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Abstract

In this paper, we proposea novel ideaof maintainingconnectivity by introducingrelay sensorsin a
wirelesssensornetwork. Werestrictourconsiderationto avery importantclassof wirelesssensornetworks
suchasbiomedicalsensornetworks[13], in which the locationsof thesensorsarefixedandtheplacement
canbe pre-determined.We formulateour problemto the NP-hardnetwork optimizationproblemnamed
SteinerMinimumTreewith Minimumnumberof SteinerPoints(SMT-MSP)[5] andpresenttwo approximate
solutions.Meanwhile,westudythetopologyimprovementin awirelesssensornetwork whenrelaysensors
areintroduced.In otherwords,werestricttransmissionpowerof eachsensorto asmallvalueanduserelay
sensorsto guaranteeconnectivity. The performanceparametersunderconsiderationareP, the total per
nodeminimumpowerneededto maintainconnectivity, andD, themaximumdegreein theminimumpower
topology (maintainedby P). Simulationstudyshows thatwith theintroductionof relaysensors,weachieve
betterperformance,especiallyfor sparsetopology.

Keywords: Wirelesssensornetworks,minimumpowertopology, relaysensor, SMT-MSP, power
control

1 Introduction

WirelessSensorNetwork(WSN)is an adhocmultihopsystemcontainingsensorsconnectedby wirelesslinks.
Thepossibilityof wirelesssensornetworksis drivenby theon-goingimprovementin sensortechnologyand
VLSI [6]. WSNshavemany possibleapplications,includingenvironmentalmonitoringandbiomedications.
WSN is usedto producemacro-scaleeffects from micro-devices throughcoordinatedactivities of many
sensors,thusconnectivityis anvery importantissuein WSNarchitecturedesign.Ontheotherhand,wireless
links aremainlydeterminedby transmissionpowersof sensors,andhighertransmissionpowerproducesrich
connectivity.

However, “in the context of untetherednodes,the finite energy budgetis a primary designconstraint.
Communicationsis a key energy consumerasthe radiosignalpower in sensornetworksdropsoff with r 4

[7] due to groundreflectionsfrom short antennaheights.”(quotedfrom [3].) Here in this quote,r is the
distancefrom the transmitter. This meansto reacha slightly longerdistance,the sensorneedsto dispatch
muchhighertransmissionpower. Thesecondreasonfor theprohibitivenessof highertransmissionpower is
the higherinterferenceto on-goingtraffic. The higherthe power a sensortransmits,the morethe number
of neighborsthesensorhas,andthehigherthenegative influencethesensorhason thenetwork throughput.
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Thethird reasonis thelifetime of thenetwork. Wirelesssensorsarebatterypowered.Eitherbatteryrenewal
is prohibitedby economicconsiderationsor it is impossibleto renew a batteryin a WSN. Thelifetime of a
WSN is mainly determinedby the averagedbatterylife. In biomedicalsensornetworks[13], we have the
forth reason:theheatdissipatedby higher-power transmissionmaydamagethesurroundingtissuesincethe
implantabledevicesareintendedfor long-termplacementin thebody.

Basedon the above analysis,we concludethat a goodWSN topologyshouldbe uniform and regular
andthe maximumdegree(thenumberof neighborswith direct communicationlinks) shouldbe small. Of
coursethe topologyshouldbe robust suchthat the removal of a few edgesor nodesdoesnot make the
network disconnected.We areinterestedin theproblemof maintainingconnectivitywith minimumper node
transmissionpowerin wirelesssensornetworks. Thetopologygeneratedby minimumpernodetransmission
power is calleda minimumpowertopology. In this paper, we restrictour considerationto a very important
classof wirelesssensornetworkssuchasbiomedicalsensornetworks[13][14], in which thelocationsof the
sensorsarefixedandtheplacementcanbepre-determined. In thiskind of WSN,theglobalconnectivity may
not beguaranteedif transmissionpower is low andrelaysensorsneedto beplacedto maintainconnectivity.
We will studythe following problem: givena setof sensors in the plane, placeminimumnumberof relay
sensors to maintainglobal connectivitysuch that thetransmissionrange of each sensoris at mostR, where
R is a constant.This statementis formulatedto thenetwork optimizationproblemnamedSteinerMinimum
Treewith Minimumnumberof SteinerPoints(SMT-MSP)[5]:

� Givena setof terminals(denotedby V) in theplaneanda constantR, find a Steinertreeτ spanningV
with minimumnumberof Steinerpointssuchthateveryedgein τ haslengthat mostR.

In this description,“terminals” refer to “ordinary sensors”while “Steinerpoints” refer to “relay sensors”.
SMT-MSP is a generalizedSteinerMinimumTree (SMT)problem. A Steinertree for terminalsetV is a
spanningtreeoverV

�
S, whereScontainsall pointsnot in V, which arecalledSteinerpoints. A SMT is a

Steinertreewith minimumtotal edgelength.For a survey onSMT, we referthereadersto [2].
SMT-MSP is NP-hard[5]. Lin andXue [5] alsogave aratio-5approximationalgorithm. In [1], Chen,

Du et al. showed that the algorithmgiven by Lin andXue [5] hasperformanceratio exactly 4, andthey
alsopresenteda new O � n4 � -time approximationwith performanceratio at most3, wheren is thenumberof
giventerminals.In this paper, we give aO � n3 � -time approximationwith performanceratio at most3, anda
randomizedapproximationwith performanceratio at most 5

2. We alsostudytheimprovementon maximum
degreeD and total consumedpowerP to maintainglobal connectivity whenrelay sensors(Steinerpoints)
areintroducedin wirelesssensornetworks. In otherwords,we useP andD asperformanceparametersfor
topologycontrol.We will answerthefollowing questions:

1. How topologyis improvedwhen1 or 2 relaysensorsareintroduced?

2. With a restrictedlow transmissionpower, how many relaysensorsneededto maintainglobalconnec-
tivity? How topologyis improvedaftertheserelaysensorsareintroduced?

