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ABSTRACT

Rapid advances in information technologies have ushered in the era of “big data” and revo-

lutionized the scientific research across many disciplines, including economics, genomics,

neuroscience, and modern commerce. Big data creates golden opportunities but has also

arisen unprecedented challenges due to the massive size and complex structure of the data.

Among many tasks in statistics and machine learning, classification has diverse applica-

tions, ranging from improving daily life to reaching the new frontiers of science and en-

gineering. This thesis will discuss the envisions of broader approaches to modern classi-

fication methodologies, as well as computational considerations to cope with the big data

challenges.

Chapter 2 of the thesis presents a modern classification method named data-driven gen-

eralized distance weighted discrimination. A fast algorithm with an emphasis on computa-

tional efficiency for big data will be introduced. Our method is formulated in a reproduc-

ing kernel Hilbert space, and learning theory of the Bayes risk consistency will be devel-

oped. We will use extensive benchmark data applications to demonstrate that the prediction

accuracy of our method is highly competitive with state-of-the-art classification methods

including support vector machine, random forest, gradient boosting, and deep neural net-

work. Chapter 3 introduces sparse penalized DWD for high-dimensional classification,

which is commonly used in the era of big data. We develop a very efficient algorithm to

compute the solution path of the sparse DWD at a given fine grid of regularization pa-

rameters. Chapter 4 proposes multicategory kernel distance weighted discrimination for

multi-class classification. The proposal is defined as a margin-vector optimization problem

in a reproducing kernel Hilbert space. This formulation is shown to enjoy Fisher consis-

tency. We develop an accelerated projected gradient descent algorithm to fit multicategory

kernel DWD. Chapter 5 develops a magic formula for doing CV in the context of large mar-

gin classification. We design a novel and successful algorithm to fit and tune the support

vector machine.
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Chapter 1

Introduction

From the days of The Lady Tasting Tea to the era of big data, statistical classification has

diverse applications, ranging from improving daily life to reaching the new frontiers of

science and engineering. These examples include spam e-mail filtering, cancer diagno-

sis, speech recognition, and image detection, to name a few. Nevertheless, many applica-

tions are bottlenecked by the demand for high classification accuracy and by the resulting

huge computational cost; at the present stage, the existing classification methodologies can

hardly meet those needs. Therefore, the research goal in this thesis is to take one step

forward in expanding the reach and arch of statistics in the big data era, improving and

innovating modern classification methodologies, as well as developing fast algorithms to

reduce computational costs.

This thesis has a specific focus on the support vector machine (SVM, Vapnik, 1995,

1998), as it is unquestionably one of the best modern classification methods and it deliv-

ers exceptionally high prediction accuracy due to its large-margin geometry. The success

of SVM is mainly attributed to its nice large-margin geometric interpretation and thereby

called large-margin classifiers. The SVM produces the largest “margin” between the sep-

arating hyperplane and the closest data points, leading to great classification accuracy.

Fernández-Delgado et al. (2014) showed that the classification accuracy of SVM is among

the best of the 179 classifiers. To amplify the competitiveness and popularity of SVM, this

thesis focuses on improving the SVM in two directions, harmonic-margin generalization

and model-selection integration.

The harmonic-margin generalization of SVM stemmed from Marron et al. (2007), who

1



CHAPTER 1. INTRODUCTION 2

argued that some small-scale noise artifacts of the data may largely affect SVM and im-

pair the generalization performance, especially when the dimension of the data is high. As

a remedy, Marron et al. (2007) developed a new method termed distance weighted dis-

crimination (DWD) by amending the margin definition in SVM, and they presented many

numerical examples to demonstrate the superior performance of DWD over SVM. In Chap-

ter 2 of this thesis, we find that DWD actually inaugurates a harmonic-margin framework,

which is indexed by q and treats the SVM as a limiting case. In this regard, DWD is def-

initely worth more effort and we thus advanced the entire harmonic-margin framework of

DWD as a modern classifier, orienting it for the big data era.

In Chapter 2, we make DWD computationally amiable for big data. The DWD was

originally solved based on second-order-cone programming (SOCP), which was computa-

tionally demanding and only works for the special case of q = 1 under the harmonic-margin

framework. We further propose a surprisingly simple algorithm based on the majorization-

minimization principle, which is unified for any q. We show that our algorithm can be

thousands of times faster than the SOCP implementation, and it efficiently handles data

with millions of observations.

Furthermore, prior to this work, only linear DWD was available and how to formulate

kernel DWD and establish Bayes risk consistency had been a long-lasting and open research

question. In Chapter 2, we formulate kernel DWD in reproducing kernel Hilbert spaces,

and we strictly prove that the prediction error of kernel DWD asymptotically converges to

the Bayes error in theory. To prove this, we decompose the difference between the Bayes

error and the kernel DWD prediction error into approximation error and estimation error;

we first prove the approximation error is zero when employing a universal kernel such as

Gaussian kernel, on the basis of Lusin’s theorem in functional analysis. We then illustrate

the estimation error of kernel DWD diminishes as the sample size increases. The Bayes

risk consistency theory is favored by extensive numerical studies on benchmark data with

various sample sizes and dimensions. We show that the classification accuracy of kernel

DWD is no worse than any other modern classification method, such as random forest and

deep neural net. Our method has been implemented in an R package kerndwd, which is

on CRAN and has received more than 10,000 downloads.

In Chapter 3, we push DWD to high-dimensionality, which is an important compo-
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nent of big data and frequently arises in domains like DNA microarray technology. For

high-dimensional data analysis, variable selection plays pivotal roles in knowledge discov-

ery and guarding the error accumulation from noise variables. In Chapter 3, we develop

sparse penalized DWD with several penalties for high-dimensional classification. Besides

the methodology, as high-dimensional classification is computationally more challenging,

we derive an efficient algorithm hinged on coordinate-descent. We have published the im-

plementation of our algorithm as an R package sdwd on CRAN (7859 downloads, as of

June 30, 2018).

In Chapter 4, we advocate DWD for multi-category classification. We develop a multi-

category kernel DWD in reproducing kernel Hilbert spaces. We adopt the concept margin

vector which can be regarded as a proxy of conditional class probabilities. Computation-

ally, we develop a very efficient accelerated projected gradient descent algorithm. The-

oretically, we prove that our formulation has the multi-category Fisher consistency. As

shown in Chapter 4, the prediction accuracy of our method is highly competitive with other

state-of-the-art multi-category classifiers.

In Chapter 5, we investigate the model-selection integration of the SVM. Cross-validation

(CV) is perhaps the most widely used technique for tuning supervised machine learning al-

gorithms. We first advocate the leave-one-out cross-validation (LOOCV) in estimating the

generalization error: it is well known that LOOCV has almost no bias, while we also show

that LOOCV has variance no larger than any other V -fold cross-validation. This in fact

addresses a seemingly widespread misconception that LOOCV has the largest variance.

On the other hand, LOOCV has remarkably large computational cost due to the repeti-

tions in the model fits. The leave-one-out lemma (Craven and Wahba, 1979) was proposed

to offer a closed-form LOOCV estimates. For classification, nevertheless, all existing fast

cross-validation attempts were either complicated, narrowly applicable, or unable to yield

exact cross-validation estimates. In Chapter 5, we develop a magic formula for doing CV

in the context of large margin classification. Based on the magic CV formula, we propose

a magic SVM, which is a novel algorithm to integrate the processes of fitting and tuning

the SVM. The algorithm is entirely different from the existing SVM algorithm. We show

that, with yielding almost identical results, the magic SVM is significant faster than the

state-of-the-art kernel SVM solvers such as kernlab and e1071.



Chapter 2

Distance Weighted Discrimination

Distance weighted discrimination (DWD) is a modern margin-based classifier with an inter-

esting geometric motivation. It was proposed as a competitor to the support vector machine

(SVM). Despite many recent references on DWD, DWD is far less popular than the SVM,

mainly because of computational and theoretical reasons. In this chapter, we greatly ad-

vance the current DWD methodology and its learning theory. We propose a novel thrifty

algorithm for solving standard DWD and generalized DWD, and our algorithm can be

several hundred times faster than the existing algorithm based on the second-order cone

programming. In addition, we exploit the new algorithm to design an efficient scheme to

tune generalized DWD. Furthermore, we formulate a natural kernel DWD approach in a re-

producing kernel Hilbert space and then establish the Bayes risk consistency of the kernel

DWD by using a universal kernel such as the Gaussian kernel. This result solves an open

theoretical problem in the DWD literature. A comparison study on 16 benchmark data sets

shows that data-driven generalized DWD consistently delivers higher classification accu-

racy with less computation time than the SVM.

2.1 Introduction

Binary classification problems appear from diverse practical applications, such as, finan-

cial fraud detection, spam e-mail classification, medical diagnosis with genomics data, drug

response modeling, among many others. In these classification problems, the goal is to pre-

dict class labels based on a given set of variables. Suppose that we observe a training data

4



2.1. INTRODUCTION 5

set consisting of n pairs, where {(xi, yi)}ni=1, xi ∈ Rp, and yi ∈ {−1, 1}. A classifier fits

a discriminant function f and constructs a classification rule to classify data point xi to

either class 1 or class −1 according to the sign of f(xi). The decision boundary is given

by {x : f(x) = 0}. Two canonical classifiers are linear discriminant analysis and logis-

tic regression. Modern classification algorithms can produce flexible non-linear decision

boundaries with high accuracy. The two most popular approaches are ensemble learning

and support vector machines or kernel machines. Ensemble learning such as boosting (Fre-

und and Schapire, 1997) and random forest (Breiman, 2001) combine many weak learners

like decision trees into a powerful one. The support vector machine (SVM) (Vapnik, 1995,

1998) fits an optimal separating hyperplane in the extended kernel feature space which

is non-linear in the original covariate spaces. In a recent extensive numerical study by

Fernández-Delgado et al. (2014), the kernel SVM was shown to be one of the best among

179 commonly used classifiers.

Marron et al. (2007) invented a new classification algorithm named distance weighted

discrimination (DWD), which retains the elegant geometric interpretation of the SVM, re-

solves a “data-piling” issue, and reveals competitive performance. Since then much work

has been devoted to the development of DWD. Readers are referred to Marron (2015) for an

up-to-date list of work on DWD. However, DWD is still only known to a small group of re-

searchers. We can think of two reasons for that. First, DWD has algorithmic disadvantages

compared with the SVM. The current algorithm for DWD is based on second-order cone

programming (SOCP). As acknowledged in Marron et al. (2007), SOCP was then (and still

is) much less well-known than quadratic programming. In addition, SOCP is generally

more computationally demanding than quadratic programming. Second, the kernel exten-

sion of DWD and the corresponding kernel learning theory are underdeveloped compared

to the kernel SVM. Although Marron et al. (2007) proposed a version of non-linear DWD

by mimicking the kernel trick used for deriving the kernel SVM, theoretical justification

of such a kernel DWD is still absent. In the constrast, the kernel SVM as well as ker-

nel logistic regression (Wahba et al., 1994; Zou and Hastie, 2005) have mature theoretical

understandings built on the theory of reproducing kernel Hilbert spaces (RKHS) (Wahba,

1999; Hastie et al., 2009). How to establish the Bayes risk consistency of kernel DWD was

proposed as a fundamental open problem in the original DWD paper (Marron et al., 2007).
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A decade later, the problem still remains open.

In this chapter, we aim to resolve the aforementioned issues. We show that the kernel

DWD in an RKHS has the Bayes risk consistency property if a universal kernel is used.

This result solves the open problem in DWD literature. We also develop a novel fast algo-

rithm to solve the linear and kernel DWD by using the majorization-minimization (MM)

principle. Our new algorithm also easily handles the generalized DWD. To summarize,

our new algorithm has multiple advantages over the SOCP algorithm: it is much faster to

compute, easier to understand, and capable of solving the generalized DWD and conducting

efficient tuning. We have implemented our algorithms in an R package kerndwd, which is

publicly available on CRAN at http://cran.r-project.org/web/packages/

kerndwd/index.html.

The rest of the chapter is organized as follows. To be self-contained, we first review the

SVM and DWD in Section 2.2. We then derive a novel algorithm for DWD and generalized

DWD in Section 2.3. We introduce the kernel DWD in a reproducing kernel Hilbert space

and establish its Bayes risk consistency in Section 2.4. Numeric examples are given in

Section 2.5, and technical proofs are provided in Appendix B.

2.2 Review of the SVM and DWD

In this section we give a brief review of the SVM and DWD. Hastie et al. (2009) offered

a highly detailed discussion of the SVM and its kernel version. Marron (2015) provided a

more comprehensive review of the current DWD literature.

Both the SVM and DWD share a common geometric interpretation. Consider a case

when two classes are separable by a hyperplane {x : f(x) = ω0 + xTω = 0} where

yi(ω0 + xTi ω) are all non-negative. Without loss of generality, we assume that ω is a unit

vector, i.e., ωTω = 1, and we observe that each di ≡ yi(ω0 + xTi ω) is equivalent to the

Euclidean distance between the data point xi and the hyperplane. The reason is that di =

(xi−x0)
Tω and ω0 +xT0ω = 0, where x0 is any data point on the hyperplane and ω is the

unit normal vector. The SVM classifier is defined as the optimal separating hyperplane that

maximizes mini di, the smallest distance of each data point to the separating hyperplane

(Vapnik, 1995). In a more general case when the two classes are not separable, non-negative

http://cran.r-project.org/web/packages/kerndwd/index.html
http://cran.r-project.org/web/packages/kerndwd/index.html
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slack variables ηi are introduced to ensure that all yi(ω0 +xTi ω) + ηi are non-negative. So,

the SVM is defined as

max
ω0,ω,di,ηi

min di,

subject to di = yi(ω0 + xTi ω) + ηi ≥ 0, ∀i,

ηi ≥ 0, ∀i,
n∑
i=1

ηi < constant, and ωTω = 1.

(2.1)

The data points that are closest to the hyperplane, i.e., di = min di, are dubbed the support

vectors. The SVM can be solved by rephrasing problem (2.1) as a quadratic programming

problem. A more general kernel SVM can be derived by applying the so-called kernel trick

(Aizerman et al., 1964) on the dual formulation of the linear SVM (Hastie et al., 2009).

Marron et al. (2007) proposed DWD that finds a separating hyperplane minimizing the

total inverse margins of all the data points:

min
ω0,ω,di,ηi

[
n∑
i=1

1

di
+ c

n∑
i=1

ηi

]
,

subject to di = yi(ω0 + xTi ω) + ηi ≥ 0, ηi ≥ 0, ∀i, and ωTω = 1.

(2.2)

The motivation of Marron et al. (2007) is to have a method that is directly formulated by an

SVM-like margin-maximization picture and also exhausts all data points for classification.

In some sense, DWD is like a blend of the SVM and a more classical logistic regression.

Marron et al. (2007) solved DWD by reformulating problem (2.2) as a second-order

cone programming (SOCP) program (Alizadeh and Goldfarb, 2004; Boyd and Vanden-

berghe, 2004), which has a linear objective, linear constraints, and second-order cone con-

straints. Specifically, for each i, let ρi = (1/di + di)/2, σi = (1/di − di)/2, and then

ρi + σi = 1/di, ρi − σi = di, and ρ2i − σ2
i = 1. Hence the original optimization problem
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(2.2) becomes

min
ω0,ω,ρi,σi,ηi

[ n∑
i=1

(ρi + σi) + c
n∑
i=1

ηi

]
,

subject to ρi − σi = yix
T
i ω + ω0 · yi + ηi, ∀i,

ηi ≥ 0, (ρi;σi, 1) ∈ S3, ∀i, (1;ω) ∈ Sp+1,

(2.3)

in which Sm+1 = {(ψ,φ) ∈ Rm+1 : ψ2 ≥ φTφ} is the form of the second-order cones.

There has been much work on variants of the standard DWD. We can give only an

incomplete list here. Qiao et al. (2010) introduced weighted DWD to tackle unequal cost

or sample sizes by imposing different weights on two classes. Huang et al. (2013) extended

the DWD to the multiclass case. We shall propose sparse DWD for high-dimensional

classification in Chapter 3 of this thesis. In addition, the work connecting DWD with other

classifiers, e.g., the SVM, includes but not limited to LUM (Liu et al., 2011), DWSVM

(Qiao and Zhang , 2015a), and FLAME (Qiao and Zhang , 2015b).

Marron et al. (2007) also attempted to replace the reciprocal in the standard DWD

optimization problem (2.2) with the qth power (q > 0) of the inverse distances. Hall et al.

(2005) also used it as the original definition of DWD. We name the DWD with this new

formulation the generalized DWD:

min
ω0,ω

[
n∑
i=1

1

dqi
+ c

n∑
i=1

ηi

]
,

subject to di = yi(ω0 + xTi ω) + ηi ≥ 0, ηi ≥ 0, ∀i, and ωTω = 1,

(2.4)

which degenerates to the standard DWD (2.2) when q = 1. Generalized DWD has not

been implemented yet because the SOCP transformation only works for the standard DWD

(q = 1) (2.2), but its extension to handle the general cases is unclear if not impossible. That

is why the current DWD literature focuses only on DWD with q = 1. In fact, generalized

DWD with q 6= 1 was proposed as an open research problem in Marron et al. (2007).

The new algorithm that is proposed in this chapter can easily solve the generalized DWD

problem for any q > 0; see Section 2.3.

Another open research problem that was proposed in Marron et al. (2007) is regarding
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the Bayes risk consistency of kernel DWD. Marron et al. (2007) followed the similar kernel

trick in the kernel SVM to design kernel DWD. In short, Marron et al. (2007) used the

Cholesky decomposition of the kernel matrix, i.e.,K = ΦΦT and then replaced the design

matrixX with Φ. To our best knowledge, still unclear is the theoretical justification for the

kernel DWD in Marron et al. (2007). The reason is likely to be that the nonlinear extension

is purely algorithmic. Kernel DWD considered in this chapter can be rigorously justified to

have a universal Bayes risk consistency property; see details in Section 2.4.2.

2.3 A Novel Algorithm for DWD and Generalized DWD

In this section we introduce a new algorithm that offers a unified efficient solution to stan-

dard DWD and generalized DWD.

2.3.1 Generalized DWD loss

Our algorithm begins with a loss − plus − penalty formulation of the DWD. Lemma 2.1

deploys the result. Note that the loss function also lays the foundation of the kernel DWD

learning theory that will be discussed in Section 2.4.

Lemma 2.1
The generalized DWD classifier in (2.4) can be written as sign(β̂0 + xTi β̂), where (β̂0, β̂)

is computed for some λ from

min
β0,β

C(β0,β) ≡ min
β0,β

[
1

n

n∑
i=1

Vq
(
yi(β0 + xTi β)

)
+ λβTβ

]
; (2.5)

Vq(u) =


1− u, if u ≤ q

q + 1
,

1

uq
qq

(q + 1)q+1 , if u >
q

q + 1
.

(2.6)

�
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By Lemma 2.1, we call Vq(·) the generalized DWD loss. When q = 1, the generalized

DWD loss becomes

V1(u) =

1− u, if u ≤ 1/2,

1/(4u), if u > 1/2.

We notice that V1(·) has appeared in the literature (Qiao et al., 2010; Liu et al., 2011).

2.3.2 Derivation of the algorithm

We now show how to develop the new algorithm by using the MM principle (De Leeuw

and Heiser, 1977; Lange et al., 2000; Hunter and Lange, 2004). Some recent successful

applications of the MM principle can be seen in Hunter and Li (2005); Wu and Lange

(2010); Zou and Li (2008); Zhou and Lange (2010); Yang and Zou (2013); Lange and

Zhou (2014), among others. The main idea of the MM principle is easy to understand.

Suppose θ = (β0,β
T )T and we aim to minimize C(θ), defined in problem (2.5). The

MM principle finds a majorization function D(θ|θk) satisfying C(θ) < D(θ|θk) for

any θ 6= θk and C(θk) = D(θk|θk), and then we generate a sequence {C(θk)}∞k=1 via

θk+1 = argminθD(θ|θk).

We first expose some properties of the generalized DWD loss function, which gives rise

to a quadratic majorization function of C(θ). The generalized DWD loss is differentiable

everywhere; its first-order derivative is given by

V ′q (u) =


−1, if u ≤ q

q + 1
,

− 1

uq+1

(
q

q + 1

)q+1

, if u >
q

q + 1
.

Lemma 2.2
The generalized DWD loss function Vq(·) has a Lipschitz continuous gradient,

|V ′q (t)− V ′q (t̃)| <
(q + 1)2

q
|t− t̃|, (2.7)
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which further implies a quadratic majorization function of Vq(·) such that for any t 6= t̃,

Vq(t) < Vq(t̃) + V ′q (t̃)(t− t̃) +
(q + 1)2

2q
(t− t̃)2. (2.8)

�

For a given pair of (q, λ), denote the current solution by θ̃ = (β̃0, β̃
T

)T and the updated

solution by θ = (β0,β
T )T . We set C(θ) = C(β0,β) and D(θ|θ̃) = D(β0,β) without

abusing the notations. Let X be an n × p data matrix with the ith row xTi , z̃ be an n × 1

vector with the ith element yiV ′q (yi(β̃0 +xTi β̃))/n, and 1 ∈ Rn be a vector of ones. We see

that

C(β0,β) ≡ 1

n

n∑
i=1

Vq
(
yi(β0 + xTi β)

)
+ λβTβ

≤ 1

n

n∑
i=1

Vq

(
yi(β̃0 + xTi β̃)

)
+ λβ̃

T
β̃

+ γ̃T

(
β0 − β̃0
β − β̃

)
+

(q + 1)2

2nq

(
β0 − β̃0
β − β̃

)T

P q,λ

(
β0 − β̃0
β − β̃

)
≡D(β0,β),

where

γ̃ ≡

(
1T z̃

XT z̃ + 2λβ̃

)
, P q,λ ≡

(
n 1TX

XT1 XTX + 2nqλ
(q+1)2

Ip×p

)
,

and the inequality comes from Lemma 2.2 with the equality held only when (β0,β) =

(β̃0, β̃). To minimize D(β0,β), we set [∂D(β0,β)/∂β0, ∂D(β0,β)/∂β] to be zeros, and

then we have(
β0

β

)
=

(
β̃0

β̃

)
− nq

(q + 1)2
P−1q,λγ̃. (2.9)
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2.3.3 Efficient tuning

When using DWD in practice, we often need to compute its solution for a grid of λ values

and then use the data to find a good λ for the final DWD classifier. If we directly apply the

MM algorithm that was discussed above, the matrix P q,λ is repeatedly inverted as q and λ

are varied. Inverting a large matrix can be costly. Here we exploit the special structure of

P q,λ such that we need to invert the matrix only one time for all candidate pairs of (q, λ).

For the sake of discussion we consider the usual n > p case. The inversion of a p × p
matrix costs O(p3) operations. For the linear DWD with n < p, we can treat it as special

kernel DWD with a linear kernel and then we only need to invert an n × n matrix. Our

treatment also works for the kernel DWD, which will be discussed in Section 4.

We first define a matrix P 0 and compute its eigendecomposition:

P 0 ≡

(
n 1TX

XT1 XTX

)
= UΠUT , (2.10)

where Π is a diagonal matrix such that (Π)ii = di, the ith eigenvalue of P 0. For each q

and λ, we craft a matrixQq,λ,

Qq,λ ≡

(
n+ 2nqλ

(q+1)2
1TX

XT1 XTX + 2nqλ
(q+1)2

Ip×p

)
= UΠq,λU

T ,

where Πq,λ is a diagonal matrix whose ith diagonal element is di + 2nqλ
(q+1)2

. We then disin-

tegrate P−1q,λ by using the Sherman-Morrison formula:

P−1q,λ =

(
Qq,λ +

(
− 2nqλ

(q+1)2
0T

0 0p×p

))−1
= Q−1q,λ + gvvT = UΠ−1q,λU

T + gvvT ,

(2.11)

where v is the first column ofQ−1q,λ and g = 2nqλ/[(q + 1)2 − 2nqλ1Tv)].

Finally, we directly compute P−1q,λγ̃ in equation (2.9) rather than P−1q,λ. By equation
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(2.11), we see that

P−1q,λγ = (Q−1q,λ + gvvT )γ̃ = UΠ−1q,λU
T γ̃ + gvvT γ̃. (2.12)

Note that v can be obtained via UΠ−1q,λu1 where u1 is the first row of U , hence we find

that all the operations in equation (2.12) are O(p2). Therefore, we manage to do the actual

matrix inversion once in equation (2.10), when solving the generalized DWD with different

q and λ values.

2.4 Kernel DWD in RKHS and Bayes Risk Consistency

2.4.1 Kernel DWD in RKHS

The kernel SVM can be derived by using the kernel trick or using the view of non-parametric

function estimation in a reproducing kernel Hilbert space (RKHS). Much of the theoretical

work on the kernel SVM is based on the RKHS formulation of SVMs. The derivation of

the kernel SVM in an RKHS is given in Hastie et al. (2009). We take a similar approach to

derive kernel DWD, as our goal is to establish kernel learning theory for DWD.

