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Abstract

The axion, first proposed to solve the absence of a neutron electric dipole moment, is also

an excellent dark matter candidate. If the axion is composite, it must be bound by a novel

strong interaction. Some strongly-coupled models, mathematically intractable until now,

are recently discovered to be calculable through a mapping onto 5-dimensional gravity. We

propose a series of composite and extra dimensional axion models. A basic 5-dimensional

model first incorporates the known forces while keeping the axion consistent with gravita-

tional corrections. More sophisticated extensions address other problems in particle physics

unrelated to the axion, providing nontrivial predictions that can be tested experimentally.

We further propose a composite model that incorporates both the Higgs boson and the

axion. By enlarging the color gauge group, we provide a consistent procedure to raise the

axion masses as high as TeV collider energy scales, further motivating experimental searches

for axion-like particles.
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Chapter 1

Introduction

The Standard Model of particle physics has provided our most successful description of

Nature to date. The theory categorizes the fundamental constituents of matter into quarks

and leptons, and their interactions into the electromagnetic, weak, and strong nuclear forces.

Including general relativity and the Standard Cosmological Model, the theory is capable

of predicting observable phenomena ranging from the subnuclear structure of quarks and

gluons, to the expansion of the Universe.

The development of the Standard Model first started with the formulation of quantum

electrodynamics (QED). QED successfully described the interaction of radiation and matter

as an Abelian quantum gauge theory. The theory was called “the jewel of Physics” [1] thanks

to the capability of extremely accurate predictions of observable quantities, such as the Lamb

shift of the hydrogen energy levels [2], or the electron anomalous magnetic moment. This

feature originates from the perturbative characteristic of the theory, in which observable

quantities can be calculated using a perturbation expansion of calculable Feynman diagrams.

Abelian gauge theory was then extended to general non-abelian groups by Yang and Mills

[3], which paved the way for the further description of the weak interaction with an SU(2)

group [4], and the strong interaction with an SU(3) group.

The current theoretical structure of the Standard Model was conceptualized beginning

in the 1960s, with the three fundamental interactions underlying the three generations of

leptons and quarks [5]. Finally, the Higgs boson was introduced to resolve the problem of

massive vector bosons, consequently providing a dynamical mass generating mechanism to

1
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fundamental fermions [6, 7]. These aspects of the Standard Model are confirmed through

its ability to produce accurate predictions, inherent of its predecessor QED, and through

extensive experiments: the discoveries of the bottom quark in 1977 [8], the top quark in

1995 [9], the tau neutrino in 2000 [10], and the Higgs boson in 2012 [11], which perhaps is

the most famous triumph of the Standard Model.

Nonetheless, it is clear that the Standard Model is an effective description of a more

complete theory that describes physics at higher energies. The Standard Model only unifies

electromagnetism and the weak interaction, and it is widely believed that at some grand

unification scale (GUT), the strong nuclear force can also be included. The Standard Model,

as a quantum field theory, also neglects the classical description of general relativity. In

principle, the Standard Model remains valid up to the (reduced) Planck scale MPl = 2.435×

1018 GeV, where quantum gravity becomes important. Nonetheless, there surely must be

novelties waiting to be explored in the 16 orders-of-magnitude Great Desert between the

current TeV experimental scale and the Planck scale.

The first clue of new physics comes directly from this discrepancy between the weak

scale and the Planck scale in the form of the gauge hierarchy problem. Although some may

consider the problem not a drawback of the Standard Model, but rather the susceptibility

of elementary scalar particles to quantum corrections. Specifically, the leading Higgs mass-

squared correction from a Yukawa coupling yf to a fermion is

δm2
H = −

|yf |2

8π2
Λ2

UV , (1.1)

where the largest correction is due to the top quark with yf ∼ 1, and ΛUV is an ultraviolet

cutoff. Given that the observed mass is a combination of the bare mass and the quantum

correction in Eq. (1.1), these two contributions must be fine-tuned to a high level of accuracy

to produce the observed Higgs mass at 125 GeV, provided ΛUV is identified with a physical

mass scale in a UV complete theory.

There exist multiple solutions to the Higgs mass hierarchy problem. One could use the

dimensional regularization scheme instead and renormalize the UV divergence in Eq. (1.1).
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However, if the UV theory is finite, the Higgs mass will receive a new correction from any

UV particle, which will then lead to a severe tuning. As the name suggests, the gauge

hierarchy problem really is the question of why the weak scale is so much lower than the

gravity scale (or why gravity is so much weaker than the other forces). One can alleviate

the problem by interpreting ΛUV not as the gravity scale, but the scale of new physics. At

this scale, particles from theories beyond the Standard Model (BSM) could be observable

experimentally. These new states could be supersymmetric (SUSY) partners of the Standard

Model1, the Kaluza-Klein (KK) modes from hidden extra dimensions (see Chapter 3), or

dark mesons from novel strong dynamics that admits the Higgs boson as a composite bound

state (see Chapter 5). A naturally small correction requires these new states to be at around

10− 100 TeV. Even at this scale there is a little hierarchy which needs to be explained, but

it is still orders of magnitude better than the Standard Model. Thus, if the gauge hierarchy

problem is taken seriously, the LHC would be our best bet to detect new physics from current

collider searches.

The gauge hierarchy problem, that has driven particle physics so far, is an example of

a fine-tuning problem. In a natural theory, dimensionless parameters should be of order

one, or equivalently, quantities of the same origin should have the same order of magnitude.

A mathematical formulation of this principle can be derived from Bayesian statistics using

concepts such as parameter space and distribution [14, 15]. These formulations, however,

are only well defined in the high energy, or ultra-violet (UV) region of the theory, which

is inaccessible at low energy, or the infra-red (IR). In a theory with an unnaturally small

parameter, if a symmetry in the UV theory could be recovered when the parameter is put

to zero, then the fine-tuning problem can be addressed [16]. This is often referred to as

the naturalness principle, a stronger form of the fine-tuning principle. The gauge hierarchy

problem, for instance, violates this principle since there is no symmetry obtained when

the Higgs mass is taken to zero. The most common solution to naturalness problems is

thus enhancing the UV theory with a protective symmetry. An alternative is to accept the

fine-tuning as evidence of a multiverse, based on the anthropic principle [17]. Nonetheless,
1See [12] for a comprehensive SUSY review. For a historical exposition, see [13].
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with the current lack of verified experimental anomalies or observations of new physics, the

naturalness principle has proven to be a very robust theoretical approach driving recent

particle physics developments. As such, naturalness with some unexplained mild tuning is a

central theme of this thesis, as we explore how composite and extra dimensional frameworks

can be utilized to explain some of the Standard Model’s current problems.

Fermion mass hierarchy

Another hierarchy problem of the Standard Model in the weak sector is the fermion mass

hierarchy. Mathematically, fermions from the same generation in the Standard Model are

treated identically. However, the observed masses, in all fermion generations, exhibit a

severe hierarchy (see Table 1.1).

m (GeV) Ratio

u 0.0011723(5) 1

c 0.589(73) 550

t 163.004(970) 75000

d 0.0025476(100) 1

s 0.0507(32) 20

b 2.6993(12) 870

e 0.000477021(9) 1

µ 0.102698(2) 207

τ 1.74276(3) 3484

Table 1.1: Fermion masses in the Standard Model at the scale Q = 173.1 GeV in the M̄S
renormalization scheme, and the ratio compared to the first generation. Fermion families
are separated by horizontal lines.

In the Standard Model, fermion masses are generated through Yukawa couplings to the

Higgs field. These Yukawa couplings are dimensionless parameters of the theory, and thus

fail to offer an a priori explanation of the observed hierarchy. The hierarchy is present even

at higher energies where the renormalization running is incorporated. In a Higgs doublet

model, for instance, the Yukawa couplings at 109 GeV are reduced by roughly a factor of
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two, thus offering no alleviation to the hierarchy2.

Note that there is another mass hierarchy between the neutrinos, which are not in-

cluded in Table 1.1, and the charged fermion families in the Standard Model. While the

first-generation quark and charged lepton masses are approximately at the MeV scale, the

neutrino masses are expected to be less than 10−3 eV [18]. In the Standard Model, the neu-

trinos are assumed to be massless. Thus current neutrino oscillation measurements, which

imply that at least two of the neutrinos are massive, already require extensions beyond the

SM. The simplest such extension is the inclusion of right-handed neutrinos νR, which allows

for the seesaw mechanism. The right-handed neutrinos, being sterile, can have a Majorana

mass term in addition to the usual Dirac mass term similar to those in the SM

∆L = mDν̄LνR +mMνRνR + h.c. (1.2)

where mD ∼ yfv is the Dirac term, arising from the usual Yukawa couplings when the Higgs

obtains a vev v, and mM is the novel Majorana mass term.

If only the Dirac mass is present, then the associated neutrino-Higgs coupling must be

highly suppressed of order ∼ 10−12 (in contrast with the top quark Yukawa coupling of order

one). This clearly begs for an explanation. For instance, this situation can be mitigated

if the Majorana mass mM is present and very large. In this case, the physical neutrino

eigenstates can be extremely light

mN ∝
m2
D

mM
. (1.3)

The expected neutrino masses can be naturally explained given a Majorana mass of order

1010 GeV without any tuning of the neutrino Yukawa couplings. For its simplicity, the

seesaw mechanism is widely believed to be the solution to the minuscule neutrino masses.

This is an example of how addressing tuning problems can guide us to simpler theories.

The fermion mass hierarchy and the neutrino will be revisited in Section 4.5, where we
2This fact is revisited in Chapter 4, where we use a warped extra dimension model to explain the fermion

mass hierarchy.
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construct a warped extra dimensional model that includes the axion. In this framework, a

natural explanation for the fermion mass hierarchy can also be obtained. Instead of being

near the GUT scale, the Majorana mass scale could be at a lower infra-red scaleMIR, where

one could detect the presence of sterile neutrinos or hidden extra dimensions. Furthermore,

warped extra dimensions can allow the possibility that neutrinos are Dirac particles. Next,

we consider the strong CP problem, another tuning problem of the Standard Model.

CP Violation in the SM and the Strong CP problem

First we will review the CP symmetry in the Standard Model. QED, the first piece of

the SM, which merged special relativity and quantum mechanics, required the existence of

antiparticles. For each particle, there must exist an antiparticle with identical mass and

spin but opposite charge. The observation of the positron - the antiparticle of the electron

in 1933 confirmed the theory [19]. However, this poses a cosmological problem. In QED,

particles and antiparticles are treated identically. However, astronomical and cosmological

observations show that the Universe is made up solely of matter. This matter-antimatter

asymmetry, also known as the baryon asymmetry, may result from a discrepancy in the

interaction between elementary particles and anti-particles.

A quantum field theory may possess several internal discrete symmetries: charge con-

jugation (C), parity transformation (P), and time reversal (T). A CP transformation thus

converts a particle into its antiparticle, and vice versa. In a consistent quantum field theory3

the CPT symmetry must be present. However, while CPT must be an exact symmetry, P

and CP may be violated. In fact, in 1956, the weak decays were shown to violate parity

[20]. This was due to the mixing angles between the generations of quarks, that appear

in the CKM matrix [21]. Similarly the mixing angles between the generations of leptons,

that appear in the PMNS matrix [22, 23], allow for CP violation angles that are order one.

However, these sources of CP violation within the Standard Model are insufficient to explain

the observed matter-antimatter asymmetry on a cosmological scale. A new unknown source
3To be more exact, any Lorentz invariant local quantum field theory with a Hermitian Hamiltonian.
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must be present.

One might hope to find another CP violation source within the strong interactions.

However, unlike the weak force, the strong nuclear force exhibits almost exactly no CP

violation. In the 1970s, it was discovered that Quantum Chromodynamics, the quantum

gauge theory of the strong nuclear force, does indeed admit a parameter, called the theta

angle, that allows for CP violation within the theory. However unlike the CP violation

angle in the CKM matrix, this theta angle must be quite small, up to order 10−10, to be

consistent with current experimental bounds on CP violation within the strong interactions,

specifically from the neutron electric dipole moment [24, 25, 26]. This is the strong CP

problem. Among the solutions of the strong CP problem, the Peccei-Quinn mechanism with

an axion is the most elegant solution, and is the main subject of this thesis.

Dark Matter

Matter-antimatter asymmetry aside, there is a much more severe experimental problem:

the existence of dark matter and dark energy. Multiple cosmological probes varying in

size (from dwarf galaxies [27], the Milky Way [28], to galaxy clusters [29]) have confirmed

that the baryonic matter contributes roughly 19% of the mass density, and only 5% of the

total Universe mass-energy density4. The prototype of this missing mass, generally referred

to as cold dark matter, is a weakly interacting massive particle (WIMP): non-relativisitic,

heavy compared to SM particles, and interacts via the weak force with SM particles. The

WIMP scenario has been preferred since it frequently arises in BSM scenarios, such as the

neutralinos in SUSY, KK modes in extra dimensional models, and resonances in composite

Higgs models. Nonetheless, since the search for the WIMP has proven to be fruitless so far,

it behooves us to explore new possibilities.

The axion and axion-like particles, thus has emerged recently as one of the prime candi-

dates for dark matter. The typical axion is ultra-light and weakly interacting, and thus has

wave-like characteristics on large scales (often named fuzzy or wave DM). The long wave-
4There exist modified gravity models to explain DM, but generally fail to work across different scales.
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length axions, including the QCD axion, thus can serve as cold dark matter that populate

the Universe after the Big Bang. Furthermore, the axion that solves the strong CP problem

may not necessarily be light, but could be heavy in some variant scenarios. In Chapter 5, we

explore how to construct a family of heavy axions in the context of composite Higgs models,

and study the dark matter candidates predicted by these models.

Organization

The previous problems are not the only theoretical drawbacks of the Standard Model. Some

other problems include the proton decay problem, stability of the electro-weak scale, why

there are three generations of fermions, the origin of the cosmological constant (or dark

energy), and how to incorporate a quantum theory of gravity. Eventually a complete UV

description should be able to explain all of these problems.

The central theme of this thesis has a more modest goal to consider the axion and the

strong CP problem. A particularly interesting framework that can simultaneously address

multiple problems of the Standard Model is that of warped extra dimensions, where multiple

hierarchies can be naturally explained. Furthermore, warped extra dimensions are dual to

classes of four-dimensional (4D) composite models via the remarkable AdS/CFT correspon-

dence [30]. While the exact mapping is not yet known, studying the axion from both sides of

the duality thus provides insights on axion models that can give new predictions and guide

experimental searches.

In Chapter 2, we review in more depth the strong CP problem and the axion solution. In

Chapter 3, we review the framework of warped extra dimensions. These two chapters serve as

the background material for subsequent chapters. Chapter 4 presents a five-dimensional (5D)

axion model that is free of the axion quality problem. This chapter also extends the model

to incorporate Standard Model fermions, and shows that the warped extra dimensional

framework can offer a natural solution to the fermion mass hierarchy. Chapter 5 presents

composite axion models. One of the models will have the feature that the axion is heavy

and detectable in collider experiments. Finally, in Chapter 6 readers can find a summary of
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the major results of this thesis and comments on future directions.

This thesis is based on the work published in [31, 32, 33] and work that is currently in

preparation [34] at the University of Minnesota.



Chapter 2

Strong CP Problem and the Axion

The axion is a hypothetical particle originally introduced in [35, 36, 37, 38] to solve the

strong CP problem of Quantum Chromodynamics (QCD). It arises as a Nambu-Goldstone

boson (NGB) from an anomalous U(1) Peccei-Quinn (PQ) global symmetry, that is sponta-

neously broken at some high energy scale FPQ ' 109 − 1012 GeV. The global symmetry is

explicitly broken by non-perturbative QCD dynamics, which generates an axion potential.

At this potential minimum, the axion precisely cancels the θ̄ term, and therefore provides a

dynamical reason of why there is no CP violation in QCD.

If it exists, the axion is predicted to have an extremely small mass and weak coupling to

the Standard Model particles. As such, the axion has emerged as one of the prime candidates

for dark matter. The existence of the axion can simultaneously solve both the strong CP

and dark matter problem of the Standard Model. Thus, after the discovery of the Higgs

boson, the axion is the next sought-after particle, and is actively studied both theoretically

and experimentally.

Nonetheless, the axion solution, while arguably the most elegant, is not the only solution

of the strong CP problem. There exist other solutions, such as the massless up quark

[39], and spontaneous P/CP violation models (such as the Nelson-Barr model [40, 41]).

Furthermore, the axion solution, by itself, is not free of theoretical problems. The most

severe one is the axion quality problem, in which the strong CP solution is spoiled by quantum

gravity corrections. In a larger context, extensions to the popular axion solution are thus

required, although there is a risk of complicating the model and diminishing the elegance

10
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of the original mechanism. As the axion has gained renewed interest, these problems have

also been under extensive theoretical studies.

Depending on the context, the term axion may also refer to axion-like particles (ALP),

that have no relation to the strong CP problem. A spin-zero particle with properties re-

sembling those of the axion appears in a multitude of different theoretical contexts. These

particles could be pseudoscalars like the QCD axion, or scalars like the dilaton or moduli in

string theory. These particles also appear in composite Higgs models as siblings of the Higgs

boson [42], in extra dimensional models, in string theories [43], or in theories with hidden

sectors. While the study of ALPs is a very rich subject, in this thesis we are only interested

in the QCD axion in the traditional sense, as a solution to the dark matter and strong CP

problems of the Standard Model.

QCD is a vast subject, and this review no doubt will omit several steps that may be

deemed fundamental depending on the reader background. A more complete overview can

be found in Chapter 9 of [44]. In Section 2.1, we briefly introduce QCD in a historical

context and highlight ideas that are important for our purposes. In Section 2.2, we introduce

the chiral Lagrangian and the U(1) problem, which is closely related to the strong CP

problem, reviewed in Section 2.3. Some solutions to the strong CP problem are introduced

in Section 2.4. Aspects of the axion solution including the axion quality problem, one of the

theoretical hurdles of axion models, are presented in Section 2.4.1.
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2.1 Brief Introduction to QCD

Quantum Chromodynamics (QCD) is a quantum gauge field theory that describes the inter-

action between quarks and gluons, through a non-abelian gauge invariance SU(3)c. Unlike

the electro-weak sector, QCD exhibits confinement, in which the quarks are not directly ob-

servable, but are hadronized into bound states such as mesons and baryons. Furthermore,

QCD is non-perturbative, meaning that (at low energies) there is no reliable perturbative

expansion to calculate physical quantities. The problem of proving the mass gap existence

from confinement is still an open problem in physics, and is one of the Millennium Prize

Problems [45].

With the invention of bubble chambers in the 1950s, particle physicists discovered a

large number of hadronic particles. In the following years, these particles were classified by

charge and isospin by Wigner and Heisenberg, and subsequently by strangeness [46, 47]. The

eightfold way1 was introduced by Gell-Mann and Ne’eman in 1961 [48, 49], serving as the

“Periodic Table of Nuclear Physics". In 1963, Gell-Mann and Zweig proposed the existence

of three flavors of quarks and their interaction with gluons, that can be used to explain the

observed hadronic spectrum [50].

Due to the Pauli exclusion principle, it soon became clear that quarks should possess

additional quantum numbers. The SU(3)c gauge group of color was then introduced by

Greenberg [51], and Han and Nambu [52]. Nambu and Han also noted on the existence of the

modern gluons in the adjoint representation. The searches for free quarks proved unfruitful

in subsequent years. For a while, quarks were considered mathematical objects and not

real particles. In hindsight, these searches were bound to fail because of confinement. The

existence of quarks were later confirmed in deep-inelastic experiments [53, 54], that proved

quarks were not just mere mathematical devices for calculation. This was done through the

contribution of Feynman [55] with the parton model, and Bjorken scaling [56].

Modern QCD as the theory of color was developed by Gell-Mann, Fritzsch and Leutwyler
1An allusion to the Noble Eightfold Path in Buddhism.
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[57] employing the Yang-Mill theory [3] with a deceptively simple Lagrangian.

LQCD = −1

4
F aµνF

aµν + ψ̄i(iγ
µDµ −m)ijψj , (2.1)

where Aaµ is the gluon field with a = 1 . . . N2
c − 1 (8 for Nc = 3), Da

µ = ∂µ − igAaµ is the

covariant derivative with g the dimensionless strong gauge coupling and F aµν = ∂µA
a
ν −

∂νA
a
µ + gfabcAbµA

c
ν is the field strength tensor. The ψi are Dirac fields with flavor index i.

It is a miracle, both in mathematical and realistic sense, that this Lagrangian can give rise

to such a rich multitude of phenomena.

Of course mathematically, it is uncertain how such a confinement mechanism works.

The main hurdle is that QCD is non-perturbative at low energies; the coupling constant

αS = g2/4π is greater than unity, thus dashing any hope of a perturbative expansion that

has been so successful in QED and the electroweak theory. However, just like in other field

theories, the coupling constant is not a constant at all. The Lagrangian in (2.1) with the

Standard Model fermion content allows us to write down the renomalization group equation

(RGE)

β(αS) = µ2dαS
dµ2

= −(b0α
2
S + . . .) , (2.2)

where b0 = (33 − 2nf )/12π is the 1-loop β-function coefficient, and the “. . ." represents

higher-loop orders. The negative sign in Eq. (2.2) is the basis behind the discovery of

asymptotic freedom by Gross, Wilczek [58] and Politzer [59]. Asymptotic freedom means

that for processes involving large momentum transfers (hard collisions), the strong coupling

becomes weak, thus perturbative QCD (pQCD) calculations can be employed along with

the parton model for experimental predictions. In hard interactions, final state partons and

hadrons mostly appear in collimated jets. The first observation of gluons as a jet event was

discovered in 1979 at PETRA of DESY in Germany [60]. Though limited in scope, pQCD

calculations have provided the most precise tests to date.

If one truncates the β-function in (2.2) at some higher order terms (in practice, greater

than four) and solves for αS , one finds that αS becomes infinite at some scale µ̄ ≡ ΛQCD ∼ 0.2
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GeV. This is the confinement scale of QCD, at which hadronization occurs. Below the

confinement scale, pQCD is no longer valid, and other effective approaches have to be

deployed. One genius of physicists during this era is the “workaround” theories developed to

understand the hadron structures. As one might put it, the evolution of QCD is the struggle

of physicists to “break free from Feynman diagrams”. In hindsight, these works define the

physics theme for the next century. To list a few, these include

∗ Chiral Lagrangian (Section 2.2), which reasonably predicts the hadronic spectrum and

the U(1) problem.

∗ Study of the QCD anomaly and the strong CP problem gave rise to the discovery of the

topological aspects of QCD such as topological defects: instantons, skyrmions, domain

walls, and strings, which then find their full potential in supersymmetric theories.

∗ Initial string theories to model the “stringy” one-dimensional interaction within hadrons.

∗ Large N simplification, in which large classes of Feynman diagrams are suppressed by

higher orders of 1/N . These subsequently led to the study of conformal field theories.

∗ Last but not least, completing the circle, the AdS/CFT correspondence relates some

string theories with lower-dimension conformal field theories.

Standing on the shoulder of the QCD fore-fathers, we will utilize the AdS/CFT correspon-

dence as a central framework in this thesis.
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2.2 Chiral Lagrangian and the U(1) Problem

At low energy where the quarks are confined within hadrons, effective field theories can be

employed to study QCD. The up and down quarks are much lighter than the confinement

scale ΛQCD, and thus can be considered massless for practical purposes. This approximation

may extend to include the strange quark, whose mass is slightly below ΛQCD. Other quarks

(charm, bottom and top) are considered heavy quarks and require a different treatment.

For simplicity, let us consider two light flavors ψ = (u, d). Each Dirac fermion can

be decomposed into Weyl components ψi = (χα, ξα̇) where α, α̇ are SU(2) spinor indices.

Thus in this limit, the theory possesses a chiral symmetry U(2)L ×U(2)R. Specifically

χα → L β
α χβ , ξα̇ → (R∗)α̇

β̇
ξβ̇ , (2.3)

where L(R) are U(2)L(R) transformations. If the strange quark is also considered, the

flavour group is instead SU(3) with a U(3)L × U(3)R global symmetry. This extension is

straightforward to implement, but for simplicity we will restrict to two flavours. The global

symmetry U(2)L ×U(2)R can be decomposed further into

U(2)L ×U(2)R = SU(2)V ×U(1)V × SU(2)A ×U(1)A . (2.4)

The global symmetry SU(2)V (setting R = L) is realized in Nature as the isospin symmetry,

and U(1)V is baryon number. The axial symmetry SU(2)A, on the other hand, must be

spontaneously broken. Let us for now assume that U(1)A is also broken, thus there are four

Nambu-Goldstone bosons (NGBs). However, since there is no fundamental scalar field that

could acquire a VEV, we must instead utilize a composite field made from the quarks. The

simplest candidate is (χξ) β̇α where

〈0|χαξ β̇|0〉 ≈ −Λ3
QCDδ

β̇
α . (2.5)

This is the fermion condensate. The RHS is determined by the confinement scale, the only
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scale available, as we have not introduced any bare quark masses. Note that because of

the flavor symmetry, an expansion of the LHS vanishes to all perturbative orders. Thus,

Eq. (2.5) is non-perturbative.

Now, the spontaneous symmetry breaking pattern is

U(2)L ×U(2)R → SU(2)V ×U(1)V . (2.6)

Thus, we would expect four NGBs in the spectrum. These are the three pions and the η′

meson. We can model these fields using the sigma model by considering

U(x) = exp

(
i√
2Fπ

T aΠa(x)

)
, (2.7)

where a runs from 0 to 4, T a = (I, ~τ) where ~τ are the three Pauli matrices. The Πa

component is associated with the pions with decay constant Fπ, and the Π0 component is

associated with the η′ meson where we have taken Fη′ ∼ Fπ. The matrix U(x) is unitary,

transforming as a (2, 2) under the SU(2)L × SU(2)R symmetry, and can be understood as a

slowly varying field on the background of the fermion condensate

U(x) ≡ − 1

Λ3
QCD

〈χα(x)ξ β̇(x)〉 . (2.8)

To determine Fπ, we write down the appropriate Lagrangian

L = F 2
π Tr ∂µU∂

µU † =
1

2
∂µΠa∂µΠa + · · · (2.9)

where the dots contain higher dimensional terms. Next, the quark masses can be included

with the leading operator

∆L = aF 3
π TrMU + h.c. , (2.10)

where a is an O(1) dimensionless constant and M = diag(mu, md). Note that the masses

may contain phases θu, θd. We assume, for now, that these phases can be rotated away using
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the U(1)V and U(1)A symmetry. Expanding the chiral Lagrangian in terms of the pion fields

yields

aFπ(mu +md)π
+π− +

1

2
aFπ

(
π0η′

)
+ · · · (2.11)

where π± = 1
2

(
π1 ± iπ2

)
. This gives a sum rule for the η′ mass

mη′ = 2mπ+ −mπ0 . (2.12)

Thus we expect mη′ ≈ mπ+ ≈ mπ0 ≈ 140 MeV, which however contradicts the experimental

value that mη′ ≈ 960 MeV! Including the s quark does not improve the situation, and a

more sophisticated analysis yields [61]

mη′ ≤
√

3mπ . (2.13)

This discrepancy is the U(1) problem of QCD. In deriving these results, we have assumed the

U(1)A to be a “good" symmetry of the theory and is not broken by the fermion condensate.

In general, the mass matrix in equation (2.10) contains phases that can only be removed via

axial phase rotations. This U(1)A, however, is anomalous, generating an extra term in the

QCD Lagrangian

∆L =
α

16π2
FµνF̃

µν (2.14)

where α is the axial angle and F̃µν = εµνρσF
ρσ. The U(1) problem is resolved because of

the anomaly, and the η′ thus obtains further mass contributions from non trivial topological

configurations called instantons [62, 63]. The vacua of these states are controlled by a

hidden parameter in the theory: the θ angle. Thus resolving the U(1) problem requires

non-perturbative physics of QCD2.

2For a summary, see [64]. See [65] for a beautiful summary of the resolution to the U(1) problem.



2.3. The strong CP problem 18

2.3 The strong CP problem

The Lagrangian in (2.1) omits another dimension-four term that can be written down,

namely

∆L = − g2θ

32π2
F aµνF̃

aµν . (2.15)

This term is a total derivative

FF̃ = ∂µK
µ , where Kµ = εµνρσ

(
F aρσ −

g

3
fabcAbρA

c
σ

)
, (2.16)

and thus for a long time was considered to be unphysical. Using the divergence theorem, the

total energy is thus proportional toKµ evaluated at infinity. In particular, if the integral falls

off faster than 1/r3, which is naively expected, then the divergent term will not contribute

to the total energy.

The discovery of instantons, however, changed the story. In 1976, t’Hooft [62] used the

following gauge-field configuration

Aµ =
r2

r2 + ρ2
h∂µh

−1 where h =
x4I + i~x · ~τ

r
, (2.17)

ρ is the instanton size, ~τ are the Pauli matrices and h is a gauge transformation. It was

discovered that this gauge-field configuration indeed has finite energy and that

∫
d4x

1

32π2
F aµνF̃

aµν = 1 , (2.18)

representing a topological number. Furthermore, the Hamiltonian of this gauge field contri-

bution produces a spectrum labeled by θ, interpreted as the winding angle of the configura-

tion

|θ〉 ∝
∑
n

einθ |n〉 , (2.19)
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where n is an integer. Given that it is impossible to transition between different values of

θ, the appearance of θ in the QCD Lagrangian denotes a state in the theta vacua. Thus,

the θ term indeed should have a physical effect. As noted in Section 2.2, the axial U(1)A

symmetry is anomalous. An axial rotation also contributes to theGG̃ term in the Lagrangian

Eq. (2.15), and thus the physical quantity is not θ but instead

θ̄ = θ + θu + θd , (2.20)

In 1979, Crewther, Di Vecchia, Veneziano and Witten [66] showed that a nonzero theta term

will produce a nonzero neutron electric dipole moment

dn =
eθ̄gac+µ

8π2F 2
π

log
Λ2

m2
π

∼ 1016θ̄ e cm , (2.21)

where µ = mumd/(mu +md) is the reduced quark mass, c+ ≈ 1.7 is a mass splitting factor

between various nucleons, and gA ≈ 1.27 is the interaction between protons and neutrons

(to leading order). The energy scale Λ ∼ 4πFπ is the UV cutoff of the pion effective theory.

The current bound thus implies θ̄ . 10−10. This is the strong CP problem. Naturally, θ̄,

as an angle, is expected to be of order one. However, an unnaturally small theta term is

required from the fact that we have not observed CP violation in the strong interactions.
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2.4 Strong CP solutions

Unlike all other naturalness problems in the SM, the strong CP problem is the only puzzle

for which the solution is unlikely to be anthropic. For example, if the observed theta angle

was 10−3 instead of the current bound at 10−10, there would be no significant change in

the Universe. For this reason, dynamical solutions to the strong CP problem have always

been of interest. There are several active solutions, that are still under research (see [67]

for a review). However in this section, we only introduce the two solutions relevant for this

thesis: the massless quark solution, and the axion solution.