Notethatour startingpoint on powerefficienttopology control is quitedifferentthanthosein literature.
We maintaingoodtopologyby introducingrelay sensorsto keeptransmissionrangesmall while most re-
latedresearchresultsfocuson algorithmdesignto control the transmittedpower dissipatedby eachsensor
[9][4][10][12][15][17]. Thesetechniquescanbecombinedcoherently. As mentionedearlier, we will study
theimprovementonthetotal transmittedpowerto maintainglobalconnectivity with theintroductionof relay
sensors.Thuswe needan algorithmto computethe total per nodeminimum power whenconnectivity is
guaranteed.We will apply the optimal algorithmCONNECT providedby RamanathanandRosales-Hainin
[10]. This algorithmcontainstwo steps.First a minimum-costspanningtreeT is constructedwherecost
is the edgelength. The transmittedpower for eachsensoris strongenoughto reachthe farthestneighbor
in T. This stepcomputesthe minimumpower pmin usedto maintainconnectivity but pmin is not per node
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minimum. Thesecondstepprovidestheoptimization:for eachsensor, decreasethetransmissionpoweruntil
connectivity cannot beobserved! This algorithmguaranteespernodeminimumenergy to maintainglobal
connectivity.

This paperis organizedas follows. Section2 introducesthe network model we will use. Section3
studiestheperformanceimprovementwhen1 or 2 relaysensorsareintroduced.Section4 proposesa very
simplealgorithmto computerelaysensorswhentransmissionrangeis restricted.We studytheimprovement
on P andD by simulationwhenthis algorithmis applied. Section5 givesa randomizedalgorithmfor the
SMT-MSPproblem.We concludeourpaperin Section6.

2 Network model

Thegivennetwork containsn homogeneoussensors(nodes)locatedin a2-dimensionalplane.Eachsensoris
mountedanomni-directionalantenna,whichcantransmitto all sensorsin its coveragearea.Thetopologyis
agraphG � � V � E � , whereV is thesetof n sensors(callednodes)andE is thesetof transmissionlinks (called
edges)betweenpairsof nodes.Transmissionlinks arewell definedby transmissionpower. Thereis a link
from sensoru to sensorv if andonly if v is locatedin u’s transmissionrange.u andv arecalledneighbors.

We assumethat thereis a maximumpower Pmax at which sensorscantransmit. If all sensorstransmit
with Pmax, thetopologyis complete, whichcontainsall possiblebidirectionallinks. We denotethis topology
by GC

� � V � EC
� . If eachsensortransmitswith differentpower, thetopologywill containunidirectionallinks.

Denotethis topologyby GP
� � V � Ep

� . Note that thecompletetopologyGC maynot bea completegraph.
A completegraphcontainsanedgefor every pair of nodes.Also notethatGP is a subgraphof GC, which
meansEP

�
EC, if weconsiderany bidirectionallink in EC astwo independentunidirectionallinks.

A transmissionbetweensensorsu andv takespower p � u � v��� Pmax, which is a linearfunctionof d � u � v� α

[11], whereα � 2 is thepath-lossexponentof outdoorradiopropagationwith a typicalvalueof 4 andd � u � v�
is theEuclideandistancebetweensensorsu andv. With Pmax, sensoru canreachsensorv if d � u � v��� Rmax,
whereRmax is themaximumtransmissionrange.Otherpowerconsumptionsourcesincludesignalreception
andprocess.A receptionat any sensortakesconstantpower [11]. Theprocessingpowerconsumedby CPU,
buffer andotherelectronicsis negligible. With this analysis,thepower consumptionmodelfor sensoru to
relay messageto sensorv is p � u � v� � k � � d � u � v� � 4 � c, wherek is an appropriateconstantrelatedto path-
loss. Sincein this studywe areconsideringthe problemof controlling topologywith transmissionpower,
we will ignorethereceptionandcomputationpowers.For simplicity, in all thesimulationstudies,we apply
p � u � v� � � d � u � v� � 4 asthepower consumptionmodelfor the transmissionfrom sensoru to v. This will not
affect the resultstoo muchsincewe areconsideringthe improvement(%), not the absolutevalue,on the
amountof neededpower to maintainthetopology.

3 Performance improvement when one or two relay sensors are intro-
duced

Givena completetopologyGC
� � V � EC

� with maximumdegreedC
max, whatcanwe achieve whenonerelay

sensoror two relaysensorsareintroduced?In otherwords,with theintroductionof oneor two relaysensors,
how muchimprovementon theamountof total batterypower neededto maintainglobalconnectivity? Here
we assumethatG is stronglyconnected. A stronglyconnectedgraphhasa pathbetweenany pairof nodes.

