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Abstract

Self-consistent field theory (SCFT) is a powerful tool for study of equilibrium
phase behavior of block copolymer melts and mixtures. However, it fails to take
into account the effect of fluctuations. This leads to some incorrect predictions
for the phase behavior including the nature and location of order-disorder tran-
sitions, associated phenomemon and phases. SCFT solutions are also limited by
finite amount of computer resources available for numerical calculations. This is
especially true of highly swollen self-assembled structures with large characteris-
tic length scales. Accurate thermodynamic description of the interfaces in these
swollen structures is sufficient to describe the phase behavior in this limit. Here
we present our studies of the phase behavior of and interfaces in block copolymer
melts and mixtures where we incorporate fluctuation effects and study highly
swollen phases. The different approaches we take are, in a large part, guided by
the limitations of SCFT.

We present the first theoretical study into the role of conformational asym-
metry in ternary mixtures of AB diblock copolymers, A homopolymers and
B homopolymers which are high molecular counterparts of oil-water-surfactant
mixtures. We show that the sign of the spontaneous curvature of an asym-
metric diblock copolymer monolayer in these ternary mixtures is controlled by
competition between swelling and stretching of copolymer brushes. We explore
the phase behavior in highly swollen limit using the analytical Helfrich theory
of bending elasticity for diblock copolymer monolayers. Further, we present
a generalized version of the Helfrich theory that eliminates arbritrary choices
in controlling variables needed to stabilize interfaces and presents a simplified
description of these monolayers as a pseudo-one component system. We demon-
strate the utility of our generalized theory by presenting an accurate thermody-
namic description of a metastable phase in the highly swollen limit.

Fluctuation effects are considered in the latter part of this thesis. In neat
melts of volumetrically symmetric diblock copolymers, we view the strongly
correlated disordered phase, near the order-disorder transition to the ordered
lamellar phase, as an ensemble of multiple network topologies. We claim that
the entropy associated with this ensemble is a constant per junction of the
network. We present a free energy model of the disordered phase as the free
energy per junction of a surrogate ordered network phase stabilized by this
constant junction entropy. We test this claim and the predictions from this
model by comparing to results from molecular simulations. We then extend
this model to the ternary mixtures. We incorporate the effect of interfacial
fluctuations in these mixtures through their effect on the renormalization of
rigidities in the disordered phase and an undulation pressure in the lamellar
phase. Using these models we predict phase behavior that is consistent with
reported behavior in experiments and simulations.
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Chapter 1

Introduction

Block copolymers are an important class of polymeric materials that show a

rich phase behavior both as melts and mixtures. Over the past few decades, the

self-consistent field theory (SCFT) has been successfully applied to study their

equilibrium phase behavior. A study of the phase behavior requires accounting

for the numerous interactions between chains that comprise these melts and

mixtures. In SCFT, interactions between polymer chains are replaced by the

interaction between a single chain and a chemical potential field arising from the

presence of other chains. This approach effectively replaces the computation of

interactions among different chains with the computation of chemical potential

fields that must be determined self-consistently. The formalism of SCFT and

its numerical implementation has been thoroughly discussed by several authors

in the literature and, hence, we do not present them here.1–3

For a neat melt of monodisperse AB diblock copolymers, SCFT predicts a

phase diagram with numerous ordered phases that transition to a homogeneous

disordered phase on increasing temperature, or equivalently, reducing χN , where

χ is the Flory-Huggins interaction parameter between A and B monomers and

N is the degree of polymerization.4 The most stable phase at a particular χN

is also determined by the relative lengths of the A and B blocks in the block

copolymer molecule. This is denoted by f , the fraction of the A block in the

molecule. On comparison to experiments and molecular simulations, SCFT

correctly predicts the order in which the phases will occur as a function of

1
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f , but incorrectly predicts the value of χN where transition between different

phases occurs. For example, a well-known prediction is that for volumetrically

symmetric copolymers, that is copolymers with f = 0.5, undergo an order-

disorder transition at χN = 10.495 between the ordered lamellar phase and the

homogeneous disordered phase through a critical point. However, in experiments

and simulations, it is, in fact, a fluctuation induced first order transition5,6 that

occurs at χN > 10.495. Hence, this limitation of SCFT is due to its failure to

account for the presence of composition fluctuations.

Ternary mixtures of AB diblock copolymers, A homopolymers and B ho-

mopolymers are high molecular analogues of oil-water-surfactant mixtures that

have attracted significant experimental and theoretical interest over recent decades.7–25

These mixtures show a rich phase behavior with multiple swollen ordered phases

and a channel of stability of the bicontinuous microemulsion phase (BµE). Re-

cently, the phenomenon of congruent melting and coexistence between lamel-

lar and disordered phase has been reported experimentally in these mixtures.20

When SCFT is applied to these ternary mixtures, it correctly predicts the phase

behavior for high χN when the mixture has completely ordered. However, it

does not correctly predict the location of the order-disorder transitions, the co-

existence and congruent melting behavior for lamellar and disordered phases

and the channel of stability of BµE phase. These limitations are thought to be

consequences of this theory’s inability to account for composition fluctuations

along with interfacial fluctuations that become important for swollen phases.

These swollen phases in ternary mixtures also present a unique challenge when

it comes to their accurate numerical representation. As the degree of swelling

increases, the characteristic length scale associated with the distance between

adjacent interfaces for an ordered phase increases. This length scale is pro-

portional to the unit cell dimension of an ordered phase that diverges at the

unbinding transition beyond which this mixture macrophase separates into two

homopolymer rich domains. The BµE channel is also known to be stable in

this highly swollen regime. Increasingly large unit cell dimensions in this regime

make an accurate numerical representation of an ordered phase infeasible on a

finite amount of computer memory. Hence, SCFT calculations in this regime

are limited up to degrees of swelling where a converged solution is possible for
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the available computer memory.

The limitations of SCFT as described above played a large part in motivating

and guiding us to develop approaches to study interfaces and phase behavior of

block copolymer melts and mixtures presented in this work. Section 1.1 outlines

our studies that largely focused on the highly swollen limit in ternary mixtures

where the thermodynamics of interfaces plays a key role in understanding the

phase behavior. Section 1.2 outlines two of our works that account for composi-

tion and interfacial fluctuation effects in these melts and mixtures in the form of

free energy models of the disordered and lamellar phases near the order-disorder

transition.

1.1 Interfaces in Highly Swollen Self-Assembled

Structures

The characteristic length scale in a highly swollen self-assembled structure be-

comes large enough that adjacent interfaces do not interact and can be treated as

isolated interfaces. In this highly swollen regime, an accurate analytical descrip-

tion of the thermodynamics of these interfaces effectively eliminates the need

to use a numerical SCFT calculation, which is limited by finite computer mem-

ory. We use the Helfrich theory of bending elasticity26 along with its proposed

generalization for this purpose in this work.

In recent years the role of conformational asymmetry, that is asymmetry cor-

responding to unequal statistical segment lengths of monomers, in block copoly-

mers is being explored for the discovery and design of several interesting ordered

phases. In Chapter 2, we present a study into the phase behavior of ternary

mixtures which was motivated by a prior experimental work by Hickey et al.20

that reported the phenomenon of congruent melting and lamellar-disorder coex-

istence. The line of congruent melting was reported to not lie in the volumetri-

cally symmetric isopleth in the ternary phase prism. The presence of asymmetry

in the statistical segment lengths of the two monomers and its proposed effect

on the spontaneous curvature of a swollen curved copolymer monolayer was im-

plicated as the mechanism leading to this shift the line of congruent points away
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from the symmetric isopleth. In Chapter 2, we consider the effect of this con-

formational asymmetry on the phase behavior in ternary mixtures. We adapted

the methodology reported by Chang et al.27 to calculate elastic properties of

weakly curved copolymer monolayers near saturation to test the hypothesis on

the change of sign of spontaneous curvature presented in Hickey et al. We

also studied the phase behavior in the low to moderately swollen regime using

numerical SCFT in the presence of this asymmetry and use the Helfrich the-

ory to make predictions about stability of swollen phases in the highly swollen

limit. The work presented in this Chapter has been published in the journal

Macromolecules in 2019.23

In Chapter 3, we present a generalized version of the Helfrich theory of

bending elasticity for diblock copolymer monolayers where we allow the con-

ventional Helfrich elastic parameters to have chemical potential dependence.

Previous treatments of interfaces in ternary mixtures formed by diblock copoly-

mer monolayers either introduced unphysical, fictitious forces to stabilize the

interface or introduced an artificial asymmetry in specifying a stabilizing pres-

sure difference. We show that this artificial asymmetry leads to unphysical

results and the size of the errors increase as we move away from the condition

of saturation. The generalized Helfrich theory presented here aims to eliminate

this artificial asymmetry by offering a description of the ternary mixture as a

pseudo-one component system with an effective chemical potential. We demon-

strate the utility of this approach by first calculating the generalized Helfrich

elastic parameters in simple flat, cylindrical and spherical geometries. We then

use these results to present an accurate thermodynamic description of a highly

swollen phase composed of minimal interfaces, namely the single gyroid, for

compositions where a numerical SCFT calculation would be infeasible due to

finite computer resources.
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1.2 Fluctuation Effects in Diblock Copolymer

Melts and Mixtures

Near the order-disorder transition, the disordered phase has strong correlations

in composition. This is true for both neat melt of volumetrically symmetric di-

block copolymers and a symmetric ternary mixture of AB diblock copolymers,

A homopolymers and B homopolymers. In these symmetric melts and mixtures,

the disordered phase is composed of two bicontinuous, strongly segregated do-

mains that are separated by minimal interfaces and this structure is analogous

to the bicontinuous microemulsion phase in oil-water-surfactant mixtures and

the sponge phase in surfactant-water mixtures. The literature on these latter

surfactant mixtures attributes the stabilization of the corresponding structured

disordered phases to the ideas of network junction entropy and interfacial fluc-

tuations which are, in part, the inspiration for the free energy models of the

disordered phase presented here for symmetric diblock copolymer melts (Chap-

ter 4) and ternary mixtures (Chapter 5).

In Chapter 4, we consider neat melts of volumetrically symmetric diblock

copolymers near the order-disorder transition. As mentioned before, the pres-

ence of fluctuations lead to a first-order transition between the lamellar and

disordered phases that occurs for χN > 10.495. The Fredrickson-Helfand the-

ory predicts a first order transition that depends on the parameter called the

invariant degree of polymerization, denoted by N . This parameter is a mea-

sure of chain overlap and SCFT predictions are valid in the limit N →∞. On

comparison to simulations, the Fredrickson-Helfand theory gives the correct de-

pendence of χN at the order-disorder transition on N for N � 104. This range

of N corresponds to long chains with weakly segregated domains. For shorter

chains in the strongly segregated regime (N ' 102 − 104), using molecular sim-

ulation studies28,29 it has been shown that χN at the order-disorder transition

shows a universal dependence on N but does not follow the Fredrickson-Helfand

prediction. In this strongly-segregated regime, we view the disordered phase as

an ensemble of different network topologies and claim that the disordered phase

is stabilized by the network entropy associated with this ensemble, analogous

to the view of stabilization of bicontinuous disordered structures in surfactant
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mixtures. We then present a model of the disordered phase as an ordered peri-

odic network phase stabilized by a constant network entropy on a per junction

basis. We show that the single gyroid phase is a natural choice for this surro-

gate and then present results from this model for the order-disorder transition

in the strongly-segregated regime. The work presented in this Chapter has been

published in the journal Physical Review Letters in 2018.30

In Chapter 5, we extend the network model of Chapter 4 to the disordered

phase in ternary mixtures of AB diblock copolymers, A homopolymers and B

homopolymers. Apart from network entropy we also take into account the effect

of interfacial fluctuations here. In phases that impose an average curvature, the

stabilization offered by interfacial undulations is treated as a renormalization

of the rigidities of the interface. In the disordered phase, we account for this

through the renormalization of the Gaussian rigidity in the free energy model.

Work done by Helfrich in the context of flat bilayers,31 has shown that steric

confinement of undulations leads to an effective increase in the pressure. We use

this result by Helfrich for the lamellar phase in the ternary mixtures. We present

results of phase coexistence calculations for different values of N as phase dia-

grams along the volumetrically symmetric isopleth and compare the predictions

from these models to experiments and simulations. We then apply these mod-

els to asymmetric homopolymer compositions and consider the predictions of

these models with respect to experimentally reported phenomenon of congruent

melting and lamellar-disorder coexistence.



Chapter 2

Effects Of Segment Length

Asymmetry In Ternary Diblock

Copolymer-Homopolymer

Mixtures

2.1 Abstract

Self-consistent field theory (SCFT) is used to study the effect of asymmetry

between A and B statistical segment lengths on interfacial properties and phase

behavior in ternary mixtures of AB diblock copolymers, A homopolymers, and B

homopolymers. We consider systems with volumetrically symmetric homopoly-

mers and copolymer, in which a difference between A and B statistical segment

length is the only source of asymmetry between A and B monomers. The sign

of the spontaneous curvature of monolayer interfaces between A- and B-rich

homopolymer domains is shown to depend on the ratio of copolymer to ho-

mopolymer chain lengths: Interfaces preferentially curve toward the component

with higher statistical segment length when the homopolymer lengths are greater

than or comparable to the copolymer length (as also found in diblock copolymer

7
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melts), but curve away from this component when the homopolymers are much

shorter than the copolymer.

This chapter was originally published as an article in Macromolecules23

2.2 Introduction

Ternary mixture of two immiscible homopolymers, of types A and B, and an

A-B diblock copolymer are high molecular weight analogues of the oil-water-

surfactant mixtures.15 The copolymer molecules in these mixtures tend to re-

side on interfaces separating A- and B-rich domains. Such mixtures show a

rich phase behavior that includes multiple swollen ordered phases, a channel

of bi-continuous microemulsion phase11,14 and regions of two- and three-phase

coexistence. The boundaries between phases in which interfaces adopt different

states of curvature (e.g., lamellar vs. hexagonal) are affected by the tendency of

monolayers to preferentially curve towards A- or B-rich domains. This tendency

is quantified by the spontaneous curvature of an isolated interface, which is the

value of the mean curvature that minimizes the free energy of a saturated in-

terface. The spontaneous curvature would be zero for a hypothetical symmetric

system containing a symmetric copolymer, homopolymers of equal length, and

A and B monomers with equal statistical segment length. In real systems, it is

often possible to synthesize components in which the blocks of the copolymer

and the two homopolymers are volumetrically symmetric, but an asymmetry

between the statistical segment lengths of the two polymer species then gener-

ally remains. Several theoretical studies have examined the phase behavior of

ternary systems7,8, 12,13,16,32 but none seem to have explored the effect of confor-

mational asymmetry. Here, we use self-consistent field theory (SCFT) to study

the effect of conformational asymmetry upon both the spontaneous curvature

of an isolated interface and the phase behavior of a ternary mixture.

SCFT predictions for the isothermal phase diagram of an A/B/A-b-B ternary

blend at any specified temperature depend upon the following parameters: the

degree of polymerization of the copolymer (denoted here by N), the degrees of

polymerization of the homopolymers (NA and NB), the fraction of A monomers



Chapter 2: Effects Of Segment Length Asymmetry In Ternary Mixtures 9

in the copolymer (fA), the Flory-Huggins interaction parameter (χ), and the

statistical segment lengths of A and B monomers (bA and bB). The statistical

segment length for a homopolymer is given by the ratio Re/
√
N , where Re is

the root-mean-squared end to end length and N is the degree of polymeriza-

tion. We refer to such an asymmetry in statistical segment lengths here as a

conformational asymmetry. We assume a convention in which degrees of poly-

merization are based on monomers of equal volume, so that chains or blocks

of equal degrees of polymerization occupy equal volume within a dense liquid.

We focus throughout this paper on volumetrically symmetric systems in which

fA = 1/2 and NA = NB, and denote the ratio of homopolymer to copolymer

degrees of polymerization by the symbol α = NA/N . The SCFT phase diagram

of such a system can be shown to depend only upon α, the product χN , and

the ratio bA/bB. The volume fractions of A homopolymer, B homopolymer and

copolymer are denoted by φA, φB and φC , respectively.

At a fixed value of χN , the phase behavior can be represented on a phase

triangle where each vertex corresponds to a pure component. The variation with

χN can be represented in a 3D triangular prism where the vertical axis of the

prism represents χN . Experimentally, χ is varied by varying the temperature

of the blend.

Fig. 2.1 shows a schematic of the phase behavior of a completely symmetric

system, with bA/bB = 1, on and near the volumetrically symmetric isopleth (i.e.,

the plane φA = φB). At low values of χN , the system forms a disordered phase.

For high values of φC and large values of χN , the system forms an ordered

lamellar phase. SCFT predicts a continuous transition between the disordered

and lamellar phase along the volumetric isopleth, but that transition is actually

a fluctuation induced first order transition. For very small values of φC and

large values of χN , the system exhibits two phase coexistence between two

disordered homopolymer rich phases rich in A or B homopolymers. Within the

volumetrically isopleth, this two-phase region is separated from the disordered

one-phase region by a line of critical points.

Within the lamellar phase, the lamellar domain spacing d increases as φC

decreases. SCFT predicts that, in the absence of any competing phenomenon,

d would diverge along a line of unbinding transitions where the lamellar phase
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meets the region of macroscopic two-phase separation. Approached from the

opposite direction, from within the two-phase region, interfacial tension of a

flat interface between the coexisting phases decreases with increasing copoly-

mer concentration. The unbinding transition corresponds to the tie line for the

two-phase system with vanishing macroscopic interfacial tension. SCFT calcu-

lations that allow for the possibility of phase coexistence predict, however, that

the unbinding transition should be pre-empted in symmetric systems by the

appearance of a region of three phase coexistence between a lamellar phase and

two disordered phases rich in A or B homopolymers.12,16

SCFT predicts that the order-disorder transition, a line of critical points and

the metastable unbinding line meet within the symmetric isopleth at a so-called

Lifshitz point.7 Upon approaching the Lifshitz point from within the lamellar

phase, the composition amplitude of the lamellar phase approaches zero while

the lamellar spacing simultaneously diverges.

Experimentally, several nearly symmetric ternary systems with α ' 0.2 have

been shown to exhibit a bicontinuous microemulsion within a narrow region

near the metastable unbinding transition, rather than the three-phase coexis-

tence predicted in this region by SCFT.9,11,14,15,19,32 The region in which the

microemulsion is stable is continuously connected to the disordered phase. A

bicontinuous microemulsion has also been observed in several simulations of

symmetric ternary systems,10,17,22 which also show evidence of three phase co-

existence between the microemulsion and two homopolymer rich phases. The

effects of conformational asymmetry upon the phase behavior of diblock copoly-

mer melts is well established.33 The resulting shifts in order-order transitions

can be understood by considering the free energy costs associated with curving

an interface within a symmetric copolymer melt. Consider a melt of composi-

tionally symmetric AB diblock copolymer molecules in which bB > bA. In an

incompressible melt of volumetrically symmetric copolymers, the volume per

chain of the A and B blocks must be equal. Because the interfacial area per

chain is the same for the two blocks (because of their covalent attachment), this

means that when the monolayer is flat, the height of the A and B brushes must

be approximately equal. When the monolayer bends, it tends to further stretch

the block that the interface curves toward (or around) and relieve stretching
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Figure 2.1: Schematic of phase behavior in the region near the volumetrically
symmetric (VS) isopleth (gray plane) within the phase prism for a symmetric
diblock copolymer-homopolymer ternary blend. The red curve indicates line of
order-disorder transitions between the lamellar (LAM) and the disordered (DIS)
phases within the symmetric volumetric isopleth. The green curve is a line of
critical points. The orange curve is the line of unbinding transitions predicted by
SCFT. Lifshitz Point is indicated by the letters LP and a star (?) symbol. The
dashed curves represents the experimentally observed channel of bi-continuous
microemulsion (BµE) phase.

of the block that it curves away from. When bB > bA, the free energy cost of

stretching the B block is lower than that of stretching the A-block, and so inter-

faces preferentially curve towards the B block. This produces a phase diagram

with enlarged region of stability of phases in which (in the absence of asym-

metry) the B domains would be minority component and form the “interior”

regions of spheres, cylinders or networks. The effect is to skew the center of the

region of stability of each ordered phase towards higher volume fraction of the

more flexible B block.

A qualitatively different situation might, however, be expected to arise in a

ternary system with a small volume fraction of copolymer and relatively short

homopolymers, as a result of the tendency of homopolymer to asymmetrically

swell the A and B blocks of the copolymer. Consider the behavior of an isolated

interface covered with a monolayer of symmetric copolymers between A- and B-

rich homopolymer domains, in which the homopolymers are much shorter than
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Figure 2.2: Qualitative effect of changes in the ratio of homopolymer to copoly-
mer length upon the spontaneous curvature a copolymer monolayer in the pres-
ence of segment length asymmetry. Here, red chains and blocks are of type A
and blue chains and blocks are of type B, with bB > bA. When the length of the
homopolymers is comparable to the length of the copolymer (α ' 1), there is
little swelling of the copolymer brush and the interface curves towards the more
flexible B block. For short homopolymers, asymmetric swelling of the copolymer
brushes causes the interface to curve towards the less flexible A block.

either block of the copolymer (i.e., α � 1/2), and in which bB > bA. In the

case of a flat monolayer, homopolymers will tend to penetrate and swell both

blocks of the monolayer, but will swell the more flexible B block more than the

A block. Because of the difference in the heights of the two brushes, this can

create a distribution of pressures within the flat monolayer that favors curvature

towards the shorter, less flexible A block.

The above predicts a sign for the spontaneous curvature in systems in which

copolymer brushes are highly swollen with solvent that is opposite to that pre-

dicted and observed in solvent-free block copolymer melts, indicating a compe-

tition between two opposing effects. As a result, in ternary systems, the sign of

the monolayer spontaneous curvature and the direction of the associated asym-

metry in the phase diagram is not obvious. Because the second mechanism de-

pends upon swelling of the copolymer brushes by homopolymer, and the extent

of swelling increases with decreasing α (i.e., decreasing relative homopolymer

length), we expect the tendency to curve away from the more flexible block to

become stronger with decreasing α. The remainder of this paper is organized

follows: Section 2 presents a study of the effect of conformational asymmetry

on the spontaneous curvature of a saturated monolayer in systems with varying

values of α. Section 3 discusses the effect of conformational asymmetry upon
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phase behavior in ternary systems. Conclusions are summarized in Sec. 4.

2.3 Monolayer Spontaneous Curvature

Consider a copolymer laden interface between A- and B-rich homopolymer

phases. The interfacial tension, γ, is equal to the excess grand canonical free

energy per unit area of the interface.34 In a highly swollen lamellar phase, each

monolayer is in a state of vanishing interfacial tension,35 γ = 0. We refer to

this in what follows as a saturated interface, and refer to the chemical poten-

tials obtained in a two-phase system for which a flat interface has γ = 0 as the

saturation chemical potentials.

For weakly curved monolayers, the value of the interfacial tension in a system

in which the chemical potentials are held equal to the saturation values can be

expressed as an expansion in powers of the principal curvatures C1 and C2.

Expanding to harmonic order in curvature yields the Helfrich expansion

γ = −τC +
1

2
κC2 + κK. (2.1)

in which C = C1 + C2 is the mean curvature and K = C1C2 is the Gaussian

curvature of the interface.26,27 The parameters τ , κ and κ are the Helfrich elastic

constants, which we refer to as asymmetry parameter (τ), the bending rigidity

(κ), and the Gaussian rigidity (κ), respectively.

The Helfrich expansion can be simplified in the case of cylindrical and spher-

ical surfaces. A cylindrical surface of radius R has one non-zero principal cur-

vature, C1 = 1/R and C2 = 0, so C = 1/R and K = 0. A spherical surface of

radius R has two equal non-zero principal curvatures, C1 = C2 = 1/R, giving

C = 2/R and K = 1/R2. For cylindrical and spherical surfaces, Eq. (2.1) can

be written as a function of mean curvature C alone, of the form

γ = −τC +
1

2
κ′C2 , (2.2)

where κ′ = κ for cylindrical surfaces and κ′ = κ+κ/2 for spherical surfaces. We

define the spontaneous curvature of a spherical or cylindrical interface, denoted
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by C∗, to be the value

C∗ = τ/κ′ (2.3)

of the mean curvature C that minimizes the Helfrich approximation for γ.

It is convenient to express SCFT predictions for the interfacial tension and

Helfrich parameters in non-dimensional form. We non-dimensionalize lengths

by taking the unit of length to be the root mean squared end-to-end length

of the copolymer molecule, denoted by RC , which is given by R2
C = fANb

2
A +

(1 − f)Nb2
B. Non-dimensional mean curvature, denoted by [C], is given by

[C] = CRC . Following Refs. 36 and 27, we define a non-dimensional interfacial

tension

[γ] =
γ

kBT

vN

RC

(2.4)

where v is the monomer reference volume, k is Boltzmann’s constant and T is

absolute temperature. Corresponding non-dimensional parameters in the Hel-

frich expansion for a cylindrical or spherical surface are given by

[κ′] =
κ′

kT

vN

R3
C

[τ ] =
τ

kT

vN

R2
C

, (2.5)

while [κ] is defined analogously to [κ′]. Non-dimensional spontaneous curvature

is given by [C∗] ≡ C∗RC = [τ ]/[κ′]. The Helfrich expansion is valid for weakly

curved interfaces, for which the radii of curvature of the interface are much larger

than the characteristic dimension RC of the copolymer molecule,35 or [C]� 1.

The thermodynamic state of an AB copolymer monolayer at a cylindrical or

spherical interface separating two A- and B-homopolymer rich domains in a sys-

tem with fixed values of molecular weights, statistical segment lengths and χ is

determined by the chemical potentials of the three components and the curvature

C. In an incompressible system, physical properties such as interfacial tension

are independent of shifts in chemical potential that correspond to homogeneous

shifts in pressure. As a result, only two of the three chemical potentials in an

incompressible ternary system are independent. The requirement of mechanical

force balance across the interface imposes an additional constraint, leaving only

one independent chemical potential in a two-phase system. The possible equi-

librium states of a cylindrical or spherical interface in an incompressible system
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with a specified chemistry and specified value for χ thus depend only upon the

mean interfacial curvature C and a single independent chemical potential or

(equivalently) a specification of the copolymer concentration in one of the two

coexisting phases.

The Helfrich expansion is an expansion around the saturated γ = 0 state

of a flat monolayer. The first step of any calculation of properties of saturated

or nearly saturated monolayers is thus to identify the conditions at which two

homogeneous phases coexist and a flat interface between them has vanishing

interfacial tension. The conditions for phase coexistence between homogeneous

phases can be computed from Flory-Huggins theory and are independent of the

values of the statistical segment lengths. Because we focus here on volumetri-

cally symmetric systems, with fA = 1/2 and NA = NB, the chemical potentials

of the A and B homopolymers must be equal in two-phase equilibrium, and

the volume fractions of the copolymer and of the minority homopolymer com-

ponent must have equivalent values in both phases, by symmetry. To identify

saturation conditions, we identify a sequence of two-phase states of increasing

copolymer concentration (corresponding to a sequence of tie lines in the two

phase region), compute the SCFT interfacial tension in each such state, and

identify the conditions at which γ = 0. This calculation identifies the composi-

tion of the two homopolymer phases that coexist along the unbinding transition,

as well as providing a starting point for a computation of the dependence of γ

on curvature.

