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Abstract

Langmuir turbulence arising from the interaction of turbulence with surface waves can significantly change

the transport and mixing in the oceanic surface layer. Previously, Langmuir turbulence has been stud-

ied extensively using the wave-phase-averaged Craik–Leibovich (CL) equations, which average turbulent

motions over timescales comparable to or shorter than the wave period and model the accumulative wave

effect. However, our understanding of the turbulent processes within a wave period is still incomplete, and

thus, the validity and accuracy of the CL model remain unclear.

In the present work, we use a wave-phase-resolved large-eddy simulation (LES) to study the wave–

turbulence interaction processes directly without the CL modeling approximation. For the first time, the

detailed wave-phase modulation of the vortex structures and Reynolds stresses in Langmuir turbulence

is revealed. To implement the wave-phase-resolved LES, a numerical scheme with good conservation

properties and accuracy is developed using a wave-surface-fitted curvilinear grid. Simulations are carried

out for the canonical set-up of the Langmuir turbulence beneath a monochromatic wave with steady and

co-aligned wind-driven surface stress. Analyses of the turbulence statistics show that the vortex structures

and the intensity of the turbulent fluctuations depend on the wave phase. The mechanisms underlying

the correlation of the turbulence statistics with the wave phase are also investigated through analyses of

the vorticity transport equations and Reynolds stress budgets. Straining induced by wave orbital motions

plays an important role in the wave-phase variation of these quantities. The accumulative wave effect

on turbulence is examined by the Lagrangian average of the transport equations. It is discovered that

the correlations between turbulence and wave orbital straining can contribute to the wave-phase-averaged

evolution of the vorticity and turbulent kinetic energy. Models are proposed for the vorticity distortion by

waves and energy transfer from waves to turbulence.

Overall, our findings indicate that fast turbulent fluctuations near the wave frequency are important for

the wave–turbulence interaction. The effect related to these wave-phase correlated fluctuations is not fully

resolved by the CL model. This thesis constitutes an important step towards the improved modeling of

Langmuir turbulence.
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Chapter 1

Introduction

1.1 Background

The ocean surface boundary layer, the upper layer of the ocean with a thickness of $ (10 − 100 m), plays

an important role in the exchanges of momentum, heat, and mass (such as gases and nutrients) between the

ocean and atmosphere. The rates of these exchanges are controlled by the mixing and transport driven by

the active turbulence activity in this boundary layer. Therefore, understanding the upper-ocean turbulence

is important for many geophysical and environmental applications, such as modeling the weather and global

climate, managing oil spills and pollutants, and developing and protecting marine ecosystems. However,

the upper ocean is a complex system that involves several interactive processes, including atmospheric

forcing, surface waves, internal waves, ocean currents, and convective motions driven by thermal and

salinity gradients. As a result, the upper-ocean turbulence exhibits many unique features.

Langmuir turbulence, which results from the interaction of turbulence with surface waves, is considered

one of the most common and basic types of upper-ocean turbulence (McWilliams & Sullivan, 2000;

Thorpe, 2004a,b; D’Asaro, 2014). Langmuir turbulence often has a visual presence at the water surface as

windrows, which are long streaks of floating materials such as foam and algae that are roughly aligned to

the wind direction. This phenomenon was first systematically studied by Langmuir (1938), who observed

streaks of seaweed during a trip crossing the Atlantic Ocean in 1927. Later, through a series of flow

visualization experiments in Lake George, Langmuir (1938) found that windrows are caused by the local

1
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flow convergence of an array of long and counter-rotating pairs of vortical structures under thewater surface.

These underwater motions are referred to as Langmuir circulations or Langmuir cells. Although Langmuir

circulations were mostly treated as steady and regular motions in early studies, they are now considered

coherent structures embedded in upper-ocean turbulent motions, hence the name Langmuir turbulence.

In the crosswind direction, Langmuir circulations are asymmetric. Below the streaks, where the

surface flow converges, is the downwelling region. The downward jet can be as strong as one-third of

the surface current speed, whereas the flow in the wider upwelling zones is relatively weak. Furthermore,

the downwind velocity also varies in the crosswind direction. The surface current velocity is larger in

the convergence region, and its deviation from the mean current can be comparable to the downwelling

velocity. Field observations (Myer, 1971; Thorpe & Hall, 1982; Weller & Price, 1988) and theoretical

models (Leibovich & Paolucci, 1980b) revealed that the scale of the largest Langmuir circulations in the

vertical direction is comparable to the depth of the thermocline. Moreover, Langmuir circulations are also

vertically asymmetric, with the circulating motions being one order of magnitude stronger near the surface

than near the bottom of the ocean mixed layer (Thorpe & Hall, 1982; Weller & Price, 1988).

The width of a Langmuir circulation is typically larger than its depth. Smith et al. (1987) observed that

the cell width was approximately 1.5 times the mixed layer depth constantly for two hours. The width-to-

depth ratio of the cell measured by (Weller & Price, 1988) ranged from 1.25 to 1.75. These observations

are consistent with theoretical models based on stability analysis (Leibovich & Paolucci, 1981; Phillips,

2001a, 2002). Smith (1992) reported a slightly smaller aspect ratio under a weak stratification condition,

where the Langmuir cell was almost square.

Langmuir circulations occur over a wide range of spatial scales. The spacing between windrows,

which is a measure of the crosswind scale of the circulating structure, typically ranges from 2 m to

300 m (Leibovich, 1983; Thorpe, 2004a). The streamwise length of the windrows is usually three to ten

times the spanwise spacing but can reach up to fifty times (Marmorino et al., 2005). Observations of

windrows also indicate that the sizes of Langmuir circulations are unsteady and irregular with a hierarchy

of scales. For example, in the Bermuda area, Assaf et al. (1971) observed that small- to medium-sized

Langmuir circulations with spacings of 5− 35 m exist between larger circulations with a spacing of 280 m.

Small-scale circulations tend to amalgamate into large-scale circulations (Harris&Lott, 1973; Thorpe et al.,

1994; Farmer & Li, 1995). Moreover, small-scale circulations tend to emerge between larger cells (Ichiye,
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1967; Harris & Lott, 1973). The unsteady variations in circulations lead to Y junctions among windrows,

i.e., where two bands merge or one band splits in two. However, downwind Y junctions, where two

bands coalesce into one band downstream, are the dominant patterns observed in the field (Farmer & Li,

1995). This preference results from the Lagrangian history effect that depends on the specific Eulerian

spatiotemporal variability of the Langmuir cells (Bhaskaran & Leibovich, 2002; Zhang et al., 2015).

The significance of Langmuir turbulence has been recognized in many geophysical applications, in-

cluding air-sea interactions (Thorpe, 2004a; Sullivan &McWilliams, 2010), global climate (Fan &Griffies,

2014; Li et al., 2016), the transport of bubbles and pollutants (Li, 2000; Thorpe et al., 2003; Yang, Chamecki

& Meneveau, 2014a; Yang et al., 2015; Chamecki et al., 2019), and marine ecosystems (Lewis, 2005).

Due to the effect of mixing associated with circulating motions, Langmuir turbulence can enhance

the mixing efficiency in the ocean surface boundary layer. For the vertical transport of momentum, the

Reynolds stress estimated using measurements by Weller & Price (1988) indicates that the momentum

flux contributed by Langmuir circulations corresponds to the wind stress at a wind speed of approximately

5m/s. It was also observed that the vertical profile of the current is more uniform than the current in

the traditional boundary layer because the Langmuir circulation is more effective than wind-driven shear

turbulence alone at transporting momentum to great depth (McWilliams et al., 1997; Li et al., 2005). In

addition, the mean square vertical fluctuations in the ocean boundary layer were observed to be 1.75-

2 times those in the boundary layer driven by shear alone (D’Asaro, 2001), indicating that Langmuir

turbulence provides more efficient vertical transport. Heat transfer and stratification are also affected by

the mixing induced by Langmuir circulations. (Thorpe & Hall, 1982) observed that, in stably stratified

water, the water temperature beneath windrows is higher than between windrows because warm water is

transported down by the downwelling motion. Smith et al. (1987) found that when Langmuir circulation is

developed, the existing stratification is rapidly destroyed. This is further evidence of heat transfer enhanced

by Langmuir circulation. Many numerical simulations also found that the heat flux is enhanced when

Langmuir circulation is included in the model (see, e.g., Kukulka et al., 2009; Sullivan & McWilliams,

2010). Furthermore, the transfer of gases between the air and ocean is also affected by vertical mixing in

the mixed layer. Field observations revealed that Langmuir circulations can carry bubbles to great depth

when the rising speed of the bubbles is exceeded by the speed of the downwelling motions (Thorpe &

Deacon, 1982; Thorpe et al., 2003). As a result, a high concentration of bubbles is detected in downwelling
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regions. Through dissolution, bubbles provide an important air-sea gas exchange route, and the mixing

induced by Langmuir circulations contributes to this process (Thorpe, 1984; Crawford & Farmer, 1987;

Thorpe et al., 2003; Chiba & Baschek, 2010; Liang et al., 2011). Enhanced mixing in the ocean surface

layer can also affect the ecosystem, such as the activities and concentration of plankton. Specifically,

Langmuir circulations can enhance photosynthesis by increasing the cycling rate of plankton in the sunlit

layer (Woodcock, 1993; Bees et al., 1998; Lewis, 2005).

Langmuir turbulence has also been associated with the deepening of the mixed layer, which promotes

material and heat exchanges between the deeper ocean and the surface layer. Numerical simulations have

shown that the rate of change in the mixed layer depth is consistent with observations only when Langmuir

circulation is included in the model (Kukulka et al., 2009; Li & Fox-Kemper, 2017; Wang et al., 2018).

Langmuir circulations erode the thermocline by a process known as engulfment (Li et al., 1995; Grant &

Belcher, 2009), which brings colder water from the deeper ocean into the mixed layer; the resulting unstable

stratification further enhances the mixing. Meanwhile, the momentum transported by downwelling motions

can result in locally enhanced shear and generate shear instabilities (Li & Garrett, 1997; Kukulka et al.,

2010). The engulfment and shear instabilities work together to further deepen the mixed layer. However,

the analysis by (Noh et al., 2010) indicated that Langmuir circulation-induced deepening occurs only in

shallow mixed layers with weak stratification.

In addition to its vertical mixing effect, Langmuir turbulence can also affect the horizontal transport

and dispersion of materials in the ocean, such as oil spills, microplastics, and bubbles. It may appear

that Langmuir turbulence concentrates buoyant particles in windrows and suppresses horizontal dispersion;

however, the temporal evolution of circulating structures can contribute to the horizontal dispersion of those

particles (Li, 2000). Li (2000) used the surface flow patterns obtained from sonar observations to estimate

the horizontal diffusivity of floating particles; the diffusivity was found to be in the range of $ (10−3)–

$ (1)m · s−1, with crosswind diffusion larger than downwind diffusion. A recent field experiment in the

northern Gulf of Mexico that used floating plates to study the dispersion effect of Langmuir circulation

found that crosswind dispersion dominates in the initial stage, while downwind dispersion becomes more

important when plates are aggregated into windrows (Chang et al., 2019). The buoyancy of particles can

also affect how they are transported by Langmuir circulations (Yang et al., 2014a, 2015; Liang et al., 2018).

For example, when the buoyancy force of oil droplets or bubbles is not large enough, those droplets or
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bubbles are transported into the ocean mixed layer, instead of floating on the surface. As a result, these

droplets or bubbles are affected more by the turbulence and the crosswind current within the boundary

layer.

Despite the importance of Langmuir turbulence in upper-ocean mixing, the parameterization of the

enhanced turbulent mixing produced by Langmuir turbulence has been explored only over the past decade

for global and regional weather and climate models. The absence of Langmuir turbulence from global

climate models can lead to the underestimation of mixing and significant errors in sea surface temperature

(SST) estimates (Belcher et al., 2012; Qiao et al., 2016). By including the effects of Langmuir circulations

in the K-profile parameterization (KPP) for vertical mixing, Fan & Griffies (2014) and Li et al. (2016)

found significant improvements in mixed layer simulations. Couvelard et al. (2019) found that the errors

in the summer SST in the Southern Hemisphere were reduced by half upon including the wave effect in

the ocean simulation. Since surface waves are essential to the generation and development of Langmuir

turbulence, many researchers argue that the parameterization and scaling of upper-ocean turbulence should

include the wave state (see, e.g., Harcourt & D’Asaro, 2008; Sullivan &McWilliams, 2010; D’Asaro, 2014;

Sutherland et al., 2014).

Therefore, Langmuir turbulence is an important component of the ocean surface boundary layer. A

better understanding of the fundamental dynamics of Langmuir turbulence can help improve the modeling

and parameterization of oceanic turbulence, and insights into turbulent processes can benefit a variety of

environmental applications.

1.2 Review of previous studies on wave–turbulence interaction

Several hypotheses have been proposed to explain the generation of Langmuir circulations; these hypotheses

include atmospheric roll vortices (Woodcock & Wyman, 1947), thermal convection (Csanady, 1965), the

effects of surface films (Welander, 1963; Kraus, 1967), purely irrotational waves (Faller, 1969), and Ekman

layer instabilities (Faller, 1964; Gammelsrød, 1975). However, these early theories were either rejected or

considered not to be the primary mechanism based on subsequent theoretical and experimental studies.

To date, the most successful theory regarding Langmuir circulations is the Craik–Leibovich (CL)

theory (Craik & Leibovich, 1976; Leibovich, 1977b), which utilizes a wave–current interaction mechanism
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to explain the generation of Langmuir circulations. This theory assumes that water motions are dominated

by irrotational surface gravity waves, while the rotational current is relatively weak. Craik & Leibovich

(1976) considered the vorticity field under surface waves in a steady system and used the perturbation

method to obtain the equations describing the steady rotational flow. Leibovich (1977b) extended the

theory of the wave–current interaction to the unsteady problem. Under the assumption that the wave period

is much shorter than the characteristic timescales of the evolution of the current and Langmuir circulations,

multiscale time averaging is applied to the Navier–Stokes equations. The current motions are averaged

over multiple wave periods, resulting in the CL equations, which describe the averaged current motions.

The CL equations are
mu

mC
+ u · ∇u = −∇c + uB × 8 + a) ∇2u, (1.1)

∇ · u = 0, (1.2)

where u is the velocity of the rotational current, l = ∇ × u is the vorticity, and c is a modified pressure

that involves the wave effect. The key term of the CL equations is the vortex force term, us × 8, an outer

product of the averaged vorticity 8 and the Stokes drift of waves us (Phillips, 1977), which represents the

time-averaged effect of waves on the long-term evolution of the current motions. Utilizing the disparate

timescales between waves and currents, the CL equations are easy to use because the waves do not need to

be explicitly resolved, and thus, the Stokes drift can be calculated a priori.

The CL equations could also be derived using other methods. Leibovich (1980) rederived the equations

using the generalized Lagrangian mean (Andrews & Mcintyre, 1978; Buhler, 2014). Holm (1996) used

a Hamiltonian system to obtain the CL equations. The CL vortex force is found to be similar to the

Lorentz force of a rapidly changing external electromagnetic field acting on an electronically charged

fluid. Vladimirov et al. (2015) used the method of multiple scales to study averaged oscillatory flows and

recovered the CL equations from the weak vortex dynamics limit of Euler’s equation.

The core assumptions of CL theory are that the waves are steady and irrotational and that the rotational

flow is at least one order ofmagnitude smaller than thewave orbital velocity. These are also the limitations of

the original CL theory. Based on the generalized Lagrangian method, Phillips &Wu (1994), Phillips (1998)

and Phillips (2001b) revisited the problem and obtained generalized Craik–Leibovich (CLg) equations,

which are suitable for flows with rotational waves and moderate to strong levels of shear. Phillips (2002)
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further considered the evolution of Langmuir circulations in unsteady growing or decaying waves and found

an extra wave forcing due to the unsteady effect.

Based on CL theory, two mechanisms for the development of Langmuir circulations from the vortex

force have been proposed. The first mechanism, called the CL1 mechanism, was proposed by Craik &

Leibovich (1976), who assumed that Langmuir vortices are generated from the distortion of the vortex

lines by the spanwise-varying wave field. Specifically, if the directional wave spectrum is bimodal with

two-directional spreading at angles ±\ with respect to the wind-driven current and if this crossed wave

pattern remains locked for a sufficient amount of time, the resulting Stokes drift will vary periodically in

the crosswind direction. The spanwise vorticity associated with the current is tilted by the Stokes drift,

resulting in a streamwise vorticity that alternates in sign along the spanwise direction (Leibovich & Ulrich,

1972). The weak point of this mechanism is that strong and phase-locked crossing wave fields are rarely

found in the sea.

The second mechanism, developed by Craik (1977) and Leibovich (1977a), uses the instability of the

current to explain the generation of Langmuir circulations. Supposing there are spanwise perturbations in

the streamwise current, vertical vortices are produced with alternating signs. The resulting vortex force

turns the vertical vortices towards the streamwise direction. Because the direction of rotation depends on

the sign of the vertical vorticity, the generated streamwise vortices also alternate in sign along the spanwise

direction, forming counter-rotating vortices. These vortices further distort the spanwise vorticity of the

current to produce vertical vortices, thus strengthening the entire process. This instability mechanism was

named CL2 by (Faller & Caponi, 1978). Craik (1977) and Leibovich (1977a) also estimated the conditions

required for the CL2 mechanism to occur and concluded that most typical conditions in the ocean are

unstable. These findings show that the CL2 mechanism dominates the generation of Langmuir circulations.

Since themid-1990s, numerical simulations based on the CL equations, especially those using the large-

eddy simulation (LES) technology (see, e.g., Skyllingstad&Denbo, 1995;McWilliams, Sullivan&Moeng,

1997; Li et al., 2005; Tejada-Martínez &Grosch, 2007; Harcourt & D’Asaro, 2008; Grant & Belcher, 2009;

Kukulka et al., 2009; Sullivan et al., 2012; Deng et al., 2019), have been widely used to simulate the ocean

surface boundary layer. These simulations have been successful in reproducing many of the features of

Langmuir circulations observed in the field. The availability of the fully three-dimensional transient flow

field and the ability to control the forcing conditions have contributed to significant advancements in our
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understanding of Langmuir turbulence.

The LES of Langmuir circulations has also contributed to the modeling and parameterization of

upper-ocean turbulence (see, e.g., Smyth et al., 2002; Harcourt, 2013; Reichl et al., 2016; Li et al., 2016).

McWilliams et al. (1997) proposed the ‘turbulent Langmuir number’ to parameterize the relative importance

of the waves and wind forcing in their LES model,

LaC =
√
D∗/*B , (1.3)

where D∗ is the friction velocity of the wind-driven shear and *B is the surface Stokes drift of waves.

The turbulent Langmuir number has since been used as a dimensionless parameter in the modeling of

Langmuir turbulence. Harcourt & D’Asaro (2008) found that replacing the surface Stokes drift with the

average Stokes drift velocity in the surface layer can give a better scaling of the vertical kinetic energy for

broadband waves.

The wave-phase-averaged approach of describing the Langmuir turbulence in the CL model has sig-

nificantly simplified the modeling of the wave–turbulence interaction. However, this approach may fail to

account for some processes. Furthermore, the vortex force modeling of the accumulative wave effect in the

CL equations has not been directly validated, especially under a turbulent setting; therefore, the validity of

the modeling remains unclear.

The wave–turbulence interaction problem is complex, partially because the Lagrangian and Eulerian

aspects of surface gravity waves introduce different timescales on which waves interact with subsurface

turbulence. The Stokes drift in the vortex force describes the Lagrangian transport of fluid particles by

waves (Stokes, 1847; Longuet-Higgins, 1953) and is used in the CL equations to model the accumulative

long-term distortion effects of waves on turbulence. In addition to the accumulative drift, a progressive

wave has an orbital velocity field that induces a strain field that varies periodically with the wave phase. As

a result, the turbulence underneath the surface wave undergoes alternating stretching and shear straining

within a wave period as the wave passes by. Since the CL equations describe only the long-term averaged

flow, the motions occurring on timescales shorter than the wave period are not resolvable.

The direct modulation effects of waves on turbulence have been studied by several theoretical (Lumley

& Terray, 1983; Teixeira & Belcher, 2002), experimental (Kitaigorodskii et al., 1983; Jiang & Street,
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1991; Rashidi et al., 1992), and numerical (Guo & Shen, 2013, 2014; Chen et al., 2019) works. Turbulence

statistics, such as the Reynolds stress, are found to varywith thewave phase. For example, themeasurements

of the turbulence under amechanically generatedwave by (Jiang&Street, 1991) and the simulations by (Guo

& Shen, 2014) found that the streamwise Reynolds normal stress is enhanced under the wave crest. The

coherence between turbulence and the wave phase has also been observed in field measurements (Veron

et al., 2009). However, existing theoretical and numerical studies are often restricted to simple isotropic

turbulence setups and shear-free surface conditions, which lack surfacewind shear; therefore, the turbulence

forcing is different from Langmuir turbulence. On the other hand, it is often challenging to acquire

experimental measurements in the near-surface region to precisely quantify the modulation of turbulence

by waves. Nevertheless, the works cited above have suggested the importance of the role played by wave-

phase-correlated turbulence fluctuations in the wave–turbulence interaction and the necessity to further

study the modeling of wave effects.

There have been a fewnumerical simulations of Langmuir circulationswith phase-resolvedwaves (Zhou,

1999; Kawamura, 2000; Wang & Özgökmen, 2018; Fujiwara et al., 2018), which have provided some com-

parisons with CL theory. The above works found that although the flow statistics from wave-phase-resolved

simulations and CL simulations are qualitatively similar, some results are quantitatively different. Zhou

(1999) and Wang & Özgökmen (2018) found that CL simulations produce weaker Langmuir circulations

than wave-phase-resolved simulations due to the lack of Eulerian mean drift associated with viscous gravity

waves; however, this conclusion was drawn from simulations using a constant eddy viscosity. Zhou (1999)

also performed an LES of Langmuir turbulence under an explicit surface wave and found that the wave-

phase-resolved simulation resulted in stronger turbulence than the CL-based LES, which was attributed to

the absence of fast turbulence fluctuations on timescales similar to those of the waves in the CL-based LES.

This again implies that the wave-phase-correlated turbulence fluctuations excluded from the CL equations

can be important to the dynamics of Langmuir turbulence.

1.3 Thesis overview

This thesis aims to use a wave-phase-resolved LES to perform a detailed study of Langmuir turbulence and

shed light on its turbulent processes, specifically the effects of wave straining and wave-phase-correlated
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turbulence fluctuations. The simulations are carried out in a dynamically moving, wave-surface-fitted

domain (Yang & Shen, 2011a; Xuan & Shen, 2019) such that both the instantaneous and the accumulative

effects of waves on turbulence are captured directly. The objective is to understand the role of wave-phase-

correlated turbulence fluctuations in the wave–turbulence interaction and to reassess the CL modeling

approach.

In chapter 2, we present the numerical scheme developed for the simulation of free-surface turbulent

and viscous wave flows using a surface-fitted curvilinear grid. The Navier–Stokes equations are written

in a strong conservative formulation with respect to the curvilinear coordinates and are discretized by a

pseudospectral method in the horizontal directions and a finite-difference method in the vertical direction.

LES is implementedwith this conservative scheme to extend the simulation capability to turbulent flowswith

higher Reynolds numbers. Fully nonlinear kinematic and dynamic boundary conditions are implemented

at the free surface. The numerical scheme is validated using a variety of wave and vortical flow test

cases. The results show good agreement with previous theoretical and numerical predictions, whereas the

present scheme achieves significant improvements in the conservation of mass and momentum over the

non-conservative scheme developed by Yang & Shen (2011a). Moreover, the present conservative scheme

is found to be more stable than the non-conservative scheme for the simulation of both sideband waves

and broadband waves. The effect of viscous dissipation on the long-term evolution of nonlinear waves is

also captured by the present scheme. Furthermore, the ability of the present scheme to simulate long-term

wave–current–turbulence interactions is demonstrated by the computation of Langmuir circulation, for

which the non-conservative scheme produces significant errors regarding the conservation of mass and

momentum, causing the simulation to fail.

Chapter 3 gives the setup for simulatingLangmuir turbulence. Focusing on the fundamentalmechanisms

of the wave–turbulence interaction, we consider a canonical setup where turbulent flow is driven by a

monochromatic progressive wave and a prescribed shear stress on the surface that are aligned in the

same direction; this setup corresponds to the classic modeling approach of CL theory (e.g., Craik, 1977;

Leibovich, 1977a).

In chapter 4, the effects of a water surface wave on the vorticity in the subsurface turbulence are studied

with regard to Langmuir turbulence. The wave-phase-resolved simulation provides detailed descriptions

of many characteristic features of Langmuir turbulence, such as elongated quasi-streamwise vortices. The
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simulation also reveals the variation of the strength and the inclination angles of the vortices with the wave

phase. The variation is found to be caused by the periodic stretching and tilting of the wave orbital straining

motions. The cumulative effect of the wave on the wave-phase-averaged vorticity is analysed using the

Lagrangian average. The results indicate that, in addition to the tilting effect induced by the Lagrangian

mean shear gradient of the wave, the phase correlation between the vorticity fluctuations and the wave

orbital straining is also important to the cumulative vorticity evolution. Both the fluctuation correlation

effect and the mean tilting effect are found to amplify the streamwise vorticity. For the vertical vorticity,

the fluctuation correlation effect cancels the mean tilting effect, and the net change of the vertical vorticity

by the wave straining is negligible. As a result, the wave straining enhances only the streamwise vorticity

and cumulatively tilts vertical vortices towards the streamwise direction. The above processes are further

quantified analytically. The role of the fluctuation correlation effect in the wave-phase-averaged vorticity

dynamics provides a deeper understanding of the physical processes underlying the wave–turbulence

interaction in Langmuir turbulence.

Chapter 5 further analyzes the dynamics of the Reynolds stresses and turbulent kinetic energy (TKE)

in Langmuir turbulence. It is found that the streamwise and spanwise Reynolds normal stresses and the

Reynolds shear stress vary appreciably with the wave phase, while the vertical normal stress is only weakly

dependent on the wave phase. Budget analyses show that the wave production is the dominant mechanism

for the wave-phase variation in the streamwise Reynolds normal stress, and the effects associated with

the turbulence pressure are important to the spanwise stress and shear stress. Moreover, the weak wave-

phase dependence of the vertical Reynolds normal stress is caused by the cancellation of the production

and pressure effects. The accumulative effect of the wave–turbulence interaction on the TKE is then

investigated using the Lagrangian average. It is discovered that the transfer of energy from waves to

turbulence is achieved by two mechanisms. The first mechanism is the production of turbulence by

Lagrangian mean wave shearing and the mean shear stress, which is consistent with the traditional wave-

phase-averaged model. The second mechanism, which is not accounted for in previous studies, is the

correlation between the wave-phase variation of the Reynolds shear stress and the wave orbital shearing. A

model is proposed to quantify the second mechanism. The frequency spectrum of the velocity fluctuations

further shows that the correlation effect contributes to the turbulence fluctuations with timescales near the

wave period, indicating the importance of this effect for the Reynolds stresses and TKE.



Chapter 2

Numerical method

2.1 Introduction

Free-surface fluid flows, especially turbulent flows beneath surface waves, are of great interest to the study

of many environmental problems and a wide range of engineering applications. For example, surface waves

can significantlymodify the characteristics of turbulence in the upper ocean (Thorpe, 2004a; D’Asaro, 2014)

and influence a variety of processes, such as the air-sea fluxes of heat, momentum, andmass (Thorpe, 2004a;

Jähne & Haußecker, 1998; Belcher et al., 2012), mixing and transport of pollutants (Rye, 2000; Thorpe,

2000; Yang et al., 2014a), and marine life activities (Barstow, 1983; Denman & Gargett, 1995). Waves can

affect subsurface flows in different ways. Wave breaking produces intense turbulent kinetic energy near

the surface. On the other hand, non-breaking waves also play an important role in upper-ocean turbulence,

modifying turbulence through wave straining (Thorpe, 2004a; Belcher et al., 2012). Wave evolution is

also an important yet complex process that involves nonlinear wave–wave interactions and damping by the

viscous effect and wave–turbulence interaction (Cavaleri et al., 2007; Ardhuin & Jenkins, 2006). Wave

dynamics are often simulated using potential flow models. However, when the viscous effect, the boundary

layer effect, and turbulent flows are involved, it is necessary to resort to models based on the Navier–Stokes

equations to resolve the aforementioned effects explicitly (Tsai & Yue, 1996).

With increases in computer power, simulations based on the full Navier–Stokes equations that can

directly resolve the free surface have been applied and proven valuable for the study of free-surface

12
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flows (Fulgosi et al., 2003; Yamamoto & Kunugi, 2011; Yue et al., 2005; Komori et al., 2010; Guo &

Shen, 2013, 2014; Yang & Tryggvason, 1998; Bouffanais & Lo Jacono, 2009). Two classes of numerical

methods are usually used: boundary-fitted-grid or arbitrary Lagrangian-Eulerian methods (see, e.g., Yang

& Shen, 2011a; Ramaswamy, 1990; Ho & Patera, 1990; Hodges & Street, 1999; Dimas & Fialkowski,

2000; Bouffanais & Deville, 2006; Yang & Prosperetti, 2006; Bodard et al., 2008; Yang & Shen, 2011b)

and fixed-grid methods such as the volume-of-fluid (VOF) method and level-set method (see, e.g., Sethian

& Smereka, 2003; Scardovelli & Zaleski, 1999). Fixed-grid methods are able to handle large deformations

of the free surface, such as wave breaking and the generation of droplets, with relative ease. The interface

is captured on the fixed grid with the VOF or level-set functions. However, the fixed grid makes it difficult

to achieve a locally fine grid resolution near the moving interface unless the mesh is adaptively refined, and

the interface may become diffuse. Therefore, fixed-grid methods are often not as accurate as boundary-

fitted-grid methods for resolving free-surface boundary-layer structures for non-breaking waves (Tsai &

Yue, 1996; Ramaswamy, 1990; Cairncross et al., 2000). The present paper uses boundary-fitted-grid

methods, which usually can better resolve the viscous boundary layers and turbulent eddies near the free

surface, which is beneficial to the simulation of viscous wave dynamics and turbulent flows. Furthermore,

the nonlinear free-surface boundary conditions, including the viscous stresses and surface tension, can be

more accurately implemented on the interface, as the grid points are distributed on the interface.

Spectral discretization is known to improve the efficiency and accuracy in solvingwave problems (Kreiss

& Oliger, 1972; Engsig-Karup et al., 2016) and turbulent flows (Hussaini & Zang, 1987; Kim et al., 1987;

Deng et al., 2016; Yang & Wang, 2018) and thus has been combined with boundary-fitted-grid methods

for the simulation of free-surface flows. The large-wave simulation (LWS) method (Dimas & Fialkowski,

2000; Dimakopoulos & Dimas, 2011) uses Fourier series in the horizontal directions and Chebyshev

polynomials in the vertical direction. The same discretization method is used in Fulgosi et al. (2003).

In contrast, the numerical scheme in Yang & Shen (2011a) also uses Fourier series for the discretization

in the horizontal directions but a finite-difference scheme for the discretization in the vertical direction,

which allows more flexibility in the vertical grid distribution. The above implementations use the spectral

collocation method, which is based on a strong formulation of the governing equations. However, there

is another class of spectral methods known as the spectral element method that can be implemented for

free-surface flows (Bouffanais & Lo Jacono, 2009; Ho & Patera, 1990; Bouffanais & Deville, 2006; Bodard
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et al., 2008). The spectral element method incorporates the generality of the finite-element method and

provides flexibility in the spatial discretization for problems with complex geometries. Each element

uses a high-degree polynomial as the basis function to achieve a high accuracy. Different from spectral

collocation methods, the spectral element method is based on weak (or variational) formulations of the

governing equations and free-surface boundary conditions.

This paper presents a new numerical scheme that exhibits strong conservation properties for the

simulation of free-surface turbulent and wave flows on a moving curvilinear coordinate system (Yang &

Shen, 2011a). The new scheme is a substantial improvement over the non-conservative scheme previously

developed by our group and presented in Yang & Shen (2011a). In Yang & Shen (2011a), the unsteady

three-dimensional Navier–Stokes solver employs an algebraic mapping in the vertical direction for the

transformation from the irregular wave-surface-bounded physical domain to a rectangular computational

domain. A hybrid pseudo-spectral and finite-difference method for spatial discretization, a fractional-step

method for time integration, and the implementation of fully nonlinear free-surface boundary conditions

enable accurate simulations for a wide range of applications involving surface waves. The method of Yang

& Shen (2011a) has been applied to studies of turbulent wind over water waves (Yang & Shen, 2010, 2009)

andwater turbulence beneathwaves (Guo&Shen, 2013, 2014). However, in the context ofmore challenging

physical problems, we have found that the method of Yang & Shen (2011a) does not properly conserve

mass and momentum, leading to incorrect numerical predictions or unstable simulations. One such case

is Langmuir circulation (Thorpe, 2004a; Leibovich, 1983), which involves the interactions among rapid

progressive surface waves, a slowly varying mean current, and turbulence. Over the long-term evolution

of the mean current, the numerical method developed in Yang & Shen (2011a) accumulates errors in the

conservation of mass and momentum, and these errors eventually contaminate the simulation results.

The conservation of mass, momentum, and kinetic energy has long been the focus of the development

of numerical schemes (Ham et al., 2002; Morinishi et al., 1998; Vasilyev, 2000). It has been shown

that a conservative scheme produces more accurate results than a non-conservative scheme, especially for

simulations of turbulent flows when wide ranges of temporal and spatial scales are present (Ham et al.,

2002; Mittal & Moin, 1997). Good conservation properties can also improve the stability of the numerical

scheme (Morinishi et al., 1998; Vasilyev, 2000). When a flow is simulated in a time-dependent domain,

moving coordinates can introduce extra numerical errors when the scheme does not obey the discrete
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conservation law (Chou & Fringer, 2010). Such errors can accumulate over time in simulations of surface-

wave flows because the motion of the free surface is driven by the flow itself. In contrast, for the simulation

of free-surface flows, many numerical methods are based on a non-conservative formulation (e.g., Komori

et al., 2010; Dimas & Fialkowski, 2000; Yang & Prosperetti, 2006; Dimakopoulos & Dimas, 2011; Zonta

et al., 2016; Lin & Li, 2002; Young et al., 2007; Tsai & Hung, 2007; Hsu et al., 2001, including Yang &

Shen, 2011a). The use of a conservative form that conforms to the discrete conservation law is limited to

low-order methods (Hodges & Street, 1999; Zang et al., 1994; Zhang & Chwang, 1999; Perot & Nallapati,

2003).

In the present work, we derive a conservative formulation of the governing equations in curvilinear

coordinates to obtain better mass and momentum conservation properties. The strong formulation of the

governing equations and the fully nonlinear kinematic and dynamic boundary conditions are solved and

discretized with a hybrid spectral collocation and finite-difference method. Special treatment is taken for

nonlinear terms involving metric coefficients. The improvement in the conservation properties of the new

scheme over the scheme of Yang & Shen (2011a) is illustrated with several canonical test cases and is

shown to be necessary for some applications.

The present work also implements a large-eddy simulation (LES) for free-surface turbulent flows.

The direct numerical simulation (DNS) scheme developed in Yang & Shen (2011a) is restricted to flow

problems with relatively low Reynolds numbers. LES, in which only large-scale motions are resolved and

small-scale motions are modeled, is an efficient and practical way to simulate turbulent flows and has been

used in studies on a variety of environmental flows (see, e.g., Yang et al., 2014a; Sullivan et al., 2014; Hara

& Sullivan, 2015). However, the application of LES to free-surface turbulence with appreciable surface

deformations (such as waves) is still limited. Hodges & Street (1999) developed an LES method for free-

surface turbulent flows based on finite volume discretization, which is less efficient at resolving waves than

the spectral method; furthermore, the orthogonal grid transformation used in their work is unnecessarily

complicated for many wave problems. The large-wave simulation (LWS) approach developed in Dimas &

Fialkowski (2000) andDimakopoulos&Dimas (2011), which employs an algebraic gridmapping to capture

surface deformations, is based on a non-conservative formulation. The LES presented here using the new

conservative scheme, which is the first of its kind for flows involving long-term wave–current–turbulence

interactions, is shown to be a promising numerical tool for complex free-surface turbulent flows.
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The present work also implements large-eddy simulation (LES) for free-surface turbulent flows. The

direct numerical simulation (DNS) developed in Yang & Shen (2011a) is restricted to flow problems with

relatively low Reynolds numbers. LES, in which only large-scale motions are resolved and small-scale

motions are modeled, is an efficient and practical way for simulation of turbulent flows, and has been

used in the studies of a variety of environmental flows (see e.g. Yang et al., 2014a; Sullivan et al., 2014;

Hara & Sullivan, 2015). However, the application of LES to the free-surface turbulence with appreciable

surface deformations like waves is still limited. Hodges & Street (1999) developed a method for LES

of free-surface turbulent flows based on finite volume discretization, which is less efficient for resolving

waves compared with the spectral method. Furthermore, the orthogonal grid transformation used in

their work is unnecessarily complicated for many wave problems. The large-wave simulation (LWS)

approach developed in Dimas & Fialkowski (2000) and Dimakopoulos & Dimas (2011), which employs an

algebraic grid mapping to capture surface deformations, is based on a non-conservative formulation. The

LES presented here using the new conservative scheme, which is the first of its kind for flows involving

long-term wave-current-turbulence interactions, is shown to be a promising numerical tool for complex

free-surface turbulent flows.