We run algorithmCONNECT over GC to computeGP
� � V � EP

� , the topologymaintainedby per node
minimumpower. By placinga node(relaysensor)r in themiddleof thelongestedgein EP, we getanother
topologyGS, whichcontainsonemorenode.Notethatweaddtherelaysensorto theoriginaltopologyGC to
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getGS. Now we runalgorithmCONNECT overGS to computeGPS. To placethesecondrelaysensor, we treat
GS asGC andrepeatthepreviousprocedure.

Thepowerimprovementis definedto be � PGP
� PGPS

� � PGP, wherePG is theminimumtotalpowerneeded
to maintaintopologyG. As mentionedin Section1, we alsoconsiderthe improvementon the maximum
degree.Themaximumdegreeimprovementis definedto beDGP

� DGPS

� � DGP, whereDG is themaximum
degreeof topologyG.

Let’sfirst look atasimpleexample.ThegiventopologyGC is shown in Figure1(a);After theoperationof
algorithmCONNECT, thepernodeminimumpowertopologyGP is shown in Figure1(b);We introducearelay
sensorin themiddleof edge � 0 � 2� to get topologyGS (1(c)) andrun CONNECT to computeGPS (1(d)). The
power improvementis 35� 55%.Notethatfrom Figure1, eventhoughthereis no improvementfor maximum
degree,but thenumberof sensorswith maximumdegreeis in factdecreased.
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Figure 1: (a) The given topology GC
� � V � EC

� , where V �
�
0 � 75� 22� � 1 � 40� 22� � 2 � 88� 13� � 3 � 65� 16� � 4 � 51� 12� � 5 � 37� 17��� and transmissionrange R � 25. Here

i � x � y� representsthecoordinatesfor sensori. (b) TopologyGP, which is a subgraphof GC. Notethat there is
oneuni-directionallink fromsensor4 to sensor5. (c) Topology GS. Host6 is the insertedrelaysensor. (d)
TopologyGPS.

We studytheperformanceimprovementwith 1 and2 relaysensorson randomtopologyby simulation.
We assumethereareN sensorsdistributedrandomlyin a 100 � 100rectangularregion. Transmissionrange
Rmax is chosento be50 units. Theaveragedresultsfor 1000runson the selectedN valuesarereportedin
Figures2 and3.

NotethatFigures2 and3 illustrateverysimilar curves.We have thefollowing observations:

� The total consumedpower for maintainingconnectivity is decreasedwhen1 or 2 relay sensorsare
introduced.In thesimulationrange(N � 10 to 100),thetotal consumedpower is decreasedby 13� 1%
to 39� 8% whenonerelaysensoris introduced,by 20� 4% to 60� 6% whentwo relaysensorsareintro-
duced.This improvementfavorssparsegraph,which meansthat thesparserthegraph,thehigherthe
improvementon thetotal consumedpower.

� Themaximumdegreefor maintainingconnectivity is alsodecreasedwhenvery few relaysensorsare
introduced.In the simulationrange(N � 10 to 100), the maximumdegreeis decreasedby 4 � 8% to
9 � 4% whenonerelaysensoris introduced,by 7 � 2% to 16� 1% whentwo relaysensorsareintroduced.
For sparsergraphs,theimprovementis relatively higher.
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Figure2: Theimprovementontotal consumedpowerandmaximumdegreewhen1 relaysensoris introduced.

Figure3: Theimprovementon total consumedpowerandmaximumdegreewhen2 relaysensors are intro-
duced.
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� Thereis abumpin thecurverepresentingtheimprovementof maximumdegree,whichcorrespondsto
N � 20,amoderatelysparsegraph.

4 Performance study when transmission range is bounded

In this section,we will studythe improvementon P andD whentransmissionrangeis restrictedto a small
valueandtheconnectivity is ensuredby theintroductionof relaysensors.Wefirst provideagreedyalgorithm
tocomputerelaysensorsin Subsection4.1.Wewill usegraph-theoreticterminologyin thissubsectiontostate
thealgorithm.Thatis, weuse“terminal” to representan“ordinarysensor”and“Steinerpoint” to representa
“relay sensor”.In otherwords,we areproposinganalgorithmfor STP-MSP. In Subsection4.2,westudythe
performanceof this algorithmonP andD by simulation.

4.1 A ratio 3 algorithm for STP-MSP

Givena setP of n terminalsin theEuclideanplane,anda positive constantR, we wantto find a Steinertree
with minimumnumberof Steinerpointssuchthateachedgein thetreehaslengthat mostR. In [1], Chenet
al. presentedanO � n4 � -time approximationwith performanceratio at most3. With a slightly modification,
we mayreducetherunningtime to O � n3 � .

Algorithm A: 3-approximation Algorithm for STP-MSP
Input A setP of n terminals,a positiveconstantR.
Output A SteinertreeTA in whicheachedgehaslengthatmostR.

0. Sortall n
�
n � 1�
2 possibleedgesbetweenthen terminalsof P in lengthincreasingorder

e1 � e2 � � � � � en � n1 �
2

, andsetTA
� /0;

1. for everyei suchthat � ei � � R do
if ei connectstwo differentconnectedcomponentsof TA

then putei into TA;
2. for eachsubsetof threeterminalsa � b � c respectively in threeconnectedcomponents

of TA do
if thereexistsa pointsswithin distanceR from a � b andc
then put the3-star, consistingof threeedgessa� sb� sc into TA;

3. for everyei do
if ei connectstwo differentconnectedcomponentsof TA

then putei into TA.