To compute the Helfrich elastic constants, we compute the interfacial ten-

sion for cylindrical and spherical interfaces of varying curvature C. The method

used here to compute γ for curved interfaces is similar to that used in a previous

study of interfacial bending elasticity by Chang and Morse.27 SCFT equations

for each state of interest are solved in annular cylindrical and spherical domains

with an inner radius R− and an outer radius R+, with Neumann boundary

conditions that impose a vanishing radial derivative along these boundaries. In-

terfacial tension is defined as excess grand-canonical free energy per unit area of

A/B interface. We define positive values of C mean curvature, by convention,

to correspond to states in which interface curves around the B-rich domain.

For C > 0, the annular domain thus has an outer A homopolymer-rich region
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separated from an inner B homopolymer-rich region by interface that is covered

with a copolymer monolayer. SCFT equations were solved in a mixed ensemble

in which we specify the chemical potentials of A homopolymer and copolymer,

but specify the volume fraction of B homopolymer. For C > 0, the chemical

potentials of the copolymer and the A homopolymer species were fixed at values

obtained in the saturated state of a flat monolayer, while the volume fraction

of B homopolymer was chosen so as to guarantee that the interface remained

approximately equidistant from the inner and outer boundaries of the annular

domain. The difference L = R+ − R− between inner and outer radii of this

domain was set to a fixed value chosen to be large enough so that properties

measured near the inner and outer surfaces are independent of the radial coor-

dinate. Computations using different values of the inner radius R− were then

used to obtain properties of interfaces with different values for the interfacial

radius of curvature R. Calculations of γ for states with C < 0 were performed

by simply reversing the roles of A and B, using an annulus with an inner A-rich

domain and outer B-rich domain.

Figures 2.3 and 2.4 show results for the predicted dependence of the di-

mensionless interfacial tension [γ] upon dimensionless curvature [C] for both

cylindrical and spherical geometries, for systems with χN = 15 and several dif-

ferent choices of values of the ratio bB/bA and the parameter α. In these plots,

because bB > bA and C > 0 denotes curvature around the B domain, states

with C > 0 have an interface curved around the more flexible block.

Figure 2.3 shows results for both cylindrical (left panel) and spherical geome-

tries (right panel) at a fixed value of α = 0.20 and χN = 15 but varying values

of bB/bA. These plots are symmetric about C = 0 in the case bB/bA = 1, but

asymmetric for all bB/bA 6= 1. For this value of α, and bB > bA, it is clear that

the interfacial tension is lower for C < 0, indicating that the interface prefers to

curve around the less flexible component. This is consistent with the argument

given in the introduction regarding the behavior of systems with α � 1 and

highly swollen brushes.

Figure 2.4 shows results for [γ] for systems with a fixed value of bB/bA = 2.0

and χN = 15 but varying values of α. Here, it can be seen that τ changes

sign as α is varied: For larger values of α ≥ 0.5, interfacial tension is lower for
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Figure 2.3: Non-dimensional interfacial tension [γ] as a function of non-
dimensional curvature [C] for fixed relative degree of polymerization, α = 0.20
and different values of conformational asymmetry, bB/bA in the (left) cylindrical
and (right) spherical geometries respectively.

C > 0, indicating a tendency to curve around the more flexible block. This is

the behavior expected in systems in which the effect of swelling is negligible.

For smaller values of α ≤ 0.2, γ is lowest for C < 0, indicating a tendency to

curve around the less flexible block, as expected for highly swollen brushes.

Values of the Helfrich elastic constants τ , κ and κ+ κ/2 have been obtained

for each choice of a set of values for χN , α and bA/bB by fitting the results

of a sequence of calculations of γ for spherical and cylindrical interfaces with

different values of C to Eq. (2.2). Figures 2.5 and 2.6 show our results for

the dependence of the dimensionless rigidities [κ] and [κ] and the dimensionless

spontaneous curvature [C∗] upon the parameter α for systems with χN = 15

and three different values of bA/bB. For the case in which the system has no

conformational asymmetry (bB/bA = 1), the spontaneous curvature is zero for

all values of α, as expected by symmetry. For systems with bA/bB = 2.0 and

3.0, C∗ is positive for values of α above a critical value of about α ' 0.35,

and negative for lower values of α. The behavior obtained for large values of α

(long homopolymers) is consistent with the behavior found in diblock copolymer

melts,33 in which interfaces prefer to curve around the more flexible component.



Chapter 2: Effects Of Segment Length Asymmetry In Ternary Mixtures 18

-0.10 -0.05 0.00 0.05 0.10

-5.0

-2.5

0.0

2.5

5.0
10

-4

 = 0.17

 = 0.20

 = 0.50

 = 0.80

-0.10 -0.05 0.00 0.05 0.10

-5.0

-2.5

0.0

2.5

5.0
10

-4

 = 0.17

 = 0.20

 = 0.50

 = 0.80

Figure 2.4: Non-dimensional interfacial tension [γ] as a function of non-
dimensional mean curvature [C] for fixed conformational asymmetry bB/bA =
2.0 and different values of relative degree of polymerization, α in the (left) cylin-
drical and (right) spherical geometries respectively.

This behavior is shown here to also apply to isolated interfaces in ternary systems

when the homopolymer is too large to significantly swell the A or B copolymer

brushes, i.e., in which the copolymer brushes remain relatively “dry”. The

behavior obtained at low values of α is consistent with that expected for systems

in which the copolymer brushes are highly swollen by a low molecular weight

good solvent.

2.4 Ternary Phase Behavior

We now show how statistical segment length asymmetry affects the relative

stability of competing ordered phases in ternary systems with NA = NB and

fA = 1/2. We also restrict our attention in this section to systems with α = 0.2,

because this value is similar to that used in several experimental studies of

model ternary systems in order to obtain an order-disorder transition for the neat

copolymer melt and a critical point for the binary homopolymer blend at similar

temperatures. In what follows, φA, φB, and φC denote macroscopic volume

fractions of A homopolymer, B homopolymer, and AB copolymer, respectively.
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Figure 2.5: Non-dimensional bending rigidity [κ] (left) and Gaussian rigidity [κ]
(right) as a function of relative degree of polymerization α = NA/N for systems
with χN = 15 and different values of conformational asymmetry, bB/bA.
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Figure 2.6: Non-dimensional spontaneous curvature [C∗] as a function of relative
degree of polymerization α = NA/N for different values of conformational asym-
metry, bB/bA. The plots are for (left) cylindrical and (right) spherical geometry
at a value of χN = 15.
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Several of the phase diagrams presented here are approximate diagrams in

which most phase boundaries have been constructed by identifying conditions

under which which neighboring phases have equal Helmholtz free energy den-

sities. All such calculations were performed using the Polymer Self-Consistent

Field (PSCF) software.3 This procedure does not allow us to identify regions

of phase coexistence that must exist between competing phases. Lines along

which competing phases have equal Helmholtz free energies do, however, always

lie within corresponding two phase regions, which have found to be quite nar-

row in studies of binary systems with α < 1.37,38 Shifts in the positions of these

two phase regions due to differences in the degree of conformational asymmetry

are thus typically reflected by corresponding shifts in these lines of equal free

energy. Analysis of these lines of equal free energy is thus sufficient to allow us

to identify qualitative effects of conformational asymmetry on phase behavior,

but does not allow us predict widths of phase coexistence regions.

2.4.1 Symmetric Systems

We first consider the behavior of completely symmetric systems, with bA = bB,

NA = NB and fA = 1/2. This case is presented primarily as a baseline for

comparison to asymmetric systems with bB 6= bA.

Figure 2.7 shows the SCFT phase diagram of a symmetric system with

α = 0.2 along the symmetric isopleth, where φA = φB. Within this plane,

the lamellar and disordered phases are separated by a line of continuous order-

disorder transitions, which has been computed using the random phase approxi-

mation. The two-phase and disordered regions are separated by a line of critical

points, which has been computed using Flory-Huggins theory. The 2-phase re-

gion is one in which the coexisting phases are disordered phases of nearly pure

A or B homopolymers. SCFT predicts that the lamellar phase and this 2-phase

region are separated by a region of 3-phase coexistence in which a symmetric

lamellar phase coexists with two such A- and B-rich disordered phases.

In the absence of three-phase coexistence, the lamellar phase would meet

the two-phase region along a line of unbinding transitions. The position of this

unbinding line is actually also shown in Fig. 2.7, but is visually indistinguishable
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Figure 2.7: SCFT phase diagram along the volumetrically symmetric isopleth for
a completely symmetric ternary blend with α = 0.2, showing regions of lamellar
(LAM) phase, the disordered (DIS) phase and regions of two-phase (2Φ) and
three-phase (3Φ) coexistence. The Lifshitz point at which these two lines of
transitions meet is indicated with a ∗ symbol. The two-phase region is a region
of coexistence between disordered phases of nearly pure A or B homopolymers.
The three-phase region is a region of coexistence between a symmetric lamellar
phase and two such homopolymer-rich disordered phases. The dotted part of
the boundary between lamellar and two phase regions near the Lifshitz point is
a region in which the calculation is less reliable because of the appearance of
very large domain spacings.
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from the line separating 2-phase and three-phase regions. Each point on the

unbinding line is the intersection of the isopleth shown here with a tie-line

connecting coexisting A and B rich disordered phases for which the interfacial

tension of a flat interface between these phases would vanish. When approached

from within the lamellar phase (in the absence of three phase coexistence), the

period d of the lamellar phase would diverge along the unbinding line. The

volume fraction of the copolymer along the unbinding transition line decreases

with increasing χN as approximately e−χN/2 at points sufficiently far above the

Lifshitz line, reflecting the exponential decrease in the concentration of dissolved

copolymer that coexists with a saturated monolayer.

Consider the behavior of a highly swollen lamellar phase of a symmetric

system near the unbinding line, where d becomes large enough that brushes of

opposing monolayers do not overlap. In this limit, the lamellar period d and

copolymer volume fraction φC are related by an expression

φC − φu = 2L/d , (2.6)

where φu is the value of φC at the unbinding transition, and the constant L is an

effective monolayer thickness. In this dilute regime, the Helmholtz free energy

density f also varies linearly with copolymer concentration, as

f = fu +
f̃

L
(φC − φu) , (2.7)

where fu is the free energy density per unit volume in the two phase system

along the unbinding line (i.e., the volume weighted averaged of the free energy

densities in the two coexisting homopolymer rich phases), and f̃ is the excess

Helmholtz free energy per unit monolayer area within the lamellar phase. Values

for the constants L and f̃ have been extracted by fitting the behavior of d and

f in the dilute regime to these formulas.

The predicted existence of a region of three phase coexistence between a

lamellar phase and disordered homopolymer-rich phases is the result of a weak,

short-range effective attraction between opposing brushes within a lamellar

phase.39–42 To quantify interactions between monolayers, it is useful to define
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an excess free energy per unit volume f ex defined as the difference

f ex = f − fdil , (2.8)

in which f denotes the full SCFT free energy density for a swollen lamellar

phase with a specified composition and fdil denotes the value obtained at the

same concentration from the expression given in Eq. 2.7 for a dilute lamellar

phase.

A SCFT prediction for the dependence of f ex on φC within the volumetric

isopleth of a lamellar phase is shown in Fig. 2.8. A weak minimum in f ex is

visible over a narrow range of values of φC ' 0.12. At this composition, the

lamellar domains spacing d is such that opposing A and B brushes slightly over-

lap. As a result of this weak attraction between weakly overlapping brushes,

SCFT predicts that addition of equal amounts of A and B homopolymer to a

lamellar phase does not lead to an unbounded increase in d, with divergence at

the unbinding line, but instead leads to expulsion of excess A and B homopoly-

mers into two homopolymer rich disordered phases when φC decreases to some

minimum value.

Consider the parts of the ternary phase triangle near the edges that corre-

spond to binary mixtures of symmetric diblock copolymer and one species of

homopolymer. In such a binary copolymer-homopolymer mixture, at values of

χN > 10.5, addition of homopolymer causes the system to exhibit a sequence

of transitions from lamellar to a gyroid, cylinder, and BCC sphere phases with

increasing homopolymer content.37,38 In a ternary system, this yields a se-

quence of non-lamellar phases whose regions of stability extend away from each

copolymer-homopolymer edge of the phase triangle, which we will refer to in

what follows as “pseudo-binary” phases.

Figure 2.9 shows a partial ternary phase diagram for a symmetric system at a

fixed value of χN = 15, showing approximate phase boundaries for the pseudo-

binary hex and BCC phases. Phase boundaries for this system are symmetric

about a vertical line through the copolymer vertex. The phase boundaries shown

in Figure 2.9 are lines along which neighboring lamellar, hexagonal, and BCC

phases have equal Helmholtz free energy density, and thus do not show regions of
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Figure 2.8: Dependence of free energy density f ex of the lamellar phase upon
copolymer volume fraction φC within the volumetric isopleth, φA = φB, for
systems with χN = 15, α = 0.2 and bB = bA. The free energy density is shown
non-dimensionalized by Nv, the volume of a copolymer chain. The dashed
vertical line shows the value φu of the copolymer volume fraction φC at the
unbinding transition. The rapidly increasing solid curve that is plotted for
φC < φu shows the average free energy density of the two-phase system. Because
of the symmetry of the system, the free energy of the two phase system is the
same as the free energy density in either of the two coexisting disordered phase.
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two-phase coexistence. We have not computed free energies for the gyroid phase

or other possible complex phases, but expect a gyroid phase to be stable along

parts of the lamellar-hexagonal boundaries shown here. The region marked 2Φ

near the bottom edge of the phase triangle is a region of 2-phase coexistence

between two homogeneous homopolymer rich phases. The line that separates

the two-phase region and the lamellar phase in Figure 2.9 is the (metastable)

unbinding line. This partial diagram does not show other regions of multi-phase

coexistence that are known to appear near the two-phase region shown here,

which are discussed below.

The phases that appear near the binary copolymer / B-homopolymer edge of

the phase diagram are structures in which the A block of the diblock segregates

into the minority domain (e.g., the interior of cylindrical or spherical domains)

and B homopolymer segregates into the surrounding matrix. Away from this

edge, the core of the cylindrical domains swells somewhat with A copolymer,

but the volume fraction of dissolved A homopolymer never substantially exceeds

the amount of the copolymer. In the dilute part of the phase diagram, where

φC < 0.2, the boundary between hexagonal and lamellar phases in the region

φB > φA becomes an almost straight line that extrapolates to near the end of

the unbinding line. The points at both ends of the unbinding line correspond to

disordered homopolymer-rich phases containing small concentrations of copoly-

mer and minority copolymer equal to those found in the A or B domains of a

very dilute lamellar phase. Along this straight part of the hexagonal-lamellar

phase boundary near the B-rich corner, the ratio of the amount of excess copoly-

mer in monolayers to the amount of excess minority homopolymer within the

cylinders remains nearly constant. Along this line, the hexagonal phase is a

thus hexagonal lattice of modestly swollen micelles in which the diameter of

each micelle changes very little but the spacing between cylinders increases as

one approaches the B-rich corner. The lamellar structure that competes with

cylinders along this line is a bilayer structure, for which the width of the A

domain remains nearly constant but the width of the B domain increases as one

approaches the B-rich corner.

As already noted, the existence of a weak attraction between monolayers is

expected to cause the appearance of regions of two and three phase coexistence
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Figure 2.9: Ternary phase triangle showing approximate phase boundaries of a
completely symmetric system (fA = 1/2, NA = NB, and bA = bB) with α = 0.2
at χN = 15. The plot shows approximate phase boundaries between lamellar
(LAM), hexagonally packed cylinder (HEX), and body-centered-cubic (BCC)
and disordered (DIS) phases. A narrow gyroid region is expected to appear
between the LAM and HEX regions, but this phase has not been considered ex-
plicitly. The region labeled 2Φ along the bottom edge is a region of macroscopic
two phase separation into homopolymer rich phases.
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Figure 2.10: Schematic of expected phase behavior of a symmetric system with
α = 0.2 at χN = 15 for low copolymer volume fractions. Regions of three
phase coexistence are shown in dark gray, and 2-phase regions in lighter gray.
Numerical SCFT has been used to compute locations for the vertices of the
central 3-phase region, in which lamellar phase coexists with two disordered
homopolymer rich phases. Other phase boundaries are speculative, and merely
show one plausible behavior consistent with available information.

in the dilute part of the phase diagram, which are not shown Fig. 2.9. We have

not attempted to compute exact phase boundaries in this part of the phase

diagram. Fig. 2.10 instead shows a schematic of the qualitative behavior that

we expect in this region, based in part on the results of Janert and Schick for a

system with a similar value of α (α = 0.3) but a lower value of χN (χN = 11.0).

Location of the vertices of the central 3-phase coexistence region shown here have

been accurately computed, but other phase boundaries are schematic.

2.4.2 Asymmetric Systems: Pseudo-Binary Phases

The effect of conformational asymmetry on the approximate phase boundaries

of the pseudo-binary hexagonal and BCC phases is shown in Figure 2.11 for a

system with χN = 15, α = 0.2, and bB/bA = 2.0. The main effect is to shift

these boundaries with bB > bA toward B-rich side of the phase diagram. The

nature and magnitude of the shift cause by conformational asymmetry can be

seen somewhat more clearly in Figure 2.12, which compares positions of the

approximate phase boundaries between lamellar and hexagonal phases for the

conformationally symmetric system (bB/bA = 1.0) to asymmetric systems with

bB/bA = 2.0 and bB/bA = 3.0.

Consider first the behavior along the two edges of the phase triangle that
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correspond to binary mixtures of copolymer and one of the two homopolymers.

Along the upper-right A-C edge in the phase diagram, which corresponds to

a binary blend of copolymer and A homopolymer, the phase boundaries shift

towards the C (copolymer) vertex when compared to the conformationally sym-

metric case. The Hex and BCC phases formed along this line are phases in

which the minority B component is the interior of each cylinder or sphere. This

shift reflects a stabilization of structures in which interfaces curve around the B

domain. To understand why, consider a copolymer molecule at an interface in

this blend, and consider a sequence of systems in which bB/bA is increased by

increasing bB and holding bA constant. The B-block is in an environment similar

to that found in a copolymer melt, while the A-block is somewhat swollen by A

homopolymer. Increasing bB while keeping bA constant would decrease the cost

of stretching the B block without having any effect on the A block, thus favoring

curvature toward the more flexible B block. Along the B-C edge, corresponding

to a binary system of B homopolymer and copolymer, the phase boundaries shift

away from the C copolymer vertex and towards the B homopolymer vertex. In

the Hex and BCC phases formed along this edge, the A block is in the interior

of cylindrical or spherical domains within a B-rich matrix. Here, if we increase

bB/bA by instead decreasing bA and holding bB constant, that would increase

free energy cost of stretching the A block, and thus destabilize phases with

interfaces that curve around A domains, consistent with the observed trends.

In binary copolymer-homopolymer systems, conformational asymmetry thus al-

ways increases the tendency of interfaces to curve towards the more flexible

component, as also found in copolymer melts.

In Fig. 2.12, it is clear that the shift in the hexagonal-lamellar boundary due

to conformational asymmetry is much larger along the two edges corresponding

to the copolymer-homopolymer binary blends than for highly swollen systems

closer to the bottom edge of the phase triangle. It was shown in section 2 that,

for the value of α = 0.2 shown here, the spontaneous curvature of a monolayer

separating two bulk homopolymer rich phases favors curvature towards the less

flexible component, which is opposite to the trend found in solvent free systems.

The phase behavior seems to reflect this competition, since there is a clear

tendency to favor curvature toward the more flexible B component when one or
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Figure 2.11: Ternary phase triangle showing approximate phase boundaries of
a system with fA = 1/2, NA = NB and α = 0.2 at fixed χN = 15, for a
conformationally asymmetric system with bB/bA = 2.0. All symbols are the
same as in Fig. 2.9
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both brushes are “dry”, but that tendency decreases with increased swelling by

homopolymer.

2.4.3 Asymmetric Systems: Highly Swollen Structures

As shown in section 2, asymmetry in statistical segment lengths induces a

nonzero spontaneous curvature for isolated copolymer monolayers. For systems

with α = 0.2 and bB > bA, this asymmetry was found to induce a small spon-

taneous curvature towards the A domain. This relatively small spontaneous

curvature creates a preference for A-rich cylinders or spheres with correspond-

ing large radii of curvature R∗. For a system with α = 0.20, χN = 15 and

bB/bB = 2.0, the spontaneous curvature for cylinders shown in Fig. 2.6 is

roughly 0.1R−1
C , corresponding to a preferred radius of curvature of order 10RC .

This suggests that we should consider whether asymmetry in statistical segment

lengths induces the formation of structures containing cylinders or spheres with

radii of this magnitude.

Such highly swollen structures cannot evolve continuously with changes in

bB/bA from the pseudo-binary hex and/or BCC phases found in the correspond-

ing symmetric system. To show why, imagine approaching the limit of a symmet-

ric system by taking bB/bA to approach 1 from above. In the symmetric limit, the

spontaneous curvature predicted by the Helfrich theory would approach zero,

and the corresponding spontaneous radius of curvature would diverge. Upon

varying bB/bA in this manner, the core radii of the cylinders and spheres within

the pseudo-binary hexagonal and BCC phases instead smoothly approach the

finite radii obtained in the corresponding symmetric system. For sufficiently

weak asymmetry, the spontaneous radius of curvature must thus become much

larger than the radii predicted found within the pseudo-binary hex and BCC

phases. For the case bB/bA = 2.0 that we have studied in greatest detail, we find

that the spontaneous radius of curvature of R∗ ' 10RC predicted by the Helfrich

theory for cylinders is already much larger than core radii predicted for cylinders

anywhere within the regions of stability of the pseudo-binary hexagonal phase.

Highly swollen A-rich cylindrical or spherical domains would contain a vol-

ume of A much larger than the volume of copolymer in the surrounding mono-
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layer. The unbinding line of the lamellar phase is the line along all copolymer in

the system is dissolved in coexisting A and B rich domains, and along which the

excess volume fraction arising from copolymer in monolayers vanishes. A struc-

ture containing highly swollen domains must thus appear near the unbinding

line, if at all.

Ordered phases containing very large spherical or cylindrical domains are

difficult to simulate by numerical SCFT, but can be modelled using the Helfrich

theory of interfacial elasticity. Consider a simple Helfrich model for a structure

containing non-interacting spherical or cylindrical domains of radius R, in which

each cylinder or sphere contains an A rich interior and is surround by a B-

rich matrix. Because these domains are assumed to be non-interacting, the

free energy of this model does not depend on whether they form a periodic

lattice or a disordered structure. Let φ contain the volume fraction of the

A-rich region contained within cylinders or spheres in such a structure, and

let ρ denote the density of monolayer interfacial area per unit volume. In a

system of volumetrically symmetric homopolymers and copolymer (NA = NB

and f = 1/2) the volume fraction of dissolved copolymer will be approximately

the same in the A- and B-rich domains, and approximately equal to the volume

fraction of copolymer along the lamellar unbinding line, which we denote by φu.

The volume fraction φC of copolymer in such a structure is thus related to ρ by

a relationship

φC = φu + ρL . (2.9)

Here, L is the effective monolayer thickness defined in Eq. 2.6 by considering

the behavior of the lamellar phase, in which ρ = 2/d. The excess free energy per

unit volume of such a structure, relative to that predicted for a dilute lamellar

phase in the absence of interactions between monolayers, is then given by

f ex = [−τC +
1

2
κ′C2]ρ , (2.10)

where C is the mean curvature of a spherical or cylindrical surface. The quantity

in square brackets is the excess interfacial free energy per unit interfacial area.

The quantities ρ, φ, and C are related by geometry. For a structure contain-

ing monodisperse cylinders or spheres of radius R, ρ = Dφ/R, where D = 2 for
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cylinders and D = 3 for spheres. Furthermore, for both cylinders and spheres

C = (D − 1)/R, implying that

ρ = aφC (2.11)

where a = D/(D − 1). By using this to express C as a function of ρ and φC ,

we can rewrite Eq. 2.10 as a function of ρ and φ. The resulting theory yields a

minimum in f ex along a line of fixed φ for either cylinders or spheres at a value

of φC for which C = (4/3)C∗.

Figure 2.13 shows predictions of the Helfrich theory (dashed lines) and nu-

merical SCFT (solid lines) for f ex for dilute, highly-swollen cylinders as a func-

tion of φC for a system with χN = 15, α = 0.2 and bB/bA = 2.0 along the

volumetric isopleth. Numerical SCFT results are shown for hexagonally packed

cylinders along the isopleth φA = φB. The range of φC shown for the SCFT

calculations is limited at its lower end by limitations on the numerical accuracy

achievable in structures with large lattice spacing. At the minimum in f ex pre-

dicted by the Helfrich theory, the radius of each cylinder is approximately 9RC .

The domain spacing in the lamellar phase at the concentration at which f ex is

minimum for that phase is approximately 5RC , implying a swollen thickness of

roughly 2.5RC for each monolayer. We assume that the difference between the

Helfrich prediction and numerical SCFT reflects the limitations of the Helfrich

theory (which is expansion to harmonic order in powers of curvature) when

applied to surfaces with radii of curvature only a few times larger than then

swollen monolayer thickness. Agreement between Helfrich theory and numerical

SCFT is not perfect, but appears to be good enough to justify the use of the

Helfrich theory for understanding qualitative features. We have not constructed

a similar comparison of Helfrich prediction and numerical SCFT calculations

for ordered spheres because of the computational difficulty of treating a highly

swollen three dimensional structure with the required degree of accuracy.

Figure 2.14 shows a comparison of for f ex vs. φC along the volumetric

isopleth φA = φB for dilute phases of both cylinders and spheres, computed

using the Helfrich theory, and for the lamellar phase computed using numerical

SCFT. Because the minimum in f ex for the sphere and cylinder phases occur in

approximately the same location, but the sphere phase yields a lower minimum

value, we conclude that the formation of spheres is favored over cylinders in
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Figure 2.13: Non-dimensional excess Helmholtz free energy density (f exNv/kT )
of the hexagonal phase as a function of the volume fraction of the copolymer
(φC) for A/B/A-B ternary blends with χN = 15, α = 0.2 and bB/bA = 2.0 along
the volumetric isopleth φA = φB, as predicted by the Helfrich theory (dashed)
and numerical SCFT (solid). The vertical dashed line shows the value φu of φC
in either of two coexisting phases along the unbinding transition. The horizontal
line shown for φC > φu indicates the vanishing excess free energy (f ex = 0) of
the lamellar phase in this dilute regime. The very steep solid black curve shown
for φ < φu displays the free energy of the two-phase system.
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Figure 2.14: Non-dimensional excess Helmholtz free energy density (f exNv/kT )
of the hexagonal, spherical and lamellar vs. copolymer volume fraction φC for
systems with χN = 15, α = 0.2 and bB/bA = 2.0 along the volumetric isopleth
φA = φB. Predictions for sphere and cylinder phase shown here were obtained
from the Helfrich theory, while predictions for the lamellar phase were obtained
from numerical SCFT.

this system. The difference in free energy arises in part from the negative

Gaussian rigidity of this system, κ < 0, which favor spheres over cylinders of

equal mean curvature. Under these conditions, the minimum in f ex for the

sphere phase is significantly deeper then the minimum in the free energy of

the lamellar phase at higher concentrations, which arises from the attraction

between weakly overlapping monolayers. The results strongly suggest that, for

this set of parameters, the lamellar phase will exhibit two-phase coexistence

with a phase containing highly swollen spheres.

