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Abstract

For better or for worse, our current understanding of the Navier—Stokes regularity prob-
lem is intimately connected with certain dimensionless quantities known as critical norms. In
this thesis, we concern ourselves with one of the most basic questions about Navier—Stokes
regularity: How must the critical norms behave at a potential Navier—Stokes singularity? In
Chapter 2, we give a broad overview of the Navier—Stokes theory necessary to answer this
question. This chapter is suitable for newcomers to the field. Next, we present two of our pub-
lished papers [4, 5] which answer this question in the context of homogeneous Besov spaces. In
Chapter 3, we demonstrate that the critical Besov norms ||u(, t)HB;é%/p(RS), P, q € (3,+00),
must tend to infinity at a potential singularity. Our proof has been streamlined from the pub-
lished version [4]. In Chapter 4 (joint work with Tobias Barker), we develop a framework of
global weak Besov solutions with initial data belonging to B _é: 3/p (R3), p € (3,+00). To
illustrate this framework, we provide applications to blow-up criteria, minimal blow-up initial
data, and forward self-similar solutions. This chapter has been reproduced from the published

version [5].
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Chapter 1

Introduction

In this thesis, we consider the incompressible Navier—Stokes equations

ou—Au+u-Vu+Vp=0
(NS)
divu =0

in Q7 = R? x (0, T) with initial data ug belonging to a critical space X . The Navier-Stokes

equations are endowed with a scaling symmetry

u — du(dz, \*t)
p — M2p(Az, A1) (D

ug — Aug(Az),

and a critical space is a Banach space X, continuously embedded into the space of tempered
distributions on R3, whose norm is invariant under translations and the above scaling symmetry.
A simple example is X = L3. In particular, the solutions we consider may have infinite energy.

The norm ||-||x is considered a ‘dimensionless quantity’ (for example, in the dimension
counting of Caffarelli, Kohn, and Nirenberg [32]), akin to a Reynolds number. When ||ug || x <
1, one might expect that the solution belongs to a perturbative regime in which the non-linear
terms are ‘small’ and the linear dynamics dominate for all time. In [76], Kato famously validated
this heuristic when X = L3. Interestingly, small-data-global-existence was already known to

Leray [101], see p. 226228, in terms of quantities ||uol|z2||uo||ze or |lugl|2[|Vuo||32. By



2
now, the situation is well understood, with contributions by many authors (see the survey [56]
of Gallagher), culminating in the work [85] of Koch and Tataru in X = BMO~!. Moreover, it
was shown by Bourgain and Pavlovi¢ [25] that (NS) is ill-posed, in the sense of norm inflation,

-1

in the maximal critical space X = BOO,OO.

Among critical spaces X in which well-posedness holds, there are essentially two cate-
gories. First, we have spaces in which local-in-time well-posedness holds for any divergence-

free vector field in X. Typical examples include
. 143
X =Hz, 13 B,, ",VMO™! )

with p, ¢ € (3,400). The spaces Bp_, ;Jrg/ P are homogeneous Besov spaces of negative regular-
ity, and VMO™! is the closure of Schwartz functions in BMO™!. Second, we have spaces in

which only small data results are known, such as
v 3,00 T ~1+3 -1
X =L"" By ”,BMO 3)

with p € (3,400). The distinction may also be viewed in terms of the density of Schwartz
functions. In the spaces X, the restriction to small data is likely not an artifact of the proof.
Our current best understanding of this phenomenon is through scale-invariant solutions, that
is, solutions invariant under the scaling symmetry (1). The spaces X contain non-trivial —1-
homogeneous initial data whereas the spaces X do not. Let a € C°°(IR3\ {0}) be a divergence-
free scale-invariant vector field and ug = oa. When o < 1, the corresponding solutions are
unique in a suitable class of small solutions. It was demonstrated by Jia and Sverdk in [72]
that, as o is increased, a curve of smooth solutions persists and conjecturally undergoes cer-
tain bifurcations [73]. Numerical evidence of these bifurcations was later found by Guillod and
Sverak in [66]. In particular, we expect that when ¢ increases beyond a certain threshold value,
there exist two smooth self-similar solutions emanating from the same initial data. This nu-
merical evidence also has important ramifications for the non-uniqueness of weak Leray—Hopf
solutions.

The space X =BMO'is particularly interesting because, among the spaces listed above,
it is the only space which contains non-trivial idealized vortex filament initial data. This is dis-

cussed in Lemma 2.1.1 and Corollary 2.1.2. Vortex filaments are important ‘coherent structures’
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around which three-dimensional fluid flows organize. Vortex filament solutions of the Navier—
Stokes equations have been investigated recently by Feng and Sverak in [52], Gallay and Sverdk
in [59], and Bedrossian, Germain, and Harrop-Griffiths in [21].

It has been a well known open problem since Leray’s foundational work [101] to determine
whether Navier—Stokes solutions may form singularities in finite time. In this context, a singu-
larity is a point in spacetime around which the velocity is no longer essentially bounded. It has
been known since the work of Caffarelli, Kohn, and Nirenberg in [32] that finite time blow-up
is characterized by singularity formation.

In this thesis, we present two papers [4, 5] motivated by the following question:
(Q) How must the critical norms ||u(-, t)||x behave at a potential singularity?

Let ug € C§°(IR?) be a divergence-free vector field and u be the solution of the Navier-Stokes
equations with initial data ug. Let 7 € (0, +o0] be its ‘maximal time of smoothness’. In [49],
Escauriaza, Seregin, and Sverdk made the following important contribution: If 7% (ug) < 400,
then

lim sup|ju(-, 1) agzs) = +oo. 4)

t—T*

Since then, the blow-up criterion (4) has been generalized in a number of directions. Notably,
Seregin demonstrated in [121] that (4) holds with lim sup replaced by lim . The main idea of (4)
and Seregin’s theorem is described in the introductions of Chapters 3 and 4. Other generaliza-

tions, listed below in roughly chronological order within each category, include
1. treatment of boundaries [120, 110, 16, 7, 46],
2. dimensions n > 4 [47, 104, 46],
3. lim rather than lim sup criteria [124, 121, 16, 4, 5], and
4. more general critical spaces [112, 16, 57, 58, 141, 40, 4, 104, 5].

Recently,! Tao demonstrated the following slightly supercritical blow-up criterion:

lim sup lu(- )]l s w3y
Tt (logloglog(1/T* —t))

o = Too. 5

'In particular, after the papers [4, 5] comprising this thesis were published.
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In contrast to all known proofs of (4), Tao’s proof is direct, rather than by contradiction. In [20],
Barker and Prange gave an alternative proof which also quantifies the local concentration of L3

norm at a presumed singularity.

In Chapter 3, we present our first contribution to the story:

Theorem 1 (Blow-up criterion [4]). Let p,q € (3, +00). If T* < oo, then

lim
t—T*

In the series of papers [78, 57, 58], Gallagher, Koch, and Planchon generalized (4) to Besov
spaces by the ‘concentration compactness & rigidity’ techniques of Kenig and Merle [79],
which feature prominently in dispersive PDE.? Theorem 1 sharpens Gallagher et al.’s lim sup
criterion. Furthermore, our proof, which some might consider to be more elementary, is based
on a simple decomposition of the solution inspired by C. P. Calderén [33],* energy estimates,
and the backward uniqueness arguments in [49] (which were also exploited by Gallagher et al.
in [58]). Theorem 1 additionally sharpens Seregin’s lim criterion in L3 [121].

The proof we present has been streamlined from the published version in [4]. The (lengthy)
appendix of [4] has also been streamlined and incorporated into Chapter 2, where we review the

known regularity theory of (NS).

In Chapter 4, we present joint work [5] with Tobias Barker. It is reproduced essentially
verbatim from the published version. In [5], we develop a way to analyze (Q) and other ‘critical
problems’ through the lens of a special class of solutions, which we term global weak Besov

solutions. This solution class satisfies three essential properties:

5—143/p

0 (Existence) For each divergence-free ug € Bp oo ", p € (3,+00), there exists a global

weak Besov solution with initial data uy.

2Concentration phenomena had previously been explored in [103, 107, 19].

3Questions similar to (Q) have also been explored in the dispersive literature. For example, do solutions of the
defocusing cubic NLS that belong to Lg° H2/? in dimension three exist globally and scatter? This was answered in
the affirmative in [80] by profile decomposition techniques.

“The approach of splitting an infinite energy solution into a part with finite energy and a perturbative part also
appears in dispersive PDEs. Key phrases include ‘Fourier truncation method’, ‘almost conservation laws’, and the
‘I-method’, see [23, 24, 41, 42] and many others.
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¢ (Weak-strong uniqueness) These weak solutions are smooth and unique when ug belongs

to the perturbative regime, for example, when ||uo|| 5143/ < 1.
p,o0

¢ (Weak-x stability) This class of weak solutions is compact (in a suitable topology) with

Ry . 5143
respect to weak-* convergence of the initial data in Bp,oj /P

In particular, the weak-* stability property plays a key role in investigations of blow-up
criteria [124, 121] and minimal blow-up initial data [118, 71]. To illustrate this, we present the

following applications, roughly stated, of our framework to the Navier—Stokes theory:
Theorem 2 (Applications [5]). Letp € (3, +c0).

0 (Blow-up criterion) If u develops a singularity at time T* < +oo and u(-, T*) vanishes

upon zooming in on the singularity, then ||u(-,1)| 5-1+3/p — +o0ast — TZ.
p,o0

¢ (Minimal blow-up data) If Navier—Stokes solutions develop singularities, then there exists

Ny . . . =143
an initial datum with minimal norm in Bppj /P

and a corresponding solution which
develops a singularity. The set of such minimal blow-up initial data is compact modulo

symmetries in the weak-x topology.

¢ (Self-similar solutions) If ug € B _é;r 3P i divergence free and scale invariant, then there

exists a corresponding scale-invariant solution.

Finally, we mention two further papers [6, 7] coauthored with Tobias Barker. In [6], we
explore how to generate a Navier—Stokes singularity by ‘zooming out’ on a smooth ancient so-
lution. In [7], we consider localised blow-up criteria, with boundary, in certain cases where the
original proofs rely on global information about the solution. Roughly speaking, we prove that
in each spatial neighborhood IV of a presumed singularity, we must have ||u(-, )| L3 (x) — +00
as t — 1. We also describe connections to the Liouville conjecture of Koch, Seregin, gverék,

and Nadirashvili in [82] for mild bounded ancient solutions of (NS).

Unfortunately, we have not succeeded in extending Chapter 4 to the endpoint critical space

BMO ™. Therefore, we find it fitting to conclude with the following open problem:

(Weak-strong uniqueness in VMO ™) Ler ug € L2 N VMO~ be a divergence-
free vector field. Let u and v be weak Leray—Hopf solutions with initial data u.

Mustu = v?
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Partial progress on this question has been made by Germain in [60, 61], Kukavica and Vicol

in [89], and Barker in [15, 18], among others. Notably, in [60], Germain classified the spaces

of divergence-free vector fields on which a certain trilinear form that plays a prominent role in

weak-strong uniqueness is bounded. Also notably, weak-strong uniqueness in the Besov spaces
B;;+3/p, 3 < p,q < +oo was shown only recently by Barker in [15].

It is tempting to believe that the answer to the above question is ‘yes’, but for the moment,

the proof remains elusive.

One may consider the question also in the class of suitable weak Leray—Hopf solutions. In this context, weak-
strong uniqueness also holds for small data in the endpoint Morrey space M2 ™!, See Lemarié-Rieusset [97] and
Bradshaw and Tsai [29].



Chapter 2

Review of the Navier—Stokes theory

In this chapter, we review aspects of the mathematical theory of the Navier—Stokes equations.

We incorporate material from our published work [4, Appendix].

There are many excellent resources on nearby aspects of the Navier—Stokes theory (in
roughly reverse chronological order): Two modern books are by Tsai [140] and Seregin [126].
An introductory modern book focusing on the whole space is by Robinson, Rodrigo, and Sad-
owski [115]. We recommend the online lectures notes of Sverdk [132] and Tao [133]. Two
comprehensive books with a harmonic analysis flavor in the whole space are by Lemarié-
Rieusset [95, 98]. A review of the mild solution theory, also with a harmonic analysis flavor, is
contained in [11, Chapter 5]. An abstract semigroup approach is contained in [129]. A classical
book with a dynamical flavor is by Constantin and Foias [43]. Two more classical books are by
Temam [135] and Ladyzhenskaya [91]. We highly recommend the original 1934 paper [101] of
Leray, which was translated into English in [102].

Fefferman’s overview of the Clay Millenium Problem on Navier—Stokes regularity is [51].
See also Ladyzhenskaya’s response [92].

Further topics in mathematical fluid dynamics, beyond the scope of this thesis, are de-
scribed in the Handbook of Mathematical Analysis in Mechanics of Viscous Fluids [64], which
collects specialized survey articles from approximately 2016. Two surveys of particular rele-
vance are [56] by Gallagher, which reviews the Navier—Stokes theory in critical function spaces,
and [127] by Seregin and Sverdk, which contains a treasure trove of heuristics about Navier—

Stokes regularity.



Notational remarks. The constants C' are implicitly allowed to depend on the dimension 7.

Occasionally, we abuse notation for scalar- and vector-valued functions.

Contents
2.1 Function Spaces . . . . . . . . . ... e e e e e 8
2.2 Linear Stokestheory . . . . . . ... .. .. ... e 15
2.3 Perturbationmethods . . . . . . ... o oL 24
2.4 Energy methods and partial regularity . . . . . .. ... ... ... ... ... 32
2.5 Backward uniqueness and unique continuation . . . . . . ... ... ... 38

2.1 Function spaces

Good general references for function spaces and interpolation theory include the books of
Bergh and Lofstrom [22] and Runst and Sickel [116]. We recommend also the lecture notes
of Salo [119]. A classical reference is the book [136] of Triebel.

Besov spaces

Our treatment is based on [11, Chapter 2] by Bahouri, Chemin, and Danchin. See also Lemarié-
Riuesset’s book [95, Chapters 2—4].

Let n > 1. There exists a compactly supported smooth function ¢ on R" satisfying the

properties
supp() C {§ € R™ : 3/4 < [¢] < 8/3}, 2.1.1)
D p(277¢) =1, £eR™\ {0} 2.12)
JEL

For each j € 7Z, we define the Littlewood—Paley projection Aj by the Fourier multiplier
A; = ¢(279D). (2.1.3)

For tempered distributions ug on R"™, the convergence of the sum ) <0 Ajuo typically
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occurs only in the sense of tempered distributions modulo polynomials.! This is inconvenient
for PDE purposes. To remove ambiguity, we consider the subspace S}, of tempered distributions

on R" satisfying the ‘realization condition’
lim [[0(AD)ug|| oo (rny = 0 for all 6 € C5°(R™), (2.1.4)
A—+00

that is, the Fourier transform of ug ‘vanishes at the origin’ in a suitable sense. In particu-
lar, (2.1.4) guarantees
> Ajug =g (2.1.5)
JEZL
unconditionally in the sense of tempered distributions. Importantly, S}, is not closed in the stan-
dard topology on tempered distributions (for example, consider approximations to the identity).

The homogeneous Besov seminorms are defined for all tempered distributions ug on R™:
||u0”B;;7q(R’”) = HQjSHAJ'UOHLP(]R")ng(Z)7 seR, p,qge [1) +OO] (2.1.6)

The seminorm ||-|| 5. (rmy Testricted to tempered distributions in the class S}, becomes a norm,
Pq .
and the homogeneous Besov spaces B, ,(R") are defined by the property that the above norm

is finite. As long as the condition

s <n/por(s,q) = (n/p,1) (2.1.7)

is satisfied, B;,q(RS) N stzi,tn (R3) is a Banach space for s; € R and p1,q; € [1,+00], and
there is no ambiguity modulo polynomials. A different choice of ¢ in (2.1.1)—(2.1.2) defines an
equivalent Besov seminorm.

From Bernstein’s inequality
. (1Y, .
||Aju(]||Lp2 (R™) < CQn]<P2 P1> HAju()HLpl (R™), (218)

and the trivial embedding (9 (Z) — (%2(Z), ¢1 < g2, we deduce the Sobolev embedding

!This may be characterized as the dual space of Schwartz functions whose Fourier transforms vanish to infinite
order at the origin. See p. 28-30 in [95].
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theorem in Besov spaces:

. . n n
Byl g (R) = By ,(R), s1— - =sa— - 51 52,01 < o, (2.1.9)

The above choice of indices is sharp due to the scaling property

C;1|’u0||B;,q(Rn) < >\$—5||“0(‘/)‘>”Bg7q(ﬂ%n) < CSHUOHB;’(](R") (2.1.10)
for all A\ € (0,+00). Using (2.1.10), we may define an equivalent but homogeneous norm
[ P—

HUOHE;Q(R") = )\6(5315_)00) )‘8_5||u0('/)‘)||357q(R")' (2.1.11)

This is discussed in Triebel’s book [137].

The Lebesgue spaces LP(R™) are not Besov spaces except when p = 2. Rather, LP(R"), p €
(1, +00), belongs to the scale of Triebel-Lizorkin spaces Flf,q(R”). Besov spaces also arise as
real interpolation spaces of Sobolev spaces, see [95, Chapter 3], whereas complex interpolation

of Sobolev spaces yields the Bessel potential spaces H*P(R™).

The heat equation in Besov spaces

We now recall the caloric characterization of homogeneous Besov spaces (see [11, Theorem
2.34]). Let T € (0,+00] and Q7 = R™ x (0,T). For u € L (Qr), we define the Kato

loc

norms [76] by

||u”lc§,q(QT) = Htiguu(wt)”LP(R”) La((0,T),dt/t)’ s € R, p,q € [1,+OO] (2112)

The Kato space KC; ,(Qr) is defined by the property that the above norm is finite. To simplify

notation, we write

Kp(Qr) = K}, oo(Qr) and K(Qr) = K" (Qr), (2.1.13)

where s, = —1 4+ n/p. For all s € (—o0,0), there exists a constant C; € (0, +00) such that

CS_IHetAUOHIC;q(QOO) < ||u0||st)’q(Rn) < CSHJAUOHIC;Q(QOO) (2.1.14)
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for all tempered distributions ug on R™.
In the papers [54, 58], Gallagher et al. employ certain ‘time-space homogeneous Besov
spaces’, see [11, Section 2.6.3]. These are known as Chemin—Lerner spaces (see [37, Definition

2.1]). For a ‘time-space tempered distribution’ » on ()7, we define
lallzy g, = 127°0185ull iz i@n leazy 5 € R pogor € [1,+00). (2.1.15)

Let x € C3°(R™) with x(§) = 30,1 9(277€), € € R™\ {0}. Define the low-frequency cutoff
S ; by the Fourier multiplier
S; =x(27D). (2.1.16)

The Chemin—-Lerner spaces on ()7 are defined by the property that the above norm (2.1.15) is
finite and the ‘realization condition’

i (1Sl pe@r) =0 (2.1.17)

Then ETTB;H ﬂerl B;}’ql is a Banach space forall s; € Rand 1 < rq1,p1,q1 < oo when (2.1.7)
is satisfied. To estimate solutions in the above spaces, one may exploit the following property.

There exist constants C, ¢ > 0, such that for all tempered distributions uy on R”,
. g
€' Ajuo|| Lo gy < Ce™ || Ajuol| porny, 1< p < oo, (2.1.18)

see [11, Section 2.1.2]. This observation may be combined with Bernstein’s inequality (2.1.8),

Young’s convolution inequality, and paraproducts, see [58, Appendices] and [11, Section 5.6.1].

Other spaces

Let us mention a few further spaces which play a minor role in this thesis.
Lorentz spaces. Let p € [1,+00) and ¢ € [1,400]. The Lorentz space LP9(R™) consists

of all measurable functions 1o on R™ whose Lorentz quasinorm?®

(2.1.19)

1
pa(Rr) = ||A AP
[0l oo (e H [{luol > A} La(Ry,dA/N)

More generally, one may allow p, ¢ € (0, +00] and a o-finite measure space X instead of R™.
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is finite. See Bergh and Lofstrom [22, Chapters 1 & 5] and Lemarié-Rieusset [95, p. 18-20].
The Lorentz spaces contain the Lebesgue spaces: LPP(R™) = LP(R™). When ¢ = +o00, the
Lorentz spaces are the weak Lebesgue spaces.

When p > 1, the Lorentz quasinorm is equivalent to a norm, and L”7(R") is a Banach
space. Lorentz spaces in this range arise as real interpolation spaces of Lebesgue spaces.

We have the trivial embeddings L9 (R™) < LP%(R") when ¢; < ¢z and L}24(R") —
LE(R") when py > p1.

When ¢ > 1, the Lorentz space L!%(R™) contains functions not belonging to L{. (R")
and which may not be interpretable as distributions. Nevertheless, the space L'>°(R") plays a
distinguished role in the theory of singular integrals.

Morrey—Campanato spaces. See Adams’ book [3] for more information about Morrey—
Campanato spaces. The following notation is non-standard.

Let p € [1,+00] and o € [—n,0].> The Morrey space MP*(R™) consists of all locally

integrable functions v on R™ whose Morrey norm

3=

luollprp.e(rny = sup  sup 77 <][ |ug|? dy) (2.1.20)
z€R™ re(0,400) B(z)

is finite. When p = +oc0, we write 7~ %||ug || o (5, () inside the suprema. Notice that M?*(R") =
L*>°(R™). We have the embeddings

MP2Y(R™) — MPL¥(R") (2.1.21)

when p; < po, and
LP2(R™) — MPVY(R"™) (2.1.22)
when additionally &« = —n/po. Of particular importance in the Navier-Stokes theory is the end-

point critical Morrey space M2 ~1(R3). This is discussed further in Section 2.4 in connection
with local energy solutions.

Let o € [—n, 1]. A closely related space is the Campanato space Mbic' (R™), with seminorm

P
[wollprze (mny = sup  sup 77 (][ luo — (u0) B, (2) " dy) : (2.1.23)
z€R™ re(0,400) B, ()

f o € (—o0,n) U (0, +00), then MP*(R™) = {0}.
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where (uo) g fB ) uo dy. Clearly, MP*(R") < MES (R™). When oo = O and p < +o0,
the Campanato space comc1des with BMO. When « € (0, 1), the Campanato spaces coincide
with the homogeneous Hélder spaces C*(R"™) = 1.32‘0700(}1{").4

The Koch-Tataru space [85]. The space BMO ™! (R") consists of all tempered distribu-

tions ug on R™ that arise as divergences of BMO vector fields. That is,
n
up = Z 8kfk (2.1.24)

where fi1, ..., f» € BMO(R"). The norm in BMO~!(R") may be defined as the infimum of
> il fxllBMO(wn) Over all such representations of ug. Moreover, we have the following Carleson

measure characterization: 1 belongs to BMO™!(R") when

[uollBmo-1 () := sup  sup <][ ][ et P ug)? dx dt) (2.1.25)
2o €ER™ re(0,+00) (o)

is finite. See also the paper [10] of Auscher and Frey.

Besov—Morrey spaces. If X is a normed function space on R™, one may introduce Besov
seminorms based on X by replacing ||Aju0||Lp(]Rn) with ||Ajug||x in (2.1.6). When X is a
Morrey space, this leads to the notion of Besov—Morrey spaces, see [87, 109, 99].

Vortex filaments

A velocity field ug € L .(R?) corresponds to a closed vortex filament if ug — 0 as |z| — +o0
and its vorticity wg = curl uyg is a constant multiple of a Dirac mass along a smooth curve. That
is, there exists @ € R and a smooth embedding +: S' — R3? such that, for each vector field
¢ € C(R?),
{(wo, @) = a/ @ - ds. (2.1.26)
gl

Notice that wy is divergence free, since for each scalar-valued ¢ € C§°(R3),

(div wo, ¥) = —a/ Vi -ds=0. (2.1.27)
v

“When a € [—n,0), the ‘local Campanato spaces’ on a bounded domain §2 (with a regularity condition), with
averages at scale O(1) built into norm, are equivalent to the ‘local Morrey spaces’.
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The velocity field ug may be recovered from wg by the Biot—Savart law ug = curl(—A)_lwo.
Let €,¢ € R3 with |&| = 1. If v is given by Re + ¢, then we may similarly consider
the velocity field corresponding to a straight vortex filament as long as we replace the decay
condition with ug — O as [(z — &) — (x — €) - €| — +o0.

The following lemma distinguishes BMO~!(R?) from other critical spaces:

Lemma 2.1.1. The velocity field of a non-trivial straight vortex filament belongs to BMO ™1 (R3)
and does not belong to B;é:g/p(RB’) forany p € (3, 4+00) or M*~1(R3).

Proof. Let wy be the vorticity of a non-trivial straight vortex filament with «« # 0. After trans-
lation and rotation, we may assume that wg is supported on Re,. Then wy = curlugy and
ug = curl g, where

Yo(z,2) = (—A) twy = —%log || (2.1.28)

where (z,z) € R, In particular, 19 € BMO(R?) and ug € BMO™!(R?). Next, consider
Aju(], J € Z. Since ug in non-trivial and not a polynomial, there exists jo € Z such that Ajo UuQ
is non-trivial. Moreover, since Ajo ug is independent of z, it does not belong to LP(R3) for any
p < +oo. In particular, ug does not belong to B, 1/ (R3) for any p € (3,+0oc).” Finally,

since uyg is not locally square integrable, 1 does not belong to M2~ 1(R3). O

Corollary 2.1.2. The velocity field associated to a non-trivial closed vortex filament does not
belong to B;;js/p(R?’)for any p € (3,00), M>~1(R3), or VMO~ (R3).

Proof. Let ug denote the velocity field of a non-trivial closed vortex filament. We zoom in on
the vortex filament according to the Navier—Stokes scaling symmetry and pass to a subsequence
converging in the sense of distributions to a non-trivial straight vortex filament ug. Let X =
Bpil3P(R3), p € (3,400), or X = M2~Y(R3). If ug € X, then ||t x < |luo||x according
to the weak-+ convergence properties of X. This contradicts Lemma 2.1.1. Finally, if ug €
VMO™!(R3), then ©y = 0. Similar arguments are given in the proof of Theorem 3.1.1. This

contradicts that ug is non-trivial. ]

SA slightly different argument is to exploit that, among the homogeneous Besov spaces, the velocity field of a
non-trivial point vortex in R? only belongs to B, s 2/p (R?),p € [1,+00).
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2.2 Linear Stokes theory

We consider the Cauchy problem for the time-dependent Stokes equations:

ou—Au+Vp=f inR" x (0,+00)
divu=0 inR" x (0,+00) (2.2.1)
u(-,0) =up inR"
where div ug = 0. In the following discussion, we consider ug and f ‘sufficiently smooth’ and
‘sufficiently decaying’, and we ask that u — 0 as |x| — 4o0.

In the whole space, the situation is particularly simple. When div f = 0, the solution

to (2.2.1) is the solution of the heat equation:

t
u(-,t) = ePug + / et f (. s)ds (222
0

and Vp = 0. When div f is non-zero, we apply the Leray projection P to the forcing term f:

t
u(-,t) = ePuy +/ eE=IAPF( 5)ds (2.2.3)
0

and Vp = Qf. The projection operators [P and Q onto divergence-free and gradient fields,

respectively, are defined by
Q=V(A) tdivandP =1 - Q. (2.2.4)

These projections are Fourier (matrix) multipliers with 0-homogeneous symbols smooth away
from the origin. In particular, P and Q are bounded operators on LP(R") for all p € (1, +00).
Additionally, IP and QQ are bounded on the homogeneous Besov spaces B;q(R") for s € R and
p,q € [1,+00] (see [11, Proposition 2.30]).°

It is often the case that the forcing term f is in divergence form f = — div I, where F'is a

matrix. Applying div to (2.2.1), we discover that the pressure p satisfies

p=(—A)"ldivdiv F. (2.2.5)

®Notice that the endpoints are included!
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On the whole space, P commutes with A and the semigroup e*®. Applying P to the heat

kernel T, we may compute the matrix-valued Oseen kernel K = K (z,t) associated to e!~P:
Kij(z,t) =T — (pv9;0;G) * T, (2.2.6)

where G is the fundamental solution of —A. See, for example, [95, Chapter 11]. The operator
e!AP: LP(R™) — LP(R™) is bounded for all p € (1,+00) by considering it as a composition
of operators. The corresponding bound fails when p € {1, +00}. One justification is as follows.

‘We have

1
K(x,t)= o K <:”1, 1) , (2.2.7)
12 t2

where K (z, 1) is a smooth matrix-valued function satisfying
CTHI A+ [af") < [K (2, 1) < C(1+ [z["). (2.2.8)

Since the kernel is not integrable, we may consider initial data approximating a Dirac mass to
show that ¢*~P is unbounded on L'(R™). Moreover, if the operator were bounded on L>(R"),
then a duality argument would imply that it were bounded on L'(R").

When f = div F, we have further pointwise estimates on the kernel K associated to

AP div and its derivatives:
|0FVEE (2,1)] < Ok, 0)(1 + |a|) - (HIHRHD o = (414284072, (2.2.9)

In particular, we have

—ﬁ—l—%—é)

1(n
|0F Ve AP div F || po gy < C(k, 0)t2 (G IF || o1 (k) (2.2.10)

forallt >0and 1 < p; < py < 400.
The semigroup bounds (2.2.10) imply Stokes estimates in the Kato spaces that arise natu-
rally from the caloric characterization (2.1.14) of homogeneous Besov spaces. We summarize

them in a single lemma:

Lemma 2.2.1 (Estimates in Kato spaces). Let 0 < T < 4ooand 1 < p; < pa < +00 such
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that
3 3
S9—— =145 — —. (2.2.11)
b2 p1
In addition, assume the conditions
3 3
s1 > —2, — - — < 1. (2.2.12)
p1 D2

(For instance, if po = 400, then the latter condition is satisfied when p1 > 3. If p1 = 2, then
the latter condition is satisfied when pa < 6.) Then

for all F € ICZ}(QT), and the solution u to the corresponding heat equation belongs to

C((0,T); LP2(R3)). Let k,1 > 0 be integers. If we further require that

t
/ AP div F(-,7) dr < C(s1,p1,P2)|IF [l st () (22.13)
0

K32 (Qr)

590V F € K3H(Qr), (2.2.14)

1

for all integers 0 < a < k and multi-indices 3 € (No)? with |3| < [, then we have

t
thts gyt / AP div F(-, 7) dr
0

K32 (Qr)
% (2.2.15)

g 181
< C(k‘,lasl,phm)(Z Dol F||K;}(QT)>a
a=0|s|<i

and the spacetime derivatives 0FV'u of the solution u belong to C((0,T]; LP2(R3)).

Proof. Let us consider the case when «, 3 are zero. Suppose that s1, so, p1, p2, and F' obey the
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hypotheses of the lemma. Then

t
/ AP div F(-,7) dr
0

t
< / | DAP div F(-, )| pra ) dr
2R3y Jo

(2.2.10) t 1(3_3 )
< [ B IFC dr
0

! 13_38 5y s .
Sc/ (t—7)2 % 2 Ve T dr x sup 73| F( 1) e) (2.2.16)
0 0<r<T
(2.2.12)
<

<e[(Z T o2 - 2 G

)
X || F| s
P2 1 | HK”I (@r)

(2.2.11) s1 1 3 3 ~17,52
[ N AT
c[ 5 t1) (P2 o )t < AF ks on)

This completes the proof of the first estimate. Now let us denote

t
u(-,t) = /O eU=IP div F(s) ds (2.2.17)

for all 0 < ¢t < T and observe the identity

t
u(-,t) = 2y, 1) + / AP div F(-,7) dr (2.2.18)
for all 0 < s < t. To prove that u € C((0,T]; LP?(R?)), one merely estimates
[u(,t) = ul:; 8)l| ez r3)
t
< He(tis)Au(’a S) - U’(’a S)HLp2 (R3) +/ ”e(tiT)A]P)diVF('aT)HLP2(R3) dr

1

t 1B 3 _q) 51
<o(l)4+c | (t—7)2P2 P1 72 dr X HFHK-;I(QT)
1
S

=o(l)as|t—s| =0,

(2.2.19)

according to the assumption (2.2.12) on the exponents.

Let us now demonstrate how to prove the estimates on spatial derivatives. One estimates the
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integral in two parts,

t
/ Viet="APdiv F(-,7) dr
0

LP2(R3)

% l(l_l_l_l)
Sc(l)/ (t—7)2r2 m Y E (7)o sy dT
0

' T
e / (t — )25 50 DV (1) s gy
3 (2.2.20)

3 L33 9 =
< (1) ; (t—7)2'p2 P T2 dr X HFHICZ}(QT)

t 1,3 3
e / (t— )2 VD dr x| VR (Tl o)

2

sy L
< c(l, 51,p1,p2)t2 l)(HFHIC;%(QT) + HTQVIF(HT)HJC;HQT))‘

The proof of continuity in LP?(IR?) is similar to (2.2.19) except with spatial derivatives in the
identity (2.2.18).

The proof of estimates on the temporal derivatives is slightly more cumbersome due to the
weighted spaces under consideration and that the temporal derivatives do not preserve the form

of the equation. By differentiating the identity (2.2.18) in time, one obtains
t
du(-,t) = 9,52 y(-, ) + AP div F (-, s) + / APV, F (-, 7) dr, (2.2.21)

S

and more generally,

k
Ou(-,t) = Fe=2u(., 1) + Z F=et=9)APdiv o2~ F (-, 5)
pat (2.2.22)

t
—l—/ AP divaF P (-, 7) dr.

