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1 Introduction

Clusteringis the taskof organizinga setof objectsinto meaningfulgroups.Thesegroupscanbe disjoint,
overlapping,or organizedin somehierarchicalfashion.Thekey elementof clusteringis thenotionthat the
discoveredgroupsaremeaningful. Thisdefinitionis intentionallyvague,aswhatconstitutesmeaningfulis to
a largeextent,applicationdependent.In someapplicationsthismaytranslateto groupsin whichthepairwise
similarity betweentheirobjectsis maximized,andthepairwisesimilarity betweenobjectsof differentgroups
is minimized. In someotherapplicationsthis may translateto groupsthat containobjectsthat sharesome
key characteristics,eventhoughtheir overall similarity is not thehighest.Clusteringis anexploratorytool
for analyzinglargedatasets,andhasbeenusedextensively in numerousapplicationareas.

Clusteringhasa wide rangeof applicationsin life sciencesandover the yearshasbeenusedin many
areasrangingfrom theanalysisof clinical information,phylogeny, genomics,andproteomics.For example,
clusteringalgorithmsappliedto geneexpressiondatacanbeusedto identify co-regulatedgenesandprovide
a geneticfingerprint for variousdiseases.Clusteringalgorithmsappliedon the entiredatabaseof known
proteinscanbeusedto automaticallyorganizethedifferentproteinsinto close-anddistant-relatedfamilies,
andidentify subsequencesthataremostlypreservedacrossproteins[52, 22, 55, 68, 49]. Similarly, clustering
algorithmsappliedto thetertiarystructuraldatasetscanbeusedto performasimilarorganizationandprovide
insights intherateof changebetweensequenceandstructure[20, 65].

The primary goal of this chapteris to provide an overview of the variousissuesinvolved in clustering
large datasets,describethe meritsandunderlyingassumptionsof someof the commonlyusedclustering
approaches,and provide insightson how to clusterdatasetsarising in variousareaswithin life-sciences.
Toward this end, the chapteris organizedin broadly threeparts. The first part (Sections2– 4) describes
thevarioustypesof clusteringalgorithmsdevelopedover theyears,thevariousmethodsfor computingthe
similarity betweenobjectsarising in life sciences,and methodsfor assessingthe quality of the clusters.
Thesecondpart (Section5) focuseson theproblemof clusteringdataarisingfrom microarrayexperiments
anddescribessomeof the commonlyusedapproaches.Finally, the third part (Section6) providesa brief
introductionto CLUTO, a generalpurposetoolkit for clusteringvariousdatasets,with an emphasison its
applicationsto problemsandanalysisrequirementswithin life sciences.

2 Types of Clustering Algorithms

Thetopic of clusteringhasbeenextensively studiedin many scientificdisciplinesanda varietyof different
algorithmshave been developed [51, 38, 12, 45, 36, 59, 6, 78, 12, 23, 73, 28, 29, 42]. Two recentsurveys
on the topics[37, 32] offer a comprehensive summaryof the differentapplicationsandalgorithms. These

1



algorithmscanbecategorizedalongdifferentdimensionsbasedeitheron theunderlyingmethodologyof the
algorithm,leadingto partitional or agglomerativeapproaches,basedon the structureof the final solution,
leadingto hierarchical or non-hierarchical solutions,basedon thecharacteristicsof thespacein which they
operate,leadingto featureor similarity approaches,orbasedonthetypeof clustersthatthey discover, leading
to globular or transitiveclusteringmethods.

2.1 Agglomerative and Partitional Algorithms

Partitional algorithms,suchas K -means[54, 38], K -medoids[38, 45, 59], probabilistic[15, 12], graph-
partitioning-based[77, 38, 31, 70], or spectralbased[7], find the clustersby partitioningthe entiredataset
into eitherapredeterminedor anautomaticallyderived numberof clusters.

Partitional clusteringalgorithmscomputea k-way clusteringof a setof objectseitherdirectly or via a
sequenceof repeatedbisections.A direct k-way clusteringis commonlycomputedasfollows. Initially, a
setof k objectsis selectedfrom thedatasetsto actastheseedsof thek clusters.Then,for eachobject,its
similarity to thesek seedsis computed,andit is assignedto theclustercorrespondingto its mostsimilarseed.
Thisformstheinitial k-wayclustering.Thisclusteringis thenrepeatedlyrefinedsothatit optimizesadesired
clusteringcriterionfunction.A k-waypartitioningvia repeatedbisectionsis obtainedby recursivelyapplying
theabove algorithmto compute2-way clustering(i.e., bisections).Initially, theobjectsarepartitionedinto
two clusters,thenoneof theseclustersis selectedandis furtherbisected,andsoon. This processcontinues
k − 1 times, leadingto k clusters. Eachof thesebisectionsis performedso that the resultingtwo-way
clusteringsolutionoptimizesa particularcriterionfunction.

Criterionfunctionsusedin thepartitionalclusteringreflecttheunderlyingdefinitionof the“goodness”of
clusters.Thepartitionalclusteringcanbeconsideredasanoptimizationprocedurethat tries to createhigh
quality clustersaccordingto a particularcriterion function. Many criterion functionshave beenproposed
[38, 17, 80] andsomeof themaredescribedlater in Section6. Criterionfunctionsmeasurevariousaspects
of intra-clustersimilarity, inter-clusterdissimilarity, andtheir combinations.Thesecriterionfunctionsutilize
differentviews of theunderlyingcollection,by eithermodelingtheobjectsasvectorsin a high-dimensional
space,or by modelingthecollectionasa graph.

Hierarchicalagglomerativealgorithmsfind theclustersby initially assigningeachobjectto its own cluster
andthenrepeatedlymerging pairsof clustersuntil a certainstoppingcriterionis met. Considerann-object
datasetandthe clusteringsolutionthat hasbeencomputedafterperformingl merging steps.This solution
will containexactly n − l clusters,aseachmergingstepreducesthenumberof clustersby one.Now, given
this (n − l )-way clusteringsolution,the pair of clustersthat is selectedto be mergednext, is the onethat
leadsto an (n − l − 1)-way solution that optimizesa particularcriterion function. That is, eachoneof
the (n − l ) × (n − l − 1)/2 pairsof possiblemergesis evaluated,andthe onethat leadsto a clustering
solutionthathasthemaximum(or minimum)value oftheparticularcriterionfunctionis selected.Thus,the
criterionfunctionis locally optimizedwithin eachparticularstageof agglomerativealgorithms.Depending
on the desiredsolution,this processcontinuesuntil eitherthereareonly k clustersleft, or whenthe entire
agglomerativetreehasbeenobtained.

Thethreebasiccriteriatodeterminewhichpairof clusterstobemergednext aresingle-link[67], complete-
link [46] andgroupaverage(UPGMA) [38]. Thesingle-linkcriterionfunctionmeasuresthesimilarity of two
clustersby themaximumsimilarity betweenany pairof objectsfrom eachcluster, whereasthecomplete-link
usestheminimumsimilarity. In general,boththesingle-andthecomplete-linkapproachesdonotwork very
well becausethey eitherbasetheirdecisionsto a limited amountof information(single-link),or assumethat
all theobjectsin theclusterareverysimilar to eachother(complete-link).Ontheotherhand,thegroupaver-
ageapproachmeasuresthesimilarity of two clustersby theaverageof thepairwisesimilarity of theobjects
from eachclusteranddoesnotsuffer from theproblemsarisingwith single-andcomplete-link.In additionto
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thesethreebasicapproaches,anumberof moresophisticatedschemeshavebeen developed,likeCURE[28],
ROCK [29], CHAMELEON [42], thatwereshown to producesuperiorresults.

Finally, hierarchicalalgorithmsproducea clusteringsolutionthat formsa dendrogram,with a singleall
inclusive clusterat the top andsingle-pointclustersat the leaves. On the otherhand,in non-hierarchical
algorithmstheretendsto benorelationbetweentheclusteringsolutionsproducedatdifferentlevelsof gran-
ularity.

2.2 Feature- and Similarity- Based Clustering Algorithms

Anotherdistinctionbetweenthedifferentclusteringalgorithmsis whetheror not they operateon theobject’s
featurespaceor operateon a derived similarity (or distance)space. K -meansbasedalgorithmsare the
prototypicalexamplesof methodsthat operateon the original featurespace. In this classof algorithms,
eachobjectis representedasa multi-dimensionalfeaturevector, andthe clusteringsolutionis obtainedby
iteratively optimizingthesimilarity (or distance)betweeneachobjectandits clustercentroid.Onetheother
hand,similarity-basedalgorithmscomputetheclusteringsolutionby first computingthepairwisesimilarities
betweenall the objectsandthenusethesesimilaritiesto drive theoverall clusteringsolution. Hierarchical
agglomerativeschemes,graph-basedschemes,aswell asK -medoid,fall into thiscategory. Theadvantagesof
similarity-basedmethodsis thatthey canbeusedtoclusterawidevarietyof datasets,providedthatreasonable
methodsexist for computingthepairwisesimilarity betweenobjects.For this reason,they havebeenusedto
clusterbothsequential[52, 22] aswell asgraphdatasets[40, 72], especiallyin biologicalapplications.On
theotherhand,therehasbeenlimited work in developingclusteringalgorithmsthatoperatedirectly on the
sequenceor graphdatasets[41].

