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Abstract

In this paper we proposea nowel idea of maintainingconnectvity by introducingrelay sensordn a
wirelesssensometwork Werestrictour consideratiorio avery importantclassof wirelesssensonetworks
suchashiomedicalsensometworks[1d, in which thelocationsof the sensorarefixed andthe placement
canbe pre-determined We formulate our problemto the NP-hardnetwork optimizationproblemnamed
SteineMinimumTreewith Minimumnumberof SteinerPoints(SMFMSP)[5] andpresentwo approximate
solutions.Meanwhile we studythetopologyimprovementin awirelesssensonetwork whenrelaysensors
areintroduced.In otherwords,we restricttransmissiorpower of eachsensoito asmallvalueanduserelay
sensordo guaranteeconnectity. The performanceparametersinderconsideratiorare P, the total per
nodeminimum power neededo maintainconnectiity, andD, the maximumdegreein the minimumpower
topolagy (maintainedoy P). Simulationstudyshavs thatwith theintroductionof relay sensorswe achiese
betterperformanceespeciallyfor sparsdopology

Keywords: Wirelesssensonetworks,minimumpowertopology relaysensofSMT-MSP, power
control

1 Introduction

WirelessSensoiNetwork(WSN)is an adhocmultihopsystenmcontainingsensorgonnectedby wirelesslinks.
Thepossibility of wirelesssensoinetworksis drivenby the on-goingimprovementin sensotechnologyand
VLSI [6]. WSNshave mary possibleapplicationsjncludingenvironmentalmonitoringandbiomedications.
WSN is usedto producemacro-scaleeffects from micro-devicesthroughcoordinatedactiities of mary
sensorsthusconnectivityis anveryimportantissuein WSN architecturelesign.Ontheotherhand wireless
links aremainly determinedy transmissiompowersof sensorsandhighertransmissiompower producesich
connectvity.

However, “in the contet of untetherechodes,the finite enegy budgetis a primary designconstraint.
Communicationss a key enegy consumeiasthe radio signalpower in sensometworks dropsoff with r#
[7] dueto groundreflectionsfrom shortantennaheights'(quotedfrom [3].) Herein this quote,r is the
distancefrom the transmitter This meansto reacha slightly longerdistance the sensomeedsto dispatch
muchhighertransmissiorpower. The secondeasorfor the prohibitivenesof highertransmissiompower is
the higherinterferenceo on-goingtraffic. The higherthe power a sensortransmits,the morethe number
of neighborghe sensohas,andthe higherthe negative influencethe sensotason the network throughput.
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Thethird reasoris thelifetime of the network. Wirelesssensorarebatterypowered.Eitherbatteryrenaval
is prohibitedby economicconsiderationsr it is impossibleto renav a batteryin a WSN. Thelifetime of a
WSN is mainly determinedby the averagedbatterylife. In biomedicalsensometworks[13], we have the
forth reasonthe heatdissipatedy higherpowertransmissionrmay damagehe surroundingissuesincethe
implantabledevicesareintendedor long-termplacementn the body.

Basedon the above analysis,we concludethat a good WSN topology shouldbe uniform andregular
andthe maximumdegree(the numberof neighborswith directcommunicatiorlinks) shouldbe small. Of
coursethe topology shouldbe robust suchthat the removal of a few edgesor nodesdoesnot make the
network disconnectedwWe areinterestedn the problemof maintainingconnectivitywith minimumper node
transmissiompowerin wirelesssensometworks Thetopologygeneratedhy minimumpernodetransmission
power is calleda minimumpowertopolagy. In this paperwe restrictour consideratiorio a very important
classof wirelesssensometworks suchasbiomedicalsensonetworks[13][14], in which thelocationsof the
sensos are fixedandthe placementanbe pre-determinedin thiskind of WSN, theglobalconnectvity may
notbeguaranteed transmissiompoweris low andrelay sensorsieedto be placedto maintainconnectvity.
We will studythe following problem: givena setof sensos in the plang place minimumnumberof relay
sensos to maintainglobal connectivitysud that the transmissiommange of eadh sensoiis at mostR, whee
R is a constant.This statements formulatedto the network optimizationproblemnamedSteinerMinimum
Treewith Minimumnumberof SteinerPoints (SMTFMSP)[5]:

¢ Givenasetof terminals(denotedoy V) in the planeanda constanR, find a Steinertreet spanning/
with minimumnumberof Steinempointssuchthatevery edgein T haslengthat mostR.

In this description,“terminals” refer to “ordinary sensors'while “Steiner points” referto “relay sensors”.
SMT-MSP is a generalizedSteinerMinimum Tree (SMT) problem A Steinertree for terminalsetV is a
spanningreeoverV U S, whereS containsall pointsnotin V, which arecalledSteinerpoints A SMT is a
Steinertreewith minimumtotal edgelength. For a surney on SMT, we referthereadergo [2].

