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ABSTRACT

The subject of this dissertation is at the intersection of two major fields of condensed matter physics:

unconventional superconductivity (SC) and topological phases of matter. Both conventional and
unconventional superconductors exhibit similar qualitative behavior: they pass currents with zero
resistance and expel magnetic fields, both effects due to formation of a Cooper pair condensate.
Broadly, an unconventional superconductor is simply one that is not described by the textbook
Bardeen-Cooper-Schrieffer theory. There are at least three things that can make a superconductor
unconventional: the pairing mechanism, the symmetry of the Cooper pair, and topology. In many
unconventional superconductors the paring mechanism is thought to arise due to the 2D nature
of the material that can exhibit strong quantum fluctuations. Unconventional pairing can lead to
spin-triplet Cooper pairs with a non-zero orbital momentum, or even a non-zero total momentum, in
which case they can realize the so-called pair density wave (PDW). Since magnetic fields align spins
that can only form spin-triplet states, one possibility for realizing unconventional superconductors
is to look for superconductors that survive in large magnetic fields. This is well-known to occur in
systems with strong spin-orbit coupling (SOC) that is also well-known to lead to possible topological
phases and topological superconductors in particular, which exhibit Majorana edge modes that may
one day be useful for building a quantum computer.

All of these elements come together in a family of monolayer materials with strong SOC known
as the 1H transition metal dichalcogenides (TMDs) that have recently been found to be supercon-
ducting. The thesis of this dissertation is that they can indeed host interesting unconventional and
topological SC phases. To show this, in we analyze the possible symmetry breaking
instabilities using the parquet renormalization group that has been successfully used in other uncon-
ventional superconductors. We find that Coulomb interactions can lead to unconventional SC and
PDW. In we explain what makes phases in general topological, and how the topology is
restricted by their symmetry. In [Chapter 4] we combine the results of the two previous chapter to
study 1H-TMDs in a mean-field theory, and find unconventional topological phases. In
we study the PDW phase in more detail, and in we conclude by looking at recent exper-
imental data that indeed suggests that 1H-NbSes may be an unconventional superconductor, but

perhaps not the one we anticipated in theory.
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units of T, (T, at zero detuning). Parameters used are the same as in |[Figure 4.2}|
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Same as [Figure 5.7} but for the triplet PDW instabilities (A)z), (E"z) and (E"y)

that are degenerate in the absence of SOC. All parameters are in units ot 7.9. The

reentrant behavior in the T. vs w plot (top left) is in part due to the non-single-

valuedness of T, as a function of i that can be seen in the T, vs ji plot (bottom left),

which indicates that a first order rather than a second order phase transition likely

takes place for suthiciently large fi. See also discussion in the text). . . . . . . . . ..
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[5.9 Three types of behavior of stability regions in temperature 7'/trigonal warping w |

| phase space for the triplet PDW instabilities at fixed values of i. For larger i, the |

| instability may vanish at 1" = w = 0, but due to the spinodal curve having two |

| branched in the T vs mu phase space (bottom left panel in [Figure 5.8)), increasing |

| the temperature can stabilize the phase. Similarly, increasing w can also stabilize the |

| phase, resulting in behavior in the middle panel. Ateven larger mu stability of PDW |

| 1s completely lost at w = 0, but not at " = 0, resulting in behavior in the right panel.| 136

6.1  Two-fold anisotropy observed in transport experiment, figure adapted with permision |

| from [58]. Plots show resistance R of the samples normalized by the resistance in the |

| normal state Ry. Panels a-e show the resistance as a function of the direction of the |

| magnetic field at various magnetic field strengths (a-c) and various temperature (d-e), |

| with the rest of the parameters being fixed. ¢ shows data obtained at high magnetic |

| fields, with the green curve showing the extracted H.. Panel f shows the resistance |

| as a function of temperature, with 1. around 4 K, as well as the relative amplitude |

| of the oscillations (red dots).| . . . . . . . . .. . . . . 141

6.2 (a-c): the energy gap in the BAG spectrum AFE as a function of momentum angle |

| 0y, along the Fermi surface obtained with parameters listed under [(6.16)[ for (a) pure |

| s-wave singlet A} gap, (b) A7 mixed with E’ gap, and (c) A} mixed with E” gap. |

| Note that the inner and outer gaps are essentially identical in this case. The sharp |

| minima are due to Ising SOC, which for higher magnetic fields become nodes. Insets |

show schematic forms of the gap around the Fermi surface. (d-f): the energy gap

minimum (in meV) as a function of field angle § = ¥ in the presence of Rashba SOC

gaps now differ (shown in green and gray), and only the global minimum is two-fold

| |
| |
| for the same cases as in (a-c). Note that with triplet £” mixed in, the inner and outer |
| |
|

symmetric. Figure adapted with permission from [58].| . . . . . ... ... ... ... 148
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[6.3  Numerical solutions of the gap equation |(4.19) including strain demonstrating the

| two-fold anisotropy. Top left plot shows 1. as a tunction of magnetic field angle at

| various magnetic field strength, bottom left shows 1. as a function of magnetic field

| strength for various field angles. Top (bottom) right shows the critical magnetic field

| B, (normalized by B.(¥ = 0)) as a function of field direction at various temperatures.

| All parameters are in units of Ising SOC ;. Model parameters used were g; = —1.7,

| g2 + g3 = —0.6, g4 = 0.2 (other coupling constants set to zero), A\pg = 1, arpg =

| 0.0507, and e = 0.2.] . . . . . . e
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Chapter 1

Introduction

The leitmotif of this dissertation, as of much contemporary condensed matter physics, is the interplay
between symmetry and topology, in particular the symmetry and topology of ground states of many-
body systems that characterize phases of matter. Both notions of phases and topology are intimately
connected with the notion of adiabatic transformations of the system which allows us to say that two
states or two systems are in the same phase: what we mean is precisely that we can adiabatically
transform one system into the other by tuning some physical parameter (we say that the systems
are adiabatically connected). This is not just a theoretical consideration, but in fact a practical one.
When we change the parameter by an infinitesimal amount, the statement that the system responds
adiabatically means that the new state of the system is for all practical purposes indistinguishable
from the old state. In other words, no experiment could tell the new state from the old. It is a
matter of self-consistency to declare all states that we cannot distinguish to describe the same phase
of matter.

In reality we can of course experimentally distinguish many different phases of matter, which
means that if we try to adiabatically connect them we must fail: if we change the tuning parameter
by an infinitesimal amount, the system responds dramatically and something (any property of the
system that we can measure) changes by a finite amount, i.e. discontinuously. More precisely, there
is a non-analyticity in some measurable quantity. This necessarily happens if the measured quantity
is discrete and so cannot change continuously, and consequently such quantities allow us to classify
phases.

The paradigmatic example of a discrete quantity which we can use to classify phases is symmetry.
A state of a system will always either have a symmetry or not, with no possibility in between. This
is of course Landau’s classification of phases with spontaneously broken symmetries, and which

explains almost all familiar examples like water and ice. It should be emphasized that to some



CHAPTER 1. INTRODUCTION

degree the possibility of spontaneous symmetry breaking is surprising: it means that the ground
state of the system has a different symmetry than the system itself, an example of emergent behavior
when many particles are put together to produce something that was not there before, in this case
an order that breaks a symmetry. The reason is that the symmetric state becomes unstable at
the phase transition, which as we will see can be understood as a consequence of renormalization
processes.

It is now well-known that other discrete quantities besides symmetry, generally referred to as
topological invariants, can be used to characterize phases of matter. The first and best known
example is the quantum Hall effect in which the topological invariant is the Chern number that
counts the number of occupied Landau levels (which are discrete and have the same symmetry) and
which changes discontinuously as the filling changes. The topology in this case is determined by
adiabatic transformations: a topologically trivial state is defined to be one that can be adiabatically
connected to a state that is a simple product state of single particle states (the atomic limit). It is
another example of emergent behavior when many particles are put together. Note that non-trivial
topology may, in principle, coincide with symmetry breaking when it develops, so the notion of
topological phases is complementary and not orthogonal to symmetry breaking phases.

Which phases of matter can occur in a system depends strongly on its dimensionality. Of course
most systems of interest are 3D, but some thin film systems can be effectively 2D, some like graphene
essentially truly 2D (interfaces in heterostructure can also sometimes effectively form their own
system, like the 2D electron gas), and wire systems can be essentially 1D. Dimensionality is well-
known to affect many system properties, including their topology: the QHE, for example, occurs
only in 2D systems. In general 2D systems are particularly interesting from a topological point of
view because in 2D one can count how many times a path of a particle winds around a fixed reference
point. This leads among other things to the possibility of non-fermionic nor bosonic statistics (i.e.
anyons), the lack of chaos in dynamical systems, and the Mermin-Wagner theorem that states that
no spontaneous breaking of continuous symmetries is possible in 2D at non-zero temperature, which
means that corresponding phase transitions are often topological (of BKT type, i.e. proceeding by
vortex proliferation)ﬂ

Symmetry and topology also generally interact with each other (as we will see in .
Symmetry can have two general effects on topology: it can force topology to be trivial, as in the case

of the QHE that requires time reversal symmetry (TRS) to be broken; or it may allow us to define new

1Other dimensions have similar interesting topologies, but not for particle like objects: in 3D for example particle
paths around fixed points are all equivalent (contractible), but loop-like objects do have a ‘winding’ number similar
to the one in 2D (related to the fact that the corresponding homotopy group of 2D spheres in 3D space is not trivial).
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topological phases that would be impossible without it. In the latter case, this is because symmetry
may restrict the adiabatic transformations we are allowed to make to the system while staying in the
same phase. The corresponding phases are called symmetry-protected topological (SPT) phases for
that reason, with the best known example possibly being the topological insulators or the quantum
spin Hall effect (QSHE) protected by TRS and spin-rotation symmetry respectively.

Since the QHE has been understood in terms of the Berry connection and the Chern number [14]
161, [I70], the topological classification has been extended to include gaped phases with antiunitary
symmetry using the tenfold way [10, [132] [99], gapless (including nodal) phases with anti-unitary
symmetries in [I05] 197], as can topological defects [I69]. Antiunitary symmetries are not the only
possible symmetries, and more recently recently the classification has been extended to include
crystalline symmetries like mirror symmetries and rotations, both for fully gapped [29, B8] and
gapless phases [28] [158], [167]. Such phases are called crystalline topological phases to distinguish
them from other SPTs. A good review of all these classifications is in [30]. The experimental
hallmark of the topological phases are end/edge/surface modes (in 1/2/3D respectively) resulting
from the bulk-boundary correspondenceﬂ For example, 2D nodal phases protected by anti-unitary
symmetries exhibit flat band edge modes [144], 15T}, [145],[82]. The flatness is not in general guaranteed
for crystalline phases, as seen for example in 3D crystalline topological insulators, where they are
referred to as drumhead states [I5], 23], [156].

The classifications naturally include topological superconductors such as chiral [I30] and helical
[128] superconducting (SC) phases that exhibit Majorana edge modes (a pedagogical review of
TSC is [143]). As we will see in SC phases, which break a U(1) symmetryf] are in
a sense another example of a symmetry protected phaseﬁ The SC instability in which a Cooper
condensate forms from electrons paired on opposite side of the Fermi surface (thereby destroying
it) is only guaranteed to exist when the spectrum of the system is symmetric under momentum
reversal p — —p, which can be a consequence of TRS or inversion symmetry of the system. If the
momentum-reversal symmetry is broken to a sufficient degree, the SC phase becomes unstable, but

it can survive if the symmetry is only weakly broken, a situation we will also be interested in below.

2Though we will not consider them, crystalline symmetries also naturally result in the recently introduced higher-
order topological invariants characterized by hinge states (corner states in 2D and 3D and edge states in 3D) [149]
172, 182 [79), [126].

3Note that it is not the gauge symmetry associated with charge conservation as sometimes stated [56].

4SC can be considered to be a topological phase [49], and it is well known to be characterized by off-diagonal long
range order (ODLRO), with off-diagonal meaning that it is non-local. Relatedly, regular metallic Fermi surfaces have
been understood as symmetry protected gapless topological phases [66} [I77] protected by the U(1) symmetry broken
by SC. Luttinger’s theorem stating that the area/volume in momentum space enclosed by the Fermi surface (which
is the total electron density of the system) is fixed under renormalization can also be understood as a topological
statement.
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Often, new non-uniform phases can occur in proximity of the phase transition, in which the order
parameter acquires a small momentum (thus breaking translational symmetry). Non-uniform SC
phases of this kind are also known as Fulde-Ferrel-Larkin-Ovchinikov (FFLO) phases [53} 87], which
we will consider in (see also [I04] for an overview). Another interesting possibility is that
a non-uniform SC with large pairing momentum develops spontaneously, in which case it is referred
to as a pair-density wave (PDW), a possibility we will explore in

Given the considerations above, what kind of system would we want to consider if we are inter-
ested in topological phases? There are many possibilities (some discussed in reviews cited above).
A 2D system might be interesting as we mentioned, especially if it is superconducting. Symmetry
is also important: we want the system to be symmetric (so it has interesting topology) but not too
symmetric (otherwise the topology is trivial). A hint as to what is not too symmetric is that spin-
orbit coupling (SOC) is now well-established to sometimes lead to topological phases. SOC is itself
a consequence of the absence of inversion symmetry, and systems that lack inversion are referred
to as non-centrosymmetric. Non-centrosymmetric systems in general have garnered some attention
in 3D materials like CePt3Si and other similar heavy fermion systems, and UTe; and some other
uranium based superconductors. A good reference is [13], and a good review is in [163]. One of the
main interests is the search for topological phase, and there are for example recent claims of chiral
superconductivity in UTey [71]. Lack of inversion symmetry has been considered in 2D as well (and
much earlier), but until recently mostly in thin film systems with Rashba SOC induced by the sub-
strate (and not intrinsic to the system), which was one of the earliest studied non-centrosymmetric
systems [42] [54]. In that case FFLO is well-known to occur in presence of an in-plane magnetic field
2, 41, 13, 85, [107).

A class of non-centrosymmetric 2D materials with strong intrinsic Dresselhaus type SOC has
more recently been produced using molecular beam epitaxy (MBE) and exfoliating bulk samples,
namely the 1H transition metal dichalcogenides (TMDs). We will describe them in more detail
i and a general overview of TMDs is provided in [I03]. Moreover, they have been
observed to be superconducting in large in-plane magnetic fields that indicates the presence of
strong SOC [22] [1911 168, 188, 08, 133 187, 174, 157, 40, 122] 164], making them a good contender
for realizing interesting topological SC phases.

The thesis of this dissertation is that they can indeed realize several such phases, at least theoret-
ically. In particular, we will find that in additional to the nodal topological SC phase found by [62] in
1H-NDbSes in high in-plane magnetic fields, a crystalline nodal topological SC phase exists protected

by a mirror symmetry when Rashba SOC is added to the system (as we generically expect due to
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substrate effects), provided the in-plane magnetic field is aligned along certain symmetry directions.
That phase can additionally host Bogolyubov Fermi surfaces. We also find a chiral SC phase in the
limit of strong Rashba SOC (which is known for the case without Dresselhaus SOC [85] [127]). We
also find that PDW phases are possible. As we will see in the experimental reality is

more complicated than the theory, but it offers potentially even more interesting possibilities.

1.1 Outline of this Dissertation and Methods Overview

After discussing the band structure of 1H-TMDs in that will be the model material
throughout the dissertation, the general outline of the thesis will roughly follow the logic outlined
above. We will first consider the spontaneous symmetry breaking classification of phases from the
more modern perspective of the renormalization group analysis (RG) in with a focus on
superconductivity as an instability of the Fermi surface, and apply it to the specific case of 1IH-TMDs

(in the absence of SOC) in [Section 2.2| In |Chapter 3| we then present more precisely the notion of

symmetry protected topological phases and derive some of the invariants that will be relevant later.
We also include a derivation of the Zs invariant for time reversal invariant 2D topological insulators
both because it illustrates the interaction between symmetry and topology we are interested in, and
because I am not aware of this particular derivation appearing elsewhere in the literature (other
derivations, of course, are well-known [52] [113]).

We then study the effects of SOC on uniform SC in 1H-TMDs in[Chapter 4] (presenting the results
of [153]) using a self-consistent mean field analysis. We identify several interesting topological phases
mentioned above and below. In we study the PDW instability that also arises in the RG
analysis, which we do mostly neglecting SOC, though we consider its effect in Those
two chapters, along with contain the main theoretical contribution of this thesis. In
we compare the theory with recent unanticipated experimental results and discuss a
possible explanation within a phenomenological framework.

Below we give a more detailed outline, including an overview of the methodology and previous

work, as well as our main results.

Methods and Results

Given a model of the normal state of 1H-TMDs (e.g. given in [Section 1.2)), how do we proceed
to identify its phases, in particular the SC phase? Several previous studies have taken different

approaches [195] 62, (199, (196, [165, [70, 67, 48, 179, 166, 123, 124, 110, 109, 115, I11]. The most
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common approach among these has been to simply assume the standard BCS form of the gap
function, i.e. an s-wave spin-singlet order parameter, as done for example in [62] 165}, [70] 179, [166].
This is a bit dangerous given that 1H-TMDs have strong SOC and spin is not conserved, so spin-
singlet and spin-triplet SC phases always mix, but nevertheless valid conclusions can be drawn even
then: for example [62] found a nodal topological phase. Arguments from symmetry can then be used
to show that including other terms does not affect the topology of the phase, an approach taken by
[48] who also considered an additional f-wave triplet order.

A bit more generally, taking a phenomenological approach one could consider some or all possible
symmetry allowed gaps. This is for example the approach in [195], who obtain a phenomenological
form of the interactions and solve a self-consistent gap equation for 1H-MoSs with Rashba SOC,
that has two K pockets in the hexagonal Brillouin zone. [123] 124 110, 109, 115, I11] take a
similar approach to systems with an additional pocket at the I' point, considering symmetry allowed
interactions and then numerically solving the gap equation.

A more rigorous approach is to use RG to identify the leading instabilities of the system, which
is the method that we start with in this dissertation. This allows us to rule out some phases allowed
phenomenologically, given some reasonable assumptions about the form of the bare interactions.

In 1H-TMDs, an RG analysis was performed by [67] for doped 1H-MoSs, but as we will outline

below the systems we consider are more general. In [Section 2.1| of [Chapter 2 we will first present

the general RG procedure for interacting fermionic systems, with the main goal of deriving the flow
equations that we will solve for IH-TMDs in [Section 2.2} RG allows us to perform a stability analysis
of the symmetric state of the system, which is the more modern approach to spontaneous symmetry
breaking is to perform. Experimentally, such a stability analysis amount to for example placing a
system in a small external magnetic field to see if it develops a magnetization that remains after the
external field is turned off. If it does, we conclude that the system is a ferromagnet. Essentially,
we ‘tap’ the system with the external field to see if it develops a symmetry breaking order (similar
to a pencil falling over in the direction it was tapped in). RG is allows us to perform a theoretical
analogue of this procedure using quantum field theory. In theory and experiment, the external field
induces a response of the system that either shrinks to zero or grows to infinity under RG. In the
former case we say the system is at a fixed point of RG, while in the latter we say that there is an
instability and a new fixed point corresponding to the ordered state is reached. All phases of matter
can be classified as fixed points of RG by this procedure.

The RG analysis is a standard technique and has been applied in many other condensed matter

systems, e.g.: high T, systems like cuprates and pnictides [63], [80, [32], B3], 50, [65] (see [102, [45] for a
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review); FeSe [190]; SroaRuQy [173]; doped [120] 119, [121], bilayer [39] and twisted bilayer graphene
[26] 27, [34, [35], [78]; layered oxides [I71, 147]; and many other systems. More recently RG has been
applied to TMD systems as well, specifically for doped MoSs with spin polarized Fermi surfaces
located at K points of the hexagonal Brillouin zone [67], and for a system with a similar ‘fermiology’
to TMDs but with a I' hole pocket and electron K pockets (which therefore exhibits particle-hole
instabilities including magnetism) in [192]. Our work presented in is the first to apply
RG to generic 1H-TMD (and similar) systems that have only hole pockets at I' and K points [153].

Note that several RG schemes exist, and in [Section 2.1 I will be describe the momentum shell
(parquet) RG mostly following the standard reference [I54]. There are many other good references
that go over the RG calculation, including several textbooks [9, B7, [49] 155, 1] and papers [102].
However, I will make several technical amendments to [154] that will be needed for our application.
First of all, I will use the coherent state path integral formulation at finite temperature since there
is little extra cost (and this allows us to compute T, in RG), and use a slightly different Feynman
diagrams. I will also be more careful about the soft cutoff, following the method standard in non-
perturbative RG due to Polchinski [I], which will simplify the tree level analysis and works better for
lattice systems. On a lattice it is also more convenient to use a different interaction decomposition
(Chebyshev polynomials instead of Legendre polynomials). We will emphasize throughout that RG
is a stability analysis of the system.

The main technical difference from [154] is that I will include band and spin indices. This will
lead to the main technical result in that a singlet SC instability is possible with purely
repulsive interactions due to pair hopping between the I and K pockets, similar to the s* state
considered in [I71] [65]; as well as a triplet superconducting instability that is possible due to the
topology of the K pockets (a mechanism very different from one considered in [67]), promoted by
an exchange interactionﬂ To the best of my knowledge, this is the first time a triplet SC phase was
found in RG in TMD-like systems, but a similar phase was found in some models in doped graphene
[57] and considered phenomenologically in doped MoSs [131] 195]; more recently it was found in
bilayer TMDs in [75].

In addition, we find that singlet and triplet PDW instabilities are possible, in case of repulsive
interactions only if either an Umklapp process (taking a K, K pair to a I', =K pair) or a process
exchanging I' and +K is sufficiently strong, respectively realizing a singlet or a triplet PDW insta-
bility. Note that PDW has also already been considered in 1H-TMDs with repulsive interactions,

5Note that if we think of total momentum measured from the I' point, the exchange process is in equivalent to
backscattering that underlies the Kohn-Luttinger mechanism.
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specifically in systems with the structure of doped 1H-MoS, that do not have a I pocket [67, [176].
The latter refers to a PDW with a small pairing momentum that is more analogous to the standard
FFLO. [67] invoke the Kohn-Luttinger mechanism [83] (a two-loop RG calculation in 2D [102]),
which may be relevant at very low temperatures and which we do not consider. In our model no
PDW arises from repulsive interaction in the absence of the I pocket.

To include SOC in our analysis of uniform SC, we switch to a mean-field analysis, using interac-
tions we found in the RG analysis. In order to study their topology, we will first discuss symmetry
protected topological phases more broadly in focusing on the topological invariants that
we will later use, which includes invariants for 2D crystalline nodal phases protected by a mirror
symmetry. In we therefore begin with an overview of the 1D two-level system with mirror
symmetry that, when extended into 2D, will lead to the phase that we later find in
Since we also find a chiral phase, we present a general procedure for computing the Berry curvature
in SC systems and discuss the Chern number. We also present a derivation of the Chern number
(following [I61]) that we then extend to a derivation of the Fu-Kane [52] (or Kane-Mele [76] [77, [113])
Zo invariant as a case study of the interplay between symmetry and topology. Though the result is
well-known, to the best of my knowledge the latter derivation has not been presented in the same
approach elsewhere in the literature.

In we present a self-consistent mean field analysis of superconductivity in metallic
1H-TMD systems with strong SOC and/or magnetic field, focusing on systems with a I" pocket like
1H-NbSe,. This is the main result reported in our work in [I53]. Note that no previous studies cited
above simultaneously considered Ising and Rashba SOC with an in-plane magnetic field (as men-
tioned, Rashba SOC with and without in-plane magnetic fields has been considered previously), and
all express the gap function in terms of spin-singlet and spin-triplet components that are mixed due
to the SOC. We find it more convenient to work in a basis in which the Hamiltonian (and therefore
the Green’s function that enters the gap equation) is diagonal. We refer to the corresponding basis
the SOC basis, which is also known as the helical or band basis in non-centrosymmetric literature
(13, [163] provide good overviews). Working in the spin basis is of course equally valid (especially for
weak SOC), and has been used to study non-centrosymmetric systems besides TMDs for example
in [51, B5]. It is more common, however, to work in the SOC basis, as done already by Gor’kov
and Rashba in [54] who pointed out the possibility of spin-singlet and spin-triplet mixing, and more
recently in [138] 136} 135], 137, 14T 146, 85, 184]. In the limit of strong SOC or magnetic field, it
greatly simplifies the analysis as we can consider pairing between inner and outer Fermi surfaces

only.
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Using the SOC basis, inwe confirm the previous result of [62] who showed the existence
of a nodal topological phase in presence of a strong in-plane magnetic field protected by the TR-
like symmetry 7. However, we find that these nodes are generically lifted by Rashba SOC unless
the magnetic field is oriented along one of the I'-K directions, in which case a crystalline nodal
topological phase is realized, protected by a vertical mirror symmetry. We show this first by simply
projecting the gap function into the SOC basis, which has a simple physical interpretation base on
symmetry properties of spin under reflection. We then go over the solutions of the linearized gap
equation in for various parameter values and present a phase diagram, confirming the existence of the
nodal phases. In the presence of both Rashba and magnetic field, the nodes in the crystalline phase
are shifted from zero energy, resulting in small Bogolyubov Fermi surfaces (which have recently
been considered in [7, 194, 20 106, [167]). The nodes are likely brought back to zero energy in
the FFLO phase that is expected to be realized due to the asymmetry, but we do not study the
FFLO self-consistently. Finally, we find that in addition to the nodal phase, a chiral SC phase
that spontaneously breaks TRS is realized in the absence of a magnetic field and at large Rashba
SOC (relative to Ising SOC), assuming the triplet instability we found in is the leading
instability in the absence of SOC. Similar phases of different physical origin have been found in
doped MoS; [67] and doped graphene [200] [120]. We confirm the topological nature of both the
chiral and the nodal phases using an analysis following the general one presented in

Next, in we consider the PDW instability we also find in RG. The PDW phase is similar
to the FFLO [87, [53] phase and both are examples of inhomogeneous SC with an order parameter
A ~ ™ Q with Q being the total momentum of the Cooper pairs. Unlike FFLO, however, PDW
emerges spontaneously in a material with no external fields breaking time reversal symmetry (TRS)E
PDW has been invoked to explain some aspects the pseudogap regime in cuprates like the observed
charge density wave (CDW) order, which as we will see can be induced by the PDW (see [§] for a
review, which also covers PDW more generally in other systems). More recently it has also been
proposed to exist in halos of vortices of uniform superconductors [I81] and in the vicinity of the
v = 5/2 fractional quantum hall state [142]. Even more recently, there is a claim of observation of
PDW on the surface of bulk 2H-NbSe, [97].

Unlike the uniform SC phases, the PDW is not guaranteed by any intrinsic symmetry of the
system, and in particular is suppressed by trigonal warping at K pockets (see . Af-
ter a general phenomenological Ginzburg-Landau discussion, we therefore perform a self-consistent

stability analysis accounting for detuning from perfect nesting, including the trigonal warping and

6Some authors consider FFLO to be a special case of PDW.
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miss-match between the I' and K pockets. This identifies the range of detuning parameters for which
PDW remains a viable instability. We further analyze whether the PDW is of FF or LO type is
realized, meaning one or both of K and — K pairing momentum PDWs are present respectively, the
former therefore spontaneously breaking TRS. Paring between I'" and K pockets (which we find is
needed for repulsive interactions to stabilize the PDW instability) turns out to favor FF-type PDW.

Finally, in we look at a recent experiment on few-layer 1H-NbSey reported in [5],
who found a twofold anisotropic response to an in-plane magnetic field rotated around the sample (a
very similar experiment and result was also reported in [I806]; one of the samples in their case was a
monolayer). This is not consistent with any of the solutions we find in (which suggests the
anisotropy should be sixfold if Rashba SOC is present), which may be due to the presence of strain
that we have ignored in our analysis.By symmetry, we find that both the horizontal mirror symmetry
and the three-fold rotation symmetry must be broken to a two-fold symmetry by some fields other
than the magnetic field (possibly by Rashba SOC and strain respectively). Using a phenomenological
model (generalizing [160]), we argue that the most plausible explanation is a proximity and mixing
between the usual s-wave singlet SC instability and either a p-wave triplet or d-wave singlet SC

instabilityEI

1.2 Non-Centrosymmetric 1H-TMDs

In this section we will present the lattice and a model of the band structure of 1H-TMDs including
SOC, establishing the notation that we will refer to throughout the dissertation. We will also
include symmetry breaking terms like Rashba SOC and in-plane magnetic field that are of interest
both theoretically and experimentally.

Although TMDs have several possible lattice structures, we are mostly interested in the 1H
structure since it breaks inversion symmetry (see|Figure 1.1]). The H stands for hexagonal, while the
1 indicates the number of layers in a unit cell (one for a monolayer). The parent bulk compounds
are 2H-TMDs in which the inversion symmetry is restored and relates neighboring layers within a
single unit cell (in some references the monolayers are also referred to as ‘2H’ as a result). All of
the structures are made of a layer of transition metals (in a triangular lattice for the 1H structures)
sandwiched between two layers of chalcogen atoms, which are atoms in the oxygen family. Common
examples are MoSy (which is an insulator but can become metallic when doped by electrostatic

gating), TaSy, and NbSey. The latter are metals and will be the main examples we consider.

"More accurately, between Al irrep of D3y, and one of the 2D irreps E’ or E".

10



1.2. NON-CENTROSYMMETRIC 1H-TMDs

Figure 1.1: Lattice structure of 1H-TMDs MX, where M is a metal and X is a chalcogen. Basis
lattice vectors a; and a; are also shown. The figure also illustrates how the absence of inversion
symmetry results in SOC: an electron in a Bloch plane-wave state with momentum p going in the
% direction is in a superposition of states that pass on top and bottom of a given nucleus (the paths
are indicated with gray arrows), which sees a different nuclear electric field (an equipotential of the
field is shown). The Bloch wave therefore sees an effective average electric field (E) pointing in the
—y direction. In the electron’s rest frame, it therefore sees a magnetic field B « p x (E) that point
out of the page, which is the Ising SOC.

The main property of these materials that we are interested in is SOC. To see how it arises due to
the lack of inversion symmetry, recall that it is a relativistic effect due to the relative motion of the
electrons and the nuclei in the system. An electron moving with velocity v relative to a nucleus with
electric field E will in its own rest frame see a magnetic field B = —v X E « p x E (in Gaussian units
with ¢ = 1). The magnetic field couples to the electron’s spin through the usual Zeeman coupling,
Hsoc = —p-B « S - p x E where S is the spin of the electron. If the electric field of the nucleus
is taken to be E x %3 where Z is the atomic number, after averaging we get the standard SOC
term Hgoo f—gL - S where ag is the Bohr radius and L = r X p is the angular momentum (see,
e.g., [86]). This shows also why the presence of heavy transition metals is important, as it greatly
enhances the SOC. Note that the SOC can be thought of as an effective magnetic field g(p) that
is an odd function of momentum. This means it preserves time reversal symmetry (TRS), but it
breaks spin rotation symmetry (i.e. spin is not conserved, since electrons with different spins have
different energies).

In a crystal lattice, however, the electrons we are interested in are in fully delocalized Bloch
states and not bound to the nucleus. If the Bloch wave is propagating with momentum p, it is in an
equal superposition of states of electrons that pass a given nucleus on the left and on the right (in
2D). As a result, the SOC needs to be averaged over all the states (formally this can be done using

perturbation theory). In a centrosymmetric system, this average vanishes for all momenta due to

11
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the inversion symmetry: for any path the electron takes passing at r, there is a path where it passes
at —r though an equal nuclear electric field that contributes the exact opposite effect. In a non-
centrosymmetric system, the nuclear field is distorted (e.g. due to electron bonds with neighboring
nuclei), and so the SOC effect doest cancel between the two paths. We can also think of the net
SOC effect as being due to an average electric field (averaged over the direction perpendicular to
the motion of the Bloch wave), which we can see is non-zero from

Symmetry places additional constrains on the form of SOC in 1H-TMDs, which have D3, point
group symmetry. The Brillouin zone is hexagonal and we take one of the K points to lie along
the x axis. As we saw the field g(p) must be odd due to TRS. Dsj, contains a three-fold rotation
symmetry Cs, which leads to g(p) o cos 36 with 6 the angle of the momentum p measured from the
z axis. The h in Ds;, means that it also has a horizontal mirror symmetry M,, with the reflection
plane being the zy plane. Note that under reflection, spin components parallel to the mirror flip,
while perpendicular components stay the same, a fact that will be important at several instances in
this thesis. In this case, the mirror symmetry means that spins have to point out of the plane, and

as a result

g(p) = Arpx(p2 — 3py)2 = Arp} cos 302 (1.1)

where A is a constant and pp is the Fermi momentum (we will mostly be interested in Fermi surface
physics). Importantly, note that the SOC vanishes along the I'-M lines by symmetry (not just for
the leading order term). This is a form of Dresselhaus SOC which is well known. All possible forms

of SOC have been tabulated for all non-centrosymmetric point groups, e.g. in [I63].

1.2.1 Band Structure and k - p Model

Another important aspect of 1H-TMDs is their band structure. Technically, only a single energy band
(split into two by SOC) crosses the Fermi level (see 7 and it is predominantly composed
of d-orbital electrons originating from the transition metal. Heuristically, we can therefore think of
1H-TMD monolayers as a metallic layer sandwiched between two insulators, with all the transport
happening in the metallic layer. Importantly, there are disconnected hole pockets centered at the
two non-identical K points (with K’ = —K) in all metallic 1H-TMDs systems like doped MoSs, and
an additional hole pocket at the I" point in intrinsically metallic monolayers like NbSey and TaSs (see
. Various first-principles studies like bulk (and more recently monolayer) DFT calculations

and monolayer tight-binding models suggest that the I' pocket is composed predominantly from d -

12



1.2. NON-CENTROSYMMETRIC 1H-TMDs

Figure 1.2: Cartoon band structure (left) and Fermi surfaces (right) of metallic 1H-TMDs (doped
insulating 1H-TMDs are similar, but typically have no I' pocket), with Fermi level at E = 0, obtained
using a tight-binding model with parameters summarized in [Appendix A] (no attempt at fitting the
real band structure has been made, and the Ising SOC is much larger than in real systems to illustrate
the splitting). Note the spin degeneracy along I'-M lines.

orbitals (onsite to leading order in a tight-binding model), while =K pockets are predominantly
dy2_y2 + dgy in character (mostly arising from nearest-neighbor hopping in a tight-binding) [73} 96}
(123, 110, 184].

For systems with K pockets only, a valley index ¢ = +1 corresponding to the eK point is often
introduced by analogy with graphene. To account for the I' pocket, we introduce a generalized valley
index n = 0,£1 corresponding to nK points, with 0K = I' by convention (it will occasionally be
necessary to introduce a second valley index, for which we will use¢). For clarity, we will sometimes
interchangeably use n = I',£K. An important point is that 3K is equivalent to I (i.e. it is an
Umklapp momentum), which means that the n valley index is defined modulo 3. The form of SOC

we obtained above is an expansion about the I" point,

gr(p) = A1p} cos 30z (1.2)

with pr and € measured from the I" point. To obtain the SOC at the K points, we restrict this form
to the K points (keeping only the leading order):

8+k(P) = £B12 (1.3)

13
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where the SOC is simply constant at the pocket and in that sense even more analogous to an out-of-
plane magnetic field. The authors who originally considered it in MoSs were reminded of the Ising
model, and so SOC of this form has been dubbed Ising SOC [98] (which is what the I stands for in
the subscripts). We thus arrive at the effective (k - p) model of the normal state of 1H-TMDs:

H = Z dIma [en(P) + 89(P) - ], 5 dpys (1.4)

pnap
where dp,, are annihilation operators for electrons at the nK pocket with momentum p measured
from the nK point with spin @ = %1 for spin up and down respectively (quantized along the

out-of-plane z axis), and

n(P) = —5— — iy (1.5)

is the dispersion in the absence of SOC, with m,,, u, being the corresponding effective mass and
chemical potentials that may not be equal between different pockets. o = (¢%,0Y,0%) is a vector
of Pauli matrices. To give a sense of scale, the band width in metallic 1H TMDs is typically on
the order of 1 eV, while the Ising SOC is estimated to be around A;pp ~35 meV at I' and 75 meV
at K points in monolayer DFT calculation [I84] (see also [189, [96] [84], TT0]), with an average SOC
reported around 40 meV in 1H-NbSe, [I87, 40]. Taking p = —0.4 eV gives m = p%/2u ~ mg
where my is the electron rest mass when the wavenumber corresponding to the Fermi momentum is
pr/h=0.45 A=! [18], which matches reasonably well the Fermi surfaces found in the first-principle
calculation (see [Figure 4.1fa)). Note that because Ising SOC vanishes along the I'-M lines where

spin is therefore degenerate, the Fermi surfaces at the I' pocket intersect along those lines.