However, similarity-basedapproacheshave two key limitations. First, their computationalrequirements
arehigh asthey needto computethe pairwisesimilarity betweenall the objectsthat needto be clustered.
As a resultsuchalgorithmscanonly be appliedto relatively small datasets(a few thousandobjects),and
they cannotbeeffectively usedto clusterthedatasetsarisingin many fieldswithin life sciences.Thesecond
limitation of theseapproachesis thatby notusingtheobject’s featurespaceandrelyingonly on thepairwise
similarities, they tendto producesub-optimalclusteringsolutionsespeciallywhenthe similaritiesare low
relative to theclustersizes.Thekey reasonfor this is that thesealgorithmscanonly determinetheoverall
similarity of a collectionof objects(i.e., a cluster)by usingmeasuresderived from thepairwisesimilarities
(e.g., average,median,or minimumpairwisesimilarities).However, suchmeasures,unlesstheoverall simi-
larity betweenthemembersof differentclustersis high,arequiteunreliablesincethey cannotcapturewhat
is commonbetweenthedifferentobjectsin thecollection.

Clusteringalgorithmsthat operatein the object’s featurespacecanovercomeboth of theselimitations.
Sincethey do not requiretheprecomputationof thepairwisesimilarities,fastpartitionalalgorithmscanbe
usedto find the clusters,andsincetheir clusteringdecisionsaremadein the object’s featurespace,they
canpotentiallyleadto betterclustersby correctlyevaluatingthesimilarity betweena collectionof objects.
For example,in thecontext of clusteringproteinsequences,theproteinsin eachclustercanbeanalyzedto
determinetheconservedblocks,anduseonly theseblocksin computingthesimilarity betweenthesequences
(anideaformalizedby profile HMM approaches[19, 18]). Recentstudiesin thecontext of clusteringlarge
high-dimensionaldatasetsdoneby variousgroups[13, 50, 2, 69] show the advantagesof suchalgorithms
over thosebasedonsimilarity.

2.3 Globular and Transitive Clustering Algorithms

Besidestheoperationaldifferencesbetweenvariousclusteringalgorithms,anotherkey distinctionbetween
themis the type of clustersthat they discover. Therearetwo generaltypesof clustersthat often arisein
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differentapplicationdomains.Whatdifferentiatesthesetypesis therelationshipbetweenthecluster’sobjects
andthedimensionsof their featurespace.

Thefirst type of clusterscontainsobjectsthat exhibit a strongpatternof conservationalonga subsetof
their dimensions.Thatis, thereis a subsetof theoriginaldimensionsin whicha largefractionof theobjects
agree.For example,if thedimensionscorrespondto differentproteinmotifs,thenacollectionof proteinswill
form a cluster, if thereexist a subsetof motifs thatarepresentin a largefractionof theproteins.This subset
of dimensionsis oftenreferredto asa subspace, andtheabovestatedpropertycanbeviewedasthecluster’s
objectsandits associateddimensionsformingadensesubspace. Of course,thenumberof dimensionsin these
densesubspaces,andthedensity(i.e., how largeis thefractionof theobjectsthatsharethesamedimensions)
will bedifferentfrom clusterto cluster. Exactlythis variationin subspacesizeanddensity(andthefactthat
anobjectcanbepartof multiple disjoint or overlappingdensesubspaces)is whatcomplicatestheproblem
of discoveringthis typeof clusters.Therearea numberof applicationareasin which suchclustersgive rise
to meaningfulgroupingsof theobjects(i.e., domainexpertswill tendto agreethat theclustersarecorrect).
Suchareasincludesclusteringdocumentsbasedonthetermsthey contain,clusteringcustomersbasedonthe
productsthey purchase,clusteringgenes basedon their expressionlevels, clusteringproteinsbasedon the
motifs they contain,etc.

Thesecondtypeof clusterscontainsobjectsin which againthereexists a subspaceassociatedwith that
cluster. However, unlike the earliercase,in theseclusterstherewill be sub-clustersthat may sharea very
smallnumberof thesubspace’sdimension,but therewill bea strongpathwithin thatclusterthatwill connect
them. By “strong path” we meanthat if A and B aretwo sub-clustersthat shareonly a few dimensions,
thentherewill be anothersetof sub-clustersX1, X2, . . . , Xk, that belongto the cluster, suchthat eachof
the sub-clusterpairs(A, X1), (X1, X2), . . . , (Xk, B) will sharemany of the subspace’s dimensions.What
complicatesclusterdiscoveryin thissettingis thattheconnections(i.e., sharedsubspacedimensions)between
sub-clusterswithin a particularclusterwill tendto beof differentstrength.Examplesof this typeof clusters
includeproteinclusterswith distanthomologiesor clustersof pointsthatform spatiallycontiguousregions.

Our discussionso far focusedon therelationshipbetweentheobjectsandtheir featurespace.However,
thesetwo classesof clusterscanalsobeunderstoodin termsof the theobject-to-objectsimilarity graph.The
first typeof clusterswill tendto containobjectsin which thesimilarity betweenall pairsof objectswill be
high. On theotherhand,in the secondtypeof clusterstherewill bea lot of objectswhosedirectpairwise
similarity will bequitelow, but theseobjectswill beconnectedby many pathsthatstaywithin theclusterthat
traversehigh similarity edges.Thenamesof thesetwo clustertypeswereinspiredby this similarity-based
view, andthey arereferredto asglobular andtransitiveclusters,respectively.

The variousclusteringalgorithmsarein generalsuitedfor finding eitherglobular or transitive clusters.
In general,clusteringcriterion driven partitional clusteringalgorithmssuchas K -meansand its variants
andagglomerative algorithmsusingthe complete-linkor the group-averagemethodaresuitedfor finding
globular clusters. On the otherhand,the single-link methodof the agglomerative algorithm,andgraph-
partitioning-basedclusteringalgorithmsthat operateon a nearest-neighborsimilarity grapharesuitedfor
finding transitive clusters.Finally, specializedalgorithms,calledsub-spaceclusteringmethods,have been
developedfor explicitly finding either globular or transitive clustersby operatingdirectly in the object’s
featurespace[3, 57, 10].

3 Methods for Measuring The Similarity Between Objects

In general,themethodusedto computethesimilarity betweentwo objectsdependson twofactors.Thefirst
factorhasto dowith how theobjectsareactuallybeingrepresented.For example,thesimilarity betweentwo
objectsrepresentedby asetof attribute-valuepairswill beentirelydifferentthanthemethodusedto compute
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thesimilarity betweentwo DNA sequencesor two 3D proteinstructures.Thesecondfactoris muchmore
subjective andhasto do with theactualgoalof clustering.Differentanalysisrequirementsmaygive riseto
entirelydifferentsimilarity measuresanddifferentclusteringsolutions.This sectionfocuseson discussing
variousmethodsfor computingthesimilarity betweenobjectsthataddressbothof thesefactors.

The diversenatureof biological sciencesandthe shearcomplexity of the underlyingphysico-chemical
andevolutionaryprinciplesthatneedto bemodeled,gives riseto numerousclusteringproblemsinvolving a
widerangeof differentobjects.Themostprominentof themarethefollowing:

Multi-Dimensional Vectors
Eachobjectis representedby asetof attribute-valuepairs.Themeaningof theattributes(alsoreferred
to asvariablesor features)is applicationdependentandincludesdatasetslike thosearisingfrom var-
iousmeasurements(e.g., geneexpressiondata),or from variousclinical sources(e.g., drug-response,
diseasestates,etc.).

Sequences
Eachobjectis representedasasequenceof symbolsor events.Themeaningof thesesymbolsor events
alsodependson theunderlyingapplicationandincludesobjectssuchasDNA andproteinsequences,
sequencesof secondarystructureelements,temporalmeasurementsof variousquantitiessuchasgene
expressions,andhistoricalobservationsof diseasestates.

Structures
Eachobject is representedasa two- or three-dimensionalstructure. The primary examplesof such
datasetsincludethespatialdistributionof variousquantitiesof interestwithin variouscells,andthe3D
geometryof chemicalmoleculessuchasenzymesandproteins.

Therestof this sectiondescribessomeof themostpopularmethodsfor computingthesimilarity for all
thesetypesof objects.

3.1 Similarity Between Multi-Dimensional Objects

Thereareavarietyof methodsfor computingthesimilarity betweentwo objectsthatarerepresentedby aset
of attribute-valuepairs. Thesemethods,to a largeextent,dependon thenatureof theattributesthemselves
andthecharacteristicsof theobjectsthatweneedto modelby thesimilarity function.

Fromthepoint of similarity calculations,therearetwo generaltypesof attributes.Thefirst oneconsists
of attributeswhoserangeof valuesarecontinuous. This includesbothinteger- andreal-valuedvariables,as
well as,attributeswhoseallowedsetof valuesarethoughtto be part of an orderedset. Examplesof such
attributesincludegeneexpressionmeasurements,ages,diseaseseverity levels,etc. On the otherhand,the
secondtypeconsistsof attributesthattakevaluesfrom anunorderedset.Examplesof suchattributesinclude
variousgender, bloodtype,tissuetype,etc. We will referto thefirst typeascontinuous attributesandto the
secondtypeascategorical attributes.Theprimarydifferencebetweenthesetwo typesof attributesis thatin
thecaseof continuousattributes,whenthereis amismatchon thevaluetakenby a particularattributein two
differentobjects,thedifferenceof thetwo valuesis ameaningfulmeasureof distance,whereasin categorical
attributes,thereis noeasyway to assignadistancebetweensuchmismatches.

In therestof this section,wepresentmethodsfor computingthesimilarity assumingthatall theattributes
in theobjectsareeithercontinuousor categorical.However, in mostreal-applications,objectswill berepre-
sentedby amixtureof suchattributes,sothedescribedapproachesneedto becombined.

Continuous Attributes When all the attributesare continuous,eachobject can be consideredto be
a vector in the attribute space. That is, if n is the total numberof attributes, theneachobjectv can be
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representedby ann-dimensionalvector(v1, v2, ..., vn), wherevi is thevalue ofthei th attribute.
Given any two objectswith their correspondingvector-spacerepresentationsv and u, a widely used

methodfor computingthe similarity betweenthemis to look at their distanceasmeasuredby some norm
of their vectordifference.Thatis,

disr (v, u) = ||v − u||r , (1)

wherer is thenormused,and|| · || is usedto denotevectornorms.If thedistanceis small,thentheobjects
will besimilar, andthesimilarity of theobjectswill decreaseastheirdistanceincreases.

