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Abstract 

This doctoral dissertation proposes and demonstrates a novel electromagnetic position 

sensing principle based on the use of alternating magnetic fields and on the use of passive 

high-magnetic-permeability metal located on the moving object. Position estimation 

systems robust to ambient ferromagnetic disturbances are developed based on this sensing 

principle for a range of applications, including: (1) 1-D position estimation system for 

piston position measurement in linear actuators; (2) Angular position estimation system for 

rotational motion of mechanical links; (3) 3-D position estimation for transluminal medical 

robots. Furthermore, an active position sensing system based on current control is designed 

for achieving better estimation performance with electromagnetic sensing that also 

minimizes the power consumption of the electromagnet. 

Many existing position sensing systems require either line-of-sight access to the 

concerned object (e.g. optical sensing systems), intrusive installation (e.g. magnetostrictive 

sensors), or need physical connection to the object (e.g. potentiometers), which limit their 

applications or result in poor durability. The new electromagnetic position estimation 

system developed in this dissertation provides a non-intrusive, non-contacting, easy to 

install, and low-cost position sensing system. Unlike permanent magnet-based sensors, the 

new sensing system also does not suffer from errors due to magnetic disturbances caused 

by surrounding ferromagnetic objects. This is because selective sensing of the amplitude 

of an alternating magnetic field at a specific operating frequency eliminates the influence 

of ambient low-frequency magnetic disturbances. 

Since an electromagnet is used as the magnetic field source for the position sensing 

system, active real-time control of the current of the electromagnet to ensure adequate 

magnetic sensitivity at all positions while reducing power consumption is another aspect 

studied in the research. Since the current control depends on the unknown position to be 

estimated, the problem is a coupled active control and estimation problem. A nonlinear 

observer is designed to simultaneously ensure stable position estimation and optimal 

current profile tracking. 

The research presented involves analytical and numerical modeling of the magnetic 
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sensing system and design of stable estimation algorithms for a challenging nonlinear 

position estimation problem. The specific technical contributions of the dissertation are: 

1. Development and verification of a novel passive position sensing principle based 

on high-magnetic-permeability metal. 

2. Hardware development for signal processing of alternating magnetic fields to 

achieve position estimation immune to ferromagnetic disturbance. Disturbance 

rejection performance is characterized for each of the three types of applications. 

Nonlinear estimation algorithms are implemented for position estimation. 

3. Development and experimental evaluation of 1-D position estimation system for 

linear actuators. Analytical modeling of the sensing principle for 1-D position 

estimation. 

4. Development, numerical modeling, and experimental evaluation of angular 

position estimation system for rotational motion.  

5. Development, modeling, and experimental evaluation of 3-D position estimation 

system for localization of transluminal medical robots. 

6. Development of electromagnetic position estimation system using active current 

control for more accurate and energy-efficient position measurement. A nonlinear 

observer for simultaneous active control and estimation is designed based on 

Lyapunov theory. 

Experimental evaluation is pursued for all three types of position measurement 

applications. The 1-D position estimation system is shown to provide an accuracy of 1% 

over a stroke length of 20 cm for a non-ferrous actuator with the possibility to further 

enlarge the stroke length by daisy-chained additional sensors. However, its accuracy 

deteriorates significantly if the actuator is ferrous and the mu-metal is located completely 

inside a ferrous body. The angular position measurement sensor is shown to provide an 

accuracy of 1 degree over a range of ± 60 degrees in an off-joint configuration and an 

accuracy of 2 degrees over a full range of 360 degrees in an on-joint configuration. Finally, 

a 3-D position estimation system is evaluated on a trans-esophageal endoscopic robot 

wherein an RMS accuracy of 5 mm and a maximum error bounded within 9 mm are 

achieved. 
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The new sensing principle developed and demonstrated in this project can be the 

foundation that leads to practically useful position estimation systems for a wide range of 

industrial, transportation and biomedical applications in the future. 
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Chapter 1  

 

Introduction 

 

 

This dissertation is devoted to proposing and demonstrating a novel position sensing 

principle based on the use of high-magnetic-permeability materials and an electromagnet. 

Based on the same electromagnetic position sensing principle, prototypes of position 

estimation systems are designed with thorough analytical and numerical modeling, and 

validated using experiments for a series of real-world applications:  

1) 1-D position measurement for linear actuators;  

2) Angular position measurement for rotational joints;  

3) 3-D position measurement for flexible transluminal medical robots and robotic 

capsules.  

The new position sensing system enables a non-contacting, non-intrusive, and low-cost 

position measurement solution that does not require powered or wired components on 

moving objects and can reject disturbances from surrounding foreign ferromagnetic objects. 

In addition, a related active electromagnetic position sensing framework is established 

based on nonlinear observer design for enhancement of measurement accuracy, extension 

of sensing range, and conservation of power consumption. 

1.1 Position Measurement 

Position is a fundamental kinematic variable that describes the spatial relation of an 
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object in mechanical motion with respect to some origin. Position sensing is of vital 

significance for monitoring, fault diagnostics, feedback control, and automation in various 

industrial [1], vehicular [2], aerospace [3] and biomedical [4] applications. Position 

measurement is performed in various scales ranging from positioning of a spacecraft or 

satellite in outer space, to localization of autonomous vehicles on open roadways, to human 

indoor positioning, to positioning of micro-robots inside of a human body. The scope of 

this dissertation is limited to the constrained 1-D linear or angular position measurement 

in mechanical systems such as actuators and rotational joints, and unconstrained 3-D 

position measurement of transluminal medical robots, both of which have a short range of 

motion within 1 meter. 

Existing short-range position measurement methods can be classified as potentiometer 

based, optical, ultrasonic, magnetic and radio frequency (RF) wave based methods. 

Potentiometer based position sensors [5] are widely used for linear and angular position 

measurement due to their very low cost. The wiper of the potentiometer is connected to the 

moving object through physical contact and it divides the voltage between two terminals, 

giving a voltage signal proportional to its position. Another widely used linear position 

sensor is the linear variable differential transformer (LVDT) consists of one primary coil 

and two secondary coils. The alternating current in the primary coil induces a voltage in 

each secondary coil proportional to the displacement of the ferrous core connecting to the 

moving object. The problem with potentiometers and LVDTs is the contacting operation 

that results in significant wear under fatigue loads over long-term use. 

Optical position sensing can be categorized as active methods and passive methods. In 

passive methods, the natural optical features of the moving object or the surrounding 

environment are directly extracted and measured by an image sensor for positioning using 

3-D vision techniques. Monocular cameras [6], stereo cameras [7], or RGB-D cameras [8] 

can be used for visual positioning. Passive optical methods based on visible light sensing 

can provide abundant semantic information of the target object apart from the position 

information, making it suitable for monitoring applications. However, the passive optical 

methods highly depend on illumination conditions and fail to work in darkness. Besides, if 

the target object has a uniform appearance, the passive optical methods fail to extract useful 
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optical features for positioning. Although fiducial markers like ArUco markers can be 

attached to the target object for positioning, it may not be practical for applications in dirty 

environments where the markers are easily stained. In active optical position measurement 

systems, a light source is integrated into the sensor to actively emit light signals to enhance 

position measurement. The active light emission has multiple purposes. In the reflective 

marker-based position tracking systems [9], infrared (IR) light is illuminated on reflective 

markers attached to the target object and the markers are measured by multiple infrared 

cameras for position measurement. In the laser gauging sensors for 1-D linear position 

measurement [10], and time-of-flight (ToF) cameras [11] and light detection and ranging 

(LiDAR) sensors [12] for 3-D position measurement and reconstruction, light signals 

(often lasers in the infrared spectrum) are emitted from a light source on the sensor to the 

target object and the time it takes the light beam to be reflected back to the sensor is 

measured to determine the depth and position of the object. In optical encoders for angular 

position measurement [13], an IR beam is transmitted through an optical disk encoded with 

discrete slits and the angle information is derived from the optical pattern received by the 

IR sensor on the other side of the disk. Active optical methods do not depend on external 

illumination conditions and can be used in dark environments. Furthermore, active optical 

methods normally have a higher position measurement accuracy than passive methods with 

inaccurate feature extraction of the target object. However, there are some common 

limitations for all optical position sensing methods. First, optical position measurement 

methods require a line-of-sight access to the target object and thus suffer from occlusion 

issues in some applications. For example, external cameras cannot be used for localization 

of medical robots operating inside of the human body. Second, the performance of optical 

position sensing methods is significantly impaired in harsh environments with smoke, dust, 

and non-transparent liquids, which attenuate and even block the light transmission towards 

the receiver.  

Ultrasound sensors with a working frequency above 20 kHz has been used for 1-D 

linear position measurement [14] of telescopic boom structure on a crane loader and 3-D 

position measurement of mobile robots [15]. Ultrasound positioning can be categorized as 

time-of-flight (ToF) based and received-signal-strength (RSS) based methods. In ToF 
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based methods, ultrasound transmitters and receivers and used, where the time between the 

ultrasound emission and receiving is calculated for position measurement. Some ToF based 

ultrasound positioning systems [16] (e.g. sonars) have integrated ultrasound transmitters 

and receivers located close to each other, where ultrasound wave is emitted from a 

transmitter, echoed back from the moving target, and sensed by the receiver located near 

the transmitter. Another ToF based method [17] adopts separated transmitter and receiver, 

where the transmitter is attached to the target object and receivers are placed around for 

localization of the target. In RSS based methods [18], the position of the target can be 

estimated from the strength of the received ultrasound signal, which is modeled as a 

function of the propagation distance of the ultrasound wave considering the power loss due 

to the spherical divergence and atmospheric absorption. The problem with the ultrasound 

position sensing is that it still requires line-of-sight operation, which may not be available 

in certain applications. In addition, both the speed and intensity of ultrasound wave are 

influenced by atmospheric conditions like temperature and air turbulence [15], resulting in 

position measurement errors using either ToF or RSS based ultrasound methods.  

Radio frequency (RF) wave is electromagnetic wave with frequency lower than that of 

infrared light. In RF based position measurement systems, a RF tag is attached to the 

moving object to transmit RF wave and multiple RF readers are placed around to measure 

either the strength of the received signal or the time-of-flight, from which the position of 

the target can be estimated. The RF based position measurement methods have been 

applied to human indoor navigation [19] and localization of endoscopic capsule robots 

[20][21]. However, the measured RSS and ToF cannot be accurately related to the traveled 

distance if RF is transmitted in non-homogeneous or highly attenuating medium such as a 

human body. 

Magnetic fields can penetrate most of non-ferromagnetic materials and thus magnetic 

position measurement methods do not need line-of-sight operation, making it suitable for 

positioning medical devices inside of the human body. In addition, magnetic sensing 

methods can perform well in harsh environments with dust and liquids. Although the 

magnetic field attenuates rapidly with distance from the magnetic source, the spatial 

distribution of the magnetic field is stable, not depending on atmospheric conditions like 
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temperature, pressure and air convection. Many magnetic position estimation methods 

have been developed by exploring the spatial distribution of the magnetic field around a 

magnetic source. Previously, magnetic position sensing was achieved using Hall-effect 

sensors and eddy current sensors with a measurement range of only a few millimeters. With 

the development of magnetic sensors (e.g. tunnel magneto-resistive (TMR) sensors) with 

increased sensitivity and reduced cost, the position measurement accuracy of magnetic 

sensing based methods is improved and the measurement range can be extended to tens of 

centimeters. Various types of magnetic position sensing systems are introduced in the next 

section. 

1.2 Position Measurement Using Magnetic Fields 

It is well known that a compass has been used as a navigation tool since ancient times 

in voyages across the sea to find the orientation of the north pole of the earth. 

Magnetometers, which measure the earth magnetic field, are also used in ground vehicles 

and aircrafts for determination of orientation. Apart from indication of orientation using 

the earth’s magnetic field, the magnetic field of various magnetic sources have also been 

explored for position measurement. In this section, some common magnetic field sources 

for position sensing are introduced and typical position estimation systems based on 

magnetic field measurement near these magnetic sources are briefly discussed with their 

respective advantages and drawbacks. 

1.2.1 Magnetic Field Sources for Position Measurement 

Since magnetism originates from two possible sources, i.e. electric current and spin 

magnetic moments of elementary particles, magnetic field sources for position 

measurement are categorized as magnetic materials with magnetism from microscopic 

magnetic moments, and electromagnets with magnetism from electric current.  

In a broad sense, any material has some sort of magnetism. Materials can be classified 

into five categories due to their different magnetic behaviors under the presence of external 

magnetizing magnetic field: diamagnetic, paramagnetic, ferrimagnetic, ferromagnetic, and 

antiferromagnetic. Only ferrimagnetic and ferromagnetic materials (e.g. Fe, Co, Ni, and 
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their alloys) exhibit significant magnetism with large intensity of magnetization under 

external magnetic field while the other types of materials show negligible magnetization.  

Magnetic permeability 𝜇, i.e. the ratio of the total magnetic field flux density 𝐵 to the 

exerted external magnetic field 𝐻 that magnetizes the material, is used to characterize the 

measure of magnetization of the material by a certain external magnetic field. Magnetic 

permeability for different types of materials are summarized below [22]: 

1) Vacuum: 𝜇 = 1; 

2) Diamagnetic: 𝜇 is slightly smaller than 1, e.g. copper with 𝜇 = 0.999994; 

3) Paramagnetic and antiferromagnetic: 𝜇  is slightly larger than 1, e.g. air 

(paramagnetic) with 𝜇 = 1.00000037; 

4) Ferromagnetic and Ferrimagnetic: 𝜇  is tremendously larger than 1, e.g. iron 

(ferromagnetic, 99.8% pure) with 𝜇 = 5000. 

It is noted that ferromagnetic materials show the highest capability of magnetization 

and can form a strong magnetic field around them once magnetized. Ferromagnetic 

materials can be further classified as “soft” materials that can be magnetized but not tend 

to stay magnetized without presence of the external magnetic field, and “hard” materials 

that will remain magnetized even without the external magnetic field. Since it is required 

for the magnetic field source in position sensing applications to maintain a stable magnetic 

field around it, hard ferromagnetic materials (e.g. permanent magnets) are usually used as 

desired magnetic field sources. Some soft ferromagnetic materials with high magnetic 

permeability (e.g. mu-metal with 𝜇 = 50000 ), which can be easily magnetized and 

demagnetized with low coercivity, can be explored to function as sensitive medium targets 

in magnetic position measurement as is proposed in this dissertation, though not suitable 

to serve as magnetic field sources. 

Another kind of magnetic field source is the electromagnet. Electromagnets are 

normally made by winding electric wires around some soft ferromagnetic core. Compared 

with permanent magnets, an electromagnets has the flexibility to adjust its magnetic 

strength by varying its current and to generate an alternating magnetic field by using an 

alternating current input, though a continuous current needs to be supplied to the 

electromagnet to maintain the magnetism. 
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1.2.2 Position Measurement Using Earth’s Magnetic Field 

The magnetic field around the earth is generated by the molten iron and nickel in the 

external core of the earth. Approximately, the earth’s magnetic field can be represented by 

a magnetic dipole tilted with a small angle with respect to the rotational axis of the earth. 

Some animals in migration can derive their global position from the intensity and 

inclination angle of the earth magnetic field [23][24]. Inspired by animals using magnetic 

navigation, the spatial variation of geomagnetic magnetic field has been explored for 

positioning of underwater vehicles [25]. With the disturbance from the ferromagnetic 

vehicle body modeled and compensated, the measured geomagnetic field is matched to a 

geomagnetic map stored in a database with high accuracy and resolution for position 

determination. Since the earth’s magnetic field only changes with large variation of 

geographical location, geomagnetic field based positioning can only be used for 

applications with large ranges of motion like aircraft and submarine localization.  

1.2.3 Position Measurement Using Non-Magnet Ferromagnetic Objects 

Many objects are fully or in part made from ferromagnetic materials such as hand tools, 

cars, industrial machines, etc. These ferromagnetic objects with residual magnetization will 

form a magnetic field as a function of distance from them. The 1-D and 2-D position of a 

vehicle can be estimated for imminent collision prediction by modeling the magnetic field 

of the vehicle as a function of vehicle-specific parameters and the position around the 

vehicle [26][27][28]. The piston position of a free piston engine has been estimated from 

the inherent magnetic field of the ferromagnetic piston [29]. In indoor environments, 

multiple ferromagnetic objects like metallic desks, pipes and electric appliances can disturb 

the originally uniform geomagnetic field and result in magnetic field variation in the room. 

The magnetic field variation is surveyed into a magnetic map stored in a database and then 

3-D position of a target object can be determined by taking magnetic field measurements 

and matching to the magnetic map of the room [30]. The position measurement method 

using an existing ferromagnetic object only needs magnetic sensors and a model of the 

magnetic field distribution of the objects without the requirement of installation of any 

permanent magnets or electromagnets. However, the residual magnetization of existing 
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ferromagnetic objects is much lower than that of a permanent magnet. Thus, the position 

measurement accuracy is limited by the weak magnetic field. In addition, since the 

magnetic field model depends on the magnetization intensity and geometry of the 

ferromagnetic objects, a specific model has to be built for each application involving a 

different ferromagnetic object. 

1.2.4 Position Measurement Using Permanent Magnets 

Permanent magnets are desired magnetic sources for position measurement 

applications due to their strong and stable magnetization. A permanent magnet of small 

size can be embedded in the target object as a magnetic source and the position of the target 

can be estimated from magnetic field measurements with one or multiple magnetic sensors 

located nearby. Linear position measurement systems have been developed to estimate the 

piston position of pneumatic and hydraulic actuators by embedding a permanent magnet in 

the piston [31][32]. A permanent magnet is attached to the tongue to find its position and 

orientation for speech-related applications using neural network model of the magnetic 

field [33]. A permanent magnet based position measurement system has also been 

developed to localize an endoscopic capsule robot using a magnetic dipole model and an 

online optimization method [34]. Positions of multiple permanent magnets can be tracked 

simultaneously with low latency using analytical magnetic field gradient [35]. Since the 

permanent magnet is a passive element that does not require power or wiring, it is easy to 

install on the target and the volume and power consumption of the tracked devices can be 

reduced using this passive position measurement method. Furthermore, a permanent 

magnet can be well modeled as a magnetic dipole if the magnetic field is measured at a 

distance from the magnet way larger than the size of the magnet. The use of a magnetic 

dipole model enables simultaneous estimation of the magnetization parameters of the 

magnet and its position, which simplifies calibration of the magnetic field model. The 

problem with the permanent magnet based systems is that it suffers from errors due to 

magnetic disturbance from foreign ferromagnetic objects, though some algorithms has 

been proposed to compensate for the disturbance magnetic field [31].  
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1.2.5 Position Measurement Using Electromagnets 

Electromagnets have the flexibility to adjust their magnetic strength by varying the 

current supply and to generate non-static magnetic field such that a simple induction coil 

can be used to measure the magnetic field. Most electromagnet based position 

measurement systems consist of one or multiple transmitting coils to generate the magnetic 

field and a induction sensing coil attached to the target to measure the magnetic field for 

position determination. An electromagnetic position tracking system has been developed 

with multiple coils excited simultaneously with different frequencies for localization of a 

capsule robot [36]. In another electromagnetic tracking system, multiple transmitting coils 

are excited sequentially for tip position measurement and shape sensing of a flexible 

continuum robot [37]. Some electromagnetic position tracking methods employ rotating 

transmitting coils or sensing coils and closed-form analytical solutions of the target 

position from magnetic field measurements[38][39]. Since electromagnetic position 

sensing systems use a sensing coil that measures the inducted electromotive force by the 

transmitted alternating magnetic field, surrounding ferromagnetic objects with low-

frequency motion do not have influence on the measurement. However, wiring and power 

supply for the sensor on the moving target are required in electromagnetic position 

measurement systems, which is especially undesired for positioning of endoscopic capsule 

robots that need to save space and power for surgical and diagnostic operations. 

1.3 A New Position Sensing Principle Using High-Magnetic-

Permeability Materials 

It was discussed in the previous section that a permanent magnet based position 

measurement system has only a passive element attached to the moving target object but 

suffers from foreign ferromagnetic disturbances. The electromagnet based system can 

reject ferromagnetic disturbances but requires powered or wired components on the 

moving target. Therefore, there is a need to develop a new type of magnetic position 

measurement system with no powered components on the moving target and meanwhile 

immune to ferromagnetic disturbances. Motivated by this objective, a new magnetic 
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position sensing principle is proposed in this dissertation using an electromagnet that 

generates an alternating magnetic field, and high-magnetic-permeability soft ferromagnetic 

materials attached to the moving target. Both the electromagnet and magnetic sensors are 

separated and located stationarily near the working region of the moving target. The high-

magnetic-permeability element (e.g. mu-metal) is magnetized with different intensity at 

different spatial locations with respect to the electromagnet and becomes an intermediate 

magnet inducing the magnetic field variation measured by the magnetic sensors for 

position sensing. The proposed position sensing principle is fundamentally different from 

existing magnetic position sensing methods which utilize the spatial distribution of 

magnetic field around a magnetic field source. Instead, the new position sensing principle 

utilizes the magnetic field variation induced by a soft magnetic medium.  

The Mu-metal is employed as the high-magnetic-permeability soft ferromagnetic 

element in the proposed new position sensing system. Mu-metal is mainly composed of 

80% Ni, 15% Fe, and small amount of Mo, Mn, and Si, and named by the symbol of 

magnetic permeability 𝜇 due to its very high magnetic permeability (104 − 105 ) after 

annealing treatment. Mu-metal has been mainly used as magnetic shielding material to 

cover magnetic disturbance sources like power cables [40] or to enclose electronic devices 

sensitive to external magnetic disturbance [41]. In addition, mu-metal has also been used 

as magnetic flux concentrator in microscale for sensitivity enhancement of magnetic 

sensors [42]. However, mu-metal has never been explored as a sensitive element for 

magnetic position sensing applications. 

Two features of mu-metal contribute to the function of the proposed position sensing 

principle. First, mu-metal is a kind of “soft” ferromagnetic material, which means it has 

low coercivity during magnetization and can be easily magnetized. When an alternating 

magnetic field at a specific frequency (e.g. 100 Hz) from an electromagnet is used in the 

position sensing system for rejection of disturbance from foreign ferromagnetic objects 

with low-frequency motion, the magnetization of mu-metal is also alternating in the 

alternating magnetic field due to its soft magnetic property with low coercivity. The mu-

metal behaves like a magnet with alternating north and south poles at the same frequency 

as that of the alternating magnetic field from the electromagnet. Thus, the alternatingly 
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magnetized mu-metal can further exert an additional alternating magnetic field whose 

amplitude varies with the relative position of the mu-metal with respect to the 

electromagnet. Second, the mu-metal has a very high magnetic permeability, resulting in a 

strong magnetization in external magnetic field. Therefore, the magnetic field generated 

by the mu-metal with strong magnetization is sufficiently high and thereafter measured by 

magnetic sensors for position sensing. The two features of mu-metal, i.e. low coercivity 

and high permeability make it a desired sensitive medium for electromagnetic position 

sensing. 

In summary, the proposed new position sensing principle requires only a passive mu-

metal element attached to the moving target without powered or wired components on it. 

Furthermore, the position sensing system is immune to ferromagnetic disturbance owing 

to the use of an alternating magnetic field from the electromagnet. With these two features, 

the proposed position sensing principle can be transferred to a broad range of real-world 

applications that will be presented in this dissertation in detail. 

1.4 Estimation Algorithms for Magnetic Position Sensing 

In magnetic position measurement systems, the position of the target is determined 

either from the spatial distribution of magnetic field around a magnetic source, or from the 

magnetic variation caused by a magnetic medium as proposed in this dissertation. In either 

position sensing method, the magnetic field model as a function of the position is highly 

nonlinear. Therefore, a nonlinear state estimation algorithm is required to compute the 

position from raw magnetic measurements. In this section, two classes of estimation 

algorithms, i.e. Bayes filter based methods and LMI-based nonlinear observer design, are 

introduced. 

1.4.1 Bayes filter based methods 

Bayes filter is a widely used stochastic framework for position estimation. Based on 

the Markov assumption that future states depend only on the present state rather than past 

states, Bayes filter is implemented in two steps: state propagation using a dynamic model 

and state update using a measurement model. In general, both the dynamic model and 
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measurement model are represented by probability density functions (PDF) in a Bayes 

filter, as given by (1-1) 

 
𝑥𝑘~𝑝(𝑥𝑘|𝑥𝑘−1) 

𝑦𝑘~𝑝(𝑦𝑘|𝑥𝑘) 
(1-1) 

where 𝑥𝑘 is the state to be estimated and 𝑦𝑘 is the measurement at time step 𝑘. First, a 

priori estimate is obtained by the state propagation step using the dynamical model as given 

by (1-2) [43]. 

 𝑝(𝑥𝑘|𝑦1:𝑘−1) = ∫𝑝(𝑥𝑘|𝑥𝑘−1)𝑝(𝑥𝑘−1|𝑦1:𝑘−1)𝑑𝑥𝑘−1 (1-2) 

where 𝑦1:𝑘−1 the sequence of measurements up to the time step of 𝑘 − 1. Then a posteriori 

estimate of the state is obtained in the measurement update step using Bayes’ rule, as given 

by (1-3) 

 𝑝(𝑥𝑘|𝑦1:𝑘) =
𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑦1:𝑘−1)

∫ 𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑦1:𝑘−1)𝑑𝑥𝑘

 (1-3) 

 Bayes filter can be implemented in various ways with different computational 

efficiency and accuracy of approximation. The Kalman filter is a famous Bayes filter for 

optimal state estimation of a linear system with the Gaussian process and measurement 

noise. However, since the measurement model in magnetic position sensing systems is 

usually, if not always, highly nonlinear, the Kalman filter cannot be directly used. 

A relaxed form of the Kalman filter, extended Kalman filter (EKF), does not require 

linearity for dynamic model and measurement model. In EKF, the nonlinear functions in 

the model are approximated by linearization at the current state estimate. Due to its 

simplicity of implementation and high computational efficiency, EKF has been used in 

many magnetic position measurement applications [27] [29]. However, the performance of 

EKF is limited due to the inaccurate approximation by simple linearization, especially 

when the nonlinearity of the system is severe. 

An unscented Kalman filter (UKF) can improve the estimation performance using an 

unscented transformation to approximate the change of mean and covariance of the random 

state estimate over the nonlinear transformation. With improved estimation accuracy and 

moderate computational effort, UKF has been used for linear magnetic position estimation 
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problems involving large nonlinearities in measurement model [31][32]. 