Figure4: Theratio-3algorithms.

Ouralgorithmis givenin Figure4. Sinceweconstruct3-starsin Step2, thealgorithmrunsin O � n3 � time.
Now we analyzethis algorithmtheoretically.

For a givensetP of terminals,a minimumspanningtreeis a treeinterconnectingtheterminalsin P with
edgebetweenterminals.For agivenconstantR, asteinerizedminimumspanningtreeis a treeobtainedfrom
a minimumspanningtreeby inserting ��� ab �R 	 � 1 Steinerpointsto breakeachedgeab into small piecesof
lengthat mostR.

Let T beaSteinertreeandebea line segment.C � T � andC � e� denotethenumbersof Steinerpointsin T
ande, respectively. � e� denotesthelengthof e.
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Lemma 4.1 [1] Everysteinerizedminimumspanningtreehastheminimumnumberof Steinerpointsamong
steinerizedspanningtrees.

Lemma 4.2 [5] There existsa shortestoptimalSteinertreeT
�

for STP � MSP such that everyvertex in T
�

hasdegreeat mostfive.

Lemma 4.3 [1] Let T
�

bea shortestoptimal treefor STP-MSPsuch that everySteinerpoint hasdegreeat
mostfive. Let Tj bea full componentof T

�
. Thenthefollowinghold:

(1) Thesteinerizedminimumspanningtreeonterminalsin Tj hasat most3 � C � Tj
� � 1 Steinerpoints.

(2) If Tj containsa Steinerpoint of degreeat mostfour, thenthesteinerizedminimumspanningtreeon
terminalsin Tj hasat most3 � C � Tj

� Steinerpoints.
(3) If thesteinerizedminimumspanningtreeonterminalsin Tj hasanedge(of lengthat mostR)between

two terminals,thenit containsat most3 � C � Tj
� Steinerpoints.

From(3) of Lemma4.3,weknow thatif thenumberof Steinerpointscontainedin asteinerizedspanning
treeonterminalsin a full componentTj reachestheupperbound3 � C � Tj

� � 1, thenany two terminalsarenot
connecteddirectlyby a singleedgeof lengthat mostR, i.e., theremustbea Steinerpointbetweenthem.

Theorem 4.4 Let T
�

bean optimal treefor STP-MSPandTA an approximationproducedby AlgorithmA.
ThenC � TA

� � 3C � T � � .

Proof. Let TS bea steinerizedminimumspanningtreeon all terminals,andlet k be thenumberof 3-stars
producedby Step2 of Algorithm A. Then

C � TA
� � C � TS� � k �

By Lemma4.2,we assumethateachSteinerpoint of T
�

hasdegreeat mostfive. AssumethatT
�

hash
full componentsT1 � T2 � � � � � Th. For i � 1 � 2, let T

�
i � bethecomponentsproducedby Stepi of Algorithm A.

We constructa steinerizedspanningtreeT asfollows: Initially, setT : � T
�
1� , thenfor eachfull component

Tj (1 � j � h� , addto T the steinerizedminimumspanningtreeH j on terminalsof Tj , if the resultedtree
hasa cycle, thendestroy the cycle by deletingsomeedgesof H j . Without lossof generality, supposethat
T1 � T2 � � � � � Tg (g � h) arethefull componentsin T

�
suchthateverySteinerpointhasdegreefiveandT

�
1� �

Tj

hasnocycle. CombiningLemma4.1andLemma4.3with thefactthatfor destroying a cycle from T
�

H j , a
SteinerpointmustberemovedunlessH j containsanedgebetweentwo terminals,wehave

C � TS��� C � T � � 3C � T � � � g �

i.e.,
C � TA

� � 3C � T � � � g � k �

Supposethat T
�
1� has p components.Then,T

�
2� has p � 2k componentsC1 � C2 � � � � � Cp � 2k. Now we

constructanothergraphH on all terminalsasfollows: Initially put all edgesof T
�
1� into H, thenconsider

every Tj (1 � j � g). If Tj hasa uniqueSteinerpoint(thisSteinerpoint connectsfive terminalswhich must
lie in at most two C

�

i s), thenamongthe five terminalstherearethreepairs(edges)of terminals,eachpair
(edge)lies in thesameCi . We addthethreeedgesinto H. If Tj hasat leasttwo Steinerpoints,thenthereare
two Steinerpointseachconnectingfour terminals,andwe canalsofind threepairs(edges)of terminalssuch
thateachpair (edge)lies in thesameCi . Thus,we canaddthe threeedgesinto H. It is clearthatH hasat
mostp � 3g components.Sinceeachcomponentsof H is containedby aCi , we have p � 2k � p � 3g, then
g � k � 3g

2
� k � 0. This endstheproof.

�
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4.2 Performance study by simulation

In this subsection,we studytopologyimprovementby simulationwhentransmissionpower is restrictedto a
smallvalue. For any giventopologyandtransmissionrangeR, we first run Algorithm A to make thegraph
connected.ThenwerunCONNECT to computethepernodeminimumpowerneededto maintainconnectivity.
We alsoecomputethemaximumdegreein theminimumpower topology.

