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Abstract

This dissertation presents the model of partially composite supersymmetry, constructed in
a slice of five-dimensional anti-de Sitter spacetime (AdS5). The Higgs fields are localized
on the ultraviolet (UV) brane, while supersymmetry is broken on the infrared (IR) brane.
The remainder of the field content of the minimal supersymmetric standard model (MSSM)
is embedded into the five-dimensional (5D) bulk. The localizations of the bulk fields that
are responsible for generating the fermion mass hierarchy simultaneously cause the first-
and second-generation sfermions to be split from the lighter gauginos and third-gener-
ation sfermions. The sfermion mass scale is constrained by the observed 125 GeV Higgs
boson, leading to stop masses and gauginos around 10–100 TeV and the first two generation
sfermion masses around 100–1000 TeV. This gives rise to a splitlike supersymmetric model
that explains the fermion mass hierarchy while simultaneously predicting an inverted
sfermion mass spectrum consistent with direct-detection and flavor constraints. The lightest
supersymmetric particle is a gravitino, in the keV to TeV range, which can play the role of
dark matter. According to the AdS/CFT correspondence, this model has a dual description
as a four-dimensional (4D) strongly coupled theory of supersymmetric partial compositeness.
The analytic portion of this dissertation concerns the detailed construction of the five-

dimensional formalism. The effective four-dimensional Yukawa couplings are extracted from
the 5D theory in the zero-mode approximation, and an analytic expansion for the fermion
masses and mixing parameters in terms of the fermion zero-mode profiles is provided. In
order to provide a full numeric solution, the fermion masses and mixing parameters are
extracted from low-energy experimental data and evolved to the IR-brane scale, where the
four-dimensional MSSM is matched to the five-dimensional theory. 5D Yukawa coupling
matrix elements and bulk field localizations are determined by a numeric fit to the 4D
parameters. The resulting flavor solutions dictate the structure of supersymmetry breaking
on the IR brane for the sfermions, the Higgs sector, and the soft trilinear scalar couplings.
An analysis of supersymmetry breaking on the IR brane is given at tree level for the

gravitino, the gauginos, and the sfermions. In order to construct a one-loop analysis, the
propagators for bulk fields are constructed, both in the supersymmetric limit and in the
presence of supersymmetry-breaking boundary conditions on the IR brane. In particular,
the propagator matrix for a family of bulk scalar fields is obtained in the case that the
IR-brane boundary mass term is not diagonal in the bulk mass basis. These results are
used to calculate one-loop radiative corrections to bulk and boundary scalar fields as well
as the Higgs b term and the soft trilinear scalar couplings arising from the supersymmetry
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breaking on the IR brane. These corrections are shown to provide the dominant soft mass
contributions for UV-localized scalars fields and transmit supersymmetry breaking to the
Higgs sector, which is protected at tree-level by its finite separation from the IR brane.

In the phenomenological portion of this dissertation, constraints arising from dark matter
cosmology, experimental limits on flavor-changing neutral currents and CP violation, and the
125 GeV Higgs mass and current lower bounds on sparticle masses from the Large Hadron
Collider (LHC) are applied to the parameter space of the model. Additional theoretical
considerations are developed, including an analysis of the tachyonic constraints on sfermion
mass hierarchies induced by large radiative corrections in the bulk theory and in the MSSM.
The viable parameter space of the model is then identified out of the collection of all
constraints, and two benchmark parameter space points are selected for analysis.
The numeric portion of this dissertation presents a spectrum calculation and analysis

for these points. This analysis gives the first results for the partially composite model
of supersymmetry that are compatible with the 125 GeV, current LHC limits, and flavor
constraints. This intricate connection between the fermion and sfermion mass spectrum can
be tested at future experiments.
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1 Introduction

The standard model of particle physics (SM) is the most fundamental theory of nature
known to modern physics. It provides a framework for understanding the subatomic world,
describing the interactions of all observed subatomic particles under all fundamental forces
apart from gravity. As a theory, the standard model grew out of several separate research
programs in the latter half of the twentieth century. Although its conceptual roots can
easily be traced back to the beginning of the century in covariant construction of classical
electrodynamics provided by the special theory of relativity and in the development of
quantum theory, its more direct theoretical antecedents lie in the formulation of quantum
electrodynamics (QED) as an abelian gauge theory and its extension to nonabelian groups,
which allowed the unification of electromagnetism with the weak force [1–3]. This was
supplemented by the discovery of strong interactions and asymptotic freedom [4–7], such
that by the mid 1970s, the standard model attained its current theoretical structure as a
theory of the electroweak and strong forces with three generations of leptons and quarks,
although several of the particles it predicted still awaited empirical observation. There
followed a concerted experimental effort, leading in its course to the discoveries of the bottom
quark in 1977 [8], the top quark in 1995 [9, 10], the tau neutrino in 2000 [11], and, ultimately,
in the Higgs boson in 2012 [12, 13].
The discovery of the Higgs boson is widely considered to have completed the standard

model. Nevertheless, the theory as it stands is necessarily incomplete as a complete
description of nature, as it leaves unexplained a variety of physical phenomena, most notably
gravity, dark matter, and the origin of the neutrino masses, as well as several deep theoretical
questions about the shape of physics at higher energies, such as the origin of the fermion mass
hierarchy, the stabilization of the electroweak scale, and the prospect of grand unification.
Among numerous possible extensions of the standard model, one of the more popular is
supersymmetry (SUSY), which offers, among other advantages, a natural dark matter
candidate, improved prospects of gauge coupling unification, a solution to the hierarchy
problem, and the unification of gravity with the other forces. The recent discovery of the
Higgs boson at the LHC has led to new constraints on supersymmetric theories. To explain
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1 Introduction

a 125 GeV Higgs mass, top quark superpartners (stops) must have masses on the order
of 10–100 TeV. Further, the additional couplings and degrees of freedom introduced in
supersymmetry can, in the absence of some additional suppression mechanism, generate
flavor-changing neutral currents and CP-violation at levels above current experimental
limits, unless the masses of the first- and second- generation sfermions are above 100 TeV.
Simultaneously satisfying these two constraints most naturally results in a split sfermion
mass spectrum with lighter stops and heavier selectrons that mirrors (inverts) the ordering
of the spectrum of fermions in the standard model. This raises the question of whether the
hierarchies in both spectra are related and can be explained by the same mechanism.

Precisely such a connection can be realized naturally in the context of theories of warped
extra dimensions, which are able give a natural explanation for large hierarchies in scale, such
as those arising in the structure of the standard model fermion masses and mixing angles
[14–16]. In this dissertation, we investigate a model of supersymmetry in five dimensions,
where the extra dimension is compactified on an orbifold, and the bulk geometry is a slice
of anti-de Sitter (AdS5) spacetime partially composite supersymmetry [17, 18]. Due to
the curvature of the spacetime, the bulk fields have exponential wave function profiles
over the extra dimension that can be used to explain the fermion mass hierarchy. In our
supersymmetric context, generating the fermion mass hierarchy in this way simultaneously
causes the first- and second-generation sfermions to be split from the lighter gauginos
and third-generation sfermions. According to the AdS/CFT correspondence, this theory
has a dual description as a four-dimensional strongly coupled large-N gauge theory. The
gravitational background of the five-dimensional description models this strong dynamics. In
light of the Higgs boson discovery, this enables us to obtain specific quantitative predictions
for the sparticle spectrum that can then be used to help guide future experimental searches.
We structure this dissertation as follows. In Chapter 2, the standard model is outlined,

and several of its shortcomings are discussed. This motivates a review of supersymmetry,
with a focus on the minimal supersymmetric standard model (MSSM). The 125 GeV Higgs
mass, the current superpartner mass limits from the Large Hadron Collider (LHC), and the
supersymmetric flavor problem suggest a split supersymmetric spectrum. We locate the
theory of partially composite supersymmetry within this context as a solution providing
a deep connection between the flavor physics of the standard model and the breaking of
supersymmetry, simultaneously able to explain the fermion mass hierarchy and generate a
phenomenologically indicated sfermion mass hierarchy.
Chapter 3 then introduces the formalism of the five-dimensional (5D) model of partially
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composite supersymmetry. We discuss extensions of the standard model to extra dimensions
in general, before specializing to the warped background of a slice of AdS5. After giving a
construction of the MSSM in this spacetime, we turn to the AdS/CFT correspondence and
give a review of the four-dimensional (4D) dual theory.

In order to make quantitative predictions from this model, we develop the theory of flavor
physics in the extra dimension in Chapter 4. We work within the zero-mode approximation
to provide matching relations between the fermion masses and mixings of the SM and MSSM
and the Yukawa couplings and bulk field localizations of the 5D theory. We discuss the
extraction of the four-dimensional flavor observables from low-energy experimental data
and their evolution up to the IR-brane mass scale where the matching occurs. By means of
a hierarchical approximation, analytic expressions for the 4D fermion masses and mixing
parameters can be given in terms of the fermion zero-mode profiles. We supplement this
with the procedure for a full numerical χ2 fit of the 5D parameters to the 4D observables.

This is followed in Chapter 5 by a discussion of supersymmetry breaking on the IR
brane, which we parametrize through the introduction of spurion. We give the tree-level
results for the gravitino, the gauginos, and the sfermions, before presenting the full one-loop
contributions from the bulk. Because the Higgs sector is localized on the UV brane, the
Higgs soft terms and the soft trilinear scalar couplings are protected from supersymmetry
breaking at tree level but receive soft masses at loop level. Additionally, the tree-level
masses for UV-localized scalars are exponentially suppressed, so loop corrections cannot be
neglected.

Chapters 6 and 7 provide the technical details that support the calculation of the one-loop
radiative corrections to the sfermion soft masses, the Higgs soft masses, and the soft trilinear
scalar couplings presented in Chapter 5. Chapter 6 is a catalog of the bulk propagators for
the component fields matter hypermultiplets and vector supermultiplets. For the first time
we calculate the propagator matrix for a family of bulk scalar fields with exact dependence
on an IR-brane mass matrix. These expressions are used in Chapter 7, where we calculate
one-loop radiative corrections to bulk and boundary scalar fields as well as the Higgs b term
and the soft trilinear scalar couplings arising from the supersymmetry breaking on the IR
brane.

Phenomenological implications from the results derived in Chapters 4 and 7 are discussed
in Chapter 8. We investigate constraints arising from dark matter cosmology, experimental
limits on flavor-changing neutral currents and CP violation, and the 125 GeV Higgs mass
and current lower bounds on sparticle masses from the Large Hadron Collider (LHC), as
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well as theoretical considerations such as gauge coupling unification and an analysis of the
tachyonic constraints on sfermion mass hierarchies induced by large radiative corrections in
the bulk theory and in the MSSM. We summarize the constraints on the parameter space
for two cases, one in which the supersymmetry-breaking spurion is a singlet and another in
which it is not a singlet, selecting two benchmark points for analysis.

These analyses are presented in Chapter 9, along with a description of the renormalization
procedure within the MSSM which we use to calculate the pole mass spectra. The main
results of this dissertation are summarized in the final section, Chapter 10, giving our outlook
and conclusions.
In the appendices, we review some background material and establish notation. The

structure of spinors is documented in Appendix A. Field theory in the AdS5 bulk is discussed
in some detail in Appendix B, for scalars, Dirac and symplectic Majorana spinors, gauge
fields, and the graviton and gravitino. In Appendix C, we provide analytic approximations
for the zero-mode masses for scalar and fermion bulk fields in the presence of arbitrary
boundary mass terms, as well as two different approximation schemes for heavier Kaluza-
Klein spectra. Finally, in Appendix D, we give an overview of the multiplet structure of
N = 1 5D supersymmetry.
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2 The Standard Model and Supersymmetry

In this chapter we present the basic formalism of the standard model of particle physics and
identify several of the theoretical and observational issues that suggest the need for physics
beyond the standard model (BSM) and give clues to the new structure that may arise at
higher energies. We then discuss the minimal supersymmetry extension of the standard
model and review the phenomenological arguments for a split superpartner spectrum and a
connection between supersymmetry breaking and flavor. With this motivation, we introduce
in the last section the theory of partially composite supersymmetry, which provides a natural
explanation for the fermion mass hierarchy and generates as a consequence an inverted
sfermion hierarchy.

2.1 The Standard Model and Its Discontents

2.1.1 The standard model of particle physics

We first give a brief overview of the structure of the standard model of particle physics. It is
beyond the scope of the current discussion to give a thorough exploration of the subtleties
of the theory, but a wide variety of pedagogical treatments of the topic are available. In
particular, we recommend Ref. [19], which uses the same mostly positive metric signature
convention that we employ here.1

1That is, we take the Minkowski metric to be defined

ηµν = diag(−1,+1,+1,+1) . (2.1)

Note that with this sign convention,

∂µ ≡
∂

∂xµ
=
(

+1
c

∂

∂t
,∇i
)
, (2.2a)

∂µ ≡ ∂

∂xµ
=
(
−1
c

∂

∂t
,∇i
)
, (2.2b)

such that
∂2 ≡ gµν∂µ∂ν = − 1

c2
∂2

∂2t
+∇2 . (2.3)
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2 The Standard Model and Supersymmetry

The standard model may be formulated as a gauge theory of the product group

Gsm = SU(3)c × SU(2)L ×U(1)Y (2.6)

with three generations of matter, spontaneously broken to SU(3)c × U(1)em by the Higgs
mechanism. Here, SU(3)c is the color gauge symmetry of quantum chromodynamics, while
SU(2)L×U(1)Y is the weak isospin-hypercharge product group. After spontaneous symmetry
breaking, the remaining U(1)em is the gauge symmetry of electromagnetism. The field content
of the standard model is shown in Table 2.1. Note that we use the convention in which all
fermions are defined as left-handed Weyl spinors.
The gauge symmetry (2.6), together with the requirements of Poincaré invariance, uni-

tarity, causality, stability, and renormalizability completely determine the standard model
Lagrangian, which can be written in the form

Lsm = Lfermion + Lgauge + LHiggs + LYukawa . (2.7)

Here, we briefly discuss each term.

Fermion sector

For the fermions, the different gauge eigenstates are referred to as flavors. They can be
naturally organized in to three families or generations, which sort particles with the same
quantum numbers in order of increasing mass, and divided into two classes, the colorful
quarks and the colorless leptons, distinguished by their representations under the color group
SU(3)c. We also note that the standard model gauge theory is chiral theory: particles of
difference handedness transform in different representations of the gauge group Gsm. The

The momentum is defined in the quantum mechanical convention as

pµ ≡ −i∂µ = (−E, pi) , (2.4a)

pµ ≡ −i∂µ = (+E, pi) , (2.4b)

such that a massive particle has

p2 = gµνpµpν = −m2 = −∂2 . (2.5)
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2 The Standard Model and Supersymmetry

Table 2.1: Field content of the standard model.

representation

field SU(3)c SU(2)L U(1)Y spin

B weak hypercharge gauge boson 1 1 0 1

W weak isospin gauge bosons 1 3 0 1

g gluons 8 1 0 1

Q1 first-generation quark doublet 3 2 +1
6

1
2

uR right-handed up antiquarks 3 1 −2
3

1
2

dR right-handed down antiquarks 3 1 +1
3

1
2

L1 first-generation lepton doublet 1 2 −1
2

1
2

eR right-handed antielectron 1 1 +1 1
2

Q2 second-generation quark doublet 3 2 +1
6

1
2

cR right-handed charm antiquarks 3 1 −2
3

1
2

sR right-handed strange antiquarks 3 1 +1
3

1
2

L2 second-generation lepton doublet 1 2 −1
2

1
2

µR right-handed antimuon 1 1 +1 1
2

Q3 third-generation quark doublet 3 2 +1
6

1
2

tR right-handed top antiquarks 3 1 −2
3

1
2

bR right-handed bottom antiquarks 3 1 +1
3

1
2

L3 third-generation lepton doublet 1 2 −1
2

1
2

τR right-handed tau antilepton 1 1 +1 1
2

H Higgs doublet 1 2 +1
2 0

7



2 The Standard Model and Supersymmetry

left-handed components of the fermions transform as doublets under SU(2)L,

Q1 =

 uL

dL

 , Q2 =

 cL

sL

 , Q3 =

 tL

bL

 , (2.8a)

L1 =

 νeL

eL

 , L2 =

 νµL

µL

 , L3 =

 ντL

τL

 , (2.8b)

while the right-handed components transform as singlets. If right-handed neutrinos exist,
they transform as singlets under the entire standard model gauge group.
The fermion Lagrangian contains kinetic terms of the form

Lfermion =
∑
ψ

iψ†σµDµψ , (2.9)

where σµ is defined in (A.16) and the sum is over all the fermion gauge multiplets. The
covariant derivative is defined as

Dµ = ∂µ − igsGaµ
ta

2 − igW
i
µ

σi

2 − ig
′BµY , (2.10)

where gs, g, and g′ are the coupling constants of the SU(3)c, SU(2)L, and U(1)Y subgroups,
respectively, and the associated group generators are given by the Gell-Mann matrices ta,
the Pauli matrices σi (A.17), and the hypercharge Y .

The fermions can be written as vectors in family space. This is already suggested by the
notation for the doublets Qi and Li. For the singlets, we take

u =


uR

cR

tR

 , d =


dR

sR

bR

 , e =


eR

µR

τR

 , (2.11)

in which case,

Lfermion = iQ†iσ
µ (Dµ)ij Qj

+ iu†iσ
µ (Dµ)ij uj + id

†
iσ

µ (Dµ)ij dj

+ iL†iσ
µ (Dµ)ij Lj + ie†iσ

µ (Dµ)ij ej . (2.12)
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2 The Standard Model and Supersymmetry

The basis in family space in which the covariant derivatives are diagonal defines the gauge-
eigenstate basis or the interaction basis.

Gauge sector

The gauge sector Lagrangian contains the kinetic terms of the gauge bosons as well as
gauge-fixing and Faddeev-Poppov ghost Lagrangians:

Lgauge = −1
4G

a
µνG

aµν − 1
4W

i
µνW

iµν − 1
4BµνB

µν + Lgf + Lfp , (2.13)

where the field strength tensors of the gauge fields take the form in the interaction basis

Gaµν = ∂µG
a
ν − ∂νGaµ + gsf

abcGbµG
c
ν , (2.14a)

W i
µν = ∂µW

i
ν − ∂νW i

µ + g εijkW j
µW

k
ν , (2.14b)

Bµν = ∂µB
i
ν − ∂νBi

µ . (2.14c)

Here, the fabc and εijk are the structure constants of SU(3)c and SU(2)L, respectively.

Higgs sector

The Higgs doublet contains two complex scalar fields, and can be decomposed as

H = 1√
2

 √
2h+

h0 + ia0

 , (2.15)

where h± is a complex charged scalar field, h0 is a neutral CP-even scalar field, and a0 is a
neutral CP-odd scalar field. The Higgs Lagrangian takes the form

LHiggs = −(DµH)† (DµH)− V (H) , (2.16)

where
V (H) = m2H†H + 1

2λ
(
H†H

)2
, (2.17)

is the most general renormalizable scalar potential. If the mass term is negative, −m2 ≡
µ2 > 0, the (CP-even) neutral component of the Higgs doublet acquires a nonzero vacuum
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2 The Standard Model and Supersymmetry

expectation value (VEV)
〈h0〉 = v (2.18)

that spontaneously breaks the standard model gauge symmetry Gsm into SU(3)c×U(1)em. Of
the four generators of electroweak symmetry group SU(2)L×U(1)Y , three are spontaneously
broken, implying the presence of three massless Nambu-Goldstone bosons. These are
identified as the charged and CP-odd neutral degrees of freedom of the Higgs doublet and
are absorbed in the Higgs mechanism by the W± and Z bosons, respectively, which acquire
masses

m2
W = 1

2g
2v2 , (2.19a)

m2
Z = 1

2
(
g′2 + g2

)
v2 . (2.19b)

After this electroweak symmetry breaking (EWSB), the remaining degree CP-even real
scalar of freedom of the Higgs doublet

h ≡ h0 −
√

2 〈h0〉 (2.20)

is the physical Higgs boson, with mass

m2
h = λv2 = µ2 . (2.21)

The expectation value of the Higgs field is set by the Fermi decay constant:2

v = 1√
23/2GF

' 174 GeV . (2.22)

The experimentally measured Higgs boson mass, mh = (125.18± 0.16) GeV [20–22], thus
implies that the Higgs quartic coupling is approximately

λ ' 0.52 (2.23)

at the electroweak scale.

2Here, and in the rest of this work, natural units are used in which the speed of light and the reduced
Planck constant are set to unity: c = ~ = 1.
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Yukawa sector

The fermions couple to the Higgs doublet via Yukawa couplings:

LYukawa = (yu)ij uiHQj − (yd)ij diHQj − (ye)ij eiHLj + H.c. (2.24)

where yu,d,e are matrices in family space and H ≡ iσ2H
∗. The basis in which the Yukawa

coupling matrices are diagonal defines the mass basis. This is not the same as the interaction
basis either for the quarks, resulting in flavor mixing. The Yukawa matrices for the quarks
can be brought into diagonal form by the singular value decompositions

yu,d = V u,d
R ydiag

u,d

(
V u,d
L

)† , (2.25)

where
ydiag
u = diag(yu, yc, yt) , ydiag

d = diag(yd, ys, yb) . (2.26)

Since the matrices bmV u,d
L and bmV u,d

R are unitary, all interactions in the lepton sector
and all neutral-current interactions in the quark sector (i.e., the couplings to the neutral
gauge bosons are not affected by this rotation). The quark charged-current interaction,
however, becomes in the mass basis

Lfermion ⊃
g√
2
u†L,iσ

µW+
µ (Vckm)ij dL,j + H.c. , (2.27)

where Vckm = (V u
L )† V d

L is the Cabibbo-Kobayashi-Maskawa (CKM) matrix (4.9). Since the
fermion couplings to the neutral gauge bosons are diagonal at tree level in the mass basis,
there are no tree-level flavor-changing neutral currents (FCNCs) in the standard model.
Additionally, all standard model interactions have an accidental flavor symmetry, which
is only broken by the Yukawa couplings, such that flavor-changing neutral currents are
suppressed even at loop level.3 CP-violation in the standard model also arises only as a
flavor-mixing effect in the CKM matrix.
After the Higgs obtains a VEV in electroweak symmetry breaking, each mass basis

eigenstate ψ receives a mass of the form mψ = yψv. The values of the Yukawa couplings
necessary to generate the observed fermion masses are given in Table 2.2, where they are
grouped according to generation to emphasize the hierarchical structure. We note that they

3This is the origin of the unitarity of the CKM matrix that is necessary for the Glashow–Iliopoulos–Maiani
mechanism [23].
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Table 2.2: Running standard model Yukawa couplings and corresponding fermion
masses at the scale Q = 173.1 GeV in the MS renormalization scheme. Values
obtained with the procedure discussed in Sec. 4.2.

y m [GeV]

u 6.7228(29)× 10−6 0.001 172 3(5)

d 1.4610(6)× 10−5 0.002 547 6(10)

e 2.792 980(10)× 10−6 4.870 21(9)× 10−4

c 0.003 38(2 0+15
−14) 0.589(73+26

−24)

s 0.000 290 (94+13
−12) 0.0507(32+23

−21)

µ 5.883 800(2)× 10−4 0.102 598(2)

t 0.934 801+0.005 564
−0.005 562 163.004(970)

b 0.015 480(7) 2.6993(12)

τ 0.009 994 4(4+5
−4) 1.742 76(3)

span approximately six orders of magnitude, resulting in a fermion mass hierarchy. In the
standard model, the origin of this hierarchy is not explained, for the Yukawa couplings are
simply added to the theory as primitive parameters.

2.1.2 Physics beyond the standard model

As a theory of physics at the electroweak scale, the standard model has been extensively
tested at the quantum level and has succeeded in explaining a wide variety of experimental
results. However, we have good reason to believe that the standard model falls short of being
a complete theory of fundamental interactions, and that accordingly it should be viewed
as an effective theory, valid over a range of scales, but eventually requiring an ultraviolet
completion to take over at high energy. Here, we examine a few chosen problems to motivate
the search for new physics.

Gravity and cosmology

Perhaps the most notable deficiency in the standard model as a description of nature is
its lack of an account of gravity. The (reduced) Planck scale is the energy for which the
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gravitational interactions of particles become order-one:

Mp = 1√
8πG

' 2.435× 1018 GeV , (2.28)

where G here is the gravitational constant. At this scale, the classical description of general
relativity is expected to break down as quantum gravitational effects become important.
Hence, although the standard model can in principle be valid up to the Planck scale, it
is reasonable to believe that at that scale it must be superseded by a more fundamental
description providing the unification of quantum field theory and gravity. An additional
complication arises due to the vacuum energy that generically arises in any quantum field
theory, which contributes classically to the source of stress-energy tensor in Einstein’s
equations as a cosmological constant. Observations of the acceleration of the expansion of
the universe constrain the cosmological constant to be finite, but small [24, 25], many orders
of magnitude smaller than the value predicted by the standard model (see Refs. [26, 27] for
a review). The incorporation of gravity into quantum field theory may therefore require
nontrivial modifications to our understanding of both theories.
A wide range of more local astrophysical and cosmological observations—including mea-

surements galactic rotation curves, the distribution and morphology of large-scale structure,
gravitational lensing, and temperature anisotropy of the cosmic microwave background
(CMB)—have provided indirect evidence of dark matter (DM), another gravitational contri-
bution to the mass density of the universe that does not produce detectable electromagnetic
radiation. While other solutions (such as modifications to general relativity at large scales)
have been proposed, it is natural to speculate that the observed dark matter can be attributed
to the presence of a massive, electrically neutral particle. However, a particle with the
necessary quantum numbers and mass to act as dark matter does not exists in the standard
model, and so new physics is required if dark matter is to be explained in this way.

Massive neutrinos

New physics is also required in order to explain the observation of neutrino oscillation (see
Ref. [20] for a review), which indicates that at least two of the neutrinos are massive. If the
neutrinos are fundamentally Dirac states, they may obtain masses in the usual way through
a Yukawa coupling to the (yet-unobserved) right-handed components:

LYukawa ⊃ (yν)ij νiHLj + H.c. . (2.29)
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The right-handed neutrinos νi are in this case necessarily sterile, i.e., singlets under Gsm. Due
to the smallness of the neutrino masses,4 the Yukawa couplings required here are minuscule,
at maximum O(10−12), greatly exacerbating the Yukawa coupling hierarchy.
The standard model neutrinos may also be Majorana particles. In this case, a tree-level

mass term is forbidden by the electroweak gauge symmetry and can only be added as a
higher-dimension operator arising from some new physics at a heavier scale. The simplest
such operator is dimension-five and takes the form

LMajorana = −1
2

(κν)ij
Λν

νL,iHνL,jH + H.c. , (2.32)

where Λν is the scale of new physics and κν is a complex symmetric matrix of dimensionless
coefficients in family space. In order to give rise to neutrino masses of the correct order, the
scale of new physics must he high, approximately Λν & 1014 GeV. We note that the theory
at this scale must violate total lepton number (which is an accidental global symmetry of
the standard model) in order to give rise to the term (2.32).
The mass eigenbasis of the neutrinos is not aligned with the weak eigenbasis. Therefore,

just as in the quark sector, flavor mixing is observed in the lepton charged-current interactions
in the mass basis:

Lfermion ⊃
g√
2
ν†L,i (U †pmns)ij σµW+

µ eL,j + H.c. , (2.33)

where Upmns is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, defined in (4.22) or
(4.35), depending on the form of the neutrino mass operator.

4The absolute neutrino mass scale is currently unconstrained from below. The sum of the neutrino masses

mtot
ν =

∑
i

gνi

2 mνi , (2.30)

where gνi is the number of spin degrees of freedom for νi and νi together (i.e., gνi = 4 for a Dirac neutrino
and gνi = 2 for a Majorana neutrino), is constrained from a combination of observations of the cosmic
microwave background (CMB), the amplitude of density fluctuations on smaller scales from the clustering
of galaxies and the Lyman-α forest, baryon acoustic oscillations, and Hubble parameter data to (see
Ref. [20])

mtot
ν < 0.2 eV . (2.31)
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Grand unification

The observations of dark matter and of massive neutrinos suggest the possibility of new
physics, but the constraints they offer on its structure are primarily phenomenological. A
more theoretical motivation for the potential shape of new physics above the electroweak
scale can be found by taking seriously the symmetry structure of the theory of the standard
model itself, in particular the conceptual unification of electromagnetism and the weak
nuclear force into a theory of electroweak symmetry.5 The question can naturally be asked
if the standard model product group itself can be incorporated into some greater symmetry
group, spontaneously broken at a very high energy scale, that would therefore be responsible
for explaining the origin of all three fundamental forces. The smallest simple Lie group that
contains Gsm as a subgroup is SU(5).6 In this case, the three coupling constants of Gsm must
be related to the underlying SU(5) coupling g5 at the scale of SU(5) breaking as

g5 = gs = g =
√

5
3 g
′ . (2.34)

We show the evolution of the inverse coupling strength αa = 4π/g2
a with energy for each of the

standard model gauge groups. Under renormalization in the standard model, the couplings
tend toward a similar value, but cannot be described to unify. It is well known that in the
minimal supersymmetric standard model, the extra particle content introduced at the scale
msusy is exactly that needed to bring the coupling together at the scale mgut ∼ 1016 GeV.
We discuss supersymmetry in the next section, Sec. 2.2.

Such grand unification necessarily introduces new physics at the scale of the spontaneous
breaking of the grand unified theory (GUT) symmetry. Although the GUT scale is typically
quite heavy (close enough to the Planck scale that is not unreasonable to speculate that
grand unification might be related to a theory of quantum gravity), it can lead to distinctive
experimental signature such as proton decay that can be used to constrain the new physics.
For a review, see Ref. [20].

5This is the Glashow-Weinberg-Salam model [1–3].
6The next smallest such Lie group is SO(10) [which contains SU(5) as a subgroup], and there are also
other, more exotic choices. The SU(5) embedding, the Georgi-Glashow model [28], leads to an economic
structure in which the standard model quarks and leptons fit into an anomaly-free chiral representation.
Right-handed neutrinos can also naturally be introduced with masses around the SU(5) symmetry-breaking
scale.
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Figure 2.1: Plot of the running inverse coupling strengths of the standard model
gauge groups in the SU(5) normalization as a function of renormalization scale in the
standard model (dashed) and in the minimal supersymmetric standard model (solid).
In the latter case, the shaded regions surrounding the lines give the uncertainty as
calculated according to the renormalization procedure described in Sec. 4.2.

Stabilization of the electroweak scale

In the context of the standard model, the addition of new physics introduces an additional
complication. In order to produce a VEV of the right size to give rise to the observed masses
for W and Z bosons in EWSB, the Higgs scalar field must obtain a negative mass term of
the scale

m2 = −µ2 ∼ − [O(100) GeV]2 . (2.35)

However, the mass of a scalar field receives additive renormalizations, and the scalar Higgs
mass in the standard model is quadratically sensitive to the masses of any particle to which
it couples (directly or indirectly). If there exists any new physics at higher energy (such as
that suggested by a grand unified theory or a theory of quantum gravity), these masses are
generically of the scale the ultraviolet cutoff Λ where the standard model is matched to the new
theory. In this case, the Higgs mass at the electroweak scale can only be much smaller than
Λ if the bare mass is of order −Λ2 and this value is canceled down to −µ2 ∼ − [O(100) GeV]2
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by radiative corrections. When the cutoff scale is large compared to the electroweak scale,
this cancellation must be extremely precise [for instance, if we take Λ to be the Planck scale,
the cancellation must be to approximately (102 GeV/1019 GeV)2 = 10−32].
The scale of electroweak symmetry breaking, which is determined by the Higgs mass,

is therefore quadratically sensitive to the mass scale of heaviest particles that couple to
the standard model, and, short of a dramatic cancellation, we expect it to be of the same
order. Without a mechanism to stabilize the hierarchy between the scale of new physics
and the electroweak scale, any extension of the standard model thus results in a fine-tuning
problem, in which the parameters of the theory (in this case the Higgs bare mass) must
take very particular values in order for the theory to be phenomenologically viable.7 This
defines a principle of naturalness, of which there are several formulations. The strongest
version is originally due to Dirac [29, 30], which specifies that a theory is natural if all
dimensionless coefficients are of order-one and the dimensionful parameters are of the same
order of magnitude. This can be weakened by allowing small parameters to be natural
if setting them to zero enhances the symmetry of the theory [31]. Technical naturalness
requires only that none of the parameters receive radiative corrections that significantly
exceed its magnitude.

In the presence of heavy new physics, the Higgs mass is not even technically natural unless
the more fundamental theory includes a mechanism that protects the scale of electroweak
symmetry breaking. Provided such a mechanism has been the focus of much of the model
building for physics beyond the standard model. There are three main classes of solutions.
The first is to propose a new bosonic symmetry that is spontaneously broken at higher
energy scale. A composite Higgs boson in this case can arise, like the pion of QCD, as
the pseudo-Nambu-Goldstone boson of some new strong dynamics.8 The second option is
to regulate the renormalization of the theory above the electroweak scale, which can be
accomplished by introducing an approximate conformal invariance at higher energies [32,
33] or one or more extra dimensions with low-scale quantum gravity [14–16, 34].9 The third
possibility is an enhanced fermionic symmetry, namely supersymmetry, which we discuss in
the next section.

The alternative to all of these solutions, of course, to accept a theory with tuning. Indeed,

7In the context of GUT models, the separation of the electroweak scale below the scale of grand unification
is referred to as the gauge hierarchy problem; more generally, it is simply the hierarchy problem.

8Such theories typically present difficulties in their simplest forms, as the 125 GeV Higgs boson observed at
the Large Hadron Collider (LHC) does appear to have properties consistent with a fundamental scalar
field.

9According to the AdS/CFT correspondence (see Sec. 3.3), these two classes of ideas are related.
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the current TeV-scale constraints on new physics at the LHC leaves many explanations of
the hierarchy problem with at least a residual meso-tuning. If we take seriously the position
that a fine-tuning mechanism exists in nature, it has famously been argued that this can
be viewed as evidence that we live in a multiverse [35]. It is also not obvious that the
principle of naturalness is justified in any way by the structure of nature (an unnatural
theory certainly does not imply the presence of new physics, although it does suggest it),
and there is accordingly some debate as to whether it is reasonable to view naturalness as a
theoretical virtue or if tuning problems are merely unphysical artifacts of the way in which
we construct our theories.

The fermion mass hierarchy and flavor mixing

Another hierarchy exists in the standard model even in the absence of new physics: namely,
the fermion mass hierarchy. In order to generate the observed fermion masses after EWSB,
the Yukawa couplings of the light fermions must be small parameters (see Table 2.2),
which have no explanation within the theory.10 In addition, the CKM matrix is mildly
hierarchical, with the offdiagonal elements suppressed relative to the diagonal (see (4.10)
for the Wolfenstein parametrization). To be consistent, an account of the hierarchies in the
flavor sector should include not only an explanation of the spread in the fermion masses,
but also of the specific structure of flavor mixing.11

In particular, as discussed in the previous section, flavor-changing processes and CP viola-
tion are highly suppressed in the standard model. The presence of new physics can, however,
lead to tree-level FCNCs and CP violation and thus to large modifications of the standard
model predictions for rare decays, neutral meson mixing, or other precision electroweak
measurements. Within the standard model, these contributions can be parametrized as
higher-dimension operators, suppressed by the scale of new physics Λ. In the absence of
a mechanism to suppress such contributions, the current measurements set limits on the
scale of new physics, roughly Λ & 104–105 GeV. This is in tension with a solution to the
hierarchy problem, which prefers Λ . 1 TeV in order to preserve naturalness.

10If the neutrinos also obtain Dirac masses, the hierarchy is necessarily even larger.
11Note, however, that the PMNS matrix is not especially hierarchical.
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2.2 Supersymmetry

In this section we discuss supersymmetry, a compelling theoretical paradigm that is able
to successfully address many of the shortcomings of the standard model considered above.
From a mathematical perspective, supersymmetry is one of the more natural extensions of
the standard model. The Coleman-Mandula theorem states that under the assumptions of
analyticity and nontriviality and in the presence of a mass gap, the most general Lie group
symmetry of the S matrix is a local field theory is the direct product of the Poincaré group
and an internal group [36]. According to the Haag–Łopuszański–Sohnius theorem [37], the
only possible extension beyond this is the generalization of the Lie algebra of the internal
symmetry group to include a Z2 grading (promoting it to a Lie superalgebra), introducing a
set of additional generators (supercharges) that are fermionic rather than bosonic. The result
is supersymmetry, which, due to the Z2 grading, enforces a relationship between fermions
and bosons: it assigns to each bosonic degree of freedom a fermionic superpartner, differing
in spin by 1

2 unit, and vice versa. The single-particle states of a supersymmetric theory are
organized into supermultiplets, irreducible representations of the supersymmetry algebra.
When supersymmetry is promoted to a local theory, the supersymmetry generators and

the generators of the Poincaré algebra together form the Poincaré superalgebra. Supergravity
(SUGRA), the gauge theory of this symmetry, combines the principles of supersymmetry
and general relativity, thus providing a natural way to unify the theory gravity with the
description of the other three fundamental forces. Besides the incorporation of gravity, the su-
persymmetrization of the standard model can provide a number of other phenomenologically
and theoretically desirable features. Most famously, the supersymmetric symmetrization of
the field content protects the mass terms of the theory against radiative corrections to all
orders in perturbation theory (in diagrammatic terms, this amounts to an exact cancellation
between the loop contributions of the members of a supermultiplet) [38, 39]. Supersymmetry
thus removes the quadratic sensitivity of the Higgs mass to heavy mass scales, alleviating
the hierarchy problem for the electroweak scale. Further, the additional particle content
introduced by supersymmetry can provide improved prospects of gauge coupling unification
(see Fig. 2.1) as well as number of suitable dark matter candidates. Here, we give a brief
construction the minimal supersymmetric standard model. The quintessential review of this
topic is Ref. [40].
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2.2.1 The minimal supersymmetric standard model

In order to construct a minimal supersymmetric standard model, we locate each of the
standard model fields inside a chiral supermultiplet or gauge supermultiplet. The field
content of the MSSM is given in Tables 2.3 and 2.4. In supergravity, we additionally
introduce a gravity supermultiplet, composed by graviton and its spin-3

2 superpartner, the
gravitino. The superpartners of the gauge bosons are the spin-1

2 gauginos. The superpartners
of the standard model chiral Weyl fermions are the complex scalar sfermions,12 which are
typically labeled according to the chirality of their superpartners. The left-handed sfermions
are contained in SU(2)L doublets

Q̃1 =

 ũL

d̃L

 , Q̃2 =

 c̃L

s̃L

 , Q̃3 =

 t̃L

b̃L

 , (2.36a)

L̃1 =

 ν̃eL

ẽL

 , L̃2 =

 ν̃µL

µ̃L

 , L̃3 =

 ν̃τL

τ̃L

 . (2.36b)

In order to ensure anomaly cancellation, the Higgs sector must be enlarged to two chiral
multiplets, where the doublets take the form

Hu =

 H+
u

H0
u

 , H̃u =

 H̃+

H̃0

 , (2.37a)

Hd =

 H0
d

H−d

 , H̃d =

 H̃0

H̃−

 . (2.37b)

The superpartners of the Higgs bosons are the spin-1
2 higgsinos. The scalar Higgs sector

thus contains eight degrees of freedom. Three of these are absorbed by the gauge bosons
as usual in EWSB, leaving five physical degrees of freedom: two charged scalars H±, one
pseudoscalar A, and two neutral scalars H and h. The last of these is identified as the
125 GeV resonance detected at the LHC.

In terms of these supermultiplets, the interactions between matter fields that are invariant

12The naming convention is as expected for the individual states: sup, sdown, scharm, sstrange, stop,
sbottom, selectron, smuon, stau, and sneutrino.
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Table 2.3: Chiral supermultiplets of the MSSM.

component fields representation

spin 0 spin 1
2 SU(3)c SU(2)L U(1)Y

Q̃i squark doublet Qi quark doublet 3 2 +1
6

ũ∗i up-squarks ui up-quarks 3 1 −2
3

d̃∗i down-squarks di down-quarks 3 1 +1
3

L̃i slepton doublet Li lepton doublet 1 2 −1
2

ẽ∗i selectrons ei electrons 1 1 +1

Hu Higgs doublet H̃u higgsino doublet 1 2 +1
2

Hd Higgs doublet H̃d higgsino doublet 1 2 −1
2

Table 2.4: Gauge supermultiplets of the MSSM.

component fields representation

spin 1
2 spin 1 SU(3)c SU(2)L U(1)Y

B̃ bino B B boson 1 1 0

W̃ winos W W boson 1 3 0

g̃ gluinos g gluon 8 1 0

under supersymmetry transformations are given in the superpotential:

Wmssm = −(yu)ij uiHuQj + (yd)ij diHdQj + (ye)ij eiHdLj + µHuHd , (2.38)

shown here in superfield notation. While this is the minimal superpotential, supersymmetry
notably does not forbid terms giving rise to processes that violate baryon number B or
total lepton number L at tree level. In the standard model, B and L are both accidental
symmetries of the theory and processes such as proton decay that violate one or both
are highly constrained by experiment. In order to forbid or suppress such terms in a
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supersymmetric theory, a discrete R-parity can be introduced,13 defined for each particle as

PR = (−1)2(B−L)+2s , (2.39)

where s is the spin of the particle. Under this definition, supersymmetric particles have
negative parity while the standard model particles and scalar Higgs bosons are positive. One
consequence of this is that when R-parity is preserved the lightest supersymmetric particle
(LSP) is stable. (Or, if the R-parity violation is small enough, the LSP can be metastable.)
If the LSP is electrically neutral it can therefore fill the role of dark matter [47, 48]. In the
MSSM, the suitable candidates are the gravitino and, after EWSB, the lightest neutralino
(a linear combination of the bino, the neutral wino, and the neutral higgsinos).

Supersymmetry breaking

Due to the absence of superpartners at low energies, a realistic phenomenological model must
contain supersymmetry breaking. From a theoretical perspective, we expect that supersym-
metry, if it exists at all, should be an exact symmetry that is broken spontaneously. In order
to maintain the stabilization of the electroweak scale that is provided by supersymmetry,
this breaking must be soft, that is, all supersymmetry-breaking terms in the Lagrangian
must be of positive mass dimension. In the MSSM the minimal soft supersymmetry breaking
sector takes the form

Lmssm
soft = −1

2
(
M3g̃

ag̃a +M2W̃
iW̃ i +M1B̃B̃ + H.c.

)
−
(
(au)ij ũ∗iHuQ̃j − (ad)ij d̃∗iHdQ̃j − (ae)ij ẽ∗i HdL̃j + c.c.

)
− (m2

Q̃
)ij Q̃∗i Q̃j − (m2

ũ)ij ũiũ∗j − (m2
d̃
)ij d̃id̃∗j − (m2

L̃
)ij L̃∗i L̃j − (m2

ẽ)ij ẽiẽ∗j

−m2
HuH

∗
uHu −m2

Hd
H∗dHd − (bHuHd + c.c.) , (2.40)

where M1,2,3 are soft gaugino masses, au,d,e are soft trilinear scalar coupling matrices,
m2

Q̃,ũ,d̃,L̃,ẽ
are soft sfermion mass matrices, mH2

u,d
are soft Higgs masses, and b is a soft Higgs

scalar mixing. In total there are 105 unique parameters (masses, phases, and mixing angles).
The spontaneous breaking of supersymmetry itself requires the MSSM to be extended, as

13From a theoretical perspective this can be motivated by the introduction of a continuous U(1)B−L symmetry
as in Refs. [41–46].
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the ultimate supersymmetry-breaking order parameter cannot belong to any of the MSSM
supermultiplets. Schematically, supersymmetry must be broken in a hidden sector and
communicated to the MSSM by a messenger sector. Allowing supersymmetry breaking in
the hidden sector to be transmitted purely through gravitational interactions results in a
model of gravity-mediated supersymmetry breaking or Planck-scale-mediated supersymmetry
breaking [49–58]. Within this context, a minimal model assuming flavor-blindness (typically
on purely phenomenological grounds) can be formulated that parametrizes the soft mass
sector in terms of just four quantities: a common gaugino mass m1/2, a common scalar mass
m0, a common trilinear scalar coupling A0, and the Higgs soft mixing b. This is the minimal
supergravity (MSUGRA) or constrained minimal supersymmetric standard model (CMSSM)
scenario that has been the subject of the bulk of phenomenological and experimental studies
of supersymmetry.
In gauge-mediated supersymmetry breaking (GMSB) models [59–65] (see Ref. [66] for a

review), messenger chiral multiplets charged under the standard model gauge groups Gsm

couple to the hidden supersymmetry-breaking sector. This has the effect of transmitting
supersymmetry breaking to the MSSM indirectly and in a flavor-diagonal way. There is still
gravitational communication between the MSSM and the hidden sector, but its contributions
are typically subdominant compared to the gauge interaction effects.

A vital clue for determining the superpartner mass scale comes from the recent discovery
of the 125 GeV Higgs boson [12, 13, 22]. To obtain this mass in minimal supersymmetry, the
Higgs quartic coupling must receive sizable radiative corrections. These can arise from the top
quark superpartners (or stops), provided that the lightest stop has mass of O(10) TeV. In the
minimal framework there are no other significant contributions to the Higgs quartic coupling,
and consequently the rest of the sparticle spectrum is not determined. The spectrum must
only be compatible with the current LHC limits that require stop masses to be greater than
O(1–2) TeV [67–72], gluino masses above O(2) TeV [68, 70–73], and neutralino masses above
O(1) TeV [68, 72].14

The supersymmetric flavor problem

The sparticle spectrum is also constrained indirectly by precision electroweak experiments,
as the additional degrees of freedom introduced by supersymmetry generically imply flavor-
mixing and CP violation through the offdiagonal elements of the sfermion masses and the
trilinear scalar couplings. In the absence of some suppressing mechanism the resulting

14These results are model-dependent.
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FCNCs and CP-violating processes are too large to be compatible with current experimental
limits. This is the supersymmetric flavor problem. There are several ways in which these
dangerous FCNCs and CP-violating effects can be suppressed.

• So� supersymmetry-breaking universality

Large FCNCs and CP violation can be avoided if soft supersymmetry breaking is
sufficiently universal. For the sfermion soft masses, a sufficient condition is flavor
blindness (i.e., that the flavor symmetry of the standard model is respected, such that
each mass matrix is proportional to the identity matrix in family space). Contributions
from the trilinear scalar couplings can be suppressed if they are proportional to the
corresponding Yukawa matrices, and CP-violating effects can be avoided by assuming
that the soft parameters do not introduce any complex phases. This type of universality
is frequently assumed (but not theoretically justified) in models with gravity-mediated
supersymmetry breaking; in GMSB models it arises naturally as a consequence of the
flavor-blindness of gauge interactions.

• Alignment

In the alignment solution, the requirement that the sfermion soft mass matrices are
flavor-blind is relaxed and replaced with the weaker requirement that they are arranged
in flavor space to be aligned with the relevant Yukawa matrices [74, 75]. This can be
motivated with the addition of some flavor symmetries.

• Irrelevancy

Even if the sfermion masses and trilinear scalar couplings are fully anarchic, FCNCs
and CP violation can be suppressed below current experimental constraints if the
sfermions of the first and second generations are sufficiently heavy, O(100) TeV [76–79]
or heavier [80–82]. This allows the flavor problem to be ameliorated without the
addition of any extra structure. This leads to the scenario of high-scale supersymmetry,
in which all of the superpartners are heavy, or split supersymmetry [35, 83] if the masses
of the supersymmetric fermions (the gauginos and higgsinos) are loop-suppressed below
the scalar mass scale. These maintain the successful features of supersymmetric models
such as gauge coupling unification and the incorporation of gravity (and possibly a
dark matter candidate) but push the sfermion spectrum firmly out of the realm of
experimental relevance.15

15The Higgs mass is sensitive to the mass of the stop, and as the scale of supersymmetry breaking increases
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Because the experimental limits involving FCNCs and CP violation among the third-
generation standard model fermions are less restrictive, it is not necessary to push
the entire sfermion spectrum up to high scales in order to solve the supersymmetric
flavor problem. The scenario in which the masses of the third-generation sfermions are
O(10) TeV, hierarchically lighter than those of the first and second generations which
are least O(100) TeV, leads to a version of split supersymmetry [83] called minisplit
[86, 87]. This has the advantage naturally explaining the 125 GeV Higgs and putting
the third-generation sfermions within the reach of direct detection.

We note that the high mass scale of the spectra in these scenarios results is a degree
of tuning for the electroweak scale. Due to the absence of low-energy supersymmetry
at the LHC, however, we are forced to accept some tuning as a generic feature
of supersymmetric models. This tuning could possibly be explained by a relaxion
mechanism [88, 89].

All of these mechanisms suggest that supersymmetry breaking may have special relationship
with flavor. In particular, in split supersymmetric models, the supersymmetry-breaking
scale occurs near the PeV scale, with sfermion masses in the range 10–1000 TeV. Even
though this hierarchy of sfermion masses seems prima facie unrelated to the fermion mass
hierarchy, it begs the question as to whether these two hierarchies could in fact be explained
by the same mechanism. In the following, we present a model of supersymmetry in a slice of
five-dimensional anti-de Sitter spacetime that is naturally able to provide precisely such a
connection.

2.3 Connecting Supersymmetry Breaking with Flavor

Here, we motivate a model of supersymmetry in a slice of five-dimensional anti-de Sitter space
(AdS5) [16]. The compactified extra dimension allows the supersymmetric Higgs sector, which
we localized on the UV brane, to be physically separated from the supersymmetry-breaking
sector, which we confine to the IR brane. The supersymmetric matter fields propagate in
the bulk. Unlike other supersymmetric models, the theory does not need to rely on the

in these models, some tension arises with the observed 125 GeV Higgs boson (see Ref. [84] for historical
context). If the stop is heavier than about O(10) TeV, obtaining a 125 GeV Higgs mass typically requires
tan β to be low [85].
We also note that if the scale of supersymmetry breaking is high enough, radiative corrections to

the Higgs soft masses can drive the Higgs scalar potential to a nontrivial minimum, providing radiative
electroweak symmetry breaking.
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Froggatt-Nielsen mechanism to explain the standard model fermion masses.16 (Also note an
alternative approach that radiatively generates fermion masses from a sfermion anarchy [92].)
Instead, the overlap of fermion profiles [93] with the UV-localized Higgs fields explains the
fermion mass hierarchy [94]. As we discuss in detail in Chapter 4, the standard model
Yukawa couplings are used to constrain the bulk fermion profiles, determining localizations
of the MSSM chiral multiplets in the bulk. Fields with large Yukawa couplings (such as
the top quark and stop) must be localized near the UV, while fields with smaller Yukawa
couplings must be IR-localized. Because of the curvature of the spacetime, fields in the bulk
have exponential profiles in the extra dimension, such that fields that couple strongly to the
Higgs fields necessarily have a weak coupling to the supersymmetry-breaking sector and vice
versa. The fermion mass hierarchy therefore determines also determines the structure of
supersymmetry breaking at the IR-brane scale, resulting in an inverted spectrum in which
the UV-localized third-generation sfermions are lighter than those of the IR-localized first
two generations. Both the Higgs-sector soft masses and the soft trilinear scalar couplings
arise at loop order, due to radiative corrections from the bulk that transmit the breaking of
16One deficiency of the standard model that supersymmetry is not able to explain is the origin of the fermion

mass hierarchy. Instead, this issue is typically addressed by recourse to the Froggatt-Nielsen mechanism
[90] (see Ref. [91] for a review), which proposes a new U(1)f flavor symmetry under which the left-handed
and right-handed components of the standard model fermions have different charges, while the Higgs is
assumed to be a singlet. The Yukawa couplings in this case arise as higher-dimension operators of the
form

LYukawa ⊃
(
S

Λf

)qR+qL

ψRHψL (2.41)

where qL,R are the flavor charges of the left- and right-handed fermions, S is a Gsm singlet scalar flavon
field with flavor charge −1, and Λf is the scale at which the heavier degrees of freedom are integrated
out. Assuming that the flavor symmetry is spontaneously broken by a nonzero expectation value 〈S〉, a
Yukawa coupling matrix is generated as

yij = gijε
qR,i+qL,j , (2.42)

where g is a Hermitian matrix of complex coefficients, order-one in magnitude. Entries in the Yukawa
matrix can be parametrically suppressed with order-one charges qL,R provided

ε = 〈S〉Λf
(2.43)

is a sufficiently small number [perhaps O(0.1)], allowing the fermion mass hierarchy and flavor structure
of the standard model to be recovered.
We note that stripped of the context of the flavor symmetry, the structure of the Froggatt-Nielsen

mechanism has a generic form, explaining the Yukawa couplings in terms of a small number ε, originating
in a hierarchy of scales, raised to powers composed of two flavor-dependent, order-one numbers. This basic
structure can arise quite naturally without the need for a new flavor symmetry (and its accompanying
unknown high-scale theory) in the background of a warped extra dimension, as we discuss in detail in
Chapter 4 (for a generic example, see Sec. 4.1.3), or through the strong dynamics of its four-dimensional
dual theory of partial compositeness, which we consider in Sec. 3.3.
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⋮ ⋮

Figure 2.2: Schematic diagram depicting a possible particle spectrum of a model of
supersymmetry in a slice of AdS5. The left (right) column depicts the fermions
(bosons). The sfermion mass hierarchy is inversely related to the fermion mass
hierarchy and the LSP is the gravitino.

supersymmetry. Renormalization group evolution is then used to run the soft masses down
to the electroweak scale and obtain superpartner mass spectrum. Using this procedure, in
Chapter 9 we analyze two benchmark scenarios: one for the case that the gaugino masses arise
from a singlet spurion and the other in nonsinglet spurion case. We find that the observed
125 GeV Higgs boson mass naturally accommodates sparticle spectra that hierarchically
suppress the masses of the stops and the other third-generation sfermions below the mass
scale of the first- and second-generation sfermions.
In particular, if the masses of the first- and second-generation sfermions are restricted

to be above 100 TeV to solve the supersymmetric flavor problem, the stop masses lie in
the range 20–100 TeV, while the mass of the lightest stau may be as low as 10 TeV. The
lightest supersymmetric particle is the gravitino, with a mass in the approximate range
1 keV to 1 TeV, and it accordingly can play the role of dark matter. This differs from other
split-supersymmetry models where the gravitino is usually the heaviest superpartner. The
next-to-lightest supersymmetric particle (NLSP) is typically a bino, higgsino, or right-handed
stau (10–25 TeV), whose decays to the gravitino could eventually be probed at a future
100 TeV collider. A schematic diagram of a possible mass spectrum of this five-dimensional
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model is depicted in Fig. 2.2. We make this construction more precise in the following
chapters.
According to the AdS/CFT correspondence, this five-dimensional model in a slice of

AdS5 has a dual description in four dimensions as partially composite supersymmetry. The
five-dimensional model provides a calculable description of the strong dynamics that govern
the dual theory, and in the following, we will refer to both the 4D and 5D descriptions by this
name. Previous attempts to explain the sfermion mass hierarchy in a slice of AdS5 before the
Higgs boson mass was known were considered in Refs. [95, 96]. The results obtained in our
analysis were first presented in Refs. [17, 18] and are the first predictions for the sfermion
mass spectrum from partial compositeness that are compatible with a 125 GeV Higgs boson.
In addition, they include, for the first time the full one-loop radiative corrections to the bulk
scalar soft masses squared, the Higgs-sector soft terms, and the soft trilinear scalar couplings.
For stops and other UV-localized sfermions, these corrections provide the dominant soft
mass contributions, and accordingly have important phenomenological consequences. For the
Higgs sector, they control the breaking of electroweak symmetry. In this work we generalize
this structure to include flavor mixing effects through the CKM and PMNS matrices, as
well as offdiagonal terms in the sfermion soft mass matrices the soft trilinear scalar coupling
matrices.
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In this chapter we construct the five-dimensional theory of partially composite supersymmetry.
We first review the status of theories of spacetime with extra dimensions, before specializing
to the geometry of five-dimensional AdS spacetime compactified over the S1/Z2 orbifold.
We then discuss supersymmetry in the slice of AdS5, formulating a minimal model in which
the MSSM arises as the effective four-dimensional theory below the compactification scale.
Last, we present the strongly coupled theory that is dual to the five-dimensional model
under the AdS/CFT correspondence and sketch an AdS/CFT dictionary connecting the two
descriptions.

