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Abstract

Spatial data have tremendous value and are necessary components in many impor-

tant societal applications. In recent years, our world has been witnessing a revolution

brought by spatial technologies (e.g., Google Maps, Waze, Uber, Lyft, Grubhub, Lime,

autonomous driving). According to a McKinsey Global Institute report, location data

will generate about $600 billion annual revenue by 2020 with applications in energy,

health, retail, etc. The world’s economy also heavily relies on location and time data

from over 2 billion GPS receivers, and these data are essential to many applications

such as banks, airlines, police, emergency services, and telecommunications. Mean-

while, new types of spatial data are emerging at unprecedented scales and varieties

(e.g., 25GB/hour per connected vehicle, 47.7PB per year by NASA by 2022).

While spatial data are critical, valuable and collected at massive scales, they pose

great challenges to traditional artificial intelligence (AI) techniques when applied to im-

portant societal problems. This thesis addresses three of these challenges. First, spatial

data (e.g., crime or disease distribution, air quality) are often directly linked to our lived

environments. As a result, decisions made on such data tend to have direct impacts on

the life of citizens, and thus require statistical robustness to avoid errors which can have

high economic and social costs (e.g., false alarm of a crime hotspot). Second, spatial

data exhibit interdependency and variability, violating the common i.i.d. (identically

and independently distributed) assumption in traditional statistics. This introduces new

challenges to traditional optimization problems where spatial interdependency between

nearby locations is often neglected and understudied (e.g., spatial contiguity required

in land allocation). Finally, data and domain knowledge gaps are common in geospa-

tial problems. For example, while Earth observation imagery is available in the tens
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of petabytes, there is very limited training data for many important objects or events

(e.g., tree data for preventing fires and power blackouts) and expert knowledge is often

required to create such data.

This thesis investigates novel GeoAI techniques to explicitly address these challenges

posed by spatial data and problems in three types of AI tasks: learning (i.e., unsuper-

vised clustering); planning (i.e., spatial constraints and optimization); and perception

(i.e., geospatial object mapping). First, the thesis proposes a significant DBSCAN

approach for statistically-robust clustering to control the rate of spurious patterns.

This work introduces a modeling of statistical significance for DBSCAN as well as a

dual-convergence algorithm to speed up the computation. Second, the thesis proposes

a fragmentation-free spatial allocation algorithm to explicitly model interdependency

constraints among decision variables during optimization. Specifically, it introduces an

optimization formulation with new spatial decision variables to model spatial contiguity

and regularity constraints. It also proposes a hierarchical fragmentation elimination

algorithm as well as a multi-layer integral image to efficiently solve the problem in

a heuristic manner. Third, the thesis proposes a domain-knowledge assisted learning

framework (i.e., TIMBER) to map geospatial objects (i.e., trees) with limited train-

ing data. The TIMBER framework introduces a geometric optimization formulation

and a fast solver to generate candidates of tree-like structures for the deep learning

model, which greatly reduces the difficulty of learning as well as the huge demand on

training data. It also proposes a core object reduction algorithm to improve the compu-

tational performance. Extensive experiments and case studies show that the proposed

approaches greatly outperform existing work in solution quality, and the proposed ac-

celeration techniques greatly reduce the computational cost.
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Chapter 1

Introduction

1.1 GeoAI

Geospatial artificial intelligence (GeoAI) is a generalization of traditional artificial in-

telligence (AI) techniques to address unique challenges posed by geospatial data, i.e.,

geo-referenced data with location markers. Geospatial data are ubiquitous in many sci-

ence and application domains such as smart cities, transportation, agriculture, business,

public health, public safety, etc. Spatial data come in a large variety of types, rang-

ing from traditional points, polygons, networks and satellite imagery, to more recent

types such as geo-tagged social media postings (e.g., tweets), trajectories from smart-

phones or vehicles (e.g., on-board-diagnostics), aerial imagery from low-flying aircraft

or unmanned aerial vehicles, and mixed data from connected vehicles. These data are

common, important and emerging at unprecedented scales and varieties. For example,

in transportation, each connected vehicle can generate data at 25GB/hour, and the

market value of connected vehicles, as predicted by McKinsey, will rise to 170 billion

by 2020 [1]. Similarly, Earth observation data are being collected at increasing spatial

resolution and frequency because of its value in transportation, infrastructure security,

1
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resource mapping, agriculture monitoring, etc. To date, NASA holds over 27 PB of

Earth imagery, and the amount is projected to grow by 47.7 PB/year by 2022 [2].

While spatial data are critical, valuable and collected at massive scales, they pose

great challenges (Sec. 1.3) to traditional AI techniques and platforms when applied to

important societal problems. GeoAI aims to develop novel techniques to bridge these

research gaps. Fig. 1.1 shows an overview of GeoAI in the form of three layers.

The top layer comprises domain sciences that generate and use spatial data as major

components of their research methodologies. Examples among many include urban

planning (e.g., smart cities [3], resilience [4], equity [5]), transportation (e.g., eco-routing

[6, 7, 8]), agriculture (e.g., land and management planning, crop monitoring [12], food-

energy-water nexus [13]), and many others.

The bottom layer comprises GeoAI infrastructures, including sensing technologies

(e.g., remote sensing satellites, unmanned aerial vehicles, engine sensors on vehicles,

smartphones), spatial datasets (e.g., satellite and aerial imagery, LiDAR point cloud, on-

board-diagnostic data, check-in data, smartphone trajectories, spatial knowledge graphs

[44, 45]), and computing platforms (e.g., local or cloud based processing platforms such

as Oracle Spatial [46], high performance computing such as CyberGIS [47] and many

discussed in [48], and distributed systems such as SpatialHadoop [49, 50] and GeoSpark

[51, 52]).

The middle layer comprises GeoAI techniques, and it is the analytics core and engine

of the framework. GeoAI [14] provides a variety of techniques, including learning,

planning, perception, etc. In learning, GeoAI provides techniques for both unsupervised

learning (e.g., spatial pattern recognition techniques for identifying spatial hotspots and

clusters [15, 16, 17, 18, 19], co-locations [21, 22, 23], co-occurrences [6], cascading [24],

change footprints [25, 26, 27, 28], spatial outliers [29, 30]) and supervised learning (e.g.,

classification and regression techniques such as spatial decision tree [31], spatial ensemble
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[32] and spatial autoregressive models [33, 34, 35]). For planning tasks, GeoAI provides

optimization techniques such as allocation, routing [36, 37, 38], site selection [39, 40],

etc. For perception, GeoAI can support geospatial object mapping (e.g., mapping of

natural resources, vehicles and buildings [4, 42, 43]), spatial-aware natural language

processing, etc.

Figure 1.1: Overview of GeoAI.
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1.2 Illustrative Application Domain: Smart Cities and

Communities

Spatial technologies have transformed our lives with an ever-growing set of tools in-

cluding Google Maps, Waze, Uber, Lyft, Grubhub, Lime, autonomous driving (e.g.,

high-definition maps [53]), FarmBeats [54, 55], etc. Increasingly, cities themselves as

well as rural areas are also adopting smart spatial technologies.

Smart cities are urban areas that use a wide range of sensors (e.g., smartphones,

remote sensing satellites, unmanned aerial vehicles, air quality sensors, traffic cameras)

to collect and use data to perform analytics that support smart decision making (e.g.,

monitoring, operation, management and planning) and promote resilience, public safety,

public health, sustainability, green transportation, equity, etc.

With the great variety of spatial data (e.g., imagery, trajectories) being collected at

both larger scales and higher resolution (e.g., spatial and temporal), there exists a lot

of new opportunities for GeoAI to provide timely solutions to critical societal problems.

One major problem faced by many urban communities is tree management. Increas-

ingly frequent fires and blackouts caused by trees near power lines have raised major

safety and resilience concerns in many communities. For example, there have been many

historical wildfires caused by untrimmed trees near power lines in recent years, includ-

ing the Camp fire, which is the largest wildfire in California history. These fires killed

many people, destroyed many homes and caused economic losses in the billions [56].

The smoke and unhealthy air also spread to major cities and significantly disturbed

daily lives of residents (e.g., many schools were closed [57]). Similarly, in 2018 large-

scale blackouts caused by trees falling onto power lines affected millions of people for

extended periods at various places including Tallahassee, FL and Cayey, Puerto Rico.

To help prevent such disturbances, communities need detailed information about the



5

locations and types of individual trees relative to city infrastructure.

Tree inventories are also considered vital for dealing with massive insects that

threaten various tree species. Emerald ash borer, an invasive species of insect, has

spread to over 30 states of the US and many countries around the globe, killing ash

trees in millions. In Minnesota, for example, it has affected 21 counties and is projected

to cost hundreds of millions if unchecked [58]. Ash trees weakened by the disease pose

threats to nearby infrastructures and properties such as buildings, vehicles and power

lines. However, due to the large number of ash trees and their wide-distribution, cities

are struggling to stay ahead of the rapid spread [58]. As this thesis will show, GeoAI

has the potential to address these safety and resilience concerns by automating the

mapping of individual trees and their types. Using high resolution satellite and aerial

imagery (e.g., 1-meter resolution LiDAR point cloud, 3-inch resolution aerial imagery),

communities will be able to identify and target trees that need trimming, removal, etc.

GeoAI can also help mitigate other challenges faced by cities. Spatial hotspot de-

tection and clustering methods [15, 59, 60, 61, 62, 16, 17, 20], for example, have found

important urban applications. In public safety, they can help identify neighborhoods

with abnormally high rates of crimes. In public health, they can alert policy makers

about geographic regions with a potential disease outbreak (e.g., legionnaires’ disease,

leukemia, cancer) and help them make earlier preparation and intervention. In trans-

portation, hotspots of traffic accidents may reveal potential design issues or unsafe road

conditions. These are just a few of many use cases.

Rural communities can also benefit greatly from GeoAI, especially those invested

agriculture. The world’s population is projected to grow to about 9 billion by 2050,

and that requires a 70% increase in food production. However, agriculture, even at

today’s scale, has already led to severe water quality issues (e.g., the dead zone in

the Gulf of Mexico) as a result of fertilizer application. The problem has become so



6

serious and urgent that Minnesota has enacted a buffer law requiring all farmers to

allocate perennial vegetative buffers of up to 50 feet along water bodies [63]. Spatial

optimization provides new opportunities to address this conflict by a redesign of the

agricultural landscape [64, 9, 10, 11].

1.3 Challenges

Successful application of GeoAI techniques requires considering the unique challenges

that working with spatial data poses.

1.3.1 High Cost of Spurious Results

In many societal applications of GeoAI, spurious results carry high economic and social

costs. In spatial hotspot detection, for example, incorrectly identifying a community as a

crime cluster will lead to lots of unnecessary negative impacts such as reducing property

values, hurting local businesses and causing social anxiety. Similarly, a spurious cluster

of traffic accidents may waste lots of resources needed to inspect and redesign the

roads. In geo-imagery classification, a spurious clear path (e.g., due to uninterpretable

classification errors) through the ice floes in the Arctic region may cause a ship to end

up stuck in the middle of a long voyage, posing major threats to the safety of crew

members and leading to high expenses for rescue. Such social or economic costs cannot

be ignored by policy makers. Thus, they often require statistically robust methods or

uncertainty-explicit measures to understand and control the rate of spurious results.
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1.3.2 Spatial Interdependency and Variability

Spatial interdependency is a fundamental characteristic of spatial data, meaning that

their properties (e.g., land use, air quality) at different spatial locations are not inde-

pendent and are affected by their geographical neighbors. In learning tasks, spatial

interdependency manifests as spatial autocorrelation, i.e., the values of data samples

(e.g., temperature, air quality) are more similar at nearby locations, violating the com-

mon i.i.d. (i.e., independent and identical distribution) assumption underlying many

learning models. In spatial optimization, the choices at nearby spatial decision variables

need to maintain a certain level of contiguity for practicality concerns. For example, in

agricultural landscape design, a land allocation result with many tiny patches of differ-

ent crops (e.g., a one-square-meter corn field next to a one-square meter soybean field)

is not feasible for farmers to implement because they need to use large farm equipment

(e.g., large combine harvestors) to manage the fields. In addition, the shape of a patch

formed by a homogeneous choice on a group of nearby decision variables needs to be

regular (e.g., rectangular) to allow efficient operation of the large equipment.

Spatial variability, a second key property of spatial data, refers to the non-stationary

distribution across geographic regions, which also violates the i.i.d. assumption. When

spatial variability presents, especially in large-scale applications covering a broad-range

of geographic areas, AI techniques that rely on global assumptions about the problem

may no longer be appropriate. In spatial pattern mining, a pattern that does not exist

at a global scale may exist at a local sub-region, and may be missed by techniques that

ignore such variability. In spatial optimization, spatial constraints (e.g., minimum area

and shape constraints on farm fields) may vary across geographic regions and need to be

handled differently. In supervised learning tasks, non-stationarity in data distributions

may require separate training processes to estimate the appropriate parameters for

different local geographic areas. Spatial variability can also lead to inconsistent or biased
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statistical results summarized using partitions of a geographic space. For example,

gerrymandering [65] is a practice used by political parties to gain an unfair advantage

during elections by manipulating the boundaries of voting districts.

1.3.3 Spatial Data and Domain Knowledge Gap

AI techniques often rely on high-quality and large-volume datasets to achieve expected

performance. However, the availability of such data is very limited in many important

spatial applications. Urban tree mapping is such an example. As introduced in Sec.

1.2, the need for inventories of individual trees has become both critical and urgent

in many geographic areas. One major challenge of this problem is the lack of ground-

truth data (i.e., general and large-scale tree inventories) needed to train deep learning

models. In addition, such data are often difficult to collect (e.g., the locations and

canopy sizes of trees are hard to measure in the field due to blocked GPS signals) and

the generation process requires expert knowledge and software. This significantly limits

the usability and value of deep learning based object detection techniques. Similarly,

smartphone trajectories are often used in spatial pattern mining (e.g., gathering events,

changes in mobility) to support decision-making in smart cities and communities. For

example, information about changes in travel patterns is important for policy makers

to estimate the effectiveness of social distancing measures during disease outbreaks.

However, smartphone trajectories may not be representative of the movement traces

of the general public due to factors such as selection bias, and this may cause pattern

mining techniques to generate misleading results.

In addition, pure data-driven techniques often do not consider domain knowledge

(e.g., laws of physics, epidemiology models), making their results hard-to-interpret and

susceptible to domain constraint violations even with large volumes of data. On the
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other hand, domain knowledge by itself is also insufficient due to its reliance on simpli-

fying assumptions that may not be well-suited for complex real-world scenarios. This

calls for a more holistic view to solve real-world problems by leveraging both data-driven

techniques and scientific domain understanding.

1.4 Thesis Contributions

This thesis addresses some of these major challenges by proposing novel GeoAI tech-

niques, including a novel significant DBSCAN for statistically robust clustering with spa-

tial datasets, a fragmentation-free spatial allocation algorithm for land allocation with

spatial contiguity and regularity constraints, and a domain-knowledge assisted learning

method for mapping geospatial objects (i.e., trees) with limited training datasets. Each

chapter is briefly introduced as follows.

• Chapter 2 discusses a novel statistically-robust spatial clustering algorithm,

named Significant DBSCAN, to address the first challenge, i.e., the high cost of

spurious patterns, by a new modeling of statistical significance in DBSCAN and a

fast dual-convergence algorithm [20]. Given a collection of geo-distributed points,

the aim is to detect statistically significant clusters of varying shapes and densities.

Spatial clustering has been widely used in public health and safety, transportation,

environment studies, etc. The problem is challenging because many application

domains have low-tolerance for false positives (e.g., falsely claiming a crime cluster

in a community can have serious negative impacts on the residents) and clusters

often have irregular shapes. In related work, the spatial scan statistic is a popu-

lar technique that can detect significant clusters but it requires clusters to have

certain predefined shapes (e.g., circles, rings). In contrast, density-based methods

(e.g., DBSCAN) can find clusters of arbitrary shape efficiently but do not consider
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statistical significance, making them susceptible to spurious patterns. To address

these limitations, I first propose a modeling of statistical significance in DBSCAN

based clustering. Then, I propose a baseline Monte Carlo method to estimate the

significance of clusters and a dual-convergence algorithm to accelerate the com-

putation. Experiment results show that significant DBSCAN is very effective in

removing chance patterns and the dual-convergence algorithm can greatly reduce

execution time.

• Chapter 3 presents a new spatial-dependency-aware optimization algorithm,

named Fragmentation-Free Spatial Allocation. This methods addresses the second

challenge of spatial interdependency among decision variables with a novel spatial-

explicit formulation and a fast hierarchical fragmentation elimination algorithm

[9]. Given a gridG containing a set of orthogonal grid cells and a list L of choices on

each grid cell (e.g., land use), fragmentation-free spatial allocation (FF-SA) aims

to find a tile-partition of G and choice assignment on each tile so that the over-

all benefit is maximized under both a cost constraint as well as spatial geometric

constraints (e.g., minimum tile area, shape). The spatial constraints are necessary

to avoid fragmentation and maintain real-world practicality of the spatial alloca-

tion result. The application domains include agricultural landscape design (a.k.a.,

Geodesign), urban land-use planning, building floor zoning, etc. The problem is

computationally challenging as an APX-hard problem. Existing spatial alloca-

tion techniques either do not consider spatial constraints during space-tiling or

are very limited in enumeration space. We propose a Hierarchical Fragmentation

Elimination (HFE) algorithm to address the fragmentation issue and significantly

increase the enumeration space of tiling schemes. The new algorithm was evalu-

ated through a detailed case study on spatial allocation of agricultural lands in

the mid-western US, and the results showed improved solution quality compared
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to the existing work.

• Chapter 4 investigates a new geospatial object mapping algorithm, named TIM-

BER. It addresses the third challenge of limited and difficult-to-collect training

data by assisting deep learning models with domain-theory guided geometric opti-

mization [41, 4]. The TIMBER algorithm focuses specifically on tree mapping be-

cause of its societal urgency. Inventories of individual trees are important datasets

for applications in urban planning (e.g., removal of ash trees), natural resource

management, vegetation disease control, etc. However, tree inventories still remain

unavailable in most urban areas due to the difficulty of manual data collection.

With the increased availability of high-resolution remote sensing datasets, this

work aims to automate tree identification at the individual level in urban areas at

a large scale. The problem is challenging due to the complexity of the landscape

in urban scenarios (e.g., a mixture of buildings, bridges, trees, etc.) and the lack

of ground truth data, which hinders the use of machine learning methods (e.g.,

convolutional neural networks). This chapter introduces a TIMBER framework

to leverage domain knowledge to reduce the need for training data as well as

the difficulty of the learning task with geometric-optimization. It also proposes

a CORE algorithm to improve the computational efficiency. Experiments show

that the proposed framework can significantly improve the accuracy of individ-

ual tree detection in urban environments compared to existing approaches, and

the acceleration techniques can speed up of tree identification without sacrificing

result quality.

• Chapter 5 concludes the key thesis findings and identifies open directions for

future research.



Chapter 2

Significant DBSCAN towards

Statistically Robust Clustering

2.1 Introduction

Given a collection of N points in a spatial domain, we aim to detect statistically sig-

nificant clusters with varying shapes and densities. The points are instances of certain

events (e.g., disease, crime).

Detection of significant spatial clusters has been widely applied in important societal

domains such as public health, public safety, transportation and environmental science.