2.4.1 The Axion solution

In all axion models, a new field, a is present that gives an effective Lagrangian

L =

(
a

Fa
+ θ̄

)
1

32π2
F aµνF̃

aµν + V (a) , (2.22)

where Fa is the axion decay constant and V (a) is an effective axion potential term, often

taken to be quartic. Note that the term which shows up in the potential is now a/Fa + θ̄

instead of θ̄. Thus when a potential for a is generated, the minimum occurs at

〈a〉
Fa

+ θ̄ = 0 . (2.23)

Typically, the axion arises from a global U(1)PQ symmetry, called the Peccei-Quinn sym-

metry. The axion decay constant Fa thus is related to the PQ symmetry breaking scale

FPQ. Various models differ in the origin of this symmetry, which determines how the axion

couples to Standard Model particles. The resulting axion mass is then determined by the

QCD topological susceptibility χ

m2
aF

2
a = χ ≡

∫
d4x 〈q(x)q(0)〉 where q(x) = − 1

32π2
F aµνF̃

aµν . (2.24)
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This term can be evaluated [68, 69] using chiral perturbation theory yielding χ ≈ m2
πF

2
π , or

through QCD lattice simulations [70] to give

ma = (5.70± 0.007)µeV
(

1012 GeV
Fa

)
. (2.25)

The axion quality problem

If the axion is fundamental, then the theory can be extrapolated up to the Planck scale.

However, the effective Lagrangian in Eq. (2.22) may well contain other higher-dimension

terms such as

∆L ∼ Φn

Mn−4
Pl

, (2.26)

which explicitly violates the Peccei-Quinn symmetry. This introduces a correction to the

theta angle that upsets the axion solution of the strong CP problem. Thus to ensure that

gravity preserves the strong CP solution, these higher-dimension terms must be suppressed

up to terms of dimension n ∼ 14. This highlights the importance of constructing a UV

complete model and significant efforts have been developed.

There are several ways to solve the axion quality problem. A UV completion of the axion

is the composite axion (Choi Kim [71, 72]). Similar to the pion in QCD, the axion is a bound

state of new strong dynamics, and thus gravitational violation of the PQ symmetry can be

suppressed. Another UV completion is that the U(1)PQ symmetry may be an accidental

symmetry, U(1)PQ may come from a 5D gauge symmetry or the U(1)PQ symmetry arises

from an anomalous symmetry in a hidden axicolor, a new strong dynamics.

Invisible Axion

Since the axion has not yet been detected, a common feature is that it must be extremely

weakly interacting and light. The coupling is controlled by the decay constant Fa which

indicates the scale of new physics underlying the UV completion of the model. Initially,

Fa was taken to be near the electroweak scale, which however was quickly ruled out. From
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Eq. (2.25), we see that by raising the scale Fa, one can obtain a weaker-coupling axion,

thus evading experimental limits. This class of models with a very high Fa (& 109 GeV),

are called invisible axion models. Within this class we can also distinguish “hadronic axion”

models, which identify Fa with the mass scale of new heavy quarks carrying U(1)PQ charges.

The SM quarks and leptons, on the other hand, do not couple directly with the axion. The

prototype for this class is the KSVZ model [73, 74]. Alternatively, the SM quarks and

leptons may also carry PQ charges, such as in the DFSZ model [75, 76], although this model

requires at least two Higgs doublets. The KSVZ and DFSZ models are the two standard

models, often used for benchmark purposes.

Composite Axion

Like the pions and η′, the axion could be a composite state of some new strong dynamics,

called axi-color [71, 72]. If the strong dynamics confines at a very high scale Λa, then we must

have Fa ∼ Λa. This also explains the scale of Fa which is due to dimensional transmutation of

the new strong group. Composite axion models can help alleviate the axion quality problem,

since the U(1)PQ can now be identified as U(1)A in the novel dynamics, and survive as an

accidental symmetry up to higher-dimension terms.

Extra Dimensional Axion

In warped extra dimensional models, the global symmetry in the 4D dual theory corresponds

to the local 5D gauge symmetry. The U(1)PQ symmetry is thus modelled as a local U(1)

gauge symmetry in the bulk. The explicit symmetry breaking terms can then be naturally

suppressed in these models, solving the axion quality problem. Interestingly, because of

the AdS/CFT correspondence, the extra dimensional axion models naturally have a dual

description as composite axion models.

Heavy Axion

In some models, the axion can obtain mass contributions from other sources, such as strong

dynamics at a higher energy scale, or novel strong dynamics from dark sectors. For the
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latter case, a generic Lagrangian often has the form

L =

(
a

Fa
+ θ̄

)
1

32π2
F aµνF̃

aµν +

(
a

Fa
+ θ̄′

)
1

32π2
F
′a
µνF̃

′aµν , (2.27)

where F ′, θ′ belong to the new strong group. The difficulty with models containing an extra

sector, is to ensure that at the axion minimum all extra sources of CP violation are cancelled

〈a〉 = −Faθ̄ = −Faθ̄′ , (2.28)

which often requires the strong sector to be mirrored (with a Z2 symmetry), or the cancel-

lation originates from some UV theory. One such example is considered in Chapter 5.

2.4.2 The massless quark solution

A very interesting solution, though it is currently ruled out, is the massless quark solution.

We review this mechanism in the QCD context since a similar mechanism will play a role

when we consider composite axion models. If one of the quark masses is zero, then the θ̄ term

is automatically unobservable, solving the strong CP problem. One can then try to explain

the smallness of the up quark through other means, such as quantum corrections. The

interesting aspect, is that below the confinement scale, there should be a dual description of

the solution. Continuing the discussion on the U(1) problem, we have seen that the effective

potential written down is incorrect since U(1)A is not a good symmetry of the theory. A

chiral rotation transforms U → eiαU , and thus the Lagrangian derived in (2.10) needs to be

modified by adding a new term [69]

L = aF 3
π

(
TrMU + TrMU †

)
− b

2N
F 2
π (−i ln detU − θ)2 . (2.29)
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This Lagrangian is thus invariant under SU(2)L×SU(2)R×U(1)V , but not U(1)A. A Taylor

expansion of this term gives the second term in the following effective Lagrangian

L =
g2

32π2

(
θ −
√

2
η′

Fη′

)
F aµνF̃

aµν +
1

2
m2
η′

(
η′ −

θFη′√
2

)2

, (2.30)

where the η′ pre-factor in the first term comes from the normalization and we have assumed

TrT aT b = 1. If one quark is massless, then its phase can be used to rotate all other quark

phases, thus θ = θ̄. In this case, the anomalous U(1)A can play the role of U(1)PQ. At

the minimum of the potential, the mass term disappears since 〈η′〉 = θFη′/
√

2, parallel to

the axion solution in Eq. (2.23). Thus, η′ becomes a true Nambu-Goldstone boson, and

plays the role of an axion that solves the strong CP problem. This is the dual description

of the massless quark solution at low energy [77]. In Section 5.1, we consider a variant of

this description with massless non-QCD quarks in the UV. Besides SU(3)c, if these massless

quarks contain other quantum numbers from a new strong gauge group, they will be confined

in bound states at a high energy scale and evade detection.



Chapter 3

Warped Extra Dimensions and
AdS/CFT

Extra dimensional models refer to models where the number of dimensions exceeds the usual

(3+1)-dimensional spacetime. The idea of extra dimensions dates back as far as the birth

of modern physics. In 1914, Nordström proposed the first known 5D theory that extended

the electromagnetic vector field to a fifth dimension to incorporate a scalar theory of gravity

[78]. In 1920, Kaluza promoted the 4D metric tensor (of general relativity) to 5D that

included the 4D metric tensor, an electromagnetic vector, and a scalar field (now known as

the radion, or dilaton). The theory was given a quantum interpretation by Klein in 1926

[79, 80] preceding the then-recent discoveries of Schrodinger and Heisenberg. While the

theory is incorrect as it failed to incorporate the known fermions, it remains an important

prototype of extra dimensional models.

In subsequent years, extra spatial dimensions were considered a remote possibility, as

there was no hope to detect these dimensions and the accompanying KK states. This senti-

ment has changed in the last several decades due to recent theoretical as well as experimental

developments. One such theoretical development is string theory. In particle physics, string

theory refers to a mathematical framework, in which point-like particles are replaced by

one-dimensional objects called strings. Similar to the study of strong nuclear interactions,

string theory emerged as a leading candidate for quantum gravity since in the low-energy

spectrum it contains both a massless spin-2 excitation, identified with the graviton, and

25
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necessary unified groups that can contain the Standard Model field content. However, one

notable requirement of string theories is the requirement of extra spatial dimensions. For

instance, superstring theory requires 10-dimensional spacetime, M-theory requires 11 di-

mensions, and bosonic string theory requires 26 dimensions. The existence of these extra

dimensions would be one proof for string theory.

The lack of experimental detection of extra dimensions implies that these dimensions

must be microscopic in size. The idea promoted by Klein was that the extra dimension was

compactified, the simplest geometry being a circle S1 with radius R. For a scalar field living

on this M4 × S1 geometry where M4 is the 4D Minkowski spacetime, this implies1

Φ(xµ, y) = Φ(xµ, y + 2πR) . (3.1)

Compactification directly leads to the quantization of momenta of fields along the extra

dimensions. As a result, fields propagating in the bulk, i.e. freely moving along these

dimensions, may be decomposed in a Kaluza-Klein (KK) expansion that consists of an

infinite tower of 4D fields φn

Φ(xµ, y) =
∑
n∈Z

φn(xµ)einy/R . (3.2)

The spectrum of these KK modes depends on the spacetime geometry, the localization details

of the bulk, and ultimately on the 5D mass parameter of the field. In a flat extra dimension,

the masses of these “standing waves” is simply

mn =
|n|
R
. (3.3)

The zero mode, being massless, is special. Other modes are massive at the scale 1/R. If the

size of the extra dimension is too small, then we can only observe the massless mode, and

perceive them part of our four-dimensional world. Only at energy scales higher than 1/R

1Interestingly, around 1953 Pauli consequently studied M4 × S2 geometry and discovered the Yang-Mills
theory (1954) [81]. The theory produced three gauge bosons of SU(2), due to the isometries of the sphere
S2. Pauli decided not to publish the result, not knowing what to do with the massless vector fields [82].



Chapter 3. Warped Extra Dimensions and AdS/CFT 27

do these states become accessible. The detection of these KK modes, thus can provide the

experimental signature of the extra dimensions.

This feature, however, is not ideal for string theory, which has a compactification scale

of order 1/MPl. Collider experiments at the time (and even today!) did not have the

capability to detect such a small distance scale, especially given that the gravity interaction is

much weaker than the other forces. Nonetheless, after the first superstring revolution which

showed that string theory is capable of providing an anomaly-free unified theory describing

all elementary particles and their interactions [83], systematic searches of extra dimensions

began in the 1990s. In this period, one intriguing possibility was that extra dimensions

will be detectable around the TeV scale, originating from the large extra dimension model of

Arkani-Hamed, Dimopoulos and Dvali (ADD) [84, 85, 86]. In the ADD model, the Standard

Model fields live on a 4D hypersurface (referred to as a brane). Gravity, on the other hand,

is allowed to propagate in the (4 + n)-dimensional bulk. Thus, the Planck scale that we

measure is not the true fundamental scale, but is related to the higher dimension scale M∗

via the relation

M2
Pl = VnM

n+2
∗ , (3.4)

where Vn = (2πR)n is the volume of the extra dimensions. For n = 2, taking M∗ ∼ 1 TeV

yields R ∼ 0.1 mm, which is close to the current experimental limits from precision tests of

the gravitational force law2 [87].

Parallel with the developments of string-motivated phenomenology such as large extra

dimensional models, is the discovery of the AdS/CFT correspondence (sometimes referred

to as gauge/gravity duality or Maldacena duality) [88] . There is now overwhelming evi-

dence that the physics of weakly-coupled supergravity in 5D anti-de Sitter (AdS) spacetime

is equivalent to that of a strongly-coupled 4D superconformal gauge theory (CFT stands

for conformal field theory) [89, 90]. The duality is a breakthrough in string theory and
2The current limit is R < 0.037 mm at 95% CL for n = 2, corresponding to M∗ ≥ 1.44 TeV. Note that

MPl is the reduced Planck mass.
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quantum gravity, as it provides the most successful realization of the holographic principle3,

put forward by t’Hooft [91] and Susskind [92]. The AdS/CFT correspondence provides a

powerful toolkit to study strongly coupled theories, such as the strong interaction, and thus

finds many useful applications from nuclear to condensed matter physics.

A phenomenological model with an AdS bulk spacetime was developed shortly after the

ADD model. Randall and Sundrum put forth a different scenario where the extra dimension

is strongly warped, ensuring the appropriate localization of gravity [93, 94]. The price to

pay is that to explain the flatness of the visible brane (our Universe), one needs to “off-

load” the curvature onto the five-dimensional background. Thus the RS model provides a

phenomenological framework for studying the AdS/CFT correspondence, while not having

to include the string theory details.

In summary, extra dimensions is a vast subject, and only a small class of models that

are relevant for this thesis has been introduced. Some general reviews on extra dimensions

can be found in [95, 96], with phenomenological aspects in [97]. Readers interested in flat

extra dimensions can consult [98] for a comprehensive review. The development of string

and D-branes/p-branes that gave rise to the brane construction are reviewed in [99, 100].

An independent idea from the localization on topological defects was formed by Rubakov

and Shaposhnikov [101], and later developments on localizing non-abelian gauge fields are

included in [102, 103]. Holography and AdS/CFT correspondence reviews can be found in

[104, 105].

In this thesis, we are directly interested in the extensions of the warped extra dimension

model to construct a 5D model of the axion. In Section 3.1, we introduce the basic setup of

a warped extra dimension model. Section 3.2 reviews the mathematics of localizing particles

in the bulk, a new feature of the RS model not present in ADD. Finally, in Section 3.3, we

review the AdS/CFT picture using the constructed 5D setup. These sections are directly

relevant for Chapter 4, where the axion is incorporated.

3According to holographic principle, string theory admits lower-dimensional descriptions. An example of
such a principle is black hole thermodynamics, where the maximal entropy scales with the area of the black
hole.
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3.1 Warped Extra Dimensions

Following the RS model, let us assume the simplest compactification over a circle S1 with

radius R, and let y be the coordinate along this dimension. A modern feature of compact-

ification that differs from those of the KK theory is the ability to include chiral fermions.

This can be achieved through an orbifold, in this case S1/Z2

(xµ, y)↔ (xµ,−y) . (3.5)

The resulting segment thus has domain [0, πR]. For convenience, we will work with the

conformal variable z = eky/k, where k is the curvature mass scale of the warping, and

z ∈ [zUV , zIR]. The 5D spacetime coordinate is thus xM = (xµ, z). Let us assume that

the 5D theory has a cosmological constant Λ5 in the bulk, and ΛUV/IR are cosmological

constants on the two UV/IR boundaries. The 5D action is then

S5 = −
∫
d4x

∫ zIR

zUV

dz
√
−g
[(

1

2
M3

5R5 + Λ5

)
+

√
−gUV δ(z − zUV )ΛUV +

√
−gIRδ(z − zIR)ΛIR

]
, (3.6)

where M5 is the 5D Planck scale, gIR/UV are the respective induced metric determinants,

and R5 is the 5D Ricci scalar. Solving the Einstein equations yields the metric4

ds2 = A2(z)(ηµνdx
µdxν + dz2) ≡ gMNdx

MdxN , (3.7)

where A(z) = 1/(kz) is the warp factor controlling how the 4D scale changes in the extra

dimension. Specifically, IR energy scales are red-shifted by a factor 1/kzIR with respect to

those in the UV. Note that when A(z) is a constant, one recovers the flat extra dimension

of the ADD model.
4We take ηµν = diag(−+ ++)
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Consistency of the warped solution requires

k2 = − Λ5

6M3
5

, (3.8)

and that

ΛUV = −ΛIR = −Λ5/k . (3.9)

This relation implies that Λ5 is strictly negative, and thus the bulk is a slice of anti-de Sitter

spacetime. By considering the graviton zero mode in the bulk and matching the low energy

effective theory, Randall and Sundrum obtained the relation (up to first order, truncating

exponentially small corrections)

M2
p = nthroat

M3
5

2k
(3.10)

where nthroat is the number of throats present in the theory. In this thesis we will only

consider the axion throat thus taking nthroat = 1 and neglect the Higgs branch. Thus

throughout this thesis we will assume M5 ∼ k ∼ MP, such that there is no dimensionful

parameter appearing in the fundamental Lagrangian. The IR boundary scale is thusMIR =

MPl/(kzIR) ≡MPle
−kπR, which could be at the TeV scale given a redshift of order 35.

For the RS model to explain the gauge hierarchy, the 5D construction needs to be

stabilized. A natural mechanism was proposed involving an extra modulus field, known as

the Goldberger-Wise mechanism5 [106, 107]. The modulus potential is generated by a bulk

scalar field with a brane interaction potential. The minimum of this potential then yields

the compactification scale, thus dynamically solving the hierarchy problem.

5More elaborate mechanisms are required in ADD models.
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3.2 Bulk Fields in a Slice of AdS

In the RS model, the Standard Model content was localized on the IR brane. It was even-

tually realized that for the gauge hierarchy problem, only the Higgs needed to be localized.

Shortly after the RS model, bulk gauge fields were introduced [108], and bulk fermions fol-

lowed soon after [109, 110, 111, 112, 113]. In this section, we briefly cover the bulk structure

of fundamental particles. Again, we will not try to cover this development in detail, but only

focus on important aspects relevant for this thesis. More details can be found in existing

reviews [114, 115].

The equations of motion for the bulk fields are obtained by varying the corresponding

action. Generically for a bulk field φ one can write

δS5 =

∫
d5x δφ (Dφ) +

∫
d4x δφ (Bφ)|z∗ , (3.11)

where z∗ = zUV/IR. The first term thus gives rise to the equation of motion Dφ = 0, while

the second term leads to the boundary conditions. Note that these conditions may only need

to satisfy either δφ|z∗ or Bφ|z∗ = 0, depending on the model. As is standard, we require the

fields to also vanish at infinity in 4D spacetime.

3.2.1 Scalars

We consider the simplest scalar field in the bulk

SΦ =

∫
d5x
√
−g
(
gMN∂MΦ∂NΦ− 1

2
m2

ΦΦ2

)
−
∫
d4x
√
−g4U(Φ) , (3.12)

where for generality, a brane potential U(Φ) has been included. The KK mode decomposes

as

Φ(xµ, z) =
√
k
∑
n

φ(n)(x)fφ(z) , (3.13)
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where φ(n)(x) satisfy ∂2φ(n) = m2
nφ

(n). The mode equation is

∂z

(
1

z3
∂zfφ

)
−m2

ΦA
5fφ = m2

nfφ . (3.14)

For the zero mode n = 0, the general solution has a simple form

fφ(z) = k3/2
(
λ (kz)4−∆ + σ (kz)∆

)
, (3.15)

where m2
Φ = ∆(∆ − 4)k2 or that ∆ = 2 ±

√
4 +m2

Φ/k
2. Depending on the value of ∆,

we see that the zero mode can localized anywhere in the bulk. With respect to the 5D flat

metric, the zero mode profile (for the ∆ term in Eq. (3.15)) is

f̃φ ∝ (kz)∆−1 . (3.16)

Thus in this case, for ∆ < 1(∆ > 1) the zero mode is localized toward the UV (IR) brane,

while for ∆ = 1 the zero mode is flat. Note that the zero mode is not guaranteed to exist,

depending on the boundary conditions of the model. If boundary potentials UUV/IR are

present, the zero mode only exists if

∂zfφ ∓
A

2

dU

df

∣∣∣∣
z∗

= 0 . (3.17)

The boundary conditions will also have to be specified such as the back-reaction on the

branes is negligible. For a scalar field, this requires

|(∂zf)2 −m2
Φf

2| � 12k2M2
5 . (3.18)

The presence of the UV brane potential breaks the conformal symmetry explicitly, while the

IR brane potential breaks it spontaneously. The conformal symmetry implies a continuous

spectrum. Thus the KK mode spectrum is a direct consequence of this symmetry breaking,

similar to the pion spectrum which resulted from the chiral symmetry breaking in QCD.
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More details will be included in Section 3.3. For the massive modes mn 6= 0

f (n)(z) = z2Nφ [J∆±2 (mnz) + b Y∆±2 (mnz)] , (3.19)

where Nφ and b are normalization constants. In the limit zIR � zUV , one can approximate

the mass spectrum as

mn ≈
(
n+

∆

2
− 1

4

)
π

zIR
. (3.20)

It can be directly checked that unlike the zero mode, the massive modes are localized near

the IR brane.

3.2.2 Fermions

One initial hurdle of extra-dimensional models is how to model chiral fermions. The 4D

irreducible spinor representation is the two-component Weyl spinor. In 5D, γ5 must be

included as part of the Dirac algebra, thus the smallest spinor representation is the four-

component Dirac spinor. This problem was circumvented through introducing orbifolds,

that impose a discrete symmetry in the bulk and allow a massless spectrum to be obtained.

Consider a bulk Dirac spinor Ψ with action

Sf = −2

∫
d5x
√
−g
[

1

2

(
Ψ̄ΓMDMΨ− (DM Ψ̄)ΓMΨ

)
+MΨΨ̄Ψ

]
, (3.21)

where ΓM = eMA γ
A = A(z)−1(γµ, γ5) are the 5D gamma matrices, and the mass coefficient

cf = MΨ/k determines the localization of the chiral zero modes. Through a Z2 orbifold, the

bulk Lagrangian respects the Z2 parity

γ5Ψ(xµ,−y) = ±Ψ(xµ, y) , (3.22)
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that determines the chiral components. One can decompose

Ψ = ΨL + ΨR , (3.23)

where ΨL/R correspond to the two eigenstates in Eq. (3.22) and further decompose each

component into corresponding KK modes

Ψ(xµ, y)L/R =
√
k
∑
n

ψ
(n)
L/R(xµ)f

(n)
L/R(y) . (3.24)

The KK modes then satisfy the mode equation6

(
∂z ±

cf
z

)
f

(n)
L/R = ∓mnf

(n)
L/R . (3.25)

subject to the boundary condition

(δΨ̄RΨL)z∗ = (δΨ̄LΨR)z∗ = 0 . (3.26)

The zero modes have simple forms

fL/R(z) = Nf (kz)2∓cf , (3.27)

where the normalization is fixed by the kinetic term

Nf =

√
(1/2∓ cf )k

(kzIR)1∓2cf − (kzUV )1∓2cf
. (3.28)

These states have definite helicity, and thus can be identified with the 4D Weyl fields.

Specifically, the −(+) sign in Eq. (3.28) is identified with the left (right)-handed fermions

with parameters cL(cR). The boundary condition Eq. (3.26) allows for only one possibility,

either ΨL|z∗ = 0 or ΨR|z∗ = 0, and thus we can either have a left or right-handed massless

mode.
6See [115] for a detailed derivation
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Similar to the scalar zero mode, the fermion zero mode profile can also localized either

towards the UV-boundary (cL(−cR) > 1/2) or towards the IR-boundary (cL(−cR) < 1/2).

If the Higgs-boson is localized on the IR-boundary, one can exponentially suppress the

Yukawa couplings by adjusting the localization of the zero modes. The slice of AdS5, thus

provides a natural framework to explain the fermion mass hierarchy in the Standard Model

(see Chapter 4) via suitable choices of the order-one bulk mass parameters cf .

For completeness, the massive fermion modes have a general solution

f
(n)
L/R(z) = Nψ(kz)5/2

[
Jcf±1/2(mnz) + b Ycf±1/2(mnz)

]
. (3.29)

In this case, the KK masses are approximately given by

mn '
(
n+
|cf ± 1/2|

2
− 1

4

)
π

zIR
. (3.30)

Since all fermions in the SM are built upon Weyl fermions, we will not be interested in these

massive modes.

3.2.3 Gauge Bosons

We have seen that a common feature of the scalars and fermions is that while the massless

modes can be localized anywhere depending on the bulk masses, the massive modes are

always localized toward the IR brane. This is not true for gauge field zero modes. Let us

consider a bulk gauge field AM

Sgauge =

∫
d5x
√
−g
[
−1

4
gMP gNQFMNFPQ +

1

2
b2k2gMNAMAN

]
, (3.31)

where FMN = ∂MAN − ∂NAM . The 5D vector field AM thus has dimension 3/2. The KK

expansion is then

Aα(xµ, z) =
√
k
∑
n

A(n)
α (xµ)f

(n)
A (z) . (3.32)
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The equation of motion for the KK modes is

(mn)2 f
(n)
A (z) = −z∂z

(
1

z
∂zf

(n)
A (z)

)
+
b2

z2
f

(n)
A . (3.33)

The modes obey the normalization condition

∫
dz

z
f

(m)
A f

(n)
A = δmn , (3.34)

If the gauge symmetry is preserved in the bulk, then the mass term is necessarily zero

(b = 0). In this case, the massless mode is given by

f
(0)
A = c

(0)
0 + c

(0)
1 (kz)2 . (3.35)

Thus there is no solution when Dirichlet boundary conditions are imposed. Neumann bound-

ary conditions, on the other hand, lead to a constant mode and there is no freedom to change

the localization of this mode.

In the massive case, the general mode function is then

f
(n)
A =

z

N
(n)
A

(
Jν (mnz) + β

(n)
A Yν (mnz)

)
, (3.36)

where ν =
√

1 + b2 and NA is fixed by the normalization condition. The spectrum is

approximately

mn '
(
n+
|ν|
2
− 1

4

)
π

zIR
. (3.37)

So the massive modes are again localized near the IR brane.
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3.3 AdS/CFT and Partial Compositeness

The AdS/CFT correspondence provides a connection between warped extra-dimensional

models and 4D strongly-coupled theories. The following is a “dictionary" that relates the

4D and 5D theories. Specifically, the extra-dimensional coordinate z plays the role of the

renormalization scale µ of the CFT. A UV cutoff scale thus explicitly breaks conformal

invariance, while the IR boundary corresponds to spontaneous breaking of conformal sym-

metry at the IR scale. The KK states thus correspond to resonances of the strongly-coupled

CFT.

Local 5D gauge symmetries correspond to global symmetries in the CFT. The UV bound-

ary symmetry corresponds to gauging a subgroup of the bulk symmetry, while breaking gauge

symmetries by IR boundary conditions corresponds to the spontaneous breaking G5 → HIR

at the IR scale MIR. The parameters of the 4D and 5D descriptions obey the following

relation

g2
5k ∼

16π2

N r
c

, (3.38)

where Nc is the number of colors in the CFT and r = 1, 2 depends on whether the CFT field

is in the fundamental or adjoint representation of the gauge group. Thus the weak coupling

limit in AdS5 corresponds to the large-N expansion in the CFT.

To give an example, let us consider a bulk Higgs model with

G5 = SO(5) HIR = SO(4) . (3.39)

The Higgs doublet arises from the coset SO(5)/SO(4) (this is the simplest composite Higgs

model). Identifying the Higgs as the fifth component A5 of a bulk gauge field AM , this state

acquires a mass of order MIR when suitable IR boundary conditions are chosen. The Higgs

thus emerges as a composite pseudo-Nambu-Goldstone boson arising from the spontaneous

breaking G5 → HIR.

The holographic interpretation for bulk fermions is more interesting. The 4D massless
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mode described in section Section 3.2.2 corresponds to an external fermion with linear

coupling to a CFT operator, Oi

∆L = λiψ̄iOi + h.c. . (3.40)

The dimension of the operator is thus dimOi = |cf + 1/2| − 1. By varying cf , we can

obtain different dimensions of the operator Oi. For cf > 1/2, the operator is relevant,

corresponding to the fermion profile localized near the IR-brane. In this case, the coupling

parameter becomes strong, and the fermion behaves as a composite CFT state. On the other

hand, cf < 1/2 implies that the operator is irrelevant, corresponding to the fermion profile

localized near the UV brane, and the fermion behaves as an external elementary state. This

is the idea behind partial compositeness realized in the context of warped dimensions. The

AdS/CFT correspondence, thus provides us a novel toolkit to tackle problems in a composite

theory. In Chapter 4, we will construct a holographic realization of the DFSZ axion, and

apply the warped extra dimension framework to solve the axion quality problem in QCD.

One can also apply the AdS/CFT correspondence to other contexts, such as constructing

an axion composite sector (e.g. axicolor). Towards this purpose, we study composite axion

models in more depth in Chapter 5.



Chapter 4

A Quality 5D Axion Model

In this chapter, we introduce a holographic construction of the DFSZ axion. Building upon

this construction, we then provide a holographic solution of the axion quality problem in

a slice of AdS5 (see Section 3.1 and Section 3.2). Specifically, using the AdS/CFT cor-

respondence (see Section 3.3), we model the U(1)PQ global symmetry of some underlying

strong dynamics as a 5D U(1)PQ gauge symmetry that is spontaneously broken in the bulk.

A massive, complex scalar field charged under the gauge symmetry corresponds to a PQ-

charged operator O of dimension ∆. Both the explicit and spontaneous breaking of the

global U(1)PQ symmetry are modelled by a vacuum expectation value for the bulk scalar

field, with the former sourced by UV boundary terms that explicitly violate the U(1)PQ

global symmetry.

The axion is then identified with the pseudoscalar fluctuations around this background,

with a profile that depends on the arbitrary dimension ∆. Varying ∆ allows the axion to be

localised towards the IR brane where it is naturally sequestered from explicit gravitational

violations of the Peccei-Quinn symmetry on the UV brane. A lower limit of at least ∆ & 10

can then be derived to sufficiently suppress UV sources of explicit breaking for an axion

decay constant Fa & 109 GeV. This 5D model gives a simple, geometric interpretation of

the axion quality problem and is dual to 4D solutions that invoke composite axions with an

accidental U(1)PQ symmetry.

Our axion solution builds on previous work that considered axions propagating in an

extra dimension. Axions in a flat extra dimension were first studied in [116]. An axion that

39
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arises from a higher-dimensional gauge field in a warped dimension was discussed in [117].

Our solution is related but has the important difference that the symmetry is spontaneously

broken by a bulk scalar vacuum expectation value (corresponding to an operator of finite

dimension), as opposed to IR brane boundary conditions (corresponding to an operator of

infinite dimension). Furthermore, the holographic dual of our 5D setup closely resembles 4D

composite axion models. Other realisations of axions in a two-throat warped geometry were

given in [118], and more recently a holographic model based on a top down construction

was given in [119]. The equations of motion we derive for the pseudoscalar sector gener-

alise similar results first obtained in the context of AdS/QCD for the QCD pseudoscalar

sector [120]. For pions in QCD, the global chiral symmetry is spontaneously broken by

a dimension three operator corresponding to a bilinear fermion condensate with explicit

breaking by the quark masses on the UV boundary. Our result generalises the QCD pseu-

doscalar solution to arbitrary operator dimension ∆; furthermore, we explicitly show that

the Nambu-Goldstone mode remains massless, even in the presence of a UV brane, when

there is no explicit violation of the global symmetry.