3.1 Theories in Five Dimensions

Theories proposing the extra dimensions of spacetime have a long history in the quest for
a fundamental theory of nature in theoretical physics. In 1914, Nordström extended the
classical Maxwellian theory of electromagnetism to five dimensions, noting that the five-
dimensional vector potential could be contained both the four-dimensional electromagnetic
vector potential and an additional four-dimensional scalar obeying field equations for what
Nordström identified as a scalar theory of Newtonian gravity [97]. In 1921, a similar
observation was made in the context of the newly developed general theory of relativity (GR)
by Kaluza, who decomposed the structure of a five-dimensional theory of gravity1 into a
four-dimensional theory plus classical electromagnetism (and an additional four-dimensional
scalar field). In 1926, Klein proposed the physical interpretation that the fifth dimension
in Kaluza’s theory is compact (periodic) and microscopic in size in order to explain its
disappearance into four-dimensional structures at macroscopic scales [98].
From the modern perspective, the Kaluza-Klein theory (see Ref. [99] for a review) is

the first example of a gauge-gravity duality, in this case the origination of a U(1) field,
the electromagnetic vector potential, out of the fifth dimension. This idea was further
1Kaluza considered five-dimensional Lorentzian manifolds subject to a “cylinder condition” on the five-
dimensional metric enforcing its independence from the coordinate of the extra dimension (equivalent to
enforcing translation invariance along that direction).
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developed when interest in enlarged spacetimes was revived with the advent of string theory
in the 1980s, as it became known that theories of anomaly-free quantum gravity require
additional spatial dimensions. In 1997, Maldacena’s AdS/CFT conjecture formalized the
duality between conformal field theories (i.e., SU(N) gauge theories in the large N limit)
and higher-dimensional AdS spacetimes [100].

A more phenomenological approach was initiated in 1998 when Arkani-Hamed, Dimopoulos,
and Dvali [14] proposed a solution to the relative weakness of gravity (i.e., the hierarchy
problem) by localizing the standard model fields on a four-dimensional submanifold embedded
in a spacetime with d > 3 spatial dimensions (see also [34]). A year later, in 1999, Randall
and Sundrum [16] proposed a similar model in a nonfactorizable geometry, a slice of five-
dimensional warped (anti-de Sitter) space. These models were soon expanded to include
gauge and matter propagating in the bulk (see, for example, [94, 95, 101, 102]).

The necessary feature of modern approaches to theories of extra dimensions, is presence of
compactification (or, alternatively, the localization of gravity [103, 104]) in order to recover
a four-dimensional structure at macroscopic scales. The nature of this compactification is
important. The original Kaluza-Klein theory itself is ultimately unsuccessful as a theory of
nature due to the fact that its compactification does not permit chiral fermions to exist at
low energies (see [105]). More recent theories have overcome this deficiency by considering
compactifications that introduce mild singularities. We will discuss a simple orbifold
compactification illustrating these features in the context of five-dimensional spacetime in
Sec. 3.1.1.
In physical terms, the effect of compactification is to quantize the momenta of fields

along the direction of the extra dimension. As a result, each field propagating in the
bulk of an expanded spacetime may be decomposed in a Kaluza-Klein (KK) expansion
into an infinite sum of four-dimensional fields convolved with eigenmodes along the extra
dimension, resulting in a representation for the higher-dimensional field as an infinite tower
of four-dimensional Kaluza-Klein states, each with increasing effective mass (but otherwise
identical quantum numbers). The mass splittings between the KK states depend on the
geometry of the spacetime as well as the specific boundary conditions of the field over the
compactified space, which may or may not permit a massless mode (a zero mode).
Kaluza-Klein towers are the primary phenomenological signature of extra dimensions,

and models containing them are subject to collider (direct production and virtual effects),
astrophysical (supernova luminosity and neutron star cooling) and cosmological (relic density)
constraints (see Ref. [20] for a review of extra dimension searches). If the standard model
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Figure 3.1: Visualization of the S1/Z2 orbifold.

particles propagate in the bulk, the most stringent constraints are the direct-production
bounds from the LHC at CERN, which are currently around the O(1–10) TeV scale. The
graviton always probes the full extra-dimensional space and its KK modes additionally give
rise to deviations from the Newtonian inverse-square-law behavior of the gravitational force
at distances small enough compared to the size of the extra dimension which can be tested
(see Refs. [106, 107] for reviews of recent experiments).

3.1.1 The orbifold compactification

We now specialize to theories with one compact extra dimension (Refs. [108–112] provide a
variety of reviews of this subject). We consider a five-dimensional spacetime xM = (xµ, y),
where xµ are the usual four-dimensional coordinates and x5 = y is the coordinate of a
compact spatial dimension. The simplest choice of compactification for the extra dimension
is a periodic geometry such as S1 (as in the original Kaluza-Klein model), such that

y ←→ y + 2πR , (3.1)

where R is the radius of the circle. Such a compactification breaks the translational symmetry
of the fifth dimension, leading to the quantization of momentum in the extra dimension. The
five-dimensional action must be invariant under the remaining discrete shift symmetry (3.1).
Five-dimensional fields transforming with eigenvalue +1 (−1) of the shift symmetry operator
T are classified as periodic (antiperiodic) functions over the extra dimension: schematically,

Φ(xµ, y + 2πR) = TΦ(xµ, y) = ±Φ(xµ, y) . (3.2)

However, due to the expanded Clifford algebra in five dimensions (see Appendix A for a
more precise discussion), a merely periodic compactification only permits vectorlike bulk
fermions. Instead, the fifth dimension must be compactified on an interval, which can be
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constructed by identifying opposite sides of the circle under the Z2 symmetry:

(xµ, y)←→ (xµ,−y) (3.3)

This process is visualized in Fig. 3.1. The resulting structure is an S1/Z2 orbifold, containing
two fixed (singular) points, y = 0,±πR, which are the locations of effective 3-branes
(submanifolds with three spatial dimensions and one time dimension) that form the boundary
of the extra dimension and can support localized four-dimensional fields. The region between
the branes we refer to as the bulk.

The five-dimensional action for the bulk is required to be invariant under the orbifold Z2

symmetry transformation (3.3). Fields propagating in the bulk need not be identified at ±y,
but may differ by the eigenvalues of the Z2 symmetry operator Z: schematically,

Φ(xµ,−y) = ZΦ(xµ, y) = ±Φ(xµ, y) , (3.4)

for Z2 = id.2 Bulk fields can therefore be assigned definite parity under Z; those transforming
with eigenvalue +1 (−1) are classified as even (odd) functions over the orbifold. Once a
choice is made, this also determines the field parity on the four-dimensional boundary at
the orbifold fixed point y = 0, because

Φ(xµ, 0) = ±Φ(xµ, 0) . (3.5)

The parity on the boundary at the y = ±πR fixed point depends on the periodicity of the
field. We identify four possible bulk parity profiles, which we delineate in Table 3.1. We
note that in order to remain continuous, fields must vanish on fixed-point boundaries where
they have odd Z2 parity.

3.1.2 Spacetime geometry

The orbifold construction specifies a spacetime topology for the extra dimension that is
effectively an interval, parametrized by y ∈ [0, πR] and possibly bounded by 3-branes. The
gravitational background (the spacetime geometry) on which fields propagate is a solution
of the five-dimensional Einstein equations. The gravitational action for this configuration

2Transformation rules for specific fields are extracted from the relevant bulk actions in the context of AdS5
in Appendix B.

32



3 Partially Composite Supersymmetry

Table 3.1: Possible S1-periodicity and Z2-parity assignments for bulk fields. The left
(right) sign refers to the Z2 parity at the y = 0 (y = ±πR) orbifold fixed point.

boundary parity Z2 parity S1 periodicity

(+,+) even periodic

(+,−) even antiperiodic

(−,+) odd antiperiodic

(−,−) odd periodic

takes the form

S = −
∫
d4x

πR∫
−πR

dy
√
−g

(1
2M

3
5R5 + Λ5 + Λ(0) 2δ(y) + Λ(πR) 2δ(y − πR)

)
, (3.6)

where R5 is the five-dimensional Ricci scalar, constructed from the five-dimensional metric
gMN, M5 is the five-dimensional reduced Planck mass, Λ5 is a cosmological constant for the
bulk, and Λ(0) and Λ(πR) are brane tensions on the boundaries. These latter are essentially
free parameters, with the only constraint that the effective four-dimensional Planck mass and
cosmological constant should be reduce to their observed values. In order for the spacetime
to respect four-dimensional Poincaré invariance, the metric must take the general form

ds2 = e−2A(y)ηµν dxµdxν + dy2 ≡ gMN(y)dxMdxN , (3.7)

where ηµν = diag(−1,+1,+1,+1) is the four-dimensional Minkowski metric with maximally
positive signature. The function A(y) gives information about how the geometry of the
space varies in the fifth dimension. If A(y) is constant, we say the space is flat; otherwise
the space is called warped.

3.1.3 Kaluza-Klein theory

For bulk fields, the effect of the physical consequences of their propagation in the extra
dimension are determined through a generalized Kaluza-Klein theory, in which each five-
dimensional field is expanded into an infinite tower of four-dimensional states. Here, we
give a sketch of the general procedure. A detailed description of the Kaluza-Klein theory
for scalars, fermions, and gauge bosons is presented in Appendix B in the context of AdS5
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[although many of the results are presented in terms of the generalized metric profile A(y)].
Starting with the five-dimensional action S5 for each field, the classical equations of motion

and the associated boundary conditions may be derived using the variational principle. In
generic form, the variation of the action can be written as

δS5 =
∫
d5x δΦ (DΦ) +

∫
d4x δΦ (BΦ) |y=0,πR , (3.8)

where Φ stands for a generic bulk field and D and B are differential operators acting on
the field in the bulk and on the boundaries, respectively. In order for the variation δS5 to
vanish, we require both bulk and boundary terms in (3.8) to vanish separately. For the bulk
term, this condition determines the equations of motion for the field:

DΦ = 0 . (3.9)

From the boundary terms,3 we derive the boundary conditions, which must be satisfied by
all solutions to the equations of motion. Typically, these may be either Dirichlet (D),

δΦ
∣∣
y=0,πR= 0 , (3.10)

if the field has odd Z2 parity on a boundary, or Neumann (N),

BΦ
∣∣
y=0,πR = 0 , (3.11)

if the field has even Z2 parity. In general, there are thus four possible combinations of
boundary conditions for each bulk field, corresponding to the four possible parity configura-
tions detailed in Table 3.1.4 We detail these in Table 3.2. The middle two combinations
are commonly referred to as twisted boundary conditions. In the presence of additional
operators on the branes, mixed boundary conditions may arise, involving both Neumann
and Dirichlet terms.5

3The boundary terms for the four extended spacetime dimensions vanish, as we assume Φ→ 0 as xµ → ±∞.
4The difference between the orbifold and an interval compactification lies in the physical interpretation of
the boundary conditions of bulk fields at the four-dimensional boundaries of the extra dimension. For an
orbifold, the boundary conditions are related to the topology of the spacetime and the symmetries of the
field: they imply certain quantum numbers for a bulk field. For an interval, this is not the case, although
they still are constrained by the requirement that the solution to the equations of motion of a bulk field
describes sensible physics.

5Examples of such boundary conditions may be seen in Appendix B, where we consider boundary mass
terms for scalar and fermion fields. The presence of such boundary masses leads to the violation of
five-dimensional momentum conservation on the branes.
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Table 3.2: Correspondence between parity assignments and boundary conditions for
bulk fields on the orbifold. The left (right) term in the tuples refers to the Z2 parity
or type of boundary condition at the y = 0 (y = ±πR) orbifold fixed point.

boundary
parity

boundary
conditions

(+,+) (N,N)

(+,−) (N,D)

(−,+) (D,N)

(−,−) (D,D)

In order to solve the five-dimensional equations of motion, we assume Kaluza-Klein
decompositions (separation of variables) of the fields of the form

Φ(xµ, y) =
∞∑
n=0

Φ(n)(xµ) f (n)
Φ (y) , (3.12)

where the Kaluza-Klein eigenmodes Φ(n) are four-dimensional states obeying four-dimensional
field equations with mass eigenvalues mn. The series is indexed in order of increasing mass
eigenvalues, such that the five-dimensional field can be viewed as an infinite Kaluza-Klein
tower (in mass energy) of four-dimensional states, each with an associated bulk profiles f (n)

Φ .
The bulk profiles obey orthonormality conditions of the form

πR∫
−πR

dy e2dΦA(y)f (m)
Φ (y)f (n)

Φ (y) = δmn (3.13)

where dΦ is the mass dimension of the KK eigenmodes. When rescaled according to

f̃ (n)
Φ (y) = edΦA(y)f (n)

Φ (y) , (3.14)

the bulk profiles give the localization of the KK eigenmodes along the extra dimension,
specifying their overlap with other bulk fields and the boundary branes. Inserting the KK
decomposition into the equation of motion and boundary conditions for the five-dimensional
field gives rise to corresponding conditions on the profiles.

We note that the choice of orbifold parity assignments has consequences for the low-energy
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spectrum of the theory. Fields with at least one Dirichlet boundary condition (i.e., fields
with odd parity on at least on boundary) do not have a solution with zero mass eigenvalue.
Massless Kaluza-Klein zero modes can only arise for fields with (+,+) boundary parity,
corresponding to (N,N) boundary conditions.

3.2 Supersymmetry in a Slice of AdS5

We now consider the warped spacetime geometry of the Randall-Sundrum model [16] (RS1)
compactified over an S1/Z2 orbifold. The five-dimensional gravitational action takes the
form (3.6). The classical anti-de Sitter solution, the solution to the five-dimensional Einstein
equations with a negative bulk cosmological constant, is given by

A(y) = 2k |y| , (3.15)

or
ds2 = e−2k|y|ηµν dxµdxν + dy2 = gMN dxMdxN , (3.16)

where

k ≡
√
− Λ5

6M3
5

(3.17)

is the AdS curvature scale (and 1/k is the curvature radius). This solution requires that the
brane tensions are tuned against the bulk cosmological constant,

Λ(0) = −Λ(πR) = −Λ5
2k , (3.18)

as a consequence of four-dimensional Poincaré invariance (i.e., in order to ensure that
the effective cosmological constant on each brane vanishes and the subspace geometry is
Minkowski: see [113]). We do not specify a particular mechanism to stabilize the extra
dimension in this configuration. One possibility is the Goldberger-Wise mechanism [114–116].
The four-dimensional reduced Planck mass is related to M5 as

M2
p = M3

5
k

(
1− e−2πkR

)
' M3

5
k

, (3.19)

where we are assuming πkR � 1 in the latter approximation. In order for the classical
metric solution to be valid, the AdS curvature must be small enough compared to the
five-dimensional Planck scale so that higher-order curvature terms in the five-dimensional
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gravitational action can be neglected. This requires k/M5 . 2 [117], but, in the following,
we have taken k to be generically smaller, choosing k/M5 = 0.1. The resulting geometry
is a slice of AdS5, valid as an effective field theory description of spacetime at energies
below the Planck scale. A possible ultraviolet completion for this configuration comes from
string theory, where a five-dimensional “warped throat” geometry can arise in an enlarged
spacetime after compactification on a six-dimensional manifold [118–122]. In these scenarios,
one of the six dimensions of the internal space can become much large than the others (which
are typically of order of the Planck length M−1

p ), resulting in a thin protuberance of AdS
spacetime emerging from the internal manifold and terminating in an infrared singularity.
With this account in mind, we interpret the 3-brane located at y = 0 in the extra dimension
as an ultraviolet (UV) cutoff in our theory hiding the underlying Plank-scale dynamics and
the 3-brane located at y = πR as the infrared (IR) cutoff below which the extra dimension
can no longer be resolved and spacetime is effectively four-dimensional. In the following, we
will refer to these branes as the UV and IR branes, respectively. The cutoff scale of the UV
brane is

Λuv = M5 , (3.20)

while the scale of the IR brane is

Λir = Λuve
−πkR . (3.21)

The curvature scale on the IR brane is

kir = ke−πkR . (3.22)

The warped geometry thus naturally generates a separation of scales. The curvature of the
bulk has the effect of suppressing the effective mass scale of the theory exponentially as a
function of position of along the fifth dimension. We illustrate this behavior schematically
in Fig. 3.2.

We note for future reference that the metric solution (3.7) with the AdS warp function (3.15)
can be written in terms of a conformal coordinate along the fifth dimension:

ds2 = 1
(kz)2 ηµν dx

µdxν + dz2 = gMN dxMdxN , (3.23)

where
z = eA

k
= ek|y|

k
(3.24)
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Figure 3.2: Visualization of a slice of AdS5.

ranges from zuv = 1/k at the UV brane to zir = 1/kir at the IR brane.6

3.2.1 The five-dimensional MSSM

Anti-de Sitter spacetime arises naturally in gauged supergravity as the maximally symmetric
solution of Einstein equations with a negative cosmological constant. In five dimensions, the
irreducible representation spin-1

2 of the Lorentz group SO(4,1) is a four-component Dirac
spinor with eight real components (see Appendix A), which means there are a minimum of
8 supersymmetric charges (supercharges). The field content of a theory of minimal N = 1
supersymmetry in five dimensions is thus the same as that of N = 2 supersymmetry in
four. [Although due to the curvature of anti-de Sitter spacetime, the momentum operator
Pµ does not commute with supercharges and P 2 is not a Casimir operator (unlike in flat
spacetime), such that fields belonging to the same supermultiplet will in general have different
masses.] Compactification over the orbifold projects out half or all of the five-dimensional
supercharges, leaving a residual N = 1 or N = 0 supersymmetry in four dimensions [94, 95].
The field theory of the AdS5 bulk is developed in Appendix B, and in Appendix D we

describe the multiplet structure of supersymmetry in a slice of AdS5. Here, we construct
a five-dimensional theory in which the minimal supersymmetric model survives as the
effective 4D description below the scale of compactification. Based on the results outlined in
Appendix D, it is clear that in order for the orbifold compactification to at least partially
preserve supersymmetry it is necessary that the all bulk fields are periodic (as opposed

6Because z is restricted to positive values, it provides a double covering of the orbifold space.
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to antiperiodic) over the orbifold. This corresponds to a choice of boundary parities that
permits half of the bulk fields to have zero modes in their Kaluza-Klein decompositions,
such that a four-dimensional N = 1 supersymmetry remains at the massless level, while the
massive Kaluza-Klein states form a tower of 4D N = 2 supermultiplets with masses of order
Λir.

Thus, to obtain the MSSM field content at low energy, we embed the N = 1 gravity, vector,
and chiral matter superfields of the MSSM into periodic 5D N = 1 gravity supermultiplets,
vector supermultiplets, and hypermultiplets respectively, and identify the supermultiplets of
the MSSM out of the resulting zero modes. For the gravity supermultiplet, we choose the
vielbein and the left-handed component of the gravitino to have even orbifold parity, such
that the massless theory contains the graviton and gravitino zero modes. The bulk profiles
of the graviton and gravitino zero modes are UV-localized, taking the forms (B.178) and
(B.151), respectively.

Besides gravity, we introduce the SU(3)c × SU(2)L ×U(1)Y gauge content of the MSSM.
In the context of a grand unified theory, this takes the form of a vector supermultiplet,
charged under the GUT symmetry group (see below for further details), of which the gauge
boson and one of the components of the gaugino are chosen to have even orbifold parity such
that their zero modes are present in the massless theory as the MSSM gauge supermultiplet.
The bulk profiles of the gauge boson and gaugino zero modes are conformally flat. The
vector boson zero-mode profile is given in (B.123) while the gaugino zero-mode profile is
that of a bulk Dirac fermion (B.65) with cL = 1

2 .
We also introduce three generations of matter. Because of the vectorlike nature of the

AdS5 bulk, a full hypermultiplet must be added for each chiral multiplet of the MSSM, a
chiral theory being recovered at the massless level. The orbifold parities of the matter fields
are chosen so that the SU(2)L doublets Q and L are composed of left-handed zero-modes and
the singlets u, d, and e (and ν if Dirac neutrinos are included) of right-handed zero-modes.
The bulk profiles of the left-handed and right-handed fermion zero modes take the forms
(B.65) and (B.65), respectively, while the bulk profile for the scalar zero modes is given by
(B.28). Due to the supersymmetric condition (D.13), the localizations of the fermion and
scalar of a hypermultiplet are controlled by the same hypermultiplet localization parameter
c. The zero modes of the matter hypermultiplets may thus be localized anywhere in the
bulk.

The warped geometry naturally generates a separation of scales that can be used to explain
the hierarchy between the scale of supersymmetry breaking and the Planck scale. The IR
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Figure 3.3: Schematic diagram of the localization structure of the MSSM field content
in the 5D model.

brane is therefore identified with the scale where supersymmetry is broken; the bulk and
UV brane remain supersymmetric. The N = 1 Higgs supermultiplets are 4D fields confined
to the UV brane. The MSSM chiral matter fields propagating in the bulk couple to the
Higgs fields with brane-localized Yukawa couplings. As discussed in Chapter 4, the degree of
overlap between a particular bulk fermion zero-mode profile and a UV-localized Higgs field
determines its effective 4D Yukawa coupling and thus the size of the corresponding fermion
mass after electroweak symmetry breaking. In this setup, third-generation fermion zero
modes are therefore UV-localized, whereas the lighter first- and second-generation fermions
have more IR-localized zero modes.

Because the localization of the fermion zero mode determines the localization of the entire
hypermultiplet, the scalar zero modes share the fermion bulk geography: the third-generation
sfermions are generally UV localized and the first- and second-generation sfermions are
IR localized. Due to the properties of localization, the effective coupling strength of each
superfield on the IR brane is inversely related to its coupling strength on the UV brane.
Therefore, when supersymmetry is broken on the IR brane, the localization of the sfermions
induced by the fermion mass spectrum results in an inverted scalar soft mass spectrum: light
fermions have heavy superpartners, while heavy fermions have light superpartners. We give
a detailed account of supersymmetry breaking in Chapter 5 and then explore the physics of
this distinctive supersymmetric particle spectrum in Chapters 8 and 9. A schematic diagram
of the localization structure of the 5D model is depicted in Fig. 3.3.
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3.2.2 Grand unification and localized gauge symmetry breaking

In order to take advantage of the prospects of gauge unification offered by the addition
of the supersymmetric particle content, we wish to embed the SU(3)c × SU(2)L × U(1)Y
gauge theory of the standard model into a larger GUT symmetry group such as SU(5). The
supersymmetric gauge sector action therefore takes the form (D.25), where g5 is the unified
gauge coupling. Radiative corrections are expected to give rise to brane-localized kinetic
terms (see Refs. [123–126]), introducing additional four-dimensional brane couplings:

S5 ⊃ −
1
g2

uv

∫
d5x
√
−g

(1
4F

a
µνF

µνa + 1
2λ

a
i ΓµDµλ

a
i

)
2δ(y) . (3.25a)

and

S5 ⊃ −
1
g2

ir

∫
d5x
√
−g

(1
4F

a
µνF

µνa + 1
2λ

a
i ΓµDµλ

a
i

)
2δ(y − πR) . (3.25b)

The evolution of gauge couplings in a slice of AdS5 background is logarithmic [127–139].
Therefore, the unification of the standard model gauge coupling constants requires that the
unifying symmetry is broken at a high scale mgut ∼ 1016 GeV, which we assume is much
greater than the compactification scale Λc = kir ∼ Λir. Localizing the symmetry breaking to
the UV brane, we introduce a Higgs field that is charged under the GUT gauge group. When
the Higgs acquires a VEV vgut ∼ mgut, the GUT symmetry is broken to Gsm. Below the
scale mgut, the radiative contribution to the action on UV brane where the GUT symmetry
is broken now takes the form

S5 ⊃ −
1

g2
uv,a

∫
d5x
√
−g

(1
4F

a
MNF

MNa + 1
2λ

a
i ΓMDMλ

a
i

)
2δ(y) , (3.26)

where the brane-localized gauge coupling is in general not the same for SU(3)c, SU(2)L,
U(1)Y , and the quotient group of the GUT symmetry modulo the standard model groups
(e.g., SU(5)/Gsm), as indicated by the gauge index. The kinetic terms on the IR brane do
not feel the effect of the breaking and remain symmetric under the GUT group.
The only surviving degrees of freedom in the low-energy theory (below Λc) are the zero

modes of the vector supermultiplets of the standard model gauge groups. The relation
between the four-dimensional gauge coupling g2

a and the fundamental parameters of the
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theory takes the form [124–126]

1
g2
a

= πR

g2
5

+ 1
g2

ir
+ 1
g2

uv,a
, (3.27)

where the first two terms on the right-hand side are essentially GUT-symmetric, but the
last one contains nonuniversal logarithms from loop effects.

3.2.3 Higgsino mass

Because the Higgs fields are confined to the UV-brane, they do not couple directly to the
supersymmetry-breaking sector on the IR brane, and therefore the generation of a µ term
via a Giudice-Masiero mechanism [140] is forbidden. Instead, to generate a sizable µ term,
we consider the Kim-Nilles mechanism [141]. We first note that if µ = 0, the MSSM has a
global U(1) Peccei-Quinn symmetry, under which the charges of the chiral superfields of the
theory take the values in Table 3.3.7 If we introduce an SU(3)c × SU(2)L ×U(1)Y singlet
chiral superfield on the UV brane with Peccei-Quinn charge −1, then a nonrenormalizable
superpotential term

Wkn = κµ
2Λuv

S2HuHd , (3.28)

where κµ is a dimensionless order-one coupling, is allowed on the UV brane. Assuming that
the Peccei-Quinn symmetry is spontaneously broken by a nonzero vacuum expectation value
〈S〉 ∼ f , an effective µ term

µ ' κµf
2

2Λuv
(3.29)

is then generated. Because the global symmetry is anomalous (and assuming all other
sources of breaking are small), the pseudo-Nambu-Goldstone boson associated with the
spontaneous symmetry breaking can be identified with the axion. This axion is of the
invisible Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) type [142, 143], and is consistent with
the present astrophysical constraints (see Ref. [20] for a review) provided that

109 GeV . f . 1012 GeV . (3.30)

7In the five-dimensional theory, the even bulk fields in the hypermultiplet take the MSSM charges, while
the charges of the odd fields are opposite (one can see this by considering the bulk Dirac fermion mass,
which mixes the even and odd components of the fermion).
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Table 3.3: Peccei-Quinn charges of the MSSM chiral superfields, chosen to allow
Yukawa interactions between Higgs superfields and the matter superfields. Also
included is the Kim-Nilles singlet S, which has the charge necessary to allow the
superpotential term (3.28). These charge assignments are not unique, as any multiple
of weak hypercharge or B − L may be added.

Peccei-Quinn charge

Hu,d +1

Q,L −1

u, d, e 0

S −1

For this range of f , (3.29) implies

100 GeV . µ . 100 TeV . (3.31)

Thus, using the Kim-Nilles mechanism, we can solve the strong CP problem and generate
the required values of the µ term.8

3.2.4 Numerical Kaluza-Klein Spectra

Approximate expressions for the Kaluza-Klein masses for bulk fields are given in Appendix C.
A more exact determination of the Kaluza-Klein spectra can be achieved by solving the
relevant quantization conditions numerically. Computationally, the roots of the combinations
of Bessel function cross-products that comprise the quantization conditions (equivalently, the
denominators of the associated propagator functions) are not difficult to extract. However,
there are two complicating factors. The first is the potential for the root corresponding to

8We note that the Peccei-Quinn charge assignments also allow us to write a soft supersymmetry breaking
term

S5 ⊃ −
∫
d5x
√
−g
(
κbS

2HuHd + c.c.
)

2δ(y) , (3.32)

where κb is a dimensionless order-one coupling. After S gets a VEV, a soft b term is induced as

b = κbf
2

Λuv
. (3.33)

Although this supersymmetry-breaking effect is a natural extension of the Kim-Nilles effect, we do not
include it in our model, as we wish to confine the supersymmetry-breaking dynamics to the IR brane.
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the zero-mode mass to be exponentially smaller than the roots of the massive states. This
difference in scale can make the zero-mode root challenging for most root-finding algorithms
to isolate unless the scale of the search is correctly specified. The analytic approximations
for the zero-mode masses derived in Appendix C are useful in this instance, as they can be
used to accurately locate a starting point for the search of the same scale as the desired
root.9

The second complicating factor is the periodicity of the roots corresponding to the heavy
Kaluza-Klein masses. Because any given interval will contain a number of roots, many
of approximately the same scale, it can be difficult to determine precisely which root has
been extracted from a given starting point by a given root-finding algorithm, especially
as the particular numeric recipe of most algorithms is relatively opaque.10 The analytic
cross-product asymptotic expansion approximation (C.30) does become accurate enough
for large n that it can likely be used as a starting point in a traditional root search with a
good degree of confidence that the correct root will subsequently be returned. For smaller
n, where the cross-product approximation is not a good, the large Bessel-zero asymptotic
expansion approximation (C.36) may provide an alternative starting point estimation, but
in general roots can only be correctly identified if the root-finder can resolve all of the
roots in a given interval. This requires (as a sufficient condition) that the quantization
condition be numerically constructed (sampled with sufficient density) over the entire interval.
The execution of this exact process is a feature of another class of solutions to numeric
problems, namely those involving differential equations. The algorithms used for numerically
constructing the solutions to differential equations can therefore be naturally adapted to
root-finding, particularly those packaged with an event-locator routine. The implementation
used in this work is the Wolfram Language package NDRoot, which leverages the Wolfram
Language numeric differential equation solver NDSolve to find function roots [144].11

9They are particularly useful in the intermediate region in which the zero-mode mass is no longer small, but
not yet of the same scale as the heavier Kaluza-Klein masses. This is the upper range of the validity of
the analytic approximation.

10For reference, we refer the reader to the FindRoot routine of the Wolfram Language. Although various
different root-finding methods (such as various flavors of Newton’s method and secant methods, Brent’s
method, etc.) can be specified, the behavior of the internal algorithms cannot be precisely controlled.

11The code is also available from the author upon request.
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3.3 The Four-Dimensional Dual Theory

Remarkably, the five-dimensional theory in a slice AdS spacetime can be given a four-dimen-
sional description as a strongly coupled large-N gauge theory. This is a result originating in
the AdS/CFT correspondence, which conjectures a duality between type IIB string theory
on AdS5 × S5 and a four-dimensional N = 4 SU(N) gauge theory [100]. In part, the
correspondence is motivated by the fact that the symmetries of these two theories are
identical: the isometry of S5 is the rotation group SO(6) ∼= SU(4), which is the same as the
R-symmetry group of the supersymmetric gauge theory, and the isometry group of AdS5

is precisely the conformal group in four dimensions, implying that the 4D gauge theory is
a conformal field theory (CFT). The coupling g of the SU(N) Yang-Mills gauge theory is
related to the string theory parameters as

4πg2N = RAdS
ls

, (3.34)

where RAdS is the curvature radius of AdS5 and ls is the string length. If the curvature scale
of AdS5 is much greater than the string length (RAdS � ls), string corrections to the bulk
gravity description can be neglected. For a classical AdS5 background, the dual 4D CFT is
therefore strongly coupled, as (3.34) implies g2N � 1. In this limit, therefore, the AdS/CFT
correspondence is the holographic12 duality between strong coupling in four dimensions and

12The relationship is holographic in the sense that the dynamics of field theory in four dimensions can be
described by the geometry of a theory in one higher dimension. This can be made more precise by noting
that the 5D bulk description is characterized by set of bulk fields, while a CFT is characterized by a set
of operators. Therefore, for every 5D bulk field Φ there is an associated operator O of the CFT

Φ⇐⇒ O , (3.35)

where the boundary value of the bulk field

Φ
∣∣
∂AdS
≡ φ0 (3.36)

acts as a source field for the CFT operator O. Then, the AdS/CFT correspondence can be quantified by
define the generating functional [119, 145]

Z[φ0] =
∫
Dφcft e

−S[φcft]−
∫
d4xφ0O =

∫
φ0

Dφ e−SAdS[φ] ≡ eiSeff[φ0] . (3.37)

Here, Scft is the CFT action with φcft generically denoting the CFT fields and SAdS is the 5D bulk action.
The effective action Seff is obtained by integrating out the bulk degrees of freedom, and which, according
to the correspondence, can be used to n-point functions (correlators) in the CFT: schematically,

〈O · · · O〉 = δnSeff
δφ0 · · · δφ0

. (3.38)
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weakly coupled gravity in five dimensions.
With this correspondence in mind, we construct here the four-dimensional partially

composite model dual to supersymmetry in a slice of AdS5. We note that because of the
compactification of the extra dimension, the gravitational background has lower symmetry
than pure AdS5 spacetime, and instead corresponds to a truncation of the spacetime (a slice
of AdS5). The CFT of the partially composite model therefore must therefore also have
lower symmetry than the full conformal group, with the conformal invariance broken by
two mass scales: the UV cutoff of the theory Λuv and the confinement scale Λir. While no
rigorous proof of the AdS/CFT conjecture has yet been formulated, the correspondence is
mathematically nontrivial, and an AdS/CFT dictionary to relate the two dual descriptions
can be established [146]. We sketch the contents of such a dictionary for our partially
composite model in Sec. 3.3.2

3.3.1 Supersymmetric partial compositeness

Partial compositeness [147] is a theory inspired by attempts such as (extended) technicolor
[148–159] and the composite Higgs mechanism [160–165] to explain the origins of the standard
model fermion masses and break electroweak symmetry by proposing new or extended strong
dynamics, rather than by recourse to a fundamental Higgs boson.
In its modern formulation, a partially composite theory is composed of two sectors, an

elementary sector defined at a high scale Λuv, and a composite sector, which arises at
the lower scale Λir, where the strong [SU(N)] dynamics that governs the theory confines.
Operators in the composite sector mix with elementary fields with relevance that depends on
their anomalous dimensions. Below the scale of confinement, the composite operators are each
associated with a tower of massive resonances. Due to the elementary-composite mixing, the
mass eigenstates of the theory are admixtures of elementary fields and composite resonances.
The degree of compositeness of an eigenstate depends on the anomalous dimension of the
associated composite operator (i.e., on the relevance of the elementary-composite mixing
that gives rise to the state) and determines the interaction strength of the eigenstate with
elements of the elementary and composite sectors and other mass eigenstates.

When partial compositeness is combined with supersymmetry, the resulting theory is the
synthesis of the virtues of both explanatory paradigms. Notably, it can provide a mechanism
that explains the origin of the inverted sfermion mass hierarchy and predicts the sparticle
spectrum [17, 18]. Assuming that the Higgs fields are elementary, while the standard model
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fields are admixtures arising from the linear mixing of elementary states with composite
operators, the magnitudes of the corresponding Yukawa couplings then depend on the degree
of compositeness of the standard model fermions. To obtain an order-one Yukawa coupling
with the Higgs, the top quark must be mostly elementary, while, since the elementary and
composite sectors mix with an irrelevant coupling, the smallness of the electron Yukawa
coupling follows from assuming that the electron is mostly composite. The remainder of the
standard model Yukawa couplings are generated by varying degrees of compositeness.
If one now further assumes that the strong dynamics is responsible for breaking super-

symmetry, then an interesting correlation between fermion and sfermion masses results
from partial compositeness. Supersymmetric operators that linearly mix with elementary
fermions can now communicate supersymmetry breaking to the elementary sector. In this
way, composite sfermions obtain large supersymmetry breaking masses, while elementary
sfermions obtain hierarchically smaller soft masses. The fermion mass hierarchy is therefore
inversely related to the sfermion mass hierarchy: light (elementary) stops correspond to
heavy (elementary) top quarks, while heavy (composite) selectrons are related to the light
(composite) electron. Together with the fact that gauginos and Higgsinos are predominantly
elementary—and therefore lighter than the composite sfermions—a split supersymmetric
spectrum arises where the fermion mass hierarchy is naturally explained. It is the anomalous
dimensions of the corresponding supersymmetric operators that simultaneously controls the
fermion and sfermion masses.
The details of the supersymmetric generalization of partial compositeness are given in

Refs. [17, 18]. Here, to illustrate the mechanism of this model, we construct the theory for a
single generation of chiral matter. In the elementary sector, chiral superfields take the usual
form

Φ = φ+
√

2 θ ψ + θθ F , (3.39)

where φ is a complex scalar, ψ is a Weyl fermion, and F is an auxiliary field. The
corresponding supersymmetric chiral operator is

O = Oφ +
√

2 θOψ + θθOF , (3.40)

where the scaling dimensions of the component operators are

dimOφ = 1 + δO , (3.41a)

dimOψ = 3
2 + δO , (3.41b)
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dimOF = 2 + δO , (3.41c)

and δO ≥ 0 is the anomalous dimension of the chiral operator [166]. The supersymmetric
Lagrangian contains separate elementary and composite sectors, together with linear mixing
terms of the form [ΦOc]F for each chiral superfield Φ and charge-conjugate composite
operator Oc. At the UV cutoff scale Λuv, it is given by

LΦ = [Φ†Φ]D + 1
Λδ−1

uv
([ΦOc]F + H.c.) , (3.42)

where δ is the anomalous dimension of Oc. We have taken order-one UV coefficients for the
higher-dimension terms and omitted a kinetic mixing between the elementary and composite
sectors in our minimal setup. The composite sector is assumed to confine at an infrared
scale Λir.
In the limit of large N , the two-point function for the composite operator components

can be written as a sum over one-particle states. For example, to leading order in 1/N for
the scalar component,

〈Oφ(p)Oφ(−p)〉 =
∑
n

a2
n

p2 +m2
n

, (3.43)

where
an = 〈0|Oφ|n〉 ∝

√
N

4π (3.44)

is the matrix element for O to create the nth state, with massmn, from the vacuum [167–169].
The elementary-composite mixing in the Lagrangian (3.42) mixes the elementary fields (φ, ψ)
with the composite resonance states. Including for simplicity just the lowest-lying composite
state Φ(1) = (φ(1), ψ(1)) with mass m(n)

Φ = g(1)
Φ Λir, the two-state system can be diagonalized to

obtain the massless eigenstate Φ0 = (φ0, ψ0) [17]

|Φ0〉 ' NΦ

{
|Φ〉 − 1√

ζΦ g
(1)
Φ

√
δ − 1

(Λir/Λuv)2(1−δ) − 1
|Φ(1)〉

}
, (3.45)

where g(1)
Φ and ζΦ are order-one constants, and NΦ is a normalization constant. Given that

Λir � Λuv, this expression shows that the massless eigenstates are mostly elementary for
δ > 1, whereas for 0 ≤ δ < 1 they are an admixture of elementary and composite states.
This elementary-composite admixture of the massless eigenstate can be used to explain

the fermion mass hierarchy [170], and then predict the sfermion mass spectrum. Consider
elementary chiral fermions ψL,R that are coupled to the elementary Higgs H via the
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interaction
L ⊃ λψL ψRH + H.c. (3.46)

where λ is an order-one proto-Yukawa coupling (in this simplified model, we restrict to
one fermion generation and ignore the distinction between Hu and Hd). Diagonalizing the
fermion Lagrangian with the Higgs contribution gives the Yukawa coupling expression

yψ '


λ

ζΦ
(δ − 1) 16π2

N
for δ ≥ 1 ,

λ

ζΦ
(1− δ) 16π2

N

( Λir
Λuv

)2(1−δ)
for 0 ≤ δ < 1 ,

(3.47)

where we have assumed that δ ≡ δL = δR. We see that when δ ≥ 1 (corresponding to a
mostly elementary fermion), the Yukawa coupling is of order one for sufficiently large N .
Conversely, when 0 ≤ δ < 1 (corresponding to a sizable composite admixture), the Yukawa
coupling has a power-law suppression that depends on the degree of compositeness. This
explains why composite fermions (identified with the first- and second-generation standard
model fermions) have small Yukawa couplings, while elementary fermions (such as the top
quark) have order-one Yukawa couplings.

The composite sector is also responsible for supersymmetry breaking. Soft scalar masses
are generated only for the composite sector fields since there is no direct coupling of the
supersymmetry breaking to elementary fields. For example, the massive scalar field, φ(1)

obtains a soft mass

ξ4
(g(1)

Φ )2

Λ2
ir

[X †X Φ(1)†Φ(1)]D = ξ4 (g(1)
Φ )2 |FX |

2

Λ2
ir

φ(1)†φ(1) , (3.48)

where X = θθ FX is a composite-sector spurion and ξ4 is a dimensionless parameter. Given
the admixture (3.45), the soft mass for the lightest scalar state is

m2
φ0 '


(δ − 1)
ζΦ

16π2

N

|FX |2

Λ2
ir

( Λir
Λuv

)2(δ−1)
for δ ≥ 1 ,

(1− δ)
ζΦ

16π2

N

|FX |2

Λ2
ir

for 0 ≤ δ < 1 ,

(3.49)

where, for a large-N gauge theory, ξ4 ' 16π2/N [169]. When the sfermion is mostly
elementary (δ ≥ 1), the soft mass is power-law-suppressed since the supersymmetry breaking
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Figure 3.4: Visualization of the equivalence between localization in the AdS5 bulk
and degree of compositeness in the four-dimensional dual theory.

is transmitted via the elementary-composite mixing. (Note, however, that for sufficiently
large δ, radiative corrections will become increasingly important. These corrections are
calculated in Ref. [17]) This contrasts with the case 0 ≤ δ < 1, where the mass eigenstate
is mostly composite and there is no power-law suppression. Thus, elementary sfermions
(identified with the stops) are much lighter than the composite sfermions (identified with
the first- and second-generation sfermions), giving rise an inverted mass hierarchy.

A partially composite analysis can also be done for the vector and gravity supermultiplets.
They lead to a mostly elementary gauge boson and gaugino, and an elementary graviton
and gravitino [171]. Since supersymmetry breaking occurs in the composite sector, this
implies that the gauginos are lighter than the mostly composite first- and second-generation
sfermions and comparable in mass to the mostly elementary third-generation sfermions. On
the other hand, since the gravitino has a tiny composite admixture, it is almost always
the lightest supersymmetric particle. These are the qualitative features of the partially
composite sparticle spectrum. Further details are presented in Ref. [17].

3.3.2 The AdS/CFT dictionary

The partially composite supersymmetric framework discussed above (with further details in
Ref. [17]) relates the fermion and sfermion mass spectra that result from some unknown
strong dynamics. The mechanism of partial compositeness is similar to single-sector models
of supersymmetry breaking [95, 96, 172–176]. Even if the underlying gauge theory were
completely known, however, quantitative predictions for the spectrum would be difficult to
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obtain due to the nonperturbative dynamics.
The five-dimensional gravitational dual model provides a more transparent construction

of this mechanism. The UV brane, which breaks the 5D Lorentz symmetry of the bulk
theory, is associated in the 4D CFT with a UV mass scale Λuv that breaks the conformal
symmetry, providing a UV cutoff for the theory. The IR brane, which compactifies the extra
dimension and gives rise to the Kaluza-Klein quantization of bulk fields, is associated with
the spontaneous breaking of the CFT by confinement at an IR mass scale Λir = Λuve

−πkR,
causing particle bound states of the CFT to appear. The 4D field theory localized to the UV
brane in the 5D theory thus corresponds to the elementary sector in the partially composite
model and the theory on the IR brane to the composite sector. The UV-localized Higgs is
therefore an elementary state, while the supersymmetry-breaking sector on the IR brane
must be entirely governed by strong dynamics.

Fields in the bulk are dual to composite operators in the 4D CFT. The localization profile
of a bulk field, which in the 5D theory controls the overlap of the field with the UV and
IR branes and other fields in the bulk, is the analog of the anomalous dimension δ of the
CFT operator, which controls the relevance of the its mixing with the elementary sector
and therefore the degree of compositeness of the admixture in the low-energy theory. For
example, in a hypermultiplet in the five-dimensional bulk, the fermion and scalar zero-mode
profiles depend on the localization parameter c. The scaling dimensions of the fermionic
and scalar operators in the 4D dual theory can in fact be parametrized directly in terms of
the 5D hypermultiplet localization parameter:

dimOψL,R = 3
2 + δL,R = 3

2 +
∣∣c± 1

2
∣∣ , (3.50)

dimOφL,R = 1 + δL,R = 1 +
∣∣c± 1

2
∣∣ , (3.51)

Thus, there is direct relation
δL,R =

∣∣c± 1
2
∣∣ (3.52)

between the anomalous dimensions δ in the dual theory and the hypermultiplet localization
parameter c.13 This behavior is shown schematically in Fig. 3.4. As discussed in Sec. 3.3.1,
the fermion and sfermion mass hierarchies in the four-dimensional theory critically depend
on the values of the anomalous dimensions of the associated composite operators; a similar
dependence on hypermultiplet localizations is evident as we develop the flavor structure and

13In the notation of Appendix B, there is an identity between the anomalous dimension and the Bessel
function index of the bulk profiles: δ = |α|.
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supersymmetry breaking sector of the five-dimensional model.
The Kaluza-Klein tower of a bulk field is precisely equivalent to the tower of composite

states arising in the 4D CFT from the elementary-composite mixing. The advantage of
the 5D description is that the KK mass matrix can be exactly diagonalized, whereas the
spectrum of composite states in the CFT can only be approximately determined in the large
N limit. In particular, this implies that correlators for the strongly-coupled CFT can be
computed from 5D on-shell bulk action and hence radiative corrections involving loops of
fields with composite admixtures can be calculated in terms of bulk propagators.

With this correspondence in mind, we work within the dual gravity model to construct a
quantitative analysis of the standard model fermion mass hierarchy and flavor mixing in
Chapter 4 and supersymmetry breaking in Chapter 5, before conducting a phenomenological
survey of the model parameter space in Chapter 8 and calculating numeric spectra in
Chapter 9.
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4 Warped Space Flavor Physics

In this chapter, we consider the theory of flavor in the slice of AdS5. We first construct
the quark and lepton sectors in the five-dimensional theory. Next, we show how the flavor
structure of the four-dimensional standard model can be recovered. And last, we discuss
the numeric procedure we employ to obtain constraints on the five-dimensional model
parameters from the standard model experimental flavor observables. Similar analyses have
been performed in various contexts for the quark and lepton sectors (see Refs. [93, 177–185])
in nonsupersymmetric models, as well as in supersymmetric extensions [94, 96, 186]

4.1 The Brane-Localized Higgs Mechanism

Because the Higgs fields are localized to the UV brane, their Yukawa couplings to bulk
matter fields are also brane-localized. In this section, we construct the formalism for these
couplings to understand how the Yukawa coupling hierarchy and the structure of flavor
mixing are explained by the localizations of the fermions in the bulk.

4.1.1 Quark sector

In the bulk mass basis (the basis in which the bulk mass terms of the 5D action are diagonal
in flavor space),1 Yukawa interactions between the quarks in the bulk with the Higgs fields
on the UV brane take the form

S5 =
∫
d5x
√
−g

[
(Y u

5 )ij ui(xµ, y)Hu(xµ)Qj(xµ, y)

− (Y d
5 )ij di(xµ, y)Hd(xµ)Qj(xµ, y) + H.c

]
2δ(y)

≡
∫
d4x

[
(yu)ij u(0)

i (xµ)Hu(xµ)Q(0)
j (xµ)

− (yd)ij d(0)
i (xµ)Hd(xµ)Q(0)

j (xµ) + H.c + · · ·
]
,

(4.1)

1It is always possible to write the action in this basis [182].
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where the ellipsis represents the couplings of the higher Kaluza-Klein states. Before elec-
troweak symmetry breaking, the effective four-dimensional Yukawa couplings of the standard
model quarks (corresponding to the zero modes of the five-dimensional fermion fields) are
therefore

(yu)ij ≡ 2 (Y u
5 )ij f (0)

ui (y = 0) f (0)
Qj

(y = 0) = 2 (Yu)ij kN (0)
ui N

(0)
Qj
, (4.2a)

(yd)ij ≡ 2 (Y d
5 )ij f (0)

di
(y = 0) f (0)

Qj
(y = 0) = 2 (Y d

5 )ij kN (0)
di
N (0)
Qj
. (4.2b)

In terms of the hypermultiplet localization parameters, these are

(yu,d)ij = (Yu,d)ij

√√√√ 4 (1/2 + cui,di) (1/2− cQj )(
e2(1/2+cui,di )πkR − 1

) (
e

2(1/2−cQj )πkR − 1
) , (4.3)

where we have defined the dimensionless quantities

(Yu,d)ij ≡ (Y u,d
5 )ij k . (4.4)

In general, these may be complex numbers which we expect to be order-one in magnitude.
After electroweak symmetry breaking, the neutral components of each MSSM Higgs

doublet acquire VEVs,

vu = 〈H0
u〉 ≡ v sin β , (4.5a)

vd = 〈H0
d〉 ≡ v cosβ , (4.5b)

where v2 ≡ v2
u + v2

d ' (174 GeV)2. The boundary masses induced by the Higgs mechanism
mix the right-handed and left-handed fields of the associated hypermultiplet, with the result
that the associated Kaluza-Klein mass matrices are no longer diagonal and the orthogonality
of the levels of the original massless (v = 0) decomposition is lost. Provided, however, that
the additional boundary masses represent a small perturbation compared to the scale of the
heavier Kaluza-Klein masses (that is, v � mkk ∼ Λir) the offdiagonal entries that arise in
the massless basis are small and can be safely neglected (cf. Ref. [182]). This is the zero-mode
approximation, which corresponds to the first-order term in the expansion of the exact mass
basis in powers of v2/m2

kk. The IR brane scales we consider for our model are heavy enough
that the higher-order terms in this expansion are small. Working therefore in the zero-mode
approximation, which offers the advantage of much greater simplicity than the exact solution
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(expressions for the exact mass basis are derived in Ref. [182]), the four-dimensional quark
Yukawa couplings after EWSB take the forms (4.2). The mass eigenvalues for the standard
model quarks are then solutions to the equations

det
(
m2I3 − v2 sin2 β y†u yu

)
= 0 , (4.6a)

det
(
m2I3 − v2 cos2 β y†d yd

)
= 0 , (4.6b)

which may be obtained from the singular value decompositions

mdiag
u

v sin β =
(
V u
R

)†yuV u
L ⇐⇒ v sin β yu = V u

R m
diag
u

(
V u
L

)† , (4.7a)

mdiag
d

v cosβ =
(
V d
R

)†ydV d
L ⇐⇒ v cosβ yd = V d

Rm
diag
d

(
V d
L

)† , (4.7b)

where

mdiag
u = diag(mu,mc,mt) ≡ v sin β diag(yu, yc, yt) , (4.8a)

mdiag
d = diag(md,ms,mb) ≡ v cosβ diag(yd, ys, yb) , (4.8b)

and

Vckm ≡
(
V u
L

)†
V d
L =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 (4.9)

is the Cabibbo-Kobayashi-Maskawa matrix. In the Wolfenstein parametrization [187], we
may write up to O(λ5) [188] (compare to Ref. [189])

Vud = 1− 1
2λ

2 − 1
8λ

4 , (4.10a)

Vus = λ , (4.10b)

Vub = Aλ3 (ρ− iη) , (4.10c)

Vcd = −λ+ 1
2A

2λ5 (1− 2ρ− 2iη) , (4.10d)

Vcs = 1− 1
2λ

2 − 1
8
(
1 + 4A2)λ4 , (4.10e)

Vcb = Aλ2 , (4.10f)
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Vtd = Aλ3 (1− ρ− iη) , (4.10g)

Vts = −Aλ2 + 1
2Aλ

4 (1− 2ρ− 2iη) , (4.10h)

Vts = 1− 1
2A

2λ4 , (4.10i)

where,

λ ≡ |Vus|√
|Vud|2 + |Vus|2

, (4.11a)

A ≡ 1
λ

|Vcb|
|Vus|

, (4.11b)

ρ+ iη ≡ −VudV
∗
ub

VcdV
∗
cb

=
(
ρ+ iη

)(
1− λ2

2 +O(λ4)
)
. (4.11c)

A global fit of the standard model [190, 191] gives the best-fit values in Table 4.1 for these
parameters. Also given is the value of the Jarlskog invariant J [192], a phase-convention-
independent measure of CP violation defined

ImVijVk`V
∗
ilV
∗
kj = J

3∑
m,n=1

εikmεjln , (4.12)

where εijk is the Levi-Civita symbol. As a result of the unitarity of the CKM matrix, this
definition results in nine distinct representations (for instance: J = ImVudVcsV

∗
usV

∗
cd). In

terms of the Wolfenstein parameters,

J = A2λ6η +O(λ8) . (4.13)

The quark system in our five-dimensional model has 45 real parameters (18 each from
Yu and Yd and nine from cQi , cui , and cdi) and ten constraints (six quark masses and four
mixing angles from the CKM matrix). There are thus 35 free parameters, but not all of
these are physical. Unlike the standard model, we are not free to make weak eigenbasis
rotations to reduce the Yukawa matrices to a form specified by fewer unknown parameters
(such as the standard non-Hermitian four-zero form) without simultaneously moving out
of the basis in which the five-dimensional bulk mass matrices are diagonal. Therefore, in
order to work in the bulk mass basis, we must generically assume anarchic five-dimensional
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Table 4.1:Results of a global standard model fit for the CKM Wolfenstein parameters
and Jarlskog invariant with 3σ uncertainty ranges [190, 191].

λ 0.22475+0.00106
−0.000018

A 0.840+0.016
−0.043

ρ 0.158+0.036
−0.020

η 0.349+0.029
−0.025

J [10−5] 3.17+0.29
−0.34

Yukawa couplings.2 We will discuss the method we employ to determine these parameters
and obtain fits to the standard model flavor observables in Sec. 4.4.