1.2.2 Symmetry Breaking Perturbations

In addition to the intrinsic SOC, we will consider symmetry breaking terms in the Hamiltonian.
These in general correspond to some symmetry breaking fields (e.g. electric, magnetic, or strain
fields), which are conveniently categorized using irreducible representations (irrep) of the Dsj, point
group (actually it will later be convenient to think of a system with Dgj), point group symmetry in
the absence of any SOC, with Ising SOC being a symmetry breaking field braking it down to Dsp,).
Recall that a representation is (from a mathematical point of view) a map p : G — GL(V) from
the symmetry group G to the group of linear transformations (i.e. matrices) GL(V) of a certain

vector space V; physically, the vectors of that vector space are the symmetry breaking fields, and
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often the space itself is also referred to as the representation. The point is that the fields are acted
upon by the symmetry group and transform using matrices (that represent the group). In general
the symmetry can map some vector components into each other, but some components are never
mapped into each other. The vector space can thus be broken into irreducible pieces that do not
transform into each other and only stay within their irreducible subspace of smaller dimension (in
2D point groups, the dimension is always 1,2 or 3). A representation restricted to these irreducible
N-dimensional subspaces is called an irrep of dimension N and the corresponding fields are said to
transform according to that irrep. Typically a field belonging to a single irrep will only break some
of the point group symmetries, reducing it to a point group that is a subgroup of the original one.
lists all the irreps of Dsj (that we label with £ by analogy with orbital angular momentum
that labels irreps of SO(2)) and the corresponding physical fields/functions of cartesian coordinates

belonging to those irreps, as well as the reduced point groups.

{(Dsp) | Cartesian | Field | Subgroup
Al 1,cos 30 NA NA
A, R.,sin 30 B, Cap,
Al 2 sin 36 B, with E, Ds
A/2 z E. or Rashba SOC Cs,
E x, ©2 — 12 Ex

n ny gy Cs (021))
E R, 2 B,
Ry, yz —B, Cs (C2)

Table 1.1: Irreducible representations (irreps) of the Dsy, point group symmetry, functions of Carte-
sian coordinates (including rotations R;) and physical fields that transform according to these irreps,
and the reduced point groups in the presence of the fields (groups in parentheses have non-canonical
orientations). E; and B; are components of electric and magnetic fields, £; are components of the
shear strain tensor (or electric field). Note that the E’ and E” irreps are 2D, and the irrep fields
have two components that we list in columns.

We will mostly consider magnetic fields and Rashba SOC as the symmetry breaking fields.
Rashba SOC [21] transforms according to the A irrep and breaks the horizontal mirror symmetry
(as well as two-fold rotations, so the reduced group is no longer dihedral). Physically, this is usually
due to the fact that 2D samples are on a substrate, but it can also be tuned by perpendicular electric
fields. In either case the SOC arises due to the same effective magnetic field seen in the rest frame

of the electron, but in this case due to (nuclear or external) electric fields that point (on average) in
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the z direction. Repeating the SOC calculation we did above with E = Ez, we find that

gr(p) = ar(pyX — p.¥) (1.6)

with the Rashba SOC parameter ap (so the energy scale associated with Rashba is agpr). This
results in spins aligning in a circulating patter around the Fermi surface. Note that since Rashba
SOC does not vanish along I'-M lines, the spin degeneracy at those points is lifted, and the Fermi
surfaces at the I' pocket split and no longer intersect. For simplicity we assume the Rashba parameter
is equal on all pockets. As mentioned above, 2D non-centrosymmetric superconductors with Rashba
SOC have been well-studied, in part since it is expected to occur even in thin film systems without
any intrinsic SOC (e.g. [54} 127, RS, 140, (137, 148]).

It is also well-known that SOC in 2D materials makes the superconducting state particularly
robust agains in-plane magnetic fields (which belongs to the E” irrep) [61]. Indeed, the Pauli limit
has been seen to be exceeded in multiple experiments on superconducting 1H-TMDs [22, [191], [168],
188, 98], [133], 187, 174, 157, 40, 122, 164], with Ising SOC being invoked as the explanation in
[98, 133}, 187, 40} [70} [51]. This is because the orbital limiting (i.e. vortex proliferation) is absent for
an in-plane field, while the paramagnetic Pauli (or Chandrasekhar-Clogston [24] [36]) limiting that
typically results from Cooper pair breaking in conventional s-wave spin-singlet BCS superconductors
due to spin alignment with the external field is absent due to SOC (in simple terms because spin is
not conserved, and Cooper pairs always have singlet components). The external field adds a Zeeman

term to the Hamiltonian

Hz = Z dI)na [b-o],sdpns (1.7)

pnaf
where b = % gr B is the magnetic field in units of the Bohr magneton pp times the Landé g-factor
gr.- As we will see in[Chapter 4] the fact that the Pauli limit is exceeded is best understood in terms
of electrons with a given momentum p seeing an effective magnetic field that is a combination of
both the external magnetic field and the effective magnetic field due to SOC with the total normal

state Hamiltonian given by

H= Z dI)na [en(P) +8,(p) - ] op Tons (1.8)
pnapB
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where

B,(P) = g,(p) + gr(P) + b (1.9)

As a result, when the magnetic field is applied the spins tilt in its direction but do not fully align
with it, and some spin-singlet pairing remains possible. Note that the spin degeneracy is again lifted
along the T-M lines (even without Rashba SOC) and the T' Fermi surfaces split. An alternative
(though less likely) explanation would invoke spin-triplet interactions, which as we will see may be
possible in these systems (in that case the Pauli limit does not apply even in the absence of SOC).
Again for a sense of magnitude of the parameters, agpr was estimated to be about 0.8 meV in
gated MoSz in [98], while a magnetic field b = 0.5 meV corresponds to about 8.3 T. In other words,
we expect these to be much smaller than the Ising SOC, but possible comparable or larger than the
size of the SC gap (which vanishes at the phase transition and estimated to be about 2 meV at zero
temperature in [58]).

That superconductivity remains possible in large magnetic fields in itself offers interesting pos-
sibilities for unconventional SC phases. Besides breaking the point group symmetries (including
importantly the vertical mirror symmetry), the in-plane magnetic field breaks TRS. In the absence
of Rashba SOC, however, it does not break the product of TRS and the vertical mirror symmetry
T =TM, (where T = i0¥KC is TRS and K is complex conjugation), which acts as a TR-like symme-
try (we will define what that means more precisely in . This is another important reason
why SC can be seen above the Pauli limit: as a result of this symmetry, the Fermi surfaces remain
symmetry under momentum reversal p — —p (as has also been pointed out in [48]). As we will
emphasize in the momentum reversal symmetry of the Fermi surfaces (more precisely
the whole band structure) is a fundamental reason why SC is possible. As we will see in
the TR-like symmetry also protects nodes in a nodal topological superconducting phase that was
first noted in [62], who were motivated by the experiments cited above.

When both Rashba SOC and in-plane magnetic field are present together, no TR-like symmetry
exists, which means that in general both the nodes and the superconductivity lose their protection.
It will turn out that the nodes disappear immediately except for one case: we will show in[Chapter 4]
that if the the magnetic field oriented along one of the I'-K directions two pairs of the original six
pairs of nodes remain and are protected by a horizontal mirror symmetry M, = ioc® that alone is
not broken. The SC phase itself is more robust than the nodes and remains stable as long as the

symmetry breaking is not too strong. Note that the shifting of the Fermi surfaces is well-known to
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occur in the same situation with no Ising SOC [42], [41], [3, 85] [107], resulting in FFLO phases (the
effect is not unique to SC phases [I78]). The question of when a phase ‘protected’ by a symmetry
can survive when that symmetry is broken will arise also when we study pairing instabilities within
the K pocket in (another reason the pocket structure is interesting in TMDs), which

results in a pair density wave (PDW) phase with Cooper pairs with a large total momentum.

The SOC Basis

For later reference throughout this dissertation, note that the total Hamiltonian is diagonalized by

operators

cpnr = Upr(P)dpyr (1.10)

where the index 7 = + labels inner and outer Fermi surfaces respectively. The unitary transformation

is

1 Tab,.(p) | e
U2 (p) = —=1 /1 + —L (7¢70n) 2 1.11
"= e ) .
where
ei¢n(p) _ an + Zﬁny o QRDy + bz + i(—Oész + by) (112)

Boe +iBnyl — \/(rpy + 02)2 + (ArDs — by)?

with 8, = |8, (p)| (which plays the role of a magnetic field). We will refer to this as the SOC basis
(also referred to as band or helical basis in non-centrosymmetric literature), though note that we also
include the magnetic field in it. The normal state dispersions (i.e.eigenvalues of the Hamiltonian)

are

&nr(P) = €,(p) + 7|8, (P)| = €, (P) + 75,(p) (1.13)

with the Fermi surfaces determined by &,-(p) = 0.
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Chapter 2

The Renormalization Group

In this chapter we review the renormalization group (RG) technique for fermionic many-body systems
in RG allows us to obtain an effective action for low-energy modes of the system by
successively integrating out high-energy modes, and to identify any instabilities of the system that
correspond to symmetry breaking phases, in particular superconducting phases that we are most
interested in. We then apply RG to transition metal dichalcogenides in As explained
in the introduction, we generally follow the standard reference [154], amending where necessary for
our purposes. The analysis in is the first theoretical contribution of this dissertation,
part of which appeared in [I53].

2.1 Renormalization Group

RG is essentially a stability analysis of many body systems that allows us to understand symmetry
breaking phases of matter as instabilities of symmetric but unstable states. This is closely related
to the way we test phases in experiment in which symmetry breaking perturbations are introduced
to probe the system. For example, we can send a particle (or beam) into the system and see
what comes out, or apply an external field to see if the system will order. The path integral
formalism using coherent states was in part developed to theoretically study precisely this situation
and allows us to add symmetry breaking terms to the path integral [37], and which we therefore
use in RG. To emphasize this connection with experiment, we recall the linear response theory
in which naturally leads to the concept of an effective action and renormalization
(including in particular RG) that we introduce in From there the analysis follows
the standard path: we consider the Gaussian (and Fermi liquid) fixed points (which represent the

symmetric state) in [Section 2.1.3] including corrections to interactions at leading order (tree level).
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Going to next order in we find that the symmetric fixed points are unstable to various
interaction channels, in particular the pairing channel we are most interested in. We derive the RG
flow for the interactions in that subsection. Finally, in we will see that the instability
indicates formation of bound states that become the relevant degrees of freedom at a new fixed
point. We show that an equivalent approach is to introduce an external bound state (as a symmetry
breaking perturbation or vertex) and see if the system orders in response by computing the RG
vertex flow. The external vertex and internal interaction RG flows give equivalent results, and we

use both in the next section

2.1.1 Linear Response of a System: The Green’s Function

There are many references that cover the formalism that we present here, including the diagrammatic
technique that we will be using [9, 37, [74), [49], 100, [46], 02, 2]. In this formalism, as in usual statistical

mechanics, the system is described by the partition function
Z= / e~ S14ADdDd (2.1)

S is the action of the system that is a functional of the fields (which are themselves functions) and
where d is a fermionic field expressed in terms of Grassmann variables. We will work in momentum

space and take dp;,q as in|Section 1.2| with 7 a pocket/band index and a =1, |= £1 the spin index,
and the momentum p is measured from the pocket center. The action for such systems can quite

generally be written as (in imaginary time formalism accounting for finite temperature)

- - B _
S[dPﬁOH dp"la] = S[d, d] = /0 L[dpnou dpnoz]dT (2.2)

with imaginary time 7 integrated up to § = 1/T (taking the Boltzmann constant to be 1), where

the Lagrangian is

L[dpnow Jpna] = Z Jpnaafdpna + H[dpnaa Jpna] (23)

pPno
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with Hamiltonian

Hldpyas dpna) = Z dpna [Hy (P) g dpns + (2.4)
pnap
+ Z Vnnc;iv;ﬁa " (p.k, A)dp .10’ dik—q,¢' 5 dpnsdicns
p.k,q
¢ aBa’ B

where o/, 8,3’ are additional spin indices and 7, {, (" are additional pocket indices, and V are the

interactions. Again quite generally,

Hy(P) = € (P) + B, (p) - o (2.5)

that can include spin orbit coupling and magnetic field. We can Fourier transform the fields
dpna(T) = dpya(w) which amounts to replacing 0, — iw in the Berry phase part of the Lagrangian.
Since at finite temperature the Lagrangian is periodic with period 3, the frequencies are restricted to
be fermionic Matsubara frequencies, w,, = (2n+ 1)7T for integer n, and the integral is replaced with
asum [dr — T ), . For simplicity, we will assume that the interactions are frequency independent,

so the action is

S[d, Cﬂ =T Z Jpna [—iw + Hn(P)]a/a dpns + S1(d, J] (2.6)
npno
where
Sild,d) = T* Z VnZ;COz;ﬁa ’ (P, %, Q)dp-+q, 0’ dk—q,¢'5 dpysdicna (2.7)
ni1,m2,n3,p,k,q
' (¢ aBa’ B’

We will generally assume that the interactions conserve energy, momentum and spin. Note the factor
of T? in the interactions is because as a result there are only three Matsubara sums involved (which
will be important for scaling later).

We now introduce an auxiliary source term of the form (we will consider other forms, but this

one will turn out to be the most important)

Sild, d, 5,3 = (rdr + drjr) (2.8)
i

where j is the ‘generalized force’ or current source Grassmann variable that is fixed and I, J are
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multi-indices including p, n, . The total partition function is then
Z[5,7] = <621(31d1+£21j1)> — Z(;l /e*S[d;J]GZIGIdIJrJI]'I)'DdeJ (2.9)

The linear response of the system here is the expectation value of d, which is

0 log Z[j, j]

(dr) = 27", ]] / dre=SAE (i1 +dii) pgpd = = (2.10)

Recall that this is how all thermodynamic quantities are computed in ordinary statistical mechanics.
Here the ‘force’ j; creates an expectation value for a single particle state, so we can think of S; as
adding a particle to the system. In general, for a small force j we expect the response to be linear,

i.e. (dy) « jr, and we therefore define the susceptibility as (d;) = x7sjs, where

§2log 2[5, j]
- _ Jaad 2.11
XrJ 5050 |, (2.11)
where j = 0 means all of j; and j; are set to zero. But this is nothing but
6%2log Z[j,j 7 Grdids+drj 7 7
— 5P Il _ g / dre™ 1A Zi (Grdrdo+diin) papd = (drdy) = Gy (2.12)
JJ0JI

which is the definition of the Green’s function of the system. This is the central object of the

diagrammatic theory where it is represented as a line with an arrow,

Gry=—(drdy) (2.13)
or more explicitly

Grciap(iwn, P; i), k) = = (dpya(wn)diccs (@) (2.14)

It is therefore the (linear response) susceptibility to introducing a single particle into the system,
which can be considered an instance of the fluctuation-dissipation theorem. Note that being an
expectation value of the ground state wave function, it contains a very small fraction of the informa-
tion about the whole wave function, but generally we can deduce the symmetry of the phase from
the symmetry of the Green’s function.

In the context of the stability analysis what we are after is to see whether an infinitesimal j results

in a finite response, which corresponds to an infinite value of the Green’s function, i.e. its poles. The
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Gy

o, Py, ... > 05, Py 0y, .

Figure 2.1: Diagrammatic representation of the Green’s function, also called a propagator or two-
point correlation function.

poles of the Green’s functions are dispersions of the resonant modes of the system. In general poles
can appear in higher-order correlation functions as well, e.g. if we introduced a vertex representing
a bosonic field that couples quadratically to the fermions that we will study below. It turns out,
however, that we do not need to add more fields to compute higher order correlation functions,
because Z[j, j] (or rather its logarithm) in fact contains all of them: it is the moment-generating

function (MFQG) from which all correlations can be obtained by differentiation as

62N log Z1j, j]
041, - 031300 -~ 00w |j—o

= (dyy ... dypdp, ... dp,) (2.15)

Note that terms with odd numbers of fields typically vanish so M + N should be even, but in general
the expectation value may not vanish even when M # N.

The main problem is that for a general form of the action, we do not know how to compute the
average. We only really know how to do Gaussian integrals, i.e. for the non-interacting part of the

action quadratic in the fields:

SO [da J] = T Z Czpna [_iwn + Hn(p)]aﬁ dpnﬁ (216)

npno

In principle we may need to further diagonalize the single-particle #,,(p). We will call its eigenvalues
&nr(p) with 7 labeling the energy bands. A bit more generally, and for later use, we can also include
additional order parameters like the superconducting gap function in the quadratic part of the action,

which we can write as
Sold, d] = nggf}dJ (2.17)
IJ

where we allow df = Jpna, for which we can evaluate the partition function by doing the (Berezin)
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integral
Z[j,j] = 261/e*Zu&zg;}dJeZz(ﬁrdr”fﬁ)pdpj
_ Z(;l det [g—l] 6—2”31QIJJL7 (2.18)
In particular,
52 log Z[4, 4]
drdy = 0082l 2.19
(drdy) 57,051 91 (2.19)

where we include the possibility that the Green’s function

Grg  Fry
g1y = ; (2.20)
FIJ —Gr

includes anomalous components

FnC;aﬁ(in p; iw;/, k) = <dpna(wn)dk<5(w;/)> (2~21)

Comparing |(2.17)| with |(2.16)} we have

. . _ . 6ww’5pk5nC
Gicap(iwn, Piiwy, k) =[Gy (iwn, p)}aﬁ Onn’ Opkdne = [W—W ap (2.22)
with poles iw,, equal to the eigenvalues of the Hamiltonian (the anomalous Green’s function vanishes
in this case).
Although this is the only case we can do, note that since we know the generating function, we
can obtain all correlation functions by simple differentiation combined with induction, which yields

Wick’s theorem:

Theorem 2.1 (Wick’s Theorem for Fermions)

For Gaussian distributions (i.e. Sy quadratic in the fields),

(di...dy) =Y sgnp [ (dids)== > senp [[ Gus (2.23)

peP {I,J}ep peP {I,7}ep

where fermionicﬂ fields d; with multi-index I can be either dp,)q or Jpna, P% are all possible pairings

1For bosons, the same theorem applies but with sgn p replaced by 1.
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pof {1,...N}, ie. distinct partitions of {1,... N} into pairs, and sgnp is the sign of the pairing
(i.e. the parity of the number of pair-wise permutations required to obtain the order of pairs in p).

Note that the result is zero if N is odd. O

For a proof of this theorem see [37, [74], 46].

The importance of the theorem lies in the following observation. The total action is

Z= /e—so[dvfﬂe—sf[d’f%d Dd = 2, <e—Sf[dﬂffJ> (2.24)
0

where Z is the partition function without interactions. But we can always expand the exponential

e~ S1ld:d] yging Taylor series, and then use the cumulant expansion

(eX) = o0y KnlX] — o(X)+Var[X]/2+... (2.25)

which implicitly defines the cumulants k,[X], with x1[X] = (X), (X) = Var[X] the variance of
X, etc. Since the cumulants are in this case linear combinations of correlation functions, we can
compute the partition function with a general action using Wick’s theorem. Diagrammatically, the
cumulant expansion is just the linked-cluster theorem that states that corrections to the action can
be computed in terms of connected Feynman diagrams only that represent the correlation functions
[155, B7]. To get the response of the system we can similarly compute the total Green’s function as
<d 1d je=S1ldd) >0 in a similar fashion, which yields the diagrammatic expansion of the total Green’s

function in terms of the ‘bare’ Green’s function G(©) for the system in the absence of interactions.

2.1.2 Effective Action and Renormalization

For a many body system there is generally going to be an energy scale above which no new response
is going to be generated, which we will call A. The standard approach is to restrict the integration
inside the action to £ < A. This is the hard cutoff often used in RG. Looking ahead, however, and
as discussed in [I55], at some point in RG with Fermi surfaces the hard cutoff becomes inconvenient
because the momentum cutoff pa () (which can depend on the angle) defines an annular region that
does not map into the same region in the rescaling step in RG which we will discuss presently. To

circumvent this issue, a soft cutoff 04 (£) needs to be introduced as

So [da J; 9/\] =T Z exl(p)gpna [7iwn + Hn(p)]aﬁ dPTlﬂ (2'26)

npno
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This is a common way the cutoff is implemented in non-perturbative or functional RG [I]. The exact
form of A, does not matter, but it is roughly 1 for £ < A, and vanishes smoothly for £ > A. Note
that we do not introduce a cutoff in S;. Also note that it is the inverse of 65 that enters in Sy; as
a result, when 6, is small, Sy is large, and e~ is very small and does not contribute to the path
integral.

The soft cutoff has a more physical interpretation. Note that the bare Green’s function corre-

sponding to is

ity o
afB

G ;Q ) oy 7 ,/7k = G ) mn 6nn’5 (S = -
i (0 D iy 1) = Gy (0D S [Mn_Hn(p)

so the soft cutoff plays the role of the renormalization factor or quasiparticle weight Z from Landau’s
Fermi liquid theory (which we are partially building towards). In fact, the linear response approach
outlined here parallels closely the original formulation by Landau, who considered the change of the
system’s energy as a single particle was added to it, which can be interpreted as the energy of a
different object called the quasiparticle.

More generally, the probing particle will interact with some but not all of the system. In a
fermionic system, these are typically states close to the Fermi level. In order to take this into
account, we want to split the system into the low energy part (close to the Fermi level) that we care
about, and the high energy part that we do not care about. To do this we want to split the modes
into low and high energy modes with the cutoff splitting into

O = 03 + 05 (2.28)

where G[f = 6p_spa has the same form as the original cutoff. Note, however, that there is no
sharp distinction between low and high energy modes when using a soft cutoff (which requires a
modification to the RG procedure as it is described in [I55]). The trick is to define d = d< + d~
using the Gaussian identity (omitting an irrelevant constant Jacobian; see section 2.2 in [I, Chapter

2] for a proof)
Dd Dd e=50ld:4:01) o Dd_DJ_Dds Dds e~ Sold<-d<i05] = So[d>.d>:67] (2.29)

which implicitly defines the low and high energy modes. We can then define the effective low energy
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action via (omitting d in the argument of the action for clarity)

Z= / e Sl<d>1pd_Dd_Dd-Dds = / e Sersld<lpd_Dd. (2.30)
ie.

e Jersld<l — /e*S[d<’d>1DJ>Dd> (2.31)

In other words, the effective action is obtained from the microscopic action by integrating out the
high energy modes. As in|(2.24)] we make use of the fact that[(2.26)|is quadratic in the fields, which

allows us to use the same Feynman rules to compute the integral. Explicitly, we have

Sld<,d=] = Sold<; 0] + Sold>; 0] + Srld<, d>] (2.32)
and we have

e—Sersld<] — g=Sold<:03] <efsz[d<,d>}> Zos (2.33)

>

where

Zos = / e~ 50l4>0%1Dd. Dd., (2.34)
and the average over high energy modes is defined as

<efsf[d<,d>1> _ /6*50[d>;9f]€*51[d<,d>]pg>'])d> (2.35)
> ZO>
We thus have

Serf =So+6S (2.36)

where we again can use the cumulant expansion

58 = — i Kon [~ Sild<, ds]] (2.37)

n=1
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Since the low energy fields are not integrated out, this has the symbolic form
Seps = s0+saded + sadedededc + -+ = Zsjoj [d<(p)] (2.38)
J

The operator expansion holds more generally for any form of the action.

The idea of the renormalization group is that the renormalization can be done in multiple steps.
i.e. high energy modes do not have to be integrated out all at once, but rather removed systematically
starting at the highest energy A, first integrating out modes within a narrow energy shell of thickness
dA = A (1 — %) for some rescaling factor o g 1 The new effective action thus runs up to energy
A/o. This is the first step of RG. The second step is to realize that if we redefine the units by
rescaling all lengths ' = x/p (equivalently all momenta as p’ = gp), we end up with an effective

action that again runs up to energy A, i.e. has the same form as the original action. Quite generally,

if the original action has the general form |(2.38) after the two RG steps it becomes
S'ld<] = ZSQOJ‘ [d<(p'/0)] (2.39)
J

Note that some s; may have started as zero and new terms in the action can be introduced. The
third and final step of RG is to redefine the field as d'(p’) = d<(p)/¢, with ¢, which amounts to
a new choice of units for the field, typically chosen such that the leading s; is constant. In the
absence of a Fermi surface, this is typically the quadratic kinetic energy term. In the presence of a
Fermi surface, the correct choice amounts to keeping the volume (or area in 2D) inside the Fermi
surface fixed, in accordance with Luttinger’s theorem (assuming the shape of the Fermi surface is
not deformed under RG to the point where its topology changes). For a circular Fermi surface, this
means simply keeping the Fermi momentum fixed.

After these three stepsﬂ we finally obtain a new action (redefining s)
Sd) =) s50,ld(p)] (2.40)
J

At this point we can change the perspective on the renormalization process. Instead of thinking of
eliminating the high energy modes, we instead simply think of their cumulative effect on the action

of the low energy modes. The cutoff in that perspective is a fixed element of the system that does

2In most references, s is used instead of 9. We use p to avoid confusion with action parameters.

3The group in RG refers to the three steps acting in a similar way a group element acts on the action. This is a
bit of a misnomer since the steps in RG do not necessarily have an inverse, and so form a semigroup rather than a
group.
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not flow under RG, and instead the parameters s; are renormalized by the high energy modes and
are said to flow under RG. Defining the RG ‘time’ as dt = 4% = 9;91 (iie. t =logA/FE with A— FE
essentially the energy window within which the high energy modes have been eliminated), we can

consider s;(t) as functions of t. A single iteration of the RG procedure gives
S; = Sj(t) + de = Sj(t) + ﬂj(Sj)dt (241)

where we introduce the beta functions

d .
Bj(s;) = % (2.42)

which define the RG flow equations. As a result, it is not necessary to actually repeat the RG
procedure, and instead we can solve a set of differential equations in the limit ¢ — oo. There are
two possible outcomes: some s; blow up under the flow, in which case the corresponding terms O;
are called relevant in the RG sense; or they do not, in which case they either go to zero and the
corresponding O; are called 4rrelevant, or approach a constant, with O; called marginal in that case.

If there are no relevant terms in the action, it approaches a fized point at which all the beta
functions vanish. This corresponds to a stable phase of matter (and a saddle point of the action in
the sense that under RG the action remains unchanged, §S = 0). Not all fixed points are stable,
however. As a typical example, it is possible that if s; = 0, it remains zero under the RG flow, but
blows up when it is positive, so introducing a small ds; as a perturbation moves the action away
from the fixed point, at which point it usually flows to a different, stable, fixed point (in our case
there will be a finite number of relevant terms). The RG analysis therefore reduces to identifying
the fixed points of the RG flow, and then analyzing their stability for small deviations from the fixed
point.

With this conceptual reframing we can thus return to the original motivation for RG, namely the
search for the ground state of a many-body system. As discussed in the beginning of the chapter, a
natural choice is a state that respects all the symmetries of the system, so we choose an action that
is a fixed point of RG that respects all these symmetries. This amounts to some choice of marginal
operators O;. We then ask if this fixed point is stable if small additional operators are added as a
perturbation. Note that in general we do not know all possible operators, but typically we consider
interaction terms or symmetry breaking terms. If the perturbing term turns out to be relevant, it
corresponds to an instability of the state, and the action flows to a different fixed point. The most

useful aspect of the RG analysis is that the relevant perturbations provide a hint to what symmetry
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is broken, as we will see in the next section.

2.1.3 Gaussian and Fermi Liquid Fixed Points

For the RG analysis of Sy alone, either a soft or a hard cutoff produce the same result, since the
mode elimination step is in either case trivial (see [I54] for details). More important is the rescaling

step. To see this, we Taylor expand the dispersion

Enr (p) ~ Pnr + VFpr (p— PFryr @)+ ... (2.43)

where pi,); is the chemical potential, pp,,(#) is the Fermi momentum (that can be a function of the
angle of p in 2D), and vp,, is the Fermi velocity. Because in this case we know the ground state
(determined by the Fermi distribution), we know that the p linear term needs to be marginal in RG,
which is ensured by rescaling the fields ¢ (or d) by ¢ = 0% Y The chemical potential is then relevant,
while all higher powers of p are irrelevant because n'* powers are rescaled by s~ (s = ﬁ = 1+4dt),
so at the fixed point we roughly have p1,; = vpp,pry, (exact for a circular Fermi surface).

The Gaussian fixed point of RG is therefore Sy with linearized dispersions &,-(p), all higher order
terms being irrelevant and so not part of the fixed point. The fixed point is thus characterized by a
small set of parameters: pg, p and vp. In general, the chemical potential u and the Fermi velocity
(or equivalently the effective mass) can flow, but the Fermi momentum must be held constant in
accord with Luttinger’s theorem.

We next consider if the Gaussian fixed point is stable against interactions. For this we compute

<e_51 [d<’d>]>>, or rather what we are more interested in, its logarithm
—68[d<,d<] = log <e_sf[d<’d>]> , (2.44)
>

using |(2.37)l Here we need to assume that the interactions are weak in the sense that the cumulant
expansion is an asymptotic series. This is justified from the stability analysis point of view since what
we are asking is whether the RG fixed point is stable against small perturbations; the microscopic

interactions in the system need not be small as we will discuss later. The leading approximation is

4For any dimension. Note that we only rescale the radial component of momentum and we also rescale T — T’ = sT'
(which is the same as rescaling the frequency w) to account for a change in energy units.
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therefore

08 ~ <Sl[d<,d>}>>:

= <Z Viskr(di< +drs)(dj< +dys)(dr< + dis)(dp< + dL>)>> (2.45)

Note again that there is no cutoff in the summation/integration in Sy, only in Sy. This is particularly
convenient in a lattice system, since we do not need to worry about periodicity and boundary
conditions.

Since we are averaging over the fast modes only, only terms with even number of high energy

modes are non-zero, so symbolically we can write without indices
55 =~ 58(1) + 5S%d_<d< —+ 58411(Z<d_<d<d< (246)

The first term, §s}, arises when all fields in are high energy modes and is just a constant that
is absorbed into the normalization of the probability distribution and is of no interest to us. The
second term, ds3, is more interesting and comes about when two of the fields are high energy modes
(one incoming and one outgoing, i.e. one with a bar and one without). This is the so-called one loop
(1L) correction to the single-body Hamiltonian #, (p) and can for example change the chemical
potential and the (effective) mass (the number of loops is essentially the number of interactions
involving high energy modes). These are of central interest in the Fermi liquid theory, which aims
to relate the relationship between these quantities and interactions, but here we are more interested
in whether the interactions themselves are relevant or not. The first correction to the interactions
in RG is the ds} term, which simply amounts to setting all modes in to be low energy. This
is a zero loop or tree level correction to the interactions.

We can verify moreover that if we expand the interactions in a Taylor series in the radial com-

ponent of momentum, symbolically
V(P)=Vy+ WP+ VoP? +... (2.47)
then after rescaling the momenta we have in any dimension

V! =5V, =(1—ndt)V, (2.48)
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so that the beta function is

Vo _ v 2.4
p nV, (2.49)

which is marginal for n = 0 and irrelevant (exponentially suppressed) otherwise. So only interactions
independent of the radial components of momentum and on the Fermi surface are marginal, and the
rest are irrelevant. It should be emphasized that already at the tree level analysis of the interactions
we find that the Gaussian fixed point we started with is not a unique fixed point. Rather, there are
infinitely many fixed points for any value of the (in principle infinitely many) marginal coupling con-
stants. This ‘fixed manifold’ corresponds to the Fermi liquid phase, and as Landau already realized
it is completely characterized by the coupling constants, effective mass and the Fermi momentum.
Much of Fermi liquid theory analyses the relationships between the coupling constants, the effective
mass, and other observables like zero sound and compressibility. Details can be found in [92] [2] 102]
and in [I54} ] from the RG point of view. Here, we are not as interested in the Fermi liquid phase
itself, but rather want to consider it as the symmetric fixed point we discussed above and look for

its instabilities.

2.1.4 One-Loop RG Flow for Interactions

Above we found that the interactions at the Fermi liquid fixed point are marginal at tree level.
This does not guarantee that the fixed point is stable, since there are infinitely many terms in the
cumulant expansion and it is not guaranteed to not diverge once all terms are summed up. We
will see that some interactions can become relevant already at one loop order, i.e. the next order
approximation:
55~ (Silde,du]) — 5 Vars [Sild<,d.] =
1 2
= (Sild<,ds))s - 5 ((SFld<ds]), — (Sifd<,d])2 ) (2.50)

The new term contains combinations of eight fields and we get all possible contractions of pairs of

high energy modes:

88 ~ §sh + 082 + (054 + 082)ded< + (85 + 053 )dcdedod + . .. (2.51)
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where I am omitting the terms with six and eight fields (which are irrelevant due to the rescaling of
the fields), and 53? correspond to the corrections from the new term. Again, we are not as interested
in the ds? and ds3 terms as the first can be absorbed into the normalization of the path integral and
the latter will renormalize the mass. Computing the §s% term can be done directly using Wick’s

theorem, keeping four of the fields at high energy. The generic term will be of the form
(68421)1/J/K/L/ = <VI’J/KLVIJK’L’JI>JJ>dK>dL>> + ... (252)

Note that the interaction V' has two low energy indices (primed) and two high energy indices (un-
primed) that are kept inside the average since they are functions of momentum of the high energy

modes. Wick’s theorem turns the expectation values into pairs of Green’s functions:

053) pyrern = D ViorkrGoeVisx Gy, + .. (2.53)
IJKL

where the summation includes integration over all momenta corresponding to the I, J, K, L indices
(constrained by momentum conservation) and the > superscript on the Green’s functions indicates
that these are propagators for the high energy modes and therefore carry factors of the soft cutoffs 675 .
In the approach we adopted, this sets the boundaries of integration, which means only the momenta
of the Green’s functions that lie within a thin momentum shell between p, and pja_ga contribute
significantly to the integral. We will find that generically, the arguments of the two Green’s functions
are G (q)G7y (£q + K) for some K determined by the external momenta of the low energy modes,
and q being integrated over all momenta. If K is not equal to zero, [ 67 (q)63 (q+K)[...]dq o< dA?,
as can be concluded from When we look at the beta function for the coupling constants,
we divide by dA and take it to zero (i.e. compute the derivative), so all terms with K # 0 will
vanish to this order. Thus only terms with K = 0 may contribute to the flow, which will be the key
observation. Keeping only such terms is the essence of parquet RG (pRG).

So far we considered a generic form of the contraction, but in general it is complicated to
keep track of all possible contractions already at one loop. A bookkeeping device is needed, and
fortunately, this is precisely what Feynman diagrams areE| As an instance of the linked-cluster
theorem, the subtraction of (S 1>2> in amounts precisely to the statement that we only need
to compute the connected Feynman diagrams. There are four topologies of one loop diagrams,

shown in [Figure 2.3| (five if we count the last diagram with p and k exchanged). The external

5See Table 8.3 in [37] for a list of the Feynman rules; a slight difference is that I do not assume spin degeneracy
here.
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dA\

Figure 2.2: Fundamental reason the Fermi liquid is unstable towards pairing instabilities, but mostly
stable otherwise: the phase space available for high energy modes in a thin shell defined by dA has
an area dA? for Q # 0, the intersection of two shifted shells. Only Q = 0, when the shells are
perfectly nested, contributes significantly to the RG flow.

lines correspond in this case to the low energy modes, and are to be ‘amputated.” Internal lines
with arrows correspond to the Green’s functions, and the wavy lines to interactions, so indeed each
diagram corresponds to a term of the form |(2.53)} The figure shows the four-momenta p = (iw,, p)

etc., from which we can identify the diagrams for which K = 0.

Particle-Hole Instabilities

At tree level, there was nothing to distinguish any particular interactions, but at one loop we find that
they decouple into three channels. The first case corresponds to @ = 0 (and by antisymmetrization
Q =k—p),in which correspond to interactions that do not change the direction of
incoming fermions (or exchange them). See top of For lack of a better term I refer to
them as U type, with action given by

Suld,d =T% >~ [Ue(p X%y dpnardics dicadona (2.54)
nn’,p,k
n¢apfa’ g’
where we can drop some of the indices, as well as one momentum and one Matsubara sum. Here
we assume no additional nesting, i.e. that no two pockets are identical, and that there are no large
segments of the Fermi surfaces separated by the same transfer momentum; otherwise additional

instabilities are possible. We only keep the @ = 0 terms: note that in the diagrammatic technique,

the correct procedure is to first renormalize the () = 0 diagrams, and only then obtain the Q@ = k—p
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Figure 2.3: The four types of one-loop corrections to interactions (five if we count the last diagram
with p and k exchanged and @ — —@Q).

by anti-symmetrizing. Checking the phase space condition, we find that the condition that K = 0
in G7; (+q + K) (one of the internal Green’s function inside the integral) holds only for the last two
diagrams in The structure of the diagrams means that in the rotation invariant, spin

conserving case these interactions decouple according to harmonics (in 2D)

Une(p.W)lg = Uac(0,0)]55" = D w0 (0)0 " (0')0ky o5 (2:55)
Lpv

where 6 and 6’ are angles corresponding to p and k respectively, £ = 0, 1,2, ... labels the harmonics
and the pu,v = 0,z,y, z labels the Pauli matrices, including O'gB = Jop (note that the pu = 0 for
all even ¢, and p # 0 for odd ¢). In Fermi liquid theory, it is conventional to label the p = v =
0 interactions F and the p = v # 0 interactions G, also respectively referred to as charge and
spin components of the interactions, as well as density-density and exchange or spin fluctuations
interactions as they can be expressed as products of charge and spin density operators [102] 92].
From the latter observation it is cleat that F and G are the only terms that conserve the spin
operators JaSagdg. If spin is not conserved, there can be additional Dzhyaloshinkii-Moriya (DM
or anti-symmetric exchange) interactions of the form D - 0no X 035/, €.g. due to SOC (we will in
general assume no DM interactions for simplicity). There can then also be spin direction anisotropy

in G.
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The U interactions are thus characterized by the coupling constants ugéc” ), which we will label uy

for simplicity when omitting indices. If the system is rotationally invariant, note that U,¢(6,6’) =
Upnc (6 —0') and the harmonics can be expressed in terms of Legendre polynomials P,(6 —6’), but on
a lattice the interactions can depend on both angles separately. It is then more sensible to expand in
‘Chebyshev polynomials’ ©¢1)(9)0¢2)(#") with ©1) () = cos 0 and O (H) = sin 0. On a lattice
the ¢ index should be instead considered as an irreducible representation (irrep) label of the point

(or space) group of the lattice symmetries.