The remainder of this paper is organized as follows: we present the mathematical formulation of the

conservative scheme and the LES implementation in section 2.2; the numerical algorithms are discussed in

section 2.3; then, in section 2.4, we present the validation cases and demonstrate the applications to complex

wave–current–turbulence interaction problems involving Langmuir circulations; finally, the conclusions are

given in section 2.5.

2.2 Formulation

2.2.1 Governing equations and coordinate transformation

For the non-breaking surface wave problems considered in the present work, the fluid is bounded by an

undulating free surface and a flat bottom. The elevation of the free surface, denoted by [(G, H, C), is a

single-valued function (i.e., the waves are not overturning or breaking) of the horizontal coordinates (G, H)

and time C. The mean surface is set at I = 0, and the bottom is located at I = −�̄, with �̄ being the domain

depth. A vertical slice of the domain is shown in Fig. 2.1a. For a fluid with density d and kinematic viscosity
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Figure 2.1: Sketch of the grid transformation: (a) physical space; (b) computational domain. Only one
vertical G-I or b-Z plane is shown because the transformation in the H-direction is trivial.

a, its motions are governed by the incompressible continuity equation and Navier–Stokes equations,
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Here, D8 (8 = 1, 2, 3) or (D, {, |) are the Cartesian velocity components in the G-, H- and I-directions,

respectively, and ? is the hydrodynamic pressure, which differs from the total pressure ?C>C by the hydrostatic

pressure −d6I, i.e., ? = ?C>C + d6I, with 6 being the gravitational acceleration. Hereafter, unless specified

otherwise, pressure refers to the hydrodynamic pressure ?.

To solve the above equations in the wave-surface-bounded domain, a grid mapping is used to transform

the physical space into a regular rectangular computational domain. We first consider a general time-

dependent mapping from the Cartesian physical space (G, H, I, C) (Fig. 2.1a) to the curvilinear computational

domain (b, k, Z , g) (Fig. 2.1b). The transformation of derivatives is obtained using the chain rule,
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where b: (: = 1, 2, 3) correspond to the curvilinear coordinates b,k and Z , respectively. The transformation
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satisfies the following metric identity, (Anderson et al., 2013)

m

mb:

(
�−1 mb

:

mG8

)
= 0, (2.5)

and the geometric conservation law (GCL) (Demirdžić & Perić, 1988; Thomas & Lombard, 1979),

m (�−1)
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− m
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(
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)
= 0. (2.6)

Here, � = m (b, k, Z)/m (G, H, I) is the Jacobian of the transformation and * 9
6 = ¤G: (mb 9/mG: ) is the con-

travariant grid velocity, where ¤G: is the velocity of the curvilinear grid b 9 in the physical space. By applying

the transformation of the derivatives (Eqs. (2.3-2.4)) together with the above two identities (Eqs. (2.5-2.6)),

we obtain the governing equations (Eqs. (2.1-2.2)) in time-dependent curvilinear coordinates with a strong

conservative form (Chou & Fringer, 2010; Luo & Bewley, 2004) as

m

mb 9

(
�−1* 9

)
= 0, (2.7)

m (�−1D8)
mg

−
m (�−1*

9
6D8)

mb 9
+ m (�

−1* 9D8)
mb 9

= − m

mb 9

(
�−1 mb

9

mG8
?

)
+ a m

mb 9

(
�−16 9:

mD8

mb:

)
. (2.8)

In the above equations, 68 9 = (mb8/mG: ) (mb 9/mG: ) is the metric tensor, and * 9 = D: (mb 9/mG: ) is the

contravariant velocity component. Compared with the transformation used in Yang & Shen (2011a), where

the chain rule is directly applied to Eqs. (2.1-2.2), the strong conservative formulation here is expressed

using the divergence with respect to the computational coordinates b: and can thus yield better discrete

conservation properties.

In the current work, the same algebraic grid mapping as in Yang & Shen (2011a) is used,

b = G, k = H, Z =
I + �̄
[ + �̄

, g = C. (2.9)

This grid mapping is illustrated in Fig. 2.1. Fig. 2.1b shows a vertical plane of the computational grid, and

Fig. 2.1a shows the grid lines in physical space. The mapping defined by Eq. (2.9) yields the following
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Jacobian matrix, 
bG bH bI

kG kH kI

ZG ZH ZI


=


1 0 0

0 1 0

− Z [G
[+�̄ − Z [H

[+�̄
1

[+�̄


, (2.10)

and the Jacobian of the transformation � = 1/([ + �̄). The grid moves only in the I-direction with the

velocity ¤x = (0, 0, Z[C ); therefore, the contravariant grid velocity [6 = (0, 0, Z[C/([ + �̄)). Here, the

use of an algebraic mapping makes it possible to analytically determine the metric coefficients � and [6.

With the transformation defined above, the left-hand side of the GCL (Eq. 2.6) reduces to [C − m (Z[C )/mZ ,

where Z[C varies linearly with Z . This means that the left-hand side of Eq. (2.6) equals zero after being

discretized by the finite-difference method in the Z-direction (see section 2.3); therefore, the discrete GCL

is satisfied. We shall also point out that, with the vertical lines fixed, the grid is distorted as the surface

deforms. However, for simulations of non-breaking wave flows, the distortion of the grid is typically not

large enough to cause significant numerical errors. For example, an extreme case is the theoretical limit

of the Stokes wave with a crest angle of 120°, which is the angle between two lines tangent to the surface

at the wave crest. The limiting angle corresponds to a grid distortion angle of approximately 30°. It has

been shown that the numerical errors from a non-orthogonal grid are acceptable when the distortion angle

is less than 40° (Thompson et al., 1985; Sankaranarayanan & Spaulding, 2003). Therefore, the present

non-orthogonal algebraic transformation suffices for our applications; this transformation has also been

proven effective in previous non-breaking wave simulations (Yang & Shen, 2011a; Guo & Shen, 2010,

2013).

2.2.2 Boundary conditions

Periodic boundary conditions are employed in the horizontal directions. At the bottom of the domain, we

apply a free-slip boundary condition as

mD

mI
=
m{

mI
= | = 0, at I = −�̄. (2.11)

The free-slip boundary condition is used to eliminate the viscous effects of the bottom boundary layer (Shen

et al., 1999) because we focus mainly on deep water wave flows in the present work. We note that a no-slip
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bottom with the Dirichlet condition for u can also be implemented in a straightforward way.

The fluid motions on the free-surface boundary are subject to the kinematic boundary condition (KBC)

and dynamic boundary conditions (DBCs). The KBC essentially states that the upper boundary is material,

so the particles on the surface remain on the surface from a Lagrangian point of view. This constraint is

expressed in Eulerian Cartesian coordinates as

[C = | − D[G − {[H , at I = [. (2.12)

The DBCs describe the stress balance across the air-water interface. We express the DBCs in the local

surface-following coordinates with the unit vectors (n, t1, t2). The unit vectors are defined as

n =
(−[G ,−[H , 1)√

1 + [2
G + [2

H

, t1 =
(1, 0, [G)√

1 + [2
G

, t2 =
(0, 1, [H)√

1 + [2
H

, (2.13)

where n is the normal vector of the surface pointing from the water to the atmosphere and t1 and t2 are the

vectors tangential to the surface in the G-I and H-I planes, respectively. Then, the DBCs are given as

f= + W∇ · n = n · 2 · nT, f1 = t1 · 2 · nT, f2 = t2 · 2 · nT, (2.14)

where (f=, f1, f2) denotes the stresses imposed by the air above the interface and 2 = −(? − d6I)O +

da(∇u + ∇uT) is the stress tensor in the water with O denoting the identity tensor; it should be pointed out

that the hydrostatic pressure −d6I is added to ? in 2 when considering the boundary conditions. The first

equation in Eq. (2.14) describes the normal stress balance in the n direction, with W∇ · n accounting for the

pressure difference caused by surface tension W; the second and third equations in Eq. (2.14) describe the

balance of stresses in the t1 and t2 directions, respectively.

With Eq. (2.13), the normal stress balance in Eq. (2.14) can be rearranged as a Dirichlet boundary
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condition for the pressure

? =d6[ − f= +
2da

1 + [2
G + [2

H

[
−(1 + [2

H)
mD

mb
− (1 + [2

G)
m{

mk
+ [G[H

(
mD

mk
+ m{
mb

)
−[G

m|

mb
− [H

m|

mk

]
− W
(1 + [2

G)[HH + (1 + [2
H)[GG − 2[G[H[GH

(1 + [2
G + [2

H)
3/2 . (2.15)

Here, the derivatives have been transformed into the computational domain using Eq. (2.3), and a surface-

elevation-induced pressure d6[ appears in the above boundary condition for the dynamic pressure ?.

Without the viscosity, Eq. (2.15) is reduced to the dynamic boundary condition in potential flow theory (Mei

et al., 2005). The second and third equations in Eq. (2.14) are expressed as Neumann boundary conditions

for velocity components D and {,

mD

mZ
=

[ + �̄
1 + [2

G + [2
H

[
2[G

mD

mb
+ [H

mD

mk
+ [H

m{

mb
+ ([2

G − 1) m|
mb

+[G[H
m|

mk
+

√
(1 + [2

G + [2
H) (1 + [2

G)
f1

a

]
− [G

m|

mZ
, (2.16)

m{

mZ
=

[ + �̄
1 + [2

G + [2
H

[
[G
m{

mb
+ 2[H

m{

mk
+ [G

mD

mk
+ [G[H

m|

mb

+([2
H − 1) m|

mk
+

√
(1 + [2

G + [2
H) (1 + [2

H)
f2

a

]
− [H

m|

mZ
. (2.17)

The boundary condition for the vertical velocity | is intrinsically determined from the continuity equation

(Eq. (2.7)).

2.2.3 LES implementation

The LES technology extends the proposed numerical method to applications involving turbulent flows

with higher Reynolds numbers. In an LES, only turbulent eddies larger than a certain filter scale Δ are

resolved, and the effects of eddies at scales smaller than Δ are modeled such that the computational cost is

reduced. To simulate free-surface turbulent flows, we implement an LES on the wave-surface-fitted grid.
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The governing equations for the resolved motions are obtained with a filter applied to Eq. (2.1-2.2),

mD̃8

mG8
= 0, (2.18)

mD̃8

mC
+
m (D̃8 D̃ 9 )
mG 9

= − m ?̃
mG8
+ a m

2D̃8

mG 9G 9
−
mg3
8 9

mG 9
. (2.19)

Here, ˜(·) denotes the filtered quantities and g3
8 9
= g8 9 − g::/3 is the deviatoric part of the subgrid-scale

(SGS) stress g8 9 = D̃8D 9 − D̃8 D̃ 9 . Using the same transformation technique employed in section 2.2.1, we

obtain the filtered governing equations in the computational domain as

m

mb 9

(
�−1*̃ 9

)
= 0, (2.20)

m (�−1D̃8)
mg

−
m (�−1*̃

9
6D̃8)

mb 9
+ m (�

−1*̃ 9 D̃8)
mb 9

= − m

mb 9

(
?̃

�

mb 9

mG8

)
+ a m

mb 9

(
6 9:

�

mD̃8

mb:

)
− m

mb 9

(
g3
8:

�

mb 9

mG:

)
,

(2.21)

where *̃ 9 = D̃: (mb 9/mG: ) is the contravariant velocity defined using the filtered velocity.

SGS model

A Smagorinsky model is used to determine the SGS stress as

g38 9 = −2aC (̃8 9 = −2�0 |(̃ |(̃8 9 . (2.22)

Here, (̃8 9 is the strain rate tensor based on the filtered velocity, (̃8 9 = (D̃8, 9 + D̃ 9 ,8)/2, and |(̃ | is the

magnitude of the strain rate defined as |(̃ | =
√

2(̃8 9 (̃8 9 . The Smagorinsky coefficient �0 is dynamically

determined using a Lagrangian scale-dependent model (Meneveau et al., 1996; Bou-Zeid et al., 2005). A

traditional dynamic Smagorinsky model uses plane averaging in the process of determining �0 to improve

the numerical stability by assuming the existence of homogeneous planes in the turbulent flows (Germano

et al., 1991; Lilly, 1992). However, this assumption often does not hold in flows with complex geometries,

such as surface waves, which can be highly inhomogeneous. In the dynamic Lagrangian SGS model, the

averaging is performed in the Lagrangian frame, i.e., following the pathlines of the fluid particles with the

weights diminishing with age (Meneveau et al., 1996). In addition, the scale invariance assumption for
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�0 in traditional models does not always hold, e.g., in the near-wall regions of many geophysical flows.

The SGS model we adopt dynamically determines the scale dependence of �0. This dynamic Lagrangian

scale-dependent model has been shown to perform well for heterogeneous geophysical flows (Bou-Zeid

et al., 2005; Yang et al., 2014b; Yang & Anderson, 2018).

Free-surface boundary conditions

The implementation of bottom boundary free-slip conditions is trivial, and therefore, we discuss only the

LES treatment for the free-surface boundary conditions. The evolution of the filtered surface elevation [̃ is

governed by the filtered KBC,

[̃C = |̃ − D̃[̃G − {̃[̃H −  G −  H . (2.23)

Compared with the nonfiltered KBC in Eq. (2.12), the extra terms  G = D̃[G − D̃[̃G and  H = {̃[H − {̃[̃H

account for the effects of the SGS surface elevation. As pointed out by Hodges & Street (1999), small-

scale fluctuations of the free surface are related to the dynamics of near-surface small-scale motions, which

involve the effects of pressure fluctuations, the viscous layer, and surface tension. The present computational

framework can be used to perform DNS experiments to help understand the flow physics and the modeling

of free-surface SGS kinematics. However, the development of such models is not the main focus of the

current work. In the large wave simulation (Dimas & Fialkowski, 2000), the SGS kinematics terms are

found to be negligible. Hodges & Street (1999) also neglected the terms in their implementation of the

LES of free-surface turbulent flows. Here, we also choose to omit the SGS kinematics terms  G and  H .

For consistency, in the treatment of the free-surfaceDBCs, we also omit the SGS contributions generated

from nonlinear terms, e.g., [2
G in Eq. (2.15). The complete filtered dynamic boundary conditions with the

SGS terms omitted are

?̃ = d6[̃ + 2d(a + aC )
1 + [̃2

G + [̃2
H

[
−(1 + [̃2

H)
mD̃

mb
− (1 + [̃2

G)
m{̃

mk
+ [̃G [̃H

(
mD̃

mk
+ m{̃
mb

)
−[̃G

m|̃

mb
− [̃H

m|̃

mk

]
− W
(1 + [̃2

G)[̃HH + (1 + [̃2
H)[̃GG − 2[̃G [̃H [̃GH

(1 + [̃2
G + [̃2

H)
3/2 , (2.24)
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mD̃

mZ
=

[̃ + �̄
1 + [̃2

G + [̃2
H

[
2[̃G

mD̃

mb
+ [̃H

mD̃

mk
+ [̃H

m{̃

mb
+ ([̃2

G − 1) m|̃
mb

+[̃G [̃H
m|̃

mk
+

√
(1 + [̃2

G + [̃2
H) (1 + [̃2

G)
f1

a + aC

]
− [̃G

m|̃

mZ
, (2.25)

m{̃

mZ
=

[̃ + �̄
1 + [̃2

G + [̃2
H

[
[̃G
m{̃

mb
+ 2[̃H

m{̃

mk
+ [̃G

mD̃

mk
+ [̃G [̃H

m|̃

mb

+([̃2
H − 1) m|̃

mk
+

√
(1 + [̃2

G + [̃2
H) (1 + [̃2

H)
f2

a + aC

]
− [̃H

m|̃

mZ
. (2.26)

2.3 Numerical methods

Following Yang & Shen (2011a), a hybrid pseudo-spectral and finite-difference method is employed for

spatial discretization. Since periodic conditions are imposed in the horizontal directions and this work is

aimed at simulating flows with waves, the spectral method based on Fourier series is a natural choice for

the discretization in the horizontal directions (b, k). A collocated arrangement for all flow variables is

used in the horizontal planes (b, k). In the vertical direction Z , we use a finite-difference scheme with

second-order accuracy for discretization so that the grid distribution can be more flexible (e.g., clustered

near the boundary with a derived grid stretching ratio). A staggered grid is adopted in the Z-direction to

avoid the odd-even decoupling, as shown in Fig. 2.2. The velocity | and contravariant velocity , are

located at the cell face; the horizontal velocities D and { are located at the cell center, as is the pressure ?;

and the contravariant velocities* and+ are located at the same nodes as D and {. The horizontal velocities

(D, {) and (*,+) and pressure ? are also defined at the boundary. The boundary nodes are needed for the

KBC and DBCs of the free-surface flows.

2.3.1 Free surface advancing

The Navier–Stokes equations are solved in an undulating domain with surface elevation [. To obtain [, the

KBC is integrated over time using a second-order Runge–Kutta method in a prediction-correction style.

This scheme consists of two stages updating the free surface from the current time step (=) to the next time

step (= + 1):
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u, v, p
U, V

w,W

ξ

ψ

ζ

Figure 2.2: Sketch of the staggered grid layout. The velocity (D, {), the contravariant velocity (*,+), and
the pressure ? are defined at nodes marked with Δ; the velocity | and contravariant velocity, are defined
at nodes marked with �. Only one vertical b − Z plane is shown.

• prediction:

[ (=+1)∗ = [ (=) + ΔC[ (=)C , (2.27)

• correction:

[ (=+1) = [ (=+1)∗ + ΔC
2

(
[
(=+1)∗
C − [ (=)C

)
. (2.28)

The first stage (Eq. 2.27) is essentially a forward Euler method, and [ (=)C is evaluated using Eq. (2.12) with

[ and (D, {, |) from the current time step (=). The surface elevation [ (=+1)∗ obtained from Eq. (2.27) is a

first-order prediction of the surface elevation at time step (=+1). The Navier–Stokes equations are advanced

to time step (= + 1) on the grid with elevation [ (=+1)∗ to obtain the velocity D (=+1)∗
8

. The velocity D (=+1)∗
8

is

then used at the correction stage (Eq. 2.28) for the calculation of [ (=+1) with second-order accuracy.
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2.3.2 Navier–Stokes equations solution

The solution of the incompressible Navier–Stokes equations (Eqs. 2.7-2.8) is based on the fractional-step

method (Kim&Moin, 1985) with modifications for free-surface flows. The fractional-step method consists

of two steps. The first step is to obtain an intermediate velocity D̂8 by integrating the momentum equation

(Eq. 2.8) without the pressure. The intermediate velocity D̂8 is not solenoidal. In the second step, D̂8 is

projected onto a divergence-free space using the pseudopressure q to satisfy the continuity equation.

The integration of the momentum equation in the first step is calculated by

(�−1) (=+1) D̂8 − (�−1D8)
(=)

ΔC
=

3' (=)
8
− ' (=−1)

8

2
. (2.29)

Here, the superscript (=) denotes that the corresponding terms are evaluated at time step (=). An Adam-

Bashforth scheme with second-order accuracy is used for temporal integration. On the right-hand side of

Eq. (2.29), ' (=)
8

represents all the terms in the momentum equation other than the temporal derivatives and

pressure terms,

'
(=)
8

=
m (�−1*

9
6D8)

(=)

mb 9
− m (�

−1* 9D8)
(=)

mb 9
+ a m

mb 9

(
�−16 9:

mD8

mb:

) (=)
. (2.30)

Additionally, SGS stress terms are also included in '8 when the LES equations are solved. The viscous

terms are treated explicitly. Although the explicit treatment may impose a restriction on the time step, this

restriction is alleviated when the viscous effect is relatively small, such as in high Reynolds number flows.

In the second step of the fractional-step method, we correct the intermediate velocity D̂8 by using

D
(=+1)
8

= D̂8 − ΔC
[
�
m

mb 9

(
mb 9

mG8

q

�

)] (=+1)
, (2.31)

to make the final velocity field D (=+1)
8

satisfy the solenoidal condition

m
(
�−1* 9

) (=+1)
mb 9

= 0. (2.32)

By substituting Eq. (2.31) into Eq. (2.29), we obtain the pseudopressure q related to the hydrodynamic
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pressure ? as

q (=+1) = ? (=+1/2) . (2.33)

Applying the divergence operator � [·] defined as

� [·] = � m

mb 9

(
mb 9

mG8

·
�

)
to Eq. (2.31) yields a Poisson equation for the pseudopressure q

�
m

mb 9

[
mb 9

mG8

m

mb:

(
mb:

mG8

q

�

)] (=+1)
= � (=+1) [D̂8] . (2.34)

If we substitute the grid transformation coefficients in Eq. (2.10) into the above equation, we obtain

m2Φ(=+1)

mb2 + m
2Φ(=+1)

mk2 + m

mb

(
mZGΦ

mZ

) (=+1)
+ m

mk

(
mZHΦ

mZ

) (=+1)
+ m
mZ

[
ZG

(
mΦ

mb
+ mZGΦ

mZ

)
+ ZH

(
mΦ

mk
+
mZHΦ

mZ

)
+ ZI

mZIΦ

mZ

] (=+1)
=

m�−1D̂

mb
+ m�

−1 {̂

mk
+ m

mZ

(
Z
(=+1)
G

D̂

�
+ Z (=+1)H

{̂

�
+ Z (=+1)I

|̂

�

)
, (2.35)

whereΦ(=+1) = (�−1q) (=+1) . To make use of the spectral discretization in the horizontal directions, we use

an iterative method to solve the Poisson equation. During the iteration, the equation to be solved is

m2Φ(<+1)

mb2 + m
2Φ(<+1)

mk2 + 1
�̄2

m2Φ(<+1)

mZ2 =
1
�̄2

m2Φ(<)

mZ2 − m

mb

(
mZGΦ

mZ

) (<)
− m

mk

(
mZHΦ

mZ

) (<)
− m

mZ

[
ZG

(
mΦ

mb
+ mZGΦ

mZ

)
+ ZH

(
mΦ

mk
+
mZHΦ

mZ

)
+ ZI

mZIΦ

mZ

] (<)
+ m�

−1D̂

mb
+ m�

−1 {̂

mk
+ m

mZ

(
Z
(=+1)
G

D̂

�
+ Z (=+1)H

{̂

�
+ Z (=+1)I

|̂

�

)
. (2.36)

Here, the superscripts (< + 1) and (<) denote the solutions from the (< + 1)-th and <-th iterations,

respectively. Compared to the original Eq. (2.35), all nonlinear terms are moved to the right-hand side

of the equation as source terms, which are evaluated using values from the previous iteration. An extra

term, (�̄−2)m2Φ(=+1)/mZ2, is added to both sides of the equation so that the terms on the left are entirely

linear for the Fourier transformation of Φ. With this treatment, the pseudo-spectral method can be used to
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discretize the horizontal directions b and k, yielding a group of ordinary differential equations in terms of

Z , which can then be solved using a tridiagonal matrix solver. When the iteration converges, the modified

equation (Eq. (2.36)) is equivalent to the original equation (Eq. (2.35)).

Boundary conditions for intermediate velocity

In Eq. (2.29), the right-hand side '8 can be directly calculated from Eq. (2.30) for each internal node;

therefore, the intermediate velocity D̂8 at the internal nodes can be obtained using Eq. (2.29). However, D̂8

on the boundary needs to be determined using boundary conditions.

As pointed out in section 2.2.2, in this study, the bottom is a free-slip boundary. The implementation of

a free-slip boundary is thoroughly discussed in the literature (e.g., Armfield & Street, 2002). The bottom

boundary conditions of the intermediate velocity D̂ are

mD̂

mZ
=
m{̂

mZ
= |̂ = 0. (2.37)

At the free surface, the velocity at time (=+1) should satisfy the DBCs given by Eqs. (2.16) and (2.17),

mD (=+1)

mZ
=

[ + �̄
1 + [2

G + [2
H

[
2[G

mD (=+1)

mb
+ [H

mD (=+1)

mk
+ [H

m{ (=+1)

mb
+ [G[H

m| (=+1)

mk

+([2
G − 1) m|

(=+1)

mb
+

√
(1 + [2

G + [2
H) (1 + [2

G)
f1

a

]
− [G

m| (=+1)

mZ
, (2.38)

m{ (=+1)

mZ
=

[ + �̄
1 + [2

G + [2
H

[
[G
m{ (=+1)

mb
+ 2[H

m{ (=+1)

mk
+ [G

mD (=+1)

mk
+ [G[H

m| (=+1)

mb

+([2
H − 1) m|

(=+1)

mk
+

√
(1 + [2

G + [2
H) (1 + [2

H)
f2

a

]
− [H

m| (=+1)

mZ
. (2.39)

The derivatives mD (=+1)/mZ and m{ (=+1)/mZ are evaluated explicitly, with D (=+1)
8

on the right-hand side of

Eqs. (2.38) and (2.39) estimated by

D
(=+1)
8

= 2D (=)
8
− D (=−1)

8
+$ (ΔC2).
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Moreover, substituting Eq. (2.31) into the left-hand side of Eqs. (2.38) and (2.39) about D̂ and {̂ yields

mD (=+1)

mZ
=
mD̂

mZ
− ΔC m

mZ

[
�
m

mb 9

(
mb 9

mG

q (=+1)

�

)]
, (2.40)

m{ (=+1)

mZ
=
m{̂

mZ
− ΔC m

mZ

[
�
m

mb 9

(
mb 9

mH

q (=+1)

�

)]
. (2.41)

With q (=+1) estimated by

q (=+1) = q (=) +$ (ΔC),

we obtain the vertical gradient of the intermediate velocity D̂ and {̂ at the boundary as

mD̂

mZ
=
mD (=+1)

mZ
+ ΔC m

mZ

[
�
m

mb 9

(
mb 9

mG

q (=)

�

)]
+$ (ΔC2), (2.42)

m{̂

mZ
=
m{ (=+1)

mZ
+ ΔC m

mZ

[
�
m

mb 9

(
mb 9

mH

q (=)

�

)]
+$ (ΔC2). (2.43)

The derivatives mD̂/mZ and m{̂/mZ are estimated using one-sided stencil as

mD̂

mZ
=

8D̂# I − 9D̂# I−1 + D̂# I−2

6(Z# I − Z# I−1)
+$ (ΔI2), (2.44)

m{̂

mZ
=

8{̂# I − 9{̂# I−1 + {̂# I−2

6(Z# I − Z# I−1)
+$ (ΔI2). (2.45)

The velocity at the free-surface boundary nodes is denoted by the subscript #I, and the second and third

off-boundary nodes are denoted by #I − 1 and #I − 2, respectively (see Fig. 2.2 for the grid arrangement).

The boundary intermediate velocities D̂# I and {̂# I are solved from Eqs. (2.42-2.45). After D̂# I and {̂# I

are obtained, the intermediate velocity |̂ is calculated from Eq. (2.35), where q (=+1) is estimated using

q (=) , which we have shown yields second-order accuracy in time. Using Eq. (2.35) to determine |̂ is

consistent with the conservative formulation.
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Boundary conditions for pseudo-pressure

The Poisson equation for the pseudopressure q (=+1) is solved subject to the Dirichlet boundary condition

at the free surface according to Eq. (2.33),

q (=+1) = ? (=+1/2) =
1
2
(? (=) + ? (=+1) ), at I = [, (2.46)

where ? (=) and ? (=+1) are calculated from the pressure Dirichlet boundary condition (Eq. 2.15). Here,

? (=+1) involves the velocity D8 at time step (= + 1), which is estimated by Eq. (2.31) with the intermediate

velocity D̂8 and the pseudopressure q (=) as

D
(=+1)
8

= D̂8 − ΔC
[
�
m

mb 9

(
mb 9

mG8

q (=)

�

)]
+$ (ΔC2). (2.47)

The compatible boundary condition for q (=+1) at the bottom boundary is (Armfield & Street, 2002)

mq (=+1)

mq
= 0, at I = −�̄. (2.48)

2.3.3 Summary of solution procedure

The simulation of free-surface flows generally follows the solution procedure used in Yang & Shen (2011a).

From time step (=) to the next time step (= + 1), the procedure is as follows:

1. Advance the free surface elevation [ (=) to [ (=+1)∗ by Eq. (2.27) using D (=) .

2. Obtain the intermediate velocity D̂8 in the updated domain with the surface elevation [ (=+1)∗ using

Eq. (2.29).

3. Solve q (=+1)∗ from the pressure Poisson equation (Eq. 2.35), and correct the intermediate velocity D̂8

to D (=+1)∗ using Eq. (2.31).

4. Correct the free surface elevation [ (=+1)∗ to [ (=+1) by Eq. (2.28) using D (=+1)∗.

5. Repeat steps 2–4 to solve the Navier–Stokes equations on the corrected domain with the surface

elevation [ (=+1) , and obtain D (=+1)
8

and q (=+1) .
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We note here that compared to Yang & Shen (2011a), the present numerical scheme, including the

discretization and boundary conditions, is adapted according to the conservative formulation and is thus

able to improve the conservation properties of the scheme, as we show in the next section.

2.4 Results and validation

In this section, we first validate and test the accuracy of the conservative scheme. Then, we test the

performance of the conservative scheme against the non-conservative scheme presented in Yang & Shen

(2011a) with a focus on the differences in conservation properties. Both laminar and turbulent free-surface

flows are tested, and the results are shown in the following subsections.

2.4.1 Decaying vortex

We first carry out a simulation of a two-dimensional decaying vortex to test the order of accuracy of the

conservative scheme. The analytic solution of the problem with d = 1 and a = 1 is given by (Kim &Moin,

1985)

D(G, I, C) = − cos G sin I 4−2C ,

|(G, I, C) = sin G cos I 4−2C ,

?(G, I, C) = −0.25(cos 2G + cos 2I)4−4C .

(2.49)

The solution is defined in the domain G ∈ [0, 2c], I ∈ [−c/2, c/2]. The periodic boundary condition in

the G-direction is automatically satisfied for this problem. On the lower boundary I = −c/2, the exact

solution gives | = 0 and mD/mI = 0, so we can apply the free-slip condition there. On the upper boundary

I = c/2, we apply the pressure Dirichlet boundary condition using the exact solution and zero tangential

stress condition.

Because the theoretical solution is sinusoidal with respect to G and the Fourier-based pseudo-spectral

method is used in the horizontal direction, the numerical error due to the spatial discretizationmainly comes

from the finite-difference discretization in the vertical direction. The spatial discretization error is studied

using three sets of uniform grids with different vertical resolutions, namely, 32× 40, 32× 80, and 32× 160.

The initial condition of the domain is given by the analytic solution, and then the flow field is advanced in

time with a fixed Courant number of ΔC/ΔI = 0.005 (the velocity scale is 1). The numerical solutions are



CHAPTER 2. NUMERICAL METHOD 32

Table 2.1: !∞ and !2 errors of velocity (D, |) and pressure ? for the decaying vortex for different grid
resolutions with a fixed Courant number of 0.5.

32 × 40 32 × 80 32 × 160 Convergence rate

D

!∞ error 3.974 − 4 9.884 − 5 2.474 − 5 2.00
!2 error 1.674 − 4 4.124 − 5 1.034 − 5 2.01

|

!∞ error 3.414 − 4 8.514 − 5 2.134 − 5 2.00
!2 error 9.224 − 5 2.304 − 5 5.764 − 6 2.00

?

!∞ error 3.534 − 3 8.934 − 4 2.174 − 4 2.02
!2 error 1.814 − 3 4.534 − 4 1.134 − 4 2.00

Table 2.2: !∞ and !2 errors of velocity (D, |) and pressure ? for the decaying vortex for different time
steps on a 32 × 80 grid.

ΔC1 ΔC2 ΔC3 Convergence rate

D

!∞ error 1.484 − 7 1.024 − 7 6.534 − 8 2.02
!2 error 7.464 − 8 5.154 − 8 3.274 − 8 2.03

|

!∞ error 1.504 − 7 1.044 − 7 6.624 − 8 2.02
!2 error 7.334 − 8 5.074 − 8 3.224 − 8 2.03

?

!∞ error 3.224 − 7 2.064 − 7 1.324 − 7 2.10
!2 error 1.454 − 7 9.574 − 8 6.024 − 8 2.12

compared with the analytic solution at time C = 0.4. Table 2.1 shows the errors in the velocities (D, |) and

pressure ? between the numerical and analytic solutions. The errors are evaluated in both the !∞ norm and

the !2 norm. It is clear that the present numerical scheme successfully predicts the theoretical solution.

The convergence rates obtained using least-square regression show that a second-order spatial accuracy is

achieved for all variables.

The error contributed by the temporal discretization is small compared to that contributed by the spatial

discretization due to the small time steps restricted by numerical stability limitations. To study the temporal

accuracy of the present scheme, we employ a set of simulations on the same grid (32 × 80) with four time

steps: ΔC1 = 3 × 10−4, ΔC2 = 2.5 × 10−4, ΔC3 = 2 × 10−4, and ΔC4 = 2 × 10−5. The last simulation with a

much smaller time step serves as the reference solution. The errors of the other sets of solutions are defined
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based on the reference solution so that the spatial discretization error is eliminated (Yang & Prosperetti,

2006). The results of the temporal error analysis are shown in Table 2.2. The errors are evaluated at

C = 0.051. It is evident that the present scheme also achieves an overall second-order accuracy for the

temporal discretization.

2.4.2 Surface waves

Theoretical two-dimensional progressive waves

The numerical performance of the conservative scheme for free-surface wave flows is first tested using

three theoretical progressive wave solutions, namely, for a linear viscous wave, the Stokes wave, and the

Crapper capillary wave. The performance of the conservative formulation is compared with that of the

non-conservative formulation in terms of the conservation of mass and momentum.

The linear viscous wave is used to test the performance of the present method for small-amplitude

waves. The velocity of a linear viscous wave is (Dq + Da , |q + |a), where the subscript q denotes the

potential part of the velocity and the subscript a denotes the rotational part. The surface elevation and

velocity are given by (Lamb, 1932),

[(G, I, C) = 00 exp(−2a:2C) sin(:G + lC),

Dq (G, I, C) = −l00 exp(:I − 2a:2C) sin(:G + lC),

|q (G, I, C) = l00 exp(:I − 2a:2C) cos(:G + lC), (2.50)

Da (G, I, C) = 2a:V00 exp(VI − 2a:2C) [sin(:G + VI + lC) − cos(:G + VI + lC)],

|a (G, I, C) = −2a:200 exp(VI − 2a:2C) sin(:G + VI + lC).

Here, 00 is the initial amplitude of the wave; : is the wavenumber; V =
√
l/2a is a depth-dependent

coefficient related to the viscous effect; and l is the angular frequency determined from the dispersion

relationship l =
√
6: . For the linear approximation to be effective, a small wave steepness 00: = 0.01

is chosen. We choose the characteristic timescale to be the inverse of the wave frequency l−1 and the

length scale to be :−1. The Froude number, which quantifies the relative importance of the inertia and

gravity forcing in the flow, is thus Fr = (l:−1)/
√
6:−1 = 1. We consider cases with two different Reynolds
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numbers, Re = l/a:2 = 100 and Re = 500, to examine the viscous effect on the wave evolution. A higher

Reynolds number corresponds to a fluid with a lower viscosity or a wave with a longer wavelength.

The Stokes wave is a nonlinear potential wave solution suitable for waves with a moderate to large

steepness. The simulation is initialized with a fifth-order Stokes solution (Fenton, 1985). The velocity is

calculated from the velocity potential q as (D, |) = (mq/mG, mq/mI). The potential q(G, I) is solved from

∇2q = 0 with the Dirichlet boundary condition q(G, [) = Φ( at the surface I = [. The surface elevation [

and surface potential Φ( are given by Eqs. (17-18) in Fenton (1985). The length and time are normalized

by the characteristic length :−1 and frequency l =
√
6: , respectively. Therefore, the Froude number is

Fr = (l:−1)/
√
6:−1 = 1, and the Reynolds number is defined as Re = l/a:2. We consider a relatively

steep Stokes wave with steepness 00: = 0.35. Under this wave steepness, the nonlinearity of the wave is no

longer negligible, and the deformation of the wave surface is sufficiently large to cover most non-breaking

wave applications. We mainly focus on the case with Re = 500, while another case with a lower Reynolds

number of Re = 100 is simulated for comparison.

The capillary wave is used to test the surface tension in the free-surface boundary condition. The initial

condition is given by Crapper’s solution (Crapper, 1957). The surface elevation [ and the surface velocity

potential Φ( satisfy
G

_
=
Φ(

2_
− 2
c

� sin (2cΦ(/2_)
1 + �2 + 2� cos (2cΦ(/2_)

,

[

_
=

2
c
− 2
c

1 + � cos (2cΦ(/2_)
1 + �2 + 2� cos (2cΦ(/2_)

,

(2.51)

where _ is the wavelength, 2 =
√
:W/d

√
(1 − �2)/(1 + �2) is the phase speed, and � = 2(

√
1 + (0:)2/4−

1)/0: is a dimensionless coefficient. The surface potential Φ( is calculated from the first equation in

Eq. (2.51) using Newton’s method. Then, [ is determined from the second equation of the above formula.

With the surface potential Φ( and elevation [ determined, the velocity field is initialized in the same way

as in the simulation of the Stokes wave. For the capillary wave, we normalize the length using :−1 and

the time using the linear frequency of a capillary wave, l =
√
W:3/d, which leads to a unit Weber number

We = d(l/:)2:−1/W = 1. We consider a wave with steepness 00: = 0.35 at two Reynolds numbers,

namely, Re = l/a:2 = 500 and Re = 100.