The outline of this chapter is as follows. In Section 4.1 we present the 5D model in a

slice of AdS5 and derive the equations of motion and boundary conditions. In Section 4.2

we present the massless axion solutions which correspond to the spontaneous breaking of a

PQ-charged operator with arbitrary dimension ∆. The massive axion solutions are given in

Section 4.3, where an explicit source of PQ violation is added on the UV brane. Two realistic

composite axion models are presented in Section 4.4 corresponding to placing QCD either

on the UV brane or in the bulk. As expected, for QCD on the UV brane it is difficult to

sequester the gravitational violation, while for QCD in the bulk the axion quality problem

can be addressed. In Section 4.5 we incorporate the SM charged lepton by considering two

choices for the Higgs fields. UV boundary Higgs are first considered in Section 4.5.2 where

the axion-fermion couplings are shown to be flavour diagonal. Next, in Section 4.5.4, we

consider the bulk Higgs case and derive the flavour-dependent, off-diagonal axion-fermion

couplings for both a massless and massive axion in Section 4.5.5. A summary of the results

is given in Section 4.6.
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4.1 Basic 5D Setup

To model a global U(1)PQ symmetry of some underlying strong dynamics, we will consider

a scalar field, Φ, charged under a U(1)PQ gauge symmetry in a slice of AdS5 with the metric

in (3.7). In the bulk we introduce a complex scalar field Φ = η eia and a U(1) gauge field

VM = (Vµ, Vz). The relevant 5D action is given by

S = 2

∫ zIR

zUV

d5x
√
−g
(
− 1

4g2
5

FMNFMN −
1

2

(
DMΦ†

)(
DMΦ

)
− 1

2
m2

ΦΦ†Φ

− 1

2g2
5ξ

(
gµν∂µVν + ξA−3∂z (AVz)− ξg2

5η
2a
)2)

−
∫
d4x
√
−g4 U(Φ) , (4.1)

where g5 is the 5D gauge coupling and DM = ∂M − iVM . The U(Φ) are boundary potentials

on the UV and IR branes whose form will be specified later. We work in Rξ gauge with

gauge parameter ξ, where the vector and scalar modes decouple.

4.1.1 Background Solution

Assuming the backreaction of the scalar Φ on the metric is negligible (Eq. (3.18)), the equa-

tion of motion for the z-dependent scalar vacuum expectation value η(z) from Section 3.2.1

is

∂z
(
A3∂zη

)
−m2

ΦA
5η = 0 , (4.2)

with the boundary condition,

∂zη ∓
A

2

dU

dη

∣∣∣∣∣
zUV , zIR

= 0 , (4.3)
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where the upper (lower) signs correspond to zUV (zIR). The equation of motion (4.2) has

the general solution

η(z) = k3/2
(
λ (kz)4−∆ + σ (kz)∆

)
, (4.4)

where ∆ > 2 is related to the bulk scalar mass according to m2
Φ = ∆(∆ − 4) k2 [89]. The

dimensionless coefficients λ and σ are fixed by the boundary conditions in Eq. (4.3), and

the boundary potentials are assumed to have the following form

UUV (Φ) = (−`UV k5/2Φ + h.c.) + bUV kΦ†Φ , (4.5)

UIR(Φ) =
λIR
k2

(
Φ†Φ− k3v2

IR

)2
, (4.6)

where `UV , bUV , λIR and vIR are real dimensionless coefficients. Note that the linear term

in (4.5) explicitly breaks the U(1)PQ symmetry on the UV brane. Solving the boundary

conditions and taking the limit zIR � zUV with ∆ > 4 one obtains

λ =
`UV

∆− 4 + bUV
(kzUV )∆−4 , (4.7)

σ =

√
v2
IR −

∆

2λIR
(kzIR)−∆ ≡ σ0 (kzIR)−∆ . (4.8)

Notice that σ is suppressed by (kzIR)−∆, while λ is O(1). When `UV=0 sub-leading terms

need to be kept and one finds in this case that λ is also suppressed:

λ =
∆− bUV

∆− 4 + bUV
(kzUV )2∆−4σ . (4.9)

If bUV = 0 then λ in (4.9) is fixed in terms ∆ and σ; a nonzero value of bUV allows λ to be

independently varied.

As summarized in Section 3.3, using the AdS/CFT correspondence, we can interpret the

above 5D setup in terms of a dual strongly interacting 4D conformal field theory (CFT).

The presence of the UV and IR branes correspond to explicit and spontaneous breaking of

the conformal symmetry respectively, with the latter giving rise to a mass-gaped theory.
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The scalar Φ is identified with a PQ-charged operator O, with dimension ∆, in the dual

strongly coupled sector. Furthermore, σ is identified with a condensate 〈O〉, and `UV with

turning on a source for O. This source explicitly breaks U(1)PQ, and for ∆ > 4 corresponds

to breaking the global symmetry by a Planck-suppressed operator.

4.1.2 Pseudoscalar Sector

We are interested in the pseudoscalar spectrum, and in particular the lightest mode which

will be identified with the axion. Varying the action (4.1) with respect to Vz and a one

obtains the following equations of motion

A�Vz + g2
5A

3η2 (∂za− Vz) + ξA∂z
(
A−1∂z (AVz)− g2

5A
2η2a

)
= 0 , (4.10)

A3η2�a+ ∂z
(
A3η2 (∂za− Vz)

)
+ ξA2η2

(
∂z (AVz)− g2

5A
3η2a

)
= 0 , (4.11)

where � ≡ ηµν∂µ∂ν and ηµν = diag(−,+,+,+). We solve the equations of motion by

performing the KK expansion,

a(xµ, z) =
∞∑
n=0

f (n)
a (z)a(n)(xµ) , (4.12)

Vz(x
µ, z) =

∞∑
n=0

f
(n)
Vz

(z)a(n)(xµ) , (4.13)

where a(n)(xµ) satisfies �a(n) = m2
na

(n). Note that a and Vz are expanded in terms of the

same set of 4D modes. The boundary conditions are

± 2

g2
5

(
Aηµν∂µVν + ξ

(
∂z (AVz)− g2

5A
3η2a

))
δVz

∣∣∣∣
zUV ,zIR

= 0 , (4.14)(
±2A3η2 (∂za− Vz)−A4 δU

δa

)
δa

∣∣∣∣
zUV ,zIR

= 0 , (4.15)

± 2

g2
5

A (∂zVµ − ∂µVz) δV µ

∣∣∣∣
zUV ,zIR

= 0 , (4.16)

where we have included the boundary condition obtained from varying the action with re-

spect to Vµ. It is important to note that the 5D gauge symmetry imposes further restrictions
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on the boundary conditions that can be used to satisfy the above conditions [121]. In order

to have a well-defined 5D gauge transformation, one cannot impose Dirichlet conditions for

Vz and either of Vµ or a on the same boundary. Doing so would constrain the form of gauge

transformations in the bulk.

To satisfy eqs. (4.14) - (4.16) we impose the following boundary conditions on the fields

Vµ

∣∣∣
zUV

= 0 , ∂zVµ

∣∣∣
zIR

= 0 , (4.17)

ξ
(
∂z (AVz)− g2

5A
3η2a

) ∣∣∣
zUV

= 0 , Vz

∣∣∣
zIR

= 0 , (4.18)

±2A3η2 (∂za− Vz)−A4 δU

δa

∣∣∣∣∣
zUV ,zIR

= 0 . (4.19)

If a and Vz were expanded in different 4D modes, then the orthogonality of the d’Alembertian

eigenvectors transforms (4.10) and (4.11) into four separate equations, whose solution does

not satisfy the boundary condition (4.18). Eq. (4.17), (4.18), (4.19) restrict the 5D gauge

symmetry on the boundaries, where the gauge transformation parameter α(xµ, z) must

satisfy

∂µα
∣∣∣
zUV

= 0 , ∂zα
∣∣∣
zIR

= 0 ,

∂z(A∂zα)− g2
5A

3η2α
∣∣∣
zUV

= 0 , (4.20)

for a general infinitesimal 5D gauge transformation

VM → VM + ∂Mα(xµ, z) , a→ a+ α(xµ, z) . (4.21)

The Dirichlet condition on Vµ at z = zUV therefore restricts the gauge symmetry to a

global symmetry on the UV brane, and ensures that there is no massless vector mode in

the spectrum. In other words, the global U(1)PQ symmetry in the dual 4D CFT is not

gauged. This also determines the UV boundary condition for Vz. On the other hand, we

want the gauge symmetry to be preserved on the IR boundary and so impose a Neumann
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condition for Vµ at z = zIR; this also fully determines the IR boundary conditions for Vz and

a. The reason for this choice is that we are interested in the spontaneous breaking of the

U(1)PQ symmetry by the scalar Φ, which is dual to spontaneous breaking by an operator

of dimension ∆ in the 4D CFT. If we were to instead impose a Dirichlet condition for Vµ

it would correspond to spontaneous breaking by the infinite dimension operator associated

with the IR brane. In this case one recovers the model of [117] in the limit that the scalar

field Φ is decoupled. Furthermore, since our choice of boundary conditions preserves the

gauge symmetry in the IR, all explicit sources of U(1)PQ violation are confined to the UV

brane.
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4.2 Massless 5D Axion

In this section we first look for solutions that describe an exactly massless axion (m0 = 0).

We therefore require that there is no source of explicit U(1)PQ breaking in the UV by taking

`UV = 0. We also assume λ = 0, which follows from imposing the condition bUV = ∆ in

(4.9). We will comment on the case λ 6= 0 in section Section 4.2.2.

First, it is useful to define the new fields

χ = ∂za− Vz , (4.22)

ζ =
1

A

(
∂z (AVz)− g2

5A
3η2a

)
. (4.23)

Notice that χ is gauge invariant. In terms of these new fields the equations of motion,

(4.10) and (4.11), reduce to a coupled first order system for the massless modes in the KK

expansion

g2
5A

3η2f (0)
χ + ξA∂zf

(0)
ζ = 0 ,

∂z

(
A3η2f (0)

χ

)
+ ξA3η2f

(0)
ζ = 0 . (4.24)

This has the general solution (for λ = 0):

f (0)
χ (z) = −(kz)2−∆

(
c1 I 1

∆
−1 (g5

√
k σ

∆
(kz)∆) + c2 I1− 1

∆
(g5

√
k σ

∆
(kz)∆)

)
,

f
(0)
ζ (z) =

g5

ξ
k3/2σ (kz)

(
c1 I 1

∆
(g5

√
k σ

∆
(kz)∆) + c2 I− 1

∆
(g5

√
k σ

∆
(kz)∆)

)
, (4.25)

where Iα(x) is the modified Bessel function of the first kind, and c1,2 are dimensionless

constants. The boundary conditions in eqs. (4.18) and (4.19) require that at least one of the

f
(0)
χ or f (0)

ζ vanish on each boundary. This is enough to enforce c1 = c2 = 0 such that f (0)
χ

and f (0)
ζ vanish everywhere. Despite this, the solution is non-trivial when expressed back in
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Figure 4.1: Normalised massless zero mode profiles (4.26) with k = 1, kzUV = 1, kzIR = 100,
g5

√
k = 1, and σ0 = 0.1.

terms of Vz and a; solving eqs. (4.22) and (4.23) we obtain the profiles

f
(0)
Vz

(z) = g5

√
kσ(kz)∆

(
c3 I 1

∆
−1 (g5

√
k σ

∆
(kz)∆) + c4 I1− 1

∆
(g5

√
k σ

∆
(kz)∆)

)
,

f (0)
a (z) = z

(
c3 I 1

∆
(g5

√
k σ

∆
(kz)∆) + c4 I− 1

∆
(g5

√
k σ

∆
(kz)∆)

)
, (4.26)

where c3, c4 are dimensionless constants. Imposing the remaining IR boundary condition,

Vz(zIR) = 0, gives

c3 = −
I1− 1

∆
(g5

√
k σ

∆
(kzIR)∆)

I 1
∆
−1 (g5

√
k σ

∆
(kzIR)∆)

c4 . (4.27)

The last integration constant is fixed by canonically normalising the profiles, with the rele-

vant part of the 5D action given by

S ⊃ 2

∫ zIR

zUV

d5x

(
1

2g2
5

AVz�Vz +
1

2
A3η2a�a

)
. (4.28)

The resulting profiles for f (0)
a and f (0)

Vz
are shown in Figure 4.1.

Further insight can be gained by looking at the approximate profiles obtained by ex-

panding the Bessel functions in Eq. (4.26) for small argument. For large zIR, this will be

a very good approximation away from the IR brane since σ = σ0(kzIR)−∆. It remains a

good approximation in the IR provided that σ0 < 1; we will always assume this is the case
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since it also ensures that the backreaction of the scalar can be neglected. The approximate

profiles are

f (0)
a (z) ' zIR

σ0

√
∆− 1

{
1 +

g2
5kσ

2
0

4∆(∆− 1)

[
(∆− 1)2

2∆− 1
+

z2

z2
IR

((
z

zIR

)2(∆−1)

−∆

)]}
,

f
(0)
Vz

(z) ' −1

2σ0

√
∆− 1

z

zIR

(
g2

5kσ
2
0

(
1−

(
z

zIR

)2(∆−1)
))

, (4.29)

where in the normalisation constant we have also taken zIR � zUV . Notice that the leading

term in the f (0)
a profile is constant, while the solution for f (0)

Vz
is approximately given by

f
(0)
Vz
∝ A−1 in the UV.

4.2.1 Global U(1)PQ Symmetry

The global U(1)PQ symmetry that acts as a shift symmetry for the axion is realised as a

subset of the 5D gauge transformations. Specifically, consider the subset of gauge transfor-

mations where the gauge parameter depends only on z and takes the same form as f (0)
a (z):

α(xµ, z) = α0 f
(0)
a (z) , (4.30)

where α0 is an arbitrary constant. One can easily check that this form also satisfies the

boundary conditions in Eq. (4.20). Since f (0)
Vz

(z) = ∂zf
(0)
a (z), these gauge transformations

act as a shift symmetry on the 4D axion mode; specifically,

a(0)(xµ)→ a(0)(xµ) + α0 . (4.31)

This is just the action of the global U(1)PQ symmetry in the 4D effective theory.

4.2.2 Comment on λ 6= 0

So far, we have restricted ourselves to the assumption that λ = 0. A naïve application

of the standard AdS/CFT dictionary might suggest that this is a necessary condition to
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obtain a massless mode, since a non-zero λ is usually identified with turning on a source

for the corresponding operator in the dual CFT. However, when `UV = 0 the UV boundary

condition in Eq. (4.3) relates λ and σ in (4.9); λ is then associated with a source for the

operator O†O [122] and so does not explicitly break U(1)PQ. The scaling with zUV in (4.9)

also shows that λ should be identified with a source for an operator of dimension 2∆. The

situation changes once `UV 6= 0, as can be seen from Eq. (4.7). This now describes a CFT

with a non-zero source for the operator O, which explicitly breaks U(1)PQ. We will consider

this case in section Section 4.3.

From the point of view of the 5D theory, there is no explicit breaking of the U(1)PQ

global symmetry when `UV = 0, even for non-zero λ. In fact, one can quite easily see that

there is still a massless mode in the spectrum, since χ = ζ = 0 is a solution to Eq. (4.24) for

any value of λ. The only difference is that it is no longer straightforward to solve eqs. (4.22)

and (4.23) to obtain expressions for the profiles (except in the limit g5

√
k → 0).
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4.3 Massive 5D Axion

Global symmetries are expected to be violated by quantum gravity. This in general presents

a significant hurdle to axion solutions to the strong CP problem, since the stringent upper

bound on θ̄ requires U(1)PQ to be an extremely good approximate global symmetry. This

problem can be addressed if the global symmetry has its origin as a gauge symmetry in

higher dimensions [123, 117], since this severely restricts possible sources of explicit U(1)PQ

symmetry breaking. Within the current setup, the 5D gauge symmetry restricts global

U(1)PQ breaking to two possible sources:

1. Terms localised on the UV brane, where the gauge symmetry is reduced to a global

symmetry, ∂µα(xµ, zUV ) = 0;

2. Bulk terms that transform as a total derivative under gauge transformations, such as

a Chern-Simons term.

It is important to note that although the global U(1)PQ symmetry that acts as a shift

symmetry on the axion in Eq. (4.31) is explicitly broken on the UV brane, there remains a

5D gauge symmetry with a gauge parameter that satisfies α(xµ, zUV ) = 0. Furthermore, in

the case of a bulk Chern-Simons term, fermions must be added on the IR brane to cancel

the localised gauge anomaly.

For now, let us focus on UV-localised sources and look for a solution that describes a

massive axion in the presence of U(1)PQ breaking effects from Planck-suppressed operators.

To achieve this we include a UV boundary potential for Φ that explicitly breaks the global

U(1)PQ symmetry. The leading effects will come from a term linear in Φ; this can also be

easily understood from the point of view of the dual CFT, where it corresponds to adding

a source term for the operator O that spontaneously breaks U(1)PQ.

It is straightforward to see that the inclusion of such a boundary term will give rise to

a mass for the axion. Rewriting the linear term in Eq. (4.5) in terms of a gives

UUV (Φ) ⊃ −2`UV k
5/2η cos(a) = −2`UV k

5/2η

(
1− 1

2
a2 + . . .

)
. (4.32)
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More precisely, the above potential modifies the boundary condition in Eq. (4.19) such that

there is no longer a massless mode in the spectrum.

For massive modes and non-zero λ it is no longer straightforward to solve the equations

of motion in general; however, an analytic solution can be obtained perturbatively in g5

√
k.

Note that since the g5-dependent terms in the equations of motion are also proportional to

η2(z), this expansion is expected to provide a good approximation even for relatively large

values of g5, as η(z) . 1 if the scalar backreaction can be neglected. For our purposes it is

sufficient to work at leading order in g5; the equations of motion then simplify significantly,

since from Eq. (4.28) one can see that Vz must vanish at zeroth order. Eq. (4.11) can then

be solved to obtain the f (n)
a profile,

f (n)
a (z) =

√
k(kz)2

η(z)

(mn

k

)2−∆
(d1J∆−2(mnz) + d2Y∆−2(mnz)) , (4.33)

where d1,2 are dimensionless constants. Given that we are predominantly interested in the

lightest mode, for which we expect m0zIR � 1 (assuming ∆ > 4), it is useful to expand the

Bessel functions for small argument to obtain the approximate axion profile,

f (0)
a (z) '

√
k(kz)4−∆

η(z)

[
d1

2∆Γ(∆)

(
4(∆− 1)− (m0z)

2
)

(kz)2(∆−2)

−d2Γ(∆− 3)

24−∆π

(m0

k

)2(2−∆) (
4(∆− 3) + (m0z)

2
)]

. (4.34)

Imposing the IR boundary condition, ∂zf
(0)
a |zIR = 0, yields

d2 = −d1
π 42−∆

Γ(∆)Γ(∆− 3)
(m0zIR)2(∆−2)

× λ(∆− 1)((m0zIR)2 − 4(∆− 2)) + σ0(m0zIR)2(kzIR)∆−4

λ(m0zIR)2 − σ0(∆− 3)(kzIR)∆−4((m0zIR)2 + 4(∆− 2))
. (4.35)
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Figure 4.2: Axion mass relative to the compositeness scale (z−1
IR), with kzUV = 1, σ0 = 0.1

and bUV = 0. The curves correspond to the analytic solution for g5 = 0 (4.36), while the
points are obtained by numerically solving the equations of motion with g5

√
k = 1.

The axion mass (m
(UV )
a ≡ m0) is then determined by the UV boundary condition:

(m(UV )
a zIR)2 =

4`UV
σ0

λ(∆− 1)(∆− 2)(kzIR)4−∆

`UV + 2(∆− 2)σ0(zUV /zIR)∆
, (4.36)

' 4`UV
σ0

(∆− 1)(∆− 2)

∆− 4 + bUV

(
zIR
zUV

)4−∆

. (4.37)

In the first line we have taken the zIR � zUV limit for simplicity, but have also kept

the leading `UV -independent term. The mass is proportional to `UV and vanishes in the

absence of explicit breaking in the UV (so far we have not included the coupling to QCD).

In the second line above we have used Eq. (4.7) and taken the limit zIR � zUV . The factor

(zIR/zUV )4−∆ can be understood from the dual theory as being due to the RG running from

the UV scale down to the confinement scale (∼ z−1
IR), and is consistent with explicit breaking

by an operator of dimension ∆. This results in a significant suppression of the axion mass

when zIR � zUV and ∆ is large. This is shown in Figure 4.2, where we also compare with

the mass obtained by numerically solving the equations of motion with g5

√
k = 1. Notice

that Eq. (4.36) continues to be a good approximation when g5 ∼ 1, since η(z) . 0.1.

We fix the remaining constant d1 by canonically normalising the kinetic term in Eq. (4.28).
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This requires the solution for Vz at O(g5

√
k), which is obtained by solving (4.10):

f
(n)
Vz

(z) = g5

√
kz

(
d3J0

(
mn√
ξ
z

)
+ d4Y0

(
mn√
ξ
z

))
, (4.38)

where d3,4 are dimensionless constants. However, to satisfy the boundary conditions (4.18)

and (4.19) requires d3 = d4 = 0. The leading term in Vz is then O(g2
5k), as was previously

found for the massless solution in (4.29), and can be neglected to the order we are working.

Substituting (4.34) into Eq. (4.28) then gives

d1 =
2∆−2Γ(∆)√

∆− 1
(kzIR)1−∆ . (4.39)

Putting everything together, the approximate axion profile, valid when zIR � zUV , is

f (0)
a (z) ' zIR

k3/2

η(z)

√
∆− 1

(
z

zIR

)∆
[

1 +
2λ(∆− 2)(kzUV )∆(kz)2(2−∆)

`UV + 2σ0(∆− 2)(zUV /zIR)∆

]
. (4.40)

The axion profile is plotted in Figure 4.3. Notice that, in contrast to the massless case,

the profile becomes highly suppressed in the UV, particularly for large ∆. This feature will

play an important role when constructing composite axion models in the following section.

Figure 4.4 shows the profiles for both f (0)
a and f (0)

Vz
with g5

√
k = 1, obtained by numerically

solving the equations of motion. The f (0)
a profile closely matches the perturbative solution

in Figure 4.3, while f (0)
Vz

remains largely unchanged from the massless case.
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Figure 4.3: Normalised axion profile with explicit U(1)PQ breaking UV boundary term.
The solid lines show the approximate profile in Eq. (4.40), while the dashed lines show
the massless (`UV = λ = 0) solution (4.26) for comparison. We fixed k = 1, kzUV = 1,
kzIR = 100, σ0 = 0.1, `UV = 0.1, and bUV = 0.
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Figure 4.4: Same as Figure 4.3, except with g5

√
k = 1 and the solid lines have been obtained

by numerically solving the equations of motion.
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4.4 Solving the The Axion Quality Problem

In this section we show how the 5D solution obtained in the previous section can be used

to construct holographic descriptions of composite axion models [72, 71]. This requires

introducing the usual coupling between the axion and QCD (SU(3)c). There are in principle

two ways to do this, and each corresponds to a different class of composite axion models:

• SU(3)c localised on the UV brane

• SU(3)c in the bulk

In the following sections we discuss each of the above models, and in particular show that

only the latter can provide a solution to the axion quality problem.

4.4.1 SU(3)c on the UV Brane

Here the Standard Model fields are localised on the UV brane. One can then add either

an additional Higgs doublet or additional coloured fermions to construct a DFSZ-[76, 75] or

KSVZ-type [73, 74] model on the UV brane. In either case, the effective action for the axion

takes the form

Seff =

∫
d4x

(
1

2
a(0)

(
�−m2

a

)
a(0) +

Ng2
s

32π2
f (0)
a (zUV )a(0)GG̃+

Eg2

32π2
f (0)
a (zUV )a(0)FF̃ + · · ·

)
, (4.41)

where the anomaly coefficients E and N are determined by the charges of the UV localised

fermions, and gs (g) is the QCD (QED) coupling. The axion decay constant is therefore

determined by the value of the profile on the UV brane. Using Eq. (4.40) we obtain

Fa =
1

f
(0)
a (zUV )

=
z−1
IR√

∆− 1

(
zIR
zUV

)∆

(λ(kzUV )4−∆ + σ0(zUV /zIR)∆)

×
[
1 +

2λ(∆− 2)(kzUV )4−∆

`UV + 2σ0(∆− 2)(zUV /zIR)∆

]−1

. (4.42)



4.4. Solving the The Axion Quality Problem 56

When `UV = 0 the decay constant is of order the IR scale, z−1
IR (recall that λ ∝ z−∆

IR when

`UV = 0, see (4.9)). However, once explicit sources of U(1)PQ breaking are included the

axion profile becomes highly suppressed in the UV, as shown in Figure 4.3. The effective

decay constant for couplings to UV localised fields is then significantly larger than the UV

scale, z−1
UV , as it is enhanced by the factor (zIR/zUV )∆−1. This scaling can be understood

as a consequence of partial compositeness in the dual theory, where the coupling arises via

mixing between the composite operator of dimension ∆ and an elementary scalar with mass

of order z−1
UV .

Since all UV boundary terms see the same effective axion decay constant, there is no

way to suppress non-QCD sources of U(1)PQ breaking. Hence, this model cannot solve the

axion quality problem. This construction might still have an interesting application as a

continuum limit of clockwork models [124], since it allows for hierarchically different axion

couplings on the UV and IR branes.

4.4.2 SU(3)c in the Bulk

The second class of models involves enlarging the 5D gauge symmetry to SU(3)c ×U(1)PQ.

We assume that the rest of the SM fields are confined to the UV brane. The axion coupling

to GG̃ can be generated from the Chern-Simons term,

− κ

32π2

∫ zIR

zUV

d5x εMNPQRVMG
a
NPG

a
QR , (4.43)

where κ is a dimensionless constant and εMNPQR is the 5D Levi-Civita tensor density.

Under a 5D gauge transformation, VM → VM + ∂Mα, this term is only invariant up to a

total derivative, giving rise to boundary terms

δS = − κ

32π2

[∫
d4xα(xµ, z) εµνρσGaµνG

a
ρσ

]zIR
zUV

. (4.44)

The gauge parameter satisfies α(xµ, zUV ) = 0 and so the z = zUV term above vanishes.

However, in the IR there is a localised gauge anomaly that needs to be cancelled by adding
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appropriately charged fermions on the IR brane (one might therefore expect that κ is quan-

tised). In the effective action for the axion, this is equivalent to adding the term

κ

32π2

∫
d4x aGG̃

∣∣∣∣
zIR

. (4.45)

Thus, the combined action (4.43) and (4.45) is invariant under the gauge transformation.

Integrating over z, and using the fact that the massless gluon profile is constant, we obtain

the effective action for the axion,

Seff =

∫
d4x

(
1

2
a(0)

(
�−m2

a

)
a(0) +

g2
s

32π2Fa
a(0)GG̃

)
, (4.46)

where from Eqs. (4.43) and (4.45) the axion decay constant is

1

Fa
= κ

(
f (0)
a (zIR)−

∫ zIR

zUV

dz f
(0)
Vz

(z)

)
. (4.47)

Substituting the profile in Eq. (4.40) gives

Fa '
1

κ

σ0√
∆− 1

z−1
IR , (4.48)

and the axion decay constant is of order the IR scale. We have confirmed numerically that

this also remains the case when g5

√
k is O(1).

On the other hand, axion couplings to any additional, UV localised sources of U(1)PQ

breaking are highly suppressed in this model. This is again a consequence of the fact that the

f
(0)
a (z) profile is IR localised and becomes highly suppressed in the UV when ∆ is large.1 In

addition, Vz can only appear in the UV boundary action in the gauge invariant combination

Fµz = ∂µVz − ∂zVµ. This is due to the fact that Vz, unlike a, still transforms non-trivially

on the UV brane under 5D gauge transformations, Vz → Vz + ∂zα|zUV , as ∂zα|zUV 6= 0.

Therefore, since Vz must be derivatively coupled, UV localised sources of explicit breaking
1Note that if there were additional bulk fields charged under U(1)PQ these could spoil the suppression if

their 5D masses corresponded to operators of lower dimension. On the other hand, any contributions to the
axion potential from additional UV-localised PQ-charged fields will be suppressed.
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only generate a potential for the axion through their coupling to a, which is suppressed.

The bulk SU(3)c×U(1)PQ model therefore provides a realistic, holographic description of

a composite axion that can solve the axion quality problem. For large ∆ the effects of explicit

breaking sources in the UV can be sufficiently suppressed, while the axion decay constant

that determines the QCD contribution to the axion potential is only weakly dependent on

∆. For a given decay constant, there is then a minimum critical value ∆c needed to address

the axion quality problem.

The value of ∆c is determined by comparing the two contributions to the axion potential.

In order to solve the strong CP problem the axion mass from QCD must dominate over the

contribution arising from explicit UV violations of the U(1)PQ symmetry. Recall that the

QCD instanton contribution to the axion mass is given by [125]

(m(QCD)
a )2 ' mumd

(mu +md)2

m2
πF

2
π

F 2
a

' (5.7meV)2

(
109 GeV
Fa

)2

, (4.49)

where mu,d are the up, down quark masses, mπ ' 135MeV, and Fπ = 92MeV. Combining

Eqs. (4.37) and (4.48) gives the UV contribution to the axion mass in terms of the decay

constant

(m(UV )
a )2 =

4`UV σ0(∆− 2)

κ2(∆− 4 + bUV )

(
κ
√

∆− 1

σ0

)∆(
Fa

ΛUV

)∆−4

F 2
a , (4.50)

where we have defined ΛUV ≡ z−1
UV . The two contributions to the axion mass are shown as

a function of Fa in the left panel of Figure 4.5 for ∆ = 11. The axion potential with both

of these contributions then becomes

V (a(0)) ' −(m(QCD)
a )2F 2

a cos

(
a(0)

Fa
+ θ̄

)
− (m(UV )

a )2F 2
a cos

(
a(0)

Fa
+ δ

)
, (4.51)

where δ − θ̄ is the relative phase between θ̄ and the PQ-violating operator of dimension ∆.
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Figure 4.5: Left panel: QCD (solid) and UV (dashed) contributions to the axion mass for
∆ = 11 and κ = 1. Right panel: Critical operator dimension, ∆c, needed to solve the axion
quality problem. We fixed k = MP , kzUV = 1, σ0 = 0.1, `UV = 0.1, and bUV = 0.

The minimum of the axion potential (4.51) is now displaced from the origin to the value

|θ̄eff | ≡
∣∣∣∣〈a(0)

Fa
+ θ̄

〉∣∣∣∣ ' (m
(UV )
a )2 sin(δ − θ̄)

(m
(QCD)
a )2 + (m

(UV )
a )2 cos(δ − θ̄)

. (4.52)

Requiring that this shift be no larger than the experimental upper bound, |θ̄eff | . 10−10,

leads to the condition (m
(UV )
a )2 . 10−10 (m

(QCD)
a )2, assuming an order one phase difference

δ − θ̄. This condition gives a lower bound, ∆c, on the operator dimension, with the value

needed to address the axion quality problem for a given decay constant shown in the right

panel of Figure 4.5. The critical dimension is shown for several choices of κ, although it is

mostly sensitive to just the ratio κ/σ0, as can be seen from Eq. (4.50). For the range of

decay constants 109 GeV . Fa . 1012 GeV, consistent with obtaining the relic dark matter

abundance with an order one initial misalignment angle, one requires at least ∆c & 10.

Finally, in this class of models, the presence of SU(3)c as a 5D gauge symmetry in the bulk

means that in the dual theory (some of) the fundamental constituents of the composite sector

must be charged under QCD. This is analogous to 4D composite axion models considered

in the literature [126, 127, 128]. Note that in our holographic description the operator

dimension ∆ is a free parameter, since the underlying explicit 4D model is not specified.