We have not attempted to quantitatively compute SCFT predictions for

phase behavior in the copolymer-poor region of the phase triangle, but can

comment on several probable features on physical grounds. The existence of a

minimum in the excess free energy of the lamellar phase at values of φC higher

than those at which a phase of spheres is most stable is very likely to induce
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coexistence between the lamellar phase and sphere phase, thus pre-empting the

three-phase coexistence of the lamellar phase with two disordered homopoly-

mer rich phases. Spheres are potentially stable only over a narrow range of

values of the ratio ρ/φ in which C is comparable to C∗. We thus expect such a

phase to be stable only within a narrow sliver in the ternary phase diagram that

extends toward the B-rich corner, within which the ratio ρ/φ remains within

a narrow range of values. The Helfrich theory for noninteracting spheres pre-

sented above is equivalent to the theory of Safran and coworkers for droplet

microemulsions.35,43–45 In analogy to the known behavior of droplet microemul-

sions, we thus expect this sphere phase to exhibit emulsification failure, i.e., to

exhibit two-phase coexistence at lower values of ρ/φ with a phase of excess A

homopolymer.

Figure 2.15 shows a simple schematic of this conjectured phase diagram,

based on the arguments given above. Quantitative computation of phase bound-

aries would be needed to determine how many of the details of the behavior

shown in this sketch is correct. SCFT calculations of free energies of an ordered

array of spheres at the required accuracy would be challenging for the system

considered here. Further progress might instead be best pursued by combining

numerical SCFT calculations of properties of individual spheres or cylinders with

SCFT simulations of the lamellar phase and pseudo-binary hexagonal and BCC

phases. The more approximate analysis given here does, however, strongly sug-

gest the existence of a phase of highly swollen A-rich spheres near the unbinding

line.

2.5 Conclusions

We have examined the effect of conformational asymmetry on the behavior of

ternary blends by considering both the geometry of isolated monolayers and

ternary phase behavior. To isolate the effects of conformational asymmetry

(i.e., asymmetry in statistical segment lengths), we have focused on systems

with volumetrically symmetric copolymers and homopolymers of equal degree

of polymerization that are otherwise symmetric with respect to reversal of the

labels of the A and B monomers.
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Figure 2.15: Schematic of proposed SCFT phase behavior of an asymmetric
system with α = 0.2, χN = 15 and bB = 2bA for low copolymer volume fractions.
Regions of two-phase coexistence are shown in light gray, and regions of three
phase coexistence in darker gray. A phase of highly swollen A-rich spheres in
a B-rich matrix is assumed to be stable over a narrow range of values of the
ratio of excess copolymer concentration to excess A concentration, corresponding
to a narrow range of values of ρ/φ in the Helfrich theory. This sphere phase
coexists at lower copolymer concentrations with an A-rich disordered phase and
at higher copolymer concentrations with a lamellar phase. The dashed line
within the two-phase region along the edge φC = 0 separates a region of two-
phase coexistence between two disordered homopolymer rich phases and region
of two-phase coexistence between an A-rich homopolymer phase and a B-rich
phase containing A-rich spherical droplets.
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The spontaneous curvature of a monolayer is defined by considering the cur-

vature dependence of the free energy of an isolated monolayer between bulk A-

and B-rich domains, at conditions near that at which the interfacial tension of

an isolated monolayer vanishes. We find that the spontaneous curvature induced

by conformational asymmetry can be of either sign depending upon the mag-

nitude of the ratio α of homopolymer to copolymer degrees of polymerization.

When the homopolymer length is comparable to or greater than that of the

copolymers (large α), interfaces tend to curve towards the more flexible block

(i.e., the one with a larger statistical segment length). When the homopolymer

is much shorter than the copolymer (α � 1), interfaces instead prefer to curve

away from the more flexible block, because the larger height of the brush created

by this block can create a net curvature away from the more strongly swollen

brush.

Asymmetry in statistical segment lengths also effects the phase behavior of

a ternary system. Our discussion of phase behavior focused particularly on

systems with α = 0.2 and χN = 15 similar to those which we would expect

to find near the opening of the microemulsion channel of a model ternary sys-

tems designed such that the copolymer order-disorder transition and the binary

homopolymer critical point occur at similar temperatures. For this choice of

parameters, the spontaneous curvature of an isolated monolayer in a system

with bB > bA favors curvature towards the A-rich domain, i.e., towards the less

flexible component.

In the case of a symmetric system, the ternary phase triangle contains a

large central region of lamellar order and a sequence of “pseudo-binary” non-

lamellar phases near the binary copolymer-homopolymer edges of the phase

diagram, with a phase sequence analogous to that found upon varying copolymer

composition in a diblock copolymer melt. The symmetric system also exhibits

regions of two-and three-phase coexistence of ordered phases with disordered

homopolymer rich phases in the copolymer-poor part of the phase diagram near

the lamellar unbinding line.

In systems with asymmetrical statistical segment lengths, the boundaries of

the pseudo-binary phases in systems with a high copolymer concentration shift

in a direction that indicates a preferences for structures in which interfaces curve
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around the more flexible component, as also found for diblock copolymer melts.

At lower concentrations of copolymer, where the competing phases become more

swollen, however, introduction of conformational asymmetry has little effect on

phase boundaries, indicating a competition between the opposing tendencies of

systems with dry and highly swollen copolymer brushes.

In the case studied here, asymmetry in statistical segment length is also

found to induce formation of a phase of highly swollen spheres in a region of the

ternary phase triangle that is separate from the region in which pseudo-binary

sphere and cylinder phases appear. This new phase is one containing spheres

with a core radius similar to the preferred spontaneous radius of curvature. The

underlying physics is the same as that which leads to a droplet micro-emulsion in

some oil-water-surfactant systems: Existence of small but nonzero spontaneous

curvature towards phase A favors formation relatively large “droplets” of a A

within a matrix of B. Though we focus here on the case of an asymmetry that

is induced by an asymmetry in statistical segment lengths, it seems clear that

the same sort of structure could also be stabilized by introduction of a slightly

asymmetry in copolymer composition f .

Though the formation of spheres appears to be favored over cylinders for

the parameters considered here, cylinders could be preferred for other choices

of parameters. Formation of highly swollen cylinders has been observed experi-

mentally by Zhou et al.,18 who analyzed the phase behavior of a ternary system

with asymmetric statistical segment lengths along its volumetric isopleth, and

found a phase of highly-swollen hexagonally packed cylinders upon cooling of a

bicontinuous microemulsion structure. We have not attempted to model that

particular system, and do not know why cylinders rather than spheres were

observed in that experiment.



Chapter 3

A General Helfrich Theory of

Bending Elasticity

3.1 Abstract

We consider the thermodynamics of weakly curved interfaces in incompressible

ternary mixtures containing immiscible A and B homopolymers and AB diblock

copolymer surfactant. In highly swollen equilibrium structures in which such

interfaces separate A- and B-rich domains, the chemical potentials of the com-

ponents are generally shifted slightly from those characteristic of flat monolayer

with vanishing interfacial tension. To describe such structures, we consider a

generalized Helfrich expansion of the free energy of such an interface in pow-

ers of the principal radii of curvature in which all parameters are functions of

chemical potential. By introducing a convenient choice for the Gibbs dividing

surface and taking into account the constraints imposed by incompressibility

and mechanical equilibrium, we show how the thermodynamics of curved inter-

faces in a ternary system can formulated in a manner analogous to that of a

one-component system, in which interfacial properties are expressed as functions

of interfacial curvature and a single effective chemical potential that controls the

excess interfacial surfactant concentration. Self-consistent field theory is used

to compute the Helfrich elastic parameters by analyzing cylindrical and spher-

40
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ical surfaces. The utility of the theory is demonstrated by using the results

of these relatively simple calculations to accurately predict the free energy of

highly swollen self-assembled single-gyroid structure in which the interface is a

periodic minimal surface.

3.2 Introduction

Mixtures of two immiscible components, like two homopolymers of kind A and B,

phase separate at sufficiently high temperatures. Addition of some amount of an

amphiphile, like an AB diblock copolymer, to such a mixture can help stabilize

the resulting phase (e.g. a dispersion of spherical micelles46 or the bicontinuous

microemulsion phase11) by residing at the interface between the homopolymers

and lowering the interfacial tension. For a ternary mixture of A homopolymers,

B homopolymers and AB diblock copolymers, the system can show a variety of

self-assembled morphologies depending on the relative amounts of each species,

relative lengths of the three polymer species, the relative flexibility and lengths

of the blocks in the copolymer and the strength of interaction between the A

and B monomers.7,10,12,13,19–24,32,47–49 Ternary mixtures containing immiscible

homopolymers and a small concentration of copolymer tend to form large A-

and B-rich domains separated by flat or weakly curved homopolymer laden

interfaces. For sufficiently low copolymer concentrations, a description of the

free energy of the entire structure can be constructed based on knowledge of the

thermodynamics of the interfacial monolayers.

Theoretical studies of the curvature elasticity of diblock copolymer mem-

branes have generally been based on the Helfrich theory. The Helfrich theory is

a phenomenological expansion of interfacial free energy of a monolayer or bilayer

membrane as an expansion in powers of the principal curvatures26 to quadratic

order in curvature. This expansion was originally introduced to describe the free

energy of weakly curved lipid bilayers, for which the form of the expansion must

reflect the symmetry between the two sides of the membrane, and then sub-

sequently generalized to treat asymmetric monolayers. The interfacial tension

of an interface, denoted here by γ, is defined as the excess interfacial grand-

canonical free energy density of an interface. In its simplest form, the Helfrich
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expression for the interfacial tension of a monolayer with principal curvatures

C1 and C2 is an expansion of the form

γ = Σ− τC +
1

2
κC2 + κK , (3.1)

in which Σ is the interfacial tension in the flat reference state, C = 2H = C1+C2

is twice the mean curvature H, and K = C1C2 is Gaussian curvature. The

quantities τ , κ and κ are curvature elastic coefficients. The parameters κ and κ

are referred as the bending and Gaussian rigidities, respectively. The coefficient

τ vanishes for a bilayer as a result of the symmetry between the two sides of the

membrane, but is generally nonzero for a monolayer.

Previous theoretical studies have used a variety of approximations to self-

consistent field theory (SCFT) to compute Helfrich elastic coefficients for diblock

copolymer monolayers along interfaces between phases in which the majority

components are immiscible A and B homopolymers. Most of these studies have

considered an expansion about a flat reference state of vanishing interfacial ten-

sion, or Σ = 0, which we will refer to as a “saturated” monolayer. Wang and

Safran45,50 used the strong stretching limit of self-consistent field theory (SCFT)

to compute Helfrich parameters for monolayers. Matsen and Schick51,52 reported

expressions for the Helfrich parameters in the weak-segregation limit. Laradji

and Desai53 inferred values for interfacial tension and bending rigidity from an

analysis of the spectrum of capillary fluctuations predicted by an SCFT treat-

ment of a flat interface. Matsen36 and Chang and Morse27 developed slightly

different methods to infer values for the Helfrich elastic parameters from numer-

ical SCFT treatments of weakly curved cylindrical and spherical monolayers,

and both reported results for monolayers in symmetric A/B/AB mixtures con-

taining a symmetric diblock copolymer. Yadav et al.23 (see Chapter 2) adapted

the method of Chang and Morse to study conformationally asymmetric diblock

copolymer monolayers.

The numerical SCFT studies of curvature elasticity by Matsen36 and Chang

and Morse27 highlighted a conceptual subtlety that is inevitable in any attempt

to infer values for the Helfrich parameters from SCFT, or any other microscopic

theory. Both of these studies inferred values for the Helfrich parameters from
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calculations of the excess grand canonical free energy (i.e., interfacial tension)

obtained from SCFT treatments of spherical and cylindrical interfaces of vary-

ing radii. The Helfrich expansion describes the free energy of a hypothetical

interface with some specified curvature. Because SCFT is a theory of equilib-

rium states, it can only describe states of an interface that are in a state of

macroscopic mechanical equilibrium, with no unbalanced normal force on the

interface. To create a cylindrical or spherical interface of arbitrary curvature in

SCFT, one must thus generally introduce some sort of normal force to impose

the prescribed curvature. The procedures introduced by Matsen and by Chang

and Morse achieve this in different ways.

Matsen chose to impose a prescribed curvature by explicitly introducing a

field that constrains the position of the A/B interface to an specified radius.

He then computed elastic constants by comparing excess free energies for sys-

tems with varying imposed radii but fixed values for the chemical potentials

of all components. All of Matsen’s calculations were carried out using chem-

ical potential values for which Σ = 0. The disadvantage of this approach is

that the fictitious field that constrains the position of the interface introduces

an additional fictitious potential into the calculation of partition functions for

individual polymers. The method thus modifies the underlying description of

polymer conformations in an arguably unphysical way that does not mimic any

feasible experimental state.

Chang and Morse instead imposed a prescribed curvature by adjusting the

chemical potentials of the components so as to create a physical pressure differ-

ences across the interface. The use of a pressure difference to impose a curvature

mimics the physical conditions found in swollen equilibrium structures of real

ternary systems, in which membrane curvatures generally are influenced by dif-

ferences between local pressures in A- and B-rich domains. Unfortunately, there

are many ways to choose three chemical potentials of components in a ternary

system as to obtain a specified pressure difference across the interface, and a

corresponding radius of curvature. The decision to use a pressure difference to

force the interface to adopt a prescribed curvature thus does not, by itself yield

a unique prescription for how to set the underlying chemical potentials. Chang

and Morse chose, somewhat arbitrarily, to compare spherical and cylindrical
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interfaces of varying radii with equal values of the copolymer chemical poten-

tial and equal values for the chemical potential of the “exterior” homopolymer

(i.e., the majority component in the region outside the spherical or cylindrical

domain), and to adjust the chemical potential of the “interior” homopolymer

so as to achieve a prescribed radius. Like Matsen, Chang and Morse reported

values only for saturated monolayers, for which Σ = 0. We show in what fol-

lows that this procedure also yields unphysical results for some quantities, as a

direct result of the artificial asymmetry between its treatment of A and B ho-

mopolymers. The present paper introduces a variant of the procedure of Chang

and Morse that is free of this artificial asymmetry, and free of other conceptual

ambiguities encountered in earlier approaches.

The thermodynamic state of a weakly curved interface in a ternary sys-

tem generally depends on the chemical potentials of the components, as well as

upon the state of curvature. In an incompressible system, the interfacial tension

is invariant under changes in chemical potentials that correspond to homoge-

neous changes in pressure, and thus actually depends on only two independent

chemical potential differences. We show in this work how, by introducing a

convenient choice of the Gibbs dividing surface and taking into account the con-

straints imposed by both incompressibility and the requirement of mechanical

equilibrium, the interfacial tension of an mechanically stable spherical or cylin-

drical interface can be expressed as a function of the radius of curvature and

a single independent chemical potential parameter. The excess free energy of

an arbitrary weakly curved surface can then be described by a generalized Hel-

frich expansion in which all elastic parameters are functions of a single effective

chemical potential.

The remainder of this chapter is organized as follows. Section 3.3 presents a

general analysis of the thermodynamics of weakly curved AB diblock copolymer

monolayers in an incompressible ternary system, including a discussion of the

generalized Helfrich expansion. We also show there how a particular choice

for the Gibbs dividing surface, which we take to be the equimolar surface for

A and B monomers, leads to a particularly simple formulation of interfacial

thermodynamics that avoids introducing any artificial asymmetry between the

treatment of A and B homopolymers. Section 3.4 discusses presents SCFT
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results for the base case of a flat monolayer. Section 3.5 discusses how numerical

SCFT calculations for isolated cylindrical and spherical interfaces can be used

to extract values for all of the parameters in the generalized Helfrich expansion.

Section 3.6 discusses the difference between the procedure for measuring elastic

parameters discussed in Section 3.5 and introduced in earlier work by Chang

and Morse, as well as the differences in the results. Section 3.7 demonstrates

the utility of this generalized Helfrich theory by using the parameters obtained

by treating spherical and cylindrical surfaces to predict the free energy of an

equilibrium single gyroid network structure. Section 3.8 presents a summary of

conclusions.

3.3 Interfacial Thermodynamics

We consider the thermodynamics of an interface in an incompressible ternary

mixture containing AB diblock copolymer and immiscible A and B homopoly-

mer species. Let N or NC denote the degree of polymerization of the diblock

copolymer, and let NA and NB denote the degrees of polymerization of A and

B homopolymers, respectively. Let fA be the fraction of A monomers in the AB

diblock copolymer, and fB = 1 − fA. The degree of segregation is controlled

by a Flory-Huggins interaction parameter, denoted by χ. We consider a state

in which a curved interface separates regions that are rich in either A or B ho-

mopolymer, with relatively small volume fractions of dissolved copolymer and of

the minority homopolymer component. We consider weakly curved interfaces,

for which both of the principal radii of curvature at any point along the interface

are much greater than the thickness of the interfacial region.

Thermodynamic properties of the interface can be characterized in terms

of relationships among excess properties, defined using some choice of Gibbs

dividing surface. Let µi denote the chemical potential for species i, with index

values i = A, B and C used to denote A homopolymers, B homopolymers, and

copolymers, respectively. Let Γi denote the excess interfacial concentrations of

molecular species i, defined as an excess number of molecules per unit area of

the Gibbs dividing surface. Let fex denote the excess interfacial Helmholtz free

energy per unit area. The interfacial tension, denoted by γ, is given by the
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corresponding excess grand-canonical interfacial free energy. The excess free

energies γ and fex are related by a Legendre transform

γ = fex −
∑
i

µiΓi , (3.2)

in which the sum denotes a sum over the three molecular species. Excess interfa-

cial concentrations and chemical potentials are related by the standard identities

µi =
∂fex

∂Γi

∣∣∣∣
T,Γj 6=i

(3.3)

Γi = − ∂γ

∂µi

∣∣∣∣
T,µj 6=i

, (3.4)

where the notation µj 6=i on the derivative of γ is used to indicate that chemical

potentials other than µi are held constant, and similarly for the notation Γj 6=i

in the expression for the derivative of fex.

The set of possible equilibrium states of an interface is always constrained by

the requirement that a thermodynamic equilibrium state must also be in macro-

scopic mechanical equilibrium. For a flat interface, this can be satisfied simply

by requiring that the chemical potentials be chosen such that the bulk pres-

sure are equal in the two coexisting phases that are separated by the interface.

In the more general case of a curved interface, the requirement of mechanical

force balance is satisfied by requiring that force per unit area exerted by any

difference ∆P in pressure across the interface be balanced by a normal force

exerted by the interface. In the simple case of an interface with an interfacial

tension that is independent of the state of curvature, this requirement simply

yields the Laplace condition ∆P = γC. In the case of spherical and cylindrical

interfaces with a curvature dependent interfacial tension, which we treat in de-

tail in Sec. 3.5, the force exerted by the membrane also involves terms arising

from derivatives of γ with respect to curvature.27 In either case, the requirement

of thermodynamic equilibrium introduces a constraint that reduces by one the

number of independent variables required to describe a state of the interface.

As a result of this constraint, an equilibrium state of a curved interface in a

compressible ternary system can generally be specified by specifying the state
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of curvature of the interface (e.g., the radius of spherical or cylindrical interface)

and the values of two independent chemical potentials.

We focus our attention in this paper on the somewhat idealized limit of

locally incompressible fluids, as assumed in incompressible SCFT. In an in-

compressible system, all excess interfacial properties can also be shown to be

invariant under changes in chemical potential that correspond to changes in bulk

pressure. The requirement that there be no net excess volume associated with

an interface also implies that the three excess concentrations satisfy a constraint

∑
i

vNiΓi = 0 , (3.5)

where Ni is the degree of polymerization of species i, v is the monomer refer-

ence volume, and vNi is the steric volume per molecule. As a result of this

additional constraint imposed by incompressibility, together with the constraint

of mechanical force balance, we expect it to be possible to specify the state of

an interface with a known temperature by specifying the state of curvature and

the value of single independent interfacial concentration or a single independent

chemical potential.

Thus far, we have not specified a choice for the Gibbs dividing surface that

we use to define excess properties. For the type of system here, it is convenient

to take the Gibbs dividing surface to be equimolar surface for monomers of type

A or B. This is the surface for which the surface interfacial excess of either A

or B monomers vanishes, when the interfacial excess of monomers of type i is

defined so as to take into account contributions arising from both the i block of

the copolymer and from homopolymers of type i. More precisely, we define the

monomer equimolar surface to be the surface for which

0 = fANCΓC +NAΓA

0 = fBNCΓC +NBΓB . (3.6)

Note that these two constraints are not independent, since the combination of

either one of them with Eq. (3.5) implies the validity of the other. This choice

for the Gibbs dividing surface allows us to express both ΓA and ΓB as explicit
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functions of ΓC , thus allowing us to describe the state of the interface using a

single interfacial excess. We show in what follows that it also leads naturally to

the identification of a single corresponding chemical potential difference.

Consider an infinitesimal change in fex induced by an infinitesimal change in

the three interfacial excess concentrations, for an interface of fixed temperature

and fixed curvature. Generally, the change in fex can be expressed as a sum

dfex = µCdΓC + µAdΓA + µBdΓb . (3.7)

Eq. (3.6) can be used to write ΓA and ΓB as functions of dΓC , ΓA = fANCΓC/NA

and ΓB = fBNCΓC/NB. Using these relations in Eq. (3.7) yields a variation

dfex = µ̂ dΓC (3.8)

in which µ̂ is an effective chemical potential defined as a difference

µ̂ ≡ µC −
fANC

NA

µA −
fBNC

NB

µB . (3.9)

Using this relation, we may identify

µ̂ =
∂fex

∂ΓC
(3.10)

where the derivative is evaluated at fixed temperature and fixed curvature.

Similar reasoning can be used to evaluate the Legendre transform that defines

γ in Eq. (3.2). This yields

γ = fex − µ̂ΓC . (3.11)

By combining Eqs. (3.10) and (3.11), it is then straightforward to show that

ΓC = −∂γ
∂µ̂

, (3.12)

where this derivative is also evaluated at constant temperature and constant

curvature. By using the monomer equimolar surface as the Gibbs dividing sur-



Chapter 3: A General Helfrich Theory of Bending Elasticity 49

face, we thus obtain an explicit parameterization of interfacial thermodynamics

in a ternary system in terms of a single interfacial concentration ΓC and a single

chemical potential µ̂ that is conjugate to ΓC .

Let Σ(µ̂, T ) denote the interfacial tension of a flat interface, i.e., the limit

of γ in the limit of vanishing curvature. The interfacial tension of a flat bare

interface, with no adsorbed copolymer, is given by the limiting value of Σ(µ̂, T )

in the limit µ̂ → −∞. In what follows, we refer to the conditions under which

a flat interface has a vanishing interfacial tension Σ(µ̂, T ) as the saturation

condition. The effective chemical potential corresponding to this saturated state

of a flat interface is denoted by µ̂ = µ̂∗. The corresponding excess interfacial

concentration of copolymer is denoted by Γ∗.

The Helfrich expansion is generally defined as an expansion of an excess in-

terfacial free energy density in powers of curvature.26 We formulate it here as

an expansion of the interfacial tension γ, defined as an excess grand-canonical

free energy density. The local curvature of an interface may be specified by

specifying the principal radii of curvature, denoted here by R1 and R2. The cor-

responding principal curvatures C1 = 1/R1 and C2 = 1/R2 are the eigenvalues

of a curvature tensor. The free energy of a fluid membrane can be expressed as

a function of the trace and determinant of the curvature tensor. These are given

by the sum C ≡ C1 + C2, which is twice the mean curvature, and the product

K = C1C2, which is referred to as the Gaussian curvature.

We consider a generalized Helfrich expansion of the interfacial tension γ of

weakly curved interface in a system with specified values of T and µ̂ about the

interfacial tension Σ(µ̂) of a corresponding flat interface at the same values of

both T and µ̂. Expanding to quadratic order in powers of the principal curvature

yields an expansion of the form

γ ' Σ(µ̂)− τ(µ̂)C +
1

2
κ(µ̂)C2 + κ(µ̂)K (3.13)

in which τ(µ̂), κ(µ̂) and κ(µ̂) are generalized Helfrich parameters whose values

depend upon µ̂ and temperature.

The fact that Eq. (3.13) is defined as an expansion of the free energy for

systems with a fixed value of µ̂ is an essential part of our proposed definition of
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the parameters τ , κ and κ. To make this clear in a simple context, consider the

behavior of a family of cylindrical surfaces of variable radius R, for which C =

1/R and K = 0. For a system of fixed temperature, each possible cylindrical

equilibrium state corresponds to a unique pair of values for the two variables µ̂

and C. Helfrich parameters are defined by expanding the dependence of γ upon

C along a specific one-dimensional path through this two-dimensional space

of possible states. There are actually many possible ways of defining such a

one-dimensional path, each which correspond to different ways of defining the

Helfrich parameters. Eq. (3.13) requires that these parameters be defined by

considering a path along which the variable µ̂ remains constant. When applied

to the interfacial tension γ(µ̂, C) of cylindrical surfaces at constant temperature,

this yields definitions of τ and κ as derivatives

τ =
∂γ

∂C

∣∣∣∣
µ̂,C=0

, κ =
∂2γ

∂C2

∣∣∣∣
µ̂,C=0

(3.14)

that are evaluated in the flat state, along a path of constant µ̂. We show in

Sec. 3.5 that the definitions of τ and κ given by Eq. (3.13) are generally

not equivalent to the operational definitions used by Chang and Morse, who

computed these parameters by considering the variation of γ with C along a

slightly different path through the relevant state space.

Self-assembled structures that contain weakly curved monolayer membranes

always occur under conditions close to saturation conditions, for which µ̂ remains

close to µ̂∗. Let δµ̂ denote the difference

δµ̂ = µ̂− µ̂∗ . (3.15)

Interfacial properties of systems with µ̂ near µ̂∗ can be approximated using a

Taylor expansion of Σ and the Helfrich parameters in powers of δµ̂ around their

values in the saturated state. The dependence of the Helfrich parameters on

δµ̂ at fixed temperature T can be approximated up to quadratic order in δµ̂ by



Chapter 3: A General Helfrich Theory of Bending Elasticity 51

expansions

τ(µ̂) = τ0 + τ1δµ̂+ τ2(δµ̂)2 + · · ·

κ(µ̂) = κ0 + κ1δµ̂+ κ2(δµ̂)2 + · · ·

κ(µ̂) = κ0 + κ1δµ̂+ κ2(δµ̂)2 + · · · ,

(3.16)

in which values of τi, κi and κi with i ≥0 are constant coefficients. The

coefficients τ0, κ0 and κ0 denote the values of the elastic parameters at saturation

conditions, µ̂ = µ̂∗. The interfacial tension Σ(µ̂) of a flat interface can be

approximated by an analogous expansion

Σ(δµ̂) = −Γ∗δµ̂− 1

2
β(δµ̂)2 + · · · (3.17)

where Γ∗ is the excess interfacial copolymer concentration on a flat interface

at µ̂ = µ̂∗, and where β is a parameter proportional to the 2D isothermal

compressibility. By applying Eq. (3.12) for Γ to Eq. (3.17), we find that Γ(µ̂)

has a corresponding expansion

Γ(µ̂) = Γ∗ + βδµ̂+ · · · (3.18)

in the special case of a flat interface.

