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Abstract

This dissertation includes five works of my Ph.D. research. It starts with an intro-

duction to 3D reconstruction and its associated synchronization problems, followed by

the robust synchronization algorithms and their theoretical guarantees.

Common 3D reconstruction tasks rely on accurate estimation of camera rotations

and locations. These estimation problems are often solved by using graph optimization

methods and can be mathematically formulated as synchronization problems. The

synchronization problems ask to find the absolute states (e.g. rotations, locations) of

graph nodes from the given noisy and corrupted relative states among pairs of nodes.

The most common synchronization problem is group synchronization, where the states of

nodes are elements of certain mathematical group. It asks to find the underlying group

elements (e.g. absolute rotations) for each node from the given noisy and corrupted

group ratios (e.g. relative rotations) among pairs of nodes.

In order to solve this problem, we first propose cycle-edge message passing (CEMP)

framework that estimates the corruption levels of group ratios for any compact group.

We establish the exact recovery and linear convergence guarantees with adversarial

corruption and its stability to sub-Gaussian noise. We further show that under a uniform

corruption model, the recovery results are sharp in terms of an information-theoretic

bound.

We next extend the idea of CEMP and develop message passing least squares

(MPLS) framework for directly solving group elements under both high corruption and

noise. We carefully refine the framework for specific applications of rotation and per-

mutation synchronization in 3D computer vision. Both applications demonstrate the

superior performance of MPLS over the state-of-the-art methods.

Finally, we discuss camera location estimation problem which can be viewed as a

variant of group synchronization problem on the noncompact group R3. We present

and prove an exact recovery theory for the state-of-the-art least unsquared deviations

(LUD) solver under adversarial corruption. We then develop the all-about-that-base

(AAB) preprocessing step for detecting corrupted edges. We demonstrate that the
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application of AAB significantly improves the performance of common camera location

solvers on both synthetic and real data.
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Chapter 1

Introduction

We all live in a 3D world. We see ”images” of 3D real scenes through our eyes, when

the light from the scenes hits the retina, switches to electrical signals, and reaches our

brain. Magically, our brain is able to process these 2D signals in real time and provide

us with a sense of 3D. In computer science, we may ask a relevant question: How does

a robot perceive the 3D world with its 2D images? Or more fundamentally, how can we

recover 3D signals from their 2D projections? In order to answer this question, a field,

also known as 3D reconstruction, have emerged and been studied for decades. This

thesis, specifically, aims to address a class of inverse problems that often appear in 3D

reconstruction tasks, such as Structure from Motion (SfM) [64]. In this chapter, we give

a brief introduction of SfM as an example of 3D reconstruction tasks. We first introduce

the common pipeline for solving SfM. In view of its challenges, we next formulate the

mathematical problems that arise from SfM and similar 3D reconstruction tasks.

1.1 Structure from Motion

The problem of SfM, illustrated in Figure 1.1, asks to recover the 3D structure of an

object from its 2D images that are taken by multiple cameras with unknown orientations

and locations. The common global optimization pipeline for SfM consists of the following

steps:

1. Match keypoints among images using SIFT [52].

1
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Figure 1.1: Demonstration of SfM problem in [64].

2. Compute the essential matrices from the matched image pairs and extracting

relative camera rotations [35].

3. Find camera orientations (rotations) from relative orientations among pairs of

cameras [37].

4. Estimate relative camera translations (pairwise directions) [35, 64].

5. Estimate camera locations from the estimated pairwise directions [64].

6. Generate the 3D point cloud from the pixel coordinates of keypoints and the

estimated camera parameters through triangulation [35].

7. Refine the camera parameters and 3D point cloud coordinates simultaneously via

bundle adjustment [78].

We remark that steps 3 and 5 are both special cases of synchronization problems.

Specifically, the mathematical problem in step 3 is also called rotation synchronization,

or rotation averaging. The step 5 is a variant of translation synchronization. We review

those synchronization problems in § 1.2 and § 2.

In the step 1 of SfM, the measured pairwise keypoint matches are often highly cor-

rupted. Indeed, they are commonly derived by SIFT [52] feature descriptors, whose

accuracy can be affected by the scene occlusion, change of illumination, viewing dis-

tance and perspective. Furthermore, repetitive patterns and ambiguous symmetry in
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common objects of realistic scenarios result in malicious and self-consistent corruption

of matches [85]. The Figure 1.2 demonstrates a case of keypoint mismatch due to the

repetitive patterns in the 3D object. The incorrect pairwise matches may result in in-

Figure 1.2: Demonstration of keypoint matching in [63]. The keypoint on the left
window is matched to the one on the right window in the two images.

accurate estimates of the essential matrices. As a result, the camera relative rotations

and pairwise directions can be highly noisy and corrupted, and thus can severely affect

the quality of the reconstruction. We aim to be able to address such nontrivial practical

cases of inaccurate pairwise measurements. That is, we seek robust synchronization

methods that accurately estimate camera orientations and locations from their pair-

wise measurements in the presence of noise and outliers. We introduce the problem of

synchronization in § 1.2 in a broad context of applications.

1.2 The problem of Synchronization

The problem of group synchronization is critical for various tasks in data science, in-

cluding structure from motion (SfM), simultaneous localization and mapping (SLAM),

cryo-electron microscopy imaging, sensor network localization, multi-object matching

and community detection. The underlying setting of the problem includes objects with

associated states, where examples of states are locations, rotations and binary labels.
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The main problem is estimating the states of objects from the relative state measure-

ments between pairs of objects. One example is rotation synchronization. It aims to

recover rotations of objects from the relative rotations between pairs of objects, which is

illustrated in Figure 1.3. The problem is simple when one has the correct measurements

Figure 1.3: Demonstration of the rotation synchronization problem. The number of
nodes in the graph is set as 5 for simple illustration. Each node is assigned an unknown
ground truth rotation, which belongs to the group SO(3). Each rotation is illustrated
as a 3D coordinate system where the z axis is marked as red. Among some pairs of
nodes, one observes possibly noisy and corrupted relative rotations.

of all relative states. However, in practice the measurements of some relative states can

be erroneous or missing.

The most common mathematical setting of synchronization is group synchronization,

which we mathematically formulate in § 1.2.1. We respectively discuss common special

cases of group synchronization and other synchronization problems in § 1.2.2 and § 1.2.3.

1.2.1 Group Synchronization

Group synchronization problem asks to recover group elements from their noisy group

ratios. It assumes a group G, a subset of this group {g∗i }ni=1 and a graph G([n], E) with

n vertices indexed by [n] = {1, . . . , n}. The group ratio between g∗i and g∗j is defined as

g∗ij = g∗i g
∗−1
j . We use the star superscript to emphasize original elements of G, since the
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actual measurements can be corrupted or noisy. We remark that g∗ji = g∗ij
−1 and thus

the undirected graph setting raises no issue.

We say that a ratio g∗ij is corrupted when it is replaced by g̃ij ∈ G, either determin-

istically or probabilistically. We partition E into the sets of uncorrupted (good) and

corrupted (bad) edges, which we denote by Eg and Eb, respectively.

Additional noise can be applied to the group ratios associated with edges in Eg. For

ij ∈ Eg, the noise model replaces g∗ij with g∗ijg
ε
ij , where gεij is a G-valued random variable

such that dG(gεij , eG) for some metric dG is sub-Gaussian and eG denotes the group

identity. We denote the corrupted and noisy group ratios by {gij}ij∈E and summarize

their form as follows:

gij =

g∗ijgεij , ij ∈ Eg;

g̃ij , ij ∈ Eb.
(1.1)

To avoid ambiguity in the notion of “good” edges, we assume for simplicity that g̃ij 6= g∗ij

for all ij ∈ Eb. When we refer to the noiseless case, we assume that gεij = eG for all

ij ∈ E. We view (1.1) as an adversarial corruption model since corrupted group ratios

can be arbitrary. We will only need to restrict the topology of the corrupted subgraph

G([n], Eb). For example, it is clear that G([n], Eg) needs to be connected. Our stronger

restriction is only discussed later in Section 3.5.1.

The problem of group synchronization asks to recover the original group elements

{g∗i }i∈[n] given the graph G([n], E) and corrupted and noisy group ratios {gij}ij∈E . One

can only recover, or approximate, the original group elements {g∗i }i∈[n] up to a right

group action. Indeed, for any g0 ∈ G, g∗ij can also be written as g∗i g0(g∗j g0)−1 and thus

{g∗i g0}i∈[n] is also a solution.

In the noiseless case, one aims to exactly recover the original group elements under

certain conditions on the corruption and the graph. In the noisy case, one aims to nearly

recover the original group elements with recovery error depending on the distribution

of dG(gεij , eG).

At last, we remark that for extended corruption and noise models, where a measure-

ment gij may not be in G, but in an embedding space, one can first project gij onto G
and then apply the advocated method.
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1.2.2 Examples of Group Synchronization

We review the three common instances of group synchronization.

Z2 Synchronization

This is the simplest and most widely known problem of group synchronization. The

underlying group, Z2, is commonly represented in this setting by {−1, 1} with direct

multiplication. A natural motivation for this problem is binary graph clustering, where

one wishes to recover the labels in {−1, 1} of two different clusters of graph nodes from

corrupted measurements of signed interactions between pairs of nodes connected by

edges. Namely, the signed interaction of two nodes is 1 if they are in the same cluster

and -1 if they are in a different cluster. Note that without any erroneous measurement,

the signed interaction is obtained by multiplying the corresponding labels and thus it

corresponds to the group ratio g∗ij = g∗i g
∗−1
j . Also note that clusters are determined

up to a choice of labels, that is, up to multiplication by an element of Z2. The Z2

synchronization problem is directly related to the Max-Cut problem [82] and to a special

setting of community detection [1, 20]. It has also been applied to solve specific problems

in sensor network localization [21].

Permutation Synchronization

The underlying group of this problem is the symmetric group, that is, the discrete group

of permutations, SN . This synchronization problem was proposed in computer vision

in order to find globally consistent image matches from relative matches [65]. More

specifically, one has a set of images and n feature points that are common to all images,

such as distinguished corners of objects that appear in all images. These feature points,

often referred to as keypoints, are arbitrarily labeled in each image. For any pair of

images one is given possibly corrupted versions of the relative permutations between

their keypoints. One then needs to consistently label all keypoints in the given images.

That is, one needs to find absolute permutations of the labels of keypoints of a fixed

image into the labels of keypoints of other images.
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Rotation Synchronization

The problem of rotation synchronization, or equivalently, SO(3) synchronization, asks

to recover absolute rotations from corrupted relative rotations up to a global rotation.

Its special case of angular synchronization, or SO(2) synchronization, asks to recover

the locations of points on a circle (up to a an arbitrary rotation) given corrupted relative

angles between pairs of points. More generally, one may consider SO(d) synchronization

for any d ≥ 2. Rotation synchronization is widely used in 3D imaging and computer

vision tasks. In particular, [75] applies rotation synchronization for solving absolute

rotations of molecules and [3, 14, 32, 36, 53, 63, 82] synchronize the relative rotations of

cameras to obtain the global camera rotations in the problem of structure from motion.

1.2.3 Examples of Other Synchronization Problems

Camera location estimation [34, 61, 63, 71] is an example of synchronization with a non-

compact group. Specifically, the group is R3 with vector addition, so for g∗i = t∗i ∈ R3

and g∗j = t∗j ∈ R3, g∗ij = t∗i − t∗j . In the noiseless case, it asks to recover {g∗i }i∈[n]

from a set of transformed group ratios {T (g∗ij)}, where T is the projection onto the unit

sphere S2. That is, T (g∗ij) = g∗ij/‖g∗ij‖, where ‖ · ‖ denotes the Euclidean norm and the

vector space structure of R3 is also used. We note that the application of T distorts

the group structure and may result in loss of information. The common application of

this problem is the recovery, up to arbitrary shift and scale, absolute camera locations

{t∗i }i∈[n] ∈ R3 from pairwise directions {γ∗ij}ij∈E ∈ R3, where γ∗ij := (t∗i − t∗j )/‖t∗i − t∗j‖.
Another example is sensor network localization that aims to recover {t∗i }i∈[n] ∈ RD,

where D ∈ N, from pairwise distances ‖t∗i − t∗j‖. Here, the group is RD with vector

addition and Tg∗ij = ‖g∗ij‖. In both applications, Tg∗ij only provides partial information

about g∗ij .

1.3 Outline of This Thesis

In § 2 we review previous works on the theory and applications of various synchronization

problems. We next present in § 3 our theoretically guaranteed cycle-edge message

passing algorithm for solving robust synchronization over compact groups. For specific
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synchronization problems and their theory and applications, we focus on the problems

that have applications in 3D reconstruction. In particular, we propose message passing

least squares frame work (and its variant) for solving rotation synchronization (see § 4)

and permutation synchronization (see § 5). In § 6 and § 7 we present relevant theory and

applications for camera location estimation. The supplementary proofs are included in

Appendix A, B and C.



Chapter 2

Previous Works

This chapter reviews existing algorithms and guarantees for synchronization problems.

§ 2.1 examines works that utilize energy minimization and formulates a general frame-

work for the following works. § 2.2 looks at previous methods for inferring corruption

in special group synchronization problems by the use of cycle-consistency information.

§ 2.3 introduces message passing algorithms and their applications to synchronization.

2.1 Energy Minimization

Most works on synchronization require minimizing an energy function. We first describe

a general framework for common group synchronization problems, and then review rel-

evant previous works. This framework can be formulated as the following minimization

problem for group synchronization with a metric dG defined on G:

min
gi∈G

ρ

((
dG(gij , gig

−1
j )
)
ij∈E

)
, (2.1)

where ρ is a function from R|E|+ to R+ (R+ denotes the set of nonnegative numbers) and

|A| is the cardinality of the set A. Natural examples of ρ include the sum of pth powers

of elements, where p > 0, the number of non-zero elements, and the maximal element.

9
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2.1.1 Least Squares Methods

The earliest methods for synchronization problems are least squares, which correspond

to ρ in (2.1) being `2 norm. The elements of Z2, Sm and SO(d) (that is, the most com-

mon groups that arise in synchronization problems), can be represented by orthogonal

matrices with sizes N = 1, m, and d, respectively. For these groups, it is thus common

to choose dG as the Frobenius norm of the difference of two group elements, and the

least squares formulation can be written in the following form:

min
gi∈G

∑
ij∈E
‖gig−1

j − gij‖
2
F . (2.2)

One can formulate a convenient equivalent formulation of (2.2). It uses x = (gi)i∈[n] ∈
RnN×N , X = xxT ∈ RnN×nN , that is, X is a block matrix whose N × N blocks are

gig
T
j , and the block matrix Y ∈ RnN×nN , where Yij = gij if ij ∈ E and Yij = 0N×N ,

otherwise. Using these components, the equivalent formulation can be written as

max
X∈RnN×nN

Tr(XTY )

subject to Xii = IN×N , i = 1, . . . , n

X � 0

rank (X) = N.

(2.3)

This formulation is convenient, since its two non-convex constraints, rank(X) = N and

gi ∈ G, can be relaxed and then spectral approaches can be applied to make the solution

of the relaxed problem low-rank.

This formulation and its convex relaxation first appeared in the celebrated work of

Goemans and Williamson [29] on the max-cut problem. Their work can be viewed as a

formulation for solving Z2 synchronization. Amit Singer [73] clarified the relevance of

this approach for synchronization, in particular, for the continuous problem of angular

synchronization.

The exact recovery for Z2 synchronization is studied in [2, 5] by assuming Erdős-

Rényi graph, where each edge is independently corrupted with probability ε. Abbe et

al. [2] show that the information-theoretic bound for exact recovery is ε < 1/2 and also

specify an information-theoretic lower bound on the average degree of the graph in terms
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of ε. Bandeira [5] establishes asymptotic exact recovery for the SDP relaxation of Z2

synchronization w.h.p. (with high probability) under the above information-theoretic

regime. We remark that this SDP relaxation corresponds to (2.3) with N = 1 and

Y ∈ {−1, 1}n×n. Montanari and Sen [58] studied the detection of good edges, instead

of their recovery, under i.i.d. additive Gaussian noise.

Asymptotic exact recovery for the convex relaxation of permutation synchroniza-

tion appears in [17, 39, 65]. In [65], noise is added to the relative permutations in

SN . The permutations are represented by N × N matrices and the elements of the

additive N × N noise matrix are i.i.d. N(0, η2). In this setting, the exact recovery

can be guaranteed when η2 < (n/N)/(1 + 4(n/N)−1) as nN → ∞. Another work [39]

proves that the cycle consistency of gij in permutation synchronization is equivalent to

the positive semidefiniteness of Y . Thus, the task of permutation synchronization is

reduced to finding the closest positive semidefinite matrix to Y . For this purpose, an

SDP relaxation, different from (2.3), is proposed in [17, 39]. It is shown in [39] that for

fixed N and probability of corruption less than 0.5, their method exactly recovers the

underlying permutations w.h.p. as n→∞. We remark that [39] assumes element-wise

corruption of permutation matrices which is different than the setting in this thesis. An

improved theoretical result is given by Chen et al. [17], which guarantees exact recovery

under an overwhelming fraction of uniform corruption. Due to the use of relaxation,

the accuracy of the algorithms of [17, 39, 65] is not competitive and the speed of the al-

gorithm of [17, 39] is rather slow. A tighter approximation algorithm to the non-convex

least squares problem is the projected power method (PPM). It was used earlier for

solving the problems of angular synchronization [7, 73] and joint alignment [16]. PPM

for permutation synchronization was first briefly tested in [16] and later carefully stud-

ied in [41]. In particular, [41] theoretically guaranteed the ability of PPM to handle a

large fraction of random uniform corruptions with good initialization and demonstrated

state-of-the-art accuracy and speed. MatchLift [17, 39] and MatchALS [92] are multi-

object matching algorithms that also apply to the setting of partial matching, where the

number of keypoints vary among objects and pairwise matching only occurs on a subset

of those keypoints. MatchALS is faster than MatchLift, whereas MatchLift enjoys a

strong theoretical guarantee that asymptotically allows large fractions of mismatches in
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the input data under a special probabilistic model. Wang et al. [83] improves the match-

ing accuracy of [92] by incorporating a geometric constraint on the pixel coordinates of

keypoints. We are not aware of any previous methods for permutation synchronization

that use a robust energy function.

The least squares methods for camera rotation estimation [6, 25, 53, 32] and location

estimation [3, 9, 31] was proposed to handle Gaussian noise. However, these methods are

not robust to outliers (namely, maliciously corrupted pairwise directions). For camera

rotation estimation, instead of utilizing the formulation (2.3), Lie algebraic averaging

method [32] is commonly used, which attempts to minimize the sum of squares of

geodesic distances over SO(3). However, it suffers from convergence to local minima

and from sensitivity to outliers. For camera location estimation, the least squares solvers

typically produce collapsed location estimates. That is, the estimated camera locations

are usually clustered around few points. The constrained least squares (CLS) method

[79, 80] introduced an anti-collapsed constraint, which makes it more stable to noise but

not outliers. The semidefinite relaxation (SDR) solver [63] converts the least squares

problem into an SDP formulation with a nonconvex anti-collapse constraint. However,

it is not outlier-robust, and its computation is challenging even after convex relaxation.

Other solvers include the `∞ method [59] but the `∞ norm is sensitive to outliers.

2.1.2 Robust Formulations

Robust rotation synchronization has been extensively studied [14, 15, 36, 54, 82]. The

most common corruption-robust energy function uses least absolute deviations, which

corresponds to ρ in (2.1) being `1 norm. Wang and Singer [82] utilized a least ab-

solute deviation formulation to robustly synchronize SO(d). Inspired by the analysis

of [49, 91], they established asymptotic and probabilistic exact recovery by the solu-

tion of their minimization problem under the following very special probabilistic model:

The graph is complete, the corruption model is Bernoulli (so the corrupted subgraph is

Erdős-Rényi) with corruption probability less than a critical probability pc ∈ (0, 1) that

depends on d, and the corrupted rotations are i.i.d. sampled from the Haar distribution

on SO(d). They proposed an alternating direction augmented Lagrangian method for

solving their formulation. However, their assumptions are strong and they use convex

relaxation, which changes the original problem and is expensive to compute. [54] apply
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a trimmed averaging procedure for robustly solving SO(2) synchronization. They are

able to recover the ground truth group elements under a special deterministic condition

on the topology of the corrupted subgraph. However, the verification of this condition

and its extension to SO(d), where d > 2, are nontrivial. [36] used the Weiszfeld algo-

rithm to minimize the least-absolute-deviations energy function with G = SO(3). Their

method iteratively computes geodesic medians. However, they update only one rotation

matrix per iteration, which results in slow empirical convergence and may increase the

possibility of getting stuck at local minima. [15] proposed a robust Lie-algebraic averag-

ing method over G = SO(3). They apply an iteratively reweighted least squares (IRLS)

procedure in the tangent space of SO(3) to optimize different robust energy functions,

including the one that uses least absolute deviations. They claim that the use of the

`1/2 norm for deviations results in highest empirical accuracy. The empirical robustness

of the two latter works is not theoretically guaranteed, even in simple settings. A recent

deep learning method [67] solves a supervised version of rotation synchronization, but

it does not apply to the above unsupervised formulation of the problem.

Recent outlier-robust methods have been proposed for camera location estimation.

One class of solvers use outlier detection algorithms as a preprocessing step to improve

their subsequent estimator. For the different problem of camera rotation estimation,

cycle-consistency constraints were proposed in [59, 90] to remove outlying relative ori-

entation measurements. For camera location recovery, the 1DSfM algorithm was pro-

posed in [85] for removing outlying pairwise directions. It projects the 3D direction

vectors onto 1D, reformulates the cycle-consistency constraints as an ordering prob-

lem and solves it using a heuristic combinatorial method. However, its convergence

to the global minimum is not guaranteed. Another class of methods directly solve ro-

bust convex optimization problems and include the least unsquared deviations (LUD)

algorithm [61] and the ShapeFit algorithm [34]. Exact recovery guarantees under a

certain corruption model were established for ShapeFit in [34] and LUD [51] in §6 in

this thesis respectively. The significance of these two works is in the relatively weak

assumptions of the corruption model, whereas in the previously mentioned works on

exact recovery [2, 5, 20, 39, 65, 82], the corrupted group ratios followed very specific

probability distributions. More specifically, the main model in [34] assumed an Erdős-

Rényi graph G([n], E) with parameter p for connecting edges and an arbitrary corrupted
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set of edges Eb, whose corruption is quantified by the maximal degree of G([n], Eb) di-

vided by n, which is denoted by εb. The transformed group ratios, T (gij), are T (g∗ij)

for ij ∈ Eg and are arbitrarily chosen in S2, the unit sphere, for ij ∈ Eb. They

established exact recovery under this model with εb = O(p5/ log3 n). A similar exact re-

covery theory for another energy-minimization algorithm, namely the Least Unsquared

Deviations (LUD)[61], was established in §6, but with the stronger corruption bound,

εb = O(p7/3/ log9/2 n). An ADMM-accelerated version of ShapeFit, called ShapeKick,

was proposed in [30]. However, it sacrifices accuracy for speed. A robust formulation

for estimating the fundamental matrices was presented in [69]. However, it may suffer

from convergence to local minima and requires good initialization.

In summary, many groups, such as Z2, SN and SO(d) are non-convex and their

synchronization problems are usually NP-hard [6, 28, 65]. Thus, many classic energy

minimization methods of group synchronization that are described above solve instead

a relaxed convex problem. However, relaxation techniques may change the original

problem and may thus not recover the original group elements in the presence of severe

corruption of group ratios. Furthermore, the convex relaxation formulations and their

analysis are specialized to the different groups. Furthermore, their computational time

can still be slow in practice.

2.2 Synchronization Methods Based on Cycle Consistency

Previous methods that use the cycle consistency constraint in (3.1) only focus on syn-

chronizing camera rotations. Additional methods use a different cycle consistency con-

straint to synchronize camera locations. Assuming that G lies in a metric space with

metric dG(· , ·), the corruption level in a cycle L can be indicated by the cycle inconsis-

tency measure dG(gL , eG), where gL was defined in (3.2). There exist few works that

exploit such information to identify and remove the corrupted edges. A likelihood-based

method [90] was proposed to classify the corrupted and uncorrupted edges (relative

camera motion) from observations dG(gL , eG) of many sampled L’s. This work has no

theoretical guarantees. It seeks to solve the following problem:

max
xij∈{0,1}

∏
L

Pr ({xij}ij∈L|dG(gL , eG)) . (2.4)
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The variables {xij}ij∈E provide the assignment of edge ij in the sense that xij =

1{ij∈Eg}, where 1 denotes the indicator function. One of the proposed solutions in

[90] is a linear programming relaxation of (2.4). The other proposed solution of (2.4)

uses belief propagation. It is completely different than the message passing approach

proposed in this work.

Shen et al. [70] finds a cleaner subset of edges by searching for consistent cycles. In

particular, if a cycle L of length m satisfies dG(gL , e) < ε/
√
m, then all the edges in the

cycle are treated as uncorrupted. However, this approach lacks any theoretical guaran-

tees and may fail in various cases. For example, the case where edges are maliciously

corrupted and some cycles with corrupted edges satisfy dG(gL , e) < ε/
√
m.

2.3 Message Passing Algorithms

Message passing algorithms are efficient methods for statistical inference on graphical

models. The most famous message passing algorithm is belief propagation (BP) [88].

It is an efficient algorithm for solving marginal distribution or maximizing the joint

probability density of a set of random variables that are defined on a Bayesian network.

The joint density and the corresponding Bayesian network can be uniquely described

by a factor graph that encodes the dependencies of factors on the random variables. In

particular, each factor is considered as a function of a small subset of random variables

and the joint density is assumed as the product of these factors. The BP algorithm

passes messages between the random variables and factors in the factor graph. When

the factor graph is a tree, then BP is equivalent to dynamic programming and can

converge in finite iterations. However, when the factor graph contains loops, BP has

no guarantee of convergence and accuracy. The BP algorithm is applied in [90] to solve

the maximal likelihood problem (2.4). However, since the factor graph defined in [90]

contains many loops, there are no guarantees on the convergence and accuracy of the

solution.

Another famous class of message passing algorithms is approximate message passing

(AMP) [23, 66]. AMP can be viewed as a modified version of BP and it is also used

to compute marginal distribution and maximal likelihood. The main advantage of

AMP over BP is that it enjoys asymptotic convergence guarantees even on loopy factor
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graphs. AMP was first proposed by Donoho, Maleki, and Montanari [23] to solve the

compressed sensing problem. They formulated the convex program for this problem as

a maximal likelihood estimation problem and then solved it by AMP. Perry et al. [66]

applies AMP to group synchronization over any compact group. However, they have

no corruption and only assume additive i.i.d. Gaussian noise model, where they seek

asymptotic solution that is statistically optimal.

Another message passing algorithm [20] was proposed for Z2 synchronization. It

assigns probabilities of correct labeling to each node and each edge. These probabilities

are iteratively passed and updated between nodes and edges until convergence. There

are several drawbacks of this method. First of all, it cannot be generalized to other group

synchronization problems. Second, its performance is worse than SDP relaxation under

high corruption [20]. At last, no theoretical guarantee of exact recovery is established.

We remark that this method is completely different than the method proposed in here.



Chapter 3

Robust Group Synchronization

via Cycle-Edge Message Passing

The main goal of this chapter is to establish a theoretically guaranteed solution for

general compact group synchronization that does not rely on convex relaxation but can

tolerate a large amount of measurement errors. § 3.1 starts with a non-technical de-

scription of our method with highlighted contributions in § 3.2. §3.3 mathematically

establishes the relevance of cycle-based information to the solution of group synchro-

nization. §3.4 describes our proposed method, CEMP, and carefully interprets it as

a message passing algorithm. §3.5 establishes exact recovery and fast convergence for

CEMP under the adversarial corruption model and show the stability of CEMP under

bounded and sub-Gaussian noise. At last, §3.6 establishes sharp guarantees under a

special random corruption model.

3.1 Short and Non-technical Description of this Work

One goal of this work is to formulate a universal and flexible framework for robustly

solving group synchronization that can address different groups in a similar way. It

exploits cycle consistency, which is a common property shared by any group. That is,

let L = {i1i2, i2i3 . . . imi1} be any cycle of length m1 and define g∗L = g∗i1i2g
∗
i2i3
· · · g∗imi1 ,

1Recall that a cycle in a graph is a trail whose first and last vertices are the only repeated vertices.

17
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then the cycle consistency constraint is

g∗L = eG . (3.1)

That is, the multiplication of the original group ratios along a cycle yields the group

identity. In practice, one may only compute the following approximation for g∗L:

gL = gi1i2gi2i3 · · · gimi1 , (3.2)

where for faster computation we prefer using only 3-cycles, so that gL = gij gjk gki.

One basic idea is that the distances between gL and eG for cycles L containing edge ij,

which we refer to as cycle inconsistencies, provide information on the distance between

g∗ij and gij , which we refer to as the corruption level of edge ij. We thus estimate these

corruption levels by alternatingly updating messages between cycles and edges via a

Cycle-Edge Message Passing (CEMP) algorithm. The edges with high corruption levels

can then be confidently removed.

In theory, the latter cleaning (or removal) procedure can be used for recovering the

original group elements in the noiseless case and for nearly recovering them in the case

of sufficiently small noise. In fact, we obtain the strongest theoretical guarantees for

general group synchronization with adversarial corruption. In practice, it is an effective

cleaning procedure that can be applied before an existing group synchronization solver.

Indeed, existing solvers often cannot deal with high and moderate levels of corruption

and should benefit from initial application of CEMP. Furthermore, in the next two

chapters we introduce a new method that uses ideas of CEMP to directly recover group

elements.

3.2 Contribution of This Work

The following are the main contributions of this work:

New insight into group synchronization: We mathematically establish the rele-

vance of cycle consistency information to the group synchronization problem (see Sec-

tion 3.3).

Unified framework via message passing: CEMP applies to any compact group.
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This is due to the careful incorporation of cycle consistency, which is a general prop-

erty of groups. As later explained in Section 3.4.10, our algorithm is different than all

previous message passing approaches, and in particular, does not require assumptions

on the underlying joint distributions.

Strongest theory for adversarial Corruption: We claim that CEMP is the first

algorithm that is guaranteed to exactly recover group elements from adversarially cor-

rupted group ratios under reasonable assumptions (see Section 3.5.2). Previous guaran-

tees for group synchronization assume very special generative models and often asymp-

totic scenarios and special groups. We are only aware of somewhat similar guarantees

in [34, 40, 51] , but for the different problem of camera location estimation. We claim

that our theory is stronger since it only requires a constant uniform upper bound on

the local corruption levels, whereas a similar upper bound in [34, 51] depends on n and

the sparsity of the graph. Moreover, our argument is much simpler than [34, 51] and we

also need not assume the restrictive Erdős-Rényi model for generating the graph. While

[34, 51] suggest a constructive solution and we only estimate the corruption levels, the

guarantees of [34, 51] only hold for the noiseless case, and in this case correct estimation

of corruption by our method is equivalent with correct solution of the group elements.

Stability to noise: We establish results for approximate recovery of CEMP in the

presence of both adversarial corruption and noise (see Sections 3.5.3 and 3.5.4). For

sub-Gaussian noise, we only require that the distribution of dG(gij , g
∗
ij) is independent

and sub-Gaussian, unlike previous specific noise distribution assumptions of gij [65, 66].

For the case where dG(gij , g
∗
ij) is bounded for ij ∈ Eg, we state a deterministic pertur-

bation result.

Sharp recovery according to an information-theoretic bound: We significantly

improve our results when the corrupted edges in Eb are generated by the Erdős-Rényi

model and the corrupted group ratios are i.i.d. sampled from the Haar measure on G.

In particular, with a certain choice of parameters, we guarantee exact recovery and fast

convergence by CEMP as long as the problem in this setting is well-posed (in other

words, as long as an information-theoretic bound holds).
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3.3 Cycle Consistency is Essential for Group Synchroniza-

tion

In this section, we establish a fundamental relationship between cycle consistency and

group synchronization, while assuming the noiseless case. For the purpose of quantita-

tive estimation, throughout the rest of this chapter, we assume a metric dG on G, which

is bi-invariant. This means that for any g1, g2, g3 ∈ G,

dG(g1, g2) = dG(g3g1, g3g2) = dG(g1g3, g2g3).

We further assume that G is bounded with respect to dG and we thus restrict our theory

to compact groups. We appropriately scale dG so that the diameter of G is at most 1.

Although the ultimate goal of this chapter is to estimate group elements {g∗i }i∈[n]

from group ratios {gij}ij∈E , we primarily focus on a variant of such task. That is,

estimating the corruption level

s∗ij = dG(gij , g
∗
ij), ij ∈ E, (3.3)

from the cycle-inconsistency measure

dL = dG(gL, eG), L ∈ C, (3.4)

where C is a set of cycles that are either randomly sampled or deterministically selected.

We remark that in our setting, exact estimation of s∗ij is equivalent to the exact recovery

of group elements. We clarify this point more precisely as follows.

Proposition 1. Assume data generated by the noiseless adversarial corruption, where

G([n], Eg) is connected. Then the following problems are equivalent

1. Exact recovery of Eg;

2. Exact estimation of {s∗ij}ij∈E;

3. Exact recovery of {g∗i }i∈[n].

Proof. 1→ 3: We note that we can assign an arbitrary value to g∗1 due to the ambiguity
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of right group action. By multiplying with the correct group ratios of edges in the

known Eg we can find {g∗i }ni=2 due to the connectedness of G([n], Eg).

3→ 2: Given {gij}ij∈E and the known {g∗i }i∈[n] one can immediately compute g∗ij =

g∗i g
∗
j
−1 and s∗ij = dG(gij , g

∗
ij) for ij ∈ E.

2→ 1: Eg is exactly recovered by finding edges such that s∗ij = 0.

In practice, shorter cycles are preferable due to faster implementation and less un-

certainties [90], and thus when establishing the theory for CEMP in Sections 3.5 and

3.6 we let C be the set of 3-cycles C3. However, we currently leave the general notation

as our work extends to the more general case. After estimating {s∗ij}ij∈E , one may filter

out the corrupted edges. We explained in § 3.1 why this filtering, or cleaning, procedure

solves our underlying problem.

Remark 1. For corruption estimation, only the set {dL}L∈C is needed, which is simpler

than the set of given group ratios {gij}ij∈E . This may ease the computational bur-

den when making statistical inference from {dL}L∈C . However, when estimating group

elements at the final step, the cleaned version of {gij}ij∈E is needed.

We next explain why cycle-consistency information is essential for solving the prob-

lems of corruption estimation and group synchronization. Section 3.3.1 shows that the

set of cycle-inconsistency measures, {dL}L∈C , provides sufficient information for recov-

ering corruption levels. Section 3.3.2 shows that cycle consistency is closely related to

group synchronization and plays a central role in its solution. It further explains that

many previous works implicitly exploit cycle consistency information.

3.3.1 Exact Recovery Relies on a Good-Cycle Condition

It is not obvious that the set {dL}L∈C contains sufficient information-that is useful for

recovering {s∗ij}ij∈E , since the former set generally contains less information-than the

original input of our problem, {gij}ij∈E . Proposition 2 implies that if every edge is

contained in a good cycle (see formal definition below), then {dL}L∈C actually contains

the set {s∗ij}ij∈E .
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Definition 1 (Good-Cycle Condition). G([n], E), Eg and C satisfy the good-cycle con-

dition if for each ij ∈ E, there exists at least one cycle L ∈ C containing ij such that

L \ {ij} ⊆ Eg.

Proposition 2. Assume data generated by the noiseless adversarial corruption model

satisfying the good-cycle condition. Then, s∗ij = dL ∀ij ∈ E, L ∈ C such that ij ∈ L and

L \ {ij} ⊆ Eg.

Proof. Fix ij ∈ E and let L = {ij, jk1, k1k2, k2k3, . . . , kmi} 3 ij be a good cycle, i.e.,

L \ {ij} ⊆ Eg. Applying the definitions of dL and then gL, then right multiplying with

g∗ij while using the bi-invariance of dG , next applying (3.1) and at last applying the

definition of s∗ij , yield

dL = dG(gL, eG) = dG(gijg
∗
jk1 · · · g

∗
kmi, eG)

= dG(gijg
∗
jk1 · · · g

∗
kmig

∗
ij , g

∗
ij) = dG(gij , g

∗
ij) = s∗ij .

At last, we formulate a stronger quantitative version of Proposition 2, which we

frequently use in establishing our theory. We prove it in Appendix A.1.

Lemma 1. For all ij ∈ E and any cycle L containing ij in G([n], E),

|dL − s∗ij | ≤
∑

ab∈L\{ij}

s∗ab.

3.3.2 A Natural Mapping of Group Elements onto Cycle-Consistent

Ratios

Another reason of exploiting the cycle consistency constraint (3.1) is its crucial con-

nection to group synchronization. Before stating the relationship clearly, we define the

following notation.

Denote by (gi)i∈[n] ∈ Gn and (gij)ij∈E ∈ G|E| the elements of the product spaces

Gn and G|E| respectively. We say that (gi)i∈[n] and (g′i)i∈[n] are equivalent, which we

denote by (gi)i∈[n] ∼ (g′i)i∈[n], if there exists g0 ∈ G such that gi = g′ig0 for all i ∈ [n].

This relationship induces an equivalence class [(gi)i∈[n]] for each (gi)i∈[n] ∈ Gn. In other
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words, each [(gi)i∈[n]] is an element of the quotient space Gn/∼. We define the set of

cycle-consistent (gij)ij∈E with respect to C by

GC = {(gij)ij∈E ∈ G|E| : gL = eG ,∀L ∈ C}.

The following proposition demonstrates a bijection between the group elements and

cycle-consistent group ratios.

Proposition 3. Assume that G([n], E) is connected and any ij ∈ E is contained in at

least one cycle in C. Then, f : Gn/∼ → GC defined by f([(gi)i∈[n]]) = (gig
−1
j )ij∈E is a

bijection.

Proof. For any ij ∈ E, let Lij denote a path between nodes i and j. We claim that

f is invertible and its inverse is f−1((gij)ij∈E) = [(gLikgk)i∈[n]], where k ∈ [n] (due to

the equivalence relationship, this definition is independent of the choice of k). Using

the definitions of f−1 and then f , basic group properties and the cycle consistency

constraints for cycles in C,

ff−1((gij)ij∈E) = f([(gLikgk)i∈[n]]) =

(gLikgk(gLjkgk)
−1)ij∈E = (gLikg

−1
Ljk

)ij∈E = (gij)ij∈E .

For ij ∈ E, define ĝij = gig
−1
j and note that (ĝij)ij∈E is cycle consistent for any cycle

in G([n], E). Thus, ĝLik = ĝik = gig
−1
k . Using this observation and the definitions of f

and f−1

f−1f([(gi)i∈[n]]) = f−1((ĝij)ij∈E) = [(ĝLikgk)i∈[n]] = [(gi)i∈[n]].

The combination of the above two equations concludes the proof.

Remark 2. The function f is an isomorphism, that is,

f([(gi)i∈[n]] · [(g′i)i∈[n]]) = (gig
−1
j )ij∈E · (g′ig′−1

j )ij∈E ,

if and only if G is Abelian. Indeed, if G is Abelian the above equation is obvious. If the

above equation holds ∀(gi)i∈[n], (g′i)i∈[n] ∈ Gn, then gig
′
ig
′−1
j g−1

j = gig
−1
j g′ig

′−1
j ∀(gi)i∈[n],



24

(g′i)i∈[n] ∈ Gn. Letting gi = g′j = eG yields that g′ig
−1
j = g−1

j g′i ∀g′i, gj ∈ G, and thus G is

Abelian.

Remark 3. The condition on C of Proposition 3 holds under the good-cycle condition.

This proposition signifies that previous works on group synchronization implicitly

enforce cycle consistency information. Indeed, consider the formulation in (2.1) that

searches for (gi)i∈[n] ∈ Gn (more precisely, [(gi)i∈[n]] ∈ Gn/∼) that minimize a function of

{dG(gij , gig
−1
j )}ij∈E . In view of the explicit expression for the bijection f in Proposition

3, this is equivalent to finding the closest cycle-consistent group ratios (g′ij)ij∈E ∈ GC to

the given group ratios (gij)ij∈E . However, direct solutions of (2.1) are hard and proposed

algorithms often relax the original minimization problem and thus their relationship

with cycle-consistent group ratios may not be clear. A special case that may further

demonstrate the implicit use of cycle-consistency in group synchronization is when using

ρ(·) = ‖ · ‖0 (that is, ρ is the number of non-zero elements) in (2.1). We note that

this formulation asks to minimize among gi ∈ G the number of non-zero elements in

(dG(gij , gig
−1
j ))ij∈E . By Proposition 3, it is equivalent to minimizing among (g′ij)ij∈E ∈

GC the number of elements in {ij ∈ E : gij 6= g′ij}, or similarly, maximizing the number

of elements in {ij ∈ E : gij = g′ij}. Thus the problem can be formulated as finding the

maximal E′ ⊆ E such that {gij}ij∈E′ is cycle-consistent. If the maximal set is Eg (and

this is the case, for example, under the uniform corruption model discussed in § 3.6.1),

then in view of Proposition 1, its recovery is equivalent with exact recovery of {s∗ij}ij∈E .

3.4 Cycle-Edge Message Passing (CEMP)

We describe CEMP and explain the underlying statistical model that motivates the

algorithm. Section 3.4.1 defines the cycle-edge graph (CEG) that will be used to describe

the message passing procedure. Section 3.4.2 describes CEMP and discusses at length

its interpretation and some of its properties. Section 3.4.10 compares CEMP with BP,

AMP and IRLS.

3.4.1 Cycle-Edge Graph

We define the notion of a cycle-edge graph (CEG), which is analogous to the factor

graph in belief propagation and is illustrated in Figure 3.1.
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Figure 3.1: An illustration of the cycle-edge graph. Cycle node L and edge node ij is
connected if ij ∈ L in the original graph G([n], E).

Given the graph G([n], E) and a set of cycles C, the corresponding cycle-edge graph

GCE(VCE , ECE) is formed in the following way.

1. The set of vertices in GCE is VCE = C ∪ E. All L ∈ C are called cycle nodes and

all ij ∈ E are called edge nodes.

2. GCE is a bipartite graph, where the set of edges in GCE is all the pairs (ij, L)

such that ij ∈ L in the original graph G([n], E).

For each cycle node L in GCE , the set of its neighboring edge nodes in GCE is NL =

{ij ∈ E : ij ∈ L}. That is, the set of edges contained in L in the original graph

G([n], E). We remark that we may treat edges and cycles as elements of either GCE

or G([n], E) depending on the context. For each edge node ij in GCE , the set of its

neighboring cycle nodes in GCE is Nij = {L ∈ C : ij ∈ L}. That is, the set of cycles

containing ij in the original graph G([n], E).

3.4.2 Description of CEMP

The CEMP algorithm is described in Algorithm 1 and is illustrated in Figure 3.2.

Given relative measurements (gij)ij∈E with respect to a graph G([n], E), the CEMP

algorithm tries to estimate the corruption levels s∗ij , ij ∈ E, defined in (3.3) by using

the inconsistency measures dL, L ∈ C, defined in (3.4). It does it iteratively, where we
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Figure 3.2: An illustration of the CEMP procedure using the set of 3-cycles. The good
and bad edges are respectively marked as green and red. For each fixed edge ij and its
3-cycle {ij, jk, ki}, we compute the probability ptij,L that the 3-cycle is good based on

sik,t and sjk,t. The set of probabilities {ptij,L}L, after being normalized to a probability
measure, forms a discrete distribution on {dij,L}L, which defines a new iteration of the
estimated corruption level sij,t+1.

denote by sij,t the estimate of s∗ij at iteration t. Algorithm 1 sketches CEMP. We note

that it has the following stages: 1) generation of CEG (which is described in § 3.4.1); 2)

computation of the cycle inconsistency (see (3.6)) 3) weight initialization for message

passing (see (3.7)); 4) message passing from cycles to edges (see (3.8)); and 5) message

passing from edges to cycles (see (3.9)).
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Algorithm 1 Cycle-Edge Message Passing (CEMP)

Input: graph G([n], E), relative measurements (gij)ij∈E , choice of metric dG , the set of
sampled/selected cycles C (default: C = C3), total time step T , increasing parameters
{βt}Tt=0 (theoretical choices are discussed in Sections 3.5 and 3.6), reweighting function

f(x;βt) = 1{x≤ 1
βt
} or f(x;βt) = e−βtx (3.5)

Steps:
Generate CEG from G([n], E) and C
for ij ∈ E and L ∈ Nij do

dL = dG(gL, eG) (3.6)

end for
for ij ∈ E and L ∈ Nij do

p
(0)
ij,L =

1

|Nij |
(3.7)

end for
for t = 1 : T do

for ij ∈ E do

sij,t =
∑
L∈Nij

pt−1
ij,LdL (3.8)

end for
for ij ∈ E and L ∈ Nij do

ptij,L =
1

Zij,t

∏
ab∈NL\{ij}

f(sab,t;βt), Zij,t =
∑
L∈Nij

∏
ab∈NL\{ij}

f(sab,t;βt) (3.9)

end for
end for

Output: (sij,t)ij∈E

The above first three steps of the algorithms are straightforward. In order to explain

the last two steps we introduce some notation in § 3.4.3. Brief explanation of the fourth

step appears in § 3.4.4. The fifth step is then explained in § 3.4.5 and a statistical model

is also introduced to further clarify it. § 3.4.6 explains the fourth step in view of this
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latter model. § 3.4.7 summarizes the basic insights about CEMP in a simple diagram.