The two mostcommonlyusednormsarethe one-andthe two-norm. In the caseof the one-norm,the
distancebetweentwo objectsis giveby

dis1(v, u) = ||v − u||1 =
n

∑

i

|vi − ui |, (2)

where| · | denotesabsolutevalues.Similarly, in thecaseof thetwo-norm,thedistanceis given by

dis2(v, u) = ||v − u||2 =

√

√

√

√

n
∑

i=1

(vi − ui )2. (3)

Note that the one-normdistanceis alsocalledthe Manhattandistance,whereasthe two-normdistanceis
nothingmorethanthe Euclideandistancebetweenthe vectors. Thosedistancesmay becomeproblematic
whenclusteringhigh-dimensionaldata,becausein suchdatasets,thesimilarity betweentwo objectsis often
definedalonga smallsubsetof dimensions.

An alternateway of measuringthesimilarity betweentwo objectsin thevector-spacemodelis to look at
theanglebetweentheirvectors.If two objectshavevectorsthatpoint to thesamedirection(i.e., theirangleis
small),thentheseobjectswill beconsideredsimilar, andif theirvectorspointto differentdirections(i.e., their
angleis large), thenthesevectorswill be considereddissimilar. This angle-basedapproachfor computing
the similarity betweentwo objectsemphasizesthe relative valuesthat eachdimensiontakes within each
vector, andnot their overall length.Thatis, two objectscanhave anangleof zero(i.e., point to theidentical
direction),evenif their Euclideandistanceis arbitrarily large. For example,in a two-dimensionalspace,the
vectorsv = (1, 1), andu = (1000, 1000) will beconsideredto beidentical,astheir angleis zero.However,
theirEuclideandistanceis closeto 1000

√
2.

Sincethecomputationof theanglebetweentwo vectorsis somewhatexpensive(requiringinversetrigono-
metricfunctions),wedonotmeasuretheangleitself but its cosinefunction.Thecosineof theanglebetween
two vectorsv andu is given by

sim(v, u) = cos(v, u) =
∑n

i=1 vi ui

||v||2||u||2
. (4)

This measurewill be plus one, if the anglebetweenv andu is zero,andminusone, if their angleis 180
degrees(i.e., point to oppositedirections).Notethata surrogatefor theanglebetweentwo vectorscanalso
becomputedusingtheEuclideandistance,but insteadof computingthedistancebetweenv andu directly, we
needto first scalethemto beof unit length.In thatcase,theEuclideandistancemeasuresthechord between
thetwo vectorsin theunit hypersphere.

In additionto theabove linearalgebrainspiredmethods,anotherwidely usedschemefor determiningthe
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similarity betweentwo vectorsusesthePearsoncorrelationcoefficient,which is given by

sim(v, u) = corr(v, u) =
∑n

i=1(vi − v̄)(ui − ū)
√

∑n
i=1(vi − v̄)2

√

∑n
i=1(ui − ū)2

, (5)

wherev̄ andū arethemeanof thevaluesof thev andu vectors,respectively. NotethatPearson’scorrelation
coefficient is nothingmorethanthecosinebetweenthemean-subtractedv andu vectors.As a result,it does
notdependon thelengthof the(v − v̄) and(u − ū) vectors,but only on theirangle.

Our discussionsofar on similarity measuresfor continuousattributesfocusedon objectsin which all the
attributeswerehomogeneousin nature. A setof attributesarecalledhomogeneousif all of themmeasure
quantitiesthatareof thesametype.As aresultchangesin thevaluesof thesevariablescanbeeasilycorrelated
acrossthem.Quiteoften,eachobjectwill berepresentedby asetof inhomogeneousattributes.For example,
if we would like to clusterpatients,thensomeof theattributesdescribingeachpatientcanmeasurethings
like age,weight,height,calorieintake,etc. Now if we usesomeof theabovedescribedmethodsto compute
the similarity we will essentiallymakingthe assumptionthat equalmagnitudechangesin all variablesare
identical.However this maynotbethecase.If theageof two patientsis 50years,thatrepresentssomething
that is significantlydifferentif their calorieintake differenceis 50 calories.To addresstheseproblems,the
variousattributesneedto befirst normalizedprior to usingany of theabovesimilarity measures.Of course,
the specificnormalizationmethodis attribute dependent,but its goal shouldbe to make differencesacross
differentattributescomparable.

Categorical Attributes If theattributesarecategorical,specialsimilarity measuresarerequired,since
distancesbetweentheir valuescannotbedefinedin anobviousmanner. Themoststraightforwardway is to
treateachcategoricalattributeindividuallyanddefinethesimilarity basedonwhethertwo objectscontainthe
exactsamevaluefor eachcategoricalattribute.Huang[35] formalizedthis ideaby introducingdissimilarity
measuresbetweenobjectswith categoricalattributesthat canbe usedin any clusteringalgorithms. Let X
andY betwo objectswith m categoricalattributes,andX i andYi bethevaluesof thei th attributeof thetwo
objects,thedissimilaritymeasurebetweenX andY is definedto bethenumberof mismatchingattributesof
thetwo objects.Thatis,

d(X, Y) =
m

∑

i=1

S(Xi , Yi ),

where

S(Xi , Yi ) =
{

0 (Xi = Yi )

1 (Xi �= Yi )

A normalizedvariantof theabovedissimilarityis definedasfollows

d(X, Y) =
m

∑

i=1

nXi + nYi

nXi nYi

S(Xi , Yi ),

wherenXi (nYi ) is the numberof timesthe value X i (Yi ) appearsin the i th attribute of the entiredataset.
If two categoricalvaluesarecommonacrossthe dataset,they will have low weights,so that themismatch
betweenthemwill not contributesignificantlyto thefinal dissimilarity score. If two categoricalvaluesare
rarein thedataset,thenthey aremoreinformativeandwill receive higherweightsaccordingto theformula.
Hence,thisdissimilaritymeasureemphasizesthemismatchesthathappenfor rarecategoricalvaluesthanfor
thoseinvolving commonones.

One of the limitations of the above methodis that two valuescan contribute to the overall similarity
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only if they arethesame.However, differentcategoricalvaluesmaycontainusefulinformationin thesense
that even if their valuesaredifferent, the objectscontaining thosevaluesare relatedto someextent. By
definingsimilaritiesjustbasedonmatchesandmismatchesof values,someusefulinformationmaybelost. A
numberof approacheshavebeenproposedto overcomethis limitation [29, 25, 26, 61] by utilizing additional
informationbetweencategoriesor relationshipsbetweencategoricalvalues.

3.2 Similarity Between Sequences

Oneof the most importantapplicationsof clusteringin life sciencesis clusteringsequences,e.g, DNA or
proteinsequences.Many clusteringalgorithmshavebeenproposedto enhancesequencedatabasesearching,
organizesequencedatabases,generatephylogenetictreesor guidemultiple sequencealignmentetc. In this
specificclusteringproblem,the objectsof interestarebiological sequences,which consistof a sequence
of symbols, which could be nucleotides, aminoacidsor secondarystructureelements(SSEs). Biological
sequencesaredifferentfrom theobjectswe have discussedsofar, in thesensethatthey arenot definedby a
collectionof attributes. Hence,thesimilarity measureswe discussedso far arenot applicableto biological
sequences.

Over theyears,a numberof differentapproacheshave been developedfor computingsimilarity between
two sequences[30]. The most commononesare the alignment-basedmeasures,which first computean
optimal alignmentbetweentwo sequences(eitherglobally or locally), andthendeterminetheir similarity
by measuringthedegreeof agreementin thealignedpositionsof the two sequences.Thealignedpositions
areusuallyscoredusinga symbol-to-symbolscoringmatrix, andin thecaseof proteinsequences,themost
commonlyusedscoringmatricesarePAM [14, 63] or BLOSUM [33].

The global sequencealignment(Needleman-Wunschalignment[58]) aligns the entiresequencesusing
dynamicprogramming.Therecurrencerelationsarethefollowing [30]. Given two sequencesS1 of lengthn
andS2 of lengthm, anda scoringmatrix S, let score(i , j ) bethescoreof theoptimalalignmentof prefixes
S1[1...i ] andS2[1... j ].

Thebaseconditionsare,
score(0, j ) =

∑

1≤k≤ j

S( , S2(k))

and
score(i , 0) =

∑

1≤k≤i

S(S1(k), ).

Then,thegeneralrecurrenceis,

score(i , j ) = max







score(i − 1, j − 1) + S(S1(i ), S2(i ))
score(i − 1, j ) + S(S1(i ), )

score(i , j − 1) + S( , S2( j ))

where‘ ’ representsa space,and S is the scoringmatrix to specify the matchingscorefor eachpair of
symbols.And score(n, m) is theoptimalalignmentscore.

Theseglobalsimilarity scoresaremeaningfulwhenwecomparesimilarsequenceswith roughlythesame
length, e.g, protein sequencesfrom the sameprotein family. However, when sequencesare of different
lengthsandarequitedivergent,the alignmentof the entiresequencesmaynot make sense,in which case,
thesimilarity is commonlydefinedon theconservedsubsequences.This problemis referredto asthe local
alignmentproblem, whichseeksto find thepairof substringsof thetwo sequencesthathasthehighestglobal
alignmentscoreamongall possiblepairsof substrings.Local alignmentscanbecomputedoptimally via a
dynamicprogrammingalgorithm,originally introducedby SmithandWaterman[66]. Thebaseconditions
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arescore(0, j ) = 0 andscore(i , 0) = 0, andthegeneralrecurrenceis given by

score(i , j ) = max















0
score(i − 1, j − 1) + S(S1(i ), S2(i ))
score(i − 1, j ) + S(S1(i ), )

score(i , j − 1) + S( , S2( j ))

Thelocalsequencealignmentscorecorrespondsto thecell(s)of thedynamicprogrammingtablethathasthe
highestvalue.Notethattherecurrencefor localalignmentsis verysimilar to thatfor globalalignmentsonly
with minorchanges,whichallow thealignmentto begin from any location(i , j ) [30].