3.4 Flat Interfaces

This and subsequent sections present SCFT results for interfacial properties.

We start in this section with the baseline case of a flat interface. All SCFT

results presented in this chapter are for systems with NA = NB and equal sta-

tistical segment lengths bA = bB = b for A and B monomer types. Throughout

the remainder of the chapter, let N to denote the copolymer degree of polymer-

ization, also denoted by NC , and let α = NA/N . All results presented here are

for systems with α = 0.2. In such systems, the homopolymers are immiscible in

the absence of copolymer for χN > 2/α = 10.

SCFT predictions for a flat interface are obtained from simulations of a slit

containing nearly equal volume fractions of immiscible A and B homopolymers
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and relatively small volume fraction of copolymer, in which a single A/B inter-

face is present near the middle of the slit. The width of the slit is chosen so that

the interface was sufficiently far from both boundaries and bulk-like properties

are obtained deep in the homopolymer-rich regions. The interfacial tension γ

and interfacial excess concentration ΓC are obtained by computing interfacial

excess values of the grand canonical free energy and the copolymer content,

respectively.

Throughout the remainder of this chapter, SCFT results for interfacial prop-

erties are presented in appropriately scaled non-dimensional form. Non-dimensional

SCFT properties are indicated here by square brackets. The non-dimensional

shift in the effective chemical potential is given by

[δµ̂] = δµ̂/kBT . (3.19)

Other non-dimensional properties are defined such that SCFT predictions for

a ternary system with NA = NB and bA = bB at a fixed temperature depend

only on [δµ̂] and on the non-dimensional SCFT parameters χN and α. The

non-dimensional interfacial tension, denoted here by [γ], is given by

[γ] =
γ

kBT

Nv

RC

(3.20)

where kB is the Boltzmann constant, T is the temperature and RC =
√
NCb is

the unperturbed root-mean-squared end-to-end length of the copolymer molecule.

The non-dimensionalized excess interfacial concentration of copolymer, denoted

by [Γ] is given by,

[Γ] =
NCv

RC

ΓC (3.21)

where v is the monomer reference volume. The corresponding non-dimensional

expressions for Γ∗ and β are [Γ∗] = vNΓ∗/RC and [β] = vNkBTβ/RC .

Figure 3.1 shows results for (left) [γ] and (right) [Γ] plotted vs. [δµ̂] for flat

interfaces in systems containing symmetric copolymers (fA = fB = 1/2) with

χN = 20 and α = 0.2. Circles represent the results of SCFT calculations. Solid

lines in these plots fits to Eq. (3.17) for γ and Eq. (3.18) for Γ, in which we
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have used the same values for the non-dimensional coefficients [Γ∗] and [β] to

construct the lines shown in both plots. The range of values of [δµ̂] shown in

both figures corresponds to a fractional change of ≈ 35% in the excess interfacial

concentration of copolymer.
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Figure 3.1: (Left) Non-dimensional interfacial tension [γ] as a function of the
non-dimensional chemical potential shift [δµ̂] for a flat monolayer of symmetric
AB diblock copolymers with χN = 20 for α = 0.2. Circles denote SCFT results
[γ] while the solid blue line is a fit to Eq. (3.17). (Right) Non-dimensional
excess interfacial copolymer concentration [Γ] vs. [δµ̂] for the same system as
in (Left). Circles show SCFT results while the solid straight line is a fit to Eq.
(??).

3.5 Cylindrical and Spherical Interfaces

To characterize the curvature dependence of γ for the copolymer monolayer,

we consider the cylindrical and spherical surfaces. Complete characterization

of cylindrical and spherical surfaces is sufficient to determine all of the Helfrich

parameters, and their dependence on δµ̂. For a cylindrical interface of radius

R, C = 1/R and K = 0. For a spherical interface of radius R, C = 2/R and

K = C2/4 = 1/R2. The relationship between R and C for either type of surface

is given by C = (d − 1)/R, with d = 2 and d = 3 for spheres. The general
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Helfrich expansion for either type of surface can be written as a sum

γ(µ̂, C) = Σ(µ̂)− τ(µ̂)C +
1

2
κ′(µ̂)C2 (3.22)

Here κ′(µ̂) = κ(µ̂) for cylindrical surfaces and κ′(µ̂) = κ(µ̂) + 1/2κ(µ̂) for

spherical surfaces.

The condition of macroscopic mechanical equilibrium for a spherical or cylin-

drical interface can be derived by requiring that the total grand-canonical free

energy of a system that contains a cylindrical or spherical interface of radius

R be invariant under infinitesimal changes in R at fixed values for all chemical

potentials. For a cylindrical or spherical surface with an interfacial tension that

depends upon C as well as the component chemical potentials, and an arbitrary

choice of Gibbs dividing surface, this yields a condition,27

P i − P o = Cγ − C2

d− 1

∂γ

∂C

∣∣∣∣
µC ,µA,µB

(3.23)

where P i and P o are the pressures in the inner and outer bulk-like regions,

respectively, for either a cylindrical (d = 2) or spherical (d = 3) interface. In

the simple case of an interfacial tension that is independent of curvature C, this

reduces to the usual Laplace condition for the balance of forces across a tense

curved interface.

Results for the dependence of γ on C can be expressed in non-dimensional

form by defining a non-dimensional curvature

[C] = CRC (3.24)

and non-dimensional elastic parameters

[τ ] =
τ

kT

vN

R2
C

[κ] =
κ

kT

vN

R3
C

(3.25)

and [κ], which is defined similarly to [κ].
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We obtain the Helfrich parameters by using SCFT to compute values of

interfacial tension γ for cylindrical and spherical interfaces of varying radius

along a path of constant µ̂. Values of τ an κ′ are then determined by fitting the

dependence of γ on C along such a path to Eq. (3.22).

Following a procedure similar to that used by Chang and Morse27 and later

adapted by Yadav et al.,23 curved interfaces are simulated within an annular

cylindrical or spherical domain with an inner radius R− and an outer radius

R+. The simulation cell generally contains an inner domain rich in homopolymer

B and an outer domain rich in homopolymer A, separated by a cylindrical or

spherical interface. Interfaces of varying radius are simulated by changing the

inner radius, R−, and outer radius, R+, while keeping their relative separation

(R+ − R−) constant, and choosing macroscopic parameters so as to keep the

interface near the middle of the domain.

Before performing a sequence of simulations of curved surfaces at a com-

mon value of µ̂, we perform a simulation of a flat reference state in canonical

ensemble from which we obtain reference values of µA, µB and µC , and a cor-

responding value of µ̂. Simulations of curved surfaces are then performed in a

mixed ensemble in which the B homopolymer is treated in a closed ensemble,

in which the volume fraction of B is an input parameter and µB is an output of

the calculation, while the A homopolymer and copolymer are treated in open

ensembles, for which µA and µC are treated as input parameters. The volume

fraction of component B is chosen so as to force the interface to lie near the

desired location, while the chemical potential µA is assigned the value obtained

in the flat reference state. The value of µC is then adjusted for each calculation

so as to obtain the desired constant value of µ̂. The value of µC is obtained as

part of the solution of the SCFT equations by adding a constraint on µ̂ as an

additional residual in a Newton-Raphson solver. The radius R of the monomer

equimolar surface and the excess grand-canonical free energy γ associated with

that surface are computed from converged solutions. Values of τ and κ′ at

a chosen pair of values of µ̂ and χN are then obtained by fitting results for

dependence of γ on C for a series of such simulations to Eq. (3.22).

Figure 3.2 shows SCFT results for the non-dimensionalized interfacial tension

[γ] as a function of non-dimensional curvature [C] for cylindrical and spherical
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geometries of a system containing symmetric copolymers at χN = 20, α = 0.2

and a fixed value of [δµ̂] = −0.2. The solid lines show the parabolic fits to the

simulation results from which we extracted values of the Helfrich parameters τ

and κ′ at this value of [δµ̂]. The parameter τ vanishes for the system shown here

a result of the complete symmetry between A and B components in a system

with fA = 1/2 and NA = NB, but could be obtained from similar simulations of

an asymmetric system. The value κ may be obtained directly from results for

cylindrical surfaces. The value of κ is then inferred from the difference between

values of κ′ obtained for cylindrical and spherical surfaces.

By repeating this calculation at several values of [δµ̂] for each value of χN ,

we may characterize the dependence of all of the Helfrich parameters on [δµ̂].

Figure 3.3 shows the dependence of the dimensionless bending and Gaussian

rigidities on [δµ̂] for the system with fA = 1/2, NA = NB, χN = 20 and

α = 0.2. No data is shown for τ , because τ = 0 by symmetry for this system.

Repeating the same procedure for different values of χN allows us to obtain

the bending and the Gaussian rigidities for saturated monolayers as a function of

χN . Figure 3.4 shows values of non-dimensional conventional bending rigidity

[κ] and Gaussian rigidity [κ] of saturated interfaces with µ̂ = µ̂∗ plotted vs.

χN , for completely symmetric systems with α = 0.2. Saturation conditions, for

which γ = 0 for a flat interface, correspond to conditions along the unbinding

line within the symmetric isopleth. A saturated flat interface can thus exist only

at values of χN above the value at the Lifshitz point. The blue vertical line in

Figure 3.4 indicates the value of χN at the Lifshitz point, which is χN = 10.8

for a symmetric system with α = 0.2.

The values of the bending and the Gaussian rigidities seem to monotonically

approach zero as we approach the Lifshitz point. We do not show values of the

rigidities very close to the Lifshitz point, at values of χN < 13, because of the

computational difficulty of accurately computing values of the rigidities near the

Lifshitz point. The computational difficulty arises from the fact that width of

the A/B interface diverges as one approaches the Lifshitz point, and the need to

perform very high accuracy solutions to resolve very small values of the Helfrich

parameters. The steady increase in the width of the interface with decreasing

χN forces us to use increasing wide annular domain in order to avoid finite size
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effects, and to also restrict the calculation to a very narrow range of values of C

to guarantee that the radius of the Gibbs dividing surface remains much greater

than the width of the interface. Matsen and Schick51 predicted that the Gaussian

rigidity should be positive near the Lifshitz point for systems with α < 1 on

the basis of an analytic weak segregation theory. Matsen subsequently later

concluded that this analytic calculation was inaccurate, however, on the basis

of comparison to numerical calculations.36 Varadharajan and Leermakers54 have

also reported a positive Gaussian rigidity for saturated monolayers in symmetric

systems near the Lifshitz point using their numerical SCFT scheme. For the

system with α = 0.2 studied here, however, we obtain a negative value for the

Gaussian rigidity for a lowest value of χN = 13 for which we are certain our

result is converged, and see no evidence for the existence of a change of sign

near the Lifshitz point.
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Figure 3.2: Non-dimensional interfacial tension [γ] vs. non-dimensional curva-
ture [C] = CRC at a constant value of [δµ̂] = −0.2 for a symmetric diblock
copolymer monolayer with χN = 20 for α = 0.2 for cylindrical (left) and spher-
ical (right) interfaces. Circles show SCFT results and solid blue lines are results
of a fit to a quadratic function of [C] that is used to obtain the Helfrich param-
eters.
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Figure 3.3: SCFT results for non-dimensional bending rigidity [κ] (Left) and
non-dimensional Gaussian rigidity [κ] plotted vs. non-dimensional chemical po-
tential shift [δµ̂] for symmetric ternary systems with χN = 20 and for α = 0.2.

3.6 Relation to Previous Work

We now discuss the difference between the procedure described above to measure

the Helfrich parameters and that used in related previous work by Chang and

Morse27 and Yadav et al.,23 the latter of which is reproduced as chapter 2 of

this thesis. In both of these earlier studies, bending constants for saturated

monolayers were obtained by performing a series of simulations of surfaces of

varying curvature in which the chemical potential µC of the copolymer and

the chemical potential µA of the outer A homopolymer were fixed to constant

values, while the chemical potential µB of the inner homopolymer was varied so

as to obtain an interface located near the middle of the annular domain. Chang

and Morse performed the calculation in grand-canonical ensemble, using fixed

values for both µA and µC , and used a solver that adjusted µB so as to obtain an

exactly prescribed value for the radius R of the Gibbs dividing surface. Yadav

et al., instead used a mixed ensemble where components A and C were treated

in an open ensemble, using fixed values of µC and µA, but component B was

treated in a closed ensemble, using a prescribed volume fraction for the inner B

homopolymer that is chosen to yield an interface near the middle of the annular

region. In both variants of the procedure, µC and µA were held fixed while

µB was adjusted either explicitly or implicitly so as to impose a desired radius

of curvature. In a system in which the homopolymer-rich domains are nearly
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Figure 3.4: Plot of non-dimensionalized conventional Helfrich constants, bend-
ing rigidity (left) and Gaussian rigidity (right) as a function of χN for a sym-
metric AB diblock copolymer monolayer at the interface separating A and B
homopolymer rich domains for α = 0.2. The conventional bending and Gaus-
sian rigidities are the first terms in the expansion of the generalized bending and
Gaussian rigidities as a function of δµ̂, denoted by [κ0] and [κ0] respectively. The
vertical blue line corresponds to the value of χN = 10.8 which is the Lifshitz
point for this system

pure, changes in the value of µB primarily effect the value of the pressure Pi in

the interior region, and thus allow the system to establish a pressure difference

that satisfies mechanical equilibrium condition Eq. (3.22) for an interface with

a prescribed curvature. Estimated values of the parameters τ and κ′ were then

obtained by fitting results for the dependence of γ on C to Eq. (3.22), as also

done here. In both of these previous studies, elastic parameters were computed

only for saturated monolayers, by fixing values of µA and µC to values for which

γ = 0 for a flat monolayer. The procedure can, however, easily be extended to

simulate sets of states of fixed µA and µC for which γ 6= 0 in the limit C = 0.

As discussed below, this extension revealed problems with the procedure that

were not immediately evident when the procedure was applied only to saturated

monolayers.

States of different curvature C but equal values of µA and µC that are con-

structed by this process have values of µB that vary with changes in C. Because

µ̂ is defined by a particular linear combination of all three chemical potentials,

only one of which varies, such states are thus generally characterized by unequal
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values of µ̂. The computational procedures used in this earlier work thus im-

plicitly defined a different a path through the two-dimensional space of possible

equilibrium state than the path of constant µ̂ proposed here. The values of τ

and κ′ obtained by fitting the dependence of γ on C along such a path of vary-

ing µ̂ are thus expected to be differ from those obtained by analyzing a path of

constant µ̂.

One obvious disadvantage with the procedure used in this earlier work is that

it makes an arbitrary distinction between the treatment of homopolymers A and

B, by fixing µA while allowing µB to vary. Consider the behavior of a completely

symmetric mixture, with fA = 0.5 and NA = NB. On physical grounds, we

expect the interfacial free energy of such a completely symmetric system to be

symmetric with respect interchange A and B. By convention, let positive values

of C correspond to states where the monolayer curves so that B homopolymer

rich region lies inside the cylindrical or spherical domain. Values of C < 0 thus

correspond to states where the A-rich rich region lies in the interior of a cylinder

or sphere. In a chemically symmetric system, the symmetry with respect to

interchange of A and B implies that we should also obtain γ(C) = γ(−C). This

implies that an expansion of γ in powers of C should have only even powers of

C. Specifically, it implies that we should obtain τ = 0 for any such system.

Figure 3.5 shows results for the dependence of γ on C for C > 0 a symmetric

system with χN = 15 and α = 0.2, as computed by the method used in previous

work for an expansion about a flat state with γ 6= 0, for which [δµ̂] = 0.15.

Here, we consider a symmetric AB diblock copolymer monolayer at the interface

separating A and B homopolymer rich domains at χN = 15 in the cylindrical

geometry. Note that the resulting plot exhibits a nonzero slope dγ/dC at C = 0,

though symmetry arguments suggest that we should obtain dγ/dC = 0 at C = 0.

This resulting asymmetry is clearly incorrect, and is an obvious artifact of the

use of method that introduces an arbitrary asymmetry in the treatment of A and

B homopolymers. Results obtained with the method developed here, in which C

is measured along a path of constant µ̂, yield results that are symmetric under

C → −C when applied to a chemically symmetric system.

Interestingly, we find that this older method does yield a vanishing value of

dγ/dC at C = 0 in a symmetric system when applied to the special case of a
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saturated monolayer, for which µA and µC are chosen so as to yield γ = 0 in the

limit C = 0. This is why previous applications of the method, in which it was

only used to treat saturated monolayers, did not show this obvious evidence of

an unphysical asymmetry.

To explain this behavior, consider the derivative dγ/dC along the path de-

fined by this operational procedure. Suppose that γ can be expressed as a

function of µ̂ and C. The derivative dγ/dC along the path of interest can be

expressed as a sum

dγ

dC
=

∂γ

∂C

∣∣∣∣
µ̂

+
∂γ

∂µ̂

∣∣∣∣
C

dµ̂

dC

=
∂γ

∂C

∣∣∣∣
µ̂

− ΓC
fBN

NB

dµB
dC

=
∂γ

∂C

∣∣∣∣
µ̂

− ΓB
dµB
dC

. (3.26)

Here, the total derivatives dγ/dC and dµB/dC refer to derivatives along the path

of constant µA and µC used in this computational procedure. The derivative

dµB/dC can be related to the corresponding change in the pressure difference

∆P = P i − P o across the membrane. Recall that, in either bulk phase,

∂P

∂µB

∣∣∣∣
µA,µB ,T

= cB (3.27)

where cB = φB/NBv is the number concentration of B homopolymers in the

phase of interest, and φB is the corresponding volume fraction of B. Using this

identity, we find

d(P i − P o)

dC
=

∂(P i − P o)

∂µB

∣∣∣∣
µA,µC ,T

dµB
dC

=
φiB − φoB
NBv

dµB
dC

, (3.28)

where the superscripts i and o refer to the inner (B-rich) and outer (A-rich)
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phases. Using Eq. (3.23) for P i − P o, it is straightforward to show that

d(P i − P o)

dC
= γ +

d− 3

d− 1
C
dγ

dC
− 2C2

d− 1

d2γ

dC2
(3.29)

where derivatives are again defined along the mechanical equilibrium path of

constant µA and µC . Note that the right hand side of this equation approaches

γ in the case C = 0 of a flat membrane. Combining the above results, we find

that
dγ

dC

∣∣∣∣
C=0

=
∂γ

∂C

∣∣∣∣
µ̂,C=0

− ΓBNBv

φiB − φoB
Σ . (3.30)

In the case of a symmetric system, for which ∂γ(C, µ̂)/∂C = 0 for C = 0,

this implies that dγ/dC should vanish for C = 0 only in the special case of a

saturated membrane, with Σ = 0, consistent with our numerical observations.

The failure of the procedure of Chang and Morse to produce symmetric results

for a symmetric system in the case Σ 6= 0, however, clearly make in unsuitable

for a generalization of the Helfrich theory to states with µ̂ 6= µ̂∗.

3.7 A Minimal Surface: Single Gyroid

We now demonstrate the utility of the general Helfrich theory applying the re-

sults for the Helfrich parameters obtained by simulating cylindrical and spheri-

cal monolayers to predict the properties of a highly swollen network structure.

Specifically, we will consider a swollen single gyroid network, which belongs to

space group I4132. The single gyroid structure is a cubic periodic crystal that

contains two geometrically similar intertwined domains rich in A or B homopoly-

mers separated by a continuous monolayer copolymer membrane. The topology

of the A and B domains in a single gyroid phase is that of a network of tubes

that meet at three fold junctions. The periodic single gyroid phase has never

been observed or predicted to be an equilibrium phase in either block copolymer

melts or ternary mixtures. We have chosen it for study because it is used in

chapters 4 and 5 as a periodic surrogate for the structure of strongly segregated

disordered phase.

We consider a completely symmetric A/B/AB ternary mixture fA = fB =
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Figure 3.5: Non-dimensional interfacial tension [γ] as a function of non-
dimensional curvature [C] of a cylindrical interface for a completely symmetric
ternary system with χN = 15 and α = 0.2 along a path of constant µA and
µC but variable µB. This path through parameter space is the one used in the
procedure described by Chang and Morse27 and Yadav et al.,23 which is applied
here to an unsaturated monolayer with [δµ̂] = 0.15. This procedure incorrectly
yields a non-zero value of τ for a symmetric system, as shown by the non-zero
value of the slope in this plot at [C] = 0. (Right) Non-dimensional interfa-
cial tension [γ] as a function of [C] for the same system at saturation, that is,
[δµ̂] = 0.

0.5 and NA = NB. Let φA, φB and φC denote overall volume fractions of A

homopolymer B homopolymer, and copolymer respectively. We consider the

special case of a compositionally symmetric system, in which φA = φB = φH/2

and φC = 1−φH , where φH denotes the overall homopolymer volume fraction.

Helfrich Theory:

In this completely symmetric system, we expect the interface of the single-

gyroid structure to lie along a periodic minimal surface, for which C = 0 and

K ≤ 0 at every point on the surface. The prediction of the Helfrich theory for

the interfacial tension at any point on a minimal surface, for which C = 0, is

γ = Σ(δµ̂) + κ(δµ̂)K (3.31)

where K denote the local Gaussian curvature.
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Let Ωex denote the excess grand canonical interfacial free energy associated

with one simple cubic unit cell of the single gyroid network. This quantity is

given by a surface integral

Ωex =

ˆ

unit cell

[Σ(δµ̂) + κ(δµ̂)K] dA . (3.32)

where the integration is performed over the interfacial surface contained within

unit cell, and where the value of K varies over the interface.

Let a denote the length of each side of a simple cubic unit cell of this network,

and let V = a3 denote the unit cell volume. Let A denote the area of the interface

within one unit cell, which can be expressed as a product

A =

ˆ

unit cell

dA = Ça2 , (3.33)

where Ç = 3.091 is a geometrical constant. The interface of the single gyroid

can be thought of as being made up of tubes that meet at three-fold junctions.

Using the Gauss-Bonnet theorem, the contribution to the integral
´
KdA for

each such three-fold junction within an infinite three-fold connected network can

be shown to be equal to −2π. There are eight such junctions within one unit

cell of the A or B domains of a single-gyroid phase, giving

ˆ

unit cell

K dA = −16π . (3.34)

Using these geometrical relationships, we can express the excess interfacial area

per volume as
Ωex

V
=

Ç

a
Σ(µ̂)− 16πκ(µ̂)

a3
(3.35)

This gives us the excess free energy density as a function of the unit cell pa-

rameter a and the chemical potential µ̂.

The excess copolymer concentration for such a structure can be obtained

by using Eq. (3.12) to compute the local excess interfacial concentration ΓC

and integrating over the interfacial area. The corresponding excess copolymer
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volume fraction, denote here by φexC , is given by the derivative

φexC = −NCv
∂(Ωex/V )

∂µ̂

∣∣∣∣
a

(3.36)

where the derivative is evaluated for a fixed unit cell parameter a. Using Eq.

(3.35) for Ωex/V then yields

φexC = NCv

[
−Ç

a

dΣ(µ̂)

dµ̂
+

16π

a3

dκ(µ̂)

dµ̂

]
. (3.37)

Here, the first term on the right-hand-side is the contribution that would arise if

the excess interfacial concentration ΓC were the same as that on a flat interface,

while the second is correction arising from the effect of curvature on ΓC .

In a mechanical equilibrium state, the grand-canonical free energy density

must be minimized with respect to changes in the value of the unit cell parameter

a at fixed values for all chemical potentials. The total free energy density is a

sum of bulk contributions from the homopolymer rich domains and an interfacial

free energy density. We consider a symmetric system in which the A- and B-rich

regions always occupy equal volumes, and also have the same grand-canonical

free energy density (i.e., the same pressure). The bulk contributions are thus

not affected by changes in unit cell parameter at constant chemical potential.

Minimizing the total free energy density is hence same as minimizing the excess

free energy density Ωex/V with respect to a for a constant δµ̂. Therefore, at

equilibrium, we require that

∂(Ωex/V )

∂a

∣∣∣∣
δµ̂

= 0 (3.38)

By using Eq. (3.35) for Ωex/V , we obtain the explicit criterion

48πκ(µ̂)

a2
= ÇΣ(µ̂) (3.39)
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Using Eq. (3.39) to compute Σ(µ̂), we can show that

Ωex

V
=

32πκ(µ̂)

a3
. (3.40)

for states that are in mechanical equilibrium. This equation acts as an equation

of state that relates δµ̂ to a along a path of mechanical equilibrium states.

Eq. (3.39) implies that, for mechanical equilibrium states, a and δµ̂ cannot

be treated as independent parameters. It also implies µ̂ 6= µ̂∗ in any mechanical

equilibrium state, since it yields a nonzero value for Σ(µ̂) in any state with a

finite unit cell parameter, and µ̂∗ is defined by the requirement that Σ(µ̂∗) = 0.

Eqs. (3.39), (3.40) and 3.37 can be used to compute predictions of the

Helfrich theory for the thermodynamic properties of a single-gyroid phase in

mechanical equilibrium with a specified value of a, using a as a control parame-

ter. As a first step, values of Σ(µ̂) and κ(µ̂) must be extracted from simulations

of cylindrical and spherical surfaces over a range of values of µ̂ near µ̂∗. The

results of these simulations are fit polynomials of the form given in Eqs. (3.16)

and (3.17). For each value of a, we then solve Eq. (3.39) to compute the chemi-

cal potential shift δµ̂. Given values for a and δµ̂, Eqs. (3.40) and (3.37) can then

be used to compute excess free energy and excess copolymer volume fraction.

Overall copolymer volume fraction can be computed by adding the resulting ex-

cess volume fraction to the bulk contribution arising from copolymer dissolved

in the homopolymer rich regions, which can be computed from Flory-Huggins

theory.

Figures 3.6, 3.7 and 3.8 show results for non-dimensional Ωex/V , non-dimensional

δµ̂ and φexC for the mechanical equilibrium states of the single gyroid phase in

an A/B/AB ternary mixture with χN = 20 and α = 0.2 along the volumetri-

cally symmetric isopleth. The axes in all three figures are chosen such that the

left axis corresponds to the limit a → ∞ of an infinite unit cell, with swelling

decreasing as one goes from left to right. Results in each figure are shown for nu-

merical SCFT and several different variants of the Helfrich model, as discussed

in more detail.

The black solid curves in Figures 3.6, 3.7 and 3.8 are results from full nu-

merical SCFT calculations of a single-gyroid ordered phase. Numerical SCFT
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results were obtained by starting from a converged solution for the single gyroid

for a neat diblock copolymer melts, and then performing a series of solutions

along the volumetrically symmetric isopleth with increasing equal amounts of

the A and B homopolymers to the system. Accurate numerical SCFT becomes

increasingly expensive and ultimately impossible as the unit cell expands with

decreasing copolymer concentration. This computational challenge was the pri-

mary motivation for us to develop a highly accurate Helfrich expansion. Results

of numerical SCFT calculations are shown in each figure only over the range

of parameters for which we believe it is possible for us to obtain results that

accurate enough so that numerical errors remain invisible in these figures. For

χN = 20 and α = 0.2, this corresponds to a total volume fraction of ≈ 10%.

