition
times Hfjk. Therefore, we define the subproblem as

The optimal solution of this problem and the value of the dual variable for the
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equality constraint § = 0;;1 depend on the transition time, i.e., S(ijk), Nijk(0ijx). Given

this subproblem, we can reformulate the original problem in Eq. as follows

maximize ®; — Z Zijksijk(efjk)
ijk (8.19)
subject to Eq.[8.IT|[8.12[8.13]

Since the value functions S;j; are not known explicitly, the above problem cannot be
solved directly. However, S;ji is convex (see [201]), therefore, we can approximate the

transition costs using Benders cuts as follows
max P — Z ZijkNijk
ijk
s.t. Eq.BIT8.T2[8.13]

Mijk = S(04) — Nj(051) Bij — 0i53.) VI € L

(8.20)

Given this decomposition of the mixed integer economic MPC problem, the master
problem is an MINLP with bilinear terms (Z;jxniki, Zijriji;) and every subproblem is
a Nonlinear Programming problem. We note that the bilinear terms in the master
problem can be linearized exactly, however, the linearization adds more constraints and
variables which might slow down the solver. In previous work we found that for small
number of products, it is faster to solve the MINLP master problem [201], therefore, we
do not linearize the bilinear terms. Given this decomposition, we can apply the machine

learning based algorithm presented in the previous section.

8.3.3 Learning the surrogate models and implementation

We learn the value functions and Lagrange multipliers for every transition using super-
vised learning. For the generation of the training data, we discretize the transition time
into Ngute = 1000 points between [Gg?i”, 592?"}. For every value of the transition time
we solve the subproblem using IPOPT [285], we obtain S(6;) and \;(6;) and form two
datasets {Qi,S(Qi)}f\ffm, {0, )\i(ei)}f\fft“.

We use neural networks to approximate S, A\ using Scikit-learn [232]. All the neural
networks have the same architecture, 3 layers with 50 neurons and relu as activation
function. We use Adam [I56] with learning rate equal to 10~* (constant), Ly regular-

ization term equal to 1074, the maximum number of iterations is 10%, and the solver
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Table 8.1: Mean (p) and standard deviation (o) of price and demand parameters for
the different products

Price ($/mol) Demand (mol)

Product i (o) 1 (o)
1 200 (20) 600 (20)
2 160 (16) 550 (10)
3 130 (13) 600 (30)
4 110 (11) 1220 (50)
5 140 (14) 2000 (20)

Table 8.2: Operating and transition cost, oy, = 1, C" = 0.026($/mol)

o Ctrans($)
Product C ($/mol) T 5 3 1 3
1 33 0 100 60 120 150
2 22 150 0 50 80 100
3 35 200 150 0 100 150
4 29 90 100 120 O 100
5 25 150 100 150 140 0

stops if the objective does not improve for 103 iterations. We implement the proposed

algorithm in Pyomo [129] using callbacks in Gurobi [124] with LazyCuts.

8.3.4 Computational results

We generate 20 random instances of the problem assuming that five products must be
manufactured and the price and demand of each product follow a uniform distribution
with parameters presented in Table [8.1] and We solve the problem using the pro-
posed approach and the multicut GBD algorithm proposed in [201]. We note that the
initialization of GBD can affect the solution time. In this case study, the initialization
for the proposed algorithm and the GBD algorithm proposed in [201] is the same since
the master problem for both algorithms is the same (the master problem in the first
iteration of GBD has no cuts).

From the results we observe that the average solution time of the proposed algorithm
is 0.56 seconds and the standard deviation is 0.11 seconds, whereas the average solution
time of GBD proposed in [201] is 10.84 seconds and the standard deviation is 0.84
seconds (see Fig. . These results show that the proposed approach achieves on

average 94% reduction in solution time. Furthermore, we analyze the optimal value of
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Figure 8.1: Solution time of the proposed method (Algorithm and GBD from [201]

the objective function that is obtained with both methods. From Fig. we observe

that the percentage error is less than 0.1%, while the average error is 0.04%.

8.4 Application to mixed integer economic model predic-

tive control

In this section, we apply the proposed approach for the solution of mixed integer model
predictive control problems. We use the model presented in Chapter [6] where the
operation of the system can be affected by disturbances in the scheduling (i.e., change
in demand) or control level (i.e., change in inlet conditions). In this section, we present
parts of the optimization model that are necessary for describing the application of the
method. We refer the reader to Chapter [6] and [201] for a detailed explanation of the

optimization model.
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Figure 8.2: Percentage error between the optimal solution obtained with the proposed
method (fy;.app) and GBD (f&gp) proposed in [201].

8.4.1 Optimization model and decomposition-based solution

The mixed integer model predictive control problem has the following form

P(p,xo) := maximize ®1(w;p) ZZZ?kSZ?k ijk) ZZS 6
w70ijk76i ’L]k‘ (821)

subject to gsched(w7 9ijl<:7 éﬁp) <0

where w are scheduling variables, 6;; is the transition time from product i to j in slot
k, 6; is the transition time from the intermediate state zg to product i, p are parameters

of the optimization problem, ;1 (6;;x) is equal to

Sijk(0ijx) == minimize Faom @ighfes wijhges Ojk)
TijkforWijhfeDijk
. ~ 8.22
subject to  gayn (0ijks Tijk fes Uijife) < 0 (8.22)

Oijr. = Oijke = Nijiks
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and S’,(é,, x) is equal to

Si(0;,x0) := minimize
ZifesUife,bi

ko )
f(li;n(xifm Uife, 91)

subject 0 gayn (0, Tife, Uige) < 0 (8.23)
éi = éi : 5\z‘(éz‘,ﬂm)
Ti11 = Xo
The value functions can be approximated via Benders cuts as follows
it 2P (Oign) — NgiOigne) (Oige — Ol (8.24)

i > i (0L, o) — AL (0L, ) (0; — 0Y),

where [ € £ denotes the number of points used to approximate the value functions. The

original problem can be reformulated as

P(p, p) := maximize  ®y(w;p) — > Zijgnigh — Y, Zifh
ijk i
gsched(wa 9ijk> éz’;p) <0
Mgk > B (Oi) — M (Oig — OL) Vi, 3. ke, 1

fi > a0, o) — NG, 20) (0; — 6Y) Vi, 1.

subject to (825)

Given this problem formulation, we can apply the proposed machine learning branch

and check Generalized Benders Decomposition algorithm.

8.4.2 Learning the surrogate models

The learning procedure for the transitions between products is the same as the procedure
presented in Setion [8.3.3] since the value functions depend only on the transition times
8;jx. We define Sijk. and S\ijk as the surrogate model used to predict the transition cost
and Lagrangean multiplier for a transition from product j to j in slot k.

The value functions for the subproblems that consider the transition from the in-
termediate state z to the steady state of a product depend on the transition time and
xg. For every product, we generate a random value for o and we compute the mini-
mum transition time yiy,. Next, we solve multiple dynamic optimization problems for

different values of the transition time 6 € {émm, Qémm} and obtain the transition cost.
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Figure 8.3: Transition cost from the intermediate state to the steady state of different
products for different transition times. A, B, C, D, E refer to product 1,2,3,4,5 re-
spectively. The x-axis is the transition time, the y-axis the initial concentration in the
reactor (xg), and the z-axis is the transition cost divided by 1000.

