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Abstract 

A system of models for forest growth and yield estimation for sixteen forest types common to 

the Upper Great Lakes region is presented.  The system is novel in its use of representatively 

sampled and remeasured forest inventory plot data for modeling growth, and in its explicit 

incorporation of regular and irregular mortality. Component projection models are explicitly 

formulated with reference to stand age, site index and relative density. Models for predicting 

number of trees, quadratic mean diameter, relative density, and basal area are linked to build 

an expectation for basal area development from fundamental tree-based observations and 

relationships.  Further, system projections are produced in terms of the above variables, and 

for timber volumes, with options for estimating biomass and carbon.  The system of models 

was developed from USDA Forest Service Forest Inventory and Analysis (FIA) Program data 

for Minnesota, Wisconsin and Michigan. We designated this formulation the Great Lakes 

Forest Projection System (GLFPS). 

 

The GLPS uses fundamental patterns of tree mortality and compatible growth and yield 

modeling concepts, specifically the model proposed by McDill and Amateis (1992).  

Parameter estimates were fit using linear and/or nonlinear least squares techniques with FIA 

field plot data, including growth observations from newly remeasured plot data.  

Implementing the component models as a linked system then allows the estimation of growth 

and yield from early to advanced ages and including thinning strategies.  Ultimately, 

estimates of future basal area and volume yield are based on a numerical integration of the 

basal area growth model.  This implementation was further supported by fit statistics and 

graphical examination of actual and predicted growth and yield values.  

 

This approach builds on the methods of Buckman (1962) and Lundgren (1981) with red pine, 

yet with explicit detail in terms of stand conditions considered and improved model behavior 

at the extremes of the data.  Further, the modeling approach is able to utilize increasingly 

common and readily available FIA forest inventory data, despite its high level of noise  

compared to experimental plot data used in most single species focused growth and yield 

modeling. Additionally, repeated FIA plot measurements now allow a very instructive 

visualization of model fits and projection capabilities.  

 

The GLFPS is intended for projecting future forest conditions including growth and yield on a 

local to region-wide basis assuming the kinds and levels of management and disturbance 

inherent in the data.  User instructions, assumptions in usage, consistency of estimates, 

procedures for handling mixed species stands, and other considerations in modeling and 

applications are also discussed.  The system is publicly available on-line in an Excel 

spreadsheet format. As such, it is highly customizable.      
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Introduction 

 

Planning for forest management can involve forecasting yield and resource conditions over 

long time periods.  Doing so can also involve both economic and ecological considerations 

now and for the future. Such forecasts have been developed in diverse ways. Among the 

earliest approaches in the Upper Great Lakes region of the U.S. were normal yield tables, 

exemplified by Brown and Gevorkiantz (1934) and Gevorkiantz and Duerr (1938) for 

presumed fully stocked stands.  Eventually, these efforts were followed by empirical yield 

tables describing average stand conditions (Hahn and Raile 1982).  Such tables offer valuable 

information concerning forest conditions. However, incorporating these tables into planning 

efforts for predicting future yields has limitations.  The actual projections require inventory 

data describing the initial condition of stands comprising the forest plus precise and accurate 

growth and/or yield prediction models. This report describes the development of a novel 

system for stand level modeling that provides improved projection capability for the major 

forest types and stand conditions occurring in the Upper Great Lakes Region. 

 

While a number of stand level equations have been developed (e g., Buckman 1962; 

Schlaegel 1971), they have not considered many forest types and stand conditions in the 

region. A more recent attempt to do so is the set of yield models for 14 forest types 

developed from periodically observed USDA Forest Service Forest Inventory and Analysis 

(FIA) Program plot data by Walters and Ek (1993).  Their models and resulting fitted 

equations related basal area, number of stems, mean diameter, volume, and biomass to forest 

type, age, and site index.  Beginning in the late 1990s, the FIA Program embarked on an 

annual inventory effort, completing a full panel of plot observations every 5 years in the 

Upper Great Lakes region.  Today, these accumulated observations include re-measurement 

of many plots at 5-year intervals, including tree re-measurements. Further, these re-

measurement data now offer the capability to improve on earlier work, i.e., to develop forest 

growth and yield models that describe stand development in detail, including direct modeling 

of growth.   

 

Why stand level models rather than individual tree based models such as the USDA Forest 

Service Forest Vegetation Simulator (Dixon 2017).  First, few tree level models have been 

systematically tested including the production of detailed yield tables.  Second, calibrating 

tree level models for diverse stand conditions, utilization levels and treatments is a 

considerable task by itself, cf Wilson and Ek (2019a).  Third, the typical forest inventory 

database available from federal, state, county, and industrial management organizations lacks 

needed individual tree list data, in part because of the cost of collecting and/or compiling such 

detail.  Finally, the modest size and computational simplicity of stand level models makes 

them easier to understand and implement for many end users. 
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Burkhart and Tomé (2012) compiled a broad review of forest growth and yield models.  The 

stand level models presented here are similar to those described in that review and numerous 

forestry texts and articles (e.g., Husch et al. 1982; Schumacher 1939; MacKinney and 

Chaiken 1939); Buckman (1962; Clutter 1963; Sullivan and Clutter 1972). Walters et al. 

(1990) have illustrated the application of similar models to industrial forest inventory data. 

While models of this type can be used for many purposes, they have a number of 

shortcomings (see, e.g., Leary and Smith 1980; Davis and Johnson 1986). Users should seek 

to understand these shortcomings and limitations to identify appropriate applications and 

correctly interpret results. 

 

According to Burkhart and Sprinz (1984), Buckman (1962) and Clutter (1963) were among the 

first to explicitly recognize the fundamental mathematical relationship between growth and yield 

in their analyses. Clutter derived compatible analytic models for cubic volume growth and yield in 

loblolly pine by ensuring that the algebraic form of the yield model could be derived by 

mathematical integration of the growth model. Sullivan and Clutter (1972) then refined and 

extended Clutter's models by simultaneously estimating yield and cumulative growth as a function 

of initial values.  Burkhart and Sprinz (1984) made further improvements through simultaneous 

estimation of model parameters.   

 

However, nearly all of these examples rely on data from single species stands or plantations; 

essentially experimental or research plot quality data, with explicit controls for excluding 

disturbance related mortality.  Conversely, FIA data is an approximately random sample over 

large areas and diverse forest conditions. In the Upper Great Lakes Region, most of the FIA plots 

and associated stands are mixed species, often with both hardwoods and softwoods and diverse 

tree growth patterns. Further, though most stands in the region are even-aged, mixtures of age 

classes are common.  Additionally, key plot and stand data such as forest type, age, origin, and 

disturbance and treatment are subject to sampling and observation error.  This makes the approach, 

choice of model forms and assumptions used in model fitting and application especially 

challenging. 

 

Given this modeling history, we describe working with FIA data and differing application 

demands, consider key assumptions, present the development of a new and improved system of 

stand growth and yield models, and explore the phenomenon of disturbance related growth 

reduction. We present explicit hypothesis tests related to two assumptions inherent in our research: 

(1) Systematically sampled growth data from FIA can produce useful forest growth models for 

diverse forest conditions, and (2) Integration of these growth models can also provide empirically 

reliable yield estimates. Results are relevant to expectations for growth, the reality of forest 

disturbance resulting in tree mortality, and the interplay between growth and disturbance as it 

results in yield.  
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Data and Methods 

 

FIA Data 

The data used here to develop models and resulting equations were obtained from the USDA 

Forest Service Northern Research Station Forest Inventory and Analysis (FIA) Program 

database for Minnesota, Wisconsin and Michigan.  The publicly available DataMart Access 

database (Miles 2014) summarizes forest inventory efforts conducted since 1999 (some of the 

earliest observations were from December of 1998). The overall statistical design and plot layout 

of the inventory in this version of the FIA database follow Bechtold and Patterson (2005). The 

database itself is described in detail by O’Connell et al. (2017) in the FIA Database users’ manual.  

Finally, data for annual inventory efforts completed from 1999 to 2017 were used in this analysis. 

 

FIA compiles data from site and tree observations on forestland across the United States.  Per 

(Bechtold and Patterson 2005), the standard design is based on the allocation of plots on a national 

grid of 6,000 acre hexagonal cells; with one plot randomly located within each hexagon.  For plots 

falling on forestland, plot and individual tree observations and measurements are made on four 24 

ft fixed-radius subplots. The subplots total approximately 1/6th acre with each surrounded by a 

58.9 ft radius macroplot. The four macroplots in turn total approximately 1 acre.  Finally, in 

Minnesota, one inventory cycle involves measuring one-fifth of the plots annually. With the next 

cycle, 1/5th of the plots are, again measured annually. The result is that many plots are re-measured 

on a 5 year rotation, while some are retired for a variety of reasons (e.g., change to non-forest, 

accessibility restrictions, or intentional plot disturbance) and new plots take their place. 