¢
k /
Y

Figure 2.4: U and V type interactions marginal in RG at tree level. U corresponds to processes
that do not change the momenta of the interacting particles, at most exchanging them (when renor-
malization we do not include the exchange process, which is fixed by anti-symmetrization). The V/
process involves pairs with zero total momentum that can therefore scatter into any other such pair.

We will be mostly interested in a different type of interactions below, but here we briefly outline

the one loop correction in RG to the U type interactions. The generic form of the correction is
(61K = Z Ury kG @)Uk GT;(q) (2.56)

Diagrams where the two Green’s functions are integrated over ¢ with the same sign of g in the
argument are called particle-hole diagrams, since in the diagram this means that the fermions are
propagating in opposite directions in time. This may be the most clear in the third (‘bubble’) type of
diagrams, but all except for the first (ladder) diagram in are particle-hole diagrams. The
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ladder diagram is a particle-particle diagram. Since the interactions are independent of frequency
and momentum magnitude, the only dependence on these is in the Green’s functions. We therefore

define the (infinitesimal, angle resolved) particle-hole bubble or susceptibility as

h . _
iy l(0) =T Z G (iw,q)G? (iw, q) (2.57)
lal,w

Note that the Green’s functions are in general matrices in spin indices, not diagonal if SOC is
present, and therefore so is the bubble. Since we are considering the possibility of SOC, the two
Green’s functions may not be simultaneously diagonalizable for unequal pocket indices, but the

matrix elements of dHf]Z(G) are related by a spin rotation transformation to

ei (fnr (q))ei (6(7} (q))

arrt . (9) = G (iwn, q)GZ, (iwn, q) = . . =
77T;CU() T7% (1w, q) gv(lw q) T% (iwn — &pr () (iwn, — Eco(a))

s
al " ’

1 tanh 287 (@ _ onp Been(@)
= T R G @) (@) (258)
nr v

lal

where 7,0 = £ are the ‘pseudospin’/SOC basis indices (see [(1.10))), ng is the Fermi distribution
function, and we have evaluated the Matsubara sum. Again because of the cutoff overlaps, the only
relevant contribution is from &, (q) =~ &¢,(q) = £A if n and ¢ are both electron or both hole pockets.
Assuming A > T (valid in particular for T' = 0), the two hyperbolic tangents have the same sign

and tend to cancel:

e_QﬁA (1 _ eﬁlgnﬂ'(q)_f@u(q)‘)
la] ‘Snfr(q) - ng(q)‘

~ e PN YR (G (@)F3 (S (@) & TN dA (2:59)

lal

%

0% (Enr(@))0F (Scv(@)) =

where N is the average density of states (DOS) of the two pockets involved. In particular at T' = 0
the bubble vanishes, which can be deduced analytically by replacing the Matsubara sum with an
integral and noting there are two poles in the integrand that lie on the same side of the complex
plane. At small temperatures, the bubble does not vanish but it is exponentially suppressed, and
only sufficiently strong attractive interactions can result in a relevant flow.

This is markedly different if we instead consider the possibility that one pocket is a hole pocket
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and the other is an electron pocket. In that case the main contribution comes from &,-(q) ~
—&cu(q) = £A for n # ¢. Since this does not happen for concentric pockets, the interactions involve
a momentum transfer, an example of nesting (the momentum q is measured from the pocket centers).

In that case we find instead that the hyperbolic tangents now add together rather than cancel, so

O ~-NA_ _Na (2.60)

drrP?
A

n7;v

Integrating this over the RG time we therefore find that II?* o« —Nt = —N log % Note that it
diverges as F — 0, which means that the divergence is due to the low energy modes, i.e. this is an
infrared divergence in high-energy terminology (or IR instability).

As we will see below for the pairing interactions, the logarithmic divergence of the bubble is
indicative of a relevant flow in RG, depending on the sign of the interactions. Here I neglected
the spin structure of the interactions, but if we restore it we find that the spin traces involved in
the particle-hole diagrams decouple the spin and charge interactions, i.e. they flow independent of
each other as claimed. As a result, the U interactions split into two charge and spin channels that
correspond to so-called spin and charge density wave (SDW and CDW) instabilities. These typically
break translational invariance, as well as spin rotation invariance and time reversal symmetry for
SDW. These are therefore some of the phases discussed in the introduction of this chapter that can
be understood as symmetry breaking instabilities of the Fermi liquid. The particle-hole instabilities
require nesting of a particle and a hole pocket, a situation considered for example in [192] for a
system very similar to metallic 2H-TMD'’s, but which is not the case in TMDs that we will consider
below. I will therefore assume that no such nesting occurs and the particle-hole channels remain

marginal.

Particle-Particle Instability

The second type of marginal interactions (at tree level) corresponds to interactions between fermions
with opposite momenta that by momentum conservation scatter into each other (see bottom of
Figure 2.4). These are called BCS interactions in [I54], but I will call them pairing interactions
here. In some situations we will be interested in, it can happen that p+p’ = Q for some fixed value
Q for infinitely many values of p and p’ on the Fermi surface, a condition called nesting for Q # 0.
The simplest example of nesting is if the entire Fermi surface is shifted by momentum Q, which of

course requires breaking time reversal symmetry. We are mostly interested in Q = 0 that can be
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considered as a special case, but for which the term nesting is not used. I use V to label them:

— 1—‘3 o’ B’ — —
Svld,d] = 9 Z Vnnc;%b ’ (P; K)dienyardxe¢rprd—pc pdipra (2.61)
nn’,p,k
n¢afa’ B’

where again there are only two momenta and frequencies to sum. With the relabeling, the incoming
pair has momenta +p and the outgoing pair has momenta +k. Note that the band/pocket indices

need to satisfy some conditions as a result of momentum conservation.

P g —p p qg -p

g > > > > >

Figure 2.5: Same as [Figure 2.3| but with momenta relabeled for pairing interactions.

For the pairing interactions, we relabel the diagram in k=—-—pand Q =k — p to get
Only the particle-particle ladder diagram satisfies the phase space condition that K = 0
in G7; (£q + K) (one of the internal Green’s function inside the integral), and the correction to the

action is

6y = Z Viir1iGi (@ Vikrk 1G5 (—q) (2.62)

As in the particle-hole channel, the interactions decompose into channels that we will see flow

independently:

¢’ B! _yn'¢ha'p no_ (epv) (en) (Lv)* 1
Vol (o) = Vs 0.0) = Yoagin (B @) [s@] (263)
Luv
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where
2,8 (60) = 0, (B)ioV o (2.64)

£ is an irrep label that can again be either the orbital angular momentum or label lattice harmonics.
Note that the spin index order on the Pauli matrices is different in this case (o’ and 8 are exchanged),
which is a choice that will be convenient later. This is the singlet/triplet pairing decomposition of
the interactions, as opposed to the charge/spin decomposition we used for U interactions. The ic?
is included in so that p = v = 0 interactions correspond to interactions between singlet pairs
(i.e. total spin zero), while 1 = v # 0 correspond to interactions between triplet pairs (total spin
1), which we call the singlet and triplet interactions. These are all the terms if interactions conserve
spin, since no singlet pair can scatter into a triplet term (nor can components of the spin of the
triplet pairs be changed). In principle, ;1 # v terms are also allowed if spin is not conserved by the
interactions, which is allowed if SOC is present. They do not lead to new kinds of instabilities, so
for simplicity we will only consider interactions with u = v.

In this case we will be more precise and plug in the interactions from Eq. to calculate the
correction. We then want to see how the coupling constants g;iff 7)7, ¢ flow (we assume spin conserving
interactions). The pocket indices fix inner and outer legs of the diagram and we sum over all possible
pockets for the internal legs that we label n”" and ¢ (see . The correction will therefore
be proportional to squares of other coupling constants:

Agulrer X Gy cr It (2.65)
with implicit summation over indices on the RHS that are not on the LHS. The full correction

corresponding to the particular coupling constant is to the action is
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Figure 2.6: The ladder series of diagrams with band indices (only one loop order is shown). Thick
wavy line represents renormalized interactions. Iterating the equation allows summing all the ladder
diagrams and yields the Dyson equation, shown in the second line.

(L)
6517( n ¢’
aBa’p’

iy < <dopca<dpna<T D gplycr [257?”(9)}@ REZACO AT

i, -
xall e[S 0] [ERe@)] ) (650, =
[Z;@‘)(a)} g = @) i B <o <dopgpdpas X
XTI Y gty (B @0)] G @], 20 00] ezl =
[E;ZC#)*(Q)L [sz‘g?(a )]w

4 14 4 (¢
XT Y g cn it e T [0 G (@1 (01 GZT (—a)| (2.66)

, Jkn’a’< CLkC’B’ < d*pCB< dpna< o

where the sum is over indices absent on the LHS as well as ¢ that includes the frequency and

the associated angle #”; in particular, v,7’,d, and &’ are internal spin indices. The trace is over

the spin indices. The complexity of the expressions illustrates the advantage of the diagrammatic

technique for keeping track of indices, e.g. the spin indices are summarized in Writing

out the full term is however helpful to justify why we chose the singlet/triplet decomposition of

interactions in [(2.63)] which is forced upon us by the RG: this is the only way we can factor out
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Figure 2.7: The one-loop ladder diagram with spin indices written out corresponding to Eq. [(2.66)

[ngg‘”(@)} [ (Z‘é?(&’)} from the sum and obtain interaction with the same spin structure.
af n o' B

Matching the coupling constants, we thus find that

_ ) (e (€n)pp
dgn( m'¢’ = Ing; n”C”gn”C” i’ C’dH i< (2.67)

from which we get the beta function

(UD)] (ep)pp
N . T N S P (2.68)
gnC in'¢’ dt gnC n”C”gn”C” in'¢’ dt :

where we defined the dot to indicate differentiation with respect to the RG time ¢, and introduced

the (infinitesimal, angle averaged) particle-particle bubble or pairing susceptibility
(e (e ¢
Al =73 " T [ OGSk, (0)GZT (—q )] (2.69)

The structure of the bubble explains why we do not need to consider interactions with multiple irrep
or orbital indices ¢: assuming the band structure itself respects the symmetry of the system, the
Green’s functions always belong to the trivial representation. For example in a rotationally invariant

system, the Green’s function is independent of the angle 6”. As a result, the sums
¢
Ty Tr [Z%),T OG0 GET ()| =0 (2.70)

if £ # ¢ by the choice of X(“4). Similarly, if we assume the system has spin-rotation symmetry, the

42



2.1. RENORMALIZATION GROUP

Green’s functions are proportional to the identity matrix in spin indices, and we end up with

Tr E;lif?,T/(G”)E%,ygu(0”)] o Tr [o#0¥] = 26, (2.71)

Note that in this case the singlet and each of the three triplets interactions decouple in the flow

equation. Spin rotation moreover forces each of the triplets to be degenerate, i.e. gffg;, o= 97(7?{7)7, o=
(€=z)

Incimr¢r

Green’s functions are not proportional to the identity, which both lifts the degeneracy of the triplets

The three triplets therefore constitute a single triplet channel. If spin is not conserved, the

and can mix them with the singlet channel.
In principle we can add SOC in the RG analysis, but here we will only consider the case where

the Green’s functions are proportional to the identity in spin indices. In this case,

_ 2 2 do
(u)pp _ (fp)
dHnC —2/0 @nc (0)‘ dﬂgg(ﬁ)—27T (2.72)
where
di2(0) =T Y G (9)GZ (—q) (2.73)

w,lq]

is the angle resolved (infinitesimal) particle-particle bubble (note the factor of two due to the trace).

The Green’s functions are simply

Gi o) = A1) 2.1)
so that
e < T 0 (col@)OR ()

2o o — &) (i — 2c(—a)

- -y rrleal e g )63 ()

Bec(a)
203 (en ()03 (e¢(a)) (2.75)

lal

1 Z tanh %(q) + tanh

24 en(a) +ec(a)

There are two cases: either €,(q) = e¢(q) = A at the same q, or they do not. In the latter case, the
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particle-particle bubble vanishes. In the former, we have

tanh
a2 (0) = - S0z (e (@)63 (<) (2.76)
lal

To account for a possible difference in DOS’s on the 1 and ¢ pockets, note that

lal* | la/? Cls
_ L _ 2.77
en(a) +e¢(a) oy T ame M T HET e e (2.77)
with the reduced mass M, = iTl:ii, i is 18 = 12\,N+]]\\/] where N, is the

DOS of the n pocket. We finally have

2N, N, tanh 22 N, N, BA
dIIP2 (0 < 2 A = ——1¢ tanh = ¢ 2.78
A N, + N, (2.78)
Assuming the DOS are isotropic, we have
_ 2N, N, BA
dITPP — gIPe = — 18 anh P gy 2.
n¢ n¢ N, + N¢ an 2 (2.79)

(if DOS’s are not isotropic, the expression is roughly correct for an average DOS, but note that we

cannot in general drop the ¢ and p indices). Finally, we define

() 2Ny Ne [ 2Ny Ner en)
ncimrer = \/Nn+N< N, + Ng Incan'¢’ (2.80)

to obtain the one loop RG flow equation for the pairing interactions:

S(lp) 51\ () (k)
gnc n </ — tanh o gnC n//(//gn//cn in C' (281)

Example P.1 (Single Band Case: the BCS Instability and T.)

In general, [(2.81)|is a matrix equation that for multiple band systems requires ‘diagonalizing’ in the

pocket indices. It is instructive to consider the single band case, for which the RG flow equation

(2.81)|is particularly simple:
. A 2
§) = —tanh — (g“m) (2.82)

Note that we are also rescaling the temperature T — oT = (1 + dt)T at each RG step, so it is also
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flowing as

T=T (2.83)
so in terms of the ‘lab’ units 7' = Tpe?, so the flow equation for §é*) becomesﬁ

. 2
g = — tanh {;beet] (g“m) (2.84)

The flow equation has a formal solution

(tn) g™
() = (2.85)
1+ 578[“) fot tanh {%e*t'} dt’
Considering first the T' = 0 limit, the flow is simply
L (¢ )’
Gl — (g( u)) (2.86)

If g#) > 0 (repulsive), then it will be exponentially suppressed, i.e. it is irrelevant in the RG sense(a
result due to [114]). If G < 0, however, the coupling constant grows and eventually diverges, i.e.

it is relevant in the RG sense. The solution is in general

‘ 3"
§(t) = — . (2.87)
1+g57t
which for a negative g((f“ ) diverges at a finite value of t. = —ﬁ with corresponding energy scale
9o

E, = Aeif‘fg%. Note that the instability happens first for the strongest coupling g(¢), and we can
ignore the rest since they are finite at t.. As long as at least one gff“) is attractive, we thus find
that the RG fixed point we considered above is unstable. This is the BCS instability of the Fermi
liquid phase. Notice that unlike the particle-hole instability, all that is required is that the Fermi

surface is symmetric under momentum inversion p — —p.

At finite T', changing the variable to x = TAOe*t, we find that the equation for T, is [162]:

A

2T: tanh 1

/ T G = - (2.88)
0 z 7

6Note that we could have adapted a scheme in which we do not rescale the cutoff at each stage of RG and keep
the energy units fixed, in which case the cutoff would flow as A = Age~t. This results in the same flow.
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which is the standard BCS equation for T,.. For T, < A,

7, = 2N 1 13061/55" (2.89)
T
O
which is therefore a valid solution in the weak coupling limit (v ~ 0.577 is the Euler-Mascheroni

constant).

Observe that since we can integrate the flow equation, we effectively performed a full renormal-
ization, within logarithmic accuracy. This is in part because the diagrams involved are particularly
simple, as we have only ladder diagrams. This allows us to compute the correction in RG to all
loops iteratively, but note that higher loops add powers of dA to each diagram, and as a result only
the one loop diagram contributes to the beta function within logarithmic accuracy. In the full renor-
malization calculation, the diagrams being summed are the same but the sums are not restricted to

be in a thin shell, i.e. we sum down to zero energy. We can sum all the diagrams using the Dyson

equation (see [Figure 2.6)), and not surprisingly we get exactly

(L)

(ep) _ 9o
gt = o (2.90)
1— g(()ZH)pr
with
#r tanh 1.13A
1 — _N/ T dr ~ —Nlog ——— (2.91)
0 T T

being the full particle-particle bubble that we can obtain from Eq. by replacing 67 with
g5 . In regular field theory, what we are computing is in fact the four-point or two particle Green’s
function and what we find is that after renormalizing, it has a pole at which is diverges. Notice the
importance of the logarithmic divergence of the susceptibility as T" — 0, as it means that there is
a pole for an arbitrarily small bare effective attraction. Note that a pole of the four point Green’s
function determines a dispersion of a two-particle excitation. This means that the instability of the
fixed point of RG against pairing interactions is indicating that two-particle excitations are going to
appear. This suggest that similarly to adding the jd term to study single particle excitations with

an auxiliary fermionic field j, we should now add something like Add with an auxiliary bosonic field

A.
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2.1.5 Adding Vertices: Hubbard-Stratonovich and a New Fixed Point

Having found that the Fermi liquid fixed point is unstable towards pairing interactions, let us see
what symmetry breaking phase (new fixed point) this instability is pointing to. As we saw, the 1L

RG essentially forces us to consider interactions of the form

_ ‘u — )% - L
Svldd = T S ¢ {dkn/a, [257,’(? (9’)](1/6, dkwl {dpw [z;g)(e)}aﬁ dpm]
&mn,nﬂp,k
nCn/Cﬂlﬂa/ﬁ'
l
= T Y g el )@l (p), (2.92)

C,p,p.k

n¢n'¢’

combining Eq.’s|(2.61)[and |(2.63)] The main thing to note is that the interactions split into ‘fields’

<I>ff<” )(p) that only carry incoming or only outgoing indices, in terms of which it is just a quadratic
form. Physically, since these are attractive interactions, we expect bound state (i.e. the Cooper
pairs) to appear when they diverge, and we expect the many body state of the system to be properly
described in terms of these bound states rather than the original single particle states.

We thus want to think of the interaction term as a propagator for these bound states that
mediate the interactions. This can be achieved by using the bosonic version of the generating

functional identity that we used when studying the linear response:

/67 > aIVI_JlaJeZI(‘i)IaIJFaI(I)I)DaDa = e~ Zuy PVt (293)
2mi det [V—1]

with auxiliary complex fields a. The only difference is that the fields are now complex rather than
Grassmann numbers, and the determinant is divided by rather than multiplied by on the RHS as a

result. Using it in reverse, we can replace Sy [d,d] with

sviddad = 5 Y [8%00] Vel [am)] -
4, u,p,k
n(n’(’

LT Z ([ )] donad s +c.c.) (2.94)

£,p,p
nCap

where we introduce the gap functions for the (¢u) channels

4 Op)* [
Al (p) = 2" () DS (2.95)
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Figure 2.8: Diagrammatic representation of the Hubbard-Stratonovich transformation, in which

interactions between fermions are replaced by a bosonic field A with a propagator V' equal to the
original coupling.

/

with momentum independent coefficients Dili.“ ) (the 1/2 is convenient for the BAG formalism, see

below). Here 8 = 1/T and the definition of the inverse is
_ 77/C1§O‘I5/ " //;a// "
Z [V 1(p7 q)} "7”(”?04”6” ‘/7]72,0%[3 5 (q, k) = 6nn/6CC’5kpa (296)

The Hubbard-Stratonovich transformation of Sy thus re-expresses the interactions in terms of boson
A with propagator V (see [Figure 2.8)). Notice that it is now quadratic in the fermionic operators,
and we can therefore carry out the Gaussian integral to obtain an action just for the new bosonic
fields D (or A)E]

Before integrating out the fermions, note that we effectively modified the quadratic part of the

fermionic action, which now reads

_ _ _ T _
Sold, ] + Sald,d, A, A] = 5 > 031 (P)Vpna | —iwn +H

npnacpf

BdG
(C )(

(O] L (297)

where we introduce the Nambu spinors ¥p,0 = (dpya,d—pna)? and the Bogolyubov-de Gennes

(BdG) Hamiltonian

Hn(P)énC An( (p)

(2.98)
A;g(P) —H?(—p)%c

with Aye(p) = X2y, A;['C“ ) (p). This means that the Green’s function now has an anomalous compo-

"RG flow of the interactions can actually be analyzed after the Hubbard-Stratonovich transformation, see for
example [I7].
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nent

-1 G (iwp, Foe(iwn,
Gne(iwn, p) = (iwn - H(BdG)(P)) = :C(' P) T"C( . P) (2.99)
e Fr]C (ana p) _Gn< (_lwna _p)
Using the special case of the Woodberry matrix identity, (A+ B)~! = A=! — A=!B(A + B)~! with
A=HBID)| . we find

F”]C (iwna P) = G7(70) (iwna p)AnC’ (P)Gngg(_iwm _p) (2100)
where G%O)(iwn, p) is the Green’s function with A,(p) = 0 Recall that (Eq. |(2.21)))

Fy¢ap(iwn, P) = — (dppad—pcp) & G;O)(iwmP)AnC(P)G(gO)T(_iwna —p) ~ [AnC(P)]aﬁ (2.101)

with ~ indicating that LHS vanishes if the RHS does.

We arrive at an important conclusion that a non-zero value of the bosonic fields A, which is
called the gap functions, signals a non-zero expectation value of a pair of single particle fields in the
ground state. The anomalous Green’s function F' = — (dppad—_pcp) is therefore an order parameter
of the superconducting phase that is non-zero inside the phase and zero outside. In this case the
type of order is sometimes called the off-diagonal long-range order (ODLRO) (in 2D it is strictly
speaking long range only at zero temperature due to the Mermin-Wagner theorem). Note that F' is
complex, but its overall phase is arbitrary. The fact that the phase is the same for all Cooper pairs
indicates that a U(1) symmetry is broken.

Returning now to integrating out the fermions, instead of integrating them all at once, we can
again treat using RG. An alternative point of view, which gives the same answer, is that we
start with the action before the Hubbard-Stratonovich, but introduce an external vertex Add and
compute its RG flow This means adding a new object to the diagrammatics corresponding to the
vertex, shown in [Figure 2.9 Fortunately, we do not need to do many new calculations. The one
loop correction is already in (S7). and writing out the diagrams we note that they are the same as
for the pairing interactions with one interaction line replaced with the anomalous Green’s function

F (see[Figure 2.9). Very generally, we find that the one loop correction is

8When only SC or only PDW is present, the BAG Hamiltonian is block diagonal, and the same follows from the
2 X 2 block matrix inverse formula. One version of that formula is

A B\ ' [ Al'4AT'B(D-CA™IB)"lCA~l —A-1B(D-CA"'B)"!
cC D = —(D-CA-1B)~"1cA~! (D-CA-1B)"!
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Figure 2.9: The vertex renormalization to one loop. Note that they can be obtained from the
renormalization for the interactions by ‘collapsing’ the left part of the interactions into the vertex.
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6A(D).s = Zvn’gig 7 (pik) [Fyer (K)o g (2.102)

_ Y e (o [G< (i, K) Ay s (K) G (i, —k)]w
Considering the case when spin is conserved, we immediately conclude by plugging in or
simply by comparison with that

(t) () gy 7y (Em)
ZAnZ =, (0)D," (2.103)

where foc“ ) are complex numbers independent of momentum that flow under RG as

(0w BAT _ew) (€p)

DnC = —tanh [ 5 ] Incary C’Dn e (2.104)
where

() _ 2Ny Ne )

D77< =4/ 77] N D?7< (2.105)

and recall that temperature is flowing as T' = Tpet. This is a matrix equation in pocket indices,
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and as long as it has a positive eigenvalue, Dfﬁ‘é/) is relevant in RG. It can be seen that the same
£u channel is selected by both the interactions and the vertex flow, which determines the functional
form of the gap function A. Thus we conclude the Fermi liquid is unstable to a small perturbation
introducing a small Cooper pair condensate. In this case, however, we can completely integrate
out the fermions from low energy sector. The new fixed point is obtained by solving the full gap

equation, which is just the mean field equation that we will use in

2.2 RG Analysis of 1H-TMDs and Related Systems

Having developed the RG formalism, we want to apply it to the specific system of interest, the metal-
lic 1H transition metal dichalcogenides (TMDs) like NbSey. As discussed in 1H-NbSeq
has three hole pockets centered at n,( = I', =K. We interchangeably use n = 0, £1 corresponding
to the nK point, with 0K = I'. Note that 3K =TI'. By p and k we will mean the small momenta
measured relative to the pocket centers (so the total momentum is P = p+nK). Note that the RG
analysis depends only on the ‘fermiology,” i.e. the Fermi surface structure, and so it applies to any
system with a similar Fermi surface structure.

The 1H TMDs have strong SOC as discussed above, but we will not include it in our RG. This
can be justified if, as we found above, the RG instability happens at a finite RG ‘time’ ¢, at which

e in lab units. If the rescaled A is much larger

the cutoff has been rescaled down to A = Age™
than the energy scale Bsoc associated with the SOC, then the SOC can be safely neglected. If
it is not, then in the spirit of the two-step RG approach we can simply keep the channel that

grows fastest while neglecting the SOC, and then include SOC in the mean field approximation in

[Chapter 4] and [Chapter 5| for which the rescaled A sets the new cutoff. In principle the RG with

SOC included is not much more difficult numerically, but since the number of Fermi surfaces then
doubles it becomes less tractable analytically. The mean field approach is also more accommodating
to studying the suppression of the logarithm in the susceptibility due to symmetry breaking terms,
and it is equivalent to the RG calculation when only one instability is present.

The fact that all pockets are hole pockets in TMDs implies that only pairing or particle-particle
instabilities of the Fermi surface are possible within logarithmic accuracy (unlike the case considered
in [192]). Interestingly, a CDW is nevertheless observed in, e.g. 1H-NbSey [117], which is therefore
likely to be a high energy phenomenon, i.e. not a Fermi surface instability [111 [73] [72]. It has been
argued that the CDW is a result of a structural change (which involves lattice degrees of freedom

that we have ignored) [72]. We note that RG has also been done in TMDs with no I' pocket, e.g.
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for doped MoSs [67], but the authors had to go to two loops to find an attractive channel (i.e. they
considered the Kohn-Luttinger mechanism) which usually gives a low T.. Here we will show that
attraction is possible with entirely repulsive interactions already at one loop even in that system.

The analysis is based on [I53].

2.2.1 The Interactions

We will carry out the analysis for the general form of the pairing interactions but it is
instructive to first consider a more physically motivated model of interactions. As we saw in the RG
calculation, interactions that depend on the radial component of the momentum are irrelevant in the
RG sense. The most local interactions are the on-site density-density interactions Unjyn; where i
is the lattice site index and n;, = djndie; i.c. this is the Hubbard model. In an extended Hubbard
model we may in addition consider interactions between nearest neighbors, Vn;,njs (where now
all spin combinations are allowed). Recently, it has been proposed that spin fluctuations of the
form JS; - S; with Sf = Jmaiﬁdja can also be significant [I84]. The corresponding interactions
in momentum space are nearly isotropic in the small momenta (i.e. expanded around the pocket
centers), and higher order harmonics generally carry powers of momentum and are thus expected to
be irrelevant in the RG sense. In other words, we expect that the leading interactions are constant
in the small momenta.

There are as a result only eight interaction processes allowed by momentum conservation, shown
in Four of these correspond to interactions between pairs of electrons with zero total
momentum and that lead to the superconducting instability: intrapocket density-density g; at T,
interpocket density-density g at +K, exchange g3 between +£K, and pair-hopping g4 between T’
and =K. The other four are interactions between electrons with a total momentum +2K = FK:
intrapocket h; at K, interpocket hy between I' and K, exchange hs between I' and £ K, and hy
scattering a pair at I’ and K to a pair at FK (the latter is allowed by Umklapp because 3K = 0).
We also represent the eight processes using Feynman diagrams in

Since we already concluded above that only pairing instabilities are possible, we write out the

interactions in terms of pair operators:

Hgc = Z(glijaJ—kFﬁdpFBd—pFa + godkk ad—k—Kpdp—Kpd—pKa
ap

+ 93dkkad—x—Kpdpkd—p—Ka + gadxrad—xradpk sd—p—IKa) + h.c. (2.106)
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Figure 2.10: Interaction channels g, and h,, shown in the Brillouin zone. Arrows indicate which
pocket the fermions start and end on before and after interacting, with the arrow’s head representing
an electron creation operator at a momentum k (relative to the pocket center), and the arrow’s end
representing an electron annihilation operator at a different momentum p (relative to the pocket
center).

> > > > > > > >
g1 gz gs g4
> > P> > > > > >
> > g > > > > >
h; h> hs hg
> > > > > > > >

Figure 2.11: Feynman diagrams corresponding to the eight interaction processes in [Figure 2.10
Green, blue and red colors correspond to I'; K and —K pockets respectively.
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and

Hppw = Z(hlngagkaﬁdeﬁdpra + hodyrad—x—kpdp—pd—pra
aB

+ h3dxrad—x—rKkpdprad—pra + hadxkad—xxpdprsd—p—rKa) + h.c. + K < —K
(2.107)

Note that because Hppw only involves interactions between pairs with a total momentum +2K, the
corresponding instability they lead to is a pair density wave (PDW), a pairing instability in which
the Cooper pairs have a total momentum +2K. Similarly, Hsc can only lead to uniform SC.

We assumed furthermore that the interactions originate in the charge channel, i.e. they are all

of the form
H ~ (Saa/(sﬁﬁ/dkn/a/g,kclﬂ/d,pgﬁdpna (2108)

Here we expect only pairing instabilities, based on the general RG analysis, and we therefore need

to switch to the singlet/triplet decomposition. To do this we use the completeness relation

200005 = Y [i090"] 5 [(i0¥0™)T] (2.109)
I

Now, for j = x,y, 2

Z [Z'UyO'j} of d_prgdpra = - Z [iGij]aB dpFad—pI‘ﬂ =
paf paf

==Y lic¥o’], d-prpdpra = =) [ic¥0’] ,d_prsdpra =0 (2.110)
paf paf

where we relabeled p — —p and « < 8 going from the first to second line and then used io¥o? =
(ic¥07)T. The arrow indicates that we can take the term to zero after anti-symmetrizing. So the
91,94, h1 and hy interactions are all singlet interactions. In particular this would be the case for a
single band system with only the I" pocket. But we cannot conclude this for go and g3 (or he and

h3), because under anti-symmetrization they are mapped into each other rather than themselves.
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In particular, anti-commutation implies

Saar0ps (92dxra d—x—kpdp—Kpd—pKa + 93dkka d—x—Kkpdprpd—p—Ka) =

O (et
929 (169) 0¥ ey i +

g2 — g3
4

+ Z (Ujidy)a5(O’jiO'y)Z/I@,JkKaCi_k_K,@dp_K@d_pKa

J=T,Y,2

with the rest of the pocket index combinations then obtained by anti-symmetrizing, and the same for
ho and hg. The lesson is that uniform interactions on a triangular lattice with disconnected Fermi
surfaces related by momentum inversion lead to triplet interactions. Physically, this is because there
is an extra index we can anti-symmetrize in instead of spin (either lattice site or pockets index).
Triplet interactions are present already in the extended Hubbard model in the nearest-neighbor
density-density interactions, and they were shown to be enhanced by spin fluctuations [I84]. In the
absence of SOC, triplet interactions could lead to a spin-triplet SC phase, similar to that previously
found theoretically in graphene in [57, 200]; more recently it was found in bilayer TMDs in [75]
(where again spin fluctuations were argued to stabilize the phase).

Since there are triplet interactions in the system, we need to include such interactions also in
the g7 ... terms in order to avoid an artificial vanishing of the order parameters. At that stage we
may as well consider all possible lattice harmonics of the Ds;, point group with an arbitrary angular

dependance, i.e. take the Hamiltonian in the|(2.63)| form:

1 1ol B _ _
Hy =3 Yo Ve (k)i ard-ic prd-pesdpna (2.111)

p.k
n¢apa’ g’

with (reproducing Eq. [(2.63)))

!, - I, !l Z e Z *
VI (1) = VI (0,00) = 3 gt [257 Cm(e)] » [2}7,’5? (0’)}0/[3/ (2.112)
Luv )
where
2 (0) = 04 (0)ioYo" (2.113)

are now lattice harmonics for the D3y, point group of the 1H-TMDs. The leading harmonics belonging
to irreducible representations that correspond to the momentum independent interactions are listed

in [Table 2.1l These happen to be in the trivial A} and the two dimensional E” irreps. Note that
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singlet and triplet terms can belong to the same irreps since Dsy, is non-centrosymmetric. Since we
are ignoring SOC here, however, the point group is effectively Dgp, and the u channels will decouple,
so we keep that label separately, while ¢ still labels the D3y, irrep (note that for 2D irreps, there are

two components with an additional label m = z,y).

(D) | Sy S (g | s W)
4 oY V2 cos 30p0%iaY i ioY €ncoio?
E"(m=x) V2 cos 30,0%i0Y E"(m =x) enco®io?
E"(m =y) V2 cos 30,0YicY E"(m=y) enco¥io?

Table 2.1: Leading terms Egg‘)(p) for singlet (x = 0) and triplet (u = j = z,y, z) interactions in
Eq. for n = ¢ and 1 # ¢, where ¢,¢ is the Levi-Civita symbol. 0, is the angle made by the
small momentum p measured from the K direction. Note that there are no singlet interactions in
the E” irrep in 2D.

As written, the coupling constants gf?if;)?, ¢ are somewhat redundant and not very transparent, and
it still helps to think in terms of g1, g2, g3, g4 and hq, ho, h3, hy processes. Note also that momentum
conservation also implies that n + ¢ =1’ + ¢’ (modulo 3), for example a KT' — I'T" process is ruled
out and some of the 97(7%1)7’4’ vanish. We define the n = ¢ processes as g and the n = ¢ £ 1
processes as th“) with n = 1,4, and 23 as summarized in In that convention, we then

have ggbAll’O) = g, and h%A;’O) = h, for n = 1,4 but
(AL,0) _ G2t 93 pAL0) _ ha + hs
23 = 23 =
2 2
A E'5) G2 —G3 A ") ha—hs
9&31 D= 953 D= 9 hg:zl 7= hés D= 9 (2.114)

with j = x,y,2. Note that the general model we consider includes not just these but all possible

pairing terms that can come from other contributions.

(en) _ _ (n) _ _
In.mc ‘ n=0 n==I Ja gl 11— ‘ n=0 n==1
C =0 ggl#) gy#) C =0 hglﬂ) hz(f#)

[m [m [m [
C::t]. 94(1” gégl) C:ﬂ:l hil) hgdl)

Table 2.2: Correspondence between coupling constants gy(f” ) and gi}?_‘ 2], o Nt = n + ¢ =0 (left

side) correspond to interactions between pairs with total zero momentum that lead to uniform SC,
while n + ¢ = 7' + ¢’ = £2 = F1 modulo 3 (right side) correspond to interaction between pairs
with total momentum +2K = FK and lead to PDW with that momentum. n = 1 corresponds
to intrapocket interactions, n = 23 are interpocket interactions (including exchange interactions by

hffﬂ)

antisymmetrization), gff”) are pair hopping interactions, and is the Umklapp process.
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For the RG flow, recall that it is convenient to use the dimensionless coupling constants scaled

by the DOS N,, = 7 as follows:

~(£ 14 ~(L 14 ~(£ £
g = Nrgi™, g™ = VNeNggi™, 353" = Nicgly

7(£ 4 7L 2Nt N2 4 7(£ £
hg ) _ Nth H)’ hfl ) _ /NFiNI:( hz(i l‘), hggﬂ) _ ]%I]::LJZVVI;( hgsﬂ)

On physical grounds, we still expect interactions to decrease in strength with higher harmonics and

the corresponding coupling constants to be small.

2.2.2 RG Flow for Interactions

With the interactions in place, we can write out the RG flow for the interactions as given in Eq.
(2.81)]

2 (¢ BA (¢

Gndoper = = tanh = G G0 (2.115)
Note that momentum conservation implies that n + ¢ = ' + ¢’ = " + ¢”, which means that the
gg”) and th“) decouple into the SC and two PDW channels as expected. Due to the absence of

particle-hole logarithm, only ladder diagrams contribute (the pRG is in this case equivalent to RPA).