Consider HK , an RKHS generated by the kernel function K. Mercer’s theorem en-

sures K to have an eigen-expansion K(x,x′) =
∑∞

t=1 γtφt(x)φTt (x′), with γt ≥ 0 and∑∞
t=1 γ

2
t < ∞. Then the Hilbert space HK is defined as the collection of functions

h(x) =
∑∞

t=1 θtφt(x), for any θt such that
∑∞

t=1 θ
2
t /γt <∞, and the inner product is〈

∞∑
t=1

θtφt(x),
∞∑
t′=1

δt′φt′(x)

〉
HK

=
∞∑
t=1

θtδt/γt.

GivenHK , let non-linear DWD be sign(β̂0 + ĥ(x)) where (β̂0, ĥ) is the solution of

min
h∈HK
β0∈R

[
1

n

n∑
i=1

Vq (yi(β0 + h(xi))) + λ||h||2HK

]
, (2.13)

where Vq(·) is the generalized DWD loss (2.6). The representer theorem concludes that



2.4. KERNEL DWD IN RKHS AND BAYES RISK CONSISTENCY 14

the solution of problem (2.13) has a finite expansion based on K(x,xi) (Wahba, 1990),

ĥ(x) =
∑n

i=1 α̂iK(x,xi), and thus ||ĥ||2HK =
∑n

i=1

∑n
j=1 α̂iα̂jK(xi,xj). Consequently,

problem (2.13) can be paraphrased with matrix notation,

min
β0,α

CK(β0,α) ≡ min
β0,α

[
1

n

n∑
i=1

Vq
(
yi(β0 +KT

i α)
)

+ λαTKα

]
,

whereK is the kernel matrix with (K)i,j = K(xi,xj) andKi is the ith column ofK.

The procedure for deriving the linear DWD algorithm can be directly adopted for solv-

ing the kernel DWD. Define z̃ = (z1, . . . , zn)T with each zi = yiV
′
q (yi(β̃0 + Kiα̃))/n,

and

P q,λ ≡

(
n 1TK

K1 KK + 2nqλ
(q+1)2

K

)
.

We define the majorization function DK(β0,α) ≥ CK(β0,α), where the equality holds

only when (β0,α) = (β̃0, α̃):

DK(β0,α) =
1

n

n∑
i=1

Vq

(
yi(β̃0 +KT

i α̃)
)

+ λα̃TKα̃

+

(
1T z̃

Kz̃ + 2λKα̃

)T (
β0 − β̃0
α− α̃

)
+

(q + 1)2

2nq

(
β0 − β̃0
α− α̃

)T

P q,λ

(
β0 − β̃0
α− α̃

)
,

whose close-form minimizer is obtained as(
β0

α

)
=

(
β̃0

α̃

)
− nq

(q + 1)2
P−1q,λ

(
1Tz

Kz + 2λKα̃

)
.

The direct use of this formula requires computing the inverse of n × n matrix P q,λ

repeatedly for different values of q and λ. We find a way to do the matrix inversion that

costsO(n3) operations only once. We first compute the eigendecompositionK = UΛUT ,

which is free of tuning parameters, and we then compute Πq,λ = ΛΛ + 2nqλ
(q+1)2

Λ for each

q and λ. With v = UΛΠ−1q,λU
T1 being computed through O(n2) operations and g =
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1/(n− 1TUΛΠ−1q,λΛU
T1), we glean the decomposition:

P−1q,λ =

(
n 1TUΛUT

UΛUT1 UΠq,λU
T

)−1
= g

(
1

−v

)(
1 −vT

)
+

(
0 0T

0 UΠ−1λ U
T

)
.

Rather than compute P−1q,λ, we direct compute

P−1q,λ

(
1Tz

Kz + 2λKα̃q

)
= g

(
1Tz − vTK(z + 2λα̃q)

)( 1

−v

)
+

(
0

UΠ−1q,λΛU
T (z + 2λα̃q)

)
,

where only O(n2) operations abound. The computation time is appreciably reduced.

2.4.2 Kernel learning theory

Lin (2002) formulated the kernel SVM as a non-parametric function estimation problem in

an RKHS and showed that the population minimizer of the SVM loss function is the Bayes

rule, indicating that the SVM directly approximates the optimal Bayes classifier. Vapnik-

Chervonenkis (VC) analysis (Vapnik, 1998; Anthony and Bartlett, 1999) and margin analy-

sis (Bartlett and Shawe-Taylor, 1999; Shawe-Taylor and Cristianini, 2000) have been used

to bound the expected classification error of the SVM. Zhang (2004) used so-called leave-

one-out analysis (Jaakkola and Haussler, 1999) to study a class of kernel machines. The

existing theoretical work on the kernel SVM provides us a nice road map to study kernel

DWD. In this section we first elucidate the Fisher consistency (Lin, 2004) of the general-

ized kernel DWD, and we then establish the Bayes risk consistency of kernel DWD when

a universal kernel is employed.

Let η(x) denote the conditional probability P (Y = 1|X = x). Under 0-1 loss, the

theoretical optimal Bayes rule is f ?(x) = sign(η(x)− 1/2). Assume η(x) is a measurable

function and P (η(x) = 1/2) = 0 throughout.
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Lemma 2.3
The population minimizer of the expected DWD loss EXY [Vq (Y f(X))] is

f̃(x) =
q

q + 1

[(
η(x)

1− η(x)

) 1
q+1

· I(η(x) > 1/2)−
(

1− η(x)

η(x)

) 1
q+1

· I(η(x) < 1/2)

]
.

(2.14)
�

The population minimizer f̃(x) has the same sign as η(x)− 1/2.

Lin (2004) coined the name “Fisher consistency” to explain why a margin-based loss

function is appropriate for fitting a classifier, besides its convexity property for computa-

tional considerations. Following Lin (2004), we see from Lemma 2.3 that the generalized

DWD loss is Fisher consistent. Lemma 2.3 is a generalization of a previously shown re-

sult (Qiao et al., 2010; Liu et al., 2011) that proves the standard DWD loss V1(u) is Fisher

consistent. It is worth emphasizing that the condition and conclusion of Lemma 2.3 are

independent of the functional space: Fisher consistency only hinges on the loss function.

Lemma 2.3 is treated as an important intermediate step in our theoretical analysis.

In reality all classifiers are estimated from a finite sample. Thus, a more refined analysis

of the actual DWD classifier is needed, and that is what we achieve in follows. Such results

are missing in the current DWD literature.

Following the convention in the literature, we absorb the intercept into h and present

the kernel DWD as follows:

f̂n = argmin
f∈HK

[
1

n

n∑
i=1

Vq (yi(f(xi)) + λn||f ||2HK

]
. (2.15)

The ultimate goal is to show that the misclassification error of the kernel DWD approaches

the Bayes error rate such that we can say that kernel DWD classifier works as well as the

Bayes rule (asymptotically speaking). For this, we present Lemma 2.4. The lemma is

closely related to Theorem 2.1 of Zhang (2004) and Theorem 3 of Bartlett et al. (2006).
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Lemma 2.4
For a discrimination function f , we define R(f) = EXY [Y 6= sign (f(X))] . Assume that

f ? = argminf R(f) is the Bayes rule and f̂n is the solution of (2.15), then

R(f̂n)−R(f ?) ≤ q + 1

q
(εA + εE), (2.16)

where εA and εE are defined as follows and Vq is the generalized DWD loss,

εA = inf
f∈HK

EXY

[
Vq(Y f(X))

]
− EXY

[
Vq

(
Y f̃(X)

)]
,

εE = εE(f̂n) = EXY

[
Vq

(
Y f̂n(X)

)]
− inf

f∈HK
EXY

[
Vq(Y f(X))

]
.

�

In the above lemma R(f ∗) is the Bayes error rate and R(f̂n) is the mis-classification

rate of kernel DWD applied to new data points. If R(f̂n) → R(f ?), we say the classifier

is Bayes risk consistent. On the basis of Lemma 2.4, it suffices to show that both εA and

εE approach 0 in order to demonstrate the Bayes risk consistency of kernel DWD. Note

that εA is deterministic and is called the approximation error. If the RKHS is rich enough

then the approximation error can be made arbitrarily small. In the literature, the notation of

universal kernel (Steinwart, 2001; Micchelli et al., 2006) has been proposed and studied.

Suppose X ∈ Rp is the compact input space ofX and C(X ) is the space of all continuous

functions g : X → R. The kernel K is said to be universal if the function space HK

generated by K is dense in C(X ), that is, for any positive ε and any function g ∈ C(X ),

there exists an f ∈ HK such that ||f − g||∞ < ε.

Theorem 2.1
Suppose f̂n is the solution of (2.15),HK is induced by a universal kernelK, and the sample

space X is compact. Then we have

(1) εA = 0.
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(2) Let B = supxK(x,x) <∞. When λn → 0 and nλn →∞, for any ε > 0,

lim
n→∞

P
(
εE(f̂n) > ε

)
= 0.

By (1) and (2) and (2.16) we have R(f̂n)→ R(f ∗) in probability.

The Gaussian kernel is universal and B ≤ 1. Thus Theorem 2.1 says kernel DWD

using the Gaussian kernel is Bayes risk consistent. A proof of Theorem 2.1 is given in the

Appendix B.

2.5 Numeric Examples

2.5.1 Timing comparison with SOCP implementations

We first use a few simulation models to demonstrate the superior computation performance

of kerndwd over the R package DWD (Huang et al., 2012) and the Matlab software (Mar-

ron, 2013). Since the R package DWD and the Matlab implementation only solve linear

DWD with q = 1, we only report the timing of computing the linear DWD with q = 1 in

this set of simulations. The simulation models were designed by Marron et al. (2007). We

adopted these models but changed the model dimension size to n = 500 and p = 50. In

Table 2.1, we use WZpath to represent the time of using kerndwd to compute a solution

path at 100 λ-values. We also denote by WZ, HUANG, and MARRON the time of computing

DWD at the best λ using the R package kerndwd, DWD, and the Matlab implementation

respectively.

From Table 2.1 we observe that both WZpath and WZ are much faster than HUANG

and MARRON. In all four examples, the computation time of WZ was above 1000 times

faster than HUANG, and also more than 100 times faster than MARRON. We also checked

the quality of the computed solutions by these different algorithms. In theory they should

be identical. In practice, because of machine errors and implementations, they could be

different. We found that in all examples our new algorithm gave better solutions in the sense

that the objective function in problem (2.3) has the smallest value. HUANG and MARRON

gave similar but slightly larger objective function values.
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Table 2.1: Computation time comparisons among the R package kerndwd, the R package
DWD (denoted as HUANG), and the Matlab implementation (MARRON). We use WZpath to
represent the computation time of using kerndwd to compute a solution path of DWD on
100 λ values, and WZ to represent the time of fitting DWD on the best λ. Both HUANG and
MARRON only solve the DWD on the best λ. In four examples, the sample size n = 500 and
the dimension p = 50. All the time is averaged over 100 independent replicates. Computa-
tions were conducted on a single processor Intel(R) Xeon(R) CPU E5-2660@2.60GHz.

Average Time (in seconds) Ratio

WZpath WZ HUANG MARRON
t(HUANG)

t(WZ)

t(MARRON)

t(WZ)

1 0.206 0.008 12.646 1.065 1580.7 133.2

2 0.188 0.011 12.477 1.135 1171.5 106.6

3 0.199 0.009 11.963 1.009 1391.0 117.3

4 0.123 0.008 12.257 1.051 1602.2 137.4

2.5.2 Timing comparison with sGS-ADMM algorithm

A referee pointed out that a new method for solving DWD has been proposed in Lam

et al. (2017) in which they devised a three-block inexact symmetric Gauss-Seidel-based

semi-proximal ADMM, which is modified from very advanced mathematical programming

work Li et al. (2016) and Chen et al. (2017), for computing DWD on large-scale data sets.

Their new algorithm is implemented in a Matlab toolbox called DWDLarge. Table 2.2

summarizes the timing comparisons between DWDLarge and kerndwd on 10 benchmark

data sets obtained from UCI Machine Learning Repository (Dua, D. and Karra Taniskidou,

E., 2017). Among the ten data: heart and ionosphere have moderate n and p, colon

and leuk have n � p, gisette has both large n and p, and the other five data sets

have n� p. Notably, covtype has the sample size over a half million. DWDLarge only

implements linear DWD with q = 1, 2, 3, 4.

In Table 2.2, we use WZpath to represent the run time of kerndwd when yielding

the solution paths at 100 λ-values, and we use WZ and LMST to denote the time of solving

DWD at the best λ, using kerndwd and DWDLarge, respectively. From Table 2.2 we

observe that the timings of WZpath are only several times those of WZ, which indicates

that our algorithm is efficient in computing the entire solution path. We also discover the
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Table 2.2: Computation time of kerndwd and DWDLarge on ten UCI benchmark data
sets. WZpath represents the run time of using kerndwd to compute the solution path of
DWD at 100 λ values. WZ and LMST represent the run time of computing DWD at the best
λ using kerndwd and DWDLarge, respectively. All the computation time is averaged over
100 independent replicates. Computations were conducted on a single processor Intel(R)
Xeon(R) CPU E5-2660@2.60GHz.

data n p q WZpath WZ LMST q WZpath WZ LMST

heart 270 13 1 0.009 0.002 0.172 3 0.008 0.002 0.032

2 0.008 0.002 0.036 4 0.009 0.002 0.053

ionosphere 351 33 1 0.071 0.017 0.179 3 0.049 0.013 0.050

2 0.060 0.012 0.062 4 0.046 0.013 0.124

colon 62 2000 1 0.013 0.011 1.483 3 0.012 0.009 1.629

2 0.012 0.010 1.204 4 0.011 0.010 2.989

leuk 72 7128 1 0.061 0.027 0.873 3 0.027 0.023 0.505

2 0.027 0.023 1.012 4 0.026 0.023 0.825

a8a 22696 123 1 5.977 2.376 1.152 3 4.471 1.822 4.048

2 4.936 1.956 1.839 4 4.175 1.756 23.592

a9a 32561 123 1 10.258 4.373 1.602 3 7.655 3.467 6.704

2 8.541 3.718 2.995 4 5.425 2.395 23.768

ijcnn1 35000 22 1 4.045 1.602 2.730 3 2.567 1.026 5.638

2 3.089 1.219 2.696 4 2.238 0.897 42.069

skin 245057 3 1 4.841 1.801 5.058 3 3.948 1.053 56.987

2 4.150 1.072 19.529 4 3.875 1.179 286.073

covtype 581012 54 1 78.585 15.929 73.941 3 66.068 13.265 838.485

2 63.566 11.338 76.538 4 68.391 13.679 751.353

gisette 6000 5000 1 2615.847 500.180 89.286 3 1284.623 420.025 86.394

2 1608.612 428.477 132.788 4 1153.301 421.652 318.190

computation times of WZpath and WZ are quite consistent over various q values, whereas

LMST becomes much slower when q is large. When the data have moderate n and p,

or n � p, both WZpath and WZ are faster than LMST. In the case when n � p, we

discover our methods are roughly on the same order of magnitude as LMST but LMST is

time-consuming when q = 4. When both n and p are large, we find that LMST is more

efficient than our algorithm.
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2.5.3 Comparing the SVM and the generalized DWD

We now compare DWD and SVM in terms of classification accuracy and computation

speed. We generated data from a mixture Gaussian model with dimension p = 300

and sample size n ranging from 100 to 1300. Define µ+ = (1, . . . , 1, 0, . . . , 0) and

µ− = (0, . . . , 0, 1, . . . , 1), both of which consist of 150 ones and 150 zeros. In each exam-

ple, the positive class arose from a mixture Gaussian distribution
∑10

k=1 0.1N(µk+, 102I)

with each µk+ drawn from N(µ+, I), and likewise the negative class was assembled by∑10
k=1 0.1N(µk−, 102I) with each µk− from N(µ−, I). For this model the Bayes rule

is nonlinear and the Bayes error is 18.85%. Using both linear and Gaussian kernels, we

trained and tuned the SVM, DWD with fixed q from a wide range {0.01, 1, 10, 105}, and

DWD with a data-driven q embracing a two-dimensional cross-validation of the pair (q, λ).

We computed all the DWD methods by using our R package kerndwd and solved the

SVM by using the R package kernlab (Karatzoglou et al., 2004). Similar results of the

SVM were obtained by the R package e1071 (Meyer et al., 2015).

Table 2.3 summarizes the average time for training the classifier and the mis-classification

rates assessed on an independent test set with sample size of 10, 000. We can make several

observations from Table 2.3. First, none of the kernel DWD with a fixed q dominates the

others in prediction accuracy. Second, DWD with a data-driven q closely follows the best

classifier, and it consistently outperforms the SVM. Third, as the sample size increases, the

mis-classification rates of SVM and all variants of DWD are approaching the Bayes error

rate. Fourth, in terms of computation time, all variants of DWD are much faster than the

SVM. For example, when n = 900, even DWD with a data-driven q was about 65 times

faster than the SVM in the linear case, and it was about 10 times faster in the kernel case.

We remark that the main algorithm for solving the SVM in the kernlab is through

the sequential minimal optimization (Platt , 1999), which is entirely different from the MM

algorithm that was used for DWD. Hence the difference that is revealed in Table 2.3 is

mainly due to the different methods rather than the different implementations.

Many kernel methods including the SVM and DWD have difficulty in dealing with

huge data sets. From Table 2.3 it is clear that the kernel SVM took a very long time to fit

when n is 1300. DWD equipped wth our algorithm can handle the large sample size better
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Table 2.3: Mis-classification rates and computation time, averaged by 20 runs, under mix-
ture Gaussian distributed data. In each example, we used a five-fold cross-validation to
tune the SVM, DWD with fixed q, and DWD with a data-driven q. We investigated the
classification error on independently generated test sets and exhibited the standard errors
in parentheses. We displayed all the time that includes fitting models and tuning the pa-
rameters with five-fold cross-validations. In each example, the method incurring the lowest
error is marked by a black box.

Bayes: 18.85
n = 100, p = 300 n = 500, p = 300 n = 900, p = 300 n = 1300, p = 300

error (%) time error (%) time error (%) time error (%) time

L
in

ea
rk

er
ne

l

SVM 38.43 (0.00) 12.07 27.43 (0.09) 92.99 25.74 (0.38) 346.24 23.18 (0.09) 15325.31

DWDq=0.01 38.35 (0.00) 0.11 25.03 (0.22) 1.50 22.72 (0.09) 2.21 21.27 (0.05) 2.53

DWDq=1 35.43 (0.39) 0.09 21.97 (0.04) 2.12 20.05 (0.06) 2.79 19.00 (0.02) 2.87

DWDq=10 35.79 (0.37) 0.12 22.17 (0.07) 1.66 20.40 (0.15) 2.15 19.55 (0.05) 2.49

DWDq=105 39.07 (0.00) 0.11 28.49 (0.00) 1.53 24.92 (0.00) 2.25 22.36 (0.00) 2.35

DWDdata-driven q 35.75 (0.66) 0.18 22.17 (0.35) 3.93 20.40 (0.13) 5.13 19.55 (0.15) 5.95

G
au

ss
ia

n
ke

rn
el

SVM 35.97 (0.07) 13.48 23.00 (0.23) 138.52 20.50 (0.17) 587.38 19.42 (0.11) 1094.80

DWDq=0.01 35.19 (0.07) 0.55 21.83 (0.08) 6.20 20.18 (0.05) 22.27 18.88 (0.04) 45.53

DWDq=1 35.27 (0.07) 0.35 22.07 (0.05) 6.85 19.98 (0.09) 26.02 18.92 (0.05) 41.88

DWDq=10 35.37 (0.10) 0.64 22.09 (0.05) 7.57 20.00 (0.05) 28.80 19.01 (0.02) 53.17

DWDq=105 35.16 (0.26) 0.50 22.05 (0.29) 4.63 19.86 (0.31) 18.43 18.97 (0.33) 36.69

DWDdata-driven q 35.35 (0.12) 0.83 21.94 (0.12) 13.48 20.07 (0.11) 48.97 19.00 (0.05) 81.30

than the SVM. We also tried n = 2000 and n = 3000 the time of the kernel DWD was

393.60 seconds and 1131.50 seconds, respectively. We also found that the kernel SVM did

not run for n = 2000 and n = 3000. When n is very large (like millions), one can use

a simple divide-and-conquer strategy: randomly partition the dataset into K parts and fit

DWD on each of the K subsets; the final result is the average of these K independently

fitted DWD classifiers. This strategy has been examined and analyzed for the kernel SVM

by Hsieh et al. (2014) and kernel ridge regression by Zhang et al. (2015)

2.5.4 Benchmark data examples

We examined the performance of kerndwd on 16 UCI benchmark data sets. These real

data examples have various combinations of sample size and dimension. We compared

the SVM, standard DWD (q = 1) and DWD with a data-driven q, under both linear and

Gaussian kernels. We randomly split each data into a training and a test set with a ratio
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2 : 1. We conducted five-fold cross-validation on the training set to tune each competing

method. In particular, we tuned the pair of (q, λ) for DWD with a data-driven q, where q

was selected from {0.01, 1, 10, 105}. Table 2.4 summarizes the results. We observe that

kernel DWD with a data-driven q is the best on seven data sets and the kernel SVM is the

best on four data sets. On some data sets the linear SVM and linear DWD with a data-

driven q can outperform the Gaussian kernel counterparts. If we compare only kernel SVM

and kernel DWD with a data-driven q, we see that the latter has a lower mis-classification

rate in ten examples and is significantly faster in 14 examples. The standard DWD with

q = 1 is the fastest to compute, but exploring a data-driven q in DWD can lead noticeable

improvement in the prediction accuracy with affordable extra computing time.

