
Methods of Distributed and Nonlinear Process Control:
Structuredness, Optimality and Intelligence

A THESIS

SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL

OF THE UNIVERSITY OF MINNESOTA

BY

Wentao Tang

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

Advised by Prodromos Daoutidis

May, 2020



c© Wentao Tang 2020

ALL RIGHTS RESERVED



Acknowledgement

Before meeting with my advisor Prof. Prodromos Daoutidis, I was not determined to

do a Ph.D. in process control or systems engineering; after working with him, I could

not imagine what if I had chosen a different path. The important decision that I made

in the October of 2015 turned out to be most correct, that is, to follow an advisor who

has the charm to always motivate me to explore the unexploited lands, overcome the

obstacles and make achievements. I cherish the freedom of choosing different problems

of interest and the flexibility of time managing in our research group. Apart from the

knowledge of process control, I have learned a lot from Prof. Daoutidis and will try

my best to keep learning, about the skills to write, present and teach, the pursuit of

knowledge and methods with both elegance of fundamental theory and a promise of

practical applicability, and the pride and fervor for the undertaken works. “The high

hill is to be looked up to; the great road is to be travelled on.”1 I want to express my

deepest gratitude to him.

Prof. Qi Zhang always gives me very good suggestions and enlightenment with his

abundant knowledge in optimization since he joined our department. It was a joy to

consult him for fresh ideas and interchange our views on a wide variety of things. Qi

is not only an intelligent researcher, a thoughtful teacher, but also a generous friend. I

still owe him a countless number of meals so far.

I would like to thank my great colleagues: Nahla Alamoodi, Andrew Allman, Davood

Babaei Pourkargar, Pedro Constantino, Udit Gupta, Victoria Jones, Lixia Kang, Shaaz

Khatib, Jingjun Liu, Abdulla Malek, Ilias Mitrai, Nitish Mittal, Manjiri Moharir,

Matthew Palys, Hanchu Wang, and Michael Zachar, with whom sharing the office space

and discussing the research projects have always been very pleasing. Former mem-

bers Seongmin Heo, Sujit Jogwar and Srinivas Rangarajan laid important foundations

for a part of my research, and the outstanding works of Michael Baldea, Panagiotis

Christofides, and Aditya Kumar introduced me to the history of our group’s research

when I was starting my work. I have learned many skills and great ideas from my

colleagues, and our collaborations turned out to be very fruitful as reflected by our

coauthored papers. I am also glad that some of my ideas will continued to be developed

by younger members of our group.

“I am not one who was born in the possession of knowledge; I am one who is fond of

antiquity, and earnest in seeking it there”.2 Thanks to the teachings of all the professors

1Classic of Poetry: Minor Odes of Kingdom: Che Xia (《詩經·小雅·車舝》).
2Analects (of Confucius): Shu Er (《論語·述而》).

i



that have delivered the courses in chemical engineering, control, and optimization that I

have taken during the first two years before my preliminary exam, especially Professors
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Abstract

Chemical processes are intrinsically nonlinear and often integrated into large-scale net-

works, which are difficult to control effectively. The traditional challenges faced by

process control, as well as the modern vision of transitioning industries into a smart

manufacturing paradigm, requires the instillation of new perspectives and application

of new methods to the control of chemical processes. The goal is to realize highly

automated, efficient, well-performing and flexible control strategies for nonlinear, in-

terconnected and uncertain systems. Motivated by this, in this thesis, the following

three important aspects (objectives) for contemporary process control – structuredness,

optimality, and intelligence – are discussed in the corresponding three parts.

1. For the control of process networks in a structured and distributed manner, a

network-theoretic perspective is introduced, which suggests to find a decompo-

sition of the problem according to the block structures in the network. Such a

perspective is examined by sparse optimal control of Laplacian network dynamics.

Community detection-based methods are proposed for input–output bipartite and

variable-constraint network representations and applied to a benchmark chemical

process.

2. For the optimality of control, we first derive a computationally efficient algo-

rithm for nonconvex constrained distributed optimization with theoretically prov-

able convergence properties – ELLADA, which is applied to distributed nonlinear

model predictive control of a benchmark process system. We derive bilevel op-

timization formulations for the Lyapunov stability analysis of nonlinear systems,

and stochastic optimization for optimally designing the Lyapunov function, which

can be further integrated with the optimal process design problem.

3. Towards a more intelligent diagram of process control, we first investigate an

advantageous Lie-Sobolev nonlinear system identification scheme and its effect

on nonlinear model-based control. For model-free data-driven control, we discuss

a distributed implementation of the adaptive dynamic programming idea. For

chemical processes where states are mostly unmeasurable, dissipativity learning

control (DLC) is proposed as a suitable framework of input–output data-driven

control, and applied to several nonlinear processes. Its theoretical foundations are

also discussed.
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Chapter 1

Introduction

In the South grows the tall trees, that one cannot shelter under. 南有喬木，不可休息。

By River Han are the wandering ladies, that one cannot chase after. 漢有游女，不可求思。

So broad is Han, that one cannot dive across. 漢之廣矣，不可泳思。

So long is Jiang (Yangtze), that one cannot raft along. 江之永矣，不可方思。

“Classic of Poetry: Odes of Southern Zhou: Han Guang” (excerpt), before 6th century B.C.