Their flows are thus

\
Y
\ 4
Y

n, n, n, n n,
> > L > >

g1 g1 —|— g2z 9023 —|— g2z 9023

n
> >

Y
Y
Y
Y
Y
A

Y

Y

Y

Y
Y
Y
Y
Y
\ 4
Y

g23 2923 + g23 20923 -I— g4 g4

\ 4
Y
Y
y
Y
y
Y
Y
Y

Y

n n n n n n
» > > » » »

g1 g4 + g4 gz3 + g4 923

B . B
> » >

Y
Y

»
>

n n . B
» > » >

Figure 2.12: The diagrams for one loop corrections to SC interactions in RG. PDW flow is the same
with ¢ — h and momenta on each leg shifted by K or —K. Green, blue and red colors correspond
to I', K and —K pockets respectively.
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) _ o B (5007 4 2 (50’

9 = —tanh 5 {(91 ) +2(g4 )

() BA )\ 2 2

923" = tanh 5 {2 (923 ) 4 (94 )

: A

i = o G 2l (2116)
and

AN @ 7 ()2 = (o)) 2

hl - tanh 5 |:(h1 ) + 2 <h4 )

i A - 2 N 9

o tanhi[Q (W) +(h£f“>”

* A - ) i

Ch 7tanhﬁ7(h§€“)+2h(2§“))hie”) (2.117)

The corresponding diagrams are shown in Notice that the SC and the PDW channels
are mathematically the same and related by a total momentum shift of K, as are each of the ({u)

channels. It therefore suffices to solve the generic equation

h o= —f-281
fos = =2f3—fi
fi = —(fi+2fs) f1 (2.118)

Eq. |(2.118)[ has a simple analytical solution, which we can obtain by switching to “cylindrical

coordinates”
z=2f3+ f1 rcosf = fy rsinf = 2fo3 — f1 (2.119)

The flow equation then becomes

22 7,2
f=—"-— —(1+Tcos?0) (2.120)
2 2
F=—rz (2.121)
6=0 (2.122)

We see that one channel, parametrized by 6, is not renormalized. The reason for this will be more

clear once we write down the vertex flow equation: there are only two independent order parameters
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rather than three, but there is redundancy due to particle-hole symmetry (PHS). The other two

channels are easy to decouple into
Jx =73 (2.123)

where

—fi — 2fos £ — 2f3)? + 82
vi:—% (z$r\/1+7cos29) = fi=2p \/(2fl fos)” + 81 (2.124)

Restoring the indices we thus conclude that the RG channels are

tanh 22 [ _ _ _ 2 _ 2
P = ——2 (952”) +2g3" ¥ \/ (giz“) - 295@”)) +8 (gff”)) ) (2.125)
for SC and
tanh 28 [ - - . 2 ~ 2
wled) = 2 (hg‘“” + 200 ¥ \/ (A" = 20837+ 8 (RS™) ) (2.126)

for PDW. Note that v, > ~_, which means that 7(***) and x(***) are always more relevant in the
RG sense than y(#~) and k(“*~) respectively, and we can therefore drop the latter. We then can
drop the + index and simply take v(#1) = ~(1) and xt) = ~(1)  Since we did the calculation at

finite temperature, we can also find the critical temperatures of the instabilities from Eq.

T ~ 1.13A¢~ /0" (2.127)
for SC and
TED & 113850 (2.128)

for PDW. The (fu;n) indexing indicates the total pairing momentum is nkK; fy((f” ) and Iiééu ) are

respectively the bare value of v(“4) and k"), Note that the same 7, is found in the mean-field
analysis.

Having found the RG channels, we still want to know when they are relevant, i.e. when are
AErE) > 0 (kE) > 0) given the bare values of g (71(4“)). For this purpose, it is helpful to
interpret the equations for ~(¢#+) geometrically in the parameter space of g%e“ ), gé@“ ) and
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(Z”) that defines the RG phase diagram shown in The yellow half-cone corresponds to
7(#+) = 0: all parameter values inside it are RG irrelevant, while values outside it (e.g. on the cyan
cone) are RG relevant (i.e. it is the separatrix). The arrows indicate the flow of the channels under
RG; along the yellow cone they flow along straight lines towards the fixed point at the origin. The
region outside the yellow cone thus represents the space of coupling constants leading to a Cooper
pairing instability. Surfaces of constant v(“#1) in this phase space correspond to cones like the cyan
cone that share the symmetry axis of the yellow cone, shifted along that axis by v**) (which is
thus the distance from the tip of the cone to the origin). The non-renormalized channel corresponds
to the azimuthal angle about the symmetry axis of the cones. x(#1) has the same phase diagram
in the space of izﬁ‘“ ) hw” , and h““ ). To find which instability wins for a given set of bare coupling
constants, we can plot the corresponding cones in the same figure, with the outermost cone thus

corresponding to the leading instability.

Figure 2.13: SC phase diagram in the parameter space of g( " ), 953 ") and gs '~ showing surfaces

s(w) _

(L)

rt) = 0 (yellow) and v(*#+) > 0 (cyan). The surfaces are half-cones with a common axis §;
952”)7 g(e“ ) = 0 with the distance between the apex and the origin given by v#*) . The yellow cone

therefore separates superconducting and normal phases. The arrows show the direction of the vector
( (En ), géé" ), g“" )) (2.116)| that show where the coupling constants flow under RG. PDW phase

diagram is the same with g — h, v — k. Plotting all the cones for each (¢u) in the same figure, the
outermost cone corresponds to the leading instability.
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The condition for a given v(#*) to be positive is §§e"> <0 or g%ﬂ) <0 or (gffﬂ))Q > g?“)géﬁf‘)
(similarly for PDW). It is instructive to consider what this means for the SC instability with dominant
momentum independent interactions. For the singlet 1 = 0, the first two conditions simply mean
that the interactions are attractive either at the I'" pocket or between the +K pockets, as could
be the case with electron-phonon interactions. More interestingly, even if these interactions are
repulsive, an instability remains possible if the pair hopping (of either sign) is sufficiently strong.
This offers a possibility of an effective attraction from purely repulsive interactions, e.g. density-
density interactions, similar to the s scenario considered in [I71} 65]. Importantly, this is a multi-
band effect: a singlet instability from repulsive interactions is impossible in systems without a I"
pocket, for example (except via the Kohn-Luttinger mechanism, as considered in [67]).

For the triplet channels y = j = z,y, 2 with momentum independent interactions at 7' = 0

Ng

— (=92 = 93) + 92 — g3]) (2.129)

7(€j+) -
for £ = A} or E”. This is positive as long as go < g3. In particular, this can hold for purely repulsive
interactions if the exchange interaction g3 is stronger than g,. In 2D g3 (backscattering) is normally
a two-loop effect, but in our case because of the structure of the Fermi surface (being disconnected
between K and —K) backscattering can already be relevant at one-loop and result in a (f-wave)
triplet instability. The same conclusion holds for systems without I' pockets.

The same discussion holds for the PDW instabilities with ¢ — h, I' = K — —K — I'. In
particular, note that no SC instability can occur from repulsions in the absence of the K pockets.
For PDW, we therefore conclude from the same reasoning that no instability from repulsion can
occur without the I pocket. With the I' pocket, the singlet instability is promoted by the Umklapp
process hy, while the interpocket exchange hs (which is also effectively a backscattering process)

promotes the triplet instability.

2.2.3 RG Flow for Vertices and the Order Parameters

As discussed in the general presentation of the RG analysis, an instability in the interaction channels
indicates a formation of bound states, in this case the SC or PDW condensate. A differnet approach

to testing symmetry breaking phases in RG is to add vertices of the form

Ha =3 Z [An¢(P)] o5 dpnad—pes + hec. (2.130)
pafng
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The same kind of anti-commutation analysis we did for interactions shows that after anti-symmetrizing,

the gap functions satisfy

Anc(p) = =A%, (-p) (2.131)

with the transpose in the spin indices. This is referred to as the particle hole symmetry (PHS) that
encodes the redundancy due to the anti-commutation relations. We found in Eq. [(2.103)| that

I ‘ I
Ae(p) =D A (p) = > S (0)D (2.132)
lu yan
where fog‘ ) are complex numbers that flow under RG according to Eq. |(2.104)

DU — _ tanh [5;] ai Dl (2.133)
The basis functions Efi_” )(9) determine the form of the gap function in the corresponding channel.
The p = 0 terms are the singlet gap function components, while y = j = x, y, z terms are the triplet
components. The leading basis functions corresponding to momentum independent interactions and
therefore momentum independent gap functions are given in For completeness,
lists the leading form of the gap functions point in all irreps of Dsp,. Note that PHS implies that

bl - ol
(D) | Siy) =04 0)ior | S = 04 (0)avio"
A,1 10Y cos 30 o*icY
A, sin 660 oY sin 30 o*ioY
A p. cos 30 ioY p.o%ic?, (cos o® +sinf o¥)ioY
A D sin 36 io¥ (sinf o® —cosf a¥)ioY
E cos 20icY, cos 6 cos 36 ioY cosBo*ioY
sin 26icY, sin 6 cos 36 ic? sin o*icY
E” D, cosfic? cos 300%icY, (coso® — sinfo¥) ic¥
D, sin fic? cos 30a¥io?, (sinfo® + cosOo¥)io¥

Table 2.3: Basis functions 2%‘) transforming according to listed irreps of Ds;. The basis functions

Effc“) with n # (¢ are the same except cos30 — €,¢, sin6 = 2sin30e,¢, etc., where ¢,¢ is the
Levi-Civita anti-symmetric symbol.

The gap functions are often themselves referred to as order parameters. Note that ( = —n

corresponds to pairs with zero total momentum, i.e. the SC state, while +K + ( = £K —n
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corresponds to pairs with a total momentum +£2K = FK, i.e. the PDW state. We therefore define

; £
A () = ALY e (p) (2.134)

with (u; ¢) indicating pairing with total momentum 2¢ K, i.e. SC for ¢ = 0 and PDW for { = +1.

Correspondingly, we define the fo“ i)

order parameters. Due to momentum conservation, the
(fu; ¢) channels decouple in the vertex flow equation for different ¢, as they did in the interaction
flow. We can then express the flow equation as a matrix equation for the vector order parameter

Dri¢) = (D%‘“’O7 Dl(fz“;o,D(ﬁ?O)T. For the SC channel,

D%u;o) g%ﬂ) gffﬂ) gégu) D%MO)

= 3 d s 1] /BA ~(Lu ~(Lu ~(Lu S TN

DEri0) — " Dg’ 0) | = — tanh {2} gff') ggfl) gy/) Dl(f; 0) (2.135)
~(lp;0 ~(¢ ~(¢ ~(¢ ~(Lp;0
DU g g gl DU

To find the RG channels in the vertex flow calculation we thus need to diagonalize the matrix in
One advantage over the interaction flow calculation is that matrix diagonalization is a linear
problem and it is easier than solving a non-linear differential equation. In this case it is particularly
simple because the matrix is clearly singular since the top and bottom rows are the same (as are left
and right columns). We can easily see that this corresponds to a zero eigenvalue with eigenvector
(1,0,-1), i.e. Dl(f“;o) = 0 and D%’”O) = —D(flf(;o). But this is precisely ruled out by the PHS
condition, i.e. this ‘marginal’ channel is just a result of a redundancy due to anti-commutation
relations. This is precisely the marginal 6 channel in which we can now conclude must be
marginal to all loops.

JATH0) 21,0
g{#):D(#)

We can thus restrict our attention to D %, which reduces the RG flow to a system

of two equations:

d DIQZM;O) BA gyu) 2@(14”) Dlggu;o)
i\ Ao | TR D ) (2.136)
Dy [ 2055 D/
The eigenvalues are
tanh 22 [ ~ _ _ 2 ~ 2
Y = - — 2 (95&0 + 25" F \/ (91— 2547) " +8 (35") ) (2.137)

i.e. precisely the other two SC channels |(2.125), of which v(#*) is the largest. Similarly, we find
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the PDW order parameter flows by taking ¢ — h and I' — K:

d D%u;il) BA ;Lgfu) 2;%(5#) D%u;il)
ai | sy | T RSNl G = (bui1) (2.138)
D! i opl D
with eigenvalues
st tanh 52 (2 s S oi () U
) =~ (R 1 2R (hl” —2h23“> +8(h4“> , (2.139)

again precisely the PDW channels[(2.126)l As before, we keep only the dominant solution and drop
the =+ index (so v*) is understood to be (¢#+)),
The chief advantage of looking at the vertex flow is that we also get the form of the gap function

and the order parameters. In particular, we also have the eigenvectors (removing the DOS rescaling)

D0\ (5 agf [ 40+ aNegll
o) | & ~(tn) [Np - (tn) (2.140)
D" —94 Nk —Nrg,

For example, we learn immediately how the singlet instability can occur from repulsive interactions
when all coupling constants are positive: in that case the order parameter changes sign between
Dl(f“;o) and D%” ©) This confirms that the singlet state realized by momentum independent inter-
actions is essentially the s* state [I71} 65]. Similarly, for the PDW channels we have

D%Mil) R(@u) + Qilégl‘)

pur |5 [

and we can make similar conclusions. Note that at this level of analysis, the two PDW are degenerate,

(2.141)

i.e. both instabilities happen simultaneously. In general this will not be the case if we include
subleading (non-logarithmic) corrections, which leads to possible further symmetry breaking. We
analyze this in more detail in

The actual form of the gap functions is determined by the basis functions 257?‘)(0), and in
particular we find that the momentum-independent pairing interactions lead to either the usual
momentum-independent s-wave singlet type of superconductivity or an A} or E” f-wave triplets.
For the latter, we can gain some insight into why it is possible by considering the form of the leading

order parameter in the SC case (the PDW case is similar). In particular, consulting with [Table 2.1
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the gap function is
Ay —y = €y _nolic? (2.142)

where € is the Levi-Civita symbol. The gap is thus non-vanishing only for n = + K. Note that it is
important that there are two gaps forming the order parameter: Ag g and A_g x. The triplet is
possible because they can have a relative sign between them. Although this is different from the s*
phase, the principle is similar: to make the wave function anti-symmetric, a sign needs to change
somewhere, and here we have an extra degree of freedom to anti-symmetrize in the ‘valley’ index
1. Recently it was suggested that spin fluctuation may be strong in 1H-NbSey and that they can
promote triplet pairing [I84].

If we try to expand the gap function at the K pockets in the triplet phase to the whole Brillouin

zone,

[An,—n (p)]a,@ Cipnozdfpfnﬁ — Aup(P)dpad-pg (2.143)

with P = p+nK, we would conclude that A,g(P) o cos 36 with § measured from the I" point. The
corresponding subleading gap function in the triplet phase is thus f-wave, at least for the A}; for E”,
p-wave components are also possible. Note that since orbital angular momentum is not conserved,
different (same) ’s can belong to the same (different) irreps of Dgy, (or Dsp). In particular, both p-
and f-wave E" gaps belong to the Fs, irrep of Dgy.

This concludes our (parquet) RG analysis of 1H-TMDs. We could of course go on to include
SOC in the analysis, which induces mixing between singlet and triplet gaps that do not belong to
the same irreps, but as mentioned above we will use a mean-field approach to study such mixing in
The fact that singlet and triplet states can mix and that we found in the RG analysis
that the triplet gap components can be large means that the resulting superconducting state can be
robust against strong in-plane magnetic fields due to the absence of Pauli limiting in that case. It
then becomes interesting to study the superconducting phase in the presence of the magnetic field.
Finally, the fact that the E” irrep can be relevant in RG means there is a possibility of additional

symmetry breaking, as we will see.
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Chapter 3

Symmetry Protected Topological
Phases

In this chapter we will consider several examples of topological phases and their topological invariants
that will be relevant to the uniform and non-uniform superconducting (SC) phases we will find
in 1H-TMDs. We will only consider single body Hamiltonians for which topological invariants
are easy to compute and have been classified in various situation (see [30] for a good review)E]
The fundamental object of our study will therefore be the two-level spin-1/2 single-body (‘second-
quantized’) Hamiltonian (in momentum space, with periodic boundary conditions assumed most of

the time):

H = Haﬁ(p)Jpadpﬂ = 'l/);r;IH(p)wp (31)

with «, 8 = %1 for spin up and down respectively and with spinor ¥p = (dpt, dN)T. We will also
refer to the 2 x 2 matrix H as the Hamiltonian, or the (first-quantized) Hamiltonian matrix when

the distinction is important. It can be written very generally as

H(p) =Bu(p)o" =fo+B- 0 (3-2)

(to conform with the notation in the rest of the thesis). It turns out that topological invariants for
systems with more than two bands (labeled « = 1,2,3,...) can be computed by considering pairs of

bands at a time, so the results we obtain for the two-level system generalize straightforwardly.

INote that the two-point Green’s function contains the same information as the single body Hamiltonian, and there
are formulas for the invariants in terms of Green’s functions that we do not present here. In principle higher-order
correlation functions can also have non-trivial topology, and more generally topological invariants can be defined using
the many-body wave-function directly, which requires a new classification [159].
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As both a warm-up and a way to introduce the notion of topology of a wave-function, we will
first consider a 1D two-level system with mirror symmetry in The key concept will turn
out to be the Berry connection that encodes the topology of the eigenstates of the Hamiltonian in
a given energy band and which we can use to compute all topological invariants as integrals of the
Berry connection over loops (the Berry phases) and surfaces (the Berry curvature flux). In 2D, the
former yield winding numbers that characterize nodal phases that we discuss in while
the latter yield Chern numbers that characterize fully gapped phases, discussed in The
latter is the topological invariant that leads to the quantum hall effect (QHE), which is the only
topological phase that is defined in 2D in the absence of symmetry.

The presence of symmetry can both trivialize topological invariants and lead to new ones. This
is exemplified by the quantum spin hall effect and topological insulators, where the symmetries
are spin rotation (about the out-of-plane axis) and time reversal (TRS), respectively. Both of these
symmetry imply that the total Chern number vanishes (as we will confirm for TRS below). However,
they also partition the Hilbert space into two parts (in spin or momentum respectively), that allow
us to compute an invariant for that subset, resulting in a Z, valued index. In[Section 3.4] we present
a derivation of this index that elucidates its meaning extending a derivation of the Chern number
due to Simon [I6I]. Though the final formula is well-known, I include this derivation as I am not
aware of it appearing elsewhere.

The Zy index is an example of a topological invariant that is quantized due to a symmetry,
and phases characterized by such invariants are known as symmetry protected topological phases
(SPTs). The best known class of such phases are those protected by combinations of TRS T,
particle-hole symmetry (PHS) C, and their product, the chiral symmetry S = T'C' (sometimes also
called sub-lattice symmetry or SLS). The QHE can be considered as a special case when none of
T,C, or S symmetries hold. The first two symmetries are anti-unitary, e.g. TiT~! = —i, so the
chiral symmetry is unitary, and all act on the (second-quantized) Hamiltonian H by conjugation,
e.g. THT ', as they do on all operators including creation and annihilation operators.

For the creation/annihilation operators, it is more convenient (and conventional) to write the
action of the symmetries on the spinors as (mimicking the action of the symmetries on the state

vectors)

TYpT™ = Ty_p
CypC~t = Cy_p
SyYpSTH = Sty (3.3)
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CHAPTER 3. SYMMETRY PROTECTED TOPOLOGICAL PHASES

where 7,C,S are matrices in the spinor indices; note that they do not include momentum reversal.
When the symmetries are satisfied by the total second-quantized Hamiltonian, the first-quantized

Hamiltonian matrix then satisfies

TH(P)T ' = H(-p)
CH(p)C™' = —H(-p)
SH(p)S™' = —H(p) (3.4)

Typically for spin 1/2, T = icYK where K is complex conjugation. More generally, any symmetry
under which the Hamiltonian satisfies the first or second of these relations is called TR-like or PH-
like respectively. From these relations it follows that in general T2 = +1 and C? = £1 while $? =1
(when the symmetries hold), which results in ten possible cases (nine for all possible combinations
of TRS and PHS cases, plus one case when chiral symmetry alone holds). The topological invariants
for fully gapped phases in all ten cases in any dimension have been classified under the so-called
10-fold way classification [I0} 132} [@9]. In addition, gapless (including nodal) phases can be classified
under the same framework, as done in [105], [197].

There are of course other symmetries that a system may have, such as crystalline symmetries like
mirror symmetries and rotations. The classification has recently been extended to include some of
these for both fully gapped [29] 38| and gapless phases [28] [158] [I67]. The resulting phases are called
crystalline SPTs, to distinguish them from non-crystalline phases. As we will see in and
some of the topological phases of 1TH-TMDs are protected by mirror symmetries, which
is thus of main interest to us. Here we will take the mirror plane to be in the zy plane, and denote
the symmetry as M, (acting in 2D and 1D by restricting dimensions; in 1D it acts in the same way

as inversion, i.e. p — —p). This acts on the spinors as
M pp M = M 1bg (3.5)

where p = (pg, py, —p-) is the reflection of p = (ps, py, p-). For spin, we have M, = io® (the factor
of 7 is conventional): in general the spin components perpendicular to the mirror plane remain fixed
while the parallel components are inverted under reflection (see [Figure 3.1f). If mirror symmetry

holds, then the first-quantized Hamiltonian satisfies

MAH(Pp)M; ' = H(p) (3.6)
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3.1. 1D SYSTEM WITH MIRROR/INVERSION SYMMETRY

We will now consider the consequences of this symmetry (as well as the anti-unitary ones) on the

topology of a two-state system, and see how some of the topological invariants come about.

(a) (b)
1@

(e

Figure 3.1: Action of mirror symmetry on spin (illustrated as rotating spheres) oriented perpendic-
ular (a) and parallel (b) to the reflection plane, shown in gray.

3.1 1D System with Mirror/Inversion Symmetry

Topological properties of the Hamiltonian are perhaps most clearly seen in 1D for a system
with mirror symmetry taking p — —p. This case is mathematically equivalent to inversion, with spin
z

up/down corresponding to states even and odd under inversion respectively (we will take M, = io

when acting on spin), which was studied in detail in [89, 2] and as a special case in [69]. In

particular, Eq. becomes simply
MAH(=p)MI = H(p) = Bo(p) + B(p) - & (3.7)

which means that 3,,,(p) are odd functions and Sy,.(p) are even functions in Importantly,
means that the mirror symmetry commutes with H(p) when p = —p, ie. if p=0or 7 = -7
(for periodic boundary conditions). This means that we can simultaneously diagonalize H and M,
at those points and characterize the eigenstates of the Hamiltonian as either mirror even or mirror
odd, i.e. with M, acting as +i on the state (again, only at those points). This means the spins point
up or down at these momenta. This allows us to define integers ni and nF which count the number

of occupied mirror even/odd states (spins up/down) at p = 0 and 7 respectively, respectively. The
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3.1. 1D SYSTEM WITH MIRROR/INVERSION SYMMETRY

topological invariant in this case is then defined as Nyz = |ng — nt| = [ng — n;| (equal since we
assume the total number of occupied states is equal at all momenta), i.e. the difference between the
number of mirror even and mirror odd states between p = 0 and p = 7.

We want to verify both claims, i.e. that this is an invariant, and that it is topological. The
invariance follows from the fact that we cannot continuously change the number of occupied mirror
even/odd states without closing the gap: in order to change the parity under reflection of a state
at p = 0, for example, we need to flip the spin from down to up or vice-versa; but since the spin at
p = 0 is fixed by the mirror symmetry, the only way to do that continuously is to bring down another
state with the opposite spin, make the two states degenerate, and ‘exchange’ the spins between the
two states (see . A topological phase transition thus occurs when the two states become

degenerate.

H(t,p) = (1 = IV (p) + 1#P(p)

VR P P

Figure 3.2: Spectrum of two topologically distinct mirror symmetric two-state Hamiltonians H;
(left) and Hq (right) with identical spectrum, and a homotopy between them at the critical point
corresponding to a topological phase transition at which the bands cross. Spin texture of the
eigenstate is indicated in color (blue for up and yellow for down). Note that the spins at p = 0 and
m = —m have to point up or down due to the mirror symmetry.

To see why the phase transition is topological, let us consider two concrete examples of H,

R . cosp sinp
H1(p) = 0% cosp+ o”sinp = (3.8)
sinp —cosp

and

Hz(p) = —O'Z (3.9)

(note that H; happens to correspond to the Kitaev chain in momentum space [81], which is because

it also satisfies PHS with C = ¢%K). Note that the two Hamiltonians have the same spectra, +1,

70



3.1. 1D SYSTEM WITH MIRROR/INVERSION SYMMETRY

but the eigenspinors are different. In particular, H has eigenspinors [u%) = (1,0)T and (0,1)7,
while the eigenspinors for H; are
cos & sin &

lul) =
sin & —cos &

|u3r> = (3.10)

The spectra and the corresponding spin texture indicated in colors are shown in The
main thing to notice about |ul) is that they are discontinuous at the edge of the Brillouin zone
p = *m: going along p, the spin rotates by 27 and therefore picks up a phase of —1. To see this
more clearly we can plot |u! ) and |u? ) in the spinor Hilbert spaces {| 1), | 1)} as a function of p (we
can do this here since the eigenvectors are real), as shown in Note that the horizontal and
vertical axes correspond to spin up and down states respectively, and the arrows represent the spinor
orientation in Hilbert space and not the spin orientation in real space. From we see that
|ul ) thus parametrizes a Mobius strip in the Hilbert space, whose defining property is precisely that
a vector pointing from ‘one’ edge to the ‘other’ flips when parallel transported around the middle
circle. The fact that H; and Hy cannot be continuously mapped into each other is a consequence of
the fact that |u! ) is twisted, and for the same reason a Mobius strip cannot be continuously mapped
to a cylinder without being cut. Note the role of symmetry: if it were not there, we could ‘untwist’

the Mobius strip by rotating the spin at p = 7, but we are forbidden to do so when it is present.

Figure 3.3: Lowest energy eigenstates |ul) (left) and |u?) (right) shown in spinor Hilbert spaces.
|ul) can be seen to parametrize a Mdbius strip, which is characterized by vectors changing sign
when parallel transported around the strip once (i.e. the strip is non-orientable). |u2), on the other
hand, parametrizes a cylinder. Note again that the arrows have to align with the axes at p =0, &7
due to the mirror symmetry.

The topology is thus encoded in the fact that for the twisted eigenstate (u_(—m)|u_(7)) = —1,
where |u_(m)) is the parallel transport of |u_(—m)) (i.e. this is the Wilson loop around the 1D

Brillouin zone). We can in fact always make the eigenstates of #H; continuous by performing a
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3.1. 1D SYSTEM WITH MIRROR/INVERSION SYMMETRY

(momentum-independent) unitary transformation:

1 1 1 et
ay) =Ulul) = — lul) —

V21 - V2 \ 4 (311

The fact that the eigenstate is twisted is now encoded in the phase winding of the relative phase
between the spin up and down components. This winding can be computed as a Berry phase, i.e.

an integral of the Berry ‘connection’ [14]:

A (p) = i{as(p)| V, i (p) (3.12)

where note that the factor of ¢ makes it real, since we are assuming normalized eigenstatesEI We

then have

[ A @y = —itog (i (=) (3.13)

—T

For |i! ), we have A(7)(p) = %, so the integral is simply 7, and under the parallel transport we have
(i_(—m)|a_(m)) = e’™ = —1. Note that the Berry phase for |@} ) is opposite, reflecting the fact that
the sum of Berry phases over all bands always vanishes, so a two-level system can only be topological
at half-filling. In a system with more than two bands the topological invariant is similarly defined
as a sum of the Berry phases over all occupied bands. Note that the continuity of the eigenstate is
necessary when using

We mentioned above that the only way to map continuously from H; to Hs is to close the gap

at some point. The simplest such map is
H(z,p) = (1 — 2)H1(p) + 2H2(p) (3.14)

with some arbitrary parameter z € [0, 1], which we show in As shown in the middle panel
in the gap closes at z = 1/2, at which point the Berry phases changes discontinuously. In
general, two Hamiltonians are topologically equivalent only if they can be adiabatically transformed
into each other, i.e. if the map has a continuous Berry connection for each band (the technical
mathematical term for such a map is a homotopy, and it defines an equivalence between functions, in

this case functions of p). Note that we have to make sure that H(z, p) respects the mirror symmetry

0 = (Vax(p)lax(p)) + (@+(p)|Vix(p)) =

2More generally in any dimension, V(i (p)|d+(p) v(1) =
= —2 Im[A(®)].

)y =
(@+(p)|Vix(p))* + (4x(P)|Vix(p)) = 2 Re[(ix (p)|V|ix (p))]
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3.1. 1D SYSTEM WITH MIRROR/INVERSION SYMMETRY

for any fixed value of z: otherwise the Berry phase is not quantized since we can then rotate the

spin at p = 0 or £ off of the z axis.

1)

1.0 py

¥ (z.p) = (1 = 2% V(p) + 2P (p) Z(popy) =1 =p)ZV(p) +p, 7 (p,)

Figure 3.4: Energy spectrum of the homotopy H(z,p) for all values of z with spin texture shown
in color (blue for up, yellow for down), which can be thought of as a Hamiltonian of a nodal
topological phase in 2D (shown on right). Red lines indicate contours along which the Berry phases
are computed: on the left, the left contour has a Berry phase of m, while the right contour has
a trivial Berry phase. The two contours can be connected as shown in the right figure since the
additional contours have canceling phases, and then deformed into a small loop around the node
that therefore carries a Berry phase of .

Importantly, from a mathematical point of view it does not matter what the parameter z is
physically. Typically it is an external parameter like pressure or temperature. Intuitively, one can
also consider z as parametrizing a family of Hamiltonians that change in space, describgin a system
with an edge between two topologically distinct phases, with an ‘end mode’ at z = 1/2 at which the
system becomes gapless. Since p and z are not commuting variable in quantum mechanicsEl this is
only a loose analogy, but the conclusion happens to be correct quite generally: topological systems
are generally characterized by end modes, which is known as the bulk-boundary correspondence.

Note that H1 also happens to be an example of a Kitaev chain Hamiltonian, as we noted above. As
shown in [81], the Kitaev chain explicitly harbors Majorana zero modes at its end-points, protected

by PHS. We therefore know that #; exhibits the same kind of end modes. Unlike in the Kitaev

3Here this is a problem because momentum is not conserved due to the edge breaking translational invariance. If
the Hamiltonian varies slowly, however, it is approximately conserved over short distances, and the quasiclassical (aka
the Wentzel-Kramers-Brillouin) approximation can be used.
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3.2. 2D (CRYSTALLINE) NODAL TOPOLOGICAL PHASES

chain case, however, mirror symmetry (unlike PHS) allows a constant term in the Hamiltonian,
which means that the energy can always be shifted by any value. The mirror protected topological
phase thus does not have zero energy modes in general, though it does have end modes. These
modes are therefore fragile in the sense that they can be moved out of the gap and into the bulk

spectrum, but as noted in [69] it will leave a signature in the entanglement spectrum.

3.2 2D (Crystalline) Nodal Topological Phases

We can use H(z,p) in to now make the jump from 1D to 2D: mathematically, the arbitrary
parameter z can also be a second momentum perpendicular to p. We can then relabel p — p, and
z — py. The topological phase transition then corresponds to a node in the spectrum of the 2D
Hamiltonian #H(z,p) — H(psz,py). See note that the Berry phases evaluated along the
two lines in the left panel differ by 7, but the sum of the phases is equal to the Berry phase evaluated
along the square loop in the right subfigures since the phases along additional paths cancel due to
periodic boundary conditions. That loop can then be deformed to the smaller one encircling the
loop with the Berry phase being unchanged (because the Berry phase vanishes for any loop not
encircling the node). This is a characteristic of 2D nodal phases: the Berry phase going around a
node is quantized, with the node acting as a source of the phase. This translates to the statement
that the node cannot be gapped out by any symmetry allowed terms. The reverse is also true: if a
node is symmetry protected, the Berry phase is quantized. One possible approach to proving that a
given nodal phase is topological is therefore to prove that no symmetry allowed terms can gap out
a node, which is the approach we adopt in This is also the approach used to classify
gapless phases, as done for example in [28] for crystalline phases. A more formal approach that can
be shown to give equivalent results is to use K theory, as done for example in [I58].

Doing the inverse Fourier transform for p,, we obtain a family of 1D systems #,, (x), which as
we saw are topologically distinct for p, < 1/2 and p, > 1/2. This means that Hp, (z) will have end
modes are is boundaries for p, < 1/2. The union of these end modes taken together thus forms
an edge mode of the 2D system, terminating at the node at p, = 1/2. This can also be seen by a
direct computation in an effective k - p model in the continuum limit [I85] [60]. For the anti-unitary
symmetries, the resulting modes are moreover flat since the 1D edge modes are zero energy modes,
and the edge modes are referred to as flat bands [I51], 145, [19] [152], [I50]; for a crystalline symmetry,
as we saw, the energy is not pinned to zero, so the edge modes are not flat in general (as seen in

3D ‘drumhead’ surface states [23, [15], and in some 2D examples in [28]). The nodes themselves are
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3.3. Furry GAPPED 2D TOPOLOGICAL PHASES

moreover not fixed to zero energy, and as a result can be ‘inflated’ into Fermi surfaces: importantly,
it is only the minimal dimension of the gapless manifold (i.e. the co-dimension of the manifold that

cuts it out of the Brillouin zone) that enters the classification in [28] [I5§].

3.3 Fully Gapped 2D Topological Phases

When the spectrum in 2D is fully gapped, we can introduce another quantity using the Berry
connection, namely the Chern number. The Berry vector potential extends to higher dimensions

(and for an arbitrary number of bands labeled with o =1,2,...) as

A9(p) = i(ua(p)|V|ua(p)) (3.15)

where differentiation is with respect to momentum (for which we can pick a basis {e;}, denoting
the corresponding directional derivative V). In two and higher dimensions we can then define the

Berry curvature as

Fi(p) = V;A[Y — v, AL (3.16)
which can be arranged into a curvature vector:

F®)(p) =V x Al (p) (3.17)

in analogy with the magnetic field. Note that when restricted to 2D, this only has a z component,
which we call F(®) (not to be confused with the magnitude of the vector). The Chern number for

band « is then defined as the flux of the corresponding Berry curvature through the entire BZ which

is topologically a torus (see [Figure 3.5):

1
Ch® = — [ F@g%p (3.18)
27T BZ

We will show in the next section that the Chern number is an integer in the absence of any
symmetry (unlike the Berry phase in the 1D case that is only quantized in presence of a symmetry),
and that the sum of Chern numbers over all bands o always vanishes. To obtain a non-trivial
topological invariant, we need to restrict the number of bands under consideration, which is usually

done by restricting the sum to occupied bands only. In that case it is also known as the TKNN
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> >

Figure 3.5: The Brillouin zone (BZ) is topologically a torus. The arrows indicate periodic boundary
conditions, which tell us how to glue the edges of the square together; the dots are time reversal
invariant momenta (TRIM), which will be relevant in the following section.

invariant [170].

Anti-unitary symmetries can have two effects on the Chern number. Such a symmetry in general
either splits bands into pairs, or splits each band into two parts related by the symmetry. In either
case, the Berry curvature may be either even or odd under the symmetry, so the Chern numbers
either cancel or double (between bands or for each band respectively). In the latter case (which
in the tenfold way only happens for Cartan class C in which C? = —1 and there is no TRS) the
topological invariant becomes 27, i.e. it is an even integer. In the latter case, the topology may
simply be trivial, but sometimes the Chern number either on half the bands or computed on half
the BZ may be an integer. Only the parity of this integer turns out to be invariant (as we show
in detail for class AIl with T2 = —1, to which 2D topological insulator in particular

belong), so the topological invariant is a Zy = {1, —1} index.

Topological Invariants for Superconductors

All the classifications mentioned above include topological (fermionic) superconductors that we are
mostly interested in, for which PHS acts as C? = 1. In this case the Berry curvature is neither even
nor odd under PHS, and the topological invariants are computed in the same way as in the absence
of PHS. In particular, in the absence of TRS (class D) the invariant is just the Chern number, while
with TRS 7% = —1 (class DIII) the invariant is the Zs index from class AIl. The only caveat is that
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the invariants are computed for BAG Hamiltonians:

Af(p) —H'(-p)

on which PHS acts as ¢*K (¢ being Pauli matrices in the Nambu particle/hole indices) due to the
requirement that A(p) = —AT(—p). The only technical difficulty is that usually the gap function is
only determined close to the Fermi surface and not known in the whole BZ, so a natural question is
whether the topology of the SC phase is determined solely by the gap function in the vicinity of the
Fermi surface. The answer is yes in the weak coupling limit: in order to change the topology of the
phase, the gap in the spectrum must close; if the BAG Hamiltonian is symmetric under momentum
reversal p — —p (which can be due to inversion or TRS symmetry), the gap can close only when the
superconducting gap function vanishes somewhere along the Fermi surface, where a band crossing
occurs at zero energy. Therefore the topology of the SC phase is determined only by the form of the
gap function on the Fermi surface.

More generally, if there is no momentum-reversal symmetry (as is the case for non-centrosymmetric
systems in a magnetic field), the band crossing may occur away from the Fermi surface and not at
zero energy. More precisely, if £,(p) are the eigenvalues of H(p), the band crossing can occur at
momenta defined by &, (p) = —&.(—p) instead. We will be interested in cases when &, (—p) # &a(P),

so we prove the following simple theorem with those cases included.

Theorem 3.1

Suppose the gap function A(p) is specified in the vicinity of the surface defined by s (p) =
M =0, and we have two extension A;(p) and A,(p) defined on the whole BZ such that
|A1(p) + As(p)| < |€a(p) — £5(p)| for all bands a and 8 # « and A;(p) = Ay(p) = A(p) where
A(p) is defined. Then BdG Hamiltonians HgBdG) (p) with gap function A;(p) and ”HéBdG)(p) with
gap function A, (p) are topologically equivalent. a

Proof 3.1

Take A(p,t) = (1—t)A; (p)+tA,(p) as the gap in H(B9E) (p, 1), which gives a family of Hamiltonians
that smoothly extrapolate between ’HEBdG) (p) and ’HéBdG) (p). By assumption, no gap closing occurs
in the vicinity of the surface defined £g,(p) = 0, while away from it no gap closing occurs because
the difference and sum of the two gap extensions are assumed to be smaller than the band splitting.