SMT-MSPis NP-hard[5]. Lin andXue [5] alsogave aratio-5approximatioralgorithm. In [1], Chen,
Du et al. shavedthatthe algorithmgivenby Lin and Xue [5] hasperformanceaatio exactly 4, andthey
alsopresented nev O(n*)-time approximatiorwith performanceatio at most3, wheren is the numberof
giventerminals.In this paper we give aO(n®)-time approximatiorwith performanceatio at most3, anda
randomizedapproximatiorwith performanceatio at mostg. We alsostudytheimprovementon maximum
degree D andtotal consumegowerP to maintainglobal connectity whenrelay sensorqSteinerpoints)
areintroducedn wirelesssensometworks. In otherwords,we useP andD asperformancearametersor

topologycontrol. We will answetthefollowing questions:
1. How topologyis improvedwhenl or 2 relay sensorsareintroduced?

2. With arestrictedow transmissiorpower, how mary relay sensorsieededo maintainglobalconnec-
tivity? How topologyis improvedaftertheserelay sensorareintroduced?

Notethatour startingpoint on powerefficienttopolagy control is quite differentthanthosein literature.
We maintaingoodtopologyby introducingrelay sensordo keeptransmissiorrangesmall while mostre-
latedresearctresultsfocuson algorithmdesignto control the transmittedpower dissipatecby eachsensor
[91[4][10][12][15][17]. Thesetechniqguexanbe combinedcoherently As mentionedearlier we will study
theimprovementnthetotal transmittedbowerto maintainglobalconnectvity with theintroductionof relay
sensors.Thuswe needan algorithmto computethe total per nodeminimum power when connectity is
guaranteed.We will apply the optimal algorithm CONNECT provided by Ramanathamnd Rosales-Hairin
[10]. This algorithmcontainstwo steps. First a minimum-costspanningiree T is constructedvherecost
is the edgelength. The transmittedpower for eachsensoris strongenoughto reachthe farthestneighbor
in T. This stepcomputeghe minimum power pmin usedto maintainconnectvity but pmin is not per node



minimum The secondstepprovidesthe optimization:for eachsensordecreaséhetransmissiompower until
connectvity cannot be obsened! This algorithmguaranteeper nodeminimum enegy to maintainglobal
connectvity.

This paperis organizedas follows. Section2 introducesthe network modelwe will use. Section3
studiesthe performancémprovementwhenl or 2 relay sensorsareintroduced.Sectiond4 proposes very
simplealgorithmto computerelay sensorsvhentransmissiomangeis restricted We studytheimprovement
on P andD by simulationwhenthis algorithmis applied. Section5 givesa randomizedalgorithmfor the
SMT-MSP problem.We concludeour paperin Section6.

2 Network mode

Thegivennetwork containsn homogeneousensorgnodes)ocatedin a 2-dimensionaplane.Eachsensoiis
mountedan omni-directionabntennawhich cantransmitto all sensorsn its coveragearea.Thetopologyis
agraphG = (V,E), whereV is thesetof n sensorgcallednodes)yndE is thesetof transmissiotinks (called
edgeshetweerpairsof nodes.Transmissiorinks arewell definedby transmissiorpower. Thereis alink
from sensoiu to sensow if andonly if vis locatedin u'stransmissiomange.u andv arecalledneighbors.

We assumehatthereis a maximumpower Ppax at which sensorantransmit. If all sensorgransmit
with Pnay thetopologyis completewhich containsall possiblebidirectionallinks. We denotethis topology
by Gc = (V, Ec). If eachsensotransmitswith differentpower, thetopologywill containunidirectionalinks.
Denotethis topologyby Gp = (V, Ep). Notethatthe completetopology Gc may not be a completegraph.
A completegraphcontainsan edgefor every pair of nodes.Also notethat Gp is a subgraptof G¢, which
mean<p C Ec, if we considerary bidirectionallink in Ec astwo independentinidirectionallinks.

A transmissiorbetweersensorsl andv takespower p(u, V) < Pnax Whichis alinearfunctionof d(u,v)®
[11], wherea > 2 is thepath-lossxponentof outdoorradiopropagatiomwith atypical valueof 4 andd(u, v)
is the Euclideandistancebetweersensora andv. With Ppax sensomu canreachsensow if d(u,v) < Rmay
whereRmayx is the maximumtransmissiorrange.Otherpower consumptiorsourcesncludesignalreception
andprocessA receptioratary sensotakesconstanpower[11]. Theprocessingpower consumedy CPU,
buffer andotherelectronicss negligible. With this analysisthe power consumptiormodelfor sensom to
relay messageo sensow is p(u,v) = k- (d(u,v))* + ¢, wherek is an appropriateconstantrelatedto path-
loss. Sincein this studywe are consideringthe problemof controlling topologywith transmissiorpower,
we will ignorethereceptiorandcomputatiorpowers. For simplicity, in all the simulationstudieswe apply
p(u,v) = (d(u,v))* asthe power consumptiormodelfor the transmissiorirom sensomw to v. Thiswill not
affect the resultstoo much sincewe are consideringthe improvement(%), not the absolutevalue, on the
amountof needegowerto maintainthe topology