In public health, epidemiologists use significant clusters (a.k.a, hotspots) to monitor and

alert the public about disease outbreaks (e.g., legionnaires’ disease, leukemia) [15, 66,

18, 67, 68]. The Research Surveillance Program at the National Cancer Institute has

included significant clustering (e.g., SaTScan) as an important methodology and tool

[69]. In public safety, police officers use clusters of crime cases to identify neighborhoods

with abnormally high crime rates or locate serial criminals [19]. In transportation,

many local governments (e.g., US states [70]) have launched ”Zero Death” initiatives

12
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to save lives from traffic-related accidents. With significant clustering, planners can

find roads with significantly high rates of car accidents or pedestrian fatalities, which

indicate potentially unsafe driving conditions (e.g., damaged side walks, pot holes)

[71, 72, 73, 74]. In forestry, forest managers use significant clusters to locate high-

risk or fragile forest regions and identify potential forest health problems [75, 76]. In

environmental science, significant clusters of pollution or contamination can be used

to alert administrators of unusual regional phenomenon or problems (e.g., well water

contamination by E. coli bacteria) [77, 78]. These are just a few of the many applications

using significant clustering.

In these societal applications, decisions often have big impacts, making them have

low-tolerance to false positives [14, 79, 17]. For example, false alarms of disease out-

breaks may lead to a huge waste of limited public resources (e.g., budgets for sanitation,

medication, research) and cause unnecessary social stress or anxiety among lots of peo-

ple. Similarly, identifying a region as a crime cluster by mistake can greatly reduce the

number of people visiting the region, lowering property values and hurting local busi-

nesses. For this reason, significance testing is very important and used in many critical

societal applications to greatly reduce the risk of false positives.

In related work, the spatial scan statistic [15, 80, 81, 82, 83, 66, 18] is a widely

used method for detecting significant clusters. The major strength of the spatial scan

statistic is its inclusion of statistical significance. The method introduced a likelihood

ratio based framework for testing the significance of spatial clusters and can effectively

remove cluster candidates that are likely to be chance patterns. The major limitation of

spatial scan statistic based methods is that they require one pre-defined geometric shape

(e.g., circle [15, 16, 17, 81], ring [19, 67, 84], rectangle [66, 18], linear[71, 72, 73, 74]),

or require certain inputs such as a pre-defined partitioning of the data space (e.g.,

county boundaries in a state [85]) or specific properties (e.g., event rate per input
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partition, attributes for normalization) for enumeration, which are not available in many

applications, especially those having data in higher-dimensional spaces. In real-world

scenarios, the shapes of clusters are affected by many factors and may change through

time, making it difficult to represent them well with pre-defined shapes or partitioning.

In addition, the modeling of likelihood ratio in spatial scan statistics did not consider

spatial nondeterminism, making it prone to detect very small clusters with just a few

points [16, 17, 14]. In the data mining community, DBSCAN [86] is one of the most

popular methods for cluster detection, which won the 2014 ”Test of Time” Award from

ACM SIGKDD. DBSCAN and its variations (e.g., OPTICS [87], H-DBSCAN [88]) are

well-known for their ability to detect clusters of varying geometric shape in the presence

of noise. It does not require any user input on cluster shapes and can automatically

capture them from the data. One major limitation of DBSCAN is that it does not

consider the statistical significance of detected clusters [89], leaving space for spurious

and chance patterns in the output. While DBSCAN has a default modeling of noise, the

type of noise it considers is hard-thresholded and can only handle simple un-clustered

points at the per-point level. In a complete random point distribution (i.e., no clustered

regions), points that appear near each other just by chance may be treated as valid

detections in DBSCAN. This issue was also realized by the creators of the original

DBSCAN and OPTICS [88]: ”small clusters of objects that may be highly similar to

each other just by chance”. However, there is still no general modeling of statistical

significance for DBSCAN to resolve this problem. A remedy used by some users is to

use a threshold of minimum cluster size (e.g., 5 points as defaulted in [90] and many

others). While this is an encouraging start, we will show that the absolute definition or

value of ”small” cannot accurately or appropriately reflect the statistical randomness

or significance in the DBSCAN setup (Sec. 2.2.2).

To address these limitations, we aim to join the strengths of statistics and computer
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science to improve the flexibility and robustness of spatial clustering. Our contributions

are: (1) we explore, propose and compare several modelings of statistical significance

in DBSCAN; (2) we focus on a specific modeling and propose a baseline Monte Carlo

method to compute the statistical significance; (3) we propose a Dual-Convergence

algorithm to improve the computational efficiency of significance testing; and (4) based

on the proposed significant DBSCAN (sig-DBSCAN), we present a heuristic search

method to describe the detection of clusters with varying densities in the context of

significance testing.

Experiments show that the proposed sig-DBSCAN can effectively eliminate spuri-

ous patterns with significance testing and the Dual-Convergence algorithm can greatly

reduce the computational cost.

Table 2.1: Example candidates of test statistics for DBSCAN and their properties

Properties Density d Likelihood ratio lr Cluster size n

Area of cluster Required Required N/A

Normalization Area
Area + null

hypothesis

fixed radius [16];

(ε,minPts) in DBSCAN

Bias towards

small clusters
Yes [91, 16] Yes (less) [16, 14] No

Computation Area dependent Area dependent
O(1) for

a given cluster
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2.2 Problem Definition

2.2.1 Key Concepts

Point distribution: A collection of N geo-distributed points of certain events (e.g.,

disease) in a spatial domain.

Point Process: A statistical process that governs the generation of a point distribu-

tion. It determines the probability of having a point at each location within the spatial

domain. A homogeneous point process (e.g., complete spatial randomness) has identi-

cal probability across all locations (i.e., no true cluster). In contrast, a biased/clustered

point process has higher probabilities for locations inside the clustered regions and lower

outside. Point process is used to define the null and alternative hypotheses in signifi-

cance testing.

DBSCAN: Density-Based Spatial Clustering of Applications with Noise [86]. It

takes two inputs: (1) search radius ε, and (2) minimum number of points minPts. With

(ε,minPts), DBSCAN classifies a point as a core point if its ε neighborhood contains

at least minPts points. In short, once a core point c is found, DBSCAN initializes a

cluster point set P (ε) of all points with its ε neighborhood. For any point c′ ∈ P (ε)

that is also a core point, it expands P (ε) by adding all points (without duplication) in

the ε neighborhood of c′ to P (ε). The expansion continues until there is no unexpanded

core point left in P (ε), including any newly added ones in the process. All the points in

P (ε) form a single cluster. Then DBSCAN continues to find another cluster if it exists.

Finally, all points that do not belong to any P (ε) are labeled as noise.

Test statistic: A random variable used to summarize the sample data (e.g., a clus-

ter in a point distribution) and test the hypotheses. In this context, it can be considered

as a score calculated from the data (e.g., density of a cluster in a point distribution).

The significance of the score determines whether to reject the null hypothesis.
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2.2.2 Modeling of Statistical Significance

We explore and compare several different modelings of statistical significance for DB-

SCAN clustering. To be specific, the significance of DBSCAN we are modeling here

is in the context of a single (ε,minPts) combination given by a user. The use of this

modeling in the context of varying (ε,minPts) will be discussed in Sec. 2.3.3.

The null hypothesis states that a cluster is generated by a homogeneous point

process. In contrast, the alternative hypothesis states that it is generated by a clus-

tered/biased point process (Sec. 2.2.1). Note that for significant cluster detection, it is

insufficient to just check whether the entire point distribution belongs to a homogeneous

point process or not (e.g., using Ripley’s K function). For example, in a point distri-

bution generated by a clustered point process, a clustering method such as DBSCAN

often identifies a mixture of significant clusters and chance patterns. As a result, just

knowing that the overall point distribution is clustered cannot help us filter out the

chance patterns. This is why the hypotheses need to be fine-grained to cluster levels.

We explore several test statistics for the significance or hypothesis testing as shown

in Table 2.1. For a given cluster from a point distribution, its test statistic value will

be used to determine if it can be generated by the null hypothesis.

According to Table 2.1, both density and likelihood ratio requires calculation of the

cluster’s area in Euclidean space. In the framework of spatial scan statistics, cluster

regions are pre-defined (e.g., all circular regions of certain areas) so it is trivial to

calculate the areas (e.g., πr2). However, area calculation is not well-defined in the

DBSCAN framework whose output clusters are represented by ”maximal point sets”.

While conceptually (or visually in low-dimension space) it is easy to sense the region

covered by a point-set cluster, mathematically it becomes tricky to model such an area.

For example, a convex hull is a popular model to depict the region covered by a point set.

However, since DBSCAN clusters can have arbitrary shapes (e.g., concave), a convex
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hull modeling will introduce large errors into the estimation. An alternative is to use

the ε neighborhoods of all core points in a cluster to approximate its area. However,

this requires computation of the union of all these ε neighborhoods. Even for the two

dimensional spatial case, just one area calculation will take O(|c|2 log |c|) time where |c|

is the number of core points (or ε neighborhoods). It will require higher complexity and

huge amount of time in higher-dimensional space.

Each test statistic involves normalization to make different clusters comparable [16].

For example, density (d = n/a) uses cluster area a as a normalization so it can be

used to rank clusters with different areas a and number of points n, when areas are

computable or available. One major disadvantage of density is its strong bias towards

small clusters. Given a cluster of density d0, there always exists a sub-region of it that

has a higher density d1. This means that a cluster of highest density will always have the

smallest area, which is not a desired property [91, 16]. To reduce the effect, likelihood

ratio incorporates the null hypothesis into the normalization and is able to reduce the

bias. However, it ignores the phenomenon of spatial nondeterminism, making it still

susceptible to the bias and leading to incorrect rankings of candidates [14, 16] (e.g., a

well-known issue is that it includes tiny patterns in its results).

Cluster size n (i.e., number of points in the cluster) is another measure being used

in scan statistics methods [16] that does not require computation of the area. To make

clusters comparable, it does require some normalizing or constraining conditions to

be enforced into the cluster search process; otherwise a bigger set of points is always

superior. For DBSCAN, the normalizing conditions come naturally through the required

parameters (ε,minPts). The search radius ε and minimum number of points minPts

clearly define the conditions that valid cluster points must satisfy, so the size of valid

clusters (point sets) n are constrained by the conditions.

In the present study, our significance modeling uses cluster size n as the test statistic
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because of the computational benefits (e.g., not requiring area computation).

Figure 2.1: 2000-point data by a homogeneous point process.

In [88] (joint work by authors of DBSCAN and OPTICS), one issue discussed is

the existence of ”small” clusters in the results, which are likely to happen by chance.

Here we extend this good start by formalizing the definition of ”small” using statistical

significance. Previously, to mitigate the ”small” cluster issue, a remedy used by some

users is to enforce a hard-threshold on minimum cluster size (e.g., default ”5” in [90]).
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While intuitively small clusters (e.g., with only 3 points) are likely to be chance patterns,

chance patterns are not necessarily small. Fig. 2.1 shows the results of DBSCAN and

HDBSCAN on a random point distribution generated by a homogeneous point process.

In this point distribution, all clusters detected are chance patterns. Although the chance

patterns are indeed small in a few results (e.g., Fig. 2.1 (b)(c)(e)), they turn out to be

quite large (e.g., thousands of points) in others. Thus, the exact definition of ”small”

has to depend on many factors, such as the input data, the DBSCAN (or HDBSCAN)

parameters, the desired significance level and the null hypothesis.

In this chapter we use significance testing to identify the exact threshold of ”small”

(i.e., minimum cluster size nmin) under all these factors to remove chance patterns (e.g.,

Fig. 2.1(h)).

2.2.3 Formal Problem Formulation

Inputs:

(1) A distribution of N geo-located points;

(2) DBSCAN parameters: (ε, minPts);

(3) A test statistic;

(4) A significance level α.

Output: Significant DBSCAN clusters (if they exist).

Objectives: Solution quality and computational efficiency.

Constraints: Correctness and completeness.

This formulation shows the main scope of the chapter, which is to enable significant

DBSCAN clustering. While the formulation is defined using a single pair of (ε,minPts),

later in Sec. 2.3.3 we will show how this formulation can be used as a sub-routine to

detect clusters of varying densities in the context of significance testing (i.e., requiring

enumeration of multiple ε and minPts). The test statistic we use is the cluster size n.
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The completeness and correctness require that the clusters detected must satisfy the

DBSCAN conditions and all cluster candidates that satisfy the conditions should be

enumerated. This will be guaranteed by using exact DBSCAN as a sub-routine during

significance testing. Note that while the formulation is for DBSCAN, it can be applied

generally to model significance in its variations (e.g., HDBSCAN with the same test

statistic), assuming that the outputs are also clustered point sets.

2.3 Significant DBSCAN Clustering

In this section, we first propose a baseline Monte Carlo method to evaluate the statistical

significance of clusters detected by DBSCAN with a single pair of (ε,minPts) in Sec.

2.3.1. Then we propose a Dual-Convergence algorithm to accelerate the significance

testing in Sec. 2.3.2. Finally, we present a heuristic search strategy which uses the

single pair version as a sub-routine to detect significant clusters of varying densities in

Sec. 2.3.3.

2.3.1 Significance Testing for A Single (ε, minPts)

Here we discuss significance testing for a given pair of (ε,minPts) in DBSCAN. Denote

the significance level as α (e.g., 0.01, 0.05), the size of a detected cluster C as nC , the

total number of points in the point distribution as N , and the spatial domain of the

point distribution as S. Denote pnull(nC , N, S, ε,minPts) as the probability of having a

cluster of size nC or greater in a N -point distribution in S generated by a homogeneous

point process. pnull is also the p-value.

Definition 1. Cluster C is statistically significant if its p-value pnull(nC , N, S, ε,minPts) <

α.

Currently there still does not exist a known statistical model that can calculate
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the probability pnull in closed-form, because the calculation of the probability needs

to consider the search and expansion process of DBSCAN as well as the randomness

associated with distributing N points in a spatial domain S which can have irregular

shape (e.g., a sub-space of a city in Sec. 2.4.1). Thus, we use a Monte Carlo method to

estimate pnull.

A Baseline Algorithm with Monte Carlo Estimation

In Monte Carlo estimation (Alg. 1), we generate M simulation trials to approximate

the distribution of cluster size n (i.e., the test statistic) in point distributions generated

by a homogeneous point process.

In each trial, we first generate a random N point distribution using homogeneous

point process, and then run DBSCAN with the same input (ε,minPts) to get the best

or maximum cluster size n̂ in the trial. After M trials, we will have M best n̂ values

from the trials. By sorting the M values in a descending order, we can estimate the

p-value pnull of a cluster C detected from the real data by checking its rank r in the

sorted list: pnull(nC , N, S, ε,minPts) = r/M . Note that M has to be at least 1/α to

evaluate the significance.

We reject the null hypothesis and mark cluster C as significant if pnull < α (or

r < αM). Equivalently, we just need to find the (αM)th largest value in the sorted list

and use that as a threshold (denoted as nα) of cluster size to filter out non-significant

clusters.

2.3.2 A Dual-Convergence Algorithm

The output of DBSCAN often contains multiple clusters with different sizes (i.e., number

of points) and p-values. The baseline algorithm finds a threshold for cluster size nα

using the significance level α to classify the detections into significant (n > nα) and
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Algorithm 1 Monte Carlo estimation of nα
Require:

• total number of points N and spatial domain S

• DBSCAN parameters (ε,minPts)

• significance level α and number of Monte Carlo trials M

1: assert(M ≥ 1/α)

2: nList = new List(M)

3: for i = 1 to M do

4: datar = getRandomPointDistribution(N , S)

5: clusters = DBSCAN(datar, ε, minPts)

6: nList(i) = max(clusters.getSizes())

7: end for

8: nlist = nlist.sort(’DESC’)

9: return nα = nList(ceil(α ·M))

non-significant (n ≤ nα) groups.

Finding the exact value of nα in the baseline algorithm requires executing the exact

DBSCAN algorithm across all M trials. Our idea is to reduce the number of exact

DBSCAN runs in the Monte Carlo trials by generating bounds on the size nmax of the

largest cluster (line 6, Alg. 1) in a simulated data (line 4, Alg. 1).

Since DBSCAN detections in real data may likely be a mixture of significant and

non-significant clusters, an acceleration has to consider both cases to be truly effective.

The proposed Dual-Convergence algorithm achieves this with: (1) an upper bound of

nmax to accelerate the validation of significant clusters (Sec. 2.3.2); (2) a lower bound of

nmax and an early-termination technique with a probabilistic performance guarantee to

accelerate the filtering of non-significant clusters (Sec. 2.3.2 and 2.3.2); and (3) a dual-

convergence framework which makes the above techniques work together to maximize
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the speed-up (Sec. 2.3.2).

Upper and Lower Bounds of nmax with a Discrete Scan

To simplify the illustration, here we first consider the case of testing the significance of

a single cluster with size nC , which is detected from real-data. The general case will be

detailed in Sec. 2.3.2.

In the baseline algorithm, in each round it finds the exact nmax. After M trials, if

the total number of trials with nmax ≥ nC is smaller than αM (equivalently nα < nC),

then nC is significant; otherwise, non-significant.

Here our goal is to design an efficiently-computable upper bound UB(nmax) and

lower bound LB(nmax) of nmax to avoid the need of exact DBSCAN if nC > UB(nmax)

or nC ≤ LB(nmax).

DBSCAN uses a circular ε-neighborhood to find core points and merge them into

clusters through range queries. Denote ALGscan as a more general version of DBSCAN,

which may use other neighborhood definitions for finding core points and performing

range queries for merging. Denote n′max as the size of the largest cluster returned by

ALGscan. Lemmas 1 and 2 show the sufficient conditions (not necessary conditions)

for an ALGscan to make n′max an upper or a lower bound of nmax from DBSCAN,

respectively.

Lemma 1. n′max ≥ nmax if the neighborhoods defined in an ALGscan (may vary from

point to point) always fully contain the ε neighborhoods of DBSCAN as subspaces.

Proof. The proof is straightforward. The core point set of ALGscan must be a superset

of that of DBSCAN, and any two core points merged by DBSCAN’s range query must

also be merged by ALGscan’s because any ε-neighborhood of DBSCAN is always fully

contained by the corresponding search neighborhood from ALGscan.
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Lemma 2. n′max ≤ nmax if the neighborhoods defined in an ALGscan (may vary from

point to point) are always fully contained by the ε-neighborhoods of DBSCAN.

Proof. The proof is symmetric to that of Lemma 1 by replacing supersets by subsets.

Details skipped to avoid redundancy.

We use a discrete-scan to build and compute the upper and lower bounds. In the

discrete scan, we discretize the continuous spatial domain S into a grid where the value

of each grid cell is the number of points inside (no need to store the actual points, just

a numeric value). The length of a grid cell is a fraction of the neighborhood size ε from

DBSCAN (e.g., 1/4).

Fig. 2.2(b) illustrates the definition of the neighborhoods in the discrete-scan to

construct the upper bounds (Lemma 1). Denote G as a grid with with I rows and J

columns generated from the discretization, G(i, j) as a cell at the ith row and the jth

column (row and column IDs start with 1), and G(i0 : i1, j0 : j1) as a sub-grid containing

all the cells with row i ∈ [i0, i1] and column j ∈ [j0, j1]. Thm. 1 shows the neighborhood

definition in discrete-scan that satisfies the sufficient condition for upper-bounding.

Figure 2.2: Sub-grids of upper and lower bounds.

Theorem 1. For any point within G(i, j), its circular ε neighborhood is always fully

contained by the square neighborhood covered by G(i −∆i : i + ∆i′, j −∆j : j + ∆j′),
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where ∆i = min(
⌈
ε
L

⌉
, i − 1), ∆i′ = min(

⌈
ε
L

⌉
, I − i), ∆j = min(

⌈
ε
L

⌉
, j − 1), and

∆j′ = min(
⌈
ε
L

⌉
, J − j).