Alternatively, local alignmentscanbecomputedapproximatelyvia heuristicapproaches,suchasFASTA
[53, 60] orBLAST [4]. Theheuristicapproachesachievelow timecomplexitiesbyfirst identifyingpromising
locationsin anefficientway, andthenapplyinga moreexpensivemethodon thoselocationsto constructthe
final localsequencealignment.Theheuristicapproachesarewidely usedfor searchingproteindatabasesdue
to their low time complexity. Descriptionof thesealgorithmsis beyondthe scopeof this chapter, andthe
interestedreadershouldfollow thereferences.

Mostexistingproteinclusteringalgorithmsusethesimilarity measurebasedonthelocalalignmentmeth-
ods, i.e., Smith-Waterman,BLAST and FASTA (GeneRage[22], ProtoMap[76] etc.). Theseclustering
algorithmsfirst obtain the pairwisesimilarity scoresof all pairsof sequences,then they eithernormalize
the scoresby the self-similarity scoresof the sequencesto obtaina percentagevalue of identicalness[8],
or transformthescoresto binaryvaluesbasedon a particularthreshold[22]. Othermethodsnormalizethe
row similarity scoresby taking into accountothersequencesin the dataset.For example,ProtoMage[76]
first generatesthe distribution of the pairwisesimilaritiesbetweensequenceA andthe othersequencesin
the database.Thenthe similarity betweensequenceA andsequenceB is definedasthe expectedvalue of
thesimilarity scorefoundfor A andB, basedon theoverall distribution. A low expectedvalueindicatesa
significantandstrongconnection(similarity).

3.3 Similarity Between Structures

Methodsfor computingthe similarity betweenthe three-dimensionalstructuresof two proteins(or other
molecules),are intrinsically differentfrom any of the approachesthat we have seenso far for comparing
multi-dimensionalobjectsandsequences.Moreover, unlike thepreviousdatatypesfor which therearewell-
developedandwidely-acceptedmethodsfor measuringsimilarities,themethodsfor comparing3D structures
arestill evolving, andthe entirefield is an active researcharea. Providing a comprehensive descriptionof
thevariousmethodsfor computingthesimilarity betweentwo structuresrequiresa chapter(or a book)of its
own, andis far beyondthe scopeof this chapter. For this reason,our discussionin the restof this section
will primarily focuson presentingsomeof theissuesinvolvedin comparing3D structures,in thecontext of
proteins,andoutliningsomeof theapproachesthathave beenproposedfor solvingthem.Thereadershould
referto thechapterby JohnsonandLehtonen[39] thatprovideanexcellentintroductionon thetopic.

Thegeneralapproach,thatalmostall methodsfor computingthesimilarity betweena pair of 3D protein
structuresfollow, is to try to superimposethe structureof oneproteinon top of the structureof the other
protein,sothatcertainkey featuresaremappedverycloseto eachotherin space.Oncethis is done,thenthe
similarity betweentwo structuresis computedby measuringthefit of thesuperposition.Thisfit is commonly
computedastheroot meansquaredeviations(RMSD) of thecorrespondingfeatures.To someextent,this is
similar in natureto thealignmentperformedfor sequence-basedsimilarity approaches,but it is significantly
morecomplicatedasit involves3Dstructureswith substantiallymoredegreesof freedom.Thereareanumber
of differentvariationsfor performingthissuperpositionthathaveto dowith (i) thefeaturesof thetwo proteins
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thataresoughtto bematched,(ii) whetheror not theproteinsaretreatedasrigid or flexible bodies,(iii) how
theequivalentsetof featuresfrom thetwo proteinsaredetermined,and(iv) thetypeof superpositionthat is
computed.

In principle,whencomparingtwo proteinstructureswecantreateveryatomof eachaminoacidsidechain
asa featureandtry to computea superpositionthatmatchesall of themaswell aspossible.However, this
usuallydoesnot leadto goodresultsbecausethesidechainsof differentresidueswill havedifferentnumber
of atomswith differentgeometries.Moreover, even thesameaminoacid typesmayhave sidechainswith
differentconformations,dependingon their environment.As a result,evenif two proteinshave verysimilar
backbones,a superpositioncomputedby looking at all the atomsmay fail to identify this similarity. For
this reason,mostapproachestry to superimposetwo proteinstructuresby focusingon theC α atomsof their
backbones,whoselocationsarelesssensitiveontheactualresiduetype.Besidestheseatom-level approaches,
othermethodsfocusonsecondarystructureelements(SSE)andsuperimposetwo proteinssothattheirSSEs
aregeometricallyalignedwith eachother.

Most approachesfor computingthesimilarity betweentwo structurestreatthemasrigid bodies,andtry
to find the appropriategeometrictransformation(i.e., rotationandtranslation)that leadsto the bestsuper-
position.Rigid-bodygeometrictransformationsarewell-understoodandthey arerelatively easyto compute
efficiently. However, by treatingproteinsasrigid bodieswe maygetpoorsuperpositionswhentheprotein
structuresaresignificantlydifferent,eventhoughthey arepartof thesamefold. In suchcases,allowing some
degreeof flexibility tendsto producebetterresults,but alsoincreasesthecomplexity. In trying to find thebest
way to superimposeonestructureon top of theotherin additionto thefeaturesof interestwe mustidentify
thepairsof featuresfrom the two structuresthatwill bemappedagainsteachother. Therearetwo general
approachesfor doingthat. Thefirst approachrelieson aninitial setof equivalentfeatures(e.g., C α atomsor
SSEs)beingprovidedby domainexperts.This initial setis usedto computeaninitial superpositionandthen
additionalfeaturesareidentifiedusingvariousapproachesbasedon dynamicprogrammingor graphtheory
[58, 56, 27]. Thesecondapproachtriesto automaticallyidentify thecorrespondencebetweenthevariousfea-
turesby variousmethodsincludingstructuralcomparisonsbasedon matchingC α-atomscontactmaps[34],
or on theoptimalalignmentof secondarystructureelements(SSEs)[47].

Finally, as it wasthecasewith sequencealignment,thesuperpositionof 3D structurescanbedoneglob-
ally, whosegoal is to superimposethe entireproteinstructure,or locally, which seeksto computea good
superpositioninvolving a subsequenceof theprotein.

4 Assessing Cluster Quality

Clusteringresultsarehardto beevaluated,especiallyfor high dimensionaldataandwithout a priori knowl-
edgeof theobjects’distribution,which is quitecommonin practicalcases.However, assessingthequalityof
theresultingclustersis asimportantasgeneratingtheclusters.Given thesamedataset,differentclustering
algorithmswith variousparametersor initial conditionswill gi ve very differentclusters. It is essentialto
know whethertheresultingclustersarevalid andhow to comparethequalityof theclusteringresults,sothat
theright clusteringalgorithmcanbechosenandthebestclusteringresultscanbeusedfor furtheranalysis.

Anotherrelatedproblemis “how many clustersaretherein thedataset?”.An idealclusteringalgorithm
shouldbetheonethatcanautomaticallydiscover thenaturalclusterspresentin thedatasetbasedon theun-
derlyingclusterdefinition.However, therearenosuchuniversalclusterdefinitionsandclusteringalgorithms
suitablefor all kindsof datasets.As a result,mostexisting algorithmsrequireeitherthenumberof clusters
to beprovidedasa parameterasit is donein thecaseof K -means,or a similarity thresholdthatwill beused
to terminatedthemergingprocessin thecaseof agglomerativeclustering.However, in general,it is hardto
know theright numberof clustersor theright similarity thresholdwithoutapriori knowledgeof thedataset.
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Onepossibleway to automaticallydeterminethe numberof clustersk is to computevariousclustering
solutionsfor a rangeof valuesof k, score the resultingclusters basedon someparticularmetric andthen
selectthe solutionthat achieves the bestscore. A critical componentof this approachis the methodused
to measurethe quality of the cluster. To solve this problem,numerousapproacheshave beenproposedin
a numberof differentdisciplinesincludingpatternrecognition,statisticsanddatamining. Themajority of
themcanbeclassifiedinto two groups:externalqualitymeasuresandinternalqualitymeasures.

The approachesbasedon externalquality measuresrequirea priori knowledgeof the naturalclusters
thatexist in thedataset,andvalidatea clusteringresultby measuringtheagreementbetweenthediscovered
clustersandtheknowninformation.For instance,whenclusteringgeneexpressiondata,theknownfunctional
categorizationof thegenescanbetreatedasthenaturalclusters,andtheresultingclusteringsolutionwill be
consideredcorrect,if it leadsto clustersthatpreservethiscategorization.A key aspectof theexternalquality
measuresis that they utilize informationotherthanthatusedby theclusteringalgorithms.However, sucha
reliablepriori knowledgeis usuallynot availablewhenanalyzingrealdatasets—afterall, clusteringis used
asa tool to discover suchknowledgein thefirst place.