The particle filter (PF) is a nonlinear Bayes filtering technique that approximate 

posterior probability distribution of states conditional on available measurements using a 

finite number of random samples (particles). PF does not require the process and 

measurement noise to be Gaussian. PF can reach very high estimation accuracy for systems 

with significant nonlinearities by using a sufficient number of particles but at a cost of 

increased computational effort. PF has been used to improve the dynamic accuracy of 

electromagnetic position tracking [44]. 

1.4.2 LMI-based Nonlinear Observer Design 

Linear Matrix Inequality (LMI) based nonlinear observer design is another state 

estimation method. While the Bayes filter based method is formulated in the stochastic 

framework modeling the dynamic process and measurements as random processes, LMI 

based observer design is formulated in a deterministic framework. The goal of observer 

design is to determine the feedback gain such that the state estimate can asymptotically 

converge to the true state. Based on the Lyapunov stability theory, the determination of 

observer gain is usually formulated as solving an LMI. An LMI in the variable 𝑥 ∈ ℝ𝑛 has 

the form [45]: 

 𝐹(𝑥) = 𝐹0 + 𝑥1𝐹1 + ⋯+ 𝑥𝑛𝐹𝑛 ≤ 0 (1-4) 

where 𝐹0 ∈ ℝ𝑚×𝑚 ,⋯ ,  𝐹𝑛 ∈ ℝ𝑚×𝑚  are symmetric matrices, and 𝑥 = [𝑥1, 𝑥2, … , 𝑥𝑛]
𝑇 . 

Though optimal estimation is not ensured, there are two advantages of the LMI based 

observer design method over the Bayes filter method. First, the oberver gain is obtained 

offline by solving the LMI so the computational effort of real-time implementation of the 

estimator is lower than that of the Bayes filter. Second, the global stability of the state 

estimator is guarranteed in observer design while the Bayes filter potentially diverges in 

the presence of significant nonlinearies. Nonlinear observers have been developed to 

estimate the piston positon of a pneumatic actuator from the nonlinear magnetic field model 

with bounded Jocobians [46][47]. A nonlinear observer with switched gain has also been 

developed for magnetic position sensing involving a non-monotonic measurement model 

[48]. In these applications, the magnetic field model of the magnetic source is fixed and is 
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not actively controlled to vary with the target positon. 

In this dissertation, an active sensing problem for magnetic position measurement is 

solved using nonlinear observer design. In the electromagnetic position estimation system, 

the magnetic strength of the electromagnet is actively controlled by varying its current 

input to follow an optimal profile to enhance position estimation performance, especially 

in the region with low magnetic sensitivity, in an energy efficient way. It is noted that 

current control depends on the unknown position to be estimated, and stable and optimal 

position estimation depends on accurate tracking of the optimal current profile in return. 

Therefore, a challenging problem with coupled control and state estimation is involved, 

where the failure of either current control or position estimation might cause the instability 

of the other one. In this dissertation, a nonlinear observer is designed for the active 

electromagnetic position estimation system to ensure the global stability of both current 

control and position estimation. 

1.5 Thesis Contributions 

The primary research contributions of this dissertation are as follows: 

1) Development of a novel position sensing principle based on the use of an 

electromagnet and high-magnetic-permeability materials: High-magnetic-

permeability materials (e.g. mu-metal) are used as the magnetic medium that is 

magnetized by the magnetic field from the electromagnet with a magnetization 

intensity dependent on the relative position of the mu-metal. The magnetic field 

induced by the magnetized mu-metal is measured for position sensing. The 

proposed position sensing principle using passive high-magnetic-permeability 

materials enables a non-contacting, non-intrusive, low-cost position measurement 

solution that does not require wiring and power supply to the moving object and 

can reject ferromagnetic disturbances by using an alternating magnetic field. 

2) Development of a 1-D piston position estimation system for linear actuators: Based 

on the proposed position sensing principle, a linear position estimation system is 

developed for non-ferrous hydraulic and pneumatic actuators with a mu-metal 
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element attached to the moving piston, and an electromagnet and magnetic sensors 

located outside of the stationary cylinder. An analytical model is developed to 

investigate the sensing mechanism. The linear position sensing system is 

experimentally validated to have a 1% accuracy. The performance of the 

estimation system degrades significantly, however, when the actuator is ferrous 

and the mu-metal object is completely enclosed by a ferrous body. 

3) Development of a nonlinear observer for active electromagnetic position 

estimation system using current control: In the basic linear electromagnetic sensing 

system, the magnetic field distribution of an electromagnet is measured for position 

estimation but the magnetic sensitivity decreases sharply with the distance. To 

solve the low-sensitivity problem in the large-distance region, an active sensing 

system is developed by optimal control of the current input to the electromagnet 

over the measurement range. The challenging problem of coupled current control 

and position estimation is tackled by nonlinear observer design. The active position 

sensing system is experimentally validated to be stable with a measurement 

accuracy of 1% over the whole stroke length of 20 cm. 

4) Development of an angular position estimation system for rotational joints: The 

mu-metal based position sensing principle is applied to develop angular position 

estimation systems to measure the angle of mechanical joints on off-road vehicles 

for automatic operation. Assisted by numerical modeling, two configurations are 

designed with optimization of the sensor placement scheme and geometry of the 

mu-metal. An off-joint configuration can achieve a measurement error under 1 

degree but fails to cover the full 360-degree measurement range. An on-joint 

configuration is validated to have a measurement error under 2 degrees over the 

360-degree range. 

5) Development of a 3-D position estimation system for flexible transluminal medical 

robots: The mu-metal position sensing principle is applied to develop a 3-D 

position estimation system for localization of flexible transluminal medical robots 

for feedback control and autonomous navigation. Only a passive mu-metal element 

is attached to the robot moving inside of the human body, and the electromagnet 
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and magnetic sensors are located outside of the body. Wireless 3-D position 

sensing is achieved without requirement of line-of-sight access, which is desired 

for localization of transluminal robots. Extensive experiments are conducted to 

validate the 3-D position estimation system on a trans-esophageal ultrasound robot. 
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Chapter 2  

 

One-dimensional Linear Position 

Estimation 

 

 

2.1 Introduction 

Linear position measurement is becoming increasingly important for hydraulic, 

pneumatic and electrical actuators used in industrial machines and in off-road vehicles such 

as agricultural and construction machines. In such actuators, the ability to measure the 

piston position enables automation, more accurate operation and intelligent solutions that 

reduce manual effort on the part of human operators. The work presented in this chapter is 

motivated by the need to develop a reliable and robust linear position estimation system 

for such actuators. 

Traditional position sensors for such actuators, like linear variable differential 

transformers (LVDTs) [49] and potentiometers [50], have contacting operation, need to be 

installed between the moving piston and the actuator housing, and are thus subject to 

fatigue loads that can cause failure.  Laser and sonar sensors [50] require line-of-sight 

access to the piston while such line-of-sight access is often not available on piston-cylinder 

actuators.  A popular magnetostrictive sensor, which is often used in such actuators,  

requires drilling a blind bore hole down nearly the entire length of the piston rod for 

installation of a magnetostrictive wave guide, thus involving significant installation costs 
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and potentially causing damage to the structure of the piston rod [49].  Therefore, the above 

limitations demonstrate the need to develop a new type of position measurement system 

for 1-D linear actuators that is non-intrusive, non-contacting, easy to install, and low cost.  

Magnetic-sensing based position measurement system is thus promising to meet the above 

needs.  

Magnetic sensors have previously been used for small range position measurement by 

measuring the magnetic field near a magnet. The most popular sensors for position sensing 

in such applications are hall-effect [51][52] and eddy current sensors [53]–[55]. However, 

these sensors only allow for small distances between the magnet and sensor. An array of 

magnets or an array of these sensors can be used together for position estimation when a 

long range of motion is desired [56][57]. Recently, it has also been shown that magnetic 

sensors can achieve longer range position estimation by measuring the magnetic field 

strength near a magnet and using nonlinear models of the magnetic field as a function of 

position [29][31][58]. This type of sensor does not require contact or line of sight with the 

object being measured. However, the disadvantage of magnetic sensors during large range 

motion is that magnetic disturbances can cause significant error in position estimation.  

Such magnetic disturbances arise not only from magnets but also from regular steel and 

ferromagnetic objects in the surrounding environment of the sensor. 

In this chapter, a novel sensing principle based on the use of an alternating 

electromagnetic field and a high-magnetic-permeability metal (i.e. mu-metal) is proposed 

for non-contacting measurement of the position of a linearly moving object such as the 

piston in a linear stage or on industrial linear actuators. The main idea of the new sensing 

principle is to use the mu-metal attached to the moving object as the medium to change the 

local magnetic field from the magnetic source (i.e. the electromagnet) measured by the 

magnetic sensors. In the developed linear position estimation system, only one or more 

pieces of passive mu-metal films are attached to the surface of the piston and thus no 

powered objects need to be attached to the moving object, making the system durable, non-

intrusive and easy to install. Furthermore, due to the use of an electromagnet, an alternating 

source magnetic field at a specific high frequency can be utilized to differentiate from the 

low-frequency disturbances from nearby ferromagnetic objects, resulting in a position 
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sensing system robust to ferromagnetic disturbances. This feature of the new position 

sensing system solves the problem of being sensitive to adjacent ferromagnetic 

disturbances that has plagued many other magnetic-sensing-based position measurement 

systems. With all the features and advantages above, the newly developed 1-D linear 

position measurement system presented in this chapter could enable a new generation of 

low cost “smart actuators”. 

This chapter is organized as follows: In Section 2.2, a basic electromagnetic linear 

position estimation system without the use of mu-metal is demonstrated. In Section 2.3, 

the novel mu-metal based electromagnetic position estimation system is presented. Its 

sensing principle is intuitively explained first and then a rigorous analytical model is shown 

to reveal the underlying physics of the sensing mechanism. Then the sensor signal 

processing is shown in Section 2.4 to demonstrate how the ferromagnetic disturbance 

rejection is achieved. Since the magnetic field measurement varies with the position of the 

moving object nonlinearly, a nonlinear estimation algorithm needs to be used to estimation 

the position, which is presented in Section 2.5. Experimental results are shown and 

discussed for both the basic embodiment and the mu-metal based position sensing system 

in Section 2.6. Its performance of ferromagnetic disturbance rejection is described in 

Section 2.7. Finally, the chapter is concluded in Section 2.8. 

2.2 Preliminary Electromagnetic Position Estimation System 

Before showing the novel mu-metal based position sensing system, a precursor position 

estimation system based on the direct measurement of magnetic field from an 

electromagnet is presented first. Its advantages and shortcomings are briefly discussed, 

which motivate the development of the mu-metal based system. 
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Figure 2-1 System schematic of the preliminary electromagnetic position measurement system 

without mu-metal.  

 

Figure 2-2 Magnetic field distribution along the central axis of the electromagnet 

The preliminary position measurement system is composed of an electromagnet on the 

static cylinder and magnetic sensors on the moving object consisting of the piston rod, as 

shown in Figure 2-1. The sensors are located at the external end of the moving piston rod.  

Since power needs to be supplied to both the electromagnet and the sensors, power supply 

(or a battery) is required to the moving object in this preliminary sensor embodiment.   

The magnetic field distribution along the central axis of the electromagnet can be 

described assuming the relationship for a solenoid as given by equation (2-1) [59]:  
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where 𝐵𝑥 is the magnetic flux density along the central axis, 𝑥 is the distance of the sensors 

from the electromagnet along its central axis, 𝑙 is length of the electromagnet, 𝑅e is radius 

of the electromagnet,  𝜇0 is the magnetic permeability of vacuum, 𝑁 is number of wire 

turns of the electromagnet, 𝐼 is the supplied current and 𝜆 is a coefficient related to the 

magnetic permeability and shape of the ferrous core of the electromagnet. The variation of 

the magnetic field amplitude along the central axis of the electromagnet is illustrated in 

Figure 2-2. It can be seen that the measured magnetic field decreases monotonically as the 

sensor moves away from the electromagnet. If the magnetic field were an alternating 

sinusoidal field, then the amplitude would similarly vary monotonically with distance, 

which would provide an opportunity for position estimation based on measured magnetic 

field. Only the 𝑥-axis magnetic field is utilized for this basic electromagnetic position 

estimation system because the 𝑦-axis and 𝑧-axis magnetic field remain zero because the 

magnetic sensors are placed right on the central axis of the cylindrical electromagnet. 

This preliminary electromagnetic position estimation system has a very simple 

structure and is easy to install on existing linear actuators. It is non-intrusive and non-

contacting, sharing the same advantages with other magnetic-sensing-based position 

sensors. In addition, due to the use of an electromagnet instead of a permanent magnet as 

the magnetic source, high-frequency alternating magnetic field can be generated for 

position sensing to reject low-frequency ferromagnetic disturbances. The method of signal 

processing to achieve disturbance rejection will be discussed later in Section 2.4. With this 

said, the preliminary system still falls short in several ways. First of all, it is seen in Figure 

2-2 that the magnetic field and magnetic sensitivity (absolute value of derivative of the 

magnetic field variation) both decrease rapidly with piston position. Since the position 

estimation accuracy highly depends on the sensitivity of the magnetic field to position, it 

is expected that the position estimation performance deteriorates when the piston moves 

far from the electromagnet. A good solution is to use active control of the current input to 

the electromagnet in order to have an optimal current distribution along the stroke length 
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so that sufficient magnetic sensitivity over the entire stroke is ensured in an energy efficient 

way. This active sensing strategy for electromagnetic position estimation is discussed in 

detail in Chapter 3 of this dissertation. Another shortcoming of the preliminary 

electromagnetic position measurement system is the need to power a moving object. Due 

to the wiring or battery charging for electronic parts on the moving object, the system 

becomes complicated and the durability is impaired. For example, a bad connection or even 

a wire break could happen. Therefore, this motivates the development of the novel 

electromagnetic position estimation system based on the use of high-magnetic-

permeability materials (mu-metal), which keeps the feature of disturbance rejection 

enabled by the alternating magnetic field generated from the electromagnet but does not 

require any powered or wired electronic parts on the moving object (e.g. the piston). Instead, 

only passive mu-metal is attached to the moving object. 

2.3 Electromagnetic Position Estimation System Using High-

Magnetic-Permeability Materials 

This section is organized as follows: In Section 2.3.1, the structure of the mu-metal 

based electromagnetic position estimation system is presented and its sensing principle is 

intuitively explained. Then an analytical model is provided to describe the physics of the 

sensing principle in Section 2.3.2. Finally, a brief analysis of the sensitivity of the linear 

position sensing system is provided in Section 2.3.3. 



23 

2.3.1 Structure and Sensing Principle 

 

Figure 2-3 Schematic of the mu-metal based electromagnetic position sensing system. 

A schematic of the mu-metal based position measurement system is shown in Figure 

2-3. The position measurement system again includes an electromagnet, which generates 

the alternating magnetic field, and a 3-axis magnetic sensor. The sensor is approximately 

located co-axial to the electromagnet with only a slight offset in z-axis. Both the 

electromagnet and the sensors are located on the stationary cylinder, which effectively 

simplifies the power supply to them. In addition, a thin stack of mu-metal films is attached 

to the piston head. Mu-metal is a type of nickel-iron soft ferromagnetic alloy with very 

high magnetic permeability, which allows it to be readily magnetized by external magnetic 

fields. The measured magnetic field by the sensor includes two components: (1) the 

magnetic field from the electromagnet; (2) the magnetic field from the mu-metal 

magnetized by the electromagnet. Note the magnetic field from the magnetized mu-metal 

is also alternating if the original magnetic field source, i.e. the electromagnet, is alternating. 

The first component does not vary with the piston position due to the constant distance 

between the electromagnet and the sensor, so it cannot be utilized for position sensing. 

However, the second component changes with the piston position because magnetization 

intensity and orientation of the mu-metal depends on the local magnetic field from the 

electromagnet and the latter changes when the mu-metal together with the piston is at 
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different distances from the electromagnet. In other words, the mu-metal can be viewed as 

a “magnet” with variable intensity and orientation that varies with the location of the piston. 

Further, the distance between the sensor and mu-metal varies with the piston position. 

 

Figure 2-4 Experimental magnetic measurement model of the mu-metal based position sensing 

system. 

 

Figure 2-5 Intuitive analysis of the sensing principle of the mu-metal based position sensing system. 

The experimentally measured magnetic field as a function of piston position is shown 

in Figure 2-4 for a measurement range of 10 cm.  It is noted that both of the x- and z-axis 

magnetic field curves have an inverted bell shape with minimums at 3.5 cm and 8 cm, 

respectively. An intuitive explanation of the sensing principle can be obtained from Figure 
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2-5, where the electromagnet and mu-metal plates are both lumped into equivalent magnets 

with their magnetic fields represented by red arrows. As the piston position changes, the 

size and direction of red arrows on it represent the intensity and orientation of the magnetic 

field on it. The magnetic field lines of the electromagnet in a quarter of the cross section is 

plotted in dashed lines. The mu-metal stack is magnetized into equivalent magnets with 

different intensities and orientations at different locations with respect to the electromagnet 

and thus presents a varying effect on the magnetic field at the sensor location. Based on 

the configuration shown in Figure 2-5, the direct magnetic field at the sensor location from 

the electromagnet are in positive x and z direction since the sensor is slightly off the center 

line of the electromagnet in the z-axis. 

The magnetic field of the mu-metal stack at the sensor location in x-axis is explained 

as follows. When the mu-metal stack is right below the electromagnet, the magnetization 

direction is in the – x direction and thus the mu-metal plates exert a large field in – x 

direction at the sensor location. As the mu-metal moves along the x direction until 𝑥 =

7.5 cm where the sensor is located, the magnetization direction deflects off the x-axis and 

gets aligned with the z-axis.  Also, magnetization intensity decreases because the mu-metal 

moves away from the electromagnet. Both of the above cause less contribution from mu-

metal to the x-axis field at the sensor location. However, the distance between the sensor 

and the mu-metal is reduced, which has a favorable effect on the field contribution from 

mu-metal. From 0 to 3.5 cm, the latter spatial effect dominates, due to which the field in x-

axis at sensor location from mu-metal increases and the total field in x-axis decreases 

accordingly since the fields from electromagnet and mu-metal are opposite. From 3.5 to 

7.5 cm, the magnetization effect dominates, which makes the x-axis field from the mu-

metal decrease and thus the total x-axis field recovers back. As the mu-metal continues to 

move and passes the sensor, the magnetization direction deflects such that mu-metal 

contributes positively to the field in x-axis, which accounts for the further elevated 

magnetic field from 7.5 to 10 cm. 

The magnetic field of the mu-metal stack at the sensor location in z-axis is explained 

as follows. As the mu-metal moves from 0 to 7.5 cm, the magnetization direction is 

deflected and gets aligned with the z-axis gradually, and the distance between the sensor 
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and the mu-metal decreases, which causes more contribution from the mu-metal to the z-

axis field at the sensor location. Again, the magnetization intensity decreases, which has 

an adverse effect on the contribution from mu-metal to z-axis field. Since the former effect 

dominates, the field from the mu-metal in z-axis increases and accordingly the total field 

decreases because the z-axis fields from electromagnet and mu-metal are in opposite 

direction. After the mu-metal passes the sensor, the magnetization direction deflects away 

from the z-axis and the mu-metal moves further away from both the electromagnet and the 

sensor. All these factors lead to a decreasing contribution from the mu-metal to the z-axis 

field, which makes the total field in the z-axis increase and then recover back.  

2.3.2 Analytical Modeling 

An analytical model of the measured magnetic field at the sensor as a function of piston 

position is derived in this section to quantitatively reveal the underlying physics of the mu-

metal based position sensing principle. This is done by modeling the magnetic field at the 

sensor as the sum of the magnetic field from the electromagnet and the magnetized mu-

metal. Then the analytical model is verified by comparison with experimental results. 

 

(a) Magnetic field of electromagnet 
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(b) Magnetic field of mu-metal (front view) 

 

(c) Magnetic field of mu-metal (side view) 

Figure 2-6 Analytical modeling of measured magnetic field from the electromagnet and mu-metal. 

As shown in Figure 2-6 (a), the electromagnet is modeled as a series of stacked current 

loops that can be considered as magnetic dipoles with individual magnetic moments. The 

magnetic field of an individual current loop element in both radial and tangential direction, 

i.e.  𝐵e,  and  𝐵e, , is given by 

𝑚 = 𝑛𝐼 𝑥e ∙ (𝜋𝑅e
2) (2-2) 
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 𝐵e, =
𝜇0𝑚

2𝜋  
3 cos  

 𝐵e, =
𝜇0𝑚

4𝜋  
3 sin  

where the subscript “e” represents “electromagnet”, 𝑚 is the effective magnetic moment 

of the current loop, 𝑛  is the wire turns per unit length,  𝐼  is the supply current of the 

electromagnet,  𝑥e  is the length of the current loop element, 𝑅e  is the radius of the 

electromagnet, 𝜇0  is the magnetic permeability in vacuum, and   and    are polar 

coordinates of the concerned location, which are given by 

  =
 

sin 
 

 = tan−1
 

𝑑 − 𝑥e
 

(2-3) 

where   is the offset of the sensor from the electromagnet in z-axis. Then the measured 

magnetic field of the current loop element is obtained by projecting  𝐵 ,  and  𝐵 ,  onto 

x- and z-axis. 

 𝐵e
⃗⃗⃗⃗ = [

 𝐵e,𝑥

 𝐵e, 
] 

                                       = [
cos  − sin  
sin  cos  

] [
 𝐵e, 

 𝐵e, 
] 

(2-4) 

Therefore, the magnetic field of the electromagnet at the sensor location is computed 

by integrating (2-4) over the total length of the electromagnet. This integral is given by 

 

𝐵e
⃗⃗⃗⃗ = ∫  𝐵e

⃗⃗⃗⃗ 
Length of 

electro agnet

 
(2-5) 

where 𝐵e
⃗⃗⃗⃗  is the magnetic field from the whole electromagnet in x- and z- axis, 𝑑 is the 

distance of the sensors from the electromagnet along its central axis, 𝑙 is length of the 

electromagnet, 𝑁  is number of wire turns of the electromagnet, and 𝜆  is a coefficient 

related to the magnetic permeability and shape of the ferrous core of the electromagnet. It 

is noted that 𝐵e
⃗⃗⃗⃗  is not a function of the piston position 𝑥 and thus not involved in position 

sensing. 
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The other magnetic field component measured by the sensors is from the magnetized 

mu-metal thin films. The schematic of the analytical modeling for the magnetic field of 

mu-metal films is shown in Figure 2-6 (b) and (c). The magnetic field of an element of the 

mu-metal film with area    magnetized by the current loop element with length  𝑥e is 

computed first and then the total magnetic field of the mu-metal film is obtained by 

integrating the element field over the whole area of the mu-metal film and whole length of 

the electromagnet. It is assumed that more than 1 layer of mu-metal film (i.e. a stack of 

films) can be utilized. 

The magnetic field from the current loop element at the location of the element of the 

mu-metal film, i.e.  𝐵  and  𝐵 , serves as the magnetization source and is obtained by 

equation (2-2) with the polar coordinates replaced by    and  . 

  =
 

sin 
 

 = tan−1
 

𝑥 − 𝑥e
 

(2-6) 

where   is distance between central axis of electromagnet and the mu-metal element. Due 

to the multi-layer structure of mu-metal films, the magnetization of mu-metal laminations 

is anisotropic. Magnetization is much easier within the plane of each mu-metal film than 

in the perpendicular direction because of the small air gaps with low permeability between 

adjacent mu-metal films. According to [60], the effective relative magnetic permeability in 

perpendicular and in-plane direction is given by 

𝜇𝑥 ≈
1

1 − 𝑝
 

𝜇 ≈ 𝑝𝜇  

(2-7) 

where  𝑝 is the proportion of mu-metal volume in total volume of mu-metal laminations 

(≈ 0.98), 𝜇  is the relative permeability of mu-metal material (≈ 105). It is noted that 𝜇𝑥 ≪

𝜇  based on the calculation of (2-7). According to the ideal magnetization model given by 

[42], the magnetization of element mu-metal films in perpendicular and in-plane directions 

is given by 

 𝑀𝑥 =
𝜇𝑥 − 1

[1 + 𝑁𝑥(𝜇𝑥 − 1)]𝜇0
 𝐵𝑥 (2-8) 
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 𝑀 =
𝜇 − 1

[1 + 𝑁 (𝜇 − 1)]𝜇0
 𝐵  

where 𝑁𝑥 and 𝑁  are demagnetizing factors in each corresponding direction.  𝐵𝑥 and  𝐵  

are external field components from the current loop element by projecting  𝐵  and  𝐵  

onto perpendicular and in-plane directions, which are expressed by 

[
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 𝐵 
] = [

cos  − sin  
sin  cos  
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 𝐵 
] (2-9) 

Then the mu-metal elements are considered as two orthogonal dipoles with 

magnetization of  𝑀𝑥 and  𝑀   and their magnetic field at the sensor location is computed 

as 
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(2-10) 

where   and    are thickness and area of the element mu-metal laminations, respectively, 

and the subscript “m” represents “mu-metal”. The total magnetic field of the magnetized 

mu-metal films is given by the following integral 

𝐵 
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where  𝐵 
⃗⃗ ⃗⃗  ⃗ = [ 𝐵 ,𝑥  𝐵 , ]T,   =      , and 𝐵0

⃗⃗⃗⃗  is the magnetic field of per unit area 

mu-metal magnetized by per unit length of electromagnet. The numerical integration is 

carried out to obtain the total magnetic field of mu-metal films. Note that only the x- and 

z- axis components of the magnetic field are considered here because y- axis component is 

always zero due to the symmetric structure of the system. 

The total magnetic field measured by the magnetic sensors is the sum of above two 

magnetic field components as given by 

 𝐵s
⃗⃗  ⃗(𝑥) = 𝐵e

⃗⃗⃗⃗ + 𝐵 
⃗⃗ ⃗⃗  ⃗(𝑥) (2-12) 

 

Figure 2-7 Analytical magnetic measurement model of the mu-metal based position sensing system. 