As in Section3, we assumethereareN sensorsdistributedrandomlyin a 100 � 100rectangularregion.
TransmissionrangeRmax is chosento be 50 units. The transmissionrangeis restrictedto 10, 20, 30,and
40 units. Again we run eachscenario1000times. Theaveragedresultsarereportedin Figures5-8, which
illustratesimilar resultsasin Section3 when1 or 2 relaysensorsareintroduced.Notethatwe alsocombine
theimprovementonP andD for all transmissionrangesin Figures10-11.

We alsoreporttheaveragenumberof relaysensorsintroducedfor eachsimulationscenarioin figure9.
Notethatwith low transmissionpower, we needmorerelaysensorsto maintainconnectivity. Also notethat
whenthe transmissionrangeis enlargedfrom R � 10 to R � 20, the numberof relay sensorsis increased
drastically. But R � 10 givesthebesttopologyimprovementasshown in Figures 10-11. This tells us that
we canaddmany relaysensorsto make asparsetopology“dense”to achieve bettersaving on transmission
power.

Basedon theanalysisonFigures9-11,weobtainthefollowing obervations:

� Makingasparsetopology“dense”canachievebetterpowerusage.

� For eachtopology, thereexistssomecrossovertransmissionrangeor aspanof transmissionrangesuch
thatmuchmorerelaysensorsareneededif we wantto decreasetransmissionpower. For example,for
N � 20, we needabout5 relay sensorsif R � 20. If we force R � 10, we need23 relay sensorsto
maintainthe topologywhile if R � 30, we only need1 or 2 relaysensors.In this case,thecrossover
transmissionrangeis betweenR � 10andR � 20.

� For an alreadydensetopology, themaximumdegreemaybe increasedwhenmany relaysensorsare
introduced.Forexample,whenN � 80andR � 10,theadditionof 20steinerpointsmakethemaximum
degreeincreaseby 2%.

5 2 � 5-approximation of STP-MSP

In thissection,wegive arandomizedalgorithmof ratio-5
2 for theSTP-MSPproblem.Thefollowingaresome

usefulterminologiesandLemmas.
A full componentof a Steinertreeis a subtreein which eachterminalis a leaf andeachinternalnodeis

a Steinerpoint. A Steinertreefor n terminalsis a k-restrictedSteinertree if eachfull componentspansat
mostk terminals.

A pathq1q2 � � � � qm in a treeT is calleda convex pathif for every i � 1 � 2 � � � � � m � 3, qiqi
�

2 intersects
qi

�
1qi

�
3. An angleof degreemorethan120

�
is calleda big angle.An angleof degreelessthanor equalto

120
�

is calleda smallangle.

Lemma 5.1 [1] Let q1q2 � � � � qm be a convex path. Supposethere are b big anglesamongm � 2 angles
�

q1q2q3 �
�

q2q3q4 � � � � �
�

qm� 2qm� 1qm. Then, � q1qm � � � b � 2� R.

Note that if thereis no small angle, � q1qm � � � b � 1� R. Thus,this lemmais usefulonly whenthereare
many smallanglesin theconvex path.

8



Figure5: Theimprovementon total consumedpowerandmaximumdegreewhenR � 10.

Figure6: Theimprovementon total consumedpowerandmaximumdegreewhenR � 20.
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Figure7: Theimprovementon total consumedpowerandmaximumdegreewhenR � 30.

Figure8: Theimprovementon total consumedpowerandmaximumdegreewhenR � 40.
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Figure9: Thenumberof relaysensors in each simulationscenario.

Figure10: Theimprovementon total consumedpower.
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Figure11: Theimprovementonmaximumdegree.

� � � �����

� � � ������

����

� � � � �

t1 t2 t3

t4

t5t6

Figure12: ThetourF thatvisits all theterminals

Lemma 5.2 [1] In a shortestoptimaltreeT for STP � MSP, there are at mosttwo big anglesat a point of
degreethree, there is at mostonebig angleat a point of degreefour, andthere is no big anglewith degree
five.

Let T
�

bea shortestoptimaltreefor STP � MSP onn terminalswhich is a full Steinertree.Let si denote
thenumberof Steinerpointsof degreei in T

�
.

Lemma 5.3 [1] 3s5
� 2s4

� s3
� n � 2.

Theorem 5.4 [8] There existsa randomizedalgorithmfor theminimumspanningtreeproblemin 3-hypergraphs
runningin poly � n � wmax

� timewith probabilityat least0 � 5, wheren is thenumberof nodesin thehypergraph
andwmax is thelargestweightof edgesin thehypergraph.

Lemma 5.5 Considera clockwisetour F of T
�

that visits then terminalsin theorder t1 � t2 � � � � � tn � t1. (See
Figure12.) Then,

(i) the tour F hasexactly n convex pathsP1 � P2 � � � � � Pn such that Pi connectstwo terminalsti and ti �
1

(tn�
1
� t1);
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Figure13: Fourpossiblecasesof type(1) goodpoint

(ii) each angleat a Steinerpointappears in thosen convex pathsexactlyonce.