§ 3.4.8 interprets the use of two specific reweighting functions for CEMP. § 3.4.9 briefly

clarifies the computational complexity of CEMP. Finally, § 3.4.10 compares CEMP with

other well-known message passing algorithms and iteratively reweighted least squares

framework.

We remark that we separate the fourth and fifth steps for clarity of presentation,

however, one may combine them together by replacing the two loops with (3.8) and

(3.9) by a single loop computing for each ij ∈ E

sij,t+1 =

∑
L∈Nij

∏
ab∈NL\{ij}

f(sab,t;βt) · dL∑
L∈Nij

∏
ab∈NL\{ij}

f(sab,t;βt)
. (3.10)

For C = C3, the update rule (3.10) can be further simplified (see (3.28) and (3.29)).

3.4.3 Notation

Let Dij = {dL : L ∈ Nij} denote the set of inconsistencies levels with respect to ij,

Gij = {L ∈ Nij : NL \ {ij} ⊆ Eg} denote the set of “good cycles” with respect to ij,

and CIij = {L ∈ Nij : dL = s∗ij} denote the set of cycles with correct information of

corruption with respect to ij.

3.4.4 Message Passing from Cycles to Edges

Here we briefly explain the fourth step of the algorithm, which estimates, at iteration

t, s∗ij according to (3.8). This step uses the weights updated at the next iteration.

We note that Proposition 2 can be formulated as follows: Gij ⊆ CIij . Assuming

that the good-cycle condition holds, then Gij 6= ∅ and thus by Proposition 2, CIij 6= ∅,
or equivalently,

s∗ij ∈ Dij , ij ∈ E.

This equation suggests an estimation procedure of {s∗ij}ij∈E . On the one hand, one

may greedily search for s∗ij among all elements of Dij , but this is a hard combinatorial

problem. On the other hand, one may relax this problem and search over the convex

hull of Dij , but this relaxation may generally lead to poor approximation. We note that
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(3.8) follows the latter approach.

At last, we note that (3.8) implies the following ideal weights for good approximation,

which we use in § 3.4.5,

p∗ij,L =
1

|Gij |
1{L∈Gij} for ij ∈ E and L ∈ Nij . (3.11)

Indeed,

∑
L∈Nij

p∗ij,LdL =
1

|Gij |
∑
L∈Nij

1{L∈Gij}dL =
1

|Gij |
∑
L∈Gij

dL =
1

|Gij |
∑
L∈Gij

s∗ij = s∗ij , (3.12)

where the equality before last uses Proposition 2. We further clarify (3.8) in § 3.4.6.

3.4.5 Message Passing from Edges to Cycles

Here we explain the fifth step of the algorithm, which estimates ptij,L according to (3.9).

We remark that Zij,t is the normalization factor assuring that
∑

L∈Nij p
t
ij,L = 1.

In order to better interpret our procedure, we propose a statistical model. We

assume that {s∗ij}ij∈E and {sij,t}ij∈E are both i.i.d. random variables and that for any

ij ∈ E, s∗ij is independent of skl,t for kl 6= ij ∈ E. We further assume that

Pr(s∗ab = 0|sab,t = x) = f(x;βt). (3.13)

Unlike common message passing models, we do not need to specify other probabilities,

such as joint densities. In view of these assumptions, (3.9) can be formally rewritten as

ptij,L =
1

Zij,t

∏
ab∈NL\{ij}

Pr
(
s∗ab = 0

∣∣∣ sab,t) =
1

Zij,t

∏
ab∈NL\{ij}

f(sab,t;βt). (3.14)

We also note that the default choices for f(x;βt) in (3.5) lead to the following update
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rules:

Rule A: ptij,L =
1

Zij,t
1{

max
ab∈NL\{ij}

sab,t≤ 1
βt

} (3.15)

Rule B: ptij,L =
1

Zij,t
exp

−βt ∑
ab∈NL\{ij}

sab,t

 . (3.16)

Given this statistical model, in particular, using the i.i.d. property of s∗ij and sij,t,

the update rule (3.14) can be rewritten as

ptij,L =
1

Zij,t
Pr
(

(s∗ab)ab∈NL\{ij} = 0
∣∣∣ (sab,t)ab∈NL\{ij})

=
1

Zij,t
Pr
(
NL \ {ij} ⊆ Eg

∣∣∣ (sab,t)ab∈NL\{ij})
=

1

Zij,t
Pr
(
L ∈ Gij

∣∣∣ (sab,t)ab∈NL\{ij}) . (3.17)

We claim that ((s∗ij)ij∈E , (p
∗
ij,L)ij∈E,L∈Nij ) is a fixed point of the system of the two

update rules (3.8) and (3.17). To show this, we first note that

p∗ij,L =
1

Z∗ij
Pr
(
L ∈ Gij

∣∣∣ (s∗ab)ab∈NL\{ij}) . (3.18)

This equation follows from the fact that the events L ∈ Gij and s∗ab = 0 ∀ab ∈ NL \{ij}
coincide, and thus (3.11) and (3.18) are equivalent, where the normalization factor Z∗ij

equals |Gij |. Therefore, in view of (3.8) and (3.12) as well as (3.17) and (3.18), our

claim about a fixed point is verified. The detail on the theory of convergence to this

fixed point is presented in Section 3.5.

3.4.6 Interpretation of (3.8) Using the Statistical Model

It is easier to explain (3.8) when Gij = CIij . We have shown above that under the

good-cycle condition Gij ⊆ CIij , however, the opposite relation may not hold in general

as a cycle may contain corrupted edges and may still provide correct information. Nev-

ertheless, under some random models for the corruption, such as the ones in [65, 82],

the latter case occurs with probability zero, or equivalently, dL 6= s∗ij for any L /∈ Gij
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with probability one.

Assuming that Gij = CIij , (3.17) can be written as

ptij,L =
1

Zij,t
Pr
(
s∗ij = dL

∣∣∣ (sab,t)ab∈NL\{ij}) . (3.19)

The update rule (3.8) can thus be interpreted as an iterative voting procedure for

estimating s∗ij , where cycle L ∈ Nij estimates s∗ij at iteration t by dL with confidence

pt−1
ij,L that s∗ij = dL. If L /∈ Gij , then its inconsistency measure dL is contaminated by

corrupted edges in L and we expect its weight to decrease with the amount of corruption.

This is demonstrated in the update rules of (3.15) and (3.16), where any corrupted edge

ab in a cycle L ∈ Nij , whose corruption is measured by the size of sab,t, would decrease

the weight ptij,L.

We can also express (3.8) in terms of the following probability measure µij(x; t) on

Dij :

µij,t(x) =
∑

L∈Nij ,dL=x

ptij,L for any x ∈ Dij .

This probability measure can be regarded as the estimated posterior distribution of

s∗ij given the estimated corruption levels (sab,t)ab∈E\{ij}. The update rule (3.8) for

estimating s∗ij can be reformulated as follows:

sij,t = Eµij,t−1s
∗
ij =

∑
x∈Dij

µij,t−1(x) · x.

3.4.7 Summarizing Diagram for the Message Passing Procedure

We further clarify the message passing procedure by the following simple diagram in

Figure 3.3. It requires the statistical model of Section 3.4.5 and the assumption Gij =

CIij of Section 3.4.6.

The RHS of the diagram expresses two main binary distributions. The first one is for

edge ij being uncorrupted and the second one is that cycle L ∈ Nij provides the correct

information for edge ij. We use the term “Message Passing” since CEMP iteratively

updates these two probabilistic distributions by using each other in turn. The update

of the second distribution by the first one is more direct. The opposite update requires

the estimation of corruption levels.
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probabilities of edges ij ∈ E being uncorrupted
by (3.5) and (3.13)

=⇒
{

Pr(s∗ij = 0|sij,t)
}
ij∈E

estimation of corruption levels
ww� by (3.19)

{sij,t}ij∈E
probabilities that cycles L ∈ Nij provide the

correct corruption information for edges ij ∈ E
by (3.8)⇐=

{
ptij,L

}
ij∈E,L∈Nij

Figure 3.3: Diagram for explaining CEMP

3.4.8 Refined Statistical Model for the Specific Reweighting Functions

The two choices of f(x;βt) in (3.5) correspond to a more refined probabilistic model on

s∗ij and sij,t, which can also apply to other choices of reweighting functions. In addition

to the above assumptions ({s∗ij}ij∈E and {sij,t}ij∈E are i.i.d. random variables; for any

ij ∈ E, s∗ij is independent of skl,t for kl 6= ij ∈ E; and (3.13)), it assumes that the edges

in E are independently corrupted with probability q.

We emphasize that these assumptions, including the previous ones, are only used

for clearer interpretation of CEMP, but are not used in our theoretical guarantees.

We denote by Fg,t(x) and Fb,t(x) the probability distributions of sij,t conditioned

on the events s∗ij = 0 and s∗ij 6= 0 respectively. We further denote by pg,t(x) and

pb,t(x), the respective probability density functions of Fg,t(x) and Fb,t(x) and define

rt(x) = pb,t(x)/pg,t(x). By Bayes’ rule and the above assumptions, for any ij ∈ E

f(sij,t;βt) = Pr(s∗ij = 0|sij,t) =
(1− q) · pg,t(x)sij,t

(1− q) · pg,t(x)sij,t + q · pb,t(x)sij,t

=

(
1 +

q

1− q
· rt(x)sij,t

)−1

. (3.20)

One can note that the update rule A in (3.15) corresponds to (3.14) with (3.20) and

rt(x) ∝
1{x≤1}

1{x≤ 1
βt
}

=

1, 0 ≤ x < 1
βt

;

∞, 1
βt
≤ x ≤ 1.

(3.21)

Due to the normalization factor and the fact that each cycle has the same length, the
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update rule A is invariant to the scale of rt(x), and we thus used the proportionality

symbol. Note that there are infinitely many Fg,t(x) and Fb,t(x) that result in such rt(x).

One simple example is uniform Fg,t(x) and Fb,t(x) on [0, 1/βt] and [0, 1] respectively.

One can also note that the update rule B approximately corresponds to (3.14) with

(3.20) and

rt(x) = αeβtx for sufficiently large α and x ∈ [0, 1]. (3.22)

Indeed, by plugging (3.22) in (3.20) we obtain that for α′ = αq/(1− q)

f(sij,t;βt) = (1 + α′eβtx)−1 ≈ e−βtx/α′. (3.23)

Since the update rule B is invariant to scale (for the same reason explained above for the

update rule A), α can be chosen arbitrarily large to yield good approximation in (3.23)

with sufficiently large α′. One may obtain (3.22) by choosing Fg,t(x) and Fb,t(x) as

exponential distributions restricted to [0, 1], or normal distributions restricted to [0, 1]

with the same variance but different means.

As explained later in § 3.5, βt needs to approach infinity in the noiseless case. We

note that this implies that rt(x) (in either (3.21) or (3.22)) is infinite at x ∈ (0, 1] and

finite at x = 0. Therefore, in this case, Fg,t(x) → δ0. This makes sense since s∗ij = 0

when ij ∈ Eg.

Remark 4. Neither rules A nor B makes explicit assumptions on the distributions of

sij,t and s∗ij and thus there are infinitely many choices of Fg,t(x) and Fb,t(x), which we

find flexible.

3.4.9 On the Computational Complexity of CEMP

We note that for each L ∈ C, CEMP needs to compute dL and thus the complexity

at each iteration is of order O(
∑

L∈C |L|). In the case of C = C3, which we advocate

later, this complexity is of order O(|C3|), which is O(n3) for sufficiently dense graphs.

In practice, one can implement a faster version of CEMP by only selecting a fixed

number of 3-cycles per edge which reduces the complexity per iteration to O(|E|),
which is O(n2) for sufficiently dense graphs. Nevertheless we have not discussed the full

guarantees for this procedure. In order to obtain the overall complexity, and not the

complexity per iteration, one needs to guarantee sufficiently fast convergence. Our later
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theoretical statements guarantee linear convergence of CEMP under various conditions

and consequently guarantee that the overall complexity is of the same order of the

complexity per iteration. We note that the upper bound O(n3) for the complexity

of CEMP with C = C3 is lower than the complexity of common SDP relaxations for

common group synchronization problems. We thus refer to our method as relatively

fast.

3.4.10 Comparison of CEMP with BP, AMP and IRLS

CEMP is different from BP [88] in the following ways. First of all, unlike BP that

needs to explicitly define the joint density and the statistical model a-priori, CEMP

does not use an explicit objective function and only use relatively weak assumptions

on the corruption model. Second, CEMP is provably guaranteed (under certain level

of corruption) to handle factor graphs that contain loops. Third, CEMP utilizes the

auxiliary variable sij,t that connects the two binary distributions on the RHS of the

diagram in Figure 3.3. Thus, unlike (2.4) of BP that only distinguishes the two events:

ij ∈ Eg and ij ∈ Eb, CEMP also tries to approximate the exact value of corruption

levels s∗ij for all ij ∈ E, which can help in inferring corrupted edges.

In practice, AMP [66] directly solves group elements, but with limited theoretical

guarantees for group synchronization. CEMP has two main advantages over AMP.

First of all, AMP for group synchronization [66] assumes additive Gaussian noise with-

out additional corruption, whereas our model allows both adversarial corruption and

sub-Gaussian noise. Second of all, the heuristic argument of using AMP for group syn-

chronization (see Section 6 of [66]) claims to only provide asymptotic convergence theory,

whereas CEMP has convergence guarantees under certain deterministic conditions for

finite sample with attractive convergence rate.

Another related line of work is IRLS that is commonly used to solve `1 minimization

problems. At each iteration, it utilizes the residue of a weighted least squares solution to

quantify the corruption level at each edge. Based on these corruption levels, new weights

are assigned for an updated weighted least squares problem, and the process continues

till convergence. The IRLS reweighting strategy is rather aggressive, and in the case

of high level of corruption, it may wrongly assign extremely high weights to corrupted

edges and consequently fail to converge. Moreover, the `1 formulation is statistically
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optimal only to a special heavy-tailed distribution, and is not optimal, for example, to

the corruption models proposed in [51, 82]. Instead of assigning weights to edges, CEMP

assigns weights to cycles and uses the weighted cycles to infer the corruption levels of

edges. It starts with a conservative reweighting strategy with βt small and gradually

makes it more aggressive by increasing βt. This reweighting strategy is crucial for

guaranteeing the convergence of CEMP.

3.5 Theory for Adversarial Corruption

We show that when the ratio between the size of Gij (defined in § 3.4.3) and the size of

Nij (defined in § 3.4.1) is uniformly above a certain threshold and {βt}Tt=0 is increasing

and chosen in a certain way, then for all ij ∈ E, the estimated corruption level sij,t

linearly converges to s∗ij , and the convergence is uniform over all ij ∈ E. The theory is

similar for both update rules A and B. Note that the uniform lower bound on the above

ratio is a geometric restriction on the set Eb. This is the only restriction as we consider

in this chapter the adversarial setting, where the group ratios gij for ij ∈ Eb can be

arbitrarily chosen, either deterministically or randomly. We mentioned in § 3.2 that the

only other guarantees for such adversarial corruption but for a different problem are in

[34, 51] and that we found them weaker.

The rest of the section is organized as follows. Section 3.5.1 presents preliminary

notation and background. Section 3.5.2 establishes the linear convergence of CEMP to

the ground truth corruption level under adversarial corruption. Section 3.5.3 establishes

the stability of CEMP to bounded noise, and Section 3.5.4 extends these results to sub-

Gaussian noise.

3.5.1 Preliminaries

For clarity of our presentation, we assume that C = C3 and thus simplify some of the

above notation and claims. Note that L ∈ C3 contains 3 edges and 3 vertices. Therefore,

given i, j ∈ [n] and L ∈ Nij , we index L by the vertex k, which is not i or j. We thus

replace the notation dL with dij,k. We also note that the sets Nij and Gij can be

expressed as follows Nij = {k ∈ [n] : ik, jk ∈ E} and Gij = {k ∈ Nij : ik, jk ∈ Eg}.
We observe that if A is the adjacency matrix of G([n], E) (with 1 if ij ∈ E and 0
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otherwise), then by the definitions of matrix multiplication and Nij , A
2(i, j) = |Nij |.

Similarly, if Ag is the adjacency matrix of G([n], Eg), then A2
g(i, j) = |Gij |. We define

Bij = Nij \ Gij , so that |Bij | = A2(i, j) − A2
g(i, j), and refer to the cycles in Bij as

corrupted. We also define εij,t = |sij,t − s∗ij |, εt = maxij∈E |sij,t − s∗ij |,

λij = |Bij |/|Nij | and λ = max
ij∈E

λij . (3.24)

An upper bound for the parameter λ quantifies our adversarial corruption model. Let

us clarify more carefully the “adversarial corruption” model and the parameter λ, while

repeating some previous information. This model assumes a graph G([n], E) whose

nodes represent group elements and whose edges are assigned group ratios satisfying

(1.1), where E = Eb ∪ Eg and Eb ∩ Eg = ∅. When gεij = eG for all ij ∈ Eg (where gεij

appear in (1.1)), we refer to this model as noiseless, and otherwise, we refer to it as

noisy. For the noisy case, we will specify assumptions on the distribution of dG(gεij , eG)

for all ij ∈ Eg, or equivalently (since dG is bi-invariant) the distribution of s∗ij for all

ij ∈ Eg.
In view of the above observations, we note that the parameter λ, whose upper bound

quantifies some properties of this model, can be directly expressed using the adjacency

matrices A and Ag as follows

λ = max
ij∈E

(
1−

A2
g(i, j)

A2(i, j)

)
. (3.25)

Thus an upper bound m on λ is the same as a lower bound 1 −m on minij∈E A
2
g(i, j)

/A2(i, j).

The latter lower bound is equivalent to a lower bound on the ratio between the size

of Gij and the size of Nij . We note that this bound implies that Gij is nonempty for

all ij ∈ E and it thus implies that the good-cycle condition holds.

Our proofs frequently use Lemma 1, which can be stated in our special case of C = C3

as

|dij,k − s∗ij | ≤ s∗ik + s∗jk for all ij ∈ E and k ∈ Nij . (3.26)
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We recall that dG(· , ·) ≤ 1 and thus

For all i, j ∈ E and k ∈ Nij , 0 ≤ s∗ij ≤ 1 and 0 ≤ dij,k ≤ 1. (3.27)

We refer to CEMP with the update rules A and B as CEMP-A and CEMP-B,

respectively. Since C = C3, the update rule (3.10) can be further simplified as follows.

For CEMP-A,

sij,t+1 =

∑
k∈Nij

1{sik,t ,sjk,t≤1/βt}dij,k∑
k∈Nij

1{sik,t ,sjk,t≤1/βt}
, (3.28)

and for CEMP-B,

sij,t+1 =

∑
k∈Nij

e−βt(sik,t+sjk,t)dij,k∑
k∈Nij

e−βt(sik,t+sjk,t)
. (3.29)

For both CEMP-A and CEMP-B, the initial corruption estimate at ij ∈ E is

sij,0 =
1

|Nij |
∑
k∈Nij

dij,k. (3.30)

3.5.2 Deterministic Exact Recovery

The following two theorems establish linear convergence of CEMP-A and CEMP-B, as-

suming adversarial corruption and exponentially increasing βt. The proofs are straight-

forward.

Theorem 1. Assume data generated by the noiseless adversarial corruption model with

parameter λ < 1/4. Assume further that the parameters {βt}t≥0 of CEMP-A satisfy:

1 < β0 ≤ 1/λ and for all t ≥ 1 βt+1 = rβt for some 1 < r < 1/(4λ). Then the estimates

{sij,t}t≥0
ij∈E of {s∗ij}ij∈E computed by CEMP-A satisfy

max
ij∈E
|sij,t − s∗ij | ≤

1

β0rt
for all t ≥ 0. (3.31)
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Proof. The proof uses the following estimate, which applies first (3.28) and then (3.26):

εij,t+1 = |sij,t+1 − s∗ij | ≤

∑
k∈Nij

1{sik,t,sjk,t≤ 1
βt
}|dij,k − s∗ij |∑

k∈Nij
1{sik,t,sjk,t≤ 1

βt
}

≤

∑
k∈Nij

1{sik,t,sjk,t≤ 1
βt
}(s
∗
ik + s∗jk)∑

k∈Nij
1{sik,t,sjk,t≤ 1

βt
}

. (3.32)

Denote Aij,t = {k ∈ Nij : sik,t, sjk,t ≤ 1/βt}. Using this notation and the fact that

s∗ik + s∗jk = 0 for ij ∈ Gij , we can rewrite the estimate in (3.32) as follows

εij,t+1 ≤

∑
k∈Bij

1{sik,t,sjk,t≤ 1
βt
}(s
∗
ik + s∗jk)

|Aij,t|
. (3.33)

The rest of the proof uses simple induction. For t = 0, (3.31) is verified as follows

εij,0 = |sij,0 − s∗ij | ≤

∑
k∈Nij

|dij,k − s∗ij |

|Nij |
=

∑
k∈Bij

|dij,k − s∗ij |

|Nij |
≤ |Bij |
|Nij |

≤ λ ≤ 1

β0
, (3.34)

where the first inequality uses (3.30), the second equality follows from the fact that

dij,k = s∗ij for k ∈ Gij , the second inequality follows from (3.27) (which implies that

|dij,k−s∗ij | ≤ 1) and the last two inequalities use the assumptions of the theorem. Next,

we assume that 1/βt ≥ εt for an arbitrary t > 0 and show that 1/βt+1 ≥ εt+1. We note

that the induction assumption implies that

1

βt
≥ εt ≥ max

ij∈Eg
εij,t = max

ij∈Eg
sij,t, (3.35)

and consequently, for ij ∈ E Gij ⊆ Aij,t. Combining this observation with Gij ∩Bij = ∅
yields

Aij,t ∪ (Bij \Aij,t) = Nij . (3.36)
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We further note that

if sij,t ≤
1

βt
, then s∗ij ≤ sij,t + εt ≤ sij,t +

1

βt
≤ 2

βt
. (3.37)

Combining (3.33) and (3.37) and then applying basic properties of the different sets, in

particular, (3.36) and the fact that Bij \Aij,t is disjoint with both Aij,t and Bij ∩Aij,t,
yields

εij,t+1 ≤

∑
k∈Bij

1{sik,t,sjk,t≤ 1
βt
}

4
βt

|Aij,t|
=

4

βt

|Bij ∩Aij,t|
|Aij,t|

≤ 4

βt

|Bij ∩Aij,t ∪ (Bij \Aij,t) |
|Aij,t ∪ (Bij \Aij,t) |

= 4
|Bij |
|Nij |

1

βt
. (3.38)

By taking the maximum of the LHS and RHS of (3.38) over ij ∈ E and using the

assumptions λ < 1/4 and 4λβt+1 < βt, we obtain that

εt+1 ≤ 4λ
1

βt
<

1

βt+1
.

Theorem 2. Assume data generated by the noiseless adversarial corruption model with

parameter λ < 1/5. Assume further that the parameters {βt}t≥0 of CEMP-B satisfy:

β0 ≤ 1/(4λ) and for all t ≥ 1 βt+1 = rβt for some 1 < r < (1 − λ)/(4λ). Then the

estimates {sij,t}t≥0
ij∈E of {s∗ij}ij∈E computed by CEMP-B satisfy

max
ij∈E
|sij,t − s∗ij | ≤

1

4β0rt
for all t ≥ 0.

Proof. Combining (3.26) and (3.29) yields

εij,t+1 = |sij,t+1 − s∗ij | ≤

∑
k∈Bij

e−βt(sik,t+sjk,t)
(
s∗ik + s∗jk

)
∑

k∈Nij
e−βt(sik,t+sjk,t)

. (3.39)

Applying (3.39), the definition of εij,t and the facts that Gij ⊆ Nij and s∗ik + s∗jk = 0 for
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k ∈ Gij , we obtain that

εij,t+1 ≤

∑
k∈Bij

e−βt(s
∗
ik+s∗jk−εik,t−εjk,t)

(
s∗ik + s∗jk

)
∑

k∈Gij
e−βt(εik,t+εjk,t)

≤ e2βt(εik,t+εjk,t)

|Gij |
∑
k∈Bij

e−βt(s
∗
ik+s∗jk)

(
s∗ik + s∗jk

)
. (3.40)

The proof follows by induction. For t = 0, (3.34) implies that λ ≥ ε(0) and thus

1/(4β0) ≥ λ ≥ ε(0). Next, we assume that 1/(4βt) ≥ εt and show that 1/(4βt+1) ≥ εt+1.

We do this by simplifying and weakening (3.40) as follows. We first bound each term

in the sum on the RHS of (3.40) by applying the inequality xe−ax ≤ 1/(ea) for x ≥ 0

and a > 0. We let x = s∗ik + s∗jk and a = βt and thus each term is bounded by 1/(ea).

We then use the induction assumption (εt ≤ 1/(4βt)) to bound the exponential term in

the numerator on the RHS of (3.40) by e. We thus conclude that

εij,t+1 ≤
|Bij |
|Gij |

· 1

βt
. (3.41)

By applying the assumption λ < 1/5 and taking maximum over ij ∈ E for both the

LHS and RHS of (3.41), we conclude the desired induction as follows

εt+1 ≤
λ

1− λ
· 1

βt
<

1

4βt
<

1

4βt+1
. (3.42)

3.5.3 Stability to Bounded Noise

We assume the noisy adversarial corruption model in (1.1) and an upper bound on λ. We

further assume that there exists δ > 0, such that for all ij ∈ Eg, s∗ij ≡ dG(gεij , eG) ≤ δ.

This is a general setting of perturbation without probabilistic assumptions. Under

this these assumptions, we show that CEMP can approximately recover the underlying

corruption levels, up to an error of order δ. The proofs of the two theorems below are

similar to the proofs of the theorems in § 3.5.2 and are thus included in Appendices A.2
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and A.3.

Theorem 3. Assume data generated by adversarial corruption with bounded noise,

where the model parameters satisfy λ < 1/4 and δ > 0. Assume further that the pa-

rameters {βt}t≥0 of CEMP-A satisfy: 1/β0 > max{(3 − 4λ)δ/(1 − 4λ) , λ + 3δ} and

4λ/βt + (3 − 4λ)δ ≤ 1/βt+1 < 1/βt. Then the estimates {sij,t}t≥0
ij∈E of {s∗ij}ij∈E com-

puted by CEMP-A satisfy

max
ij∈E
|sij,t − s∗ij | ≤

1

βt
− δ for all t ≥ 0. (3.43)

Moreover, ε = lim
t→∞

βt(1−4λ)/((3−4λ)δ) satisfies 0 < ε ≤ 1 and the following asymptotic

bound holds

lim
t→∞

max
ij∈E
|sij,t − s∗ij | ≤

(
3− 4λ

ε(1− 4λ)
− 1

)
δ. (3.44)

Theorem 4. Assume data generated by adversarial corruption with independent bounded

noise, where the model parameters satisfy λ < 1/5 and δ > 0. Assume further that the

parameters {βt}t≥0 of CEMP-B satisfy: 1/(4β0) > max{(5(1 − λ)δ) /(2(1 − 5λ)) , λ +

5δ/2} and 10δ + 4λ/((1 − λ)βt) ≤ 1/βt+1 < 1/βt. Then the estimates {sij,t}t≥0
ij∈E of

{s∗ij}ij∈E computed by CEMP-B satisfy

max
ij∈E
|sij,t − s∗ij | ≤

1

4βt
− 1

2
δ for all t ≥ 0. (3.45)

Moreover, ε = lim
t→∞

βt(1 − 5λ)/(10(1 − λ)δ) satisfies 0 < ε ≤ 1 and the following

asymptotic bound holds

lim
t→∞

max
ij∈E
|sij,t − s∗ij | ≤

(
5

2ε
· 1− λ

1− 5λ
− 1

2

)
δ. (3.46)

Remark 5. By knowing δ, one can tune the parameters to obtain ε = 1. Indeed, one can

check that by taking 1/βt+1 = 4λ/βt + (3− 4λ)δ in Theorem 3, 1/βt linearly converges

to (3−4λ)δ/(1−4λ) (with rate 4λ). Similarly, by taking 1/βt+1 = 10δ+ 4λ/((1−λ)βt)

in Theorem 4, 1/βt linearly converges to 10(1 − λ)δ/(1 − 5λ) (with rate 4λ/(1 − λ)).

These choices clearly result in ε = 1.

Remark 6. The RHSs of (3.44) and (3.46) imply that CEMP approximately recover

the corruption levels with error O(δ). Since this bound is only meaningful with values
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at most 1, δ can be at most 1/2 (this bound is obtained when ε = 1 and λ = 0).

Furthermore, when λ increases or ε decreases, the bound on δ decreases. The bound on

δ limits the applicability of the theorem, especially for discrete groups. For example,

in Z2 synchronization, s∗ij ∈ {0, 1} and thus the above theorem is inapplicable. For SN

synchronization, the smallest possible nonzero s∗ij decrease with N , so the theorem is

less restrictive as N increases. In order to address noisy situations for Z2 and SN with

small N , one can assume instead an additive Gaussian noise model [56, 65]. When the

noise is sufficiently small and the graph is generated from the Erdős-Rényi model with

sufficiently large probability of connection, projection of the noisy group ratios onto Z2

or SN results in a subset of uncorrupted group ratios whose proportion is sufficiently

large (see e.g. [65]), so that Theorems 1 or 2 can be applied to the projected elements.

3.5.4 Extension to Sub-Gaussian Noise

Here we directly extend the bounded noise stability of CEMP to sub-Gaussian noise. We

assume noisy adversarial corruption satisfying (1.1). We further assume that {s∗ij}ij∈Eg
are independent and for ij ∈ Eg, s∗ij ∼ sub(µ, σ2), namely, s∗ij is sub-Gaussian with mean

µ and variance σ2. More precisely, s∗ij = σXij where Pr(Xij − µ > x) < exp(−x2/2)

and Pr(Xij ≥ 0) = 1.

Theorem 5. Assume data generated by the adversarial corruption model with indepen-

dent sub-Gaussian noise having mean µ and variance σ2. For any x > 0, if one replaces

λ and δ in Theorems 3 and 4 with λ+2e−
x2

2 and σµ+σx, respectively, then the conclu-

sions of these theorems hold with probability at least 1−|E| exp(−1
3e
−x2/2 minij∈E |Nij |(1−

λ)).

Remark 7. The above probability is sufficiently large when x is sufficiently small and

when minij∈E |Nij | is sufficiently large. We note that minij∈E |Nij | > minij∈E |Gij | > 0,

where the last inequality follows from the good-cycle condition. We expect minij∈E |Nij |
to depend on the size of graph n and its density. To demonstrate this claim we note that

if G([n], E) is Erdős-Rényi with probability of connection p, then minij∈E |Nij | ≈ np2.

Proof. We first introduce the following version of Chernoff bound. For independent
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Bernoulli random variables {Xi}ni=1 with means {pi}ni=1, p̄ =
∑n

i=1 pi/n, and any η > 1,

Pr

(
1

n

n∑
i=1

Xi > (1 + η)p̄

)
< e−

η
3
p̄n. (3.47)

For the fixed x > 0, we define Gxij :=
{
k ∈ Gij : max{s∗ik, s∗jk} < σµ+ σx

}
and

λx = maxij∈E

(
1− |Gxij |/|Nij |

)
. Since s∗ij ∼ sub(µ, σ2), for any k ∈ Gij and ij ∈ E

Pr(k /∈ Gxij) < exp(−x2/2).

We note that the random variable Xk = 1{k/∈Gxij} is a Bernoulli random variable

with mean pk < exp(−x2/2). Using the above notation, p̄ = 1/|Gij | ·
∑

k∈Gij pk <

exp(−x2/2). We define c = exp(−x2/2)/p̄ > 1. The application of (3.47) to the inde-

pendent Bernoulli random variables {Xk}k∈Gij with η = 2c− 1 > 1 results in

Pr

(
1−
|Gxij |
|Gij |

> 2e−
x2

2

)
= Pr

 1

|Gij |

|Gij |∑
k=1

Xk > 2cp̄

 < e−
1
3
ηp̄|Gij |.

Since (1+η)p̄ = 2 exp(−x2/2) and η > 1, we obtain that ηp̄ > (1+η)p̄/2 = exp(−x2/2),

and consequently,

Pr

(
1−
|Gxij |
|Gij |

> 2e−
x2

2

)
< e−

1
3
e−

x2

2 |Gij |. (3.48)

Application of a union bound over ij ∈ E to (3.48) yields

Pr

(
1− min

ij∈E

|Gxij |
|Gij |

> 2e−
x2

2

)
< |E|e

− 1
3
e−

x2

2 min
ij∈E

|Gij |
< |E|e

− 1
3
e−

x2

2 min
ij∈E

|Nij |(1−λ)
. (3.49)

We note that

λx = 1− min
ij∈E

|Gxij |
|Nij |

= 1− min
ij∈E

|Gij |
|Nij |

|Gxij |
|Gij |

≤ 1− (1− λ) min
ij∈E

|Gxij |
|Gij |

. (3.50)
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The combination of (3.49) and (3.50) results in

Pr

(
λx < 1− (1− λ)

(
1− 2e−

x2

2

))
> 1− |E|e

− 1
3
e−

x2

2 min
ij∈E

|Nij |(1−λ)
.

Applying the inequality 1 − (1 − λ)(1 − 2e−
x2

2 ) < λ + 2e−
x2

2 for 0 < λ < 1/4 to the

above equation yields

Pr

(
λx < λ+ 2e−

x2

2

)
> 1− |E|e

− 1
3
e−

x2

2 min
ij∈E

|Nij |(1−λ)
. (3.51)

That is, with the probability indicated on the RHS of (3.51), for any ij ∈ E, there is

a subset of Nij whose proportion is at least 1 − λ − 2 exp(−x2/2) and for any element

indexed by k in this subset, both s∗ik and s∗jk are bounded above by σµ+ σx. We thus

conclude the proof by applying Theorems 3 and 4, while replacing their parameters δ

and λ with the current parameters σµ+ σx and λ+ 2 exp(−x2/2), respectively.

Theorem 5 tolerates less corruption than Theorems 3 and 4. This is due to the

fact that, unlike bounded noise, sub-Gaussian noise may produce extreme values in

{s∗ij}ij∈Eg , which contribute to the overall extortion of group ratios. Nevertheless, we

show next that in the case of a graph generated by the Erdős-Rényi model, the sub-

Gaussian model may still tolerate a similar level of corruption as that in Theorems 3

and 4 by sacrificing the tolerance to noise.

Corollary 1. Assume that G([n], E) is generated by the Erdős-Rényi model with prob-

ability of connection p. If s∗ij ∼ sub(µ, σ2) for ij ∈ Eg, then for any α > 6 and n

sufficiently large, Theorems 3 and 4, with λ and δ replaced by

λn = λ+
12α

1− λ
log(np2)

np2
and δn = σµ+ 2σ

√
log

(1− λ)np2

6α log(np2)
,

respectively, hold with probability at least 1−O(n−α/3+2).

Note that this corollary is obtained by setting exp(−x2/2) = 6α log(np2)/((1−λ)np2)

in Theorem 5 and noting that in this case minij∈E |Nij | ≥ np2/2 with high probability.

We note that σ needs to decay with n, in order to have bounded δn. In particular, if



45

σ . 1/
√

log n and p is fixed, δn = O(1).

3.6 Exact Recovery Under Uniform Corruption

In this section, we show that in the case of uniform corruption, exact recovery is possible

as long as the problem is well-posed. This study is analogous to robust subspace recovery

under any fraction of uniform outliers (see Section 5.5 of [55] and the weaker Theorems

3.2 and 3.4 of [48]). Similarly to [55], we show that different asymptotic regimes of the

sample size yield different regimes of exact recovery (in terms of the parameters of the

model).

The rest of the section is organized as follows. Section 3.6.1 describes the uniform

corruption model. Section 3.6.2 discusses the information-theoretic bound in this case

and exact recovery bounds of other works. Sections 3.6.3 and 3.6.4 present some pre-

liminary results on the concentration of λ and good initialization, respectively. Section

3.6.5 states the main results on the convergence of both CEMP-A and B. The proofs

of these results are included in § A.4. Section 3.6.6 exemplifies the technical quantities

of these theorems for specific groups of interest.

3.6.1 Description of the Uniform Corruption Model

We generalize the uniform corruption model (UCM) of [82]. We assume three parameters

n ∈ N, p > 0 and q > 0 and denote our model by UCM(n, p, q).

UCM(n, p, q) assumes a graphG([n], E) generated by the Erdös-Rényi modelG(n, p),

where p is the connection probability among edges. It further assumes an arbitrary set

of group elements {g∗i }ni=1. Each group ratio is generated by the following model, where

g̃ij is independently drawn from the Haar measure on G (denoted by Haar(G)),

gij =

g∗ij , w.p. 1− q;

g̃ij , w.p. q.

We note that the set of corrupted edges Eb is thus generated in two steps. First, a set

of candidates of corrupted edges Ẽb is independently drawn from E with probability

q. Next, Eb is independently drawn from Ẽb with probability 1 − p0, where p0 =



46

Pr(uG = eG) for some uG ∼ Haar(G). It follows from the invariance property of the

Haar measure that for any ij ∈ E, p0 = Pr(uG = g∗ij). Therefore, the probability that

gij is uncorrupted, Pr(ij ∈ Eg), equals 1 − q + qp0. For Lie groups, such as SO(d),

p0 = 0, Pr(ij ∈ Eb) = q and Eb = Ẽb.

Throughout this section, we frequently use the notation q∗ = 1 − q + qp0, qmin =

min(q2
∗ , 1− q2

∗), qg = 1− q, zG = E(dG(uG , eG)), where uG ∼ Haar(G) and Ẽb as well as

Eb explained above.

3.6.2 Information-theoretic Bound and Other Results

We note that the information-theoretic bound for exact recovery under UCM (n, p, q)

is q < 1. Indeed, when q = 1 the exact recovery problem is ill-posed since all edges

are corrupted by the same distribution. For q < 1, the problem is well-posed since

Pr(dij,k = 0|ij ∈ Eg) is greater than Pr(dij,k = 0|ij ∈ Eb) and thus good and bad edges

are distinguishable.

We express this upper bound on q in terms of a lower bound on the signal to noise

ratio (SNR) in analogy to previous studies in robust subspace recovery [49, 48, 55]. In

our setting, the signal and noise correspond to good and bad edges, respectively. The

SNR can thus be defined as the ratio of Pr(ij ∈ Eg) over Pr(ij ∈ Eb). In view of our

above notation, the information-theoretic lower bound on the SNR (corresponding to

q = 1) is p0/(1 − p0). We note that for the common groups Z2, SN and SO(d), this

lower bound is 1, 1/(N !− 1) and 0, respectively.

Assuming UCM, we establish in this section asymptotic exact recovery and fast con-

vergence by CEMP whenever q < 1. Bandeira [5] showed that SDP for Z2 synchroniza-

tion achieves asymptotic exact recovery when Pr(ij ∈ Eb) < 1/2 (equivalently, SNR> 1

or q < 1). Wang and Singer [82] showed that SDP for SO(d) synchronization achieves

asymptotic exact recovery when q ≡ Pr(ij ∈ Eb) < pc (equivalently, SNR> (1−pc)/pc),
where 0 < pc < 1 and depends on d.

3.6.3 Preliminaries: Concentration of λ

We establish two concentration properties of the ratio of corrupted cycles, λij , where

ij ∈ E (see definition in (3.24)), and the maximal ratio λ.
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Proposition 4. Let 0 < q, p < 1, n ∈ N and assume data generated by UCM(n, p, q).

For any 0 < η < 1,

Pr(|λij − (1− q2
∗)| > ηqmin) < 2 exp

(
−η

2

3
qmin|Nij |

)
for any fixed ij ∈ E (3.52)

and

Pr(|λ− (1− q2
∗)| > ηqmin) < 2|E| exp

(
−η

2

3
qmin min

ij∈E
|Nij |

)
. (3.53)

Proof. We use the following Chernoff bound. For i.i.d. Bernoulli random variables

{Xi}mi=1 with means µ and any 0 < η < 1,

Pr

(∣∣∣∣∣ 1

m

m∑
i=1

Xi − µ

∣∣∣∣∣ > ηµ

)
< 2e−

η2

3
µm. (3.54)

We first assume the case where
√

2/2 < q∗ < 1, or equivalently, qmin = 1 − q2
∗. For

any fixed ij ∈ E, we define the random variables Xk = 1{k∈Bij}, k ∈ Nij . We note

that they are i.i.d. Bernoulli with mean qmin = 1 − q2
∗. We further note that λij is the

average of Xk over all k ∈ Nij . Thus, direction application of (3.54) implies (3.52) in

this case.

Next, we assume the case where q∗ ≤
√

2/2, or equivalently, qmin = q2
∗. For any

ij ∈ E, define the random variables Yk = 1{k∈Gij}, k ∈ Nij . We note that they are

i.i.d. Bernoulli with mean q2
∗. By applying (3.54) with {Yk}k∈Nij , we obtain (3.52) in

this case and thus in general.

At last, applying a union bound over ij ∈ E to (3.52), yields (3.53).

We often use the above proposition. In particular, it is useful when q∗ arbitrarily

small. In this case, |Nij | needs to be extremely large to guarantee that λij is concentrated

around 1 − q2
∗. Note that in this case λ > 1/4 w.h.p., so Theorems 1 and 2 do not

apply. In the easier case, where q∗ ≈ 1, the above proposition also enforces |Nij | to be

extremely large, which is counter-intuitive for this simpler case. Nevertheless, in this

case there is no need to concentrate around λ approaching zero. Indeed, larger λ for

which Theorem 1 or Theorem 2 holds will suffice. For this purpose, we formulate the

following concentration inequality.
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Proposition 5. Let 0 < q, p < 1, n ∈ N and assume data generated by UCM(n, p, q).

For any x ∈ (0, 1], q2
∗ > 1− x and ij ∈ E,

Pr(λij > x) < exp

(
−1

3

(
1− 1− x

q2
∗

)2

q2
∗|Nij |

)
.

Proof. The idea of the proof is similar to that of Proposition 4. We first note that for

any fixed ij ∈ E, Pr(λij > x) = Pr(1−λij < 1−x) and 1−λij is the average over k ∈ Nij

of the Bernoulli random variables 1{k∈Gij}, whose means equal q2
∗. The proposition is

concluded by applying a one-sided version of (3.54) with η = 1− (1−x)/q2
∗, µ = q2

∗ and

m = |Nij |.

3.6.4 Preliminaries: Near Perfect Initialization

We show that the initialization suggested in (3.30) is good under the uniform corruption

model. We first claim that it is good on average, while using the notation zG of Section

3.6.1.

Proposition 6. Let 0 < q, p < 1, n ∈ N and assume data generated by UCM(n, p, q).

For any ij ∈ E, sij,0 is a scaled and shifted version of s∗ij as follows

E(sij,0) = q2
gs
∗
ij + (1− q2

g)zG . (3.55)

Proof. We consider three disjoint cases of k’s in the sum of (3.30). Since E(sij,0) =

E(dij,k), we compute in each case the contribution of that case to the expectation of

dij,k given that case.

The first case is when k ∈ Gij , so dij,k = s∗ij , and thus the corresponding elements

in (3.30) equal s∗ij . This case occurs w.p. q2
g .

The second case is when k ∈ Bij and either ik or jk (but not both) is corrupted,

and it occurs with probability 2qg(1 − qg). Without loss of generality (WLOG), we

assume that ik ∈ Eg and jk ∈ Eb. Using the bi-invariance of dG , we obtain that

in this case, dij,k = dG(gijgjkg
∗
ki, eG) = dG(g∗kigijgjk, eG). For any given g∗ki and gij ,

g∗kigijgjk ∼ Haar(G), due to the fact that gjk ∼ Haar(G) and the definition of Haar

measure. Thus, in this case E(dij,k|ik ∈ Eg, jk ∈ Eb) = zG .
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The last case is when k ∈ Bij and both ik and jk are corrupted. This case occurs

with probability (1 − qg)
2. We claim that since gjk, gki ∼ Haar(G) and gjk and gki

are independent, gjkgki ∼ Haar(G). Indeed, for any g ∈ G, ggjk ∼ Haar(G), and

furthermore, gki is independent of both gjk and ggjk. Thus, gjkgki and ggjkgki are

identically distributed for any g ∈ G and thus gjkgki ∼ Haar(G). Consequently, for fixed

gij , gijgjkgki ∼ Haar(G) and thus

E(dij,k|ik ∈ Eb, jk ∈ Eb) = E(dG(gijgjkgki, eG)|ik ∈ Eb, jk ∈ Eb) = zG .

Combining all the three cases, we conclude (3.55).

At last, we formulate the concentration of sij,0 around its expectation. It follows

from direct application of Hoeffding’s inequality, while using the fact that 0 ≤ dij,k ≤ 1

are i.i.d.

Proposition 7. Let 0 < q, p < 1, n ∈ N and assume data generated by UCM(n, p, q).

Then,

Pr (|sij,0 − E(sij,0)| > γ) < 2e−2γ2|Nij |.

3.6.5 Main Results

We note if 1 − q2
∗ < 1/4 and |Nij | is sufficiently large, then CEMP-A can exactly

recover w.h.p. the group elements under UCM(n, p, q). This observation follows by

combining Theorems 1 and Proposition 5 with x = 1/4. Similarly, for 1− q2
∗ < 1/5 and

|Nij | sufficiently large, exact recovery of CEMP-B under UCM(n, p, q) is guaranteed

by combining Theorems 2 and Proposition 5 with x = 1/5. We also note that (3.47)

implies that |Nij | ≥ np2/2 with probability at least 1− exp(−np2/12). As a result, the

exact recovery and linear convergence of CEMP-A and CEMP-B are guaranteed w.h.p.,

when 1− q2
∗ < 1/4 and 1− q2

∗ < 1/5, respectively, and sufficiently large np2.