Thebasicideabehindinternalquality measuresis rootedfrom the definitionof clusters.A meaningful
clusteringsolutionshouldgroupobjectsinto variousclusters,sothattheobjectswithin eachclusteraremore
similar to eachotherthantheobjectsfrom differentclusters.Therefore,mostof theinternalqualitymeasures
evaluatetheclusteringsolutionby looking at how similar theobjectsarewithin eachclusterandhow well
theobjectsof differentclustersareseparated.For example,thepseudoF statisticsuggestedby Calinskiand
Harabasz[11] usesthequotientbetweentheintra-clusteraveragesquareddistanceandinter-clusteraverage
squareddistance.If we have X asthecentroid(i.e., meanvector)of all theobjects,X j asthecentroidof the
objectsin clusterC j , k asthe total numberof clusters,n asthe total numberof objects,andd(x, y) asthe
squaredEuclideandistancebetweentwo object-vectorsx andy, thenthepseudoF statisticis definedas

F =

∑n
i=1 d(xi ,X)−

∑k
j =1

∑

x∈Cj
d(x,X j )

k−1
∑k

j =1
∑

x∈Cj
d(x,X j )

n−k

.

Oneof thelimitationsof theinternalqualitymeasuresis thatthey oftenusethesameinformationbothin
discoveringandin evaluatingtheclusters.Recall from Section2, thatsomeclusteringalgorithmsproduce
clusteringresultsby optimizingvariousclusteringcriterionfunctions. Now, if thesamecriterion functions
wereusedastheinternalquality measure,thentheoverall clusteringassessmentprocessdoesnothingmore
thanassessinghow effectivetheclusteringalgorithmswas in optimizingtheparticularcriterionfunction,and
providesno independentconfirmationaboutthedegreeto which theclustersaremeaningful.

An alternative way for validatingthe clusteringresultsis to seehow stablethey arewhenaddingnoise
to thedata,or sub-samplingit [1]. This approachperformsa sequenceof sub-samplingsof thedatasetand
usesthe sameclusteringprocedureto produceclusteringsolutionsfor varioussub-samples.Thesevarious
clusteringresultsarethencomparedto seethe degreeto which they agree.The stableclusteringsolution
shouldbe the onethat gives similar clusteringresultsacrossthe differentsub-samples.This approachcan
alsobe easilyusedto determinethe correct numberof clustersin hierarchicalclusteringssolutions. The
stability testof clusteringis performedateachlevel of thehierarchicaltree,andthenumberof clustersk will
bethelargestk valuethatstill canproducestableclusteringresults.

Finally, arecentapproach,with applicationsto clusteringgeneexpressiondatasets,assessestheclustering
resultsof geneexpressiondataby looking at thepredictive power for oneexperimentalconditionfrom the
clusteringresultsbasedon theotherexperimentalconditions[75]. Thekey ideabehindthis approachis that
if oneconditionis left out, thenthe clustersgeneratedfrom the remainingconditionsshouldexhibit lower
variationin theleft-outconditionthanrandomlyformedclusters.Yeunget al. [75] definedthefigureof merit
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(FOM) to bethesummationof intra-clustervariancefor eachoneof theclusteringinstancesin whichoneof
theconditionswas not usedduringcluster(i.e., left-out condition).Amongthevariousclusteringsolutions,
they prefer the one that exhibits the leastvariation, and their experimentsshowed that in the context of
clusteringgeneexpressiondata,thismethodworksquitewell. Thelimitation of thisapproachis thatit is not
applicableto datasetin which all theattributesareindependent.Moreover, this approachis only applicable
to low dimensionaldatasets,sincecomputingtheintra-clustervariancefor eachdimensionis quiteexpensive
whenthenumberof dimensionsis very large.

5 Case Study: Clustering Gene Expression Data

Recentlydevelopedmethodsfor monitoringgenome-widemRNA expressionchangessuchasoligonucleotide
chips[24], andcDNA microarrays[62], areespeciallypowerfulasthey allow usto quicklyandinexpensively
monitortheexpressionlevelsof a largenumberof genesatdifferenttimepoints,for differentconditions,tis-
sues,andorganisms.Knowing whenandunderwhatconditionsa geneor a setof genesis expressedoften
providesstrongcluesasto theirbiologicalroleandfunction.

Clusteringalgorithmsareusedasanessentialtool to analyzethesedatasetsandprovidevaluableinsight
on variousaspectsof the geneticmachinery. Thereare four distinct classesof clusteringproblemsthat
canbe formulatedfrom the geneexpressiondatasets,eachaddressinga differentbiological problem. The
first problemfocuseson findingco-regulatedgenesby groupingtogethergenesthathave similar expression
profiles. Theseco-regulatedgenescanbeusedto identify promoterelementsby finding conservedareasin
theirupstreamregions.Thesecondproblemfocusesonfindingdistinctivetissuetypes, by groupingtogether
tissueswhosegeneshave similar expressionprofiles. Thesetissuegroupscanthenbe further analyzedto
identify thegenesthatbestdistinguishthevarioustissues.Thethird clusteringproblemfocuseson finding
commoninducersby groupingtogetherconditionsfor which theexpressionprofilesof thegenesaresimilar.
Findingsuchgroupsof commoninducerswill allow us to substitutedifferent“trigger” mechanismsthatstill
elicit thesameresponse(e.g., similardrugs,or similarherbicidesor pesticides).Finally, the fourthclustering
problemfocusesonfindingorganismsthatexhibit similar responsesover aspecifiedsetof testedconditions,
by groupingtogetherorganismsfor which the expressionprofilesof their genes(in an orthologsense)are
similar. Thiswouldallow usto identifyorganismswith similarresponsesto chosenconditions(e.g., microbes
thatsharea pathway).

In therestof thissectionwebriefly review theapproachesbehindcDNA andoligonucleotidemicroarrays,
anddiscussvariousissuesrelatedto clusteringsuchgeneexpressiondatasets.

5.1 Overview of Microarray Technologies

DNA microarraysmeasuregeneexpressionlevelsby exploiting thepreferentialbindingof complementary,
single-strandednucleicacidsequences.cDNA microarrays,developedatStanfordUniversity, areglassslides,
to which single-strandedDNA moleculesareattachedat fixedlocations(spots)by high-speedroboticprint-
ing [9]. Eacharraymay containtensof thousandsof spots,eachof which correspondsto a singlegene.
mRNA from thesampleandfrom controlcells is extractedandcDNA is preparedby reversetranscription.
Then,cDNA is labeledwith two fluorescentdyesandwashedover themicroarrayso thatcDNA sequences
from bothpopulationshybridizeto their complementarysequencesin thespots.Theamountof cDNA from
bothpopulationsboundto a spotcanbemeasuredby the level of fluorescenceemittedfrom eachdye. For
example,thesamplecDNA is labeledwith areddye andthecontrolcDNA is labeledwith agreendye.Then,
if themRNA from thesamplepopulationis in abundance,thespotwill bered;if themRNA from thecontrol
populationis in abundance,it will be green;if sampleandcontrolbind equallythe spotwill be yellow; if
neitherbinds,it will appearblack.Thus,therelative expressionlevelsof thegenesin thesampleandcontrol
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populationscanbeestimatedfrom thefluorescentintensitiesandcolorsfor eachspot.After transformingthe
raw imagesproducedby microarraysinto relative fluorescentintensityvia someimageprocessingsoftware,
thegeneexpressionlevelsareestimatedaslog-ratiosof therelativeintensities.A geneexpressionmatrixcan
beformedby combiningmultiplemicroarrayexperimentsof thesamesetof genesbut underdifferentcondi-
tions,whereeachrow correspondsto a geneandeachcolumncorrespondsto a condition(i.e., a microarray
experiment)[9].

TheAffymetrix GeneChipoligonucleotidearraycontainsseveralthousandsinglestrandedDNA oligonu-
cleotideprobepairs.Eachprobepairconsistsof anelementcontainingoligonucleotidesthatperfectlymatch
thetarget(PM probe)andanelementcontainingoligonucleotideswith a singlebasemismatch(MM probe).
A probesetconsistsof a setof probepairscorrespondingto a target gene. Similarly, the labeledRNA is
extractedfrom samplecell andhybridizesto its complementarysequence.Theexpressionlevel is measured
by determiningthedifferencebetweenthePM andMM probes.Then,for eachgene,i.e., probeset,average
differenceor log averagecanbe calculated,whereaveragedifferenceis definedas the averagedifference
betweenthe PM andMM of every probepair in a probesetandlog averageis definedasthe averagelog
ratiosof thePM/MM intensitiesfor eachprobepair in aprobeset.

5.2 Data Preparation and Normalization

Many sourcesof systematicvariationmayaffect themeasuredgeneexpressionlevels in microarrayexper-
iments[74]. For theGeneChipexperiments,scaling/normalizationmustbeperformedfor eachexperiment
beforecombiningthemtogether, so that they canhave thesameTarget Intensity(TGT). Thescalingfactor
of eachexperimentis determinedby thearrayintensityof theexperimentandthecommonTargetIntensity,
wherethearrayintensityis a compositeof theaveragedifferenceintensitiesacrosstheentirearray.

For cDNA microarrayexperiments,twofluorescentdyesareinvolvedandcausemoresystematicvariation,
which makesnormalizationmoreimportant. In particular, this variationcouldbe causedby differencesin
RNA amounts,differencesin labelingefficiency betweenthe two fluorescentdyes,andimageacquisition
parameters.Suchbiasescanberemoved byaconstantadjustmentto eachexperimentto forcethedistribution
of thelog-ratioshave amedianof zero.Sinceanexperimentcorrespondstoonecolumnin thegeneexpression
array, this globalnormalizationcanbedoneby subtractingthemean/medianof thegeneexpressionlevelsof
oneexperimentfrom theoriginalvalues,sothatthemeanvaluefor this experiment(column)is 0.

