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Abstract

The research described in this thesis focuses on the investigation of magnetization

processes and spin dynamics in the Kitaev magnets. These magnets are described by the

generalized Kitaev Hamiltonians including other sub-dominant interactions allowed by

symmetry, e.g., nearest neighbor isotropic Heisenberg interaction and the symmetric off-

diagonal exchange anisotropy, the so-called Γ interaction. Particularly, I concentrate on

studying the ground-state phase diagrams of these models and finding possible ground-

state spin configurations by using a combination of analytical and numerical methods,

such as Luttinger-Tisza method, symmetry analysis, variational and nonlinear energy

minimizations. I have shown that subtle interplay of anisotropic bond-dependent mag-

netic couplings and geometrical frustration leads to rich variety of classical and quantum

phases with unusual elementary excitations which strongly depend on the underlying

lattice and bonding geometries. I have analyzed the role of quantum fluctuations in

these magnetic phases by employing semiclassical spin-wave analysis. I also studied

finite temperature properties of these models and the effects of magnetic field, as the

presence of anisotropic interactions in these models significantly affects the nature of fi-

nite temperature phase transitions and magnetization processes. To perform the studies

at finite temperatures, I have used extensive Monte Carlo simulations.

Following a general introduction on the Kitaev materials in Chapter 1, I present a

theoretical study of field-induced magnetic phases and magnetization processes in the

hyperhoneycomb iridate β-Li2IrO3 in Chapter 2. I show that due to the presence of

the bond-dependent anisotropic interactions, the field evolution of the magnetic ground

state in this compound is non-conventional and strongly depends on the orientation of

external magnetic field with respect to the crystallographic axes. The results reveal

that the behavior of the system for fields along the orthorhombic directions a, b, and

c share a number of qualitative features, including: (i) a strong intertwining of the

modulated, counter-rotating order with a set of uniform orders; (ii) the disappearance

of the modulated order at a critical field H∗, whose value is strongly anisotropic with

H∗b < H∗c � H∗a; (iii) the presence of a robust zigzag phase above H∗; and (iv) the

fulfillment of the Bragg peak intensity sum rule.
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In Chapter 3, I extend the study of the field-induced magnetic phase diagram of β-

Li2IrO3 reported in Chapter 2 and perform the analysis of the magnetization processes

when external magnetic field rotates in the ab, bc, and ac crystallographic planes. I

compute the magnetic torque response and show that its behavior reveals a number of

distinctive signatures that are unique for each crystallographic plane. Quite generally,

the sequence of field-induced phase transitions gives rise to torque anomalies (jumps and

kinks) which can be directly seen with torque magnetometry. Among the distinctive

aspects of the torque is the observation of a large discontinuous reversal as the field

rotates in the bc plane and passes through the c axis. The field orientation profile

of this sharp discontinuity resembles closely the sawtooth-like behavior experimentally

reported in γ-Li2IrO3.

In Chapter 4, I made a detour from real materials and examine the realization

of the Z2 vortex ground states and excitations above them in the Kitaev-Heisenberg

model on the triangular lattice. I show that these Z2 vortices are stabilized by spin-

orbit coupling introduced via the Kitaev term in the Hamiltonian. The cores of the

Z2 vortices show abrupt, soliton-like magnetization modulations and arise by a special

intertwining of three honeycomb superstructures of ferromagnetic domains, one for each

of the three sublattices of the 120-degree state of the pure Heisenberg antiferromagnet.

This is a new example of a nucleation transition, analogous to the spontaneous formation

of magnetic domains, Abrikosov vortices in type-II syperconductors, blue phases in

cholesteric liquid crystals, and skyrmions in chiral helimagnets. I analyze the magnetic

excitations above various Z2 vortex crystals and show that these Z2 vortex crystals can

be most saliently identified by two distinctive signatures in the dynamical spin response

experiments: (i) the presence of pseudo-Goldstone ‘phonon’ modes at low frequencies,

associated with the collective vibrations of the vortex cores; (ii) a characteristic multi-

scattered intensity profile at higher frequencies, arising from a large number of Bragg

reflections and magnon bandgaps. These are direct fingerprints of the large vortex sizes

and magnetic unit cells and the solitonic spin profile around the the vortex cores. This

study might be relevant for the 5d-transition metal compound, Ba3IrTi2O9, in which

the Ir4+ ions form layered two-dimensional triangular lattices.
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Chapter 1

Introduction

Quantum mechanics serves as the cornerstone in studying the physical properties of all

materials as it demonstrates how the fundamental particles interact with each other at

a microscopic level. Although in some materials a classical description is sufficient to

macroscopically illustrate the collective effects of these fundamental particles, there are

many other materials, namely the quantum materials [6], whose behaviors cannot be

fully described by a classical analogy and turn out to be essentially quantum-mechanical

and relativistic. Typical examples of such quantum materials are topological insula-

tors [7, 8, 9], Weyl semimetals [10, 11], and quantum spin liquids [12, 13, 14, 15, 16].

The dramatic expansion of quantum materials research began in 1986 with the

discovery of high-temperature superconductivity [17]. This discovery emphasized the

importance of Coulomb interactions between conduction electrons, which massively en-

tangle both spin and spatial components of the single-electron quantum states. More

recently, a dramatic expansion took place in the research on topological quantum ma-

terials, and in particular on topological quantum magnets [7, 8, 9]. This includes the

discovery of Mott insulators among 4d and 5d transition metal materials, such as iri-

dates, ruthenates, and osmates [1, 14, 12, 18, 19]. Among these systems, a significant

experimental and theoretical effort has been devoted to the study of magnetic properties

of iridates and ruthenates with two- and three-dimensional tri-coordinated lattices, the

so-called Kitaev materials [1, 14, 15, 16, 20, 21, 22]. In these materials, the interplay

between the electronic correlations, spin-orbit coupling, and crystal-electric field effects

results in a variety of novel quantum phases and interesting behaviors. Specifically,
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the charge, spin, and orbital degrees of freedom, combined with the crystalline environ-

ment, give rise to a spin-orbit entangled Jeff = 1/2 pseudospins [23] and bond-dependent

Ising-like interactions which are closely related to the exactly solvable Kitaev model on

the honeycomb lattice [24]. In the following sections of this chapter, I will demonstrate

the formation of the Jeff = 1/2 pseudospins and bond-directional interactions in these

systems, as well as their relation to the Kitaev model. In the end I will discuss the

realization of the Kitaev model.

1.1 Formation of Jeff = 1/2 pseudospins

In the 4d and 5d transition metal compounds, the partially filled d-shell can be charac-

terized by five d-orbitals: dxy, dyz, dzx, dx2−y2 , and d3z2−r2 . Specifically,

dxy ∼ r2[Y 2
2 (θ, φ)− Y −2

2 (θ, φ)]

dyz ∼ r2[Y 1
2 (θ, φ) + Y −1

2 (θ, φ)]

dzx ∼ r2[Y 1
2 (θ, φ)− Y −1

2 (θ, φ)]

 t2g ,

dx2−y2 ∼ r2[Y 2
2 (θ, φ) + Y −2

2 (θ, φ)]

d3z2−r2 ∼ r2Y 0
2 (θ, φ)

}
eg , (1.1)

where Y m
l are the spherical harmonics.

As shown in Fig. 1.1, the above fivefold degeneracy of the d-states can be further

lifted under the combination of crystal field effects, spin-orbit coupling, and Coulomb

interactions. Firstly, if the transition metal ion seats in an octahedral environment as

in IrO6, the crystal field splits the d-orbitals into a twofold degenerate eg level and a

threefold degenerate t2g level as given in Eq. (1.1). The energy difference is coming

from the different repulsion relative to the p-orbitals of the oxygen ions. In particular,

the lobes of eg orbitals are pointing along the coordinate axes, while t2g orbitals have

lobes pointing along the directions bisecting the angle between two coordinate axes.

Therefore, the t2g states manage to avoid these repelling charges from the oxygen ions,

resulting in a lower energy level than the eg states.

The crystal field splitting energy is measured to be ∼ 2−3 eV in 4d and 5d transition

metal compounds, which is larger than the Hund’s coupling constant JH ∼ 0.5 − 0.7

eV in these systems, forcing all the five electrons to occupy the t2g states with a total
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Figure 1.1: Formation of the Jeff = 1/2 moments under crystal field effects, spin-orbit
coupling and Coulomb interactions for the typical iridium valence Ir4+ or the ruthenium
valence Ru3+. Figure taken from [1].

S = 1/2 magnetic moment. Furthermore, given that L(t2g) = −L(p), the L = 2 orbital

angular momentum in the t2g states can be quenched into the p states with L = 1 [25],

leading to an effective Leff = −1 orbital moment.

The threefold degenerate t2g level can be further lifted by a relativistic effect which

is described by the sum of spin-orbit coupling (SOC) terms,

HSOC = λSOC

∑
i

Si · Li , (1.2)

where λSOC denotes the coupling strength and is increasing with the atomic number

Z. In 3d systems where λSOC ∼ 0.01 − 0.1 eV [26], the HSOC can be treated as a

weak perturbation. However, in heavy transition metal oxides, λSOC (∼ 0.2− 0.5 eV) is

comparable to other energy scales [12, 18, 19], which means S and L are no longer sep-

arately conserved quantities and the good quantum number becomes the total angular

momentum J = S + L. Specifically, the t2g states are split into a half-filled Jeff = 1/2
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band and a fully-filled Jeff = 3/2 band,

|J1/2〉 =


1√
3
(−|xy, ↑〉 − i|zx, ↓〉 − |yz, ↓〉) (mj = +1

2)

1√
3
(|xy, ↓〉+ i|zx, ↑〉 − |yz, ↑〉) (mj = −1

2)
,

|J3/2〉 =



1√
2
(−i|zx, ↑〉 − |yz, ↑〉) (mj = +3

2)

1√
6
(2|xy, ↑〉 − i|zx, ↓〉 − |yz, ↓〉) (mj = +1

2)

1√
6
(2|xy, ↓〉 − i|zx, ↑〉+ |yz, ↑〉) (mj = −1

2)

1√
2
(−i|zx, ↓〉+ |yz, ↓〉) (mj = −3

2)

, (1.3)

with splitting energy

∆ESOC = 〈1/2|L · S|1/2〉 − 〈3/2|L · S|3/2〉 =
3

2
λSOC , (1.4)

and the system is effectively reduced to a half-filled Jeff = 1/2 single band system.

Correspondingly, the effective bandwidth can be very narrow (∼ 0.5 eV) due to the

reduced hopping elements of the Jeff = 1/2 states with isotropic orbital and mixed spin

characters and even a small Coulomb interaction U (∼ 1 − 2 eV) is sufficient to open

a Mott gap [27], forming a Mott insulator with the Jeff = 1/2 states acting as the

pseudospins in the magnetic superexchange.

1.2 Ising-like Bond-directional interactions

The study of the effective exchange models of the Jeff = 1/2 pseudospins introduced in

Section 1.1 has attracted much attention once it was understood that some iridates pro-

vide good realizations of these models. In particular, it has been worked out in 2009 by

Jackeli and Khaliullin [23] that in d5 transition metal compounds, the spin-orbit entan-

glement can give rise to a bond-directional, Ising-like interaction of these pseudospins

with exchange easy axis perpendicular to the plane of the bond. In their study, two com-

mon cases of bond geometries for iridates were investigated: corner-sharing octahedra

with 180◦ Ir-O-Ir bond and edge-sharing octahedra with 90◦ Ir-O-Ir bond [Fig. 1.2 (a)].

They found that, in the corner-sharing geometry (Sr2IrO4), the single Ir-O-Ir exchange

path between neighboring Ir ions led to dominant antiferromagnetic Heisenberg inter-

actions. On the other hand, in the edge-sharing geometry (A2IrO3, A=Na,Li), the two
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Figure 1.2: (a) Corner-sharing (Sr2IrO4) and edge-sharing (A2IrO3) geometries of Ir-O-
Ir bond. (b) Schematic view of the hopping paths in the idealized edge-sharing geometry
and the virtual processes that contributes to the bond directional Kitaev interactions.
Figure taken from [2].

possible Ir-O-Ir exchange paths interfere with each other such that all leading order con-

tributions to the Heisenberg interactions cancel out, i.e., the hopping of holes between

Jeff = 1/2 states vanish. As shown in Fig. 1.2 (b), the next higher order hoping takes a

hole from Jeff = 1/2 to an mj = ±3/2 component of the Jeff = 3/2 state on an adjacent

site, resulting in two holes on one site in such virtual process. Next, the Hund’s coupling

(JH) acts between the Jeff = 1/2 and excited Jeff = 3/2 moments, eventually generating

a bond-directional interaction with strength ∝ −8t2JH/(3U
2), where t is the effective

inter-orbital hopping mediated by the oxygen ions shown in Fig. 1.2 (b) and U is the

Coulomb interaction. The bond-directional nature arises from the fact that the pair of

d-orbitals linked for two neighboring octahedra depends on the orientation of shared

edge. In addition, since only the mj = ±3/2 components contribute, these couplings

become Ising-like Sγi S
γ
j , where the principle axis γ is perpendicular to the plane of the

bond. This bond-directional interaction is often termed as the Kitaev interaction due

to its close relationship to the Kitaev model, an exactly solvable model on honeycomb

lattice.
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1.3 The Kitaev Model

The pure Kitaev model describes the coupling between spin-1/2 moments on a hon-

eycomb lattice with Ising-like bond-directional interactions [24]. The corresponding

Hamiltonian reads

HK = −
∑

γ∈{x,y,z}

Kγ

∑
〈ij〉γ

Sγi S
γ
j

= −Kx
∑
〈ij〉x

Sxi S
x
j −Ky

∑
〈ij〉y

Syi S
y
j −Kz

∑
〈ij〉z

Szi S
z
j , (1.5)

where the x, y, and z bonds are shown in Fig. 1.3. Since spins cannot simultane-

ously satisfy these bond-directional couplings, this model inherently introduces strong

exchange frustration, which leads to a quantum spin liquid (QSL) ground state.

The analytical solution leading to the QSL begins with writing the spin operators

{Sxi , Syi , Szi } in terms of four type of Majorana fermions {bxi , byi , bzi , ci} such that

Sxi =
i

2
bxi ci, S

y
i =

i

2
byi ci, S

z
i =

i

2
bzi ci . (1.6)

Then the Hamiltonian in Eq. (1.5) can be written by the ‘flux’ variables uij = ibγi b
γ
j = ±1

and ‘matter’ c fermions

HK =
−i
4

∑
〈ij〉

〈uij〉cicj , (1.7)

which commutes with the flux operator associated with the plaquettes of the lattice,

Ŵp = u12u23u34u45u56u61 , (1.8)

where 1...6 denote the sites on each six-site hexagonal plaquette and the flux can be

viewed as artificial magnetic field through the plaquette. In particualr, the plaquette

has a flux for Wp = −1 and is flux free for Wp = 1.

On the honeycomb lattice, the minimum ground state energy is achieved by setting

Wp = 1 on each plaquette, corresponding to a Z2 spin-liquid with only short range near-

est neighbour spin–spin correlations. The presence of the exact solution makes Kitaev
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Figure 1.3: Edge-sharing octahedra with bond-directional interactions fulfill the Kitaev
honeycomb model.

spin liquid especially appealing because it gives a genuine opportunity for exploring

QSL physics on a more quantitative level, because the response functions can be ana-

lytically computed for this special case. This is highly significant, because it gives us

an opportunity to learn about generic behavior of other QSLs, which are much more

difficult to describe.

Furthermore, the honeycomb Kitaev model can be generalized to tri-coordinated 3D
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lattices [1, 28, 29, 30], which provide ample opportunities to realize Kitaev model in

real materials.

1.4 Realization of Kitaev model

As discussed in Section 1.2, the work by Jackeli and Khaliullin on edge-sharing octahedra

in the 4d and 5d transition metal compounds provides a possibility for realizing Kitaev

model in real materials (see Fig. 1.3), which has attracted extensive study on the Kitaev

materials afterwards.

Many iridium and ruthenium compounds were recognized as candidates to mate-

rialize the Kitaev model, such as the honeycomb iridates A2IrO3 (with A=Na/Li)

[31, 32, 33, 34, 35, 36], honeycomb ruthenium chloride α−RuCl3 [37, 38, 39, 40, 41], and

another 5d Ir honeycomb compound H3LiIr2O6 [42, 43]; 3D candidate materials include

hyper-honeycomb and stripy-honeycomb compounds β-Li2IrO3 [44, 45, 4, 46, 47, 48, 49]

and γ-Li2IrO3 [50, 51, 52]. Besides the dominant Kitaev anisotropy, the above materials

feature additional weaker interactions which generally give rise to a wealth of nontriv-

ial phases competing with the quantum spin liquids [1, 14, 15, 18, 21, 23, 53, 54]. A

central goal in the field is therefore to map out the various instabilities and identify the

distinctive experimental signatures of the most relevant interactions. One of the most

promising ways to achieve this goal experimentally is to subject the Kitaev materials in

external magnetic fields along different directions. Apart from controlling the interplay

of various zero-field competing phases, such external fields can also stabilize new collec-

tive spin states. There are, for example, many reports of possible magnetic field-induced

quantum spin liquids [41, 55, 56, 57], and a variety of complex multisublattice, single-Q,

and multi-Q phases [22, 58, 59, 60, 61].

Remarkably, all experimental data reported so far for Kitaev materials show that

their response to the magnetic field depends very strongly on its direction. This is true

for the layered compounds Na2IrO3 [31], α-Li2IrO3 [62], and α-RuCl3 [38, 39, 40, 63], as

well as for the three-dimensional (3D) iridates β-Li2IrO3 [4, 48] and γ-Li2IrO3 [50, 64].
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1.5 Outline

The dissertation is structured as follows. In Chapter 1 I discuss the motivation of

studying 4d and 5d transition metal compounds with strong SOC, how they relate to

the exactly solvable Kitaev model on the honeycomb lattice, and the realization of the

Kitaev model.

Chapters 2 and 3 will be focusing on the hyperhoneycomb Kitaev Kitaev magnet β-

Li2IrO3. I present a unified description of the response of β-Li2IrO3 to applied magnetic

fields along the a, b, c orthorhombic directions (Chapter 2), and in the ab, bc, ac

crystallographic planes (Chapter 3). This description is based on the minimal nearest-

neighbor J-K-Γ model and builds on the idea that the incommensurate counter-rotating

order observed experimentally at zero field can be treated as a long-distance twisting of

a nearby commensurate order with six spin sublattices.

Next, the Chapter 4 will be devoted to the spin dynamics of Z2 vortex crystals in

the triangular Kitaev-Heisenberg antiferromagnets. I show that the mesoscopic incom-

mensurate Z2 vortex crystals proposed for layered triangular anisotropic magnets can

be most saliently identified by two distinctive signatures in dynamical spin response

experiments: the presence of pseudo-Goldstone phononlike modes at low frequencies

ω, associated with the collective vibrations of the vortex cores, and a characteristic

multiscattered intensity profile at higher ω, arising from a large number of Bragg re-

flections and magnon band gaps. These are direct fingerprints of the large vortex sizes

and magnetic unit cells and the solitonic spin profile around the vortex cores.

In the final Chapter 5, I summarize the main findings of this study and discuss some

areas of interest for future research.



Chapter 2

Unconventional magnetic field

response of β-Li2IrO3

The work described in this chapter has been published as Ref. [5].

2.1 Introduction

Here we focus on the three-dimensional Kitaev magnet β-Li2IrO3 and show that its

strongly anisotropic response signifies a large separation of energy scales between the

relevant microscopic interactions and that it can thus be used to extract information

about the relative strength of these interactions in a direct way.

The main features of β-Li2IrO3 that are known so far are as follows [44, 45, 4,

46, 48]. It has a hyper-honeycomb lattice structure (see Fig. 2.1). At zero field, the

system orders magnetically below TN = 38 K, with the spins forming a noncoplanar,

incommensurate (IC) modulation, with propagation wavevector Q = (0.57, 0, 0) in the

orthorhombic frame, and two counter-rotating sets of moments [44], similar to those in

γ-Li2IrO3 [51] and α-Li2IrO3 [36]. A magnetic field along b destroys the IC order at a

characteristic field H∗b ∼ 2.8 T, beyond which the spins show a uniform Q=0 coplanar

phase, comprising a ferromagnetic (FM) component along the field and a robust zigzag

component along a [4]. These components are also present below H∗b but are too small

to be detected at zero field [3, 65]. For H‖a and H‖c, the system shows a much weaker

response, with the IC order remaining robust and the magnetization being linear up to

10
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the maximum fields measured (see Supplemental Material in Refs. [4] and [48]).