The size of the computational domain for both types of waves is !G × �̄ = 2c × 3.5, and the domain

is discretized by a uniform grid of size 64 × 200. With a minimum (half) grid size ΔImin = 8.75 × 10−3 at
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Figure 2.3: Decay of the amplitude of linear viscous wave for Re = 500 (blue) and Re = 100 (red):
——, solution obtained using the conservative scheme; − · −, solution obtained using the non-conservative
scheme; �, theoretical solution. The amplitude 0 is normalized by the initial amplitude 00, and time C is
normalized by wave period ) . The vertical axis is in logarithmic scale.

the surface, the grid is able to resolve the viscous Stokes boundary layer with a thickness on the order of

magnitude :X ∼ $ (
√

2/Re) = 0.07. The wavelength for both cases is set to 2c so that there is one wave

period in the domain. The depth �̄ meets the deep water wave condition.

Fig. 2.3 shows the decay of the amplitude of the linear wave due to viscous dissipation over time. The

results from the conservative scheme and the non-conservative scheme are similar. For Re = 500, the

decay rate agrees well with the theoretical solution of Eq. (2.50). For Re = 100, the wave decays at a faster

rate than the wave for Re = 500 because of the enhanced viscous effect. However, the decay rate is slightly

lower than the theoretical prediction of Eq. (2.50). The small deviation from the linear viscous wave theory

is because the Reynolds number is assumed to be much larger than 1 in theory (Lamb, 1932).

Figs. 2.4a and 2.4b show the surface elevation profiles for the Stokes wave and the capillary wave,

respectively. The nonlinearity of both types of waves can be clearly seen. For the Stokes wave, the wave

profile is relatively sharp at the crest and flat at the wave trough, as shown in Fig. 2.4a; by contrast, the

capillary wave shown in Fig. 2.4b has a sharp trough and a flat trough. Both the conservative scheme

and the non-conservative scheme give numerical predictions that agree well with the theoretical solution.

These results indicate that the present method can capture the features of nonlinear gravity and capillary

waves.

The viscous decay characteristics of the Stokes wave and the capillary wave are shown in Figs. 2.5a

and 2.5b, respectively. The evolution of the amplitudes of both types of waves follows the theoretical
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Figure 2.4: Normalized surface elevation of (a) Stokes wave and (b) capillary wave for Re = 500 after
four wave periods C/) = 4: ——, solution obtained using the conservative scheme; − · −, solution obtained
using the non-conservative scheme; �, theoretical solution.
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Figure 2.5: Decay of the amplitude of (a) Stokes wave and (b) capillary wave for Re = 500 (blue) and
Re = 100 (red): ——, solution obtained using the conservative scheme; ◦, solution obtained using the
non-conservative scheme; − − − − −−, theoretical decay 0/00 = exp (−2a:2C).

exponential decay of exp(−2a:2C). As the Reynolds number decreases, the increased viscous dissipation

results in faster wave decay. We shall also point out here that the amplitudes oscillate during the evolution

of the waves, indicating the existence of standing wave components. This is mostly due to the mismatch

between the viscous flow solver and the initial wave field, which is based on potential flow theory (Guo &

Shen, 2009), as the oscillation amplitude is more significant at Re = 100 than at Re = 500.

Next, we examine the conservation of mass and momentum for the present conservative scheme and

the previous non-conservative scheme. Only the case with Re = 500 is shown. For the linear viscous

wave, Fig. 2.6a shows the change in the mean surface, an indicator of the total volume. After four wave
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Figure 2.6: Comparison of mass and momentum conservation between the conservative scheme (——)
and non-conservative scheme (− · −) for the simulation of linear viscous wave Re = 500. (a) Variation of
mean surface elevation with time; the absolute value is taken in order to be plotted in logarithmic scale. (b)
The total D-momentum normalized by the initial momentum M0. Time C is normalized by wave period ) .

periods (C/) = 4), the mean surface obtained using the non-conservative scheme approaches 10−6, while

the conservative scheme keeps the volume change under 10−11. Figs. 2.7a and 2.8a show similar mass

conservation results for the Stokes wave and the capillary wave, respectively. With the increased grid

deformations associated with a larger wave steepness, the deviation of the mean surface for both types of

waves reaches an order of 10−3 after four wave periods when the non-conservative scheme is used, whereas

the deviation with the conservative scheme reaches merely an order of 10−11. Figs. 2.6b, 2.7b and 2.8b

compare the variation in the total D-momentum M =
∫
D 3G 3I with time for the above three types of waves.

Because no external stress is employed on the boundaries, the total momentum should remain unchanged.

However, M continues to increase when the non-conservative scheme is used, as shown in Figs. 2.6b, 2.7b

and 2.8b. On the other hand, the error of the momentum M in the conservative scheme is negligible. The

above comparisons show that the conservative scheme performs much better than the non-conservative

scheme in terms of the conservation of mass and momentum. This advantage becomes more obvious when

the surface deformation is increased.

Convergence tests for these surface wave cases are also performed for the conservative scheme on three

sets of uniform grids: (1) 64 × 50; (2) 64 × 100; and (3) 64 × 200. Because of the nonlinear and viscous

effects, the theoretical wave solution does not exactly match the numerical solution. We therefore define

the error n8, 9 as the difference between the numerical solutions obtained on two different grids. Table 2.3

shows the errors and convergence rates for both types of waves. For the linear wave cases, a convergence
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Figure 2.7: Comparison of mass and momentum conservation between the conservative scheme (——)
and the non-conservative scheme (− · −) for the simulation of Stokes wave Re = 500. (a) Variation of mean
surface elevation with time; the absolute value is taken in order to be plotted in logarithmic scale. (b) The
total D-momentum normalized by the initial momentum M0. Time C is normalized by wave period ) .
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Figure 2.8: Comparison of mass and momentum conservation between the conservative scheme (——)
and the non-conservative scheme (− · −) for the simulation of capillary wave Re = 500. (a) Variation of
mean surface elevation with time; the absolute value is taken in order to be plotted in logarithmic scale. (b)
The total D-momentum normalized by the initial momentum M0. Time C is normalized by wave period ) .
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Table 2.3: !∞ and !2 errors of surface elevation [ for the surface waves for different grid resolutions.

n1,2 n2,3 Convergence rate

Linear viscous wave
!∞ 2.15e-4 5.42e-5 1.98
!2 1.22e-4 3.07e-5 1.98

Stokes wave
!∞ 3.22e-3 9.46e-4 1.77
!2 1.37e-3 4.36e-4 1.65

Capillary wave
!∞ 3.78e-2 1.05e-2 1.84
!2 2.48e-2 7.06e-3 1.81

rate close to 2 is achieved. For the Stokes wave and capillary wave, as the wave steepness is increased, the

order of accuracy slightly decreases because of the larger grid deformation.

Crescent waves

The numerical capability of the present method to capture nonlinear waves is further tested with the crescent

wave problem. This case also demonstrates the performance of the conservative scheme when waves are

very steep (nearly breaking). The crescent wave evolves from a disturbed two-dimensional Stokes wave

due to an !2-type instability (McLean, 1982).

The length and time in the problem setup are normalized by the characteristic wavenumber of the

undisturbed Stokes wave : and the linear gravity-wave frequency l =
√
6: , respectively. The undisturbed

Stokes wave has a steepness 0: = 0.33. The initial disturbance has a surface elevation [∗ and a velocity

potential q∗ given by

[∗ = n0 sin :GG cos :HH,

q∗ = − n0

(:2
G + :2

H)
1/4 cos :GG cos :HH exp[(:2

G + :2
H)

1/2
I],

(2.52)

where n = 0.16, :G = 1.5, and :H = 1.23. Here, similar to the initialization method employed in

section 2.4.2, we use the governing equation of the velocity potential ∇2q = 0 and the surface potential

to determine the velocity potential q and then the velocity u. The simulation is carried out with Fr =

(l:−1)/
√
6:−1 = 1 and Re = l/a:2 = 1000 in a domain of size !G × !H × �̄ = 4c × 4c/1.23 × 2c. The



CHAPTER 2. NUMERICAL METHOD 40

domain is discretized by a 128 × 128 × 97 grid. The grid is clustered near the surface with the minimum

vertical grid spacing ΔImin = 0.025. The computational parameters are consistent with those in Yang &

Shen (2011a).

Fig. 2.9 shows the surface elevation at different times during the growth of the crescent wave. It can be

observed that the wave crests become steeper during the growth process. By C/) = 3.17, where) is the wave

period of the initial Stokes wave, the edges of the crescent lines are well formed, as shown in Fig. 2.9c.

As the crest continues to grow sharper, the crescent lines extend into a semicircular shape, as shown

in Fig. 2.9f. The crescent lines then grow into a triangular shape (Fig. 2.9h). The development process

described above is consistent with a numerical experiment performed using the mixed Eulerian–Lagrangian

(MEL) method (Xue et al., 2001).

Fig. 2.10 compares the surface profile along the center of the domain H = 0 at C/) = 4.34 (as in

Fig. 2.9f) with the results obtained by a perturbation method (McLean, 1982), the MELmethod (Xue et al.,

2001), and the previous non-conservative scheme (Yang & Shen, 2011a). Both the conservative scheme

and the non-conservative scheme give results that are in agreement with the findings of other studies. For

comparison, we also show the result from a simulation case with a smaller Reynolds number (Re = 250) in

Fig. 2.10. It is clear that the increased viscous effect inhibits the growth of the crescent wave, and thus, the

resulting wave has a decreased crest height and a smoother profile.

The conservation properties of the conservative and non-conservative schemes are quite different,

as shown in Fig. 2.11. When the non-conservative scheme is used, the mean surface elevation keeps

increasing, as shown in Fig. 2.11a. By C/) = 5, the mean surface is elevated by 1.4× 10−3. Comparatively,

the deviation of the mean surface elevation does not exceed 10−10 when the conservative scheme is used.

Fig. 2.11b compares the variations in the total D-momentum M, which should theoretically be constant

because there is no shear stress at the upper and lower boundaries. However, M decreases by 5% at C/) = 5

when the non-conservative scheme is used. Such a large error is unacceptable. On the other hand, the

change in M with the conservative scheme is controlled within 0.01%.

Sideband waves carried by a wave train

The ability of the present method to capture long-term nonlinear wave interactions is shown in this section

using a simulation of sideband waves carried by a Stokes wave train (Dias & Kharif, 1999). The amplitudes
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Figure 2.9: Free-surface patterns during the development of crescent wave. (a) C/) = 0, (b) 0.64, (c) 1.08,
(d) 2.00, (e) 3.17, (f) 4.34, (g) 5.15, (h) 6.61. Here, ) is the wave period of the undisturbed Stokes wave.
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Figure 2.10: Surface elevation along the centerline H = 0 at C/) = 4.34: ——, numerical solution obtained
by the present conservative scheme at Re = 1000; �, prediction by a perturbation method (McLean, 1982);
− · −, numerical solution obtained by the previous non-conservative scheme (Yang & Shen, 2011a); – – –,
numerical solution obtained by the MEL simulation (Xue et al., 2001); − · ·− numerical solution obtained
by the present conservative scheme at Re = 250. Here, ) is the wave period of the undisturbed Stokes
wave.
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Figure 2.11: Comparison of mass and momentum conservation between the conservative scheme (——)
and non-conservative scheme (− · −) for the simulation of crescent wave. (a) Variation of mean surface
elevation with time. (b) The D-momentum normalized by the initial momentum M0. Time C is normalized
by the wave period of the undisturbed Stokes wave ) .

of the fundamental Stokes wave and sideband waves change with time due to nonlinear interactions and

form modulation-demodulation cycles. Energy is transferred from the fundamental wave to the sidebands

during modulation and returns to the original component during demodulation. It is also found that when

the initial steepness of the fundamental wave is sufficiently large, energy is permanently transferred to the

lower sideband after demodulation, resulting in a frequency downshift. This shift of the energy peak is

considered to be caused by dissipation (Lake et al., 1977; Skandrani et al., 1996). This case shows the ability

of the present scheme to capture the effects of viscous dissipation on the evolution of the wave. Different

from the instability of crescent waves, in the present problem, the evolution of different wave components

through nonlinear interactions occurs on a longer time scale, which imposes a higher requirement on the

numerical conservation performance.

The wave train is simulated in a domain of length 2c/!, where ! is the characteristic length. The

characteristic velocity is* =
√
6!. The fundamental wave train is a Stokes wave with steepness 00:0 = 0.2

and wavenumber :0! = 9; i.e., there are nine wave periods in the domain. The fundamental wave is

perturbed by two sideband waves at the most unstable modes, :0! = 6 and :0! = 12. The amplitudes of

the sideband waves are 10% of that of the fundamental wave such that the initial conditions for the surface
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elevation and surface potential are (Dommermuth & Yue, 1987)

[(G, 0) = [0 + 0.100 cos(6G − c/4) + 0.100 cos(12G − c/4),

Φ( (G, 0) = Φ(0 + 0.1
00√

6
46[ sin(6G − c/4) + 0.1

00√
12
412[ sin(12G − c/4),

(2.53)

where [0 and Φ(0 are the surface elevation and potential function of the fundamental wave (Fenton,

1985), respectively. Using [ and Φ( , we initialize the velocity field using ∇2q = 0 and u = ∇q, as

detailed in section 2.4.2. The dimensionless parameters in this problem include the Reynolds number

Re =
√
6!3/a and Weber number We = d6!2/W, while the Froude number �A = */

√
6! is 1 given the

chosen characteristic velocity. We consider a case with Re = 5.37 × 106 and We = 2.7 × 105, which

correspond to a fundamental wave with a wavelength of 1m for d = 103 kg/m3, a = 10−6 m2/s and

W = 0.074 N/m. A shorter wave train with a wavelength of 0.09 m is also simulated, corresponding to

Re = 1.45 × 105 and We = 2.2 × 103. For comparison, a case of the short wave train without the surface

tension effect, i.e., Re = 1.45 × 105 and We = ∞, is simulated to show the effects of surface tension. The

simulation is carried out in a domain of size !G × �̄ = 2c × 4.0 with grid dimensions of 80 × 129. The

grid is clustered near the surface with the minimum vertical grid spacing ΔImin = 0.013.

Fig. 2.12a shows the temporal evolution of the amplitudes of the fundamental wave and sideband waves

for the long wave train. As the wave train starts to evolve, the amplitudes of the sideband waves increase

at the expense of the fundamental wave amplitude. After the fundamental wave reaches the first minimum,

energy is transferred back to the fundamental component from the sidebands. Some energy is retained by

the subharmonic mode, however, so the fundamental wave does not return to its initial amplitude. The

cycle of energy exchanges between the fundamental and sidebandwaves continues with damped amplitudes.

Some temporary frequency downshifts occur when the fundamental wave reaches local minima in a cycle,

but no permanent shift is observed during the simulation period. The non-conservative scheme breaks

down shortly after the simulation begins. As shown in the small window of Fig. 2.12a, a nonphysical sharp

jump of the wave amplitude occurs immediately before the breakdown, indicating numerical instability.

This suggests that the conservative scheme exhibits better performance than the non-conservative scheme

with regard to the numerical stability.

Fig. 2.12b shows the evolution of the short wave train, which has lower Reynolds and Weber numbers
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Figure 2.12: Evolution of the normalized amplitudes of the fundamental wave (: = 9, ——) and sideband
waves (: = 6, - - -, : = 12, − · −) obtained using the conservative scheme for (a) Re = 5.37 × 106,
We = 2.7 × 105; (b) Re = 1.45 × 105, We = 2.2 × 103; (c) Re = 1.45 × 105, We = ∞. Also in the small
window of (a) are the results from the non-conservative scheme (red). Time C is normalized by the wave
period of fundamental wave ) .

than the long wave train. The simulation using the non-conservative scheme is still unstable; therefore,

we show only the results using the conservative scheme. After the first modulation-demodulation cycle,

the subharmonic wave becomes the dominant mode and remains the dominant component throughout the

evolution of the wave train. Different from the evolution of the long wave train, the fundamental wave

loses more energy in the first modulation phase. This loss of energy is due to the damping of the higher

harmonic waves generated from the nonlinear interactions between the fundamental and upper sideband

waves (Skandrani et al., 1996; Dias & Kharif, 1999). The energy lost due to the viscosity ultimately leads

to a frequency downshift. On the other hand, as shown in Fig. 2.12c, without the effects of surface tension,

only a series of decaying modulation-demodulation cycles without frequency downshifts are observed.

This suggests that surface tension plays a crucial role in enhancing the generation of short wave trains,
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which are damped by the viscous effect. The above results indicate that the conservative scheme can

simulate recurring modulation phenomena during the long-term evolution of the wave train and capture

the dissipation effects that can lead to the frequency downshifts of surface waves.

Decay of the broadband wave

In this section, we use a broadband wave field to show the capability of the present numerical scheme

to simulate a complex three-dimensional wave field. We initialize the wave field using the JONSWAP

spectrum (Hasselmann et al., 1973), the energy density function of which is given by

((:) = U

2:3 exp

[
−5

4

(
: ?

:

)2
]
W

exp
[
− (
√
:−
√
:? )2

2f2:?

]
,

W = 3.3, (2.54)

f =


0.07 : ≤ : ? ,

0.09 : > : ? .

Here, ((:) is a one-dimensional spectrum given in the wavenumber space, and the constant U and peak

wavenumber : ? are the parameters of the spectrum. For a three-dimensional wave field, the directional

wave spectrum is

(̃(:, \) = ((:)j(:, \), (2.55)

where the directional function j(:, \) is given by

j(:, \) =


2
c

cos2 \ |\ | ≤ c
2
,

0 |\ | > c

2
,

(2.56)

such that the wave components spread out over an angle of c. Both the JONSWAP spectrum and the

directional function used here are representative of the broadband wave field. While the JONSWAP

spectrum is an empirical model for wind waves, we do not include wind inputs in the present setup.

Without any energy input, the waves are expected to decay due to viscous dissipation. For the simulation,

we choose the parameters U = 0.047 and : ? = 12.4 m−1 for the initial spectrum (0 (:), and we consider

only the gravity effects with 6 = 9.8 m · s−1. The initial wave field is obtained using the superposition of



CHAPTER 2. NUMERICAL METHOD 46

10−1 100 101

k/kp

10−4

10−3

10−2

10−1

100

101

S(k)
S(kp)

(a)

2 4 6

k/kp

10−2

10−1

100

101

S(k)
S0(k)

(b)

Figure 2.13: Evolution of the wave spectrum: C/)? = 0 (red), C/)? = 35 (green) and C/)? = 250 (blue).
(a) Wave spectrum ((:). (b) Relative wave spectrum (/(0: ——, solution obtained using the conservative
scheme; − · −, exp (−4a:2C). The wavenumber : is normalized by the peak wavenumber : ? .

linear wave components at random phases. The amplitudes of each wave component are calculated using

Eqs. (2.54-2.56). The simulation is performed in a domain of size 16 m × 9 m × 3 m, discretized by a grid

having 640 × 480 × 201 points. The grid is clustered near the surface with the minimum vertical grid

spacing ΔI<8= = 0.8 mm.

Fig. 2.13 shows the evolution of the one-dimensional wave spectrum ((:) obtained from the present

conservative scheme, while the non-conservative scheme fails to simulate broadband waves. It is shown in

Fig. 2.13a that the wave energy decays with time. The wave energy in the high-wavenumber region decays

faster than that in the low-wavenumber region. The ratio of the wave spectrum to the initial spectrum

((:)/(0 (:) is shown in Fig. 2.13b, which also shows that shorter waves decay faster than longer waves.

The decay of the spectrum generally follows a rate of exp (−4a:2C) (Lamb, 1932); i.e., the spectrum decays

exponentially with time C, and the decay rate increases quadratically with the wavenumber : . The decay of

the short waves results in a change in the surface patterns, as shown in Fig. 2.14. Initially, there are many

short waves, leading to a rough surface (Fig. 2.14a). By contrast, at a later time (C/)? = 250), the surface

appears smoother due to the decay of short waves (Fig. 2.14b). The above results indicate that the present

numerical scheme is able to simulate complex three-dimensional broadband waves and directly capture the

viscous effect during the evolution of waves.
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(a) (b)

Figure 2.14: Free-surface elevation of the broadband waves. (a) C/)? = 0, (b) C/)? = 250. Here )? is
the wave period of the peak wave. To show the details of the short waves, only an area of 6 m × 5 m at the
center of the domain is shown, and the elevation is amplified by three times.

2.4.3 Vortex pair interacting with free surface

Next, we consider the interaction between the free surface and a pair of vortices in a viscous fluid (Ohring

& Lugt, 1991) to show the ability of the present scheme to simulate rotational, viscous, free-surface

flows. In this problem, two counter-rotating two-dimensional vortices of the same strength initially located

far below the surface rise towards the free surface through self-induced motion. The vortices induce a

surface disturbance as they approach the free surface. Meanwhile, the two vortices depart from each other

horizontally due to the blocking effect of the boundary before they move away from the surface.

The problem is non-dimensionalized by the initial distance of the vortices ;0 and the translational

velocity of the vortex pair + = ^/;0, with ^ being the vortex strength. Therefore, the Froude number and

the Reynolds number are defined as Fr = +/
√
6;0 = ^/

√
6;30 and Re = +;0/a = ^/a, respectively. The

simulation is carried out in a domain of size !G × �̄ = 6 × 6. The undisturbed free surface is at I = 0. The

vortices are initially located at I = −3 and are symmetric about the axis G = 0. The dimensionless velocity

inside the vortex core A ≤ A! is initialized by the Lamb vortex model (Lamb, 1932) as

{\ = −
1
A

[
1 − exp

(
−A

2Re
4C0

)]
, A ≤ A! , (2.57)

where {\ is the azimuthal velocity and A is the distance from the vortex center. Outside the vortex (A > A!),

the velocity is given by an irrotational point vortex model. The calculations are performed for A! = 0.25,

C0 = 0.25, Re = 100, and Fr2 = 0.02. This pair of Reynolds and Froude numbers yields moderate

deformations of the free surface (Ohring & Lugt, 1991), which can generate rich surface flow features

while preventing the deformations from being too large. Another case of Re = 20 is simulated to show
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Figure 2.15: Interaction of a vortex pair with a free surface for Re = 100: (a) contours of vorticity lH at
C = 3.5; (b) surface profile in (a) predicted by the conservative scheme (——) and the non-conservative
scheme (�). All figures show only the positive G-plane due to symmetry.

the influence of the viscous effect. To capture the near-surface dynamics accurately, the grid is clustered

vertically near the surface with the minimum vertical grid spacing ΔI<8= = 0.0042.

Fig. 2.15 shows the surface elevation and vorticitylH as the vortices approach the surface for Re = 100.

Only the positive-G half of the domain is shown due to symmetry. At the center of the domain, the free

surface is slightly pushed up by the vortex pair, and a relatively sharp depression is created on the other

side of the vortex. Surface vorticity is generated in association with the deformation of the surface to the

right of the depression. As shown in Fig. 2.15b, the surface profile predicted by the present method is in

good agreement with the prediction of the previous non-conservative method.

We further examine the conservation of mass and momentum in this case. As shown in Fig. 2.16a,

for the non-conservative scheme, the mean surface is elevated rapidly when the vortex pair interacts with

the free surface; even after the vortices leave the surface, the mean surface does not return to its initial

elevation. In contrast, the mean surface deviation in the conservative scheme is controlled within 10−14.

The difference in the conservation of momentum between these two schemes is also obvious in Fig. 2.16b.

Surface deformation causes a spurious momentum change in the fluid with the non-conservative scheme,

whereas the momentum in the conservative scheme barely changes. We would like to point out that in free-

surface turbulent flows, turbulent vortices continuously interact with the surface; therefore, the numerical

error in the conservation of momentum observed here can accumulate over the course of the simulation.

For the case with a small Reynolds number (Re = 20), the surface deformation and vorticity distribution
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Figure 2.16: Comparison of mass and momentum conservation between the conservative scheme (——)
and non-conservative scheme (−·−) for the simulation of the interaction of a vortex pair with a free surface,
Re = 100. (a) Variation of mean surface elevation with time. (b) Variation of the total D-momentum with
time; the momentum is only integrated in the positive G-plane due to symmetry.

are shown in Fig. 2.17. Due to the strong viscous effect, the vortex is more diffuse than that in Fig. 2.15.

The strength of the vortex also diminishes rapidly, so the surface deformation is damped, and no sharp

depression is observed. Correspondingly, the surface vorticity associated with the surface deformation

is also weak. Due to the negligible surface elevation in this case, we do not show a comparison of the

conservation properties for conciseness.

2.4.4 Langmuir circulation

One of themajor applications of the present numerical scheme is the simulation of wave–current–turbulence

interaction problems. We use the case of Langmuir circulation to show this capability. Langmuir circu-

lations frequently occur in the upper ocean and in lakes as a result of the interactions among surface

gravity waves, wind-driven currents, and turbulence (Thorpe, 2004a). Langmuir circulations are pairs of

counter-rotating vortices roughly aligned with the wind direction. The convergence zones between these

circulating structures manifest as the amalgamation of buoyant materials, known as windrows. Langmuir

circulations are now considered coherent turbulent structures (thus, the turbulence therein is called Lang-

muir turbulence) associated with the distortion of surface waves. The effects of surface waves on the current

and subsurface turbulence are traditionally modeled through the CL equations (Craik & Leibovich, 1976;

Leibovich, 1980). In the CL equations, the fluid motions are averaged over waves, and the instantaneous
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Figure 2.17: Interaction of a vortex pair with a free surface for Re = 20: (a) contours of vorticity lH at
C = 3.5; (b) surface profile in (a) predicted by the conservative scheme (——). All figures show only the
positive G-plane due to symmetry.

wave motions are not directly included in the model (i.e., the water surface is flat). Instead, a vortex force

uB × 8, where uB is the Stokes drift of surface waves and 8 is the vorticity, models the accumulative

distortion effects of waves on the turbulence. Although the CL equations are only a wave-phase-averaged

description of the turbulent flow below surface waves, they are used with LES in most existing numerical

studies of Langmuir circulations (see, e.g., Yang et al., 2014a; McWilliams et al., 1997; Li et al., 2005;

Tejada-Martínez et al., 2009). With the present method, it is possible to perform simulations of Langmuir

circulations with explicitly resolved waves such that the flow physics can be directly captured without the

use of vortex force modeling and a flat-surface approximation.

However, the wave-resolved simulation of Langmuir circulations is challenging because the fluid

motions span a wide range of spatial and temporal scales. The magnitudes of the Langmuir circulation,

mean current, and turbulent fluctuations are typically one order of magnitude smaller than the magnitudes

of the wave motions. Moreover, the eddy turnover timescale of the Langmuir circulation is substantially

longer than the wave period. A more detailed order-of-magnitude analysis for our simulation case is shown

later. The above disparate scales pose great challenges to the simulation in that the turbulent flow needs

to take at least several eddy turnover times and thousands of wave periods to reach a fully developed

state, but at the same time, the secondary circulations and turbulence can be contaminated by numerical

errors. The test cases presented in the preceding sections show that the non-conservative scheme yields

numerical errors in a short period of time, and in the case of Langmuir circulation, the error is found to
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substantially accumulate over time. We find that when the non-conservative scheme is used in simulations

of Langmuir circulations, the total volume increases by 1.1% after only one eddy turnover time. The error

in the momentum balance is even worse, reaching 11% over the same period of time. Such large numerical

errors render the simulation results obtained with the non-conservative scheme unacceptable. In contrast,

the change in volume is negligible when the conservative scheme is used. An integration of the momentum

also shows that the conservative scheme has a much smaller momentum error, only approximately 1.7%.

This result shows that the conservative scheme is more accurate and is necessary for capturing the complex

interactions among waves, currents, and turbulent flows, especially when the physical problem involves

multiple time and velocity scales.

The simulations are performed in a domain of size !G × !H × �̄ = 16c/7×16c/7×1 when normalized

by the mean depth �̄. A surface wave with wavelength _ = 4c/7 and steepness 0: = 0.084 propagates in

the G-direction. The current and turbulence are driven by a constant shear force g aligned in the G-direction

and tangent to the wave surface. The velocity is normalized by the friction velocity D∗ =
√
g/d. We set

the Reynolds number Re = D∗�̄/a = 2000 and the Froude number Fr = D∗/
√
6�̄ = 4.62 × 10−4. With

the absence of a turbulent wall-layer model at the undulating free surface, this moderate Reynolds number

allows us to perform awall-resolved LES, as the grid is refined near the surface to resolve the inner boundary

layer directly. The Froude number is directly related to the wave properties, which affect the turbulent

Langmuir number Lat = (D∗/*B)1/2, where *B is the surface Stokes drift of the wave. Here, Lat is used

to evaluate the relative importance of the shear forcing and wave forcing (McWilliams et al., 1997) and is

an important dimensionless number in determining the flow features of Langmuir circulations. Using the

estimation from the linear wave theory, the surface Stokes drift is*B = (0:)2
√
6/: , and the Froude number

corresponds to a turbulent Langmuir number Lat = 0.35. It has been reported that a turbulent Langmuir

number Lat < 0.7 indicates a wave forcing strong enough for the generation of Langmuir circulations and

for the Langmuir turbulence to be dominant (Li et al., 2005). Using the turbulent Langmuir number Fr and

wave steepness 0: , we can estimate the range of velocity scales in the problem. The orbital velocity of the

wave u| is estimated by linear wave theory to be $ (*B/0:); therefore, we have

u| ∼ $ (*B/0:) = $ (
D∗

0:La2
t
) ≈ $ (102D∗).
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On the other hand, the current speed and turbulent motions are $ (D∗), which are much weaker than the

wave motions. We can also estimate the timescales. The wave period )| is

)| =
2c√
6:

=
2cFr
√
:�̄

�̄

D∗
= Fr

√
2c_
�̄

�̄

D∗
≈ 1.56 × 10−3 �̄

D∗
,

where �̄/D∗ is the eddy turnover time of the turbulent motions. This means that there are approximately

640 wave periods in one eddy turnover time. The above analysis again confirms the wide range of scales

in the Langmuir circulation problem, requiring a conservative scheme for accurate simulations.

The simulations are initiated using a linear wave with nomean current. The surface wave is dynamically

imposed and is maintained using a pressure-forcing method (Guo & Shen, 2009). Small disturbances are

added near the surface to initiate the generation of turbulence. Another case without surface waves is set

up for comparison.

To analyze the results, we introduce a triple velocity decomposition: u = u2 + u| + u′. The sum of the

mean current u2 and the wave-induced orbital velocity u| is assumed to be spanwise-independent and is

therefore obtained by phase averaging as

u2 + u| = 〈u〉(G, I, C) =
1
)

1
!H

∫ C+)

C

∫ !H

0
u(G + 2C, H, I, g) 3H 3g. (2.58)

The remaining part, D′, is the turbulence fluctuation. To separate the current and wave velocities, we use

the definitions in the generalized Lagrangian mean (Andrews & Mcintyre, 1978). The total Lagrangian

transport ū! , contributed by the Eulerian current transport and wave-induced Lagrangian transport, is

obtained with the Lagrangian average velocity 〈u〉,

ū! (x, C) = 1
)!

∫ )!

0
〈u〉(x + / (x, g), g) 3g. (2.59)

where )! is the Lagrangian wave period (Longuet-Higgins, 1986) and x + / is the trajectory of a fluid

particle convected by 〈u〉. The wave-induced Lagrangian transport velocity is approximated by the wave

pseudomomentum P8 = −b 9 ,8 (〈D〉 − D̄!) 9 . The mean current is therefore u2 = 〈u〉 − P.

A snapshot of the instantaneous turbulent vortex structures in the Langmuir circulation flow obtained

from the simulation is shown in Fig. 2.18. The vortex structures are identified by the _2 criterion, where
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Figure 2.18: Instantaneous vortex structures in Langmuir turbulence identified by iso-surfaces of negative
_2 (Jeong & Hussain, 1995). The iso-surfaces are colored by the streamwise vorticity lG .

the vortex core is associated with a negative _2 (Jeong & Hussain, 1995). Here, _2 is the second largest

eigenvalue of the tensor S2 +
2, where S = (∇u′ +∇u′T)/2 and
 = (∇u′ −∇u′T)/2. Strong vortices are

confined near the wave surface and are mostly aligned in the streamwise direction. These quasi-streamwise

vortices alternate in sign and result in the mixing of local upwelling and downwelling. The downwelling

zone corresponds to a surface convergence region. The vortices have different streamwise lengths and

spanwise spacings. The irregular patterns of these vortices are a manifestation of the randomness of

turbulence.

The surface flow structures are visualized by tracking the distribution of floating particles, as shown

in Fig. 2.19. Initially, 104 particles are released randomly on the surface (Fig. 2.19a). The particles are

then transported by the flow but are restricted to the surface. After CD∗/�̄ = 0.125 (Fig. 2.19b), which

is approximately 80 wave periods, most particles amalgamate into several narrow bands that are oriented

in the streamwise direction, and only a few particles are scattered between the bands. We also note that

the spacing between the bands is irregular, and the bands join and split during the simulation. Overall,

the number of bands decreases, as shown in Fig. 2.19c when CD∗/�̄ = 0.25 (at approximately 161 wave

periods). The irregular pattern of bands and the changes in the patterns over time indicate that there are

unsteady local circulations with multiple scales and different strengths, as observed from the instantaneous

vortex structures. Small circulations tend to merge into larger and steadier circulations. These observations
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Figure 2.19: Distribution of particles after being released randomly on the surface. (a) Initial distribution
at C = 0; (b) at CD∗/�̄ = 0.125 (about 80 wave periods after releasing); (c) at CD∗/�̄ = 0.25 (about 161 wave
periods after releasing).

are consistent with the features of Langmuir circulations reported in previous studies (Thorpe, 2004a;

McWilliams et al., 1997).

Two pairs of counter-rotating structures are revealed when we average u′ over time in the streamwise

direction, as shown in Fig. 2.20. This averaging operation removes the instantaneous, unsteady vortices

observed in Fig. 2.18 and retains the large-scale, long-lived structures. These rotating structures, which

we call the mean Langmuir circulations, are the steady secondary flows induced by the wave–current

interaction. The vortices extend to the bottom, and the spanwise width is slightly larger than the depth.

The alternating spanwise velocities at the surface generate converging and diverging zones. Below the

converging zones are the downwelling regions, which are narrower than the upwelling regions. The

downwelling flow is stronger than the upwelling flow. These asymmetric features of vortices are consistent

with previous descriptions of Langmuir circulations (Craik & Leibovich, 1976). This figure also shows the

deviation of the mean streamwise velocity from the mean current. The flow in the downwelling regions is

faster than that in the surrounding areas, which is the result of the high-momentum flow near the surface

being transported downward by the downwelling motions. On the other hand, the low-momentum flow

is transported upward by the upwelling motions. These findings imply that vortices enhance the vertical

transport of momentum.

Fig. 2.21 shows the mean current profiles in the Langmuir circulation flow and purely shear-driven

flow. The mean current in the Langmuir circulation is much weaker than that in the shear turbulence. In

addition, the current in the Langmuir turbulence is almost uniform with depth except in the vicinity of the
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Figure 2.20: Mean Langmuir circulation structures shown by the vectors (〈{′〉 b , 〈|′〉 b ) and the contours
of 〈D′〉 b . The vectors show the direction of rotation, and the lengths of vectors indicate the velocity
magnitude of circulation. The contours of 〈D′〉 b indicate the deviation of streamwise velocity from the
mean current. The velocities are normalized by D∗.

surface, indicating that the mixing induced by Langmuir circulation is greater than that generated by shear

turbulence.

The turbulence statistics of the Langmuir circulation flow and shear turbulence are compared in

Fig. 2.22. As shown, the spanwise and vertical fluctuations are intensified in the Langmuir circulation

flow, consistent with the presence of streamwise vortices. In contrast, the streamwise velocity fluctuations

are suppressed in the Langmuir circulation. Comparing the fluctuation intensities in three directions, we

find that 〈{′2〉 > 〈|′2〉 > 〈D′2〉 for the Langmuir circulation and 〈D′2〉 > 〈{′2〉 > 〈|′2〉 for the shear

turbulence. This result agrees with the findings of previous studies (McWilliams et al., 1997; Li et al.,

2005). The Reynolds shear stress, an indicator of the vertical momentum flux, is also increased near the

surface, indicating that vertical mixing is intensified by Langmuir circulation. These results confirm that

our wave-resolved simulation successfully captures the features of Langmuir circulation.

The present method is a useful tool for studying wave–current–turbulence interactions in Langmuir

circulations, especially the wave-phase-dependent flow quantities that cannot be obtained traditionally

using the C-L equations. An example is shown by the distribution of Reynolds stresses in Fig. 2.23. As

shown in Fig. 2.23a, the streamwise fluctuations 〈D′2〉 are confined to the near-surface region, consistent

with Fig. 2.22a. For 〈{′2〉, Fig. 2.23b shows that its contours roughly follow the wave geometry, indicating

its strong dependence on the vertical distance from the surface. Fig. 2.23d shows that the vertical turbulence

fluctuations 〈|′2〉 are enhanced under the wave crest. The increased vertical fluctuations also correspond

to the intensified Reynolds shear stress −〈D′|′〉 under the wave crest, as shown in Fig. 2.23d. The latter

two results indicate that vertical mixing is enhanced as the wave crest passes by.
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Figure 2.21: Mean current profiles in Langmuir circulation flow with Lat = 0.35 (——) and shear
turbulence (– – –). The velocity is normalized by D∗.

2.5 Conclusions

In this paper, we present a conservative numerical scheme designed for the simulation of free-surface viscous

waves and turbulent flows on a curvilinear wave-surface-fitted grid. Good conservation properties of the

new scheme are obtained with the use of strong conservative formulations of the continuity equation and

Navier–Stokes equations. The numerical implementation is consistent with the conservative formulation

and ensures that the conservation properties are preserved. A Fourier series-based pseudo-spectral method

is employed for the discretization in the horizontal directions, while a finite-difference method is used in

the vertical direction. The incompressibility condition is satisfied by using a fractional-step method and

the iterative solution of a nonlinear pressure Poisson equation. The free surface elevation is integrated in

time with a Runge–Kutta scheme.