This analytical magnetic model as a function of piston position is depicted in Figure 

2-7. Compared with the experimental model shown in Figure 2-4, It is observed that the 

measured magnetic field in both x- and z-axis varies non-linearly and non-monotonically 

with the piston position. The analytical model shares approximately the same qualitative 

variation patterns with the experimental results, which validates the assumptions made in 

the derivation of the analytical model. In both models, as the piston moves, the magnetic 

field in x-axis decreases to the minimum value at around 3 cm and then increases gradually. 

The magnetic field in z-axis starts to increase slightly, then drops to the minimum value at 

around 8 cm, and finally increases again. Further, it can be seen that the peak-to-peak 

variation is approximately 0.05 Gauss for the 𝑥 axis and 0.045 Gauss for the 𝑧 axis in both 
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the experimental data and analytical model. The minor quantitative disagreement between 

analytical and experimental results may be attributed to the inadequate modeling of the 

anisotropic aspects of the magnetization and demagnetizing factor of mu-metal films. 

2.3.3 Analysis of Sensitivity 

It is required to have sufficient sensitivity between the measured magnetic field and the 

position change of the mu-metal in order to estimate the unknown position. As shown in 

Figure 2-7, the magnetic field in both x- and z-axis varies nonlinearly and non-

monotonically, which means there must be some regions of position where the magnetic 

sensitivity deteriorates. These regions are around the maximums and minimums of the 

magnetic field measurements. However, the extremums for x-axis magnetic field and z-

axis magnetic field are separated in different positions. While the magnetic sensitivity is 

low for one axis measurement, that of the other axis measurement is sufficient to guarantee 

the functioning of the position estimation algorithm. 

 

   (a)                                                                                     (b)  

Figure 2-8 Influence of (a) piston speed and (b) thickness of mu-metal films on magnetic sensitivity 

The influence of two factors, i.e. the speed of piston motion and the thickness of mu-

metal films, on the sensitivity of the position sensing system is investigated. It is shown in 

Figure 2-8 (a) that piston speed has a negligible effect on the magnetic field within a speed 

range of 4 cm/s to 12 cm/s. Therefore, piston speed does not influence the sensitivity of the 

position sensing system. Magnetic field variations with piston position with different layers 
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of mu-metal films are shown in Figure 2-8 (b). Each layer of mu-metal film is 0.25 mm 

thick. As the mu-metal film stack become thicker, the magnetic field variation become 

more significant, which leads to larger sensitivity of the position sensing system. Thus, it 

is beneficial to use more mu-metal layers to get more accuracy.  

2.4 Sensor Signal Processing 

It was mentioned earlier in this Chapter that the use of an electromagnet in the position 

measurement system enables the use of an alternating magnetic field instead of a DC 

magnetic field. The alternating magnetic field at a specific high frequency could 

differentiate from the low-frequency disturbances from nearby ferromagnetic objects in the 

frequency domain, which offers the possibility of ferromagnetic disturbance rejection. This 

section will describe the method of sensor signal processing in detail.  

Since the electromagnet is supplied with alternating current, the direct analog sensor 

readings are also alternating signals. Multiple steps of signal processing are required to 

extract the amplitude of the alternating signal from which position can be estimated robust 

to ambient ferromagnetic disturbances. A flow chart of signal processing and the 

electronics used in the position estimation system is shown in Figure 2-9. An alternating 

magnetic field at 100 Hz is generated by supplying an alternating voltage to the 

electromagnet. This frequency is sufficiently high compared to the frequency of piston 

motion, whose bandwidth is lower than 10 Hz. The magnetic sensors on the piston read an 

alternating magnetic field offset by a bias value that depends on the magnetic field of the 

earth and of the immediate surroundings of the system.  In order to remove the influence 

of the static magnetic field due to the surroundings, the measured magnetic field is high-

pass filtered using an RC circuit (cutoff frequency 𝑓𝑐 = 20 Hz). The cutoff frequency of 

the high-pass filter can be adjusted to accommodate the expected range of disturbance 

frequencies in the actual field application. For this research, it is assumed that the motion 

of ambient ferromagnetic objects is at frequencies much lower than 20 Hz. A purely 

oscillatory voltage signal with no bias is then obtained after the high pass filter which is 

amplified using an instrumental amplifier (INA2126) and then supplied to an RMS 
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measurement chip (AD637).  The RMS measurement chip provides a voltage proportional 

to the amplitude of the magnetic field at the 100 Hz frequency, i.e. 𝐵RMS =
1

√2
𝐵amp, where 

𝐵RMS is the RMS value of the filtered and amplified alternating magnetic field, and 𝐵amp is 

its amplitude. This voltage is then low-pass filtered (cutoff frequency  𝑓𝑐 = 15 Hz) and fed 

to a 16-bit analog-to-digital converter (ADS1115). The digitized magnetic field 

measurements are then read by the microprocessor and an extended Kalman Filter based 

position estimation algorithm is implemented. 

 

Figure 2-9 Flow chart of magnetic signal processing. 

 

Figure 2-10 Extraction of the dynamic amplitude of the alternating magnetic field. 
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As the mu-metal moves with the piston, the amplitude of alternating magnetic field 

varies, as is shown in Figure 2-10. The objective of the signal processing is thus to extract 

the dynamic amplitude of the alternating magnetic measurements at the pre-determined 

100 Hz frequency. The 100 Hz frequency of the electromagnet is high enough to be above 

the bandwidth of frequencies in which the piston or disturbing ferromagnetic objects move. 

Low frequency components such as ferromagnetic disturbances and constant magnetic 

fields like the earth’s magnetic field are removed when the raw magnetic sensor outputs 

are passed through the high-pass filter with a cut-off frequency of 20 Hz. 

2.5 Position Estimation Algorithm 

A nonlinear state estimation algorithm is required to fuse the motion model with 

measurements from multiple magnetic sensors because the magnetic measurement model 

is nonlinear with respect to the piston position. The Extended Kalman filter (EKF) is 

therefore employed here because it is suitable for this real-time application due to its 

simplicity of implementation and high computational efficiency. The states to be estimated 

are given by 

 𝑋 = [𝑥𝑝   𝑣𝑝    𝑝]
T (2-13) 

where 𝑥𝑝, 𝑣𝑝 and  𝑝 are the piston position, velocity and acceleration, respectively. A 1-D 

linear kinematic model with constant acceleration assumption is employed to propagate the 

states and the magnetic measurements are used to update the estimates. The process noise, 

which is associated with the uncertainty of the acceleration, is assumed to be zero mean 

Gaussian noise with given covariance 𝑄. The measurement noise is also assumed to be 

zero mean Gaussian noise with constant covariance 𝑅. 𝑅 is obtained by computing the 

sample variance of the experimental magnetic sensor measurement data and 𝑄 is estimated 

approximately based on the potential maximum acceleration of motion. The kinematic 

model and measurement model are listed below [61]: 

 

𝑋k = 𝛷𝑋k−1 + 𝐺𝑤k−1 

𝑦k = ℎ(𝑋k) + 𝑛k 

𝑛k ~ 𝑁(0, 𝑅) 

(2-14) 



36 

𝑤k ~ 𝑁(0, 𝑄) 

where 

𝛷 = [
1  𝑡

d𝑡2

2

0 1  𝑡
0 0 1

], 𝐺 = [

d𝑡2

2

 𝑡
1

], 𝑄 = 𝜎𝑎
2, 

𝑅 = [
𝜎 1

2 0

0 𝜎 2
2] 

(2-15) 

and where  𝑡 is the sampling time. 𝑦 represents magnetic measurements from one or more 

magnetic sensors. 𝑤  and 𝑛  are process noise and measurement noise, respectively. 

Subscript k is the time step index. For both the preliminary position sensing system and 

the mu-metal based position sensing system, two sensors are used so 𝜎 1
2 and 𝜎 2

2 are 

measurement variance associated with two magnetic sensors and it is assumed that there is 

no correlation between different sensor measurements. 𝜎𝑎
2 is the variance of acceleration. 

ℎ(∙) is the nonlinear measurement model. The EKF estimation algorithm is listed below 

[62]: 

 �̂�k
− = 𝛷�̂�k-1

+  (2-16) 

 𝑃k
− = 𝛷𝑃k−1

+ 𝛷T + 𝐺𝑄𝐺T  (2-17) 

 𝐻k =
𝜕ℎ

𝜕𝑋
|
�̂�k

−
 (2-18) 

 𝐾k = 𝑃k
−𝐻k

T(𝐻k𝑃k
−𝐻k

T + 𝑅)−1 (2-19) 

 �̂�k
+ = �̂�k

− + 𝐾k[𝑦k − ℎ(�̂�k
−)] (2-20) 

 𝑃k
+ = (𝐼 − 𝐾k𝐻k)𝑃k

− (2-21) 

where 𝑃 is the covariance of states and 𝐾 is the Kalman gain. The initial 𝑃 is set to be a 

diagonal matrix with potential maximum position, velocity and acceleration during motion 

in its diagonal entries. For example, the initial 𝑃 could be set to be 

 𝑃 = [
202 0 0
0 22 0
0 0 102

] (2-22) 

Superscript “+” and “-” represents a posteriori estimates and a priori estimates for a certain 

time step, respectively. 𝐼 is the identity matrix with proper dimensions. To sum up, piston 

position, velocity and acceleration are estimated from magnetic field measurements in real 
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time using a nonlinear state estimation algorithm (EKF). Generally, this algorithm can deal 

with measurements from multiple sensors. For both sensor embodiments proposed in this 

chapter, two sensor signals are adopted for position estimation. Since the magnetic 

disturbance is already eliminated by analog signal processing electronics, no special 

disturbance rejection algorithms need to be implemented during position estimation. 

2.6 Experimental Results 

In this section, the results of experimental characterization of both the preliminary 

electromagnetic position measurement system and the mu-metal based electromagnetic 

position measurement system are presented and discussed. 

2.6.1 Experimental Results of the Preliminary System  

 

Figure 2-11 Experimental setup of the preliminary system. 
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Figure 2-12 Experimental measurement model for the preliminary position measurement system. 

The experimental setup for the preliminary position sensing system is shown in Figure 

2-11. A hydraulic actuator with stroke length of 20 cm is used for experimental testing. The 

actuator is made of steel with a 3.50 cm diameter piston rod and an 8.84 cm diameter piston 

head. An electromagnet made by wrapping copper wires around a 0.6 cm diameter × 4.5 

cm steel core is mounted on the head end of the cylinder. An alternating current of 560 mA 

(peak to peak value) is supplied to the electromagnet to generate an alternating magnetic 

field around it. Two magnetic sensors are placed on the external end of the piston rod and 

the distance between them is approximately 1.5 cm. One of the sensors is an anisotropic 

magneto-resistance (AMR) sensor (HMC1001) with a sensitivity of 3 mV/V/Oe and the 

other sensor is a tunnel magneto-resistance (TMR) sensor (TMR2003) with a larger 

sensitivity of 6 mV/V/Oe. Only the AMR sensor with low sensitivity is used for position 

estimation when the sensors are near the electromagnet because the TMR sensor with high 

sensitivity gets saturated there due to the high magnetic field. However, both sensors are 

employed when the sensors are far enough from the electromagnet because the high 

sensitivity of the TMR sensor enhances the accuracy of position estimation when the piston 

extends far out along its stroke. The necessity of this sensor fusion strategy can be 

illustrated by the measurement model shown in Figure 2-12. It is seen that the TMR sensor 

signal get saturated under 4 cm and the AMR sensor lose sensitivity when position is above 

15 cm. Note that the distance of the TMR sensor from the electromagnet is 7 cm when the 
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piston is fully withdrawn into the cylinder and that is defined as the origin of the piston 

position for this system. The reference sensor for comparison is an expensive magneto-

strictive position sensor of high accuracy that is embedded in the core of the piston rod of 

the hydraulic actuator. 

  

        (a)                                                                                 (b) 

 

(c) 

Figure 2-13 Position estimation results of the preliminary system (a) Position estimates compared to 

Magnetostrictive sensor measurements. (b) Absolute estimation error over time. (c) Absolute 

estimation error as a function of position. 

The piston position can be estimated using the estimation algorithms given by (2-16) –

(2-21), together with the signal processing hardware described earlier in Section 2.4.  An 

example of the position estimation results for one test is shown in Figure 2-13. Figure 2-13 

(a) shows both the position estimates of the new estimation system and the position 

measured by the expensive reference sensor.  It is seen that the position estimates appear 
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to track the reference signal very closely. The estimation error (defined by taking the 

absolute value of the difference between the new position estimates and the reference 

sensor measurements) is seen in Figure 2-13 (b) to have a maximum value of 0.3 cm, which 

corresponds to a max error of less than 1.5% for this 20 cm stroke cylinder. The variation 

of estimation error with position is also plotted in Figure 2-13 (c) and it shows that the error 

increases with piston position due to a decrease of magnetic measurement sensitivity with 

distance. The theoretical variance of position estimates can be obtained by (2-17) and 

(2-21), which are found to be 0.012 cm, 0.030 cm and 0.073cm at positions 5 cm, 10 cm 

and 15 cm, respectively. It is noted that the variance increases with the piston position as 

expected. 

2.6.2 Experimental Results of the Mu-metal Based System  

 

Figure 2-14 Experimental setup of the mu-metal based electromagnetic position sensing system 

The experimental setup is shown in Figure 2-14. A 3-D printed plastic piston-cylinder 

system was fabricated to test the position measurement system. The diameters of the piston 

rod and piston head are 0.960 cm and 6.330 cm, respectively. The length of the cylinder is 

30 cm but the position measurement system is only tested for a stroke length of 10 cm on 

either side of the electromagnet. The mu-metal plates are fixed to the piston head. The 

electromagnet used in this system is the same as that for the basic electromagnetic position 

measurement system. The electromagnet is supplied with an alternating current of 560 mA 

(peak to peak value) again. Since the variation of measured magnetic field with piston 
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position is small, a 3-axis analogue TMR sensor (TMR2305M) with high sensitivity of 25 

mV/V/Oe is used in this position measurement system. The sensor is mounted statically on 

the cylinder to measure the magnetic field. The sensor is aligned with the electromagnet in 

x- and z-axis with no offset in y-axis. Therefore, the measured magnetic field from the 

electromagnet and mu-metal plates only includes x and z components and the magnetic 

field in y-axis is always zero because the geometric structure of the position measurement 

system is axisymmetric about xz-plane and the piston only moves in x-axis. Hence, only x 

and z-axis measurements are adopted for position estimation. An expensive laser sensor is 

employed as the reference position sensor for comparison. The left cap of the cylinder is 

removed to allow the laser beam to go through and shine on the piston for reference position 

measurement. 

 

    (a)                                                                                  (b) 

Figure 2-15 Position estimation results of the mu-metal based system. (a) Position estimates 

compared to laser sensor measurements. (b) Absolute estimation error. 

For accurate position estimation, the measurement model ℎ(∙) in equation (2-14) is 

obtained by fitting a Fourier series to the experimental data shown in Figure 2-4Figure 

2-15. It is seen that the measurement model is non-monotonic and highly nonlinear. In 

experiments, a sampling rate of 133 Hz is adopted for robust position estimation since the 

piston moves at a much lower frequency.  Note that the raw 100 Hz signals are not read 

directly by the data acquisition system and the output of the RMS chip is read instead. 

The position measurement results with no foreign ferromagnetic disturbance are shown 
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in Figure 2-15. It is shown that the position estimates from magnetic sensing tracks the 

reference position from the expensive laser sensor well with a maximum absolute error of 

0.12 cm, which amounts to a maximum 1.2 % error over the entire 10 cm range of motion. 

It is observed from Figure 2-15 (b) that there exist several peaks of position error. These 

peaks of position error happen when the piston undergoes a rapid start or stop. This is 

because the assumption of constant acceleration does not hold for the situation of fast 

dynamics. However, the accuracy of the position estimation even with these errors is within 

1.2%, which is satisfactory for this specific application. Therefore, the proposed novel 

sensing principle based on passive high permeability mu-metal thin films has been 

experimentally validated and found to work very accurately for position sensing on linear 

actuators. 

 

Figure 2-16 Schematic of extension of sensing range. 

Although the position measurement system has only been tested on one side of the 

electromagnet with a sensing range of 10 cm, it can be easily modified to measure the 

piston position over a range of 20 cm. As is shown in Figure 2-16, one magnetic sensor 

each can be placed on each side of the electromagnet and the nearest set of sensors with 

respect to the piston can be used for position estimation. Since the position measurement 

system with one set of sensors is experimentally shown to accurately measure the piston 

position in a range of 10 cm with 1.2 mm maximum error, it should be able to measure the 

position over a range of 20 cm without significant increase of absolute error when equipped 

with two sensors in symmetric locations. Therefore, the maximum error with respect to the 

total sensing range can be decreased below 1%.  
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2.7 Performance Evaluation of Disturbance Rejection 

Both the preliminary and the mu-metal based position measurement system are 

experimentally evaluated for their immunity to foreign ferromagnetic disturbance. A 250 

mm long and 25 mm wide steel wrench is used as the disturbance source. It is ferromagnetic 

and has a strong inherent magnetic field. It is brought near the sensor at some time instant 

and kept there later. 

2.7.1 Disturbance Rejection Results of the Preliminary System 

 

Figure 2-17 Wrench configurations for disturbance rejection characterization of the preliminary 

system. 

 

(a)                                                                                 (b) 
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  (c)                                                                                  (d) 

Figure 2-18 Disturbance rejection performance for the preliminary system. (a) Position estimation 

results. (b) Estimation error. (c) Effective measurements after high pass filter (d) Measurements 

before high pass filter. 

Figure 2-17 shows the wrench configuration of the disturbance rejection test for the 

preliminary system. Figure 2-18 (a) and (b) show the position estimation results. The 

shaded rectangle represents the time at which the disturbance is introduced. It is seen that 

there is no significant increase of position measurement error when disturbance is 

introduced. The large estimation error from 18 s to 38 s happens when the sensors move 

far from the electromagnet, where the magnetic field is weak and thus the sensitivity is low. 

The maximum measurement error is 0.5 cm, which corresponds to 2.5% of stroke. The 

position measurement system in this paper is superior to the system proposed by [31] using 

a disturbance rejection algorithm, which had 10% maximum error. In addition, the 

disturbance rejection performance is robust and effective no matter the piston moves or not 

while the disturbance rejection performance of the system in [31] deteriorates when the 

piston is stationary. This indicates that the fundamental elimination of ferromagnetic 

disturbance in the frequency domain is a more effective strategy to improve the accuracy 

and robustness of the position sensing system compared with the method using an 

algorithm to detect and estimate the disturbance. 

Figure 2-18 (c) and (d) give the raw measurements before high pass filter and the 

effective measurements after the high pass filter, respectively. It is seen that the raw 

magnetic field measurements are affected significantly as the wrench is brought close to 
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the sensors with a tremendous static signal change of several thousand counts. However, 

the effective amplitude measurements at 100 Hz are only slightly changed. For the raw 

measurements, the sudden changes outside the rectangle are related to turning the motor 

on/off. The signal variation patterns are slightly different between raw measurements and 

effective measurements from 20 s to 30 s because the raw measurements undergo different 

low frequency disturbance components as the piston moves to different locations. 

2.7.2 Disturbance Rejection Results of the Mu-metal Based System 

Figure 2-19 shows two configurations of the wrench with respect to the cylinder and 

position sensing system in the test for disturbance rejection. 

      

  (a)                                                    (b) 

Figure 2-19 Wrench configurations for disturbance rejection characterization of the mu-metal based 

system. (a) Wrench parallel to the cylinder. (b) Wrench perpendicular to the cylinder. 

The disturbance rejection performance when the wrench is placed along the cylinder is 

shown Figure 2-20, where the shaded rectangle represents the time at which the disturbance 

is introduced. It is seen that the position estimates track the true position well even under 

the ferromagnetic disturbance and the maximum estimation error is 0.22 cm, which 

amounts to 2.2% error. This error is slightly larger than that of the nominal position 

estimation with no disturbance by 1%. This minor deterioration of estimation accuracy is 

due to the fact that the measured alternating magnetic field is shifted to the nonlinear region 

of the sensors by the ferromagnetic disturbance. 
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(a)                                                                         (b) 

 

  (c)                                                                           (d) 

Figure 2-20 Disturbance rejection performance with wrench parallel to the cylinder for mu-metal 

based system. (a) Position estimation results. (b) Estimation error. (c) Effective measurements after 

high pass filter (d) Measurements before high pass filter. 

Figure 2-20 (c) and (d) shows the effective measurements and raw measurements, 

respectively. Note that both measurements before and after high pass filter are the RMS 

value of the corresponding amplified signals instead of the raw alternating signals. It is 

seen that that the effective measurements almost remain the same when the disturbance is 

introduced, even while the raw measurements are changed significantly. The ferromagnetic 

disturbance introduced is about 0.038 Gauss in 𝑥-axis and 0.014 Gauss in 𝑧-axis. Therefore, 

the signal processing in this position measurement system successfully eliminates the 

influence of the ferromagnetic disturbance. 
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(a)                                                                         (b) 

 

(c)                                                                           (d) 

Figure 2-21 Disturbance rejection performance with wrench perpendicular to the cylinder for mu-

metal based system. (a) Position estimation results. (b) Estimation error. (c) Effective measurements 

after high pass filter (d) Measurements before high pass filter. 

The disturbance rejection performance when the wrench is placed perpendicular to the 

cylinder is shown in Figure 2-21. It can be seen in Figure 2-21 (a) that the ferromagnetic 

disturbance has minor influence on the position measurement system with no significant 

increase of estimation error. The maximum error is shown to be 0.21 cm, which amounts 

to 2.1% error. The estimation error in this disturbance configuration is approximately the 

same as that for the configuration with wrench parallel to the cylinder. Figure 2-21 (c) and 

(d) shows the effective measurements and raw measurements, respectively. Again, the 

effective measurements used for position estimation do not change much when the 

disturbance is introduced after the signal processing while the raw sensor measurements in 
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fact undergo significant disturbance from the ferromagnetic wrench. It is noted in Figure 

2-21 (d) that the z-axis measurements increase to a constant level after the disturbance is 

introduced, which is attributed to the saturation of the instrumental amplifier. The 

ferromagnetic disturbance introduced is about 0.016 Gauss in 𝑥-axis and more than 0.040 

Gauss in 𝑧-axis. 

2.8 Conclusions 

This chapter presented an electromagnet-based position measurement system for 

industrial actuators which offers significant advantages compared to traditional position 

measurement systems such as potentiometers or LVDTs.  These advantages include low 

cost, non-contacting operation, easy installation and robustness to ferromagnetic 

disturbances.   

In the preliminary embodiment of the sensor, the electromagnet was located on the 

stationary actuator housing while the sensor was mounted on the moving piston rod. The 

sensing principle relied on alternating magnetic fields and a model of amplitude variation 

with actuator position. Signal processing electronics and estimation filters were developed 

to estimate position with an accuracy of better than 1% of total stroke. Additionally, the 

position estimation system was able to reject disturbances from foreign magnetic objects 

and provide good accuracy even in the presence of disturbances. 

The disadvantage of the first embodiment is the need to supply power to the electronics 

on a moving piston rod.  A second embodiment that eliminates this disadvantage was then 

developed. The second embodiment located both the electromagnet and the powered sensor 

on the stationary housing. A stack of high magnetic permeability mu-metal films was 

located on the moving piston. Due to its high magnetic permeability, a significant fraction 

of the magnetic field measured by the sensor was coupled through the mu-metal on the 

piston of the actuator.  Hence, as the piston position changed, the magnetic field measured 

by the sensor changed with piston position. This constituted the sensing principle for a new 

non-contacting and non-powered position measurement system with high sensitivity. 

Experimental results on a non-ferrous actuator showed that the mu-metal based position 
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sensor embodiment could also provide 1% accuracy in position measurement, could reject 

the influence of disturbances from magnetic objects and could measure positions for a 

stroke length up to 20 cm.  Longer stroke length can be handled using additional daisy-

chained sensors.  

The developed position measurement system in this chapter represents a fundamental 

new position sensing technology that requires no power supply to the moving object and 

offers unique advantages compared to other existing one-dimensional linear position 

measurement methods. A limitation of the developed position estimation system is that it 

cannot be used on ferrous actuators in which the mu-metal is located entirely inside a 

ferrous enclosure. 
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Chapter 3  

 

Nonlinear Observer for Active 

Electromagnetic Position Estimation 

 

 

3.1 Introduction 

In the last chapter, a preliminary electromagnetic position measurement system was 

developed based on the use of an electromagnet as the magnetic field source. Though it 

requires power for the sensors located on a moving object and thus is less desirable in long-

term use compared with the high-magnetic-permeability mu-metal based system, it is still 

a practical solution for many applications due to its simple structure and easy installation 

on existing linear actuators. Apart from the issue of requiring power on a moving object, 

the preliminary system suffers from a low-magnetic-sensitivity problem towards the end 

of the stroke. The magnetic sensitivity here refers to the absolute value (or the squared 

value) of the derivative of magnetic field with respect to the position. Figure 3-1 shows the 

distribution of the axial magnetic field and the magnetic sensitivity of a cylindrical 

electromagnet. It is seen that the magnetic field decreases rapidly with the position and 

asymptotically converges to zero. Considering the magnetic sensitivity plotted in the 

logarithm scale in the figure, the magnetic sensitivity decreases even faster with position, 

which leads to a significant deterioration of estimation accuracy. This decrease of position 

estimation accuracy can be observed in Figure 2-13 (c), where the position estimation error 
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increases from 0.1 cm at a position of 0 cm to 0.3 cm at the position of 20 cm. Normally, 

position estimation accuracy for industrial actuators needs to be within 1%. A 0.3 cm 

absolute error at the end of the stroke amounts to a 1.5% relative error for an actuator with 

a stroke length of 20 cm. Therefore, there is a clear need to address the estimation error 

and keep it under 1% across the whole stroke length of the actuator. 

 

Figure 3-1 Variation of magnetic field and magnetic sensitivity with position for the preliminary 

electromagnetic measurement system. 

In fact, the above issue exists generally for all positioning systems whose working 

principle is based on exploiting the spatial distribution of a single magnetic field source 

including permanent magnets. Thanks to the use of an electromagnet as a magnetic field 

source, there is a remedy to the problem of inadequate magnetic sensitivity at positions far 

from the magnetic source because of the flexibility of tuning magnetic intensity for an 

electromagnet by varying its current input. The larger the intensity of the electromagnet, 

the larger the magnetic sensitivity at a specific position. Basically, the current input to the 

electromagnet can be dynamically increased as the piston and magnetic sensor move far 

away from the electromagnet to maintain a sufficient magnetic sensitivity and thus a 

sufficient estimation accuracy for the whole stroke length. This active sensing strategy can 

bring the following advantages for the electromagnet-based position sensing systems:  

1) For applications with a fixed position measurement range, the active sensing 

strategy can improve the estimation accuracy especially for the region far from the 
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electromagnet. 