On the theory side, it has been established that the magnetism of β-Li2IrO3 can be

accurately described by the nearest neighbor (NN) J-K-Γ model [3, 65, 66, 67], where

K denotes the Kitaev coupling, J is the Heisenberg coupling, and Γ represents the so-

called symmetric exchange anisotropy which is present in many Kitaev materials [68, 66,

67, 69, 70, 71]. In particular, β-Li2IrO3 is believed to be in the regime of large negative

K, large negative Γ (with |Γ|< |K|), and small positive J (with J� |Γ|); see detailed

discussion in Refs. [3, 65]. Remarkably, in this parameter regime, the critical field H∗b

depends only on J , specifically [65] µBH
∗
b∼ 0.46J (4S/gbb), where S= 1/2 denotes the

classical spin length of the jeff = 1/2 degree of freedom, µB is the Bohr magneton, and

gbb is the diagonal element of the electronic g tensor along b. The small value of the

experimentally measured H∗b is therefore a signature of the smallness of J (J∼4 K).

It has also been shown [3, 65] that the IC order of β-Li2IrO3 can be treated as a

long-distance twisting of a nearby commensurate period-3 state with Q= 2
3 â (in units of

2π
a ). This state is amenable to a semianalytical treatment of the problem, with results

that are consistent with almost all experimental findings so far, both in zero and at finite

fields along b [3, 65]. This analysis explains, for example, the presence of a uniform

zigzag component along a on top of the modulated order, and the intensity sum rule of

the corresponding Bragg peaks [4].

Here we show that this semi-analytical description can be naturally extended to

the cases where H is along a and c. The results, which are cross-checked with classi-

cal Monte Carlo simulations, show that the response along a and c directions shares

many qualitative features with that along b. Specifically, we find that the period-3

order disappears at a critical field H∗, whose value depends strongly on the field direc-

tion. Importantly, none of the critical fields depends on the Kitaev interaction K, and

moreover H∗a are mainly controlled by Γ. A realistic set of coupling parameters,

J=0.4 meV, K=−18 meV and Γ=−10 meV (2.1)

delivers H∗b∼ 2.88 T and TN ∼ 35.5 K (in good agreement with corresponding experi-

mental values of 2.8 T and 38 K [44, 4]) and also gives H∗a∼102 T and H∗c∼13 T. This

means that at least the transition at H∗c should be accessible experimentally, and the
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measured value of H∗c can provide the value of Γ.

The same semianalytical approach provides a number of additional qualitative find-

ings: (i) The period-3 order is always intertwined with a set of uniform orders, some

of which give rise to a finite torque that can be measured experimentally. (ii) Among

these uniform orders, there is always a zigzag component which remains robust above

H∗ and coexists with the FM order along the field. Classically, the zigzag component

disappears (but only for gab=0, see below) at H∗∗→∞ for fields along a and b, but for

H‖c the corresponding field H∗∗c is finite. In particular, H∗∗c is governed mostly by Γ,

with H∗∗c ∼45 T for the parameters of Eq. (2.1). (iii) The intensity sum rule between the

Bragg peaks at Q= 2
3 â and Q=0, which has been observed experimentally for H‖b [4],

is actually fulfilled for all field directions. As it turns out, this rule is an experimental

fingerprint of the spin length constraints. (iv) While the transitions at H∗a and H∗b are

continuous, the transition at H∗c is of first order. Moreover, this transition does not

restore all broken symmetries, which leads to the prediction of a second thermal phase

transition at high enough fields along c. This transition will be demonstrated explicitly

by classical Monte Carlo simulations.

One shortcoming of our semianalytical classical approach is that it overestimates

the magnetization at H∗b by approximately a factor of 2 compared to the experimental

value. This has led to the assertion [65] that the spin lengths are strongly renormalized

by quantum fluctuations due to the close proximity to the special K-Γ line in parameter

space, where the system is highly-frustrated [3]. This assertion is now demonstrated

explicitly by a semiclassical 1/S expansion. The results confirm that the magnetization

correction can be as large as 50%, and a direct comparison with published experimental

data shows good agreement for all three field directions.

The rest of the chapter is organized as follows. In Section 2.2, we recall the struc-

tural and symmetry aspects of β-Li2IrO3 that are most relevant for this study. In

Section 2.3, we review the minimal J-K-Γ model [66, 67] and the symmetries of the

corresponding spin Hamiltonian. In Section 2.4, we present the unified semi-analytical

description for all three orthorhombic directions. This includes the basic spin-sublattice

structure of the various configurations (Section 2.4.1), their parametrization in terms

of Cartesian components and the associated symmetry-resolved static structure factors
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Figure 2.1: Sketch of a hyperhoneycomb lattice. The five NN bonds of the J-K-Γ
model are shown by solid (dashed) red lines for t ∈ {x, x′}, solid (dashed) green lines
for t ∈ {y, y′}, and solid blue lines for t ∈ {z}.

(Section 2.4.2-Section 2.4.3), the dependence of the critical fields H∗ on the model pa-

rameters (Section 2.4.5), and a discussion of the symmetries that are broken in each

regime (Section 2.4.6). The role of quantum fluctuations is then addressed in Section 2.5,

along with the direct comparison of the predicted magnetizations with available exper-

imental data. In Section 2.6, we discuss how the various transitions can be detected

experimentally via measurements of the magnetic torque, for which we provide predic-

tions with and without harmonic spin-wave corrections. In Section 2.7, we cross-check

our ansatzes with classical Monte Carlo simulations and compute the H-T phase di-

agram for all three orthorhombic directions. Here we also highlight the qualitative

difference between the zigzag orders for H ‖ a and H ‖b versus the spontaneous high-

field zigzag order for H‖c. A summary and a general discussion is given in Section 2.8.

Auxiliary information and technical details are provided in Section 2.9.1-Section 2.9.5.
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2.2 Lattice structure, symmetries, and conventions

β-Li2IrO3 crystallizes in a hyperhoneycomb structure (shown in Fig. 2.1) and has the

Fddd space group. Its conventional orthorhombic unit cell is set by the crystallographic

axes {â, b̂, ĉ}, which are related to the Cartesian axes {x̂, ŷ, ẑ} appearing in the spin

Hamiltonian below [Eq. (2.4) and Eq. (2.5)] by

x̂ = (â + ĉ)/
√

2 , ŷ = (ĉ− â)/
√

2 , ẑ = −b̂ . (2.2)

We note here that we stick to the xyz-frame convention of Refs. [66, 67, 3, 65], which is

different from the one used in Ref. [44]. The two xyz frames are related to each other

by a two-fold rotation around the x axis. This is important as the choice of the frame

affects the overall sign structure of the Γ interactions.

The orthorhombic unit cell contains four primitive unit cells, of four Ir4+ ions each

(labeled by Ir1-Ir4 in Fig. 2.1). The Ir4+ ions form a hyperhoneycomb structure, which

can be viewed as a stacking of two types of zigzag chains, which we will denote by xy-

and x′y′ chains. The xy-chains run along the direction a+b and are shown in Fig. 2.1

by the alternating red and green solid bonds, denoted by x and y respectively. The x′y′-

chains run along a-b and are shown in Fig. 2.1 by the alternating red and green dashed

bonds, denoted by x′ and y′ respectively. The two types of chains are interconnected

with vertical NN Ir-Ir bonds denoted in Fig. 2.1 by z (blue solid lines). In total, there

are five types of NN Ir-Ir bonds, x, y, x′, y′, and z.

Apart from translations, the crystal structure is invariant under the following point

group operations [4]: (i) Inversion I through the center of every x, or y, or x′, or y′

type of bond, such as the center of the Ir2-Ir4 bond of Fig. 2.1. (ii) Three π rotations in

combined spin-orbit space, C2a, C2b, and C2c, around the axes a, b, and c, respectively,

passing through the middle of the z bonds, as shown in Fig. 2.1. In particular, C2a

maps x bonds to y′ bonds and y bonds to x′ bonds in real space, and [Sx, Sy, Sz] →
[−Sy,−Sx,−Sz] in spin space. Similarly, C2b maps x bonds to x′ bonds and y bonds to y′

bonds in real space, and [Sx, Sy, Sz]→ [−Sx,−Sy, Sz] in spin space. Finally, C2c maps x

bonds to y bonds and x′ bonds to y′ bonds in real space, and [Sx, Sy, Sz]→ [Sy, Sx,−Sz]
in spin space. (iii) Three glide planes which arise by reflections across the ab, bc, and

ac planes passing through an inversion center, followed by nonprimitive translations by
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(1
4

1
40), (01

4
1
4), and (1

401
4), in orthorhombic units, respectively.

At this point, it is also worth introducing some terminology that we will need later in

the analysis of the static structure factors. Following Ref. [44], we define four-component

symmetry basis vectors,

A=


1

−1

−1

1

 , C=


1

1

−1

−1

 , F =


1

1

1

1

 , G=


1

−1

1

−1

 . (2.3)

These vectors represent, respectively, the relative amplitudes of the four sites of the

primitive unit cell in the Néel (A), stripy (C), ferromagnetic (F), and zigzag (G) order.

Note that, for consistency, our four-site labeling Ir1-Ir4 of Fig. 2.1 follows the convention

of Fig. 7 of Ref. [44].

For the various components of the static structure factor, we follow the convention

of Ref. [3] and denote the modulated components with Q= 2
3 â by the letter M and the

uniform components with Q=0 by M ′. Therefore, Ma(A) denotes the modulated Néel

(A) component along a, M ′b(F ) denotes the uniform ferromagnetic (F ) component along

b, and so on. The definitions of these components in terms of the Fourier transform of

the spin configuration are given in Section 2.9.1.1.

2.3 The minimal J-K-Γ model

Following earlier works [66, 67, 3, 65], we consider here the minimal microscopic J-K-Γ

model mentioned above, supplemented with a Zeeman term HZ to describe the coupling

to the external field H. The total Hamiltonian then reads

H=
∑
t

∑
〈ij〉∈t

Htij +HZ , (2.4)

where

Htij = JSi · Sj +KSαti S
αt
j + σtΓ(Sβti S

γt
j + Sγti S

βt
j ) ,

HZ = −µBH ·∑i gi · Si .
(2.5)
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Here Si denotes the pseudospin jeff =1/2 operator at site i, t ∈ {x, y, z, x′, y′} labels the

five different types of NN Ir-Ir bonds and (αt, βt, γt)=(x, y, z), (y, z, x), and (z, x, y) for

t ∈ {x, x′}, {y, y′}, and {z}, respectively. The prefactor σt equals +1 for t ∈ {x, y′, z}
and −1 for t ∈ {y, x′}; see ± symbols in Fig. 2.1 and Fig. 2.2. This overall sign structure

of the Γ interactions derives from the symmetries mentioned above [66] and our choice

of the xyz frame in Eq. (2.2). Finally, gi stands for the g-tensor of the ith Ir ion. As

discussed by Ruiz et al. [4], these tensors carry a site-dependent, staggered off-diagonal

element gab. Specifically, in the orthorhombic frame,

gi = gdiag + pigoff−diag ≡


gaa 0 0

0 gbb 0

0 0 gcc

+ pi


0 gab 0

gab 0 0

0 0 0

 , (2.6)

where pi = +1 for spins on the xy chains and −1 for spins on the x′y′ chains. Here we

take gaa = gbb = gcc = 2 and gab = 0.1. We note that, depending on the direction of the

field, some of the discrete symmetries mentioned above may or may not be preserved;

see Table 2.2. A field along a, for example, breaks both C2b and C2c, but still respects

C2a, ΘC2b, and ΘC2c, where Θ is the time reversal operation.

In the following, we restrict ourselves to the so-calledK region of the parameter space

with dominant Kitaev interaction, which is believed to be relevant for β-Li2IrO3 [3], and

fix the parameters to the representative set given in Eq. (2.1).

2.4 Unified description of β-Li2IrO3 for H along a, b, and

c axes

2.4.1 General spin sublattice structure

The behavior of β-Li2IrO3 under a magnetic field along the three orthorhombic direc-

tions can be described in a unified manner as shown in Fig. 2.2. For all three directions,

a, b, and c, the system goes through a low-field phase (0 ≤ H < H∗) with six spin

sublattices [A, B, and C along the xy chains, and A′, B′, and C′ along the x′y′ chains;

see Fig. 2.2 (a)], followed by a high-field canted phase (H∗ <H <H∗∗) with two spin

sublattices [F along the xy chains and F′ along the x′y′ chains; see Fig. 2.2 (b)]. The
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Figure 2.2: General structure of the two field-induced phases of β-Li2IrO3 for H along
a, b, or c. (a) The six-sublattice low-field phase (0≤H< H∗). (b) The two-sublattice
high-field phase (H∗ ≤H < H∗∗), where H∗∗a,b =∞ and H∗∗c is finite. The Cartesian
components of the various sublattices for each field direction are given in Table 2.1.

high-field phase terminates at H∗∗=∞ for H ‖a and H ‖b (with a small zigzag com-

ponent remaining if gab 6= 0; see Section 2.9.2), whereas H∗∗c is finite and the classical

state reached at H∗∗c is the fully polarized state.

Figure 2.3 shows a series of representative snapshots of various ground-state config-

urations for different field directions and strengths (obtained from numerical minimiza-

tion of the classical ansatzes discussed below). As discussed in Ref. [3], in the zero-field

state, the three sublattices A, B, and C along the xy chains form a nearly coplanar

120◦ state, and the three sublattices A′, B′, and C′ along the x′y′ chains form another

such nearly 120◦ structure, on a different plane; see the dotted blue triangles at the

top left panel of Fig. 2.3. Under a magnetic field, the three sublattices of each given

chain cant toward each other and eventually get aligned at the characteristic field H∗

where A = B = C≡F and A′= B′= C′≡F′. For fields along a and b, this intrachain

alignment happens continuously, whereas for fields along c it happens abruptly. Above

H∗, F and F′ cant toward the field in a nonuniform way and at a pace that is strongly

dependent on the field direction.
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Figure 2.3: Snapshots of representative spin configurations for H along a (first row), b
(second row), or c (third row). Each color represents one of the six sublattices of the
zero-field state. The dashed lines in the upper left panel depict the nearly coplanar,
120◦ order of the ABC and A′B′C′ sublattices [3].

2.4.2 Basic characterization of the low-field phase (H<H∗)

The individual Cartesian spin components of the various configurations are related to

each other in a specific way; see the parametrization in Table 2.1. For each given spin

sublattice, a spin length constraint must be imposed, for example, x2
1 + y2

1 + z2
1 =1 for

the A sublattice, 2x2
3 + z2

3 = 1 for the C sublattice of the H ‖ a case, etc. The field

dependence of the Cartesian components can be obtained by a numerical minimization

of the total energy of the system [see Eqs. (2.41), (2.53), and (2.65)], and the results are

shown in Fig. 2.4 (a)-(c) as a function of the field. Equivalently, the spin configurations

can be described in terms of the associated symmetry-resolved static structure factors,

and the same is true for the total energy [see Eqs. (2.42), (2.54), and (2.66)]. The

structure factors obey the same number of constraints as the Cartesian components

[the relations between the two are given in Eqs. (2.38), (2.51), and (2.63)], and their

evolution with field are shown in Fig. 2.4 (d)-(f) and Fig. 2.5.

The low-field phase for H‖b is described by five Cartesian components (x1, y1, z1,

x2, and z2) or, equivalently, by five structure factors [65]: Three modulated Q = 2
3 â

components Ma(A), Mb(C), and Mc(F ) and two uniform Q=0 components M ′a(G) and

M ′b(F ). This precise combination is in fact present for all three orthorhombic directions

for 0≤H <H∗, as it is a property of the zero-field state. In particular, the uniform
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components M ′a(G) and M ′b(F ) of the zero-field order reflect the deviation from the

perfect 120◦ coplanar order mentioned above; see detailed analysis in Ref. [3]. Note

further that the modulated components Ma(A), Mb(C), and Mc(F ) belong to the Γ4

irreducible representation, in agreement with experiment [44]. The five structure factors

satisfy two constraints which, when normalized appropriately (see Section 2.9.1.1), can

be combined to give the Bragg peak intensity sum rule observed experimentally [4].

Namely,

Itot = 2II + IV = S2 , (2.7)

where

II =|Ma(A)|2+|Mb(C)|2+|Mc(F )|2≡II,Γ4 ,

IV = |M ′a(G)|2+|M ′b(F )|2 .
(2.8)

Turning to the low-field phase for H‖a, here we have ten Cartesian components (see

Table 2.1) or, equivalently, ten structure factors: six modulated components (the three

zero-field components plus three induced by the field) and four uniform components

H‖a H‖b H‖c

A S[x1, y1, z1] S[x1, y1, z1] S[x1, y1, z1]

A′ S[y2, x2, z2] S[y1, x1, z1] S[y1, x1, z1]

B S[−y1,−x1, z1] S[−y1,−x1, z1] S[−y2,−x2, z2]

B′ S[−x2,−y2, z2] S[−x1,−y1, z1] S[−x2,−y2, z2]

0
≤
H
<
H
∗

C S[−x3, x3,−z3] S[−x2, x2,−z2] S[−y3, x3,−z3]

C′ S[x4,−x4,−z4] S[x2,−x2,−z2] S[x3,−y3,−z3]

F S[x1,−x1, z1] S[x1,−x1, z1] S[x1, y1, z1]

H
≥
H
∗

F′ S[x1,−x1,−z1] S[−x1, x1, z1] S[y1, x1, z1]

Table 2.1: Cartesian components of the spin sublattices of the three ansatzes analyzed
here (see Section 2.9.2 for more details). There are six spin sublattices for 0≤H<H∗

(A, B, and C along the xy chains and A′, B′, and C′ along the x′y′ chains) and two
sublattices for H>H∗ (F along the xy chains and F′ along the x′y′ chains); see Fig. 2.2.
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Figure 2.4: Field evolution of Cartesian spin components (a)-(c), dominant symmetry-
resolved static structure factors (d)-(f) (see Fig. 2.5 for the remaining much weaker
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(b) and (e) show the high-field behavior.

(the two zero-field components plus two induced by the field):

H≥0 : Ma(A), Mb(C), Mc(F ) and M ′a(G), M ′b(F ) ,

H>0 : Ma(C), Mb(A), Mc(G) and M ′a(F ), M ′b(G) .
(2.9)

Hence, a field along a induces a finite FM component M ′a(F ) (which couples explicitly to

the Zeeman field), and a finite zigzag component M ′b(G) along b. The latter can become

relatively large with field [see Fig. 2.4 (d)] and should be observable experimentally,

unlike the components M ′a(G) and M ′b(F ) which remain at least one order of magnitude

smaller; see Fig. 2.5 (a). The same is true for the field-induced modulated components

Ma(C), Mb(A), and Mc(G), which belong to the irreducible representation Γ2 (see Table

II of Ref. [44]). Altogether, the ten structure factors satisfy four constraints, and one
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combination of them gives the Bragg peak intensity sum rule of Eq. (2.7), where now

II = II,Γ4 +II,Γ2 ' II,Γ4 ,

II,Γ2 = |Ma(C)|2+|Mb(A)|2+|Mc(G)|2 � II,Γ4 ,

IV = |M ′a(G)|2+|M ′b(F )|2+|M ′a(F )|2+|M ′b(G)|2 .

(2.10)

The low-field phase for H ‖ c is described by nine Cartesian components (see Ta-

ble 2.1) or by nine structure factors:

H≥0 : Ma(A), Mb(C), Mc(F ) and M ′a(G), M ′b(F ) ,

H>0 : Ma(G), Mb(F ), Mc(C) and M ′c(F ) .
(2.11)
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Figure 2.5: Field dependence of the structure factors Ma(C), Mb(A), Mc(G), M ′a(G)
and M ′b(F ) generated for H along a (a), and Ma(G), Mb(F ), and Mc(C) generated
along c (b).
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Here the field induces three modulated components [Ma(G), Mb(F ), andMc(C)] and one

uniform component M ′c(F ) (which couples directly to the Zeeman field). The modulated

components belong to the irreducible representation Γ3 (see Table II of Ref. [44]), and,

as it turns out, they remain at least one order of magnitude smaller than the dominant

Γ4 components; see Fig. 2.5 (b). Altogether, the nine structure factors satisfy three

constraints, and one combination of them gives the Bragg peak intensity sum rule of

Eq. (2.7), where now

II = II,Γ4 +II,Γ3 ' II,Γ4 ,

II,Γ3 = |Ma(G)|2+|Mb(F )|2+|Mc(C)|2 � II,Γ4 ,

IV = |M ′a(G)|2+|M ′b(F )|2+|M ′c(F )|2 .

(2.12)

Let us emphasize that the fulfillment of the intensity sum rule Eq. (2.7) for all field

directions and strengths is a direct fingerprint of the local spin length constraints. The

numerical prefactor of 2 in the definition Itot = 2II+IV reflects the fact that there are

twice as many Bragg peaks characterizing the modulated order (Q=±2
3 â) compared to

the peaks characterizing the uniform order (Q=0); see detailed analysis and a general

proof of Eq. (2.7) in Section 2.9.1.2.

Note finally that some of the uniform components generated for H along a and c give

rise to a finite magnetic torque signal, which will be examined separately in Section 2.6.