Additionally, some plots change forest cover type between observations.  

 

For this study, we have observations of both initial plot conditions and five-year growth and 

change on forests spanning the geographic extent and ecological landscapes of Minnesota, 

Wisconsin and Michigan. Table 1 describes these data in terms of per acre means of the primary 

variables of interest and the number of observations for both yield and growth.  As described 

herein, some plots have been observed at 1 point in time, some observed at 2 points in time (1 

growth period) and some at 3 points in time (2 growth periods). To summarize, FIA 

observations provide data points for yield with respect to age, plus a subsample of re-

measured plots. These re-measurements appear as a line connecting observations to their 

former value in Figure 1. Thus, we can visualize growth as the length and direction and of 

lines connecting two or more observations.  This ability to visualize the pattern of growth 

relative to fitted curves is another basis for judging how well a model fits the data.  These 

data allow the fitting of both growth and yield models directly. 

 

In addition to the trees measured on the FIA plots, data are also gathered about the area or setting 

in which the plot is located. Site characteristics are particularly useful for partitioning the forest 

into meaningful categories for analysis. Some of these attributes are measured (e.g., percent 
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slope), while some are assigned by definition (e.g., physiographic class, ownership group), and 

some are computed from tree data (e.g., basal area and volumes).  

 

Table 1.  Descriptive statistics by MNDNR forest type for the FIA plots dataset.* 

Forest type** Site  

Index  

S 

Stand  

Age  

A 

Quadratic  

Mean  

Dbh 

D 

Trees  

per 

Acre  

N 

Relative  

Density  

R 

Basal  

Area  

B ft2 

Volume 

(Gross) 

V ft3 

Number  

of Yield  

& (Growth) 

Observations 

 

Percent  

Irregular 

Mortality  

(5-yr)*** 

Aspen  67   44   4.9   972   59   93   1,356  5618 (1518) 28.9  

Balsam fir  50   51   4.4   1,129   55   93   1,122  450 (101) 31.0  

Black ash  55   72   5.5   775   57   105   1,630  1303 (332) 25.1  

Black spruce  44   65   4.8   915   63   100   1,237  753 (197) 24.8  

Central 

hardwoods 
 67   56   5.7   659   59   93   1,629  898 (205) 16.9  

Eastern white 

pine 
 59   66   6.9   634   58   120   2,565  468 (125) 15.4  

Jack pine  56   46   5.6   597   56   81   1,118  812 (200) 29.0  

Lowland 

hardwoods 
 63   58   6.5   619   59   104   1,929  299 (47) 19.9  

Northern 

hardwoods 
 63   70   6.4   669   64   116   2,215  6017 (1419) 22.8  

Northern 

white-cedar 
 36   87  5.6   1,154   63   163   2,205  1473 (341) 19.2  

Oak - pine  60   55   6.1   615   54   99   1,767  765 (186) 20.9  

Paper birch  57   62   5.4   758   58   95   1,538  913 (265) 35.8  

Red pine  64   50   7.3   556   59   131   2,451  1230 (337) 7.3  

Tamarack  48   68  5.2   729   59   84   1,165  624 (175) 25.6  

White oak - 

red oak - 

hickory 

 63   70   6.7   552   62   106   2,001  3677 (939) 20.8  

White spruce  57   46   5.9  697   56   100   1,623  185 (54) 20.7  

*The forest types are those from the FIA reporting option for the MNDNR forest type codes and similar to 

Walters and Ek (1993). 

** The first species mentioned is predominating, though others may be present. 

*** Percent irregular mortality describes the proportion of total plots experiencing a decline in basal area 

on remeasurement. 

 

Importantly, FIA characterizes each subplot condition by forest type, with the plot classification 

determined by the majority forest type.  In this study, we used only plots where at least three of the 

four subplots had the same forest type, ownership, size-class, physiography, and other criteria used 

to identify the condition of the subplot. This screening, mentioned in the next section, was to avoid 

the high variation inherent to smaller sample units and thus more closely approximate stand-level 

data.   
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a) Aspen 

 

b) Red pine 

 

Figure 1.  FIA data showing volume growth and yield for plots measured and re-measured from 1999 

to 2017 for a) aspen and b) red pine forest types.  Lines connecting points show growth between 

measurements.  Note we use the viridisLite color scheme (Garnier 2018) to depict plots of varying site 

quality. Light green points correspond to high site index plots (e.g., 90 ft), while darker blue points 

correspond to lower site indices (e.g., 30 ft). 
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Data development in terms of tree volume and biomass also followed standard FIA procedures 

including formulae by Hahn (1984) and Woodall et al (2011). 

 

The last column in Table 1 describes “irregular mortality,” which was an important variable 

in this study.  Specifically, we used the observation of a decline in basal area between 

successive 5-year measurements as evidence of irregular mortality, i.e., tree mortality in 

excess of “regular” mortality. The latter is that which occurs through the competition for site 

resources (Monserud 1976).  We further assumed regular mortality may reduce basal area 

growth, but not to the extent that basal area at the end of the 5 year growth period is less than 

the initial basal area, i.e., the regular mortality losses are more than countered by growth on 

the surviving trees.  Clearly, both types of mortality are evident in FIA data.  

 

Data Cleaning  

An important part of any growth and yield analysis is data preparation. It was crucial that any 

impossible or even highly unlikely values be scrubbed from the data to avoid skewing the model 

fits by including a few influential outliers, or data not representative of the population designated 

for study.  

 

To begin, we applied a set of filters as shown in Table 2 to limit yield data to plots having realistic 

volume, basal area, and trees per acre values and relationships in the data. We also limited our 

analysis to forest types with at least 33 observations. Plots with large residual volume (e.g., 

apparent growth > 3 cords per year) and underperforming plots showing very small annual 

increment (e.g., apparent growth < 0.01 cords per year) were also removed.  Further, stand age and 

site index were screened to retain only positive and finite values. However, no other limit was 

applied to the range of stand ages used in the yield analysis. One reason for this is that we actually 

needed the observations of growth from early years to determine the age at which the system 

initiates basal area and volume growth. Limiting plots used to at least 5% site index species-

composition by basal area also reduced the sample substantially. We further screened the data a 

second time at the model fitting stage to remove extreme outliers (±99.9 quantiles) for basal area 

and volume within each age and site quality class.  

 

Additional filters eliminated plots representing small conditions (e.g. if fewer than 3 of the 4 

FIA subplots fell in the same condition). We also eliminated plots exhibiting behavior outside 

of the 95% confidence interval for observations of growth or yield, an observation interval 

different from 5 years, an unproductive classification, or other values—typically age, basal 

area or volume values that suggested abnormal growth, observation or recording errors, or a 

stochastic disturbance affecting part of the condition.  To identify these, we inspected graphs 

of the data and constrained acceptable observations within limits. The largest reduction in 

sample size resulted from the elimination of plots having only a small proportion in a given 

stand size-class, physiographic class, ownership, forest type, or age class.  
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The set of usable yield observations for each forest type (e.g., Table 1) includes both positive 

and negative growth (Figure 1). However, we removed plots with large negative growth (e.g., 

loss of greater than 1 ft2/acre/year) from the data used in fitting the basal area growth model. 

We chose this approach because, by definition, if a basal area value went down during an 

observation period, one or more trees must have experienced mortality to the extent it was not 

more than offset by surviving tree growth.  Thus, evidence of this irregular mortality removed 

a plot from the pool of observations used to inform basal area growth models—but not 

necessarily for informing yield models.  This decision was further consistent with 

assumptions for the GLFPS and its applications (see Implementation section). 

 

Each forest type was also filtered for specific steps in the modeling effort. For example, we 

calculated the rate of exponential decay defining tree survivorship curves based only on plots 

where FIA had observed decay in the number of trees per acre (N) present.  

 

Table 2. Filters used to limit FIA plot records used for growth and yield analysis. Filters were applied 

as steps from top to bottom, with resulting sample size labeled as n.step.  For additional insight, the 

result of using a single filter against all records is labeled as n.single. 