(In obtaining the identities, it is beneficial to compare with the differential form of the equation.)
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Now set s := ¢/2 and denote the terms by I, I1, and 111, respectively. We estimate

e < e(k)t™ |ul-,/2)] Lra
ks
< ek, po)t F 3 HuHICZ%(QT) (2.2.23)

—k+32 .
S C(k,Sl,pl,pQ)t 2 ”FHIC;i(QT)v

according to our original estimate. Furthermore,

k
1 3 3
L1[[zee < (k) S %2700 (001 F) (8/2)]| o
a=1 . (2.2.24)
< ek s1,p1,p2)t 3 NP Flles

a=1
and finally,

t

LTI 0e < c/ (t =) 2o o P (7)o ds

t
2

t 1 3
LAy s — (2.2.25)
S cﬂ (t 7—)2 P2 Pl T 2 ds X HT 8 F”’Cpé(QT

2

_ 52
< c(k, s1,p1,pa)t " 12 ||T’€8§FHICZ§(QT)'

This completes the proof of the time derivative estimates. The proof of continuity is similar to
(2.2.19) except that one must use the identity (2.2.22).
Regularity in spacetime may be obtained by applying the temporal estimates to the spatial

derivatives, since the spatial derivatives preserve the form of the equation. O

What are the key differences between the heat and Stokes equations? We already mentioned
that /2P is unbounded on L'(R") and L>(R"). Perhaps a more striking difference is the
existence of a special class of “parasitic solutions’, driven by the pressure, due to Serrin in [128].

Let &(t) € L{ (0,7T). Then

loc
u(x,t) =&t), plx,t)=2'(t) o (2.2.26)

is a solution of the time-dependent Stokes and Navier—Stokes equations. More generally, one
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may allow u to be a potential flow in (2.2.26). Notice that parasitic solutions do not satisfy the
solution formula (2.2.3), in terms of integral kernels, except when ¢ = const. In particular, the
above solutions must be excluded from the solution class in order to restore uniqueness. Since
the parasitic solutions are bounded in space but not decaying, it is enough to require the decay
condition u(x,t) — 0 as |x| — 400 on almost every time slice (or, similarly, Vp(z,t) — 0
on almost every time slice). However, often we do wish to discuss solutions u that are ‘merely
bounded’. In this case, we ask directly that u satisfies the solution formula (2.2.3). For bounded
Navier—Stokes solutions, this is equivalent to requiring that p(-, t) € BMO(R"™) on almost every
time slice (see [82]). Solutions satisfying (2.2.3) are known as mild solutions.

Let us formulate a uniqueness theorem which makes rigorous the above discussion:

Lemma 2.2.2 (Uniqueness). Let T' € (0, +00) and (u, Vp) be a tempered distributional solu-
tion of the Stokes equations in R™ x (0,T) satisfying

u— 0as |z| = 400 (2.2.27)

in the following generalized sense: There exists a non-trivial 0 € C{°(R™) with § = 1in a

neighborhood of the origin such that
0(-/e)a — Oase — 0T (2.2.28)

in the sense of distributions. Assume also that u € L (R" x (0,T)) and (there exists a rep-
resentative such that) u(-,t) — 0 as t — 0% in the sense of distributions. Then v = 0 and

p = const. on R"™ x (0,T).

Proof. For all ¢ > 0, define T to be the Fourier multiplier with symbol 1 — 6(-/¢). By the
assumption (2.2.28), we have T.u — wu in the sense of tempered distributions as ¢ — 0.
Since T, commutes with 9;, A, and V, we have that (T u, VI.p) is also a solution of the
Stokes equations in R™ x (0,7"). Notice that the operator P is well defined on the space of
tempered distributions whose Fourier transforms are supported away from the spatial origin,
so we may apply P to the Stokes equations for 7T u. This gives that T.u, which belongs to
Ll (R™ x (0,T)), is a solution of the heat equation on R" x (0,7) with Tu(-,t) — 0 as
t — 0". Hence, Tru € C([0,T]; S’(R™)) with T.u(-,0) = 0. Standard uniqueness for the heat

equation, which may be proven by duality methods, shows that T.u = 0. Taking € — 07", we
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have v = 0. Finally, the Stokes equations give that Vp = 0. O

Remark 2.2.3 (A condition on the pressure). As mentioned above, one may instead impose the

following condition on the pressure: Vp € L (R™ x (0,7T)) and

loc

Vp — 0as |z| = 400 (2.2.29)

in the above generalized sense, along with u(-,t) — 0 as ¢ — 07. Applying div to the Stokes
equations, we have Ap(-,t) = 0 for a.e. t € (0,T). Therefore, p(-,¢) must be a harmonic
polynomial.” The decay condition (2.2.29) on Vp yields that Vp = 0. Then u satisfies the
heat equation, as above. A similar proof is presented in [5, Remark 3.1], which is reproduced
in Chapter 4. Alternatively, uniqueness in the whole space can be shown through the vorticity
equation. More sophisticated Liouville theorems for ancient solutions of the Stokes equations

were presented by Jia, Seregin, and Sverdk in [70] in various domains.

The above parasitic solutions also have important ramifications for the local regularity the-
ory. Suppose u € L7 (B x (—1,0)) is a solution of the heat equation. It is well known that
u € C®(Byjp x (=1/4,0)). What if instead (u,p) satisfies the Stokes equations with, say,
u,p € L} ,(B x (—1,0))? Is u smooth on By /> x (—1/4,0)? No — the parasitic solutions are
a counterexample. Rather, what is true is that v € L?H¥ (B, /2 X (=1/4,0)) for each k € N

(for example, by (i) the vorticity equations, or (ii) localizing the solutions,?®

correcting the non-
zero divergence, and using the formulas on the whole space). This is because, in the parasitic
class, controlling Oyu is equivalent to controlling Vp.” Heuristically speaking, disturbances may
propagate strongly and quickly within the fluid (as opposed to heat conduction, in which distur-

bances propagate instantaneously but only weakly). This can also be seen from the polynomial

"This also encompasses the p(-,t) € BMO(R™) condition mentioned above: An entire harmonic function be-
longing to BMO(RR™) must be constant.

8Notice that the pressure appears on the RHS when you localize the equation in space.

The above discussion does not preclude the Caccioppoli-type inequality

IVullzz (8, )5 (-1/20) < Cllullzz  (Bx(-1,00); (2.2.30)

without pressure p on the RHS, see Bum Ja Jin [74], Wolf [143], and Chen, Strain, Yau, and Tsai [39, 38]. Dong, Kim,
and Phan [48] recently showed LP? variants of this inequality by (i) studying the problem with pure-slip (also known
as Lions) boundary conditions, and (ii) localizing the solution. Interestingly, the boundary analogue of (2.2.30) with
no-slip boundary conditions was recently shown to fail by Chang and Kang in [36]. Even when the pressure p is
included on the RHS, the higher boundary regularity is not the same as in the interior case. Counterexamples were
given by Kang in [75] and Seregin and Sverak in [122].
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(rather than exponential) decay of the Oseen kernel.

Finally, we comment briefly on the Stokes equations in domains with solid boundaries.
Here, the situation is significantly more complicated. We recommend the surveys [68] of Hieber
and Saal and [131] of Solonnikov.

Let 2 C R™ be a smooth, bounded domain or 2 = R} . It is known that

L2 (Q;R") = L2(Q) © VHY(Q), (2.2.31)

in the sense of orthogonal decomposition, where L5 (), p € [1,+0oc], is the Banach space
of divergence-free vector fields u € LP(2) with vanishing normal trace u - n = 0 on 02,
and H'(Q) is the space of scalar functions p € L. () with Vp € L?(Q). The operators
PP and Q are defined as the L?-orthogonal projections onto these subspaces, respectively, and
P: LP(Q) — L5(Q) boundedly when p € (1,+00). Since P enforces a boundary condition
u - n = 0, it does not commute with the Laplacian A. Hence, the linear theory is typically
developed for the Stokes operator A = PA on L5(2), p € (1,+00), with no-slip boundary

condition built into the domain:
D(A) = W2P(Q) n W, P(Q) N LE(Q). (2.2.32)

It is well known that A generates an analytic semigroup on L5 (). This is known to fail when
p = 1 and 2 = R’ [44], and it was only recently shown, by Abe and Giga [1], that the
Stokes semigroup generates an analytic semigroup in L°(£2).!° Additionally, maximal regular-
ity holds:

|85, V2, VP‘|L§L§(Q><(O,T)) < C(Q,p, Q)||f||L§L§;(Qx(0,T))7 (2.2.33)

for all p, ¢ € (1,400), when u is the solution of the problem

(Oyu — Au+ Vp=finQx (0,7T)
divu =0in Q2 x (0,7)

u(,t)gn -n =0in 92 x (0,7)
u(-,0) = 0in Q.

(2.2.34)

10See [2] for a proof without the compactness argument.
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This is due to Solonnikov in [130] with C' = C'(2,p, ¢, T') and C' independent of T in [63, 65].

Let f = div F' and 2 = R"}. Then we also have the maximal regularity estimate

IVullzorz®n <0, < C0: DIF | Lz @n < 0,7)): (2.2.35)

see (1.6) in [62]. However, the above estimate was shown to be false with |[p|| ¢ LE(R7 x(0,T)) ON
the LHS, see the paper [84] of Koch and Solonnikov. This illustrates that estimates for the pres-
sure p (rather than the pressure gradient Vp) in the presence of boundary may be quite subtle!
Finally, the issues with parasitic solutions still exist in the half space, see, for example, [122].
A flexible uniqueness theorem in the half-space was given by Maekawa, Miura, and Prange
in [107, Theorem 5].

2.3 Perturbation methods

In this section, we construct smooth solutions of the Navier—Stokes equations by fixed point

arguments. The integral formulation of the Navier—Stokes equations with initial data u is
t
u(-,t) = By — / t=9)AP divy ® uds, (2.3.1)
0

where the operator e!AP div is convolution with the kernel K as in Section 2.2 (see also [95,

Chapter 11]). We will often simply write
u(-,t) = e"®ug — B(u, u) (- t), (232)
where B is formally defined by

t
B(v,w)(-,t) = / e=IAPdive @ wds. (2.3.3)
0

A mild solution of the Navier—Stokes equations on (7 with initial data w is a vector field
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w on Qr satisfying (2.3.1) in a suitable function space.!! Distributional solutions to the Navier—

Stokes equations are mild under fairly general hypotheses, as discussed in [95, Chapter 14] and
more recently by Lemarié-Rieusset et al. in [100] and Bradshaw and Tsai in [30].

Recall from Chapter 1 that, among critical spaces in which well-posedness holds, there are

essentially two types. Consider the chain of embeddings

n

o .14
H5 e Ln s By, 7 s VMO, (2.3.4)

where p, ¢ € (n,+00). The Navier—Stokes equations are locally well-posed for any divergence-
free initial data belonging to any of the above spaces. Meanwhile, the Navier—Stokes equations

are globally well-posed for any small divergence-free initial data belonging to any of the spaces
n,00 Sl g -1
L™ — Bpo ¥ <= BMO™", (2.3.5)
where p € (n, 4+00). Similar small data results are valid in the Morrey spaces
MP—t ey 2t (2.3.6)

where p € (2, 4+00).

The result in H™/271 is due to Fujita and Kato in [53]. The result in L™ is due to Kato
in [76], with contributions also by Weissler [142], Giga [63], and Giga and Sohr [65]. The results
in Besov spaces are due to Cannone [34] and Planchon [113, 114]. The cases BMO™! and
VMO~ were treated by Koch and Tataru in [85]. See also the papers [54] and [9] concerning
long-time behavior of solutions in Besov spaces and VMO™!, respectively. For the Morrey
space results, see Kato [77], Taylor [134], and Lemarié-Rieusset [97]. Finally, we also mention
small data well-posedness in the space X’ —1 of Lei and Lin [94] which is embedded in BMO~!
but does not contain H'/2(R3).

" Remark. The (slightly informal) notion of mild solution, which simply means ‘satisfies the integral formulation’
(in a function space strong enough to make sense of the integral formulation), is not particularly meaningful except
to exclude the parasitic solutions discussed in Section 2.2. It is not meaningful to speak of ‘the mild solution’ with a
given initial data (for example, the wild weak solutions constructed by convex integration in [31] are mild) without
specifying function spaces that guarantee uniqueness. The terminology ‘the smooth solution’ is also no good, since
the parasitic solutions may be smooth. The solutions constructed by the perturbation theory are sometimes informally
known as ‘strong solutions’, though this term is used by Constantin and Foias [43] for certain solutions with H*
initial data.
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Abstract Picard lemma

We require the following two lemmas concerning fixed points of quadratic equations in Banach

spaces. See Lemma A.1 and A.2 in [54], Lemma 5 in [9], or Lemma 5.5 in [11].

Lemma 2.3.1 (Abstract Picard lemma). Let X be a Banach space, L: X — X a bounded
linear operator such that I — L: X — X is invertible, and B a continuous bilinear operator
on X satisfying

1B(z, y)llx < vllllxlyllx (2.3.7)

for some v > 0and all x, y € X. Then for all a € X satisfying

1
(I —L) tallx < : (2.3.8)
=0 el < 4 =)y
the Picard iterates Py(a), defined recursively by
Py(a) =a, Pgyi(a)=a+ L(P)+ B(Px, Px), k >0, (2.3.9)
converge in X to the unique solution x € X of the equation
r=a+ L(z)+ B(z,x) (2.3.10)
such that
1
z]lx < (2.3.11)

20(I = L) ixy

Regarding the hypothesis on L, the operator [ — L: X — X is invertible with norm

1
I = L) ix < = (2.3.12)

12 x
whenever ||L||x < 1.

Lemma 2.3.2 (Propagation of regularity). We adopt the notation of Lemma 2.3.1. Let E — X
be a Banach space. Suppose that L is bounded on F such that I — L. E — FE is invertible and
Bmaps Ex X — Fand X x E — E with

max([|B(y, 2)|| ;| B(z,9)lle) < nllylzllzllx (2.3.13)
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for somen > 0andally € E, z € X. Finally, suppose that

1= L) lsn < I - L) xy- (2:3.14)

Then, for all a € FE satisfying (2.3.8), the solution x from Lemma 2.3.1 belongs to E and
satisfies
lzlle < 2[(I — L) "all g (2.3.15)

This can be helpful, for example, when uy € VMO~ N B,:;Ln/p, p € (n,+00). The
smallness comes from VMO ™! rather than B; ;j n/p , but the Besov information is nevertheless

propagated forward in time.

Review of the strong solution theory

The following proposition is well known, with contributions due to [101, 50, 142, 76, 63, 65],

among others.

Proposition 2.3.3 (Subcritical LP solution theory). Let p € (3,+00) and ug € LP(R?) be a
divergence-free vector field with ||uo|| »r3) < M.
There exists T, = T,,(M) € (0, 4o00) with
e,

T, * =7 (2.3.16)

and a mild solution u € C([0,T,); LP(R?)) satisfying, for all q € [p, +o0),

3(1_1 L
sup t2<1’ q)+k+2|]8{“leu(~,t)\|Lq(R3) < C(p,q,k, )M (2.3.17)
tE(O,Tp)

for all integers k,1 > 0, and

”uHLfi/B(RSX(O,Tp)) < C(p)M (2318)

Mild solutions are unique in the class C([0,T]; LP(R?)).
Let T*(ug) € (0, 400] be the maximal time of existence of the mild solution in C([0, T; LP(R3)).12
If T*(uog) < +oo, then ||u(-,t)|| arsy — +00 ast — T*(ug) from below for all q € [p, +0o0.

2That is, T* (uo) = sup{T € (0, +o0) : u € C([0,T]; LP(R*))}.
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If also ug € LY(R3) with q € (3,40c0), then the two mild solutions guaranteed to exist as

above are identical on their (identical) maximal time of existence.

We may also incorporate p = +oo into the above proposition provided that we write
L% (R x (0,Tx)) instead of C([0,Two]; L>°(R?)) (which would require that additionally
up € BUC(R?)).

Proof sketch. The existence and uniqueness of mild solutions in C([0, T]; LP(R3)), the guar-
anteed existence time (2.3.16), and the estimate (2.3.17) with ¥ = [ = 0 are deduced from
Lemma 2.3.1 (Abstract Picard lemma) and bilinear estimates which we derive from Lemma 2.2.1
(Estimates in Kato spaces). For higher regularity, we normalize ||uo|| r®r3) = 1. The esti-
mate (2.3.17) on a short time interval follows from applying Lemma 2.3.1 in Kato spaces with
higher derivatives built in.!3 Since a priori one may have to shorten the guaranteed existence
time (depending on k£ and [) when applying Lemma 2.3.1, one uses a covering argument to
obtain (2.3.17) on the full time interval (0, 7},). The estimate (2.3.18) follows from bilinear es-
timates in Lj ;. spaces (see [50, 63]) and an application of Lemma 2.3.1 in an intersection space
(and possibly shortening 7). The characterization of the maximal existence time follows from
bilinear estimates B: C([0,T]; LP(R?)) x C([0,T7]; L4(R3)) — C([0, T]; L4(R3)) (also with
the reversed order) and Lemma 2.3.2 (Propagation of regularity). Finally, uniqueness across

different Lebesgue spaces follows from applying Lemma 2.3.1 in an intersection space. O

In the critical case p = 3, mild solutions are constructed in an auxiliary space, for example,
a Kato space or L?(Q7), and then shown to belong to C([0, T]; L3(R?)) as a byproduct of the
construction. Nevertheless, mild solutions are unique in the class C([0, T]; L3(R?)). This has
been rediscovered by many authors, and we refer to [95, Chapter 27] for a discussion.

Let s, = —1 + 3/p when p € [1, +00]. Recall the Kato spaces defined in Section 2.1.

The following two propositions are also well known, with contributions due to [34, 113,
114] and others (see [54] and the survey [56]):

Proposition 2.3.4 (Subcritical Besov solution theory). Let p € (3,+], € € (0,|spl|), and
s=sp+e Letug € B; o« (R3) be a divergence-free vector field with ||ug || 3. &y <M.
b p,00

3Here we use the absence of boundaries in an essential way.
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There exists Ty = Ty(M, p,e) € (0, +00) with
Clpe)

T} = — (2.3.19)

and satisfying the following property. There exists a mild solution u € ICIS,(QTﬁ) satisfying, for
all q € [p, +o0],
S(L_ly gl
[t2G=a) 28{“Viu\|;c;(QTﬁ> < C(p,e, k, )M, (2.3.20)

for all integers k,1 > 0.

Mild solutions are unique in the class IC;(QT).

The local solutions above may be extended to a maximal time of existence 7™ (up) in
ICZ(QT) according to Proposition 2.3.3 (Subcritical L” solution theory). Uniqueness results
across Kato spaces are also valid, and in particular, when ug € LP(R3) N B} (R3), the two
solutions guaranteed to exist as above coincide, and there is no ambiguity in the definition of
T*(up). The proof of Proposition 2.3.4 is similar to that of Proposition 2.3.3, and we omit it.

Let
K3(Qr) = {u € Kp(Qr) : ullxcs(q, — Oast — 0*} . 2.3.21)
Then IOC;(QT) is a closed subspace of K (Qr). Let B;*. (R3) be the closure of Schwartz func-

tions in By (IR?). Recall also the Chemin—Lerner spaces defined in Section 2.1.

Proposition 2.3.5 (Critical Besov solution theory). Let p,q € (3,+00) and uy € Bf,f’q(RS)
be a divergence-free vector field. There exists T*(uy) € (0,4o00| and a mild solution u of the

Navier-Stokes equations on Qr~ () belonging to

C([0,T); Byy(R®) n Ly By n LE By (23.22)
and
C([0,T); Byt (R?)) N K (Qr) N C((0, TY; LP(R?)) (23.23)

forall T € (0,T*(up)).
Mild solutions are unique in the classes (2.3.22) and (2.3.23) (separately).
Let T} (ug) and T (ug) be the maximal times of existence of the solution in the classes (2.3.22)

and (2.3.23), respectively. Then Ty (ug) = T5(uo), and we omit the subscripts. If T*(ug) <
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+o00, then |[u(:,t)||pr(rsy — +o0 and u(-,t) becomes discontinuous in Byho(R3) as t —
T*(up) from below.

Again, when Proposition 2.3.3 or Proposition 2.3.4 also apply, the maximal time of exis-
tence is the same, and the solutions are identical. Short-time uniqueness is easy to show by a
fixed point argument in intersection spaces. The key is to demonstrate that the maximal time of
existence is unambiguously defined, that is, « does not exit one solution class before another.
This is addressed by the shared characterization of 7™ (ug) in terms of ||u(-, )| z»(wsy — +o0.

A proof of Proposition 2.3.5 was included in [4, Appendix], paraproducts and all. We
present here a sketch of a proof. One simplification is in the proof that 75 (ug) = T (ug). In [4],
we accomplished this by a cumbersome estimate on Vu in Chemin—Lerner spaces. Below, we

instead use a characterization of the blow-up in terms of continuity in é;f’oo (R3).

Proof sketch. Let r € (2,+00) such that s, + 2/r € (0,3/p). The local existence theory
in (2.3.22) is accomplished through Lemma 2.3.1 (Abstract Picard lemma) and bilinear esti-
mates in E%B;fqﬂ/ ", which we hinted at in (2.1.18). The local solution in this space is then
bootstrapped into the remaining spaces. This is explained in [54, Appendix], in the appendix of
our paper [4], and in [11, Section 5.6]. See also [58, Appendix]. The local solution in (2.3.22)
may be extended as long as u € C([0, T]; B, (R?)). Moreover, by Lemma 2.3.2 (Propagation
of regularity) and further bilinear estimates, the solution in (2.3.22) may be extended as long as
u € C([0,T); By'so (R?)). This characterizes T; (ug).

The local existence theory in (2.3.23) is simple. It follows from Lemma 2.3.1 (Abstract
Picard lemma) and bilinear estimates in /Cp,(Q7), which themselves follow from Lemma 2.2.1
(Estimates in Kato spaces). The local solution in lép(QT) is then bootstrapped into C/([0, T]; By¥s (R3))

because
B: K,(Qr) x K,(Qr) = C([0, T]; By (R)). (2.3.24)

We delay the proof of (2.3.24) to the next paragraph. Next, the local solution in (2.3.23) is ex-
tended to its maximal time of existence 75 (ug) according to the subcritical LP theory in Propo-
sition 2.3.3. Accordingly, if 75 (ug) < +oo, then |u(, )|/ Lprs) — +o0 ast — T3 (ug) from
below. Moreover, due to (2.3.24), T3 (u) is also characterized by discontinuity in Bys,. Since
we already established this characterization for T3 (ug), we conclude that 77 (ug) = T4 (uo).

By applying Lemma 2.3.1 in an intersection space, the above solutions are identical on 7™ (ug).
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Finally, we prove (2.3.24). We use the caloric characterization of Besov spaces. By extend-

ing forward-in-time by zero, we may consider v, w € Kp(Q ). We wish to estimate

sup )f?pueﬂB(v,w><~,t>um<Rs> <ol @ullvlic, . (2329
T7€(0,400

for each t € (0, +00). By rescaling, we may set 7 = 1. Then

t
A / AP div(v @ w)(-, 5) ds
0

LP(R3)

t
< AH=9)AP div(v @ w)(-, s ds
< /0 H (0 ® ) (-, 5)]| o) 0326

¢ —1-2 —143
<C) [(rt-97 BT T dsx sl Ly
0

p/2 t)

<lvllep @ llwlicy @y

The factor (1+t—s)_1_% comes from estimating the semigroup e('**=*)AP div: LP/2(R3) —

—2+6/p
2

3
LP(IR3). The factor s corresponds to the time weight in the Kato space ICp / where we

estimate v ® w. When t < 1, we have
¢ —1-2 143 b 4s
/ (I1+t—s)  2rs Pdsg/ s rds <C(p). (2.3.27)
0 0

When ¢ > 1, we have
! —1-2 143 —14+2
/ (I+t—s)  2s "pds<C(p)t "2 <C(p). (2.3.28)
0

This confirms (2.3.25). If additionally v,w € Iép(QT), then membership and continuity of
B(v,w)(-,t) in é;fm(R3) may be shown by approximating v, w in the Kato space by v, w €
C([0, T]; LP(IR?)) that vanish in a neighborhood of the origin in time. This completes the proof
of (2.3.24). O
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2.4 Energy methods and partial regularity

Weak Leray—Hopf solutions

In [101], Leray constructed global-in-time weak solutions of the Navier—Stokes equations with
finite energy. Let ug € L%(R3) be a divergence-free vector field and T € (0, +00]. A vector
field u: Q7 — R3 is a weak Leray—Hopf solution on Q7 with initial data u if the following

requirements are satisfied:

1. w e LPL2 N L2H(Qr) and divu = 0 in the sense of distributions,

2. u satisfies the Navier—Stokes equations in the following weak sense:
/ —u-Op+Vu:Vo—u®u:Veodrdt=0 2.4.1)
T

for all divergence-free vector fields ¢ € C§°(Qr),

3. wu satisfies the global energy inequality

t
/]u(m,t)\Qd:c—s—Q// ]Vu\dedsg/ wo(x)2dz,  (242)
R3 0 JR3 R3

forallt € (0,7"), and
4. [u(-,t) = uollp2(rsy — 0" ast — 0F.

If T = +o0, then u is a global weak Leray—Hopf solution.
The Sobolev embedding H'(R3) < LS(R3) and interpolation of Lebesgue spaces yield

2 3 3
we LLLE(Qr), T+ =5, LE2 400l s € [3,6]. (2.4.3)

Commonly, [ = s = 10/3.

It may be shown that weak Leray—Hopf solutions have an associated pressure
p=(-A)"divdivu®u € L (Qr) (2.4.4)

such that (u, p) satisfies the Navier—Stokes equations in the sense of distributions on Q7.

'“The Fourier multiplier argument in Lemma 2.2.2 gives that ;u — Au = Pf, where f = — div u ® u. Define
the associated pressure by (2.4.4). Then we have O;u — Au+ Vp = (P+ Q) f = f, as desired.
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Let T < +o0c. The above solutions additionally belong to Cy ([0, T]; L?(IR?)), that is,

u(-, ) is continuous on [0, 7] as an L?(R?)-valued function in the weak topology of L?(IR?).
Or, more specifically,

t— u(z,t) - p(z)dx (2.4.5)
R3

belongs to C([0,77]) for all vector fields ¢ € L?(R?). Indeed, under the above assumptions,
the Navier-Stokes equations d;u = RHS imply dyu € L?H, 3/ 2(QT). Then, since u €
L L2(Q7), we may verify the property (2.4.5) when o € C5°(R3) and argue by density. Weak
continuity in time is important because it allows us to define u on every time slice ¢t € [0, 7]
rather than almost every time slice. In particular, it allows us to make sense of a potential blow-
up profile.

To construct his weak solutions, Leray introduced the approximate Navier—Stokes equations

Ou® — Au® + (u®): - Vu® + Vp® =0

divu® =0

(NS2)

where ( f). represents a suitable mollification-in-space of a function f at scale £. Consider (NS.)
with initial data u§ = (uo).. Then unique smooth solutions u® of (NS,) satisfying the energy
equality exist globally in the energy class.!> Let ¢ — 0. With the aid of the Aubins-Lions

lemma, we may conclude:

Proposition 2.4.1 (Global weak Leray—Hopf solutions [101]). For each divergence-free vector
field ug € L?(R3), there exists a global weak Leray—Hopf solution with initial data .

If ug additionally belongs to the perturbative regimes in Section 2.3, for example, ug €
LP(R3), p € [3, +00], then the weak Leray—Hopf solutions and the ‘strong solutions’ are iden-
tical on R3 x (0, T*(uo)). This is known as weak-strong uniqueness. For ug € B, ;+3/ P(R3)
with p, ¢ > 3, weak-strong uniqueness was only recently demonstrated by Barker in [15].

The approximation procedure also gives

/ \u(x,tg)lzda;+2// ]Vu|2d:cdt§/ lu(x, t1)|? da (2.4.6)
R3 R3><(t1,t2) R3

for almost every ¢ € [0, +00) and every to € (t1,+00). It is sometimes useful to assume this

150ne may close a fixed point argument in the norm C/([0, T]; L*(R™)) N L7 H.(Qr), for example.
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additional property. For example, (2.4.6) appears in estimating the 1/2-dimensional Hausdorff
measure of the set of singular times, showing the temporal decay |[u(-,?)|;2rs) — 0 ast —

+00, and proving ‘eventual regularity’.

Suitable weak solutions

Let 29 = (z0,%0) € R*™, R > 0, and

Q(20, R) = Br(wo) x (to — R*,t0), Q(R) =Q(0,R), Q=Q(1). (2.4.7)

We say that (u,p) is a suitable weak solution of the Navier-Stokes equations in Q' =

Q(z0, R) if the following requirements are satisfied:
1. w € LPL2N L2H(Q(20,7)) and p € Li{f(@(zo, r)) for all r € (0, R),
2. (u,p) solves the Navier—Stokes equations in the sense of distributions on @', and

3. (u,p) satisfies the local energy inequality
(0 — A)|ul® + 2|Vul* + div(ju* + 2p)u < 0 (2.4.8)

in the sense of distributions on @', that is, allowing only non-negative test functions on
Ql

We say that u is a suitable weak solution in ()’ (without reference to the pressure) if there
exists p € Li{f(@(zo, r)) for all » € (0, R) such that (u,p) is suitable in @'. In the literature,
occasionally u is asked to belong to L°L2 N L2 HX(Q') and p to Lff(Q’ ).

As before, u(-,t) is continuous on [tg — R?, ¢] with values in L?(B,(z0)), endowed with
the weak topology, for all € (0, R).

If U € R3*! is a domain, we say that (u,p) is a suitable weak solution in U if (u, p) is a
suitable weak solution in each parabolic ball Q' C U. Then, by partition of unity, we may allow
¢ € Cg°(U) in the local energy inequality.

In the literature (for example, in the book [127]), the local energy inequality is often written
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in the following (equivalent) form: For all 0 < ¢ € C§°(Q’),

t
/ g0|u(a:,t)\2da?+2/ / ©|Vul?*dz ds
Br(zo) —oo0 J Bgr(zo)

. (2.4.9)
< / / lu|?(Ap + 0p) + (|ul* 4+ 2p)u - Vo dx ds,
—o0 J Br(zo)
for every t € (tog — R?,ty). Of course, (2.4.8) and (2.4.9) hold with equality when (u, p) is
sufficiently smooth.

By more carefully analyzing the convergence as ¢ — 0" in (NS.), we have

Proposition 2.4.2. The solutions in Proposition 2.4.1 may be taken to be suitable weak solu-

tions.

The local energy inequality (2.4.8) implies the global energy inequality (2.4.6). This is
discussed in Lemarié-Rieusset’s book [95] (specifically, Proposition 30.1, p. 318-319).

The following compactness lemma is proven in [105, Theorem 2.2]. The proof relies on
the local energy inequality (2.4.8), the embedding L°L2 N L?HL(Q) — L;SC/ 3(Q), and the

Aubin-Lions lemma [8]:

Lemma 2.4.3 (Compactness). Let (u(k) , p(k)) reN be a sequence of suitable weak solutions on
Q satisfying
(k) (k)
igg”u HL?,I(Q) +[lp HL?,Q(Q) < +00. (2.4.10)

There exists a suitable weak solution (u, p) on Q) such that, along a subsequence,

u® = win L (B x (=1,0])
3 (2.4.11)
p® —pin L2 (B x (—1,0])

and, for all R € (0, 1), we have
u® — win Cyr([—R?,0]; L*(Bgr)). (2.4.12)

We now state an e-regularity criterion for suitable weak solutions. This version is essen-
tially due to Lin [105]. See also the original paper [32] of Caffarelli, Kohn, and Nirenberg, the
paper [93] of Ladyzhenskaya and Seregin, and the survey [49].
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Theorem 2.4.4 (c-regularity). Let (u, p) be a suitable weak solution on Q) satisfying

1Wllzs @) + 1Pl a2 ) < M- (2.4.13)

There exists an absolute constant €y > 0 satisfying the following property: If

M < e, (2.4.14)
then
sup |v] < CM. (2.4.15)
Q(3/4)

Moreover, for each k € N, V¥ is Holder continuous on Q(1/2) and satisfies

sup |VEu| < C(k, M). (2.4.16)
Q(1/2)
Higher interior regularity (2.4.16) follows from (2.4.15) and the classical paper [128] of

Serrin.

Letu: Q(z0, R) — R? be a measurable function. Then zq is a singular point (or singularity)
of uif forall 7 € (0, R), u & L5, (Q(20,7)), and we say that u is singular at 2. Otherwise, we
say that zq is a regular point of w.

The following proposition is contained in Lemma 2.1 and Lemma 2.2 of [118]. For this

version, see [6, Proposition 2.3] by Barker and the author.