3 Performanceimprovement when oneor two relay sensorsareintro-
duced

Givena completetopologyGe = (V, Ec) with maximumdegreeds,,,, whatcanwe achieve whenonerelay
sensoor two relaysensorsreintroducedn otherwords,with theintroductionof oneor two relaysensors,
how muchimprovementon the amountof total batterypower neededo maintainglobalconnectity? Here
we assuméhatG is stronglyconnectedA stronglyconnectedraphhasa pathbetweerary pair of nodes.
We run algorithm CONNECT over G¢ to computeGp = (V, Ep), the topology maintainedby per node
minimumpower. By placinga node(relaysensor) in the middle of thelongestedgein Ep, we getanother
topologyGs, which containsonemorenode.Notethatwe addtherelaysensoto the originaltopologyGe to



getGs. Now we run algorithmCONNECT over Gs to computeGp,. To placethe secondelaysensorwe treat
Gs asGc andrepeathe previousprocedure.

Thepowerimprovements definedto be (Pg, — PGPS)/PGP, wherePg is theminimumtotal power needed
to maintaintopologyG. As mentionedn Sectionl, we also considerthe improvementon the maximum
degree. The maximumdegreeimprovementis definedto be Dg, — DGPS)/DGP, whereDg is the maximum
degreeof topologyG.

Let'sfirstlook atasimpleexample.ThegiventopologyGe is shavnin Figurel(a); After theoperatiorof
algorithmCONNECT, the pernodeminimumpowertopologyGp is shavn in Figurel(b); We introducearelay
sensotin the middle of edge(0,2) to gettopologyGs (1(c)) andrun CONNECT to computeGpg (1(d)). The
powerimprovements 35.55%. Notethatfrom Figurel, eventhoughthereis noimprovementfor maximum
degree but thenumberof sensorsvith maximumdegreeis in factdecreased.

4 2 4 2
5 3 5 3
4 2 4 2
Figure 1: (a) The given  topolagy Gec = (V,Eo), whee vV =

{0(75,22),1(40,22),2(88,13),3(65,16),4(51,12),5(37,17)} and transmissionrange R = 25. Here
i(x,y) representghe coordinatesfor sensoi. (b) Topology Gp, which is a subgaphof Ge. Notethatthereis
oneuni-directionallink fromsensor4 to sensors. (c) Topolagy Gs. Host6 is theinsertedrelay sensar (d)

Topolagy Gps.

We studythe performancemprovementwith 1 and2 relay sensoron randomtopologyby simulation.
We assumehereareN sensordglistributedrandomlyin a 100x 100rectangularegion. Transmissiorrange
Rmax is choserto be 50 units. The averagedresultsfor 1000runson the selected\ valuesarereportedin
Figures2 and3.

NotethatFigures2 and3 illustratevery similar curves.We have thefollowing obsenations:

e Thetotal consumedbower for maintainingconnecwity is decreaseavhenl or 2 relay sensorsare
introduced.In the simulationrange(N = 10to 100),thetotal consumegbower is decreasetly 131%
to 39.8% whenonerelay sensotis introduced by 204% to 60.6% whentwo relay sensorsareintro-
duced.This improvementfavors sparsegraph,which meanghatthe sparsethe graph,the higherthe
improvementonthetotal consumegbower.

e Themaximumdegreefor maintainingconnectvity is alsodecrease@henvery few relay sensorsare
introduced. In the simulationrange(N = 10 to 100), the maximumdegreeis decreasedby 4.8% to
9.4% whenonerelay sensolis introduced py 7.2% to 16.1% whentwo relay sensorsareintroduced.
For sparsegraphstheimprovements relatively higher
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Figure2: Theimprovemenbntotal consumegowerandmaximundegreewhenl relaysensoiis introduced.
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e Thereis abumpin the curverepresentingheimprovementof maximumdegree which correspondo
N = 20,amoderatelysparsegraph.

4 Performance study when transmission rangeis bounded

In this section,we will studytheimprovementon P andD whentransmissiorrangeis restrictedto a small
valueandtheconnectity is ensuredy theintroductionof relaysensorsWe first provide agreedyalgorithm
to computerelaysensorsn Subsectiod.1. We will usegraph-theoretiterminologyin thissubsectiono state
thealgorithm.Thatis, we use“terminal” to represenain“ordinary sensor‘and“Steinerpoint” to represena
“relay sensor”.In otherwords,we areproposinganalgorithmfor STP-MSPIn Subsectio.2,we studythe
performancef this algorithmon P andD by simulation.

4.1 Aratio3algorithm for STP-MSP

GivenasetP of n terminalsin the Euclideanplane,anda positive constani, we wantto find a Steinertree
with minimumnumberof Steinemointssuchthateachedgein thetreehaslengthat mostR. In [1], Chenet
al. presentecn O(n*)-time approximatiorwith performanceatio at most3. With a slightly modification,
we mayreducetherunningtime to O(n®).