Proof. Every point in the original space must be contained by a grid cell (e.g., the center

cell of Fig. 2.2(b)(a)). Note that in order to make sure there is strictly no overlaps

between cells, each cell only contains its top and left boundaries, except for those at the

right-most columns or bottom rows. As shown in Fig. 2.2(b), a point in a cell lies at

most on or infinitely next to the boundaries of a cell. Thus, its ε search distance in the

continuous space is at most
⌈
ε
L

⌉
cells in the discrete space. As a result, the circular ε

neighborhood must be fully contained by a sub-grid whose length is (2 ·
⌈
ε
L

⌉
+ 1) cells

centered at G(i, j). The min function is used to constrain the sub-grid to be within

G.

Similarly, Thm. 2 shows the neighborhood definition that satisfies the sufficient

condition for lower bounding.

Theorem 2. For any point within G(i, j), its circular ε neighborhood is always fully

contained by the square neighborhood covered by G(i −∆i : i + ∆i′, j −∆j : j + ∆j′),

where L ≤ ε√
2
, ∆i = min(

⌊
ε√
2L
− 1

⌋
, i − 1), ∆i′ = min(

⌊
ε√
2L
− 1

⌋
, I − i), ∆j =

min(
⌊

ε√
2L
− 1
⌋
, j − 1), and ∆j′ = min(

⌊
ε√
2L
− 1
⌋
, J − j).

Proof. Here we need to guarantee that the sub-grid neighborhood is fully contained by

the ε neighborhood of any point within G(i, j). In other words, the furthest distance

from a point in G(i, j) to any location within the sub-grid neighborhood must be smaller

than ε. As shown in Fig. 2.2(c), the maximum distance is achieved between a point in

G(i, j) located at its corner and another location at the sub-grid’s furthest corner. This

distance is at most k−1
2 ·
√

2L, where k is an odd number representing the side length

(unit: cell) of the sub-grid neighborhood. Since (k−1
2 + 1) ·

√
2L ≤ ε, we have k to be at
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most
⌊√

2ε
L − 1

⌋
. Thus, the search distance outside G(i, j) is at most k−1

2 =
⌊

ε√
2L
− 1
⌋

cells.

According to Theorems 1 and 2, we can construct the upper and lower bounds

of nmax by using the grid-based neighborhoods. Note that the only difference in the

neighborhood definitions for the upper and lower bounds lies in the values of ∆i, ∆i′,

∆j and ∆j′. Other than the side-lengths of the sub-grid based neighborhoods, the steps

in the discrete-scan are exactly the same for the upper and lower bound calculation.

Thus, in the following we will use G(i − ∆i : i + ∆i′, j − ∆j : j + ∆j′) in a general

manner (i.e., defined by either the upper or lower bound) to illustrate the key steps in

the discrete-scan.

In the discrete-scan, we consider all the points within G(i, j) as a single super-point

whose (1) location is represented by the spatial extent ofG(i, j); (2) search neighborhood

is covered byG(i−∆i : i+∆i′, j−∆j : j+∆j′); and (3) cardinality is equal to the number

of original points within G(i, j). The cardinality will be used only when determining

the core points and computing the sizes of the clusters. Again, the core points here will

be a superset of the core points in DBSCAN.

We use super-points and grid-based neighborhoods to perform the discrete-scan.

Since super-points can be represented by grid cells {G(i, j)}, we only need to enumerate

through grid cells instead of the actual points after the grid is constructed. Then, for

each G(i, j), the discrete scan uses the sub-grid G(i − ∆i : i + ∆i′, j − ∆j : j + ∆j′)

(Thm. 1 and 2) as the search neighborhood to determine if G(i, j) is a core super-point:

G(i, j) is


core, if

∑
G(i,j)∈g |G(i, j)| ≥ minPts

not core, otherwise

(2.1)

where g = G(i − ∆i : i + ∆i′, j − ∆j : j + ∆j′) and |G(i, j)| is the cardinality of the

super-point.



28

The merging or expansion process in the discrete scan also uses the sub-grid based

neighborhoods as illustrated in Alg. 2. Note that Alg. 2 describes the expansion for a

single super-point G(i, j), and its output nC is the total number of points in the cluster

containing G(i, j). In line 11 of Alg. 2, the Hadamard Product (cluster ◦ G) is the

matrix multiplication performed in element-wise fashion. As a reminder, the value of a

cell in G is the number of points in it.

Algorithm 2 Expansion of a single G(i, j) in a discrete-scan

Require:

• Grid G and a core super-point G(i, j)

• Helper binary grid (visited: 1, non-visited: 0) V

• DBSCAN’s minimum number of points minPts

queue = Queue().enqueue(G(i, j))

{# Mark the cells belonging to this cluster}

cluster = new Grid(size=G.size; value=0)

while !empty(queue) do

core = queue.dequeue()

g = getGridNeighborhood(G, core)

coresnew = findNewCoresInNeighbor(core, g, minPts, V )

queue.enqueue(coresnew)

updateVisitedCells(V , g)

markClusterCells(cluster, g, newValue=1)

end while{# Get cluster size.}

nC = computeHadamardProduct(cluster, G).sum()

return nC , V

After calculating the cluster sizes for all clusters, we can easily compute the bound

on nmax. Note that we need to run the discrete-scan twice with different neighborhood
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definitions (i.e., Thm. 1 and 2) to compute both UB(nmax) and LB(nmax). Given

the size of a cluster nC from real data, we can avoid running the exact DBSCAN if

nC > UB(nmax) or nC ≤ LB(nmax).

Early Termination with Theoretical Guarantee

Early termination has been widely used to stop Monte Carlo estimation with M ′ < M

trials. For example, if there are already (αM) trials with nmax ≥ nC , then the cluster

of size nC must not be significant and we can directly terminate it without performing

the rest trials.

In related work, early termination is mostly used as a simple heuristic as its effec-

tiveness is not well understood in theory.

In this work, early termination will be a key building block in the dual-convergence

process (Sec. 2.3.2) to filter out non-significant clusters. Thus, we provide a detailed

theoretical analysis of early termination and shows the probabilistic performance esti-

mation of this technique for non-significant clusters.

Denote M as the number of Monte Carlo trials and α as the significance level

(M ≥ 1/α). Denote n as the cluster size of a non-significant cluster and p(n) as

the probability of having nmax ≥ n in a random point distribution generated by a

homogeneous point process. We first develop the following Lemma 3.

Lemma 3. For cluster size n with p(n), the probability of terminating within the x

trials is:

1−
dαM−1e∑
i=0

(
x

i

)
· [p(n)i · (1− p(n)x−i)] (2.2)

Proof. First, having exactly i trials with nmax ≥ n in x trials follows a binomial dis-

tribution, so we have its probability as fbin(i, x, p(n)) =
(
x
i

)
· [p(n)i · (1 − p(n)x−i)].

Then, the probability of terminating within x trials is equivalent to having at least αM
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trials with nmax ≥ n in x trials. Thus, this probability follows the cumulative binomial

distribution.

Lemma 3 is applied for a specific non-significant cluster size n and requires knowing

p(n). To make it useful in practice, we remove the p(n) requirement by integrating Eq.

(2.2) across all possible values of p(n) and calculating the expectation:

Theorem 3. For a non-significant cluster, the probability of terminating within the x

trials is lower bounded by:

Pearly(αM, x) = 1−
dαM−1e∑
i=0

(
x

i

)
· i!(x− i)!

(x+ 1)!
(2.3)

Proof. By integrating Eq. (2.2) across all p(n) we have:

Pearly(αM, x) =

∫ 1

0

{
1−

dαM−1e∑
i=0

(
x

i

)
· [pi · (1− p)x−i)]

}
dp

= 1−
dαM−1e∑
i=0

(
x

i

)
·Beta(i+ 1, x− i+ 1)

= 1−
dαM−1e∑
i=0

(
x

i

)
· i!(x− i)!

(x+ 1)!

where Beta(i+ 1, x− i+ 1) is the Beta function with two inputs.

Suppose we have α = 0.01 and M = 100. The probability of terminating after the

2nd trial is 0.67, 3rd is 0.75 and 10th is 0.91. Similarly, for α = 0.01 and M = 1, 000,

then the probability of terminating after the 20th trial is 0.52, 30th is 0.68 and 100th is

0.90. This shows that early-termination can be very effective.
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Dual Convergence towards the Significance Boundary

To summarize, the purpose of the upper bound is to accelerate the validation of signif-

icant clusters and the purpose of the lower bound and early-termination is to speed-up

the filtering of non-significant ones.

Our previous discussion mainly concerned acceleration of significance testing for a

single cluster size. In a real-world scenario, DBSCAN often returns a list of clusters with

different sizes. Denote D as a list of the sizes of detected clusters from a real dataset.

D is sorted in a descending order. There are three possible scenarios of cluster compo-

sition in D: (1) D contains only significant clusters; (2) D contains only non-significant

clusters; and (3) D contains a mixture of significant and non-significant clusters. The

first two scenarios are relatively easier because they can achieve acceleration from a

single technique (Sections 2.3.2 and 2.3.2).

For the third scenario, the techniques need to share information and work together

to really reduce computational cost. For example, the upper bound avoids having to run

the exact DBSCAN if nC > UB(nmax), where nC is the size of a detected cluster from

real data. Since we have multiple sizes inD, the condition becomes min(D) > UB(nmax)

in order to avoid the exact DBSCAN. When D contains non-significant clusters, this

condition may be rarely satisfied, making the upper bound ineffective. Similarly, early

termination is not expected to be effective when there is at least one significant cluster

in D because this means we have to perform at least (1− α)M trials (e.g., 99% of the

trials for α = 0.01).

To address this issue, we present a dual-convergence framework to coordinate the

techniques and make them increasingly efficient as the trials progress.

Fig. 2.3 shows the progression of the trials and the information sharing among the

techniques. Here early-termination controls a pointer et∗ on D to mark the current

boundary of non-significant clusters. Accordingly, when the upper bound operates in
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a trial, it can skip the exact DBSCAN if the size at et∗ is greater than UB(nmax),

i.e., D(et∗) > nmax instead of min(D) > nmax. As more trials complete (e.g., 5% of

M according to the analysis in Sec. 2.3.2), et∗ will gradually cover all non-significant

clusters and the upper bound will approach its maximal effectiveness. Note that the

upper-bounded sizes are trial-specific.

Figure 2.3: Progression along trials in dual convergence.

Algorithm 3 shows the execution order of the three techniques, i.e., upper bound,

lower bound and early termination.

Time complexity

Due to the space limit, we show the time complexity of the significant DBSCAN without

detailed proofs. Denote N as total number of points, M as number of trials, and |G| as

number of grid cells in the discrete scan. The time complexity of the baseline algorithm is

O(fDB(N)×M) = O(MN logN) in a 2D spatial space, where fDB(N) is the complexity

of DBSCAN that can differ by data dimensions. This chapter focuses on the spatial case.

The time complexity of the Dual-Convergence algorithm is O(ρMN logN + (1− ρ)M ·
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max(|G|, N)), where ρ ∈ (0, 1] is the portion of trials that requires the exact DBSCAN.

Note that in a 2D spatial case, as N increases we normally have |G| << N . The

discrete scan still requires at least linear time because we need to count the number of

points in each grid cell. This needs a single and simple pass through the actual points

(the cell a point belongs to is trivially computable in closed-form). After that, it is

just a quick linear scan through the cells (i.e., O(|G|) time), which no longer involves

any computation with the actual points or other special data structures (can be used

with integral image for acceleration). In experiments (Sec. 2.4.2) we will see that the

discrete scan works very well (overhead is almost negligible). For non-clustered data,

we also expect the early termination to be very effective according to the probabilistic

analysis (Sec. 2.3.2) and experiment results (Sec. 2.4.2). In a high-dimensional space,

the overall computation is still challenging because grid-based methods normally have

time complexity exponential to the variable dimension d (unless the complexity treats

dimension d as a constant no matter how large it is, e.g., d = 100). Our current scope

is the 2D spatial case.

2.3.3 Significant Clusters with Varying Densities

In this section we discuss a heuristic search strategy which uses significant DBSCAN

for a single (ε,minPts) as a subroutine to detect clusters of different densities in the

context of significance testing. The main focus here is to illustrate the benefits of

significance testing and the way to perform it when considering various densities. The

scope of this discussion is not to further mature related work in terms of detecting

clusters of varying densities. Nonetheless, the comparisons to related work are shown

through experiments.

In DBSCAN, in order to detect clusters of varying densities we need to consider a
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range of eps and minPts rather than a fixed pair. A key issue that rises when we aggre-

gate DBSCAN results with multiple pairs of (ε,minPts) is that it may greatly increase

the number of spurious detections (i.e., chance patterns from different (ε,minPts)).

This is where significance testing becomes more important by playing a key role in

eliminating the spurious patterns.

In the following, we describe significance testing in this scenario with an example

heuristic search strategy for multi-densities.

An Example Heuristic Search Strategy

The search strategy basically enumerates through a list of (ε,minPts) for various den-

sities (i.e., minPts/(πε2)). Since density calculation requires both the number of points

and area, considering only a single scale (i.e., one ε) for each density may not be appro-

priate. To mitigate this, the search strategy additionally considers a range of ε for each

density.

Denote U as a matrix where each row corresponds to a single density and each

column represents a specific scale (i.e., ε). The value of each entry U(i, j) is the minPts

value (rounded) of ε(j) for density(i). Lower row IDs in U represent smaller densities

and lower column IDs represent smaller scales. Starting at the highest density, the

heuristic search follows two key steps in each search-round. Step-1: It fixes the density

at the current row i and sequentially executes original DBSCAN on the same data but

through different scales from low to high. It stops at the scale U(i, j) when the increase

in average cluster size from U(i, j) to U(i, j + 1) is smaller than λ% (e.g., 10%); Step-

2: It fixes the scale at the jth column (from step-1) and sequentially executes original

DBSCAN towards lower densities. It stops at U(i′, j) when the average cluster size from

U(i′, j) to U(i′+ 1, j) is smaller than λ% (e.g., 10%). The DBSCAN result at U(i′, j) is

returned for this search-round (corresponding to a density-level). This two-step process
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is used to avoid inappropriate densities (e.g., too high) or scales (e.g., too small) which

may cause a single cluster to be shattered into pieces.

Using this example two-step (per round) search, we show how significance testing

should be performed in the next section.

Significance testing

Significance testing is performed after each round on the returned result. To be con-

sistent, the significance testing uses the same (ε,minPts) parameter pair used for the

returned result. Note that here we only have a single pair of parameters and can directly

perform the significance testing described in Sec. 2.3.2. In addition, the search strategy

is only needed for real data and not the significance testing (single (ε,minPts) based).

After finding significant clusters, a critical step is to remove them from the data

before the next round of search. Since the next thing we need to test is whether the rest

of the data is generated by a homogeneous point process or it contains other significant

clusters (e.g., those with lower densities), the analysis should be independent from any

already-confirmed significant clusters. Thus, we need to remove both the points of the

significant clusters and their spatial coverage. This will result in a smaller amount of

points and a smaller spatial domain for future significance testing. The challenge in this

step is the removal of the spatial coverage of significant clusters. Since the exact coverage

of the clusters (point sets) is not defined in DBSCAN, we rasterize the continuous spatial

domain into pixels and approximate the coverage of the clusters by marking the pixels

within the ε neighborhoods of the core points. In subsequent significance testing, the

points will only be randomly distributed to the unmarked sub-spaces.

After the removal, the heuristic search continues with the next (lower) density.
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2.4 Validation

Fig. 2.4 shows the overall validation framework and questions.

Figure 2.4: Overall validation framework.

2.4.1 Comparative Analysis

The candidate methods include DBSCAN with varying parameters, H-DBSCAN with

varying parameters, SaTScan, and the proposed significant DBSCAN with significance

level set to 0.01. Note that the significant DBSCAN used the example heuristic search

strategy described in Sec. 2.3.3, and any parameters associated with it remain the same

throughout the experiments for data with different number of points, cluster shapes,

cluster densities, point processes, etc.

Performance on Data Generated by a Homogeneous Point Process

Fig. 2.1 (2,000 points, in Sec. 2.2.2) shows the results of the candidates methods on

two datasets generated by a homogeneous point process (i.e., no true clusters). The
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results of DBSCAN were evaluated on three sets of parameters (ε,minPts). Note that

we could have possibly used parameters corresponding to very high densities and made

sure there would be no clusters detected. However, this choice is not appropriate for two

main reasons: (1) we cannot be sure whether or not a given data is truly clustered (i.e.,

it could possibly contain real clusters) without testing so it is not proper to assume

it beforehand; and (2) the same parameters were tried on clustered data with 2,000

and 10,000 points in the same spatial domain in Sec. 2.4.1. We can see that some of

these parameters already represented a density that is too high to correctly detect true

clusters (e.g., Fig. 2.5(b)(d) and Fig. 2.6(b)(c)). Thus, the choice of parameters already

covered sufficiently high densities.

H-DBSCAN [88] is considered as an improved cluster detection method that com-

bines the strengths of DBSCAN and OPTICS[87] (made by the authors of the papers).

By default, H-DBSCAN does not require input parameters and can automatically find

the best clusters based on its criteria. If needed, a minimum cluster size can be set to

refine the criteria. A common value for the minimum cluster size is 5 (e.g., defaulted in

its standard Python library [90]). In our experiments, we tried both 5 and 40.

The results of both DBSCAN and H-DBSCAN contain spurious patterns for different

parameters. For DBSCAN, in general the spurious patterns were smaller when the

(ε,minPts) corresponds to a higher density (also affected by the scale). Some detections

are quite large in cluster size so it is difficult to remove them with a pre-set threshold

of minimum cluster size. We can see a similar trend for H-DBSCAN results. When a

larger minimum cluster size is used, the detected spurious clusters also becomes larger,

making them difficult to remove without significance testing. This also mirrors our

earlier analysis in Sec. 2.2.2. In Fig. 2.1(g)(h) we can see that both SaTScan and the

proposed significant DBSCAN can successfully avoid chance patterns with significance

testing.
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Performance on Data with Clusters of Varying Shapes

Fig. 2.5 (10,000 points) and Fig. 2.6 (2,000 points) show the results on two datasets

generated by biased/clustered point processes. Each has four clusters of different shapes.

As we can see, SaTScan is overall robust against the noises with significance testing, but

it is limited in detecting clusters of general shapes. As a spatial scan statistic approach,

SaTScan operates in a top-down fashion. In other words, it enumerates candidate

regions of different sizes with a pre-defined geometric shape and checks their statistical

significance. In addition, the enumeration space for a single shape is often already quite-

large (e.g., circles of different sizes across all locations) and results in large computational

cost. In contrast, DBSCAN operates in a bottom-up fashion, which allows it to trace

arbitrary shapes automatically without predefined shapes. Note that it does assume

the density within a cluster is generally homogeneous without drastic changes.

As we can see, in general DBSCAN based methods show stronger capacity than

SaTScan in finding clusters with varying shapes, although some of their results still

contain many spurious patterns due to the lack of significance testing. In addition,

H-DBSCAN methods also seem to be sensitive to the minimum cluster size threshold.

For example, in Fig. 2.6(f), the first three clusters were detected as a single one. In

Fig. 2.5(h) and Fig. 2.6(h), the proposed significant DBSCAN is able to detect the

significant clusters of arbitrary shapes while successfully avoiding chance patterns.
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Figure 2.5: Clustered 10000-point shape data.
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Figure 2.6: Clustered 2000-point test data.

Performance on Data with Clusters of Varying Densities

The four clusters in Fig. 2.5 have different densities. The probability density of having

a point in the rectangle and ring is twice as high as that in the circle and ellipse.

As we can see, DBSCAN methods can detect true clusters of different densities by

varying its parameters. However, the number of chances patterns also greatly increases

if we merge their results. The same trend can be seen in the results of H-DBSCAN.



41

With significance testing, the proposed sig-DBSCAN method was able to filter out the

chance patterns and keep only the significant clusters of varying densities (i.e., with

the heuristic search in Sec. 2.3.3). Again, any parameter associated with the heuristic

search remained the same with no change throughout the experiments on different data.