In Table 2.5, we compared the kernel DWD with another four commonly used classi-

fiers: gradient boosting machines (implemented in the R package gbm (Ridgeway, 2017)),

random forest (R package randomForest (Liaw and Wiener, 2002)), linear discrimi-

nant analysis (LDA, R package MASS (Venables and Ripley, 2002)), and deep neural net

(R package mxnet (Chen et al., 2015)). Out of 16 benchmark data, kernel DWD has the

least prediction error on 10 examples, both random forest and deep neural net have the least

on two cases, and both GBM and LDA have the least on one data set.
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Table 2.4: The mean mis-classification rates and computation time (in second) for the
SVM, the standard DWD (q = 1), and the DWD with a data-driven q on 16 benchmark
data. Each data set was split into a training set, to train and to tune, and a test set, to evaluate
accuracy. Averaged over 50 runs, the method with the lowest classification error is marked
by a black box. The standard error of the mean is given in parentheses. All the computation
time includes tuning the parameters. Computations were conducted on a single processor
Intel(R) Xeon(R) CPU E5-2660@2.60GHz.

data n p kernel

SVM DWDq=1 DWDdata-driven q

error (%) time error (%) time error (%) time

linear 23.67 (0.48) 35.39 24.27 (0.44) 3.16 24.05 (0.44) 8.00
arrhythmia 452 191

Gaussian 23.77 (0.43) 36.81 25.23 (0.52) 1.70 24.49 (0.53) 5.19

linear 13.75 (0.29) 357.71 13.95 (0.24) 0.10 14.10 (0.29) 0.27
australian 690 14

Gaussian 13.96 (0.29) 12.53 14.30 (0.26) 3.80 13.45 (0.27) 15.50

linear 1.01 (0.05) 11.55 2.39 (0.09) 0.20 2.28 (0.09) 0.43
banknote 1372 4

Gaussian 0.06 (0.02) 20.63 0.39 (0.06) 20.67 0.00 (0.00) 52.33

linear 13.32 (0.23) 501.25 14.67 (0.24) 0.61 14.59 (0.21) 1.42
biodeg 1055 41

Gaussian 12.36 (0.22) 36.49 14.57 (0.26) 9.97 13.03 (0.22) 34.67

linear 31.63 (0.50) 21.40 34.82 (0.75) 0.04 33.22 (0.62) 0.11
bupa 345 6

Gaussian 32.23 (0.48) 6.56 32.14 (0.63) 0.92 31.70 (0.54) 6.05

linear 3.03 (0.15) 877.39 3.92 (0.08) 2.23 3.92 (0.08) 4.32
chess 3196 37

Gaussian 0.93 (0.04) 410.23 5.01 (0.10) 192.73 0.92 (0.04) 364.44

linear 16.53 (0.52) 34.91 16.44 (0.47) 0.05 15.60 (0.49) 0.13
heart 270 13

Gaussian 16.69 (0.56) 5.08 16.51 (0.46) 0.63 16.31 (0.48) 2.01

linear 15.89 (0.73) 5.27 15.03 (0.83) 0.07 15.62 (0.77) 0.14
hepatitis 112 18

Gaussian 15.14 (0.66) 4.07 15.35 (0.85) 0.14 14.22 (0.74) 0.37

linear 19.43 (0.47) 20.46 20.78 (0.59) 0.04 19.26 (0.47) 0.09
hungarian 261 10

Gaussian 19.54 (0.54) 4.75 20.99 (0.54) 0.54 19.29 (0.64) 2.71

linear 17.43 (0.94) 15.05 16.33 (0.88) 0.14 17.00 (0.80) 0.30
LSVT 126 309

Gaussian 15.52 (0.76) 16.77 17.33 (0.91) 0.19 16.62 (0.84) 0.51

linear 17.06 (0.43) 33.59 17.96 (0.53) 2.44 17.42 (0.49) 6.27
musk 476 166

Gaussian 7.77 (0.33) 32.81 13.18 (0.46) 1.92 8.03 (0.40) 5.67

linear 13.57 (0.55) 14.07 14.12 (0.56) 0.09 13.51 (0.57) 0.23
parkinsons 195 22

Gaussian 8.68 (0.55) 4.70 12.86 (0.72) 0.33 8.46 (0.69) 1.01

linear 25.97 (0.66) 7.55 25.65 (0.75) 0.38 25.59 (0.75) 0.94
sonar 208 60

Gaussian 15.65 (0.56) 7.91 20.67 (0.76) 0.39 18.29 (0.60) 1.23

linear 26.62 (1.02) 4.75 31.31 (1.91) 0.10 29.54 (1.41) 0.29
spectf 80 44

Gaussian 22.54 (1.03) 5.01 25.08 (1.32) 0.10 22.38 (0.88) 0.25

linear 4.30 (0.18) 16.45 4.36 (0.21) 1.07 4.13 (0.20) 2.24
valley 606 100

Gaussian 1.40 (0.11) 29.11 3.41 (0.19) 3.26 0.85 (0.10) 8.33

linear 14.83 (0.42) 8.33 16.76 (0.53) 0.06 16.68 (0.51) 0.14
vertebral 310 6

Gaussian 16.50 (0.46) 5.33 17.57 (0.49) 0.82 16.60 (0.50) 4.66
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Table 2.5: The mean mis-classification rates and computation time (in second) for the DWD
with a data-driven q and four commonly used classifiers on 16 benchmark data. Each data
set was split into a training set, to train and to tune, and a test set, to evaluate accuracy.
Averaged over 50 runs, the method with the lowest classification error is marked by a black
box. The standard error of the mean is given in parentheses.

data n p DWDdata-driven q gradient boosting random forest LDA deep neural net

arrhythmia 452 191 24.49 (0.53) 44.41 (1.59) 22.13 (0.96) 36.71 (1.14) 27.47 (0.74)

australian 690 14 13.45 (0.27) 13.46 (0.58) 13.02 (0.50) 14.31 (0.57) 14.43 (0.49)

banknote 1372 4 0.00 (0.00) 3.60 (0.23) 1.00 (0.10) 2.41 (0.12) 0.24 (0.09)

biodeg 1055 41 13.03 (0.22) 15.55 (0.37) 14.84 (0.36) 14.96 (0.28) 14.05 (0.40)

bupa 345 6 31.70 (0.54) 40.21 (1.31) 31.30 (1.06) 32.84 (0.88) 29.35 (0.61)

chess 3196 37 0.92 (0.04) 48.29 (0.44) 2.27 (0.32) 5.93 (0.21) 1.44 (0.11)

heart 270 13 16.31 (0.48) 15.56 (0.79) 17.78 (0.77) 16.24 (0.65) 19.61 (0.97)

hepatitis 112 18 14.22 (0.74) 16.47 (1.26) 15.83 (1.03) 17.89 (0.98) 19.05 (1.15)

hungarian 261 10 19.29 (0.64) 21.62 (0.76) 22.71 (0.82) 19.27 (0.51) 19.60 (0.59)

LSVT 126 309 16.62 (0.84) 32.88 (1.48) 19.27 (1.47) 26.30 (1.80) 18.81 (1.26)

musk 476 166 8.03 (0.40) 18.35 (0.76) 12.66 (0.55) 22.06 (0.71) 11.55 (0.50)

parkinsons 195 22 8.46 (0.69) 24.91 (1.15) 11.21 (1.09) 12.53 (0.80) 12.85 (0.88)

sonar 208 60 18.29 (0.60) 24.02 (2.45) 20.15 (1.24) 27.47 (1.21) 22.90 (1.04)

spectf 80 44 22.38 (0.88) 30.04 (2.62) 23.99 (1.76) 40.48 (2.15) 27.88 (1.87)

valley 606 100 0.85 (0.10) 9.15 (2.62) 1.67 (0.35) 5.07 (0.33) 3.02 (0.40)

vertebral 310 6 16.60 (0.50) 15.30 (0.73) 16.32 (0.81) 17.48 (0.88) 14.51 (0.65)
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2.6 Discussion

In the present chapter we have considered the standard classification problem under the 0-1

loss. In many applications we may face the so-called non-standard classification problems.

For example, observed data may be collected via biased sampling and/or we need to con-

sider unequal costs for different types of mis-classification. Qiao et al. (2010) introduced a

weighted DWD to handle the non-standard classification problem, which follows the treat-

ment of the non-standard SVM in Lin et al. (2002). Qiao et al. (2010) defined the weighted

DWD:

min
β0,β

[
n∑
i=1

w(yi)

(
1

ri
+ cξi

)]
, subject to ri = yi(β0 + xTi β) + ξi ≥ 0 and βTβ = 1,

(2.17)

which can be further generalized to the weighted kernel DWD:

min
β0,α

Cw(β0,α) ≡ min
β0,α

[
1

n

n∑
i=1

w(yi)Vq
(
yi(β0 +KT

i α)
)

+ λαTKα

]
.

Qiao et al. (2010) gave the expressions for w(yi) for various non-standard classification

problems. Qiao et al. (2010) solved the weighted DWD with q = 1 (2.17) based on the

second-order cone programming. The MM procedure developed in this chapter can easily

accommodate the weight factors w(yi)’s to solve the weighted DWD and weighted kernel

DWD. We have implemented the weighted DWD in the R package kerndwd.



Chapter 3

Sparse DWD for High-Dimensional
Classification

In this chapter, we propose sparse penalized DWD for high-dimensional classification. The

state-of-the-art algorithm for solving the standard DWD is based on second-order cone pro-

gramming, however such an algorithm does not work well for the sparse penalized DWD

with high-dimensional data. In order to overcome the challenging computation difficulty,

we develop a very efficient algorithm to compute the solution path of the sparse DWD at

a given fine grid of regularization parameters. We implement the algorithm in a publicly

available R package sdwd. We conduct extensive numerical experiments to demonstrate

the computational efficiency and classification performance of our method.

3.1 Introduction

The support vector machine (SVM) (Vapnik, 1995) is a widely used modern classification

method. In the standard binary classification problem, training dataset consists of n pairs,

{(xi, yi)}ni=1, where xi ∈ Rp and yi ∈ {−1, 1}. The linear SVM seeks a hyperplane

{x : β0 + xTβ = 0} which maximizes the smallest margin of all data points:

argmax
β0,β

min
i
di,

subject to di = yi(β0 + xTi β) + ηi ≥ 0, ∀i,

27



3.1. INTRODUCTION 28

ηi ≥ 0, ∀i,
n∑
i=1

ηi ≤ c, ||β||22 = 1, (3.1)

where di is defined as the margin of the ith data point, ηi’s are slack variables introduced to

ensure all margins non-negative, and c > 0 is a tuning parameter controlling the overlap.

By using a kernel trick, the SVM can also produce nonlinear decision boundaries by fitting

an optimal separating hyperplane in an extended kernel feature space.

Marron et al. (2007) noticed that when the SVM is applied on some data with n < p,

many data points lie on two hyperplanes parallel to the decision boundary. Marron et al.

(2007) referred to this phenomenon as data pilling and claimed that the data pilling can

“affect the generalization performance of SVM”. To overcome this issue, Marron et al.

(2007) proposed a new method named the distance weighted discrimination (DWD), which

finds a separating hyperplane minimizing the sum of the inverse margins of all data points:

argmin
β0,β

∑
i

1/di,

subject to di = yi(β0 + xTi β) + ηi ≥ 0, ∀i,

ηi ≥ 0, ∀i,
∑
i

ηi ≤ c, ||β||22 = 1.

The initial version of Marron et al. (2007) also mentioned the sum of the inverse margins∑
i 1/di could be also replaced by

∑
i 1/d

q
i , the qth power of the inverse margins, and this

generalized version was used as the definition of the DWD in Hall et al. (2005). Marron

et al. (2007) asserted the DWD can avoid the data piling and thereby improve the gener-

alizability. One example [see the group 2 of Figure 3 in Marron et al. (2007)] shows that

the DWD has about 5% prediction error whereas the SVM does 15%. Enhancement of the

DWD over the SVM can also be exemplified in Hall et al. (2005) through a novel geometric

view. As for the computation of the DWD, Marron et al. (2007) observed that the DWD is

an application of the second-order cone programming and thus can be solved by the primal-

dual interior-point methods. The algorithm has been implemented in both MATLAB code

(Marron, 2013) and an R package DWD (Huang et al., 2012). Other notable developments

on DWD include weighted DWD (Qiao et al., 2010), multiclass DWD (Huang et al., 2013),

and distance weighted SVM (Qiao and Zhang , 2015a) which is a combination of DWD
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and SVM.

In this chapter we focus on classification with high-dimensional data where the number

of covariates is much larger than the sample size. The standard SVM and DWD are not

suitable tools for high-dimensional classification for two reasons. First, based on the sci-

entific hypothesis that only a few important variables affect the outcome, a good classifier

for high-dimensional classification should have the ability to select important variables and

discard irrelevant ones. However, the standard SVM and DWD use all variables and do

not conduct variable selection. Second, because these two classifiers use all variables, they

may have very poor classification performance. As explained in Fan and Fan (2008), the

bad performance is caused by the error accumulation when estimating too many noise vari-

ables in the classifier. Because of these two considerations, sparse classifiers are generally

preferred for high-dimensional classification. In the literature, some penalties have been

applied to the SVM to produce sparse SVMs such as `1 SVM (Bradley and Mangasarian,

1998; Zhu et al., 2004), SCAD SVM (Zhang et al., 2006), and elastic-net penalized SVM

(Wang et al., 2006).

In this chapter we consider sparse penalized DWD for high dimensional classification.

The standard DWD uses the `2 penalty and can be solved as a second-order cone program-

ming problem. However, sparse DWD is computationally more challenging and requires a

different computing algorithm. To cope with the computational challenges associated with

the sparse penalty and high-dimensionality, we derive an efficient algorithm to solve sparse

DWD by combining majorization-minimization principle and coordinate-descent. We have

implemented this algorithm in an R package sdwd. To give a quick demonstration here,

we use the prostate cancer data (Singh et al., 2002, 102 observations and 6033 genes) as an

example. The left panel of Figure 3.1 depicts the solution paths of the elastic-net penalized

DWD, and sdwd only took 0.453 second to compute the whole solution path. As compari-

son, we also used the code in Wang et al. (2006) to compute the solution path of elastic-net

penalized SVM. We observed that the timing of sparse SVM was about 290 times larger

than that of sparse DWD.



3.2. SPARSE DWD 30

Figure 3.1: The solution paths for the prostate data (n = 102, p = 6033) using elastic-
net DWD and elastic-net SVM. In every method, λ2 is fixed to be 1. The dashed vertical
lines indicate the λ1 selected by the five-folder cross validation. Both computation time are
averaged over 10 runs.

3.2 Sparse DWD

In this section we present several variants of sparse penalized DWD. Our formulation fol-

lows `1 SVM (Zhu et al., 2004). Thus, we first review the derivation process of `1 SVM.

The standard SVM (3.1) is often rephrased as the following quadratic programming prob-

lem (Hastie et al., 2009):

argmin
β0,β

||β||22

subject to yi(β0 + xTi β) + ηi ≥ 1, ∀i,

ηi ≥ 0, ∀i,
n∑
i=1

ηi ≤ c.

Moreover, the above constrained minimization problem has an equivalent loss-plus-penalty

formulation (Hastie et al., 2009):

argmin
β0,β

1

n

n∑
i=1

[
1− yi(β0 + xTi β)

]
+

+
λ2
2
||β||22.

The loss function [1 − t]+ = max(1 − t, 0) is the so-called hinge loss in the literature.

For the high-dimensional setting, the standard SVM uses all variables because of the `2
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norm penalty used therein. As a result, its performance can be very poor. Zhu et al. (2004)

proposed `1-norm SVM to fix this issue:

argmin
β0,β

1

n

n∑
i=1

[
1− yi(β0 + xTi β)

]
+

+ λ1||β||1.

Similarly, we can propose `1 penalized DWD. It has been shown that the standard DWD

also has a loss-plus-penalty formulation (Liu et al., 2011):

argmin
β0,β

1

n

n∑
i=1

V
(
yi(β0 + xTi β)

)
+
λ2
2
||β||22,

where the loss function is given by

V (u) =

1− u, if u ≤ 1/2,

1/(4u), if u > 1/2.

Similar to `1 SVM, we replace the `2 norm penalty with the `1 norm penalty in order to

achieve sparsity in the DWD classifier. Hence, `1 DWD is defined by

(
β̂0(lasso), β̂(lasso)

)
= argmin

β0,β

1

n

n∑
i=1

V
(
yi(β0 + xTi β)

)
+ λ1||β||1.

The lasso penalized DWD classification rule is Sign(β̂0(lasso) + xT β̂(lasso)). The above

loss-plus-penalty formulation of sparse DWD is not new. For example, Zhang and Lin

(2013) wrote a review paper of classification methods and mentioned the sparse DWD idea

in section 4.4 of their paper, although no further technical details were given.

Besides the `1 norm penalty, we also consider the elastic-net penalty (Zou and Hastie,

2005). It is now well-known that the elastic-net often outperforms the lasso (`1 norm

penalty) in prediction. Wang et al. (2006) studied elastic-net penalized SVM (DrSVM)

and showed that the DrSVM performs better than `1 norm SVM. Likewise, we propose
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elastic-net penalized DWD:

(
β̂0(enet), β̂(enet)

)
= argmin

β0,β

1

n

n∑
i=1

V (yi(β0 + xTi β)) + Pλ1,λ2(β), (3.2)

where

Pλ1,λ2(β) =

p∑
j=1

(
λ1|βj|+

λ2
2
β2
j

)
.

Elastic-net penalized DWD classification rule is Sign(β̂0(enet)+xT β̂(enet)). Both λ1 and

λ2 are important tuning parameters for regularization. In practice, λ1 and λ2 are chosen

from finite grids by using validation or cross-validation.

A further refinement of the elastic-net penalty is the adaptive elastic-net penalty (Zou

and Zhang, 2009) where we replace the `1 (lasso) penalty with the adaptive `1 (lasso)

penalty (Zou, 2006). The adaptive lasso penalty produces estimators with the oracle prop-

erties. The adaptive elastic-net enjoys the benefits of elastic-net and adaptive lasso. After

fitting the elastic-net penalized DWD, we further consider the adaptive elastic-net penalized

DWD:

(
β̂0(aenet), β̂(aenet)

)
= argmin

β0,β

1

n

n∑
i=1

V (yi(β0+xTi β))+

p∑
j=1

(
λ1ω̂j|βj|+

λ2
2
β2
j

)
,

and the adaptive weights are computed by

ω̂j = (|β̂j(enet)|+ 1/n)−1,

where β̂j(enet) is the solution of βj in problem (3.2). Adaptive elastic-net penalized DWD

classification rule is Sign(β̂0(aenet) + xT β̂(aenet)).

3.3 Computation

In this section, we propose an intuitive but efficient algorithm for computing the solution

paths of sparse DWD. Our algorithm uses the generalized coordinate descent (GCD) pro-

posed by Yang and Zou (2013). We introduce the algorithm in Section 3.3.1, the implemen-
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tation in Section 3.3.2, and the strict descent property in section Section 3.3.3, respectively.

The same algorithm solves all `1, elastic-net, and adaptive elastic-net penalized DWDs,

while only the elastic-net is focused in the discussion for the sake of presentation.

3.3.1 Derivation of the algorithm

Without loss of generality, we assume that the variables xj are standardized:
∑n

i=1 xij =

0, 1
n

∑n
i=1 x

2
ij = 1, for j = 1, . . . , p. We fix λ1 and λ2 and let ui = yi(β̃0 +xTi β̃). We focus

on βj’s first. For each βj , we define the coordinate-wise update function:

F (βj|β̃, β̃0) =
1

n

n∑
i=1

V
(
ui + yixij(βj − β̃j)

)
+ pλ1,λ2(βj). (3.3)

Then the standard coordinate descent algorithm suggests cyclically updating

β̂j = argmin
βj

F (βj|β̃0, β̃) (3.4)

for each j = 1, . . . , p. However, problem (3.4) does not have a closed-form solution. The

GCD algorithm solves this issue by adopting the MM principle (Hunter and Lange, 2004).

We approximate the F function by a quadratic function

Q(βj|β̃, β̃0) =

∑n
i=1 V (ui)

n
+

∑n
i=1 V

′(ui)yixij
n

(βj−β̃j)+2(βj−β̃j)2+pλ1,λ2(βj). (3.5)

Then we update β̃j by β̃new
j , the closed-form minimizer of problem (3.5):

β̃new
j =

S
(
Mβ̃j − 1

n

∑n
i=1 V

′(ui)yixij, λ1

)
4 + λ2

, (3.6)

where S(z, r) = sign(z)(|z|− r)+ is the soft-thresholding operator (Donoho and Johnston,

1994) and ω+ = max(ω, 0) is the positive part of ω.

With the intercept similarly updated, Algorithm 1 summarizes the details of the GCD

algorithm.
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Algorithm 1 The GCD algorithm for sparse DWD

1. Initialize (β̃0, β̃).

2. Cyclic coordinate descent, for j = 1, 2, . . . , p:

(a) Compute ui = yi(β̃0 + xTi β̃).

(b) Compute β̃new
j = 1

4+λ2
· S
(

4β̃j − 1
n

∑n
i=1 V

′(ui)yixij, λ1

)
.

(c) Set β̃j = β̃new
j .

3. Update the intercept term:

(a) Compute ui = yi(β̃0 + xTi β̃).

(b) Compute β̃new
0 = β̃0 −

∑n
i=1 V

′(ui)yi/(4n).

(c) Set β̃0 = β̃new
0 .

4. Repeat steps 2-3 until convergence of (β̃0, β̃).

3.3.2 Implementation

We have implemented Algorithm 1 in an R package sdwd. We exploit the warm-start, the

strong rule, and the active set trick to increase the algorithm speeding. In our implementa-

tion, λ2 is pre-chosen and we compute the solution path as λ1 varies.

First, we adopt the warm-start to lead to a faster and more stable algorithm (Friedman

et al., 2007). We compute the solutions at a grid of K decreasing λ1 values, starting at

the smallest λ1 value such that β̃ = 0. Denote these grid points by λ[1]1 , . . . , λ
[K]
1 . With

the warm-start trick, we can use the solution at λ[k]1 as the initial value (the warm-start) to

compute the solution at λ[k+1]
1 .

Specifically, to find λ[1]1 , we fit a model with a sufficiently large λ1 and thus β̃ = 0.

Let β̂0 be the estimate of the intercept. By the Karus–Kuhn–Tucker (KKT) conditions,
1
n

maxj

∣∣∣∑n
i=1 V

′(β̂0)yixij)
∣∣∣ ≤ λ1, so we can choose

λ
[1]
1 =

1

n
max
j

∣∣∣∣∣
n∑
i=1

V ′(β̂0)yixij)

∣∣∣∣∣ .
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Generally, we use K = 100, and λ[100]1 = ελ
[1]
1 , where ε = 10−4 when n < p and ε = 10−2

otherwise. All the other grid points are placed to uniformly distribute on a log scale.

Second, we follow the strong rule (Tibshirani et al., 2010) to improve the computational

speed. Suppose β̃
[k]

and β̃[k]
0 are the solutions at λ[k]1 . After we solve β̃

[k]
and β̃[k]

0 , the strong

rule claims that any j ∈ {1, . . . , p} satisfying∣∣∣∣∣ 1n
n∑
i=1

V ′(yi(β̂
[k]
0 + xTi β̂

[k]
))yixij

∣∣∣∣∣ < 2λ
[k+1]
1 − λ[k]1 (3.7)

is likely to be inactive at λ[k+1]
1 , i.e., β̂[k+1]

j = 0. Let D be the collection of j which satisfies

inequality (3.7), and its compliment DC = {1, . . . , p}\D. We call DC the survival set. If

the strong rule guesses correctly, the variables contained in D are discarded, and we only

apply Algorithm 1 to repeat the coordinate descent in the survival setDC . After computing

the solution β̂0 and β̂, we need to check whether some variables are incorrectly discarded.

We check this by the KKT condition,∣∣∣∣∣ 1n
n∑
i=1

V ′(yi(β̂0 + xTi β̂))yixij

∣∣∣∣∣ ≤ λ1. (3.8)

If no j ∈ D violates condition (3.8), β̂0 and β̂ are the solutions at λ[k+1]
1 . We rephrase them

as β̃[k+1]
0 and β̃

[k+1]
. Otherwise, any incorrectly discarded variable should be added to the

survival set DC . We update D by D = D/U where

U =

{
j : j ∈ D and

∣∣∣∣∣ 1n
n∑
i=1

V ′(yi(β̂0 + xTi β̂))yixij

∣∣∣∣∣ > λ1

}
.

After each update ofD, some incorrectly discarded variables are added back to the survival

set.

Third, the active set is also used to boost the algorithm speed. After we apply Algo-

rithm 1 on the survival set DC , we only apply the coordinate descent on a subset S of DC

till convergence, where S =
{
j : j ∈ DC and βj 6= 0

}
. Then another cycle of coordinate

descent is run on DC to investigate if the active set S changes. We finish the algorithm if

no changes in S; otherwise, we update the active set S and repeat the process.
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In Algorithm 1, the margin ui can be updated conveniently: if βj is updated by βnew
j ,

we update ui by ui + yixij(β
new
j − βj).

Last, the default convergence rule in sdwd is 4(β̃new
j − β̃j)

2 < 10−8 for all j =

0, 1, . . . , p.

3.3.3 The strict descent property of Algorithm 1

Yang and Zou (2013) showed the GCD algorithm enjoys descent property. In this section,

we also show the GCD algorithm has a stronger statement, the strict descent property, when

the GCD is used to solve sparse DWD. We first elaborate the following majorization result,

whose proof is given in Appendix C.

Lemma 3.1
F (βj|β̃, β̃0) is the coordinate-wise update function defined in (3.3), and Q(βj|β̃, β̃0) is the

surrogate function defined in (3.5). We have (3.9) and (3.10):
F (βj|β̃, β̃0) = Q(βj|β̃, β̃0), if βj = β̃j, (3.9)

F (βj|β̃, β̃0) < Q(βj|β̃, β̃0), if βj 6= β̃j. (3.10)

�Given β̃new
j = argminβj Q(βj|β̃0, β̃), and assuming β̃new

j 6= β̃j , (3.9) and (3.10) imply

the strict descent property of the GCD algorithm: F (β̃new
j |β̃, β̃0) < F (β̃j|β̃, β̃0). It is

because F (β̃new
j |β̃, β̃0) < Q(β̃new

j |β̃, β̃0) < Q(β̃j|β̃, β̃0) = F (β̃j|β̃, β̃0). Note that the

original GCD paper only showed F (β̃new
j |β̃, β̃0) ≤ F (β̃j|β̃, β̃0).

The arguments above prove that the objective function F strictly decreases after updat-

ing all variables in a cycle, unless the solution does not change after each update. If this

is the case, the algorithm stops. We show that the algorithm must stop at the right answer.

Assuming β̃j = β̃new
j for all j, (3.6) implies:

β̃j =
S(4β̃j − 1

n

∑n
i=1 V

′(ui)yixij, λ1)

4 + λ2
.
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A straightforward algebra can show that for all j,

1

n

n∑
i=1

V ′(ui)yixij + λ1sign(βj) + λ2βj = 0, if βj 6= 0;∣∣∣∣∣ 1n
n∑
i=1

V ′(ui)yixij

∣∣∣∣∣ ≤ λ1, if βj = 0,

which is exactly the KKT conditions of the original objective function (3.2). In conclusion,

if the objective function does not change after a cycle, the algorithm necessarily converges

to the correct solution satisfying the KKT condition.

3.4 Simulation

The simulation in this section aims to support the following three points: (1) sparse DWD

has highly competitive prediction accuracy with the sparse SVM and sparse logistic regres-

sion; (2) adaptive elastic-net penalized DWD performs the best in variable selection; (3)

for the prediction accuracy, no single method among `1, elastic-net, and adaptive elastic-net

penalized DWDs dominate the others in all situations.

In this section, the response variables of all the data are binary. The dimension p of the

variables xi is always 3000. Within each example, our simulated data consist of a training

set, an independent validation set, and an independent test set. The training set contains

50 observations: 25 of them are from the positive class and the other 25 from the negative

class. Models are fitted on the training data only, and we use an independent validation set

of 50 observations to select the tuning parameters: λ2 is selected from 10−4, 10−3, 10−2,

0.1, 1, 5, and 10; λ1 is searched along the solution paths. We compared the prediction

accuracy (in percentage) on another independent test data set of 20,000 observations.