Algorithm A: 3-approximation Algorithm for STP-M SP
Input A setP of nterminalsapositive constanf.
Output A SteinertreeTy in which eachedgehaslengthat mostR.

0. Sortall —”(”2_1) possibleedgesetweerthen terminalsof P in lengthincreasingrder
€1,€2;-..,€n(ny) andsetTp = 0;

1. for everyeg szuchthat|e.| <Rdo
if  connectdwo differentconnectedomponentsf Ta
then putg into Ty,
2. for eachsubsebdf threeterminalsa, b, c respectiely in threeconnectedomponents

of Ta do
if thereexistsa pointss within distanceR from a,b andc

then putthe 3-star consistingof threeedgessa sh scinto Ta;
3. for everyeg do

if  connectdwo differentconnectedomponentsf Ta
then putg into Ta.

Figure4: Theratio-3algorithms.

Ouralgorithmis givenin Figure4. Sincewe construcB-starsn Step2, thealgorithmrunsin O(n®) time.
Now we analyzethis algorithmtheoretically

For a givensetP of terminals,a minimumspanningreeis atreeinterconnectingheterminalsin P with
edgebetweerterminals.For agivenconstan®, a steinerizedninimumspanningreeis atreeobtainedrom
a minimum spanningtree by inserting [‘a—é’w — 1 Steinerpointsto breakeachedgeab into small piecesof
lengthat mostR.

Let T beaSteinertreeande bealine sggment.C(T) andC(e) denotethe numbersof Steinemointsin T
ande, respectiely. |e| denoteghelengthof e.



Lemma4.1 [1] Everysteinerizedninimumspanningreehasthe minimumnumberof Steinerpointsamong
steinerizedspanningrees.

Lemma 4.2 [5] Ther eistsa shortesoptimal Steinertree T* for STP — MSP sud that everyvertexin T*
hasdegreeat mostfive

Lemma4.3 [1] LetT* bea shortestoptimaltreefor STP-MSPsud that every Steinerpoint hasdegreeat
mostfive. Let T; bea full componenof T*. Thenthefollowing hold:

(1) Thesteinerizedninimumspanningreeonterminalsin T; hasat most3- C(T;) + 1 Steinerpoints.

(2) If T; containsa Steinerpoint of degreeat mostfour, thenthe steinerizedninimumspanningtreeon
terminalsin T; hasat most3- C(T;) Steinerpoints.

(3) If thesteinerizedninimumspanningreeon terminalsin T; hasan edge (of lengthat mostR) between
two terminals thenit containsat most3- C(T;) Steinerpoints.

From(3) of Lemma4.3,we know thatif thenumberof Steinempointscontainedn a steinerizedgpanning
treeonterminalsin afull component; reachesheupperbound3-C(T;) + 1, thenary two terminalsarenot
connectedlirectly by a singleedgeof lengthatmostR, i.e., theremustbe a Steinerpointbetweerthem.

Theorem 4.4 Let T* bean optimaltreefor STP-MSPand Ta an appoximationproducedby Algorithm A.
ThenC(Ta) < 3C(T*).

Proof. Let TS be a steinerizedninimum spanningreeon all terminals,andlet k be the numberof 3-stars
producedy Step2 of Algorithm A. Then

C(Ta) <C(TS) —k.

By Lemma4.2,we assumehateachSteinerpoint of T* hasdegreeat mostfive. Assumethat T* hash
full componentdy,To,...,Th. Fori = 1,2, let T{) bethe componentproducedby Stepi of Algorithm A.
We constructa steinerizedspanningreeT asfollows: Initially, setT := TD, thenfor eachfull component
Tj (1 < j < h), addto T the steinerizedminimum spanningreeH; on terminalsof Tj, if the resultedtree
hasa g/cle, thendestry the cycle by deletingsomeedgesof Hj. Without loss of generality supposehat
T1, T2, ..., Tg (9 < h) arethefull componentén T* suchthatevery Steinerpointhasdegreefive andT® UT;
hasno cycle. CombiningLemma4.1andLemmad4.3with thefactthatfor destrying a oyclefrom T UHj, a
SteinempointmustberemovedunlessH; containsanedgebetweertwo terminals we have

C(TS) <C(T) <3C(T*) +4g,

ie.,
C(Ta) < 3C(T*) +g—k.