《詩經·周南·漢廣》

The history of using control mechanisms for industrial purposes dates back to Watt’s

steam engine, and for chemical engineering, the research on automatic control has also

lasted for more than a century. It is not until the time around the Second World War

that the control theory is equipped with its basic tools and established as a science.1

With the scientific foundations of chemical engineering laid down by the pioneering

works in process modeling and dynamic analysis, control theory was appreciated by

chemical engineers in operating chemical plants, and process control became a core

discipline of chemical engineering [377]. With the rapid growth in computational power

brought by the development of digital computers, process control constitutes a part

of process systems engineering (PSE) together with process simulation, optimization,

etc. [395]. Nowadays, there is already a sufficiently rich set of theories in control,

and the industrial practice of process control has also experienced many renovations,

from traditional proportional-integral-differential controllers to dynamic matrix control

(DMC) [71], model predictive control (MPC) [344] and nonlinear control strategies [30].

Chemical processes are intrinsically nonlinear (or even highly nonlinear) dynamical

systems and tend to be large-scale and multi-scale due to the tight couplings by mass

and energy integration. Uncertainties may exist both in the underlying models, orig-

inating from simplified or inaccurate kinetics and thermodynamics, and in exogenous

disturbances. The control of chemical processes also should typically be carried out

without violation of operational constraints and should be favorable with respect to

economic criteria. It was pointed out since the 1970s that these challenges have left an

apparent gap between the research and practice of process control [116, 378]. This gap

has stimulated the emergence and development of many different streams of process

1“Conflict between governments with the use of force greatly accelerated the development of ... this
new science, so important to modern warfare.” Hsue-Shen Tsien, Preface to Engineering Cybernetics,
1954, McGraw-Hill.
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control theories, such as robust control after 1980s [275], geometric nonlinear control

after 1990s [204, 205], and MPC [344] in the recent two decades.

The increase in the challenges on process control is an ongoing trend, as the process

systems are more and more integrated and intensified, the process technologies are more

and more innovative, and the economic environment of process operations is more fluc-

tuating. On the other hand, the developments in the information, communication and

computation technologies provide the vision of a new paradigm of smart manufacturing

[78] and even a new industrial revolution involving artificial intelligence (AI), Internet of

Things (IoT), and quantum computing.2 It is desirable that the process control system

can serve the chemical plants in a way that is (i) more distributed, structural and flex-

ible but coordinated, (ii) economically favorable and well tuned but computationally

efficient, (iii) self-adaptive and self-learning but preserving the basic performances of

control such as stability.

Based on this background, in this thesis, three aspects that are of interest to the

current process control theory will be discussed, namely structuredness, optimality, in-

telligence. Next, let us discuss these three aspects in detail.

1.1 Structuredness

It is well known that chemical processes, even as small as a single unit, have interactions

among multiple inputs and outputs. To pursue higher efficiency of utilizing materials

and energy, chemical processes are nowadays designed to be large-scale and integrated

systems, which is a rule rather than exception [18]. Pairing the inputs and outputs

into weakly coupled single loops for subsequent decentralized (PID) controller tuning,

known as control structure design, has been a distinctive problem of process control since

the 1960s [354]. Such pairing is based on the interaction analysis between the inputs

and outputs using the information of process dynamics (transfer functions) [258, 134].

After the 1970s, the development of efficient graph-theoretic algorithms encouraged

electrical engineers to decompose nonlinear systems, represented as graphs, to design

decentralized control [380]. The design of plant-wide control structures has been an

2“The possibilities of billions of people connected by mobile devices, with unprecedented processing
power, storage capacity, and access to knowledge, are unlimited. And these possibilities will be multiplied
by emerging technology breakthroughs in fields such as artificial intelligence, robotics, the Internet of
Things, autonomous vehicles, 3-D printing, nanotechnology, biotechnology, materials science, energy
storage, and quantum computing.” Klaus Schwab. The fourth industrial revolution: What it means, how
to respond, 2015, World Economic Forum.
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extensively considered, yet not fully solved problem [394, 386]. The dynamics of chemical

processes are too complex to be captured by only a few quantitative indices, and hence

the guidelines for the control structure design are usually heuristic [243]. The underlying

graph topology of processes is also usually so connected that a decomposition to smaller

components is infeasible.

The quest for flexible and efficient algorithms for the control of large-scale intercon-

nected systems has resulted in the emergence of distributed control [73, 11], and with

the prevalence of MPC in process control, distributed MPC relying on distributed opti-

mization algorithms [44]. That is, the control or its underlying optimization problems

are solved by multiple agents (solvers) in coordination. Each agent is in charge of one of

the topologically distributed subsystems, and through necessary information exchange,

the agents coordinate their control actions either autonomously or depending on a su-

perposed coordinator. Therefore, the problem of interest, which will be the focus of

study in Part I, is stated as:

Question 1.1. Given the dynamic model of a chemical process, how to find a desirable

decomposition for its distributed control?