We followed Marron et al. (2007) to generate the first two examples. In example 1,

the positive class is a random sample from Np(µ+, Ip), where Ip is the p by p identity

matrix and µ+ has all zeros except for 2.2 at the first dimension; the negative class is

from Np(µ−, Ip) with µ− = −µ+. In example 2, 80% of the data are generated from the

same distributions as example 1; for the other 20% of the data, the positive class is drawn

from Np(µ+, Ip) and negative class Np(−µ+, Ip) where µ+ = (100, 500, 0, . . . , 0). We
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obtained the other three examples following Wang et al. (2006). In example 3, the positive

class has a normal distribution with mean µ+ and covariance Σ = Ip×p, where µ+ has

0.7 in the first five covariates and 0 in others; the negative class has the same distribution

except for a different mean µ− = −µ+. In example 4 and 5, we consider the cases where

the relevant variables are correlated. Two classes have the same distributions except for the

covariance,

Σ =

(
Σ?

5×5 05×(p−5)

0(p−5)×5 I(p−5)×(p−5)

)
.

In example 4, the diagonal elements of Σ? are 1 and the off-diagonal elements are all equal

to 0.7. In example 5, the (i, j)th element of Σ? equals 0.7|i−j|.

We compared sparse DWD with the sparse SVM and sparse logistic regression. Both

DWD and logistic regression use the `1, the elastic-net and the adaptive elastic-net penal-

ties. We used R packages sdwd and gcdnet (Yang and Zou, 2013) to compute sparse

DWDs and sparse logistic regressions respectively. The `1 and elastic-net SVMs were

solved by using the code from Wang et al. (2006) which does not handle the adaptive

elastic-net penalty. Table 3.1 presents the prediction accuracy results. In the first two ex-

amples, the `1 DWD and the `1 logistic regression perform the best. We attribute this good

performance to the only one nonzero variable in the data, despite 20% of outliers in exam-

ple 2. In example 3, 4, and 5, we increase the number of nonzero variables to five. For

all models, the elastic-net and the adaptive elastic-net penalties have similar performance,

and both of them dominate the `1 penalties. Elastic-net DWD produces the least prediction

error in example 4 and 5. Table 3.2 compares the variable selection. In all cases, the adap-

tive elastic-net penalties address all relevant variables with relatively few mistakes. The `1
penalties share similar performance in the first two examples.
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Table 3.1: Comparisons of mis-classification percentage on 300 training data, 300 valida-
tion data, and 20,000 test data, based on 200 replicates. The numbers in parentheses are
the standard errors. For each example, the methods with the best performance are marked
by black boxes.

DWD SVM logistic

`1 enet aenet `1 enet `1 enet aenet

Example 1 1.42 1.47 1.44 1.46 1.50 1.42 1.46 1.44

Bayes: 1.39 (0.01) (0.02) (0.01) (0.01) (0.02) (0.01) (0.02) (0.02)

Example 2 1.14 1.15 1.13 1.16 1.16 1.11 1.14 1.15

Bayes: 1.11 (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.01) (0.02)

Example 3 6.41 6.25 6.21 6.45 6.15 6.40 6.21 6.22

Bayes: 5.88 (0.03) (0.03) (0.03) (0.04) (0.03) (0.03) (0.03) (0.03)

Example 4 22.05 21.48 21.54 22.03 21.56 22.00 21.54 21.64

Bayes: 21.10 (0.07) (0.07) (0.05) (0.06) (0.05) (0.06) (0.06) (0.06)

Example 5 18.91 18.74 18.75 18.84 18.78 18.81 18.80 18.77

Bayes: 18.03 (0.07) (0.05) (0.05) (0.06) (0.05) (0.06) (0.05) (0.05)

Table 3.2: Comparisons of the variable selection. C is the number of selected nonzero
variables, and IC is the number of zero variables incorrectly selected into the model. The
results are the medians over 200 replicates.

DWD SVM logistic

`1 enet anet `1 enet `1 enet aenet

C IC C IC C IC C IC C IC C IC C IC C IC

Example 1 1 0 1 2 1 0 1 0 1 4 1 0 1 4.5 1 0

Example 2 1 0 1 0 1 0 1 0 1 1 1 0 1 0 1 0

Example 3 5 0 5 5 5 0 5 0 5 2.5 5 1 5 7 5 0

Example 4 4 1 5 8.5 5 1.5 4 0 5 7 4 1 5 14 5 2

Example 5 4 1 5 3.5 5 0 4 0 5 2 4 1 5 6.5 5 0
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3.5 Real Data Examples

In this section we analyze four benchmark data sets. The data Arcene was obtained from

Dua, D. and Karra Taniskidou, E. (2017), the breast cancer data from Graham et al. (2010),

the LSVT data from Tsanas et al. (2014), and the prostate cancer was from Singh et al.

(2002). We randomly split each data with a ratio 1:1 into a training set and a test set.

On the training set, we fit sparse DWD with imposing the elastic-net and the adaptive

elastic-net penalties. With the same tuning parameter candidates in the simulation, we

used a five folder cross validation to find the best pair of (λ1, λ2) incurring the least mis-

classification rate. Then we investigated the prediction accuracy of the selected model

on the test set. As comparisons, we considered the sparse SVM and the sparse logistic

regression. Every method was trained and tuned in the same way as the sparse DWD. All

numerical experiments were carried out on an Intel Core i7-3770 (3.40 GHz) processor.

In Table 3.3, we reported the average mis-classification percentage on the test set from

200 independent splits. We observe that the classifiers achieving the least error in these

four datasets are adaptive elastic-net logistic regression, elastic-net SVM, elastic-net and

adaptive elastic-net DWDs. We also find all the differences are not quite large. For sparse

DWD, we get the same message as Marron et al. (2007) concluded for standard DWD:

“it very often is competitive with the best of the others and sometimes is better.” We also

notice that the computation of sparse DWD is the fastest in almost all cases. The timing of

the SVM is much longer than other methods. A possible explanation is that the SVM uses

the non-differentiable hinge loss function which makes the GCD algorithm not suitable for

solving the sparse SVM. So far, the best algorithm for the sparse SVM is a LARS type

algorithm Wang et al. (2006), which is very different from the GCD algorithm for sparse

DWD and logistic regression. It has been observed that coordinate descent may be faster

than the LARS algorithm for solving the lasso penalized least squares (Friedman et al.,

2007).
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Table 3.3: The mean mis-classification percentage and timings (in seconds) for four bench-
mark datasets. All the timings include the five-folder cross validation. The timings of
adaptive elastic-net methods include computing the weights. The numbers in parentheses
are the standard errors. For each data, the methods with the best prediction accuracy are
marked by black boxes.

Arcene Breast LSVT Prostate

n = 100, p = 10000 n = 42, p = 22283 n = 126, p = 309 n = 102, p = 6033

error time error time error time error time

enet DWD 34.43 123.41 26.50 58.40 16.01 8.28 10.22 28.18

(0.56) (5.16) (1.00) (1.90) (0.34) (0.23) (0.30) (0.95)

aenet DWD 34.60 200.19 26.86 116.12 15.92 13.72 10.26 39.25

(0.57) (9.24) (1.00) (3.78) (0.34) (0.29) (0.26) (1.24)

enet logistic 34.16 211.18 24.67 145.35 16.96 10.73 10.65 102.19

(0.58) (3.40) (1.00) (0.74) (0.37) (0.18) (0.29) (1.56)

aenet logistic 34.15 393.03 25.12 290.31 16.93 17.02 10.75 189.44

(0.57) (6.52) (0.87) (1.47) (0.37) (0.29) (0.29) (2.84)

enet SVM 35.10 7410.09 23.95 567.43 16.27 63.10 10.56 2508.94

(0.67) (1465.68) (1.00) (15.19) (0.37) (0.77) (0.36) (0.77)

3.6 Discussion

In this chapter, we have proposed sparse DWD for high-dimensional classification and

developed an efficient algorithm to compute its solution path. We have shown that sparse

DWD has competitive prediction performance with the sparse SVM and sparse logistic

regression and is often faster to compute with the help of our algorithm. Thus, sparse

DWD is a valuable addition to the toolbox for high-dimensional classification.

Generalized DWD studied in Chapter 2 minimizes the qth power of the inverse mar-

gins. When q = 1, it reduces to the usual DWD. For computation considerations, Marron

et al. (2007) choose to fix q = 1, because it leads to a second-order cone programming

problem. We have found that our algorithm can be readily used to solve sparse general-

ized DWD with any positive q. In our numerical study we tried the generalized DWD with

q = 0.5, 1, 2, 5, 100 and also tried to use cross-validation to select a data-driven q value.

Our numeric results indicated that using different q values does not lead to significant dif-

ferences in performance.



Chapter 4

Multicategory Kernel DWD for
Multiclass Classification

In this chapter, we propose a new multicategory kernel DWD that is defined as a margin-

vector optimization problem in a reproducing kernel Hilbert space. This formulation is

shown to enjoy Fisher consistency. We develop an accelerated projected gradient descent

algorithm to fit multicategory kernel DWD. Simulations and benchmark data applications

are used to demonstrate the highly competitive performance of our method, as compared

with some popular state-of-the-art multiclass classifiers.

4.1 Introduction

Classification is a task of identifying observations to one of several pre-defined categories,

and its applications are extremely diverse, ranging from daily life to frontiers of science

and engineering. Two classic examples are detecting spam e-mail based on the message

content and categorizing tissues as tumor or benign based on DNA microarray data. Many

real-world problems have multicategory responses. Speech recognition has been formu-

lated as a multicategory classification problem to analyze voice input, which enables the

translation of spoken language into text and has many promising applications in as court

reporting, mobile e-mail, and robotics (Rabiner, 1989; Rabiner and Juang, 1993; Hansen

and Hasan, 2015; Yu and Deng, 2016). Speech recognition has also greatly helped people

with hearing disturbances (Chen et al., 2016; Takashima et al., 2017; Wang, 2017). Image

42
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classification (Haralick and Shanmugam, 1973; Krizhevsky et al., 2012; Russakovsky et al.,

2015) is another hot application, referring to detection of an object in digital images: for

instance, satellite remote images have been used to successfully predict earthquakes (Dong

and Shan, 2013; Lillesand et al., 2014; Maulik and Chakraborty, 2017), vision-based road

detection inspires the study of self-driving vehicles (Xu et al., 2016; Bojarski et al., 2017),

and facial expression extraction facilitates interactions between humans and machines (Liu

et al., 2012; Barsoum et al., 2016). Besides engineering applications, binary and multicat-

egory classifications are also abundant in biology, climatology, geology, economics, and

finance, among many others.

For binary classification, the support vector machine (SVM, Vapnik, 1995) is a com-

monly used large-margin classifier. Another large margin classifier is the distance weighted

discrimination (DWD) proposed by Marron et al. (2007). Although the SVM and DWD are

originally designed for binary classification, they can be generalized to multicategory clas-

sification problems. Two simple approaches are one-versus-one and one-versus-rest that

decompose multicategory classification into a set of multiple binary classification problems

(Hastie and Tibshirani, 1998; Hsu and Lin, 2002). In particular, one-versus-one approach

solves each of the pairwise two-class problem and predicts the class that wins the most

comparisons, but it may suffer from the tie-in-vote issue. One-versus-rest approach alter-

natively treats each class as positive and all the other classes as negative; however, this

approach has shown to be inconsistent in many situations (Lee et al., 2004; Liu, 2007). In

addition, error-correcting coding is an information-theoretic approach that turns the mul-

ticategory response into a coding matrix; details are seen in Dietterich and Bakiri (1995);

James and Hastie (1998); Allwein et al. (2000). Instead of reducing multicategory clas-

sification to binary problems, another approach is to propose a unified framework that

considers all classes at once. With such a simultaneous fashion, there are several multicat-

egory SVMs developed in Vapnik (1998); Weston and Watkins (1999); Lee et al. (2004),

as well as multicategory extension of other large-margin classifiers including import vector

machine (Zou and Hastie, 2005), ψ-learning (Liu and Shen, 2006), large-margin unified

machines (Zhang and Lin, 2013), and angle-based large-margin classification (Zhang and

Liu, 2014; Zhang et al., 2016).

In the context of DWD, Huang et al. (2013) proposed a multiclass generalization of
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linear DWD. From methodological and theoretical viewpoint, the linear classifier will be

inadequate because the optimal Bayes rule can often be non-linear. However, it is unclear

how to generalize the linear multiclass DWD (Huang et al., 2013) to its kernel counterpart.

The same difficulty appeared in the development of the original binary linear DWD (Mar-

ron et al., 2007), and a kernel binary DWD, that is computationally efficient and theoreti-

cally justified, was only recently proposed in Chapter 2. Moreover, the kernel binary DWD

in Chapter 2 has been shown to enjoy very competitive classification performance against

popular classifiers such as the SVM, random forest, gradient boosting, and k-nearest neigh-

bors, etc. Given its excellent performance for binary classification, it will be interesting and

natural to ask whether the DWD idea could also be competitive for multiclass classifica-

tion. Hence, it is necessary to derive the kernel version of the multicategory DWD in order

to handle multiclass classification problems with complex non-linear decision boundaries.

In this chapter, we develop a multicategory kernel DWD by formulating the multicat-

egory DWD in a reproducing kernel Hilbert space (RKHS). Our formulation of multicate-

gory DWD is completely different from the approach (Huang et al., 2013) that generalizes

the linear DWD. We used the concept margin vector introduced by Zou et al. (2008), where

the margin vector is defined to be a multicategory generalization of the margin in binary

classification and can be regarded as a proxy of the conditional class probability. With

the device of margin vector, we propose multicategory kernel DWD, and we then demon-

strate that our proposal is multicategory Fisher-consistent, in the sense that the class with

the largest conditional class probability always has the largest margin. To compute multi-

category kernel DWD, we present a multicategory representer theorem, and we develop a

projected gradient descent algorithm. We further implement the Nesterov’s acceleration to

improve the rate of convergence, thereby reducing the number of iterations effectively.

To give a quick illustration, Figure 4.1 delineates the decision boundaries of multicate-

gory kernel DWD and the Bayes rule for a simulation example based on mixture Gaussian

distributions. Figure 4.1 shows that the Bayes rule has a non-linear decision boundary and

our method resembles the Bayes rule. This example clearly reveals the inadequacy of the

multicategory linear DWD as well as the excellent performance of our new method.

The rest of the chapter is organized as follows. In Section 2, we briefly review DWD in

binary classification and multicategory linear DWD proposed in Huang et al. (2013). Sec-
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Multicategory Kernel DWD
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Figure 4.1: Decision boundaries of multicategory kernel DWD (left panel) and the Bayes
rule (right panel). We simulated three classes, each of which follows a mixture Gaussian
distribution 1

3

∑3
i=1N(µi, τ

2I), where µ1,µ2,µ3 are three centers independently drawn
from standard normal distribution. In the right panel, the centers of class 1, 2, and 3 are
depicted as red squares, green circles, and blue triangles, respectively. We set τ = 0.4
and Bayes error is 13.4% in this example. The proposed multicategory kernel DWD is fit
based on 100 training data and its misclassification error rate is 15.9%. In contrast, the
multicategory linear DWD (Huang et al., 2013) has a misclassification error rate of 34.5%.

tion 3 describes our proposal of multicategory kernel DWD and we explore its multicate-

gory Fisher consistency. In Section 4 we derive an efficient convex optimization algorithm

to solve the proposed classifier. Simulations and benchmark data examples are presented

in Section 5.

4.2 Review of Distance Weighted Discrimination

Before introducing multicategory kernel DWD, it is necessary to review the basic idea of

the original binary DWD. Suppose that a training data set consists of n pairs of observa-
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tions, {xi, yi}ni=1, where xi ∈ Rp and yi ∈ {−1, 1}. Linear DWD seeks a hyperplane

{x : β̂0 + x>β̂ = 0} where

(
β̂0, β̂

)
= argmin

β0,β

n∑
i=1

(
1

ri
+ Cξi

)
,

subject to ri = yi(β0 + x>i β) + ξi ≥ 0, ξi ≥ 0, ∀i, ‖β‖22 = 1,

(4.1)

where C is a tuning parameter controlling the slack variables ξi. DWD predicts the class

label of a new observation xnew by sgn(β̂0 + x>newβ̂). The problem (4.1) was originally

solved by second-order cone programming (Marron et al., 2007). Other developments of

linear DWD include weighted DWD (Qiao et al., 2010), distance weighted SVM (Qiao and

Zhang , 2015a), flexible assortment machines (Qiao and Zhang , 2015b), and sparse DWD

proposed in Chapter 3 of this thesis.

Huang et al. (2013) proposed a multicategory linear DWD. Suppose the response of a

training data set {xi, yi}ni=1 has k categories, i.e., yi ∈ {1, . . . , k}. A vector of discriminant

functions f = (f1, . . . , fk) is introduced where each element corresponds to one class. For

any new observation xnew, the label is predicted by ŷnew = argmaxj f̂j(xnew), where each

f̂j(x) = β̂0 + x>β̂ and (β̂0j, β̂j) are estimated by

min
β0j ,βj

n∑
i=1

∑
j 6=l

(
1

r
(jl)
i

+ Cξ
(jl)
i

)
,

subject to r(jl)i = fj(xi)− fl(xi) + ξ
(jl)
i , for yi = j, l 6= j,

fj(xi) = β0j + x>i βj,

r
(jl)
i ≥ 0, ξ

(jl)
i ≥ 0,

k∑
j=1

β0j = 0,
k∑
j=1

βj = 0, ‖βj‖22 ≤ 1.

(4.2)

Like the binary linear DWD, the problem (4.2) is solved by second-order cone pro-

gramming. However, it is unclear how to extend the formulation (4.2) to a reproducing

kernel Hilbert space so that one can fit a nonlinear kernel classifier. It is difficult even when

the problem (4.2) degenerates to the binary DWD when k = 2. Only recently, Chapter 2 of

this thesis derived a kernel DWD based on a different formulation of linear DWD.
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4.3 A New Multicategory kernel DWD

In this section, we develop a multicategory DWD in an RKHS, and we elucidate its Fisher-

consistent property.

4.3.1 Statistical view of distance weighted discrimination

Chapter 2 of this thesis showed that the linear DWD classifier can be equivalently derived

from a regularized empirical risk minimization approach as

(
β̂0, β̂

)
= argmin

β0,β

[
1

n

n∑
i=1

φ
{
yi(β0 + x>i β)

}
+ λβ>β

]
,

where

φ(u) =

1− u, if u ≤ 1/2,

1/(4u), if u > 1/2,
(4.3)

and the DWD classifer is sgn(β̂0 + x>β̂). The loss function φ(u) has also appeared in

Qiao et al. (2010); Liu et al. (2011). For the kernel DWD, we formulated kernel DWD in

Chapter 2 as sgn(f̂(x)) where f̂ is given by

f̂ = argmin
f∈HK

[
1

n

n∑
i=1

φ {yif(xi)}+ λ‖f‖2HK

]
, (4.4)

in which HK is an RKHS generated by a positive definite kernel function K. The popu-

lar kernel functions include the Gaussian kernel and the polynomial kernel. By Mercer’s

theorem, kernel K has an eigen-expansion K(xi,xj) =
∑∞

t=1 γtϕt(xi)ϕt(xj) with γt ≥ 0

and
∑∞

t=1 γ
2
t < ∞. The function f in the space HK has an expansion in terms of eigen-

functions, f(x) =
∑∞

t=1 ctϕt(x), where ‖f‖2HK ≡
∑∞

t=1 c
2
t/γt <∞.

By the representer theorem (Wahba, 1990), the solution of problem (4.4) has a finite

form

f̂(x) =
n∑
i=1

α̂iK(x,xi).
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Then the reproducing property of the RKHS (Wahba, 1990) implies

‖f̂‖2HK =
n∑
i=1

n∑
i′=1

α̂iα̂i′K(xi,xi′),

and problem (4.4) becomes

α̂ = argmin
α∈Rn

[
1

n

n∑
i=1

φ
{
yiK

>
i α
}

+ λα>Kα

]
, (4.5)

whereK is an n×n matrix whose (i, i′)th element is K(xi,xi′). Problem (4.5) can be effi-

ciently solved based on the MM principle, as shown in Chapter 2, which is much faster than

the second-order cone programming algorithm. The reproducing property of the RKHS

largely facilitates the computation algorithms, as the implicit and infinite-dimensional prob-

lem (4.4) reduces to an explicit and finite-dimensional problem (4.5). The explicit feature

map of the RKHS induced by the Guassian kernel has been studied in Steinwart et al.

(2006).

4.3.2 Our proposal

The empirical loss minimization formulation of the original DWD is the first step towards

the multicategory DWD. In the literature many efforts have been devoted to the multiclass

generalization of the binary large margin classifier that can be formulated as an empiri-

cal loss minimization problem. For example, the multicategory SVM (Lee et al., 2004),

the multicategory ψ-learning (Liu and Shen, 2006), and so on. Here, we take a different

approach from the existing multicategory large margin classifiers in the literature. Specifi-

cally, we take advantage of the concept of margin vector, which is introduced by Zou et al.

(2008) and is conceptually identical to the binary margin. In binary classification, the mar-

gin is defined as yf , which assigns margin f(xi) to a data point (xi, yi) from positive class

and assigns margin −f(xi) to datum from negative class. The binary margin definition

explicitly uses the special 1,−1 coding of the class label. For a k class problem, a margin

vector has the form of f = (f1, . . . , fk)
> with a sum-to-zero constraint

∑k
j=1 fj = 0. Data

point (xi, yi) belonging to class yi has margin fyi(xi), where yi ∈ {1, 2, . . . , k}. When
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k = 2, by the sum-to-zero constraint we have f1(xi) = −f2(xi). Thus, when we use 1,−1

to code the classes 1 and 2, we have f = f1 and the margin for (xi, yi) is yif(xi), which is

the definition of the margin.

Now we replace the margin yif(xi) with the margin vector fyi(xi) in problem (4.4) and

end up with the formulation

f̂ = argmin
fj∈HK

[
1

n

n∑
i=1

φ {fyi(xi}) + λ

k∑
j=1

||fj||2HK

]
, subject to

k∑
j=1

fj = 0, (4.6)

where φ is the DWD loss (4.3) andHK is an RKHS generated by a positive definite kernel

K. The multicategory DWD classifier is ŷ = argmaxj∈{1,2,...,k} f̂j(x). For the actual mul-

ticlass classification problem with k ≥ 3, the formulation (4.6) is fundamentally different

from the binary case in problem (4.4) in terms of computational and theoretical treatments.

Thus, multicategory kernel DWD is not a trivial extension of the binary kernel DWD. The

computation of f̂ is discussed in Section 4, and its competitive performance is demon-

strated in Section 5.

To appreciate the formulation (4.6), let us consider the ideal case when n is infinity

and λ = 0. Define pj(x) = P (y = j|x), j ∈ {1, . . . , k}. Note that
∑n

i=1 φ{fyi(xi}/n
becomes

∑k
j=1 φ{fj(x)}p(y = j|x). Thus, the problem (4.6) becomes

f ?(x) = argmin
f

[
k∑
j=1

φ{fj(x)}pj(x)

]
, subject to

k∑
j=1

fj(x) = 0. (4.7)

The population multicategory DWD classifier is ŷ = argmaxj∈{1,2,...,k} f
?
j (x).

Conceptually speaking, the population multicategory DWD classifier is the target of

the proposed multicategory DWD classifier f̂ . In the next theorem, we show that the

population multicategory DWD classifier is actually the Bayes rule, which indicates that

the proposed multicategory DWD classifier estimates the right target for the multiclass

classification problem. Such a property is called Fisher consistency (Lin, 2004).

Theorem 4.1
(Multicategory Fisher Consistency) Assume that for each x (or with measure one) there is
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a most likely label j? such that pj?(x) > pj(x) ∀j 6= j?, and there is the least possible label

j∗ such that pj(x) > pj∗(x) ∀j 6= j∗. Then the solution of the problem (4.7) is given by

f ?j (x) =


1

2

√
pj(x)

pj?(x)
, j 6= j∗,

−1

2

∑
l 6=j∗

√
pl(x)

pj?(x)
, j = j∗.

(4.8)

Consequently, Theorem (4.8) indicates that argmaxj∈{1,2,...,k} f
?
j (x) = argmaxj∈{1,2,...,k} pj(x),

i.e., the population multicategory DWD is identical to the Bayes rule. �

Huang et al. (2013) also proved the Fisher consistency of their multicategory DWD that

is based on pairwise differences in discriminant functions. However, their method only

considered the linear DWD but not the more flexible kernel DWD. Based on its meaning,

Fisher consistency is much more relevant when the classifier can be flexible and non-linear.

In Section 5 the multicategory linear DWD is shown to be inconsistent in some simulation

examples.

Although ((4.6)) is defined as a functional optimization problem in a possibly infinite

dimensional functional space, the nice reproducing property of RKHS makes the computa-

tion of f̂ in problem (4.6) to be carried out in a finite-dimensional vector space.

Theorem 4.2
(Multicategory representer theorem) If HK is generated by a positive definite kernel func-

tion K, then the solution of (4.6), f̂ = (f̂1, . . . , f̂k), has a finite form,

f̂j(x) =
n∑
i=1

α̂ijK(x,xi), j = 1, . . . , k, �

and
k∑
j=1

α̂ij = 0, ∀i = 1, . . . , n.

Define K to be the kernel matrix whose (i, i′)th element is K(xi,xi′) and let Ki be

the ith column vector. For each class j, Theorem 4.2 implies that there exists α̂j such that
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f̂j(xi) = K>i αj , where α̂j = (α̂1j, . . . , α̂nj)
>. Now we only need to compute α̂j for

j = 1, . . . , k.