Proposition 2.4.5 (Persistence of singularities). Ler (u*), p(¥)),.cn be a sequence of suitable
weak solutions on Q satisfying (2.4.11). If

lim sup ||u(k)\|L§>oz(Q(r)) = +oo forallr € (0,1), (2.4.17)

k——+o0

then

u has a singularity at the space-time origin. (2.4.18)
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Local energy solutions

In [95, Chapters 32-33], Lemarié-Rieusset introduced a notion of weak solution with uniformly
locally square-integrable initial data. His solutions are called ‘local energy (weak) solutions’
and sometimes ‘local Leray solutions’. This notion was further explored by Kikuchi and Sere-
gin [81], Lemarié-Rieusset [98], and Kwon and Tsai [90], among others. It has been successfully
used in investigations of blow-up criteria [124, 121, 19], minimal blow-up initial data [118, 71],
and self-similar solutions [72].

Letp € [1,+00) and L

P oo (R?) denote the set of measurable functions f: R? — R satisfy-

ing
p — o« P
Ifl7s (gay = sup /Bl(mo) |fIP da < +oc. (2.4.19)

zo€ER3

Let L, .(R?) be the closure of test functions in L”)_(R?). Then L") (R?) is characterized by
the property
/ |fIP dz — 0 as |zo| — +oo. (2.4.20)
Bi(zo)

Locally, L?,  functions belong to L, but their global behavior is more akin to that of L>°
functions. The space L”, _incorporates L? for all ¢ > p as well as, for example, L? + L9.

Mild solutions of the Navier—Stokes equations with initial data in LﬁIOC(R:‘), p > 3, were
investigated by Maekawa and Terasawa in [108]. The half-space analogue was investigated
in [107] by Maekawa, Miura, and Prange, which successfully employed these solutions to de-
scribe concentration phenomena as ¢ — 17, See also Barker and Prange [19].

Let uy € E?ﬂoc(R?’) be a divergence-free vector field and 7' € (0, +00). A vector field

u: Qr — R3 is a local energy weak solution on Qr with initial data ug if the following

requirements are satisfied:

1' u € Ltoo(L?ﬂoc)m(QT) and Supl‘oERSHVU/HL%A’Z(Bl(CCo)X(O,T)) < +OO’

3/2
loc

2. there exists p € L;/ " (R x [0, T)) such that (u, p) is a suitable weak solution on Q7, and

3. Jlu(-t) — uoll r2(xy — O as t — 0F for each compact set K C R3,

It is possible to remove the decay conditions on u in exchange for incorporating a pressure
decomposition into the above definition. For simplicity, we avoid this extension here.

We borrow the following proposition from [90]:
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Proposition 2.4.6 (Local energy estimates). Ler T € (0,+00) and ug € L2, (R3). There

uloc

exists an absolute constant €1 > 0 satisfying the following property: If

g
T < !

T 1+ Huﬂ”%ﬁloc(H@)

: (2.421)

then there exists a local energy weak solution u on Qr with initial data ug and satisfying

Su£3|’uHL;’OL§(B1(x0)><(O,T)) +IVullzz (B, o) x0.1)) < Clluollzz, (ms)- (2.4.22)
xo € ’

Local energy solutions also satisfy a weak-strong uniqueness property, for example, if the
initial data belongs to L3, (R3) [95, Theorem 33.2], is small in L>°°(R3) [69], or is small in

M?%=1(R?) [97, 29] (see Section 2.1 for Morrey spaces).
Notice that

luollpr2.—1(r3y =  sup H)\ug()v)HLﬁloc(Rg). (2.4.23)

0,4+00)

Hence, M?~1(IR?) is a natural critical space for the Navier—Stokes equations — it corresponds
to requiring a scale-invariant local energy estimate.'® Local energy weak solutions with ini-
tial data in M2 ~!(R3) were investigated by Lemarié-Rieusset in [97] and Bradshaw and Tsai
in [29]. Combining the scaling invariance with the estimate in Proposition 2.4.6, one may con-
trol the solution for long times.

Local energy solutions were also investigated in the half-space Ri by Maekawa, Miura,

and Prange in [106]. A key difficulty encountered in [106] is to estimate the pressure p (rather

2
uloc

than the pressure gradient Vp) arising from the initial data ug € L (R?) in such a way that

1
loc

up € LL ([0,T) x R3). This had been mentioned as an interesting open problem in [16].

2.5 Backward uniqueness and unique continuation
Finally, we recall two theorems concerning backward uniqueness and unique continuation (see [49]
by Escauriaza, Seregin, and Sverak and the references therein).

Theorem 2.5.1 (Backward uniqueness). Ler Q1 = R3 x (0, 1). Suppose u: Q1 — R3 satisfies

the following conditions:

*Whereas BMO ™! (R?) essentially corresponds to a scale-invariant local energy estimate at the level of the
stream function.
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1. 0w+ Aul| < ¢(|Vu| + |u]) a.e. in Q4 for some ¢ > 0,

3. Ju(z,t)] < eMle® in Q. and
4. u, 0, V3u € LI(LE )o(Q+).
Thenu=0o0n Q4.

Theorem 2.5.2 (Unique continuation). Let R, T > 0 and Q(R,T) = B(R) x (0,T) Cc R3*..
Suppose u: Q(R,T) — R3 satisfies the following conditions:

1. u, 0, V*u € L*(Q(R, T)),
2. [0+ Aul < ¢(|Vu| + |u]) ae. in Q(R, T) for some ¢ > 0, and
3. u(z,t)| < Crl|lz| + V¥ in Q(R, T) for some Cj, > 0 and all integers k > 0.

Then u(x,0) = 0 for all x € B(R).



Chapter 3

Blow-up criteria for the Navier—Stokes

equations in non-endpoint critical

Besov spaces

This chapter contains a streamlined version of the published work [4].

Abstract. We obtain an improved blow-up criterion for solutions of the Navier—
Stokes equations in critical Besov spaces. If a strong solution u has maximal ex-
istence time 7™ < 00, then the non-endpoint critical Besov norms must become
infinite at the blow-up time:

lim ||u(-,t)

T ”B;,é”/ P(R3)

=400, p,q€ (3,+00).

In particular, we introduce a priori estimates for the solution based on elemen-
tary splittings of initial data in critical Besov spaces and energy methods. These
estimates allow us to rescale around a potential singularity and apply backward

uniqueness arguments. The proof does not use profile decomposition.
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3.1 Introduction

We are interested in blow-up criteria for solutions of the incompressible Navier—Stokes equa-

tions
ou—Au+u-Vu+Vp=0
(NSE)
dive =0
in Q7 = R3 x (0, T) with divergence-free initial data ug € C5°(R3). It has been known since
Leray [101] that a unique smooth solution with sufficient decay at infinity exists locally in time.

Furthermore, Leray demonstrated (see p. 226-228) that there exists a constant ¢, > 0 with the

property that if 7™ < oo is the maximal time of existence of the smooth solution, then

1 1-3/p
Hu(-,t)HLP(RS) > Cp <\/T'*7—t) 3.1.1)

for all p € (3, 40o0]. Such a characterization exists because the Lebesgue norms in this range

are subcritical with respect to the natural scaling symmetry of the Navier—Stokes equations,
u(z,t) = Mu(Az, \%t),  pz,t) = XN2p(hx, \%t). (3.1.2)

The behavior of the critical L? norm near a potential blow-up was unknown until the work
of Escauriaza, Seregin, and Sverak [49], who discovered an endpoint local regularity criterion
in the spirit of the classical work by Serrin [128]. In particular, they demonstrated that if w is a
weak Leray—Hopf solution of the Navier—Stokes equations with initial data ug € C’{)’O(R?’) and

maximal existence time T < +o0, then
lim sup ||u(-, )| £3rs) = +oo. (3.1.3)
t—T*

Their proof uses the e-regularity criterion of Caffarelli, Kohn, and Nirenberg [32] in an essential
way. Moreover, it introduced powerful backward uniqueness arguments for studying potential

singularities of solutions to the Navier—Stokes equations. The proof is by contradiction: If a
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solution forms a singularity but remains in the critical space L{° L2 (Qr+), then one may ‘zoom
in’ on the singularity using the scaling symmetry and obtain a weak limit. The limit solution will
form a singularity but also vanish identically at the blow-up time. By backwards uniqueness,
the limit solution v must be identically zero in space-time, which contradicts that it forms a
singularity. This method was adapted by Phuc [112] to cover blow-up criteria in Lorentz spaces.

Later, Seregin [121] improved the blow-up criterion of Escauriaza, Seregin, and Sverak by

demonstrating that the L? norm must become infinite at a potential blow-up:

im0l sges) = +oo. (3.1.4)
The main new difficulty in the proof is that one no longer controls the L$° L3 norm when ‘zoom-
ing in’ on a potential singularity. Seregin addressed this difficulty by relying on certain proper-
ties of the local energy solutions introduced by Lemarié-Rieusset [95]. However, an analogous
theory of local energy solutions was not known in the half space Ri ={r e R3: 23 > 0}.!
In order to overcome this obstacle, Barker and Seregin [16] introduced new a priori estimates
which depend only on the norm of the initial data in the Lorentz spaces L34, 3 < ¢ < oo. This

is accomplished by splitting the solution as
u = e®ug + w, (3.1.5)

where w is a correction in the energy space. The new estimates allowed Barker and Seregin to
obtain an analogous blow-up criterion for Lorentz norms in the half space. Later, Seregin and
Sverak abstracted this splitting argument into the notion of a global weak L? solution [123]. We
direct the reader to the paper [17] for global weak solutions with initial data in L3°°.

Recently, there was interest in adapting the ‘concentration compactness + rigidity’ roadmap
of Kenig and Merle [79] to blow-up criteria for the Navier—Stokes equations. This line of
thought was initiated by Kenig and G. Koch in [78] and advanced to its current state by Gal-
lagher, Koch, and Planchon in [57, 58]. Gallagher et al. succeeded in extending a version of

the blow-up criterion to the negative regularity critical Besov spaces Bp_, ;+3/ P(R3),3 < p,q<

IThis theory was recently developed in [106].
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~+o00. Specifically, it is proved in [58] that if 7™ < 400, then

limsup [|u(-, )]
t—T*

B 1+3/7 (R3) = +o00. (3.1.6)

Their proof is also by contradiction: If there is a blow-up solution in the space L?O(B; ;H/ Py
then one may prove via profile decomposition that there is a blow-up solution in the same space
and with minimal norm (made possible by small-data-global-existence results in the spirit of
Kato’s work [76]). This solution is known as a ‘critical element’. Once there exist a critical
element, it can be shown that there also exists a critical element vanishing identically at the
blow-up time. Hence, one may apply the backward uniqueness arguments of Escauriaza, Sere-
gin, and Sverdk to obtain a contradiction. The main difficulty lies in proving the existence of
a profile decomposition in Besov spaces, which requires some techniques from the theory of
wavelets [83, 13]. A secondary difficulty is to obtain the necessary estimates near the blow-up
time in order to apply the e-regularity criterion. The paper [78] appears to be the first application
of Kenig and Merle’s roadmap to a parabolic (rather than dispersive) equation. The nonlinear
profile decomposition for the Navier—Stokes equations was first proved by Gallagher in [55].
The paper [12] contains further interesting applications of profile decomposition techniques to

the Navier—Stokes equations.

In this paper, we obtain the following improved blow-up criterion for the Navier—Stokes

equations in critical spaces:

Theorem 3.1.1 (Blow-up criterion). Let p, q € (3, 400) and uy € B;;+3/p(R3) be a divergence-
free vector field. Let u be the solution of the Navier—Stokes equations on R x (0, T*) with initial

data vy and maximal time of existence T™. If T* < oo, then

Parg u('at)HBIZéJrs/p(Rg) = +00. (3.1.7)

The local well-posedness theory in critical Besov spaces is reviewed in Proposition 2.3.5 in

Chapter 2, and the solutions of Proposition 2.3.5 are the solutions we consider in Theorem 3.1.1.

Let us discuss the novelty of Theorem 3.1.1. First, it extends Seregin’s L? criterion (3.1.4)

to the scale of Besov spaces and replaces the lim sup condition in Gallagher—Koch—Planchon’s
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criterion (3.1.6). Moreover, our proof does not rely on the profile decomposition techniques
in the work of Gallagher et al. [58] and may perhaps be considered to be more elementary.
Rather, our methods are based on the rescaling procedure in Seregin’s work [121]. Regarding
optimality, it is not clear whether Theorem 3.1.1 is valid for the endpoint spaces Bp 153/P and
BMO™!, which contain non-trivial —1-homogeneous functions. Indeed, if the blow-up profile
u(-,T™) is locally a scale-invariant function, then rescaling around the singularity no longer
provides useful information.? It is likely that this is an essential issue and not merely an artifact
of the techniques used here. For instance, one may speculate that if Type I blow-up occurs (in
the sense that the solution blows up in L>° at the self-similar rate), then the BMO ™! norm does
not blow-up at the first singular time.

The main difficulty we encounter is in obtaining a priori estimates for solutions up to the
potential blow-up time. We require that the estimates depend only on the norm of the initial data
in B _1+3/ P The low regularity of this space creates a new difficulty because the splitting (3.1.5)

1+3/p

does not appear to work in the space Bp q when 2/q + 3/p < 1. One issue is that when

obtaining energy estimates for the correction w in (3.1.5), the operator
T
(U, ug) l—)/ / ePug - VU - U dx dt (3.1.8)
0 JRr3

is not known to be bounded for U € L§® L2 LQH Land uy € Bp 1+3/p . This is because e"2y
‘just misses’ the critical Lebesgue space L} L% with 2/r + 3/p = 1. Therefore, to obtain the
necessary a priori estimates, we rely on a method essentially due to C. P. Calderén [33]. We

1+3/p .

split the critical initial data ug € Bp P into supercritical and subcritical parts:

—Uy+Voe L? + B4, (3.1.9)

When small, the data Vj in a subcritical Besov space gives rise to a strong solution V' on a pre-
scribed time interval (not necessarily a global strong solution). The supercritical data Uy € L?
serves as initial data for a correction U in the energy space. In the published paper [4], we
referred to these solutions as Calderon solutions. Note that the unboundedness of (3.1.8) is

similarly problematic when proving weak-strong uniqueness in Besov spaces. In recent work

*Later, Barker [14] obtained the blow-up criterion lim;_, 7 [|u(-, Ol 5 o 1ps/p = 00 using Calder6n-type solu-

tions under the additional assumption that «(-,7"*) vanishes in the rescahng limit. This theorem was later incorpo-
rated into the paper [5] by Barker and the author, and the preprint [14] was not submitted for publication.
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on weak-strong uniqueness, Barker [15] has also dealt with this issue via the splitting (3.1.9).
We remark that Calderdn’s original idea was to construct global weak solutions by splitting L”
initial data for 2 < p < 3 into small data in L? and a correction in L%. A similar idea was pro-
posed by Lemarié-Rieusset in [96]. This splitting has been further exploited in the papers [54, 9]
on the stability in Besov spaces and BMO ™!, respectively, of global smooth solutions; in the
paper [71] by Jia and Sverak on minimal blow-up data; and elsewhere.

The main difference between this chapter and the published paper [4] is that, here, we do not
construct Calderdn solutions for abitrarily large times. Rather, we use the estimates afforded by
the splitting (3.1.9) only up to the maximal existence time 7™*. Hence, we need not go through
the construction of weak solutions involving the mollified Navier—Stokes equations. The proof
has also streamlined in other, more minor ways.

Let us briefly constrast the Calderén solutions, which are based on the splitting (3.1.9), to
the global weak L3 solutions introduced by Seregin and Sverék in [123], which are based on the
splitting (3.1.5). The correction term w in (3.1.5) has zero initial data, which allows one to prove
that an appropriate limit of solutions also satisfies the energy inequality up to the initial time.
For this reason, the global weak L? solutions are compact (in a suitable sense) with respect to
weak convergence of initial data in L2 — importantly, the limit solutions have the desired initial
data. In [5] and Chapter 4, this property is called weak—« stability. Since the splitting (3.1.9) re-
quires the correction to have non-zero initial condition Uy, the analogous result is not as obvious
for Calderdn solutions. This is further explained in Remark 3.2.8. We do not seek such a result
here, as to avoid burdening the paper technically, but we expect that it is possible by adapting
ideas in [125, 15]. Using similar ideas, we expect that one could prove that all Calderon-type

solutions agree with the strong solution on a short time interval.

After completion of the paper [4], we learned that Barker obtained a different proof of the
blow-up criterion (3.1.7). His proof was based on certain properties of the local energy solutions

of Lemarié-Rieusset [95].

3.2 Preliminaries

We often do not distinguish the notation of scalar- and vector-valued functions. We use the

notation N'S(ug) to denote the solution (constructed by the perturbation theory in Chapter 2) of
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the Navier—Stokes equations with initial data wug, and its maximal time of existence is denoted
T*(up). Recall that s, = —1 + 3/p.

The following lemma allows us to represent critical initial data as the sum of subcritical and
supercritical initial data while preserving the divergence free condition. See Proposition 2.8 in

[15] or Appendix A in Chapter 4 (reproduced from [5]) for a detailed proof.
Lemma 3.2.1 (Splitting of critical data). Let 3 < p < ¢ < 400 and 0 € (0, 1) satisfying

1 6 1-90
-—= -+ —. (3.2.1)
P2 q
Let s = s,/(1 — 0). For all \ > 0 and divergence-free vector fields ug € Byp',(R?), there exist
divergence-free vector fields Uy, Vi such that ug = Uy + V,

2 _
1Uollzzqgey < Clluollfs, g X' /%, (322)
. p/q 1-p/q
Voll 5, sy < Cllwollgen oA (3.2.3)
Additionally,
1TUoll g2r may> 1Voll go gy < Clluoll gor gsy- (3.2.4)
pr( ) P;P( ) PyP( )

The proof is by decomposing the Littlewood—Paley components as
Aju() = 1|Ajuo\>>\j Aj’LL() + 1|Ajuo\§/\]- Aj’u,o, (3.2.5)

where \; > 0, j € Z, are chosen appropriately. The divergence free condition is kept by
applying the Leray projector to the resulting vector fields (it is continuous on homogeneous
Besov spaces).
Note that B; q(R3) is indeed a subcritical space of initial data, since
3 0

8—52—1+m > —1. (326)

We will occasionally denote € = s — s, > 0.

Eventually, we will use energy estimates for the difference of two solutions. Moreover, in

our context, a priori, one of the solutions may be irregular. For this reason, we must show that
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(i) certain energy inequalities are satisfied, and (ii) in the strong solution theory, the difference
between the desired solutions actually has finite energy. We do this in Lemmas 3.2.2 and 3.2.3,

respectively.

Lemma 3.2.2 (Perturbed energy inequalities). Let T' € (0,+o0). Let (u,p) and (V,Q) be

suitable weak solutions of the Navier—Stokes equations in Q. Let

Ve LLLT(Qr) (3.2.7)
with | € [2,+00], r € [3,400], and

%+§:L (3.2.8)
Let

u=U+V. (3.2.9)

Then U satisfies the perturbed local energy inequality:
WU +2|VU? +div (JUPU + 2PU + |U?V) + 2div(V @ U) - U < A|U2. (3.2.10)

IfalsoU € L°LEN L%H HQr), then U satisfies the perturbed global energy inequality:

to
/, ]U(x,tg)IQda:—i—2/ VU, 1) da
R t /R (3.2.11)

to
§/|U@¢m%m+2/ V@U:VUdxdt
R3 t1 R3

for almost every t; € (0,T) and for all ty € (t1,T). Finally, if U € C([0,T]; L*(R3)),
then (3.2.11) is satisfied for each t; € [0,T).

In the above statement, div(V @ U) - U is defined by
T
(div(V ® U) - U, ) = — / / VeU: (UeVe+eVU)dedt (32.12)
0o JRr3

for all p € C§°(Qr).
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We define the energy norm

T
U g sy = Sup ]U(a:,t)|2d$+2/ / VU (z,9)2dzds,  (32.13)
’ ’ te(S,T) JR3 S JR3

where 0 < S < T < 4o0. If U € LL2 N L}H(Q7), then by interpolation between
L¥L2(Qr) and L2LS(Q1), we have

Ul Le@r) < ClUl2,qrs (3.2.14)

2
— + § = §, m € [2,+o0],n € [2,6]. (3.2.15)
m n 2

A common choice is m = n = 10/3. In particular, when V' is as in Lemma 3.2.2, we have

HVin||L%’$(QT) <ClU

20r IVl zy @) (3.2.16)

forall ¢, 7 = 1,2, 3. In this case, the pressure P satisfies
P=(-A)"'divdivU U+ UV +VaU) e L2 (Qr) + L7, (Qr).  (32.17)

Proof of Lemma 3.2.2. Let us sketch the proof of the perturbed local energy inequality since the
ideas are well known from the proof of weak-strong uniqueness.> The main difference is that
we argue with local energy inequalities rather than global energy inequalities. Since U = u—V,

we have the elementary identity

(0 — D) U2 +2|VU > = (8; — A)|ul? 4 2|Vul|* + (0, — A)|V|* +2|VV|?

(3.2.18)

The above identity, which is obvious for smooth functions, is used to ‘transfer’ the energy
inequalities from v and V to U, since a priori U is not regular enough to prove the en-
ergy equality directly. Typically, (3.2.18) is valid in the sense of distributions when u,V €
(L?H})10c(Q7) and Oyu € (L? H Y)1oc(Qr) (for example, when v and V satisfy the heat equa-
tion with RHS f in L2 H, 1 (Qr)). This is not the case in our setting. Rather, we may exploit that
(O — A u+Vp = —u-Vu € (L' LY )10¢(Qr), 50 [(0; — A)u+ Vp] - V belongs to Ll _(Qr).

loc

3Note that, for weak-strong uniqueness in the class V € L$° L2, it is also required that V' is sufficiently small.
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Additionally, Vp - V = div(pV') belongs to (L1W; )10 (Q1). Together, these facts allow us
to make sense of (0 — A)u - V. We have similar observations regarding (0; — A)V - u. Hence,
each term in (3.2.18) makes sense. Furthermore, (3.2.18) may be justified by approximating by
smooth functions. Next, we substitute the equations for v and V into (3.2.18), perform elemen-
tary manipulations, and exploit the cancellation property of the non-linear term (for example,
(V- Vu) - u = div(Ju|?V')/2) that may be justified because V' belongs to a critical Lebesgue
space. This yields (3.2.10).

Let us mention how to pass from the local energy inequality (3.2.10) to the global energy
inequality (3.2.11) (see Lemarié-Rieusset [95], p. 319) when U belongs to the energy space. Let
1. be a suitable mollification-in-time of 1(;, ;,) at scale €. Let ¢ € C§°(B2) with ¢ = 1 on B.
Define

O p(z,t) = P=(t)*(z/R). (3.2.19)

We substitute ®. g into the local energy inequality (3.2.10) with 0 < ¢ < 1. Since U is in
the energy space, P € Li/zg(QT) + L7 ,.(Qr), and V € LLL" (Qr), we may justify taking

R — 400 in each term. This gives

2// ]Vu|2w€(t)d:cdt§// |u\26t¢€(t)dxdt+2/ Y1)V @ U : VU dx dt.
R JR3 R JR3 R JR3

(3.2.20)
If t; and t5 are Lebesgue points of [|U (-, t)||12(gs), then letting e — 0 yields (3.2.11). Finally,
since U € Cyi([0,T]; L2(R?)), we may take any to € (t1,T] in (3.2.11). O

Lemma 3.2.3 (Perturbations belong to the energy class). Let T € (0,400) and p € (3, +00).

Let ug and Vi be divergence-free vector fields on R satisfying

u=Uo+Wo (3.2.21)
with Uy € L*(R3). Let
Y = LP(R%) or B, 1 T3/7(R?) (3.2.22)
and assume
ug, Up, Vo €Y. (3.2.23)

Ify = BI;;JF?’/IJ(R?’), then additionally assume that V. € L?LP(Qr). Let u = NS(up),
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V =NS(Wo) and U = u — V. Assume that min(T™*(up), T*(Vo)) > T. Then

UeC([0,T]; LAR*) N L2ZH(Qr). (3.2.24)

Proof. Step 1. Solvability of perturbed equations. We study the integral equation

U(-,t) = Uy — B(U,U)(-,t) — L(U)(-, ), (3.2.25)

where we (formally) define
t
B(f,9)(- 1) = / e =IAPdiv f @ gds, (3.2.26)
0

L(f)('7t) :B(f7‘7)('at)+B(‘77f)('7t)7 (3.2.27)

for all vector fields f, g, where V is a fixed function defined on Qs and S > 0 is fixed.
We consider the integral equation in the function space Xg N Eg, S € (0, 5], where Eg =
C([0,5]); L%(R?)) and X is designated below by case. We write ||Up||y < M and |H~/HXS <
N.

Case A. Y = LP(R3). This is a subcritical scenario. Let Xg = C([0, S]; LP(R?)). By the

linear Stokes estimates in Lemma 2.2.1 (Estimates in Kato spaces), we have
1B(f,9)llxs < C(Xs)| fllxsllgllxs (3.2.28)

IB(f; 9lles: 1B(g, Fllzs < C(Xs, Es) fllxsll9llzs (3.2.29)

where the above constants are of the form C,5 (1-3/p)/2 Hence, by Lemma 2.3.1 (Abstract
Picard lemma) and Lemma 2.3.2 (Propagation of regularity), there exists S = S(M, N,p) €
(0, 5] and a unique mild solution U € Xg N Eg to the integral equation (3.2.25) on Qg.*

Case B. Y = B;;Jrg/p(]RS). This is a critical scenario. Let Xg = K;” (Qg) (see Section 2.1
for Kato spaces). Again, by the linear Stokes estimates in Lemma 2.2.1, we have the bilinear
estimates (3.2.28)—(3.2.29) as above with constants of the form C),. Hence, there exists S =

S (ﬁa, v, p) € (0, S] and a unique mild solution U € XgN Eg to the integral equation (3.2.25)

“Technically, the uniqueness is only automatic in the class of ‘small solutions’. Smallness is typically guaranteed
by shortening the time interval. Then the short-time uniqueness is propagated forward by repeating the argument.
This remark also applies to Case B below.
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on Qg.

Step 2. Conclusion. Case A. Y = LP(R3). We apply the above solvability results on Qg
with @B = Upand V = V. Recall that S = S(M, N, p). By the uniqueness assertions in
Proposition 2.3.3 (Subcritical L? theory), we haveu = U + V, so U = U € C([0, S]; L%(R3)).
Then we apply the above solvability results again with Uy = U (-,8) and V(z,t) = V(x, t+59).
Iterating in this way yields that U € C([0, T]; L?(R?)). Finally, we consider U as a solution of
the Stokes equations with RHS —div F, where F = U U + UV +V @ U € L*(Qr),
since also u, U,V € L?L°(Q7) by the subcritical estimates (2.3.17) in Proposition 2.3.3. This
yields U € L2HN(Q7).

Case B. Y = Bp_, ;1,+3/ P(R3). As before, we apply the above perturbation results on Qg,
where S depends on Uy and V. This yields that U € C([0, S]; L*(R?)). Since u, V,W €
C((0,T]; LP(R?)), we may apply the known Y = LP(RR?) case starting from time S to obtain
U e C(]0, T]; L*(R3)). As in that case, the linear theory gives that U € L2H(R3 x (¢, T) for
all 0 < ¢ < 1. Finally, we use the perturbed global energy inequality (3.2.11) on R3 x (g, 7))
from Lemma 3.2.2 and that U € C([0,T]; L?(R3)) and V' € L?L*(Qr).> Specifically, we

have

T T
2/ / VU dzdt < ||U(-,€)l|72ms) +2/ / VeU:VU|dxdt,  (3.2.30)
€ R3 e R3

which, after Young’s inequality, implies
g 2 2 2 2 Y
/5 /R VU dedt < ClU () [2ages) + CIVIE 1 on 101w p20my < M (3231)

with M independent of ¢ — 0F. Hence, U € L2H}(Q7). O

Since ultimately our scheme relies on zooming in on a singularity, we must characterize the

maximal time of existence, if finite, by the formation of a singularity:

Proposition 3.2.4 (Characterization of blow-up). Let p € (3,+00) and ug € LP(R3) be a
divergence-free vector field. If T* (ug) < o0, then NS(uq) has a singular point at time T™* (ug).

We follow similar arguments in [118, 71].

>In this context, the perturbed global energy equality could also be shown directly.
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Proof. For all ¢ > 0, there exist divergence-free vector fields Uy € L?(R3) N LP(R3) and
Vo € LP(R3?) satisfying

up =Up+ W (3.2.32)

Vol zr(rsy < e (3.2.33)

For example, one may approximate ug in LP(R3) by Vo € C5°(R?) and write Vo = PV
Choose 0 < ¢ < 1 so that T*(Vp) > 27 (up). Let U = NS(up) — NS(Vp). By Lemmas 3.2.2
and 3.2.3,

U e C([0,T]; L*(R3) N L2HL(Qr) for all T € (0, T*(up)), (3.2.34)

and U satisfies the perturbed global energy inequality (3.2.11). By a Gronwall-type argument
in (3.2.11), compare (3.2.72), we have

U € LPL2N LIH N (Qrx(uy))- (3.2.35)
Hence,
10
u=U+V € L3 (Qr+(uy) + LT LE(Qr+(up))5 (3.2.36)
5 p
p=P+Q € L} (Qr+(ug)) + L7 o (Qr+(ug)) + L*LE (Qr(up)» (3.2.37)

where p, P, () are the pressures associated to u, U, V, respectively. In particular,

|zo|—00

T (uo)
lim / lul® + |p|*/? dz dt = 0. (3.2.38)
0 Bi(zo)
Therefore, by the e-regularity criterion in Theorem 2.4.4, there exists R > 0 and
K =R3\ B(R) x [T*(up)/2,T*(ug)] (3.2.39)

satisfying
sup |u(z, t)| < +oo. (3.2.40)
K

Finally, if u has no singular points at time 7™ (ug), then u € L (R3 x (T*(uq)/2, T* (up)),

which would contradict the blow-up criterion in Proposition 2.3.3 (Subcritical L? theory). [

Corollary 3.2.5. Let ug € B;’;Jrg/p(]R:i) be a divergence-free vector field. If T*(ug) < +o0,
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then NS(ug) has a singular point at time T (up).

This follows from Propositions 2.3.5 and 3.2.4.

The next lemma will be required to apply Theorem 2.5.2 (Unique continuation):

Lemma 3.2.6 (Epochs of regularity). Let w = U + V be as in Lemma 3.2.2 with also U €
LPL2 N LFHYNQr). Let q € (3,400) and V € C((0,T]; LY(R?)). Then there exists a dense
open set G C (0,T) such that u € C*®(R? x G).

Probably one may also prove that the 1/2-dimensional Hausdorff measure of the set of

singular times is zero.

Proof. Let 11 be the set of times t; € (0,7 such that U(-,¢;) € H'(R?) and U satisfies the
perturbed global energy inequality (3.2.11) for all t5 € (¢1,T]. This ensures

m [[U(8) = U t1) | 2oy = 0. (3.241)
t—t]
The set II has full measure in (0,7") and, in particular, is dense in (0, 7).

Let t; € II be fixed. Using the perturbation theory in L?(R?) N L°(R3) in Lemma 3.2.3
(Perturbations belong to the energy class), Step 1, Case A, we have the following: For each
t1 € 11, there exists ¢ = £(t1) > 0, a vector field U € C([t1, 1 + ¢]; L2(R3) N LS(R3)) with
U(-,t1) = U(-,t1), and a pressure P € L°L3(R? x (t1,t; + ¢)) satisfying

QU — AU +divU U +divV @U +divU @V = —VP
N (3.2.42)
divU =0

in the sense of distributions on R? x (¢1,%; + ¢). Recall that V € L% (R? x (t1,¢1 + €)) by
Proposition 2.3.3 (Subcritical L? theory). By energy estimates for the Stokes equations with
RHS —divF, F = U@U+VoU+U®V € L}, (R® x (t,t; +¢)), we have U €
LZHL(R? x (t1,t +¢)).

We wish to conclude that U = U on R3 x (t1,t1 + ). This is done by weak-strong unique-
ness. Specifically, integration by parts yields that U satisfies the perturbed global energy equal-

ity (3.2.11) starting from every s; € [t1,t, + £). We write D = U — U. Then D obeys the
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energy inequality

52
/|D@@ﬁf¢ﬁ+?/ /|VDF@%t
R3 s1 R3

o N (3.2.43)
g/ ]D(x,31)|2d:c+2/ /(U+V)®D:VDd;cdt
R3 s1 R3

for almost every s1 € [t1,t1 + €) and every so € (s1,t1 + €]. The proof of (3.2.43) is similar
to that of Lemma 3.2.2 (Perturbed energy inequalities) except at the global level: We expand
|D]2 = |U]24|U]2=2U -U and [VD|? = |[VU|2+|VU|? —2VU : VU and use the following

elementary identity to estimate the cross-terms:

/ U(x,SQ)-(?(ar,sz)dm+2/82 VU : VU da dt — Uz, s1) - Uz, s1) da
R3 s1 JR3 R3
:/Q/(@U—Am-ﬁ+Um@ﬁ—Aﬁmmw
S (3.2.44)
The identity (3.2.44) is valid for compactly supported smooth vector fields and is applicable to

our situation by approximation. The energy inequality (3.2.43) yields

‘D|37R3><(31,52) S C X [HUHLGLg(RBX(Sl,SQ)) + HVHL?LZ(R3><(51,32))]‘D|37R3><(31,52)

(3.2.45)

+ /R3 |D(z, 51)| de,
where m, n € [2, +00) and 2/m 4 1/2 = 2/n + 3/q = 1. Note that the above norms of U and
V are finite when s; = ¢; and sy = t; + €. Taking s; = ¢; and |sy — 51| < 1, we may absorb
the energy norm on the RHS into the LHS. Since D(-,¢1) = 0, we have D = 0 on (s1, s2). We
repeat this Gronwall-type argument finitely many times until U = U onR3 x (t1,t1 4+ ¢€).