Therefore the two BAG Hamiltonians can be adiabatically connected without the gap closing and
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so are topologically equivalent.

We can therefore always compute topological invariants by taking the gap function to vanish fast

but smoothly away from the {s,(p) = 0 surfaces. In the vicinity of the surfaces, we then have

HP (p) = sap) = Sa () (3.20)

AL(p) —&a(-P)

which has Nambu eigenspinors

T,y = ua(p) | _ 1 §a(P) — Ea(P) (3.21)

va(p) V(€a(p) = Ea(p))? +[Aa(p)? A (p)

with the BdG spectrum

Ea(p) = £4a(p) + \/€2,(p) + |20 (p)? (3.22)

where £44(p) = w (the second branch is given by —F,(—p) by PHS). Taking A, =

|Ay|e?®e, a simple calculation then shows that the Berry connection is
A (p) = i(Ya|V[Ta) = ~|va(P)PVPa(P) (3.23)

To get the Chern number for the @ band we extend the gap function as mentioned above, and get

Cha = oo [ (FO®) o ao = o [0, (4 w) ap ao
- % [/ (A"T(p))ede}:: = *% (@47 ()] (3.24)

where we used the fact that |v,(p)|? goes between 0 and 1 as A, — 0 for s, > 0 and g, < 0
respectively, which is true independently of the details of the extension. In other words, the Chern
number is simply the phase winding of the gap function around the Fermi surface. This is the
case for example for a fully gapped superconductor with a single spin-polarized band (therefore
necessarily triplet). Since the gap function must be odd in momentum, a phase winding is necessary
for the spectrum to be fully gapped, resulting in the chiral SC phase, as shown in [I30]. A similar
topological invariant can be defined when TRS is present, resulting in a helical SC [128]. This is a

Zs invariant which is computed in the same way as for a system without PHS and which we derive
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in the following section.

When considering crystalline symmetries in superconductors, another technical difficulty we will
encounter is that in the BdG formalism there is inherently an ambiguity in their definition, because
the action of the symmetry on the particle and hole sectors may differ by a U(1) phase factor (as
discussed in, e.g., [79, 126]). Given a unitary symmetry U(p) (possibly a function of momentum)
acting on the normal state Hamiltonian #, the action on the BAG Hamiltonian is given by

U= Up) 0 (3.25)

0 e?vU*(-p)
where in principle e!*U can be any phase. This is the case for, e.g., TRS, where the phase e!*7
corresponds to the phase of the gap function which is arbitrary. The correct view is that a symmetry
holds for the BdG Hamiltonian as long as there is a choice of the phase for which the symmetry
holds. In particular, this is always the case if the gap transforms according to a 1D irreducible
representation (irrep) of the relevant point group (higher dimensional irreps can lead to spontaneous
symmetry breaking). For gaps that are even or odd under reflection symmetries, for example,
€’V = 41 respectively. See also [143], which includes a more general review of topological SC,
as well as topological invariants in general. The topological invariants for fully gapped crystalline

topological SC phases are given in [29].

3.4 Chern Number and Z, Topological Invariant from Gauss’

Law

The purpose of this section is to introduce the 2D topological invariants for fully gapped systems in
a more didactic manner. As we will see, we will in particular derive the Kane-Mele (or Fu-Kane) Zs
index in a novel way (I am not aware of this exact derivation appearing elsewhere). The main idea
is to note the analogy between the Berry vector potential A(®)(p) = i(uq(p)|V|ua(p)) (defined in
any dimension) and the usual magnetic vector potential, and to use Stokes’ theorem, with the Berry
curvature field F(®) (p) = V x A(®(p) being analogous to the magnetic field.

To begin, we return to the mirror-symmetric 2D nodal system H(ps, py) discussed in

as defined in |(3.14)| and shown in [Figure 3.4L We expand it around the node as

H(pa:apy) = pwar + pyaz (326)
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In the same way we extended from 1D to 2D, we can now extend to 3D, which allows a new term

to appear:
H(pz7pyapz) = py0" + pyJZ +p.o? (3.27)

such that at p, = £m # 0, the spectrum is fully gapped. H(ps,py,p.) can now be thought of as
an adiabatic transformation between H(ps,py, m) and H(py, py, —m), with a phase transition (gap
closing) occurring at p, = 0. We will see momentarily that the topological invariant that changes

across the transition is the Chern numberﬂ

- o - G

Figure 3.6: Applying Stoke’s theorem to relate the Berry phase evaluated around a loop encircling a
node to the Berry curvature flux through surfaces bounded by the loop; the flux through the sphere
on the right is therefore twice the Berry phase along its equator.

To see this, we apply Stoke’s theorem which says that the Berry phase calculated around the
loop in and in is equal to the flux of the Berry curvature vector through an
oriented surface whose boundary is the loop, two of which are shown in Gluing the two
such surfaces together, we conclude that the Berry flux through a sphere enclosing the node is equal
to twice the Berry phase of the loop, i.e. £27. Note that we need to pick which band we compute
the flux for, and they are opposite for the two bands intersecting at the node. We conclude that
nodes act as sources of Berry flux. This will be the key observation. Next, we use the same trick as
we did with the Berry phase: deform the sphere into two surfaces at fixed p, = m and —m, with
the surfaces along the BZ boundary vanishing due to periodic boundary conditions. We conclude
that the Chern numbers for H(py, py, m) and H(py, py, —m) differ by one.

Consider now an arbitrary fully gapped 2D Hamiltonian H(p) with p = (p,,p,) and periodic
boundary conditions, i.e. defined on BZ = T?, where T? is the 2D torus, We will first

4Note that we can extend the logic chain 1D (gapped)—2D (nodal)—3D (nodal)—2D (gapped) to 3D (nodal)—4D
(nodal) — 3D (gapped), which is related to the Bott periodicity used to construct classification tables [30].
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ignore any symmetries it may have (i.e. consider it to be in class A). To test if it is topologically
equivalent to a trivial insulator (meaning one adiabatically connected to a product state of atomic
limit wave functions), we can define H(p,p.) as an arbitrary extension of H(p) = H(p, 1) to the
trivial Hamiltonian H(p, 1/2), which is defined on the solid torus that I will denote T whose surface
is the BZ (see we can ‘fill-in’ the torus by taking the Hamiltonian to be constant on
the inner solid torus shown in . From the observation above, we expect that if H(p) is
topologically non-trivial, H(p, p.) will have band crossings acting as sources of Berry curvature flux.

This is essentially the idea behind the proof of quantization and invariance of the Chern number

due to [161].

Figure 3.7: Visual representation of the extension Hamiltonian H(p). The BZ torus is filled in,
making a solid torus T. A given band may intersect at several isolated points. We remove little
solid spheres S; around these points. As indicated in the figure, the extended Hamiltonian H (p)
may be approximated as a Weyl cone on those spheres (the arrow indicates whether the band under
consideration crosses from above or from below, giving a sense of chirality).

For a general fully gapped Hamiltonian, the existence of such an extension is not completely
trivial, but in fact by the Wigner-von Neumann avoided crossing theorem we can make an even
stronger assumption about H(p,p.), namely that it is degenerate only at isolated points {p;} C
T, and that the degeneracy only involved pairs of bands (intuitively it is clear that any higher
degeneracies can be ‘moved apart’ by making smooth deformations). To compute the Berry flux
through the original BZ, we can thus take the Berry curvature in 3D, which is defined everywhere

except the degeneracy points. We then consider the solid torus with little solid spheres S; removed
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around the degenerate points. The Wigner-von Neumann theorem additionally tells us that in
sufficiently small solid spheres, we can take the effective Hamiltonian to be Hj (k) = +o -k (i.e. we
can ignore all bands but two). We now again use Stoke’s theorem but in the Gauss’ law form: since
we want the integral of F(®) on the surface of the solid torus, we should integrate the divergence
V - F(@ over the bulk of the solid torus with the bad points removed. But V - Vx = 0, so Gauss’s

law gives:
0:/ V~F(O‘)d3p:/ F(O‘)~d2p+2/ F . ¢p (3.28)
T T2=BZ T sz

where in the sum the integrals are over the surfaces of spheres removed. We conclude, since F(®) ig

perpendicular to the surfaces, that
/ F . d’p= | FOdp=-3" [ F@d% (3.29)
BZ BZ — Js?
As we saw above (or as can easily be computed directly), we have
/S ] F@d?p = +or (3.30)

The plus minus depends on whether the a band crosses with the o+ 1 band from below or with the
a — 1 band from above, reflected in the sign in Hy(p) = o - p. The conclusion is that the Berry
curvature flux through the BZ is quantized:

/ F@d?p = 21 Ch( (3.31)
BZ

where Ch(®) is the Chern number of the a band, which we now know is an integer. Since each band
crossing contributes +1 to one Chern number and -1 to another, we have the further conclusion that
the sum of Chern numbers over all bands is always zero. Thus to get a topologically non-trivial

system, the sum has to be restricted to a subset of (filled) bands.

3.4.1 Time Reversal Symmetry and the Kane-Mele Z, Index

We can use Simon’s construction to also derive the topological Zy index characterizing the QSHE
discussed by Kane and Mele [70] [77] and topological insulators (TTs). Both cases involve additional

symmetries (spin rotation symmetry and TRS respectively) that render the total Chern number zero.
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Figure 3.8: Hamiltonian on the solid torus as a family of Hamiltonians on 2D tori transforming
into the vacuum Hamiltonian as a parameter t is varied, possibly undergoing a topological phase
transition. The blue region in the middle of the solid torus represents the trivial extension of the
vacuum Hamiltonian to a solid torus.

Here I will consider TRS, but the idea is similar for both: as in the case with mirror symmetry,
we need to consider families of Hamiltonians H(p,p.) with the restriction that they satisfy the
symmetry at each value of p,.

The Chern numbers vanish for each band « in presence of TRS because the Berry curvature
then satisfies F(®)(p) = —F(®)(—p), and the integral over the whole BZ vanishes. The idea is
that since TRS identifies states with p and —p, the real invariant would correspond to the Berry
curvature integrated over half the Brillouin zone with only unidentified momenta (therefore mapped
to the other half by TRS), which we call the effective BZ or EBZ and which we can take to be
a cylinder. Note that the boundary of the EBZ necessarily contains the time reversal invariant
momenta p = —p, or TRIM (see . This is almost correct. The problem is that when the
momenta p and —p are identified, the BZ is mapped to a sphere (see this is a well-known
so-called doubled cover of the sphere by a torus). However, if the eigenstates are continuous on the
torus, they may not be on the sphere. As we saw, such discontinuities indicate non-trivial topology.

The discontinuity is due to the existence of Kramers pairs, which follows from the fact that TRS
is antiunitary and 72 = —1. The former means that (Tuq(p)|Tus(p)) = (us(p)|ua(p)). But then
the latter implies (T %uq (P)|Ttua(P)) = —(ta(P)|Tua(P)) = (ua(P)|Tua(p)) = 0, so the eigenstates
lua(p)) and T |uq(p)) are orthogonal. In particular, at TRIM points p = —p the states are doubly

83



3.4. CHERN NUMBER AND Zs TOPOLOGICAL INVARIANT FROM GAUSS’ LAaw

degenerate since T commutes with the first-quantized Hamiltonian and so T |u.(p)) is an eigenstate
of TH(p)T ! = H(—p), in addition to |ua(—p)) = |ua(p)). The obstruction to passing to the
sphere is that T|ua(p)) # |ua(p)) in general, which results in discontinuous eigenstates when the

two are identified on the sphere.

Figure 3.9: The map taking a the BZ torus to a sphere by identifying TR pairs. The grey region
amounts to a choice of between T R pairs. For this choice, we first fold the BZ in half, then identify
top and bottom edges to obtain the EBZ. The remaining arrows indicate the identification made
by TR symmetry on the EBZ, and gluing them together produces a sphere.

The reason for this obstruction can be seen more clearly using the same extension construction
to the solid torus T we used above for proof of Chern number quantization, with the additional
restriction that H(p,p.) respects TRS for each fixed p,. This means that any band crossing at
p; is necessarily accompanied by an anti-crossing (because TH(p)7T ' = H(—p)) at —p;. This
proves the total Chern number is zero. We can alse see why the Berry flux through the EBZ is
not an invariant: if we cut the solid torus into a solid cylinder with the surface being the FBZ,
there is flux escaping through the ‘caps’ of the solid cylinder that are not part of the EBZ itself
(see . Moving ‘charges’ inside the solid torus around will change the flux through the
EBZ, which is therefore not well-defined.

The invariant, which we call the half Chern number C’hg%, is rather the flux through the surfaces
of the half of the solid torus including the caps, which we can see is quantized as before. Note that
again by Stokes’ theorem, the Berry curvature flux through the caps can be computed as a Berry

phase along the loops forming their boundaries that connect TRIM points in the original BZ. The

half Chern number expressed in terms of the Berry vector potential on the FBZ only is thus

o Chﬁ; = / F@ g2y 4 f{ A dp=->" / F@ g2y, (3.32)
EBZ OEBZ 5 JsicT/T

which is the formula obtained by different means in [113] 52].

The advantage of the extension construction is that there are now multiple ways to see why the
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'y

Figure 3.10: The extended EBZ. Note that on the full torus, crossings/anti-crossings appear in

pairs, so the total Chern number is zero, but the half Chern number may not be. To compute C’hgo/‘%,

we only count the spheres in the indicated half. Note that part of the Berry flux goes through the
‘caps’ that are not part of the original Hamiltonian, but their contribution can be computed as the
Berry phase around the bounding loops using the Berry connection on the original FBZ only.

half Chern number is only well-define mod 2, so that the Zy topological invariant is its parity. First
of all, there is an ambiguity in the smooth extension. It is possible to move the band crossings
around, provided we move the corresponding anti-crossings so as to preserve T'R symmetry. In
particular, one can remove a band crossing from the half solid torus, at the cost of moving in an
anti-crossing (see Figure . In that process, the half Chern number changes precisely by
2, so it is always possible to make it 0 or 1 by moving around some of the crossings (we can think
of this as moving charges around, and note that the total charge is conserved since the flux through

the BZ is fixed).

v

Figure 3.11: Moving a band crossing from one half of the torus to the other half. In this process,
we have to move the corresponding anti-crossing in the opposite direction, so the Chern number
changes by two.

Alternatively, it is possible to annihilate a crossing with an anti-crossing (if this is done at p,
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one simultaneously annihilates an anti-crossing with a crossing at —p). Doing this in reverse, we
can create a crossing/anti-crossing pair at p, while simultaneously creating an anti-crossing/crossing
pair at —p (see . Moving the band crossings around as in the previous case, we again can
change the half Chern number by two, which shows that all half Chern numbers of the same parity
can be obtained. Thus Hamiltonians with the same parity (—1)Ch(17; are topologically equivalent,

but not if they have opposite parity.

Figure 3.12: Creating a crossing/anti-crossing pair (which requires simultaneously creating an anti-
crossing/crossing pair in the opposite half), and the moving the crossing to the other half as in the
previous process. This again changes the Chern number by two.

A third way to see this is to note that there are multiple ways to form an EBZ, either cutting
along different lines, or even cutting in multiple places in which case the EBZ may have several
disconnected pieces. For example, one can take two disconnected quarters instead of a halves, as
shown in the This effectively changes crossings to anti-crossings in the exchanged
quarter. Instead of quarters, any fraction of the half torus can be exchanged for its time reversal
partner, which again changes the half Chern number by +2.

Finally, a fourth way is to pick different partitions on each of the 2D tori making up the solid torus
(the choice has to be smooth as a function of the minor radius of the tori). Visually, this amounts
to deforming the ‘caps’ of the solid half-torus, which has to be done such that TR symmetry is
respected. As one cap moves past a band crossing, the opposite cap thus has to move past an
anti-crossing in the opposite sense, again changing the half Chern number by two. This is effectively
the way the Z, invariant was originally derived (without an explicit solid extension) in [I13]. Note

that other invariants from other classes can similarly be derived using the Berry connection.
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Figure 3.13: Choosing a different partition of the BZ can change the half Chern number. There is
a crossing/anti-crossing pair in the solid torus, we can pick a partition that includes either one or
the other (and never both).
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Chapter 4

Superconductivity in 1H-TMDs

Material in this chapter first appeared in [I53].

In this chapter we carry out a self-consistent mean field analysis of superconductivity in 1H
transition metal dichalcogenides (TMDs) and other similar systems that we studied in
using RG, but now including spin-orbit coupling (SOC). Recall that in the absence of SOC we found
uniform SC and PDW channels. Here we will consider only the uniform SC channel and look at
the PDW channel in The 1H-TMDs have a strong Ising-type SOC at the K pockets
and possibly also at the I' pocket. We will therefore consider the limit of strong SOC in which
we only keep the pairing within inner and outer Fermi surfaces split by the SOC in
and study spontaneous time-reversal symmetry breaking in We discuss the topology
of the non-trivial phases we find in For reference, we summarize the k - p model from

[Section 1.2]in [Section 4.1| that we will be using in this chapter.

4.1 Single-Body Model of 1H-TMDs with SOC

Recall that the normal state of 1TH-TMDs is described by the Hamiltonian that we discussed in
Section

H =3 dpa [Hy(P)]os dons (4.1)
pnapB
with

Hy(P) = ey(P) + B, () -0 (4.2)
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with valley index n = 0,+1 corresponding to nK pockets (we also interchangeably use n = I', £ K

when it is more clear), in the hexagonal Brillouin zone with p measured from the pocket centers,

&(p) = —2%7 = Iy (4.3)
with
By = Bn=(P)2 + ar (pyX — puy) +b (4.4)

where (3,; are j = z,y, z components of 8, which include f3,.being the Ising SOC, ag terms are the
Rashba SOC, and the magnetic field b = %gLuBB is in units of the Bohr magneton pp with Landé
g-factor gr. We pick K to lie along the x direction, from which we measure all angles.

The Hamiltonian is diagonalized by operators

cpnr = Upr(P)dpyr (4.5)
where
1 Tafn2(P) ;| _ip 32
US (p) = —=4 |1+ —LE22 (rei%n) 2 4.6
= G\ ey O o
with
gitn(®) _ Pno +8Bny _ arpy +bs +i(—arps +by) , (47)

B |BT71 + Zﬂny| B \/(Oépr + bx)Z + (aRpx - by)2

and where 3, = 3, (p)|- This is the SOC (also band or helical) basis. The normal state dispersions

are

&nr(P) = en(P) + 7 |B,(P)| = €, (P) + 75,(p) (4.8)

which determines the Fermi surfaces that are shown in [Figure 4.1| with and without Rashba SOC/in-

plane magnetic field.
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@
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R — > &3
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Figure 4.1: Fermi surfaces for Hamiltonianwith Ising SOC and (a) no Rashba SOC or magnetic
field; (b) Rashba SOC and no magnetic field; (c) in-plane magnetic field and no Rashba (note that
Fermi surfaces remain symmetric under momentum reversal even though TRS is broken); and (d)
with both Rashba SOC and in-plane magnetic field. Note that in the latter case the Fermi surfaces
are shifted. Yellow/blue colors indicate spin up/down polarization respectively, while red arrow
indicate the in-plane spin components. The pairing interactions g; .. 4 relevant to the SC instability
are also shown.
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4.1.1 Interactions Near the Fermi Surfaces

Symmetry constrains the possible spin-conserving, momentum-direction-independent electronic in-
teractions between the low-energy fermionic operators to eight. Of these, the four interactions that
contribute to superconductivity are (see : intra-pocket density-density interactions in-
volving the T' (g1) and the =K (g2) pockets; and inter-pocket pair-hopping interactions between K
and —K (g3) and between I" and +£K (g4). Thus we consider the following interacting Hamiltonian:

Hiyg —Vﬁ}ﬁ % (p; k) dltpad;,pgzdr,ka'dr,—kﬁf—i-
Vf}?;'f;?(p; k) dlK’pad;K,pgdiK,ka/d:FKﬁkﬁf+
Vf}ﬁﬁf(p; k) dlK,pad;K,_pgd:FK,ka/diK,fkﬁ/+
VL (k) dl e padl e sl xardr i + Dc. (4.9)

Accounting for the anti-symmetric nature of the fermion operators (and including all Hermitian
conjugates), the uniform part of the interactions can be separated into singlet and triplet interaction

channels, as follows:

s10’ B g1 ,. aB /- o' B
\4 ]F;lé B 5(wy) B(ig¥)™'P (4.10)
s1a’ B gq . aB /- o' B
VI L? = £5 (i0") P (i0")"”
s1a’ B 1 . aB /- o' B
v ]ilg;illi = 1(92 + g3)(i0¥)*P (ig¥)>' P
o' 808 1 . . . o'
[Vt]iK;iK = 1(92 —93) Z (07icY)55(07ia") p

J=z,y,2

Since Vi ik and Vi _k are related by interchanging the spin indices ¢/, 8/, combined with an overall

minus sign for interchanging two fermion operators, in this representation we have

VIikin = VISkEx
11’ 8508 t1o' B8
[V ]:tK;:FK = [V ]iK;iK (4.11)

From Eq. we see that Vig +x (and thus Vig +x) have contributions in both the singlet
channel (labeled s) and the triplet channel (labeled ¢), while for momentum-direction-independent
interactions, Vrr and Vp g have contributions only in the singlet channel. In addition to these

interactions, in order to ensure that the gap on the I' pocket does not artificially vanish in the triplet
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regime, we also include weak (but symmetry-allowed) momentum-direction dependent interactions:

'8 t L
ViRl = L cosdlicos30p(io?)ss - (aic?)*?

"B i 7Y
[Vt(P; k)}a Piab 94 g 30k (oic")}y - (oic?)® B

I+ K V2
(4.12)

where 0y refers to the angle of the momentum on the I' pocket. Note that all higher harmonics
can be included in a similar fashion, but they do not qualitatively affect our conclusions. We take
lgt| < |gil, so these interactions have a negligible effect on whether the system enters the singlet or
triplet regime.

Note that there are four other possible interactions, which we do not include in our analysis here,

Hins = L dlcodlcsdicpdica + 5 d" il ydrad-scat
+ 04" geadhpd-repdra + D' o dhpdisdica + hic. (4.13)

where we omitted momentum indices and symmetry related terms for simplicity. These interactions
decouple from ¢, ...g4, and hence need not be included when analyzing the possible superconducting
instabilities. They can in principle give rise to a pair density wave (PDW) which may compete with
superconductivity, depending on the microscopic values of gs,...gs. We defer analysis to the next

chapter.

4.2 Superconductivity in the presence of SOC and magnetic

field

The parquet RG treatment of shows that superconductivity is the only instability gen-
erated by the interactions in Eq. within weak-coupling. If the superconducting transition
temperature was larger than the Fermi energy, then the superconducting problem would have been
essentially solved. However, since T, < Er in NbSey, one needs to proceed to energy scales be-
low the Fermi energy, where Ising and Rashba SOC and the magnetic field become relevant. Since
superconductivity is the leading instability and decouples from other channels below the Fermi en-
ergy, it is sufficient to consider a simpler mean-field approach to include the additional terms in the

Hamiltonian that were neglected in analysis above.
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4.2.1 Mean-Field Gap Equation in the Presence of SOC and Magnetic
Field

In order to determine the appropriate BCS gap equation, we first project the interactions onto
the spin-split Fermi surfaces, by using the transformation between eigenstates of spin and
eigenstates of the non-interacting Hamiltonian and restricting the gap functions to involve pairs
on the same Fermi surface only. Throughout the phase diagrams shown in the Fermi
surfaces are qualitatively similar to those shown in with the important caveat that in
the presence of both Rashba SOC and magnetic field inversion symmetry is broken, as we discuss
in more detail below. Our analysis assumes that the minimum splitting between Fermi surfaces
(with an associated energy scale on the order of the magnetic field b and/or Rashba SOC agpr) is
large compared to the superconducting pairing strength, whose energy scale is on the order of the
superconducting gap function. In particular, close to the phase transition at which the gap function
vanishes this is valid almost everywhere in our phase diagram. Note, however, that for ag = b =0,
or for ag = b with B along a I' — K line, the inner and outer Fermi surfaces at the I" pocket touch
along the I' — M lines, and our approach is insufficient to resolve the gap in the immediate vicinity
of these loci even very close to T..

After the projection, the interactions generally acquire a dependence on the momentum direction.

Explicitly, this gives:

VarR A |
Hipg :VF,F Cr Cr Crr Crr+

e
Vik +kCikrCrr CRr CERT T

V:;—}E,JZKCLKTC;KTC:FKT'C:EKT/+
Vi kel ek gererrery (4.14)
with
7T 1 1) *
Vi) =5 Y gl QW (PR (k) (4.15)
n=0,z,y,z

(n,n’ =T, +£K). Here terms on the right-hand side with = 0 are projections of singlet interactions
in[(4.10)| while those with y = j = x,y, z are projections of the three triplet interactions respectively,

into the relevant Fermi surface. Since spin is not conserved in the presence of SOC and/or magnetic
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field, these three spin polarizations are no longer equivalent. Explicitly,

QW) = > (i0")asUl(P)U,.(~D) (4.16)
af
QU (p) = £ (i07i0")apUst,(P)U” . (~D)
af
Do) = V2cos(30p) > (io7io")asUL, (P)UE, (—) .
af

There is a phase ambiguity in the definitions of Q%’Q(p); the additional factors of ¢ in the last two
(1)

.y are constants independent of
.

expressions are chosen to simplify the gap equation below. Here g

p and k (with j = z,y, 2):

(0) (9 _ ¢

Ir,r =91 grr = 91

(0) _ (0  _

Irix = Y9xkxr = 94

gg)ﬂ( = ggﬂ* =95

(0) _ (0) g2+ g3
ik +K T Itk FK T 9

j j g2 — g3
ok ax =98k = 25 (4.17)

where g1, ...g4 are the values of the couplings at the end of the RG procedure described above.
For uniform SC (i.e. with zero center-of-mass momentum), the paired electrons are either both

from inner pockets or both from outer pockets, with corresponding gap functions

Ar-(p) o {(crprcr,—pr)

Aigr(P) o (CikprCsK,—pr) (4.18)

where the momentum p is measured with respect to the center of the relevant Fermi pocket. The
gaps are diagonal in the index 7, as we assume there is no pairing between inner and outer Fermi
surfaces. Note that particle-hole symmetry imposes A_g, (p) = —Ak, (—p), so these are not two
separate order parameters. The new self-consistent gap equation is (see :

doy x
2

Am’ (p) = Z \%HT]/T/(HT]/,I()‘;;;;;—/ (p7 k)A’r]’T’ (k) (419)
,'7/ ,T-/

After integrating over momenta, the (angle resolved) particle-particle pairing susceptibility IL,(6,,p)
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becomes:

tanh (Bg"TT(pU + tanh (55%(’1’))
777p Z é-71"'(1)) + f—nr(—p)

p

(4.20)

where 6, is the angle along the 7 Fermi surface relative to the center of the pocket 7 (below
we simply use 6 when this is clear from context). Assuming that the Fermi surface is inversion

symmetric, we find
(4.21)

with NV, the density of states at the inner or outer Fermi surface at the n pocket and A is the
cut-off energy. Although the Fermi surface is only inversion symmetric when ag = 0 or b = 0,
the expression is approximately correct when either is sufficiently small; this issue will be
discussed in more detail in Sec.

Plugging Eq. [(4.15)|into Eq. |(4.19), we find

Ayr(k) = DIQW (p) (4.22)

w

where D, = (D%g),Dg,ﬁ),D%yT),D%ZT)) are momentum independent gap coefficients. The structure

of Eq. |(4.19)| implies that we can take D,(#) = Dg’i)T = D,(f‘), and we thus drop the 7 index on D

g’;) = p& I)(, consistent with the fact that

hereafter. Moreover, particle-hole symmetry enforces D
A_kg: (p) = —Ak, (—p). Plugging the form [(4.22) back into the gap equation |(4.19)| yields the

reduced gap equations

D = %, (9uf) DY + 20015 DY) (4.23)
DR = %, (o f<°)FD(“)+(gz+gg)f((3§KD(“))

j r
D(FJ) _ >, ( 1f(J) M 4 9g 4f(u) D(u))

j r K
D = %, (s DL + (92 = 90) £ DY)

where j = x,y, z and the form factors f((:j)/)" are given by

# o _ ]{ZH TQ(/L)* (lt')dzinka (4.24)
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In the presence of SOC and magnetic field none of the channels (u = 0, ,y, z) decouple in general.
Eqgs. thus can be viewed as an 8 x 8 matrix equation, leading to 8 possible superconducting
solutions, of which we choose the one with the highest T.. The choice of phases in Eq. |(4.16)| was
made to make the form factors f((:f )/ ) real when the densities of state on inner and outer Fermi

surfaces are equal in which case the coefficients D,(,“) can also be taken to be real.

4.2.2 Phase Diagrams

QrPF agpr Chiral SC
ﬂ[ .. ﬂ] L] \\\ L}
1.5
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Bogolyubov

0 o 0.05 0.1 0.05 0.1 0.15
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Figure 4.2: Phase diagram for NbSe; as a function of the Rashba SOC («g) and in-plane magnetic
field B oriented along the I'-K direction, in units of the Ising SOC §;. The leading SC instability at
ar = B = 01is a singlet extended s-wave state or triplet f-wave state in panel (a) and (b) respectively.
Solid (dashed) lines indicate exact (approximate) phase boundaries. Uniform SC becomes unstable
in the light-shaded regions, but finite-momentum pairing remains possible. We discuss the phases

in more detail in [Section 4.2.2} For parameter values we used m = 1.5%—%, @ = =587, A=0.55; and
values listed in [(4.26)

To study the possible superconducting phases, it is useful to define singlet and triplet instability
regimes by considering the limit of no SOC and magnetic field. We define a dominant singlet
(dominant triplet) instability to occur when the largest eigenvalue of the gap equation is for the
spin singlet (spin triplet) gap with SOC and magnetic field set to 0. The transition temperature for

each channel (when the corresponding eigenvalue of the gap equation equals 1) is determined by the
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD
couplings g1, ...g4 via
1/~ (at)
T4 =1.13Ae~ V7" (4.25)

where A is the upper energy cutoff, and (@) are identical to the couplings obtained in the RG
analysis in Eq. (a = s,t for singlet and triplet respectively). shows the phase
diagrams corresponding to singlet (a) and triplet (b) instability regimes as a function of Rashba
SOC and in-plane magnetic field. We emphasize that the resulting SC states themselves are always
a mixture of singlet and triplet Cooper pairs.

With equal DOS in all bands, for repulsive interactions the singlet instability dominates for large

ga, while the triplet instability dominates for large g3. For concreteness, in this section we take

92 =12g1, g1=2g1, g¢i=02g, g;i=01g (4.26)

with g3 = 1.05¢; (4.2¢1) to produce a singlet (triplet) instability.

To describe the phase diagrams in it is useful to classify the solutions to the gap
equations by the irreducible representations (irreps) of the relevant point group. In the
absence of Rashba SOC and magnetic field, the point group of 1TH-NbSes is D3y, B We find that the
© =0,z terms on the right-hand side of Eq. both belong to the A} irrep of Dsy,, indicating
that the singlet and z-polarized spin-triplet gaps are mixed in the presence of Ising SOC. In our
model, this mixing is proportional to the difference between the densities of states N, on the inner
(r = —1) and outer (7 = 1) Fermi surfaces. Since these densities of states are not expected to
differ significantly in two dimensions, this mixing is weak in our model. The remaining components
= x,y of the triplet gap transform as the two dimensional E” irrep of D3,. We find that, in the
absence of both Rashba SOC and magnetic field, the highest T, corresponds to the A} irrep in our
model.

Rashba SOC transforms as the A} irrep of Dsp. This lowers the point group to Cs,, but does
not mix the A} and E” gaps. In contrast, the in-plane magnetic field b transforms according to the
E" irrep of D3p,. As a result, it mixes the E” gap with the A} one [I09]. Thus, in the presence of
an in-plane magnetic field, all u terms in Eq. are mixed.

The electronic spectrum in the superconducting phase is obtained by diagonalizing the Bogolyubov-

IThe relevant functional forms for the gap in each irrep can be found in the spin basis in Ref. [I09]; these are
related to our gaps by the basis transformation
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD

de Gennes (BdG) Hamiltonian:

1
H=g > UL e (P)Upyr (4.27)
pyT
where ¥, -(p) = (cn,pT,cT_n,_pT)T and

Hor () = &r(P) Ay (p) (4.28)

A;‘r(p) _g—m'(_p)

with &,-(p) given in Eq. Note that when time reversal symmetry (TRS) is broken, £_,(—p) #
&y (p) in general. The BAG spectra are given by E,,(p), —E_,-(—p), with:

By (D) = £anr (D) + \/Es0r (D)2 + |87 (D)2 (4.20)

where

(p) = fm'(p) + f—n‘r(*p)

Esnr 5 (4.30)
Eanr(P) = ar () _25_”(_})) (4.31)

Clearly, nodes only occur if both &g, and A, vanish simultaneously. Note that, in our case, the
Fermi surface is symmetric under momentum inversion, p — —p, only when either ag or b vanish.
In this case, a,r = 0 and Egyr = &7

We are now in position to describe the SC phase diagrams of obtained for a fixed
value of the Ising SOC and varying the magnitude of the magnetic field b and Rashba SOC ag.
In all cases, the gap at the £K pockets is nearly isotropic, so we focus on the I pocket. We first
analyze the phase diagram of (a), where the dominant g4 interaction gives the singlet
extended s-wave state in the limit of vanishing SOC and magnetic field. Along the b = 0 axis,
the main effect of increasing the Rashba SOC ap is to change the anisotropy of Ar; (p), due to
the small admixture with the ;1 = z nodal triplet gap. Importantly, no phase transition happens
along this axis, as the dominant instability is always in the A} irrep of the original Dj, point group.
In contrast, along the ap = 0 axis, a phase transition takes place to a nodal topological SC state
for b = bp, where bp ~ Apy corresponds roughly to the Pauli-limiting field [24] B6]. Because our
assumption of well-separated Fermi surfaces is not valid for fields smaller than bp, our analysis

is not sufficient to determine the phase boundary quantitatively, but we show it qualitatively in
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD

Figure 4.3: Superconducting excitation spectrum, Eq. for the inner Fermi surface at I in the
presence of an in-plane magnetic field and without (panel a) or with (panels b, ¢, d) Rashba SOC.
In panel b (panels ¢ and d), B is aligned along ¢ = 7/7 (¢ = 0) from the I'-K lines; panel a is the
same for any field direction. In panel ¢ (panel d), the Cooper pair has zero (non-zero) center-of-
mass momentum. Insets show the resulting spin textures along the normal-state Fermi surfaces for
the corresponding field directions, with colors as in and arrows indicating in-plane spin
components. We used the normal state dispersion from Eq. with the same parameter values

given in |Figure 4.2|7 and took b = 53, as well as ag = 23 in panels b-d. We set Dl(ﬂ?)_l = 2087 and
D(FZ,)—l =203 in Eq. |(4.22)} and pshire = —0.3pp in panel d.
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD

(a). This phase transition, and the topological character of the resulting nodal SC state,
were previously predicted in Ref. [62] and can be understood as a consequence of the vanishing of
the Ising SOC along the six I'-M directions, where the SC gap vanishes and 12 nodes (6 for each T'
Fermi surface) appear due to spins aligning with the magnetic field. This gap structure is shown in
the BdG spectrum of the inner I' Fermi surface, displayed in a) together with the spin
texture of the normal-state Fermi surface.

Turning on the Rashba SOC introduces a second spin-orbit energy scale that does not vanish
along the I'-M directions. As a result, generally even an infinitesimal Rashba SOC lifts the nodes
and destroys the topological character of this state, as shown by the fully gapped BdG spectrum
in b). The only exception is when b is aligned along one of the I'-K directions: in this
case, as we discuss in detail in the system has a mirror symmetry. For arpr < b, this
symmetry forces spins along the I'-M line perpendicular to b to align (anti-align) with the magnetic
field on the inner (outer) I' pocket, as shown in the inset of [Figure 4.3c). As a consequence, the
gap vanishes along the line perpendicular to b, as displayed by the BAdG spectrum of [Figure 4.3)c).
Therefore, two pairs of nodes originally present on this line are protected, whereas the remaining
eight nodes are gapped, resulting in a crystalline gapless topological SC state. Because the Fermi
surfaces are no longer symmetric under momentum inversion (i.e. {4, # 0), these protected nodes
are generally shifted away from the Fermi level, resulting in the Bogolyubov Fermi surfaces shown
in c). As we discuss in the next section, however, the nodes can move back to the Fermi
level if the Cooper pair acquires a finite center-of-mass momentum, which is expected to happen for
large enough b and ap d)) For agpr > b, however, the pair of nodes on the inner and
outer Fermi surfaces merge and the superconducting state becomes fully gapped. While we could
not precisely locate this phase boundary, it is expected to interpolate between b = agpp for large
values of ai to b = bp for ar = 0, as shown by the dashed line in (a). The evolution of the
gap at the outer I' Fermi surface across this transition is shown in [Figure 4.4(a) and (b). In panel
(a), the magnetic field is applied along a direction that does not coincide with the I' — K direction.
As a result, the nodal superconducting state only exists for a«g = 0 (red curve). In contrast, when
the magnetic field is applied along the I' — K direction (panel (b)), two nodes persist even when
ap # 0 (dark orange curve).