We have also developed an LES for free-surface turbulent flows in the framework of the conservative

scheme. The SGS stress terms are also written in a conservative form. A Lagrangian average-based

scale-dependent dynamic model is used to account for the inhomogeneity in the turbulent flows of interest.

Such SGS modeling avoids an ad hoc parameterization and allows applications to more complex turbulent

flows.

The solutions of the present method are validated against several existing analytical and numerical

solutions. The present method can accurately simulate canonical waves and complex nonlinear wave



CHAPTER 2. NUMERICAL METHOD 57

0 5 10 15 20

u′2

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

z/H̄

(a)

0 5 10 15

v′2

z/H̄

(b)

0 1 2 3 4

w′2

z/H̄

(c)

0.0 0.5 1.0 1.5

−u′w′

z/H̄

(d)

Figure 2.22: Vertical profiles of Reynolds stresses in Langmuir circulation and shear turbulence: ——,
Langmuir circulation with Lat = 0.35; – – –, shear turbulence. (a) D′2; (b) {′2; (c) |′2; (d) −D′|′. The
Reynolds stresses are normalized by D2
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interactions. Good agreement was found in all comparisons. Specifically, comparisons with the previous

non-conservative scheme reveal that the conservative scheme features substantial improvements in the

conservation of mass and momentum, especially when the wave steepness increases. The conservative

scheme can also predict the long-term nonlinear wave interactions between fundamental and sideband

waves, which the non-conservative scheme fails to simulate. The frequency downshift due to viscous

dissipation and surface tension is also captured in the simulations. The simulated decay of broadband

waves indicates that the present conservative scheme also has the ability to simulate the viscous effect in a

complex wave field.

As a demonstration of its strength, the new scheme is applied to simulate Langmuir circulation, a

problem with complex wave–current–turbulence interactions. The simulation is carried out by explicitly

resolving the surface waves. The conservative scheme is necessary for reliable numerical predictions of

the long-term evolution of free-surface turbulence flows because significant errors in the conservation of

mass and momentum can accumulate and contaminate the results when the non-conservative scheme is

used. The statistical results show that the interactions between surface waves and shear-driven turbulence

result in a more uniform current and intensified spanwise and vertical turbulence fluctuations, which are

consistent with the characteristics of Langmuir circulation flows. Moreover, the present method also

successfully captures the different-scale circulations of surface flow structures. We demonstrate the ability
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Figure 2.23: Contours of phase-averaged Reynolds stresses in the Langmuir circulation flow: (a) 〈D′2〉;
(b) 〈{′2〉; (c) 〈|′2〉; (d) −〈D′|′〉. The Reynolds stresses are normalized by D2
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of the present method to capture both the mean and the instantaneous distortion effects of waves on the

current and subsurface turbulent flows.

The numerical scheme presented in this paper has the capability to produce high-fidelity simulations

of a variety of complex turbulent flows with surface waves. The conservative scheme is not only shown to

produce more accurate results but also proven to be necessary for physical problems involving nonlinear

wave interactions and complex wave–current–turbulence interactions. The present scheme can also be used

for studies of the viscous effect in nonlinear wave dynamics. Furthermore, the LES technique extends the

ability of the proposed method to high Reynolds number turbulent flows. To further improve the simulation

ability, more experimental data and DNS data need to be analyzed to investigate the SGS modeling of

free-surface kinematics and dynamics. The effect of waves on SGS stresses is another important factor in

LES. These research topics will be studied in our future research.



Chapter 3

Simulation set-up

3.1 Problem set-up

For the mechanistic study of the wave–turbulence interaction processes, we consider a statistically steady

turbulent flowdriven by amonochromatic progressivewave, with a constant surface shear stress representing

thewind shear applied on the surface. The simulations are performed in a horizontally periodic box bounded

by a surface wave, as shown in figure 3.1. The wave propagation direction and the surface stress direction

are aligned in the G-direction. The shear stress is tangential to the wave surface in the G–I plane. A dynamic

pressure forcing is imposed on the surface to keep the waves from decaying or distortion (Guo & Shen,

2009). With the constant wave and shear stress forcing, the Langmuir turbulence develops and reaches a

statistically steady state, based on which we perform the analyses on the vorticity dynamics. We also note

that the present study of Langmuir turbulence is different from the previous study of isotropic turbulence

below a surface wave by Guo & Shen (2013, 2014). In Langmuir turbulence, the turbulence is generated

due to the wind shear applied at the wave surface and is modulated by the wave (Craik, 1977; Leibovich,

1977a; Leibovich & Paolucci, 1980a, 1981). By contrast, in Guo & Shen (2013, 2014), no wind shear

stress is applied at the surface and isotropic turbulence is generated by a random force in the bulk flow.

Therefore, these are two different problems.

Because the present study focuses on the fundamental mechanism of the wave effect on the turbulence,

we intentionally maintain a stationary surface wave to isolate the dynamical processes in the turbulence.
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Figure 3.1: Sketch of the simulation set-up. The hollow arrow on the surface indicates the direction of
wave propagation (with phase speed 2) and surface shear stress.

We shall note that the current and turbulence underneath can also affect the wave field, including changing

the dispersion relation (Kirby&Chen, 1989; Swan, Cummins & James, 2001) and inducing wave scattering

and damping (Vivanco & Melo, 2004; Ardhuin & Jenkins, 2006; Gutiérrez & Aumaître, 2016). Although

the wave-phase-resolved simulation can be used to study the turbulence effect on the surface waves and the

effect of temporal variation of the wave on the turbulence (Phillips, 2002), they are beyond the scope of

this research. In addition, as discussed in the following sections, the current and turbulence resulting from

the set-up are weak compared with the wave orbital motions, and the wave field evolves slowly compared

with the wave period (Thorpe, 2004a). Therefore, it is reasonable to maintain a steady wave such that the

wave effect on the turbulence can be quantified accurately.

3.2 Governing equations and boundary conditions

In this study, the turbulent flow is modelled by LES. For a fluid with constant density d and kinematic

viscosity a, the grid-resolved flow motions in an Earth-fixed Eulerian frame are described by the filtered

incompressible Navier–Stokes equations and continuity equation,

mD8

mC
+
m (D8D 9 )
mG 9

= − 1
d

m?

mG8
+ a m

2D8

mG 9G 9
−
mg3
8 9

mG 9
, (3.1)
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mD 9

mG 9
= 0. (3.2)

In the above equations, G8 (8 = 1, 2, 3) denote the Cartesian coordinates (G, H, I), respectively; D8 denote the

components of the filtered Eulerian velocity (D, {, |); g3
8 9
= g8 9 − g88/3 (8, 9 = 1, 2, 3) is the trace-free part

of the subgrid-scale (SGS) stress g8 9 ; and ? is the modified dynamic pressure, which includes the isotropic

part of the SGS stress g88/3.

At the free surface I = [(G, H), where [ is the surface elevation, we impose a constant tangential shear

stress g0 in the G–I plane and a dynamic pressure ?0. The value of ?0 is determined based on the wave

surface elevation and the surface velocity to maintain a monochromatic progressive wave (Guo & Shen,

2009). The work done by ?0 compensates the wave energy loss such that the wave amplitude is sustained.

The detailed form of ?0 is given in appendix A. The stress balance at the interface is given by the dynamic

boundary conditions (DBCs),

n · 2 · nT = −?0, (3.3a)

t1 · 2 · nT = g0, (3.3b)

t2 · 2 · nT = 0. (3.3c)

The above equations relate the pressure ?0 and shear stress g0 to the total stress tensor 2 = −(? − d6I)O +

2daY, where O is the identity tensor, 6 is the gravitational acceleration, and Y = (∇u + ∇uT)/2 is the

resolved strain rate tensor. Also in the above equations, n is the surface normal vector; t1 and t2 are the

surface tangential vectors in the G–I and H–I planes, respectively. These vectors are calculated by

n =
(−[G ,−[H , 1)√
[2
G + [2

H + 1
, t1 =

(1, 0, [G)√
1 + [2

G

, t2 =
(0, 1, [H)√

1 + [2
H

, (3.4)

where [G and [H denote m[/mG and m[/mH, respectively.

The evolution of [ is governed by the kinematic boundary condition (KBC),

m[

mC
= | − D[G − {[H , at I = [. (3.5)

We note here that the SGS effect on the free-surface boundary conditions is still an open problem but is
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usually considered to be negligibly small (Hodges & Street, 1999; Dimas & Fialkowski, 2000). Meanwhile,

the SGS effect on the boundary is minimized in the present study with a sufficient grid resolution to achieve

wall-resolved LES (§ 3.3).

The bottom is free slip, where the velocity boundary condition is given by

mD

mI
=
m{

mI
= 0, | = 0, at I = −�̄. (3.6)

Because the shear is often weak at the base of the ocean surface boundary layer (Belcher et al., 2012), the

free-slip boundary condition is imposed to minimize the impact of the bottom of the domain as long as �̄

is sufficiently large (Shen et al., 1999). Under realistic conditions, body forces such as the Coriolis force

balance the momentum. In this study, to focus on the mechanisms of the wave–turbulence interaction, we

use a uniform adverse pressure gradient m?/mG = g0/�̄ to balance the shear stress at the upper surface so

that the total momentum in the flow does not increase with time, which facilitates the analyses of statistics.

The imposed pressure gradient is small compared to other effects (especially the wave forcing) in the

system, therefore ought not to qualitatively change the fundamental mechanisms of the wave–turbulence

interaction that we are interested in. More details of the magnitude of the forcing are discussed in § 3.3.

The SGS stress g3
8 9
in (3.1) is computed using a Lagrangian dynamic scale-dependent model (Bou-Zeid

et al., 2005)

g38 9 = −2�Δ
��(8 9 �� (8 9 , (3.7)

where
��(8 9 �� = √

2(8 9(8 9 is the magnitude of the tensor (8 9 and �Δ is the Smagorinsky coefficient. The �Δ

is dynamically determined based on the weighted average of the flow information along pathlines. The

dynamic model removes the necessity to determine �Δ on an ad-hoc basis (Germano et al., 1991), and

the Lagrangian average formulation improves the model’s capability to address the inhomogeneity in flows

with complex geometries (Meneveau et al., 1996; Stoll & Porté-Agel, 2006; Yang, Meneveau & Shen,

2014b; Yang, Meneveau & Shen, 2014c), such as the waves in the present study. This model also takes

the scale dependency of �Δ into consideration. Traditional dynamic model applies a test filter with scale Δ̃

(typically Δ̃ = 2Δ) to the resolved velocity and calculates �Δ using the flow information at both grid filter

scale and test filter scale. The calculation utilizes the assumption that�Δ does not depend on the filter scale,

i.e., �Δ = �Δ̃. However, it is found that the scale-invariance assumption does not always hold, especially
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near the boundary (Porté-Agel et al., 2000). The scale-dependent model introduces another test filter with

width Δ̂ (e.g., Δ̂ = 2Δ̃ = 4Δ) and is thus able to determine how the Smagorinsky coefficient varies with the

filter width using three levels of the filtered flow fields. This tuning-free scale-dependent model has been

shown to yield good predictions of near-surface flow features (Porté-Agel et al., 2000).

3.3 Computational parameters

In the present study, wemainly focus on the effects of the wave on the turbulence, therefore simulations with

different turbulent Langmuir numbers LaC =
√
D∗/*B and wave steepness 0: are considered (table 3.1).

The turbulent Langmuir number (McWilliams et al., 1997) associated with the friction velocity of wind-

driven shear D∗ and the surface Stokes drift *B is an important dimensionless parameter quantifying the

relative strength of wind shear forcing versus wave forcing. A smaller LaC indicates stronger wave effects

and stronger Langmuir turbulence. The friction velocity D∗ is associated with the imposed shear stress

g0 by D∗ =
√
g0/d. The LaC ranges from 0.35 to 0.9, corresponding to cases with strong to weak wave

forcing. Strong Langmuir turbulence is expected when the wave forcing dominates over the shear stress

forcing. The flow features change to those of the shear-driven turbulence as LaC increases (Li et al.,

2005). The LaC values considered above are consistent with the range of typical ocean conditions (Thorpe,

2004a). The case S is a pure shear-driven turbulent flow with no prescribed waves for comparison with

the Langmuir turbulence cases. For cases L1, L2 and L3, we set the wave steepness 0: to 0.084, where 0

and : are the amplitude and the wavenumber of the surface wave, respectively. A case L1S with a steeper

wave but the same LaC as in case L1 is set up to study the effects of wave steepness. The dimensionless

wavenumber :�̄ is set to 3.5, corresponding to a deep-water wave with wavelength _ = 4c�̄/7. The

remaining wave-related parameters in table 3.1 are derived from LaC , 0: , and :�̄ using the estimation from

the linear wave theory. The surface Stokes drift is related to the wave phase speed 2 through *B = (0:)22

according to the linear wave theory, and thus 2/D∗ = (0:)−2La−2
C . The wave frequency l = 2: normalized

by the shear strain rate D∗/�̄ is l/(D∗�̄−1) = (2/D∗) (:�̄), which also represents the ratio of the wave

frequency to the frequency of the eddy turnover motion in the turbulent flow. Also given in table 1

is the Froude number �A = D∗/(6�̄)1/2 = D∗/2(:�̄)1/2. For reference, we provide an example of the

typical dimensional parameters that correspond to case L1. The wavelength and the wavenumber for the
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Table 3.1: Computational parameters of Langmuir turbulence in the present study.

Case LaC 0: 2/D∗ l/D∗�̄−1 Fr 0:l/D∗�̄−1

L1 0.35 0.084 1.16 × 103 4.05 × 103 4.62 × 10−4 3.40 × 102

L1S 0.35 0.15 3.63 × 102 1.27 × 103 1.47 × 10−3 1.90 × 102

L2 0.5 0.084 5.67 × 102 1.93 × 103 9.43 × 10−4 1.67 × 102

L3 0.9 0.084 1.75 × 102 6.12 × 102 3.05 × 10−3 51.44
S ∞ - - - - -

surface wave are _ = 60 m and : = 2c/_ = 0.105 m−1, respectively, which have been used in LES of

Langmuir circulation (McWilliams et al., 1997; Li et al., 2005). The corresponding surface Stokes drift is

*B = 0.068 m s−1, and the friction velocity is D∗ = 8.3 × 10−3 m s−1.

With the parameters above, we can compare the relative magnitudes of the different quantities in the

system. As shown in table 3.1, the velocity scale of the current and turbulent motions, being $ (D∗), is

much smaller than the wave phase speed 2. As a result, it is expected that the modification of the current on

the wave propagation is small. The separation of the velocity scales also corresponds to disparate forcing

scales. The straining rate due to the wave orbital velocity, associated with the direct forcing of the wave

applied on the turbulence, is $ (0:l). This is significantly larger than the shearing of the current, which

is $ (D∗/�̄), as shown in the last column of table 3.1. Using the wave strain rate, the forcing of the wave

straining on the turbulence is estimated to be $ (d0:lD∗), which is much larger than the applied pressure

gradient dD2
∗/�̄, also shown in the last column of table 3.1.

For the 60 m wave in oceans with a 8.3 × 10−3 m s−1 friction velocity discussed above, Reg = D∗�̄/a

is $ (105). To have the same Reynolds number, the LES would need wall-layer modeling. However,

the accuracy of wall-layer modeling in wave-phase-resolved free-surface simulation is still unknown.

Here, for the purposes of mechanistic study of wave–turbulence interactions and establishing an accurate

dataset for future wall-layer modeling study, we choose to perform wall-resolved LES at a moderate

Reynolds number Reg = 2000 such that the near-surface dynamics of wave–turbulence interactions are

captured accurately. We note that some previous CL equations based study of Langmuir turbulence also

employed the wall-resolved LES approach with reduced Reynolds number to resolve the boundary layer

for mechanistic study (see e.g. Tejada-Martínez et al., 2009 and more discussions in Deng et al., 2019
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recently). In the future, after the wall-layer modeling is validated for wave-phase-resolved LES of free-

surface turbulence, it would be desirable to perform wall-modelled wave-phase-resolved LES for Langmuir

turbulence with realistic Reynolds number directly. All the simulations are performed in a domain with

a size !G × !H × �̄ = 16c�̄/7 × 16c�̄/7 × �̄. This domain allows four periods of the wave in the

G-direction. The domain size is comparable with previous simulations based on the CL equations in terms

of the ratio of the mixed layer depth to the horizontal lengths (McWilliams et al., 1997; Li et al., 2005;

Kukulka et al., 2009). The domain size is further confirmed to be sufficiently large according to the two-

point auto-correlation (appendix B). The domain is discretized by a grid of 288 × 512 × 217 points. The

horizontal discretization is uniform with the streamwise and spanwise grid resolutions being ΔG+ = 49.9

and ΔH+ = 28.0, respectively. The vertical grid is condensed near the free surface, where the minimum grid

spacing is ΔI+ |min = 0.49. Here, the superscript ‘+’ denotes the wall-unit length defined as G+
8
= G8D∗/a.

The grid resolution satisfies the requirement of boundary-resolving approach, i.e., ΔG+ ' 50, ΔH+ ' 30, and

ΔI+ |min < 1, which is needed for resolving the small-scale longitudinal vortical structures in the viscous

sublayer that typically have a streamwise length of a few hundred wall units and a spanwise spacing about

100 wall units (Chapman, 1979; Piomelli & Balaras, 2002; Choi & Moin, 2012; Yang et al., 2013).

Simulations are initialized with a linear wave solution. Initial random disturbance is added to the

near-surface region :I > −0.2 as seeds for turbulence generation. The shear stress is imposed on the wave

surface when the simulation starts. The simulations run for at least 20 eddy turn-over time �̄/D∗, at which

all cases reach the statistically steady state. Then, the simulations are run for another 25 eddy turn-over

time, which we find to be sufficiently long for statistical analyses.



Chapter 4

Flow features and vorticity dynamics

4.1 Introduction

Our simulations reveal detailed information about the wave-phase-variation of the vorticity statistics and the

effects of wave straining on the variation of vorticity. The cumulative effect of wave straining on vorticity is

further analysed through the Lagrangian average of the terms in the vorticity evolution equations to obtain

an understanding of the wave-phase-averaged vorticity evolution. It is found that the correlations between

the wave-phase-variation of the vorticity and the wave orbital straining are important to the long-term

evolution of the vorticity. The correlation effect contributes to the growth of the streamwise vorticity,

but offsets the change of vertical vorticity, resulting in an increase in the streamwise vorticity only. The

mechanism of the correlation effect is then explained in this study with detailed analytical quantification,

providing a deeper understanding of the vorticity dynamics in wave–turbulence interactions.

A triple decomposition method that separates the current, wave, and turbulence is introduced in § 4.2

as the basis of the subsequent analyses. In § 4.3, the flow features of the Langmuir turbulence captured

by our wave-phase-resolved simulations, including an overview of the wave-phase-modulation effect on

the vortices, are presented. In § 4.4, the wave velocity field and the associated straining field are assessed,

which facilitates the discussion of the vorticity distortion by the wave. Then, in § 4.5, we perform detailed

analyses of the variation of the turbulence vorticity with the wave phase and its mechanism. In § 4.6, the

Lagrangian vorticity evolution is analysed, with focus on the cumulative effect of the wave straining on the
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vorticity. The conclusions of this paper and suggestions for future studies are given in § 4.7.

4.2 Triple decomposition and averaging techniques

Because our wave-phase-resolved simulations capture the wave orbital motions, current, and turbulent

fluctuations simultaneously, it is important to decompose the flow motions so that we can consider the

effects of different components separately. The total resolved velocity u is decomposed into the mean

current u2 , the wave orbital motions u| , and the turbulence fluctuation u′, i.e.,

u = u2 + u| + u′. (4.1)

Such decomposition is similar to the triple decomposition used for the analysis of the wind field over a

progressive wave, where the velocity is decomposed into the mean velocity, wave-coherent velocity and

turbulence (see e.g., Yang & Shen, 2010; Yang et al., 2014b). Each component of the total flow, including

the current, wave motions, and the turbulence, is obtained through a decomposition described below.

Assuming that both the mean current and the wave orbital motions are spanwise invariant and periodic

with the wave period, the sum of the two can be obtained by a phase averaging as

u2 + u| = 〈u〉 (G, I, C) =
1

4!H)

3∑
==0

[∫ !H

0

∫ C+)

C

u(G + 2g + =_, H, I, g) dgdH
]
. (4.2)

Here, ) is the averaging period. The phase-averaging operator 〈·〉 is essentially a spanwise averaging per-

formed in the wave-following frame, and the average is also performed over the four waves (corresponding

to = = 0, 1, 2, 3) in the domain due to the periodicity.

In 〈u〉, the current part u2 and the wave part u| are tangled together in a wavy domain. To separate

them, we employ the GLM theory (Andrews & Mcintyre, 1978), which provides an unambiguous way to

separate the mean part (current) and the oscillatory part (wave motions) based on a Lagrangian description

of the flow. We use the quasi-Eulerian mean velocity from the GLM theory as the current velocity u2 , i.e.,

u2 = u! − p. (4.3)
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Then the wave component u| is obtained as

u| = 〈u〉 − u2 . (4.4)

Here, u! is the Lagrangian mean velocity and p is the pseudo-momentum. Their definitions are given

below.

The Lagrangian mean velocity u! is defined as

u! (x, C) = 1
)!

∫ )!

0
〈u〉 (x + Xx(x, g), g) dg, (4.5)

where )! is the Lagrangian wave period (Longuet-Higgins, 1986) and x + Xx is the trajectory of a fluid

particle convected by the mean velocity 〈u〉. The trajectory is expressed as a displacement Xx(x, C) relative

to the mean position x by requiring

1
)!

∫ )!

0
Xx(x, g) dg = 0. (4.6)

Therefore, the GLM theory associates the Lagrangian mean quantity with the mean location x, and Xx is a

fluctuating quantity. The Lagrangian fluctuation velocity is naturally defined as

u; (x, Xx, C) = 〈u〉 (x + Xx(x, C)) − u! . (4.7)

Due to the periodicity of the mean flow and the quasi-steadiness in our problem set-up, the GLM depends

only on the mean vertical coordinate, i.e., u! (x, C) is reduced to u! (I). The pseudo-momentum p is defined

as

p8 =
1
)!

∫ )!

0

m (XG 9 )
mG8

D;9 dg, (4.8)

which is contributed by the fluctuating quantities and is thus a property of the oscillatory flow (wave).

We note that, strictly speaking, 〈u〉 extracted by the phase averaging (4.2) includes the mean current

and all spanwise-invariant oscillatory motions that move with the wave phase speed 2, and the latter may

include turbulence structures that are spanwise uniform and have a convection speed of 2. However, in this

study, the turbulence motions are much weaker than the wave orbital motions. Therefore, we assume the
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Figure 4.1: Vertical profiles of the different components arising from the wave–current decomposition
of case L1: —— D! , — ·— pG , – – – D2 , and · · · · · · 〈D〉GH . The 〈D〉GH is defined only up to the wave
trough, and its profile is close to D2 . Only the G-components are compared because the I-components are
negligible. The results are normalized by D∗.

oscillatory motions u| obtained from (4.4) are all due to the gravity surface wave. It is also confirmed

later in § 4.4.1 that u| generally agrees with the velocity of a Stokes wave.

The quasi-Eulerian definition of the current has the advantage of being able to account for the region

between wave troughs and crests. By contrast, the Eulerian mean 〈D〉GH , where 〈·〉GH denotes the average

over the G–H plane, is well defined up to the wave trough. Leibovich (1980) shows that the Stokes drift

uB = u! − 〈u〉GH differs from p by $ (03:3U), whereU is the characteristic velocity scale of the current

and is$ (D∗) as discussed in § 3.3. The difference between the Eulerian mean 〈D〉GH and the quasi-Eulerian

velocity D2 is also $ (03:3U). Therefore, the Eulerian current can be approximated by the quasi-Eulerian

current. Figure 4.1 shows an example of the wave–current decomposition (4.3) and the Eulerian current

〈D〉GH . In the figure, 〈D〉GH , which is defined only up to the wave trough, is very close to D2 in the region

below the wavy surface. After the above decomposition procedure, the current and wave components are

separated, so that we can analyse the effects of waves and current on the turbulence individually. For the

shear-driven turbulence with a flat surface, there exists no wave motions or turbulence structures that move

as fast as the wave phase speed. Therefore, both p and u| are zero, and the Lagrangian average is the same

as the Eulerian average, i.e., D! = D2 = 〈D〉GH .
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Figure 4.2: Profiles of current velocity D2 for Langmuir turbulent flows in cases L1 (——), L1S (— · ·—),
L2 (– – –), L3 (— ·—), and the shear-driven turbulence case S (· · · · · ·). (a) plots the normalized current
velocity D2/D∗, and (b) plots the current using the velocity difference from the surface value, D2 − DC>? .
In (a), the current velocity in cases L1, L1S and L3 are very close in the bulk region. In both (a) and (b),
two dimensionless vertical coordinates are used, which are :I (left axis) and the viscous units I+ = −ID∗/a
(right axis).

4.3 Flow features of Langmuir turbulence

The characteristic features of Langmuir turbulence, which are successfully captured in our wave-phase-

resolved simulations, are presented and compared with those of the shear-driven turbulence in this section.

The mean current is first examined in § 4.3.1. Then, the surface flow structures (windrows) are illustrated

in § 4.3.2. The instantaneous turbulence vortices are shown in § 4.3.2, where the wave-phase dependency of

the turbulence field is observed. In § 4.3.3, the characteristics of the vortex structures are further examined

based on the conditional averaging obtained from the linear stochastic estimation method.

4.3.1 Current

Figure 4.2(a) shows the profiles of the current D2 . For all the wave-forcing cases considered in this study,

the current exhibits nearly uniform distribution from the bottom to the near-surface region, indicating that

the bulk flow is well mixed vertically. Only in the vicinity of the surface does D2 increase rapidly. On the

other hand, the current profile of the shear-driven turbulence in case S has a larger gradient. As a result, the
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current in the wave-forcing cases is much weaker than the shear-driven current. This well mixed bulk flow

when the wave is present is consistent with the feature of strong vortices in Langmuir turbulence, which

enhance the vertical fluctuations and thus the mixing significantly (Sullivan & McWilliams, 2010; Thorpe,

2004a).

To show the near-surface behavior more clearly, figure 4.2(b) plots the profiles of the current using the

velocity difference from the surface value, D2−DC>? , with respect to the distance from the surface in viscous

units I+ = −ID∗/a in semi-logarithmic scale. In the shear-driven turbulence (case S), the current profile

exhibits a logarithmic region as expected. Applying a least-square fitting of the profile between I+ > 30 and

I/�̄ > −0.15 (I+ < 300), we obtain the von Kármán coefficient ^ = 0.39 and 1 = 1.7 in the logarithmic law

of the wall D/D∗ = ^−1 ln I+ + 1. The coefficients are consistent with the DNS of shear-driven turbulence

in Tsai et al. (2005), where ^ was found between 0.35 and 0.4, and 1 between 1.1 and 1.9. In contrast, when

the wave is present, the velocity difference between the top and bottom is significantly reduced. Most of

the velocity change occurs in the near-surface region (figure 4.2a), where the viscous effect is significant.

The logarithmic region is not obvious in the cases with wave (figure 4.2b). As LaC decreases, the velocity

difference also becomes smaller, indicating that the momentum mixing is enhanced by the wave forcing.

The uniformity of the current in the bulk flow and the trend of the current profile with LaC observed in

the wave-forcing cases are qualitatively consistent with the Langmuir turbulence simulations using the

wave-phase-resolved method (Zhou, 1999) and the CL equations in the literature (cf. McWilliams et al.,

1997; Li et al., 2005).

4.3.2 Instantaneous flow structures

Langmuir turbulence can lead to distinct surface structures, e.g., windrows. To compare the surface flow

structures with or without the wave, we place Lagrangian tracer particles on the surface and track their

locations x by integrating dx/dC = u(x, C) |I=[ in time. The results are shown in figure 4.3. Initially,

104 particles are released randomly in the Langmuir turbulence (case L1) and the shear-driven turbulence

(case S), as shown in figures 4.3(a) and 4.3(d), respectively. Particles in Langmuir turbulence are quickly

aggregated into narrow streamwise streaks (figure 4.3b) and the number of bands decreases with time as

they further merge with each other (figure 4.3c). These streaks show ‘Y’-shaped merging in the G-direction,

as one would observe with the windrows (Li & Garrett, 1993; Farmer & Li, 1995; Melville et al., 1998).
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Figure 4.3: Distribution of 104 particles after being randomly released on the surface in the (a-c) Langmuir
turbulence (case L1) and (d-e) shear-driven turbulence (case S). (a,d) Initial particle distribution at C = 0;
(b,e) at CD∗/�̄ = 0.156 (100 wave periods after releasing); (c,f) at CD∗/�̄ = 0.311 (200 wave periods after
releasing).
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By contrast, in shear-driven turbulence, the particles are still scattered after the same duration of time as

shown in figure 4.3(e,f). This is consistent with the literature that Langmuir turbulence is more effective in

creating streaks than the shear-driven turbulence (e.g. Teixeira & Belcher, 2010).

Figure 4.4 compares the instantaneous vortices in Langmuir turbulence (case L1) and shear-driven

turbulence (case S). The vortical structures are visualized by the iso-surfaces of _2, the second largest

eigenvalue of the tensor Y2+
2, with Y = (∇u+∇uT)/2 being the strain rate tensor and
 = (∇u−∇uT)/2

being the rotation tensor (Jeong & Hussain, 1995), widely used for identifying vortices in turbulent flows.

The iso-surfaces are colored by the contours of the streamwise vorticity lG = m|/mH − m{/mI. Both types

of flows are dominated by quasi-streamwise vortices near the surface. However, the vortices in Langmuir

turbulence are elongated and more aligned in the streamwise direction compared with those in shear-driven

turbulence, consistent with the results in the literature (McWilliams et al., 1997; Teixeira & Belcher, 2010).

It can also be observed that most vortex tubes in Langmuir turbulence are accompanied by vortices of

opposite signs of lG , forming counter-rotating vortex pairs, which can induce converging/diverging zones

on the surface. The vortex pairs also show a converging trend in the +G-direction. This corresponds to the

merging of the vortices and the ‘Y’-junction of the windrows, which are considered inherent to the wave

forcing according to the analyses of the CL equation (Li & Garrett, 1993; Bhaskaran & Leibovich, 2002;

Zhang et al., 2015). On the other hand, the vortices in shear-driven turbulence do not seem to appear in

pairs.

What is most interesting in figure 4.4(a) is that the vortex distribution exhibits a correlation with the

wave phase. Stronger turbulence vortices are located under the wave trough. This indicates that the wave

orbital motions have a direct effect on the turbulence, leading to the wave-phase-dependent variation of

the turbulence. Such an effect can only be captured in the wave-phase-resolved frame and more in-depth

analyses of the wave-phase dependency are provided in § 4.5.

4.3.3 Coherent vortex structure

The instantaneous flow field only provides a qualitative overview of the vortex structures. A more detailed

characterization of the coherent vortex structure can be obtained by a conditional averaging of the flow field

based on a vortex identification criterion. Here we use the linear stochastic estimation (LSE) method to

obtain the conditional average (Adrian & Moin, 1988; Adrian, 1994), which is shown to be able to identify
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Figure 4.4: Instantaneous vortical structures in the flow fields in (a) case L1 (LaC = 0.35) and (b) case S
(LaC = ∞). The vortices are educed by the iso-surfaces of _2 = −1, 650. The iso-surfaces are colored with
the contours of lG .



CHAPTER 4. FLOW FEATURES AND VORTICITY DYNAMICS 75
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Figure 4.5: Conditional averaged vortex structure extracted by the linear stochastic estimationwithΛ28 = 1.
The vortices are identified by the iso-surfaces of 〈lG |Λ28〉 = 0.07:D∗ (light grey) and 〈lG |Λ28〉 = −0.07:D∗
(dark grey). (a) Vortex structure in the Langmuir turbulence LaC = 0.35 (case L1). (b) Vortex structure in
the shear-driven turbulence LaC = ∞ (case S).

coherent turbulence structures, such as the hairpin vortices (Christensen & Adrian, 2001). The detailed

definition of the LSE of a quantity 5 , denoted by 〈 5 (x′) |Λ28 (x)〉, is given in appendix C. Here, 5 (x′) is a

conditional-averaged field around the conditioning event Λ28 (x), where x′ denotes the coordinates relative

to the location of the conditioning event. The parameter Λ28 (x) is a signed swirling strength (Zhou et al.,

1999; Christensen & Adrian, 2001; Wu & Christensen, 2006) defined by (C.1), chosen as the conditioning

event for the estimation of the vortex structure. The parameter Λ28 contains information of the rotating

direction of the streamwise vortices, and we apply the LSE method for Λ28 > 0 and Λ28 < 0 separately to

avoid the cancellation between vortices of opposite rotating directions. The LSEmethod has a few features.

First, the LSE approximation is based on all instances of Λ28 > 0 and Λ28 < 0 and no threshold needs to

be determined. Second, the LSE definition (C.2) is closely related to the two-point correlation, therefore

the LSE approximated field reflects the statistical correlations of 5 with the event Λ28 (Adrian, 1994).

Third, the LSE result is linearly correlated with the value of Λ28 , which means that the characteristics of

the extracted structures remain independent of Λ28 and only the magnitude of the LSE field varies with

Λ28 (Christensen & Adrian, 2001).

Figure 4.5 shows the conditional-averaged vortex structure obtained from the Langmuir turbulence

(case L1) and the shear-driven turbulence (case S). The side views and front views of the vortex structure

are shown in figure 4.6. In the above figures, the same conditioning event, Λ28 = 1 at : (I − [) = 0.45, is

used for the reconstruction of the flow field for the comparison between the two types of flows. We note

here that the averaged field with Λ28 < 0 is the mirror of that with Λ28 > 0 about the axis H′ = 0. Due to
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Figure 4.6: The side-views and front-views of the conditional averaged vortex structure in Langmuir
turbulence LaC = 0.35 (case L1) and shear-driven turbulence with LaC = ∞ (case S). (a) and (b) show the
structure in the Langmuir turbulence. (c) and (d) show the vortex structure in the shear-driven turbulence.
(a) and (c) show the side-views of the contours of 〈lG |Λ28〉 in the plane H′ = 0. (b) and (d) show the front-
views of the contours of 〈lG |Λ28〉 and the vectors of (〈{′ |Λ28〉, 〈|′ |Λ28〉) in the plane G ′ = 0. The positive
contours start with 0.02:D∗ in an increment of 0.04:D∗ and the negative contours start with −0.02:D∗ in
an increment of −0.04:D∗. The conditions are the same as figure 4.5.

the reflection symmetry, we only discuss the conditional-averaged field with positive Λ28 .

As shown in figures 4.5 and 4.6, the vortices in both types of flows are quasi-streamwise vortices

that extend in the downwind direction and tilt upward towards the surface, but the length scale and the

structures are different. The streamwise extension of the vortex tube in Langmuir turbulence (case L1)

is approximately eight times of the spanwise width, as shown in figure 4.6(a,b). On the other hand,

in shear-driven turbulence, the streamwise length is much shorter, only approximately three times of

the width (figure 4.6c,d). These features are consistent with our observations from the instantaneous

field (figure 4.4) where vortices are more elongated in the Langmuir turbulence than in the shear-driven

turbulence. Moreover, in the Langmuir turbulence, a counter-rotating vortex appears on the −H side of

the central vortex of Λ28 > 0, but barely exists in the shear-driven turbulence. This implies that there is a

higher probability that counter-rotating vortices appear side by side in pairs in Langmuir turbulence than

in shear-driven turbulence. Figure 4.6(b) also shows that the counter-rotating vortex pair induces a strong

downwelling motion between the two vortices and a convergence zone exists above, consistent with the

enhanced vertical mixing and surface convergence in Langmuir turbulence.
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We have so far illustrated the current profiles and turbulence vortex structures from our wave-phase-

resolved simulations, which all show distinct features of Langmuir turbulence. Specifically, we have

observed in the instantaneous field (figure 4.4) that the vortex distribution is wave-phase dependent, which

is further examined and explained in § 4.5. The effect of the wave-phase variation of the vorticity on the

generation of the elongated vortices in Langmuir turbulence is discussed in § 4.6.

4.4 Wave field

Before we discuss the vorticity distortion in the Langmuir turbulence (§§ 4.5 and 4.6), we need to examine

the properties of the wave field in this section. These properties are essential to the understanding of the

wave effects in the vorticity dynamics. We first discuss the wave orbital velocity and the resulting orbital

straining in § 4.4.1. Then, the Lagrangian-averaged wave straining is analysed in § 4.4.2, which is related

to the cumulative effect of the wave on turbulence. Here, only case L1 is presented because, as discussed

below, the features of the wave field of other cases are similar.

4.4.1 Eulerian properties of wave

The contours of wave orbital velocity D| and || in case L1 are shown in figures 4.7(a) and 4.7(b),

respectively. The wave elevation and the velocity distribution in general agree with those of Stokes wave,

which also holds for other cases (L2-L3 and L1S). The turbulence-induced surface fluctuation, [′ = [−〈[〉,

is found to be negligibly small. Among all the cases in this study, the root mean squared turbulence surface

fluctuation [′A<B is less than 1.2% of the wave amplitude, indicating that the turbulence is relatively weak

compared to the surface wave. As expected from Stokes wave, D| is positive and negative under the wave

crest and trough, respectively. The || is positive under the forward slope, and negative under the backward

slope. The two components of the wave velocity vary sinusoidally with the wave phase and form an orbital

motion. In the vertical direction, the velocity magnitude decays exponentially with the depth.