Dataset Condition* n.step n.single 

No Filter None 139,308 139,308 

Yield # cover type records >= 33 121,137 121,137 

Yield Fraction of plot occupied by condition >= 0.75 92,894 106,792 

Yield Site Class Code < 7 (Only productive sites used) 90,072 135,562 

Yield Treatment Code = 0 (No treatments applied) 86,523 133,292 

Yield Disturbance Code = 0 (No major disturbance) 83,789 133,435 

Yield A >= 1 83,547 133,832 

Yield S >= 20 83,468 134,533 

Yield SISPratio >= 0.05 (At least 5% of B is from site index species) 73,631 109,316 

Yield dD <= 4 A / 7 (Dbh growth < 4/7 inch per year) 72,404 133,152 

Yield B >= 0.01 A (Basal area growth >= 0.01 sqft/year) 72,404 129,287 

Yield B <= 10 A (Basal area growth <= 10 sqft/year) 72,404 129,028 

Yield V <= (Volume growth < 3 cd/year) 72,404 137,724 

Yield V > 0.1 A | (V <= 0.179 A and A <= 15) 68,157 122,620 

Yield !is.na(R) (all information was available to calculate an R 30,798 131,707 

Yield R <= 140** 30,798 131,388 

Growth Re-measured (5-year)*** 6,667 12,415 

Growth ABS(5 dB) <= 50   (No questionable B growth increments) 5,781 11,599 

Growth dB >= -1 (Remove large negative growth records) 4,908 8,163 

*A=age, S = Site index (age 50), D=quadratic mean Dbh, dD=D growth, B=basal area per acre, dB=B 

growth sqft/yr, R=relative density, V= volume (gross) inside bark from a 1 ft stump to a 4 in or larger top 

diameter outside bark (dob) and expressed in standard cords/acre. 

** Excluded records lacking needed info for calculation of R. 

*** 4, 5, or 6-year re-measurement periods accepted.   
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The screening for disturbance performed here only removes plots where observed damage to 

>25% of trees on the plot condition occurred per FIA disturbance coding.  Lower thresholds of 

disturbance were not considered here. The overall 23% irregular disturbance noted in Table 1 is 

what remains after the filters described here. 

 

Model Formulation 

Given the database resulting from cleaning, there were aspects of the data that were very 

enabling with respect to choosing model forms and relevant parameter values.  Modeling 

ideas have evolved from those presented by Walters and Ek (1993) for several reasons.  Most 

important is that the FIA records now available provide data on both individual tree and plot 

growth and yield. Additionally, the new fixed radius subplot design and re-measurements 

since 1999 are a substantial advantage for both model fitting and validation including the 

improvement of precision of tree frequency data for small stems. 

 

This new FIA plot data is also fundamentally different from data typically used to fit growth 

and yield models, say for a single species and from experimental plot data.  In such cases the 

experimental layout and measurement precision substantially reduces noise in the resulting 

data.  Typically, dates and types of treatments controls are carefully established and 

documented.  With FIA data there is much more variation and less specification of treatments.  

The species mix is variable among plots within a forest type and treatment and disturbance 

history is sometimes incomplete or imprecise, and stands may have more than one age class 

present.  Further, the plot data are taken where dictated by a prescribed sample point location, 

not necessarily where the understory vegetation, soils and physiography are uniform.  Finally, 

it is infeasible in most instances to actually visit all of the FIA plots incorporated in the 

samples under analysis. 

 

In terms of modeling, variability in stand conditions and yield were handled in the past by 

constructing yield tables for fully stocked stands (Gevorkiantz and Duerr 1938) and more 

recently empirical (average) yield tables (Hahn and Raile 1982) and corresponding models 

(Walters and Ek 1993). With empirical yield data, there are important assumptions to avoid 

bias in fitting models. These assumptions include: (1) the plots are a representative sample of the 

conditions and management history of the population of interest, (2) the distribution of site quality 

for each age class is similar for all age classes and (3) the distribution of stand densities is similar 

for each age and site class.  When these assumptions are questionable, it may be possible to split 

the data set into several groups, each of which follows the assumption. Alternatively, one may be 

able to use non-parametric estimation procedures, which may be more appropriate than ordinary 

least squares (Walters et al. 1989). 

 

Unfortunately, the splitting of FIA datasets is complicated.  In some cases the sample sizes for 

some forest types are too small for splitting.  However, the major problem is that observations on 

the better sites are increasingly limited with age due to their priority for harvest.  Additionally, as 
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pointed out by Wilson and Ek (2017), most stands simply do not survive to advanced ages whether 

because of harvesting or mortality due to natural disturbances. Per Table 1, we found the 

percentage of re-measured plots experiencing irregular mortality over a 5-year period averaged 

23.6% (weighted by number of plots) across all forest types, with a range of 7.3% for red pine to 

35.8% for paper birch.  Using the average, this suggests a return interval of roughly = 21-years 

(i.e., 5/0.236) for events causing a loss of basal area for a given plot.  Also, beginning with ages 

where thinning is common and especially beyond rotation age, low-density plots dominate 

datasets, especially for commercially important species.  The net effect is that empirical yield 

model fits can be dominated at older ages by poor sites and low-density plots resulting in 

underestimates of yields for highly productive and managed stands.  Conversely, older yield 

tables might now be interpreted as based more on survivors rather than averages. 

 

Fortunately, re-measured FIA data now allow us to estimate yields directly for many young 

stands and indirectly for older stands.  An early example of that approach was provided by 

Lundgren (1981).  In effect, the ability to fit a growth model to re-measured plots allows us to 

integrate the growth model to project observed yields on young stands to later ages.  To the 

extent that the resulting growth and yield model estimates agree at older ages, we can assess 

the importance of processes opposing growth in determining our final yield. 

 

Finally, we explored a variety of approaches and model forms in the search for ways to describe 

and project stand conditions and provide predictive utility and detail.  The results of this 

exploration, in terms of model forms ultimately adopted for this study, are shown in Table 3.   

 

Table 3. Model forms selected for use in the GLFPS. 

Model  Stand Model Designation Form*  

1 Number of trees per acre Dbh >.95 (in)        Nt = N0e−kt 

2 Quadratic mean Dbh  (in)                              D =  0.5+b0 H/((1-(1-b0 H))(N/N0)
b1) 

3 Relative density                                             R =     b0+b1D+b2N+b3S+b4A+b5DN 

4 Basal area growth per acre (ft2)                    dB =     b0(B/A)(1-(B/(Bmax)))(S/Smean) 

5 Basal area yield per acre  (ft2)                        B =        b0 R
0.5 S0.5 ((A)/(b1+(A))) 

6 
Average total height of dominant /            

codominant trees  (ft)                                     H =                                    4.5 + b0 Sb1  (1 − e−b2A)
b3Sb4

  

7 
Volume gross Dbh > 4.95 (in) from 1.0  

ft stump to 4 in or larger top dob  (ft3)          V =                                                                      

 

     b0 + b1BHb2 
* Where t = time in years, and N0 is the initial number of trees considered. 



13 
 

Model forms and variables in Table 3 are described according to FIA definitions.  We have 

designated this collection of models the Great Lakes Forest Projection System (GLFPS).  Below 

these models are described in order of their development and use in the GLFPS system. 

 

Number of trees per acre (N): 

In producing a system of models usable for making predictions of growth and yield over time, it 

was instructive to start from a fundamental variable related to all other aspects of forest stand 

development; number of trees per acre (N).  This term can be readily calculated from either fixed 

or variable radius plot observations. Estimates of N for past or future years can then be calculated 

using the exponential growth/decay relationship (model 1) in Table 3 dictating the overall tree 

mortality rate and survival over time.  For details on derivation, see Wilson and Ek (2019b). 

 

To derive this model for each forest type, we used observations of maximum N, mean N, and 

mean age (A) in the relationship:  
 

     k = - ln (Nmean / Nmaximum) / Amean,    

where Nmean is the mean number of trees per acre and Amean is this the age at which Nmean occurs. 

 

This rate is then applied to any given plot to project future number of trees at time t, i.e., Nt where 

N0 is the initial value of N at the youngest age trees are typically present at Dbh for a forest type.  

Also, note we defined N consistent with FIA—trees >0.95 inches in Dbh.  This method of 

estimation for the expected rate of mortality was chosen rather than linear or nonlinear least 

squares methods for the FIA data because opposing processes are often at play in terms of 

observed N on plots of different ages, especially for regenerating stands. Because the 

establishment phase of stand development is so variable, both increases and declines in N can 

occur on different plots of the same ages—and even simultaneously on the same plot. If this 

variability is considered by usual model fitting routines, the result can be a questionable estimate 

of the mortality rate overall or for a given stand.  In order to address this problem, we use the full 

distribution of FIA inventory data to identify key values contributing to calculation of a mortality 

rate (k). As used here, Nmaximum is the largest TPA value observed for the cover type (0.999 

quantile), Nmean is the average number of trees observed on an acre for plots within 20 feet of mean 

site index, and Amean is the mean age of stands contributing to the estimate of Nmean.   

 

In reality, N may continue to increase in a stand until the time individual stems enter into 

competition with each other for site resources. Subsequently, individual stems typically succumb 

to competitive exclusion with the continued growth of more dominant individuals, and the number 

of trees declines.  Fortunately, ingrowth to the 1-inch Dbh class typically slows dramatically 

within a few (2-15) years of stand origin depending upon whether regeneration is in the form of 

seeding, sprouting or planting.  Finally, we also considered use of site index (S) to modify the 

mortality rate. However, due to data limitations, this step led to inconsistency in fits across site 
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index classes and little, if any, gain in precision.  Thus we retained the traditional survivorship 

model (𝑁0𝑒−𝑘𝑡) in its original form. 