2) For applications without a fixed position measurement range, the active sensing 

strategy can extend the sensing range to regions where the sensitivity is too low. 

3) The current input to the electromagnet can be adjusted to be lower near the 

electromagnet to prevent saturation of the magnetic sensor. 

4) For applications with demanding requirements of energy efficiency such as 

wearable sensors, the active sensing strategy can strike a balance between energy 

efficiency and esitmation accuracy by optimizing the distribution of current input 

to the electromagnet across the measurement range. 

In this chapter, the active sensing strategy is implemented and evaluated on an 

electromagnetic piston position estimation system for a 1-D linear actuator. However, the 

active sensing strategy can also be applied to 2-D or 3-D electromagnetic position 

measurement applications. It should be noted that the disturbance rejection function by 

using an alternating magnetic field proposed in last chapter can still be preserverd when 

implementing the active sensing strategy, where the amplitude of the alternating current is 

varied according to different positions.  

The concept of active sensing has been used in many applicaitons of state estimation. 

Usually, some parameters of the sensing system are actively controlled to achieve 

improved estimation of states. The trajectory of a mobile robot with positioning sensors 

can be actively planned to improve the accuracy of robot localization and map building, 

resulting in a active simultaneous localizaiton and mapping (SLAM) system [63]. The 

motion of a ummaned arial vehicle (UAV) with limited sensing capability is actively 

controlled to follow a specific trajectory for enhanced observability in estimation of both 

of the orientaiont of the UAV and the flow field states [64]. In some active sensing system, 

the active control of sensor parameters or sensor input is implemented online through the 

model predictive control (MPC) framework, where the parameters are optimized in a fixed 

look-ahead time window and only the first control input is executed at the current time step. 

However, the MPC framework fails to provide a globally optimal strategy for sensor 

parameter control due to its local optimization in a limited time window. Furthermore, most 

active sensing systems use a Kalman filter based method for state estimation, which is only 
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locally stable for nonlinear systems. Since the sensor parameter input control and state 

estimation are coupled, the deterioration of either of the sensor control or state estimation 

will result in the worsening and even divergence of the other. Therefore, there is clear need 

to build a framework for active sensing that ensures globally stable and optimal state 

estimation.  

This chapter is devoted to establishing such an active estimation framework using 

Lyapunov theory based nonlinear observer desgin for simultaneous current input control 

of the electromagnet and piston position estimation of the linear actuator. Experimental 

results show that both the current control and the positoin estimation are stable, and the 

position measurement accuracy is improved by maintaining the estimation error below 1% 

along the whole stroke length in an energy efficient way. 

This chapter is organized as follows: In Section 3.2, the principle of the active 

electromagnetic position estimation system is presented. Then the technical challenges 

with the design of the active sensing system are described in Section 3.3. The nonlinear 

observer design for the active sensing system is shown with a rigorous proof in Section 3.4 

and the optimization method for the current profile of the electromagnet is given in Section 

3.5. Extensive experimental results and presented and discussed in Section 3.6 and the 

chapter is concluded in Section 3.7. 

3.2 Principle of Active Electromagnetic Position Estimation 

The principle of electromagnetic position estimation system using active current 

control is elaborated in this section. In this chapter, the position estimation system is 

designed and tested for linear actuator applications although it could be possibly extended 

to other 2-D or 3-D electromagnet-based position sensing applications in the future. 
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Figure 3-2 System schematic of the active electromagnetic position estimation system. 

As is shown in Figure 3-2, the active electromagnetic position estimation system shares 

exactly the same major components with the preliminary electromagnetic position 

estimation system proposed in Chapter 2, with an electromagnet on the stationary cylinder 

and a magnetic sensor on the moving external piston rod. To reject disturbances from 

ferromagnetic objects, an alternating current with fixed amplitude and fixed frequency can 

be supplied to the electromagnet to generate an alternating magnetic field. The measured 

magnetic signal is high-pass filtered to remove low-frequency ferromagnetic disturbances 

such that only the amplitude of the measured signal at the desired frequency is extracted 

for position sensing. However, the amplitude of the alternating current needs to vary based 

on piston position in the active position estimation system.  

For the basic system with a constant current input, it is seen in Figure 3-1 that the 

magnetic field and magnetic sensitivity (absolute value of derivative of the magnetic field 

variation) both decrease rapidly with piston position. Since the position estimation 

accuracy highly depends on the sensitivity of the magnetic field to position, it is expected 

that the position estimation performance deteriorates when the piston moves far from the 

electromagnet. One way to reduce the large estimation error at the far end of the stroke is 

to increase the current input to the electromagnet. Nevertheless, this method lowers the 

estimation error for the whole stroke length although the estimation error when the sensor 

is near the electromagnet (e.g. x < 5 cm) may already meet the error specification 

requirement even without boosting the current. Therefore, it is a waste of energy to have 

high current supply when the piston with the sensor moves close to the electromagnet. In 
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addition, the magnetic sensor might be saturated when it moves near the electromagnet if 

the electromagnet has too high an intensity. Therefore active control of the current input to 

the electromagnet is adopted in this dissertation in order to have an optimal current 

distribution along the stroke length so that the position estimation accuracy over the entire 

stroke is improved in an energy efficient way. 

 

Figure 3-3 Diagram of working principle of electromagnetic position estimation system with active 

current control. 

Figure 3-3 shows a flow chart schematic of the active position estimation system. The 

dynamics of the piston of an industrial actuator can be represented by kinematics as moving 

under some unknown jerk w. x is the state vector of kinematic states, namely position, 

velocity, and acceleration: 

𝑥 = [𝑧   �̇�   �̈�]T (3-1) 

The electromagnet is modeled as a resistor 𝑅 and an inductor L in series. The current 

supply to the electromagnet is controlled by a voltage, which is governed by the first order 

dynamics shown in the diagram. Under the specific current supply to the electromagnet, 

the magnetic field at the current piston position is measured for state estimation. It is 

assumed that the magnetic field, for a position fixed, is proportional to the current supply. 

ℎ(𝑧; 𝐼0) is the magnetic field variation with position under some constant nominal current 

𝐼0. A nonlinear state observer is designed to achieve stable estimation of the position. Then 

the voltage input for current control is determined based on an offline designed optimal 

�̇� =  𝑥 + 𝐵𝑤 𝑦 = 𝐼  𝐼0  ℎ(𝑧; 𝐼0)
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 = 𝑅𝐼o t(𝑧 ) +   (𝑧 )𝑧 ̇
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current profile 𝐼o t(𝑧) and the immediate position estimates 𝑧 . The optimal current profile 

is designed offline, which defines how to allocate the current supply to the electromagnet 

along the stroke length to achieve both energy efficient and accurate estimation.  

3.3 Technical Challenges with Active Position Estimation 

To achieve an optimal current distribution along the stroke of the linear actuator, a 

trajectory optimization problem needs to be formulated and solved offline to consider the 

piston motion over the whole measurement range. The current profile to track is defined as 

𝐼o t(𝑧), which is a function of position. For optimization of the current profile, a reasonable 

objective function is the magnetic sensitivity averaged over the whole measurement range. 

To simplify the analysis, an implicit assumption is made here that the piston has uniform 

probability to move across the whole measurement range such that the average magnetic 

sensitivity represents the overall position estimation performance well. 

Besides the need of a well-defined formulation of the current profile optimization 

problem, the active sensing system involves a fundamental coupled current control and 

position estimation problem. It requires accurate tracking of the desired current profile but 

the current profile 𝐼o t(𝑧) itself depends on position that is unknown and needs to be 

estimated. Hence, inaccurate position estimation would lead to a bad voltage input to the 

electromagnet, which in turn causes the actual current input to deviate from the optimal 

current profile. The failure of optimal current tracking will further deteriorate position 

estimation. This inter-coupling between current control and position estimation poses a 

significant challenge to the stability of the whole system. As a result, we resort to Lyapunov 

stability theory to design a nonlinear observer to ensure the global stability of both position 

estimation and optimal current tracking. 

3.4 Nonlinear Observer Design 

Since the magnetic field measurement depends on piston position in a nonlinear 

relation, and also on current supply to the electromagnet, a nonlinear state observer needs 

to be designed to obtain asymptotically stable estimates of the kinematic states. While the 
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control law is designed to make the true current track an optimal profile which depends on 

position, the position itself is not measured and is being estimated.  Hence the goal is to 

estimate both position and decide on the voltage input so that the true current supply 𝐼e 

converges to the optimal current input dependent on the true position 𝐼o t(𝑧). 

3.4.1 System Model 

The piston motion is modeled as a constant-acceleration motion with unknown jerk 

input: 

�̇� =  𝑥 + 𝐵𝑤 (3-2) 

where 𝑥 is the vector of kinematic states of piston motion as defined by (3-1) and 𝑤 is the 

unknown jerk noise input.   and 𝐵 are defined as follows: 

 = [
0 1 0
0 0 1
0 0 0

] , 𝐵 = [
0
0
1
] (3-3) 

The unknown jerk is considered to be zero in a deterministic estimation framework, or 

as zero mean Gaussian noise in a stochastic framework. The electromagnet is modeled as 

a resistor and an inductor in series with first order dynamics: 

 𝐼ė + 𝑅𝐼e =   (3-4) 

where   and 𝑅 are equivalent inductance and resistance, respectively. 𝐼e and   are current 

and voltage of the electromagnet, respectively. The magnetic sensing model is given by 

𝑦𝑖 =
𝐼e
𝐼0

∙ ℎ𝑖(𝑧; 𝐼0) (3-5) 

where  = 1,2, … ,𝑚  and 𝑚  is the number of sensors used,  𝑦𝑖  is the magnetic field 

measurement from the i-th sensor, 𝐼0 is some constant nominal current, and ℎ𝑖(𝑧; 𝐼0) is the 

nonlinear magnetic model at 𝐼0 as shown in Figure 3-1. It is noted that the magnetic field 

is proportional to the current supply to the electromagnet at fixed position, which can be 

seen from (3-5). To achieve accurate modeling of the magnetic field of the electromagnet, 

ℎ𝑖(𝑧; 𝐼0) is obtained by fitting 9th order polynomials to the experimental data collected 

under 𝐼0. Let  (𝐼 ) =
𝐼e

𝐼0
, then  

𝑦𝑖 =  (𝐼e)ℎ𝑖( 𝑖𝑥) (3-6) 



58 

𝑦 =  (𝐼e)ℎ( 𝑥) = [𝑦1, 𝑦2, … , 𝑦𝑚]𝑇 

Since the nonlinear function ℎ𝑖 depends only on position 𝑧,  𝑖 is given by 

 𝑖 = [1 0 0] 

 = [ 1
𝑇 ,  2

𝑇 , … ,  𝑚
𝑇 ]𝑇 

(3-7) 

Therefore, 𝑧 =  𝑖𝑥. In the theoretical formulation of observer design, multiple sensors 

(𝑚 ≥ 1) are allowed while only one sensor is actually used in experiments.  

3.4.2 Current Control System 

Let  (𝑧) =
𝜕𝐼opt( )

𝜕 
.  The following simple control law is implemented with the goal 

to make the true current 𝐼e track the optimal current profile 𝐼o t(𝑧): 

 = 𝑅𝐼o t(𝑧 ) +   (𝑧 )𝑧 ̇ (3-8) 

where 𝑧  is the piston position estimate. The challenge here is that we have to use the 

estimated position 𝑧  in the control law. Substituting (3-8) into (3-4), we find 

 

𝑅
𝐼ė + 𝐼e = 𝐼o t(𝑧 ) +

 

𝑅
 (𝑧 )𝑧 ̇ (3-9) 

Normally, the time constant 
𝐿

𝑅
 is relatively small, which causes 𝐼e to track 𝐼o t(𝑧 ) at 

steady state. However, the goal is to ensure 𝐼e to track 𝐼o t(𝑧). This requirement is fulfilled 

by the following observer design. 

3.4.3 Observer Design 

Let the observer be given by 

𝑥 ̇ =  𝑥 + 𝐾 (𝐼e)(ℎ( 𝑥) − ℎ( 𝑥 )) (3-10) 

where 𝐾 is the observer gain to be designed later. Let the error states be �̃� = 𝑥 − 𝑥 . Then 

the estimation error dynamics will be 

�̇̃� =  �̃� − 𝐾 (𝐼e)(ℎ( 𝑥) − ℎ( 𝑥 )) (3-11) 

It is assumed that the current 𝐼e is measured or known from the electromagnet model (3-4).  

Assumption 1: The following bound holds: 

‖𝐼o t(𝑧) − 𝐼o t(𝑧 )‖2
≤ 𝛾‖𝑧 − 𝑧 ‖2 (3-12) 

for all 𝑧, 𝑧 . 
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Assumption 2: The following bounds hold: 

|�̇�| ≤ �̇�𝑚𝑎𝑥, 

‖ (𝑧) −  (𝑧 )‖2 ≤ 𝛾𝜓‖𝑧 − 𝑧 ‖2, and 

‖ (𝑧)‖ ≤  𝜓  

(3-13) 

for all 𝑧, 𝑧 . These assumptions are reasonable because 𝐼o t(𝑧) and its derivative  (𝑧) are 

both bounded and Lipschitz functions. 

Let 𝑀 = 𝑑   (𝑀1, 𝑀2, …𝑀𝑚) be a diagonal matrix with lower bounds 𝑀𝑖  and let 

𝑁 = 𝑑   (𝑁1, 𝑁2, …𝑁𝑚) be a diagonal matrix with upper bounds 𝑁𝑖  on the derivatives 

𝜕ℎ𝑖

𝜕(𝐶𝑖𝑥)
 of the magnetic field output functions.  

Theorem 1: If the observer gain matrix 𝐾 is chosen such that the following linear matrix 

inequality (LMI) is always satisfied 

[

𝐹 𝐺 0
𝐺𝑇 −𝜖𝐼 0

0 0 −
𝑅𝜌

2 
+ 𝜌

] < 0 (3-14) 

with 

𝑃 > 0,  𝜌 > 0, 𝜖 > 0, 

𝐹 =  𝑇𝑃 + 𝑃 − 𝜖
𝐶𝑇𝑀𝑇𝑁𝐶+𝐶𝑇𝑁𝑇𝑀𝐶

2
+

𝑅𝜌

2𝐿
𝛾2 11 +

𝜌

2
𝛾𝜓

2(�̇�𝑚𝑎𝑥)
2 11 +

𝜌

2
 𝜓

2 22, 

𝐺 = −𝑃𝐾 (𝐼e) + 𝜖
𝐶𝑇𝑀𝑇+𝐶𝑇𝑁𝑇

2
, 

 11 = [
1 0 0
0 0 0
0 0 0

] and  22 = [
0 0 0
0 1 0
0 0 0

], 

(3-15) 

then the state estimates converge to the real states and 𝐼e converges to 𝐼o t(𝑧). 

Proof: Consider the following Lyapunov function candidate 

𝑉 = �̃�𝑇𝑃�̃� +
1

2
𝜌[𝐼e − 𝐼o t(𝑧)]

2 (3-16) 

Taking the time derivative gives 

�̇� = �̃�𝑇( 𝑇𝑃 + 𝑃 )�̃� − �̃�𝑇𝑃𝐾 (𝐼e)[ℎ( 𝑥) − ℎ( 𝑥 )]

− [ℎ( 𝑥) − ℎ( 𝑥 )]𝑇𝐾𝑇𝑃�̃� (𝐼e) + 𝜌[𝐼e − 𝐼o t(𝑧)]{𝐼ė −  (𝑧)�̇�} 
(3-17) 
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Let ℎ̃(𝑥, 𝑥 ) = ℎ( 𝑥) − ℎ( 𝑥 ). Then, in matrix form, 

�̇� = [�̃�𝑇 ℎ̃𝑇] [
 𝑇𝑃 + 𝑃 −𝑃𝐾 (𝐼e)

−𝐾𝑇𝑃 (𝐼e) 0
] [

�̃�
ℎ̃
]+ 𝜌[𝐼e − 𝐼o t(𝑧)]{𝐼ė −  (𝑧)�̇�}   (3-18) 

According to the differential mean value theorem, there exists 𝑧�̅� in the interval between 𝑧 

and 𝑧  such that the output function difference is 

ℎ̃(𝑥, 𝑥 ) = {
⋮

ℎ𝑖( 𝑖𝑥) − ℎ𝑖( 𝑖𝑥 )
⋮

} 

= 𝑑   {
𝜕ℎ1

𝜕( 1𝑥)
|
 = ̅1

, … ,  
𝜕ℎ𝑚

𝜕( 𝑚𝑥)
|
 = ̅𝑚

 } ( 𝑥 −  𝑥 ) 

(3-19) 

Then, using the lower and upper Jacobian bounds of 
𝜕ℎ𝑖

𝜕(𝐶𝑖𝑥)
 in equation (3-19), the following 

inequality in matrix form (18) can be obtained, as described in [48]. 

𝑉1 = [
�̃�
ℎ̃
]
𝑇

[

 𝑇𝑀𝑇𝑁 +  𝑇𝑁𝑇𝑀 

2
−

 𝑇𝑀𝑇 +  𝑇𝑁𝑇

2

−
𝑀 + 𝑁 

2
𝐼

] [
�̃�
ℎ̃
] ≤ 0 (3-20) 

Using the S-Procedure Lemma [45], �̇� < 0 if and only if �̇� < 𝜖𝑉1 for some 𝜖 > 0, yields 

the LMI (3-21). 

[
�̃�
ℎ̃
]
𝑇

[
 𝑇𝑃 + 𝑃 − 𝜖

 𝑇𝑀𝑇𝑁 +  𝑇𝑁𝑇𝑀 

2

−𝐾𝑇𝑃 (𝐼 ) + 𝜖
𝑀 + 𝑁 

2

−𝑃𝐾 (𝐼e) + 𝜖
 𝑇𝑀𝑇 +  𝑇𝑁𝑇

2
−𝜖𝐼

] [
�̃�
ℎ̃
] 

+𝜌[𝐼e − 𝐼o t(𝑧)] {−
𝑅

 
𝐼e +

𝑅

 
𝐼o t(𝑧 ) +  (𝑧 )𝑧 ̇ −  (𝑧)�̇�} < 0 

(3-21) 

Let  

𝑄 = [
 𝑇𝑃 + 𝑃 − 𝜖

 𝑇𝑀𝑇𝑁 +  𝑇𝑁𝑇𝑀 

2
−𝑃𝐾 (𝐼e) + 𝜖

 𝑇𝑀𝑇 +  𝑇𝑁𝑇

2

−𝐾𝑇𝑃 (𝐼e) + 𝜖
𝑀 + 𝑁 

2
−𝜖𝐼

] (3-22) 

Then �̇� − 𝜖𝑉1 can be written as equation (3-23). 

�̇� − 𝜖𝑉1 = [
�̃�
ℎ̃
]
𝑇

𝑄 [
�̃�
ℎ̃
] −

𝑅𝜌

 
[𝐼e − 𝐼o t(𝑧)]

2
−

𝑅𝜌

 
[𝐼e − 𝐼o t(𝑧)][𝐼o t(𝑧) − 𝐼o t(𝑧 )] 

−𝜌[𝐼e − 𝐼o t(𝑧)]{[ (𝑧) −  (𝑧 )]�̇� +  (𝑧 )�̇̃�} 

(3-23) 



61 

Using −2  ≤  2 +  2 , and using [𝐼𝑜𝑝𝑡(𝑧) − 𝐼𝑜𝑝𝑡(𝑧 )]
2
≤ 𝛾2�̃�2 , [ (𝑧) −  (𝑧 )]2 ≤

𝛾𝜓
2�̃�2,  (𝑧 )2�̇̃�2 ≤  𝜓

2�̇̃�2, and |�̇�| ≤ �̇�𝑚𝑎𝑥 from Assumption 1 and 2, the inequality (3-24) 

can be obtained. 

�̇� − 𝜖𝑉1 ≤ [
�̃�
ℎ̃
]
𝑇

𝑄 [
�̃�
ℎ̃
] −

𝑅𝜌

 
[𝐼e − 𝐼o t(𝑧)]

2
+

𝑅𝜌

2 
[𝐼e − 𝐼o t(𝑧)]

2
+

𝑅𝜌

2 
𝛾2�̃�2 

+
𝜌

2
[𝐼e − 𝐼o t(𝑧)]

2
+

𝜌

2
𝛾𝜓

2(�̇�𝑚𝑎𝑥 )
2 �̃�2 +

𝜌

2
[𝐼e − 𝐼o t(𝑧)]

2
+

𝜌

2
 𝜓

2 �̇̃�2 

(3-24) 

It is known that 

�̃�𝑇�̃� = {[1 0 0]�̃�}𝑇[1 0 0]�̃� = �̃�𝑇 [
1 0 0
0 0 0
0 0 0

] �̃� (3-25) 

and 

�̇̃�𝑇 �̇̃� = {[0 1 0]�̃�}𝑇[0 1 0]�̃� = �̃�𝑇 [
0 0 0
0 1 0
0 0 0

] �̃� (3-26) 

Let  11 = [
1 0 0
0 0 0
0 0 0

] and  22 = [
0 0 0
0 1 0
0 0 0

].  Then, the inequality can be written as the 

form of (3-27) 

�̇� − 𝜖𝑉1 ≤ [
�̃�
ℎ̃
]
𝑇

𝑄 [
�̃�
ℎ̃
] −

𝑅𝜌

 
[𝐼e − 𝐼o t(𝑧)]

2
+

𝑅𝜌

2 
[𝐼e − 𝐼o t(𝑧)]

2
+

𝑅𝜌

2 
𝛾2�̃�𝑇 11�̃� 

+
𝜌

2
[𝐼e − 𝐼o t(𝑧)]

2
+

𝜌

2
𝛾𝜓

2(�̇�𝑚𝑎𝑥 )
2 �̃�𝑇 11�̃� +

𝜌

2
[𝐼e − 𝐼o t(𝑧)]

2
+

𝜌

2
 𝜓

2 �̃�𝑇 22�̃� 

(3-27) 

Its matrix form is shown in (3-28). 

�̇� − 𝜖𝑉1 ≤ 

[

�̃�
ℎ̃

𝐼 − 𝐼𝑜𝑝𝑡(𝑧)
]

𝑇

[
 
 
 
  𝑇𝑃 + 𝑃 − 𝜖

 𝑇𝑀𝑇𝑁 +  𝑇𝑁𝑇𝑀 

2
+

𝑅𝜌

2 
𝛾2 11 +

𝜌

2
𝛾𝜓

2(�̇�𝑚𝑎𝑥)
2 11 +

𝜌

2
 𝜓

2 22

−𝐾𝑇𝑃 (𝐼 ) + 𝜖
𝑀 + 𝑁 

2
0

 

−𝑃𝐾 (𝐼 ) + 𝜖
 𝑇𝑀𝑇 +  𝑇𝑁𝑇

2
0

−𝜖𝐼 0

0 −
𝑅𝜌

2 
+ 𝜌]

 
 
 
 

[

�̃�
ℎ̃

𝐼e − 𝐼o t(𝑧)
] 

(3-28) 

Hence V̇ < 0 if the matrix inequality in equation (3-14) is satisfied.                                      ∎ 
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Solving LMI (3-14): Note that  (𝐼 ) in (3-14) depends on current 𝐼e. However, the current 

is bounded with  (𝐼e, in) ≤  (𝐼e) ≤  (𝐼e, ax), where 𝐼e, in and 𝐼e, in are the minimum 

and maximum admissible current. Let the LMI in (13) be 𝛷( (𝐼e); 𝐾) < 0. Therefore, if 

the observer gain 𝐾 can be found such that the following two LMIs in (3-29) are satisfied 

simultaneously, 

𝛷( (𝐼e, in);𝐾) < 0 

𝛷( (𝐼e, ax);𝐾) < 0 
(3-29) 

Then from convexity principles, there exists  ∈ [0,1] such that 

𝛷( (𝐼e); 𝐾) = 𝛷(  (𝐼e, in) + (1 −  ) (𝐼e, ax);𝐾) 

                 =   𝛷( (𝐼e, in);𝐾) + (1 −  )𝛷( (𝐼e, ax); 𝐾) <0, for all  (𝐼e) 
(3-30) 

3.5 Optimization of Current Profile of the Electromagnet 

Although the nonlinear observer has been designed to ensure state estimates to track 

true states and true current to track a desired current profile, the optimal desired current 

profile needs to be designed such that there is an optimal trade-off between estimation 

accuracy and energy efficiency. 

3.5.1 Optimization Problem Formulation 

The position estimation accuracy highly depends on the magnetic field sensitivity with 

respect to position, which is set as the performance measure to be maximized, as shown in 

Equation (3-31). 

 = (
 𝐼e
𝐼0

∙
𝜕ℎ(𝑧; 𝐼0)

𝜕𝑧
)

2

 (3-31) 

where   is the squared magnetic sensitivity at the position 𝑧 under the current supply 𝐼e. If 

it is assumed that the true current tracks the optimal current profile perfectly with the 

observer designed in Section 3.4, the magnetic sensitivity can be rewritten as  

 (𝑧) = (
 𝐼o t(𝑧)

𝐼0
∙
𝜕ℎ(𝑧; 𝐼0)

𝜕𝑧
)

2

 (3-32) 

Then the objective of optimization is to maximize the magnetic sensitivity. It is noted that 

the higher the current supply, the higher the magnetic sensitivity. However, it is desired to 
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save energy while achieving sufficient estimation accuracy. Therefore, an average power 

consumption constraint is added. Hence the optimization problem can be formulated as 

max
𝐼opt( )

𝐽 = ∫ 𝑤(𝑧) (𝑧) 𝑧
𝐿s

0

 

subject to 𝑃 =
1

𝐿s
∫ 𝐼o t(𝑧)

2𝑅 𝑧
𝐿s

0
 

 𝑃 < 𝑃li it 

        𝐼L < 𝐼o t(𝑧) < 𝐼U 

𝜕𝐼o t(𝑧)

𝜕𝑧
≥ 0 

(3-33) 

where  s is the stroke length of the actuator (e.g. 20 cm in this specific application), 𝑃 is 

the average power consumption across the stroke length, 𝑃li it is the average power limit, 

and 𝐼L and 𝐼U are lower and upper bound of the admissible current value. The last constraint 

enforces the current profile to increase monotonically with position because larger current 

is desired for larger position due to lower sensitivity there. 𝑤(𝑧) is a weighting function, 

which needs to weight more on large positions since the magnetic sensitivity is very low 

there and should be improved particularly. Here, an exponential weighting function is used 

as given by 

𝑤(𝑧) =      

∫ 𝑤(𝑧) 𝑧
𝐿s

0

= 1 
(3-34) 

where   = 0.008 and   = 0.15. 