(iii) connectthe two endsof Pi by an edge ei and thensteinerizedei , i � 1 � 2 � � � � � n, the total numberof
Steinerpointsin anyn � 1 ei ’sC̄ � ∑n � 1

i � 1 C � ei
� is upperboundedasfollows:

C̄ � s4
� 2s3

� 2s2
� n � C � en

�
� 3 � s5

� s4
� s3

� � 2s2
� 2 � C � en

� (1)

We denotebyTF thetreeconsistingof n terminalsand � n � 1� edgese1 � e2 � � � � � en � 1.

Proof. (i) and(ii) areveryeasyto seefrom thestructureof T
�
. Now, weprove(iii). ConsiderthetourF . By

Lemma5.1,if thereareai big anglesin Pi , thenthereareat mostai
� 1 Steinerpointson ei , andsothetotal

numberof Steinerpointsin F is at mostn plusthenumberof big anglesin T
�
. By Lemma5.2, thereareat

most2s2
� 2s3

� s4 big anglesin T
�
. FromLemma5.3,we know that(iii) is valid.

�

Let T
�

beashortestoptimaltreefor STP-MSPwhichis a full Steinertreeonn terminals.Without lossof
generality, we assumethatT

�
hasSteinerpointsof degreeat leastthree.SelectinganarbitrarySteinerpoint

of degreeat leastthreeastheroot of T
�
, we geta rootedtree.A goodpoint t in T

�
is a Steinerpoint that is

adjacentto someterminalsandsatisfiesoneof thefollowing:

(i) (type(1)) t hasthreeor moreterminalsaschildren;

(ii) (type(2)) t hastwo terminalsaschildrenandthedegreeof t is 4;

(iii) (type(3)) t is apointof degree3.

Notethatagoodpoint is of degreeat least3. A badpoint is aSteinerpointof degreeat least3 in T
�

that
is nota goodpoint.

Theorem 5.6 There is a 3-restrictedSteinertreesuch that each edge haslengthat mostR and theSteiner
pointsis at most5

2 timestheoptimum.

Proof. Let F andTF be definedin Lemma5.5. From Lemma5.5, we know that in TF (1) eachdegree2
Steinerpoint is usedatmosttwice,and(2) eachSteinerpointof degreeat least3 is usedat mostthreetimes.

We modify TF into a 3-restrictedtreeT suchthat eachof the goodpoint of type (1) or type (3) in T
�

is usedat mosttwice, at leasthalf of the type(2) goodpointsis usedat mosttwice, andeachof therestof
Steinerpointsof degreeat least3 in T

�
is usedat mostthreetimes.

Ourmodificationis asfollows:
(i) Let t bea type(1) goodpointof degreed. We have to considerthefour casesasshown in Figure13.
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Figure14: Two casesof type(2) goodpoint. (a)Case1. (b) Case2.

Thereared convex pathsin F thatgo throught. We canusea 3-starconnectingthe threeterminalsto
replacetwo of thed convex pathsin thetour F. It is easyto verify thatthenumberof timesthatt is usedin
thenew 3-restrictedT is reducedby 1, i.e.,t is usedat mosttwice (insteadof threetimes).

(ii) Let t bea type(2) goodpoint. Thus,t is of degreefour. If thereis no big angleat t, by Lemmas5.1
and5.2,thetotal numberof big anglesin T

�
is reducedby 1, andt is usedat mosttwice. So,we canassume

thatthereis a big angleat t.
Let P1 betheconvex pathin thetourF having thebig angleatt. Let t1 andt2 bethetwo terminalsadjacent

to t. Two casesarise.
Case 1. t1 or t2, say, t1, is in theconvex pathP1 connectingt1 andanotherterminalt3 (seeFigure14 (a)).

If t3 � t2, thentheconex pathin TF connectingt1 andt2 hasnosmallangle.Thus,thelength � t1t2 � � � b � 1� R,
i.e.,theupperbound � b � 2� R in Lemma5.1is not tight. Therefore,thenumberof timesthatt is usedin TF is
at most2 (not3). In this case,we donot have to modify thetree.If t3 �� t2, we connectt2 to theconvex path
P1 at point t. This formsa 3-starwith t asthecenterconnectingthreeterminalst1 � t2 andt3. We thenusethe
threeline segmentstt1 � tt2 andtt3 (not the3 convex paths)to form thethreeedgesof the3-star. Let ti andt j

betwo points.We usetit j to representtheline segmentconnectingti andt j . FromLemma5.1,thebig angle
at t ensuresthat

C � tt1 � � C � tt3 � � C � tt3 � �
Moreover,C � tt2 � � b (t is notcountedandthereis nosmallanglein tt2), whereb is thenumberof big angles
in edgett2 in TF . Notethat, C � t1t2 � is estimatedasat leastb � 1, in Lemma5.5. Thus,thenumberof times
thatt is usedin T is reducedfrom at most3 to at most2.

Case 2. Neithert1 nort2 is in theconvex paththathasthebig angle.Let t3 betheotherchildof t otherthan
t1 andt2. SeeFigure14(b). In thiscase,t3 is eithertheleftmostchild or therightmostchild of t. Without loss
of generality, we assumethatt3 is theleftmostchild, andlet P1 betheconvex pathin F which connectstwo
terminalst4 andt5 andcontainsthebig angleat t(seeFigure14(b)). Notethatall thedescendentterminalsof
t (in thedashedcircle in Figure14 (b)) areconnectedwith pathsP1, P2, P3 andP4. Thus,we canshortenP1

to obtainP
�

1 by cuttingoff thepartfrom t to t5. By doingthis,we geta 3-starwith t asthecenterconnecting
t1 � t2 andt4. SinceP1 hasa big angleat t, from Lemma5.1,we know thatthenumberof timesthatt is used
in T is at most2 (not3).