 

Quadratic mean diameter (D) and relative density (R): 

Per equation 2 in Table 3, D was linked to height (H) from model 6 as determined by site index 

(S) and stand age (A) with the relationship result modified by N/N0 as N changed with time. After 

trying numerous models, the McDill-Amateis model variation noted proved the most effective 

across the studied forest types. With estimates for N and D, it then became possible to calculate an 

associated relative stand density index (R).  In this study, we chose the Long and Daniels (1990) 

index expressed as a percent of the maximum in the data for each forest type.  Table 1 shows the 

mean percentage values. The raw index values typically ranged from near zero to 450-550.   

 

Basal area growth (dB) and yield (B): 

Given N, D and R above, these variables plus A and S then contribute in a fundamental way to the 

development of basal area and ultimately volume on a site—as articulated in models 4 and 5.  

Note that N and D are not used directly in computing basal area growth, since those estimates 

inherently include stochastic disturbance effects on stand growth and development. Instead, we 

used observed basal area B, A, and S to model projected growth over time.  For modeling basal 

area growth (dB) and basal area yield (B), we initially explored variations of the Chapman-

Richards (CR) model. However, this model proved highly sensitive and thus highly variable in 

estimates of upper asymptotes when advanced age data was limited, which was the case for all 

forest types considered.  After further trials of various other models described by Burkhart and 

Tomé (2012), we determined the McDill-Amateis model forms were preferable for estimating 

both variables of interest with our dataset. This basic model form fit well via least squares, 

required few parameters and was less sensitive to the lack of advanced age data than the CR model 

or the Buckman-Lundgren model. 

 

The fitted dB equation (model 4 in Table 3) was then integrated on an annualized basis using 

a rolling sum method to estimate future basal area yield.  As part of this integration, we 

created modeled and calculated sequences of projected values for all variables contributing to 

the growth model. Thus, we created sequences of values from age A=1 to 150 years for each 

of S, N, D, and R.  

 

Estimates of basal area yield made in this way (by integration of a growth model) can differ from 

those derived using the McDill-Amateis yield model fitted directly.  Why? Partly because a 

somewhat different set of residuals (growth vs yield) are minimized in fitting the models by least 

squares regression.  Direct integration of the growth expectation also ignores the real, but 

unknowable factor of stochastic disturbances resulting in damage and basal area loss on a subset 

of sites at each time step. We incorporate the idea of regular mortality via model 1 (N), but 

stochastic irregular mortality affecting the population of plots is excluded from the growth model. 

We used observation of substantially declining basal area as evidence of irregular mortality—thus 
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limiting training data to sites exhibiting normal growth behavior. This yields a more truthful 

estimate of observed growth trajectories, and allows projected yields to approach some asymptotic 

maximum (e.g., Bmax in model 4). However, adjustments for irregular mortality must be made 

when applying the model to a population of stands or across long time periods. 

 

For direct estimates of basal area yield (B), we used model 5 with the same sequences of values 

described above for A, S, N, D, and R. No starting assumption was needed for basal area using 

model 5, since the equation defines the origin as the intercept, and creates a projection based 

on least squares methods for non-linear equations. Again, the combined properties of N and D 

were used via the calculated value of R. Since R is observed to decline with advancing age, 

this predictor also causes the yield expectation to fall at older ages where the training data 

include the effects of irregular mortality, as well as any management. 

 

To approximate irregular mortality, and the well-known overall stand decline with advanced age, 

we also implemented a conceptual interpretation of the ZEO (Zobel et al 2014, 2015) overlay as 

an option applied to basal area. Our methods for estimating the decline in basal area observed for 

many older stands is more fully described by Wilson and Ek 2019d.  Such methods inform the 

“average of stands” expectation in terms of basal area yield, where we assume a subset of stands 

do experience irregular mortality…and all stands eventually die, or are replaced by another.  

Simply stated, most plots in the study dataset do not reach advanced ages (see Wilson and Ek, 

2017, 2018).  The application of a basal area mortality overlay related to stand density and 

expressed in terms of basal area at older ages provides improved realism in long-term projections 

across an inventory consisting of many stands.  Additionally, we also gain clarity on where 

application of a growth model is appropriate (short-term projections for individual stands, 

assuming little or no irregular mortality), and where use of the yield model or downward 

adjustment of the growth model is preferred (for long-term projections and populations of stands).    

 

Height (H):  

The tree height model from Ek (1971) was used by Carmean et al (1989) for expressing regional 

site index curves and corresponding dominant/codominant tree height equations.  The 

resulting height equations by forest type were adopted for use here and are provided in 

Appendix A.  However, there were five exceptions, i.e., height equations were not available 

for the Central hardwoods and Oak – pine forest types and the regional site index model did 

not fit well for three other forest types—Aspen, Red pine and White spruce.  Consequently, 

the height model was re-fitted to the site index species tree height records in the current FIA 

dataset for these five forest types. 

 

Volume (V): 

Finally, the fitted basal area model and tree height models were used to predict either 

potential or ZEO-modified volume yield (V) directly using the fundamental stand volume 

model expressed as model 7.  The actual tree volumes used here were the FIA calculated gross 
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(sans defects) stem wood volumes tallied by FIA, i.e., volume inside bark from a 1-ft stump to a 

specified top diameter outside bark of 4 in or larger (Miles 2014) and expressed here in standard 

ft3/acre.  These are live tree volumes and were obtained from Stone’s Formula as described in 

Hahn (1984) and approximated by USDA Technical Bulletin 1104 table 6 developed by 

Gevorkiantz and Olsen (1955).  Given this calculation, Hahn (1984) provided conversions for 

Scribner board foot volumes and biomass and models for defect estimation.  Woodall et al (2011) 

provided similar and updated guidance on formulae.  Here we have applied this stand level model 

to allow estimation of net volume, biomass and carbon provided in the FIA data.  Only gross 

volume is considered further here; the net volume, biomass and carbon equations are provided in 

implementation software by Wilson and Ek (2019c). 

 

Model Fitting 

Model fitting was conducted across sixteen forest types and diverse stand conditions.  We fitted 

both growth and yield models for each forest type, including their enabling fundamental 

components.  Thus each of the models in table 3 and numerous variants were fitted and examined 

for each forest type.  Model fitting was conducted using the R statistical package (R Core Team 

2018).  Final model forms (Table 3) and equation selection was based on a number of criteria. Fit 

statistics calculated included root mean squared error (RMSE) and R2.  In addition, extensive use 

was made of graphing tools to compare modeled and observed relationships (cf. Appendix B). The 

final parameter estimates and fit statistics by forest type for models (1)-(7) are provided in Tables 

4 – 9, Table 11, and the Appendix.   

 

For purposes of testing the accuracy of 5-year growth projections, we began with a value for N, 

basal area, or volume observation from the first of 2 successive measurements on each plot. We 

then projected these initial values forward in annual increments to arrive at the expected second 

measurement value.  A fit statistic (a pseudo-R-squared) is then calculated as the squared 

correlation coefficient between the calculated and observed values. This 5-year projection and fit 

statistic identifies the amount of variability explained by the growth model over the period of re-

measurement.  

 

 

 

Results  

 

Figures 2 and 3 illustrate a subset of the results for aspen and red pine. Model fit parameters for N, 

D, R, B, dB, and V are shown in Tables 3-10.  More complete growth pattern projections are 

provided in Appendix B for all 16 major forest types recognized by the MNDNR.  Readers should 

note the similarity of parameter values across many forest types, with notable variation for a few 

types. For example, most rates of regular mortality (k) for N (Table 3) are between 2-3% per year. 

However, Aspen, Central hardwoods, Red pine, and Jack pine exceed 3% annual mortality in 
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terms of N. Conversely, Black ash and Northern white-cedar exhibit annual mortality of less than 

2%. Unfortunately, data limitations did not allow analyses for plantations vs natural stands. 

 

For interpretation, we have provided overlays of model results for various site indices. However, 

these curves do not necessarily imply a range of applicability. In fact, it is likely that certain 

combinations of stand conditions (e.g., site index and age) exist infrequently in nature.  The 

overlay of curves representing various site indices indicates general patterns and envelopes and 

does not necessarily imply that data in that region of the figure are common. For example, there 

are very few low site, 80-yr old aspen stands found in nature because aspen trees on such sites are 

short-lived and the stands may have converted to another type. However, the range or extent and 

number of data points and growth lines plotted should be instructive on how well the models fit 

and what will be found in nature today.  An instructive question is: Do the model based site index 

or other curves parallel the data?  Typically yes.  Additionally, higher levels of growth and yield 

observed on some plots suggest the productivity possible on sites protected from stochastic 

irregular mortality events.  Conversely, lower than projected productivity may indicate the effects 

of irregular mortality, some site or stocking specific constraint on growth, or the opportunity for 

silvicultural treatments such as site-preparation, artificial regeneration or release.  