The unit cell dimension at this volume fraction is about 4 times its value for a

neat diblock copolymer melt at same χN .

The blue dotted and dot-dashed curves are two different variants of the Hel-

frich theory. The blue dotted curves in each figure are results from a “classical”

version of the Helfrich theory in which we have neglected the δµ̂ dependence of

the Gaussian rigidity, thus approximating κ = κ(µ̂∗), but still take into account

the δµ̂ dependence of Σ. The blue dot-dashed curve is the result from the gen-

eral Helfrich theory presented above, in which we have taken into account the

dependence of both κ and Σ on µ̂. The prediction from “classical” theory is

clearly much worse than that by the general Helfrich theory when compared to

the numerical SCFT result. Both theories correctly capture the correct asymp-

totic behavior in the limit of highly swollen structures. In the regions of excess

volume fraction > 10% for which numerical SCFT results remain possible, how-

ever, the generalized theory is substantially more accurate than the “classical”

theory.

Extended Helfrich Theory:

The Helfrich expansion is assumed to be valid in the limit of highly swollen

network, for which the volume fraction of adsorbed copolymer is very low, and

for which the principal radii of curvature remain much greater than the mono-

layer thickness at every point on the surface. Results shown in Figures 3.6, 3.7

and 3.8 confirm that SCFT and both variants of the Helfrich theory approach

a common asymptote in the limit of very highly swollen structures. The results
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Figure 3.6: The non-dimensionalized excess free energy density, Ωexv/V kT , as
a function of φexC for the single gyroid phase along the volumetrically symmetric
isopleth and the zero stress path at χN = 20 and α = 0.2. The black solid curve
is the result from the numerical SCFT and the blue dotted curve is the result
from the “classical” Helfrich theory, where we neglected the δµ̂ dependence
of the Gaussian rigidity. The blue dot-dashed curve is the result from the
general Helfrich theory without the inclusion of the λ term in the excess free
energy density while the red dashed curve represents the results from the general
Helfrich with the inclusion of the λ term.

also shown that inclusion of the chemical potential dependence of κ substan-

tially improved the agreement at higher concentrations, while also leaving some

room for improvement. In the work presented in chapter 4 and 5 of this thesis,

we use an SCFT calculation of the properties of a single gyroid phase as an

essential part of an approximation for properties of a disordered phase. In that

context, we need an analytic approximation for the SCFT free energy of the

gyroid phase in the highly swollen regime that is accurate enough to interpo-

late smoothly onto the results of numerical SCFT calculations at the end of the

range in which numerical SCFT calculations remain feasible. This motivated

the development of an extended Helfrich theory with a somewhat wider range
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Figure 3.7: Excess copolymer volume fraction, φexC , as a function of the shift in
the non-dimensionalized effective chemical potential, [δµ̂], for the single gyroid
phase along the volumetrically symmetric isopleth and the zero stress path at
χN = 20 and α = 0.2. The different curves represent the results from different
theories as described in the caption for Figure 3.6.

of validity than the theory discussed thus far.

The accuracy of the Helfrich expansion can be further improved by extending

the expansion in powers of curvature include contributions to γ that are higher

than quadratic order in the principal curvatures or, equivalently, higher than

second order in the inverse cell parameter 1/a. In the completely symmetric

system considered here, in which the expansion of γ cannot include odd powers

of C, we expect the free energy to include only odd powers of 1/a. To further

improve the accuracy of our representation of the single-gyroid structure, we

have thus considered an expansion of the free energy density Ωex/V that includes

the next allowed term in an expansion in 1/a, as a sum of the form

Ωex

V
=

Ç

a
Σ(µ̂)− 16πκ(µ̂)

a3
+
λ(µ̂)

a5
(3.41)
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Figure 3.8: The shift in the non-dimensionalized effective chemical potential,
[δµ̂], as a function of the inverse unit cell dimension for the single gyroid, a,
normalized by the root-mean-squared end-to-end distance for the copolymer
along the volumetrically symmetric isopleth and the zero stress path at χN = 20
and α = 0.2. The different curves represent the results from different theories
as described in the caption for Figure 3.6.

where λ(µ̂) is an additional fitting parameter.

To estimate the new parameter λ, we performed a series of SCFT calculations

of the swollen single gyroid phase within the range of copolymer concentration

in which such calculations remain feasible. At each value of χN , values of λ

where computed at several values of µ̂ near the saturation value µ̂. For each

value of µ̂, we performed as a series of simulations using different values of a

with chemical potentials chosen to obtain µA = µB (giving φA = φB) in which

the value of φC for each choice of a so as to obtain the desired value of µ̂.

Each of these calculations was performed using a specified value of a, without

attempting to satisfy the mechanical equilibrium condition. For each value of

µ̂, λ was estimated by fitting values for the dependence of Ωex/V on a that were

obtained from these numerical calculations to Eq. (3.41), using predetermined

values of Σ(µ̂) and κ(µ̂) and adjusting λ to fit the data.
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Figure 3.9: Excess free energy density for the swollen single gyroid phase as
a function of inverse unit cell dimension normalized by the root-mean-squared
end-to-end distance of the copolymer, Re0, as calculated from numerical SCFT
(blue circle). Here the condition of mechanical equilibrium is not imposed and
the effective chemical potential is fixed at δµ̂ = 0 at χN = 20. The black solid
line represents the fit to Eq. 3.41 used to obtain the value of λ at δµ̂ = 0.

Figure 3.9 shows the results from such an SCFT calculation at χN = 20

with δµ̂ = 0 where the unit cell dimension of the single gyroid is varied in the

highly swollen regime. The fit to Eq. 3.41, that was used to obtain λ at this

value of δµ̂, is shown in the figure by the solid black line. Figure 3.10 shows the

results for λ obtained by repeating this procedure at different values of δµ̂.

Given estimates for λ(µ̂), predictions for thermodynamic properties of me-

chanical equilibrium states may be generated by starting from the modified free

energy expression, Eq. 3.41. A modified mechanical equilibrium criterion is

obtained by requiring that a be chosen so as to minimize Ωex/V at fixed µ̂. An

expression for φexC analogous to Eq. 3.37 is then obtained by differentiating the

modified free energy expression with respect to µ̂ at constant a.

The results of this extended Helfrich expansion for the single gyroid phase

are shown in Figures 3.6, 3.7 and 3.8 as dotted red curves. The inclusion of
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Figure 3.10: Parameter λ in Eq. 3.41 as a function of the effective chemical
potential δµ̂ obtained by performing SCFT calculations at different values of δµ̂
(blue circle) at χN = 20. The black solid line is a parabolic fit to the data.

the additional term yields a modest improvement of the accuracy, at the cost

of the introduction of a fitting parameter. This provided a somewhat more

accurate representation of the free energy in the region of composition space

where numerical SCFT is not feasible. This additional accuracy turned out to

be necessary for the calculation of the phase diagrams presented in Chapter 5.

3.8 Conclusions

The Helfrich theory of bending elasticity has been used by numerous studies pre-

viously to describe weakly curved interfaces as an expansion in curvatures about

the interface’s flat state. In the context of weakly curved monolayers in ternary

mixtures of A homopolymers, B homopolymers and AB diblock copolymers,

the Helfrich expansion has been used to obtain monolayer elastic properties,

namely the asymmetry parameter, the bending and the Gaussian rigidity. The

values of these elastic parameters have been used to justify and explain phase
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behavior in these ternary mixtures. However, for a given ternary mixture, at a

fixed value of χN , the elastic parameters have been treated as constants. In this

work we demonstrate that these Helfrich constants are functions of the chemical

potentials (in the grand canonical ensemble) or the surface coverage (canonical

ensemble). In this work, we present a generalized Helfrich theory where we allow

the Helfrich constants to have chemical potential or coverage dependence. We

also identify a choice for the interface for the monolayer in the ternary mixture,

namely the Gibbs dividing surface, that simplifies the description for a three

component system to a pseudo-one component system. We also present our

procedure and results for the generalized Helfrich theory in the flat, cylindri-

cal and spherical geometries which allowed us to obtain the chemical potential

dependence of the interfacial tension, the bending and the Gaussian rigidities

for a symmetric copolymer monolayer. We then demonstrate the utility of this

generalized theory by using the results from the flat, cylindrical and spherical

geometries to accurately describe the single gyroid phase in the highly swollen

limit where numerical SCFT gives us inaccurate results due to high amounts of

swelling leading to very large unit cell dimensions. We believe such a descrip-

tion will allow for a much simpler and accurate analytical description of highly

swollen phases where a complete numerical SCFT calculation will be prohibitive

due to time and computer resource constraints. We also believe a similar gener-

alization of the Helfrich theory is also possible for bilayer systems but is beyond

the scope of the present work.



Chapter 4

A Network Model for Diblock

Copolymer Melts

Abstract: We present a model for the order-disorder transition of symmetric

A-B diblock copolymer melts in which the disordered phase is treated as bicon-

tinuous network, and in which self-consistent field predictions of properties of an

analogous ordered network are used to estimate some properties. Such a model

is shown to accurately predict the latent heat of this transition. The dependence

of the location of the transition upon the invariant degree of polymerization N

is shown to be consistent with a simple hypothesis that the disordered bicontin-

uous structure is stabilized relative to an analogous ordered network by a nearly

constant entropy per network junction.

This chapter was originally published as a letter in the journal Physical Review

Letters30

Block copolymer melts can undergo an order-disorder transition (ODT) from a

disordered phase to a variety of spatially periodic ordered structures. The ODT

of symmetric AB block copolymers, with A and B blocks of equal volume, has

long been of particular theoretical interest as an example of a type of fluctuation-

induced first order transition that was first considered by Brazovskii,5 and later

predicted for symmetric diblock copolymers by Fredrickson and Helfand.6 The

Fredrickson-Helfand (FH) theory of this transition assumes that the lamellar

74
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phase remains weakly segregated at the ODT. FH showed that this would occur

for sufficiently high molecular weights. Within the experimentally relevant range

of molecular weights, however, both experiments and simulations have shown

that the ordered and disordered phases are both rather strongly segregated near

the ODT, and contain nearly pure domains of A and B monomers.28,29,55 In

this regime, the disordered phase near the ODT appears to have a disordered

bicontinuous network structure qualitatively similar to that of the bicontinuous

microemulsion phase of some ternary systems.55–58 To describe this regime,

one should use a theoretical approach that can describe strongly segregated

structures. In this paper, we consider a model of the disordered bicontinuous

structure near the ODT that is based on a self-consistent field theory (SCFT)

description of an analogous periodic structure.

Understanding of the ODT is currently based on a combination of SCFT

and the FH theory. SCFT predicts that symmetric diblock copolymer melts

should undergo a continuous 2nd order transition between disordered and lamel-

lar phases at a critical value of χN given by (χN)SCFODT = 10.495, where χ is an

effective Flory-Huggins parameter and N is degree of polymerization.59 The FH

theory instead predicts a first order transition at a higher value of (χN)ODT that

depends on a dimensionless parameter N = N(cb3)2, in which c is monomer con-

centration, and b is statistical segment length.6 The quantity N
1/2 ≡ cR3

e0/N

is equal to the ratio of the volume R3
e0 pervaded by a polymer to the occupied

steric volume N/c, where Re0 =
√
Nb.

Simulations28,29,60 have confirmed that various properties of symmetric di-

block copolymer melts exhibit a universal dependence on N , as first predicted

by the FH theory. Simulations have also shown, however, that the assumption

of weak segregation underlying the FH theory is valid only for N � 104.28,29

At typical experimental value of N ' 102 − 104, both ordered and disor-

dered phases contain rather strongly segregated A and B domains near the

ODT. Furthermore, SCFT has been shown to give quite accurate predictions

for the free energy and other properties of the lamellar phase in this regime.28,29

The inaccuracy of SCFT predictions for (χN)ODT is thus primarily the result

of the inability of SCFT to describe a strongly correlated disordered phase.

Interestingly, comparison to SCFT predictions showed that, over the range
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(χN)SCFODT < χN < (χN)ODT , the free energy and degree of A/B contact in

the disordered phase change with χN in a manner similar to that predicted by

SCFT for the ordered lamellar phase. This observation suggests that character-

istics of local structure in the disordered phase (e.g., the degree of segregation

and typical domain size) are similar to those predicted by SCFT for an ordered

phase over this range. Because the disordered phase has a bicontinuous mor-

phology near the ODT, however, we expect it to more closely resemble a periodic

network structure than a lamellar phase.

In this paper, we discuss a phenomenological model of the disordered phase

near the ODT that is based on the use of SCFT to predict properties of an

analogous ordered bicontinuous network. The motivation for this approach is

analogous to the motivation for the study of cell models of simple liquids,61–63

which rely on the observation that local environments in a strongly correlated

liquid often closely resemble those in an analogous ordered structure.

The first step in developing such a model is to choose one of the many possible

network structures of a diblock copolymer melt64 as an optimal “surrogate” for

the structure of the disordered phase. Our proposed choice is based on the

following criterion: Because we focus here on symmetric AB copolymers, we

seek a structure in which the A and B domains are geometrically equivalent

bicontinuous regions. The skeleton of either domain in such a bicontinuous

structure can be described as a network of “tubes” that meet at junctions, with

three or more tubes meeting at each junction. Prior work64,65 indicates that the

most favorable network structures in melts of monodisperse diblock copolymers

contain only three-fold junctions. We thus seek a network with only 3 fold

junctions. The only periodic network that we know of that meets these two

criteria is the single gyroid (SG) cubic structure, with space group I4132. We

thus choose this structure as our surrogate for the disordered phase. The SG

structure is distinct from both the double gyroid (DG) structure of space group

Ia3d, which contains two disconnected networks of one component in a matrix

of the other, and the Fddd network,66,67 both of which are equilibrium phases

of slightly asymmetric copolymers that have topologically inequivalent A and B

domains.

A good surrogate structure should also have a comparatively low SCFT free
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Figure 4.1: Plot of ∆gSCF vs. χN for the single gyroid, double gyroid and the
disordered phases, where ∆gSCF is the difference between the free energy per
chain and that in the lamellar phase, divided by kBT . Inset : A cubic unit cell
of the single gyroid (SG) phase.

energy. Let g denote free energy per chain divided by the thermal energy kBT .

For each phase other than the lamellar (L) phase, let ∆g = g − gL denote the

difference between the value of g in that phase and the value gL in the lamellar

phase. Figure 4.1 shows SCFT predictions for ∆g for symmetric copolymers,

denoted by ∆gSCF , for the SG and DG networks and the disordered (D) phase.

No Fddd solution to SCFT was found for symmetric copolymers. Because SCFT

predicts that the lamellar phase is stable for all χN > (χN)SCFODT , ∆g > 0 for

all other phase over this range. Note that the free energies of the DG and

SG networks are similar and significantly lower than that of the disordered

phase, indicating close competition among candidate network structures. The

SG structure is, however, slightly preferred over the DG structure over a range

(χN)SCFODT < χN < 24 that includes the entire range of values of (χN)ODT

observed in simulations on systems with N > 200. The single gyroid is thus the

lowest free energy network we have found in the regime of interest.

Because the ODT is a first order transition, it has a nonzero latent heat.

The enthalpy in each phase of interest and the degree of contact between A

and B monomers can both be related to the value of the dimensionless deriva-

tive g′ ≡ ∂g/∂(χN).28,29 In SCFT, the value of g′ in each phase is equal to

the overlap integral g′ =
´
dr φA(r)φB(r)/V , where φA(r) and φB(r) are local

volume fractions of A and B monomers at point r, and V is the volume of the
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region over which the integral is evaluated. Hence, g′ measures the extent of

contact between A and B monomers. In an experimental system in which χ(T )

is a function of absolute temperature T , it can be shown29 that g′ is related to

enthalpy h per chain by the relation

g′ = h

[
N

dχ(T )

d(1/kBT )

]−1

. (4.1)

Let ∆g′ = g′D − g′L denote the difference between values of g′ in the disordered

and lamellar phases. Eq. (4.1) implies that the latent heat of the transition

(i.e.change in enthalpy) is proportional to the value of the difference ∆g′ at the

ODT. In a strongly segregated structure, A and B monomers come into contact

primarily along interfaces between A and B domains, and the change ∆g′ arises

primarily from the change in the amount of A/B interfacial area per volume

upon transformation from a bicontinuous to a layered structure.

Both experiments and simulations have recently quantified the latent heat of

this transition, and been shown to agree.68,69 As a simple model for the latent

heat, we propose approximating ∆g′ at the ODT by the difference between

SCFT predictions for g′ in the single gyroid and lamellar phases, evaluated

at the value (χN)ODT observed in simulations. A test of this approximation

is shown in Fig. 4.2. There, the solid line shows SCFT predictions for the

ratio ∆g′/g′L as a function of χN , where ∆g′ = g′SG − g′L is the difference

between the SCFT predictions for values of g′ in the SG and L phases. Symbols

instead show values of ∆g′/g′L obtained by analyzing order-disorder transitions

in MD simulations.29 The abscissa of each symbol is equal to the value of

(χN)ODT observed in the corresponding simulation. Because (χN)ODT is a

decreasing function of N , lower values of (χN)ODT correspond to larger values

of N . Simulations yield a relatively narrow range of values ∆g′/gL ' 0.06 - 0.08

for systems N ' 200−8000, corresponding to a decrease of 6-8 % in the amount

of interfacial area per volume upon transformation to a lamellar phase. SCFT

predictions for g′SG−g′L approach zero at (χN)SCFODT because SCFT predictions for

g′ become the same in all phases at this critical value. Over the range of values

(χN)ODT ' 13− 23 over which ∆g′ has been measured in simulations, however,

SCFT yields predictions for ∆g′/gL ' 0.06 - 0.07 that depend very weakly on
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Figure 4.2: Fractional change in g′ at the ODT vs. χN , from MD simulations
(symbols) and SCFT (line). Symbols show values of ∆g′/g′L from MD simu-
lations vs. the observed value (χN)ODT . Different symbols indicate results of
different simulation models, indicated by the labels H, S1, S2, and S3 used in
Ref.29 For the SCFT prediction (line), ∆g′(χN) = g′SG(χN)− g′L(χN).

N and that are only slightly less than the values obtained from simulations.

We now consider the thermodynamics of the ODT. Let ∆g denote the differ-

ence ∆g = gD−gL between the free energy per chain in the disordered and lamel-

lar phases, normalized by kBT . At the ODT, ∆g = 0. Let ∆gSCF = gSG − gL
instead denote the corresponding difference between SCFT predictions for the

free energies of the SG and L phases.

We picture the disordered phase near the ODT as a statistical ensemble of

bicontinuous morphologies of different topology. To make this more precise,

imagine dividing the set of molecular microstates in the disordered phase into

subsets such that the topology of the A/B interface is the same for microstates

in the same subset. Each such subset thus defines a subensemble of microstates

with the same network topology, corresponding to a single local minimum in the

free energy surface, or a single “inherent” structure.70,71 Let ∆g denote the av-

erage of the difference between the free energy per chain in such a subensemble

and that in a lamellar phase, normalized by kBT and averaged over the distri-

bution of topologies found in the disordered phase. The typical environment

of a molecule in a disordered network of predominantly three-fold junctions is

presumably similar to that in an ordered SG network. As a first step, it is
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thus natural to try approximating ∆g near the ODT by the SCFT prediction

∆gSCF for a SG phase. Because SCFT predicts a stable lamellar phase for

χN > (χN)SCFODT , and thus predicts ∆gSCF > 0, SCFT alone cannot explain why

the disordered phase remains stable at χN > (χN)SCFODT . The disordered bicon-

tinuous phase is, however, also stabilized relative to the average free energy of a

network of fixed topology by a topological entropy that arises from the existence

of many possible network topologies. At a formal level, we may take this into

account be writing ∆g = ∆g − ∆s in which ∆s is a dimensionless structural

entropy per chain (i.e.entropy divided by kB).

A picture of the disordered phase as an ensemble of random networks sug-

gests that the structural entropy per junction should be a number of order

unity. Let ∆S = M∆s denote the dimensionless topological entropy per junc-

tion, where M denotes the average number of chains per network junction. Let

∆GSCF be the corresponding difference between SCFT predictions of gyroid

and lamellar free energy, per junction of the SG phase, normalized by kBT .

A minimal phenomenological model of the ODT may be constructed by: (a)

Approximating ∆g by ∆gSCF , thus mimicking properties of typical disordered

network by those of a periodic SG network, and (b) assuming that the value of

∆S at the ODT is of order unity and almost independent of N . Setting ∆g = 0

at the ODT yields a prediction that the ODT should occur at a value of χN

at which ∆GSCF (χN,N) = ∆S, in which ∆S is an order unity dimensionless

number that depends very weakly on N .

The SCFT free energy difference per junction ∆GSCF is given by a product

∆GSCF = M∆gSCF (χN), where M is the SCFT prediction for the number of

chains per network junction in the SG phase. The unit cell of the SG phases is

a cube of length a that contains 8 junctions in the A or B network. The number

of chains of volume N/c per junction is thus M = a3c/(8N) = N
1/2
M̂(χN),

where M̂ = (a/Re0)3/8 is a function of χN alone. The difference ∆GSCF per

junction can then also be expressed as a product

∆GSCF (χN,N) = N
1/2
Ĝ(χN) (4.2)

in which Ĝ(χN) = M̂(χN)∆gSCF (χN) is a function of χN alone. Because
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Figure 4.3: SCFT prediction ∆GSCF (χN,N) of the difference between the free
energy of the SG and L phases, per junction of the SG phase and normalized by
kBT , measured at the value χN = (χN)ODT (N) observed in simulations. The
horizontal dashed line shows a best fit value of ∆GSCF = 2.15

∆GSCF is proportional to N
1/2

, and Ĝ(χN) is an increasing function of χN

that vanishes as χN approaches (χN)SCFODT , the requirement that the value of

∆GSCF at the ODT be almost independent of N naturally yields a prediction

for (χN)ODT that is a monotonically decreasing function of N that approaches

the SCFT prediction (χN)ODT = (χN)SCFODT as N →∞.

The most important qualitative prediction of this model is simply that the

ODT occurs when ∆GSCF reaches an order unity value that is almost inde-

pendent of N . This can be directly tested by comparing SCFT predictions

to MD simulations. It has been shown28,29 that the value of (χN)ODT in a

variety of coarse-grained simulation vary with N as approximately (χN)ODT =

10.495+41.0N
−1/3

+123N
−0.56

. By using this empirical formula for (χN)ODT (N)

to determine values of χN used in a series of SCFT calculations, we have com-

puted ∆GSCF (χN,N) at χN = (χN)ODT as a function of N . Fig. 4.3 shows

results of this computation for N = 200 − 10, 000. This comparison show that

SCFT prediction for the free energy of the SG phase exceeds that of the L phase

by approximately 2kBT per junction at the ODT, with rather little dependence

on N , consistent with our hypothesis of a nearly constant structural entropy per

junction. Fig. 4.4 demonstrates the same idea in a different form, by comparing

simulation results for (χN)ODT to predictions of a model in which we assume

that ∆GSCF reaches a constant value ∆GSCF = 2.15 at the ODT.
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Figure 4.4: Comparison of measured and predicted values of (χN)ODT vs. N .
Symbols are values measured in simulations. Solid line is a model that assumes
∆GSCF has a constant value at the ODT, for which we take ∆GSCF = 2.15.
Dotted line is the empirical formula of Ref.28

The model discussed above is intended to describe only the strong-segregation

regime N . 104 in which the FH theory fails. If applied to much larger values

of N , this model would predict a shift (χN)ODT − (χN)SCFODT ∝ N
−1/4

, which is

different from the N
−1/3

scaling predicted by the FH theory. This N
−1/4

asymp-

totic scaling follows from the fact that ∆GSCF ∝ N
1/2

[(χN)−(χN)SCFODT ]2 for χN

very near (χN)SCFODT . Because the FH theory is expected to be valid for large N ,

we assume that the model proposed here breaks down in the weak-segregation

regime N � 104 in which the FH theory is valid, and vice versa.

The view of the disordered phase underlying this analysis is somewhat sim-

ilar to that underlying our understanding of the bicontinuous microemulsion

phase of surfactant/oil/water systems72–74 or the bilayer sponge phase of binary

surfactant/water systems.75–78 A bicontinuous microemulsion or sponge phase

is stabilized in part by a structural entropy of order kB per network junction,

as suggested above. In these swollen surfactant systems, however, bicontinuous

structures are also favored over layered structures by differences in the entropy

arising from undulations about the average membrane conformation in a sys-

tem of constrained topology. This undulation entropy is known to be greater for

topologies that impose an average curvature. This effect lowers the free energy

cost of curvature, and so has been described as a renormalization of membrane



Chapter 4: A Network Model for Diblock Copolymer Melts 83

bending rigidities.78–80 Our analysis of the ODT in block copolymer melts sug-

gests that the disordered phase is stabilized by a free energy of order kBT per

network junction that is not captured by SCFT, but does not tell us the physical

origin of this difference. The missing free energy could, for example, arise in part

from subtle differences in undulation entropy, as well as topological entropy.

This work explores a proposed analogy between a strongly correlated disor-

dered phase of a symmetric diblock copolymer melt near its ODT and a periodic

bicontinuous structure. We argue that the periodic single-gyroid (SG) structure

is a natural surrogate for the disordered phase. By comparing simulation results

for the latent heat to SCFT predictions, we show that the amount of A/B con-

tact along interfaces in the disordered phase near the ODT is very close to that

predicted by SCFT for the SG structure. The observed dependence of (χN)ODT

on N is shown to be consistent with a simple hypothesis that the disordered

bicontinuous phase remains stable at values of χN > (χN)SCFODT only where the

SCFT free energy of the SG phase exceeds that of the lamellar phase by less

than a critical value of order kBT per junction. This suggests a view of the

disordered phase near the ODT in systems of relatively short chains analogous

to our view of the bicontinuous microemulsion phase, and complementary to the

weak-segregation picture of Fredrickson and Helfand.



Chapter 5

A Network Model For Ternary

Diblock

Copolymer-Homopolymer

Mixtures

5.1 Abstract

Previous work presented in Chapter 4 has shown that the free energy of the

disordered phase in volumetrically symmetric diblock copolymer melts, near

the order-disorder transition to the lamellar phase, can be modelled as the free

energy of a bicontinuous periodic network phase (namely the single gyroid) sta-

bilized by a nearly constant topological entropy per junction. In the present

work we extend this network model to the disordered phase in ternary mixtures

of AB diblock copolymer, A homopolymer and B homopolymer. The effect of

interfacial undulations upon the free energy of highly swollen phases is taken

into account by allowing for a renormalization of the Gaussian rigidity in the

disordered phase and an undulation confinement pressure in the lamellar phase.

When applied to phase behavior of completely symmetric systems within the vol-

84
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umetrically symmetric isopleth, the resulting model predicts elevated values χN

along the order-disorder transition, a channel of stability of the bi-continuous

microemulsion phase for low copolymer volume fractions, and three-phase coex-

istence of the microemulsion with excess homopolymer rich phases. The model

also correctly predicts coexistence of lamellar and disordered phases of different

composition at slightly asymmetric compositions and nearly congruent melting

along the volumetric isopleth.