4.1.2 Lepton sector

A similar analysis can be performed for the lepton sector. In this case, we must first specify
a model for the origin of the neutrino masses. We consider two scenarios: one in which
the neutrinos are Dirac fermions and another in which lepton number is violated at high
energy, generating an effective Majorana mass term for the standard model neutrinos via
a dimension-five operator. This latter scenario is the generic low-energy effective theory
corresponding to a wide variety of possible models of neutrino mass generation involving
new heavy states, such as a Type I seesaw mechanism (see Refs. [179, 184]).

Dirac neutrinos

Here we introduce a family of right-handed neutrino fields νi and assume that the right-
and left-handed neutrinos obtain a Dirac mass via Yukawa couplings to the Higgs fields on
the UV brane. In the bulk mass basis, this takes the form

S5 =
∫
d5x
√
−g

[
−(Y e

5 )ij ei(xµ, y)Hd(xµ)Lj(xµ, y)

+ (Y ν
5 )ij νi(xµ, y)Hu(xµ)Lj(xµ, y) + H.c

]
2δ(y)

2We also note that in the zero-mode approximation we are not allowed to make the simplifying assumption
that all of the five-dimensional Yukawa couplings take the same value (i.e., (Yu,d)ij = Y ) unless we also
assume the Yukawa matrices are diagonal in the bulk mass basis, as two of the three singular values of
the corresponding four-dimensional Yukawa coupling matrix otherwise vanish.
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≡
∫
d4x

[
−(ye)ij e(0)

i (xµ)Hd(xµ)L(0)
j (xµ)

+ (yν)ij ν(0)
i (xµ)Hu(xµ)L(0)

j (xµ) + H.c + · · ·
]
,

(4.14)

where, before electroweak symmetry breaking, the effective four-dimensional Yukawa cou-
plings of the standard model leptons are

(ye)ij ≡ 2 (Y e
5 )ij f (0)

ei (y = 0) f (0)
Lj

(y = 0) = 2 (Y e
5 )ij kN (0)

ei N
(0)
Lj
, (4.15a)

(yν)ij ≡ 2 (Y ν
5 )ij f (0)

νi (y = 0) f (0)
Lj

(y = 0) = 2 (Y ν
5 )ij kN (0)

νi N
(0)
Lj
. (4.15b)

In terms of the hypermultiplet localization parameters, these are

(ye,ν)ij = (Ye,ν)ij

√√√√ 4 (1/2 + cei,νi) (1/2− cLj )(
e2(1/2+cei,νi )πkR − 1

) (
e

2(1/2−cLj )πkR − 1
) , (4.16)

where we have defined the dimensionless quantities

(Ye,ν)ij ≡ (Y e,ν
5 )ij k . (4.17)

In general, these are complex numbers and order-one in magnitude.
In the zero-mode approximation, the four-dimensional lepton Yukawa couplings after

electroweak symmetry-breaking also take the forms (4.15). The mass eigenvalues for the
standard model leptons are then solutions to the equations

det
(
m2I3 − v2 cos2 β y†e ye

)
= 0 , (4.18a)

det
(
m2I3 − v2 sin2 β y†ν yν

)
= 0 , (4.18b)

which may be obtained from the singular value decompositions

mdiag
e

v cosβ =
(
V e
R

)†yeV e
L ⇐⇒ v cosβ ye = V e

Rm
diag
e

(
V e
L

)† , (4.19a)

mdiag
ν

v sin β =
(
V ν
R

)†yνV ν
L ⇐⇒ v sin β yν = V ν

R m
diag
ν

(
V ν
L

)† , (4.19b)
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where

mdiag
e = diag(me,mµ,mτ ) = v cosβ diag(ye, yµ, yτ ) , (4.20a)

mdiag
ν = diag(m1,m2,m3) = v sin β diag(y1, y2, y3) , (4.20b)

and

U (D)
pmns ≡

(
V e
L

)†
V ν
L =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

 (4.21)

is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. In the standard parametrization
this takes the form

U (D)
pmns =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (4.22)

where sij and cij denote sin θij and cos θij , respectively. The standard mixing angles can be
written in terms of phase-convention-invariant quantities as

sin2 θ12 = |Ue2|2

1− |Ue3|2
, (4.23a)

sin2 θ23 = |Uµ3|2

1− |Ue3|2
, (4.23b)

sin2 θ13 = |Ue3|2 . (4.23c)

The CP-violating phase δ may be determined jointly from the Jarlskog invariant [defined in
the same way (4.12) as for the CKM matrix] and the magnitude of one of Uµ1, Uµ2, Uτ1, or
Uτ2. For example,

J = ImUµ3U
∗
e3Ue2U

∗
µ2 = 1

8 cos θ13 sin 2θ12 sin 2θ23 sin 2θ13 , (4.24a)

|Uµ2|2 = cos2 θ12 cos2 θ23 + sin2 θ12 sin2 θ23 sin2 θ13

− 1
2 sin 2θ12 sin 2θ23 sin θ13 cos δ ,

(4.24b)
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such that

sin δ =
8 ImUµ3U

∗
e3Ue2U

∗
µ2

cos θ13 sin 2θ12 sin 2θ23 sin 2θ13
, (4.25a)

cos δ = cos2 θ12 cos2 θ23 + sin2 θ12 sin2 θ23 sin2 θ13 − |Uµ2|2
1
2 sin 2θ12 sin 2θ23 sin θ13

. (4.25b)

The standard model global best-fit values [193, 194] (see also Ref. [195]) for these parameters
as well as the neutrino mass differences are given in Table 4.2 for both neutrino mass
hierarchy scenarios.

Table 4.2:Results of a global standard model fit for the PMNS mixing angles, Jarlskog
invariant, and neutrino mass differences (including Super-Kamiokande atmospheric
data) with 3σ uncertainties [193, 194].

normal ordering inverted ordering

sin2 θ12 0.310+0.040
−0.035 0.310+0.040

−0.035

sin2 θ23 0.563+0.046
−0.130 0.565+0.045

−0.129

sin2 θ13 0.022 37+0.001 98
−0.001 93 0.022 59+0.001 98

−0.001 95

δ [π] 1.23+0.76
−0.43 1.57+0.37

−0.43

J −0.022+0.061
−0.034

a −0.033+0.036
−0.042

a

∆m2
21 [10−5 eV2] 7.39+0.62

−0.60 7.39+0.62
−0.60

∆m2
31 [10−3 eV2] 2.528+0.090

−0.092 −2.436+0.091
−0.091

a

∆m2
32 [10−3 eV2] 2.454+0.090

−0.092
a −2.510+0.091

−0.091

aCalculated from the fitted parameters.

The lepton system has 45 real parameters (18 each from Ye and Yν and nine from cLi , cei ,
and cνi) and nine constraints (three charged lepton masses, two neutrino mass differences,
and four mixing angles from the PMNS matrix). There are thus 36 free parameters. As
in the quark sector, we work in the bulk mass basis, where we generically assume anarchic
five-dimensional Yukawa couplings.
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E�ective Majorana mass

If total lepton number is violated by new physics at higher energy, an effective Majorana
mass is generated for the left-handed neutrinos that can be parametrized at low energy by
the inclusion of a higher-dimension operator (Weinberg operator) on the UV brane:

S5 =
∫
d5x
√
−g

[
−(Y e

5 )ij ei(xµ, y)Hd(xµ)Lj(xµ, y)

− 1
2

(Kν
5 )ij

Λuv
Li(xµ, y)Hu(xµ)Lj(xµ, y)Hu(xµ) + H.c

]
2δ(y)

≡
∫
d4x

[
−(ye)ij e(0)

i (xµ)Hd(xµ)L(0)
j (xµ)

− 1
2

(κν)ij
Λν

L(0)
i (xµ)Hu(xµ)L(0)

j (xµ)Hu(xµ) + H.c + · · ·
]

(4.26)

where Kν
5 is a complex symmetric matrix of (inverse mass dimension) coefficients that

include the effects of the heavy degrees of freedom integrating out at the mass scale Λν .
Before electroweak symmetry breaking, the effective four-dimensional Yukawa couplings of
the standard model charged leptons take the same form (4.15a) as in the Dirac case, while
the effective four-dimensional dimension-five operator coefficients (dimensionless) of the
neutrinos are

(κν)ij ≡ 2 (Kν
5 )ij

Λν
Λuv

f (0)
Li

(y = 0) f (0)
Lj

(y = 0) ' 2 (Kν
5 )ij Λν N (0)

Li
N (0)
Lj
. (4.27)

In terms of the hypermultiplet localization parameters, these are

(κν)ij = (Kν)ij

√√√√ 4 (1/2− cLi) (1/2− cLj )(
e2(1/2−cLi )πkR − 1

) (
e

2(1/2−cLj )πkR − 1
) , (4.28)

where have defined the dimensionless quantities

(Kν)ij ≡ (Kν
5 )ijΛν . (4.29)

In general, these are complex, and at most O(1) in magnitude, although typically we expect
they may be significantly smaller, as they may include the effects of small couplings (such
as neutrino Yukawa couplings in a Type I seesaw).
In the zero-mode approximation, the four-dimensional electron Yukawa couplings after
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electroweak symmetry-breaking also take the forms (4.15a) and the dimension-five coefficients
the forms (4.27). The mass eigenvalues for the standard model leptons are then solutions to
the equations

det
(
m2I3 − v2 cos2 β y†e ye

)
= 0 , (4.30a)

det
(
m2I3 − v4 sin4 β κ†ν κν

)
= 0 , (4.30b)

which may be obtained from the factorizations3

mdiag
e

v cosβ =
(
V e
R

)†yeV e
L ⇐⇒ v cosβ ye = V e

Rm
diag
e

(
V e
L

)† , (4.33a)

mdiag
ν

v2 sin2 β
= V T

ν κνVν ⇐⇒ v2 sin2 β κν = V ∗ν m
diag
ν V †ν , (4.33b)

where

mdiag
e = diag(me,mµ,mτ ) ≡ v cosβ diag(ye, yµ, yτ ) , (4.34a)

mdiag
ν = diag(m1,m2,m3) ≡ v2 sin2 β diag(κ1, κ2, κ3) . (4.34b)

In this case, the PMNS matrix contains two extra Majorana CP-violating phases (here, in
the PDG convention [20]):

U (M)
pmns ≡

(
V e
L

)†Vν = U (D)
pmns diag(1, eiα12/2, eiα23/2) . (4.35)

The measured mixing angles (4.23) are independent of these phases. Due to the symmetry
of the dimension-five operator, the lepton system has only 36 parameters (18 from Ye, 12
from Kν , and six from cLi and cei) and nine constraints (three charged lepton masses, two
neutrino mass differences, and four mixing angles from the PMNS matrix). There are thus
27 free parameters.
3For a complex symmetric matrix M , the Autonne-Takagi factorization M = U∗ΣU† and the singular
value decomposition M = VR ΣV †L are related by the rephasings

U = VL diag(e−iφ1 , e−iφ2 , . . . ) = V ∗R diag(eiφ1 , eiφ2 , . . . ) , (4.31)

where φn = ψn/2 for

V T
L M VL = V T

RM
∗VR = Σ diag(eiψ1 , eiψ2 , . . . ) . (4.32)
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4.1.3 Geometry and the Yukawa hierarchies

In the zero-mode approximation, the generic relation between a four-dimensional Yukawa
coupling and the localization parameters of associated hypermultiplets (the bulk masses of
the fermions) is given by

yij = Yij

√√√√ 4 (1/2 + cR,i) (1/2− cL,j)(
e2(1/2+cR,i)πkR − 1

) (
e2(1/2−cL,j)πkR − 1

)

∼



√
4
(1

2 + cR,i
) (1

2 − cL,j
)
Yij for −cR,i,+cL,j >

1
2

1
πkR

Yij for −cR,i,+cL,j ∼
1
2√

4
(1

2 + cR,i
) (1

2 − cL,j
)
Yij e

−(1+cR,i−cL,j)πkR for −cR,i,+cL,j <
1
2 .

(4.36)

Assuming that the five-dimensional couplings are order-one, we see that the strength of the
four-dimensional couplings depends parametrically on the c parameters of the hypermultiplets,
and the observed Yukawa hierarchies can therefore be generated by specifying localizations
of the hypermultiplet fields in the bulk of the extra dimension. Recall that in the four-dimen-
sional dual theory, this is equivalent to choosing the anomalous dimensions δR,i, δL,j .
To illustrate this, we consider a simplified model with Dirac neutrinos (normal mass

ordering) in the zero-mode approximation that neglects quark and lepton mixing, such that
the four-dimensional interaction basis coincides with the four-dimensional mass basis and the
bulk mass basis. In this case, if we take a universal value for the five-dimensional Yukawa
couplings, such that (Yu,d,e,ν)ii = Y , there is one parametric degree of freedom within each
generation of leptons and within each generation of quarks, which we choose as the doublet
c parameters cLi,Qi without loss of generality.

The relations (4.2) and (4.15) hold for the running masses. Ultimately, we are interested
in the hypermultiplet localization parameters at the IR-brane scale, where they are needed
the soft masses received by the sfermions when supersymmetry is broken. Therefore, before
we perform the 4D-5D Yukawa matching, we first evolve the four-dimensional Yukawa
couplings to the IR-brane scale. We discuss the procedure we use to consistently perform
the renormalization in Sec. 4.2. In Fig. 4.1, we give an example of the resulting matching,
showing the allowed range of localization parameters of the standard model leptons and
quarks. Generally, we see that the largeness of the third-generation Yukawa couplings
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Figure 4.1:Plot of the dependence of the effective four-dimensional Yukawa couplings
on the bulk fermion localization parameters cL and cR for a simplified model with
Dirac neutrinos. We take Λir = 1× 107 GeV , tan β = 5, and Y = 1. The neutrino
masses have the normal hierarchy, with the lightest set at mν1 = 1 meV. The
dotted lines give contours of the Yukawa coupling strength. The solid contour lines
correspond to the coupling strengths of the standard model Yukawa couplings at
the IR-brane scale. The region in which each field is IR-localized is shaded light
gray and the region where both fields are IR-localized is darker gray.
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requires the third-generation fermions for both leptons and quarks to be UV-localized (white
region), while the smaller Yukawa couplings of the first and second generations lead to IR
localization (darker gray region). Although it is always possible to make one of the chiral
fermions in each generation UV-localized, only for the third generation can this be done
without making at least one of the other chiral fermions IR-localized.

4.2 Renormalization of Flavor Observables

In the previous section we presented a tree-level analysis for the matching between Yukawa
couplings and Weinberg operator in the zero-mode approximation, characterized by the
matching relations (4.2), (4.15), and (4.27). The matching condition for the gauge couplings
(3.27) is discussed in Sec. 3.2.2. The five-dimensional parameters in our model are relevant
to the theory above the scale of compactification; below that scale, the theory is effectively
four-dimensional. The matching between the two descriptions must therefore occur at the
scale of compactification, i.e., at Λir, and in hence in order to use the matching relations,
the four-dimensional couplings and mixings must first be evolved to the IR-brane scale.

Here, we describe the numeric procedure we use to obtain an estimate of the renormalized
four-dimensional couplings and mixings. It is necessary for the full flavor solution discussed
in Sec. 4.4 to include the theoretical and experimental uncertainty in these parameters. The
renormalization proceeds in three stages.

1. Fitting to low-energy observables

As discussed in Sec. 2.1, the standard model as a field theory is defined by its field
content and gauge group structure. This structure may be parametrized by a set of
theory parameters, which for the standard model are the set of gauge couplings g′, g,
and g3 (corresponding to SU(3)c, SU(2)L, and U(1)Y , respectively);4 the quark and
charged lepton Yukawa couplings yu,c,t, yd,s,b, and ye,µ,τ (or equivalently the quark
and charged lepton masses); the Higgs VEV v, mass term m, and quartic coupling
λ; and the quark-sector mixing parameters (e.g., the CKM Wolfenstein parameters
given in Table 4.1) and the neutrino mass differences and mixing parameters (given in
Table 4.2). These theory parameters are defined at a specific renormalization scale
within a specific renormalization scheme and may be evolved to other energy scales
by solving the renormalization group equations (RGEs). In this formulation, the

4We can also include the hadronic light-quark contribution to the fine-structure constant as a parameter
∆α(5)

had(MZ), essentially encoding the effect of nonperturbative physics in the low-energy theory.
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standard model includes the tower of effective theories that arise at low energies as
heavy particles are decoupled from the running.

The standard model theory parameters, however, are not directly observable. Ex-
perimental measurements are typically characterized by a set of on-shell observable
parameters, given in Table 4.3.5 The values of the theory parameters are determined
by fitting the standard model to the observational data, matching the tower of effective
theories as heavy particles are decoupled within the specified renormalization scheme.

We use the public computer code library SMDR (Standard Model in Dimensional
Regularization) [196] to extract the values of the running theory parameters and
their experimental and theoretical uncertainty ranges at the top quark mass scale
mpole
t (such that all six quarks are in the theory) in the modified minimal subtraction

(MS) renormalization scheme. The values and uncertainties of the on-shell observable
parameters used as input are given in Table 4.3.

2. Renormalization in the SM

The SMDR code does not incorporate Cabibbo-Kobayashi-Maskawa mixing or neutrino
masses and mixing effects, so at the top quark mass scale we use the fitted CKM
Wolfenstein parameters and Jarlskog invariant with 3σ uncertainty ranges given in
Table 4.1 and the fitted PMNS parameters with 3σ uncertainty ranges given in Table 4.2
to construct the fermion mixing matrices. The neutrino mass differences (with 3σ
uncertainty ranges) given in Table 4.2 are combined with a specification for the lightest
neutrino mass to obtain either a set of neutrino Yukawa couplings or Weinberg operator
coefficients.

The fermion Yukawa couplings (or, for Majorana neutrinos, Weinberg operator coeffi-
cients) form the diagonal entries of matrices in the mass basis. Before evolving the
theory to higher scales, the mixing matrices are first used to rotate these coupling
matrices into an interaction basis (specifically the one in which ye and yd are diagonal).

In addition, we convert to the SU(5) normalization for the gauge couplings:

g1 =
√

5
3 g
′ g2 = g , g3 = gs . (4.37)

5The CKM and PMNS mixing parameters and the neutrino mass differences are also considered fitted
parameters, determined from the measurement of hadronic decay and neutrino oscillation data. For more
information please see Ref. [20] for a review.
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After this matching procedure, the parameters are then run to a specified renormal-
ization scale by solving the SM beta functions at up to two loops.6 At the final
renormalization scale, the fermion coupling matrices are transformed into the mass
basis and the CKM and PMNS mixing parameters recalculated. Parameter uncer-
tainties are calculated by performing the renormalization with each input parameter
individually varied across its uncertain range and summing the resulting deviations in
quadrature (the central values are taken to be the result of the renormalization with
all input parameters at their central values).

3. Renormalization in the MSSM

For renormalization in the MSSM, the SM parameters are first run to a specified scale
msusy, where they are matched to the MSSM parameters at tree level, and converted
at one loop from MS into the dimensional reduction with modified minimal subtraction
(DR) renormalization scheme using the expressions of Ref. [197]. The parameters are
then run to a specified renormalization scale by solving the MSSM beta functions at
up to two loops. Parameter uncertainties are calculated as in the SM procedure. In
addition, uncertainty due to neglected threshold corrections (the MSSM uncertainty)
is estimated by varying the scale of supersymmetry over the interval [msusy/2, 2msusy]
and calculating the maximum resulting deviations, which are added linearly to the
parameter uncertainties.

A new computer code automating this procedure is collected as the Wolfram Language
package RunningCouplings [198].7 The primary limitation of this method is the lack
of supersymmetric threshold corrections from the decoupling of the sparticles. As noted
above, we include as an additional SUSY uncertainty an estimate of the effect of a variation
of the matching scale between the standard model and MSSM, but this estimate tends to
dominate the other sources of uncertainty with origin in the fitting of the theory parameters to
observational data at the electroweak scale (the SM uncertainty) in the high-scale parameters
and may be insufficient if the spectrum of sparticles is highly hierarchical, as is the case in
our model. To illustrate this, we show the relative sizes of the MSSM uncertainty (dotted
lines) compared to the SM uncertainty (solid lines) in our renormalization procedure as a
6We use the convention in which the Higgs potential takes the form (2.17). The SMDR code uses the
convention

V (H) = m2H†H + λ
(
H†H

)2
, (4.38)

so we must make the additional conversion λ→ 2λ.
7The code is also available from the author upon request.
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Table 4.3: Experimental observables in the low-energy standard model. Central
values and uncertainties are taken from Ref. [20].

heavy particle
pole masses

mBreit-Wigner
W [GeV] 80.379(12)

mBreit-Wigner
Z [GeV] 91.1876(21)

mpole
h [GeV] 125.10(14)

mpole
t [GeV] 173.1(9)

running quark massesa

mu(2 GeV) [MeV] 2.16+0.49
−0.26

md(2 GeV) [MeV] 4.67+0.48
−0.17

ms(2 GeV) [MeV] 93+11
−5

mc(mc) [GeV] 1.27+0.02
−0.02

mb(mb) [GeV] 4.18+0.03
−0.02

lepton pole masses

mpole
e [keV] 510.998 946 1(31)

mpole
µ [MeV] 105.658 374 5(24)

mpole
τ [MeV] 1776.86(12)

five-quark strong couplinga α
(5)
s (MZ) 0.1181(11)

Fermi coupling constant GF [GeV−2] 1.166 378 7(6)× 10−5

fine structure constant α0 137.035 999 139(31)

five-quark hadronic
contribution to fine structure ∆α(5)

had(MZ) 0.027 64(7)

aIn the MS renormalization scheme.
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Figure 4.2: Plot of the estimated relative uncertainty of the charged lepton and
quark Yukawa couplings in the MSSM as a function of renormalization scale for
the matching and running procedure described in the text. The estimated MSSM
uncertainty is given by the difference between the dotted (total uncertainty) and
solid (SM uncertainty only) lines. We take tan β = 5 and msusy = 10 TeV.

function of renormalization scale for the charged lepton and quark MSSM Yukawa couplings
in Fig. 4.2. We note that overall the uncertainty is on the level of several percent and is
indeed dominated by the MSSM uncertainty for the charged leptons and the down quarks;
for the up quarks, the MSSM uncertainty is on the same order as the SM uncertainty. In
this sense, we treat the renormalized values and uncertainties of the MSSM couplings and
mixings as only a first-order estimate. Later, the estimate can be revised by the addition of
threshold corrections from the MSSM sparticles once the pole mass spectrum is known. We
describe a method for systematically incorporate these corrections in an iterative way such
that the renormalization procedure can converge on a consistent spectrum in Sec. 9.1.
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4.3 The Hierarchical Approximation

In order to match the five-dimensional theory to the flavor structure of the standard model,
a large number of parameters must be specified in the five-dimensional model (summarized
in Table 4.4), subject to only a relatively small number of experimental constraints. Most of
the parameter degrees of freedom of the Yukawa matrices are nonphysical (only the fermion
masses and mixing angles are physical) but must be defined in order to perform calculations
in the interaction basis. This is no different than the usual situation in the standard model.
But, whereas in the standard model it can be shown that in certain weak eigenbases some
entries of the Yukawa matrices do not significantly affect the masses and mixing angle and
can be set to zero (these are the texture zeros), the equivalent procedure cannot be performed
in the 5D theory without moving out of the bulk mass basis for the fermions.
However, despite all of the nonphysical order-one Yukawa parameters that must be

included in the parameter space of the theory, the localization geography of the 5D theory is
still predictive of the standard model flavor structure (even in the case of the PMNS matrix,
which is not especially hierarchical). We can estimate the main relationships between the
fermion zero-mode localizations and their masses and mixings by exploiting the hierarchical
structure of the Yukawa matrices evident in (4.2) and (4.15). If the hierarchies in the Yukawa
couplings are explained by the structure of the overlaps of the standard model fermion zero
modes with the UV brane,8

yu1,d1 � yu2,d2 � yu3,d3

ye1 � ye2 � ye3

 =⇒


N (0)
Q1,u1,d1

� N (0)
Q2,u2,d2

� N (0)
Q3,u3,d3

N (0)
L1,e1

� N (0)
L2,e2

� N (0)
L3,e3

, (4.39)

the hierarchies in the zero-mode profiles provide a set of small parameters which can be
used to expand the singular value decomposition of the Yukawa matrices.9 This hierarchical
profile expansion procedure (first applied to the quark sector in Ref. [182], and extended here
to the lepton sector) is special instance of the more general systematic approximation scheme
for the singular value decompositions of the Yukawa matrices detailed in Ref. [199]. Here,

8Note that these conditions are restrictive. Due to fact that two localization parameters enter into the
matching equation for each four-dimensional Yukawa coupling element, the Yukawa hierarchies can be
explained even if only one of the two families of fermions involved have hierarchical profile overlaps with
the UV brane while those of the other remain order-one. In this case, the hierarchical approximation
discussed here cannot be used.

9The hierarchies among the neutrino masses depend on the overall absolute mass scale as well as the ordering
(see Fig. 4.5). Moderate hierarchies sufficient to permit an accurate expansion can be obtained for the
normal hierarchy when m1 < O(1) meV.
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we explicitly construct the first-order terms in the systematic approximation scheme detailed
in Ref. [199] for the singular value decompositions of both the quark and lepton Yukawa
matrices. We then use the matching relations (4.2) and (4.15) to write these approximations
in terms of the fermion zero-mode profiles. In the case of the quark sector, we recover the
hierarchical profile approximation of Ref. [182]. The results for the lepton sector are new.

4.3.1 Matrix conventions

First, we establish some notation. We consider an arbitrary complex 3× 3 matrix y. Under
a singular value decomposition y can be written as

y = VR ydiagV
†
L , (4.40)

where VL,R are unitary matrices and ydiag = diag(y1, y2, y3) is a diagonal matrix whose
entries are the singular values of y. The singular values are unique up to their phases,
which we can be absorb into the definitions VL,R. Without loss of generality, we therefore
assume that the singular values are real and non-negative and, further, that they are ordered
y1 < y2 < y3.10 The productsmL = y†y andmR = y y† are positive-semidefinite Hermitian
matrices, which are diagonalized according to

mL = VLmdiagV
†
L , (4.41a)

mR = VRmdiagV
†
R , (4.41b)

where
mdiag = diag(m1,m2,m3) = diag(y2

1, y
2
2, y

2
3) , (4.42)

is a diagonal matrix whose entries are the eigenvalues of mL,R. The columns of VL(R) are
the eigenvectors of mL(R).
For the special case that y is a complex symmetric matrix, it can also be decomposed

according the Autonne-Takagi factorization:

y = U∗ydiagU
† , (4.43)

where U is unitary. This factorization is related to the singular value decomposition (4.40)

10This ordering assumption is not necessary but simplifies the succeeding discussion. For the more general
case see Ref. [199].

71



4 Warped Space Flavor Physics

by the rephasings

U = VL diag(e−iφ1 , e−iφ2 , e−iφ3) = V ∗R diag(eiφ1 , eiφ2 , eiφ3) , (4.44)

where φn = ψn/2 for

V T
L y VL = V T

R y
∗VR = ydiag diag(eiψ1 , eiψ2 , eiψ3) . (4.45)

Thus, in this case, the diagonalizations of the products mL = m∗R take the forms:

mL = UP mdiagP
∗U † = UmdiagU

† , (4.46a)

mR = U∗P mdiagP
∗UT = U∗mdiagU

T , (4.46b)

where P = diag(eiφ1 , eiφ2 , eiψ3).

4.3.2 Approximate diagonalization

Next, we summarize the main results of Ref. [199], although we employ a slightly modified
formalism. We consider a positive-semidefinite 3× 3 Hermitian matrix m of the form mL,R

defined in the previous section, where the diagonalization takes the form

m = VmdiagV
† . (4.47)

The eigenvalues of m may be calculated

m
(n)
1 =

(
detm

) (
trmn)−1/n = m1

[
1 +

(
m1
m2

)n
+
(
m1
m3

)n]−1/n
, (4.48a)

m
(n)
2 =

(trmn

trmn

)1/n
= m2

[1 + (m1/m2)n + (m1/m3)n

1 + (m1/m3)n + (m2/m3)n
]1/n

, (4.48b)

m
(n)
3 =

(
trmn)1/n = m3

[
1 +

(
m1
m3

)n
+
(
m2
m3

)n]1/n
, (4.48c)

where
m ≡

(
detm

)(
m−1)T (4.49)
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is the cofactor matrix11 of m and n is a positive integer.12 At a given order n, the errors
in this approximation are strictly bounded from above by the nth powers of the ratios of
eigenvalues, (m1/m2)n or (m2/m3)n, which therefore tend to zero as n→∞.

In order to approximate the unitary matrix V defining the diagonalization transformation,
we first write it as (the abc parametrization of Ref. [199]):

V =



1
n1

a− c∗b̃
n1n3

b

n3

−a
∗

n1

1 + b∗b̃

n1n3

c

n3

− b̃
∗

n1
− c̃∗

n1n3

1
n3




eiα

eiβ

eiγ

 , (4.50)

where
a = −V

∗
21
V ∗11

, b = V31
V33

, c = V32
V33

, (4.51)

are complex numbers and

α = arg V11 , β = arg(detV )− α− γ , γ = arg V33 , (4.52)

are phase angles. Together, these comprise the nine degrees of freedom of V . The quantities

n2
1 ≡ 1 + |a|2 + |b̃|2 , (4.53a)

n2
3 ≡ 1 + |b|2 + |c |2 . (4.53b)

are normalization constants for the column vectors, and the notation

b̃ ≡ b− ac = −V
∗

31
V ∗11

, (4.54a)

c̃ ≡ c+ a∗b = − V ∗32
V ∗11V

∗
33
, (4.54b)

11Note that this is defined for m1 = 0.
12Ifm can be further factorized, such asmL = y†y ormR = y y† for a complex matrix y as discussed in the

previous section, then n can take half-integer values. For example, m1/2
L = y† and m3/2

L = y† y y†, etc.

73



4 Warped Space Flavor Physics

is defined for convenience. The complex parameters can be approximated as

a(n) = −(mn)21
(mn)11

, (4.55a)

b(n) = (mn)13
(mn)33

, (4.55b)

c(n) = (mn)23
(mn)33

, (4.55c)

b̃(n) = −(mn)31
(mn)11

. (4.55d)

At a given order n, the errors are again of the order of the ratios (m1/m2)n or (m2/m3)n,
which therefore tend to zero as n→∞.13

Mixing matrices

In the quark and lepton sectors, the CKM and PMNS matrices are each composed as the
product of two unitary matrices:

Vckm =
(
V u
L

)† V d
L , (4.56a)

Upmns =
(
V e
L

)† V ν
L (4.56b)

The Yukawa coupling decompositions (4.7) (for the quarks) and (4.19) (for the leptons with
Dirac neutrinos) that define these matrices and the standard model fermion five-dimensional
bulk mass matrices are both invariant under individual rotations of the fermion fields. We
can use this freedom to choose the phases of the diagonal entries of the left-handed unitary
matrices V u,d,e,ν

L to be real (pushing all residual phases in the decompositions into the
right-handed matrices V u,d,e,ν

R ). In the abc parametrization (4.50), a particularly useful
choice is α = β = γ = 0. We note for future reference that given two unitary matrices V1,2

of this form, the elements of the product matrix U = V †1 V2 are written

U11 = 1 + a1a
∗
2 + b̃1b̃

∗
2

n1,1 n1,2
, (4.57a)

13In fact, strict upper bounds on the errors depending on these ratios can be calculated. For further details,
see Ref. [199].
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U12 = a2 − a1
n1,1

+ b̃1c̃2 − b̃2c̃∗21
n1,1 n1,2 n3,2

, (4.57b)

U13 = b̃21 − b̃1
n1,1 n3,2

, (4.57c)

U21 = a∗1 − a∗2
n1,2

+ b̃∗2c̃1 − b̃∗1c̃12
n1,1 n1,2 n3,1

, (4.57d)

U22 = 1 + a∗1a2 −
b̃∗1b̃12

n1,1 n3,1
− b̃2b̃

∗
21

n1,2, n3,2
+ c̃1c̃

∗
2 + (b1b∗2 + c1c

∗
2) b̃∗1b̃2

n1,1 n1,2 n3,1 n3,2
, (4.57e)

U23 = c̃21
n3,2
− c̃1 + (b1c2 + b2c1) b̃∗u

n1,1 n3,1 n3,2
, (4.57f)

U31 = b̃∗12 − b̃∗2
n1,2 n3,1

, (4.57g)

U32 = c̃∗12
n3,1
− c̃∗2 + (b1c2 + b2c1)∗ b̃2

n1,2 n3,1 n3,2
, (4.57h)

U33 = 1 + b∗1b2 + c∗1c2
n3,1 n3,2

, (4.57i)

where we have defined

b̃ij = bi + ajci , (4.58a)

c̃ij = ci − a∗jbi . (4.58b)

4.3.3 Quark sector

We can reduce the complexity of the quark mass system somewhat by exploiting the
hierarchical structure of the Yukawa matrices to expand the mass eigenvalues and eigenvectors.
At the n = 1 order in the systematic approximation scheme discussed in the previous section
the quark Yukawa couplings take the forms

y2
u,d = |detyu,d|2

tr y†u,d yu,d
+O

(
y4
u,d

y2
c,s

)
, (4.59a)

y2
c,s =

tr y†u,d yu,d
try†u,d yu,d

+O
(
y4
c,s

y2
t,b

)
, (4.59b)
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y2
t,b = try†u,d yu,d +O

(
y2
c,s

)
, (4.59c)

where
yu,d ≡

(
detyu,d

) (
y−1
u,d

)T (4.60)

is the cofactor matrix of yu,d.
In the zero-mode approximation discussed in Sec. 4.1.1, we can express the traces in terms

of the five-dimensional Yukawa couplings and quark profiles as

try†u,d yu,d =
∑
ij

4 |(Yu,d)ij |2
(
N (0)
ui,di

N (0)
Qj

)2
, (4.61a)

tr y†u,d yu,d =
∑
ij

4 |(Mu,d)ij |2
∏
m 6=i

(
N (0)
um,dm

)2 ∏
n 6=j

(
N (0)
Qn

)2
, (4.61b)

where (Mu,d)ij are the minors of the 5D Yukawa matrices, i.e., the determinants of the
submatrices formed by removing the ith row and jth column of Yu,d. Up to a sign, they are
equivalent to the entries of the cofactor matrix:

(Mu,d)ij = (−1)i+j
(
detYu,d

) (
Y −1
u,d

)
ji
. (4.62)

The quark normalization factors arise from the quark profiles evaluated on the UV brane:

f (0)
Qi,ui,di

(y = 0) =
√
kN (0)

Qi,ui,di
. (4.63)

Using (4.61), we have

yu,d = 2 |detYu,d|
|(Mu,d)11|

N (0)
Q1
N (0)
u1,d1

[
1 +O

(
N (0)
Q1

N (0)
Q2

,
N (0)
u1,d1

N (0)
u2,d2

)]
, (4.64a)

yc,s = 2 |(Mu,d)11|
|(Yu,d)33|

N (0)
Q2
N (0)
u2,d2

[
1 +O

(
N (0)
Q1

N (0)
Q2

,
N (0)
u1,d1

N (0)
u2,d2

,
N (0)
Q2

N (0)
Q3

,
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.64b)

yt,b = 2 |(Yu,d)33|N (0)
Q3
N (0)
u3,d3

[
1 +O

(
N (0)
Q2

N (0)
Q3

,
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.64c)

where we have assumed hierarchical profiles,

N (0)
Q1,u1,d1

� N (0)
Q2,u2,d2

� N (0)
Q3,u3,d3

. (4.65)
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At first order in the profile hierarchies, we recover the expressions of Ref. [182].
Expressing the unitary matrices V u,d

L in the abc parametrization (in the convention
α = β = γ = 0), we find in the n = 1 approximation:

au,d = −
(y†u,d yu,d)21

(y†u,d yu,d)11
+O

(
yu,d
yc,s

)
, (4.66a)

bu,d =
(y†u,d yu,d)13

(y†u,d yu,d)33
+O

(
yu,d
yt,b

)
, (4.66b)

cu,d =
(y†u,d yu,d)23

(y†u,d yu,d)33
+O

(
yc,s
yt,b

)
, (4.66c)

b̃u,d = −
(y†u,d yu,d)31

(y†u,d yu,d)11
+O

(
yu,d
yt,b

)
, (4.66d)

which, in terms of the five-dimensional Yukawa couplings and quark profiles, take the forms

au,d = (Mu,d)21
(Mu,d)11

N (0)
Q1

N (0)
Q2

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

)]
, (4.67a)

bu,d = (Yu,d)13
(Yu,d)33

N (0)
Q1

N (0)
Q3

[
1 +O

(
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.67b)

cu,d = (Yu,d)23
(Yu,d)33

N (0)
Q2

N (0)
Q3

[
1 +O

(
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.67c)

b̃u,d = −(Mu,d)31
(Mu,d)11

N (0)
Q1

N (0)
Q3

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

)]
. (4.67d)
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At first order in the hierarchies, we recover the expressions of Ref. [182]:

V u,d
L '



1 (Mu,d)21
(Mu,d)11

N (0)
Q1

N (0)
Q2

(Yu,d)13
(Yu,d)33

N (0)
Q1

N (0)
Q3

−(Mu,d)∗21
(Mu,d)∗11

N (0)
Q1

N (0)
Q2

1 (Yu,d)23
(Yu,d)33

N (0)
Q2

N (0)
Q3

(Mu,d)∗31
(Mu,d)∗11

N (0)
Q1

N (0)
Q3

−(Yu,d)∗23
(Yu,d)∗33

N (0)
Q2

N (0)
Q3

1


. (4.68)

The CKM matrix elements are of the form (4.57), with V1,2 = V u,d
L . In the n = 1

approximation, we find

Vud = 1 +O
(
yd
ys

)
, (4.69a)

Vus =
(y†d yd)21

(y†d yd)11
−

(y†u yu)21

(y†u yu)11
+O

(
yd
ys

)
, (4.69b)

Vub =
(y†u yu)31

(y†u yu)11
+ (y†d yd)13

(y†d yd)33
+O

(
yd
yb

)
, (4.69c)

Vcd =
(y†u yu)∗21

(y†u yu)∗11
−

(y†d yd)∗21

(y†d yd)∗11
+O

(
yd
ys

)
, (4.69d)

Vcs = 1 +O
(
yd
ys

)
, (4.69e)

Vcb = (y†d yd)23

(y†d yd)33
− (y†u yu)23

(y†u yu)33
+O

(
ys
yb

)
, (4.69f)

Vtd = (y†u yu)∗13

(y†u yu)∗33
+

(y†d yd)∗31

(y†d yd)∗11
+O

(
yd
yb

)
, (4.69g)

Vts = (y†u yu)∗23

(y†u yu)∗33
−

(y†d yd)∗23

(y†d yd)∗33
+O

(
ys
yb

)
, (4.69h)

Vtb = 1 +O
(
ys
yb

)
, (4.69i)
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such that the Wolfenstein parameters are written

λ =
∣∣∣∣∣(y
†
d yd)21

(y†d yd)11
−

(y†u yu)21

(y†u yu)11

∣∣∣∣∣+O
(
yd
ys

)
, (4.70a)

A =
∣∣∣∣∣(y
†
d yd)23

(y†d yd)33
− (y†u yu)23

(y†u yu)33

∣∣∣∣∣
∣∣∣∣∣(y
†
d yd)21

(y†d yd)11
−

(y†u yu)21

(y†u yu)11

∣∣∣∣∣
−2

+O
(
yd
ys

)
, (4.70b)

ρ̄− iη̄ = −
(y†u yu)31
(y†u yu)11

+ (y†
d
yd)13

(y†
d
yd)33[

(y†u yu)21
(y†u yu)11

− (y†
d
yd)21

(y†
d
yd)11

] [
(y†
d
yd)23

(y†
d
yd)33

− (y†u yu)23
(y†u yu)33

] +O
(
yd
yb

)
. (4.70c)

In terms of the profiles, we find

Vud = 1 +O
(
N (0)
Q1

N (0)
Q2

N (0)
Q1,u1,d1

N (0)
Q2,u2,d2

,
N (0)
Q2

N (0)
Q3

N (0)
Q2,u2,d2

N (0)
Q3,u3,d3

)
, (4.71a)

Vus =
[(Md)21

(Md)11
− (Mu)21

(Mu)11

] N (0)
Q1

N (0)
Q2

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

)]
, (4.71b)

Vub =
[(Yd)13

(Yd)33
− (Mu)21

(Mu)11

(Yd)23
(Yd)33

+ (Mu)31
(Mu)11

] N (0)
Q1

N (0)
Q3

[
1 +O

(
N (0)
u1

N (0)
u2

,
N (0)
d2

N (0)
d3

)]
, (4.71c)

Vcd =
[(Mu)∗21

(Mu)∗11
− (Md)∗21

(Md)∗11

] N (0)
Q1

N (0)
Q2

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

)]
, (4.71d)

Vcs = 1 +O
(
N (0)
Q1

N (0)
Q2

N (0)
Q1,u1,d1

N (0)
Q2,u2,d2

)
, (4.71e)

Vcb =
[(Yd)23

(Yd)33
− (Yu)23

(Yu)33

] N (0)
Q2

N (0)
Q3

[
1 +O

(
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.71f)

Vtd =
[(Yu)∗13

(Yu)∗33
− (Yu)∗23

(Yu)∗33

(Md)∗21
(Md)∗11

+ (Md)∗31
(Md)∗11

] N (0)
Q1

N (0)
Q3

[
1 +O

(
N (0)
d1

N (0)
d2

,
N (0)
u2

N (0)
u3

)]
, (4.71g)

Vts =
[(Yu)∗23

(Yu)∗33
− (Yd)∗23

(Yd)∗33

] N (0)
Q2

N (0)
Q3

[
1 +O

(
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.71h)
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Vtb = 1 +O
(
N (0)
Q1

N (0)
Q2

N (0)
Q1,u1,d1

N (0)
Q2,u2,d2

,
N (0)
Q2

N (0)
Q3

N (0)
Q2,u2,d2

N (0)
Q3,u3,d3

)
, (4.71i)

and

λ =
∣∣∣∣(Md)21
(Md)11

− (Mu)21
(Mu)11

∣∣∣∣ N (0)
Q1

N (0)
Q2

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

)]
, (4.72a)

A =

∣∣∣ (Yd)23
(Yd)33

− (Yu)23
(Yu)33

∣∣∣∣∣∣ (Md)21
(Md)11

− (Mu)21
(Mu)11

∣∣∣2
(
N (0)
Q2

)3(
N (0)
Q1

)2
N (0)
Q3

[
1 +O

(
N (0)
u1,d1

N (0)
u2,d2

,
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.72b)

ρ̄− iη̄ = −
(Yd)13
(Yd)33

− (Mu)21
(Mu)11

(Yd)23
(Yd)33

+ (Mu)31
(Mu)11[

(Mu)21
(Mu)11

− (Md)21
(Md)11

] [
(Yd)23
(Yd)33

− (Yu)23
(Yu)33

] [ 1 +O
(
N (0)
u1,d1

N (0)
u2,d2

,
N (0)
u2,d2

N (0)
u3,d3

)]
, (4.72c)

recovering the expressions of Ref. [182]. These expressions are consistent with the CKM
matrix at this level of approximation, calculated directly from (4.68). Note that ρ and η
are at first order independent of the zero-mode localizations. The warped setup predicts
that these parameters are thus not suppressed by any small parameters, while their precise
order-one values remain unexplained. On the other hand, in order to explain λ and A,
the localization parameters of the quark doublets must be correlated. Assuming that the
magnitudes of the 5D Yukawa matrix elements are log-normally distributed as in Sec. 4.4.1,
we show the correlations at 1σ (dark), 2σ (medium), and 3σ (light) confidence levels in
Fig. 4.3. We see that the smallness of the CKM parameters leads to a definite preference that
cQ1 < cQ2 < cQ3 . Once the doublet localizations are chosen according to (4.72), the singlet
localizations are determined by the expressions for the Yukawa couplings (4.64). We show
the resulting correlations induced between the localization parameters of the singlets and the
localization of any one doublet (we choose here to use cQ3) in Fig. 4.4. Comparing this to
Fig. 4.1, we see the same general trend that heavier masses require greater UV-localization,
although there is more freedom now that the Yukawa couplings are allowed to take an
order-one spread. Note that in order to explain the top mass with cu3 > −10 we require
cQ3 & 0.36, which accordingly restricts the allowed range of localizations for the singlets.
This bound is indicated in Fig. 4.4 as a dashed line; the allowed regions are above this line.
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Figure 4.3: Plot of the estimated correlations among the localizations of the quark
doublets required to explain the hierarchical CKM matrix parameters at the 1σ
(dark), 2σ (medium), and 3σ (light) confidence levels according to (4.72). We take
Λir = 107 GeV and tan β = 5.

4.3.4 Lepton sector

A similar analysis can be performed for the lepton sector. In this case we must specify the
masses of the neutrinos. While the differences between the masses have been measured
(see Table 4.2), neither the absolute mass scale nor the relative ordering of the hierarchy
are currently known. In Fig. 4.5, we plot ratios of neutrino masses as functions of the
lightest mass for both the normal and inverted hierarchy scenarios. Current direct kinematic
measurements from beta decay (see Ref. [200], for example) probe the quasidegenerate
regime mi > 0.2 eV, placing limits mi < O(1) eV on each mass eigenvalue, while combined
cosmological observations suggest

∑
imi . 0.2 eV [201]. In the case of normal ordering, the

neutrino masses are moderately hierarchical when m1 < O(1) meV, such that we can safely
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Figure 4.4: Plot of the estimated correlations between the localizations of the quark
doublets and singlets required to explain the observed quark masses and CKM
parameters at the 1σ (dark), 2σ (medium), and 3σ (light) confidence levels. We
take Λir = 107 GeV and tan β = 5.

employ the diagonalization approximation.

Dirac neutrinos

When the neutrinos are Dirac fermions with normally ordered masses, the lepton Yukawa
couplings at the n = 1 level of approximation are:

y2
e,1 = |detye,ν |2

tr y†e,ν ye,ν
+O

(
y4
e,1
y2
µ,2

)
, (4.73a)

y2
µ,2 =

tr y†e,ν ye,ν
try†e,ν ye,ν

+O
(
y4
µ,2
y2
τ,3

)
, (4.73b)

y2
τ,3 = try†e,ν ye,ν +O

(
y2
µ,2
)
, (4.73c)

82



4 Warped Space Flavor Physics

Figure 4.5: Plot of the neutrino mass hierarchies as a function of the lightest neutrino
mass for the normal (left) and inverted (right) ordering scenarios, shown with 3σ
uncertainty bands.

In terms of the five-dimensional Yukawa couplings and lepton profiles, we can express the
traces in the same form as for the quark sector

try†e,ν ye,ν =
∑
ij

4 |(Ye,ν)ij |2
(
N (0)
ei,νiN

(0)
Lj

)2
, (4.74a)

tr y†e,ν ye,ν =
∑
ij

4 |(Me,ν)ij |2
∏
m 6=i

(
N (0)
em,νm

)2 ∏
n6=j

(
N (0)
Ln

)2
. (4.74b)

Using this, we have

ye,1 = 2 |detYe,ν |
|(Me,ν)11|

N (0)
L1
N (0)
e1,ν1

[
1 +O

(
N (0)
L1

N (0)
L2

,
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.75a)

yµ,2 = 2 |(Me,ν)11|
|(Ye,ν)33|

N (0)
L2
N (0)
e2,ν2

[
1 +O

(
N (0)
L1

N (0)
L2

,
N (0)
e1,ν1

N (0)
e2,ν2

,
N (0)
L2

N (0)
L3

,
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.75b)

yτ,3 = 2 |(Ye,ν)33|N (0)
L3
N (0)
e3,ν3

[
1 +O

(
N (0)
L2

N (0)
L3

,
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.75c)
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where we have assumed hierarchical profiles:

N (0)
L1,e1,ν1

� N (0)
L2,e2,ν2

� N (0)
L3,e3,ν3

. (4.76)

Expressing the unitary matrices V e,ν
L in the abc parametrization (in the convention

α = β = γ = 0), we find in the n = 1 approximation:

ae,ν = −
(y†e,ν ye,ν)21

(y†e,ν ye,ν)11
+O

(
ye,1
yµ,2

)
, (4.77a)

be,ν =
(y†e,ν ye,ν)13

(y†e,ν ye,ν)33
+O

(
ye,1
yτ,3

)
, (4.77b)

ce,ν =
(y†e,ν ye,ν)23

(y†e,ν ye,ν)33
+O

(
yµ,2
yτ,3

)
, (4.77c)

b̃e,ν = −
(y†e,ν ye,ν)31

(y†e,ν ye,ν)11
+O

(
ye,1
yτ,3

)
, (4.77d)

which, in terms of the five-dimensional Yukawa couplings and lepton profiles, take the forms

ae,ν = (Me,ν)21
(Me,ν)11

N (0)
L1

N (0)
L2

[
1 +O

(
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.78a)

be,ν = (Ye,ν)13
(Ye,ν)33

N (0)
L1

N (0)
L3

[
1 +O

(
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.78b)

ce,ν = (Ye,ν)23
(Ye,ν)33

N (0)
L2

N (0)
L3

[
1 +O

(
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.78c)

b̃e,ν = −(Me,ν)31
(Me,ν)11

N (0)
L1

N (0)
L3

[
1 +O

(
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.78d)
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such that

V e,ν
L '



1 (Me,ν)21
(Me,ν)11

N (0)
L1

N (0)
L2

(Ye,ν)13
(Ye,ν)33

N (0)
L1

N (0)
L3

−(Me,ν)∗21
(Me,ν)∗11

N (0)
L1

N (0)
L2

1 (Ye,ν)23
(Ye,ν)33

N (0)
L2

N (0)
L3

(Me,ν)∗31
(Me,ν)∗11

N (0)
L1

N (0)
L3

−(Ye,ν)∗23
(Ye,ν)∗33

N (0)
L2

N (0)
L3

1


. (4.79)

The PMNS matrix elements are of the form (4.57), with V1,2 = V e,ν
L . In the n = 1

approximation, we find

Ue1 = 1 +O
(
ye
yµ
,
y1
y2

)
, (4.80a)

Ue2 =
(y†ν yν)21

(y†ν yν)11
−

(y†e ye)21

(y†e ye)11
+O

(
ye
yµ
,
y1
y2

)
, (4.80b)

Ue3 =
(y†e ye)31

(y†e ye)11
+ (y†ν yν)13

(y†ν yν)33
+O

(
ye
yτ
,
y1
y3

)
, (4.80c)

Uµ1 =
(y†e ye)∗21

(y†e ye)∗11
−

(y†ν yν)∗21

(y†ν yν)∗11
+O

(
ye
yµ
,
y1
y2

)
, (4.80d)

Uµ2 = 1 +O
(
y1
y2

)
, (4.80e)

Uµ3 = (y†ν yν)23

(y†ν yν)33
− (y†e ye)23

(y†e ye)33
+O

(
y2
y3

)
, (4.80f)

Uτ1 = (y†e ye)∗13

(y†e ye)∗33
+

(y†ν yν)∗31

(y†ν yν)∗11
+O

(
ye
yτ
,
y1
y3

)
, (4.80g)

Uτ2 = (y†e ye)∗23

(y†e ye)∗33
− (y†ν yν)∗23

(y†ν yν)∗33
+O

(
y2
y3

)
, (4.80h)

Uτ3 = 1 +O
(
y2
y3

)
, (4.80i)
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such that the PMNS mixing angles are

sin2 θ12 =

∣∣∣∣ (y†ν yν)21
(y†ν yν)11

− (y†e ye)21
(y†e ye)11

∣∣∣∣2
1−

∣∣∣∣ (y†e ye)31
(y†e ye)11

+ (y†ν yν)13
(y†ν yν)33

∣∣∣∣2 +O
(
ye
yµ
,
y1
y2

)
, (4.81a)

sin2 θ23 =

∣∣∣∣ (y†ν yν)23
(y†ν yν)33

− (y†e ye)23
(y†e ye)33

∣∣∣∣2
1−

∣∣∣∣ (y†e ye)31
(y†e ye)11

+ (y†ν yν)13
(y†ν yν)33

∣∣∣∣2 +O
(
y2
y3

)
, (4.81b)

sin2 θ13 =
∣∣∣∣∣(y†e ye)31

(y†e ye)11
+ (y†ν yν)13

(y†ν yν)33

∣∣∣∣∣
2

+O
(
ye
yτ
,
y1
y3

)
. (4.81c)

In terms of the profiles, we find

Ue1 = 1 +O
(
N (0)
L1

N (0)
L2

N (0)
L1,e1,ν1

N (0)
L2,e2,ν2

,
N (0)
L2

N (0)
L3

N (0)
L2,e2,ν2

N (0)
L3,e3,ν3

)
, (4.82a)

Ue2 =
[(Mν)21

(Mν)11
− (Me)21

(Me)11

]
N (0)
L1

N (0)
L2

[
1 +O

(
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.82b)

Ue3 =
[(Yν)13

(Yν)33
− (Me)21

(Me)11

(Yν)23
(Yν)33

+ (Me)31
(Me)11

]
N (0)
L1

N (0)
L3

[
1 +O

(
N (0)
e1

N (0)
e2

,
N (0)
ν2

N (0)
ν3

)]
, (4.82c)

Uµ1 =
[(Me)∗21

(Me)∗11
− (Mν)∗21

(Mν)∗11

]
N (0)
L1

N (0)
L2

[
1 +O

(
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.82d)

Uµ2 = 1 +O
(
N (0)
L1

N (0)
L2

N (0)
L1,e1,ν1

N (0)
L2,e2,ν2

)
, (4.82e)

Uµ3 =
[(Yν)23

(Yν)33
− (Ye)23

(Ye)33

]
N (0)
L2

N (0)
L3

[
1 +O

(
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.82f)

Uτ1 =
[(Ye)∗13

(Ye)∗33
− (Ye)∗23

(Ye)∗33

(Mν)∗21
(Mν)∗11

+ (Mν)∗31
(Mν)∗11

]
N (0)
L1

N (0)
L3

[
1 +O

(
N (0)
ν1

N (0)
ν2

,
N (0)
e2

N (0)
e3

)]
, (4.82g)

86



4 Warped Space Flavor Physics

Figure 4.6: Plot of the estimated correlations among the localizations of the lepton
doublets required to explain the PMNS mixing angles in the case of Dirac neutrinos
at the 1σ (dark), 2σ (medium), and 3σ (light) confidence levels according to (4.83).
We take Λir = 107 GeV and tan β = 5. The neutrino masses have the normal
hierarchy, with the lightest set at mν1 = 1 meV.