3.5.2 Direct Collocation Method 

Although the optimization problem has been formulated, it remains to provide a 

representative form for 𝐼o t(𝑧), which defines how the desired current varies with piston 

position. One way to represent this function is to choose some basis functions, e.g. 

sinusoidal or polynomial functions, and then optimize the weight parameters. The 

disadvantage of this method is that the certain function form can limit the degrees of 

freedom of the current profile, which results in suboptimal solutions. In this paper, a 

trajectory optimization method, namely direct collocation method, is used instead for 

current profile optimization [65]. Instead of taking a specific function form, the current 

profile is represented by a set of 𝑁 discrete collocation points: 𝐼0, 𝐼1,  … , 𝐼𝑘,  … , 𝐼𝑁 across 
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the domain of interest 𝑧 ∈ [0, 20] uniformly, the values of which are to be optimized. The 

trapezoidal collocation method is used in this paper, where the current profile values 

between two adjacent collocation points are interpolated by linear splines and thus the 

current profile is a piecewise linear function. In trapezoidal collocation, the objective 

function and the power consumption constraint, appearing as an integral in this problem, 

are approximated by the summation of trapezoid quadrature. After the transcription, the 

optimization problem (3-33) can be reformulated as a nonlinear programming problem, as 

given by (3-35). 

max
𝐼0… 𝐼𝑁

𝐽 = ∑

1

2
∙ Δ𝑧𝑘 ∙ [𝑤(𝑧𝑘) (𝑧𝑘, 𝐼𝑘) +

             𝑤(𝑧𝑘+1) (𝑧𝑘+1, 𝐼𝑘+1)]

𝑁−1

𝑘=0

 

subject to 

𝑃 =
1

 s
 ∑

1

2
∙ Δ𝑧𝑘 ∙ [𝐼𝑘

2𝑅 + 𝐼𝑘+1
2 𝑅]

𝑁−1

𝑘=0

 

𝑃 < 𝑃li it 

𝐼L < 𝐼𝑘 < 𝐼U,   𝑘 = 0,1, … ,𝑁 

𝐼𝑘 ≤ 𝐼𝑘+1 

(3-35) 

The implementation of this optimization problem is fulfilled using the OptimTraj 

library in Matlab [66]. 

3.6 Experimental Results 

3.6.1 Experimental Setup 

Figure 3-4 shows the experimental setup of the active electromagnetic position 

estimation system. A plastic piston-cylinder system was made to simulate the linear motion 

of industrial actuators. The diameters of the piston rod and piston head are 0.960 cm and 

6.330 cm, respectively. The stroke length of the piston is 20 cm. An electromagnet made 

by wrapping copper wires around a 0.6 cm diameter × 4.5 cm steel core is mounted on the 

stationary test stand together with the cylinder. A Tunnel Magneto-resistance (TMR) 

sensor (TMR 2305M, MultiDimension Technology Co., Ltd) is located on the moving 

handle connected to the piston rod and aligned with the central axis of the electromagnet. 

The sensor measures the magnetic field along the moving direction of piston. An accurate 
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laser sensor (L-GAGE LE550) is employed for reference position measurement. The 

alternating current at 100 Hz is supplied to the electromagnet, the amplitude of which is 

controlled by a 10-bit digital potentiometer (X9119). Note that the potentiometer controls 

the voltage of the low-power signal from the waveform generator before this controlled 

signal is amplified by the power amplifier for the electromagnet current supply. Hence, 

there is negligible power loss in this voltage division control method. 

 

Figure 3-4 Experimental setup of active electromagnetic position estimation system with current 

control. 

Since the current supply to the electromagnet is alternating, the measured magnetic 

field is also alternating. Since the frequency of piston motion and ambient ferromagnetic 

disturbances is normally lower than 10 Hz, the 100 Hz alternating magnetic signal is first 

high-pass filtered using an RC circuit with cutoff frequency of 20 Hz. Then this purely 

oscillatory signal is amplified by an instrumental amplifier (INA2126), which is further 

converted to a DC voltage signal proportional to the amplitude by the RMS-to-DC 

converter (AD637). This DC signal is finally fed to a 16-bit analog-to-digital converter 

(ADS1115) to generate the digital magnetic measurements, which are read by an Arduino 

Uno microcontroller and further transmitted to a computer for state estimation. With this 

signal processing, the selective sensing of the amplitude of the alternating magnetic field 

from the electromagnet is achieved such that no low-frequency disturbance would 

influence the position estimation. The digital potentiometer is controlled by the 

Piston-CylinderReference Laser Sensor

Electromagnet Magnetic Sensor
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microcontroller through the I2C bus. The position estimate is computed in the computer by 

the nonlinear state observer designed in section 3.4 and the control signal is computed 

based on the optimal current profile evaluated at the most recent position estimate. The 

estimation and control process are synchronized at a frequency of 50 Hz. 

3.6.2 Position Estimation Results 

 

Figure 3-5 Nominal constant current, constant current with doubled power, and optimal current 

profile with doubled power. 

Two sets of experiments were performed to show the superiority of the active position 

estimation system. In the first set of experiments, one experiment was first performed to 

show the position estimation performance with a nominal constant current supply to the 

electromagnet. Then two ways of enhancing the estimation accuracy were implemented, 

i.e. boosting the constant current and active control of current, both of which doubled the 

power consumption compared to the case with the nominal current supply. For the case of 

active current control, the average power across the stroke length, as shown in (3-33), is 

used as its power consumption statistic. The current profiles for the three cases are shown 

in Figure 3-5. Note that the unit for current is counts/Ohm since the voltage is represented 

by the position of potentiometer, the total number of levels of which is 1024 counts (10-

bit). The 1X power in the nominal constant current case means 0.27 W. It is seen that the 
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constant current with 2X power is √2 times of the nominal current. The optimal current 

profile increases monotonically with position as designed. Particularly, the current supply 

increases with accelerating slope at the end of the stroke length, which is desired for 

improving the poor magnetic sensitivity there. On the other hand, the current in the optimal 

profile is lower than the constant current with the same power consumption below 12.5 cm 

to save energy because the magnetic sensitivity is sufficient in this region for accurate 

position estimation even with lower current. 

The position estimation results for the three cases are shown in Figure 3-6. It is seen 

that the position estimation error is well below the 1% bound when position is under 15 cm 

and the largest estimation error happens at the end of the stroke for all 3 cases. However, 

by simply increasing the constant current supply, the largest error cannot be bounded 

within the 1% limit that is normally required by industrial actuators. The estimation error 

drops below 1% only for the system using active current control.  

Figure 3-7 shows that the current tracks the desired current 𝐼o t(𝑧) well with 2% 

accuracy. The good current tracking and position estimation verifies the stability results of 

the designed nonlinear observer. 

 

(a) 
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(b) 

 

(c) 

Figure 3-6 Position estimation results. (a) nominal constant current with 1x power. (b) constant 

current with 2x power. (c) active current control with 2x power. 
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Figure 3-7 Current tracking performance of the active current control. 

 
Figure 3-8 Position estimation error statistics for cases with constant current and active current 

control. 

Estimation error statistics are summarized in Figure 3-8. The 20 cm sensing range is 

divided into four regions with equal length. The maximum error and RMS error are 

computed for each region for the three cases. Note that the average power consumption is 
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the same with the boosted constant current and active current control so their estimation 

performance is comparable. For all three cases, the estimation error increases with piston 

position due to the decrease of magnetic sensitivity. It is seen that boosting the constant 

current hardly reduces the maximum error and RMS error under 10 cm since the sensitivity 

is already very high in this region with the nominal current with 1X power. In the 15 ~ 20 

cm position range, the maximum error drops from 0.47 cm with nominal constant current 

to 0.37 cm with the boosted constant current, and to 0.20 cm with active current control. 

The RMS error drops from 0.13 cm to 0.12 cm with the boosted constant current, and to 

0.07 cm with active current control. The active current control decreases both maximum 

error and RMS error by around 50%. Therefore, with the same average power consumption, 

the active current control outperforms boosting the constant current in terms of improving 

the estimation accuracy for the low sensitivity region without significant loss of accuracy 

in the high-sensitivity region. 

 
Figure 3-9 Magnetic sensitivity distribution over position 

It is shown in Figure 3-9 that the magnetic sensitivity with respect to position is 

improved all through the stroke length by boosting the constant current. However, by active 

current control, the sensitivity is particularly enhanced for the far distance region with weak 

magnetic sensitivity, which leads to the superior estimation performance there.  
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A second set of experiments compares the position estimation performance using the 

optimal current profile with that of two extreme cases, i.e. constant current supply with 

maximum and minimum value of the optimal current profile. The current profiles are 

shown in Figure 3-10.  

 
Figure 3-10 Optimal current profile and constant current supply with maximum and minimum 

value of the optimal current profile. 

 

(a) 
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(b) 

Figure 3-11 Position estimation results. (a) high constant current. (b) low constant current. 

The position estimation results with high and low constant current are illustrated in 

Figure 3-11. The estimation result of active current control can be found in Figure 3-6 (c). 

It is observed that the estimation error is well below the 1% error bound with high constant 

current while in the other extreme case with low constant current, large error peak appears 

due to low magnetic sensitivity, especially when the piston with sensor is far from the 

electromagnet. The error statistics are shown in Figure 3-12. The low constant current case 

has much larger maximum and RMS estimation error than that of active current control 

and high constant current, particularly at the far end of the stroke length, due to the 

extremely low magnetic sensitivity. Therefore, too low constant current supply is not 

acceptable for electromagnetic position estimation. Although the high constant current is 

larger than the optimal current profile all along the stroke length, it does not show 

significantly smaller estimation error. However, the power consumption in the case of high 

constant current is 2.88 times of that of applying the optimal current profile. Hence, 

considering both estimation accuracy and energy efficiency, the active current control 

method is the best approach towards electromagnetic position sensing. 
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Figure 3-12 Position estimation error statistics for cases with active current control, and high and 

low constant current. 

3.7 Conclusions 

This chapter proposed an active electromagnetic position estimation system for linear 

actuators. The current supply to the electromagnet is actively controlled to track an optimal 

current profile, by which accurate position estimation can be achieved with high energy 

efficiency for the entire 20 cm stroke length of the actuator. In the optimal current profile, 

the current supply increases with position monotonically. The high current at far positions 

can enhance the weak magnetic sensitivity there while the low current at near positions, 

where the sensitivity is sufficiently high, can avoid wastage of energy. Furthermore, this 

active electromagnetic position estimation can also be used to extend the sensing range in 

an energy efficient way. A nonlinear state observer is designed to ensure both 

asymptotically stable position estimation and current tracking using the estimated position.  

Experimental results show that the active estimation system outperforms the constant 

current system with the same amount of power consumption with an estimation error less 

than 1% achieved over the range of 20 cm. It is also shown that it is not efficient to increase 

the estimation accuracy just by using very high constant current (maximum value of the 
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optimal current profile), because then the energy consumption is nearly tripled. This active 

position estimation scheme can in the future also be applied to 2-D or 3-D electromagnetic 

position estimation problems although it is developed only for a 1-D linear actuator in this 

chapter. In addition, the active sensing strategy proposed in this chapter solved a 

challenging problem involving coupled state estimation and optimal sensor parameter 

control, providing guidelines for the design of similar active sensing systems for a broader 

range of applications.
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Chapter 4  

 

Angular Position Estimation 

 

 

4.1 Introduction 

Rotational motion is pervasive in various mechanical systems like automobiles, robotic 

manipulators and paper production machines, as is shown in Figure 4-1. For example, 

multiple mechanisms and sub-systems with rotational motion are involved in an 

automobile such as steering wheel, accelerator/brake pedal, and crankshaft, etc. Accurate 

angular position sensing can enable real-time monitoring of the end-effector position, 

feedback control of the system, and fault diagnostics of the machine, resulting in a higher 

level of automation and intelligent operation of the system. 

                

(a)                                                                           (b) 
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(c) 

Figure 4-1 Examples of rotational motion and potential applications of angle measurement. (a) a 

robotic manipulator with multiple rotational joints [67]. (b) steering wheel on an automobile [68]. (c) 

paper production involving multiple rollers [69]. 

In this chapter, angular position measurement for rotational joints on off-road vehicles 

such as track loaders and excavators is addressed using the mu-metal based 

electromagnetic position sensing technique. As is shown in Figure 4-2, a track loader has 

multiple rotational joints, whose angle will change as the hydraulic actuators move. The 

next-generation off-road vehicles require autonomous operation in tasks like loading and 

excavating. Thus, the bucket position needs to be estimated for real-time feedback. Though 

the end-effector position can be estimated from individual piston positions of hydraulic 

actuators using methods like what is proposed in Chapter 2, some of the hydraulic actuators 

have a stroke length beyond the measurement range of the mu-metal based linear position 

sensors. If multiple electromagnets and magnetic sensors are used in a daisy-chain 

configuration for the extension of measurement range, the cost of the position measurement 

system is significantly increased. As an alternative, the measurement of joint angles instead 

of the linear piston position results in a low-cost solution with a simple structure to estimate 

the end-effector position if the length of mechanical links between joints are fixed and 

known. 
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Figure 4-2 A track loader involving multiple rotational joints (shown in blue boxes) (TV380 track 

loader, ©2020 CNH Industrial America LLC. [70]). 

There are multiple existing angle sensing solutions. Potentiometers are widely used 

inexpensive angle sensors. However, they have to be installed between rotational machine 

parts with contacting operation, which leads to wear over long-term use and failure due to 

fatigue loads. Inertial sensors (accelerometers and gyroscopes) can be inexpensive and they 

are non-contacting and easy to install [71]. The limitation of inertial sensors is that they 

cannot measure the horizontal angle (yaw angle). Optical encoders are contactless sensors 

with high resolution and can provide high-accuracy angle measurement [13]. However, 

they are not robust in harsh environments with dust or liquid, which could potentially 

contaminate the optical encoder disk and affect the light transmission. Magnetic-sensor 

based solutions [72], on the other hand, can provide reasonably accurate angle 

measurements with lower costs than optical encoders. Most of such sensors are composed 

of a single permanent magnet bar or a magnetically poled ring and a magnetic sensor (Hall-

effect, Anisotropic Magnetoresistive (AMR), or Giant Magnetoresistive (GMR) sensor). 

The angle information can be derived from the measured variation of the local magnetic 

field due to rotation of the part. The drawback of these permanent-magnet angle sensing 

systems is that they suffer from ambient ferromagnetic disturbances and need to be 

installed at the rotational joint. Therefore, it is meaningful to develop a low-cost magnetic-

field-sensing based angular position measurement system immune to ferromagnetic 

disturbances. In this chapter, a high-permeability-material (mu-metal) based 
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electromagnetic angular position estimation system is developed for the measurement of 

joint angles of mechanisms on off-road vehicles and this system can be extended to general 

angle measurement with easy modification. 

The outline of this chapter is listed below. In Section 4.2, the sensor signal processing 

and estimation algorithm are discussed briefly. Then two configurations of the mu-metal 

based angular position estimation systems are demonstrated in Section 4.3 and Section 4.4, 

respectively. For each configuration, the design and modeling of the system is presented, 

the experimental results are discussed, and the performance of ferromagnetic disturbance 

rejection is evaluated. The chapter is concluded in Section 4.5. 

4.2 Signal Processing and Estimation Algorithm 

The angular position sensing system has the same major components as the 1-D linear 

position sensing system, namely an electromagnet, a magnetic sensor, and a mu-metal 

element as the sensing medium. The electromagnet and magnetic sensor are located on one 

mechanical link while the mu-metal is on the other link that rotates around the common 

joint. The motion of magnetized mu-metal incurs a variation of magnetic field in the 

neighboring region, which is picked up by the magnetic sensor for angle sensing. Similar 

to the mu-metal based 1-D linear position estimation system,  the use of an electromagnet 

enables the use of an alternating magnetic field at a certain frequency, which results in 

separation from low-frequency disturbances from adjacent ferromagnetic objects in the 

frequency domain. Therefore, instead of using the immediate alternating magnetic 

measurements, the sensor signal is first high-pass filtered using an RC circuit and then sent 

to an instrumental amplifier for signal amplification. Finally, the amplitude of the purely 

oscillatory signal is extracted using an RMS measurement chip. Finally, the RMS signal 

(proportional to the amplitude of the alternating signal) is read by an analog-to-digital 

converter and transmitted to a microcontroller as effective magnetic measurements. The 

effective magnetic measurements are fused with a constant acceleration motion model 

using an extended Kalman filter for angular position estimation. The scheme of signal 
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processing is shown in Figure 2-9 with the linear motion model replaced by an angular 

motion model. 

Since the magnetic measurement varies with rotation angle in a nonlinear fashion, a 

nonlinear state estimation algorithm needs to be implemented for angle estimation. Again, 

similar to the linear position estimation, the extended Kalman filter (EKF) is used for the 

angular position estimation application. The estimation algorithm is given by equations 

(2-16) to (2-21) in Chapter 2. The state to be estimated is  

  𝑋 = [    𝜔    ]T (4-1) 

where   is the joint angle, 𝜔 is the angular velocity, and   is the angular acceleration. The 

magnetic measurement model ℎ(∙) in EKF is shown in Section 4.3 and 4.4 for each specific 

configuration of angle sensing system. The model is in a mathematical form of Fourier 

series (4-2) by fitting the experimental measurements for accurate angle estimation. 

 𝑦 =  + ∑ 𝑖 sin( 𝑤 ) +  𝑖cos ( 𝑤 )

𝑛

𝑖=1

 (4-2) 

where   is the joint angle and 𝑦 is the magnetic field measurement.  𝑖,  𝑖, and   are model 

parameters. 

4.3 Angular Position Estimation System with Off-joint 

Configuration 

4.3.1 Sensing Principle 

Since the angular position estimation system is primarily designed for the joint angle 

measurement of mechanism employed on an off-road vehicle (e.g. a track loader), it is 

better to have a simple installation on existing vehicles. Therefore, an off-joint 

configuration is designed to meet the need of this application. In this configuration, as 

shown in Figure 4-3, the electromagnet, magnetic sensors, and the mu-metal element are 

all placed at a small distance away from the joint. Because the angle sensor is not located 

exactly on the joint like a ring encoder, it is called the “off-joint” configuration.  
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Figure 4-3 Schematic of the mu-metal based angle sensing system with off-joint configuration. 

It is noted that the electromagnet and the magnetic sensor are located on one mechanical 

part and the mu-metal element is located on the other mechanical part with relative rotation 

to the first part around the joint. Though one mechanical part is shown as a hydraulic 

cylinder in the schematic, it is not necessarily the case and can be any mechanical structure 

on the vehicle. When the mechanical link rotates, the mu-metal passes by the electromagnet 

and the magnetic sensor, which incurs a change of magnetic permeability in the 

neighboring region around the magnetic sensor. As a result, the measured magnetic field 

varies with the rotation angle. The exact measurement model will be shown in the next 

section. The angular position can be estimated from the nonlinear magnetic measurement 

model using a nonlinear estimation algorithm like EKF. 

4.3.2 Design and Modeling 

To achieve a low-cost and simple angle measurement system while obtaining 

sufficiently high accuracy, different configurations of sensor placement are designed and 

tested for the off-joint configuration. As is shown in Figure 4-4, three configurations of 

sensor placement are proposed, namely (1) a single sensor with x-axis measurement; (2) 

dual sensors at the same location with x-axis and z-axis measurement; (3) spatially 

separated dual sensors with x-axis measurement. It is noted that the mechanical link with 

the mu-metal on it can rotate to both sides of the cylinder, all of the sensor placement 
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schemes are designed symmetrically with respect to the center line of the cylinder to 

maximize the measurement range on both sides of the cylinder. 

 

Figure 4-4 Design of sensor placement for the off-joint angle measurement system. 

 

(a)                                                                   (b) 

Figure 4-5 (a) Magnetic measurement model and (b) angular position estimation using single sensor 

with x-axis measurements. 

The single sensor configuration is the simplest one with only one magnetic sensor used. 

Figure 4-5 (a) shows the magnetic measurement variation caused by the angular motion of 

the mu-metal. It is shown that the magnetic field variation is symmetric with the center line 

of the system. Note that the zero angular position is set to be the position when the 

mechanical link with the mu-metal element coincides with the hydraulic cylinder. The 
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magnetic variation is in an inverted bell shape with one minimum point at the zero position, 

where the angular position is unobservable. This can be verified by the experimental results 

shown in Figure 4-5 (b), where angle estimates deviate from the true position when the 

mu-metal passes by the zero position because the estimation system cannot differentiate 

the symmetric magnetic measurements around zero position. In the range of -10 to 10 

degrees, the magnetic measurement is not very sensitive to the angle position change and 

thus cannot provide accurate angle estimates even if the divergence issue is overcome. In 

addition, the magnetic sensitivity is only sufficient for the range of -50 to 50 degrees as the 

magnetic field flattens beyond 50 degrees away from the zero position in both sides. 

Therefore, the single sensor placement cannot be adopted. 

 

(a)                                                                   (b) 

Figure 4-6 (a) Magnetic measurement model and (b) angular position estimation using dual sensors 

at the same location with x-axis and z-axis measurements. 

The second sensor placement design uses two sensors at the same location measuring 

both x- and z-axis magnetic field. Its magnetic measurement model is given by Figure 4-6 

(a). It is seen that both x-axis and z-axis measurement are symmetric with zero position, 

which still poses an issue of unobservability at zero position. The advantage is that the 

added z-axis measurement is more sensitive to angular position than the x-axis 

measurement around the zero position, which might prevent divergence of position 

estimation at zero position for the specific experimental test shown in Figure 4-6 (b). 

However, the magnetic sensitivity is low beyond the range of -50 to 50 degrees for both x- 

and z- axis measurement, resulting in inaccurate estimates and even divergence of position 
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estimation.  

The third sensor placement scheme is to use two sensors separated on the two sides of 

the electromagnet so as to maximize the coverage of both sides of the cylinder. Figure 4-7 

shows the magnetic field variation caused by the mu-metal movement. It is seen that the 

magnetic field model is in a skewed inverted bell shape for both sensors with the minimum 

point occurring at the location of the sensor. The separation of two sensors in space leads 

to the separation of positions of ambiguity, making at least one magnetic measurement 

sensitive at any angular position in the measurement range. Therefore, the divergence issue 

is successfully prevented using this sensor placement design. Furthermore, it is noted that 

the magnetic measurements are sensitive to the angle position up to the range of -60 to 60 

degrees, which is slightly broader than the previous two configurations of sensor placement. 

Hence, considering its potential of stable and accurate estimation of angular position, the 

configuration of spatially separated dual sensors is adopted for the off-joint angle 

estimation system. Extensive experimental results for this configuration will be shown in 

Section 4.3.3. 

 

Figure 4-7 Magnetic measurement model using spatially separated dual sensors with x-axis 

measurements. 

The experimental measurement model is obtained as shown in Figure 4-7, where the 

magnetic field varies with the angular position nonlinearly and non-monotonically. 
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Although it can be directly used for position estimation, a deeper understanding of this 

magnetic field pattern and how it is influenced by the magnetized mu-metal is beneficial 

to the system design and optimization in the future. Thanks to the development of the 

computational tools of multi-physics modeling, the magnetic field of the angle sensing 

system can be numerically modeled and analyzed using the software of COMSOL. In the 

following part, the numerical modeling using COMSOL reveals the physics of how the 

magnetic field distribution of the electromagnet is influenced by the sensing medium of 

mu-metal element.  

In the numerical simulation, the finite element method (FEM) is adopted to subdivide 

the whole region of interest into smaller parts called finite elements. For each finite element, 

the governing equation of physics, originally as partial differential equations (PDE), are 

approximated by simpler algebraic equations with proper boundary conditions. Then the 

set of element algebraic equations are combined into a large system of equations solved 

using some numerical linear algebra method. The advantage of FEM is that it can solve 

problems involving complex geometries and materials with non-uniform properties. If the 

region is meshed into sufficiently fine subdomains and the material properties are well 

modeled, the accuracy of numerical simulation can be ensured. Thus, many real-world 

experiments can be replaced by numerical simulation for validation and design of a 

prototype, saving costs of time and money.  

 

Figure 4-8 Geometric model for numerical simulation of the off-joint angle sensing system. 
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For the specific problem of modeling of a magnetic angle sensing system involving 

high-magnetic-permeability materials, the magnetic field (i.e. magnetic field flux density) 

distribution around the electromagnet and mu-metal element need to be computed. The 

magnetic field variation at the sensor locations caused by the mu-metal rotation need to be 

particularly investigated. Although an alternating magnetic field is generated by the 

electromagnet, its frequency (100 Hz) is still in the low-frequency regime, at which the 

wave-like behavior of the electromagnetic field is negligible and thus the steady-state 

modeling using a constant magnetic field can well approximate the average behavior of the 

original alternating magnetic field. Since an electromagnet (a coil carrying current) is 

involved, the steady-state magnetic field can be described using the following governing 

equation [73] 

 ∇ × (𝜇−1∇ ×  ⃑) = 𝐽 (4-3) 

where 𝜇  is the magnetic permeability,  ⃑  is the magnetic vector potential, and 𝐽  is the 

electric current density. In the numerical simulation,  ⃑ is solved to compute the magnetic 

flux density �⃗⃑� using  

 �⃑⃗⃗� = ∇ ×  ⃑⃗⃗ (4-4) 

The geometric model is shown in Figure 4-8, where the region of interest is set to be a cube 

enclosing the electromagnet and the circular mu-metal plates. In simulation, the mu-metal 

rotates to pass by magnetic sensors. The location of magnetic sensors is marked as red dots 

in the figure. The meshed region for computation using FEM is shown in Figure 4-9, where 

the region of electromagnet and mu-metal and the neighboring area are meshed finer than 

the rest of the domain for better accuracy of simulation because the magnetic property 

changes significantly at the boundary of different materials.  
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Figure 4-9 Meshed region for numerical simulation using FEM. 