2.4.3 Basic characterization of the high-field phase (H∗<H<H∗∗)

For H>H∗, all modulated components vanish identically, and we are left with uniform

structure factors only. In particular, for H along a and b, there are only two uniform

components: a FM component along the field and a zigzag component perpendicular to

the field. For H‖c, there is an additional FM component M ′b(F ) perpendicular to the

field. In terms of the two spin sublattices F and F′ of Fig. 2.2 (b), the FM component

is proportional to F + F′ and the zigzag component is proportional to F − F′. The

direction of the zigzag component depends on the direction of the field. When H ‖ a,

F − F′ = 2Sz1ẑ (see Table 2.1), and therefore the zigzag component is fixed along b.

By contrast, the zigzag component is fixed along a when H points along b or c, with

F−F′ = 2
√

2Sx1â and F−F′ =
√

2S(x1−y1)â, respectively; see Table 2.1. Note also
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H, for H along a, b, and c. (d)-(f): Evolution of the first derivatives of EJ , EK , EΓ,
and EH with respect to the field H. All energies are given in meV.

that, for H≥H∗, the spins lie on the ab plane for H‖a and H‖b, but for H‖c the spin

plane changes continuously. This is related to the fact that the uniform components of

the zero-field state all lie in the ab plane, and so a field applied in this plane will merely

reorganize these components and not rotate them out of the plane, unlike what happens

for H‖c.

The zigzag component disappears at a characteristic field H∗∗. As mentioned above,

H∗∗ is infinite for H along a and b but finite for H‖c, with (see Section 2.9.2.3)

µBH
∗∗
c =

(
Γ + 2J +

√
(Γ− 2J)2 + 8Γ2

) S

2gcc
, (2.13)

which, for J�|Γ|, reduces to

µBH
∗∗
c '

(4

3
J+|Γ|

) S
gcc

. (2.14)
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According to this relation, H∗∗c depends mostly on Γ, with H∗∗c ∼45 T for the coupling

parameters of Eq. (2.1).

2.4.4 Robustness of high-field zigzag orders

We now discuss why the various high-field zigzag orders remain robust up to very high

fields, for all three orthorhombic directions. The most direct way to see this is to express

the total energies Eb, Ea, and Ec in terms of the various static structure factors; see

Eqs. (2.47), (2.59), and (2.71), respectively. It turns out that Eb and Ec contain an

explicit cross-coupling term between M ′a(G) and M ′b(F ),

−
√

2ΓM ′a(G)M ′b(F ) , (2.15)

while Ea contains an explicit cross-coupling term between M ′a(F ) and M ′b(G),

−
√

2ΓM ′a(F )M ′b(G) . (2.16)

The presence of these terms reveals that the qualitative reason why it is energetically

favorable for the system to sustain appreciable zigzag orders up to high fields is the

strong Γ interaction. Of course, the actual quantitative details for each field direction

derive from the minimization of the total energies under the given constraints. For

example, the analytical expression Eq. (2.13) for H∗∗c can be derived by minimizing Ec

in Eq. (2.71) under the single constraint |M ′a(G)|2+|M ′b(F )|2+|M ′c(F )|2 =S2.

2.4.5 Dependence of H∗ on microscopic coupling parameters

The characteristic field H∗ marks the disappearance of the modulated components [and

M ′a(G) and M ′b(F ) for H ‖ a]. As mentioned earlier, this transition is continuous for

H‖a and H‖b, but of first order for H‖c; see Fig. 2.4 (a)-(f). Furthermore, the value

of H∗ depends strongly on the direction of the field. For the coupling parameters of

Eq. (2.1), H∗a∼102 T, H∗b ∼ 2.88 T, and H∗c ∼13 T. This large difference between the

critical fields along different directions is related to the strongly anisotropic character

of the Hamiltonian, and the different role of the various couplings in each case. For

example, as we discussed in Ref. [65], in the parameter regime of interest, H∗b depends
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only on J , which is why H∗b is very small.

We will now show that H∗a and H∗c do not depend on K but only on J and Γ, and

that the inequality J � |Γ| explains why these critical fields are larger compared to

H∗b. To this end, we will vary the parameters of the model and take a closer look at the

evolution of the various contributions to the total energy with the field. Figure 2.6 (a)-(c)

shows the field-driven evolution of EJ , EK , EΓ, and EZ, which denote the contributions

from J , K, and Γ interactions and the Zeeman energy, respectively. The corresponding

derivatives of these energies with respect to H are shown in Fig. 2.6 (d)-(f). The main

finding is that, in the parameter regime of interest, EK remains almost insensitive to H,

and this is true for all field directions. This means that the Zeeman field does not act

against K, which explains why none of the critical fields H∗ depends on the dominant

coupling of the theory. The results also show that, unlike H∗a and H∗c , the critical field

H∗b depends only on J and not on Γ; this is the consequence of the fact that EΓ does not

change with H in this direction. These arguments can be formulated mathematically by

the following relations that arise from a classical version of Feynman-Hellmann theorem

(see Section 2.9.3):

N ∂
∂Jm‖(J,K,Γ, H) = − ∂

∂HEJ(J,K,Γ, H)/J ,

N ∂
∂Km‖(J,K,Γ, H) = − ∂

∂HEK(J,K,Γ, H)/K ,

N ∂
∂Γm‖(J,K,Γ, H) = − ∂

∂HEΓ(J,K,Γ, H)/Γ ,

(2.17)

where N is the total number of spins and m‖(J,K,Γ, H) is the magnetization per site

along the field. According to these relations, the fact that ∂EK/∂H ≈ 0 implies that

∂m‖/∂K≈0, i.e., that the whole magnetization process does not depend onK. Likewise,

the fact that ∂EΓ/∂H ≈ 0 for H ‖b implies that ∂m‖/∂Γ≈ 0 and therefore the whole

magnetization process depends only on J in this field direction.

We can go one step further and extract the actual dependence of the critical fields

on the relevant couplings by computing these fields for a wider range of parameters.

The results are shown in Fig. 2.7 and demonstrate that the critical fields H∗a and H∗c

depend almost perfectly linearly on J and Γ. Fitting the numerical data for H∗ gives,
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in particular,

µBH
∗
a '

(
0.54J + 0.57|Γ|

)
4S
gaa
,

µBH
∗
b ' 0.42J

(
4S
gbb

)
,

µBH
∗
c '

(
0.94J + 0.04|Γ|

)
4S
gcc

.

(2.18)

Thus, besides the independence of H∗b on K and Γ 1, we find that H∗a is controlled

mainly by Γ (given that J � |Γ|), whereas H∗c is controlled by both J and Γ. Note

that the coefficients appearing in Eq. (2.18) correspond to the value gab = 0.1 whose

sign and magnitude is chosen arbitrarily here. However, the coefficients do not depend

much on this choice. For example, for gab = 0 we get µBH
∗
a '

(
0.54J+0.59|Γ|

)
4S
gaa

,

µBH
∗
b'0.45J

(
4S
gbb

)
, while H∗c remains unchanged.

2.4.6 Symmetries

Table 2.2 shows the symmetry properties of the various field-induced configurations

for different field directions. The primitive translations (denoted by T ) are broken

spontaneously in the low-field phase (0<H < H∗) due to the modulating components

of the order. This symmetry is restored above H∗ with the disappearance of these

components. Furthermore, the low-field phases preserve the inversion symmetries I
around the centers of the FM dimers AA, BB, A′A′, or B′B′ of Fig. 2.2 (a), while the

1Note that the coefficient 0.42 in the second relation is slightly different from the corresponding
coefficient 0.46 reported previously [65], which was obtained from fitting the numerical data up to
larger values of J , where the assumption of H∗b being independent on K and Γ breaks down.
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field direction H‖a
Hamiltonian H T I C2a ΘC2b ΘC2c

state at 0<H<H∗ × √ × × √

state at H∗<H<H∗∗
√ √ √ √ √

state at H>H∗∗
√ √ √ √ √

field direction H‖b
Hamiltonian H T I ΘC2a C2b ΘC2c

state at 0<H<H∗ × √ √ √ √

state at H∗<H<H∗∗
√ √ √ √ √

state at H>H∗∗
√ √ √ √ √

field direction H‖c
Hamiltonian H T I ΘC2a ΘC2b C2c

state at 0<H<H∗ × √ √ × ×
state at H∗<H<H∗∗

√ √ √ × ×
state at H>H∗∗

√ √ √ √ √

Table 2.2: Discrete symmetries of the Hamiltonian (see Section 2.2) and the various
states discussed in the text. T denotes the primitive translations of the crystal, Θ
is time reversal, and I denotes the inversion centers of the ferromagnetic dimers for
0<H < H∗, or any inversion center of the structure for H >H∗. Note that H∗∗a =∞
and H∗∗b =∞, whereas H∗∗c is finite.

high-field phases preserve the inversion centers on all x, y, x′ and y′ bonds.

Let us now turn to the C2-rotation symmetries discussed in Section 2.2 or their

combinations with time reversal Θ. For H ‖ b, the symmetries ΘC2a, C2b, and ΘC2c

of the model are all preserved in both the low- and the high-field phases, emphasizing

once again the special role of the b axis [44, 4, 65].

For H ‖ a, on the other hand, among the three symmetries C2a, ΘC2b, and ΘC2c,

the first two are broken spontaneously in the low-field phase due to M ′a(G) and M ′b(F ).

This symmetry breaking is associated with the choice of the overall sign of M ′a(G) and

M ′b(F ). One can see this more directly from the cross-coupling term of Eq. (2.54),

according to which the relative signs of M ′a(G) and M ′b(F ) are fixed by the sign of

Γ, but one can still change both signs at the same time without changing the energy.

Note that while a similar cross-coupling term appears between M ′a(F ) and M ′b(G), [see
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Eq. (2.16)], the individual signs of these two components are fixed by the Zeeman field

which couples directly to M ′a(F ); see Section 2.9.2.2. The symmetries C2a and ΘC2b

are restored at H∗a with the disappearance of the M ′a(G) and M ′b(F ).

The situation for H‖c has one qualitative difference (besides the abrupt transition

at H∗c ). Here, among the three symmetries ΘC2a, ΘC2b, and C2c of the model, the last

two are broken spontaneously in both the low- and the high-field phases, and only get

restored at H≥H∗∗c . The symmetry breaking occurs again due to M ′a(G) and M ′b(F ),

which couple via Eq. (2.15). As above then, Γ fixes the relative signs of M ′a(G) and

M ′b(F ), but the overall choice of the global sign remains arbitrary. Altogether, unlike

what happens along a, the transition at H∗c does not restore all broken symmetries,

and one thus expects a second thermal phase transition at high fields, even after the

disappearance of the modulated order. This will be shown explicitly in Section 2.7.

For completeness, let us recall that the zero-field state breaks C2a and C2c, but

respects ΘC2a, ΘC2c, and C2b [3].

2.5 Magnetization process & the effect of quantum fluc-

tuations

We now focus on the magnetization per site m, defined as

m =
1

Nm
µB

(
gdiag ·

∑
µ

〈Sµ〉+ goff−diag ·
∑
µ

pµ〈Sµ〉
)
. (2.19)

Here Nm is the number of spins inside the magnetic unit cell (Nm =48 for H<H∗ and

Nm = 2 for H >H∗), µ= 1-Nm, 〈Sµ〉 is the expectation value of the spin on the µth

sublattice, and gdiag, goff−diag, and pµ are defined in Eq. (2.6). Recalling that pµ= +1

for spins along the xy chains and −1 for spins along the x′y′ chains (see Fig. 2.1),

we see that the second contribution of Eq. (2.19) comes from the zigzag component of

the order. This contribution vanishes for gab = 0 and is about 5% of the first term of
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Eq. (2.19) for gab=0.1. More explicitly, we have

m=



[
gaaM

′
a(F )+gabM

′
b(G)

]
â+
[
gbbM

′
b(F )+gabM

′
a(G)

]
b̂, H‖a[

gbbM
′
b(F )+gabM

′
a(G)

]
b̂, H‖b

gccM
′
c(F )ĉ+

[
gbbM

′
b(F )+gabM

′
a(G)

]
b̂, H‖c

(2.20)

The magnetizations along the field m‖ (denoted by ma, mb, and mc for H along a, b

and c, respectively) are given by ma=gaaM
′
a(F )+gabM

′
b(G), mb=gbbM

′
b(F )+gabM

′
a(G),

and mc = gccM
′
c(F ). Their evolutions with field are shown by the orange solid lines

in Fig. 2.8 (a)-(c), and follow the general trend of M ′a(F ), M ′b(F ), and M ′c(F ); see

Fig. 2.4 (d)-(f).

In agreement with experiment, mb rises much faster than ma and mc. Furthermore,

the magnetizations ma and mb first increase monotonously with the field, then show

a kink at H∗a and H∗b, respectively, and then increase at a much slower pace toward

a limiting value that is determined by the ratios gab/gaa and gab/gbb, respectively (see

Section 2.9.2). By contrast, mc shows a finite jump (instead of a kink) at H∗c , reflecting

the corresponding jumps in Fig. 2.4 (f). At higher fields, mc shows a kink at H∗∗c and

then saturates. Note that here the exact saturation is only true for classical spins, and

the kink in the classical magnetization will be smoothed by quantum fluctuations (as

the spin Hamiltonian does not conserve rotations around the field axis, and the fully

polarized state is not a true eigenstate).

Let us now compare these classical predictions for m‖ with available experimental

data published by Ruiz et al. (see Supplemental Material in Ref. [4]), which are shown in

Fig. 2.8 by black lines. Quite generally, while the classical ansatzes capture the observed

magnetization processes qualitatively, there is a large quantitative discrepancy. For H‖
b, for example, the classical prediction for the magnetization at H∗b is about two times

larger than the measured value. This deficiency has been recognized previously [65] and

has led to the assertion that the system must feature strong quantum fluctuations due

to the close proximity to the highly-frustrated K-Γ line [3].

Here we confirm this hypothesis by calculating the leading 1/S corrections to the

magnetization from quantum fluctuations. The details of this calculation are provided

in Section 2.9.4 and the renormalized magnetization curves are shown by the solid blue
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Figure 2.8: Main panels: Magnetization process up to 7 T, obtained from the classi-
cal ansatzes (orange line), the linear spin wave approximation (blue line), and classical
Monte Carlo simulations (red crosses). For comparison, we also show published ex-
perimental data (see Supplemental Material of Ref. [4]). The insets at the upper-right
corners show the computed magnetization curves up to much higher fields [up to 150 T,
15 T, and 60 T for panels (a), (b) and (c), respectively].
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lines in Fig. 2.8. The results show that already the leading 1/S corrections reduce the

magnetization quite strongly, bringing the curves much closer to the measured data.

While subleading higher order corrections will reduce the magnetization even further,

providing a better comparison between theory and experiment, a final quantitative

agreement will also require an appropriate readjustment of the microscopic couplings.

Importantly, our semiclassical results show further that, for H ‖ c, the magnitude

of the magnetization jump at H∗c is significantly reduced by quantum fluctuations,

almost to the point that there is no visible change, including the overall slopes of the

curves below and above H∗c . This renders the detection of this feature in magnetization

measurements more challenging and probably explains the absence of the kink in recent

measurements [48]. The detection is even more challenging for powder samples given

that mc�mb. Nevertheless, as we will discuss next (Section 2.6), the transition at H∗c

should be still visible via the kink in the corresponding magnetic torque.
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Figure 2.9: Field dependence of the torques computed with the classical ansatzes (or-
ange) and within the linear spin wave approximation (blue).
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2.6 Magnetic torque

According to Eq. (2.20), when H ‖ a and H ‖ c, the magnetization m develops a

component perpendicular to H. This implies the presence of a finite torque,

H‖a : τ = −ξH ĉ, H‖c : τ = ξH â,

ξ ≡ gbbM ′b(F ) + gabM
′
a(G) .

(2.21)

Interestingly, the expression for ξ that gives the transverse components for H ‖ a and

H ‖ c coincides with the expression for mb; see Eq. (2.20). Note that, as we discussed

in Section 2.4.6, the overall signs of M ′a(G) and M ′b(F ) are chosen spontaneously by

the system for both H ‖ a and H ‖ c, and therefore the sign of the torque (or ξ) is

arbitrary for both directions. This aspect has further observable consequences, which

will be discussed in Section 2.8.

Figure 2.9 (b) shows the evolution of τ/H with H for fields along a and c, with and

without harmonic spin-wave corrections. First of all, the torque for H ‖ a is about 40

times weaker than the torque for H‖c. This reflects the smallness of M ′a(G) and M ′b(F )

components for H ‖ a, as shown in Fig. 2.5 (a). Second, the torque for H ‖ a remains

nonzero up to H∗a, whereas the torque for H ‖ c remains nonzero up to H∗∗c . This

again stems from the associated behaviors of M ′a(G) and M ′b(F ) [see Fig. 2.5 (a) and

Fig. 2.4 (f)]. Third, both torques show a nonmonotonic behavior as a function of the

field. The torque for H‖c, in particular, shows a characteristic jump at H∗c , reflecting

the first-order transition between the low-field six-sublattice and the high-field two-

sublattice states. Importantly, this jump remains present even after we include the

leading 1/S spin-wave corrections (blue line; see Section 2.9.4). A measurement of the

torque can therefore give direct evidence for the transition at H∗c and thus provide

information for the value of Γ via Eq. (2.18).

Finally, for H‖c, the torque in the high-field phase scales as

H∗c ≤ H ≤ H∗∗c : τ/H ∝
√

1− (H/H∗∗c )2 . (2.22)

Thus, a measurement of the torque at high fields can also be used to extract H∗∗c and, in

turn, an independent constraint on the microscopic parameters J and Γ via Eq. (2.13).
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2.7 Effect of thermal fluctuations and classical H-T phase

diagram

To cross-check the above zero-temperature results from the classical ansatzes and con-

firm the high-field thermal transition for H ‖ c mentioned above, we have performed

classical Monte Carlo simulations using the standard Metropolois algorithm combined

with the over-relaxation algorithm [72, 73]. The simulations were performed on finite-

size clusters with a total number of sites N ∈ {48, 96, 144, 192, 240, 288} and periodic

boundary conditions. All considered systems, spanned by the unit vectors of the or-

thorhombic lattice, have at least three periods in the orthorhombic a direction in order

to accommodate Q = 2â/3 order; see more details in Section 2.9.5. The results obtained

by a thermal annealing down to T = 5 K show that the total magnetization is almost

indistinguishable from the predictions of the semianalytical approach, lending strong

support to the idea that the latter delivers quantitatively accurate results for the local

physics of the problem.

Let us now turn to the classical H-T phase diagrams, which are shown in Fig. 2.10

for the three orthorhombic directions. The boundary lines of the counter-rotating order

(denoted by “IC”) have been extracted by a finite-size analysis of the so-called Binder

cumulant [74] (see Section 2.9.5),

BOQ=2â/3
= 1− 〈O4

Q=2â/3〉
/(

3〈O2
Q=2â/3〉2

)
, (2.23)

of the equally weighted combination of the three modulated static structure factor com-

ponents (for all field directions):

OQ=2â/3 =
√
|Ma(A)|2 + |Mb(C)|2 + |Mc(F )|2 . (2.24)

For H‖b, the phase diagram contains two distinct phases, the high-T paramagnetic

phase and the low-T counter-rotating order, which persists up to H∗b ∼ 2.8 T; see

Fig. 2.10 (b).

For H ‖ a, the counter-rotating order persists up to very high fields (H∗a ∼ 102 T)

[see Fig. 2.10 (a)] and is accompanied by the uniform orders M ′a(G) and M ′b(F ) which

are, however, extremely weak; see Fig. 2.5 (a). While these orders onset at the same
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field H∗a as the modulated order at T = 0, it is unclear whether this remains true for

finite T . In fact, symmetry considerations alone tell us that the boundaries of the two

types of orders can in general be different, as the they break different symmetries (the

modulated order breaks translations whereas the uniform orders break C2a and ΘC2b;

see Table 2.2. Unfortunately, the smallness of M ′a(G) and M ′b(F ) does not allow for an

accurate numerical determination of their transition temperature line.

For H‖c, there are three distinct phases; see Fig. 2.10 (c). Apart from the paramag-

netic and the modulated phase, there is a robust high-field order associated with M ′a(G)

and M ′b(F ) and the spontaneous breaking of C2c and ΘC2b (see Table 2.2). This phase

coexists with the modulated order at low H and T but extends up to very high fields

(H∗∗c ∼ 45 T). Its boundary line has been extracted from the Binder cumulant BOQ=0

associated with

OQ=0 =
√
|M ′a(G)|2 + |M ′b(F )|2 . (2.25)

Finally, the yellow shading in Fig. 2.10 (a) and (b) represents the variation of the

magnitude of |M ′b(G)| and |M ′a(G)|, respectively, from high values (intense yellow)

at low T to vanishing values (blue) at higher T . The shading reveals that the field-

induced zigzag orders |M ′b(G)| and |M ′a(G)| remain robust up to very high fields and

temperatures. This robustness reflects the strong zero-temperature responses shown

in Fig. 2.4, and is yet another manifestation of the large cross-coupling terms ∝ Γ in

Eqs. (2.15) and (2.16) and the strong intertwinement between the uniform and the

zigzag orders

2.8 Discussion

The study presented here provides a semi-analytical framework for the anisotropic re-

sponse of β-Li2IrO3 under a magnetic field along the three orthorhombic directions.