Real-world Example: Minneapolis Snow Emergency Tows

Fig. 2.7 shows the results of the candidate methods on an example real-world data of

snow-emergence vehicle tows (948 points) in Minneapolis, US, 2019. The city is located

at the north side of the US near the Lake Superior, and receives heavy snows in the

winter. To plow the thick snow from the streets (i.e., curb to curb), a snow emergency

requires all cars parked in the declared zones to be moved to other places; otherwise

they will be tagged or towed.

Figure 2.7: A real-world example: snow emergency tows.

Given that there are limited tow-trucks and time for towing, towing priority (e.g.,

more tow trucks, higher frequency) is given to neighborhoods that have narrower streets,

which will be very difficult to use without complete snow shoveling. According to

a transportation officer in Minneapolis (2019)[92], the neighborhoods with the most
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pressing needs in the snow emergency were: Stevens Square, the Wedge, Dinkytown

and Uptown. We used this real-world data and information to test if the methods can

identify these priority neighborhoods in the snow emergency.

Note that the invalid regions (e.g., rivers, lakes, parks, urban forests, highway etc.) in

the figure were excluded from the input spatial domain before running these methods.

The study area used for the snow emergency data was approximated by the general

coverage of the points. In the experiment results, we can see that the four neighborhoods

are reasonably well captured by the significant DBSCAN (Fig. 2.7(d)). The clusters

that contain the neighborhoods (sometimes together with a few adjacent ones) are

highlighted with the corresponding names. In the DBSCAN result (Fig. 2.7(b)), we can

still see these significant clusters, but there are many non-significant ones covering most

of the points. In H-DBSCAN, the clusters are more contiguous with some being merged

together but non-significant ones still persist in most of the study area. SaTScan (Fig.

2.7(c)) was able to find roughly two of the neighborhoods. It missed the one at Uptown,

potentially due to the shape of the clusters (i.e., a large empty space towards the right-

side when a circle is used to cover it). In the other two large clusters it identified, there

is not much empty space left in the circles. In addition, SaTScan detected a very tiny

cluster near the top-left, which is also a well-known issue (i.e., tiny clusters tend to have

a very high likelihood ratio).

2.4.2 Sensitivity Analysis

We evaluated the computational performance of the baseline and the Dual-Convergence

algorithms on various data sizes N , clustering degrees (or effect sizes) es and cell-sizes

cs in discrete scan. For clustered data, the clustered regions are the same as those in

Fig. 2.5. To add some density variations in the clustered data, the probability density

of having points (modeled by es) in the rectangle and ring was set twice as high as
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that in the circle and ellipse. The default parameter values used were N = 10, 000,

es = (10, 20) and cs = ε/4.

Figure 2.8: Execution time analysis.

Effect of Data Size

We evaluated the execution on varying data sizes N on both clustered (Fig. 2.8(a)) and

non-clustered data (Fig. 2.8(b)). For both data types, the general trend is that the

proposed Dual-Convergence method can greatly reduce the computational cost and the

savings becomes greater as N increases. For early-termination, it is not very effective

by itself when data is clustered because at least (1−α)M trials are needed. Comparing

the upper-bound and lower-bound methods, we can see that the execution time savings

are mostly achieved by the upper-bound alone while not much more is contributed by

the lower bound. The reason might be that the lower bound is not as tight as the upper

bound with the cell size used (Fig. 2.2 (b) and (c)).
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Effect of Clustering Degree

Clustering degree (or effective size) es shows how much more likely an individual location

within a clustered region will have a point compared to a location outside. Note that

if the spatial coverage of a cluster is too small, even a large effect size can be hard to

observe and confirm due to the small cumulative probability. We used two different es for

each clustered data: two clusters will have es0 and the other two will have es1 = 2 · es0.

The X-axis in Fig. 2.8(c) shows es0. Note that for non-clustered data all the locations

have the same es = 1.

The trend is that the Dual-Convergence algorithm consistently achieved great time

reduction compared to the baseline throughout the experiment. The sharp increase of

early-termination shows the switch from non-clustered es = 1 to clustered data es > 1.

Effect of Cell Size in Discrete Scan

Fig. 2.8(d) and (e) show the execution time under varying cell sizes cs in the discrete

scan. Note that cs we used is a fraction of ε. Our expectation is that a finer cs can

tighten the upper and lower bounds at the cost of increased number of cells in the

discretization. We can see that overall the cost associated with the increase of number

of cells is secondary (i.e., very small overhead) in terms of computation. In addition,

there was a small improvement of lower bound from cs/ε = 1/8 to 1/16 while the

improvement in the upper bound is not obvious. The reason could be that the upper

bound is much tighter than the lower bound so it is less affected within this range of cs

variation, whereas the lower bound can benefit a lot more with a smaller cs.
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2.5 Conclusions and Future Work

We introduced, discussed and proposed a framework for incorporating statistical signif-

icance in DBSCAN clustering. To perform the significance testing, we proposed a base-

line Monte-Carlo method as well as a Dual-Convergence algorithm for acceleration. In

addition, we discussed cluster detection of varying densities (i.e., multiple (ε,minPts))

in the context of significance testing. Our experiment results show that the proposed

significant DBSCAN can greatly improve solution quality by robustly eliminating chance

patterns. The Dual-Convergence algorithm also can greatly improve the computational

efficiency.

Future work: This work is just a start of improving the robustness of widely-used

clustering methods by modeling statistical significance. We expect the results to en-

courage more studies to explore significance testing of other methods (e.g., k-means).

Also, many other opportunities exist to further improve this work, including different

modeling strategies (e.g., advanced test statistics, hypotheses, underlying population),

different DBSCAN methods (e.g., H-DBSCAN), higher dimensions beyond spatial, bet-

ter strategies for multi-density search, analysis of significance and clustering quality

(e.g., scale invariance, consistency, richness) [93], computational enhancements (e.g.,

distributed computing), etc.
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Algorithm 3 Dual convergence

Require:

• List of cluster sizes D

• Number of Monte Carlo trials M

• Significant level α {#Other detailed inputs are skiped}

et = D.length

Dgeq = new List(length=D.length) {# Tracking the number

of trials with nmax ≥ D(i)}

for t = 1 to M do

UB = getUB() {#upper bound}

if D(et) ≤ UB then

unbounded id = getMinZeroID(D > UB)

LB = getLB() {#lower bound}

if D(unbounded id) ≥ LB then

nmax = exact DBSCAN()

ids = getAllNonzeroID(D ≤ nmax)

Dgeq(ids) += 1

else

Dgeq(unbounded id : end) +=1

end if

et = getMaxNonzeroID(Dgeq < αM){#early term.}

if et==None, then break, end if

end if

end for

return Dsig = (Dgeq < αM)



Chapter 3

FF-SA: Fragmentation-Free

Spatial Allocation

3.1 Introduction

Given a m×n grid G containing a set of orthogonal grid cells gij and a list L of choices,

where each choice on gij has a benefit value bij and cost cij , the fragmentation-free

spatial allocation (FF-SA) aims to find a tile-partition of G and a choice for each tile

to maximize the overall benefit under a cost constraint and spatial constraints (e.g.,

minimum tile area, shape) which enforce spatial contiguity and regularity. FF-SA is

related to both optimization and computational geometry.

FF-SA is an important problem in many application domains. In agricultural land-

scape design (a.k.a., Geodesign) [64, 94], land covers and management practices need

to be determined for each spatial location in order to improve environmental or eco-

nomic objectives. For example, maximizing food production under water quality con-

straint. The allocated land cover patches (e.g., continuous area of corn or wheat) must

be geometrically large enough and regular in shape to allow efficient use of modern

47
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farm equipment (e.g., commonly used 40-60 feet wide combine harvester heads in mid-

western US). Without the spatial constraints, a spatial allocation result often contains

land fragmentation (e.g., tiny land cover patches), which can significantly reduce farm-

ing efficiency [95, 96]. Similarly, in urban land-use planning and building floor zoning

[97, 98], zones need also satisfy the spatial constraints to avoid undesired fragmentation,

such as tiny nested zones of different types of land-uses (e.g., residential, industrial).

FF-SA addresses these fragmentation issues using spatial geometric constraints.

FF-SA is approximation-hard (APX-hard), which implies NP-hardness. The APX-

hardness shows that FF-SA has no polynomial time approximation scheme (PTAS)

unless P=NP. The problem is computationally challenging given the large number of

decision variables and constraints needed for real-world applications (e.g., million, tril-

lion). Due to the hardness and scale of the problem, standard MIP solvers cannot

efficiently solve FF-SA. Without modeling spatial constraints, conventional integer pro-

gramming formulations have also been used for spatial allocation problems [94, 97, 98].

However, grid cells are treated as independent variables during optimization and this

leads to fragmentation in the final results. In Geodesign Optimization [10], a dynamic

growth tiling framework (DGTF) was used to avoid fragmentation during tiling scheme

generation. The limitation of DGTF is that it only enumerates one full tiling scheme in

the heuristic optimization process, which means its enumeration space of tiling scheme

is very small. The new approach targets improving the solution quality of FF-SA by sig-

nificantly increase the enumeration space of tiling schemes during optimization. Details

are discussed in Sec. 3.4 and 3.5.

In this work, we prove that the hardness class of FF-SA is at least APX-hard beyond

NP-hard, which further encourages research on heuristic solutions instead of exact or

approximation algorithms. Then, we propose a new algorithm based on dynamic pro-

gramming, namely Hierarchical Fragmentation Eliminator (HFE), to better approach
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an upper bound on optimal solution quality by significantly increasing the enumeration

space of tiling schemes. An acceleration algorithm based on multi-layer integral image

is also proposed to improve the performance of the new approach. The computational

time complexity of the new algorithms are analyzed in details.

A detailed case study in agricultural spatial allocation was performed to evaluate the

proposed algorithms. The case study was carried out at Seven Mile Creek watershed

(Minnesota, US) which has an area of 25,000 acres. Experiment results show that:

(1) the HFE algorithm was able to eliminate fragmentation existed in conventional

integer programming (no spatial constraints) solution; (2) HFE consistently produced

better spatial allocation solutions compared to DGTF [10] in the study area; (3) the

acceleration algorithms significantly improved the computational performance of HFE.

3.2 Problem Statement: Fragmentation-Free Spatial Al-

location

The problem formulation for FF-SA inherits the formulation of Geodesign Optimization

problem [10] and is generalized to a broader domain. Some key concepts are defined

as follows: (1) Grid: A grid partition contains m rows and n columns. Each grid

cell is identified by its row i and column j. Each grid cell gij has d choices, and each

choice k has a benefit bijk and cost cijk. The choices for each grid cell are the same,

but the benefit and cost values for each choice vary across grid cells. (2) Tile: A tile is

rectangular in shape. Each tile tilet = (i0, j0, i1, j1) is identified by its top-left grid cell

(i0, j0) and bottom-right grid cell (i1, j1). The choice made on all grid cells within a tile

is the same. For choice k on a tile tilet, the cost ctk and benefit btk are the sum of bijk

and cijk of the grid cells gij inside tilet. Given N grid cells, N2 tiles can be uniquely

defined. (3) Tiling scheme: A tiling scheme is a tile-partition of the study area. Tiles
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in a tiling scheme must not have overlaps. FF-SA is formulated as:

Inputs:

– A grid G and a list L of choices;

– A list Z contains all combinations of tiles and choices with the corresponding

benefit and cost: {tilet : (i0, j0, i1, j1), choice : k ∈ L, btk, ctk};

– A limit on total cost ctot, minimum tile area α, minimum tile width (also height)

β.

Output: A tiling scheme with choice assignment, which is a subset Z ′ of Z.

Objective: Maximize the total benefit:
∑|Z|

p=1(Zp.b) ·sp, where Zp.b is the benefit value

of Zp, and sp is 1 if Zp ∈ Z ′ and otherwise 0.

Constraints:

– Binary value constraint on sp: sp ∈ {0, 1}

– Each tile can only have one choice:
∑

p∈V sp = 1, V = {p|Zp.choice = k},∀k

– Total cost is less than or equal to ctot:
∑|Z|

p=1(Zp.c) · sp ≤ ctot

– Each element Z ′p in Z ′ must satisfy a minimum area α and width β:

i1 − i0 + 1 > β, i1, i0 ∈ Z ′p (3.1)

j1 − j0 + 1 > β, j1, j0 ∈ Z ′p (3.2)

(i1 − i0 + 1) · (j1 − j0 + 1) > α, i1, i0, j0, j1 ∈ Z ′p (3.3)

– There is no spatial overlap among elements in Z ′:

∀Z ′1, Z ′2 ∈ Z ′, Z ′1.tile ∩ Z2.tile = φ (3.4)

Constraints (1) to (4) are spatial constraints imposed on tiles to avoid fragmentation.

Constraints (1) to (3) are single-tile constraints. For implementation, these constraints
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can be imposed by preprocessing, which removes Zp in Z if Zp.tile does not satisfy

the area and width constraints. Constraints (4) is a pair-wise constraint. A concrete

mathematical formulation of (4) requires adding constraints (5) and (6) for all pairs

of elements in Z (either (5) or (6) needs to be satisfied). Two elements Zx and Zy

in Z are spatially disjoint only if none of the vertices in Zx’s tile falls into Zy’s tile.

This indicates that each vertex (i, j) of Zx’s tile must satisfy the following non-linear

constraints when Zx ∈ Z ′ and Zy ∈ Z ′:

(i− i0) · (i− i1) > 0, i1, i0 ∈ Zy or sx = 0 or sy = 0 (3.5)

or (j − j0) · (j − j1) > 0, j1, j0 ∈ Zy or sx = 0 or sy = 0 (3.6)

Scope of illustration: In the general FF-SA problem, the minimum area and

width constraints for each choice may vary. For example, in agricultural spatial alloca-

tion, several land cover types (e.g., alfalfa) may not require large-size farm equipment

operation while the others (e.g., corn) still require it. Thus, α and β can be varied for

each choice. Since the proposed HFE algorithm can be trivially generalized to the case

where different α and β are used for different choices, for simplicity and clearance of

illustration, we assume α and β are the same for each choice in later sections to avoid

overloaded details.
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3.3 Challenges

APX-hard proof with MAX-3SAT

MAX-3SAT(f,x)

1. f to grid-value allocation 
2. x to loops FF-SA instance

Special case

FF-SA solution
2. map partition to x

MAX-3SAT solution

1. map benefit to maximum 

number of satisfaction

Figure 3.1: Reduction graph.

The FF-SA problem is APX-hard, and the APX-hardness implies NP-hardness. The

hardness proof is based on reduction from the MAX-3-Satisfiability (MAX-3SAT) prob-

lem [99]. We show FF-SA is more general than the MAX-3SAT problem, which is

APX-hard and does not admit a polynomial-time approximation scheme (PTAS). We

propose an extension of the proof in [100], which shows 3-Satisfiability (3SAT, a variant

of MAX-3SAT) problem is a special case of box packing (BOX-PACK). In general, it

was shown that for any 3SAT instance, a box packing instance can be constructed with

a special design of box-allocation in polynomial-time, and the optimal solution of box

packing can be converted to the solution of the 3SAT problem in polynomial time. We

generalize the proof in [100] to show that MAX-3SAT is a special case of FF-SA. The

general reduction graph is shown in Fig. 3.1, and the detailed proof is provided in Sec.

3.3.1.

3.3.1 APX-hardness

We start the proof with the following two definitions.

Definition 2 (3SAT and MAX-3SAT). Given a Boolean formula: (x1 ∨ x2 ∨ x3) ∧

(¬x2 ∨ x4 ∨ x5)∧ (¬x5 ∨ x6¬x7)∧ ..., which is composed by m clauses where each clause
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has 3 binary variables, 3SAT determines whether there exists a 0-1 assignment of all

variables such that the output of the Boolean formula is 1 (satisfiable). MAX-3SAT is

a variation of 3SAT. Instead of determining whether the formula is satisfiable, MAX-

3SAT finds a 0-1 variable assignment to maximize the number of satisfied clauses.

Definition 3 (BOX-PACK and MAX-BOX-PACK). Given a set S of axis-parallel

square boxes with integer height hi, width wi and coordinates (locations fixed), BOX-

PACK determines whether there exists a subset of B non-overlapping boxes in S.

MAX-BOX-PACK, instead of determining this existence, finds the subset that has

the maximum number of non-overlapping boxes.

The proof in [100] reduces 3SAT to BOX-PACK. It was shown given a 3SAT instance,

a specific two-dimensional allocation of boxes can be constructed in polynomial time

in BOX-PACK, and 3SAT can be satisfied (return 1) if and only if a subset of B

non-overlapping boxes can be found. Every unsatisfied clause in 3SAT will cause a

deduction of 1 from B. The proof needs to be extended in two ways to reduce MAX-

3SAT to FF-SA: (1) extend from ”3SAT =⇒ BOX-PACK” to ”MAX-3SAT =⇒ MAX-

BOX-PACK”; and (2) re-formulate the box-allocation in MAX-BOX-PACK to the grid

representation of FF-SA by assigning specific grid cell values.

Polynomial-time reduction from BOX-PACK to MAX-BOX-PACK: (1)

If BOX-PACK can be determined in polynomial time, then we show there exists a

simple algorithm to find the maximum number B∗ in MAX-BOX-PACK. Suppose the

total number of boxes in the instance is N . Then the algorithm can simply enumerate

through all integers in [1, N ] using BOX-PACK and find B∗ in polynomial time. (2) If

MAX-BOX-PACK can be solved in polynomial time, then for any number B in BOX-

PACK, we can compare it to B∗ and get the decision in polynomial time. Thus, based

on (1) and (2), BOX-PACK and MAX-BOX-PACK can be mutually transformed in

polynomial time.
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MAX-3SAT is a special case of MAX-BOX-PACK: We show MAX-3-SAT

can be reduced to MAX-BOX-PACK in polynomial time. So far we have shown 3-

SAT can be reduced to MAX-BOX-PACK. Suppose we have a 3SAT instance I3SAT

and a corresponding BOX-PACK instance IBP , and B is the largest number of non-

overlapping boxes achievable in IBP when I3SAT is satisfiable. [100] shows that every

unsatisfied clause in I3SAT is equivalent to a deduction of one in B of IBP . Since for

I3SAT we can create a corresponding MAX-BOX-PACK instance IMBP with exactly

the same input (box-allocation) as IBP . Let B∗ denote the maximum number of non-

overlapping boxes achievable in IMBP , and B∗ = B when I3SAT is satisfiable. Similarly,

we construct a MAX-3SAT instance IM3SAT using the same input of I3SAT . Given

B, B∗, and m (total number of clauses in IM3SAT ), the maximum number of satisfied

clauses in IM3SAT can be computed as M∗ = m − (B − B∗). Thus, IMBP can be

constructed in polynomial time given IM3SAT , and the solution M∗ of IM3SAT can be

achieved in polynomial time given B∗. MAX-3SAT is a special case of FF-SA: To

prove FF-SA is APX-hard, we use the above-mentioned special case (specific input box-

allocation) of MAX-BOX-PACK to build the corresponding instance of FF-SA. First,

we reformulate the special case of box-allocation into a grid representation. Since the

coordinates of boxes in MAX-BOX-PACK are all integers, it is straightforward to map

the boxes to a grid with cell-size 1. Next, we enrich all the grid cells with values (e.g.,

benefits) to create the corresponding instance of FF-SA. The goal is to make sure that

for the special case of box-allocation, the optimal solution of FF-SA gives the optimal

solution of MAX-BOX-PACK in polynomial time.