The two theorems below extend exact recovery to the nontrivial regimes, 0 < q∗ ≤√
3/2 for CEMP-A and 0 < q∗ ≤ 2/

√
5 for CEMP-B. They thus apply for the case of

arbitrarily small q∗. After formulating the theorems we discuss how these different exact

recovery results (with different regimes of q∗) are related to an exact recovery principle

discussed in [55].
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The condition of our first theorem uses the cdf (cumulative density function) of the

random variable max{s∗ik, s∗jk}, where ij ∈ E and k ∈ Bij are arbitrarily fixed. We

denote this cdf by Pmax and note that due to the model assumptions it is independent

of i, j and k.

Theorem 6. Let 0 < r < 1, 0 < q, p < 1, n ∈ N and assume data generated by

UCM(n, p, q). If the parameters {βt}t≥0 of CEMP-A satisfy

0 <
1

β0
− (1− q2

g)zG ≤
q2
g

4β1
, Pmax

(
2

β1

)
<

r

32

q2
∗

1− q2
∗

and
1

βt+1
= r

1

βt
(3.56)

for t ≥ 1, then with probability at least

1− n2p e
−Ω
(

( 1
β0
−(1−q2g)zG)2p2n

)
− n2pe−Ω(qminp

2n)

the estimates {sij,t}t≥1
ij∈E of {s∗ij}ij∈E computed by CEMP-A satisfy

max
ij∈E
|sij,t − s∗ij | <

1

β1
rt−1 for all t ≥ 1.

We discuss this theorem below after formulating the second theorem, which uses the

following notation. Let Y denote the random variable s∗ik + s∗jk for any arbitrarily fixed

ij ∈ E and k ∈ Bij . We note that due to the model assumptions, Y is independent

of i, j and k. Let P denote the cdf of Y and Q denote the corresponding quantile

function, that is, the inverse of P . Denote fτ (x) = e−τx+1τx, where τ ≥ 0 and define

V ∗(x) : [0,∞) → R by V ∗(x) = supτ>x Var(fτ (Y )), where Var(fτ (Y )) is the variance

of fτ (Y ) for any fixed τ . Since V ∗(x) might be hard to compete our theorem below

is formulated with any function V , which dominates V ∗, that is, V (x) ≥ V ∗(x) for all

x ≥ 0.

Theorem 7. Let 0 < r < 1, 0 < q, p < 1,

n

log n
= Ω

(
1− q2

∗
p2q4
∗r

2

)
, (3.57)

and assume data generated by UCM(n, p, q). Assume further that either s∗ij for
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ij ∈ Eb is supported on [a,∞), where a ≥ 1/(np2(1 − q2
∗)), or Q is differentiable and

Q′(x)/Q(x) . 1/x for x < P (1). If the parameters {βt}t≥0 for CEMP-B satisfy

1

β0
≤

q2
gq

2
∗

16(1− q2
∗)

1

β1
, V (β1) <

r

32
· q2

∗
1− q2

∗
and

1

βt+1
= r

1

βt
(3.58)

for t ≥ 1, then with probability at least

1− n2p e−Ω(p2n/β2
0) − n2p e−Ω(V (β1)(1−q2∗)p2n) − n2pe−Ω(qminp

2n), (3.59)

the estimates {sij,t}t≥1
ij∈E of {s∗ij}ij∈E computed by CEMP-B satisfy

max
ij∈E
|sij,t − s∗ij | <

1

4β1
rt−1 for all t ≥ 1. (3.60)

In § 3.6.6 we clarify for special common cases of group synchronization the functions

involved in formulating the requirements on β0 and β1 in (3.56) and (3.58). This way

the later two equations can be made more concrete for special cases. Nevertheless, one

can already notice (and further verify it when reading Section 3.6.6) that in some special

cases of continuous groups, the parameter β1 in Theorem 6 and the parameters β0 and

β1 in Theorem 7 are of approximate order Ω(1/qα∗ ) for some α > 0, when q∗ approaches

zero, unlike their choices in Theorems 1 and 2. For example, it follows from (3.56) that

β1 > 2/P−1
max(q2

∗/(1− q2
∗)). In the case of angular synchronization (see Section 3.6.6),

Pmax(x) = x2 and thus β1 = Ω(1/q∗).

We further note that Theorem 6 requires that

n

log n2
= Ω

(
1

p2
·max

(
1

qmin
,

(
1

β0
− (1− q2

g)zG

)−2
))

in order to have a sufficiently large probability. Similarly, Theorem 7 only makes sense

when
n

log n2
= Ω

(
1

p2
·max

(
1

qmin
, β2

0 ,
1

(1− q2
∗)V (β1)

,
1− q2

∗
p2q4
∗r

2

))
,

and it also has an additional asymptotic requirement on n (see (3.57)), which is necessary

by our proof. On the other hand, the combination of Theorems 1, 4 and Proposition

5 imply exact recovery by CEMP-A when q∗ >
√

3/2 and n = Ω(q2
∗/(p

2(q2
∗ − 3/4)2)),
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and also by CEMP-B when q∗ > 2
√

5/5 and n = Ω(q2
∗/(p

2(q2
∗ − 4/5)2)). One can check

that when q∗ approaches zero the former two estimates yield significantly larger regimes

of n. For example, assuming the first estimate, which results from Theorem 6, and the

case of angular synchronization, where Pmax(x) ≤ x, n/log n2 = Ω(1/(p2q4
∗q

4
g)). This

is a demonstration of a general phenomenon in recovery problems under corruption,

discussed in [55], that different regimes of the sample size result in different regimes of

SNRs.

One may ask about the information-theoretic lower bound on n, or on the average

degree, np, and compare it with the guaranteed bound of a given method. To the best

of our knowledge, this issue was only addressed in [2, 5] for Z2 synchronization. In

particular, [5] implies that for fixed p, exact recovery by SDP relaxation is possible with

q < 1 and n = Ω(1/q2
g) and this corresponds with the information-theoretic bound,

which was studied in [2]. On the other hand, it follows from the results above and

the specific expressions for Pmax and V when G = Z2, derived in § 3.6.6, that exact

recovery by CEMP-A and CEMP-B, respectively requires n = Ω(1/q4
g) and Ω(1/q4+α

g )

for arbitrary small α > 0. These requirements are stronger than the one of [5]. It is

possible to improve them by refining the reweighting functions and our analysis, but we

currently cannot match the bound of [5].

3.6.6 Clarification of Quantities Used in Theorems 6 and 7

Theorems 6 and 7 use the quantities Pmax(x), zG , V (x) and Q(x). In this section,

we provide explicit expressions for these quantities for common group synchronization

problems. We also verify that the special condition of Theorem 7 holds in these case.

This special condition is that either s∗ij for ij ∈ Eb is supported on [a,∞), where

a ≥ 1/(np2(1− q2
∗)), or Q is differentiable and Q′(x)/Q(x) . 1/x for x < P (1). When

using the first part of this condition, then Q is not needed and we will thus not specify

it in this case. We recall that Y denotes the random variable s∗ik+s∗jk for any arbitrarily

fixed ij ∈ E and k ∈ Bij .

Z2 Synchronization

In this problem, G = Z2, which is commonly represented by {−1, 1} with ordinary

multiplication. It is common to use the bi-invariant metric dG(g1, g2) = |g1 − g2|/2 and
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thus dij,k = |gijgjkgki − 1|/2 ∈ {0, 1}. The Haar measure on Z2 is the Rademacher

distribution.

We note that zG = 1/2 and Pmax(x) = 1{x=1} (since for k ∈ Bij , max{s∗ik, s∗jk} = 1).

We next show that V (x) = 6e−x. Indeed, Y = 1, 2 w.p. p1 = 2q∗(1 − q∗)/(1 − q2
∗) and

p2 = (1− q∗)2/(1− q2
∗), respectively, and thus

sup
τ>x

Var(fτ (Y )) ≤ e2 sup
τ>x

E(e−2τY τ2Y 2) = e2 sup
τ>x

(p1e
−2ττ2 + 4p2e

−4ττ2)

≤ 1{0<x<1} +
(
e2(p1e

−2xx2 + 4p2e
−4xx2)

)
1{x>1}

≤ 1{0<x<1} + e2 max
(
e−2xx2, 4e−4xx2

)
1{x>1} < 6e−x.

Since s∗ij for ij ∈ Eb is supported on {1}, the special condition of Theorem 7 holds when

n = Ω(1/(p2(1−q2
∗))). This latter asymptotic bound is necessary so that the third term

in (3.59) is less than 1.

Permutation Synchronization

In this problem, G = SN , whose elements are commonly represented by permutation ma-

trices in RN×N . A common bi-invariant metric on SN is dG(P1,P2) = 1−Tr(P1P
−1
2 )/N

and thus dij,k = 1− Tr(PijPjkPki)/N . The cdf of max{s∗ik, s∗jk}, Pmax(x), can be com-

plicated, but one can find a more concise formula for an upper bound for it, which

is sufficient for verifying the middle inequality in (3.56). Indeed, the cdf of s∗ij for

ij ∈ Ẽb, gives an upper bound of Pmax(x). For N ∈ N, 1 ≤ m ≤ N and ij ∈ Ẽb fixed,

s∗ij = dG(PHaar, IN×N ) for PHaar ∼ Haar(SN ). Moreover, s∗ij = m/N is equivalent to

having exactly m elements displaced (and N −m fixed) by PHaar. Therefore, using the

notation [x] for the nearest integer to x, for 1 ≤ m ≤ N ,

Pmax

(m
N

)
≤

m∑
l=0

Pr

(
s∗ij =

l

N

∣∣∣ij ∈ Ẽb) =
1

N !
+

m∑
l=1

1

N !

(
N

l

)[
l!

e

]
.

Since zG = E(s∗ij) for ij ∈ Ẽb, the exact formula for computing zG is

zG =
N∑
m=1

m

N !

(
N

m

)[
m!

e

]
.
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We claim that V (x) can be chosen as

V (x) = 1{x≤N} + 1{x>N}
e2

N2
e−2x/Nx2. (3.61)

Indeed, if qm denotes the probability density function (pdf) of Y and xm = m/N , then

sup
τ>x

Var(fτ (Y )) ≤ e2 sup
τ>x

2N∑
m=1

e−2τxmτ2x2
mqm

≤e2 sup
τ>x

∑
xm≤ 1

x

e−2τxmτ2x2
mqm + e2 sup

τ>x

∑
xm>

1
x

e−2τxmτ2x2
mqm

≤
∑
xm≤ 1

x

qm + e2
∑
xm>

1
x

e−2xxmx2x2
mqm. (3.62)

where the last inequality follows from the facts that e2e−2τxmτ2x2
m ≤ 1 for any xm and

τ and e−2τxτ2x2 achieves global maximum at x = 1/τ . To conclude (3.61) we note that

for x > 1/x1 = N (so xm > 1/x for all m ≥ 1), the right term on the RHS of (3.62) is

bounded by e2e−2x1xx2
1x

2 = e2e−2x/Nx2/N2.

Since s∗ij for ij ∈ Eb is supported on {m/N}Nm=1, the special condition of The-

orem 7 holds when n = Ω(N/(p2(1 − q2
∗))). As mentioned above the requirement

n = Ω(1/(p2(1 − q2
∗))) is necessary so that the third term in (3.59) is less than 1.

The additional dependence on N is specific for this application and makes sense.

Angular Synchronization

In this problem, G = SO(2), which is commonly associated with the unit circle, S1,

in the complex plane with complex multiplication. A common bi-invariant metric is

dG(θ1, θ2) = |(θ1 − θ2) mod 2π|/(2π) and thus dij,k = |(θij + θjk + θki) mod 2π|/(2π).

The Haar measure is the uniform measure on S1 and thus s∗ij for ij ∈ Eb is uniformly

distributed on [0, 1].

We first compute Pmax(x) and zG . We note that if either ik or jk ∈ Eb, but not both

in Eb, then the cdf of max(s∗ik, s
∗
jk) is x. Also, if ik, jk ∈ Eb, then the cdf of max(s∗ik, s

∗
jk)

is x2. Thus, for k ∈ Bij , Pmax(x) = p1x + p2x
2, where p1 = 2q∗(1 − q∗)/(1 − q2

∗) and

p2 = (1− q∗)2/(1− q2
∗). Furthermore, zG = 1

2 . We also note that a simple upper bound

Pmax(x) is x.
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The pdf of Y is p(t) = p11{t≤1} + p2(t1{t<1} + (2 − t)1{t≥1}). We note that V (x)

can be chosen as the following find bound on V ∗(x)

sup
τ>x

Var(fτ (Y )) ≤ e2 sup
τ>x

E(e−2τXτ2t2) < e2 sup
τ>x

∫ ∞
0

e−2τtτ2t2(p1 + p2t) dt

=p1
e2

4x
+ p2

3e2

8x2
≤ e2 max

{
1

4x
,

3

8x2

}
.

At last, we verify that the special condition of Theorem 7 holds. By integrating the

above pdf, the cdf of Y is P (t) = p1t1{t≤1}+p2(t2/21{t<1}+(p1 +1− (t−2)2/2)1{t≥1}).

We note that Q′(x) = 1/p(Q(x)) and thus for x < P (1), Q′(x) = 1/(p1 + p2Q(x)).

Therefore, for x < P (1)

Q′(x)

Q(x)
=

1

p1Q(x) + p2Q2(x)
≤ 1

x
,

where the last inequality follows from the observation p1t+ p2t
2 > P (t) for t ≤ 1.

Rotation Synchronization

In rotation synchronization G = SO(3) and a common metric is dG(R1,R2) = 1/(
√

2π) ·
‖ log(R1R

ᵀ
2)‖F , which is bi-invariant [43]. Consequently,

dij,k =
1√
2π
‖ log(RijRjkRki)‖F .

We remark that ‖ log(R)‖/
√

2 is the absolute value of rotation angle, theta, around the

eigenspace of R with eigenvalue 1. The Haar measure on SO(3) is described, e.g., in

[82].

The distribution of s∗ij is exactly the distribution of |θ| (described above) for the

corresponding group ratio. It is shown in [82] that θ is supported on [−π, π] with

density (1 − cos θ)/(2π). Thus, the pdf of s∗ij is 1 − cos(πx) for x ∈ [0, 1]. We note

that if either ik ∈ Eb or jk ∈ Eb (but not both), then the cdf of max(s∗ik, s
∗
jk) is

∫ x
0 1−

cos(πt)dt = x− sin(πx)/π. Furthermore, if ik, jk ∈ Eb, then the cdf of max(s∗ik, s
∗
jk) is
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(x− sin(πx)/π)2. Thus, for k ∈ Bij and p1 and p2 as specified in § 3.6.6,

Pmax(x) = p1(x− sin(πx)/π) + p2(x− sin(πx)/π)2 ≤ x− sin(πx)/π.

Furthermore,

zG =

∫ 1

0
(1− cos(πt))t dt =

1

2
+

2

π2
.

We next specify V(x). Clearly, 7,

sup
τ>x

Var(fτ (Y )) ≤ e2 sup
τ>x

E(e−2τY τ2Y 2) = e2 sup
τ>x

∫ 2

0
e−2τtτ2t2p(t) dt,

where p(t) is the pdf of Y . It can be easily shown that

p(t) = p1(1− cos(πx))1{t≤1} + p2(1{t≤1}pA(t) + 1{t>1}pB(t)),

where pA(t) = t − 3 sin(πt)/(2π) + cos(πt)t/2 and pB(t) = 2 − t − 5 sin(πt)/(2π) +

cos(πt)(2− t)/2. One can verify that p(t) ≤ p1π
2t2/2 + p2π

4t5/120. Thus, V (x) can be

chosen as the final RHS of the following equation

sup
τ>x

Var(fτ (Y )) ≤ p1
e2π2

2
sup
τ>x

∫ ∞
0

e−2τtτ2t3 dt+ p2
e2π4

120
sup
τ>x

∫ ∞
0

e−2τtτ2t7 dt

=p1
e2π2

2
sup
τ>x

3

8τ2
+ p2

e2π4

120
sup
τ>x

315

16τ6
= p1

3e2π2

16x2
+ p2

21e2π4

128x6
< max

{
14

x2
,
120

x6

}
.

At last, we verify the special condition of Theorem 7. We first note that by the fact

that p(1) = 0.5, the pdf p(t) satisfies p12t2 + p2t
5/2 ≤ p(t) ≤ p1π

2t2/2 + p2π
4t5/120 for

t ≤ 1. Thus for t ≤ 1 , the cdf P (t) satisfies p12t3/3 + p2t
6/12 ≤ P (t) ≤ p1π

2t3/6 +

p2π
4t6/720. As a result, if x < P (1), then Q′(x) = 1/p(Q(x)) ≤ 1/(p12Q2(x) +

p2Q
5(x)/2). Consequently, by applying P (t) ≤ p1π

2t3/6 + p2π
4t6/720 ≤ p12t3 + p2t

6/2

for t ≤ 1,

Q′(x)

Q(x)
≤ 1

p12Q3(x) + p2
1
2Q

6(x)
≤ 1

x
.



Chapter 4

Robust Rotation Averaging via

Message Passing Least Squares

In this chapter, we utilize the idea from CEMP to present a message passing least

squares (MPLS, or Minneapolis) framework for directly solving group synchronization.

The most challenging issue for group synchronization is the practical scenario of highly

corrupted and noisy measurements. Traditional least squares solvers often fail to pro-

duce accurate results in such a scenario. Moreover, some basic estimators that seem to

be robust to corruption often do not in practice tolerate high levels of noise. Therefore,

we aim to propose a general method for group synchronization that could tolerate high

levels and different kinds of corruption and noise. While our basic ideas are formally

general, in order to carefully refine and test them, we focus on the special problem of

rotation synchronization, known as rotation averaging [37].

4.1 Contribution of This Work

We propose a rotation synchronization solver that can address in practice high levels of

noise and corruption. Our main ideas seem to generalize to group synchronization with

any compact group, but more careful developments and testing are needed for other

groups. We emphasize the following specific contributions of this work:

• We propose the message passing least squares (MPLS) framework as an alternative

57
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paradigm to IRLS for group synchronization, and in particular, rotation synchro-

nization. It uses the theoretically guaranteed CEMP algorithm for estimating the

underlying corruption levels. These estimates are then used for learning better

weights for the weighted least squares problem.

• We explain in § 4.3 why the common IRLS solver may not be accurate enough

and in § 4.4 why MPLS can overcome these obstacles.

• While MPLS can be formally applied to any compact group, we refine and test

it for the group G = SO(3). We demonstrate state-of-the-art results for rotation

synchronization with both synthetic data having nontrivial scenarios and real SfM

data.

4.2 Setting for Robust Group Synchronization

Some previous robustness theories for group synchronization typically assume a very spe-

cial and often unrealistic corruption probabilistic model for very special groups [65, 82].

In general, simplistic probabilistic models for corruption, such as generating potentially

corrupted group ratios according to the Haar measure on G [82], may not generate some

nontrivial scenarios that often occur in practice. For example, in the application of ro-

tation synchronization that arise in SfM, the corrupted camera relative rotations can be

self-consistent due to the ambiguous scene structures [85]. However, in common prob-

abilistic models, such as the one in [82], cycles with corrupted edges are self-consistent

with probability zero. A more realistic model is the adversarial corruption model for

the different problem of camera location [51, 34]. However, it also assumes very special

probabilistic models for the graph and camera locations, which are not realistic.

In this chapter, to handle a more generic data distribution, we assume the adversarial

corruption setting in § 3 and follow its notation.

4.3 Issues with the Common IRLS

We first review the least squares minimization, least absolute and unsquared deviations

minimization and IRLS for group synchronization. We then explain why IRLS may not
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form a good solution for the group synchronization problem, and in particular for Lie

algebraic groups, such as the rotation group.

The least squares minimization can be formulated as follows:

min
{gi}ni=1⊆G

∑
ij∈E

d2(gij , gig
−1
j ), (4.1)

where one often relaxes this formulation. This formulation is generally sensitive to

outliers and thus more robust energy functions are commonly used when considering

corrupted group ratios. More specifically, one may choose a special function ρ(x) 6= x2

and solve the following least unsquared deviation formulation

min
{gi}ni=1⊆G

∑
ij∈E

ρ
(
d(gij , gig

−1
j )
)
. (4.2)

The special case of ρ(x) = x [34, 36, 62, 82] is referred to as least absolute deviations.

Some other common choices are ρ(x) = x2/(x2 + σ2) [14] and ρ(x) =
√
x [15].

The least unsquared formulation is typically solved using IRLS, where at iteration

t one solves the weighted least squares problem:

{gi,t+1}i∈[n] = arg min
{gi}ni=1⊆G

∑
ij∈E

wij,td
2(gij , gig

−1
j ). (4.3)

In the first iteration the weights can be initialized in a certain way, but in the next

iterations the weights are updated using the residuals of this solution. Specifically, for

ij ∈ E and iteration t, the residual is rij,t = d(gij , gi,tg
−1
j,t ) and the weight wij,t is

wij,t = F (rij,t), (4.4)

where the function F depends on the choice of ρ. For ρ(x) = xp, where 0 < p < 2,

F (x) = min{xp−2, A}, where 1/A is a regularization parameter and here we fix A = 108.

The above IRLS procedure poses the following three issues. First, its convergence

to the solution {g∗i }i∈[n] is not guaranteed, especially under severe corruption. Indeed,

IRLS succeeds when it accurately estimates the correct weights wij,t for each edge.

Ideally, when the solution {gi,t}i∈[n] is close to the ground truth {g∗i }i∈[n], the residual
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rij,t must be close to the corruption level s∗ij so that weight wij,t must be close to F (s∗ij).

However, if edge ij ∈ Eb is severely corrupted (or edge ij ∈ Eg has high noise) and either

g∗i or g∗j is wrongly estimated, then the residual rij,t might have a very small value. Thus

the weight wij,t in (4.4) can be extremely large and may result in an inaccurate solution

in the next iteration and possibly low-quality solution at the last iteration.

The second issue is that for common groups each iteration of (4.3) requires either

SDP relaxation or tangent space approximation (for Lie groups). However, if the weights

of IRLS are wrongly estimated in the beginning, then they may affect the tightness of

the SDP relaxation and the validity of tangent space approximation. Therefore, such

procedures tend to make the IRLS scheme sensitive to corruption and initialization of

weights and group elements.

At last, when dealing with noisy data where most of s∗ij , ij ∈ E, are significantly

greater than 0, the current reweighting strategy usually gives non-negligible positive

weights to outliers. This can be concluded from the expression of F (e.g., for `p min-

imization) and the fact that in a good scenario rij,t ≈ s∗ij and s∗ij can be away from

0. Therefore, outliers can be overweighed and this may lead to low-quality solutions.

We remark that this issue is more noticeable in Lie groups, such as the rotation group,

as all measurements are often noisy and corrupted; whereas in discrete groups some

measurements may be rather accurate [72].

4.4 Message Passing Least Squares (MPLS)

In view of the drawbacks of the common IRLS scheme, we propose the MPLS (Message

Passing Least Squares), or Minneapolis, algorithm. It carefully initializes and reeval-

uates the weights of a weighted least squares problem by our CEMP-B algorithm in

§ 3 or a modified version of it. § 4.4.2 formally describes MPLS for the general setting

of group synchronization. § 4.4.3 carefully refines MPLS for rotation synchronization.

§ 4.4.4 summarizes the complexity of the proposed algorithms.
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Figure 4.1: Demonstration of MPLS in comparison with IRLS. IRLS updates the graph
weights directly from the residuals, which can be inaccurate. It is demonstrated in the
upper loop of the figure, where the part different than MPLS is crossed out. In contrast,
MPLS updates the graph weights by applying a CEMP-like procedure to the residuals,
demonstrated in the “message-passing unit”. Good edges, such as jk1, are marked with
green, and bad edges are marked with red. For ij ∈ E and k ∈ {k1, k2, . . . k50}, qtij,k is
updated using the two residuals rik,t and rjk,t according to the indicated operation. The
length of a bar around the computed value of each qtij,k is proportional to magnitude
and the green or red colors designate good or bad corresponding cycles, respectively.
The weighted sum hij,t aims to approximate s∗ij and this approximation is good when
the green qtij,k bars are much longer than the red bars. The weight wij,t is formed as a
convex combination of rij,t and hij,t. The rest of the procedure is similar to IRLS.

4.4.1 A faster version of CEMP

In this section, for practical purposes we propose a fast version of CEMP such that

for each edge ij ∈ E, we independently sample with replacement 50 nodes that form

3-cycles with i and j. That is, if k is such a node then ik and jk are in E. We denote

this set of nodes by Cij . We remark that the original version of CEMP in § 3 uses all 3-

cycles and can be slower. We define the cycle inconsistency of the 3-cycle ijk associated
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with edge ij and k ∈ Cij as follows

dij,k := d(gijgjkgki, eG), k ∈ Cij , ij ∈ E, (4.5)

where d is bi-invariant. Our default parameters for CEMP are later specified in § 4.5.1.

For generality, we write |Cij | instead of 50.

Algorithm 2 CEMP [50]

Input: {dij,k}ij∈E,k∈Cij , time step T , increasing {βt}Tt=0

Steps:
sij,0 = 1

|Cij |
∑

k∈Cij dij,k ij ∈ E
for t = 0 : T do

Message passing from edges to cycles:
ptij,k = exp (−βt(sik,t + sjk,t)) k ∈ Cij , ij ∈ E
Message passing from cycles to edges:
sij,t+1 = 1

Zij,t

∑
k∈Cij

ptij,kdij,k, ij ∈ E

where Zij,t =
∑

k∈Cij
ptij,k is a normalization factor

end for
Output: {sij,T }ij∈E

We recall that in § 3 for any ij ∈ E we assume

Pr(s∗ij = 0|sij,t = x) = exp(−βtx). (4.6)

We also assume the existence of good cycle ijk for any ij ∈ E. It turns out that sij,t

for ij ∈ E can be interpreted as E
(
s∗ij |{sab,t−1}ab∈E

)
. Demonstration of a procedure

similar to CEMP, but with different notation, appears in the lower part of Figure 4.1.

4.4.2 General Formulation of MPLS

MPLS uses the basic ideas of CEMP in order to robustly estimate the residuals {rij,t}ij∈E
and weights {wij,t}ij∈E of the IRLS scheme as well as to carefully initialize this scheme.

It also incorporates a novel truncation idea. We explain in this and the next §how these

new ideas address the drawbacks of the common IRLS procedure, which was reviewed

in § 4.3. We sketch MPLS in Algorithm 3, demonstrate it in Figure 4.1 and explain it
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below. For generality, we assume in this §a compact group G, a bi-invariant metric d

on G and a graph G([n], E) with given relative measurements and cycle inconsistencies

computed in advance. Our default parameters are later specified in § 4.5.1.

Instead of using the traditional IRLS reweighting function F (x) explained in § 4.3,

we use its truncated version Fτ (x) = F (x)1{x≤τ}+ 10−81{x>τ} with a parameter τ > 0.

We decrease τ as the iteration number increases in order to avoid overweighing outliers.

By doing this we aim to address the third drawback of IRLS mentioned in § 4.3. We

remark that the truncated function is F (x)1{x≤τ} and the additional term 10−81{x>τ}

is needed to ensure that the graph with weights resulting from Fτ is connected.

Algorithm 3 Message Passing Least Squares (MPLS)

Input: {gij}ij∈E , {dij,k}k∈Cij , nonincreasing {τt}t≥0, increasing {βt}Tt=0, decreasing
{αt}t≥1

Steps:
Compute {sij,T }ij∈E by CEMP
wij,0 = Fτ0(sij,T ) ij ∈ E
t = 0
while not convergent do
t = t+ 1
{gi,t}i∈[n] = arg min

gi∈G

∑
ij∈E

wij,t−1d
2(gij , gig

−1
j )

rij,t = d(gij , gi,tg
−1
j,t ) ij ∈ E

qtij,k = exp(−βT (rik,t + rjk,t)) k ∈ Cij , ij ∈ E

hij,t =

∑
k∈Cij

qtij,kdij,k∑
k∈Cij

qtij,k
ij ∈ E

wij,t = Fτt(αthij,t + (1− αt)rij,t) ij ∈ E
end while

Output: {gi,t}i∈[n]

The initial step of the algorithm estimates the corruption levels {s∗ij}ij∈E by CEMP.

The initial weights for the IRLS procedure follow (4.4) with additional truncation. At

each iteration, the group ratios {gi,t}i∈[n] are estimated from the weighted least squares

procedure in (4.3). However, the weights wij,t are updated in a very different way.

First of all, for each ij ∈ E the corruption level s∗ij is re-estimated in two different

ways and a convex combination of the two estimates is taken. The first estimate is a

residual rij,t computed with the newly updated estimates {gi,t}i∈[n]. This is the error of
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approximating the given measurement gij by the newly estimated group ratio. The other

estimate practically applies CEMP to re-estimate the corruption levels. For edge ij ∈ E,

the latter estimate of s∗ij is denoted by hij,t. For interpretation, we can replace (4.6)

with Pr(s∗ij |rij,t) = exp(−βTx) and interpret hij,t as E(s∗ij |{rab,t}ab∈E). Unlike CEMP,

we use the single parameter, βT , as we assume that CEMP provides a sufficiently good

initialization. At last, a similar weight as in (4.4), but truncated, is applied to the

combined estimate αthij,t + (1− αt)rij,t.
We remark that utilizing the estimate hij,t for the corruption level addresses the first

drawback of IRLS discussed in § 4.3. Indeed, assume the case where ij ∈ Eb and rij,t

is close to 0. Here, wij,t computed by IRLS is relatively large; however, since ij ∈ Eb,
wij,t needs to be small. Unlike rij,t in IRLS, we expect that hij,t in MPLS should not

be too small as long as for some k ∈ Cij , dij,k are sufficiently large. This happens as

long as there exists some k ∈ Cij for which the cycle ijk is good. Indeed, in this case

s∗ij is sufficiently large and for good cycles dij,k = s∗ij .

We further remark that hij,t is a good approximation of s∗ij under certain conditions.

For example, if for all k ∈ Cij , rik,t ≈ s∗ik and rjk,t ≈ s∗jk, then plugging in the definition

of ptij,k to the expression of hij,t, using the fact that βT is sufficiently large and at last

applying Proposition 2, we obtain that

hij,t =
∑
k∈Cij

exp(−βT (rik,t + rjk,t))∑
k∈Cij exp(−βT (rik,t + rjk,t))

dij,k

≈
∑
k∈Cij

exp(−βT (s∗ik + s∗jk))∑
k∈Cij exp(−βT (s∗ik + s∗jk))

dij,k (4.7)

≈
∑
k∈Cij

1{ijk is a good cycle}∑
k∈Cij 1{ijk is a good cycle}

dij,k = s∗ij .

This intuitive argument for a restricted case conveys the idea that “local good infor-

mation” can be used to estimate s∗ij . The theory of CEMP [50] shows that under

weaker conditions such information can propagate through the whole graph within a

few iterations, but we cannot extend it to MPLS.

If the graphG([n], E) is dense with sufficiently many good cycles, then we expect that

this good information can propagate in few iterations and that hij,t will have a significant

advantage over rij,t. However, in real scenarios of rotation synchronization in SfM, one
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may encounter sparse graphs, which may not have enough cycles and, in particular, not

enough good cycles. In this case, utilizing hij,t is mainly useful in the early iterations

of the algorithm. On the other hand, when {gi,t}i∈[n] are close to {g∗i }i∈[n], {rij,t}i∈[n]

will be sufficiently close to {s∗ij}i∈[n]. Aiming to address rotation synchronization, we

decrease αt, the weight of hij,t, with t. In other applications, different choices of αt can

be used [72].

The second drawback of IRLS, discussed in § 4.3, is the possible difficulty of imple-

menting the weighted least squares step of (4.3). This issue is application-dependent,

and since in this work we focus on rotation synchronization (equivalently, SO(3) syn-

chronization), we show in the next sub§how MPLS can deal with the above issue in

this specific problem. Nevertheless, we claim that our framework can also be applied

to other compact group synchronization problems and we demonstrate this claim in a

follow up work [72].

4.4.3 MPLS for SO(3) synchronization

Rotation synchronization, or SO(3) synchronization, aims to solve 3D rotations {R∗i }i∈[n]

∈ SO(3) from measurements {Rij}ij∈E ∈ SO(3) of the 3D relative rotations

{R∗iR
∗−1
j }ij∈E ∈ SO(3). Throughout the rest of the chapter, we use the following

normalized geodesic distance for R1,R2 ∈ SO(3):

d(R1,R2) = ‖ log(R1R
−1
2 )‖F /(

√
2π), (4.8)

where log is the matrix logarithm and the normalization factor ensures that the diameter

of SO(3) is 1. We provide some relevant preliminaries of the Riemannian geometry of

SO(3) in § 4.4.3 and then describe the implementation of MPLS for SO(3), which we

refer to as MPLS-SO(3), in § 4.4.3.

Preliminaries: SO(3) and so(3)

We note that SO(3) is a Lie group, and its corresponding Lie algebra, so(3), is the

space of all skew symmetric matrices, which is isomorphic to R3. For each R ∈ SO(3),

its corresponding element in so(3) is Ω = log(R), where log denotes matrix logarithm.

Each Ω ∈ so(3) can be represented as [ω]× for some ω = (ω1, ω2, ω3)T ∈ R3 in the
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following way:

[ω]× :=


0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 .

In other words, we can map any ω ∈ R3 to Ω = [ω]× ∈ so(3) and R = exp([ω]×) ∈
SO(3), where exp denotes the matrix exponential function. We remark that geometri-

cally ω is the tangent vector at I of the geodesic path from I to R.

Details of MPLS-SO(3)

We note that in order to adapt MPLS to the group SO(3), we only need a specific

algorithm to solve the following formulation of the weighted least squares problem at

iteration t

min
Ri,t∈SO(3)

∑
ij∈E

wij,td
2(Rij ,Ri,tR

−1
j,t )

= min
Ri,t∈SO(3)

∑
ij∈E

wij,td
2(I,R−1

i,t RijRj,t), (4.9)

where the last equality follows from the bi-invariance of d. The constraints on orthog-

onality and determinant of Ri are non-convex. If one relaxes those constraints, with

an appropriate choice of the metric d, then the solution of the least squares problem

in the relaxed Euclidean space often lies away from the embedding of SO(3) into that

space. For this reason, we follow the common choice of d according to (4.8) and imple-

ment the Lie-algebraic Averaging (LAA) procedure [32, 14, 15, 81]. We review LAA,

explain why it may be problematic and why our overall implementation may overcome

its problems. LAA aims to move from Ri,t to Ri,t+1 along the manifold using the right

group action Ri,t = Ri,t−1∆Ri,t, where ∆Ri,t ∈ SO(3). For this purpose, it defines

∆Rij,t = R−1
i,t−1RijRj,t−1 so that

(∆Ri,t)
−1∆Rij,t∆Rj,t = (∆Ri,t)

−1R−1
i,t−1RijRj,t−1∆Rj,t = R−1

i,t RijRj,t
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and (4.9) can be transformed to the still hard to solve equation

min
∆Ri,t∈SO(3)

∑
ij∈E

wij,td
2(I, (∆Ri,t)

−1∆Rij,t∆Rj,t). (4.10)

LAA then maps {∆Ri,t}i∈[n] and {∆Rij,t}ij∈E to the tangent space of I by ∆Ωi,t =

log ∆Ri,t and ∆Ωij,t = log ∆Rij,t. Applying (4.8) and the fact that the Riemannian

logarithmic map, which is represented by log, preserves the geodesic distance and using a

“naive approximation”: d(I, (∆Ri,t)
−1∆Rij,t∆Rj,t). Therefore, LAA uses the following

approximation

d(I, (∆Ri,t)
−1∆Rij,t∆Rj,t)

=‖ log((∆Ri,t)
−1∆Rij,t∆Rj,t)‖F /(

√
2π)

≈‖ − log(∆Ri,t) + log(∆Rij,t) + log(∆Rj,t))‖F /(
√

2π) (4.11)

=‖∆Ωi,t −∆Ωj,t −∆Ωij,t‖F /(
√

2π).

Consequently, LAA transforms (4.10) as follows:

min
∆Ωi,t∈so(3)

∑
ij∈E

wij,t‖∆Ωi,t −∆Ωj,t −∆Ωij,t‖2F . (4.12)

However, the approximation in (4.11) is only valid when ∆Rij,t, ∆Ri,t, ∆Rj,t ≈ I,

which is unrealistic.

One can check that the following conditions: Rij ≈ R∗iR
∗−1
j (s∗ij ≈ 0), Ri,t ≈ R∗i

and Rj,t ≈ R∗j for t ≥ 0 imply that ∆Rij,t, ∆Ri,t, ∆Rj,t ≈ I and thus imply (4.11).

Therefore, to make LAA work we need to give large weights to edges ij with small s∗ij

and provide a good initialization {Ri,0}i∈[n] that is reasonably close to {R∗i }i∈[n] and so

that {Ri,t}i∈[n] for all t ≥ 1 are still close to the ground truth. Our heuristic argument is

that good approximation by CEMP, followed by MPLS, addresses these requirements.

Indeed, to address the first requirement, we note that good initialization by CEMP

can result in sij,T ≈ s∗ij and by the nature of F , wij,0 is large when sij,T is small. As

for the second requirement, we assign the weights sij,T , obtained by CEMP, to each

ij ∈ E and find the minimal spanning tree for the weighted graph by Prim’s algorithm.

We initialize the rotations by fixing R1,0 = I, multiplying relative rotations along the
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computed minimal spanning tree and consequently obtaining Ri,0 for any node i. We

summarize our MPLS version of rotation averaging in Algorithm 4.

Algorithm 4 MPLS-SO(3)

Input: {Rij}ij∈E , {dij,k}k∈Cij , {τt}t≥0, {βt}Tt=0, {αt}t≥1

Steps:
Compute {sij,T }ij∈E by CEMP
Form an n × n weight matrix W , where Wij = Wji = sij,T for ij ∈ E, and Wij =
Wji = 0 otherwise
G([n], EST ) = minimal spanning tree of G([n],W )
R1,0 = I
find {Ri,0}i>1 by Ri = RijRj for ij ∈ EST
t = 0
wij,0 = Fτ0(sij,T )
while not convergent do
t = t+ 1
∆Ωij,t = log(R−1

i,t−1RijRj,t−1) ij ∈ E
{∆Ωi,t}i∈[n] =

arg min
∆Ωi,t∈so(3)

∑
ij∈E

wij,t‖∆Ωi,t −∆Ωj,t −∆Ωij,t‖2F

Ri,t = Ri,t−1 exp(∆Ωi,t) i ∈ [n]
rij,t = ‖∆Ωi,t −∆Ωj,t −∆Ωij,t‖F /(

√
2π) ij ∈ E

qtij,k = exp(−βT (rik,t + rjk,t)) k ∈ Cij , ij ∈ E

hij,t =

∑
k∈Cij

qtij,kdij,k∑
k∈Cij

qtij,k
ij ∈ E

wij,t = Fτt(αthij,t + (1− αt)rij,t) ij ∈ E
end while

Output: {Ri,t}i∈[n]

4.4.4 Computational Complexity

CEMP requires the computation of dij,k for ij ∈ E and k ∈ Cij . Its computational

complexity per iteration is thus of order O(|E|) as we use |Cij | = 50 for all ij ∈ E. Since

we advocate few iterations (T = 5) of CEMP, or due to its fast convergence under special

settings [50], we can assume that its total complexity is O(|E|). The computational

complexity of MPLS depends on the complexity of solving the weighted least squares

problem, which depends on the group. For MPLS-SO(3), the most expensive part is

solving the weighted least squares problem in the tangent space, whose complexity is
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at most O(n3). This is thus also the complexity of MPLS-SO(3) per iteration. Unlike

CEMP, we have no convergence guarantees yet for MPLS.

4.5 Numerical Experiments

We test the proposed MPLS algorithm on rotation synchronization, while comparing

with state-of-the-art methods. We also try simpler ideas than MPLS that are based on

the basic strategy of CEMP. All computational tasks were implemented on a machine

with 2.5GHz Intel i5 quad core processors and 8GB memory.

4.5.1 Implementation

We use the following default parameters for Algorithm 2: |Cij | = 50 for ij ∈ E; T = 5;

βt = 2t and t = 0, . . . , 5. If an edge is not contained in any 3-cycle, we set its corruption

level as 1. For MPLS-SO(3), which we refer to in this §as MPLS, we use the above

parameters of Algorithm 2 and the following ones for t ≥ 1:

αt = 1/(t+ 1) and τt = inf
x

{
P̂t(x) > max{1− 0.05t , 0.8}

}
.

Here, P̂t denotes the empirical distribution of {αthij,t+ (1 − αt)rij,t}ij∈E . That is,

for t = 0, 1, 2, 3, we ignore 0%, 5%, 10%, 15% of edges that have highest αthij,t+

(1 − αt)rij,t, and for t ≥ 4 we ignore 20% of such edges. F (x) for MPLS is chosen as

x−3/2 and it corresponds to ρ(x) =
√
x. For simplicity and consistency, we use these

choices of parameters for all of our experiments. We remark that our choice of βt in

Algorithm 2 is supported by the theory of [50]. We found that MPLS is not so sensitive

to its parameters. One can choose other values of {βt}t≥0, for example any geometric

sequence with ratio 2 or less, and stop after several iterations. Similarly, one may replace

0.8 and 0.05 in the definition of τt with 0.7−0.9 and 0.01−0.1, respectively, and perform

similarly on average.

We test two previous state-of-the-art IRLS methods: IRLS-GM [14] with ρ(x) =

x2/(x2 + 25), F (x) = 25/(x2 + 25)2 and IRLS-`1/2 [15] with ρ(x) =
√
x, F (x) = x−3/2.

We use their implementation by [15].

We have also separately implemented the part of initializing the rotations of MPLS,
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and refer to it by CEMP in this section. Recall that it solves rotations by direct propa-

gation along the minimal weighted spanning tree of the graph with weights obtained by

Algorithm 2 (note that we previously referred by CEMP only to the latter algorithm).

We also test the application of this initialization to the main algorithms in [14] and [15]

and refer to the resulting methods by CEMP+IRLS-GM and CEMP+IRLS-`1/2, respec-

tively. We remark that the original algorithms initialize by a careful least absolute devi-

ations minimization. We use the convergence criterion
∑

i∈[n] ‖∆Ωi,t‖F /(
√

2n) < 0.001

of [15] for all the above algorithms.

Because the solution is determined up to a right group action, we align our estimated

rotations {R̂i} with the ground truth ones {R∗i }. That is, we find a rotation matrix

Ralign so that
∑

i∈[n] ‖R̂iRalign−R∗i ‖2F is minimized. For synthetic data, we report the

following mean estimation error in degrees: 180 ·
∑

i∈[n] d(R̂iRalign ,R
∗
i )/n. For real

data, we also report the median of {180 · d(R̂iRalign ,R
∗
i )}i∈[n].

4.5.2 Synthetic Settings

We test the methods in the following two types of artificial scenarios. In both scenarios,

the graph is generated by the Erdős-Rényi model G(n, p) with n = 200 and p = 0.5.

Uniform Corruption

We consider the following random model for generating Rij :

Rij =

Proj(R∗ij + σWij), w.p. 1− q;

R̃ij ∼ Haar(SO(3)), w.p. q,
(4.13)

where Proj denotes the projection onto SO(3); Wij is a 3 × 3 Wigner matrix whose

elements follow i.i.d. standard normal distribution; σ ≥ 0 is a fixed noise level; q is the

probability that an edge is corrupted and Haar(SO(3)) is the Haar probability measure

on SO(3). We clarify that for any 3×3 matrix A, Proj(A) = arg minR∈SO(3) ‖R−A‖F .

We test the algorithms with four values of σ : 0, 0.1, 0.5, and 1. We average the

mean error over 10 random samples from the uniform model and report it as a function

of q in Figure 4.2.

We note that MPLS consistently outperforms the other methods for all tested values
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of q and σ. In the noiseless case, MPLS exactly recovers the group ratios even when

70% of the edges are corrupted. It also nearly recovers with 80% corrupted edges, where

the estimation errors for IRLS-GM and IRLS-`1/2 are higher than 30 degrees. MPLS

is also shown to be stable under high level of noise. Since all algorithms produce poor

solutions when q = 0.9, we only show results for 0 ≤ q ≤ 0.8.
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Figure 4.2: Performance under uniform corruption. The mean error (in degrees) is
plotted against the corruption probability q for 4 values of σ.
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Figure 4.3: Performance under self-consistent corruption. The mean error is plotted
against the corruption probability q for 4 values of σ.

Self-Consistent Corruption

In order to simulate self-consistent corruption, we independently draw from Haar(SO(3))

two classes of rotations: {R∗i }i∈[n] and {R̃i}i∈[n]. We denote their corresponding relative

rotations by R∗ij = R∗iR
∗ᵀ
j and R̃ij = R̃iR̃

ᵀ
j for ij ∈ E. The idea is to assign to edges

in Eg and Eb relative rotations from two different classes, so cycle-consistency occurs in

both G([n], Eg) and G([n], Eb). We also add noise to these relative rotations and assign

them with Bernoulli model to the two classes, so one class is more significant. More
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specifically, for ij ∈ E

Rij =

Proj(R∗ij + σWij), w.p. 1− q;

Proj(R̃ij + σWij), w.p. q,
(4.14)

where q, σ, and Wij are the same as in the above uniform corruption model. We remark

that an information-theoretic threshold for the exact recovery when σ = 0 is q = 0.5.

That is, for q ≥ 0.5 there is no hope of exactly recovering {R∗i }i∈[n].