Uτ2 =
[(Ye)∗23

(Ye)∗33
− (Yν)∗23

(Yν)∗33

]
N (0)
L2

N (0)
L3

[
1 +O

(
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.82h)

Uτ3 = 1 +O
(
N (0)
L1

N (0)
L2

N (0)
L1,e1,ν1

N (0)
L2,e2,ν2

,
N (0)
L2

N (0)
L3

N (0)
L2,e2,ν2

N (0)
L3,e3,ν3

)
, (4.82i)

and

sin2 θ12 =
∣∣∣∣(Mν)21
(Mν)11

− (Me)21
(Me)11

∣∣∣∣2
(
N (0)
L1

)2(
N (0)
L2

)2
[

1 +O
(
N (0)
e1,ν1

N (0)
e2,ν2

)]
, (4.83a)
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Figure 4.7: Plot of the estimated correlations between the localizations of the lepton
doublets and singlets required to explain the observed lepton masses and PMNS
mixing angles in the case of Dirac neutrinos at the 1σ (dark), 2σ (medium), and
3σ (light) confidence levels. We take Λir = 107 GeV and tan β = 5. The neutrino
masses have the normal hierarchy, with the lightest set at mν1 = 1 meV.

sin2 θ23 =
∣∣∣∣(Yν)23
(Yν)33

− (Ye)23
(Ye)33

∣∣∣∣2
(
N (0)
L2

)2(
N (0)
L3

)2
[

1 +O
(
N (0)
e2,ν2

N (0)
e3,ν3

)]
, (4.83b)

sin2 θ13 =
∣∣∣∣(Yν)13
(Yν)33

− (Me)21
(Me)11

(Yν)23
(Yν)33

+ (Me)31
(Me)11

∣∣∣∣2
(
N (0)
L1

)2(
N (0)
L3

)2
[

1 +O
(
N (0)
e1

N (0)
e2

,
N (0)
ν2

N (0)
ν3

)]
. (4.83c)

Thus, in order to explain the PMNS mixing angles, the localization parameters of the
lepton doublets must be correlated. Assuming that the order-one magnitudes of the 5D
Yukawa matrix elements are log-normally distributed as described in Sec. 4.4.1, we show
the correlations at 1σ (dark), 2σ (medium), and 3σ (light) confidence levels in Fig. 4.6.
Generally, we see that the mild hierarchy of the PMNS mixing angles prefers a mild hierarchy
in localization parameters, although this is somewhat relaxed when the doublets are UV-
localized and the UV-brane profiles approximately order-one. Once the doublet localizations
are chosen according to (4.83), the singlet localizations are determined by the expressions
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for the Yukawa couplings (4.75). We show the resulting correlations induced between the
localization parameters of the singlets and the localization of any one doublet (we choose
here to use cL3) in Fig. 4.7 (compare to Fig. 4.1). As with the quark sector, we see the same
general trend that heavier masses require greater UV-localization when comparing this to
Fig. 4.1. Note that in order to explain the tau mass with ce3 > −10 we require cL3 & 0.25,
which accordingly restricts the allowed range of localizations for the singlets. This bound is
indicated in Fig. 4.7 as a dashed line; the allowed regions are above this line.

4.4 Numeric Flavor Solutions

Although the approximation schemes discussed above in Sec. 4.3 can provide an analytical
window into the flavor structure that emerges from the five-dimensional theory, the region
of the model parameter space in which the standard model flavor observables are correctly
reproduced can be directly characterized numerically. Due to the large size of the theory
parameter space compared to the number of flavor observables available, the system is
underspecified and cannot be solved exactly. Instead, we develop a method to determine
a global fit the set of theory parameters to the renormalized quark and lepton low-energy
observables, based on the numeric minimization of a χ2 cost function in each sector.

4.4.1 Theory parameter space

The five-dimensional flavor parameters are listed in Table 4.4. A priori, there are few
constraints on their allowed values, other than overall scale. Here, we give a precise
construction of the theoretical parameter space we consider.

1. Yukawa couplings

For a (dimensionless) five-dimensional Yukawa coupling matrix Y = Ye,u,d,ν , we
require the magnitude of each entry to be order-one. We therefore treat each entry as
a random complex number, where the phase arg Yij is a random variable uniformly
distributed over the interval [−π, π] and the magnitude |Yij | is a random variable
whose logarithm log |Yij | is normally distributed around zero with standard deviation
σ = (log 10)/3 ' 0.768, corresponding to 3σ confidence (99.73 % probability) that
|Yij | will lie within an order of magnitude of one (i.e., in the interval [0.1, 10]). The
magnitude |Yij | is therefore distributed according to the log-normal distribution14 with

14If the random variable y is normally distributed with mean µ and variance σ2, then x = exp y has a
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Table 4.4: Five-dimensional theory parameters defining the flavor structure of the
MSSM in a slice of AdS5 with the Higgs fields localized on the UV brane. In the
case of Dirac (Majorana) neutrinos, there are 36 (33) complex parameters and 18
(15) real parameters that must be specified.

Dirac neutrinos Majorana neutrinos

parameters degrees of freedom parameters degrees of freedom

(Yu,d)ij 18 complex (Yu,d)ij 18 complex

cQi,ui,di 9 real cQi,ui,di 9 real

(Ye)ij 9 complex (Ye)ij 9 complex

(Yν)ij 9 complex (Kν)ij 6 complex

cLi,ei,νi 9 real cLi,ei 6 real

shape parameters µ = 0 and σ = (log 10)/3.

2. Weinberg operator

In the case of Majorana neutrinos, each (dimensionless) operator coefficient (Kν)ij is
also treated as a random complex number, where the phase arg (Kν)ij is a random
variable uniformly distributed over the interval [−π, π] and the magnitude |(Kν)ij | is a
random variable whose logarithm log |(Kν)ij | is uniformly distributed over the interval
[logKmin

ν , logKmax
ν ]. As discussed in Sec. 4.1.2, the upper limit on the magnitude of

the operator elements is O(1), so we take Kmax
ν = 3. The lower limit, on the other

hand, is not restricted, but in practice we take it to be the numeric tolerance of
the renormalization procedure described in Sec. 4.2: Kmin

ν = 10−24. The magnitude
|(Kν)ij | is therefore distributed according to a log-uniform distribution15 over the

log-normal distribution with probability density function

flog-normal(x) = 1√
2π σ

e−(log x−µ)2/2σ2

x
. (4.84)

In the context of the probability density function, µ and σ, the mean and standard deviation of the
variable y = log x, are referred to as shape parameters.

15If the random variable y is uniformly distributed over the interval [ymin, ymax], then x = exp y has a
log-uniform distribution with probability density function

flog-uniform(x) = 1
x (ymax − ymin) = 1

x log(xmax/xmin) . (4.85)
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interval [Kmin
ν ,Kmax

ν ].

3. Localization parameters

As order-one numbers, the quark and lepton localization parameters are nominally taken
to be uniformly distributed in the range [−10, 10]. In practice, the matching conditions
between the four-dimensional and five-dimensional Yukawa couplings enforces a more
stringent lower (upper) bound for left-handed (right-handed) fields (this effect is visible
in Fig. 4.1, where we see that the contour lines restrict the allowed range of cL(R)

from below (above), and it is better to restrict the sampling range to forbid values
corresponding to excessive IR localization (and exponentially small Yukawa couplings).
As a heuristic for estimating this bound, we use the localization value where the
fermion zero-mode profile on the UV brane is smaller than the numeric tolerance of
our renormalization procedure, i.e., the root which satisfies

N (0)
ΨL,R =

√
1/2∓ cL,R

e2(1/2∓cL,R) − 1
= 10−24 . (4.86)

We plot the solution as a function of Λir in Fig. 4.8. For Λir . 1016 GeV the bound
calculated in this way is more restrictive than the order-one limit.

4.4.2 Application of experimental and theoretical constraints

Once a set of five-dimensional theory parameters have been specified, the zero-mode approx-
imation matching approach discussed in Sec. 4.1 [characterized by the matching equations
(4.2), (4.15), and (4.27)] is used to assemble the effective four-dimensional coupling matri-
ces. These are then factorized to obtain predictions at the IR-brane scale for the running
four-dimensional flavor parameters: the quark and charged lepton masses, the neutrino mass
differences, and CKM and PMNS mixing parameters. The constraints on these predictions
are provided by the quark and lepton low-energy observables. We use the renormalization
procedure discussed in Sec. 4.2 to convert the experimental observables into MSSM running
parameters and estimate their values and uncertainties at the IR-brane scale, where they
can be directly compared with the theory predictions.

We evaluate the fit of the five-dimensional model to the experimental constraints separately

91



4 Warped Space Flavor Physics

Figure 4.8: Plot of the approximate lower (upper) limit for the localization parameter
for a left-handed (right-handed) fermion in the numeric flavor solution described in
Sec. 4.4. The shaded region is forbidden by the requirement that the c parameter is
order-one.

for the quark and lepton sectors by constructing χ2 measures of the form

χ2
expr =


χ2
u + χ2

d + χ2
ckm for the quark sector ,

χ2
e + χ2

ν + χ2
pmns for the lepton sector ,

(4.87)

where the contributions from the quark and charged lepton Yukawa couplings are

χ2
u = χ2(log yu) + χ2(log yc) + χ2(log yt) , (4.88a)

χ2
d = χ2(log yd) + χ2(log ys) + χ2(log yb) , (4.88b)

χ2
e = χ2(log ye) + χ2(log yµ) + χ2(log yτ ) , (4.88c)

from the neutrino mass operator are

χ2
ν =


χ2(log ∆m2

21) + χ2(log ∆m2
31) for a normal hierarchy ,

χ2(log ∆m2
21) + χ2(log ∆m2

23) for an inverted hierarchy ,
(4.89)

92



4 Warped Space Flavor Physics

and from the CKM and PMNS matrix parameters are

χ2
ckm = χ2(λ) + χ2(A) + χ2(ρ) + χ2(η) , (4.90a)

χ2
pmns = χ2(θ12) + χ2(θ23) + χ2(θ13) + χ2(δ) . (4.90b)

The χ2 measure for a parameter x with predicted theory value xtheory and renormalized
measured value with asymmetric uncertainties xexpr ± σ±x take the forms

χ2(x) =



(xtheory − xexpr)2

(σ+
x )2 for xtheory > xexpr ,

(xtheory − xexpr)2

(σ−x )2 for xtheory < xexpr ,

(4.91a)

and

χ2(log x) =



(log xtheory − log xexpr)2

(σ+
x /xexpr)2 for xtheory > xexpr ,

(log xtheory − log xexpr)2

(σ−x /xexpr)2 for xtheory < xexpr .

(4.91b)

From a theoretical perspective, we also want the magnitudes of the five-dimensional
Yukawa parameters to be order-one numbers, so we include a measure of their separation
from unity of the form

χ2
Y =

∑
ij

( log |Yij |
(log 10)/3

)2
. (4.92)

We include these contributions as a theory term in the measure of fit,

χ2
theory =


χ2
Yu

+ χ2
Yd

for the quark sector ,

χ2
Ye

+ χ2
Yν

for a lepton sector with Dirac neutrinos ,

χ2
Ye

for a lepton sector with Majorana neutrinos ,

(4.93)

such that the total χ2 metric can be written as

χ2 = χ2
expr + χ2

theory . (4.94)
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4.4.3 Numeric minimization

In order to determine the theory parameter values which best fit the experimental and
theoretical constraints, we use the Minuit2 [202] minimization package via the iminuit
module [203].16 The package provides the Migrad algorithm, a robust variable-metric
method with inexact line search, a stable metric updating scheme, and checks for positive-
definiteness. Given a parametric objective (cost) function and a set of initial parameter
values, Migrad looks for a local minimum by analyzing the function gradient. The parameter
errors, the uncertainties in the estimated best parameter values, are obtained either with
the Hesse algorithm, which estimates the covariance matrix by inverting the Hessian matrix
at the minimum, or with the Minos algorithm, which scans objective function around the
minimum to construct a asymmetric confidence intervals for the parameters.

We perform the fit for the quark and lepton sectors separately. For a given set of random
initial theory parameter values, we call Migrad to minimize the associated χ2 objective
function. A minimization is considered successful if it converges with χ2 < 28 for the quark
sector, χ2 < 27 for the lepton sector with Dirac neutrinos, or χ2 < 18 with Majorana
neutrinos. In the minimization, the values of the c parameters are directly constrained
to the range discussed above in our construction of the flavor theory parameter space,
as, in the case of Majorana neutrinos, are the logarithms of the magnitudes of Weinberg
operator coefficients. The five-dimensional Yukawa couplings are unconstrained except by
their contributions to the object function in the χ2

theory term.
The quark and lepton minimizations are repeated by varying the initial parameter values,

randomly sampling over the defined parameter space. It is not clear at this point if there are
global minima for the χ2 measures of fit in the flavor parameter space. Instead, due to the
underspecification of the system, there may be degeneracies between sets of five-dimensional
theory parameters, resulting in a more extended minimum structure (this is also a concern
due to the use of the zero-mode approximation). For our purposes, we consider any successful
minimization as a valid flavor solution, with uncertainty that is quantified by the Hesse
or Minos errors. In the next chapter, Chapter 5, we use the quark and lepton localization
parameters and bulk-mass-basis Yukawa coupling matrices determined by this method to
calculate the sfermion masses arising from supersymmetry breaking on the IR brane.

16We provide a Wolfram Language interface for iminuit [204]. The code is also available from the author
upon request.
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In this chapter, we consider the breaking of supersymmetry on the IR brane of the five-
dimensional theory. We review the tree-level results before discussing the important one-loop
radiative corrections to the soft scalar masses, the Higgs sector soft terms, and the soft
trilinear scalar couplings.

5.1 Tree-Level Analysis

Supersymmetry is assumed to be broken on the IR brane and is parameterized by the
introduction of a spurion superfield X = θθFX that couples to the sfermions and the
gauginos. The sfermions and gauginos acquire tree-level soft masses with a characteristic
scale F/Λir, where F = FXe

−2πkR, modulated by their overlap with the IR brane. A
gravitino mass of order F/Mp is generated by the super-Higgs mechanism. The Higgs fields
receive no tree-level soft masses, as they are confined to the UV brane and do not couple
directly to the supersymmetry-breaking spurion. We do not include any mechanism to
generate tree-level soft trilinear scalar couplings, although, like the Higgs-sector soft terms,
they arise radiatively.

Contributions to the soft masses also generically arise from anomaly mediation. Because
the gravitino mass is suppressed by the Planck scale (as opposed to the other soft masses,
which are suppressed by the IR-brane scale), the anomaly-mediated contribution typically is
subdominant to the effects (both at tree level and loop level) of the supersymmetry-breaking
sector on the IR brane. An additional source of supersymmetry breaking arises due to
the stabilization of the radion of the extra dimension, which generically requires a nonzero
F -term for the radion superfield (equivalently, the introduction of a constant superpotential
on the IR brane). The scale of the radion-mediated contribution to the soft masses depends
on the details of the stabilization model. We are interested in the regime where such effects
are subdominant to the effects of the supersymmetry-breaking sector on the IR brane. In
the model of Ref. [116], this can be accomplished if the Goldberger-Wise hypermultiplet is
sufficiently UV localized.
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5.1.1 Gravitino

When supersymmetry is spontaneously broken on the IR boundary, the effective four-dimen-
sional cosmological constant receives a positive contribution from the VEV of FX . In the
five-dimensional warped geometry, this contribution can be canceled by the addition of
a constant superpotential W on the UV brane [116, 125, 205–209], which introduces a
boundary mass term for the gravitino field:

S5 ⊃ −
∫
d5x
√
−g 1

2
W

M3
5

(
ψµ

1
2
[
σµ, σν

]
ψν + H.c.

)
2δ(y) . (5.1)

The cosmological constant vanishes when

|F |2 ' 3 |W |
2

M2
p
, (5.2)

such that the lightest gravitino obtains a Majorana mass:

m3/2 '
F√
3Mp

. (5.3)

This is the super-Higgs mechanism.1 This mass expression (5.3) assumes the zero-mode
approximation for the gravitino profiles, where the backreaction of the boundary mass term
is neglected, an approximation that is valid provided

√
F/Mp . 1. Using the results of

Appendix C, we can find the higher order approximation

m3/2 '
[√

8ξ2 + 4e−πkR − e−πkR

ξ (1− e−2πkR)

]
kir . (5.4)

Note that this expression is not useful for
√
F � Λir, although it is valid for

√
F ∼ Λir and

approaches the twisted limit when
√
F � Λir:

m3/2 →
√

8 kir . (5.5)

In principle, the mass for arbitrary F can be determined by solving the full Kaluza-Klein
mass quantization condition [this takes the form the Majorana fermion condition (B.90) for

1Note that a constant superpotential can also be introduced on the IR brane, as is generically expected in
the context of radion stabilization. However, such a superpotential provides a positive contribution to the
cosmological constant, and so it cannot be the sole source for the gravitino mass.
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cL = 3
2 ],

J1(xuv
0 ) + ξ J2(xuv

0 )
Y1(xuv

0 ) + ξ Y2(xuv
0 ) = J1(xir

0 )
Y1(xir

0 ) , (5.6)

where
ξ = F√

3Mpk
. (5.7)

In practice this is not necessary, as the approximate formula (5.3) is valid throughout our
parameter space. We discuss the numeric solution method for this condition in Sec. 3.2.4. As
expected, due to the universality of gravity, this matches the usual four-dimensional result.
Because the gravitational coupling is suppressed by the Planck scale, the gravitino mass is
lower than the characteristic soft mass scale F/Λir by a warp factor, and the gravitino is
therefore always the lightest supersymmetric particle in the relevant regions of parameter
space. This is consistent with the partial compositeness result in the four-dimensional dual
theory, where the gravitino is mostly an elementary state [17].

5.1.2 Gauginos

For a bulk field strength superfield W a
α of a vector supermultiplet V containing a standard

model gauge field Aaµ and its Weyl fermion gaugino superpartner λaα (where a is the gauge
index and α is the Weyl spinor index), we introduce the interaction

S5 ⊃
∫
d5x
√
−g

∫
d2θ

(1
2

X

Λuvk
W aαW a

α + H.c.
)

2δ(y − πR) . (5.8)

This term gives rise to an IR-boundary Majorana mass for the even component of the bulk
gaugino field of the vector supermultiplet containing the field strength superfield, breaking
supersymmetry by shifting the masses of the Kaluza-Klein modes up such that there is no
longer a massless gaugino zero-mode solution. At tree level, the lightest Kaluza-Klein mass
is

Mλ ' g2 F

Λir
. (5.9)

Note that the gaugino mass is suppressed relative to F/Λir by g2, the square of the four-
dimensional gauge coupling,2 and hence the gauginos in general obtain masses suppressed

2The gauge-coupling dependence arises because we assume a generic GUT symmetry that is broken by
the Higgs mechanism on the UV brane, separated from the supersymmetry-breaking sector on the IR
boundary (see sec. 3.2.2). The relation between the four-dimensional and five-dimensional coupling
constants is given in (3.27). See Refs. [125] for an explicit derivation of the gaugino mass when the
brane-localized kinetic terms (3.26) and (3.25b) included and Ref. [126] for the gaugino propagator matrix
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below those of sfermions with flat profiles (cL,R = ±1
2). This suppression matches that found

in the partial compositeness result, as expected from the AdS/CFT dictionary [17].
If the supersymmetry-breaking sector does not contain any singlets with large F -terms,

the interaction (5.8) is forbidden. In this case, with a nonsinglet spurion X, the leading
contribution to the gaugino mass is [210]

S5 ⊃
∫
d5x
√
−g

∫
d4θ

(
1
2
X†X

Λ3
uvk

W aαW a
α + H.c.

)
2δ(y − πR) , (5.10)

such that
Mλ ' g2 F

2

Λ3
ir
. (5.11)

Except in the regime
√
F ∼ Λir, this mass is highly suppressed, and other supersymmetry-

breaking contributions such as radion mediation may dominate.
The mass expressions (5.9) and (5.11) assume the zero-mode approximation for the profiles.

Using the results of Appendix C, we can find the higher order approximation

Mλ '


√

4 + 4g4ξ2 (2πkR− 1 + e−2πkR)− 1
g2ξ (2πkR− 1 + e−2πkR)

 kir . (5.12)

As with the gravitino, this expression is not useful for
√
F � Λir, although it does smoothly

meet the twisted limit when
√
F � Λir:

Mλ →
√

2
πkR

kir . (5.13)

The mass for arbitrary F can be determined by solving the full Kaluza-Klein mass quan-
tization condition [this takes the form the Majorana fermion condition (B.90) for cL = 1

2 ],

J0(xuv
0 )

Y0(xuv
0 ) = J0(xir

0 ) + g2πkR ξ J1(xir
0 )

Y0(xir
0 ) + g2πkR ξ Y1(xir

0 ) , (5.14)

where

ξ =


F

Λirkir
for a singlet spurion ,

F 2

Λ3
irkir

for a nonsinglet spurion .
(5.15)

in this case.
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We discuss the numeric solution method for this condition in Sec. 3.2.4.

5.1.3 Sfermions

For a family of bulk chiral supermultiplets Φi, each containing a Weyl fermion ψi and its
complex scalar superpartner φi, we introduce the interactions

S5 ⊃
∫
d5x
√
−g

∫
d4θ wij

X†X

Λ2
uvk

Φ∗iΦj 2δ(y − πR) , (5.16)

where i, j = 1, 2, 3 are indices in flavor space. We take the dimensionless coupling coefficients
wij to be complex numbers and order-one in magnitude, where, because the mass term must
be Hermitian, we require wji = w∗ij . As with the gauginos, adding (5.16) as a boundary mass
breaks supersymmetry. The interactions give rise to an IR-boundary mass matrix coupling
the even bulk scalar fields of the hypermultiplets containing the chiral supermultiplets.
Generically, in the basis in which the bulk mass matrix of the family of bulk scalars is
diagonal (the bulk mass basis) we expect the boundary mass matrix to have offdiagonal
terms. At tree level in this basis, the lightest Kaluza-Klein masses take the form

(m2
φL,R

)tree
ij ' wij

F 2

Λ2
ir

√√√√ 4 (1/2∓ ci) (1/2∓ cj)(
e2(1/2∓ci)πkR − 1

) (
e2(1/2∓cj)πkR − 1

) e(1∓ci∓cj)πkR (5.17)

where the upper (lower) signs apply for left-handed (right-handed) states. As with the
gauginos, the scalar mass is valid in the limit

√
F/Λir . 1. Using the results of Appendix C,

we can find a higher order approximation for the diagonal entries:

(m2
φL,R

)tree
ii

' 4 (1/2− ci) (1/2 + ci)wiiξiik2
ir

2− 2e−2(1/2∓ci)πkR + wiiξii
[
(1/2± ci) + (1/2∓ ci) e−2πkR − e−2(1/2∓ci)πkR

] . (5.18)

We note that this expression smoothly meets the twisted limit when
√
F � Λir:

(m2
φL,R

)tree
ii →

[ 4 (1/2− ci) (1/2 + ci)
(1/2± ci) + (1/2∓ ci) e−2πkR − e−2(1/2∓ci)πkR

]
k2

ir . (5.19)

The entries of the mass matrix for arbitrary F can be determined by solving the full Kaluza-
Klein mass quantization conditions, which are given by roots of the denominators of the

99



5 Supersymmetry Breaking on the Brane

entries of the bulk propagator (6.35) with

ξij = wij
F 2

Λ2
irk

2
ir
. (5.20)

The root for each entry can be found numerically using the method described in Sec. 3.2.4.
In terms of localization,

(m2
φL,R

)tree
ij ∼



√
4
(1

2 ∓ ci
) (1

2 ∓ cj
)
wij

F 2

Λ2
ir
e(1∓ci∓cj)πkR ±ci,j >

1
2 ,

1
πkR

wij
F 2

Λ2
ir

±ci,j ∼
1
2 ,√

4
(1

2 ∓ ci
) (1

2 ∓ cj
)
wij

F 2

Λ2
ir

±ci,j <
1
2 .

(5.21)

Thus, the masses of UV-localized (±ci,j > 1
2) sfermions are suppressed by a warp factor

relative to the masses of IR-localized (±ci,j < 1
2) sfermions because supersymmetry is broken

on the IR brane. This behavior is illustrated in Figs. 5.1 and 5.2. Using the relations
Λir/Λuv = e−πkR and δi =

∣∣ci ± 1
2
∣∣, the expressions (5.17) are seen to be consistent with the

masses obtained in the four-dimensional dual theory [17].
We also note that each offdiagonal element of (5.17) is the geometric mean of two of the

masses on the diagonal, such that we can characterize the tree-level mass matrix as

(m2
φ)tree =


m2
φ1

√
mφ1mφ2

√
mφ1mφ3

√
mφ1mφ2 m2

φ1

√
mφ2mφ3

√
mφ1mφ3

√
mφ2mφ3 m2

φ3

 . (5.22)

Thus, if there is a hierarchy between any of the diagonal masses (arising due to differences
in the localizations of the hypermultiplets in the family necessary to explain the standard
model fermion mass hierarchy), that hierarchy will also be partially transmitted to the
associated offdiagonal elements.

5.2 One-Loop Analysis

The soft masses generated at tree level by (5.16) can be exponentially small for UV-localized
bulk scalar fields, in which case quantum corrections become significant. Further, since the
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Higgs sector is localized on the UV brane, it is protected at tree level from the effects of
supersymmetry breaking. In this section we construct the one-loop contributions to the
soft scalar masses, to the soft Higgs masses and soft b term, and to the soft trilinear scalar
couplings from the gauge sector and matter sector in the AdS5 bulk.

5.2.1 Sfermions

At the one-loop level, supersymmetry breaking is transmitted to the bulk scalars via
interactions with other bulk scalars and gauginos. In the next chapter, Chapter 7, we derive
the resulting contributions to the bulk scalar mass-squared matrices in the five-dimensional
theory. From the four-dimensional perspective, these appear as one-loop threshold corrections
to the scalar soft masses squared at the IR-brane scale, arising when the Kaluza-Klein modes
of the theory are integrated out.

Diagonal breaking

It is illustrative to first consider the simpler scenario in which the scalar supersymmetry
breaking is diagonal in the bulk mass basis and CKM mixing and PMNS mixing are neglected
(i.e., the Yukawa matrices are diagonal in the four-dimensional gauge-eigenstate basis). In
this case, parametrized in terms of the gaugino and sfermion tree-level soft masses, the
corrections take the forms

16π2 (∆m2
Q̃i

)1-loop = 32
3 g

3
2 (XQ̃i

)λ3 M
2
3 + 6g2

2 (XQ̃i
)λ2 M

2
2 + 2

15g
2
1 (XQ̃i

)λ1 M
2
1

− 2y2
ui (XQ̃i

)yu (m2
ũi)

tree − 2y2
di (XQ̃i

)yd (m2
d̃i

)tree

+ 1
5g

2
1∆S1-loop , (5.23a)

16π2 (∆m2
ũi)

1-loop = 32
3 g

2
3 (Xũi)λ3 M

2
3 + 32

15g
2
1 (Xũi)λ1 M

2
1

− 4y2
ui (Xũi)yu (m2

Q̃i
)tree − 4

5g
2
1∆S1-loop , (5.23b)

16π2 (∆m2
d̃i

)1-loop = 32
3 g

2
3 (Xd̃i

)λ3 M
2
3 + 8

15g
2
1 (Xd̃i

)λ1 M
2
1

− 4y2
di (Xd̃i

)yd (m2
Q̃i

)tree + 2
5g

2
1∆S1-loop , (5.23c)
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Figure 5.1: Plot of the magnitudes of the tree-level soft mass and the gauge-sector
and Yukawa one-loop radiative corrections for a bulk scalar as a function of hy-
permultiplet localization when the supersymmetry-breaking spurion is a singlet,
such that the gaugino masses are given by (5.9). We take Λir = 2× 1016 GeV,√
F = 4.75× 1010 GeV, and tan β = 3.

16π2 (∆m2
L̃i

)1-loop = 6g2
2 (XL̃i

)λ2 M
2
2 + 6

5g
2
1 (XL̃i

)λ1 M
2
1

− y2
ei (XL̃i

)ye (m2
ẽi)

tree − 3
5g

2
1∆S1-loop , (5.23d)

16π2 (∆m2
ẽi)

1-loop = 24
5 g

2
1 (Xẽi)λ1 M

2
1 − 4y2

ei (X ẽi)ye (m2
L̃i

)tree + 6
5g

2
1∆S1-loop , (5.23e)

where the loop coefficients encoding the effect of the extra dimension are defined in Sec. 7.1.
The radiative corrections to the bulk scalar soft masses can be divided into three types

of contributions: gauge corrections arising from loops involving vector supermultiplets,
Yukawa corrections arising from loops of hypermultiplets and boundary Higgs fields, and
corrections arising from the Fayet-Iliopoulos D-term for weak hypercharge. In Fig. 5.1
we plot the magnitudes of the various contributions as functions of the hypermultiplet
localization when the spurion is a singlet such that the gaugino mass is given by (5.9) (singlet
spurion), and in Fig. 5.2 the magnitudes when the supersymmetry-breaking sector does not
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Figure 5.2:Plot of the magnitudes of the tree-level soft mass and the gauge-sector and
Yukawa one-loop radiative corrections for a bulk scalar as a function of hypermultiplet
localization when the supersymmetry-breaking spurion is a not a singlet, such that
the gaugino masses are given by (5.11). We take Λir = 6.5× 106 GeV,

√
F =

2× 106 GeV, and tan β = 5.

contain any singlets with large F -terms and the gaugino mass takes the form (5.11). In
each case, we plot the tree-level sfermion mass; the one-loop U(1)Y , SU(2)L, and SU(3)c
gaugino contributions; and the magnitude of the maximal contribution from a single Yukawa
coupling (this corresponds to cL = 1

2 or cR = −1
2 for the corresponding doublet and singlet

hypermultiplet running in the loop). Also shown is the magnitude of the one-loop D-term
radiative contribution due to a single scalar mode.3 Note that the Yukawa contribution is
negative, while the D-term contribution may be either positive or negative, depending on
the relative sign between the hypercharges of the internal and external scalars.
Due to the conformal flatness of the vector supermultiplet, the gauge corrections take a

universal value for UV-localized sfermions that is of order of the gaugino masses. These
contributions are positive and set the characteristic scale of the radiative corrections. Because
the tree-level contribution is dominant for IR-localized sfermions, which accordingly receive
a mass of order of the characteristic soft mass scale

√
F/Λir, the sfermion sector thus

3As seen in Sec. 7.1.1, unlike the other radiative contributions, one-loop D-term corrections are independent
of the localization of the external scalar, and so here we plot the contribution as a function of the
localization of the internal scalar running in the loop.
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accommodates a hierarchy muv
φ /mir

φ ∼ MaΛir/F . When the gaugino mass is given by
(5.9), as in Fig. 5.1, the sfermion hierarchy is muv

φ /mir
φ ∼ g2

a ∼ O(0.4–1), which may be
increased modestly in individual families with the inclusion of D-term and Yukawa radiative
contributions. The moderate size of this hierarchy is an important result of the inclusion
of radiative corrections, which wash out the exponential localization dependence of the
sfermion soft masses that is a tree-level feature of the extra dimension.

A larger hierarchy can be achieved if the supersymmetry-breaking sector does not contain
any singlets with large F terms, as in Fig. 5.2. In this case, the gaugino masses take the form
(5.11), and the characteristic sfermion hierarchy is muv

φ /mir
φ ∼ g2

aF/Λir. The maximum
splitting that can be accommodated between the two sfermion mass scales is limited by the
requirement that no sfermions receive negative soft masses at the IR-brane scale or in the
subsequent renormalization group evolution of the theory to lower scales. The constraints
this condition imposes on the pattern of sfermion mass spectrum at the IR-brane scale are
discussed in Sec. 8.1.6.
In the sfermion sector, localization in the extra dimension thus distinguishes between

two scales: a tree-level mass scale associated with IR-localized sfermions and a lower mass
scale arising from radiative corrections for UV-localized sfermions. When the localizations
of the matter hypermultiplets are chosen to explain the SM fermion mass hierarchy (i.e., the
third-generation fermions must be predominantly UV-localized, while the lighter generations
are mostly IR-localized), the result is a split sfermion spectrum, with the third-generation
sfermions hierarchically lighter than the first two generations. We note that the sfermion
spectrum inverts the ordering of the fermion spectrum, a consequence of the separation of
the supersymmetry-breaking sector and the Higgs sector on opposite orbifold fixed points.
Additionally, although both are explained by the same localization mechanism, the sfermion
hierarchy is necessarily less split than the fermion hierarchy. This is because the Yukawa
couplings only receive wave function renormalization, while the scalar masses are soft
parameters and can receive large radiative corrections from the extra dimension and MSSM
running.

General flavor mixing

More generally, we consider IR-brane boundary mass terms for the sfermions that are not
diagonal and include CKM and PMNS mixing. The one-loop radiative corrections in this
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case take the forms

(∆m2
Q̃

)1-loop
ij = 16

3 g
2
3 (∆m2

Q̃i
)1-loop
λ3

δij + 3g2
2 (∆m2

Q̃i
)1-loop
λ2

δij + 1
15g

2
1 (∆m2

Q̃i
)1-loop
λ1

δij

+ (y†u)ik
[
(∆m2

Q̃i
)1-loop
yu

]
iklj

(yu)lj + (y†d)ik
[
(∆m2

Q̃i
)1-loop
yd

]
iklj

(yd)lj

+ 1
10g

2
1 ∆S1-loop δij , (5.24a)

(∆m2
ũ)1-loop
ij = 16

3 g
2
3 (∆m2

ũi)
1-loop
λ3

δij + 16
15g

2
1 (∆m2

ũi)
1-loop
λ1

δij

+ 2 (yu)ik
[
(∆m2

ũi)
1-loop
yu

]
iklj

(y†u)lj −
2
5g

2
1 ∆S1-loop δij , (5.24b)

(∆m2
d̃
)1-loop
ij = 16

3 g
2
3 (∆m2

d̃i
)1-loop
λ3

δij + 4
15g

2
1 (∆m2

d̃i
)1-loop
λ1

δij

+ 2 (yd)ik
[
(∆m2

d̃i
)1-loop
yd

]
iklj

(y†d)lj + 1
5g

2
1 ∆S1-loop δij , (5.24c)

(∆m2
L̃

)1-loop
ij = 3g2

3 (∆m2
L̃i

)1-loop
λ2

δij + 3
5g

2
1 (∆m2

L̃i
)1-loop
λ1

δij

+ (y†e)ik
[
(∆m2

L̃i
)1-loop
ye

]
iklj

(ye)lj −
3
10g

2
1 ∆S1-loop δij , (5.24d)

(∆m2
ẽ)

1-loop
ij = 12

5 g
2
1 (∆m2

ẽi)
1-loop
λ1

δij

+ 2 (ye)ik
[
(∆m2

ẽi)
1-loop
ye

]
iklj

(y†e)lj + 3
5g

2
1 ∆S1-loop δij , (5.24e)

where the mass corrections are defined in Sec. 7.1. These corrections exhibit the same
behavior as in the diagonal case, and we can therefore draw the same conclusions about the
generic shape of the sfermion spectrum. Note, however, that the offdiagonal terms in the
mass matrices only receive negative Yukawa contributions, which may be subdominant to
the tree-level values [see, for example, (5.22)].

5.2.2 Higgs sector

The Higgs sector, confined to the UV brane, does not couple directly to the supersymmetry-
breaking sector, and thus the Higgs soft terms at the IR-brane scale are zero at tree level.
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Nevertheless, as with the sfermions, the breaking is transmitted to the Higgs fields at the
quantum level. We derive the one-loop corrections to m2

Hu
, m2

Hd
, and b from the bulk theory

in Chapter 7.

Diagonal breaking

We first consider the scenario in which the scalar supersymmetry breaking is diagonal
in the bulk mass basis and CKM mixing and PMNS mixing are neglected. In this case,
parametrized in terms of the gaugino and sfermion tree-level soft masses, the Higgs soft
terms at one loop take the forms

16π2m2
Hu = 6g2

2 (XH)λ2 M
2
2 + 6

5g
2
1 (XH)λ1 M

2
1

− 6y2
ui

[
(XH)yu

Q̃i
(m2

Q̃i
)tree + (XH)yuũi (m2

ũi)
tree
]

+ 3
5g

2
1∆S1-loop , (5.25a)

16π2m2
Hd

= 6g2
2 (XH)λ2 M

2
2 + 6

5g
2
1 (XH)λ1 M

2
1

− 6y2
di

[
(XH)yd

Q̃i
(m2

Q̃i
)tree + (XH)yd

d̃i
(m2

d̃i
)tree

]
− 2y2

ei

[
(XH)ye

L̃i
(m2

L̃i
)tree + (XH)yeẽi (m2

ẽi)
tree
]
− 3

5g
2
1∆S1-loop , (5.25b)

16π2b = −µ
(

6g2
2 (Xb)λ1 M2 + 6

5g
2
1 (Xb)λ2 M1

)
, (5.25c)

where the loop coefficients encoding the effect of the extra dimension are defined in Sec. 7.2.
The origin of the µ term on the UV brane is assumed to arise from the Kim-Nilles mechanism,
as discussed in Sec. 3.2.3; its magnitude is determined as necessary to ensure that electroweak
symmetry is broken, along with the value of tan β, as described in Sec. 5.3.
In Figs. 5.3 and 5.4 we plot the magnitudes of the various one-loop contributions to the

Higgs soft masses as functions of hypermultiplet localization in the singlet spurion and
nonsinglet spurion cases, respectively. The U(1)Y and SU(2)L gauge-sector contributions
are independent of localization. We also give the maximal contribution from a single
Yukawa coupling (this corresponds to cL = 1

2 or cR = −1
2 for the other doublet or singlet

hypermultiplet running in the loop) as well as the D-term contribution from a single bulk
scalar. The Yukawa contribution is negative, while the D-term contribution may be either
positive or negative, depending on the relative sign between the hypercharge of the Higgs
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Figure 5.3:Plot of the magnitudes of the gauge-sector and Yukawa one-loop radiative
corrections for the soft Higgs masses as a function of hypermultiplet localization when
the supersymmetry-breaking spurion is a singlet, such that the gaugino masses are
given by (5.9). We take Λir = 2× 1016 GeV,

√
F = 4.75× 1010 GeV, and tan β = 3.

field and the hypercharge of the scalar.

General flavor mixing

In the more general case that the IR-brane boundary mass terms that break supersymmetry
for the sfermions are not diagonal in the bulk mass basis and CKM mixing and PMNS
mixing are included, the one-loop soft Higgs masses are

m2
Hu = 3g2

2 (∆m2
Hu)1-loop

λ2
+ 3

5g
2
1 (∆m2

Hu)1-loop
λ1

+ 3 (yu)ij
[
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[
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Hu)1-loop
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]
ijk
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+ 3
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2
1∆S1-loop , (5.26a)

m2
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= 3g2
2 (∆m2

Hu)1-loop
λ2

+ 3
5g

2
1 (∆m2

Hu)1-loop
λ1
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Figure 5.4:Plot of the magnitudes of the gauge-sector and Yukawa one-loop radiative
corrections for the soft Higgs masses as a function of hypermultiplet localization
when the supersymmetry-breaking spurion is not a singlet, such that the gaugino
masses are given by (5.11). We take Λir = 6.5× 106 GeV,

√
F = 2× 106 GeV, and

tan β = 5.
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)1-loop
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where the corrections are defined in Sec. 7.2. The corrections to the b term take the same
form (5.25c) as in the diagonal-breaking case. For consistency, we also give the nonparametric
form:

b = 3g2
2 ∆b1-loop

λ2
+ 3

5g
2
1 ∆b1-loop

λ1
. (5.27)

5.2.3 Trilinear so� scalar couplings

Soft a terms are also generated radiatively. We derive the one-loop corrections in Chapter 7.
Parametrized in terms of the tree-level gaugino masses, thea terms at one loop take the
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form:
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where the loop coefficients encoding the effect of the extra dimension are defined in Sec. 7.4.
In terms of soft mass corrections defined in Sec. 7.4, these are
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]
ij

+ 3g2
2

[
(∆aλ2)1-loop

Q̃

]
ij

− 1
5g

2
1

[
(∆aλ1)1-loop

Q̃

]
ij

+ 4
5g

2
1

[
(∆aλ1)1-loop

ũ
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(∆aλ1)1-loop

Q̃ũ

]
ij
, (5.29a)

(ad)ij
(yd)ij

= 16
3 g

2
3

[
(∆aλ3)1-loop

Q̃d̃

]
ij

+ 3
2g

2
2

[
(∆aλ2)1-loop

Q̃

]
ij

+ 1
5g

2
1

[
(∆aλ1)1-loop

Q̃

]
ij

+ 2
5g

2
1

[
(∆aλ1)1-loop

d̃

]
ij

− 2
15g

2
1

[
(∆aλ1)1-loop

Q̃d̃

]
ij
, (5.29b)

(ae)ij
(ye)ij

= 3g2
2

[
(∆aλ2)1-loop

L̃

]
ij

− 3
5g

2
1

[
(∆aλ1)1-loop

L̃

]
ij

+ 6
5g

2
1

[
(∆aλ1)1-loop

ẽ

]
ij
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+ 6
5g

2
1

[
(∆aλ1)1-loop

L̃ẽ

]
ij
. (5.29c)

The magnitude of these corrections is small enough compared to the other soft masses that
they can be safely neglected.4

5.3 Electroweak Symmetry Breaking

In the MSSM, the tree-level scalar potential has a minimum breaking electroweak symmetry
if the following two equations are satisfied:

m2
Hu + |µ|2 − b cotβ − 1

8
(
g2

1 + g2
2

)
v2 cos 2β = 0 , (5.30a)

m2
Hd

+ |µ|2 − b tan β + 1
8
(
g2

1 + g2
2

)
v2 cos 2β = 0 . (5.30b)

In our model, m2
Hu

, m2
Hd

, and b, given by (5.26), are radiatively generated at the IR-brane
scale when the extra dimension is integrated out. Solving (5.30) determines two parameters:
the magnitude of the higgsino mass parameter |µ| and the ratio of Higgs VEVs tan β. In the
limit that the scale of supersymmetry breaking is much larger than the scale of electroweak
symmetry breaking (F/Λir � v) the physical solutions are

tan β '

(
m2
Hd
−m2

Hu

)
2b +

√(
m2
Hd
−m2

Hu

)2
+ 4b2

2b +O
(
v2

b

)
, (5.31a)

|µ|2 '
m2
Hd
−m2

Hu
tan2 β

tan2 β − 1
+O

(
v2) . (5.31b)

We note that because b is constrained to have the opposite sign from µ at the IR-brane
scale according to (5.25c) (and this typically remains true under renormalization group
evolution), these equations only have a solution when sgnµ = −1. Additionally, in order for
these conditions to be consistent, it is necessary that m2

Hd
> m2

Hu
tan2 β.

The conditions (5.31) for EWSB strongly favor m2
Hu

< 0. Although these equations are
modified when (four-dimensional) loop corrections to the Higgs scalar potential are included,
they remain practical constraints because the iterative method employed to determine
electroweak symmetry breaking in the numeric renormalization procedure (see Sec. 9.1)

4This is reminiscent of the similar result in gauge-mediated supersymmetry breaking scenarios in four-
dimensions.
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requires an initial tree-level solution. It is not guaranteed that the Higgs soft terms (5.26)
permit a tree-level solution at the IR-brane scale, in which case electroweak symmetry must
be broken radiatively (such that the combined radiative corrections to m2

Hu
from both the

bulk effects calculated at the IR-brane scale and the MSSM running to lower scales is overall
negative). We discuss the constraints this pattern of electroweak symmetry breaking imposes
on the parameter space of our theory in Sec. 8.1.7.
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6 Bulk Propagators in a Slice of AdS5

In this chapter we consider the propagation of bulk fields in a slice of AdS5. For bulk
fields in the two-brane scenario, the expressions for the five-dimensional propagators in the
mixed momentum-position representation are derived in many placed in the literature: for a
nonexhaustive selection, see Refs. [95, 125, 126, 211–214]. Here, we catalog the Euclidean1

forms of the various propagators we employ in Chapter 7 to calculate radiative corrections
to the soft supersymmetry-breaking masses. As a new result, we present the construction
(6.35) for the propagator matrix for a family of scalar fields in the presence of a boundary
mass term on the IR brane that mixes flavors.

6.1 Auxiliary Bessel Functions

First, we establish some notation: the auxiliary functions

Sα1
α2 (x1, x2) = Iα1(x1)Kα2(x2) +Kα1(x1) Iα2(x2) , (6.2a)

Tα1
α2 (x1, x2) = Iα1(x1)Kα2(x2)−Kα1(x1) Iα2(x2) , (6.2b)

are combinations of the modified Bessel functions I,K. For propagators in the bulk
carrying four-dimensional momentum p, the natural argument of these Bessel functions is
the dimensionless variable

x = pez , (6.3)

where p2
e = p2 is the magnitude of the Euclidean momentum. In the following, we suppress

repeated indices: i.e., Tα(x1, x2) ≡ Tαα (x1, x2). We note that the auxiliary function S is
symmetric with respect to interchange of indices, while T is antisymmetric:

Sα2
α1 (x1, x2) = Sα1

α2 (x2, x1) , (6.4a)
1With our mostly positive metric signature, a Wick rotation is equivalent to a transformation acting on
four-vectors as

aµ → aµe =
(
−ia0, ai

)
. (6.1)
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−Tα2
α1 (x1, x2) = Tα1

α2 (x2, x1) . (6.4b)

We also note the special case in which the symmetric function reduces to the Wronskian:

Sαα±1(x, x) = 1
x
, (6.5)

an identity which is useful when comparing the bulk propagators in various limits.

6.2 Matter Hypermultiplet

We consider a family of three on-shell hypermultiplets in five-dimensional N = 1 supergravity,
consisting of three Dirac fermion fields Ψi and three pairs of complex scalar fields ΦL and ΦR.
Here, as in Sec. D.2, we identify the scalar fields by the chirality of the fermion component
with the same parity assignment.

6.2.1 Unbroken supersymmetry

When supersymmetry is unbroken (and the IR-brane scale sufficiently above the electroweak
scale that flavor mixing through the Yukawa couplings can be neglected), the four-dimen-
sional mass basis for a family of hypermultiplet fields coincides with the bulk mass basis. In
this case, the propagator matrix of the Dirac fermions of the hypermultiplets is also diagonal
in the bulk mass basis:

GΨ = diag
(
GΨ3 , GΨ2 , GΨ3

)
, (6.6)

where, in the mixed five-dimensional position and four-dimensional Euclidean2 momentum
space formalism, the two-point functions satisfy

e−4A
(
ieApeµγ

µ
e + γ5∂5 − 2A′γ5 + ciA

′I4
)
GΨi(pe, y, y

′) = δ(y − y′) . (6.7)

in the bulk. The solution takes the form (cf. Refs. [125, 214])

GΨi(pe, y, y
′) =

 GLRΨi (pe, y, y
′) GLLΨi (pe, y, y

′)

GRRΨi (pe, y, y
′) GRLΨi (pe, y, y

′)



2Note that Euclidean vectors are contracted with the Euclidean metric δµν .
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=

 δ c
a DRGψi,R(pe, y, y

′) peµ σ
µ
eaċGψi,L(pe, y, y

′)

peµ σ
µȧc
e Gψi,R(pe, y, y

′) −δȧċ DLGψi,L(pe, y, y
′)

 , (6.8)

with
DL,R = e−A

[
∂5 − (2∓ c)A′

]
(6.9)

and

Gψi L,R(pe, y, y
′) = 1

2 (zz′)5/2 k4 ×



S
αi R,L
αi L,R (xuv, x<)Sαi L,Rαi R,L (x>, xir)

Tαi R,L(xuv, xir) for Ψ(+,+)
i L,R ,

S
αi R,L
αi L,R (xuv, x<)Tαi L,R(x>, xir)

T
αi R,L
αi L,R (xuv, xir)

for Ψ(+,−)
i L,R ,

Tαi L,R(xuv, x<)Sαi L,Rαi R,L (x>, xir)
T
αi L,R
αi R,L (xuv, xir)

for Ψ(−,+)
i L,R ,

Tαi L,R(xuv, x<)Tαi L,R(x>, xir)
Tαi L,R(xuv, xir) for Ψ(−,−)

i L,R .

(6.10)

Here, x<(>) refers to the less (greater) of x and x′ and the indices of the Bessel functions
are3

αi L,R = ci ± 1
2 , (6.12)

where ci are the hypermultiplet localization parameters (also the bulk mass parameters of
the fermions). The propagator functions obey the equations

e−5A′
[
−e2Ap2

e + ∂2
5 − 5A′∂5 −

(
c2
i ± ci − 6

)
k2
]
GΨi L,R(pe, y, y

′) = δ(y − y′) , (6.13)

along with either Neumann (N)

[
∂5 − (2− ci)A′

]
GΨi,L(pe, y, y

′)
∣∣
y=0+,πR−

= 0 , (6.14a)

3In some areas of the parameter space, greater numeric stability may be achieved with the alternative
formulation

αi L,R →
∣∣ci ± 1

2

∣∣ , (6.11a)

αi R,L → sgn(ci ± 1
2 )
(
ci ∓ 1

2

)
=
{

ci ∓ 1
2 for ± ci ≥ − 1

2 ,

−ci ± 1
2 for ± ci < − 1

2 .
(6.11b)
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[
∂5 − (2 + ci)A′

]
GΨi,R(pe, y, y

′)
∣∣
y=0+,πR−

= 0 , (6.14b)

or Dirichlet (D),
GΨi L,R(pe, y, y

′)
∣∣
y=0,πR = 0 . (6.15)

The boundary conditions required on each brane are determined by the fermion component
boundary parities according to Table B.2.
The propagator matrix of each of the scalars takes a similar form:

GΦL,R = diag
(
GΦ1L,R , GΦ2L,R , GΦ3L,R

)
, (6.16)

where,

GΦi L,R(pe, y, y
′) = −1

2 (zz′)2 k3 ×



S
αi R,L
αi L,R (xuv, x<)Sαi L,Rαi R,L (x>, xir)

Tαi R,L(xuv, xir) for Φ(+,+)
i L,R ,

S
αi R,L
αi L,R (xuv, x<)Tαi L,R(x>, xir)

T
αi R,L
αi L,R (xuv, xir)

for Φ(+,−)
i L,R ,

Tαi L,R(xuv, x<)Sαi L,Rαi R,L (x>, xir)
T
αi L,R
αi R,L (xuv, xir)

for Φ(−,+)
i L,R ,

Tαi L,R(xuv, x<)Tαi L,R(x>, xir)
Tαi L,R(xuv, xir) for Φ(−,−)

i L,R ,

(6.17)

is a solution to

e−4A′
[
e2Ap2

e − ∂2
5 + 4A′∂5 +

(
c2
i ± ci − 15

4

)
k2
]
GΦi L,R(pe, y, y

′) = δ(y − y′) , (6.18)

along with either Neumann (N)[
∂5 −

(
3
2 ± ci

)
A′
]
GΦi L,R(pe, y, y

′)
∣∣∣
y=0+,πR−

= 0 , (6.19)

or Dirichlet (D),
GΦi L,R(pe, y, y

′)
∣∣
y=0,πR = 0 . (6.20)

The boundary conditions required on each brane are determined by the scalar boundary
parities according to Table 3.2. As in the fermion case, if Φi L,R is even, then Φi R,L is odd
and vice versa.
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Limiting forms

On the UV brane, the propagators for Ψ(+,+)
i L,R and Φ(+,+)

i L,R take the forms

Gψi L,R(pe, 0, 0) = −GΦi L,R(pe, 0, 0) = 1
2

1
pe

S
αi L,R
αi R,L (xuv, xir)
Tαi R,L(xuv, xir) , (6.21)

and, on the IR brane,

Gψi L,R(pe, πR, πR) = 1
2

1
pe

(zirk)4 S
αi R,L
αi L,R (xuv, xir)
Tαi R,L(xuv, xir) . (6.22a)

GΦi L,R(pe, πR, πR) = −1
2

1
pe

(zirk)3 S
αi R,L
αi L,R (xuv, xir)
Tαi R,L(xuv, xir) , (6.22b)

The brane-to-brane propagators are

Gψi L,R(pe, 0, πR) = 1
2

1
pe

(zirk)5/2

xir

1
Tαi R,L(xuv, xir) . (6.23a)

GΦi L,R(pe, 0, πR) = −1
2

1
pe

(zirk)2

xir

1
Tαi R,L(xuv, xir) , (6.23b)

Kaluza-Klein description

Using the Kaluza-Klein decompositions of the hypermultiplet fields, the 5D propagators can
be decomposed into sums of four-dimensional propagators. For the fermions,

GLRΨi (pe, y, y
′) =

∑
n

mnδ
c
a

p2
e +m2

n

f (n)
Ψi,L(y) f (n)

Ψi,R(y′) , (6.24a)

GLLΨi (pe, y, y
′) = −

∑
n

peµ σ
µ
eaċ

p2
e +m2

n

f (n)
Ψi,L(y) f (n)

Ψi,L(y′) , (6.24b)

GRRΨi (pe, y, y
′) = −

∑
n

peµ σ
µȧc
e

p2
e +m2

n

f (n)
Ψi,R(y) f (n)

Ψi,R(y′) , (6.24c)

GRLΨi (pe, y, y
′) =

∑
n

mnδ
ȧ
ċ

p2
e +m2

n

f (n)
Ψi,R(y) f (n)

Ψi,L(y′) , (6.24d)
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where the four-dimensional propagator

G(n)
Ψi(pe, y, y

′) = −ipeµγ
µ
e +mnI4

p2
e +m2

n

(6.25)

satisfies the four-dimensional Euclidean Dirac equation:

(
ipeµγ

µ
e +mnI4

)
G(n)

Ψi(pe, y, y
′) = I4 . (6.26)

For the scalars,

GΦi L,R(pe, y, y
′) =

∑
n

1
p2

e +m2
n

f (n)
Φi L,R(y) f (n)

Φi L,R(y′) , (6.27)

where the four-dimensional propagator

G(n)
Φi L,R(pe, y, y

′) = 1
p2

e +m2
n

(6.28)

satisfies the four-dimensional Euclidean Klein-Gordon equation:

(
p2

e +mn
)
G(n)

Φi L,R(pe, y, y
′) = 1 . (6.29)

6.2.2 Broken supersymmetry

Here, we consider the effect of a supersymmetry-breaking sector localized on the IR brane.