 

Quadratic mean diameter (D) is assumed to be allometrically related to height (Tables 2 and 5). 

Thus, the equation for D (model 2) incorporates a function of height for the asymptote, and the N 

term is a stand density modifier. Model 2 also uses a 0.5 inch diameter intercept for D which 

forces a rapid initial growth in calculated R, closely matching expected establishment dynamics. 

Note a global (across all forest types) fit for R was developed (Table 6) with little loss in precision 

for subsequent model fits.   

 

Fitting the basal area growth model (Table 7) also benefitted from the inclusion of a small (0.05) 

non-zero intercept term. This is consistent with the implied theory of the growth model, which is 

that basal area growth is dependent on both existing basal area, as well as the relative stand density 

(R), the latter with some site-dependent asymptote.  

 

The basal area yield model (Table 8) provides an expectation related to site occupancy and site 

quality, but also as a function of age. The yield model does not require a starting basal area, and 

depends only on age and the expectation for relative density given site quality. We provide models 

for both basal area yield and growth for flexibility in application, and as recognition that while 

growth and yield are related, there are additional processes countering growth to result in yield. 

Due to its dependence on relative density, the yield model is also capable of declining. This is in 

contrast to the monotonically increasing growth model.      

 

Especially important in the evaluation of the model fits is the plotting of yield as projected by 

integrating the basal area growth model versus the yield model. These comparisons are shown 

graphically in Figure 2 for aspen and red pine. Tables 9, 10 and 11 document these trials. 
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Interestingly, while the basal area growth model fit shows a low R2, the fit for the yield model 

shows a high R2.  However, modest RMSE values shown in Table 11 suggest that both fits are 

adequate for model usage.  For interpretation, growth data typically shows much higher variation 

than yield data—as is expected with short-term observations. 

 

Growth model integration requires an initial basal area and a later stand age of interest (150 years 

assumed in these trials).  Table 11 shows that using the basal area growth model for a short-term 

(5-year) projection yields more favorable R2 and RMSE values than the yield model. Since 

projected basal area growth assumes some known starting value, this makes sense. We cannot go 

too far wrong over five years, barring unforeseen damage to a stand, by assuming modeled 

(average) growth for the initial conditions.  However, for longer-term projections, these short-term 

fit statistics do deteriorate. In order to account for both growth and irregular mortality affecting a 

population of stands or a single stand over a longer period, either the yield model or a basal area 

mortality overlay for the growth model is needed.  Figure 3 describes this situation and includes 

the basal area mortality overlay as a dashed line falling towards the x-axis as cohort survivorship 

approaches zero at advanced ages. The mortality overlay is calibrated to reach 100% for basal area 

at the stand breakup phase. We specify this threshold at 38 sq ft of basal area. In this case the 

break point is equivalent to a quadratic mean diameter of 12 inches and 48 such trees per acre. 

This threshold of 38 sq ft/acre represents a condition corresponding to either savanna or a 

declining stand with rather open conditions (Law et al., 1996). In either case, the scenario is 

indicative of sparse forest canopy, often leading to a new stand and possibly a new forest type. 

Comparison of R2 for 5-year projections with and without the ZEO overlay show comparable 

performance (e.g., both methods are essentially correct for a large portion of the sample plots 

(Table 11). 

 

Volume growth increments based on projected basal area growth (Figure 2) follow the observed 

change on plots not experiencing basal area loss to disturbance.  Conversely, the basal area yield 

model incorporates the average expectation of loss with age (e.g., both regular and irregular 

mortality are reflected in surviving stands included in the training data), and thus adjusts for 

irregular mortality affecting plots over time. The basal area growth models predict observed 

growth patterns on plots not experiencing irregular mortality, and thus are preferred for short-term 

projections. For longer projections, we recommend overlaying a basal area mortality model as 

described here. Where the yield and mortality adjusted models produced similar results, use of 

either may suffice for applications. Table 10 provides an example of this comparison for the 

Aspen and Red pine forest types. Importantly, values shown in Table 10 were derived from the 

expected growth patterns for site index 70 stands included in our spreadsheet implementation of 

the GLFPS modeling system, with and without ZEO modification. 
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a) Aspen: N=6,284 plots, 999 re-measured. 

 

b) Red pine: N=1,294 plots, 273 re-measured. 

 

Figure 2.  Basal area and volume model curves and data points for (a) aspen and (b) red pine) forest 

types.   Note the basal area curves are from integration of the dB models and volume curves use this 

same basal area (from integration).  The solid lines represent site indices 50 (blue), 70 (blue-green), 

and 90 (light green).   
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a) Aspen; ZEO maximum age = 114 years, FIA maximum site tree age = 174 years. 

 

b) Red pine; ZEO maximum age = 121 years, FIA maximum site tree age = 150 years. 

 

 

Figure 3.  Projected McDill-Amateis basal area growth (green line) assumes no irregular mortality. 

The ZEO modified projection (dashed black line) includes regular and irregular mortality via basal 

area losses associated with individual tree mortality, and falls to zero at a cover type and density 

dependent limit. Figures shown are for average site index (Table 1). 
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Table 4. Exponential mortality constant for common forest cover types in the Upper Great Lakes States. We 

use the classic formula for exponential mortality (Nt = N0e-kt ). FIA maximum site age and projected maximum 

cohort age are also shown. All yield records were used here (Table 1).  

Forest Type 

Rate of  N 

decline (k) Nmean Nmax Agemean 
Cohort 

Age.max 

FIA maximum site tree 

age 

Aspen  0.0391   957   5,404   44  114 174 

Balsam fir  0.0252   1,112   4,187   53  169 167 

Black ash  0.0172   740   2,565   72  230 217 

Black spruce  0.0253   911   4,801   66  179 422 

Central hardwoods  0.0347   641   4,262   55  128 198 

Eastern white pine  0.0239   627   3,200   68  172 229 

Jack pine  0.0345   600   3,050   47  113 176 

Lowland hardwoods  0.0217   603   2,016   56  175 142 

Northern hardwoods  0.0240   638   3,518   71  174 259 

Northern white-cedar  0.0159   1,141   4,494   86  283 248 

Oak - pine  0.0261   610   2,735   58  149 156 

Paper birch  0.0268   734   4,004   63  161 171 

Red pine  0.0327   574   2,990   50  121 150 

Tamarack  0.0221   705   3,260   69  188 210 

White oak - red oak - hickory  0.0244   550   3,059   70  167 178 

White spruce  0.0267   646   2,171   45  142 150 

 

 

Table 5.  Parameter estimates and fit statistics for quadratic mean diameter model (2) by forest type. NDbh is the 

expected N at the age A where trees of Dbh are first observed for the forest type. 

 

Forest type 
Parameter Estimates RMSE 

 (in) 

 

R2 

 

NDbh 

 

    A 

 

n b0 b1 

Aspen  0.1099   1.6580   0.99   0.746   2,341   10   6,284  

Balsam fir  0.0939   2.7518   1.09   0.603   2,143   14   456  

Black ash  0.1072   2.5251   1.40   0.570   1,900   12   1,345  

Black spruce  0.1002   2.0534   0.80   0.604   2,837   15   758  

Central hardwoods  0.1341   1.3730   1.16   0.703   2,437   12   932  

Eastern white pine  0.1641   1.7003   1.57   0.739   1,865   15   469  

Jack pine  0.1282   2.3578   1.20   0.670   1,333   13   840  

Lowland hardwoods  0.1429   1.9280   1.96   0.680   1,499   13   301  

Northern hardwoods  0.1239   1.7608   1.21   0.744   2,136   12   6,211  

Northern white-cedar  0.1194   2.4954   1.26   0.589   3,068   18   1,471  

Oak - pine  0.1246   2.2548   1.36   0.694   1,562   12   777  

Paper birch  0.1220   1.6650   1.12   0.666   2,269   14   941  

Red pine  0.1550   2.2230   1.63   0.708   1,446   14   1,294  

Tamarack  0.1152   1.9217   1.09   0.609   2,198   11   619  

White oak - red oak - hickory  0.1501   1.6043   1.54   0.654   1,890   13   3,868  

White spruce  0.1278   3.1799   1.72   0.566   1,289   15   178  
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Table 6.  Parameter estimates and fit statistics for the global relative density model (3). 

Intercept D N A S DN RMSE R2 n 

 -12.2625 1.2310 -0.0217 0.0328 0.1899 0.0188 7.48 0.966 30,798 

 

 

Table 7.  Parameter estimates and fit statistics for basal area growth model (4) by forest type. 