We test the algorithms with four values of σ : 0, 0.1, 0.5, and 1. We average the mean

error over 10 random samples from the self-consistent model and report it as a function

of q in Figure 4.3. We focus on values of q approaching the information-theoretic bound

0.5 (q = 0.4, 0.45 and 0.48). We note that MPLS consistently outperforms the other

algorithm and that when σ = 0 it can exactly recover the ground truth rotations when

q = 0.48.

4.5.3 Real Data

We compare the performance of the different algorithms on the Photo Tourism datasets

[85]. Each of the 14 datasets consists of hundreds of 2D images of a 3D scene taken by

cameras with different orientations and locations. For each pair of images of the same

scene, we use the pipeline proposed by [69] to estimate the relative 3D rotations. The

ground truth camera orientations are also provided. Table 4.1 compares the performance

of IRLS-GM, IRLS-`1/2, CEMP and MPLS, while reporting mean and median errors,

runtime and number of iterations. The number of iterations is the sum of the number

of iterations to initialize the rotations and the number of iterations of the rest of the

algorithm, where CEMP only has iterations in the initialization step.
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Algorithms IRLS-GM IRLS-` 1

2
CEMP MPLS

Dataset n m ẽ ê runtime iter # ẽ ê runtime iter # ẽ ê runtime iter # ẽ ê runtime iter #

Alamo 564 71237 3.64 1.30 14.2 10+8 3.67 1.32 15.5 10+9 4.05 1.62 10.38 6 3.44 1.16 20.6 6+8

Ellis Island 223 17309 3.04 1.06 3.2 10+9 2.71 0.93 2.8 10+13 2.94 1.11 2.4 6 2.61 0.88 4.0 6+11

Gendarmenmarkt 655 32815 39.24 7.07 6.5 10+14 39.41 7.12 7.3 10+19 45.33 8.62 4.7 6 44.94 9.87 17.8 6+25

Madrid Metropolis 315 14903 5.30 1.78 3.8 10+30 4.88 1.88 2.7 10+12 5.10 1.66 2.1 6 4.65 1.26 5.2 6+23

Montreal N.D. 442 44501 1.25 0.58 6.5 10+6 1.22 0.57 7.3 10+8 1.33 0.79 6.3 6 1.04 0.51 9.3 6+7

Notre Dame 547 88577 2.63 0.78 17.2 10+7 2.26 0.71 22.5 10+10 2.35 0.94 13.2 6 2.06 0.67 31.5 6+8

NYC Library 307 13814 2.71 1.37 2.5 10+14 2.66 1.30 2.6 10+15 3.00 1.41 1.9 6 2.63 1.24 4.5 6+14

Piazza Del Popolo 306 18915 4.10 2.17 2.8 10+9 3.99 2.09 3.1 10+13 3.44 1.57 2.6 6 3.73 1.93 3.5 6+3

Piccadilly 2031 186458 5.12 2.02 153.5 10+16 5.19 2.34 170.2 10+19 4.66 1.98 45.8 6 3.93 1.81 191.9 6+21

Roman Forum 989 41836 2.66 1.58 8.6 10+9 2.69 1.57 11.4 10+17 2.80 1.45 6.1 6 2.62 1.37 8.8 6+8

Tower of London 440 15918 3.42 2.52 2.6 10+8 3.41 2.50 2.4 10+12 2.84 1.57 2.2 6 3.16 2.20 2.7 6+7

Union Square 680 17528 6.77 3.66 5.0 10+32 6.77 3.85 5.6 10+47 7.47 3.64 2.5 6 6.54 3.48 5.7 6+21

Vienna Cathedral 770 87876 8.13 1.92 28.3 10+13 8.07 1.76 45.4 10+23 6.91 2.63 13.1 6 7.21 2.83 42.6 6 +19

Yorkminster 410 20298 2.60 1.59 2.4 10+7 2.45 1.53 3.3 10+9 2.49 1.37 2.8 6 2.47 1.45 3.9 6+7

Table 4.1: Performance on the Photo Tourism datasets: n and m are the number of nodes and edges, respectively; ẽ and
ê indicate mean and median errors in degrees, respectively.; runtime is in seconds; and numbers of iterations (explained
in the main text).
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MPLS achieves the lowest mean and median error on 9 out of 14 datasets with

runtime comparable to both IRLS, while IRLS-GM only outperforms MPLS on the

Gendarmenmarkt dataset. This dataset is relatively sparse and lacks cycle information.

It contains a large amount of self-consistent corruption and none of the methods solve

it reasonably well. Among the tested 4 methods, the fastest approach is CEMP. It

achieves shortest runtime on 13 out of 14 dataset. Moreover, CEMP is 3 times faster

than other tested methods on the largest dataset (Piccadilly). We remark that CEMP is

able to achieve comparable results to common IRLS on most datasets, and has superior

performance on 2 datasets, which have some perfectly estimated edges. In summary,

for most of the datasets, MPLS provides the highest accuracy and CEMP obtains the

fastest runtime.



Chapter 5

Robust Multi-object Matching

via Iterative Reweighting of the

Graph Connection Laplacian

The problem of matching multiple objects is crucial in many data science related

tasks, such as structure from motion (SfM) [64], simultaneous localization and mapping

(SLAM) [10], community detection [1] and solving jigsaw puzzles [42]. One important

example of multi-object matching is multi-image matching. In this example, one is

given a set of images, where each image contains a set of keypoints. Ideally, each such

set is consistent with a single set of 3D points in the real world. Ground truth key-

point matches correspond to keypoints in two images that describe the same 3D point.

In our setting, we are given observed keypoint matches, where some coincide with the

ground-truth matches and others are corrupted. The goal is to recover the ground-truth

matches.

We further clarify this goal for an equivalent formulation of this problem known as

permutation synchronization [65]. We note that a match between the keypoints of two

images Ii and Ij can be uniquely represented by a permutation. The problem thus as-

sumes a connected graph G(V,E) with nodes representing the images and with unknown

permutations along the edges (between the images or objects associated to their nodes)

and corrupted measurements of them. The goal is to learn an approximation {σ̂ij}ij∈E

76
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for the unknown permutations, so it is cycle-consistent in the following sense: For any

i, j, k ∈ V , σ̂ij = σ̂ikσ̂kj , and the learned permutations are sufficiently close to the

measured permutations that are not severely corrupted. A more careful mathematical

formulation appears later in §5.2.1.

This problem is natural in multi-graph matching (MGM) [77, 87, 89] and in 3D

reconstruction tasks, such as SfM. There are hardly any theoretical guarantees for this

problem and the existing ones often consider a uniform corruption model, which does

not reflect real scenarios. Here we try to carefully understand the drawbacks of such

approaches and develop instead a practically efficient method that fits non-uniform

corruption settings. As a side product, we relate and combine different methods that

seemed distinct from each other and even suggest some improvement to them or their

implementation. Our ideas can also be generalized to other “group synchronization”

problems with discrete groups.

5.1 This Work

These are the main contributions of this work:

• We clarify the serious limitations of current methods for permutation synchroniza-

tion in handling non-uniform corruptions that often occur in practical scenarios.

We further clarify, why the standard IRLS procedure, which is successful for other

optimization problems, including group synchronization with continuous groups,

will not work well for permutation synchronization.

• We propose a simple and effective iterative reweighting strategy for permutation

synchronization which modifies MPLS framework in § 4. We establish some guar-

antees of the main component of our reweighting strategy under a special model

for nonuniform corruption.

• We demonstrate the superior performance of our proposed method in comparison

to state-of-the-art methods on nontrivial synthetic and real data.

In §5.2 we mathematically define the permutation synchronization problem and in-

troduce notation. In §5.3 we demonstrate the limitations of previous methods. We pro-

pose our method in §5.4 and provide theoretical guarantees for a special non-uniform
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scenarios in §5.5. We compare performance with previous methods in §5.6.

5.2 Preliminaries

We mathematically formulate our underlying problem, introduce notation used through-

out the chapter, and review the notion of graph connection Laplacian.

5.2.1 Permutation Synchronization

We formulate the permutation synchronization problem, while also establishing some

notation. For m ∈ N, we denote by [m] the set {1, . . . ,m} and by Sm the permutation

group on m elements. For n and m ∈ N and a graph G([n], E), a permutation in Sm

indexed by ij ∈ E is referred to as relative permutation and a permutation indexed

by i ∈ [n] is referred to as absolute permutation. The permutation synchronization

problem assumes a connected graph G([n], E) and an unknown ground-truth set of cycle-

consistent permutations {σ∗ij}ij∈E ⊂ Sm, where cycle-consistency means that for ij, jk

and ik ∈ E: σ∗ij = σ∗ikσ
∗
kj . We remark that for ij ∈ E, σ∗ji = σ∗−1

ji so the direction of the

edge ij does not matter. In view of Proposition 3.7 of [50], this relative ground-truth

information is equivalent to ground-truth information of absolute permutations {σ∗i }i∈[n]

determined up to right multiplication by an arbitrary element of Sm, so that for all

ij ∈ E: σ∗ij = σ∗i σ
∗−1
j . The problem further assumes possibly corrupted measurements

of the ground-truth relative permutations, which are denoted by {σ̃ij}ij∈E . These are

typically not cycle-consistent. The problem then asks to recover or only approximate the

ground-truth permutations {σ∗ij}ij∈E from the observed ones {σ̃ij}ij∈E . More careful

mathematical models assume that σ̃ij = σ∗ij on good edges Eg and σ̃ij 6= σ∗ij on bad

edges Eb = E \Eg [50]. Under some special corruption models, one may try to prove or

disprove exact recovery of {σ∗ij}ij∈E by an algorithm of interest. One can further assume

a noise model for {σ̃ij}ij∈Eg and quantify the approximate recovery of {σ̃∗ij}ij∈E by an

algorithm of interest. Nevertheless, current theories are rather limited for special models

of uniform corruption and Gaussian noise [17, 41, 65] or only recover the corruption

levels, but not the ground-truth permutations [50].
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5.2.2 Notation and Conventions

We represent elements of Sm by doubly-stochastic binary matrices (whose all elements

are either 0 or 1) and denote the set of these matrices by Pm. Clearly, Pm with

matrix multiplication is isomorphic to Sm. Therefore, in the setting of permutation

synchronization, for each ij ∈ E, we represent the ground-truth and measured relative

permutations σ∗ij and σij by the following respective matrices in Pm: X∗ij and X̃ij ,

where X∗ij = X∗ᵀji and for consistency X̃ij = X̃ᵀ
ji. For i ∈ [n], we also represent the

absolute permutation σ∗i ∈ Sm by P ∗i ∈ Pm and note that for ij ∈ E, X∗ij = P ∗i P
∗ᵀ
j .

We use different letters P and X in order to distinguish between absolute and relative

representative permutation matrices.

Denote by X̃ the block matrix ∈ Rnm×nm whose [i, j]-th block for ij ∈ E is X̃ij ,

and zero otherwise. Similarly, denote by P ∈ Rmn×m the block matrix whose i-th block

is Pi ∈ Pm. We denote by Pn
m the space of block matrices in Rmn×m, whose blocks

are in Pm. For each i ∈ [n], let N(i) and Ng(i) denote the sets of neighboring nodes of

i in G([n], E) and G([n], Eg) respectively.

We use In, 1n and 0n to represent the n× n identity, all-one and all-zero matrices,

respectively. We also denote the Kronecker product, elementwise multiplication and

elementwise division of matrices by ⊗, � and �, respectively. For any matrix A we

use A(i, j) to indicate its (i, j)-th element. For a block matrix B, we use B[i, j] to

denote its [i, j]-th block. For A, B ∈ Rk×l, we denote their Frobenius inner product

by 〈A ,B〉 = Tr(AᵀB). We denote the blockwise inner product of A, B ∈ Rmk×ml by

〈A ,B〉block ∈ Rk×l, where its (i, j)-th element is 〈A[i, j] ,B[i, j]〉. We use the shorthand

notation w.h.p. to mean with high probability.

5.2.3 The Graph Connection Weight and Laplacian

We assume a weighted graph G([n], E) with edge weights {wij}ij∈E and recall that the

degree of vertex i ∈ [n] is di =
∑

j∈N(i)wij . We form the weight matrix W ∈ Rn×n

such that W (i, j) = wij for ij ∈ E and W (i, j) = 0 otherwise, and the degree matrix

D, which is a diagonal matrix in Rn×n such that D(i, i) = di. When W (i, j) = 1 for

ij ∈ E we denote this weight matrix by E and refer to it as the adjacency matrix. The

graph connection weight matrix (GCW), S, and the graph connection Laplacian matrix
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(GCL), L [76], are defined as follows:

S = W ⊗ 1m � X̃ and L = D ⊗ Im − S. (5.1)

Note that Sij = wijX̃ij for all i, j ∈ [n] and Lij = −wijX̃ij for i 6= j ∈ [n], and

Lii = diIm for i ∈ [n]. The normalized GCW and GCL are respectively defined as

S = (D−1W )⊗ 1m � X̃ and L = Imn − S, so that Sij = wijX̃ij/di for i, j ∈ [n] and

Lij = −wijX̃ij/di for i 6= j ∈ [n] and Lii = Im for i ∈ [n]. Throughout the chapter

we iteratively estimate the graph weight matrix, GCW, normalized GCW and GCL

matrices and denote their estimated values at iteration t by W(t), S(t), S(t), L(t) and

L(t).

5.3 Drawbacks of Existing and Possible Solutions

Most established methods for permutation synchronization, such as [65, 39, 17, 41],

are based on least squares optimization. More specifically, they fix p = 2 and aim to

minimize the following optimization problem:

min
{Pi}i∈[n]⊂Pm

∑
ij∈E
‖PiP ᵀ

j − X̃ij‖pF (5.2)

We formulate this problem for general p > 0 for future reference. We note that following

optimization problem is equivalent to (5.2) when p = 2:

max
P∈Pn

m

〈PP ᵀ , X̃〉. (5.3)

Pachauri et al.[65] approximates the solution of (5.3) by stacking the top m eigen-

vectors of X̃ and then projecting each block of resulting block matrix on Pm by the

Hungarian algorithm [60]. The state-of-the-art method for solving (5.3) is the projected

power method (PPM) [16, 41], which aims to iteratively solve (5.2) when p = 2. It first

initializes P(1) ∈Pn
m following [65], and then iteratively computes P(t+1), for t ≥ 1, as
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follows:

P(t+1) = Proj(X̃P(t)) = arg min
P∈Pn

m

‖P − X̃P(t)‖2F . (5.4)

The operator Proj is the blockwise projection onto Pm that is computed by the Hun-

garian algorithm.

Both PPM [16] and other least squares methods [39, 17, 65] may tolerate uniform

corruption, that is, independently sampling the bad edges ij ∈ Eb from a uniform

distribution on Pm. However, this setting is not realistic for applications. For example,

in common SfM datasets, the images of the same object are usually from different

sources and have different qualities. For low quality images, their matches with other

images are often erroneous. That is, their neighboring edges in their corresponding

graph G([n], E) are more likely to be corrupted. This heterogeneity issue results in

non-uniform and cluster behavior of the bad subgraph G([n], Eb). Unfortunately, none

of the previous methods can handle well such cases as we later establish for a special

non-uniform model in Theorem 8.

In principle, the above problem with PPM and other least squares methods can be

addressed by a proper reweighting procedure that focuses only on good edges ij ∈ Eg.
A common global weighing method is iteratively reweighted least squares (IRLS). It

has been successfully applied for synchronization-type problems with special continuous

groups, such as SO(d) synchronization [14, 36, 82] and camera location estimation

[30, 62]. However, we claim that common IRLS methods for special synchronization

problems with Lie groups do not directly generalize to synchronization problems with

discrete groups, such as Sm. Indeed, for our setting, standard IRLS aims to solve (5.2)

with p = 1. The common hope is that the minimization of the least absolute deviations,

which corresponds to p = 1, instead of the least squares deviations, which corresponds

to p = 2, is more robust to adversarial corruption. The standard IRLS solution to (5.2)

with p = 1 assumes an initial choice of {Pi,(0)}i∈[n] ⊂Pm and iteratively computes for
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t ≥ 1:

wIRLS
ij,(t) = 1/max{‖Pi,(t)P

ᵀ
j,(t) − X̃ij‖F , δ} (5.5)

{Pi,(t+1)}i∈[n] = arg min
{Pi}i∈[n]⊂Pm

∑
ij∈E

wIRLS
ij,(t) ‖PiP

ᵀ
j − X̃ij‖2F . (5.6)

where δ is a small regularization constant to avoid zero denominator. Unlike Lie groups,

the discrete nature of permutations may result in exactly zero residuals, ‖Pi,(t)P
ᵀ
j,(t) −

X̃ij‖F on few edges in the first few iterations of IRLS. These few edges with zero

residuals, including the corrupted ones, will be extremely overweighted by (5.5). As a

result, most of the “good” information on other edges are ignored and thus IRLS can

produce poor solutions that are even worse than the given corrupted pairwise matches

X̃. One may use less aggressive reweighting functions [15] for heavy-tailed noise, such

as Cauchy weights [4]. However, they are not expected to work well in our discrete

scenario. One reason is that their weights are updated from the residuals. Since these

residuals lie in a discrete finite space with size m, there are very limited choices for the

weights and the solution of the weighted least squares problem at each iteration can

easily get stuck at at a local minimum.

5.4 Our Proposed Method

In view of the limitations of previous methods, we propose a more effective method

for permutation synchronization, which is a modified MPLS framework for discrete

optimization. We call this method iteratively reweighted graph connection Laplacian

(IRGCL). The idea is to iteratively and alternatively estimate graph weights that em-

phasize uncorrupted edges and the underlying matching matrix. In §5.4.1 we explain

how to initialize the graph weights through CEMP [50]. However, we provide a novel

straightforward interpretation of CEMP that uses the GCW matrix, while avoiding mes-

sage passing. It yields a fully-vectorized implementation of CEMP which is numerically

attractive. We establish a mathematical proposition that justifies this new approach

for CEMP and also establish the equivalence of this approach with CEMP. In §5.4.2,

we assume given weights and discuss weighted least squares (WLS) formulations and

solutions. Using the ideas of §5.4.1 and §5.4.2, we formulate the IRGCL algorithm in
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§5.4.3.

5.4.1 Weight Initialization

To ensure that the initialized graph weights concentrate on good edges, it is crucial

to reliably estimate for any ij ∈ E: 〈X̃ij ,X
∗
ij〉/m ∈ [0, 1]. For this purpose, we

propose a simple method in Algorithm 5 and provide a simple justification for it in

terms of a property of the GCW matrix S. We show that this method is equivalent with

CEMP [50]. CEMP is provably robust to adversarial corruption, but is more difficult

to motivate. It directly estimates the corruption levels {d(X̃ij ,X
∗
ij)/m}ij∈E for some

metric d. It coincides with our approach when using the metric d(X ,Y ) = ‖X −Y ‖F
for X, Y ∈Pm.

Algorithm 5 CEMP (reformulated)

Input: measured relative permutations X̃, Adjacency matrix E, total time step t0,
increasing {βt}t0t=0

Winit,(0) = E
for t = 0 : t0 do
Sinit,(t) = (Winit,(t) ⊗ 1m)� X̃
Ainit,(t) = 1

m〈S
2
init,(t) � (W 2

init,(t) ⊗ 1m) , X̃〉block

Winit,(t+1) = exp(βtAinit,(t))
end for

Output: Ainit = Ainit,(t)

The following equivalence of CEMP and Algorithm 5 is established in the §B.2.

Proposition 8. Assume that X̃ represents the measured relative permutations in per-

mutation synchronization, or more generally, the measured relative groups ratios in

compact group synchronization, where the group has an orthogonal matrix representa-

tion. Assume further the following metric on the matrix-represented elements X, Y :

‖X −Y ‖2F /(2m). Then CEMP with this metric and 3-cycles is equivalent to Algorithm

5. If one uses l-th powers with l ≥ 2 in Algorithm 5, then it is equivalent to CEMP with

(l + 1)-cycles and the same metric.

We explain Algorithm 5 independently of CEMP, while avoiding ideas of message

passing, using the following mathematical proposition, which we establish in §B.1.
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Proposition 9. Assume l ∈ Z+ and the setting of permutation synchronization with

G([n], E), Eb, W , X∗ and X̃. Assume that W (i, j) = 0 for ij ∈ Eb and W l(i, j) > 0

for ij ∈ E. Then the GCW matrix S satisfies

Sl � (W l ⊗ 1m) = X∗, (5.7)

where the equality is constrained to the blocks [i, j] ∈ E and l is used for matrix power.

Algorithm 5 aims to estimate the correlation affinity matrix A∗ = 〈X∗ , X̃〉block/m,

while using Proposition 9 to approximate X∗. Namely, this proposition indicates that

with a properly chosen weight matrix, we can use the normalized l-th order GCW, that

is, the LHS of (5.7), to approximate X∗. We remark that (5.7) encodes the (l + 1)-

cycle consistency relation X∗ik1X
∗
k1k2
· · ·X∗kl−1,j

= X∗ij . For simplicity and to avoid

an additional parameter, Algorithm 5 only uses l = 2, which corresponds to 3-cycles.

In order to understand our choice of an exponential function for updating the weight

matrix, we note that if Ainit → A∗ as t→∞, then

Winit,(t)(i, j)→ exp
(
βt〈X∗ij , X̃ij〉/m

)
= exp

(
− βt

2m
‖X∗ij − X̃ij‖2F

)
· exp (−βt) .

(5.8)

Due to normalization, we ignore the term exp(−βt). We note that this update rule is

mathematically equivalent to the heat kernel used in VDM [76]. By taking βt →∞, we

obtain that exp(−βt‖X∗ij − X̃ij‖2F /m)→ 1{ij∈Eg}, and therefore the estimated weights

converge to the adjacency matrix of the ground-truth inlier graph and give rise to A∗.

In other words, when βt → ∞, A∗ is a fixed point of Algorithm 5. We also note that

approaching this limit, Winit,(t) satisfies the requirements of Proposition 9.

5.4.2 Weighted Least Squares Approximation of Permutations

We assume a weight approximation {wij,(t)}ij∈E at iteration t ≥ 0. For example, the

initial weights of §5.4.1 will be later used at iteration t = 0 of our procedure. Using these

weights, we approximate the absolute permutation as WLS solution in two different

ways. The first one aims to solve for each i ∈ [n] the following weighted power iterations,
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which is a weighted analog of (5.4):

Pi,(t+1) = arg min
Pi∈Pm

∥∥∥∥∥∥
∑
j∈N(i)

wij,(t)(Pi − X̃ijPj,(t))

∥∥∥∥∥∥
2

F

for all i ∈ [n]. (5.9)

We note that the solution of (5.9) is P(t+1) = Proj(S(t)P(t)). The second WLS formu-

lation aims to solve the following global optimization problem for all i ∈ [n]:

{Pi,(t+1)}i∈[n] = Proj

 arg min
{Pi}i∈[n]⊂Om

∑
i∈[n]

∥∥∥∥∥∥ 1

di,(t)

∑
j∈N(i)

wij,(t)(Pi − X̃ijPj)

∥∥∥∥∥∥
2

F

 , (5.10)

where Om is the set of all m×m orthogonal matrices and di,(t)is the the degree of node

i. To approximately solve (5.10), one can relax the constraint in (5.10) as P ᵀP = Im

and rewrite (5.10) using the previously defined normalized GCW matrix S(t):

P(t+1) = Proj

(
arg min
P ᵀP=Im

∥∥P − S(t)P
∥∥2

F

)
. (5.11)

The columns of the solution of the minimization in (5.11) are exactly the top m eigen-

vectors of S(t), equivalently, the bottom m eigenvectors of L(t). An analogue of (5.10)

for SE(3) synchronization appears in [4]. However, our overall reweighting strategy is

completely different. We recommend using (5.9) over (5.10) as it faster and often more

accurate in practice, but we report results with both of them.

5.4.3 Iteratively Reweighted Graph Connection Laplacian

We combine together ideas of §5.4.1 and §5.4.2 to formulate IRGCL in Algorithm 6.

At each iteration, we obtain the estimated absolute permutation matrices P(t) and

the estimated matching X(t) by solving either (5.11) or (5.9), and we respectively name

the algorithms with these choices as IRGCL-S (S for spectral) and IRGCL-P (P for

power iterations). Nevertheless, when initializing P(1) we always solve (5.11) since

power iterations require an initial value. Unlike standard IRLS (5.5), we compute the

weights from the 1st and 2nd order edge affinities: A1,(t) and A2,(t), defined in the

algorithm. We note that we can write A1,(t)(i, j) = 1 − ‖Xij,(t) − X̃ij‖2F /2m and
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Algorithm 6 Iteratively Reweighted Graph Connection Laplacian (IRGCL)

Input: X̃, {βt}t0t=0 ↗, {αt}tmax
t=1 ↗, {λt}tmax

t=1 ↗, F : Rn×n → Rn×n (default: F (A) =
A)
A(0) = CEMP(X̃, {βt}t0t=0)
W(0) = F (A(0))

P(1) = WLS(X̃,W(0)) by solving (5.11)
for t = 1 : tmax do
X(t) = P(t)P

ᵀ
(t)

A1,(t) = 1
m〈X(t) , X̃〉block

W1,(t) = exp(αtA1,(t))

S(t) = (W1,(t) ⊗ 1m)� X̃
A2,(t) = 1

m〈S
2
(t) � (W 2

1,(t) ⊗ 1m) , X̃〉block

A(t) = (1− λt)A1,(t) + λtA2,(t)

W(t) = F (A(t))

P(t+1) = WLS(X̃,W(t)) by (5.9) or solving (5.11)
end for

Output: consistent matches X = P(t+1)P
ᵀ
(t+1)

thus A1,(t)(i, j) encodes residual information. However, the information from A1,(t) can

still be inaccurate when X(t) deviates from X∗. Therefore, we address this issue by

gradually incorporating the 2nd order affinity matrix A2,(t), which encodes the 3-cycle

consistency information and its use is justified by Proposition 9. Our estimate of A∗ at

iteration t is the convex combination A(t) = (1 − λt)A1,(t) + λtA2,(t). We increase λt

towards 1 as t increase, since with higher iterations the information of A2,(t) should be

more accurate than that of A1,(t). However, for the first few iterations, incorporating

the information from A1 can accelerate the convergence. For simplicity and to avoid

additional parameters, we assume that F (A(t)) = A(t). For the same reason, we only

incorporate second order affinities and avoid higher order ones.

The following figure tries to convey the basic idea of IRGCL in comparison to IRLS

and CEMP. In this figure, the notation X → Y means that Y is generated from

X. We recall that A, W , P and S2 respectively represent the estimated matrices of

(correlation) affinity, weight, permutation and squared GCW. We also recall that A1

and A2 respectively denote the first and second order affinities. The two merged lines

on the top of the diagram for IRGCL (one is dashed and the other is full) designate



87

the fact that A is a weighted average of the first and second order affinities. We use

a dashed line to remind the reader that the weights of A1 diminish as the number of

iterations increases. We note that the two merged components represent two different

algorithms, IRLS and CEMP.

A W

P

A W

S2
A

W

P

A1

W1

S2

A2

IRLS CEMPIRGCL

Figure 5.1: Illustration of IRGCL and its relationship with CEMP and IRLS. The basic
idea is that IRGCL is an iterative convex combination of CEMP and IRLS.

5.4.4 On the Computational Complexity

We remark that the complexity of CEMP is O(m3n3) and that of projected power

iteration is O(m3n2). The spectral decomposition of graph connection laplacian has

complexity O(m3n3). Thus, IRGCL-S&P, Spectral, PPM all have the same complexity

O(m3n3) which is typically lower than the SDP method MatchLift.

5.5 Theoretical Guarantees for Nonuniform Corruption

We study the adversarial effect of nonuniform corruption, and more specifically, cluster-

type behavior of Eb. We consider a toy model, which we refer to as the superspreader

corruption model. In this model, the bad edges are connected to a single node, so the set

Eb has a “star-shaped” topology. The distributions for X̃ij and P ∗i are general. We show

that under this model, least-squares type methods, including PPM, may fail, whereas

CEMP, which we use to initialize our method, is able to achieve accurate estimation of

A∗ in one iteration as long as n and its parameter β0 are sufficiently large. We remark

that the generic theory established for CEMP in [50] restricts the fraction of corrupted

cycles per edge and thus does not apply to the superspreader model, where all edges and
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thus all cycles per edge are corrupted. Our ideas of proof are also different than those of

[50]. Moreover, in this setting, we show that PPM and other least squares methods may

fail, whereas in the generic setting of [50] they may still succeed. We mathematically

formulate this model and then the theorem, which is proved in §B.3.

Definition 2. The superspreader corruption model with parameters n ∈ N, m ∈ N
and 0 < ε < 1 ∈ R; distributions DP and DX on Pm; and superspreader node i0 ∈ [n]

is a probabilistic model with the following components: a complete graph G([n], E);

ground-truth absolute permutations {P ∗i }i∈[n] i.i.d. sampled from DP ; a set Eb, which

contains edges of the form i0j, where j is randomly sampled from N(i0) such that

|Nb(i0)|/|N(i0)| ≡ |Nb(i0)|/(n − 1) = (1 − ε); and corrupted measurements of relative

permutations {X̃ij}ij∈E , such that X̃ij is i.i.d sampled from DX and for i 6= i0, X̃ij =

X∗ij ≡ P ∗i P ∗j .

Theorem 8. Assume data generated by the superspreader corruption model with node

i0, parameters n, m and 0 < ε < 1, distributions DP and DX , and ground-truth

and measured relative permutations {X̃∗ij}ij∈E and {X̃ij}ij∈E, respectively. Let A∗ =

〈X∗ , X̃〉block/m, µ = E(||X̃i0j −X∗i0j ||
2
F |j ∈ Nb(i0))/2m, and assume that

µ ≤ E(||X̃ki0X̃i0j −X∗kj ||2F | j, k ∈ Nb(i0))/2m for all k ∈ Nb(i0). (5.12)

Then, for n = Ω(1/(µ2ε2)) and β0 of CEMP, Ainit,(1) obtained by CEMP with one

iteration satisfies w.h.p.

‖Ainit,(1) −A∗‖∞ ≤ (1− ε)(1− ε+ εeβ0µε/2/2)−1. (5.13)

On the other hand, for sufficiently small ε and some natural choices for DX , any least

squares method, in particular PPM, does not result in good approximation of {X∗ij}ij∈E
and subsequent good estimation of A∗.

5.6 Numerical Experiments

Using synthetic and real data, we compared IRGCL-S&P with the following meth-

ods for permutation synchronization: Spectral [65]; PPM [16]; IRLS-Cauchy-S&P:
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two methods that adapt the idea of [4] to permutation synchronization, while solv-

ing the WLS problem by either (5.9) for IRLS-Cauchy-P or (5.11) for IRLS-Cauchy-S;

MatchLift [17] and MatchALS [92]. For the last two methods we used the codes from

https://github.com/zju-3dv/multiway and their default choices. We implemented

the rest of the methods using the default choices in the corresponding papers. We use

the following parameters for IRGCL-S&P: tmax = 100, t0 = 20, αt = min(1.2t−1, 40),

F (A) = A, βt = min(1.2t, 40) and λt = t/(t+ 1).

In §5.6.1 we present the experiments on synthetic data with uniform corruption

model. In §5.6.2 we report results on synthetic data with two non-uniform corruption

models. In §5.6.3 we include results for real data.

5.6.1 Experiments on Uniform Corruption Model

We test the different methods using data generated from a uniform corruption model.

In this model, we independently sample corrupted edges with probability q, and for each

ij ∈ Eb, X̃ij ∼ Haar(Pm).

We plot the estimation error

∑
i 6=j
‖X̂ij −X∗ij‖2F /

∑
i 6=j
‖X∗ij‖2F

for each corruption probability q = 0.7, 0.8, 0.88, 0.9 and 0.92. We compare IRGCL-P

and IRGCL-S with all methods described in §5.6. Since IRLS-Cauchy-S and IRLS-

Cauchy-P performed similarly we report only one of them. We also tested the standard

IRLS described in (5.5) and (5.6), which we refer to as IRLS-L1-S. The implementation

of IRLS-L1-S approximately solves (5.6) using the spectral formulation of (5.11) at

each iteration. It also initializes by the solution of (5.11) using the adjacency matrix

for the weight matrix. For each method we run 100 trials and report the means and

standard deviations of the estimation errors in Figure 5.2, where standard deviations

are denoted by error bars. We note that IRGCL-S and IRGCL-P consistently achieve

the lowest errors, and IRGCL-S seems to work slightly better (with lower mean errors

and standard deviations) under the highest corruption ratio, q = 0.92. The spectral

method and MatchLift perform the worst. They are unable to recover the ground-truth

permutations when q = 0.8. We also remark that PPM works better than the other

https://github.com/zju-3dv/multiway
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Figure 5.2: Average matching error under ta uniform corruption model.

least squares methods. However, it is not competitive with IRGCL-S and IRGCL-P in

the high corruption range of 0.88− 0.92. In this range, IRLS-L1-S and IRLS-Cauchy-S

have lower means than PPM, but they have large standard deviations, which indicate

that they are unstable.

5.6.2 Nonuniform Corruption Models

The following two models involve nonuniform corruption. For both models, we choose

n = 100, m = 10, assume an underlying complete graph G([n], E). We independently

sample nc nodes and for each sampled node we independently corrupt its mc incident

edges. We remark that nc = 1 corresponds to our superspreader corruption model. We

let {P c
i }i∈[n] be i.i.d. sampled from the Haar measure on Pm, Haar(Pm). We next

describe the generation of X̃ij , where ij ∈ Eb, in the two models. It is maliciously

designed so that the distribution of X̃ijP
∗
j is no longer concentrated around P ∗i , but

biased towards some other permutation matrix.
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1. Local Biased Corruption Model (LBC): For each ij ∈ Eb,

X̃ij =

P c
i P

cᵀ
j if 〈P c

i P
cᵀ
j , P ∗i P

∗ᵀ
j 〉 ≤ 1,

Xij ∼ Haar(Pm) otherwise.
(5.14)

Note that P c
i P

cᵀ
j are self-consistent and since 〈P c

i P
cᵀ
j , P ∗i P

∗ᵀ
j 〉 ≤ 1, they tend to be

far away from the ground-truth P ∗i P
∗ᵀ
j , and therefore the overall distribution of X̃ijP

∗
j

is far away from P ∗i .

2. Local Adversarial Corruption Model (LAC): For each ij ∈ Eb: X̃ij = Qc
ijP
∗ᵀ
j where

Qc
ij is sampled by randomly permuting 3 columns of the m ×m identity matrix. We

remark that the LAC model is even more malicious, since X̃ijP
∗
j explicitly concentrates

around the identity matrix.

We fix mc = 90 for LBC and mc = 60 for LAC. We use the error

∑
ij∈Eb

‖X̂ij −X∗ij‖2F /
∑
ij∈Eb

‖X∗ij‖2F

to compare the different methods. We created 20 random sample from each model

and we computed average errors and standard deviations for nc = 1, . . . , 6. Figure 5.3

reports these average errors for the two different models, while designating standard

deviations by error bars. The results for MatchLift [17] and MatchALS [92] were not

competitive and thus are not reported.
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Figure 5.3: Average matching error under the LBC model (left) and LAC model (right).
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We note that both methods are able to achieve near exact recovery under all tested

values of nc. In particular, they can exactly recover the ground truth under the super

malicious LAC model, whereas all other methods totally fail. We remark that both

IRLS-Cauchy-S&P perform better than other least squares methods. However, their

improvement is limited and cannot achieve exact recovery.

We report additional results for the LBC and LAC models in the following two

subsections.

Additional synthetic experiments using the LBC model

Figure 5.4 reports the estimation errors of different methods under the LBC model with

parameters mc = 90 and nc = 10, 20, 30, 40. For each method and each fixed values of nc

we run 20 trials and present the mean and standard deviations of the estimation errors.

We note that both IRGCL-S and IRGCL-P are able to achieve near exact recovery
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Figure 5.4: Average matching errors under the local biased corruption model.

when nc ≤ 30. PPM performs the worst among the tested methods for all values of

nc. We note that in terms of the averaged errors, IRLS-Cauchy-S performs better than
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the other least squares methods. However, it has high standard deviations, so that it is

unstable, and its averaged values are still not competitive when compared with IRGCL-

S and IRGCL-P. We also note that the standard deviations of the latter two methods

are nearly 0 when nc ≤ 30.

Additional synthetic experiments using the LAC Model

Figure 5.5 reports the estimation errors of different methods under the LAC model with

mc = 60 and nc =10, 20, 30, 40. For each method and each value of nc we run 20

trials and report the mean and standard deviations of the errors. We note that both
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Figure 5.5: Average matching errors under the local adversarial corruption Model.

IRGCL-P and IRGCL-S are able to recover the ground truth solution under the LAC

model when nc ≤ 40, whereas other methods cannot.

5.6.3 Real Dataset

We compare the performance of the different methods on the Willow database [18],

which consists of 5 image datasets. Each image dataset contains 40-108 images of the
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same object. We use the same method suggested by [83] to extract CNN features from 10

annotated keypoints for each image through AlexNet [47]. The candidate for the initial

matching is obtained by applying the Hungarian algorithm on the feature similarity

matrix, following the same procedure as [83]. However, the obtained initial matching

is ill-posed for permutation synchronization. For example, given the initial matching

obtained using the car dataset, there are 8 out of 40 nodes whose all neighboring edges

are severely corrupted. That is, there is no chance to recover correct information of those

nodes. To make those datasets well-posed to permutation synchronization solvers, we

only use the relative permutation X̃ij between the nodes i and j whose incident edges

are not completely corrupted. IRLS-Cauchy-P&S were comparable and we thus only

report IRLS-Cauchy-S, while referring to it as IRLS. We do not compare with [83] since

it requires additional geometric information from the pixel coordinates of keypoints.

We report the relative estimation error
∑

i 6=j ‖X̂ij −X∗ij‖2F /
∑

i 6=j ‖X∗ij‖2F of different

methods in Table 5.1. We note that for all image datasets, except Face, only a small

n Input Spectral MLift MALS PPM IRLS IRGCL-S IRGCL-P

Datasets [65] [17] [92] [41] [4] ours ours

Car 32 0.41 0.23 0.17 0.14 0.11 0.16 0.14 0.078

Duck 30 0.46 0.20 0.26 0.22 0.20 0.19 0.19 0.17

Face 108 0.14 0.042 0.071 0.057 0.049 0.042 0.036 0.045

Motorbike 14 0.55 0.46 0.49 0.48 0.44 0.46 0.43 0.38

Winebottle 56 0.43 0.27 0.24 0.22 0.24 0.24 0.22 0.20

Table 5.1: Matching performance comparison using the Willow datasets.

fraction of edges are completely uncorrupted. However, under this super noisy dataset,

our methods IRGCL-S and IRGCL-P are still able to achieve reasonable improvement

over Spectral and PPM respectively. Among the least squares methods, Spectral and

MatchLift perform the worst on average, and PPM performs the best. However, with our

novel reweighting scheme, IRGCL-Spectral outperforms PPM on 4 out 5 datasets, and

our IRGCL-P performs the best overall comparing to all other methods. We remark that

the IRLS with Cauchy weights does not have significant advantages over least squares

methods.



Chapter 6

Camera Location Estimation:

Theory

This chapter mathematically addresses the problem of estimating absolute camera lo-

cations when given corrupted pairwise directions with missing values. In doing so, it

follows the corruption model and the mathematical problem of Hand, Lee and Voronin-

ski (HLV) [34], which are described as follows.

The HLV model:

Assume n cameras, indexed by [n] = {1, 2, . . . , n}, with locations t∗1, . . . , t
∗
n ⊂ R3,

i.i.d. sampled from N(0, I). Let G([n], E) be drawn from the Erdős-Rényi ensemble

G(n, p) of n vertices with probability of connection p. That is, an edge with index

ij ∈ [n] × [n] is independently drawn between cameras i and j with probability p. For

any i, j ∈ [n], ij and ji appear at most once in the index set of edges E so that there is

no repetition. For each edge with index ij ∈ E, a possibly corrupted pairwise direction

vector γij ∈ S2 is assigned. More precisely, E is partitioned into sets of “good” and

“bad” edges, Eg and Eb respectively, and the pairwise direction vectors are obtained in

each set as follows: If ij ∈ Eg, then γij is the ground truth pairwise direction:

γ∗ij =
t∗i − t∗j
‖t∗i − t∗j‖,

(6.1)

95
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where ‖·‖ denotes the Euclidean norm. Otherwise, {γij}ij∈Eb are arbitrarily assigned in

S2. The level of corruption of the HLV model is quantified by εb = 1
n(maximal degree of Eb).

The parameters of the HLV model are n, p and εb.

The HLV problem and its solutions:

Given data sampled from the HLV model and assuming a bound on the corruption

parameter εb, the exact recovery problem is to reconstruct, up to ambiguous translation

and scale, {t∗i }ni=1 from {γij}ij∈E . Hand, Lee and Voroninski addressed this problem

while assuming εb = O(p5/ log3 n) and using their ShapeFit algorithm [34]. Here we

address this problem with the weaker assumption εb = O(p7/3/ log9/2 n), while using

the LUD algorithm [61].

6.1 LUD, ShapeFit and 1DSfM

In the past two decades, a variety of algorithms have been proposed for estimating

global camera locations from corrupted pairwise directions [64]. The earliest methods

use least squares optimization [3, 9, 31] and often result in collapsed solutions. That

is, the camera locations are usually wrongly estimated around few points. Constrained

Least Squares (CLS) [79, 80] utilizes a least squares formulation with an additional

constraint to avoid collapsed solutions. Another least squares solver with anti-collapse

constraint is semidefinite relaxation (SDR) [63]. Its constraint is non-convex and makes

it hard to solve even after convex relaxation. Other non-least-squares solvers include

the L∞ method [59] and the Lie-Algebraic averaging method [32]. However, all the

above methods are sensitive to outliers.

Recently, Özyesil and Singer [61] proposed the Least Unsquared Deviation (LUD)

algorithm and numerically demonstrated its robustness to outliers and noise. Given

the pairwise directions {γij}ij∈E , the LUD algorithm estimates the camera locations

{t∗i }ni=1 by {t̂i}ni=1 ⊂ R3, which solve the following constrained optimization problem

with the additional parameters {α̂ij}ij∈E ⊂ R:

({t̂i}ni=1, {α̂ij}ij∈E) = arg min
{ti}ni=1

⊂R3

{αij}ij∈E⊂R

∑
ij∈E
‖ti−tj−αijγij‖ s.t. αij ≥ 1 and

∑
i

ti = 0. (6.2)
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This formulation is very similar to that of CLS, but uses least absolute deviations

instead of least squares in order to gain robustness to outliers. Numerical results in

[61] demonstrate that LUD can exactly recover the original locations even when some

pairwise directions are maliciously corrupted.

Following Özyesil and Singer, Hand, Lee and Voroninski [34] proposed the ShapeFit

algorithm as a theoretically guaranteed solver. Given the pairwise directions {γij}ij∈E ,

the ShapeFit algorithm estimates the locations {t∗i }ni=1 by solving the following convex

optimization problem:

min
{ti}ni=1⊂R3

∑
ij∈E
‖Pγ⊥ij (ti − tj)‖ s.t.

∑
ij∈E
〈ti − tj ,γij〉 = 1 and

n∑
i=1

ti = 0,

where Pγ⊥ij
denotes the orthogonal projection onto the orthogonal complement of γij .
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Figure 6.1: Empirical performance of LUD and ShapeFit under corruption and noise for
synthetic data. Both methods are implemented using the CVX-SDPT3 package. Left:
Data is generated by the HLV model with n = 50 and p = 0.5. The corruption level is
measured by |Eb|/|E| instead of εb and takes values in [0, 1]. Right: The ground truth
is generated by the HLV model with n = 50, p = 0.5 and Eb = ∅. For each ij ∈ E,
γij = (γ∗ij + σvij)/‖γ∗ij + σvij‖, where vij is uniformly distributed on S2 and 0 ≤ σ ≤ 1
is the noise level. In both figures the performance is measured by the normalized
root mean squared error (NRMSE): NRMSE2 =

∑n
i=1 ‖κ∗t̂i − t∗i ‖2/

∑n
i=1 ‖t∗i ‖2, where

κ∗ = arg minκ∈R
∑

ij∈E ‖κt̂i − t∗i ‖2.

Empirically, for low levels of noise and corruption, ShapeFit is more accurate than

LUD. Figure 6.1 demonstrates the empirical behavior of ShapeFit and LUD for synthetic

data. We remark that in this case of synthetic data, stability can be measured as the
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magnitude of the rate of change of accuracy with respect to corruption or noise. Figures

1 and 2 of Goldstein et al. [30] demonstrate similar behavior, but emphasize exact

recovery at lower corruption levels, where ShapeFit often outperforms LUD. Practical

results are demonstrated in [30, 69, 71] and seem to indicate similar behavior. Most

notably, LUD is more stable, where stability for real data sets is demonstrated by

consistent performance of different simulations for the same data set as well as consistent

performance among different data sets.

We are unaware of any careful explanation of the differences between the perfor-

mance of LUD and ShapeFit, which are demonstrated in Figure 6.1. To address this

issue, we note that the LUD constraints are αij ≥ 1 for all ij ∈ E, where each αij is a

relaxation of ‖ti − tj‖. These constraints force the nearby locations to be sufficiently

separated. In other words, short edges are extended to prevent collapsed solutions. In

contrast, since the constraint
∑

ij∈E〈ti − tj ,γij〉 = 1 of ShapeFit only fixes the global

scale instead of restricting the length of each edge, it cannot avoid collapse of the whole

graph into several clusters. Therefore, under high levels of corruption and noise, where

a possible collapse is a major concern, LUD is more accurate and stable. However,

under low levels of corruption and noise, the extension of short edges mentioned above

may deform the solution of LUD and result in inaccurate estimation. We remark that

similarly to the extension of short edges, [93] discusses the shrinkage of long edges by

LUD. However, [93], which only experiments with low levels of corruption, wrongly

claims that ShapeFit is generally superior to LUD.