In above discussion,we just considerthecasewherethereis only onetype(2) goodpoint in theconvex
pathP1. Now, considerthecasewherethereis morethanonetype(2) goodpoint in P1. SeeFigure15 (a).
NotethatTF is a treehaving n � 1 edges(correspondingto convex paths)connectingthen terminals.Let e
betheedgein TF whichcorrespondsto P1. Deletingtheedgee formstwo components(insideadashedbox),
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Figure15: (a)TheoriginalT
�
. Thedashedline standsfor P1. (b) After deletingP1, wehavetwo components

in thedashedboxes.We useanedgeconnectingt1 andt2 to form a treeagain.

eachcontainsanendof e (t3 or t4). (seeFigure15 (b)). The terminalsin eachof the two componentsare
connectedby therestof the � n � 2� edges(possiblyreplacedby some3-starsin themodificationprocess).

Let t1 andt2 bethetwo type(2)goodpointin P1 thataretheleftmostandrightmostin thetwo components,
respectively. SeeFigure15 (b).

We replacee by a segment(seetheline in Figure15 (b) connectingthetwo boxes)connectingt1 andt2
directly. Thus,wegeta treeagain.Thismakesall type(2) goodpoint in P1 otherthant1 andt2 appearin T at
mosttwice (not threetimes).Moreover, we canform a 3-starwith t1 asthecenterconnectingt5 � t6 andt7, or
with t2 asthecenterconnectingt5 � t7 andt8. By doingthis,oneof t1 andt2 appearsin T atmosttwice instead
of threetimes.

Thuswe canconcludethatat leasthalf of thetype(2) goodpointsareusedin T at mosttwice insteadof
threetimes.

(iii) t hasat leastonechild, say, t1, andthedegreeof t is 3 (seeFigure16). If thereis at mostonebig
angleat t, thenin Lemma5.5,t is overestimated,i.e.,T is usedin thetourF at mosttwice (not threetimes).
So,weassumethattherearetwo big anglesat t. Thus,at leastoneof thetwo convex pathsP2 andP3, say, P3,
(SeeFigure16.) hasa big angleat t. We thencanshortentheedgeecorrespondingto P3 in TF by cuttingoff
thepartfrom t to t1 andform a 3-starwith t ascenterconnectingt1 � t2 andt3 (theotherendof P3). By doing
this,we saveat leastoneSteinerpoint,andthusthenumberof timesthatt is usedin T is at most2 (not3).

Notethat, in above modification,we mergeP2 andP3 into a 3-starandsave oneSteinerpoint by taking
theadvantageof a big angleat t. Eachconvex pathcanonly beusedto form a 3-staronce.Otherwise,we
getani-starfor i � 3. Thus,we haveto makesurethateachtype(3) goodpoint t canmatchauniqueconvex
paththathasa big angleat t. This canbedonesinceeachtype(3) goodpoint hasdegree3 andtherewould
betwo big anglesat t. (If thereis only oneor zerobig angleat t, thent is usedonly onceor twice in TF . Thus
we donothave to doany modification.)

Considerthecasethatin theconvex pathP1 therearemany type(2) goodpointsandtype(3) goodpoints.
Usingthesameargumentasin (ii) demonstratedin Figure15, we canreplacetheedgecorrespondingto P1

in TF by thesegmentconnectingt1 andt2 asin Figure15. Thus,every type(2) andtype(3) goodpointother
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thant1 andt2 is usedat mosttwice (not threetimes). In this case,t1 andt2 competestheedget1t2 to form
a 3-star. We assignt1t2 to eithert1 or t2 usingthefollowing strategy: If a type(2) goodpoint competest1t2
with atype(3) goodpoint,say, t, wealwayslet thetype(2) goodpointhavet1t2 sincethetype(3) goodpoint
hasanotherbig angleat it, but thetype(2) goodpointdoesnot. If next time t competeswith anothertype(2)
goodpoint or type(3) goodpoint,we let t win. Thus,every type(3) goodpoint appearsat mosttwice in T
andat leasthalf of thetype(2) goodpointsappearin T at mosttwice.

Now, we canmake surethat in T eachgoodpoint of type(1) and(3) appearsat mosttwice,andat least
half of thetype(2) goodpointappeartwice. FromLemma5.5,we have

C � T � � 2g1
� 2 � 5g2

� 3b � 2s2
� 2 � C � en

� �
whereg1 is thenumberof goodpointsof type(1) and(3), g2 is thenumberof type(2) goodpoints,andb is
thenumberof badpoints.

We candeletea convex pathPn from tour F to form TF . We alwaysdeletetheconvex pathsuchthat the
correspondingedgeen is thelongest.

In the following, we show that b � g1. Let T
�

be the treeobtainedfrom T
�

by deletingall terminals.
Obviously, eachleave in T

�
is a goodpoint. Therefore,thenumberof badpointsis thenumberof pointsof

degreeat least3 in T
�
. Thus,b � g1.