 

Forest type 

Parameter Estimates RMSE 

 (ft2/ac) 

 

R2 

 

n b0 Bmax Smean 

Aspen 1.718  174.2   66.10   2.66   0.076   1,139  

Balsam fir 2.105  175.0   49.81   2.21   0.049   68  

Black ash 1.898  199.3   54.50   2.17   0.006   247  

Black spruce 2.319  170.8   43.74   1.93   0.004   152  

Central hardwoods 2.151  172.8   67.12   1.88   0.017   166  

Eastern white pine 2.288  219.1   58.77   2.87   0.044   97  

Jack pine 2.558  146.1   55.47   2.24   0.103   146  

Lowland hardwoods 1.838  201.1   63.18   2.77   0.484   34  

Northern hardwoods 2.198  186.1   62.40   2.05   0.008   1,058  

Northern white-cedar 2.266  273.3   35.56   2.41   0.003   243  

Oak - pine 1.833  184.5   59.24   1.98   0.052   132  

Paper birch 1.928  166.9   56.55   1.60   0.052   175  

Red pine 3.173  222.9   64.03   3.33   0.331   283  

Tamarack 2.537  154.5   48.04   1.90   0.006   126  

White oak - red oak - hickory 2.03  187.0   62.46   2.45   0.001   694  

White spruce 2.856  182.4   56.74   3.06   0.067   37  
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Table 8.  Parameter estimates and fit statistics for basal area yield model (5) by forest type.   

Forest type 
Parameter Estimates RMSE  

(ft2/ac) 

   

   R2 

 

    n b0 b1 

Aspen  2.114   14.126   18.06   0.799   6,284  

Balsam fir  2.235   8.624   20.80   0.748   456  

Black ash  3.461   51.469   22.41   0.716   1,345  

Black spruce  2.669   21.577   17.83   0.797   758  

Central hardwoods  2.245   23.520   19.11   0.770   932  

Eastern white pine  2.789   17.622   24.72   0.775   469  

Jack pine  1.878   9.868   13.33   0.855   840  

Lowland hardwoods  2.784   30.035   26.24   0.760   301  

Northern hardwoods  2.516   22.435   20.18   0.712   6,211  

Northern white-cedar  5.120   35.030   33.80   0.643   1,471  

Oak – pine  2.471   17.639   19.23   0.824   777  

Paper birch  2.482   25.801   19.07   0.726   941  

Red pine  2.778   11.389   19.98   0.829   1,294  

Tamarack  2.459   29.002   15.77   0.831   619  

White oak - red oak - hickory  2.488   27.536   19.73   0.731   3,868  

White spruce  2.518   14.189   22.01   0.721   178  

 

 

Table 9.  Parameter estimates and fit statistics for volume yield model (7) by forest type. 

Forest Type 

Parameter Estimates 
RMSE 

ft3 R2 n b0 b1 b2 

Aspen -564.348 0.665 1.080  384.10   0.823   6,284  

Balsam fir -183.899 0.738 0.940  359.70   0.651   456  

Black ash -361.403 0.836 0.879  364.90   0.821   1,345  

Black spruce -451.338 0.718 1.011  361.60   0.684   758  

Central hardwoods -205.255 1.081 0.605  340.60   0.876   932  

Eastern white pine -305.197 1.176 0.536  487.00   0.911   469  

Jack pine -201.889 0.764 0.940  240.20   0.850   840  

Lowland hardwoods -257.885 1.044 0.651  469.30   0.869   301  

Northern hardwoods -360.811 0.942 0.774  350.60   0.863   6,211  

Northern white-cedar -175.964 0.880 0.802  499.40   0.744   1,471  

Oak – pine -207.404 0.985 0.717  366.90   0.884   777  

Paper birch -234.046 0.891 0.809  331.80   0.807   941  

Red pine -23.480 1.024 0.672  318.50   0.925   1,294  

Tamarack -243.230 0.589 1.133  291.70   0.737   619  

White oak - red oak - hickory -71.060 1.178 0.490  324.40   0.889   3,868  

White spruce 10.998 0.941 0.743  420.90   0.748   178  
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Table 10. Comparison of basal area yield (model 5) vs long-term basal area growth (model 4) projections for 

aspen and red pine. The empirical averages are for reference.  Initial conditions for aspen are from the FIA Empirical 

Reference data for site index 70, age class 10 years, with N=1567 and B=32.3 (see Wilson and Ek 2019d).  The aspen 

projections assume no thinning.  Initial conditions for red pine are also from the noted Empirical Reference data for age 

class 10 years, with N=687 and B=45.0.  This assumes a well-stocked and well-spaced stand typical of plantations.  The 

Empirical yield data were selected as described in the data cleaning section of this report.  The total number of aspen 

plots examined (per Table 1) was 5618 with a mean and RMSE for basal area of 93 and 34.5, respectively.  For red 

pine, the number of plots was 1230 with a mean and RMSE for basal area of 95 and 42.3, respectively. 

 

Forest type (Model) 

Stand Age Class (Site Index ~ 70 feet) 

20 40 60 80 100 120 

Aspen (Yield) 65 83 79 

 

71 

 

66 65 

 Aspen (Growth) 78 

 

130 150 159 164 167 

Aspen (Growth modified by ZEO mortality) 60 

 

 

97 

 

 

96 

 

0 

 

0 

 

0 

 

 

Aspen (Empirical yield)  62 80 105 108 144 

 

115 

      n (Empirical-Aspen FIA plots ) 135 210 186 99 12 1 

Red pine (Yield) 105 145 150 144 139 137 

Red pine (Growth) 166 217 222 

 

222 223 

 

223 

 Red pine (Growth modified by ZEO mortality) 127 155 144 

 

126 

 

99 49 

 Red pine (Growth modified by ZEO mortality and 

reduction in regular mortality by 50%) 
166 217 161 156 148 141 

Red pine (Empirical yield)  77 142 139 154 129 175 

     n (Empirical-Red pine FIA plots) 25 37 66 21 5 3 

 

 

Table 11. Model fit for basal area yield model (5) and basal area growth model (4) for a 5-year projection.  

Forest type R2 Yield RMSE Yield R2 Growth R2 ZEO RMSE Growth N Yield N Growth 

Aspen  0.799   18.06   0.917   0.922   15.71   6,284   1,139  

Balsam fir  0.748   20.80   0.886   0.896   14.88   456   68  

Black ash  0.716   22.41   0.930   0.932   12.84   1,345   247  

Black spruce  0.797   17.83   0.929   0.941   11.58   758   152  

Central hardwoods  0.770   19.11   0.954   0.947   11.44   932   166  

Eastern white pine  0.775   24.72   0.938   0.942   19.20   469   97  

Jack pine  0.855   13.33   0.879   0.883   15.22   840   146  

Lowland hardwoods  0.760   26.24   0.988   0.848   10.32   301   34  

Northern hardwoods  0.712   20.18   0.953   0.935   10.25   6,211   1,058  

Northern white-cedar  0.643   33.80   0.959   0.955   14.53   1,471   243  

Oak - pine  0.824   19.23   0.922   0.951   15.48   777   132  

Paper birch  0.726   19.07   0.943   0.946   11.16   941   175  

Red pine  0.829   19.98   0.929   0.928   18.85   1,294   283  

Tamarack  0.831   15.77   0.945   0.957   11.52   619   126  

White oak - red oak - hickory  0.731   19.73   0.952   0.940   11.02   3,868   694  

White spruce  0.721   22.01   0.891   0.886   18.87   178   37  
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Discussion 
 

The introduction to this report noted possible challenges of working with FIA data for growth and 

yield analysis.  The report sections on data cleaning and model fitting highlight a number of such 

issues—and in some cases their resolution.  Thus, the remaining FIA data do offer much potential 

for estimation of forest stand development and growth and yield. 

 

Repeated sampling of forest growth over large areas, as in FIA inventories, can produce data 

suitable to developing useful growth models for diverse forest types, and 2) Integration of these 

growth models can also provide reliable empirical yield estimates.  However, interpretation of 

model fits and applications are complicated by the effects of irregular mortality acting across a 

population of stands. The data analysis, model formulation and subsequent model fitting and 

testing results in this report have provided a unique test of these ideas.  

 

We also presented hypothesis for two assumptions inherent in our research.  First, the 

accumulation of re-measured plot data across larger areas in the FIA inventory has been 

shown to be very useful for developing whole stand growth and yield models for diverse 

forest types.  Second, it is now clear from model fitting results that short-term projections 

from a basal area growth model can be integrated to provide detailed yield estimation results 

including such yields for longer periods.  Further, long-term projections will likely require 

specific consideration of assumptions about stochastic disturbance and stand decline.  

Fortunately, such disturbance and decline may be characterized with an additional model 

component.  Thus, analysis of the FIA data has led to an understanding that a combination of 

growth components including consideration of mortality appears to be a feasible and effective 

route to both basal area and volume growth and yield estimation. Importantly, this includes 

forest types lacking the usual experimentally based data needed for such analyses.  In other 

words, FIA data can fill an important growth and yield data gap for many forest types. 