The value functions for the five products are presented in Fig. [8:3]

From this figure we observe that all the value functions have similar forms, there is a
combination of initial concentration xy and transition time where the cost is very small.
This corresponds to the case where zq is very close to the steady-state concentration
of a product x4, thus the minimum transition time from zy to zss and the associated
cost are very small. The data presented in Fig. [B:3] can be used to learn a surrogate
model, such as a neural network, S(6,zq) for the transition cost and A(,zo) for the
Lagrangean multiplier. However, we observed that the accuracy of these surrogate
models is low. To increase the accuracy of the prediction, for every product we create
two surrogate models, one that is used when xg > zss and one for zg < zss. In this
approach, every surrogate model approximates a part of the value functions presented in
Fig.[8:3] The procedure used to generate the data for learning the surrogate models and
the implementation of the machine learning branch and check the Generalized Benders
Decomposition algorithm are presented in Algorithm [8.2) and Algorithm
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Table 8.3: Soluton time statistics for different surrogate models for the solution of mixed
integer MPC problems. NN-GBD, DT-GBD, RF-GBD refer to the implementation of
the proposed algorithm using Neural Networks, Decision Trees, and Random Forests as
surrogate models.

GBD NN-GBD DT-GBD RF-GBD

Average solution

. 19.04 0.82 0.54 4.19
time (sec)
Standard deviation 2.74 0.25 0.15 1.40
Average error - 0.19 0.16 0.18
Average percentage
reduction (%) 95.69 97.16 78.00
Fold reduction - 23 35 4.5

8.4.3 Computational results

We assume that the reactor is following a nominal schedule, obtained by the solution of
the problem in the first part of the chapter, and at some time point in the first 10 hours of
operation a disturbance changes in the inlet concentration in the reactor and the demand
of the products. The probability distribution of the disturbance is the same as in the
previous case study. We train three surrogate models, a Neural Network, a Decision
Tree, and a Random forest, as presented in Algorithm [8.2] We generate 20 disturbances
that were not used for training, to test the efficiency of the proposed approach. The
solution time statistics are presented in Table and a boxplot of the solution time
is presented in Fig. From the results, we observe that the proposed approach
leads on average to 95% and 97% reduction in solution time when neural networks and
random forests are used as surrogate models. Specifically, the average solution time of
Generalized Benders Decomposition from [201] is 19.04 seconds, whereas the average
solution time for the neural network, decision tree, and random forest is 0.82, 0.54,
and 4.19 seconds respectively. These results show that the proposed approach can lead,
on average, to a 35-fold reduction in solution time when the decision tree is used as a
surrogate model.

Also, we analyze the error in the optimal solution that is obtained using Generalized
Benders Decomposition from [201] and the proposed approach. The error is computed
as follows

Error: = 100 x 1€BD _ Jizeppl v _ {NN, DT, RF}. (8.26)
fGBD
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Figure 8.4: Boxplot of solution time for multicut Genralized Benders Decomposition
from [201] and the proposed method using different surrogate models, Neural Network
(NN-GBD), Decision Tree (DT-GBD), and Random Forest (RF-GBD).

The percentage error is presented in Fig. [8.5 and in Table We observe that all the
surrogate models have similar average error and the decision tree shows the minimum

average error of 0.16%.

8.5 Conclusions

In this chapter, we proposed an ML-based branch and check Generalized Benders De-
composition algorithm for the efficient solution of a wide class of mixed integer pro-
gramming problems that arise in mixed integer Model Predictive Control applications.
The proposed approach combines branch and check Generalized Benders Decomposition
with machine learning to reduce the computational time for the solution of the master
problem and subproblem. The reduction in solution time with the proposed approach is
achieved by approximating the information that is necessary to construct the Benders
cuts, i.e., value function and Lagranean multipliers. Application to a problem in the
operation of a chemical process shows that the proposed approach leads to a signifi-
cant reduction in solution time while the solution accuracy is not significantly affected.
These results show that the proposed approach can significantly accelerate the solution

of mixed integer MPC problems, especially for cases where the underlying problem is
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Figure 8.5: Percentage error between the optimal solution obtained using the multicut
Genralized Benders Decomposition from [201] and the proposed method using different
surrogate models, Neural Network (NN-GBD), Decision TRee (DT-GBD), and Random
Forest (RF-GBD).

a Mixed Integer Nonlinear Programming problem while incurring small errors in the

optimal solution of the problem. Finally, we make the following remarks.

Remark 8.1. In this case, the cuts that are approximated are optimality cuts since
the subproblem is always feasible. Therefore, even if the prediction accuracy of the
surrogate model is poor, the solution that will be obtained might be highly suboptimal,
but feasible. This is important for online, and potentially, industrial applications where

feasibility is usually more important than optimality.

Remark 8.2. We note that the proposed approach can be used for the solution of a
problem where the subproblem might be infeasible for a given value of the complicating
variables. However, the solution that is obtained is not guaranteed to be either optimal

or feasible.
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Data: Set of products P, Steady-state concentration of products zss, Number
of points Ny
Result: Surrogate models

for p e P do
epoch=0;
Dy ={}
Dy={}%
D ={}
D=1}
while epoch < N do
Get random value for xy ~ U(0, 1);
Get O from g to Tss (p);
Select randomly 6~U (émm, 2émm);
Solve dynamic optimization problem from z( to zss(p) with transition
time § and obtain cost ¢ and Lagrangean multipliers \;
if 9 < zs5(p) then
Append data point with features :zo,é and label ¢ to dataset D;:
D§ = Df U ((0,20), ¢);
Append data point with features mo,é and label A to dataset Dl’\:
D} = ,Dl/\ U ((éva)v A);
else
Append data point with features xo,é and label ¢ to dataset D;:
DE = DE U ((0,20), ¢);
Append data point with features mo,é and label X\ to dataset D;\:
D) = D} U (9, 20), M);
end
epoch = epoch +1;
end
Learn surrogate model 5’;‘ using data set Dg;
Learn surrogate model 3;, using data set Df;
Learn surrogate model 5\;;‘ using data set D;);
Learn surrogate model j\é using data set D}
end

Algorithm 8.2: Learning surrogate models for approximating value function
and Lagrangean multipliers for transition from intermediate state to the steady
state of the different products
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Data: Master problem, surrogate models S;f, S}l), 5\;, j\é, 0, Tss
Result: Solution of the optimization problem

Start Branch and Bound algorithm and obtain open nodes R;
while R # () do

Select a node p from R using node selection techniques;
Solve continuous relaxation at p and obtain w?”, ijk, éf :
if Binary variables are integer then
Approximate the value function and Lagrange multipliers for transitions
between products that occur C. = {(i, 4, k)| Zijx = 1}, S(in), AOijn);
Add Benders cut to all open nodes in R;
n= g(gfjk) = MO51) O — 07) V(i j, k) € Ce
Determine the product p that is manufactured in the first slot;
Obtain transition time 65;
if zp < x55(p) then
Approximate the value function and Lagrange multipliers using
5’}3, 5\59 for the transition from zg to p and add Benders cut to all
open nodes in R;
R 'Zl ~ i’l A A ~
fip 2 5p(65) — Ap(05)(6p — 07)
else
Approximate the value function and Lagrange multipliers using
S';j , 5\; for the transition from zg to p and add Benders cut to all
open nodes in R;
b = 5 (0) — A (07) (0, — 07)
end
Add MIP-based cuts Update existing nodes in R;
else
Partition domain of y variables;
Add MIP-based cuts;
Update existing nodes in R;
end
end