Nowu =U +V € C([t1,t1 + &]; LS(R3)) + C([t1,t1 + €]; LY(R3)). From here, it is not
difficult to bootstrap via Duhamel’s formula and the linear estimates in Lemma 2.2.1 (Estimates
in Kato spaces) to C((t1,t1 + ¢]; L°°(R3)). Then Proposition 2.3.3 (Subcritical L? theory)
yields that u is smooth on R? x (t1,t1 + ¢€].

Finally, G C (0,T) is defined as follows:

G = (ti,ts +e(t)). (3.2.46)
t1€I1
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Clearly, G is open, and
GDOII=[0,T]. (3.2.47)

O]

Here is the compactness result that we will use in Theorem 3.1.1. For simplicity, we nor-

malize the time scale.

Proposition 3.2.7 (Compactness). Let (u(()”))neN be a sequence of divergence-free vector fields
satisfying
(n)) <
||u0 ”B;,;l;+3/p (R3) = M (3.2.48)

and T* (u(()n)) > 1 foralln € N. Let u™ = NS(uén)) and p™ be the associated pressure.
There exists a suitable weak solution (u, p) on R? x (0,1) and a subsequence (which we do not

reindex) satisfying

u™ = win L} (R3 x (0,1]), (3.2.49)
3
p™ = pin L (R x (0,1]), (3.2.50)
and, for all xy € R3,
u™ — win Cy([1/2,1); L2( By j2(20))). (3.2.51)
Moreover,
u=U+YV, (3.2.52)
corT2 277l 3
UeL¥PL2nL2HNR? x (0,1)), (3.2.53)
and
V € C((0,1]; LYR?)) (3.2.54)

is a mild solution of the Navier-Stokes equations on R? x (0,1) with q € (p, +00).

Remark 3.2.8 (On weak—x stability). Upon passing to a subsequence, we also have
uf™ B ug in By 1H/P(R3). (3.2.55)
With additional effort, one may prove

u = NS(ug) on R? x (0, min(T*(ug),1)). (3.2.56)
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This was done, for example, in joint work with T. Barker in [5] (see Theorem 4.1.2 in Chap-
ter 4), which was partially inspired by the present work. One more-or-less immediate conse-
quence is an alternative proof of the (conditional) existence of minimal blow-up initial data in
B;;+3/p(R3) where p, ¢ € (3,+00), see Corollary 4.1.11 in Chapter 4. The original result is
due to Gallagher—Koch—Planchon in [58].

The main issue in showing (3.2.56) is that it is not obvious that the perturbed global energy
inequality is satisfied with ¢; = 0 (equivalently, that [|U (-, t) — Uo|| 2(rs) — O as t — 0T). This
issue is already present at the level of weak Leray—Hopf solutions: Let (u(()"))neN C C5°(R3) be
a sequence of divergence-free vector fields with ||uén) |z2(rs) = 1. Let (u(™),,cn be a sequence
of associated weak Leray—Hopf solutions. Assume that u((]”) — 0 in L?(R?). There exists a
subsequence satisfying u(® = v in L L2NL?HL(R? x (0, +00)). Is u = 0? When uén) g
in L3(R3), the issue may be dealt with by showing that ||u(-, t) —e*®ug]| 12 < C(]|uo ||L3(R3))t% ,
as in Seregin and Sverak [123], since this quantitative rate of decay near the initial time persists
under weak limits. The same issue was encountered in the paper [71] of Jia and Sverik on

minimal blow-up initial data in L3(R3).

Proof of Proposition 3.2.7. Assume the above hypotheses. Let ¢ € (p, +00).

Step 1. Splitting arguments. According to Lemma 3.2.1, there exists ¢ = £(p,q) €

(n)

(0, |sql) such that, for all A > 0, we may decompose v, ~ into divergence-free vector fields

us” = U8 + vy (3.2.57)
satisfying
U N2 w2y < C(M, A, p,q). (3.2.58)
(n)
Vo Ml o te oy < A- (3.2.59)

By Proposition 2.3.4 (Subcritical Besov theory), there exists a constant v = y(p,q) € (0,1)
satisfying the following property: If

”Vb(") ||quq+E(R3) < e (3260)

then there exists a unique mild solution V(") ¢ ICZQ+E(R3 x (0, 1)) with initial data VO(") and
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satisfying
(3.2.61)

2 n q V "
Htk 28tkvéj ( )HIC5q+s C( 757kal)H 0( )HBS‘Z :
+ V : 4,9

E3x(0,1)) = (B3)

for all integers k,I > 0. Let A < + in the decomposition (3.2.57). The corresponding mild
solutions V(™) exist on R? x (0, 1) and satisfy (3.2.61). In particular,

IV 1 ps oo,y < Clos @) A (3.2.62)
with
2.3 (3.2.63)
L q
Let
u™ =ym 4y, (3.2.64)
According to Lemma 3.2.3,
U™ e (0, T); L2R*) N LZHL(Q7) forall T € (0, 1). (3.2.65)

Step 2. Convergence of V(™) and Q™). Due to (3.2.61) and the Ascoli-Arzela theorem, we

may pass to a subsequence, still denoted by n, such that
Vi v in KR % (0,1)) (3.2.66)

VLV 5 9FVL Y in C(K), (3.2.67)
for all compact K C R3 x (0, 1] and integers k, [ > 0.
By the Calder6n—Zygmund estimates and (3.2.61), the associated pressures satisfy

QM = (—=A) NdivdivV™ @ V) X Qin LY L™ (R x (0,1]) (3.2.68)

t,locHx

for all m € [¢/2,+00). In particular, the convergence occurs weakly in L?O/ C2 (R? x (0,1]).
Hence, (V, Q) is a suitable weak solution on R? x (0, 1), as shown in Lemma 2.4.3 (Compact-
ness). Since V € K °(Qr), we conclude that V € C((0,T]; L9(R3)) is a mild solution of

the Navier—Stokes equations on Q7.
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Step 3. Convergence of (™) and P("). Lemma 3.2.2 implies the perturbed global energy

inequality

to
]U(” (z, t2)|2d:c+2/ yVU ), t))? da dt

t1

. (3.2.69)
|U )z, t \de+2/ / v U™ U™ de d

forall t; € [0,1) and ¢ € (t1,1]. In particular,

‘U(n)’g,R?rx(tl o) = ”U ( 7t1)”%2(R3) +C”V(n)HL@LZ(R?’x(tl,tz))‘U ’2 JR3x (t1,t2)" (3.2.70)

When C||[V™)|| LLLA(R3x (t1,42)) = 1/2. we may absorb the second term on the RHS into the
LHS. Starting with ¢; = 0 and repeating the argument O(A) times® yields

U™ b0y < 08" 22,5 < C(M, A, p,q), (3.2.71)
since the energy norm is allowed to double with each repetition. Along a subsequence, we have
U™ XU in LPL2 N L2HLN(R? % (0,1)). (3.2.72)

By the Calderén—Zygmund estimates, we have that P(") = Pl(n) + Pz(n) satisfies
P Pyin L (Qr) (3.2.73)

Py — Pyin 12,(Qr) (3.2.74)
along a subsequence. Finally, Lemma 2.4.3 (Compactness) implies that (u, p) is a suitable weak

solution on R3 x (0, 1). O

3.3 Proof of Theorem 3.1.1

We are ready to prove Theorem 3.1.1. The proof follows the scheme set forth in [121] except

that we use the Calderon-type splitting to control the sequence of solutions.

% Alternatively, when A < 1, we need not repeat the argument.
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Proof of Theorem 3.1.1. By Sobolev embedding in Besov spaces, we have

uy € By (R?) < Bim (R3) where m = max(p, q). (3.3.1)

,m

Without loss of generality, we may assume p = ¢ = m.

Step 1. Rescaling. Let u = NS(ug) be the solution of the Navier—Stokes equations with
initial data ugp € B,%,(R?) and T*(ug) < oo as in the statement of Theorem 3.1.1. In Corol-
lary 3.2.5, we proved that « must form a singularity at time 7*(ug). By the translation and
scaling symmetries of the Navier—Stokes equations, we may assume that the singularity occurs
at the spatial origin and time 7™ (ug) = 1.

Suppose for contradiction that there exists a sequence t,, T 1 and constant M/ > 0 such that
lulstn)ll gzp gay < M. (3.3.2)

The solution u(-, t) is continuous on [0, 1] with values in the tempered distributions, due to the

splitting in Proposition 3.2.7 (Compactness). By lower semi-continuity, we must have
luC Dl gzp sy < M. (3.3.3)
Let us zoom in around the singularity. For each n € N, we define
u™ (z,t) := Au(An, b + N2t), (1) € Q1, (3.3.4)

where A, := (1 — t,,)"/2. Then u(® = NS(u{") is the solution of the Navier-Stokes equations

on (01 with initial data uén) = Au(Anz, ty), and

w6l 520 3y < M. (3.3.5)

Step 2. Limiting procedure. We now apply Proposition 3.2.7 (Compactness) to the se-

quence (uén))neN. Upon passing to a subsequence, we have

u™ = vin L (R® x (0,1]) (3.3.6)

3
p™ — gin L2 (R3 x (0,1]) (3.3.7)
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and, in particular,
u™(-,1) = v(-, 1) in the sense of tempered distributions, (3.3.8)

where (v, q) is a suitable weak solution on R? x (0, 1) and satisfies the properties in Proposi-
tion 3.2.7. According to Proposition 2.4.5 (Persistence of singularities), v has a singularity at
(z,t) = (0,1).

Next, we observe that the solution v vanishes identically at time ¢ = 1:
v(-,1) =0. (3.3.9)
Indeed, since u(-, 1) € B,%(R?), we have
(™ (1), 0) = (u(, 1), A, %0 (-/An)) = 0 (3.3.10)

for all Schwartz functions . The property (3.3.10) is a consequence of the density of Schwartz
functions in B,’,(R?). Indeed, (3.3.10) is valid with u(-, 1) replaced by a Schwartz function 1/,

and therefore,

(-, 1), 2520/ A) | < K, A2 0/ Aa)) ]+ [ul, 1) = 4, 2520 (/)

(3.3.11)
S 0(1) =+ CH“(? 1) - ¢‘|B;f’p(ﬂ{3) HSOHB;T:/(RS) asn — oo,
where p’ is the Holder conjugate of p, for all Schwartz functions .
Step 3. Backward uniqueness. We will demonstrate
w=curlv =0onR3 x (1/2,1). (3.3.12)
If (3.3.12) is satisfied, then the vector identity
Av = Vdivv — curl curlv (3.3.13)

implies
Av=0onR?x (1/2,1). (3.3.14)
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The harmonic function v will belong to
10
v=U+V € LR x (1/2,1)) + L°LL(R? x (1/2,1)), (3.3.15)

and hence v = 0 on R3 x (1/2,1). This contradicts that v has a singularity at time ¢ = 1.
We now prove (3.3.12). Based on (3.3.15) and

g=P+Q¢€ Lﬁm(R3 x (1/2,1)) + L7 ,(R® x (1/2,1)) + L§°L§ (R3 x (1/2,1)), (3.3.16)

we have .
/ / lv|® + \q]% dx dt — 0 as |xg| — +o0. (3.3.17)
1/4 J B1(z0)

As in Proposition 3.2.4 (Characterization of blow-up), the e-regularity criterion in Theorem 2.4.4

implies that there exist R > 0 and

K =R3\ By x [1/2,1] (3.3.18)
satisfying
sup [v] + | V| + | V| < +o0. (3.3.19)
Since dw — Aw = — curl(v - Vv), we have
|0iw — Aw| < C(|Vw| + |wl|) in K. (3.3.20)

Additionally, w(-, 1) = 0 due to (3.3.9). Now, according to Theorem 2.5.1 (Backward unique-
ness), w = 0in K.

It remains to demonstrate that w = 0 in B(R) x (1/2,1). Let G C (0,1) be a dense open
set such that v is smooth on £ = R3 x @ as guaranteed by Lemma 3.2.6 (Epochs of regularity).
Let zg = (z0,%0) € QN K such that |z9| = 2R. In particular, w = 0 in a neighborhood of z.

In addition, by the smoothness of v, there exist 0 < ¢ < 1 and C' depending on zg such that
‘8,5(4) — Aw| < C’(|Vw| + \w|) inQ) = B4R($0) X (to —&,tg + 8) c Q. (3.3.21)

Hence, the assumptions of Theorem 2.5.2 (Unique continuation) are satisfied in €/, and w = 0
in €. This implies that w = 0 in R? x (tg — €, + €). Since ty € G N (1/2,1) was arbitrary,
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we obtain that w = 0 in 2. By density, w = 0 on R? x (1/2,1). The proof is complete. O]
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Chapter 4

Global weak Besov solutions of the
Navier-Stokes equations and

applications

This chapter reproduces the published version of the paper [5] (joint work with Tobias Barker).

Abstract. We introduce a notion of global weak solution to the Navier—Stokes
equations in tglree dimensions with initial values in the critical homogeneous Besov
spaces B;, ij ? p > 3. These solutions satisfy a certain stability property with re-
spect to the weak-* convergence of initial conditions. To illustrate this property, we
provide applications to blow-up criteria, minimal blow-up initial data, and forward
self-similar solutions. Our proof relies on a new splitting result in homogeneous

Besov spaces that may be of independent interest.
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4.1 Introduction

In this paper, we investigate certain classes of global-in-time weak solutions of the incompress-

ible Navier—Stokes equations in three dimensions:

Ow—Av+v-Vv=-Vq 3
inR” x R. (NSE)
dive =0

In the recent paper [123], G. Seregin and V. Sverak introduced a notion of global weak L? solu-
tion to the Navier—Stokes equations which enjoys the following property. Given a sequence of
global weak L? solutions with initial data u(()") — ug in L3, there exists a subsequence converg-

ing in the sense of distributions to a global weak L? solution with initial data uq. This property,
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known as weak-+ stability, plays a distinguished role in the regularity theory of the Navier—
Stokes equations. For example, such sequences of solutions arise naturally when zooming in on
a potential singularity of the Navier—Stokes equations, as in the papers [121, 124]! by Seregin
and [49] by Escauriaza, Seregin, and Sverék.

The main idea in [123] is to decompose a solution of the Navier—Stokes equations as
v=V+u, (4.1.1)
where V is the linear evolution of the initial data ug € L3,
V(z,t):= /RS [(x —y,t)up(y) dy, (4.1.2)
and w is a perturbation belonging to the global energy space
we LPL2NLIHN(Qr) forall T > 0. (4.1.3)
Here, T': R? x R4 — R denotes the heat kernel in three dimensions, and
Qr :=R>x]0,T[, 0<T < oo, (4.1.4)

denotes a parabolic cylinder. It is reasonable to expect that solutions of the form v = V +u enjoy
weak-* stability, since the linear evolution V' is continuous in many nice topologies with respect
to weak convergence of initial data, while the correction term « is “merely a perturbation”.

In the paper [17], Barker et al. created a notion of global weak L solution that contains
the solutions in [123] as well as the scale-invariant solutions investigated by Jia and Sverdk
in [72] as a special case. These solutions exhibit some interesting phenomena. For instance,
global weak L3 solutions exist even when a local-in-time mild solution is not known to exist?
(unlike in the L? case). It appears that such solutions may be non-unique even from the initial
time, see the examples of the forward self-similar solutions computed by Guillod and Sverak
in [66]. On the other hand, weak-* stability continues to hold in spite of the conjectured non-

uniqueness. The authors of [17] also showed that global weak L3 solutions provide a natural

'In these papers, Seregin also investigated weak- stability in the context of local Leray solutions, which were
discovered by Lemarié-Rieusset [95].

“We mention that for divergence-free initial data in L>°° , there exists an associated global-in-time Lemarié-
Rieusset local energy solution of the Navier—Stokes equations [95].
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class in which to investigate minimal blow-up initial data. Sverdk also mentioned the possibility
of investigating the radius of smoothness (resp. uniqueness) associated to each initial data ug €
L3°°. This is the maximal time such that each global weak L3 solution with prescribed initial
data ug is smooth (resp. unique).

Recently, the second author proposed in the paper [14] to investigate notions of solution in
critical spaces X that generalize the solutions described above. Namely, one desires a notion of
global X solution that satisfies a weak-x stability property when, for example,

. L1432 .
X = 03,13, L3, By *,BMO™L, BZL ., 3<p< oo 4.15)

00,007

L1
The second author established the existence of global B, . solutions with the decomposition

v = V 4 w utilized in previous works. Moreover, he proved that under natural hypotheses,

L1
B, 5 is the largest critical space in which such a decomposition is viable. Therefore, a notion

of global X solution for the critical homogeneous Besov spaces X = B; i: z with4 < p < o0
must be based on a new structure.’

In this paper, we develop a notion of global weak Besov solution of the Navier—éS‘tokes
equations associated to initial data in the critical homogeneous Besov spaces B; ;r ;(Rg’),
3 <p< oo

In Section 4.3, we prove the following results. Let 3 < ¢ < p < oo, and 0 < T" < oo0.
We include forcing terms of the form div F' with F' € F,(Qr), defined as the space of locally

integrable functions F': Q7 — R3*3 such that

_3
177, @r) = sup £ 3 || F (-, 1)]| pagey < oo (4.1.6)

)

. —1+3
Theorem 4.1.1 (Existence). Let ug € Bp oo ” (R?) be a divergence-free vector field and F €
Fq(Qoo). There exists a global weak Besov solution v with initial data uo and forcing term

div F.

Theorem 4.1.2 (Weak—x stability). Suppose that (U(n))neN is a sequence of global weak Besov

solutions with initial data u(()n) and forcing terms div F’ (") respectively. Furthermore, suppose

3While critical spaces are not strictly necessary for weak-# stability (see p. 5 of the second author’s paper [15],
for example), they are convenient for the applications we have in mind.
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that ,
n * . - 145 * .
ul g in Bpos *(R3),  F A Fin Fy(Qoo)- 4.1.7)

Then there exists a subsequence converging strongly in L?OC(QOO) to a global weak Besov solu-

tion v with initial data ug and forcing term div F.

Theorem 4.1.3 (Weak-strong uniqueness). There exists a constant €y := €o(p, q) > 0 such that

. —143
for all uy € BW; ? (R3) divergence-free and F € F,(Qr) satisfying

U F <e 4.1.8
I OHB;i:%(Ri”) 1l 7, (@r) < €0, (4.1.8)
there exists a unique weak Besov solution on Q with initial data ug and forcing term div F.*

This solution belongs to LY° (R? x R).

loc

The second half of this paper is dedicated to applications of global weak Besov solutions.
Namely, we provide applications to certain critical problems concerning blow-up criteria, min-
imal blow-up initial data, and forward self-similar solutions. We present these results at the end
of the introduction. The reader interested only in applications is invited to skip to Section 4.1.1.

To motivate our notion of solution, it is instructive to write the perturbed Navier—Stokes
system satisfied by the correction term in the decomposition v = V' + w used in the previous
works [123, 17, 14]:

Oou—Au+(u+V) - Vut+u -VV=-Vg—-divV eV
divu =0

inR3 x R, (4.1.9)

with zero initial condition. The associated global energy inequality is

t t
Hu(-,t)H%Q+2//qu\2dxdt’ < 2//(V®u+V®V) : Vudx dt'. (4.1.10)
R3

0 0 R3

In order for the RHS of (4.1.10) to make sense, we require that

Ve L LER? x Ry). (4.1.11)

t,loc

*In particular, the solution agrees with the unique small mild solution on Qr with initial data uo and forcing
3

« . —143
term F, and u(-,t) = ug in Bp,oo * ast — 0.
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As demonstrated by the second author in [14], the quantitative scale-invariant version of (4.1.11)

is [[uol| ._1 < M, due to the caloric characterization of Besov spaces. Roughly speaking, the
B4 oo

forcing term should belong to an L?-based space, gvhereas V @ V may only belong to spaces
with integrability > £ for initial data ug € B,; ij ? When p >> 1, the obstacle is sometimes
interpreted as “slow decay at spatial infinity.”

The notion of global weak Besov solution developed in this paper is based on the decompo-
sition

v = Pr(ug) + u, (4.1.12)
where Py (ug) is the kth Picard iterate, k > 0, defined by
Py(uo) (-, t) == S(t)uo, (4.1.13)

Pt (o) (-, 1) == S(t)uo — B(Py, Py), k>0, (4.1.14)

and B is the bilinear term in the integral formulation of the Navier—Stokes equations (see
(4.2.17) for the precise definition):

t
B(u,v)(+,t) ::/0 S(t—s)Pdivu®@ (-, s)dsdz. (4.1.15)

The papers [123, 17, 14] utilized the decomposition (4.1.12) with £ = 0. Observe that if v

solves (NSE), then u = v — P, solves

O —Au—+ P, -Vu+u-VP,+u-Vu=—Vp—divF} 5
inR”> x Ry (4.1.16)
divu =0

with initial condition u(-,0) = 0, where the forcing term Fj(ug), k > 0, is defined by
Fi(ug) == P, ® Py — Py_1 ® Py, (4.1.17)

and we use the convention that P_;(ug) = 0. One expects the correction u to belong to the
energy class if F}, belongs to L2(R3x]0, 7).

Here is our key observation:
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. —1+3
Lemma 4.1.4 (Finite energy forcing). Let p €]3,00[ and ug € Bp oo ” (R3) be a divergence-

free vector field with ||uo]| 143 < M. Then for all integers k > k(p) := [5] — 2, the
pooo © (R?)
forcing term Fy.(ug) satisfies

([ F% (wo)l L2 s xjo,rp < T5C(k, M, p). (4.1.18)

The proof of Lemma 4.1.4 is based on a self-improvement property of the bilinear term B.

Heuristically, if a vector field V' belongs to an LP-based space, then B(V, V') belongs to an L-
.1

based space (as well as the original space). For instance, let ug € B67020(R3). Then V := Swug

belongs to an L%-based space, and F (ug) satisfies
Fi=-BV, V)@V -V®B(\V,V)+B(V,V)® B(V,V). (4.1.19)

Since B(V, V) belongs to an L3-based space (and an L%-based space), an application of Holder’s
inequality implies that F| belongs to an L?-based space. The same reasoning applies mu-
tatis mutandis with the inclusion of a forcing term div F' with F' belonging to F,(Qr) with
q €]3,p].> The self-improvement property of B was already exploited in the papers [54, 58].
The phenomenon that F is a higher order term is already present in the Picard iterates for the
ODE i = ax?, z(0) = xq, where a, zg € R.

Here is our main definition:

Definition 4.1.5 (Weak Besov solution). Let T > 0, ug € BMO™*(R?) be a divergence-free
vector field, and F € F(Qr).

We say that a distributional vector field v on Qp := R3 x]0, T'[ is a weak Besov solution fo
the Navier—Stokes equations on Qr with initial data uy and forcing term div F' if there exists
an integer k > 0 such that the followinég requirements are satisfied.

2

First, there exists a pressure q € L}

(Qr) such that v satisfies the Navier—Stokes equations

on Qr in the sense of distributions:

o —Av+v-Vv=-Vqg+div F, dive = 0. (4.1.20)

5See (4.1.6) or (4.2.18)-(4.2.19) for the relevant definition.
%The requirements ug € BMO™'(R?) and FF € F(Qr) ensure that the Picard iterates Py, (uo, F') are well-
defined. We refer the reader to (4.2.10), (4.2.21), and (4.2.29)-(4.2.30) for the respective definitions.
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Second, v may be decomposed as
v =u+ Py(up, F), (4.1.21)

where v € L°L2 N L2HX(Qr) and u(-,t) is weakly L?-continuous on [0,T). Furthermore,
we require that limyo||u(-,t)||L2gs) = 0 and Fy € L*(Qr) for all integers ¢ > k. Finally,
we require that (v, q) satisfies the following local energy inequality for every t €]0,T[ and all

non-negative test functions ¢ € C3°(Qoo):

t
/go(x,t)]v(x,t)|2dx+2// | V0|2 da dt’
R3 o JRr3

t (4.1.22)
<// PO + Ap) + v([v]2 + 2q) - Voo — 2F : V(v) dar .
0 JR3

We say that the weak Besov solution is based on the kth Picard iterate if the above properties
are satisfied for a given integer k > 0.

We say that v is a global weak Besov solution (or weak Besov solution on Q, := R3 xR_.)
with initial data uy and forcing term div F' if there exists an integer k > 0 such that for all
T > 0, v is a weak Besov solution on Qp based on the kth Picard iterate with initial data ug

and forcing term div F.

Let us explain the requirement that Fy € L?(Qr) for all £ > k. Its role is to ensure that v is
also a weak Besov solution based on the £th Picard iterate for all £ > k, see Proposition 4.3.4. In
other words, one may always raise the order of the Picard iterate. Similarly, one may lower the
Picard iterate depending on the regularity of the initial data. Hence, our notion of weak Besov
solution in Definition 4.1.5 is not overly sensitive to the order of the Picard iterate.

Before turning to applications, we present another key ingredient in our arguments: a decay

property for the correction term near the initial time.

Proposition 4.1.6 (Decay property). Let p €]3,00[, q €]3, p], and k > k(p) := [5]—2. Assume
that v is a global weak Besov solution based on the kth Picard iterate with initial data ug and

orcing term div F'. Let ||ug|| _,. 3 + || F < M. Then
Jf 8 | OHB 1+p(IR{3) | ||]-'q(Qoo)

p,00

-, )|l 2 (gs) < C(k, M, p, q)t 5. (4.1.23)
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The proof is given in Section 4.3.2. Notably, (4.1.23) is used to obtain the global energy
inequality for the correction term starting from the initial time, see Corollary 4.3.9. A similar
issue is already present in Seregin’s paper [125] for sequences of weak Leray-Hopf solutions
with initial data converging to zero weakly in L?.
To illustrate the main issue in Proposition 4.1.6, we consider the special case uy € L3>
with zero forcing term and decompose the solution as v = V 4 u as in the paper [17]. That
is, k = 0 in Definition 4.1.5. Heuristically, the energy of the correction term should originate

entirely in the forcing term — divV ® V. Let ||ug|| 3.0 < M. Since

t
//\V®V]2da;dt§CtéMQfora11t>0, (4.1.24)
R3 JO

we expect the following a priori estimate:
¢
u(-, )72 + 2// \Vul? dz dt’ < t2C(M). (4.1.25)
0 R3

When uy € L3, the proof of (4.1.25) is via a Gronwall-type argument that does not extend to
the more general case. For instance, consider the following estimate for the lower order term in

the global energy inequality:

T
/0/RaV®u:Vudxdt’<C’||V||L?0Li,oo(QT)||u||L§L2,2(QT)HVu||L2(QT), (4.1.26)

where the quantity ||V||, 320y 18 DOt “locally small” unless M < 1.
t T
In the paper [17], this issue is overcome using splitting arguments’ inspired by C. P. Calderén [33]
and a decomposition of initial data in Lorentz spaces. In the present work, we require the fol-

lowing new decomposition of initial data in Besov spaces.?

Lemma 4.1.7 (Splitting of initial data). Let p €|d, ool. There exist py €|p, o0, d2 €]0, —Sp, |,
v1,72 > 0, and C' > 0, each depending only on p, such that for each divergence-free vector
field g € BZf’OO (RY) and N > 0, there exist divergence-free vector fields g~ € B;;’?ptd? (RN

"Related splitting arguments have also previously been used by Jia and Sverak in [71], in order to show estimates
near the initial time for Lemarié-Rieusset local energy solutions of the Navier—Stokes equations with L? initial data.

8This lemma was obtained by the second author in [14, Proposition 1.5], which will not be submitted for journal
publication.
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Byio (RY) and gN € L*(R?) N Byhso (RY) with the following properties:

g=9"+g", (4.1.27)
157 | z2qrey < CN gl 52r, gy (4.1.28)
19N 52522 gy < ON N9l 51, - (4.1.29)
Furthermore,
13N 50, ey 1™ | 3 ety < Cllgll o say- (4.1.30)

The most notable feature of Lemma 4.1.7 is that the summability index g is reduced from oo
in both terms of the decomposition. Therefore, the splitting is not a simple “diagonal splitting”
that could be obtained via complex interpolation of Besov spaces. Moreover, it does not appear
to obviously follow from the abstract real interpolation theory, since Besov spaces are not real
interpolation spaces of Besov spaces except in special cases (such as when the integrability
index p is kept constant), see [88, Section 4] for an example. Further discussion and the proof

of a general splitting result, Proposition 4.5.6, are contained in Section 4.5.

4.1.1 Applications

The second part of the paper is focused on applications of global weak Besov solutions to three

problems concerning the three-dimensional Navier—Stokes equations.

Blow-up criteria

Our first application is an improved blow-up criterion for the Navier—Stokes equations in critical

spaces:

3

.1
Corollary 4.1.9 (Bjm;r ? blow-up criterion). Let T* > 0, ug € L™ (R?) be a divergence-free
vector field, and F € L° LL(R3x]0, T*[) for some q €]3, oc[. Suppose thatv € L>(R3x]0,TY)
is a mild solution of the Navier-Stokes equations on R>x0, T with initial data ug and forcing

term div F for all T €]0,T*|. Suppose that there exists a sequence of times t, T T* such that

supl[o( )]l _1ps <00 (4.1.31)

neN p,00 ( 3)
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- 'Sp2+52
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Figure 4.8: Illustration of Lemma 4.1.7 with d = 3. The initial data g € BZf’oo is split along the

dashed red lines into g € L? and g € B;;’?pﬁ&

for some p €]3, 0c[. Finally, assume that v(-,T*) satisfies

VT = tou(V/T* —tp(- — 2*),T*) 2 0in D'(R?), (4.1.32)

for some x* € R3. Then v is regular at (z*,T*).° If (4.1.32) is verified for all z* € R3, then
v € L®(R3x]0, T*).

Corollary 4.1.9 is a special case of Theorem 4.4.1, which may be regarded as a quantitative
version of the corollary. For comparison, the following weaker criterion was obtained without

forcing term by the first author in [4]:

lim ||v(-, t)]| 143 . = oo with p, g €]3, 00l (4.1.33)

tTT* D,q (

We also mention the preceding works [49, 124, 121, 112, 16, 78, 57, 58, 141] in this direction.'?

*We say that v is regular at (z*, T*) € R¥Tifv € L>°(B(z*, R)x]T* — R?,T*]) for some R > 0. Otherwise,
itis singular at (x*,T™).
Corollary 4.1.9 without forcing term appeared in the recent preprint [14] of the second author which is not
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Specifically, our methods are based on the rescaling procedure and backward uniqueness argu-
ments introduced by Escauriaza, Seregin, and Sverak in [49] and further developed by Seregin
in [124, 121].

The requirement (4.1.32) states that the blow-up profile v(-,7*) vanishes in the limit of
the rescaling procedure. This assumption excludes, for example, the situation that v(-,7™) is
scale-invariant, in which case zooming on the singularity would provide no new information. If
v(-, T*) belongs to the closure of Schwartz functions in Bgofoo (R3), then (4.1.32) is automati-
cally satisfied. See Section 4.4.1 for further remarks.

The reason for the restriction ¢ > 3 on the forcing term is to ensure that the maximal time
of existence is indicated by the formation of a singularity. Note, for instance, that solutions of
the equation Au = div F in R? with F' belonging to L(R%) may not be locally bounded when
d>2.

Finally, let us mention that the “concentration+rigidity” roadmap of Kenig and Merle [79]
was utilised by Koch and Kenig in [78], and subsequently by Koch, Gallagher and Planchon in
[57]-[58] to show the following. Namely, if the maximal time of existence Tax(uo) is finite,
then

limsup |Jv(-,t)||x = o0 (4.1.34)
T max (uo)
for X = Hz(R3) [78], L3(R3)[57]"!, and B;f%(]&?’) (3 < p,q < o0) [58]. The approach of
the aforementioned papers relies on profile decompositions of sequences of elements bounded
in the above spaces X. In [13, Remark 3.1], it is conjectured that profile decompositions fail
for the continuous embedding B, i: %(R:S) s B};;ﬁ(Rij’) (3 < p < p). Thus, it seems
challenging to use the approach in [78] and [58]-[57] to obtain Corollary 4.1.9.

Minimal blow-up problems

Our second application is to minimal blow-up questions in the context of global weak Besov
solutions. The existence of minimal blow-up initial data was first proven by Rusin and Sverak
in [118] in the class of mild solutions with initial data belonging to H > (provided that such
solutions may form singularities in ﬁni;[e time). Analogous results were established for L? by
Jia and Sverék in [71] and for B; ;Jr;, p,q €]3,00[ by Gallagher, G. Koch, and Planchon

intended to be submitted for publication.
"The result for Lz (R?) and H 2 (R®) was first obtained in [49].
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in [58].