Overview of the construction of box-allocation [100]: Generally, for each

variable in MAX-3SAT, there is a loop of equal-size boxes with side-length 2 and the

number of boxes is even. Half of the boxes are labeled ”1” and the others are ”0”, where

the boxes representing ”1” and boxes representing ”0” are interleaving (Fig. 3.2(a)), so
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that each box with ”0” (resp. ”1”) intersects with two boxes with ”1” (resp. ”0”). Given

this allocation, the largest subset of non-overlapping boxes for each loop is either all

boxes with ”1” or all with ”0”, which corresponds to the binary choice of each variable

in MAX-3SAT. For a given clause with three variables, there will be a clause region,

where the three box-loops corresponding to the three variables approach each other.

The space available in the clause region is determined by the 0-1 choices made at the

three loops. The allocation is designed in a way that if any loop chooses ”1” boxes, then

there will be enough space to include one and only one more box in the clause region

into the solution (a subset of all boxes) without overlapping any other boxes. Given

a solution containing a subset of boxes in MAX-BOX-PACK, the number of satisfied

clauses in MAX-3SAT can be inferred by counting how many boxes are added from all

the clause regions. [100] shows it is sufficient to discuss three general cases appearing in

the box-allocation. To avoid heavy redundancy, we will focus on the three cases without

proving how exactly they translates to MAX-3SAT, as this omitted proof is in [100].

In the following discussion of FF-SA instance IFF , (1) we relax the cost constraint

by choosing a +∞ budget; (2) there are only two choices for each grid cell, namely ”A”

and ”B”. A’s benefit values are shown as the grid cell values, and B’s benefit values

are always 0; and (3) for choice A, the minimum area is 4 and minimum width is 2; for

choice B, the minimum area and width are 1 (discussed in scope, Sec. 4.2).

Case 1: A fragment of a single loop and this fragment does not intersect with any

other loop (Fig. 3.2(a), left). It is easy to see we can either choose all boxes with ”1”

or all with ”0” for a maximum non-overlapping subset. To achieve the same result in

FF-SA, a benefit-value assignment is proposed in Fig. 3.2(a) (right), where γ denotes a

very large positive value (e.g., 9999). Since tile with choice ”A” cannot overlap and must

satisfy minimum area 4 and width 2, the optimal solution must be choice ”A” on either

all 2×2 grid boxes corresponding to ”1” or ”0”, which is the same as MAX-BOX-PACK.
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The rest of the cells will just choose choice ”B” with 0 benefit.

(a) Case 1 (b) Case 2 (c) Case 3

Figure 3.2: Three cases of box-allocation: from MAX-BOX-PACK to FF-SA. (best in

color)

Case 2: An intersection of two different loops (Fig. 3.2(b), left). An intersection is

a special case in this box-allocation. A square region (dashed) of 3× 3 is added to the

intersection, which contains 4 mutually overlapping 2 × 2-boxes (not drawn) and the

four boxes do not belong to either loop. This special modeling guarantees that whatever

combinations of ”1” and ”0” x1 and x2 (Fig. 3.2(b)) choose, we can always add one

and only one 2×2-box from the dashed region into the optimal non-overlapping subset.

Thus, the intersection has no effect on the decision in choosing the optimal subset.

A corresponding benefit-value assignment is proposed in Fig. 3.2(b)(right). For both

loops, choosing boxes with either ”1” or ”0” will include one and only one cell with

value of -1 at the intersection. Same as MAX-BOX-PACK, it does not matter whether

”0” or ”1” boxes are chosen by the two loops to choose choice ”A”, since we can always

add one and only one 2× 2 box with choice ”A” at the intersection and increase benefit

by 1. The cells left in the intersecting region will choose choice ”B” (0 benefit value).

Case 3: This case is the only one that affects the final optimal solution of MAX-

BOX-PACK and FF-SA. As shown in Fig. 3.2(c), there are three loops of boxes inter-

secting one dashed region at their turns. This dashed region is called a ”clause region”.

The dashed region has an up-side-down ”L” shape and it has three mutually overlapping

2 × 2-boxes. Each ”clause region” in the box allocation corresponds to a clause in the
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MAX-3SAT problem. The loops are constructed such that only a ”0” box intersects

the ”clause region”. In the clause region, if there exists at least one loop that chooses

boxes with ”1”, then we can add one and only one more 2×2-box to the final subset. If

none of the three loops choose boxes with ”1”, then we cannot add any of the 2× 2-box

due to overlaps. Thus, for the MAX-BOX-PACK problem, finding a maximum non-

overlapping subset is equivalent to finding the maximum number of satisfied clauses

in MAX-3SAT. For FF-SA instance IFF , a benefit-assignment is given in Fig. 3.2(c)

(right). Similarly, any cell with negative γ is prohibitive for choice ”A” and needs to be

assigned with choice ”B”. As with MAX-BOX-PACK, if at least one of the three loops

chooses the ”1” boxes with choice of ”A”, then we can add one and only one more 2× 2

”A” box into the FF-SA solution. Due to the spatial constraints, the rest of the cells in

the clause region must choose ”B”. In addition, we cannot allocate a 3 × 2 tile in this

region because it will cause a decrease in total benefit.

Thus, with the optimal solution of IFF , all 2 × 2 boxes with choice ”A” represent

exactly the optimal subset of boxes chosen in MAX-BOX-PACK instance IMBP , which

then gives the optimal solution of the MAX-3SAT instance IM3SAT in polynomial time.

3.4 Related Work and Limitations

Without spatial constraints, there is no need to define the tiles and the spatial allocation

problem becomes a 0-1 Multiple-Choice Knapsack Problem (MCKP) [101]. In MCKP

formulation, the spatial relationship among grid cells is ignored and each grid cell is

considered as an independent variable. There are multiple choices for each variable and

each choice has a benefit and cost value. The optimization goal in MCKP is to maximize

the benefit under a cost constraint. The 0-1 integer programming problem in MCKP is

a well studied problem [101] and can be solved by dynamic programming with a large

space cost. However, without modeling of spatial constraints, the allocation results often
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show large amount of fragmentation, which prohibits its use in domain applications.

In computational geometry, rectangular partitioning problems have been studied

[102, 103]. These problems (e.g., R-TILE, R-PACK) only have one fixed choice for

each grid cell and there are no multiple choices to choose from. Thus, R-TILE and

R-PACK problem do not concern with spatial contiguity issue and fragmentation is

not modeled since there are no different choices to make for adjacent grid cells. The

techniques in R-TILE and R-PACK were based on this single-choice property, and thus

cannot be trivially applied to FF-SA. The spatially-constrained integer programming

formulation of FF-SA can only be exactly solved for very small size problems (e.g., a 10

by 10 grid) given its computational challenge (e.g., APX-hardness result in Sec. 3.3).

In this formulation, denote the number of grid cells as N , and the number of choices

as d. Then the length of list Z is in O(N2 · d), and the non-linear pair-wise constraints

needed is O((N2 · d)2). This makes a 500 by 500 grid with 5 choices require at least

3.125 × 1011 elements (decisions) in Z and 9 × 1022 non-linear pair-wise constraints.

[10] proposes a dynamic-growth tiling framework (DGTF) to find a heuristic solution of

spatial allocation problem that honors spatial constraints. DGTF focuses on generating

a single tiling scheme that satisfy minimum area and width constraints. It has a large

potential search space but the algorithm only enumerates one complete tiling scheme

within the search space. Thus, it has a very limited enumeration space. In addition,

the tile-level choice-assignment phase in [10] is based on heuristic local-search. In this

chapter, we targets improving solution quality of FF-SA using a significantly larger

enumeration space of tiling schemes, and an exact global optimizer for the tile-level

choice assignment phase.
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3.5 HFE: Hierarchical Fragmentation Eliminator

The APX-hardness result encourages the design of heuristic algorithms. We propose

a Hierarchical Fragmentation Eliminator (HFE), to solve FF-SA with two-phases: (1)

space tiling and (2) choice-assignment on tiles. Comparing to [10], the new approach

aims to significantly increase the volume of enumeration space of solutions to improve

the solution quality of FF-SA.

Search Space vs. Enumeration Space. In general, there exists three types

of space tiling frameworks [10, 102], namely 1) arbitrary; 2) hierarchical; and 3) p× q.

Arbitrary tiling framework considers all possible tiling schemes. Hierarchical tiling

framework uses a straight-line to partition the current rectangle into two sub-rectangles

at each step. A p× q tiling framework considers all schemes with p rows and q columns.

A tiling algorithm generates tiling schemes based on these frameworks. We define the

search space of a tiling framework as the space that contains all possible tiling schemes

out of the framework. In contrast, enumeration space contains all tiling schemes that

are actually enumerated by a tiling algorithm. Since arbitrary tiling framework contains

all possible tiling schemes, it has the largest search space. Hierarchical tiling framework

includes tiling schemes following the hierarchical bi-partition structure, so its search

space is a subset of that of arbitrary tiling framework. p × q tiling framework is a

special case of hierarchical tiling framework, which means its search space is a smaller

subset. Although the tiling algorithm proposed in [10] considers a search space defined

by arbitrary tiling scheme, it has a very limited enumeration space containing only a

single complete tiling scheme. The number of tiling schemes covered by the new HFE

algorithm is exponential to the number of grid cells in the input. HFE aims to use this

enlarged enumeration space to explore new opportunities to improve solution quality.
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3.5.1 Phase-1: Space Tiling.

In phase-1, we propose a Hierarchical Fragmentation Eliminator (HFE) to find a tiling

scheme of FF-SA. As discussed in Sec. 3.4, spatial allocation (SA) can be solved using

conventional integer programming (IP) formulation without spatial constraints, and this

approach is denoted as ”IP-SA”. IP-SA solution S∗IP is able to maximize benefit under

a given cost constraint but contains fragmentation. HFE uses the IP-SA solution S∗IP

as an input, and finds a hierarchical tiling scheme to eliminate the land fragmentation

in S∗IP with minimum number of choice-changes on grid cells.

The solution quality of IP-SA solution S∗IP can be considered as an upper bound

on FF-SA solution S∗FF because the spatial constraints are relaxed. For each grid cell,

consider the choice made by S∗IP as the optimal choice, adding spatial constraints will

force some non-optimal choices in order to maintain the minimum tile area and width.
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Figure 3.3: A toy example of the spatial allocation problem (best in color).
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Table 3.1: Benefit and cost values

Grid cell Choice A Choice B

Yellow b=2,

c=1

b=1, c=2

Green b=1, c=2 b=2,

c=1

*b is benefit, c is cost

Fig. 3.3 shows a toy example of the spatial allocation problem to illustrate the

intuition of HFE. In the example, the FF-SA problem aims to maximize the benefit

under a cost constraint. There are 84 grid cells and 2 choices ”A” and ”B” for each cell.

For simplicity of demonstration, the cells are colored by green and yellow (to represent

spatial variation), and the grid cells of the same color have the same benefit and cost

values for each choice. The values are shown in Table 3.1. In this simplified example,

we can see ”A” is an optimal (dominant) choice for all yellow grid cells since it has

a higher benefit of 2 and lower cost of 1; for green cells, ”B” is an optimal choice.

Suppose the cost constraint is 100. Without any spatial constraints, the optimal integer

programming solution S∗IP will always choose ”A” for all yellow grid cells and ”B” for

green, and this gives a benefit of 168 and cost of 84. If we choose a non-optimal choice

at a grid cell, the total benefit will decrease by 1 and cost will increase by 1. Suppose we

impose two spatial constraints to construct the fragmentation-free spatial allocation

(FF-SA) problem: minimum tile area 6 and minimum tile width 2 (unit: grid cell).

With the constraints, we have to make non-optimal choices on some grid cells in order

to satisfy the spatial constraints (in other words, avoid fragmentation). Here ”non-

optimal” means non-optimal in the IP-SA solution S∗IP . For example, some grid cells

are highlighted in Fig. 3.3(b). For each of the highlighted grid cells, we have to make

non-optimal choices either on itself or on its neighbor; otherwise it is not possible to
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have a valid tile containing it since each tile must have a homogeneous choice. Thus,

an optimal solution of FF-SA at least makes non-optimal choices at 9 grid cells. Based

on this observation, we can see Fig. 3.3(c) gives an optimal FF-SA solution S∗FF with

a benefit of 159 and cost of 93.

Minimization problem of HFE. Within the search space containing all hierar-

chical tiling schemes, the newly proposed HFE finds a tiling scheme that can globally

minimize the total number of choice-changes needed on grid cells to eliminate the frag-

mentation in the IP-SA solution S∗IP (e.g., Fig. 3.3(b) and (c): 9 changes needed).

The total number of hierarchical tiling schemes can be exponential to the number

of grid cells (e.g., when minimum area and width constraints are small). To avoid a

brute-force search of all schemes, dynamic programming is used in [102] to minimize

the total number of tiles in a hierarchical tiling scheme under a constraint on heft-

function values. We show that the minimization problem of HFE also processes the two

key properties needed for dynamic programming, namely optimal substructure property

and overlapping sub-problems property.

Optimal substructure property: At each level, the hierarchical tiling framework

partitions each of the rectangles at this level into two sub-rectangles using a straight

line. Denote the range of each rectangle as (i0, j0, i1, j1), where (i0, j0) is top-left grid cell

and (i1, j1) is the bottom-right. Denote the minimum number of choice-changes needed

to eliminate fragmentation in range (i0, j0, i1, j1) as M(i0, j0, i1, j1), the minimum tile

area in FF-SA as α, and the minimum width as β. Since there are two directions to

split a rectangular region into two sub-regions, we have:

M(i0, j0, i1, j1) = min(Mhor,Mver) (3.7)

Mhor = min
xmin≤x≤xmax

[M(i0, j0, x, j1) +M(x+ 1, j0, i1, j1)] (3.8)
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xmin = max(i0 + β − 1, i0 + d α

j1−j0+1e − 1)

xmax = min(i1 − β, i1 − d α
j1−j0+1e)

(3.9)

Mver = min
ymin≤y≤ymax

[M(i0, j0, i1, y) +M(i0, y + 1, i1, j1)] (3.10)
ymin = max(j0 + β − 1, j0 + d α

i1−i0+1e − 1)

ymax = min(j1 − β, j1 − d α
i1−i0+1e)

(3.11)

In Eq. 3.7, the minimum of M(i0, j0, i1, j1) is achieved either with a horizontal

split or vertical split. Since the minimum number of choice-changes needed in each

sub-rectangle is independent from the other, the minimum of a split is a direct sum

of the minimums of the two sub-rectangles as shown in Eq. 3.8 and Eq. 3.10. This

shows the optimal substructure property of the minimization problem in HFE, that is,

the solution of the original problem can be efficiently constructed using solutions of the

sub-problems. In this case, the construction takes O(m + n) time, where m,n are the

number of rows and columns. The feasible locations of a horizontal and vertical split

are defined by [xmin, xmax] and [ymin, ymax], respectively. The ranges guarantee that

the two sub-rectangles generated by the split satisfy the minimum area α and width β.

Figure 3.4: Region shared by schemes.

Overlapping sub-problems property: A rectangular region (i0, j0, i1, j1) in the

study area can be heavily shared by many hierarchical tiling schemes. An example is
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shown in Fig. 3.4, where the region ”a” shows up in all three tiling schemes. In the

minimization problem of HFE, the minimum achieved in a region will be re-used by

many tiling schemes. HFE uses a four dimensional storage matrix R to save the

minimums obtained in the sub-problems, and each of the four dimensions corresponds

to a coordinate in (i0, j0, i1, j1) which defines the rectangular region of the sub-problem.

During hierarchical tiling, when the minimum of a rectangular region (i0, j0, i1, j1) is

needed, HFE queries R(i0, j0, i1, j1) for the minimum. If R(i0, j0, i1, j1) is null, the

minimum will be computed based on hierarchical tiling according to Eqs. 3.7-3.11;

otherwise the value of R(i0, j0, i1, j1) will be directly used.

The pseudo-code of HFE consists of two recursive functions: (1) find min: finds

the minimum for each rectangular region within the study area to complete matrix R

(Alg. 4); (2) find tile: uses the computed matrix R to find all tiles belonging to the

optimal solution (Alg. 5). The reason to split the work into two functions is to avoid

extra storage needed to save all split points and directions during hierarchical tiling. It

is also worth-noting that the process in Alg. 4 is different than a k-d tree, which is a

one-way process without recursive functions. In addition, in line 17-19 of Alg. 4, the

minimum is computed directly since the rectangular region given is not splittable under

the spatial constraints. In this non-splittable case, no sub-problems can be further

generated and we need to directly compute the minimum number of choice-changes

needed. As defined in Sec. 3.2, all grid cells in a tile must share the same choice in

a FF-SA solution. Thus, the minimum is achieved by assigning all grid cells with the

majority choice in S∗IP in this region, and the minimum value is the number of grid cells

in the region that are not originally assigned with this majority choice.

To find the optimal hierarchical tiling scheme for the minimization problem of HFE,

Alg. 4 and Alg. 5 are executed sequentially with inputs (i0, j0, i1, j1) = (1, 1, imax, jmax),

IP-SA solution S∗IP , minimum area α, minimum width β, R initialized with all NULL
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values and an empty list list (Alg. 5 only). The output is a complete list list containing

all tiles in the final tiling scheme.

3.5.2 Phase-2: Choice Assignment

Phase-1 of FF-SA gives an initial solution for spatial allocation. It also finalizes the

tiling scheme of FF-SA in the proposed algorithm. A fixed tiling scheme simplifies the

FF-SA problem since the only task left is to find an optimal choice assignment.

Preprocessing: This step combines all grid cells in each tile into one single variable.

Given the spatial range of each tile, the benefit value and cost value of the combined

variable can be computed for each choice by summing up all benefit or cost values of the

grid cells inside. Optimization: Since the tiling scheme from HFE in phase-1 does not

contain fragmentation, we just need to optimize the choices on each tile to maximize

the total benefit under the cost constraint for the given tiling scheme. This problem’s

structure is the same as IP-SA (integer programming formulation without spatial con-

straints). As discussed in Sec. 3.4, the 0-1 integer programming problem in IP-SA is a

well-studied problem and can be formulated into 0-1 multiple-choice knapsack problem

[104]. This chapter does not attempt to improve the performance of conventional inte-

ger programming solvers, and thus we use standard CPLEX solvers [105] in phase-2 to

optimize the choice-assignment.

3.5.3 Algorithm Acceleration

The focus of this section is to reduce the time complexity on computing the minimum of

a non-splittable tile (i0, j0, i1, j1) (line 18 in Alg. 4). The goal is to count the minimum

number of grid cells that need a choice-change to remove the fragmentation and get

homogeneous choice assignment inside the tile. This minimum number minRect is the

number of grid cells that are not assigned with the majority choice in this tile (Sec.
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3.5.1).

Naive algorithm: The naive algorithm performs a single scan of all grid cells

in this region, and counts the number grid cells of each choice. The maximum count

maxRect can be tracked and updated in the process. After the scan, the minimum

minRect is achieved by minRect = (i1 − i0 + 1) ∗ (j1 − j0 + 1) −maxRect. The time

complexity of the naive algorithm is O(r), where r is the number of grid cells in the tile.

Accelerated algorithm: In this algorithm, an integral image [106] of the whole

S∗IP is pre-computed prior to the start of Alg. 4 to reduce the time complexity. An IP-SA

solution S∗IP can be considered a two-dimensional image Im×n where the value on each

pixel is a choice ID assigned on the corresponding grid cell (each grid cell becomes a pixel

here). Suppose there are d choices in total. The accelerated algorithm first converts the

two-dimensional image into a multi-layer representation with dimensions m×n×d,

where d is the number of layers and each layer corresponds to a different choice. Each

two-dimensional layer is a binary image: for layer k, if the kth choice is assigned to the

pixel, the value is set to 1; otherwise 0. Then, an integral image Im×nint is computed for

each layer. An integral image is defined as: Given an image I, its integral image Iint

has the same dimension, and each pixel value Iint(p, q) =
∑p

i=1

∑q
j=1 I(i, j).