Supposethat T hasp components.Then, T hasp— 2k component€y,Cy, ...,Cp_ak. Now we
constructanothergraphH on all terminalsasfollows: Initially putall edgesof T(® into H, thenconsider
every T (1< j <g). If Tj hasa uniqueSteinerpoint(thisSteinerpoint connectdive terminalswhich must
lie in at mosttwo C/s), thenamongthe five terminalsthereare threepairs (edges)of terminals,eachpair
(edge)lies in thesameC;. We addthethreeedgednto H. If T; hasatleasttwo Steinerpoints,thenthereare
two Steinerpointseachconnectindour terminals,andwe canalsofind threepairs(edges)f terminalssuch
thateachpair (edge)lies in the sameC;. Thus,we canaddthethreeedgesnto H. It is clearthatH hasat
most p — 3g componentsSinceeachcomponentsf H is containedby aC;, we have p— 2k < p— 3g, then
g—k< 3 —k< 0. Thisendsthe proof. [ ]



4.2 Performance study by simulation

In this subsectionye studytopologyimprovementby simulationwhentransmissiorpower is restrictedo a
smallvalue. For ary giventopologyandtransmissiorangeR, we first run Algorithm A to make the graph
connectedThenwe run CONNECT to computethe pernodeminimumpower neededo maintainconnectvity.
We alsoecomputethe maximumdegreein theminimumpower topology

As in Section3, we assuméhereareN sensorglistributedrandomlyin a 100x 100rectangularegion.
TransmissiorrangeRnax is chosento be 50 units. The transmissiorrangeis restrictedto 10, 20, 30,and
40 units. Again we run eachscenariol000times. The averagedesultsarereportedin Figures5-8, which
illustratesimilar resultsasin Section3 when1 or 2 relay sensorareintroduced Notethatwe alsocombine
theimprovementon P andD for all transmissiomangesn Figures10-11.

We alsoreportthe averagenumberof relay sensorsntroducedfor eachsimulationscenarian figure 9.
Notethatwith low transmissiorpower, we needmorerelay sensorgo maintainconnectvity. Also notethat
whenthe transmissiorrangeis enlagedfrom R = 10 to R = 20, the numberof relay sensords increased
drastically But R = 10 givesthe besttopologyimprovementasshavn in Figures 10-11. This tells usthat
we canaddmary relay sensorg¢o make asparseopology“dense”to achieve bettersaving on transmission
power.

Basedontheanalysison Figures9-11,we obtainthefollowing obenations:

e Making a sparsdopology“dense”canachiese betterpowverusage.

e Foreachtopology thereexistssomecrosseertransmissiomangeor a spanof transmissiomangesuch
thatmuchmorerelay sensorsreneededf we wantto decreaséransmissiorpower. For example,for
N = 20, we needabout5 relay sensordf R= 20. If we force R = 10, we need23 relay sensorgo
maintainthe topologywhile if R= 30, we only needl or 2 relay sensors.n this case the crosseer
transmissiomangeis betweerkR = 10andR = 20.

e For analreadydensetopology the maximumdegreemay be increasedvhenmary relay sensorsare
introduced For example whenN = 80andR = 10, theadditionof 20 steinempointsmakethemaximum
degreeincreasedy 2%.

5 2.5-approximation of STP-M SP

In thissectionwe give arandomizedlgorithmof ratio-% for the STP-MSPproblem.Thefollowing aresome
usefulterminologiesandLemmas.

A full componenbf a Steinertreeis a subtreein which eachterminalis a leaf andeachinternalnodeis
a Steinerpoint. A Steinertreefor n terminalsis a k-restrictedSteinertree if eachfull componenspansat
mostk terminals.

A pathqi0z...,qm in atreeT is calleda corvex pathif for everyi = 1,2,...,m— 3, qgigi+2 intersects
0i+10i+3- An angleof degreemorethan12( is calleda big angle. An angleof degreelessthanor equalto
12C is calledasmallangle.

Lemma5.1 [1] Letq102-..,0m be a corvex path. Supposehere are b big anglesamongm— 2 angles
2010203, £0203%4, - - -, £0m-20m-1Gm- Then,[qu0m| < (b+2)R.

Notethatif thereis no smallangle,|qigm| < (b+ 1)R. Thus,this lemmais usefulonly whenthereare
mary smallanglesn thecorvex path.
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ts ts

t1 to t3

Figurel2: Thetour F thatvisits all theterminals

Lemmab5.2 [1] In a shortestoptimaltreeT for STP — MSP, there are at mosttwo big anglesat a point of
degreethreg there is at mostonebig angleat a point of degreefour, andthere is no big anglewith degree
five

Let T* beashortesbptimaltreefor STP — MSP onnterminalswhichis afull Steinertree.Lets; denote
thenumberof Steinermointsof degreei in T*.

Lemmab.3 [1] 35+ 24 +S3=nh— 2.

Theorem 5.4 [8] Ther existsarandomizealgorithmfor theminimunmspanningreeproblemin 3-hypegraphs
runningin poly(n,wnax) timewith probability at least0.5, whele n is the numberof nodesin the hypegraph
andwmay is thelargestweightof edgesin thehypegraph.

Lemma5.5 Considera clockwisetour F of T* that visits the n terminalsin the orderty,ty, ... ty,t1. (See
Figure12.) Then,

(i) thetour F hasexactly n corvex pathsPy, P, ..., Py sud that B connectgwo terminalst; and tj; 1
(th1 =t1);

12
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Figure13: Four possiblecasesf type (1) goodpoint

(i) ead angleat a Steinermpointappeasin thosen convex pathsexactlyonce

(iii) connectthe two endsof P by an edge g and thensteinerizeds, i = 1,2,...,n, the total numberof
Steinerpointsin anyn—1¢g'sC = zi":_llC(q) is upperboundedasfollows:

C < s+25+25%+n—C(e)

(s +3+3)+ 25+ 2—C(en) @

We denoteby Tr thetreeconsistingof n terminalsand (n— 1) edgeses, e, ... ,€n—1.