Algorithm 8.3: Machine Learning based Branch and Check Generalized Ben-
ders Decomposition for mixed-integer model predictive control for the CSTR case
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Chapter 9
Conclusions and Future directions

This thesis is focused on the solution of complex and large-scale optimization problems
using decomposition-based solution methods. The first part was focused on developing
an automated framework, based on artificial intelligence and network science, for the
implementation of decomposition-based solution algorithms for the solution of generic
optimization problems. The second part of the thesis was focused on using the structure
detection results to improve the computational performance of decomposition-based
solution methods by (1) reformulating an optimization problem such that its structure
is ideal for the application of decomposition-based solution methods, and (2) using
machine learning to accelerate specific steps of the algorithm. The framework developed
in this thesis, first shows that artificial intelligence can accelerate decomposition-based
solution methods and opens the way to explaining the computational performance of
decomposition-based solution algorithms. Also, it highlights the need for better labeling
algorithms which will reduce the computational time associated with the generation
of training datasets and thus will reduce the time needed to develop such artificial
intelligence-based acceleration techniques. We expand on these points in the rest of this
chapter. It is hoped that the methods proposed here and the following discussion are
of interest to the optimization community and practitioners who use optimization and

may inspire beneficial further explorations.

9.1 Understanding optimization algorithms

Optimization solvers, both monolithic and decomposition-based, are generally treated
as black-box systems whose exact implementation is not known to the user. Explaining
and understanding the computational performance of a solver for a given optimiza-
tion problem and a set of parameters can provide insights regarding the efficiency and
limitations of the solver and can decode the role of the problem formulation on the com-
putational performance. This is a complex task, since solvers have multiple algorithmic
steps, employ a number of heuristics, and the problem itself might have a large number
of variables and constraints. Thus automated methods are essential to understand and
improve the problem formulation and the optimization algorithm itself. One approach

to achieve this is to use tools from explainable artificial intelligence (xAI) to explain the
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predictions of a surrogate model [9), 247, [118] that predicts the computational perfor-
mance of an algorithm for a given problem. However, the application of these methods
requires the appropriate abstraction of an optimization problem such that it can be
used as the basis for machine learning models. This abstraction should capture detailed
information about the structural and functional coupling among the variables and the
constraints of the problem. The results from Chapter [2| show that a graph neural net-
work can be used as a surrogate model to make predictions about the performance of
optimization algorithms while considering detailed structural and functional coupling
among the variables and the constraints of the problem. Therefore, this approach opens
the path to explaining the computational performance of optimization algorithms in

general as presented in the following future research directions.

Future direction 1: Why should a decomposition-based solution algorithm be
used? The graph classification approach proposed in Chapter 2| can predict whether
a decomposition-based solution algorithm should be selected over a monolithic one.
Given this approach, a natural question to ask is: Given an optimization problem, why
is it solved faster with a decomposition-based solution algorithm? Although, at first,
someone might try to use the number of variables and constraints to answer this ques-
tion, these features can not capture the inherent complexity of decomposition-based
solution methods and detailed information about the problem formulation. The perfor-
mance of decomposition-based solution algorithms depends on multiple factors, such as
problem decomposition, coordination scheme, initialization, and problem formulation.
Given the graph neural network approach used for algorithm configuration, one can
utilize recent advances in explainable artificial intelligence for graph neural networks
[294, 184] [135], B7], adapt them for the case of optimization algorithms, and use them
for understanding why a given problem is solved faster using a decomposition-based

solution algorithm.

Future direction 2: Algorithm selection for generic optimization problems
The work presented in Chapter [2|1ays the foundation for selecting the best solution strat-
egy for generic optimization problems that arise in chemical engineering applications.
As discussed in Chapter[2] the selection of the best solution strategy, with standard ma-
chine learning models, requires the extraction of a set of features. However, obtaining a

handcrafted set of features is time-consuming and requires domain knowledge about the
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underlying problem and the solution algorithm. Furthermore, developing such features
for nonlinear and mixed integer nonlinear optimization problems is nontrivial. However,
the graph neural network approach presented in Chapter [2[ can be easily extended to
consider detailed functional information about two or more variables in a constraint,
such as affine, product, power, unary, and reciprocal expression. Furthermore, differ-
ent types of graphs can be used, such as bipartite variable-constraint, constraint, and
variable graph. Given this representation, a graph classifier can be developed to predict
the best solution strategy for linear (simplex or interior point method), mixed integer
linear (branch and cut or decomposition-based method), nonlinear (interior point or
active-set based method), and mixed integer nonlinear programming problems where
different algorithms might employ different convex relaxations. Similar approaches can
be used to identify the best solution strategy for the solution of stochastic programming

problems, robust optimization, and disjunctive programming problems.

Future direction 3: Selection of problem formulation and relaxations The
graph classification approach can also serve as the basis for selecting problem formula-
tions or relaxations. The problem formulation determines the complexity of the opti-
mization model, i.e., the number of variables and constraints, the interaction pattern
among the variables and constraints, and the type of constraints, e.g., convex or noncon-
vex. This step is usually guided by intuition and for a given decision-making problem
multiple problem formulations may be possible [212], 268, 10T, 169]. Determining the
computational performance of an optimization algorithm for a given problem formu-
lation can be time-consuming since the problem must first be solved to optimality.
Furthermore, for complex decision-making problems, determining which part of the
problem formulation mostly affects the solution time is nontrivial and requires detailed
knowledge of optimization theory, algorithms, and their implementation. Identifying the
best problem formulation, reformulation or relaxation can be important for the solution
of online-optimization problems, such as production scheduling [270} 268 10T, 169], so-
lution of disjunctive programming problems [278], and in global optimization algorithms
[151].
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9.2 Accelerating learning efficiency for online configura-

tion of decomposition-based methods

In Chapters [2] [6] [§] different machine learning approaches were proposed to determine
when to use a decomposition-based solution method and how to accelerate decomposition-
based solution methods. These methods require data that capture the computational
performance of an algorithm for a given problem. Obtaining such data can be compu-
tationally expensive, thus efficient sampling methods are necessary to guide the data
generation process. The results in Chapter [6] show that pool-based active learning with
uncertainty-based sampling can guide the data generation process. However, based on
the application, other approaches can be followed, such as stream-based sampling. Al-
though active learning can reduce the computational time for generating the training
set, a potentially large number of data points must be labeled. This can be avoided
using self-supervised learning [I§], where given a small dataset of labeled data, the
model itself learns representations that can be potentially used for other tasks, such
as classification (e.g., predicting the best solution strategy) or regression (e.g., predict-
ing solution time). Finally, transfer learning [289] can be used to reduce the size of
the training set when such machine learning models are developed for mixed integer
nonlinear programming problems which are particularly difficult to solve. This transfer
learning approach can potentially exploit the similarities during the solution of mixed
integer optimization problems where some aspects of the solution strategy like branch-
ing are common in both the case of MILP and MINLP problems. The development
and adaptation of active learning, semi-supervised, and transfer learning approaches
to optimization problems can reduce the computational time required for generating
training datasets and can open new research directions as presented in the rest of this

section.