However, thereareothersourcesof systematicvariationthat global normalizationmay not be able to
correct.Yangetal. [74] pointedout thatdyebiasescandependonspotoverall intensityandlocationon the
array. Giventheredandgreenfluorescenceintensities(R, G) of all thespotsin oneslide,they plottedthelog
intensityratio M = log R

G vs. themeanlog-intensityA = log
√

RG, which shows cleardependenceof the
log ratio M on overall spotintensity A. Hence,an intensityrelatednormalizationwas proposed,wherethe
original log-ratiolog R

G is subtractedby C(A). C(A) is a scatter-plot smootherfit to the M vs. A plot using
robustlocally linearfits.

5.3 Similarity Measures

In mostmicroarrayclusteringapplicationsour goal is to find clustersof genesand/orclustersof conditions.
A numberof differentmethodshave beenproposedfor computingthesesimilarities,includingEuclidean-
distancebasedsimilarities,correlationcoefficients,andmutualinformation.

Theuseof correlationcoefficient-basedsimilaritiesis primarily motivatedby the fact thatwhile cluster-
ing geneexpressiondatasetswe are interestedon how the expressionlevels of differentgenesarerelated
undervariousconditions.Thecorrelationcoefficientvaluesbetweengenes(Equation5) canbeuseddirectly
or transformedto absolutevaluesif genesof both positive andnegative correlationsare importantin the
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application.
An alternateway of measuringthe similarity is to usethe mutual informationbetweena pair of genes.

Themutualinformationbetweentwo informationsourcesA andB representhow muchinformationthetwo
sourcescontainfor eachother. D. Haeseleeret al. [16] usedmutualinformationto definethe relationship
betweentwo conditionsA and B. This was doneby initially discretizingthe geneexpressionlevels into
variousbins,andusingthis discretizationto computetheShannonentropy of conditionsA andB asfollows

SA = −
∑

i

pi log pi ,

wherepi is the frequency of eachbin. Given theseentropy values,thenthemutualinformationbetweenA
andB is definedas

M(A, B) = SA + SB − SA,B.

A featurecommonto many similarity measuresusedfor microarraydatais that they almostnever con-
siderthe lengthof the correspondinggene-or condition-vectors,that is the actualvalue ofthe differential
expressionlevel, but focusonly on variousmeasuresof relative changeand/orhow theserelative measures
arecorrelatedbetweentwo genesor conditions[75, 71, 21]. Thereasonsfor this is two-fold. First, thereis
still significantexperimentalerrorsin measuringtheexpressionlevel of a gene,andis not reliableto useit
“as-is”. Second,in mostcaseswe areonly interestedon how thedifferentgeneschangeacrossthedifferent
conditions(i.e., eitherup-regulatedor down-regulated)andwearenot interestedfor theexactamountof this
change.

5.4 Clustering Approaches for Gene Expression Data

Sincetheearlydaysof thedevelopmentof themicroarraytechnologies,a wide rangeof existing clustering
algorithmshave beenused,andnovel new approacheshave been developedfor clusteringgeneexpression
datasets.The mosteffective traditionalclusteringalgorithmsarebasedeitheron the group-averagevaria-
tion of theagglomerative clusteringmethodology, or the K -meansapproachappliedto unit-lengthgeneor
conditionexpressionvectors.Unlike otherapplicationsof clusteringin life sciences,suchastheconstruc-
tion of phylogenetictrees,or guidetreesfor multiple sequencealignment,thereis no biologicalreasonthat
justifiesthat thestructureof thecorrectclusteringsolutionis in theform of a tree. Thus,agglomerative so-
lutionsareinherentlysub-optimalwhencomparedto partitionalapproaches,that allow for a wider rangeof
feasiblesolutionsat variouslevelsof clustergranularity. However, despitethis, theagglomerativesolutions
tendto producereasonableandbiologically meaningfulresults,andallow for an easyvisualizationof the
relationshipsbetweenthevariousgenesand/orconditionsin theexperiments.

Theeaseof visualizingthe resultshasalsoled to theextensive useof Self-OrganizingMaps(SOM) for
geneexpressionclustering[48, 71]. TheSOMmethodstartswith ageometryof “nodes”of asimpletopology
(e.g., grid andring) anda distancefunctionon thenodes.Initially, thenodesaremappedrandomlyinto the
geneexpressionspace,in which the i th coordinaterepresentsthe expressionlevel in the i th condition. At
eachfollowing iteration,a datapoint P, i.e., a geneexpressionprofile, is randomlyselectedandthe data
point P will attractnodesto itself. The nearestnodeNp to P will be identifiedandmoved the most,and
othernodeswill be adjusteddependingon their distancesto the nearestnodeN p toward the datapoint P.
Theadvantagesof usingSOMsareits structuredapproachwhich makesvisualizationvery easy. However,
the methodrequiresthe userto specify the numberof clustersaswell as the grid topology, including the
dimensionsof thegrid andthenumberof clustersin eachdimension.

Fromthesuccessesobtainedin usingK -meansandgroup-average-basedclusteringalgorithms,aswell as
othersimilaralgorithms[5, 64], it appearsthattheclustersin thecontext of geneexpressiondatasetsareglob-
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ular in nature.This shouldnot besurprisingasresearchersareoften interestedin obtainingclusterswhose
geneshave similar expressionpatterns/profiles.Sucha requirementautomaticallylendsitself to globular
clusters,in which the pairwisesimilarity betweenmostobject-pairsis quitehigh. However, asthe dimen-
sionality of thesedatasetscontinueto increase(primarily by increasingthe numberof conditionsthat are
analyzed),requiringconsistency acrosstheentiresetof conditionswill beunrealistic.As aresultapproaches
thattry to find tight clustersin subspacesof theseconditionsmaygainpopularity.

6 CLUTO: A Clustering Toolkit

We now turn our focuson providing a brief overview of CLUTO (release2.0),a softwarepackagefor clus-
tering low- andhigh-dimensionaldatasetsandfor analyzingthecharacteristicsof the variousclusters,that
hasbeen developedby ourgroupandis availableat http://www.cs.umn.edu/˜karypis/cluto. CLUTO hasbeen
developedasa generalpurposeclusteringtoolkit. CLUTO’s distribution consistsof both stand-alonepro-
grams(vcluster andscluster) for clusteringandanalyzingtheseclusters,as well as a library via which
an applicationprogramcanaccessdirectly the variousclusteringandanalysisalgorithmsimplementedin
CLUTO. To date,CLUTO hasbeensuccessfullyusedto clusterdatasetsarisingin many diverseapplication
areasincludinginformationretrieval, commercialdatasets,scientificdatasets,andbiologicalapplications.

CLUTO implementsthreedifferentclassesof clusteringalgorithmsthatcanoperateeitherdirectly in the
object’s featurespaceor in theobject’s similarity space.Theclusteringalgorithmsprovidedby CLUTO are
basedonthepartitional,agglomerative, andgraph-partitioningparadigms.CLUTO’spartitionalandagglom-
erativealgorithmsareableto findclustersthatareprimarilyglobular, whereasits graph-partitioningandsome
of its agglomerativealgorithmsarecapableof findingtransitiveclusters.

A key featurein mostof CLUTO’s clusteringalgorithmsis that they treat the clusteringproblemasan
optimizationprocesswhichseeksto maximizeor minimizea particularclusteringcriterion functiondefined
eitherglobally or locally over theentireclusteringsolutionspace.CLUTO providesa total of seven differ-
entcriterionfunctionsthathave beenshown to producehigh-qualityclustersin low- andhigh-dimensional
datasets.The equationsof thesecriterion functionsareshown in Table1, andthey werederived andana-
lyzedin [80, 79]. In additionto thesecriterionfunctions,CLUTO providessomeof themoretraditionallocal
criteria(e.g., single-link,complete-link,andgroup-average)thatcanbeusedin thecontext of agglomerative
clustering.

An importantaspectof partitional-basedcriterion-drivenclusteringalgorithmsis themethodusedto opti-
mizethis criterionfunction.CLUTO usesa randomizedincrementaloptimizationalgorithmthatis greedyin
nature,haslow computationalrequirements,andproduceshigh-qualityclusteringsolutions[80]. Moreover,
CLUTO’s graph-partitioning-basedclusteringalgorithmsutilize high-qualityandefficient multilevel graph
partitioningalgorithmsderived from the METIS andhMETIS graphandhypergraphpartitioningalgorithms
[44, 43]. Moreover, CLUTO’s algorithmshave beenoptimizedfor operatingon very largedatasetsboth in
termsof thenumberof objects,aswell as,thenumberof dimensions.This is especiallytrue for CLUTO’s
algorithmsfor partitionalclustering.Thesealgorithmscanquickly clusterdatasetswith severaltensof thou-
sandsobjectsandseveralthousandsof dimensions.Moreover, sincemosthigh-dimensionaldatasetsarevery
sparse,CLUTO directly takes into accountthis sparsityandrequiresmemorythat is roughly linear on the
inputsize.

In the restof this sectionwe presenta shortdescriptionof CLUTO’s stand-aloneprogramsfollowedby
someillustrative examplesof how it canbeusedfor clusteringbiologicaldatasets.
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Table 1: The mathematical definition of CLUTO’s clustering criterion functions. The notation in these equations are as
follows: k is the total number of clusters, S is the total objects to be clustered, Si is the set of objects assigned to the
i th cluster, ni is the number of objects in the i th cluster, v and u represent two objects, and sim(v, u) is the similarity
between two objects.

6.1 Usage Overview

Thevcluster andscluster programsareusedto clusteracollectionof objectsintoapredeterminednumberof
clustersk. Thevcluster programtreatseachobjectasa vectorin a high-dimensionalspace,andit computes
the clusteringsolutionusingoneof five differentapproaches.Four of theseapproachesarepartitional in
nature,whereasthefifth approachis agglomerative. On theotherhand,thescluster programoperatesonthe
similarity spacebetweentheobjectsbut cancomputetheoverallclusteringsolutionusingthesamesetof five
differentapproaches.