It is worth mentioning that, when the frame translates with the wave phase speed 2 such that the wave

phase is fixed, fluid particles are convected in the opposite direction to the wave propagation, i.e., the

−G-direction in the wave-following frame. In other words, the wave propagates over a particle in a cyclic

order of trough, forward slope, crest, and backward slope. The perspective of the convection direction
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Figure 4.7: Contours of wave velocity (a) D| , (b) || for case L1. Negative contours are denoted by dashed
lines. The results are normalized by 0l.
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Figure 4.8: Contours of wave strain rate (a) mD|/mG, (b) m||/mI, (c) mD|/mI, and (d) m||/mG for case
L1. (e) is a close-up view of the near-surface region of (c). (f) is the vorticity mD|/mI − m||/mG in the
near-surface region. The results are normalized by 0:l.
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of fluid particles in a wave-following frame is important because the following analyses of the vorticity

dynamics of the wave–turbulence interactions are performed within this frame.

The horizontally and vertically varying orbital velocity results in a straining field that also varies with

the wave phase and the depth, as shown in figure 4.8. We first look at the normal gradients. The streamwise

normal gradient mD|/mG (figure 4.8a) is positive under the backward slope and negative under the forward

slope. The vertical normal gradient (figure 4.8b) satisfies m||/mI = −mD|/mG. Therefore, fluid elements

experience stretching in the G-direction and compression in the I-direction under the backward slope, and

the opposite process occurs under the forward slope.

The gradients mD|/mI and m||/mG (figure 4.8c,d) represent the shear deformations of fluid elements.

The value of m||/mG is positive under the crest and negative under the trough. The distribution of mD|/mI

(figure 4.8c) shows a two-layer structure that is not present in the other gradients. In most of the region

away from the surface, mD|/mI is almost equal to m||/mI, i.e., the mean vorticity mD|/mI − m||/mG,

which is in the spanwise direction, is essentially zero and the wave field is irrotational. As the surface is

approached, mD|/mI changes drastically. The near-surface behavior of mD|/mI is shown with respect to

the distance from the surface (I − [) in figure 4.8(e). The thickness of the layer where the drastic change

occurs is of the same order as the thickness of the Stokes layer, X( = (2a/l)1/2, whose dimensionless value

is :X( = 0.0017 in this case. This layer is associated with the viscous effect. The near-surface change of

mD|/mI corresponds to a layer of non-zero mean vorticity that deviates from the irrotational wave solution,

as shown in figure 4.8(f). The viscous layer is so thin that its contribution to the overall dynamics of the

wave–turbulence interaction is small. In most of the region, mD|/mI and m||/mG impose an irrotational

shearing distortion effect on fluid elements.

4.4.2 Lagrangian properties of wave

Next, we discuss the Lagrangian average of the wave straining, which is important to the long-term

vorticity dynamics analysed in § 4.6. Applying the Lagrangian average (·)! (4.5) to the wave orbital

velocity gradients (figure 4.8a-d), we obtain the Lagrangian velocity gradients of the wave, mD|/mG
!
,

m||/mI
!
, mD|/mI

!
, and m||/mG

!
, which represent the cumulative straining applied by the wave on fluid

elements over a Lagrangian period. The vertical profiles of the above Lagrangian velocity gradients are

shown in figure 4.9. Only case L1 is shown due to the similarity in the wave field among different cases as
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Figure 4.9: The profiles of the Lagrangian mean wave velocity gradients: mD|/mG
!
= −m||/mI

!

(— ·—), mD|/mI
!
(——), m||/mG

!
(· · · · · ·) from our simulation, and mD|/mG

!
(�), mD|/mI

!
(◦) based

on the 5th-order Stokes wave theory (Fenton, 1985). Case L1 is shown here and the results are normalized
by 02:2l. Note that the numerical results of mD|/mG

!
(−m||/mI

!
) and the theoretical result of mD|/mG

!

are very close to each other; and the numerical results of mD|/mI
!
and m||/mG

!
and the theoretical result

of mD|/mI
!
are also indistinguishable from each other.

pointed out in § 4.4.1.

We first look at the normal gradients, mD|/mG
!
and m||/mI

!
. Both are nearly zero, indicating that

the cumulative stretching applied on fluid elements over a Lagrangian period is negligible. The trajectories

of the fluid particles are symmetric about the two sides of the wave crest and trough, while mD|/mG (or

m||/mI) is anti-symmetric (figure 4.8a,d), therefore the normal straining that the fluid elements experience

under the forward slope is cancelled by that under the backward slope.

On the other hand, the Lagrangian shear straining, mD|/mI
!
and m||/mG

!
, has positive values with a

magnitude of $ (02:2l). This indicates that, over a Lagrangian period, the wave imposes a net shearing

distortion on fluid elements. This is mostly due to the difference in the shear strain rate between under the

wave crest and under the trough, and the different convection times under the wave crest and trough. As

shown in figures 4.8(c) and 4.8(d), the magnitudes of mD|/mI and m||/mG outside of the viscous layer
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increase with I. Because the trajectories of the particles roughly follow the surface geometry, the positive

straining on the fluid particles when they are under the crest is larger than the negative straining under

the trough. Therefore, the net Lagrangian shear straining is positive. Note that the effect of the viscous

boundary layer is also manifested in the sharp increase of mD|/mI
!
in the vicinity of the surface. However,

in most of the region away from the surface, mD|/mI
! ≈ m||/mG

!
is satisfied due to the irrotationality of

the wave flow as discussed in § 4.4.1.

The theoretical Lagrangian mean of wave velocity gradients based on the fifth-order irrotational wave

theory of Fenton (1985) is also shown in figure 4.9. It can be seen that the Lagrangian velocity gradients

from the present simulations agree well with the theoretical prediction outside the surface viscous layer,

indicating that the irrotational wave solution is a good approximation of the wave field. The effect of the

surface viscous layer, the thickness of which scales with (2a/l)1/2, should diminish with a decreasing

a (increasing Reynolds number Reg = D∗�̄/a). The agreement with the irrotational wave solution is

expected, because the current and turbulence are weak and cannot lead to a significant modification of the

wave kinematics (Magnaudet & Thais, 1995; Ardhuin et al., 2008). We shall note that, when the strong

current or turbulence is present or the wave is short, the waves can become rotational (Craik, 1982; Phillips

& Wu, 1994; Veron & Melville, 2001; Gutiérrez & Aumaître, 2016). Under such conditions, the coupled

wave–current–turbulence evolution is more complex and can be studied using the wave-phase-resolved

simulation in the future.

The Eulerian and Lagrangian effects of the wave on fluid elements are summarized in figure 4.10. In the

Eulerian frame, the wave orbital straining varies periodically with the wave phase. Under the wave forward

slope, fluid elements are compressed in the G-direction and stretched in the I-direction. The opposite occurs

when the fluid elements are under the backward slope. The wave also applies an irrotational shearing that

distorts the fluid elements, and the distortion effect is opposite under the crest and trough. In § 4.5 below,

the effects of the periodically varying straining on the turbulence vortices underneath are analysed. As for

the Lagrangian straining, although one order of magnitude smaller than the orbital straining, the net shear

straining on the fluid elements can lead to cumulative distortion of the fluid elements. The cumulative

effect on the vorticity dynamics in Langmuir turbulence is discussed in detail in § 4.6.
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Figure 4.10: Sketch of the effects of wave Eulerian orbital straining and Lagrangian straining on fluid
elements. The arrows along the dashed line indicate the convection direction of the fluid elements relative
to the wave phase. The original fluid elements are denoted by dashed rectangles, and the fluid elements
distorted by the wave straining are denoted by solid rectangles.

4.5 Variation of vortex structures and statistics with wave phase

In § 4.3.2, the instantaneous vorticity field (figure 4.4) indicates that there exists a correlation between

the vortex structure and the wave phase. In this section, we perform detailed statistical analyses of the

turbulence vortex structure and vorticity fluctuations in the wave-phase-resolved frame and examine the

wave-phase variation of the turbulence vorticity. The wave-phase dependency is examined in three aspects,

the LSE analysis of the vortex structure (§ 4.5.1), vorticity enstrophy (§ 4.5.2), and vorticity inclination

angle (§ 4.5.3). Then, in § 4.5.4, the vorticity evolution equation is evaluated with the wave-phase resolved

to explain the mechanism for the phase variation of the vorticity.

4.5.1 Variation of vortex structure

The coherent vortex structure under different wave phases is obtained through the LSE method described

in § 4.3.3. It is found that the variation of the vortex structure is more prominent in the G–I plane, therefore

the side views of the vortex obtained from the Langmuir case L1 are plotted in figure 4.11. Only the flow

structure associated with Λ28 > 0 is discussed below, because the flow fields corresponding to positively

and negatively rotating vortices are in reflection symmetry about H′ = 0.

As shown in figure 4.11, the characteristics of the quasi-streamwise counter-rotating vortices vary with
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Figure 4.11: Conditional averaged vortex structure in Langmuir turbulence with LaC = 0.35 (case L1)
under (a) the backward slope, (b) the crest, (c) the forward slope, and (d) the trough. The vortex structure is
elucidated by the contours of 〈lG |Λ28〉 in the plane H′ = 0. The positive contours start with 0.06:D∗ in an
increment of 0.04:D∗. The dash-dotted lines (— ·—) connect the two ends of the contour level 0.06:D∗,
and the vertical dashed lines (– – –) mark the streamwise location of the two ends of the dash-dotted lines.

the wave phase. The difference is mainly manifested in the vortex length and the inclination angle in the

G–I plane. The dash-dotted line in figure 4.11 marks the streamwise extension and the inclination angle

of the contour level 〈lG |Λ28〉 = 0.06:D∗. This level is chosen because it is relatively localized under each

phase.

We first discuss the length of the vortex. The vortex under the wave trough (figure 4.11d) is longer than

under the crest (figure 4.11b), indicating that the vortices under the trough are stronger than those under

the crest. This is consistent with our observations of the instantaneous vortex field (figure 4.4a), where

stronger vortices are located under the trough. Because the vortex is convected in the −G-direction relative

to the wave, the variation of the vortex length indicates that the vortex strength weakens under the forward

slope as the wave phase changes from the trough to crest. The opposite process occurs under the backward

slope.

In addition to the vortex length, the inclination of the vortex also varies with the wave phase. Under the

wave crest, i.e., when the vortex is convected from under the forward slope to under the backward slope,
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Table 4.1: The values of the inclination angle (in degree), the angle between the G-axis and the dash-dotted
line (— ·—) in figure 4.11, of the conditional averaged vortex structure for different cases. The second
column shows the mean vortex angles of different wave phases q<. The third column shows the vortex
angles under wave forward slope q 5 and their deviation from the mean angles q 5 −q<. The fourth column
show the vortex angles under the backward slope q1 and their deviation from the mean angles q1 − q<.
The forward slope and backward slope correspond to the locations of minimum and maximum tilting,
respectively. The last column shows the difference in the vortex angle between the minimum and maximum
tilting.

Case mean forward slope backward slope difference
q< q 5 , q 5 − q< q1 , q1 − q< q1 − q 5

L1 14.4 10.9, −3.5 17.3, 2.9 6.4
L1S 13.4 6.8, −6.6 18.9, 5.5 12.1
L2 14.6 11.3, −3.3 17.5, 2.9 6.2
L3 25.1 21.7, −3.4 27.8, 2.7 6.1

the vortex is tilted towards the vertical direction. The tilting direction reverses under the wave trough.

Therefore, the variation of vortex angle roughly follows the slope of the wave surface and the maximum

and minimum tilting occurs under the backward and forward slope, respectively. Table 4.1 presents the

mean, maximum, and minimum angles of the vortex for the different Langmuir turbulence cases. Among

the cases L1, L2 and L3, where the wave steepness is the same, the amplitude of the vortex angle fluctuation

and the deviation of the maximum and minimum tilting angles from the mean angle are roughly the same.

This indicates that the mechanism of the vortex tilting is the same. The maximum and minimum tilting

angles are slightly asymmetric about the mean angle, indicating that the forward and backward tilting

rates are different. For case L1S with a larger wave steepness, the difference between the maximum and

minimum angle is much larger. This indicates that the amplitude of the vortex tilting fluctuations is affected

by the wave steepness, which is expected.

In summary, figure 4.11 gives an overall view of the wave-phase-dependent oscillation of the vortices

underneath a propagating surface wave. The vortices are elongated and compressed periodically as the

wave passes. Meanwhile, the tilting angle of the vortices also fluctuates with the wave phase. It should

be noted here that the variation of the vortex structure lies in the change of the turbulence vorticity field.

Therefore, the vorticity statistics are examined below.
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Figure 4.12: Contours of phase-averaged enstrophy components for case L1: (a) 〈l2
G〉; (b) 〈l′H2〉; (c)

〈l2
I〉. The enstrophy is normalized by (:D∗)2.

4.5.2 Variation of enstrophy

The enstrophy indicates the intensity of vorticity fluctuations. The near-surface distribution of the enstrophy

within the wave-phase-resolved frame is shown in figure 4.12 for the Langmuir turbulence case L1.

Figure 4.13 shows the relative variation of the enstrophy at a constant distance from the surface for the

different Langmuir turbulence cases. For the spanwise component, the turbulence vorticity l′H is used, i.e.,

the mean flow induced vorticity
〈
lH

〉
is subtracted from the total vorticity lH .

As expected, the streamwise vorticity is dominant, because the vortical structures observed in §§ 4.3.2

and 4.3.3 are streamwise oriented mostly. The streamwise enstrophy also shows a strong dependence on the

wave phase. Both figures 4.12 and 4.13 show that the maximum and minimum of 〈l2
G〉 occur roughly under

the trough and under the crest, respectively. This is also consistent with the variation of the vortex length

(figure 4.11), indicating that the elongation and compression of the vortices are related to the variation of

lG . It should be pointed out that the locations of maximum and minimum
〈
l2
G

〉
, as shown in figure 4.13,

are actually slightly ahead of the trough and crest, respectively, for which the reason is explained later in

§ 4.5.4.

Compared with 〈l2
G〉, 〈l′2H 〉 (figure 4.12b) is weaker and more concentrated near the surface, therefore

the turbulence vortices are mostly tilted in the G–I plane. The contour lines of 〈l′2H 〉 follow the surface

geometry, indicating that the dependence of spanwise vorticity fluctuations on the wave phase is weak,

which is confirmed by figure 4.13(b).

Figure 4.12(c) shows the distribution of the vertical enstrophy
〈
l2
I

〉
. The contour lines of 〈l2

I〉 are

shifted compared with the surface shape, indicating that the vertical vorticity fluctuations are modulated
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Figure 4.13: Normalized variation of enstrophy components with the wave phase, (a)
〈
l2
G

〉
/
〈
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, (b)

〈l′H2〉/
〈
l′H

2〉 and (c)
〈
l2
I

〉
/
〈
l2
I

〉
, at depth : (I − [) = −0.2 for case L1 (——), case L2 (– – –), case L3

(— ·—), and case L1S(— · ·—).

by the wave. Figure 4.13(c) shows that high intensity of 〈l2
I〉 occurs under the backward slope and behind

the crest. The value of
〈
l2
I

〉
reaches minimum under the forward slope, right after the wave trough

passes. Teixeira & Belcher (2002) pointed out that the amplification of the vertical vorticity should be

associated with an increase in the streamwise turbulence velocity fluctuations. Therefore, the increase

in the vertical vorticity leads to a maximum streamwise Reynolds normal stress slightly behind the crest,

which is consistent with the observations of Veron et al. (2009) and our results (not plotted).

Comparing the variation of the enstrophy among the different cases in figure 4.13, we can see that the

maximum and minimum phases are similar. However, the relative amplitude of the wave-phase-dependent

fluctuations of
〈
l2
G

〉
and

〈
l2
I

〉
in case L1S is larger than the other cases, indicating that the modulation

effect of the wave on the vorticity increases with wave steepness.

4.5.3 Variation of inclination angle of vorticity vectors

The tilting of the vortex structures indicates variations in the orientation of the local vorticity vectors.

Following Moin & Kim (1985), Kida & Tanaka (1994) and Guo & Shen (2013), we analyse the statistical

distribution of the vorticity inclination angles. Here, we focus on the inclination angle between the G-axis

and the projection of 8 onto the G–I plane, i.e.,

\GI = arctan
(
lI

lG

)
, (4.9)
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Figure 4.14: Histograms of the statistics of vorticity inclination angle \GI under: (a) backward slope; (b)
crest; (c) forward slope; (d) trough. The statistics are taken at : (I − [) = −0.2 below the surface from case
L1. The histograms are weighted by the vorticity magnitude l2

G +l2
I . The azimuthal direction corresponds

to \GI , while the radial direction corresponds to the weighted frequency of occurrence.

because most vortices are vertically slanted in the G–I plane and their spanwise tilting is negligible. The

histograms of \GI under different wave phases are shown in figure 4.14. Here, the statistics of \GI are

weighted by the vorticity magnitude l2
G + l2

I to highlight the contributions from strong vortices. The

statistics reflect the properties of the local vorticity vectors under specific wave phases, which are related to

but different from the vortex structures analysed in § 4.5.1. The vortices are three-dimensional structures

and thus are related to vorticity distribution at different phases and depth. As shown in figure 4.14, the

histograms have two peaks, located symmetrically in the first and third quadrants, corresponding to positive

and negative vorticity, respectively. The peak locations indicate that the vorticity vectors are mostly inclined

at a small angle to the +G-axis, consistent with the orientation of the vortical structures shown in preceding

sections.

The peaks of the distributions of \GI (figure 4.14) vary with the wave phase. Peak \GI reaches minimum

under the forward slope, and increases as the wave passes by until it reaches maximum under the backward

slope. After the backward slope passes by, the opposite process occurs, i.e., \GI decreases until the vortices

are under the forward slope. The fluctuations of the vorticity angle \GI agree with the vortex tilting direction

discussed in § 4.5.1. The differences between the maximum and minimum \GI are 10◦, 9.5◦, 10.5◦, and 18◦

for cases L1, L2, L3, and L1S, respectively. This also agrees with the result in § 4.5.1 that the amplitude

of the vortex angle fluctuation mainly depends on the wave steepness. We note that the values of the \GI

are larger than the vortex angles presented in table 4.1. This is because the conditional averaging in § 4.5.1
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samples the flow around the chosen location and the coherent vortex structures are associated with the

vorticity at different phases and depth. Take figure 4.11(a) (backward slope) as an example, the two ends

of the vortex extend towards the wave crest and trough, respectively, where the vorticity angles decrease.

The inner contours, which are more closely related to local vorticity vectors, have larger angles, consistent

with the observations in this section.

In §§ 4.5.2 and 4.5.3, we have examined the statistical distribution of the vorticity field under different

wave phases. The fluctuations of the vorticity statistics, i.e., the enstrophy and the inclination angles,

are qualitatively consistent the variation of the coherent vortex structure obtained from the LSE method

in § 4.5.1. This indicates that the physical mechanisms for the variation of the vortex structures are related

to the vorticity dynamics. Next, we evaluate the vorticity evolution equations in the wave-phase-resolved

frame to illustrate the mechanisms for the wave-phase modulation of the vorticity.

4.5.4 Effects of wave straining on variation of vorticity

In this section, we focus on the evolution of streamwise vorticity lG and vertical vorticity lI because the

components of turbulence vorticity in these two directions are more prominent. The evolution of lG and

lI is described by the vorticity equations

DlG
DC

= lG
mD2

mG
+ lI

mD2

mI︸                ︷︷                ︸
D2

G

+lG
mD|

mG
+ lI

mD|

mI︸                   ︷︷                   ︸
D|

G

+lG
mD′

mG
+ lH

mD′

mH
+ lI

mD′

mI︸                              ︷︷                              ︸
DC

G

−D′ mlG
mG
− {′ mlG

mH
− |′ mlG

mI︸                               ︷︷                               ︸
TC
G

+a∇2lG − [∇ × (∇ · 3)]G︸                            ︷︷                            ︸
FG

, (4.10)

DlI
DC

= lG
m||

mG
+ lI

m||

mI︸                  ︷︷                  ︸
D|

I

+lG
m|′

mG
+ lH

m|′

mH
+ lI

m|′

mI︸                                ︷︷                                ︸
DC

I

−D′ mlI
mG
− {′ mlI

mH
− |′ mlI

mI︸                               ︷︷                               ︸
TC
I

+a∇2lI − [∇ × (∇ · 3)]I︸                           ︷︷                           ︸
FI

. (4.11)
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Figure 4.15: Contours of the terms of the wave distortion D|: (a) 〈lGmD|/mG〉, (b) 〈lImD|/mI〉, (c)
〈lGm||/mG〉, and (d) 〈lIm||/mI〉.

Here, the material derivative is defined based on the mean velocity, D(·)/DC = m (·)/mC + 〈u〉 · ∇(·); D2 ,

D| and DC denote the terms representing the distortion (stretching and tilting) on the vorticity by the

current, wave and turbulence, respectively; the terms denoted by T C are the turbulence transport of the

vorticity; and F represents the forcing due to the viscous force and the SGS stress; the subscripts ‘G’ and ‘I’

denote the G and I components of the corresponding terms, respectively. To avoid the cancellation between

positive and negative vorticity, the terms in (4.10)–(4.11) are computed using a sign-based conditional phase

averaging (Guo & Shen, 2013), where we multiply each equation with a sign function of the corresponding

vorticity component, sign (l8), before applying the phase averaging (4.2). We find that the root mean

squared values ofD| along the G-direction are at least 20 times larger than other terms. This indicates that

the wave distortion D| is dominant, i.e., the wave-phase-variation of the vorticity statistics is the result

of the wave orbital straining. The contours of different terms of D| are shown in figure 4.15. Here, we

continue to use case L1 as the representative case for discussion.

We first discuss the variation of the streamwise vorticity due to the wave distortion, which is contributed
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by two terms, lGmD|/mG and lImD|/mI, plotted in figures 4.15(a) and 4.15(b), respectively. The former

is dominant, which means that the variation of the streamwise vorticity mainly results from the streamwise

stretching of the vortex filaments by mD|/mG. As shown in figure 4.15(a), under the backward slope,

lGmDG/mG is positive, indicating that lG increases. This is due to the stretching of the vortices in the G-

direction by the positive mD|/mG (plotted in figure 4.8a). The opposite process occurs under the backward

slope. Because the vorticity convection is in the −G-direction in the frame moving with the wave, the

accumulative effect of the alternating stretching and compression results in maximum lG under the wave

trough and minimum under the crest. The effect of stretching on lG is consistent with the variation of the

streamwise component of the enstrophy discussed in § 4.5.2.

The other term lImD|/mI, shown in figure 4.15(b), represents the change of the streamwise vorticity

lG by the tilting of vortex filaments. Under the crest, the term is positive, indicating thatlG is generated by

the tilting of the vertical vortex filaments. Under the trough, the tilting reverses and weakenslG . The tilting

effect is weaker than the aforementioned stretching effect, and hence only results in a forward phase shift

of the peaks of the streamwise vorticity, which explains the distribution shown in figure 4.13(a). Although

the tilting-induced variation of lG does not significantly affect the phase distribution of lG , it can affect the

long-term vorticity evolution when interacting with the wave orbital straining, as discussed later in § 4.6.3.

Next, we examine the tilting effect lGm||/mG (figure 4.15c) and the stretching effect lIm||/mI

(figure 4.15d) on the variation of the vertical vorticity lI . The tilting effect is positive under the crest and

negative under the trough, indicating that the streamwise vortex filaments are tilted towards the vertical

direction under the crest and tilted back under the trough. In general, the tilting direction is consistent with

the variation of the vortex structure (§ 4.5.1) and the inclination angle of the vorticity (§ 4.5.3), because the

flow is dominated by quasi-streamwise vortices and the apparent tilting of the vortices are mainly associated

with the tilting of the streamwise vortex filaments.

The stretching and compression of lI (figure 4.15d) is related to the normal wave orbital straining

m||/mI (figure 4.8b). Under the forward slope, the wave stretches the vortex filaments in the I-direction,

which increases lI . Under the backward slope, the compression of the filaments decreases lI .

The stretching and tilting effects have similar magnitudes, therefore both affect the strength of lI . The

stretching-induced variation of lI leads to a maximum (minimum) lI under the crest (trough), while the

tilting-induced lI leads to a maximum (minimum) lI under the backward (forward) slope. Therefore,
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Figure 4.16: Sketch of the wave effect on the evolution of vortices. On the left part (discussed in § 4.5.4),
the variation of the vortex filaments induced by the wave orbital straining is illustrated in the Eulerian
frame. The upper row shows the stretching-induced vorticity fluctuations, and the lower row shows the
tilting-induced vorticity fluctuations. Note that relative to the wave, the vortex is convected in the opposite
direction of the wave propagation direction as indicated by the arrows along the dashed line. An extra
quarter of wavelength is plotted for the purpose of illustrating the wave periodicity in space. On the right
part (discussed in § 4.6), the Lagrangian cumulative effect of the wave on the vortex filaments is illustrated,
where the solid and dash-dotted arrows denote the mean effect and the correlation effect, respectively.

the maximum of the vertical component of the enstrophy is reached between the crest (:G = c/2) and the

backward slope (:G = 0) due to the combined effects of the stretching and tilting, as shown in figure 4.13(c).

Correspondingly, the minimum is reached between the trough (:G = 3c/2) and the forward slope (:G = c).

To summarize, the variation of the vorticity with the wave phase is the result of the periodic stretching

and tilting by wave orbital straining, as sketched in figure 4.16. Under the forward slope, the wave

stretching weakens the streamwise vorticity and amplifies the vertical vorticity. Under the backward slope,

the stretching incurs the opposite process. The tilting effect of the wave is the strongest under the wave

crest and trough, while the tilting direction is opposite. As the wave passes, the periodic variation of the

wave straining leads to fluctuations of vortices with the wave phase. To our knowledge, this is the first

time that the vorticity dynamics in Langmuir turbulence is numerically analysed with wave-phase-resolved

details. In the following section, we shall see that, by interacting with the local wave orbital straining, the

wave-phase variation of the vorticity is an important factor contributing to the long-term vorticity evolution.
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4.6 Perspective on cumulative effect of wave on vorticity evolution

Langmuir turbulence is attributed to the cumulative distortion imposed by the surface wave (Leibovich,

1983; Thorpe, 2004a). In this section, the cumulative distortion effect of wave on wave-phase-averaged

vorticity is analysed through Lagrangian average. First, in § 4.6.1, we assess the contributions from different

effects, including the wave, current and turbulence, to the cumulative vorticity evolution. Then in § 4.6.2,

the wave effect is decomposed based on the Lagrangian mean and fluctuation, where we find that the

wave-phase variation of the vorticity is important to the cumulative vorticity evolution. The mechanism of

how the wave-phase variation of the vorticity affects the long-term vorticity evolution is further discussed

in § 4.6.3, which provides insights into the physical process of the wave distortion. At last, the relation

between the CL vortex force and the modeling of the wave effect based on the Lagrangian decomposition

is discussed in § 4.6.4.

Here, we continue focusing on lG and lI because the spanwise turbulence vorticity is relatively weak

and is not directly affected by the wave (§ 4.5). The Lagrangian averaging (4.5) is applied to the vorticity

evolution equations (4.10) and (4.11), and the equations governing the Lagrangian mean vorticity 8! are

D
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The aforementioned sign-based average method is also applied here, i.e., the vorticity equations are
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Figure 4.17: Vertical profiles of the terms in the Lagrangian-averaged vorticity equation for lG! (4.12)
for (a) case L1, (b) case L3, and (c) case S: distortion by the wave D|

!
(——), distortion by the current

D2! (– – –), distortion by the turbulence DC ! (— · ·—), turbulence transport T C ! (— ·—), and viscous
force and SGS stress F ! (· · · · · ·). The results are normalized by D2

∗/�̄2.

multiplied by sign (l8) such that the positive and negative vorticities do not cancel each other during the

averaging. The Lagrangian average gives the evolution of the Lagrangian mean vorticity l8 ! when the

fluid elements are convected by the mean flow for several Lagrangian periods.

4.6.1 Lagrangian vorticity dynamics

The characteristics of the Lagrangian vorticity dynamics are found to depend mainly on LaC , and three

representative cases, L1, L3, and S, are assessed. As pointed out above, the case L1 with LaC = 0.35

represents the Langmuir turbulence scenario where the wave forcing is strong, and the case L3 with

LaC = 0.9 represents the condition when the wave forcing is relatively weak. The case S is the shear-driven

turbulence without the wave. The three cases demonstrate the transition of vorticity balance from strong

Langmuir turbulence to purely shear-driven turbulence.

We first look at the dynamics of the Lagrangian mean of the streamwise vorticity lG! . As shown in

figure 4.17(a), where the vertical profiles of the right-hand side terms in (4.12) are plotted, the positive

contributions to lG! are mainly due to the distortion by the wave and current,D|
!
andD2! , respectively.

However, the vertical distributions of the two effects are different. The wave effect D|
!
penetrates deeper
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Figure 4.18: Vertical profiles of the terms in the Lagrangian-averaged vorticity equation for lI ! (4.13) for
(a) case L1, (b) case L3, and (c) case S: distortion by the wave D|

!
(——), distortion by the turbulence

DC ! (— · ·—), turbulence transport T C ! (— ·—), and viscous force and SGS stress F ! (· · · · · ·). The
results are normalized by D2

∗/�̄2.

into the domain and dominates in the region away from the surface. The distortion by the current, D2! ,

is small at most of the depths because of the weak current shearing associated with the strong vertical

mixing in Langmuir turbulence (§ 4.3.1). Only when the viscous region at the surface is approached does

the current effect become comparable to the wave effect. This indicates that the streamwise vorticity in

most of the region is mainly enhanced by the wave straining.

As LaC increases and the current gradient becomes larger, the current effect becomes increasingly

important in the generation of the streamwise vorticity. At LaC = 0.5 (case L2, results not plotted), the

wave effect is still dominant at most of the depths. As LaC increases to 0.9 (case L3), the distortion by the

current prevails over the wave effect, as shown in figure 4.17(b). In the shear-driven turbulence (case S),

lG is completely driven by the tilting by the current (figure 4.17c).

The terms related to the dynamics oflI ! (4.13) are plotted in figure 4.18. For the Langmuir turbulence

cases L1 and L3 (figures 4.18a and 4.18b, respectively), the wave distortion effect,D|
!
, is negligible. This

indicates that the wave straining barely has any cumulative effect on the vertical vorticity, in contrast to its

enhancement effect on the streamwise vorticity. The current distortion effect,D2! , is not present in (4.13).

However, the current can still generates vertical vorticity through lHm|′/mH in the turbulence distortion
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term DC ! because the current has a spanwise vorticity mD2/mI. Vertical vorticity can be generated as the

turbulence velocity gradient m|′/mH turns the current-associated vorticity towards the vertical direction.

Meanwhile, we note that m|′/mH is associated with the streamwise vorticity. As a result, when the shearing

current amplifies the streamwise vorticity through D2! , the generation of the vertical vorticity is also

enhanced. This process associated with the current shearing is consistent with the analyses by Kida &

Tanaka (1994) and Teixeira & Belcher (2002, 2010), and is found to be strong in cases L3 and S where the

current effect is dominant.

The above analyses of Lagrangian vorticity dynamics show that the wave distortion effect is the

dominant factor in the generation of the vorticity in Langmuir turbulence. The wave cumulatively enhances

the streamwise vorticity, but has a negligible net effect on the vertical vorticity. This behavior is distinctively

different from the vortex distortion by the current, which not only enhances the streamwise vorticity, but

also induces an increase in the vertical vorticity (through the DC ! term as analysed above). Therefore,

the wave leads to more effective amplification and elongation of the streamwise vortices, as observed in

Langmuir turbulence.

4.6.2 Lagrangian decomposition of wave effect

To obtain a better understanding of how the wave straining enhances only the streamwise component of the

vorticity but not the vertical component, we apply the Lagrangian-average-based decomposition defined

in § 4.2,

〈 5 〉 = 5
! + 5 ; , (4.14)

to the wave stretching and tilting terms D|
!
in (4.12) and (4.13). To obtain the decomposition of D|

!
,

we first invoke the triple decomposition, (4.1) and (4.2),

D|
!
= 8 · ∇u|

!
= (〈8〉 + 8′) · ∇u|

!
. (4.15)

Recalling that the wave velocity is obtained from the phase averaging, i.e., ∇u| = 〈∇u|〉, we obtain

D|
!
= 〈8〉 · 〈∇u|〉

!
+ 8′ · 〈∇u|〉

!
. (4.16)



CHAPTER 4. FLOW FEATURES AND VORTICITY DYNAMICS 96

Note that the Lagrangian average (4.5) is defined based on the phase averaging, therefore the second term

on the right-hand side of (4.16) is zero. Then (4.16) can be further decomposed as

D|
!
= (8! + 8;) ·

[
∇u|

! + (∇u|);
]!
= 8! · ∇u|

! + 8; · (∇u|);
!

. (4.17)

The Lagrangian-average-based decomposition of the each individual term in D|
!
is

lG
mD|

mG

!

= lG
! mD|

mG

!

+ l;G
(
mD|

mG

) ; !
, (4.18a)

lI
mD|

mI

!

= lI
! mD|

mI

!

+ l;I
(
mD|

mI

) ; !
, (4.18b)

lG
m||

mG

!

= lG
! m||

mG

!

+ l;G
(
m||

mG

) ; !
, (4.18c)

lI
m||

mI

!

= lI
! m||

mI

!

︸       ︷︷       ︸
mean effects

+ l;I
(
m||

mI

) ; !
︸         ︷︷         ︸
correlation effects

. (4.18d)

The first terms on the right-hand side of (4.18) are in the form of a product of two Lagrangian-averaged

quantities, representing the effects of Lagrangian mean wave straining (§ 4.4.2) on the vorticity. In other

words, these are the change rate of the vorticity if we neglect the wave-phase variation of the vorticity

within the wave period. The second terms account for the contribution from the interactions between the

wave-phase-varying vorticity and the local wave orbital straining. For brevity, we call the first terms the

mean effects and the second terms the correlation effects.

The vertical profiles of the terms from the decomposition (4.18a) and (4.18b), which contribute to the

cumulative evolution of streamwise vorticity (4.12), are plotted in figure 4.19. The dominant terms are

found to be

lI
! mD|

mI

!

, l;I

(
mD|

mI

) ; !
, l;G

(
mD|

mG

) ; !
,

which are all positive and hence enhance lG! . The mean effect lI !mD|/mI
!
represents the generation

of the streamwise vorticity from the vertical vorticity component through the tilting by the Lagrangian

wave shear gradient. The tilting effect increases towards the surface due to the stronger wave straining near

the surface. When the surface is further approached, the tilting effect increases rapidly due to the strong
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Figure 4.19: Lagrangian decomposition of thewave distortion effectD|
G

!
(4.18a and 4.18b) for (a) case L1,

(b) case L1S, (c) case L2, and (d) case L3: mean effects lG!mD|/mG
!
(— ·—), lI !mD|/mI

!
(——), and

the estimation based on the potential wave solution (4.19) (�); correlation effects l;G (mD|/mG);
!

(– – –),

l;I (mD|/mI);
!

(· · · · · ·), and the estimation based on (4.23a) or (4.23b) in § 4.6.3 (4). Note that (4.23a)
and (4.23b) have the same values. The results are normalized by D∗02:3l.
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mD|/mI
!
within the viscous surface boundary layer discussed in § 4.4.2. The variation of lI !mD|/mI

!

is not fully shown in the vicinity of the surface in figure 4.19 because the viscous layer is thin and we

focus mainly on the region below. Using the potential wave solution mD|/mI
!
= (0:)2l42:I (Ardhuin &

Jenkins, 2006), we estimate the mean tilting effect as

lI
! mD|

mI

!

≈ lI !42:I (0:)2l. (4.19)

As shown in figure 4.19, this estimation agrees with the numerical solution below the surface layer, where

the irrotational wave solution represents mD|/mI
!
well (figure 4.9). We also note here that the other

mean effect, lG!mD|/mG
!
, is small because the Lagrangian mean stretching mD|/mG

!
is essentially zero

(§ 4.4.2).

Other than the mean tilting effect, the two correlation terms, l;I (mD|/mI);
!

and l;G (mD|/mG);
!

, also

make appreciable contributions to the enhancement of lG! . The contributions from the correlation terms

indicate that the variation of the vorticity within a wave period is important to the long-term vorticity

evolution. The quantification and the physical mechanism of the correlation effect are further discussed

in § 4.6.3 below.

Next, we show the terms from (4.18c) and (4.18d) in figure 4.20, which contribute to the evolution of

lI
! (4.13). It is found that the dominant terms are

lG
! m||

mG

!

, l;I

(
m||

mI

) ; !
, l;G

(
m||

mG

) ; !
.

The mean effect, lG!m||/mG
!
, is positive, indicating that the Lagrangian wave shear gradient tends to

tilt the streamwise vortices towards the vertical direction and increases the vertical vorticity. Note that the

viscous surface layer does not affect m||/mG
!
and thus does not lead to the sharp change of the profile

near the surface. Also plotted in figure 4.20 is the estimation of the mean effect using the potential wave

solution m||/mG
!
= (0:)2l42:I ,

lG
! m||

mG

!

≈ lG!42:I (0:)2l, (4.20)
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Figure 4.20: Lagrangian decomposition of thewave distortion effectD|
I

!
(4.18c and 4.18d) for (a) case L1,

(b) case L1S, (c) case L2, and (d) case L3: mean effects lG!m||/mG
!
(——), lI !m||/mI

!
(— ·—) and

the estimation based on the potential wave solution (4.20) (�); correlation effects l;G (m||/mG);
!