Future direction 5: Optimal decomposition of mathematical optimization
problems The results in Chapters [3] [4] [5] show that methods from network science
can be used to learn the underlying structure of an optimization problem which can sub-
sequently be used as the basis for decomposition-based solution algorithms. Despite the
improvements in solution time documented through the case studies, the decomposition
is optimal from a network science perspective. However, the structure detection algo-

rithm does not differentiate between continuous/integer variables, convex/nonconvex
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constraints, etc. Therefore, the decomposition that is obtained is not guaranteed to be
optimal with respect to the solution time or convergence rate of the decomposition-based
solution algorithm. Finding the optimal decomposition of an optimization problem for
the implementation of a decomposition algorithm can be posed as an algorithm config-

uration problem as follows:

Problem 9.1. (Optimal decomposition) Given an optimization problem p what is the
optimal partition of the variables/constraints b such that a desired objective f (such as
CPU time or optimality gap for a given CPU time) is minimized when the problem is

solved using decomposition based solution algorithm «, i.e., b* € argmin, f4(b)

As discussed in Chapter [6] this is a black-box optimization problem. A possible so-
lution to this problem is to use a graph neural network to predict the solution time of a
given decomposition, which corresponds to differents partitions of the graph represen-
tation of the problem. Therefore, the block affiliation of every variable and constraint
can be used as an extra feature for the nodes in the graph. However, a large train-
ing dataset is necessary since for a given problem, multiple decompositions must be
evaluated. Therefore, the application of active learning, semi-supervised, and transfer
learning, can aid the efficient generation of training dataset and the learned model can
be subsequently used to identify the optimal decomposition of a given problem for a

given decomposition-based solution algorithm.

Future direction 6: Reconstructing the topology of black-box optimization
problems via Bayesian Stochastic Blockmodeling. The work presented in this
thesis assumes that the graph representation of an optimization problem, i.e., the opti-
mization model is given. Yet, this is assumption not necessarily true for all applications,
since the underlying system might not be known exactly, and thus the optimization
problem might a black-box one. Learning the structure of the black-box problem can
potentially lead to a reduction in the number of required function evaluations. How-
ever, generating data for learning the structure of the problem can be costly. Recently
it has been shown that learning simultaneously the topology and structure of a network
[239, 242] improves the accuracy of the reconstruction, compared to only learning the
topology. This is achieved using Stochastic blockmodeling and simultaneously learn-
ing a Bayesian network and the block affiliation of the nodes. This approach can be

used to learn the interaction pattern between the variables of a black-box optimization
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problem as well as the structure, which can be subsequently used for the application of

decomposition-based solution methods.
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Appendix A
Supplementary material - Decomposition of inte-
grated scheduling and dynamic optimization prob-

lems using community detection

A.1 Formulation of the master and primal problems for
the Benders decomposition for a single multiproduct
CSTR

The formulation of the Benders decomposition algorithm is based on [99]. The problem
has a hierarchical structure, with the scheduling problem in the first layer and the
dynamic optimization subproblems in the second layer. The shared variables between

the scheduling and dynamic optimization subproblem in slot k are:

in end _in _end pt
Cr»Cr 54K 9k 797TC

The primal problem in slot k& (dynamic optimization problem) is solved for fixed tran-

sition time, set-point values for the states and the manipulated variables and total
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operating time. The formulation for slot k is:

Crfeed

Dy : max ——— thé}iZ’Yc Qfck
&2 .
Nep
Cfek = COJ{k + H%hfk Z Qlcéf,l,k Vf,c,k : /\}c@k
. =1
Opp=Op_1 5+ 0 hs10 > Unbrn Y2k 0 Ay
=1

pd Q ) 7k
Clek = %(1 — Cfek) — kc%c’k Vf,c k

t

0
trek = (f —1+7) N’; Viiek o Afek

Ufe = Uf etk < Ugony VK e # 1
Ufee — Ufe—1k = —Ugont VS, K e # 1
Uf Lk = Uf 1 Nk S Uy VK # 1
Uf Lk = Uf A Nk > Uy VoK # 1

O = c?n : )\i

co0ak = kg o N

Quir = qz»“n DY

_ kT
Q203k = Qopg © Mk

where A} o is the lagrange multiplier for contraint ¢ at finite element f, collocation
point ¢ and slot k. Concerning the operating constraints the bounds on the change
of the manipulated variable between collocation points is u,,, = 200 and between

cont

finite elements ufont:’éOO. The Lagrangean function for this specific formulation is
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Np Np Ny
3 CrW; CH(Gy — WiT.) 0y,
RS i L R LS o or fo,mc
=1 i=1 € k=1f=1 =1
Ns B ) ) i .
+ Z <(cfn ))‘4 ( ’ecnd Clgnd))\z + (Qm Qm))‘ﬁ (QSnd B q@de\Z)
k=1
Ns Ny N
+ Z { Z Z )\fck (Cka - cofk - ekhfk Z Qlccfllf>
f=1lc=1
Nf
+> M (Cofck — s 1)k = Olop Z QN C(f— 1)lk>
F>2
Ny N ot
+ZZ)\fck(thk N _1+'Yc }
f=1c=1 f
The master problem is:
max 7
st. n<L(z,y) (A1)

Eq. 3.2 —3.13,3.22 — 3.27

A.2 Appendix B: Graph theory concepts

A.2.1 Centrality measures

A graph G is composed by nodes (V') and edges (E) that capture the interactions among
the nodes. A graph can be represented by its adjacency matrix which has elements
A;; = 1 if an edge exist between node ¢ and j and 0 otherwise. If the nodes represent
different types of objects (A ,B) then the graph is bipartite and the set of nodes is
V = AUB with AN B = (). If we project the bipartite graph into one set of nodes then
an undirected graph G, (A, E4) is obtained where the nodes are the type A nodes of
the bipartite graph and the edges capture the interaction between the type A nodes. If
the projection is performed on the other set (B) then the G.(B, Ep) undirected graph
is obtained.

In an undirected graph a walk is a sequence of nodes that are connected by an edge.
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The length of the walk is the number of edges in the walk and the shortest path is
the shortest walk between a given pair of nodes. If the graph is disconnected then the
distance between the nodes in different components is infinite. The position of a node
in the graph is related with its importance in the graph. The importance of a node is
quantified using different metrics; in this work the closeness and betweenness centrality
will be used. Closeness centrality is a measure of the mean distance from a node to
other nodes. If d;; is the shortest path from node i to node j, then the mean distance

(1;) from node i to all other nodes is:

1
b= > di (A.2)

J
and the closeness centrality (C;) of node i is the inverse of the mean distance:

n—1

C; =
> i

(A.3)

This definition of closeness centrality is used since we have only one component in the
graph. Betweenness centrality captures the extent to which a node lies in the shortest
paths between other nodes. The number of shortest paths from node s to node ¢ that
pass through node 7 is o(s,t]i) and the total number of shortest paths from s to ¢ is

o(s,t). The betweenness centrality is equal to:

Cp(iy = 3 22 (A.4)

s,tevV J(S’ t)

These two values will be used to evaluate the importance of a node in the graph.