This framework is based on the minimal nearest-neighbor J-K-Γ model [66, 67, 3, 65]

and the hypothesis that the local correlations of the low-field incommensurate order

can be captured by its closest commensurate approximant with the right symmetry [3].

The results are in qualitative agreement with almost all experimental facts collected so

far, and we have shown how a quantitative agreement can also be reached by including
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Figure 2.10: The field-temperature phase diagram obtained from MC simulations for
field applied along (a) a, (b) b, and (c) c axes.

quantum fluctuations.

We must clarify here that this agreement refers to the low-energy magnetism of β-

Li2IrO3. The relatively large quadratic spin-wave corrections reported here, despite the

3D nature of β-Li2IrO3, reflect the close proximity of this compound to the highly frus-

trated J-K line, as originally suggested in Ref. [3]. And while the low-energy behavior is

not influenced qualitatively by this proximity, the impact on the dynamical response at

intermediate energy or frequency scales remains a nontrivial problem and is a question

of much broader relevance [75, 76].

Next, our analysis delivers a number of predictions which await experimental verifi-

cation. First, the critical fields H∗ that mark the disappearance of the modulated order

are highly anisotropic, in particular, H∗b < H∗c � H∗a. Such an anisotropic response,

which is also evidenced in susceptibility [4, 48], signifies a large separation of energy

scales between J and Γ. An explicit dependence of H∗ on these interactions is derived
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in this work [Eq. (2.18)] and can be used to extract the actual strength of Γ (the value

of J is estimated ≈ 4 K from the value of H∗b [65]). Importantly, the dominant Kitaev

coupling K does not affect any of the critical fields, partly because it is ferromagnetic.

Second, for all orthorhombic directions, our analysis reveals the presence of various

intertwined uniform zigzag and FM orders, some of which remain robust far above H∗.

The physical origin of this robustness is related to the cross-coupling terms of Eqs. (2.15)

and (2.16). Some of the uniform orders give rise to a finite torque signal and can thus

be detected in a direct way. Alternatively, they can also be observed by magnetic x-ray

diffraction [4] or by local probes like NMR or µSR.

Third, we have shown that the high-field response for H ‖ c is special, in that the

disappearance of the modulated order at H∗c restores only the translational symmetry

and leaves some of the discrete symmetries broken. This implies the presence of a

second thermal transition above H∗c , which is associated with the onset of the uniform

orders M ′a(G) and M ′b(F ). This transition can then be detected with thermodynamic

measurements at sufficiently highfields.

A natural extension of the present study is the investigation of the field-induced

behavior of β-Li2IrO3 for general field directions, i.e., away from the orthorhombic

axes. As it turns out, a semianalytical description can be also obtained for fields in the

ab and bc planes [77]. The emerging picture reveals a remarkable interplay of the various

modulated and uniform orders and rich anisotropic phase diagrams, the details of which

will be given elsewhere [77]. We can, however, comment on one particular aspect related

to the torque signal discussed in Section 2.6. As mentioned there, the predicted torque

signals are proportional to the quantity ξ = gbbM
′
b(F ) + gabM

′
a(G), whose sign is chosen

spontaneously by the system for H ‖ a or H ‖ c. However, adding an infinitesimal

field along b will actually fix the sign of ξ, since the two are directly coupled to each

other. This simple argument shows that, as a function of the angle in the ab or bc

planes, the torque will show an abrupt reversal when the field passes through the a

and c axes, respectively. Such a first-order transition scenario could also be relevant for

the explanation of the sawtooth-like torque anomalies observed experimentally in the

closely related compound γ-Li2IrO3 [78, 64] (see also Ref. [79]).

Finally, we would like to touch upon an aspect that may be relevant for the inter-

pretation of the phase transition reported recently around 100 K [80]. As discussed
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in Ref. [3], the zero-field and zero-temperature configuration contains the uniform or-

ders M ′a(G) and M ′b(F ), in addition to the modulated order. Given that the two types

of order break different symmetries (the modulated order breaks translations whereas

the uniform orders break C2a and C2c [3]) one generally expects that the two types of

order onset at different temperatures. In particular, we have checked numerically (un-

published) that the modulated period-3 six-sublattice order carries a pseudo-Goldstone

low-energy mode, similar to other incommensurate phases in related models [81, 82, 83].

On the other hand, the energy barrier associated with flipping the signs of the uniform

orders M ′a(G) and M ′b(F ) gives rise to a finite energy gap. It is then plausible that the

uniform orders onset at a higher temperature Tuni compared to TN . While the smallness

of the uniform orders does not allow us to check this numerically with Monte Carlo,

the cross-coupling term of Eq. (2.15) suggests that Tuni could scale with Γ. In such a

scenario, a field along the b axis will turn the zero-field line extending from T =0 up to

T =Tuni into a line of first order transitions, because the field couples directly to M ′b(F )

[and to M ′a(G) via gab]. For very low fields, the proximity to this first-order line would

then give rise to hysteresis effects, similar to those observed in Ref. [80]. The actual

details of this scenario (in particular, the connection of the measured torque signals

with the ones we report here at zero temperature) remain to be explored.

2.9 Technical details

2.9.1 Static structure factors

2.9.1.1 Definitions and conventions

Each orthorhombic unit cell contains four primitive cells (labeled by i = 1 − 4), and

each primitive cell contains four spin sites (labeled by ν = 1− 4). Each site can then be

labeled by the position R of the orthorhombic unit cell, the position ρi of the primitive

unit cell (relative to R), and the position pν of the spin sublattice (relative to ρi). The

physical position of each site can then be written as

rR,i,ν = R + ρi + pν . (2.26)
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The Fourier transform of the νth spin sublattice is defined as

Sν(Q) =
1

N/16

∑
R,i

eiQ·(R+ρi+pν)SR,i,ν , (2.27)

where N is the total number of spins and Q belongs to the reciprocal space of the

orthorhombic Bravais lattice.

The modulated Q = 2â/3 components of the static structure factor are defined as

[see Eq. (2.3)]
iM(A)

iM(C)

M(F )

iM(G)

≡
1

4


S1(Q)− S2(Q)− S3(Q) + S4(Q)

S1(Q) + S2(Q)− S3(Q)− S4(Q)

S1(Q) + S2(Q) + S3(Q) + S4(Q)

S1(Q)− S2(Q) + S3(Q)− S4(Q)


Q=2â/3

. (2.28)

Note that the extra prefactors of i in the definitions of M(A), M(C), and M(G) have

been inserted to follow the convention of Ref. [44], while the normalization prefactor 1/4

in the right-hand side of Eq. (2.28) sets the maximum possible magnitude of the various

components to S. Similarly, the uniform Q=0 components of the static structure factor

are defined as 
M′(A)

M′(C)

M′(F )

M′(G)

 ≡
1

4


S1(0)− S2(0)− S3(0) + S4(0)

S1(0) + S2(0)− S3(0)− S4(0)

S1(0) + S2(0) + S3(0) + S4(0)

S1(0)− S2(0) + S3(0)− S4(0)

 . (2.29)

2.9.1.2 Local spin length constraints in terms of structure factors

We now show that the intensity sum rule [Eq. (2.7)] is a direct consequence of the local

spin length constraints. Inverting Eq. (2.27) we get

SR,ν,i =
∑

Q∈BZ e
−iQ·(R+ρi+pν)Sν(Q) , (2.30)



39

where the sum over Q is over the first Brillouin zone of the orthorhombic Bravais lattice.

The local spin length constraints then take the form

S2
R,ν,i=

∑
(q−Q)∈BZ e

−iq·(R+ρi+pν)
∑

Q∈BZ Sν(q−Q) · Sν(Q)=S2, (2.31)

which holds for all R, ν, and i if we require

fν(q) ≡∑Q∈BZ Sν(q−Q) · Sν(Q) = S2δq,0 ,∀ν=1−4 . (2.32)

The intensity sum rule derives from the q=0 part, namely

∑
Q∈BZ |Sν(Q)|2 = S2 ,∀ν=1− 4 . (2.33)

To see this let us take the general form of Eq. (2.28) and Eq. (2.29) for any Q,
κMQ(A)

κMQ(C)

MQ(F )

κMQ(G)

 ≡
1

4


S1(Q)− S2(Q)− S3(Q) + S4(Q)

S1(Q) + S2(Q)− S3(Q)− S4(Q)

S1(Q) + S2(Q) + S3(Q) + S4(Q)

S1(Q)− S2(Q) + S3(Q)− S4(Q)

 , (2.34)

where κ = i or 1 [see Eq. (2.28) and Eq. (2.29)]. Squaring each row and adding them

up gives

|MQ(A)|2+|MQ(C)|2+|MQ(F )|2+|MQ(G)|2 =
1

4

∑
ν=1−4

|Sν(Q)|2, (2.35)

which in conjunction with Eq. (2.33) gives

∑
Q∈BZ

(
|MQ(A)|2+|MQ(C)|2+|MQ(F )|2+|MQ(G)|2

)
=S2 . (2.36)

The only Q vectors inside the first Brillouin zone of the orthorhombic lattice that

contribute to this sum are the ones corresponding to Q =±2
3 â and Q = 0, which leads

to the intensity sum rule Eq. (2.7).

Note that the above analysis can be carried out for quantum spins as well, in which
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case the various spin-spin correlations, such as Si · Sj , must be replaced with the cor-

responding expectation values 〈Si · Sj〉 in the quantum-mechanical ground state of the

system and Si · Si becomes S(S + 1).

According to the above, the Bragg peak intensity sum rule is very general and does

not depend on the particular values of the microscopic parameters. This generality was

missed in Ref. [65], because the components Ma, M
′
a, Mc, and M ′c defined there differ

by a relative prefactor of
√

2 from the ones defined here, while this is not the same for

the components Mb and M ′b. As a result, the quantity Itot defined in Ref. [65] does

not correspond to the intensity defined here, which is why that quantity satisfies the

sum rule only for sufficiently small J (compare in particular the two panels of Fig. 4 of

Ref. [65]).

2.9.2 Auxiliary information for the various ansatzes

2.9.2.1 Field along the crystallographic b axis.

Low-field phase for H‖b
According to Table 2.1, the low-field ansatz for H‖b reads

A = S[x1, y1, z1], A′ = S[y1, x1, z1],

B = S[−y1,−x1, z1], B′ = S[−x1,−y1, z1],

C = S[−x2, x2,−z2], C′ = S[x2,−x2,−z2],

(2.37)

where x1, x2, y1, z1, and z2 denote Cartesian components of spins. Because of the

spin-length constraints x2
1 +y2

1 +z2
1 = 1 and 2x2

2 +z2
2 = 1, only three out of these five

parameters are independent. The state can also be parametrized in terms of the five

symmetry-resolved static structure factor components Ma(A), MbC, Mc(F ), M ′a(G),
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and M ′b(F ), which are related to the Cartesian components by

Ma(A) = iS(x1 + 2x2 − y1)/(3
√

2) ,

Mb(C) = iS(z1 + z2)/3 ,

Mc(F ) = iS(x1 + y1)/
√

6 ,

M ′a(G) = −2S(x1 − y1 − x2)/(3
√

2) ,

M ′b(F ) = −S(2z1 − z2)/3 .

(2.38)

Out of the five structure factor components, only three are independent, as there

are two spin length constraints. One of them is the Bragg peak intensity sum rule,

Itot =2
[
|Ma(A)|2+|Mb(C)|2+|Mc(F )|2

]
+|M ′a(G)|2+|M ′b(F )|2 =S2. (2.39)

The second constraint reads

|Mc(F )|2 = |Ma(A)|2+|Mb(C)|2−2i
[
Ma(A)M ′a(G)+Mb(C)M ′b(F )

]
. (2.40)

This illustrates how the local spin length constraints can lead to effective cross-coupling

terms between the modulated and uniform components, i.e., the terms Ma(A)M ′a(G)+

Mb(C)M ′b(F ).

The total energy per site is given by

Eb/N =1/6S2
{
K[3−2(y1−x2)2] + 2Γ[1−z2

1 +x2
2+2(y1z1 + x2z1+x1z2)]

+ J [1+2(z1 − z2)2−4x1x2+4(x1+x2)y1]
}

− 1/3SµBH[
√

2gab(x1 − x2 − y1) + gbb(−2z1 + z2)] , (2.41)

where N is the total number of spin sites. In terms of the structure factor components,

Eb takes the form

Eb/N =ηaAMa(A)2+ηbCMb(C)2+ηcFMc(F )2+η′aGM
′
a(G)2+η′bFM

′
b(F )2

−
√

2Γ
[
Ma(A)Mb(C)+

√
3Mb(C)Mc(F )+M ′a(G)M ′b(F )

]
−
√

3KMa(A)Mc(F )−µBH
[
gbbM

′
b(F )− gabM ′a(G)

]
, (2.42)
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where

ηaA = −Γ+ 2J+K/2,

ηbC = −K,
ηcF = −(Γ+2J+K/2),

η′aG = 1/2(Γ+J+K),

η′bF = 1/2(3J+K) . (2.43)

Note that while there are no cross-coupling terms between the modulated and the

uniform components, such terms arise from the spin-length constraints, as shown in

Eq. (2.40).

High-field phase for H‖b
For H≥H∗b the Cartesian components satisfy the relations

x1 =−y1 =−x2 , z2 =−z1 , (2.44)

and we are left with the two-sublattice ansatz (see Table 2.1)

A = B = C ≡ F = S[x1,−x1, z1] ,

A′ = B′ = C′ ≡ F′ = S[−x1, x1, z1] ,
(2.45)

with z2
1 =1−2x2

1, x1>0, and z1<0. In this phase, the modulated components Ma(A),

Mb(C), and Mc(F ) vanish identically, and we are left with the two uniform components

M ′a(G) = −
√

2Sx1, M ′b(F ) = −Sz1 , (2.46)

subject to the constraint M ′b(F )2+M ′a(G)2 =S2. The total energy Eq. (2.42) becomes

Eb/N =η′bFM
′
b(F )2+η′aGM

′
a(G)2 −

√
2Γ M ′a(G) M ′b(F )

− µBH
[
gbbM

′
b(F )− gabM ′a(G)

]
. (2.47)

Minimizing gives the following relation between the magnitude of the field H and the
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components x1 and z1:

µBH

2S
=

Γ(4x2
1−1)−(2J−Γ)x1z1

2gbbx1 +
√

2gabz1

, H≥H∗b . (2.48)

In the limit of very large field, H →∞,

√
2x1→

gab√
g2
bb+g

2
ab

, z1→−
gbb√
g2
bb+g

2
ab

. (2.49)

Note that the cross-coupling term −
√

2ΓM ′a(G)M ′b(F ) in Eq. (2.47) favors opposite

signs of M ′a(G) and M ′b(F ), given that Γ<0. And since the magnetic field favors a posi-

tive M ′b(F ), it follows that Γ favors a negative M ′a(G) [the term ∝ gab in Eq. (2.47) also

favors a negative M ′a(G) if gab> 0; otherwise M ′a(G) must turn positive at sufficiently

high fields]. In other words, the sign of the zigzag component along a is fixed by the

field.

2.9.2.2 Field along the crystallographic a axis.

Low-field phase for H‖a
According to Table 2.1, the low-field ansatz for H‖a reads

A = S[x1, y1, z1] , A′ = S[y2, x2, z2] ,

B = S[−y1,−x1, z1] , B′ = S[−x2,−y2, z2] ,

C = S[−x3, x3,−z3] , C′ = S[x4,−x4,−z4] .

(2.50)

Here we have ten Cartesian components which obey the four constraints x2
1+y2

1+z2
1 =1,

x2
2+y

2
2+z

2
2 =1, 2x2

3+z
2
3 =1, and 2x2

4+z
2
4 =1. Therefore, only six Cartesian components are

independent. Note that for H=0, the minimum satisfies the relations x1 =x2, y1 =y2,

z1 =z2, x3 =x4, and z3 =z4, and the ansatz reduces to the form given in Eq. (2.37).

The state can also be described in terms of ten structure factor components. Among

these, the first five are the ones we encounter at zero field (and for finite fields along b).

The remaining five include three field-induced modulated components Ma(C), Mb(A),
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and Mc(G), and two field-induced uniform components M ′a(F ) and M ′b(G). Their de-

pendence on the Cartesian components is

Ma(A) = iS(x1 + x2 − y1 − y2 + 2x3 + 2x4)/(6
√

2) ,

Mb(C) = iS(z1 + z2 + z3 + z4)/6 ,

Mc(F ) = iS(x1 + y1 + x2 + y2)/(2
√

6) ,

M ′a(G) = −S(x1 + x2 − x3 − x4 − y1 − y2)/(3
√

2) ,

M ′b(F ) = −S(2z1 + 2z2 − z3 − z4)/6 ,

Ma(C) = −iS(x1 − x2 − y1 + y2 + 2x3 − 2x4)/(6
√

2) ,

Mb(A) = −iS(z1 − z2 + z3 − z4)/6 ,

Mc(G) = −iS(x1 + y1 − x2 − y2)/(2
√

6) ,

M ′a(F ) = −S(x2 − x1 + x3 − x4 + y1 − y2)/(3
√

2) ,

M ′b(G) = −S(2z2 − 2z1 + z3 − z4)/6 .

(2.51)

The ten structure factor components obey four constraints. One of them is the Bragg

peak intensity sum rule given in Eq. (2.10). The remaining three constraints involve

various types of effective cross-coupling terms, similar to the ones we have seen in

Eq. (2.40). For example, one of these constraints reads

2
[
Ma(A)Ma(C) +Mb(A)Mb(C) + iMc(F )Mc(G)

]
= M ′a(F )M ′a(G) +M ′b(F )M ′b(G) .

(2.52)
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The total energy of the system reads

Ea/N =1/6S2
{
K[x2

1+x2
2+2(x3y1+x4y2+z1z2)+z3z4]

+ 2Γ[x1x2 + x3x4+y1y2+x1z3+x3z1

+ x2z4+x4z2+y1z1+y2z2]

+ 2J [1−x1x3−x2x4−x3x4+x1y2+x2y1

+ x3y1+x4y2 + z1z2−z1z3−z2z4+z3z4]
}

− 1/6SµBH
{
gab
[
2(z2−z1) + z3−z4

]
+
√

2gaa(x1−x2−x3+x4−y1+y2)
}
,

(2.53)

or, in terms of the static structure factor components,

Ea/N =ηaAMa(A)2+ηbCMb(C)2+ηcFMc(F )2+ηaCMa(C)2

+ ηbAMb(A)2+ηcGMc(G)2+η′aGM
′
a(G)2+η′bFM

′
b(F )2+η′aFM

′
a(F )2

+ η′bGM
′
b(G)2−

√
2Γ
[
Ma(C)Mb(A)+Ma(A)Mb(C)

+
√

3Mb(C)Mc(F )+
√

3iMb(A)Mc(G)+M ′a(G)M ′b(F )

+M ′a(F )M ′b(G)
]
−
√

3K
[
Ma(A)Mc(F )+iMa(C)Mc(G)

]
− µBH

[
gaaM

′
a(F )−gabM ′b(G)

]
, (2.54)

where we have introduced

ηaC =Γ +K/2,

ηbA =2J +K,

ηcG =− Γ +K/2,

η′aF =1/2(−Γ + 3J +K),

η′bG =1/2(J −K) . (2.55)

High-field phase for H‖a
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For H≥H∗a the Cartesian components satisfy the relations

x1 =−x2 =−x3 =x4 =−y1 =y2 ,

z1 =−z2 =−z3 =z4 ,

(2.56)

and we are left with the two-sublattice ansatz (see Table 2.1)

A = B = C ≡ F = S[x1,−x1, z1] ,

A′ = B′ = C′ ≡ F′ = S[x1,−x1,−z1] ,
(2.57)

with 2x2
1 +z2

1 = 1, x1 > 0, and z1 < 0. The only static structure factor components

surviving for H≥H∗a are the uniform components M ′b(G) and M ′a(F ),

M ′a(F ) =
√

2Sx1 , M ′b(G) = Sz1 , (2.58)

subject to the constraint M ′a(F )2+M ′b(G)2 =S2, and the total energy Eq. (2.54) becomes

Ea/N =η′aFM
′
a(F )2+η′bGM

′
b(G)2−

√
2Γ M ′a(F ) M ′b(G)

− µBH
(
gaaM

′
a(F )− gabM ′b(G)

)
. (2.59)

Minimizing the total energy for H≥H∗a gives the following relation among H, x1, and

z1 =−
√

1− 2x2
1:

µBH

2S
=

Γ(4x2
1−1)−[Γ−2(J+K)]x1z1

2gabx1+
√

2gaaz1

. (2.60)

In the limit of H →∞, we get

√
2x1→

gaa√
g2
aa+g2

ab

, z1→−
gab√
g2
aa+g2

ab

. (2.61)

Note that the cross-coupling term −
√

2ΓM ′b(G)M ′a(F ) in Eq. (2.59) favors opposite

signs of M ′b(G) and M ′a(F ), since Γ < 0. And given that the magnetic field favors a

positive M ′a(F ), it follows that M ′b(G) is negative (consistent with the term ∝ gab if

gab>0). Therefore, the sign of the zigzag component along b is fixed by the field.
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2.9.2.3 Field along the crystallographic c axis.