The prospective here is that network theory can be utilized to generate such de-

compositions. This new science, rapidly developing after the millennium, offers new

insights into and tools for macroscopic and statistical properties and rules unexplored

by classical graph theory [21]. By representing the structure of the system of inter-

est as possibly complex graphs (networks), we can exploit the tools in network science

to detect the community structures in the networks for designing the control architec-

tures. The community structures are sub-networks with dense interconnections inside

but loose interconnections between. An illustration is given in Fig. 1.1. This pattern

allows the resulting distributed control algorithms to concentrate the complexities inside

the agents (corresponding to communities) and require low effort in the coordination.

With the network-theoretic perspective, the following two smaller questions are then

needed to be answered for Question 1.1.

• Generally for networks, what kind of role do communities play in certain properties

of control, and vice versa, does the requirement of such properties of control

inevitably results in community structures in the organization of networks?

• For chemical process systems, how to represent them as networks by defining

nodes, edges and meaningful interaction measures, and how to decompose them

3



Figure 1.1: Network decomposition of a control problem into a distributed architecture

through community detection?

The contributions here include:

• In Chapter 2, by investigating a prototypical Laplacian dynamics on networks

under sparse feedback control, it is pointed out that community structures play

a crucial role in lowering the total control cost when the controller sparsity or

complexity contributes a significant part of the cost.

• In Chapter 3, by simultaneously varying the network topology and the sparse

feedback controller in Laplacian dynamics, it is observed that when taking into

consideration the cost of both controller and network sparsity, the optimal network

topology turned into one that has community structures.

• In Chapter 4, an input–output bipartite network representation is constructed

based on short-time interaction measures among the inputs, states and outputs.

Community detection in this bipartite graph generates both topologically dis-

tributed and physically meaningful decompositions.

• In Chapter 5, the input–output interaction measures are defined by the relative

time-averaged gain array (RTAGA), which captures the output responses over the

inputs in a user-defined time scale. Simulation on a reactor-separator process is

performed.
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• In Chapter 6, the control problem is decomposed in its optimization formulation

in the context of MPC. The optimization problem is first represented as a bipar-

tite graph of its variables and constraints, and then partitioned according to the

variable-constraint communities.

Remark 1.1. Based on the work of Chapter 2, a more detailed study was carried out

in [69], where the centrality properties of networks are also found to play an important

role in highly sparse control. The elucidation of the role of network structures in control

helps to understand the ubiquitous existence and evolutionary origin of such structures

in the biological world. This was illustrated with a genetic algorithm-based evolutionary

experiments of networks under sparse optimal control in [68].

Remark 1.2. The proposed approaches of decomposing control systems through commu-

nity detection were developed on the basis of the hierarchical clustering-based approaches

[153, 152]. Other community detection-based approaches were proposed in parallel with

or after the publication of the papers pertinent to this thesis [180, 179, 329, 469]. Exten-

sions to PDE systems were made in [267, 269], and applications and case studies were

carried out in [327, 328, 268]. Extensions to pure optimization problems (mixed-integer

programming problems, such as those originating from process design rather than process

control) were considered in [2, 3]. A software implementation, named DeCODe (detec-

tion of communities for optimization decomposition), was developed in these works and

is undergoing continual improvement.

1.2 Optimality

The pursuit of optimality has become the most distinctive feature of the field of PSE

(e.g., [135]). The optimal control theory dates back to Bellman’s pioneering work on

dynamic programming [28] and Pontryagin’s minimum principle in the 1950s [324]. In

view of the practical difficulty of analytically solving the optimal control for nonlinear

systems, approximation approches have been proposed, which can be classified into two

types. In the first type, the partial differential equations (PDEs) governing the optimal

control law (policy function) and control cost (value function), namely the Hamilton-

Jacobi-Bellman (HJB) equations, are solved under approximate models [360], which

typically remains difficult to solve especially for highly nonlinear and non-polynomial
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systems3. In the second type, the control inputs are implicitly determined by solving an

approximated optimal control problem in a finite future horizon. The latter approach,

known as MPC, has been widely recognized as a powerful process control strategy, espe-

cially for processes with operational constraints. The development in the optimization

algorithms and solvers within the PSE community [37], as well as the proposal of its

variant, economic MPC, as an integration of real-time optimization and process control

[98], have largely promoted its popularity.

The instillation of MPC into process control problems to convert them into opti-

mization problems, as a standard mindset, helps to reduce the conceptual complexity

and cumbersomeness of control theory. However, it would be simplistic to believe that

MPC might be omnipotent for nonlinear control. With MPC, the control problems

are forced to bear the complexity of optimization techniques, while optimization per

se can not replace the analysis of dynamic properties such as stability and robustness.

The direct transplantation of optimal control is not free from criticisms (see, e.g., Foss’

perspectives in 1973 [116]). After many years of development in MPC, it is still worth

noting the following two issues.

• The solution of optimal control problems may not be easy. Despite the progress

in nonlinear programming (NLP), the size of MPC problems may still grow con-

siderably large in the recently popular stochastic and robust MPC problems [261].

Especially, the distributed MPC of nonlinear chemical processes necessarily results

in nonconvex NLP problems, for which the properties and potential of distributed

optimization algorithms are yet unexplored to a large extent.