However, requiring that the 5D theory is perturbative does imply that we are considering the
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composite model in the large-Nc limit (where Nc is the number of colours in the confining

gauge group) via the relation g2
5k ∼ (4π)2/Nc [129, 130]. Furthermore, the coupling of the

axion to GG̃ is generated via the U(1)PQ–SU(3)2
c anomaly and hence κ ∝ Nc.
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4.5 Including the SM Charged Fermions

In this section, we extend the 5D axion model to include the axion-fermion couplings while

automatically address the fermion mass hierarchy and axion quality problem, unlike the

original 4D DFSZ model. The bulk fermion profiles are controlled by order one 5D fermion

mass parameters. Once these parameters are chosen to explain the Standard Model fermion

mass hierarchy and mixings, they give predictions for the axion couplings to fermions. For a

boundary-localized Higgs sector, only flavour-diagonal couplings are generated. This follows

from the orthonormality of the bulk fermion profiles. However, when the Higgs sector

propagates in the bulk, there is a non-trivial wavefunction overlap between the axion and

the fermion profiles that gives off-diagonal fermion couplings. The predictions for the off-

diagonal couplings involving quarks and charged leptons are consistent with the current

experimental limits [131, 132]. Assuming an axion decay constant Fa ∼ 109 GeV, the effective

scale of the axion-fermion off-diagonal couplings is of order 1011 − 1015 GeV.

4.5.1 Bulk Standard Model Fermions

In addition to the bulk U(1)PQ there is also the Standard Model gauge group SU(3)c ×

SU(2)L × U(1)Y . The bulk Standard Model gauge bosons have Neumann boundary condi-

tions so that the massless zero modes are identified with the Standard Model gauge bosons

(see Ref. [115]). Later, we will consider two possibilities for breaking the electroweak gauge

symmetry.

The bulk Standard Model gauge group allows for the Standard Model fermions to be

located in the bulk. The localization of the zero modes is then responsible for generating

the fermion mass hierarchy and will also lead to flavour-dependent axion-fermion couplings.

Denoting the 5D SU(2)L quark doublet field by Q and the singlet fields by U , D, the bulk
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fermion action for the quark sector is given by [115, 133]

Sf = −2

∫ zIR

zUV

d5x
√
−g

(
1

2

(
Q̄iΓ

MDMQi − (DM Q̄i)ΓMQi
)

+MQiQ̄iQi

+
1

2

(
ŪiΓ

MDMUi − (DM Ūi)ΓMUi
)

+MUiŪiUi

+
1

2

(
D̄iΓ

MDMDi − (DMD̄i)Γ
MDi

)
+MDiD̄iDi

)
, (4.53)

where ΓM = eMA γ
A = A(z)−1(γµ, γ5), with γ5 = ((1, 0), (0,−1)), and the fermions carry

PQ charges XQ,U,D. The 5D masses, MX ≡ cXk, determine the localization of the chiral

zero modes, to be identified with the SM fermions, and i is a flavour index. Following

Section 3.2.2, we can decompose the Dirac spinor Qi in terms of its Weyl components

Qi = (QiL, QiR)T , the equation of motion is

γµ∂µQiL(R) ∓ ∂zQiR(L) +
1

z
(cQi ± 2)QiR(L) = 0 . (4.54)

To solve this equation, we perform the KK expansion,

QiL(R)(x
µ, z) =

∞∑
n=0

fnQiL(R)
(z)QniL(R)(x

µ) , (4.55)

where /∂QniL(R) = −mnQ
n
iR(L), and similarly for U and D. After imposing Dirichlet condi-

tions QiR = UiL = DiL = 0 on both boundaries, there are chiral zero modes with profiles

f0
QiL

(z) = NQi(kz)2−cQi ,

f0
UiR

(z) = NUi(kz)2+cUi ,

f0
DiR

(z) = NDi(kz)2+cDi . (4.56)

Normalising the 4D kinetic terms fixes the constants

NX =

√
(1∓ 2cX)k

2((kzIR)1∓2cX − (kzUV )1∓2cX )
, (4.57)
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where −(+) refers to the left (right) handed profiles. Similar expressions are obtained in

the lepton sector.

4.5.2 Boundary Higgs Fields

We first consider a setup with boundary-localized Higgs fields Hu,d to construct a 5D model

of the DFSZ axion [76, 75]. The Higgs doublet fields, which transform as Hu,d ∼ (2,∓1
2)

under the SU(2)L × U(1)Y electroweak gauge group, are localized on the UV boundary.

They are also charged under the U(1)PQ symmetry with charges XHu,Hd , such that

XHu +XHd + 2XΦ = 0 (4.58)

. The most general scalar potential on the UV boundary is thus

UUV (Φ, Hu, Hd) = λu(|Hu|2 − v2
u)2 + λd(|Hd|2 − v2

d)
2 + bUV k|Φ|2

+ (a|Hu|2 + b|Hd|2)|Φ|2 + c(HuHdΦ
2 + h.c.)

+ d|HuHd|2 + e|H†uHd|2 , (4.59)

where HuHd = εijH
i
uH

j
d with εij the SU(2) antisymmetric tensor.

To obtain the axion couplings, we first parametrise the scalar fields by

Hu =
vu√

2
ei
au(x)
vu

1

0

 , Hd =
vd√

2
e
i
ad(x)

vd

0

1

 , Φ = η(z)eia(x,z) , (4.60)

where we have ignored the radial components and the electromagnetically-charged NG

bosons in Hu,d. The global 4D U(1)PQ symmetry is a remnant of the 5D local U(1)PQ sym-

metry and is realised by choosing the 5D gauge transformation parameter α(x, z) = α0f
0
a (z),

such that the axion zero mode transforms as

a0(x)→ a0(x) + α0 . (4.61)
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In this case, the 4D PQ current can then be written as

JPQµ = XΦf
0
a (zUV )−1∂µa

0 +XHuH
†
ui
←→
∂µHu +XHdH

†
di
←→
∂µHd + . . . , (4.62)

where H†i
←→
∂µHi = ∂µ(H†i )Hi−H†i ∂µHi. The physical 4D axion, a4, is then defined by using

the Goldstone theorem 〈0|JPQµ |a4〉 = iFapµ. This gives:

Faa4(x) ≡ XΦf
0
a (zUV )−1a0 +XHuvuau +XHdvdad , (4.63)

where

∑
i

X2
i v

2
i = F 2

a , (4.64)

with i = Φ, Hu,d and vΦ = f0
a (zUV )−1. Since vu,d � vΦ we obtain that Fa ' vΦ.

Similarly, the 4D hypercharge current is given by

JYµ = YuH
†
ui
←→
∂µHu + YdH

†
di
←→
∂µHd =

1

2
∂µ(vuau − vdad) , (4.65)

where Yu,d = ∓1/2 and aZ ∝ vuau− vdad is the NG boson eaten by the Z boson. Requiring

orthogonality between the PQ and hypercharge currents, i.e. 〈0|JYµ |a4〉 = 0, leads to the

condition

XHuv
2
u −XHdv

2
d = 0 . (4.66)

Combined with the relation XHu +XHd + 2XΦ = 0, this fixes the PQ charges of the scalars

up to an overall normalization:

XΦ = 1, XHu = −2 cos2 β, XHd = −2 sin2 β , (4.67)

where sinβ = vu/v, cosβ = vd/v, with the electroweak VEV v = 246GeV.

In addition to the physical axion defined in (4.63) there is also a heavy axion A(x) that
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obtains its mass from the HuHdΦ
2 + h.c. term in the boundary potential (4.59). It is given

by

A(x) ∝ au(x)

vu
+
ad(x)

vd
+ 2f0

a (zUV )a0(x) + . . . (4.68)

The three physical fields a4, aZ and A are defined in terms of au, ad and a0. Inverting these

relations determines au,d as a function of the axion field a4(x). In the limit that vΦ � vu,d

one finds the substitution relations

au,d
vu,d

→ XHu,Hd

a4

Fa
. (4.69)

4.5.3 Axion-Fermion Couplings with Boundary Higgs Fields

To obtain the axion-fermion couplings we first need to specify how the SM fermion masses

are generated. Since the Higgs fields are UV localized, this occurs via Yukawa couplings

localized on the UV brane,

SYukawa = −
∫
d4x
√
−gUV

1

k

(
y

(5)
u,ijQ̄iUjHu+y

(5)
d,ijQ̄iDjHd+y

(5)
e,ijL̄iEjHd+h.c.

)∣∣∣∣
zUV

, (4.70)

where y(5)
u,d,e are dimensionless 5D Yukawa couplings. The axion couplings to fermions are

then obtained by substituting (4.60) into (4.70) and using the relations (4.69).

By performing the following field redefinitions on the fermion zero modes,

ui → eiγ5XHu
a4

2Fa ui, di → eiγ5XHd
a4

2Fa di, ei → eiγ5XHd
a4

2Fa ei , (4.71)

the axion field can be removed from the mass terms to give the 4D effective Lagrangian

L4D ⊃ −mij
u ūiLujR −m

ij
d d̄iLdjR −m

ij
e ēiLejR + h.c. , (4.72)
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Figure 4.6: Contours of the quark (left) and charged lepton (right) masses for the UV Higgs
case as a function of cL and −cR with tanβ = 3, and kzIR = 1010. The y(5)

u,d,` are randomly
generated diagonal 5D Yukawa matrices drawn from a log-normal distribution with µ = 0
and σ = 0.3. The contours correspond to the median of the generated set (cL,−cR).

where

mij
u = y

(5)
u,ij

vu√
2k
f0
QiL

(zUV )f0
UjR

(zUV ) , (4.73)

and similarly for mij
d,e. The mass matrix mij

u can be diagonalized by the singular value

decomposition

Au†L m
ij
uA

u
R = mui , (4.74)

where AuL,R are unitary matrices andmui is the diagonal mass matrix containing the up-type

masses. For a 3× 3 matrix y(5)
u with anarchic elements of order one, a 4D Yukawa coupling

hierarchy is generated from the overlap of the bulk profiles [133]. The bulk mass parameters,

ci, are then constrained by the quark and charged lepton masses, as shown in Figure 4.6.

Further details are given in Appendix A. The fermion kinetic terms are not invariant under

the redefinitions (4.71) and generate derivative couplings of the axion to fermions. For the
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up-type quarks, these are given by

i

∫
d4x

XHu

2Fa
∂µa4

(
−ūiL(AuLA

u†
L )ijγ

µujL + ūiR(AuRA
u†
R )ijγ

µujR

)
,

≡ i
∫
d4x

(
∂µa4

2Fa
cAu ūiγ

µγ5 ui

)
, (4.75)

where cAu = −XHu . Similarly for the down-type quarks and leptons. Thus, for boundary-

localized Higgs fields, the vector couplings vanish and the axial-vector couplings are flavour-

diagonal. The current experimental constraints on the cA are given in Ref. [131]. The

redefinitions (4.71) also induce axion couplings to gluons and photons, as in the standard

DFSZ model. A more detailed investigation of the axion-gluon/photon couplings in the bulk

Higgs case will be discussed below.

4.5.4 Bulk Higgs Fields

Next, we consider the case of bulk Higgs fields, and show that this leads to flavour off-

diagonal axion-fermion couplings. The Higgs fields Hu, Hd still have a UV boundary poten-

tial given by (4.59) but now they propagate in the bulk. The bulk action is

SH = 2

∫ zIR

zUV

d5x
√
−g
(
−
(
DMHu,d

)†(DMHu,d

)
−m2

Hu,d
H†u,dHu,d

− 1

2g2
Y ξY

(
gµν∂µBν − ξY g2

Y (YHuvuau + YHdvdad)
)2 )

−
∫
d4x
√
−g4 UUV (Φ, Hu, Hd) , (4.76)

where DM = ∂M − iXHu,dVM + . . . , and ξY is a U(1)Y gauge-fixing parameter. Note that

au,d will also contribute to the U(1)PQ gauge fixing term in Eq. (4.1). The scalar fields can

be parametrized as

Hu =
vu√

2
ei
au(x,z)
vu

1

0

 , Hd =
vd√

2
e
i
ad(x,z)

vd

0

1

 , Φ = η(z)eia(x,z) , (4.77)
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where au,d(x, z) are the neutral NG bosons propagating in the bulk, and the radial com-

ponents and the electromagnetically-charged NG bosons in Hu,d have again been ignored.

In general, the bulk VEVs can have nontrivial z-dependence (i.e. vu,d = vu,d(z)), but for

simplicity we assume they are constant. This requires adding appropriate bulk and IR

boundary mass terms for Hu,d, similar to the bulk Higgs setup considered in Ref. [134]. The

4D electroweak VEV is then approximately v2 ≈ (v2
u + v2

d)/k, assuming zUV = 1/k (note

that the 5D fields in (4.77) have canonical mass dimension 3/2).

It is convenient to define the new fields

aY =
1

NY
(YHuvuau + YHdvdad) , (4.78)

aX =
1

NX
(XHuvuau +XHdvdad) , (4.79)

where NY =
√
Y 2
Hu
v2
u + Y 2

Hd
v2
d and NX =

√
X2
Hu
v2
u +X2

Hd
v2
d. The PQ charges can be

chosen such that these two combinations are orthogonal:

YHuXHuv
2
u + YHdXHdv

2
d = 0 . (4.80)

Combining this with the condition XHu +XHd + 2XΦ = 0 (with XΦ = 1 and YHu,d = ∓1/2)

yields the relations

XHu =
−2v2

d

v2
u + v2

d

, XHd =
−2v2

u

v2
u + v2

d

, (4.81)

and hence NX = 2vuvd/
√
v2
u + v2

d. The equations of motion for aY and aX then decouple:

A3�aY + ∂z
(
A3∂zaY

)
− ξYA5g2

YN
2
Y aY = 0 , (4.82)

A3�aX + ∂z
(
A3 (∂zaX −NXVz)

)
+

ξPQA
5NX

(
A−3∂z (AVz)− g2

5

(
XΦη

2a+NXaX
))

= 0 . (4.83)

Note that in deriving these equations we have used the fact that vu,d are z-independent.
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The boundary conditions are

(
±2A3∂zaY −A4 δU

δaY

) ∣∣∣∣
zUV ,zIR

= 0 , (4.84)(
±2A3 (∂zaX −NXVz)−A4 δU

δaX

) ∣∣∣∣
zUV ,zIR

= 0 , (4.85)

with the relevant part of the UV boundary potential given by

UUV ⊃ cvuvdη2 cos

(
2a−

√
v2
u + v2

d

vuvd
aX

)∣∣∣∣
zUV

. (4.86)

It is convenient to work in unitary gauge for U(1)Y (ξY → ∞) since then aY → 0. For

aX , we perform the KK expansion,

aX(xµ, z) =
∞∑
n=0

fnaX (z)an(xµ) . (4.87)

Note that an(xµ) are the same 4D modes as in Eq. (4.12). To solve Eq. (4.83) we expand to

first-order in vu,d/k3/2 (higher-order terms are negligibly small). This allows us to neglect

terms proportional to aX in the equation of motion for a and Vz. Focusing on the massless

mode, we can then continue to use the solutions for f0
a and f0

Vz
in (4.29). These massless

profiles satisfy A−3∂z(Af
0
Vz

) = g2
5XΦη

2f0
a . Using this relation, (4.83) reduces to

∂z
(
A3
(
∂zf

0
aX
−NXf

0
Vz

))
= 0 , (4.88)

for the massless mode. Imposing the IR boundary condition (4.85) enforces ∂zf0
aX

(z) =

NXf
0
Vz

(z). The UV boundary condition then becomes

−cA4η2
√
v2
u + v2

d

2f0
a −

√
v2
u + v2

d

vuvd
f0
aX

∣∣∣∣∣
zUV

= 0 . (4.89)
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The final solution is

f0
aX

(z) =
2vuvd√
v2
u + v2

d

(
f0
a (zUV ) +

∫ z

zUV

dz′ f0
Vz(z

′) +O(v2
u,d/k

3)

)
. (4.90)

This solution is strictly valid only for an exactly massless zero mode. However, it is expected

to approximately hold even in the presence of explicit PQ breaking on the UV boundary

with the replacement f0
a (zUV ) → f0

a,��PQ
(zUV ), where the latter quantity is the boundary

value of the exact massive profile.2 The reason is that, in the limit zIR � zUV , the exact

massive profiles f0
a,��PQ

and f0
Vz ,��PQ

closely match the massless solutions everywhere except

very close to the UV brane, where f0
a,��PQ

becomes highly suppressed [135]. It is therefore

convenient to write

f0
aX

(z) =
2vuvd√
v2
u + v2

d

(
f̂0
aX

(z) +O(v2
u,d/k

3)
)
, (4.91)

with

f̂0
aX

(z) =


f0
a (z) , m0 = 0 ,

f0
a (z)− f0

a (zUV ) + f0
a,��PQ

(zUV ) , m0 6= 0 ,

(4.92)

where the equality should be understood as approximate when m0 6= 0. In going from (4.90)

to (4.92) we have used that f0
Vz

= ∂zf
0
a . From now on, we also approximate f0

a,��PQ
(zUV ) ≈ 0.

Finally, transforming back to au,d we obtain

au,d
vu,d

= XHu,d f̂
0
aX

(z) a0(xµ) + · · · , (4.93)

where ‘· · · ’ contains the heavier modes.
2We have confirmed that with this replacement (4.90) holds exactly when g5 = 0 and zIR � zUV .
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4.5.5 Axion-Fermion Couplings with Bulk Higgs Fields

To obtain the axion-fermion couplings we consider the bulk Yukawa interactions

SYukawa = − 2√
k

∫ zIR

zUV

d5x
√
−g
(
y

(5)
u,ijQ̄iUjHu+y

(5)
d,ijQ̄iDjHd+y

(5)
e,ijL̄iEjHd+h.c.

)
, (4.94)

where y(5)
u,d,e are dimensionless 5D Yukawa couplings. Focusing for now on the quark sector,

and substituting (4.77) into (4.94) gives

−2

∫ zIR

zUV

d5x
√
−g 1√

k

(
y

(5)
u,ij

vu√
2
Q̄uiUje

i
au(x,z)
vu + y

(5)
d,ij

vd√
2
Q̄diDje

i
ad(x,z)

vd + h.c.
)
, (4.95)

where Q = (Qu, Qd) denote the components of the SU(2)L quark doublet. We proceed by

considering just the up-type quarks. Similar expressions follow for the down-type quarks

and leptons. The fermion zero-mode mass matrix for the up-type quarks is

mij
u = y

(5)
u,ij

√
2vu√
k

∫ zIR

zUV

dz

(kz)5
f0
QiL

(z)f0
UjR

(z) , (4.96)

which is again diagonalized by AuLm
ij
uA

u†
R = mui . As in the boundary Higgs case, the bulk

mass parameters, ci, are constrained by the quark and charged lepton masses, as shown in

Figure 4.7. Further details are provided in Appendix A.

The au dependence in (4.95) can be removed via a 5D field redefinition of the form

Qui(x, z)→ eiβ
au(x,z)
vu Qui(x, z), Ui(x, z)→ ei(β−1)

au(x,z)
vu Ui(x, z) , (4.97)

where β is an arbitrary parameter. The 5D kinetic terms are not invariant under this

transformation, giving rise to the terms

− 2i

∫ zIR

zUV

d5x
√
−g

(
∂M

au
vu

)(
1

2

(
Q̄uiΓ

MQui − ŪiΓMUi
)

+

(
β − 1

2

)(
Q̄uiΓ

MQui + ŪiΓ
MUi

))
. (4.98)
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Figure 4.7: Contours of the quark (left) and charged lepton (right) masses for the bulk
Higgs case using Eq. (4.96), as a function of cL and −cR with tanβ = 3, and kzIR = 1010.
The y(5)

u,d,` are randomly generated diagonal 5D Yukawa couplings drawn from a log-normal
distribution with µ = 0 and σ = 0.3. The contours indicate the medians of the generated
set (cL,−cR)

Restricting to the zero-modes, these terms give the axion-fermion couplings. However, care

must be taken with the term on the second line, which depends on the choice of field

redefinition. Notice that after integrating by parts (the boundary term vanishes) this term

takes the form

i(2β − 1)

∫ zIR

zUV

d5x
au
vu
∂MJ

M
V , JMV =

√
−g
(
Q̄uiΓ

MQui + ŪiΓ
MUi

)
. (4.99)

Since JMV is a classically conserved current, any effects from this term must be proportional

to the (boundary-localized) weak anomaly. The β-dependence is then cancelled by the

transformation of the path-integral measure under (4.97).

Returning to the terms in the first line of (4.98) and restricting to the zero-modes gives

−iXHu

∫ zIR

zUV

d5xA4(∂µa
0)f̂0

aX

(
ūiL(f0

QiL
)2γµuiL − ūiR(f0

UiR
)2γµuiR

)
, (4.100)

where we have used (4.93) and a0(x) is identified with the axion to O(v/Fa). Integrating
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over the profiles and rotating to the fermion mass basis we obtain the 4D effective action

S4D ⊃ i
∫
d4x

∂µa
0

2Fa

(
ūiγ

µ
(
(cVu )ij − (cAu )ijγ

5
)
uj
)
, (4.101)

where

1

(F V,Au )ij
≡ (cV,Au )ij

Fa

= XHu

∫ zIR

zUV

dz

(kz)4
f̂0
aX

(
(AuR)ik(f

0
UkR

)2(AuR
†)kj ∓ (AuL)ik(f

0
QkL

)2(AuL
†)kj

)
.

(4.102)

Repeating the above steps leads to analogous expressions for the down-type quarks and

charged leptons. Note that, following a similar argument to above, the flavour-diagonal

vector couplings (cV )ii are unphysical up to weak anomalies. Furthermore, the on-shell

axion couplings are proportional to (cV,A)ij(mi ∓mj).

We see that with the Higgs located in the bulk both the vector, cV , and axial-vector,

cA, couplings are non-zero and are flavour off-diagonal. These couplings depend on the

mixing matrices, AL,R, and the 5D bulk mass parameters ci in (4.56), which are constrained

by a fit to the Standard Model fermion masses and CKM/PMNS matrices, as detailed in

Appendix A. In the following two subsections, we discuss the behaviour of the couplings

(4.102) both for the massless axion and in the presence of explicit PQ breaking on the UV

boundary.

Bulk Higgs field with Massless axion

In the absence of explicit PQ breaking on the UV brane, the axion is massless (up to QCD

effects) and the profiles are given by (4.29). In this case we have that f̂0
aX

(z) = f0
a (z).

The f0
a (z) profile is approximately constant, up to corrections of order g2

5kσ
2
0/∆

2, and it is

convenient to parametrize it as

f0
a (z) =

1

Fa

(
1 + g0

a(z)
)
, (4.103)
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where g0
a(z) contains the z-dependence, and we have identified the decay constant Fa =

fa(zUV )−1 ' σ0/(zIR
√

∆− 1). Substituting this into (4.102) and using the fact that AL,R

are unitary matrices leads to

(cAu )ij = XHu

(
1

2
δij +

∫ zIR

zUV

dz

(kz)4
g0
a(z)

(
(AuR)ik(f

0
UkR

)2(Au†R )kj+

(AuL)ik(f
0
QkL

)2(Au†L )kj

))
,

(cVu )ij = XHu

∫ zIR

zUV

dz

(kz)4
g0
a(z)

(
(AuR)ik(f

0
UkR

)2(Au†R )kj − (AuL)ik(f
0
QkL

)2(Au†L )kj

)
.

(4.104)

The first term in the expression for cAu gives the leading contribution to the diagonal couplings

which are therefore similar to the boundary Higgs case. The off-diagonal couplings, on the

other hand, involve overlap integrals of g0
a(z) with the fermion profiles. These integrals take

a particularly simple form if the fermion profile satisfies cL < 1/2 or −cR < 1/2. Using the

approximate axion profile in Eq. (4.29), we then obtain

∫
dz

(kz)4
g0
a (f0

j )2 = −∆(2cj − 1)(2cj − 2∆− 3)

8(2cj − 3)(2cj − 2∆− 1)

g2
5kσ

2
0

∆2
+O

((
g2

5kσ
2
0

∆2

)2
)
. (4.105)

Conversely, if cL > 1/2 or −cR > 1/2 the integral is suppressed by powers of kzIR. From

Figure 4.7, we see that for all fermions except the top quark, (4.105) is always valid for either

the left- or right-handed profile. The overlap integral is plotted in Figure 4.8 using the exact

massless axion profile (the dashed lines correspond to (4.105)). Notice that even when

g5

√
kσ0/∆ ∼ O(1) the value of the overlap integral is ∼ 0.1, which results in a suppression

of the off-diagonal couplings relative to Fa. The off-diagonal couplings are further suppressed

by the off-diagonal elements of the mixing matrices.
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Figure 4.8: The overlap integral between the z-dependent part of the axion profile g0
a(z)

and the left/right-handed quark profiles (f0
j )2 as a function of σ0

√
g2

5k/∆, with cL(−cR)
ranging from −3 (upper) to 0 (lower) in steps of 1. The solid lines use the exact massless
axion profile, while the dashed lines correspond to Eq. (4.105). We have fixed ∆ = 10,
g2

5k = 1 and the value for kzIR is adjusted to keep Fa = 109 GeV.
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Bulk Higgs field with Massive axion

In the presence of explicit PQ breaking on the UV brane f̂0
aX

(z) ≈ f0
a (z)−f0

a (zUV ) = g0
a(z).

We then obtain the couplings

(cV,Au )ij = XHu

∫ zIR

zUV

dz

(kz)4
g0
a(z)

(
(AuR)ik(f

0
UkR

)2(Au†R )kj ∓ (AuL)ik(f
0
QkL

)2(Au†L )kj

)
. (4.106)

Here, the diagonal couplings (cAu )ii are also suppressed, relative to Fa, by overlap integrals of

g0
a(z) with the fermion profiles. The off-diagonal couplings are still expected to be smaller,

due to the suppression from the off-diagonal elements of the mixing matrices. Hence, the off-

diagonal couplings are approximately the same in the massive and massless cases, whereas

the diagonal couplings are different.

Numerical results

The axion-fermion couplings are obtained by numerically evaluating the integral expression

(4.106), as well as the corresponding expressions for the down-type quarks and charged

leptons. The procedure for determining the mixing matrices Au,d,`L,R is given in Appendix A.1,

with the bulk mass parameters constrained by a fit to the quark and charged lepton masses

(see Figure 4.7) and the CKM/PMNS mixing matrices. We also assume zUV = 1/k and

k ∼MP for all plots.

Representative values of the diagonal axial-vector couplings cAu,d,` are shown in Figure 4.9

for the quarks and charged leptons. The axion parameters correspond to Fa ' 109 GeV and

we take ∆ = 10 to solve the axion-quality problem. In particular, we see that the top-quark

coupling cAtt is suppressed since it is mostly localized near the UV brane.

For the off-diagonal couplings, consider first the axion-quark couplings shown in the left

panel of Figure 4.10 as a function of cQ3 + cu3 . The F Vu off-diagonal matrix elements range

from approximately 1012−1014 GeV, while the F Vd off-diagonal matrix elements are approx-

imately 1011 − 1013 GeV. The axial-vector couplings FAu,d are the same order of magnitude

as the F Vu,d and are not explicitly shown. These values are comparable to the experimental

limits given in Ref. [131]. Currently, the most stringent limit is (F Vd )12 & 6.8 × 1011 GeV
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from K+ → π+a decays. As shown in Figure 4.11, this bound on (F Vd )12 rules out values

of σ0 & 4 for g2
5k = 1 and ∆ = 10. The projected future sensitivity of NA62 and KOTO to

(F Vd )12 is 2× 1012 GeV [131], which can probe values of σ0 & 2.

The axion-charged lepton couplings are obtained in a similar fashion; however, the mixing

matrices Ae,νL,R are sensitive to the mechanism for neutrino masses. For simplicity, we assume

that the PMNS matrix is generated in the charged lepton sector (UPMNS = (AeL)†) and

leave a detailed study of the neutrino sector for future work. The charged lepton bulk

mass parameters are then constrained by fitting the charged lepton masses (see Figure 4.7)

and the PMNS mixing parameters. The resulting F Vl are shown in the right panel of

Figure 4.10 as a function of cL3 + ce3 , again with Fa ' 109 GeV and ∆ = 10. The off-

diagonal F V` matrix elements range from approximately 1011 − 1012 GeV. Again, the axial-

vector couplings FA` are of the same order of magnitude as the vector couplings. The

corresponding experimental limits are given in [132]. The most stringent limit is from

µ → e a, which constrains (F Ve )12 & 4.8 × 109 GeV. Future sensitivity of the MEG-II-fwd

and Mu3e experiments is (F Ve )12 & 2× 1010 GeV. This is still an order of magnitude smaller

than the predicted values shown in Figure 4.10.
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Figure 4.9: Left: absolute values of the diagonal axion-quark couplings (from top to bottom)
cAuu, cAcc and cAtt in units of XHu , and cAdd, c

A
ss and cAbb in units of XHd as functions of cQ3 +cu3 .

Right: absolute values of the diagonal axion-charged lepton couplings (from top to bottom)
cAee, cAµµ and cAττ in units of XHd as functions of cL3 +ce3 . We fix kzIR = 1010, g2

5k = 1,∆ = 10
and σ0 = 3, corresponding to Fa ' 109 GeV. The curves and bands depict the mean and
standard deviation of log10 F

V obtained from a scan over anarchic 5D Yukawa couplings.
The dashed line shows (left) cAuc and (right) cAeµ for reference.
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Figure 4.10: Absolute values of the off-diagonal elements of the axion-quark coupling matrix
F Vu (left, solid) and F Vd (left, dashed) as functions of cQ3 + cu3 , and F Vl (right) as a function
of cL3 +ce3 . We fix kzIR = 1010, g2

5k = 1,∆ = 10 and σ0 = 3, corresponding to Fa ' 109 GeV.
The curves and bands depict the mean and standard deviation of log10 F

V obtained from a
scan over anarchic 5D Yukawa couplings.
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Figure 4.11: Absolute values of the axion coupling F Vds as a function of cQ3 + cu3 for Fa =
109 GeV, g2

5k = 1 for various values of σ0 with ∆ = 10 (left), and various values of ∆ with
σ0 = 3 (right). The region below the dot-dashed line corresponds to the current experimental
limit F Vds & 6.8× 1011 GeV [131].
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4.6 5D Axion - Summary

The axion remains a favoured solution to the strong CP problem, as well as provides a

candidate for the missing dark matter component of the Universe. However, the axion

solution requires that the U(1)PQ global symmetry is preserved by quantum gravity to

sufficiently high order terms in the Lagrangian. We have presented a 5D geometric solution

to this axion quality problem that relies on a 5D gravitational dual description of composite

axion models. The spontaneous breaking of a global U(1)PQ symmetry by a PQ-charged

composite operator of dimension ∆ is modelled by the vacuum expectation value of a bulk

complex scalar field charged under a 5D U(1)PQ gauge symmetry. The IR brane scale is

associated with the scale of spontaneous U(1)PQ symmetry breaking, and therefore offers an

explanation as to why the axion decay constant Fa is much below the UV scale, while on

the other hand explicit sources of global U(1)PQ violation are confined to the UV brane.

In our 5D setup, the axion quality problem is solved by localising the axion towards

the IR brane and away from the explicit sources of U(1)PQ violation on the UV brane.

The axion zero mode profile is controlled by the bulk scalar mass-squared parameter, which

by the AdS/CFT dictionary is related to the operator dimension ∆. In fact, our solution

for the 5D axion profile generalises previous QCD pseudoscalar solutions [120] to operators

of arbitrary dimension ∆. As ∆ is increased the axion becomes more IR-localised, and

there is a minimum critical value ∆c, shown in Figure 4.5, for which the UV contributions

to the axion mass are sufficiently suppressed relative to the QCD instanton contribution,

thereby preserving the solution to the strong CP problem. This requires that QCD is a

gauge symmetry in the bulk, or equivalently that the composite sector is also charged under

QCD. If QCD is instead confined to the UV brane, the axion cannot be sequestered from

additional UV sources of explicit U(1)PQ violation while simultaneously maintaining a large

coupling to QCD.