Diagonal breaking

When supersymmetry is broken on the IR brane, the bulk scalar fields Φ(+,+)
i L,R receive localized

mass terms that can be parametrized as [cf. (5.16)]

S5 ⊃ −
∫
d5x
√
−g

∫
d4θ ξijΦ†iΦj 2k δ(y − πR) . (6.30)

If the coupling matrix is diagonal in the bulk mass basis,

ξ = diag(ξ1, ξ2, ξ3) , (6.31)
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then the scalar field propagator matrix remains diagonal in the bulk mass basis, with entries

GΦi L,R(pe, y, y
′) = −1

2 (zz′)2k3 S
αi R,L
αi L,R (xuv, x<)

×
xirS

αi R,L
αi L,R (x>, xir)− ξi Tαi L,R(x>, xir)

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

. (6.32)

We note that these can each be decomposed into a supersymmetric piece of the form (6.17)
and a supersymmetry-breaking term:

GΦi L,R = Gsusy
Φi L,R + δGΦi L,R , (6.33)

where

δGΦi L,R(pe, y, y
′) = −1

2
(zz′)2k3

xir

1
Tαi R,L(xuv, xir)

×
ξi S

αi R,L
αi L,R (xuv, x)Sαi R,Lαi L,R (xuv, x

′)
xirTαi R,L(xuv, xir)− ξi S

αi R,L
αi L,R (xuv, xir)

. (6.34)

IR-brane flavor mixing

If, however, the supersymmetry-breaking coupling matrix ξ on the IR brane has offdiagonal
terms in the bulk mass basis, it will mix the even scalar fields of the family of hypermulti-
plets. In this case, the scalar propagator matrix can be decomposed into a flavor-diagonal
supersymmetric piece of the form (6.16) and a flavor-mixing term containing the effects of
supersymmetry breaking,

GΦL,R = Gsusy
ΦL,R + δGΦL,R , (6.35)

the latter of which can itself be constructed in the bulk mass basis as a dressed propagator
matrix resulting from the sum of a series of supersymmetric propagators and mass insertions,
schematically,

(δGΦL,R)ij = i j

= i ×
mij

j + i ×
mik

×
mkj

j + · · · , (6.36)

where
m ≡ 2ke−4πkRξ = 2

z4
irk

3 ξ (6.37)
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is the effective mass coupling between the five-dimensional fields on the IR brane. For the
Euclidean propagator matrix, the supersymmetry-breaking part of the propagator can be
written

δGΦL,R(pe, y, y
′)

= Gsusy
ΦL,R(pe, y, πR)m

( ∞∑
n=0

[
Gsusy

ΦL,R(pe, πR, πR)m
]n)

Gsusy
ΦL,R(pe, πR, y

′) ,

= Gsusy
ΦL,R(pe, y, πR)m

[
I3 −Gsusy

ΦL,R(pe, πR, πR)m
]−1

Gsusy
ΦL,R(pe, πR, y

′) . (6.38)

We note the Kaluza-Klein masses of the scalars in the bulk mass basis are given by the poles
of this expression (the roots of the denominators of each element).
In the limit that ξ is diagonal as in (6.31), (6.38) reduces to the form

δGΦL,R → diag
(
δGΦ1L,R , δGΦ2L,R , δGΦ3L,R

)
, (6.39)

where the diagonal entries take the form of (6.34). This limit provides a check on the
derivation of the nondiagonal relation (6.38).

Limiting forms

On the UV brane, the diagonal components of the propagator for Φ(+,+)
i L,R in the presence of

diagonal supersymmetry breaking take the forms

GΦi L,R(pe, 0, 0) = −1
2

1
pe

xirS
αi L,R
αi R,L (xuv, xir)− ξi Tαi L,R(xuv, xir)

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

, (6.40)

and, on the IR brane,

GΦi L,R(pe, πR, πR) = −1
2

1
pe

(zirk)3 xirS
αi R,L
αi L,R (xuv, xir)

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

. (6.41)

The brane-to-brane propagator components are

GΦi L,R(pe, 0, πR) = −1
2

1
pe

(zirk)2 1
xirTαi R,L(xuv, xir)− ξi S

αi R,L
αi L,R (xuv, xir)

. (6.42)
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Restricting now to the supersymmetry-breaking part of the propagator, we find

δGΦi L,R(pe, 0, 0) = −1
2

1
pe

1
xuvxir

1
Tαi R,L(xuv, xir)

× ξi

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

. (6.43)

on the UV brane and

δGΦi L,R(pe, πR, πR) = −1
2

1
pe

(zirk)3 S
αi R,L
αi L,R (xuv, xir)
Tαi R,L(xuv, xir)

×
ξi S

αi R,L
αi L,R (xuv, xir)

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

. (6.44)

on the IR brane. The brane-to-brane forms are

δGΦi L,R(pe, 0, πR) = −1
2

1
pe

(zirk)2

xir

1
Tαi R,L(xuv, xir)

× ξi

xirTαi R,L(xuv, xir)− ξi S
αi R,L
αi L,R (xuv, xir)

. (6.45)

6.3 Vector Supermultiplet

An on-shell vector multiplet in five-dimensional N = 1 supergravity consists of a gauge
field AM, an n = 1 symplectic Majorana spinor Λi, and a real scalar Σ which transforms
in the adjoint representation. Here, we consider the gauge group U(1) for simplicity; the
generalization to nonabelian groups is straightforward. As in Sec. D.3, we take the parity
assignments to be those given in (D.26), a configuration that preserves four-dimensional
gauge invariance.

6.3.1 Unbroken supersymmetry

For the gauginos, we construct the propagator of the Dirac spinor

Λ ≡ Λ+ + Λ− =

 (λ+)a
(λ†−)ȧ

 . (6.46)
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In the mixed momentum-position formalism, the two-point functions satisfy

e−4A
(
ieApeµγ

µ
e + γ5∂5 − 2A′γ5 + 1

2A
′I4

)
GΛ(pe, y, y

′) = δ(y − y′) . (6.47)

in the bulk. The solution takes the same form as that of the Dirac fermions in the
hypermultiplet:

GΛ(pe, y, y
′) =

 Gλ+λ−(pe, y, y
′) G

λ+λ
†
+

(pe, y, y
′)

G
λ†−λ−

(pe, y, y
′) G

λ†−λ
†
+

(pe, y, y
′)



=

 δ c
a DRGλ−(pe, y, y

′) peµ σ
µ
eaċGλ+(pe, y, y

′)

peµ σ
µȧc
e Gλ−(pe, y, y

′) −δȧċ DLGλ+(pe, y, y
′)

 , (6.48)

with

Gλ+(pe, y, y
′) = 1

2 (zz′)5/2k4 S
0
1(xuv, x<)S1

0(x>, xir)
T0(xuv, xir) , (6.49a)

Gλ−(pe, y, y
′) = 1

2 (zz′)5/2k4 T0(xuv, x<)T0(x>, xir)
T0(xuv, xir) . (6.49b)

The propagator functions obey the equations

e−5A′
[
−e2Ap2

e + ∂2
5 − 5A′∂5 +

(
2∓ 1

2

)(
3± 1

2

)
k2
]
Gλ±(pe, y, y

′) = δ(y − y′) , (6.50)

along with the boundary conditions(
∂5 −

3
2A
′
)
Gλ+(pe, y, y

′)
∣∣∣∣
y=0+,πR−

= 0 , (6.51a)

Gλ−(pe, y, y
′)
∣∣
y=0,πR = 0 . (6.51b)

In the Rξ gauge, the components of the gauge boson propagators satisfy the equations

e−2A′
[ (
e2Ap2

e − ∂2
5 + 2A′∂5

)
δρµ

− e2A
(

1− 1
ξ

)
pρe p

µ
e

]
GAµν(pe, y, y

′) = δρνδ(y − y′) , (6.52a)
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e−4A′
[1
ξ
e2Ap2

e − ∂2
5 + 4A′∂5 − 4k2

]
GA55(pe, y, y

′) = δ(y − y′) . (6.52b)

with boundary conditions

∂5G
A
µν(pe, y, y

′)
∣∣
0+,πR−

= 0 , (6.53a)

GA55(pe, y, y
′)
∣∣
0,πR = 0 . (6.53b)

The solutions take the forms [128]

GAµν(pe, y, y
′) =

(
δµν −

peµ peν
p2

e

)
GAµ(pe, y, y

′) + peµ peν
p2

e
G ξ
Aµ

(pe, y, y
′) , (6.54a)

GA55(pe, y, y
′) = 1

ξ
G ξ
A5

(pe, y, y
′) , (6.54b)

where we introduce the scalar propagator functions

GAµ(pe, y, y
′) = −1

2 zz
′k
S0

1(xuv, x<)S1
0(x>, xir)

T0(xuv, xir) , (6.55a)

GA5(pe, y, y
′) = −1

2 (zz′)2k3 T0(xuv, x<)T0(x>, xir)
T0(xuv, xir) , (6.55b)

G ξ
Aµ,5

(pe, y, y
′) = GAµ,5(pe/

√
ξ, y, y′) , (6.55c)

which obey the equations

e−2A′
[
e2Ap2

e − ∂2
5 + 2A′∂5

]
GAµ(pe, y, y

′) = δ(y − y′) , (6.56a)

e−4A′
[
e2Ap2

e − ∂2
5 + 4A′∂5 − 4k2

]
GA5(pe, y, y

′) = δ(y − y′) , (6.56b)

and boundary conditions

∂5GAµ(pe, y, y
′)
∣∣
0+,πR−

= 0 , (6.57a)

GA5(pe, y, y
′)
∣∣
0,πR = 0 . (6.57b)
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Limiting forms

On the UV brane, the propagators for λ+ and Aµ take the forms

Gλ+(pe, 0, 0) = −GAµ(pe, 0, 0) = 1
2

1
pe

S1
0(xuv, xir)
T0(xuv, xir) , (6.58)

and, on the IR brane,

Gλ+(pe, πR, πR) = 1
2

1
pe

(zirk)4 S
0
1(xuv, xir)
T0(xuv, xir) . (6.59a)

GAµ(pe, πR, πR) = −1
2

1
pe
zirk

S0
1(xuv, xir)
T0(xuv, xir) , (6.59b)

The brane-to-brane propagators are

Gλ+(pe, 0, πR) = 1
2

1
pe

(zirk)5/2

xir

1
T0(xuv, xir) . (6.60a)

GAµ(pe, 0, πR) = −1
2

1
pe

zirk

xir

1
T0(xuv, xir) , (6.60b)

Kaluza-Klein description

Using the Kaluza-Klein decompositions of the vector multiplet fields, the five-dimensional
propagators can be decomposed into sums of four-dimensional propagators. For the gauginos,

Gλ+λ−(pe, y, y
′) =

∑
n

mnδ
c
a

p2
e +m2

n

f (n)
λ−

(y) f (n)
λ+

(y′) , (6.61a)

G
λ+λ

†
+

(pe, y, y
′) = −

∑
n

peµ σ
µ
eaċ

p2
e +m2

n

f (n)
λ+

(y) f (n)
λ+

(y′) , (6.61b)

G
λ†−λ−

(pe, y, y
′) = −

∑
n

peµ σ
µȧc
e

p2
e +m2

n

f (n)
λ−

(y) f (n)
λ−

(y′) , (6.61c)

G
λ†−λ

†
+

(pe, y, y
′) =

∑
n

mnδ
ȧ
ċ

p2
e +m2

n

f (n)
λ+

(y) f (n)
λ−

(y′) , (6.61d)

123



6 Bulk Propagators in a Slice of AdS5

where the four-dimensional propagator

G(n)
Λ (pe, y, y

′) = −ipeµγ
µ
e +mnI4

p2
e +m2

n

(6.62)

satisfies the four-dimensional Euclidean Dirac equation:

(
ipeµγ

µ
e +mnI4

)
G(n)

Λ (pe, y, y
′) = I4 . (6.63)

For the gauge boson,

GAµ,5(pe, y, y
′) =

∑
n

1
p2

e +m2
n

f (n)
Aµ,5

(y) f (n)
Aµ,5

(y′) , (6.64)

where the four-dimensional propagator

G(n)
Aµ,5

(pe, y, y
′) = 1

p2
e +m2

n

(6.65)

satisfies the four-dimensional Euclidean Klein-Gordon equation:

(
p2

e +mn
)
G(n)
Aµ,5

(pe, y, y
′) = 1 . (6.66)

6.3.2 Broken supersymmetry

Here, we consider the effect of a supersymmetry-breaking sector localized on the IR brane.
The gauginos receive a localized mass term that can be parametrized as [cf. (5.8)]

S5 ⊃ −
∫
d5x
√
−g

∫
d2θ

( 1
2 ξ (λ+)a (λ+)a + H.c.

)
2δ(y − πR) . (6.67)

This boundary term modifies the Dirac propagator functions for the even gaugino and
additionally introduces a Majorana mass mixing. Constructing the Majorana spinor

Λm
+ ≡ Λ+ + Λc+ =

 (λ+)a
(λ†+)ȧ

 , (6.68)
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the associated propagator takes the form (cf. Ref. [126])

GΛm
+

(pe, y, y
′) =

 Gλ+λ+(pe, y, y
′) G

λ+λ
†
+

(pe, y, y
′)

G
λ†+λ+

(pe, y, y
′) G

λ†+λ
†
+

(pe, y, y
′)



=

 δ c
a δG×λ+

(pe, y, y
′) peµ σ

µ
eaċGλ+(pe, y, y

′)

peµ σ
µȧc
e Gλ+(pe, y, y

′) δȧċ δG
×
λ+

(pe, y, y
′)

 . (6.69)

Here,4

Gλ+(pe, y, y
′) = 1

2 (zz′)5/2k4 S0
1(xuv, x<)

× S0
1(x>, xir) + ig2

5k ξ T1(x>, xir)
T0(xuv, xir) + ig2

5k ξ S
0
1(xuv, xir)

, (6.70)

which can be decomposed into a supersymmetric piece of the form (6.49) and a super-
symmetry-breaking term:

Gλ+ = Gsusy
λ+ + δGλ+ , (6.71)

where

δGλ+(pe, y, y
′) = −1

2
(zz′)5/2k4

xir

1
T0(xuv, xir)

× ig2
5k ξ S

0
1(xuv, x)S0

1(xuv, x
′)

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

. (6.72)

The Majorana-mass mixing component function is a purely supersymmetry-breaking effect.
It takes the form

δG×λ+
(pe, y, y

′) = −1
2

(zz′)5/2k4

zir

i

S0
1(xuv, xir)

× S0
1(xuv, x)S0

1(xuv, x
′)

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

. (6.73)

4The propagator corresponds to the real part of this expression. We write it in this form for notational
simplicity and for ease of comparison with the scalar susy-breaking in the hypermultiplet. Note that
below the scale of GUT symmetry breaking, the five-dimensional gauge coupling can be replaced with the
four-dimensional coupling as g2

5 → g2πR.
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Note that this propagator function is dimensionless, unlike all the others, which have inverse
mass dimension.

Limiting forms

On the UV brane, the diagonal components of the propagator for λ+ in the presence of
supersymmetry breaking take the form

Gλ+(pe, 0, 0) = 1
2

1
pe

S0
1(xuv, xir) + ig2

5k ξ T1(xuv, xir)
T0(xuv, xir) + ig2

5k ξ S
0
1(xuv, xir)

, (6.74)

and, on the IR brane,

Gλ+(pe, πR, πR) = 1
2

1
pe

(zirk)4 S0
1(xuv, xir)

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

. (6.75)

The brane-to-brane propagator components are

Gλ+(pe, 0, πR) = 1
2

1
pe

(zirk)5/2

xir

1
T0(xuv, xir) + ig2

5k ξ S
0
1(xuv, xir)

. (6.76)

Restricting now to the supersymmetry-breaking parts of the propagator, we find

δGλ+(pe, 0, 0) = −1
2

1
pe

1
xuvxir

1
T0(xuv, xir)

× ig2
5k ξ

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

, (6.77)

and

δG×λ+
(pe, 0, 0) = −1

2
1

xuvxir

1
S0

1(xuv, xir)

× i

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

, (6.78)

on the UV brane. On the IR brane,

δGλ+(pe, πR, πR) = −1
2

1
pe

(zirk)4 S
0
1(xuv, xir)
T0(xuv, xir)

× ig2
5k ξ S

0
1(xuv, xir)

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

, (6.79)
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and
δG×λ+

(pe, πR, πR) = −1
2(zirk)4 i S0

1(xuv, xir)
T0(xuv, xir) + ig2

5k ξ S
0
1(xuv, xir)

. (6.80)

The brane-to-brane forms are

δGλ+(pe, 0, πR) = −1
2

1
pe

(zirk)5/2

xir

1
T0(xuv, xir)

× ig2
5k ξ S

0
1(xuv, xir)

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

, (6.81)

and
δG×λ+

(pe, 0, πR) = −1
2

(zirk)5/2

xir

i

T0(xuv, xir) + ig2
5k ξ S

0
1(xuv, xir)

. (6.82)
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In this chapter we calculate the radiative corrections to the scalar masses as well as the soft
mass parameters in the Higgs sector arising from the five-dimensional bulk in our model
when supersymmetry is broken on the IR brane as discussed in Chapter 5. The results for
diagonal supersymmetry breaking in the absence of flavor mixing are presented in our earlier
work [17].

7.1 So� Bulk Scalar Masses

Although the sfermions receive soft masses at tree level from their couplings to the super-
symmetry-breaking sector on the IR brane, as discussed in Sec. 5.1.3, quantum corrections
from the bulk can become significant for UV-localized fields. At one loop in a supersymmetric
theory, these corrections arise from the gauginos and through Yukawa and D-term couplings
to the other sfermions. Here, we consider the corrections to the soft mass-squared matrices
of bulk scalar zero-modes. Corrections for brane-localized scalars in AdS5 are derived in
detail for exact supersymmetry in Ref. [215] and for the case of flat space in Refs. [216–218].
The results are easily extended to the zero modes of bulk scalars.

7.1.1 Gauge-sector corrections

We consider a hypermultiplet containing a Dirac fermion field Ψ, an even complex scalar field
Φ, and an odd complex scalar field Φc. The gauge interactions between the hypermultiplet
and a bulk vector multiplet composed of a gauge field AM, an n = 1 symplectic Majorana
spinor Λi, and a real scalar Σ generate corrections to the soft mass squared of the zero mode
Φ(0) of the even scalar Φ at one loop. The contributing diagrams are shown in Fig. 7.1 for
two cases of left-handed and of right-handed zero modes. Supersymmetry enforces a rather
complicated cancellation between these fermionic and bosonic contributions (see Refs. [215,
216] for a discussion). When supersymmetry is broken the cancellation becomes inexact and
two resulting corrections to the soft mass squared of the scalar zero-mode can be isolated.
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Φ(0)

all scalars

Φ(0) Φ(0)

Σ

Φ Φ(0)

Φ(0) Φ(0)

Σ

all scalars

Φ(0)

Aµ

Φ(0) Φ(0)

Aµ

Φ Φ(0) Φ(0)

λ

ψ

Φ(0)

Figure 7.1:One-loop diagrams contributing to the soft mass of a bulk scalar zero-mode
through gauge couplings.

Gaugino contributions

The first contribution arises when the even gaugino λ+ acquires a soft mass, taking the form

(∆m2
0)1-loop ⊃ 4g2C(RΦ) (∆m2

0)1-loop
λ , (7.1)

where g is the four-dimensional gauge coupling at the IR-brane scale and C(R) is the
quadratic Casimir [in the SU(5) normalization] of the representation R. The gaugino
contribution to the scalar zero-mode soft mass squared is a purely supersymmetry-breaking
effect and accordingly can be written in terms of a loop integral over the supersymmetry-
breaking term of the bulk gaugino propagator (6.72), which is precisely the uncanceled
difference between the gauge boson and gaugino loop contributions in the bulk:

(∆m2
0)1-loop
λ = Π , (7.2)

where
Π = −2 πkR

k

∫
d4p

(2π)4

∫ πR

−πR
dy
(
f̃ (0)

Φ (y)
)2
δG̃λ+(p, y, y) , (7.3)

in the limit in which we neglect the external momentum. Here, δG̃λ+ = e−3AδGλ+ is the
rescaled (conformally flat) propagator. After a Wick rotation, we can transform (7.3) into
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an integral over dimensionless variables:

8π2iΠ = −4 (πkR)2 k
4
ir
k2

∫
dx

∫ 1

0
dux3

(
f̃ (0)

Φ (u)
)2
δG̃λ+(x, u, u) , (7.4)

where x = pezir, u = y/πR.
The momentum integral in (7.3) is quadratically divergent. This divergence arises because

the addition of boundary masses as in Sec. 5 deforms the gaugino Kaluza-Klein wave function
profiles, which results in a difference between the effective couplings of the gauge boson
and of the gauginos, leading to a parametrically hard breaking of supersymmetry on the IR
brane. The extra dimension protects the UV brane and the bulk from the hard breaking,
but on the IR brane, where there is no finite distance separating the scalar mode from the
source of supersymmetry breaking, quantum corrections to the scalar masses squared are
not finite and thus sensitive to the cutoff scale. We note that this divergent behavior is a
peculiar feature of warped spaces and does not occur in the flat case, where this type of
supersymmetry breaking is globally realized (and hence does not lead to a local distortion
of field profiles). Thus, the flat-space breaking is soft, and quantum corrections are finite
and independent of the cutoff scale [95, 217, 219, 220].
In the four-dimensional dual theory, this divergence is a result of the breakdown of the

perturbativity of the loop expansion as the gauge coupling becomes strong. Because we lose
control over the corrections near the compactification scale, we wish to extract a well-defined,
finite portion of the correction associated with the long-range physics, which includes the
breaking of supersymmetry. The correspondence between the renormalization scale in the
four-dimensional dual theory and position in the fifth dimension suggests an appropriate
regularization procedure in which we scale the effective IR brane seen by the propagators in
the loop with position in the extra dimension [128]: i.e.,

8π2iΠ→ −4 (πkR)2 k
4
ir
k2

×
∫ expπkR

1
dx

∫ 1−(log x)/πkR

0
dux3

(
f̃ (0)

Φ (u)
)2 [

δG̃λ+(x, u, u)
]
zir→z

. (7.5)

The equivalent procedure in the five-dimensional perspective is to isolate the portion of
the loop correction due to the compactification of the theory, absorbing the remaining
infinite part into a counterterm [123, 221–223]. Because the presence of the IR brane in
AdS5 explicitly breaks five-dimensional Lorentz symmetry, this finite correction is nonlocal,
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associated with a winding around the compact dimension. This purely curvature-dependent
contribution to (7.4) can be extracted by employing a cutoff Λ = kir on the four-dimensional
momentum integral:

8π2iΠ→ −4 (πkR)2 k
4
ir
k2

∫ 1

0
dx

∫ 1

0
dux3

(
f̃ (0)

Φ (u)
)2
δG̃λ+(x, u, u) . (7.6)

We have checked that both of these renormalization methods are numerically equivalent,
and therefore may be used interchangeably. For calculational convenience, we employ the
simple cutoff scheme.
After regularization, the resulting finite part of the correction is positive and can be

parametrized in terms of the tree-level gaugino mass as

8π2 (∆m2
0)1-loop
λ = (X (0)

Φ )λM2
λ , (7.7)

where
(X (0)

Φ )λ = 8π2

M2
λ

Re iΠ (7.8)

is a positive parameter that depends on the amount of supersymmetry breaking as well
as the localization of the hypermultiplet containing the scalar field (and on the IR-brane
scale). We plot (X (0)

Φ )λ in Fig. 7.2 as a function of ξ, the supersymmetry-breaking parameter
defined in Sec. 6.3, for three cases of the hypermultiplet localization: the two limits in which
the scalar is confined to the UV and IR branes (cL,R → ±∞ and cL,R → ∓∞, respectively)
as well as the case cL,R = ±1

2 (flat) in between. For each localization, we give the U(1)Y
(light), SU(2)L (medium), and SU(3)c (dark) contributions. The effect of the supersymmetry
breaking saturates for ξ � 1 and the gaugino contribution coefficient approaches a constant
value that is independent of the gauge group.

D-term contributions

In models such as ours, where the pattern of supersymmetry breaking is nonuniversal in
flavor-space, Fayet-Iliopoulos U(1)Y D-term corrections to scalar soft masses squared due to
supersymmetry breaking arise. At one loop, these take the form

(∆m2
0)1-loop ⊃ 3

5g
2
1 Y (Φ) ∆S1-loop , (7.9)
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Figure 7.2: Plot of the coefficient (X (0)
Φ )λ, which parametrizes the one-loop gaugino

corrections to the soft mass squared of a bulk scalar zero mode, for the U(1)Y ,
SU(2)L, and SU(3)c gauge groups as a function of the relative amount supersymmetry
breaking ξ on the IR brane with Λir = 107 GeV.

where Y is the hypercharge. The contribution to the scalar zero-mode self-energy ∆S1-loop

is universal for all scalars that are charged under U(1)Y . It is also a purely supersymmetry-
breaking effect1 and accordingly can be written in terms of loop integrals over the super-
symmetry-breaking terms of the bulk scalar propagators (6.38), which are precisely the
uncanceled difference between the various even and odd scalar D-term loop contributions in
the bulk:

∆S1-loop =
∑
Φ
Y (Φ) (∆m2

Φ)1-loop
D

1Note that the in a five-dimensional theory, D-term contributions can give rise to divergent quantum
corrections even when supersymmetry is unbroken. In particular, linear divergences arise both the bulk
and on the branes. These can be absorbed in a renormalization of the hypermultiplet bulk masses when
regularized with a position-dependent cutoff [224]. Another interesting difference from four-dimensional
supersymmetry are the quadratic divergences that arise on the branes unless the U(1)Y gauge symmetry
is anomaly-free, as required by supersymmetry [215, 224]. (The quadratic divergences depend on the
hypercharge and hence vanish when all scalar contributions are included, provided that the sum of the
scalar hypercharges is zero, as is true in supersymmetric models.) Neither of these effects are parametrically
dependent on supersymmetry breaking, and do not contribute to the D-term contribution we consider
here.
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= tr
[
(∆m2

Q̃
)1-loop
D − 2 (∆m2

ũ)1-loop
D + (∆m2

d̃
)1-loop
D

− (∆m2
L̃

)1-loop
D + (∆m2

ẽ )1-loop
D

]
, (7.10)

where the sum is over all even bulk scalars. For a family of bulk scalars Φi (i = 1, 2, 3),

(∆m2
Φ)1-loop
D = ΠΦ (7.11)

where the loop integral is

(ΠΦ)ij = −
∫

d4p

(2π)4

∫ πR

−πR
dy
[
δG̃Φ(p, y, y)

]
ij
. (7.12)

Here,
[
δG̃Φ(p, y, y)

]
ij

= e−2A [δGΦ(p, y, y)
]
ij
are the elements of the rescaled (conformally

flat) propagator matrix. After a Wick rotation, we can transform (7.12) into an integral
over dimensionless variables:

8π2i (ΠΦ)ij = 2πkR k4
ir
k

∫
dx

∫ 1

0
dux3 [δG̃Φ(x, u, u)

]
ij
. (7.13)

The momentum integral in (7.12) is linearly divergent. After regularizing with the method
discussed for the gaugino corrections above, the resulting finite part of the correction is
negative and can be parametrized in terms of the scalar mass:

∆S1-loop = −(XD
Q̃

)ii (m2
Q̃

)tree
ii + 2 (XD

ũ )ii (m2
ũ)tree
ii − (XD

d̃
)ii (m2

d̃
)tree
ii

+ (XD
L̃

)ii (m2
L̃

)tree
ii − (XD

ẽ )ii (m2
ẽ)tree
ii , (7.14)

where
(XD

Φ )ij = − 8π2

(m2
0)tree
ij

Re i (ΠΦ)ij (7.15)

is positive and depends on the amount of supersymmetry breaking as well as the localizations
of the hypermultiplets containing the bulk scalars.

In the limit that the supersymmetry breaking is diagonal in flavor space, the structure of
the D-term corrections is also diagonal. That is

ΠΦ = diag
(
ΠΦ1 ,ΠΦ2 ,ΠΦ3

)
=⇒ XD

Φ = diag
(
XD

Φ1 , X
D
Φ2 , X

D
Φ3

)
, (7.16)
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H,ΦR,L

Φ(0)

L,R Φ(0)

L,R

Φc
R,L

H
Φ(0)

L,R Φ(0)

L,R

H̃

ψR,L

Φ(0)

L,R Φ(0)

L,R

Figure 7.3:One-loop diagrams contributing to the soft mass of a bulk scalar zero-mode
through Yukawa couplings.

such that

∆S1-loop = −XD
Q̃i

(m2
Q̃i

)tree + 2XD
ũi (m2

ũi)
tree −XD

d̃i
(m2

d̃i
)tree

+XD
L̃i

(m2
L̃i

)tree −XD
ẽi (m2

ẽi)
tree , (7.17)

7.1.2 Yukawa corrections

Here we consider two families of hypermultiplets, one of SU(2)L doublets in which the even
scalar is left-handed and the other of SU(2)L singlets in which it is right-handed. The
Yukawa interactions between these families of hypermultiplets and a UV-brane-localized
Higgs chiral multiplet composed of a complex scalar Higgs field H and a Weyl fermion
higgsino H̃ generate corrections to the soft mass squared matrices of the zero modes Φ(0)

i L,R

of the even scalars Φi L,R at one loop. The contributing diagrams are shown in Fig. 7.3.
Supersymmetry enforces a rather complicated cancellation between these fermionic and
bosonic contributions (see Refs. [215, 218] for a discussion). When supersymmetry is broken
the cancellation becomes inexact and finite contributions to the soft mass squared matrices
of the scalar zero modes can be isolated.
At one loop, these corrections take the form:

(∆m2
0,L)1-loop

ij ⊃ Y †ik
[
(∆m2

0,L)1-loop
Y

]
iklj

Ylj , (7.18a)
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(∆m2
0,R)1-loop

ij ⊃ Yik
[
(∆m2

0,R)1-loop
Y

]
iklj

Y †lj , (7.18b)

where Y is the (dimensionless) 5D Yukawa coupling. Using the zero-mode-approximation
matching condition (4.36) we can write this in terms of the effective 4D matrix y by absorbing
the profile factors into the mass corrections:

(∆m2
0,L)1-loop

ij ⊃ y†ik
[
(∆m2

0,L)1-loop
y

]
iklj

ylj , (7.19a)

(∆m2
0,R)1-loop

ij ⊃ yik
[
(∆m2

0,R)1-loop
y

]
iklj

y†lj . (7.19b)

The Yukawa contributions to the scalar zero-mode soft mass squared are purely super-
symmetry-breaking effects and accordingly can be written in terms of loop integrals over
the supersymmetry-breaking term of the bulk scalar propagators (6.38), which are precisely
the uncanceled differences between the scalar and fermion loop contributions in the bulk:[

(∆m2
0L,R)1-loop

y

]
ijkl

= (ΠΦR,L)ijkl , (7.20)

where

(ΠΦL,R)ijkl =
N (0)

Φi R,LN
(0)
Φl R,L

(N (0)
L,R)ijkl

1
k

∫
d4p

(2π)4
[
δGΦL,R(p, 0, 0)

]
jk
. (7.21)

Here,
(N (0)

L,R)ijkl ≡ N (0)
Ψi R,LN

(0)
Ψj L,RN

(0)
Ψk L,RN

(0)
Ψl R,L (7.22)

is a combined normalization factor from the zero-mode-approximation Yukawa matching
procedure. Note that when we neglect the backreaction of the supersymmetry-breaking
boundary mass terms on the scalar zero-mode profiles,2

N (0)
Φi R,LN

(0)
Φl R,L

(N (0)
L,R)ijkl

= 1
N (0)

Ψj L,RN
(0)
Ψk L,R

≡ 1
(N (0)

L,R)jk
, (7.23)

and the loop integral takes a simpler form:

(ΠΦL,R)ijkl → (ΠΦL,R)jk = 1
(N (0)

L,R)jk
1
k

∫
d4p

(2π)4
[
δGΦL,R(p, 0, 0)

]
jk
. (7.24)

2This is a good approximation, as the deformation of the zero-mode profile only becomes significant when
the scalar is highly IR-localized, in which case its Yukawa coupling is necessarily small and its contribution
to the radiative corrections subdominant.
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After a Wick rotation, we can transform (7.21) into an integral over a dimensionless variable:

8π2i (ΠΦL,R)ijkl =
N (0)

Φi R,LN
(0)
Φl R,L

(N (0)
L,R)ijkl

k4
ir
k

∫
dxx3 [δGΦL,R(x, 0, 0)

]
jk
. (7.25)

Unlike the gauge sector corrections, the momentum integral (7.21) is finite, even when
supersymmetry is broken. The resulting correction is negative and can be parametrized in
terms of the soft scalar masses as

8π2
[
(∆m2

0L,R)1-loop
y

]
ijkl

= −(X (0)
ΦL,R)yijkl (m

2
0R,L)tree

jk , (7.26)

where
(X (0)

ΦL,R)yijkl = − 8π2

(m2
0R,L)tree

jk

Re i(ΠΦR,L)ijkl (7.27)

is positive and depends on the amount of supersymmetry breaking and the localizations of
the hypermultiplets.

In the limit that the supersymmetry breaking is diagonal in flavor space and the Yukawa
matrices are diagonal in the bulk mass basis, the structure of the Yukawa corrections is also
diagonal. In this case, for a single generation,

8π2 (∆m2
0L,R)1-loop

y = −(X (0)
ΦL,R)y (m2

0R,L)tree , (7.28)

with
(X (0)

ΦL,R)y = − 8π2

(m2
0R,L)tree Re iΠΦR,L . (7.29)

7.2 So� Higgs Masses

When the Higgs fields are confined to the UV brane, they have no direct couplings to the
supersymmetry-breaking sector on the IR brane. The Higgs-sector soft mass terms are
therefore zero at tree level and are generated instead at higher loop order by radiative
corrections involving bulk fields that transmit the supersymmetry breaking from the IR
brane. Here, we consider the one-loop corrections to the soft mass squared for a generic
Higgs field completely localized on the UV brane. As for the bulk scalars, these corrections
arise from the gauginos and through Yukawa and D-term couplings to the bulk sfermions.
Similar one-loop analyses are presented in the four-dimensional Kaluza-Klein formalism for
the Higgs sector in unbroken supersymmetry for the case of AdS5 in Ref. [215] and for flat
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Figure 7.4: One-loop diagrams contributing to the Higgs scalar soft mass through
gauge couplings.

space in Refs. [216–218].

7.2.1 Gauge-sector corrections

We consider a chiral multiplet containing a complex scalar Higgs field H and a Weyl
fermion higgsino field H̃ localized on the UV brane. The gauge interactions between the
Higgs chiral multiplet and a bulk vector multiplet composed of a gauge field AM, an n = 1
symplectic Majorana spinor Λi, and a real scalar Σ generate corrections to the soft mass
squared of the Higgs field H at one loop. The contributing diagrams are shown in Fig. 7.4.
Supersymmetry enforces a rather complicated cancellation between these fermionic and
bosonic contributions (see Refs. [215, 216] for a discussion). When supersymmetry is broken
the cancellation becomes inexact and two resulting corrections to the soft mass squared of
the scalar zero-mode can be isolated.

Gaugino contribution

The first contribution arises when the even gaugino λ+ acquires a soft mass, taking the form
[216, 217, 220, 225, 226]

(∆m2
H)1-loop ⊃ 4g2C(RH) (∆m2

H)1-loop
λ , (7.30)
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The gaugino contribution to the Higgs soft mass squared is a purely supersymmetry-breaking
effect and accordingly can be written in terms of a loop integral over the supersymmetry-
breaking term of the bulk gaugino propagator (6.77), which is precisely the uncanceled
difference between the gauge boson and gaugino loop contributions in the bulk:

(∆m2
H)1-loop

λ = Π , (7.31)

where
Π = −2 πkR

k

∫
d4p

(2π)4 δGλ+(p, 0, 0) , (7.32)

in the limit in which we neglect the external momentum. After a Wick rotation, we can
transform this into an integral over a dimensionless variable

8π2iΠ = −2πkR k4
ir
k

∫
dxx3δGλ+(x, 0, 0) . (7.33)

We note that this correction (7.30) is a special case of the general bulk scalar soft mass
squared correction (7.1), corresponding to the limit in which the scalar is confined to the
UV brane.
The momentum integral in (7.32) is finite, unlike the bulk scalar case (7.3), due to the

finite separation between the Higgs fields on UV brane and the supersymmetry-breaking
sector on the IR brane. The resulting contribution to the Higgs soft masses squared can be
parametrized in terms of the gaugino mass as:

8π2 (∆m2
H)λ = (XH)λM2

λ , (7.34)

where
(XH)λ = 8π2

M2
λ

Re iΠ (7.35)

depends on the amount of supersymmetry breaking. We plot (XH)λ in Fig. 7.5 for the
U(1)Y and SU(2)L gauge groups as a function of the relative amount of supersymmetry
breaking ξ. This behavior matches the UV-brane limit of the bulk scalar corrections in
Fig. 7.2 and reproduces the result in Ref. [226] up to an order-one shift due to a difference in
the definition of the supersymmetry-breaking gaugino IR-brane operator and the UV cutoff
of the four-dimensional momentum integration.
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Figure 7.5: Plot of the coefficient (XH)λ, which parametrizes the one-loop gaugino
corrections to the soft mass squared of a Higgs field localized on the UV brane, for the
U(1)Y and SU(2)L gauge groups as a function of the relative amount supersymmetry
breaking ξ on the IR brane with Λir = 107 GeV.

D-term corrections

Because, as discussed above, the D-term corrections to the scalar soft masses squared are
independent of the localization of the scalar, the corrections for the Higgs fields on the
boundary take the same form as the corrections in the bulk:

(∆m2
H)1-loop ⊃ −3

5g
2
1 Y (H) ∆S1-loop , (7.36)

where ∆S1-loop is defined in (7.10).

7.2.2 Yukawa corrections

We again consider a Higgs chiral multiplet composed of a complex scalar Higgs field H and a
Weyl fermion higgsino H̃ localized on the UV brane. The Yukawa interactions between this
chiral multiplet and two families of hypermultiplets, one of SU(2)L doublets in which the even
scalar is left-handed and the other of SU(2)L singlets in which it is right-handed, generate
corrections to the soft mass squared of the Higgs field H at one loop. The contributing
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Figure 7.6: One-loop diagrams contributing to the Higgs scalar soft mass through
Yukawa couplings.

diagrams are shown in Fig. 7.6. Supersymmetry enforces a rather complicated cancellation
between these fermionic and bosonic contributions (see Refs. [215, 218] for a discussion).
When supersymmetry is broken the cancellation becomes inexact and finite contributions to
the soft mass squared matrices of the Higgs field soft mass can be isolated.
The corrections take the form

(∆m2
H)1-loop ⊃ tr

[
Y (∆m2

H)1-loop
ΦL Y † + Y †(∆m2

H)1-loop
ΦR Y

]
, (7.37)

where Y is the dimensionless 5D Yukawa coupling matrix. Using the zero-mode-approx-
imation matching condition (4.36) we can write this in terms of the 4D matrix y by absorbing
the profile factors into the mass corrections:

(∆m2
H)1-loop ⊃ yij

[
(∆m2

H)1-loop
ΦL

]
ijk

y†ki + y†ij

[
(∆m2

H)1-loop
ΦR

]
ijk

yki , (7.38)

The Yukawa contributions to the Higgs soft mass squared are purely supersymmetry-breaking
effects and accordingly can be written in terms of loop integrals over the supersymmetry-
breaking term of the bulk scalar propagators (6.38), which are precisely the uncanceled
differences between the scalar and fermion loop contributions in the bulk:[

(∆m2
H)1-loop

ΦL

]
ijk

= (ΠΦL,R)ijk , (7.39)

where

(ΠΦL,R)ijk = 1
(N (0)

L,R)ijki
1
k2

∫
d4p

(2π)4 p
2Gψi R,L(p, 0, 0)

[
δGΦL,R(p, 0, 0)

]
jk
, (7.40)

in the limit in which we neglect the external momentum. Here, Gψi R,L is the fermion
propagator function defined in (6.21) and (N (0)

L,R)ijkl is defined in (7.22). After a Wick
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rotation, we can transform (7.40) into an integral over a dimensionless variable

8π2i (ΠΦL,R)ijk = 1
(N (0)

L,R)ijki
k6

ir
k2

×
∫
dxx5Gψi R,L(x, 0, 0)

[
δGΦL,R(p, 0, 0)

]
jk
. (7.41)

As in the bulk scalar case, the momentum integral (7.40) is finite. The resulting contribu-
tion to the Higgs soft masses squared is negative and can be parametrized in terms of the
soft masses of the scalar zero modes as

8π2
[
(∆m2

H)1-loop
ΦL,R

]
ijkl

= −
[
(XH)yΦL,R

]
ijkl

(m2
0L,R)tree

jk , (7.42)

where [
(XH)yΦL,R

]
ijkl

= − 8π2

(m2
0L,R)tree

jk

Re i (ΠΦL,R)ijkl (7.43)

is positive and depends on the amount of supersymmetry breaking as well as the localizations
of the bulk fields.

In the limit that the supersymmetry breaking is diagonal in flavor space and the Yukawa
matrices are diagonal in the bulk mass basis, the structure of the Yukawa corrections is also
diagonal. In this case, for a single generation,

8π2 (∆m2
H)1-loop

ΦL,R = −(XH)yΦL,R(m2
0L,R)tree , (7.44)

with
(XH)yΦL,R = − 8π2

(m2
0L,R)tree Re iΠΦL,R . (7.45)

7.3 So� Higgs b term

The Higgs soft b term, like the Higgs soft masses squared, is zero at tree level, and so is
generated at loop order once supersymmetry is broken. Here we consider the two MSSM
Higgs chiral multiplets containing the Higgs scalars Hu and Hd and the higgsino Weyl
fermions H̃u and H̃d localized on the UV brane. When supersymmetry is broken, the gauge
interactions between the Higgs chiral multiplets and a bulk vector multiplet composed of
a gauge field AaM, an n = 1 symplectic Majorana spinor Λai , and a real scalar Σa generate
corrections to the Higgs soft b term at one loop. The contributing diagram is shown in
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Figure 7.7: One-loop diagram contributing to the Higgs soft b term.

Fig. 7.7. Unlike the previous loop corrections, the one-loop quantum correction to the b
term depends explicitly on supersymmetry breaking through the Majorana gaugino mass,
and no complementary loop of superpartners is present.
The correction takes the form

∆b1-loop = 4g2 T a(RHu)T a(RHd) ∆b1-loop
λ , (7.46)

where T a(R) is the generator of the gauge group in representation R. The gaugino correction
to the b term is a purely supersymmetry-breaking effect and can be written in terms of a
loop integral over the Majorana-mass mixing component of the gaugino propagator (6.78):

∆b1-loop
λ = µΠ , (7.47)

where
Π = 2 πkR

k

∫
d4p

(2π)4
1
p2 δG

×
λ+

(p, 0, 0) . (7.48)

After a Wick rotation, we can transform this into an integral over a dimensionless variable

8π2iΠ = 2πkR k2
ir
k

∫
dxx δG×λ+

(x, 0, 0) , (7.49)

The resulting contribution is finite and negative, and we parametrize it in terms of the
higgsino mass µ and the tree-level gaugino mass as:

8π2∆b1-loop
λ = −µ (Xb)λMλ , (7.50)

where
(Xb)λ = −8π2

Mλ
Re iΠ (7.51)

is positive and depends on the amount of supersymmetry breaking. We plot (Xb)λ in Fig. 7.8
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Figure 7.8: Plot of the coefficient (Xb)λ, which parametrizes the one-loop gaugino
correction to the soft b term for Higgs fields localized on the UV brane, as a function of
the relative amount supersymmetry breaking ξ on the IR brane with Λir = 107 GeV.

as a function of ξ for the U(1)Y (lighter) and SU(2)L (darker) gauge groups. In the limit
ξ � 1, (Xb)λ tends to zero as ξ−1. This is a result of the fact that in the twisted limit
the gaugino mass is pure Dirac and the Majorana mixing that generates the soft coupling
disappears. When ξ � 1, the effect of the supersymmetry breaking saturates, and (Xb)λ
approaches a constant value.

7.4 So� Trilinear Scalar Couplings

The trilinear soft scalar a-term interactions, like the Higgs-sector soft terms, vanish at tree
level but are generated at loop order once supersymmetry is broken. Here we consider a
Higgs chiral multiplet composed of a complex scalar Higgs field H and a Weyl fermion
higgsino H̃ localized on the UV brane and two families of hypermultiplets, one of SU(2)L
doublets in which the even scalar is left-handed and the other of SU(2)L singlets in which
it is right-handed. The Yukawa interactions between the Higgs chiral multiplet and the
hypermultiplets and the gauge interactions between the matter fields and a bulk vector
multiplet composed of a gauge field AaM, an n = 1 symplectic Majorana spinor Λai , and a real
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Figure 7.9: One-loop diagrams contributing to the soft a terms.

scalar Σa, generate corrections to the soft a terms at one loop. The contributing diagrams
are shown in Fig. 7.9. Like the b-term loop corrections, the one-loop quantum corrections to
the a terms depend explicitly on supersymmetry breaking through the Majorana gaugino
mass, and no complementary loops of superpartners are present. One loop corrections to
the a for a brane-localized matter sector coupled to a bulk gauge theory are considered for
the case of AdS5 in Ref. [126] and for flat space in Ref. [217, 220].

The corrections take the form

(∆a)1-loop
ij ⊃ 4g2yij

(
T a(RH)T a(RΦL)

[
(∆aλ)1-loop

ΦL

]
ij

+ T a(RH)T a(RΦR)
[
(∆aλ)1-loop

ΦR

]
ij

+ T a(RΦL)T a(RΦR)
[
(∆aλ)1-loop

ΦLΦR

]
ij

)
. (7.52)

The gaugino corrections to the a terms are purely supersymmetry-breaking effects and can
be written in terms of loop integrals over the Majorana-mass mixing component of the
gaugino propagator (6.73):

(∆aλ)1-loop
ΦL,R = ΠΦL,R , (7.53a)

(∆aλ)1-loop
ΦLΦR = ΠΦLΦR , (7.53b)
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where

(ΠΦL)ij = 2
N (0)

Φi,R
N (0)
ij

πkR

k3/2

∫
d4p

(2π)4

∫ πR

−πR
dy f̃ (0)

Φj,L(y) G̃ψj,L(p, 0, y) δG̃×λ+
(p, y, 0) , (7.54a)

(ΠΦR)ij = 2
N (0)

Φj,L
N (0)
ij

πkR

k3/2

∫
d4p

(2π)4

∫ πR

−πR
dy f̃ (0)

Φi,R(y) G̃ψi,R(p, 0, y) δG̃×λ+
(p, y, 0) , (7.54b)

(ΠΦLΦR)ij = 2
N (0)
ij

πkR

k2

∫
d4p

(2π)4

∫ πR

−πR
dy

∫ πR

−πR
dy′ p2 f̃ (0)

Φi,R(y) f̃ (0)
Φj,L(y′)

× G̃ψi,R(p, 0, y) δG̃×λ+
(p, y, y′) G̃ψj,L(p, y′, 0) ,

(7.54c)

Here,
N (0)
ij ≡ N

(0)
Ψi,RN

(0)
Ψj,L (7.55)

is a combined normalization factor and

G̃ψL,R(p, y, y′) = e−(3/2)A(y)e−(3/2)A(y′)GψL,R(p, y, y′) , (7.56a)

δG̃×λ+
(p, y, y′) = e−(3/2)A(y)e−(3/2)A(y′)δG×λ+

(p, y, y′) , (7.56b)

are rescaled (conformally flat) propagators. After a Wick rotation, we can write (7.54) as
integrals over dimensionless variables:

8π2i (ΠΦL)ij = 4
N (0)

Φi,R
N (0)
ij

(πkR)2 k4
ir

k5/2

×
∫
dx

∫ 1

0
dux3 f̃ (0)

Φj,L(u) G̃ψj,L(x, 0, u) δG̃×λ+
(x, u, 0) ,

(7.57a)

8π2i (ΠΦR)ij = 4
N (0)

Φj,L
N (0)
ij

(πkR)2 k4
ir

k5/2

×
∫
dx

∫ 1

0
dux3 f̃ (0)

Φi,R(u) G̃ψi,R(x, 0, u) δG̃×λ+
(x, u, 0) ,

(7.57b)
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8π2i (ΠΦLΦR)ij = 8 1
N (0)
ij

(πkR)3 k
6
ir
k4

×
∫
dx

∫ 1

0
du

∫ 1

0
du′ x5 f̃ (0)

Φi,R(u) f̃ (0)
Φj,L(u′)

× G̃ψi,R(x, 0, x) δG̃×λ+
(x, u, u′) G̃ψj,L(x, u′, 0) ,

(7.57c)

The loop integrals (7.54) are finite, despite their extension into the bulk. The resulting
correction is negative and can be parametrized in terms of the gaugino mass as

(∆aλ)1-loop
ΦL,R = −(Xa)λΦL,RMλ , (7.58a)

(∆aλ)1-loop
ΦLΦR = −(Xa)λΦLΦRMλ , (7.58b)

where

(Xa)λΦL,R = −8π2

Mλ
Re iΠΦL,R , (7.59a)

(Xa)λΦLΦR = −8π2

Mλ
Re iΠΦLΦR , (7.59b)

are positive and depend on the amount of supersymmetry breaking and the localizations of
the hypermultiplets.

In the limit that the Yukawa matrices are diagonal in the bulk mass basis, the structure
of the a-term corrections is also diagonal. That is,

ΠΦL,R = diag
(
ΠΦL,R 1 ,ΠΦL,R 2 ,ΠΦL,R 3

)
, (7.60a)

ΠΦLΦR = diag
(
ΠΦL,1ΦR,1 ,ΠΦL,2ΦR,2 ,ΠΦL,3ΦR,3

)
(7.60b)

such that

(Xa)λΦL,R = diag
[
(Xa)λΦL,R 1 , (Xa)λΦL,R 2 , (Xa)λΦL,R 3

]
, (7.61a)

(Xa)λΦLΦR = diag
[
(Xa)λΦL,1ΦR,1 , (Xa)λΦL,2ΦR,2 , (Xa)λΦL,3ΦR,3

]
(7.61b)
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8 Phenomenology and Parameter Space

As we have seen in our discussions of flavor physics in Chapter 4 and of supersymmetry break-
ing in Chapter 5, the parameter space available for our partially composite supersymmetric
model is in general quite large. The overall mass scale of our sparticle spectrum is jointly
determined by Λir, the scale of the IR brane, and

√
F , the scale of supersymmetry breaking.

As we discuss in Sec. 5.3, we do not have the usual freedom in tan β and the sign of µ, which
are in this case determined by electroweak symmetry breaking. In addition to these universal
parameters, our model features nonuniversal IR-scale boundary conditions for the sfermion
soft masses, which we specify in a flavor-dependent way by choosing field localizations to
explain the standard model fermion mass spectrum, as described in Chapter 4. The flavor
solution also determines the full set of Yukawa matrices at the IR-brane scale. In this
chapter we discuss various phenomenological and theoretical constraints that impose limits
on the set of model parameters and give a characterization of the resulting parameter space.

8.1 Phenomenological and Theoretical Considerations

Here, we consider several phenomenological and theoretical desiderata that constrain our
model.

8.1.1 Gravitino dark matter

Because the gravitino mass is Planck-scale-suppressed, it is the lightest supersymmetric
particle throughout our parameter space. In the absence of R-parity violation, the LSP is
absolutely stable, and as such, the gravitino makes an attractive dark matter candidate.
However, the stability of a gravitino LSP can lead to cosmological problems, as the thermal
gravitino mass density arising from freeze-out is sufficient to overclose the universe unless the
gravitino is very light [O(100) GeV] [227, 228]. In this case, observations of the matter power
spectrum at small cosmological scales limit the free-streaming length of the gravitino, further
requiring m3/2 < 4.7 eV in order for the gravitino to be adequately cold [229], and gravitinos
in this scenario cannot therefore account for all of the observed dark matter density.
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Figure 8.1: Plot of the estimated gravitino dark matter constraints on the parameter
space of our model when the supersymmetry-breaking spurion is a singlet, such that
the gaugino mass is given by (5.9).

Throughout the relevant parameter space of our model, the gravitino is sufficiently heavy
that we require inflation to dilute the initial thermal population [230] and must restrict
the reheating temperature so that the gravitino does not subsequently come back into
thermal equilibrium. In this case, structure-formation constraints are weaker, requiring
m3/2 & O(1) keV for generic warm dark matter candidates [231–233], in which case the
gravitino may be the dominant component of dark matter. In this scenario, gravitinos may
still be produced from the scattering of particles in thermal equilibrium with the plasma.
The largest contribution arises from gluinos, such that the thermal gravitino density takes
the form

Ωthermal
3/2 h2 ∼ 0.3

(
100 GeV
m3/2

)(
mg̃

1 TeV

)2 ( Tr

1010 GeV

)
. (8.1)

For m3/2 . 1 keV, thermal scattering production of gravitinos cannot supply all of the
observed dark matter density unless Tr is high enough to bring the gravitino into thermal
equilibrium.

Gravitinos are also produced nonthermally, via decays of the next-to-lightest supersymmet-
ric particle, which in our model is typically either a (binolike or higgsinolike) neutralino or a
(mainly right-handed) stau. In both cases, the NLSP is sufficiently long-lived throughout
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Figure 8.2: Plot of the estimated gravitino dark matter constraints on the parameter
space of our model when the supersymmetry-breaking spurion is not a singlet, such
that the gaugino mass is given by (5.11).

our parameter space to decay after freeze-out, such that the resulting nonthermal gravitino
population takes the form (this is the superWIMP scenario [234]):

Ωnonthermal
3/2 h2 =

m3/2
mnlsp

Ωnlsph
2 . (8.2)

The initial NLSP population that contributes to Ωnlsph
2 is moderated by Tr. In particular, if

the reheating temperature is low enough that the NLSP never comes into thermal equilibrium
after inflation (Tr . mnlsp/20), the initial NLSP population is Boltzmann-suppressed.
The observed dark matter abundance (Ωdmh

2 = 0.1186± 0.0020 [20]) thus places an
upper limit on the reheating temperature. We show an estimate of these limits in the space
of (Λir,

√
F ) in Figs. 8.1 and 8.2. In each case, the contours give the reheating temperature

necessary for the thermal gravitino relic density (8.1) to provide the dominant component
of dark matter. If nonthermal production is significant, the reheating temperature must
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be lowered to suppress the contribution from thermal production. In the hatched regions,
the thermal relic density is insufficient to provide all of the dark matter, and some level of
nonthermal production is required to obtain the observed dark matter density.
Further parameter space constraints arise from big bang nucleosynthesis (BBN), which

strongly limits the energy density of the NLSP if it is long-lived enough to decay to the
gravitino during or after the formation of the light elements. To avoid altering the successful
predictions of the standard BBN scenario, decays to the gravitino must be prompt, limiting
the lifetime of the NLSP to τnlsp < O(0.1–100) s, or, for m3/2 � mnlsp,

mnlsp > O(1–4) TeV
(
m3/2

10 GeV

)2/5
, (8.3)

as a conservative estimate. This condition places constraints in the space of Λir and
√
F .

We show the regions where τnlsp < 0.1 s in the neutralino and stau cases in Figs. 8.1 and
8.2. Evading these limits restricts the reheating temperature for our model to the range
Tr ∼ O(102–106) GeV, necessitating an alternative to thermal leptogenesis to generate the
baryon asymmetry.
If the NLSP is the stau and is sufficiently stable to survive into BBN, the formation of

bound states with nuclei can catalyze the production of light elements [235]. In particular,
if 103 s . ττ̃1 . 5× 103 s, the catalytic enhancement for 6Li can solve the lithium problem
in the standard BBN scenario [236]. We show an estimate of the region in which the stau
lifetime falls within these limits in Fig. 8.1, although we note that this solution to the lithium
problem is ruled out for our model as the entirety of the catalytic region is excluded by
current LHC limits (see Fig. 8.6). In the nonsinglet spurion case, the stau is not sufficiently
long-lived to survive into BBN anywhere in the relevant parameter space.