(– – –),

l;I (m||/mI);
!

(· · · · · ·) and the estimation based on (4.24a) or (4.24b) in § 4.6.3 (4). Note that (4.24a)
or (4.24b) have the same values. The results are normalized by D∗02:3l.
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which yields a good agreement with the simulation result. On the other hand, the correlation effects,

l;I (m||/mI);
!

and l;G (m||/mG);
!

, are negative, which, interestingly, cancel the mean effect. The

cancellation between the mean effect and the correlation effect results in nearly no net change of lI ! , in

direct contrast to lG! discussed in § 4.6.1.

In summary, the correlation effect associated with the wave-phase variation of the vorticity is found to

play an important role in the cumulative wave distortion of vortices. Notably, the near-zero change of the

vertical vorticity is a result of the cancellation between the mean tilting effect and the correlation effect.

Meanwhile, the correlation effect is as important as the mean effect in enhancing the streamwise vorticity.

The mean effect and the correlation effect on the Lagrangian vorticity evolution are illustrated in the right

part of figure 4.16.

4.6.3 Quantification of correlation effect in cumulative vorticity dynamics

Due to the importance of the correlation effect shown in § 4.6.2, we further investigate it by quantifying

the correlation terms to understand the underlying process. Because the correlation effect involves the

interactions between the Lagrangian fluctuation of the vorticity and the wave straining, we first estimate the

fluctuation of the vorticity, 8; , and then consider its correlation with the wave straining, (∇u|); . Based

on the definitions in (4.5) and (4.7), the Lagrangian fluctuation is essentially the variation with the wave

phase, which is shown in § 4.5.4 to be mainly driven by the wave orbital straining. Therefore, the evolution

of 8; is estimated by
�8;

�C
≈ 8! · (∇u|); , (4.21)

and the vorticity fluctuation with the wave phase is then

l;G ≈ 8! ·

∫
(∇D|); dC, l;I ≈ 8! ·

∫
(∇||); dC. (4.22)

Using (4.22), we can calculate the leading order of the correlation terms in (4.18). The details of the

derivations are given in appendix D.

As derived in appendix D (D.4 and D.5), the correlation terms from (4.18a) and (4.18b), which affect
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the evolution of lG! (4.12), are

l;G

(
mD|

mG

) ; !
≈

[
lI

!

∫ (
mD|

mI

) ;
dC

] (
mD|

mG

) ; !
≈ 0.5lI !42:I (0:)2l, (4.23a)

l;I

(
mD|

mI

) ; !
≈

[
lI

!

∫ (
m||

mI

) ;
dC

] (
mD|

mI

) ; !
≈ 0.5lI !42:I (0:)2l. (4.23b)

The estimations at the end of (4.23a) and (4.23b) are plotted in figure 4.19 and agree with the simulation

result. The combined contribution from the two correlation terms is approximately the same as the mean

effect (4.19). We also note that the magnitudes of the above correlation terms are positively proportional to

lI
! , which means that the streamwise vorticity of the same sign as lI ! is generated from the correlation

effect as if the vertical vortices are ‘tilted’ towards the streamwise direction. The physical processes

associated with (4.23a) and (4.23b) are illustrated in figures 4.21(a) and 4.21(b), respectively, and discussed

in more detail below.

The interaction between lI !
∫
(mD|/mI);dC and (mD|/mG); in (4.23a) is illustrated in figure 4.21(a).

In (4.23a), lI !
∫
(mD|/mI);dC represents the periodic tilting of vertical vortex filaments, which induces

streamwise vorticity fluctuationl;G , as shown in the left part of figure 4.16 and the first row of figure 4.21(a).

The vorticity fluctuation l;G is positively correlated with the wave orbital straining (mD|/mG); , leading to

a net increase in the streamwise vorticity. For example, if lI ! is positive, the tilting results in positive l;G

under the backward slope and negative l;G under the forward slope. The positive l;G is amplified under

the backward slope due to the streamwise stretching, which outweighs the negative l;G that is suppressed

under the forward slope due to compression (figure 4.21a). As a result, net positive streamwise vorticity

is generated. A similar process occurs with negative lI ! , which eventually generates negative streamwise

vorticity (not plotted in figure 4.21a). In summary, the correlation effect (4.23a) amplifies the streamwise

vorticity, due to the periodic tilting of vertical vortex filaments combined with streamwise stretching and

compression.

Figure 4.21(b) illustrates the correlation between lI !
∫
(m||/mI);dC and (mD|/mI); in (4.23b). The

value of lI !
∫
(m||/mI);dC represents the fluctuation l;I induced by the vertical stretching and compres-

sion of vertical vortex filaments (the left part of figure 4.16 and the first row of figure 4.21b). If lI ! is

positive, the resulting l;I is positive under the crest and negative under the trough. Because (mD|/mI);
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(a)

(b)

Figure 4.21: Sketch of the correlation between the fluctuating vorticity and the wave straining, and
how the correlation contributes to the cumulative evolution of lG!: (a) the correlation between l;G and
(mD|/mG); (4.23a); (b) the correlation between l;I and (mD|/mI); (4.23b). The first row of (a) and (b),
which is similar to the left part of figure 4.16, shows the generation of the Lagrangian fluctuation, 8;
(vortex tubes with dashed lines), due to the tilting and stretching of vertical vortices, respectively. The
second row of (a) and (b) illustrates the interaction of 8; with the local wave straining of stretching and
tilting, respectively. The third row illustrates the net vorticity generated by the correlation effect, denoted
by solid grey tubes.
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is positive under the crest, the vorticity vector with positive l;I is tilted clockwise and generates positive

streamwise vorticity. Under the trough, (mD|/mI); is negative and the counter-clockwise tilting of the vor-

ticity vector with negative l;I also generates positive streamwise vorticity. Therefore, positive streamwise

vorticity is cumulatively generated. The correlation process for negative lI ! is similar, and the net effect

is the increase of negative streamwise vorticity. The above discussion explains (4.23b).

Next, we discuss the correlation terms in (4.18c) and (4.18d) for the dynamics oflI ! (4.13). Following

appendix D (D.6 and D.7), we have

l;G

(
m||

mG

) ; !
≈

[
lG

!

∫ (
mD|

mG

) ;
dC

] (
m||

mG

) ; !
≈ −0.5lG!42:I (0:)2l, (4.24a)

l;I

(
m||

mI

) ; !
≈

[
lG

!

∫ (
m||

mG

) ;
dC

] (
m||

mI

) ; !
≈ −0.5lG!42:I (0:)2l. (4.24b)

As shown in figure 4.20, the estimation given by (4.24a) and (4.24b) is also in good agreement with the

LES result. Note that the two correlation terms are related to lG! , and they together cancel the mean

tilting effect (4.20), indicating that the correlation effect effectively prevents the streamwise vortices from

being tilted back to the vertical direction, consistent with preceding analyses of the Lagrangian vorticity

dynamics. Figure 4.22 illustrates the correlations between the vorticity fluctuation and the wave straining

associated with (4.24a) and (4.24b).

Equation (4.24a) reduces to the interaction between the vorticity fluctuation lG!
∫
(mD|/mG); and the

local wave straining (m||/mG); , which is sketched in figure 4.22(a). The vorticity fluctuation is associated

with the periodic stretching and compression oflG! by the wave, as illustrated in the left part of figure 4.16

and the first row of figure 4.22(a). If lG! is positive, the corresponding l;G is positive under the trough and

negative under the crest. Under the trough, the negative (m||/mG); tilts the positive vorticity vector l;G

clockwise and results in the generation of negative vertical vorticity. Under the crest, both (m||/mG); and

l;G reverse signs, which still leads to negative vertical vorticity. As a result, net negative vertical vorticity

is generated. For negative lG! , the above correlation process results in net positive vertical vorticity. The

above discussion explains (4.24a).

The correlation between lG!
∫
(m||/mG); dC and (m||/mI); in (4.24b) is illustrated in figure 4.22(b).

The value of lG!
∫
(m||/mG); dC represents the vertical vorticity fluctuation l;I generated from the tilting
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(a)

(b)

Figure 4.22: Sketch of the correlation between the fluctuating vorticity and the wave straining, and
how the correlation contributes to the cumulative evolution of lI !: (a) the correlation between l;G and
(m||/mG); (4.24a); (b) the correlation between l;I and (m||/mI); (4.24b). The first row of (a) and (b),
which is similar to the left part of figure 4.16, shows the generation of the Lagrangian fluctuation,8; (vortex
tubes with dashed lines), due to the stretching and tilting of streamwise vortices, respectively. The second
row of (a) and (b) illustrates the interaction of 8; with the local wave straining of tilting and stretching,
respectively. The third row illustrates the net vorticity generated by the correlation effect, denoted by solid
grey tubes.
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of streamwise vortex filaments (the left part of figure 4.16 and the first row of figure 4.22b). If lG! is

positive, the tilting leads to negative l;I under the forward slope and positive l;I under the backward slope.

The negative l;I is amplified by the vertical stretching due to the positive (m||/mI); under the forward

slope. On the other hand, under the backward slope, the positive l;I is suppressed by the compression due

to the negative (m||/mI); . Therefore, the negative l;I outweighs the positive l;I , and net negative vertical

vorticity is generated. The correlation process for negative lG! is similar, which results in net positive

vertical vorticity. The above discussion explains (4.24b).

To summarize, the correlation effects in (4.23a) and (4.23b) indicate that streamwise vorticity can be

generated from the interactions between the wave straining and the vorticity fluctuation induced by the

periodic tilting and stretching of vertical vortices. This means that the mean effect and the correlation effect

together ‘tilt’ vertical vortices towards the streamwise direction, as illustrated step by step in figure 4.21

and summarized in the right part of figure 4.16. Furthermore, the streamwise vorticity generated by the

correlation effect has the same estimated value as that generated by the mean tilting effect (4.19). On the

other hand, (4.24a) and (4.24b) represent the generation of vertical vorticity from the correlation between

the wave straining and the vorticity fluctuation due to the stretching and tilting of streamwise vortices

(figure 4.22). This correlation effect, of which the values are opposite to the mean tilting effect (4.20),

effectively cancels the tilting of the streamwise vortex filaments by the mean effect (the right part of

figure 4.16). The physical processes underlying the correlation effects indicate that the phase variation of

the vorticity within a wave period is important to the cumulative vorticity evolution in Langmuir turbulence.

4.6.4 Discussion on the CL vortex force

Now we compare the above analyses of the cumulative vorticity dynamics with the vortex force in the CL

vorticity equation (Craik & Leibovich, 1976)

∇ × (uB × 8) = −uB · ∇8 + 8 · ∇uB . (4.25)

Here, uB · ∇8 is the convection of the vorticity due to the wave Stokes drift, and 8 · ∇uB represents the

change rate of the vorticity due to vortex distortion by the wave Stokes drift. For uni-directional waves

in the streamwise direction, the Stokes drift only has one non-zero component that varies in the vertical
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direction, i.e., uB = (DB (I), 0, 0). The vortex distortion 8 · ∇uB reduces to

8 · ∇uB |G = lI
mDB

mI
, 8 · ∇uB |H = 8 · ∇uB |I = 0. (4.26)

The only vorticity distortion term, lI (mDB/mI), appears in the G-direction. It indicates that the vertically

varying Stokes drift acts like a shearing effect that tilts vertical vorticity filaments to generate streamwise

vorticity.

If we use DB = 02:l42:I (Phillips, 1977), the generation rate of streamwise vorticity due to the Stokes

drift is

lI
mDB

mI
= 2lI42:I (0:)2l. (4.27)

Compared with our analyses of the Lagrangian dynamics of the vorticity (§§ 4.6.2 and 4.6.3), (4.27) is

consistent with the combined contribution from the mean effect (4.19) and the correlation effect (4.23).

On the other hand, the vortex force has no effect on the vertical vorticity, which is also consistent with our

Lagrangian analysis above that the correlation effect (4.24) cancels the mean effect (4.20) in the evolution

of vertical vorticity. Therefore, the vortex force modeling of the wave effect on the wave-phase-averaged

vorticity agrees with our wave-phase-resolved simulation and analyses.

The agreement is interesting yet not surprising. In the derivation of the CL equations (Craik &

Leibovich, 1976; Leibovich, 1977b), the estimation of the order of magnitude and the multiscale asymptotic

analysis show that the first-order perturbation to the vorticity is driven by the interactions between the wave

and the leading-order (averaged) vorticity; then the first-order vorticity perturbation interacts with the wave

cumulatively, of which the effect is obtained through an integration, leading to the vortex force term.

The first-order vorticity perturbation estimated in the CL theory is similar to the phase variation of the

vorticity in our Lagrangian analysis in that they both are related to the wave orbital straining and the

mean vorticity (§ 4.5.4 and the quantitative estimation 4.22). In other words, the vortex force includes

the effect of the wave-phase-correlated vorticity fluctuation and models it using the wave-phase-averaged

quantities, therefore the vortex force shows good agreement with our evaluation of the wave effect. This

again confirms that the fluctuating vorticity is important to the correct modeling of the wave-phase-averaged

vorticity dynamics.



CHAPTER 4. FLOW FEATURES AND VORTICITY DYNAMICS 107

The Lagrangian decomposition of the wave distortion terms separates the effect of the wave-phase-

correlated fluctuating vorticity from the mean effect, further revealing the physical process underlying the

phase-averaged vorticity dynamics. The increase of the streamwise vorticity, which appears to be due to

the tilting of the vertical vortices by the Stokes drift according to the Stokes force, is caused by two effects,

the mean tilting by the Lagrangian wave shear gradient and the ‘oscillatory tilting’ due to the correlation

between the vorticity fluctuation and the wave orbital straining within a wave period. Themean effect (4.19)

and the correlation effect (4.23) both account for half of the total increase rate of the streamwise vorticity.

By contrast, for the vertical vorticity, the mean effect (4.20) and the correlation effect (4.24) cancel each

other, which is why while the wave distortion turns vertical vortices into horizontal vortices, it does not turn

the latter back to the former. Therefore, the phase variation of the vorticity and its associated correlation

effect is as crucial as the effect of the Lagrangian wave velocity gradient.

It should be pointed out that both the CL modeling and the present study focus on the first-order

moments of turbulence statistics, i.e., the wave-phase-averaged vorticity (or equivalently velocity after

integration). High-order moments, such as the Reynolds stress and turbulent kinetic energy (TKE), are

also important to various applications but are more complex to model because they are often associated

with stronger nonlinear effects. Zhou (1999) conjectured that the nonlinear interactions between the wave

straining and the turbulence fluctuations with time scales similar to the wave period lead to the differences in

Reynolds stress between the wave-phase-resolved simulation and the CL-based simulation. Meanwhile, it is

evident from the analyses of the correlation effects in the vorticity dynamics that the wave-phase-correlated

turbulence vorticity contributes to the wave-phase-averaged vorticity through its correlation with the wave

straining, which we show can be modelled using the phase-averaged vorticity as (4.23) and (4.24). For

high-order moments, it is not clear yet whether such correlation effects can be accounted for by the wave-

phase-averaged equations. For example, in wall turbulence, the nonlinear interaction among vortices is an

important mechanism for the generation of Reynolds stress (Ganapathisubramani et al., 2003). The wave-

phase-correlated fluctuating vortices may also have effects on the wave-phase-averaged Reynolds stress

through nonlinearity. The effects of the wave-phase-correlated turbulence fluctuations on higher-order

moments of turbulence statistics, which are beyond the scope of this paper, should be investigated in future

studies.
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4.7 Conclusions

The purpose of this study is to mechanistically investigate the wave effects on turbulence vorticity in

Langmuir turbulence using wave-phase-resolved simulation. The unified simulation of the surface wave

and turbulence fields is enabled by the wave-phase-resolved LES on a surface-fitted curvilinear grid. This

approach resolves the wave effect explicitly, and thus avoids the modeling of the wave effects as in the

CL-based simulations in the literature. In this work, we set up LES of the turbulent flow with wind shear

stress applied at the wave surface subject to fully nonlinear free-surface kinematic and dynamic boundary

conditions. This numerical set-up facilitates mechanistic analyses of the role of wave in the vorticity

evolution. We have been able to gain insights into the direct distortion of turbulence vorticity by the wave

orbital straining, and the long-term effects of the wave straining on the wave-phase-averaged vorticity.

To analyse the current, wave and turbulence in the wave-phase-resolved frame, we have proposed a

triple decomposition method based on the GLM theory to separate the wave-induced velocity and the

current. After examining the current profile, the surface flow structures and the vortex structures, we have

found that the wave-phase-resolved simulation successfully captures the characteristic features of Langmuir

turbulence. The current is nearly uniformly distributed over the water column due to the enhanced vertical

mixing associated with the Langmuir turbulence. The windrows are illustrated by tracer particles. Both

the instantaneous vorticity field and the reconstructed vortex structure using the LSE method show that

quasi-streamwise vortices dominate the near-surface region. Compared with the vortices in a shear-driven

flow, the vortices in Langmuir turbulence are more elongated in the streamwise direction and usually appear

in pairs. Most interestingly, we have observed a strong dependence of the distribution of the vortices with

the wave phase.

To understand the wave effect on the turbulence vorticity, the wave properties are assessed, including

the orbital straining varying with the wave phase and the Lagrangian mean wave straining (figure 4.10). The

analyses of the wave orbital straining and the Lagrangian straining show that the wave is largely irrotational.

The viscosity and the imposed surface shear stress only affect the wave motion in a thin viscous surface

layer.

We then investigated the variation of the vortex structures and the vorticity statistics with thewave phase.

Both the length and tilting angles of the vortices are found dependent on the wave phase. The enstrophy
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and the histograms of the inclination angles of the vorticity vectors also show variation with the wave

phase. The analyses of the vorticity evolution equations reveal that the wave-phase variation of the vorticity

and the resulting vortex structure are caused by the periodic stretching and tilting of the wave straining

(figure 4.16). The streamwise vortices are stretched by the wave normal straining under the backward slope

and compressed under the forward slope. The vertical vortices are stretched under the forward slope and

compressed under the backward slope. Under the wave crest, the wave shear straining turns streamwise

vortices and vertical vortices in the counter-clockwise and clockwise directions, respectively. Under the

wave trough, the tilting directions reverse.

Besides the direct distortion effects of the wave on the phase variation of vorticity statistics, we have

also analysed the vorticity dynamics in the Lagrangian frame to study the cumulative effects of the wave

straining. In Langmuir turbulence, the wave straining leads to a cumulative enhancement of the streamwise

vorticity, while its net effect on the vertical vorticity is negligible. This results in an overwhelming titling

of vortices to the streamwise direction, and the elongation of the vortices.

To understand the mechanisms of the wave distortion effect, we have employed a Lagrangian-based

Reynolds decomposition to analyse the effects of the Lagrangian mean quantities and the effects of the

correlation between the wave-phase-dependent fluctuations. It is found that the phase correlation between

the vorticity fluctuations and the wave orbital straining results in a net contribution to the streamwise

vorticity, working together with the Lagrangian mean straining to tilt vertical vortices to the streamwise

direction. On the other hand, the correlation effect cancels the tendency of the mean effect to increase the

vertical vorticity, resulting in a negligible net change in the vertical vorticity. Therefore, the wave-phase

variation of the turbulence vorticity is an important factor for the wave distortion effects to be selective

on the different vorticity components. Overall, the stretching and tilting of the vorticity by the wave

straining results in the enhancement of the streamwise vorticity. Because the streamwise vortical structures

are important to the generation of Reynolds shear stress (McWilliams et al., 1997; Teixeira & Belcher,

2002; Ganapathisubramani et al., 2003), the dominance of the streamwise vortices leads to a more efficient

vertical mixing in the ocean surface boundary layer.

We have also performed a quantitative analysis of the correlation effect of the wave-phase-dependent

fluctuations and obtained a physical picture of how the correlation effect contributes to the cumulative

vorticity evolution. For the increase of the streamwise vorticity, the correlation effect is related to the
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vorticity variation induced by the vertical vorticity (figure 4.21). On the other hand, the correlation terms

in the evolution of the vertical vorticity are related to the vorticity variation induced by the streamwise

vorticity (figure 4.22). The vortex force modeling of the wave-phase-averaged vorticity has been found

to agree with our quantitative analyses of the combined mean and correlation effects in the cumulative

vorticity dynamics because the effect of the fluctuating vorticity is modelled using the wave-phase-averaged

quantities in the multiscale asymptotic analysis.

The present study is performed at a moderate Reynolds number Reg = 2000, which is lower than the

realistic oceanic environment (§ 3.3). In appendix E, a simulation of Langmuir turbulence with Reg = 500

is performed and shows that the vorticity distortion terms associatedwith the wave straining are qualitatively

the same as those from Reg = 2000. The result suggests that the fundamental mechanism of the wave effect

on the turbulence vorticity is insensitive to the Reynolds number and we conjecture that the mechanism

can apply to higher Reynolds number flows. This is likely similar to the fact that the features of the

turbulence structures near the boundary are weakly dependent on the Reynolds number in other types of

flows (Klewicki et al., 1995; Morris et al., 2007).

We shall also note that under realistic conditions, misaligned wind and wave can occur due to swells

and non-equilibrium wind seas (Gnanadesikan &Weller, 1995; Polonichko, 1997; Van Roekel et al., 2012;

Sullivan et al., 2012; McWilliams et al., 2013; Rabe et al., 2014; Chen et al., 2016). Compared with the

canonical condition considered in this study where the wind and the wave are co-aligned, the orientation

of Langmuir cells is found to depend on the angles between the wave and wind. In terms of the vorticity

dynamics, the tilting and stretching direction of the vorticity by the surface wave is not the same as the

tilting direction of the wind-shear-driven current. The two mechanisms compete with each other and affect

the balance of the vorticity evolution equations (4.12) and (4.13). In some cases, the current and wave may

apply opposing effect on the vorticity distortion and suppress the Langmuir turbulence. However, for the

wave straining effect on the vorticity considered in this work, 8 · ∇u|
!
, because the order of magnitude of

u| is significantly larger than the turbulence velocity scale, we conjecture that the modeling of the mean

effect and the fluctuation effect can be generalized to apply to the misaligned cases. This can be evaluated

in future work using the wave-phase-resolved simulations.

The vorticity and coherent vortical structures are important features of turbulent flows. The analyses

of vorticity tilting and stretching due to the mean and correlation effects provide better understanding of
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the dynamical connection between the wave distortion and the generation of the turbulence vorticity in

Langmuir turbulence. The new perspective highlights the role of the wave-phase-coherent turbulence in

the dynamics of wave–turbulence interactions, i.e. the correlation effects. These findings also suggest

considering the potential importance of the wave-phase-coherent turbulent motions in other aspects of the

wave–turbulence interactions. For example, the CL equation and the Lagrangian mean vorticity evolution

both describe the wave-phase-averaged quantities of the flow that are first-order moments of turbulence

statistics (e.g., velocity or vorticity). Considering that the vortices are closely associated with the generation

of the Reynolds shear stress and the production of the TKE, the fluctuating vortices due to the stretching

and tilting also indicate the variation of the Reynolds stress and TKE with the wave phase (Xuan & Shen,

2019), and the present work provides a possibility to investigate and quantify other wave-phase-correlated

turbulence statistics. In future work, it would be desirable to investigate the effects of the wave-phase-

dependent turbulent motions on higher-order turbulence statistics, such as the TKE and Reynolds stresses,

and their relations with the wave-phase-averaged turbulence statistics.



Chapter 5

Reynolds stresses and turbulent kinetic

energy

5.1 Introduction

In this section, we investigate the wave-phase modulation effect on Reynolds normal and shear stresses and

the resultant accumulative effect on TKE using the wave-phase-resolved LES data of Xuan et al. (2019), in

which the Langmuir turbulence generated by a wind-driven shear flow and a monochromatic progressive

wave is simulated, as sketched in figure 3.1. In the present study, the wave-phase variation of the Reynolds

stresses is examined and is found to exhibit some differences from the prediction in the literature. The

transport equations of the Reynolds stresses in the wave-phase-resolved frame are analysed to reveal the

mechanisms of the wave-phase dependent variations, which include the wave straining and the turbulence

pressure effects. The dynamics of the wave-phase-averaged TKE is then investigated using the Lagrangian

average of the TKE budget, with a focus on the net energy flux from the wave to the turbulence. It is

discovered that, in addition to the interaction between the wave-phase-averaged Reynolds shear stress and

the Lagrangian wave straining, the wave-phase-dependent part of the Reynolds shear stress also yields a

net energy flux. The latter path of energy flux is found to be caused by the phase correlation between the

Reynolds stresses and the wave orbital velocity gradients, for which a model is proposed in this study. The

112
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effect of the correlation-induced energy transfer is then explained, providing a better understanding of the

properties of the turbulence underneath surface waves.

This section is organized as follows. In § 5.2, the wave-phase variations of the Reynolds stresses and

their budget equations are discussed. In § 5.3, the wave-phase-averaged TKE budget is analysed using the

Lagrangian average for the accumulative dynamics of thewave–turbulence interactions. At last, conclusions

are given in § 5.4.

5.2 Variation of Reynolds stresses in wave-following frame

In this section, the variation of the Reynolds normal and shear stresses with the wave phase is examined in

the wave-phase-resolved frame. First, in § 5.2.1, the overall properties of the Reynolds stresses from the

wave-phase-resolved simulations are discussed. Then, the wave-phase variation of the Reynolds stresses

is quantified in § 5.2.2. Finally, in § 5.2.3, we evaluate the budget equations of the Reynolds stresses in

the wave-following frame to explain the dynamic mechanisms of the wave-phase variation of the Reynolds

normal and shear stresses.

5.2.1 Overview of Reynolds stresses

Figure 5.1 shows the contours of the phase-averaged Reynolds normal stresses
〈
D′2
8

〉
as defined by (4.2) for

case 1 (LaC = 0.35) and case 3 (LaC = 0.9), which represent the scenarios of strong and weak wave forcing,

respectively. The intensities of the turbulence fluctuations in the three directions are considerably different

between the two cases. The streamwise Reynolds normal stress
〈
D′2

〉
in case 1 is much weaker than that in

case 3, indicating that the streamwise velocity fluctuations are suppressed in strong Langmuir turbulence.

Meanwhile,
〈
{′2

〉
and

〈
|′2

〉
are increased as the wave forcing becomes stronger due to the enhanced

streamwise vortical structures and the strong vertical mixing present in the Langmuir turbulence. With

the suppression of
〈
D′2

〉
and the intensification of

〈
{′2

〉
and

〈
|′2

〉
, the vertical and spanwise fluctuations

become significantly stronger than the streamwise fluctuations in case 1. On the other hand, case 3 with

the weak wave forcing has the relation
〈
D′2

〉
>

〈
{′2

〉
>

〈
|′2

〉
, similar to the turbulent flow driven by

shear only. The above results indicate that the anisotrophy of the turbulence in case 1 is mainly caused

by the wave. Our numerical results are consistent with the observations of the Langmuir turbulence
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Figure 5.1: Contours of phase-averaged Reynolds normal stresses (a,d)
〈
D′2

〉
, (b,e)

〈
{′2

〉
, and (c,f)

〈
|′2

〉
for (a–c) case 1 (LaC = 0.35) and (d–f) case 3 (LaC = 0.9), respectively. The Reynolds stresses are
normalized by D2

∗. The grey lines in (a) represent the fixed depth :I = −0.1 (— ·—) and the Lagrangian
trajectory with a mean depth :I = −0.1 (– – –) that are used in figures 5.3 and 5.4, respectively.

in the literature (McWilliams et al., 1997; D’Asaro, 2001; Li et al., 2005), further confirming that the

wave-phase-resolved LES successfully captures the effect of wave forcing and the features of Langmuir

turbulence.

In the vertical direction, both horizontal velocity fluctuations,
〈
D′2

〉
and

〈
{′2

〉
, increase towards the free

surface. This is expected because the wave and current forcing that provide energy to the turbulence is

stronger near the surface. Meanwhile, the kinematic blocking effect of the free surface leads to the energy

redistribution from the vertical turbulence fluctuations to the horizontal components, which also increases

the energy of
〈
D′2

〉
and

〈
{′2

〉
(Shen et al., 1999; Guo & Shen, 2010, 2014). Also due to the blocking effect,〈

|′2
〉
decreases as the free surface is approached. We can also see from figure 5.1 that the contours of〈

D′2
8

〉
near the wave surface follow the wave geometry closely in case 1 (LaC = 0.35) and roughly in case 3

(LaC = 0.9). This result indicates that the intensity of near-surface turbulence fluctuations is dependent on

the vertical distance from the wave surface. This surface effect can extend to approximately : (I−[) = −0.2

for
〈
D′2

〉
and

〈
|′2

〉
and : (I − [) = −0.7 for

〈
{′2

〉
(whole range not plotted). In the following § 5.2.2, the
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Figure 5.2: Contours of phase-avearged Reynolds shear stress 〈−D′|′〉 for (a) case 1 (LaC = 0.35) and (b)
case 3 (LaC = 0.9). The stress is normalized by D2

∗.

effect of the vertical variation of the turbulence intensity on the wave-phase variation of Reynolds stresses

is further discussed.

The phase-averaged Reynolds shear stress 〈−D′|′〉 for case 1 (LaC = 0.35) and case 3 (LaC = 0.9)

are shown in figures 5.2(a) and 5.2(b), respectively. The shear stress in case 1 is stronger than that in

case 3, indicating that the momentum transport in the vertical direction is enhanced by the wave forcing,

as expected from the increased
〈
|′2

〉
discussed above. The greater momentum mixing leads to a more

uniform profile of the mean current in Langmuir turbulence (see e.g. Xuan et al., 2019). We can see from

figure 5.2 that the influence of the wave phase is obvious for the Reynolds shear stress, which is quantified

in the following § 5.2.2. In the vicinity of the surface, the shear stress decreases rapidly in both cases due

to the constraint imposed by the surface blocking effect. However, we shall note that the values of 〈−D′|′〉

do not go to zero at the surface, for which the reason is discussed in the following section.

5.2.2 Wave-phase variation of Reynolds stresses

As discussed in § 5.2.1 and shown in figure 5.1, the near-surface intensity of the turbulence velocity

fluctuations is affected by the distance from the wave surface. In other words, if the turbulence statistics

are measured at a fixed location, especially near the surface, they are expected to vary with the wave phase

due to the passage of the wave. We take the streamwise Reynolds stress
〈
D′2

〉
as an example. Figure 5.3

plots the variation of
〈
D′2

〉
at the location :I = −0.1 along with the data from the laboratory measurements

of the turbulence under a wind-sheared surface wave by Jiang & Street (1991) and Thais & Magnaudet
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Figure 5.3: Normalized variation of Reynolds normal stress
〈
D′2

〉
at the fixed depth :I = −0.1 in case

2 (——). The values of
〈
D′2

〉
are normalized by its mean value over the wave period at that depth,

D′2 = (!G)−1 ∫ !G

0 〈D′2〉dG. The experimental data plotted in the figure for comparison are from: Jiang &
Street (1991) with an air speed *air = 2.5 m s−1 and an estimated turbulent Langmuir number LaC = 0.52
(M); Jiang & Street (1991) with *air = 4.1 m s−1 and LaC = 0.66 (�); Thais & Magnaudet (1996) with
*air = 4.5 m s−1 and LaC = 0.57 (case E2) (◦). The wave surface geometry [ corresponding to the wave
phase :G is illustrated using the solid line above the plot. The dotted line with the arrow above the plot
indicates that the variation is measured at a fixed depth (the dash-dotted line in figure 5.1a) and the phase
change is in the −G−direction in the wave-following frame.

(1996). These experiments are estimated to have comparable LaC with case 2 in our study. We can see

that our LES result is consistent with the experimental data, indicating that our simulations indeed capture

the wave-phase effect on the turbulence. Both the experiments and our numerical results show that the

maximum
〈
D′2

〉
occurs under the wave trough. This is because

〈
D′2

〉
increases as the free surface is

approached (figure 5.1a) and the distance to the surface is the shortest under the wave trough.

However, relying on the observation at a fixed point has the shortcoming of failing to account for the

region between the wave trough and the wave crest. To overcome this drawback, we instead consider the

variation of the turbulence statistics along the Lagrangian trajectory of a fluid element convected by the

wave, i.e. along the streamline of the mean flow in the wave-following frame. As illustrated in figure 4.10,

the streamline follows the wave surface geometry such that the region below the wave crest is included.

Moreover, as discussed above, the variation of Reynolds normal stresses at a fixed point is mainly due to the

kinematic motion, i.e., the change of the distance from the surface. By contrast, the Lagrangian trajectory

follows the wave geometry and thus reflects the variation of turbulence statistics due to flow dynamics more
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closely.

Figure 5.4 plots the normalized variation of the Reynolds normal stresses,
(
D′2
8

) ;/D′2
8

!

. By defini-

tion (4.7),
(
D′2
8

) ; reflects the variation of
〈
D′2
8

〉
along the streamline of the wave in the wave-following

frame. Also plotted is the theoretical prediction of the wave-phase variation of the streamwise and vertical

Reynolds normal stresses based on the RDT analysis by Teixeira & Belcher (2002), which is given by

(D′2);

D′2
!
=

4
5
0:4:I sin(:G − fC), (5.1a)

(|′2);

|′2
!
= −4

5
0:4:I sin(:G − fC). (5.1b)

We note that the above prediction is obtained from a simplified RDT model which considers only the

normal straining of the wave, i.e. mD|/mG and m||/mI. Teixeira & Belcher (2002) found that considering

only the normal straining can yield a good approximation of the full RDTmodel with all components of the

straining in terms of the fluctuating amplitude and phase distribution, and therefore neglected the effects

of the shear straining. In the mean time, with only the normal straining, the model for slab-symmetric

straining flows (Townsend, 1998) can be employed to obtain explicit expressions for the evolution of

Reynolds stresses. Therefore, the simplified model is used here for comparisons with our LES results. For

the spanwise Reynolds stress, the simplified RDTmodel yields a result that depends on the initial condition

and is thus not suitable for the comparison with the quasi-steady flow in the present work.

As shown in figure 5.4(a), the values of
(
D′2

) ; for different simulation cases vary sinusoidally with

the wave phase. The maxima and minima of
(
D′2

) ; indicate that, along the streamline,
〈
D′2

〉
is stronger

under the crest and weaker under the trough, respectively. This distribution is roughly consistent with the

prediction by the RDT analysis (5.1a). The magnitude of
(
D′2

) ; also shows an overall agreement with

the theoretical model, which predicts that the magnitude of the variation of
〈
D′2

〉
is proportional to the

wave steepness 0: . These results indicate that the simplified RDT model (5.1a) can capture the dominant

dynamics underlying the wave-phase variation of
〈
D′2

〉
. However, we also find that the extrema of

〈
D′2

〉
deviate slightly from the crest or trough because (5.1a) considers only the normal straining. The neglected

processes, such as the shear straining, can lead to the phase shift of the Reynolds stresses. Nevertheless, the

maximum deviation among all the cases at all depths is within 12◦ (not plotted), indicating that the normal

straining governs the wave-phase variation of the streamwise stress, which is also shown in the analysis of



CHAPTER 5. REYNOLDS STRESSES AND TURBULENT KINETIC ENERGY 118

η η η

0 π/2 π 3π/2 2π
kx

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

(u′2)l

u′2
L

0 π/2 π 3π/2 2π
kx

(v′2)l

v′2
L

0 π/2 π 3π/2 2π
kx

(w′2)l

w′2L

(a) (b) (c)

Figure 5.4: Normalized wave-phase variation of Reynolds normal stresses in the wave-following frame
along the Lagrangian trajectory with a mean depth :I = −0.1 for case 1 (——), case 2 (– – –), case 3
(— ·—) and case 1S (— · ·—): (a) (D′2);/D′2

!
, (b) ({′2);/{′2

!
and (c) (|′2);/|′2

!
. For comparison,

the theoretical results (5.1) based on the RDT analysis by Teixeira & Belcher (2002) for 0: = 0.084 (M)
and 0: = 0.15 (◦) are plotted. The wave surface geometry [ corresponding to the wave phase :G is
illustrated using the solid line above the plot. The dotted line with the arrows above the plot indicates that
the variation is measured following the Lagrangian trajectory (the dashed line in figure 5.1a), which points
to the −G−direction in the wave-following frame.

budgets in § 5.2.3.

The trajectory-following result shown in figure 5.4(a) is completely different from the fixed-point result

(figure 5.3), suggesting that the kinematic-induced fluctuation of
〈
D′2

〉
is indeed dominant in the fixed-

point observation and this effect is removed in the Lagrangian approach. This contrast suggests that care

should be taken when interpreting data from fixed-point measurement under water waves, as one would

obtain from experiments. To remove the kinematics-induced fluctuations from fixed-point observations, a

coordinate transformation can be performed to obtain the Lagrangian fluctuations of turbulence statistics.

For a trajectory, the vertical deviation of its mean depth, b3 (see section 4.2), can be approximated using a

linear relation as

b3 = 4:I 〈[〉 , (5.2)

where I is the mean depth of the trajectory. Then, using the above coordinate transformation, the turbulence

statistics along the Lagrangian trajectory can be computed by interpolating the fixed-point data at each

wave phase onto the location of the trajectory, I + b3.