• The MPC as an approximated optimal control strategy does not necessarily guar-

antee stability, unless the objective function and constraints are well tuned such

that an accordingly derived Lyapunov function satisfies feasibility assumptions

[256]. However, such assumptions are difficult to test prior to the execution of

MPC. Although a Lyapunov stability condition may be explicitly imposed on

MPC as a constraint, it is difficult to find its optimal design [234]. Moreover,

the suboptimality of MPC with respect to the truly optimal control is difficult to

assess.

Hence the problem of interest is:

3Although in a model-based setting such a PDE solution is difficult, one can design data-driven
control strategies, known as approximate dynamic programming [330] or reinforcement learning [401],
by simultaneous adjusting the approximated policy and value functions with updated observations.
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Question 1.2. How should difficult distributed MPC problems be solved, and how should

Lyapunov stability analysis and Lyapunov function design be conducted, for nonlinear

systems?

Part II of the thesis includes the results that answer Question 1.2. For the solution

algorithm of distributed nonlinear MPC, in Chapter 7, a new algorithm called ELLADA

is developed. It is based on a modification of the classical ADMM algorithm [44] that

involves a double-layer structure to guarantee convergence to a KKT point of the mono-

lithic problem under mild assumptions, an acceleration scheme to reduce the number

of iterations, and an approximate NLP solution technique to save the computational

time of each subproblem. The conceptual derivation of the algorithm is presented, and

detailed proofs of the relevant propositions are given in the appendices. Numerical

studies are performed to test the convergence property and computational performance

of the ELLADA algorithm on a benchmark quadruple tank process. The application

to a large-scale plantwide process [233] is undergoing research and is to be reported in

the near future. For the Lyapunov stability analysis and Lyapunov function design, the

following three works are included.

• In Chapter 8, given any Lyapunov function, bilevel programming formulations are

derived for estimating the rate of decay of the Lyapunov function and estimating

the domain of attraction of the Lyapunov function. The typical way of treating

bilevel programming problems, namely converting into mixed-integer nonlinear

programs (MINLP) and then calling global solvers, is presented.

• In Chapter 9, given the required rate of decay and domain of attraction, stochas-

tic programming formulations are derived for optimizing the Lyapunov function

in a parameterized form. ADMM algorithm as a distributed optimization algo-

rithm and stochastic gradient descent algorithm are used to solve the stochastic

programming problems.

• Based on the Lyapunov analysis and design, in Chapter 10, the concept of Lya-

punov dynamic flexibility of nonlinear chemical processes is introduced, and for-

mulations for Lyapunov flexibility analysis and optimal flexible process design are

given. An iterative correction factor-based algorithm is proposed for practical

solution of these problems.
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Figure 1.2: Model-based and model-free control driven by data.

1.3 Intelligence

While the development of process control algorithms typically relies on a dynamic model

of the system, the models of chemical processes are rarely available in certain, fully

accurate and constant forms. Models need to be identified or partially identified from the

observations, or data, from the plant during either offline test or online production mode.

Methods for model identification have been well studied [238], although a generic and

efficient method for nonlinear systems, especially when simultaneously combined with

the task of state observation, and when structural error exist so that the convergence

to accurate values can not be established, is lacking. The ideas of adaptive control and

dual control were proposed in the 1960s to allow the control and parameter estimation to

proceed simultaneously or even synergistically [111], although their practice in process

control is very limited so far. The incorporation of machine learning techniques in model

identification has been considered as a resort to handle complex systems more recently

[367].

Data can also drive the process control in another way – model-free control. An

illustration of the distinction between model-based and model-free control is given in

Fig. 1.2. In model-free control, instead of identifying a model that fully describes the

dynamic behavior of the object, one exploits learning techniques to find only some essen-

tially control-relevant information from the data. This dates back to the empirical PID

tuning rule of Ziegler and Nichols in 1942, where PID parameters are tuned by the fre-

quency and time constants obtained from a step test [490]. For linear systems, iterative

feedback tuning (IFT) [158] and virtual reference feedback tuning (VRFT) approaches

were proposed to obtain PID controllers that shape the closed-loop response [51]. More

generally for nonlinear systems, adaptive (approximate) dynamic programming, often
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also named reinforcement learning in artificial intelligence contexts, can be used to train

the controller based on the optimality principle, which has become more popular in the

recent years motivated by the development in deep neural networks [376].

Despite the above-mentioned developments, it is believed that the exploitation of

data in process control will continue to develop in theory and receive wider applications

in practice, especially with the rapid growth and common acceptance of machine learn-

ing. It is noteworthy that the following two issues, although often neglected, are always

important.

• While it is always possible, in principle, to use more complex models or model-free

descriptions of data, such as deep neural networks, to achieve higher accuracy, this

does not necessarily imply that such accurate but complex descriptions are easy

to handle (or “invert”) when using them for control purposes, e.g., as a part of

the nonlinear MPC problem to be solved in real time. Although success may be

made in small-scale and relatively simple processes, it is likely that the extension

of complex descriptions will suffer from the curse of dimensionality, for which

the identification and the utilization of such will result in a significant waste of

computational resources.