If C � en
��� 2, thenwehave

C � T � � 2g1
� 2 � 5g2

� 3b � 2s2 � (2)

Therefore,

C � T � � 2g1
� 2 � 5g2

� 2 � 5b � 0 � 5b � 2s2
� 2 � 5g1

� 2 � 5g2
� 2 � 5b � 2s2

� 2 � 5C � T � � �
If C � en

� � 1, thenthereis no big anglein T
�
. Thus,thereis no degree-3point in T

�
. Supposethatthere

aredegree-4pointsin T
�
. Sincethereis not biganglein T

�
, thenumberof timesthat thedegree-4Steiner

pointsis overestimated.Thus,(2) still holds.
Now, we only have to considerthecasewhereeachSteinerpoint in T

�
hasdegree5. In this case,each

point in T
�
is eitherof degree1 or degreeat least3. Thus,therootof T

�
is eitherof degree1 or degreeat least

3. In this case,it is easyto seethatthenumberof leavesof T
�
is at leasttwo morethanthenumberof points

of degreeat least3, i.e.,g1
� b � 2. Therefore,

C � T ��� 2g1
� 2 � 5g2

� 2 � 5b � 0 � 5b � 2s2
� 1 � 2 � 5g1

� 2 � 5g2
� 2 � 5b � 2s2

� 2 � 5C � T � � �
�
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5
2-approximation Algorithm for STP-MSP

Input A setP of n terminalsin theEuclideanplane,apositiveconstantR
Output A 3-restrictedSteinertreeT in whicheachedgehaslengthat mostR.
1. Constructa weightedhypergraphH3 � V � F � w� .
2. Call therandomizedalgorithmin [8] to computea minimumspanningtreeT for

H3 � V � F � w� ;
3. Replaceevery edge f of theminimumspanningtreeT

�
on H3 � V � F � w� with a Steiner

treewith w � f � Steinerpointssuchthatthemaximumlengthof eachedgein thetreeis
at mostRandoutputtheobtainedtree.

Figure17: Thecompletealgorithm.

Now, we focuson thecomputationof anoptimal3-restrictedtree.
Let H3 � V � F � W � beaweighted3-hypergraph,whereV � P, F � � � a � b� � a � V andb

�
V � � � � a � b � c� � a �

V � b � V andc
�

V � , andfor eachedgee
�

F , w � e� is thesmallestnumberof Steinerpointsto form anoptimal
solutionof theSTP-MSPproblemon theterminalsin e.

Given threepointsa � b andc on theon theEuclideanplane,let s be theSteinerpoint which minimizes
� � sa� � � sb� � � sc� � , andlet k be the numberof Steinerpointsin an optimumsolutionT of STP � MSP on�
a � b � c � with constantR.

Lemma 5.7

� � sa�
R 	 � � � sb�

R 	 � � � sc�
R 	 � 2 � k ��� � sa�

R

� ��� � sb�
R

� ��� � sc�
R

� � 2 � (3)

Proof. By steinerizingtheoptimumSteinertree,we geta solutionof STP � MSP on
�
a � b � c � with exactly

� � sa�R 	 � � � sb�R 	 � � � sc�R 	 � 2 Steinerpoints.
Let �T � bethetotal lengthof T, which is thesumof thelengthof edgesof T. Then

� k � 1� � R � 3R � �T � � � sa� � � sb� � � sc� �
i.e.,

k � 2 �
� sa� � � sb� � � sc�

R
��� � sa� � � sb� � � sc�

R

� ��� � sa�
R

� ��� � sb�
R

� ��� � sc�
R

�
�

Therefore,(3) holds.
�

Lemma5.7givesanupperboundon thecostof � a � b � c� .
Lemma 5.8 [16] Testingwhetherthreecircleshasa point in commoncanbedonein constanttime.

For any given pointsa � b andc on onthe Euclideanplane,onecanfind the minimum Steinertreeon�
a � b � c � in constanttime. Let qa � b � c bethenumberof Steinerpointsusedto steinerizetheoptimumSteiner

treeon
�
a � b � c � , andqP

� max
�
qa � b � c � � a � b � c �	� P � . Then,by Lemma5.7andLemma5.8,theweightW of

H3 � V � F � W � canbecalculatedin O � n3q2
P

� time. By Theorem5.4andTheorem5.6,we have

Theorem 5.9 Givena setP of n terminalsanda positiveconstantR, there existsa randomizedalgorithm
thatcomputesa solutionof STP � MSP onP such that thenumberof Steinerpointsis at most 5

2 timesof the
optimumrunningin poly � n � qP

� timewith probabilityat least0 � 5.

Thecompletealgorithmis givenin Figure17.
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6 Conclusion

In this paper, we studiedhow relaysensorscaninfluencethe minimumpower topologyin wirelesssensor
networks.With theintroductionof 1 or 2 relaysensors,thetotal consumedpower for maintainingminimum
power topologyandthemaximumdegreefor theminimumpower topologyaredecreased.Thesereductions
aremoresignificantfor sparsetopology. If we restrictthetransmissionpower for eachsensorto somesmall
valueanduserelaysensorsto guaranteeconnectivity, weachievesimilar results.Thisproblemis formulated
toSTP-MSP, aNP-hardnetworkoptimizationproblem.Thispaperalsoproposedtwo approximatealgorithms
(with performanceanalysis)for STP-MSP.
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