 

With respect to the FIA data, we found that re-measurement data combined with careful 

screening for the effects of irregular mortality can produce model specification and fits that closely 

resemble empirical observations of basal area growth between successive measurements. In 

producing these models, it was helpful to remove plots exhibiting trends contrary to the 

assumption of growth from the training set.  However, in doing so, we were forced to recognize, 

define and incorporate both regular and irregular mortality in the development of models. 

  

Subsequently, numerical integration of basal area growth models on an annualized basis does 

closely resemble yields observed on some plots at and beyond rotation age. However, many plots 

clearly experience disturbance related suppression of growth, and disturbance induced individual 

tree mortality falling below the FIA threshold for tallying a disturbance on the plot condition. This 

stochastic, yet significant disturbance acts against growth across a population of stands. 

Fortunately, utilization of an empirically tuned basal area mortality model to adjust expected 
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growth for this regular opposing process does produce growth and yield estimates that closely 

follow population averages. 

 

A caution is that the empirical yield models developed here should not be interpreted as being 

indicative of expected growth. They simply describe average stand conditions with respect to age. 

It is likely that some stands had previous disturbance (e.g., longer than five years prior to 

observation) that caused them to have lower densities at present, e.g., aspen subject to repeated 

tent caterpillar infestations.  Alternatively, pine forest types, which are frequently managed 

(thinned), may show cumulative yields more than double the average values for those types. 

 

A discussion of the pros and cons for each (e.g., growth integration vs direct estimation of basal 

area yield) is also needed. Each approach uses different assumptions regarding “regular” and 

“irregular” basal area mortality. Regular mortality occurs due to competition for site resources 

among individual stems, and is captured in the model of trees per acre. Irregular mortality occurs 

due to stochastic events (e.g., disturbances) resulting in loss of one or more stems from an affected 

stand. Integration of expected growth increments assumes only regular mortality. Use of the basal 

area yield model assumes that all background mortality (both regular and irregular) is incorporated 

into the model via fitted parameters and the mathematical relationships in the model.  Importantly, 

the yield model fit does not recognize the influence of diminishing sample size (fewer plots) at 

older stand ages due to the accumulated vagaries of irregular mortality. In other words, the 

expectation of the yield model is that any surviving stands will have a certain level of basal area. 

However, very few stands survive at advanced ages, so the mean cohort basal area across a 

population of stands contributing to a regional landscape would actually be reduced for each stand 

that did not survive.  

 

Additional factors to consider are tree defect, tree class definitions, and forest type stability. For 

some species, it will be important to consider expected decay losses in timber yields, especially for 

hardwoods and older stands. In the implementation software, treatment of tree defect can be 

achieved by choosing the FIA net volume equation option.  These details and options are 

covered in the implementation software (Wilson and Ek 2019c and 2019d) 

 

Equations presented here are for MNDNR defined forest types.  Fortunately, this option is already  

included in the FIA dataset and used across the three state region.  As such, the equations describe 

the yield of stands that fall within that type definition. Yet stand forest types do change over time as 

documented by Wilson and Ek (2018).  This may be especially relevant for long projection periods. 

 

Aside from the updated models developed and described here, an alternative would be to use an 

individual tree growth model, such as the regional FVS model variant (Dixon 2017).  However, 

FVS, like many other individual tree growth models was developed and calibrated in part from 

research or otherwise selected data which are often characterized by better spacing or stocking 

conditions than present in the forest overall (Hansen 1990). In particular, such model development 
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may have excluded plots that have been disturbed by natural factors such as windstorms, fire, 

insects, disease, etc. Consequently, they may produce overestimates of growth for the many 

inventory plots that are disturbed by these factors.  Indeed, FVS and its precursor STEMS has 

overestimated volumes or basal area when applied over entire FIA units or entire states (e.g 

Hansen 1990; Holdaway and Brand 1986).   Thus we repeat a common caution on equation usage: 

the set of plots (data) and assumptions used for equation development and calibration must be 

comparable with the set of plots or conditions to which the equation is to be applied. To apply an 

equation developed from plots in carefully spaced and managed stands to a random sample of 

plots over a large and diverse region, or vice versa, is inappropriate. At the very least, one should 

note the differences between the development and the application data and the potentials for error.  

For more discussion and further references on approaches to understanding whether a model can 

be applied in specific circumstances, readers are referred to Burk (1986). 

 

In terms of applications, the importance of reliable and well-characterized growth and yield 

models to harvest scheduling applications cannot be overstated. The yield model forms the basis 

for expectations of stand maturity, productivity, and economic value generated. Similarly, for 

projection of individual stand development, an understanding of potential growth, combined with 

the reality of disturbance and resulting mortality provides the basis for assessing value accrued 

over time and the risk associated with different rotation lengths. The adaptation of ZEO 

methodology used here informs this understanding of trade-offs between potential growth and 

the likelihood of stochastic loss. Such considerations should be very instructive the analysis 

and choice rotation ages to meet economic, social and ecological goals of forest management.   

 

Finally, as more FIA growth and yield data are accumulated, we recommend the modeling 

process be revisited for potential improvements in model detail and fit. 

 

 

Implementation 
 

Software Overview and Availability 

The GLFPS and resulting equations are designed for regional, statewide, local or ownership 

specific estimation of growth, yield and associated stand conditions. They may be useful for a 

range of economic and ecological studies.  The implementation spreadsheet is capable of 

providing both short-term and long-term projections starting from the age at which a stand 

achieves a basal area. Applications in silviculture considering stand treatment alternatives, harvest 

scheduling and habitat analysis may find these models and software useful.   

 

The implementation of a projection begins with a specified sufficient set of initial conditions.  The 

full set of conditions is A, S and the corresponding N, D, and B, from which R can be calculated.  .  

For N, D and B, the system can derive or otherwise estimate missing starting values to proceed.  

Hence the additional utility of models for estimating N, D and B… to fill in necessary terms when 
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one or more is missing.  However, the best alternative is to summarize the user’s data (a plot or 

group of plots or an entire inventory) by A and S to identify the desired value or means for N, D 

and B.  This will allow projections from that specific initial set of conditions.   

 

The System software can be downloaded from the Interagency Information Cooperative website at 

http://iic.umn.edu/ or by contacting the authors.   The software is available as a standard Microsoft 

Excel spreadsheet workbook, with models and fitted parameters pre-programmed for ease of use 

per guidance provided by Wilson and Ek (2019d).  Essentially, all that is needed to implement the 

models is a stand inventory or plot specification to inform starting conditions. Required initial 

conditions or input parameters include site index, stand age, live basal area per acre, and trees per 

acre (however determined). Values for quadratic mean diameter, relative density, and basal area 

growth are then calculated via parameter specific models using the input data and a time-frame 

extending to 150 years.  The actual growth is projected annually from the initial conditions for a 

one-year growth period and accumulated for the duration of the run.  This approach is most 

appropriate for short-term (10-20 year) projections assuming no irregular mortality.  Additionally, 

the ZEO model approach (Zobel et al 2014, 2015) is available as an option to estimate basal 

area loss to stochastic events resulting in individual tree mortality and stand decline at 

advanced ages.  

 

Application Options  

 

Mixed Species:   

Interest in mixed species analyses can be developed in several ways.  One approach may 

assume that the species composition, in terms of the percentage basal area or number of 

trees/ac or volume, remains unchanged over time. Inspection of the species composition 

across age by site index tables by Hahn and Raile (1982) suggest that this assumption is a 

reasonable starting place for most forest types in this data set.  Thus if a species initially 

comprises 30% of the stand volume, that relationship is assumed to be retained throughout the 

time from for projections.  Alternatively, one might allow the noted percentage to vary by site 

and/or age classes.  In either case, the user will want to assemble and implement matrices of 

species composition fractions for each forest type, say in terms of volume or other desired 

product, for converting the output to species level detail. 

 

Thinning Trials: 

The analysis of the best type, frequency and extent of thinning is a common silvicultural interest. 

For simplicity, we suggest users “grow” stands to the desired date of thinning;  then grow the 

stand from that post thinning set of stand conditions.  The simplest case would be to remove an 

equal fraction of trees from each Dbh class.  In that case there would be no change in quadratic 

mean diameter.  However, other types of thinning (say from below or above) could be 

implemented by assuming a distribution of tree sizes.  Lundgren (1981) provides an example of 

this approach. 

http://iic.umn.edu/%20or%20by%20contacting%20the%20authors.
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Long-term Projections: 

With increased interest in extended rotation forestry, the need has arisen for better estimates of 

both stand growth and mortality at advanced ages. Zobel et al. (2014, 2015) proposed a conceptual 

model intended to help estimate merchantable basal area losses to stochastic disturbance and 

competition among stems as a cohort of trees ages. Their implementation of the concept required 

estimates of several parameters, including: maximum potential basal area, an age at which 

accumulated mortality causes a departure from purely yield-based models, and a maximum 

potential stand age. In addition, a shape parameter defined unique patterns of senescence 

associated with different forest types. Each of these parameters requires research and analysis for 

realistic implementation of the model.  