• While the pursuit of a model or data description that matches the data points

or trajectories themselves is desirable, it does not necessarily imply that such

a pristine objective always directly leads to good performance in control. For

control purposes, it should often be worth accounting for some control-relevant

information explicitly. Such control-relevant information provides more precise

and generalizable estimates or constraints about the manifold on which the system

evolves under its nonlinear dynamics.

Therefore, the information to be inferred from the data needs to be essentially relevant to

control. On one hand, this allows a circumvention of the need of identifying a complete

dynamic model or redundant dimensions in the descriptions of the dynamics. On the

other hand, the explicit and direct consideration of control-relevant information helps

to improve the performance of data-driven control due to better generalizability. Hence

the question of interest here is stated as follows.

Question 1.3. What is the essential control-relevant information and how to efficiently

learn such information from data?
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The author’s efforts on data-driven control are included in Part III of the thesis.

• In Chapter 11, the model identification problem is considered. It is proposed that

for nonlinear control strategies, the identification procedure should not only con-

sider the direct values of the model functions, but also in a Lie-Sobolev manner

by explicitly accounting for Lie derivatives as the essential control-relevant infor-

mation. Case studies are carried out on a non-ideal reactor and a reaction system

with complex reaction mechanisms.

• In Chapter 12, model-free control using adaptive dynamic programming is consid-

ered, where the optimal control law and cost functions as the essential information

are regressed from trajectory samples. Distributed optimization algorithms are in-

troduced to solve the problem, and the modifications for the circumstance under

input constraints are discussed. This approach applies to relatively simple and

state-observable systems.

• In Chapter 13, an input–output data-driven model-free control strategy is pro-

posed in view of the fact that the states may not be observable for chemical

processes. The method, called dissipativity learning control (DLC), is based on

learning the dissipativity property as the essential information from the trajectory

samples of the inputs and outputs. DLC is applied to the regulating control of a

polymerization reactor and the tracking control of a gas-phase reactor in periodical

modes.

• In Chapter 14, the DLC framework is further investigated. Under more standard-

ized procedures, the effect of statistical errors in sampling and inference on the

resulting controller synthesis is examined, which provides theoretical foundations

for this input–output data-driven control strategy. The advantage of DLC in com-

parison with a basic linear system identification-based optimal control strategy is

demonstrated with a two-phase reactor example.

1.4 Summary

This Ph.D. thesis collects most of my research works aiming at shrinking the gap be-

tween the currently existing methods and the outlook of more structured, optimal,

and intelligent solutions to the control of chemical systems. The contents of most of
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the following chapters are based on the author’s written journal and conference papers

(Chapter 2 – [409], Chapter 3 – [405], Chapter 4 – [408], Chapter 5 – [417], Chapter 6 –

[404], Chapter 8 – [410], Chapter 10 – [415], Chapter 12 – [407], Chapter 13 – [411]) with

necessary minor revisions. Chapters 7, 9, 11, 14 are not yet published, in which Chapter

7 is shared on arXiv [416]. The introduction and conclusion chapters use materials from

the author’s contributions in the review and perspective papers [77, 412, 76].
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I am to build beneath the water my bride room, 築室兮水中，

and thatch it with an aquatic lotus roof. 葺之兮荷蓋。

With a purple murex dresser and calamus walls, 蓀壁兮紫壇，

I spread scented pepper plants to decorate the halls. 播芳椒兮成堂。

Beams of orchid, pillars of cassia, 桂棟兮蘭橑，

lintels of magnolia, alcoves of angelica. 辛夷楣兮葯房。

Curtains woven from creeping figs knotted, 罔薜荔兮為帷，

and screens of cymbidiums that have blossomed. 擗蕙櫋兮既張。

Qu Yuan, “Nine Songs: Goddess of River Xiang” (excerpt), 3rd century B.C.

屈原《九歌·湘夫人》

Part I

Structuredness: Exploiting Network Topology to

Design Control Architectures
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Chapter 2

The Role of Community Structures in Sparse Feed-

back Control

2.1 Introduction

Large-scale and complex networks are ubiquitous in electric, traffic, biomolecular, eco-

nomic and social systems [58]. Such networks also arise in industrial systems such as

chemical and energy plants from the use of mass and energy integration [18]. Due to

the prohibitive cost of establishing and maintaining a fully centralized control for large-

scale systems, structured control schemes with a trade-off between control performance

and sparsity [183], including decentralized control and distributed control, have become

the status quo of research activities as well as industrial applications [11, 52]. Exten-

sive research in the late 1970s and early 1980s proposed system decomposition methods

for decentralized control according to the special hierarchical structure of strongly con-

nected components in the structural graph [49, 434, 321]. However, the effect of network

topology on the control performance, and the exploitation of network topology to assist

the control design, remain largely unexplored problems.

In the recently emerging discipline of network science, studies have focused on the

choice of minimum driving nodes to guarantee structural controllability and the relation

between structural controllability and network topological features [236, 237, 309, 399].

Structural controllability analysis has been applied to the pinning synchronization of

networks [390, 471]. Although these studies have offered abundant insights into the con-

trol of complex networks, the analysis is restricted to structural concepts, and important

practical issues including the design of decentralized or distributed control algorithms,

and the corresponding quantitative control performance, have not been addressed. With

this background, in this work we aim to explore the relation between network topology

and control performance.