Figure 4-10 shows the distribution of magnetic field in x-axis in the cross section where 

the sensors are located when the mu-metal element rotates to different angles. The mu-

metal plates are shown as a black circle while the two magnetic sensors are shown as black 

dots. The electromagnet is marked as a white rectangle. The separated dual sensors are also 

adopted as the sensor placement configuration in numerical simulation for comparison with 

its experimental results. Note that the mu-metal plate is above the plane with the depicted 

magnetic field (i.e. the plane where the electromagnet and sensors are located). It is 

observed that the magnetic field at the sensor location is impaired when the mu-metal is 

passing by the sensor. It is because the magnetic field is concentrated to the mu-metal 

element and thus deflected away from the sensor location due to the much higher magnetic 

permeability of mu-metal than the surrounding air. This effect explains the pattern of 

magnetic field variation with the angular position of mu-metal obtained by numerical 

simulation, as shown in  Figure 4-11. As the mu-metal element passes by each sensor from 

above, the magnetic field decreases first and then goes up with the minimum point 

appearing when the mu-metal plate is right above the sensor. In comparison with the 

experimental magnetic measurement model shown in Figure 4-7, the numerical model 

follows the same pattern of variation with respect to the rotation angle of mu-metal. 

Therefore, the numerical simulation is verified to be an effective tool of magnetic sensing 

system. The position sensing system can be analyzed and optimized using numerical 
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simulation before prototyping and experimental test. 

 

Figure 4-10 Magnetic field distribution with rotation of mu-metal in the off-joint configuration from 

numerical modeling. 

 

Figure 4-11 Numerical magnetic measurement model for the off-joint angle sensing system. 
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4.3.3 Experimental Results 

 

Figure 4-12 Test rig of angular position estimation system with off-joint configuration. 

Figure 4-12 shows the test rig of the angle estimation system with off-joint 

configuration. An expensive magnetic encoder (RLS MBAD01_08) with high accuracy of 

0.05 degree is mounted on the joint as reference. The hydraulic cylinder is fixed while a 

steel lever can rotate around the joint, making the mu-metal plates passing by the sensors. 

The lever can rotate to both sides of the cylinder. The mu-metal element used here is a 

stack of thin circular plates with the thickness of 0.25 mm. The mu-metal plates are 

attached to the rotating steel lever while the electromagnet and the magnetic sensors are 

fixed to the stationary hydraulic cylinder. The alternating magnetic field is generated by 

the electromagnet to achieve ferromagnetic disturbance rejection. The method of sensor 

signal processing and estimation algorithms is used as given by Section 4.2.  

The first set of experiments are performed to evaluate the influence of mu-metal plate 

size on the angle estimation performance. The mu-metal plates with a diameter of 4.60 cm 

and 6.20 cm are tested respectively. 8 layers of mu-metal plates are used for both sizes. For 

each size of mu-metal plates, the estimation system is tested for three different 

measurement ranges (i.e. ±50 , ±55 , and ±60 ) to explore the limit of effective 

measurement. 
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Figure 4-13 Angular position estimation results with mu-metal plates with a diameter of 4.60 cm for 

different measurement ranges. 
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Figure 4-14 Angular position estimation results with mu-metal plates with a diameter of 6.20 cm for 

different measurement ranges. 

The angular position estimation results using the mu-metal plates with a diameter of 
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4.60 cm are shown in Figure 4-13. It is shown that the position can be estimated with an 

accuracy of less than 1 degree up to the measurement range of ±55 . When the mu-metal 

rotates beyond  ±55 , the estimation error can exceed 1.5 degrees. Figure 4-14 shows the 

angle estimation results using the mu-metal plates with a diameter of 6.20 cm. Compared 

with the case with smaller mu-metal plates, the position estimation error can be bounded 

within 1 degree up to ±60 . This can be explained by the fact that larger mu-metal element 

can incur stronger influence on the local magnetic field measured by magnetic sensors. The 

root-mean-square (RMS) error and maximum error are summarized in Table 4-1. It is seen 

that the RMS error and maximum error increases as the mechanical link rotates to larger 

angles, which can be explained by the fact that the magnetic sensitivity decreases when the 

mu-metal moves far from the magnetic sensors and the electromagnet, as shown in Figure 

4-7. In addition, it is observed from the table that the RMS error for the case of   = 6.20 

cm is about 0.2 degree up to the measurement range of ±60  while that for the case of   = 

4.60 cm reaches 0.32 degree. The Maximum error for the case of   = 6.20 cm is 0.71 degree 

and that for the case of   = 4.60 cm is 1.69 degree up to the measurement range of ±60 . 

If the design specification of estimation accuracy is set to be less than 1 degree for 

maximum error, which is a typical measurement accuracy for applications of off-road 

vehicles, the size of   = 6.20 cm meets the requirement. If the design specification can be 

released, smaller sizes of mu-metal plates can also be used.  

Table 4-1 Angular position estimation error for different measurement ranges 

Measurement Range 

(degree) 

Max. Error (degree) RMS Error (degree) 

  = 4.60 cm   = 6.20 cm   = 4.60 cm   = 6.20 cm 

100 (-50 ~ 50) 0.71 0.57 0.21 0.18 

110 (-55 ~ 55) 0.86 0.63 0.24 0.20 

120 (-60 ~ 60) 1.69 0.71 0.32 0.21 

 A second set of experiments are performed to evaluate the influence of axial distance 

(denoted as 𝑑  as shown in Figure 4-3) between the mu-metal plates and the 

electromagnet/magnetic sensor on the performance of the angular position estimation 

system. This is also the axial distance between two mechanical parts with relative rotation, 
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which varies with different applications. Therefore, it is meaningful to investigate the 

influence of this distance on the position estimation accuracy. The experiments are 

conducted again for mu-metal plates with 8 layers and with sizes of   = 6.20 cm and   = 

4.60 cm. Figure 4-15 shows the magnetic variation with the angular position for different 

axial distances with   = 6.20 cm. It is seen that the magnitude of magnetic variation 

decreases as the axial distance become larger. Quantitatively, the magnitude of magnetic 

variation (i.e. the absolute difference between the maximum and minimum of the magnetic 

field) for 𝑑 = 3.5 cm is only 1/5 of that for 𝑑 = 1.5 cm. It is expected that the position 

estimation accuracy is impaired by larger axial distances since the position estimation 

performance highly depends on magnetic sensitivity. 

 

Figure 4-15 Magnetic measurement model for different axial distances. 

Figure 4-16 shows angular position estimation results with different axial distances 

when mu-metal size is   = 4.60 cm. It is observed that if the axial distance is less than 2.5 

cm, the estimation error will be well bounded within 1 degree. If the axial distance becomes 

3.5 cm, the maximum error is beyond 2 degrees. This deterioration of position estimation 

accuracy can be well explained by the measurement model shown by Figure 4-15. Figure 

4-17 shows angular position estimation results with different axial distances when mu-

metal size is   = 6.20 cm. Again, the position estimation error is well below 1 degree if the 

axial distance is under 2.5 cm. When the axial distance goes up to 3.5 cm, the estimation 

error can increase up to more than 2 degrees. Therefore, it is better to keep the axial distance 
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under 2.5 cm when installing the angle sensing system to mechanical structures. 

 

 

 

Figure 4-16 Angular position estimation results with mu-metal plates with a diameter of 4.60 cm for 

different axial distances. 
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Figure 4-17 Angular position estimation results with mu-metal plates with a diameter of 6.20 cm for 

different axial distances. 
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Table 4-2 summarizes the error statistics of angular position estimation for different 

axial distances. It is seen that the RMS error and maximum error increase as the axial 

distance becomes larger. As the axial distance increases from 2.5 cm to 3.5 cm, the 

maximum error and RMS error nearly doubles due to the sharp decrease of magnetic 

sensitivity to the angular position. The RMS error associated with the smaller mu-metal 

size is slightly larger than that of the large mu-metal size. This is because larger mu-metal 

element can provide stronger magnetic field variation. 

Table 4-2 Angular position estimation error for different axial distances 

Axial Distance (cm) 
Max. Error (degree) RMS Error (degree) 

  = 4.60 cm   = 6.20 cm   = 4.60 cm   = 6.20 cm 

1.5 0.85 0.69 0.24 0.21 

2.5 1.03 1.15 0.37 0.27 

3.5 2.70 2.30 0.67 0.54 

4.3.4 Performance of Disturbance Rejection 

It is claimed that the angular position estimation system has the capability of 

ferromagnetic disturbance rejection enabled by the use of the alternating magnetic field 

and related signal processing techniques. Its performance of disturbance rejection is 

evaluated in this section.  

 

Figure 4-18 Evaluation of disturbance rejection performance for the off-joint angle measurement 

system. 
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   (a)                                                                               (b) 

 

  (c)                                                                               (d) 

Figure 4-19 Disturbance rejection performance of mu-metal based angular position estimation 

system with off-joint configuration. (a) Position estimation results. (b) Estimation error. (c) Effective 

measurements after high pass filter (d) Measurements before high pass filter. 

A wrench made of steel is used as the source of ferromagnetic disturbance as shown in 

Figure 4-18. To test the disturbance rejection performance of the angle estimation system, 

the wrench is placed near the sensing system when the joint angle is being measured. The 

angular position estimation results are shown in Figure 4-19. The shaded rectangle 

represents the occasion when the wrench is placed near the sensing system. It is shown that 

the estimation error is kept approximately within 1 degree even after the disturbance of 

wrench is introduced. The maximum error is 1.02 degree, which amounts to about 1% 

relative error for the measurement range of -50 ~ 50 degree. The RMS error is 0.27 degree. 
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Figure 4-19 (c) and (d) shows the filtered and unfiltered magnetic signal under the 

influence of ferromagnetic disturbance. It is observed that the unfiltered raw measurement 

experiences significant shift when the disturbance is introduced while the filtered signal 

almost keeps the original pattern. This validates the effectiveness of the use of the 

alternating magnetic field and related signal processing techniques for ferromagnetic 

disturbance rejection. 

4.4 Angular Position Estimation System with On-joint 

Configuration 

4.4.1 Sensing Principle 

 

Figure 4-20 Schematic of mu-metal based angular position estimation system with on-joint 

configuration. 

The angle estimation system with off-joint configuration presented in Section 4.3 can 

provide position estimation accuracy below 1 degree for the measurement range of 60 

degrees on either side of the electromagnet. However, this off-joint configuration suffers 

from the problem of limited angle sensing range because the electromagnet, magnetic 

sensors and mu-metal are all installed away from the joint. When the mu-metal rotates far 

from the electromagnet and magnetic sensors, it cannot significantly influence the 
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magnetic field at the location of the magnetic sensors, resulting in failure of angle 

estimation. In some applications, the joint angle needs to be measured over a large range 

and even over the range of full 360 degrees, where the off-joint configuration does not 

work. Therefore, a new angular position estimation system with on-joint configuration is 

proposed in this chapter to achieve the full 360-degree angle measurement. The schematic 

of the on-joint configuration is shown in Figure 4-20. Different from the off-joint 

configuration with all the sensing components on rotating mechanical structures away from 

the joint, the sensing components of the on-joint configuration are placed right around the 

joint. The electromagnet and magnetic sensors are located on the outer housing of the joint 

while the mu-metal element is placed on the rotating shaft of the joint. When the mu-metal 

rotates to have different orientation with respect to the electromagnet, it is magnetized with 

different intensity and orientation and thus exerts different influence on the magnetic field 

around the joint, which is sensed by magnetic sensors for angle estimation. 

4.4.2 Design and Modeling 

 

Figure 4-21 Design of mu-metal geometry for the on-joint angle measurement system. 

The challenge of the angle sensing system with on-joint configuration to obtain a 

unique magnetic field distribution for each angle of the mu-metal rotation in order to realize 

the full coverage of 360-degree sensing range. Therefore, the design of the geometry of the 
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mu-metal element is crucial since it is the simplest way to result in unique magnetic 

distribution over the 360-degree range. To achieve non-repetition of magnetic field over 

the 360-degree, the geometry of the mu-metal element needs to be designed to have an 

asymmetric shape. As is shown in Figure 4-21, if the mu-metal element is in the perfect 

circular shape like what is used in the off-configuration system, it cannot cause any 

magnetic field variation when it rotates since it is a rotationally symmetric geometry. 

Hence the mu-metal with circular shape cannot be used for angle sensing. Other shapes 

shown in Figure 4-21 are be considered in design of the mu-metal geometry, namely the 

band shape, arrow shape, and fan shape. Two sensors are used to measure the magnetic 

field in the radial direction for all three shapes of mu-metal. Two magnetic sensors and the 

electromagnet are separated uniformly around the shaft with the angle between any two 

components being 120 degrees. The diameter of the shaft is 30 mm. Since the method of 

numerical simulation has been proved to model the magnetic field of the angle sensing 

system with off-joint configuration with reasonable accuracy, it is used here to model the 

influence of mu-metal element with different geometries on the magnetic field 

measurement to find out the best mu-metal shape for the angle sensing system with on-

joint configuration. 

 

Figure 4-22 Magnetic variation with rotation angle from numerical simulation for mu-metal element 

in (a) band shape and (b) fan shape. 

The first shape considered is the band shape with a width of 10 mm. The magnetic field 

variation caused by band-shape mu-metal rotation is shown in Figure 4-22 (a). The range 
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of variation is shown to be about 0.4 Gauss. However, the magnetic field measured by 

either sensor repeat itself every 180 degrees since the band shape repeats the same 

configuration with respect to the electromagnet and magnetic sensors when it rotates 180 

degrees. Therefore, this fundamental ambiguity between two 180-degree regions makes 

band shape not applicable for full 360-degree angle sensing. 

The fan-shape mu-metal seems to be promising for 360-degree angle sensing since it 

has an asymmetric shape. The fan shape considered here is a partial circle with a central 

angle of 80 degrees. Its numerical magnetic model is given in Figure 4-22 (b). The range 

of variation is about 0.45 Gauss. It is observed that there is a unique magnetic field 

measurement for each rotation angle over the range of 360 degrees. However, the magnetic 

sensitivity with rotation angle is extremely low for both sensors in the range of 0 ~ 40 and 

320 ~ 360 degrees, amounting to a consecutive 80-degree insensitive region. The 

insensitive region is where the fan-shape mu-metal rotates away from both magnetic 

sensors and towards the electromagnet so there is negligible influence of mu-metal on the 

magnetic field at locations of magnetic sensors. Therefore, the arrow-shape mu-metal is 

proposed as a “mixture” of band shape and fan shape. The arrow-shape mu-metal 

considered here is manufactured by cutting off two segments from the full circle, with the 

left part having an angle of circumference of 40 degrees. Unlike the two equal ends of the 

band shape, the arrow shape has one small end and another large end. When the large end 

rotates away from magnetic sensors towards the electromagnet, the small end (“arrow 

head”) points to the side of magnetic sensors, eliminating large insensitive region. Figure 

4-23 (a) shows the numerical magnetic model for the angle sensing system with arrow-

shape mu-metal. The range of magnetic field variation is 0.9 Gauss, which is twice of that 

of the fan shape, making the angle sensing system with arrow-shape mu-metal more 

sensitive overall. The numerical results agree with the experimental model shown in Figure 

4-23 (b) in terms of overall variation pattern and locations of extremum points. The 

experimental model shows fewer insensitive locations than the numerical results, which 

favors angle estimation using the arrow-shape mu-metal. The minor mismatch between the 

numerical and experimental model might be attributed to inaccurate modeling of magnetic 

property of the mu-metal in the numerical simulation. 
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Figure 4-23 Magnetic variation with rotation angle of mu-metal in arrow shape. (a) Numerical 

simulation results. (b) Experimental results. 

 The magnetic field distribution under the influence of rotating arrow-shape mu-metal 

at six angular positions with a 60-degree spacing is illustrated in Figure 4-24. In the figure, 

the location of two magnetic sensors are marked as black dots, the arrow-shape mu-metal 

is shown as white triangles, and the electromagnet is shown as white bars. Note that the 

magnetic field shown here is in the Cartesian coordinate frame while the actual magnetic 

field measurement is taken in the radial direction of the shaft for position estimation, which 

is a combination of projected 𝐵𝑥 and 𝐵𝑦. It is observed that the local magnetic field around 

the mu-metal element is re-distributed by the presence and rotation of the high-magnetic-

permeability mu-metal. Due to the asymmetric design of the mu-metal geometry, the 

magnetic field distribution is uniquely formed for each individual angle of the mu-metal 

rotation over the 360-degree range. For example, the distribution of 𝐵𝑥 around the mu-

metal is different at  = 0 , when the arrow is pointing downwards, and at  = 180 , when 

the arrow is pointing upwards. In the region right below and near the mu-metal, 𝐵𝑥 at  =

0  is enhanced by the mu-metal with high magnetic permeability for a small area while the 

amplifying effect for 𝐵𝑥 at  = 180  is spread to a larger area because of presence of the 

large end of the arrow-shape mu-metal. Hence, the design of mu-metal geometry is critical 

for 360-degree absolute angle sensing with on-joint configuration. The arrow shape is 

expected to provide the best angle estimation performance by preliminary analysis using 

numerical simulation and is adopted for further experimental validation. 
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Figure 4-24 Magnetic field distribution with rotation of mu-metal in the on-joint configuration from 

numerical modeling. 

4.4.3 Experimental Results 

 

Figure 4-25 Experimental setup of the on-joint angle measurement system. 

A test rig is built to experimentally evaluate the mu-metal based angle measurement 

system with on-joint configuration. A supporting structure made of aluminum is built to 

hold a rotating shaft with a diameter of 30 mm using bearings. A manual wheel is used to 

rotate the shaft and a high-accuracy encoder (RLS AksIM-2) is mounted on the shaft for 

reference. The angle sensing system is installed on one end of the shaft. A stack of 8 layers 
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of fan-shape mu-metal plates are placed on the surface of shaft end. An electromagnet 

( 10 mm × 20 mm) and two magnetic sensors (TMR 2305M) are placed around the shaft 

on the supporting structure with an even arrangement over the circle (i.e. spacing of 120 

degree between two components). The magnetic field in the radial direction is measured 

for angle sensing. 

 

Figure 4-26 Experimental results of angular position estimation with on-joint configuration. 

The on-joint angular position estimation system with mu-metal element in arrow shape 

is experimentally evaluated over the 360-degree range. Figure 4-26 shows that the angle is 

estimated well in continuous rotation. The estimation error is well below 2 degrees with 

maximum error of 2.03 degree and RMS error of 0.62 degree. This amounts to a relative 

maximum error of 0.56% and RMS error of 0.17% for the sensing range of 360 degree.  

4.4.4 Performance of Disturbance Rejection 

The capability of ferromagnetic disturbance rejection of the angle sensing system with 

on-joint configuration is validated. Similar to the test with the off-joint configuration, a 

steel wrench is used as the source of ferromagnetic disturbance, as shown in Figure 4-27. 

The angle estimation results are shown in Figure 4-28 (a) and (b). The shaded rectangle in 

the figure marks the time when the wrench is placed near the angle sensing system. The 

wrench is kept there for the rest of the test. The joint angle can be estimated well using 

magnetic measurements even under the nearby magnetic disturbance. The introduction of 
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the disturbance does not cause a significant increase of angle estimation error. The 

estimation error is mostly bounded within 2-degree range with only occasional spikes up 

to 3 degrees. The RMS error is 0.82 degree. As shown in Figure 4-28 (d), the unfiltered 

magnetic measurement is significantly disturbed by the ferromagnetic wrench while the 

filtered measurement maintains the original pattern of magnetic variation purely caused by 

the rotation of mu-metal element in Figure 4-28 (c). This experiment verifies that the 

method of disturbance rejection using alternating magnetic field and proper high-pass 

filtering works effectively for the mu-metal based angle measurement system with the on-

joint configuration.  

 

Figure 4-27 Evaluation of disturbance rejection performance for the on-joint angle measurement 

system. 
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  (a)                                                                                  (b) 

 

  (c)                                                                                  (d) 

Figure 4-28 Disturbance rejection performance of mu-metal based angular position estimation 

system with on-joint configuration. (a) Position estimation results. (b) Estimation error. (c) Effective 

measurements after high pass filter (d) Measurements before high pass filter. 

4.5 Conclusions 

In this chapter, an angular position estimation system based on the use of an 

electromagnet and a high-magnetic-permeability metal (mu-metal) is developed to 

measure the angle of mechanical joints on the mechanisms employed on an off-road vehicle 

for determination of its end-effector position. In the angular position estimation system, 

the mu-metal element with high magnetic permeability is attached to the rotating 

mechanical part and magnetized by the electromagnet to exert an additional magnetic field 

measured by the magnetic sensors for angle sensing. The use of an alternating magnetic 

field at a specific high frequency prevents potential low-frequency disturbances from 

surrounding ferromagnetic objects. Two configurations of the angle sensing system, i.e. 

off-joint and on-joint configuration, are designed, modeled and experimentally validated. 

In the off-joint configuration, major components of the angle sensing system are 

located off from the joint. The electromagnet and magnetic sensors are mounted on one 

mechanical part while the magnetic sensors are placed on another mechanical part that 

rotates around the common joint with respect to the first mechanical part. The angle sensing 

system with off-joint configuration is designed with several sensor placement schemes, of 
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which the spatially separated dual sensors works the best to cover the maximum 

measurement range and maintain magnetic sensitivity at any angle in the measurement 

range. Numerical simulation shows the variation of magnetic field distribution under the 

influence of the rotation of mu-metal element. The obtained numerical magnetic 

measurement model agrees well with the experimental one, which proves that numerical 

simulation is a reliable tool for design and modeling of such magnetic sensing system. 

Experimental results show that the angle estimation error is less than 1 degree up to a 

measurement range of -60 ~ 60 degree if the axial distance along the joint shaft is under 

2.5 cm. 

To extend the angle measurement range to the full 360 degrees, a second on-joint 

configuration is proposed. In the on-joint configuration, the electromagnet and magnetic 

sensors are placed on the housing of the joint around the rotating shaft and the mu-metal 

element is placed right on the shaft. The geometry of the mu-metal element is designed 

asymmetrically to incur an aperiodic variation of magnetic field within the 360-degree 

rotation for unique determination of the joint angle. Numerical simulation shows that the 

arrow shape of mu-metal element can provide a magnetic measurement model with the 

best magnetic sensitivity. Experimental results show that a maximum error of 2 degrees 

and an RMS error of 0.62 degree can be obtained over the 360-degree sensing range. Both 

the off-joint and on-joint configuration are evaluated experimentally for their performance 

of ferromagnetic disturbance rejection. It is shown that neither configuration experiences 

significant deterioration of estimation accuracy when a steel wrench is placed near the 

sensing system. 

Future work includes more sophisticated structural design and optimization of both 

configurations and experimental validation of the angle sensing system on a real off-road 

vehicle. Furthermore, the angle sensing system with on-joint configuration can be 

compactly packaged as a stand-alone absolute angle sensor with general applications. 
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Chapter 5  

 

Three-dimensional Position Estimation 

 

 

5.1 Introduction 

Non-contacting 3-D position estimation can be widely useful for human motion 

tracking [74], tip tracking of soft robots [37], and localization of medical devices and 

surgical tools [75][76]. In human motion tracking, 3-D position of various parts of the 

human body, e.g. head, fingers, upper and lower limbs, can be measured and analyzed in 

hospitals for diagnosis of certain diseases [77] or on a daily basis at home for health 

condition monitoring [78]. In addition, 3-D position measurement of human body motion 

can be used to ensure or evaluate the effectiveness of physical rehabilitation [79]. In soft 

robotic manipulators, direct 3-D position estimation of the end-effector is required for 

feedback motion control due to its high degree-of-freedom of motion and inaccurate 

modeling of kinematics. Furthermore, the shape sensing of a continuum soft robot can be 

achieved by position measurement of several discrete points along the robot body and curve 

fitting of these points [37]. 

In this dissertation, 3-D position estimation of medical robots or devices moving inside 

of the human body is considered. Real-time positioning of the medical robot, assisted with 

pre-procedure magnetic resonance imaging (MRI) or computerized tomography (CT) 

scans, can guide surgeons directly to the surgical or examination sites without requiring 

large incisions, reducing complications and side-effects for patients. Furthermore, if the 
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trajectory of robot motion is pre-planned, autonomous navigation of medical robots can be 

achieved with 3-D positioning and feedback control, which improves the operation 

accuracy and safety of the surgery or diagnosis and reduces the efforts of human operators. 

In addition, 3-D position information of an endoscope can help doctors determine the 

location of abnormalities once detected [80]. 

 

Figure 5-1 Different types of medical robots. (a) Transluminal robot (Reproduced from [81]). (b) 

Extraluminal robot [82] (Da Vinci robot, ©2021 Intuitive Surgical, Inc.). (c) Robotic endoscopic 

capsules (Reproduced from [80]). 

Minimally invasive surgery (MIS) has flourished across many medical disciplines due 

to its reduced post-operative pain, shortened recovery time and overall cost-effectiveness 

[83]. Assisted by robotic technology, MIS can be conducted with further reduced skin 

incisions, by single incision, or by access through natural lumens using flexible robotic 

structures. Extraluminal medical robots such as laparoscopic robots shown in Figure 5-1 

(b), based on rigid links connected by rotational or prismatic joints, can access the targeted 

sites through one or multiple small extraluminal incisions in abdominal walls [84]. The 

end-effector position of rigid medical robots can be estimated from angular or linear 

position of individual joints using accurately modeled forward kinematics. However, its 

(a)

(b)

(c)
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working space is restricted on a partial sphere with its origin anchored to the trocar. Other 

drawbacks of rigid medical robots include its counter-intuitive operation due to the fulcrum 

effect and impaired dexterity due to the loss of wrist articulation. Therefore, transluminal 

medical robots are developed to navigate through natural tubular anatomies like esophagus, 

colon, urethra and arteries for diagnostic and therapeutic procedures [81]. Examples of 

transluminal medical robots are shown in Figure 5-1 (a). Transluminal robots usually have 

highly compliant and even intrinsically soft structures with high adaptability and 

conformability to variable environments without damage to the soft tissue. Furthermore, 

enabled by mechanical, fluidic or magnetic actuation [81], the transluminal robots can 

navigate to complex targeted sites with high maneuverability and dexterity. However, the 

end-effector position of flexible transluminal robots cannot be accurately determined from 

the motion of actuators due to the lack of rigidity between actuators and the end-effector, 

redundant design and resulting inaccurate kinematic modeling, posing significant 

challenges for feedback control of the robot. Another kind of medical robots gaining 

importance in recent years are robotic endoscopic capsules moving in natural lumens of 

the human body as shown in Figure 5-1 (c). Robotic capsules are untethered and 

miniaturized with mobility and maneuverability enabled by external driving force like 

magnetic force [85] or self-propulsion [86]. Compared with tethered transluminal robots, 

robotic capsules cause less discomfort and pain for patients and does not need sedation 

[80]. It is noted that direct 3-D positioning is obviously needed for both flexible 

transluminal robots and untethered robotic capsules for real-time monitoring, control and 

fully autonomous navigation.  