Some recent works seek to further improve or utilize LUD and ShapeFit. Gold-

stein et al. [30] presents an accelerated version of ShapeFit using ADMM. However, it

sacrifices accuracy for speed. Sengupta et al. [69] presents a novel heuristic for esti-

mating the fundamental matrices with rank constraints, which directly relies on LUD.

Zhuang et al. [93] proposed an angle-based formulation to address the unreasonable

high weights of long-edge terms in LUD and ShapeFit. However, both [69] and [93] rely

on good initialization and lack recovery and convergence guarantees. Other works seek

to detect and remove corrupted pairwise directions as a preprocessing step for common

camera location solvers, in particular, for LUD and ShapeFit. Wilson and Snavely [85]

proposed the 1DSfM algorithm for identifying outlying pairwise directions. It projects

the 3D locations and pairwise directions to 1D and solves an ordering problem using
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a heuristic method. However, this method suffers from convergence to local minima.

Furthermore, the projection to 1D loses information. Shi and Lerman [71] proposed

the All-About-that-Base (AAB) algorithm for separating corrupted and uncorrupted

pairwise directions. They established a near-perfect separation guarantee for a basic

version of this algorithm. They demonstrated state-of-the-art numerical results, where

the most competitive procedure in their real data experiments was LUD preprocessed

by AAB.

The mathematical problem discussed in this chapter is an example of a convex

recovery problem. Other such problems include, for example, recovering sparse signals,

low-dimensional signals and underlying subspaces. There seem to be two different kinds

of theoretical guarantees for convex recovery problems. Guarantees of the first kind

construct dual certificates [11, 12, 13]. Guarantees of the second kind show that the

underlying object is the minimizer of the convex objective function, and it is sufficient

to show this in a small local neighborhood [19, 49, 68, 86, 91]. The latter guarantees

often require geometric methods. It is evident from page 33 of [34] that the guarantees

of ShapeFit are of the second kind. Nevertheless, the graph-theoretic approach of [34]

is completely innovative and enlightening. In particular, it clarifies the effect of vertex

perturbation on edge deformation.

6.2 This Work

This chapter proves exact recovery of LUD under the HLV model up to ambiguous scale

and translation. More precisely, it establishes the following theorem.

Theorem 9. There exist absolute constants n0, C0 and C1 such that for n > n0 and

for {t∗i }ni=1 ⊆ R3, E ⊆ [n] × [n] and {γij}ij∈E ⊆ R3 generated by the HLV model with

parameters n, p and εb satisfying C0n
−1/3 log1/3 n ≤ p ≤ 1 and εb ≤ C1p

7/3/ log9/2 n,

LUD recovers {t∗i }ni=1 up to translation and scale with probability at least 1− 1/n4.

To the best of our knowledge this theorem is the first exact recovery result for LUD

under a corrupted model. Theorem 1.2 of Hand, Lee and Voroninski [34] provides exact

recovery for ShapeFit under the same model. Both theorems restrict the minimal value

of p and the maximal degree of corruption εb. Typically, Theorem 9 tolerates more
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corruption. Indeed, the higher the upper bound on εb, the higher the corruption that

the algorithm can tolerate. Theorem 1.2 of [34] requires a bound of order O(p5/ log3 n)

and Theorem 9 requires a bound of order O(p7/3/ log9/2 n). Therefore in sparse settings

where p� 1, e.g., p ≈ n−α, Theorem 9 guarantees recovery with more corruption than

Theorem 1.2 of [34].

There are two additional differences between the theorems, which we find minor.

First, in Theorem 1.2 of [34] the lower bound on p is of order n−1/2 log1/2 n. While our

lower bound is of order n−1/3 log1/3 n, it can be modified to be of order nδ−1/2 log1/2−δ n

for any positive δ sufficiently small, however, the multiplying constant, C0 depends on

δ and explodes as δ approaches zero. The second difference is that Theorem 1.2 of [34]

was extended to Euclidean spaces with sufficiently high dimensions (see Theorem 1.1 of

[34]). We can easily extend Theorem 9 to any fixed higher dimension, though we are

not sure about the case where both the dimension and number of locations increase to

infinity. Nevertheless, we would rather focus on the three-dimensional case because of

the motivating problem from computer vision.

We remark that our analysis borrows various ideas from the work of Hand, Lee

and Voroninski [34]. In fact, we find it interesting to show that their innovative and

nontrivial ideas are not limited to a specific objective function, but can be extended to

another one.

The main ideas of the proof of Theorem 9 are discussed in Section 6.3, while addi-

tional technical details are left to other sections. The novelties of this work are empha-

sized in Section 6.3.5.

6.3 Proof of Theorem 9

Figure 6.2 presents a roadmap for the proof of Theorem 9. The organization of the

chapter can be described according to a more simplistic version of this roadmap. Section

6.3.1 reformulates the LUD problem. Section 6.3.2 uses the new formulation to define

the “good-long-dominance condition” and states that under this condition LUD exactly

recovers {t∗i }ni=1. Section 6.3.3 defines the “good-shape condition” and claims that it

implies the good-long-dominance condition. Section 6.3.4 shows that under the HLV

model the good-shape condition is satisfied with high probability and thus concludes
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(see section 6.3.2)

The good-shape condition implies 
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(see section 6.3.4)

Reformulation of LUD

(see section 6.3.1)

Case 1: Zero parallel motions on      of (6.7) 

(see section C.2.2)

Case 2: Large parallel motions on      of (6.7) 

(see section C.2.2)

Case 3: Small non-zero parallel motions on

      of (6.7) (see section C.2.2)

Case 1: The constant c* of (6.6) is su ciently 

large (see section C.3.1)
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Exact recovery by LUD with

high probability conditioned 

on the event

(see Proposition 1 of [23])

The constant c* of (6.6) is unique with high 

probability conditioned on the event 

(see section C.5)

Exact recovery by LUD 
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Figure 6.2: Roadmap for the proof of Theorem 9.

the proof of the theorem. At last, Section 6.3.5 discusses the novelties in our proof.

Details of proofs of the main results of this section are left to Sections C.1-C.5.

We make the above description more precise so it reflects the roadmap of Figure 6.2.

Our proof of Theorem 9 assumes that |Eb| > 0, where |Eb| denotes the number of

elements in Eb. Under the setting of Theorem 9, this assumption is sufficient to conclude

the theorem. Indeed, Proposition 1 of [61] implies that if |Eb| = 0 and the underlying

graph is parallel rigid, then LUD recovers the true solution {t∗i }ni=1 up to translation

and scale. Appendix C.4 reviews this notion of parallel rigidity and shows that under

the setting of Theorem 9, the generated graph is parallel rigid with high probability.

Consequently, exact recovery by LUD occurs with high probability when |Eb| = 0 and

thus it is sufficient to study the case where |Eb| > 0.

A technical notion that is crucial in understanding the roadmap is the scale c∗

obtained by LUD with respect to the ground truth solution. More precisely, when LUD

recovers the ground truth locations {t∗i }ni=1, it outputs the scaled and shifted locations
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{c∗t∗i + ts}ni=1. The constant c∗ is used to define the notion of good and long edges,

which is further used to define the above mentioned notions of good-long-dominance

and good-shape conditions. To make these notions well-defined, c∗ has to be unique.

Appendix C.5 shows that under the setting of Theorem 9 and the sufficient assumption

|Eb| > 0, c∗ is unique with high probability. The three and two cases specified in the

left hand side of Figure 6.2, which use the constant c∗ and the set of good and long

edges, Egl, will be later clarified in Sections C.1-C.3.

In Sections 6.3.2, 6.3.3, C.1, C.2 and part of Appendix C.5, the setting is determin-

istic. It assumes a graph G([n], E) with distinct ground truth locations {t∗i }ni=1. It also

assumes that E is partitioned into Eb and Eg. For ij ∈ Eg, the pairwise direction γij

is γ∗ij of (6.1) and for ij ∈ Eb, γij is arbitrarily assigned. Except for Appendix C.5,

this deterministic setting also assumes that c∗ is unique. We remark that the latter

requirement or other requirements in these sections and appendix, such as the good-

long-dominance condition, good-shape condition or non-self-consistency, may restrict

the topology of G([n], E), the vertex locations and the corrupted edges.

Throughout the chapter we pursue the following notation, conventions and assump-

tions. For a, b ∈ R, the notation a = Ω(b) is equivalent with b = O(a). For brevity, we

say that an event in our setting holds with overwhelming probability if its probability

is at least 1 − e−Cnα for some α, C > 0. We remark that while this chapter has many

probabilistic estimates, p is reserved for the connection probability of the HLV model.

We often refer to “locations {ti}ni=1”, even though {ti}ni=1 is the set of locations. Simi-

larly, we write “pairwise directions {γij}ij∈E”. We sometimes refer to the set of vertex

locations by T . Whenever we talk about ground truth camera locations, we assume they

are distinct even if we do not specify this. We denote vectors by boldface lower-case

letters and matrices by boldface upper-case letters.

6.3.1 Reformulation of the Problem

We suggest an equivalent formulation of the LUD optimization problem, which gets rid

of the variables {αij}ij∈E . We express the optimal αij in terms of {t̂i}ni=1 and {γij}ij∈E
as follows:

α̂ij = arg min
αij≥1

‖t̂i − t̂j − αijγij‖. (6.3)
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0 γij

t̂i − t̂j

α̂ijγij

Figure 6.3: Demonstration of the choice
of α̂ij when 〈γij , t̂i − t̂j〉 > 1. By defini-
tion, α̂ij = ‖Pγij (t̂i − t̂j)‖.

0 γij = α̂ijγij

t̂i − t̂j

Figure 6.4: Demonstration of the choice
of α̂ij when 〈γij , t̂i − t̂j〉 ≤ 1. By the
constraint α̂ij ≥ 1, α̂ij = 1.

Figures 6.3 and 6.4 illustrate the value of α̂ij in two complimentary cases. Note that in

both figures, α̂ij is obtained by minimizing the length of the dashed line. These figures

thus demonstrate the following equivalent expression for {α̂ij}ij∈E :

α̂ij =

‖Pγij (t̂i − t̂j)‖, if 〈γij , t̂i − t̂j〉 > 1;

1, if 〈γij , t̂i − t̂j〉 ≤ 1,

where Pγij denotes the orthogonal projection onto γij .

Plugging the above optimal values of {α̂ij}ij∈E into (6.2), we obtain an equivalent

LUD formulation:

{t̂i}ni=1 = arg min
{ti}ni=1⊂R3

∑
ij∈E

fij(ti , tj) subject to
n∑
i=1

ti = 0, (6.4)

where

fij(ti, tj) =

‖Pγ⊥ij (ti − tj)‖, if 〈γij , t̂i − t̂j〉 > 1;

‖ti − tj − γij‖, if 〈γij , t̂i − t̂j〉 ≤ 1.
(6.5)

Our analysis requires formulating an oracle problem that determines the particular

shift and scale found by LUD. That is, we assume we know the ground truth solution

{t∗i }ni=1 and we ask for the scale c∗ and shift ts such that {c∗t∗i + ts}ni=1 minimizes the
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LUD problem. This oracle problem is formulated as follows:

(c∗, ts) = arg min
c∈R,t∈R3

∑
ij∈E

fij(ti , tj) subject to

n∑
i=1

ti = 0 and ti = ct∗i + t. (6.6)

We later show in Appendix C.5 that c∗ is unique with overwhelming probability under

the setting of Theorem 9 and our assumption that Eb 6= ∅. The uniqueness of ts

follows from the LUD constraint
∑

i ti = 0. We will prove Theorem 9 by showing that

t̂i = c∗t∗i + ts for all i ∈ [n].

6.3.2 Exact Recovery under the Good-Long-Dominance Condition

We establish the recovery of the ground truth locations {t∗i }ni=1 by LUD up to translation

and scale under a geometric condition, which we refer to as the good-long-dominance

condition. The set of good and long edges, Egl, and its complement are defined by

Egl = {ij ∈ Eg| ‖t∗i − t∗j‖ > 1/c∗} and Ecgl = E \ Egl. (6.7)

The sets Egl and Ecgl are well-defined if c∗ uniquely solves (6.6). As explained above, in

this and the next section (as well as when providing supplementary details in Sections

C.1 and C.2), we assume a “deterministic setting”, where c∗ is unique. On the other

hand, when assuming the setting of Theorem 9 and the sufficient condition |Eb| > 0, c∗

is unique with overwhelming probability.

Definition 3 (Good-Long-Dominance Condition). We say that {t∗i }ni=1, E = Eg∪Eb ⊆
[n]× [n] and {γij}ij∈E satisfy the good-long-dominance condition if for any perturbation

vectors {εi}ni=1 ∈ R3 such that
∑n

i=1 εi = 0 and
∑n

i=1〈εi, t∗i 〉 = 0,

∑
ij∈Egl

‖Pγ∗⊥ij (εi − εj)‖ ≥
∑
ij∈Ecgl

‖εi − εj‖. (6.8)

In order to clarify this condition, we assume that the variables {ti}ni=1 are perturbed

by {εi}n1=1 respectively from the ground truth {c∗t∗i + ts}ni=1. As explained later in

(C.3), the change in the objective function of (6.4), when restricted to the sum over

Egl, is the LHS of (6.8). Furthermore, as explained later in (C.4), the change in the
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objective function of (6.4), when restricted to Ecgl, is bounded above by the RHS of

(6.8). The condition thus shows that the change in the objective function due to the

good and long edges dominates the change due to all other edges.

At last, we formulate the following theorem, which is proved in Section C.1.

Theorem 10. If {t∗i }ni=1, E = Eg ∪ Eb ⊆ [n] × [n] and {γij}ij∈E satisfy the good-

long-dominance condition, then LUD exactly recovers the ground truth solution up to

translation and scale. That is, the solution of (6.4) has the form t̂i = c∗t∗i + ts for

i ∈ [n], where c∗ and ts solve (6.6).

6.3.3 Exact Recovery under the Good-Shape Condition

We show that the good-long-dominance condition is satisfied when the graph E has cer-

tain properties. We first review the definitions of the following two properties suggested

in [34]: a p-typical graph and c-well distributed vertices.

Definition 4. A graph G([n], E) is p-typical if it satisfies the following propositions:

1. G is connected.

2. Each vertex of G has degree between 1
2np and 2np.

3. Each pair of vertices has codegree between 1
2np

2 and 2np2, where the codegree of a

pair of vertices ij is defined as |{k ∈ [n] : ik, jk ∈ E}|.

Definition 5. Let G = G([n], E) be a graph and let T = {ti}ni=1 ⊆ R3 be a set of

vertex locations. For x, y ∈ R3, c > 0 and A ⊆ T , we say that A is c-well-distributed

with respect to (x,y) if the following holds for any h ∈ R3:

1

|A|
∑
t∈A
‖PSpan{t−x,t−y}⊥(h)‖ ≥ c∆‖P(x−y)⊥(h)‖.

We say that T is c-well-distributed along G if for all distinct 1 ≤ i, j ≤ n, the set

Sij = {tk ∈ T : ik, jk ∈ E(G)} is c-well-distributed with respect to (ti, tj).

Let Kn denote the complete graph with n vertices and E(Kn) denote the set of

edges of Kn.

Using the above notation and definitions, we formulate a geometric condition on Egl

and G([n], E) that guarantees exact recovery by LUD.
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Definition 6 (Good-Shape Condition). Let p, β, ε0, ε1, c1 ∈ (0, 1], c0 ≥ 1 and Egl be

the set of good-long edges defined above. We say that {t∗i }ni=1, E = Eg ∪Eb ⊆ [n]× [n]

and {γij}ij∈E satisfy the good-shape condition with the parameters p, β, ε0, ε1, c0, c1,

if the following hold:

1. G is p-typical.

2. For any distinct ij ∈ E(Kn), there exists at least n− ε1n indices k 6= i, j such that

1− 〈γ∗ij ,γ∗ik〉 ≥ β2 and 1− 〈γ∗ij ,γ∗jk〉 ≥ β2.

3. For any distinct ij ∈ E(Kn), ‖t∗i − t∗j‖ ≤ c0µ, where

µ =
1

|E(Kn)|
∑

ij∈E(Kn)

‖t∗i − t∗j‖. (6.9)

4. The maximal degree of Ecgl is ε0n.

5. T is c1-well-distributed along G and along Kn.

6. For any distinct i, j ,k ∈ [n], t∗i , t
∗
j and t∗k ∈ V are not collinear.

At last, we claim that under the HLV model the good-shape condition with certain

restriction on its parameters implies exact recovery. The proof verifies that the good-

long-dominance condition holds and then applies Theorem 10.

Theorem 11. If {t∗i }ni=1, E = Eg ∪Eb ⊆ [n]× [n] and {γij}ij∈E satisfy the good-shape

condition with respect to the parameters p, β, ε0, ε1, c1, c0 and if

ε0 ≤ min

{
βc1p

222c3
0

,
βc2

1p

220c0
,
c1p

2

16

}
and ε1 ≤ min

(
1

144c0
,

1

96

)
, (6.10)

then the solution {t̂i}ni=1 of (6.4) has the form t̂i = c∗t∗i + ts for i ∈ [n], where c∗ and

ts solve (6.6).

6.3.4 Conclusion of Theorem 9

We verify that under the HLV model the good-shape condition holds with parameters

satisfying (6.10) and with high probability. Combining this observation with Theorem 11

results in Theorem 9.
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We assume the conditions of Theorem 9 and set the following parameters

β =
p

218 log n
, c1 =

c√
log n

, ε1 =
p

192c0
and c0 = 64

√
log n,

where c is a constant used in Lemma 3.10 of [34]. The second inequality of (6.10) is

clearly satisfied with these parameters. We note that establishing the first inequality of

(6.10) requires establishing the inequality ε0 ≤ c′p2/ log3 n, where c′ linearly depends

on c, that is, ε0 = O(p2/ log3 n). The following theorem, which is proved in Section C.3,

establishes this under the assumptions of Theorem 9.

Theorem 12. If the camera locations {t∗i }ni=1 and pairwise directions {γij}ij∈E are

generated by the HLV model with p = Ω( 3
√

log n/n) and εb = O(p7/3/ log9/2 n), then

ε0 = O
(
p2/ log3 n

)
w.p. 1−O(n−5). (6.11)

At last, we note that Lemma 3.7 of [34] and the assumption of Theorem 9 that p =

Ω( 3
√

log n/n) imply property 1 of Definition 6 with probability larger than 1−O(n−5).

Lemma 3.10 of [34] and the assumption of Theorem 9 that p = Ω( 3
√

log n/n) imply

properties 2, 3 and 5 of Definition 6 with probability 1 − O(n−5) and with the above

choice of parameters. Property 4 of Definition 6 is just the definition of ε0, where the

size of ε0 was estimated in Theorem 12. Furthermore, property 6 of Definition 6 holds

almost surely since the vertices are generated by i.i.d. Gaussian distributions.

We have shown that all properties of the good-shape condition and (6.10) hold with

probability 1 − O(n−5), which can be written as 1 − n−4 for sufficiently large n. This

concludes the proof of Theorem 9.

We remark that the bound on εb in Theorem 9 is chosen so that (6.11) and the first

inequality of (6.10) hold. Note that the lower bound on p in Theorem 9 is sufficient

for Theorem 12. As mentioned earlier, this lower bound can be modified to be of order

nδ−1/2 log1/2−δ n for any positive δ sufficiently small.

6.3.5 Novelties of This Work

This work uses ideas and techniques of [34], but considers LUD instead of ShapeFit

and guarantees a stronger rate of corruption. Here we highlight the main technical
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differences between the two works and emphasize the novel arguments for handling

these differences in the current work.

Reformulation: The objective function of ShapeFit depends only on {ti}ni=1, while

the objective function of LUD has the additional variables {αij}ij∈E , which introduce

more degrees of freedom. To handle this issue, we reformulated the LUD problem in

(6.4) as an equivalent convex optimization problem with objective function depending

only on {ti}ni=1. We also needed to introduce the oracle problem (6.6) that provided the

scale and shift of LUD with respect to the ground truth. Furthermore, we needed to

guarantee uniqueness of the oracle scale, c∗, with overwhelming probability. The latter

guarantee is restricted to the corrupted case and thus required us to guarantee parallel

rigidity with overwhelming probability in the uncorrupted case.

Adaptation to the new formulation: The reformulated objective function for

LUD is different than that of ShapeFit only in the case where 〈γij , t̂i − t̂j〉 ≤ 1. We

note that for ij ∈ Egl, 〈γij , t̂i − t̂j〉 > 1. Therefore, for ij ∈ Egl the objective functions

of ShapeFit and LUD coincide. Our analysis thus tries to follow that of [34], while

replacing Eg and Eb in [34] with Egl and Ecgl respectively. Some modifications in the

analysis of [34] are needed, in particular, the two mentioned below.

More faithful constraint on perturbation: Both works introduce constraints

on the perturbed solutions {c∗t∗i + ts + εi}ni=1. Even though c∗ is not defined in [34], it

can be defined as the constant satisfying
∑

ij∈E〈c∗t∗i − c∗t∗j ,γij〉 = 1, where the ground

truth {t∗i }ni=1 is denoted by {t0i }ni=1 in [34]. Hand, Lee and Voroninski [34] require that

∑
ij∈E
〈εi − εj ,γij〉 = 0 (6.12)

so that any perturbed solution {t̃i}ni=1, where t̃i = c∗t∗i + ts + εi for all i ∈ [n], satisfy

∑
ij∈E
〈t̃i − t̃j ,γij〉 = 1.
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On the other hand, the good-long-dominance condition of our work assumes the con-

straints
∑n

i=1〈εi , t∗i 〉 = 0 and
∑n

i=1 εi = 0, which imply that

∑
ij∈E(Kn)

〈εi − εj , t∗ij〉 = 0. (6.13)

Any perturbed solution {t̃i}ni=1 thus needs to satisfy

∑
ij∈E(Kn)

〈t̃i − t̃j , t∗ij〉 =
∑

ij∈E(Kn)

〈c∗t∗i − c∗t∗j , t∗ij〉 = c∗
∑

ij∈E(Kn)

‖t∗ij‖2. (6.14)

We emphasize that the perturbation constraints in (6.12) and (6.13) differ in the

use of γij versus t∗ij = t∗i − t∗j and E versus E(Kn). We believe that our perturbation

constraint is more faithful to the underlying structure of the problem. First of all, it

uses the correct directions t∗ij instead of the corrupted ones γij . More importantly, it

uses t∗ij for any pair of locations, even if they are not connected by an edge. The latter

property results in improved estimates in comparison to [34]. For example, our lower

bound in (C.26) is tighter than the one in [34, page 38], which is multiplied by 2p2 and

suffers when p� 1.

Effective way of controlling ε0: A deterministic upper bound on εb was obtained

in page 31 of [34], where εb is denoted in [34] by ε0. A direct analogous bound on the

maximal degree of Ecgl, ε0, depends on the unknown scale c∗ and is thus not appealing.

The proof of Theorem 12 shows that with high probability 1/c∗ concentrates around a

function of εb, n and p and consequently ε0 can also be controlled with high probability

by a function of εb, n and p, as stated in Theorem 12. The proof of this theorem is

delicate and does not follow ideas of [34].



Chapter 7

All-About-that-Base: Robust

Camera Location Estimation

In this chapter, we propose all-about-that-base (AAB) algorithm for detecting and re-

moving highly corrupted pairwise directions. It applies the idea of CEMP to camera

location estimation, which is a variant of group synchronization on noncompact group

R3. We use it as a preprocessing step for existing location recovery algorithms. Our

method forms a statistic for any pairwise direction between two given cameras. This

statistic estimates the average inconsistency of this pairwise direction with any two

pairwise directions associated with an additional camera. This inconsistency is based

on the shortest path in S2 between a direction vector and a base of a spherical triangle.

We thus refer to this inconsistency and statistic as All-About-that-Base (AAB). After

computing a fast version of the AAB statistic, we remove edges with large statistics and

apply a preferable solver. This method is fast and easy to implement, and it can be used

as a preprocessing step for any camera location solver. We also present a CEMP-like

iterative procedure to improve the AAB statistic, so outliers could be identified more ac-

curately. Experiments on synthetic and real data demonstrate significant improvement

of camera location accuracy by our proposed method.

110
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7.1 Setting for Camera Location Estimation

We follow the definition of camera location estimation in § 6 as well as its notation.

In order to establish theoretical guarantees and conduct synthetic data experiments for

the AAB procedure, we assume that the true camera locations and corrupted pairwise

directions are generated by the following slight modification of the Uniform Corruption

Model UC(n, p, q, σ) [61]: Let V = {t∗i }i∈[n] be generated by i.i.d. N(0, I3) and let

G(V,E) be a graph generated by the Erdös-Rényi model G(n, p), where p denotes the

connection probability among edges. For any ij ∈ E, a corrupted pairwise direction γij

is generated by

γij =

vij , w.p. q;

γ∗ij+σεij
‖γ∗ij+σεij‖

, w.p. 1− q,
(7.1)

where 0 < q < 1 is the probability of corruption, σ ≥ 0 is the noise level and vij , εij are

independently drawn from a uniform distribution on S2. The UC model of [61] assumes

instead that εij are i.i.d. N(0, I3). We have noticed similar numerical results for data

generated from both models, however, our theory described below is easier to state and

verify under the uniform assumption.

7.2 Statistics for Corruption Reduction

We describe a statistic that may distinguish corrupted edges. It uses the geometric

notion of cycle-consistency of uncorrupted edges. Cycle-consistency measures were used

in [59, 85, 90] as criteria for outlier removal. For location recovery, the cycle-consistency

of 3 vectors γ1, γ2, γ3 ∈ S2 refers to the existence of λ1, λ2, λ3 > 0 such that

λ1γ1 + λ2γ2 + λ3γ3 = 0. (7.2)

One may easily observe that the pairwise directions γ∗ij ,γ
∗
jk, γ

∗
ki are cycle-consistent by

substituting in (7.2) λij = ‖t∗i −t∗j‖, λjk = ‖t∗j−t∗k‖ and λki = ‖t∗k−t∗i ‖. However, if any

of the three vectors is randomly corrupted, the consistency constraint is most probably

violated. Thus, we may define a certain cycle-inconsistency measure that indicates the
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underlying corruption level.

Section 7.2.1 describes a basic measure of inconsistency of a given pairwise direction

with respect to 2 other pairwise directions, where the 3 directions result from 3 unknown

locations. It is referred to as the AAB inconsistency. A formula for efficiently computing

it is proposed at the end of this section. Section 7.2.2 uses these inconsistencies to define

the naive AAB statistic of a given pairwise direction that is used to remove corrupted

edges. Section 7.2.3 discusses the iteratively reweighted AAB (IR-AAB) statistic, which

aims to further improve the accuracy of naive AAB in removing corrupted edges. At

last, Section 7.2.4 discusses some issues regarding practical implementation of naive

AAB and IR-AAB.

7.2.1 AAB Inconsistency and Formula

We define the cycle-consistency region of γ1, γ2 ∈ S2 as Ω(γ1,γ2) = {γ ∈ S2 :

γ1,γ2,γ are cycle-consistent}. We denote by dg the great-circle distance, i.e., the length

of the shortest path on S2. The AAB inconsistency of γ3 ∈ S2 with respect to γ1 and

γ2 is defined by

IAAB(γ3;γ1,γ2) = dg(γ3,Ω(γ1,γ2)) = min
γ∈Ω(γ1,γ2)

dg(γ3,γ). (7.3)

Figure 7.1 shows that IAAB(γ3;γ1,γ2) is the smallest angle needed to rotate γ3 so that

γ1,γ2,γ3 are cycle-consistent.

The following formula for computing the AAB inconsistency is crucial for efficient

implementation of the algorithms described below. For γ1, γ2, γ3 ∈ S2, x = γT1 γ3,

y = γT2 γ3, z = γT1 γ2 and a = I(x < yz) · I(y < xz), where I is the indicator function,

IAAB(γ3;γ1,γ2) = cos−1

(
a · x

2 + y2 − 2xyz

1− z2
+ (a− 1) min(x, y)

)
. (7.4)

Proof. As is shown in Figure 7.1, Ω(γ1,γ2) is exactly the shortest path on the man-

ifold S2 between −γ1 and −γ2. Since IAAB(γ3;γ1,γ2) is the length of shortest path

between γ3 and Ω(γ1,γ2), it can be computed via the following procedure: Let γp be
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Figure 7.1: Clarification of the AAB Inconsistency. The red arc is the cycle-consistency
region Ω(γ1,γ2). Indeed, it follows from (7.2) that the points in Ω(γ1,γ2) are linear
combinations in S2 with positive coefficients of −γ1 and −γ2. The AAB inconsistency
IAAB(γ3;γ1,γ2) is the distance in S2 of γ3 from Ω(γ1,γ2) and is the length of the blue
arc. Similarly, IAAB(γ4;γ1,γ2) is the length of the green arc.

the orthogonal projection of γ3 onto Span{γ1,γ2}, then

IAAB(γ3;γ1,γ2) =

](γp,γ3), if
γp
‖γp‖ ∈ Ω(γ1,γ2);

min (](γ1,γ3),](γ2,γ3)) , otherwise.
(7.5)

By the definition of γp it can be expressed as λ1γ1 +λ2γ2, where (γ3−λ1γ1−λ2γ2)⊥
Span{γ1,γ2}. That is, 〈γ3 − λ1γ1 − λ2γ2,γ1〉 = 〈γ3 − λ1γ1 − λ2γ2,γ2〉 = 0. Thus, we

obtain the following system of equations for λ1 and λ2

λ1 + zλ2 = x (7.6)

zλ1 + λ2 = y, (7.7)

where we recall that x = γT1 γ3, y = γT2 γ3 and z = γT1 γ2. The solution of (7.6) is given

by λ1 = (x− yz)/(1− z2), λ2 = (y−xz)/(1− z2). Note that γp/‖γp‖ ∈ Ω(γ1,γ2) if and
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only if λ1 < 0 and λ2 < 0. That is, when y < xz and x < yz,

IAAB(γ3;γ1,γ2) = cos−1(γTp γ3)

= cos−1(λ1γ
T
1 γ3 + λ2γ

T
2 γ3)

= cos−1(λ1x+ λ2y) =
x2 + y2 − 2xyz

1− z2
. (7.8)

Otherwise,

IAAB(γ3;γ1,γ2) = min (](γ1,γ3),](γ2,γ3))

= cos−1
(
max

(
γT1 γ3,γ

T
2 γ3

))
= cos−1 (max (x, y)) . (7.9)

This concludes the proof of formula (7.4).

7.2.2 The Naive AAB Statistic

We initially define the naive AAB statistic of an edge ij ∈ E as the average of the AAB

inconsistencies IAAB(γij ;γjk,γki) over the set Cij = {k ∈ [n] : ik ∈ E and jk ∈ E}.
That is,

Sinitial
AAB (ij) =

1

|Cij |
∑
k∈Cij

IAAB(γij ;γjk,γki). (7.10)

We use it as an indication for the corruption level of γij and thus remove the edges

with largest AAB statistics. Note that the AAB formula in (7.4) enables computation

of the naive AAB statistic through vectorization instead of using a loop, and thus

allows efficient coding in programming languages with an effective linear algebra toolbox.

However, the average over Cij can be costly and we thus advocate using a small random

sample from Cij of size s, where the default value of s is 50. We summarize this basic

procedure of computing the AAB statistic, S
(0)
AAB, in Algorithm 7.

7.2.3 Iteratively Reweighted AAB

The naive AAB statistic may suffer from unreliable AAB inconsistencies when the cor-

ruption level q is high. Specifically, for an uncorrupted direction γij , its AAB incon-

sistency with respect to γjk and γki can be unreasonably high if either γjk or γki is
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Algorithm 7 Computation of the Naive AAB Statistic

Input: {γij}ij∈E : pairwise directions, s: number of samples
for each ij ∈ E do
Sij = s random samples with replacement from Cij

S
(0)
AAB(ij) = 1

s

∑
k∈Sij IAAB(γij ;γjk,γki)

end for
Output: Naive AAB statistic

{
S

(0)
AAB(ij)

}
ij∈E

severely corrupted. Moreover, if many adjacent edges of ij are corrupted, then the

naive AAB statistic of this edge may not accurately measure its corruption level. The

main issue is not the misleading effect of neighboring edges, but the fact that only such

edges are considered and relevant information from other edges is not incorporated.

To overcome this issue, the iteratively reweighted AAB (IR-AAB) statistic computes

a weighted mean of AAB inconsistencies and iteratively updates these weights. This

results in propagation of global information from other non-neighboring edges to edge

ij.

Initially, the IR-AAB procedure computes the naive AAB statistic. The reweighting

strategy of IR-AAB tries to reduce the weights of IAAB(γij ;γjk,γki) when either ki or

kj are highly corrupted. In order to do this, at each iteration the AAB inconsistencies

IAAB(γij ;γjk,γki) involving suspicious edges are penalized by the reweighting function

exp(−τ (t)x). The number x is the maximal value of the reweighted AAB statistics com-

puted in previous iteration for edges ik and kj. The parameter τ (t) increases iteratively

and depends on the initial maximal and minimal values of inconsistencies, denoted by

M and m. Figure 7.2 illustrates the reweighting functions with M = 1, m = 0 and

10 iterations. The use of slowly-decreasing reweighting functions in the first iterations

ensures that only the most unreliable AAB inconsistencies are ignored. As the data is

iteratively purified, the AAB inconsistencies involving “good” edges are weighted more

and more. We remark that increasing τ (t) corresponds to focusing more on “good”

edges and ignoring more “suspicious” edges. The details of computing the IR-AAB

statistic are described in Algorithm 8. We note that the IR-AAB algorithm applies idea

of CEMP-B where sik(t) + sjk(t) is replaced by max{sik(t), sjk(t)}. We remark that

there is no significant difference between these two comparable choices.

Note that IR-AAB alternatively updates the weights using the AAB statistics and
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Figure 7.2: Demonstration of the reweighting function exp(−τ (t)x) used in IR-AAB.
Here, t ∈ [10] and the rate of decrease is τ (t) = π/(1.1 − 0.1t), which increases with t.
The labels on the x-axis are of the points xt = 1.1− 0.1t, 1 ≤ t ≤ 10. At each iteration
t, exp(−τ (t)x) < e−π ≈ 0.04 for x > xt. The red line separates for each curve the values
in [0, xt] and [xt, 1]. Therefore, exp(−τ (t)x) gives little weight to points in [xt, 1].

then updates the AAB statistics using the new weights. This way better weights can

reduce the effect of highly corrupted edges so that the updated AAB statistics mea-

sures more accurately the corruption level of edges. Similarly, better estimates of the

corruption level by the AAB statistics provide more accurate weights, which emphasize

the more relevant edges. In the special practical case of repetitive patterns (e.g., due

to identical windows), this procedure can help in identifying corrupted edges that are

self-consistent with each other.

At last we comment that the failure mode for any AAB procedure is when there

are no outliers, so the task of identifying corruptions is ill-posed. This can also happen

when the noise magnitude is enormous and outliers are not distinguishable.
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Algorithm 8 Computation of the IR-AAB statistic

Input: {γij}ij∈E : pairwise directions, s: number of samples, T : number of iterations

Compute Sij , S
(0)
AAB(ij) ∀ij ∈ E by Algorithm 7

M = maxij∈E,k∈Sij IAAB(γij ;γjk,γki)
m = minij∈E,k∈Sij IAAB(γij ;γjk,γki)
L = (M −m)/T
for t = 1 : T do
τ (t) = π/M
M = M − L
for ij ∈ E and k ∈ Sij do

w
(t)
ij,k = exp

(
−τ (t) max

{
S

(t−1)
AAB (ki), S

(t−1)
AAB (jk)

})
w

(t)
ij,k = w

(t)
ij,k/

∑
k∈Sij w

(t)
ij,k

S
(t)
AAB(ij) =

∑
k∈Sij w

(t)
ij,kIAAB(γij ;γjk,γki)

end for
end for

Output: IR-AAB statistic:
{
S

(T )
AAB(ij)

}
ij∈E

7.2.4 Numerical Considerations

As mentioned earlier, implementations for naive AAB and IR-AAB may avoid loops

and use instead vectorization due to the AAB formula. An efficient Matlab code will

be provided in the future supplemental webpage. For naive AAB and IR-AAB we

recommend using s = 50 as default, and we applied this value in all of our experiments.

For IR-AAB we recommend and implement the default value T = 10.

We note that the computational complexity of naive AAB is O(s · |E|), where |E|
is the number of edges. In general, for dense graphs the complexity is O(s · n2), but

for sparser graphs the complexity decreases, e.g., for sparse Erdös-Rényi graphs with

p � 1, the complexity is OP (s · p · n2) since E[|E|] = n(n − 1)p/2. The computational

complexity of IR-AAB is also O(s · |E|). While IR-AAB is iterated T = 10 times, its

main computation is due to the initial application of naive AAB, which requires the

computation of the AAB inconsistencies. On the other hand the weight computations

in the subsequent iterations is much cheaper. Therefore in practice, the computational

complexity of naive AAB and IR-AAB are truly comparable.

For synthetic data, we demonstrate in Section 7.3 that a threshold on the naive
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AAB and IR-AAB statistics can be chosen by their corresponding histograms. We

also demonstrate performance with differently chosen thresholds via ROC curves. The

histograms of real data are not so simple, and thus in this case we keep half of the edges

with the lowest values of the corresponding statistic. We have noticed that the less edges

we keep the higher accuracy we obtain for location estimation. However, extremely low

threshold results in limited number of camera locations.

7.3 Experiments on Synthetic Data

We first illustrate the ability of the statistics obtained by naive AAB, IR-AAB and

1DSfM [85] to separate corrupted and uncorrupted edges for a special synthetic dataset.

The dataset was randomly generated by the uniform corruption model with n = 200,

p = 0.5, q = 0.2 and σ = 0. Figure 7.3 first shows the three statistics’ values of edges as

a function of their corruption levels. These corruption levels are measured by the angles

of the corresponding pairwise directions with the uncorrupted pairwise directions. We

first note that 1DSfM may assign zero values to corrupted edges, unlike naive AAB and

IR-AAB, and has the largest variance per corruption level. We also note that IR-AAB

assigns negligible values to uncorrupted points, unlike naive AAB and 1DSfM, and has

the lowest variance at low corruption levels. The figure also shows the histograms of

the statistics for both corrupted and uncorrupted points. Since the 1DSfM statistic

(which is referred to in [85] as inconsistency) obtains zero values for both corrupted and

uncorrupted edges, it is hard to separate the whole histogram into two modes. On the

other hand, naive AAB and IR-AAB can be nicely separated into two modes for this

and other synthetic examples. For IR-AAB, but not naive AAB, this separation exactly

recovers the uncorrupted edges in this particular example.

Next we use ROC curves to diagnose the ability of naive AAB, IR-AAB and 1DSfM

to detect corrupted edges in a similar synthetic data with varying percentages of cor-

rupted edges and noise levels. The datasets were randomly generated by the uniform

corruption model with n = 200, p = 0.5, q = 0.2, 0.4, 0.6 and σ = 0, 0.05, 0.1 and

0.2. For each statistic and choice of parameters, we assign 1000 equidistant thresholds

between the largest and smallest values of this statistic, compute the true and false

positive rates for recognizing uncorrupted points with values of this statistic above each
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Figure 7.3: Demonstration of corruption identification for a synthetic dataset by naive
AAB, IR-AAB and 1DSfM. The dataset was generated by the uniform corruption model
UC(200, 0.5, 0.2, 0). The 3 columns of subfigures correspond to naive AAB, IR-AAB and
1DSfM respectively. The subfigures in the first row show the correlation of the computed
statistics (on y-axis) with the corruption level (on x-axis). Edges with no corruption
are blue and the rest are red. The subfigures in the second row are the histograms of
computed statistics for both corrupted and uncorrupted edges.

threshold, and plot the corresponding ROC curve. We remark that the edges ij ∈ E
are recognized as corrupted when ](γij ,γ

∗
ij) > sin−1(σ). The resulting ROC curves are

shown in Figure 7.4, where a larger area under the ROC curve corresponds to better

classification performance.

We note that classification based on IR-AAB consistently outperforms that of naive

AAB and 1DSfM. Moreover, IR-AAB has a clear advantage over naive AAB and 1DSfM

at low and moderate noise levels (σ = 0, 0.05, 0.1) among all levels of tested corruption.

However, IR-AAB requires a certain portion of pairwise directions to be accurately

estimated, and it thus does not significantly improve over the other two methods at

high noise levels (σ = 0.2). Naive AAB works well when the corruption and noise

levels are relatively low. However, due to the misleading effect of corrupted neighboring
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Figure 7.4: ROC curves for corruption detection of naive AAB, IR-AAB and 1DSfM
with varying corruption and noise levels.
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edges, it may misclassify uncorrupted edges when the overall corruption or noise level

is high (q = 0.6 or σ = 0.2). The performance of 1DSfM is not competitive. Indeed, it

may frequently misclassify edges even at low corruption and noise levels, since it may

converge to local extrema and also the 1D projection loses information.

7.4 Experiments on Real Data

We consider real datasets and compare the improvement obtained by preprocessing

current camera location solvers with naive AAB, IR-AAB and 1DSfM. We use the 14

datasets from [85]. For each dataset, we follow the pipeline suggested by [61] for es-

timating camera orientations and pairwise directions. Given the estimated pairwise

directions, naive AAB, IR-AAB and 1DSfM are applied separately to delete 50% (Dif-

ferent choices are demonstrated at the end of this chapter) of the edges with the highest

corresponding statistics. Since the graph may not be parallel rigid after deleting edges,

we extract its maximal parallel rigid component using a procedure suggested in [45].

We then apply to this component the following three different camera location solvers:

LUD [61] with IRLS implementation, CLS [79, 80] with interior point method and Shap-

eFit [34] with ADMM implementation [30]. We remark that although 50% of edges are

removed, the number of locations in the maximal parallel rigid graph is still close to

the original graph. For faster implementation of LUD, only a subset of the Piccadilly

dataset with 500 locations is used. For each dataset, each of the 3 statistics, and each

of the 3 camera location solvers, we compute average and median distance (in meters)

of the estimated camera locations to the ground truth locations1. The latter ones are

provided by [85]. The experimental results are recorded in Table 7.1.

1For each solver, the unknown scale and shift are estimated by least squares minimization with
respect to the ground truth data.
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Algorithms

LUD [61] CLS [79, 80] ShapeFit [34]

None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM

Dataset ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê
Alamo 0.47 1.74 0.38 0.92 0.36 0.85 0.38 1.3 1.35 2.79 0.39 0.93 0.37 0.69 0.44 1.44 0.44 1.83 0.38 0.92 0.36 0.85 0.38 2.82

Madrid Metropolis 1.84 5.94 1.28 3.57 1.21 3.53 1.46 5.79 7.1 11.2 1.48 5.28 1.26 3.44 2.73 3.59 14 27.3 1.51 17.8 1.22 7.64 4.61 29.58

Montreal N.D. 0.56 1.22 0.4 0.61 0.39 0.59 0.53 1.2 0.9 1.79 0.4 0.6 0.41 0.6 0.69 1.86 0.58 3.25 0.39 0.63 0.39 0.58 0.61 4.08

Notre Dame 0.29 0.85 0.26 0.6 0.24 0.51 0.28 1 1.05 2.12 0.36 0.86 0.27 0.55 0.61 1.47 0.24 0.96 0.23 0.58 0.22 0.53 0.24 1.27

NYC Library 2.43 6.95 0.95 2.89 0.69 2.24 1.83 5.64 5.3 8.51 1.89 4.51 0.72 2.52 4.49 7.31 13.3 14.3 0.85 5.69 0.66 2.23 13.3 14.2

Piazza Del Popolo 1.66 5.28 1.12 4.03 0.91 1.54 0.94 1.95 3.42 6.46 1.22 4.31 0.98 1.57 1.47 2.57 1.48 6.81 1.09 4.07 0.89 1.51 1 5.74

Piccadilly 2.02 3.87 1.37 3.07 1.19 2.69 2.12 3.95 3.64 5.42 1.56 3.28 1.23 2.42 3.5 5.11 14.2 13.4 5.72 14.4 11.6 13.3 2.09 6.39

Roman Forum 2.21 8.33 1.74 7.28 1.62 7.13 3.4 10.1 6.2 12.4 3.11 9.24 2.56 8.58 6.62 15.3 26.7 41 1.53 12.7 7.46 17.7 26.9 33.2

Tower of London 4.03 17.9 2.41 4.79 2.33 4.36 2.83 15.8 16 27 2.6 4.87 2.36 4.34 12.6 24.8 2.41 16.9 2.34 4.74 2.27 3.92 2.48 20.1

Union Square 7.57 11.7 7.24 11.2 7.3 11.3 7.89 12.9 8.03 12.5 7.39 11.7 7.84 11.7 8.54 13.6 12.9 19 12.3 18.6 12.5 18.8 13.1 19.2

Vienna Cathedral 7.26 13.1 6.86 14.9 4.21 12.7 9.05 17.4 9.59 13.7 10 14.8 8.45 13.9 8.62 15.6 28.6 36.6 28.5 36.5 28.5 36.4 27.6 36.4

Yorkminster 2.51 5.26 1.61 6.74 1.62 4.91 2 3.69 5.95 8.72 2.8 6.95 2.29 6.36 4.76 6.89 19.9 28.4 2.35 10.9 2.03 14.6 1.65 4.51

Ellis Island 22 22.4 23.5 23.7 24.7 24.6 21.7 22.5 20.9 22 23.4 23.6 25.3 24.7 22.1 22.4 26.7 27.7 26.5 27.6 26.6 27.8 26.4 27.6

Gendarmenmarkt 17.5 38.8 15.1 40.9 15 41.3 17.1 40.6 20.7 40.9 19.4 43.1 18.3 42.1 19.2 42.3 32.8 51.7 32.7 52.1 32.5 52.1 32.4 51.5

Table 7.1: Comparison of naive AAB, IR-AAB and 1DSfM for improving 3 location solvers (LUD, CLS, ShapeFit)
using 14 datasets from [85]. The median and mean distance from the estimated camera locations to the ground truth
(provided in [85]) are denoted by ẽ and ê respectively.
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These results in Table 7.1 show significant improvement of IR-AAB for all three

camera location solvers. In particular, IR-AAB works best with LUD and CLS. For

example, IR-AAB with LUD outperforms naive AAB and 1DSfM with LUD on 10 out

of the 14 datasets in terms of both mean and median errors. For 2 additional datasets,

IR-AAB with LUD still improves over LUD. For the two remaining datasets, Ellis Island

and Gendarmenmarkt, which contain highly inaccurate pairwise directions, none of the

three statistics significantly improve any of the solvers. We also note that while LUD

is superior to CLS, after applying IR-AAB, both algorithms are comparable. Further-

more, CLS with IR-AAB outperforms plain LUD. We observe that 1DSfM outperforms

IR-AAB on a few datasets when using ShapeFit. However, 1DSfM with ShapeFit is

worse than plain ShapeFit on 6 other datasets. The inconsistent results of ShapeFit are

due to its instability. Indeed, its formulation has a very weak constraint that cannot

avoid collapsed solutions in the presence of highly corrupted pairwise directions and

when, in particular, some locations have low degrees. On the other hand, both LUD

and CLS have a very strong constraint, which avoids collapsed solutions. Note that the

preprocessing step results in a large component of the original graph with a possibly dif-

ferent topology than the original graph and thus ShapeFit may be more sensitive to the

resulting subgraph, especially if it has some vertices with low degrees not present in the

original graph. Due to this sensitivity, none of the preprocessing methods consistently

outperforms the other ones when using ShapeFit. We remark that the instability of

ShapeFit can be observed from the large variation of its estimation error using different

outlier-removing methods and different datasets.