Modular networks refer to networks composed of node subsets, called communities,

such that the interconnections between nodes in different communities are much sparser

than the interconnections between nodes in the same communities [114, 294]. In fact,

c©2019 IEEE. Reprinted, with permission, from W. Tang, P. Daoutidis. The role of community
structures in sparse feedback control. 2018 Annual American Control Conference (ACC), (June 2018).
DOI:10.23919/ACC.2018.8431002.
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modularity in the interaction patterns of system variables has always been the under-

lying and implicit principle guiding the design of decentralized and block-decentralized

control strategies in process systems [258, 192, 74]. The fact that modular networks

are ubiquitous in the biological world also suggests that network modularity may have

a strong correlation with control performance. While it has been evidently shown that

modularity does not contribute to the structural controllability of networks [325], the

effect of modularity on network control has not been quantified.

In this work, we investigate the control performance of modular networks under

sparsity-promoting control [228] and structured optimal control [226]. For a generic

network control problem, we show that as the cost of feedback channels increases, the

sparsity of feedback control is gradually promoted while the communities in the network

are preserved. A comparison in control performance and total control cost of networks

with different modularities is also performed, and shows a reduction of control cost in

modular networks when the cost of feedback channels becomes significant. Subsequently,

we focus on decentralized control architectures, and for modular networks, we reveal

the correlation between the control performance and the similarity of the decentralized

control architecture to the communities. Through these studies, we claim that the

community structures play an important role as the “core” of feedback control.

In the last part of the chapter we posit that the findings of our study, specifically

that modular networks are advantageous over non-modular ones in the total control

cost under significant feedback channel cost, provide a justification for the emergence

of modularity in the evolution of biological networks. We also point out that our con-

clusions offer a justification for decomposing a complex network for decentralized or

distributed control in the framework of community detection, which can be followed for

the design of control architectures for complex process systems.

2.2 Preliminaries

2.2.1 Modularity

Many real-world networks are modular networks that can be divided into subsets of

nodes, called communities, such that the interconnections between nodes in the same

communities are much denser than the interconnections between nodes in different com-

munities. The difference between inter-community and intra-community interconnec-

tions is quantified by modularity, first defined by Newman and Girvan in [296]. For an
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undirected unipartite network containing nodes 1, 2, . . . , n, the modularity Q is defined

as

Q =
n∑
i=1

n∑
j=1

(
aij
m
− kikj

m2

)
δ(Ci, Cj). (2.1)

In the above expression, aij is the (i, j)-th element of the adjacency matrix, i.e. aij = 1

if there is an edge between node i and j, and aij = 0 otherwise. ki and kj are the

degrees of nodes i and j, respectively, and m is the total number of edges

ki =

n∑
j=1

aij , m =
1

2

n∑
i=1

ki =
1

2

n∑
i=1

n∑
j=1

aij . (2.2)

Ci and Cj are the indices of the communities to which i and j belong, respectively.

δ(Ci, Cj) = 1 if Ci = Cj , i.e. nodes i and j are in the same community, and δ(Ci, Cj) = 0

otherwise. aij/m is the existing edge fraction between i and j, and kikj/m
2 is the

expected edge fraction connecting i and j when the edges are randomly redistributed

while preserving the degree of each node. The modularity Q is the intra-community

sum of these differences.

The community affiliation of each node C1, C2, . . . , Cn can in principle be determined

by maximizing Q over all partitions of nodes. The computational intractability of this

global modularity maximization problem necessitates efficient approximate algorithms.

Here we use the Louvain algorithm (also known as the fast unfolding algorithm) [39]

which is known to be the most efficient one for modularity maximization. The details

of this algorithm are omitted for brevity. 1

2.2.2 Network generation

For the purpose of this study, we generate generic networks with any desired modularity

by simulated annealing [196]. The process is initiated by generating an Erdős-Rényi

random graph where a given number of edges are randomly distributed. In this work,

we fix the node number as 100 and the edge number as 300, i.e., the average degree of a

node is k̄ = 6. At each iteration we randomly choose two edges and rewire them while

keeping the degree of the incident nodes unchanged. The change in the distance to the

1A Matlab implementation for Louvain algorithm is available at http://perso.uclouvain.be/

vincent.blondel/research/louvain.html.
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Figure 2.1: Networks of different modularities.

desired index value is then calculated:

∆ = |Qrewired −Qdesired| − |Qprevious −Qdesired|. (2.3)

The probability for substituting the previous network with the rewired new network

is exp(−β∆) if ∆ > 0 and 1 if ∆ ≤ 0. The annealing temperature parameter β is

gradually increased during the iterations. We adjust the parameters, including the

initial annealing temperature, temperature increment at each iteration, and number

of iterations, to produce a series of networks with a range of modularity as wide as

possible. Fig. 2.1 shows some networks generated with different modularities following

this procedure.