Low-field phase for H‖c
According to Table 2.1, the low-field ansatz for H‖c reads

A = S[x1, y1, z1], A′ = S[y1, x1, z1],

B = S[−y2,−x2, z2], B′ = S[−x2,−y2, z2],

C = S[−y3, x3,−z3], C′ = S[x3,−y3,−z3] .

(2.62)

The nine Cartesian components obey three spin-length constraints, x2
1 +y2

1 +z2
1 = 1,

x2
2+y2

2+z2
2 =1, and x2

3+y2
3+z2

3 =1, and therefore only six components are independent.

Note that at zero field, the minimum satisfies the relations x1 = x2, y1 = y2, z1 = z2,

x3 =y3, and the ansatz Eq. (2.37) is again restored.

The state can also be parametrized by nine static structure factor components. Five

of them are the ones we encounter at zero field (or for fields along b). The remaining

four include three field-induced modulated components Ma(G), Mb(F ), and Mc(C),

and the uniform field-induced component M ′c(F ). The dependence on the Cartesian

components is

Ma(A) = iS(x1 + x2 + 2x3 − y1 − y2 + 2y3)/(6
√

2) ,

Mb(C) = iS(z1 + z2 + 2z3)/6 ,

Mc(F ) = iS(x1 + x2 + y1 + y2)/(2
√

6) ,

M ′a(G) = −S(x1 + x2 − x3 − y1 − y2 − y3)/(3
√

2) ,

M ′b(F ) = −S(z1 + z2 − z3)/3 ,

Ma(G) = −S(x1 − x2 − y1 + y2)/(2
√

6) ,

Mb(F ) = −iS(z1 − z2)/(2
√

3) ,

Mc(C) = −iS(x1 − x2 + y1 − y2 − 2x3 + 2y3)/(6
√

2) ,

M ′c(F ) = −S(x1 − x2 + x3 + y1 − y2 − y3)/(3
√

2) .

(2.63)

The nine static structure factor components obey three constraints. One of them is the
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Bragg peak intensity sum rule, which here reads

Itot =2
{
|Ma(A)|2+|Mb(C)|2+|Mc(F )|2 + |Ma(G)|2+|Mb(F )|2 + |Mc(C)|2

}
+ |M ′a(G)|2+|M ′b(F )|2 + |M ′c(F )|2

=S2. (2.64)

The total energy is given by

Ec/N =1/6S2
{
K[x2

1+x2
2+z2

1 +z2
2 +z2

3 +2x3y1+2y2y3]

+ Γ[x2
1+x2

2+x2
3+y2

1 +y2
2 +y2

3 +2(x1z3+x2z3+x3z2+y1z1+y2z2+y3z1)]

+ J [(x1+y1)2+(x2+y2)2+z2
3

+ 2(z2
1 +z2

2−x1y3−x2x3+x3y1+y2y3−z1z3−z2z3−x3y3)]
}

− 1/6
√

2SµBHgcc(x1−x2+x3+y1−y2−y3) , (2.65)

or, in terms of the structure factor components,

Ec/N =ηaAMa(A)2+ηbCMb(C)2+ηcFMc(F )2+ηaGMa(G)2

+ ηbFMb(F )2+ηcCMc(C)2+η′aGM
′
a(G)2+η′bFM

′
b(F )2

+ η′cFM
′
c(F )2−

√
2Γ
[
Ma(A)Mb(C)−iMa(G)Mb(F )

+
√

3Mb(F )Mc(C)+
√

3Mb(C)Mc(F )+M ′a(G)M ′b(F )
]

−
√

3K
[
iMa(G)Mc(C)+Ma(A)Mc(F )

]
−gccµBHM ′c(F ) . (2.66)

where

ηaG =Γ +K/2,

ηbF =− (2J +K),

ηcC =− Γ +K/2,

η′cF =1/2(Γ + 3J +K) (2.67)

High-field phase for H‖c
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For H≥H∗c , the Cartesian components satisfy the relations

x1 =−y2 =−y3 , y1 =−x2 =x3 , z1 =z2 =−z3 , (2.68)

and we are left with two spin sublattices (see Table 2.1),

A = B = C ≡ F = S[x1, y1, z1] ,

A′ = B′ = C′ ≡ F′ = S[y1, x1, z1] ,
(2.69)

and one spin length constraint, x2
1 +y2

1 +z2
1 = 1. Equivalently, all modulated static

structure factor components vanish identically, and we are left with the three uniform

components M ′a(G), M ′b(F ), and M ′c(F ),

M ′a(G) =− S√
2

(x1 − y1) ,

M ′b(F ) =− Sz1 ,

M ′c(F ) =− S√
2

(x1 + y1) , (2.70)

subject to the constraint M ′b(F )2+M ′c(F )2+M ′a(G)2 =S2. The total energy Eq. (2.66)

becomes

Ec/N =η′bFM
′
b(F )2+η′cFM

′
c(F )2+η′aGM

′
a(G)2

−
√

2Γ M ′a(G) M ′b(F )− gccµBH M ′c(F ) . (2.71)

Here the minimization of the energy for H≥H∗c gives the following relations

M ′a(G)=− S
√

1−(H/H∗∗c )2

√
1+t2

,

M ′b(F )=− t M ′a(G),

M ′c(F )=− SH/H∗∗c , (2.72)

where t= 2JS−gccH∗∗c√
2ΓS

and H∗∗c is given by Eq. (2.13).

Note that the cross-coupling term −
√

2ΓM ′a(G)M ′b(F ) in Eq. (2.71) favors opposite

signs for M ′a(G) and M ′b(F ), since Γ< 0. However, unlike the cases H ‖ a and H ‖ b,
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here none of the signs of M ′a(G) and M ′b(F ) are fixed by the field, meaning that the

system can spontaneously choose either M ′a(G)> 0 and M ′b(F )< 0 or M ′a(G)< 0 and

M ′b(F )>0. The associated broken symmetries are ΘC2b and C2c; see Table 2.2.

Here the minimization of the energy for H≥H∗c gives the following relation between

H and the remaining two independent components x1 and y1:

gccµBH

S
=
x1+y1

2
√

2

(
Γ+2J+

√
9Γ2−4ΓJ+4J2

)
. (2.73)

The fully polarized state is reached when x1 =y1 = 1√
2
, which leads to Eq. (2.13).

2.9.3 Proof of Eq. (2.17)

Here we show a mathematical proof of Eq. (2.17). The proof is based on a classical

version of the so-called Feynman-Hellmann theorem known in quantum mechanics. We

begin by writing the total classical energy of the system as a function of the spherical

coordinates {θi, φi} of the spins (i = 1 − N , the total number of spins) and the free

parameters of the model, namely J , K, Γ and H:

Eclass = f({θi, φi}; J,K,Γ, H). (2.74)

Let us denote the classical ground-state configuration for a given set of J , K, Γ, and H

by {θ∗i , φ∗i }, where

θ∗i = θ∗i (J,K,Γ, H) , φ∗i = φ∗i (J,K,Γ, H) . (2.75)

These angles are found by minimizing the total energy

∂f

∂θi

∣∣∣
θi=θ∗i ,φi=φ

∗
i

= 0,
∂f

∂φi

∣∣∣
θi=θ∗i ,φi=φ

∗
i

= 0 (2.76)

Then the minimum of the classical energy, or the classical ground-state energy, is given

by

Eclass,min = f({θ∗i , φ∗i }; J,K,Γ, H) ≡ E(J,K,Γ, H)

= EJ + EK + EΓ + EZ , (2.77)
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where the terms in the second line are the individual contributions to the energy from

the J , K, and Γ interactions and the Zeeman field, respectively. We can now formulate

the classical version of the Feynman-Hellmann theorem by taking the derivative of the

ground-state energy with respect to the parameter J , as an example. We have

∂E

∂J
=

(∑
i

(
∂f

∂θi

∂θi
∂J

+
∂f

∂φi

∂φi
∂J

)
+
∂f

∂J

)
θi=θ∗i ,φi=φ

∗
i

, (2.78)

and using Eq. (2.76) we get

∂E/∂J = (∂f/∂J)θi=θ∗i ,φi=φ∗i
= EJ/J , (2.79)

where in the last step we used the fact that f({θ∗i , φ∗i }; J,K,Γ, H) depends linearly on

J . Similarly, for the other free parameters we get

∂E

∂K
=
EK
K

,
∂E

∂Γ
=
EΓ

Γ
,

∂E

∂H
=
EZ

H
= −Nm‖ , (2.80)

where m‖ is the magnetization per site along the field.

To arrive at Eq. (2.17), we need to look at the second derivatives of E. For example,

∂2E

∂J∂H
=

∂

∂J

(
∂E

∂H

)
= −N

∂m‖

∂J
, (2.81)

∂2E

∂H∂J
=

∂

∂H

(
∂E

∂J

)
=

1

J

∂EJ
∂H

. (2.82)

The equality ∂2E
∂J∂H = ∂2E

∂H∂J then gives

−N
∂m‖

∂J
=

1

J

∂EJ
∂H

, (2.83)

and similarly for the remaining equations of Eq. (2.17).
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Figure 2.11: A sketch of a hyperhoneycomb lattice with three orthorhombic unit cells,
which is also a magnetic unit cell in a K state, where the six sublattices along the xy
and x′y′ chains are labeled as A, B, C, and A′, B′, C′, respectively.

2.9.4 Spin wave analysis and reduction of sublattice magnetizations

due to quantum fluctuations

In this section we provide the details for the semiclassical expansion around the clas-

sical ansatzes of Table 2.1 and the calculation of the total magnetization for all field

directions. We shall only discuss the case of the six-sublattice states for H<H∗. The

analysis of the high-field two-sublattice states follows along the same lines.

2.9.4.1 Quadratic spin-wave Hamiltonian

We first relabel the spin sites as i→ (R, µ), where now R = (3n1, n2, n3) denotes the

position of the magnetic unit cell in the orthorhombic frame (n1, n2, and n3 are integers),

and µ=1−Nm is the sublattice index inside the magnetic unit cell, with Nm =48. The

magnetic cell and the corresponding labeling convention is shown in Fig. 2.11. To

proceed, we rewrite the spins as Si→SR,µ and their physical positions as ri = R + ρµ,

where ρµ is the sublattice vector associated with µth sublattice. The Hamiltonian
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(Eq. (2.5)) is then written as

H =
1

2

∑
R,µ,ν

ST
R,µ ·J µν · SR+tµν ,ν − µBH

∑
R,µ

gT
R,µ · SR,µ , (2.84)

where ST
R,µ = (SxR,µ, S

y
R,µ, S

z
R,µ), tµν is a primitive translation of the superlattice such

that the spins at sites i = (R, µ) and j = (R + tµν , ν) interact with each other via J µν ,

and

J µν =

{
J t, if ρµ − (tµν + ρν) = ±δt,

0, otherwise
, (2.85)

where δt connects NN spin sites sharing a bond of type t ∈ {x, y, z, x′, y′} (see Section 2.2

and Fig. 2.1, and

J x =


J+K 0 0

0 J Γ

0 Γ J

 , J y =


J 0 −Γ

0 J+K 0

−Γ 0 J

 ,

J z =


J Γ 0

Γ J 0

0 0 J+K

 , J x′ =


J+K 0 0

0 J −Γ

0 −Γ J

 ,

J y′ =


J 0 Γ

0 J+K 0

Γ 0 J

 , gR,µ =


1/
√

2ζR,µgab

−1/
√

2ζR,µgab

−gbb

 . (2.86)

Here, in order to describe the staggered nature of the g factor, we denote ζR,µ = 1 for

R + ρµ ∈ xy chain and ζR,µ = −1 for R + ρµ ∈ x′y′ chain.

Next, for each site i = (R, µ), we introduce the local reference frame {x̃i, ỹi, z̃i} such

that z̃i coincides with the direction of spin Si in the classical ground state. The spin is

then rotated into this local frame of reference by S̃R,µ = Uµ · SR,µ, where the unitary

rotation matrix Uµ can be constructed using the polar and azimuthal angles (θµ, φµ)
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associated with the direction of the spin in the classical ground state,

Uµ =


cos θµ cosφµ cos θµ sinφµ − sin θµ

− sinφµ cosφµ 0

sin θµ cosφµ sin θµ sinφµ cos θµ

 . (2.87)

Subsequently, we express the local spins in terms of the Holstein-Primakoff bosons

a†R,µ and aR,µ and expand the Hamiltonian in powers of 1/
√
S about the classical

limit. Collecting the terms that are quadratic in the bosonic operators and going into

momentum space, with aq,µ= 1√
Nm

∑
R e

iq·RaR,µ (with q belonging to the first magnetic

Brillouin zone) gives

H2 = Ecl/S +
∑
q

x†q ·Hq · xq , (2.88)

where Ecl is the classical energy,

xq =
(
aq,1 ... , aq,Nm , a

†
−q,1 ... , a

†
−q,Nm

)T
, (2.89)

where Hq is a (2Nm)× (2Nm) matrix. The diagonalization of Hq involves introducing

a set of Bogoliubov quasiparticle operators [84, 85]

yq=
(
bq,1 ... , bNq,m , b

†
−q,1 ... , b

†
−q,Nm

)T
, (2.90)

obtained from xq by a unitary canonical transformation xq = Tq ·yq, where Tq satisfies

the bosonic commutation relations Tq
† · η · Tq = η, with η = diag(I,−I) and I is a

Nm × Nm unitary matrix. The matrix Tq can be found by solving the eigenvalue

equation [85] (η ·Hq) ·Tq = Tq · (η ·Ωq), where

Ωq = Tq
† ·Hq ·Tq = diag(ωq,−ωq) , (2.91)

and ωq = diag (ωq,1, ωq,2, . . . , ωq,Nm) contains the frequencies of the elementary magnon

excitations.
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2.9.4.2 Total magnetization and torque at zero temperature

To find the total magnetization of the system, we must first compute the expectation

values of the spins in the local frame. To leading order in the semiclassical expansion,

we have

〈S̃xR,µ〉 ' 0 , 〈S̃yR,µ〉 ' 0 , (2.92)

while symmetry dictates that

〈S̃zR,µ〉 = S − 〈a†R,µaR,µ〉 ≡ S − ζµ = independent of R . (2.93)

This property allows us to rewrite the spin length reduction ζµ as

ζµ =
Nm

N
∑
R

〈a†R,µaR,µ〉 =
Nm

N
∑
q

〈a†q,µaq,µ〉 , (2.94)

where q belongs to the first magnetic Brillouin zone and the total number of magnetic

unit cells is given by N/Nm. Using the T =0 limit of the standard relations

〈b†q,ibq,j〉 = δij n(ωq,i) , 〈bq,ib†q,j〉 = δij [1 + n(ωq,i)] , (2.95)

where n(ω) =
(
e~ω/(kBT )−1

)−1
is the Bose-Einstein distribution function, we arrive at

the zero-temperature expression for ζµ:

ζµ =
Nm

N
∑
q

2Nm∑
j=Nm+1

(Tq)∗jµ(Tq)µj . (2.96)

Next we use the relation SR,µ = U−1
µ · S̃R,µ, where

U−1
µ =


cosφµ cos θµ − sinφµ cosφµ sin θµ

sinφµ cos θµ cosφµ sinφµ sin θµ

− sin θµ 0 cos θµ

 , (2.97)
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to arrive at

〈SaR,µ〉 ≡ 〈Saµ〉 =
sin θµ√

2
(cosφµ − sinφµ) (S − ζµ) ,

〈SbR,µ〉 ≡ 〈Sbµ〉 = − cos θµ (S − ζµ) ,

〈ScR,µ〉 ≡ 〈Scµ〉 =
sin θµ√

2
(cosφµ + sinφµ) (S − ζµ) ,

(2.98)

which are all independent of R. Having computed the expectation values 〈Sµ〉, we can

then compute the magnetization per site m using Eq. (2.19) of the main text, while the

torque per site is given by τ = m×H.

2.9.5 Monte Carlo simulation

In this section, we present some details of the classical Monte Carlo (MC) simulations

which we employed for calculating the finite-temperature phase diagram of the model

Eq. (2.5) similar to Refs. [59, 86, 87]. In our simulations, we treat the spins as three-

dimensional vectors, S = (Sx, Sy, Sz), of unit magnitude with S2
x+S2

y+S2
z = 1. To ensure

a uniform sampling, we first generate two random numbers r1 and r2 which are both

uniformly distributed on (0, 1) [88]. Then we have Sz = 2r1−1, Sx =
√

1− S2
z cos(2πr2),

and Sy =
√

1− S2
z sin(2πr2). The simulations were performed on different systems with

a total number of sites equal to N ∈ {48, 96, 144, 192, 240, 288}. At each temperature,

more than 106 MC sweeps were performed. Of these, 105 MC sweeps were used to

calculate the averages of physical quantities.

To reduce the autocorrelation time, we have used the standard Metropolis algorithm

combined with the over-relaxation algorithm [72, 73]. Namely, one Metropolis sweep

was performed after completing ten over-relaxation sweeps where each sweep contains

N updates. The over-relaxation process with single spin updates is given by [73]

S′R,µ = −SR,µ + 2
SR,µ · hR,µ

|hR,µ|2
hR,µ , (2.99)

where hR,µ is the local effective field at site i = (R, µ). Compared with other MC up-

dates, over-relaxation usually costs less computing time and has fewer autocorrelations.

However, because the over-relaxation update is a microcanonical process, we adopt the
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Figure 2.12: Binder’s cumulants as functions of T computed for N ∈
{48, 96, 144, 192, 240, 288} for the c magnetic field of the magnitude Hc = 12T. The
errors are calculated from a jackknife binning analysis.

standard Metropolis algorithm to ensure ergodicity of the simulation. In each Metropo-

lis update, one spin SR,µ is randomly chosen and altered to a new direction confined

within a cone defined by dθ ∈ [0, π]. We first rotate the coordinate such that the z axis

coincides with SR,µ, i.e., the center of the cone. Similar to the initialization process,

here again we generate two random numbers p1 and p2 in the interval (0, 1) and take

Sz = cos(dθ) + [1− cos(dθ)]p1 ,

Sx =
√

1− S2
z cos(2πp2) ,

Sy =
√

1− S2
z sin(2πp2) , (2.100)

at which point we generate a random, uniformly distributed unit vector [Sx, Sy, Sz]

within the cone. Afterward, we rotate the coordinate back to the original coordinate

and compute the change in energy ∆E which is related to the probability of acceptance.

In the equilibration process, which is the transient time for the system to reach equi-

librium, we gradually adjust the magnitude of dθ such that the acceptance ratio keeps
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staying within [0.4, 0.6]. In the measurement process, we take one measurement of the

observables after every ten Metropolis sweeps.

Next, in order to obtain the critical temperatures, we have used the Binder cumulants

method. The fourth-order Binder cumulant, U4 = 1− 〈O4〉
3〈O2〉2 , where O denote some long-

range order parameter, has a scaling dimension of zero; thus the crossing point of the

cumulants for different lattice sizes provides a reliable estimate for the value of the

critical temperature Tc at which the long-range order is destroyed. In Fig. 2.12, we plot

the Binder’s cumulants for N ∈ {48, 96, 144, 192, 240, 288} for the case when magnetic

field with the magnitude Hc = 12T is applied along the c crystallographic axis. The

corresponding statistical errors are calculated using a jackknife binning analysis with

ten bins [89].



Chapter 3

Reentrant incommensurate order

and anomalous magnetic torque

of β-Li2IrO3

The work described in this chapter has been published as Ref. [77].

3.1 Introduction

As discussed in the previous chapter, most of the Kitaev materials exhibit complex long-

range magnetic orders at sufficiently low temperatures, indicating that other subdomi-

nant interactions between magnetic moments are present and may also have nontrivial

bond-dependent character. Both experiment [50, 78, 90, 91, 55, 56, 57, 92, 41, 93, 94,

48, 49, 4, 80] and theory [58, 59, 22, 65, 5, 95, 96] have shown that these orders are fragile

and can be efficiently suppressed by external magnetic field. It was also found that the

competition between the external field and anisotropic bond-dependent exchange inter-

actions gives rise to highly-anisotropic magnetization processes and stabilizes a variety

of complex orders at intermediate fields [58, 59, 22, 65, 5, 95, 96].