We now turn to the case of dominant triplet instability shown in (b), obtained for a
dominant g3 interaction. As in the singlet regime, we observe a nodal topological superconductor
for ag = 0. In the triplet regime, however, the superconducting gap on the I' pocket is nodal along

the entire ar = 0 line (except for very small magnetic fields, where the small difference in density of
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD

states on the inner and outer Fermi surfaces can open a gap); hence the nodal topological SC state
occurs for all values of b, as there is no Pauli limit in this case [24] [36]. Similarly, the transition into
the crystalline nodal topological phase happens close to the agppr = b line.

Along the b = 0 line, the nodes on the I pocket in the p = z triplet state are lifted due to
the admixture with the sub-leading s-wave pu = 0 state generated by Ising SOC, resulting in an
anisotropic gap. This is shown in (c), which presents the evolution of Ar; (p) along the
b = 0 axis for increasing augp. Note that to generate singlet-triplet mixing, we must include a small
difference between the inner and outer DOS in the plots of the magnitude of this mixing
increases with ar. Thus, although the superconducting gap on I' in the triplet regime remains
strongly modulated as a function of angle for modest ag (see [Figure 4.4fc)), the superconducting
phase in this region is nonetheless fully gapped.

For large values of ag (of the order of the Ising SOC), the dominant instability shifts from being
in the A; irrep of Cs,, (previously the A] irrep of the original Dsj, group) to the 2-dimensional E irrep
(previously the E” irrep of the original Dsj group). As a result, a new chiral p + ip superconducting
state emerges in the triplet regime at b = 0. The chiral phase, shown in d), occurs because
in this 2-dimensional irrep the free energy is minimized by a spontaneous breaking of time reversal
symmetry, as we discuss in This is in agreement with the general result in [137, [148].
As we show in this results in a gapped chiral topological SC with gapless chiral edge
modes resulting in a thermal Hall conductance kg, = £6 (72k%/3h) T [130]. This topological SC
phase survives for sufficiently small in-plane magnetic fields, but our approach is insufficient to

quantitatively obtain the phase boundary (see blue dashed line in [Figure 4.2(b)).

4.2.3 Broken Momentum Inversion Symmetry: Bogolyubov Fermi Sur-

faces and Finite-Momentum Pairing

In the presence of both ar and b, the Fermi surfaces are no longer inversion-symmetric under

P — —p- The key quantity that measures the degree of symmetry breaking is

_ fn'r(p) — g*nT(_p)
2

Eanr(P) (4.32)

previously defined in Eq. [(4.31)] Here we discuss two important consequences of this inversion
symmetry breaking for the crystalline topological SC state. First, within the crystalline topological
SC state, breaking inversion symmetry moves the two nodes on the same Fermi surface at I' in

opposite directions away from the Fermi level. This follows directly from Eq. |(4.29)| as the nodes
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Figure 4.4: Superconducting gap Ar; in Eq. at the outer I' pocket, as a function of the angle
0 along the Fermi surface with respect to the I'-K direction, in various regions of the phase diagrams
of Panels (a) and (b) correspond to the cuts across the phase diagram of [Figure 4.2)(a)
shown in the insets, with a magnetic field away from the I-K direction by an angle 9 = 27 /25 (panel
(a)) and along the I'-K direction (panel (b)). Panels (¢) and (d) correspond to cuts along the b =0
axis of the phase diagram of [Figure 4.2b), outside and inside the chiral SC phase, respectively (see
insets). Note that the gap amplitudes have been rescaled for clarity, since they are not fixed by the
linearized gap equations. We used coupling constants given in Eq. and parameters for the
non-interacting Hamiltonian as in We also took the inner and outer densities of states
to differ by ten percent to ensure that the symmetry allowed mixings between the singlet and triplet
channels are present in our solutions.
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4.2. SUPERCONDUCTIVITY IN THE PRESENCE OF SOC AND MAGNETIC FIELD

move by an energy £arr (Pnode). As we showed in C), this results in the nodes ‘inflating’
into Bogolyubov Fermi surfaces (¢f. [7, 20, 194] 167]). These Fermi surfaces are protected by mirror
symmetry, due to the topological stability of the band crossings in the BAG spectrum, as we show
in the next section.

Second, breaking momentum inversion symmetry cuts off the Cooper logarithm in the particle-
particle bubble in Eq. As a result, the pairing interaction must be larger than a certain
threshold, proportional to how much inversion symmetry is broken, for a uniform SC state to onset.
To show this explicitly, we evaluate the particle-particle bubble in Eq. in the absence of
inversion symmetry. Assuming that {a,, is a function only of the direction ¢ around the Fermi

surface, in the limit of A > £4,, we find

I, (0) . 113A 1 i€y (0) 1
w2 =omip erel (5 558) o (3)] 3

where 1 is the digamma function. As a result, at zero temperature

A

M, (6) = —N,, In ———
nr(0) = =N I 2]

(4.34)

i.e. the infrared logarithmic divergence originally present is cutoff by |£4,-(#)|. This means that
there is a critical value of the parameter Ej‘m beyond which uniform SC is no longer stable. The
resulting critical lines are shown in and for a larger range in for both singlet
and triplet instabilities. Note that because this is a multi-band superconductor, the critical line has
a (weak) dependence on the cutoff A.

The general shape of the critical lines can be understood from a simple approximation, noting

that

Eanr(P) = 5 (By(P) = Ay (~P)) (4.35)

where 3, are functions of arpr and b as given in For agpr,b < fy,

arprb

Br

Eanr(P) = T sin(f — 9) (4.36)

where (7 is the Ising SOC on the relevant pocket and ¢ is the direction of the magnetic field. From
(4.34), we can estimate that the characteristic scale of §4y,» properly averaged, is of the order
T.0/1.13, where T, is the solution of the gap equation when £, = = 0, see Eq. The critical
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Figure 4.5: Critical lines above which uniform SC becomes unstable for the singlet (left) and triplet
(right) phase diagrams shown in [Figure 4.2| Blue line is the numerical solution from the full gap
equation, while the red dashed line is given by the approximation agppb = BT Tp addition to

1.13
the parameters used in we took T, = 0.018; and A = 2505, roughly corresponding to the

observed values [187, [40] [110].

curve is thus roughly given by

/BITCO
1.13

agrprb ~ (4.37)

As shown in [Figure 4.5] this approximation reasonably captures the exact result for the critical line.

For inversion symmetry breaking exceeding the critical value, where the uniform SC state is no
longer stable, superconductivity with finite center-of-mass momentum pgpise 7 0, i.e. a so-called
FFLO phase [3, 85, [04], is still possible. Note that the momentum shift is not necessarily equal for
each Fermi surface, so more generally there are four parameters psnist,n-- Depending on whether
Pshift,yr = Pshift,y—r OL Pshift,nr = —Pshift,n—r, the FFLO phase is classified as helical and stripe,
respectively, and may even compete with the uniform SC phase below the threshold curve in the
(arpr,b) plane [3]. Ultimately, the four parameters pgpift, - must be obtained by minimization of the
free energy, which is a computationally involved task beyond the scope of our work. It is interesting
to note, however, that by matching pspis, with the geometric shift of the center of the corresponding
Fermi surface, the nodes of the superconducting ground state move back to the Fermi level since
the shift compensates for the finite £ay,, as shown in [Figure 4.3(d). Because this configuration
maximizes the gap around the Fermi surface, it is expected to maximize the condensation energy. In

any case, as we show in the next section, the finite momentum pairing does not affect the topological
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properties of the SC phase.

4.3 Ginzburg-Landau Free Energy and Time-Reversal Sym-
metry Breaking

Here we write down the Ginzburg-Landau free energy in the presence of SOC and magnetic field to
analyze spontaneous TRS breaking. We start with the Bogolyubov-Gor’kov Hamiltonian obtained

after doing a Hubbard-Stratonovich transformation:

Z\IIPUTHWT Ypnr + 5 Zfrzf )+ Ho Ag) (4.38)
pnT pnT
where
2 1 * -1 '
Ho (A7) = =3 >0 A(0) (V0iK)) | Ay () (4.39)
P
and where we use the Nambu-Gor’kov representation ¥, (p) = (cn,pT,cL]ﬁpT)T and the BdG

Hamiltonian Eq. Recall that the BAG spectrum has two branches, E,,(p) and, by particle-
hole symmetry, —E_,(—p). Using the fact that

det [—iw + Hyr (p)] = (—iw + Eyr (p)) (—iw = E—yr (=p)) (4.40)

we obtain the Ginzburg-Landau free energy:

Zln{?cosh(ﬁwﬂZln[?cosh(ﬂE wr (=P ))]+H0(A2) (4.41)

pnT pnT

To obtain the linearized gap equation we expand F to first order in |Am|2, which yields

tanh (Bsm(p)) + tanh (ﬁﬁf,,f(—p)>
(2 — _ 2 2 2 2
FO=-%" o) 1A, (P)|? + Ho (A?) (4.42)

pnT

Minimizing the free energy Eq. with respect to A)_(p), we obtain the gap equation
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4.3.1 Spontaneous Time-Reversal Symmetry Breaking

As we discussed above, at zero magnetic field and in the dominant triplet instability regime, at
large agpr the leading superconducting instability is in the two-dimensional E irrep of the point
group Cj,. Here we show that this state spontaneously breaks time-reversal symmetry (TRS) and
compute its Chern number to show that it is a chiral topological state.

We begin by observing that for b = 0, and assuming equal densities of states on inner and outer

Fermi surfaces, the reduced gap equation |(4.23)| can be solved analytically, giving:

A%p) = 7ie D (4.43)
Af}ﬁ(p) = Tieing?)
g Ap?
AP (p) = V2ie ¥ cos? 39 D)
rr (p) Bn(p) :
A(Z) p — ZI:Z'€7w BI D(z)
KT ( ) ﬁ’fi (p) K
A () = V2ie “sinb cos30 ORPE D)
Bn(p)
AL (p) = +ie?sing SELEplo)
KT ( ) 677 (p) K
Ag) (p) = V2ie “cosf cos30 ORPE Déy)
Bn(p)
AY p) = ie cosh ORPE 1)
:I:K'r( ) B’r] (p) K

At large a g, there is a transition from a mixed D), D(?) solution to a solution with D(®) = D(*) = 0,
D®¥) £ 0. This solution belongs to the 2D E irrep of Cs,, the relevant point group in this regime.
In other words, the (z) and (y) solutions are degenerate, i.e. have the same T.

This degeneracy opens the possibility of spontaneous time-reversal symmetry breaking at b = 0.

In the SOC basis [(4.6) TRS acts as

Cn,pr irec_, _pr (4.44)

N A

—210 A *
ATZT(p)C;,pTCinﬁpT —e™ AnT(p)cjz,pTctnﬁpT'

Taking A, (p) = e!®=(P)|A, _(p)|, TRS is therefore satisfied when e'®17(P) = fje=.
In the linearized gap equation since the y = x and p = y channels are degenerate (i.e.
they have equal critical temperatures), in principle the relative amplitudes and phases of fo) and

Dg,y) are not fixed (i.e. any linear combination of the two solutions is allowed). This is no longer the
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case if we consider the non-linear gap equations. Alternatively, in terms of the Ginzburg-Landau
free energy |(4.41), the relative amplitudes and phases are fixed by the quartic terms in the gap
functions. Since b =0, &,-(—p) = &,;~(p), the free energy simplifies to

F=-T) In {2 cosh (Mﬂg(p)ﬂ +Ho (A?) (4.45)

pnT

Expanding in powers of the gap function, we obtain the fourth order correction (in addition to

@)

7¢ (3 do
FO = DS [ N 8 ) G2 (4:46)
nT

where ((x) is the Riemann zeta function. Substituting the general form of the gap function in the

(2),(y) channel:

Ar-(p) = V2ie " cos30 (;R(Z;I; (Dl(f':) cosd + Dl(ﬂy) sin 9)
n
Aig,(P) = :l:ie_w% (D;f) cos 0 + D%) sin 9)
n

and approximating g"f(’; ’; ~ 1 (which is valid as long as arpr > Ap?), we obtain:

7¢(3) o A
F = TSN, [3 (\Dg |+ ’fo/)‘ ) (4.47)
nt
2
~4|Dg ’

2
D,gw‘ sin? %}

where ¢, is the relative phase between fo) and D%y). Minimization gives ¢, = +7, which implies
that the superconducting gap has the form
Ar-(p) o V2icos 30 SELE o —-i(0F6)
on(pP)

(QRDF __i(0F6)
Aig-(p) o« Fi—a—e i0F (4.48)
(577(p)

which is not invariant under the time-reversal symmetry transformation |(4.44) We thus find that
time reversal is spontaneously broken, in agreement with the general result in [137, [148] (a similar

TRS-breaking from higher order terms in the free energy has also been found in [I0T] [64]). Note
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that while Ar,(p) obtained from our calculation is nodal, there is an additional symmetry allowed
term A®) = ¢3 that belongs to the same E irreducible representation. Adding this term lifts the

nodes and results in a fully gapped, time-reversal symmetry broken phase.

4.4 Topology of the Phases

Above we found three kinds of topological phases: a chiral SC phase in presence of Rashba SOC,
a nodal topological phase protected by a time-reversal like symmetry T in presence of an in-plane
magnetic field, and a crystalline nodal topological phase protected by a vertical mirror symmetry

M, in presence of both.We now discuss their topological properties using some of what we learned

in [Chapter Jj

4.4.1 Chiral SC

Above we found that at large Rashba SOC and with dominant triplet interactions the SC phase
breaks TRS. To show that it is a topological chiral phase, we need to compute its Chern number,
which as we saw in relates to the winding of its phase around the Fermi surface. Recall
that the Chern number is given by

— 1 2
Ch =53 | Fulo)- o (4.49)

where the Berry curvature vector is given by
FUT(p) =V x Anr(p) (450)

with A, (p) the Berry vector potential or connection associated with the occupied (i.e. parti-
cle) band only. For a superconductor, the Berry connection is defined in terms of the normalized

eigenvectors of the BAG Hamiltonian ((4.28)f Y.+ (p) = wy-(P)Cy.pr + vnT(p)cT_m_pT, via

Aﬂ‘r(p) - i<TnT(p)|VP|TnT(p)>' (4'51)

It is important to note that in our case the ¢, - operators themselves carry a nontrivial Berry phase
due to the momentum-dependent change of basis (this is analogous to using a non-inertial frame
of reference). One should therefore consider |Y,,(p)) as a four component eigenvector in a basis

of Nambu-Gor’kov 4-spinors \115747) (p) = (dmpTvdn,pivdT—n —pT’dT—n —p¢)T' Using the change of basis
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we find
Uy (P)uyr(P)

Tyr) = Uiy (Bt (P) (4.52)

Uitzr(_p)vnT (p)

U= p=(—p)vy-(p)

where u,r and v,, are found to be
Uy (P) = S — E’Z(p) 5 (4.53)

V(& = Eyr(0)) + 184:(p)]

AWT (p) (454)

Uy (P) = - -
V(& = B (0))° + 12, ()]

where we use the notation of Eq. [(4.31)} Defining A,,(p) = |A,,(p)|e'®"(P) and noting that

= |U},(p)| e~"*7(P), the Berry connection turns out to be

p) = UL ()] w2 (0)Vy ()~ [UL ) (—P) | [04r (0) > ¥ ((—P)) vy (§)|* VB, (P) (4.55)

Below we calculate the Chern number for b = 0 and non-zero ag only, in which case U,}T(p) =

—1 ‘U%T(p)| e~ where 6 is the angle of the momentum p measured relative to the center of the

Fermi pocket. The Berry vector potential simplifies to
2
p) = |Up(P)|" VO = [vgr (P)|* (V& () + VO) (4.56)

Note that for the two TRS-breaking solutions belonging to the E irrep we have ®,, =0 or ®,, =
—26. Following the same steps as in we thus find

Ch, = % / (Fyr(P)),p dp d = % /6,, (An-(P))y dp df (4.57)
= % { / (Am(p))gde} p:o = —% [@4r(P) + 0ol (4.58)

where the integrals over 6 and p are understood to be over the tangential and normal directions in a

disk including the Fermi surface of the i pocket. This gives a net Chern number of £6, with a total
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contribution of +£4 from the +K pockets, and of +2 from the I' pocket. As noted in

this result is independent of the choice of A, away from the Fermi surface.

4.4.2 Crystalline Nodal Topological SC

We now discuss the nodal and crystalline nodal phases that we found and show that they are indeed
symmetry protected by the TR-like symmetry 7 = i0”K and mirror symmetry M, respectively.
The former has been proposed and discussed before in [62], so we mostly focus on the latter.

As we discussed in symmetry protected topological phases with anti-unitary symme-
tries can be classified according to the ten-fold way that can be extended to include nodal phase as
well as crystalline phases [144] [T511 [145], [105] 28 158, [30]. Here, 72 =1, and since the system has
PHS C = ¢*K being a superconductor (¢* acting on the Nambu spinor indices), this puts the system
with an in-plane magnetic field but no Rashba into topological (Cartan or AZ for Altland-Zirnbauer
[10, 132, 99]) class BDI. Consulting the classification table [I05], we see that it can indeed host
nodes that are topologically protected by a Z topological invariant, which means in particular that
once there are nodes (as we have) they are topologically protected. The invariant is the Wilson
loop going around individual nodes and summed over the nodes. As we saw in it can be
evaluated as the Berry phase once the wave-function is made continuous; note that the Berry phase
is only quantized in the presence of the symmetry. Nodal phases are weak topological phases in the
sense that nodes can be removed by pair-wise annihilation.

When Rashba SOC is introduced, the TR-like symmetry is broken and the system is in class
D, which also has a topological invariant (Z3) but that can only protect nodes at high symmetry
points [28] [30], which the nodes in our case are not. As we saw the nodes are lifted in that case.
When the magnetic field is applied along a I'-K direction, however, the system has an additional
mirror symmetry. In that case the topological invariant depends on whether the mirror symmetry
commutes or anti-commutes (or more precisely can be made so by a unitary transformation) with the
anti-unitary symmetries, with all cases classified in [28]. For superconductors, whether the mirror
symmetry commutes or anti-commutes with PHS depends on the form of the gap, in particular
whether it is even or odd under reflection (as discussed in [I43]). Consulting the classification
table in [28], we find that if the mirror symmetry anti-commutes with PHS, which we will see
corresponds to a gap function that is odd under reflection, there is an integer valued topological
invariant MZ that can again protect the nodes, with the invariant again being given by the Wilson
loop (when the mirror symmetry commutes with PHS, only nodes at high symmetry points are

protected). The nodes we found for b > agpr are therefore topologically protected by the mirror
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symmetry. Importantly, the classification only determines the minimal dimension of the protected
‘Fermi surface’ [158] [30], and in particular the nodes can be ‘inflated’ into small Bogolyubov Fermi
surfaces as we saw (when present, the invariant can be computed as the Berry phase accumulated
going around the Bogolyubov Fermi surface). Importantly, although the two pairs of nodes coincide
with the nodes in the absence of Rashba SOC, the classification is different and this is a distinct
crystalline nodal topological phase.

To show that the nodes are indeed protected in the crystalline nodal phase, we will follow the
approach of [28] and write down the general effective low energy Hamiltonian for the nodes and
consider all possible symmetry allowed mass terms that can gap them out (this approach can be
shown to be equivalent to the more rigorous K theory approach of [I58]). For this purpose we
will need to establish the action of the symmetries. Recall that M, acts on the non-interacting

Hamiltonian as
M, H(p)M; "' = H(p) (4.59)

where p = (—ps,py). Since this reflection also reverses the y and z components of the spin, in
the spin basis M, acts as ic®, but in the SOC basis [(4.6)| it is momentum dependent, M, (p) =
U,’;“T(p)iaiBUff, (p) = ire*¢(P)§ . (note the f)) To get the last expression we make use of the fact

that in the presence of the mirror symmetry,

B—n=(P) = —By=(P)
B—n(P) = By(P)
i0(P) — —io(p) (4.60)

the last of which follows from the fact that in this case

ei(p(p) _ QRpy + by — iaRD, (461)
\/(apr + bm)z + (aRpx)2

2Note that in the absence of Rashba SOC, 7 has almost the same form as M, in the spin basis except for the
complex conjugation. As a result, when it holds, in the SOC basis the TR-like symmetry becomes T = 7e'?§
where ¥ is the angle of the magnetic field.

T/
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The action of mirror symmetry needs to be extended to the BAG spinors as

- Mz (p) 0
0 +Mi(-p)
ei?(p) 0
_ (4.62)
0 4e—i¢(—P)
where the + depends on whether the gap function is odd or even under p — p (see [Section 3.4]).
The leading solution for b > agpr is odd (which can be shown using|(4.60)]), and the correct choice
is —. This ensures that the mirror symmetry thus acts on the BAG Hamiltonian Eq. as

MMy (P)M = Hyr (D) - (4.63)

Note that the classification in [28] assumes that M, either commutes of anti-commutes with PHS
C = ¢®K, which is not the case for It can be made to commute or anti-commute with PHS
by a unitary transformation, in this case cppr — Up(P)cpyr = em”(p)/%pw, under which M, — ¢*
or <Y depending on which sign of the square root we choose. The ambiguity is due to the branch
cut of the square root, but the correct sign is fixed by ensuring the continuity of the wave function
(meaning the branch cut needs to be avoided). This reveals that there is an obstruction determined
by the phase winding A¢,, of ¢'®1(P) around the Fermi surface, which can be easily evaluated using
to be A¢, = m (1 + sgnfagpr — b]): we thus find that M, — ¢° for b < agppp and M, — ¢*
for b > arpr. According to the classification, the nodes are therefore only topologically protected
for b > arpr.

There is, however, a simpler way to determine which choice correct by noting that M, does
commute or anti-commute with PHS on the mirror plane p, = 0, on which it is given by

M, (p) = sgolanpy + 8 ! (4.64)

0 sgnfagrp, — b

so in the mirror plane M, = sgnp,s® for b < arpr and M, = ¢ for b > agpp. This gives
a simpler criterion for the classification [28], namely whether the mirror symmetry commutes or
anti-commutes with PHS (and/or TRS) in the mirror plane.

Having established the action of the mirror symmetry, we can now see what happens to the

nodes in the mirror plane. As they are related by PHS, we have to consider a pair of nodes that
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we label L and R. 7" to Pauli matrices acting on the L, R indices. In this basis the particle-hole
symmetry, which interchanges the two nodes, acts via C = ¢* ® 7K. The mirror symmetry acts
within the mirror plane differently depending on whether b > agrpp or not: in the former case it
acts as M, = ¢* @ 70, while for b < agp, one gets M, = <° @ 7% (note the factor of sgnp,).

We now consider all leading terms of the generic form h(dp,,p.)st @ 7% allowed by symmetry,
with épy, = py — pg(,nOde). Terms that couple the two nodes break translational symmetry, which is

assumed in the topological classification. We thus require v = 0 or z. With these coordinates, the

symmetries act as

C ' H(6py, pz)C = —H(—6py, —px)
MG H(Spy, pe) My = H(0py, —ps) - (4.65)

Thus h(—0py, —ps) = +h(dpy,ps) when C7l¢#* @ 7°C = F¢* @ 7. Similarly h(dp,, —ps) =
+h(dpy, p) when ./\;lglg“ QTY M, = +£¢* @77, To gap out the nodes we must have h(0,0) # 0, and
so we only need to consider plus signs in both cases. Hence ¢* ® 7" anti-commutes with ¢* ® 7%/
and commutes with M. If b < agpr, ms¥ ® 7 with constant m is the only symmetry allowed mass
term and one can check that this indeed gaps out the nodes, in agreement with the classification
according to which they are not protected in this case.

We are thus more interested in the case b > agrpp, for which the linearized Hamiltonian is to

leading order
H=0pys* @7 + 06" @70 +me® @70 + €ac’ ® 77 (4.66)

where m and €4 are constants (for simplicity, we take the Fermi velocity to be 1, so all parameters
have the same units). The m term, which plays the role of a chemical potential shift at each node,
does not lift the nodes; rather it shifts them in opposite directions along the p, axis, from p, = £pF
to py = £(pr +m).

The £4¢° ® 77 term, on the other hand, shifts the nodes in opposite directions in energy by an
amount &4, inflating the nodes into small Bogolyubov Fermi surfaces (see also [7, 20], 194l [167]).
Comparing with the BdG spectrum Eq. we find that 4 is precisely the value of £ 4, when
¢sr-(p) =0 in Eq. Since a constant shift in energy cannot change the Berry connection, the
winding numbers are unaffected in the presence of Bogolyubov Fermi and remain non-trivial [30} [158],

as can be verified by direct computation. The Bogolyubov Fermi surfaces are therefore topologically
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protected only in a fragile sense [38], as they can be removed by mixing with additional bands,
similar to what has been observed theoretically in 1D crystalline topological insulators [69] [89]. As
in those systems, we expect some experimental signatures to remain even when the Bogolyubov

Fermi surfaces are removed ]

Boundary modes

By the bulk-boundary correspondence [28, [I58], there are edge bands terminating at the nodes.
However, unlike other nodal topological superconductors with Majorana flat band edge modes [62]
151], 145 [82], the edge modes in the crystalline topological phase under consideration are not in
general flat and not necessarily at zero energy. The edge bands can be studied following the methods
of [I85, [60]; we find that for open boundary conditions in z and p,, close to the node, the edge mode
has energy £4. When £4 vanishes at the node (e.g. if a stripe FFLO phase is realized in the bulk)
this means that the boundary modes cross zero energy— but they are not flat in general as £4 does
not have to vanish for all p,. Similar edge states have been studied in 3D crystalline topological
insulators, where they are referred to as drumhead states [15 23], [156].

An alternative way to understand the edge modes is to view them as topological boundary modes
of the family of 1D Hamiltonians H,, (p.) = H(pz,py) at fixed p, (see discussion in 7
which are in topological class A and respect mirror symmetry. Since mirror symmetry is equivalent
to inversion in 1D, these are the same systems as studied in [69, [89] and that we analyzed in
As py crosses the node, H,, (p.) undergoes a topological phase transition from trivial
to non-trivial. The 1D topological invariant is the mirror index Nz = |n$) - nf)\ that we defined
in (see [69, 29]). There are then 2Nz edge states, with each state even under reflection
being degenerate with an edge state that is odd under reflection. Taken together these edge states
form the band of edge modes of the 2D system. At a node (which is at p, = 0), H,}, (0) crosses with
a state in M, (0), which changes the nf) invariant by one and the number of edge states by two.
The edge mode thus splits into two bulk modes which cross at the node.

To study the boundary modes of our model in the uniform superconducting state, in
we describe a tight-binding model that captures the key features of our gapless topological super-
conducting phase. The result is shown in Fig. which shows the Bogolyubov-de Gennes
spectrum on a 150 x oo unit cell strip with open zig-zag edges parallel to the ¢ direction (with

B = B#%) in the uniform superconducting state. Each state ¢(p,) is colored according to the inverse

3The proof of topological protection of nodes for the non-crystalline phase is almost identical, but with 7 — ¢* @77,
which rules out the £ 4 term.
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Figure 4.6: Excitation spectrum in the topological crystalline SC phase on a 150 X oo unit cell strip
with B = Bx. Blue indicates delocalized bulk eigenstates, red indicates eigenstates concentrated
near the boundaries, and yellow shows a cut of the bulk BdG spectrum at p, = 0. The inset
illustrates the Bogolyubov Fermi surfaces and the original Fermi surfaces (dashed black lines) and

its inverse image under p — —p (dashed gray lines). For detailed parameter values, see|Appendix A

participation ratio Y |1(p,,z)|* with the boundary modes in red and bulk modes in blue. A cut

containing the nodes along p, = 0 of the bulk BdG spectrum is shown in yellow.
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Chapter 5

Pair Density Wave in 1H-TMDs

In the RG analysis in [Section 2.2] we found that there are two possible pairing channels in 1H-NbSe,
(and similar 1H-TMDs): a uniform superconducting (SC) channel and two pair-density wave (PDW)
channels that we will refer to as PDW_ with pairing momentum +2K = FK (3K is an Umklapp
momentum). In this chapter we consider the PDW channels in more detail, mostly neglecting SOC
and only comment on its effect in Note that for repulsive interactions we saw that the
PDW instability is only possible in the presence of the I' pocket mediated either by an Umklapp
process (an A} singlet instability) or exchange interactions between I' and K (A} or E” triplet
instabilities). In systems without a T' pocket like MoSs, some attraction is therefore necessary to
produce the PDW instability, which is an unlikely scenario but to which our analysis applies as
well. As always, we will use pocket indices 7, = 0, £1 interchangeably with ', +K (i.e. nK with
0K =T).

The relevant order parameters enter the Hamiltonian in momentum space as

T = BdG
H=5 > Vo {ngc )(P)} g Ve (5.1)
pn¢ap
where we defined the Nambu spinors ¥p,0 = (dpya, d—pna)’ and the Bogolyubov-de Gennes (BdG)

Hamiltonian

&(P)onc  Anc(p)

AL (P)  —€c(P)dnc

n¢
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with {Aznhﬁ = [A@]Ba, and where

en(P) = —— — 1y (5.3)

is the normal state dispersion without SOC. Due to anti-commutation relations, the gaps satisfy

particle-hole symmetry (PHS)

Ane(p) = AL, (—p) (5.4)

This implies in particular that A, and A¢, are not independent and should be considered as two
components of a single field. A non-vanishing A, indicates a formation of a condensate of a pair
with total momentum (1 + ¢)K. In particular Apr, Ag _x and A_g g are uniform SC gaps, while

Aig+i, Ar+rx and Az r are PDW gaps with pair momentum £2K = FK respectively. See

Table 5.1] and [Figure 5.1}

SC AFF AK7—K,A—KK
PDW. || A_k_xk Arg, Agr
PDW_ Axr Ar _r,A_kr

Table 5.1: SC and PDW gap functions

Symmetry-wise, either of the PDW_ phases is similar to the FFLO [87, 53] phase as both are
inhomogeneous superconducting phases with a real space order parameter A ~ e™'Q_ with Q = FK
being the total momentum of the Cooper pairs. Unlike FFLO, however, PDW emerges spontaneously
in a material with no external fields breaking time reversal symmetry (TRS). Note that if only one
of PDWy is present, it spontaneously breaks TRS as well as translation symmetry (and can also
break point group symmetries), in which case it can also induce a loop current order. This has been,
for example, invoked to explain possible TRS breaking in the pseudogap regime in cuprates [90]E|
If both PDW’s are present, TRS is not broken.

The TRS breaking and preserving cases are referred to as FF- and LO-type PDW'’s respectively,
since [53] considered an order parameter of the form A ~ ¢™Q and [87] instead proposed A ~
cosr - Q that by itself does not break TRS. In order to see which case happens in 1H-TMDs, in
we consider a phenomenological Ginzburg-Landau (GL) description of the PDW phases.

n that case it has also been suggested that the loop current order may be vestigial, with the PDW order itself
destroyed due to fluctuations [6]. Other orders induced by PDW may similarly remain in the absence of PDW order
itself, and can be viewed as vestigial or driven by PDW fluctuations, which in themselves may be interesting [4].
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LA

Figure 5.1: SC and PDW order parameters shown in the Brillouin zone (green and blue are uniform
SC, red is PDW_, orange is PDW, ). The Fermi surfaces were obtained from the tight-binding

model summarized in Note the trigonal warping at K points.

We also consider which orders can be induced in the same framework. The GL free energy can be
derived from a microscopic theory, which for simplicity we do only for a system without a I" pocket,
in which case the PDW turns out to always be LO-type.

Only uniform SC has been seen in experiment, which is why we had focused on the SC channel
in The PDW is likely suppressed relative to SC in 1H-NbSe, due to trigonal warping
at the K pockets and Fermi momentum mismatch between the I' and K pockets. Under different
conditions (gating, applying magnetic fields, etc.) or in other materials with similar Fermi surfaces
but where these effects are smaller a PDW instability may, however, be possible. We quantify this
statement in using a mean field analysis. Finally, we will discuss effects of Ising SOC in
bection 9.3

5.1 Ginzburg-Landau Theory of PDW

To gain a better understanding of the PDW states, below we consider a general Ginzburg-Landau

+iK-r

(GL) free energy for PDW_ order parameters ALg ~ e on a triangular lattice with a Dsgp,

point group. This is somewhat similar to the analysis of PDW on a hexagonal lattice [5], the main
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difference is that here we have an Umklapp momentum 3K and the three values of K are equivalent.

The order parameters Ay are the order parameters in real space, and are related to the gap
functions Ar +x and Atk +x defined above by a Fourier transform. In principle there can be
different order parameters ALx ~ otic? corresponding to spin-singlet for © = 0 and spin-triplet
paring for u = x,y, z. The spin spin-singlet (onsite) PDW_ enters the Hamiltonian in real space on

a lattice as (that can be obtained by Fourier transforming |(5.1)):

Hppw_ =Y e ®RAC gV db db s+ hec. (5.5)
jaB

The spin-triplet PDW_| to leading order in lattice harmonics, enters as

Hppw_ =Y e ®Riy; A (04i0%)apdh odf 5+ hc. (5.6)
(ij)ap

The triplet order involves nearest neighbor terms with v;; = £1 if R; — R,; points along £K (see

Figure 5.2)). We will assume that the order parameter is some linear combination of singlet and

triplet parameters (that can mix if we add SOC), and drop the (u) superscript below. Note that

KR —Ri) — o#2m/3 for R; — R, pointing along +K, for any choice of

for nearest neighbors, e
the three equivalent K. The three-fold rotational symmetry therefore remains unbroken. Note that
comparing phases of the order parameter going around a triangular loop, a total phase of +27 is
accumulated, which indicates a loop supercurrent (see . Equivalently, we can think of
three currents propagating along the three equivalent —K directions, as one would expect since
the Cooper pairs have a total momentum of —K. If PDW, is also present, the currents cancel by
superposition.

Before writing down the GL free energy, we discuss the relevant symmetries. In addition to
breaking TRS and translational symmetry, a single PDW (4 or -) also breaks the out-of-plane mirror
symmetries oy, of the D3y point group that takes K to —K, and so the PDW states are classified
according to irreps of Cjsy,, all of which are 1D (note that no rotational symmetry is broken). When
both PDW. are present with equal magnitudes (LO-type PDW), all the symmetries except for
translational symmetry are restored. Both LO- and FF-type PDW’s break translational symmetry,
expanding the unit cell by a factor of three in real space (since 3K = 0). Note that under TRS

T = €*?ioYK (where K is complex conjugation and we include an arbitrary constant phase ¢) we
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Figure 5.2: v;; and relative phases of nearest neighbors in FF PDW_ with total momentum K in
real space (opposite phases for PDW_).

have in momentum space
Aye(p) = eQwayA*_n_C(—p)ay (5.7)

where 7,¢ = 0,%1 being pocket indices corresponding to I', =K (the formula applies to uniform
SC as well). TRS thus associates a PDW with pair momentum (n + ()K = +K with a PDW
with opposite pair momentum FX. The phase ¢ is included in order to make the U(1) symmetries
explicit. If we fix ¢ =0, Ag and A_ g must be equal and real for TRS to hold, but for arbitrary ¢
TRS holds as long as |[Ax| = |A_k|. The correct statement is that TRS holds as long as there is a
value of ¢ for which holds. There are therefore two U(1) symmetries broken in the LO PDW:
one by the global phase, and one by the relative phase between Ag and A_ k.

The leading PDW instabilities we found in RG are either in A’ or in E” irreps of Csy,, with both
singlet and triplet orders in A’ but only triplet in E”. In the LO-type PDW these are lifted to A
and E" irreps, but note that the E” irrep is actually two 1D irreps in Cs; with complex-valued
characters. A 2D irrep has two degenerate solutions at second order in the free energy. As we saw,
the degeneracy is typically lifted at fourth order and can spontaneously break TRS. Because E”
is 1D in Csp, however, there is no degeneracy already at second order in general, and it does not
break TRS in the LO-type PDW. We will also include the uniform SC order Ay, which as we saw
in can belong to a 1D or a 2D irrep of Dgsp; in the latter case, the phase between the

components of the 2D irrep is generally fixed at the fourth order of the free energy (as we saw in
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Figure 5.3: Cartoon picture of PDW, with total momentum K illustrated in real space where each
arrow represents a jump in the complex phase of the order parameter by 27/3. Loosely we can think
of the arrows as induced currents along the three equivalent directions, equivalent to loop currents
shown in red and green that break both translation and mirror symmetries. All arrows are reversed
for PDW_.
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, after which it can be characterized by a single order parameter (after breaking a Z,
symmetry that we will not be interested in here). With that in mind, we drop the irrep indices in
the free energy.