By the reproducing property, it can be further obtained that

‖f̂j‖2HK =
n∑
i=1

n∑
i′=1

α̂ijα̂i′jK(xi,xi′) = α̂>j Kα̂j.

Note that fyi(xi) = K>i αyi . Then, we can rephrase the optimization problem (4.6) as

follows

min
αj∈Rn

[
1

n

n∑
i=1

φ
{
K>i αyi

}
+ λ

k∑
j=1

α>j Kαj

]
, subject to

k∑
j=1

αj = 0. (4.9)

In Section 4.4, we shall derive a efficient algorithm to solve the problem (4.9).

4.3.3 Related methods

To connect our method with other simultaneous multiclass large-margin classifiers in the

literature, we formulate the loss of our proposal (4.7) as

min
f
Exyφ{fy(x)}, subject to

k∑
j=1

fj(x) = 0.

Vapnik (1998), Bredensteiner and Bennett (1999), and Weston and Watkins (1999) pro-

posed multiclass SVMs, all of which, as shown by Guermeur (2002), can be written equiv-

alently as

min
f
Exy

∑
j 6=y

[1− (fy(x)− fj(x))]+ , (4.10)

where [w] = max(w, 0). Crammer and Singer (2001) presented another multiclass SVM

as

min
f
Exy

[
1−min

j 6=y
(fy(x)− fj(x))

]
+

. (4.11)
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Lee et al. (2004) developed multiclass SVM as

min
f
Exy

∑
j 6=y

[1 + fj(x)]+ , subject to
k∑
j=1

fj(x) = 0, (4.12)

and they showed that their proposal is Fisher consistent but the methods (4.10) and (4.11)

are not. Liu and Shen (2006) introduced multicategory ψ-learning

min
f
Exy

[
1−

(
min
j 6=y

(fy(x)− fj(x))

)
+

]
+

by replacing the convex SVM hinge loss with a non-convex ψ-loss. Liu and Yuan (2011)

proposed reinforced multiclass SVM, on the basis of the linear combination of the SVM

hinge loss and the loss function in Lee et al. (2004):

min
f
Exy

∑
j 6=y

[(1− γ)(1− fy(x))+ + γ(1 + fj(x))+] , subject to
k∑
j=1

fj(x) = 0, (4.13)

which is shown to enjoy the Fisher consistency when γ ∈ [1/2, 1].

Among the aforementioned approaches, the sum-to-zero constraint
∑k

j=1 fj(x) = 0

is enforced in the methods (4.12) and (4.13) and can be also imposed in others to ensure

the uniqueness of the optimal solution. To avoid the explicit sum-to-zero constraint of

those methods, Zhang and Liu (2014) proposed a novel angle-based approach, fitting a

model based on the angles between data and each vertex vector of a k-simplex. We take as

an example the reinforced angle-based multiclass SVM (RAMSVM, Zhang et al., 2016),

which is developed by applying the angle-based approach to the reinforced multiclass SVM

(4.13). Specifically, the angle-based approach first finds a k-simplex that consists of k unit-

norm vertices {W j}kj=1 ∈ Rk−1 such that the angles between the pairs (W j,W j′) are

the same. The model is then fitted by replacing each functional margin fj(x) in (4.13) by

〈f ,W j〉:

min
f
Exy

∑
j 6=y

[
1

2
(1− 〈f(x),W y〉)+ +

1

2
(1 + 〈f(x),W j〉)+

]
.
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The prediction is made according to ŷ = argmaxj〈f(x),W j〉. Since
∑k

j=1〈f(x),W j〉 =

0 always holds, the sum-to-zero constraint is dismissed. Other applications of the angle-

based approaches are seen in Sun et al. (2017); Zhang et al. (2017); Fu et al. (2018); Liu

et al. (2018). Compared with the angle-based method, our method has the explicit sum-

to-zero constraint. As will be shown in Section 4.4, our algorithm handles such constraint

quite naturally and efficiently.

4.4 Computation Algorithm

multicategory kernel DWD problem (4.9) is more sophisticated than the binary kernel

DWD problem (4.4) due to the sum-to-zero constraint. In this section, we derive an ac-

celerated projected gradient descent (PGD) algorithm to solve problem (4.9).

4.4.1 Projected gradient descent algorithm

We first derive the projected gradient descent algorithm and then derive its accelerated

version.

Notation. A ⊗B denotes the Kronecker product of an m × n matrix A and a p × q
matrixB is the mp× nq matrix

A⊗B =


a11B a12B . . . a1nB

a21B a22B . . . a2nB
...

... . . . ...

am1B am2B . . . amnB

 .

The vectorization of a m×n matrixA converts the matrix into a mn-column vector by

stacking the first, second, ..., nth columns a1,a2, . . . ,an ofA one under the other:

vec(A) = (a>1 ,a
>
2 , . . . ,a

>
n )>.
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Consider a constrained minimization problem over a convex set A:

minF (α), subject to α ∈ A,

where F is a continuously differentiable and strongly convex function. For t = 0, 1, 2, . . .,

the PGD algorithm updates

α(t+1) = projA
(
α(t) − dt∇F (α(t))

)
≡ argmin

α∈A

∥∥α− (α(t) − dt∇F (α(t))
)∥∥2 , (4.14)

where dt is a step size that we shall determine. If the algorithm converges to α? such that

α? = projA (α? − dt∇F (α?)) ,

then one can observe that α? ∈ A and ∇F (α?) = 0 by differentiating equation (4.14) in

terms of α. Hence α? is a global minimizer of F on the set A.

We next apply the PGD algorithm to solve the optimization problem (4.9). Suppose A

is an n × k matrix whose jth column is αj , then Aej = αj , where ej a k-vector whose

elements are 0 except that the jth element is 1. We observe that the constraint
∑
αj = 0

in problem (4.9) amounts to A1k = 0, where 1k is the k-vector of 1’s. Let α = vec(A),

we have
Aej = vec(Aej) = (e>j ⊗ In)α,

A1k = vec(A1k) = (1>k ⊗ In)α.

Accordingly, the optimization problem (4.9) can be written as

min
α∈Rnk

F (α) = min
α∈Rnk

[
1

n

n∑
i=1

φ
{
K>i (e>yi ⊗ In)α

}
+ λ

k∑
j=1

α>(ej ⊗ In)K(e>j ⊗ In)α

]
,

subject to (1>k ⊗ In)α = 0.

(4.15)

LetB = 1>k ⊗In. By the PGD algorithm introduced in equation (4.14), problem (4.15)
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can be solved as

α(t+1) = argmin
{α:Bα=0}

‖α− α̃‖2 = α̃−B>(BB>)−1Bα̃ = α̃− ((1k1
>
k )⊗ In)α̃,

where α̃ = α(t) − dt∇F (α(t)), and

∇F (α(t)) =
1

n

n∑
i=1

φ′
{
K>i (e>yi ⊗ In)α(t)

}
(eyi ⊗ In)Ki + 2λ(Ik ⊗K)α(t). (4.16)

We use a linear search method to determine the step size dt. Specifically, at each itera-

tion t, with a pre-defined constant η < 1, we find the smallest non-negative integer b such

that dt = ηbdt−1 and

F (α+) ≤ F (α(t)) +∇F (α(t))(α+ −α(t)) +
1

2dt
||α+ −α(t)||22, (4.17)

where α̃ = α(t)−dt∇F (α(t)) andα+ = α̃−B>(BB>)−1Bα̃. Then we set F (α(t+1)) =

F (α+).

Algorithm 2 summarizes the details of the PGD algorithm. The rate of convergence is

given in proposition 4.1.

Proposition 4.1
Let α(t) be the sequence generated by Algorithm 2 and α? is the global minimizer of

problem (4.15). Then for any t ≥ 1,

F (α(t))− F (α?) ≤ c1
t
‖α(0) −α?‖2,

in which c1 = 2ησ̃/n + ηλσ, σ̃ = maxj σ̃j where each σ̃j is the largest eigenvalue of∑
{i:yi=j}KiK

>
i , and σ is the largest eigenvalue ofK.

Proposition 4.1 implies thatO(1/ε) iterations are needed to reach F (α(t))−F (α?) < ε.
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Algorithm 2 Projected Gradient Descent Algorithm for Multicategory Kernel DWD
(4.15)

1: Initialize α(0), step size d = 1, η = 0.5,B = 1>k ⊗ In, and t = 0
2: repeat
3: Compute∇F (α(t)) as in (4.16)
4: repeat
5: Set d = dη
6: Compute α̃ = α(t) − d∇F (α(t)) and α+ = α̃−B>(BB>)−1Bα̃
7: until the condition (4.17) is satisfied
8: Set α(t+1) = α+

9: Set t = t+ 1
10: until a convergence condition is met

4.4.2 PGD algorithm with the Nesterov’s acceleration

In this section, we further develop an accelerated PGD algorithm by employing the Nes-

terov’s acceleration (Beck and Teboulle, 2009; Nesterov, 2013). The improved algorithm

has a much faster rate of converge.

The accelerated PGD algorithm generates a number sequence δt such that

δt+1 =
1 +

√
1 + 4δ2t
2

,

and a sequence of β(t) along with α(t). With β(0) = α(0) initialized and δ1 = 1, the

algorithm updates

α(t+1) = argmin
{α:Bα=0}

∥∥∥α− (β(t) − dt∇F (β(t))
)∥∥∥2 ,

β(t+1) = α(t+1) +
δt − 1

δt+1

(α(t) −α(t−1)).

The accelerated PGD algorithm is summarized in Algorithm 3. The rate of convergence

is O(1/t2), as presented in proposition 4.2.

Proposition 4.2
Let α(t) be the sequence generated by Algorithm 3 and α? is the global minimizer of
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Algorithm 3 Accelerated Projected Gradient Descent for Multicategory Kernel DWD
(4.15)

1: Initialize α(0) = β(1), step size d = 1, η = 0.5,B = 1>k ⊗ In, δ1 = 1, and t = 1
2: repeat
3: Compute∇F (β(t)) as in (4.16)
4: repeat
5: Set d = dη
6: Compute α̃ = β(t) − d∇F (β(t)) and α+ = β̃ −B>(BB>)−1Bβ̃
7: until the condition (4.17) is satisfied
8: Set α(t) = α+

9: Compute δt+1 =
1+
√

1+4δ2t
2

.
10: Set β(t+1) = α(t) + δt−1

δt+1
(α(t) −α(t−1))

11: Set t = t+ 1
12: until a convergence condition is met

problem (4.15). Then for any t ≥ 1,

F (α(t))− F (α?) ≤ c2
t2
‖α(0) −α?‖2,

in which c2 = 8ησ̃/n + 4ηλσ, σ̃ = maxj σ̃j where each σ̃j is the largest eigenvalue of∑
{i:yi=j}KiK

>
i , and σ is the largest eigenvalue ofK.

Proposition 4.2 implies that, by the Nesterov’s acceleration, O(1/
√
ε) iterations are

needed to reach F (α(t))− F (α?) < ε.

4.4.3 Implementation

We have implemented the accelerated PGD algorithm for solving multicategory kernel

DWD in an R package mdwd, which is available upon request. Users can choose the kernel

function and use cross-validation to select the regularization parameter λ.

4.5 Numerical Studies

In this section, we use simulations and benchmark data applications to compare our multi-

category kernel DWD with the multicategory DWD proposed by Huang et al. (2013) and
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implemented in the R package DWD (Huang et al., 2012). We also compare our method

with off-the-shelf multicategory classifiers in R: multiclass kernel SVM in the R pack-

age SMSVM (Lee et al., 2004), reinforced angle-based multiclass SVM in the R package

RAMSVM (Zhang et al., 2016), random forest in the R package randomForest (Liaw

and Wiener, 2002), gradient boosting machines in the R package gbm (Ridgeway, 2017),

and k-nearest neighbors in the R package class (Venables and Ripley, 2002). The Gaus-

sian kernels are employed for mdwd, SMSVM, and RAMSVM, and the tuning parameters

are estimated by five-fold cross-validations. For the k-nearest neighbors, k is chosen from

(3, 4, . . . , 9).

4.5.1 Simulations

We followed the simulation setting that was used in Section 4.1. Example 1 is a three-

category classification, i.e., k = 3, and the dimension p = 5. For each class j = 1, 2, 3,

we independently generated three centers µj,1,µj,2, and µj,3 following N(0, I3×3). We

generated each data point (xi, yi) by first assigning a class label to yi with equal condi-

tional class probabilities and then randomly having a center µyi,l where l = 1, 2, 3 to draw

xi from N(µyi,l, τ
2Ip×p). In example 1, we set τ = 0.5 and the corresponding Bayes

error rate is 6.39%. We assembled the training data with the sample size varying over

100, 200, 400, 600, and 800. We trained and tuned each method on the training data, and

we investigated the prediction error on a test set consisting of 10000 independently gener-

ated observations.

Table 4.1 exhibits the mean misclassification rates and the standard errors, averaged

by 100 replicates. For example 1, we observe that multicategory kernel DWD delivers

the least prediction error among the seven multicategory classifiers. The SVM and k-

nearest neighbors have slightly worse performance than our proposal. We discover that

the prediction error of our method decreases and also approaches the Bayes error as the

sample size increases, which indicates that multicategory kernel DWD loss has a right

target function and is thus Fisher consistent. Multicategory linear DWD does not work

well and is far from the Bayes rate.

Examples 2, 3, and 4 adopt the same simulation settings as example 1, except that
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example 2 sets k = 3, p = 20, and τ = 1.5 yielding the Bayes error of 9.39%, example 3

has k = 3, p = 2, τ = 0.4 and the Bayes error of 25.27%, and example 4 contains four

categories in the response, k = 4, and it has the Bayes error of 8.78%. As seen in Table 4.1,

multicategory kernel DWD has the best prediction accuracy in all those three examples, two

variants of SVM have slightly worse but very competitive behaviors, whereas multicategory

linear DWD has the worst accuracy in general.

In example 5, we generated each class center µy from the standard normal distribution,

and we then drew each data point from N(µyi , 2
2I20×20). The Bayes error is 11.45%, and

the true decision boundaries between the classes are actually linear. From Table 4.1, we

see that the classification error of multicategory linear DWD is the lowest and approaches

the Bayes error. The performance of our proposal and the angle-based method follows

intimately as well.

To sum up, the simulation examples have clearly conveyed the following messages:

• the proposed multicategory kernel DWD works much better than the multicategory

linear DWD when the underlying Bayes rule is nonlinear;

• the proposed multicategory kernel DWD delivers lower classification error that ap-

proaches the Bayes error when the training size increases;

• the proposed multicategory kernel DWD has very competitive performance against

other popular off-the-shelf multiclass classifiers, although none dominates the rest.

4.5.2 Benchmark data applications

We examined the performance of multicategory kernel DWD on eight benchmark data sets

that were downloaded at University of California at Irvine Machine Learning Repository

(Dua, D. and Karra Taniskidou, E., 2017). We compared our method with the same methods

that were used in Section 4.5.1. In the tables of this section, the total sample size of each

data, the number of categories in the response, and the dimension are denoted by N , k,

and p, respectively. For each data set, we held out ntest = N − 800 observations as test

data, and we randomly selected ntrain observations as training data to train and tune each

method, where the sample size of the training data ntrain varied over 100, 200, 300, 400,
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600 and 800. Averaged over 40 independent random splits, the misclassification error and

computation time are summarized in Table 4.2, Table 4.3, and Table 4.4. The computation

time in Table 4.4 includes fitting the models and tuning the parameters. We ranked the error

and time of each method in Table 4.5 and Table 4.6.

From the prediction error in Table 4.2 and Table 4.3 and the ranks in Table 4.5, we

find that our proposal has the lowest prediction error on two benchmark data, vowel and

waveform, as well as the second lowest error on three examples, abalone, pendigits,

and satimage. Multicategory linear DWD suffers from the worst accuracy on five data

sets so it appears inadequate for these real applications. From Table 4.5, we see that the

overall performance of our proposal on these benchmark data outperforms the SVM and

the angle-based approach but it is worse than random forest. In terms of computation time,

Table 4.4 and Table 4.6 show that our implementation mdwd is the fastest among the four

large-margin classifiers. The algorithms implemented in the packages SMSVM and DWD

did not even converge within ten hours in several cases. We discover that random forest

and gradient boosting are faster than these large-margin classifiers. We further notice the

computation time of our proposal is relatively unaffected when there many categories in the

response, for example, the pendigits and vowel data; nonetheless, the computing speed of

other large-margin classifiers is dramatically degraded as the number k increases. Although

the prediction accuracy of k-nearest neighbors is among the worse, it runs the fastest in all

examples.

According to the performance on the eight benchmark data, it is clear that our multicat-

egory kernel DWD is much better than multicategory linear DWD by the DWD package and

also highly competitive with other popular classifiers. The random forest has the overall

best performance. We also implemented the polynomial kernel and found its performance

is worse than that by the Gaussian kernel in these examples. For sake of space we do not

include the result of DWD with polynomial kernel here.
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Table 4.1: Prediction error (%) on mixture Gaussian simulation examples. Our multicat-
egory kernel DWD (denoted by WZ) are compared with DWD (denoted by HLD (Huang
et al., 2013)), multiclass kernel SVM (R package SMSVM), reinforcement angle-based mul-
ticlass SVM (R package ramsvm), random forest (R package randomForest), gradient
boosting machines (R package gbm), and k-nearest neighbors (R package class). The
results are averaged by 100 independent runs, and the standard error of the mean predic-
tion error is given in parentheses. For each case, the method incurring the lowest error is
marked by italics.

n Prediction error (%) for the following methods:

DWD DWD Multiclass Angle-based Random Gradient k-nearest

WZ HLD SVM MSVM forest boosting neighbors

Example 1: k = 3, p = 5, Bayes error: 6.39

100 10.06 (0.48) 25.60 (0.94) 11.68 (0.52) 12.00 (0.52) 14.08 (0.51) 18.86 (0.58) 11.34 (0.54)

200 8.92 (0.44) 24.79 (0.95) 9.62 (0.45) 9.93 (0.48) 11.35 (0.45) 16.58 (0.56) 9.38 (0.48)

400 7.88 (0.41) 24.32 (0.92) 8.46 (0.41) 8.99 (0.44) 9.75 (0.41) 15.37 (0.54) 8.51 (0.45)

600 7.59 (0.39) 24.27 (0.92) 8.05 (0.39) 8.87 (0.43) 9.08 (0.40) 15.01 (0.53) 8.24 (0.43)

800 7.38 (0.38) 24.21 (0.93) 7.78 (0.39) 8.76 (0.43) 8.69 (0.40) 14.80 (0.53) 7.94 (0.41)

Example 2: k = 3, p = 20, Bayes error: 9.39

100 22.40 (0.40) 27.30 (0.44) 23.07 (0.38) 24.51 (0.42) 27.58 (0.40) 30.31 (0.41) 26.26 (0.43)

200 18.08 (0.32) 24.78 (0.40) 18.48 (0.29) 20.41 (0.37) 23.18 (0.31) 27.03 (0.36) 21.44 (0.38)

400 14.91 (0.28) 23.33 (0.40) 15.42 (0.26) 17.61 (0.33) 19.95 (0.30) 24.95 (0.33) 18.16 (0.34)

600 13.82 (0.27) 22.77 (0.38) 14.30 (0.26) 16.41 (0.30) 18.61 (0.28) 24.30 (0.33) 16.92 (0.32)

800 13.09 (0.25) 22.50 (0.38) 13.66 (0.24) 16.04 (0.32) 17.84 (0.27) 23.97 (0.32) 16.01 (0.30)

Example 3: k = 3, p = 2, Bayes error: 25.27

100 29.82 (0.80) 42.24 (0.96) 30.18 (0.77) 30.93 (0.78) 31.96 (0.79) 33.80 (0.76) 30.87 (0.83)

200 27.97 (0.78) 41.75 (0.98) 28.32 (0.76) 29.23 (0.78) 30.52 (0.81) 31.53 (0.77) 29.29 (0.81)

400 26.97 (0.74) 41.46 (0.97) 27.12 (0.74) 27.90 (0.75) 29.58 (0.78) 30.63 (0.75) 28.36 (0.78)

600 26.76 (0.74) 41.49 (0.96) 26.81 (0.74) 27.80 (0.73) 29.45 (0.80) 30.29 (0.75) 28.28 (0.80)

800 26.55 (0.73) 41.41 (0.94) 26.61 (0.72) 27.67 (0.73) 29.32 (0.79) 29.99 (0.72) 28.21 (0.78)

Example 4: k = 4, p = 5, Bayes error: 8.78

100 15.04 (0.52) 34.83 (0.91) 17.38 (0.55) 17.31 (0.52) 19.98 (0.52) 27.27 (0.61) 16.84 (0.54)

200 12.16 (0.44) 33.62 (0.89) 13.65 (0.49) 14.41 (0.50) 15.62 (0.46) 23.78 (0.56) 13.21 (0.48)

400 10.86 (0.39) 33.33 (0.92) 11.86 (0.43) 12.99 (0.46) 13.47 (0.40) 22.26 (0.54) 11.67 (0.42)

600 10.50 (0.39) 33.32 (0.91) 11.21 (0.40) 12.69 (0.43) 12.55 (0.39) 21.77 (0.52) 11.33 (0.42)

800 10.16 (0.38) 33.29 (0.91) 10.72 (0.38) 12.44 (0.44) 11.95 (0.39) 21.50 (0.54) 10.80 (0.40)

Example 5: k = 3, p = 20, Bayes error: 11.45 (linear decision boundary)

100 16.39 (0.38) 15.30 (0.36) 17.33 (0.36) 16.82 (0.40) 19.34 (0.38) 20.11 (0.36) 22.71 (0.47)

200 14.18 (0.36) 13.39 (0.32) 14.95 (0.33) 14.07 (0.35) 17.13 (0.36) 17.50 (0.34) 19.85 (0.45)

400 13.18 (0.32) 12.54 (0.30) 13.74 (0.31) 12.91 (0.31) 15.60 (0.32) 16.04 (0.31) 17.92 (0.41)

600 12.77 (0.32) 12.20 (0.30) 13.39 (0.31) 12.59 (0.31) 15.11 (0.32) 15.71 (0.31) 17.19 (0.40)

800 12.54 (0.31) 12.07 (0.29) 12.98 (0.30) 12.34 (0.30) 14.90 (0.31) 15.60 (0.30) 16.81 (0.39)
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Table 4.2: Prediction error (%) on benchmark data applications. Our multicategory kernel
DWD (denoted by WZ) are compared with DWD (denoted by HLD (Huang et al., 2013)),
multiclass kernel SVM (R package SMSVM), reinforcement angle-based multiclass SVM
(R package ramsvm), random forest (R package randomForest), gradient boosting
machines (R package gbm), and k-nearest neighbors (R package class). The results are
averaged by 40 independent runs, and the standard error of the mean prediction error is
given in parentheses. For each data, k and p are the number of classes and dimensions, and
the total sample size is N . For each case, the method incurring the lowest error is marked
by italics. Cases when the algorithm did not converge within ten hours are marked as “*”.

ntrain Prediction error (%) for the following methods:

DWD DWD Multiclass Angle-based Random Gradient k-nearest

WZ HLD SVM MSVM forest boosting neighbors

abalone: k = 3, p = 9, N = 4177, ntest = 3377

100 40.05 (0.36) 39.55 (0.21) 39.69 (0.35) 40.20 (0.37) 40.78 (0.29) 39.74 (0.26) 42.84 (0.26)

200 37.88 (0.18) 38.20 (0.17) 37.80 (0.21) 38.15 (0.30) 39.00 (0.19) 38.34 (0.20) 41.93 (0.28)

300 37.02 (0.21) 37.65 (0.16) 37.20 (0.20) 37.52 (0.32) 38.16 (0.15) 37.84 (0.18) 40.93 (0.19)

400 36.35 (0.18) 37.35 (0.14) 36.63 (0.21) 36.61 (0.25) 37.52 (0.15) 37.53 (0.19) 40.14 (0.21)

600 35.96 (0.11) 37.38 (0.12) 35.64 (0.13) 36.09 (0.19) 36.98 (0.12) 37.24 (0.15) 40.00 (0.15)

800 35.33 (0.11) 36.91 (0.10) 35.21 (0.09) 35.73 (0.12) 36.58 (0.09) 36.76 (0.10) 39.21 (0.16)

covtype: k = 3, p = 10, N = 73631, ntest = 72831

100 25.25 (0.26) 28.09 (0.33) 23.21 (0.19) 23.69 (0.26) 21.91 (0.21) 22.83 (0.27) 27.90 (0.23)

200 22.87 (0.21) 27.09 (0.28) 22.62 (0.21) 22.00 (0.23) 20.41 (0.19) 21.62 (0.16) 25.23 (0.16)

300 21.33 (0.15) 27.00 (0.24) 21.44 (0.22) 20.88 (0.20) 18.90 (0.12) 21.00 (0.15) 23.87 (0.19)

400 20.61 (0.10) 26.55 (0.19) 20.44 (0.19) 20.31 (0.16) 18.32 (0.10) 20.56 (0.12) 22.80 (0.12)

600 19.44 (0.11) 26.48 (0.15) 19.52 (0.20) 19.94 (0.13) 16.92 (0.08) 20.12 (0.12) 21.58 (0.13)