Typical 3-D position estimation or motion tracking systems for medical robots include 

image-based systems and magnetic tracking systems. Images captured by endoscopes on 

the robot can be used for positioning by registration with pre-procedure MRI or CT scans 

[76]. However, image registration is computationally expensive for real-time positioning 

and an accurate guess of the initial position is required for convergence of the algorithm. 

Another general problem with optical systems is that they suffer from occlusion issues. X-

ray can be adopted to localize the medical robots or devices with high accuracy [85]. 

Nevertheless, continuous exposure to X-ray does harm to patients so it is not suitable for 
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real-time positioning. Magnetic tracking systems do not require line-of-sight to detect the 

robot and involve any harmful radiation. They can be classified as permanent-magnet-

based systems [34] and electromagnet-based systems [36][37]. In permanent-magnet-

based systems, a magnet is embedded in the medical robot and its position is estimated 

from magnetic sensor measurements. Permanent-magnet-based systems are suitable for 

medical applications because the magnet is passive, does not need power supply, and is 

easy to attach to medical devices. However, it is prone to ferromagnetic disturbances from 

the surroundings. Electromagnet-based positioning systems use an electromagnet as the 

magnetic source placed outside of the body transmitting magnetic field pulses, with sensing 

coils attached to medical robots picking up the signals for position estimation. However, it 

requires electrical wiring along the tubular robot towards the end-effector inside of the 

body connecting the sensor for power and signal transmission, making the system 

complicated and taking up space of the robot that could be reserved for medical purposes. 

In addition, such delicate wiring can be easily broken with frequent motion and maneuver 

of the robot. Therefore, it is meaningful to extend the electromagnetic position estimation 

system based on high-magnetic-permeability materials to applications of 3-D positioning 

of transluminal continuum and capsule medical robots. In the mu-metal based position 

estimation system, only the passive mu-metal element is attached to the moving robot with 

the electromagnet and magnetic sensors placed outside of the body, resulting in a wireless 

magnetic positioning system immune to ferromagnetic magnetic disturbances. 

In this chapter, the mu-metal based 3-D position estimation system is designed and 

experimentally evaluated on a flexible trans-esophageal robot for ultrasound imaging to 

demonstrate its function and applicability, though it can be generally used for other flexible 

transluminal robots or robotic endoscopic capsules. The robotic trans-esophageal 

echocardiography (TEE) system is shown in Figure 5-2. The TEE robot is designed for 

remote and automatic ultrasound imaging in cardiac procedures [87][88]. In the robotic 

TEE system, a flexible commercial TEE probe is embedded in an add-on robot with 

designed gear-train and belt driving mechanisms, which controls 4-DoF motion of the robot, 

namely advance/retraction, rotation, and bi-directional bending. 3-D positioning of the 

ultrasound transducer of TEE robot enables automatic navigation of the robot through 
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esophagus to pre-planned positions for ultrasound imaging with optimal views. In addition, 

the absolute positioning of the ultrasound transducer can help register the ultrasound 

images to pre-procedure CT or MRI scans for real-time multi-modal display of the anatomy 

with more comprehensive information. 

 

Figure 5-2 Schematic of robotic trans-esophageal echocardiography (TEE) system. 

This chapter is organized as follows: The structure of the mu-metal based position 

estimation system and its sensing principle is presented in Section 5.2. In Section 5.3, the 

signal processing method and estimation algorithms are described. Then in Section 5.4, 

extensive experimental results are shown to demonstrate the performance of the proposed 

mu-metal based 3-D position estimation system for positioning of the distal tip of a flexible 

TEE robot. Finally, the chapter is concluded in Section 5.5. 

5.2 Sensing Principle 

Figure 5-3 shows the electromagnetic 3-D positioning system based on mu-metal with 

high magnetic permeability with the application of positioning the ultrasound transducer 

of a flexible trans-esophageal robot. Major components of the 3-D positioning system 

include an electromagnet as the magnetic source, an array of magnetic sensors, and a mu-

metal element. The electromagnet and magnetic sensors are placed outside of the body, 

either fixed on the surface of the human body or held by some mechanical or robotic arm 

near the region that requires localization of the medical devices. The mu-metal is used as 
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the sensitive element that exerts influence on the magnetic field for position sensing. It is 

normally attached to the end-effector (e.g. surgical tools and imaging devices) of a flexible 

robot and robotic capsules moving inside of the human body, or any spot of a medical 

robot/device whose 3-D position is of interest. 

 

Figure 5-3 Schematic of mu-metal based 3-D position estimation system for transluminal medical 

robots. 

The sensing principle is illustrated in Figure 5-4. The magnetic moment (orientation 

and intensity of a magnetic object) is shown as red arrows. The magnetic field distribution 

of the electromagnet is shown as black dashed lines and magnetic field distribution 

resulting from the magnetized mu-metal is shown as red dashed lines. Since only the 3-D 

position is estimated in this chapter, the mu-metal is designed to be of the spherical shape, 

eliminating the influence of its orientation on the magnetic field. The magnetic field 

measured by the magnetic sensor �⃗⃑�s consists of two parts: (1) the magnetic field directly 

from the electromagnet B⃑⃗⃗es; (2) the magnetic field from the mu-metal that is magnetized 

by the electromagnet �⃗⃑�μs.  

�⃗⃑�s = �⃗⃑�es + �⃗⃑�μs (5-1) 

where the subscript “s” means “sensor”, “e” means “electromagnet”, and “μ” means “mu-

metal”. �⃗⃑�es does not change with the position of mu-metal since it only depends on the 
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magnetic moment of the electromagnet �⃗⃑⃗�e  and the relative position between the 

electromagnet and the magnetic sensor  ⃑es, both of which do not change in this position 

sensing system. Therefore, the magnetic field variation at the sensor location only comes 

from the magnetized mu-metal.  

 

Figure 5-4 Sensing principle of mu-metal based 3-D position estimation system. 

The mu-metal is magnetized by the local magnetic field from the electromagnet �⃗⃑� 𝜇 

given by 

�⃗⃑�eμ = ℎe(�⃑⃗⃗�e,  ⃑eμ) (5-2) 

where  ⃑eμ is the relative position between the electromagnet and the mu-metal, and ℎe(∙) 

is a model describing the magnetic field distribution of the electromagnet. The magnetic 

moment of the magnetized mu-metal �⃑⃗⃗�μ depends on the local magnetic field  �⃗⃑�eμ at the 

mu-metal position linearly, as given by 

�⃑⃗⃗�μ = 𝑘�⃗⃑�eμ (5-3) 

where 𝑘  is the magnetization constant depending on the magnetic permeability 𝜇  and 

demagnetization factor 𝑁μ of mu-metal. 

𝑘 =
𝜇 − 1

𝜇0(1 + 𝑁μ(𝜇 − 1))
∙
4

3
𝜋 3 (5-4) 

where   is the radius of the mu-metal sphere. Since the magnetic moment of the 

Magnetic SensorElectromagnet

 ⃑  

 ⃑ 𝜇

𝑚𝜇 = 𝑘𝐵 𝜇

𝐵 = 𝐵  +𝐵𝜇 

yx

z

Mu-metal Sphere

 ⃑𝜇 

𝑚 



114 

magnetized mu-metal is determined, its magnetic field at the sensor location can be 

computed as 

�⃗⃑�μs = ℎμ(�⃑⃗⃗�μ,  ⃑μs) (5-5) 

where  ⃑μs is the relative position between the mu-metal and the magnetic sensor, and ℎμ(∙) 

is a model describing the magnetic field distribution of the mu-metal. Substituting (5-2) - 

(5-3) into (5-5) gives 

�⃗⃑�μs = ℎμ(𝑘ℎe(�⃑⃗⃗�e,  ⃑eμ),  ⃑μs) (5-6) 

Since  ⃑μs =  ⃑es −  ⃑eμ, the following relation between the magnetic field measurement from 

the magnetized mu-metal �⃗⃑�μs  and the position of mu-metal with respect to the 

electromagnet  ⃑eμ can be obtained as follows: 

�⃗⃑�μs = ℎμ(𝑘ℎe(�⃑⃗⃗�e,  ⃑eμ),  ⃑es −  ⃑eμ) (5-7) 

Note that 𝑘, �⃑⃗⃗�e, and  ⃑es are all constants in the system, leaving �⃗⃑�μs a function of the mu-

metal position  ⃑eμ. It is also observed from (5-7) that the magnetic field variation caused 

by the motion of magnetized mu-metal is two-folded: (1) the relative position of the mu-

metal with respect to the electromagnet determines the local magnetizing field and thus the 

magnetic moment of the mu-metal; (2) the relative position of the mu-metal with respect 

to the sensor directly influences the measured magnetic field. Therefore, the position of the 

moving mu-metal can be estimated from the magnetic field measured by stationary sensors 

if the relating function is well modeled.  

5.3 Signal Processing and Estimation Algorithms 

5.3.1 Signal Processing Method 

As in the previous applications, it is also required that the mu-metal based 

electromagnetic 3-D position estimation system is immune to ferromagnetic disturbances. 

Hence, the alternating magnetic field at a certain high frequency is also used in the 3-D 

position estimation system. The magnetic measurements are high-pass filtered and turned 
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into the zero-mean oscillating signal. Since the disturbance magnetic fields from earth 

magnetic field or nearby ferromagnetic objects is at relatively low frequency, they are 

removed after the high-pass filtering. Then the magnitude of the signal is extracted for 

position sensing. The signal processing technique of the alternating magnetic field is 

described in detail in Section 2.4. 

5.3.2 Direct Prediction Using Artificial Neural Network 

In the linear and angular position estimation systems, the size of the mu-metal element 

can be made as large as up to a few centimeters so a significant magnetic field variation is 

caused by the motion of mu-metal. However, for the mu-metal based 3-D position 

estimation system applied to localization of transluminal medical robots, the size of the 

mu-metal is strictly limited by the dimension of lumens where the flexible robot travels. 

For the specific application of trans-esophageal robot positioning considered in this chapter, 

the largest acceptable size of the mu-metal is about 2 cm and an even smaller size is desired. 

This size limitation poses a significant challenge of providing reasonable positioning 

accuracy from the weak magnetic variation. An array of magnetic sensors can be 

distributed around outside of the body to provide more information for position sensing, 

improving the positioning accuracy as well as extending the measurement range. Since the 

magnetic field distribution is highly nonlinear, and multiple measurement outputs and 

multiple states (three dimensional positions) are involved, it is required that a proper 

mathematical model sufficiently represents this complex nonlinear relation. An artificial 

neural network (ANN), consisting of an input layer, an output layer and multiple hidden 

layers with multiple neurons interconnected between layers, is known for its powerful 

capability of universal function approximation. Previously, ANN has been employed to 

predict the position of medical devices from magnetic measurements in permanent-

magnet-based position sensing systems [89]. Hence, ANN is adopted here to model the 

mapping from magnetic field measurements to the 3-D position the mu-metal. As shown 

in Figure 5-5, a fully-connected feedforward neural network is used with the input of the 

neural network being magnetic measurements from multiple sensors, and the output of the 

neural network being the 3-D position of the mu-metal element. In this application, two 3-



116 

axis magnetic sensors are used so there are 6 measurements in total. The number of hidden 

layers is 5 and the number of neurons in each layer is 16. The output of each neuron in the 

hidden layer is computed from a nonlinear transformation (i.e. activation function) of 

weighted sum of outputs from the last layer. The activation function used in this application 

is the rectified linear unit (ReLU). Before estimating the mu-metal position using ANN, it 

has to be trained to calibrate model parameters (i.e. weight and bias of each neuron) using 

magnetic measurements and reference position measurements. Then the mu-metal position 

can be directly predicted from real-time magnetic measurements using the trained neural 

network. Since all the model parameters are calibrated offline and no complicated 

computation like matrix inversion is needed in feedforward prediction, the computational 

effort for online position estimation is very low using the ANN based direct prediction 

method. The modeling and training of ANN for electromagnetic 3-D position estimation is 

implemented using the MATLAB Neural Network Toolbox [90]. 

 

Figure 5-5 Artificial neural network (ANN) for prediction of mu-metal position from magnetic 

measurements. 

5.3.3 Particle Filter with ANN Measurement Model 

A problem with the method of direct ANN prediction in last section is that the 

measurement noise is directly passed through the network to the position estimates. Since 

the magnetic field variation caused by the motion of mu-metal with small size is very weak, 

the signal-to-noise ratio (SNR) of magnetic measurements is relatively low, resulting in 
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large noise level of position estimates. Therefore, a nonlinear filter can be applied to 

suppress the noise of position estimation by fusing noisy magnetic measurements with 

some kinematic model. Since the magnetic measurement is a highly nonlinear function of 

mu-metal position, a particle filter is used to fuse the magnetic measurements and a 

constant-velocity motion model for accurate position estimation. In the particle-filter-based 

framework of position estimation, the measurement model is still built with an ANN of the 

same structure as that used in direct position prediction as shown in last section while the 

input and output of the neural network is switched, i.e. the input is the position and the 

output is the magnetic measurements. 

The particle filter (PF) is a stochastic nonlinear filtering technique that approximate 

posterior probability distribution of states conditional on available measurements using a 

finite number of random samples (particles). In a typical PF, the particles are propagated 

through the dynamic model and then weighted by the likelihood function, which defines 

how well the particles match the measurements. Particles with large weight are multiplied 

and those with small weight are removed in a resampling process to prevent degeneracy. 

The estimate of the states can be computed as the algebraic average of the resampled 

particles. Next, the PF-based framework using an ANN measurement model is presented 

for 3-D position estimation. 

The state vector to be estimated is the 3-D position and velocity as given by 

𝑋 = [𝑥 𝑦 𝑧 𝑣𝑥 𝑣𝑦 𝑣 ]T (5-8) 

The magnetic measurements are from two 3-axis magnetic sensors as given by 

𝑦 = [𝐵𝑥,1 𝐵𝑦,1 𝐵 ,1 𝐵𝑥,2 𝐵𝑦,2 𝐵 ,2]T (5-9) 

The constant-velocity kinematic model [61] and the magnetic measurement model are 

given by  

 

𝑋k = 𝛷𝑋k−1 + 𝐺𝑤k−1 

𝑦k = ℎ(𝑋k) + 𝑛k 

𝑛k ~ 𝑁(0, 𝑅) 

𝑤k ~ 𝑁(0, 𝑄) 

(5-10) 
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where 

𝛷 =

[
 
 
 
 
 
1 0 0  𝑡 0 0
0 1 0 0  𝑡 0
0 0 1 0 0  𝑡
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1 ]

 
 
 
 
 

, 𝐺 =

[
 
 
 
 
 
 
 
d𝑡2

2
0 0

0
d𝑡2

2
0

0 0
d𝑡2

2

 𝑡 0 0
0  𝑡 0
0 0  𝑡 ]

 
 
 
 
 
 
 

, 

 𝑄 = [

𝜎𝑥
2 0 0

0 𝜎𝑦
2 0

0 0 𝜎 
2

],  

𝑅 =

[
 
 
 
 
 
 
𝜎 𝑥1

2 0 0 0 0 0

0 𝜎 𝑦1
2 0 0 0 0

0 0 𝜎  1
2 0 0 0

0 0 0 𝜎 𝑥2
2 0 0

0 0 0 0 𝜎 𝑦2
2 0

0 0 0 0 0 𝜎  2
2]
 
 
 
 
 
 

 

(5-11) 

It is noted that the unmodeled acceleration 𝑤k is assumed to be small and modeled as zero-

mean Gaussian and white noise. The measurement noise 𝑣k is also modeled as zero-mean 

Gaussian and white noise. Both the process noise and measurement noise are uncorrelated 

in different axes of the Cartesian coordinate frame. ℎ(∙) is describes the nonlinear relation 

between the magnetic measurement and the 3-D position to be estimated. In this application, 

ℎ(∙) is modeled by a fully connected neural network with 5 hidden layers with 16 neurons 

in each layer. The implementation of PF is given below [62]. At the start of the filtering, a 

set of particles 𝑋0,𝑖
+  ( = 1, 2, … ,𝑁) is randomly generated from the probability density 

function (PDF) 𝑝(𝑋0), which is assumed to be some known Gaussian distribution. The 

number of particles 𝑁  is determined as a trade-off between computational cost and 

estimation accuracy. Then, for time step 𝑘 = 1, 2, ……, the following steps are iterated for 

position estimation. 

1) Perform the time propagation using the kinematic model to generate a priori particles 

𝑋𝑘,𝑖
− . 
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𝑋𝑘,𝑖
− = 𝛷𝑋𝑘−1,𝑖

+ + 𝐺𝑤𝑘−1,𝑖         ( = 1, 2, … ,𝑁) (5-12) 

𝑤𝑘−1,𝑖 is randomly sampled based on the PDF of 𝑤k−1. 

2) Compute the relative likelihood 𝑞𝑖  for each particle 𝑋𝑘,𝑖
−  based on the likelihood 

function given by 

𝑝(𝑦𝑘|𝑋𝑘,𝑖
− ) =

1

√(2𝜋)3|𝑅|
exp (−

1

2
(𝑦𝑘 − ℎ(𝑋𝑘,𝑖

− ))
T

𝑅−1 (𝑦𝑘 − ℎ(𝑋𝑘,𝑖
− )))  (5-13) 

The relative likelihood describes how close the predicted measurements evaluated 

with current propagated particles matches the true measurements. 

3) Normalize the relative likelihood 𝑞𝑖 such that the sum of 𝑞𝑖 equal to one. 

𝑞𝑖 =
𝑞𝑖

∑ 𝑞𝑗
𝑁
𝑗=1

 
(5-14) 

4) Resample a set of a posteriori particles 𝑋𝑘,𝑖
+  based on the normalized relative 

likelihood 𝑞𝑖. The resampling method used here is multinomial resampling given by 

the following two steps: 

a) Generate a random number   that is uniformly distributed on [0, 1]. 

b) Compute the cumulative likelihood ∑ 𝑞𝑚
𝑗
𝑚=1  (𝑗 = 1, 2, … ,𝑁), one at a time, until 

∑ 𝑞𝑚
𝑗−1
𝑚=1 <   and ∑ 𝑞𝑚

𝑗
𝑚=1 >  . Then set 𝑋𝑘,𝑖

+ = 𝑋𝑘,𝑗
− . 

After the resampling step, the particles with high likelihood is multiplied while those 

with small likelihood are reduced. 

5) Finally, a set of particles 𝑋𝑘,𝑖
+  are obtained according the distribution of PDF 𝑝(𝑋𝑘|𝑦𝑘). 

The mean and covariance of the state estimate can be computed as 

�̂�𝑘
+ ≈

1

𝑁
∑𝑋𝑘,𝑖

+

𝑁

𝑖=1

 

  𝑣(�̂�𝑘
+) ≈

1

𝑁
∑(𝑋𝑘,𝑖

+ − �̂�𝑘
+)(𝑋𝑘,𝑖

+ − �̂�𝑘
+)T

𝑁

𝑖=1

 

(5-15) 

5.4 Experimental Results 

In this section, the mu-metal based electromagnetic 3-D position estimation system is 
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experimentally validated on a flexible trans-esophageal robot. The position estimation 

accuracy for two modes of robot motion, i.e. robot insertion and robot maneuver, is 

presented and discussed by analyzing the magnetic field variation in the 3-D space caused 

by the mu-metal motion. Finally, the performance of ferromagnetic disturbance rejection 

is also evaluated for the 3-D positioning system. 

5.4.1 Experimental Setup 

 

Figure 5-6 Experimental setup of 3D electromagnetic position estimation for a TEE robot. 

Figure 5-6 shows the experimental setup of the mu-metal based 3-D electromagnetic 

position estimation system for localization of the ultrasound transducer of a flexible TEE 

robot developed by Wang et al [87]. The TEE robot controls the motion of the flexible 

cable-like probe including advance/retraction, rotation, and bidirectional bending of the 

distal section with an ultrasound transducer. In the experimental setup, the distal part of the 

robot is placed in the working region of the electromagnetic 3-D positioning system for 

experimental test. The mu-metal element is fixed to the distal tip of the robot, whose 

position is estimated from magnetic measurements. An optical motion tracking system 

(OptiTrack V120-Trio, NaturalPoint, Inc.) with sub-millimeter accuracy is used for 

reference position measurement. Optical markers are attached to the electromagnet and the 

mu-metal for optical motion tracking. A closer illustration of the electromagnetic 
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positioning system and mu-metal installation can be found in Figure 5-7. The dimension 

of the electromagnet is  10 cm × 4 cm. Two magnetic sensors are located 20 cm away 

from the electromagnet along the axial direction, making the middle space a working 

region for robot positioning. For real application, the part of human body where the 

transluminal robot travels is located between the electromagnet and the magnetic sensors. 

The raw magnetic measurements are transmitted to the signal processing circuit for 

denoising and elimination of disturbance signals. Then the effective measurements are 

output to a PC for position estimation using the algorithms proposed in Section 5.3. The 

mu-metal sphere is enclosed in a 3D-printed box of a connector that fix the mu-metal on 

the ultrasound transducer of the TEE robot. 

 

Figure 5-7 (a) Mu-metal based 3D electromagnetic position estimation system (b) Installation of 

mu-metal sphere (c) Connector between the ultrasound transducer and the mu-metal sphere. 

5.4.2 Magnetic Field Response in 3-D Space 

Before the experimental results of position estimation are shown, the mu-metal induced 

magnetic field response in 3-D space is presented in this section to provide an intuitive 

illustration of the magnetic measurement model. Furthermore, the magnetic field response 

to the mu-metal displacement also reveals the magnetic sensitivity in different locations of 

the working region, providing explanation of the position estimation performance shown 

in the next section. 
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To obtain the magnetic response in the full 3-D working region, magnetic 

measurements and reference position of mu-metal are recorded while the mu-metal is held 

by a robotic manipulator (Han’s Robot Elfin5) to sweep through the working region. The 

experimental setup of the robotic mu-metal sweep is shown in Figure 5-8. The recorded 

data are also used for training (calibration) of the ANN model of the magnetic field 

response as a function of mu-metal position. 

 

Figure 5-8 Experimental setup for calibration of the magnetic measurement model. 

The trajectory of mu-metal motion for magnetic model calibration in the region of 

interest (ROI) is shown in Figure 5-9. The origin of the global coordinate frame is set to be 

the center of the electromagnet. The locations of two magnetic sensors are [-200, -30, -35] 

and [-200, 30, -35] mm, marked by two tri-axis frames with x-, y- and z-axis shown in red, 

green and blue. It is shown that the trajectory is a collection of lines in y-axis with equal 

spacing of 5 mm in x- and z-axis direction, spanning a cubic ROI with the dimension of 

80 × 150 × 100 mm. It is observed that the ROI spans only the left half of the middle 

space between the electromagnet and magnetic sensors because the magnetic field response 

is small in the right half of the space. Therefore, the experiments in this chapter is focused 

on the ROI shown here for preliminary validation of the mu-metal based 3-D positioning 

system.  

Mu-metal 
Sphere (Enclosed)

Electromagnet Magnetic 
Sensors

6-DoF 
Collaborative 

Robot



123 

 

(a)                                                                                    (b) 

 

(c) 

Figure 5-9 Trajectory of mu-metal motion for calibration of magnetic measurement model. (a) 3-D 

view. (b) xy-view. (c) xz-view. 

Since the mu-metal motion is in 3-D space and magnetic field measurements are also 

in three orthogonal directions, it is difficult to show the magnetic field response in one 

figure. Therefore, several slices of sample planes are selected to show the magnetic field 

response as shown in Figure 5-10. Three vertical planes (parallel to yz-plane) and three 

horizontal planes (parallel to xy-plane) are evenly selected in the ROI with a spacing of 30 

mm. For each sample plane, all three components of the magnetic field measurements are 

illustrated in Figure 5-11 and Figure 5-12. Magnetic field variation on both horizontal and 

vertical plans provides a general picture of mu-metal induced magnetic response in the 

whole working region. Since the locations of two magnetic sensors are symmetric to the 
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xz-plane, only the magnetic measurements from the sensor at [-200, -30, -35] (mm) is 

depicted. 

 

Figure 5-10 Sample planes to show magnetic field response to the mu-metal motion. 
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Figure 5-11 Magnetic field response on horizontal planes (parallel to xy-plane). 
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Figure 5-12 Magnetic field response on vertical planes (parallel to yz-plane). 

For the magnetic field response on horizontal planes, 𝐵𝑦 takes the same form for all 

three horizontal sample planes at z = 0, z = -30, and z = -60 mm. Along y-axis, 𝐵𝑦 varies in 

a sinusoidal-wave trend. Along x-axis, 𝐵𝑦 monotonically increases for the region with y < 

-30 mm, and decreases for the region with y > -30 mm. The transition point at y = -30 mm 

is exactly the location of the magnetic sensor. 𝐵𝑥 varies in a single-peak pattern along y-

axis for all three horizontal planes. However, 𝐵𝑥 monotonically increases along x-axis on 

the plane z = 0 mm, and decreases along x-axis on the plane z = -30 mm and z = -60 mm. 

on the plane z = 0 mm,  𝐵  varies in a single-peak pattern along y-axis, and decreases 

monotonically along x-axis. The variation of 𝐵  on the plane z = -60 mm is in the opposite 

trend of that on the plane z = 0 mm, with the single-valley pattern along y-axis and 

monotonic increase along x-axis. The variation of 𝐵  on the plane z = -30 mm is only 

significant in the region near the magnetic sensor and it is flooded with noise away from 

the sensor. 