5.2 Introduction

Ternary mixtures of immiscible A and B homopolymers and an AB diblock

copolymers have long been of interest, in part, as high molecular weight ana-

logues of oil-water-surfactant mixtures.15 The phase behavior of such a system

includes that of the pure block copolymer at one extreme and that of a binary

polymer blend as another. Systems with small copolymer concentrations and

sufficiently strong AB repulsion exhibit highly swollen phases in which large A-

and B-rich domains are separated by copolymer laden interfaces. Among these

are multiple swollen ordered phases and a bicontinuous microemulsion (BµE)

structure.11,14 Polymeric ternary systems are particularly useful model systems

for theoretical study because of their amenability to self-consistent field theory

(SCFT) treatments of many properties, and to systematic variation of molecular

structure.

We focus throughout this paper on the special case of chemically symmetric

ternary systems in which the A and B homopolymers have the same degree of

polymerization and the same monomer statistical segment length, and in which

the copolymer has A and B blocks of equal length. The degree of segregation in

such a system is controlled by a parameter χN , where χ is the Flory-Huggins

interaction parameter and N is the overall copolymer degree of polymerization.

Let NH denote the degree of polymerization of either homopolymers, and let

α = NH/N . Let φA, φB and φC denote the volume fractions of A homopolymer,

B homopolymer, and copolymer, respectively. The phase behavior for a ternary

system can represented graphically as a 3D triangular phase prism, in which

each of the three parallel edges correspond to one of the three species, the



Chapter 5: A Network Model For Ternary Mixtures 86

vertical axis corresponds to χN . This is shown Figure 2.1 in Chapter 2. We

focus particular attention in this work on phase behavior within the volumetric

isopleth, in which φA = φB = φH/2, where φH = 1−φC is overall homopolymer

volume fraction. Phase behavior within this isopleth can represented in a plot

of χN vs. φH . The resulting phase diagram generally contains a lamellar phase,

a disordered phase and regions of two- and three-phase equilibrium.

Self-consistent field theory (SCFT) predictions for ternary systems have been

discussed extensively.7,12,13,16,23,32 SCFT predictions are expected to be exact

in the limit of infinite invariant degree of polymerization N = N(b3/v)2, where

b is statistical segment and v is the monomer reference volume. In the limit

of a pure diblock copolymer, SCFT predicts a second-order transition from a

homogeneous disordered phase to an ordered lamellar phase at a transition value

of χN = 10.495.59 For a binary homopolymer blend, SCFT reduces to Flory-

Huggins theory, which predicts two-phase coexistence of homogeneous phases for

χNH > 2, or χN = 2/α, with a critical point within the volumetric isopleth at

χN = 2/α. All numerical examples shown in this paper use a value of α = 0.2 for

which the SCFT predictions for the diblock copolymer order-disorder transition

(ODT) and the binary blend critical point occur at similar values of χN , which is

typical of that used in most experiments. Within the volumetrically symmetric

isopleth of a ternary system, SCFT predicts a line of second-order ODTs that

begins at the pure copolymer limit φC = 1, and a line of binary critical points

that begins at limit φC = 0, which intersect at a Lifshitz point. SCFT predicts

a Lifshitz composition φC = 2α2/(1 + 2α2),7,32 which yields φC = 0.074 for

α = 0.2. This Lifshitz point is also the end of an unbinding line, which is a

line along which the predicted equilibrium domain spacing of the lamellar phase

diverges with decreasing φC . The unbinding line separates the region in SCFT

predicts the existence of a locally stable lamellar phase from a region of locally

stable two-phase coexistence.

SCFT predicts the existence of a weak, short-range attraction between AB

diblock copolymer monolayers separated by a narrow region of A homopolymer.

The effective interaction is attractive over only a small range of separation cor-

responding to values for which opposing brushes overlap slightly.39–42 Early dis-

cussions of SCFT assumed that the theory predicts an unbinding transition.11
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More careful consideration later showed that the unbinding transition is pre-

empted in SCFT by three-phase phase coexistence between two homogeneous

phases rich in A and B homopolymers and a lamellar phase stabilized by the

short range attraction between adjacent monolayers.12,13,16,23

Experimentally observed phase diagram for such systems differ in several

key respects from SCFT predictions.11,14,15,18–21 First, experiments on volumet-

rically symmetric systems with relatively high copolymer concentrations, greater

than that at the SCFT Lifshitz point, show an order-disorder transition that

is first-order (discontinuous) transition, rather than the second-order transition

predicted by SCFT, at significantly higher values of χN than that predicted

by SCFT. Second, experiments on volumetrically symmetric systems with val-

ues of N ' 103-104 indicate the existence of a narrow microemulsion channel

in which a disordered phase with a structure similar to that of a bicontinuous

microemulsion remains stable over a wide range of values of χN but a narrow

range of compositions near the SCFT unbinding line. Third, experiments on

volumetrically asymmetric systems show coexistence of lamellar and disordered

phases of significantly different values of φA/φB, with nearly congruent melting

a line near the volumetric isopleth.20 A successful post-SCFT theory of ternary

blends should correctly describe these phenomena.

The nature of the order-disorder transition in symmetric diblock copolymer

melts is well understood on the basis of theory, simulation and experiments.

The Fredrickson-Helfand theory6 correctly predicts the existence of fluctuation-

induced first order transition at an elevated value of χN that approaches the

SCFT value from above as N increases. The Fredrickson-Helfand theory as-

sumes weak segregation in the lamellar phase at the ODT, and is believed to

be accurate only for very large values of N � 104. For the range of values of

N ' 102− 104 characteristic of most experiments, however, both the disordered

and ordered phases are rather strongly segregated near the ODT.

In Chapter 4 and a related publication,30 we proposed a phenomenological

model of the disordered phase of a symmetric diblock copolymer melts that is

appropriate for modest values of N . This model is based on a picture of the

disordered phase near the order-disorder transition as a symmetric bicontinuous

network30 in which A and B domains are separated by a nearly minimal surface,
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qualitatively similar to the structure of a bicontinuous microemulsion. In this

model, the free energy was approximated as the sum of a related ordered peri-

odic network structure, which is used as a ordered surrogate for the structure of

the disordered phase, and an additional entropic term that takes into account

the additional “topological” entropy of a disordered network relative to that of

an ordered analog. We argued that an appropriate surrogate should contain

A and B domains that can be described by a skeleton of tubes that meet at

three fold junctions, based on the apparent preference for three fold junctions

in ordered network phases,64,65 and should have geometrically equivalent A and

B domains. Based on these criteria, the single-gyroid phase was identified as

the most appropriate ordered surrogate. To explain the stability of a disor-

dered network relative to a lamellar phase, which is the equilibrium phase in

SCFT, the entropy of the disordered network was assumed to exceed that of this

analogous ordered structure by a constant amount per junction of the network.

These arguments suggested a model for the free energy of the disordered phase,

measured per junction of the gyroid phase, as a sum

Ω̃D = Ω̃SG − A , (5.1)

where Ω̃SG denotes the SCFT prediction for the free energy per junction an

ordered single gyroid phase, Ω̃D is the corresponding free energy of a disordered

network, and A is an unspecified numerical constant. In the equation above

and throughout what follows, we use units for energy which kBT = 1, where kB

is the Boltzmann constant and T is the temperature. Use of a value A ' 2.1

was shown to yield predictions for the dependence of the value of χN on the N

that agree reasonably well with simulation results. The model of the disordered

phase in a ternary system constructed in this work is a generalization of this

network model of diblock copolymer melts.

The approach to modelling bicontinuous microemulsions that is taken here is

motivated by earlier work on the thermodynamics of microemulsions in small-

molecule surfactant systems. A microemulsion is a macroscopically homoge-

neous but strongly structured fluid in which monolayer surfactant membranes

separate relatively large domains rich in one or the other of two immiscible com-
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ponents (e.g., of oil and water or two immiscible homopolymers). The type of

symmetric polymeric system considered here is observed to form a bicontinuous

microemulsion, in which each of the homopolymer domains forms a continuous

network. The free energy of such a structure can be approximated as the sum

of the free energies of the two homopolymer-rich domains plus an interfacial ex-

cess arising from the surfactant monolayers. Interfacial tension γ of a surfactant

laden interface is given by the excess grand-canonical interfacial free energy per

area. The Helfrich theory approximates the interfacial tension, defined in this

way, as an expansion in powers of the principal curvature, given to quadratic

order in powers of curvature as26

γ ' Σ− τC +
1

2
κC2 + κK , (5.2)

in which Σ is the interfacial tension of a hypothetical flat interface, C = C1 +

C2 is twice the mean curvature, and K = C1C2 is the Gaussian curvature,

where C1 and C2 are the principal curvatures. The quantities τ , κ, and κ are

elastic parameters that depend somewhat on the constituent chemical potentials,

and that can all be predicted reasonably accurately by SCFT, as discussed in

Chapter 3. The quantities κ and κ are referred to as the bending and Gaussian

rigidities, respectively. The parameter τ is proportional to the spontaneous

mean curvature of the membrane.

A Helfrich expansion of this form can used to describe either monolayer

membrane in ternary mixtures of the type considered here or bilayer membranes

that self-assemble in some binary mixture of surfactant and a single solvent (e.g.,

surfactant in water). In the case of a bilayer membrane, however, τ = 0 as a

result of the symmetry between the two sides of the bilayer. In ternary polymeric

systems, τ must also vanish by symmetry in the case of a completely symmetric

mixture considered here, as a result of the symmetry under a reversal of the

labels of A and B monomers. Conditions under which τ = 0 can also be obtained

in some non-ionic oil-water-surfactant by adjusting the temperature to a balance

temperature. In such systems, the balance temperature is believed to correspond

to the temperature at which a “balanced” bicontinuous microemulsion with

equal oil and water volume fractions can exhibit three phase coexistence with
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excess oil- and water-rich phases.81,82

The geometry of the interfacial surface within a balanced bicontinuous mi-

croemulsion phase of a system with τ = 0 is well approximated as a minimal

surface, for which C = 0 at every point on the surface. In such a structure, under

conditions for which Σ = 0, the interfacial excess free energy is thus controlled

by the Gaussian curvature term, giving a predicted excess free energy

Ωex ' κ

ˆ
dAK , (5.3)

where the integral
´
dA denotes an integral over a interfacial surface. Minimal

surfaces exhibit K < 0 at each point on the surface, so this integral is negative

whenever κ > 0. The corresponding expression for the free energy of a lamellar

phase would yield Ωex = 0.

A straightforward application the Helfrich theory is insufficient to explain

the observed phase behavior of highly swollen bicontinuous microemulsions. In

polymeric systems, a highly swollen microemulsion is stable only within a rel-

atively narrow range of concentrations near the predicted unbinding line, cor-

responding to a limited range of rather large characteristic structural lengths.

The microemulsion is also stable only for a relatively narrow range of surfactant

concentrations in balanced oil-water-surfactant mixtures. For κ < 0, the Hel-

frich theory yields a free energy for bicontinuous structure that is higher than

that of the competing lamellar phase, and thus predicts a stable lamellar phase.

For κ > 0, it predicts a lower free energy for a bicontinuous structure, but gives

a free energy that decreases monotonically with increasing curvature, or with

decreasing unit cell size for a periodic minimal surface. Because the Helfrich

theory is an expansion in powers of curvature that is only expected to be valid

for weakly curved surfaces, this suggests that the system with τ = 0 and κ > 0

should form a rather dense minimal surface crystal in which the interfacial cur-

vatures become too large to be accurately described by the Helfrich expansion.

The existence of a parameter κ > 0 can explain the existence of dense “plumbers

nightmare” phases in some binary surfactant-water systems. It does not, how-

ever, explain the existence of a highly swollen disordered bicontinuous structure

over a limited range of surfactant concentrations. An explanation that hypothe-
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sized a value κ > 0 would, however, be inconsistent both with the observation of

a highly swollen bicontinuous structure over a narrow range of concentrations,

and with SCFT calculations that yield κ < 0 throughout the relevant parameter

range.

Several authors have proposed explanations for the stability of both bicontin-

uous microemulsions in ternary systems and analogous sponge phases in binary

systems that rely upon the effects of membrane undulations on thermodynamic

properties.72–78 Calculations of the free energy of a system in which a tension-

free membrane with τ = 0 fluctuates about a curved mechanical equilibrium

conformation yield a fluctuation contribution to the free energy that favors the

formation of curved surfaces. The dependence of this undulation contribution

on interfacial principal curvatures is found to have the same form as that postu-

lated in the Helfrich theory, which is dictated by symmetry considerations. As a

result, the curvature dependence of the undulation free energy can be absorbed

into a “renormalization” of the values of the bending and Gaussian rigidities κ

and κ. Calculations of the effects of undulations to the free energy of a fluc-

tuating minimal surface give a free energy of the form given Eq. (5.4) with a

renormalized Gaussian rigidity79,80,83

κR(ξ) = κ+
5

6π
kBT ln

(
ξ

ξ0

)
, (5.4)

in which κ is a bare Gaussian rigidity, ξ is a characteristic length scale for the

structure of interest, of order a typical radius of curvature or the unit cell size

of a minimal crystal, and ξ0 is short-wavelength cutoff length of order the mem-

brane thickness. In a model for an excess free energy of a bicontinuous network

of the form κR(ξ)
´
dAK, the integral

´
dAK contains an order unity negative

contribution for each junction in the network. Inclusion of the logarithmic con-

tribution to κR(ξ) thus decreases the free energy of a bicontinuous structure by

a contribution of order kBT ln(ξ/ξ0) per junction relative to that of a competing

lamellar structure.

For a system with a bare rigidity κ < 0, for which the lamellar phase is

stable at a mean field level, the renormalization of κ by fluctuations causes the

renormalized rigidity κR(ξ) to become positive for sufficiently large values of the
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characteristic length scale ξ. Specifically, 5.4 yields κR(ξ) > 0 when ξ exceeds a

characteristic topological persistence length

ξ− ∝ ξ0e
6π|κ|/5kBT , (5.5)

in which κ denotes the bare Gaussian rigidity. Morse76 and Golubovic77 in-

dependently considered the competition between the lamellar and disordered

bilayer structures in binary surfactant-water systems in which the surfactant

self-assembles into bilayer membranes, and showed that the renormalization of

κ leads to a transition from a lamellar phase to an isotropic bicontinuous sponge

phase when the lamellar spacing d of the lamellar phase exceeds approximately

ξ−. This conclusion can be applied almost without change to a symmetric

ternary system containing monolayer membranes with no spontaneous curva-

ture, or τ = 0.

The Helfrich expansion used in the above discussion is designed to treat only

very weakly curved membranes. The membranes in a balanced bicontinuous

network become weakly curved only in the limit of highly swollen network,

with a small volume fraction of interfacial surfactant. SCFT is expected to

provide reasonably accurate values for the bare Helfrich elastic constants of a

macromolecular system. A Helfrich model that uses SCFT Helfrich parameters

will simply reproduce SCFT predictions for the free energy of a sufficiently highly

swollen network. In order to treat systems of arbitrary surfactant concentration,

we consider a model for the free energy of the disordered phase near order-

disorder transition in which the Helfrich free energy is replaced by the full SCFT

free energy of an ordered gyroid phase, to which we add an entropic contribution

that is designed to approximately take into account the contributions of both

monolayer undulations and topological entropy. This entropic contribution is

chosen so as to reproduce the predictions of the theory of membrane fluctuations

when applied to highly swollen structures, and to reduce to the theory of Chapter

4 when applied to a pure diblock copolymer melt, while interpolating smoothly

between these extremes. Details of this model are discussed in Sec. 5.3.

Undulations also affect the free energy of the lamellar phase. In this work,

we take into account the free energy density that arises from the steric confine-
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ment of membrane undulations with a lamellar phase, which gives rise to the

undulation pressure first identified by Helfrich.31

In the present work, we extend the network model for the disordered phase

in neat diblock copolymer melts to the disordered phase in ternary mixtures.

Sec. 5.3 presents a model for the free energy of the disordered phase near the

ODT that is based on a picture of this phase as a bicontinuous network, and

that attempts to take into account the effects of both interfacial undulations and

topological entropy of a disordered network. Sec. 5.4 presents a model for the

free energy of the lamellar phase that takes into account contributions arising

from the Helfrich undulation pressure. Sec. 5.5 discusses the predictions of this

model for the phase behavior within the volumetrically symmetric isopleth. Sec.

5.7 presents predictions of the model for coexistence between the lamellar and

disordered phase, which requires the consideration of compositions somewhat off

the volumetric isopleth. Section 5.6 discusses the relationship between model

predictions and experiment, and the nature of some of the discrepancies.

5.3 Disordered Phase

In this section, we present the free energy model of the disordered phase in a

ternary symmetric mixture of A and B homopolymers and AB diblock copoly-

mers. The phase behavior of such a mixtures is sometimes represented in a 3D

triangular phase prism, where each of the three parallel edges correspond to

one of the three species present in the mixture.7 We give particular attention

to systems in which the volume fractions of the two homopolymers are equal,

corresponding to the volumetrically symmetric isopleth in the this phase prism.

In systems with modest values of N , the structure of the disordered phase

near the ODT of a diblock copolymer melt is qualitatively similar to that ob-

served in microemulsion channel. In both extremes, the disordered phases ap-

pears to be reasonably well approximated as a network containing bicontinuous

A- and B- domains separated by a nearly minimal surface. As in Chapter 4,

we construct a model for this structure by using the single-gyroid phase as an

ordered analog of this disordered network. The single gyroid is a cubic crystal

in which the A and B domains each have the topology of a network of cylinders
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connected at three-fold junctions, in which each simple cubic unit cell contains

8 junctions per domain. Let a denote the unit cell length for each side of the

primitive cubic unit cell of this structure, and let a0 denote the value of a ob-

tained from SCFT for a neat diblock copolymer melt. Each junction within

such a network makes a contribution of −2π to the integral
´
dAK over the

A-B interface, giving a value of −16π per cubic unit cell for this integral.

Consider the limit of highly swollen single-gyroid network, for which free

energies can be estimated using the Helfrich theory. Let Ω̃ex
SG denote the excess

grand-canonical free energy per junction. Here and hereafter, we use a tilde

to indicate a quantity that is defined per junction of the network model A

somewhat simplified model of the free energy of an undulating ordered network

can be obtained by assuming that the monolayer membrane is a minimal surface

with Σ = 0, and using the Helfrich theory with a renormalized Gaussian bending

rigidity. To approximate the renormalized bending rigidity, it is convenient to

identify the characteristic structural length ξ with the single-gyroid unit cell

parameter a and to identify ξ0 with a0. Using these conventions, we obtain an

excess free energy per junction

Ω̃ex
SG ' −2πκ− 5

3
kBT ln(a/a0) , (5.6)

where κ represents the bare Gaussian rigidity, as obtained from SCFT. The

prefactor of 5/3 in the logarithmic term in this expression arises from the product

of the prefactor of 5/6π of the logarithmic contribution to κR in Eq. (5.4) and

the contribution of −2π per junction to the integral
´
dAK. This approximation

does not include a contribution that is intended to account for structural entropy

similar to that introduced in Chapter 4, which would introduce an additional

constant free energy per junction.

Eq. (5.4) for κR(ξ) was obtained from an asymptotic analysis of how the

undulation contribution to the free energy of a highly swollen surface depends

upon a characteristic structural scale ξ. This calculation does not give a precise

meaning for the characteristic length scale ξ or the cutoff ξ0, which we have ap-

proximated above by a and a0, respectively. Calculations of the renormalization

of κ simply predicts that if periodic minimal surface structure with three-fold
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junctions is homogeneously swollen by some multiplicative factor λ, thus taking

ξ → λξ, the excess free energy per junction should change by an amount of or-

der −(5/3)kBT lnλ. The calculations underlying this prediction also, however,

allow for the existence of a subdominant ξ-independent undulation contribution

of unknown magnitude to the free energy per junction. Such a ξ-independent

undulation to the free energy per junction is essentially indistinguishable from

a contribution that arises from a constant topological entropy per junction, of

the sort hypothesized in Chapter 4.

A theory that attempts to take into account the effects of both undulations

of surfaces of fixed topology and topological entropy of a disordered network

should thus allow for the existence of generally unknown constant contributions

to the entropy per junction, in addition to a contribution proportional to ln(ξ).

The disordered phase in the neat diblock copolymer melts is continuously con-

nected to the highly swollen disordered phase that appears in the microemulsion

channel of a ternary mixture. Hence, in designing the model of the disordered

phase for the ternary mixture, we must require that the model reduces to the

existing model for pure copolymer melts in one limit, and gives an appropriate

description of a highly swollen network in the other. Let Ω̃SG(a) denote the

SCFT prediction for the grand-canonical free energy per junction of an ordered

single-gyroid phase with a cubic unit parameter a. Let Ω̃D(a) denote the cor-

responding energy per junction of the disordered phase in a system with the

same chemical potential values. We consider a model for Ω̃D(a) in a system of

specified chemical potential as a sum of the form

Ω̃D(a) = Ω̃SG(a)− kBT [A+B ln g(a)] . (5.7)

Here, A and B are dimensionless constants, and g(a) is a function of the unit

cell dimension a. Let a0 denote the value of the unit cell parameter a for a pure

diblock copolymer melt at the value of χN under consideration. In order to

reproduce the correct logarithmic dependence of Ω̃D on a in the highly swollen

limit, we require that g(a) increase linearly with a for a� a0, and set B = 5/3,

the prefactor obtained from calculations of the renormalization of κ. In order

to obtain the correct value for the free energy in the limit of a pure diblock
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copolymer, we set A to be equal to the constant value used to model the phase

diagram of block copolymer melts, A = 2.15, and require that g(a) = 1 for

a = a0. In order to guarantee that the predictions of this model for a ternary

system completely reproduce those of the model introduced previously for binary

systems, we must also guarantee that both models yield the same value for the

equilibrium unit cell spacing in this limit. We defer a discussion of the choice

of a specific functional form for g(a) until after discussing the calculation of an

equilibrium value for a.

The equilibrium unit cell spacing a for the model considered here is the value

that minimizes the free energy per volume of the disordered phase, or for which

∂

∂a

(
Ω̃D

V̂

)
= 0 (5.8)

where V̂ = a3/8 is the volume per junction in single-gyroid structure, which

contains 8 3-fold junctions per unit cell of the network defined by either the

A or B domain. The derivative of this grand-canonical free energy density

is evaluated at fixed temperature and fixed values of all chemical potentials.

Because the entropic contributions that are added to Ω̃SG in Eq. (5.7) for Ω̃D

yield contributions to Ω̃D/V̂ that depend on a, inclusion of these contributions

shifts the equilibrium value of a away from the value predicted by SCFT for the

single-gyroid phase under the same conditions. A straightforward calculation

based on Eq. (5.7) for Ω̃D yields a minimization criterion

∂

∂a

(
Ω̃SG

kBT V̂

)
+

24

a3
{A+B log g(a)} − 8

a3g(a)

dg(a)

da
= 0 . (5.9)

In our numerical calculations, the equilibrium unit cell size is computed using

a modified SCFT code that has been modified by adding additional entropic

terms that distinguish Ω̃SG from Ω̃D for both free energies and derivatives of

free energies with respect to a. All SCFT calculations reported here and in the

following sections were performed using an appropriately modified version of

the PSCF Fortran code,3 and using this to simulate a single-gyroid structure.

The required derivative of the single-gyroid SCFT energy with respect to a was
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computed as a matter of course in the unmodified SCFT code. Because the

additional contributions to the free energy density depend on a, but not on

chemical potential or composition, inclusion of these additional terms modifies

calculation of the stress residual and equilibrium unit cell parameter, but does

not change the equations or algorithm used to solve self-consistent field equations

for a fixed unit cell. For the same reason, addition of these terms does not change

the relationship between composition and chemical potential at a fixed value of

the lattice parameter a.

We now return to consideration of a choice for the function g(a). Based on

the above considerations, we require that any choice of g(a) should satisfy the

following conditions

g(a)→ a

a0

for a� a0

g(a)→ 1 for a = a0

d

da

(
Ω̃D

V̂

)∣∣∣∣∣
a=a0

= 0 .

(5.10)

The derivative in the last condition is given explicitly by Eq. (5.9). This

last condition is required in order to guarantee that the equilibrium spacing a

reduces in the limit of a pure diblock copolymer to the value a0 predicted by

SCFT for a single-gyroid phase.

The simple choice g(a) = a/a0 satisfies the first two conditions, but not the

third. A slightly more complicated function that satisfies all three criteria is,

g(a) =

{
1 +

6A

B

(
a− a0

a0

)
+

(
a− a0

a0

)2
}1/2

(5.11)

with A = 2.15 and B = 5/3. This expression for g(a) is used throughout the

numerical calculations of phase behavior presented in Secs. 5.7 and 5.5.

Simulation of the disordered phase within the microemulsion channel re-

quires treatment of highly swollen network structures, with lattice parameters

a� a0. Numerical SCFT calculations of properties of the single-gyroid phase to

the required accuracy become infeasible in this parameter regime. This highly
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swollen limit is, however, also the limit in which the Helfrich expansion of the

excess interfacial free energy becomes accurate. Free energy calculations in this

parameter regime are thus performed by using the extended Helfrich expansion

of the single-gyroid phase presented in Sec. 3.7 to approximate SCFT predic-

tions for the free energy of the single-gyroid phase. The model developed there

yields an SCFT free energy per junction given by an explicit equation

Ω̃SG = Ω̃hom.
SG +

Ça2Σ

8
− 2πκ+

λ

8a2
, (5.12)

where Ω̃hom.
SG denotes the homogeneous contribution to the free energy from the

homogeneous homopolymer-rich domains for the single gyroid on a per junction

basis, Σ is the interfacial tension of a hypothetical flat interface, and κ is the

Gaussian rigidity. The parameters Σ, κ and λ in this expansion are all functions

of an effective chemical potential

µ̂ = µC − fµA/α− (1− f)µB/α , (5.13)

where µA, µB and µC are the chemical potentials of the A homopolymer, B

homopolymer and AB diblock copolymer respectively and f is the fraction of

the A block in the diblock copolymer.

Using this expression for Ω̃SG in Eq. (5.7) yields an analytic expression

for the corresponding disordered-phase free energy Ω̃D as an analytic function

of µ̂ and the lattice spacing a. The equilibrium value of a can be obtained by

minimizing the resulting free energy with respect to a. The relationship between

chemical potential and copolymer volume fraction can then be computed using

the identity

φexC = −NCv
∂(Ω̃ex

D /V̂ )

∂µ̂

∣∣∣∣∣
a

(5.14)

to compute the interfacial excess of copolymer along interfaces, and then add

this to the copolymer concentration that would arise from copolymer dissolved

in the bulk A- and B-rich domains.