A.2.2 Community detection

The edges of a graph capture the interactions between the nodes. Based on these
interactions a graph can be partitioned into communities, i.e sets of nodes which are
more densely connected compared to the rest of the graph. The community structure
of a graph is quantified using a metric called modularity and computed by the following

equation: ,
Q=5 Z (Aij — Pyj)bib; (A.5)

2m
1)
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where A;; is the (¢, j) entry of the adjacent matrix of the graph and b;,b; are integers
declaring the group membership of nodes ¢ and j respectively. Modularity compares
the number of connections between the nodes in a community with the number of
connections if the edges were chosen at random with probability F;;. Usually this
probability is computed using the configuration model for generating random graphs.
In this model the degree k; of node i follows a specific degree distribution given by
the entries of the adjacent matrix. Therefore, given the degree distribution of each
node the goal is to find the group membership of the nodes such that the modularity is

maximized, solving the following optimization problem:

ml?x % Z <Al-j - k;:j) bib;
ij
This is an integer programming problem and is proven to be NP-hard. For its solution,
a two-step greedy optimization algorithm is used [42]. Initially, each node is assigned
to its own community. In the first step, the nodes are assigned to communities of
their neighbors such that the modularity is increased. When a local optimum of the
modularity has been reached then the second step of the algorithm is performed, where a
new graph is created where the nodes represent the nonempty communities of the graph
obtained in the end of the first step. Then the first step of the algorithm is applied again
to the new graph. These two steps are applied iteratively until the modularity cannot

increase further. A detailed analysis of the algorithm can be found in [42].

A.3 Appendix C: Notation

Variables and parameters in the integrated scheduling and dynamic optimization prob-
lem:

Parameters

C? : Price of product i ($/kg)

C? : Inventory cost of product ¢ ($/kg)

C™ : Cost of manipulated variable m

D; : Demand of product ¢

™% . Maximum time that product ¢ can be manufactured
Q) . Collocation matrix

~ : Radau roots
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x5%: Steady state value of state n for product 7
usy: Steady state value of flowrate m for product i
V . Reactor volume

k : Reaction constant

hsi: Length of finite element f in slot &

Variables
W; : Amount of product ¢ manufactured
T.: Total cyclic time
G;: Production rate of product ¢
0©;: Production time of product 4
9}2: Transition time in slot &
Ufer: Manipulated variable in finite element f in collocation point ¢ and slot &
yik: Binary variable, 1 if product ¢ is produced in slot k& 0 otherwise
0;: Production time of product 7 in slot k
pr: Processing time in slot k
t;: Starting time of slot k
t7.: Ending time of slot k&
Znfek: State n in finite element f in collocation point ¢ and slot &k
U fek: State n in finite element f in collocation point ¢ and slot k
20y, f1: State n in finite element f and slot k
ek Time in finite element f in collocation point ¢ and slot k
z'": Value of the state variable n at the beginning of slot &

xf],;d: Value of the state variable n at the end of slot &
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Appendix B
Supporting information for: Efficient Solution of
Enterprise-wide Optimization Problems Using Nested

Stochastic Blockmodeling

B.1 Formulation of the master and subproblem for the
application of GBD based on the structure of the level
1 multigraph

Based on the core-periphery structure of the first level multigraph, the variables are
decomposed into three sets. The first set contains variables s1 = {Yju, zijur, th d H},
the second variables so = {x fckl;ufcklat(jfckla hile}, and the last set contains the com-
plicating variables s3 = {:z:}g,:cz?d, u}g,uz?d, 6%,}. We create a copy of these variables,
gin gond gin gend é,td, and constraints 41, 37 (in the paper) are written as
Tl = 55?; VEk, 1
w?vfeNcpkl = 2577 n, k, 1

m _ ~in
Uty = U Y,k

(S.1)
UN Nkl = iyt n, k1
ét
hi¢ = KLy .
kl Nfe

We reformulate the integrated problem as follows:

d
Wi Zijkl t
BT t t “ij t Skl ~end\?2
minimize E ch i + E cl-;anseklf + g e Wikl + ay N Ac N, (Wpekt — Ty ®)
- l = l - fe
ikl ijkl ikl klfc

subject to Equations 29,30,31,32,36,38,40,S.1
B = =i Yk,
#t =2 k1

g = ug k1

gt = ufp? k1
0t, = 0%, Vi,
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If the scheduling variables are fixed, then the optimization problem is:

minimize a Z ?Ckl A, Nep (Ufert — ﬂi?d)Q
kife e
subject to ggyn < 0(Eq. 36,38,S.1)

@ =z VkeT, e, Ay 52)
ot =zl Yk eIl e - N

wh =al YkeTI, e, i Ay

a =a?t Yk e Tl e - My

0L, =0t YVkeT,lel; : A

If we define 7 as the value function of the dynamic optimization subproblem the original
problem can be written as:

ikl
minimize E il }}kl g tmnsﬂt ” + g cStm"Wikl
ikl Lk ikl

+n({a} {=i Y {uif}, {umd} {611
subject to Equations 29,30,31,32,40

This problem can not be solved directly since the value function is not known. It can
be approximated as follows:

td

. kl N

n= 1223}{ { min (au E —]J\;Cf Qe Ny (Uperl — uZ?d)Z - O'ngyn
’ klfc = /¢

= (AI%:Z(ZEZ; i)+ Mt — 2409
ol

3 i ~end
A (upl — ) — X (ug® — agd)

+ \Eop, — éiz)) },
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where o, A are the Lagrangean multipliers. This expression can be relaxed as follows:

td

. kil ~

7 2 min <au Z ]j\"fcf QC,NCP (Ufckl - UZ?d)Q - O'ngyn
klfc =~ /¢

B (W A + A - a0

. p ond
+ A (ujlt — ) — N (ugp® — agr?)

+ \E o), — ‘%) )

If we solve the dynamic optimization problem for given values of the comlicating vari-
ables, and substitute the dual variables (&, A 6ngyn = 0) and variables that belong
in the subproblem (Z ek, @ ek, hil ,zin gend gin gend, 0! 1;) With their optimal values we

obtain the Benders cut:

7d,p

kl _ ~end,
N> ay Z%AC,NCP (u];“ckl 27 p)
kife  fe

i) 27 d o d7 37 S
- Z( (it — &™) + Nl (@i = &7 + NP (uiy — a3 P)

AP (ugpd — aP) A (6L, — é;;’)> Wp e P.

B.2 Formulation of the nested GBD based on the struc-
ture of the variable graph of the integrated scheduling
and dynamic optimization problem for parallel lines

Based on the multi-core community structure of the variable graph of the problem,

the full space model, is first decomposed into a master and subproblem as above.