Proof. (i) and(ii) areveryeasyto seefrom thestructureof T*. Now, we prove (iii). ConsidethetourF. By
Lemmab.1,if therearea; big anglesin P, thenthereareat mosta; + 1 Steinerpointson g, andsothetotal
numberof Steinerpointsin F is at mostn plusthe numberof big anglesin T*. By Lemma5.2,thereareat
most2s, + 253 + &4 big anglesin T*. FromLemma5.3,we know that(iii) is valid. |

Let T* beashortesoptimaltreefor STP-MSPwhichis afull Steinertreeon n terminals.Withoutlossof
generalitywe assumehatT* hasSteinerpointsof degreeat leastthree.SelectinganarbitrarySteinerpoint
of degreeat leastthreeastherootof T*, we getarootedtree. A goodpointt in T* is a Steinerpointthatis
adjacento someterminalsandsatisfiesoneof thefollowing:

() (type(1))t hasthreeor moreterminalsaschildren;
(i) (type(2))t hastwo terminalsaschildrenandthedegreeoft is 4;
(i) (type(3))t isapointof degree3.

Notethata goodpointis of degreeatleast3. A badpointis a Steinerpoint of degreeatleast3 in T* that
is notagoodpoint.

Theorem 5.6 Ther is a 3-restrictedSteinertree sud that each edge haslengthat mostR and the Steiner
pointsis at mostg timesthe optimum.

Proof. Let F andTg bedefinedin Lemma5.5. FromLemmab.5, we know thatin Tg (1) eachdegree?2
Steinerpointis usedat mosttwice, and(2) eachSteinerpoint of degreeat least3 is usedat mostthreetimes.

We modify Tg into a 3-restrictediree T suchthat eachof the good point of type (1) or type(3) in T*
is usedat mosttwice, at leasthalf of the type (2) goodpointsis usedat mosttwice, andeachof the restof
Steinemointsof degreeatleast3 in T* is usedat mostthreetimes.

Ourmodificationis asfollows:

(i) Lett beatype(1) goodpointof degreed. We have to considetthefour casesasshowvn in Figure13.
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Figurel4: Two casef type(2) goodpoint. (a) Casel. (b) Case2.

Thereared corvex pathsin F thatgo throught. We canusea 3-starconnectingthe threeterminalsto
replacetwo of thed corvex pathsin thetour F. It is easyto verify thatthe numberof timesthatt is usedin
thenew 3-restrictedr is reduceddy 1,i.e.,t is usedat mosttwice (insteadof threetimes).

(ii) Lett beatype(2) goodpoint. Thus,t is of degreefour. If thereis no big angleatt, by Lemmas5.1
and5.2,thetotal numberof big anglesin T* is reduceddy 1, andt is usedat mosttwice. So,we canassume
thatthereis a big angleatt.

Let P; bethecorvex pathin thetourF havingthebig angleatt. Lett; andt, bethetwo terminalsadjacent
tot. Two casesrise.

Casel. t; orty, sayts, isin thecorvex pathP; connecting; andanothetterminalt; (seeFigurel4 (a)).
If t3 = tp, thenthecone pathin Te connectind; andt; hasnosmallangle.Thus,thelength|tit| < (b+ 1)R,
i.e.,theupperbound(b+ 2)Rin Lemma5.1is nottight. Thereforethenumberof timesthatt is usedin Tg is
atmost2 (not3). In this casewe do not have to modify thetree. If t3 # t, we connect; to the corvex path
P; atpointt. Thisformsa 3-starwith t asthe centerconnectinghreeterminalst;,t; andts. We thenusethe
threeline segmentsity, tt, andtts (notthe 3 corvex paths)to form the threeedgesof the 3-star Lett; andt;
betwo points. We usetjtj to representheline segmentconnecting; andtj. FromLemmas.1,thebig angle
att ensureghat

C(tt1) + C(tt3) = C(tt3).

Moreover, C(tt2) = b (t is notcountedandthereis no smallanglein tt,), whereb is thenumberof big angles
in edgett, in Tr. Notethat, C(tito) is estimatedasatleastb+ 1, in Lemma5.5. Thus,the numberof times
thatt is usedin T is reducedrom at most3 to at most2.