Integral image Iint can be constructed with two linear scans of the original image

I. The first linear scan is performed row-wise. For row i, each element is sequentially

updated as: Iint(i, 1) = I(i, 1), and Iint(i, j) = Iint(i, j−1)+I(i, j), j = 2, ..., ncol. Thus,

after the row-wise linear scan, each Iint(i, j) =
∑n

j=1 I(i, j), ∀i. To get the final integral

image, a similar column-wise linear scan is performed. For column j, each element is

sequentially updated as: Iint(1, j) = I(1, j), and Iint(i, j) = Iint(i − 1, j) + I(i, j), i =

2, ...,mrow. Using Iint, the sum of values in a rectangular region (i0, j0, i1, j1) of the

original image I can be computed by
∑i1

i=i0

∑j1
j=j0

I(i, j) = Iint(i1, j1)−Iint(i0−1, j1)−

Iint(i1, j0 − 1) + Iint(i0 − 1, j0 − 1) [106] in O(1) time.
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With each layer of the multi-layer IP-SA solution converted to an integral image,

the minimum minRect can be computed in O(d) time using Alg. 6, where d is the total

number of choices.

3.5.4 Computational Time Analysis

For the computational time analysis, this section mainly focuses on deriving an upper

bound for the proposed Minimum Fragmentation Eliminator (MFE) algorithm. The 0-1

integer programming problem in IP-SA is a well studied problem [104] and in general is

less difficult than FF-SA since it admits a fully polynomial time approximation scheme

whereas FF-SA does not (APX-hard). Thus, in this chapter we assume that IP-SA

problem can be solved in reasonable time using the state-of-the-art solvers (e.g., CPLEX

[105]), and this is a prerequisite of our proposed HFE algorithm.

Time complexity of HFE: Suppose the input grid of the study area has m rows

and n columns (N = mn grid cells), each grid cell has d choices, and the minimum area

is α and minimum width is β (unit of α, β is grid cell). In addition, denote the total

number of non-splittable rectangular regions as N ′ (line 17, Alg. 4). N ′ is determined

by m,n, α and β. In order for a region to be non-splittable, both x and y in Eq. 3.8 and

Eq. 3.10 must not be feasible. In other words, xmin > xmax and ymin > ymax. Since the

relationship between xmin and xmax as well as ymin and ymax are difficult to determine

without specific values of (i0, j0, i1, j1) according to Eq. 3.9 and Eq. 3.11, here we use

N ′ to represent the number of non-splittable regions instead of a close-form expression

using m,n, α and β.

Theorem 4. The upper bound on computational time complexity of HFE (accelerated)

is O((N2 − N ′)(m + n)). The upper bound on computational time complexity of HFE

(naive) is O((N2 −N ′)(m+ n) + αN ′).

Proof. Since each rectangular region can be uniquely identified by two grid cells (e.g.,
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top-left and bottom-right), there are at most N2 different rectangular regions to be

enumerated. Among these rectangles, we need to enumerate split points for N2−N ′ of

them. For each splittable rectangular region, there exist at most m + n possible split

points. Thus, to get the solution, the total number of queries on the rectangles is at most

(N2−N ′)×(m+n). For each non-splittable rectangle, HFE uses the multi-layer integral

image to compute its minimum in O(d) time by enumerating d layers. Thus, the total

time complexity of Alg. 4 is upper bounded by O((N2−N ′)(m+n) +dN ′). In order to

use the accelerated algorithm, the multi-layer integral image needs to be computed prior

to the execution of Alg. 4. Since only two linear scans of each layer is needed, the multi-

layer integral image can be computed in O(dN) time. Thus, the total time complexity

for multi-layer image computation and Alg. 4 is O((N2 − N ′)(m + n) + dN ′ + dN).

In FF-SA the total number of choices on each cell is assumed to be much smaller than

(m + n) (e.g., 5 vs. 500), so we have d << (m + n). In addition, N is dominated by

N2. Thus, the upper bound is simplified to O((N2 − N ′)(m + n)). Alg. 5 finds all

the tiles using a top-down and one-way search. For each rectangle at a certain level in

the hierarchy, we enumerate at most m+ n split points. Since all the minimum values

minRect of the rectangular regions have been computed and stored in R, we only need

to check which one of the split point gives that the sum of the minimums from the

two sub-rectangles is equal to the minimum of the current rectangle. After one split

point satisfies this criterion, there is no need to further check other splits and this split

must belong to an optimal tiling scheme. In an optimal tiling scheme, there are at most

bNα c tiles given the minimum area constraint. Since the hierarchical tiling framework

partitions each rectangular region into two sub-regions at each step, we can consider

the final hierarchy as a full binary tree. Thus, given that the tree has at most bNα c

leaf nodes, there are at most 2bNα c nodes in the full binary tree. Thus, Alg. 5 requires

at most 2bNα c(m + n) enumerations of split points, and the result of each split can be
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evaluated in O(1) time (e.g., line 4 and 13 in Alg. 5). This shows the time complexity

of Alg. 5 is bounded by O(bNα c(m + n)). Thus, the total time complexity of HFE is

O((N2 −N ′ + bNα c)(m+ n)) = O((N2 −N ′)(m+ n)).

For the naive algorithm, the only difference lies in the computation of minimums for

non-splittable rectangular regions. The accelerated algorithm needs O(d) time for the

computation whereas the naive algorithm requires O(α) time since it needs to enumerate

all grid cells in each non-splittable region. As analyzed in the proof above, the time

complexity of the accelerated version can be written as O((N2−N ′)(m+n)+dN ′) where

the second term represents the time needed for computing minimums for non-splittable

regions. Since d is subsumed by m+n, the final time complexity is O((N2−N ′)(m+n)).

In the naive algorithm case, the time is O((N2 −N ′)(m+ n) + αN ′). The difference is

that α may not be subsumed by m+ n and in fact α can be much greater than m+ n

(e.g., when α is a portion of N = mn). Thus, the final time complexity is written as

O((N2 −N ′)(m+ n) + αN ′).

Theorem 5. The space complexity of HFE is O(N2).

Proof. In HFE, there are in total N2 sub-problems as shown in the proof of Thm. 1.

Thus, storing the minimums of all sub-problem requires at most O(N2) space.

3.6 Validation: Case Study in Agricultural Land Alloca-

tion

We evaluate the performance of the proposed HFE algorithm through a case study on

agricultural land allocation at the Seven Mile Creek watershed in Minnesota, US. The

study area is discretized into a 455×477 grid with 30 meter by 30 meter grid cells.

In this case study, the choices are 5 land management practices, namely conventional

tillage, conservation tillage (with corn stover), low-fertilizer application, prairie grass
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and switch grass. The benefit is the amount of sediment reduction in water and the

cost is the investment needed for changing current land management practices. The

current land management practice in the study area is homogeneously conventional

tillage.

(a) Overlay: IP-SA + tiling (b) FF-SA solution

Figure 3.5: Fragmentation elimination.

Since the original shape of the study area is irregular while the rectangular version

of FF-SA assumes a rectangular study area, an orthogonal rectangular bounding box

(ORBB) of the study area was used to generate the grid. All grid cells outside the

original study area in the ORBB are assigned with 0 benefit and 0 cost for all choices

so that they do not impact the final solution. In addition, there are some unchange-

able landscape in the study area (e.g., roads). The grid cells at these places are also

assigned with zero benefit and cost values. In the current work, the minimum size and

shape constraints are relaxed at the irregular boundaries of both the study area and

unchangeable landscapes.

Fig. 3.5(a) shows the IP-SA solution (integer programming without spatial con-

straints) at a local zoom-in window overlaid with the tiling scheme generated by the

HFE algorithm. In the maps, each color represents a choice of land management prac-

tice. There are some regions (white) cut out from the tiling scheme, and those regions



72

are the unchangeable landscape inside the study area as discussed above. We can see

fragmentation in the IP-SA solution, such as irregular shapes and tiny area of patches

(e.g., standing alone grid cells). The land fragmentation prohibits efficient use of modern

farm equipments (e.g., combine harvesters). The fragmentation is removed by the HFE

algorithm with each tile being constrained by a minimum area and width. Based on the

hierarchical tiling scheme, the HFE algorithm minimizes the number of choice-changes

needed to remove the fragmentation in a IP-SA solution. Fig. 3.5(b) shows the final

output of FF-SA at this local window with both a tiling scheme and choice assignment.

3.6.1 Solution Quality Comparison

In this section, we compare the solution quality of the proposed HFE algorithm and

the dynamic-growth tiling framework (DGTF) in [10]. The goal of this comparison is

to evaluate the impact of tiling schemes on final solution quality (e.g., total benefit).

Thus, we use the same choice-assignment algorithm in phase-2 after a tiling scheme

is generated from either HFE or DGTF to eliminate the impact of choice-assignment

algorithm. Since the original choice-assignment algorithm used for DGTF in [10] is a

heuristic algorithm whereas the proposed phase-2 algorithm in this work is an exact

algorithm (global optimizer), using the new choice-assignment algorithm for DGTF will

strictly improve the solution quality of DGTF in [10].

Experiment setup: We consider two resolutions of the input grid. The first grid is

the default grid where the cell-size is 30m. The second grid reduces the resolution to half

and has a cell-size of 60m. For each of the grid, we evaluate 5 different combinations of

(minimum area, minimum width): (8,2), (50,5), (200,10), (800,20) and (1800,30), where

the unit is grid cell. The budget limit used is $100,000 as suggested by domain experts.

As a reference, the smallest minimum area used is about the size of two standard

American football fields (playing field). Comparison: Fig. 3.9 and Fig. 3.10 show
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comparisons of solution quality of HFE and DGTF. The vertical axis shows sediment

reduction (tons/year) and horizontal axis shows minimum area (grid cell) imposed on

tiles. The first trend in Fig. 3.9 and Fig. 3.10 is that the solution quality of both

algorithms decrease as the minimum area increases. As the minimum area increases,

space becomes more contiguous with larger tile area. However, the algorithms are

also forced to make more non-optimal choices (compared to IP-SA solution) at places

in order to maintain a higher level of contiguity and regularity. The second trend is

that the solution quality of HFE is consistently better than DGTF in the experiment.

The result is expected since the enumeration space of HFE is much larger than that

of DGTF and it provides potential opportunities to identify better solutions during

optimization. The average difference between solution quality of HFE and DGTF is

about 51 tons/year in Fig. 3.9 and 64 tons/year in Fig. 3.10. Fig. ?? shows the

maps of land allocation achieved by HFE with three different minimum area constraints

(unchangeable landscape removed). The grid cell size is 30m (default).
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Figure 3.6: Spatial allocation result with spatial constraints: α = 50 and β = 5.
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Figure 3.7: Spatial allocation result with spatial constraints: α = 200 and β = 10.
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Figure 3.8: Spatial allocation result with spatial constraints: α = 800 and β = 20.

3.6.2 Execution-Time Analysis

Runtime is measured on a 64-bit Windows 8 laptop with Core i7 and 8 GB of RAM.

Since large N leads to very expensive time cost for the naive algorithm (Sec. 3.5.4),

we used a grid with 100m cell-size to compare the average run-time of the naive and

the accelerated algorithm. The chart in Fig. 3.11 shows the performance improvement

gained by algorithm acceleration proposed in Sec. 3.5.3. The time is shown in seconds
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using a log scale (Y-axis). For the accelerated HFE, the execution time decreases fast as

the minimum area α increases, because in general the hierarchical split can stop earlier

for larger minimum area α. The performance of the naive algorithm is more complicated.

When α is small, the computational time increases sharply as α increases. However, as

α becomes larger, the time begins to decrease as α increases. This is because the naive

algorithm’s time complexity is O((N2 −N ′)(m + n) + αN ′), where α shows up as one

of the dominant term (N ′ is the total number of non-splittable rectangles). When α is

small, N ′ remains small. For example, when α = 1, N ′ = N . Then as α increases, N ′

also temporarily increases. However, when α gets very large, N ′ becomes small again.

For example, an extreme case is when α = N , N ′ = 1. Thus, this reflects the increasing

and decreasing trends in the naive algorithm’s execution time.
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Figure 3.9: Solution quality comparison with 30m-grid.
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Figure 3.10: Solution quality comparison with 60m-grid.
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Figure 3.11: Execution time comparison.

3.7 Conclusion and Future Work

We propose a Hierarchical Fragmentation Eliminator (HFE) to solve the Fragmentation-

Free Spatial Allocation (FF-SA) problem. FF-SA is important for many societal ap-

plications such as agricultural landscape design and urban land-use planning, and it is
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computationally challenging (APX-hard as proved). Compared to the related work in

optimization and computational geometry, the proposed HFE algorithm addresses the

fragmentation-issue while having a significantly larger enumeration space, which helps

improve solution quality. The evaluation results show that the HFE algorithm indeed

provided higher solution quality compared to existing algorithms and fixed the frag-

mentation issue. Future work will explore: (1) penalty function formulations of spatial

constraints and (2) a variety of regular-shape constraints.
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Algorithm 4 find min(i0, j0, i1, j1, S
∗
IP , α, β,R)

Require:

• rectangular region: (i0, j0, i1, j1)

• IP-SA solution matrix S∗IP

• minimum area α and width β

• storage matrix R of sub-problem minimums

1: Initialization: minRect = +∞; splittable =FALSE

2: if R(i0, j0, i1, j1)! =NULL then return; end if

3: xmin = max(i0 + β − 1, i0 + d(α/(j1 − j0 + 1))e − 1)

4: xmax = max(i0 − β, i0 − d(α/(j1 − j0 + 1))e)

5: for x = xmin : xmax do

6: splittable = TRUE

7: find min(i0, j0, x, j1, S,R, α, β); find min(x+ 1, j0, i1, j1, S,R, α, β)

8: minRect = min(minRect,R(i0, j0, x, j1) +R(x+ 1, j0, i1, j1))

9: end for

10: ymin = max(j0 + β − 1, j0 + d(α/(i1 − i0 + 1))e − 1)

11: ymax = max(j0 − β, j0 − d(α/(i1 − i0 + 1))e)

12: for y = ymin : ymax do

13: splittable = TRUE

14: find min(i0, j0, i1, y, S,R, α, β); find min(i0, y + 1, i1, j1, S,R, α, β)

15: minRect = min(minRect,R(i0, j0, i1, y) +R(i0, y + 1, i1, j1))

16: end for

17: if splittable == FALSE then

18: minRect = area(i0, j0, i1, j1) - majority(S∗IP , i0, j0, i1, j1).count()

19: end if

20: R(i0, j0, i1, j1) = minRect
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Algorithm 5 find tile(i0, j0, i1, j1, R, α, β, list)

Require:

• rectangular region: (i0, j0, i1, j1)

• storage matrix R of sub-problem minimums

• minimum area α and width β

• list of tiles found: list

1: xmin = max(i0 + β − 1, i0 + d(α/(j1 − j0 + 1))e − 1)

2: xmax = max(i0 − β, i0 − d(α/(j1 − j0 + 1))e)

3: for x = xmin : xmax do

4: if R(i0, j0, x, j1) +R(x+ 1, j0, i1, j1) == R(i0, j0, i1, j1) then

5: find tile(i0, j0, x, j1, R, α, β, list)

6: find tile(x+ 1, j0, i1, j1, R, α, β, list)

7: return

8: end if

9: end for

10: ymin = max(j0 + β − 1, j0 + d(α/(i1 − i0 + 1))e − 1)

11: ymax = max(j0 − β, j0 − d(α/(i1 − i0 + 1))e)

12: for y = ymin : ymax do

13: if R(i0, j0, i1, y) +R(i0, y + 1, i1, j1) == R(i0, j0, i1, j1) then

14: find tile(i0, j0, i1, y, R, α, β, list)

15: find tile(i0, y + 1, i1, j1, R, α, β, list)

16: return

17: end if

18: end for

19: list.insert(i0, j0, i1, j1)
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Algorithm 6 minRect=compute min(i0, j0, i1, j1, Iint[d])

Require:

• region: (i0, j0, i1, j1)

• multi-layer integral image Iint[d] (d layers)

1: maxRect = −∞

2: for k = 1 : d do

3: countk = Iint[k](i1, j1)−Iint[k](i0−1, j1)−Iint[k](i1, j0−1)+Iint[k](i0−1, j0−1)

4: maxRect = max(maxRect, countk)

5: end for

6: minRect = (i1 − i0 + 1) ∗ (j1 − j0 + 1)−maxRect



Chapter 4

A TIMBER Framework for

Mining Urban Tree Inventories

Using Remote Sensing Datasets

4.1 Introduction

Tree inventories contain critical information for many important societal applications,

including resilience of smart cities and communities (e.g., energy infrastructure, green

infrastructure), public safety, urban planning, natural resource management, etc.

Trees near electricity power lines pose major threats to energy infrastructure security,

especially in the face of climate change. For example, the 2003 Northeast Blackout

[107], which was caused by unmanaged trees falling on power lines and subsequent

cascade, affected over 50 million people. Such threats will likely worsen in the future

due to climate change effects, aging infrastructure, and rapid population growth in

cities. In general, fallen or untrimmed trees are responsible for a significant portion of

power outages (e.g., about 67% for DTE Energy [108]). Strong winds during severe

83
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storms can knock out trees, snapping power lines and causing blackouts that disturb

the operation of hospitals, public transportation and businesses for extended periods.

Such events are becoming increasingly frequent in many geographic regions (e.g., across

the coasts of Atlantic and Gulf of Mexico). In recent years, hurricanes (e.g., Hermine,

Irma and Michael in Florida) have exposed weaknesses in cites’ preparation to such

catastrophic storms. Fallen trees caused long term electricity outages, road closures,

service disruptions and loss of lives. In 2018, the power outage in Tallahassee (FL,

USA) caused by broken power lines during Hurricane Michael affected 97% of the city’s

electric utility customers [109]. In Puerto Rico, a ”single” fallen tree cut the main

power-line and led to a power blackout for 900,000 customers as well as social outrage

[110].

Trees near power lines have also caused many devastating wild fires in recent years.

In California, the inability of effectively locating and trimming trees caused a series

of deadly fires in 2018, including the Camp Fire, the deadliest wild fire in California

history. The fires killed many people and destroyed over 10,000 built structures (e.g.,

homes) worth billions of dollars [56]. Smoke and unhealthy air that spread to cover

over 20 cities caused schools to close for a week and severely hampered people’s daily

activities.

While trees growing in undesired locations (e.g., near power lines) can pose severe

threats, in general they are necessary and invaluable components of our living areas.

Trees purify the air, reduce urban heat island effects, create an aesthetically beautiful

environment and promote mental health. However, many communities are facing a

drastic loss of trees due to the global-spread of pests and disease (e.g., emerald ash

borer, pine beetle, dutch elm disease, oak wilt). For example, the emerald ash borer,

an invasive insect species, has expanded to 35 US states and killed millions of ash trees

[111]. This can lead to severe environmental problems since ash trees cover 20-30% of
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treescapes in the majority of urban areas across the US. The cost of locating, treating

or removing these ash trees has been estimated to be over 10 billion US dollars in the

US alone. Another study found that the tree cover in US has declined in metropolitan

areas across 45 states, resulting in an annual net loss of 36 million trees [112]. The same

problem also exists in many other geographic areas. For example, ash trees in Europe

are also facing extinction [113].

Despite the importance of inventories of individual trees, they rarely exist in most

urban areas due to the difficulty of manual collection. For example, it is difficult and

time-consuming to manually locate individual trees and measure their canopy sizes (e.g.,

limited GPS signals under canopies).