Our 5D geometric solution holographically captures a whole class of 4D composite axion

models where the U(1)PQ symmetry is an accidental global symmetry of the underlying 4D

strong dynamics. This is analogous to the SM where baryon number is an accidental global
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symmetry up to dimension six operators. If a similar mechanism were to occur for the

underlying 4D gauge theory responsible for a composite axion, then our analysis suggests

that the U(1)PQ global symmetry must be preserved up to at least dimension ten for an

axion decay constant Fa & 109 GeV. A recent attempt to construct such a 4D model is

given in [128], and other constructions with larger gauge groups should also be possible.

In fact, our 5D framework can be used to model and give holographic descriptions of 4D

strong dynamics with larger global symmetry groups or to consider more general possibilities

with SM fermions propagating in the bulk. The 5D pseudoscalar solution may also have

applications for other global symmetries, such as in QCD where chiral symmetry is broken

by operators of dimension three. Thus this simple, 5D geometric solution provides a new way

to understand composite axion models, and in general to study accidental global symmetries

of 4D strong dynamics.

The axion-fermion couplings arise from the wavefunction overlap between the axion fields

and bulk fermion zero modes, and depend on the localization of the Higgs fields. When

the Higgs fields are localized on the UV boundary, only flavour diagonal axion-fermion

couplings are obtained due to the orthogonality of the fermion profiles. When the Higgs

fields instead propagate in the bulk with a constant VEV, the wavefunction overlap between

the z-dependent axion profile and the fermion zero modes produces flavour-dependent, off-

diagonal axion-fermion couplings. Assuming an axion decay constant Fa ' 109 GeV, the off-

diagonal couplings (F Vu,d,`)ij range from 1011−15 GeV, where the 5D parameters are chosen to

solve the axion quality problem and obtain the Standard Model fermion masses and mixings.

The off-diagonal axion-fermion couplings are most stringently constrained in the down-quark

sector, where the current experimental limit on F Vsd [131] restricts some 5D parameters in

the model. Future planned experiments will be able to probe more of the parameter space.

The couplings in the lepton sector are less constrained and remain an order of magnitude

below future sensitivity.



Chapter 5

Composite Axion Models

Given the active experimental effort it behooves us to consider possible ways to vary the axion

mass and couplings that can arise from UV modifications of QCD. A number of proposals

were previously considered in Refs. [136, 137, 138], and more recently in Refs. [139, 140, 141,

142]. A particularly interesting possibility is that associated with enlarging the color gauge

group, where new nonperturbative contributions to the axion mass are generated [143, 144].

We assume that the QCD gauge group, SU(3)c is embedded into SU(N + 3)× SU(N)′ with

N ≥ 3. Although this enlarged color group can simply be broken with a new elementary

Higgs sector [144], a potentially richer framework is to cause the breaking with new strong

dynamics. Besides the advantage of eliminating fundamental scalar fields, this approach

offers the intriguing possibility that the same strong dynamics is also responsible for a

composite Higgs. In fact, the strong dynamics associated with an enlarged color group can

provide all the ingredients for a composite Higgs with partial compositeness as well as a

dynamical axion with new contributions to the axion mass.

While composite Higgs models have been extensively explored as an effective low energy

description based on the AdS/CFT correspondence (for a review, see [145]), we will instead

consider the UV completions of composite Higgs models given in Refs. [146, 147, 148]. These

models contain colored fermion constituents that are needed to produce top partner bound

states in order to implement the partial compositeness mechanism. An early approach that

combined the axion and Higgs was considered in Ref. [149], although without an underlying

four-fermion structure responsible for partial compositeness. In this chapter we will extend

82
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the UV descriptions of composite Higgs models to incorporate the enlarged color breaking

and generate dynamical axions. The new strong dynamics, referred to as hypercolor, will

be based on the gauge groups Sp(2NHC) [146, 147], where NHC is a positive integer, and

SU(4)HC [148]. With these gauge groups, the colored hyperfermions can transform in the

fundamental representation of the hypercolor group. This restriction to the smallest repre-

sentation preserves asymptotic freedom and leads to confinement of the hypercolor gauge

group. The uncolored hyperfermions are chosen to be in the antisymmetric representation

with an SU(5) global symmetry. Thus, there is a preference for SU(5)/SO(5) composite

Higgs models [150, 148].
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5.1 Hypercolor with Enlarged Color

An extended strong sector, where QCD is embedded into a larger gauge group such as

SU(N + 3), can solve the strong CP problem with a heavy axion [143, 144]. Interestingly,

composite Higgs models require top partners with colored constituents and these same con-

stituents, charged under the hypercolor strong dynamics, can then play a role in breaking

this enlarged color symmetry. A critical requirement in constructing such a model is that

the hypercolor gauge coupling is asymptotically free and therefore hypercolor confines at

low energies. This severely restricts the hyperfermion content of the model and typically

favors colored constituents which are in the smallest representation of the gauge group. As

will be shown in Section 5.2.5, the SU(5)/SO(5) composite Higgs model is favored because

the colored constituents can transform in the fundamental representation of the UV gauge

group. Thus to obtain a composite Higgs with a heavy composite axion we will consider

extensions of the SU(5)/SO(5) model based on two choices of the hypercolor gauge group:

the symplectic group Sp(2NHC) with NHC a positive integer, and SU(4)HC.

5.1.1 Hypercolor Gauge Groups

Sp(2NHC)

We first consider the SU(5)/SO(5) composite Higgs model based on the hypercolor gauge

group Sp(2NHC) with a traceless, antisymmetric hyperfermion ψa, transforming as a fun-

damental under an SU(5) global symmetry with index a = 1 . . . 5. The Sp(2NHC) gauge

invariant fermion bilinear is given by

(ψaψb) = ΩikΩjlψ
a
ijψ

b
kl , (5.1)

where i, j = 1 . . . 2NHC are Sp(2NHC) indices, and Ωij is the symplectic metric

Ωij =

 0 INHC

−INHC
0

 , (5.2)
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with INHC
the NHC × NHC identity matrix. The traceless condition can then be written

as Ωijψ
ij = 0. Besides describing a composite Higgs, the hypercolor dynamics must also

produce colored, top partner bound states that can linearly mix with the elementary top

quark. In addition to generating a large top Yukawa coupling, these states are required to

explicitly break the global symmetry and generate a Higgs potential. This requires adding

vector-like pairs of hyperfermions, χ, χ̄ charged under SU(3)c as first considered in Ref. [146].

If the QCD gauge group is now extended to SU(N + 3)× SU(N)′, then the top partner

hyperfermion content also needs to be enlarged to Ψχ = (χ, χ′, χ̄, χ̄′), where Ψχ are in the

fundamental (pseudoreal) representation of Sp(2NHC). As a result, the global symmetry

group associated with Ψχ is GSp = U(4N + 6). The minimal anomaly-free particle content

is summarized in Table Table 5.1, where the electroweak gauge group SU(2)L × U(1)Y

quantum numbers have been omitted. Typically, the electroweak group weakly gauges the

custodial global symmetry SU(2)L × SU(2)R ×U(1)X ⊂ SO(5) [147].

Sp(2NHC) SU(N + 3) SU(N)′ SU(5) U(4N + 6)

ψ A2 1 1 5 1

χ

F

F 1

1 F
χ′ 1 F

χ̄ F̄ 1

χ̄′ 1 F̄

Table 5.1: The hypercolor fermion representations under the local symmetry, Sp(2NHC) ×
SU(N + 3)× SU(N)′ and global symmetry, SU(5)×U(4N + 6).

To investigate the global symmetry breaking pattern of the strong dynamics we construct

a gauged NJL model [151]. For the composite Higgs sector this can be done by introduc-

ing four-fermion interactions consisting of ψa, and modifying the analysis in Ref. [146] to

accommodate the SU(5)/SO(5) coset. The leading interaction Lagrangian is given by

Lint =
κψ

2NHC
(ψaψb)(ψ†aψ

†
b) . (5.3)

Similarly to the NJL model, the vacuum structure of the Sp(2NHC) strong dynamics can be



5.1. Hypercolor with Enlarged Color 86

studied via the introduction of a bilinear auxiliary field

Mab = −
κψ

2NHC
(ψaψb) , (5.4)

where κψ is assumed to be real and positive. Since the representation of ψ is real, Mab is

symmetric and can be diagonalized via the Takagi diagonalization using an SU(5) global

rotation of ψ. The effective potential of Mab admits a nontrivial, stationary fixed point

where the singular values m(i) of Mab satisfy the mass gap equation

1

ζψ
≡ 4π2

Λ2
UV

1

κψ
= 1−

m2
(i)

Λ2
UV

log

(
1 +

Λ2
UV

m2
(i)

)
, (5.5)

and ΛUV represents a physical UV cutoff. A nontrivial stable fixed point characterized by

nonzero m(i) only exists if the dimensionless coupling parameter ζψ is greater than one.

This corresponds to large κψ, i.e. the four-fermion coupling is strong. The scale ΛUV can

thus be interpreted as the confinement scale ΛHC of Sp(2NHC), where these couplings are

generated. Thus for generic values of ζψ it is natural to expect m(i) . ΛHC. Note that since

all m(i) share the same gap equation and have the same value, the SU(5) global symmetry

is broken down to SO(5). Thus the Sp(2NHC) theory provides a suitable UV completion of

the SU(5)/SO(5) composite Higgs model.

The SU(5)/SO(5) coset contains fourteen Nambu-Goldstone bosons, which under the

electroweak group SU(2)L ×U(1)Y decompose as [150, 148]

14→ 2± 1
2

+ 30 + 3±1 + 10 . (5.6)

Besides the Higgs doublet (2± 1
2
) there are three electroweak triplets and a singlet. A Higgs

potential arises via explicit global symmetry breaking from top quark couplings. In partic-

ular, the Higgs field receives negative mass-squared corrections from the top quark Yukawa

couplings, leading to electroweak symmetry breaking. Instead the triplets in (5.6) only re-

ceive positive mass-squared loop corrections from gauge bosons, and thus their VEVs are

stabilized at zero [148]. On the other hand, the singlet can receive a mass from an explicit
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mass term for the ψ hyperfermions.

For the global symmetry breaking pattern of the enlarged color sector, the interaction

potential for Ψχ is more involved, and will be discussed in Section 5.1.2. Next, we present

the case of SU(4)HC, which shares many similarities and provides an alternative hypercolor

gauge group.

SU(4)HC

The SU(5)/SO(5) composite Higgs model can also arise from the hypercolor gauge group

SU(4)HC [148]. Similar to the Sp(2NHC) theory, this model contains ψ in the antisymmetric

representation, which is real, and Ψχ in the fundamental representation, which is now com-

plex instead of pseudoreal, as in the symplectic hypercolor case. The hyperfermion content

is summarized in Table Table 5.2.

SU(4)HC SU(N + 3) SU(N)′ SU(5) U(2N + 3)L U(2N + 3)R

ψ 6 1 1 5 1 1

χ 4 F 1
1 F 1

χ′ 4 1 F

χ̄ 4̄ F̄ 1
1 1 F

χ̄′ 4̄ 1 F̄

Table 5.2: The hypercolor fermion representations transforming under the local symmetry,
SU(4)HC×SU(N+3)×SU(N)′ and the global symmetry, SU(5)×U(2N+3)L×U(2N+3)R.

The SU(4)HC gauge group allows for an invariant fermion bilinear

(ψaψb) = εijklψaijψ
b
kl , (5.7)

where εijkl is the Levi-Civita tensor and i, j = 1 . . . 4 are SU(4)HC fundamental indices. To

obtain the vacuum structure, a similar four-fermion analysis can be done as in the Sp(2NHC)
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case. Since the SU(5) global symmetry of ψ remains the same, and the invariant fermion

bilinear (5.7) does not affect the global symmetry breaking dynamics, the same SU(5)/SO(5)

breaking coset follows from Eqs. (5.3)-(5.5). This coset was also analyzed in Ref. [148] for

SU(4)HC.

However, the enlarged color sector analysis differs from the Sp(2NHC) case since Ψχ no

longer has a homogeneous representation under the hypercolor gauge group. For example,

bilinears between hyperfermions χ(χ̄) and χ′(χ̄′) are not allowed. Furthermore, the global

symmetry of Ψχ is now restricted to GSU = U(2N + 3)L ×U(2N + 3)R ⊂ GSp. Thus, when

the enlarged color symmetry is broken, the SU(4)HC case is expected to have a different

vacuum structure as well as Nambu-Goldstone boson spectrum.

5.1.2 Enlarged Color Breaking with Hyperfermion Condensates

SU(N + 3)× SU(N)′ Gauged NJL Model

Similarly to the ψψ condensate, which is responsible for breaking the global SU(5) symmetry

to SO(5), the colored hyperfermion condensates will be used to break the enlarged color

symmetry to SU(3)c×SU(N)D. The hypercolor strong dynamics therefore provides a natural

way to break the enlarged color group without the introduction of new elementary scalars

in the theory.

To determine how the enlarged color symmetry is broken we will consider four fermion

operators that contain the colored hyperfermions in Ψχ. The most compact way to write

down the Lagrangian between these fields is by introducing an auxiliary field similar to Mab



5.1. Hypercolor with Enlarged Color 89

in Eq. (5.4). In the case of symplectic hypercolor

LSp ⊃
1

2
MSpΨ†χΨ†χ + h.c.

≡ 1

2

(
χ†F χ′†f χ̄†H χ̄′†h

)


PFG ΦFg R K
F ∆ k

F

−(ΦT )fG P ′fg ∆̃ K
f R′ kf

−(RT )HG −(∆̃T )Hg P̃HK Φ̃Hk

−(∆T )hG −(R′T )hg −(Φ̃T )hK P̃ ′hk





χ†G

χ′†g

χ̄†K

χ̄′†k


+ h.c. ,

(5.8)

where P, P ′, P̃ , P̃ ′,Φ, Φ̃,∆, ∆̃, R,R′ are auxiliary fields and uppercase (lowercase) letters

denote SU(N + 3) (SU(N)′) fundamental indices. The P, P ′, P̃ and P̃ ′ fields in the diag-

onal entries of MSp are antisymmetric since Ψχ is in the pseudoreal representation. The

P, P ′, P̃ , P̃ ′ and Φ, Φ̃, auxiliary fields can be treated as mass mixing terms and can be ro-

tated away using part of the global symmetry GSp of Ψχ. After this procedure, the rotated

mass matrix is still invariant under U(2N + 3)L × U(2N + 3)R, which incidentally is the

same as GSU in the SU(4)HC hypercolor case.

In the SU(4)HC case, the P and Φ auxiliary fields are automatically forbidden since these

fields are not gauge invariant under the new hypercolor. Instead the most general auxiliary

field mass matrix becomes complex symmetric

MSU =



0 0 R ∆

0 0 ∆̃ R′

RT ∆̃T 0 0

∆T R′T 0 0


. (5.9)

So in both cases, the only fields we need to consider are ∆, ∆̃ and R,R′. The relevant
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four-fermion interaction Lagrangian is thus

Lint =
κR

2NHC
(χF χ̄

G)
∣∣∣
Tr=0

(χ†F χ̄†G)
∣∣∣
Tr=0

+
κR′

2NHC
(χ′f χ̄

′g)
∣∣∣
Tr=0

(χ̄′†f χ̄′†g )
∣∣∣
Tr=0

+
κ∆

2NHC
(χF χ̄

′f )(χ†F χ̄′†f ) +
κ

∆̃

2NHC
(χ̄Fχ′f )(χ̄†F χ̄

′†f ) , (5.10)

where similar to κψ, the four-fermion couplings κR, κR′ , κ∆, κ∆̃
are assumed to be real and

positive. Note that in the case of SU(4)HC, the 2NHC factor in (5.10) and subsequent

expressions is replaced with 4. The relevant auxiliary field definitions are

RF
G = − κR

2NHC
(χF χ̄

G)
∣∣∣
Tr=0

, R′f
g

= − κR′

2NHC
(χ′f χ̄

′g)
∣∣∣
Tr=0

,

∆F
f = − κ∆

2NHC
(χF χ̄

′f ) , ∆̃F
f = −

κ
∆̃

2NHC
(χ̄Fχ′f ) . (5.11)

The full interaction Lagrangian can now be written as a Yukawa model:

Lint =−
(
RT (χχ̄) +R′T (χ′χ̄′) + ∆†(χχ̄′) + ∆̃†(χ̄χ′) + h.c.

)
− 2NHC

κR
Tr (R2)− 2NHC

κR′
Tr (R′2)− 2NHC

κ∆
Tr (∆∆†)− 2NHC

κ
∆̃

Tr (∆̃∆̃†) .

(5.12)

Note that the traces χF χ̄F and χ′f χ̄
f have not been included in Eqs. (5.10)-(5.12). These

fields are singlets under SU(N + 3) and SU(N)′, and thus will be omitted from the Ψχ

effective potential because they do not break any gauge symmetries. Nonetheless, these

traces can still acquire VEVs through non-perturbative effects or can have arbitrary bare

mass terms mχχF χ̄
F and mχ′χ

′
f χ̄
′f , that break the axial symmetry U(1)Aχ and U(1)Aχ′ of

SU(N + 3) and SU(N)′ respectively (see Appendix Appendix C). If these mass terms are

set to zero, then these symmetries are still anomalous due to the enlarged color instanton

contributions at the scale ΛHC. We denote the Nambu-Goldstone bosons associated with the

breaking of these symmetries σ and σ′, respectively. In our model, we will assume thatmχ,χ′

are nonzero, but small compared to ΛHC. For simplicity, we also assume that mχ,χ′ are real,

so that the topological aspects of the hypercolor and the enlarged color sectors are entirely
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separated. The σ and σ′ masses obtain contributions, either from these explicit breaking

mass terms, or from hypercolor or enlarged color instantons. Therefore, it is reasonable to

assume that these singlets will be as heavy as the ΛHC scale.

Effective Potential for the Auxiliary Fields

The next step is to obtain the effective potential by integrating out the fermions. First

we derive the gap equation for the auxiliary field, ∆. To a good approximation (see ap-

pendix Appendix B)

Veff ≈
2NHC

κ∆
Tr (∆∆†)

−NHC

8π2
Tr
(

Λ2
UV∆∆† − (∆∆†)2 log

(
1 +

Λ2
UV

∆∆†

)
+ Λ4

UV log

(
1 +

∆∆†

Λ2
UV

))
−NHC

16π2
Tr
((
−

2Λ2
UV

Λ2
UV + ∆∆†

+ log

(
1 +

Λ2
UV

∆∆†

))
∆R′∆̃R+ h.c.

)
, (5.13)

where the first two terms are the standard Coleman-Weinberg potential for ∆. The last

term is novel, arising from loops that contain ∆ as well as other fields R,R′. In this

approximation, other auxiliary fields have been kept only to first order. Using the global

symmetry SU(N + 3)χ× SU(N + 3)χ̄× SU(N)χ′ × SU(N)χ̄′ ⊂ GSU, one can simultaneously

decompose either the pair ∆, ∆̃ or the pair R, R′, but not both pairs of fields. Without loss

of generality, we choose to apply the singular value decomposition on ∆, ∆̃, which gives

∆ = Uχ∆DV
†
χ̄′ , ∆̃ = Uχ̄∆̃

D̃
V †χ′ . (5.14)
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The non-negative singular values are correspondingly ∆n and ∆̃n (n = 1 . . . N)

∆D =


diag (∆1, . . . ,∆N )

03×N


, ∆̃D =


diag

(
∆̃1, . . . , ∆̃N

)

03×N


(5.15)

For the eigenvalues, ∆n, the mass gap equation is now coupled with other fields

1

ζ∆
≡ 4π2

κ∆Λ2
UV

= 1− 2φ∆
n

∆2
n(Λ2

UV + ∆2
n)
− ∆2

n

Λ2
UV

(
1− φ∆

n

∆4
n

)
log

(
1 +

Λ2
UV

∆2
n

)
, (5.16)

where φ∆ controls the amount of mixing with other fields. By setting φ∆ = 0 one recovers

the original gap equation in (5.5). The gap equations for ∆, ∆̃, R and R′ only differ by the

definition of φ

(φ∆)n = ∆n∆̃n

N∑
m=1

R†nmR
′†m
n , (φ∆̃)n = ∆n∆̃n

N∑
m=1

R′†nmR
†m
n ,

(φR) m
n = R m

n ∆mR
′ n
m ∆̃n , (φR

′
) m
n = R′ mn ∆̃mR

n
m ∆n . (5.17)

The R G
F components where F,G > N have not been included, since the mixing term φR for

these components is zero, i.e. these components do not mix with other fields, thus satisfy

the original gap equation.

For simplicity we assume κ∆ = κ
∆̃
and κR = κR′ , such that there are only two parameters

controlling the symmetry breaking pattern. In this case, one can numerically solve the

system of equations in (5.16) by further assuming that R m
n have the same value for n 6= m.

When ζ∆ and ζR are less than one, both ∆ and R stabilize at zero. Thus in this regime,

the enlarged color symmetry is unbroken. In the regime where ζ∆ > 1 and ζR < 1, the

numerical result (see Figure 5.1) indicates that the mixing term φ∆ has little effect on the

mass gap equation for ∆. Thus for all n = 1 . . . N , the eigenvalues ∆n share the same
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Figure 5.1: Numerical values for (a) ∆n and (b) R m
n as functions of ζ∆ in the regime

ζ∆ > 1, ζR < 1. The dots, squares and diamonds correspond to ζR = 0.2, 0.5, and 0.8,
respectively. In (a), the dashed curve represents the analytic approximation for ∆n without
mixing terms given in Eq. (5.18). In (b), the solid, dashed and dot-dashed curves represent
the analytic approximation for R m

n given in Eq. (5.19). This approximation works better
for small ζR (lower curves).

analytic expression, derived from the original gap equation,

∆n

ΛUV
≈
√
ζ∆ − 1

2
. (5.18)

Without the mixing term, R m
n should stabilize at zero given that ζR < 1. With the new φR

term, R m
n is now allowed to be nonzero, though turned out to be exponentially suppressed.

The analytic approximation for R derived from (5.16) is

R m
n ≈ ΛUV exp

(
−

Λ2
UV

2ζR∆n∆̃m

)
. (5.19)

Thus in this parameter subspace, ∆ is the relevant VEV. Since ∆ is a bifundamental under

SU(N+3)×SU(N)′, the enlarged color is broken to the diagonal subgroup SU(N)D×SU(3)c.

When ζR > 1 and ζ∆ < 1, it is straightforward to see that the field ∆ and R now have

reverse roles. The auxiliary field R(R′), which is an adjoint under SU(N + 3)(SU(N)′), is

now the relevant VEV, and thus breaking the symmetry to SO(N + 3)×SO(N). The phase

diagram summarizing this result is shown in Figure Figure 5.2.
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Figure 5.2: The enlarged color phase diagram, where ζ∆ = κ∆Λ2
UV/(4π

2) and ζR =
κRΛ2

UV/(4π
2) are dimensionless four-fermion couplings of ∆ and R respectively.

When ζ∆ and ζR are both greater than one, both auxiliary fields ∆, R can have nontrivial

VEVs of order ΛUV. In this case the approximation ζ∆ ≈ ζ
∆̃

and ζR ≈ ζR′ is too crude to

capture the symmetry breaking pattern of the model. It requires a more in-depth analysis

beyond the scope of this thesis, and thus this parameter regime is labelled as undetermined

in Figure Figure 5.2. Nevertheless for the rest of this thesis, we will assume ζ
∆,∆̃

> 1,

while ζR,R′ < 1, such that ∆ and ∆̃ are the only relevant VEVs. In the next section we

show in detail how these VEVs imply the enlarged color breaking SU(N + 3) × SU(N) →

SU(N)D × SU(3)c.

5.1.3 Enlarged Color Symmetry Breaking

To show that ∆ f
F , which transforms in the fundamental (antifundamental) representation of

SU(N+3) (SU(N)′), provides the desired local symmetry breaking pattern, we next consider

the ∆ kinetic term. This term is a proxy for the hyperfermion dynamics, which produces

dynamical Nambu-Goldstone bosons that will be eaten by the spontaneously broken gauge
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bosons. The covariant derivative with respect to the enlarged color group is

Dµ∆ = ∂µ∆− iTAGAµ∆ + i∆T ′aG′aµ , (5.20)

where A, a are SU(N+3), SU(N)′ indices, GA, G′a are the corresponding gluons, and TA, T ′a

are the corresponding group generators, which are (N + 3) × (N + 3), N × N traceless,

Hermitian matrices, respectively. The SU(N + 3) generators can be grouped as TA =

{T aN , T b, T c3 , T1} where

{T aN} =




SU(N) 0N×3

03×N 03




, {T b} =

1

2




0N [1] ([i])

[1]([−i]) 03




,

{T c3} =




0N 0N×3

03×N SU(3)




, T1 =

1√
6N(N + 3)


3 IN 0N×3

03×N −N I3


,

(5.21)

with the normalization TrTATB = 1
2δAB. Thus, {T aN} consists of N2 − 1 generators con-

taining the subgroup SU(N); {T b} consists of 6N sparse matrices which have a single 1 or

i in any of the 3N positions in the upper right region, and a 1 or −i in the corresponding

symmetric position of the lower left region; {T c3} consists of eight generators containing the

subgroup SU(3); and T1 is the generator of the U(1) subgroup that commutes with all other

elements of {T aN} and {T c3}. Similarly, the SU(N + 3) gauge bosons can also be grouped

according to the generators in (5.21), namely GAµ = {GaNµ, Gbµ, Gc3µ, G1µ}. Assuming that
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∆n ' FHC = ΛHC/(4π), when the hypercolor group confines, ∆ obtains a VEV

〈∆〉 fF = FHC


IN

03×N


, (5.22)

which generates mass terms for the spontaneously broken gauge bosons:

TrDµ∆Dµ∆† =
1

2
F 2

HC(GaNµ −G′aµ )2 +
1

2
F 2

HC(Gbµ)2 +
1

2

3F 2
HC

(N + 3)
(G1µ)2 . (5.23)

The massive eigenstates are 1√
2
(GaNµ −G′aµ ), Gbµ and G1µ, while the massless gauge bosons

are:

GaDµ =
1√
2

(GaNµ +G′aµ ) , Gc3µ , (5.24)

which are respectively associated with the gauge groups SU(N)D and SU(3)c where a =

1 . . . N2 − 1 and c = 1 . . . 8. The mass of the U(1) gauge boson, G1µ is of order 1/N , which

vanishes in the large N limit.

Since a part of the enlarged color global symmetry is weakly gauged, there are N(N +6)

Nambu-Goldstone bosons from the spontaneous symmetry breaking, which are eaten by the

massive gauge bosons, 1√
2
(GaNµ − G′aµ ), Gbµ, and G1µ (see Appendix Appendix C). This is

unlike the spontaneous breaking of the SU(5) global symmetry, where the Higgs doublets

remain as Nambu-Goldstone bosons. In other words, the hypercolor dynamics breaks the

enlarged color group, but does not break the Standard Model electroweak gauge group.

We can now obtain the SU(N)D and SU(3)c coupling constants at the scale ΛHC by

considering the gauge kinetic term

1

4g2
N+3

FAµνFAµν+
1

4g′2
F ′aµνF ′aµν =

1

4

(
1

g2
N+3

+
1

g′2

)
F aµνD F aDµν+

1

4g2
N+3

F c µν3 F c3µν , (5.25)
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where in the FD term, GaDµ has been rescaled by
√

2. This leads to the identification

1

αD(ΛHC)
=

1

αN+3(ΛHC)
+

1

α′(ΛHC)
, (5.26)

and αc(ΛHC) = αN+3(ΛHC) where αi = g2
i /4π. This breaking generalizes previous results

for SU(3)× SU(3) [152, 153, 139]. Similarly, at the scale ΛHC the corresponding θ terms of

the gauge fields can be identified as

θN+3F
AµνF̃Aµν + θ′F ′aµνF̃ ′aµν = (θN+3 + θ′)F aµνD F̃ aDµν + θN+3F

c µν
3 F̃ c3µν , (5.27)

where F̃ iµν = 1
2εµνρσF

iρσ (i = A, a, c) and ε0123 = ε0123 = +1. The new gauge fields of

SU(N)D and SU(3)c then inherit θ terms:

θD = θN+3 + θ′ , θc = θN+3 . (5.28)

There are also phases in the fermion sector that will contribute to an effective θ-term. We

next discuss how the Standard Model quarks are embedded into the enlarged color sector.

5.1.4 Embedding the Standard Model Quarks

The Standard model quarks, q, ū, d̄ are embedded into the larger representations Q, Ū , D̄ of

the enlarged color group as shown in Table Table 5.3. After SU(N + 3) × SU(N)′ is spon-

taneously broken, the Standard Model quarks remain massless, while the SU(N)D compo-

nents, q, ū, d̄ pair up with q̄′,u′,d′ to obtain vector-like masses of order FHC. For example,

consider the gauge interactions of the quark parent Q and q̄′

Q†σ̄µ
(
i∂µ +GAµTA

)
Q+ q̄′†σ̄µ

(
i∂µ −G′aµT ′a

)
q̄′

→ iq†σ̄µ∂
µq + iq̄′†σ̄µ∂

µq̄′ +GaµD

(
q†σ̄µT

a
Dq− q̄′†σ̄µT aD q̄′

)
+ iq†σ̄µ∂

µq +Gcµ3 q
†σ̄µT

c
3q , (5.29)
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where T aD is an SU(N)D generator, A, a, and c are SU(N + 3), SU(N)′, and SU(3)c indices

respectively, and GaµD has been rescaled by
√

2 as in (5.25). In addition, there is a mass term

generated by an effective ∆ coupling:

yQ∆†fF Q
F q̄′f + h.c.→ yQFHC qf q̄′f + h.c. , (5.30)

where yQ is a 3 × 3 Yukawa coupling matrix in family space with family indices omitted.

There are also similar couplings for the right-handed quarks Ū and D̄, with respective

Yukawa coupling matrices yU and yD.

A similar decomposition occurs for the hyperfermions χ, since they are charged under

the enlarged color group (see Table 5.1 or Table 5.2). Let χ = (χ, χc) and χ̄ = (χ̄, χ̄c),

where the first (second) component corresponds to the subgroup generated by T aN (T c3 ) (see

Eq. (5.21)). Given that the pairs χ, χ̄′ and χ̄, χ′ form the condensate (5.22), we obtain the

Dirac mass terms

(∆†) F
f χF χ̄

′f + (∆̃†)fF χ̄
Fχ′f + h.c. = FHCχf χ̄

′f + FHCχ̄
fχ′f + h.c. , (5.31)

while the SU(3)c states χc, χ̄c remain massless. These colored hyperfermions eventually

become part of cubic invariants which are identified with the top partners at low energy [147].

The top partners are part of the partial compositeness mechanism for generating the top

quark mass.

More generally, partial compositeness near the hyperfermion confinement scale is respon-

sible for generating the Standard Model flavor structure, although the specific details are

model dependent. In order to simplify the analysis relevant for the strong CP problem, we

will assume that the global symmetry associated with the electroweak sector is broken by

the hyperfermion dynamics at a higher scale compared to the color breaking scale1. This

means that there is an effective Yukawa coupling of the Higgs to the quark parents. After
1In fact this was argued to occur in the SU(4)HC hypercolor model of Ref. [148].
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color breaking, this Yukawa coupling becomes

ySM
u HQŪ + ySM

d H†QD̄ + h.c.