While local-in-time mild solutions are not known to exist for each solenoidal initial data in
L3> or B; cl,: %, the minimal blow-up data problem in these spaces may be reformulated for
certain classes of weak solutions. This was originally observed by the second author, Seregin,
and Sverak in [17] for global weak L3 solutions. We now formulate the problem for global

weak Besov solutions:

Definition 4.1.10 (Critical space). Let (X, ||-||x) be a Banach space consisting of divergence-

free distributional vector fields on R®. We say that X is a critical space provided that
(i) X is continuously embedded in Bo_olm (R3),

(ii)) X and ||-||x are invariant under spatial translation and the scaling symmetry of the

Navier-Stokes equations, and
(iii) BY = {ug € X : |luo||x < 1} is sequentially compact in the topology of distributions.

. —142
Let X be a critical space which is embedded into B~ ” (R?) for some p €]3,00[. By
Theorem 4.1.3, there exists p > 0 satisfying

(small data implies smooth) uy € X and ||up||x < p implies that any global weak Besov

solution with initial data ug has no singular points
Then the following quantity is well defined:

px = sup({p > 0 : for all uy € X satisfying ||up||x < p, any global weak Besov

solution with initial condition ug has no singular points}).

Under the assumption that py < o0, one may ask whether the above supremum is attained:
Does there exist a global weak Besov solution v with initial data ug € X such that v has a
singular point and ||up||x = pa? Such ug is referred to as minimal blow-up initial data. We

answer this question in the affirmative below:

Corollary ;l.l.ll (Minimal blow-up data). Let X’ be a critical space continuously embedded
into By, ij ?(R3) for some p €3, 00[. Suppose that px < oc. Then there exists a solenoidal
vector field ug € X with ||ug||x = px such that ug is initial data for a singular global weak
Besov solution. The set of such ug is sequentially compact (modulo spatial translation and the

scaling symmetry of the Navier—Stokes equations) in the topology of distributions.
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Our more general result is Theorem 4.4.7, which treats the problem of minimal blow-up
perturbations of global solutions, thus generalizing the work [117] of Rusin for A 7 initial data.
On the other hand, Corollary 4.1.11 already contains the previously known results for X =
o , L3, and B; ;Jr% with p, ¢ €]3, o[ due to weak-strong uniqueness for global weak Besov
solutions. While Corollary 4.1.11 only asserts the sequential compactness in the topology of
distributions, we may upgrade to convergence in norm if the critical space is uniformly convex,
as in the examples above. For X' = B; ;r ?, compactness is in the weak-* topology. A minor
point is that our approach also accounts for any possible changes in the set of minimal blow-up

initial data under renormings of the critical space.

Self-similar solutions

Our final application concerns forward-in-time self-similar solutions of the Navier—Stokes equa-
tions. A locally integrable vector field v: R? x R, — R3 is discretely self-similar with scaling
factor A > 1 (A-DSS) provided that

v(z,t) = Az, \°t) forae. (z,t) € R3 x R, (4.1.35)

The vector field is self-similar (scale-invariant) if the relation (4.1.35) is verified for all A > 0.
We consider also the analogous definition for vector fields on R? and for distributional vector
fields.

Although self-similar solutions of the Navier—Stokes equations have a rich history going
back to Leray [101]!2, the existence of large-data forward self-similar solutions was settled
only recently by Jia and Sverak in [72]. These solutions have important consequences for the
potential non-uniqueness of weak Leray-Hopf solutions, as investigated in [73, 66]. While the
(R3\ {0}), there is also an abun-
dant literature on the existence of (discretely) self-similar solutions evolving from rough initial

data [139, 86, 26, 98, 27, 28, 35]. In particular, we are interested in the paper [28] of Bradshaw

solutions in [72] correspond to scale-invariant data in C[}_

and Tsai, which established the existence of discretely self-similar solutions associated to initial

143
data ug € By © (R?), p €]3,6]. Our final application is the following extension of their work:

In [101], Leray posed the question of whether backward self-similar solutions of the Navier—Stokes equations
exist. These were subsequently ruled out in [111] and [138].
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.—143
Theorem 4.1.12 (Existence of (discretely) self-similar solutions). Suppose ug € Bp oo © (R?)

is a divergence-free vector field for some p €]3,00[. If ug is \=DSS for some scaling factor
A > 1, then there exists a \-DSS global weak Besov solution with initial data ug. If ug is
scale-invariant, then there exists a scale-invariant global weak Besov solution with initial data

uQ.

.—143
To prove Theorem 4.1.12, we approximate ug € By ” (R?) by a sequence of (discretely)
self-similar initial data belonging to the Lorentz space L>>(R?). The proof is completed by
applying the weak-x stability property to an associated sequence of (discretely) self-similar

solutions whose existence was established in [26].

4.2 Preliminaries

4.2.1 Function spaces

Letd, m € N. We begin by recalling the definition of the homogeneous Besov spaces B;y q (R4 R™).
Our treatment follows [11, Chapter 2]. There exists a non-negative radial function ¢ € C*°(R?)

supported on the annulus {¢ € R? : 3/4 < |¢| < 8/3} such that

D p@) =1, ¢eR*\{0}. (4.2.1)
JEZ
The homogeneous Littlewood-Paley projectors A ; are defined by

Aif =9277D)f, jeL, (4.2.2)

for all tempered distributions f on R? with values in R™. The notation ©(27/D)f denotes
convolution with the inverse Fourier transform of ¢(277-) with f.
Let p,q € [1,00] and s €] — 00, d/p[.!> The homogeneous Besov space B;q(Rd;Rm)

consists of all tempered distributions f on R? with values in R™ satisfying
1£11 3, (esmem) = H(zys”AijLp)jEZHEq < o0 4.2.3)

and such that ) | A ;. converges to f in the sense of tempered distributions on R¢ with values

JEZ

BThe choice s = d/p, ¢ = 11is also valid.
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in R™. In this range of indices, B;q(Rd; R™) is a Banach space. When s > 3/p and ¢ > 1,
the spaces must be considered modulo polynomials, see Section 4.5. Note that other reasonable
choices of the function ¢ defining Aj lead to equivalent norms. In general, Besov spaces may
also be characterized as real interpolation spaces of Bessel potential spaces, see [22, 95]. For
now, we only consider d = m = 3.
We now recall a particularly useful property of Besov spaces, i.e., their characterization in
terms of the heat kernel. For all s €] — 0o, 0], there exists a constant ¢ := ¢(s) > 0 such that for

all tempered distributions f on R3,
L up SIS fllres) < 1 ps sy < oSt SO Iy, (424)
t>0 L t>0
where we use the notation
(SF)(st) = S@O)f =T(t) % f, >0, (4.2.5)

and I': R? x R,y — R is the heat kernel in three dimensions. This motivates the definition of
the Kato spaces KC;(Qr) with parameters s € R, p € [1,00],and 0 < T' < oc. The Kato spaces

consist of all locally integrable vector fields u: Q7 — R3 satisfying

lullics @) == ess] sul[)t_%Hu(-,t)||Lp(R3) < 0. (4.2.6)
te

)

‘We abbreviate
Kp(Qr) :== KP (Qr), sp:=—1+3/p. 4.2.7)

Therefore, for all p €]3, oo], there exists a constant ¢ := ¢(p) > 0 such that
cHISuollkcy(@u) < Iluoll gon gy < ellSuollic, @u)s (4.2.8)

for all vector fields ug € B;TOO(R?’). As demonstrated in [34] and [113], the characteriza-
tion (4.2.8) is particularly well suited for constructing mild solutions of the Navier—Stokes

equations.
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Next, for all 0 < T' < oo, consider the space A7 consisting of all locally integrable func-

tions v on ()7 such that

1 _3

|ullxy = esssupt2 |lu(- )| poomsy + sup  sup R 2|lullL2(p(a,r)xj0,r2)) < 00 (4.2.9)
t€]0,T| z€R3 Re]0,VT]

This is the largest space on which the bilinear operator B is known to be bounded, see the

paper [85] of H. Koch and D. Tataru. We use the following Carleson measure characterization

of ||- HBMOA(Ra). Namely, for all tempered distributions f on R3, we define

[ fllemo—1®sy == 19 f |l xw - (4.2.10)

The space BMO ™! (R?) consists of all tempered distributions on R? with finite BMO ™! norm.

Let us clarify the relationships between various function spaces of initial data. The Lorentz
space L*>(IR?) is continuously embedded into B;% (R?) for all p €]3, oc]. This may be proven
using (4.2.4) and Young’s convolution inequality for Lorentz spaces. Next, the Bernstein in-
equalities for frequency-localized functions imply an analogue of the Sobolev embedding theo-

rem for homogeneous Besov spaces. Finally, regarding BMO ! (R?), Hélder’s inequality gives

3 _
sup sup R™2[|S() fllL2(B(w,r)xj0,R2) < cpsupt™ 2 [[S(E) fll Lo (r3)s (4.2.11)
z€R3 R>0 t>0

when p €]2,00[ and f is tempered distribution on R3. These relationships are summarized

below:

L¥®(R?) < Byl's(R?) < Bpi2(R?) — BMO™H(R?) — B (R?), (4.2.12)

where 3 < p; < p2 < oo. The above continuous embeddings are strict.
We now present a useful interpolation inequality for Kato spaces. Let 0 < T' < oo and

w: Qr — R3 be a locally integrable vector field. The interpolation inequality is

0 1-6
lullicg@r) < Nullicsr @ lellcs (@ (4.2.13)
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provided that s1, s2 € R, p1,p2 € [1,00], 6 €]0, 1], and
6 1-4

1
s:=0s1+(1—0)se, —:=—+ . (4.2.14)
p D D2

A common scenario is u € L°L2(Q7)NK,, (Qr) with pa €]4, oc[. Observe that L° L2 (Qr) =
K9(Qr), so (4.2.13) implies u € K5(Qr) with s = —1/2 + 1/(2(p2 — 2)). Hence, we obtain

T TeTEt 0 -0
lullza@r) < ep2) T uljpe 2o el @) (4.2.15)

This embedding fails when ps = oc.

4.2.2 Linear estimates

Our next goal is to present certain estimates for the time-dependent Stokes system in Kato
spaces. The Leray projector IP onto divergence-free vector fields is the Fourier multiplier with
matrix-valued symbol I — ¢ ® &/|€|2. The operators {S(¢)P div};>o are convolution operators
with the gradient of the Oseen kernel, see [95, Chapter 11]. Specifically, there exists a smooth

function G': R? — R3*3 satisfying

Vi) < —YW L erio<iez, 4.2.16)
(1+|2f2) %"
510Gy, -
(SEPdivF); == > = ax: (%) * Fip, t>0,1<i<3, (4.2.17)
j,k=1

for matrix-valued functions F': R? — R3*3, Let us define a space of forcing terms in analogy
with the Kato spaces. For all s € R, p € [1, 0], and 0 < T' < oo, the space F,;(Qr) consists

of all locally integrable matrix-valued functions F': Q7 — R3*3 such that

1P|l £5(qr) = esssupt ™2 [|F(-,t)|| o3y < oo (4.2.18)
t€]0, T

‘We often abbreviate
Fo(Qr) = F" (Qr),  s):=—2+3/p. (4.2.19)
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In analogy with X7, we also define the space Y1 consisting of all locally integrable F': Q7 —
R3*3 such that

HFHyT = €88 Supt”F(',t)HLoo(R:s) + sup sup R_3||FHL1(B(I,R)><}O,R2[) < 00. (4220)
t€]0,T7 z€R3 Re]0,V/T]

Finally, our admissible class of forcing terms in Definition 4.1.5 is

F(Qr) = Vr U [Uyejs 00 Fq(QT)] - (4.2.21)

The following estimates were proven by the first author in [4, Lemma 4.1]:

Lemma 4.2.1 (Estimates in Kato spaces). Let 0 < T < oo, 1 < p1 < po < 00, such that

3 3
S9— — =145 — —. 4.2.22)
D2 p1
In addition, assume the conditions
3 3
s1 > —2, — — — < 1 (4.2.23)
b1 P2

(For instance, if po = oo, then the latter condition is satisfied when p1 > 3. If p1 = 2, then the
latter condition is satisfied when py < 6.) Then

for all distributions F' € f;ll(QT), and the solution u to the corresponding heat equation
belongs to C(]0,T]; LP?*(R3)). Let k,1 > 0 be integers. If we further require that

/t S(t —7)Pdiv F(-,7)dr
0

s < C(SlaplaPQ)HFH]-';ll (Qr)’ (4.2.24)
Kp3(QT)

25 90 VAF € F2(Qr), (4.2.25)
for all integers 0 < o < k and multi-indices 3 € (No)? with |3| <, then we have

t
t’”éafvl / St —7)Pdiv F(-,7)dr
0

Kp2(Qr)

k
ot 18l
< C(k7l7317p17p2)( § : z :Ht T2 F1”]:;11(QT))7
a=0 5]t

(4.2.26)
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and the spacetime derivatives 0 V'u of the solution u belong to C(]0, T]; LP?(R?)).

Let us define operators L, B by
t
L(F)(-,t) := / S(t —s)Pdiv F(-,s)ds, B(U,V):=LU®YV), (4.2.27)
0

for certain matrix-valued functions F' and vector fields U,V on Q7. Lemma 4.2.1 (see also p.

526 of [34], for example) asserts that for all p €]3, oo],

L: Fp(Qr) — Kp(Qr), B: Kp(Qr) x Kp(Qr) — Kp(Qr1), (4.2.28)

boundedly and with operator norms independent of 0 < 7' < co. As was demonstrated in [85],
L and B are also bounded as operators L: Yr — X7 and B: Xr x X7 — Xr with norms in-
dependent of T' €]0, oo]. This leads to the following important consequence. If ug € By (R?)
is a divergence-free vector field and F' € ICy(Q7) with p €]3, 00 and g €]3, p|, then the Picard
iterates Py (ug, F') are well defined for all k£ > 0:

Po(ug, F)(-,t) 1= S(t)uo + L(F)(- 1), (4.2.29)
P11 (uo, F) := Py(ug, F) — B(Py, P), k>0, (4.2.30)
and P_q(ug, F) := 0. For simplicity, we often omit the dependence on wuy and F'. Here, Py

belongs to K,)(Qr) N X7, and
1Pollic,@r) + [1Pollr < Cp, @) (luoll g msy + 1l Fy@r))- (4.2.31)
Supposing now that || Py (uo, F)llxc,(@r) + [[Po(uo, F)||lar < M, we obtain
1 Pellic,@r) + 1 Pellar < C(k, M, p,q), (4.2.32)

where the constant is a polynomial in M/ with no constant term and degree depending only on

k. Lemma 4.2.1 also has the following consequence regarding vector fields with finite kinetic
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energy. Namely, for all p €]3, oo,

I1B(U, V)”LgOLg(QT) < c(p) min(HUHLgOL%(QT)HVHICP(QT)v HVHL;;OLg(QT)HUHICP(QT)>-
(4.2.33)
This is useful in our construction of strong solutions in Section 4.3.5.
We now exploit the self-improvement property of the bilinear term described in the intro-

duction to prove a version of Lemma 4.1.4. Throughout the paper, we define for £ > 0:
Fy(up, F):= P, ®@ Py — Py_1 ® Py_1. (4.2.34)

Lemma 4.2.2 (Finite energy forcing). Let T" > 0, ug € BMO_I(R?)) be a divergence-free
vector field, and F' € F(Qr). Suppose that

[P0 (w0, F)llic, (@) + 1Po(uo, F) ||l ap < M (4.2.35)
for some p €]3, 0c[. Then for all k > k(p) := [5] — 2, we have
Fi(ug, F) € L*(Qr). (4.2.36)
Pis1(uo, F) = Pi(uo, F) € C([0, T]; L*(R?)) N LY Hy (Qr), (4.2.37)
In addition, the following bounds are satisfied:
1 Fkll 72(Qr) + 1 Pet1 — Prllo@r) < C(k, M, p), (4.2.38)

1
1 Fkllz2(Qr) + 1Pet1 — Prlloserz(qr) < T4C(k, M, p). (4.2.39)

Proof of Lemma 4.2.2. Define p(k) := 2k+4. By interpolation, we may assume without loss of
generality that p = p(k) in the statement. That is, || Fo(uo, F)[x, (@) < M. For all integers
0 < ¢ < k, we define q(k,¢) := %. We will prove inductively that

12N 7oy (@r) T 1Per1 = Pellicy oy < Ck, M). (4.2.40)

Holder’s inequality immediately implies that | Fo| = (o) < M2 Since P — Py = —L(Fp),

p(k)
2

the estimate || Py — Pollxc ., (@r) < C(k)M? follows from Lemma 4.2.1. Let us now assume
2
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that we have the estimate (4.2.40) for some 0 < ¢ < k. We observe the identity

Fri1 = Pr1 ® (Poy1 — Po) + (P — Po) @ P, (4.2.41)

sothat || Fyi1ll 7, . (@r) < C(k, M) due to Hlder’s inequality and (4.2.32). Now recall that

Pyio— Ppyy = —L(Fyp4q). Lemma 4.2.1 implies
| Pry2 — Pf+1H’Cq(k,z+1)(QT) < C(k,M). (4.2.42)

This completes the induction. It is clear that (4.2.38) follows from (4.2.40) with £ = k, and
(4.2.39) is obtained from (4.2.38) by Holder’s inequality. Lastly, (4.2.37) concerning Py — P,
follows from the classical energy estimate for the Stokes equations and that F}, € L?(Qr). [

Finally, we prove a linear estimate concerning solutions of the time-dependent Stokes equa-
tions in the space L{°(By%o).(Q7). By Young’s convolution inequality, all tempered distribu-

tions f on R3 satisfy

15 5o nri@ee) = W gz o) (4.243)

for a constant ¢ > 0 independent of p € [1,00]. Let us show that for all ¢ € [1,00[ and
p € g, 0], there exists a constant ¢ := ¢(p,q) > 0 such that for all 0 < T < oo and
F € ‘Fq(QT)a

sup || L(F) (1) gen_ sy < (0, DIIF |7, @r)- (4.2.44)
t€]0, T ’

After extending I’ by zero, it suffices to consider 7" = oco. By Sobolev embedding for Besov

spaces, we need only consider the case p = q. For ¢, 7 > 0,

t+7
rF S LF) () ogasy < 7 F / IS(t + 7 — 5)Bdiv F(-,5)]| oryds
0 (4.2.45)

cp)r
— e IF |l 5, (@u) < cPIF 5, (Qu)-

(t+71)=2

<

By the heat flow characterisation of Besov norms with negative upper index, we see that (4.2.45)
implies (4.2.44). We refer the reader to [9, Lemma 8] for the analogous estimate on L: YV —
L¥BMO;(Qr).
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4.3 Weak Besov solutions

This section contains the general theory of the weak Besov solutions introduced in Defini-
tion 4.1.5.

4.3.1 Basic properties

First, let us describe the singular integral representation of the pressure used throughout the

paper.

3
Remark 4.3.1 (Associated pressure). Let v be as in Definition 4.1.5 with pressure ¢ € L (Q7),
T > 0. There exists a constant function of time ¢ € L{ (]0, T'[) such that for a.e. (x,t) € Qr,

loc
q(z,t) = (=A) Hdivdiveo @ v — F + ¢(t). 4.3.1)

Since the Navier-Stokes equations and local energy inequality (4.1.22) do not depend on the
choice of constant, we will assume in the sequel that ¢ = 0. The resulting pressure is known as

the associated pressure.

Proof. For now, assume that ug € By’ (R?) is divergence-free and F' € F,(Qr) for some
p €]3,00] and ¢ €]3, p]. By the Calderén-Zygmund estimates, certainly ¢ € L{. (Qr). If (v, Q)
solves the Navier—Stokes equations with forcing term div F in the sense of distributions, then
Vq = Vg, which implies (4.3.1). Therefore, to complete the proof, we need only verify that
(v, q) is a solution.

1. Picard iterate. Let 73, denote the pressure associated to the kth Picard iterate,
T (ug, F) := (=A) " divdiv[Py_; ® Py — F. (4.3.2)

By the Calderén-Zygmund estimates, 7 € LSS . LE(Q7) + LSS, .LE(Qr). Recall that the kth

t,loc t,loc

Picard iterate is constructed as a solution of the heat equation
0P, — AP, = ]P)diV[F - P ® Pkfl] in Q. 4.3.3)

Since —V7, = (I —P) div[F — Py—1 ® P;_1], we may add this term back into (4.3.3) to obtain
the time-dependent Stokes equations with RHS div[F — P,_; ® Py_1]. Hence, 7y is a valid

pressure for the kth Picard iterate.
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2. Correction term. Next, let p denote the pressure associated to the correction term,
p=(-A)"'divdivlu ® u+ Py ® u + u® Py + Fy]. (4.3.4)

The Calderén-Zygmund estimates imply that p € L2 (Qr) + L2, L2(Qr). Recall that u €

t,loc
L°L2 N L2HL(Qr) is a distributional solution of

ou— Au=—Vp—divF
divu=0

in Qr, (4.3.5)

where F = u ® u + Py ® u+ u ® P, + Fj, for some pressure p in the class of tempered
distributions. As in Step 1, if u solves the heat equation with RHS — div PF, then p is a valid
pressure for u, i.e., (u, p) solves (4.3.5).

The multiplier associated to the Leray projector PP is not smooth at the origin, so we truncate
it. Let ¢ € C§°(R3) such that ¢ = 1 outside B(2) and ¢ = 0 inside B(1). Consider the
operators T, := ¢(D/e) and P, := PT for all ¢ > 0. Applying PP to (4.3.5), we obtain

(8, — A)(Tou) = —P. div F in Q7. (4.3.6)

In the limit ¢ | 0, we have T.u — u and P, divE — Pdiv F in the sense of tempered
distributions. Hence, the desired heat equation is satisfied.'*

3. Conclusion. Let ¢ = m, + p. Combining Steps 1 and 2 for 73, and p gives that (v, q) is a
distributional solution of the Navier—Stokes equations on Q7 with forcing term div F'.

In the general case ug € BMO™1(R?) divergence-free and F' € F(Qr), the above anal-
ysis remains valid with the following caveat. Since the kth Picard iterate only belongs to the
L>-based space X7, (—A)~!divdiv P, ® P, may only belong to ijOCBMOx(QT). Hence,

7k (uo, F') and ¢ may only be well defined up to the addition of a constant function of time

c € L} (10, T). Even so, we still refer to “the associated pressure” with the understanding that

4This method is valid under quite mild assumptions on « and F'. Certainly some assumptions are necessary in
order to exclude certain “parasitic” solutions u = c¢(t), p = —c'(t) - &, F = 0 of the time-dependent Stokes
equations. For such solutions, @ is supported at the origin in frequency space, so Teu — 0 as € |, 0.

A different method is to take the curl of the time-dependent Stokes equations with RHS div F' and initial data
uo and compare it to the curl of the solution of the heat equation with RHS P div F' and initial data uo. By well-
posedness for the heat equation, the two vorticities are equal, and hence their velocities are equal according to the
Biot-Savart law (that is, under mild assumptions).
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our computations will not rely on the particular choice of representative. O
Our next order of business is the following proposition:

Proposition 4.3.2 (Energy inequalities for u). Let T' > 0 and v be a weak Besov solution on
Qr as in Definition 4.1.5. Let p := q — . Then u obeys the local energy inequality for every
t €]0, T and all non-negative test functions 0 < ¢ € C3°(Qoo):

t
/go(x,t)|u(a:,t)\2dx+2// ©|Vu|? dx dt’
R3 0 JR3

t
< / / [u? (D + D) + [|u*(u + Pr) + 2pu) - Vo + 2[Pr @ u + Fy) : V(pu) dz dt’.
0 JR3
4.3.7)

Hence, u satisfies the global energy inequality

to
(-, t2) 132 gy + 2 / / Vule, )2 da di
to (438)
< llu-ty ||L2Ra>+2/ [ (Beew+ R Vudsat

for almost every t1 €]0,T[ and all ta €]t1,T).

Remark 4.3.3. By adapting the proof of Proposition 4.3.2, it is also possible to show the fol-
lowing. Let v be as in Definition 4.1.5 except that v is not assumed to satisfy the local energy
inequality (4.1.22). Instead, assume that u satisfies its corresponding local energy inequality
(4.3.7). Then v satisfies (4.1.22). In particular, v is a weak Besov solution on ()7. This fact will

be useful in Proposition 4.3.14.

The proof is based on an identity that appears in the classical proof of weak-strong unique-
ness and is useful in obtaining an energy inequality for the difference of two solutions of the

Navier-Stokes equations. Let f, g € C§°(Q) and 0 < ¢ < 2 < oo. Then

to
[ i@t stdos2 [ 9riVgdeat= [ ) gat)da
t JR? R (4.3.9)

to
//&tf Af)-g+ f-(0g — Ag) dzdt.
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We also need an analogous identity for the local energy inequality:

t
/‘ go(x,t)f—g(x,t)d:n—l—Q/ / oV f:Vgdxdt
R 0 JR? (4.3.10)

t
:/0 /RB(at(p—l—A(P)f'g—I_sp(atf_Af)'9+90f'(3tg—Ag)dxdt’,

forall p € C5°(Q) and t > 0. These identities may be obtained for a larger class of functions

by approximation.

Proof. 1. Local energy inequality for u. Recall from Definition 4.1.5 that v is assumed to satisfy
the local energy inequality (4.1.22) for every ¢ €]0, 7] and all 0 < ¢ € C§°(Q). Using afore-
mentioned properties of Py and F', together with the fact that Riesz transforms are Calderén-
Zygmund singular integral operators, we see that Py, P,_1 ® P;_1, F' and 7, all belong to
L%OC(QT). Using a mollification argument in the same spirit as in [126, p. 160-161], one can

show that P, satisfies the local energy equality

t
/go(x,t)]Pk(:c,t)lzda;—FZ// ©|V Py |* dx dt’
R3 0 JR3

t
= / / \Pk\2(8tcp + Atp) + 27TkPk . V(,D + Q[Pkfl & Pkfl — F] : V(Pkgo) dx dt/.
0 Jr3
43.11)
Next, one combines the identities |u|? = |v]|? — 2v - Py + |P|? and |Vu|? = |[Vv|? — 2V :

V Py, + |V P;|? with the local energy estimates (4.1.22) and (4.3.11) to obtain

t
/(p(x,t)|u(x,t)|2dx+2// ©|Vul? dx dt’
R3 0 JR3

¢
< / / [|v\2 + |Pk\2](8tg0 + Ap) + 2[vg + Py - Vo da dt’
0o JR3

t
+ / [v[*0 - Vo + 2Py 1 ®@ Py_1 : V(Pypyp) — 2F : V((v + Py)y) dx dt’
0 JR3

t
- 2/ o(z, t)v - Py(z,t) de — 4/ / ©Vov : VP, dxdt'.
R3 0 JRr3
(4.3.12)
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According to the weak-strong identity (4.3.10), we may write

t
/ o(z,t)v - Py(x,t)dx + 2/ / oV : VP dx dt’
R3 0 JRr3
t
= / / (Oyp + Ap)v - P, — Vq - Py — Vg, - pvda dt’
0 JRr3

t
+ / / VR : V(Pyp) + Pe1 @ Pi_q: V(pv) — F : V((v+ Py)y) drdt’.
0 Jr3

(4.3.13)
Substitute (4.3.13) into the final line of (4.3.12) and collect various terms:
t
/ o(z, t)|u(z, t)|* dz + 2/ / ©|Vul? dz dt’
B 0 /R (4.3.14)
< / / [ul?(8yp + Ap) + 2pu - Vo + oo dx dt’,
0 JR3
00 = |[v]*v - Vo —20 @ v : V(Pyp) — 2Py_1 ® Pp_1 : V(pu). (4.3.15)

We now add and subtract 2P, @ Py, : V(pu) = 2P, ® (v — u) : V(pu) in the expression for

o¢ in order to introduce the forcing term FJ,:
00 = 2[P, @ u+ Fi| : V(pu) + 11, (4.3.16)
I1:= |v]*v- Vo —20®v: V(Pyp) — 2P, ® v : V(pu). (4.3.17)
Expanding [v|? = |u|? + 2u - Py + | P|? in (4.3.17) gives
IT = |u|*(u + Py) - Vi + 111, (4.3.18)

I := [2u- Py + | Pe!Jv - Vo — 20 @ v : V(Prp) — 2P, @ v : V(ipou). (4.3.19)

Clearly, the first and third terms of III are integrable. Let us now demonstrate that III is inte-

grable by showing that the second term v ® v : V(Py) is integrable. Recall that

F € Fy(Qr) C L5 LL(QT). (4.3.20)
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Second, from (4.2.32) we infer that

Py, P, ® Py € Ltojfoch(QT). 4.3.21)

Using (4.2.29)-(4.2.30) and (4.3.20)-(4.3.21), together with maximal regularity results for the

heat equation, we infer that

VP € () (L10eLd(Qr) + Li 10 LE(Qr))- (4.3.22)

1<s<oo

loc

v € L2 (Qr). From this fact and (4.3.22), we infer that v ® v : V(Py) is integrable.

Using that v € (L{°L2)10.(Qr), Vv € L2 _(Qr), and multiplicative inequalities, we see that
10

It remains to prove that 111 integrates to zero. Expanding v ®@ v = P, Q@ v+u®v in (4.3.19)

and rearranging, we obtain

t t
/ / M dzdt’ = / / |Py>v - Vi — 2P, @ v : V(Pypyp) da dt’
0 JR? 0 JR (4.3.23)

t
+//[2u-Pk]v-Vg0—2u®v:V(Pkcp)—QPk(Xw:V(gou)dxdt’.
0o Jr3

This last expression vanishes, so we have verified that u satisfies the local energy inequality
(4.3.7).

2. Global energy inequality for u. The global energy inequality (4.3.8) will follow from the
local energy inequality (4.3.7) with a special choice of test function. Let 0 < ¢ € 08°(R3)
such that ¢y = 1 in B(1) and supp(¢) C B(2).Fix 0 < t; < to < T.Foreache, R > 0, we

define Lipschitz functions

1 t
) =5 [ ooV, teR (4324)

®. p(z,t) :=n-()Y(x/R), (z,t) € R*TL (4.3.25)

Technically, ®. g is neither smooth nor compactly supported in )7, but by approximation we

may use it as a test function in the local energy inequality (4.3.7) when 0 < ¢ < min(t1,7T —
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t1)/2.For 0 < ¢ < min(t;,T — t1,t2 — t1)/2, this gives

to
/z/J(x/R)\u(x,tg)Pda:—{—Q/ /@57R|Vu]2da:dt/
R3 0 R3

1 t1+e to
<. / b/ R)ul? de df’ + 2 / / B plPe®u+ Fi] : Vudndt
2e ti—e JR3 0 R3
1 r2 2 !
T2 / Ne / [ulAvp(z/R) dzx dt (4.3.26)
0 R3

1 (" ,
g [ [ Pt P+ 2] (90 /By ot

to
+]2%/0 nE/R3[Pk®u+Fk]:u®(vw)(x/R)dl'dt/'

Since u € LPL2 N LIHNQ7), p € L%(QT) + L%, L2(Q7) (see Remark 4.3.1), P, €

t,loc™x

L®(R3x]t; — &, T[), and F}, € L?(Qr), the last three lines of (4.3.26) vanish as R 1 oo.

Hence, we obtain

to
Hu(',t2)Hiz(R3) + 2/ 775/3 |Vul|? dx dt’
0 R

1 t14€

to
< — ||u(.,t’)|]%2(R3) dt' + 2/ 775/ [P @ u+ Fy] : Vudzdt'.
2e Jiy e 0 R?

(4.3.27)

Using that u(-,t) is weakly L2-continuous on [0, T], we see that (4.3.27) in fact holds for all
0 <tg <te <Tand0 < e < min(t1,T — t1,t2 — t1)/2. Recall from the Lebesgue
differentiation theorem that for a.e. t; €]0, T,
1 t1+e€
[ ) By e = (-, ) [Faggsy as < L0 (43.28)
2e Jyy—c
Finally, the global energy inequality (4.3.8) follows from taking € | 0 in (4.3.27). This com-
pletes the proof. O

The next proposition asserts that under mild hypotheses, weak Besov solutions are not

highly sensitive to the order of the Picard iterate used in the splitting.

Proposition 4.3.4 (Raising and lowering). Let0 < T' < oo, ug € BMO™(R?) be a divergence-
free vector field, F € F(Qr), and 0 < k € Z. Suppose that v is a weak Besov solution on Q

based on the kth Picard iterate with initial data ug and forcing term div F.
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(i) Then v is a weak Besov solution based on the (k + 1)th Picard iterate.

(ii) If k > 1 and Fy,_1(uo, F) € L*(Qs) for all finite 0 < S < T, then v is a weak Besov
solution based on the (k — 1)th Picard iterate.

(iii) If up € Bp'no(R3) and F € Fo(Qr) for some 3 < q < p < 00, then v is a weak Besov
solution based on the k(p)th Picard iterate, where k(p) := [5] — 2.