We aim to automate the generation of individual tree inventories using high-resolution

(e.g., one meter or lower) remote sensing datasets that are publicly available at large-

scales. The scope of the present study is to identify the locations and sizes of individual

trees in an urban area. The type of remote sensing data that we use is the Normalized

Height Model (NHM), which is a single band image whose pixel values represent sur-

face heights. NHMs are LiDAR-derivatives that has been collected and made publicly

available at large scales (e.g., state-level or major urban areas across the US).

The tree identification problem is challenging: (1) Trees in urban environments are

often mixed with buildings, low-vegetation, lawns, towers, etc; (2) Trees commonly

appear in groups with heavy canopy overlaps; and (3) Individual tree inventories are

rarely collected (or shared in public) at large scales or in different urban areas, making

it difficult to train a generalizable machine learning model that can be applied robustly

in different geographical regions.

In NHMs, the canopies of trees are dome-shaped, which makes them similar to

mixtures of Guassians. However, Gaussian mixture models (e.g., k-means, expectation-

maximization [114]) rely on an input number of clusters, which is unknown in this
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problem. These models also do not distinguish tree and non-tree structures (e.g., build-

ings, towers). In recent years, deep learning models have shown promising results for

general computer vision problems as well as urban land-use classification [115, 116].

However, they require a large number of training samples from different geographies,

which are not available for the tree detection problem. In addition, deep learning mod-

els typically target input images of specific sizes (e.g., 416×416). For remote sensing

data, this requires additional space partitioning, which tends to break objects on the

boundaries into pieces. Tree detection algorithms have also been studied in the field of

remote sensing [117, 118, 119, 120, 121, 122]. These algorithms were mainly designed for

landscapes that are mostly homogeneous with few types of trees (e.g., pine tree), and

the data sources were specifically collected at very high resolution (e.g., centimeters,

hyperspectral). Such datasets are still unavailable at larger scales due to their high

costs and limited public availability. Typically these algorithms employ watershed seg-

mentation or clustering to delineate tree canopies. However, the segmentation methods

tend to get stuck in small local neighborhoods (e.g., sub-tree levels), and cannot avoid

non-tree structures in complex urban environments.

We propose a two-phase TIMBER (Tree Inference by Minimizing Bound-and-band

ERrors) framework to identify individual trees in urban environments. The first phase

infers the locations and sizes of tree-like structures by optimizing tree-like approximators

(e.g., Gaussians) to minimize the difference with tree canopy bounds (i.e., bound errors).

The second phase integrates the inputs and outputs from the first phase as well as

additional city infrastructure data (e.g., buildings, roads) available for a subset of the

study area, and uses them to train a deep convolutional neural network to filter out

non-tree results. The deep network predictions are formed by the band values of the

input remote sensing data, so we consider this training process as a minimization of

band errors. A Core Object REduction (CORE) algorithm is also proposed to improve



87

the computational efficiency.

Through detailed experiments we show that the proposed TIMBER framework sig-

nificantly improves precision, recall and F1-scores compared to related work and the

CORE algorithm speeds up execution by 1.5x to 2x.

4.2 Problem Definition

4.2.1 Key Concept

A Normalized height model (NHM), also known as a canopy height model [119], is a

single-band image (satellite view) whose pixel values represent the height of objects

(e.g., buildings, trees) instead of colors. It is a LiDAR-derivative and has been collected

at large scales (e.g., many states in the US).

Figure 4.1: Example of input and output. (best in color)

4.2.2 Formal Problem Formulation

Inputs:

– A normalized height model in a spatial domain D;

– Min and max tree sizes, rmin and rmax, to detect in D;
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Outputs: Locations and sizes of trees in D;

Objectives:

– Accuracy of tree detection;

– Computational efficiency;

Constraint: Trees of minimum size rmin must be recognizable at the spatial reso-

lution snhm of the NHM.

Fig. 4.1 shows an example of inputs and outputs, where the shapes of trees are

approximated by circles.

4.3 A TIMBER Framework for Tree Identification

TIMBER has two phases. Phase 1 estimates the locations and sizes of tree-like structures

using localized optimizations. To remove the non-tree structures, Phase 2 constructs

a deep learning filter using a combination of the detections from Phase 1 and city

infrastructure datasets (e.g., buildings, roads).

4.3.1 Phase 1: Optimization of Tree Locations and Sizes

In a normalized height model, the structure of a tree is represented by a dome-shaped

bound on the top of its canopy, which can be approximated by a mathematical approx-

imator with a varying set of parameters (e.g., Gaussian). We consider the difference

between a tree bound and an approximator as the bound error Eb. In Phase 1, TIM-

BER optimizes a given mathematical approximator to minimize Eb of each tree. Note

that Phase 1 yields both trees and tree-like structures (e.g., buildings, towers). The

non-trees are filtered out in Phase 2.

Flexible location initializer with local maxima: Trees may have different

heights and sizes, but their geometric shapes do share one characteristic, that is, each
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tree bound contains a maximum height near the center, which represents the tree-top.

These local maxima in normalized height models (NHM) have been used to represent

tree locations in forests [118]. We use local maxima, defined as pixels whose value is the

largest in a local window, to initialize the rough locations of trees (i.e., center peaks of

tree canopies) in an urban environment. Since trees do not have perfect dome-shapes,

the bounds of their canopies are not smooth and have small height fluctuations. This

often results in multiple local maxima on top of a tree canopy, or makes a local maximum

not at the center of a tree. Thus, the local maxima are just rough estimations of actual

tree locations.

To achieve better estimations, our optimization formulation considers flexible loca-

tions of a local maximum. That is, all locations within its circular neighborhood of

radius rmin become candidate centers for its corresponding object and the best location

will be returned as the center.

Optimization of mathematical approximators: We use mathematical approx-

imators (e.g., [123, 124]) to approximate the dome-shapes of trees in NHMs by mini-

mizing the bound error Eb between the approximator and the actual tree bound. Our

optimization method can be generally applied to dome-shaped mathematical surfaces.

The general optimization formulation for a single approximator on a single tree is:

min
α,µ,r

‖
(
y(X)− fapx(X,α,µ, r)

)
· 1(XT ,µ, r)‖22

‖1(XT ,µ, r)‖1
(4.1)

s.t. ‖µ− µmax‖2 ≤ rmin (4.2)

r ∈ {d rmin
snhm

e, d rmin
snhm

e+ 1, ..., d rmax
snhm

e} (4.3)

1i (XT ,µ, r) =


1, if ‖(Xi)

T − µ‖2 ≤ r

0, otherwise.

(4.4)

where the subscript i indicates the ith row of a matrix or vector; X ∈ ZN×2
+ is a matrix
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containing locations (i.e., row and column IDs in the input NHM) of all pixels, and

N is the total number of pixels; α is the parameter vector of an input approximator

function fapx(); µ ∈ Z2
+ is a vector of the center location (row and column IDs) of the

approximator and r is its radius; 1() is an indicator function defined in Eq. (4.4) that

returns a vector indicating if a location in X is within the radius r from the center of

the approximator; y(X) is a vector of the actual height values in the NHM at locations

in X; and µmax is the location of a local maximum on the tree.

The objective function aims to minimize the mean difference between the approx-

imator and the tree bound inside a circular spatial domain of size r. Constraint (4.2)

reflects the search distance used in the flexible center formulation. Its limit is set to

rmin to avoid moving into the center of another tree. Constraint (4.3) defines the set of

candidate radii (in pixels) constrained by the input minimum and maximum tree sizes,

rmin and rmax, and the spatial resolution snhm of the NHM.

To make our discussion more concrete, we illustrate the optimization process with

two approximators, i.e., a negative quadratic function and a Gaussian probabilistic

function:

Optimization with quadratic surfaces

Negative quadratic functions form dome-shaped mathematical surfaces. Our quadratic

approximator fq is defined as follows:

fq
(
(Xi)

T ,α,µ, r
)

= −α1 · ‖(Xi)
T − µ‖22 + α2 (4.5)

where subscript i denotes the ith row of a matrix; α1 ∈ α controls the vertical stretch

of the dome-shape; and α2 ∈ α adjusts the vertical intercept (height) of fq; α > 0.

According to Eq. (4.1), the decision variables to optimize are α, µ and r, among

which r ∈ Z+ and µ ∈ Z2
+ are integer variables in units of pixels of the input NHM. In
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addition, r is a threshold in the indicator function 1(), making it difficult to derive its

optimal value in close-form or by gradient descent.

Since this optimization is done individually for each local maximum, the total num-

ber of combinations of r and µ to consider is in fact limited, especially considering that

tree sizes are often not very large numbers in real-world urban environments. Thus, we

enumerate through all combinations of µ and r to obtain the optimal solutions. For

parameter vector α, we have the following Theorems 6 and 7:

Theorem 6. For a fixed combination of (r, µ), the solutions for α can be evaluated in

closed form:

α1 =
(
∑

i 1i)
−1(
∑

i Z
2
i1i)(

∑
i yi1i)− (

∑
i Z

2
iyi1i)

(
∑

i Z
4
i1i)− (

∑
i 1i)

−1 · (
∑

i Z
2
i1i)

2

α2 = [(
∑

i yi1i) + α1(
∑

i Z
2
i1i)]/

∑
i 1i

where Zi = ‖(Xi)
T − µ‖2, 1i = 1((Xi)

T ,µ, r), yi = y(Xi).

Proof. For a valid and fixed combination (r, µ), we can get rid of Constraints (4.2) and

(4.3) since they must be satisfied. Thus, we are left with:

‖
(
y(X)− fq(X,α,µ, r)

)
· 1(XT ,µ, r)‖22/‖1(XT ,µ, r)‖1

=‖
(
y(X) + (α1 · Z◦2 + α2) · 1(XT ,µ, r)‖22/‖1(XT ,µ, r)‖1

=
∑

i

[(
α2

1Z
4
i − 2α1α2Z

2
i + α2

2 + 2α1Ziyi − 2α2yi + y2
i

)
· 1i
]
/
∑

i 1i

where Z◦2 denotes the Hadamard (element-wise) square of Z.

Taking partial derivatives and setting them to 0s, we get:
α1(
∑

i Z
4
i1i)−α2(

∑
i Z

2
i1i) +

∑
i Z

2
iyi1i = 0

−α1(
∑

i Z
2
i1i) + α2(

∑
i 1i)−

∑
i yi1i = 0

(4.6)

Solving this linear system with two equations and two unknowns, we get the solutions

stated in the theorem.
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Next we show that valid solutions are unique via Thm. 7.

Theorem 7. The solutions of α1 and α2 are unique when the mathematical surface is

a valid approximation of a tree-shape, and the result of the negative quadratic function

(Eq. (4.5)) is in the valid range (0, hmax], where hmax is the maximum height of a tree

in the spatial domain of interest.

Proof. First, trees have concave shapes rather than convex or flat shapes in the nor-

malized height models. This requires α1 be positive in the negative quadratic function

(Eq. (4.5)). If α1 ≤ 0, the combination or hypothesis (r, µ) should be directly rejected.

Then, based on the derivatives, the only situation when the linear system does not have

a single solution appears when (
∑

i Z
4
i )−(

∑
i 1i)

−1 ·(
∑

i Z
2
i )

2 (last term of α1’s solution)

is 0: (1) Possible outcome 1: infinite number of (α1, α2) which satisfy the conditions in

Eq. (4.6). However, in this case, the optimal solution for α1 must be negative (α2 must

be positive) in order to achieve the minimum objective, according to the expansion of

the objective function at the beginning of Thm. 6’s proof (note that y(Xi) ≥ 0, ∀i); (2)

Possible outcome 2: α1 becomes infinitely large. This is also invalid because α1 → +∞

will make the result of Eq. (4.5) exceed hmax (also another type of non-tree shape).

Optimization with Gaussian surfaces

Our TIMBER framework can be applied to general mathematical approximators. The

negative quadratic function provides a concrete example for the polynomial family, and

here we show TIMBER’s use with a Gaussian approximator for the exponential family.

We skip the proofs to reduce redundancy.

Since we use circles to approximate the 2D shapes of trees from a satellite view,

the covariance matrix of the Gaussian function is diagonal and the diagonal elements

are the same (i.e., same variance σ2 for each direction). In addition, original Gaussian

functions have inflection points (one dimension) or hyperplanes (multiple dimensions)
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where the second order derivatives change signs (e.g., from a concave dome-shape to a

convex bow-shape). Since trees have concave shapes, our approximator uses only the

”concave” part, that is, the dome-surface towards the inside of the inflection boundary.

In each direction of a Gaussian, the inflection points are located at (µ± σ). Thus, each

element in ((Xi)
T − µ) is rescaled to the range of [0,±σ]. The Gaussian approximator

is:

fg
(
(Xi)

T ,α,µ, r
)

= α1 ·
exp(−dTi (σ2I)−1di)

(
√

(2π)2|σ2I|)
+ α2 (4.7)

where di = σ((Xi)
T−µ)
r . The solutions to α1 and α2 are given by (in the final solution

σ is canceled out due to rescaling):

α1 =

∑
i eiyi1i − (

∑
i 1i)

−1(
∑

i yi1i)(
∑

i ei1i)

(2π)−1(
∑

i e
2
i1i)− (2rπ)−1(

∑
i ei1i)

2

α2 =
[
2(
∑

i yi1i)−α1π
−1(
∑

i ei1i)
]
/
[
2(
∑

i 1i)
]

where ei = exp(−‖(Xi)
T−µ‖22

2r2
).

Regularizations

The objective function (Eq. (4.1)) evaluates the mean square error of an approximator

and selects the set of parameters that minimizes the mean error. While the mean is

already a normalization of errors for different sizes (r) of an approximator, the objective

function is still biased towards smaller sizes. Since the parameters α are optimized to

adjust the shape of the approximator to minimize the errors, it is easier to reduce the

mean errors or even eliminate them with smaller number of y(Xi). As an analogy, in

linear regression, it is easier to fit a perfect hyperplane to a smaller number of points.

We develop two regularizers to reduce the bias.

Vertical interval regularization: The bias towards smaller sizes mainly causes

problems for large trees, which may have small ”bumps” on top of their canopy, and
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this may lead to underestimation of the tree size r. One characteristic of such ”bumps”

is that they also tend to have a very small range of height values in the vertical di-

rection. Denote v0 as inf{y(Xi) | ∀i : 1((Xi)
T ,µ, r) = 1}, and v1 as sup{y(Xi) | ∀i :

1((Xi)
T ,µ, r) = 1}. The vertical interval is then (v1 − v0). Since squared errors (L2

norm) are used in the objective function, here we use the squared vertical interval

(v1 − v0)2 to regularize the error. If we denote fobj as the objective function, the regu-

larized form is: fobj/(v1 − v0)2.

Minimum analysis window regularization: Vertical interval regularization can-

not penalize the case when a small ”bump” on a large tree can be perfectly fit by

an approximator, because the zero error will be invariant to the ratio-based regu-

larizer. Thus, we use a minimum analysis window size to further penalize this sce-

nario. Denote wmin as the minimum size. If the local circular window formed by

{(y(Xi),Xi) | ∀i : 1((Xi)
T ,µ, r) = 1 } has a radius r smaller than wmin, it will be

resampled to a higher resolution with size wmin (i.e., from a circular region inside a

(2r + 1) × (2r + 1) window to a circular region inside a (2wmin + 1) × (2wmin + 1)

window) using nearest-neighbor. Practically, we use the median of the input range of

radii as wmin. The nearest-neighbor resampling method is used to reduce the chance of

a small ”bump” being perfectly fit by an approximator.

The two regularizers do not affect the closed form solutions for parameter α in the

approximators.

4.3.2 Phase 2: Deep Learning based Urban Tree Filter

The first phase finds tree-like structures using the approximators, but it can potentially

include false detections of non-tree structures. In Phase 2, we remove the non-tree struc-

tures using a deep learning filter. One issue for machine learning in the tree detection

problem is the unavailability of ground truth training data. Thus, rather than using a
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deep learning model to detect the trees directly, we only use it as a filter, which is not

trained on actual ground truth data but instead on a combination of Phase 1 detections,

NHMs, and available city infrastructure data in a subset of study areas.

Many cities routinely collect and update digital information about building foot-

prints, roads and other infrastructure such as street lights and utility towers. Such data

can help determine if a detection in Phase 1 is more likely to be a tree or non-tree.

CNN-based Urban Tree Filter: The deep learning framework we use for this

phase is a Convolutional Neural Network (CNN) [125]. Our CNN architecture takes

input image patches of size 32 × 32 × 1, and has two convolutional layers (kernel size

5 × 5), two max-pooling layers with strides of 2, and two fully connected layers at the

end. Its training data includes a set of image patches and their labels. To construct

the tree filter, we first extract a local image patch from the NHM for each detection

(µ∗, r∗) in the areas where city infrastructure data is available. For our tree filtering

purpose, we are only interested in a binary labeling: [1: tree, 0: non-tree]. Using

the city infrastructure data, we label an image patch as a ”non-tree” if the center µ∗

of its corresponding detection is within the polygons of non-tree infrastructures (e.g.,

buildings, roads). The training dataset we use here is not perfect ground truth data, and

it may contain some noise such as incorrect labels. Thus, the goal of this trained CNN-

filter is not to detect trees, but to help remove non-tree objects when city infrastructure

data is not available or not complete.

4.3.3 TIMBER Acceleration

The CNN in Phase 2 is in general very efficient during prediction. For Phase 1, we

propose a Core Object REduction (CORE) algorithm for acceleration.

TIMBER Base: A direct observation is that, for each combination of size and

location (r,µ) at a local maximum, we only need to check the elements (e.g., Xi, yi)
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against the indicator function 1((Xi)
T ,µ, r) within the local square neighborhood of

size (2r+ 1, 2r+ 1) centered at µ. Further, the optimization processes at different local

maxima are independent so they can be parallelized on multiple CPU cores.

TIMBER CORE: While α1 and α2 can be evaluated in closed form, their com-

putations can be expensive. For simplicity, here we use the solutions for the negative

quadratic approximator (Thm. 6) as an example. The strategy is the same for the

Guassian approximator.

Table 4.1: Summation units in α solutions

X, 1 y, 1 X, y, 1 1

α1
∑

i Z
2
i1i,

∑
i Z

4
i1i

∑
i yi1i

∑
i Z

2
iyi1i

∑
i 1i

α2
∑

i Z
2
i1i

∑
i yi1i -

∑
i 1i

*Notation: Zi = ‖(Xi)
T − µ‖2, 1i = 1((Xi)

T ,µ, r), and yi =

y(Xi).

In Thm. 6, there are many summation operations needed to compute elements in

X, y and 1 as well as their cross products. These summations introduce most of the

computations. Here we consider each summation as a summation unit. Table 4.1 lists

all summation units without duplicates. The row names identify the parameter that

the summation units belong to, and the column names show where the participating

elements in the summations are from. The idea of the CORE algorithm is to identify the

core objects in the solutions that can be shared across multiple optimization processes

to reduce computation.

First, examining the values of Zi = ‖(Xi)
T − µ‖2, we can find that although the

values of Xi and µ can all differ, their differences remain the same for a fixed radius
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r across all locations. For example, consider the local windows of radius r (in pixels)

centered at all µ. If we compute the Zi values for the pixels in all these local windows, all

resulting matrices will be identical despite their different Xi and µ values. Furthermore,

all these local windows of a fixed size r will share the same indicator function values

as well. Combining these two observations, we can conclude that the results of all

summation units of
∑

i Z
2
i1i,

∑
i Z

4
i1i and

∑
i 1i are the same for all optimizations with

the same size r.

For summation units
∑

i Z
2
iyi1i and

∑
i yi1i, their values are different at each lo-

cation µ because yi values can differ across locations and they are not neutralized by

µ as in Zi. Nevertheless, here we can see that all these summations still involve the

values of the indicator function 1 and Zi. Since for each size r, the values of 1 and Zi

remain the same in all the local windows, we can keep their values in two matrices of

size (2r+ 1, 2r+ 1), that is, the size of the minimum bounding square of a local window

with a radius r. These matrices can then be shared across all optimizations of the same

size r.