 

Instead of implementing ZEO as published, we developed an alternative model, producing similar 

results, but with a simplified conceptual and mathematical framework. This approach does require 

assessment of population characteristics for stem count at given ages. This fundamental property 

of any plot or stand allows for the definition of a density threshold for expected cohort senescence. 

It is this practical threshold which often defines stand demise or replacement as in succession.  

Hence, our use of number of trees (N) as an indicator of merchantable basal area survival seems 

reasonable. This relationship defines an asymptotic estimator of cohort demise to combined 

regular and irregular mortality processes. This implementation of the basal area mortality concepts 

described by Zobel et al. (2015) is presented in Wilson and Ek 2019b, and incorporated into the 

spreadsheet implementation of the GLFPS (Wilson and Ek 2019d). 
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Appendix A:   Height estimation parameters. 

 

Table 1.  Parameter estimates for height model (6) from (Hahn 1984, Walters and Ek 1993, and this 

study) by forest type. 

Forest Type 
Parameter Estimates 

b0 b1 b2 b3 b4 

Aspen* 9.2780 0.6495 -0.0024 0.0583 0.4003 

Balsam fir 2.0900 0.9296 -0.0280 2.8280 -0.1403 

Black ash* 15.6900 0.4614 -0.0040 0.1540 0.1235 

Black spruce 1.7620 1.0000 -0.0201 1.2310 0.0000 

Central hardwoods 4.5440 0.8170 -0.0128 2.1090 -0.1770 

Eastern white pine* 5.8030 0.6828 -0.0245 0.0442 0.7397 

Jack pine 1.6330 1.0000 -0.0223 1.2420 0.0000 

Lowland hardwoods 6.1310 0.6904 -0.0195 10.1600 -0.5330 

Northern hardwoods 6.0520 0.6768 -0.0217 15.4200 -0.6354 

Northern white-cedar 1.9730 1.0000 -0.0154 1.0890 0.0000 

Oak - pine 4.5440 0.8170 -0.0128 2.1090 -0.1770 

Paper birch 2.4320 0.9207 -0.0168 1.5300 -0.1042 

Red pine* 1.9890 1.0560 -0.0068 0.0728 0.5399 

Tamarack 1.5470 1.0000 -0.0225 1.1130 0.0000 

White oak - red oak - hickory 4.5440 0.8170 -0.0128 2.1090 -0.1770 

White spruce* 62.0900 0.0595 -0.0408 16.4500 -0.5978 
 

* The height model was re-fit since the published site index based tree height models for this forest type 

were deemed a poor fit to the FIA data. Refitting led to improved model fits. 
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Appendix B:  FIA data vs projected growth patterns for various site indices 

and forest types.    

 

Interpretation notes: 

 

The light green dots in the graphs below correspond to high site index plots (e.g., 90 ft), while 

darker blue dots correspond to lower site indices (e.g., 30 ft). 

 

The colored curves in graphs below represent site indices 50 (dark blue), 70 (blue-green), and 90 

(light green).  These curves serve both as an envelope for interpreting graphical relationships and 

as a guide to results for specific site indices.   Where only one curve is evident, differences by site 

index are ignored. 

 

These figures also show the FIA plot data, i.e., # of dots/lines, used for fitting that model.  The fact 

that site index lines on the two-dimensional figures sometimes overlap is due to limitations of the 

data, especially number of observations by age class, disturbance, management and/or stand 

density. Additionally, where data limitations occur, stochastic variations in regular and irregular 

mortality on a few sites can have undue influence on growth and yield expectations for ages beyond 

the center of the empirical distribution. 

 

Starting points for curve generation are typically y/x values of 1/1.  However, such starting points 

for curves may in reality differ by site index. 

 

ZEO mortality has not been implemented for these figures. 
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Aspen 
 

 
 

R-sq(N) =  0.547, n = 6284 

R-sq(dB 5-year Growth) =  0.917 , RMSE =  15.1 : n =  1,139  

 

 
 

R-sq(V Yield Model) =  0.760 , RMSE =  369.4 : n = 5931 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Balsam fir 
 

 
 

R-sq(N) =  0.850, n = 456 

R-sq(dB 5-year Growth) =  0.886 , RMSE =  14.47 : n =  68 

 

 
 

R-sq(V Yield Model) =  0.519 , RMSE =  357.5: n = 445 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Black ash 
 

 
 

R-sq(N) =  0.781, n=1345 

R-sq(dB 5-year Projection)  =  0.930 , RMSE =  13.18, n = 247 

 

 
R-sq(V Yield Model) =  0.659 , RMSE =  355.33: n = 1330 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70, 90 feet) incorporates integrated basal area estimates. 
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Black spruce 
 

 
 

R-sq(N) =  0.924: n = 758 

R-sq(dB 5-year Projection)  =  0.929 , RMSE =  11.51: n = 152 

 

 
 

R-sq(V Yield Model) =  0.556 , RMSE =  352.2: n = 758 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70, feet) incorporates integrated basal area estimates. 
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Central hardwoods 
 

 
 

R-sq(N) =  0.792, n=932 

R-sq(dB 5-year Projection)  =  0.954 , RMSE =  11.43, n = 166 

 

 
 

R-sq(V Yield Model) =  0.701 , RMSE =  341.02: n = 917 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates.  
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Eastern white pine 
 

 
 

R-sq(N) =  0.690, n=469 

R-sq(dB 5-year Projection)  =  0.938 , RMSE =  17.94, n = 97 

 

 
 

R-sq(V Yield Model) =  0.715 , RMSE =  509.3: n = 467 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates.  
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Jack pine 

 

 
 

R-sq(N) =  0.566, n=840 

R-sq(dB 5-year Projection)  =  0.879 , RMSE =  14.35, n = 146 

 

 
 

R-sq(V Yield Model) =  0.773 , RMSE =  239.4: n = 821 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70, 90 feet) incorporates integrated basal area estimates. 
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Lowland hardwoods 
 

 
 

R-sq(N) =  0.566, n=301 

R-sq(dB 5-year Projection)  =  0.988, RMSE =  11.5, n = 34 

 

 
 

R-sq(V Yield Model) =  0.666 , RMSE =  466.3: n = 300 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Northern hardwoods 
 

 
 

R-sq(N) =  0.792, n=6211 

R-sq(dB 5-year Projection)  =  0.953 , RMSE =  10.3, n = 1058 

 

 
 

R-sq(V Yield Model) =  0.675 , RMSE =  349.6: n = 6179 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Northern white-cedar 
 

 
 

R-sq(N) =  0.923, n=1471 

R-sq(dB 5-year Projection)  =  0.960 , RMSE =  14.3, n = 243 

 

 
 

R-sq(V Yield Model) =  0.612 , RMSE =  497.4: n = 1460 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70 feet) incorporates integrated basal area estimates. 
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Oak - hickory 
 

 
 

R-sq(N) =  0.786, n=3868 

R-sq(dB 5-year Projection)  =  0.952 , RMSE =  11.1, n = 694 

 

 
 

R-sq(V Yield Model) =  0.702 , RMSE =  331.8: n = 3837 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Oak - pine 
 

 
 

R-sq(N) =  0.717, n=777 

R-sq(dB 5-year Projection)  =  0.922 , RMSE =  15.2, n = 132 

 

 
 

R-sq(V Yield Model) =  0.768 , RMSE =  364.7: n = 760 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Paper birch 
 

 
 

R-sq(N) =  0.805, n=941 

R-sq(dB 5-year Projection)  =  0.943 , RMSE =  10.6, n = 175 

 

 
 

R-sq(V Yield Model) =  0.640 , RMSE =  328.1: n = 917 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Red pine 
 

 
 

R-sq(N) =  0.8026, n=1294 

R-sq(dB 5-year Projection)  =  0.929 , RMSE =  17.7, n = 283 

 

 
 

R-sq(V Yield Model) =  0.790 , RMSE =  318.3: n = 1287 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (50, 70, 90 feet) incorporates integrated basal area estimates. 
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Tamarack 
 

 
 

R-sq(N) =  0.924, n=619 

R-sq(dB 5-year Projection)  =  0.945 , RMSE =  11.5, n = 126 

 

 
 

R-sq(V Yield Model) =  0.667 , RMSE =  297.5: n = 610 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70 feet) incorporates integrated basal area estimates.  
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White spruce 
 

 
 

R-sq(N) =  0.962, n=178 

R-sq(dB 5-year Projection)  =  0.891 , RMSE =  18.2, n = 37 

 

 
 

R-sq(V Yield Model) =  0.697 , RMSE =  421.5: n = 177 

 

Note: Solid lines represent the integration of the basal area growth model. Initial values for B were 

developed using the yield model, then projected forward via integration of the growth model. Volume 

represented by site index lines (30, 50, 70 feet) incorporates integrated basal area estimates. 

 