Among various experimental techniques, the torque magnetometry is an especially

promising tool for studying field-induced phases [90, 93, 97, 94, 4, 80, 50, 78]. Recently,

torque magnetometry has been used in studying the field response of several Kitaev

59
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Figure 3.1: Global phase diagram as a function of magnetic field strength H (vertical
axes) and angular orientation (horizontal axes) as we rotate in the bc plane (a), ab plane
(b), and ac plane (c). The color coding tracks the evolution of the Bragg peak intensity
II of the modulated IC order, with the thick blue solid line showing its boundary, i.e.,
the critical field H∗. The red vertical line at H ‖ c depicts the fully polarized state at
H>H∗∗c . The insets show the field dependence of II at some representative angles.

materials, including α-RuCl3 [90, 93], Na2IrO3 [94], β-Li2IrO3 [80] and γ-Li2IrO3 [78,

50]. Rather generally, the measured torque in these materials depends strongly on the

magnitude of the field, exhibits anomalous behavior at critical fields associated with

field-induced transitions, and shows a sawtooth-like angular dependence at high fields.

While the angular and field dependencies of the torque in α-RuCl3 has been stud-

ied in Ref. [95], the origin of anomalous torque response in the three-dimensional (3D)

iridates remains unclear. Therefore, the purpose of the work in this chapter is to under-

stand the recent torque measurements in β-Li2IrO3 [80] and γ-Li2IrO3 [50, 78]. These

two materials appear to have closely related local energetics [98], and we will there-

fore focus entirely on the hyperhoneycomb β-Li2IrO3 [44, 45, 4, 80, 48, 49], whose

microscopic minimal model, the nearest-neighbor (NN) J-K-Γ model, has been better

understood [66, 67, 3, 65, 5].

To understand the behavior of the torque one first needs to elucidate the ground-

state phase diagram for different field orientations and strengths. To this end, we

generalize the semianalytical framework developed previously in [3, 65, 5] to study the
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field-induced phase diagram for fields in the ab, bc, and ac crystallographic planes. This

framework builds on the idea that the incommensurate (IC) counter-rotating order

observed experimentally at zero field can be treated as a long-distance twisting of a

nearby commensurate order with six spin sublattices [3]. This approach has already been

applied successfully for fields along the orthorhombic directions a, b, and c [65, 5]. It has

been shown in particular that the three phase diagrams share a number of qualitative

features, including (i) a strong intertwining of the modulated, counter-rotating order

with a set of uniform orders, some of which give rise to a finite torque signal; (ii) the

disappearance of the modulated order at a critical field H∗, whose value is strongly

anisotropic with H∗b<H
∗
c�H∗a; and (iii) the presence of a robust zigzag phase above

H∗. It was further shown that, for H ‖ c, the disappearance of the modulated order

proceeds via a first-order transition which does not restore all broken symmetries, which

in turn gives rise to a second transition at H∗∗c that survives at finite temperatures [5].

The extension of this approach for fields applied in the ab, bc, and ac planes shows

that the interpolation of the phase diagram from one crystallographic axis to another

comes with a number of unexpected results, including (i) a reentrant IC phase that

survives in a finite region of field strengths and orientations for fields in the ab plane

(and to a lesser extent in the ac plane), (ii) a region featuring a two-step disappearance

of the IC order, proceeding via two consecutive metamagnetic jumps, and (iii) large

discontinuous reversals of the magnetic torque, with characteristic sawtooth like angular

profiles that resemble closely the ones reported for γ-Li2IrO3.

3.2 Phase diagram

Here we use the same microscopic model as described in Section 2.3,

H =
∑
t

∑
〈ij〉∈t

Htij +HZ ,

Htij =JSi · Sj +KSαti S
αt
j + σtΓ(Sβti S

γt
j + Sγti S

βt
j ) ,

HZ =− µBH ·
∑
i

gi · Si , (3.1)
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with the difference that, for fields in the bc, ab and ac planes, the Zeeman terms read

(with h=µBH)

HZ
bc =− h

∑
i

[
cos θbc(gbbS

b
i +gabpiS

a
i )+sin θbcgccS

c
i

]
, (3.2)

HZ
ab =− h

∑
i

[
cos θab(gbbS

b
i +gabpiS

a
i )+sin θab(gaaS

a
i +gabpiS

b
i )
]
, (3.3)

HZ
ac =− h

∑
i

[
cos θac(gaaS

a
i +gabpiS

b
i )+sin θacgccS

c
i

]
, (3.4)

where θbc and θab denote the angle between H and b, whereas θac is the angle between

H and a, see insets of Fig. 3.1. The coupling parameters are taken as in [5], namely

J=0.4 meV, K=−18 meV, Γ=−10 meV, gaa=gbb=gcc=2 and gab=0.1.

To find the classical ground states we follow the strategy developed in [65, 5] and use

a general six-sublattice ansatz which is also cross-checked by independent unconstrained

minimizations of Eq. (3.1) on finite-size clusters. As it turns out, the classical ground

state for H in the ab plane can be obtained by using the ansatz reported in [65, 5] for

H ‖ a. This is due to the fact that the ansatz for H ‖ b is a special case of the more

general ansatz for H‖a. The same situation takes place for H in the bc plane, where the

classical ground state is obtained by using more general ansatz for H ‖ c. By contrast

the classical ground states in the ac plane cannot be obtained from either the ansatz for

H‖a or the ansatz for H‖c, but by a more general unconstrained six-sublattice ansatz.

Figure 3.1 summarizes the emerging picture for the phase diagram as we rotate

from one crystallographic axis to another. The blue solid line shows the boundary of

the IC order, i.e., the critical field H∗, as obtained by tracking the associated structure

factor II (see definition in Sections 2.4.2 and 2.9.1.1), whose field evolution is shown in

the insets of Fig. 3.1 for a number of representative field orientations. Altogether, the

interpolation of the phase diagram between different crystallographic axes comes with

a number of unexpected results. Most notably, we find that while the critical field H∗

grows very fast as we approach the a axis, reflecting the inequalities H∗b <H∗c �H∗a

found in [5], the way H∗ grows in the ab plane gives rise to a reentrant IC order in

a finite range of field orientations (θab ∈ [62◦, 69◦] and θab ∈ [111◦, 118◦]), see inset of

Fig. 3.1 (b). In this range, the magnetic field drives the system through four different

phases: the low-field six-sublattice phase (including the IC plus the uniform orders),
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Figure 3.2: The field-temperature phase diagram for H in the ab plane with θab =
69◦ obtained from classical MC simulations. The critical temperatures at which the
modulated order disappears are shown by red dots and the black line is a guide to the
eye.

followed by a two-sublattice order (including only the uniform orders), followed by the

reentrant six-sublattice order, and then back to the two-sublattice order (whose robust

zigzag component diminishes only at H→∞).

Our classical Monte Carlo (MC) simulations shown in Fig. 3.2 for θab=69◦ demon-

strate that this quite unusual reentrant behavior remains robust in a finite temperature

range (up to 18 K for the parameters chosen in the present study) and should therefore

be observable experimentally, given in addition that the reentrance can occur at a field

as low as 22 T (for θab=69◦). The critical temperatures shown by red circles in Fig. 3.2

are computed using the crossing of the Binder cumulant [74, 5]

BOQ=2â/3
= 1− 〈O4

Q=2â/3〉
/(

3〈O2
Q=2â/3〉2

)
, (3.5)

where OQ=2â/3 is the modulated order [see Eq. (2.24)].

A similar reentrant behavior is also observed for fields in the ac plane, for θac ∈
[34.8◦, 35.1◦] (see e.g. the dashed vertical line in Fig. 3.3), although this region is likely

too narrow to survive at high enough temperatures to be observed.
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Figure 3.3 shows in addition another interesting feature, which will show up in

our discussion of the torque signal below. Namely, in the region extending for θac ∈
[17.0◦, 34.8◦], the disappearance of the IC order proceeds with two consecutive metam-

agnetic jumps. Such jumps can be seen in the inset of Fig. 3.1 (c). The characteristic

fields at which these jumps take place are denoted by H∗ac,1 and H∗ac,2 in Fig. 3.3. The

two-step disappearance of the IC order is accompanied by a similar two-step behavior of

the uniform (zigzag and ferromagnetic) orders, as seen in the evolution of the associated

structure factor IV (see Fig. 3.8 (c)). This arises from the fact that the total intensity

from all intertwined orders obeys the intensity sum rule 2II+IV =S2 [65, 5].

To conclude this section, we comment on the red dashed lines shown on top of

the boundaries of the IC phase in Fig. 3.1. These lines correspond to the following

approximations for the critical fields

bc plane: H∗bc ' H∗b / cos θbc , (3.6)

ab plane: H∗ab ' H∗b / cos θab , (3.7)

ac plane: H∗ac ' H∗c / sin θac . (3.8)

These expressions arise from simple geometrical considerations, i.e., by associating the

onset of the transition with the field at which its projection along the axes b or c reaches

the critical fields H∗b or H∗c , respectively. The expressions work surprisingly well in a

wide range of angles, especially for fields in the bc and ab planes. Importantly, the

above linear relationship between H∗bc and 1/ cos θbc has been reported by Modic et al.

for γ-Li2IrO3 [50].

3.3 Magnetic torque

Having established the general form of the phase diagram we now turn to the magnetic

torque, whose behavior as a function of field strength and orientation is summarized in

Fig. 3.4. The torque τ =(τa, τb, τc) is given as τ =m×H, where m=(ma,mb,mc) is the

magnetization per site. The data shown in Fig. 3.4 reveal a wealth of complex features

that are distinctive for each crystallographic plane. While some of these features simply

reflect the phase transitions discussed above, there are also additional striking features
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of experimental relevance. Among these, the most notable is the large discontinuous

reversal of the torque at H ‖ c as the field rotates in the bc plane, and its charac-

teristic ‘sawtooth’ shape [see Fig. 3.4 (d)] that resembles closely the one reported in

γ-Li2IrO3 [50, 78]. This discontinuity was already predicted in [5] and is attributed to

the fact that the uniform (zigzag and ferromagnetic) orders that drive the torque are

chosen spontaneously inside the region 0 < H ≤ H∗∗c for H ‖ c. A torque reversal of

similar origin occurs at H‖a when H rotates in the ab plane (and for 0<H≤H∗a), but

the height of this reversal is likely too small to be observed.

Before we discuss these features in detail let us first briefly recall the main aspects

of the torques for H‖a, H‖b, and H‖c [5], which are included in the insets of Fig. 3.4.

3.3.1 Magnetic torque for fields along the crystallographic axes

The torque for H ‖ b is zero for all the fields. For H ‖ a and H ‖ c, the torques are,

correspondingly, along c and a. The torque for H‖a remains nonzero up to the critical

field H∗a, whereas the torque for H ‖ c remains nonzero up to the second critical field
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Figure 3.3: Evolution of the Bragg peak intensities, II , when the field direction in the
ac plane is within the range of angles, θac∈ [34◦, 36◦].
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Figure 3.4: Field [(a)-(c)] and angular [(d)-(f)] dependence of the ratio of the torque
to the magnetic field: [(a)and (d)] τa/H for the field applied in the bc plane; [(b) and
(e)] τc/H for the field applied in the ab plane; [(c) and (f)] τb/H for the field applied in
the ac plane. The insets in [(d) and (e)] zoom-in the jumps of τa/H at H‖c and τc/H
at H‖a, respectively. These jumps originate from the explicit breaking of some of the
discrete symmetries by the field component along b [5].
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H∗∗c , which marks the transition into the fully polarized state [5]. In both cases, the

sign of the torque is chosen spontaneously and its magnitude is proportional to the

mb component of the magnetization, τc/H =mb and τa/H =mb. Note, however, that

mb is significantly different in the two cases, leading to a much larger |τa| for fields

along c compared to |τc| for fields along a [5]. Note also that for H‖c, the zigzag and

ferromagnetic orders are comparable to each other, but the dominant contribution to τa

comes from the ferromagnetic order, since gbb � gab. Moreover, the uniform orders have

a nonmonotonic behavior as a function of H and exhibit a finite jump at the critical

field H∗c , leading to a sharp kink in τa, see dark blue line in Fig. 3.4 (a) associated with

θbc=90◦.

3.3.2 Magnetic torque for fields away from the crystallographic axes

Fields within the bc plane. This is the setup explored experimentally in γ-Li2IrO3 [50,

78]. Here the torque is along the a axis, with

τa/H = mb sin θbc −mc cos θbc . (3.9)

The sign of τa for H‖c (θbc=90◦) is chosen spontaneously below H∗∗c , is zero for H‖b
(θbc=0◦) [5] and is chosen by the field for any intermediate angles.

The corresponding torque data are shown in Fig. 3.4 (a) and (d). At low θbc and

H we find τa ∝H2 sin θbc, which is the expected behavior in the linear magnetization

regime, where mb =χbH cos θbc, mc =χcH sin θbc, and τa = 1
2(χb−χc)H2 sin 2θbc, where

χb and χc are the magnetic susceptibilities. This behavior ends with a kink at the

critical field H∗bc associated with the disappearance of the IC order, which happens via

a second-order phase transition.

With increasing θbc, the low-field behavior of τa/H turns from linear to nonlinear

[see Fig. 3.4 (a)], and for θbc close to 90◦ the kink at H∗ turns to a discontinuity,

consistent with previous results for a metamagnetic transition at H‖c [5]. The size of

the discontinuity depends nonmonotonously on θbc, with the largest jump taking place

at θbc= 90◦. At this angle, there is a second phase transition at H∗∗c , above which the

classical magnetization saturates and the torque vanishes identically [dark blue line in

Fig. 3.4 (a)]. Recall that the presence of the second transition at high field is due to the
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fact that the zigzag order for H ‖c can take two possible orientations, and the system

chooses one of them spontaneously. For all other fields in the bc plane, the orientation of

the zigzag order is determined by the field and the second phase transition is absent. For

all θbc 6= 90◦, the torque is slowly approaching zero with increasing field, and becomes

identically zero only at infinite field.

Turning to the angular dependence of the torque [see Fig. 3.4 (d)], the low-field si-

nusoidal behavior turns into a characteristic “sawtooth” shape at high fields, featuring

a large torque reversal at θbc = 90◦. Such a reversal is also present at lower fields, but

becomes much more pronounced at higher fields. The reversal is due to the explicit

breaking of the discrete symmetries ΘC2b and C2c by the component of the field along

b [5]. Note that the sawtooth torque profile will give rise to a pronounced anomaly in the

magnetotropic coefficient k=(1/H)∂τa/∂θbc [see Fig. 3.5]. This thermodynamic quan-

tity characterizes the curvature of the free energy with respect to the field orientation

and can be measured directly via torsion magnetometry [93].

Fields within the ab plane. Because of a very strong anisotropy of the critical fields,

H∗a/H
∗
b '50, a rather different picture is observed for H in the ab plane. In this setup
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the torque is along the c axis, with

τc/H = ma cos θab −mb sin θab . (3.10)

The corresponding data are shown in Fig. 3.4 (b) and (e). Here the low-field behavior

τc∝H2 sin θab persists up to a critical field H∗ab'H∗b . At this field the torque shows a

kink which persists for a large range of angles, θab650◦ and θab>130◦. This behavior is

similar to the case of the field sweeping in the bc plane except that at H>H∗ab the torque

shows almost field-independent behavior up to high fields, H ∼ H∗a , and then slowly

decreases. This behavior reflects the robustness of the uniform orders contributing to

ma and mb.

As the field gets closer to a, the contribution from the a component of the field

increases. For the ranges θab ∈ [50◦, 62◦] and θab ∈ [118◦, 130◦], τc/H then exhibits

two sharp kinks appearing due to the competition between the two contributions in the

Zeeman term in Eq. (3.3). In particular, Fig. 3.4 (b) shows that τc/H for θab = 60◦(120◦)

has two kinks, one at low field close to H∗b and the other at intermediate field close to

H∗a .

Especially interesting is the behavior of the torque for θab ∈ [62◦, 69◦] and θab ∈
[111◦, 118◦]. Here, the competition between the two contributions in Eq. (3.3) leads to

the unusual reappearance of the modulated order at intermediate fields, as discussed

above. As the field further approaches the a axis (70◦ 6 θab 6 110◦), these two kinks

disappear but another interesting feature is observed. At the angles and magnitudes of

the field at which the first and the second terms in Eq. (3.10) become equal, the magnetic

torque simply vanishes. In Fig. 3.4 (e) this situation is shown for θab = 70◦(110◦) and

θab=80◦(100◦). Finally, when θab=90◦ (H‖a), the torque signal is barely visible since

the contribution of the first term in Eq. (3.10) becomes vanishingly small for all values

of H. Also, for H‖a the sign of the ferromagnetic uniform order (‖ b) is spontaneously

chosen, which results in a small jump in the torque as shown in the inset of Fig. 3.4(e).

Fields within the ac plane. Unlike the two previous cases, when we sweep the field in

the ac plane the torque is no longer perpendicular to the plane of the field. In particular,

all three components τa, τb and τc remain finite for all angles θac /∈{0◦, 90◦, 180◦}. This

aspect leads to a complex nonmonotonic evolution of the torque. Here, the torque
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Figure 3.6: Evolution of (a) τa/H and (b) τc/H as a function of H for fields rotating in
the ac plane, for several field orientations θac. To each angle there correspond two curves
with opposite torque signs, reflecting the fact that this sign is chosen spontaneously when
H ⊥ b.
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Figure 3.7: Nonmonotonous evolution of |τa|/H (a), |τb|/H (b), and |τc|/H (c) as a
function of H at θac=34.5◦ and θac=35◦, where the destruction of the IC order happens
via two-step process. At θac=35◦ the reentrant behavior is observed in addition to the
two-step process.
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components are related to the magnetization components via

τa/H=mb sin θac,

τb/H=mc cos θac−ma sin θac, (3.11)

τc/H=−mb cos θac.

Our numerical data for τb are shown in Fig. 3.4 (c) and (f), while those for τa and τc are

shown in Fig. 3.6 (a) and (b). Note that while the sign of τb is fixed by the field, the

signs of τa and τc are chosen spontaneously for all values of θac. These two components

are proportional to the magnetization along the b axis, mb. Since the sign of mb is

spontaneously chosen, the signs of τa and τc are spontaneously chosen as well. The two

choices of signs are shown by the two sets of branches in Fig. 3.6 associated with each

θac.

As we can see from Fig. 3.4 (c) and Fig. 3.6, at low fields all three components

of the torque are small. At intermediate fields, the overall magnitude of the torque is

growing and the three components exhibit a strong angular dependence. At small angles

θac, τb/H first grows very slowly with the field and then exhibits a kink at H∗ac where

H∗∗c <H∗ac.H
∗
a (see, e.g., blue line for θac=5◦(175◦) in Fig. 3.4 (c)). At intermediate and

large angles, at which the field direction is relatively close to the c axis, τb/H exhibits a

jump at H∗ac&H
∗
c , indicating a first-order phase transition, and then exhibits a kink at

H∗∗ac .H
∗
a (see, e.g., rose line for θac = 40◦(140◦) in Fig. 3.4 (c)). The angular behavior

of τb/H shown in Fig. 3.4 (f) for various field strengths also reflects this behavior.

Two critical fields at some field directions are also clearly seen in τa/H and τc/H

(see Fig. 3.6). At angles close to the c axis, both τa/H and τc/H show a jump at

H∗ac&H
∗
c and then go to zero above the critical field H∗∗ac 'H∗∗c . When the orientation

of the field is closer to the a axis, both τa/H and τc/H remain negligibly small, and the

total torque is oriented almost along the b axis.

Finally, let us discuss what happens with the torque in the region depicted in Fig. 3.3,

which includes a narrow range (around θac = 35◦) featuring a reentrant IC phase and

a more extended range (θac ∈ [17.0◦, 34.8◦]) featuring a two-step disappearance of the

IC order. Figure 3.7 shows what happens at two representative angles, θac = 35◦ and

θac = 34.5◦, one from each range. As expected, the torque components show three
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Figure 3.8: Evolution of the individual Bragg peak intensities from the uniform orders
with field in (a) bc plane, (b) ab plane, and (c) ac plane.

abrupt discontinuities at θac = 35◦ and two discontinuities at θac = 34.5◦, reflecting the

respective evolution of the IC order.

3.4 Discussion

The above numerical results demonstrate a rather complex interplay between the mod-

ulated and uniform (zigzag and ferromagnetic) orders of β-Li2IrO3 as we rotate the

field in different crystallographic planes. The resulting phase diagram shows a number

of unexpected results. Most saliently, we find a rare example of a reentrant IC phase

for fields rotating in the ab plane. This phase appears in a specific window of field

orientations (θab ∈ [62◦, 69◦] and θab ∈ [111◦, 118◦]), and is stable in a large part of the

temperature and field phase diagram, as shown in Fig. 3.2. It is therefore very likely

that this extended phase will survive quantum fluctuations and will be experimentally

accessible. This unusual reentrant behavior is yet another manifestation of the strongly

anisotropic character of the underlying microscopic interactions in β-Li2IrO3, and we

have provided numerical estimates for its experimental verification. A similar reentrant

behavior is also observed for fields sweeping in the ac plane but only for a very narrow

range of angles.

Our numerical results for the behavior of the magnetic torque offers further insights
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and reveals a number of distinctive signatures that are unique for each crystallographic

plane. Quite generally, the sequence of field-induced phase transitions give rise to torque

anomalies (jumps and kinks) which can be directly seen with torque magnetometry.