8.1.2 The supersymmetric flavor problem

The additional couplings and degrees of freedom introduced in supersymmetry can generate
flavor-changing neutral currents and CP violation at levels above current experimental limits.
This problem can be alleviated if the sfermions of the first and second generations are heavy,
O(100) TeV, or even heavier, a solution that has gained popularity in the absence of any
low-energy experimental signatures of supersymmetry.1 Such a solution is a natural and
elegant choice in our model, as the inverted hierarchy in the sfermion soft mass spectrum
naturally separates the scale of the first two generations from that of the third, which can
1In the language of Sec. 2.2, this is the irrelevancy solution.
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remain light enough to explain the Higgs mass and offer the possibility of experimental
detection.
Thus, to ameliorate the flavor problem, we restrict the masses of the first- and second-

generation sfermions to be at least 100 TeV. As a constraint, this condition places an upper
limit on the degree of UV-localization of the first- and second-generation hypermultiplet
fields (this corresponds directly to a limit on the associated localization parameter). This is
a further limit on the hypermultiplet localizations beyond the structure necessary to explain
the standard model fermion mass spectrum. In Figs. 8.6 and 8.7, we show an estimate of the
region in the space of (Λir,

√
F ) where this limit is incompatible with the a mass solution

for at least one standard model fermion field (the strictest constraint typically comes from
the muon, the heaviest of the first- and second-generation fermions).
It is important to note that this constraint condition is conservative, because, as noted

in Sec. 5.1.3, the localization structure imposed on the matter hypermultiplets in order to
explain the standard model fermion mass hierarchy can lead to some suppression of the
offdiagonal elements of the sfermion soft mass matrices.2 (Essentially, the sfermion soft
mass matrices in our model have some flavor structure that may help to ameliorate the
supersymmetric flavor problem, which bears some similarity with alignment-type solutions.)
In addition, the soft a terms which can also source FCNCs and CP violation, are naturally
suppressed in our model, as they are generated only at loop level.

8.1.3 Direct detection limits

In the MSSM, the tree-level mass of the neutral scalar Higgs boson is bounded from above
by mtree

h < mZ . Radiative corrections, the largest arising from top and stop loops, can raise
mh considerably, and accordingly, the observed value of (125.18± 0.16) GeV [20–22] offers
an important constraint on the sparticle spectrum, particularly on the masses of the stops.
In the MSSM, the observed Higgs mass constrains the general stop mass scale

√
mt̃1mt̃2 and

is broadly compatible with stop masses ranging from O(1) TeV for tan β ∼ 50 to O(100) TeV
for tan β ∼ 3 [85]. In our model, the stop masses depend critically (at least O(1)) on the
localizations of the sfermion hypermultiplets, and hence the Higgs mass principally induces
constraints on the localization parameters of the theory. The precise calculation of the
Higgs mass requires a complete numerical analysis (see Sec. 9.1.2). To obtain a conservative
evaluation of the constraint induced by the Higgs mass on our model we can exclude the
region where the stop masses are always greater than 100 TeV. We show an estimate of this

2This is true at tree level, and is only improved at one loop by the addition of negative Yukawa contributions.
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region in the space of (Λir,
√
F ) in Figs. 8.6 and 8.7.

Further limits on sparticle masses are set by experiments searching for direct sparticle
production at colliders. In the context of our model, the strictest of these constraints arise
from the exclusion limits on the masses of the gluino and the squarks, which must be heavier
than O(1) TeV when the LSP is the gravitino [237–240].3 Qualitatively, these limits place
an effective lower bound on the soft mass scale of our model, restricting the ratio

√
F/Λir.

We show an estimate of the excluded region in Figs. 8.6 and 8.7.

8.1.4 Gauge coupling unification

Gauge coupling unification is a generic feature of the minimal supersymmetric standard
model. The renormalization of gauge couplings depends on the number of degrees of freedom
present in the theory at a given energy scale; in the MSSM, unification is most sensitive to
the higgsino mass µ as well as the ratio of the wino mass to the gluino mass [241], and it
can be spoiled if the magnitude of µ is larger than a few hundred TeV [86]. As discussed in
Sec. 5.3, µ is determined as necessary to achieve electroweak symmetry breaking. Generically,
this implies that the scale of µ is of the same order of magnitude as the soft masses in the
Higgs sector, i.e., |µ|2 ∼ |b| ∼ |m2

Hu
| ∼ |m2

Hd
|. Because the Higgs soft masses are generated

radiatively (and therefore characteristically of the scale of the gaugino masses) a first-order
estimate of this constraint is |µ| ∼M2 . 100 TeV. A more precise constraint can be obtained
by solving the tree-level EWSB equations (5.30). We show an estimate of the excluded
region in the space of (Λir,

√
F ) where |µ| & 100 TeV in Figs. 8.6 and 8.7.

Note that when Λir � mgut ∼ 1016 GeV, we are implicitly assuming that the gauge boson
Kaluza-Klein states form complete SU(5) multiplets so that there is a universal shift in the
running of the gauge couplings (see Sec. 3.2.2). In the warped extra dimension this can be
modeled by considering the full SU(5) gauge symmetry in the bulk, although there are no
Kaluza-Klein states for the UV-localized higgsino. For simplicity, we do not consider the
full SU(5) extension here, because it does not affect the details of our low-energy spectrum.4

3These limits are weakly model-dependent: see the review [20].
4We note that in a theory with IR-localized hypermultiplets, higher-dimension operators may only be
suppressed by the IR-brane scale, which, in the context of grand unification, can lead to proton decay
constraints [94]. These may be addressed by the introduction of an additional global symmetry in the
bulk, such as a U(1)B baryon number symmetry as in Refs. [242, 243], or by an orbifold GUT scenario
[124].

152



8 Phenomenology and Parameter Space

8.1.5 Minimal supersymmetric particle content

In the construction of our model, we are motivated to explain the observed Higgs mass
using only the minimal supersymmetric particle content at low energy. While the orbifold
compactification allows us to recover this particle content as the zero modes of the five-
dimensional )N = 1 supersymmetric theory, the essentially Dirac nature of fermions in five
dimensions is a nontrivial feature of the model and can have phenomenological implications
when the scale of four-dimensional N = 1 supersymmetry breaking on the IR brane,

√
F ,

approaches the local compactification scale, Λir. In this case, the backreaction of the
supersymmetry-breaking boundary masses on the wave function profiles of the gaugino
and sfermion fields cannot be neglected. In particular for the gauginos, the effect of larger√
F/Λir is to increase the zero-mode mass, but at the same time to decrease the magnitude

of the mass of the next-to-lightest KK mode, m(1)
λ . This behavior smoothly approaches

the twisted limit (
√
F/Λir � 1), where the magnitudes of the masses of the lowest two

gaugino KK modes meet at a common value and the two states form a Dirac spinor. To
illustrate this, we plot in Fig. 8.3 the masses of the first two Kaluza-Klein states for λ1 as a
function of the generic boundary mass ξ [as in (5.15)], which parametrizes the amount of
supersymmetry breaking. For

√
F/Λir . 1, the gaugino mass is only approximately Dirac,

but the first KK mode is light enough that it must be included in the spectrum. While the
presence of such modes in the theory at low energy can be helpful to achieve a more natural
model, we leave the exploration of this region of parameter space for the future. Under this
criterion, we exclude the region in which m(1)

λ1
< ke−πkR, shown in Figs. 8.6 and 8.7.

8.1.6 Charge- and color-breaking minima

One of the primary features of our model is the presence of significant hierarchies in the
soft mass parameters—both within the sfermion sector and between the heavier sfermions
and the gauginos—resulting from the localizations imposed on the hypermultiplets in order
to explain the standard model fermion mass spectrum. Although such hierarchies have
desirable phenomenological features, they can also be the source of considerable constraints
in the renormalization of the spectrum, as radiative corrections from heavier scalars may be
large enough compared to the lighter scalar mass scale to destabilize the running masses.
While, this may be favorable in the Higgs sector for electroweak symmetry breaking, for the
sfermions it results in phenomenologically unacceptable charge- and color-breaking minima.
We discuss three possible sources of large negative contributions to the scalar soft masses.
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Figure 8.3: Plot of the masses of the first two Kaluza-Klein states for λ1 as a function
of the generic boundary mass ξ.

1. Bulk D-term corrections

In our model, large negative radiative corrections to the scalars can arise both in
the five-dimensional bulk theory and in the effective four-dimensional MSSM below
the scale of compactification. As discussed in Secs. 5.2.1 and 5.2.2, we calculate the
bulk contributions as threshold corrections to the scalar soft masses squared at the
IR-brane scale. Due to the flavor-dependent localization structure that explains the
Yukawa coupling mass hierarchy, the one-loop D-term trace ∆S1-loop defined in (7.10)
is generically nonzero.5 If the spectrum also contains sufficiently IR-localized scalars,
the bulk D-term corrections (7.9) may provide the dominant radiative contributions to
the scalar masses. The sign of the contribution may be positive or negative, depending
both on the sign of ∆S1-loop, which depends on the hypercharges of the most IR-
localized scalars in the theory, and on the hypercharge of the scalar receiving the
correction. In order to avoid negative sfermion soft masses squared at the IR-brane
scale in this case, the localizations of the matter hypermultiplets must be correlated.
The corresponding restrictions on the allowed ranges for the localization parameters

5The trace ∆S1-loop can, of course, be tuned to zero, but this requires some additional intergenerational or
interfamilial correlation.
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have a distinctive structure that depends on hypercharge. In particular, an upper limit
arises on the degree of UV-localization for sfermions with hypercharge of the opposite
sign as the sign of ∆S1-loop, which corresponds directly to limits on the hypermultiplet
localization parameters.

2. Bulk Yukawa corrections

Scalars in our theory also receive negative Yukawa corrections of the form (7.19) from
the bulk. As a result of the hypermultiplet localization structure necessary to explain
the Yukawa coupling hierarchies, the magnitude of the Yukawa contribution to a
left-handed (right-handed) field grows as that field becomes more UV-localized (see
Figs. 5.1 and 5.2). These corrections can become large, particularly for the third-gener-
ation fields, such that upper limits on the degree of UV localization must be imposed
in order to avoid any tachyonic masses. In some cases, the combined D-term and
Yukawa limits (note that these are additive) for one or more of the third-generation
fields may exclude all solutions compatible with the standard model fermion mass
spectrum.

3. MSSM running

Further contributions from heavy scalars arise in the MSSM running below the IR-
brane scale. At the one-loop level, the β function of each scalar soft mass matrix
m2

φ includes a contribution from the tree-level Fayet-Iliopoulos (FI) D-term for weak
hypercharge [77, 79]

16π2 (βm2
φ
)1-loop
ij ⊃ 6

5g
2
1 Y (φ)S δij , (8.4)

where S is the trace

S ≡
∑
φ

Y (φ)m2
φ = m2

Hu −m
2
Hd

+ Tr
(
m2

Q̃
− 2m2

ũ +m2
d̃
−m2

L̃
+m2

ẽ

)
. (8.5)

and Y is the hypercharge.

The scalar soft mass matrices also receive negative contributions from scalars at the
two-loop level. In the MSSM, the dominant contributions take the form

(16π2)2 (βm2
φ
)2-loop
ij ⊃ 4

∑
a

g4
a Ca(Rφ)σa δij , (8.6)
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where

σ1 = 1
5
[
3m2

Hu + 3m2
Hd

+ Tr
(
m2

Q̃
+ 8m2

ũ + 2m2
d̃

+ 3m2
L̃

+ 6m2
ẽ

)]
, (8.7a)

σ2 = m2
Hu +m2

Hd
+ Tr

(
3m2

Q̃
+m2

L̃

)
, (8.7b)

σ3 = Tr
(
2m2

Q̃
+m2

ũ +m2
d̃

)
, (8.7c)

and Ca(R) is the quadratic Casimir [in the SU(5) normalization] of the representation
R. These terms are loop-suppressed compared to (8.4) but cannot be reduced by
tuning the scalar masses to obtain cancellations between the various masses as can be
done for the one-loop contribution.6

In the context of the supersymmetric flavor problem and high-scale supersymmetry
breaking it was noted in Ref. [81] that the two-loop contributions from heavy scalars
provide considerable tachyonic constraints on the allowable hierarchy among the scalar
soft mass parameters unless the effect can be balanced by positive contributions from
the gauginos. This analysis assumed a common mass for the heavy scalars. When
this assumption is lifted, the presence of nonuniversality among the soft scalar masses
generically induces a nonzero value for the trace S. Like the bulk D-term contributions,
the sign of the MSSM D-term contributions depend on the hypercharge of the scalar
receiving the correction. The contributions to scalars with hypercharge of sign opposite
to that of the trace S are positive, and consequently may ameliorate the effect of
the negative two-loop contributions. This comes, however, at the cost of additional
negative contributions for scalars with hypercharge of the same sign as that of S.

To illustrate this behavior we give a simple analytical estimate of the limits on the
degree of hierarchy that is phenomenologically viable in the sfermion mass spectrum
of the MSSM by extending the analysis of Ref. [81] to include the one-loop D-term
correction (8.4). Following Ref. [81], we write the RGE for the soft mass squared of a
third-generation scalar φ3 as

d

dt
m2
φ3 ' −

1
16π2 8

∑
a

g2
a C

a(Rφ3)M2
a

+ 1
16π2

6
5g

2
1 Y (φ3)S + 1

(16π2)2 4
∑
a

g2
a C

a(Rφ3)m2
φ1,2 , (8.8)

6Note that if some symmetry or universality in the soft mass boundary conditions are assumed such that
(8.4) is zero, it remains zero at all scales.
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Figure 8.4: Plot of the estimated tachyonic constraint on the sfermion masses in
the MSSM for negative S, where Λir = 2× 1016 GeV (upper row) and Λir =
6.5× 106 GeV (lower row), corresponding to the scenarios A and B given in Table 9.1.
The shaded regions are excluded in each case. We take mφ1,2 = 100 TeV and
msusy = 10 TeV.

where t is the logarithmic scale parameter. The parameters Ma are the gaugino masses
and mφ1,2 is the characteristic soft mass scale for the first- and second-generation
scalars. The D-term contribution, parametrized by S, can be positive or negative and
typically is of order the scale of m2

φ1,2
. Starting the running from a high scale (such as

Λir), we decouple the D-term and the two-loop contribution at the mass scale of the
heavy scalars mφ1,2 (which we take to be constant) and the gaugino contribution at
the lower scale msusy.

The scalar RGE (8.8) can be solved analytically. We take the running gaugino
masses to unify with a value Ma(mgut) ≡ Mλ at the scale mgut = 2× 1016 GeV.
Enforcing mφ3(msusy) > 0 as a tachyon condition,7 we obtain lower limits on the
ratios mφ3(Λir)/mφ1,2 , Mλ/mφ1,2 , and S/m2

φ1,2
. These limits are shown in Figs. 8.4

and 8.5 for each third-generation sfermion. On the qualitative level, the limits are

7This is aggressive, as the DR soft masses may take negative values, while the corresponding pole masses
remain positive. See Ref. [244] for further details.
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Figure 8.5: Contours of the estimated tachyonic constraint on the sfermion masses in
the MSSM for positive of the ratio S, where Λir = 2× 1016 GeV (upper row) and
Λir = 6.5× 106 GeV (lower row), corresponding to the scenarios A and B given in
Table 9.1. The shaded regions are excluded in each case. We take mφ1,2 = 100 TeV
and msusy = 10 TeV.

collectively weakest when S = 0. The presence of a positive D-term contribution
ameliorates the limits for the sfermions with negative hypercharge (L̃3 and ũ3), but
worsens those of the positive hypercharge fields (ẽ3, Q̃3, and d̃3), and vice versa when
the D-term contribution is negative. Quantitatively, we expect these tachyon bounds
to be accurate up to about an order of magnitude.

For our model, the MSSM corrections further restrict the accessible ranges for the
localization of the matter hypermultiplets. The MSSM limits generally reinforce the
bulk limits, further restricting the viable IR-brane hierarchies for sfermions (particularly
squarks) with hypercharge of the same sign as S, which receive large negative corrections.
Large hierarchies in the high-scale spectrum are only allowed for sfermions with
hypercharge sign opposite to the sign of S. For example, if S > 0, then members of the
families ũ and L̃ (hypercharge Y = −2

3 ,−
1
2 , respectively) may receive large negative

corrections, and therefore cannot have masses significantly lower than the scale of
the other sfermions. Conversely, members of the families Q̃, d̃, and ẽ (hypercharge
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Y = 1
6 ,

1
3 , 1, respectively) can accommodate masses hierarchically smaller than the

heavy sfermion mass scale. Such high-scale sfermion structure is a generic signature of
a nonuniversal split sfermion spectrum.

8.1.7 Electroweak symmetry breaking

A similar analysis can be performed in the Higgs sector, where, conversely, large negative
corrections are typically favorable for electroweak symmetry breaking. Negative corrections
to the Higgs soft masses squared m2

Hu
and m2

Hd
may arise from both the bulk, in the form

of Yukawa contributions (7.38) and D-term contributions (7.36) at one loop, or from the
MSSM, in the form of Yukawa corrections

16π2 (βm2
Hu

)1-loop ⊃ tr
[
6yu

(
m2
HuI3 +m2

Q̃

)
y†u + 6y†um2

ũ yu
]
, (8.9a)

16π2 (βm2
Hd

)1-loop ⊃ tr
[
6yd

(
m2
Hd
I3 +m2

Q̃

)
y†d + 6y†dm

2
d̃
yd

+ 2ye
(
m2
Hd
I3 +m2

L̃

)
y†e + 2y†em2

ẽ ye
]

(8.9b)

and D-term corrections

16π2 (βm2
Hu,d

)1-loop ⊃ 6
5g

2
1 Y (Hu,d)S , (8.10)

at one loop and the corrections

(16π2)2 (βm2
Hu,d

)2-loop ⊃ 4
∑
a

g4
a Ca(RHu,d)σa , (8.11)

at two loops.
As discussed in Sec. 5.3, EWSB in our model requires m2

Hu
< m2

Hd
/ tan2 β). If the

sfermion hierarchy is relatively modest, such that at least one of the third-generation
squarks is relatively heavy, this may be achieved in the familiar way in the MSSM through
Yukawa radiative corrections. If, however, the sfermion splitting is large, the MSSM Yukawa
contributions may be suppressed, and successful EWSB may rely on the presence of D-term
contributions to destabilize the Higgs VEV (or, at least, the D-term contributions may be
of the same order as the Yukawa corrections). In this case, we require that ∆S1-loop < 0
and S > 0 so that the D-term contributions to m2

Hu
are negative and also that they are

large enough to be the dominant mass contribution (in particular, they must overcome
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the positive contribution from the gauginos). The predicted Higgs boson mass in this case
is also correlated with the D-term corrections, and consistency with the observation may
require additional limits on ∆S1-loop and S. Together, these requirements imply a lower
limit on the masses of the heavy sfermions(typically, first- and second-generation) sfermions
which give the dominant contributions to ∆S1-loop and S that is correlated with a global
constraint on their localizations. Because sfermions from the Q̃, d̃, or ẽ families will also
receive large negative D-term contributions in this case, additional tachyonic limits on the
matter hypermultiplet may be introduced.
In some regions of the parameter space of our model, the union of all limits imposed on

the hypermultiplet localizations by these effects excludes all solutions compatible with the
standard model fermion mass spectrum. When the gaugino mass is given by (5.9) (singlet
spurion), the splitting between the masses of the third-generation sfermions and the heavier
mass scale of the first and second generations is small enough throughout the parameter
space that tachyonic constraints are not significant, but when the gaugino mass is given by
(5.11) (nonsinglet spurion), larger hierarchies arise, excluding some areas of the parameter
space. We show an estimate of the excluded region in the space of (Λir,

√
F ) in Fig. 8.7.

8.2 Physical Parameter Space

Together, the constraints discussed in the previous section lead to restrictions on the
(Λir,

√
F ) parameter space, which are shown in Figs. 8.6 and 8.7 for the singlet spurion and

nonsinglet spurion cases, respectively. The region of each plot in which
√
F > Λir is excluded

as the dynamics of the spurion are restricted by Λir as a cutoff scale. The constraints leading
to the other excluded regions are discussed in Sec. 8.1. We summarize them here.

• Along the edges of the
√
F > Λir regions, we show the area in which the next-to-lightest

gaugino KK mode must be included in the low-energy spectrum. These regions are
not excluded on theoretical or phenomenological grounds, but simply as a matter of
practicality.

• The regions labeled “LHC” give an estimate of the exclusions due to collider direct-
detection limits.

• The regions of Fig. 8.6 labeled “χ̃0
1” and “τ̃1” show our estimate of the BBN exclusions

when the NLSP is the lightest neutralino or the lightest stau (also see Fig. 8.1). The
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×

Figure 8.6: Plot of the constraints on the parameter space of our model in the
(Λir,

√
F ) when the supersymmetry-breaking spurion is a singlet, such that the

gaugino mass is given by (5.9).

corresponding limits in the nonsinglet spurion case (see Fig. 8.2) are less strict than
the collider constraint, and therefore not visible in Fig. 8.7.

• The regions in which |µ| > 100 TeV are labeled “unification” and are excluded in order
to preserve gauge coupling unification.

• In the regions labeled “flavor”, the matter hypermultiplet localizations cannot be
chosen such that all of the first- and second-generation sfermions have masses that are
at least 100 TeV as is necessary to suppress supersymmetric flavor-changing neutral
currents and CP violation.

• In the regions labeled “Higgs”, we estimate that the stop masses are heavier than
100 TeV, and hence we expect the resulting Higgs boson mass to be too heavy to match
the observed value.

• In region of Fig. 8.7 labeled “tachyons”, one or more of the sfermions receives a
tachyonic mass, either on the IR brane or in the subsequent MSSM running.

The remaining white areas are the regions of interest, simultaneously satisfying all
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×

Figure 8.7: Plot of the constraints on the parameter space of our model in the
(Λir,

√
F ) when the supersymmetry-breaking spurion is not a singlet, such that the

gaugino mass is given by (5.11).

constraints. Within these regions, flavor constraints, the observed Higgs boson mass, and
radiative corrections impose additional restrictions on the possible localizations of the matter
hypermultiplets. The constraints favor two regions: either Λir ∼ 107 GeV, with a keV-scale
gravitino and a singlet spurion, or a GUT-scale value for Λir, with an approximately 500 GeV
gravitino and a nonsinglet spurion. In Sec. 9.2, we calculate detailed sparticle spectra for
two benchmark scenarios (marked as A and B in Figs. 8.6 and 8.7, respectively).
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9 Numeric Analysis

In this chapter we discuss the details of the numeric procedure we use to obtain predictions
for the spectrum of our partially composite mode before giving the results of this calculation
for two benchmark scenarios identified from the parameter space survey in Chapter 8.

9.1 Renormalization Procedure

We first describe the numeric renormalization procedure we use to obtain predictions for the
sparticle spectrum and Higgs pole mass from a particular point in the parameter space of
the five-dimensional theory. Connecting this with the numeric flavor solution discussed in
Chapter 4 and the radiative corrections derived in Chapter 5, we are able to construct an
overview of the complete numeric methodology.

9.1.1 MSSM spectrum calculation

The matching between the five-dimensional bulk theory and the four-dimensional MSSM in
which the five-dimensional Yukawa couplings and hypermultiplet localization parameters
are determined according to the method described in Chapter 4 (specifically Sec. 4.4 for the
numeric procedure) and the loop-corrected MSSM soft parameters calculated as discussed
in Chapter 5 occurs at the IR-brane scale. In order to obtain pole mass predictions for the
superpartners and the neutral scalar Higgs boson mass, we run selected points down from
the input scale to lower energy within the MSSM. To solve the renormalization boundary
value problem, we use the public spectrum calculator FlexibleSUSY [245, 246], which
incorporates elements of SARAH [247–250] and SOFTSUSY [251, 252], which employs
a nested iterative algorithm, using the three-loop MSSM β functions (the renormalization
procedure includes components and corrections from [253–259]) between boundary conditions
imposed at the high scale, Λir, and the SM at the electroweak scale. Electroweak symmetry
breaking is determined by numeric minimization of the loop-corrected Higgs potential, with
the value of tan β and the magnitude of the higgsino mass parameter µ determined iteratively.
Loop-corrected pole masses are calculated from the full self-energies for each particle.
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The renormalization procedure is made more complicated by the fact that the soft mass
spectrum at the IR-brane scale depends on the values of the supersymmetric parameters (the
gauge and Yukawa couplings and the higgsino mass parameter) at that scale. As discussed
in Chapter 4, the value of the four-dimensional Yukawa couplings at the IR-brane scale must
be known in order to choose the localizations of the matter hypermultiplets to explain the
fermion mass hierarchy; additionally, the radiative corrections included for the soft masses
at the IR-brane scale explicitly incorporate gauge and Yukawa couplings as well as the
higgsino mass parameter. The IR-brane values of these parameters in turn depend (weakly)
on the resulting sparticle pole masses. In order to consistently determine the sparticle mass
spectrum, we must therefore apply the renormalization procedure iteratively.

To do this, we first obtain an initial estimate of the high-scale theory using the renormal-
ization procedure described in Sec. 4.2 to extract the standard model fermion masses and
mixing parameters and the gauge couplings from low-energy experimental data and run them
up in the SM and MSSM to Λir. As we noted in Sec. 4.2, the IR-scale couplings calculated
using this procedure are insensitive to the details of the sparticle spectrum, because the
tree-level matching between the SM and the MSSM neglects threshold corrections at the
scale msusy. This is a generic problem that arises in the renormalization of all theories with
boundary conditions at different scales and is typically solved iteratively by updating the
initial guess with corrections from the subsequently calculated spectrum and repeating the
renormalization until the spectrum converges. For our theory, an associated complication
obtains due to the fact the conversion between the MS and DR renormalization schemes that
occurs in this process requires the specification of the value of tan β (the Yukawa couplings
in particular are multiplicatively sensitive to the value of tan β). As discussed in Sec. 5.3,
the correlation between the IR-brane-scale values for the higgsino mass parameter µ and the
soft b term implies that tan β is not a free parameter but instead determined by electroweak
symmetry breaking. Therefore, an initial guess of its value must be used to obtain the
estimated high-scale couplings.

To obtain a better estimate of the coupling values, a particular spectrum must be specified
by performing the numeric flavor minimization described in Sec. 4.4 to determine a full set
of five-dimensional Yukawa couplings and matter hypermultiplet localization parameters.
Together, these parameters define the four-dimensional Yukawa couplings at the IR-brane
scale in the gauge-eigenstate basis, and the localization parameters along with the Yukawa
and gauge couplings allow the loop-corrected soft supersymmetry-breaking terms of the
MSSM to be calculated. Given these, the IR-brane couplings calculated as above can be
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combined with an initial guess for |µ| to obtain a preliminary estimate of the IR-brane scale
soft mass spectrum. This spectrum is then renormalized and EWSB computed using the
full FlexibleSUSY MSSM routine. Unlike our spectrum-agnostic procedure above, this
renormalization and matching procedure includes threshold effects from the soft masses,
and the running values of the resulting supersymmetric parameters are spectrum-dependent.
The values of the parameters extracted at the IR-brane scale are then used to construct
an updated input spectrum and the procedure is repeated until the values of the input
parameters converge.

As a word of caution, we note that the hierarchies present in the sfermion mass spectrum
of our model complicate the numeric renormalization procedure, because they necessitate
a careful account of particle decoupling if precision in mass spectrum calculations is to be
obtained. In mass-independent renormalization schemes such as DR, the effects of heavy
particles do not decouple, and hence, at renormalization scales small compared to the particle
masses, finite quantum corrections may involve terms with large logarithms of the masses of
these particles.1 In order for mass calculations to be precise when large hierarchies in the
soft mass parameters are present, such large logarithmic corrections need to be resummed, a
process which is most naturally accomplished by the use of an effective theory, or of a tower
of effective theories [260]. Precision in the case of scalar hierarchies is especially critical,
because the light scalar masses depend crucially on the heavy scalar masses through the
factors such as (8.4) and (8.6). It is important to note as well that the scale of supersymmetry
breaking in our model, the IR brane, which can be significantly lower than the Planck scale
or the GUT scale due to the warped five-dimensional geometry, is the natural cutoff for
the IR-localized (or composite) part of the four-dimensional MSSM. Thus, the effects of
the heavy scalars, which may receive masses very near (or even above, depending on the
choice of

√
F and k) the IR-brane scale, may decouple after a little running, minimizing the

effect of the heavy scalar contributions. In an effective field theory approach, these heavy
scalars are integrated out, introducing threshold corrections to the lighter scalar masses. At
the one- and two-loop level, such corrections can be large and negative as a result of the
effects mentioned above, but overall, the decoupling procedure may substantially relax the
tachyonic bounds indicated in purely MSSM DR renormalization [261, 262].

The numeric MSSM renormalization procedure discussed here does not implement decou-
pling. Instead, it matches the MSSM to the SM at the electroweak scale, and we expect
the resulting threshold corrections to the light scalar masses to be large enough that some

1For the MSSM, these are given by Ref. [244] and are accordingly sometimes referred to as DBMZ corrections.
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regions of our parameter space may be unnecessarily excluded on tachyonic grounds, solely
as an artifact of the numeric renormalization method.

9.1.2 Higgs mass calculation

In supersymmetric theories, the neutral scalar Higgs mass is sensitive to the scale and
structure of the sparticle spectrum (particularly to the stop masses) and therefore offers a
valuable constraint on the underlying physics. In order to be useful in this capacity, however,
the predicted pole mass must be known with precision. The arguments for the necessity of
appropriate decoupling for the precise calculation of light scalar masses when the scale of
supersymmetry is high are also applicable to the neutral scalar Higgs boson and the other
particles of the standard model. For the Higgs mass, this is implemented by the public
spectrum calculators HSSUSY [245–252, 263–274] and FlexibleEFTHiggs [245–257, 264–
275]. Both of these are based on an effective field theory approach in which all supersymmetric
particles are integrated out at a common threshold (namely, msusy =

√
mt̃1mt̃2), at which

point the theory is run down in the SM to the electroweak scale, where the standard model
couplings are matched to experimental data and the Higgs pole mass is extracted. To
characterize this procedure, we discuss the sources of theoretical uncertainty.

1. SM uncertainty

The first source of uncertainty we identify is due to neglected higher-order corrections
at the electroweak scale. Missing corrections in the extraction of the standard model
running parameters from experimental data at the electroweak scale induce uncertainty
that can be estimated as the effect of higher loop corrections on the calculated
value of the Higgs pole mass. (Specifically, we estimate this uncertainty as the
shift in the calculated Higgs pole mass when three-loop QCD corrections to the top
Yukawa coupling are included compared to the two-loop result.) Missing corrections
in the calculation of the Higgs pole mass itself lead to residual renormalization-scale
dependence in the calculated value. We estimate this uncertainty by varying the
scale at which the pole mass is calculated over the range [mt/2, 2mt] and taking the
difference between the maximum and minimum. The total SM uncertainty is the linear
sum of these two contributions.

2. MSSM uncertainty

The second source of uncertainty is due to neglected threshold corrections in the
matching of the SM to the MSSM. In the EFT approach, the Higgs pole mass is
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primarily sensitive to new physics via threshold corrections from supersymmetric
particles to the Higgs quartic coupling, calculated at the matching scale msusy. The
matching in HSSUSY and FlexibleEFTHiggs is complete up through the two-loop
level and includes some three-loop corrections. The uncertainty due to the missing
higher-order corrections to the Higgs quartic coupling can be estimated by the residual
matching-scale dependence in the Higgs pole mass. To estimate this, we vary the scale
at which the SM is matched to the MSSM over the interval [msusy/2, 2msusy] and take
the difference between the maximum and minimum value of the calculated Higgs pole
mass.

3. EFT uncertainty

The third source of uncertainty is due to neglected higher-dimensional operators in
the SM EFT below the matching scale. Both HSSUSY and FlexibleEFTHiggs
only include terms up to order O(v/msusy) in the SM EFT. In a pure EFT approach,
the uncertainty due to the missing terms of order O(v2/m2

susy) and higher can be
estimated as a shift in the supersymmetric threshold corrections to the Higgs quartic
coupling. Accordingly, with HSSUSY, we calculate this uncertainty as the shift in the
Higgs pole mass induced by multiplying all one-loop threshold corrections to the Higgs
quartic coupling at the scale msusy by a factor 1 + v2/m2

susy. In FlexibleEFTHiggs,
conversely, this uncertainty is not present, as the calculation departs from the pure
EFT approach at low energy by switching to a diagrammatic calculation that correctly
resums leading and subleading logarithms to all orders.

The total uncertainty in the Higgs mass calculation is taken to be the linear sum of the
SM, MSSM, and EFT uncertainties. As our Higgs mass estimate, we take the average of the
HSSUSY and FlexibleEFTHiggs results, with uncertainty given by the union of the two
calculated ranges.

9.1.3 Overview

In Fig. 9.1 we give a schematic overview of the complete numeric procedure we use to obtain
predictions for the sparticle spectrum in this model of partially composite supersymmetry.
Details of the methodology used to match the five-dimensional theory to four-dimensional
flavor and electroweak observables are discussed in Chapter 4. The calculation of the
loop-corrected soft masses at the IR brane scale is given in Chapter 5. In this chapter we
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Figure 9.1: Schematic of the complete numeric procedure used to match the five-
dimensional theory to four-dimensional flavor and electroweak observables, calculate
the soft masses at the IR brane scale, and renormalize the theory to obtain predictions
for the sparticle spectrum.

present a procedure to consistently renormalize the theory and assemble a sparticle pole
mass spectrum and Higgs mass prediction.

We note that the public spectrum generators FlexibleSUSY, FlexibleEFTHiggs, and
HSSUSY used in this procedure comply with a common convention in their file structure
interface defined by the Supersymmetric Les Houches Accord (SLHA) [276, 277]. this is
indicated in the region labeled “SLHA” in Fig. 9.1. As part of our numeric procedure we
have implemented import rules and conversion for the SLHA interface into the Wolfram
Language, available as the package LesHouches [278].2

Besides the weakness of the supersymmetric spectrum generation with respect to sfermion
hierarchies (discussed above in Sec. 9.1.1), the main limitation in our numeric procedure is its

2The code is also available from the author upon request.
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lack of global optimization. The five-dimensional flavor structure and the sparticle spectrum
are both calculated separately, and solutions that satisfy the constraints are determined by
the inefficient (but eventually effective) method of randomly sampling the parameter space.
It may be possible to address these concerns by implementing a global adaptive method such
as a Monte Carlo Markov chain (MCMC) algorithm or other machine learning technique to
search for solutions.

9.2 Benchmark Spectra

Based on the constraints considered in Chapter 8, we select the regions of parameter space
given in Table 9.1 as our benchmark scenarios. With these parameters we determine
the sparticle mass spectrum and Higgs boson mass predicted by the partially composite
supersymmetric model. The IR brane scale, Λir, and the scale of supersymmetry breaking,√
F , set the overall soft mass scale, and are chosen to comply with all phenomenological

constraints in Sec. 8.1. tan β is determined by the measured Higgs boson mass and the sign
of µ is set in order to achieve the correct pattern of EWSB. To simplify the calculation and
discussion, we do not incorporate flavor mixing in the Yukawa couplings or sfermion soft
mass matrices. A universal value Y = 1 is taken for all 5D Yukawa couplings (as in Fig. 4.1)
and w = 1 for all sfermion spurion couplings. These results were first presented Refs. [17,
18].

In Fig. 9.2 we present the resulting superpartner pole mass spectra obeying all phenomeno-
logical constraints and consistent with the measured value of the Higgs boson mass. The
corresponding ranges for the sfermion, gaugino, and higgsino masses in the gauge-eigenstate
basis are shown in Fig. 9.3. In general, the spread in the masses is a result of the freedom in
the hypermultiplet localizations remaining after the application of all constraints, combined
with the uncertainty in the numerical calculations.

In both cases A and B, the allowed mass ranges for the third-generation sfermions are
relatively unconstrained on phenomenological grounds, and their limits are principally
determined by the restriction of the hypermultiplet localization parameters to order-one
numbers. In particular, we note that for the stops (below 100 TeV, these can be identified
unequivocally with the two lightest up-squark mass eigenstates ũ1,2), the general mass scale
mt̃ ∼

√
mt̃1mt̃2 is broadly consistent with the observed Higgs mass throughout allowed

localization ranges.
The observed Higgs boson mass provides stronger constraints indirectly, due to the
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Table 9.1: Selected parameter space sampling regions.

A B

Λir 2× 1016 GeV 6.5× 106 GeV
√
F 4.75× 1010 GeV 2× 106 GeV

tan βa ∼3 ∼5

sgnµ −1 −1

spurion singlet nonsinglet

M1
a 52.9 TeV 14.60 TeV

M2
a 50.7 TeV 22.9 TeV

M3
a 49.85 TeV 38.94 TeV

m3/2 535 GeV 1 keV

aAt scale Λir.

particular structure of EWSB in our model that makes it sensitive to the D-term corrections
arising either from the extra dimension or in the MSSM running (see Sec. 8.1.6). We show the
Higgs boson mass estimates in Fig. 9.4 as smoothed functions of tan β. For both benchmark
scenarios, consistency with the observed Higgs boson mass only occurs within a restricted
range of tan β, which in turn put constraints on the D-term contributions that can have a
significant impact on EWSB, introducing correlations among the heavy sfermion masses that
contribute most to the corrections. The primary constraint arises on the localizations the
heavies sfermions (typically, these are from the first generation), which must be correlated
such that ∆S1-loop and S are of the correct scale.

As an example, we show this correlation for scenario A in Fig. 9.5. In this case, the pattern
of electroweak symmetry breaking necessary to achieve the observed Higgs mass prefers
∆S1-loop < 0 and S > 0, while the explanation of the standard model fermion mass hierarchy
typically requires that either ũL or ũR is the heaviest sfermion. If mũR > mũL , ẽR must also
be heavy (and, further, mẽR > mẽL) in order to compensate for the contribution of ũR and
ensure that ∆S1-loop and S have the correct sign and magnitude. (When mũL > mũR , then
we can have mẽL > mẽR .) Note that the Higgs mass measurement constrains the allowed
spread of the first-generation sfermion masses more than the condition imposed to suppress
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Figure 9.2: Predicted superpartner pole mass spectra for benchmark scenarios A
(hatched) and B (solid) given in Table 9.1.

FCNCs, which merely restricts the masses to be above 100 TeV.
For the third-generation sfermions, theD-term corrections necessary to obtain the observed

Higgs boson mass may necessitate additional constraints in order to avoid tachyonic masses.
For both scenarios, this effect imposes the lower limit on mτ̃R , and for scenario B it also
imposes the lower limit on mτ̃L . These are the only constraints on the third-generation
sfermion masses that are stronger than those set by the requirement that the c parameters
are order-one. For both scenarios, the right-handed stau may thus be the lightest sfermion,
and τ̃1 may accordingly be the NLSP. On the other hand, when τ̃1 is heavy, the NLSP for
both scenarios is χ̃0

1 . For scenario A, χ̃0
1 is binolike and χ̃±2 and χ̃0

2 are winolike, while the
heavy charginos, χ̃±2 , and the heavy neutralinos, χ̃0

3,4, are higgsinolike. This is reversed for
scenario B, where χ̃0

1,2,3 and χ̃±1 are binolike or higgsinolike and χ̃±2 and χ̃0
4 are winolike.

The spread in the masses of the higgsinolike states is due to the spread of the higgsino
mass parameter µ, which is fixed by EWSB. In both cases, µ correlates with the soft mass
parameter m2

Hu
, which is predominantly determined by Yukawa radiative corrections from

m2
Q̃3

and m2
ũ3 . Thus, the spread of µ is ultimately tied to freedom in the localizations of the

Q and u hypermultiplets (which, as we discussed above, are limited only by the constraint
that they are order-one numbers). The masses of the heavy Higgs, H0, H±, and A0 also
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Figure 9.3: Predicted sfermion mass spectra in the gauge-eigenstate basis for bench-
mark scenarios A (hatched) and B (solid) given in Table 9.1.

scale with µ, but about 10 % of their spread is due to the running of the soft masses m2
Hu

and m2
Hd

. The spread in the gluino and the binolike and winolike states is due primarily
to the uncertainty in the gauge and Yukawa couplings. In Figs. 9.2 and 9.3 that spread is
exaggerated for clarity.
In both scenarios, the hierarchical structure of the mass spectrum is clear. The largest

hierarchy occurs for τ̃1, where we find ratios up to mũ6,d̃6
/mτ̃1 ∼ 13 in the singlet spurion

case and up to mũ6/mτ̃1 ∼ 35 in the nonsinglet spurion case. The hierarchy for the stops is
relatively more modest: we find ratios up to mũ6,d̃6

/mt̃1 ∼ 3 in the singlet spurion case and
up to mũ6/mt̃1 ∼ 18 in the nonsinglet spurion case. The size of these mass splittings, which
cannot be generated by MSSM running alone, is a direct consequence of the hierarchy in the
sfermion IR-brane soft mass boundary conditions, and hence is ultimately a signature of the
standard model fermion mass spectrum, mediated by the radiative corrections of the extra
dimension and the MSSM.
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Figure 9.4: Plot of the predicted Higgs boson mass and uncertainty for benchmark
scenarios A (left) and B (right) as functions of tan β at the scale msusy =

√
mt̃1mt̃2 .

The horizontal line and surrounding region show the observed Higgs mass value and
its uncertainty.

Figure 9.5: Plot of the correlation between first-generation gauge-eigenstate slepton
and up-squark masses for points in benchmark scenario A (given in Table 9.1) that
correctly predict the Higgs mass. The shaded regions give smoothed estimates of
the area preferred by the experimentally measured Higgs boson mass at 1σ, 2σ, and
3σ confidence levels. The horizontal (vertical) lines give the range of cL1 (cQ1).
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We have presented a minimal supersymmetric model that uses a warped extra dimension
to relate the standard model fermion mass hierarchy to the sfermion mass hierarchy. This
occurs by assuming that the Higgs sector is confined to the UV brane of a slice of AdS5, while
the remaining MSSM superfields are located in the bulk. Supersymmetry breaking occurs on
the IR brane. The MSSM fields are identified with the zero modes of the corresponding 5D
fields. The zero-mode profile depends on a bulk mass (dimensionless) parameter c that can
be arbitrarily varied to localize the zero-mode superfield anywhere in the bulk. The fermion
and sfermion mass hierarchy is now dictated by the 5D fermion geography. Since the Higgs
fields are confined to the UV brane, the third-generation SM fermions are UV-localized,
while the first- and second-generation SM fermions are IR-localized. This naturally leads
to an inverted sfermion mass hierarchy, where the first- and second-generation sfermions
are heavy, while those of the third generation are light. The masses of the gauginos are
also somewhat suppressed below the heavy scalar mass scale. The gravitino is strongly
UV-localized, and accordingly is much lighter than the gauginos. It therefore becomes the
LSP that can play the role of dark matter.

Using the AdS/CFT correspondence, we can provide an equivalent description in terms of
the 4D strongly coupled large-N gauge theory that is dual to our 5D model. In this case,
we assume that the standard model gauge fields, the Higgs sector, and the third-generation
matter are (mostly) elementary, while the first two generations of matter are composite
due to some unknown strong dynamics that confines at a scale Λir. Hierarchies are then
generated when elementary superfields linearly mix with supersymmetric operators that
have large anomalous dimensions. Since the Higgs fields are elementary, the more composite
the fermion, the lighter the corresponding fermion mass. The strong dynamics is also
assumed to dynamically break supersymmetry, such that the composite sparticle states
directly feel the supersymmetry breaking. The predominantly elementary states, such as
the third-generation sfermions, higgsinos, and gauginos, are therefore split from the much
heavier first- and second-generation composite sfermions. Thus, the partially composite
supersymmetric model generically predicts that light (heavy) SM fermions, have heavy (light)
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sfermion superpartners. Moreover, since the gravity multiplet mixes with the stress-energy
tensor (via an irrelevant term), the gravitino is much lighter than the gauginos.

At tree level in the five-dimensional model, the sfermion hierarchy may be exponentially
large due to the suppressed coupling between the UV-localized fields and the supersymmetry-
breaking sector. The mass scale of the third-generation sfermions is therefore set by radiative
corrections from the heavy states, which transmit the breaking of supersymmetry at loop
order and become the dominant soft mass contribution. At one loop in five dimensions,
these corrections arise from bulk gauginos and scalars. Since the Higgs fields are localized
on the UV brane, both the Higgs-sector soft masses and the soft trilinear scalar couplings
are zero at tree level, but they, too, receive radiative corrections from the bulk.
The overall scales in the five-dimensional model can be fixed by imposing a number of

phenomenological constraints: (i) the LSP gravitino is assumed to be the dark matter with a
mass greater than O(1) keV; (ii) electroweak symmetry is broken, consistent with a 125 GeV
Higgs boson; (iii) the first- and second-generation sfermions are at least as heavy as 100 TeV
to ameliorate the supersymmetric flavor problem; (iv) the gaugino and higgsino masses are
constrained, so as to preserve gauge coupling unification as in the usual MSSM [assuming
any underlying dynamics preserves SU(5)]; and (v) only the MSSM fields are present in the
theory below the scale of compactification. The standard model fermion mass spectrum and
mixings are used to constrain the matter hypermultiplet localizations and the entries of the
five-dimensional Yukawa coupling matrices. The 5D model then predicts the soft masses
masses at the IR-brane scale, which are run down to lower energies using renormalization
group equations. Since the boundary conditions for the sfermion masses are nonuniversal
and flavor-dependent, tachyonic constraints that avoid charge- and color-breaking minima
must be imposed to further restrict the parameter space.

The numerical results of the benchmark scenarios given in Table 9.1 predict a hierarchical
sfermion mass spectrum. The third-generation sfermions have masses in the approximate
range 10–100 TeV (20–100 TeV for the stops), while the first- and second-generation sfermions
have masses in the range 100–350 TeV. We do not obtain a unique prediction because we
assume that there is no relation between the cL,R parameters of the left- and right-handed
fermions. Nevertheless, the numerical results reveal some interesting features. Most obvious
is the hierarchical nature of the spectrum. Typical MSSM running cannot produce a mass
spectrum with widely separated sparticle masses, and thus, with minimal particle content,
the origin of the mass hierarchy must necessarily reside in the high-scale boundary conditions.
Such conditions are a generic feature of our model and result in a distinctive split spectrum.
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The nonuniversality of the sfermion boundary conditions is also visible at a finer level, as it
is responsible for the presence of sizable D-term radiative corrections to the scalar masses.
Although the sign and magnitude of these corrections are highly constrained on tachyonic
grounds, they can be favorable for EWSB and can offset negative contributions to the
scalars that arise at two loops. Due to the structure of EWSB in our model (imposed by
radiative corrections from the bulk), the predicted Higgs boson mass is also sensitive to
D-term corrections, and the experimentally measured mass value can therefore indirectly
constrain the heaviest mass scales in the theory. In fact, since the measured Higgs mass is
broadly consistent with stop masses in the 10–100 TeV range (as predicted in both benchmark
scenarios) it is primarily through this effect that it constrains our benchmark spectra.

Our model is not too different from the usual MSSM, where a hidden sector with strong
dynamics is typically invoked to dynamically break supersymmetry (e.g., via gaugino conden-
sation). The supersymmetry breaking is then mediated via gravity (or alternatively, gauge
interactions) to the visible sector with universal boundary conditions for the sfermion masses.
The difference in our model is that the matter fields couple directly to the supersymmetry
breaking sector, but that coupling is effectively mediated by their propagation in the AdS5

bulk, thereby giving rise to strongly flavor-dependent sfermion mass boundary conditions.
Furthermore, assuming that the AdS5 bulk is SU(5) invariant (similar to what is imposed on
the messenger sector in gauge-mediated models), gauge coupling unification is still preserved
with the GUT scale at approximately 1016 GeV.

In light of the Higgs boson discovery and its implications for the supersymmetric spectrum,
our model thus provides a more predictive, splitlike supersymmetry scenario by explicitly
relating the standard model fermion mass hierarchy to the sfermion mass spectrum. It
would be interesting to construct models of the nontrivial dynamics (perhaps going beyond
large-N theories) that may constrain the anomalous dimensions even further, and therefore
lead to exact predictions for the sparticle spectrum. Nonetheless, the partially composite
supersymmetric model provides the raison d’être for the inverted sfermion hierarchy with a
gravitino LSP. The NLSP is typically a bino, higgsino, or right-handed stau, which decays
to the gravitino and could eventually come under scrutiny at a future 100 TeV collider.
Alternatively, the heavy first- and second-generation sfermions could be indirectly probed via
rare-decay experiments, such as the flavor-violating Mu2e experiment [279], or experiments
attempting to measure the electric dipole moment of the electron [280]. Of course, with
heavy superpartners, our model is tuned, and the question of why the overall scale of
the sparticle spectrum is much heavier than the TeV scale remains a mystery. Perhaps
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this is just evidence of the multiverse, as speculated in split-supersymmetric models, or a
supersymmetric relaxion mechanism is at play (or, from the 4D dual perspective, the tuning
could be related to the strong dynamics of the supersymmetry-breaking sector). In any case,
we have attempted to provide further rationale for why low-energy supersymmetry may be
concealed at a scale of 10–1000 TeV.
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A Spinor Structure in Five Dimensions

This appendix provides the details of the spinor formalism we employ for bulk fermion fields.
We first review the structure of the Clifford algebra in curved spacetime, before specializing
to five-dimensional AdS. We then discuss the spin-1

2 representation of the Lorentz group in
five dimensions, constructing both Dirac and symplectic Majorana spinors.

A.1 The Cli�ord Algebra in Curved Spacetime

In a curved spacetime with metric gµν , the Clifford algebra is

{
Γµ,Γν

}
= 2gµν I4 . (A.1)

In the absence of curvature, this must reduce to the Lorentzian definition:

{
γa, γb

}
= 2ηab I4 . (A.2)

At each point, the spacetime manifold can be considered to be locally flat. Formally, we can
define a local change of basis, such that

gµν = e a
µ e b

ν ηab . (A.3)

Here, e a
µ are the coefficients of a tensor known as the vielbein,

e = e a
µ dxµ ⊗ ∂a (A.4)

which defines at each spacetime point a mapping to a Lorentzian tangent space:

dxa = e a
µ dxµ , (A.5a)
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dxµ = eµa dxa , (A.5b)

We note that the Greek manifold coordinate vielbein indices are raised and lowered by the
general metric gµν and the Roman Lorentzian indices by the flat metric ηab: e.g.,

eµa = gµν ηab e
b
ν . (A.6)

The Clifford algebra in curved spacetime can therefore be constructed from the flat space
algebra (A.2) as

Γµ = e a
µ γa . (A.7)

The local frame transformation (A.3) can be regarded as a gauging of local Lorentz
transformations, and accordingly induces a connection for spinor representations of the
Lorentz group. To take this into account, we define the spinor covariant derivative

Dµ = ∂µ + ωµ = ∂µ −
i

2ω
ab
µ Sab = ∂µ + 1

8ω
ab
µ

[
γa, γb

]
, (A.8)

where ωµ is the spin connection and Sab = i
4
[
γa, γb

]
are the generators of the Lorentz group.

Because the vielbein establishes the flat tangent space at each point, it also defines the
connection:

ω ab
µ = e a

ν ∂;µ e
νb = e a

ν Γνλµ eλb + e a
ν ∂µ e

νb , (A.9)

where ∂;µ is the gravitational covariant derivative and Γλµν are the Christoffel symbols.

A.1.1 Five-dimensional Anti-de Sitter Spacetime

In the specific case of five-dimensional anti-de Sitter spacetime, we see from the metric (3.16)
and the definition of the vielbein1 (A.3) that

eM
a = diag(eA, eA, eA, eA, 1) , (A.10)

and the generalized gamma matrices are

ΓM = e a
M γa =

(
e−Aγµ, γ5

)
. (A.11)

1In five dimensions, specifically, the fünfbein.
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For the metric (3.16), the nonzero Christoffel symbols are

Γ5
µµ = A′e−2Aηµµ , (A.12a)

Γµ5µ = −A′ , (A.12b)

Γµµ5 = −A′ , (A.12c)

and thus, the spin connection is

ωM =
(
−1

2A
′e−Aγµγ5, 0

)
. (A.13)

A.2 Dirac Spinors

A convenient representation of the Lorentzian gamma matrices γa =
(
γµ, γ5) satisfying (A.2)

(for the mostly positive metric convention) in five dimensions is given by2

γµ = −i

 0 σµaċ

σµȧc 0

 , γ5 = −iγ0γ1γ2γ3 =

 δ c
a 0

0 −δȧċ

 , (A.15)

where we have made the spinor indices explicit. Numerically,

σµaċ ≡
(
I2, σ

i) , (A.16a)

σµȧc ≡
(
I2,−σi

)
, (A.16b)

2Note that in this convention, for a four-vector aµ,

/a/a = aµγ
µaνγ

ν = ηµνaµaνI4 = a2I4 . (A.14)
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with the Pauli matrices3

σ1 = σx =
(

0 1
1 0

)
, σ2 = σy =

(
0 −i
i 0

)
, σ3 = σz =

(
1 0
0 −1

)
. (A.18)

The fifth gamma matrix acts as the chirality operator, such that Dirac spinor fields can be
decomposed as

Ψ = ΨL + ΨR , (A.19)

where ΨL,R are chiral eigenstates4,

γ5ΨL,R = ±ΨL,R , (A.21)

which can be defined via left and right projection

ΨL,R = 1
2
(
I4 ± γ5

)
Ψ ≡ PL,RΨ . (A.22)

In terms of Weyl spinors, we identify

Ψ =

 (ψL)a
(ψ†R)ȧ

 , ΨL =

 (ψL)a
0

 , ΨR =

 0

(ψ†R)ȧ

 . (A.23)

The Dirac conjugate spinor is defined as

Ψ = Ψ†D =
(

(ψR)a (ψ†L)ȧ
)
, (A.24)

3Note that in this convention

(σµσν + σνσµ) c
a = −2gµνδ c

a , (A.17a)

(σµσν + σνσµ)ȧċ = −2gµνδȧċ . (A.17b)

4Note that this is opposite the usual chirality convention,

γ5ΨL,R = ∓ΨL,R . (A.20)

This is due to the definition of γ5 in (A.15), which reverses the sign of usual convention γ5 = iγ0γ1γ2γ3.
This usage is historical (see Ref. [94]) and determines the sign convention for parametrization of the
localizations of the zero modes of the chiral spinor components in terms of the bulk dirac mass coefficients
(B.41).
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where

D ≡

 0 δȧċ

δ c
a 0

 (A.25)

is the Dirac conjugation matrix (numerically, D = iγ0, although the spinor index structure
is different), such that products of the form

ΨΨ = ΨRΨL + ΨLΨR = ψR ψL + ψ†R ψ
†
L , (A.26)

where ΨL,R ≡ Ψ†L,RD = ΨPR,L, are Lorentz-invariant. Additionally, we can introduce the
charge conjugate spinor,

Ψc ≡ C5Ψt =

 −(ψR)a
(ψ†L)ȧ

 , (A.27)

where

C5 ≡

 −εac 0

0 εȧċ

 (A.28)

is the five-dimensional charge conjugation matrix5 (numerically, C5 = iγ5γ2γ0 = γ3γ1, but
again the spinor index structure is different) and the antisymmetric invariant is defined as

ε12 = ε1̇2̇ = ε21 = ε2̇1̇ = 1 , ε12 = ε1̇2̇ = ε21 = ε2̇1̇ = −1 . (A.32)

5In five dimensions, the matrices γa and their transposes γt
a both satisfy the Clifford algebra. Accordingly,

Shur’s lemma implies that these two representations must be connected by a similarity transformation.
With the definition (A.28), this is realized by the charge conjugation matrix:

C−1
5 γa C5 = γt

a . (A.29)

Note that this condition does not fix the overall sign of the charge conjugation matrix: we could also take
C5 → −C5.