The master problem is decomposed further into problems MM and MS. Variables

Y;kl,zwkl,azkld,xkl,uz?d,u}g} are assigned in problem MM (complicating variables) and

the other variables are assigned in problem MS. We create a copy of the complicating
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variables Ylkl,zmkl, xkld,xkl,u%d,ukl, and the master problem can be written as:

lkl trans t ZUkl stor
minimize E iy E 01 + E ¢ Wik +1
ikl ijkl ikl

subject to Equations 29,30,40,45,47

throd < tmaxf’ikl VieTl,kel,lel

Z Z ot vl e 1

i=1 k=1
Wik :Tzl( zkl A ZY;M) Viely,kels,lel (S.3)
Vi =Y Vi€ Iy k € Il € I

Zijkl = Zigll Vi€Dy,j €Ly kelsl el
=2l VkeT,leT

gnd — pend vy L e T, 1 e T

W =ullt vV keIl €T

a =uiV k€T, 1 €T

If we fix the complicating variables Y, ziix1, 67,z us™® 4" we obtain problem MS:
P g s Zighls T TR U UL p

Z; ikl
minimize Z cfl Wik Z tmnsﬂt ” + Z " Wir + 1
ikl ijkl ikl

subject to Equation 45,47
tflzlod < tmaxffikl Vie Ip, kelglel

NP N
=Y > drivier
=1 k=1
Wikt = rag(t57% — 08, Yir) Vi € Ty k € Ty, 1 € (S.4)
Y=Y Vi€, keI, €T i
Zijh = Zgu Vi €Ly j €Ty k € Il €L ¢ piyy
=gV kel lel oy
gd =zl keI, lel Ty
it =u"VkeT,l el Doy
i =a Y keI, led coud
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If we denote the scheduling constraints (except the last 6) as gscneq and the objective
function as fgepeq, then the value of this optimization problem can be approximated as
follows

e = Hgix { min <fsched - 5Tgsched - Z :ullcl(yikl - szl)
’ ikl

- Z i (Zigh — Zijht) — Z piy (il — Z27)

ijkl

end —end —in
- Z)‘kl Trr — ZM ukl Ukl)

end —end
—ZM (uj® — g ))}’
kl

where §, p are the Lagrangean multipliers. If we fix the shared variables and solve the

(B.1)

dynamic optimziation problem, we can substitute the multipliers and the variables that
belong in problem MS with their optimal values, and we obtain the Benders cut (Eq.
51).

B.3 Formulation of the GBD based on the first level core-
periphery structure of the integrated planning, schedul-

ing and dynamic optimization problem

In this case the variables are decomposed into three sets; variables that affect only the
planning/scheduling problem, variables that affect the dynamic optimization problem

end end 9

and complicating variables a:kp, Th, ,ukp, ug,”, 0. We create a copy of these variables

and follow the same steps as in the first Section.
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Appendix C

Supplementary material - A multicut Generalized
Benders Decomposition approach for the integra-
tion of process operations and dynamic optimiza-

tion for continuous systems

C.1 Computational results for random values of the pa-
rameters of the problem for the MMA polymerization
reactor

The parameters of the problems that can change are: demand, price and operating cost.

For each parameter we assume that it is a random variable with mean () and standard
deviation (o) presented in the Table

Table C.1: Mean and standard deviation of the parameters of the integrated problem
for the second case study.

Period 1
Product Demand (/o) Price (u/o) Operating cost (u/o)
1 2500/200 300,50 23/5
2 2200/300 180/15 30/5
3 3000/250 160/30 45/5
4 1000/50 120/25 50/5
Period 2
Product Demand (/o) Price (u/o) Operating cost (/o)
1 2200/250 280/50 10/5
2 1400/200 150/15 25/5
3 3500,/300 190/30 55/5
4 2000,/100 120/25 29/5
Period 3
Product Demand (/o) Price (u/o) Operating cost (/o)
1 2150/200 250/45 15/5
2 1800/150 160/35 20/5
3 2500/200 180/15 40/5
4 1500,/20 130/5 20/5

We generated 50 instances and the solution time statistics are presented in Table
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Table C.2: Solution time statistics for random instances of the second case study

Average sol. time Standard

Algorithm (sec) deviation
Multicut 96 18.3
Hybrid Multicut 42 5.6
GBD 443 84.5

From these results we observe that on average, the multicut algorithm reduced the
CPU time by 78%, the hybrid multicut algorithm by 90 % compared to GBD and 56%
compared to the multicut algorithm.

C.2 Computation of minimum transition time

The minimum transition time between product ¢ and j is computed by solving the

following problem:

GZ”" = minimize 6

Nep
subject to z'f, = 20 + h'e Z Qe pmgp Y1 frC
m=1
ple =
Nye
Nep
207 = 207y + 7> Qed} 1, Vo, f > 2,c
m=1 (Cl)

i, = [z, uf.) Vn, f,c
tfe=h1*(f = 1+47) ¥fc
20 = x5°

TNjNep = L5

Ui = ug”

_ SS
UNjeNep = Uy

240



C.3 Computation of bounds for the linearization of the

bilinear terms in the second case study

The proposed formulation has two sets of bilinear terms. The first Z;;5,7;;xp appears in
the objective function and the second Z;;,0;;kp appears in constraint 9 (in the paper).

Using the linearization presented in the paper, for the first set of bilinear terms we get

0 < dijrp < Mij
i Zijkp < 6@;@ < Mij Zijkp (©2)
Nijkp — (1 = Zijip)Tij < Oijip < Nijkp — (L — Zijhp)1;

Sijkp < Migkp + (1 — Zijp)nij-
In these equations 7);; is the upper bound on the transition cost from product ¢ to
product j. For the MMA polymerization reactor, from Fig. 7 (in the manuscript) we

observe that the value functions are convex, and the maximum value is obtained when

the transition time is equal to the minimum transition time. Therefore, the upper bound

241



is obtained by solving the following problem:

Nge Nep
7;; = minimize Z Z tfc ,Nep (Ufe — ;3)2
f=1lc=1
Nep
subject to zf, = 207 + hfe Z Q@i iy Y frC
m=1
pie = Y
Nye
Nep
20 = 20%_; + h'e Z Qe Y0, f > 2,c
m=1 (03)

i'f. = f(af.,uf.) Vn,f,c
td.=hl(f =147, Vfec
20 = x3°

foeNcp = x;s

Ul = ufs

88
UNjeNep = Uj

0 = o
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The lower bound can be obtained by relaxing the last constraint in the above prob-

lem.
Nyge Nep

My = minimize > Y~ N4 Q0w (e — us)?
f=1lc=1
Nep
subject to 2, = 207 + h'e Z Qe pmgp Y frC
m=1

pie =
Nye
Nep
.%'O? = .%0?,1 + hfe Z ch-f?—l,m vn? f 2 2’ ¢ (04)
m=1

i'f. = f(af.,uf.) Vn,f,c
t9, =he(f —14+7) Vfe
20 = x3°

— Ss
TNfeNep = Tj

__ ,,88
U1 = U,

. SS
UNjeNep = Uy

C.4 Stochastic Blockmodeling and statistical inference

In this section we present the stochastic model and inference approach for the simple
Stochastic Blockmodel for brevity. We refer the reader to [240, 238] for a detailed
explanation of SBM and to [201],[199] for the application of this approach to optimization
problems.