We now write down the GL free energy for the real space order parameters and see if any of
the symmetries are broken. We assume that the order parameters belong to a single irrep, and as
discussed above the GL free energy to fourth order has the same form regardless of the choice (i.e.,

we neglect mixing between different irreps and components of the same irrep):

F = ao|lAo|* + ax (|AK|* +|A_g[?) + FD 4+ ... (5.8)
where
FO = BolAo)* + 81 (|AK|* + [A_k[*) + BalAol? (JAK[* + [A_k[?) + Bs| Ak P A_k|* +
+ Bi(A3ARAT g+ cc) + Bs (AL AFA* o + A2  AjAY + c.c.) (5.9)

For PDW only, this becomes
Fihw = 61 (18x[* + 1Ak [*) + Bs| Ax P|A_ k| (5.10)

There are two cases: if 83 > 201, the ground state is an FF-type PDW (A_g =0 or Ag = 0); for
B3 < 2/, the ground state is an LO-type PDW (JA_k| = |Ak]|). The relative phase is not fixed in
the latter case, so the ground state degeneracy is U(1) x U(1). This degeneracy is lifted at the sixth

order in the free energy:
]:1(;62)”/ = Fl <|AK|6 + |A,K|6)+F2 (lAK|4|A7K|2 + |AK|2|A,K|4)+F3 (A:;{(Ai}()3 + C.C.) (511)

where the I's term is minimized when the relative phase satisfies cos3(¢px —p_x) =1 (-1)if '3 <0
(> 0), corresponding to ¢ —¢_ = % for even (odd) integers n; the U(1) symmetry corresponding

to the relative phase is thus broken down to Zs. We summarize the results in

Type | (Ax,A_k) | Induced Orders | Degeneracy
FF (e7,0) 0, Age U(1)
FF | (0,e%-x) —0, Age U(1)
LO | (e"%,e" %) | pig,Ase,Nge | U(L) x Zs

Table 5.2: PDW ground states analogous to Table 1 in [§].
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5.1.1 Induced Orders

As we mentioned, PDW has often been associated with other observed orders that it can in principle
induce [8]. We list the possible induced orders corresponding to the FF- and LO-PDW in[Table 5.2]
We already mentioned when discussing the order parameter on a lattice in that the relative
phases between neighboring sites in the FF-PDW indicate supercurrent in the system (since the
Cooper pairs carry a total momentum). This results in a loop current order ¢ o |Ag|* — |A_k|?
that preserves translational symmetry unlike the FF-PDW itself [90, [6]. Physically, it corresponds
to a non-zero expectation value of the current operator along loops connecting nearest neighbor cites
(see , which in this case is equivalent to a superposition of three currents along the three

equivalent K directions.

Figure 5.4: CDW induced by LO-type PDW in real space for ¢x — ¢_x = 0 and /3 respectively.
Note that only the value at the metallic sites shown in blue are physical in the lattice model.

In the LO-PDW phase, a mixing term with CDW is allowed of the form
.7-"1(3) =AiprA_Kk A% +cc. (5.12)

note that by hermiticity, px = p* j, S0 p_k is part of the same order parameter. If uniform SC is

present, mixing terms like
.F2(3) = Aopr A A§ + c.c. (5.13)

are also allowed. Adding quadratic terms F, &< px p* ;- and minimizing with respect to p* ;-, we find
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that pg o< AgA* - is induced at the minimum of the free energy for the LO PDW term (similarly
for the second term with uniform SC). The relative phases of the two PDW’s thus enter into the
CDW order parameter (and thus can be measured). See for an illustration.

Finally, higher order uniform superconductivity involving bound states of four or six fermions
can be induced in LO-type PDW as Ay x AxA_ g and Age A:;’( + A?LK; the latter arises due to
Umklapp since 3K = 0. In FF-type PDW, only Ag, &< A3- can arise. Note that non-uniform charge
4e and 6e (as well as bound states with even more fermions) are in principle possible. We will not

consider these higher order SC orders in detail.

5.1.2 Microscopic Derivation of GL Free Energy without a I' Pocket

The GL free energy can be derived microscopically, with the result (assuming that all Fermi surfaces

are circular and of the same radius)

a9

o (5.14)

FO =10© / Tr [ATAATA]

where

o _ 76 (3)N

_ 5.15
327272 (5.15)

with ¢(3) = 1.202 is the Riemann zeta function. The trace is over both spin and pocket indices,
with A considered as a matrix in both with elements [Ay¢] .

The general expression is somewhat involved due to the number of order parameters (even ig-
noring spin degrees of freedom), so here we just consider the case with no I" pocket, applicable to,
e.g., doped MoS, (or if Ar+x ~ 0, e.g. due to Fermi momentum mismatch). The microscopic free

energy is then

FO = TO (Al + Ak + |A_k[*) +
+ 40O (AP Ak + [AoPIA_k[?) +

+ APO|AG2|AK||A_ k]| cos ¢ (5.16)

where ¢ = 2¢9 — ¢ — ¢_x with ¢, being the phase of SC and PDW order parameters for n = 0
and £ K respectively. Note that some terms are zero due to the absence of the I' pocket, in particular

|A_k|?|Ak|?* and |ALk|*|Ao||Ask| terms are not allowed in the microscopic theory though they
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are present in The only mixing between the PDWs is therefore via uniform SC. The mixing is
never energetically favored (except at the degeneracy point of SC and PDW), however, which means
that the two PDWs decouple in the free energy. This in turn means that both appear with equal
magnitudes (as both satisfy the same saddle point equations), and the ground state is an LO-type
PDW. The relative phases are then fixed at the sixth order as we saw.

Although there is no direct coupling between the two PDWs at fourth order, we note that such
a coupling can be mediated by SC fluctuations assuming we are above the superconducting T.. We

then have the partition function

Zppw = /eiﬁfp[Ao] (517)
with
F o= —aolAo —ar] AP —ar|A kP +TO (JAg[* +|A_k[") +
+ ATO|AQ2 (A2 + [A_k|? £ |Ak||A_K]| cos ér) (5.18)

We can re-write this in term of real and imaginary parts Ay = Aj + ¢Ay:

Al Al
o)Al T° (5.19)

F=—a|Ax —ai|A kP +TO (JAk]* + A k|*) +
A// A//
0 0

where
A= (—ag+4TO (|A > +|A_k[?))o? £ AT ORe[A g A_g]o* £ AT OIm[A g A_K]o™  (5.20)
is a real symmetric matrix with determinant
det[A] = (—ap + 400 (|Ag|? + |A_k[*))? — (A0O)|AA_k | (5.21)
We then perform the Gaussian integral to get

ZPDW = 6_5}1 (522)
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working to quadratic order in Ag and quartic in A4 k. Explicitly, we have

/ exp |8 Bo ) 4 M AALAAY = = T o—dwpt detla] (5.23)
Ag Ag B2det[A]

Expanding to fourth order in A4k, we have (dropping irrelevant overall constant factors)

N AT NN
- - Arl? + |A_k]? r© _ — Arl* + 1A _x]Y) -
F (a1+ 5a0>(| kl° +| K|)+< 25 \ "ag (IAkl* +[A-k[*)

3 (4707
a5 (N ) IaiPIaL (5:21)

2

Note the last term now couples the two PDWs, corresponding to the f3 term in The free
energy is easily minimized, but the conclusion remains the same as before: both PDWs coexist with

equal magnitudes and LO-type PDW is established in the ground state.

5.2 Mean Field PDW without SOC: Imperfect Nesting

As alluded to earlier, PDW is generally suppressed due to the fact that in general symmetry allows
for ex(p) # ex(—p) # er(p). We refer to the conditions ex(p) = ex(—p) and ex(p) = er(—p)
as (perfect) nesting conditions, and say that there is imperfect nesting if they hold approximately.
In particular, the nesting is not perfect because the Fermi surfaces are not perfectly circular at K
points due to trigonal warping and Fermi surfaces do not necessarily have the same radius (or shape)
at I' and K points. In order to study when the PDW phase is nevertheless viable, we perform a

mean field analysis using the linearized gap equation:

0),, 0T, .

D@y = T 30 VI8 (pik) [Gg,)(mk)An/c'(k)G% (—zw,—k)}a/ﬁ/ -

wkn C
= T Z Vs () [Tyrer (K) A ()], (5.25)
kn'¢’
a/B/
where Vnnc’;é;;;/ﬁ " are the same interactions as in in Eq. |(2.112)
(ol B n'¢a B! ) g1
Vo (o) = VLS 0.0) = Yoa, (B 0] [SR @] (5.26)
Luv
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where
£,0(0) = O (0)io" (5.27)

are basis function with @57[&”)(9) being +1, /2 cosnf, /2sinnd, listed in By momentum
conservation, the interactions vanish unless 1 + 1’ = ¢ + ¢’ mod three; this means in particular that
the uniform SC and each of the + K PDW’s decouple in the gap equation. As usual the momenta p,
k are measured from the center of the Fermi pocket, and we assume that the gaps and interactions
are independent of the radial component of the momentum k , and drop sharply to zero at the cutoff
A. In Eq. we also used the fact that the Green’s functions are proportional to the identity in

spin indices in the absence of SOC to get the angle resolved particle-particle susceptibility

1 tanh (4R + tanh (<52

o0 = =57 | en(Q) +ec(-Q) QA0 =
N, N¢
7Nn"+ N (en(k) — c(=k)) (5.28)
where
w () = —log “;’A + Re {1/} (; + ﬁ;) —¢ <;)} (5.29)

1.13A
T -

and 9 is the digamma function. At perfect nesting, w (0) = — log

Before we proceed to solve the gap equation, we make several important comments about the
interactions. From a microscopic point of view, an effective attraction in the SC channel is known to
arise from onsite interactions via electron-phonon coupling (as in the BCS or Eliashberg theory), or as
we saw in[Section 2.2|from purely repulsive multi-band interactions. However, we do not know of any
situation in which onsite interactions can give rise to a PDW instability. For repulsive interactions,
we saw that a I' pocket is necessary to produce an effective attraction in the PDW channel in one
loop RG. We also generally expect that only interactions that are mostly independent of momentum
can drive any instability, with possibly small admixtures of higher order harmonics.

Keeping only such terms as well as the leading f-wave triplet terms (to avoid A gk vanishing in
the triplet channels) gives what we will call the minimal model (first given in |Table 2.1). We mark
these terms with (*) in and label the corresponding coupling constants are ggé”) , gég” ) , gff” )
in the uniform SC channels and hgﬁu ), hég“ ), hff“ ) in the PDW channel, as given in As

we saw in [Section 2.2| these arise from eight momentum-conserving processes: intrapocket g; at I,
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{Dy) | Sick = Okn(®)ic® | Sick = Ok (B)o’ic” | OWRO)Wilkr
Al io¥ (%) cos 30 o*io¥ (¥*) 0
A, sin 60 oY sin 36 o*icY 0
Al P, cos 30 io¥ p.o*icY, (cosf o® 4 sinf o¥)icY iTe”'m0
Ag P, sin 36 ic¥ (sin@ o® — cos B o¥)icY et
E cos 20icY, cos cos 36 ioY cosfo*ic¥ 0
sin 20icY, sin 6 cos 30 ic¥ sin fo*icY
E” P, cos BicY cos 300%ic? (*), (cos o™ —sinfo¥)icY (1) | it cos 36, iTe’™
p- sinfic¥ cos 30a¥ic? (*), (sinfo® + cosfo¥)io? (1) | —cos30, '™

Table 5.3: Lattice harmonics/basis functions for the PDW_ gap functions in the spin basis for
intrapocket pairing within the K pocket. Terms in the minimal model are marked (*) and includes
s-wave singlet and f-wave triplet terms. () marks the p-wave E” term for later reference. For
pairing between I and — K, take cos 360 — €, wherever it appears (including sin 66), with €, being
the Levi-Civita symbol. Note that the f-wave terms then become momentum independent. PDW
expressions are related to these by TRS, obtained by taking K — —K and complex conjugating.
Cjy, irreps are obtained by dropping the 1,2 subscripts on the 1D Dsgy, irreps. Rightmost column
shows the gap projections into the SOC basis in the limit of strong Ising SOC that we will use in

interpocket go at + K, exchange g3 between + K, pair-hopping g4 between I and +K relevant to the
SC channel; and intrapocket hy at £K, interpocket ho between I' and +K, exchange hz between I’
and £K, hy scattering a pair at I' and £K to a pair at FK relevant for the PDW channel. As we
are mostly interested in the latter, we show the PDW interaction processes in

More exotic source of effective attraction are in principle possible, of course, which would be
necessary to stabilize a PDW in systems like doped MoS, that lack a I' pocket. Omne possible
source of attraction in that case may be the Kohn-Luttinger mechanism, as pointed out in [67] who
considered a system with very strong Ising SOC and a single spin-polarized Fermi surface at each
K point. As they showed and as we also discuss in in that case the PDW is necessarily
between equal spins and belongs to the E” irrep, which has no momentum-independent terms. The
Kohn-Luttinger mechanism favors the p-wave terms (marked with (f) in . Though this
is not our main goal here, the mean field analysis in the absence of detuning we present below is
sufficiently general to include the more exotic interactions as well, including the case without a K
pocket. We will, however, restrict the detuning analysis below to the minimal model.

Returning to the gap equation, we find that as before ((2.103)))

14 4 14
Anc(p) =D AN (p) =" s ) DI (5.30)
lu lu

128



5.2. MEAN FIELD PDW wiTHOUT SOC: IMPERFECT NESTING

Figure 5.5: PDW_ interactions in the Brillouin zone, with h(lAllo) = hy, hé‘;io) = %, hiAllO) = hy,

and hggj) = t2zhs for (0u) = (A}2), (E”z) and (E"y). Note that hy and hs contribute to both
spin-singlet and spin-triplet channels, and therefore mix. For PDW_, exchange K with — K.

solves the gap equation when the momentum-independent coefficients Dgec“) satisfy

() _ () yrlew) (L)
DnC - gn’C’mCHn/C’Dn’,—C’ (5.31)

,,IIC/

where

M = / I (0) T [257(2”)(9)257(2”)*(9)} Py (5.32)

are Fermi surface averages of II,,/(6) in Eq. weighted by traces of the irrep basis functions.
Here it is convenient to absorb the particle-particle susceptibility into the coupling constants and

define

(¢ =(ep) (£ N =(2 ¢ N = (¢ 14
gg n _ HI("Il‘L)gg u)7 gz(mu) L (COMNCD g§3M) _ H(Ku) Kgégu)

77,—7794 9 —
(e = (4) (£ 5L = (¢ [ (e = (¢ ‘
R e I L R e (5.33)
The reduced gap equations then simply read
[ (e S (e [
P | (0 2\ (D s
‘ 5 (e (e ‘ ’
Dty Rt 2ht) )\ DRE
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in the PDW channels. For completeness (since we have not written down the mean field SC equations

without SOC above), we also have

4 ~(L ~(£ 14
ot N &™) 20 Dy (5.35)
4 NG ~(£ Y4 :
Dy i 205" )\ AR

in the uniform SC channels. Note that all (¢u) channels decouple and the triplet channels and the
two PDW channels are degenerate.

As the matrices are 2 x 2, the eigenvalues are easily found to be

1 7 (lp 7 7 (L 7 (Lp 7 (lp) 7 (£
AU = <h§€’ ) 2R 4 () — 202 + 8h§fr“)h§fK“)> (5.36)

in the PDW channel and

1/, . . N A () (£
S = o <g§€“) + 205" + \/ (@5 — 29842 + 89&?“)9511}?)) (5.37)

in the SC channel. The eigenvectors are

Lt ~ (e

D(i?(,j)zK ~ R — Qhé;)
fu+t o

D) hi

(5.38)

for PDW and (again for completeness)

Lu+ [ (L
D&g ) 7(+u) - 2g£3u)

D(Z,H_)

() (5.39)
K-K Yar

for SC. Note that these correspond precisely to the RG channels in Eqgs. |(2.125)[ and |(2.126)| for

perfect nesting (since mean field is then equivalent to the RG analysis). As in that case, the x(*~)
solutions always yield lower T,’s than x(**) and so can be ignored. Whether PDW occurs depends
on whether one of k““1) exceeds all of y#*) which is in principle possible depending on the values
of the bare coupling constants g; and h;.

However, unlike the SC channel, there is no symmetry that guarantees the logarithmic instability
in the PDW channel. As alluded to above, there are two sources of detuning from perfect nesting
in PDW that disfavor it relative to uniform SC. First, the pockets at I' and K are not identical.

Second, the pockets centered at £K are not perfectly circular, but instead have trigonal warping
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[84], such that the dispersion at the +K pockets is instead

2

siK(p) = - +/1,K:|:’LUCOS39 (5.40)

ZmK

where w parametrizes the magnitude of the warping. This affects both nesting between =K and T'
pockets, and nesting of PDW pairs within K and within —K pockets (see . Note that
this decreases the susceptibility to PDW but not to uniform SC pairing.

If the deviation from perfect nesting is large, it can eliminate the instability to a PDW phase
entirely, since without nesting the PDW couplings will no longer grow logarithmically in the RG
flow. In this case, the only possible low-temperature perturbative instability is to uniform BCS
superconductivity. Although in general any deviation from perfect nesting disfavors PDW pairing
relative to uniform superconductivity when all coupling constant are of comparable magnitude, if
the shape of the Fermi surfaces deviates only slightly from perfect nesting, the PDW phase remains

viable.

Detuning by Trigonal Warping in the Absence of a I' Pocket

Although as we argued no PDW channel arises from repulsive interactions without a I' pocket, it
is nevertheless instructive to first consider the MoSs scenario with only the K pocket present and
trigonal warping is the only relevant detuning parameter, and later include the I" pocket. In either
case, attractive interactions are included in the model, including within K pockets (which amounts
to taking hy < 0).

Without a T' pocket the only PDW gap functions are Agg and A_g_k (and two SC gap

functions Ag_k and A_gy, corresponding to a single order parameter by PHS). In this case the

reduced gap equations Egs. |(5.35) and |(5.34)| become simply

NOOEE L13A
2033 " = —2(g2 + g3) Nk log W =1 (5.41)
for uniform SC and
" = TR =1 (5.42)

for PDW. Note that in the PDW triplet channels p # 0, there are no uniform gap functions indepen-

dent of the small momentum, so we would expect those channels to be subleading with hy" ) = 0.
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Assuming the trigonal warping is much smaller than the cutoff A we have

1.13A 1 1w cos 30 1
Dgr(d) =—Nglog———+NgRe | | 2+ —F—F—— | — ¥ | = (5.43)
D) 2 2,R_T(€.“') 2
¢,PDW ¢,PDW
where T c(ﬁé%w is the PDW critical temperature in the (¢u) channel. Taking Tc(oef* }l pw to be the

critical temperature for PDW at perfect nesting w = 0, we thus have

(L)
T. ppw 1 Mk x(0) 1.13A () gyl oy ] 40
log G = *5/ (NKIOg o | T [ERONR O] = G
c0,PDW ¢,PDW
1 1 tw cos 36 1 (n) (p)* do
- 1 S+ ) (5 )| T[Skl @) 5
2/Re 1/}(2 ! 27rT‘%W) w<2) PR O] 5

Thus T c(ﬁﬁ%w follows a universal curve independent of g5, N and A once T, C(gf‘; pw is set. These

are shown in At zero temperature

The integrals can be done analytically for the leading channels and we find

_ A

I = — Ny log T (5.46)
and

g _ A

I,/ = —Nk log 2] (5.47)

for ¢ = A}, E"” and j = z,y, 2, so the curves approach upper critical values wy” ) as T — 0 that

differ by a factor of e'/2 ~ 1.64:

A0 7T AL0 AL0
w0 — @Tj&;gw ~ 0.88 Tc(oj%w (5.48)

while for f-wave triplet PDW it is

05 ™ £3) ~ 45)
wﬁ ) = WTC(O,JPDW ~ 0.54 TcFO,JPDW (5.49)

for ¢ = A},E"” and j = z,y,z. Unlike in the Pauli limit, the phase transition remains second
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order down to zero temperature in the singlet channel, which is thus in a sense more stable against
trigonal warping than triplet PDW. We note however that the particular factor is specific to the
model in which we took the irrep basis functions for triplet interactions to all be f-wave (proportional
to cos30). There are however also p-wave triplet basis functions (proportional to cos# and sin )
belonging to the E” irrep as shown in and for those we get wgej) = wﬁA;O) for j = x,v,
i.e. the same susceptibility as in the singlet channel. In particular, this means trigonal warping may
favor p-wave over f-wave triplet pairing (depending on the corresponding interaction strengths).
7MW W)
c,PDW = c0,PDW
1.0

0.8}
0.6}
0.4}
0.2}

02 04 06 08

()
wi 1 o pDw

Figure 5.6: Critical temperature Tc(él’j})w for PDW as a function of trigonal warping w, both in units

of Tc(éf‘}lDW, for s-wave singlet (£ = A}, p = 0 in blue) and f-wave triplet (¢{ = A}, E", p = z,y,z
in green) channels, determined by Eq. [(5.44)] The p-wave triplet curve coincides with the singlet
curve.

PDW Detuning in Presence of the I' Pocket

In the presence of the I' pocket, in addition to A4k 4+ i there are also interpocket PDW gap functions
Ar zx with additional susceptibility IIrx that has two sources of detuning: it is also affected by
the trigonal warping, but there is an additional detuning due to the mismatch of Fermi momentum
at I' and K pockets. For a parabolic dispersion, the Fermi momentum mismatch can be due to a

difference in masses m,, or chemical potentials j,. Assuming /mrp /my and \/mg/mr are both
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small compared to A/T,. and

m —m
| rpUr KNK| <

(= < A 5.50
il pe— (5.50)

where i is roughly the energy difference between the two parabolic dispersions at equal small mo-

menta, we find

9Nt Ny 1.13A  2NpNg

— o) Re
Nr+ N o " Nr + N

Irk(0) =

1 i(fi+ wcos30) 1
Y <2 S ) ) (2” (5.51)

Note that the trigonal warping w also enters into this expression.

At zero temperature, the Fermi surface averaging can be done analytically:

2NrNg 2A

i) — 1 5.52
'K NF+NK 0g ( )

Note that this happens to be constant as a function of f for i < w/2, i.e. when the at least
some Fermi momenta (relative to the pocket centers) are equal. This is a somewhat particular
feature of our simplified model, but similar non-analyticities are generically present in ﬁgﬁ) for
other interaction and detuning parameterizations.

Plugging the expressions into Eq. |(5.34)] we obtain T, as a function of the detuning

parameters w and fi. The results are shown in [Figure 5.7| and [Figure 5.8| for a singlet (u = 0) and

triplet (u = x,y, ) cases respectively. The plots on top right show the phase diagram in the (T, w, 1)
space, with PDW being stable inside the surface. T, as a function of w (j1) for various fixed i (w) is
shown on top (bottom) left. Finally, the critical values of the detuning parameters at various fixed
temperatures are shown on bottom right; the values at T = 0 are obtained analytically. Note that
since this is now a multiband calculation, the curves are no longer universal and depend (weakly)
on the cutoff A.

Several observations can be made. For the singlet case, PDW is fairly stable against /i at small
w, and T 5,011 pw only goes to zero for i ~ A (as can be shown analytically).This is because increasing
i only directly affects Arg, but condensation at the K pocket remains energetically favorable (note
that the effective attraction within the K pocket in this case still arises from pair hopping, and all
interactions here are repulsive). On the other hand, both singlet and triplet PDW’s are unstable
with respect to trigonal warping, as it reduces the paring susceptibilities for both Arg and Ak k.

Because IIrg is constant for i < w/2 at zero temperature, the critical value of w is constant for
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Figure 5.7: Critical surface for an instability of the singlet (A70) PDW channel (PDW_ are degen-
erate) determined by in the phase space of temperature T, trigonal warping w, and Fermi

surface mismatch between I' and K pockets fi, top right. Cuts are shown at constant { (top left),
constant w (bottom left), and constant T (bottom right) in units of T,y (T, at zero detuning).

Parameters used are the same as in
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Figure 5.8: Same as but for the triplet PDW instabilities (A]z), (E"z) and (E"y) that
are degenerate in the absence of SOC. All parameters are in units of T,y. The reentrant behavior in
the T, vs w plot (top left) is in part due to the non-single-valuedness of T, as a function of ji that
can be seen in the T, vs fi plot (bottom left), which indicates that a first order rather than a second
order phase transition likely takes place for sufficiently large fi. See also discussion in the text.

1.0 /2 =0.5 1.0 i = H 1.0 /j =1.1
0.8 0.8 0.8
fl'o.a fl'o.a f!'o.e
0.4 0.4 0.4
0.2 0.2 \ 0.2
0% 1 2 3 4 0% 1 2 3 4 0% 1 2 3 4
w w w

Figure 5.9: Three types of behavior of stability regions in temperature T'/trigonal warping w phase
space for the triplet PDW instabilities at fixed values of ji. For larger fi, the instability may vanish at
T = w = 0, but due to the spinodal curve having two branched in the T' vs mu phase space (bottom
left panel in, increasing the temperature can stabilize the phase. Similarly, increasing w
can also stabilize the phase, resulting in behavior in the middle panel. Ateven larger mu stability
of PDW is completely lost at w = 0, but not at T' = 0, resulting in behavior in the right panel.
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[l < w/2, resulting in straight lines in the corresponding plots in [Figure 5.7| and [Figure 5.8] This is

a particular feature of our model, as mentioned above, but in general there is an upper critical value
of w beyond which PDW is unstable for any i because it enters both IIrx and gk, while i does
not. As a result there may not be an upper critical value of i at w = 0, as in the case of singlet
PDW channel.

In the triplet case, we only include small subleading f-wave terms in the interactions, and A%)K
is therefore small for j = z,y, 2, and the PDW is mostly stabilized by paring between I' and K
fermions, i.e. by Arg. Consequently, the triplet channel is much more sensitive to the Fermi surface
mismatch due to fi, and Tc(il pw drops off sharply as fi increases and there is now a critical value of
[t at zero temperature, as shown in bottom left of Note that this critical value actually
increases with increasing trigonal warping, suggesting that trigonal warping actually stabilizes PDW
agains Fermi surface mismatch. As a result, there can be a reentrant phase transition into PDW as
either T or w increase. For the latter, this happens because IIrx actually increases with w when
i > w/2, which is when the Fermi surfaces at ' and K (shifted to a common center) no longer
overlap. As w increases, some points on the Fermi surfaces come closer, which increases Iy

As a result, three types of stability regions in the T'/w plane are possible, as shown in
PDW may be stable in a region under a single curve including the origin (left panel), between two
curves excluding the origin (middle panel), or under a single curve but excluding the origin (right
panel). In the latter case, PDW is not possible at w = 0 for any 7', but it remains possible for T' = 0
for sufficiently large w.

This reentrant behavior is a result of the fact that at w = 0, TC(JJ)D pw 1s not a single-valued
function of fi (purple curve in bottom right corner of , indicative of a the phase transition
becoming first order beyond some value of fi. Obtaining the first order phase transition line requires
a further calculation beyond the scope of this thesis, but it has been shown in [I78] that for a
mathematically similar problem for an SDW instability, instead of a first order phase transition a
different phase emerges with a shifted pairing momentum (similar to FFLO, in this case a PDW
with pairing momentum slightly different from +K, i.e. slightly incommensurate), and the phase

transition remains second order at least up to an even larger detuning.

5.3 Effects of SOC on PDW

As pointed out by [67] for systems with no I" pocket and Fermi surfaces at K points completely

polarized by Ising SOC, the PDW pairing is necessarily between equal spins. The same conclusion
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holds when the K Fermi surfaces are split by the Ising SOC but are not polarized (i.e. there is both
an inner and an outer Fermi surface). Since spins at the K points in both cases point in or out
of the plane due to Ising SOC, pairing within the Fermi surface with equal spins is favored, which
correspond to channels with 4 = x,y, and the leading terms we find in RG correspond to the E”
irrep in agreement with [67].

We can see this directly by projecting the PDW gap functions A4 g 4+ from the spin basis onto
the split Fermi surfaces, as we did for uniform SC in The Pauli matrix projections in
the strong SOC limit analogous to are

L l
Ask tk;r(P) = Z EN:IK),:N:K(p)W:E:@,:tK;T(p)DEtIIL(),:tK (5.53)
Ly
where
W ik () = Ui, (P)UL g, (—p) lio?]
+K,+K;7\P +Kr \P) ULk (—P) 1075
Wk s (P) = U, (p)UL, (—p) [ic?io?] (5.54)

with 7 = z,y, z and the unitary transformation given in|(4.6)l A simple calculation then shows that

(0)
W:I:K,:I:K;T p =0
Wf?{ +K;-(P) = FiT

=0 (5.55)

Note that as expected, the y = 0, z Pauli matrices corresponding to opposite spin pairing are thus

projected out. With @fgﬂ? = v/2cos 30, this means that the inner/outer gaps are
Ak = V2 (DY #irDET ) cos 3 (5.56)

Although this is nodal, since the E” irrep also contains p-wave terms listed in [Table 5.3] there can

be additional terms of the form
Airirr = V2 (DL wir DY) im0 (5.57)

that lift the nodes and moreover add phase windings e*7? that are opposite on inner and outer
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Fermi surfaces, and also opposite on a given inner or outer band on opposite pockets (the nodal gap
is thus at a critical point of a topological phase transition). As mentioned in [67], if the inner Fermi
surfaces at each K point are removed, this leads to chiral or helical PDW in the FF- and LO-type
PDW respectively. With both inner and outer Fermi surfaces, the corresponding Chern numbers
and Zs invariants vanish because the windings are opposite, but crystalline topological invariants
may remain non-trivial (a question we leave for future research).

The situation with the I' pocket, which as we saw is necessary to produce a PDW from repulsive
interactions, is more complicated. Because the Ising SOC is momentum dependent on the I' pocket,
in the projection of Arg neither singlet nor triplet components vanish, and which one is favored
depends on the model parameters. Though we do not solve the gap equation here, we can gain a bit
of insight by looking at the pairing susceptibility in the SOC basis, which for pairing between inner
and outer Fermi surfaces (labeled with 7,v = £1) at I and +K pockets reads (cf. [(5.28)[[(5.29)):

NFTNKU

HFr;:tKu (9) = m

@ (&rr (k) = Exko(—K)) (5.58)

where the detuning parameter is
érr (k) — Exxo(—K) = o F vBr + (TA1p% 4+ w) cos 30 (5.59)

(the parameters &, 81, A\; are summarized in [Section 4.1). In particular the best nesting may be

between inner I' and outer K (or vice versa) which can favor opposite spin pairing including singlet
pairing, and the nesting can improve with non-zero [, w.

For pairing within K points, the susceptibility is

NKTNK’U

= mw ((1 —v)Br £ 2w cos 36) (5.60)

H:I:KT;:I:KU (0)

so for w < fj, pairing within inner or outer Fermi surfaces is clearly preferred (note that this
susceptibility has the same functional form as so for w > 20 it is largely independent of
Br, i.e. nesting is equally bad for interband and intraband pairing). On the other hand, even if the
E” PDW instability is favored for Ising SOC much larger than w, the singlet PDW instability may
start to compete with it if 87 < w. Solving the gap equation numerically is necessary to identify the

correct phase, which is a problem we leave for a future study.
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Chapter 6

Comparison with Experiment:
Unexpected 2-fold Anisotropic
Response

In the previous chapters we have identified several interesting superconducting phases that may
theoretically be realized in 1H-TMDs, including chiral SC, possibly topologically nontrivial FF-
and LO-type PDWs, and nodal topological SC phases. The real systems are of course much more
complicated than the simple model that was presented, and experiments are necessary to establish
if any one of those phases is in fact realized. Since 1H-NbSes is known to remain a (uniform) 2D
superconductor in large in-plane magnetic fields, the most likely phase to look for seems to be one of
the nodal topological SC phases driven by such fields that we discussed in[Chapter 4, The crystalline
nodal phase in particular appears in a large portion of the phase diagram and is largely independent
of the details of the microscopic interactions. All that is required is a magnetic field exceeding the
Rashba SOC (expected to be small, especially in encapsulated samples) applied along a particular
direction that is relatively easy to tune in experiment. Since this phase depends sensitively on the
direction of the applied field, a natural experiment is to look for any anisotropy in the SC response of
1H-NbSes. Since the system appears identical for fields directed along any one of the I'-K directions,
we would expect a six-fold symmetric response in for example H,. measurements (we discuss this in
more detail below).

Precisely this kind of experiment has been carried out by [568] and independently by [I86]. Both
performed transport experiments, and a tunneling experiment was also carried out by [58]. Surpris-
ingly, a two-fold anisotropy in the applied field direction is seen in both experiments, inconsistent
with the crystal symmetry (see . In this chapter we discuss possible explanations for

these results. We will use a phenomenological approach following [160] and that appeared originally
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in [58].
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Figure 6.1: Two-fold anisotropy observed in transport experiment, figure adapted with permision
from [58]. Plots show resistance R of the samples normalized by the resistance in the normal state
Ry . Panels a-e show the resistance as a function of the direction of the magnetic field at various
magnetic field strengths (a-c) and various temperature (d-e), with the rest of the parameters being
fixed. ¢ shows data obtained at high magnetic fields, with the green curve showing the extracted
H,.. Panel f shows the resistance as a function of temperature, with 7, around 4 K, as well as the
relative amplitude of the oscillations (red dots).

6.1 Necessary Conditions for Anisotropy

An unfortunate fact of life is that most things that are easy to measure experimentally are hard
to calculate theoretically, and vice-versa. What is more or less both calculable and measurable, on
the other hand, carries somewhat limited information about the phase and the order parameter. In
this case, the quantities that are both relatively easy (i.e. practical) to measure and calculate are
T., the superconducting critical temperature, and H., the critical magnetic field. Note that both do
not explicitly depend on the details of the form of the gap function. On the experimental side, the
difficulty is that while these are thermodynamic quantities, the easiest experiments are transport
experiments that generally require the system to be out of equilibrium. Disorder and quantum
fluctuations can also significantly affect the experiments, and the theoretical calculations including
those effects are quite involved and require a more detailed model of the band structure and order

parameters than we presented. This makes it more difficult to make a quantitive comparison with
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the data.

On the qualitative side, however, at a minimum we expect that the response of the system to
a symmetry breaking field like the magnetic field will have the same symmetry as the system. for
example, if the system has trigonal symmetry, we expect the conductivity (a response to a current
that breaks rotational symmetry as well as time reversal symmetry) to have at a minimum a three-
fold symmetry as a function of the direction of the applied current (actually six-fold by TRS; it may
even be isotropic). A constant magnetic field breaks two symmetries: TRS and mirror symmetries
with respect to reflection planes containing the magnetic field. Note that the latter includes spin-
rotation symmetry: the horizontal mirror symmetry acts on spin as M, = ic?, while the spin
rotation by ¢ about the z axis acts as R,(¢) = €'?°/2 The orbital effects, i.e. vortices, break
the same mirror symmetry (spin and vortex currents are loosely analogous in classical physics, and
in particular have the same symmetry properties). Note that we do not expect the orbital effect
to be significant in very thin samples a few monolayers thick (we discuss this point below). An
anisotropic response to an in-plane magnetic field is therefore strongly suggestive of a broken spin
rotation symmetry. We can prove this explicitly as a theorem for all thermodynamic quantities,

assuming no orbital effect.

Theorem 6.1
The spectrum cannot depend on the direction of the in-plane magnetic field in a superconductor

with horizontal mirror symmetry (i.e. with the magnetic field in the mirror plane). O

Proof 6.1
Consider a single band superconductor (the multiband case is identical but with additional indices).

Very generally, in the spin basis we can take the gap function to be
A= (DY + D@ g* 4 DWY 4 DE)g%)igY (6.1)

(with D) possibly functions of momentum and magnetic field). The BAG Hamiltonian for a system

with horizontal mirror symmetry (which forces any SOC to be of ‘Ising’ type) in an in-plane magnetic
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field then reads

e(p) + Br(p) bet? —-D® +iD® DO 4 D)
be—% e(p) — Br(p) —pO 1 pk)  p) L ;pw
Hpac(p,b) = _ (6.2)
—D@W* _ipW*  _pO* L DE* _e(p) + Br(p) _pe—1
DO 4 D) D@ 4 D) —be™ —e(p) — Bi(p)

where ¢ is the usual dispersion in the absence of the magnetic field or SOC (and momentum even),
and ¥ is the direction of the magnetic field. Now, the BdG spectrum is unchanged under a unitary

transformation. In particular, take

e 0 0 0
0 1 0 0
U= (6.3)
0 0 1 0
0 0 0 e
(essentially just redefining the z,y spin quantization directions). Then
E(p) +ﬂI(P) bci(ﬂ—ﬂ/) (_D(T) + LD(y))67719/ D(O) + D(z)
UH pac:(p b)uT _ be~i0—9") e(p) — B1(p) —D© 1 D) (D@ 4+ iDW))e?’ (6.4)
? 7(D(Z)* +iD(y)*)ei0' 7D(0)* + D(z)* 7€(p) +[51(p) 7b8_i(79_19l)
D(O)* + D(z)* (D(w)* +iD(y)*)e—w 71)61(”_'&’) 76(p) _ /BI(P)

i.e. the BAG Hamiltonian but for a magnetic field direction shifted from 9 to ¥ — . It follows that
if A minimizes the free energy at angle 1, it also minimizes the free energy at 9 — ¢ provided we

take

D@ 4 iDW ¢~ (6.5)

|

i.e. the vector D = (D, D) is perpendicular to the magnetic field. Note that at zero magnetic field

we must have D = 0, as this term by itself breaks mirror symmetry. This fixes the dependence of
the gap function on the direction of the magnetic field.