Both thevcluster andscluster programsareinvoked by providing two requiredparameterson thecom-
mandline alongwith a numberof optionalparameters.Theiroverallcallingsequenceis asfollows:

vcluster [optionalparameters] MatrixFile NClusters
scluster [optionalparameters] GraphFile NClusters

MatrixFile is thenameof thefile thatstoresthen objectsthatneedto beclustered.In vcluster, eachof these
objectsis consideredto bea vectorin anm-dimensionalspace.Thecollectionof theseobjectsis treatedas
ann × m matrix, whoserows correspondto theobjects,andwhosecolumnscorrespondto thedimensions
of the featurespace.Similarly, GraphFile, is the nameof the file that storesthe adjacency matrix of the
similarity graphbetweenthen objectsto beclustered.Thesecondargumentfor bothprograms,NClusters,
is thenumberof clustersthatis desired.

Figure1 shows the outputof vcluster for clusteringa matrix into 10 clusters.From this figure we see
that vcluster initially prints informationaboutthe matrix, suchas its name,the numberof rows (#Rows),
thenumberof columns(#Columns), andthenumberof non-zerosin thematrix (#NonZeros). Next it prints
informationaboutthevaluesof thevariousoptionsthatit usedto computetheclustering,andthenumberof
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desiredclusters(#Clusters). Onceit computestheclusteringsolution,it displaysinformationregardingthe
quality of the overall clusteringsolution,aswell as,the quality of eachcluster, usinga varietyof internal
qualitymeasures.Thesemeasuresincludetheaveragepairwisesimilarity betweeneachobjectof thecluster
andits standarddeviation(“ISim” and“ISdev”)), andtheaveragesimilarity betweentheobjectsof eachclus-
ter to theobjectsin theotherclustersandtheir standarddeviation (“ESim” and“ESdev”). Finally, vcluster
reportsthetime takenby thevariousphasesof theprogram.

�

�

�

�

prompt% vcluster sports.mat 10
*******************************************************************************
vcluster (CLUTO 2.0) Copyright 2001-02, Regents of the University of Minnesota

Matrix Information -----------------------------------------------------------
Name: sports.mat, #Rows: 8580, #Columns: 126373, #NonZeros: 1107980

Options ----------------------------------------------------------------------
CLMethod=RB, CRfun=I2, SimFun=Cosine, #Clusters: 10
RowModel=None, ColModel=IDF, GrModel=SY-DIR, NNbrs=40
Colprune=1.00, EdgePrune=-1.00, VtxPrune=-1.00, MinComponent=5
CSType=Best, AggloFrom=0, AggloCRFun=I2, NTrials=10, NIter=10

Solution ---------------------------------------------------------------------

------------------------------------------------------------------------
10-way clustering: [I2=2.29e+03] [8580 of 8580]
------------------------------------------------------------------------
cid Size ISim ISdev ESim ESdev |
------------------------------------------------------------------------

0 364 +0.166 +0.050 +0.020 +0.005 |
1 628 +0.106 +0.041 +0.022 +0.007 |
2 793 +0.102 +0.036 +0.018 +0.006 |
3 754 +0.100 +0.034 +0.021 +0.006 |
4 845 +0.095 +0.035 +0.023 +0.007 |
5 637 +0.079 +0.036 +0.022 +0.008 |
6 1724 +0.059 +0.026 +0.022 +0.007 |
7 703 +0.049 +0.018 +0.016 +0.006 |
8 1025 +0.054 +0.016 +0.021 +0.006 |
9 1107 +0.029 +0.010 +0.017 +0.006 |

------------------------------------------------------------------------

Timing Information -----------------------------------------------------------
I/O: 0.920 sec
Clustering: 12.440 sec
Reporting: 0.220 sec

*******************************************************************************

Figure 1: Output of vcluster for matrix sports.mat and a 10-way clustering.

6.2 Summary of Biological Relevant Features

Thebehavior of vcluster andscluster canbecontrolledby specifyingover 30differentoptionalparameters.
Theseparameterscanbebroadlycategorizedinto threegroups.Thefirst groupcontrolsvariousaspectsof
the clusteringalgorithm,the secondgroupcontrolsthe typeof analysisandreportingthat is performedon
thecomputedclusters,andthethird setcontrolsthevisualizationof theclusters.Someof themostimportant
parametersareshown in Table2, andaredescribedin thecontext of clusteringbiologicaldatasetsin therest
of this section.

6.3 Clustering Algorithms

The -clmethodparametercontrolsthe type of algorithmsto be usedfor clustering. The first two methods,
(i.e., “rb” and“direct”) follow the partitionalparadigmdescribedin Section2.1. The differencebetween
themis themethodthey useto computethek-way clusteringsolution. In thecaseof “rb”, thek-way clus-
teringsolutionis computedvia a sequenceof repeatedbisections,whereasin thecaseof “direct”, theentire
k-way clusteringsolutionis computedat onestep. CLUTO’s traditionalagglomerative algorithmis imple-
mentedby the“agglo” option,whereasthe“graph” optionimplementsa graph-partitioningbasedclustering
algorithm,that is well-suitedfor finding transitive clusters. The methodusedto definethe similarity be-
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Parameter Values Function
-clmethod rb, direct,agglo,graph ClusteringMethod
-sim cos,corr, dist Similarity measures
-crfun �1, �2, �1, �1, �′

1,�1,�2, slink, wslink, clink, wclink, upgma CriterionFunction
-agglofrom (int) Whereto startagglomeration
-fulltree Builds a treewithin eachcluster
-showfeatures Displaycluster’s featuresignature
-showtree Build a treeon top of clusters
-labeltree Provide key featuresfor eachtreenode
-plottree (filename) Plotstheagglomerative tree
-plotmatrix (filename) Plotstheinput matrices
-plotclusters (filename) Plotscluster-clustermatrix
-clustercolumn Simultaneouslyclusterthefeatures

Table 2: Key parameters of CLUTO’s clustering algorithms.

tweentheobjectsis specifiedby the -simparameter, andsupportsthecosine(“cos”), correlationcoefficient
(“corr”), andaEuclideandistancederived similarity (“dist”). Theclusteringcriterionfunctionthatis usedby
thepartitionalandagglomerative algorithmsis controlledby the -crfun parameter. Thefirst seven criterion
functions(describedin Table 1)areusedby bothpartitionalandagglomerative, whereasthelastfive(single-
link, weighted-single-link,complete-link,weighted-complete-link,andgroup-average)areonly applicableto
agglomerativeclustering.

A key featureof CLUTO’s is that allows you to combinepartitionaland agglomerative clusteringap-
proaches.This is doneby the -agglofrom parameterin the following way. The desiredk-way clustering
solutionis computedby first clusteringthedatasetinto m clusters(m > k), andthen usesanagglomerative
algorithmto groupsomeof theseclustersto form thefinal k-wayclusteringsolution.Thenumberof clusters
m is thevaluesuppliedto -agglofrom. This approachwas motivatedby the two-phaseclusteringapproach
of theCHAMELEON algorithm[42], andwas designedto allow theuserto computeaclusteringsolutionthat
usesa differentclusteringcriterionfunctionfor thepartitioningphasefrom thatusedfor theagglomeration
phase.An applicationof suchanapproachis to allow theclusteringalgorithmto find non-globularclusters.
In this case,thepartitionalclusteringsolutioncanbecomputedusinga criterionfunctionthatfavorsglobu-
lar clusters(e.g., ‘i2’), andthencombinetheseclustersusinga single-linkapproach(e.g., ‘wslink’) to find
non-globularbut well-connectedclusters.

6.4 Building Tree for Large Datasets

Hierarchicalagglomerativetreesareusedextensively in life sciences asthey provideanintuitiveway to orga-
nizeandvisualizetheclusteringresults.However, therearetwo limitationswith suchtrees.First,hierarchical
agglomerativeclusteringmaynotbetheoptimalway to clusterdatain whichthereis nobiologicalreasonto
suggestthattheobjectsarerelatedwith eachotherin a tree-fashion.Second,hierarchicalagglomerativeclus-
teringalgorithmshave high computationalandmemoryrequirements,makingthemimpracticalfor datasets
with morethana few thousandobjects.

To addresstheseproblemsCLUTO providesthe -fulltreeoption that canbe usedto producea complete
treeusinga hybrid of partitionalandagglomerative approaches.In particular, when -fulltree is specified,
CLUTO builds a completehierarchicaltree that preserves the clusteringsolution that was computed. In
this hierarchicalclusteringsolution, the objectsof eachclusterform a subtree,and the differentsubtrees
aremergedto get an all inclusive clusterat the end. Furthermore,the individual treesarecombinedin a
meaningfulway, sothatto accuratelyrepresentthesimilaritieswithin eachtree.

Figure2 shows thetreesproducedona samplegeneexpressiondataset.Thefirst treewas obtainedusing
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the agglomerative clusteringalgorithm,whereasthe secondtreewas obtainedusingthe repeated-bisecting
methodin which the-fulltreewas specified.
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(b)

Figure 2: (a) Shows the clustering solution produced by the agglomerative method. (b) Shows the clustering solution
produced by the repeated-bisecting method and -fulltree
.

6.5 Analyzing the Clusters

In additionto thecoreclusteringalgorithms,CLUTO providestoolstoanalyzeeachof theclustersandidentify
what are the featuresthat bestdescribeanddiscriminateeachoneof the clusters. To someextent, these
analysismethodstry to identify thedensesubspacesin which eachclusteris formed. This is accomplished
by the-showfeaturesand-labeltreeparameters.