Figures 5.1, 5.2 and 5.3 show results for the excess grand canonical free

energy density and excess copolymer volume fraction for the model of the dis-
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Figure 5.1: Plot of excess grand canonical free energy density, Ωex/V kT , as a
function of the non-dimensionalized shift in chemical potential, [δµ], as calcu-
lated from the network model using SCFT (solid) and the analytical expressions
in the highly swollen regime (dashed) for N = 1000 and χN = 20 for the disor-
dered phase.

ordered phase proposed here as calculated from numerical SCFT and the gen-

eralized Helfrich theory in the highly swollen regime along the volumetrically

symmetric isopleth with an invariant degree of polymerization N = 1000 and

at χN = 20. The results from SCFT are not available all the way up to the

unbinding transition due to increasing unit cell dimension for the surrogate sin-

gle gyroid phase with increasing dilution. We have only plotted the numerical

SCFT results to excess copolymer volume fractions (or effective chemical po-

tential, δµ̂) where we believe the numerical calculation has converged. The

comparisons in these figures between the two ways of calculating the necessary

quantities demonstrates that the model for the disordered phase obtained using

the generalized Helfrich theory is an accurate extrapolation for the SCFT results

in the highly swollen regime. As shown in the following sections we used this

model along with a similar model for the lamellar phase (described in Section

5.4) to study the phase behavior in the ternary mixtures. We use the numerical

SCFT result whenever it was possible for us to obtain a converged solution while

using the analytical expressions from the generalized Helfrich theory otherwise.
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Figure 5.2: Plot of excess copolymer volume fraction, φexC , as a function of the
non-dimensionalized shift in chemical potential, [δµ], as calculated from the
network model using SCFT (solid) and the analytical expressions in the highly
swollen regime (dashed) for N = 1000 and χN = 20 for the disordered phase.
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Figure 5.3: Plot of excess copolymer volume fraction, φexC , as a function of the
unit cell dimension of the single gyroid, a, non-dimensionalized by the end-
to-end distance of the copolymer, Re0, as calculated from the network model
using SCFT (solid) and the analytical expressions in the highly swollen regime
(dashed) for N = 1000 and χN = 20 for the disordered phase.
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5.4 Lamellar Phase

We consider a model for the free energy of the lamellar phase in a highly swollen

ternary mixture. Starting from the lamellar phase in the limit of a neat diblock

copolymer melt, addition of homopolymers leads to swelling of the lamellar

phase and the spacing between adjacent interfaces in this phase increases. For

low to moderate swelling, the copolymer brushes on the adjacent interfaces can

overlap and interact with each other. For highly swollen mixtures, these brushes

on adjacent interfaces are sufficiently far apart from one another that they can

be treated as isolated flat monolayers.

For such isolated flat interfaces, we can reconstruct the SCFT prediction

for the overall free energy density from knowledge of the excess free energy per

unit interfacial area. The excess grand-canonical free energy of an isolated flat

monolayer is given by

γ = Σ(δµ̂) (5.15)

For a lamellar phase with a periodic unit cell of width d, the area per unit

volume is
A

V
=

2

d
, (5.16)

where the factor of 2 takes into account the existence of two interfaces per unit

cell. Hence, the SCFT prediction for the excess free energy density in a highly

swollen lamellar phase is,

(
Ω

V

)∣∣∣∣ex =
2Σ(δµ̂)

d
, (5.17)

where Ω is the free energy for the lamellar phase and the superscript ex denotes

that this represents an excess quantity arising from the interfaces.

Monolayers in a highly swollen lamellar phase tend to undulate about their

mean positions. The amplitude of these undulations is bounded by collisions

between adjacent monolayers. The confinement of these undulations leads to a

decrease in undulation entropy, relatively to that of a single isolated monolayer,

that becomes more severe with decreasing layer spacing d. This effect yields

an additional d-dependent steric confinement contribution to the free energy,
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denoted here by Ωund, that was first proposed and analyzed by Helfrich in a

study of bilayer lamellar phases in binary surfactant-water systems.31 We use

Helfrich’s estimate for the magnitude of the resulting contribution to the free

energy density, which is given for the system considered here by

ΩUnd

V
=

3π2

128

kBT

κ

(
A

V

)3

, (5.18)

where A/V = 2/d, and where κ is the monolayer bending rigidity.

Our model for the total free energy density of the lamellar phase is obtained

by simply adding this confinement free energy to the SCFT free energy, giving

(
Ω

V

)
=

(
Ω

V

)
SCFT

+
3π2

16

(kBT )2

κ

1

d3
, (5.19)

where (Ω/V )SCFT denotes the SCFT prediction for the grand-canonical free

energy of the lamellar phase at specified values of the chemical potentials and

d. The SCFT contribution can be approximated by Eq. (5.17) in the highly

swollen limit, but can also be evaluated numerically even for systems with high

copolymer volume fractions. Eq. (5.19) is used as our model for the free en-

ergy of the lamellar phase at all copolymer concentrations, from pure diblock

copolymer to the unbinding line.

All thermodynamic properties are computed using the mechanical equilib-

rium value for the layer spacing d. The mechanical equilibrium criterion requires

that
∂

∂d

(
Ω

V

)∣∣∣∣
µ̂

= 0 , (5.20)

where Ω/V is the free energy density given in Eq. (5.19). As for the disordered

phase, numerical calculations were performed using a modified SCFT code in

which the optimization of d in the lamellar phase was modified so as to in-

clude the Helfrich contribution to the free energy density. The inclusion of this

term modifies yields a different relationship between layer spacing and chemical

potential than that given by SCFT alone.
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The equation of state for the excess copolymer volume fraction is given by

φC = −NCv
∂

∂µC

(
Ω

V

)∣∣∣∣
d,µA,µB

. (5.21)

Because the Helfrich confinement contribution to Ω/V does not depend explic-

itly on the chemical potentials, it does not contribute to this derivative. As a

result, the relationship between copolymer concentration and layer spacing in

our modified theory is the same as in SCFT.

Figures 5.5, 5.6 and 5.4 show comparison of numerical results and analytic

approximations for thermodynamic properties of the lamellar phase for a system

with N = 1000 at χN = 20. Analytic expressions (dashed lines) are obtained

using Eq. (5.17) as an approximation to the SCFT contribution. Results are vir-

tually identical in the highly swollen regime in which there is no overlap between

brushes of neighboring monolayers in the SCFT description. Since the SCFT for

a lamellar phase involves solving a one-dimensional problem, numerical SCFT

calculations remain feasible for the lamellar phase for much higher degrees of

swelling than is possible for the single-gyroid phase. In studying the phase be-

havior, we thus needed to use the analytical approximation for the lamellar free

energy only very close to the unbinding transition ( 1% in copolymer volume

fraction), and were able to rely primarily on numerical SCFT results for this

phase.

5.5 Phase Behavior on the Symmetric Isopleth

In this section, we report the phase behavior as predicted by the models pre-

sented in the previous sections along the volumetrically symmetric isopleth.

Phase boundaries are computed by comparing values for grand-canonical free

energy densities of competing states at equal values of the chemical potentials

of all constituents, among states with µA = µB and varying values of µC . For

the symmetric ternary mixture that we consider in this work, the lamellar and

disordered phases are the only competing phases for low to moderate amounts

of homopolymer. In the highly swollen limit, we also consider the possibility of
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Figure 5.4: Plot of excess grand canonical free energy density, Ωex/V kT , as a
function of the non-dimensionalized shift in chemical potential, [δµ], as calcu-
lated from the network model using SCFT (solid) and the analytical expressions
in the highly swollen regime (dashed) for N = 1000 and χN = 20 for the lamellar
phase.

three phase coexistence of the disordered or lamellar phase with two homoge-

neous disordered phases, rich in A or B homopolymers.

To identify a lamellar-disorder transition at a particular value of χN we

performed a series of SCFT calculations for the disordered phase and lamellar

phases along the volumetric isopleth at fixed χN and compositions near the

expected coexistence conditions. The calculations for each phase were actually

performed in canonical ensemble at a specified set of closely spaced compositions,

and the results then used to compute a set of chemical potential values and a

corresponding grand canonical free energy density Ω/V for each composition.

Values for Ω/V and µC obtained at each composition were then shifted so as to

correspond to results for a physically equivalent state with a shifted hydrostatic

pressure chosen to yield µA = µB = 0. Shifted values of Ω/V for the two phases

were then plotted parametrically vs. the shifted values of µC in order to identify

the value of µC at which the free energy densities for the two phases become

equal at equal values of µC , using interpolation between neighboring points to

accurately identify the point of intersection. An analogous procedure is used
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Figure 5.5: Plot of excess copolymer volume fraction, φexC , as a function of the
non-dimensionalized shift in chemical potential, [δµ], as calculated from the
network model using SCFT (solid) and the analytical expressions in the highly
swollen regime (dashed) for N = 1000 and χN = 20 for the lamellar phase.

to identify coexistence of the lamellar or structured disordered phase with two

homopolymer-rich homogeneous phases, by Flory-Huggins predictions for the

free energy densities of the disordered phases. Two-phase coexistence states

identified by this procedure all involve coexistence of two states with different

values of φC that both lie within the volumetric isopleth, as a result of the

symmetry of the system. Three-phase coexistence states involve coexistence of

a lamellar or structure disordered phase within the isopleth with two nearly pure

homopolymer-rich homogeneous disordered phases with compositions that are

related by interchange of A and B labels.

Figures 5.7, 5.8 and 5.9 show the predicted phase behavior three different

values of the invariant degree of polymerization N . The phase diagram for each

system is shown as a plot of χN vs. overall homopolymer fraction φH = 1−φC .

In each figures, regions labelled ‘LAM’ and ‘DIS’ show regions of stability of the

lamellar and the disordered phases respectively. The bicontinuous microemul-

sion channel is labelled in these figures by ‘BµE’. Note that the BµE channel

is continuously connected to the rest of the disordered phase. We thus use the
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Figure 5.6: Plot of excess copolymer volume fraction, φexC , as a function of the
lamellar domain spacing, d, non-dimensionalized by the end-to-end distance of
the copolymer, Re0, as calculated from the network model using SCFT (solid)
and the analytical expressions in the highly swollen regime (dashed) for N =
1000 and χN = 20 for the lamellar phase.

label ‘BµE’ only to refer to a particular region in which a swollen disordered

phase remains stable to higher values of χN then elsewhere. Phase boundaries

are represented by solid black lines. The dots on the phase boundaries repre-

sent data points that were used to construct the phase boundaries, which are

guides to the eye. Regions shaded in a light gray color represent regions of 2

phase coexistence. Regions shaded in darker gray represent regions of 3 phase

coexistence.

These phase diagrams also contain SCFT predictions for the order-disorder

line, the line of critical points, and the unbinding line. These three lines meet at a

Lifshitz point that is shown by as asterisk (*). The random phase approximation

(RPA) prediction for the SCFT order-disorder line is shown by a red line that

begins at φH = 0 and χN = 10.5 and terminates at the Lifshitz point. The

prediction of Flory-Huggins theory for the line of critical points for macrophase

separation if into two homopolymer-rich homogeneous phases is shown by the

green line that connects the Lifshitz point and the point φH = 1 and χN =

2/α = 10. The unbinding line is shown by a blue line that originates at the
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Figure 5.7: Phase diagram along the volumetrically symmetric isopleth for a
system with N = 103. Regions of stability of the lamellar and disordered phases
are indicated by labels LAM and DIS. The label BµE indicates the microemul-
sion channel. Red, green and blue curves indicate SCFT predictions for the
order-disorder transition, the line of macrophase critical points, and the lamel-
lar unbinding line, respectively. These three lines meet at the Lifshitz point,
indicated by an asterisk (*). Light gray and dark gray regions indicate regions
of two- and three-phase coexistence, respectively. The region of two phase coex-
istence near the axis φH = 1 is a region of coexistence between two homogeneous
homopolymer rich phases.

Lifshitz point approaches φH = 1 with increasing χN . The unbinding line is

the line along which the lamellar repeat period d of a metastable lamellar phase

would diverge. The value of φC along this line corresponds to the volume fraction

of dissolved copolymer in either of two coexisting homopolymer rich phases

under conditions for which the interfacial tension of an interface separating

these phases vanishes.

In Figure 5.7 with N = 1000, the lamellar-disorder order-disorder transition

(ODT) occur at significantly higher values of χN than those predicted by SCFT.

Starting from the neat copolymer melt limit (φH = 0), the lamellar-disorder

phase boundaries show a slight maximum (around φH = 0.25) before showing a
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Figure 5.8: Phase diagram along the volumetrically symmetric isopleth showing
regions of stability of the lamellar (LAM), disordered (DIS) and the bicontinuous
microemulsion (BµE) phase for N = 104. The associated colors, line types,
shading and symbols have the same meaning as Figure 5.7.

deeper minimum (around φH = 0.80) followed by a sharp increase in the highly

swollen limit (φH ≥ 0.80). The lamellar and the disordered phases are separated

by narrow coexistence regions. This coexistence window is too narrow to be

easily visible in this plot φH < 0.8, but somewhat wider in the region adjacent

to the microemulsion channel. The local maximum and the minimum in order

disorder at φH ' 0.25 and φH ' 0.8 are points at which the coexistence regions

pinch off in two congruent melting points, analogous to the behavior near an

azeotrope in a vapor-liquid system.

In the neat copolymer limit near the ODT, the free energy per junction of

the disordered phase was modelled as the free energy per junction of the single

gyroid phase stabilized by a entropic stabilization term (A in Equation 5.7). The

logarithmic renormalization term in the network model for the ternary mixture

(B log g(a) in Equation 5.7) is designed so that the result in the neat case is

recovered, since log g(a) → 0 as φH → 0. The logarithmic renormalization
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Figure 5.9: Phase diagram along the volumetrically symmetric isopleth showing
regions of stability of the lamellar (LAM), disordered (DIS) and the bicontinuous
microemulsion (BµE) phase for N = 5× 104. The associated colors, line types,
shading and symbols have the same meaning as Figure 5.7.
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Figure 5.10: Excess Helmholtz free energy per chain of copolymer, f exNν/kT ,
as a function of the copolymer fraction, φC , for the lamellar (L), BµE and the
homogeneous homopolymer rich disordered phases (black solid curve labelled D)
for an invariant degree of polymerization N = 1000 at χN = 18. The dashed
curve is the SCFT lamellar phase with no Helfrich undulation and the thin
vertical dashed line represents the unbinding transition at this value of χN .

term only begins to become more important than the constant A when the unit

cell dimension a of the swollen single gyroid exceeds about 3 times its value in

the neat case, which happens for φH > 0.85. The inclusion of the logarithmic

renormalization term is, however, what leads to the predicted stability of a

narrow BµE channel in more highly swollen systems.

In order to understand the predictions of the model for highly swollen phases,

it is useful to examine the predicted behavior of an excess Helmholtz free en-

ergy density near the unbinding line. The excess free energy considered here

is an excess per unit volume defined relative to the free energy density of a

hypothetical dilute SCFT lamellar phase of non-interacting monolayers at the

same value of φC , corresponding to the first term in Eq. 5.19) for the cor-

responding grand-canonical free energy density. In the model of the lamellar

phase considered here, this excess Helmholtz free energy density varies as 1/d3

near unbinding transition, due to the Helfrich confinement free energy. Since

φexC ∝ 1/d, this yields a free energy density that varies as (φexC )3. In the same
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concentration range, the excess disordered phase free energy density varies as

a−3 log a or, since a ∝ 1/φexC , as φexC lnφexC . Both excess free energies approach

zero as φexC → 0. The functional form of the disordered phase leads to an in-

tersection between that lamellar and the disordered excess free energy densities

with a minimum in the disordered phase before it approaches zero from below.

This is illustrated in Figure 5.10 where the excess Helmholtz free energy per

chain is plotted as a function of the copolymer volume fraction, φC = 1−φH at

χN = 18 for the lamellar (L) and the disordered (BµE) phases. This minimum

corresponds to the region of stability of the BµE which becomes narrower with

increasing χN . In the figure, it can be seen that it is possible to draw a tangent

line between the lamellar and the BµE phases corresponding to a two phase

coexistence. It is also possible to draw tangent between the BµE and the homo-

geneous homopolymer-rich phases (labelled D in the figure). This corresponds

to three phase coexistence region shown in dark gray in Figure 5.7.

Most experimental results on the ternary mixtures are reported for an in-

variant degree of polymerization of order N = 103. The predictions of a shift in

the ODT to higher values of χN and the opening up of the BµE channel using

the models presented here are consistent with experimental results on such sys-

tems. The three phase coexistence between the disordered/BµE phase and the

homogeneous homopolymer-rich phases has been reported in literature for poly-

meric ternary mixtures15 as well as oil-water-surfactant mixtures.81 There are,

however, also some qualitative differences between predicted and observed phase

behavior. The two congruent points and the associated minimum and maximum

in the phase boundaries predicted by these models have not been observed in ex-

periments. Experimental studies instead reveal an order disorder transition at a

temperature that decreases monotonically with increasing φH at modest values

of φH (corresponding to a monotonically increasing value of χN) before reaching

the BµE channel.11,14,15,18–21 The BµE channel has also usually been depicted in

experimental reports as a deep nearly vertical channel in a plot of φH vs. T , un-

like the channel reported here that becomes increasingly narrower while shifting

rapidly to lower copolymer concentrations with increasing χN or decreasing T .

We address these limitations in Section 5.6. The lamellar-disorder coexistence

regions predicted here have also not been identified in most experiments. For



Chapter 5: A Network Model For Ternary Mixtures 112

the region of low to moderate values of φH , outside the microemulsion channel,

the coexistence window may be too small to be easily resolved in experiments.

The existence of a wider lamellar-BµE two-phase coexistence window adjacent

to the microemulsion channel has, however, been reported in both polymeric15

and oil-water-surfactant systems.81

The phase boundaries for the lamellar-BµE coexistence are represented by

dotted lines for χN ≈ 17 and φH ≈ 0.85. This is to indicate a switch over from

using the numerical SCFT with modified residuals models for the disordered

phase to using the analytical expressions presented in Section 5.3. A similar

switch is present for χN ≈ 16 in the three phase coexistence region for disordered

and homopolymer-rich homogeneous phases. For a volume fraction of ≈ 85%

total homopolymer, the single gyroid phase swells to large enough dimensions

that we are unable to get a converged numerical solution for values of χN in

this well-segregated regime (χN ≥ 15). For low values of χN approaching the

Lifshitz point, the unit cell dimensions start to increase rapidly and ultimately

diverge at the Lifshitz point. Here, too, we were unable to get a converged

numerical solution. In this regime, we also do not have an analytical theory

since the existence of very wide interfaces prevents us from accurately measuring

the Helfrich elastic constants. In this weakly segregated region near the Lifshitz

point, we have simply extended the phase boundaries to make a continuous

closed region for the two and three phase regions. The phase boundaries are

mostly schematic in this region.

Our sketch of the expected position of the line of critical points, does, how-

ever take into account what is known about the shift of the binary critical point

away from the value of χNA = χNB = 2 predicted by Flory-Huggins theory.

The value shown for this line at φ1 = 1 has been plotted using the result of

Beardsley et al.,84 who obtained a critical point at

(χNH)c = 2.0 + cN
−1/2

H (5.22)

where the subscript c denotes a critical point, NH is the homopolymer degree

of polymerization, NH = NH(b3/v)2 = αN is the corresponding homopolymer

invariant degree of polymerization, and c = 1.5. The predicted shift away from
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Figure 5.11: Excess Helmholtz free energy per chain of copolymer, f exNν/kT ,
as a function of the copolymer fraction, φC , for the lamellar phase for different
values of the invariant degree of polymerization N at χN = 14.

the Flory-Huggins predictions is included in our sketch, but remains quite small

at all values of N considered here.

Figure 5.8 shows the phase behavior along the volumetrically symmetric iso-

pleth, as predicted by the models presented here, for N = 104. The phase

behavior here shares some qualitative similarities to the behavior for N = 103,

including elevated values of χN at the ODT compared to the SCFT prediction,

the existence of two congruent points corresponding to a maximum and the min-

imum, the existence of a BµE channel, and the three phase coexistence between

disordered/BµE phase and homopolymer-rich homogeneous phases. The phase

boundaries, however, have moved to lower values of χN than those obtained for

N = 103 phase diagram. Note that in the ideal limit, when N →∞, the lamel-

lar and disordered phase models are designed so that they too recover this limit.

The distinctive new feature that becomes visible for N = 104 is a prediction of

lamellar-lamellar coexistence region in the highly swollen regime.

It has been reported previously that there is a weak attraction between ad-

jacent monolayers in the lamellar phase in SCFT that leads to a three phase

coexistence between the lamellar phase and the homopolymer-rich homogeneous
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Figure 5.12: Excess Helmholtz free energy per chain of copolymer, f exNν/kT ,
as a function of the copolymer fraction, φC , for the lamellar phase for different
values of the invariant degree of polymerization N at χN = 16.

phases.23,39–42 The Helfrich undulation term in the model for the lamellar phase

presented here has the effect of modifying the free energy so that this weak

attraction can be overcome for modest values of N , thus preventing the appear-

ance of this three phase state. The effect of varying N on the lamellar phase

excess Helmholtz free energy density is shown as a function of φC in Figures

5.11 and 5.12 for χN = 14 and χN = 16 respectively. The excess shown here

is defined as in Figure 5.10, as a difference from the free energy of a hypo-

thetical lamellar phase of non-interacting monolayers with the same copolymer

concentration. The dashed curve labelled ‘SCFT’ is the result for the SCFT

lamellar phase with no Helfrich undulation term present. The SCFT prediction

has a minimum around φC = 0.12, corresponding to the weak attraction be-

tween monolayers. The solid curves correspond to the predictions of the model

used here for different values of N , as labelled in the figures, which differ from

the SCFT prediction as a result of the inclusion of the Helfrich repulsion. For

N = 5×104, the Helfrich repulsion term is unable to eliminate the attraction, as

evidenced by the existence of a minimum in the curve. For N = 103, however,

the minimum has completely disappeared and the free energy approaches the
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Figure 5.13: Phase diagram along the volumetrically symmetric isopleth for
N = 5 × 104 with a small range for χN and φH to highlight the minimum
congruent point and the channel of the BµE phase. The associated colors, line
types, shading and symbols have the same meaning as Figure 5.7.

unbinding transition with a 1/d3 dependence. For the case of N = 104, the free

energy curve has a shoulder. It can be seen in this case that it is possible to

draw a common tangent between two points on the plot of lamellar free energy.

This corresponds to the lamellar-lamellar coexistence seen in the phase diagram

in Figure 5.8. Upon further swelling, the more dilute of the two lamellar phases

is predicted to exhibit a narrow two-phase region of coexistence with a narrow

microemulsion phase very near the unbinding line, though this behavior occurs

over too narrow a range of concentrations to be easily visible in this plot. At

somewhat lower values of χN , near the opening of the microemulsion channel,

lamellar-lamellar coexistence is pre-empted by two-phase coexistence between

the BµE phase and a lamellar phase, leading to the eutectic-like feature seen in

Figure 5.8.

Figure 5.9 shows the phase behavior for N = 5× 104. The lamellar-disorder

phase boundaries in the low to moderately swollen region show a maximum and a
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minimum feature similar to the behavior in previous phase diagrams. However,

the phase boundaries now seem to more closely mimic the RPA prediction,

though still at somewhat higher values of χN . This is consistent with the fact

that ODT line must approach the RPA prediction in the limit N → ∞. The

phase behavior in the highly swollen regime is distinct from the behavior for N =

103 and N = 104, in that we observe a three phase coexistence region between

the disordered/BµE and the homopolymer-rich homogeneous phases followed

by a three phase coexistence between the lamellar and the homopolymer phases

with increasing χN . This is followed by lamellar-lamellar two phase coexistence

for values of χN ≥ 15. This behavior can be rationalized on the basis of the plots

of excess Helmholtz free energy shown in Figures 5.11 and 5.12. In Figure 5.11,

for N = 5×104 and at χN = 14, we see that the Helfrich undulation term in the

lamellar phase free energy is insufficient to overcome the minimum corresponding

to the attraction between adjacent interfaces. The minimum is still present and

can be used to construct a tangent to the homogeneous disordered homopolymer-

rich phases (labelled D) leading to a three phase coexistence. The depth of

the minimum in the SCFT lamellar phase becomes shallower with increasing

χN . For χN = 16, the lamellar phase with the Helfrich undulation term has a

small minimum but has a positive excess free energy per chain. This leads to a

self-tangent construction which leads to a lamellar-lamellar coexistence seen for

χN ≥ 15 in the phase diagram in Figure 5.9.

The minimum congruent point and the BµE channel in Figure 5.9 occur

over such a small range of values of χN that they cannot be resolved visually.

We present a schematic version of the phase diagram over this smaller range of

χN and φH in Figure 5.13. The congruent point is surrounded by two phase

lamellar-disordered/BµE coexistence regions and the BµE channel terminates at

the beginning of the three phase region between the lamellar and homopolymer-

rich homogeneous phases. The phase boundaries for the congruent point and the

BµE channel are shown by dotted curves to indicate that we could not resolve

the location of the phase boundaries exactly due to numerical issues arising from

the large unit cell sizes near the Lifshitz point.

This zoomed-in version of the phase diagram allows us to make direct com-

parisons to a recent work by Vorselaars et al.25 who report results from field-
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theoretic simulations for the same ternary mixtures along the volumetrically

symmetric isopleth for N = 5 × 104. They, too, observe a three phase coexis-

tence between the disordered/BµE and homopolymer-rich homogeneous phases

followed by a three phase lamellar-homopolymer homogeneous coexistence on

increasing χN . They observe a small minimum in their phase boundaries as well

which we attribute to a congruent point followed by a small BµE channel. There

are also remarkable numerical similarities between our results for the location of

the minimum, the BµE channel and the transition between the two three phase

regions and the ones reported by them.

5.6 Limitations

The predictions of our model have been shown to capture some qualitative

features of the phase boundaries within the volumetrically symmetric isopleth.

In this section, we discuss some of discrepancies between these predictions and

experimental observations, and the implications of these discrepancies regarding

the nature of the inaccuracies of our model.

There are two particularly clear discrepancies between model predictions

for N = 103 and experimental observations. The first is the fact that the

model predicts non-monotonic behavior of the value of χN along the ODT

on φH outside the microemulsion channel, while experiments yield a weak but

monotonic increase of χN with increasing φH . The second is that the model

predicts a microemulsion channel that shifts too rapidly to small values of φC and

becomes too narrow with increasing χN , relative to experimental observations

at modest values of N .

The reason for the non-monotonic behavior of χN along the ODT for φH <

0.85 can be understood by examining the variation of the Helmholtz free energies

per junction of the disordered and lamellar phases along along a line of fixed

χN within the symmetric isopleth. Figure 5.14 shows the predicted difference

between the Helmholtz free of the disordered phase (curve labelled DIS) and that

of the lamellar phase on a per junction basis plotted vs. φH at two values of χN

near the ODT. For reference the plot also shows the corresponding difference

between the SCFT free energy of a hypothetical ordered single-gyroid phase
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Figure 5.14: Helmholtz free energy per junction in units of kT of the single
gyroid (red curve labelled SG) and the disordered (blue curve labelled DIS)
phases relative to the lamellar phase (with Helfrich undulation term included)
as a function of the total homopolymer volume fraction, φH for χN = 17 (left)
and χN = 18 (right).

and that of the lamellar phase. Both free energy differences show an increase of

about 4 kBT per junction as φH increases from 0 to 0.8. This increase tends to

stabilize the lamellar phase and cause the value of χN along the ODT to decrease

with increasing φH . The increase in both of these free energy differences with

increasing φH can be shown to be a result of an increase in the underlying

difference between the SCFT free energies of the gyroid phase and the lamellar

phase over the same range. The Helfrich theory would yield a constant value

of −2πκ for this difference in SCFT free energies the limit of highly swollen

structures that occur closer to φH , but is not valid in the more concentrated

range shown here. We do not know of a simple reason for the increase of this

free energy difference with increasing φH , but simply note that it is the reason

for the tendency of χN to decrease with increasing φH along the ODT over part

of this range of values of φH .