2.2.3 Sparsity-promoting control

The Laplacian dynamics is the most common form of dynamics associated with net-

works and has been extensively studied in the context of synchronization or consensus
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formation [307, 418]. In this system, each node corresponds to a state xi, whose value

is affected by the discrepancies with the states at adjacent nodes, a local manipulated

input ui and a local exogenous disturbance di:

ẋi(t) =

n∑
j=1

aij(xi(t)− xj(t)) + ui(t) + di(t), (2.4)

or in a compact form

ẋ = −Lx+ u+ d (2.5)

in which L is the Laplacian matrix of the network satisfying Lij = ki if i = j, Lij = −1

if aij = 1 and, Lij = 0 otherwise.

For the feedback control law u = −Fx where F is the feedback gain matrix, the

closed-loop system becomes

ẋ = −(L+ F )x+ d. (2.6)

The corresponding control performance is characterized by the H2 norm of the perfor-

mance output z = [R
1/2
1 x;R

1/2
2 u]:

J(F ) = trace(P ) (2.7)

where P � 0 is dependent on F through the following algebraic Lyapunov equation, in

which we assume R1 and R2 are equal to identity for simplicity

−(L+ F )P − P (L+ F )T + (R1 + FTR2F ) = 0 (2.8)

A small J(F ) indicates a small impact of the disturbance on the states and manipulated

inputs, and hence good disturbance rejection performance. Therefore J(F ) is considered

as a cost function of the feedback gain to be minimized.

However, minimization of J(F ) in general gives a centralized control with almost all

elements of F nonzero, i.e. feedback channels between almost all input-state pairs. This

is impractical for large-scale networks since the cost of maintaining feedback channels

should be taken into consideration. Here we use the formulation of [228] to promote

the sparsity of F so that a tradeoff can be reached. The cost of the feedback channels

is γcard(F ), in which the coefficient γ represents the cost of a single feedback channel,

and card(F ) is the number of nonzero gains in F . The optimization problem is then
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transformed into the following form

min J(F ) + γcard(G) s.t. F −G = 0 (2.9)

and solved using an alternative direction method of multipliers (ADMM) involving

iterative F - and G-optimization.2

2.3 Results

2.3.1 Sparsity-promoting control of modular networks

Fig. 2.2 shows the change of the feedback gains as the cost parameter γ increases for

a highly modular network with modularity Q = 0.78 and average degree k̄ = 6. The

adjacency matrix in Fig. 2.2(a) clearly exhibits a modular structure as the nonzero

adjacency elements are more densely concentrated in 6 diagonal square blocks.

When γ is small, the feedback channels do not contribute a significant cost. For

example, when γ = 10−6 (10−5), employing all 104 channels only costs 0.01 (0.1),

far less than the H2 norm value J = 14.9. Outside of the 6 diagonal blocks where

the nonzero adjacency matrix elements are concentrated, most of the gain elements

are nonzero (see Figs. 2.2(b) and 2.2(c)), which indicates that the feedback control

is shaped in a centralized pattern with dense inter-community feedback gains. On the

other hand, the feedback gains within the communities, and especially those on the main

diagonal line, i.e. the self-feedback gains, have larger values (as visualized with deeper

green colors), which suggests that intra-community feedback plays a more important

role than inter-community feedback.

As γ increases from 10−6 to 10−2, the number of feedback channels used to con-

trol the system gradually decreases to 1/5 of the total number (see Figs. 2.2(b)–(f)).

Under the influence of the increasing channel cost, the feedback channels between com-

munities are sacrificed while those inside the communities are preserved. The more

interactions exist between communities, the slower the inter-community feedback gains

are discarded, for example see the feedback between the 1st and the 6th community.

With the increase of γ, the control performance is maintained at almost the same level

as that of the centralized control (J increases from 14.90 to 14.93).

2A Matlab software for solving sparsity-promoting control problem with ADMM is available at
http://people.ece.umn.edu/users/mihailo/software/lqrsp/.
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Figure 2.2: Visualization of (a) the adjacency matrix and feedback gains at (b) γ = 10−6,
(c) γ = 10−5, (d) γ = 10−4, (e) γ = 10−3, and (f) γ = 10−2. A yellow pixel represents
a zero element. The pixel color approaches green when the gain becomes larger.

These results demonstrate that the communities in modular networks play the role

of “cores” that concentrate dense feedback channels with large feedback gains, which are

important for maintaining control performance and are not to be compromised under

increasing feedback channel cost.

2.3.2 Sparsity-promoting control of networks with different modular-

ities

We now investigate how the difference in modularity in networks influences the con-

trol performance. We first point out that network modularity does not lead to better
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Figure 2.3: Performance of centralized control (γ = 0).

performance if the control architecture is centralized (see Fig. 2.3). In fact, as the mod-

ularity increases, the H2 norm of the associated Laplacian dynamics slightly increases.

In other words, modular networks are not advantageous in the control cost over non-

modular ones, if the cost of feedback channels is not considered. Instead, as shown in

Fig. 2.3, the control performance is mainly determined by the average degree (or the

total edge number) of the network, which affects the self-stabilizability of the Laplacian

dynamics.

We proceed to compare networks with different modularities under sparsity-promoting

control. Networks with average degree k̄ = 6 are chosen for the comparison. Fig. 2.4

shows the changes of control performance, number of feedback channels, and the total

control cost as γ increases for 6 networks with different modularities. For γ between

10−4 and 10−2, the control performance is almost constant for each network, with only

very small increase (see Fig. 2.4(a)), while the feedback gains become sparser (see Fig.