Figure 7.5 illustrates the improvement of the three preprocessing algorithms (naive

AAB, IR-AAB and 1DSfM) over the three solvers (LUD, CLS and ShapeFit). The

improvement is measured by the following formula:

Improvement =
ebefore − eafter

ebefore
· 100%, (7.11)

where ebefore is the mean/median error of estimated camera locations on the whole graph

by the given solver without preprocessing and eafter is the mean/median error of the

same solver after removing 50% of edges by the given preprocessing algorithm. The two

datasets with highly inaccurate pairwise directions, Ellis Island and Gendarmenmarkt,
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were removed. The first three subfigures indicate results of mean error for each solver

separately and the last subfigure demonstrates the averaged mean and median errors

result among the 12 remaining datasets.
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Figure 7.5: Percentage of improvement of location estimation by preprocessing 3 solvers
with the 3 statistics. The first 3 subfigures illustrate the mean error improvement for
LUD, CLS and ShapeFit respectively. Numbers 1-12 on the horizontal axis are the
indices of the first 12 datasets in Table 7.1. Negative number of improvement rate
corresponds to increase of the estimation error after removing edges. The last subfigure
illustrates the averaged mean and median improvement of the 3 statistics over the first
12 datasets when preprocessing the three solvers by the three statistics.

It is evident that IR-AAB has the best overall performance in improving the three

solvers. On the other hand, 1DSfM has the worst performance. For example, IR-AAB

succeeds in improving LUD’s performance with average mean-error rate of 38% and it
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consistently reduces the estimation error of LUD on all of these datasets. On the other

hand, 1DSfM has average mean-error improvement rate for LUD of 5.7%, whereas on five

datasets preprocessing by 1DSfM increases the estimation error of LUD. For comparison,

naive AAB has average mean-error improvement rate for LUD of 26.5%, whereas on two

datasets preprocessing by naive AAB increases the estimation error of LUD. For all of

the 3 statistics, the overall improvement of preprocessing with CLS is more significant

than preprocessing with LUD and ShapeFit. Indeed the averaged mean and median

improvement rates of CLS when preprocessing by IR-AAB is more than 50%. This is not

surprising as CLS is not robust to corruption. For ShapeFit, the average improvements

over the mean errors when preprocessing with naive AAB, IR-AAB and 1DSfM are

42.4%, 50.4% and 2.9% respectively. However, when considering each individual dataset,

IR-AAB and naive AAB may not consistently outperform 1DSfM due to the instability

of ShapeFit discussed above.

We report the computational speed of the algorithms on the largest dataset: Roman

Forum, which has 967 locations. While Piccadilly has 2226 locations, it was run with

500 locations to ease the computational time for LUD and for extracting the maximal

parallel rigid component. The computations were performed on a machine with 2.5GHz

Intel i5 quad core processors and 8GB memory. The total time needed to compute

1DSfM, naive AAB and IR-AAB is 2, 5 and 8 seconds respectively. For comparison,

the total time to run CLS, ShapeFit and LUD is 8, 8 and 160 seconds respectively.

We expect the runtime of ADMM for LUD to be comparable to that of ShapeFit.

The slowest component was finding the maximal parallel rigid component. For Roman

Forum, it took 550 seconds, while it took less than 200 seconds for the other datasets.

We provide results on additional real data experiments. Table 7.2 and 7.3 are similar

to Table 7.1 of Section 7.4, however, while in Table 7.1 50% of edges were removed, in

the new tables 10% and 90% of edges are removed.
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Algorithms

LUD[61] CLS [79, 80] ShapeFit [34]

None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM

Dataset ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê
Alamo 0.47 1.74 0.43 1.26 0.38 1.06 0.45 1.84 1.35 2.79 0.52 1.43 0.4 1.2 0.71 2.2 0.44 1.83 0.42 2.57 0.39 1.54 0.44 2.04

Madrid Metropolis 1.84 5.94 1.66 4.72 1.66 4.47 1.68 5.46 7.1 11.2 4.16 7.72 3.68 7.06 4.45 9.08 14 27.3 1.49 9.06 1.45 5.44 1.47 10.92

Montreal N.D. 0.56 1.22 0.48 0.81 0.49 0.75 0.56 1.29 0.9 1.79 0.49 0.8 0.51 0.76 0.68 1.65 0.58 3.25 0.46 0.83 0.46 0.78 0.65 3.66

Notre Dame 0.29 0.85 0.28 0.79 0.27 0.81 0.28 0.78 1.05 2.12 0.6 1.28 0.53 1.25 0.73 1.36 0.24 0.96 0.23 0.69 0.24 0.73 0.23 0.7

NYC Library 2.43 6.95 1.84 6.3 1.62 5.29 1.86 5.03 5.3 8.51 4.33 7.93 3.88 6.93 4.76 7.34 13.2 14.2 13.1 14.1 13 13.9 13.3 14.3

Piazza Del Popolo 1.66 5.28 1.42 5.23 1.41 5.47 1.51 5.34 3.42 6.46 2.2 6.16 1.84 6.08 2.56 6.14 1.47 6.81 1.31 5.95 1.35 6.76 1.42 6.75

Piccadilly 2.02 3.87 1.79 3.45 1.64 3.29 1.85 3.62 3.64 5.42 2.89 4.46 2.82 4.29 3.37 4.98 13.4 14.2 1.4 4.95 1.35 4.35 13.4 14.1

Roman Forum 2.21 8.33 1.84 7.86 1.77 7.61 2.18 8.74 6.2 12.4 3.49 9.3 4.37 8.94 6.23 12.2 26.7 41 21.4 30.6 12.1 19.5 15.1 39.3

Tower of London 4.03 17.9 2.74 15.9 2.67 8.85 3.26 17.5 16 27 5.87 17.5 2.78 9.2 15.3 26.6 2.41 16.9 2.49 19.5 2.76 31.4 2.48 17.4

Union Square 7.57 11.7 7.29 11.2 7.5 11.8 7.97 12.3 8.03 12.5 7.82 12.1 8.06 12.6 8.6 13.1 12.9 19 12.7 19 12.8 19.2 12.8 19

Vienna Cathedral 7.26 13.1 6.41 13.4 6.6 13.9 5.68 11.7 9.59 13.7 9.4 13.4 9.62 13.9 7.36 11.4 28.6 36.6 28.7 36.7 29.8 35.9 28.7 36.6

Yorkminster 2.51 5.26 1.73 4.32 1.7 4.63 2.05 4.72 5.95 8.72 3.61 6.1 3.44 6.33 5.87 8.46 19.9 28.4 1.66 15.6 1.56 12.5 14.7 16.8

Ellis Island 22 22.4 22.6 23.2 23.8 23.6 22.2 22.8 20.9 22 22.6 23.3 24.3 23.7 22.5 22.8 26.7 27.7 26.6 27.5 26.5 27.8 26.7 27.7

Gendarmenmarkt 17.5 38.8 16.6 38.9 16.7 39.1 16.5 38.9 20.7 40.9 18.5 41.3 17.8 40.8 18.7 40.8 32.8 51.6 32.8 51.7 32.9 51.8 32.8 51.6

Table 7.2: Comparison of naive AAB, IR-AAB and 1DSfM for improving 3 location solvers (LUD, CLS, ShapeFit)
using 14 datasets from [85]. Using any of the three statistics, 10% of edges are removed. The median and mean distance
from the estimated camera locations to the ground truth (provided in [85]) are denoted by ẽ and ê respectively.
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Algorithms

LUD[61] CLS [79, 80] ShapeFit [34]

None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM None N-AAB IR-AAB 1DSfM

Dataset ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê ẽ ê
Alamo 0.47 1.74 0.37 0.81 0.35 0.59 0.37 0.93 1.35 2.79 0.36 0.8 0.35 0.6 0.42 0.98 0.44 1.83 0.36 0.82 0.35 0.72 0.37 0.91

Madrid Metropolis 1.84 5.94 1.06 2.47 0.98 2.43 1.39 4.86 7.1 11.2 1.26 2.85 1.12 2.72 2.17 6.26 14 27.3 3.03 6.78 4.7 14 21.8 32.3

Montreal N.D. 0.56 1.22 0.38 0.57 0.37 0.56 NA NA 0.9 1.79 0.4 0.59 0.37 0.55 NA NA 0.58 3.25 0.39 0.57 0.37 0.58 NA NA

Notre Dame 0.29 0.85 0.23 0.47 0.2 0.38 0.27 0.74 1.05 2.12 0.27 0.57 0.21 0.43 0.66 1.23 0.24 0.96 0.28 1.66 0.29 1.14 0.24 1.32

NYC Library 2.43 6.95 0.81 3.95 0.61 1.37 NA NA 5.3 8.51 0.8 2.36 0.63 1.49 NA NA 13.3 14.3 1.4 8.16 0.7 2.76 NA NA

Piazza Del Popolo 1.66 5.28 0.93 1.55 0.75 1.28 0.96 2.1 3.42 6.46 0.86 1.42 0.82 1.33 1.38 2.56 1.48 6.81 0.94 3.56 0.78 1.33 0.9 1.95

Piccadilly 2.02 3.87 1.24 2.31 0.9 2.04 2.79 4.62 3.64 5.42 1.21 2.15 0.97 2.03 2.88 4.54 13.4 14.2 7.04 12 1.11 5.9 8.99 13

Roman Forum 2.21 8.33 1.47 5.02 1.15 3.66 4.1 13.9 6.2 12.4 1.88 5.38 1.44 5.44 8.69 17.2 26.7 41 15.8 31.1 5.1 21.1 15.5 39.9

Tower of London 4.03 17.9 2.39 3.68 2.4 3.49 2.78 14.34 16 27 2.45 4.13 2.26 4.2 9.58 20.4 2.41 16.9 2.62 6.47 2.6 6.86 5.3 56.5

Union Square 7.57 11.7 5.96 9.84 6.37 11.5 5.73 9.04 8.03 12.5 5.91 9.15 10.2 16.5 6.11 9.49 12.9 19 12.7 16.3 13 17.6 11.7 14.1

Vienna Cathedral 7.26 13.1 3.69 8.88 2.41 8.71 8.99 17.4 9.59 13.7 8.16 12 4.65 10.8 9.48 19.1 28.6 36.6 28.9 35.9 2.12 9.11 24.3 33.8

Yorkminster 2.51 5.26 1.4 3 1.26 2.7 1.8 3.98 5.95 8.72 2.72 4.46 1.44 2.82 3.54 5.53 19.9 28.4 3.55 18.4 1.75 4.75 2.75 6.66

Ellis Island 22 22.4 22.1 23.2 25.6 25.3 24.3 24.4 20.9 22 23 23.5 26.1 25 21 21.9 26.7 27.7 26.3 27.2 26.2 27.3 26.2 27.3

Gendarmenmarkt 17.5 38.8 20.9 46.1 34 61.3 17.7 40.2 20.7 40.9 22 47.3 33.2 61.7 19.3 42.7 32.8 51.7 33.2 55 32.5 62.7 33.1 51.5

Table 7.3: Comparison of naive AAB, IR-AAB and 1DSfM for improving 3 location solvers (LUD, CLS, ShapeFit)
using 14 datasets from [85]. Using any of the three statistics, 90% of edges are removed. “NA” means that the resulting
maximal parallel rigid component had only 16 or less locations.



Chapter 8

Conclusion

In this thesis, we proposed a novel message passing framework for robustly solving

group synchronization problems with any compact group under adversarial corruption

with sufficiently small noise. Unlike previous works on group synchronization that

assumed very special generative models with some only considering asymptotic recovery

and restricted to special groups, we established deterministic exact recovery theory for

finite sample size with weak assumptions on the adversarial corruption. To address

the weaknesses on guarantees for the different problems of synchronization, our theory

only required that the ratio of corrupted cycles per edge is bounded by a reasonable

constant. We also established the stability of CEMP to bounded and sub-Gaussian

noise. We further studied exact recovery under a previous uniform corruption model

and developed the sharpest guarantees according to an information-theoretic bound.

To solve group synchronization under both high corruption and noise, we proposed

a message passing least squares framework that combines CEMP and IRLS. For SO(3),

we explained how a well-known solution integrates well with our framework. We demon-

strated state-of-the-art performance of our framework for SO(3) synchronization. We

have motivated our method as an alternative to IRLS and explained how it may over-

come the limitations of IRLS when applied to group synchronization.

Furthermore, we refined MPLS framework for robustly solving permutation synchro-

nization, which we called IRGCL. It overcomes the limitations of both IRLS and com-

mon least squares methods under non-uniform corruption models. Through both theory

and experiments, we demonstrated the advantage of directly exploiting cycle-consistency
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information to guide the convergence of our non-convex optimization algorithm.

Similar to the theory of CEMP, we provided an exact recovery theory for a well-

known camera location solver, LUD, under adversarially corrupted pairwise directions.

Our theoretical guarantee depends on the maximal fraction of the corrupted edges per

node, unlike that of CEMP which depends on the ratio of corrupted cycles.

In order to improve the current state-of-the-art camera location solvers, we proposed

the AAB statistic for estimating the underlying corruption level on camera pairwise

directions. We improved this estimation by incorporating a CEMP-like reweighting.

The experiments on both synthetic and real data show the significant advantage of

applying the reweighting strategy with the AAB statistic. Applying our method as a

preprocessing step significantly improves the performance of current camera location

solvers.

Despite the great promise of this line of work, there are different theoretical directions

in which it can be further improved. First of all, the theory of CEMP on adversarial

corruption assumes a uniform bound on the corruption ratio per edge (that is, the

number of corrupted cycles over the number of neighboring cycles), whereas in practice

one should allow a small fraction of edges to be contained in many corrupted cycles. We

believe that it is possible to address the latter setting with CEMP by adaptively choosing

βt for different edges. This way, instead of the current `∞ bound on the convergence,

one can establish an `1 or `2 convergence bound. Nevertheless, the mathematical ideas

behind guaranteeing an adaptive reweighting strategy are highly complicated and hard

to verify. Instead, we prefer to clearly explain our theory with a simpler procedure.

Another future direction is to extend the theory to other classes of reweighting

functions, in addition to the indicator and exponential functions. In particular, one

may further consider finding an optimal sequence of reweighting functions under certain

statistical models.

Our performance guarantees for the uniform corruption model focused on obtaining

the information-theoretic bound q < 1 in a general setting, while establishing new results

for the groups SN and SO(d). We mentioned different regimes of sample sizes, but did

not emphasize the information-theoretic lower bound on n (or on the average degree,

np). This bound was only studied so far in the case of Z2 synchronization [2, 5]. As

we commented in Section 3.6.5 our lower bound on n does not match the former one.
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It will be interesting to see if a more careful analysis of a CEMP-type method for Z2

synchronization can match this bound. It will also be interesting to similarly analyze

other groups.

The framework of CEMP can be also relevant to other settings that exploit cycle

consistency information, but with some limitations. First of all, in the case of non-

compact groups, one can scale the given group elements. In particular, if both {gi}ni=1

and {g∗i }ni=1 lie in a ball of fixed radius, then by appropriate scaling, one can assume

that s∗ij ≤ 1 for all ij ∈ E. The theory thus extends to non-compact groups with finite

corruption models and bounded noise. If the distribution of the corruption or noise has

infinite support, then our theory is invalid when the sample size approaches infinity,

though it is still valid for a finite sample size.

We also claim that CEMP can be extended to the problem of camera location

estimation. Since the scale information of group ratios is missing, one should define

alternative notions of cycle consistency, inconsistency measure and corruption level.

We can develop a similar, though weaker, theory for exact recovery by CEMP for

camera location estimation. In order to keep the current work focused, we exclude this

extension. The main obstacle in establishing this theory is that the metric is no longer

bi-invariant and thus dij,k may not equal to s∗ij , even for uncorrupted cycles.

A different notion of cycle consistency is also used in a histogram-based method

for the identification of common lines in cryo-EM imaging [74]. We believe that the

reweighting procedure in CEMP can be incorporated in [74] to reduce the rate of false

positives.

We claim that cycle consistency is also essential within each cluster of vector diffusion

maps (VDM) [76], whose applications include clustering cryo-EM images with different

viewing directions [27, 76] and solving jigsaw puzzles [42]. Indeed, in VDM, powers of

the connection adjacency matrix give rise to “higher-order connection affinities” between

nodes i and j obtained by the squared norm of a weighted sum of the products of group

ratios gLij along paths Lij from i to j (see e.g., demonstration in Fig. 4(a) in [26]).

For i and j in the same cluster, cycle consistency implies that each product of group

ratios gLij is approximately gij (or exactly gij if there is no corruption). Consequently,

for each ij ∈ E, the sum of gLij over Lij with fixed length (depending of the power

used) is approximately a large number times gij and thus has a large norm, that is,



131

the higher-order connection affinity is large. On the other hand, if i and j belong to

different clusters, then the different gLij ’s may possibly cancel or decrease the effect of

each other (due to the different properties of the clusters). Consequently, the higher-

order connection affinity is typically small. We note that these affinities are somewhat

similar to our weighted average of cycle inconsistencies,
∑

LwLdG(gL, eG). However,

unlike our reweighting strategy, VDM weighs cycles in a single step using Gaussian

kernels (see (3) and (4) in [27]). We believe that a suitable reweighting strategy can be

applied to VDM to improve its classification accuracy.

We mention that while the theory is very general and seems to apply well to the

common compact groups Z2, SN and SO(d), specific considerations need to be addressed

for special groups. For example, in Z4 synchronization, which is useful in recovering

orientations of jigsaw puzzles [42], each edge is contained in at most two cycles of length

at most 4. Thus effective inference of corruption requires cycles with length greater

than 4. We remark that for simplicity we developed the theory for 3-cycles, but our

theory extends to higher-order cycles.

There are several interesting future directions regarding the MPLS framework. First

of all, although MPLS outperforms the current state-of-the-art methods for different

applications, the theory on its convergence and exact recovery is still unclear. One may

develop such theoretical guarantees for MPLS under either special probability models

or generic conditions with adversarial corruption.

Second, one can carefully adapt and implement our proposed framework to other

synchronization problems that occur in practice. For example, the current MPLS frame-

work for permutation synchronization, IRGCL, cannot handle partial permutations.

That is, in the application of multi-image matching, MPLS requires that in each pair of

images the two sets of keypoints have a one-to-one correspondence. This restriction pre-

vents it from broader applications. In Structure from Motion, the keypoints of different

images are often partially overlapped. Thus, the applications of MPLS to partial permu-

tation synchronization should have more practical values. Other important applications

include SE(3) synchronization and camera location estimation. Both applications are

synchronization problems on non-compact group. We remark that although CEMP is

designed for compact groups, in practice the camera locations are restricted to a com-

pact set. That is, one can still define a finite metric for specific applications and apply



132

CEMP and MPLS.

At last, one can apply IRGCL, our reformulated MPLS framework, to other groups

⊆ O(d) and extend the current 3-cycle version to higher order cycles. We note that

the original version of MPLS only uses information from 3-cycles since the computa-

tional complexity of MPLS is exponential to the length of cycles. However, the IRGCL

framework can be extended to higher order cycles in polynomial time by utilizing higher

powers of graph connection laplacian.
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[61] O. Özyesil and A. Singer. Robust camera location estimation by convex program-

ming. In IEEE Conference on Computer Vision and Pattern Recognition, CVPR

2015, Boston, MA, USA, June 7-12, 2015, pages 2674–2683, 2015.

[62] O. Ozyesil and A. Singer. Robust camera location estimation by convex program-

ming. In Proceedings of the IEEE Conference on Computer Vision and Pattern

Recognition, pages 2674–2683, 2015.
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Appendix A

Supplementary Proofs for

Chapter 3

A.1 Proof of Lemma 1

WLOG fix L = {12, 23, 34, . . . , n1}. By the bi-invariance of dG and the triangle inequal-

ity

|dL − s∗12| =
∣∣dG (g12g23 · · · gn1 , eG)− dG

(
g12g

∗−1
12 , eG

)∣∣
≤ dG

(
g12g23 · · · gn1 , g12g

∗−1
12

)
= dG (g∗12g23 · · · gn1 , eG) . (A.1)

Note that for all 1 ≤ i ≤ n− 1, the bi-invariance of dG implies that

s∗i i+1 = dG(gi i+1, g
∗
i i+1)

= dG
(
g∗12 · · · g∗i−1 i gi i+1 · · · gn1 , g

∗
12 · · · g∗i i+1gi+1 i+2 · · · gn1

)
. (A.2)

143



144

Application of (3.1) and then several applications of the triangle inequality and (A.2)

yield

dG (g∗12g23 · · · gn1 , eG) = dG (g∗12g23 · · · gn1 , g
∗
12g
∗
23 · · · g∗n1)

≤dG (g∗12g23 · · · gn1 , g
∗
12g
∗
23g34 · · · gn1) + dG (g∗12g

∗
23g34 · · · gn1 , g

∗
12g
∗
23 · · · g∗n1)

≤
n∑
i=2

dG
(
g∗12 · · · g∗i−1 i gi i+1 · · · gn1 , g

∗
12 · · · g∗i i+1gi+1 i+2 · · · gn1

)
=

n∑
i=2

s∗i i+1 =
∑

ij∈L\{12}

s∗ij . (A.3)

We conclude the proof by combining (A.1) and (A.3).

A.2 Proof of Theorem 3

We prove the theorem by induction. For t = 0, we note that a similar argument to

(3.34) implies that

εij,0 ≤

∑
k∈Nij

|dij,k − s∗ij |

|Nij |
=

∑
k∈Gij

|dij,k − s∗ij |+
∑

k∈Bij
|dij,k − s∗ij |

|Nij |

≤

∑
k∈Gij

|s∗ik + s∗jk|+ |Bij |

|Nij |
≤ |Gij |
|Nij |

· 2δ +
|Bij |
|Nij |

≤ λ+ 2δ ≤ 1

β0
− δ. (A.4)

Next, we assume that εt+δ <
1
βt

for an arbitrary t > 0, and show that εt+1+δ < 1
βt+1

.

We use similar notation and arguments as in the proof of Theorem 1. We note that
1
βt
≥ εt + δ ≥ maxij∈Eg εij,t + δ = maxij∈Eg sij,t and thus for any ij ∈ E, Gij ⊆ Aij(t).

We also note that sij,t ≤ 1
βt

implies that s∗ij ≤ sij,t + εt ≤ sij,t + 1
βt
− δ ≤ 2 1

βt
− δ. We

use these observations in an argument analogous to (3.38), which we describe in short

as follows:

εij,t+1 ≤

∑
k∈Gij

1{sik,t,sjk,t≤ 1
βt
}2δ +

∑
k∈Bij

1{sik,t,sjk,t≤ 1
βt
}(4

1
βt
− 2δ)

|Aij(t)|

≤ |Gij |
|Nij |

2δ +
|Bij |
|Nij |

(4
1

βt
− 2δ). (A.5)
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Taking maximum over ij ∈ E of the expressions in the LHS and RHS of (A.5) and

using the assumptions λ < 1/4 and 4λ 1
βt

+ (3 − 4λ)δ < 1
βt+1

< 1
βt

, we conclude (3.43)

as follows

εt+1 + δ ≤ 2(1− λ)δ + 2λ(2
1

βt
− δ) + δ = 4λ

1

βt
+ (3− 4λ)δ <

1

βt+1
.

At last, since 1
βt+1

> 4λ 1
βt

+ (3 − 4λ)δ and β0 <
1−4λ

(3−4λ)δ , βt <
1−4λ

(3−4λ)δ for all t ≥ 0.

The fact that {βt}t≥0 is increasing and the latter inquality, imply that ε is well defined

(that is, limt→∞ βt exists) and 0 < ε ≤ 1. Taking the limit of (3.43) when t→∞, yields

(3.44).

A.3 Proof of Theorem 4

We prove the theorem by induction. For t = 0, (A.4) implies that ε0 ≤ λ + 2δ and

thus 1
4β0

> λ + 5
2δ ≥ ε0 + 1

2δ. Next, we assume that εt + 1
2δ <

1
4βt

and show that

εt+1 + 1
2δ <

1
4βt+1

.

By a similar proof to (3.39) and (3.40), while using the current model assumption

maxij∈Eg s
∗
ij < δ, we obtain that

εij,t+1 ≤ 2δ +

∑
k∈Bij

e−βt(s
∗
ik+s∗jk)

(
s∗ik + s∗jk

)
eβt(εik(t)+εjk(t))

∑
k∈Gij

e−βt(2δ+εik(t)+εjk(t))
.

The same arguments of proving (3.41) and (3.42), yield the estimate

εt+1 ≤ 2δ +
λ

1− λ
1

eβt
eβt(2δ+4εt).

We conclude (3.45) by applying the assumptions εt+
1
2δ ≤

1
4βt

and 5
2δ+ λ

1−λ
1
βt
< 1

4βt+1
<

1
4βt

to the above equation as follows

εt+1 +
1

2
δ ≤ 5

2
δ +

λ

1− λ
1

eβt
eβt(2δ+4εt) ≤ 5

2
δ +

λ

1− λ
1

βt
<

1

4βt+1
.

Establishing 0 < ε ≤ 1 and (3.46) is the same as in the proof of Theorem 3 in Section
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A.2.

A.4 Proof of Theorems 6 and 7

Section A.4.1 proves Theorem 6 and Section A.4.2 proves Theorem 7. Both proofs show

that ε1 is sufficiently small with the right choice of β0 by using Proposition 7. Proving

that εt is sufficiently large for t > 1 requires the verification of some technical conditions.

In the proof of Theorem 6, these conditions are guaranteed by induction. On the other

hand, the proof of Theorem 7 is more involved and also requires tools from empirical

risk minimization.

A.4.1 Proof of Theorem 6

The proof frequently uses the notation Aij(x; t) = {k ∈ Nij : sik,t, sjk,t ≤ x} and

A∗ij(x) = {k ∈ Nij : s∗ik, s
∗
jk ≤ x}. It relies on the following two lemmas.

Lemma 2. If 1/β0 ≥ (1− q2
g)zG + maxij∈E |sij,0 − Esij,0|, then

ε1 ≤ 4

1
β0
− (1− q2

g)zG

q2
g

. (A.6)

Proof. We use the following upper bound on εij,1, which is obtained by plugging t = 0

into (3.32)

εij,1 ≤

∑
k∈Nij

1{sik(0),sjk(0)≤ 1
β0
}(s
∗
ik + s∗jk)∑

k∈Nij
1{sik(0),sjk(0)≤ 1

β0
}

. (A.7)

Denote γij = sij,0 − E(sij,0) for ij ∈ E and γ = maxij∈E γij , so that the condition of

the lemma can be written more simply as 1/β0 ≥ (1− q2
g)zG +γ. We use (3.55) to write

sij,0 = q2
gs
∗
ij + (1 − q2

g)zG + γij and thus conclude that sij,0 ≤ q2
gs
∗
ij + (1 − q2

g)zG + γ.

Consequently, if sij,0 <
1
β0

for ij ∈ E, then s∗ij < (1/β0 − (1 − q2
g)zG) + γ)/q2

g . The

combination of the latter observation with (A.7) results in

εij,1 < 2

1
β0

+ γ − (1− q2
g)zG

q2
g

.
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Applying the assumption 1/β0 ≥ (1 − q2
g)zG + γ into the above equation, while taking

a maximum over ij ∈ E, results in (A.6).

Lemma 3. Assume that |A∗ij(2/β1) \Gij |/|Bij | ≤ (1− λ)r/(4λ) for all ij ∈ E, 1
β1
> ε1

and βt+1 = rβt for all t ≥ 1. Then, the estimates {sij,t}t≥1
ij∈E computed by CEMP-A

satisfy

max
ij∈E
|sij,t − s∗ij | <

1

β1
rt−1 for all t ≥ 1. (A.8)

Proof. We prove (A.8), equivalently, εt < 1/βt for all t ≥ 1, by induction. We note

that ε1 < 1/β1 is an assumption of the lemma. We next show that εt+1 < 1/βt+1 if

εt < 1/βt. We note that applying (3.35) and then (3.37) result in the following two

inclusions, respectively

Gij ⊆ Aij
(

1

βt
; t

)
⊆ A∗ij

(
2

βt

)
for ij ∈ E and t ≥ 1. (A.9)

Applying first (3.32), then (A.9) and at last the definition of λ, we obtain that for any

given ij ∈ E

εij,t+1 ≤

∑
k∈Bij

1{sik,t,sjk,t≤ 1
βt
}(s
∗
ik + s∗jk)∑

k∈Nij
1{sik,t,sjk,t≤ 1

βt
}

≤ 4
1

βt

|A∗ij( 2
βt

) \Gij |
|Gij |

≤ 4
1

βt

|A∗ij( 2
βt

) \Gij |
|Bij |

λ

1− λ
.

Combining the above equation with the assumption |A∗ij(2/β1) \ Gij |/|Bij | ≤ (1 −
λ)r/(4λ) yields

εij,t+1 ≤ 4
1

βt

|A∗ij( 2
βt

) \Gij |
|Bij |

λ

1− λ
≤ r 1

βt
=

1

βt+1
.

Taking maximum over ij ∈ E in the above equation concludes the induction and the

lemma.

To conclude the theorem, it is sufficient to show that under its setting, the first two
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assumptions of Lemma 3 hold w.h.p.

We first verify w.h.p. the condition maxij∈E |A∗ij(2/β1) \Gij |/|Bij | ≤ (1− λ)r/(4λ).

We note that for fixed ij ∈ E and for any k ∈ Bij , 1{k∈A∗ij(2/β1)\Gij} is an i.i.d. Bernoulli

random variable with mean Pmax(2/β1). Applying a one-sided version of the Chernoff

bound in (3.47) with pi = Pmax(2/β1) and η = (1− λ)r/(4λPmax(2/β1))− 1, and then

assuming that Pmax(2/β1) < (1− λ)r/(8λ), results in

Pr

(
|A∗ij( 2

β1
) \Gij |

|Bij |
>

1− λ
4λ

r

)
< e
− 1

3

(
1−λ
4λ

r−Pmax( 2
β1

)
)
|Bij | < e−

1−λ
24λ

r|Bij |. (A.10)

We next show that the above assumption, Pmax(2/β1) < (1−λ)r/(8λ), holds w.h.p. and

thus verify w.h.p. the desired condition. We recall that Pmax(2/β1) < rq2
∗/(32(1− q2

∗))

(see (3.56)). Furthermore, by Proposition 4,

Pr

(
1

4

q2
∗

1− q2
∗
<

1− λ
λ

< 4
q2
∗

1− q2
∗

)
≥ 1− 2|E| exp(−Ω(qmin|Nij |)). (A.11)

The latter two observation result in the needed bound on Pmax(2/β1) w.h.p. More

generally, these observations and (A.10) with a union bound over ij ∈ E imply w.h.p. the

desired condition as follows

Pr

(
max
ij∈E

|A∗ij( 2
β1

) \Gij |
|Bij |

≤ 1− λ
4λ

r

)

≥ 1− |E|e
−Ω

(
q2∗

(1−q2∗)
r min
ij∈E

|Bij |
)
− |E|e

−Ω(qmin min
ij∈E

|Nij |)
. (A.12)

To guarantee w.h.p. the other condition, 1/β1 > ε1, we note that if the condition

of Lemma 2 holds, then an application of the conclusion of this Lemma and another

application of the RHS inequality of the first inequality in (3.56) imply the desired

condition, that is,

ε1 ≤ 4

1
β0
− (1− q2

g)zG

q2
g

≤ 1

β1
if

1

β0
≥ (1− q2

g)zG + max
ij∈E
|sij,0 − Esij,0| . (A.13)

In order to verify w.h.p. the condition of Lemma 2, we apply Proposition 7 with γ =
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1/β0 − (1− q2
g)zG and a union bound over ij ∈ E to obtain that

Pr

(
max
ij∈E
|sij,0 − Esij,0| <

1

β0
− (1− q2

g)zG

)
≥ 1− |E|e

−Ω

(
qmin min

ij∈E
|Nij |

)
− |E| e

−Ω

((
1
β0
−(1−q2g)zG

)2
min
ij∈E

|Nij |
)
. (A.14)

We note that by applying the Chernoff bound in (3.54) and then a union bound,

we obtain that with probability at least 1 − exp(−Ω(n2p)) − n2p exp(−Ω(np2)) −
n2p exp(−Ω(np2qmin)), or equivalently, 1 − n2p exp(−Ω(np2qmin)), the following events

hold: |E| . n2p, minij∈E |Nij | & np2 and minij∈E |Bij | & np2(1 − q2
∗) . We conclude

the proof by combining this observation, (A.12)-(A.14) and Lemma 3.

A.4.2 Proof of Theorem 7

The proof of the theorem relies on the following three lemmas.

Lemma 4. If 1/(4β0) ≥ maxij∈E |sij,0 − Esij,0|, then

ε1 ≤
λ

1− λ
1

q2
gβ0

.

Proof. Denote γij = sij,0−E(sij,0) for ij ∈ E and γ = maxij∈E γij , so that the condition

of the lemma can be written more simply as 1/(4β0) ≥ γ. By rewriting sij,0 as q2
gs
∗
ij +

(1− q2
g)zG + γij and applying (3.32) with t = 0,

εij,1 ≤

∑
k∈Bij

e−β0(q
2
gs
∗
ik+γik+q2gs

∗
jk+γjk)

(
s∗ik + s∗jk

)
∑

k∈Gij
e−β0(q

2
gs
∗
ik+γik+q2gs

∗
jk+γjk)

.

By first applying the obvious facts: |γik|, |γjk| ≤ γ and s∗ik = s∗jk = 0 for k ∈ Gij , then

applying the assumption 1/(4β0) ≥ γ, and at last the inequality xe−ax ≤ 1/(ea) for x,
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a > 0 with x = s∗ik + s∗jk and a = β0q
2
g , we obtain that

εij,1 ≤

∑
k∈Bij

e−β0q
2
g(s∗ik+s∗jk)

(
s∗ik + s∗jk

)
e4β0γ

|Gij |

≤
e
∑

k∈Bij
e−β0q

2
g(s∗ik+s∗jk)

(
s∗ik + s∗jk

)
|Gij |

≤ |Bij |
|Gij |

1

q2
gβ0

.

The lemma is concluded by taking maximum over ij ∈ E in both the LHS and RHS of

the above inequality.

Lemma 5. Assume that 1/β1 > ε1, βt+1 = rβt for t ≥ 1, and

max
ij∈E

1

|Bij |
∑
k∈Bij

e−βt(s
∗
ik+s∗jk)

(
s∗ik + s∗jk

)
<

1

Mβt
for all t ≥ 1, (A.15)

where M = 4eλ/((1−λ)r). Then, the estimates {sij,t}t≥1
ij∈E computed by CEMP-B satisfy

max
ij∈E
|sij,t − s∗ij | <

1

β1
rt−1 for all t ≥ 1. (A.16)

Proof. We prove (A.16), or equivalently, εt < 1/(4βt) for all t ≥ 1, by induction. We note

that ε1 < (1/4β1) is an assumption of the lemma. We next show that εt+1 < 1/(4βt+1)

if εt < 1/(4βt). By combining (3.40) and the induction assumption εt < 1/(4βt) and

then using the definition of λ,

εij,t+1 ≤
e
∑

k∈Bij
e−βt(s

∗
ik+s∗jk)

(
s∗ik + s∗jk

)
|Gij |

≤ e λ

1− λ
1

|Bij |
∑
k∈Bij

e−βt(s
∗
ik+s∗jk)

(
s∗ik + s∗jk

)
.

Combining (A.15) with the above equation, then applying the definition of M , and at

last using βt+1 = βt/r,

εt+1 < e
λ

1− λ
1

Mβt
=

r

4βt
=

1

4βt+1
.
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The last lemma uses the notation F(β) for the class of functions {fτ (x) : τ > β},
where we recall that fτ (x) = e−τx+1τx.

Lemma 6. If either s∗ij for ij ∈ Eb is supported on [a,∞) and a ≥ 1/|Bij | or Q

is differentiable and Q′(x)/Q(x) . 1/x for x < P (1), then there exists an absolute

constant c such that

Pr

 sup
fτ∈F(β)

1

|Bij |
∑

k∈|Bij |

fτ (s∗ik + s∗jk) > V (β) + c

√
log |Bij |
|Bij |

 < e−
1
3
mV (β). (A.17)

The proof of Lemma 6 requires tools from empirical risk minimization, and we thus

provide it later in Appendix A.5.

According to Lemma 5, the theorem follows by guaranteeing w.h.p. the following two

conditions of this lemma: (A.15) and 1/4β1 > ε1. We note that (A.15) is guaranteed

w.p. at least 1− exp(−Ω(V (β1)|Bij |)) by applying Lemma 6 with β1 such that V (β1) <

e/2M and |Bij | sufficiently large such that
√

log |Bij |/|Bij | < e/2cM . The combination

of the middle inequality of (3.58) and (A.11) implies that V (β1) < e/(2M) = (1 −
λ)r/(8λ) with the same probability as in (A.11). We note that (A.11) implies that

if |Bij |/ log |Bij | &
(
(1− q2

∗)/(q
2
∗r)
)2

, then with the probability specified in (A.11),√
log |Bij |/|Bij | < e/2cM holds. We recall that |Bij | & np2(1−q2

∗) with probability 1−
exp(Ω(np2qmin)). Combining this observation with (3.57) concludes w.h.p. the desired

bound, that is, |Bij |/ log |Bij | &
(
(1− q2

∗)/(q
2
∗r)
)2

. In summary, (A.15) holds with

probability at least 1− exp(−Ω(V (β1)|Bij |))− exp(Ω(np2qmin)).

Next we verify w.h.p. the other condition of Lemma 5, namely, 1/(4β1) > ε1. If

the assumption of Lemma 4 holds, then application of the conclusion of this lemma

and a followup combination of the first inequality in (3.58) with (A.11) yield (with the

probability specified in (A.11))

ε1 ≤
λ

1− λ
1

q2
gβ0

<
1

4β1
if

1

4β0
≥ max

ij∈E
|sij,0 − Esij,0| .

In order to verify w.h.p. the assumption of Lemma 4, we apply Proposition 7 with
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γ = 1/(4β0)) together with a union bound over ij ∈ E to obtain that

Pr

(
max
ij∈E
|sij,0 − Esij,0| <

1

4β0

)
≥ 1− |E|e

−Ω

(
qmin min

ij∈E
|Nij |

)
− |E| e

−Ω

(
1

β20
min
ij∈E

|Nij |
)
.

These arguments and our earlier observation that |E| . n2p, minij∈E |Bij | & np2(1−q2
∗)

and minij∈E |Nij | & np2 w.p. 1− n2p exp(−Ω(np2qmin)) conclude the proof.

A.5 Proof of Lemma 6

We arbitrarily fix ij ∈ E and β > 0. We denote m = |Bij | and assume that k = 1, . . . ,m

index the elements of Bij . We use the i.i.d. random variables Xk = s∗ik + s∗jk, k =

1, . . . ,m, defined earlier with cdf denoted by P . Let P and Pm denote the functionals

that provide the expectation with respect to the probability and empirical measures of

{Xk}mk=1, respectively. That is, Pf =
∫
f(x)dP (x) and Pmf = 1

m

∑m
k=1 f(Xk). For any

functional Y : F(β) → R, let ‖Y‖F(β) = supf∈F(β) |Y(f)|. Given this notation, we can

rewrite (A.17) that we need to prove as follows

Pr

(
‖Pm − P‖F(β) > V (β) + c

√
logm

m

)
< e−

1
3
mV (β). (A.18)

The above formulation is similar to the following uniform version of Bennett’s in-

equality in our setting (see Theorem 2.3 of [8]): For any t > 0

Pr(‖Pm − P‖F(β) > E‖Pm − P‖F(β) + t) < e−mvh(
t
v ), (A.19)

where h(x) = (x+ 1) log(x+ 1)− x and v = V (β) + 2E‖Pm−P‖F(β) (H is the same as

ours). We remark that (A.19) holds under the condition that supfτ∈F(β) ‖fτ −Pfτ‖∞ ≤
1. This condition holds in our setting since 0 ≤ fτ (x) ≤ 1 for any τ ≥ 0 and x ≥ 0.

In order to conclude (A.18) from (A.19), we formulate the following lemma that

provides an upper bound for E‖Pm − P‖F(β) in (A.19). We prove it in Section A.5.1

below.

Lemma 7. Assume the setting of Theorem 7. There exists an absolute constant c1 such
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that for all β,m > 0

E‖Pm − P‖F(β) ≤ c1

√
logm

m
. (A.20)

By letting t = V (β) + 2c1

√
logm/m in (A.19) and c = 3c1 in (A.18) and applying

Lemma 7, we conclude that the event of (A.18) contains the event of (A.19). It thus

remains to show that the probability bound in (A.18) controls the one in (A.19). This

follows from the facts that t/v > 1 (which follows by direct application of Lemma 7)

and h(x) > x/3 when x ≥ 1 (which is a direct calculus exercise).

A.5.1 Proof of Lemma 7

In order to upper bound E‖Pm−P‖F(β), we use tools from empirical risk minimization.

Define Rm(f) = 1
m

∑m
k=1 εkfτ (Xk), where εk are i.i.d. Rademacher random variables.

We first note that E‖Pm − P‖F(β) can be controlled by the Rademacher complexity of

F(β), which is defined as E‖Rm‖F(β). Specifically, Theorems 2.1 and 3.11 of [46] state

that there exists an absolute constant c2 such that

E‖Pm − P‖F(β) ≤ 2E‖Rm‖F(β) ≤
c2√
m
E
∫ 2σm

0

√
logN(F(β); `2(Pm); ε)dε, (A.21)

where σ2
m = supfτ∈F(β) Pmf2 and N(F(β); `2(Pn); ε) is the covering number of F(β)

using `2(Pm)-balls of radius ε. Note that the `2(Pm)-ball of radius ε centered at any

function fτ∗(x) ∈ F(β) is defined as
{
fτ ∈ F(β) : 1

m

∑m
k=1(fτ (Xk)− fτ∗(Xk))

2 < ε2
}

.

In view of (A.21), since F(β) ⊆ F(0) for any β > 0, we can prove (A.20) by showing

that there exists an absolute constant c3 such that

E
∫ 2σm

0

√
logN(F(0); `2(Pm); ε)dε ≤ c3

√
logm. (A.22)

In order to conclude (A.22), we first give an upper bound for N(F(0); `2(Pm); ε) for

fixed ε, m and {Xk}mk=1 by constructing a specific `2(Pm)-ball covering {Bi}Nεi=1 of F(0).

We note that since fτ (Xk) ≤ 1 for any f ∈ F(0) and Xk ≥ 0, the covering number

N(F(0); `2(Pm); ε) equals 1 for all ε ≥ 1; therefore, its log is zero and in this case there

is no contribution to the integral in (A.22). It is thus sufficient to consider ε < 1. For
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simplicity, we represent each ball Bi in our proposed cover by an interval Ii = [ai, bi)

that indicates the range of parameters τ of functions in Bi. In our construction, I1 =

[a1,∞), bi+1 = ai for i = 1, . . . , Nε − 1 and {Ii}Nεi=1 cover [0,∞). This implies that

Bi = {fτ : τ ∈ Ii}, i = 1, . . . , Nε, cover F (0) = {fτ : τ ∈ [0,∞)}.
We define

I1 =

(
2 log(1

ε ) + 2

min1≤k≤mXk
,∞

)
(A.23)

We claim that the ball B1 = {fτ : τ ∈ I1} is contained in B(0, ε), whose center fτ (x) ≡ 0

corresponds to τ =∞. Indeed, if τ ∈ I1 and ε < 1, then τXk > 2 log(1/ε) + 2 > 2 and

in particular exp(1
2τXk) > τXk. Using these inequalities, we verify our claim as follows√√√√ 1

m

m∑
k=1

(e−τXk+1τXk)2 ≤ max
1≤k≤m

e−τXk+1τXk < max
1≤k≤m

e−
1
2
τXk+1 < ε.