All these core objects for all candidate sizes {r} only need to be computed once at

the beginning of TIMBER; they then become inputs to the computations of α.

4.3.4 Computational Complexity Analysis

Here we evaluate the time complexity of the first phase of TIMBER as it is the com-

putational bottleneck. Denote the number of local maxima and tree sizes as N and M ,

respectively, the maximum tree size (in pixels) as rmax, the window size for the flexible

tree center search as w, and the number of CPU cores as C. The CORE algorithm

reduces the necessary number of summations (Table 4.1) to a constant portion ρ of

all summations. While it does not change the asymptotic complexity of the optimiza-

tion process, which is O(C−1NMw2r2
max), the constant scaling could still result in a
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significant amount of savings for a long execution time.

4.4 Validation

We validated the solution quality of TIMBER through a case study, and confirmed the

computational savings achieved by the CORE algorithm using controlled experiments.

4.4.1 Case Study

We conducted the case study in Minneapolis, US, which is a well populated and urban-

ized region with a well-maintained green infrastructure (e.g., trees) across its district

zones.

The total area of the zones in our case study was about 6,500 acres, one third of which

was used to generate the training data of the second phase of TIMBER (i.e., CNN-based

urban tree filter). Transfered learning was used to facilitate the convergence. Overall,

we implemented 6 candidate algorithms for tree detection in this comparison:

(1) TIMBERQ: TIMBER framework with the approximator of negative quadratic

functions. (2) TIMBERG: TIMBER with the Gaussian approximator. (3) YOLO:

You-Only-Look-Once (YOLO) [116] is a state-of-the-art convolutional neural network

for object detection. Since we did not have actual ground truth data, YOLO was trained

with the same data used by our CNN classifier in Phase 2, which was the best that we

could do. (4) Watershed-SEG: Watershed segmentation is the most used framework

for tree detections in remote sensing communities [117, 119, 120]. (5) Spatial-SEG:

Mean-shift segmentation [126, 122] is a commonly used method for segmenting spatial

datasets which considers both spatial and spectral similarities. (6) GMM-EM: The

Gaussian-Mixture-Model (GMM) clustering algorithm with Expectation-Maximization

(EM) [114] has also been used to estimate tree canopy sizes. We used height and

locations as the features in GMM, and initialized its EM optimization with the local
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maxima in the NHM to facilitate the convergence. Since we did not know the number

of clusters (trees), we used the number of local maxima as an estimate.

Result postprocessing: We used digital city infrastructure data (e.g., buildings,

towers, roads, etc.) to filter out the non-tree detections in Watershed-SEG, Spatial-SEG

and GMM-EM (otherwise much lower accuracy). This is not doable for regions without

such data. In addition, the irregular tree shapes detected by the three methods were

approximated to circles.

Since individual tree locations and canopy sizes are rarely collected or publicly avail-

able, we selected four areas in the test region (not seen in training), and went through

a time-consuming manual inspection to generate the ground truth data for testing. We

also involved spatial data experts to help improve the data collection using functionali-

ties of spatial software (e.g., 3D profiling, visualization enhancement).

Fig. 4.2 visualizes an example of the data, ground truth, and representative results

from four candidate methods. As we can see, TIMBER better captured the tree loca-

tions and canopy sizes in the ground truth. Since watershed segmentation is a rigid

segmentation based on geometric properties, it got stuck in the local fluctuations on

large tree tops, splitting a single tree into many smaller pieces. YOLO’s main limita-

tion is on detecting small objects appearing in groups, so it experienced difficulties in

finding and separating out the trees.
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Figure 4.2: Comparison of detections. The imagery was collected one year after the

NHM, so several trees (removed) may only show up in the NHM. The imagery is only

used for visual assistance. (best in color)

The four test areas had different landscapes (e.g., mixtures of trees and small or

large buildings). The number of trees in test Areas 1 to 4 was 1270, 1393, 972 and

1193, respectively. We evaluated the precision, recall and F1-scores for the 6 methods
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over the four test areas. The results are presented in Fig. 4.3 (a)-(c), and detailed in

Tables 4.2, 4.3 and 4.4. The statistics are consistent with our visual comparison in Fig.

4.2. TIMBERQ achieved the highest precision (90-95%), recall (80-85%) and F1-scores

(85-90%) in all four test areas. While TIMBERG also performed consistently better

than related work, there was about a 10% gap with TIMBERQ. This is an interesting

result since it suggests that negative quadratic function is a better approximator of tree

shapes compared to Gaussian. Among approaches from related work, YOLO achieved

the highest precision (50-60%) but had low recall (∼25%), leading to low F1 scores, while

Watershed-SEG had good recall (∼65%) but suffered from low precision (40-45%). This

could be due to its tendency to split individual large trees into smaller pieces. Neither

Spatial-SEG nor GMM-EM performed well in the test areas.

Figure 4.3: Solution quality statistics and execution time.
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Table 4.2: Precision of detections in test areas

Methods Area 1 Area 2 Area 3 Area 4

TIMBERQ 91.5% 94.4% 94.6% 91.8%

TIMBERG 82.5% 80.5% 82.1% 81.2%

YOLO 57.7% 54.5% 62.3% 51.8%

Watershed-SEG 43.7% 43.6% 42.3% 39.2%

Spatial-SEG 16.1% 15.7% 11.6% 11.9%

GMM-EM 20.6% 21.2% 18.0% 17.8%

Table 4.3: Recall of detections in test areas

Methods Area 1 Area 2 Area 3 Area 4

TIMBERQ 77.8% 82.1% 86.2% 85.2%

TIMBERG 63.8% 66.4% 71.8% 71.5%

YOLO 25.7% 22.1% 29.4% 22.5%

Watershed-SEG 63.9% 63.8% 68.4% 67.5%

Spatial-SEG 48.0% 45.1% 39.9% 41.3%

GMM-EM 27.7% 24.9% 30.5% 27.2%

4.4.2 Computational Performance

In the complexity analysis of the optimization process (Sec. 4.3.4), most of the parame-

ters are related to the maximum tree size rmax. In real world applications, especially in

urban environments, rmax is often fairly limited (e.g., 15, 20 meters). Thus, compared

to the total number of local maxima N , rmax and other parameters are relatively stable

(similar to constants). Thus, our analysis focused on the effect of N , which was varied

by changing the size of the study area.

We evaluated the proposed algorithms on a 24-core computing node in a Linux
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Table 4.4: F1 scores of detections in test areas

Methods Area 1 Area 2 Area 3 Area 4

TIMBERQ 84.1% 87.8% 90.2% 88.4%

TIMBERG 71.9% 72.8% 76.6% 76.1%

YOLO 35.5% 31.5% 40.0% 31.4%

Watershed-SEG 51.9% 51.8% 52.3% 49.6%

Spatial-SEG 24.1% 23.2% 17.9% 18.5%

GMM-EM 23.6% 22.9% 22.7% 21.5%

environment. Since the results were very similar for TIMBERQ and TIMBERG, here

we present those of the former for illustration purposes. Fig. 4.3(d) shows the execution

time for the baseline and CORE algorithms. As discussed in Sec. 4.3.4, CORE does not

change the asymptotic complexity but reduces the number of summation units (Table

4.1) to a constant proportion. Through Fig. 4.3(d) we can see that the speedup is about

1.5X to 2X in the experiments. In the largest area studied (i.e., a 3.5×2.5km2 region

corresponding to the maximum N), the CORE algorithm saved more than 20 hours of

CPU time (about one hour of wall-time).

4.5 Conclusions and Future Work

We proposed a two-phase TIMBER framework to generate individual tree inventories

from remote sensing datasets as well as a CORE algorithm to improve computational

efficiency. Through experiments, we showed that TIMBER can significantly improve

accuracy compared to related work and the CORE algorithm can speed up the com-

putation. In future work, we aim to generate a benchmark tree inventory to facilitate

future research on tree species classification at a real-world large scale. In addition, we

aim to design new acceleration methods to further reduce the computational time.



Chapter 5

Conclusions and Future Research

Directions

5.1 Key Results

One size AI does not fit all. Spatial data and its vast array of applications pose major

challenges to traditional AI techniques, including high cost of spurious results, spatial

interdependency and data gaps. This thesis addressed some of these challenges for three

types of GeoAI techniques, i.e., learning (e.g., unsupervised clustering), planning (e.g.,

spatial optimization) and perception (e.g., geospatial object mapping), in the context

of applications for smart cities and communities. First, the thesis proposed a signifi-

cant DBSCAN for statistically robust clustering, introducing a modeling of statistical

significance in DBSCAN as well as a dual-convergence algorithm to accelerate the com-

putation. Second, the thesis proposed a fragmentation-free spatial allocation technique

to model spatial interdependency during optimization. It introduced a new formula-

tion with spatial decision variables to explicitly model spatial contiguity and regularity

constraints (i.e., each contiguous patch formed by choices on nearby decision variables
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must satisfy both a minimum area and a regular-shape constraints), and presented a

fast hierarchical-fragmentation-elimination algorithm to efficiently solve the problem

in a heuristic manner. Finally, the thesis proposed a domain-knowledge assisted deep

learning method called TIMBER to address the challenge of limited training data in

the mapping of trees in complex urban environments. Extensive experiments were con-

ducted to validate these methods through both comparative and sensitivity analyses.

The results confirmed that the proposed approaches can greatly improve solution quality

in both synthetic and real-world data, and the proposed algorithms can greatly improve

the computational performance.

Table 5.1 summarizes these key results. It also outlines the future research directions

I plan to take in the both short-term (colored in blue) and the long-term (colored in

green).

5.2 Short-Term Future Research Directions

In the short-term, I plan to further improve GeoAI learning (e.g., unsupervised cluster-

ing) by bridging remaining research gaps caused by the three challenges listed in Table

5.1.

A general framework for statistically-robust unsupervised spatial cluster-

ing: In this thesis, Ch. 2 proposed a significance modeling and acceleration technique

specifically designed for incorporating statistical rigor into DBSCAN. While DBSCAN is

one of the most popular unsupervised clustering techniques, there also exist many other

widely used clustering methods such as H-DBSCAN [88], OPTICS [87], CHAMELEON

[127], spectral clustering [128], Gaussian mixture models [114] (e.g., k-means, EM), etc.

Rather than designing a specific method for each technique, I aim to study a more

general framework which can be easily customized and applied to different unsuper-

vised clustering methods. To start with, some ideas from significant DBSCAN (Ch.
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Table 5.1: Taxonomy of thesis contributions and future research directions for short-

term (ST, colored in blue) and long-term (LT, colored in green).

GeoAI Techniques

Challenges
Learning (e.g.,

unsupervised clustering)

Planning (e.g., spatial

optimization)

Perception (e.g.,

object mapping)

High cost of

spurious

results

• Significant DBSCAN

(Ch. 2)

• A general framework

for statistically robust

spatial clustering (ST)

• Uncertainty-explicit

(e.g., data accuracy,

extreme events)

fragmentation-free

spatial allocation (LT)

• Uncertainty-explicit

(e.g., bounds)

mapping and

segmentation (LT)

Spatial

interdependency

and variability (e.g.,

non-stationarity,

gerrymandering)

• Interdependency-aware

hypotheses for significant

DBSCAN (ST)

• Variability-explicit

framework for deep learning

(LT)

• Fragmentation-free

spatial allocation

(Ch. 3)

• Variability-aware

fragmentation-free

spatial allocation (LT)

• Context-aware

object selection/

filtering (Ch. 4)

Data and

domain knowledge

gap

• Multi-source (e.g., remote

sensing imagery, survey,

mobile) based integrative

pattern recognition (ST)

• Physics-assisted

optimization for

transportation

management (LT)

• Domain-knowledge

assisted deep learning

for object mapping

(Ch. 4)

2) can be potentially transformative. For example, the dual-convergence algorithm de-

signed to accelerate significance testing for both significant and spurious patterns can be

generalized into a higher-level computational framework to work with other clustering

techniques.

Interdependency-aware hypotheses for significant DBSCAN: Currently, the

hypothesis used for significant DBSCAN assumes independence among data points.

However, this may not be ideal for many applications where interaction or correlation

exists between nearby data points. In agriculture, for example, many events (e.g.,

disease, pest, water stress) are spatially-autocorrelated as a result of the underlying
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physical processes (e.g., the spread of a disease). As a result, hypotheses that ignore

the interdependency among data points may not correctly reflect the true phenomenon

and lead to inaccurate results. In the next phase of my research, I plan to first investigate

the effect of spatial interdependency on significance testing results and then collaborate

with domain scientists to develop interdependency-aware hypotheses to improve solution

quality.

Spatial-variability-explicit framework for deep learning: As discussed in

Sec. 1.3, spatial data exhibit both interdependency and variability. Recent develop-

ments in deep learning have recognized and addressed the issue of interdependency via

convolutional neural networks, in which locally-connected layers are used to replace

fully-connected layers in traditional architectures to explicitly model spatial interde-

pendency (i.e., nearby samples are more similar than distant ones). However, spatial

variability has not yet been sufficiently studied, and this significantly limits the value

of these models in large-scale applications. For example, in agriculture, optimal param-

eters for yield prediction models often differ across geographic regions due to unknown

or unobserved differences in the complex environmental or social context. While spatial

ensemble methods (e.g., [32]) have been studied to partition data and learn simpler local

models (e.g., decision tree), they may not be well-suited for deep learning techniques

which require significantly more training data to learn millions of parameters. I will

investigate new frameworks to balance spatial-variability-awareness and the need for

large training data.

Multi-source based integrative pattern recognition: The success of spatial

pattern recognition techniques not only depends on the quality of the approach but

also the quality of the data. In many scenarios, the dataset available for use in one

technique is not representative of the true phenomenon as discussed earlier in Sec. 1.3.

For example, in a disease outbreak, smartphone trajectories may not form a reliable
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dataset on its own to reveal changes in mobility patterns due to selection bias. I plan to

investigate novel pattern recognition techniques that can integrate a variety of compli-

mentary data sources (e.g., remote sensing imagery, surveys) to better model and learn

patterns in real-world scenarios. In the previous example of disease outbreak, traffic

volume extracted from high-frequency remote sensing imagery may provide additional

insights to learn the changes in mobility patterns beyond smartphone trajectories.

5.3 Long-Term Future Research Directions

In the long-term, I plan to further address the three challenges (Table 5.1) in the context

of planning (e.g., spatial optimization in allocation and routing) and perception (e.g.,

geospatial object mapping).

Uncertainty-explicit fragmentation-free spatial allocation: Uncertainty needs

to be explicitly considered to improve the stability of allocation plans from fragmentation-

free spatial allocation and reduce the risk of spurious results (i.e., a better solution

achieved through optimization turning out to be worse than the previous plan after

being implemented in real-world scenarios). The uncertainty may come from various

sources, including errors in the data (e.g., simulation errors from agricultural models),

dynamics in markets (e.g., price changes of crops) and extreme events (e.g., unexpected

floods or droughts). These factors need to be explicitly considered and expressed in the

outputs to better inform real-world stakeholders.

Uncertainty-explicit mapping and segmentation for remote sensing data:

Uncertainty also needs to be explicitly modeled in geospatial mapping and segmentation

tasks to avoid spurious results that can lead to high-cost failures in many applications.

As illustrated in Sec. 1.3, errors in geo-imagery based mapping (e.g., ice, open water)

may cause ships to get stuck in ice floes during long-distance travels. To overcome

this challenge, uncertainty in such sensitive classification tasks needs to be explicitly
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modeled (e.g., Dempster-Shafer theory) and clearly presented to decision makers so

they are aware of the real risks. This will also require high interpretability of the

techniques in order to understand and model the propagation of uncertainty and errors.

Physics assisted optimization for transportation management: Data gaps

are a major challenge not only in GeoAI learning, but also in many optimization based

planning tasks. Decision optimization (e.g., signal control, routing) in transportation

is an important area that faces this challenge. Transportation accounts for about one-

third of total energy consumption in the US and is a major source of greenhouse gas

emissions. There exists a great opportunity to save energy and reduce emissions by

promoting energy-efficient and low-emission decisions in transportation. The opportu-

nity is especially exciting with new data sources such as on-board-diagnostic data, which

record hundreds of engine measurements (e.g., fuel consumption, emission, speed, accel-

eration) along trajectories. However, trajectories in such data may only cover a subset

of road segments in large transportation networks, and this data incompleteness signif-

icantly limits the use of optimization algorithms for transportation such as routing or

signal control. To bridge this data gap, I plan to investigate a physics assisted optimiza-

tion framework which combines engine physics models with existing on-board-diagnostic

data on a subset of transportation network to estimate the energy consumption as well

as emission on road segments with limited data availability.

Spatial-variability-aware optimization: As introduced in Sec. 1.3, a funda-

mental property of spatial data is that data distribution is non-stationary across geo-

graphic regions. This spatial variability poses a big challenge for spatial optimization.

In fragmentation-free spatial allocation, for example, the spatial constraints (e.g., mini-

mum area constraint, shape constraint) used to enforce spatial contiguity and regularity

of the output land allocation design are assumed to be the same across the entire study
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area. This assumption may not be appropriate for large-scale applications where dif-

ferent sub-regions of the study area require different spatial constraints due to physical

(e.g., local topographical characteristics) or social (e.g., farmers’ preferences) reasons.

Thus, the next generation of fragmentation-free spatial allocation methods will need

to incorporate spatial variability awareness into the optimization formulations as well

as algorithms to explicitly model such non-stationarity and solve applications at large-

scales.
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Antero Kukko, Markus Holopainen, Christian Heipke, Manuela Hirschmugl, Felix

Morsdorf, et al. An international comparison of individual tree detection and

extraction using airborne laser scanning. Remote Sensing, 4(4):950–974, 2012.



126

[120] Luke Wallace, Arko Lucieer, and Christopher S Watson. Evaluating tree detec-

tion and segmentation routines on very high resolution uav lidar data. IEEE

Transactions on Geoscience and Remote Sensing, 52(12):7619–7628, 2014.

[121] Qi Chen, Dennis Baldocchi, Peng Gong, and Maggi Kelly. Isolating individual

trees in a savanna woodland using small footprint lidar data. Photogrammetric

Engineering & Remote Sensing, 72(8):923–932, 2006.

[122] Segment mean shift. http://desktop.arcgis.com/en/arcmap/latest/manage-

data/raster-and-images/segment-mean-shift-function.htm, 2018.

[123] Yiqun Xie, Guoan Tang, Shijiang Yan, and Hui Lin. Crater detection using

the morphological characteristics of chang’e-1 digital elevation models. IEEE

Geoscience and Remote Sensing Letters, 10(4):885–889, 2013.

[124] Peter Tittmann, Sohail Shafii, Bruce Hartsough, and Bernd Hamann. Tree de-

tection and delineation from lidar point clouds using ransac. In Proceedings of

SilviLaser, 2011.

[125] Ian Goodfellow, Yoshua Bengio, Aaron Courville, and Yoshua Bengio. Deep learn-

ing, volume 1. MIT press Cambridge, 2016.

[126] Dorin Comaniciu and Peter Meer. Mean shift: A robust approach toward feature

space analysis. IEEE Transactions on pattern analysis and machine intelligence,

24(5):603–619, 2002.

[127] George Karypis, Eui-Hong Han, and Vipin Kumar. Chameleon: Hierarchical

clustering using dynamic modeling. Computer, 32(8):68–75, 1999.



127

[128] Andrew Y Ng, Michael I Jordan, and Yair Weiss. On spectral clustering: Analysis

and an algorithm. In Advances in neural information processing systems, pages

849–856, 2002.