We consider an undirected graph G(V, E) with N nodes (N = |V|), M edges (M =
|E|) and adjacency matrix A € RV*N where A;; = Aj; is equal to the number of edges
between node ¢ and j. We assume that the nodes are divided into B blocks, and define
a partition vector b € RY, where b; € {1, .., B} denotes the group membership of node

RE*B where wys is equal to the number of edges

i. We also define the matrix w €
between the nodes in block r and the nodes in block s, and w;, is equal to twice the
number of edges in block r. If we assume that the number of edges between a node in

block r and a node in block s is a Poisson random variable with expected value wy,
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then the probability to observe a graph with adjacency matrix A is

Aij N /1 A
wbib' —Wp. b (7wbibi) v
PAbw) = I e [T e, (8.1)
1<i<j<N W i=1 wi=rs

where the first term considers the probability of an edge between two nodes and the
second term is the probability of a self edge. From this equation it is evident that
the structure of the graph depends on the group membership of the nodes b since the
probability of an edge between the nodes or a self-edge depends solely on the group
membership of the nodes.

Given the above equation the inverse problem must be solved: given a graph with
adjacency matrix A find the partition of the nodes and the matrix w that lead to the
generation of this graph. In this work we will focus on the second method. Direct
maximization of P(A|w,b) leads to overfitting, since an increase in the number of the
blocks leads to an increase in the probability. This can be avoided using a Bayesian
inference approach. Specifically, from Bayes’ rule we obtain

pioia) - PARPE)

W? (5.2)
where the numerator depends on the model parameters since
P(A|b)P(b) = P(A|w,b)P(w|b)P(b) = P(A|w,b)P(w,b). (S.3)

Given these equations, the original task of maximizing P(A|b) is equivalent to minimiz-

ing —P(b|A) which is equivalent to

mir%)i’glize —logy P(Alw,b) — logy P(w, b). (S.4)
This objective has an information theoretical interpretation. The first term is the
amount of bits that is necessary to encode the observed data, i.e. graph, and the
second term is the amount of bits necessary to encode the model itself. Therefore,
an increase in the number of the blocks leads to a reduction in the first term but the
second term increases since the model becomes more complex. Hence, this approach
avoids overfitting. Finally, before solving the problem, we must define the prior dis-
tributions P(w|b), P(b). We refer the reader to [240] for a detailed derivation of these
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priors. Given the above information, the problem is solved using a Markov Chain Monte
Carlo (MCMC) approach where the estimation of the posterior is achieved by random
node move proposals. This approach can infer both the partition of the nodes and the
number of the blocks. We refer the reader to [240} 237] for a detailed explanation of the
algorithm. Finally, we must note that the inference results might differ between runs,
since the algorithm is stochastic.

Two main extensions of this model that we will use are the degree corrected [240] 237]
and weighted SBM [23§]. In the basic SBM model, nodes with high degree tend to be
assigned in the same block. This can be avoided by considering the expected degrees
of the nodes as additional parameters of the model which are sampled from their own
distribution. The second variant considers the case where a weight is associated with
the edges. We can assume that the observed weights depend on some parameters which
are sampled from their own distributions. Different models can be used for the priors
for the weights; we refer the reader to [238] for detailed explanations. Given the prior
distribution of the expected degrees and weights, the same MCMC approach can be

followed to solve the inference problem.

C.5 Formulation of the integrated problem based on [125]
and GBD formulation based on [199]

In this section we will present the integrated problem proposed in [125] and GBD algo-
rithm based on [199]. The planning/scheduling problem is the same as in Section 2.1
(in the paper). Similarly as in Section 2.2 (in the paper) the dynamic behavior of the
system is described by a system of ordinary differential equations Eq. 6 (in the paper)

which are discretized using the method of orthogonal collocation on finite elements and
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are equal to:

Nep
x?‘?kp = ZL‘O?kp + hi; Z chi?mkp V?’L, fa ¢, kap

m=1
Nep

ZE‘O?kp = xo?*lkp + hi; Z ch'i‘?fl,mkp Vn, f > 27 ¢, kvp
m=1 (S.5)
j"?ckp = fn(x?ckpﬁ u}anp) Vn, fa &) kap

t.cllchp = hfe(f -1+ fyc) Vf? ¢ k,p

ot
fe _ kp
hkp Ny vk, p.

The integration of the planning/scheduling problem with the dynamic behavior of the

system is done through the following constraints:

nkp szs i,k,p Vn,k,p

iy = Zf” Wiki1p Yn,k,p

(S.6)
Uk = Z uiWigp ¥,k p
anglp Zu Wzk+1p Vn, k,p
xo?k:p - an,Lk,p Vn, k?,p
end
NyeNepkp xn,k,p vn’k’p
l. (S.7)

m n
ullkp - um,k,p vm7 k,p

m _ _end
UN s Nopkp = Umkp V10K,
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The objective of the integrated problem is to maximize the profit which is equal to

Np Nper

f= Z Z <P11>Szp Cop ip — CvaiP)
i=1 p=1
Np Np Ns Npﬁ’l‘ NP NP NPGT
_ Z Z Z Z Ctranszjkp Z Z Z Czp}"anszpijp (SS)
i=1 j=1 k=1 p=1 i=1 j=1 p=1

Nper Np Nfe Nep

—on DY DY Np e Ny (wpery — ui)?,

p=1 k=1 f=1c=1

Application of Nested SBM to the variable graph of the optimization problem reveals
a hybrid core-community structure [199]. The variables associated with the dynamic
behavior of the problem for each slot and period (&, fekp, Um fekp, hg;, t‘]ic Ckp) are assigned
in different blocks and the planning/scheduling variables are assigned in the same block.
In this case the complicating variables are $kp, xz;d, ukp, ukpd, 0 . Hence, the subprob-
lems are the dynamic optimization problems for each slot and period, solved for fixed
values of the complicating variables and the master problem is the planning/scheduling

problem with the Benders cuts, which are given by the following equation:

Nper Np Nfe Nep

(EEDIPIIP My MU L

p=1 k=1 f=1c=1

Nper Ng
d _end,
By (vk,, 28— ZY) 4420 (agnd — 7n) .9)
p=1 k=1

_end,
e (il — @) + ey (uip! — @)

+ (O, — 9‘2;;)) Vv eV,

where the superscript v is the iteration number and v are the Lagrnagean multipliers.
We refer the reader to [199] for a detailed explanation of the structure of the problem

and derivation of Generalized Benders Decomposition.

C.6 Data for 4 planning periods

The economic data of the problem are given in Tables C.4]
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Table C.3: Operating and transition cost for the second case study for 4 planning
periods, C"™ = 0.026, a,, = 10°.

coper
Product | p=1 p=2 p=3 p=4
1 23 10 15 25
2 30 25 20 18
3 45 55 40 45
4 50 29 20 25

Table C.4: Product demand for the second case study for 4 planning periods.