800 18.50 (0.10) 26.13 (0.15) 18.79 (0.14) 19.73 (0.12) 16.22 (0.09) 19.92 (0.08) 20.67 (0.09)

pendigits: k = 10, p = 16, N = 10990, ntest = 10190

100 10.03 (0.21) 21.02 (0.35) 11.41 (0.28) 9.69 (0.26) 13.53 (0.23) 25.18 (0.41) 13.91 (0.30)

200 6.48 (0.15) 19.47 (0.29) 7.45 (0.23) 5.80 (0.18) 8.59 (0.16) 18.66 (0.20) 9.08 (0.16)

300 4.84 (0.11) * (*) 5.14 (0.15) 4.41 (0.11) 6.49 (0.12) 16.52 (0.21) 6.69 (0.13)

400 3.91 (0.07) * (*) 4.00 (0.15) 4.00 (0.09) 5.29 (0.10) 14.92 (0.16) 5.47 (0.09)

600 3.05 (0.07) * (*) * (*) 3.19 (0.08) 4.17 (0.08) 13.86 (0.13) 3.97 (0.06)

800 2.44 (0.05) * (*) * (*) 2.91 (0.07) 3.45 (0.07) 13.20 (0.12) 3.21 (0.06)

satimage: k = 6, p = 36, N = 6435, ntest = 5835

100 17.12 (0.17) 20.44 (0.24) 18.48 (0.10) 18.34 (0.23) 17.29 (0.11) 19.87 (0.21) 19.05 (0.24)

200 14.88 (0.12) 20.22 (0.17) 17.21 (0.11) 16.54 (0.18) 15.11 (0.15) 17.57 (0.18) 16.67 (0.11)

300 13.93 (0.10) 20.14 (0.14) 16.67 (0.11) 16.17 (0.17) 14.05 (0.11) 16.91 (0.12) 15.60 (0.12)

400 13.27 (0.09) 20.27 (0.13) 16.15 (0.08) 15.69 (0.15) 12.97 (0.10) 16.09 (0.10) 14.76 (0.11)

600 12.27 (0.10) * (*) 15.22 (0.11) 14.97 (0.11) 12.13 (0.08) 15.57 (0.10) 13.97 (0.11)

800 11.91 (0.08) * (*) 14.47 (0.12) 14.61 (0.11) 11.69 (0.07) 15.47 (0.08) 13.13 (0.09)
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Table 4.3: Prediction error (%) on benchmark data applications. Our multicategory kernel
DWD (denoted by WZ) are compared with DWD (denoted by HLD (Huang et al., 2013)),
multiclass kernel SVM (R package SMSVM), reinforcement angle-based multiclass SVM
(R package ramsvm), random forest (R package randomForest), gradient boosting
machines (R package gbm), and k-nearest neighbors (R package class). The results are
averaged by 40 independent runs, and the standard error of the mean prediction error is
given in parentheses. For each data, k and p are the number of classes and dimensions, and
the total sample size is N . For each case, the method incurring the lowest error is marked
by italics. Cases when the algorithm did not converge within ten hours are marked as “*”.

ntrain Prediction error (%) for the following methods:

DWD DWD Multiclass Angle-based Random Gradient k-nearest

WZ HLD SVM MSVM forest boosting neighbors

segmentation: k = 7, p = 19, N = 2310, ntest = 1510

100 18.00 (0.30) 23.09 (0.31) 17.93 (0.31) 17.34 (0.38) 13.60 (0.32) 16.10 (0.41) 21.89 (0.34)

200 14.04 (0.26) 21.50 (0.25) 14.04 (0.21) 14.67 (0.28) 9.99 (0.23) 12.15 (0.21) 15.92 (0.25)

300 12.46 (0.26) 21.30 (0.25) 11.33 (0.28) 13.21 (0.22) 7.87 (0.16) 11.13 (0.18) 12.70 (0.28)

400 11.15 (0.18) 21.01 (0.22) 9.72 (0.19) 12.54 (0.17) 6.85 (0.16) 10.57 (0.16) 11.27 (0.17)

600 9.47 (0.14) * (*) 7.77 (0.16) 11.85 (0.16) 5.36 (0.11) 9.79 (0.12) 8.82 (0.12)

800 8.44 (0.11) * (*) * (*) 11.26 (0.16) 4.51 (0.09) 9.38 (0.11) 7.64 (0.12)

sensorless: k = 3, p = 48, N = 15957, ntest = 15157

100 0.99 (0.13) 0.16 (0.01) 0.51 (0.04) 0.60 (0.06) 0.03 (0.00) 0.21 (0.05) 12.73 (0.49)

200 0.31 (0.05) 0.08 (0.00) 0.31 (0.02) 0.33 (0.02) 0.02 (0.00) 0.09 (0.01) 6.26 (0.21)

300 0.17 (0.01) 0.06 (0.00) 0.27 (0.02) 0.33 (0.03) 0.02 (0.00) 0.08 (0.01) 3.88 (0.18)

400 0.14 (0.01) 0.06 (0.00) 0.25 (0.02) 0.28 (0.02) 0.01 (0.00) 0.08 (0.01) 2.87 (0.15)

600 0.12 (0.01) 0.06 (0.00) 0.22 (0.02) 0.20 (0.01) 0.01 (0.00) 0.08 (0.01) 1.84 (0.08)

800 0.10 (0.01) 0.05 (0.00) 0.19 (0.01) 0.19 (0.02) 0.01 (0.00) 0.07 (0.01) 1.29 (0.06)

vowel: k = 11, p = 11, N = 990, ntest = 190

100 40.83 (0.69) 60.34 (0.63) 49.72 (0.68) 45.82 (0.89) 36.46 (0.75) 48.63 (0.72) 57.70 (0.73)

200 23.63 (0.53) 55.57 (0.61) 40.86 (0.73) 33.54 (0.64) 21.82 (0.61) 40.28 (0.58) 41.89 (0.61)

300 14.93 (0.54) 57.89 (0.12) 29.87 (0.74) 30.45 (0.63) 15.71 (0.51) 37.11 (0.60) 30.43 (0.52)

400 9.05 (0.38) * (*) 21.70 (0.68) 26.84 (0.62) 11.29 (0.48) 36.43 (0.56) 20.80 (0.51)

600 4.03 (0.28) * (*) * (*) 23.51 (0.44) 5.75 (0.31) 34.80 (0.50) 9.79 (0.45)

800 2.03 (0.17) * (*) * (*) 22.32 (0.50) 3.96 (0.27) 34.33 (0.46) 5.28 (0.25)

waveform: k = 3, p = 40, N = 4999, ntest = 4199

100 16.86 (0.15) 18.74 (0.20) 22.55 (0.28) 22.44 (0.40) 18.74 (0.25) 18.83 (0.24) 28.37 (0.40)

200 15.40 (0.10) 16.46 (0.11) 19.33 (0.17) 18.75 (0.23) 16.91 (0.11) 17.06 (0.12) 25.39 (0.26)

300 14.95 (0.08) 15.66 (0.09) 17.60 (0.13) 17.91 (0.17) 16.29 (0.09) 16.26 (0.08) 24.28 (0.22)

400 14.54 (0.07) 15.12 (0.11) 16.60 (0.11) 17.35 (0.16) 15.84 (0.09) 15.97 (0.08) 23.82 (0.21)

600 14.21 (0.06) 14.77 (0.09) 15.62 (0.08) 16.54 (0.12) 15.42 (0.09) 15.54 (0.09) 22.69 (0.15)

800 14.23 (0.07) 14.72 (0.07) 15.21 (0.08) 16.24 (0.13) 15.26 (0.07) 15.56 (0.06) 22.35 (0.10)
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Table 4.4: Mean computation time on benchmark data applications. We compare our multi-
category kernel DWD (denoted by WZ) with DWD (denoted by HLD (Huang et al., 2013)),
multiclass kernel SVM (R package SMSVM), reinforcement angle-based multiclass SVM
(R package ramsvm), random forest (R package randomForest), gradient boosting
machines (R package gbm), and k-nearest neighbors (R package class). The results
are averaged by 40 independent runs. The computation time of each method includes the
parameter tunes. Computations were conducted on a single-processor Intel(R) Xeon(R)
central processor unit E5-2660 at 2.60 GHz. Cases when the algorithm did not converge
within ten hours are marked as “*”.

ntrain 100 200 300 400 600 800 100 200 300 400 600 800

abalone: k = 3, p = 9, N = 4177, ntest = 3377 covtype: k = 3, p = 10, N = 73631, ntest = 72831

DWD (WZ) 3.9 15.2 42.9 100.3 462.1 967.3 0.8 3.5 7.7 13.9 63.9 154.6

DWD (HLD) 6.6 12.4 315.5 719.9 2603.9 6226.6 7.7 21.1 529.5 1111.1 3613.4 8670.1

Multiclass SVM 3.2 26.2 99.1 256.8 946.0 2342.2 5.3 23.1 79.1 204.2 771.5 1966.8

Angle-based SVM 4.3 10.2 19.8 37.9 80.2 175.6 43.1 50.6 62.8 83.4 135.2 245.8

Random forest 0.2 0.4 0.5 0.7 1.0 1.2 4.4 4.5 4.7 4.7 4.7 5.0

Gradient boosting 0.2 0.3 0.4 0.4 0.6 0.7 3.4 3.4 3.4 3.5 3.6 3.8

k-nearest neighbors 0.1 0.1 0.1 0.1 0.1 0.2 0.4 0.6 0.8 1.0 1.4 1.7

pendigits: k = 10, p = 16, N = 10990, ntest = 10190 satimage: k = 6, p = 36, N = 6435, ntest = 5835

DWD (WZ) 0.9 2.6 5.6 10.2 58.1 221.5 2.5 5.2 11.9 23.4 99.5 271.3

DWD (HLD) 1080.9 11139.8 * * * * 311.1 2512.5 8194.5 27861.0 * *

Multiclass SVM 98.8 1083.9 4482.8 12268.9 * * 25.2 213.6 784.6 2009.3 7563.4 20737.1

Angle-based SVM 75.9 270.4 595.7 1054.8 2358.3 4269.0 21.3 70.1 163.5 294.6 659.6 1236.0

Random forest 0.6 0.9 1.0 1.2 1.5 1.8 0.3 0.5 0.8 1.1 1.7 2.4

Gradient boosting 1.6 2.0 2.3 2.6 3.3 3.9 0.8 1.1 1.4 1.7 2.2 2.9

k-nearest neighbors 0.1 0.1 0.2 0.2 0.3 0.5 0.1 0.1 0.2 0.3 0.4 0.7

segmentation: k = 7, p = 19, N = 2310, ntest = 1510 sensorless: k = 3, p = 48, N = 15957, ntest = 15157

DWD (WZ) 1.1 2.9 6.4 11.4 76.0 288.5 2.5 10.5 26.6 50.3 299.0 1085.7

DWD (HLD) 285.4 3734.8 12850.7 26370.3 * * 6.9 17.6 632.7 1377.4 6591.7 14212.0

Multiclass SVM 43.3 401.1 1606.8 4299.3 21251.3 * 2.2 14.8 53.0 135.5 579.7 1489.1

Angle-based SVM 24.6 100.0 224.6 398.6 898.7 1672.2 9.7 15.6 24.4 38.7 79.5 164.3

Random forest 0.2 0.4 0.6 0.7 1.1 1.3 1.6 1.7 1.8 1.8 2.4 2.2

Gradient boosting 0.4 0.6 0.9 1.2 1.7 2.2 0.9 1.1 1.3 1.5 1.9 2.4

k-nearest neighbors 0.1 0.1 0.1 0.1 0.2 0.3 0.2 0.4 0.6 0.8 1.3 1.9

vowel: k = 11, p = 11, N = 990, ntest = 190 waveform: k = 3, p = 40, N = 4999, ntest = 4199

DWD (WZ) 1.6 4.9 10.7 19.0 61.9 143.0 2.7 12.3 32.0 60.6 335.3 959.1

DWD (HLD) 1458.4 13342.3 26280.3 * * * 7.8 19.3 626.7 1301.8 4039.3 9705.7

Multiclass SVM 102.7 1272.7 5416.9 17436.9 * * 1.8 10.9 39.5 93.8 338.4 848.9

Angle-based SVM 81.6 322.1 717.6 1279.4 2879.1 5214.6 4.6 10.6 20.0 37.2 78.6 170.1

Random forest 0.2 0.4 0.5 0.7 1.0 1.4 0.3 0.6 0.9 1.2 2.1 3.0

Gradient boosting 0.4 0.6 1.0 1.3 1.9 2.5 0.4 0.6 0.7 0.9 1.3 1.7

k-nearest neighbors 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.2 0.3 0.4 0.7
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Table 4.5: Rank of the prediction accuracy of each method on benchmark data applications.
For each data set, the rank is given based on the average prediction accuracy of different
methods on different training sizes: 100, 200, 300, 400, 600, 800. For each data, k and
p are the number of classes and dimensions. For each method, the ranks of the prediction
accuracy on different data sets are averaged to yield the overall rank.

k p DWD DWD Multiclass Angle-based Random Gradient k-nearest

WZ HLD SVM MSVM forest boosting neighbors

abalone 3 9 2 4 1 3 6 5 7

covtype 3 10 5 7 2 4 1 3 6

pendigits 10 16 2 7 3 1 4 6 5

satimage 6 36 2 7 5 4 1 6 3

segmentation 7 19 4 7 3 6 1 2 5

sensorless 3 48 5 2 4 6 1 3 7

vowel 11 11 1 7 5 4 2 6 3

waveform 3 40 1 2 5 6 3 4 7

overall 2 6 3 4 1 5 6

Table 4.6: Rank of the computation time of each method on benchmark data applications.
For each data set, the rank is given based on the average prediction accuracy of different
methods on different training sizes: 100, 200, 300, 400, 600, 800. For each data, k and p
are the number of classes and dimensions. For each method, the ranks of the computation
time on different data sets are averaged to yield the overall rank.

k p DWD DWD Multiclass Angle-based Random Gradient k-nearest

WZ HLD SVM MSVM forest boosting neighbors

abalone 3 9 5 7 6 4 3 2 1

covtype 3 10 4 7 6 5 3 2 1

pendigits 10 16 4 6 7 5 2 3 1

satimage 6 36 4 7 6 5 2 3 1

segmentation 7 19 4 7 6 5 2 3 1

sensorless 3 48 5 7 6 4 3 2 1

vowel 11 11 4 7 6 5 2 3 1

waveform 3 40 6 7 5 4 3 2 1

overall 4 7 6 5 2 2 1
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4.6 Discussion

In this chapter we have proposed a new multicategory kernel DWD for multiclass classi-

fication. Our method is able to capture potential highly nonlinear structure of the Bayes

rule and hence is more desirable than the restrictive multicategory linear DWD. We have

derived an efficient accelerated PGD algorithm for fitting multicategory kernel DWD. Ex-

tensive simulations and benchmark data examples have shown that multicategory kernel

DWD is a worthy competitor against the popular off-the-shelf multiclass classifiers, in-

cluding the SVM, random forest, gradient boosting, and k-nearest neighbors. Therefore,

we view multicategory kernel DWD as a valuable addition to the classification toolbox for

real applications.

The classification problem in this chapter has equal weights on different classes. In

many applications, we may face the non-standard classification problems such as imbal-

anced class size or unequal cost. Non-standard SVM and DWD have previously studied in

Lee et al. (2004) and Qiao et al. (2010). In the future research, it will be interesting to gen-

eralize the proposal in this chapter to the non-standard case. Moreover, after establishing

the Fisher consistency of multicategory kernel DWD, we would also like to establish the

asymptotic convergence rates of the generalization error, which is left as a future research

topic.



Chapter 5

Magic Cross-Validation Theory for
Large-Margin Classification

Cross-validation (CV) is perhaps the most widely used tool for tuning supervised machine

learning algorithms and estimating the generation error. CV are typically expensive to

compute due to the repetition of the model fits. To lessen such computational burden, the

leave-one-out lemma has been presented for the least square regression; nonetheless for

classification, all existing fast CV methods are either complicated, narrowly applicable, or

unable to yield exact CV estimates. In this chapter, we develop a magic formula for doing

CV in the context of large-margin classification, e.g., the support vector machine (SVM)

and logistic regression. We propose a magic SVM, which is a novel algorithm based on the

magic CV formula to integrate the processes of fitting and tuning the SVM. As shown in

extensive numerical studies, the magic SVM is significantly faster than the state-of-the-art

SVM solvers.

5.1 Introduction

Cross-validation (e.g., Lachenbruch and Mickey, 1968; Stone, 1974; Geisser, 1975; Wahba

and Wold, 1975; Allen, 1977; Arlot and Celisse, 2010) is most widely used in parameter

selection and model assessment in regression and classification. A common variant of

cross-validation (CV) is V -fold CV, which segments the original sample into V equal-

67
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sized folds, training on every V − 1 fold amalgamation and evaluating prediction error on

the left-over fold. The average of such prediction error is CV error, which can be regarded

as an estimate of the generalization error on unseen test data.

Leave-one-out cross-validation (LOOCV) is a special instance of the V -fold CV. It is

referred to the case when V equals the sample size n. Under such circumstance, as much

data as possible are exploited to assemble the training sets, and the remaining validation

sets are mutually exclusive. LOOCV possesses appealing properties. First, Luntz and

Brailovsky (1969) have shown that LOOCV yields almost unbiased estimate of the gen-

eralization error. The bias of V -fold CV decreases as V increases. Second, different data

splits in V -fold CV propagate additional variability. In other words, the results given by

V -fold CV with V < n are random in terms of data splits, whereas the LOOCV result is

deterministic due to the unique data split. The variability of V -fold CV caused by different

data splits has been numerically studied by Rodrı́guez et al. (2010). In addition, there is

a quite widespread statement saying that LOOCV has larger variance than other V -fold

CVs; many researchers claimed so by incorrectly citing Efron (1983), Bailey and Elkan

(1993), and Breiman (1996). However, Efron (1983) and Bailey and Elkan (1993) actually

compared cross-validation with the bootstrap, and Breiman (1996) attended to a special

example with unstable algorithms. In fact, much work has been done to theoretically and

numerically demonstrate that the variance of LOOCV error tends to be identical to the other

V -fold CVs (e.g., Burman, 1989; Kohavi, 1995; Bengio and Grandvalet, 2004; Molinaro

et al., 2005; Zhang and Yang, 2015). We further substantiate this result by fitting the kernel

SVM on a mixture of Gaussian models. As delineated in Figure 5.1, LOOCV has almost

no bias in estimating the test error, while the bias largely increases as V decreases. We

also see that the standard error of the CV error exhibits very little difference as V varies.

Similar trends are also observed for kernel logistic regression (Zou and Hastie, 2005).

Due to the practical appeal of cross-validation, an algorithm should integrate both

model fits and cross-validations. However, as LOOCV fits the model n times, LOOCV

is computationally expensive, and the cost is especially considerable when the final model

is selected along a fine grid of tuning parameters. Much work has been devoted to fast

LOOCV computations. Historically, the V -fold CV was invented at the outset as a compu-

tational remedy of LOOCV (Geisser, 1975). In the least square regression, the leave-one-
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out lemma (Craven and Wahba, 1979) allows for an efficient computation of LOOCV error

with essentially the same cost as a single fit. The details regarding the leave-one-out lemma

will be reviewed later. On the other hand, the classification does not have such universal

magic formula. Many fast LOOCV methods have been proposed for specific classification

problems. Among these methods, some yield the exact LOOCV error as the classic method

does, for example, kernel Fisher discriminant analysis (Cawley and Talbot, 2003; Bo et al.,

2006), k-nearest neighbors (Celisse and Mary-Huard, 2012), and least square support vec-

tor machines (Cawley and Talbot, 2004; Zhao and Keong, 2004; Cawley, 2006; An et al.,

2007; Cawley and Talbot, 2007); while others only achieve approximated LOOCV error,

e.g., support vector machines (SVM) (Wahba, 1999; Opper and Winther, 2000; Zhang and

Wang, 2016), kernel logistic regression (Cawley and Talbot, 2008), and neural networks

(Hansen and Larsen, 1996). Moreover, Cauwenberghs and Poggio (2001); Izbicki (2013);

Joulani et al. (2015) implemented fast cross-validations for incremental training methods.

Some work also theoretically approximate LOOCV error: examples include the VC-type

span bounds for the SVM (Vapnik and Chapelle, 2000; Chapelle et al., 2002) and the in-

fluence functions for kernel methods (Debruyne et al., 2008; Liu et al., 2014). Unlike the

leave-one-out lemma in regression, most fast LOOCV methods in classification are mathe-

matically complicated.

In this chapter, we introduce a magic CV theory for kernel classifiers. We propose the

magic SVM by applying the magic CV theory to the kernel SVM. We shall demonstrate in

numerial studies that the magic SVM is significantly faster than the state-of-the-art SVM

solvers. In this chapter, we specially focus on the kernel SVM. Our method can be easily

generalized to other kernel classifiers, e.g., logistic regression. The magic CV theory covers

LOOCV, V -fold CV, delete-v CV, among others. The recipe is surprisingly simple, but the

method is extremely powerful. With much less computational cost, the magic CV exactly

computes the CV error obtained by the classic CV approach, rather than an approximation.

In Section 5.2, we review the leave-one-out lemma for regression and derive the magic

CV theory for kernel classifiers. We develop the magic SVM in Section 2.3. We present

numerical studies are presented in Section 5.4.
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Figure 5.1: The first two rows depict the kernel SVM: the top four panels are curves of
CV error (circles) and true error (triangles), and the bottom four panels are curves of
CV expected loss (circles) and true expected loss (triangles). The last two rows are the
same plots for kernel logistic regression. The data (n = 100, p = 20) are generated
from a mixture of Gaussian models (Bayes error: 13.8%.) We draw 10 centers µk from
N((−1, 1)T , I), and we then randomly pick up one center and generate one positive-class
observation from N(µk, 4I). Observations from the negative class are convened similarly,
with N((1,−1)T , I). The true error and the true expected loss are assessed on 10,000 ob-
servations generated independently. Errors and losses are averaged over 100 independent
runs, and the standard error bars are also given.
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5.2 Magic Cross-Validation

5.2.1 Review of cross-validation for regression

Consider the following model,

y = f(x) + ε.

The response y ∈ R takes continuous value and the predictor x ∈ Rp. Suppose that we are

given training data {(xi, yi)}ni=1, and we estimate f using a generic regularization,

f̂λ = argmin
f

[
1

n

n∑
i=1

(yi − f(xi))
2 + λP (f)

]
, (5.1)

where P (f) is a penalty term, and λ is a tuning parameter varying the model complexity.

Among many others, two common examples are ridge regression, when f(xi) = xTi β for

β ∈ Rp and P (f) = ‖β‖22, and smoothing splines, when P (f) =
∫
f ′′(u)2du.

Cross-validation can be used to select the tuning parameter λ in (5.1). We randomly

split the training data into V disjoint sets, and a map τ : {1, . . . , n} → {1, . . . , V } indicates

which set the ith data point is assigned to. Typical choices of V are 5, 10, and n. When

V = n, we customarily let τ(i) = i and the corresponding method is known as the leave-

one-out cross-validation (LOOCV). Denote by

f̂
[−v]
λ = argmin

f

[
1

n

n∑
i=1,i 6=v

(yi − f(xi))
2 + λP (f)

]
, (5.2)

the fitted function estimated using the training data with the vth data point removed. Then

the LOOCV error is

LOOCV(λ) =
1

n

n∑
i=1

(
yi − f̂ [−i]

λ (xi)
)2
,

and the LOOCV estimate of λ is the minimizer of LOOCV(λ).

Craven and Wahba (1979) derived the following leave-one-out lemma. The lemma
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arises from the self-stability property, that the fitted regression model f̂ remains unaltered

when adding a new data point on the fitted surface, i.e., (x, f̂(x)). Although the lemma was

originally tailored for the smoothing splines, it can be readily applied on general regression

problems.

Lemma 5.1
For each v = 1, . . . , V , suppose f̂ [−v]

λ is the solution of (5.2) Let ỹv = f̂
[−v]
λ (xv) and ỹi = yi

if i 6= v. Then we have

f̂
[−v]
λ = argmin

f

[
1

n

n∑
i=1

(ỹi − f(xi))
2 + λP (f)

]
.

Suppose the problem (5.1) has a solution f̂λ(xi) = HT
i y where H is a symmetric matrix

with the ith columnH i and the ith diagonal element hii. The LOOCV error has a shortcut

formula:

LOOCV(λ) =
1

n

n∑
i=1

(
yi − f̂ [−i]

λ (xi)
)2

=
1

n

n∑
i=1

(yi − f̂λ(xi))2

(1− hii)2
.

�

To be self-contained, the proof of Lemma 5.1 is shown in the Appendix D.

5.2.2 Magic leave-one-out cross-validation for margin classifiers

In a binary classification problem, each yi belongs to {−1, 1}. A margin classifier can be

written in the following loss-plus-penalty form,

f̂λ = argmin
f

[
1

n

n∑
i=1

L (yi · f(xi)) + λP (f)

]
. (5.3)

The classification rule for a new data point xnew is the sign of f̂λ(xnew).