In four dimensions, the conventional similarity transformation is

C−1
4 γa C4 = −γt

a , (A.30)

with the charge conjugation matrix

C4 ≡
(
εac 0
0 εȧċ

)
. (A.31)
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Here, products of the form

ΨΨc + H.c. = ΨLΨc
L + ΨRΨc

R + H.c. = ψL ψL + ψ†L ψ
†
L − ψR ψR − ψ

†
R ψ
†
R , (A.33)

where Ψc
L,R ≡ C5Ψt

L,R = PR,LΨc, are Lorentz-invariant.6

Due to the presence of the fifth gamma matrix in the Clifford algebra, left- and right-
handed Weyl spinors are not independently Lorentz-covariant (the chirality operator does not
commute with the generators of the Lorentz group). The irreducible spin-1

2 representation
of the Lorentz group in five dimensions is thus a four-component Dirac spinor.

A.3 Majorana Spinors

Majorana spinors do not exist in five dimensions, as it is impossible to enforce the Majorana
reality condition:

Ψc = Ψ =⇒ ψL = ψR = −ψR , (A.36)

which has no nontrivial solution. However, a symplectic Majorana spinor can be formed out
of an even number of Dirac spinors, labeled by i = 1, 2, . . . , 2n, constrained by a symplectic
Majorana reality condition

Ψc
i = ΩijΨj , (A.37)

where Ω is a real antisymmetric matrix in the space of Dirac spinors with Ω2 = −1. In the
specific case n = 1, we take two Dirac spinors, Ψ1 and Ψ2, and require Ψc

i = εijΨj , or

Ψc
1 = −Ψ2 ,

Ψc
2 = Ψ1 ,

 =⇒

 ψ1,L = −ψ2,R ,

ψ1,R = ψ2,L ,
(A.38)

6Instead of a charge conjugate spinor, we could have defined an equivalent Majorana conjugate:

ΨC ≡ ΨtC5 =
(

(ψL)a −(ψ†R)ȧ
)
, (A.34)

in which case a Lorentz-invariant combination would be

ΨCΨ + H.c. = ΨΨc + H.c. (A.35)
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such that we can decompose Ψ1,2 in terms of a single set of independent chiral Weyl spinors7.
Choosing these to be ψL,R ≡ ψ1L,R, we find

Ψ1 =

 (ψL)a
(ψ†R)ȧ

 , Ψ2 =

 (ψR)a
−(ψ†L)ȧ

 . (A.39)

In this case, products of the forms

1
2 (σ3)ij ΨiΨj = 1

2
(
Ψ1Ψ1 −Ψ2Ψ2

)
= ψR ψL + ψ†R ψ

†
L (A.40)

and

1
2 (σ3)ij ΨiΨc

j = −1
2
(
Ψ1Ψ2 + Ψ2Ψ1

)
= ψL ψL + ψ†L ψ

†
L − ψR ψR − ψ

†
R ψ
†
R (A.41)

are Lorentz-invariant.

7Any of the four sets (ψ1,L, ψ1,R), (ψ1,L, ψ2,L), (ψ2,L, ψ2,R), or (ψ1,R, ψ2,R) can be selected as the independent
pair.
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In this appendix we develop the details of field theory in the AdS5 bulk necessary to construct
a supersymmetric extension of the standard model. These results can be found in many
places throughout the literature. For two reviews, see Refs. [112, 281].

B.1 Scalars

We consider a bulk complex scalar field Φ = Φ(xµ, y), with action

S5 = −
∫
d5x
√
−g

[(
∂MΦ∗

)(
∂MΦ

)
+m2

ΦΦ∗Φ
]
, (B.1)

where m2
Φ is a bulk mass. In order for the scalar action to be invariant under the Z2 orbifold

symmetry (3.3), the scalar field must be even or odd under the symmetry transformation Z:

Φ(xµ,−y) = ZΦ(xµ, y) = ±Φ(xµ, y) . (B.2)

In terms of the parities assigned at the orbifold fixed points,

Φ(xµ, 0) = ±Φ(xµ, 0) , (B.3a)

Φ(xµ, πR) = ±Φ(xµ,−πR) , (B.3b)

there are four possible parity profiles for the field, as listed in Table 3.1.
The scalar mass term is even under the Z2 symmetry and can contain both bulk and

boundary components, which we parametrize as

m2
Φ(y) ≡ ak2 + k [buv 2δ(y)− bir 2δ(y − πR)] , (B.4)

where a and buv,ir are dimensionless real coefficients. In accordance with the Breitenlohner-
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Freedman bound for the stability of the AdS spacetime solution [282, 283], we require a ≥ 4.
While the boundary mass terms, on the other hand, are in general unconstrained, four-
dimensional N = 1 supersymmetry can only be preserved if they have a special relationship
with the bulk mass. With this in mind, we decompose the boundary mass coefficients as

buv,ir ≡ b± ξuv,ir , (B.5)

into a supersymmetric part common to both branes that must be tuned to the bulk mass as

b = 2±
√

4 + a ⇐⇒ a = b(b− 4) , (B.6)

and a supersymmetry-breaking deviation ξuv,ir. Note that in accord with the bound a ≥ 4,
the range of the parameter b is unrestricted: −∞ ≤ b ≤ ∞ (that is, b provides a double
cover of the allowed range of a). In the supersymmetric limit ξuv = ξir = 0, the tuning (B.6)
is precisely the condition necessary to allow a zero mode in the Kaluza-Klein spectrum of an
even scalar field.
The function A(y) = k|y| is defined in (3.15); its derivatives take the form

A′(y) = d

dy
A(y) = k sgn(y) , (B.7a)

A′′(y) = d2

dy2A(y) = 2k
[
δ(y)− δ(y − πR)

]
. (B.7b)

With this notation, we can write the scalar mass term (B.4) as

m2
Φ = ak2 + bA′′ + ξuvk 2δ(y) + ξirk 2δ(y − πR) . (B.8)

B.1.1 Kaluza-Klein theory

The variation of the scalar action (B.1) gives the equations of motion

e2Aηµν∂µ∂νΦ + e4A∂5
(
e−4A∂5Φ

)
− ak2Φ = 0 . (B.9)
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The boundary conditions are either generalized Neumann (N),1

(
∂5 − buv,irA

′)Φ
∣∣
y=0+,πR− =

[
∂5 − (b± ξuv,ir)A′

]
Φ
∣∣
y=0+,πR− = 0 , (B.10)

or Dirichlet (D),
Φ
∣∣
y=0,πR = 0 . (B.11)

The boundary conditions required on each brane are determined by the scalar’s parity
profiles according to Table 3.2.
We now assume the field decomposition

Φ(xµ, y) =
∞∑
n=0

Φ(n)(xµ) f (n)
Φ (y) , (B.12)

where the Kaluza-Klein eigenmodes Φ(n) satisfy the Klein-Gordon equations

ηµν∂µ∂νΦ(n) = m2
nΦ(n) , (B.13)

with mass eigenvalues m2
n. By convention, we index the eigenmodes in order of increasing

mass. The bulk profiles f (n)
Φ obey the orthonormality conditions

πR∫
−πR

dy e−2A(y)f (m)
Φ (y) f (n)

Φ (y) = δmn , (B.14)

and the equations of motion

[
−e4A∂5

(
e−4A∂5

)
+ ak2

]
f (n)

Φ = e2Am2
nf

(n)
Φ . (B.15)

with generalized Neumann,

(
∂5 − buv,irA

′) f (n)
Φ

∣∣∣
y=0+,πR−

=
[
∂5 − (b± ξuv,ir)A′

]
f (n)

Φ

∣∣∣
y=0+,πR−

= 0 , (B.16)

1These are technically mixed boundary conditions, involving both Neumann and Dirichlet terms. In the
terminology of Sec. 3.1, we might define a Neumann boundary condition as one that is compatible with a
zero-mode solution. In this case, the Dirichlet contribution is parametrized by ξuv,ir, which can be varied
to interpolate between a Neumann condition.
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or Dirichlet,
f (n)

Φ

∣∣∣
y=0,πR

= 0 , (B.17)

boundary conditions.

Massive solutions

For m2
n > 0, the solutions to (B.15) take the forms:

f (n)
Φ (y) =


f (n)

Φ (z) for Φ even ,

sgn(y) f (n)
Φ (z) for Φ odd ,

(B.18)

where
f (n)

Φ (z) =
√
kN (n)

Φ (zk)2
[
Jα(mnz)− C (n)

Φ Yα(mnz)
]

(B.19)

are the profiles in terms of the conformal coordinate z. Here, Jα and Yα are Bessel functions
of the first and second kinds, respectively, with index2

α = ±
√

4 + a = 2− b . (B.22)

The natural argument of the Bessel functions is the dimensionless quantity

xn ≡ mnz = mn

ke−A
. (B.23)

For each mode, the dimensionless constant N (n)
Φ is fixed by the orthonormality condition

(B.14). The constant C (n)
Φ is determined by the boundary conditions: Neumann boundary

2In this case, the common boundary mass coefficient b offers a more useful parametrization of the degree
of freedom in the KK solutions than the bulk mass coefficient a, as its value is unrestricted (b ∈ R as
opposed to a ≥ 4). Note that we could also restrict the index to be positive, writing

α =
√

4 + a = |2− b| . (B.20)

In this case, the Neumann conditions (B.24) for the constants C (n)
Φ must be modified [the Dirichlet

conditions (B.25) are the same]:

C (n)
Φ

∣∣
y=0,πR

= Jα−1(xuv,ir
n ) + (2− b− α∓ ξuv,ir) Jα(xuv,ir

n )
Yα−1(xuv,ir

n ) + (2− b− α∓ ξuv,ir)Yα(xuv,ir
n )

. (B.21)

This formulation offers greater stability in numeric evaluation in some regions of the parameter space of b
and ξuv,ir.
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conditions (even boundary parity) give rise to the values

C (n)
Φ

∣∣∣
y=0,πR

= Jα−1(xuv,ir
n )∓ ξuv,irJα(xuv,ir

n )
Yα−1(xuv,ir

n )∓ ξuv,irYα(xuv,ir
n )

, (B.24)

while Dirichlet conditions (odd boundary parity) give

C (n)
Φ

∣∣∣
y=0,πR

= Jα(xuv,ir
n )

Yα(xuv,ir
n )

(B.25)

The eigenmass mn is determined by ensuring that the boundary conditions on both branes
give rise to the same constant:

C (n)
Φ = C (n)

Φ

∣∣∣
y=0

= C (n)
Φ

∣∣∣
y=πR

, (B.26)

explicitly,

C (n)
Φ =



xuv
n Jα−1(xuv

n )− ξuvJα(xuv
n )

xuv
n Yα−1(xuv

n )− ξuvYα(xuv
n ) = xir

n Jα−1(xir
n ) + ξirJα(xir

n )
xir
n Yα−1(xir

n ) + ξirYα(xir
n ) for Φ(+,+) ,

xuv
n Jα−1(xuv

n )− ξuvJα(xuv
n )

xuv
n Yα−1(xuv

n )− ξuvYα(xuv
n ) = Jα(xir

n )
Yα(xir

n ) for Φ(+,−) ,

Jα(xuv
n )

Yα(xuv
n ) = xir

n Jα−1(xir
n ) + ξirJα(xir

n )
xir
n Yα−1(xir

n ) + ξirYα(xir
n ) for Φ(−,+) ,

Jα(xuv
n )

Yα(xuv
n ) = Jα(xir

n )
Yα(xir

n ) for Φ(−,−) .

(B.27)

We discuss the approximate Kaluza-Klein spectrum in Appendix C.

Zero-mode solutions

A solution to (B.15) with zero mass eigenvalue (a Kaluza-Klein zero mode) exists only for
Φ(+,+) (a nontrivial massless solution is only possible with Neumann boundary conditions)
when the bulk and boundary masses are tuned according to (B.6) (i.e., when ξuv = ξir = 0).
This solution, the Kaluza-Klein zero mode, is necessarily the lightest state in the scalar
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Kaluza-Klein tower and is accordingly labeled by the index n = 0.3 Its bulk profile takes
the form

f (0)
Φ (y) =

√
(b− 1) k

e2(b−1)πkR − 1
ebA(y) ≡

√
kN (0)

Φ ebA(y) , (B.28)

or

f (0)
Φ (z) =

√
(b− 1) k

(zirk)2(b−1) − 1
(zk)b =

√
kN (0)

Φ (zk)b , (B.29)

in terms of the conformal coordinate. If the condition (B.6) is violated (i.e., when ξuv,ir 6= 0),
then massless solutions are no longer possible. In this case, the zero mode is said to be
lifted. and its profile and eigenmass are found as in the general massive case. We present an
analytic approximation for the resulting zero-mode mass in Appendix C.

Localization

The localization properties of the KK modes can be extracted by considering the expanded
action,

S5 = −
∑
n

∫
d5x
√
−g

(
f (n)

Φ
)2 [

gµν
(
∂µΦ(n))∗ ∂νΦ(n) + e2Am2

nΦ(n)∗Φ(n)
]

= −
∑
n

∫
d5x

(
f (n)

Φ
)2
e−2A

[
ηµν

(
∂µΦ(n))∗ ∂νΦ(n) +m2

nΦ(n)∗Φ(n)
]

≡ −
∑
n

∫
d5x

(
f̃ (n)

Φ
)2 [

ηµν
(
∂µΦ(n))∗ ∂νΦ(n) +m2

nΦ(n)∗Φ(n)
]
, (B.30)

where we have absorbed all warp factors from the metric into rescaled profiles:

f̃ (n)
Φ (y) = f (n)

Φ (y) e−A(y) . (B.31)

Note that for the rescaled profiles the orthonormality relation (B.14) becomes

πR∫
−πR

dy f̃ (m)
Φ (y) f̃ (n)

Φ (y) = δmn , (B.32)

3As there is no zero mode when Φ is has any other parity assignment, we skip n = 0 and start the numbering
at n = 1 in those cases.
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and the action can be reduced to a tower of four-dimensional states:

S4 = −
∑
n

∫
d4x

[
ηµν

(
∂µΦ(n))∗ ∂νΦ(n) +m2

n

(
Φ(n))∗Φ(n)

]
. (B.33)

The localization of each mode in the extra dimension with respect to a conformally flat
metric is thus determined by the rescaled profiles f̃ (n)

Φ . In particular, the rescaled profiles for
the scalar zero modes are

f̃ (0)
Φ (y) =

√
(b− 1) k

e2(b−1)πkR − 1
e(b−1)A(y) =

√
kN (0)

Φ e(b−1)A(y) , (B.34)

or

f̃ (0)
Φ (z) =

√
(b− 1) k

(zirk)2(b−1) − 1
(zk)b−1 =

√
kN (0)

Φ (zk)b−1 . (B.35)

We see that for b < 1 (b > 1) the zero mode is localized toward the UV (IR) brane, and
when b = 1, the mode is conformally flat. Because b ∈ R is a free parameter, the zero mode
may be localized anywhere in the bulk.

B.2 Dirac Fermions

We consider a bulk Dirac fermion Ψ = Ψ(xµ, y), with action

S5 = −
∫
d5x
√
−g

(1
2ΨΓMDMΨ− 1

2
(
DMΨ

)
ΓMΨ +mdΨΨ

)
, (B.36)

where md is a Dirac mass matrix and the kinetic terms have been constructed to be explicitly
Hermitian.4 In order for the fermion action to remain invariant under the Z2 orbifold
symmetry, the fermion field must transform as

Ψ(xµ,−y) = ±γ5Ψ(xµ, y) , (B.37)

4Integration by parts in the AdS geometry generally introduces boundary terms, so we must start with the
canonical Dirac operator directly, rather than the right-acting form usual in flat space.
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where the overall sign must be determined by the interactions of the fermion with other
fields. According to (A.21), the action of γ5 is

γ5Ψ = γ5ΨL + γ5ΨR = ΨL −ΨR , (B.38)

and therefore (B.37) implies that

ΨL(xµ,−y) = ±ΨL(xµ, y) and ΨR(xµ,−y) = ∓ΨR(xµ, y) . (B.39)

That is, the left- and right-handed chiral projections of Ψ must thus be states of definite
parity under the orbifold symmetry such that if ΨL is even, ΨR must be odd and vice versa.
In terms of the parities assigned at the orbifold fixed points,

ΨL(xµ, 0) = ±ΨL(xµ, 0) and ΨR(xµ, 0) = ∓ΨR(xµ, 0) , (B.40a)

ΨL(xµ, πR) = ±ΨL(xµ,−πR) and ΨR(xµ, πR) = ∓ΨR(xµ,−πR) , (B.40b)

there are four possible parity profile configurations for the chiral components, which we
list in Table B.1. Because that chiral component with odd parity on a boundary must
vanish there, this implies that each boundary is only able to support one fermion chirality.
This allows an alternative characterization of the fermion parity configurations in terms of
boundary chiralities.

Table B.1: Possible S1-periodicity and Z2-parity assignments for bulk Dirac fermions
on the orbifold. The left (right) term in the tuples refers to the Z2 parity or fermion
chirality at the y = 0 (y = ±πR) orbifold fixed point.

boundary parity Z2 parity

boundary
chirality ΨL ΨR ΨL ΨR S1 periodicity

(L,L) (+,+) (−,−) even odd periodic

(L,R) (+,−) (−,+) even odd antiperiodic

(R,L) (−,+) (+,−) odd even antiperiodic

(R,R) (−,−) (+,+) odd even periodic
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The opposing parity assignments for the chiral components means that the bilinear ΨΨ
is odd and vanishes on the boundaries. Consequently, the Dirac mass matrix md is only
nonzero in the bulk, and we can parametrize it as

md(y) ≡ cA′(y) , (B.41)

where c is a dimensionless real coefficient. The nontrivial transformation of the bulk mass
under the Z2 symmetry implies that it must arise as the vacuum expectation value of a
topological domain wall soliton of an underlying scalar field with odd parity.

On the other hand, using the charge conjugated spinor, we can form an even bilinear such
as ΨΨc, and therefore, a bulk Majorana mass term of the form

S5 ⊃ −
∫
d5x
√
−g

(1
2mmΨΨc + H.c.

)
(B.42)

may be added, which we parametrize as

mm = ξk , (B.43)

where ξ is a dimensionless complex coefficient. We may also add boundary majorana masses,
which, because the field theory on the boundaries obeys four-dimensional (rather than five-
dimensional) Lorentz symmetry, may be defined separately for each of the chiral components:

S5 ⊃ −
∫
d5x
√
−g

(1
2mm,LΨLΨc

L + 1
2mm,RΨRΨc

R + H.c.
)
, (B.44)

where
mmL,R(y) + ξuvL,R 2δ(y) + ξirL,R 2δ(y − πR) . (B.45)

with dimensionless complex coefficients ξuvL,R and ξirL,R. The addition of such a Majorana
masses necessarily breaks four-dimensional N = 1 supersymmetry and is incompatible with
the presence of zero modes in the fermion Kaluza-Klein spectrum. When mm = 0 and
mmL,R = 0, the KK spectrum is vectorlike, composed, as we discuss below, of a tower of
massive four-dimensional Dirac states along with a single chiral zero-mode solution. When
the Majorana mass is included, the KK spectrum instead consists of two towers of massive
four-dimensional Majorana fermions. In the following, we will consider both the vectorlike
case and the case with boundary Majorana masses (we are not interested in breaking
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supersymmetry in the bulk, so we will set ξ = 0). For a discussion of bulk Majorana masses
in the context of models of a five-dimensional seesaw mechanism, see Refs. [179, 184, 284].

B.2.1 Vectorlike Kaluza-Klein theory

In the absence of any Majorana mass terms,5 the variation of the action gives for the left-
and right-handed components of the fermion the equations of motion:

eAγµ∂µΨR + ∂5ΨL + (c− 2)A′ΨL = 0 , (B.46a)

eAγµ∂µΨL − ∂5ΨR + (c+ 2)A′ΨR = 0 . (B.46b)

Redefining Ψ̂ = Ψe−2A, we can absorb the spin-connection terms:

eAγµ∂µΨ̂R + ∂5Ψ̂L + cA′Ψ̂L = 0 , (B.47a)

eAγµ∂µΨ̂L − ∂5Ψ̂R + cA′Ψ̂R = 0 . (B.47b)

We can decouple these equations by taking further derivatives, finding the second-order
equations

e2Aηµν∂µ∂νΨ̂L,R + eA∂5
(
e−A∂5Ψ̂L,R

)
− c (c± 1) k2Ψ̂L,R = 0 , (B.48)

which have a similar form to the scalar equations of motion (B.9). The boundary conditions
for each chiral component may be either Neumann (N),

(
∂5 + cA′

)
Ψ̂L

∣∣
0+,πR−

=
[
∂5 − (2− c)A′

]
ΨL

∣∣
0+,πR−

= 0 , (B.49a)(
∂5 − cA′

)
Ψ̂R

∣∣
0+,πR−

=
[
∂5 − (2 + c)A′

]
ΨR

∣∣
0+,πR−

= 0 , (B.49b)

or Dirichlet (D),
Ψ̂L,R

∣∣
0,πR = ΨL,R

∣∣
0,πR = 0 , (B.50)

depending on the parity assignments, as we list in Table B.2. The correspondence between
parity configurations and boundary conditions for Dirac fermions is the natural extension of

5In the interacting theory, of course, there may exist additional mass contributions, such as those arising
from Yukawa couplings after EWSB, which we also neglect.
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the general (scalar) case given in Table 3.2.

Table B.2: Correspondence between parity assignments and boundary conditions for
bulk Dirac fermions on the orbifold. The left (right) term in the tuples refers to the
Z2 parity or type of boundary condition at the y = 0 (y = ±πR) orbifold fixed point

boundary
parity

boundary
conditions

ΨL ΨR ΨL ΨR

(+,+) (−,−) (N,N) (D,D)

(+,−) (−,+) (N,D) (D,N)

(−,+) (+,−) (D,N) (N,D)

(−,−) (+,+) (D,D) (N,N)

We now assume the Kaluza-Klein decompositions

ΨL,R(xµ, y) =
∞∑
n=0

Ψ(n)
L,R(xµ) f (n)

ΨL,R(y) =
∞∑
n=0

Ψ(n)
L,R(xµ) e2A(y)f̂ (n)

ΨL,R(y) , (B.51)

where the KK eigenmodes Ψ(n)
L,R satisfy Dirac equations

ηµνγµ∂νΨ(n)
L,R = −mnΨ(n)

R,L , (B.52)

with mass eigenvalues mn. The bulk profiles f (n)
ΨL,R obey the orthonormality conditions

πR∫
−πR

dy e−3A(y)f (m)
ΨL,R(y) f (n)

ΨL,R(y) =
πR∫
−πR

dy eA(y)f̂ (m)
ΨL,R(y) f̂ (n)

ΨL,R(y) = δmn , (B.53)

and equations of motion

∂5f̂
(n)
ΨL + cA′f̂ (n)

ΨL = eAmnf̂
(n)
ΨR , (B.54a)

−∂5f̂
(n)
ΨR + cA′f̂ (n)

ΨR = eAmnf̂
(n)
ΨL , (B.54b)
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or [
−eA∂5

(
e−A∂5

)
+ c (c± 1) k2

]
f̂ (n)

ΨL,R = e2Am2
nf̂

(n)
ΨL,R . (B.55)

in decoupled, second-order form. The boundary conditions are Neumann,

(
∂5 + cA′

)
f̂ (n)

ΨL

∣∣∣
0+,πR−

=
[
∂5 − (2− c)A′

]
f (n)

ΨL

∣∣∣
0+,πR−

= 0 , (B.56a)

(
∂5 − cA′

)
f̂ (n)

ΨR

∣∣∣
0+,πR−

=
[
∂5 − (2 + c)A′

]
f (n)

ΨR

∣∣∣
0+,πR−

= 0 , (B.56b)

or Dirichlet,
f̂ (n)

ΨL,R

∣∣∣
0,πR

= f (n)
ΨL,R

∣∣∣
0,πR

= 0 , (B.57)

Note that the four-dimensional Kaluza-Klein spectrum is entirely vectorlike, consisting of
a tower of massive Dirac states. The only exception occurs if one of the chiral components of
an eigenmode vanishes, in which case the spectrum also contains the remaining component
as a massless zero mode. We consider both of these cases below.

Massive solutions

For m2
n > 0, the solutions to (B.55) take the forms:

f (n)
ΨL,R(y) = e2A(y)f̂ (n)

ΨL,R(y) =


f (n)

ΨL,R(z) for ΨL,R even ,

sgn(y) f (n)
ΨL,R(z) for ΨL,R odd ,

(B.58)

where,
f (n)

ΨL,R(z) =
√
kN (n)

Ψ (zk)5/2
[
JαL,R(mnz)− C (n)

Ψ YαL,R(mnz)
]

(B.59)

and
αL,R = c± 1

2 . (B.60)

Here, the constants N (n)
Ψ and C (n)

Ψ are the same for both components of each mode, a result
due ultimately to the fact that each pair of left- and right-handed modes share a common
Dirac mass eigenvalue. This is only true in the supersymmetric limit; when Majorana masses
are added, we must distinguish separate constants for each component as we discuss below
in Sec. B.2.2. For each mode, the dimensionless constant N (n)

Ψ is fixed by the orthonormality
conditions (B.53). The constant C (n)

Ψ is determined by the boundary conditions. Neumann

217



B Bulk Fields in a Slice of AdS5

boundary conditions (even boundary parity) give rise to the values

C (n)
ΨL

∣∣∣
y=0,πR

= JαL−1(xuv,ir
n )

YαL−1(xuv,ir
n )

= JαR(xuv,ir
n )

YαR(xuv,ir
n )

, (B.61a)

C (n)
ΨR

∣∣∣
y=0,πR

= JαR+1(xuv,ir
n )

YαR+1(xuv,ir
n )

= JαL(xuv,ir
n )

YαL(xuv,ir
n )

, (B.61b)

while Dirichlet conditions (odd boundary parity) give

C (n)
ΨL

∣∣∣
y=0,πR

= JαL(xuv,ir
n )

YαL(xuv,ir
n )

= JαR+1(xuv,ir
n )

YαR+1(xuv,ir
n )

, (B.62a)

C (n)
ΨR

∣∣∣
y=0,πR

= JαR(xuv,ir
n )

YαR(xuv,ir
n )

= JαL−1(xuv,ir
n )

YαL−1(xuv,ir
n )

, (B.62b)

The Dirac eigenmass mn is determined by ensuring that the boundary conditions on both
branes give rise to the same constant (note that the constants for both chiral components
are necessarily the same in each parity configuration):

C (n)
Ψ = C (n)

ΨL,R

∣∣∣
y=0

= C (n)
ΨL,R

∣∣∣
y=πR

, (B.63)

explicitly,

C (n)
Ψ =



JαR(xuv
n )

YαR(xuv
n ) = JαR(xir

n )
YαR(xir

n ) for Ψ = Ψ(+,+)
L + Ψ(−,−)

R ,

JαR(xuv
n )

YαR(xuv
n ) = JαL(xir

n )
YαL(xir

n ) for Ψ = Ψ(+,−)
L + Ψ(−,+)

R ,

JαL(xuv
n )

YαL(xuv
n ) = JαR(xir

n )
YαR(xir

n ) for Ψ = Ψ(−,+)
L + Ψ(+,−)

R ,

JαL(xuv
n )

YαL(xuv
n ) = JαL(xir

n )
YαL(xir

n ) for Ψ = Ψ(−,−)
L + Ψ(+,+)

R .

(B.64)

We discuss the approximate Kaluza-Klein spectrum in Appendix C.

Zero-mode solutions

A solution to (B.55) with zero mass eigenvalue only exists for chiral components with (+,+)
parity, corresponding to Neumann boundary conditions on both branes. For components
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with odd parity on any boundary, obeying a Dirichlet condition of the form (B.57), the
only massless solution is the trivial one. Only two out of the four parity configurations in
Table B.1 support a zero-mode solution.

1. Le�-handed zero mode

If Ψ = Ψ(+,+)
L + Ψ(−,−)

R , then the left-handed chiral component has a zero-mode solution.
The zero-mode profile takes the form

f (0)
ΨL(y) =

√
(1/2− c) k

e2(1/2−c)πkR − 1
e(2−c)A(y) ≡

√
kN (0)

ΨLe
(2−c)A(y) (B.65)

or

f (0)
ΨL(z) =

√
(1/2− c) k

(zirk)2(1/2−c) − 1
(zk)2−c =

√
kN (0)

ΨL (zk)2−c , (B.66)

in terms of the conformal coordinate.

2. Right-handed zero mode

If Ψ = Ψ(−,−)
L + Ψ(+,+)

R , then the right-handed chiral component has a zero-mode
solution. The zero-mode profile takes the form

f (0)
ΨR(y) =

√
(1/2 + c) k

e2(1/2+c)πkR − 1
e(2+c)A(y) ≡

√
kN (0)

ΨR e
(2+c)A(y) (B.67)

or

f (0)
ΨR(z) =

√
(1/2 + c) k

(zirk)2(1/2+c) − 1
(zk)2+c =

√
kN (0)

ΨR (zk)2+c , (B.68)

in terms of the conformal coordinate.

Thus, a bulk Dirac fermion in five-dimensions can either have a left- or right-handed
massless mode (but not both), and the resulting KK spectrum consists of a tower of massive
four-dimensional Dirac states above a single chiral zero-mode solution. In the case of
fermions with twisted boundary conditions, no zero modes are possible, and the spectrum
is entirely vectorlike. Therefore, although the five-dimensional bulk is vectorlike, a sense
of four-dimensional chirality can be recovered in the fermion zero-mode theory under the
appropriate choice of orbifold parity. This chiral zero-mode structure is thus ultimately a
result of the orbifold Z2 symmetry, and hence it is the orbifold compactification that allows
chiral theories such as the standard model to be extended into five dimensions.
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If Majorana masses are added either in the bulk or on the boundary, then massless
solutions are no longer possible. In this case, the zero modes are lifted as we discuss below
in Sec. B.2.2. We present an analytic approximation for the resulting zero-mode mass in
Appendix C.

Localization

The localization properties of the KK modes can be extracted by considering the expanded
action,

S5 = −
∑
n

∫
d5x
√
−g

[(
f (n)

ΨL
)2 (Ψ(n)

L g
µνΓµ∂νΨ(n)

L + eAmnΨ(n)
L Ψ(n)

R

)
+
(
f (n)

ΨR
)2 (Ψ(n)

R g
µνΓµ∂νΨ(n)

R + eAmnΨ(n)
R Ψ(n)

L

)]

= −
∑
n

∫
d5x

[(
f (n)

ΨL
)2
e−3A

(
Ψ(n)
L η

µνγµ∂νΨ(n)
L +mnΨ(n)

L Ψ(n)
R

)
+
(
f (n)

ΨR
)2
e−3A

(
Ψ(n)
R η

µνγµ∂νΨ(n)
R +mnΨ(n)

R Ψ(n)
L

)]

≡ −
∑
n

∫
d5x

[(
f̃ (n)

ΨL
)2 (Ψ(n)

L η
µνγµ∂νΨ(n)

L +mnΨ(n)
L Ψ(n)

R

)
+
(
f̃ (n)

ΨR
)2 (Ψ(n)

R η
µνγµ∂νΨ(n)

R +mnΨ(n)
R Ψ(n)

L

)]
,

(B.69)

where we have absorbed all warp factors from the metric into rescaled profiles:

f̃ (n)
ΨL,R(y) = f (n)

ΨL,R(y) e−(3/2)A(y) , (B.70)

Note that for the rescaled profiles the orthonormality relation (B.53) becomes

πR∫
−πR

dy f̃ (m)
ΨL,R(y) f̃ (n)

ΨL,R(y) = δmn , (B.71)
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and the action can be reduced to a tower of four-dimensional states:

S4 = −
∑
n

∫
d4x

(
Ψ(n)
L η

µνγµ∂νΨ(n)
L +mnΨ(n)

L Ψ(n)
R

+ Ψ(n)
R η

µνγµ∂νΨ(n)
R +mnΨ(n)

R Ψ(n)
L

)
.

(B.72)

The localization of each mode in the extra dimension with respect to a conformally flat
metric is thus determined by the rescaled profiles f̃ (n)

ΨL,R . In particular, the rescaled profiles
for the Dirac fermion zero modes are

f̃ (0)
ΨL,R(y) =

√
(1/2∓ c) k

e2(1/2∓c)πkR − 1
e(1/2∓c)A(y) =

√
kN (0)

ΨL,R e
(1/2∓c)A(y) , (B.73)

or

f̃ (0)
ΨL,R(z) =

√
(1/2∓ c) k

(zirk)2(1/2∓c) − 1
(zk)1/2∓c =

√
kN (0)

ΨL,R (zk)1/2∓c . (B.74)

We see that for ±c < 1
2 (±c > 1

2) the zero mode is localized toward the IR (UV) brane, and
when c = ±1

2 , the mode is conformally flat. Because c ∈ R is a free parameter, the zero
mode may be localized anywhere in the bulk.

B.2.2 Majorana Kaluza-Klein theory

Here, we consider a bulk fermion with Majorana masses on the boundary in form (B.45).
Most generally, we include boundary masses for both chiral projections. However, it is
important to note that because the boundary theory supports chiral fermions, the right-
handed and left-handed boundary masses are independent and may be added separately.
(The supersymmetry-breaking couplings for the gauginos in our model, for instance, are only
added for the even gaugino components on the IR boundary.) In this case, the variation
of the action (B.36) gives for the left- and right-handed components of the fermion the
equations of motion:

eAγµ∂µΨR + ∂5ΨL + (c− 2)A′ΨL

+ ξuv,R Ψc
R 2δ(y) + ξir,R Ψc

R 2δ(y − πR) = 0 , (B.75a)
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eAγµ∂µΨL − ∂5ΨR + (c+ 2)A′ΨR

+ ξuv,L Ψc
L 2δ(y) + ξir,L Ψc

L 2δ(y − πR) = 0 (B.75b)

or

eAγµ∂µΨ̂R + ∂5Ψ̂L + cA′Ψ̂L + ξuv,R Ψ̂c
R 2δ(y) + ξir,R Ψ̂c

R 2δ(y − πR) = 0 , (B.76a)

eAγµ∂µΨ̂L − ∂5Ψ̂R + cA′Ψ̂R + ξuv,L Ψ̂c
L 2δ(y) + ξir,L Ψ̂c

L 2δ(y − πR) = 0 . (B.76b)

The decoupled second-order equations take the same form (B.48) as in the vectorlike case, but
the Majorana masses modify the boundary conditions, which may be generalized Neumann
(N)

[(
∂5 + cA′

)
Ψ̂L ± zuv,ir ξuv,irLA

′ηµνγµ∂νΨ̂c
L

]∣∣∣
0+,πR−

= 0 , (B.77a)[(
∂5 − cA′

)
Ψ̂R ∓ zuv,ir ξuv,irRA

′ηµνγµ∂νΨ̂c
R

]∣∣∣
0+,πR−

= 0 , (B.77b)

or generalized Dirichlet (D),

(
Ψ̂L ± ξuv,irR Ψ̂c

R

)∣∣∣
0+,πR−

= 0 , (B.78a)(
Ψ̂R ∓ ξuv,irL Ψ̂c

L

)∣∣∣
0+,πR−

= 0 , (B.78b)

for each chiral component, depending on the parity assignments (Table B.2). Note that for
the components with an odd boundary parity, a coupling to the even component arises in
the Dirichlet boundary condition in the even component has a Majorana mass term on the
boundary. In order to satisfy such a condition, the odd component must be double-valued
on that brane.6

We again assume the Kaluza-Klein decomposition

ΨL,R(xµ, y) =
∞∑
n=0

Ψ(n)
L,R(xµ) f (n)

ΨL,R(y) =
∞∑
n=0

Ψ(n)
L,R(xµ) e2A(y)f̂ (n)

ΨL,R(y) . (B.79)

We define the four-dimensional charge conjugate spinors Ψc(n)
L,R ≡ C4Ψ(n)t

L,R using the four-

6This can be resolved if the brane has finite width.
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dimensional charge conjugation matrix (A.31), such that

Ψc
L,R(xµ, y) = ±

∑
n

Ψc(n)
L,R(xµ) f (n)

ΨL,R(y) . (B.80)

The KK eigenmodes then satisfy Majorana equations

ηµνγµ∂νΨ(n)
L,R = −mnL,RΨc(n)

L,R ⇐⇒ ηµνγµ∂νΨc(n)
L,R = −mnL,RΨ(n)

L,R (B.81)

with separate mass eigenvalues mnL,R for the left- and right-handed components. The
bulk profiles obey the same orthonormality conditions (B.53) as in the vectorlike case and
equations of motion

[
−eA∂5

(
e−A∂5

)
+ c (c± 1) k2

]
f̂ (n)

ΨL,R = e2Am2
nL,Rf̂

(n)
ΨL,R . (B.82)

The boundary conditions are generalized Neumann,

[
∂5 + (c∓mn,L zuv,ir ξuv,irL)A′

]
f̂ (n)

ΨL

∣∣∣
0+,πR−

= 0 , (B.83a)

[
∂5 − (c±mn,R zuv,ir ξuv,irR)A′

]
f̂ (n)

ΨR

∣∣∣
0+,πR−

= 0 , (B.83b)

or generalized Dirichlet,

(
f̂ (n)

ΨL ∓ ξuv,irL f̂
(n)
ΨR

)∣∣∣
0+,πR−

= 0 , (B.84a)(
f̂ (n)

ΨR ∓ ξuv,irR f̂
(n)
ΨL

)∣∣∣
0+,πR−

= 0 . (B.84b)

Massive solutions

Unlike the vectorlike case, there is no massless mode when Majorana mass terms are included.
Solutions for mnL,R > 0 take the vectorlike form (B.58), with

f (n)
ΨL,R(z) =

√
kN (n)

ΨL,R (zk)5/2
[
JαL,R(mnL,Rz)− C (n)

ΨL,RYαL,R(mnL,Rz)
]
, (B.85)

where we must now distinguish separate constants and masses for each component of
each mode. As before, the dimensionless constants N (n)

ΨL,R are fixed by the orthonormality

223



B Bulk Fields in a Slice of AdS5

conditions (B.53) and the constants C (n)
ΨL,R are determined from the boundary conditions.7

Neumann boundary conditions (even boundary parity) give rise to the values

C (n)
ΨL

∣∣∣
y=0,πR

=
JαL−1(xuv,ir

n,L )∓ ξuv,irL JαL(xuv,ir
n,L )

YαL−1(xuv,ir
n,L )∓ ξuv,irL YαL(xuv,ir

n,L )
, (B.88a)

C (n)
ΨR

∣∣∣
y=0,πR

=
JαR+1(xuv,ir

n,R )± ξuv,irR JαR(xuv,ir
n,R )

YαR+1(xuv,ir
n,R )± ξuv,irR YαR(xuv,ir

n,R )
. (B.88b)

For Dirichlet boundary conditions, however, the dependence on the even profiles in (B.84)
results in a set of coupled nonlinear integral equations for N (n)

ΨL,R and C (n)
ΨL,R , arising from

the conditions

C (n)
ΨL

∣∣∣
y=0,πR

=
JαL(xuv,ir

n,L )
YαL(xuv,ir

n,L )
± ξuv,irL

N (n)
ΨR

N (n)
ΨL

(
JαR(xuv,ir

n,R )
YαL(xuv,ir

n,L )
− C (n)

ΨR
YαR(xuv,ir

n,R )
YαL(xuv,ir

n,L )

)
, (B.89a)

C (n)
ΨR

∣∣∣
y=0,πR

=
JαR(xuv,ir

n,R )
YαR(xuv,ir

n,R )
± ξuv,irR

N (n)
ΨL

N (n)
ΨR

(
JαL(xuv,ir

n,L )
YαR(xuv,ir

n,R )
− C (n)

ΨL
YαL(xuv,ir

n,L )
YαR(xuv,ir

n,R )

)
. (B.89b)

The Majorana eigenmasses mnL,R for the components are determined in the usual way by
matching the constants that arise from the boundary conditions on each brane:

C (n)
ΨL,R = C (n)

ΨL,R

∣∣∣
y=0

= C (n)
ΨL,R

∣∣∣
y=πR

. (B.90)

We discuss the approximate Kaluza-Klein spectrum in Appendix C.

7As in the scalar case, we can restrict the Bessel function indices to be positive, writing

αL,R =
∣∣c± 1

2

∣∣ . (B.86)

In this case, the Neumann conditions (B.88) for the constants C (n)
ΨL,R

must be modified [the Dirichlet
conditions (B.89) are the same]:

C (n)
ΨL

∣∣
y=0,πR

=
JαL−1(xuv,ir

n,L ) + (c+ 1/2− αL ∓ ξuv,irL) JαL (xuv,ir
n,L )

YαL−1(xuv,ir
n,L ) + (c+ 1/2− αL ∓ ξuv,irL)YαL (xuv,ir

n,L )
, (B.87a)

C (n)
ΨR

∣∣
y=0,πR

=
JαR+1(xuv,ir

n,R ) + (c− 1/2− αR ± ξuv,irR) JαR (xuv,ir
n,R )

YαR+1(xuv,ir
n,R ) + (c− 1/2− αR ± ξuv,irR)YαR (xuv,ir

n,R )
. (B.87b)

This formulation offers greater stability in numeric evaluation in some regions of the parameter space of c
and ξuv,ir.
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Localization

The expanded action in this case takes the form

S5 = −
∑
n

∫
d5x
√
−g

[(
f (n)

ΨL
)2 (Ψ(n)

L g
µνΓµ∂νΨ(n)

L + 1
2e

Amn,LΨ(n)
L Ψc(n)

L + H.c.
)

+
(
f (n)

ΨR
)2 (Ψ(n)

R g
µνΓµ∂νΨ(n)

R + 1
2e

Amn,RΨ(n)
R Ψc(n)

R + H.c.
)]

= −
∑
n

∫
d5x

[(
f (n)

ΨL
)2
e−3A

(
Ψ(n)
L η

µνγµ∂νΨ(n)
L + 1

2mn,LΨ(n)
L Ψc(n)

L + H.c.
)

+
(
f (n)

ΨR
)2
e−3A

(
Ψ(n)
R η

µνγµ∂νΨ(n)
R + 1

2mn,RΨ(n)
R Ψc(n)

R + H.c.
)]

≡ −
∑
n

∫
d5x

[(
f̃ (n)

ΨL
)2 (Ψ(n)

L η
µνγµ∂νΨ(n)

L + 1
2mn,LΨ(n)

L Ψc(n)
L + H.c.

)

+
(
f̃ (n)

ΨR
)2 (Ψ(n)

R η
µνγµ∂νΨ(n)

R + 1
2mn,RΨ(n)

R Ψc(n)
R + H.c.

)]
,

(B.91)

where the rescaled profiles f̃ (n)
ΨL,R are defined in (B.70). We note that using the orthonormality

condition (B.53), the action can be reduced to two towers of four-dimensional states:

S5 = −
∑
n

∫
d4x

[(
Ψ(n)
L η

µνγµ∂νΨ(n)
L + 1

2mn,LΨ(n)
L Ψc(n)

L + H.c.
)

+
(

Ψ(n)
R η

µνγµ∂νΨ(n)
R + 1

2mn,RΨ(n)
R Ψc(n)

R + H.c.
)]

.

(B.92)

B.3 Symplectic Majorana Fermions

Here, we consider an n = 1 bulk symplectic Majorana fermion Ψi = Ψi(xµ, y), with action

S5 = −
∫
d5x
√
−g

(1
4ΨiΓMDMΨi −

1
4
(
DMΨi

)
ΓMΨi + 1

2md (σ3)ij ΨiΨj

)
, (B.93)

where i = 1, 2 is the symplectic index labeling the two Dirac spinors. The analysis proceeds
parallel to the Dirac case. The orbifold symmetry requires that the left- and right-handed
chiral projections of each Dirac spinor Ψi must thus be states of definite parity according
to (B.39). Further, due to the symplectic Majorana condition (A.38) there are only two
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independent chiral projections, such that the parity assignments for each Dirac spinor will
be opposite: schematically,

Ψ1,L(xµ,−y) = ±Ψ1,L(xµ, y) ,

Ψ1,R(xµ,−y) = ∓Ψ1,R(xµ, y) ,

⇐⇒


Ψ2,L(xµ,−y) = ∓Ψ2,L(xµ, y) ,

Ψ2,R(xµ,−y) = ±Ψ2,R(xµ, y) .
(B.94)

This means that the bilinear (σ3)ijΨiΨj is odd, and the Dirac mass must take the form

md(y) = cA′(y) , (B.95)

where c is a real number. Conversely, the bilinear ΨiΨc
i is even, and a bulk Majorana mass

term of the form
S5 ⊃ −

∫
d5x
√
−g

(1
4mm (σ3)ij ΨiΨc

j

)
(B.96)

may be added, where
mm(y) = ξk , (B.97)

for a complex number ξ. Boundary Majorana mass terms may also be added individually
for the independent chiral projections:

S5 ⊃ −
∫
d5x
√
−g

(1
4mm,L (σ3)ij Ψi,LΨc

j,L + 1
4mm,R (σ3)ij Ψi,RΨc

j,R

)
(B.98)

where
mmL,R(y) = ξuvL,R 2δ(y) + ξirL,R 2δ(y − πR) , (B.99)

for complex numbers ξuvL,R and ξirL,R. As before, the addition of such a Majorana masses
necessarily breaks N = 1 supersymmetry.

If we now define the two independent chiral projections to be ΨL,R ≡ Ψ1L,R, then we can
represent the symplectic Majorana fermion action (B.93) wholly as an action for the single
Dirac fermion Ψ ≡ Ψ1:

S5 → −
∫
d5x
√
−g

(1
2ΨΓMDMΨ− 1

2
(
DMΨ

)
ΓMΨ +mdΨΨ

)
. (B.100)

The equations of motion for the chiral projections thus take the same form (B.48) as for
a single Dirac fermion. The analysis proceeds identically to that in the preceding section
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(Sec. B.2) and we will not repeat it here.

B.4 Gauge Fields

We consider an abelian8 gauge field AM = AM(xµ, y). The five-dimensional gauge transfor-
mation takes the form

AM(xµ, y)→ AM(xµ, y)− 1
g5
∂M α(xµ, y) , (B.101)

where α is an arbitrary parameter. The gauge-invariant action takes the form

S5 = 1
g2

5

∫
d5x
√
−g

(
−1

4FMNF
MN − 1

2ξ
[
∂µA

µ − ξ e2A∂5
(
e−2A∂5A5

)]2)
, (B.102)

where g5 is the five-dimensional gauge coupling and FMN = ∂MAN− ∂NAM is the field strength
tensor. The second term is a gauge-fixing functional [128], with ξ an arbitrary parameter
that determines the choice of (Rξ) gauge. In order for the gauge field action to be invariant
under the Z2 orbifold symmetry (3.3), the components of the gauge fields must transform
as9

Aµ(xµ,−y) = ±Aµ(xµ, y) and A5(xµ,−y) = ∓A5(xµ, y) . (B.104)

That is, the vector and scalar components of the gauge field must thus be states of definite
parity under the orbifold symmetry such that if Aµ is even, A5 must be odd and vice versa.
In terms of the parities assigned at the orbifold fixed points,

Aµ(xµ, 0) = ±Aµ(xµ, 0) and A5(xµ, 0) = ∓A5(xµ, 0) , (B.105a)

Aµ(xµ, πR) = ±Aµ(xµ,−πR) and A5(xµ, πR) = ∓A5(xµ,−πR) , (B.105b)

8The generalization to nonabelian gauge groups is straightforward.
9This condition can be seen in two ways. In the absence of the gauge-fixing functional, it arises from the
kinetic term, which contains an element of the form

S5 ⊃ −
∫
d5x

1
g2

5

[
∂5
(
e−2AA5

)] (
ηµν∂µAν

)
, (B.103)

after expansion and integration by parts. This term is canceled by the addition of the gauge-fixing action,
but in that case, the requirement that Aµ and A5 have opposite orbifold parity is necessary to satisfy the
boundary conditions resulting from the variation of the action (see Ref. [112]).
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there are four possible parity profile configurations, which we list in Table B.3.

Table B.3: Possible S1-periodicity and Z2-parity assignments for bulk gauge fields on
the orbifold. The left (right) term in the tuples refers to the Z2 parity at the y = 0
(y = ±πR) orbifold fixed point.

boundary parity Z2 parity

Aµ A5 Aµ A5 S1 periodicity

(+,+) (−,−) even odd periodic

(+,−) (−,+) even odd antiperiodic

(−,+) (+,−) odd even antiperiodic

(−,−) (+,+) odd even periodic

B.4.1 Kaluza-Klein theory

Five-dimensional field equations

The variation of the action gives the equations of motion

ηρν∂ρ∂νAµ −
(

1− 1
ξ

)
ηρν∂µ∂ρAν + ∂5

(
e−2A∂5Aµ

)
= 0 , (B.106a)

1
ξ
e2Aηµν∂µ∂νA5 + e4A∂5

(
e−4A∂5A5

)
+ 4k2A5 = 0 , (B.106b)

The boundary conditions are either Neumann (N),

∂5Aµ
∣∣
0+,πR−

= 0 , (B.107a)(
∂5 − 2A′

)
A5
∣∣
0+,πR−

= 0 , (B.107b)

or Dirichlet (D),

Aµ
∣∣
0,πR = 0 , (B.108a)

A5
∣∣
0,πR = 0 , (B.108b)
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depending on the parity assignments, as we list in Table B.4. The correspondence between
parity configurations and boundary conditions for the gauge field components is the natural
extension of the general (scalar) case given in Table 3.2.

Table B.4: Correspondence between parity assignments and boundary conditions for
bulk gauge fields on the orbifold. The left (right) term in the tuples refers to the Z2
parity or type of boundary condition at the y = 0 (y = ±πR) orbifold fixed point.

boundary
parity

boundary
conditions

Aµ A5 Aµ A5

(+,+) (−,−) (N,N) (D,D)

(+,−) (−,+) (N,D) (D,N)

(−,+) (+,−) (D,N) (N,D)

(−,−) (+,+) (D,D) (N,N)

Kaluza-Klein decomposition

We now assume the Kaluza-Klein decompositions

Aµ,5(xµ, y) =
∞∑
n=0

A(n)
µ,5(xµ) f (n)

Aµ,5
(y) , (B.109)

where the vector KK eigenmodes A(n)
µ satisfy the equations10

ηρν∂ρ∂νA
(n)
µ −

(
1 + 1

ξ

)
ηρν∂µ∂ρA

(n)
ν = m2

nA
(n)
µ , (B.110)

and the scalar eigenmodes A(n)
5 satisfy the equations11

1
ξ
ηµν∂µ∂νA

(n)
5 = m2

nA
(n)
5 , (B.111)

10In the unitary gauge (ξ →∞) these are Proca equations.
11In the Feynman-’t Hooft gauge (ξ = 1) these are Klein-Gordon equations. In the unitary gauge (ξ →∞),

the solutions are trivial: A(n)
5 = 0.
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both with the same mass eigenvalues m2
n. The bulk profiles f (n)

Aµ,5
obey the orthonormality

conditions

∫ πR

−πR
dy f (m)

Aµ
(y) f (n)

Aµ
(y) = δmn , (B.112a)

∫ πR

−πR
dy e−2A(y)f (m)

A5
(y) f (n)

A5
(y) = δmn , (B.112b)

and the equations of motion

[
−e2A∂5

(
e−2A∂5

)]
f (n)
Aµ

= e2Am2
nf

(n)
Aµ
, (B.113a)[

−e4A∂5
(
e−4A∂5

)
− 4k2

]
f (n)
A5

= e2Am2
nf

(n)
A5
, (B.113b)

where the boundary conditions are Neumann

∂5f
(n)
Aµ

∣∣∣
0+,πR−

= 0 , (B.114a)

(
∂5 − 2A′

)
f (n)
A5

∣∣∣
0+,πR−

= 0 , (B.114b)

or Dirichlet,

f (n)
Aµ

∣∣∣
0,πR

= 0 , (B.115a)

f (n)
A5

∣∣∣
0,πR

= 0 . (B.115b)

Massive solutions

For m2
n > 0, the solutions to (B.113) take the forms:

f (n)
Aµ,5

(y) =


f (n)
Aµ,5

(z) for Aµ,5 even ,

sgn(y) f (n)
Aµ,5

(z) for Aµ,5 odd ,
(B.116)

where

f (n)
Aµ

(z) =
√
kN (n)

A zk
[
J1(mnz)− C (n)

A Y1(mnz)
]
, (B.117a)
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f (n)
A5

(z) =
√
kN (n)

A (zk)2
[
J0(mnz)− C (n)

A Y0(mnz)
]
, (B.117b)

are the profiles in terms of the conformal coordinate z. Here, the constants N (n)
A and C (n)

A are
the same for both the vector and scalar components of each mode, a result due ultimately the
gauge symmetry, which requires that both components of each mode share a common mass
eigenvalue; if the gauge symmetry is spontaneously broken, we must distinguish separate
constants for each component. For each mode, the dimensionless constant N (n)

A is fixed by
the orthonormality conditions (B.112) and the constant C (n)

A is determined by the boundary
conditions. Neumann boundary conditions (even boundary parity) give rise to the values

C (n)
Aµ

∣∣∣
y=0,πR

= J0(xuv,ir
n )

Y0(xuv,ir
n )

, (B.118a)

C (n)
A5

∣∣∣
y=0,πR

= J1(xuv,ir
n )

Y1(xuv,ir
n )

, (B.118b)

while Dirichlet conditions (odd boundary parity) give

C (n)
Aµ

∣∣∣
y=0,πR

= J1(xuv,ir
n )

Y1(xuv,ir
n )

, (B.119a)

C (n)
A5

∣∣∣
y=0,πR

= J0(xuv,ir
n )

Y0(xuv,ir
n )

, (B.119b)

The eigenmass mn is determined by ensuring that the boundary conditions on both branes
give rise to the same constant (note that the constants for both the vector and scalar
components are necessarily the same in each parity configuration):

C (n)
A = C (n)

Aµ,5

∣∣∣
y=0

= C (n)
Aµ,5

∣∣∣
y=πR

, (B.120)

231



B Bulk Fields in a Slice of AdS5

explicitly,

C (n)
A =



J0(xuv
n )

Y0(xuv
n ) = J0(xir

n )
Y0(xir

n ) for AM =
(
A(+,+)
µ , A(−,−)

5

)
,

J0(xuv
n )

Y0(xuv
n ) = J1(xir

n )
Y1(xir

n ) for AM =
(
A(+,−)
µ , A(−,+)

5

)
,

J1(xuv
n )

Y1(xuv
n ) = J0(xir

n )
Y0(xir

n ) for AM =
(
A(−,+)
µ , A(+,−)

5

)
,

J1(xuv
n )

Y1(xuv
n ) = J1(xir

n )
Y1(xir

n ) for AM =
(
A(−,−)
µ , A(+,+)

5

)
.