Given Ii = (ai, bi], we define Ii+1 = (ai+1, bi+1], where bi+1 = ai and ai+1 = ai −
ε/(2e), so that |Ii+1| = ε/(2e). We claim that Bi+1 = {fτ : τ ∈ Ii+1} is contained in

B(fbi+1
, ε). Indeed, since the function xex+1 is Lipschitz with constant e and 0 ≤ Xk ≤

2, for any τ ∈ Ii+1√√√√ 1

m

m∑
k=1

(fτ (Xk)− fbi+1
(Xk))2 ≤ max

1≤k≤m
|e−τXk+1τXk − e−bi+1Xk+1bi+1Xk|

≤ e max
1≤k≤m

|τ − bi+1|Xk ≤ 2e|ai+1 − bi+1| = ε.

We have thus obtained a covering of F(0) by `2(Pm)-balls with radius ε. The total

number of corresponding intervals (where intervals Ii, i ≥ 2, cover (0, a1) and have length

ε/(2e)) is at most 2ea1/ε + 1. Using this observation and the value of a1 specified in

(A.23), then applying the facts Xk ≤ 2 and ε < 1, and at last the inequality 1+log x ≤ x,
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we obtain that

N(F(β); `2(Pm); ε) ≤ 4e
(log(1

ε ) + 1)1
ε

min1≤k≤mXk
+ 1

< 6e
(log(1

ε ) + 1)1
ε

min1≤k≤mXk
< e3 1

min1≤k≤mXk

1

ε2
. (A.24)

We note that the cdf of min1≤k≤mXk is 1−(1−P (x))m. Combining this observation,

the fact that ε < 1 and (A.24), and then applying basic inequalities, using the notation

a+ = max(a, 0), and in particular final application of Jensen’s inequality with the

concave function
√
x, we obtain that

E
∫ 2σm

0

√
logN(F(β); `2(Pm); ε)dε

<

∫ 2

0

∫ 1

0

√
log

1

x
+ 2 log

1

ε
+ 3 dε d(1− (1− P (x))m)

≤
∫ 2

0

∫ 1

0

(√(
log

1

x

)
+

+

√
2

(
log

1

ε

))
dε d(1− (1− P (x))m) +

√
3

=

∫ 1

0

√
log

1

x
d(1− (1− P (x))m) +

√
2

∫ 1

0

√
log

1

ε
dε+

√
3

≤

√∫ 1

0
log

1

x
d(1− (1− P (x))m) +

√
2 +
√

3. (A.25)

Next, we give an upper bound for the first term in the RHS of (A.25), while con-

sidering the two cases of Theorem 7. If Xk, 1 ≤ k ≤ m, is supported on [a,∞) and

a & 1/m, then ∫ 1

0
log

1

x
d(1− (1− P (x))m) ≤

(
log

1

a

)
+

. logm. (A.26)

If on the other hand, the quantile function Q(x) is differentiable and Q′(x)/Q(x) .
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1/x for x < P (1), then we substitute u = 1− P (x) and obtain that∫
x∈[0,1]

log
1

x
d(1− (1− P (x))m) = −

∫
u∈[1−P (1),1]

log
1

Q(1− u)
d(1− um)

=

∫
u∈[1−P (1),1]

(1− um)d log
1

Q(1− u)
=

∫ 1

1−P (1)
(1− um)

Q′(1− u)

Q(1− u)
du

.
∫ 1

0

1− um

1− u
du =

∫ 1

0

m−1∑
i=0

uidu =

m∑
i=1

1

i
≤ (logm+ 1). (A.27)

Combining (A.25)-(A.27), we conclude (A.22) and thus Lemma 7.



Appendix B

Supplementary Proofs for

Chapter 5

In this section we provide the proofs to all theoretical statements in the main manuscript.

We find it more convenient to first establish Proposition 9 and then use the simple idea

of the proof when establishing Proposition 8. At last, we prove Theorem 8.

B.1 Proof of Proposition 9

We first note that (Sl � (W l ⊗ 1m))[i, j] = 1
W l(i,j)

Sl[i, j]. where

W l(i, j) =
∑
k1∈[n]

∑
k2∈[n]

· · ·
∑

kl−1∈[n]

wik1wk1k2 · · ·wkl−1 j (B.1)

Sl[i, j] =
∑
k1∈[n]

∑
k2∈[n]

· · ·
∑

kl−1∈[n]

wik1wk1k2 · · ·wkl−1 jX̃ik1X̃k1k2 · · · X̃kl−1 j . (B.2)

We note that for any pair of nodes i, j ∈ [n], wijX̃ij = wijX
∗
ij . Indeed, if ij /∈ E, then

wij = 0; if ij ∈ Eg, then X̃ij = X∗ij ; and if ij ∈ Eb, then W (i, j) = 0 by the assumption

of the proposition. Combining this observation with (B.1) and (B.2) and then applying
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the cycle-consistency of {X∗ij}ij∈E , we obtain that for ij ∈ E,

(Sl � (W l ⊗ 1m))[i, j] =

∑
k1∈[n] · · ·

∑
kl−1∈[n]wik1 · · ·wkl−1 jX

∗
ik1
X∗k1k2 · · ·X

∗
kl−1 j∑

k1∈[n] · · ·
∑

kl−1∈[n]wik1 · · ·wkl−1 j

=

∑
k1∈[n] · · ·

∑
kl−1∈[n]wik1 · · ·wkl−1 jX

∗
ij∑

k1∈[n] · · ·
∑

kl−1∈[n]wik1 · · ·wkl−1 j
= X∗ij .

B.2 Proof of Proposition 8

We first introduce the following definitions and notation for describing the original

version of CEMP [50]. Let Nij be the set of all (l+ 1)-cycles that contain ij. Any cycle

in Nij can be represented as L := {ik1, k1k2, . . . , kl−1j, ji}. Using the metric stated in

the proposition (while squaring and normalizing it), the cycle inconsistency (proposed

in [50]) for each L ∈ Nij is defined as

dL := ‖X̃ik1X̃k1k2X̃k2k3 . . . X̃kl−1jX̃ji − Im‖2F /2m. (B.3)

The original version of CEMP with (l+1)-cycles is iterated over t ≥ 0 using the following

message passing procedure (see (10) and (35) of [50]):

sij,(0) =
∑
L∈Nij

dL/|Nij | (B.4)

and

sij,(t+1) =

∑
L∈Nij

∏
ab∈L\{ij} exp(−βtsab,(t))dL∑

L∈Nij
∏
ab∈L\{ij} exp(−βtsab,(t))

for ij ∈ E. (B.5)

We use here a generalized version of Algorithm 5 with power l ≥ 2. That is, we

replace the step Ainit,(t) = 1
m〈S

2
init,(t) � (W 2

init,(t) ⊗ 1m) , X̃〉block in Algorithm 5 with

Ainit,(t) =
1

m
〈Slinit,(t) � (W l

init,(t) ⊗ 1m) , X̃〉block for l ≥ 2. (B.6)

To prove the equivalence between Algorithm 5 with l ≥ 2 and CEMP with the chosen

metric, we show that at each iteration t ≥ 0, Ainit,(t)(i, j) = 1−sij,(t), whereAinit,(t)(i, j)

is obtained by Algorithm 5 and sij,(t) by the original CEMP. We verify this by induction.
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For simplicity, we denote Winit,(t)(i, j) by qij,(t). For t = 0, we first apply (B.6), we then

combine (B.1) and (B.2) and at last apply basic algebraic manipulations to obtain that

Ainit,(0)(i, j) =
1

m

〈(
Slinit,(0) � (W l

init,(0) ⊗ 1m)
)

[i, j] , X̃ij

〉
=

1

m

〈∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)X̃ik1X̃k1k2 · · · X̃kl−1 j∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

, X̃ij

〉

=
1

m

∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

〈
X̃ik1X̃k1k2 · · · X̃kl−1 j , X̃ij

〉
∑

k1∈[n] · · ·
∑

kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

=1− 1

m

∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

(
m−

〈
X̃ik1 · · · X̃kl−1 j , X̃ij

〉)
∑

k1∈[n] · · ·
∑

kl−1∈[n] qik1,(0) · · · qkl−1j,(0)
.

We further simplify this equation as follows. We first use the fact that

m− 〈X ,Y 〉 = ‖X − Y ‖2F /2 for X,Y ∈ Om. (B.7)

We then use the facts that for X, Y , Z ∈ Om, ‖X − Y ‖F = ‖XZ − Y Z‖F and

X̃ijX̃ji = Im. Next, we apply (B.3) and the fact that due to the initialization of

Winit,(0) by Algorithm 5, qij,(0) = 1 for ij ∈ E. At last, we apply (B.4) and result in the

desired relationship when t = 0:

Ainit,(0)(i, j)

=1− 1

2m

∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

∥∥∥X̃ik1X̃k1k2 · · · X̃kl−1 j − X̃ij

∥∥∥2

F∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

=1− 1

2m

∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

∥∥∥X̃ik1X̃k1k2 · · · X̃kl−1 jX̃ji − Im
∥∥∥2

F∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(0) · · · qkl−1j,(0)

=1−
∑

L∈Nij dL

|Nij |
= 1− sij,(0). (B.8)

Next, assuming that for all ij ∈ E Ainit,(t)(i, j) = 1 − sij,(t), we show that all ij ∈ E
Ainit,(t+1)(i, j) = 1 − sij,(t+1). We first derive an identify for Ainit,(t+1)(i, j) which is

similar to the second equality of (B.8) by following the same arguments. We then apply

(B.3) with compact notation for the multiplication of the different weights. Next, we
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use the weights assigned by Algorithm 5 for t+ 1, that is, Winit,(t+1) = exp(βtAinit,(t)).

Next, we use the induction assumption Ainit,(t)(i, j) = 1 − sij,(t). We then apply basic

algebraic manipulations and, at last, use (B.5) to conclude the induction argument as

follows:

Ainit,(t+1)(i, j)

=1− 1

2m

∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(t+1) · · · qkl−1j,(t+1)

∥∥∥X̃ik1X̃k1k2 · · · X̃kl−1 jX̃ji − Im
∥∥∥2

F∑
k1∈[n] · · ·

∑
kl−1∈[n] qik1,(t+1) · · · qkl−1j,(t+1)

=1−
∑

L∈Nij
∏
ab∈L\{ij} qab,(t+1)dL∑

L∈Nij
∏
ab∈L\{ij} qab,(t+1)

=1−
∑

L∈Nij
∏
ab∈L\{ij} exp

(
βtAinit,(t)(a, b)

)
dL∑

L∈Nij
∏
ab∈L\{ij} exp

(
βtAinit,(t)(a, b)

)
=1−

∑
L∈Nij

∏
ab∈L\{ij} exp

(
βt(1− sab,(t))

)
dL∑

L∈Nij
∏
ab∈L\{ij} exp

(
βt(1− sab,(t))

) .

=1−
∑

L∈Nij exp((l − 1)βt)
∏
ab∈L\{ij} exp

(
−βtsab,(t)

)
dL∑

L∈Nij exp((l − 1)βt)
∏
ab∈L\{ij} exp

(
−βtsab,(t)

)
=1−

∑
L∈Nij

∏
ab∈L\{ij} exp

(
−βtsab,(t)

)
dL∑

L∈Nij
∏
ab∈L\{ij} exp

(
−βtsab,(t)

) = 1− sij,(t+1).

Consequently, for all ij ∈ E and t ≥ 0, Ainit,(t)(i, j) = 1−sij,(t), and thus Algorithm 5 is

equivalent to the original CEMP. We remark that the equivalence between CEMP and

Algorithm 5 is not restricted to permutations. Indeed, our arguments apply to any group

that can be represented as a subgroup of the orthogonal group O(m), where we assign to

any the representations of the elementsX and Y the metric d(X ,Y ) = ‖X−Y ‖2F /2m.

B.3 Proof of Theorem 8

We describe the proof in two different sections. In §B.3.1 we prove the first part of the

theorem that guarantees sufficiently near recovery by CEMP under the superspreader

model. In §B.3.2 we verify that other least squares method generally do not succeed

with recovery under our non-uniform setting.
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B.3.1 A theoretical guarantee for CEMP in the non-uniform case.

We recall thatAinit,(0) = 1
m〈S

2
init,(0)�(W 2

init,(0)⊗1m) , X̃〉block, where Sinit,(t) = (Winit,(t)⊗
1m) � X̃. We also note that for our case of a complete graph Winit,(0) = 1n − In and

E = {ij : i ∈ [n], j ∈ [n] and i 6= j}. Thus for ij ∈ E

Ainit,(0)(i, j) = 〈X̃ij ,
∑
k 6=i,j

X̃ikX̃kj〉/(m(n− 2)). (B.9)

We further note that for i0j ∈ Eb and i0k ∈ Eb

abbi0jk := 〈X̃i0j , X̃i0kX̃kj〉/m = 〈X̃i0j , X̃i0kP
∗
kP
∗ᵀ
j 〉/m; (B.10)

for i0j ∈ Eb, and i0k ∈ Eg

abgi0jk := 〈X̃i0j , X̃i0kX̃kj〉/m = 〈X̃i0j ,P
∗
i0P

∗ᵀ
k P

∗
kP
∗ᵀ
j 〉/m = 〈X̃i0j , P̃

∗
i0P

∗ᵀ
j 〉/m; (B.11)

for i0j ∈ Eg, and i0k ∈ Eb

agbi0jk := 〈X̃i0j , X̃i0kX̃kj〉/m = 〈P ∗i0P
∗ᵀ
j , X̃i0kP

∗
kP
∗ᵀ
j 〉/m = 〈X̃i0k , P̃

∗
i0P

∗ᵀ
k 〉/m; (B.12)

and for i0j ∈ Eb, and i0k ∈ Eg

aggi0jk = 1. (B.13)

We denote the expectations of abbi0jk, a
bg
i0jk

, agbi0jk by µbb, µbg and µgb, respectively. We

use this notation and the above equations to estimate E
(
Ainit,(0)(i0, j)|i0j ∈ Eb

)
and

E
(
Ainit,(0)(i0, j)|i0j ∈ Eg

)
. For this purpose, we note that for i0j ∈ Eb and k 6= j, i0,

there are (1− ε)(n− 1)− 1 edges i0k ∈ Eb and ε(n− 1) edges i0k ∈ Eg. Similarly, for

i0j ∈ Eg and k 6= j, i0, there are (1 − ε)(n − 1) edges i0k ∈ Eb and (n − 1)ε − 1 edges
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i0k ∈ Eg. Combining (B.10)-(B.13) with these observations, we conclude that

E
(
Ainit,(0)(i0, j)|i0j ∈ Eg

)
=

1

n− 2
E

 ∑
k∈Nb(i0),k 6=i0,j

agbi0jk +
∑

k∈Ng(i0),k 6=i0,j

aggi0jk

∣∣∣i0j ∈ Eg


=
(1− ε)(n− 1)µgb + ε(n− 1)− 1

n− 2
(B.14)

=(1− ε)µgb + ε− (1− ε)
1− µgb
n− 2

> (1− ε)µgb + ε− 1

n− 2
.

and

E
(
Ainit,(0)(i0, j)|i0j ∈ Eb

)
=

1

n− 2
E

 ∑
k∈Nb(i0),k 6=i0,j

abbi0jk +
∑

k∈Ng(i0),k 6=i0,j

abgi0jk

∣∣∣i0j ∈ Eb


=
((1− ε)(n− 1)− 1)µbb + ε(n− 1)µbg

n− 2
(B.15)

=(1− ε)µbb + εµbg + ε
µbg − µbb
n− 2

< (1− ε)µbb + εµbg +
1

n− 2
,

where the last inequality of (B.15) follows from the facts that 0 ≤ ε ≤ 1 and 0 ≤
µgb , µbb ≤ 1 (since by definition 0 ≤ abbi0jk, a

gb
i0jk

, abgi0jk ≤ 1).

Next we prove that

µbb ≤ µgb = µbg = 1− µ. (B.16)

Note that (5.12) and (B.7) imply that

µ = E(m− 〈X̃i0j ,X
∗
i0j〉 | j ∈ Nb(i0))/m ≤ E(m− 〈X̃ki0X̃i0j ,X

∗
kj〉 | j, k ∈ Nb(i0))/m.

Applying this equation, we conclude (B.16) as follows:

µgb = E(〈X̃i0j ,X
∗
i0j〉 | j ∈ Nb(i0))/m ≥ E(〈X̃ki0X̃i0j ,X

∗
kj〉 | j, k ∈ Nb(i0))/m

= E(〈X̃i0j , X̃i0kX
∗
kj〉 | j, k ∈ Nb(i0))/m

= E(〈X̃i0j , X̃i0kP
∗
kP
∗ᵀ
j 〉 | j, k ∈ Nb(i0))/m = µbb.
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Note that the combination of (B.14), (B.15) and (B.16) yields

E
(
Ainit,(0)(i0, j)|i0j ∈ Eg

)
− E

(
Ainit,(0)(i0, k)|i0k ∈ Eb

)
> (1− µbg)ε−

2

n− 2
= µε− 2

n− 2
. (B.17)

We also note that for any j, k ∈ [n], where j 6= k and j, k 6= i0, the cycle jki0 is the

only cycle that contain jk whose edges may belong to Eb. We thus use (B.9), then the

fact that for X, Y ∈Pm, 〈X ,Y 〉 ≥ 0 together with the latter observation. At last, we

use the fact that 〈X∗jk ,X∗jiX∗ik〉 = 〈X∗jk ,X∗jk〉 = m to conclude that for any j, k ∈ [n]

where j 6= k and j, k 6= i0

Ainit,(0)(j, k) =
1

m(n− 2)

〈X̃jk , X̃ji0X̃i0k〉+
∑

i 6=j,k,i0

〈X̃jk , X̃jiX̃ik〉


≥ 1

m(n− 2)

 ∑
i 6=j,k,i0

〈X∗jk ,X∗jiX∗ik〉

 =
1

m(n− 2)
(n− 3)m = 1− 1

n− 2
,

and consequently

max
j,k,j′,k′∈[n]\{i0},j 6=k,j′ 6=k′

|Ainit,(0)(j, k)−Ainit,(0)(j
′, k′)| ≤ 1

n− 2
. (B.18)

We note that for the given i0 ∈ [n],j ∈ [n] \ {i0} and k ∈ [n] \ {i0, j}: abbi0jk, a
bg
i0jk

,

agbi0jk are all independent random variables ∈ [0, 1]. Therefore, application of Hoeffding’s

inequality yields for j ∈ Ng(i0)

Pr

(
Ainit,(0)(i0, j) ≤ EAinit,(0)(i0, j)−

µε

4
+

3

2(n− 2)

)
< exp

(
−Ω

(
n

(
µε

4
− 3

2(n− 2)

)2
))

= exp
(
−Ω

(
nµ2ε2

))
(B.19)
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and for k ∈ Nb(i0)

Pr

(
Ainit,(0)(i0, k) ≥ EAinit,(0)(i0, k) +

µε

4
− 3

2(n− 2)

)
< exp

(
−Ω

(
n

(
µε

4
− 3

2(n− 2)

)2
))

= exp
(
−Ω

(
nµ2ε2

))
. (B.20)

Taking a union bound over j ∈ Ng(i0), while using (B.19), and another union bound

over k ∈ Nb(i0), while using (B.20), result in

Pr

(
min

j∈Ng(i0)
Ainit,(0)(i0, j) ≥ E(Ainit,(0)(i0, j)|i0j ∈ Eg)−

µε

4
+

3

2(n− 2)

)
> 1− n exp

(
−Ω

(
nµ2ε2

))
and

Pr

(
max

k∈Nb(i0)
Ainit,(0)(i0, k) ≤ E(Ainit,(0)(i0, k)|i0k ∈ Eb) +

µε

4
− 3

2(n− 2)

)
> 1− n exp

(
−Ω

(
nµ2ε2

))
.

Combining the above two equations and then applying (B.17) we obtain that

Pr

(
min

j∈Ng(i0)
Ainit,(0)(i0, j) > max

k∈Nb(i0)
Ainit,(0)(i0, k)+

E(Ainit,(0)(i0, j)|i0j ∈ Eg)− E(Ainit,(0)(i0, k)|i0k ∈ Eb)−
µε

2
+

3

n− 2

)
(B.21)

≥Pr

(
min

j∈Ng(i0)
Ainit,(0)(i0, j) > max

k∈Nb(i0)
Ainit,(0)(i0, k) +

µε

2
+

1

n− 2

)
>1− 2n exp

(
−Ω

(
nµ2ε2

))
.

For any ij ∈ E, let Gij = {k ∈ [n] : k 6= i, j and ik, jk ∈ Eg} and Bij = [n]\ ({i, j}∪
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Gij). The combination of (B.18) and (B.21) yields for any j 6= i0

Pr

(
min
k∈Gi0j

(Ainit,(0)(i0, k) +Ainit,(0)(k, j)) > max
k∈Bi0j

(Ainit,(0)(i0, k) +Ainit,(0)(k, j)) +
µ

2
ε

)
> 1− 2n exp

(
−Ω

(
nµ2ε2

))
.

Recall that for ij ∈ E Winit,(1)(i, j) = exp(β0Ainit,(0)(i, j)). In view of this equality

and the above equation, we conclude that for any j 6= i0

min
k∈Gi0j

Winit,(1)(i0, k)Winit,(1)(k, j) ≥ max
k∈Bi0j

Winit,(1)(i0, k)Winit,(1)(k, j)e
β0µε/2

with probability at least 1− 2n exp
(
−Ω

(
nµ2ε2

))
. (B.22)

Using this inequality, we establish the desired upper bound of ‖Ainit,(1) −A∗‖∞ in the

following three complementary cases.

Case 1: Edge ij ∈ E is incident to node i0. That is, without loss of generality, the

edge ij is of the form i0j for j ∈ [n] \ {i0}. In this case,

|Gi0j |
|Bi0j |

≥ (n− 1)ε− 1

(n− 1)(1− ε)
=

ε

1− ε
− 1

(1− ε)(n− 1)
≥ ε

2(1− ε)
, (B.23)

where the last inequality uses the estimate n ≥ 2/ε+ 1, which follows from the assump-

tion n = Ω(1/µ2ε2). Combining the definition ofAinit,(1), the fact that |〈X̃i0j , X̃i0kX̃kj〉/m−
A∗(i0, j)| ≤ 1 (as it is an absolute value of a difference of two numbers in [0, 1]) as well
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as (B.22) and (B.23), we obtain that with the probability indicated in (B.22)

|Ainit,(1)(i0, j)−A∗(i0, j)|

=

∣∣∣∣∣∣
∑

k 6=i0,jWinit,(1)(i0, k)Winit,(1)(k, j)
(
〈X̃i0j , X̃i0kX̃kj〉/m

)
∑

k 6=i0,jWinit,(1)(i0, k)Winit,(1)(k, j)
−A∗(i0, j)

∣∣∣∣∣∣
≤
∑

k 6=i0,jWinit,(1)(i0, k)Winit,(1)(k, j)|〈X̃i0j , X̃i0kX̃kj〉/m−A∗(i0, j)|∑
k 6=i0,jWinit,(1)(i0, k)Winit,(1)(k, j)

(B.24)

≤

∑
k∈Bi0j

Winit,(1)(i0, k)Winit,(1)(k, j)∑
k∈Bi0j

Winit,(1)(i0, k)Winit,(1)(k, j) +
∑

k∈Gi0j
Winit,(1)(i0, k)Winit,(1)(k, j)

=
1

1 +

∑
k∈Gi0j

Winit,(1)(i0,k)Winit,(1)(k,j)∑
k∈Bi0j

Winit,(1)(i0,k)Winit,(1)(k,j)

≤ 1

1 +
|Gi0j |
|Bi0j |

eβ0µε/2
≤ 1

1 + ε
2(1−ε)e

β0µε/2
.

Case 2: Edge jk is not incident to i0 and i0 ∈ Bjk. That is, we assume that j and k

are in [n] \ {i0} and at least one of them is in Nb(i0). In this case,

Bjk = {i0} and Gjk = [n] \ {i0, j, k}

and consequently

|Bjk| = 1 and |Gjk| = n− 3.

Following the same arguments deriving (B.24), but using the above two equations (in-

stead of (B.23)), we obtain that with the probability indicated in (B.22)

|Ainit,(1)(j, k)−A∗(j, k)|

≤
Winit,(1)(j, i0)Winit,(1)(i0, k)

Winit,(1)(j, i0)Winit,(1)(i0, k) +
∑

l 6=i0,j,kWinit,(1)(j, l)Winit,(1)(l, k)

=
1

1 +

∑
l 6=i0,j,k

Winit,(1)(j,l)Winit,(1)(l,k)

Winit,(1)(j,i0)Winit,(1)(i0,k)

≤ 1

1 + (n− 3)eβ0µε/2
.

Case 3: Edge jk is not incident to i0 and i0 ∈ Gjk. That is, we assume that both j

and k are in Ng(i0). Note that in this case, all 3-cycles containing jk are uncorrupted.
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That is

Bjk = ∅ and Gjk = [n] \ {j, k}.

Consequently, Ainit,(1)(j, k) = A∗(j, k) = 1 and thus

|Ainit,(1)(j, k)−A∗(j, k)| = 0.

Combining all the above three cases, for all jk ∈ E

|Ainit,(1)(j, k)−A∗(j, k)| ≤ 1

1 + ε
2(1−ε)e

β0µε/2
.

with probability at least 1−2n exp
(
−Ω

(
nµ2ε2

))
. Since n = Ω(1/(µ2ε2)) this probabil-

ity is sufficiently large. Note that the only free parameter in the right hand side of the

above inequality is β0. Thus one can apply an aggressive reweighting with very large β0

and guarantee in this special case near exact recovery for CEMP. The only restriction

of Theorem (8) on {X̃ij}ij∈E and {P ∗i }i∈[n] is the condition:

E(||X̃i0j −X∗i0j ||
2
F | j ∈ Nb(i0)) ≤ E(||X̃ki0X̃i0j −X∗kj ||2F | j, k ∈ Nb(i0)).

We note that since

||X̃i0j −X∗i0j ||
2
F = ‖X∗ki0X̃i0jX

∗
jk − Im‖2F

and

‖X̃ki0X̃i0j −X∗kj‖2F = ‖X̃ki0X̃i0jX
∗
jk − Im‖2F

this condition is equivalent to

E
(
‖X∗ki0X̃i0jX

∗
jk − Im‖2F | j ∈ Nb(i0)

)
≤ E

(
‖X̃ki0X̃i0jX

∗
jk − Im‖2F | j, k ∈ Nb(i0)

)
.

Both sides of the inequality contain conditional expectations of the cycle inconsistency

of the 3 cycle i0jk. In the the LHS it is condition on the edge i0j being corrupted, where

in the RHS it is conditioned on both edges i0j and i0k being corrupted. That is, the
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above condition means that when number of corrupted edges in a 3-cycle is enlarged

from 1 to 2, then the cycle inconsistency increases on average.

B.3.2 Failure cases of least squares methods

We demonstrate some failure cases of least squares methods for permutation synchro-

nization under the superspreader model.

We start with considering PPM. In view of (5.4), the PPM iteration at node i0 is

Pi0,(t+1) = arg max
Pi0∈Pm

〈
Pi0 ,

1

n

∑
j∈[n]

X̃i0jPj,(t)

〉
.

The following proposition demonstrates failure cases of PPM. It uses the notation Q =∑
j∈Nb(i0) X̃i0jP

∗
j /|Nb(i0)|.

Proposition 10. If there exist Pcrpt 6= P ∗i0 and ε0 < 1 such that ε
√

2m+ (1− ε)ε0 < 1

and

‖Q− Pcrpt‖F < ε0, (B.25)

then

Pcrpt = arg max
Pi0∈Pm

〈
Pi0 ,

1

n

∑
j∈[n]

X̃i0jP
∗
j

〉
(B.26)

and thus PPM cannot recover P ∗i0.

Before we prove this proposition, we clarify it. It states that if the average of

X̃i0jP
∗
j over j ∈ Nb(i0) concentrates around a certain permutation matrix, which is

different than P ∗i0 , and ε is sufficiently small, then PPM fails to recover the ground

truth permutations. By law of large numbers, the condition ‖Q− Pcrpt‖F < ε0 is

satisfied when ∥∥∥E(X̃i0jP
∗
j )− Pcrpt

∥∥∥
F
< ε0/2 (B.27)

and n is sufficiently large. The LAC model described in §5.6.2 represents this setting.

Indeed, in this case Pcrpt is the identity matrix Im and X̃i0jP
∗
j randomly permutes 3



169

columns of the identity. In this case, E(X̃i0jP
∗
j )(i, i) = (m − 3)/m for i ∈ [m] and

E(X̃i0jP
∗
j )(i, j) = 3/(m(m − 1)) for i, j ∈ [m], where i 6= j. We have tested this case

with m = 10, where we have violated the condition ε
√

2m+(1−ε)ε0 < 1. Nevertheless,

we have still seen a clear advantage of IRGCL, which uses CEMP, over PPM.

We believe that condition (5.12) for CEMP is less restrictive than (B.27). Neverthe-

less, we point out that in the deterministic case when X̃i0jP
∗
j = Pcrpt for all j ∈ Nb(i0),

then both CEMP and PPM fail. We first note that the RHS of (5.12) is 0, so the propo-

sition does not hold for CEMP. We also note that in this scenario the problem of exact

recovery is ill-posed as no algorithm can recover P ∗i0 . Indeed, setting X̃i0jP
∗
j = Pcrpt is

equivalent to corrupting X∗ij = P ∗i P
∗ᵀ
j as follows: X̃ij := PcrptP

∗ᵀ
j and thus replacing

the underlying ground-truth permutation P ∗i by Pcrpt. Anyway, Proposition 10 assumes

a much broader scenario than this special deterministic example.

Proof. We note that for any Pi0 ∈Pm〈
Pi0 ,

1

n

∑
j∈[n]

X̃i0jP
∗
j

〉
=

〈
Pi0 ,

1

n

P ∗i0 +
∑

j∈Ng(i0)

X∗i0jP
∗
j +

∑
j∈Nb(i0)

X̃i0jP
∗
j

〉

=

〈
Pi0 ,

(|Ng(i0)|+ 1)P ∗i0 + |Nb(i0)|Q
n

〉
.

Therefore, it is sufficient to prove that

Pcrpt = arg max
Pi0∈Pm

〈
Pi0 ,

1

n

∑
j∈[n]

X̃i0jP
∗
j

〉
= arg max

Pi0∈Pm

〈
Pi0 , P̂i0

〉
, (B.28)

where Pcrpt 6= P ∗i0 and P̂i0 = ((|Ng(i0)| + 1)P ∗i0 + |Nb(i0)|Q)/n. Using basic algebraic

relationships and at last applying together the conditions ε
√

2m + (1 − ε)ε0 < 1 and

ε0 < 1, the fact that ‖X −Y ‖2F /2m ∈ [0, 1] for any X,Y ∈Pm and (B.25), we obtain
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that for n sufficiently large

‖P̂i0 − Pcrpt‖F =

∥∥∥∥(|Ng(i0)|+ 1)P ∗i0 + |Nb(i0)|Q
n

− Pcrpt

∥∥∥∥
F

=

∥∥∥∥ |Ng(i0)|+ 1

n

(
P ∗i0 − Pcrpt

)
+
|Nb(i0)|

n
(Q− Pcrpt)

∥∥∥∥
F

≤
∥∥∥∥ |Ng(i0)|+ 1

n

(
P ∗i0 − Pcrpt

)∥∥∥∥
F

+

∥∥∥∥ |Nb(i0)|
n

(Q− Pcrpt)

∥∥∥∥
F

≤ε
√

2m+ (1− ε)ε0 < 1. (B.29)

By combining (B.29) and the fact that ‖X − Y ‖F ≥ 2 for X 6= Y ∈ Pm, we obtain

that

‖P̂i0 − Pcrpt‖F <
1

2
min

P ′∈Pm,P ′ 6=Pcrpt

‖P ′ − Pcrpt‖F .

Consequently, we conclude (B.28) and thus the auxiliary proposition as follows

Pcrpt = arg min
Pi0∈Pm

‖Pi0 − P̂i0‖F = arg max
Pi0∈Pm

〈
Pi0 , P̂i0

〉
.

The argument for failure of general least squares methods is more delicate. Using

the above rigorous argument for PPM, we provide some intuition why least methods

can fail. We note that such methods aim to solve

max
{Pi}i∈[n]⊂Pm

∑
j∈[n]

∑
k∈[n]

〈
PjP

ᵀ
k , X̃jk

〉
. (B.30)

We rewrite the objective function of (B.30) as follows

∑
j∈[n]

∑
k∈[n]

〈
PjP

ᵀ
k , X̃jk

〉
=
〈
Pi0P

ᵀ
i0
, Im

〉
+
∑
j 6=i0

〈
PjP

ᵀ
i0
, X̃ji0

〉
+
∑
k 6=i0

〈
Pi0P

ᵀ
k , X̃i0k

〉
+
∑
j 6=i0

∑
k 6=i0

〈
PjP

ᵀ
k ,X

∗
jk

〉
.
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Since X̃ij = X̃ᵀ
ji and

∑
j 6=i0

〈
PjP

ᵀ
i0
, X̃ji0

〉
=
∑
j 6=i0

〈(
PjP

ᵀ
i0

)ᵀ
, X̃ᵀ

ji0

〉
=
∑
j 6=i0

〈
Pi0P

ᵀ
j , X̃i0j

〉
,

∑
j∈[n]

∑
k∈[n]

〈
PjP

ᵀ
k , X̃jk

〉
=
〈
Pi0P

ᵀ
i0
, Im

〉
+ 2

∑
j 6=i0

〈
Pi0P

ᵀ
j , X̃i0j

〉
+
∑
j 6=i0

∑
k 6=i0

〈
PjP

ᵀ
k ,X

∗
jk

〉
=−

〈
Pi0P

ᵀ
i0
, Im

〉
+ 2

∑
j∈[n]

〈
Pi0P

ᵀ
j , X̃i0j

〉
+
∑
j 6=i0

∑
k 6=i0

〈
PjP

ᵀ
k ,X

∗
jk

〉
(B.31)

=−m+ 2

〈Pi0 ,∑
j∈[n]

X̃i0jPj

〉
+

1

2

∑
j 6=i0

∑
k 6=i0

〈
PjP

ᵀ
k ,X

∗
jk

〉
=−m+ 2

〈Pi0 ,∑
j∈[n]

X̃i0jPj

〉
+

1

2

∑
j 6=i0

∑
k 6=i0

(
m− 1

2

∥∥PjP ᵀ
k −X

∗
jk

∥∥2

F

)
=C + 2

〈Pi0 ,∑
j∈[n]

X̃i0jPj

〉
− 1

4

∑
j 6=i0

∑
k 6=i0

∥∥PjP ᵀ
k −X

∗
jk

∥∥2

F


for some constant C. We note that the last term in the right hand side of (B.31) is

a double sum of (n − 1)2 terms, which are independent of i0. The minimization of

this double sum over the variables {Pj}j∈[n]\{i0} results in the ground truth solution

{P ∗j }[n]\{i0} (since jk ∈ Eg for j, k ∈ [n] \ {i0}) with minimal value 0. Thus the right

hand side of (B.31) can be viewed as a Langrangian with multiplier λ = 1/4 of the

constrained optimization problem

max
{Pi}i∈[n]⊂Pm

〈
Pi0 ,

∑
j∈[n]

X̃i0jPj

〉
(B.32)

subject to
∑
j 6=i0

∑
k 6=i0

∥∥PjP ᵀ
k −X

∗
jk

∥∥2

F
= 0, (B.33)
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which is equivalent to

max
Pi0∈Pm

〈
Pi0 ,

∑
j∈[n]

X̃i0jPj

〉
(B.34)

subject to Pj = P ∗j for j 6= i0. (B.35)

We reformulate the above maximization problem by plugging its constraint into its

objective function as follows:

max
Pi0∈Pm

〈Pi0 ,Pi0〉+

〈
Pi0 ,

∑
j 6=i0

X̃i0jP
∗
j

〉
= max
Pi0∈Pm

m+

〈
Pi0 ,

∑
j 6=i0

X̃i0jP
∗
j

〉 . (B.36)

The above problem is almost similar to the one in the RHS of (B.26). They only differ

in the term of the sum that correspond to j = i0. Therefore, under the superspreader

model, the least squares method is a regularized version of a similar energy function

maximized on the RHS of (B.26). In a similar way to establishing (B.26), which results

in wrongly estimating P ∗i as Pcrpt by PPM, one can prove that under similar conditions

to the ones of Proposition 10 a least squares solver may produce Pcrpt instead of P ∗i0 .



Appendix C

Supplementary Proofs for

Chapter 6

C.1 Proof of Theorem 10

We assume WLOG that ts = 0, or equivalently
∑n

i=1 t
∗
i = 0. Indeed, the statement of

Theorem 10, in particular, the good-long-dominance condition, is independent of any

shift of the locations {t∗i }ni=1.

Since the objective function in (6.4) is convex, in order to prove that {c∗t∗i }ni=1

solves (6.4), it is sufficient to prove that for any sufficiently small perturbations {εi}ni=1 ∈
R3 such that

∑n
i=1 εi = 0,

∑
ij∈E

fij(c
∗t∗i + εi , c

∗t∗j + εj) ≥
∑
ij∈E

fij(c
∗t∗i , c

∗t∗j ). (C.1)

We note that there exists κ ∈ R such that for any i ∈ [n], εi can be decomposed

as εi = εi + ε⊥i , where εi = κt∗i and
∑n

i=1〈ε⊥i , t∗i 〉 = 0. To clarify this, we stack the

elements of {εi}ni=1, {εi }ni=1, {ε⊥i }ni=1, {t∗i }ni=1 as columns of the respective matrices Σ,

Σ , Σ⊥ and T ∗ so that Σ = κT ∗, Σ = Σ + Σ⊥ and 〈Σ ,Σ⊥〉 = tr(Σ TΣ⊥) = 0.

Furthermore, the assumption ts = 0 implies that
∑n

i=1 ε
⊥
i =

∑n
i=1 εi = 0. Therefore,

the perturbations {ε⊥i }ni=1 satisfy the required assumptions on the perturbations used

in the good-long-dominance condition.

173



174

Letting c′ = c∗ + κ, the relation εi = κt∗i + ε⊥i implies that

c∗t∗i + εi = c′t∗i + ε⊥i for all i ∈ [n]. (C.2)

Since {εi}ni=1 have sufficiently small norms, we may assume that c′ is sufficiently close

to c∗.

Next, we obtain useful estimates in two complementary cases.

Case A: ij ∈ Egl. In this case, γij = (t∗i −t∗j )/‖t∗i −t∗j‖ = γ∗ij and ‖Pγij (c∗(t∗i −t∗j ))‖ >
1. Combining the latter inequality, the fact that the perturbations are arbitrarily small

and the proximity of c′ to c∗ result in ‖Pγij (c′(t∗i − t∗j ) +ε⊥i −ε⊥j )‖ > 1. Applying (C.2),

then the latter inequality and (6.5), and at last the assumption ij ∈ Egl concludes that

fij(c
∗t∗i + εi , c

∗t∗j + εj) = fij(c
′t∗i + ε⊥i , c

′t∗j + ε⊥j )

= ‖Pγ⊥ij (c
′(t∗i − t∗j ) + ε⊥i − ε⊥j )‖ = ‖Pγ⊥ij (ε

⊥
i − ε⊥j )‖.

This equation and the observation fij(c
′t∗i , c

′t∗j ) = 0 imply the inequality:

∑
ij∈Egl

(
fij(c

∗t∗i + εi , c
∗t∗j + εj)− fij(c′t∗i , c′t∗j )

)
=
∑
ij∈Egl

‖Pγ⊥ij (ε
⊥
i − ε⊥j )‖. (C.3)

Case B: ij ∈ Ecgl. Following the demonstration in Figures 6.3 and 6.4, we note that

fij(ti, tj) is the distance between the following two convex sets: {αγij : α ≥ 1} and the

singleton {ti − tj}. Application of (C.2) and then the triangle inequality for a distance

between convex sets of R3 results in

|fij(c∗t∗i + εi , c
∗t∗j + εj)− fij(c′t∗i , c′t∗j )|

= |fij(c′t∗i + ε⊥i , c
′t∗j + ε⊥j )− fij(c′t∗i , c′t∗j )| ≤ ‖ε⊥i − ε⊥j ‖. (C.4)

At last, we combine the above estimates with the good-long-dominance condition

to verify (C.1). We first apply (C.3), then the good-long-dominance condition of (6.8)

with {ε⊥i }ni=1 that satisfy its necessary requirements, and at last (C.4), and consequently



175

conclude that

∑
ij∈Egl

(
fij(c

∗t∗i + εi , c
∗t∗j + εj)− fij(c′t∗i , c′t∗j )

)
≥
∑
ij∈Ecgl

(
fij(c

′t∗i , c
′t∗j )− fij(c∗t∗i + εi , c

∗t∗j + εj)
)
.

By rearranging terms, this equation becomes

∑
ij∈E

fij(c
∗t∗i + εi , c

∗t∗j + εj) ≥
∑
ij∈E

fij(c
′t∗i , c

′t∗j ).

By the definition of c∗ in (6.6) and the assumption ts = 0, this equation implies (C.1)

and thus concludes the proof.

C.2 Proof of Theorem 11

We show that under the assumptions of Theorem 11, the good-shape condition implies

the good-long-dominance condition and consequently Theorem 11 follows from Theorem

10. Section C.2.1 reviews notation and auxiliary lemmas, which were borrowed from

[34]. Section C.2.2 presents the details of the proof.

While the outline of the proof in this section resembles the outline of the proof of

Theorem 3.4 of [34], there are some nontrivial modifications. A main difference between

the proofs appears in the perturbation constraints stated earlier in (6.12) and (6.13).

C.2.1 Preliminaries

We first review some notation that we mainly borrowed from [34]. We denote t∗ij =:

t∗i −t∗j and for {εi}ni=1 ⊆ R3, we define ηij = ‖Pγ∗⊥ij (εi−εj)‖ and δij‖t∗ij‖ = 〈εi−εj ,γ∗ij〉.
We note that εi− εj is the motion of relative location t∗i − t∗j after perturbing t∗1, . . . , t

∗
n

respectively by ε∗1, . . . , ε
∗
n. Thus for edge ij, ηij is the component of the motion that

is orthogonal to t∗i − t∗j and is referred to as rotational motion. Similarly, for edge ij,

δij‖t∗ij‖ is the component of the motion that is parallel to t∗i − t∗j and is referred to as



176

parallel motion. The function η : E(Kn)× E(Kn)→ R of [34] is defined as

η(ij, kl) =
∑

m,n∈{i,j,k,l}
m<n

ηmn. (C.5)

That is, if ij and kl do not have common elements, then η(ij, kl) = ηij +ηkl+ηik+ηil+

ηjk + ηjl. If they have one common element, e.g., i = k, then η(ij, kl) = ηij + ηil + ηjl.

We modify the definition of E′g in [34] and define E′(Kn) as follows:

E′(Kn) = {ij ∈ E(Kn) : ‖t∗ij‖ ≥
1

2
µ}, (C.6)

where µ was defined in equation (6.9). Let B(ij) denote the set of all kl ∈ E(Kn) for

which there exist distinct a, b, c ∈ {i, j, k, l} satisfying {a, b} 6= {i, j} and
√

1− 〈γac∗ ,γ∗bc〉 <
β.

The following lemmas are from [34]. We remark that Lemma 9 was formulated in

[34] for E′ = Eg as a matter of convenience, however, its formulation below still holds.

Lemma 8 (Lemma 2.6 of [34] with α = 1). Let K4 be the complete graph of 4 vertices

with 4 distinct vertex locations {t∗i }4i=1 ⊂ R3, and let {εi}4i=1 ⊂ R3 be perturbation

vectors. Then

η(12, 34) ≥ β0

4
‖t∗12‖|δ12 − δ34|, where β0 = min

{i,j,k}∈[4]
{j,k}6={1,2}

√
1− 〈γ∗ij ,γ∗ik〉. (C.7)

Lemma 9 (Lemmas 2.8 and 2.9 of [34]). Let G([n], E) be p-typical and c1-well-distributed

graph with n vertices for 0 < p, c1 ≤ 1 and let E′ be a subset of E, where the maximal

degree of its complement, E′c, is bounded by ε′n. If ε′ ≤ c1p
2/8, then

∑
ij∈E′

ηij ≥
c1p

2

8ε′

∑
ij∈E′c

ηij and
∑
ij∈E′

ηij ≥
c1p

16

∑
ij∈E(Kn)

ηij . (C.8)

Since Kn is 1-typical, the next corollary follows from the first inequality of Lemma

9.

Corollary 2. Let Kn be c1-well-distributed and let E′ be a subset of E(Kn), where the
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maximal degree of its complement, E′c, is bounded by ε′n. If ε′ ≤ c1/8, then

∑
ij∈E′

ηij ≥
c1

8ε′

∑
ij∈E′c

ηij . (C.9)

Lemma 10 (Lemma 3.6 of [34]). For any ij ∈ E(Kn),

|B(ij)| ≤ 6ε1n
2, (C.10)

where ε1 is the constant specified in property 2 of Definition 6.