Among the distinctive aspects of the torque is the observation of a large discontinuous

reversal as the field rotates in the bc plane and passes through the c axis. The field

orientation profile of this sharp discontinuity resembles closely the sawtooth-like behav-

ior reported by Modic et al in γ-Li2IrO3 [50, 78]. In that compound the discontinuity

extends well beyond H∗c '16 T and persists up to 55 T, which likely corresponds to the

specific value of H∗∗c in γ-Li2IrO3 [78]. While Modic et al. [64] attributed this torque

anomaly of γ-Li2IrO3 to the presence of a chiral spin-order, the more conventional sym-

metry breaking mechanism presented here for β-Li2IrO3 appears more likely, given the

close similarity of the two compounds.

Importantly, as we discussed above and in [5], the sharpness of the torque reversal

arises by symmetry considerations alone. As such, the torque reversals will remain sharp

even in the presence of thermal fluctuations as long as we are below the (relatively large)

critical temperature Tuni of the corresponding uniform phase of the H‖c phase diagram

(see Fig. 10 in [5]). The size of the torque discontinuity will be reduced by quantum

fluctuations but will remain nonzero, and thus experimentally accessible, up to Tuni.

The experimental observation of the above distinctive features can be used to map

out a quantitative phase diagram and extract accurate values of the microscopic ex-

change couplings of β-Li2IrO3. This compound is rather unique in this respect, because

its microscopic model has been better understood [66, 67, 3, 65, 5] compared to its 2D

and 3D analogs, α- and γ-Li2IrO3.



Chapter 4

Collective spin dynamics of Z2

vortex crystals in triangular

Kitaev-Heisenberg

antiferromagnets

The work described in this chapter has been published as Ref. [81].

4.1 Introduction

As introduced in the previous chapters, the basic ingredient overarching the low-energy

descriptions of Kitaev systems is the presence of a bond-dependent anisotropic ex-

change, with the so-called Kitaev interactions [24, 23] being the most prominent. As

the bond dependence stems from spin-orbit coupling, such interactions are not lim-

ited to tri-coordinated lattices, but may also appear in other geometries, including the

common frustrated geometries of the triangular, kagome, pyrochlore, and hyperkagome

lattices [99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109]. In such lattices, the syn-

ergy of bond-dependent anisotropy and geometric frustration opens up the possibility

for novel cooperative phases even when the anisotropy is not the dominant interaction,

as in the above tri-coordinated systems.

74
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Already the introduction of an infinitesimal Kitaev anisotropy K in one of the sim-

plest frustrated geometries, the triangular lattice [Fig. 4.1 (a)], highlights the prolifi-

cacy of this synergy [101]: The three-sublattice 120◦ order of the triangular Heisenberg

antiferromagnet (HAF) is immediately unstable under K, giving way to incommen-

surate crystals of Z2 vortices of mesoscopic size Fig. 4.1 (c)-(f), see also Ref. [102,

103, 105, 1, 104, 106, 109]. Such vortices have been known [110] to be present in

triangular HAFs as topological excitations, but here the bond-dependent anisotropy

condenses them in the ground state via a commensurate-incommensurate (C-IC) nu-

cleation mechanism [111, 112, 113, 114]. This is akin to the formation of magnetic

domains [111], Abrikosov vortices [115, 116, 117], blue phases in cholesteric liquid crys-

tals [118], skyrmions in chiral helimagnets [119, 120, 121, 122, 123, 124, 125, 126], and

other systems [127, 128, 129, 130, 131]. Anisotropic antiferromagnets with hexagonal

symmetry provide, therefore, a fertile ground for novel incommensurate phases with

topological, particle-like properties.

While the prospect of realizing the Z2 vortex phase remains currently open (see

Section 4.4 below), here we explore the collective spin dynamics in this phase and

demonstrate numerically how its presence can be most saliently identified in dynamical

spectroscopic probes. To this end, we construct a large family of Z2 vortex crystals

(Z2VC’s), for both positive and negative Kitaev anisotropy – with magnetic unit cell

sizes extending up to 2028 spin sites – and perform a semiclassical 1/S expansion to

extract the magnon spectrum, the associated spin dynamical structure factors (DSFs)

Sαβ(Q, ω) (for all relative polarizations α, β = {x, y, z}), and the corresponding inelastic

neutron scattering (INS) intensity I(Q, ω).

The results close to the C-IC transition mirror two of the most distinctive features of

the Z2VC phase, the large size of the vortices and their particle-like nature. Conceptu-

ally, both of these features stem from the C-IC nature of the transition from the ‘parent’

120◦ state [101]. The vortex size is large close to the transition because the vortices

play the role of “discommensurations” of the parent state, and their relative distance

must diverge when we recover that state. This manifests in I(Q, ω) by a distinguished

multi-fragmentation of the parent magnon bands, arising from a high density of Bragg

reflections.

The particle-like character of the vortices manifests at low frequencies ω via the
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Figure 4.1: (a) Triangular lattice with three types of bonds, ‘xx’ (red), ‘yy’ (blue)
and ‘zz’ (green), along with the 120◦ order with the three sublattices, A, B, and C.
(b) Parameter space of the JK model, along with the stability region (shaded) of the
Z2VC phase, ψ ∈ (tan−1(−1/2), π/2). Blue dots depict the parameter points (and
corresponding optimal crystals) analyzed in this study. (c) The spin pattern of the
optimal Z2VC stabilized at ψ=tan−1(−0.34), for which d=7, Nm=196. T1 and T2 are
the translation vectors of the superlattice. (d)-(f) Separate spin patterns on sublattices
A, B, and C. The color indicates the dominant spin projection onto one of the four 〈111〉
symmetry axes [[111] (red), [11̄1̄] (green), [1̄11̄] (blue), [1̄1̄1] (magenta)], and onto one of
the three 〈100〉 axes (gray). The spin texture associated with one vortex is highlighted
by bold arrows. (g) Lattice Brillouin zone (BZ, outer hexagon) and magnetic BZ (inner
hexagon, not to scale).

presence of intense pseudo-Goldstone modes. These modes are associated with collective

vibrations of the vortex cores around their equilibrium positions, and are thus analogs

to phonons in crystals. Their appearance attests to the nonlinear character of the

spin profile around the cores. As shown in Ref. [101], the vortices arise by a special

intertwining of three honeycomb superstructures of ferromagnetic (FM) domains [one for

each sublattice of the ‘parent’ 120◦ phase, see Fig. 4.1 (d)-(f)], and this arrangement gives

rise to abrupt, soliton-like modulations around the vortex cores. As demonstrated below

[Fig. 4.2 (a)], the ground state energy landscape (as a function of the core positions)

flattens significantly as we approach the C-IC transition, revealing a weak inter-particle
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potential at large distances. The pseudo-Goldstone modes (which are otherwise gapped

out by the lattice cutoff) are thus a manifestation of the nonlinear spin profiles of the

cores.

The chapter is organized as follows. We begin with the definition of the model (Sec-

tion 4.1.1), a brief review of the main features of the Z2VC’s (Section 4.1.2), and the

iterative variational method used to obtain optimal crystals for given model parame-

ters (Section 4.2). Our results for the collective spin dynamics and the corresponding

predictions for the inelastic neutron scattering intensity are presented in Section 4.3. A

brief outlook is given in Section 4.4, while auxiliary information and technical details

are relegated to Section 4.5.1-Section 4.5.4.

4.1.1 Model

The Hamiltonian of the Heisenberg-Kitaev or JK-model [23] on the triangular lattice

reads

H =
∑
〈ij〉

(
J Si ·Sj +K S

γij
i S

γij
j

)
. (4.1)

Here 〈ij〉 denotes nearest neighbor lattice sites, Si and Sj are pseudospins-1/2 degrees

of freedom, and J and K denote the Heisenberg and Kitaev exchange parameter, re-

spectively. The component γij is given by

γij =x, y, or z, (4.2)

depending on whether 〈ij〉 belongs to the ‘xx’, ‘yy’ or ‘zz’ type of bonds, see Fig. 4.1 (a).

The lattice plane is (111), and the vectors a, b, and c shown in Fig. 4.1 (a) point along

z−x, x−y and y−z, respectively. In what follows we use the parametrization J=cosψ

and K = sinψ and restrict ourselves to the stability region ψ ∈ (tan−1(−1/2), π/2) of

the vortex phase [shaded in Fig. 4.1 (b)] [101, 102]. We also set the lattice parameter

a=1.

The ground state of the HAF point (ψ = 0) of the JK model (Eq. (4.1)) is the

well-known 120◦, three-sublattice coplanar order [132], whose order parameter is that

of a rigid rotator, i.e., SO(3). Classical analysis [101] shows that the 120◦ pattern is
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sgn(K)
Condition

on d

Sublattice

mapping
T1 T2 Nm

K<0 mod (d, 3)=1 (A,B,C)→ (C,A,B) 2da 2db 4 d2

otherwise (A,B,C)→ (A,B,C) 2d (a− c) 2d (b− c) 12 d2

K>0 mod (d, 3)=2 (A,B,C)→ (B,C,A) 2da 2db 4 d2

otherwise (A,B,C)→ (A,B,C) 2d (a− c) 2d (b− c) 12 d2

Table 4.1: The two types of magnetic unit cells depending on the period d and the sign
of K. Spanning vector T1 and T2, their mapping from one sublattice to another, and
number Nm of spins in each magnetic unit cell.

immediately unstable under an infinitesimal Kitaev interaction, giving way to a non-

trivial, long-distance twisting of the SO(3) order parameter in both directions of the

lattice plane, leading to localized Z2 vortices (see also [102, 1]). The cores of the vortices

form a triangular superstructure whose period d (the distance between the vortex cores)

is determined by the competition between the Kitaev exchange K and the Heisenberg

exchange J . For small |K|/J , d ∝ J/|K|, i.e., the distance between vortex cores goes

to infinity at the HAF point, and the transition between the 120◦ order and the Z2VC

phase is of the C-IC nucleation type [111, 112, 113, 114].
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Figure 4.2: (a) Energy per site vs d for K/J =−0.34 (red), −0.29 (blue), and −0.22
(green). (b) Evolution of the spin gap ∆ with ψ.



79

4.1.2 Main aspects of the Z2VC phase

Let us recall the main features of the Z2VC phase [101]. First, the cores of the vortices

are defects of the 120◦ state, as they are associated with a finite FM canting and a

reduced vector chirality. This means that the cores cost Heisenberg energy. However,

the Kitaev energy around the cores is negative, which is why having cores is energetically

favorable.

Second, the distance d between the cores [Fig. 4.1 (c)] and the size of the vortices

are infinite at ψ = 0 (HAF point), and decreases monotonously as we depart from

this point. The minimum values of d are reached at the phase boundaries with the

neighboring phases at tanψ = −1/2 (d = 1) and ψ = π/2 (d = 2). The magnetic unit

cell contains Nm = 4d2 or Nm = 12d2 spins, depending, respectively, on whether the

translation vectors of the state, T1 and T2 [see Fig. 4.1 (c)], map spins from one type of

sublattice to another or not 1 (see the detailed discussion in Section 4.2 and Table 4.1).

Third, the anatomy of the Z2VC can be best understood by visualizing separately

the spins in the three sublattices of the 120◦ state, see Fig. 4.1 (d)-(f). In contrast to

the 120◦ state, where all spins of a given sublattice are parallel to each other, forming a

single FM domain of infinite size, here the spins of a given sublattice form a hexagonal

superstructure of FM domains. The Z2 vortices then arise by the special way the three

sublattice superstructures are intertwined with each other. In particular, the center

of a FM domain in one sublattice (say A) coincides with vertices of the hexagonal

superstructures in the other two sublattices (B and C). Therefore, as we trace a closed

loop around the center of a FM domain of A, the spins of A remain roughly parallel

along the loop, whereas the spins of B and C complete a 2π-rotation, leading to a Z2

vortex, see the bold arrows in Fig. 4.1 (e)-(f). The precise way the 2π-rotation happens

is related to the special role of the [111] and [100] directions, see the color coding of

Fig. 4.1 (d)-(f) and the detailed discussion in [101].

Finally, the Z2VC state preserves the discrete threefold rotation symmetry of the

model. As we show below, this gives rise to three pairs of pseudo-Goldstone modes which

are related to each other by threefold rotations. These modes track the first harmonic

Bragg peaks in the static spin structure factor [101, 102]. Namely, they emanate from

1The second possibility has been overlooked in Ref. [101].
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the corners of the BZ as we depart from the HAF point, and move towards the Γ point

for K>0, or the M points for K<0 [see Fig. 4.4-Fig. 4.5 below].

4.2 Optimal crystals and variational minimization method

For each given ψ inside the stability region of the Z2VC phase, the optimal value of d

can be obtained by the variational energy minimization scheme outlined in Ref. [101].

In this approach, one exploits the fact that the Z2VC’s consist of three honeycomb

superstructures of ferromagnetic domains, one for each of the three sublattices (A, B

and C) of the HAF point. The majority of spins within each FM domain point along

a specific direction in spin space, which happens to be one of the four 〈111〉 axes. We

therefore begin by constructing, for each given ψ, an initial state consisting of perfect

FM domains (where all spins in the domain are parallel to each other and along the

respective 〈111〉 axis) with a size that corresponds to a fixed choice of d. Next, upon

a random sampling, we sequentially rotate spins in the direction of their local mean

fields. After a certain number of samplings, the system converges to a Z2VC and the

corresponding energy per site E0(d)/N is extracted. This procedure is repeated for a

series of different FM domain wall sizes, corresponding to different choices of d (and

always using appropriate clusters with periodic boundary conditions that accommodate

the given superstructure). The resulting energies per site E0(d)/N are then plotted as

a function of d and one identifies the optimal crystal with the one associated with the

minimum energy. Three examples were shown in Fig. 4.2 (a), for tanψ=−0.34, −0.29

and −0.22, for which the minimum energies per site are reached at d= 7, 10, and 19,

respectively. Following these steps we construct a large set of optimal crystals [see the

blue dots in Fig. 4.1 (b)], with d extending from 1 (tanψ=−0.42, Nm = 4 spins in the

magnetic unit cell) to d=19 (tanψ=−0.22, Nm=1444) for negative K, and from d=2

(tanψ=4, Nm=16) to d=13 (tanψ=0.46, Nm=2028) for positive K.

4.3 Dynamical fingerprints of the Z2VC phase

The collective spin dynamics can now be studied, for each of these optimal crystals,

using a numerical implementation of the Holstein-Primakoff transformation, followed by
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Figure 4.3: Linear spin wave branches along the symmetry path Γ → My → K′ → Γ
of the lattice BZ, computed for tanψ = 4 (a), 0.586 (b), 0.502 (c), 0 (d), −0.25 (e),
−0.29 (10), −0.34 (g) and −0.42 (h). Only the lowest 20 branches are shown here when
Nm > 20.

a generalized Bogoliubov transformation, and a numerical diagonalization that delivers

the Nm magnon bands in the magnetic BZ. This is then used for the evaluation of

Sαβ(Q, ω)=

∫
dt e−iωt〈Sα(−Q, 0)Sβ(Q, t)〉 , (4.3)

where S(Q, t) is the Fourier transform of the total spin with Q in the first BZ of the

lattice, and

I(Q, ω)∝
∑
αβ

(δαβ −QαQβ/Q2) Sαβ(Q, ω) , (4.4)

for further technical details see Section 4.5.2.
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(a) tanψ=0.502, d=11, Nm=484

(b) tanψ=−0.34, d=7, Nm=196

Figure 4.4: DSF Sxx(Q, ω), Syy(Q, ω), Szz(Q, ω) computed for (a) tanψ = 0.502 and
(b) tanψ=−0.34 along K → Γ → K′ and K → M → K′ high symmetry paths (insets,
red lines), respectively. Yellow crosses show the positions of the first harmonic peaks
of the static spin structure factor. The color scale runs from “blue” corresponding
to the minimum intensity to “red” corresponding to the maximum intensity, and it is
independently normalized for each plot.

4.3.1 Linear spin wave (LSW) expansion

Figure 4.3 shows the LSW dispersions for eight representative optimal Z2VC’s. The

spectra are first obtained in the magnetic BZ and then plotted in the repeated scheme,
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along special symmetry directions in the lattice Brillouin zone (see the hexagons in

Fig. 4.6). Figure 4.3 (d) shows the familiar result for the 120◦-order of the pure HAF

(ψ = 0), which can actually be considered as a Z2VC state with d = ∞ [133]. As

we gradually move away from the HAF point, the size of the Z2-vortex becomes finite

but still remains very large. Recall that the size of magnetic unit cell is Nm = 4d2

or 12d2, depending on the orientation of the spanning vectors of the superlattice (see

above). This explains the large number of Nm magnon bands that are visible in Fig. 4.3,

except for panels (d) and (h). The figure also shows the band gaps between neighboring

magnon bands, which result from Bragg reflections of the spin waves off the boundaries

of the large magnetic unit cells. This high density of Bragg reflections and magnon

band gaps is responsible for the multi-fragmented scattering profile announced above.

4.3.2 Spin dynamical structure factors (DSF)

Figure 4.4 (a)-(b) show the diagonal components Sxx(Q, ω), Syy(Q, ω) and Szz(Q, ω)

for two representative optimal crystals with large d, one at tanψ = 0.502 (d = 11,

Nm = 484) and the other at tanψ = −0.34 (d = 7, Nm = 196). First of all, it can be

clearly seen that the three diagonal components are indeed related to each other by the

threefold symmetry. Second, the overall shape of the DSF at intermediate and high

ω (i.e., far enough from the corners of the lattice BZ) follows very roughly the shape

of the three magnon bands of the DSF of the parent 120◦ order (see Fig. 4.3 (d) and

the top panels in Fig. 4.5, as well as Ref. [133]). Equivalently, the unfolded (in the

lattice BZ) Nm magnon bands of the Z2VC follow roughly the overall shape of the

three ‘parent bands’. This is due to the fact that the magnon wavelengths in this part

of the spectrum can be significantly smaller than the distance d between vortices, and

the short-distance fluctuations are still governed by the Heisenberg exchange. Despite

this rough similarity, the huge number of Bragg reflections and associated band gaps

(resulting from the large magnetic unit cell) give rise to a qualitatively different DSF,

with only a small portion of the bands standing out and an otherwise smeared out and

multifragmented response.

The most intense modes in Fig. 4.4 (a)-(b) appear at low ω, close to the corners of

the BZ, where the magnon wavelengths become comparable to the distance d between

vortices. These intense modes are the collective, pseudo-Goldstone modes mentioned
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Figure 4.5: INS intensities along a high symmetry path in the first BZ (Γ→ K→ My →
K′ → Γ) defined in Fig. 4.1 (g) for eight representative Z2VC states, where K > 0 in
panel (a) and K 6 0 in panel (c). Shifting of the minima is marked by the red dotted
lines. The dispersion at HAF point is also given for comparison. (b) INS intensities
along the line where these minima Oi, Pi (P4 coincides with My) in (a) are residing.
The relative position of these lines in the BZ are shown in the top panel of (b).

above, associated with the rigid vibrations of the vortex cores around their equilibrium

positions. There are three (±Q) pairs of such phonon-like modes [one for each diagonal

component of Sαα(Q, ω)], and their positions coincide with those of the first harmonics

of the static structure factor [101, 102] (see the yellow crosses in the insets of Fig. 4.4).

All in all, Fig. 4.4 therefore demonstrates the two most salient dynamical fingerprints

of the Z2VC phase in the vicinity of the C-IC transition, the large vortex size and their

particle-like character.

4.3.3 Evolution of the spectra with K/J

We now proceed to elucidate the way these features evolve as we move deeper into

the Z2VC phase, and the vortices become smaller in size. To this end, we consider

a series of eight representative Z2VC’s with decreasing d, four for K > 0 [Fig. 4.5 (a)

and (b), d= {13, 10, 5, 2}] and four for K< 0 [Fig. 4.5 (c), d= {19, 9, 2, 1}]; For results

on many more representative states see Section 4.5.4. Figure 4.5 shows the associated
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I(Q, ω), along with the intensity of the HAF point (top panels, d =∞). The rough

resemblance mentioned above, between the overall shape of the response with that of

the parent state, persists down to d= 5 and Nm = 100 for K > 0, and down to d= 2

and Nm = 48 for K < 0. For smaller vortex sizes new features appear, such as the

distinctively rich pattern for tanψ= 4 [Fig. 4.5 (a), bottom] which is characteristic of

strong Kitaev physics (see also below), and the two-band picture for tanψ = −0.42,

which is characteristic of the neighboring F̃M state [101, 102].

Turning to the evolution of the phonon-like modes, these must track the positions

of the first harmonic Bragg peaks, as mentioned above. This is illustrated by the red

dashed lines in Fig. 4.5 (a) and (c). For K>0 [Fig. 4.5 (a)], one of the phonon modes

traces the path K→O1→O2→O3→O4, while for K<0 [Fig. 4.5 (c)] the phonon mode

shown goes from K → My, and similarly for the remaining phonon modes related by

threefold rotations.