Proof. Proof of (i). We need only consider 7' < co. We must show that @ := u + (Py — Pg41)
belongs to the energy space, u(-,t) is weakly continuous as an L?(R3)-valued function on
0,77, and limyou(-, )| z2(rs) = 0. These conditions are already satisfied for the correction
term wu, so it remains to show them for Py, ; — Py. Recall now that Fy, € L?(Q7)."> Since
Py — Pys1 = L(F},), we obtain P, — Pyyy € C([0,T]; L2(R3)) N L2H2(Qr) and limy || P, —
Ppy1l|z2(rs) = 0. This completes the proof.

Proof of (ii). Once we further assume that k¥ > 1 and F},_; € L?(Qr), the proof is nearly
identical to the proof of (i).

Proof of (iii). The proof follows from (i)—(ii) combined with the estimates on Fy(ug, F')

proven in Lemma 4.2.2. O

4.3.2 Uniform decay estimate

The goal of this section is to prove Proposition 4.1.6, which we restate below:

Proposition 4.3.5 (Decay property). Let T > 0, p €]3,00[, q €]3,p], and k > k(p) := [5]-2.
Assume that v is a weak Besov solution on QQr based on the kth Picard iterate with initial data

ug and forcing term div F. Let |lug || ge» ®3) T 1 F|| 7,(@r)y < M. Then
p,00
1
[, )|l L2msy < C(k, M, p, q)t1. (4.3.29)

Heuristically, the global energy inequality starting from the initial time should give a decay
rate for ||u(-,t)||z2 that depends on the decay rate for fot Jgs | Fi(uo, F)|* dx dt’. However, it
is not obvious whether the global energy inequality even makes sense starting from the initial

time without a decay rate for ||u(-,#)||;2.'® This issue is overcome by decomposing u into

Definition 4.1.5 requires that Fy(uo, F') € L*(Qr) for all £ > k.
'5The problem is with integrating the lower order term fot Jos P ® u: Vudzdt'.
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two parts, each of which satisfies a global energy inequality with no integrability issues, and
estimating u by its parts. The method involves splitting the initial data g into a subcritical part
p and a perturbation uq with finite energy as in Lemma 4.1.7. The idea is that only subcritical
coefficients will enter into the energy inequality for the time-evolution of the perturbation wy.
See [17] for similar arguments in the context of global weak L3> solutions.

The hypotheses of Proposition 4.3.5 will be taken as standing assumptions for the remainder
of the section.

For N = 1, we decompose ug according to Lemma 4.1.7 and F' according to Lemma 4.5.8,

ug = 1y + Uo, F=F+F, (4.3.30)

with 1, ug, F, F satisfying the following properties:

10l yopat2 oy < COIM, - [ioll 2y < Cp) M, (4331)

ol g3 way» luoll gzv_ sy < C(P)M, (4.3.32)

1P v g, S ClaTIM, 1E 1205y < Cla. T)M, (4.3.33)
P3 T)

IFN N 7, @0 IFN 7,0y < M. (4.3.34)

We will use the following notation. For each k£ > 0, we define

Py(ug, F) := Py(io, FN),  Py(ug, F) := Py(uo, F), (4.3.35)
Fk(uo, F) = Pk & Pk — pk:—l & Pk}—la (4.3.36)
Ek(uo,F) = Pk(uo,F) —Pk(uo,F), (4337)

Gk(u(), F) =P, ® P — Pk & plc (4.3.38)

We will frequently suppress dependence on the data (ug, F’) in our notation.
In this section, we will also use the following subcritical estimates for B and L, in addition

to the properties discussed in Section 4.2. Namely, for 6 > 0,

)
I|B(U, V)HIC;)H‘S(QT) <l HU”IC;}H(QT) ”VHIC;,H&(QT)’ (4.3.39)
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IBOUV) a5,y < elp,8) min(1U o150 1V @0 1V b5 0 10y @)

(4.3.40)
IL(G) | e=1482 g,y < )G : (4.3.41)
ICoo 2(QT) -’tp§2 +62 (QT)
which follow from Lemma 4.2.1. Let § := min(dg, d3) > 0. Then
1Pkl 45 gy < C(T8,5) Qulll Polle_1+5(g,) < 00, (4.3.42)

where ()i denotes a polynomial with no constant term and degree depending only on k. By the

heat characterisation of homogeneous Besov spaces, (4.3.32), and (4.3.34), we have
1Pellic, @r) + 1 Pkllaer < C(k, M, p,q). (4.3.43)

The same estimate holds for Py (see (4.2.32)). Finally, using (4.3.43), along with (4.3.40) and

an induction argument, we see that
Hpk||1c;ol+5(QT) < c(0,k, M, p, Q)||p0|‘lcgol+5(QT)' (4.3.44)

Lemma 4.3.6. In the above notation, for all integers k > 0, Ej(uo, F') and Gy (uo, F') obey the

following properties:
Ey, € C([0,T]; L*(R%)) N L7 H,(Qr), (4.3.45)
1Bkl L 22 (@r) < C(k, M, p, )| Pollee L2 (01 (4.3.46)
Gy € L*(Qr). (4.3.47)

Proof. In the proof, we will make use of the following identities. In particular,
Ey, = Py — B(Ej1, Py1) — B(Py—1, 1), (4.3.48)

Ey = Py — B(Ej—1, Ej—1) — B(Py—1, By—1) — B(Ejp—1, Pu_1). (4.3.49)

1. Showing E}, has finite kinetic energy. We proceed by induction. Clearly, Ey = TDB. This,
together with (4.3.31) and (4.3.33), implies that

By € C([0,T}; L*(R*)) N L7 H,(Qr). (4.3.50)
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For the inductive step assume Fy_1 € L?LE(QT) (k > 1). Using (4.2.33), (4.3.43), (4.3.48),
(4.3.50), and the inductive assumption, we infer that Ej, € L°L2(Qr) and

1Bkl = 207 < I1Bollger2(@r) + C @) Pi-1llky@n) | Bkl = L2(0r)
+ CO Pitllyon 1Bl (#3501
< [|Eoll o2 (@r) + C(k, M, p, @) Ex—1ll 2o L2 ()-

From (4.3.51), we can then immediately obtain (4.3.46).

2. Showing Gy, is in L*(Q7). As previously mentioned, we have
Gr=E,®E,+ P, ® By + B @ Py. (4.3.52)
Using (4.3.42) and Step 1, we see that
P, ® Ep + E, ® P, € L*(Qr). (4.3.53)
Next, we use the interpolation inequality (4.2.13) together with (4.3.43) and Step 1 to obtain
E). ® By, € L*(Qr). (4.3.54)
Combining this with (4.3.53) gives that G € L?(Qr). Finally, we note that
Ep = S(t)uo + L(F)(-,t) — L(Gg) (-, t). (4.3.55)
This, together with (4.3.50) and G, € L?(Q7) implies that
By € C([0,T); L*(R%)) N LY Hy (Qr), (4.3.56)

and furthermore, for all ¢ €]0, 77,

t

t
||Ek(.,t)\|%2(R3)+2//\VEk12dxdt’_2//(Gk—ﬁ);VEkdxdt’Jr %0172 s
0 R3 0 R3
(4.3.57)

O]
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Remark 4.3.7. Standard energy estimates for Stokes equations imply that

~ N 1~
1Pollzee r2(Qr) < Clluollzzrsy + CTS | Fll 13 12(00)- (4.3.58)
‘We combine the above estimate with (4.3.31), (4.3.33), and Lemma 4.3.6 to obtain

with constant C' > 0 increasing in 7" > 0.

From now on, we will assume that v = u + Pj(ug, F') is a weak Besov solution on Q7 as
in Definition 4.1.5. Moreover, we will assume that k > k(p) in order that F},, F}, € F2(Q7) as
guaranteed by Lemma 4.2.2. We will denote

wi(ug, F) := u + Eg(ug, F) = v — Py(ug, F). (4.3.60)

It is clear from Lemma 4.3.6 that wy, € L°L2 N L?H(Qr) and w(-,t) is weakly continuous

as an L?(R3)-valued function on [0, 7.

Lemma 4.3.8 (Energy inequality for wy). In the above notation, we have

t
st Beqeey +2 [ [ [Vunf?dod
0 JR3

) (4.3.61)
<Nl +2 [ [ (Poowt - F)s Vaded.

forall t €]0,T).

Note that the last integral in (4.3.61) is convergent because P, € ICgOH‘S(QT) belongs to
subcritical spaces and Fy, F' € L2(Qr). Here, § := min(ds, 83) > 0.

We omit the proof of Lemma 4.3.8, as it is similar to the proof of Proposition 4.3.2. The
main idea is to “transfer” the global energy inequality from u and E}, to wy, by using the weak-

strong identity (4.3.9) and the cancellation properties of the nonlinearity.

Proof of Proposition 4.3.5. Below, we use the convention that the constants C' > 0 depend only

on k, M, p, q. By a scaling argument, it suffices to obtain an estimate of the form

[u(, Dllz2msy < C (4.3.62)
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when T" > 1. Since one may truncate the interval of existence, I' = 1, without loss of generality.
Split ug € Byho(R3) and F € F,(Qr) as in the beginning of Section 4.3.2. Using the

identity u = wy — Fj, we obtain the inequality
a2 sy < 201Bk( 172 sy + 2llwn( )] 72 e (4.3.63)
for all t €]0, T]. Recall from Remark 4.3.7 that E7Y obeys the estimate
1B (- )12 (gsy < C- (4.3.64)

It remains to estimate the energy of wy. Denote y(t) := ||Jwg(-,t) HQLQ(Rg,). By manipulating

the energy inequality (4.3.61) for wy, one obtains

¢
y(t)+// |Vwy |? da dr
0 JR3

. (4.3.65)

< ClliolZages) + c/o /Rd B2 + | By @ wil? + | Ful? do dr
for all t €]0, T'). Let us now analyze each of the terms. To begin, recall that [|z||%, ®3) < C.As
a consequence of Lemma 4.2.2, (4.3.32), and (4.3.34), we have that || F}, H%Q(wa’t[) < Ctz.V
Due to the splitting properties (4.3.31) and (4.3.33), we have that ||ﬁ‘|%2(QT) < C. Using
(4.3.44), it is not difficult to show that

Pyl - < C(||ugl| -s L HIFN <C. 4.3.66
1Pellezrracr,) < Ol gppmsta oy TIEN sty ) )< (4360
Substituting all the estimates into (4.3.65), we obtain that
. y(r)
o T
Now we apply Gronwall’s lemma:
y(t) < C(1+ t%) X exp (C’t‘s). (4.3.68)

We combine (4.3.68), (4.3.64), and (4.3.63) to obtain the following estimate for each ¢t €

This does not rely on F}, belonging to subcritical spaces.
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10, T7:
lu(- )22 < C(1+¢2) x [exp (C) +1]. (4.3.69)

Let ¢ = 1 to verify (4.3.62) and complete the proof. O

Corollary 4.3.9 (Global energy inequality, revised). Under the hypotheses of Proposition 4.3.5,
we have that Py ® u € L*(Qr) and, for all finite t €]0,T),

t t
||u(.,t)H%2(R3) + 2/0 /R3 \Vul|? dz dt’ < 2/0 /R?'[(Pk ®@u)+ Fy] : Vudz dt'. (4.3.70)

Remark 4.3.10 (On the constant in the decay estimate). From the proof of Proposition 4.3.5,
see (4.3.69), we may take C' = Q(M) exp(Q(M)) in the decay estimate (4.3.29), where Q) is
a polynomial with coefficients depending on k, p, g, zero constant term, and degree depending

only on k. Therefore, plugging (4.3.29) back into (4.3.70), we obtain

N|=

t
Hu(.,t)H%g(Rg) + 2/0 /]R3 |Vu|? dedt’ < Q(M)exp(Q(M))tz. (4.3.71)

4.3.3 Weak Leray-Hopf solutions

In this subsection, we prove the equivalence of suitable weak Leray-Hopf solutions and global
weak Besov solutions under certain assumptions. Let .J(R?) denote the space of divergence-free
vector fields in L?(R3).

Proposition 4.3.11 (Equivalence of suitable weak Leray-Hopf solutions and weak Besov so-
lutions). Let 0 < T < o0, up € J(R3) N Byhao(R3), and F € L*(Qr) N Ky(Qr) for some
p €]3,00[ and q €]3,p|. A distributional vector field v on Qr is a suitable weak Leray-Hopf
solution on Q7 with initial data ug and forcing term div F' if and only if v is a weak Besov

solution on QT with the same initial data and forcing term.

Later, we will use Proposition 4.3.11 to prove the existence of global weak Besov solutions
in Corollary 4.3.17. First, we remind the reader of the definition of suitable weak Leray-Hopf
solution. Recall that C§5(Qr) denotes the space of smooth vector fields ¢: Q7 — R? with

compact support and div ¢ = 0.

Definition 4.3.12 (Suitable weak Leray-Hopf solution). Let T > 0, ug € J(R3), and F €
L*(Qr).
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We say that a distributional vector field v on Q1 is a weak Leray-Hopf solution fo the

Navier-Stokes equations on QT with initial data ug and forcing term div F' if v satisfies the
following properties:

First, v € L°L2 N LEH%(QT), and v satisfies the Navier—Stokes equations on Q) in the

sense of divergence-free distributions:
T
/ / v-Op+ovRv:Vo—Vuv:Vo—F :Vodedt=0 4.3.72)
0o JRs

for all ¢ € C§Y(Qr). In addition, v(-,t) is weakly continuous on [0, T] as an L*(R®)-valued

function, and v attains its initial data strongly in L*(R3):

lis[u(:, 1) — wo|| 2z = 0. (4.3.73)

Finally, it is required that v satisfies the energy inequality

t t
|v(.,t)|%2(R3)+2/ / \Vo(z, t)|? de dt’ < Hu0||%2(R3)—/ / F:Voudzdt, (4.3.74)
0 JR3 0o JRr3

forallt €10,T).

We say that a distributional vector field v on Q« is a weak Leray-Hopf solution on Q) if it
is a weak Leray-Hopf solution on Qr for all T' > 0. These solutions are known as global weak
Leray-Hopf solutions.

Now let 0 < T < oco. We say that a weak Leray-Hopf solution v on QT is suitable if there
exists a pressure q € Ll% Q1) such that (v, q) is a distributional solution of the Navier-Stokes
equations on Qr with forcing term div F' and moreover satisfies the local energy inequality

(4.1.22) for all 0 < ¢ € C°(Quo)-

The following proposition concerning the existence of suitable weak Leray-Hopf solutions

is well known (see, for instance, [95]).

Proposition 4.3.13 (Existence of suitable weak Leray-Hopf solutions). Let ug € J(R3) and
F € L*(Qr) for all T > 0. There exists a global suitable weak Leray-Hopf solution with initial

data ug and forcing term div F.

We now prove Proposition 4.3.11.
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Proof of Proposition 4.3.11. Assume the hypotheses of the proposition. It suffices to consider

the case T' < oo. We now record a few properties. Namely,
Py(uo, F) € C([0,T); L*(R*)) N L7 Hy (Qr) N Kp(Qr), (4.3.75)

liz || Py (o, F) (1) — woll 2wy = 0. (4.3.76)

Combining these observations with (4.2.32) and (4.2.33) gives that Py (ug, F') € L°L2(Qr) N
K,(Qr) forall k > 0. Next, the interpolation inequality (4.2.13) implies P, € L*(Qr). Finally,
since F(ug, F) = P, ® Py — P,_1 ® Pj,_1, we obtain that F, € L?(Qr) for all k > 0.

1. Forward direction. Suppose that v is a suitable weak Leray-Hopf solution on Q)7 with
initial data ug and forcing term div F'. From (4.3.75) and Definition 4.3.12, it is clear that
u = v—Py(ug, F) € LLPL2NL?H(Qr) and u(-, t) is weakly continuous on [0, T with values
in L*(R?). In addition, (4.3.76) implies that limy o ||lu(-, )| ,2®s) = 0. Since Fi(uo, F) €
L?(Qr) for all k > 0, we conclude that v is a weak Besov solution on 7 based on the zeroth
Picard iterate.

2. Reverse direction. Suppose that v is a weak Besov solution on ()7 with initial data ug
and forcing term div F'. As observed above, Fy(ug, F') € L?(Q7) for all k > 0. Hence, Propo-
sition 4.3.4 implies that v is a weak Besov solution on ()7 based on the zeroth Picard iterate.
By (4.3.75), (4.3.76), and the properties of u = v — Py(ug, F') in Definition 4.1.5 (with k = 0),
we have that v € L°L2 N L?HX(Q7), v(-,t) is weakly continuous on [0, 7] with values in
L%(R3), and limyollv(-, ) — uol| r2rs) = 0. It remains to verify the global energy inequal-
ity (4.3.74) for weak Leray-Hopf solutions. This is obtained from the local energy inequality
(4.1.22) by similar arguments as in Step 2 of Proposition 4.3.2. The proof is complete. O

4.3.4 Weak—x stability

Here is our main result concerning weak-x* stability.

Proposition 4.3.14 (Weak—x stability). Ler 0 < T' < oo and (v(™),cn be a sequence of weak
Besov solutions on Q. For eachn € N, denote by uén) and div F™ the initial data and forcing

term of v\, respectively. Suppose that

u(()”) X ug in Bzfoo(Rg), FO) X pin Fo(Qr) (4.3.77)
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for some p €]3,00| and q €]3, p|. There exists a subsequence (still denoted by n) converging
in the following senses to a weak Besov solution v on Qr with initial data uq and forcing term
div F'. Namely,

o™ Xy in LRLA(B(R) %], S[), Vo™ — Vv in L*(B(R)x]4, S), (4.3.78)
o™ v in L3(B(R)x]6,8[), q™ — qin L2(B(R)x]s,S]), (4.3.79)
o™ = vin C([0,5]; S'(R?)), (4.3.80)

foreach R > 0, S €]0, T finite, and § €]0, S[. Here, ¢ and q denote the pressures associated

to v™ and v, respectively.
First, we require an analogous result for the Picard iterates.

Lemma 4.3.15 (Weak— stability of Picard iterates). Under the hypotheses of Proposition 4.3.14,
there exists a subsequence (still denoted by n) such that for each 0 < k € 7Z, the Picard iterates
P,gn) = Pk(u(()n), F™) converge in the following senses to Py(uq, F'). Namely,

P A Pin Ky(Qr), P — Py in LYB(R)x]5, S]), (4.3.81)
vP™ —~ vP™ in LY(B(R)x]5, S[), (4.3.82)
P = Py in C([0, 8]; S'(R?)), (4.3.83)

foreach R > 0, S €]0,T) finite, and 6 €]0, S|.

In the proofs below, we allow the implicit constants C' > 0 to depend on k, M, p, q. We

will also not vary our notation when passing to subsequences.

Proof of Lemma 4.3.15. 1t suffices to consider the case when T' < oo. Due to weak-* conver-

gence, there exists a constant M > 0 such that
supllug” | gzr_es) + 1F™ 7, i0n)] < M. (4.3.84)
neN ’

Let k£ > 0 be a fixed integer. From (4.2.32), we obtain

sgg[nﬂi")u,cp@ﬂ + 1P 2] < C(k, M, p, q). (4.3.85)
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Therefore, there exists a subsequence such that P,gn) X B, in KCp(Q). Eventually, we will
show that P, = Py (ug, F).

1. Strong convergence in L9. Consider the heat equation satisfied by the Picard iterates:

o,P™ — AP™ = Pdiv[F™ — P @ P™]in Qr (4.3.86)

in the sense of distributions. Interior estimates for (4.3.86) give us the following gradient esti-
mate for P,gn) on domains @) := B(R)x]|0,T[. Foralln € N,

1P awraigy + 10 P gty < C(Q), (43.87)

forall R > 0 and § €]0,T[. Hence, we may assume that VPlgn) X VP, in LY(B(R)x]6,T]).
By the Aubin-Lions lemma (see, for example, Seregin’s book [126, Proposition 1.1] or the

paper [8]) in the function spaces

wha(Q) & L1(Q) — whi(Q) (4.3.88)
and a diagonal argument, there exists a subsequence such that P,g") — Py in LY(B(R)x]6,T])
forall R > 0 and ¢ €]0,77.

2. Weak continuity in time. Let ¢ be a vector field belonging to the Schwartz class on R3.
Since P,gn) € C([0,T);S'(R?)) for all n € N, we consider the family F;, C C([0,7])

consisting of the functionals
0,T] 5 R:t— (P (- t),0), neN. (4.3.89)

Our goal is to apply the Arzela-Ascoli theorem to the family Fj .. Recall from (4.2.44) in
Section 4.2 that supneNHP,gn) || foo 55 Qr) = C, so using the characterisation of dual spaces
t p,o0

for homogeneous Besov spaces (see [11, Chapter 2], for example) we obtain

sup | (P (1), 9)| < Cllll s gays T € [0,T]. (4.3.90)
neN p’,1

Therefore, F}, ., is a bounded subset of C'([0, 7). To prove equicontinuity, we estimate atp,gn) (+,t)
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with values in the space Z := W~2P(R3) + W12 (R3) + W~ 14(R3). The space Z is moti-

vated by the estimate

sup [t~ AP |lw-2nqas) + ¢ [Piv P @ PO 1 o)+
L1011 4.391)

+ 7% [Pdiv ™) |y —vams)] < C.

!
Letr > 1 such that r min (sp, %") > —1. The time derivative J; P,g") is estimated from the other

terms in time-dependent Stokes equations (4.3.86) and (4.3.91) to obtain ||8tP,£,n) sz, Q) <

C(r). This gives us equicontinuity:

sggKP,i”)(-,tQ),«p) — (P (1), 0| < [ta — 11| Cr, ), (43.92)

for all ¢1,t5 € [0, T]. Hence, there exists a subsequence such that
(P (1), 0) = (Bi(-,1), ) in ([0, T)). (4.3.93)

The above argument was for a single vector field . Let (¢, )men C S(R?) be a dense sequence
of vector fields in B;Sf (R3). By the previous reasoning and a diagonal argument, there exists a

subsequence such that

(P (1), 0m) = (Pil-,1), o) in C((0,T1) (4.3.94)

for all m € N. From the estimate (4.3.90) and the density of (@, )men in Bz;flp , one may show
that (4.3.93) is valid for all Schwartz vector fields . Moreover, Py (+,0) = uyg.

3. Showing P, = Py (ug, F). First, note that while the convergence arguments up to now
were for a fixed k¥ > 0, we may assume they hold for all & > 0 simultaneously by a di-
agonalization argument. Let us proceed inductively. For the base case, we may write P =
P_1(ug, F) = 0. Next, suppose that P, = Py_1(ug, F') for a given & > 0. Let n — oo
in (4.3.86) to obtain the following heat equation:

8P, — AP, = Pdiv[F — Py_; ® P,_1]in Qr (4.3.95)
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in the sense of distributions.'® Also, ]Bk(, 0) = wug. Therefore, ﬁk = Py(ug, F) on Q7 due to
the well-posedness of the heat equation in C'([0, 7]; S’(R?)). This completes the induction and
the proof. O

Remark 4.3.16. Using (4.3.81), (4.3.85), and interpolation, we have
P™ = P, in L(B(R)x]6, S]) (4.3.96)

forany [ > 1, R > 0, S €]0, T finite, and 6 €]0, S|.
We are now ready to prove Proposition 4.3.14.

Proof of Proposition 4.3.14. 1t suffices to consider the case when T' < oco. Let k := k(p). As in
Lemma 4.3.15, exists a constant M > 0 such that

suplllug” L zp, sy + I1F ™7y (@r)) < M. (43.97)
sgngé")HKp(QT) + 1P ko om)] < Clk, M, p, q). (4.3.98)

According to Proposition 4.3.4, v(") = u(") 4 Py (ug, F) is a weak Besov solution on Q7 based
on the kth Picard iterate for each n € N.
1. Energy estimates. Recall the uniform decay estimate from Proposition 4.3.5. Namely,

there exists o > 0 such that

sugnu(”)(-,t)HLZ(RS) < Ct*, t €]0,min(T,1)]. (4.3.99)
ne

By combining (4.3.98), (4.3.99), and the global energy inequality (4.3.70), we obtain the fol-

lowing Gronwall-type estimate:

t
sup sup ™ ()| do + 2/ / (Vu™|? de dt’ < C. (4.3.100)
neN ¢€]0,T[ JR3 0 JR3

®Here, we require the following fact concerning the Leray projector. For a sequence of vector fields f, — f in
LILT(Qr),1 < 1,7 < oo, we also have Pf,, — Pf in L} L7 (Qr) due to the observation that fQT Pf, - pdxdt =

fQT fn - P dz dt for all vector fields ¢ € L LT (Qr).
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For each n € N, we estimate the time derivative d;u(™ in a negative Sobolev space according

to the Navier—Stokes equations:

sup| o™ | 5 < supCf|Aut — div F" — div P @ u®
neN L?H: ?(Qr)  neN (4.3.101)
—u™ g p™ iv ™ @ o™ , o
u'™ ® Py, HL?H;l(QT) + [[dive'™ @ u HL?H;%(QT)} <C.
By the Banach-Alaoglu theorem, we obtain a subsequence
u™ X owin LPL2(Qr), Vu'™ — Vuin L*(Qr), (4.3.102)
u(-,t
ess sup w <C. (4.3.103)
t€]0,min(1,T)[ t

A standard application of the Aubin-Lions lemma implies that u(™ — v in L?(B(R)x]0, T)

for all R > 0. Moreover, since sup,,cy ||u(™ HL 200 < C, we obtain
u™ — win L'(B(R)%]0,T]) (4.3.104)

forall R > 0 and [ € [1, %[, by interpolation. In addition, by the estimates (4.3.101) and

arguments similar to those in Lemma 4.3.15, we have a subsequence such that

/R ) u™ (z,t)p(x) de — g u(x, t)p(z) de in C ([0, T]). (4.3.105)

Hence, u(-, t) is weakly continuous as an L?(R3)-valued function, and by (4.3.103), we have

ltingu("t)HV(R?’) =0. (4.3.106)

2. Pressure estimates. As described in Remark 4.3.1, we may take ¢™ to be the associated
pressure:

¢ =" + ¢V + " +¢®, neN, (4.3.107)
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where

" = (=A) divdive™ o™, (4.3.108)
& = (=A) divdiv P @ u™ + u™ @ P, (4.3.109)
&V = (-A) divdiv P™ @ P, (4.3.110)
M = (=A) divdiv F™. 4.3.111)

By the Calder6n-Zygmund estimates, for all § €]0, 77,

supllai” 3 g, < Cllullision) < C: (43.112)

supllas” swogary < Cllullio@n 174" i woxisrn < CO) (4.3.113)
iggllqé”)ufp@ﬂ < 1P i@l PM i@y < € 4.3.114)
spllf” |7, qr) < CIF ™l @n) < C. (4.3.115)

There exists a subsequence such that for all R > 0 and § €]0, T'[,
¢™ — qin L2 (B(R)x]5,T)), (4.3.116)

and q(-,t) € L%(R3) + L3(R3) + LP(R3) 4+ L(R3) for a.e. t €]0,T[. Hence, ¢ = 0 in
Remark 4.3.1. That is, g is the pressure associated to v.
3. Local energy inequality. It remains to verify that v satisfies the local energy inequality

(4.1.22). It will be more convenient'® to examine the energy inequality satisfied by u(™:

t
/¢(x,t)]u(”)(x,t)\2dx+2// S Vu™ P da dt!
R3 0 JR3

t
< / ™ 280 + Ap) + [Ju™ 2™ + P,in)) +2pM M. Vo dedt’ (4.3.117)
3

0 JR
t
+2 / / 1P @ u™ + F) 2 v (ou™) da dt,
0 JR3

"“This way, we avoid the problematic term fot f]R3 FO V(gm)(")) dx dt’ in the local energy inequality for v,
since F("™) is only assumed to converge weakly—x in F,(Qr).
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forall t €]0,7] and 0 < ¢ € C5°(Qoo). Each term in (4.3.117) converges to its corresponding

term in (4.3.7) with u, p, Py, F}, replacing u(™ pm), P,E"), F,gn) except for the term

¢
/ / | Vu'™? dz dt’. (4.3.118)
o JRrs
Since fOT = |Vu(™|? dz dt’ < C, there exists a subsequence such that
IVu™|? — |Vul? = pin M(Qs), (4.3.119)

where M (Qr) is the Banach space of all finite Radon measures on ()7. Moreover, since

Vul® — Vu in L?(Qr), the lower semicontinuity of the L?-norm implies that z > 0. There-

t t
/ /3 0| Vu™? da dt’ — / /3 0| Vul* da dt’ + p (4.3.120)
0 JR 0 JR

forall 0 < ¢ € C§°(Qx) and t €]0, T, and u satisfies the local energy inequality (4.3.7). By

fore,

Remark 4.3.3, v satisfies its corresponding local energy inequality (4.1.22). This completes the
proof. O

As a consequence of weak-* stability, we obtain an existence result for global weak Besov

solutions.

Corollary 4.3.17 (Existence). Let 0 < T < oo, ug € Bf,f’oo(Rg) be a divergence-free vector
field, and F € Fo(Qr) for some p €]3,00[ and q €3, p|. There exists a weak Besov solution v

on Qr with initial data ug and forcing term div F.
First, we require the following lemma which we state without proof.

Lemma 4.3.18 (Density). Under the hypotheses of Corollary 4.3.17, there exist sequences
(uén))neN C S(R3;R?) and (F™) ey € C°(Qr; R3*3) such that u(()n) Xoug in Byl (R3),
F" X Fin F)(Qr), and for each n € N, div uén) =0

Proof of Corollary 4.3.17. Let (u(()"))neN and (F("),,cn be the approximating sequences from

Lemma 4.3.18. By Proposition 4.3.13, there exists a sequence (v(") )nen of suitable weak Leray-
Hopf solutions on Q)7 with respective initial data u(()") and forcing terms div F(™ for each n €
N. In Proposition 4.3.11, we proved that for each n € N, the suitable weak Leray-Hopf solution

v(™) is also a weak Besov solution on Q7 with initial data u(()n) and forcing term div F(").
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Finally, recall Proposition 4.3.14 regarding weak-* stability of weak Besov solutions. There
exists a subsequence (still denoted by n) such that v(™ — v in L?OC(QT), where v is a weak

Besov solution on ()7 with initial data ug and forcing term div F. ]

4.3.5 Weak-strong uniqueness

In this subsection, we are concerned with mild solutions of the Navier—Stokes equations and

their relationship to weak Besov solutions.

Definition 4.3.19 (Mild/strong solutions). Let T' > 0 and F' € F(Qr). Assume that uy €
S'(R3) is divergence-free and Py(ug, F) € Xr. (For instance, this is satisfied when ug €
BMO~Y(R3) U L>®(R3) is divergence free.)

A vector field v € X7 is a mild solution of the Navier-Stokes equations on Qr with initial

data ug and forcing term div F if for a.e. t €]0, T, v satisfies the integral equation
U('at) :PO(UOaF)('¢t) —B(’U,U)(',t). (4.3.121)

A mild solution v on Qr is a strong solution if v is also a weak Besov solution on QT with
initial data ugy and forcing term div F.

We say that v is a mild (resp. strong) solution on Qs with initial data uy and forcing term
div F iffor all T > 0, v is a mild (resp. strong) solution on Qr with initial data uy and forcing

term div F'.
Our main goal is the following theorem:

Theorem 4.3.20 (Weak-strong uniqueness). Let 0 < T' < 00, up € By (R?) be a divergence-
free vector field, and F € Fo(Qr) for some p €]3, 00] and q €]3, p|.

There exists an absolute constant €y > 0 with the following property.

Suppose that v € Koo (Q7) is a weak Besov solution on Qr with initial data uy and forcing

term div F. Moreover, assume that v satisfies

eSSSupt%HU(',t)HLOQ(RS) < ep (4.3.122)
0<t<S

for some S €]0,T). If U is a weak Besov solution on Qr with the same initial data and forcing

term, then v = v on Q.



109

Note that Theorem 4.3.20 proves weak-strong uniqueness until the maximal existence time

of the solution in Koo (Q7), not merely on the initial interval ]0, S| where the strong solution is
small.

We investigate the existence of strong solutions in Proposition 4.3.22. In particular, strong

solutions satisfying (4.3.122) always exist when the initial data and forcing term are sufficiently

small. This observation proves Theorem 4.1.3 in the introduction.

Remark 4.3.21 (Alternative proof of small-data-uniqueness). Let ||ug| N Oha 1Fl 7,00 <
M. When M < 1, one may prove the uniqueness for weak Besov solutions v in the following
way, which does not rely on the perturbation theory in Proposition 4.3.22.

Without loss of generality, 7" = 1. We will use Proposition 4.6.2 (e-regularity) with f = 0,
g2 = 00, and p; = ¢q. Choose 0 < R < 1 such that ¢p/R < &¢, where £ is the constant
in (4.3.122) and cg from Proposition 4.6.2.

By using the energy inequality in Remark 4.3.10, estimates on the Picard iterates in Sec-

tion 4.2, and Calder6n-Zygmund estimates for the pressure, one may show that

1 1
sup 2/ / 103 + |q|? duw dt < EEN (4.3.123)
R* J1_Rr2 JB(z0,R) 2

xo €R3

when M < 1. See the proof of Lemma 4.4.3 for similar arguments. Upon further reducing

M <1,
1 ECKN
1?61%3 ﬁHFHL,?OL?E(B(J:O,R)><]1—R2,1[) <5 (4.3.124)

with § = 2 — 3/q. Combining (4.3.123)-(4.3.124) and e-regularity, we obtain

[v(+s Dl oo (r3) < €o- (4.3.125)

Using a scaling argument, one obtains (4.3.122). Finally, Theorem 4.3.20 implies the unique-

ness.