(B.121)

We discuss the approximate Kaluza-Klein spectrum in Appendix C.
We note that there is a redundancy in this Kaluza-Klein description related to presence

of the gauge symmetry: for m2
n > 0, the solutions to (B.113a) are also solutions to (B.113b)

as
f (n)
A5

= 1
mn

∂5f
(n)
Aµ
. (B.122)

Evidently, the massive fields A(n)
5 provide the longitudinal polarizations of the associated

massive fields A(n)
µ . This is a result of the compactification, which spontaneously breaks

the five-dimensional gauge invariance. At each KK level a Higgs mechanism operates in
which the scalar modes A(n)

5 are eaten by the vector modes A(n)
µ , such that the physical KK

spectrum consists only of a tower of massive spin-one fields with three physical polarizations
each.

Zero-mode solutions

Massless Kaluza-Klein solutions can arise only for the components of the gauge field
with (+,+) parity, corresponding to Neumann boundary conditions on both branes. For
components with odd parity on any boundary, obeying a Dirichlet condition of the form
(B.115), the only massless solution is the trivial one. Only two out of the four parity
configurations in Table B.3 support a zero-mode solution.

1. Vector zero mode

When A = A(+,+)
µ + A(−,−)

5 , a solution to (B.113a) with zero mass eigenvalue exists.
Such solutions offer the only possibility of recovering the four-dimensional standard
model gauge fields from the five-dimensional bulk, and accordingly, realistic theories of
physics on the orbifold require that the gauge fields of the standard model have even
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parities on both boundaries. The zero-mode solutions have constant profiles of the
form

f (0)
Aµ

(y) =

√
k

2πkR ≡
√
kN (0)

Aµ
. (B.123)

These massless solutions only exist when the four-dimensional gauge symmetry is
unbroken, or equivalently, when the action (B.102) contains no bulk or boundary mass
terms. If it does, the zero mode is lifted and the profiles take the form (B.116) as in
the massive case, where the masses are found by simultaneously satisfying (B.120) for
Neumann boundary conditions on both branes, appropriately modified to account for
the extra mass terms. Although we do not consider it explicitly, a UV-brane mass
term will arise for the standard model SU(2) gauge fields after the Higgs acquires a
VEV in EWSB, lifting the corresponding tower of KK masses.

2. Scalar zero mode

Conversely, when A = A(−,−)
µ +A(+,+)

5 , a solution to (B.113b) with zero mass eigenvalue
exists with a profile of the form

f (0)
A5

(y) =

√
2k

e2πkR − 1 e
2A(y) ≡

√
kN (0)

A5
e2A(y) , (B.124)

or

f (0)
A5

(z) =
√

2k
(zirk)2 − 1 (zk)2 =

√
kN (0)

A5
(zk)2 , (B.125)

in terms of the conformal coordinate. Again, this zero mode can be lifted if bulk or
brane mass terms are added to the gauge field action (B.102).

Localization

The localization properties of the KK modes can be extracted by considering the expanded
action. The vector part takes the form

S5 =
∑
n

1
g2

5

∫
d5x
√
−g

(
f (n)
Aµ

)2(− 1
4g

µνgρσF (n)
µρ F

(n)
νσ

− 1
2ξ g

µνgρσ
(
∂µA

(n)
ν

) (
∂ρA

(n)
σ

)
+ 1

2e
2Am2

n g
µνA(n)

µ A
(n)
ν

)
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=
∑
n

1
g2

5

∫
d5x

(
f (n)
Aµ

)2(− 1
4η

µνηρσF (n)
µρ F

(n)
νσ

− 1
2ξ η

µνηρσ
(
∂µA

(n)
ν

) (
∂ρA

(n)
σ

)
+ 1

2m
2
nη

µνA(n)
µ A

(n)
ν

)
,

(B.126)

while the scalar part takes the form

S5 = −
∑
n

1
g2

5

∫
d5x
√
−g

(
f (n)
A5

)2 (1
2g

µν (∂µA(n)
5
) (
∂νA

(n)
5
)
− ξ

2e
2Am2

n

(
A(n)

5
)2 )

= −
∑
n

1
g2

5

∫
d5x

(
f (n)
A5

)2
e−2A

(1
2η

µν (∂µA(n)
5
) (
∂νA

(n)
5
)
− ξ

2m
2
n

(
A(n)

5
)2 )

= −
∑
n

1
g2

5

∫
d5x

(
f̃ (n)
A5

)2 (1
2η

µν (∂µA(n)
5
) (
∂νA

(n)
5
)
− ξ

2m
2
n

(
A(n)

5
)2 )

, (B.127)

where we have absorbed all warp factors from the metric into the rescaled scalar profile:

f̃ (n)
A5

(y) = f (n)
A5

(y) e−A(y) . (B.128)

Note that for the rescaled scalar profiles the orthonormality relation (B.112b) becomes

πR∫
−πR

dy f̃ (m)
A5

(y) f̃ (n)
A5

(y) = δmn . (B.129)

Using this and the vector relation (B.112a), we can reduce the actions to two towers of
four-dimensional states:

S4 =
∑
n

1
g2

5

∫
d4x

(
− 1

4η
µνηρσF (n)

µρ F
(n)
νσ

− 1
2ξ η

µνηρσ
(
∂µA

(n)
ν

) (
∂ρA

(n)
σ

)
+ 1

2m
2
nη

µνA(n)
µ A

(n)
ν

)
,

(B.130)

and
S4 = −

∑
n

1
g2

5

∫
d5x

(1
2η

µν (∂µA(n)
5
) (
∂νA

(n)
5
)
− ξ

2m
2
n

(
A(n)

5
)2 )

. (B.131)

The localization of each vector mode A(n)
µ in the extra dimension with respect to a

conformally flat metric is thus determined directly by the original profiles f (n)
Aµ

and the
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localization of each scalar mode A(n)
5 by the rescaled profiles f̃ (n)

A5
. In particular, the vector

zero mode is conformally flat, while the rescaled scalar zero mode is

f̃ (0)
A5

(y) =

√
2k

e2πkR − 1 e
A(y) =

√
kN (0)

A5
eA(y) , (B.132)

or

f̃ (0)
A5

(z) =
√

2k
(zirk)2 − 1 zk =

√
kN (0)

A5
zk , (B.133)

which is IR-localized.

B.5 Gravitino

We next consider the gravitino, which, in five-dimensions is described by a spin-3
2 symplectic

Majorana fermion Ψi
M, with action

S5 = −M
3
5

2

∫
d5x
√
−g

(1
2Ψi

M ΓMNRDNΨi
R −

1
2
(
DNΨi

M

)
ΓMNRΨi

R

− 3
2A
′ (σ3)ij Ψi

M ΓMNΨj
N

)
, (B.134)

where the symplectic index i = 1, 2 labels the fundamental representation of the SU(2)R
automorphism group (R symmetry) of the N = 1 supersymmetry algebra in five dimensions
and

ΓM1M2...Mn ≡ 1
n!Γ

[M1ΓM2 · · ·ΓMn] (B.135)

are the antisymmetrized products of gamma matrices. Like the spin-1
2 symplectic majorana

fermion considered in Sec. B.3, there are only two independent chiral projections for each
spacetime component of the graviton. Choosing these to be ΨML,R ≡ Ψ1

ML,R, invariance
under the orbifold Z2 symmetry requires the parity assignments

Ψµ,L(xµ,−y) = ±Ψµ,L(xµ, y)

Ψµ,R(xµ,−y) = ∓Ψµ,R(xµ, y)

 and


Ψ5,L(xµ,−y) = ∓Ψ5,L(xµ, y)

Ψ5,R(xµ,−y) = ±Ψ5,R(xµ, y)
, (B.136)

235



B Bulk Fields in a Slice of AdS5

In terms of the parities assigned at the orbifold fixed points there are four possible parity
profile configurations for the chiral components, which we list in Table B.5.

Table B.5: Possible S1-periodicity and Z2-parity assignments for a bulk gravitino on
the orbifold. The left (right) term in the tuples refers to the Z2 parity at the y = 0
(y = ±πR) orbifold fixed point.

boundary parity Z2 parity

Ψµ,L Ψµ,R Ψ5,L Ψ5,R Ψµ,L Ψµ,R Ψ5,L Ψ5,R S1 periodicity

(+,+) (−,−) (−,−) (+,+) even odd odd even periodic

(+,−) (−,+) (−,+) (+,−) even odd odd even antiperiodic

(−,+) (+,−) (+,−) (−,+) odd even even odd antiperiodic

(−,−) (+,+) (+,+) (−,−) odd even even odd periodic

B.5.1 Kaluza-Klein theory

Due to the gauging of local supersymmetry in supergravity, not all of the degrees of freedom
of the gravitino are physical. In five-dimensional N = 1 supergravity on the orbifold, the
effective N = 2 four-dimensional supersymmetries are nonlinearly realized. This is a result
of compactification over the orbifold, which spontaneously breaks local five-dimensional
supergravity, leaving a residual 4D N = 1 or N = 0 supersymmetry, depending on whether
the compactification is periodic or antiperiodic [94, 95, 208]. The breaking occurs order-
by-order in the Kaluza-Klein theory. If we take the Kaluza-Klein decompositions for the
gravitino components to be of the forms

ΨµL,R(xµ, y) =
∞∑
n=0

Ψ(n)
µL,R(xµ) f (n)

ΨµL,R(y) , (B.137a)

Ψ5L,R(xµ, y) =
∞∑
n=0

Ψ(n)
5L,R(xµ) f (n)

Ψ5L,R
(y) , (B.137b)

then the Kaluza-Klein modes for the fifth components of the gravitino Ψ(n)
5L,R each act as

the goldstino of a 4D N = 1 supersymmetry at the nth level. A super-Higgs mechanism
operates at each level, such that they are eaten by the Ψ(n)

µL,R modes, which thereby acquire
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masses. In the unitary gauge, this takes the form

Ψ(n)
µ,L → mnΨ(n)

µ,L − ∂µΨ(n)
5,L +mnγµ

∞∑
n=0

ank
Ψ(k)
µ,R

mk
, (B.138a)

Ψ(n)
µ,R → mnΨ(n)

µ,R − ∂µΨ(n)
5,R , (B.138b)

where

amn ≡
πR∫
−πR

dy e−2A(y)f (m)
Ψµ,L(y) f (n)

Ψµ,R(y) , (B.139)

such that the gravitino modes Ψ(n)
µL,R obey the four-dimensional Rarita-Schwinger equations

γµνρ∂νΨ(n)
ρL,R = mnγ

µρΨ(n)
ρL,R , (B.140)

with eigenmasses mn, while the goldstino modes Ψ(n)
5L,R are eliminated.

Because of the super-Higgs mechanism, the bulk profiles for the gravitino and goldstino
components are related by

f (n)
Ψ5L,R

= 1
mn

(1
2A
′ ± ∂5

)
f (n)

ΨµL,R . (B.141)

The gravitino profiles themselves obey the orthonormality conditions

πR∫
−πR

dy e−Af (m)
ΨµL,R(y) f (n)

ΨµL,R(y) = δmn , (B.142)

and the equations of motion

∂5f
(n)
Ψµ,L + 1

2A
′f (n)

Ψµ,L = eAmnf
(n)
Ψµ,R , (B.143a)

−∂5f
(n)
Ψµ,R + 5

2A
′f (n)

Ψµ,R = eAmnf
(n)
Ψµ,L . (B.143b)
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Redefining f̂ (n)
ΨµL,R = e−Af (n)

ΨµL,R , these are

∂5f̂
(n)
Ψµ,L + 3

2A
′f̂ (n)

Ψµ,L = eAmnf̂
(n)
Ψµ,R , (B.144a)

−∂5f̂
(n)
Ψµ,R + 3

2A
′f̂ (n)

Ψµ,R = eAmnf̂
(n)
Ψµ,L . (B.144b)

or [
−eA∂5

(
e−A∂5

)
+ 3

2

(3
2 ± 1

)
k2
]
f̂ (n)

ΨµL,R = e2Am2
nf̂

(n)
ΨµL,R . (B.145)

in decoupled, second-order form. The boundary conditions are Neumann,

(
∂5 + 3

2A
′
)
f̂ (n)

Ψµ,L

∣∣∣∣
0+,πR−

=
(
∂5 + 1

2A
′
)
f (n)

Ψµ,L

∣∣∣∣
0+,πR−

= 0 , (B.146a)

(
∂5 −

3
2A
′
)
f̂ (n)

Ψµ,R

∣∣∣∣
0+,πR−

=
(
∂5 −

5
2A
′
)
f (n)

Ψµ,R

∣∣∣∣
0+,πR−

= 0 , (B.146b)

or Dirichlet,
f̂ (n)

ΨµL,R

∣∣∣
0,πR

= f (n)
ΨµL,R

∣∣∣
0,πR

= 0 , (B.147)

depending on the parity assignments, which take the same form as those in Table B.2 a
Dirac fermion. In fact, the equations of motion (B.145) for each spacetime component of the
gravitino profiles are exactly the same as those of a Dirac fermion with bulk mass parameter
c = 3

2 . The rest of the Kaluza-Klein theory follows directly from this correspondence.

Massive solutions

For m2
n > 0, the solutions to (B.145) take the forms:

f (n)
ΨµL,R(y) = eA(y)f̂ (n)

ΨµL,R(y) =


f (n)

ΨµL,R(z) for ΨµL,R even ,

sgn(y) f (n)
ΨµL,R(z) for ΨµL,R odd ,

(B.148)

where,

f (n)
Ψµ,L(z) =

√
kN (n)

Ψµ (zk)3/2
[
J2(mnz)− C (n)

Ψ Y2(mnz)
]
, (B.149a)

f (n)
Ψµ,R(z) =

√
kN (n)

Ψµ (zk)3/2
[
J1(mnz)− C (n)

Ψ Y1(mnz)
]
. (B.149b)
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Here, the constants N (n)
Ψµ and C (n)

Ψµ are the same for both components of each mode. This is
only true in the supersymmetric limit; if Majorana masses are added, we must distinguish
separate constants for each component (just as what happens for a Dirac fermion as we discuss
in Sec. B.2.2). For each mode, the dimensionless constant N (n)

Ψµ is fixed by the orthonormality
conditions (B.142). The constant C (n)

Ψµ is determined by the boundary conditions:

C (n)
Ψµ =



J1(xuv
n )

Y1(xuv
n ) = J1(xir

n )
Y1(xir

n ) for Ψµ = Ψ(+,+)
µ,L + Ψ(−,−)

µ,R ,

J1(xuv
n )

Y1(xuv
n ) = J2(xir

n )
Y2(xir

n ) for Ψµ = Ψ(+,−)
µ,L + Ψ(−,+)

µ,R ,

J2(xuv
n )

Y2(xuv
n ) = J1(xir

n )
Y1(xir

n ) for Ψµ = Ψ(−,+)
µ,L + Ψ(+,−)

µ,R ,

J2(xuv
n )

Y2(xuv
n ) = J2(xir

n )
Y2(xir

n ) for Ψµ = Ψ(−,−)
µ,L + Ψ(+,+)

µ,R .

(B.150)

The eigenmass mn is found as the solution to this equation. We discuss the approximate
Kaluza-Klein spectrum in Appendix C.

Zero-mode solutions

A solution to (B.145) with zero mass eigenvalue only exists for chiral components with (+,+)
parity, corresponding to Neumann boundary conditions on both branes. Only two out of
the four parity configurations in Table B.5 support a zero-mode solution.

1. Le�-handed zero mode

If Ψµ = Ψ(+,+)
µ,L +Ψ(−,−)

µ,R , then the left-handed chiral component has a zero-mode solution.
The zero-mode profile takes the form

f (0)
Ψµ,L(y) =

√
k

1− e−2πkR e
−(1/2)A(y) ≡

√
kN (0)

Ψµ,Le
−(1/2)A(y) (B.151)

or

f (0)
ΨL(z) =

√
k

1− (zirk)−2 (zk)−1/2 =
√
kN (0)

ΨL (zk)−1/2 , (B.152)

in terms of the conformal coordinate.
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2. Right-handed zero mode

If Ψ = Ψ(−,−)
L + Ψ(+,+)

R , then the right-handed chiral component has a zero-mode
solution. The zero-mode profile takes the form

f (0)
ΨR(y) =

√
2k

e4πkR − 1 e
(5/2)A(y) ≡

√
kN (0)

ΨR e
(5/2)A(y) (B.153)

or

f (0)
ΨR(z) =

√
2k

(zirk)4 − 1 (zk)5/2 =
√
kN (0)

ΨR (zk)5/2 , (B.154)

in terms of the conformal coordinate.

If Majorana masses are added either in the bulk or on the boundary, then massless
solutions are no longer possible. In this case, the zero modes are lifted as in the Dirac
fermion case discussed in Sec. B.2.2. An analytic approximation for the resulting zero-mode
mass is given in Appendix C.

Localization

In this case, a conformal rescaling of the bulk profiles gives:

f̃ (n)
ΨµL,R(y) = f (n)

ΨµL,R(y) e−(1/2)A(y) , (B.155)

such that the orthonormality relation (B.142) becomes

πR∫
−πR

dy f̃ (m)
ΨµL,R(y) f̃ (n)

ΨµL,R(y) = δmn . (B.156)

In particular, the rescaled profiles for the gravitino zero modes are

f̃ (0)
Ψµ,L(y) =

√
k

1− e−2πkR e
−A(y) =

√
kN (0)

Ψµ,L e
−A(y) , (B.157a)

f̃ (0)
Ψµ,R(y) =

√
2k

e4πkR − 1 e
2A(y) =

√
kN (0)

Ψµ,R e
2A(y) , (B.157b)
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or

f̃ (0)
Ψµ,L(z) =

√
k

1− (zirk)−2 (zk)−1 =
√
kN (0)

Ψµ,L (zk)−1 , (B.158a)

f̃ (0)
Ψµ,R(z) =

√
2k

(zirk)4 − 1 (zk)2 =
√
kN (0)

Ψµ,R (zk)2 (B.158b)

We see that the left-handed (right-handed) gravitino zero mode is UV-localized (IR-localized).

B.6 Graviton

We consider tensor fluctuations of the AdS5 metric of the form

ds2 = gMN(xµ, y)dxMdxN = e−2A(y) [ηµν + hµν(xµ, y)
]
dxµdxν + dy2 , (B.159)

where hµν is the graviton field. In the transverse-traceless (TT) gauge,12 where ∂µhµν = 0
and h µ

µ = 0, the linearized gravitational action in the bulk is

S5 =−
∫
d5x
√
−g

(1
2M

3
5R5 + Λ5

)

→− M3
5

2

∫
d5x e−2A

(1
2
(
∂ρhµν

) (
∂ρhµν

)
+ 1

2e
−2A (∂5hµν

) (
∂5h

µν)) , (B.161)

where all indices are contracted with the Minkowski metric ηµν . In order for the graviton
action to be invariant under the Z2 orbifold symmetry (3.3), the graviton fields must be
either even or odd:

hµν(xµ,−y) = ±hµν(xµ, y) . (B.162)

In terms of the parities assigned at the boundaries, there are the same four possible parity
configurations as in the general scalar case (see Table 3.1).

12More formally, we could parametrize the tensor fluctuations as

ds2 = gMN(xµ, y)dxMdxN =
[
gMN(y) + hMN(xµ, y)

]
dxMdxN , (B.160)

where gMN(y) is the unperturbed metric (3.16). In this case we employ the Randall-Sundrum (RS) gauge,
which combines the constraints hM5 = 0 with the TT conditions.
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B.6.1 Kaluza-Klein theory

The variation of the action gives the equations of motion

ηρσ∂ρ∂σhµν + e2A∂5
(
e−4A∂5hµν

)
= 0 , (B.163)

where the boundary conditions may be either Neumann (N),

∂5hµν
∣∣
0,πR = 0 , (B.164)

or Dirichlet (D),
hµν

∣∣
0,πR = 0 , (B.165)

depending on the parity assignments (the correspondence is the same as for the general
scalar case shown in Table 3.2).
We now assume the Kaluza-Klein decompositions

hµν(xµ, y) =
∞∑
n=0

h(n)
µν(xµ) f (n)

h (y) , (B.166)

where the KK eigenmodes h(n)
µν satisfy the equations

ηρσ∂ρ∂σh
(n)
µν = m2

nh
(n)
µν , (B.167)

with mass eigenvalues m2
n. The bulk profiles f (n)

h obey the orthonormality conditions

πR∫
−πR

dy e−2A(y)f (m)
h (y) f (n)

h (y) = δmn , (B.168)

and the equations of motion

−e4A∂5
(
e−4A∂5f

(n)
h

)
= e2Am2

nf
(n)
h , (B.169)

with Neumann,
∂5f

(n)
h

∣∣∣
0,πR

= 0 , (B.170)
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or Dirichlet,
f (n)
h

∣∣∣
0,πR

= 0 , (B.171)

boundary conditions.

Massive solutions

For m2
n > 0, the solutions to (B.169) take the forms:

f (n)
h (y) =


f (n)
h (z) for hµν even ,

sgn(y) f (n)
h (z) for hµν odd ,

(B.172)

where
f (n)
h (z) =

√
kN (n)

h (zk)2
[
J2(mnz)− C (n)

h Y2(mnz)
]

(B.173)

is the profile in terms of the conformal coordinate z. For each mode, the dimensionless
constant N (n)

h is fixed by the orthonormality conditions (B.168) and the constant C (n)
h is

determined by the boundary conditions. Neumann boundary conditions (even boundary
parity) give rise to the values

C (n)
h

∣∣∣
y=0,πR

= J1(xuv,ir
n )

Y1(xuv,ir
n )

, (B.174)

while Dirichlet conditions (odd boundary parity) give

C (n)
h

∣∣∣
y=0,πR

= J2(xuv,ir
n )

Y2(xuv,ir
n )

, (B.175)

The eigenmass mn is determined by ensuring that the boundary conditions on both branes
give rise to the same constant:

C (n)
h = C (n)

h

∣∣∣
y=0

= C (n)
h

∣∣∣
y=πR

, (B.176)
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explicitly,

C (n)
h =



J1(xuv
n )

Y1(xuv
n ) = J1(xir

n )
Y1(xir

n ) for h(+,+)
µν ,

J1(xuv
n )

Y1(xuv
n ) = J2(xir

n )
Y2(xir

n ) for h(+,−)
µν ,

J2(xuv
n )

Y2(xuv
n ) = J1(xir

n )
Y1(xir

n ) for h(−,+)
µν ,

J2(xuv
n )

Y2(xuv
n ) = J2(xir

n )
Y2(xir

n ) for h(−,−)
µν .

(B.177)

We discuss the approximate Kaluza-Klein spectrum in Appendix C.

Zero-mode solutions

A solution to (B.169) with zero mass eigenvalue exists only for h(+,+)
µν . Such solutions offer

the only possibility of recovering the four-dimensional graviton fields from the five-dimen-
sional bulk, and accordingly, realistic theories of gravitation on the orbifold require that the
graviton field has even parity on both boundaries. The zero-mode solutions have constant
profiles of the forms

f (0)
h (y) =

√
k

1− e−2πkR ≡
√
kN (0)

h , (B.178)

or

f (0)
h (z) =

√
k

1− (zirk)−2 =
√
kN (0)

h , (B.179)

in terms of the conformal coordinate.

Localization

In this case, a conformal rescaling of the bulk profiles gives

f̃ (n)
h (y) = f (n)

h (y) e−A(y) , (B.180)

such that the orthonormality relation (B.168) becomes

πR∫
−πR

dy f̃ (m)
h (y) f̃ (n)

h (y) = δmn . (B.181)
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In particular, the rescaled profiles for the graviton zero mode is

f̃ (0)
h (y) =

√
k

1− e−2πkR e
−A(y) =

√
kN (0)

h e−A(y) , (B.182)

or

f̃ (0)
h (z) =

√
k

1− (zirk)−2 (zk)−1 =
√
kN (0)

h (zk)−1 . (B.183)

Thus, we see that the zero mode is localized toward the UV brane.
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The basic formalism for bulk fields in a slice of AdS5 with arbitrary boundary masses
is discussed in Appendix B. In this appendix, we present analytical expressions for the
approximate Kaluza-Klein mass spectra for bulk fields with such boundary masses.

C.1 Scalar Zero-Mode Mass

When a bulk scalar field has even parity on both branes (i.e., Φ(+,+)) and boundary masses
of the form (B.4), where a and b are related according to (B.6), the mass of its lightest
Kaluza-Klein state (the lifted zero mode) has an analytic approximation:1

m0 '
√

C uv
1 ξuv + C ir

1 ξir + C2ξuvξir
C3 + C uv

4 ξuv − C ir
4 ξir + C5ξuvξir

kir (C.1)

where

C uv,ir
1 ≡ 4α (1 + α) (1− α) e(1±α)πkR , (C.2a)

C2 ≡ 4 (1 + α) (1− α) sinh(απkR) eπkR , (C.2b)

C3 ≡ 4α (1 + α) sinh
[
(1− α)πkR

]
, (C.2c)

C uv,ir
4 ≡ 2 (1 + α) (1− α) sinh(πkR) e±απkR − 2 (1 + α) sinh

[
(1− α)πkR

]
, (C.2d)

C5 ≡ (1 + α) sinh
[
(1− α)πkR

]
− (1− α) sinh

[
(1 + α)πkR

]
. (C.2e)

To unpack this expression, we consider separately the limits in which a mass term is added
on only one of the two branes.

1This can be derived by expanding the quantization condition (B.26) with Neumann boundary conditions
on both branes up to second order for small mn.
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C.1.1 UV-brane boundary mass

When ξir = 0, the scalar zero-mode mass (C.1) reduces to

m0 '
√

C uv
1 ξuv

C3 + C uv
4 ξuv

ke−πkR (C.3)

In the limit ξuv � ξ∗uv, where

ξ∗uv = C3
C uv

4
∼


−2α α� 0 ,

2
(

α
α−1

)
e−2πkR α� 1 ,

(C.4)

this becomes

m0 '
√
ξuvk2

√
2 (1− α)

e2(1−α)πkR − 1
∼



√
2 (1− α)

√
ξuvk2 e−(1−α)πkR α < 1 ,

1√
πkR

√
ξuvk2 α ∼ 1 ,√

2 (α− 1)
√
ξuvk2 α > 1 ,

(C.5)

which coincides precisely with the mass obtained in the zero-mode approximation,2 while in
the limit ξuv � ξ∗uv it approaches a constant:

m0 '
√

4α (α− 1)
e−2απkR − (1− α)− αe−2πkR kir

2In the zero-mode approximation, the five-dimensional fields are expanded using the Kaluza-Klein basis for
the massless (ξuv = 0) case. The Kaluza-Klein mass matrix is not diagonal in this basis when ξuv 6= 0
(the states are no longer orthogonal), but provided the additional boundary masses represent a small
perturbation (compared to the scale of the heavier Kaluza-Klein masses) the diagonal entries are a good
approximation of the true mass eigenvalues. For the zero mode, the effective four-dimensional mass in
this approximation arises entirely from its overlap with the boundary mass:

S5 ⊃ −
∫
d5x ξuvke

−2A(f̃ (0)
Φ )2 (Φ(0))∗ Φ(0) 2δ(y) =⇒ m2

0 ' 2 (N (0)
Φ )2 ξuvk

2 . (C.6)
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∼



√
4α (α− 1) ke−(1−α)πkR α < 0 ,√

2
πkR kir α ∼ 0 ,

√
4αkir α > 0 .

(C.7)

This is same mass that obtains in the twisted limit when the scalar field has a Dirichlet
boundary condition on the UV brane and a Neumann boundary condition on the IR brane
(Φ(+,+) → Φ(−,+)). The large boundary mass has the effect of repelling the wave function
from the brane [it dominates in the Neumann boundary condition (B.10)], introducing a
kink in the profile of the field in the extra dimension.

C.1.2 IR-brane boundary mass

When ξuv = 0, the zero-mode mass (C.1) reduces to

m0 '
√

C ir
1 ξir

C3 − C ir
4 ξir

kir (C.8)

In the limit ξir � ξ∗ir, where

ξ∗ir = C3
C ir

4
∼

 2 α ≤ 1 ,

2α α > 1 ,
(C.9)

this becomes

m0 '
√
ξirk2

ir

√
2 (1− α)

e2(1−α)πkR − 1
e(1−α)πkR

∼



√
2 (1− α)

√
ξirk2

ir α < 1 ,

1√
πkR

√
ξirk2

ir α ∼ 1 ,√
2 (α− 1)

√
ξuvk2

ir e
(1−α)πkR α > 1 ,

(C.10)
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which also coincides precisely with the mass obtained in the zero-mode approximation,3

while in the limit ξir � ξ∗ir it takes the form

m0 '
√

4α (α− 1)
e−2(1−α)πkR − α− (1− α) e−2πkR kir

∼



√
4 (1− α) kir α < 1 ,√

2
πkR kir α ∼ 1 ,√
4α (α− 1) ke−απkR α > 1 .

(C.13)

This again corresponds to the mass obtained in the twisted limit, when the scalar field has a
Neumann boundary condition on the UV brane and a Dirichlet boundary condition on the
IR brane (Φ(+,+) → Φ(+,−)).

C.2 Fermion Zero-Mode Mass

When a chiral component of a bulk Dirac fermion field4 has even parity on both branes
(i.e., Ψ(+,+)

L,R ) and Majorana boundary masses of the form (B.45), the mass of its lightest
Kaluza-Klein state (the lifted zero mode) has an analytic approximation:5

m0L,R '
C1 − C2ξuvξir
C uv

4 ξuv + C ir
4 ξir

∓

√√√√(C1 + C2ξuvξir)2 + C uv
3 ξ2

uv + C ir
3 ξ

2
ir

(C uv
4 ξuv + C ir

4 ξir)2 (C.14)

where

C1 = αL,R sinh
[
(1∓ αL,R)πkR

]
e(1±αL,R)πkR , (C.15a)

3In this case:
S5 ⊃ −

∫
d5x ξirke

−2A(f̃ (0)
Φ )2 (Φ(0))∗ Φ(0) 2δ(y − πR) , (C.11)

such that
m2

0 ' 2 (N (0)
Φ )2 e2(α−1)πkRξirk

2
ir . (C.12)

4These approximations can also be used for a bulk gravitino.
5This can be derived by expanding the quantization condition (B.90) with Neumann boundary conditions
on each brane up to second order for small mn.

249



C Approximate Kaluza-Klein Spectra

C2 = (1∓ αL,R) sinh(αL,RπkR) e(1±αL,R)πkR , (C.15b)

C uv
3 = 2αL,R (1∓ αL,R)

(
C1 + C2e

πkR
)
e±2αL,RπkR , (C.15c)

C ir
3 = 2αL,R (1∓ αL,R)

(
C1 − C2e

−πkR
)
e2πkR , (C.15d)

C uv
4 = C1e

−πkR − C2 , (C.15e)

C ir
4 = C2e

−πkR − C1 , (C.15f)

and the upper (lower) sign corresponds to the left-handed (right-handed) case. When
the boundary masses are sufficiently small that they may be treated as perturbations,
ξuv,ir � ξ∗uv,ir, where

ξ∗uv =
√
C2

1
C uv

3
∼


1

2 |αL,R|
e(1∓αL,R)πkR ±αL,R � 0 ,

1
2 |αL,R ∓ 1| e

−πkR ±αL,R � 1 ,
(C.16)

and

ξ∗ir =
√
C2

1
C ir

3
∼


1√

4 (1∓ αL,R)
±αL,R � 1 ,

1
2 e
±(αL,R∓1)πkR ±αL,R � 1 ,

(C.17)

a first-order expansion of the quantization condition is sufficient, giving the simpler form6

m0L,R '

 αL,R (1∓ αL,R)
(
ξuve

±αL,RπkR + ξire
(1∓αL,R)πkR

)
αL,R sinh

[
(1∓ αL,R)πkR

]
− (1∓ αL,R) ξuvξir sinh(αL,RπkR)

 kir . (C.18)

To unpack these expressions, we consider separately the limits in which a mass term is added
on only one of the two branes.

6We note that this limit does not correspond to the first-order term in an expansion of (C.14) for small
ξuv,ir.
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C.2.1 UV-brane boundary mass

When ξir = 0, the fermion zero-mode mass (C.14) reduces to

m0L,R '
C1

C uv
4 ξuv

∓

√√√√( C1
C uv

4 ξuv

)2
+ C uv

3
(C uv

4 )2 (C.19)

In the limit ξuv � ξ∗uv this approaches a constant:7

m0L,R '
√

4αL,R (αL,R ∓ 1)
e∓2αL,RπkR − (1± αL,R)∓ αL,R e−2πkR kir

∼



√
4αL,R (αL,R ∓ 1) ke−(1∓αL,R)πkR ±αL,R < 0 ,√

2
πkR kir ±αL,R ∼ 0 ,√
4 |αL,R| kir ±αL,R > 0 .

(C.20)

This is same mass that obtains in the twisted when the even component of the fermion field
has a Dirichlet boundary condition on the UV brane and a Neumann boundary condition
on the IR brane (Ψ(+,+)

L,R → Ψ(−,+)
L,R ). The large boundary mass has the effect of repelling the

wave function from the brane [it dominates in the Neumann boundary condition (B.77)],
introducing a kink in the profile of the even component in the extra dimension.
In the limit ξuv � ξ∗uv, we use the lower-order result (C.18), finding

m0 ' ξuvk

[ 2 (1∓ αL,R)
e2(1∓αL,R)πkR − 1

]

∼


2 (1∓ αL,R) e−2(1∓αL,R)πkRξuvk ±αL,R < 1 ,

1
πkR ξuvk ±αL,R ∼ 1 ,

2 |1∓ αL,R| ξuvk ±αL,R > 1 ,

(C.21)

7Note that when α� 1 (the field is UV-localized) this reduces to the same form as (C.7).
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which coincides precisely with the mass obtained in the zero-mode approximation.8

C.2.2 IR-brane boundary mass

When ξuv = 0, the zero-mode mass (C.14) reduces to

m0L,R '
C1

C ir
4 ξir

∓

√√√√( C1
C ir

4 ξir

)2
+ C ir

3
(C ir

4 )2 (C.23)

In the limit ξir � ξ∗ir this approaches a constant:9

m0L,R '
√

4αL,R (αL,R ∓ 1)
e−2(1∓αL,R)πkR ∓ αL,R − (1∓ αL,R) e−2πkR kir

∼



√
4 (1∓ αL,R) kir ±αL,R < 1 ,√

2
πkR kir ±αL,R ∼ 1 ,√
4αL,R (αL,R ∓ 1) ke∓αL,RπkR ±αL,R > 1 .

(C.24)

This again corresponds to the mass obtained in the twisted limit, when the even component
of the fermion field has a Neumann boundary condition on the UV brane and a Dirichlet
boundary condition on the IR brane (Ψ(+,+)

L,R → Ψ(+,−)
L,R ).

In the limit ξir � ξ∗ir we use the lower-order result (C.18), finding

m0L,R ' (ξuvkir)
[ 2 (1∓ αL,R)
e2(1∓αL,R)πkR − 1

]
e2(1∓αL,R)πkR

∼


2 (1∓ αL,R) (ξuvkir) ±αL,R < 1 ,

1
πkR (ξuvkir) ±αL,R ∼ 1 ,

2 |1∓ αL,R| e2(1∓αL,R)πkR (ξuvkir) ±αL,R > 1 ,

(C.25)

8Here, this looks like:

S5 ⊃ −
∫
d5x ξuve

−A(f̃ (0)
ΨL,R

)2
(1

2Ψ(0)
L,RΨc(0)

L,R + H.c.
)

2δ(y) =⇒ m0 ' 2 (N (0)
ΨL,R

)2 ξuvk . (C.22)

9Note that this is the same as (C.13).
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which also coincides precisely with the mass obtained in the zero-mode approximation.10

C.3 Heavy Kaluza-Klein Masses

For the heavy eigenmasses, we can employ a variety of asymptotic expansions.

C.3.1 Cross-product expansion

Neglecting any supersymmetry-breaking boundary masses,11 the quantization conditions for
bulk fields take the forms of cross products of Bessel functions:

Jα−1(xuv
n )Yα−1(xir

n ) = Jα−1(xir
n )Yα−1(xuv

n ) for (+,+) parity , (C.28a)

Jα−1(xuv
n )Yα(xir

n ) = Jα(xir
n )Yα−1(xuv

n ) for (+,−) parity , (C.28b)

Jα(xuv
n )Yα−1(xir

n ) = Jα−1(xir
n )Yα(xuv

n ) for (−,+) parity , (C.28c)

Jα(xuv
n )Yα(xir

n ) = Jα(xir
n )Yα(xuv

n ) for (−,−) parity . (C.28d)

These admit asymptotic expansions for large arguments.12 As n→∞,

mn '
(
πs+ p

8πs + 4
(
q − 3p2)

3 (8πs)3 + 32
(
3r − 10pq + 60p3)

15 (8πs)5 + · · ·
)
kir (C.30)

10In this case:
S5 ⊃ −

∫
d5x ξire

−A(f̃ (0)
ΨL,R

)2
(1

2Ψ(0)
L,RΨc(0)

L,R + H.c.
)

2δ(y − πR) , (C.26)

such that
m0 ' 2 (N (0)

ΨL,R
)2 e2(1∓αL,R)πkRξirkir . (C.27)

11The following results generally hold even when such terms are included.
12For fields with twisted boundary conditions, we expand the cross products

J ′α(xuv
n )Yα(xir

n ) = Jα(xir
n )Y ′α(xuv

n ) for (+,−) parity , (C.29a)

Jα(xuv
n )Y ′α(xir

n ) = J ′α(xir
n )Yα(xuv

n ) for (−,+) parity . (C.29b)
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where the expansion parameter is

s ≡


n for (+,+) and (−,−) parity ,

n− 1
2 for (+,−) parity ,

n+ 1
2 for (−,+) parity ,

(C.31)

and

p ≡


(µ− 1) for (+,+) and (−,−) parity ,

(µ+ 3) eπkR − (µ− 1) for (+,−) parity ,

(µ− 1) eπkR − (µ+ 3) for (−,+) parity ,

(C.32a)

q ≡



(µ− 1) (µ− 25) e3πkR for (+,+) and (−,−) parity ,(
µ2 + 46µ− 63

)
e3πkR

−
(
µ2 + 46µ− 63

) for (+,−) parity ,

(
µ2 + 46µ− 63

)
e3πkR

−
(
µ2 + 46µ− 63

) for (−,+) parity ,

(C.32b)

r ≡



(µ− 1)
(
µ2 − 114µ+ 1073

)
e5πkR for (+,+) and (−,−) parity ,(

µ3 + 185µ2 + 2053µ+ 1899
)
e5πkR

− (µ− 1)
(
16µ2 − 114µ+ 1073

) for (+,−) parity ,

(µ− 1)
(
16µ2 − 114µ+ 1073

)
e5πkR

−
(
µ3 + 185µ2 + 2053µ+ 1899

) for (−,+) parity ,

(C.32c)

with

µ =


4 (α− 1)2 for (+,+) parity ,

4α2 otherwise .
(C.33)
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As n→∞, we see that the masses are approximately

mn '



nπkir for (+,+) and (−,−) parity ,(
n− 1

2

)
πkir for (+,−) parity ,(

n+ 1
2

)
πkir for (−,+) parity ;

(C.34)

that is, integer multiples of the Kaluza-Klein mass scale

mkk ≡ πkir . (C.35)

In general, these expansions are only valid for n ≥ 1. When the lowest KK mass is
light (m1 . mkk), as can occur for twisted boundary conditions, it may be necessary to
adjust the index of the expansion to account for the light mass that is not captured in the
approximation.

C.3.2 Large Bessel-zero expansion

The cross-product asymptotic expansion series (C.30) converges for n → ∞, but that
convergence can be slow (particularly for πkR � 1). For smaller n, the quantization
conditions (C.28) are satisfied approximately at the zeros of Bessel functions of the first
kind evaluated on the IR brane:

mn '
(
πs− µ− 1

8πs −
4 (µ− 1) (7µ− 31)

3 (8πs)3

− 32 (µ− 1)
(
83µ2 − 982µ+ 3779

)
15 (8πs)5 − · · ·

)
kir , (C.36)

where,

µ =


4 (α− 1)2 for (+,+) and (−,+) parity ,

4α2 for (+,−) and (−,−) parity .
(C.37)
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and the expansion parameter is

s = n+
√
µ

8 −
1
4 . (C.38)

The convergence of this approximation is asymptotic. The point of closest convergence
occurs at larger n for larger πkR. At first order,

mn '


(
n+ |α−1|

2 − 1
4

)
πkir for (+,+) and (−,+) parity ,(

n+ |α|
2 −

1
4

)
πkir for (+,−) and (−,−) parity ,

(C.39)

and hence the masses are again approximately integer multiples of the Kaluza-Klein mass
scale mkk.
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In this appendix we describe the supergravity multiplet of five-dimensional supersymmetry
in a slice of AdS5 and organize bulk gauge and matter fields into vector supermultiplets
and hypermultiplets and consider their behavior and Kaluza-Klein mass spectra. A similar
analysis is presented in Ref. [94]. The supermultiplet mass-spectrum for uncompactified
AdS5 is derived in Ref. [285].

D.1 Supergravity Multiplet

The on-shell supergravity multiplet consists of the vielbein eaM, the graviphoton BM, and an
n = 1 symplectic Majorana gravitino spinor Ψi

M. The gravitational action is given by1

S = −
∫
d5x
√
−g

(1
2M

3
5R5 + Λ5 −

1
2Λ5A

′′
)
, (D.1)

while the gravitino action takes the form (B.134). In our analysis, we are primarily interested
in the gravitino. Arising from the possible parity assignments, there are three classes of
spectra. We summarize the results in Table D.1.

1. Le�-handed zero modes

When the parity assignments of the fields are chosen so that the left-handed fields have
positive parity on both boundaries and the right-handed field negative parity, i.e.,

Ψµ,L → Ψ(+,+)
µ,L , Ψ5,R → Ψ(+,+)

5,R , Ψµ,R → Ψ(−,−)
µ,R , Ψ5,L → Ψ(−,−)

5,L , (D.2)

the even fields Ψµ,L and Ψ5,R have zero-mode solutions, but otherwise the Kaluza-Klein

1Note that in the AdS5 background we set BM = 0.
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masses for all modes are identical and determined by the condition

J1(xuv
n )

Y1(xuv
n ) = J1(xir

n )
Y1(xir

n ) . (D.3)

The higher Kaluza-Klein modes for all states therefore have identical masses, given
approximately by

mn '
(
n+ 1

4

)
πkir . (D.4)

The massless sector forms a four-dimensional N = 1 supersymmetric gravity super-
multiplet. In this case Ψ(0)

5,R is identified as the radino, the supersymmetric partner of
the radion of the 5D geometry.

2. Right-handed zero modes

When the parity assignments of the fields are chosen so that the right-handed fields
have positive parity on both boundaries and the left-handed field negative parity, i.e.,

Ψµ,L → Ψ(−,−)
µ,L , Ψ5,R → Ψ(−,−)

5,R , Ψµ,R → Ψ(+,+)
µ,R , Ψ5,L → Ψ(+,+)

5,L , (D.5)

the even fields Φµ,R and Ψ5,L have zero-mode solutions, but otherwise the Kaluza-Klein
masses for all modes are identical and determined by the condition

J2(xuv
n )

Y2(xuv
n ) = J2(xir

n )
Y2(xir

n ) . (D.6)

The higher Kaluza-Klein modes for all states therefore have identical masses, given
approximately by

mn '
(
n+ 3

4

)
πkir . (D.7)

The massless sector forms a four-dimensional N = 1 supersymmetric gravity super-
multiplet.

3. Twisted boundary conditions

When the parity assignments of the fields are twisted, i.e.,

Ψµ,L → Ψ(+,−)
µ,L , Ψ5,R → Ψ(+,−)

5,R , Ψµ,R → Ψ(−,+)
µ,R , Ψ5,L → Ψ(−,+)

5,L , (D.8a)
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or

Ψµ,L → Ψ(−,+)
µ,L , Ψ5,R → Ψ(−,+)

5,R , Ψµ,R → Ψ(+,−)
µ,R , Ψ5,L → Ψ(+,−)

5,L , (D.8b)

the boundary conditions completely break supersymmetry and no massless modes exist
in the spectrum.2 In the first case, the Kaluza-Klein masses are given approximately
by

mn '
(
n+ 3

4

)
πkir . (D.9)

and in the second case by
mn '

(
n+ 1

4

)
πkir . (D.10)

Compared to the result for untwisted boundary conditions, the twisted Kaluza-Klein
mass spectra are shifted by a value that asymptotically approaches 1

2πkir.3

Table D.1: Boundary parity configurations for the gravitino of an on-shell gravity
supermultiplet. The left (right) term in the tuples refers to the Z2 parity at the
y = 0 (y = ±πR) orbifold fixed point.

boundary parity

Ψµ,L Ψµ,R Ψ5,L Ψ5,R zero modes residual
supersymmetry

(+,+) (−,−) (+,+) (−,−) left-handed 4D N = 1

(+,−) (−,+) (−,+) (+,−) none 4D N = 0

(−,+) (+,−) (+,−) (−,+) none 4D N = 0

(−,−) (+,+) (+,+) (−,−) right-handed 4D N = 1

2Note that these boundary conditions break supersymmetry but preserve a U(1)R symmetry. This mechanism
is usually called Scherk-Schwarz supersymmetry breaking [286, 287].

3This can also be seen from the cross-product mass approximations (C.30) in the n→∞ limit.
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D.2 Matter Hypermultiplet

The on-shell hypermultiplet consists of two complex scalars Φi (i = 1, 2) and one Dirac
fermion Ψ with action

S5 = −
∫
d5x
√
−g

[(
∂MΦ∗i

)(
∂MΦi

)
+m2

ΦiΦ
∗
iΦi

+ 1
2ΨΓMDMΨ− 1

2
(
DMΨ

)
ΓMΨ +mΨΨΨ

]
. (D.11)

We recall that in order for the Dirac fermion action to be invariant under the orbifold
Z2 symmetry, its chiral components must have opposite parity assignments, as listed in
Table B.1. These parity assignments must be shared by the scalar superpartners, which
suggests that a more natural way of identifying the scalar fields is by the chirality of the
fermion component with the same parity: Φ1,2 → ΦL,R. Invariance under supersymmetric
transformations (see Ref. [94]) requires that the five-dimensional masses of the scalars and
fermions are related, taking the forms

m2
ΦL,R =

(
c2 ± c− 15

4

)
k2 +

(3
2 ± c

)
A′′ , (D.12a)

mΨ = cA′ , (D.12b)

where c is an arbitrary dimensionless hypermultiplet localization parameter.4 In the notation
of Sec. B.1, we identify

a = c2 ± c− 15
4 , (D.13a)

b = 3
2 ± c , (D.13b)

which satisfy the supersymmetric condition (B.6). As a result, the Bessel function index of
the bulk Kaluza-Klein profiles is the same for each pair of fields with the same parity:

α =


αL = c+ 1

2 for ΦL and ΨL ,

αR = c− 1
2 for ΦR and ΨR .

(D.14)

4We choose to use the bulk mass parameter of the hypermultiplet fermion fields.
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This implies that the bulk profiles of the fields with the same parity have the same form,
differing only in conformal scaling:

f (n)
ΦL(R)

(y) = e−(1/2)A(y)f (n)
ΨL(R)

(y) . (D.15)

There are three classes of spectra arising from the possible parity assignments. We summarize
the results in Table D.2.

1. Le�-handed zero modes

When the parity assignments of the fields are chosen so that the left-handed fields have
positive parity on both boundaries and the right-handed field negative parity, i.e.,

ΨL → Ψ(+,+)
L , ΦL → Φ(+,+)

L , ΨR → Ψ(−,−)
R , ΦR → Φ(−,−)

R , (D.16)

the even fields ΦL and ΨL have zero-mode solutions, but otherwise the Kaluza-Klein
masses for all modes are identical and determined by the condition

Jc−1/2(xuv
n )

Yc−1/2(xuv
n ) =

Jc−1/2(xir
n )

Yc−1/2(xir
n ) . (D.17)

The higher Kaluza-Klein modes for all states therefore have identical masses, given
approximately by

mn '
(
n+ |c− 1/2|

2 − 1
4

)
πkir . (D.18)

The massless sector of the hypermultiplet (Φ(0)
L ,Ψ(0)

L ) forms a four-dimensional N = 1
supersymmetric chiral multiplet.

2. Right-handed zero modes

When the parity assignments of the fields are chosen so that the right-handed fields
have positive parity on both boundaries and the left-handed field negative parity, i.e.,

ΨL → Ψ(−,−)
L , ΦL → Φ(−,−)

L , ΨR → Ψ(+,+)
R , ΦR → Φ(+,+)

R , (D.19)

the even fields ΦR and ΨR have zero-mode solutions, but otherwise the Kaluza-Klein
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masses for all modes are identical and determined by the condition

Jc+1/2(xuv
n )

Yc+1/2(xuv
n ) =

Jc+1/2(xir
n )

Yc+1/2(xir
n ) . (D.20)

The higher Kaluza-Klein modes for all states therefore have identical masses, given
approximately by

mn '
(
n+ |c+ 1/2|

2 − 1
4

)
πkir . (D.21)

The massless sector of the hypermultiplet (Φ(0)
R ,Ψ(0)

R ) forms a four-dimensional N = 1
supersymmetric chiral multiplet.

3. Twisted boundary conditions

When the parity assignments of the fields are twisted, i.e.,

ΨL → Ψ(+,−)
L , ΦL → Φ(+,−)

L , ΨR → Ψ(−,+)
R , ΦR → Φ(−,+)

R , (D.22a)

or

ΨL → Ψ(−,+)
L , ΦL → Φ(−,+)

L , ΨR → Ψ(+,−)
R , ΦR → Φ(+,−)

R , (D.22b)

the boundary conditions completely break supersymmetry and no massless modes exist
in the spectrum. In the first case, the Kaluza-Klein masses are given approximately
by

mn '
(
n+ |c+ 1/2|

2 − 1
4

)
πkir . (D.23)

and in the second case by

mn '
(
n+ |c− 1/2|

2 − 1
4

)
πkir . (D.24)

As with the graviton case, compared to the results for untwisted boundary conditions,
the twisted Kaluza-Klein mass spectra are shifted by a value that asymptotically
approaches 1

2πkir.
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Table D.2: Boundary parity configurations for the field content of an on-shell hyper-
multiplet. The left (right) term in the tuples refers to the Z2 parity at the y = 0
(y = ±πR) orbifold fixed point.

boundary parity

ΨL ΨR ΦL ΦR zero modes residual
supersymmetry

(+,+) (−,−) (+,+) (−,−) left-handed 4D N = 1

(+,−) (−,+) (+,−) (−,+) none 4D N = 0

(−,+) (+,−) (−,+) (+,−) none 4D N = 0

(−,−) (+,+) (−,−) (+,+) right-handed 4D N = 1

D.3 Vector Supermultiplet

The on-shell vector supermultiplet consists of a gauge field AaM, an n = 1 symplectic Majorana
spinor Λai , and a real scalar Σa in the adjoint representation with action

S5 = − 1
g2

5

∫
d5x
√
−g

[1
4F

a
MNF

MNa

+ 1
2
(
∂MΣa)(∂MΣa)+ 1

2m
2
Σ
(
Σa)2

+ 1
4Λai ΓMDMΛai −

1
4
(
DMΛai

)
ΓMΛai + 1

2mΛ (σ3)ij ΛaiΛaj
]
. (D.25)

where a is a gauge group index. In order for four-dimensional gauge symmetry to be
preserved, Aaµ must have even parity on both branes and Aa5 odd parity, i.e.,

Aaµ → Aa(+,+)
µ , (D.26a)

Aa5 → Aa(−,−)
5 . (D.26b)

Then, if we take for the two independent fermion components

Λa1,L → Λa(+,+)
1,L , (D.26c)
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Λa2,L → Λa(−,−)
2,L , (D.26d)

supersymmetry dictates that Σa is odd:

Σa → Σa(−,−) . (D.26e)

Given these assignments, it is convenient to identify the independent fermion components
by their parity: Λa1,2L → Λa±.
Invariance under supersymmetric transformations (see Ref. [94]) requires that the five-

dimensional masses of the scalars and fermions are related, taking the forms

m2
Σ = −4k2 + 2A′′ , (D.27a)

mΛ = 1
2A
′ . (D.27b)

In the notation of Secs. B.1 and B.2, we identify5

a = −4 , b = 2 , c = 1
2 . (D.28)

As a result, the Bessel function index of the bulk Kaluza-Klein profiles is the same for each
set of fields with the same parity:

α =


1 for Aaµ and Λa+ ,

0 for Aa5, Λa−, and Σa .
(D.29)

This implies that the bulk profiles of the fields with the same parity have the same form,
differing only in conformal scaling:

f (n)
Aµ

(y) = e−(3/2)A(y)f (n)
Λ+

(y) , (D.30a)

f (n)
A5

(y) = e−(1/2)A(y)f (n)
Λ−(y) = f (n)

Σ (y) . (D.30b)

In particular, we note that the even gaugino component is conformally flat like the gauge

5Note that a and b satisfy the supersymmetric condition (B.6).
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field.
The even fields Aaµ and Λa+ have zero-mode solutions, but otherwise the Kaluza-Klein

masses for all modes are identical and determined by the condition

J0(xuv
n )

Y0(xuv
n ) = J0(xir

n )
Y0(xir

n ) . (D.31)

The higher Kaluza-Klein modes for all states therefore have identical masses, given approxi-
mately by

mn '
(
n− 1

4

)
πkir . (D.32)

The massless sector of the hypermultiplet (Aa(0)
µ ,Λa(0)

+ ) forms an N = 1 supersymmetric
vector multiplet.
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