→
(
ySM
u Hqū+ ySM

d H†qd̄+ h.c.
)

+
(
ySM
u Hqū + ySM

d H†qd̄ + h.c.
)
, (5.32)

where H is an SU(2)L doublet with Y = 1
2 , and y

SM
u,d are the Standard Model 3× 3 Yukawa

coupling matrices with family indices omitted. Since q, ū and d̄ do not receive any mass

contribution from ∆ in Eq. (5.30), their masses are solely obtained from the Higgs VEV.

On the other hand, q, ū and d̄ already obtain Dirac masses of order FHC, which are much

larger than the contribution they receive from the Higgs Yukawa coupling.
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SU(N + 3) SU(N)′ SU(3)c SU(N)D SU(2)L U(1)Y

Q 1
q 1 1

6

q 1 1
6

Ū 1
ū 1 1 −2

3

ū 1 1 −2
3

D̄ 1
d̄ 1 1 1

3

d̄ 1 1 1
3

q̄′ 1 q̄′ 1 −1
6

u′ 1 u′ 1 1 2
3

d′ 1 d′ 1 1 −1
3

ξ Ad 1

ψ′c 1 0

ψ̄′c 1 0

λc Ad 1 1 0

λD 1 Ad 1 0

ν ′ 1 1 1 0

ψ′ 1 ψ′ 1 1 0

ψ̄′ 1 ψ̄′ 1 1 0

Table 5.3: The Weyl fermion content of the model, including the Standard Model quarks
(q, ū, d̄), charged under the various gauge groups. All listed fermions are singlets of either
hypercolor gauge groups. The Weyl fermion, ξ is listed as an adjoint of SU(N + 3), but as
discussed in the text, can also be in a pseudoreal representation of SU(N+3) forN = 3, 7, . . . .

Since the SU(N)′ quarks, q̄′, u′, d′ have conjugate Standard Model quantum numbers

they can also couple to the Standard Model Higgs field, above the color breaking scale. The
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effective Higgs couplings are:

∆L′ = y′uH̃
†q̄′u′ + y′dH̃q̄

′d′ + h.c.→ y′uH̃
†q̄′u′ + y′dH̃q̄′d′ + h.c. , (5.33)

where H̃ ≡ iσ2H and y′u,d are 3 × 3 Yukawa coupling matrices in family space with family

indices omitted. When the Higgs field obtains a VEV, the Yukawa masses generated in (5.33)

are negligible compared to the vector-like masses obtained from (5.30). Since the Higgs is

composite and the primed fermions are elementary, the Yukawa couplings are naturally

suppressed. Later they will play an important role in the small instanton contribution to

the axion mass.

Furthermore, after enlarged color and electroweak symmetry is spontaneously broken,

the fermion mass term can be organized as follows

LYukawa =
v√
2

(
ū d̄

)
Y SM

 u

d

+FHC

(
ū′ ū d̄′ d̄

)
Y D



u

u′

d

d′


+h.c. , (5.34)

where 〈H〉 = 1√
2

( 0
v ). For convenience, we have written out the SU(2)L doublet components

as q = ( ud ), q = ( u
d ) and q̄′ =

(
ū′

d̄′

)
. The Yukawa coupling matrices are given by

Y SM =

ySMu 0

0 ySMd

 , Y D =



yQ 0 0 v√
2FHC

y′d

v√
2FHC

ySM
u yU 0 0

0 v√
2FHC

y′u yQ 0

0 0 v√
2FHC

ySM
d yD


.

(5.35)

The first matrix, Y SM in Eq. (5.35) contains the usual Standard Model quark Yukawa



5.1. Hypercolor with Enlarged Color 102

couplings, and can be diagonalized through the singular value decomposition with a chiral

rotation on the quarks. This procedure introduces a new phase

θ̄c = θc − arg detY SM = θN+3 − arg det
(
ySM
u ySM

d

)
, (5.36)

where the second relation in (5.28) has been used. Similarly, the second matrix, Y D can

also be diagonalized with a corresponding chiral rotation on the SU(N)D quark fields

θ̄D = θD − arg detY D = θN+3 + θ′ − arg detY D , (5.37)

where the first relation in (5.28) has been used. Since v � FHC, the phase contribution of

ySM
u,d and y′u,d to arg detY D is negligible. In particular, to leading order in v/FHC, Y D is

block diagonal, similar to Y SM. In fact, it is straightforward to show that

arg detY D = 2 arg detYQ + arg detYU + arg detYD +O
(

v

FHC

)4

. (5.38)

The effective θ parameters (5.36) and (5.37) will later be shown to be cancelled by composite

axions.
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5.2 Composite Axion

5.2.1 An Invisible Axion from the Hypercolor Sector

An enlarged color group can be used to obtain a heavy axion. However, it is instructive

to first consider the simpler possibility where SU(3)c is not modified in the UV, and the

only colored hyperfermions are χc, χ̄c, as in the original SU(4)/Sp(4) model [146] or the

hypercolor models with colored fermions given in [148]. If ψ and χc, χ̄c are massless, then

there are two anomalous global symmetries U(1)ψ,U(1)χ, with respect to the hypercolor

dynamics. The pseudo Nambu-Goldstone bosons2 associated with these symmetries, σψ

and σχ, then obtain the hypercolor and QCD anomalous couplings

L ⊃ 1

32π2

(
aψ

σψ
FHC

+ aχ
σχ
FHC

− θHC

)
F aHCµνF̃

aµν
HC +

1

32π2

(
bχ

σχ
FHC

− θc
)
F c3µνF̃

cµν
3 ,

(5.39)

where aψ,χ and bχ are group theoretical factors that depend on the representations of

ψ, χc, χ̄c, and θHC, θc are the hypercolor and QCD θ parameters, respectively. For sim-

plicity, we also assume a common decay constant FHC ≈ ΛHC/4π for both σψ,χ. From

Eq. (5.39), the hypercolor and QCD instantons generate mass terms

L ⊃ 1

2
Λ4

HC

(
aψ

σψ
FHC

+ aχ
σχ
FHC

− θHC

)2

+
1

2
Λ4
c

(
bχ

σχ
FHC

− θc
)2

. (5.40)

Expanding (5.40) around the CP-conserving minimum (i.e. σψ,χ → 〈σψ,χ〉+ σψ,χ), leads to

the Lagrangian for the physical fluctuations

Leff ⊃
1

2
Λ4

HC

(
aψ

σψ
FHC

+ aχ
σχ
FHC

)2

+
1

2
Λ4
c

(
bχ

σχ
FHC

+ 2
η′QCD

Fπ

)2

, (5.41)

2These Nambu-Goldstone bosons are assumed to arise from hypercolor bilinear condensates. Other four-
fermion condensates may also be possible as long as there remains a hypercolor anomaly-free symmetry.
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where the η′QCD of QCD has been included with Fπ the QCD pion decay constant, and

the quark mass contributions have been ignored3. Besides η′QCD, the physical eigenstates

resulting from Eq. (5.41) are

σHC ≈
aψσψ + aχσχ√

a2
ψ + a2

χ

, σc ≈
−aχσψ + aψσχ√

a2
ψ + a2

χ

, (5.42)

where we neglect next-to-leading corrections of order (Λc/ΛHC)4, and the small mixing with

η′QCD. Thus σc corresponds to a hypercolor anomaly free combination of U(1)ψ and U(1)χ,

while σHC corresponds to the orthogonal linear combination. Since we assume no explicit

mass terms, the physical masses are determined purely by instanton contributions given by

mσHC ≈
√
a2
ψ + a2

χ

Λ2
HC

FHC
, mη′QCD

≈ 2
Λ2
c

Fπ
, mσc = 0 . (5.43)

Thus besides η′QCD, we obtain a heavy mass eigenstate from the hypercolor instanton con-

tributions, while the other eigenstate is massless. If the quark contributions are included,

one recovers the standard axion mass relation [72, 71]. The phenomenology of σHC and σc

was previously studied in Refs. [154, 155, 42], where an explicit mass term was assumed for

the light state that kinematically allowed decays to Standard Model gauge bosons through

the WZW interaction terms. However in our case, since we forbid explicit mass terms, the

U(1)χ symmetry is only explicitly broken by QCD instantons, and σc can therefore be a

composite invisible axion that solves the strong CP problem.

This can also be understood from a UV - IR matching argument. Above the hypercolor

confinement scale, the massless hyperfermions ψ, χc, and χ̄c render the hypercolor and QCD

θ terms irrelevant. Since CP must still be preserved after confinement, the pseudoscalar

singlets σHC, σc must be axions that dynamically cancel the θ terms below ΛHC. Indeed,

the minimum of the potential in Eq. (5.40) precisely occurs at vacuum expectation values

of σHC and σc which eliminates the CP violating terms in (5.39). Thus, hypercolor can be
3Note that the electroweak coset may give rise to additional singlets, as in Eq. (5.6), however these

singlets do not receive mass contributions from the hypercolor instanton (similar to the ηQCD of QCD not
receiving QCD instanton contributions).
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identified with the axicolor dynamics, as in Ref. [71], except that hypercolor also produces

a composite Higgs. Note also that the cancellation in Eq. (5.40) only occurs if ψ does not

have an explicit mass. If the electroweak coset contains a singlet (such as in Eq. (5.6)), a

mass term may be desirable to avoid phenomenological constraints, and the misalignment

in (5.39) may be tolerable for sufficiently small ψ masses. Alternatively, the issue can be

completely avoided if the electroweak coset does not contain a singlet, and both possibilities

deserves further study.

The fact that σc can be identified with the QCD axion requires the decay constant,

which depends on the hypercolor confinement scale, to be FHC ∼ 109 − 1012 GeV. From

the perspective of the Higgs sector, this makes the theory unnatural. Nevertheless it is

interesting that the composite Higgs potential at FHC has a naturally suppressed quartic

coupling, that can provide the appropriate boundary condition to radiatively generate the

correct Higgs quartic coupling at low energies [149]. Although interesting, we will postpone

a study of specific composite Higgs models. In any case, the composite axion σc behaves as

the usual invisible axion at low energies, and solves the strong CP problem.

Instead to construct a heavy composite axion, we will make use of the enlarged color sec-

tor, with the diagonal color SU(N)D originating from this enlarged color. Besides generating

the composite Higgs sector, the hypercolor is also responsible for breaking the enlarged color

group. In this case, the axion may receive sizeable contributions from SU(N)′ instantons,

and thus could be heavy. However since this SU(N)′ color also has a θ′ term, other massless

fermions will need to be introduced into the UV theory in order to prevent a misalignment

of the strong CP axion solution.

5.2.2 A Heavy Axion from Enlarged Color

For the enlarged color sector to be totally free of the strong CP problem in the UV, the

theory must admit massless fermions charged under both SU(N + 3) and SU(N)′. It is

possible to construct a solution with heavy axions that are identified with the pseudoscalar

bound states of massless hyperfermions, χ, χ̄ and χ′, χ̄′. In such a solution, one would

have to include the hypercolor θ angle, such as in Eq. (5.40). Instead, for simplicity, we



5.2. Composite Axion 106

will consider models with extra massless quarks that are hypercolor singlets. A theory with

massless colored hyperfermions will be considered in future work.

We begin by introducing a new massless Weyl fermion, ξ charged under SU(N + 3). For

SU(N + 3) to be anomaly free, the representation of ξ must be either real or pseudoreal4. If

the representation is pseudoreal then the bilinear ξξ is zero and a ξ mass term is forbidden.

The pseudoreal representation is the totally antisymmetric n-index tensor of SU(2n) where

n = 3, 5, . . . is an odd integer. Thus, SU(N + 3) admits pseudoreal representations for N =

2n−3 = 3, 7, 11, . . . The smallest pseudoreal representation of ξ is the 20 of SU(6) associated

with N = 3, which was also considered in Ref. [144]. In general, under SU(3)c × SU(N)D

the pseudoreal representation An decomposes as

ξ(An)→ ψD (1, n1) + ψ̄D (1, n̄1) + ψ′c (3, n̄2) + ψ̄′c (3̄,n2) , (5.44)

where dim ξ = ( 2n
n ), n1 = ( 2n−3

n ) and n2 =
(

2n−3
n−1

)
. In particular, ξ gives rise to massless

SU(N)D fermions as well as massless bifundamental fermions charged under SU(3)c and

SU(N)D. The diagonal color group SU(N)D actually plays the role of axicolor [72, 71].

When SU(N)D confines, these fermions can form axicolor bound states, ψDψ̄D and ψ′cψ̄
′
c,

with a linear combination giving rise to a composite axion that will later be shown to be

relevant for the strong CP problem.

For SU(2n) where n is an even integer, the totally antisymmetric representation, An, is

real instead of pseudoreal. After the enlarged color group is broken, ξ has a similar breaking

pattern to Eq. (5.44). For N > 4 however, there is a smaller real representation, namely the

adjoint representation admitted by all values of N . Upon the breaking of the enlarged color

symmetry, the adjoint state ξ becomes

ξ(Ad)→ λD (1,Ad) + λc (8,1) + ψ′c (3,N) + ψ̄′c (3,N) + ν ′(1,1) . (5.45)

The difference between ξ(Ad) and ξ(An) in Eq. (5.44) is the appearance of the adjoint states
4The Witten anomaly [156, 157] for an odd number of Weyl fermions in the pseudoreal representation

only occurs for SU(2).
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λD, λc and a sterile neutrino ν ′. Furthermore, the colored ψ′c, ψ̄
′ are in the fundamental

representation of SU(N)D, instead of being in a larger representation.

If ξ is in a real representation, it is possible for ξ to obtain a Majorana mass. This mass

is a free parameter of the theory, and will be set to zero. As a result, there is a global U(1)ξ

symmetry. There is the issue of quantum gravitational corrections breaking the U(1)ξ global

symmetry. However, we will assume that the global symmetry can be gauged, embedded

into a larger gauge group structure, or the mass term forbidden with a discrete symmetry,

such as ZN (N ≥ 3), and we will not present the details of this additional structure.

Given the two possibilities (5.44) and (5.45) for a massless ξ, we will choose the adjoint

representation to present details of the axion mechanism, since the choice of N is less con-

strained, and also because the resulting structure is generally simpler. For larger values of

n, the dimension of ξ(Ad) is 4n2−1, while the dimension of ξ(An) grows exponentially with

n. Nonetheless, the axion mechanism for both representations is the same, and the results

for N = 3, 7, . . . can be interpreted for a pseudoreal representation. When the diagonal

color group SU(N)D confines at some scale ΛD, the two states ψ′c (3,N) and ψ̄′c (3,N) form

a bound state. At this energy scale (& 10 TeV), the QCD coupling is weak and QCD color

can be treated as flavor with respect to SU(N)D. Just like the QCD chiral symmetry, the

global symmetry for diagonal color is then U(3)L×U(3)R, giving rise to a singlet meson η′c,

similar to the η′QCD of QCD. Since the η′c constituents ψ′c, ψ̄′c are massless, η′c can be relevant

as a dynamical axion. Furthermore, the condensate 〈ψ′cψ̄′c〉 spontaneously breaks the U(1)ξ

symmetry. While the SU(N)D fermions in (5.45) confine at the ΛD scale, the λc, ν ′ fermions

can obtain a mass via a four-fermion interaction between ψ′cψ̄′c and λc or ν ′. For instance,

the adjoint λc can obtain mass of order Λ3
D/M

2
c , where Mc is related to the mass of some

heavy, colored bosons, such as the massive gauge bosons in Eq. (5.23). Similarly, the sterile

neutrino ν ′ can obtain a mass of order Λ3
D/Λ

2
UV, where ΛUV � ΛD. These states could lead

to experimental signatures (see Section 5.3.1).

As mentioned in Section 5.2.1, besides the QCD chiral anomaly, η′c also couples to the

chiral anomaly of SU(N)D, which may inherit another θ term from SU(N)′. Since the

confinement scale ΛD of SU(N)D is at least a few orders of magnitude higher than Λc of
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QCD, the η′c axion will align with SU(N)D and fail to solve the QCD strong CP problem.

To avoid this problem, following [144], we include extra massless Weyl fermions ψ′ and

ψ̄′ (i.e. with zero bare mass), which transform in the fundamental and antifundamental

representation of SU(N)′, respectively. When the enlarged color group is broken, these

fermions transform as a corresponding fundamental (antifundamental) under SU(N)D:

ψ′†σ̄µ(i∂µ −G′aµ T ′a)ψ′ + ψ̄′†σ̄µ(i∂µ +G′aµ T
′a)ψ̄′

→ iψ′†σ̄µ∂
µψ′ + iψ̄′†σ̄µ∂

µψ̄′ −GaµD
(
ψ′†σ̄µT

a
Dψ
′ − ψ̄′†σ̄µT aDψ̄′

)
+ . . . , (5.46)

where GD has again been rescaled as in (5.25) and the terms coupling to the massive enlarged

color gauge bosons have been omitted.

The extra massless ψ′, ψ̄′ fermions extend the SU(N)D global symmetry to U(4)L ×

U(4)R = SU(4)L × SU(4)R × U(1)V × U(1)A. When ψ′ψ̄′ and ψ′cψ̄′c form condensates near

the SU(N)D confinement scale, they spontaneously break the chiral symmetry to SU(4)V ×

U(1)V , and give rise to sixteen Nambu-Goldstone bosons:

16 = 8c + 3c + 3̄c + 1c + 1c , (5.47)

labelled by their respective QCD representations. The colored NGBs obtain radiatively-

induced masses from QCD gluon loops of order the symmetry breaking scale [71]. The two

singlets in (5.47) correspond to the U(1)A generator T16 = diag(1, 1, 1, 1)/(2
√

2) with current

j16, and one of the broken SU(4)A generators, T15 = diag(1, 1, 1,−3)/(2
√

6) with current

j15. The U(1)A symmetry is broken by the SU(N)D instantons and is thus anomalous. The

divergence of the j16 current would be proportional to F aDF̃
a
D, but since SU(3)c weakly gauges

part of the global symmetry, the U(1)A chiral transformation also induces an anomalous

QCD contribution. The corresponding singlet state associated with T16 is similar to the

η′QCD of QCD, and since ΛD � ΛQCD will obtain a mass of order ΛD. The second current,

j15 is not broken by the SU(N)D instantons, but is also broken by the QCD instantons.

With respect to SU(N)D, the corresponding singlet state is similar to the ηQCD in QCD,
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and would be massless. However, the QCD instantons will generate a mass and thus allow

this composite pseudoscalar state to be identified with the invisible axion [72, 71].

It is convenient to work in a different basis of axial vector currents that separates ψ′c and

ψ′ by defining

j′µcA =

√
3

2

(√
3jµ16 + jµ15

)
= ψ̄′†c σ̄

µψ̄′c + ψ′†c σ̄
µψ′c ≡ FD ∂µη′c , (5.48)

j′µA =
1√
2

(
jµ16 −

√
3jµ15

)
= ψ̄′†σ̄µψ̄′ + ψ′†σ̄µψ′ ≡ FD ∂µη′D , (5.49)

where FD is the axion decay constant. If ψ′c and ψ′ were the only massless SU(N)D fermions

above the axicolor confinement scale that render all θ angles in the theory unobservable, then

below the confinement scale appropriate linear combinations of η′c and η′D can be identified

with axions which keep the θ angles unobservable.

However in the enlarged color model, unlike [72, 71], the massless bifundamental fermions,

ψ′c, ψ̄
′
c originate from the ξ fermion, which also contains other massless fermions. The anoma-

lous current must therefore include the rotations of these extra fermions, besides the U(1)A

chiral rotation of ψ′c, ψ̄′c and ψ′, ψ̄′. The correct anomalous current which couples to the ax-

ion and generalizes Eq. (5.48), can be obtained by matching the anomaly above and below

the enlarged color breaking scale, ΛHC. Above ΛHC, there is an anomalous U(1)ξ symmetry,

broken by SU(N + 3) instantons

∂µ
(
ξ†σ̄µξ

)
= − 1

16π2
T (ξ)FN+3F̃N+3 = − 1

16π2
(N + 3)FN+3F̃N+3 , (5.50)

where T (ξ) = N+3 for the adjoint representation of the Weyl fermion ξ. Below ΛHC, where

the enlarged color is broken, ξ decomposes to λD, λc, ψ′c and ψ̄′c as in (5.45). These states

inherit the same charges under U(1)ξ, which leads to the anomalous current

jµξ = λ†Dσ̄
µλD + λ†cσ̄

µλc + ψ̄′†c σ̄
µψ̄′c + ψ′†c σ̄

µψ′c ≡ FD ∂µη′c . (5.51)

It is straightforward to check that the divergence of this current matches with the total
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divergence above the ΛHC scale in Eq. (5.50), namely

∂µj
µ
ξ = − 1

16π2
(N + 3)FDF̃D −

1

16π2
(N + 3)FcF̃c . (5.52)

Note that this matching condition must be satisfied regardless of the enlarged color repre-

sentation of ξ. For example, when ξ is in the pseudoreal representation, jµξ must include the

transformations of not only ψ′c, ψ̄′c, but also ψD, ψ̄D, as given in Eq. (5.44). The 20 dimen-

sional representation of SU(6) is special, since ψD, ψ̄D are singlets. Again the representation

of ξ does not matter, because regardless of how ξ decomposes under the broken enlarged

color group, these new states still contribute to jµξ in order to match the anomaly. Nonethe-

less, the ξ adjoint fermion requires some caution, since ξ decomposes to adjoint fermions

λc, λD, under SU(3)c × SU(N)D. These adjoints may in turn form condensates, similar to

the gluino condensate in the N = 1 super Yang-Mills theory. In this case, these condensates

are θ dependent [158], and thus the θ parameter is also unphysical. In our model, we will

show that λc will receive a dynamical mass above the TeV scale, and thus a λc condensate

will not be formed. In such cases it has been shown that there is an anomaly-free divergence

with a massless Nambu-Goldstone boson [159, 160, 161].

Next, we include the other anomalous current (5.49) arising from the massless SU(N)′

fermions with corresponding divergence

∂µj
′µ
A = − 1

16π2
F aDF̃

a
D . (5.53)

From Eq. (5.52) and (5.53), it is now possible to form an SU(N)D anomaly free current

∂µ

(
jµξ − (N + 3)j′µA

)
= − 1

16π2
(N + 3)FcF̃c , (5.54)

which generalizes the jµ15 current corresponding to the case where ψ′c, ψ̄′c are not embedded

into the ξ fermion. The current given in (5.54) is only broken by QCD instantons, and shows

that there still is a pseudo Nambu-Goldstone boson in the spectrum, which can be identified

with the composite invisible axion.
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The effective Lagrangian terms are of the form η′c∂µj
µ
ξ and η′D∂µj

′µ
A , which gives

Leff = − 1

32π2

(
2(N + 3)

η′c
FD

+ 2
η′D
FD
− θ̄D

)
F aDF̃

a
D −

1

32π2

(
2(N + 3)

η′c
FD
− θ̄c

)
F c3 F̃

c
3 ,

(5.55)

where we have used the relations (5.36), and (5.37) for the effective θ terms with Yukawa

phases. To the extent that N is large, the effective potential for these pseudoscalars can be

written as [69]

Leff =
1

2
Λ4
D

(
2(N + 3)

η′c
FD

+ 2
η′D
FD
− θ̄D

)2

+
1

2
Λ4
c

(
2(N + 3)

η′c
FD
− θ̄c

)2

. (5.56)

Since all the constituent fermions are massless, the axion mass squared in (5.56) is deter-

mined by the topological susceptibility from the pure Yang-Mills gauge theory [65]. Note

that if η′D = 0, the η′c axion cannot solve the strong CP problem because its minimum would

be dominated by the first term in (5.56). This is why the second axion, η′D (with corre-

sponding fermions ψ′, ψ̄′) is needed [72, 71, 144]. It may appear that including the η′QCD

contribution at the QCD confinement scale in (5.56), could play the role of η′c. However,

the shift of η′QCD to the new minimum causes θ̄c to appear in the quark masses as a phase

and thus the strong CP problem would not be solved5.

Expanding (5.56) around the CP-conserving minimum (i.e. η′c,D → 〈η′c,D〉+ η′c,D), leads

to the Lagrangian for the physical fluctuations

Leff ⊃
1

2
Λ4
D

(
2(N + 3)

η′c
FD

+ 2
η′D
FD

)2

+
1

2
Λ4
c

(
2(N + 3)

η′c
FD

+ 2
η′QCD

Fπ

)2

. (5.57)

After diagonalizing the corresponding mass matrix one obtains a massless axion, together

with a heavy, dark axion with mass of order ΛD. The massless eigenstate is identified with

the usual QCD axion after including corrections from the Standard Model quark masses.

These will arise by adding the contribution from η′QCD to F c3 F̃ c3 in Eq. (5.55), which leads to

5Of course, this would be a solution to the strong CP problem if, for instance, the up quark were massless.
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the mixing term between η′QCD and η′c in Eq. (5.57). A nonzero axion mass is then obtained

from the quark mass contribution to the η′QCD mass squared. While this correction to

the η′QCD mass is negligible, the axion mass is now proportional to the quark mass, and

as expected vanishes in the chiral limit. This reproduces the composite axion model of

Ref. [72, 71] with axicolor identified with the SU(N)D gauge group. However, since the QCD

gauge group and SU(N)D are combined into a larger group structure, there are additional

contributions which can increase the QCD axion mass and these will be considered next.

5.2.3 Effect of Small Instantons

It has long been known that if QCD is modified at high energies to become strong then small

(UV) instantons can give rise to sizeable contributions to the axion mass [136, 137, 138]. In

our particular setup, where QCD is embedded into the enlarged color group SU(N + 3) ×

SU(N)′, it is possible for the SU(N)′ instantons at a sufficiently large breaking scale (ΛHC)

to induce a large axion mass [144]. There are also SU(N + 3) instantons, but the small

SU(N)′ instantons can dominate provided that α′(ΛHC)� αN+3(ΛHC).

Under this assumption the contribution from the small SU(N)′ instantons induces a scale

ΛI determined by an integral over the instanton size ρ. Since the SU(N)′ gauge symmetry is

spontaneously broken at the scale ΛHC only instantons of size ρ ≤ 1/ΛHC are important [62].

The leading order contribution, which follows the minimal recipe [162], ignoring higher order

terms suppressed by group theoretical factors, is given by6

Λ4
I ≈

∫ 1/ΛHC

1/MP

dρ
ρ5
D[α′(1/ρ) ]

(
−4π2

N
ρ3 〈ψ′ψ̄′〉

) nχ∏
i=1

(
−4π2

N
ρ3 〈χ′iχ̄′i〉

)
1

(4π)6

3∏
k=1

y′ ku y
′ k
d ,

(5.58)

where α′(1/ρ) is the SU(N)′ coupling evaluated at the scale 1/ρ, y′ku , y′kd are the Yukawa

couplings of the primed sector and the Planck scale, MP represents the UV cutoff of the
6Hypercolor is treated as a flavor of SU(N)′, or to be more exact, a subgroup of the global flavor group

SU(nχ + 1)χ′,ψ′ × SU(nχ + 1)χ̄′†,ψ̄′† . Since the instanton only breaks the anomalous U(1)A symmetry, the
effective fermion interaction must be invariant under the global flavor group, and thus is hypercolor invariant.
In (5.58), this is clear as the fermion condensate product arises from the (nχ+1)×(nχ+1) determinant [62].
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model, and nχ is the number of χ′i, χ̄
′
i fermions. Note that the SU(N)′ fermions ψ′, ψ̄′, χ′i, χ̄

′
i

contribute to (5.58) via their respective SU(N)D and hypercolor condensates, 〈ψ′ψ̄′〉 and

〈χ′iχ̄′i〉, where for χ′iχ̄′i, we have neglected the contribution frommχ′ � ΛHC
7. This new con-

tribution from the hypercolor condensate 〈χ′iχ̄′i〉 ∼ −Λ3
HC, is much larger than the SU(N)D

condensate 〈ψ′ψ̄′〉 ∼ −Λ3
D, which was previously considered in Ref. [144]. If y′u,d become suf-

ficiently small, other diagrams involving (5.30) and (5.32) can also contribute to (5.58) [144].

However, we will assume that (5.58) is the dominant contribution.

The instanton density D[α′] is defined to be

D[α′(1/ρ)] = e
− 2π
α′(1/ρ)

(
2π

α′(1/ρ)

)2N

cI(N,Nf ) , (5.59)

where

cI(N,Nf ) =
22(1−N)

π2

e−c(1)+2c( 1
2

)(2−N+Nf )

(N − 1)! (N − 2)!
, (5.60)

with c(1
2) = 0.145873, c(1) = 0.443307 (see Ref. [62]) and Nf = 7 + nχ is the number of

SU(N)′ Dirac fermions above the ΛHC scale for the hyperfermion representation, Rχ. The

running coupling α′(µ) is given by

2π

α′(µ)
=

2π

α′(ΛHC)
+ b′ ln

µ

ΛHC
, (5.61)

where the one-loop β-function coefficient b′ = (11N − 2Nf )/3.

While the integral in Eq. (5.58) can be easily numerically evaluated, it is possible to

obtain a simple analytic expression. Assuming α′(ΛHC) � 2π, the integral in Eq. (5.58)

admits the closed form expression:

Λ4
I ' Λ3

DΛHC e
− 2π
α′(ΛHC)

(
2π

α′(ΛHC)

)2N (4π2

N

)nχ+1

×

×
cI(N,Nf )

(3nχ + b′ − 1)

3∏
k=1

y′ ku
4π

y′ kd
4π

(1 + δ1/MPl
) , (5.62)

7Note that 〈χ′iχ̄′i〉 represents the trace separated out from R′ in Eq. (5.11).
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where

δ1/MPl
∝ Nb′

π

α′(ΛHC)

(ln(MP/ΛHC))2N
−
(

ΛHC

MP

)3nχ+b′−1

, (5.63)

is the contribution from instantons of size 1/MPl. Since ΛHC � MPl, these contributions

are negligible and the integral (5.58) is dominated by instantons of size 1/ΛHC. The approx-

imate expression (5.62) then shows that the instanton contribution can be sizeable provided

α′(ΛHC) is not too small, and the scales ΛD, ΛHC are as large as possible.

The η′D is a bound state consisting of the ψ′ψ̄′ fermions, which are charged under SU(N)′

above the ΛHC scale. Thus η′D will receive mass contributions proportional to Λ2
I from the

(1/ΛHC) small instantons8. Therefore, the full effective axion potential is

Leff =
1

2
Λ4
D

(
2
η′D
FD

+2(N + 3)
η′c
FD
− θ̄D

)2

+
1

2
Λ4
c

(
2(N + 3)

η′c
FD
− θ̄c

)2

+

+
1

2
Λ4
I

(
2
η′D
FD
− θ̄′

)2

, (5.64)

where the θ̄′ contribution in the last term of (5.64) arises from including eiθ̄′ in the instanton

density (5.59). The shift from θ′ to θ̄′ takes into account the rotation of SU(N)′ fermions

that have explicit masses, q̄′, u′ and d′, which must be rotated to eliminate the phases in their

respective Yukawa coupling matrices Y SM and Y D. To relate θ̄′ to θ̄D and θ̄c, let us assume

that the massless ψ′, ψ̄′ are not present in the theory. In this case, θ̄′ is the only physical

θ angle in the UV. Below ΛHC, the physical θ angle (when there are no ψ′, ψ̄′ fermions) is

θ̄D− θ̄c, due to the existence of the anomalous current ∂µj
′µ
cA, which shifts θD and θc equally,

as shown in Eq. (5.52) (a special case with only bifundamental fermions is given in [163]).