Proof of Theorem 4.3.20. Let v, v be as in the statement of the theorem with the constant g > 0
in (4.3.122) to be determined. Let k¥ := k(p) and denote u := v — Py(ug, F), v := v —
Py (up, F), w :=u — u.

0. Properties of w. Observe that w € L{°L2 N L?H!(Qy) for all finite S €]0, T] solves the
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following Navier—Stokes-type system in the sense of distributions:

Ow—Aw+divew +dive@w +divw @ v = —Vr
on Q. (4.3.126)

divw =0

Also, w(-,t) is weakly continuous as an L?(R?)-valued function. Due to the uniform decay

estimate (4.3.29) satisfied by u, u, we have

o, 0) 22 a0
—_— <

T (4.3.127)
t€]0,T[ t2

1. Energy estimate for w. Our goal is to demonstrate that w = 0 on Q7. Recall that u, u
satisfy the global energy inequality (4.3.70) starting from the initial time, see Corollary 4.3.9.
(In fact, u satisfies the global energy equality, compare with Step 1B in Proposition 4.3.22.) As
is typical in weak-strong uniqueness arguments, we combine the two energy estimates using the

weak-strong identity (4.3.9) to obtain the following energy inequality for w:

t ¢
Hw(.7t)HQL2(R3) + 2/ / |Vw|? dz dt’ < 2/ / v@w : Vwdzdt (4.3.128)
0 JR3 0 JR3

for all ¢ €]0,T[. The requirement v € K (Qr) together with Proposition 4.3.5 are used to
make certain calculations rigorous, in particular, to ensure that the RHS of (4.3.128) is finite.
See the proof of Proposition 4.3.2 for a similar argument.

2. Showing w = 0. We will conclude with a Gronwall-type argument that crucially makes
use of (4.3.127). The connection between similar decay properties and weak-strong uniqueness
was observed by Dong and Zhang in [45] and was subsequently used by the second author
in [15].

Manipulating (4.3.128), one obtains

t
s Oay < [ [ 1Pl deds
0 JR3

]2

) ) , (4.3.129)
< Co sup [s2[[u(-, )| o ray]® x 2 sup [s72 w(, 8)[32ps)]
5€]0,t] 5€]0,¢(

for all finite ¢ €]0,T]. We may choose €¢ := (200)_% in the statement of the theorem. Recall
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the assumption (4.3.122), i.e., there exists S €]0, T’ such that

1 2 1
sup [s2||v(-, )| feo(r3y]” < =—. (4.3.130)
s [sEo o)l < 5
Then (4.3.129) gives us
Jw(-, )17 2ms 1
D < sup (573w, 8) |2 s 43.131)
t2 s€]0,t[

for all ¢ €]0, S|. Hence, w = 0 on QQg. Now, the original energy inequality (4.3.128) gives us

t
[w (-, 172 Rs) éCHv!im(Rgx]S,tD/S\wl!%goLm,)dxdt’, (4.3.132)

for all finite ¢ €], T']. Finally, the standard Gronwall lemma implies that w = 0 on Q7. This

completes the proof of weak-strong uniqueness. O

Finally, we consider the existence of strong solutions. First, we require some notation. Let
p €]3,00[ and 0 < T < oo. Define Iép(QT) to be the closed subspace of /C,,(Q1) consist-
ing of vector fields v such that limg o[|v|[x,(@s) = O and satisfying the following additional

requirement when 1" = oo:

lim esssup % [v(, )| o (rsy = 0. (4.3.133)
Stoo ¢>9
Similarly, define Xr to be the closed subspace of X7 consisting of vector fields v such that
limg|o|lv||xs = 0 and such that the following additional requirements are satisfied when 7' =

oo. Namely, v(-,t; + ) € X forall t; > 0, and

lim [Jo(- + ¢1)||x.. = 0. (4.3.134)
t17T00

The space Vr is defined analogously for forcing terms. Recall from Section 4.2.2 that when
q €]3,p) and F' € F,(Qr), L(F') belongs to K,(Qr) N Xp.

Here is our main result concerning the existence of strong solutions:

Proposition 4.3.22 (Existence of strong solutions in perturbative regime). Let 0 < T' < oo,

ug € Bf,f’oo(RS) be a divergence-free vector field, and F' € Fy(Qr) for some p €]3,00[ and
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q €]3,pl. Suppose that v € IC,(Qr) N /'QT is a mild solution of the Navier—Stokes equations on

Q with initial data ug and forcing term div F. There exists a constant g := £o(v, p) > 0 such
that for all divergence-free g € By's(R?) and Fe Fq(Qr) satisfying

| Po (o, F) — Po(uo, F)||ar < €0, (4.3.135)
there exists a mild solution v € X with initial data ug and forcing term div F and such that
[0 = vl < 2e0. (4.3.136)

In addition, v is unique amongst all mild solutions (with initial data ug and forcing term div F )
that satisfy (4.3.136). Moreover, v is a weak Besov solution on Qr with initial data ug and

forcing term div I (in particular, it is a strong solution). Finally, v satisfies

17— vl < 21| Po(@0, F) — Po(uo, F)|| (4.3.137)

15— vk, (@) < 21Po(0, F) = Pouo, F)llic, @) (4.3.138)

The method of proof is well known and goes back to the work [53] of Fujita and Kato
for initial data in H®, s > 1/2, as well as Kato’s seminal paper [76] concerning small-data-
global-existen3ce for initial data in L3. Solutions evolving from initial data in critical Besov
spaces B; i: 5, p > 3, were investigated by Cannone [34] and many other authors, see, e.g.,
the appendix of [54] and the references in [95]. Finally, solutions evolving from BMO™! initial

data were pioneered in [85] by H. Koch and D. Tataru.

Proof. 1. Perturbations of the zero solution. Let us consider the case when ug and F’ are zero.

As mentioned in Section 4.2.2, there exists a constant £ > 0 such that for all U and V in X'7p,
1B, V)llxr < 61U |lar V]| - (4.3.139)
Furthermore, it is not difficult to show that there exists x, > 0 such that

1BVl @0 < spmin([UlL [V, @0 100,00 VIi),  (43.140)

for all U,V € Ap N K,(Qr). The constants are independent of 0 < 7' < oo. We also
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use (4.3.140) for p = 2. Let us write M > || Py(do, F) || x, and M, > || Py (do, F)l|x, (@r)-
IA. Existence in X and K,(Qr). Suppose that M < (4r)~!. One may verify using (4.3.139)
that the Picard iterates P, := P, (ug, ﬁ) satisfy

| Pellaey < 2M, || Pri1 — Pellaey < 46M|| By — P 2ep (4.3.141)

for all integers £ > 0. Hence, the sequence of Picard iterates (ﬁk) k>0 converges to a solution

v € Xr of the integral equation

5(,t) = Po(to, F) — B(3,7). (4.3.142)

Observe that ¥ is the unique solution satisfying |||y, < (2x)~!. Now suppose that M <
(4r,) ! is additionally satisfied. One verifies using (4.3.140) that for all integers k > 0, we
have

1Psllic, (@r) < 2M,, (4.3.143)

HﬁkJrl — ﬁkHle(QT) < 4I£pMHﬁk — ﬁk*l”le(QT)- (4.3.144)

The sequence (Py) k>0 converges also in the space /Cp,(Q7), so v additionally belongs to /Cp,(Q7)
and satisfies |||, (@) < 2M).

IB. v is a weak Besov solution. Recall from Lemma 4.2.2 that Py, )11 — Pp(p) € K2(Q7).
Let us further assume that M < (4r2)~!. One may demonstrate using (4.3.140) that for all
k> k(p),

1 Piot1 — Prllica(or) < 4M#ol| Py — Pecillkyq)- (4.3.145)

Therefore, 4 := v — ]Bk(p) belongs to KCo(Q7), since

iy (@) < 17 = Py llica@ry < D 1Prat = Prllxca(or) < - (4.3.146)
k=k(p)

Let us now demonstrate that % € C([0, S]; L?(R%)) N L?H(Qy) for all finite S €]0, T]. In

order to show this, we use the identity

U(-,t) = —B(@,0)(-,t) — L(Py @ U+ U @ Py + Fx) (-, 1). (4.3.147)
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We then conclude using the following facts. Namely,
1
U@ Vs < StIU|ky@s) IV Il as (4.3.148)

(U € K2(Qg) and V € Xg) and the fact that F}, € L%(Qg) for all k > k(p), as observed in
Lemma 4.2.2. Note also that since u € KCo(Q7), we have that

lim|[@(-,¢) z2 = 0. 4.3.149
][, )] 2 ( )

It remains to prove the local energy inequality (4.1.22) for v with its associated pressure
¢ = (—=A)"tdivdivo ® v. Recall that v € L>®(R3x]6, S[) for all finite S €]0,7] and 6 €
]0, S[. By Calderén-Zygmund estimates, § € L°BMO,(R3x]6§, S[). Using these facts, the
local energy inequality for (v, ¢) follows by using a mollification argument in the same spirit as
in [126, p. 160-161)]. Hence, the proposition is proven with eo(p) := (8 max(k, kp, k2)) ! in
the special case that ug and F’ are zero.

2. Perturbations of general solutions. Now we consider the proposition in full generality.

2A. Solving the integral equation. Our goal is to solve the following integral equation:
Z('7 t) = Po(u~07 ﬁ)(7 t) - PO(UQ, F)(’ t) - B(Zv Z)('a t) - LU(Z)('a t)7 (4.3.150)

where L, (z) := B(z,v)+B(v, z). Then v := z+wv will be a mild solution of the Navier—Stokes

equations. The integral equation (4.3.150) is equivalent to
2= (I + Ly) ' [Py(to, F) — Po(ug, F)] — (I + Ly) ' B(z, 2), (4.3.151)

since I + L, is invertible on X7 and IC,(Q), see Lemma 4.3.23. The existence and uniqueness
theory for mild solutions of (4.3.151) in X7 and K,(Q7) is similar to that of Step 1A except

that one uses Picard iterates Py (ug, F), o, ﬁ) defined recursively by
Py(uo, F, g, F) := (I + Ly) ™" [Py(tig, F) — Po(uo, F)], (4.3.152)

Py(uo, F, g, F) := Py — (I + L) 'B(Py_1,Ps_1), keN. (4.3.153)
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In addition, we define
eo(v,p) == Bmax(||(I + Lo) ™ 13y 5 11+ L) MR @y fips s fips K2)) /3, (4.3.154)

which is less than eg(p) /3 (where £o(p) is as in Step 1) when v = 0. The proof of existence and
uniqueness is not difficult and follows Step 1A, so we will omit it. Let v denote the resulting
mild solution of the Navier—Stokes equations.

2B. T has finite kinetic energy. Since v € Xy and (4.3.136), there exists T €]0, T'[ such that
[v]laz < 2e0(v,p) — ||V — v[|x. By the triangle inequality [[0|x, < [[v]lxz + [[v — v[|x and

eo(v,p) < eo(p)/3, we obtain
[9]| 2. < 2e0(v,p) < 220(p)/3. (4.3.155)
Since Py (g, F) = (-, t) + B(¥,0)(-, t), we infer that
1Po (o, F)1x < 1[0l + w01 (4.3.156)
Using (4.3.155) and the fact that 4xeq(p) < 1, we obtain that
1P (o, F)|x,. < 2o(p)- (4.3.157)

So we can construct a strong solution (with initial data ug and forcing term div 15) on Qiﬁ
according to Step 1. Finally, using (4.3.155), v agrees on Q7 with the mild solution constructed
in Step 1, and in particular, & € C([0, T]; L2(R3)) N L?H%(QT)

To show that u has finite energy on Qg for all finite S €]0, T'], we appeal to Lemma 4.3.24.
Specifically, after translating in time, Lemma 4.3.24 says there exists S > 0 and a solution
i € L®(R*X]T, T + S[) of the integral equation

u(-,t) = St —T)a(-,T) — /f S(t — s — T)Pdiv Fy(-, s) ds

. T (4.3.158)

— /N S(t—s—T)PAdiv[(a+ P) ® @+ Py © @)(-, s) ds.
T

on R3 X]T, T+5S [. Moreover, @ belongs to the energy space. Since o := Py, + @ is an L> mild

solution of the Navier—Stokes equations on R3x]T", T 4 S| with initial data 3(-, T) and forcing
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term div F, the uniqueness of such solutions implies that 7 = © on R?’X]T, T+5S [. Hence,
% = @ on the same domain, so we obtain that & € C([0,T + S]; L2(R?)) N LEH;(QTJFS). We
may continue in this fashion as long as the existence time is not shrinking to zero in the iteration.
In light of the lower bound (4.3.159) on the existence time in Lemma 4.3.24, we conclude that
w e C([0,8]; L2(R%)) N L2H!(Qg) for all finite S €]0, T7.

2C. v is a weak Besov solution. The local energy inequality for v follows from exactly the

same argument as in Step 1B. O

Lemma 4.3.23 (Spectrum of L,). Let 0 < T < oo and p €]3,00[. Suppose that v € Xp
is divergence free. Then L,: Xr — X and L,: Kp(Qr) — Kp(Qr1) defined by L,(z) =
B(z,v) + B(v, z) have spectrum {0}.

Proof. 1. L, is not invertible. Notice that VL, f € L} (Qr) for all f € Xr U K,(Qr) due
to local regularity properties of the Stokes equations. Of course, there exists elements g; €
Kp(Qr) and g2 € X with Vg; ¢ L (Qr) for i = 1,2. Clearly, L, f1 # g1 for all f; €

loc

KCp(Qr) and L, fo # go for all fo € Xp. Hence, zero belongs to the spectrum of L, on A7 and
Kp(QT)-

2. M — L, is invertible (A € C \ {0}). We omit the proof of invertibility, since it is nearly
identical to the proof of [9, Lemma 6], in particular, p. 684-685. The main idea is to solve
the linear problem f — L,f = ¢ on a finite number of small subintervals by a perturbation

argument. O

Lemma 4.3.24 (Local continuation with finite energy). Let 0 < T < co. Assume that a €
LR} NJ(R3), V € L®(Qr) is a divergence-free vector field, and G € L™ (Q1) N L*(Qr)

with values in R3*3. There exists a finite time S €]0,T), an absolute constant co > 0 satisfying

€0

s>
(1 + 1Po(a, Gl zoo(@r) F IV I oo (@r))?

, (4.3.159)

and a solution u € L>(Qg) N C([0, S]; L*(R3)) N L2HX(Qs) of the following integral equa-
tion:
u(-,t) = Py(a,G)(-,t) — B(u,u)(-,t) — Ly (u)(-, t), (4.3.160)

fora.e. t €]0,8S|.
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We omit the proof of Lemma 4.3.24, since it follows known perturbation arguments similar

to those in Proposition 4.3.22.

4.4 Applications

4.4.1 Blow-up criteria

As mentioned before, the second half of this paper focuses on applications of the weak Besov
solutions developed in Section 4.3. Let B denote the set of all divergence-free vector fields
fe Bgolyoo (R3) satisfying

%Af@(.)) = 0in D'(R?). (4.4.1)

Note that B does not contain any non-trivial scale-invariant vector fields. We wish to prove the

following theorem:

Theorem 4.4.1 (Blow-up criteria). Let T* > 0, ug € L>®(R?) be a divergence-free vector
field, and F € L LL(R3%]0,T*) for some q €]3, 00]. Suppose that v € L>®(R3x]0,T]) is a
mild solution of the Navier—Stokes equations on R3x|0, T with initial data ug and forcing term
div F forall T €]0,T*[. Let p €]3, 00 and M > 0. There exists a constant € := €(p,q, M) > 0
with the following properties:

(i) Suppose that ||v(-,1)| 143 < M for some t1 €]0, T*[.?° If also
B R3)

.00
HU(‘aT*)HBgO{OO(RS) + 1 F|l 7,®3xj0,7+) < & (4.4.2)
then v € L (R3x]0, T*|).
(ii) Suppose that there exists a sequence of times t, T T such that

supl[v(- to)|| 118 <M. (4.4.3)
neN Bp.oo P (R3)

In this statement, v(-, ) is well-defined for each ¢ € [0, T*] since v belongs to C([0, T*]; D' (R?)). One way
to argue this is as follows. First, it is known that as a mild solution, v belongs to C([0, T*[; D’'(R?)). Second,

according to Proposition 4.4.5, v agrees on R® x|t;, T* [ with a weak Besov solution, and such a solution belongs to
C([tr, T7): D' (B?)).
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If there exists x* € R3 such that v(-, T*) satisfies

dist(v(- +2*,77),B) < ¢, (4.4.4)

where the distance is measured in the BgO%OO(R?’) norm, then v is regular at (x*,T*). If
(4.4.4) is satisfied for all x* € R3, then v € L*°(R3x]0, T*|).

Here are a few remarks concerning Theorem 4.4.1:

1. Let us mention that Escauriaza, Seregin and Sverak’s result?' was shown to hold true with
the addition of certain forcing terms by Lemarié-Rieusset in [98] (specifically, Theorem
15.15, p. 527 of [98]).

2. Previously, in [40], Choe, Wolf, and Yang showed that a weak Leray-Hopf solution satis-

fying

esssupl|v(-, t)|| zz.c < M (4.4.5)
0<t<T*

is regular at (z*, 7*), under certain additional assumptions on v(-, 7*), which are similar

in spirit to (4.4.4).

3. The blow-up profiles that do not satisfy our assumption (4.4.4) are reminiscent of the
initial data conjectured by Guillod and Sverdk in [66] to give rise to non-uniqueness.

It is plausible to us that there exists a global weak Besov solution v which is singular at

T* > 0,supgeep«||v(-, t) ”Bif’oo (r3) < 00, and such that uniqueness is lost at the singular

time; that is, there exists a different global weak Besov solution v such that v = v on Q~.

From the proof of Theorem 4.4.1.(i), we obtain an analogous criterion for weak Besov

solutions which we will use to prove Theorem 4.4.1.(ii).

Remark 4.4.2 (Blow-up criterion for weak Besov solutions). Let 7% > 0, p €]3, 00| and
q €]3, p]. Suppose that v is a weak Besov solution on Q7+ with initial data ug € By (R?) and
forcing term div F' (F' € F,(Qr~)). Finally, suppose that |lu|| B sy < M. There exists a
constant € := &(p, ¢, M) > 0 with the following property. Namely, if (4.4.2) is satisfied, then
there exists an £ €]0, T*[ such that v € Lo (R3x]T* — &, T*]).

2! Specifically, they prove that if a solution belongs to L{° L2 then it is regular. See Theorems 1.3-1.4 in [49].
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Before we prove Theorem 4.4.1, we state three preliminary tools. The proofs of Lemma 4.4.3
and Proposition 4.4.4 will be postponed to the end of the section. We omit the proof of Propo-

sition 4.4.5, since it follows perturbation arguments similar to those in Proposition 4.3.22.

Lemma 4.4.3 (Boundedness for |z| > 1). Let T > 0 and q €]3, 00| Let v be a weak Besov
solution (based on the kth Picard iterate, 0 < k € 7.) on Q with initial data ug € BMO™!(R3)
and forcing term div F' (F' € F4(Qr)). There exists R := R(v, k,T, q) > 0 such that

v e L®((R?\ B(R))x]T/2,T]). (4.4.6)
Moreover, if F' = 0, we have that for all 0 < o, 5 € Z,
9PVhu € L=((R3\ B(R))x|T/2,T]). (4.4.7)

Proposition 4.4.4 (Backward uniqueness). Let T' > 0 and v be a weak Besov solution on Qr
with initial data ug € B;f’oo(R3), where p €]3, o[, and zero forcing term. Furthermore, assume
that v(-,T) = 0. Then v = 0 on Q7.

Proposition 4.4.5 (Strong solutions with ug € L®). Let 0 < T < oo, ug € L¥(R3) N
By (R®) be a divergence-free vector field, and F € L LL(Qr) for some p €]3,00[ and
q €]3,p]. Suppose that v € L*°(Qr) is a mild solution of the Navier-Stokes equations on Q1
with initial data ug and forcing term div F. Then v is a weak Besov solution on Qr with the

same initial data and forcing term.

We now prove Theorem 4.4.1 by following the rescaling procedure and backward unique-
ness arguments of Seregin in [124, 121], see also the subsequent paper [16]. In turn, those

arguments are adapted from the seminal work of Escauriaza, Seregin, and Sverdk in [49].

Proof of Theorem 4.4.1. 0. Singular points. Let us show that to prove Theorem 4.4.1, it is suffi-
cient to investigate potential singularities of v. Let T, p, ¢, M, v, ug, F' be as in the statement
of Theorem 4.4.1, and suppose that there exists ¢; €]0, 7| such that ||v(-, tl)HBZ{’oo (R3) < 00
We claim that v € L°°(Qr+) provided that v has no singular points at 7*. By Proposition 4.4.5,
the mild solution v is also a global weak Besov solution on R?x ¢y, T*[ with initial data v(-, t1)

and forcing term div /. By Lemma 4.4.3, there exists an i > 0 such that

v € L®(B(R)x]t + (T* — t1)/2,T*]), (4.4.8)
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which proves the claim.

1. Proof of (i). We first discuss a few simplifications. By Sobolev embedding for homo-
geneous Besov spaces, we may assume that p > ¢. Next, by the scaling symmetry, we may
assume that 7% = 1. Finally, we make the following observation that allows us to assume
that ¢; = 0 in our arguments below. For the moment, suppose that v is a mild solution on )1
with forcing term F', as in the statement of Theorem 4.4.1.(1). Then (4.4.2) is satisfied, and
lo(,t0) | gor_ (may < M for some ¢y €]0, 1[. Define A := V1 —1t; and

o(x,t) == vz, t1 + N°t),  F(x,t) := N2F(\z, t; + N\*t). (4.4.9)

Then @ is a mild solution on @; with forcing term div F also satisfying the hypotheses of The-
orem 4.4.1.(1) with £; = 0 and T* = 1. Indeed, one may verify that ||F|| £, 0,) < [ F|l£,(0.)

and
108G, 0) L gon_ gy < M. 100 Dllpms_ oy + 1 F Ny < e (4.4.10)

If v is singular at (0, 1), then so is v.

For contradiction, suppose that Theorem 4.4.1.(i) is false. Then there exists a sequence
(v™),,en of vector fields on @Q; with the following properties. First, for each n € N, v(") €
L>(Qr) is a mild solution on Q7 with initial data u(()n) € L*®(R?) and forcing term F() ¢
Fq(Qq) forall T €]0, 1[. Second,

Sup”uén) HB;POO(RS) <M, “4.4.11)
neN ’

so Proposition 4.4.5 ensures that v(™ is a weak Besov solution on Q. Third,
lim (0™ ()l 2 s + 117, 00)] = 0 (4.4.12)

Finally, o™ is singular at (x(”), 1) for some (™ ¢ R3 which by the translation symmetry we
may assume to be the origin.

By Proposition 4.3.14 concerning weak-x stability, there exists a subsequence of (v("))neN
that converges to a weak Besov solution ¥ on @Q; with initial data g € By’ (R?) and zero
forcing term. Specifically,

ul™ A G in Bt (R?), (4.4.13)
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o A Tin (L L)0e(@y), Vo = VEin 2@y ). (“414)
— 3

o™ = Tin L3,(Q1 1), ¢ = qin Lg (Q1 ), (4.4.15)

v(n)(.7 1) N o(-,1) in D’(R3)7 (4.4.16)

where ¢(™, § denotes the pressure associated to v(") | 7, respectively. According to Lemma 4.6.4
in the appendix, v also has a singular point at (0, 1). Furthermore, (4.4.12) and (4.4.16) imply
that v(-,1) = 0. By Proposition 4.4.4, v = 0 on ()1, which contradicts that v is singular. This
completes the proof.

2. Proof of (ii) For contradiction, suppose that Theorem 4.4.1.(ii) is false. In particular,
there exist 7%, p, q, M, v, ug, F, as in the statement of Theorem 4.4.1, satisfying (4.4.3)-
(4.4.4), where € := £(p, q, M) > 0 is the constant in Remark 4.4.2, and such that v is singular
at (z*, T*) for some z* € R3. As in Step 1, we may assume that p > ¢, z* = 0, and T* = 1.

We now zoom in the singularity to obtain a contradiction. For each n € N, we define
A = (1— tn)%, and for a.e. (z,t) € Q1,

0™ (2,1) 1= Ao A, tn + A28), (4.4.17)

FW(2,1) := N2 F (M, tn + A2t). (4.4.18)

Proposition 4.4.5 and (4.4.3) imply that v(™ is a weak Besov solution on @, with initial data

“((JN) := M\v(A\y-, ) and forcing term div F(™). Furthermore,
(n) : _
suplfug ™l g sy < M, lim [F] 7, q,) = 0. (4.4.19)

Each velocity field o™ is singular at (0, 1). By Proposition 4.3.14 regarding weak-x stability,
there exists a divergence-free vector field 1y € By (R?) and a subsequence of (v(™),en
converging to a weak Besov solution v on ()1 with initial data ug, see (4.4.13)—(4.4.16) in Step 1.
Due to Lemma 4.6.4 in the appendix, v is singular at (0, 1). On the other hand, by (4.4.16) and
the assumption (4.4.4), there exists ¥ € B3 (R?) with || ¥|| Bolo(rs) < €and

0 (1) = Ao, 1) S 0 = 5(, 1) in D' (BY), (4.4.20)

Since also H%HB;poo(Rg) < M, Remark 4.4.2 implies that v is regular at (0, 1). This is the
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desired contradiction. The proof is complete. O

We now prove the auxiliary results Lemma 4.4.3 and Proposition 4.4.4. Let Qg 7 := R3x|S, T
when 0 < S < T < .

Proof of Lemma 4.4.3. Using the scale-invariance of the Navier—Stokes equations, we may as-
sume without loss of generality that 7' = 1. We will use the e-regularity criterion for suitable
weak solutions to control the equation near spatial infinity, see Proposition 4.6.2.

For z = (z,t) € Q21,7 €]0,1/2[, Ry > 1/2, and |z| > Ry, we have that

1
% JQ@r)

1
c
< = lu|® dz’ dt 4 cr3|| Py|3 .
742/411 /33|ZR0—; L (Q1/4,1)

0|3 da’ dt < 62/ |u]3da:’dt+02/ | Py|? da’ dt
? JQ@n ™ JQ@m
“.4.21)

Here, Q(z,7) := B(x,7)x]t—r?, t[ denotes a parabolic ball. Fix g := ro([|Pell Lo (@, 41): ECKN) >
0 satisfying
ECKN

CTSHPkH:Zoo(QI/M)S 3 (4.4.22)

Since v is a weak Besov solution on ()1, we have that u € L L2 N L%H%(Ql). This implies

u € L3(Q1). Hence, there exists Ry := Ro(u, o, €0) > 1/2 such that

1
< / / juf? da’ dt < ZEX. (4.423)
ro Ji Jijz[>Ro—3 8

Hence, for z = (,t) € Q2,1 and |z| > Ry, we have that

1
- / o3 da’ dt < SSKN (4.4.24)
Q(zr0) 4

o

Similarly, after possibly adjusting 79 and Ry, one may obtain that for z = (x,t) € @1/, and
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|z| > Ro,
1 RS,
= |9 = (9o (8)[2 da’dt
TO Q(Z7TO)
<S [ phaare s [ e e @) da
r r
0 Q(Z7T0) 0 Q(Z7TO)
1 1 3
<5 / / Ip1|? da' dit’ + %( / / Ip2|® da’ dt') ! (4.4.25)
"0 /3 Jle'|2Ro—3 ré /i JlalIzRo—3
3
+ CT8||7TI€||121§°BMO:E(Q1/4,1)
< ECKN’
- 4
where [q]; (') := |B(z,r)| 7! fB(x " q(2',t') dx’. In (4.4.25), we have used the fact that p €

L2 (Q1) + L?,.L2(Q1) (see the proof of Remark 4.3.1).
Clearly, there exists ¢ > 1 such that

i e 2 3
Fe L), Li(Q1) with 5%— p =2—¢ and 6§ > 0. (4.4.26)

Since ¢ and g are finite, we may adjust Ry to obtain the following for z = (z,t) € @4 /2,1 and

|x| > Rp. Namely,
5 5 ECKN
TOHFHL?L%(Q(z,TO)) S TOHF”L?L%(R‘L‘\B(RQ—I/Q)><]1/4,1[) > T (4427)
O

Using Proposition 4.6.2, (4.4.24), (4.4.25), and (4.4.27) gives the desired conclusion.
Proof of Proposition 4.4.4. 0. Properties of v. Itis sufficient to show that v = 0in R3x T /2, T'[

A repeated application then gives v = 0 on Q7.
By rescaling the problem, we may assume that 7' = 1. From Definition 4.1.5, there exists

an integer k > 0 and v € L{°L2 N L2H(Q1) such that
(4.4.28)

v = Py(uo) +u

and satisfies certain additional properties, including the local energy inequality (4.1.22). Ob-
serve that Py (ug) € L{°LE(R3x]6, 1[) and the associated pressure 7, := (—A) "t divdiv P,_1®
b

P,_1 € L¥L2(R3x]5,1[) for all § €]0,1[. Also, u € L3(Q1) and p € L2(Q1). Hence, the
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velocity field satisfies

v € LLE(R3x]6, 1) + L3 (R*x]5,1[), 4 €]0,1[. (4.4.29)

Let w := curl v denote the vorticity.

1. Suffices to prove w = 0. To complete the proof, it is sufficient to prove that w = 0 on
Q 1= R3x]1/2,1[. In such case, the velocity field v is harmonic, due to the well-known
identity A = V div — curl curl for the vector Laplacian. Then Av(-,¢) = 0 while v(-,t) €
LP(R3)+L3(R?) for almost every ¢ €]1/2, 1[. Finally, the Liouville theorem for entire harmonic
functions implies that v = 0 on Q) 11 and finishes the proof.

2. Backward uniqueness: w = 0 near spatial infinity. From Lemma 4.4.3, there exists
R := R(v, Py(up)) > 0 such that for K = B(R), we have V/~lv € L®(K°x]1/2,1])
and HVZAUHLOC((KCX]UMD < C(rg,£) for all £ € N. Now recall that the vorticity satisfies the
equation

Ow — Aw = —curl(u - Vu) =w - Vu — u - Vw, (4.4.30)

from which we obtain that dyw € L*°(K°x]1/2,1[), and
|0k — Aw| < ¢(Jw| + |Vw]) on Kx]1/2,1]. (4.4.31)

Moreover, w(-,1) = 0. From Theorem 5.1 in [49] concerning backward uniqueness for the
differential inequality (4.4.31), we obtain that w = 0 on K“x|1/2,1].

3. Unique continuation: w = 0 near the spatial origin. The proof will be complete once we
demonstrate that w = 0 in K x|1/2, 1[. For the moment, let us take for granted the following

claim that we prove in Step 4:
Claim: There exists an open set G’ C]0, 1[ such that G = [0, 1] and v is smooth on R? x G.

With the claim in hand, let ¢; € GN|1/2,1[ and zo € K°. Let ¢y € R be such that [¢o, 1] C G.
From the smoothness of v, we have that w, dyw, V2w € L?(B(x¢,2R) x [to,t1]) forany R > 0,
and

|Oiw — Aw| < ¢(|w| + |Vw]) on B(zo, 2R) x]to, t1]. (4.4.32)

In addition, recall that w = 0 in a neighborhood of (z¢,¢1). Hence, by Theorem 4.1 in [49]

concerning unique continuation across spatial boundaries, w = 0 in B(xz, R) x {t1}. Since
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t; € GN|1/2,1[ and R > 0 are arbitrary, we have that w = 0 in R? x (GN]1/2, 1[). Moreover,

by the density of G and weak-* continuity of w(-, ) on [0, 1] in the sense of distributions on R?,

we obtain that w = 0 on Q1 1> s desired. (Another way to complete Step 3 is to use the spatial
analyticity of smooth solutizons of the Navier—Stokes equations.)

4. Showing v is smooth at generic times. We will now prove the claim from Step 3. Let

IT denote the set of all ty €]0, 1[ such that u(-,¢) € H'(R?) and the global energy inequality

(4.3.8) is satisfied with initial time £y. The second condition ensures that

tim (-, 1) = (- to) 2 (es) = 0. (4.4.33)
Notice that |TI| = 1, and in particular, IT = [0, 1]. We will prove that for each tq € TI, there
exists t1 := t1(to) €]to, 1[ such that v is smooth on |tg,¢;[. Then G := Uy enlto, t1(to)[ will
satisfy the desired properties. From the above, we see that u is a weak Leray-Hopf solution on

R3x ]to, t1[, with initial data u(-, o) € H'(R3) and forcing term
fi= —P-Vu—u-VP — Fp. (4.4.34)

One can show that f belongs to L?(R3x]to, 1[) for all k > k(p), where k(p) = [5] — 2.

2

By unique solvability results for weak Leray-Hopf solutions,?? we can conclude the following.