The spanwise Reynolds normal stress also exhibits a sinusoidal variation with the wave phase (fig-

ure 5.4b). The value of
(
{′2

) ; reaches its maxima near the wave trough and on the backward slope, and
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Figure 5.5: Normalized wave-phase variation of Reynolds shear stress in the wave-following frame for case
1 (——), case 2 (– – –), case 3 (— ·—) and case 1S (— · ·—): (a) (D′|′);/D′|′! along the Lagrangian
trajectory with a mean depth :I = −0.1 and (b) (D′|′);/D′2

!
at the surface. In (b), the approximation (5.4)

is plotted for 0: = 0.084 (M) and 0: = 0.15 (◦).

reaches its minima on the forward slope side of the wave crest. This behaviour is consistent with the

wave-phase variation of the streamwise component of the enstrophy
〈
l2
G

〉
, whose maximum and minimum

values are ahead of the wave trough and crest, respectively (Xuan et al., 2019). The connection between

the wave-phase distributions of
(
{′2

) ; and l2
G is not surprising because the enhanced spanwise turbulence

fluctuations in Langmuir turbulence are associated with the elongated streamwise vortical structures.

The variation of the vertical Reynolds stress
(
|′2

) ; observed in our simulation is different from the

RDT prediction (5.1b), as shown in figure 5.4(c). Our result shows that the variation of
(
|′2

) ; with the

wave phase is much weaker compared with the horizontal Reynolds stresses, indicating a weak modulation

of the wave phase on the vertical velocity fluctuations. On the other hand, the RDT theory predicts the

fluctuation magnitude of
(
|′2

) ; to be as strong as that of (
D′2

) ; . The above results show that the turbulence

intensities are indeed affected by the direct wave distortion. However, the existing theoretical model based

on the RDT cannot fully explain the observed behaviours. Later through the analyses of the budget balance

of
〈
D′2
8

〉
in § 5.2.3, we show that the discrepancy between our numerical results and the RDT prediction is

related to the turbulence-pressure-related effects.

Next, we discuss the wave-phase variation of the Reynolds shear stress. The Lagrangian fluctuation

(D′|′); of :I = −0.2 is shown in figure 5.5(a). The maximum shear stress occurs under the wave crest,

indicating that the momentum transport is enhanced under the crest. This result is consistent with the
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findings by Thais & Magnaudet (1996), who observed from their experiments that the turbulence bursting

events are more pronounced under the wave crest. The RDT analysis of the temporal evolution of an initially

isotropic turbulence (Teixeira & Belcher, 2002, figure 9) also shows that the maxima of the Reynolds shear

stress occur under the wave crest after a few wave periods. We also note that the fluctuation magnitude of

the shear stress clearly relates to the wave steepness because the variation of (D′|′); is similar for cases

1–3 but larger for case 1S.

At the surface, a different variation of (D′|′); is observed as shown in figure 5.5(b). We find that the

variation of D′ and |′ is governed by the surface blocking effect. Because the direction of the velocity

fluctuations are constrained by the inclined wave surface, the velocity at the surface approximately satisfies

|′ ≈ D′[G , at I = [. (5.3)

This leads to

D′|′ ≈ D′2[G , at I = [. (5.4)

The wave-phase variation of (D′|′); is well described by (5.4), as shown in figure 5.5(b). In other words,

D′ and |′ are positively and negatively correlated under the backward and forward slope, respectively.

However, we shall note that the kinematic-induced D′|′ does not contribute to the dynamics of momentum

mixing, as the viscous effect dominates the momentum transport near the boundary. This is consistent with

the fact that D′|′! is approximately zero at the surface. It is later discussed in § 5.3 that the wave-phase

fluctuation of 〈D′|′〉 away from the surface, where the extrema of it are under the wave crest and trough,

can influence the dynamics of TKE. On the other hand, the wave-phase variation of 〈D′|′〉 induced by the

blocking effect at the surface has no contribution to the TKE dynamics (§ 5.3.3).

5.2.3 Reynolds stress budget in wave-phase-resolved frame

To explain the mechanism underlying the variation of Reynolds stresses with the wave phase shown

in § 5.2.2, we next analyse the budget of the Reynolds stresses in the wave-following frame. Using the

definition of the phase averaging 〈·〉 (4.2), we can obtain the evolution equation for the phase-averaged



CHAPTER 5. REYNOLDS STRESSES AND TURBULENT KINETIC ENERGY 121

resolved Reynolds stress
〈
D′
8
D′
9

〉
,

D
〈
D′
8
D′
9

〉
DC

=

m

〈
D′
8
D′
9

〉
mC

+ (〈u〉 − 2) · ∇
〈
D′8D
′
9

〉
= %28 9 + %|8 9 + Π8 9 + ) C8 9 + n8 9 . (5.5)

Here, owing to the quasi-steadiness of the flow, m
〈
D′
8
D′
9

〉
/mC is approximately zero and thus the material

derivative D
〈
D′
8
D′
9

〉
/DC ≈ (〈u〉 − 2) · ∇

〈
D′
8
D′
9

〉
represents the change rate of Reynolds stresses under the

advection of 〈u〉 − 2, i.e. the wave-phase variation of Reynolds stresses. Note that the wave phase speed

2 appears owing to the translation of the observation frame. The terms on the right-hand side of (5.5)

represent different processes contributing to the wave-phase variation of
〈
D′
8
D′
9

〉
, corresponding to the

positive–negative fluctuations of D
〈
D′
8
D′
9

〉
/DC with the wave phase. The first two terms, %2

8 9
and %|

8 9
,

defined as

%28 9 = −
〈
D′8D
′
:

〉 m (D2) 9
mG:

−
〈
D′9D

′
:

〉 m (D2)8
mG:

, (5.6)

%|8 9 = −
〈
D′8D
′
:

〉 m (D|) 9
mG:

−
〈
D′9D

′
:

〉 m (D|)8
mG:

, (5.7)

represent the production of
〈
D′
8
D′
9

〉
caused by the straining of the mean current and wave, respectively.

As the wave straining has both the normal and shear straining, %|
8 9
can be contributed by the interaction

between the normal stress and normal straining, namely the normal production, and the interaction between

the shear stress and shear straining, namely the shear production. The velocity–pressure-gradient term Π8 9

is defined as

Π8 9 = −
1
d

〈
D′8
m?′

mG 9
+ D′9

m?′

mG8

〉
. (5.8)

The term ) C
8 9
is defined as

) C8 9 = −
m

〈
D′
:
D′
8
D′
9

〉
mG:

−
m〈D′

8
g′
9:
〉

mG:
−
m〈D′

9
g′
8:
〉

mG:
+ a∇2

〈
D′8D
′
9

〉
. (5.9)

This term represents the change of
〈
D′
8
D′
9

〉
caused by the spatial fluxes driven by the resolved turbulence,

the SGS turbulence, and the viscous diffusion. The last term in (5.5), n8 9 , is the dissipation associated with
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the resolved-scale and SGS turbulence, defined as

n8 9 = −2a

〈
mD′
8

mG:

mD′
9

mG:

〉
+

〈
g′8:
mD′

9

mG:

〉
+

〈
g′9:

mD′
8

mG:

〉
. (5.10)

The velocity–pressure-gradient term Π8 9 (5.8) can be decomposed into the pressure transport term )
?

8 9
and

pressure–strain correlation term '8 9 ,

Π8 9 = )
?

8 9
+ '8 9 , (5.11)

where

)
?

8 9
= − 1

d

©«
m
〈
?′D′

8

〉
mG 9

+
m

〈
?′D′

9

〉
mG8

ª®®¬ , (5.12)

'8 9 =

〈
?′

d

(
mD′
8

mG 9
+
mD′

9

mG8

)〉
. (5.13)

The pressure transport term )
?

8 9
represents the spatial transport rate of the Reynolds stresses by turbulent

pressure fluctuations. The sum of the normal pressure–strain correlation '88 is zero because of the

incompressibility, i.e. the pressure–strain correlation is associated with the inter-component energy transfer

among the threeReynolds normal stresses. Wenote that the decomposition of the velocity–pressure-gradient

term is not unique (Lumley, 1975; Pearson et al., 2019). The adopted decomposition has been widely used

for studying turbulence dynamics (see e.g. Speziale, Sarkar & Gatski, 1991; Harcourt, 2013).

The Reynolds stress budget equations in the wave-phase-resolved frame (5.5) differ from those derived

from the CL models (see e.g. Harcourt, 2013) in that the wave velocity u| appears explicitly in the budget

terms. To be specific, the advection term, (u − 2) · ∇
〈
D′
8
D′
9

〉
, include the orbital motions of the wave as it

represents the wave-phase variation of Reynolds stresses. The production terms %|
8 9
also relate directly to

the velocity gradients of the wave motions rather than the Stokes drift so that %| can account for the effect

of wave phases. The remaining terms have similar expressions with those in the CL-based equations.

As discussed above, the variations of Reynolds stresses with the wave phase observed in § 5.2.2

correspond to the positive–negative fluctuations of D
〈
D′
8
D′
9

〉
/DC, which we find are mostly caused by the

production by the wave, %| , and the velocity–pressure-gradient term, Π. These two terms exhibit nearly

sinusoidal variations with the wave phase. As a result, Reynolds stresses are increased and decreased under

different phases, leading to their variations with the wave phase. By comparison, the fluctuations of the
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Figure 5.6: Contours of the dominant budget terms of
〈
D′2

〉
, including the production due to the wave %|GG ,

(a) −2
〈
D′2

〉
mD|/mG and (b) −2 〈D′|′〉 mD|/mI, (c) the pressure transport ) ?GG , and (d) the pressure–strain

correlation 'GG . The results are normalized by D2
∗0:f.

remaining terms are at least one order of magnitude in 0: weaker and thus have negligible contributions

to the fluctuations of D
〈
D′
8
D′
9

〉
/DC. This indicates that the wave-phase variation of the Reynolds stresses

is governed by %| and Π. The Reynolds stress budgets for different cases considered in this study are

qualitatively similar, therefore case 1 is used here as a representative for the explanation of the mechanisms

of the wave-phase variation of the Reynolds stresses.

We first discuss the physical processes of the wave-phase variation of the streamwise Reynolds normal

stress
〈
D′2

〉
. To reveal the inter-component energy transfer for the Reynolds normal stresses, we apply the

decomposition (5.12) and (5.13) to Π88 for all three components of Reynolds normal stresses. Figure 5.6

shows the contours of %|GG , )
?
GG , and 'GG , with the production %|GG decomposed into the normal production

−2
〈
D′2

〉
mD|/mG (figure 5.6a) and the shear production −2 〈D′|′〉 mD|/mI (figure 5.6b). Among these

terms, the normal production is dominant and contributes the most to the wave-phase variation of
〈
D′2

〉
.

Under the wave forward slope, mD|/mG is negative (figure 4.10b) and the resulting normal production is

positive, indicating that
〈
D′2

〉
gains energy from the streamwise compression of the wave motions. The

opposite process occurs under the backward slope. Towards the wave surface, with the increase of
〈
D′2

〉
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Figure 5.7: Contours of the dominant budget term of
〈
{′2

〉
, pressure–strain correlation 'HH . The results

are normalized by D2
∗0:f.

(figure 5.1a) and the velocity gradient mD|/mG, the rate of the energy exchange between
〈
D′2

〉
and the wave

through the normal production also increases. Because the convection by the wave is in the −G−direction

relative to the frame moving with the wave, the alternating enhancement and suppression of the
〈
D′2

〉
result

in maximal
〈
D′2

〉
under the wave crest and minimal under the wave trough, consistent with figure 5.4(a).

Finally, because the RDT theory also assumes that the straining effect is the dominant mechanism for

the rapid distortion of the turbulence, the wave-phase variation of
〈
D′2

〉
is well predicted by the RDT

theory (5.1a), as shown in § 5.2.2.

In the budget equation of
〈
{′2

〉
, the production and pressure transport are both zero according to

the definition of phase averaging (4.2). The pressure–strain correlation 'HH shown in figure 5.7 is the

dominant term in the budget of
〈
{′2

〉
. The value of 'HH is positive and negative under the wave backward

and forward slope, respectively. As a result,
〈
{′2

〉
is enhanced when the wave backward slope passes

and is weakened when the forward slope passes, consistent with the wave-phase variation of
(
{′2

) ; shown
in § 5.2.2 (figure 5.4b). We also note that '88 represents the inter-component energy transfer, which means

that the wave-phase variation of
〈
{′2

〉
is not directly affected by the wave straining but is sustained by its

periodic energy exchange with the other two components of the Reynolds normal stresses (mostly
〈
|′2

〉
as

discussed below).

Figure 5.8 shows the dominant terms in the budget of
〈
|′2

〉
. Among these terms, the shear production

(figure 5.8b) is significantly weaker, therefore the weak wave-phase variation of
〈
|′2

〉
(figure 5.4c) results

from the balance among the normal production (figure 5.8a), the pressure transport (figure 5.8c), and

the pressure–strain correlation (figure 5.8d). The normal production −2
〈
|′2

〉
m||/mI is negative and
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Figure 5.8: Contours of the dominant budget terms of
〈
|′2

〉
, including the production due to the wave

%|II , (a) −2
〈
|′2

〉
m||/mI and (b) −2 〈D′|′〉 m||/mG, (c) pressure transport ) ?II , and (d) pressure–strain

correlation 'II . The results are normalized by D2
∗0:f.

positive under the forward and backward slopes, respectively. Meanwhile, the phase distribution of the

pressure–strain correlation 'II , i.e. positive under the forward slope and negative under the backward

slope, is opposite to that of the normal production. The pressure transport ) ?II relating to the diffusion

of
〈
|′2

〉
due to the turbulence pressure in the vertical direction has a two-layer structure, as shown in

figure 5.8(c). Under the forward slope, ) ?II is negative near the surface and becomes positive away from the

surface, indicating that the energy of
〈
|′2

〉
is transported from the surface to the deep region. The energy

transport direction reverses under the backward slope, i.e. from the deep region to the surface. Comparing

the magnitude of the above three terms, we can now explain their net effect on
〈
|′2

〉
. Under the forward

slope, the energy gained through the positive pressure–strain correlation near the surface overweights

the negative normal production. The excess of the energy is removed from the near-surface region and

transported to the deep region through the pressure transport. Similarly, under the backward slope, the

pressure fluctuations transports energy from the deep region to the surface and compensates the difference

between the pressure–strain correlation and the normal production. As a result of the balance described

above, the strength of
〈
|′2

〉
changes little with the wave phase. By comparison, in the RDT model, the
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Figure 5.9: Sketch of the dominant processes contributing to the wave-phase variation of the Reynolds
normal stresses. The arrows indicate the direction of the energy flux. The solid arrows represent the wave
normal production. The arrows with dash-dotted lines represent the pressure transport. The hollow arrows
with dash-dot-dot lines indicate the pressure–strain correlation.

normal straining is assumed to be the dominant mechanism for the wave-phase variation of the Reynolds

stresses. If we consider the normal production only (figure 5.8a), the maxima and minima of
〈
|′2

〉
would

be under the wave trough and crest, respectively, as predicted by the RDT model (5.1b). This suggests that

the effects of the turbulence pressure, including the pressure transport and pressure–strain correlation, are

not fully accounted for by the RDT model.

We can see from the above analyses that the terms related to the turbulence pressure play an important

role in the wave-phase variation of the Reynolds normal stresses. Specifically, the dynamics of
〈
{′2

〉
and

〈
|′2

〉
are closely related to the pressure–strain correlation '88 . We notice that the magnitude of 'II

(figure 5.8d) is approximately the same as 'HH (figure 5.7), indicating that the inter-component energy

exchange occurs mainly between
〈
{′2

〉
and

〈
|′2

〉
. The energy transfers from

〈
|′2

〉
to

〈
{′2

〉
under the

backward slope and then transfers back under the forward slope. The sign-alternating variation of the

pressure–strain correlation can be explained by the blocking effect of the wave surface (Guo & Shen,

2014). As the fluid elements move under the backward slope, the decreased surface elevation compresses

the fluid elements in the vertical direction. As a result, the fluid elements move closer to the surface and

experience the blocking effect of the surface. As the vertical turbulence fluctuations are restricted by the

surface blocking, the energy transfers from
〈
|′2

〉
to

〈
{′2

〉
. Under the forward slope, as the surface elevation

increases, the reverse process occurs.

To summarise the mechanisms of the wave-phase variation of the Reynolds normal stresses
〈
D′2
8

〉
, we
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sketch the dominant processes in the budget of
〈
D′2
8

〉
in figure 5.9. The wave-phase variation of

〈
D′2

〉
is mainly associated with its direct energy exchange with the wave through the wave normal production,

resulting in the maximum of
〈
D′2

〉
under the wave crest and minimum under the trough. The wave-phase

variation of
〈
{′2

〉
is caused by its energy exchange with

〈
|′2

〉
through the pressure–strain correlation,

which increases
〈
{′2

〉
under the backward slope and reduces

〈
{′2

〉
under the forward slope. The effects

of the pressure–strain correlation are related to the strengthening and weakening of the blocking effect of

the water surface due to the undulating motions of the wave. Lastly, the energy gain or loss of
〈
|′2

〉
with〈

{′2
〉
through the pressure–strain correlation is balanced with the wave normal production and the pressure

transport. The net effect of these three processes results in the weak wave-phase variation of
〈
|′2

〉
. We note

that, although there is no direct interaction between
〈
{′2

〉
and the wave straining through the production

effect,
〈
|′2

〉
acts as a conduit of energy exchange between

〈
{′2

〉
and the wave.

Next, we analyse the budget of the Reynolds shear stress − 〈D′|′〉. Because the variation of 〈D′|′〉 at

the surface is due to the surface kinematics as discussed in § 5.2.2, here we focus on the processes occurring

away from the surface, where − 〈D′|′〉 obtains its maxima under the crest and minima under the trough

(figure 5.5a in § 5.2.2). Note that for the Reynold shear stress, if we apply the decomposition (5.11) to the

velocity–pressure-gradient terms, there are two pressure transport terms 'GI (5.12) and two pressure–strain

correlation terms ) ?GI (5.13), which complicates the analyses. Therefore, we keep the form of the velocity–

pressure-gradient terms, − 〈D′m?′/mI〉 and − 〈|′m?′/mG〉, to facilitate the analysis of the wave-phase

variation of 〈D′|′〉.

Figure 5.10 shows the contours of the production terms (figures 5.10a and 5.10b) and the velocity–

pressure-gradient terms (figures 5.10c and 5.10d). Note that the budget equation (5.5) has been multiplied

by −1 such that these terms represent the variation of − 〈D′|′〉. The two production terms represent the

generation of 〈D′|′〉 from the shear straining of the normal velocity fluctuations
〈
D′2

〉
and

〈
|′2

〉
. We

can see that all the four terms exhibit obvious wave-phase variation, indicating the complicated physical

processes involved with the Reynolds shear stress. Upon a closer examination, we find that the production

associated with the vertical normal stress
〈
|′2

〉
m||/mG (figure 5.10b) can roughly cancel the pressure

term associated with the vertical velocity fluctuation 〈|′m?′/mG〉 in most of the region. To illustrate their

net effect, the sum of the these two terms is plotted in figure 5.10(e), from which we can see that its

wave-phase variation is much weaker than the two individual terms. When we compare figure 5.10(e) with



CHAPTER 5. REYNOLDS STRESSES AND TURBULENT KINETIC ENERGY 128

0 π/2 π 3π/2 2π
−0.8

−0.6

−0.4

−0.2

0.0

0.2

kz

c

0 π/2 π 3π/2 2π
−0.8

−0.6

−0.4

−0.2

0.0

0.2

0 π/2 π 3π/2 2π
kx

−0.8

−0.6

−0.4

−0.2

0.0

0.2

kz

0 π/2 π 3π/2 2π
kx

−0.8

−0.6

−0.4

−0.2

0.0

0.2

−4.8−1.6 1.6 4.8

(a) (b)

(c) (d)

0 π/2 π 3π/2 2π
kx

−0.8

−0.6

−0.4

−0.2

0.0

0.2

kz

(e)

Figure 5.10: Contours of the dominant terms in the evolution equation of − 〈D′|′〉: (a)
〈
D′2

〉
m||/mG,

(b)
〈
|′2

〉
mD|/mI, (c) 〈D′m?′/mI〉, (d) 〈|′m?′/mG〉, and (e)

〈
|′2

〉
mD|/mI + 〈|′m?′/mG〉.
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figures 5.10(a) and 5.10(c), we can now see clearly that the pressure effect term 〈D′m?′/mI〉 overwhelms

the other terms and is the dominant mechanism that determines the wave-phase variation of the shear

stress. For example, in the −G−direction, the value of 〈D′m?′/mI〉 changes from positive to negative near

the wave crest, which means that 〈D′m?′/mI〉 alone would lead to the maxima of − 〈D′|′〉 approximately

under the wave crest. Meanwhile, the production term
〈
D′2

〉
m||/mG (figure 5.10a) and the summed term

(figure 5.10e) offset 〈D′m?′/mI〉 and shift the positive and negative regions of 〈D′m?′/mI〉 further towards

the −G−direction, which results in the maxima and minima of − 〈D′|′〉 under the wave crest and trough,

respectively (figure 5.2 in § 5.2.2). From the above analyses, we can see that the turbulence pressure is not

only important to the dynamics of the Reynolds normal stresses
〈
{′2

〉
and

〈
|′2

〉
, but also plays a crucial

role in the wave-phase variation of the Reynolds shear stress − 〈D′|′〉.

5.3 Dynamics of Lagrangian-averaged TKE

In this section, we use the Lagrangian average (4.5) to investigate the wave-phase-averaged dynamics of

the TKE balance, with a focus on the accumulative energy flux from the wave to the turbulence. First,

in § 5.3.1, the budget of the Lagrangian-averaged TKE is examined and discussed. Then, the energy flux

between the wave and turbulence through the production is analysed in § 5.3.2, for which a model is further

developed in § 5.3.3. At last, the relation of the present modelling of the wave–turbulence energy flux with

the traditional model that uses the Stokes drift is discussed in § 5.3.4.

5.3.1 Lagrangian-averaged TKE budget

The budget equation of the Lagrangian-averaged TKE �
!
, where � = D′

8
D′
8
/2, is

D
!
�
!

DC
= %2

! + %|! + ) ?! + ) C ! + n! , (5.14)

which is obtained by summing up the budget equations of the three Reynolds normal stresses (5.5) and

applying the Lagrangian average (4.5). Note that we have decomposed the velocity–pressure-gradient

term into the pressure transport term )
?

88
and the pressure–strain correlation term '88 as (5.11–5.13), and

invoked the trace-free property of '88 . Therefore, '88 that represents the inter-component energy transfer
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is cancelled among the three components of Reynolds normal stresses and only the pressure transport term

appears in (5.14).

The terms on the right-hand side of (5.14) are the TKE production due to the sheared current %2
!
,

%2
!
= −D′|′ mD2

mI

!

= −D′|′! mD2
mI

, (5.15)

the TKE production due to the wave straining %|
!
,

%|
!
= −D′2 mD|

mG

!

− |′2 m||
mI

!

− D′|′ mD|
mI

!

− D′|′ m||
mG

!

, (5.16)

the diffusion of TKE due to the pressure fluctuations ) ?
!
,

) ?
!
= − 1

d

(
m?′D′

mG

!

+ m?
′|′

mI

!
)
, (5.17)

the diffusion due to the effects of the resolved turbulence fluctuations, SGS turbulence, and viscosity ) C
!
,

) C
!
= − mD

′�

mG

!

− m|
′�

mI

!

+ a∇2�
!

−
m (D′g′11 + {′g

′
12 + |′g

′
13)

mG

!

−
m (D′g′13 + {′g

′
23 + |′g

′
33)

mI

!

, (5.18)

and the combined viscous and SGS dissipation n!

n! = −a
mD′
8

mG:

mD′
8

mG:

!

+ g′
8:

mD′
8

mG:

!

. (5.19)

Note the in (5.15), D2! is equal to D2 by definition (4.3).

To assess the characteristic features of the wave-phase-averaged budget of TKE, we focus on cases 1

and 3, representative of the strong (LaC = 0.35) and weak (LaC = 0.9) Langmuir turbulence, respectively.

Their budget terms are plotted in figures 5.11(a) and 5.11(b), respectively. The deep bottom region is not

plotted because our interest is the wave effect. In case 1 (figure 5.11a), the dominant source of the TKE

is the production associated with the wave straining %|
!
. The production due to the wave effect decays
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Figure 5.11: Profiles of the budget terms of Lagrangian-averaged TKE (5.14) for (a) case 1 and (b) case
3: production due to the wave straining %|

!
(——), production due to the mean current %2

!
(– – –),

diffusion due to the resolved turbulence fluctuations, SGS turbulence and viscous effects ) C
!
(— ·—),

pressure transport ) ?
!
(— · ·—), and dissipation n! (· · · · · ·). The results are normalized by :D3

∗.

as the depth increases and becomes negligible compared to other terms at approximately :I = −2. The

production by the current shear %2
!
as another source of the TKE is negligibly small except for close to the

surface. This is because the Eulerian current is almost uniform away from the surface due to the enhanced

mixing associated with the Langmuir turbulence, and only near the surface does the shear of the mean

current become significant owing to the viscous effect. The dominance of the wave production is consistent

with the findings from the CL model. In other words, the production by Stokes shear is the main source of

TKE. For case 3 where the Langmuir turbulence is weak (figure 5.11b), the roles of the wave and current

are reversed. In other words, because the strength of wave straining and the mixing due to the Langmuir

circulations is relatively weak in case 3, the dominant source of the TKE becomes the interaction between

the current shear and turbulence, similar to a purely shear-driven boundary layer. We also note that the

regions of TKE production for cases 1 and 3 are different. The TKE production for case 1 extends much

deeper into the water column compared to case 3 because the wave production scales with the characteristic

length of the wave, i.e. the wavelength. This result suggests that the production of TKE due to the wave

can affect the interior of the water column. For case 2 with LaC = 0.5 and case 1S with LaC = 0.35 and

increased wave steepness, the profiles of the two production terms, %|
!
and %2

!
, are qualitatively similar

to case 1 and thus are not plotted here.
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The turbulence energy extracted from the wave and mean current is either locally dissipated or trans-

ported to the deep region. For both case 1 and 3, the sum of the two diffusion terms, ) C
!
and ) ?

!
,

is negative in the near-surface region and positive in the deep region, indicating that the kinetic energy

generated in the TKE production region near the surface is transported to the interior of the water column.

The penetration of the diffusion flux of case 1 is deeper than that of case 3, which suggests the enhanced

mixing of TKE in the presence of Langmuir circulations. Similar trend has been also reported in the

literature based on the CL model (see e.g. Polton & Belcher, 2007; Grant & Belcher, 2009).

5.3.2 TKE production by wave straining

It is shown above that the wave production %|
!
plays an important role in the balance of TKE, especially

when LaC is small. This result indicates that the wave–turbulence interaction induces an energy flux from

the wave to turbulence. To further understand the energy exchange between the wave and the turbulence

through %|
!
, we perform a Lagrangian-average-based Reynolds decomposition to %|

!
. First, using the

definitions (4.2) and (4.5), we have

%|
8 9

!
= D′

8
D′
9

m (D|)8
mG 9

!

=

〈
D′
8
D′
9

〉 m (D|)8
mG 9

!

. (5.20)

Then we invoke (4.7),

%|
8 9

!
=

(
D′
8
D′
9

! +
(
D′
8
D′
9

) ;) [
m (D|)8
mG 9

!

+
(
m (D|)8
mG 9

) ;]!

=D′
8
D′
9

! m (D|)8
mG 9

!
!

+
(
D′
8
D′
9

) ; m (D|)8
mG 9

!
!

(5.21)

+ D′
8
D′
9

!
(
m (D|)8
mG 9

) ; !
+

(
D′
8
D′
9

) ; ( m (D|)8
mG 9

) ; !
. (5.22)

Note that the cross correlations between the Lagrangian mean and the Lagrangian fluctuation quantities in

the above equation are zero, therefore we obtain the following decomposition of %|
8 9

!

%|
8 9

!
=

(
%|8 9

)!!
+

(
%|8 9

) ;;
, (5.23)
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Case P!!/P P;;/P P!!estimate/P P;;estimate/P
Case 1 62.1 % 37.9 % 62.1 % 33.9 %
Case 2 69.6 % 30.4 % 59.4 % 29.7 %
Case 3 71.9 % 28.1 % 53.8 % 23.2 %
Case 1S 67.3 % 32.7 % 62.9 % 34.3 %

Table 5.1: Percentages of TKE production due to the mean effect P!! (5.28) and the correlation effect
P;; (5.29) in the total production P. The fourth and fifth columns are calculated using the proposed
estimation model for the mean effect P!!estimate (5.33) and correlation effect P;;estimate (5.41), respectively.

where (
%|8 9

)!!
= −D′

8
D′
9

! m (D|)8
mG 9

!

, (5.24)

(
%|8 9

) ;;
= −

(
D′
8
D′
9

) ; ( m (D|)8
mG 9

) ; !
. (5.25)

The first term on the right-hand side of (5.23),
(
%|
8 9

)!!
, is the production of TKE due to the Lagrangian

mean wave velocity gradient acting on the mean Reynolds stress. The second term,
(
%|
8 9

) ;;
, represents the

TKE production contributed by the correlation between the Lagrangian fluctuations of the wave velocity

gradient and Reynolds stress. Hereafter,
(
%|
8 9

)!!
and

(
%|
8 9

) ;;
are referred to as the mean effect and

the correlation effect, respectively. To facilitate the discussion, we also write the full expression of the

production terms from the above decomposition as,

(%|)!! = −D′2
! mD|

mG

!

− |′2
! m||

mI

!

− D′|′! mD|
mI

!

− D′|′! m||
mG

!

, (5.26)

(%|);; = −
(
D′2

) ; ( mD|
mG

) ; !
−

(
|′2

) ; ( m||
mI

) ; !
− (D′|′);

(
mD|

mI

) ; !
− (D′|′);

(
m||

mG

) ; !
. (5.27)

Figure 5.12 plots the vertical profiles of (%|)!! and (%|);; for different cases. Both terms are positive,

indicating that the wave transfers energy to the turbulence through both the mean effect and correlation

effect. Although the production due to the correlation effect is smaller than that from the mean effect, the
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Figure 5.12: Lagrangian decomposition of TKE production for (a) case 1, (b) case 2, (c) case 3, and (d)
case 1S: mean effect (%|)!! (——) and correlation effect (%|);; (– – –). The results are normalized by
D2
∗ (0:)2f.

correlation effect is still pronounced. To quantify the contributions from (%|)!! and (%|);; , we define the

following integration over the water column as

P!! =
∫ 0

�

(%|)!! dI, (5.28)

P;; =
∫ 0

�

(%|);; dI. (5.29)

Because we focus on the near-surface region where the wave effect is important, we choose � = −2:−1.

This depth is four times the e-folding depth of the Stokes drift and twice the e-folding depth of the wave
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Figure 5.13: Production of TKE due to the mean effect (5.30) for (a) case 1, (b) case 2, (c) case 3, and (d)
case 1S: −D′|′!mD|/mI

!
(– – –), −D′|′!m||/mG

!
(· · · · · ·), and the model estimation (5.32) (◦). The

results are normalized by D2
∗ (0:)2f.

orbital velocity, and therefore captures the wave distortion effect well. Figure 5.12 confirms that below this

depth, both productions become negligible. The percentages of the contributions from (5.28) and (5.29)

to the total energy flux P = P!! + P;; are listed in table 5.1. We can see that
(
%|
8 9

) ;;
accounts for an

important portion of the energy flux from the wave to turbulence. We remark that we have also varied the

choice of � between −2:−1 and −:−1 and find that the results presented in table 5.1 change at most 2.4%,

indicating that the choice of � has little impact on the quantification of the fundamental roles of the two

mechanisms. Next, we examine the two effects in more detail.

Among the different production terms in the mean effect (%|)!! (5.26), the dominant contribution
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comes from the Lagrangian-averaged shear production,

− D′|′! mD|
mI

!

, −D′|′! m||
mG

!

. (5.30)

The other two terms in (5.26), the Lagrangian-averaged normal production, is negligible because the

Lagrangian-averaged wave normal gradients mD|/mG! and m||/mI! are negligibly small (figure 4.10).

The profiles of the two dominant terms in (5.30) are plotted in figure 5.13. The two terms are approximately

equal in most of the region because the wave is nearly irrotational, i.e. mD|/mI
! ≈ m||/mG

!
. Near the

surface, −D′|′!mD|/mI
!
increases sharply due to the rapid increase of mD|/mI

!
in the viscous surface

boundary layer (§ 4.4). Because the thickness of the viscous layer scales with (2a/f)1/2, case 1 has the

thinnest viscous layer among the cases considered in this study. Case 3 has the thickest viscous layer and

thus the region where the increase of −D′|′!mD|
!/mI is observed is larger than the other cases.

Next, we discuss the correlation effect (%|);; . Among the different terms (%|);; (5.27), it is found that

the TKE production due to the correlation effect comes from

−(D′|′);
(
mD|

mI

) ; !
, −(D′|′);

(
m||

mG

) ; !
. (5.31)

In other words, the interaction of the Lagrangian fluctuations of Reynolds shear stress, (D′|′); , with the

shear gradients of the wave velocity, (mD|/mI); and (m||/mG); , result in a net production of TKE over

a Lagrangian period. Figure 5.14 plots the vertical profiles of the above two terms for different cases.

The TKE production from (5.31) can be explained by the phase distribution of the Reynolds stresses. As

discussed in § 5.2.2 and shown in figure 5.5(a), (D′|′); in most of the region has its maximum andminimum

values under the wave crest and trough, respectively. The variation of (D′|′); is negatively correlated with

the wave shear strain (mD|/mI); and (m||/mG); (figure 4.10). As a result, the product of (D′|′); and

(mD|/mI); or (m||/mG); yields a net value when integrated over the wave period. Comparatively, the

other two terms in (5.27) representing the correlations between the Reynolds normal stresses and the wave

normal velocity gradients are negligibly small. The streamwise Reynolds stress
(
D′2

) ; reaches maxima

and minima under the crest and trough, respectively (figure 5.4a). Therefore, for −
(
D′2

) ; (mD|/mG); ! , the
phase difference between

(
D′2

) ; and (mD|/mG); is nearly c/2. Integrated over a Lagrangian wave period,
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Figure 5.14: Production of TKE due to the correlation effect (5.31) for (a) case 1, (b) case 2, (c) case 3, and

(d) case 1S: −(D′|′); (mD|/mI);
!

(– – –), −(D′|′); (m||/mG);
!

(· · · · · ·), and the model estimation (5.40)
(◦). The results are normalized by D2

∗ (0:)2f.

the product of the two terms with a phase difference of c/2 does not result in net contributions. For the

correlation effect associated with the vertical Reynolds stress, due to the weak dependence of
(
|′2

) ; on
the wave phase as discussed in § 5.2.2 and shown in figure 5.4(c), the resulting correlation effect is also

negligible.

5.3.3 Modelling of production due to wave

In this section, we further investigate the modelling of the TKE production due to the mean effect and

correlation effect of the wave. For the mean effect, because the wave is mostly irrotational, we use the

potential wave solution to approximate the Lagrangian mean velocity gradient, i.e. mD|/mI
!
= m||/mG

!
=
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(0:)2fe2:I (Ardhuin & Jenkins, 2006). The production due to the mean effect can then be calculated as

−
[
D′|′

! mD|

mI

!
]
estimate

= −
[
D′|′

! m||

mG

!
]
estimate

= −D′|′!e2:I (0:)2f. (5.32)

In other words,

(%|)!!estimate = −2D′|′!e2:I (0:)2f. (5.33)

The above model estimation is plotted in figure 5.13 together with the result from the LES. We can see

that the estimation agrees with the numerical result of −D′|′!m||/mG
!
mostly. For −D′|′!mD|/mI

!
, the

model works well in most of the region, but is unable to capture the rapid increase of −D′|′!mD|/mI
!

within the viscous surface boundary layer. As discussed above, case 1 has the thinnest viscous layer and

thus the error of the model is the smallest. Case 3 has the thickest viscous layer, which leads to a larger

deviation from the data. The integrated production from I = � to the surface, defined in (5.28), based

on the estimation (5.33) is listed as P!!estimate in table 5.1. Similar to what we observe in figure 5.13, the

integrated contribution from the mean effect is underestimated by (5.33) and the difference increase in case

3. However, we shall note that in case 3, the TKE production due to the wave straining is much smaller

than that due to the mean current as discussed in § 5.3.1. Moreover, the Reynolds number in the field is

high and thus the viscous surface layer is thin. Therefore, such deviation in the viscous surface layer shall

not impact the overall dynamics associated with TKE production.

For the correlation effect terms in (5.31), we need to first quantify the wave-phase variation of the

quantities involved, i.e. the Lagrangian fluctuations of wave shear velocity gradients, (mD|/mI); and

(m||/mG); , and the Lagrangian fluctuations of the Reynolds shear stress, (D′|′); . Based on the solution

of the potential wave, we express the wave velocity gradients as

(
mD|

mI

) ;
=

(
m||

mG

) ;
≈ 0:fe:I sin(:G − fC), (5.34)

where :G −fC is the wave phase. The Reynolds shear stress (D′|′); is assumed to have the following form,

(D′|′); = (D′|′)in sin(:G − fC) + (D′|′)out cos(:G − fC). (5.35)
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In (5.35), (D′|′); is decomposed into an in-phase part and an out-of-phase part, where (D′|′)in and (D′|′)out
denote their amplitudes, respectively. The in-phase part has a phase difference of 0 or c from the wave

elevation, and the out-of-phase part has a phase difference of c/2 or −c/2. The above form is proposed as

a generalized expression for the different phase distributions of (D′|′); that we have observed in § 5.2.2.

In most of the region, the extrema of 〈D′|′〉; are located under the wave crest and trough, respectively

(figure 5.5a). This corresponds to the dominance of the in-phase part (D′
8
D′
9
)
in
. At the surface, due to

the kinematic blocking effect, (D′|′); has its maxima and minima under the backward and forward slope,

respectively (figure 5.5b). This means that the out-of-phase part (D′|′)out becomes dominant at the surface.