Demand (kg/week)
Product | p=1 p=2 p=3 p=4
1 2500 2200 2150 2000
2 2200 1400 1800 2000
3 3000 3500 2500 2800
4 1000 2200 1500 1300

C.7 Data for 5 planning periods
The economic data of the problem are given in Tables
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Table C.5: Product price for the second case study for 4 planning periods.

Price ($/kg)
Product | p=1 p=2 p=3 p=4

1 300 280 250 260
2 180 150 160 165
3 160 190 180 170
4 120 120 130 140

Table C.6: Operating and transition cost for the second case study for 5 planning
periods, C"™ = 0.026, a,, = 10°.

Cloper
Product | p=1 p=2 p=3 p=4 p=5
1 23 10 15 25 15
2 30 25 20 18 28
3 45 55 40 45 50
4 50 29 20 25 10

C.8 Data for 6 planning periods
The economic data of the problem are given in Tables
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Table C.7: Product demand for the second case study for 5 planning periods.

Demand (kg/week)
Product | p=1 p=2 p=3 p=4 p=5>5
1 2500 2200 2150 2000 2000
2 2200 1400 1800 2000 2200
3 3000 3500 2500 2800 2200
4 1000 2200 1500 1300 1500

Table C.8: Product price for the second case study for 5 planning periods.

Price ($/kg)
Product | p=1 p=2 p=3 p=4 p=5>5
1 300 280 250 260 240
2 180 150 160 165 185
3 160 190 180 170 190
4 120 120 130 140 150

C.9 Data for 7 planning periods

The economic data for 7 planning periods are given in Tables [C.12|[C.13|[C.14]
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Table C.9: Operating and transition cost for the second case study for 6 planning
periods, C"™ = 0.026, a, = 106

coper
Product | p=1 p=2 p=3 p=4 p=5 p==©6
1 23 10 15 25 15 18
2 30 25 20 18 28 20
3 45 55 40 45 50 35
4 50 29 20 25 10 20

Table C.10: Product demand for the second case study for 6 planning periods.

Demand (kg/week)
Product | p=1 p=2 p=3 p=4 p=5 p=6
1 2500 2200 2150 2000 2200 2400
2 2200 1400 1800 2500 3500 3500
3 3000 3500 2500 2800 2250 2800
4 1000 2200 1500 2500 1600 2000

C.10 Data for 8 planning periods

The economic data for 8 planning periods are given in Tables [C.15|C.16]|C.17]
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Table C.11: Product price for the second case study for 6 planning periods.

Price ($/kg)
Product | p=1 p=2 p=3 p=4 p=>5 p=6

1 300 280 250 260 240 290
2 180 150 160 165 185 260
3 160 190 180 170 190 220
4 120 120 130 140 150 190

Table C.12: Operating and transition cost for the second case study for 7 planning
periods, C"™ = 0.026, a, = 106

Cloper
Product | p=1 p=2 p=3 p=4 p=>5 p=6 p=7
1 23 10 15 25 15 18 16
2 30 25 20 18 28 20 25
3 45 55 40 45 50 35 40
4 50 29 20 25 10 20 25

C.11 Data for 9 planning periods

The economic data for 9 planning periods are given in Tables [C.18|C.19]|C.20]
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Table C.13: Product demand for the second case study for 7 planning periods.

Demand (kg/week)
Product | p=1 p=2 p=3 p=4 p=>5 p=6 p=7
1 2500 2200 2150 2000 2200 2400 2350
2 2200 1400 1800 2500 3500 3500 3250
3 3000 3500 2500 2800 2250 2800 2500
4 1000 2200 1500 2500 1600 2000 2400

Table C.14: Product price for the second case study for 7 planning periods.

Price ($/kg)
Product | p=1 p=2 p=3 p=4 p=>5 p=6 p=7
1 300 280 250 260 240 290 310
2 180 150 160 165 185 260 255
3 160 190 180 170 190 220 200
4 120 120 130 140 150 190 100

C.12 Data for 10 planning periods

The economic data for 10 planning periods are given in Tables [C.21]|C.22||C.23]
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Table C.15: Operating and transition cost for the second case study for 8 planning
periods, C"™ = 0.026, a, = 106

Cloper
Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=28
1 23 10 15 25 15 18 16 19
2 30 25 20 18 28 20 25 20
3 45 55 40 45 50 35 40 42
4 50 29 20 25 10 20 25 22

Table C.16: Product demand for the second case study for 8 planning periods.

Demand (kg/week)
Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=28
1 2500 2200 2150 2000 2000 2400 2350 2000
2 2200 1400 1800 2300 3500 3500 1500 2600
3 3000 3500 2500 2800 2800 2800 2000 2500
4 1000 2000 1600 2500 2000 2000 2400 1850

Table C.17: Product price for the second case study for 8 planning periods.

Price ($/kg)
Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=2=§8
1 300 280 250 260 240 290 310 290
2 180 150 160 165 185 260 255 240
3 160 190 180 170 190 220 200 260
4 120 120 130 140 150 190 100 140

Table C.18: Operating and transition cost for the second case study for 9 planning
periods, C"™ = 0.026, a,, = 106

Coper
Product | p=1 p=2 p=3 p=4 p=>5 p=6 p=7 p=8 p=9
1 23 10 15 25 15 18 16 19 15
2 30 25 20 18 28 20 25 20 19
3 45 55 40 45 50 35 40 42 45
4 50 29 20 25 10 20 25 22 20
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Table C.19: Product demand for the second case study for 9 planning periods.

Demand (kg/week)

Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9
1 2500 2200 2150 2000 2200 2400 2350 2350 2200
2 2200 1400 1800 2500 3500 3500 3250 2400 2500
3 3000 3500 2500 2800 2250 2800 2500 2500 2400
4 1000 2000 1500 2500 1600 2000 2000 1800 1000

Table C.20: Product price for the second case study for 9 planning periods.

Price ($/kg)

Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9
1 300 280 250 260 240 290 310 290 320
2 180 150 160 165 185 260 255 240 235
3 160 190 180 170 190 220 200 260 275
4 120 120 130 140 150 190 100 140 150

Table C.21: Operating and transition cost for the second case study for 10 planning
periods, C"™ = 0.026, a,, = 10°

Cope?“

Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10
1 23 10 15 25 15 18 16 19 15 18
2 30 25 20 18 28 20 25 20 19 22
3 45 55 40 45 50 35 40 42 45 38
4 50 29 20 25 10 20 25 22 20 23

Table C.22: Product demand for the second case study for 10 planning periods.
Demand (kg/week)

Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10
1 2500 2200 2150 2000 2200 2400 2350 2350 2200 2300
2 2200 1400 1800 2500 3500 3500 3250 2400 2500 2500
3 3000 3500 2500 2800 2250 2800 2500 2500 2400 2000
4 1000 2000 1500 2500 1600 2000 2000 1800 1000 1100
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Table C.23: Product price for the second case study for 10 planning periods.

Price ($/kg)

Product | p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10

1 300 280 250 260 240 290 310 290 320 315
180 150 160 165 185 260 255 240 235 245
160 190 180 170 190 220 200 260 275 255
120 120 130 140 150 190 100 140 150 180

=W N
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