Case2. Neithert; nort; isin thecorvex paththathasthebig angle.Letts betheotherchild of t otherthan
t; andty. SeeFigurel4(b). In thiscasets is eithertheleftmostchild or therightmostchild of t. Withoutloss
of generality we assumehatts is the leftmostchild, andlet P; bethe corvex pathin F which connectgwo
terminalsty andts andcontainghebig angleatt(seeFigurel4 (b)). Notethatall thedescenderterminalsof
t (in thedashecircle in Figure14 (b)) areconnectedvith pathsPy, P>, P3 andPs. Thus,we canshortenP;
to obtainP] by cuttingoff thepartfromt to ts. By doingthis, we geta 3-starwith t asthe centerconnecting
t1,t> andts. SinceP; hasabig angleatt, from Lemma5.1, we know thatthe numberof timesthatt is used
in T is atmost2 (not 3).

In above discussionyve just considerthe casewherethereis only onetype (2) goodpointin the corvex
pathP;. Now, considerthe casewherethereis morethanonetype (2) goodpointin P;. SeeFigurel5 (a).
Notethat T is atreehaving n— 1 edgeqcorrespondingo convex paths)connectinghen terminals.Let e
betheedgein Tr which correspondso P;. Deletingtheedgee formstwo componentginsidea dashedox),

14
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Figurel5: (a) Theoriginal T*. Thedashedine standgor P;. (b) After deletingP;, we have two components
in the dashedoxes.We useanedgeconnecting; andt; to form atreeagain.

eachcontainsanendof e (t3 or ts). (seeFigurel15 (b)). Theterminalsin eachof thetwo componentare
connectedy therestof the (n — 2) edgegpossiblyreplacedy some3-starsn themodificationprocess).

Lett; andt, bethetwo type(2) goodpointin P; thataretheleftmostandrightmostin thetwo components,
respectiely. SeeFigurel5 (b).

We replacee by a sggment(seetheline in Figure15 (b) connectinghe two boxes)connecting; andt,
directly. Thus,we getatreeagain.Thismakesall type(2) goodpointin P; otherthant; andt, appeain T at
mosttwice (notthreetimes). Moreover, we canform a 3-starwith t; asthe centerconnectings, tg andty, or
with t; asthe centerconnectings,t; andts. By doingthis, oneof t; andt, appearsn T atmosttwice instead
of threetimes.

Thuswe canconcludethatat leasthalf of thetype (2) goodpointsareusedin T at mosttwice insteadof
threetimes.

(i) t hasatleastonechild, say t1, andthe degreeof t is 3 (seeFigure 16). If thereis at mostonebig
angleatt, thenin Lemma5.5,t is overestimated,e., T is usedin thetour F at mosttwice (notthreetimes).
So,we assumeéhattherearetwo big anglesatt. Thus,atleastoneof thetwo corvex pathsP, andPs, say Ps,
(SeeFigurel6.) hasabig angleatt. We thencanshortertheedgee correspondingo Ps in Tg by cuttingoff
thepartfromt tot; andform a 3-starwith t ascenterconnectings,t, andts (theotherendof Ps). By doing
this, we save at leastone Steinemoint, andthusthe numberof timesthatt is usedin T is atmost2 (not3).

Notethat,in abose modification,we merge P, andP; into a 3-starandsave one Steinerpoint by taking
the advantageof a big angleatt. Eachcorvex pathcanonly be usedto form a 3-staronce. Otherwise we
getani-starfor i > 3. Thus,we have to make surethateachtype (3) goodpointt canmatcha uniquecorvex
paththathasabig angleatt. This canbe donesinceeachtype (3) goodpoint hasdegree3 andtherewould
betwo big anglesatt. (If thereis only oneor zerobig angleatt, thent is usedonly onceor twicein Tg. Thus
we do nothave to do ary modification.)

Considethecasehatin thecorvex pathP; therearemary type(2) goodpointsandtype(3) goodpoints.
Usingthe sameargumentasin (ii) demonstrateéh Figure15, we canreplacethe edgecorrespondingo Py
in T by thesegmentconnecting; andt; asin Figurel5. Thus,everytype(2) andtype (3) goodpoint other
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Figure16: Thetype(3) Steinermoint.

thant; andt; is usedat mosttwice (not threetimes). In this caset; andt, competeshe edget;t, to form
a 3-star We assigrtit, to eithert; or t; usingthefollowing stratay: If atype (2) goodpointcompetest,
with atype(3) goodpoint,say t, we alwayslet thetype (2) goodpointhavetits sincethetype(3) goodpoint
hasanothetig angleatit, but thetype(2) goodpointdoesnot. If next timet competesvith anothettype(2)
goodpointor type (3) goodpoint, we let t win. Thus,everytype (3) goodpoint appearat mosttwicein T
andatleasthalf of thetype (2) goodpointsappeain T at mosttwice.

Now, we canmale surethatin T eachgoodpoint of type (1) and(3) appearsat mosttwice, andat least
half of thetype (2) goodpointappeartwice. FromLemmabs.5,we have

C(T) <201+ 2502+ 3b+ 25+ 2—C(en),

whereg; is thenumberof goodpointsof type (1) and(3), g2 is the numberof type (2) goodpoints,andb is
thenumberof badpoints.

We candeletea corvex pathP, from tour F to form Tg. We alwaysdeletethe corvex pathsuchthatthe
correspondingdgee, is thelongest.