Popular choices of the loss functions L(·) are

• Logistic regression: L(u) = log(1 + exp(−u)).
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• Support vector machine (SVM): L(u) = (1− u)+, namely, the hinge loss.

• Squared SVM: L(u) = [(1− u)+]2.

• Huber SVM (Zhang, 2004; Wang et al., 2008):

L(u) =


−u, if u ≤ −1,

(1− u)2/4, if − 1 < u ≤ 1,

0, if u > 1.

• Distance weighted discrimination (DWD, Marron et al., 2007):

L(u) =

1− u, if u ≤ 1/2,

1/(4u), if u > 1/2.

An important subclass of (5.3) are kernel classifiers, which are associated with a re-

producing kernel Hilbert space (RKHS) HK , being generated by a positive-definite kernel

function K:

f̂λ = argmin
f∈HK

[
1

n

n∑
i=1

L (yi · f(xi)) + λ‖f‖2HK

]
. (5.4)

A popular example of K is Gaussian radial basis function kernel, K(x,x′) = exp(−‖x−
x′‖2/(2σ2)).

The theory of reproducing kernels (Wahba, 1990) indicates, for some α̂ ∈ Rn, f̂(x) =∑n
i=1 α̂iK(xi,x) and ‖f̂‖2HK =

∑n
i=1

∑n
j=1 α̂iK(xi,xj)α̂j . We define the positive-definite

kernel matrix K with the (i, j)th element K(xi,xj). Accordingly, the problem (5.4)

amounts to

α̂ = argmin
α∈Rn

[
1

n

n∑
i=1

L
(
yi ·KT

i α
)

+ λαTKα

]
.

The corresponding classification rule for xnew is the sign of
∑n

i=1 α̂iK(xi,xnew).
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Throughout this chapter, we avoid the so-called one-class classification (Moya and

Hush, 1996; Khan and Madden, 2009), which is referred to an extreme case that the training

set consists of observations from only one class. When using cross-validation, the training

set under each split is also required to contain both positive and negative classes.

For each v = 1, . . . , n, define the LOOCV estimator as

f̂
[−v]
λ = argmin

f∈HK

[
1

n

n∑
i=1, i 6=v

L (yi · f(xi)) + λP (f)

]
. (5.5)

We present the magic leave-one-out lemma for the margin classifiers.

Lemma 5.2
Suppose f̂ [−v]

λ is defined in (5.5). If we let ỹv = 0 and ỹi = yi if i 6= v, then we have

f̂
[−v]
λ = argmin

f∈HK

[
1

n

n∑
i=1

L (ỹi · f(xi)) + λP (f)

]
.

�

Proof 5.1
For any function f , we have that,

1

n

n∑
i=1

L
(
ỹi · f̂ [−v]

λ (xi)
)

+ λP (f̂
[−v]
λ ) =

1

n

n∑
i=1, i 6=v

L
(
yi · f̂ [−v]

λ (xi)
)

+
1

n
L(0) + λP (f̂

[−v]
λ )

≤ 1

n

n∑
i=1, i 6=v

L (yi · f(xi)) +
1

n
L(0) + λP (f)

=
1

n

n∑
i=1

L (ỹi · f(xi)) + λP (f),

where the inequality is due to (5.5) and the two equalities arise from ỹv = 0. �

Consequently, by the theory of reproducing kernels, the LOOCV (5.5) is paraphrased
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as

α̃[−v] = argmin
α∈Rn

[
1

n

n∑
i=1

L
(
ỹi ·KT

i α
)

+ λαTKα

]
. (5.6)

Lemma 5.2 can be readily generalized to the cases of V -fold CV and delete-v CV. We

take V -fold CV as an example. Suppose the ith data point is allocated to the set τ(i) by

randomization, then for each v = 1, . . . , V , the V -fold CV estimate is defined as

f̂
[−v]
λ = argmin

f∈HK

 1

n

∑
{i:τ(i)6=v}

L (yi · f(xi)) + λ‖f‖2HK

 . (5.7)

The magic CV formula for the V -fold CV is presented as follows.

Lemma 5.3
For each v = 1, . . . , V , suppose f̂ [−v]

λ is defined in (5.7); for a given τ(·), we define ỹi = 0

if τ(i) = v, and ỹi = yi if τ(i) 6= v, then we have

f̂
[−v]
λ = argmin

f∈HK

[
1

n

n∑
i=1

L (ỹi · f(xi)) + λ‖f‖2HK

]
. �

5.3 Magic CV Algorithms in Computing SVM

In this section, we apply the magic CV formula in solving kernel classifiers. Two most

popular examples are the kernel SVM and kernel logistic regression. Since good selection

of tuning parameters in kernel classifiers is of paramount importance, the algorithm should

integrate computing the complete solution path and conducting cross-validation for model

tunes. Owing to the repetitions in the model fits, we realize that computational burden of

the state-of-the-art SVM algorithms is large. Therefore, we propose an exact smoothing

principle for solving the SVM, and we then apply the magic CV formula for LOOCV. Our

method is exemplified by the SVM, although it can be readily generalized to smooth losses,

for instance, logistic regression.
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5.3.1 Exact smoothing principle for kernel SVM

The state-of-the-art algorithm for solving SVMs is through sequential minimal optimiza-

tion (SMO). The terminology SMO was coined by Platt (1999). The earliest SVM algo-

rithms include the chunking algorithm (Boser et al., 1992) and the decomposition algorithm

Osuna et al. (1997), shrinking the original problem into smaller QP sub-problems. Specifi-

cally, Osuna et al. (1997) partitioned the index set {1, . . . , n} into a working set containing

free variables and another set of fixed variables, and only updated the solution on the work-

ing set in each iteration. Osuna et al. (1997) assembled the working set with arbitrary

observations violating the optimality conditions, and Joachims (1999) advanced the work-

ing set selection by pursuing the steepest descent in the objective function. As an extreme

case, Platt (1999) restricted the working set to only contain two elements, which are the

so-called maximal violating pair, the two data points violating the optimality conditions

most. The SMO algorithm was further refined by Keerthi et al. (2001) and Fan et al. (2005)

by interpreting the maximal violation in different means.

However, the application of the magic CV formula on the SMO algorithm is infeasible,

because the working set is contrived based on the fact that each yi is 1 or −1. Since SMO

requires each model fit of O(n3) operations, the time complexity of the entire LOOCV

procedure is O(n4).

We now introduce the exact smoothing principle for solving the exact solution of the

kernel SVM. We then apply the magic CV theory to our new algorithm.

Let L(u) = (1−u)+ be the hinge loss in (4.15). Define θ = Kα and then θ and α are

one-to-one correspondent by the positive-definiteness ofK. The kernel SVM is formulated

as,

min
θ∈Rn

Q(θ) ≡ min
θ∈Rn

n∑
i=1

L(yiθi) + nλθTK−1θ. (5.8)

To solve this problem, we first construct a decreasing sequence of δ. For each δ, we
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define a smoothed hinge loss function Lδ:

Lδ(u) =


0 u ≥ 1 + δ,
1

4δ
[u− (1 + δ)]2 1− δ < u < 1 + δ,

1− u u ≤ 1− δ,

and the corresponding objective function is

min
θ∈Rn

Qδ(θ) = min
θ∈Rn

n∑
i=1

Lδ(yiθi) + nλθTK−1θ. (5.9)

Note that we are not inventing or advocating a new loss function. The proposal of the

smoothed hinge loss is only for solving the SVM. Our smoothed hinge loss is different

from the Huber SVM studied by Zhang (2004); Wang et al. (2008); Yang and Zou (2013).

As δ → 0, it is trivial to see the SVM solution being approximated by the solutions of a

sequence of problem (5.9). Compared to the original problem (5.8) with non-differentiable

hinge loss, the problem (5.9) is much simpler to solve. However, it is well known that

the non-differentiable hinge point plays an important role in delivering high prediction

accuracy for the SVM. Thus, our ultimate target is to seek the exact SVM solution rather

than an approximation. To this end, we present the following theorem.

Theorem 5.1
(Exact Smoothing Principle) With training data given, suppose θSVM and θδ are the unique

solution of Q(θ) and Qδ(θ), respectively, then there exists a small δ? such that θδ = θSVM

when δ < δ?.

Theorem 5.1 declares that the exact SVM solution is virtually attained before δ reaches

zero. Therefore, given a sequence of δ(d) with δ(d+1) = rδ(d) and 0 < r < 1. We solve θ̂
δ(d)

sequentially, and the entire algorithm stops when some θ̂
δ(d) satisfies the Karush-Kuhn-

Tucker (KKT) condition of (5.8). The algorithm for solving θ̂
δ(d) will be introduced in the

next subsection.
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5.3.2 Accelerated proximal gradient algorithm

In this section, we develop an efficent algorithm for solving the smoothed SVM problem

(5.9). Our algorithm is based on the proximal gradient method (Parikh and Boyd, 2014).

For a given δ, the objective function in (4.15) is written as

Q(θ) = `δ(θ) + nλθTK−1θ, where `δ(θ) ≡
n∑
i=1

Lδ (yiθi) .

Suppose θ(1) is an initial value. For each k, the proximal gradient method updates θ(k+1)

by

θ(k+1) = argmin
θ∈Rn

[
2nλδθTK−1θ +

1

2

∥∥∥θ − (θ(k) − 2δ∇`δ(θ(k))
)∥∥∥2

2

]
. (5.10)

The objective function in (5.10) is quadratic in terms of θ, hence the minimizer can be

solved efficiently. By setting the gradient to be zeros, we obtain from (5.10) that

θ(k+1) − θ(k) = −
(

2λI +
1

2nδ
K

)−1(
1

n
K∇`δ(θ(k)) + 2λθ(k)

)
.

Define z(k) = ∇`(θ(k))/n. Given θ = Kα, we have the update formula for α(k+1):

α(k+1)−α(k) = −P−1λ (K)
(
Kz(k) + 2λKα(k)

)
, where P λ(K) = 2λK+

1

2nδ
KK.

(5.11)

Parikh and Boyd (2014) claimed that the proximal gradient method converges when `

has a Lipschitz gradient. It can be found that for the smoothed hinge loss function,

|∇`δ(θ1)−∇`δ(θ2)| ≤
1

2δ
‖θ1 − θ2‖2.

We can further boost the algorithm using the proximal gradient method with the Nes-

terov’s acceleration (Nesterov, 1983, 2005, 2007; Beck and Teboulle, 2009). Consider a

numerical sequence, rk, such that r1 = 1 and rk+1 = (1 +
√

1 + 4r2k)/2. Define θ(0) and
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θ(1) as initial values. For each k = 1, 2, . . ., we solve θ(k+1) as

θ(k+1) = argmin
θ∈Rn

[
nλδθTK−1θ +

1

2

∥∥∥θ − (θ̄(k) − 2δ∇`(θ̄(k))
)∥∥∥2

2

]
, (5.12)

where

θ̄
(k)

= θ(k) +

(
rk − 1

rk+1

)(
θ(k) − θ(k−1)

)
.

In addition, we employ the warm-start trick in our implementation to accelerate and

stabilize the algorithm (Friedman et al., 2007). Specifically, rather than fix a single value of

λ, we compute the whole solution path of θ over a decreasing sequence {λl}. For each l,

we adopt the solution θ̂[l] as the initial value to solve θ̂[l+1]. With the warm-start, empirical

results indicate that b, how many iterates of (5.11), is usually below 100. For a given value

λ, the matrix inversion requires O(n3) operations and each update (5.11) is O(n2), so the

integrated algorithm is O(n3 + bn2).

5.3.3 Magic LOOCV for kernel SVM

When LOOCV is applied on the kernel SVM, the classic mechanism requires fitting models

n times with each observation alternatively removed. For each v = 1, . . . , n, denote by

K [−v] the kernel matrix with the vth row and column removed, and the K [−v]
i notation

indicates the ith column ofK [−v]. The vth leave-one-out estimate is

α̂[−v] = argmin
α∈Rn−1

[
1

n

n∑
i=1, i 6=v

L
(
yi ·αTK [−v]

i

)
+ λαTK [−v]α

]
.

As K [−v] differs for each v, P λ(K
[−v]) needs to be inverted individually, so each fold has

approximately O(n3 + bn2) operations. The complexity of the LOOCV for each fixed λ is

O(n4 + bn3).

To save the computational cost, we implant the magic CV formula. By Lemma 5.2, the

leave-one-out estimate α[−v] can be obtained as (5.6). We notice the accelerated proximal

gradient algorithm introduced in the last section works for any value of y, instead of only

±1. Therefore, for each fold, we construct the response ỹ, and use the algorithm to solve

(5.6).
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In Algorithm 4, we summarize the magic LOOCV in the kernel SVM. Since all folds

share the same kernel matrixK, the matrix P λ(K) is inverted only once. Hence, the time

complexity of Algorithm 4 isO(bn3), being far less than the time complexity of the classic

LOOCV.

5.3.4 Magic LOOCV for kernel logistic regression

Another important margin classifier is logistic regression. We now solve kernel logistic

regression using the fixed-Hessian Newton-Raphson method. The objective function is

Q(α) =
1

n

n∑
i=1

L(yi ·KT
i α) + λαKα, where L(u) = log (1 + exp(−u)) .

With an initial value α(1), the Newton-Raphson update with respect to α is

α(k+1) = α(k) −
(
∇2Q(α(k))

)−1∇Q(α(k))

= α(k) −
(

2λK +
1

n
KWK

)−1
(Kz(k) + 2λKα(k)),

where z(k)i = yi · L′(yi · KT
i α)/n and W is a diagonal matrix with the ith element of

L′′(yi ·KT
i α). We observe that each L′′(yi ·KT

i α) ≤ 1/4, hence the update with the fixed

Hessian becomes

α(k+1) = α(k) −
(

2λK +
1

4n
KK

)−1
(Kz(k) + 2λKα(k)).

We can also employ the Nesterov’s acceleration for the fixed-Hessian Newton-Raphson

method. Like (5.12), with α(k−1) and α(k) being computed, we have that

α(k+1) = ᾱ(k) −
(

2λK +
1

4n
KK

)−1 (
Kz̄(k) + 2λKᾱ(k)

)
,

in which

ᾱ(k) = α(k) +

(
rk − 1

rk+1

)
(α(k) −α(k−1)), and z̄(k) =

1

n
yi · L(yi ·KT

i ᾱ
(k)).
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Algorithm 4 Magic leave-one-out cross-validation for kernel SVM
Require: y,K, λ, and r.

1: for v = 1, . . . , n do
2: Let ỹi = yi if i 6= v, and ỹv = 0.
3: Initialize α̃[−v].
4: Initialize δ. Define Lδ.
5: repeat
6: Update α̃′[−v] ← α̃[−v].
7: Compute P−1λ (K) = (2λK + 1

2nδ
KK)−1.

8: repeat
9: Compute z̃ = (z̃1, . . . , z̃n)T , with z̃i = ỹiL

′δ(yi ·Kiα̃
[−v])/n.

10: Update α̃[−v] ← α̃[−v] − P−1λ (K)
(
Kz̃ + 2λKα̃[−v]).

11: until the convergence condition is met.
12: Update δ ← rδ
13: until the KKT condition check of SVM is passed.
14: end for

The magic CV used for logistic regression is similar to the one used for the kernel SVM.

We summarize the magic LOOCV in Algorithm 5.

Algorithm 5 Magic leave-one-out cross-validation for kernel logistic regression
Require: y,K, and λ.

1: Compute P−1λ (K) = (2λK + 1
4n
KK)−1.

2: for v = 1, . . . , n do
3: Let ỹi = yi if i 6= v, and ỹv = 0.
4: Initialize α̃[−v].
5: repeat
6: Compute z̃ = (z̃1, . . . , z̃n)T , with z̃i = ỹiL

′(ỹi ·KT
i α̃

[−v])/n.
7: Update α̃[−v] ← α̃[−v] − P−1λ (K)

(
Kz̃ + 2λKα̃[−v]).

8: until the convergence condition is met.
9: end for

5.4 Numerical Studies

In this section, we illustrate the algorithmic performance and statistical properties of the

magic cross-validation with simulated data and benchmark data sets. We implement our
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Figure 5.2: Ratios of the run time without using the magic CV formula to the run time
with using the magic CV formula. The left panel is for the kernel SVM and the right one
is for kernel logistic regression. All the time includes selecting the tuning parameter from
100 candidate values. Each time is averaged over 20 independent runs. Computations were
conducted on an Intel Core i5 M560 (2.67 GHz) processor.

algorithms in an R package magicsvm. Our package handles logistic regression as well.

5.4.1 Performance of Magic Cross-Validation

We implement the magic SVM with the exact smoothing algorithm as well as the magic CV

formula. In this section, we demonstrate that the magic CV formula has significant effect

in reducing the computation time, and we also show the magic SVM has large advantages

over kernlab (Karatzoglou et al., 2004) and e1071 (Meyer et al., 2015), which are the

two most popular R packages for solving the SVM.

We generated data from a mixture Gaussian model. Define µ+ = (1, . . . , 1, 0, . . . , 0)

and µ− = (0, . . . , 0, 1, . . . , 1), half of which are ones and the other half are zeros. In each
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example, the positive class arose from a mixture Gaussian distribution
∑10

k=1 0.1N(µk+, 4I)

with each µk+ drawn from N(µ+, I), and likewise the negative class was assembled by∑10
k=1 0.1N(µk−, 4I) with each µk− from N(µ−, I). We included twelve examples, with

the sample sizes n = {100, 200, . . . , 600} and the dimensions p = 0.2n and p = 0.5n.

In each example, we fitted the kernel SVM and kernel logistic regression with Gaussian

kernels, and conducted LOOCV for model tunes.

Figure 5.2 depicts ratios of the run time without and with the magic CV formula. For

both the SVM and logistic regression, we observe the ratio linearly increases against the

sample size. When n = 600, the magic CV formula boosts the logistic regression above

100 times faster. We also verified that the results obtained with and without the magic

CV formula are almost identical, with slight differences caused by machine errors and

implementations.

We next compare magicsvm to kernlab and e1071. With the same simulation

settings, we fitted kernel SVMs with Gaussian kernels using the three packages. Table 5.1

records the total run time. With λ selected by magicsvm, we refit the kernel SVM using

kernlab and e1071 and computed the objective values, Q(θ) in (5.8).

In Table 5.1, we observe the objective values of three packages are the same, with only

one exception in the case when n = 200 and p = 100. Furthermore, we see that the

exact smoothing principle equipped with the magic CV formula is always the fastest. For

example, when n = 400 and p = 200, the package e1071 spent more than two and a half

hours to complete the entire computation; as a comparison, within six minutes, the same

results were obtained by magicsvm. In conclusion, our method yields almost the same

results as kernlab and e1071, but our method is significantly faster.

5.4.2 Benchmark Data Applications

In this section, we examine the performance of magicsvm on eight benchmark data sets

obtained from the UCI machine learning repository (Dua, D. and Karra Taniskidou, E.,

2017). We randomly split each data into a training set and a test set with equal sizes. On

the training data, using our package magicsvm and the packages kernlab and e1071,

we fitted the kernel SVM and conducted both LOOCV and 10-fold CV for selecting the
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Table 5.1: Time comparison of three R solvers of kernel SVM: magicsvm, kernlab,
and e1071. The run time includes the leave-one-out cross-validations to select tuning
parameter. Using the tuning parameter selected by magicsvm, the corresponding objec-
tive values obtained by three R solvers are exhibited and the respective standard errors are
given in parentheses. Computations were conducted on an Intel Core i5 M560 (2.67 GHz)
processor.

n p
time (seconds) objective value (5.8)

magicsvm kernlab e1071 magicsvm kernlab e1071

200 40 45.059 319.026 617.379 0.640 0.640 0.640

(0.011) (0.011) (0.011)
100 39.461 504.113 900.292 0.599 0.599 0.675

(0.014) (0.014) (0.073)
300 60 122.958 967.405 2305.041 0.631 0.631 0.631

(0.010) (0.010) (0.010)
150 107.102 1680.196 3443.444 0.611 0.611 0.611

(0.018) (0.017) (0.017)
400 80 373.881 2279.869 6232.798 0.629 0.629 0.629

(0.012) (0.012) (0.012)
200 343.342 4506.013 9473.093 0.608 0.608 0.608

(0.015) (0.015) (0.015)

tuning parameter. In Table 5.2, we recorded total computation time including the model

fits and tunes, and we assessed the prediction error on the test sets. As a comparison, we

fitted kernel logistic regression using our package magicsvm. We observe that in both

LOOCV and 10-fold CV, the magic SVM has significant advantages over kernlab and

e1071 in computation time, while the three packages deliver similar prediction accuracy.

We also find that the prediction accuracy of the kernel SVM is overall better than kernel

logistic regression. When LOOCV is used, in all examples except for the LSVT data, the

magic SVM has better accuracy than the logistic regression: when 10-fold CV is used, the

magic SVM is always better the logistic regression.
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Table 5.2: Run time and prediction error on eight UCI benchmark data. The run time
includes fitting kernel SVM (magicSVM, kernlab, e1071) and kernel logistic regression
(magicLogistic) and tuning using LOOCV and 10-fold CV. All the time and error are av-
eraged over 20 independent runs, with standard errors given in parentheses. Computations
were carried out on an Intel Core i5 M560 (2.67 GHz) processor.

data method
leave-one-out CV 10-fold CV

time (sec) error (%) time (sec) error (%)

arrhythmia magicSVM 46.199 24.093 (0.602) 5.971 24.425 (0.559)

n = 452 kernlab 755.316 24.447 (0.602) 34.586 24.646 (0.648)

p = 191 e1071 1544.779 24.137 (0.602) 60.231 24.447 (0.655)

magicLogistic 5.458 24.779 (0.665) 0.998 24.867 (0.570)

australian magicSVM 63.798 14.058 (0.372) 5.903 14.014 (0.386)

n = 690 kernlab 440.839 14.058 (0.388) 13.649 14.188 (0.396)

p = 14 e1071 887.315 14.203 (0.371) 22.910 14.058 (0.347)

magicLogistic 14.575 14.942 (0.337) 2.694 14.623 (0.261)

hepatitis magicSVM 1.664 14.464 (1.044) 0.365 14.286 (1.012)

n = 112 kernlab 22.837 14.643 (0.966) 4.638 14.732 (0.838)

p = 18 e1071 20.781 14.732 (0.933) 3.646 15.268 (0.864)

magicLogistic 0.106 15.893 (1.011) 0.041 15.714 (1.033)

LSVT magicSVM 3.185 15.873 (0.620) 0.314 16.587 (0.810)

n = 126 kernlab 111.767 15.635 (0.766) 16.934 16.587 (0.742)

p = 309 e1071 232.434 16.270 (0.763) 37.136 16.508 (0.872)

magicLogistic 0.265 15.317 (0.703) 0.054 18.492 (0.965)

musk magicSVM 97.780 10.798 (0.415) 8.381 10.777 (0.419)

n = 476 kernlab 708.587 11.113 (0.433) 32.418 11.092 (0.373)

p = 166 e1071 2078.586 10.777 (0.420) 73.621 10.735 (0.405)

magicLogistic 6.197 12.794 (0.478) 1.153 11.996 (0.378)

SAfrica magicSVM 53.558 28.939 (0.616) 4.145 29.654 (0.859)

n = 462 kernlab 342.820 29.589 (0.750) 15.582 29.502 (0.753)

p = 65 e1071 791.532 29.307 (0.692) 26.657 29.286 (0.785)

magicLogistic 5.202 29.827 (0.776) 0.940 30.281 (0.765)

sonar magicSVM 14.151 17.885 (0.749) 1.362 18.125 (0.781)

n = 208 kernlab 80.996 18.798 (0.973) 8.301 17.837 (0.756)

p = 60 e1071 134.681 18.942 (1.351) 11.413 18.125 (0.897)

magicLogistic 0.844 20.529 (1.180) 0.158 20.769 (0.945)

valley magicSVM 129.080 2.096 (0.186) 8.375 1.980 (0.168)

n = 606 kernlab 899.347 2.195 (0.232) 30.701 1.947 (0.193)

p = 100 e1071 2314.652 2.096 (0.209) 72.831 2.046 (0.214)

magicLogistic 11.586 3.284 (0.273) 2.001 3.366 (0.269)
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Appendix A

Proof of Chapter 2

Proof of Lemma 2.1

Write vi = yi(ω0 + xTi ω) and G(ηi) = 1/(vi + ηi)
q + cηi. The objective function of

(2.4) can be written as
∑n

i=1G(ηi). We next minimize (2.4) over ηi for every fixed i by
computing the first-order and the second-order derivatives of G(ηi):

G′(ηi) = − q

(vi + ηi)q+1
+ c = 0⇒ vi + ηi =

(q
c

) 1
q+1

,

G′′(ηi) =
q(q + 1)

(vi + ηi)q+2
> 0.

If vi > ( q
c
)

1
q+1 , then G′(ηi) > 0 for all ηi ≥ 0, and η?i = 0 is the minimizer. If vi ≤ ( q

c
)

1
q+1 ,

then η?i = ( q
c
)

1
q+1 − vi is the minimizer as G′(η?) = 0 and G′′(η?) > 0.