The correlation effect (5.31) is the integration of the product of (5.34) and (5.35) over the Lagrangian

wave period. Due to the orthogonality of the trigonometric functions, the net effect is contributed only by

the part of the Reynolds stress fluctuation that has a phase difference of 0 or c from the fluctuations of the

wave velocity gradients. Consequently, (5.31) becomes

−(D′|′);
(
mD|

mI

) ; !
≈−(D′|′)in0:fe:Isin2 (:G − fC)

!

, (5.36)

−(D′|′);
(
m||

mG

) ; !
≈−(D′|′)in0:fe:Isin2 (:G − fC)

!

. (5.37)

The above equations indicate that the kinematic-induced variation of (D′|′); does not contribute to the

correlation effect and thus we only need to quantify the in-phase part. However, it remains challenging

to model (D′|′)in dynamically. The reason is that the wave-phase variation of (D′|′); is mainly caused

by the velocity–pressure-gradient term as discussed in § 5.2.3. The pressure related terms in the Reynolds

stress budgets are often difficult to model, even for simple configurations such as the channel flow (Hoyas

& Jiménez, 2008). For the Langmuir turbulence with the effect of surface waves, Pearson et al. (2019)

studied the pressure–strain terms using the data from the LES of CL equations by decomposing the pressure

fluctuations into the rapid, Stokes, and slow parts. They proposed a model to incorporate the effect of the

Stokes drift, but its performance is still limited in reproducing some components of the pressure–strain

terms, and empirical formulations are used in the modelling of the slow pressure–strain term. In the present

study, for the turbulent flowwith the wave phase resolved, themodelling of the turbulence pressure is further

complicated by the curved boundary and the straining by the wave orbital velocity, as discussed in § 5.2.3.
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Figure 5.15: Profiles of (a) the in-phase amplitude of the wave-phase variation of the Reynolds shear stress,
(D′|′)in (5.35), and (b) the scaled in-phase variation, | (D′|′)in |/

(
0:La−=C D′|′

!
)
for case 1 (——), case 2

(– – –), case 3 (— ·—), and case 1S (— · ·—). In (b), the estimation (5.38) (◦) is plotted for comparison.

Therefore, we seek to obtain a simple model for the correlation effect based on our wave-phase-resolved

LES data.

The values of (D′|′)in for the cases considered in this study are plotted in figure 5.15(a). The negative

values of (D′|′)in correspond to the phase distribution that the enhanced Reynolds shear stress is under

the wave crest (figure 5.2). In the vertical direction, the magnitude of (D′|′)in first increases towards the

surface, indicating that the wave-phase variation of the Reynolds shear stress increases as the wave effect

becomes stronger near the surface. As the surface is further approached, (D′|′)in decreases due to the

surface blocking effect discussed in § 5.2. Among different cases, it is obvious that (D′|′)in has a strong

dependence on the wave steepness 0: , as (D′|′)in in case 1S is larger compared to that in cases 1–3. The

profiles of cases 1–3 also indicate a weak dependence of (D′|′)in on LaC , i.e. the magnitude of (D′|′)in
increases slightly as LaC decreases.

The above features of (D′|′)in lead us to propose an estimation of (D′|′)in as

(D′|′)in = VLa−=C 0:4
:ID′|′

!
. (5.38)

The above form is analogous to the RDT modelling of the Lagrangian fluctuations
(
D′2

) ; (5.1a). We

essentially assume that the wave-phase modulation of the Reynolds shear stress is proportional to the
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straining rate of the orbital motions. The parameter V is a dimensionless coefficient describing the relative

magnitude of the wave-phase variation. The effect of LaC is parameterized by a power-law scaling, which

has been widely used in the literature for estimating various quantities in Langmuir turbulence, including

the TKE, Reynolds stress (see e.g. Harcourt & D’Asaro, 2008; Grant & Belcher, 2009), and the budget

terms (Pearson et al., 2019). Using the least-square regression, we determine the coefficients to be

V = −0.84 ± 0.02; = = 0.25 ± 0.02. (5.39)

Figure 5.15(b) plots the scaled profiles of (D′|′)in for different cases. We can see that these profiles nearly

collapse, indicating that the use of the wave steepness 0: and the turbulent Langmuir number LaC is effective

in the scaling of the in-phase variation of the Reynolds shear stress. The proposed approximation (5.38)

using the coefficients (5.39) is also plotted in figure 5.15(b), which shows that (5.38) agrees with our

numerical result.

Using (5.36–5.38), we can obtain the following estimation for the production terms associated with the

correlation effect (5.31),

−(D′|′);
(
mD|

mI

) ; !estimate

=

−(D′|′);
(
m||

mG

) ; !estimate

=−VLa−=C 0:4:ID′|′
! · 0:f4:I sin2 (:G − fC)

!

= − 1
2
VLa−=C (0:)2fe2:ID′|′

!
. (5.40)

In other words, the total production caused by the correlation effect is

(%|);;estimate = −V(0:)2La−=C fe2:ID′|′
!
. (5.41)

In the above equations, because the wave-phase variation of both the Reynolds shear stress and the wave

orbital velocity gradient is $ (0:), the resulting correlation effect is $ (02:2), the same as the mean

effect (5.32). Meanwhile, the exponential decay rate 42:I , which is also the same as that in the mean

effect (5.32), indicate that the influence region of the correlation effect has a similar depth as that of

the mean effect. The estimation (5.40) is compared with the LES results of −(D′|′); (mD|/mI);
!

and
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−(D′|′); (m||/mG);
!

in figure 5.14, which shows that the proposed model agrees with the numerical result

well. To further evaluate the performance of our estimation, we list the vertically integrated values of (5.41),

denoted by P;;estimate, in the last column of table 5.1 for comparison. Comparing the model (the last column)

and the LES result (the third column), we can see that the model (5.40) gives a fairly good approximation

of the correlation effect and as a result, significantly improves the estimation of the total TKE production

(which had the correlation effect missed in previous studies as discussed below in § 5.3.4).

5.3.4 Discussion on turbulence energy production from wave

Traditionally, the production of TKE from waves in Langmuir turbulence is modelled using the Stokes drift

and Reynolds shear stress. For a uni-directional monochromatic wave, the production rate, denoted by %St,

is

%St = −D′|′dDB
dI

= −2D′|′e2:I (0:)2f. (5.42)

where D′|′ denotes the Reynolds shear stress and DB = 02:fe2:I is the Stokes drift obtained from the

potential wave theory (Phillips, 1977). We can see that the above formulation of the wave production

based on the Stokes drift is the same as our estimation of the mean effect (5.33). The relation between

the Stokes production (5.42) and the mean effect in this study can be explained by how (5.42) is obtained.

The formulation (5.42) can be derived from the CL momentum equations (see e.g. McWilliams et al.,

1997), where it arises from the vortex force. In the CL momentum equations, the velocity represents the

wave-phase-averaged motions without wave-phase-correlated fluctuations. Therefore, the TKE production

derived from the CL equations is equivalent to the mean effect that represents the interaction between the

wave-phase-averaged stress and wave-phase-averaged straining. Alternatively, (5.42) can be derived in the

Lagrangian frame by assuming that there is no wave-phase correlation between the turbulence stress and the

wave orbital straining (Ardhuin & Jenkins, 2006). The no-phase-correlation assumption is also equivalent

to our mean effect production. Therefore, it is natural that the above Stokes production (5.42) is the same

as the mean effect in the present study (5.33).

The Stokes production is found to be themain source of TKE in strong Langmuir turbulence at small LaC

from the previous simulations using the CL equations (see e.g. McWilliams et al., 1997; Grant & Belcher,

2009). When LaC increases and the wave effect weakens, the production from the Stokes drift decreases
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while the production by the shearing current increases. This is consistent with our analyses of the role of

the wave production in Lagrangian-averaged TKE budget in § 5.3.1, indicating that the Stokes production

can capture the qualitative features of the wave production. Furthermore, between the two mechanisms of

wave–turbulence energy flux, i.e. the mean effect and the correlation effect, the former contributes more to

the energy flux from the wave to the turbulence, as shown in table 5.1. This suggests that the majority of the

physical processes related to the TKE in the wave–turbulence interactions is captured by the CL approach.

However, our analyses in § 5.3.2 indicate that, in addition to the mean effect, energy transferred from

the wave to the turbulence through the correlation effect is also important, which is not accounted for

by the above traditional model. As discussed above, because the CL momentum equations describe the

wave-phase-averaged velocity, it is not surprising that the resultant TKE equation can only account for the

dynamics of the wave-phase-averaged velocity fluctuations but cannot capture the correlations between the

turbulence properties and the wave phase.

5.3.5 Comparison with CL simulation

To further understand the difference between the present full wave-phase-resolved approach for modelling

the wave–turbulence interaction and the conventional wave-phase-averaged approach, we performed an

LES of Langmuir turbulence using the CL equations (see e.g. McWilliams et al., 1997). The set-up of the

CL simulation is the same as case L1 with !0 = 0.35. The upper boundary becomes a stress-driven rigid

lid.

Profiles of the Reynolds normal stresses, D′2
8

!

, are plotted in figure 5.16(a–c). Note that the Lagrangian

mean (·)! (4.7) for the CL simulation is equivalent to the G–H plane average. We can see that the profiles of

D′2
8

!

from the two simulation approaches are qualitatively similar but there are some quantitative differences.

The wave-phase-resolved simulation yields slightly stronger D′2
!
and |′2

!
and weaker {′2

!
than the CL

model. However, the discrepancies between the two approaches are relatively small. Similarly, we see a

modest difference in TKE, �
!
, as shown in figure 5.16(d). The TKE in the CL simulation is smaller than in

the wave-phase-resolved simulation but the difference is within a margin of 10%. For the Reynolds shear

stress, figure 5.16(e) shows noticeably larger−D′|′! near the surface in the wave-phase-resolved simulation

than in the CL simulation, indicating that the former predictsmore efficient turbulencemomentum transport.

This result is consistent with the difference in the mean current shown in figure 5.16(f), where we see a
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Figure 5.16: Comparisons of (a) D′2
!
/D2
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!
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!
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!/D2
∗, (e) −D′|′

!/D2
∗, and (f)

D2/D∗ between the case L1 of the wave-phase-resolved simulation (——) and the CL simulation (– – –).

more uniform mean current in the wave-phase-resolved simulation than in the CL simulation, especially in

the upper half of the domain.

Despite some relatively small quantitative differences, the Reynolds stresses and TKE seem well pre-

dicted by the CL simulation. However, this does not mean that the dynamics of Langmuir turbulence are

fully captured by the CL simulation. As discussed in the preceding discussions, the wave-phase-resolved

simulation has an additional energy production mechanism through the correlation effect. Because the cor-

relation effect is associated with the wave-phase-correlated fluctuations, we can deduce that the correlation

effect should produce fluctuations that have time scales comparable to the wave period. Therefore, we use

the frequency spectrum of TKE, (� , to investigate the time scales of the turbulence fluctuations.

Figure 5.17(a) plots the premultiplied frequency spectrum of TKE near the surface. A notable phe-

nomenon of the turbulencewith thewave phase resolved is that energy is distributed in two frequency ranges.

First, there is energy concentrated around the frequency of the wave, 50. This part of energy, representing
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velocity fluctuations with time scales close to the wave period, is related to the wave-phase-correlated tur-

bulent motions. Similar energy peaks have also been observed in field and laboratory experiments (Lumley

& Terray, 1983; Kitaigorodskii et al., 1983; Jiang et al., 1990; Magnaudet & Thais, 1995; Thais & Mag-

naudet, 1996). The above results confirm that waves can supply energy to the turbulent motions through

the production of TKE by the correlation effect.

In addition to the energy distributed around 50, most of the TKE is contained in the frequency range

much lower than 50, which we name as the energy containing range. Given that these motions are essentially

what are retained after averaging over wave periods, this part of the energy should be mostly supplied by

the mean effect arising from the wave-phase-averaged turbulence. We can also see that the largest time

scale is on the order of the large-eddy turnover time �̄/D∗, indicating that this range corresponds to large

energy-containing eddies in turbulence.

Figure 5.17(b) shows the energy spectrum evaluated at a deeper location. Compared with figure 5.17(a),

the energy containing range shifts towards larger time scales because large-scale motions are more pro-

nounced in the bulk flow. In the meantime, there is less energy around the wave frequency, indicating that

the turbulence production due to the correlation effect decays with depth. This is expected because the

wave orbital straining that drives the wave-phase-correlated fluctuations weakens as the depth increases.

For the frequency spectra computed from the CL simulation, the energy around the wave frequency

is absent because the turbulent motions associated with the correlation effect are not accounted for by

the wave-phase-averaged approach. Moreover, the energy distributions in the energy containing range are

different from the wave-phase-resolved simulation. As shown in figure 5.17(a), the energy in the mid

energy containing range, defined as 8 × 10−4 < 5 / 50 < 5 × 10−2 in this case, is lower in the CL simulation

than in the wave-phase-resolved simulation, whereas the CL simulation has more energy in the lower range

5 / 50 < 8× 10−4. Similar difference is observed at the deeper depth, as shown in figure 5.17(b). This result

indicates that, although the two simulation methods predicted approximately the same level of TKE, �
!
,

as shown in figure 5.16(d), the energy containing structures in the CL simulation has a longer lifetime.

Figure 5.17(c,d) shows the premultiplied frequency cross spectrum of D′ and |′, representing the

contributions to the Reynolds shear stress from different time scales. Here, we also observe a peak around

the wave frequency, an indicator that the wave-phase-correlated fluctuations contribute to the turbulent

flux of momentum. The contribution from the wave frequency range is much smaller at the deeper depth
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Figure 5.17: Comparisons of (a,b) the premultiplied frequency spectrum of the TKE and (c,d) the
premultiplied frequency cross spectrum of D′ and |′ between the case L1 of the wave-phase-resolved
simulation (——) and the CL simulation (— ·—). The spectrum is computed along the Lagrangian
trajectories with the mean depth (a) :I = −0.2 and (b) :I = −0.8.

(figure 5.17b) than near the surface (figure 5.17a), consistent with the previous observation in the TKE

spectrum that the correlation effect weakens with increasing depth. The above results show that the

correlation effect has a larger influence on the TKE and turbulent fluxes near the surface than away from

the surface.

Comparedwith thewave-phase-resolved simulation, the cross spectrum from the CL simulation exhibits

similar differences in the time scales as the TKE spectrum. For example, figure 5.17(c) shows that the CL

simulation has turbulence eddies with very large time scales 5 / 50 < 8 × 10−4 contributing to the turbulent

flux. These long-living eddies are not present in the wave-phase-resolved simulation, but the latter has

stronger flux contributions from the midrange 8 × 10−4 < 5 / 50 < 5 × 10−2 and the wave frequency range.

To summarize, the turbulence fluctuations in the wave-phase-resolved simulation are produced by both
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the mean and correlation effects, with the former effect contributing to large eddies in the energy containing

frequency range and the latter contributing to the wave-phase-correlated fluctuations in the wave frequency

range. By contrast, the CL simulation captures only the mean effect. It is also interesting that the wave-

phase-resolved simulation tends to predict turbulent motions with shorter lifetime, for which the underlying

reasons need further investigations. We conjecture that this result is because some large-scale structures

are more likely to be disrupted owing to the wave-phase-correlated fluctuations. Finally, we remark that the

differences from the CL model found here is not in conflict with the findings in Xuan et al. (2019) that the

CL modelling of the wave-phase-averaged vorticity is consistent with the wave-phase-resolved simulation

result. Both the CL modelling and the study of Xuan et al. (2019) focus on the first-order moments of

the turbulence. The first-order moments, e.g. vorticity or momentum, do not contain the fast oscillating

portion of the turbulence motions after the use of phase averaging. However, the contributions from the

wave-frequency turbulence fluctuations shown in figure 5.17 are kept in the second-order moments, such

as the Reynolds stresses and TKE investigated in the present study. The correlation effect, together with the

mean effect, provides a complete picture of the energy exchange process between the wave and turbulence.

5.4 Conclusions

In the present study, the effect of wave phase on Reynolds stresses and TKE in Langmuir turbulence is

examined based on the wave-phase-resolved LES data of Xuan et al. (2019). We focus on the direct

phase modulation of Reynolds stresses by the surface wave and the associated dynamical processes. The

accumulative dynamics of the TKE are then analysed, which reveal the mechanisms of the energy flux from

the wave to turbulence. The analyses of the turbulence statistics and dynamics in the wave-phase-resolved

frame are based on a triple decomposition that utilizes the phase averaging and GLM theory to separate

the total velocity into the mean current u2 , wave u| , and turbulence components u′.

The wave-phase variation of the Reynolds normal stresses and the underlying mechanisms are analysed

and summarised in figure 5.9. The streamwise Reynolds normal stress
〈
D′2

〉
and spanwise Reynolds normal

stress
〈
{′2

〉
are found to have a nearly sinusoidal variation with the wave phase, while the vertical Reynolds

normal stress
〈
|′2

〉
has a much weaker dependence on the wave phase. The wave-phase variation of〈

D′2
〉
is mainly driven by the production due to wave orbital straining that periodically exchanges energy



CHAPTER 5. REYNOLDS STRESSES AND TURBULENT KINETIC ENERGY 148

between
〈
D′2

〉
and the wave. As a result of the energy exchange induced by the streamwise stretching

and compression by the wave orbital motions (figure 4.10b),
〈
D′2

〉
attains its maxima under the wave crest

and minima under the wave trough. The maxima and minima of
〈
{′2

〉
occur approximately under the

wave trough and crest, respectively. For
〈
{′2

〉
, its inter-component energy transfer with

〈
|′2

〉
through the

pressure–strain correlation is responsible for its wave-phase variation. Such energy exchange is caused

by the periodic surface lifting and falling, which leads to the variation of the surface blocking effect and

the energy exchange between
〈
{′2

〉
and

〈
|′2

〉
. The energy exchange from and to

〈
{′2

〉
does not lead

to a significant wave-phase variation of
〈
|′2

〉
because the exchanged energy is balanced by the normal

production that periodically exchanges energy with the wave and the pressure transport that redistributes

energy in the vertical direction. This balance results in the weak wave-phase dependence of
〈
|′2

〉
. Our

analyses indicate that the Reynolds stresses are modulated by not only the wave orbital straining but

also the pressure effects, while the latter is not captured by the models based on the rapid distortion

theory. Therefore, the modelling of the pressure effects in the wave-phase-resolved frame should be further

investigated in future work.

The Reynolds shear stress 〈−D′|′〉 also varies with the wave phase. In most of the region away from

the surface, its maxima and minima occur under the wave crest and trough, respectively. Such wave-phase

fluctuation of 〈−D′|′〉 is found to result mainly from the velocity–pressure-gradient term, 〈D′m?′/mI〉. At

the surface, owing to the surface blocking effect, D′ and |′ are correlated because the velocity fluctuations

need to be along the wave surface. The variation of D′|′ at the surface induced by the surface blockage is

kinematic, and we find that it does not contribute to the TKE production.

To investigate the accumulative effect of the wave on the turbulence, the budget of Lagrangian-averaged

TKE is evaluated. It is found that the production due to the wave straining is a main source of turbulence,

especially for the strong wave forcing cases (i.e. with a small LaC ). This indicates that Langmuir turbulence

is mainly forced by the energy from the surface wave. Then we employ the Lagrangian-average-based

Reynolds decomposition to the turbulence production terms associated with the wave. These terms are

decomposed into two parts, contributed by the mean effect and the correlation effect, respectively. It is

found that the mean effect, which represents the interactions between the Lagrangian-averaged Reynolds

stresses and the Lagrangian-averaged wave velocity gradients, has the major contribution to the energy flux

from the wave to turbulence. Among different terms associate with the mean effect, the shear production
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terms, −D′|′!mD|/mI
!
and −D′|′!m||/mG

!
, are dominant. The estimation of the mean effect for the

TKE production based on the potential flow wave theory (5.33) is consistent with the Stokes production

term derived from the CL equations (5.42). An interesting finding on the wave–turbulence energy transfer

process is the production of TKE owing to the correlation effect, which results from the correlation between

the wave-phase fluctuations of the Reynolds stress and the wave velocity gradients. Among the different

correlation terms in (5.27), the wave shear production owing to the interaction between the Reynolds shear

stress and the shearing of the wave orbital motions, i.e. −(D′|′); (mD|/mI);
!

and −(D′|′); (m||/mG);
!

,

is found to be dominant. Because (D′|′); is in phase with (mD|/mI); and (m||/mG); , their interaction

leads to a net contribution to the production of TKE. We then develop a simplified model to estimate

the wave-phase variation of Reynolds shear stress (5.38) and the resulting production by the correlation

effect (5.41). The model is found to be in good agreement with the LES result.

For first-order moments of turbulence, Xuan et al. (2019) showed that the correlation of the vorticity

fluctuationswith thewave orbital straining needs to be considered to obtain the correct wave-phase-averaged

vorticity dynamics. In the present study focusing on the second-order moments, we show that the wave-

phase correlated fluctuations are not accounted for by the wave-phase-averaged CL model. Although the

vertical profiles of TKE and Reynolds stresses are similar in both the wave-phase-resolved simulation

and CL simulation, the frequency spectrum of the TKE (figure 5.17a,b) and the co-spectrum of D′ and

|′ (figure 5.17c,d) show that the wave-phase-resolved simulation has two distinct differences. First, wave-

phase correlated velocity fluctuations lead to an energy bump around the frequency of the surface wave,

suggesting that the wave provides energy to not only the wave-phase-averaged turbulence fluctuations but

also the turbulence fluctuations around the wave frequency. Second, the time scales of the turbulent motions

in the wave-phase-resolved LES are shorter than those in the CL simulation.

This study provides an improved and more complete understanding of the wave–turbulence interactions

in terms of the energy path from the wave to turbulence. The proposed model for the TKE production due

to the correlation effect also contributes to a more accurate quantification of the energy transfer rate from

the wave to the turbulence. Although the analyses in the present paper are based on a monochromatic wave

such that the phase averaging can be employed for mechanistic studies, the conclusions in the present paper

can still be helpful to the modelling of turbulence under more realistic waves with multiple modes. As a first

step, the modulation effects of the different wave components can be considered separately so that the the
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wave-phase variation of the Reynolds stresses can be superposed. Similarly, the TKE production caused by

multichromatic waves can also be computed by the superposition of the individual wave components. Next,

the interactions among different wave components, which may be higher order effects, can be considered.

They are beyond the scope of this paper but should be examined in future research.



Chapter 6

Summary and discussions

The wave–turbulence interaction in Langmuir turbulence has been studied by directly simulating the

turbulent flow in a wave-surface-fitted curvilinear coordinate system. Specifically, simulations are carried

out for the turbulent flow under a monochromatic progressive surface wave with wind shear stress applied

to the wave surface. The vorticity dynamics, Reynolds stresses, and turbulent kinematic energy have been

systematically investigated for Langmuir turbulence in a wave-phase-resolved frame for the first time. The

modulation effect of the wave phase on the subsurface turbulence has been observed and examined, thereby

shedding light on the heretofore poorly understood dynamics of fast turbulent fluctuations on timescales

comparable to the wave period. We have also studied the wave-phase-averaged dynamics of Langmuir

turbulence, revealing how wave-phase-correlated turbulent fluctuations contribute to the accumulative

effect of waves on turbulence.

To simulate Langmuir turbulence accurately, a conservative scheme is proposed for wave flows and

wave–turbulence interactions. The strong conservative formulation adopted for the discretized Navier–

Stokes equations provides excellent conservation of mass andmomentum on the time-dependent curvilinear

grid. Fully nonlinear kinematic and dynamic boundary conditions are implemented to accurately capture the

physics of the free surface. Our numericalmethod also incorporates a Lagrangian-averaged scale-dependent

dynamic subgrid scale model for the LES of turbulent flows with complex boundaries, such as waves. The

extensive tests performed herein have shown that our scheme has the capability to simulate complex wave

dynamics, such as the nonlinear dynamics of sideband and broadband waves. The numerical method also

151
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enables the possibility of studying the viscous effect in the long-term evolution of waves. Furthermore,

the good conservation properties of the proposed scheme are necessary for accurate wave-phase-resolved

simulations of the long-term wave–current–turbulence interaction in Langmuir circulations. The proposed

numerical method resolves the wave effect explicitly without vortex force modeling and successfully

reproduces the characteristic features of Langmuir turbulence, such as the presence of elongated quasi-

streamwise vortical structures and enhanced vertical fluctuations.

One major contribution of this thesis is that we have quantified the variation of the turbulence statistics

with the wave phase and revealed the underlying mechanisms. For the vortex structures and the vorticity

statistics, we have found that the periodic stretching and tilting of the wave strain (Fig. 4.16) will lead

to variations in the vortex strength and inclination angle. More importantly, through analyses of the

accumulative effect of wave straining on turbulence using Lagrangian-based Reynolds decomposition, we

have identified two mechanisms responsible for vortex distortions in the long-term evolution of the flow.

The first mechanism is vortex tilting by Lagrangian mean shear straining, and the second mechanism is the

wave-phase correlation between vorticity fluctuations and wave orbital straining. These two mechanisms

work together to tilt vertical vortices towards the streamwise direction but cancel each other out when

acting on streamwise vortices. This explains how streamwise vortices are enhanced and elongated under

wave straining.

Analyses of the Reynolds stresses indicate that the streamwise and spanwise Reynolds normal stresses

and the Reynolds shear stress have a strong dependence on the wave phase, in contrast to the weakly

phase-dependent vertical Reynolds normal stress. We have discovered that the wave-phase variation of

the Reynolds stresses is driven not only by the production of wave straining but also by the pressure

diffusion and pressure–strain correlation. The boundary effect owing to the wave surface is strong within

the inter-component energy transfer induced by the pressure–strain correlation.

For the accumulative dynamics of the TKE, we have identified a new pathway in which waves transfer

energy to turbulence, namely the correlation effect. This effect is due to the interaction between the

Lagrangian fluctuations of the Reynolds shear stress and the wave orbital shear strain. This correlation

mechanism is not resolved by the CL model, which accounts only for the mean part of the TKE produced

through the Lagrangian mean shear stress and Lagrangian mean shearing of the wave (Stokes drift). A

model is proposed that improves the quantification of the energy transfer rate owing to this correlation
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effect.

The findings from the present work indicate that wave orbital straining and fast turbulent fluctuations

with comparable timescales play an important role in the wave–turbulence interaction. For the vorticity

dynamics, the vortex force modeling of the wave distortion effect on the wave-phase-averaged mean

vorticity is consistent with our model of the Lagrangian-averaged vorticity. However, we should remark

that one component of the physical processes underlying the vortex force is due to thewave-phase-correlated

vorticity fluctuations. Even though the CL model includes the correlation effect in the momentum and

vorticity equations, the CL model cannot capture the correlation effect for higher-order moments of the

turbulence statistics, as revealed from our analyses of the Reynolds stresses and TKE. In other words,

surface waves interact with the subsurface turbulence in more complicated ways than the CL equations

can describe due to the unresolved fast turbulent motions absent from the wave-phase-averaged governing

equations. The knowledge of the physical processes and the modeling in this thesis have provided a more

comprehensive understanding of the wave–turbulence interaction and have prompted us to better understand

the importance of these fast fluctuations. However, more research is needed to improve the modeling of

Langmuir turbulence in the upper ocean.

6.1 Future studies

The computational cost of the wave-phase-resolved simulation is significant. Even with rapid increases

in computational power, it is likely that wave-phase-averaged simulations based on the CL equations will

continue to be the mainstream approach for a range of geophysical simulations. Therefore, it is desirable

to develop turbulence models to account for the effects of unresolved fast turbulent fluctuations with

timescales comparable to the wave periods in CL-based simulations. To construct such a model, the

interactions among motions on different scales should be further investigated to quantify the fluxes owing

to unresolved timescales.

The simulations and analyses in this work concern only the vorticity and velocity fluctuations. To

further understand the turbulent processes in the upper ocean, the mixing and transport of heat and

materials should be studied in the future. The influence of the correlation effect on the mixing efficiency

also needs further investigation and modeling. Moreover, the stratification effect should be included in
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the wave-phase-resolved simulation framework. The buoyancy force can be modeled by the Boussinesq

approximation. To further mimic the mixed layer, the simulation can be established with a thermocline.

Below the thermocline, a sponge layer can be used to absorb internal waves. These modifications can shed

light on how stably and unstably stratified mixed layers respond to wave orbital forcing.

Particle transport and dispersion in Langmuir turbulence are also of great interest for controlling

pollutants in the ocean such as microplastics. It has been found that surface waves can affect the preferred

orientation of spheroid particles (DiBenedetto et al., 2018). As a wave propagates, the particle orientation

oscillates with the wave period while slowly aligning towards a mean orientation. The orientations of these

anisotropic particles determine the dispersion of spheroid particles. However, it is not clear how the particle

motions are affected by turbulence. Therefore, it is desirable to embed particles in the wave-phase-resolved

simulation and investigate the particle statistics in the context of Langmuir turbulence.

In the future, more realistic wind and wave conditions should be considered. The canonical model

used in the present work contains only a monochromatic wave, whereas surface waves under realistic

conditions have multiple wave components and propagate over a spreading angle. To understand the wave–

turbulence interaction in this complex setting, one can investigate this process from two perspectives: the

interaction among different components and the effects of misaligned wind and waves. Whenmultiple wave

components are present, one could simply use linear superposition to estimate the wave effect. However,

nonlinear effects, such as triad energy transfer, cannot be neglected. On the other hand, misaligned wind

and waves complicate the process because the wind-shear-driven current and surface waves in different

directions compete with each other (Polonichko, 1997; Van Roekel et al., 2012). To improve the modeling

of misaligned forcings, proper scalings need to be established, especially for the new correlation effect.

In the present study, the wave shape is kept steady to facilitate the analyses. However, under the

influences of the shear current and large-scale circulating structures, surface waves can vary over time due

to wave refraction, amplitude modulation, and the generation of higher-order wave components (Suzuki,

2019). However, the model by Suzuki (2019) does not consider the effects of wind and vortex structures

with different scales. Because the numerical scheme proposed in this work is able to simulate the evolution

of both turbulence and nonlinear waves, the turbulent dynamics under a transient wave field should be

further explored.
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Appendix A

Surface pressure for maintaining the

wave amplitude

Assuming that the elevation of the surface wave is [(G, C) = 0C (C) sin i(G, C), where the wave amplitude 0C

and the phase i are evaluated at every time step, the pressure ?0 is given by

?0 = ?0 cos i, (A.1)

which lags the wave by a phase difference of c/2. The energy input rate over one wavelength from the

applied pressure is
3�

3C
= −

∫ _

0
[C ?0 dG =

0l?0

2
_. (A.2)

Because the energy difference from the target wave amplitude is Δ� = d6(02 − 02
C )_/2, where 0 is the

target wave amplitude, we specify ?0 as

?0 =
Δ�

ΔC

2
0l_

=
d(02 − 02

C )2
0Δ)

(A.3)

to supply energy to maintain the wave amplitude or suppress the wave. Here, Δ) is a parameter to smooth

the pressure forcing, for which we use Δ) = c/2l.
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Appendix B

Two-point correlations of turbulence

velocity fluctuations

The two-point correlations of the turbulence fluctuation velocity are calculated to evaluate whether the

domain size is sufficiently large to capture the coherent structures in the turbulent flow. The two-point

auto-correlation for the velocity fluctuation D′
8
, 'D′

8
, is defined as

'D′
8
(A, I) =

〈
D′
8
(x)D′

8
(x + A ê1)

〉
GH〈

D′
8
(x)D′

8
(x)

〉
GH

. (B.1)

Here, ê1 is the unit vector in the G-direction, and 'D′
8
is defined based on the average on a horizontal G–H

plane, 〈·〉GH . As shown in figure B.1(a), for case L1, the correlation functions 'D′
8
of different velocity

components fall off to almost zero at the mid-point of the domain (less than 0.05), which is usually

considered to be small enough in different types of turbulent flows (Komminaho et al., 1996; Zikanov

et al., 2003). The studies of the effect of the domain size for plane Couette flows by Komminaho et al.

(1996) and Tsukahara et al. (2006) also show that the flow statistics only vary slightly when the correlation

function at the mid-point of the domain decreases from 0.2 to 0.05. Among the three components,

the spanwise velocity fluctuations have a relatively strong correlation, corresponding to the elongated

streamwise vortices (Teixeira & Belcher, 2010). Figure B.1(b) shows that the correlation functions for the
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Figure B.1: Two-point auto-correlation of velocity fluctuations. (a) 'D′
8
(:A1) of the streamwise (——),

spanwise (– – –), and vertical velocity (— ·—) at :I = −0.1 for case L1; (b) '{′ at :I = −0.1 for cases L1
(——), L1S (— · ·—), L2 (– – –), L3 (— ·—), and the shear-driven turbulence case S (· · · · · ·). Only half
of the domain size is plotted due to the periodicity.

spanwise velocity fluctuations, '{′ , are sufficiently small for all cases considered in this study, and thus the

domain size is sufficiently large.



Appendix C

Linear stochastic estimation of coherent

vortex structure

The linear stochastic estimation (LSE) is the linear least squares approximation of a random variable with

respect to a conditioning event (Adrian & Moin, 1988; Adrian, 1994). Here, the conditioning event is

chosen to be the presence of a vortex identified by the swirling strength _28 (Zhou et al., 1999; Christensen

& Adrian, 2001), the imaginary part of the complex eigenvalues of the velocity gradient tensor ∇u. The

_28 is always non-negative, and it measures the strength of the rotation, but not the direction. To avoid the

cancellation between the vortices of the opposite rotating directions when performing the LSE, we employ

a signed swirling strength Λ28 (Wu & Christensen, 2006) as the conditioning event,

Λ28 = _28
lG

|lG |
. (C.1)

Here, lG is used to decide the sign because of the dominance of the streamwise vortices. The LSE of a

quantity 5 subject to the event Λ28 , denoted by 〈 5 (x′) |Λ28 (x)〉, is given by

〈 5 (x′) |Λ28 (x) > 0〉 = 〈Λ28 (x) 5 (x + x
′)〉+

〈Λ28 (x)Λ28 (x)〉+
Λ28 (x), (C.2a)

〈 5 (x′) |Λ28 (x) < 0〉 = 〈Λ28 (x) 5 (x + x
′)〉−

〈Λ28 (x)Λ28 (x)〉−
Λ28 (x), (C.2b)
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where 〈·〉+ and 〈·〉− denote that the averaging is taken at all locations of Λ28 > 0 and Λ28 < 0, respectively,

and x′ denotes the coordinates relative to x. The above definition of LSE allows the vortices of opposite

rotation directions to be averaged separately.



Appendix D

Calculation of correlation terms

Substituting (4.22) into the correlation term in (4.18a), we have

l;G

(
mD|

mG

) ; !
≈
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. (D.1)

If we use the linear wave expression,

(
mD|

mG

) ;
= −

(
m||

mI

) ;
≈ 0:l4:I cos i, (D.2)(

mD|

mI

) ;
=

(
m||

mG

) ;
≈ 0:l4:I sin i, (D.3)

where i = :G − lC is the wave phase. We can see that in the first term of (D.1), the phase difference

between
∫
(mD|/mG);dC and (mD|/mG); is c/2. As a result, the Lagrangian average (4.5) of the product of

these two variables has a negligible net effect. In the second term of (D.1), the values of
∫
(mD|/mI);dC

and (mD|/mG); are positively correlated and yield a net contribution as

l;G
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Similarly, we can calculate the correlation term in (4.18b) as
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Here, the first term has no contribution because the phase difference between
∫
(m||/mG);dC and (mD|/mI);

is c/2.

Using (4.22) and (D.3), we can calculate the correlation terms in (4.18c) and (4.18d) as
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In (D.6), the phase difference between
∫
(mD|/mI);dC and (m||/mG); is c/2 and the corresponding term

is omitted. The same applies to
∫
(m||/mI)

;dC (m||/mI);
!

in (D.7).



Appendix E

Reynolds number effect

To investigate whether the dominant mechanism of the wave effect on the vorticity evolution is affected by

the Reynolds number, a simulation of Langmuir turbulence with Reg = 500 is carried out. The remaining

parameters are the same as those of case L1 (table 3.1). The grid size is 128 × 160 × 73 and the resolution

satisfies the criteria for wall-resolved LES.

Figure E.1 shows the wave distortion terms D| as in figure 4.15. The positive and negative regions

and the vertical distribution of the terms are similar to those in the flow at Reg = 2000. This indicates that

the vorticity fluctuations due to the stretching and tilting by the wave orbital straining are similar at the two

different Reynolds numbers.

Figures E.2(a) and E.2(b) show the Lagrangian decomposition of the wave distortion effect for the

evolution of lG! and lI ! (4.18), respectively. Compared with figures 4.19(a) and 4.20(a), these profiles

are very similar. For the dynamics of lG! , both the mean effect and the phase correlation between

the vorticity fluctuations and the wave orbital straining result in a net enhancement of the streamwise

vorticity. Meanwhile for the evolution of lI ! , the mean effect is cancelled by the correlation effect. In

addition, the theoretical predictions, (4.19-4.20) and (4.23-4.24), agree with the numerical results. The

above comparisons show that although the Reynolds number can affect the flow statistics quantitatively, the

mechanisms of the vorticity dynamics under the distortion of the surface wave appear to be the same.
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Figure E.1: Contours of the terms of the wave distortionD| in the flowwith Reg = 500: (a) 〈lGmD|/mG〉,
(b) 〈lImD|/mI〉, (c) 〈lGm||/mG〉, and (d) 〈lIm||/mI〉.
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Figure E.2: Lagrangian decomposition of the wave distortion term (a) D|
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meanings of the line types in (a) and (b), respectively.
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