The response of three magnetic field components are almost in the same pattern for all 

three vertical planes. The variation of 𝐵𝑥 is in the single-peak pattern along both y- and z-

axis. Both 𝐵𝑦  and 𝐵  shows one peak and one valley. The peak and valley of 𝐵𝑦  are 

distributed along y-axis while the peak and valley of 𝐵  are distributed along z-axis. It is 

also observed that the magnitude of magnetic field response for 𝐵𝑥, 𝐵𝑦, and 𝐵  decreases 

as the mu-metal moves far away from magnetic sensors along x-axis. 
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5.4.3 Position Estimation of Robot Insertion 

To achieve ultrasound imaging of the heart, the TEE probe is inserted through the 

esophagus and the ultrasound transducer is controlled and maneuvered to have an optimal 

view of the heart. In this section, experiments are performed to test the position estimation 

performance of the mu-metal based 3-D positioning system for the motion of robot 

insertion. Experiments involving robot maneuver are shown in the next section.  

Three trajectories of robot insertion along y-axis at x = -165 mm, x = -155 mm, and x 

= -145 mm are experimentally tested. Each trajectory is approximately a line with a length 

of about 80 mm. Two methods of position estimation, i.e. direction position prediction 

using ANN (ANN) and particle filter with ANN measurement model (PF-ANN), are 

compared. The position estimation results using the two methods are shown Figure 5-13 to 

Figure 5-18. For each case, 3-D view, xy view and yz view are presented and an error plot 

is shown with position errors in x-, y-, and z-axis and the total Euclidean error (i.e.  𝑃 =

√ 𝑋
2 +  𝑌

2 +  𝑍
2).  
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Figure 5-13 Position estimation for robot insertion using ANN at x = -165 mm. 

 

Figure 5-14 Position estimation for robot insertion using PF-ANN at x = -165 mm. 
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Figure 5-15 Position estimation for robot insertion using ANN at x = -155 mm. 
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Figure 5-16 Position estimation for robot insertion using PF-ANN at x = -155 mm. 

 

Figure 5-17 Position estimation for robot insertion using ANN at x = -145 mm. 
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Figure 5-18 Position estimation for robot insertion using PF-ANN at x = -145 mm. 

 It is observed that the estimated position generally follows the reference true position 

well for all cases. The position estimation error become larger as the mu-metal moves in 

the region further from the magnetic sensors due to the impaired magnetic sensitivity as 

shown in Figure 5-11. Fusion of a constant-velocity kinematic model using a particle filter 

effectively suppresses the measurement noise, resulting in smoother position estimates. 

The error statistics are summarized in Table 5-1 and plotted in Figure 5-19. For position 

estimation using direct ANN prediction, both the maximum error and RMS error is nearly 

doubled when the x-axis position of robot insertion changes from -165 mm to -145 mm. 

For position estimation using PF-ANN, the maximum error is limited to the level of about 

7 mm even at x = -145 mm. The RMS error of PF-ANN ranges from 2.71 mm to 5.71 mm 

for the three tested trajectories, which are consistently smaller than those obtained using 
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direct ANN prediction. 

 

Figure 5-19 Error plot of position estimation for robot insertion. 

Table 5-1 3-D position estimation error for robot insertion 

Trajectory 
Max. Error (mm) RMS Error (mm) 

ANN PF-ANN ANN PF-ANN 

x = -165 mm 7.93 6.39 3.16  2.71 

x = -155 mm 10.78 7.44 4.17 3.23 

x = -145 mm 15.64 7.26 6.62 5.71 

5.4.4 Position Estimation of Robot Maneuver 

In automatic trans-esophageal ultrasound imaging, the TEE probe is inserted by the 

robot to the rough location and then it is maneuvered to finely adjust the position such that 

a pre-planned optimal view of the heart is obtained. The sophisticated robot maneuver is 

enabled by bi-directional bending of the distal section of the probe through tendon/cable 

actuation. The robot maneuver of bi-directional bending in experimental validation of the 

mu-metal based 3-D positioning system is illustrated in Figure 5-20, where both the 

schematics and real pictures of the robot at the same position are shown. In schematics, the 

big red dots represent the joint around which the distal segment (shown as blue dashed 

lines) rotates. The red triangle marks the current position of the robot tip corresponding to 

the position shown in real pictures. In this section, pure pitch motion (vertical bending) and 
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pure yaw motion (horizontal bending) are implemented for experiments of 3-D position 

estimation, though any 3-D trajectory on a sphere can be achieved by proper control of 

both bending angles.  

 

(a) 

 

(b) 

Figure 5-20 Illustration of robot maneuver. (a) Pitch motion. (b) Yaw motion. 

   = −           =       = −           =      = −           = −   

   = −           =       =           =       =            =    
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To accommodate the bending maneuver of the robot, bending trajectories are used for 

calibration of the ANN measurement model as shown in Figure 5-21. It is shown that the 

training trajectories of pitch and yaw motion at different angles forms a partial sphere. 

Position estimation is also performed with a set of test trajectories of pitch and yaw motion 

on this partial sphere. 

 

(a)                                                                                (b) 

 

(c) 

Figure 5-21 Bending trajectory for calibration of magnetic measurement model for 3-D positioning 

in robot maneuver. (a) 3-D view. (b) xz-view. (c) xy-view. 

The position estimation for robot maneuver is also performed using both direct ANN 

prediction and particle filter with an ANN measurement model. The position estimation 
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results for the yaw motion of the robot at position z = 0 mm, z = -30 mm and z = -45 mm 

are shown in Figure 5-22 to Figure 5-27. For each case, a 3-D view, a xy view and a xz 

view are provided and the estimation error over time is plotted. Note that the yaw motion 

for all cases starts from the position near magnetic sensors and moves towards the 

electromagnet. 

 

Figure 5-22 Position estimation for robot maneuver with yaw motion using ANN at z = 0 mm. 
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Figure 5-23 Position estimation for robot maneuver with yaw motion using PF-ANN at z = 0 mm. 
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Figure 5-24 Position estimation for robot maneuver with yaw motion using ANN at z = -30 mm. 

 

Figure 5-25 Position estimation for robot maneuver with yaw motion using PF-ANN at z = -30 mm. 
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Figure 5-26 Position estimation for robot maneuver with yaw motion using ANN at z = -45 mm. 
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Figure 5-27 Position estimation for robot maneuver with yaw motion using PF-ANN at z = -45 mm. 

 It is observed that position estimates obtained from the mu-metal based 3-D positioning 

system generally follows the reference trajectory well for all cases. Position estimation for 

yaw motion at z = -30 mm gives the smallest error among the three trajectories. The particle 

filter successfully eliminates the error spikes and improves the estimation accuracy. For 

each case, the position estimation deteriorates as the robot tip bends towards the 

electromagnet due to decreased magnetic sensitivity in x-axis direction as illustrated in 

Figure 5-11. The position estimation error statistics for the robot yaw motion in the range 

of z = -60 ~ 10 mm are summarized in Table 5-2 and the error plot is given in Figure 5-28. 

It is noted that the position estimation error of PF-ANN is consistently lower than that of 

direct ANN prediction. Both the RMS error and maximum error increases as the robot tip 

moves too high or too low in z-axis direction. The RMS error of PF-ANN is below 4 mm 

in the range of z = -40 ~ 0 mm and the maximum error is bounded within 10 mm in the 

range of z = -45 ~ 10 mm, which is satisfactory for positioning of the ultrasound transducer 

in an automatic TEE procedure. 
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Figure 5-28 Error plot of position estimation for robot maneuver with yaw motion. 

Table 5-2 3-D position estimation error for robot maneuver with yaw motion 

Trajectory 
Max. Error (mm) RMS Error (mm) 

ANN PF-ANN ANN PF-ANN 

z = 10 mm 21.50 10.44 6.12 4.71 

z = 0 mm 15.01 8.04 4.96 4.17 

z = -5 mm 10.01 5.79 3.27 2.53 

z = -20 mm 14.85 4.71 3.22 2.59 

z = -30 mm 10.23 5.34 2.52 2.05 

z = -40 mm 21.02 5.61 4.52 2.30 

z = -45 mm 26.07 9.00 5.52 4.50 

z = -55 mm 24.76 12.37 6.24 5.47 

z = -60 mm 24.29 20.01 7.93 6.37 

The position estimation results for the pitch motion of the robot at position x = -185 

mm, z = -150 mm and z = -110 mm are shown in Figure 5-29 to Figure 5-34. For each case, 

a 3-D view, a yz view and a xz view are provided and the estimation error over time is 

plotted. Note that the pitch motion for all cases is in the negative z-axis direction (i.e. top-

down direction).  
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Figure 5-29 Position estimation for robot maneuver with pitch motion using ANN at x = -185 mm. 
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Figure 5-30 Position estimation for robot maneuver with pitch motion using PF-ANN at x = -185 

mm. 

 

Figure 5-31 Position estimation for robot maneuver with pitch motion using ANN at x = -150 mm. 
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Figure 5-32 Position estimation for robot maneuver with pitch motion using PF-ANN at x = -150 

mm. 
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Figure 5-33 Position estimation for robot maneuver with pitch motion using ANN at x = -110 mm. 

 

Figure 5-34 Position estimation for robot maneuver with pitch motion using PF-ANN at x = -110 

mm. 

 The 3-D position of the robot end-effector in pitch motion is effectively estimated using 
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the mu-metal 3-D positioning system without large deviation or divergence. The particle 

filter again effectively suppresses the error spikes that appears in the direct ANN position 

prediction, thus reducing the maximum error of position estimation. The position error 

increases as the pitch motion is implemented further from magnetic sensors and this 

increase of error is especially significant in x-axis. For example, it is noted that the position 

error in y-axis and z-axis is much smaller than that in x-axis at x = -110 mm. This is because 

the magnetic sensitivity in x-axis decreases significantly as the mu-metal moves towards 

the electromagnet. This loss of magnetic sensitivity in x-axis in the region near the 

electromagnet restricts the effective region of 3-D positioning to the left-half space near 

magnetic sensors. The position estimation error statistics for the robot pitch motion in the 

range of x = -185 ~ -100 mm are summarized in Table 5-3Table 5-2 and the error plot is 

given in Figure 5-35. It is observed that both the maximum error and RMS error shows an 

increasing trend as the pitch motion is implemented further away from the magnetic sensors 

and towards the electromagnet in the positive x-axis direction, which can be explained by 

the magnetic sensitivity loss in x-axis in the near-electromagnet region. The position error 

of PF-ANN is consistently lower than that of ANN. The RMS error using PF-ANN is 

limited within 5 mm and the maximum error is bounded within 9 mm in the range of x = -

185 ~ -110 mm, which meets the requirement of positioning accuracy in a robotic TEE 

procedure. 

 

Figure 5-35 Error plot of position estimation for robot maneuver with pitch motion. 
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Table 5-3 3-D position estimation error for robot maneuver with pitch motion 

Trajectory 
Max. Error (mm) RMS Error (mm) 

ANN PF-ANN ANN PF-ANN 

x = -185 mm 5.42 3.62 1.88 1.69 

x = -175 mm 8.61 5.23 3.15 2.50 

x = -160 mm 15.50 4.98 3.30 2.62 

x = -150 mm 14.10 5.68 4.37 2.54 

x = -140 mm 13.13 7.00 5.11 3.04 

x = -130 mm 13.50 6.73 5.81 3.89 

x = -120 mm 29.45 8.49 7.64 4.42 

x = -110 mm 24.88 8.27 7.69 4.46 

x = -100 mm 33.94 20.02 10.88 8.82 

5.4.5 Performance of Disturbance Rejection 

 

Figure 5-36 Introduction of steel tweezers as ferromagnetic disturbance. 

It is claimed that the mu-metal based electromagnetic position estimation system is 

immune to ferromagnetic disturbance owing to the use of an alternating magnetic field at 

a certain high frequency generated by the electromagnet. In this section, as shown in Figure 

5-36, steel tweezers are placed in the working region of the 3-D positioning system to 

validate the performance of ferromagnetic disturbance rejection. Figure 5-37 shows the 

Electromagnet Steel 
Tweezers

Magnetic 
Sensors

Mu-metal
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magnetic disturbance that the tweezers brings to the original magnetic field, where the 

shaded rectangle marks the time instant when the tweezers is placed in the vicinity of the 

magnetic sensors. The introduced magnetic field disturbance is about 22.7, 56.1, and 18.6 

mGauss, in x-, y-, and z-axis, respectively. This disturbance is significant compared to the 

magnetic field variation caused by movement of mu-metal, which is under 2 mGauss in 

each axis as shown in Section 5.4.2. 

 

Figure 5-37 Magnetic field under ferromagnetic disturbance. 

Two experiments with the same test trajectory of yaw motion, one with the disturbance 

and the other one without the disturbance, are conducted for comparison. The position 

estimation results of the two experiments are presented in Figure 5-38 and Figure 5-39. It 

is shown that the position is estimated well for both cases. The RMS error is 2.59 mm and 

2.37 mm for the case without disturbance and with disturbance, respectively. The 

maximum error is 4.71 mm and 5.22 mm for the case without disturbance and with 

disturbance, respectively. Hence, there is no significant difference of position estimation 

performance no matter there is presence of a ferromagnetic object in the working region or 

not. Therefore, assisted by the alternating electromagnetic field and proper signal 

processing, the mu-metal based 3-D positioning system shows the potential for localization 

of flexible medical robots with steel surgical tools as sources of ferromagnetic disturbance. 
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Figure 5-38 Position estimation results without ferromagnetic disturbance. 
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Figure 5-39 Position estimation results with ferromagnetic disturbance. 

5.5 Conclusions 

In this chapter, an electromagnetic 3-D positioning system based on high-magnetic-

permeability materials (mu-metal) is developed to estimate the position of the end-effector 

in flexible transluminal medical robots or robotic endoscopic capsules. The 3-D positioning 

system consists of an external electromagnet as the magnetic source and multiple magnetic 

sensors located outside the human body, and a passive mu-metal element attached to any 

point of the robot whose position is of interest. The mu-metal is magnetized by the 

electromagnet differently at different locations, thus exerting magnetic field influence 

sensed by the magnetic sensors as it moves in the working region. Since only a piece of 

passive mu-metal is attached to the robot moving inside of the human body, there is no 

need of any wiring for power or signal transmission, which simplifies the system structure 

and enhances the robustness. In addition, the 3-D positioning system is based on magnetic 

field sensing, which does not require line-of-sight for position estimation. Though based 

on the magnetic-field-based sensing principle, the 3-D positioning system is immune to 

ferromagnetic disturbance due to the use of an alternating magnetic field at a specific high 

frequency generated by the electromagnet. The high-frequency magnetic field component 

is selectively extracted for position sensing while the ferromagnetic disturbance due to the 

presence or motion of nearby ferromagnetic objects, usually appearing as low-frequency 

component, is filtered out. The feature of immunity to ferromagnetic disturbance ensures 
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that the 3-D positioning system can be used for medical robots with surgical tools made of 

steel.  

The developed mu-metal based 3-D positioning system is modeled and experimentally 

validated on a flexible trans-esophageal robot for ultrasound imaging of the heart. Two 

methods of position estimation, i.e. a direct ANN prediction and a particle filter with ANN 

measurement model, are implemented and compared. Experimental results show that the 

particle filter can effectively suppress the noise of position estimates, reducing the 

maximum estimation error. For the motion of robot insertion, the maximum position 

estimation error ranges from 6.39 mm to 7.44 mm and the RMS error ranges from 2.71 

mm to 5.71 mm. For the bi-directional maneuver of the robot, the RMS error is under 5 

mm and the maximum error is under 9 mm for a broad range of working region. The 

performance of ferromagnetic disturbance rejection is also experimentally validated for the 

3-D positioning system, where no significant deterioration of position estimation is found 

in the presence of a disturbance source. Extensive experimental characterization indicates 

the capability and potential of the mu-metal based electromagnetic 3-D positioning system 

for the task of localization of medical robots moving inside the human body, which lays 

the foundation for autonomous navigation of medical robots and therefore promotes 

operation accuracy, efficiency, and consistency of surgical and diagnostic procedures. 
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Chapter 6  

 

Conclusions 

 

 

In this dissertation, a fundamentally new position sensing principle is proposed based 

on the use of passive high-magnetic-permeability metal (e.g. mu-metal) on the moving 

object and an alternating magnetic field generated by an external electromagnet. Because 

of the significantly higher magnetic permeability of mu-metal compared to that of the 

surrounding environment (e.g. air), the magnetic coupling between the stationary 

electromagnet and magnetic sensors varies as the mu-metal moves in the nearby space, 

resulting in the magnetic field variation at the location of magnetic sensors, from which 

the position of the moving mu-metal can be estimated. Since the high-magnetic-

permeability metal is a passive component without the need for power supply, non-

powered wireless position sensing is achieved. In addition, the proposed mu-metal based 

position estimation system has advantages of non-contacting operation, non-intrusive 

installation, and no need of line-of-sight access. Meanwhile, the selective measurement of 

the amplitude of alternating magnetic field removes any ambient low-frequency 

ferromagnetic disturbance that plagues most permanent magnet-based position sensing 

systems. 

The newly developed position sensing principle based on high-magnetic-permeability 

materials is explored to address three real-world position estimation problems in this 

dissertation:  

1) 1-D position estimation for linear actuators;  
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2) Angular position estimation for rotational joints;  

3) 3-D position estimation for transluminal medical robots.  

For each of the applications, the position sensing system is analytically or numerically 

modeled to reveal the underlying physics of the sensing principle and assist design of the 

position sensing system. A prototype of the position sensing system for each of the 

applications is developed. A signal processing scheme and related electronic circuits are 

designed to process the alternating magnetic field for ferromagnetic disturbance rejection. 

Since the magnetic measurement model is highly nonlinear, nonlinear state estimation 

algorithms are designed and implemented based on either stochastic filtering techniques or 

deterministic nonlinear observer design. Extensive experiments are conducted to validate 

the position estimation performance of the position sensing systems. The performance of 

ferromagnetic disturbance rejection is also evaluated experimentally for the position 

estimation systems. 

First, the mu-metal based position sensing principle is applied to perform 1-D linear 

position estimation for non-ferrous hydraulic or pneumatic actuators on industrial 

machines or off-road vehicles. Conventional linear position sensors require either 

contacting operation (i.e. potentiometers and LVDTs) subject to wear and failure under 

fatigue loads or intrusive installation (magnetostrictive sensors) raising the total cost of the 

system. Permanent magnet-based position sensors, though free of the above problems, are 

subject to disturbance from surrounding ferromagnetic objects. The mu-metal based linear 

position sensor proposed in this dissertation is directly motivated by the need to develop a 

non-contacting, non-intrusive, easy to install, and low-cost position sensing solution 

immune to ferromagnetic disturbances for linear actuators. With only several pieces of 

passive mu-metal plates attached to the moving piston, and an electromagnet and magnetic 

sensors statically located on the cylinder of the actuator, the piston position can be 

estimated from the magnetic field variation induced by the motion of mu-metal using an 

extended Kalman filter fusing magnetic measurements and a constant-acceleration 

kinematic model. The linear position sensing system is analytically modeled to investigate 

the mechanism of position-dependent mu-metal magnetization and its resultant influence 

on the measured magnetic field. The maximum position estimation error is experimentally 
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shown to be approximately 1% over a measurement range of 10 cm. The measurement 

range can be extended to 20 cm and even longer by daisy-chained sensors. The linear 

position sensing system is also validated to reject ferromagnetic disturbances. This mu-

metal based linear position sensor can potentially enable feedback control and autonomous 

operation in industrial machines and other applications with linear actuators. However, a 

limitation of the developed system is that it does work on ferrous actuators in which the 

mu-metal is completely enclosed in a ferrous body. 

Before development of the above mu-metal based 1-D electromagnetic linear position 

sensing system, a precursor electromagnetic position sensing system is also investigated 

for its simple structure consisting of only an electromagnet on the stationary cylinder and 

magnetic sensors on the external end of the piston rod, without mu-metal involved. The 

spatial distribution of the magnetic field of the electromagnet is explored for position 

sensing. However, this system suffers from the drastic decrease of magnetic sensitivity as 

the sensors move far from the electromagnet, resulting in poor position estimates in the far-

end region of the stroke. Therefore, an active position estimation system is developed based 

on varying the current input to the electromagnet along the stroke according to an off-line 

designed current profile. The current input is optimally controlled to increase as the 

magnetic sensor moves towards the low-sensitivity region far from the electromagnet, 

ensuring sufficient position estimation accuracy over the whole stroke length in an energy-

efficient way. While the current control is based on following an optimal current profile as 

a function of piston position, the position itself is unknown and needs to be estimated from 

the magnetic field from the electromagnet, which depends on the current input to the 

electromagnet in return. The coupling between current control and position estimation 

poses a challenge for stabilizing the whole system. Hence, a nonlinear observer based on 

Lyapunov stability theory is designed to ensure both asymptotically stable position 

estimation as well as current control. The active position estimation system using the 

designed nonlinear observer is experimentally demonstrated to show a position estimation 

accuracy of 1% over the whole stroke length of 20 cm for a piston-cylinder system and a 

current tracking accuracy of 2%. This proposed active sensing scheme can also be 

generalized to 2-D and 3-D electromagnetic position estimation systems to improve 
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estimation accuracy, extend measurement range, or save energy consumption of the 

electromagnet. 

A second application of the mu-metal based position sensing principle is angular 

position estimation for rotational mechanical joints. In this dissertation, the angle 

estimation for rotating joints on off-road vehicles such as track loaders and excavators is 

considered. Instead of being computed from the linear position of individual hydraulic 

actuators that might be too long or too expensive to measure, the end-effector position of 

the off-road vehicle can be alternatively determined from the angle of individual rotational 

joints. Two configurations of the mu-metal based angle sensing system are designed, i.e. 

the off-joint configuration and the on-joint configuration. In the off-joint configuration, the 

electromagnet and magnetic sensors are placed on one mechanical link while the mu-metal 

element is placed on another mechanical link connected to the first link by a common 

rotational joint, whose rotation makes the mu-metal pass by the nearby space between the 

electromagnet and magnetic sensors and exert magnetic influence for angle sensing. 

Several sensor placement schemes are designed and tested, in which the scheme with 

spatially separated dual sensors shows the best performance with the maximum sensing 

range with sufficient magnetic sensitivity. Experimental results show that the angle 

estimation error with the off-joint configuration is well under 1 degree for the measurement 

range of -60 ~ 60 degree. Though with high position estimation accuracy, the off-joint 

configuration fails to measure the angle of joints over the full range of 360 degrees. The 

on-joint configuration successfully solves this problem by attaching the mu-metal element 

right on the rotating shaft of the joint with the electromagnet and magnetic sensors placed 

nearby on the housing of the joint around the shaft. The key challenge of the on-joint 

configuration is to design an asymmetric geometry of the mu-metal element such that 

aperiodic magnetic field variation is achieved over the 360-degree measurement range for 

unique determination of the angle. Numerical modeling is employed to design the geometry 

of the mu-metal element and the arrow-shaped geometry is found to have the best 

performance. The maximum angle measurement error is 2 degrees for the on-joint 

configuration over the 360-degree measurement range. Both the on-joint and off-joint 

configuration are validated to be immune to ferromagnetic disturbances from a steel 
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wrench. 

Finally, the mu-metal based electromagnetic position sensing principle is explored for 

the application of 3-D positioning of flexible transluminal medical robots or robotic 

endoscopic capsules, the position of which cannot be determined from individual joint or 

actuator positions due to their highly flexible and deformable structures and the resulting 

inaccurate kinematic model (continuum transluminal robots) or even non-existence of 

joints (untethered robotic capsules). Direct 3-D position measurement of the end-effector 

of transluminal medical robots or robotic capsules can enable real-time monitoring and 

autonomous navigation, by which operation accuracy, efficiency, and consistency are 

enhanced during minimally invasive surgical and diagnostic procedures. In this dissertation, 

the mu-metal based electromagnetic 3-D position estimation system is developed and 

validated specifically on a flexible trans-esophageal robot for ultrasound imaging of the 

heart. While the electromagnet and magnetic sensors are located outside of the human body, 

the mu-metal is attached to the robot tip with an ultrasound transducer that moves through 

the esophagus for imaging of the heart. The position of the ultrasound transducer can be 

estimated from the measured magnetic response caused by the magnetized mu-metal. Since 

the motion of the mu-metal happens in a 3-D space involving higher degrees of freedom, 

the magnetic response it creates is more complicated than that involved in 1-D linear or 

angular position estimation problems. Therefore, the highly nonlinear magnetic response 

to the 3-D position of the mu-metal is modeled using an artificial neural network and a 

particle filter is implemented to estimate the mu-metal position. Position estimation for two 

stages of robot motion, i.e. robot insertion and robot maneuver, are investigated in 

experiments. It is found that the RMS estimation error is under 5 mm and the maximum 

error is under 9 mm in the investigated working region, showing the potential of the mu-

metal based 3-D positioning system to serve as a reference absolute localization system  

for the ultrasound probe. The mu-metal based 3-D positioning system is also validated to 

reject ferromagnetic disturbances, which is crucial for applications of medical robotics 

involving frequent presence of surgical tools made of ferromagnetic materials. 

In summary, a novel electromagnetic position sensing principle based on the use of 

passive high-magnetic-permeability materials is proposed in this dissertation. Only the 
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passive high-permeability mu-metal is attached to the moving object whose position is to 

be estimated, resulting in a non-powered and wireless position sensing solution with 

advantages of non-contacting operation and non-intrusive installation. The selective 

measurement of an alternating magnetic field at a certain frequency makes the position 

sensing system immune to ferromagnetic disturbances. Based on the proposed mu-metal 

based position sensing principle, prototype position estimation systems are designed for 

both structured 1-D linear/angular position measurement for non-ferrous actuators, and 

free 3-D position measurement for applications of medical robotics, guided by analytical 

or numerical modeling of the magnetic sensing mechanisms.  Extensive experiments are 

conducted to investigate the performance of position estimation, the results of which shed 

light on the potential use of the mu-metal based position sensing systems in real-world 

applications. In addition, an active sensing scheme for electromagnetic position estimation 

is proposed based on a nonlinear observer design, where a challenging coupled control and 

estimation problem is solved. The proposed active sensing framework can be applied to 

improve magnetic sensitivity, extend the sensing range and save energy costs of 

electromagnetic position sensing systems. 
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