By plugging in the minimizer η?i into
∑n

i=1G(ηi), we obtain

min
ω0,ω

n∑
i=1

Ṽq
(
yi(ω0 + xTi ω)

)
, subject to ωTω = 1; (A.1)

Ṽq(v) =


(q
c

)− q
q+1

+ c
(q
c

) 1
q+1 − cv, if v ≤

(q
c

) 1
q+1

,

1

vq
, if v >

(q
c

) 1
q+1

.

We now simplify (A.1). Suppose t = ( q
q+1

)( q
c
)−

1
q+1 and t1 = ( 1

q+1
)( q
c
)

q
q+1 . We define

100
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Vq(u) = t1 · Ṽq(u/t) for each q,

Vq(u) =


1− u, if u ≤ q

q + 1
,

1

uq
qq

(q + 1)q+1 , if u >
q

q + 1
.

By setting β0 = t · ω0 and β = t · ω, we find that (A.1) becomes

min
β0,β

n∑
i=1

Vq
(
yi(β0 + xTi β)

)
, subject to βTβ = t2,

which can be further transformed to (2.5) with λ and t one-to-one correspondent.

Proof of Lemma 2.2

We first prove (2.7). We observe that 0 < V ′′q (u) = 1
uq+2

qq+1

(q+1)q
< (q+1)2

q
, for any u > q

q+1
.

Also V ′q (u) is continuous on [ q
q+1

,∞) and differentiable on ( q
q+1

,∞).
If both u1 and u2 > q

q+1
, then the mean value theorem implies that there exists u?? >

q
q+1

:

|V ′q (u1)− V ′q (u2)|
|u1 − u2|

= |V ′′q (u??)| < (q + 1)2

q
. (A.2)

If u1 > q
q+1

and u2 ≤ q
q+1

, then V ′q (u2) = V ′q

(
q
q+1

)
= −1. The mean value theorem

implies that there exists u?? > q
q+1

satisfying

|V ′q (u1)− V ′q (u2)|
|u1 − u2|

≤
|V ′q (u1)− V ′q (

q
q+1

)|
|u1 − q

q+1
|

= |V ′′q (u??)| < (q + 1)2

q
. (A.3)

If both u1 and u2 ≤ q
q+1

, V ′q (u1) = V ′q (u2) = −1. It is trivial that

|V ′q (u1)− V ′q (u2)|
|u1 − u2|

= 0 <
(q + 1)2

q
. (A.4)

By (A.2), (A.3), and (A.4), we prove (2.7).

We now prove (2.8). Let ν(a) ≡ (q + 1)2

2q
a2− Vq(a). From (2.7), it is not hard to show
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that ν ′(a) =
(q + 1)2

q
a − V ′q (a) is strictly increasing. Therefore ν(a) is a strictly convex

function, and its first-order condition, ν(t) > ν(t̃) + ν ′(t̃)(t− t̃), verifies (2.8) directly.

Proof of Lemma 2.3

Given that η(x) = P (Y = 1|X = x), we have that EXY [Vq(Y f(X))] ≡ EXζ(f(X)):

ζ(f(x)) ≡ η(x)Vq(f(x)) + [1− η(x)]Vq(−f(x))

=


η(x)

1

f(x)q
qq

(q + 1)q+1
+ [1− η(x)][1 + f(x)], if f(x) >

q

q + 1
,

η(x)[1− f(x)] + [1− η(x)][1 + f(x)], if − q

q + 1
≤ f(x) ≤ q

q + 1
,

η(x)[1− f(x)] + [1− η(x)]
1

[−f(x)]q
qq

(q + 1)q+1
, if f(x) < − q

q + 1
.

For each given x, we take both f(x) and η(x) as scalars and hereby write them as f and η
respectively. We then take ζ(f) = ζ(f(x)) as a function of f and compute the derivative
with respect to f :

∂ζ(f)

∂f
=


−η 1

f q+1

qq+1

(q + 1)q+1
+ 1− η, if f >

q

q + 1
,

1− 2η, if − q

q + 1
≤ f ≤ q

q + 1
,

−η + (1− η)
1

(−f)q+1

qq+1

(q + 1)q+1
, if f < − q

q + 1
.

We see that (1) when η > 0.5, ∂ζ(f)/∂f = 0 only when f = f̃ ≡ q
q+1

(
η

1−η

) 1
q+1

, and (2)

when η < 0.5, ∂ζ(f)/∂f = 0 only when f = f̃ ≡ − q
q+1

(
1−η
η

) 1
q+1

. Hence the convexity

of the function ζ implies that f̃ is the minimizer of ζ(f).
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Proof of Lemma 2.4

As f̃(x) was defined in (2.14), we see that for each x,

ζ
(
f̃(x)

)
≡ η(x)Vq

(
f̃(x)

)
+ [1− η(x)]Vq

(
−f̃(x)

)
=

η(x) + [1− η(x)]
1
q+1η(x)

q
q+1 , if η(x) ≤ 1/2,

1− η(x) + η(x)
1
q+1 [1− η(x)]

q
q+1 , if η(x) > 1/2,

=
1

2

(
1− |2η(x)− 1|

)
+

1

2

(
1 + |2η(x)− 1|

) 1
q+1
(

1− |2η(x)− 1|
) q

q+1

.

For a ∈ [0, 1], we define γ(a) and compute its first-order derivative as follows,

γ(a) ≡ 1− 1

2
(1− a)− 1

2
(1 + a)

1
q+1 (1− a)

q
q+1 − q

q + 1
a,

γ′(a) =
1

2
− 1

2(q + 1)

(
1− a
1 + a

) q
q+1

+
q

2(q + 1)

(
1 + a

1− a

) 1
q+1

− q

q + 1

=

[
1

2(q + 1)
− 1

2(q + 1)

(
1− a
1 + a

) q
q+1

]
+

[
q

2(q + 1)
+

q

2(q + 1)

(
1 + a

1− a

) 1
q+1

− q

q + 1

]
≥ 0.

Hence for each a ∈ [0, 1], γ(a) ≥ γ(0) = 0. For each x, let a = |2η(x) − 1| and we see
that

1− ζ
(
f̃(x)

)
≥ q

q + 1
|2η(x)− 1|.

By R(f) = EXY [Y 6= sign(f(X)] = E{X:f(X)≥0}[1 − η(X)] + E{X:f(X)≤0}η(X), we
obtain

R(f̂n)−R(f ?) = E{X:f̂n(X)≥0, f?(X)<0}[1− 2η(X)] + E{X:f̂n(X)≤0, f?(X)>0}[2η(X)− 1]

≤ E{X:f̂n(X)f?(X)≤0}|2η(X)− 1|

≤ q + 1

q
E{X:f̂n(X)f?(X)≤0}

[
1− ζ

(
f̃(X)

)]
.

(A.5)

Since f ?(X) and f̃(X) share the same sign, f̂n(X)f ?(X) ≤ 0 implies that f̂n(X)f̃(X) ≤
0. When f̂n(X)f̃(X) ≤ 0, 0 is between f̂n(X) and f̃(X), and thus the convexity of ζ
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indicates that ζ(f̃(X)) ≤ ζ(0) = 1 ≤ ζ(f̂n(X)). From (A.5), we conclude that

R(f̂n)−R(f ?) ≤ q + 1

q
E{X:f̂n(X)f?(X)≤0}

[
ζ
(
f̂n(X)

)
− ζ

(
f̃(X)

)]
≤ q + 1

q
EX

[
ζ
(
f̂n(X)

)
− ζ

(
f̃(X)

)]
=
q + 1

q
EXY

[
Vq

(
Y f̂n(X)

)
− Vq

(
Y f̃(X)

)]
=
q + 1

q
(εA + εE).

Proof of Theorem 2.1

Part (1). We first show that when HK is induced by a universal kernel, the approximation
error εA = 0. By definition, we need to show for any ε > 0, there exists fε ∈ HK such that

∣∣∣∣EXY Vq (Y fε(X))− EXY Vq

(
Y f̃(X)

) ∣∣∣∣ < ε. (A.6)

We first use truncation to consider a truncated version of f̃ . For any δ ∈ (0, 0.5), we define

fδ(X) =


q
q+1

(
1−δ
δ

) 1
q+1 , if η(X) > 1− δ,

f̃(X), if δ ≤ η(X) ≤ 1− δ,

− q
q+1

(
δ

1−δ

) 1
q+1 , if η(X) < δ.

We have that

0 ≤ EXY Vq (Y fδ(X))− EXY Vq

(
Y f̃(X)

)
= κ+ + κ−,
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where

κ+ =EX:η(X)>1−δ [η(X)Vq(fδ(X)) + (1− η(X))Vq(−fδ(X))]

− EX:η(X)>1−δ

[
η(X)Vq

(
f̃(X)

)
+ (1− η(X))Vq

(
−f̃(X)

)]
,

κ− =EX:η(X)<δ [η(X)Vq(fδ(X)) + (1− η(X))Vq(−fδ(X))]

− EX:η(X)<δ

[
η(X)Vq

(
f̃(X)

)
+ (1− η(X))Vq

(
−f̃(X)

)]
.

Since Vq(fδ(X)) < Vq(−fδ(X)) when η(X) > 1− δ,

κ+ <EX:η(X)>1−δ [(1− δ)Vq(fδ(X)) + δVq(−fδ(X))]

− EX:η(X)>1−δ

[
η(X)Vq

(
f̃(X)

)
+ (1− η(X))Vq

(
−f̃(X)

)]
=
[
δ + (1− δ)

1
q+1 δ

q
q+1

]
− EX:η(X)>1−δ

[
1− η(X) + η(X)

1
q+1 (1− η(X))

q
q+1

]
.

We notice that (1 − a) + a
1
q+1 (1 − a)

q
q+1 is a continuous function in terms of a ∈ (0, 1).

Since η(X) > 1 − δ implies that |η(X) − (1 − δ)| < δ, we conclude that for any given
ε > 0, there exists a sufficiently small δ such that κ+ < ε/6. We can also obtain κ− < ε/6

in the same spirit. Therefore,

0 ≤ EXY Vq (Y fδ(X))− EXY Vq

(
Y f̃(X)

)
≤ κ+ + κ− < ε/3. (A.7)

By Lusin’s Theorem, there exists a continuous function %(X) such that P (%(X) 6=
fδ(X)) ≤ ε(q + 1)/(6q). Notice that supX |fδ(X)| ≤ q/(q + 1). Define

τ(X) =


%(X), if |%(X)| ≤ q

q + 1
,

q

q + 1
· %(X)

|%(X)|
, if |%(X)| > q

q + 1
,

then P (τ(X) 6= fδ(X)) ≤ ε(q + 1)/(6q) as well. Hence∣∣∣∣EXY Vq (Y fδ(X))− EXY Vq (Y τ(X))

∣∣∣∣ ≤ EX |fδ(X)− τ(X)|

= E{X:τ(X) 6=fδ(X)}|fδ(X)− τ(X)|

≤ 2q

q + 1
· ε(q + 1)

6q
= ε/3,
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where the first inequality comes from the fact that Vq(u) is Lipschitz continuous, i.e.,

|Vq(u1)− Vq(u2)| ≤ |u1 − u2|, ∀u1, u2 ∈ R.

Notice that τ(X) is also continuous. The definition of the universal kernel implies the
existence of a function fε ∈ HK such that∣∣∣∣EXY Vq (Y fε(X))− EXY Vq (Y τ(X))

∣∣∣∣ < sup
X
|fε(X)− τ(X)| < ε/3. (A.8)

By combining (A.7), (A.8), and (A.8) we obtain (A.6).
Part (2). In this part we bound the estimation error εE(f̂n). The proof of the estimation

error approaching zero essentially only requires the loss function to be Lipschitz contin-
uous, which holds for the DWD case. Note that RKHS has the following reproducing
property (Wahba, 1990; Hastie et al., 2009):

〈K(xi,x), f(x)〉HK = f(xi),

〈K(xi,x), K(xj,x)〉HK = K(xi,xj).

Fix any ε > 0. By the KKT condition of (2.15) and the representer theorem, we have

1

n

n∑
i=1

V ′q

(
yif̂n(xi)

)
yiK(xi,x) + 2λnf̂n(x) = 0. (A.9)

We define f̂ [k] as the solution of (2.15) when the kth datum is excluded from training data:

f̂ [k] = argmin
f∈HK

[
1

n

n∑
i=1,i 6=k

Vq (yi(f(xi)) + λn||f ||2HK

]
.

By the definition of f̂ [k] and the convexity of Vq, we have

0 ≤ 1

n

n∑
i=1,i 6=k

Vq

(
yif̂n(xi)

)
+ λn||f̂n||2HK −

1

n

n∑
i=1,i 6=k

Vq

(
yif̂

[k](xi)
)
− λn||f̂ [k]||2HK

≤− 1

n

n∑
i=1,i 6=k

V ′q

(
yif̂n(xi)

)
yi

(
f̂ [k](xi)− f̂n(xi)

)
+ λn||f̂n||2HK − λn||f̂

[k]||2HK .
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By the reproducing property, we further have

0 ≤− 1

n

n∑
i=1,i 6=k

V ′q

(
yif̂n(xi)

)
yi

〈
K(xi,x), f̂ [k](x)− f̂n(x)

〉
HK

+ λn||f̂n||2HK − λn||f̂
[k]||2HK

=− 1

n

n∑
i=1,i 6=k

V ′q

(
yif̂n(xi)

)
yi

〈
K(xi,x), f̂ [k](x)− f̂n(x)

〉
HK

− 2λn

〈
f̂n(x), f̂ [k](x)− f̂n(x)

〉
HK
− λn||f̂ [k] − f̂n||2HK

=
1

n
V ′q

(
ykf̂n(xk)

)
yk

〈
K(xk,x), f̂ [k](x)− f̂n(x)

〉
HK
− λn||f̂ [k] − f̂n||2HK ,

where the equality in the end holds by (A.9). Thus, by Cauchy-Schwartz inequality,

nλn||f̂ [k] − f̂n||2HK ≤ V ′q

(
ykf̂n(xk)

)
yk

〈
K(xk,x), f̂ [k](x)− f̂n(x)

〉
HK

≤
∣∣∣V ′q (ykf̂n(xk)

)∣∣∣ ||K(xk,x)||HK ||f̂ [k] − f̂n||HK ≤
√
K(xk,xk) · ||f̂ [k] − f̂n||HK ,

which implies

||f̂ [k] − f̂n||HK ≤
√
B

nλn
,

where B = supxK(x,x). By the reproducing property, we have

|f̂ [k](xk)− f̂n(xk)|2 =
(
〈K(x,xk), f̂

[k](x)− f̂n(x)〉HK
)2

≤ K(xk,xk)||f̂ [k] − f̂n||2HK ≤ B

(√
B

nλn

)2

.

By the Lipschitz continuity of the DWD loss, we obtain that for each k = 1, . . . , n,

Vq

(
ykf̂

[k](xk)
)
− Vq

(
ykf̂n(xk)

)
≤ |f̂ [k](xk)− f̂n(xk)| ≤

B

nλn
,

and therefore,

1

n

n∑
k=1

Vq

(
ykf̂

[k](xk)
)
≤ 1

n

n∑
k=1

Vq

(
ykf̂n(xk)

)
+

B

nλn
. (A.10)
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Let f ∗ε ∈ HK such that

EXY Vq (Y f ∗ε (X)) ≤ inf
f∈HK

EXY Vq (Y f(X)) + ε/3.

By definition of f̂n, we have

1

n

n∑
k=1

Vq

(
ykf̂n(xk)

)
+ λn||f̂n||2HK ≤

1

n

n∑
k=1

Vq (ykf
∗
ε (xk)) + λn||f ∗ε ||2HK .

Since each data point in T n = {(xk, yk)}nk=1 is drawn from the same distribution, we have

ETn

[
1

n

n∑
k=1

Vq

(
ykf̂

[k](xk)
)]

=
1

n

n∑
k=1

ETnVq

(
ykf̂

[k](xk)
)

= ETn−1EXY Vq

(
Y f̂n−1(X)

)
.

(A.11)

By combining (A.10)–(A.11) we have

ETn−1EXY Vq

(
Y f̂n−1(X)

)
≤ inf

f∈HK
EXY Vq (Y f(X)) + λn||f ∗ε ||2HK +

B

nλn
+
ε

3
.

By the choice of λn, we see that there exits Nε such that when n > Nε we have λn <

ε/(3||f ∗ε ||2HK ), nλn > 3B/ε, and hence

ETn−1

[
EXY Vq

(
Y f̂n−1(X)

)]
≤ inf

f∈HK
EXY Vq (Y f(X)) + ε.

Because ε is arbitrary and ETn−1 [EXY Vq(Y f̂n−1(X))] ≥ inff∈HK EXY Vq (Y f(X)), we
have limn→∞ETn−1 [EXY Vq(Y f̂n−1(X))] = inff∈HK EXY Vq (Y f(X)), which equiva-
lently indicates that limn→∞ETnεE(f̂n) = 0. Since εE(f̂n) ≥ 0, then by Markov inequality
we prove part (2).



Appendix B

Proof of Chapter 3

Proof of Lemma 3.1

(3.9) is trivial. To prove (3.10), it suffices to show for any a 6= b ∈ R,

V (a) < V (b) + V ′(b)(a− b) + 2(a− b)2. (B.1)

First, it is not hard to check that the first-order derivative V ′(·) is Lipschitz continuous, i.e.,
for any a 6= b,

|V ′(a)− V ′(b)| < 4|a− b|. (B.2)

Let g(a) = 2a2 − V (a), then (B.2) shows g′(a) ≡ 4a− V ′(a) is strictly increasing. There-
fore g(a) is a strictly convex function, and its first-order condition leads to (B.1) directly.
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Appendix C

Proof of Chapter 4

Proof of Theorem (4.8)

For simplicity we write pj = pj(x). Using the Lagrangian multiplier method, we define

L(f) = p1φ(f1) + . . .+ pkφ(fk) + µ(f1 + . . .+ fk).

Then for each j = 1, . . . , k,

∂L(f)/∂fj = φ′(fj)pj + µ = 0,

where φ′(fj) = −1 if fj ≤ 1/2 or φ′(fj) = −1/(4f 2
j ) if fj > 1/2. We notice that

−1 ≤ φ′ < 0.
Without loss of generality, assume p1 > p2 ≥ p3 ≥ . . . ≥ pk−1 > pk. We observe that

µ ≤ pj , ∀j. If assume that µ < pk < pj , then for any 1 ≤ j ≤ k, φ′(fj) = −1/(4f 2
j ),

which gives that

fj =
1

2

√
pj
µ
> 0, (C.1)

contradicting the fact that
∑k

j=1 fj = 0, so µ = pk and µ < pj for any j < k. Hence,
by considering the constraint

∑k
j=1 fj = 0 and using the same argument as obtaining the

110
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solution (C.1), we have that

f ?j =


1

2

√
pj
pk
, j < k,

−1

2

k−1∑
j=1

√
pj
pk
, j = k.

Proof of Theorem 4.2

Consider any feasible solution f . For each j = 1, . . . , k, we write

fj(x) =
n∑
i=1

αijK(xi,x) + ρj(x)

where ρj is orthogonal to the span of {K(xi,x)}. By the sum-to-zero constaint, we have

k∑
j=1

[
n∑
i=1

αijK(xi,x) + ρj(x)

]
= 0

or equivalently [
n∑
i=1

(
k∑
j=1

αij

)
K(xi,x)

]
+

[
k∑
j=1

ρj(x)

]
= 0.

Since
∑k

j=1 ρj(x) is orthogonal to the span of {K(xi,x)} and K is a positive definite
kernel, the above identity holds if and only if

k∑
j=1

αij = 0

and
k∑
j=1

ρj(x) = 0.

Define gj(x) =
∑n

i=1 αijK(xi,x). So we can write fj = gj + ρj and
∑k

j=1 gj(x) = 0,

which means (g1, . . . , gk) is another feasible solution.
By the orthogonality of ρj and gj , we have ‖fj‖2HK = ‖gj‖2HK + ‖ρj‖2HK . On the other

hand, we show gj(xi) = fj(xi) for all i. For that, we use the reproducing property (Wahba,
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1990) and have ρj(xi) = 〈ρj(x), K(xi,x)〉HK = 0.

To sum up, for every feasible solution f , we can find a better (or at least no worse)
feasible solution g such that the two feasible solutions have the same empirical loss value
but the latter also has a smaller penalty term. The two feasible solutions are identical if and
only if ρj = 0 for all j. This completes the proof.

Proof of Proposition 4.1

Let φ be the DWD loss (4.3). We observe that for any u1 6= u2,

|φ′(u1)− φ′(u2)| < 4|u1 − u2|.

Therefore, we see that

‖∇F (α)−∇F (α′)‖

≤

∥∥∥∥∥ 1

n

n∑
i=1

(
φ′
{
K>i (e>yi ⊗ In)α

}
− φ′

{
K>i (e>yi ⊗ In)α′

})
(eyi ⊗ In)Ki + 2λ(Ik ⊗K) (α−α′)

∥∥∥∥∥
≤

∥∥∥∥∥
(

4

n

n∑
i=1

(eyi ⊗ In)KiK
>
i (e>yi ⊗ In) + 2λ(Ik ⊗K)

)
(α−α′)

∥∥∥∥∥
≤L(F ) ‖(α−α′)‖ ,

(C.2)

where L(F ) is the largest eigenvalue of the matrix

T ≡ 4

n

n∑
i=1

(eyi ⊗ In)KiK
>
i (e>yi ⊗ In) + 2λ(Ik ⊗K),

which is an nk × nk block diagonal matrix whose jth block is an n× n matrix

T j =
4

n

∑
{i:yi=j}

KiK
>
i + 2λK.

The largest eigenvalue of T j is 4σ̃j/n + 2λσ, then L(F ), the largest eigenvalue of T , is
4σ̃/n+2λσ. The proposition is then proved by applying theorem 3.1 of Beck and Teboulle
(2009).
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Proof of Proposition 4.2

The proposition follows inequality (C.2) and theorem 4.4 of Beck and Teboulle (2009).



Appendix D

Proof of Chapter 5

Proof of Lemma 5.1

By the definition of ỹ and f̂ [−v], for any function f , we have that,

1

n

n∑
i=1

(
ỹi − f̂ [−v]

λ (xi)
)2

+ λP (f̂
[−v]
λ ) =

1

n

n∑
i=1, i 6=v

(
yi − f̂ [−v]

λ (xi)
)2

+ λP (f̂
[−v]
λ )

≤ 1

n

n∑
i=1, i 6=v

(yi − f(xi))
2 + λP (f)

≤ 1

n

n∑
i=1

(ỹi − f(xi))
2 + λP (f).

Then we see that f̂ [−v]
λ (xi) = HT

i ỹ, and thus

yi − f̂λ(xi) = yi −HT
i y = yi −HT

i ỹ − hii(yi −HT
i ỹ) = (1− hii)(yi − f̂ [−v]

λ (xi)).

The conclusion follows.

Proof of Theorem 5.1

The KKT conditions of (5.9) indicate that

1

n

n∑
i=1

yiL
′δ(θδi ) + 2λK−1θδ = 0, (D.1)
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where each L′δ(θδi ) ∈ [−1, 0]. Define E0 = {i : yiθ
SVM
i = 1}. Let δ1 = mini/∈E0{|1 −

yiθ
SVM
i |}. Define C(θ) to be a set

{
θ : ‖θδ − θSVM‖∞ ≥ δ1/2

}
.

Let η = infθ∈C(θ)[Q(θ) − Q(θSVM)] > 0. Since Qδ(θ) uniformly converges to Q(θ),
there exists δ2 such that for any δ < δ2,

Qδ(θSVM)−Q(θSVM) < η/2,

Q(θδ)−Qδ(θδ) < η/2.

Since Qδ(θδ) < Qδ(θSVM), we have Q(θδ) < Q(θSVM) + η, which follows θδ /∈ C(θ).
Therefore,

|yiθSVM
i − yiθδi | < δ1/2, ∀i. (D.2)

Let δ? = min{δ1/2, δ2}. For any δ < δ?, define Eδ
0 = {i : |1− yiθδi | < δ}. For any i ∈ Eδ

0 ,
the definition of Eδ

0 and (D.2) yield

|1− yiθSVM
i | ≤ |1− yiθδi |+ |yiθδi − yiθSVM

i | < δ + δ1/2 < δ1,

indicating i ∈ E0 and thus Eδ
0 ⊆ E0. Accordingly, for any i /∈ E0, then i /∈ Eδ

0 , hence

L
′δ(θδi ) = L′(θδi ) =

0 t > 1 + δ1,

−1 t < 1 + δ1.

For each i ∈ E0, define ξi = L
′δ(θδi ) ∈ [−1, 0]. Then from (D.1) we have that

0 =
1

n

∑
i∈E0

yiL
′δ(θδi ) +

1

n

∑
i/∈E0

yiL
′δ(θδi ) + 2λK−1θδ

=
1

n

∑
i∈E0

yiξi +
1

n

∑
i/∈E0

yiL
′δ(θδi ) + 2λK−1θδ

=
1

n

∑
i∈E0

yiξi +
1

n

∑
i/∈E0

yiL
′(θδi ) + 2λK−1θδ.

Therefore θδ satisfies the KKT condition of (5.8). This demonstrates that θδ is the solution
of (5.8) for any δ < δ? and hence completes the proof.
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