C.2.2 Details of Proof

In order to verify the good-long-dominance condition of (6.8), it is sufficient to prove

that the total rotational motion on Egl is greater than or equal to two times the total

parallel motion on Ecgl. That is,

∑
ij∈Egl

ηij ≥ 2
∑
ij∈Ecgl

|δij |‖t∗ij‖. (C.11)

Indeed, since ε0 ≤ c1p
2/16 we can apply the first inequality of Lemma 9 and obtain that

∑
ij∈Egl

ηij ≥ 2
∑
ij∈Ecgl

ηij .

The combination of the latter inequality with (C.11) and the triangle inequality ‖εi −
εj‖ ≤ |δij |‖t∗ij‖+ ηij yields (6.8).

Following [34], we prove (C.11) by considering three complementary cases, which

depend on the relative averaged parallel motion on Ecgl, that is,

δ̄ =
∑
ij∈Ecgl

|δij |‖t∗ij‖/
∑
ij∈Ecgl

‖t∗ij‖.

These three cases can be simplistically categorized according to zero, large and small

non-zero parallel motions on Ecgl.

Case 1: δ̄ = 0 or Ecgl = ∅. Since either Ecgl = ∅ or δij = 0 for all ij ∈ Ecgl, the
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RHS of (C.11) is 0.

Case 2: δ̄ 6= 0, Ecgl 6= ∅ and
∑∑∑
ij∈E′(Kn) |δij| < δ̄|E′(Kn)|/8. First, we obtain

a lower bound on |E′(Kn)|/|E(Kn)|. The definition of E′(Kn) and then the definition

of µ in (6.9) result in

∑
ij∈E(Kn)\E′(Kn)

‖t∗ij‖ <
1

2
µ|E(Kn)| = 1

2

∑
ij∈E(Kn)

‖t∗ij‖.

Consequently, ∑
ij∈E′(Kn)

‖t∗ij‖ ≥
1

2

∑
ij∈E(Kn)

‖t∗ij‖ =
1

2
µ|E(Kn)|. (C.12)

Using assumption 3 of the good-shape condition (Definition 6) and then (C.12), we

obtain that

c0µ|E′(Kn)| ≥
∑

ij∈E′(Kn)

‖t∗ij‖ ≥
1

2
µ|E(Kn)|

and consequently

|E′(Kn)| ≥ 1

2c0
|E(Kn)|. (C.13)

We change the definition of Lb in [34] to L = {ij ∈ Ecgl : |δij | ≥ 1
2 δ̄} and derive the

following inequality, which is analogous to (14) of [34]:

∑
ij∈L
|δij |‖t∗ij‖ =

∑
ij∈Ecgl

|δij |‖t∗ij‖ −
∑

ij∈Ecgl\L

|δij |‖t∗ij‖ ≥
1

2

∑
ij∈Ecgl

|δij |‖t∗ij‖. (C.14)

We modify the definition of Fg in [34] to F ′(Kn) = {ij ∈ E′(Kn) : |δij | < 1
4 δ̄} and

following [34], while using the last assumption of this case (case 2), we obtain that

1

8
δ̄|E′(Kn)| >

∑
ij∈E′(Kn)

|δij | ≥
∑

ij∈E′(Kn)\F ′(Kn)

|δij | ≥
1

4
δ̄|E′(Kn) \ F ′(Kn)|.

We thus conclude that |F ′(Kn)| > 1
2 |E

′(Kn)|. Combining this inequality with (C.13)

we conclude that for n ≥ 3,

|F ′(Kn)| > 1

4c0
|E(Kn)| = n(n− 1)

8c0
≥ n2

12c0
. (C.15)
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By Lemma 10, |B(ij)| ≤ 6ε1n
2 for all ij ∈ E(Kn). Combining this with (C.15), we

obtain that for ε1 ≤ 1
144c0

,

|F ′(Kn) \B(ij)| > n2

12c0
− 6ε1n

2 ≥ n2

24c0
. (C.16)

The rest of the proof uses the above inequalities to obtain a lower bound on the LHS

of (C.11) and a similar upper bound on the RHS of (C.11). To get the lower bound, we

first note that the second inequality of Lemma 9 implies that

∑
ij∈Egl

ηij ≥
c1p

16

∑
ij∈E(Kn)

ηij . (C.17)

We thus need to find a lower bound for the RHS of (C.17).

We next establish the inequality

∑
ij∈Ecgl

∑
kl∈E(Kn)
kl6=ij

η(ij, kl) ≤
∑
ij∈Ecgl

3n2ηij +
∑

ij∈E(Kn)

18ε0n
2ηij (C.18)

by following a combinatorial argument of [34] (see case 1 in the proof of Theorem 3.4

in [34]). There are two differences in our cases. First, we replace Eb and Eg, which

are used in [34], with Ecgl and E(Kn). Second, the sets Ecgl and E(Kn) have nonempty

intersection, unlike Eb and Eg. The argument is that any fixed ij in the first sum in

the LHS of (C.18) appears in at most
(
n
2

)
K4’s, where the other two vertices are chosen

from the second sum, and at most n K3’s, where another vertex and either i or j are

from the second sum. Therefore, when fixing ij in the first sum, ηij can appear at most

6·
(
n
2

)
+3n = 3n2 times. On the other hand, any fixed kl in the second sum belongs

to either K4 or K3 containing ij in the first sum. By applying assumption 4 of the

good-shape condition, kl belongs to at most 2ε0n(n − 3) K4’s, where ij is incident to

kl, ε0n
2 K4’s, where ij is not incident to kl, and 2ε0n K3’s. Therefore, when fixing kl

in the second sum, ηkl can appear at most 6 · 2ε0n(n − 3) + 6ε0n
2 + 3 · 2ε0n ≤ 18ε0n

2

times.
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We recall that ε0 ≤ c1p
2/8 ≤ c1/8 and thus Corollary 2 implies that

∑
ij∈E(Kn)

ηij ≥
∑

ij∈E(Kn)\Ecgl

ηij ≥
c1

8ε0

∑
ij∈Ecgl

ηij .

The above two inequalities yield

∑
ij∈Ecgl

∑
kl∈E(Kn)
kl6=ij

η(ij, kl) ≤ 42ε0
c1

n2
∑

ij∈E(Kn)

ηij . (C.19)

The combination of (C.17) and (C.19) results in the following lower bound on the LHS

of (C.11)

∑
ij∈Egl

ηij ≥
c1p

16

∑
ij∈E(Kn)

ηij ≥
c2

1p

3 · 28ε0n2

∑
ij∈Ecgl

∑
kl∈E(Kn)
kl6=ij

η(ij, kl). (C.20)

In order to upper bound the RHS of (C.11) we first apply Lemma 8, which implies

that for ij ∈ L and kl ∈ F ′(Kn) \B(ij)

η(ij, kl) ≥ β

4
|δkl − δij |‖t∗ij‖.

For ij ∈ L, |δij | > 1
2 δ̄ and for kl ∈ F ′(Kn), |δkl| < 1

4 δ̄. Consequently, for ij ∈ L and

kl ∈ F ′(Kn) \B(ij), |δkl| < |δij |/2 and

η(ij, kl) ≥ β

4

∣∣|δkl| − |δij |∣∣‖t∗ij‖ ≥ β

8
|δij |‖t∗ij‖. (C.21)

Applying first the inclusions L ⊆ Ecgl and F ′(Kn) ⊆ E(Kn), then (C.21), next (C.16)

and at last (C.14), we obtain that

∑
ij∈Ecgl

∑
kl∈E(Kn)
kl6=ij

η(ij, kl) ≥
∑
ij∈L

∑
kl∈F ′(Kn)\B(ij)

η(ij, kl) (C.22)

≥
∑
ij∈L
|F ′(Kn) \B(ij)| · β

8
|δij |‖t∗ij‖ >

β

8
· n

2

24c0

∑
ij∈L
|δij |‖t∗ij‖ ≥

β

16
· n

2

24c0

∑
ij∈Ecgl

|δij |‖t∗ij‖.
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This equation implies the following upper bound for the RHS of (C.11):

2
∑
ij∈Ecgl

|δij |‖t∗ij‖ <
3 · 28c0

βn2

∑
ij∈Ecgl

∑
kl∈E(Kn)
kl6=ij

η(ij, kl). (C.23)

Note that (6.10) implies that the RHS of (C.23) is less than the RHS of (C.20).

This observation concludes (C.11) and consequently the proof of the current case.

Case 3: δ̄ 6= 0, Ecgl 6= ∅ and
∑∑∑
ij∈E′(Kn) |δij| ≥ δ̄|E′(Kn)|/8. Similarly to

case 2, in order to prove (C.11), we obtain a lower bound for the LHS of (C.11) and a

similar upper bound for the RHS of (C.11).

Following [34], we define E+ = {ij ∈ E(Kn) : δij ≥ 0} and E− = {ij ∈ E(Kn) :

δij < 0}. Using this notation, we rewrite the perturbation constraint of (6.13) as

∑
ij∈E+

δij‖t∗ij‖2 +
∑
ij∈E−

δij‖t∗ij‖2 = 0

and conclude that

∑
ij∈E+

|δij |‖t∗ij‖2 =
∑
ij∈E−

|δij |‖t∗ij‖2 =
1

2

∑
ij∈E(Kn)

|δij |‖t∗ij‖2. (C.24)

We first establish an analog of (C.22) in case 2. To do this, we upper bound the

RHS of (C.11) by a constant times the term
∑

ij∈E−
∑

kl∈E+
η(ij, kl). We first lower

bound the latter term by following [34] and applying Lemma 8 as follows

∑
ij∈E−

∑
kl∈E+

η(ij, kl) ≥
∑
ij∈E−

∑
kl∈E+\B(ij)

β

4
|δij |‖t∗ij‖ ≥

β

4
(|E+| − |B(ij)|)

∑
ij∈E−

|δij |‖t∗ij‖.

The successive application of property 3 of the good-shape condition, (C.24), the inclu-

sion E′(Kn) ⊆ E(Kn), the definition of E′(Kn) together with the assumption
∑

ij∈E′(Kn) |δij | ≥
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1
8 δ̄|E

′(Kn)| and (C.13) results in

∑
ij∈E−

|δij |‖t∗ij‖ ≥
1

c0µ

∑
ij∈E−

|δij |‖t∗ij‖2 =
1

2c0µ

∑
ij∈E(Kn)

|δij |‖t∗ij‖2

≥ 1

2c0µ

∑
ij∈E′(Kn)

|δij |‖t∗ij‖2 ≥
1

2c0µ
· 1

4
µ2 · 1

8
δ̄|E′(Kn)| ≥ µδ̄n2

512c2
0

. (C.25)

Assuming |E+| ≥ |E(Kn)|/2 and combining (C.25), the fact that |E(Kn)| = n(n −
1)/2 ≥ n2/4 for n ≥ 2, and the assumption ε1 ≤ 1/96, gives

β

4
(|E+| − |B(ij)|)

∑
ij∈E−

|δij |‖t∗ij‖ ≥
βµδ̄n2

2048c2
0

(1

2
|E(Kn)| − 6ε1n

2
)
≥ βµδ̄n4

215c2
0

.

Consequently, ∑
ij∈E−

∑
kl∈E+

η(ij, kl) ≥ βµδ̄n4

215c2
0

. (C.26)

Assuming on the contrary that |E−| ≥ |E(Kn)|/2 and following the same arguments,

while switching between E+ and E−, also yield (C.26).

We derive the following upper bound on the RHS of (C.11) by first applying the

definition of δ̄, then condition 3 of Definition 6, then condition 4 of Definition 6, and at

last (C.26):

∑
ij∈Ecgl

|δij |‖t∗ij‖ = δ̄
∑
ij∈Ecgl

‖t∗ij‖ ≤ δ̄c0µ|Ecgl| ≤ δ̄c0µε0n
2 ≤ 215c3

0ε0
βn2

∑
ij∈E−

∑
kl∈E+

η(ij, kl).

(C.27)

In order to obtain a lower bound on the LHS of (C.11), we use the following result

from [34, page 38], which is obtained by counting the number of elements in the sum of

η’s: ∑
ij∈E−

∑
kl∈E+

η(ij, kl) ≤ 3n2
∑

ij∈E(Kn)

ηij . (C.28)

We remark that although we modified the definition of E+ and E− in [34], this result

still holds. We derive a lower bound on the LHS of (C.11) by applying the second
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inequality of Lemma 9 and then (C.28) as follows:

∑
ij∈Egl

ηij ≥
c1p

16

∑
ij∈E(Kn)

ηij ≥
c1p

48n2

∑
ij∈E−

∑
kl∈E+

η(ij, kl). (C.29)

The combination of (C.27), (C.29) and the assumption βc1p
221c30ε0

≥ 2 verifies (C.11).

C.3 Proof of Theorem 12

It is sufficient to show that

ε0 = O
(

max
{
p2/ log4 n , (p1/4 log3/8 n) · ε3/4b

})
w.p. 1−O(n−5). (C.30)

Indeed, combining (C.30) with the assumption εb = O(p7/3/ log9/2 n) of Theorem 12

implies that ε0 = O(p2/ log3 n) and this concludes Theorem 12.

In the following we prove equation (C.30). Note that Ecgl ⊆ Eb ∪ Es, where Es =

{ij ∈ E : ‖t∗i − t∗j‖ < 1/c∗} is the set of short edges. Therefore, to conclude the theorem

it is enough to estimate the maximal degree of Es. Our estimate uses the following

notation: I denotes the indicator function, the neighborhood N(t∗i ) of t∗i ∈ V includes

all indices j ∈ [n] such that ij ∈ E, and for a, b ∈ R, a . b if and only if b = Ω(a). We

will prove that for any fixed t∗i ∈ V

∑
j∈N(t∗i )

I
(
‖t∗i − t∗j‖ <

1

c∗

)
. max

{
np2

log4 n
, p

1
4 ε

3
4
b n log

3
8 n

}
w.p. 1−O(n−6). (C.31)

Taking a union bound yields

Maximal degree of Es
n

. max

{
p2

log4 n
, p

1
4 ε

3
4
b log

3
8 n

}
w.p. 1−O(n−5)

and this implies (C.30) and thus concludes the proof of the theorem.

We derive (C.31) by using the following function of c∗, which is defined with respect
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to a Gaussian random variable x ∼ N(0, I) with pdf Φ:

g(c∗) = Pr
({
‖x‖ < 1

c∗

})
=

∫
B(0, 1

c∗ )

Φ(t)dt. (C.32)

We note that for fixed t∗i ∈ V ,

Pr(‖t∗i − t∗j‖ < 1/c∗) =

∫
B(t∗i ,

1
c∗ )

Φ(t)dt

≤
∫
B(0, 1

c∗ )
Φ(t)dt = Pr(‖t∗j‖ < 1/c∗) = g(c∗). (C.33)

Furthermore, I(ij ∈ E and ‖t∗i − t∗j‖ < 1/c∗) is a Bernoulli random variable Bern(µ)

with µ = pPr(‖t∗i − t∗j‖ < 1/c∗) ≤ pg(c∗), where the last inequality follows from (C.33).

This observation and Chernoff bound can be used to conclude (C.31). It is easily done in

Section C.3.1 when g(c∗) . 1/
√
n, while only using the first term in the RHS of (C.31).

The other case, where g(c∗) & 1/
√
n, is more complicated and verified in Section C.3.2

and uses the second term in the RHS of (C.31).

C.3.1 Proof for the case where g(c∗) . 1/
√
n.

In order to verify (C.31), we use the following version of Chernoff bound [57] for Bernoulli

random variables: If X1, X2, · · · , Xn ∼ Bern(µ) i.i.d., then

Pr
( 1

n

n∑
i=1

Xi − µ > δµ
)
< exp(−δnµ/3) for any δ ≥ 1. (C.34)

We apply this inequality to

Xij = I(ij ∈ E and ‖t∗i − t∗j‖ < 1/c∗), where i ∈ [n] is fixed and j ∈ [n] \ {i}. (C.35)

As we explained above, Xij ∼Bern(µ), where µ ≤ pg(c∗) and thus with probability

1− exp(−Ω(δnpg(c∗)))

∑
j∈N(t∗i )

I
(
‖t∗i − t∗j‖ <

1

c∗

)
=

∑
j∈[n]\{i}

Xij . (δ + 1)npg(c∗) ≈ δnpg(c∗).



185

Taking δ = p/(log4 ng(c∗)) results in

∑
j∈N(t∗i )

I
(
‖t∗i − t∗j‖ <

1

c∗

)
.

np2

log4 n
w.p. 1− e

−Ω

(
np2

log4 n

)
. (C.36)

Note that the assumptions g(c∗) . n−1/2 and p & 3
√

log n/n guarantee that our

choice of δ satisfies the constraint δ ≥ 1 in (C.34). Indeed, δ = p/(log4 ng(c∗)) =

Ω(n1/6/ log11/3 n) > 1 for n sufficiently large. Also, the assumption p & 3
√

log n/n

implies that Ω(np2/(log4 n)) & n1/3/ log3/10 n. Therefore, the probability in (C.36) is

greater than 1−O(n−6) and thus (C.31) is proved in the current case.

C.3.2 Proof for the case where g(c∗) & 1/
√
n.

We use another version of Chernoff bound [57] for Bernoulli random variables: If

X1, X2, · · · , Xn ∼Bern(µ) i.i.d., then

Pr
(∣∣∣ 1
n

n∑
i=1

Xi − µ
∣∣∣ > δµ

)
< 2 · exp(−δ2µn/3) for all 0 ≤ δ ≤ 1. (C.37)

Applying (C.37) to {Xij}j∈[n]\{i} of (C.35) yields that with probability 1−exp(−Ω(npg(c∗)))

∑
j∈N(t∗i )

I
(
‖t∗i − t∗j‖ <

1

c∗

)
=

∑
j∈[n]\{i}

Xij . npg(c∗). (C.38)

Note that the probability 1− exp(−Ω(npg(c∗))) exponentially approaches 1 as n→∞.

Indeed, the assumptions g(c∗) & 1/
√
n and p & n−1/3 log1/3 n imply that Ω(npg(c∗)) =

Ω(n1/6 log1/3 n).

Our goal is to upper bound the RHS of (C.38) by the second term in the RHS of

(C.31). In order to do this we use the following Lemmas, which we prove in Section

C.3.3.

Lemma 11. Assuming the setting of Theorem 12, there exists an absolute constant M

such that
1

c∗
≤M w.p. 1−O(n−6). (C.39)
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Lemma 12. Assume the setting of Theorem 12. If g(c∗) & 1/
√
n, then

g(c∗)

c∗
.
εb
√

log n

p
w.p. 1−O(n−6). (C.40)

Given the setting of Theorem 12, we claim that there exists xM ∈ R3 with ‖xM‖ =

M such that

Φ(xM )Vol
( 1

c∗

)
≤ g(c∗) ≤ Φ(0)Vol

( 1

c∗

)
w.p. 1−O(n−6), (C.41)

where Vol(r) is the volume of B(0, r). The second inequality of (C.41) is deterministic

and follows from the definition of g in (C.32). The first inequality follows from Lemma

11. Indeed, with the same probability the minimum of Φ in the closed ball B(0, 1/c∗) is

greater than the minimum of Φ in B(0,M) and it occurs on the boundary of this ball.

Equation (C.41) implies that g(c∗) ≈ 1/(c∗)3 and applying this observation to (C.40)

results in

g(c∗) .
(εb√log n

p

) 3
4

w.p. 1−O(n−6). (C.42)

Combining (C.42) with (C.38) yields that with probability 1−O(n−6),

∑
j∈N(t∗i )

I
(
‖t∗i − t∗j‖ <

1

c∗

)
. npg(c∗) . np

(εb√log n

p

) 3
4

= p
1
4 ε

3
4
b n log

3
8 n.

This concludes Theorem 12, though it remains to prove Lemmas 11 and 12.

C.3.3 Proofs of Lemmas 11 and 12

We first establish the following inequality, which is necessary for the proofs of both

lemmas: ∑
ij∈E: ‖t∗i−t∗j‖<

1
c∗

‖t∗i − t∗j‖ . εbn
2
√

log n w.p. 1−O(n−6). (C.43)

We prove (C.43) by establishing an inequality involving the left and right derivatives

of fij(ct
∗
i , ct

∗
j ) in c. Since fij(ti, tj) only depends on ti − tj and since we assumed that
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ts = 0, c∗ can be defined as follows:

c∗ = arg min
c∈R

∑
ij∈E

Fij(c), (C.44)

where Fij(c) = fij(ct
∗
i , ct

∗
j ). This expression implies that

∑
ij∈E

F ′ij(c
∗−) ≤ 0 and

∑
ij∈E

F ′ij(c
∗+) ≥ 0. (C.45)

Indeed, WLOG if the second inequality in (C.45) is violated and
∑

ij∈E F
′
ij(c
∗+) < 0,

then there exists c̃ > c∗ such that
∑

ij∈E Fij(c̃) <
∑

ij∈E Fij(c
∗). This contradicts the

global optimality of c∗.

We estimate F ′ij(c
+) for ij ∈ E in 4 complementary cases.

1. For ij ∈ Eg and c ≥ 1/‖t∗i − t∗j‖, Fij(c) = 0 and thus F ′ij(c
+) = 0.

2. For ij ∈ Eg and c < 1/‖t∗i − t∗j‖, Fij(c) = 1 − ‖t∗i − t∗j‖ · c and thus F ′ij(c) =

−‖t∗i − t∗j‖.

3. For ij ∈ Eb and c ≥ 1/〈t∗i −t∗j ,γij〉, Fij(c) = sinα ·‖t∗i −t∗j‖·c, where 0 < α ≤ π/2
and thus F ′ij(c

+) ≤ ‖t∗i − t∗j‖.

4. For ij ∈ Eb and c < 1/〈t∗i − t∗j ,γij〉, Fij(c) = ‖ct∗i − ct∗j − γij‖ and thus by the

triangle inequality

∣∣F ′ij(c+)
∣∣ = lim

h→0+

∣∣∣∣‖(c+ h)t∗i − (c+ h)t∗j − γij‖ − ‖ct∗i − ct∗j − γij‖
h

∣∣∣∣
≤ lim

h→0+

∣∣∣∣‖ht∗i − ht∗j‖h

∣∣∣∣ = ‖t∗i − t∗j‖.

The combination of the 4 cases above and the second inequality of (C.45) yield

−
∑

ij∈Eg : ‖t∗i−t∗j‖<
1
c∗

‖t∗i − t∗j‖+
∑
ij∈Eb

F ′ij(c
∗+) ≥ 0. (C.46)
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Combining |F ′ij(c+)| ≤ ‖t∗i − t∗j‖ with (C.46) results in the estimate

∑
ij∈Eg : ‖t∗i−t∗j‖<

1
c∗

‖t∗i − t∗j‖ ≤
∑
ij∈Eb

F ′ij(c
∗)

≤
∑
ij∈Eb

‖t∗i − t∗j‖ ≤
∑
ij∈Eb

(‖t∗i ‖+ ‖t∗j‖) . εbn
2 ·max

i∈[n]
‖t∗i ‖.

(C.47)

By the second property of Lemma 3.10 of [34] and its proof,

max
i∈[n]
‖t∗i ‖ .

√
log n w.p. 1−O(n−6). (C.48)

This observation and (C.47) results in (C.43).

Using (C.43), we prove Lemma 11 and 12 in Sections C.3.3 and C.3.3 respectively.

Proof of Lemma 11

We assume on the contrary that 1/c∗ > M and use this assumption to derive an in-

equality for the random variables

Yij = I(ij ∈ E and ‖t∗i−t∗j‖ < 1/c∗)·‖t∗i−t∗j‖ for fixed i ∈ [n] and j ∈ [n]\{i}. (C.49)

This inequality uses the constant µ0 = inf‖x‖<5 E[I(‖x − y‖ < 1/c∗) · ‖x − y‖], where

y ∼ N(0, I), and is formulated as follows:

1

2
n2pµ0 .

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij .
n2p7/3

log4 n
w.p. 1−O(n−6). (C.50)

We note that (C.50) results in contradiction w.p. 1 − O(n−6) and thus concludes the

proof. Indeed, it implies that with this probability µ0 . p4/3/ log4 n → 0 as n → ∞.

Since µ0 is monotonically increasing as a function of 1/c∗, 1/c∗ → 0 as n → ∞, which

contradicts our assumption.

The rest of this section proves (C.50) under the assumption that 1/c∗ > M . We
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first establish the second inequality of (C.50) as follows. We first note that

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij ≤
∑
i∈[n]

∑
j∈[n]\{i}

Yij = 2
∑

ij∈E(Kn)

Yij . (C.51)

Subsequently applying (C.51), the definition of Yij , (C.43) and the assumption of The-

orem 12 that εb = O(p7/3/ log9/2 n), we obtain that

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij ≤ 2
∑

ij∈E: ‖t∗i−t∗j‖<
1
c∗

‖t∗i − t∗j‖ . εbn
2
√

log n .
n2p7/3

log4 n
. (C.52)

To prove the first inequality of (C.50), we introduce the following notation: Fix

i ∈ [n] and assume that ‖t∗i ‖ < 5. Assume further that t∗1, . . . , t
∗
n are i.i.d. N(0, I) and let

Yij be defined in (C.49), Ȳi =
∑

j∈[n]\{i} Yij/(n−1) and µi = E(Ȳi) = p ·E[I(‖t∗i − t∗j‖ <
1/c∗) · ‖t∗i − t∗j‖)]. Applying Hoeffding’s inequality [38] to {Yij}j∈[n]\{i}

Ȳi ≥
1

2
µi w.p. 1− 2 · exp

(
− µ2

in

2 ·max{Y 2
ij}

)
. (C.53)

Since µi is monotonically increasing with respect to 1/c∗, the assumption that 1/c∗ > M

implies that µi = Ω(1). Combining this observation with (C.53) and the definitions of

µi and µ0 results in

Ȳi ≥
1

2
µi ≥

1

2
µ0p w.p. 1− 2 · exp

(
−Ω

(
n

max{Y 2
ij}

))
. (C.54)

Using the definition of Ȳi, we rewrite (C.54) as follows: For fixed i ∈ [n] with ‖t∗i ‖ < 5

∑
j∈[n]\{i}

Yij & npµ0 w.p. 1− 2 · exp

(
−Ω

(
n

max{Y 2
ij}

))
. (C.55)
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A union bound of (C.55) over all i ∈ [n] with ‖t∗i ‖ < 5 has the following form:

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij &
∑
i∈[n]:
‖t∗
i
‖<5

npµ0 =
∑
i∈[n]

I(‖t∗i ‖ < 5) · npµ0

w.p. 1− 2
∑
i∈[n]

I(‖t∗i ‖ < 5) · exp

(
−Ω

(
n

max{Y 2
ij}

))
. (C.56)

In order to conclude the first inequality of (C.50) from (C.55), we first note that the

application of (C.37) yields

n∑
i=1

I(‖t∗i ‖ < 5) > n/2 w.p. 1− 2 · exp(−Ω(n)), (C.57)

and the application of basic inequalities and (C.48) implies that

0 ≤ max
ij∈E
{Yij} ≤ max

ij∈E
{‖t∗i − t∗j‖} ≤ 2 ·max

i∈[n]
{‖t∗i ‖} .

√
log n w.p. 1−O(n−6). (C.58)

Using (C.57), we replace
∑n

i=1 I(‖t∗i ‖ < 5) with n/2 in (C.56). However, the new

probabilistic estimate is obtained by a union bound that uses the probabilities in (C.57)

and (C.56). We thus obtain that

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij &
1

2
n2pµ0

w.p. 1− n · exp

(
−Ω

(
n

max{Y 2
ij}

))
− 2 · exp(−Ω(n)). (C.59)

Similarly, using (C.58), we replace max{Y 2
ij} in the probability of (C.59) with log(n),

but we also modify this probability by applying a union bound that uses the probabilities

of (C.59) and (C.58). We thus obtain that

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Yij &
1

2
n2pµ0 w.p. 1−n · exp

(
−Ω

( n

log n

))
− 2 · exp(−Ω(n))−O(n−6).

Note that this equation immediately implies (C.50) and thus concludes the proof of the
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lemma.

Proof of Lemma 12

To prove the lemma, it suffices to verify w.p. 1−O(n−6) that

∑
ij∈E: ‖t∗i−t∗j‖<

1
c∗

‖t∗i − t∗j‖ &
1

2c∗
· npg(c∗) · n

2
. (C.60)

Indeed, Lemma 12 clearly follows by combining (C.43) and (C.60).

We first bound from below the LHS of (C.60) by a sum of random variables, which

we define as follows. We arbitrarily fix i ∈ [n] such that ‖t∗i ‖ < 5 and for all j ∈ [n]\{i}
let Zij = I(ij ∈ E and 1/(2c∗) < ‖t∗i − t∗j‖ < 1/c∗). We note that

∑
ij∈E: ‖t∗i−t∗j‖<

1
c∗

‖t∗i − t∗j‖ ≥
∑

ij∈E: ‖t∗
i
‖<5

1
2c∗<‖t

∗
i
−t∗
j
‖< 1

c∗

‖t∗i − t∗j‖ =
1

2

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈N(t∗

i
):

1
2c∗<‖t

∗
i
−t∗
j
‖< 1

c∗

‖t∗i − t∗j‖

=
1

2

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Zij‖t∗i − t∗j‖ ≥
1

2
· 1

2c∗

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Zij . (C.61)

It remains to bound the RHS of (C.61) by the RHS of (C.60) with high probability

and conclude the proof. For this purpose, we introduce the following auxiliary function,

which uses the random variable y ∼ N(0, I),

h(c∗) = inf
‖x‖<5

Pr
({ 1

2c∗
< ‖x− y‖ < 1

c∗

})
= inf
‖x‖<5

∫
B(x, 1

c∗ )\B(x, 1
2c∗ )

Φ(t)dt. (C.62)

In a somewhat similar way to establishing (C.41), we note that there exists x0 ∈ R3

with ‖x0‖ = 5, such that

C1Vol
( 1

2c∗

)
≤ h(c∗) ≤ C2Vol

( 1

c∗

)
w.p. 1−O(n−6), (C.63)

where C1 = inf‖x−x0‖<M Φ(x), C2 = sup‖x−x0‖<M Φ(x). Thus, equation (C.41) and

(C.63) imply that

g(c∗) ≈ h(c∗) ≈ 1

c∗3
w.p. 1−O(n−6). (C.64)
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We further note that Zij ∼Bern(µi), where µi ≥ ph(c∗). Combining this observation

with (C.37) yields that

∑
j∈[n]\{i}

Zij & nph(c∗) w.p. 1− 2 · exp(−Ω(nph(c∗))). (C.65)

We conclude the proof of (C.60) as follows. Applying a union bound for (C.65) over

all i such that ‖t∗i ‖ < 5 yields

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Zij & nph(c∗) ·
n∑
i=1

I(‖t∗i ‖ < 5)

w.p. 1− 2
n∑
i=1

I(‖t∗i ‖ < 5) · exp(−Ω(nph(c∗))). (C.66)

Using (C.57), we replace
∑n

i=1 I(‖t∗i ‖ < 5) with n/2 in (C.66) and also modify the

probabilistic estimate by a union bound that uses the probabilities in (C.57) and (C.66)

as follows

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Zij &
n2

2
ph(c∗)

w.p. 1− n · exp(−Ω(nph(c∗)))− 2 · exp(−Ω(n)). (C.67)

At last, by combining (C.64) and (C.67) and applying a union bound, we obtain that

∑
i∈[n]:
‖t∗
i
‖<5

∑
j∈[n]\{i}

Zij &
n2

2
pg(c∗)

w.p. P1 = 1− n exp(−Ω(npg(c∗)))− 2 exp(−Ω(n))−O(n−6). (C.68)

The assumptions p & 3
√

log n/n and g(c∗) & 1/
√
n imply that Ω(npg(c∗)) & Ω(n1/6 log1/3 n).

Therefore, P1 = 1−O(n−6). Equation (C.60), and thus the lemma, follows by combining

(C.61) and (C.68).
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C.4 Parallel Rigidity under the Setting of Theorem 9

A graph G([n], E) with distinct vertex locations {t∗i }ni=1 ⊆ R3 and true edge directions

{γ∗ij}ij∈E ∈ S2 is parallel rigid if its vertex locations can be uniquely recovered, up to

scale and shift, from its edge directions. Parallel rigidity was studied in graph theory

[22, 24, 44, 84] and depends only on the graph G([n], E) and the embedding dimension,

which is 3 in our case. Özyesil, Singer and Basri [63] noted its relevance for well-

posedness of the camera location recovery problem. Özyesil and Singer [61] showed that

it is sufficient for uniqueness of LUD when |Eb| = 0 (see Proposition 1 of [61]). Next,

we show that parallel rigidity holds with overwhelming probability under the setting of

Theorem 9.

Proposition 11. A graph G([n], E) generated according to the setting of Theorem 9 is

parallel rigid with overwhelming probability.

Proof. We use the following notation. For S ⊆ [n], E(S) = {ij ∈ E : i, j ∈ S} and

for i ∈ [n], deg(i, S) =
∑

j∈S I(ij ∈ E). For E′ ⊆ E and i ∈ [n] denote deg(i, E′) =∑
j∈[n] I(ij ∈ E′). Note that for i ∈ S, deg(i, E(S)) = deg(i, S). For a node k ∈ [n], Nk

denotes the set of neighbors of k. That is, Nk includes all nodes that are connected to

node k by an edge.

Since G([n], E) is p-typical, we may pick a node k such that 1
2np ≤ deg(k,E) ≤ 2np

and consequently 1
2np ≤ |Nk| ≤ 2np. We first prove that G(Nk, E(Nk)) is connected

with overwhelming probability. The subgraph G(Nk, E(Nk)) is a realization of an Erdős-

Rényi random graph G(|Nk|, p) and it is connected with overwhelming probability. In-

deed, for 1 ≤ m ≤ |Nk|/2,

Pr(∃m nodes that are isolated from the remaining nodes) (C.69)

≤
|Nk|/2∑
m=1

(
|Nk|
m

)
(1− p)m(|Nk|−m) ≤

|Nk|/2∑
m=1

(
e|Nk|
m

)m
e−pm(|Nk|−m)

≤|Nk|
2

sup
1≤m≤|Nk|/2

(
e|Nk|

ep(|Nk|−m)

)m
≤ |Nk|

2
sup

1≤m≤|Nk|/2

(
e|Nk|
ep|Nk|/2

)m
≤np sup

1≤m≤np

(
2enp

enp2/4

)m
. n4/3 exp(−Ω(n1/3 log2/3 n)).
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Note that the first inequality in (C.69) uses a basic counting argument, where there

are m(|Nk| −m) possible edges between m fixed elements and the remaining |Nk| −m
elements. The second inequality in (C.69) follows from Stirling’s approximation and

the inequality 1 − p ≤ e−p. The last inequality in (C.69) uses the assumption p =

Ω(n−1/3 log1/3 n).

Next, we prove that G({k}∪Nk, E({k}∪Nk)) is parallel rigid. Since k is connected

to all the vertices in Nk, and E(Nk) forms a connected graph, the graph G({k} ∪
Nk, E({k}∪Nk)) can be generated by the following basic construction, which is similar

to the Henneberg construction [33] that preserves parallel rigidity at all of its steps. We

start from a triangle i1i2k, where i1i2 ∈ E(Nk). By the connectivity of G(Nk, E(Nk)),

there exists at least a vertex i3 ∈ Nk that is connected to at least one of i1 and i2. WLOG

we assume that i2i3 ∈ E(Nk) and thus i2, i3, k form a triangle. Since the triangles i1i2k

and i2i3k share the common edge i2k, the graph G({i1, i2, i3, k}, E({i1, i2, i3, k})) is

parallel rigid. This procedure repeats by inductively adding vertices i4, i5 . . . i|Nk| ∈ Nk

to the existing graph. The graph G({k} ∪Nk, E({k} ∪Nk)), as well as each subgraph

created in this procedure, are parallel rigid due to the following basic observation: If

G1(V1, E1) and G1(V2, E2) are parallel rigid graphs and E1∩E2 6= ∅, then G(V1∪V2, E1∪
E2) is parallel rigid.

At last, we prove that G([n], E) is parallel rigid. Let Mk = [n]\({k}∪Nk). By apply-

ing the Hoeffding’s inequality, for any l ∈Mk, deg(l, Nk) ≥ 1
2p|Nk| ≥ 1

4np
2 with proba-

bility at least 1−exp(−Ω(np2)). By the assumption of Theorem 9 that p & n−1/3 log1/3 n

and by applying a union bound over l ∈ Mk, we obtain that minl∈Mk
deg(l, Nk) ≥ 2

with overwhelming probability. Thus for any l ∈ Mk there exists i, j ∈ Nk such that i,

j, k, l form a quadrilateral that is parallel rigid in R3. Following the basic observation

mentioned in proving the parallel rigidity of G({k} ∪ Nk, E({k} ∪ Nk)) and the fact

that i, j, k are already contained in the parallel rigid graph G({k} ∪Nk, E({k} ∪Nk)),

we conclude that the graph G({k, l} ∪ Nk, E({k, l} ∪ Nk)) is parallel rigid. By induc-

tively adding vertices in Mk in the same way, we obtain that the graph G([n], E) =

G({k} ∪Nk ∪Mk, E({k} ∪Nk ∪Mk)) is parallel rigid.
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C.5 On Uniqueness of LUD and c∗

In this section we show that under the setting of Theorem 9 with |Eb| > 0, the solution

of LUD is unique with overwhelming probability. Consequently, under this setting c∗

is uniquely determined with overwhelming probability. Most of the discussion here as-

sumes the deterministic setting mentioned earlier, though without assuming uniqueness

of c∗. The probabilistic setting only appears in Proposition 12.

The following definition of self-consistency and non-self-consistency is essential in

this section.

Definition 7. Given any graph G([n], E), a set of pairwise directions {γij}ij∈E ∈ S2 is

self-consistent with respect to G if there exist t1, . . . , tn ∈ R3 that are not all identical

such that (ti − tj) = ‖ti − tj‖γij for each ij ∈ E. Otherwise {γij}ij∈E is non-self-

consistent.

Figure C.1 demonstrates an example of a graph with 3 vertices, where the corrupted

pairwise directions are self-consistent and the locations obtained from them are dif-

ferent than the ground truth locations. This special example demonstrates a general

phenomenon, which follows from the above definition. Whenever the corrupted edges

are self-consistent, they give rise to a set of locations that are different than the ground

truth locations. That is, non-self-consistency is a necessary condition for exact recovery

when |Eb| > 0.

We next show that non-self-consistency is a sufficient condition for uniqueness of

LUD in the corrupted case.

Theorem 13. Given a graph G([n], E) with non-self-consistent pairwise directions

{γij}ij∈E, the solution of LUD is unique.

Proof of Theorem 13. Assuming that the set {γij}ij∈E is non-self-consistent, we will

show that any two solutions ({t̂i}ni=1, {α̂ij}ij∈E) and ({t′i}ni=1, {α′ij}ij∈E) of (6.2) are

the same. For 0 ≤ λ ≤ 1, define tλi = (1 − λ)t̂i + λt′i and αλij = (1 − λ)α̂ij + λα′ij . We

note that since (6.2) is a convex optimization problem, for any 0 ≤ λ ≤ 1, ({tλi }ni=1,

{αλij}ij∈E) is also a solution of (6.2). Therefore, the objective function evaluated at the

solution ({tλi }ni=1, {αλij}ij∈E), namely F (λ) =
∑

ij∈E ‖tλi − tλj − αλijγij‖, is constant on
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Figure C.1: Demonstration of self-consistency. The figure on the left shows a graph with
3 vertices, ground truth locations t∗1, t∗2, t∗3, ground truth pairwise directions γ∗21, γ∗32,
γ∗13 and corrupted pairwise directions γ21, γ32, γ13. Note that the corrupted pairwise
directions are obtained by 90 degrees rotations of the ground truth ones. The figure
on the right shows a graph determined by the corrupted pairwise directions and its
locations t′1, t′2, t′3. Clearly, the latter locations are different than the ground truth ones
for any arbitrary shift and scale.

[0, 1]. We denote êij = t̂i − t̂j − α̂ijγij and e′ij = t′i − t′j − α′ijγij and rewrite F (λ) as

F (λ) =
∑
ij∈E
‖êij + λ(e′ij − êij)‖ =

∑
ij∈E

√
‖e′ij − êij‖2λ2 + 2λêTij(e

′
ij − êij) + ‖êij‖2.

Since F is constant, this equation implies that êij = e′ij for all ij ∈ E. That is,

t̂i − t̂j − α̂ijγij = t′i − t′j − α′ijγij for ij ∈ E. (C.70)

Let ∆ti = t̂i − t′i for i ∈ [n] and ∆αij = α̂ij − α′ij for ij ∈ E. We rewrite (C.70) as

∆ti −∆tj = ∆αijγij for ij ∈ E. (C.71)

Since ‖γij‖ = 1, (C.71) implies that

∆ti −∆tj = ‖∆ti −∆tj‖γij for ij ∈ E. (C.72)

The non-self-consistency of {γij}ij∈E implies that the elements of the solution {∆ti}ni=1

of (C.72) are all identical. Consequently, for all i ∈ [n], t̂i − t′i is a constant vector in
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R3. The constraint
∑

i ti = 0 of (6.4) implies that the constant vector is zero and thus

the solution is unique.

Proposition 12 below guarantees with overwhelming probability the non-self-consistency

of {γij}ij∈E assuming both corruption and the setting of Theorem 9. Combined with

Theorem 13, it concludes the uniqueness of LUD in the corrupted case. The proof of

this result depends on Lemma 13 below, which demonstrates a necessary condition for

self-consistency. Before stating and proving these results, we introduce the following

notation.

Let G([n], E) be a graph, T = {t∗i }ni=1 be a set of distinct vertex locations and as-

sume that the assigned pairwise directions {γij}ij∈E are self-consistent and {γij}ij∈E 6=
{γ∗ij}ij∈E . As clarified above, {γij}ij∈E is the set of true pairwise directions of a set of

locations T ′ = {t′i}ni=1 6= T and T cannot be obtained from T ′ by scaling and shifting.

One may view T ′ as perturbed vertices of T , even though the actual perturbation is

of {γij}ij∈E . For S ⊂ [n], denote T (S) = {t∗i }i∈S and T ′(S) = {t′i}i∈S . We also use

the notation E(S), deg(i, S) and deg(i, E′) (for E′ ⊆ E), which was introduced in Ap-

pendix C.4 (see proof of Proposition 11). We say that i, j ∈ [n] are undeformed and

denote it by i ∼ j, if i 6= j and ∃ κ > 0 such that t∗i − t∗j = κ(t′i − t′j). Otherwise, we

say that i and j are deformed and denote i � j. Note that by definition i � i. For

each i ∈ [n], we define the undeformed set Si = {j ∈ [n] : j ∼ i}. The following lemma

shows a critical property of self-consistent corruption. That is, for any self-consistent

corruption of pairwise directions, there exists a vertex such that more than half of the

rest of vertices are deformed with respect to it.

Lemma 13. Let G([n], E) be a graph and let T = {t∗i }ni=1 be a set of distinct vertex lo-

cations. If the assigned pairwise directions {γij}ij∈E are self-consistent and {γij}ij∈E 6=
{γ∗ij}ij∈E, then there exists j ∈ [n] such that |Sj | < n/2.

Proof. Assume on the contrary that for all j ∈ [n], |Sj | ≥ n/2. Since |Eb| 6= 0, there ex-

ists k, l ∈ [n] such that k � l, which implies that {k, l}∩(Sk∪Sl) = ∅ and |Sk∪Sl| ≤ n−2.

Consequently, |Sk ∩ Sl| = |Sk| + |Sl| − |Sk ∪ Sl| ≥ n/2 + n/2 − (n − 2) = 2. De-

note by a and b two of the elements of Sk ∩ Sl and note that by definition of the

undeformed sets Sk and Sl, a ∼ k, b ∼ k, a ∼ l and b ∼ l. Due to the HLV

model, the probability that {ak, bk, al, bl} lies on a plane in R3 is zero and thus the
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graph G({a, b, k, l}, {ak, bk, al, bl}) is parallel rigid in R3 [63, Figure 4(d)]. Therefore,

T ({a, b, k, l}) = T ′({a, b, k, l}) up to scale and shift and k ∼ l, which results in contra-

diction.

Proposition 12. If the setting of Theorem 9 holds and |Eb| 6= 0, then {γij}ij∈E is

non-self-consistent with overwhelming probability.

Proof. We assume on the contrary that {γij}ij∈E is self-consistent. By Lemma 13, there

exists j ∈ [n] such that |Sj | < n/2. Note that deg(j, Eb) = deg(j, E(Scj )). Therefore,

nεb = maxi∈[n] deg(i, Eb) ≥ deg(j, E(Scj )). For each i ∈ Scj \ {j}, I(ij ∈ E(Scj )) is a

Bernoulli random variable Bern(p). Thus, by applying (C.37) with δ = 1/2, µ = p and

the number of terms |Scj | − 1 = n− |Sj | − 1 > n/2− 1, we obtain that

deg(j, E(Scj )) =
∑

i∈Scj\{j}

I
(
ij ∈ E(Scj )

)
>

1

2
· (n

2
− 1)p w.p. 1− 2e−

1
12

(n
2
−1)p. (C.73)

Combining the assumption p = Ω(n−1/3 log1/3 n) with (C.73) implies that

nεb ≥ deg(j, E(Scj )) = Ω(np) w.p. 1− 2 exp(−Ω(n2/3 log1/3 n).

This contradicts the assumption of Theorem 9 that nεb = O(np7/3/ log9/2 n).
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