Namely, we can find 1 := ¢1 (o, u, f) > 0 such that

u, Vu € L L2(R*x]to, t1]) and u € L LS (R3x]tg, t1[). (4.4.35)

Hence,
v € L®(R®x]tg, t1]) + L LS (R3x]to, t1]), (4.4.36)
Vo € L®(R3x]to, t1]) + L*(R3x]to, t1]). (4.4.37)

Using known arguments due to Serrin [128], we deduce that
Vio € L2R3x ]ty + e, 1) (4.4.38)

forall 0 < € < t; —tpand all 0 < ¢ € Z. Using known arguments (see Proposition 3.9, p.

22See Heywood’s paper [67, Theorem 2’] and Sohr’s book [129, Theorem 1.5.1, p. 276], for example.
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160-162 of Seregin’s book [126], for example), we can now show that

oFViy € L®(R3x]tg + ¢, t1]) (4.4.39)
forall0 <e <ty —tpandall0 < k,l € Z. O

4.4.2 Minimal blow-up initial data

As discussed in Section 4.1.1, global weak Besov solutions provide a convenient framework for
investigating minimal blow-up problems, even when local-in-time mild solutions are no longer
guaranteed to exist. ,

Let X be a critical space which continuously embeds into B, ;r ? (R3) for some p €]3, oo].

Here, we are using the notion of critical space in Definition 4.1.10. For each ug € X, we define

py =sup({0} U {p > 0 :forall a € X satisfying |ja — up|x < p, any global weak

Besov solution with initial condition @ has no singular points}).
We also define py := pg( as in Section 4.1.1.33

Remark 4.4.6. If py < oo, the quantity p'y’ may be zero (for example, when w is initial data
for a singular global weak Besov solution). It is guaranteed to be non-zero when additionally
up € VMO~ (R3) and there exists a global mild solution v € /'%oo with initial data ug. In this
scenario, small perturbations of ug also give rise to global mild solutions, see Proposition 4.3.22.

For example, Theorem 4.1.3 implies that py > 0.

Here is our main theorem concerning minimal blow-up perturbations of global solutions,

which extends Rusin’s treatment in [117] for H 2 initial data.?*

Theorem 4.4.7 (Minimal blow-up perturbations). Let X be a critical space which embeds into
. —142
Bp.oo ” (R3) for some p €]3, 00[. Suppose that uy € X satisfies the following property:

If (T, tn)nen C Qoo is a sequence such that t, — oo, t, — 0, or |z,| — oo, then

Vinto(Vn(- + 2n)) = 0in D'(R?). (4.4.40)

Bt is also possible to prove minimal blow-up results with non-zero forcing terms, but the setup is not as conve-
nient owing to the fact that many natural spaces of forcing terms do not embed into each other.

2*Rusin’s paper [117] is based on profile decomposition. For minimal blow-up problems, the profile decomposi-
tion approach appears to be effective in all dimensions, whereas ours is restricted to dimension < 3. The reason is
that the existence theory and stability properties of suitable weak solutions are currently unknown in dimension > 4.
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Suppose that px < co. Then (at least) one of the following holds:

(i) There exists a singular global weak Besov solution v with initial data a € X such that

luo — allx = p¥-

(ii) There exists a singular global weak Besov solution v with initial data a € X such that

lal|lx < p%. Hence, px < p¥.
Moreover,

(i’) If (ii) does not hold, then there exists a compact set K C Qo and €9 > 0 such that for
all € €]0,¢ep], every singular global weak Besov solution with initial data a € X and
la —uollx < p% + € has all its singularities in K. In this case, the set {a —ug : a €

X satisfies (i)} is sequentially compact in X in the topology of distributions on R3.

(ii’) If (i) does not hold, then for every compact set K C Q«, there exists g > 0 such that
for all € €]0,¢eq], every singular global weak Besov solution with initial data a € X and

satisfying ||a — uo||x < p% + € has all its singularities outside K.

Proof. In order to prove the above theorem, we utilise the weak-x* stability properties of global
Besov solutions, along with arguments related to those contained in [118] and [117].
Assume the hypotheses of the theorem. Suppose (u(()n))neN C X and (v(”))neN is an asso-

ciated sequence of global weak Besov solutions such that
ul = | | p49 (4.4.41)

and for each n € N, v(™ has a singular point (Tnytn) € Qoo

Let us consider the following two mutually exclusive cases (which also exhaust all possible
cases).

Case I: Suppose the sequence of singular points (z, t,)nen has an accumulation point

23 we may assume that u(()n) X ain Byho(R?) for

(2,t") € Q. By passing to a subsequence
some p €]3, ocl, the limit a belongs to X with norm ||a — ug||x < p%, and (v(™),,cn converge
in the sense described in Proposition 4.3.14 to a global weak Besov solution v with initial data
a. By Lemma 4.6.4, v has a singularity at (2’,¢'). According to the definition of p', we must

have |la — ug||x = p%, which verifies (i).

1n this proof, we will not alter our notation when passing to a subsequence.
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Case II: Suppose the sequence of singular points (2, ¢, )nen has no accumulation point in
(Qo- Then there exists a subsequence such that ¢,, — 0, t,, — o0, or |z,| — oco. We define a
sequence of singular global weak Besov solutions ('ﬁ("))neN associated to a sequence of initial

data (ﬂa("))neN by the following translation and rescaling:

7 (2, 1) = Vi o (Ve (z + 24, tat), (4.4.42)
(@) = VEul" (Vn (@ + 20)).- (4.4.43)

The solutions 2 have singularities at the spatial origin and time 7' = 1. By passing to a

@™ X 4 in Byho(R?) for some p €]3, 00[ and

further subsequence, we may assume that
a € X and that (v( ))neN converges to a singular global weak Besov solution with singularity
at (2/,t") = (0,1). Furthermore, by the assumption on ug in the statement of Theorem 4.4.7,

we must have

— Vnto(Vtn (- + 1)) = ain D'(R?), (4.4.44)

so that a satisfies ||a||x < p%. This verifies (ii).
The proof is completed by noting that if (i) does not hold, then Case I cannot occur for
any minimizing sequence of initial data, and similarly, if (ii) does not hold, then Case II cannot

occur. O
Corollary 4.1.11 corresponds to the case ug = 0.

Remark 4.4.8 (Interpretation). Suppose that Case II occurs and consider the behavior of the

sequence (Zp, tn)nen. One might interpret the situation
|xn| = oo and inf t, > e (4.4.45)
neN

as meaning that ug has certain nice properties which cause the singularities to disappear at spa-
tial infinity as the initial data approaches the sphere of radius p%’ centered on g, and similarly
for ¢,, — oo. Since px < pYy’, one is tempted to say that, in terms of its ability to “prevent”

the blow-up of nearby solutions, ug is at least as good as zero initial data. The case t,, — 0 is
perhaps not as clear. It is tempting to interpret the occurrence of singularities very close to the
initial time as ill-posedness, but this conflicts with the idea that ug is at least as good as zero.

If ug is “singular,” as is the case for —1-homogeneous initial data giving rise to a self-similar
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solution, then the case t,, — 0 may not be surprising.26

4.4.3 Forward self-similar solutions

Finally, we will prove Theorem 4.1.12. As mentioned in Section 4.1.1, we will obtain self-
similar solutions evolving from rough initial data as limits of self-similar solutions evolving
from L3 initial data. The existence of such solutions was established in [26] by Galerkin

approximation:

Proposition 4.4.9. ([26, Theorems 1.2—-1.3]) The conclusions of Theorem 4.1.12 are valid

under the additional assumption that ug € L>>(R3).

While the results in [26] are stated for local Leray solutions v satisfying the additional
property that [[v(-, ) — S(t)uo|lL2(rsy < Ct# for all t > 0, it is clear from their construction
that © := v — Swup belongs to the energy class. This fact, combined with the local energy
inequality (4.1.22) satisfied by local Leray solutions, implies that the (discretely) self-similar
solutions constructed in [26] are global weak Besov solutions.

Next, we require the following approximation lemma proven in [28].%

Lemma 4.4.10. ([28, Lemmas 2.2 and 5.2]) Assume the hypotheses of Theorem 4.1.12. If ug
is A-DSS, then there exists a sequence (uén))neN C L>*°(R3) of divergence-free \-DSS vector
fields such that u(()n) — ug in B;f’oo(R3). If ug is scale-invariant, then there exists a sequence
(uén))neN C L3®(R3) of scale-invariant divergence-free vector fields such that u(()n) — ug in

Byloo (R?).
With these useful facts in hand, we now prove Theorem 4.1.12.

Proof of Theorem 4.1.12. Let ug be the \-DSS (resp. scale-invariant) initial data from the state-

ment of Theorem 4.1.12. According to Lemma 4.4.10, there exists a sequence (u(()n))neN C

L3’°°(IR{3) of divergence-free A\-DSS (resp. scale-invariant) vector fields such that uén) — U

in B;f’oo(R3). By Proposition 4.4.9, given such a sequence, there exist A-DSS (resp. scale-
invariant) global weak Besov solutions v(™), n. € N, with initial data u(()n). Proposition 4.3.14

allows us to extract a subsequence of (v(™),,cy converging in L (R3 x R) to a global weak

%1t is interesting to note that scale-invariant solutions in quite general spaces are smooth regardless of the size of
their initial data, see [72].
*’One may also approximate by (discretely) self-similar vector fields that are smooth away from the origin.
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Besov solution v with initial data (.2 Since the approximating solutions v(™ are \-DSS (resp.
scale-invariant), the limit solution v is A-DSS (resp. scale-invariant) as well. This completes the

proof. O

4.5 Appendix: Splitting lemmas

In this appendix, we prove several splitting lemmas, including Lemma 4.1.7 from the introduc-
tion.

To illustrate the key points, we consider the following simple situation. Let 1 < pg < p <
p1 < oo. For each measurable function f: R — R with || f||z» < oo and N > 0, we may write
f=rfY+ N, where

Y= Ixupsnisiwy Y= IXQr<N - (4.5.1)

Then, by elementary arguments,

1-£2 1—-P

1N eee < N7 20 || fllze, NN 5o < N7 || fll o 4.5.2)

This splitting has the desirable property that it is “uniform,” in the sense that || f¥||zr0 can
be made small without making || V|| z»: too large, and vice versa.?” Moreover, it satisfies the

obvious estimate
LA e, 1Y e < W f 1w, (4.5.5)

as can be seen from taking pp = p; = p in (4.5.2). This is known as the “persistency property.”
It is well known that uniform splittings such as (4.5.2) can be readily obtained from abstract

interpolation theory. Our main reference is [22, Chapters 3-4]. Let Ag, A1 be Banach spaces

ZNote that weak-* convergence ué") X g in B,S,f’oo (R®) would be sufficient to apply Proposition 4.3.14.
This is also a “non-dimensionalized” splitting. If one uses

Y= Ixgrsay 2= Ixansngs (4.5.3)
instead, then N has the same dimensions as f, and when p; < oo,

L - L —
110 < NP2 N f Loy IFZ N0 < NP P LS “4.5.4)
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embedded in a Hausdorff topological vector space U. The K-functional is defined by

K(t,a)= _inf llaolla, +tlarllay,  (ta) € Ry x (Ao + Ap), (4.5.6)

a= a1

where ag, aj are required to belong to Ay, Ay, respectively. The function ¢ — K (¢,a) is con-
tinuous. For 0 < # < 1and 1 < ¢ < oo, Ky 4 is defined as the Banach space consisting of all
a € X satisfying

< 00. (4.5.7)

L —0
lallx = Ht K“’a)’ La(Ry, %)

By definition, for each ¢ > 0, a € Ky, and N > 0, there exist agp € Ag and a; € A; such
that
laollag < N %(llallky. +€)s llarlla, < N'70(llallk, . +¢)- (4.5.8)

This uniform splitting property is analogous to (4.5.2). Furthermore, every Banach space AcC
Ap + Aj satistying the uniform splitting property (4.5.2) with ||a|| 5 in place of [|a||, ., must
embed continuously into KQ’OO.SO For example, the spaces [A, A1)y obtained from the complex
interpolation method embed continuously into Ky ..

In the sequel, we are interested in splittings of homogeneous Besov spaces that are uniform
and satisfy the persistency property. Since the persistency property does not appear to obvi-
ously follow from the abstract real interpolation theory, our approach will be to construct such
splittings explicitly.

To begin, we present the homogeneous Besov spaces as spaces of distributions modulo
polynomials.

Let d,m € N. Let S’ denote the space of tempered distributions on R? with values in R™.
Let P C S’ denote the closed subspace consisting of polynomials on R? with values in R™.
Then S’/P denotes the space of tempered distributions modulo polynomials on R¢ with values
in R™.

Recall the operators Aj, J € Z, defined in Section 4.2.1.

For s € Rand 0 < p, g < oo, we define the homogeneous Besov space B]‘j’q as the space of

1n contrast, Jo,1 must continuously embed into every Banach space AD AgN Ay satisfying
—6 0
lall z < Claoll’s,’ llax 4, (4.5.9)

for a constant C' > 0 independent of a € A See [22, Theorem 3.5.2 ], for example.
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tempered distributions (modulo polynomials) u € S’ /P satisfying

lull sy, = [| @7 1A5ull20) e, < o0 (45.10)

Note that ZjZJ Aju — uinS’/P as J — —oo. Moreover, when s < d/p (or s = d/p,q < 1),
the sum converges in S” and determines a unique tempered distribution u. Hence, this definition
of B; ¢ 1s equivalent to the one given in Section 4.2.1.

Let R be the retraction from S’ /P to the space of S’-valued sequences over Z:

Ru = (Aju),cq. (4.5.11)
Let S be the co-retraction from the space of S’-valued sequences over Z to S’ /P:
S(uj)jez = Y Ajuy, (4.5.12)

JEZ
where ﬁj =Aj 1 +A;+ Aj1. Then SR = I is the identity map on S’/P. Let £5LP denote
the space of LP-valued sequences (u;)jez over Z satisfying

I (u)iezllpgpe = H(gjs”ujum)jezueq < 0. 4.5.13)

Then R: B;jq — LgLP and S: £3LP — B;q are continuous maps.
The retraction/co-retraction technology allows one to “transfer” splittings in sequence spaces

to splittings in Besov spaces. Therefore, we begin with two splitting lemmas in sequence spaces:

Lemma 4.5.1 (Horizontal splitting). Let s, so, s1 € R be distinct real numbers and p €)0, 0o].
Forall u € ¢, LP and K > 0, there exist f € £;°LP and g% € (' LP such that

w= 5+ ¢, (4.5.14)
KS()—S
K
”f ”EiOLP < WHUW&’UD, (4.5.15)
KSI*S
K
g ||zj1Lp < mHUHngLp- (4.5.16)



Moreover,

HfKHKgOLm HgK”lgOLP < [Julles, e
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4.5.17)

Proof. Without loss of generality, we assume that so < s < s1. For k = |logy K |, we define

uj J>K
fK: ’ ) gK:u_fK
0  otherwise

Hence,

So—S

» A K
K _
S 2 £ e < ST 20 e 1 < T Nl 1o,
JEZ >k

S1—S8

) o K
S P gl < 3P fulle 1o < T g e
JEL J<k

and the persistency property (4.5.17) is valid due to (4.5.18).

(4.5.18)

(4.5.19)

(4.5.20)

O

Lemma 4.5.2 (Diagonal splitting). Let 0,5, € R, 0 <p <p < p < 00, and q,q,q € (0, 0]

such that (o, p,q) belongs to the open segment connecting (3, p,q) and (3,p, q). Then for all

g € L7LP and N > O, there exist gV € EZ:Lﬁ and gV € (2LP such that

~ 1-2
15 217 < N2 llglleg o

_ 1-£
15 Nz < N7 |lglleg 1o

Moreover, for all j € Z,
G zes 155 1ze < llgsllLo-

Proof. There exists § €]0, 1] such that
o=05+(1-10)s,
For ¢, A; > 0 to be specified below, we define

~N __ -N __ ~N
95 = 9iX{lgj|>cNXjllgjllr}y> 95 =95~ 95

(4.5.21)

(4.5.22)

(4.5.23)

(4.5.24)

(4.5.25)

(4.5.26)
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which gives

1-2,1-% 1-2,\1-%
19715 < (eN) M lgillze,  NaMllze < (eN)' 72X, 7llgsl o (4.5.27)
By elementary manipulations,
754 || 5V (1-2)3, =By 55q)  1a
2G|, < (eN) RN PRI g, (4.5.28)
75q ) 7V |14 (1-2)g,(1=5)4 54
2% g; 175 < (eN) 7 275 g;1|%, (4.5.29)

Let us only deal with values j € Z such that ||g;| > > 0. We define A; > 0 by the following

(equivalent) equations:

1-2)q . ~ 1-B)g . _ _
AT = giloa T g 0=, AT — gileamnig, o, (4.5.30)
whose equivalence will be justified below. Substituting (4.5.30) into (4.5.28)-(4.5.29) and sum-

ming over j € Z gives

q
q

~ 1-2 _ -2, &
IIQNHz;in_(CN) Pllglde o MgV lesze < (eN) "% llgllgo o (4.5.31)

Then choose ¢ > 0 satisfying the following (equivalent) equations

-2 1-2
p P

1-4¢ 1-4

M F = llgllyg i € 7F = Nl (45.32)

and the estimates (4.5.22)-(4.5.23) are proven. The persistency property (4.5.24) follows from
the definition (4.5.26) of gV and g" .

Finally, we argue that the two equations in (4.5.30) are equivalent. By comparing exponents,

they will be equivalent as long as

-5 oi1-3 41 21

q q q P

—5 =7 7 and T =7 7 (4.5.33)
1 D 1 p q 1 p 1

Let us assume that ¢ # § and s # 5 (otherwise, the proof simplifies). Thus,

(4.5.34)

[l =il
Q==

QU =
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The second equation in (4.5.33) readily reduces to (6 — 1)/6 on each side, so let us only deal

with the first equation, which is equivalent to

ci-5 91
1 = . (4.5.35)
o= — S8 0
a
Substituting 0 = 65 + (1 — 0)s and employing the relationship % = % + 1%9 in the numerator
and denominator verifies (4.5.35). The proof is complete. O

Lemma 4.5.1 is related to the characterization (5 LP = (7' LP,({°LP)g  (real interpo-
lation, with s = 6so + (1 — 6)s;), while Lemma 4.5.2 is related to the characterization of

lgLP = [f;iLﬁ , fgtLﬁ]g (complex interpolation, with  as in the proof). See [22, Chapter 5].

Remark 4.5.3 (Generalizations). 1. InLemma4.5.2, one may replace LP(R%; R™) by LP(; X),

where €2 is a measure space and X is a Banach space, at no additional cost.

2. Inthe proof of Lemma 4.5.8, we will require an analogous diagonal splitting lemma in spaces
of sequences (over Zj< j, for fixed J € Z) with values in Lg* L%. One may verify that same

proof works with almost no alteration.

3. One could replace the LP spaces with Banach spaces X, satisfying analogous splitting prop-
erties. In this way, one could iterate the proof of Lemma 4.5.2 to handle a variety of mixed

spaces combining L and £;. One could also allow the function spaces to depend on j € Z.
Combining the previous two lemmas, we obtain

Proposition 4.5.4 (Non-diagonal splitting). Let 5,5,5§ € Rand 0 < p < p < p < oo such
that (s,1/p), (5,1/p), and (S,1/p) are not colinear. There exists a unique s; € R such that
(s1,1/p) belongs to the closed segment connecting (s,1/p) and (5,1/p). Let so € R such that
s belongs to the open segment connecting sg and s;.

For all u € (3 LP and K, N > 0, there exist f& ¢ 0iOLP, gl ¢ E?Lﬁ, and g"N e ;L
such that

u= 5 +g"N 4 gonN, (4.5.36)
KS()—S
HfKHgioLp < m”lb”égom (4.5.37)
Ks51—s e

‘|§K7N||€§L5 < m]\f P ||u”zgoLp (4.5.38)
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Ks1—s

_P
le ?[|ulles, 2o (4.5.39)

15" g o <

Moreover, for all j € Z,
~K,N _K,N
£ e 1G5 W lg; " e < lugll o (4.5.40)

Proof. First, apply Lemma 4.5.1 to obtain u = f + g Next, apply Lemma 4.5.2 with o = s,
andq:a:qz1t00btaingK:§KvN+§K,N_ 0

Let all indices be as in Proposition 4.5.4. Note that there exist 6, ¢ €]0, 1 such that
G5 LP = ([(5LP (5LP), 130 LP) - (4.5.41)

Furthermore,
[(5LP 6LP]g — (L5LP,650P) o0 (4.5.42)

Thus, Proposition 4.5.4 (without the persistency property) can be obtained via the abstract in-

terpolation theory.

Remark 4.5.5 (Non-diagonal splitting, Besov version). The non-diagonal splitting in Lemma 4.5.4
is applicable to Besov functions in the following way. Let s, s, 5, p, p, p be as in Lemma 4.5 4.
Given u € B;,OO and K, N > 0, we apply Lemma 4.5.4 to the retraction Ru, which belongs
to ¢ LP, and obtain Ru = f KL glN o gN | satisfying the estimates in Lemma 4.5.4 with
Ru replacing u. The Besov splitting is obtained by applying the co-retraction: u = SRu =
S(f5) + SNy + S(g*). For the moment, we abuse notation by writing f% instead of

S(fK), etc. In summary, we have

u= 4+ gt 4 g, (4.5.43)
So—S
K

1/ g0, < Oz lullsg (4.5.44)

KS$17s 2

SKEN| . o BT 1R ‘

9% s | < O7—p=g N 7 llulls, (4.5.45)

_ K== qp
19N 55, < Or =gt N #lullz, - (4.5.46)



137
and finally, the persistency property,

”fK”B;’Od HgK’NHBgmy HgK’NHB;m < CHUHB;OO' (4.5.47)

The constant C' > 0 only appears when estimating the co-retraction operator and depends

continuously on the parameters s, s, 5.
The following splitting is obtained by combining Remark 4.5.5 and Sobolev embedding.

Proposition 4.5.6 (Splittings in Besov spaces). Let 1 <p<p < p < o0, and 5,5 € R.

Let o denote the line through (s,1/p) and (5, 1/p), [3 the line through (s,1/p) of slope 1/d,
and v the horizontal line through the origin. Assume o # 3. Let D C R? denote the interior of
the compact region enclosed by «, (3, and .

Let 5 € R such that (5,1/p) € D. Let s; € R be the unique value such that (s1,1/p)
belongs to the open segment connecting (s,1/p) and (8,1/p). Let sy = 5 + % - %.

There exists a constant C > 0 depending continuously on the above parameters and satis-
fying the following properties:

Forallu € B;OO and N > 0, there exist u'¥ € Bgl and uN € B;l such that

w=a" +a", (4.5.48)
~N 2120 (1-2)4(1-2)
35 < s 8 > ode
|u IIB},;1 < CNso—s1 » ’ HUIIBZW (4.5.49)
_ 5075 (1P
[a¥llgs, < ON7o= " ], . (4.5.50)
Moreover,
HﬁNHBgmv HﬂNHB;m < Clullg, - (4.5.51)

Proof. We claim that s, sg, 51 are distinct and that s lies on the open segment connecting sg
and s;. If sp were equal to s1, then o would equal 3. Moreover, s is strictly between sg and s1
because the slope of the line between (s,1/p) and (8, 1/p) is strictly between the slope of «
and the slope of 3. See Figure 4.7. Hence, the hypotheses of Remark 4.5.5 are satisfied.

Let K > 0, to be specified below. By Remark 4.5.5, we obtain u = f& 4+ gV 4 g

satisfying the properties described in the remark. Notice that f also belongs to Bg}l due to
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\

Figure 4.7: Illustration of Proposition 4.5.6. The original function v € B;,oo is split horizontally
into fX ¢ B;f’l and ¢¥ ¢ B;}l along the sol'iii red line. Next, gK is split diagonally along
the orange dashed line into u" = gV ¢ BS | and gioN ¢ B]‘;l. Finally, using Sobolev

embedding along the dotted purple line, f% and g**"V are combined to form @',

Sobolev embedding and our particular choice of sg. Moreover,

1755, < C (5505 00) 1 F¥ I o - (4.5.52)

‘We define
V=g N N = K4 gy, (4.5.53)

By the triangle inequality, the estimates in Remark 4.5.5 and (4.5.52),

C iy
"’N . S1—S 1 = A
[TV s, < T KN o il (4.5.54)
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1 1 P
=N . so—s s1—s AT1—%= .
la s, =C (1 o T 1 2|Sls|> (K 075 L KON p) lullg, - (4.5.55)

Substituting K = N (1=5)/(s0=s1) gives the desired estimates. The persistency property (4.5.51)

also follows from Remark 4.5.5 and the triangle inequality. O
Proof of Lemma 4.1.7. Letd =m > 3,p > d, s = s, := —1 + %,5: 2,s=0,p=2p,and
5 = (s2p + $)/2 in Proposition 4.5.6. Here, 5 is defined such that (s,1/p) €
1 _1
=22 2g (4.5.56)
p 2

Hence, (5,1/p) € D, and we may apply Proposition 4.5.6 to obtain the desired splitting. The
proof is completed by applying the Leray projector P onto divergence-free vector fields. Recall

that IP is continuous on homogeneous Besov spaces, see [11, Proposition 2.30]. O
We now state and prove an analogous splitting lemma for the forcing term.

Lemma 4.5.8 (Splitting of forcing term). Let T' > 0 and p €]3, 00[. There exist p3 €]3, 0],
03 > 0, and C > 0, each depending only on p, such that for each F € fp(QT) and N > 0,
Spy+03

there exist FN € Fp2* " " (Qr) N Fp(Qr) and FN e L3L2(Qr)N Fp(Qr) with the following

properties:

F=FN4+FN, (4.5.57)

= _ 1 _P
1™ 302 (@) < CT™ 2N "2 Fll 5, (@r); (45.58)

3 1
[ Nl\fsfp3+53(QT) < CT3 N2 || F|| £, 0p)- (4.5.59)

r3
Furthermore,

HFNHFP(QT)v ||FN||fp(QT) <1 F 7 (Qr)- (4.5.60)

The proof of the splitting lemma for the forcing term is easier because the function spaces

in question are not homogeneous.

Proof of Lemma 4.5.8. By a scaling argument, we need only to consider the case T' = 2.

We define a retraction R from the space of measurable tensor fields on Q7 = R3x]0, T to
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the space of sequences (over Z <) of measurable tensor fields on R3x]1, 2[:
RG = (Gj)j<0,  Gj(-,t) := G(-,27t)x10i 0511((271), T €]1,2[, j <0. (4.5.61)
The retraction R is invertible, and the co-retraction S is its inverse. Namely,

SGH) = D G 277)x0 2 (1) (4.5.62)

J€ZL<o

For p € [1,00] and s € R, we consider the space £5_(L°L%) consisting of sequences (G;)j<o

of locally integrable tensor fields G; on R®x]1, 2] such that
_is
H(Gj)j§0||£go(L§°L§) = S{1<1182 2 ||Gj||L§°L£(R3x]1,2[) < 0. (4.5.63)
<

Note the —1/2 in the exponent. Then R: F35(Qr) — €3, (L°LE) and S: €5 (L°LE) —
Fo (Qr) are continuous maps with norms depending only on s.

Letp>3,0=s),:=-2+3/p,p=2,p=2p,andq=¢=q=o0.Lets = —7/12 and
5 € R such that (s},,1/p), (5,1/2) and (5, 1/p) are colinear. Note that 5 > s, since the slope
of the segment from (s}, 1/p) to (—7/12,1/2) is less than 1/3.3!

By Remark 4.5.3.2, we may apply the diagonal splitting in ¢35 (L°LE) to RF = (F});<o
and obtain

Fj=FN+FN, j<o. (4.5.64)

Denote FN = S(INWJN)]-SO and 'V :S(FJN)jSO. Then F = FN + FN and

T T .. S=—-L
~ 33 ~ 12 _p
/OHFN<-7t>II%z(R3)dt§/O t2 dt x |[FV 35, < ON'E|FI ), (4565

- 1
1EY ) 7200y < CNZ(IF | £,(0r)- (4.5.66)

Finally, we have the persistency property:

||ﬁN||fp(QT)’ ||FN||]-'p(QT) <1 Fll7(Qr)- (4.5.67)

*!'For comparison, one may verify that the slope of the segment from (s, 1/p) to (—1/2,1/2) is 1/3.




141
We define p3 := p and 03 := § — 5;3 > ( to complete the proof. O

4.6 Appendix: c-regularity

In this section, we recall an e-regularity criterion for the three-dimensional Navier-Stokes equa-
tions and some of its important consequences, following [32, 105, 93, 49, 118]. In particular,
we will state without proof certain results with forcing terms which we could not find in the
literature and indicate what modifications are necessary to prove them.

Our main definition is adapted from the one in F. H. Lin’s paper [105].

Definition 4.6.1 (Suitable weak solution). Let () denote a parabolic ball

Q(z0,7) := B(xmg,r)X]to — r2, to| 4.6.1)
3
for some zy = (xq,t0) € R3T andr > 0. Suppose thatv € L L2NLIHL(Q), q, f € L (Q),
and F € L2 _(Q).

We say that (v,q) is a suitable weak solution of the Navier-Stokes equations on Q) with

forcing term f + div F' if

ov—Av+v-Vv=-Vqg+ f+divF

inQ (4.6.2)
dive =0
in the sense of distributions, and the local energy inequality
/ |v(x,t)2g0dx+2/ |Vl dx dt
Bleon) 9 (4.6.3)

< [ (@0 + AP + (0 + 20)0- T+ 2 - (o) — 2F : Vlpv) do
Q

is satisfied for a.e. t €|ty — 2, to[ and all 0 < ¢ € C§(Q).

The following e-regularity criterion for suitable weak solutions may be proven by copying
the scheme of Ladyzhenskaya and Seregin in [93]. Higher regularity with zero forcing term was

demonstrated in [111] according to the arguments in Serrin’s paper [128].



142
Proposition 4.6.2 (c-regularity). Let § > 0 and p1,p2,q1, g2 €)1, 00| satisfying

2 3 2 3
—+—=3-9, —+—=2-0. (4.6.4)
a N @2 P2
There exist constants eckn,co > 0 depending on p1,pa, q1,q2 such that for all z € R3*H1,
R > 0, and suitable weak solutions (v,q) on Q(z, R) with forcing term f + divF, f €

LI IR (Q(2,R)), F € LPLE*(Q(z, R)), the condition

1

3
ﬁ QGR) |'U|3+ |Q‘ 2 da’ dt,+R6|‘fHL§1L§1 (Q(=,R)) +R6”FHL§2L§2(Q(Z7R)) < ECKN (465)

)

implies that v € C%,.(Q(z, R/2)), and

par

co
[Vl Lo @z, r/2)) + B[V, (Qee.r/2) < R (4.6.6)

If the condition is satisfied and f, I are zero, then Vv € Char(Q(z, R/2)) for all £ € N, and

there exist absolute constants coy > 0, £ € N, such that

« Co,¢
IV 0l m2n + RV log, @err) < Zar (4.6.7)

The following lemma was proven without forcing terms by F. H. Lin in [105, Theorem 2.2].
In our situation, the local energy inequality (4.6.3) for the limit solution must be obtained in a

slightly indirect way which is similar to the proof of Proposition 4.3.14, see below.

Lemma 4.6.3 (Weak—x stability for suitable weak solutions). Let (v(™), ¢(™), cx be a sequence
of suitable weak solutions on QQ := Q(z,r) with respective forcing terms f™ 4 div P,

n € N, for some z € R3TY and r > 0. Furthermore, suppose that
o™ A pin LPLA(Q), Vo™ — Vuin L3(Q), (4.6.8)

o™ S vin I3(Q), ¢™ — qin L3(Q), (4.6.9)

F® S finL3(Q), F™ — Fin L*(Q). (4.6.10)
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Lerplu q1, P2, 42 6}17 OO} such that

2 3 2 3
—F —<3, —+—<2. (4.6.11)
q P q2 P2

Finally, suppose that
fW A fin LIP(Q), F™ X Fin LPLP2(Q). (4.6.12)

3
Then there exists ¢ € L (Q) such that (v, q) is a suitable weak solution on ) with forcing
term f + div F.

We may assume that Q C R3 x R, . To prove Lemma 4.6.3, one extends f (n) p(n) by zero

to the whole space and defines
t
V() = / St — )P, s) + S(t — s)Pdiv F™ (-, 5) ds (4.6.13)
0

for each n € N. Each suitable weak solution is decomposed into the linear solution above and a
correction term: v(™ = V(") 4 4, (n) Similarly, one writes v = V 4 u. Next, one “transfers” the
local energy inequality (4.6.3) from the velocity field v(") to obtain a local energy inequality
for the correction (™ on Q with lower order terms and a forcing term which converges locally
strongly. This is described in the proof of Proposition 4.3.2. The local energy inequality for
the corrections (™) is stable under the limiting procedure, see the proof of Proposition 4.3.14.
Finally, one transfers the local energy inequality from the limit correction u to obtain (4.6.3) for
the velocity field v, see Remark 4.3.3.

The final proposition may be proved as in [118, Lemma 2.1].

Proposition 4.6.4 (Persistence of singularity). Assume the hypotheses of Lemma 4.6.3. More-

over, assume that z is a singular point of v for each n € N. Then z is a singular point

of v.
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