Thus, one must have

θ̄′ = θ̄D − θ̄c = θ′ − arg detY D + arg detY SM . (5.65)
8If the hyperfermions χ′, χ̄′ are massless, then the σ′ also receives a mass contribution from ΛI . In

this case η′D in (5.64) is replaced by a linear combination of η′D and σ′, and the orthogonal combination is
massless. In our model, since mχΛHC is heavier than Λ2

D and Λ2
I , the dynamical axion masses are instead

determined by ΛD and ΛI .
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Note that Eq. (5.65) can be checked explicitly at leading order in v/FHC. This is done

by collecting the phases in q̄′, u′ and d′ used to rotate the Y SM and Y D phases away in

Eq. (5.36), (5.37).

With massless fermions ψ′, ψ̄′, the phase θ̄′ becomes unphysical in the UV. Below ΛHC,

this is matched by the shift symmetry of η′D in Eq. (5.64) that relaxes θ̄′ to zero. This is

evident from the axion VEVs that minimize the potential in (5.64)

〈η′c〉 =
1

2(N + 3)
θ̄cFD , (5.66)

〈η′D〉 =
1

2

(
θ̄D − θ̄c

)
FD =

1

2
θ̄′FD , (5.67)

which exactly cancels the θ terms in Eq. (5.55). In other words, introducing the SU(N)′ small

instanton contribution does not disturb the original strong CP solution, while simultaneously

providing a new mass contribution to the composite axions. The physical masses of the

fluctuations around these minima are then determined by diagonalizing the mass matrix

that is obtained from

Leff ⊃
1

2
Λ4
D

(
2(N + 3)

η′c
FD

+ 2
η′D
FD

)2

+
1

2
Λ4
c

(
2(N + 3)

η′c
FD

+ 2
η′QCD

Fπ

)2

+

+
1

2
Λ4
I

(
2
η′D
FD

)2

, (5.68)

which arises by including the small instanton contributions to Eq. (5.57). Thus, depending

on ΛD and ΛHC, the axion and the dark axion could be at the TeV scale. To determine the

range of axion masses, we next consider the possible values of the strong coupling scales,

ΛD and ΛHC.

5.2.4 Axion Mass Scales

The axion mass scales are determined from the hypercolor strong scale, ΛHC. Given the fixed

particle content of the model, we can calculate the scale of the condensates 〈ψψ〉 and 〈χχ̄′〉,

which correspondingly triggers the SU(5) global symmetry breaking and the enlarged color
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Figure 5.3: A schematic diagram showing all the relevant mass scales in the model. Both the
electroweak and the enlarged strong sector contain fermions charged under the hypercolor
group Sp(2NHC). The green bands around ΛD indicate bound states of the diagonal color
group SU(N)D, while the blue bands around Λc represent the QCD bound states. The
axions η′c,D arise from the strong dynamics at ΛD.
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symmetry breaking, respectively. The massless bound states associated with this global

symmetry breaking pattern eventually determine the Higgs and axion mass scales. For

example, as has been extensively studied, the Higgs is a pseudo-Nambu-Goldstone boson

which eventually develops a VEV and breaks electroweak symmetry. The Standard Model

fermion masses then arise from partial compositeness [145].

Instead for the colored sector, once the condensate 〈χχ̄′〉 breaks SU(N + 3)×SU(N)′ →

SU(3)c× SU(N)D, the massless particle content dictates the running of the SU(3)c,D gauge

couplings. This in turn determines the diagonal color confinement scale, ΛD and the corre-

sponding axion bound state mass scale (around FD ≈ ΛD/(4π)). The instanton contribution,

ΛI to the effective potential is then determined from ΛD, ΛHC and the massless particle con-

tent using Eq. (5.58). The physical axion masses can then be obtained by diagonalizing the

mass matrix obtained from Eq. (5.68).

For a given scale ΛD, how is ΛHC constrained? Assuming 〈χχ̄′〉 ≈ −Λ3
HC, the enlarged

color group is broken at the hypercolor confinement scale ΛHC and the gauge couplings

satisfy (5.26). Below ΛHC, the QCD coupling runs differently above and below ΛD due to

the different fermion content. The one loop expressions are given by

2π

αc(µ)
=


2π

αc(mt)
+ bc1 ln µ

mt
, mt ≤ µ ≤ ΛD ,

2π
αc(ΛHC) + bc2 ln µ

ΛHC
, ΛD ≤ µ ≤ ΛHC ,

(5.69)

where bc1, bc2 are one loop β-function coefficients, mt ' 173 GeV and αc(mt) ' 0.1. The

diagonal color confinement scale is approximately given by:

ΛD ≈ ΛHC e
− 2π
bDαD(ΛHC) , (5.70)

where bD is the one-loop β-function coefficient.

Next we determine the β-function coefficients bc1, bc2 and bD. We assume that ξ trans-

forms as an adjoint and use the fermion content listed in Table Table 5.3. Below ΛD, only

the Standard Model quarks contribute to the running and for six quark flavors this gives the

usual Standard Model value bc1 = 7. However above ΛD, there are an additional N Dirac
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states, (ψ′c, ψ̄
′†
c ), which transform as a fundamental under QCD, and one adjoint Majorana

fermion, λc, which gives bc2 = 5 − 2
3N . Similarly, the SU(N)D β-function coefficient is de-

termined from the four Dirac states, (ψ′c, ψ̄
′†
c ) and (ψ′, ψ̄′†) transforming as a fundamental,

and one adjoint Majorana fermion, λD, to give bD = 3N − 8
3 . These β-function coefficients

change if ξ transforms in a pseudoreal representation, and can be easily obtained by using

the fermion content in Eq. (5.44).

Using these β-function coefficient values in ((5.69)) and ((5.70)), together with ((5.26)),

leads to the relation

ln
ΛHC

ΛD
=

1

11N − 23

[
6π

(
1

αc(mt)
+

1

α′(ΛHC)

)
+ 21 ln

ΛD
mt

]
. (5.71)

Thus by specifying the diagonal color scale, ΛD, the hypercolor confinement scale, ΛHC can

be determined from (5.71). Notice that as N increases, ΛHC can be lower for a given value

of ΛD. Interestingly, the one loop expression (5.71) shows that in the limit N → ∞, one

obtains ΛHC → ΛD. This suggests the possibility of a natural composite Higgs together

with a heavy composite axion, with the tradeoff being larger group structure. The gauge

couplings and strong scales are shown in Fig. Figure 5.4 for two representative choices of

the parameters.

In summary, the factors that control the axion masses are N , α′(ΛHC), the choice of

hypercolor gauge group, and the Yukawa couplings, y′. As shown in (5.71), N and α′(ΛHC)

directly control the ratio ΛHC/ΛD. For example, when N = 3, ΛHC may be as high as

the Planck scale (MP = 1.22 × 1019 GeV), and for α′(ΛHC) = 0.3 (0.7), we obtain ΛD =

14.2 (45.2) TeV. The choice of the hypercolor gauge group determines the number nχ of χ′

hyperfermions, which then affects the α′ running. For Sp(2NHC) with χ′ hyperfermions in

the fundamental representation, nχ = 2NHC. A larger fermion representation reduces the

one-loop β-function coefficient, causing α′ to run slower. As a result the SU(N)′ instantons

stay relevant for a larger range of energy, which in turn increases ΛI . Nonetheless, this

integral over small size instantons is highly suppressed. It turns out that for most of the

allowed parameter space, ΛI ≤ ΛD, with the exception of N = 3. However, for N = 3
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Figure 5.4: The gauge couplings of the various gauge groups as a function of the renormal-
ization scale. In (a) we assume a hypercolor group Sp(4)HC, N = 3, ΛHC ' 6.3× 1016 GeV
and α′(ΛHC) = 0.9, giving rise to ΛD = 10 TeV using ((5.71)), while in (b) we have the
hypercolor group SU(4)HC, N = 6, ΛHC ' 1.2× 1010 GeV and α′(ΛHC) = 0.9, giving rise to
ΛD = 3000 TeV using ((5.71)).
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(with either real or pseudoreal representations), the SU(N)D scale is restricted to values

ΛD . 50 TeV for ΛHC .MPl.

The axion masses are plotted in Figure Figure 5.5 for a range of N and α′(ΛHC) values.

The lighter axion mass depends sensitively on ΛI . The physical masses are well approximated

in the limit ΛI . ΛD by

maD ≈ 2(N + 3)
Λ2
D

FD
, ma ≈ 2

Λ2
I

FD
, (5.72)

where we have ignored the η′QCD of QCD, assuming ΛI � ΛQCD. The physical axion mass

eigenstates are approximately

a =
−(N + 3)η′D + η′c√

(N + 3)2 + 1
≈ −η′D +

1√
(N + 3)

η′c ,

aD =
η′D + (N + 3)η′c√

(N + 3)2 + 1
≈ η′c +

1√
(N + 3)

η′D , (5.73)

where a can be identified with the usual QCD axion, while aD is the SU(N)D axion. Note

that a aligns mostly with the SU(N)D anomaly free current defined in Eq. (5.54).

We consider two limiting cases for the hypercolor confinement scale, where ΛHC is as

low as 1010 GeV, or as high as 1016 GeV. For the first case, assuming ΛD = 3000 TeV,

N = 6, α′(ΛHC) = 0.9, y′iu,d = 0.025 and hypercolor group SU(4)HC, one obtains ΛHC ≈

1.2× 1010 GeV. This ΛHC scale would be relevant for generating a composite Higgs with a

vanishing quartic coupling. In this case, the field ξ can only be in the adjoint representation.

The axion mass spectrum is

maD ≈ 6.8× 108 GeV , ma ≈ 2.6 TeV . (5.74)

The dark axion mass is above the ΛD scale, while the axion mass is near the TeV scale,

which could potentially be probed at the LHC. Note however that the axion mass depends

on the value of the Yukawa couplings, y′iu,d. Smaller values of y′iu,d will suppress ΛI , leading

to a lighter axion. This dependence on y′iu,d also allows for TeV scale axions with other values
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of N and ΛHC.

In the second case, we consider ΛD = 10 TeV, N = 3, α′(ΛHC) = 0.9, y′iu,d = 0.003 and

hypercolor group Sp(4)HC. For N = 3, the field ξ can be in either the real or pseudoreal

representation. However for ξ in the real representation, we assume a dynamically generated

mass for λc, near the ΛD scale. This will be further discussed in Section 5.3. In either case,

one obtains ΛHC ≈ 6.3× 1016 GeV with an axion mass spectrum

maD ≈ 1.5× 106 GeV , ma ≈ 3.1 TeV . (5.75)

In this case, the axion mass is still at the TeV scale, while the dark axion mass is now much

below ΛHC, but still at a higher mass scale.

5.2.5 Asymptotic Freedom Condition

In order for the strong dynamics to confine, the hypercolor gauge coupling should be asymp-

totically free. This leads to a nontrivial condition on the hyperfermion content ψ and

Ψχ = (χ, χ′, χ̄, χ̄′). This can be simply checked by considering the one loop β-function

coefficient of the hypercolor gauge group

bHC =
11

3
C2(Ad)− 2

3
nψ T (Rψ)− 2

3
nΨχT (Rχ) , (5.76)

where C2(Ad) is the quadratic Casimir invariant, T (Rψ,χ) is the index of the representations

Rψ,χ, and nψ,Ψχ is the number of ψ,Ψχ Weyl hyperfermions.

Consider first the symplectic gauge group Sp(2NHC) where T (F) = 1
2 , T (Ad) = C2(Ad) =

NHC + 1 and T (A2) = NHC − 1. In principle there are two choices for the pair of repre-

sentations (Rψ, Rχ). The first case, (A2,F), based on the SU(5)/SO(5) coset is given in

Table Table 5.1, where A2 could also be replaced with the adjoint representation Ad. The

second possibility for (Rψ, Rχ) is (F,A2), which is based on the SU(4)/Sp(4) coset for the
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Figure 5.5: The physical axion massma as a function of ΛD, assuming y′iu,d = 0.1, α′(ΛHC) =
0.7, and N = 3, 4 and 6 (from top to bottom in the left figure, and middle, bottom, and then
top in the right figure). The bands indicate the axion mass with α′(ΛHC) varying from 0.3 to
0.7. The physical dark axion mass maD (dashed) assuming α′(ΛHC) = 0.7 for N = 6 is also
included, which is fairly insensitive to α′(ΛHC) and N . For reference, the dot-dashed lines
represents the ΛHC scale determined from Eq. (5.71), for N = 3, 4, 6. Like the axion mass
bands, the dot-dashed bands indicate varying α′(ΛHC). Figure (a) assumes the hypercolor
group SU(4)HC, while figure (b) assumes the hypercolor group Sp(4)HC (for N = 3, 4) and
Sp(20)HC (for N = 6). Note that for N = 6, the lightest axion actually becomes heavier
because nχ is larger.
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Higgs sector [146]. Substituting the hyperfermion content into the expression (5.76) gives

bHC =


1
3(19− 8N(NHC − 1)−NHC) (Rψ, Rχ) = (F,A2) ,

1
3(15− 4N +NHC) (Rψ, Rχ) = (A2,F) ,

(5.77)

where nψ = 5, nΨχ = 4N + 6, dimF = 2NHC, and dimA2 = (NHC − 1)(2NHC + 1).

It is also necessary to check the asymptotic freedom of the SU(N)′ and SU(N +3) gauge

groups, though this will be less stringent than the requirement for bHC. For SU(N)′, this

requires that the one-loop β-function coefficient b′ to be positive. Using the fermion content

in Table 5.1 and Table 5.3, the b′ values are

b′ =
11

3
N − 14

3
− 2

3
nχ′ , (5.78)

where nχ′ = dimRχ′ is the number of χ′, χ̄′ pairs. Similarly, the one loop β-function

coefficient, bN+3 for SU(N + 3) above the ΛHC scale is

bN+3 = 3N + 5− 2

3
nχ , (5.79)

where nχ = dimRχ is the number of χ, χ̄ pairs. Note that (5.79) assumes that ξ transforms

in the adjoint representation. When N = 3, 7, . . ., ξ may instead transform under the

pseudoreal representations listed in Eq. (5.44). For N = 3 one obtains b6 = 16− 2
3 nχ, while

for N = 7, b10 = 2
3(14− nχ).

Using the expressions (5.77), (5.78) and (5.79), the results for requiring bHC, b
′, bN+3 > 0

are plotted in Figure 5.6 for the Sp(2NHC) hypercolor group. For the case (Rψ, Rχ) =

(F,A2), the requirement for Sp(2NHC) to be asymptotically free is NHC < 8N+19
8N+1 . For N ≥

3, there is no solution whenNHC ≥ 2 as can be seen in Figure 5.6a. The A2 representation for

the colored hyperfermions, χ, is just too large for the theory to be asymptotically free. In the

case where (Rψ, Rχ) = (A2,F), the condition for asymptotic freedom isNHC > 4N−15. The

allowed region for N and NHC is shown in figure 5.6b. In this case we see that for increasing

NHC there are values of N for which the theory is asymptotically free, and corresponds
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Figure 5.6: The allowed region for N and NHC for (a) (Rψ, Rχ) = (F,A2), and (b)
(Rψ, Rχ) = (A2,F) when the hypercolor group is Sp(2NHC). The shaded regions (solid
boundary) are ruled out by bHC < 0, while the orange (dashed boundary) and green (dot-
dashed boundary) regions are ruled out by b′ < 0 and bN+3 < 0, respectively. For SU(N+3)
with N = 3 or 7, the fermion ξ may instead be in the pseudoreal representation, and the
allowed limits are indicated by the values of 2NHC less than the dark blue dots.

to the case considered in Section 5.1.1. A slight modification of this possibility is to have

(Rψ, Rχ) = (Ad,F). However in this case asymptotic freedom requires NHC > 4N + 5,

and there is no value of NHC that allows for an asymptotically free SU(N + 3) and SU(N)′

group.

When the hypercolor gauge group is SU(4)HC we have T (F) = 1
2 , T (Ad) = 4 and

T (6) = 1. For (Rψ, Rχ) = (A2,F) the condition for SU(4)HC, SU(N + 3) and SU(N)′ to

be asymptotically free is 2 < N < 7. This corresponds to the case studied in Section 5.1.1.

Note that N < 7 is also consistent with the QCD coupling remaining asymptotically free

above the ΛD scale. Thus we see that if χ transforms in the fundamental representation

F, then the hypercolor group remains asymptotically free for a range of N . In particular,

this favors the SU(5)/SO(5) composite Higgs models with either Sp(2NHC) or SU(4)HC

hypercolor gauge groups. Other hypercolor groups of composite Higgs models classified in

Ref. [147], may also exist for small ψ, χ representations.



5.2. Composite Axion 125

Finally, we should point out that the asymptotic freedom condition on SU(N + 3) and

SU(N)′ is not strictly necessary since these gauge couplings could grow towards the UV.

In this case the small instanton contribution in (5.58) would be UV dominated, and need

to be recalculated. Consequently, as seen in figure 5.6b, this would then allow the values

5 ≤ NHC ≤ 12 in the N = 3 pseudoreal case, while the axion mass scales for NHC ≤ 4

arising from small instantons can be obtained from (5.58) and give similar results to those

in Section 5.2.4.
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5.3 Phenomenology

5.3.1 Axions and SU(N)D Bound States

The possible lightest states in the model are the dynamical axions with masses determined

by ΛI , the adjoint fermion λc, and the QCD-like bound states in the dark sector associated

with the confinement scale ΛD of the SU(N)D strong dynamics. The hypercolor confinement

scale is just too large to be phenomenologically relevant for current experiments, although it

provides motivation for why the Higgs coupling vanishes at ΛHC ∼ 1010 GeV. Nevertheless, as

some of the hypercolor Nambu-Goldstone boson masses are dependent on the hyperfermion

masses mχ,χ′ , these states could theoretically be anywhere between ΛD and ΛHC. Though

these states are still likely heavier than the SU(N)D lightest bound states, some of the

hypercolor Nambu-Goldstone bosons may still affect the ratio ΛD/ΛHC because they are

charged under QCD and SU(N)D.

An example of such a light state is the adjoint fermion λc, which only exists in models

with ξ in the adjoint representation of SU(N + 3). Below ΛHC, the broken SU(N + 3)

gauge bosons can give rise to a four-fermion interaction (λcλc)(ψ
′†
c ψ̄
′†
c ) + h.c. between the ξ

components. At the scale ΛD, the 〈ψ′cψ̄′c〉 condensate then spontaneously breaks the U(1)ξ

symmetry, and generates9 a λc mass ∼ Λ3
D/F

2
HC, where the broken gauge boson masses

depend on FHC with FHC ∼ ∆n . ΛHC. This λc mass estimate favors models with a large

ΛD/ΛHC ratio, i.e. with higher values of N . Thus provided the ratio ΛD/ΛHC is not too

small, it is possible to dynamically generate a TeV scale mass for λc. For example, a TeV

scale λc mass can be obtained for the particular ΛD,ΛHC values considered in Eq. (5.74),

provided ∆n ' 0.01 ΛHC (see also Figure Figure 5.1). The ΛD/ΛHC ratio can be further

increased by including light hypercolor bound states which affect the running of the QCD

and SU(N)D couplings10. Alternatively, larger contributions to the λc mass may arise from
9A similar mechanism in the technicolor context for quarks in the fundamental representation was consid-

ered in Ref. [164]. The mass may be further enhanced by a factor of (ΛHC/ΛD)γ , where γ is the anomalous
dimension of the ψ′cψ̄′c operator [136].

10For example, a bifundamental (3,N) complex scalar, changes bc2 → bc2− 1
6
N and bD → bD− 1

2
, and for

N ≤ 6 both QCD and SU(N)D couplings remain asymptotically free for ΛD scalar masses. Furthermore,
we have checked that the gauge couplings can remain perturbative below ΛHC for other colored light scalars
that may be experimentally accessible. Nonetheless, a sizeable UV value of the QCD coupling can realize
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a nonperturbatively generated four-fermion coupling or low-lying hypercolor scalar bound

states. In any case, the adjoint λc remains a promising signal at the LHC, as it resembles

a gluino in supersymmetric models. The λc decay signal is model dependent, but it is

reasonable to expect decays to three jets, via off-shell colored scalars. A recent LHC analysis

in this channel gives a gluino mass lower bound of 1.5 TeV [165]. There is also a singlet

fermion component ν ′ of ξ(Ad) which can similarly obtain a mass from higher-dimension

terms. It will behave as a sterile neutrino and could be interesting phenomenologically.

If ΛI > ΛD, then both axions are several times heavier than the SU(N)D scale, which

would be the lowest new scale in the model. As a result, the next most promising signals are

those arising from the SU(N)D bound states, such as dark pions and glueballs. The novel

signals in this case consist of the dark pion octet and triplets in Eq.(5.47), containing the

same constituents as the axions. With the current LHC limit on exotic pions at 1345 GeV,

this translates into the lower bound ΛD ≥ 7 TeV [166] which puts the lighter axion mass, in

this case maD , at 8π(N + 3)ΛD ≈ 1000 TeV, far above the current LHC range.

The more interesting case is when ΛI < ΛD, where one of the axion masses, ma can be

as low as 1 TeV (see Fig. Figure 5.5). This heavy axion can potentially be probed in collider

experiments. At a collider, the lighter axion can be produced through the digluon channel.

The production rate and the signal decay width are dictated by the effective couplings to

the QCD and hypercharge anomalies

La = −αc
4π

N + 3√
(N + 3)2 + 1

a

FD
F c3µνF̃

cµν
3 − αY

2π

[Y 2
ψ′c
− (N + 3)Y 2

ψ′ ]√
(N + 3)2 + 1

a

FD
BµνB̃

µν , (5.80)

where Yψ′,ψ′c are the hypercharges of ψ′ and ψ′c, respectively and Bµν is the U(1)Y field

strength tensor. The axion production rate is then dependent on the digluon decay rate

Γ(a→ gg) =
α2
c

8π3

(N + 3)2

(N + 3)2 + 1

m3
a

F 2
D

, (5.81)

which is inversely proportional to FD. Thus the signal can be abundantly produced provided

the scenario in Ref. [138].
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FD is near the TeV scale. Once produced, the axion can decay through the digluon, diphoton,

as well as into Z bosons. The corresponding decay rates are [143]

Γ(a→ γγ) =
α2

EM

2π3

[Y 2
ψ′c
− (N + 3)Y 2

ψ′ ]
2

(N + 3)2 + 1

m3
a

F 2
D

, (5.82)

Γ(a→ Zγ) = 2 tan2 θW Γ(a→ γγ) , (5.83)

Γ(a→ ZZ) = tan4 θW Γ(a→ γγ) , (5.84)

where αEM denotes the fine-structure constant and θW is the weak-mixing angle. In this

model, just like typical hadronic axions, there is no coupling to leptons and the W bosons.

However, new decay channels may arise since there is strong mixing between η′c and η′D,

allowing for a to decay into SU(N)D lighter states, such as dark pions and dark glueballs,

assuming these states are kinematically accessible. Specifically, the phenomenological details

are dependent on the mass hierarchy of the axion and the lightest states of the dark sector.

This is very similar to the hidden valley scenario in twin Higgs models [167], except that

instead of the Higgs boson probing the hidden color sector, that role is now played by the

heavy axions. Nonetheless, if the axion mass is close to ΛD, then these decay widths may

be suppressed, and thus the main decay channels are still the digluons and diphotons.

Depending on the free parametersmχ,χ′ , there may still be a light axion in the model such

as σ and σ′. For instance, in the limit that mχ,χ′ vanishes, one can form a combination σc

that couples to an anomaly-free current under SU(N)D, and thus receives mass contributions

only from QCD instantons. This σc would behave like a standard invisible axion with a decay

constant of order ΛHC, which can be probed in standard invisible axion experiments. The σc

coupling to the gluons is suppressed by Λ2
D/Λ

2
HC, and therefore its most significant coupling

is to photons given by

L = −nχY 2
χ

σc
FHC

BµνB̃
µν , (5.85)

where Yχ is the χ hypercharge. Given that Yχ is model dependent and not specified, this

coupling could be zero leading to a sterile axion-like particle.
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5.3.2 Cosmology

The implications and constraints from cosmology are highly dependent on the early history

of the universe. It can be shown that there remains a conserved baryon number, and thus the

lightest baryon bound state could be stable. If the reheat temperature is above either of the

confinement scales then heavy stable particles from the hypercolor or SU(N)D sectors may be

thermally produced. In the hypercolor case with ψ in the real or pseudoreal representation,

it is possible to form a baryon combination (ψψψ), which could also interact with other

baryons, such as the top partner bound state (χψχ̄). This could cause the bound states to

become unstable but a definitive answer would require a detailed study of the hyperbaryon

spectrum. Nonetheless, it is reasonable to expect that a coupling between these bound

states and the Standard Model can be generated when the electroweak symmetry is broken.

Thus decays to Standard Model particles would prevent these states from dominating the

mass density of the universe. Similarly for the axibaryons, as pointed out in Ref. [144], the

enlarged color force between SU(N)D and QCD can mediate axibaryon decays. Another

issue, shared by the original composite axion models, is domain walls. To avoid these as

well as potential stable, heavy baryons, we assume that any domain wall in the model is

formed above the inflation scale. Again the details are model dependent, but it would be

interesting to study how inflation models could be incorporated into our framework.

Finally, our model has the advantage of admitting several candidates for dark matter.

These candidates consist of a light axion-like particle that does not directly couple to QCD,

but has a large decay constant determined by the hypercolor scale. Another candidate is

the dark photon of the diagonal color that can arise from a possible gauging of the U(1)D

global symmetry, and although interesting, the phenomenology of this dark photon will not

be explored in this thesis.
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5.4 Composite Axion - Summary

The Higgs and axion could both arise from the same underlying strong dynamics. In this

chapter we have given a UV description of a model that produces a composite Higgs and

dynamical axions based on the Sp(2NHC) and SU(4)HC hypercolor gauge groups. The matter

content of the theory consists of colored and uncolored hyperfermions that form condensates

at the strong coupling scale ΛHC. Given the dynamics and hyperfermion matter content, all

other scales in the model can be determined from the single scale, ΛHC.

For the hypercolor group to be asymptotically free, and therefore confine, requires the

colored hyperfermions to be in the fundamental representation of the hypercolor gauge group.

A particular choice satisfying this condition is a minimal modification of the SU(5)/SO(5)

composite Higgs model, in which extra colored hyperfermions are added to the theory in

order to incorporate an enlarged color sector SU(N + 3) × SU(N)′. The hyperfermion

condensates then break the enlarged color group to SU(3)c × SU(N)D. The enlarged color

sector also contains massless fermions which are hypercolor singlets and render the θ angles

of the enlarged color group unobservable. When the diagonal color group SU(N)D confines

at lower energies it produces dynamical axions which preserve the CP symmetry. Together

these massless fermions and axions can eliminate all sources of strong CP violation. A more

minimal version of the model is also possible, where QCD is not modified in the UV and

the hypercolor dynamics produces an invisible axion, in addition to a heavy axion at the

hypercolor confinement scale.

The enlarged color group allows for extra axion mass contributions that arise from small

instantons associated with the SU(N)′ gauge group. This leads to TeV scale axions for

both the real and pseudoreal representations of the massless enlarged-color fermions, that

can be detected at collider experiments via their decays into photons and Z bosons. This

possibility exists for both high (' 1015 GeV) and low (' 1000 TeV) values of the hypercolor

confinement scale. Other axion decay channels into SU(N)D pions or glueballs may be

possible. A dynamical axion arising from the hypercolor dynamics has suppressed couplings

to gluons, and instead could couple to photons provided the hyperfermions are charged
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under U(1)Y . However, besides the TeV scale axions, in the case of a massless fermion

in the adjoint representation, there is also a QCD colored octet fermion in the low energy

spectrum. This fermion can receive a dynamically generated TeV scale mass, which can then

decay into three jets, providing a smoking gun signal of this scenario. In addition there are

several dark matter candidates including the hypercolor axion, as well as a possible dark

photon.



Chapter 6

Conclusion and Epilog

After the discovery of the Higgs boson, we are at the transition of a new era in Physics. As

collider experiments reach their limit at the energy frontier, there has been no sign of BSM

physics. As an effective theory, the Standard Model could be extrapolated all the way to the

Planck scale. The Great Desert between the TeV scale and the Planck scale has, on occasion,

been mentioned as the death of physics1. This sentiment is akin to the frog’s world view in

the old gospel. Not being able to jump up the well where he lives, he is blissfully ignorant

of the beautiful world out there to discover. But different from the frog in the old tale, we

know that there must be new physics around the corner; we just need the right ladder to

lead us there2. A candidate for such a ladder is the hypothetical axion, the main topic of

this thesis. The axion can simultaneously solve two of the most long-standing problems in

the Standard Model: the strong CP problem and dark matter. In Chapter 4 and Chapter 5,

we presented several models of the axion, ranging from 5D warped extra dimension axions

to composite axions with enlarged color.

The warped extra dimension offers an attractive framework for the axion. The IR scale

provides a natural scale for the axion decay constant Fa. Furthermore, by suppressing the

axion on the UV brane, away from the explicit U(1)PQ violation sources, we can solve the

axion quality problem. The framework also incorporates Standard Model fermions, including

the quarks and charged leptons. Several recent papers [168, 169, 170] have also started to
1The Future of Fundamental Physics, CERN colloquium, 2021 March 25th
2One could argue that this is our curse, for not being able to observe new physics, knowing they must

exist.
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follow this approach. In our model, the fermion mass hierarchy can then be naturally

explained through O(1) profile parameters, as explained in Chapter 3. Depending on the

Higgs profile, the DFSZ-like model predicts off-diagonal mixing of the fermions through

couplings to the axion. This offers the possibility of discovering the axion through precision

experiments such as flavor-violating kaon decays. An obvious extension of this model is to

include the neutrino sector. This gives an interesting model where the IR brane scale can

also offer an explanation of the Majorana neutrino mass scale in the seesaw mechanism and

is currently in preparation [34]. Nonetheless, the current model ignores the gauge hierarchy

problem and possible extensions to multi-throat models could be considered. Alternatively,

our model could be generalized by considering z-dependent bulk Higgs VEVs that may lead

to different predictions for the axion-fermion couplings. Finally, the 5D framework not only

applies to the QCD axion, but can be used to determine the couplings for any axion-like

particle. For instance, having a much lower axion decay constant could lead to more stringent

constraints on a particular model. Indeed, our results provide further motivation to search

for axions via their couplings to fermions.

By the AdS/CFT correspondence, the warped extra dimension holographically captures

a class of 4D composite axion models with an accidental U(1)PQ symmetry. A multi-throat

model corresponds to multiple strong dynamics that separately give rise to the Higgs boson

and the axion. This was presented as a hypercolor gauge group SU(4)HC pr Sp(2NHC) with

enlarged color group SU(N + 3) × SU(N)′. The hypercolor confinement then breaks the

enlarged color, resulting in the Standard Model QCD and a dark axi-color strong dynamics.

The unique feature of this model is that the axion could be heavy, as high as the TeV

scale, accessible at collider experiments [171]. All mass scales in the model, including the

axion masses, arise from the hypercolor confinement scale which can be as low as 1000

TeV. Furthermore, the dark sector low energy spectrum provides attractive dark matter

candidates.