But note that this means that the BdG Hamiltonian for ¢ — 1 can be obtained from the BdG

Hamiltonian for ¥ by a unitary transformation. Therefore, the spectrum of the BAG Hamiltonian is

independent of the direction of the magnetic field. Since many thermodynamic quantities are only

functions of the BAG spectrum, they are similarly independent of the direction of the magnetic field.
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For the orbital effects (which again we do not expect to be significant), the proof of the same
statement follows from the fact that with the canonical (Peierls, minimal coupling) substitution, p —
p — €A, for an in-plane magnetic field directed along ¥ we can take A = A,z = (zsin¥ — y cos )z,
which does not enter the BAG Hamiltonian and only couples to D for a 2D system; again with
D L B this implies the free energy (or action) are invariant under rotations of the magnetic field up
to a unitary transformation. The orbital effect in particular has been studied in detail in [I75], who
reach the same conclusion for trigonal systems using a Ginzburg-Landau free energy (specifically for
the D3, point group, which has additional terms in the free energy compared to Dsp,).

The ‘exception’ to both the orbital and paramagnetic instances of the theorem is if the mirror/spin-
rotation symmetry is broken spontaneously by the system, in which case the vector D selects a
direction not necessarily related to the magnetic field. Breaking a discrete symmetry requires the
gap to transform according to a two (or higher) dimensional irreducible representation (irrep)ﬂ We
saw an example of this in and this is also found by [I75] for the orbital effects. Of
course, the mirror symmetry may be explicitly broken by a substrate. In this case, as we saw, this
generally correspond to the presence of Rashba SOC, as and as we noted several times it is generally
expected to be present in the system.

The discussion above addresses the question of when an anisotropic response to an in-plane
magnetic field is at all possible. We see that it generally requires either Rashba SOC or a presence
of a 2D irrep, in this case the E” irrep (note that E’ is symmetric under M, and so cannot break
the spin-rotation symmetry). In fact we would expect that the layers in a bilayer (as well as samples
with more layers) have strong Rashba SOC because of locally broken inversion symmetry if the
layers are not too strongly coupled [112] 47, 193, [I83] [116], even in h-BN encapsulated samples.

A second question, however, is why the anisotropy is two-fold symmetric. This again can be
a result of either a spontaneous symmetry breaking by E” or E’ (i.e. condensation of an order
parameter that itself breaks the C5 rotation symmetry), or symmetry breaking by an external field
which in this case would most naturally be provided by strain, which itself transforms according to
the E’ irrep. Regardless of the microscopic mechanism, therefore, the experiment shows that (4)
the horizontal mirror symmetry is broken; and (i¢) rotational symmetry is broken. Both may or
may not be broken spontaneously, but the latter symmetry always requires a 2D irrep of D3, to be

present in the gap function.

LA subtle note: for 1D irreps, the gap function may transform non-trivially under point group symmetries if it’s
not in the trivial irrep, but the BAG Hamiltonian nevertheless does not break the point group symmetries which note
have to be extended to the particle-hole space of the BAG Hamiltonian, as we saw in
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6.2 Ginzburg-Landau Free Energy

We now demonstrate how the symmetry breaking may occur using a phenomenological Ginzburg-
Landau free energy: since we do not know the microscopic origin of the two-fold symmetry, here
we simply consider all symmetry allowed terms (essentially generalizing [160]). Since we expect the
behavior of few-layer NbSey to be representative of the monolayer compound, we consider the point
group of the latter, which is D3p. This point group is non-centrosymmetric, reflecting the fact that
it incorporates the effects of the Ising spin-orbit coupling (SOC). When mirror symmetry is broken
e.g. by Rashba SOC, the point group symmetry is reduced to to Cs,.

For simplicity, we only consider the SC gap function on the I" pocket. The possible supercon-
ducting gaps, which we denote A“*™)  can be classified based on the irreducible representation
¢ of D3p or Cs, under which they transform, as well as whether they correspond to spin-singlet
1 = 0 or one of three spin-triplet u = x,y, 2 Cooper pairs. When / is not 1-dimensional, we use the
index m to distinguish different components of the corresponding multiplet. Recall that since D3,

is noncentrosymmetric, a given irrep contains both singlet and triplet gap components.

(D) | 6Cs) | =8 =08 @)iov | s — 0l (9)gdigy | Field
Al Ay ioY cos 36 o%icY NA
A, Ay sin 66 ic¥ sin 30 o*ic¥ B,
All/ Ay p, cos 360 ioY p.0%ioY, (cosf o +sinf o¥)icY | B, X E,
A Ay D sin 36 io¥ (sin@ o® — cos @ a¥)io? E,
E E cos 20i0Y, cos 8 cos 30 icY cos Bo*io¥ Ex

sin 20i0Y, sin 6 cos 30 ioY sin 0o*ioY &y
E” E P, cos Bic¥ cos 300%ic¥, (cos o — sinfo¥) io¥ B,
D sinBic? cos 30c¥ic¥, (sinfo® + cosfa¥)ic? -B,

Table 6.1: Lattice harmonics/basis functions for the gap function in the spin basis expanded around
the I' pocket belonging to various irreps of D3 and Cs,. For the K pockets, take cos30 — +1
wherever it appears (including sin 66). Note that in 2D, p, = 0. We also list the external perturbing
fields transforming according to each irrep. B = (B, By, B.) is the magnetic field, € = (&;,&,) is
the shear strain field (electric field E transforms in the same way). Note that E, induces Rashba

SOC as discussed in which is therefore in the same irrep.

The total SC gap A(p) is in general

A(p) = ) _ st (p)Dtrm) (6.6)

lum

where D) are complex scalars that are the order parameters of the corresponding irrep. We

145



6.2. GINZBURG-LANDAU FREE ENERGY

take E(Z“m)(p) to be functions of only the angle § with respect to the I'-K direction. Recall that by
particle hole symmetry, A(p) = —AT(—p), which implies that X(0™) (p) (™) (p) with j = z, v, 2)
is an even (odd) function of p. All the irreps relevant to our analysis here are shown in
As we saw in the leading instabilities in the microscopic theory are in the A} and E”
irreps, which we will therefore focus on. Since we are also including strain as a possible explanation
of the two-fold anisotropy, we will also consider the E’ irrep.

Note that in the phenomenological approach, the functional form of the gap is not determined,
only the relative weights of each irrep. In particular, if an irrep has a non-zero weight, all terms
(including singlet and triplet terms) belonging to that irrep are in general present in the solution.
In practice, one of the terms within a given irrep in is usually dominant, and the rest can
be dropped. We can therefore drop the superscript on the coefficients in front of the gap function
within a given irrep and label them as D 4/, D/, and D g, where the latter are 2-component vectors
representing the doublet that as we will see give rise to the two-fold anisotropy.

We assume that the dominant superconducting instability in the absence of perturbing field
is in the A} irrep (recall that the E” is projected out by Ising SOC in the absence of Rashba
SOC/magnetic field). Near the superconducting transition temperature (in the absence of a magnetic

field or strain), the free energy has the form
1, _ _
Fo=Fo[Da] + 3 (xz (T) D > + x5 (T) D %) . (6.7)

Here x/(T) «x 1/(T — TC(Z)) is the susceptibility associated with superconducting fluctuations in the
¢ irrep with transition temperature 7, c(e)' Our main assumption is that the leading superconducting
instability takes place at a temperature TC(A;) that is larger than TC(E,) and TC(E”).

Perturbations like strain and magnetic field that transform according to non-trivial irrep of Dsp,
(and therefore break it down to a smaller point group) introduce couplings between gaps in the
corresponding irrep and in the A} irrep, since we can construct a scalar from the product of the
field and the two gaps (one gap being conjugated to make it a real scalar) that is therefore allowed
in the free energy.

First, since the in-plane magnetic field b (in units of the Bohr magneton times the Landé g-
factor, b = % gripB) transforms according to the E” irrep and the Ising spin-orbit coupling vector

Ap3. cos 30z transforms according to Af, a singlet A}-triplet E” mixing term of the form Ap3.D b

(2xDgr) is allowed, corresponding to the s+ if mixing we saw in[Section 4.2/ and as noted in [109].
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The resulting term in the free energy is
]:[DA’I;DE”] = )\1Re |:Dj<4/1 (byDENJ - bIDE//’Q) . (68)

where A1 is some coupling constant proportional to A. Minimizing the resulting free energy with

respect to Dgr p,, we find that

(Dpr 1, Der ) = =Aixer D ay (by, —bz) (6.9)
and the total superconducting gap is

A(p) = Dy [E“‘”(p) — AxerSE)(p) - (£ x b) (6.10)

which is a mixture of the s-wave singlet A} gap and the p- or f-wave triplet E” gap. Note that
since the magnetic field components break the Dj; symmetry, they also lift the degeneracy of the
E” solution and fix the direction of the E” order parameter (in particular, the magnetic field sets
the direction of the vector D) to be perpendicular to the field). The magnitude of Dy (relative
to that of DA;) is set by the coefficient A1 xg~|b|. Since the magnetic field b is a small perturbation,
generically we expect this coefficient to be small, and the corresponding mixing to be weak. However,
if TC(E”) is comparable to TC(A/I) (which in the model presented in may be the case when
the instability is predominantly triplet and Rashba SOC is large), then in the vicinity of Tchll) the
susceptibility x g (T') ~ 1/(TC(A/1) - TC(E”)) is very large.

We can similarly consider the shear strain £ = (e45 — €yy, 265y), Which transforms according
to the E’ irreducible representation, where €ij = % (Oyu; + Oju;) is the strain tensor and u is the

displacement vector. This leads to a coupling between A} and E’ gaps of the form:
FIDa;, D] = Ay [(gm — ,y)Re (Dj,,lDE,,l) + 2, Re (D*A&DE,,Q)} . (6.11)

where Ao is some coupling constant. Minimizing the free energy leads to a mixed s-wave and d-wave

superconducting gap
A(p) = Aay | (p) = Aoxp B - £ (6.12)

Again, small strains will only lead to a significant £’ component in the superconducting gap if the A

and E’ superconducting instabilities have similar transition temperatures. In addition to the second
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order terms above that correspond to explicit symmetry breaking, there are fourth order terms linear
in the A} gap function and cubic in either the E’ and E” gap functions that couples them directly,
leading to spontaneous symmetry breaking for T' < T,. This has been pointed out in [I86] and earlier
for twisted bilayer graphene in [26]. This term has the same form as Eq. but with a strain
field being induced by the E’ or E” order parameters as € « (|Ag1|? — |[Apa|?, Al Apa + Ay Ap)
(with E = E’ or E”). We do not speculate here on whether the symmetry breaking is explicit or
spontaneous; there is some evidence for spontaneous symmetry breaking in some samples as the
measured anisotropy seems to be directed along a crystal symmetry axis, but it alone is unlikely to

explain the data since the effect would only be relevant far below T.
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Figure 6.2: (a-c): the energy gap in the BdG spectrum AFE as a function of momentum angle 6
along the Fermi surface obtained with parameters listed under for (a) pure s-wave singlet A}
gap, (b) A} mixed with E’ gap, and (c¢) A} mixed with E” gap. Note that the inner and outer
gaps are essentially identical in this case. The sharp minima are due to Ising SOC, which for higher
magnetic fields become nodes. Insets show schematic forms of the gap around the Fermi surface.
(d-f): the energy gap minimum (in meV) as a function of field angle § = ¥ in the presence of Rashba
SOC for the same cases as in (a-c). Note that with triplet E” mixed in, the inner and outer gaps
now differ (shown in green and gray), and only the global minimum is two-fold symmetric. Figure
adapted with permission from [58].

Note that the d-wave E’ terms and p-wave E” term lead to a 2-fold anisotropy of the supercon-

ducting gap around the T" pocket in momentum space. We show this in [Figure 6.2|(a-c). We obtained
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the plots using a simple model of the single-body Hamiltonian in momentum space:

H(p) = Y e(p)dfadpa + Y _ dbo [Aphcos300™ +b-0]  dps =Y dh, [Hol,sdos  (6.13)

pa raf pajs
where @ and (8 are spin indices,

p2

ep)=—o——n (6.14)

and 6, as above, is the angle measured from the center of the I pocket with § = 0 corresponding to
the direction towards the K point. We use Ap3. = 40 meV, which is the Ising SOC value reported
in the literature once averaged over all Fermi surfaces [40]. We also set p = —0.4 eV, which gives
m = p2/2u ~ 2mg when the wavenumber corresponding to the Fermi momentum is pr /A = 0.45 At
[18]. Here, my is the electron rest mass. All these parameters were chosen so that the Fermi surface
of the toy-model parabolic dispersion is similar to that obtained from first principle calculations
[62, 110, (40l 184]. These values should thus not be understood as actual parameters that a first-
principle calculation would yield. The key point is that our conclusions do not rely on this set of
parameter values, as they are used to illustrate the two-fold gap anisotropy that must follow from
mixing an A} gap with either E’ or E” gaps. Finally, for the magnetic field, we use b = 0.5 meV,
which is about 8.3 T.

The superconducting excitation spectrum is then given by the eigenvalues of the Bogolyubov-de

Gennes (BdG) Hamiltonian:

1
Hpic = 5 > Ui H(p)Tp (6.15)
P

where we use the Nambu-Gor’kov representation ¥y, = (dpyt, dpy, dtp']" dtpl)T and

Hip) = Ho(p)  A(p) . (6.16)

Af(p) —HE(-p)

We took A(p) as in Egs. |(6.10)|and |(6.12)| with the singlet d-wave term for E’ and the triplet p-wave
term for E” from[Table 6.1} For all plots, we took A4, = 1 meV (on the order of 7). For the mixed

Al /E' gaps, we took |Ag/| = 0.1 meV and a uniaxial strain along the x axis, £ « (1,0). For the
mixed A} /E" gap, the mixing is relatively weak unless the mixed gaps are close in magnitude; for

this reason, we used |Ag~| = 0.5 meV in the plot. Note that we plot the energy gap in the spectrum
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of Hpqe (i.e. difference between bottom positive energy band and top negative energy band) along
both the inner and outer Fermi surfaces. The resulting gaps on the inner and outer surfaces are
identical within the resolution of the figure.

Note that since we did not include Rashba SOC, the spectra are independent of the direction of
the applied in-plane field, which was set to § = 0. This is a consequence of the horizontal mirror
symmetry (equivalent to spin-rotation about the z axis) discussed above. It must be broken in order

to explain the experimental data, which we account for by adding Rashba SOC:
Hr = ar (pyo” —pso?) (6.17)

Rashba SOC belongs to the A} irrep and reduces D3y to Cs,; although in principle this introduces
additional gap functions A 4y, these are three-fold symmetric and so we do not include them in our
analysis. With Rashba SOC included, however, the BdG spectrum does depend on the direction
of the applied magnetic field. A quantity that illustrates this (and may possibly be relevant to
experiment) is the minimum of the energy gap, which we plot if d—f ) for the three cases
considered above with agpr = 0.2 meV (for comparison, agpr was estimated to be about 0.8 meV
in gated MoS; in [98]). As we saw in[Section 4.2} in the absence of Rashba SOC the minima become
nodes when the magnetic field exceeds the Pauli limit. Recall that Rashba SOC lifts the nodes
unless the magnetic field points along one of the K directions, in which case two pairs of the original
12 nodes remain. Below the Pauli limit (as we consider here) the nodes become sharp minima. In
the pure A} case, this results in a six-fold symmetric signal, with sharp peaks when the magnetic
field points along I'-M due to the minimum moving from I'-M direction to the next. When E’ or
E” terms are included, the minima of the gap function for magnetic field pointing along different

I’-M lines are no longer equal, and the signal becomes two-fold symmetric.

6.3 Other Scenarios

For completeness, we consider some scenarios beyond one involving nearby E’ or E” instabilities
that we presented above, and discuss why they are unlikely to explain the data by themselves.
Nevertheless, some of them may still play a complementary role. The fact that a 2D irrep along
with horizontal mirror symmetry breaking must be present is of course true for all the scenarios.
The most trivial explanation would be that the magnetic field was not perfectly aligned with the

sample plane as it was rotated in the field, which would result in a small out-of-plane component
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of the magnetic field with a magnitude that varies as |sin| as the sample rotates in the magnetic
field. This has been considered in more detail in [58]. The main argument against this is that this

would lead to cusps in the signal due to the absolute value, which is not seen.

6.3.1 Microscopic Calculation with Strain Without Closely Competing

Irreps

As noted above, the mixing between the A} irrep and E’ or E” irreps requires the channels to have
comparable T;’s. In the presence of Rashba SOC, in-plane magnetic field and strain there is another
term, however, that in principle can lead to a two-fold anisotropy and that does not require channel
mixing. Rather the anisotropy in that case arises from the Fermi surface/band structure. Here we
show that this effect requires unrealistically large strain in order to explain the observed data.
Microscopically, the additional twofold anisotropic term arises in the pairing susceptibility /particle-

particle bubble in Eq. |(4.33)| (now including K pockets and taking the strong SOC limit):

m,,(¢) = o o (w) (6.18)

2 T

with NV, the density of states on the 7 pocket on the 7 Fermi surface and
1.13A 1 iz 1
- 1 - — Z 1
w (x) g —7 +Re[1/1(2+4 ) w(2>} (6.19)

where v is the digamma function. Recall that

_ gnr(p) - 57777'(_13)

Eanr(P) 5 (6.20)
where

&nr(P) = €n(P) + 7|B,(P)| = €y (P) + 78,(p) (6.21)
is the normal state dispersion including the SOC and magnetic field:

B, = By=(P)2 + ar (pyX — p.¥) +b (6.22)
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In addition, we include strain by taking

2
colP) = 520 (1 )7 cos? 0+ (1+ ) sin’ ) (6.2
n

which effectively stretches the Fermi surfaces along which p, = (1 + ¢)ppcos@ and p, = (1 +
£) Ipocosf (note that the areas enclosed by the Fermi surfaces remains the same for all &; this

is also equivalent to taking unequal effective masses for different directions). Recall (as we saw in

Section 4.2.3) that for large Ising SOC,

aR(pybz - pzby) ~ TO‘RpOb
Br Br

Canr(P) = T [sin(f — ) — esin(f + V)] (6.24)
and the last term gives rise to the aforementioned twofold anisotropic termﬂ Although the term
is small, because it enters the detuning parameter, 7. (and hence B.) are relatively sensitive to
it. Including the strain in the linearized gap equation by taking p, = (1 + €)pgcosf and
py = (1 +¢)"'pocosd and solving it numerically, we find that B. varies by about 4-10% as a
function of field angle for agpobe =~ 0.0018%, with ¢ = 0.2. See Realistically, we expect
¢ on the order of 1074, so this cannot explain the data.

Although the input gap function is in this case pure A}, the energy gap has E' and E” components
due to the projection onto the Fermi surface. This result is therefore consistent with the general
requirement that gap components belonging to a 2D irrep must be present in order to break the

rotational symmetry.

6.3.2 Superconducting Fluctuations and Non-equilibrium

Another ‘trivial’ explanation could be that the symmetry is broken by the experimental apparatus
in some way. The most obvious symmetry-breaking part of the ‘apparatus’ is the applied current
direction, and related to it the contact geometry. Unfortunately a detailed theoretical treatment of
the system including the supercurrent is somewhat involved, as the system is not in equilibrium.
Heuristically, we can argue that in the normal state a static current amounts to a shift of the
entire band structure (including the Fermi surface) by an amount qgris;. For a sufficiently large
supercurrent, this can eventually drive an FFLO state that we mentioned in (the
particle branch shifts by qgq,;+ while the hole branch shifts by —qg-;s: by PHS)E| More intuitively,

2
2Recall that w (z) — @ (0) ~ % for small z, and expanding 5%177 gives a correction proportional to agpobe.
3Non-equilibrium properties of FFLO states in systems with applied currents has apparently not been studied in

detail until recently [139].
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Figure 6.3: Numerical solutions of the gap equation including strain demonstrating the two-
fold anisotropy. Top left plot shows T, as a function of magnetic field angle at various magnetic field
strength, bottom left shows T, as a function of magnetic field strength for various field angles. Top
(bottom) right shows the critical magnetic field B, (normalized by B.(¢ = 0)) as a function of field
direction at various temperatures. All parameters are in units of Ising SOC g;. Model parameters
used were g1 = —1.7, g2 + g3 = —0.6, g4 = 0.2 (other coupling constants set to zero), A\p§ = fr,
agrpo = 0.0587, and € = 0.2.
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6.3. OTHER SCENARIOS

one can imagine that the gap is sampled by the current with a momentum bias qgyi ¢, so that if the
gap function itself has both a momentum dependence and a magnetic field dependence (as it does
in presence of Rashba SOC, e.g. see it could potentially translate to a two-fold signal
(note that spin rotation symmetry breaking is still required for this explanation). One would expect
the maximum signal to be then correlated with the direction of the applied current. This appears
to not be the case in experiment, however, where the maximum is not correlated with the current
direction or contact geometry.

A more likely effect could be due to SC fluctuations in the vicinity of the phase transition which
are well-known to affect conductivity, in this regime called paraconductivity [88] (note that this is
precisely the regime in which the transport experiments are performed). Since the samples are 2D,
fluctuations are moreover expected to be large and likely explain why the transition into the SC phase
as temperature is lowered appears to be smooth and not as sharp as in conventional BCS theory.
Unfortunately, the computation of paraconductivity is somewhat involved (computation of Maki-
Tompson and Aslamazov-Larkin corrections to conductivity are required [88]). We can, however,
again take a phenomenological approach to look at SC fluctuations that arise from gradient terms
in the free energy that we have so far neglected (which in this case do not cause vortices as they
normally would). For the one-component A} irrep, the only allowed gradient term is of the form
}'(VA/l) = Ko|VDO)|2, which is clearly rotationally invariant. For the two dimensions E’ and E"

representations the terms in F involving gradients of the gap functions are more interesting [160]:
FO = Ki|V - A + Ko|V % A? + K3 (|0:80 — 0,A0[% + 8: A0 + 8,A0[%) (6.25)

where £ = E’, E”. These terms can be understood as corresponding to the scalar, (axial) vector, and
tensor components of the total derivative VA, assuming no z dependance (respectively the trace,
anti-symmetric part, and traceless symmetric part analogous to the expansion, rotation, and shear
parts of the deformation/strain tensor). Fourier transforming this expression it follows that, in the
presence of an external symmetry-breaking field such as strain, the total gradient term is twofold
anisotropic. We therefore expect the paraconductivity corrections to also exhibit twofold anisotropy.
Note that this particular explanation does not require mirror symmetry to be broken by the system,
as the magnetic field that breaks the symmetry itself contributes to the conductivity. The main
issue with this explanation, however, is that it does not seem to account for the tunneling data that
probed a system deep inside the ordered phase where the fluctuations are strongly suppressed. This

therefore cannot alone explain the data.
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Chapter 7

Conclusions

7.1 What We Did

To summarize, in this dissertation we have performed an analysis of 1H-NbSe; and similar 1H-
TMD systems. We first used a parquet RG approach in to identify possible instabilities
of the system: uniform superconductivity (SC) and pair density wave (PDW) channels. Within
each channel, we find that interactions uniform of the Fermi pockets can give rise to both s-wave
singlet and f-wave triplet instabilities, even if the bare interactions are repulsive. For SC, the singlet
interaction can be driven by repulsive pair hopping processes between pairs at I' and at £ K, while
the triplet phase is stabilized by repulsive exchange interactions between the pairs at K pockets
(a process equivalent to backscattering under which K <> —K). The key for the latter is that the
pairing is between disconnected Fermi surfaces. Bare attraction of course can always lead to either
singlet or triplet instabilities even without K points, but repulsive interactions can only drive either
SC instability in the presence of the K pockets (neglecting the Kohn-Luttinger effect and similar
mechanisms).

We then included Ising spin-orbit coupling (SOC) in a self-consistent mean-field analysis in
including also known symmetry breaking perturbations, namely Rashba SOC, due to
substrate effects, and an in-plane magnetic field, since we know that SC is stable in large in-plane
magnetic fields (above the Pauli limit) due to the strong SOC. Both symmetry breaking terms are
known to produce unconventional SC phases, as previously found for 1H-NbSes in large in-plane
magnetic fields in [62]. In particular, they find a nodal topological SC phase above the Pauli limit.
This phase protected by a time-reversal-like symmetry that is product of the time-reversal symmetry
(TRS) and the horizontal mirror symmetry. Both TRS and the mirror symmetry are broken by the

magnetic field, but their product is not. This moreover ensures the symmetry of the Fermi surfaces
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under momentum reversal p — —p that is necessary to guarantee the SC instability.

While in our work [I53] we confirm the existence of the nodal topological phase, we also find that
it is unstable against even small Rashba SOC that breaks the TR-like symmetry and generally lifts
all of the nodes. The main finding, however, is that a different, crystalline, nodal topological phase
can be realized instead in presence of both Rashba SOC and in-plane magnetic fields, provided the
field points along one of the I'-K directions. The reason is that a single vertical mirror symmetry
(with the reflection plane containing the I'-M line perpendicular to the magnetic field) remains in
that case and protects two pairs out of the original six pairs that lie in the mirror plane. Because
this phase is protected by a crystalline symmetry rather than an anti-unitary one, it falls outside of
the more familiar tenfold classification of topological phases.We discussed some of the topological
invariants that characterize topological phases in and showed how they can be computed
using the Berry connection including some in the tenfold classification, as well as an example of a
crystalline phase in 1D and a crystalline nodal phase in 2D, which happens to be precisely in the
same class as the phase that we found in 1H-NbSes.

Because the combination of Rashba SOC and the in-plane magnetic field breaks the momentum-
reversal symmetry and shifts the Fermi surfaces, the SC phase in that case becomes unstable once
the symmetry breaking is too large. We confirmed, however, that the SC phase is stabilized in a
large region of the phase diagram thanks to Ising SOC. When SC becomes unstable, FFLO phases
with pairing relative the shifted centers of the Fermi surfaces (i.e. with Cooper pairs with equal
energies) are moreover expected to be realized, and we showed that the crystalline nodal topological
phase remains protected in the FFLO case as well. In the uniform SC phase, the symmetry breaking
moreover shifts the nodes away from zero energy, resulting in small Bogolyubov Fermi surfaces.

In the absence of the magnetic field but in the limit of strong Rashba SOC (compared to Ising
SOC), we also find that in the limit of strong triplet interactions a chiral SC emerges (which we also
discussed in [Chapter 3), consistent with earlier results in the absence of Ising SOC. Although it is
not likely to be realized in 1H-NbSes due to the Ising SOC being too strong, it may be relevant in
other similar systems. As we mentioned above, the origin of the triplet instability lies in the fact that
pairing is between disconnected Fermi surfaces at K points, and importantly Rashba SOC favors
a gap function belonging to a 2D irreducible representation (irrep) of Dsj; (E”), which is known
to spontaneously break time reversal symmetry, as we confirmed along with its chiral nature. The
recipe for such a phase is therefore a combination of pairing between K pockets giving rise to the
triplet instability and strong Rashba SOC giving rise to a 2D irrep.

Next, in we turned to a closer study of the PDW channel we also found in the RG
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analysis. While in principle attractive interactions could result in a PDW instability, no mechanism
is know by which they can favor a PDW phase over an SC phase. In the case of repulsive interactions,
however, we find that a singlet PDW instability can be driven by an Umklapp process taking a pair
within a K pocket to a pair on I" and —K (allowed since 3K is an Umklapp momentums), and a
triplet PDW can be driven by an exchange process between I' and —K pockets. As the K pocket was
necessary to produce instabilities from repulsion in the SC channel, repulsion in the PDW channel
can only drive an instability if a I" pocket is present. This is consistent with the results of [67], who
considered a system without a I" pocket and found that the Kohn-Luttinger mechanism (in a two-loop
RG calculation) was needed to produce a PDW in that case. Although we do not find a microscopic
mechanism for a PDW instability arising in the absence of a I' pocket, our phenomenological and
mean-field analyses naturally include such a possibility, which we consider to compare our results
with previous literature.

There are in fact two degenerate PDW channels in RG: one with pairing momentum K, and one
with —K (with order parameters Ay respectively). Using a phenomenological Ginzburg-Landau
free energy, we find that higher order terms lift this degeneracy, producing either an FF-type PDW
with only one order parameter present (i.e. Ax = 0 or A_g = 0, but not both), or an LO-type
PDW with both orders present with equal magnitudes (|Ax| = |A_k|). Both types of PDW break
translational symmetry, but the FF-type PDW additionally breaks TRS. We discuss additional
orders that may be induced by either type of PDW which may be more directly measurable in
experiment. We also consider the microscopic free energy for our model without a I' pocket, in
which case we find that the LO-type PDW is favored, even when uniform SC fluctuations are
integrated out.

Since, unlike the SC instability, the PDW instability is not guaranteed by symmetry, we perform
a stability analysis using a self-consistent mean-field calculation, both with and without a I" pocket
(though we emphasize that we do not find a microscopic mechanism for the latter). The two
symmetry breaking effects are trigonal warping at the K points, and mismatch between the band
structures at I' and K pockets. As expected, we find that a PDW instability remains possible as
long as those effects are small compared to T,y the PDW critical temperature in the absence of those
effects.

Though we do not perform a full self-consistent calculation of PDW with Ising SOC included, we
comment on the effects of Ising SOC on the PDW phase. From the same argument as in [67], we find
that at K points Ising SOC results in triplet pairing between equal spins, with the corresponding
LO-type PDW belonging to a 2D irrep. As also found in [67], we see that the gap function in
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general exhibit phase winding, which results in non-zero Chern numbers (as we saw in .
We comment that the PDW pairing between I'" and K pockets is not as simple, and neither a triplet
nor singlet PDWs are obviously favored. We leave the precise calculation of the self-consistent gap
functions and their topology to a future study.

Finally, in we discussed a recent experiment [58] performed on few-layer supercon-
ducting 1H-NbSe;. Contrary to our expectations based on the mean-field calculation in
a twofold anisotropy with respect to the direction of the in-plane magnetic field is observed. From a
symmetry point of view, we argue that this necessarily implies the breaking of the horizontal mirror
symmetry already in the absence of the magnetic field, and an additional order belonging to a 2D
irrep (in this case the E irrep of Cj,). The best-known sources of such symmetry breaking are
Rashba SOC and strain respectively. Moreover, using a phenomenological Ginzburg-Landau free
energy we argue that a mixing between nearby instabilities belonging to the A} and either of E’ or
E" irreps of D3, is necessary. We also consider some complementary effects that may also result in

a twofold anisotropy, but rule them out as its sole sources.

7.2 What We Did Not Do

Having summarized what we did, to conclude let us mention some of the things that we did not do,
some of which have been done by others, while some may provide avenues for future research. We
have for example completely neglected CDW which is known to exist in these systems, a question
that has been considered in [91] 117, [198]. Another thing that we haven’t included in our analysis
is disorder, which has been considered in 1H-TMDs in the absence of Rashba SOC in particular
to study its effects on the upper critical magnetic field [70, 110, 11T, 115, [166]. Note that TMDs
are known to be very disordered, and the mean field theory predicts critical magnetic fields much
higher than actually observed. Part of this may be explained by Rashba SOC (which as we saw
destabilizes the SC phase), though in our calculations we find that it has to be very strong to
match the experiment. Likely a combination of both Rashba SOC and disorder (and strain) may be
necessary to provide a full explanation. Strain has also not been considered in these systems, but
may be interesting in light of the recent experimental results in [58], [186].

Another obvious calculation relevant to experiment would be a calculation of the paraconductivity
[88], as we discussed briefly in This is a somewhat involved calculation and to the best
of our knowledge has not been done for 2D non-centrosymmetric systems to study anisotropy with

respect to in-plane magnetic fields. Similarly, a calculation of the tunneling rates relevant to some
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of the experiments may be of interest. These generally fall into the category of non-equilibrium
effects, which also include the possibility of systems driven by external fields. Driven TMD systems
have been considered in [165, 59, [31]. Another transport phenomenon that has been considered
in TMDs is the (reverse) Edelstein magnetoelectric effect [43], which causes a magnetization to
appear perpendicular to an applied supercurrent, considered in systems with SOC in [61], and more
generally is known to occur in some non-centrosymmetric systems [13, [108].

Another experimental limitation is that most samples produced are few-layer systems rather than
true monolayers, which can result in interesting effects of their own. Heterostructures of 2D materials
in general have received a lot of interest, and bilayer and trilayer superconducting TMD systems have
been considered in [I83], 116}, [94] 25]E| The orbital effect, which is absent for monolayers, has been
found in particular to lead to interesting vortex-like phases, including some similar to Josephson
vortices known in thin films [I6], or two counter-propagating FFLO phases in each layer similar to
the one we discussed in

Superconductivity has also more recently been observed in a related family of monolayer TMDs,
like the 1T’-TMDs like WTey [44] 134]. Unlike the 1H family, these are centrosymmetric, but have
a different property symmetry interesting property of being nonsymmorphic, meaning systems with
symmetries involving a point group symmetry like rotation or reflection combined with a translation
(that are not symmetries on their own). Nonsymmorphic materials are known to potentially host
interesting topological phases including crystalline, superconducting and higher-order phases [95]
1801 93], as well as the better-known and recently reported quantum spin Hall effect [129] [125]. 1T’-
TMDs like WTes has been reported to host the QSHE and more recently to become superconducting
when gated in [44] [134]. The possibility of interesting topological SC phases has already been
considered [68] but is an area of active research.

Interesting questions remain about the superconducting phase 1H-TMDs like NbSes, especially
in light of recent experimental evidence of competing instabilities [58), [I86] that we discussed, as well
as some recent theoretical evidence that spin fluctuations may be strong in these systems [184] [75].
These may lead to some of the phases that we have considered in this thesis. Possibly, and perhaps

more likely, even more novel phases may be realized.

IBilayers with Rashba SOC have also been predicted to host a helical topological SC phase [118].
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Appendix A

Tight Binding Model of TMDs

Here we present a simple tight-binging model that we used to study the edge modes and produce the

plots in [Figure 1.2] [Figure 4.6| and |Figure 5.1} The tight binding model is defined on the triangular

lattice with sites we label with indices ¢ and j, which stand for R; = n;a; + m;as, where a; = (a,0)

and a; = (1, V/3) are the lattice basis vectors. We take a = 1 for convenience below, and also

define ag = ay —a; = %(—1, \/?;) Each site then has six nearest neighbors at +a;, +as and +as.
The Hamiltonian has the general form

H=Hy+ Hz+ Hsc (Al)

The first term describes the normal state band structure in the presence of SOC; the second-term is
the Zeeman coupling due to in-plane magnetic field; and the last term represents the superconducting
pairing gap. For simplicity we use a tight-binding model that only includes the n = I" pocket Fermi
surface, since the =K pockets are unimportant for the crystalline nodal topological superconductor.

We describe our model in terms of the creation operators d;a, where o« =T, | is a spin index, and
i is a site index. We have

Hy = > pdydia+ > tdl,dia

i (ij)e

+ Y |4idvgor + 90 (o x ay),, | dldss
£ 1% aB 3 J/ap [Ye'Rad]
(ij)aB

Hzy = Y (b-0),zd,dip (A.2)
iaf
1
Hsc = 5 [Alzdl,d)s+he.

ijaf

where v;; = 1 (—1) if the vector is a;, —ag, ag ( —ay, az, —agz). For [Figure 4.6| we considered the
singlet-instability regime in the crystalline nodal topological phase with b > ag. In this region the
self-consistent solutions of the gap equation obtained in a k - p model are well-approximated by

AY = Aw;j (0% cos? + ¥ sind) io? + Agio? (A.3)

where ¥ is the direction of the magnetic field, assuming A; < A; (higher lattice harmonics are in
general needed to match the k - p model exactly). The numerical coefficients are chosen to match
the k - p Hamiltonian (including the value of pg).
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APPENDIX A. TIGHT BINDING MODEL OF TMDs

The cylinder is created by taking periodic boundary conditions in the vertical y direction, and
open zig-zag boundary conditions along the x direction. To produce the plot, we Fourier transform
in the y direction:

1 - 1 .
dR,a = —— § dr,. p ae Poftiv = § dip,qe” Pyt Ad
Ria /N - Rzzpya /N - Py ( )

where R; = (Rjz, Riy). Note that i labels the  coordinates of the sites which go in increments of
a/2, while the period along the y axis is actually doubled since identical sites are now separated by
2ay, resulting in the folding of the 1D Brillouin zone (which has a period of %)

The resulting BdG Hamiltonian on the cylinder can be expressed

1 ii
Hpac = 5 ) V1, 1 (p) V5, (A5)

iJ,Py

where U, ,, = (di,pyT,di,py¢7dz,,py@d;,pw) and

ij — H;cjm (py) AY(py) B
H (py) <(M(py))* (Hgm(py))ﬂ> (A.6)

where we have defined

Ho+Hz = Z (Hkin(py));jﬁ djpyadjpyﬂ (A7)
ijaf

In |[Figure 4.6] we plot the spectrum of |(A.6)] with the number of sites along the non-periodic z
direction N = 300 (which corresponds to 150 unit cells due to period doubling) and took ¢ = 1,

u=0,A=02,b=1 ar =0.1, A; =1 and A; = 0.1. The magnetic field was again aligned along
one of the I'-K directions, ¢ = 0.

Note that we have only included the I' pocket above. The K pockets originate from next nearest-
neighbor hopping terms:

Hypn = Z tann dzadja (AS)
(i)

where the next nearest neighbors are at a; + as, 2a; — as, a — 2a;, and their opposites. To make

[Figure 5.1 we took t =1, A = 0.4, ag = b =0 and 5, = 2.5.
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