Both the decrease in the value of χN along the ODT and rapidly decreas-

ing range of stability of the BµE channel would tend to be corrected by any

modification of the theory that decreased the free energy per junction of disor-

dered phase by a roughly constant amount in the highly swollen regime without

changing the free energy of a pure diblock copolymer melt. Such a modification

is actually allowed by the reasoning underlying our model, since the analysis of
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the effect of fluctuations in the dilute regime allows for the possible existence

of a constant contribution to the entropy per junction that need not have the

same value in this dilute limit as the value used to model a neat diblock copoly-

mer melt. In order to avoid the introduction of additional free parameters in

our choice for the function g(a), we chose a form in which ln g(a) ' ln(a/0) for

a � a0. The logic underlying the theory would, however, have equally allowed

to add any additional function of a that approaches a constant as a → ∞ and

that approaches zero as a → a0. As a completely empirical modification of

the theory, motivated by the comparison with experiment, we thus propose a

modified free energy per junction of the form

Ω̃D = Ω̃D − kBT [A+B log g(a) + Ch(a)] (5.23)

in which g(a) is unchanged, C is an adjustable constant, and in which we take

h(a) to have the functional form

h(a) =
(

1− a0

a

)2

. (5.24)

Because h(a) = 0 at a = a0, addition of this term has no affect on the predicted

phase boundary for a diblock copolymer melt. The value of C determines how

much further we choose to lower the free energy per junction of highly swollen

disordered phase relative to the lamellar phase.

We find that values of C of order 10kBT per junction are necessary and suf-

ficient to correct both the appearance of minimum in the value of χN along the

ODT and the errors in both the position and width of the predicted microemul-

sion channel. Figure 5.15 shows the phase diagram along the volumetrically

symmetric isopleth for N = 103 in which we have used a value of C = 15, cor-

responding to a stabilization of the dilute disordered phase by 15 kBT per junc-

tion. The use of this large empirical entropic term gives us a monotonic increase

in the lamellar-disorder phase boundaries without any congruent points. The

same modification also causes the BµE channel to open up around φH = 0.80

to become wider and much more nearly vertical. Both changes cause the phase

diagram to much more nearly resemble that seen in experiments. The apparent
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Figure 5.15: Phase diagram along the volumetrically symmetric isopleth showing
predictions for the phase boundaries for the lamellar (LAM) and the disordered
(DIS) phases where the disordered phase free energy per junction includes an
additional empirical term stabilization term of the form C(1− a0/a)2 with C =
15 kT per junction. Here the invariant degree of polymerization, N = 103. The
associated colors, line types, shading and symbols have the same meaning as
Figure 5.7

success of this purely empirical modification of the theory simply suggests that a

more accurate model would need to predict a substantially lower free energy per

junction in the disordered phase than that postulated here in order to reproduce

the observed behavior.

5.7 Lamellar-Disorder Coexistence

We have so far considered the phase behavior along the volumetrically symmetric

isopleth for the ternary mixtures. In this section we use the free energy models

of the lamellar and the disordered phases to study the behavior for asymmetric
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homopolymer compositions. For the network model of the disordered phase in

volumetrically symmetric diblock copolymer melts, we used geometrical simi-

larities in justifying the choice of the single gyroid as the appropriate surrogate

phase for the free energy model. These similarities, namely both disordered

and single gyroid phases have two bicontinuous, geometrically equivalent do-

mains separated by minimal interfaces and the domains preferably have three

fold junctions, also made the swollen single gyroid an appropriate choice as

the surrogate for the swollen disordered/BµE phase along the volumetrically

symmetric isopleth. The disordered phase model along the symmetric isopleth

presented here correctly predicted the qualitative phase behavior. Since the

phase behavior for moderately asymmetric compositions is, in all likelihood,

continuously connected to the behavior on the symmetric isopleth, we claim

here that a similar continuity must exist between the free energy model of the

disordered phase.

For a moderately asymmetric homopolymer composition, for example when

the A homopolymer fraction is less than the B homopolymer fraction so that

we are no longer on the volumetrically symmetric isopleth, the correlated dis-

ordered phase would still have two bicontinuous domains corresponding each

monomer. The A rich domain will, however, have smaller characteristic length

scales and the interfaces separating the two domains will no longer be strictly

minimal. A corresponding swollen single gyroid with the same asymmetric com-

position will also show smaller length scales for the minority domain and non-

minimal interfaces. Hence, our claim is that near the ODT, the free energy for

an asymmetric disordered phase can be modeled by an asymmetric single gyroid

stabilized by structural entropy and interfacial fluctuations that are taken into

account through renormalization of rigidities. We do not expect this model to

be representative of the disordered phase for extreme composition asymmetries,

for example near the edge in a constant-χN ternary phase triangle correspond-

ing to a binary diblock copolymer-homopolymer blend. Near such an edge, the

disordered phase can have a sufficiently different structure, for example a dis-

persion of spherical micelles, that the choice of the asymmetric single gyroid as

the surrogate phase will become unreasonable.

In applying the disordered phase model for ternary mixtures to moderately
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asymmetric homopolymer compositions, we claim that the structural entropic

stabilization would still be O(1) in units of kT per junction. We simply choose

its value to be A = 2.15 kT per junction as before. The presence of non-minimal

interfaces in the asymmetric disordered phase implies that the interfacial free

energy also has contributions from the term associated with the bending rigidity

apart from the term for the Gaussian rigidity. We assume the renormalization of

both rigidities can be lumped together in a term similar to the logarithmic term

in Equation 5.7. On a per junction basis, we again choose the renormalization

term to be the same as the term used for the model for symmetric compositions.

Both these choices allow for the simplest extension of the disordered phase

model to asymmetric compositions. A similar set of arguments for the lamellar

phase also allow us to extend the model with the Helfrich undulation term to

asymmetric compositions. In this section we only focus on the case of N = 103

due to its relevance to the majority of the experimental studies. We also restrict

ourselves to a total homopolymer volume fraction of φH ≤ 0.80, that is, we do

not consider the highly swollen regime in this section. This allows us to use

the numerical SCFT with modified residuals for the lamellar and the disordered

phase. For asymmetric compositions in the highly swollen regime, we would need

to develop more general analytical models for the lamellar and the disordered

phases, which is beyond the scope of this work.

Figure 5.16 shows the Helmholtz free energy per chain of the copolymer

in units of kT for the disordered and the lamellar phases as a function of the

A homopolymer volume fraction, φA, at a constant copolymer volume fraction

φC = 0.4. The plots are symmetric about φA = 0.3 which corresponds to the

volumetrically symmetric isopleth. The ODT on this isopleth for this value of

φC occurs at χN = 18. The plot on the left corresponds to χN = 17, which is

slightly lower than the ODT. The plot shows that the lamellar phase is unstable

relative to the disordered phase for asymmetric homopolymer compositions but

has a larger curvature in the region near the volumetrically symmetric isopleth.

For a higher value of χN = 19 (plot on right in Figure 5.16), the lamellar

phase becomes more stable on the symmetric isopleth and preserves its larger

curvature. For asymmetric compositions, this difference in curvature leads to

the stability of the disordered phase. The crossover region is similar to free
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Figure 5.16: Helmholtz free energy per chain normalized by kT for the disordered
(DIS) and the lamellar (LAM) phases as a function of the A homopolymer
volume fraction, φA for χN = 17 (left) and χN = 19 (right) at a constant
copolymer volume fraction of φC = 0.40.

energy curves for two coexisting phases in a binary blend or a pseudo-binary

blend, for example, Figure 5.10 for the disordered/BµE-lamellar coexistence in

the highly swollen regime. This is a strong indication that the models predict a

coexistence between the lamellar and the disordered phases in the vicinity of the

ODT along the volumetrically symmetric isopleth. This behavior is consistent

with experimentally reported phenomenon of congruent melting and lamellar-

disorder coexistence in ternary polymer mixtures.20

When the phase behavior of the ternary mixture is represented in a ternary

phase prism, specifying the copolymer volume fraction, φC , without specifying

the individual homopolymer volume fraction selects a plane that is perpendic-

ular to the volumetrically symmetric isopleth. For coexisting phases at a fixed

value of χN , equality of chemical potentials for the three species results in tie-

lines that do not necessarily lie in the constant-φC plane. Figure 5.16 represents

a projection of the Helmholtz free energy surfaces for the lamellar and disor-

dered phases at the specified value of φC = 0.4 and at a constant χN . The

Helmholtz free energy surface is represented as a function of φC and φA, hence,

a tangent-line construction in Figure 5.16 would not give us the coexisting com-

positions. In the context of a free energy surface, one would need to construct

tangent-planes to the free energy surfaces to obtain the coexisting composition.
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Computing these free energy surfaces for a large number of different compo-

sitions in order to determine these coexisting compositions is infeasible. We

instead seek equality of the grand canonical free energy densities and chemical

potentials in the two phases to study coexistence in these ternary mixtures. At

a fixed value of χN and copolymer volume fraction φC , we first constructed a se-

ries of closely spaced converged disordered phase numerical SCFT solutions for

asymmetric homopolymer volume fractions ranging from one edge of the ternary

phase triangle to the other. These series of disordered phases were generated

by varying the homopolymer volume fractions in the canonical ensemble. The

converged solutions gave us the chemical potentials of the three species in the

disordered phase along the constant-φC line in the constant-χN phase triangle.

We then constructed a series of converged solutions for the lamellar phase cor-

responding to the same values of the chemical potentials as in the disordered

phase. These were obtained in the grand canonical ensemble which gave us the

volume fractions of the three species in the lamellar phase as a result. We now

compared the grand canonical free energy density of the two phases as a func-

tion of the three chemical potentials from both the series. In this incompressible

system, only two of the three chemical potentials are independent, and hence,

it is sufficient to obtain equality of the grand canonical free energy density and

at least two chemical potentials to obtain the coexisting compositions. This

procedure gave us the coexisting compositions in the vicinity of the chosen con-

stant φC and at the chosen value of χN . This procedure was then repeated for

different values of φC and χN .

Figure 5.17 shows results of these coexistence calculations in a constant-χN

phase triangle at χN = 19. The region of stability of the lamellar and disordered

phases are labelled by ‘LAM’ and ‘DIS’ respectively. The phase boundaries for

the two phases are shown in the red and the blue curves while the coexisting

compositions that were obtained as a result of the calculations are labelled by

the open circles. The tie-line connecting the two coexisting compositions are

shown by the black solid line. The orientation of the tie-lines indicate that a

lamellar phase will have a larger copolymer volume fraction than its coexisting

disordered phase. This shows that on a constant-φC cut in the ternary phase

prism, it is not possible show the two coexisting phases since the coexisting
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Figure 5.17: Ternary phase triangle at χN = 19 showing regions of stability
of the lamellar (LAM) and the disordered phases (DIS) along with regions of 2
phase LAM-DIS coexistence. The red circles correspond to LAM phase compo-
sitions that coexist with a corresponding DIS phase composition (blue circle).
The tie line connecting the two coexisting compositions is shown by a black solid
line.
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Figure 5.18: A constant copolymer volume fraction cut in the ternary phase
prism showing the limits of stability of the lamellar (LAM) and the disordered
(DIS) phases at φC = 0.40 for different values of χN as a function of A ho-
mopolymer volume fraction, φA. The inset shows the region close to the volu-
metrically symmetric isopleth that shows nearly congruent melting.

compositions would lie outside the plane. Experimental results have shown the

coexistence on similar constant-φC plots as a function temperature.20 Based on

the orientation of the tie-lines in Figure 5.17 we believe that the experimental

constant-φC phase diagrams represent limits of stability of the two phase in that

plane rather than coexisting compositions. We present similar limit of stability

phase diagrams, in terms of χN rather than temperature, from our calculations

at copolymer fractions of φC = 0.4 and φC = 0.6 in Figure 5.18 and 5.19 respec-

tively. Regions of stability of the lamellar and disordered phases are separated

by curves representing the limits of stability of each phase. The region between

the curves represent two phase coexistence however the coexisting compositions

cannot be shown on these plots. The phase diagrams are qualitatively similar

to the phase diagrams reported in experiments. Experiments also report that

the ODT in the region where the two coexistence regions seem to pinch off to a

point, occurs through a congruent point. We find that along the volumetrically

symmetric isopleth in these phase diagrams, the lamellar and the disordered

phase lines of stability do not actually intersect. This is shown in the insets in
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Figure 5.19: A constant copolymer volume fraction cut in the ternary phase
prism showing the limits of stability of the lamellar (LAM) and the disordered
(DIS) phases at φC = 0.60 for different values of χN as a function of A ho-
mopolymer volume fraction, φA. The inset shows the region close to the volu-
metrically symmetric isopleth that shows nearly congruent melting.

both figures that the region near the volumetrically symmetric isopleth. This

indicates that there is a very small region of lamellar-disorder coexistence even

on the isopleth. This implies that the apparent first order transition between

the lamellar and disordered phases is small region of two phase coexistence be-

tween the two phases. However, as indicated by the values of χN in the insets,

this small two phase region may be impossible to resolve in experiments. The

results of these calculations indicate that it is not a true congruent point and,

hence, we refer to this as “nearly” congruent melting.

The results of phase coexistence calculations for different values of χN and

φC are compiled in a ternary phase prism. The isometric view of this phase prism

is shown in Figure 5.20. The phase diagram on the volumetrically symmetric

isopleth shown in Figure 5.7 is reproduced here. The lamellar and disordered

phase coexisting compositions for asymmetric homopolymer volume fractions

are shown by the red and blue curves with circles respectively. The tie-lines for

each pair of coexisting compositions are shown by the solid black line. We fit

three dimensional surfaces to the lamellar and disordered phase compositions
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Figure 5.20: Isometric view of the three dimensional phase prism showing com-
pilation of results of the phase behavior using the models for the disordered and
lamellar phases presented in this work for N = 103. The volumetrically sym-
metric isopleth is highlighted as a plane in light gray and shows a reproduction
of the phase behavior in Figure 5.7. The coexisting compositions for the lamel-
lar and disordered phases for asymmetric homopolymer compositions are shown
in red and blue circles respectively and the tie-lines are shown as connecting
straight lines in black. The red and blue surfaces show a fit to the coexisting
lamellar and disordered phase compositions and serve as guides to the eye in
telling the regions of stability of the two phases apart.

shown in the figure by red and blue translucent surfaces. These surfaces serve

as guides to the eye and help in visually separating the regions of stability of

the lamellar and disordered phases.

In this section, for simplicity we only considered the lamellar and the disor-

dered phases as the two competing phases for the study of phase behavior for

asymmetric homopolymer compositions. We know that other ordered phases

will become stable for values of χN that are sufficiently higher than the ODT.

A complete study of the phase behavior would require incorporating fluctuation

effects in free energy models for these phases as well, which is beyond the scope

of this work. In absence of such models for these other phases, a comparison us-

ing their numerical SCFT representation is still useful. In Figure 5.21, we show
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Figure 5.21: Helmholtz free energy per chain normalized by kT relative to the
lamellar phase for the disordered (DIS), hexagonally closed packed cylindrical
(HEX), body centered cubic (BCC) and double gyroid (DG) phases as a function
of the A homopolymer volume fraction, φA for (left) χN = 17.91 and φC = 0.6
and (right) χN = 17 and φC = 0.3. The values of χN were chosen to be their
ODT values on the volumetrically symmetric isopleth for each φC . The lamellar
and the disordered phase models used N = 103.

Helmholtz free energy per chain relative to the lamellar phase for the disordered

(DIS), hexagonally closed packed cylindrical (HEX), body-centered cubic (BCC)

and the double gyroid (DG) phases as function of the A homopolymer volume

fraction. The plots are at a constant copolymer volume fraction, φC , and the

value of χN corresponding to the ODT in the volumetrically symmetric isopleth

at this value of φC . The right edge in both plots corresponds to this isopleth and

the left edge to the binary B homopolymer-diblock copolymer blend. We only

consider the free energies for one side of the isopleth since the other side would

be identical except for the exchange of the labels of the A and B homopolymers.

The plot on the left shows results for φC = 0.60 for which the ODT on the iso-

pleth occurs at χN = 17.91. The disordered phase is stable for a large fraction

of the region starting from the symmetric isopleth but becomes unstable to the

SCFT hexagonal phase near the binary blend edge. For the case of φC = 0.3

(plot on left in Figure 5.21), the disordered phase is still stable for about half

of the region shown. The BCC phase is the most stable phase near the edge

with a small region of stability of the HEX phase in the middle. These plots at

the ODT for two different degrees of swelling suggest that both slightly above
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and below the ODT, the disordered and the lamellar phases would still occupy

the phase diagrams near the isopleth. Above ODT we can expect a behavior

similar to the behavior shown in 5.17 with the other ordered phases becoming

more stable in the vicinity of the edges for the binary homopolymer-copolymer

blends. To our knowledge, there has not been an experimental or simulation

study near the ODT that shows this speculated phase behavior where, on mov-

ing away from the symmetric isopleth to the binary blend edge at constant χN

or temperature at constant φC , there is a region of stability and coexistence of

the disordered phase between lamellar and the other ordered phases.

5.8 Conclusions

We propose free energy models for the disordered/BµE and lamellar phases for

ternary mixture of AB diblock copolymer, A homopolymer and B homopolymer

near the order-disorder transition that take into account the effect of interfacial

fluctuations and structural entropy to predict phase behavior that is qualita-

tively consistent with experimental results. In the lamellar phase, we modify

the free energy density by adding a Helfrich undulation term arising from the

entropy associated with steric confinement of undulating interfaces in a swollen

lamellar phase. In the disordered phase, we modify our previously reported

network model of the disordered phase for diblock copolymer melts by account-

ing for the effect of renormalization of Gaussian rigidity for minimal interfaces

in a swollen disordered phase. In the low to moderately swollen regime, these

models were implemented as additional residuals in a numerical SCFT scheme,

while for the highly swollen regime we used a generalized version of the Hel-

frich theory of bending elasticity. The invariant degree of polymerization, N ,

arose naturally in these models as a parameter controlling the magnitude of

the effect of fluctuations. Phase behavior was studied along the volumetrically

symmetric isopleth first for N = 103 which showed qualitatively similarities to

the observed phase behavior in experiments, namely the shift is the ODT to

higher value of χN than those predicted by RPA, a BµE channel and three

phase coexistence between the disordered/BµE phase and two homopolymer-

rich homogeneous phases. To our knowledge, these are the first such models to
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make these predictions for polymeric ternary mixtures. The predicted phase be-

havior also had a lamellar-disorder coexistence along the isopleth along with two

congruent points corresponding to a maximum and a minimum. We consider

these congruent points to be limitations of the models along with predicting a

BµE channel that becomes narrower and appears to drop-off exponentially with

increasing χN . These limitations are also present when we consider the phase

behavior at larger values of N . We believe these limitations are a consequence of

the interplay between the free energies between the lamellar and the disordered

phase models and apparently “weak” entropic corrections considered. We argue

that these limitations suggest that an unknown source of a “stronger” entropic

stabilization must exist in the dilute regime that would gives a phase behavior

that is more closer to reality. A simple empirical estimation of this missing

entropy suggests that it is of the order of 10 kT per junction of the disordered

phase.

The phase diagrams for higher values N also show some unique features.

For N = 104, we observe a lamellar-lamellar two phase coexistence region that

shows a eutectic like behavior in the symmetric isopleth. For N = 5×104, we see

a region of three phase coexistence between the lamellar and two homopolymer-

rich homogeneous phases followed by a lamellar-lamellar coexistence region on

increasing χN . The behavior for N = 5× 104 in the region close to the BµE is

consistent with a recent field-theoretic simulation study.

We simply extend the disordered and lamellar phase models to study the

phase behavior for asymmetric homopolymer compositions near the ODT. This

simple extension of the models predicted phase behavior that is qualitatively

consistent with experimentally reported phenomenon of congruent melting and

lamellar-disorder coexistence. This consistency of the predicted phase behavior

both along and away from the volumetrically symmetric phase behavior demon-

strates that we are able to accurately capture the effects of fluctuations on the

phase behavior and that these models can serve as useful starting points to

study the complete phase behavior in these ternary mixtures.
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Conclusions

We considered the equilibrium phase behavior and properties of interfaces in

melts and mixtures of block copolymers. Use of the self-consistent field theory

(SCFT) proved to be insufficient for this purpose due to its inability to account

for fluctuation effects and prohibitive amounts of computer resources needed

for highly swollen phases. These theoretical and numerical limitations of SCFT

played a major role in motivating and guiding the studies presented in this

thesis. We summarize the results from these studies here.

Interfaces in Highly Swollen Self-Assembled Structures

In Chapter 2, we considered the effect of unequal statistical segment lengths

in ternary mixtures of volumetrically symmetric AB diblock copolymers and A

and B homopolymers with equal degrees of polymerization. The asymmetry in

segment lengths of the two monomers, or conformational asymmetry, led to a

shift in phase boundaries for ordered phases in isothermal phase triangles for

high copolymer volume fractions calculated using numerical SCFT. This shift

corresponds to preference of the diblock copolymer monolayer at the interfaces in

these ordered phases to curve towards the domain with higher statistical segment

length, that is, the domain with the more flexible block. This is analogous to

shift in phase boundaries for neat diblock copolymer phase diagrams also seen in

presence of this asymmetry. For low copolymer volume fractions (or the highly

swollen regime), there is a competition between torque generated by swelling of

the copolymer brushes and the stretching energy of the chains in the copolymer

132
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brush and the sign of spontaneous curvature becomes non-trivial. Here use of

numerical SCFT becomes prohibitive due to large unit cell dimensions of the

swollen ordered phases. We instead use the Helfrich theory of bending elasticity

to study the natural tendency of isolated copolymer monolayers at the interfaces

of these swollen phases to curve in a certain direction. We find that the relative

degree of polymerization of the homopolymers relative to the copolymer controls

the sign of the spontaneous curvature. Smaller homopolymers can penetrate the

copolymer brush leading to their swelling while longer homopolymers cannot and

the copolymer brush remains dry. This leads to a small non-zero spontaneous

curvature of the asymmetric copolymer monolayer in the highly swollen limit

where we predict stability of a dispersion of large spherical droplets in a narrow

composition window.

Chapter 3 focuses on isolated diblock copolymer monolayers at the interfaces

in swollen self-assembled structures in ternary mixtures. Elastic properties of

these monolayers are usually obtained by fitting the Helfrich expansion of the

interfacial free energy per unit area in powers of curvatures alone. However,

mechanical equilibrium dictates that any change in curvature leads to a change

in the chemical potential of the three species. Previous works on properties of

diblock monolayers have neglected to account for this dependence. In stabilizing

the copolymer monolayer, previous works have relied on artificial, unphysical

forces or imposed pressure differences which introduce an arbitrary asymmetry

in choice of controlling variables (chemical potentials or volume fractions). We

present a generalized version of the Helfrich theory of bending elasticity where

we take into account the effect of changing chemical potentials with imposed

curvatures by introducing the chemical potential dependence of the traditional

Helfrich elastic parameters. We also show that an appropriate choice of the

dividing surface reduces the description of the ternary system to a pseudo-one

component system where only one effective chemical potential is the degree of

freedom for a given geometry and temperature. We present our procedures and

results for calculating dependence of the traditional Helfrich parameters on this

effective chemical potential using simple cylindrical and spherical geometries.

We then consider a metastable self-assembled phase, namely the single gyroid,

in the highly swollen limit where numerical SCFT calculation breaks down.
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We use our generalized Helfrich theory to present an accurate thermodynamic

description of this phase. Future work on this theory can consider the effect of

conformational and compositional asymmetry in the diblock copolymer to study

relevant phase behavior in this swollen limit, for example the emulsification

failure of swollen spherical droplets. It is also possible to simply extend this

theory to study bilayers and associated phase behavior.

Fluctuation Effects in Diblock Copolymer Melts and Mixtures

In Chapter 4, we consider neat melts of volumetrically symmetric diblock

copolymers near the order-disorder transition (ODT). We view the strongly cor-

related disordered phase near the ODT analogous to the view of the bicontinuous

microemulsion or sponge phases in surfactant mixtures where these structured

disordered phases are understood to be stabilized by a structural entropy of

order kB per junction. The disordered phase near the ODT is imagined as an

ensemble of multiple network topologies and it is claimed that the associated

entropy is a constant per junction which stabilizes the disordered phase over

the lamellar phase in the strongly segregated regime. We compare results from

previous molecular simulation studies to show that this is a nearly constant sta-

bilization of about 2kB per junction. We propose a free energy model of this

disordered phase where the free energy per junction is equal to the free energy

per junction of an appropriately chosen surrogate periodic network phase sta-

bilized by a constant entropy per junction. Local structural similarity with the

correlated disordered phase leads us to naturally select the single gyroid as the

surrogate phase. Using a value of 2.15kBT per junction for the entropic stabi-

lization we show that this model captures the observed dependence of the shift in

value of χN at the ODT as a function of the invariant degree of polymerization,

N , in the strongly segregated regime.

We extend the network model of Chapter 4 to the disordered phase in ternary

mixtures in Chapter 5. In addition to the constant entropic stabilization per

junction, we account for the effect of interfacial fluctuations through their effect

on the renormalization of Gaussian rigidity. In the lamellar phase, we introduce

an additional undulation pressure corresponding to the steric confinement of

interfacial fluctuations first introduced by Helfrich. Using these free energy

models, we make predictions for the phase behavior along the volumetrically
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symmetric isopleth for N = 103, N = 104 and N = 5×104. The predicted phase

diagrams are qualitatively consistent with the experimentally reported phase

behavior including predictions of a shift in the value of χN for the order-disorder

to larger values than that predicted by SCFT and a channel of stability of the

bicontinuous microemulsion phase. Phase diagrams for larger N show unique

features like eutectic-like behavior and 3 phase coexistence between lamellar

and homopolymer-rich homogeneous phases. The phase diagram for the case of

N = 5×104 shows remarkably numerically consistency with a recently reported

field-theoretic simulation study. We also attempt to address the limitations in

the predicted phase behavior. The analysis of the free energy of the disordered

phase in the highly swollen limit points to a large entropic stabilization that

is needed for the bicontinuous microemulsion to occur in a vertical channel of

uniform width. The source of this unknown entropic stabilization remains a

mystery to us. We next apply these free energy models to study the phase

behavior for moderately asymmetric homopolymer compositions. These models

predict nearly congruent melting between the lamellar and disordered phases on

the symmetric isopleth along with regions of coexistence between the two phases

for asymmetric compositions. This behavior is again qualitatively consistent

with recently reported phenomenon in experiments. Future work using these

models could consider the effect of conformational and compositional asymmetry

on the predicted phase behavior. Molecular simulation studies for these ternary

mixtures would also be potentially insightful in studying these phenomenon,

could be used to test the validity of these models presented here and offer more

quantitative data to fit the parameters in the free energy models.
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[16] Dominik Düchs, Venkat Ganesan, Glenn H. Fredrickson, and Friederike

Schmid. Fluctuation effects in ternary ab + a + b polymeric emulsions.

Macromolecules, 36(24):9237–9248, 2003.
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