Nonetheless, the heavy axion requires “heavy machinery", as the axion is now burdened

with theta angles from the new sector. Within the Higgs sector, it is also implied that the

composite Higgs sector must be tuned in order to achieve electroweak symmetry breaking,
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and other experimental signatures could arise from an “unnatural" Higgs sector similar to

those considered in Ref. [172]. If the hypercolor strong scale is near 1010−11 GeV, then

the quartic coupling of the Higgs potential may be generated radiatively as considered

in Ref [149]. There may also exist other hypercolor groups with different hyperfermion

representations, as well as small instanton contributions arising from UV modifications of

QCD that could be incorporated into a composite Higgs framework. Nevertheless, it is

clear that an enlarged strong dynamics can extend the range of axion masses, and provides

further motivation for experimental searches of axion-like particles. In fact after this work

was completed, similar models that attempted to raise the axion mass from various sources

also recently appeared in the literature [173, 174, 175].

Finally, this thesis continued existing efforts to study the AdS/CFT correspondence.

Holography has been successfully applied, first in studying QCD hadron structures, then in

the context of composite Higgs models. It is natural to extend holography to study composite

axion models, one of the most attractive UV models of the well-anticipated axion. Currently,

the axion window is rapidly shrinking through experimental efforts. From the work in this

thesis, we hope to contribute toward an axion discovery. It would be just as impactful or

even exceed the importance of discovering the Higgs boson.
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Appendix A

Analytic Standard Model Fermion
Masses and Mixings

In this Appendix, we analytically describe the masses and mixing of the zero mode fermions

and our procedure for fitting the bulk mass parameters, ci, to the measured quark and

charged lepton masses and the CKM and PMNS matrices. The 4D Yukawa coupling hi-

erarchy is generated from the overlap of the bulk fermion profiles, assuming order one or

“anarchic” 5D Yukawa couplings [110, 133].

Starting with the boundary Higgs case, and taking the up-type quark sector as an ex-

ample, the fermion mass matrix in the 4D effective theory is given by

mij
u = y

(5)
u,ij

vu√
2k
f0
QiL

(zUV )f0
UjR

(zUV ) . (A.1)

With a bulk Higgs, this generalises to

mij
u = y

(5)
u,ij

√
2vu√
k

∫ zIR

zUV

dz

(kz)5
f0
QiL

(z)f0
UjR

(z) . (A.2)
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Evaluating the overlap integral gives

∫ zIR

zUV

dz

(kz)5
f0
QiL

(z)f0
UjR

(z) =
NQiNUj

k(cQi − cUj )

(
(kzUV )

cUj−cQi − (kzIR)
cUj−cQi

)
, (A.3)

≈
NQiNUj

k(cQi − cUj )
(kzUV )

cUj (kzUV )−cQi , if cQi > cUi .

(A.4)

The approximation in the second line holds when cQi > cUi , provided kzIR � 1. This will

always be the case we are interested in, since for cQi < cUi the overlap integral is suppressed

by (kzIR)−n, with n ≥ 1; the elements of mij are then too small to explain the observed

quark masses and CKM mixing angles. Using (A.4), the bulk Higgs case can be written in

a similar form to the boundary case

mij
u = ỹ

(5)
u, ij

vu√
2k
f̃Qi f̃Uj , (A.5)

where

f̃Qi =
NQi√
k

(kzUV )−cQi , f̃Uj =
NUi√
k

(kzUV )cUi , (A.6)

and ỹ
(5)
u, ij = 2y

(5)
u,ij/(cQi − cUj ). Note that the f̃i are dimensionless, and we have dropped

explicit chirality indices for conciseness. There are analogous expressions for the down-type

quarks and charged leptons. Below, we focus on the bulk Higgs case; the corresponding

results for a boundary Higgs are obtained via the replacement f̃i → f0
i (zUV ) and ỹ(5) →

y(5)/
√
k.

The mass matrices are diagonalised via the singular value decomposition Au†L m
ij
uAuR =

mui , where AuL,R are unitary matrices and mui is the diagonal matrix containing the up-type

masses. To simplify the analysis, we take advantage of the fact that the quark and charged

lepton masses are hierarchical and use the approximation scheme of Ref. [176] (with n = 1
2)

for the matrices AL,R.
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A.1 Quark sector

We begin with the quark sector, and assume the following scaling for the f̃ :

f̃Q1 ∼ εf̃Q2 ∼ ε2f̃Q3 , f̃U1 ∼ εf̃U2 ∼ ε2f̃U3 , f̃D1 ∼ εf̃D2 ∼ ε2f̃D3 , (A.7)

with ε � 1. As will become clear from the expressions below, this scaling gives the cor-

rect structure to explain the quark masses and CKM elements. Although this additional

assumption is not strictly required, it allows us to analytically solve for the f̃ in terms of

the masses and CKM elements. This scaling behaviour was also used in Ref. [177], where

they considered a single, boundary-localized Higgs doublet. To leading order in ε, the quark

masses are given by the expressions

mu '
vu√
2k

| det ỹ
(5)
u |

|[ỹ(5)
u ]11|

f̃Q1 f̃U1 , md '
vd√
2k

|det ỹ
(5)
d |

|[ỹ(5)
d ]11|

f̃Q1 f̃D1 ,

mc '
vu√
2k

|[ỹ(5)
u ]11|
|ỹ(5)
u, 33|

f̃Q2 f̃U2 , ms '
vd√
2k

|[ỹ(5)
d ]11|
|ỹ(5)
d, 33|

f̃Q2 f̃D2 ,

mt '
vu√
2k
|ỹ(5)
u, 33| f̃Q3 f̃U3 , mb '

vd√
2k
|ỹ(5)
d, 33| f̃Q3 f̃D3 , (A.8)

where [ỹ(5)]ij denotes the ij minor of the matrix ỹ(5). Using the approximation of [176], and

again working to leading order in ε, the Au,dL,R matrices are given by

AqL '


1

[ỹ
(5)
q ]21

[ỹ
(5)
q ]11

f̃Q1

f̃Q2

ỹ
(5)
q, 13

ỹ
(5)
q, 33

f̃Q1

f̃Q3

− [ỹ
(5)
q ]∗21

[ỹ
(5)
q ]∗11

f̃Q1

f̃Q2

1
ỹ

(5)
q, 23

ỹ
(5)
q, 33

f̃Q2

f̃Q3

[ỹ
(5)
q ]∗31

[ỹ
(5)
q ]∗11

f̃Q1

f̃Q3

− ỹ
(5) ∗
q, 23

ỹ
(5) ∗
q, 33

f̃Q2

f̃Q3

1


, (A.9)

AqR '


1

[ỹ
(5)
q ]∗12

[ỹ
(5)
q ]∗11

f̃q1
f̃q2

ỹ
(5) ∗
q, 31

ỹ
(5) ∗
q, 33

f̃q1
f̃q3

− [ỹ
(5)
q ]12

[ỹ
(5)
q ]11

f̃q1
f̃q2

1
ỹ

(5) ∗
q, 32

ỹ
(5) ∗
q, 33

f̃q2
f̃q3

[ỹ
(5)
q ]13

[ỹ
(5)
q ]11

f̃q1
f̃q3

− ỹ
(5)
q, 32

ỹ
(5)
q, 33

f̃q2
f̃q3

1


· diag

(
eiφ1 , eiφ2 , eiφ3

)
, (A.10)
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with

φ1 = arg([ỹ(5)
u ]11)−arg(det ỹ(5)

u ) , φ2 = arg(ỹ
(5)
u, 33)−arg([ỹ(5)

u ]11) , φ3 = − arg(ỹ
(5)
u, 33) .

(A.11)

Notice that AqL, and hence the CKM matrix, depends only on ratios of the f̃Qi and not on

the f̃ui or f̃di .

From these expressions one can constrain the 5D Yukawa coupling matrices through the

CKM matrix. The Wolfenstein parameters ρ̄, η̄ are independent of the f̃Qi (and hence the

quark bulk mass parameters) and are given by

ρ̄− iη̄ =
ỹ

(5)
d, 33[ỹ

(5)
u ]31 − ỹ(5)

d, 23[ỹ
(5)
u ]21 + ỹ

(5)
d, 13[ỹ

(5)
u ]11

ỹ
(5)
d, 33[ỹ

(5)
u ]11

(
ỹ

(5)
d, 23

ỹ
(5)
d, 33

− ỹ
(5)
u, 23

ỹ
(5)
u, 33

)(
[ỹ

(5)
d ]21

[ỹ
(5)
d ]11

− [ỹ
(5)
u ]21

[ỹ
(5)
u ]11

) . (A.12)

We randomly scan over 5 × 106 samples of 5D Yukawa coupling matrices ỹ(5)
u , ỹ

(5)
d with

complex entries of norm between 0 and 3. This results in approximately 1300 matrix pairs

that satisfy (A.12) within 2σ of the experimental values [178],

ρ̄ = 0.122± 0.018 , η̄ = 0.355± 0.012 . (A.13)

Histograms of the resulting Yukawas, ỹ(5)
u, ij , are shown in Figure A.1, where approximately

uniform distributions can be seen. This is consistent with the assumption that the quark

mass hierarchy results from the fermion profiles, rather than the 5D Yukawa couplings. There

are similar, although slightly skewed, distributions for ỹ(5)
d . Ratios of the f̃Qi are constrained

through the remaining CKM parameters, λ = 0.22453 ± 0.00044 and A = 0.836 ± 0.015,

using the expressions

λ =
f̃Q1

f̃Q2

∣∣∣∣∣ [ỹ
(5)
d ]21

[ỹ
(5)
d ]11

− [ỹ
(5)
u ]21

[ỹ
(5)
u ]11

∣∣∣∣∣ , A =
1

λ2

f̃Q2

f̃Q3

∣∣∣∣∣∣ ỹ
(5)
d, 23

ỹ
(5)
d, 33

−
ỹ

(5)
u, 23

ỹ
(5)
u, 33

∣∣∣∣∣∣ . (A.14)
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Figure A.1: Probability histograms for the absolute values of the randomly generated ỹ(5)
u, ij

matrix elements that satisfy (A.12).
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Together, (A.8), (A.14) fix all ratios of the f̃Qi , f̃ui and f̃di . The mixing matrices in (A.10)

are then fully determined. For each pair of ỹ(5)
u , ỹ

(5)
d that satisfies (A.12) we generate a

sample of Au,dL,R matrices. Note that the mixing matrices in (A.10) are only approximately

unitary; we discard individual matrices that are not unitary to within 20% accuracy1. The

resulting distributions for the absolute values of the elements of the AuL,R and AdL,R matrices

are plotted in Figure A.2 and Figure A.3, respectively. The matrices are approximately

symmetric, thus only the upper off-diagonal entries are shown.

Finally, to obtain the axion-fermion couplings from (4.106) we need to calculate the

overlap integrals of the fermion and axion profiles. Recall that the fermion profiles are

related to the f̃ via (A.6). Since the quark masses and CKM parameters fix only ratios of

the f̃ , there remains one free parameter which we take to be the combination cQ3 +cU3 . Due

to the relation y(5)
u,ij = (cQi − cuj ) ỹ

(5)
u,ij/2 (and similarly for y(5)

d ), the bulk mass parameters

cannot be too large if the original 5D Yukawa couplings, y(5)
u , are to remain perturbative. We

find that the largest parameters are cQ3 and cU3 and for −5 < cQ3 + cU3 < 5, these always

lie in the range (0.2, 5.3), with the remaining bulk mass parameters between (−0.1, 3.2).

The final results for the axion-quark couplings are shown as a function of cQ3 + cU3 in

Figure 4.9 and Figure 4.10, where the curves and coloured bands denote the mean and

standard deviation of log10 F
V over our sample of (ỹ(5)

u , ỹ
(5)
d ).

1We use the L1 norm ||A†A − I3×3|| ≤ 0.2, where the L1 norm is the sum of the absolute values of the
matrix elements.
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Figure A.2: Histograms for the probability distribution of the logarithm (of the absolute
value) of the AuL (upper) and AuR (lower) matrix element from left to right: 12 (blue), 23
(green), 13 (orange) in the upper figure and 12 (blue), 13 (orange), 23 (green) in the lower
figure.
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Figure A.3: Histograms for the probability distribution of the logarithm (of the absolute
value) of the AdL (upper) and AdR (lower) matrix elements from left to right: 12 (blue), 23
(green), 13 (orange) in the upper figure and 12 (blue), 13 (orange), 23 (green) in the lower
figure.
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A.2 Lepton sector

We can perform a similar analysis for the lepton sector. However, this depends on the

precise mechanism for neutrino masses, which can be either Dirac or Majorana and may or

may not be hierarchical. For simplicity, we assume that the PMNS matrix is generated in

the charged lepton sector. This could follow from a flavour-diagonal Weinberg operator (for

instance, by localizing a right-handed neutrino sector on the UV boundary). We leave a

more detailed analysis of the neutrino sector possibilities and discussion of axion-neutrino

couplings for future work.

An important difference from the quark sector is that the mixing angles in the PMNS

matrix are relatively large. As a consequence, an analogous assumption to (A.7) does not

work for the charged leptons. Instead, we assume the following scaling

f̃E1 ∼ εf̃E2 ∼ ε2f̃E3 , (A.15)

with f̃Li ∼ ε0. To leading order in ε, the charged lepton masses are then given by

me '
vd√
2k

|det ỹ
(5)
e |

N1

f̃L2

f̃L3

f̃L1 f̃E1 ,

mµ '
vd√
2k

N1

N3
f̃L3 f̃E2 ,

mτ '
vd√
2k
N3f̃L3 f̃E3 , (A.16)

with

N1 =

√√√√|[ỹ(5)
e ]11|2

f̃2
L2

f̃2
L3

+ |[ỹ(5)
e ]21|2

f̃2
L1

f̃2
L3

+ |[ỹ(5)
e ]31|2

f̃2
L1
f̃2
L2

f̃4
L3

, (A.17)

N3 =

√√√√|ỹ(5)
e, 13|2

f̃2
L1

f̃2
L3

+ |ỹ(5)
e, 23|2

f̃2
L2

f̃2
L3

+ |ỹ(5)
e, 33|2 . (A.18)

The assumption (A.15) therefore allows us to trivially solve for the f̃Ei , once the f̃Li have

been obtained from a fit to the PMNS matrix. Again using (A.15) and working to leading
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order in ε, the mixing matrix AeR takes a comparable form to the quark sector:

AeR '


1

[ỹ
(5)
e ]∗12

[ỹ
(5)
e ]∗11

f̃E1

f̃E2

ỹ
(5) ∗
e, 31

ỹ
(5) ∗
e, 33

f̃E1

f̃E3

− [ỹ
(5)
e ]12

[ỹ
(5)
e ]11

f̃E1

f̃E2

1
ỹ

(5) ∗
e, 32

ỹ
(5) ∗
q, 33

f̃E2

f̃E3

[ỹ
(5)
e ]13

[ỹ
(5)
q ]11

f̃E1

f̃E3

− ỹ
(5)
e, 32

ỹ
(5)
q, 33

f̃E2

f̃E3

1


· diag

(
e−i arg det ỹ

(5)
e , 1, 1

)
. (A.19)

The expression for AeL is significantly more complicated due to the absence of any assumption

on the f̃Li , and is given (to all orders in ε) by

Given our assumption regarding the neutrino sector, AeL is directly related to the PMNS

matrix: UPMNS = (AeL)†AνL = (AeL)†, since AνL is the identity matrix. The mixing angles

and Dirac phase of the PMNS matrix are then simply

tan θ12 =

∣∣∣∣∣ [ỹ(5)
e ]21

[ỹ
(5)
e ]11

∣∣∣∣∣ f̃L1

f̃L2

, (A.20)

tan θ23 =
1

N1|ỹ(5)
e, 33|

∣∣∣∣∣[ỹ(5)
e ]∗11ỹ

(5)
e, 23

f̃2
L2

f̃2
L3

+ [ỹ(5)
e ]∗21ỹ

(5)
e, 13

f̃2
L1

f̃2
L3

∣∣∣∣∣ , (A.21)

sin θ13 e
−iδCP =

[ỹ
(5)
e ]31

N1

f̃L1 f̃L2

f̃2
L3

. (A.22)

We use the results from the fit to the oscillation data in [179], with normal ordering: θ12/
o =

33.44+0.78
−0.75, θ23/

o = 49.0+1.1
−1.4, θ13/

o = 8.57+0.13
−0.12 and δCP /o = 195+51

−25.

We randomly scan over approximately 2 × 105 possible 5D Yukawa coupling matrices

ỹ
(5)
e , with complex entries of norm between 0 and 3. Equations (A.20) and (A.22) are

then used to solve for the ratios f̃L1/f̃L3 and f̃L2/f̃L3 . These ratios are substituted into

equation (A.21), which is required to satisfy the experimental value at 2σ. This process

yields about 2400 viable matrices ỹ(5)
e . After imposing the relations (A.16) for the charged

lepton masses, all ratios of the f̃Li and f̃Ei are fixed. The matrix AeR is then also determined,

and distributions of the absolute values of the elements are plotted in Figure A.4. AeR is

approximately symmetric, and hence only the upper off-diagonal elements are shown.

Finally, the axion-fermion couplings are calculated as a function of the remaining free
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Figure A.4: Histograms for the probability distribution of the logarithm (of the absolute
value) of the AeR matrix elements from left to right: 12 (blue), 13 (orange), 23 (green). AeL
is directly correlated with the PMNS matrix and thus is not plotted.

parameter, which we take to be the combination cL3 + cE3 . The results are shown in

Figure 4.9 and Figure 4.10, where the curves and coloured bands denote the mean and

standard deviation of log10 F
V over our sample of ỹ(5)

e .



Appendix B

Exact 1-Loop Effective Potential for
the Top Partner Hyperfermion

In this Appendix, we derive the gap equation for R,R′,∆ and ∆̃, with the Yukawa La-

grangian

Lχ = −
[
(RT )FG(χF χ̄

G) + (R′T )fg(χ
′
f χ̄
′g) + ∆†Ff (χF χ̄

′f ) + ∆̃†fF (χ̄Fχ′f ) + h.c.
]

− 2NHC

κR
R G
F R F

G −
2NHC

κR′
R′ gf R′ fg −

2NHC

κ∆
∆F

f∆†fF −
2NHC

κ
∆̃

∆̃ f
F ∆̃†Ff , (B.1)

by integrating out the hyperfermions. First we wish to derive the exact one-loop effective

potential

Veff =
∑
φ

2NHC

κφ
Tr (φφ†)− 1

2

∑
φ

∫
d4kE
(2π)4

Tr log

(
1 +

φφ†

k2
E

)
+ Vmix , (B.2)

where φ = R,R′,∆, ∆̃. The trace runs over both the enlarged color indices, F, f , and the

hypercolor indices, which are suppressed. The integrals are performed over Euclidean four

momentum, kE with a UV cutoff ΛUV, similar to the case for Mab. The first two terms are

the standard Coleman-Weinberg potential for φ, and thus we will focus on deriving the last

term Vmix that mixes different fields.

First we choose a convention for the enlarged color indices. The fields ∆ and ∆̃ can

be treated as matrices with the first index associated with the fundamental in SU(N + 3)

and the second index with the fundamental in SU(N)′. Similarly, R is a (N + 3)× (N + 3)
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traceless matrix, while R′ is a N ×N traceless matrix. For all of these auxiliary fields, the

upper indices are fundamental, while the lower indices are anti-fundamental. Thus repeated

indices between different fields can be summed only if they have opposite representations.

The interacting vertices are

χ†FR G
F χ̄†G , χ′†fR′ gf χ̄′†g , χ†F∆ f

F χ̄
′†
f , χ̄†F ∆̃F

fχ
′†f . (B.3)

Note that Eq. (B.1) and (B.3) include some assumptions about the scalar fields. The fields

R,R′ can be chosen to be real, since if R is complex we can simply redefine (R + R†) G
F

as the new R G
F . This follows from the fact that R†(R′†) has the same index structure as

R(R′), since both are in the adjoint representation of SU(N + 3)(SU(N)′). Similarly, ∆ f
F

is in the same representation as ∆̃∗ fF , and thus ∆̃∗ fF share the same coupling to χ, χ′ with

∆ f
F . These couplings are not present in Eq. (B.1), (B.3) since we can redefine (∆ + ∆̃∗) f

F

as ∆ f
F . Ignoring the momenta and the integral over momentum space, the lowest order

Feynman diagrams give

Tr
[
∆R′∆†R+ ∆̃R′T ∆̃†RT + h.c.

]
. (B.4)

Higher order diagrams can be obtained from (B.4) by including more fields. For instance,

from the first term in Eq. (B.4), one can add any number of pairs ∆†∆ between the original

∆ and R′. The sum of all such diagrams is

Tr
[
∆

(
I +

∆†∆

k2
E

+
(∆†∆)2

k4
E

+ · · ·
)
R′∆†R

]
≡ Tr

[
{∆}R′∆†R

]
, (B.5)

where in the second term, we have introduced the notation {∆} for the infinite sum of ∆.

Since the cyclic symmetry between the (∆†∆) vertex pairs is broken by the presence of other

fields in the sequence, there is no symmetry factor accompanying each new diagram. The

sum of these diagrams is thus {∆} instead of ∆ log(1 + |∆|2/k2
E), which would be the case

if the other fields were not present. One can now include diagrams that repeat other fields,
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and the sum of all these diagrams is

Tr
[
{∆}{R′}{∆†}{R}

]
. (B.6)

Of course for the original sequence in Eq. (B.4), instead of contracting the last R with the

first ∆ to form the loop, one can include a new ∆ in the sequence, which must also include

R′,∆† and R at least once as dictated by gauge invariance. This is equivalent to repeating

the sequence in Eq. (B.6) any amount of times. The sum of these sequences is

Vmix ⊃
∫

d4kE
(2π)4

Tr
[
log

(
1 +
{∆}{R′}{∆†}{R}

k4
E

)
+ h.c.

]
, (B.7)

where the log term now takes into account the cyclic symmetry. This would be the full

one-loop effective potential if R,R′ are complex. Instead, there are additional terms such

as

Tr
[
∆R′2∆̃R2

]
, (B.8)

which have not been taken into account in Eq. (B.6) since it contains only odd powers of

R and R′ (inside the logarithmic sum). These terms can easily be included by adding a

new term Tr
[
{∆}R′{R′}{∆†}R{R}

]
, which is further suppressed by 1/Λ2

UV. Since we are

only interested in the leading order, these terms will be ignored when we derive the gap

equation. Again, note that the effective potential in (B.7) should only be used as a book

keeping device to list out the diagrams. To obtain the exact one loop effective potential,

one needs to perform a nontrivial summation of higher order diagrams.

The integral over the lowest order (B.4), however, contains an infrared divergence, while

there is no closed-form expression for the integral over (B.6) and in (B.7). When deriving

the gap equation for a particular field φ, a simple trick to avoid the infrared divergence is

to retain the corresponding sum {φ}, while dropping higher order terms for the other fields.

For instance, choosing ∆ and keeping only {∆} in (B.6), the approximation for the mixing
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term is:

Vmix ⊃
∫

d4kE
(2π)4

1

k4
E

Tr

 ∆

1 + ∆†∆
k2
E

Φ̃†∆̃Φ† + h.c.

 . (B.9)

The integral can now be performed, giving the effective potential in Eq. (5.13).



Appendix C

Hypercolor Nambu-Goldstone Boson
Spectrum

For the sake of completeness, we discuss the hypercolor Nambu-Goldstone bosons resulting

from the enlarged color breaking. In the symplectic hypercolor case, the mass matrix in the

(χ, χc, χ
′, χ̄, χ̄c, χ̄

′) hyperfermion basis is



∆nIN

0(2N+3) mχI3

∆̃nIN

−∆nIN

−mχI3 0(2N+3)

−∆̃nIN



. (C.1)

Similar to the analysis in Section Section 5.1, the fermion condensates 〈χχ̄〉 , 〈χ′χ̄′〉 arising

from the trace χF χ̄F , χ′f , χ̄
′f are excluded. It is straightforward to see that including these

terms simply shifts mχ and rotates ∆, ∆̃ among each other, and thus have no effect on the

resulting Nambu-Goldstone boson structure. We have also excluded the subleading term

mχχχ̄ since we have taken mχ � ∆n. However, mχ is the leading mass contribution to χc,
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and thus has been retained in (C.1). The VEV (C.1) breaks the global symmetry

GSp = U(4N + 6)→ Sp(4N + 6) . (C.2)

If the hyperfermion representation is real instead of pseudoreal, then the unbroken symmetry

is SO(4N + 6). The pure QCD case, where N = 0, was considered in [180]. For SU(4)

hypercolor, the same mass matrix can be expressed in a simpler form

(
χ̄′ χ̄c χ̄

)


∆nIN

mχI3

∆̃nIN




χ

χc

χ′

 . (C.3)

This leads to the global symmetry breaking pattern

GSU = U(2N + 3)L ×U(2N + 3)R → U(2N + 3)V . (C.4)

For either hypercolor group choices, the global symmetry of the color sector has greatly

increased, resulting in multiple extra U(1) group factors upon symmetry breaking. It is

important to check the breaking pattern and identify the anomalous symmetries, since they

might contribute to the θ-terms of the strong sectors and spoil the strong CP solution. We

start with the simpler case GSU, and later give the details for GSp.

Just like the quark masses responsible for breaking the global chiral symmetry, the mass

term mχ,∆n and ∆̃n breaks GSU to the diagonal subgroup. However, unlike in QCD, ∆

and ∆̃ are not bare masses, but rather dynamically generated by four-fermion couplings.

Similar to the pion octet in QCD, the Nambu-Goldstone boson spectrum in this case fits

into an adjoint multiplet of SU(2N + 3)V . To label these states, we proceed to gauge

the unbroken U(2N + 3)V by SU(3)c × U(1)X and SU(N)D, where U(1)X is the global

symmetry that will mix with another unbroken U(1) from the global symmetry of ψψ to

form the hypercharge U(1)Y . The unbroken subgroup contains U(3) × U(N)∆ × U(N)
∆̃
,
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corresponding to the vectorlike transformations of χcχ̄c, χχ̄′, and χ′χ̄. The U(1) parts in

these groups are respectively (up to normalization)

U(1)V∆ : diag(IN ,03,0N ,0N ,03,−IN ) , (C.5)

U(1)Vχc : diag(0N , I3,0N ,0N ,−I3,0N ) , (C.6)

U(1)V
∆̃

: diag(0N ,03, IN ,−IN ,03,0N ) , (C.7)

where these vector generators have been written in the hyperfermion basis of (C.1) to make

the connection to the Sp case clearer. Thus the SU(3) and the U(1)Vχc symmetry in (C.6)

can be identified with SU(3)c and U(1)X . We gauge both SU(N)∆ and SU(N)
∆̃

with

the same SU(N)D, meaning we only gauge part of the global symmetry corresponding to

identical SU(N)∆, SU(N)
∆̃

transformations. Note that the diagonal color admits a U(1)D,

similar to the U(1)X of the SU(3)c. If mχχχ̄ is taken into account, the other two U(1)V
∆,∆̃

symmetries in (C.5) and (C.7) are explicitly broken, leaving only the linear combination

U(1)D ≡ U(1)V∆ ×U(1)V
∆̃
. The spectrum labeled under SU(3)c × SU(N)D ×U(1)X ×U(1)D

is thus

(8,1)(0,0) + 2(3,N)(x,−z) + 2(3,N)(−x,z) + 4(1,Ad)(0,0) + 5(1,1)(0,0) . (C.8)

Some of these fields are eaten by the broken SU(N +3)×SU(N)′ gauge bosons. Specifically,

one of the adjoint states (1,Ad), corresponding to χχ̄′ with N2 − 1 degrees of freedom

(d.o.f), is eaten by 1√
2
(GN − G′)aµ. The complex bifundamental χcχ̄′ with 2 × 3N d.o.f is

eaten by Gbµ, and one of the real singlets corresponding to Trχχ̄′ is eaten by G1µ. In total,

there are N(N + 6) Nambu-Goldstone bosons eaten.

It is nontrivial to derive the mass of these states, since there are multiple sources that can

contribute, depending on which Nambu-Goldstone boson is considered. For instance, the

charged states in (C.8) receive two sources of mass frommχ,∆, ∆̃ (similar to the pion masses

being proportional to the quark masses), and from color and diagonal color loop corrections

(similar to photon loop corrections for the QCD pion masses). Thus, these masses should
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be ∼ ΛHC. The other four singlets in (C.8) correspond to a Trχ′χ̄, which is also heavy due

to the contribution from ∆̃ ∼ ΛHC, and the remaining three Nambu-Goldstone bosons are

associated with the anomalous generators

U(1)Aχ : diag(IN ,03,0N , IN ,03,0N ) , (C.9)

U(1)Aχc : diag(0N , I3,0N ,0N , I3,0N ) , (C.10)

U(1)Aχ′ : diag(0N ,03, IN ,0N ,03, IN ) . (C.11)

These generators, respectively, correspond to the axial transformations of χχ̄, χcχ̄c, and

χ′χ̄′. Note that the product of these symmetries is the overall anomalous U(1) of the

U(4N+6). The U(1)Aχ,χc symmetries are explicitly broken by a mass termmχχχ̄ = mχχχ̄+

mχχcχ̄c, while the U(1)Aχ′ is broken by mχ′χ
′χ̄′. Thus like the η′QCD receiving mass from

QCD instantons, these states can also receive mass from the enlarged color instantons, even

though they don’t contribute to the strong CP solution.

The Sp hypercolor follows a similar story. Given that SU(2N + 3)V ⊂ Sp(4N + 6) ⊂

SU(4N+6), we can decompose the Nambu-Goldstone bosons from the spontaneous breaking

SU(4N + 6) → Sp(4N + 6) as Ad + A2 + A2 under SU(2N + 3)V . Thus the spectrum

contains all of the states in the GSU case, namely the Ad multiplet, together with the

additional multipletsA2 and A2 of SU(2N+3)V . After weakly gauging the global symmetry,

SU(2N + 3)V with SU(3)c × SU(N)D, we obtain in addition to (C.8), the spectrum

(3,1)(2x,0) + (3,1)(−2x,0) + 2 (3,N)(x,z) + 2 (3,N)(−x,−z)

+ 4(1,A2)(0,2z) + 4 (1,A2)(0,−2z) + 2 (1,S2)(0,2z) + 2 (1,S2)(0,−2z) + (1,1)(0,±2z) ,

(C.12)

where the subscripts refer to the U(1)X , U(1)D charges. The two new singlets in (C.12)

correspond to Trχχ′ and Tr χ̄χ̄′, which are obviously broken explicitly by mχ,χ′ . The

detection of the states in (C.12) would be a way to distinguish the hypercolor gauge group.

In summary, the pseudo Nambu-Goldstone spectrum arising from the hypercolor top
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partners obtain masses depending on ΛHC and mχ,χ′ . It can be expected that all of these

states lie between the ΛD and ΛHC scales, although the exact spectrum would require a more

in-depth analysis. Interestingly, as some of the hypercolor Nambu-Goldstone boson masses

are proportional to
√
mχ,χ′ΛHC, these bound states could be experimentally accessible if

mχ,χ′ � ΛHC. Finally, in both hypercolor cases, there are unbroken U(1) groups, which

can be associated with the baryon number of the QCD and SU(N)D quarks. It is possible,

though unnecessary for our purposes, to define a generalized baryon number that combines

the U(1)D and QCD baryon numbers. Alternatively, one can gauge the U(1)D symmetry to

give a dark photon, which could be a potential dark matter candidate.
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