In addition to the phonon modes, we also find a second intense low-ω mode. For

K>0, this is shown by the dashed yellow line in Fig. 4.5 (a) and is elucidated further in

Fig. 4.5 (b). This mode traces the path K→P1→P2→P3→My, and is a precursor of an

accidental, classical ground state degeneracy present at the Kitaev point (ψ=π/2) [101].

This degeneracy is sub-extensive and manifests in the Fourier transform of the classical

energy with lines of minima joining the M points of the BZ (e.g., the line Mx → My).

This is illustrated in Fig. 4.5 (b) which shows the intensity along special horizontal cuts

[Fig. 4.5 (b), top] parallel to O1P1 (tanψ=0.46), O2P2 (tanψ=0.561), O3P3 (tanψ=

0.93), and O4 → My (tanψ=4). The intensities along these cuts show the development

of an almost flat mode, which should ideally become completely flat at ψ=π/2 (Kitaev

point). While quantum fluctuations eventually remove this degeneracy [100], the almost

flat precursor of this physics away from the Kitaev point could still be observable.

4.3.4 Evolution of the spin gap with K/J

The presence of exchange anisotropy and the fact that there is no continuous transla-

tional symmetry implies that the crystallization of Z2 vortices into a superlattice comes

with a finite spin gap ∆. This is demonstrated in Fig. 4.2 (b), which shows the evolution

of ∆ vs ψ for 17 optimal crystals. The gap is indeed finite everywhere inside the Z2VC

phase. Its behavior is non-monotonic and asymmetric with respect to the sign of K (it
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is significantly larger for K<0 than for K>0). The softening of the gap in the vicinity

of the C-IC transition (ψ=0) is in accord with the flattening of the ground state energy

landscape [see the scale in the vertical axis of Fig. 4.2 (a)] and the recovery of the true

Goldstone mode at the HAF point.

Of particular interest is the region above ψ=0.25π, which shows not only a softening

of the spin gap itself [Fig. 4.2 (b)], but also a significant accumulation of low-ω spectral

weight [Fig. 4.5 (a, b)], reflecting the incipient frustrated Kitaev point. Strong quantum

fluctuations may thus render this region susceptible to new collective physics that goes

beyond our semiclassical analysis (see e.g., the recent study [134] and [104, 106]).

4.4 Discussion

The prediction [101] that the coplanar 120◦ order of triangular Heisenberg antiferro-

magnets becomes immediately unstable under an infinitesimal Kitaev anisotropy, giving

way to mesoscopic Z2 vortex crystals, has triggered a significant interest in the com-

munity [102, 103, 105, 1, 104, 106, 109, 134], and remains to be explored and verified

experimentally. At present, materials that have been discussed in this context, including

the iridate Ba3IrTi2O9 [135, 136, 102, 103], the mixed-valence iridate Ba3InIr2O9 [137],

and the rare-earth compound YbMgGaO4 (YMGO) [138, 139, 134], suffer either from

intrinsic disorder and impurities or additional complex anisotropic interactions [1].

The Z2 vortex crystals can be detected by small-angle neutron or x-ray scattering

methods, in analogy to one-dimensional (1D) soliton lattices in modulated antiferromag-

nets (such as Ba2CuGe2O7 [140]) or skyrmion lattices in chiral ferromagnetic helimag-

nets (such as MnSi[121] or Cu2OSeO3[141]). Furthermore, the strongly inhomogeneous

magnetization profile near the defected cores of the Z2 vortices would give rise to char-

acteristic static hyperfine field distributions, which could be probed by NMR or muon

spin rotation (µSR).

In this work, we have demonstrated that the Z2 vortex crystals can also be diagnosed

in dynamical spectroscopic experiments in a more direct way. We have shown, in par-

ticular, that the collective spin dynamics of Z2 vortex crystals bears two of their most

characteristic properties, the large vortex size and the nonlinear, particle-like nature of

their defected cores. These show up with a characteristic multi-fragmented intensity
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Figure 4.6: Optimal Z2VC’s for (a) tanψ=−0.31 (d=9) and (b) tanψ=−0.34 (d=7).
The hexagons on the right show the first lattice Brillouin zone (BZ, outer hexagon) and
the magnetic Brillouin zone (inner hexagon, not in scale).

profile at intermediate and high frequencies and a set of intense, fully fledged phonon-

like modes at low frequencies. While certain aspects will be modified in higher orders of

the 1/S expansion (for example, the characteristic high-frequency intensity profile will

be further modified by the effect of the magnon decays which are known to be present

for noncollinear magnetic orders [142, 75]), the main qualitative predictions can be used

as “smoking guns” for Z2 vortex crystals in appropriate materials.

4.5 Technical details and auxiliary information

In these section we provide auxiliary information and technical details on the magnetic

unit cells of the Z2VC superstructures (Section 4.5.1), the computation of the linear

spin-wave spectra (Section 4.5.2), the computation of the DSF and the INS intensities

(Section 4.5.3), as well as the INS profiles for a series of sixteen Z2VC’s (Section 4.5.4).

4.5.1 Magnetic unit cells

To perform the semiclassical 1/S expansion one needs to deduce the magnetic unit cell

for each optimal Z2VC superstructure. It turns out that the spanning vectors, T1 and

T2, of the magnetic unit cell are of two possible types, depending on the value of d and

the sign of the Kitaev interaction K. In the first type [Fig. 4.6(a)], the spanning vectors

connect the centers of the domains belonging to the same sublattice, i.e., they connect

(A,B,C)→(A,B,C). This type of the magnetic unit cell encloses Nm = 12 d2 spins. In
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the second type [Fig. 4.6(b)], which was overlooked in Ref. [101], the spanning vectors

connect one sublattice to another [(A,B,C)→(B,C,A) for K>0 and (A,B,C)→(C,A,B)

for K < 0]. This type of magnetic unit cell has Nm = 4 d2 spins. The conditions for d

and K that give the two different types of magnetic unit cells, along with the associated

spanning vectors and number of spins Nm in the magnetic unit cell, are summarized in

Table 4.1.

4.5.2 Linear Spin Wave (LSW) analysis

In order to study the collective spin dynamics on top of a given optimal Z2VC, we must

first relabel the spin sites i → (R, µ), where R = n1T1 + n2T2 is the position of the

magnetic unit cell (n1 and n2 are integers), and µ=1−Nm is the sublattice index inside

the magnetic unit cell. Accordingly, we rewrite the spin Si and its physical position ri

as

Si → SR,µ and ri = R + ρµ , (4.5)

respectively, where ρµ is the sublattice vector associated to the µth sublattice. The

Hamiltonian is then written as

H =
1

2

∑
R

Nm∑
µ=1

Nm∑
ν=1

ST
R,µ ·J µν · SR+tµν ,ν , (4.6)

where

ST
R,µ = (SxR,µ, S

y
R,µ, S

z
R,µ) , (4.7)

tµν is a primitive translation of the superlattice such that the spins at sites i = (R, µ)

and j = (R + tµν , ν) interact with each other via J µν , and

J µν =

{
J ε, if

(
R + ρµ

)
− (R + tµν + ρν) = ±ε,

0, otherwise
, (4.8)
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where ε ∈ {a,b, c} and

J a=


J 0 0

0 J+K 0

0 0 J

 ,J b=


J 0 0

0 J 0

0 0 J+K

 ,J c=


J+K 0 0

0 J 0

0 0 J

 , (4.9)

(see Fig. 4.1). Next, for each site i = (R, µ), we introduce local reference frames

{x̃i, ỹi, z̃i} (4.10)

such that z̃i coincides with the direction of spin Si in the classical ground state. The

spin is then rotated into this local frame of reference by a unitary rotation matrix Uµ,

S̃R,µ = Uµ · SR,µ . (4.11)

The matrix Uµ can be constructed using the polar and azimuthal angles (θµ, φµ) asso-

ciated with the direction of the spin in the classical ground state,

Uµ =


cos θµ cosφµ cos θµ sinφµ − sin θµ

− sinφµ cosφµ 0

sin θµ cosφµ sin θµ sinφµ cos θµ

 . (4.12)

Plugging into the Hamiltonian gives

H =
∑
R

∑
µν

S̃T
R,µ · T µν · S̃R+tµν ,ν , (4.13)

where T µν = 1
2UµJ µνU

−1
ν . Next, we perform a Holstein-Primakoff transformation [143],

and rewrite the spin operators S̃xR,µ, S̃yR,µ, and S̃zR,µ in terms of bosonic creation and

annihilation operators a†R,µ and aR,µ to lowest order as

S̃xR,µ≈
√

S
2 (aR,µ + a†R,µ) , S̃yR,µ≈−i

√
S
2 (aR,µ − a†R,µ) ,

S̃zR,µ = S − a†R,µaR,µ .
(4.14)
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Then the Hamiltonian can be expanded in powers of 1/
√
S,

H = H0 +H1 +H2 +O(S1/2) , (4.15)

where the zeroth-order term

H0 = S2
∑
R

∑
µν

T (3,3)
µν (4.16)

represents the classical energy Ecl, the first-order term

H1 =

√
1

2
S3/2

∑
R

∑
µν

[ (
T (1,3)
µν − iT (2,3)

µν

)
aR,µ + h.c.

]
(4.17)

vanishes because we expand around the classical ground state, and the second-order

term is

H2 =
S

2

∑
R

∑
µν

{
fµν aR,µaR+tµν ,ν + f∗µν a

†
R,µa

†
R+tµν ,ν

+ gµν aR,µa
†
R+tµν ,ν

+ g∗µν a
†
R,µaR+tµν ,ν

− 2
[
T (3,3)
µν a†R,µaR,µ + T (3,3)

µν a†R+tµν ,ν
aR+tµν ,ν

]}
, (4.18)

where
fµν = T (1,1)

µν − iT (1,2)
µν − iT (2,1)

µν − T (2,2)
µν ,

gµν = T (1,1)
µν + iT (1,2)

µν − iT (2,1)
µν + T (2,2)

µν .
(4.19)

Using Fourier transform (where q belongs to the magnetic BZ)

aR,µ =
1√Nm

∑
q

eiq·(R+ρµ)aµ,q , (4.20)

defining δµν = (R + ρµ)− (R + tµν + ρν), and symmetrizing with respect to q→ −q,

we obtain

H2 = Ecl/S +
∑
q

∑
µν

S

4
H2,q,µν (4.21)
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where

H2,q,µν = fµν

[
eiq·δµνaµ,qaν,−q + e−iq·δµνaµ,−qaν,q

]
+ h.c.

+gµν

[
eiq·δµνa†ν,qaµ,q + e−iq·δµνaµ,−qa

†
ν,−q

]
+ h.c.

−2T (3,3)
µν

[
aµ,−qa

†
µ,−q + a†µ,qaµ,q + aν,−qa

†
ν,−q + a†ν,qaν,q

]
, (4.22)

or in matrix form

H2 = Ecl/S +
∑
q

x†q ·Hq · xq , (4.23)

where xq = (a1,q , ... , aNm,q , a
†
1,−q , ... , a

†
Nm,−q)T, and Hq is a (2Nm) × (2Nm) matrix.

The diagonalization of Hq involves introducing a new set of Bogoliubov quasiparticle

operators [84, 85],

yq=(b1,q , ... , bNm,q , b
†
1,−q , ... , b

†
Nm,−q)T, (4.24)

obtained from xq by a unitary canonical transformation xq = Tq ·yq. The transforma-

tion must be such that the new bosons satisfy the bosonic commutation relation which,

in terms of Tq, gives the condition Tq
† · g · Tq = g, where g = diag(I,−I) and I is a

Nm ×Nm unitary matrix. The matrix Tq can then be found by solving the eigenvalue

equation (in matrix form)[85]

(g ·Hq) ·Tq = Tq · (g ·Ωq) , (4.25)

where Ωq = Tq
†HqTq = diag(ωq,−ωq), and ωq is a diagonal matrix within elements

{ω1,q, ω2,q, . . . , ωNm,q}.
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4.5.3 Dynamical structure factor (DSF) and inelastic neutron scatter-

ing (INS) intensity

The DSF Sαβ(Q, ω) is given by the Fourier transform of the spin-spin correlations

Sαβ(Q, ω) =
∑
µν

∫
dt e−iωt〈Sαµ (−Q, 0)Sβν (Q, t)〉

=
∑
µν

∫
dt e−iωt〈

[ 1√Nm
∑
R

eiQ·(R+ρµ)SαR,µ(0)
]

×
[ 1√Nm

∑
R′

e−iQ·(R
′+ρν)SβR′,ν(t)

]
〉 , (4.26)

where the α-th component of the spin on the sublattice µ is given by

SαR,µ =

√
S

2
ξαµaR,µ +

√
S

2
ξα
∗

µ a†R,µ + λαµ(S − a†R,µaR,µ), (4.27)

and ξαµ = [U−1
µ ]α,1 − i[U−1

µ ]α,2, λαµ = [U−1
µ ]α,3 . Note that the third term in SαR,µ can be

dropped when calculating the DSF since this term only describes the reduction of the

static ordered moment due to magnon population.

The Fourier transform of the spin component is given by

Sαµ (−Q, 0) =
1√Nm

√
S

2

∑
R

eiQ·(R+ρµ)
[
ξαµaR,µ(0) + ξα

∗
µ a†R,µ(0)

]
(4.28)

=

√
S

2
eiτ ·ρµ

[
ξαµaµ,−k(0) + ξα

∗
µ a†µ,k(0)

]
,

where we used the relation Q = k + τ , where Q is the momentum transfer, k is a

wavevector inside the first magnetic BZ, and τ = n1G1 + n2G2 is a primitive vector

of the reciprocal lattice of the superstructure, which satisfies eiτ ·R = 1 for all R. Then

the DSF becomes

Sαβ(Q, ω) =
S

2

∫
dt e−iωt〈x†k(0) ·

(
Vα†
τ Vβ

τ

)
· xk(t)〉, (4.29)

where Vα
τ is a vector array of coefficients given by

Vα
τ =

(
e−iτ ·r1ξα1 , . . . , e

−iτ ·rNm ξαNm , e
−iτ ·r1ξα

∗
1 , . . . , e−iτ ·rNm ξα

∗
Nm

)
. (4.30)
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Using the Bogoliubov transformation, we then obtain

Sαβ(Q, ω) =
S

2

∫
dt e−iωt〈y†k(0) · Lαβk,τ · yk(t)〉 , (4.31)

where the correlation functions of the bosonic quasiparticles are determined by

〈b†γ,k(0)bγ′,k′(t)〉 = δγγ′ δkk′ n(ωγ,k) e−iωγ,kt ,

〈bγ,k(0)b†γ′,k′(t)〉 = δγγ′ δkk′
[
1 + n(ωγ,k)

]
eiωγ,kt , (4.32)

where n(ωγ,k) = [e~ωγ,k/(kBT ) − 1]−1 is the Bose factor at temperature T . At T = 0, we

therefore end up with

Sαβ(Q, ω) =
S

2

∫
dt e−iωt

Nm∑
γ=1

eiωγ,−kt
[
Lαβk,τ

]
γ+Nm,γ+Nm

=πS

Nm∑
γ=1

[
Lαβk,τ

]
γ+Nm,γ+Nmδ(ω − ωγ,−k) . (4.33)

Finally, the INS intensity I(Q, ω) is given by the expression[144]

I(Q, ω) ∝
∑
α,β

(δαβ −
QαQβ

Q2
) Sαβ(Q, ω) . (4.34)

4.5.4 Representative INS profiles

Figure 4.7 shows the evolution of the INS intensity I(Q, ω) for 16 representative Z2VC’s,

as we depart away from the Heisenberg point (ψ = 0) for both positive [Fig. 4.7 (c)]

and negative Kitaev interactions [Fig. 4.7 (d)]. The intensity profiles are shown along

special symmetry directions in momentum space [Fig. 4.7 (a) and (b)]. The shift of the

positions of the ‘phonon-like’ modes is highlighted by a red dashed curve. These modes

follow the positions of the static structure factor. For K > 0, the positions move from

the corner of the BZ K towards the Γ point, whereas for K < 0 they move along the

directions K → M. The yellow dashed line in Fig. 4.7 (c) shows the accumulation of

low-ω spectral weight as we approach the frustrated Kitaev point (ψ = π/2) (see main

text).
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Figure 4.7: The evolution of INS intensities for various Z2VCs realized at positive (c)
and negative (d) values of ψ shown along the highsymmetry path shown in (a) and (b).



Chapter 5

Conclusion

In recent years we have seen remarkable effort in Kitaev magnetism triggered by the

formation of the exactly solvable Kitaev honeycomb model [24] and the microscopic

description of the bond-directional interactions [23]. The goal of the research described

in this dissertation is to better understand the microscopic picture of the Kitaev mate-

rials in both 2D and 3D by studying the spin dynamics in certain Kitaev systems. In

particualr, I have explored rich variety of the properties of the 2D triangular lattice and

3D hyperhoneycomb lattice β-Li2IrO3. Here, I briefly summarize what has been done

in this work and discuss some reasonable work for future study.

In Chapter 2 and Chapter 3, I have shown a theoretical study of the magnetiza-

tion processes in the hyperhoneycomb iridate β-Li2IrO3 with external magnetic fields

applied along the a, b, c orthorhombic directions (Chapter 2), and in the ab, bc, ac

crystallographic planes (Chapter 3). A variety of features have been investigated, in-

cluding: (i) strong intertwining of the modulated, counter-rotating order with a set of

uniform orders, (ii) presence of a robust zigzag phase above the critical field at which the

modulated order disappears, (iii) an unusual reentrance of the incommensurate counter-

rotating order for fields in the ab-plane, and (iv) characteristic torque discontinuities

that resemble closely the ones observed in the related compound γ-Li2IrO3. The experi-

mental confirmation of these predictions will pave the way to a quantitative microscopic

description of β-Li2IrO3.

In Chapter 4, I discussed the collective spin dynamics of Z2 vortex crystals realized

in the triangular Kitaev-Heisenberg model due to interplay of geometric frustration and

95
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spin-orbital anisotropies. Such vortices have been known to be present in triangular

Heisenberg antiferromagnets as topological excitations, but here the bond-dependent

anisotropy condenses them in the ground state via a commensurate-incommensurate

nucleation mechanism. I have shown that these vortices can be most saliently identified

by two distinctive signatures in dynamical spin response experiments: The presence

of pseudo-Goldstone ‘phonon’ modes at low frequencies associated with the collective

vibrations of the vortex cores, and a characteristic multi-scattered intensity profile at

higher frequencies, arising from a large number of Bragg reflections and magnon band

gaps.

Although a lot of questions have been answered in the work described in this dis-

sertation, some questions still remain open. Specifically, future work can be focused

on:

• Chapter 2 and Chapter 3: (i) higher order quantum corrections in the magneti-

zation process, (ii) temperature dependence of the excitation spectrum, and (iii)

a unified description of the field-induced harmonic honeycomb iridate γ-Li2IrO3.

• Chapter 4: (i) how Z2 vortices are destroyed by quantum fluctuations, (ii) the

behaviors of Z2 vortices under finite temperature and the presence of magnetic

field.
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N. Büttgen, A. Jesche, I. Kézsmárki, A. A. Tsirlin, and P. Gegenwart. Field

evolution of low-energy excitations in the hyperhoneycomb magnet β − Li2IrO3.

Phys. Rev. B, 101:214417, Jun 2020.

[50] K. A. Modic, Tess E. Smidt, Itamar Kimchi, Nicholas P. Breznay, Alun Biffin,

Sungkyun Choi, Roger D Johnson, Radu Coldea, Pilanda Watkins-Curry, Gre-

gory T McCandless, et al. Realization of a three-dimensional spin-anisotropic

harmonic honeycomb iridate. Nat. Commun., 5, 2014.

[51] A. Biffin, R. D. Johnson, I. Kimchi, R. Morris, A. Bombardi, J. G. Analytis,

A. Vishwanath, and R. Coldea. Noncoplanar and Counterrotating Incommensu-

rate Magnetic Order Stabilized by Kitaev Interactions in γ-Li2IrO3. Phys. Rev.

Lett., 113:197201, Nov 2014.

[52] Nicholas P. Breznay, Alejandro Ruiz, Alex Frano, Wenli Bi, Robert J. Birgeneau,

Daniel Haskel, and James G. Analytis. Resonant x-ray scattering reveals pos-

sible disappearance of magnetic order under hydrostatic pressure in the Kitaev

candidate γ − Li2IrO3. Phys. Rev. B, 96:020402, Jul 2017.



103

[53] J. Chaloupka, George Jackeli, and Giniyat Khaliullin. Kitaev-Heisenberg Model

on a Honeycomb Lattice: Possible Exotic Phases in Iridium Oxides A2IrO3. Phys.

Rev. Lett., 105:027204, Jul 2010.

[54] Cao Gang et al. Frontiers of 4D-and 5D-transition Metal Oxides. World Scientific,

2013.

[55] S.-H. Baek, S.-H. Do, K.-Y. Choi, Y. S. Kwon, A. U. B. Wolter, S. Nishimoto,
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