In the following, we shav thatb < g;. Let T’ be the tree obtainedfrom T* by deletingall terminals.
Obviously, eachleave in T’ is a goodpoint. Thereforethe numberof badpointsis the numberof pointsof
degreeatleast3in T'. Thus,b < g;.

If C(en) > 2, thenwe have

C(T) < 291 + 2502+ 3b+ 25,. )
Therefore,
C(T) < 291 + 2.59;+ 2.5b+ 0.5b + 25, < 2.5g; + 2.5g> + 2.5b + 25, < 2.5C(T*).

If C(en) = 1, thenthereis nobig anglein T*. Thus,thereis no degree-3pointin T*. Supposéhatthere
aredegree-4pointsin T*. Sincethereis not biganglein T*, the numberof timesthatthe degree-4Steiner
pointsis overestimatedThus,(2) still holds.

Now, we only have to considerthe casewhereeachSteinerpointin T* hasdegreeb. In this caseggach
pointin T' is eitherof degreel or degreeatleast3. Thus,therootof T’ is eitherof degreel or degreeat least
3. In thiscaseijt is easyto seethatthe numberof leavesof T' is atleasttwo morethanthe numberof points
of degreeatleast3, i.e.,g; > b+ 2. Therefore,

C(T) £291+2.592+2.5b+0.5b+ 25, + 1 < 2.591 + 2.59, + 2.5b + 2s, < 2.5C(T*).
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%—approximation Algorithm for STP-M SP
Input A setP of nterminalsin the Euclidearplane,a positive constanR
Output A 3-restrictedSteinertreeT in which eachedgehaslengthat mostR.

1. ConstructaweightedhypergraptHs(V, F,w).
2. Call therandomizedalgorithmin [8] to computea minimum spanningreeT for
H3(V7 FJ W),

3. Replaceevery edgef of the minimumspanningreeT’ on Hz(V,F,w) with a Steiner
treewith w(f) Steinerpointssuchthatthe maximumlengthof eachedgein thetreeis
atmostR andoutputthe obtainedree.

Figurel7: Thecompletealgorithm.

Now, we focuson thecomputatiorof anoptimal 3-restrictedree.

Let Hz(V, F,W) beaweighted3-hypegraphwhereV = P, F = {(a,b)|]aeV andb e V}U{(a,b,c)|a€e
V,beV andc € V}, andfor eachedgee € F, w(e) is thesmalleshumberf Steinempointsto form anoptimal
solutionof the STP-MSPproblemon theterminalsin e.

Giventhreepointsa,b andc on the on the Euclideanplane,let s be the Steinerpoint which minimizes
(|sd + |shl + |sd), andlet k be the numberof Steinerpointsin an optimumsolutionT of STP —MSP on
{a,b,c} with constanR.

Lemmab5.7
gy P T P e S ©

Proof. By steinerizingthe optimumSteinertree,we geta solutionof STP— MSP on {a, b, c} with exactly
(%1 + [%1 + [%1 — 2 Steinerpoints.
Let |T| bethetotal lengthof T, whichis the sumof thelengthof edgef T. Then

(k=1)-R+3R>[T[ > [sd +[sbl +sd,

oz [SAHISIA I [sd bl isd fod ) o) s
Therefore(3) holds. |

Lemmab.7 givesanupperboundon thecostof (a, b, c).
Lemma 5.8 [16] Testingwhetherthreecircleshasa pointin commorcanbedonein constantime

For ary given pointsa,b andc on onthe Euclideanplane,one canfind the minimum Steinertree on
{a,b,c} in constantime. Let gap ¢ bethe numberof Steinerpointsusedto steinerizethe optimumSteiner
treeon {a,b,c}, andge = max{gapc|/{a,b,c} C P}. Then,by Lemma5.7 andLemmab.8,theweightW of
Hs(V,F,W) canbecalculatedn O(n3g3) time. By Theorenb.4andTheorenb.6,we have

Theorem 5.9 Givena setP of n terminalsand a positiveconstantR, there eistsa randomizedlgorithm
that computes solutionof STP — MSP on P suc thatthe numberof Steinermpointsis at most% timesof the
optimumrunningin poly(n,gp) timewith probability at least0.5.

Thecompletealgorithmis givenin Figurel7.
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6 Conclusion

In this paper we studiedhow relay sensorsaninfluencethe minimum power topologyin wirelesssensor
networks. With theintroductionof 1 or 2 relay sensorsthetotal consumegbower for maintainingminimum

power topologyandthe maximumdegreefor the minimum powertopologyaredecreasedThesereductions
aremoresignificantfor sparsdopology If we restrictthe transmissiompower for eachsensoito somesmall

valueanduserelay sensorgo guarante@onnectity, we achieve similar results.This problemis formulated
to STP-MSPaNP-hardhetwork optimizationproblem.Thispaperalsoproposedwo approximatelgorithms
(with performancanalysis¥or STP-MSP
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