Figure3 showstheoutputproducedby vcluster when-showfeatureswasspecifiedfor adatasetconsisting
of proteinsequencesand the 5mersthat they contain. Looking at this figure, we can seethat the set of
descriptiveanddiscriminatingfeaturesaredisplayedrightafterthetablethatprovidesstatisticsfor thevarious
clusters.For eachcluster, vcluster displaysthreelines of information. The first line containssomebasic
statisticsfor eachclustercorrespondingto thecluster-id (cid), numberof objectsin eachcluster(Size),the
averagepairwisesimilarity betweenthe cluster’s objects(ISim), andthe averagepairwisesimilarity to the
restof theobjects(ESim).Thesecondline containsthefive mostdescriptive features,whereasthethird line
containsthefive mostdiscriminatingfeatures.Thefeaturesin theselists aresortedin decreasingdescriptive
or discriminatingorder.

Right next to eachfeature,vcluster displaysa numberthat in the caseof the descriptive featuresis the
percentageof thewithin clustersimilarity that this particularfeaturecanexplain. For example,for the0th
cluster, the5mer“GTSMA” explains58.5%of theaveragesimilarity betweentheobjectsof the0thcluster. A
similarquantityis displayedfor eachoneof thediscriminatingfeatures,andis thepercentageof thedissimi-
larity betweentheclusterandtherestof theobjectswhichthis featurecanexplain. In generalthereis a large
overlapbetweendescriptive anddiscriminatingfeatures,with theonly differencebeingthat thepercentages
associatedwith the discriminatingfeaturesaretypically smallerthanthe correspondingpercentagesof the
descriptive features.This is becausesomeof the descriptive featuresof a clustermay alsobe presentin a
smallfractionof theobjectsthatdonotbelongto thiscluster.

6.6 Visualizing the Clusters

CLUTO’s programscanproducea numberof visualizationsthatcanbeusedto seetherelationshipsbetween
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*******************************************************************************
vcluster (CLUTO 2.0) Copyright 2001-02, Regents of the University of Minnesota

Matrix Information -----------------------------------------------------------
Name: peptide5.mat, #Rows: 1539, #Columns: 2965, #NonZeros: 50136

Options ----------------------------------------------------------------------
CLMethod=RB, CRfun=I2, SimFun=Cosine, #Clusters: 10
RowModel=None, ColModel=IDF, GrModel=SY-DIR, NNbrs=40
Colprune=1.00, EdgePrune=-1.00, VtxPrune=-1.00, MinComponent=5
CSType=Best, AggloFrom=0, AggloCRFun=I2, NTrials=10, NIter=10

Solution ---------------------------------------------------------------------

-----------------------------------------------------------------------------
10-way clustering: [I2=5.03e+02] [1539 of 1539], Entropy: 0.510, Purity: 0.638
-----------------------------------------------------------------------------
cid Size ISim ISdev ESim ESdev Entpy Purty | 1 2 3 4 5
-----------------------------------------------------------------------------

0 50 +0.439 +0.139 +0.001 +0.001 0.061 0.980 | 0 0 1 49 0
1 109 +0.275 +0.113 +0.019 +0.010 0.156 0.945 | 0 3 3 103 0
2 99 +0.246 +0.089 +0.001 +0.001 0.096 0.970 | 0 1 96 2 0
3 227 +0.217 +0.074 +0.010 +0.005 0.129 0.956 | 0 3 7 217 0
4 121 +0.197 +0.092 +0.001 +0.001 0.258 0.893 | 0 108 6 7 0
5 127 +0.113 +0.064 +0.001 +0.001 0.425 0.780 | 99 5 21 2 0
6 112 +0.109 +0.101 +0.001 +0.001 0.553 0.661 | 1 74 12 25 0
7 202 +0.043 +0.040 +0.001 +0.002 0.741 0.421 | 4 6 78 85 29
8 268 +0.029 +0.029 +0.001 +0.001 0.880 0.302 | 81 47 81 55 4
9 224 +0.027 +0.024 +0.001 +0.001 0.860 0.312 | 1 57 70 37 59

-----------------------------------------------------------------------------
--------------------------------------------------------------------------------
10-way clustering solution - Descriptive & Discriminating Features...
--------------------------------------------------------------------------------
Cluster 0, Size: 50, ISim: 0.439, ESim: 0.001

Descriptive: GTSMA 58.5%, HGTHV 37.7%, PSTVV 0.4%, LGASG 0.4%, KELKK 0.3%
Discriminating: GTSMA 29.6%, HGTHV 19.1%, GDSGG 2.7%, DSGGP 2.5%, TAAHC 2.0%

Cluster 1, Size: 109, ISim: 0.275, ESim: 0.019
Descriptive: SGGPL 8.6%, RPYMA 7.6%, VLTAA 7.2%, TAAHC 6.9%, DSGGP 6.3%

Discriminating: RPYMA 5.5%, PHSRP 4.3%, SRPYM 4.3%, HSRPY 3.9%, KGDSG 3.3%

Cluster 2, Size: 99, ISim: 0.246, ESim: 0.001
Descriptive: HEFGH 13.2%, CGVPD 6.5%, RCGVP 6.3%, PRCGV 6.1%, VAAHE 5.3%

Discriminating: HEFGH 6.8%, CGVPD 3.3%, RCGVP 3.2%, PRCGV 3.1%, GDSGG 2.9%

Cluster 3, Size: 227, ISim: 0.217, ESim: 0.010
Descriptive: GDSGG 8.3%, DSGGP 6.7%, CQGDS 5.7%, QGDSG 5.6%, TAAHC 4.4%

Discriminating: CQGDS 3.5%, QGDSG 3.3%, NSPGG 2.6%, GDSGG 2.3%, CGGSL 2.1%

Cluster 4, Size: 121, ISim: 0.197, ESim: 0.001
Descriptive: CGSCW 13.9%, GSCWA 10.2%, SCWAF 8.4%, KNSWG 5.3%, GCNGG 5.0%

Discriminating: CGSCW 7.1%, GSCWA 5.2%, SCWAF 4.3%, GDSGG 2.9%, KNSWG 2.7%

Cluster 5, Size: 127, ISim: 0.113, ESim: 0.001
Descriptive: DTGSS 6.0%, FDTGS 4.0%, TGSSD 3.0%, IGTPP 2.7%, GTPPQ 2.6%

Discriminating: DTGSS 3.1%, GDSGG 2.8%, DSGGP 2.6%, TAAHC 2.0%, SGGPL 2.0%

Cluster 6, Size: 112, ISim: 0.109, ESim: 0.001
Descriptive: KDELR 2.2%, IEASS 1.6%, RWAVL 1.6%, TFLKR 1.4%, EEKIK 1.3%

Discriminating: GDSGG 2.8%, DSGGP 2.6%, TAAHC 2.0%, SGGPL 2.0%, LTAAH 1.4%

Cluster 7, Size: 202, ISim: 0.043, ESim: 0.001
Descriptive: NSPGG 46.9%, HELGH 12.1%, ALLEV 7.0%, VLAAA 2.6%, GYVDA 1.7%

Discriminating: NSPGG 24.5%, HELGH 5.1%, ALLEV 3.6%, GDSGG 2.9%, DSGGP 2.6%

Cluster 8, Size: 268, ISim: 0.029, ESim: 0.001
Descriptive: QACRG 13.7%, IQACR 7.5%, DTGAD 2.9%, VDTGA 2.5%, LDTGA 1.2%

Discriminating: QACRG 7.1%, IQACR 3.9%, GDSGG 2.9%, DSGGP 2.6%, TAAHC 2.1%

Cluster 9, Size: 224, ISim: 0.027, ESim: 0.001
Descriptive: LAAIA 4.3%, TDNGA 3.0%, LKTAV 1.4%, TQYGG 1.1%, GFRRL 1.1%

Discriminating: GDSGG 2.9%, DSGGP 2.6%, LAAIA 2.2%, TAAHC 2.1%, SGGPL 2.0%
--------------------------------------------------------------------------------

Timing Information -----------------------------------------------------------
I/O: 0.040 sec
Clustering: 0.470 sec
Reporting: 0.040 sec

*******************************************************************************

Figure 3: Output of vcluster for matrix sports.mat and a 10-way clustering that shows the descriptive and discriminating
features of each cluster.
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theclusters,objects,andfeatures.You have alreadyseenoneof themin Figure2 thatwas producedby the
-plotmatrixparameter. Thesameparametercanbeusedto visualizedsparsehigh-dimensionaldatasets.This
is illustratedin Figure4(a)for theproteindatasetusedearlier. As we canseefrom thatplot, vcluster shows
therowsof theinputmatrix re-orderedin suchawaysothattherowsassignedto eachoneof the tenclusters
arenumberedconsecutively. Thecolumnsof thedisplayedmatrix areselectedto betheunionof themost
descriptiveanddiscriminatingfeaturesof eachcluster, andareorderedaccordingto thetreeproducedby an
agglomerativeclusteringof thecolumns.Also, at thetopof eachcolumn,thelabelof eachfeatureis shown.
Eachnon-zeropositive elementof thematrix is displayedby a differentshadeof red. Entriesthatarebright
redcorrespondto largevaluesandthebrightnessof theentriesdecreasesastheir valuedecrease.Also note
thatin thisvisualizationboththerowsandcolumnshavebeenreorderedusinga hierarchicaltree.

Finally, Figure4(b)shows thetypeof visualizationthatcanbeproducedwhen-plotclusteris specifiedfor
a sparsematrix. This plot shows theclusteringsolutionshown at Figure4(a)by replacingthesetof rows in
eachclusterby a singlerow thatcorrespondsto thecentroidvectorof thecluster. The -plotclusteroptionis
particularlyusefulfor displayingvery largedatasets,asthenumberof rows in theplot is only equalto the
numberof clusters.
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Figure 4: Various visualizations generated by the -plotmatrix (a) and -plotclusters (b) parameter
.
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