2.4(b)). This result indicates that for any of network studied, regardless of its modu-

larity, only a portion of the total feedback channels is necessary for maintaining good

control performance. Therefore, the sparsity-promoting control framework can be ap-

plied to networks, whether modular or non-modular, to obtain a feedback control that

is much sparser than the centralized control but has good performance.
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Figure 2.4: The change of (a) the control performance, (b) number of nonzero feedback
gains, and (c) total control cost with the feedback channel cost γ for networks with
different modularities.

However, for networks with different modularities, the promotion of sparsity pro-

ceeds at different rates. At any same cost parameter γ, a much smaller portion of

feedback channels is used for networks with larger modularities than for networks with

smaller modularities. The reduction of feedback channels helps modular networks to

reach a lower total control cost as the cost of feedback channels becomes significant (see

Fig. 2.4(c)). For example when γ = 10−3, the network with Q = 0.78 uses about 3500

feedback channels while the one with Q = 0.20 uses about 9500. The reduction in total

control cost becomes larger as γ increases.

When γ exceeds the order-of-magnitude of 10−2, the cost of the feedback channels

exceeds the cost related to the control performance, and dominates the total control cost.

A portion of intra-community channels has to be sacrificed for sparsity, which results

in control performances significantly worse than those under centralized control. These

plots are omitted here due to space constraints. These results suggest that community-

based feedback control is the control of maximum “allowed” sparsity, beyond which the

sparsity can not be further promoted with good performance.

2.3.3 Structured optimal control under different decentralized archi-

tectures

In the sparsity-promoting control studied above, the feedback channels are concen-

trated yet not completely restricted in the communities. We now consider what we
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Table 2.1: Performance deterioration and number of feedback channels for community-
decentralized control

Q 0.20 0.30 0.40 0.50 0.60 0.70 0.78

p(%) 1.43 1.73 2.00 1.76 1.49 0.93 0.28
nnz 2640 2160 1670 1710 1682 1688 1674

term community-decentralized control, i.e. block-decentralized control such that nonzero

feedback gains are constrained to exist only between nodes in the same community. The

motivation for this is the fact that decentralized control is the most common practice

for large-scale systems. The performance that the community-decentralized control can

achieve is found by solving the following optimization problem:

min trace(P ) s.t. (2.8), P � 0, F ◦ S = 0 (2.10)

in which ◦ represents element-by-element product, and S is the binary matrix corre-

sponding to the prescribed structure of F . Sij = 1 if Fij is restricted to be 0, and Sij = 0

otherwise. The optimization problem (2.10) is solved by an augmented Lagrangian al-

gorithm proposed in [226].

Table 2.1 shows the performance of community-decentralized control, as character-

ized by the performance deterioration ratio p = (Jcommunity − Jcentralized)/Jcentralized ×
100%, and the number of nonzero feedback gains nnz. It can be seen that for networks

with different modularities, using community-decentralized control generally maintains

good control performance (within 2% of the centralized control performance), although

at lower modularities, the deterioration ratio is slightly larger and more feedback chan-

nels are used. In other words, as long as the feedback control architecture is designed by

using the communities, by optimally tuning the feedback gains, the control performance

approaches that of centralized control.

2.4 Conclusion and Discussion

Through the study of sparsity-promoting control of modular networks, we found that

communities in the network act as the “core” of feedback control in the following sense:

(i) With an increase in feedback channel cost, intra-community feedback channels are

preserved in priority. (ii) The control performance of community-decentralized control

is close to that of a centralized architecture. (iii) Compared to non-modular networks,
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modular networks have a faster sparsity promotion rate, which results in a reduction in

total control cost. Of course, these results are obtained for a specific network dynam-

ics, and the measures that quantify the control performance and the control cost are

also quite simplified. Yet the results document a meaningful, fundamental connection

between network topology and control performance.

2.4.1 The evolution of modularity in biological networks

Modular networks including metabolic, protein interaction, and transcription regulation

networks, are common in the biological world [114]. Many different hypotheses for the

evolutionary origins of modularity have been proposed without a consensus so far [190,

438, 206, 64, 259]. To our best knowledge, the reason for the emergence of modularity

in the biological networks during evolution has never been explicitly addressed within

a control perspective.

It is seen from our results that modular networks are not advantageous over non-

modular networks under centralized control. However, when the feedback control chan-

nels contribute a significant part of the cost, modular networks lead to largely reduced

cost and become advantageous in control (see Fig. 2.4). This is achieved by discard-

ing most of the inter-community channels and retaining the intra-community feedback

channels. Even when the control is forced to be decentralized (compartmentalized),

the communities in the network offer a natural architecture of community-decentralized

control, whose performance is almost as good as that of a centralized architecture.

It is reasonable to hypothesize that the unit cost of the feedback channels, γ, is

correlated to the magnitude and the frequency of the control signals. In biological

networks, the control signals are generated by the underlying molecular mechanisms

(enzyme synthesis, protein interactions, activity regulation), which consume materials

and energy. The more intense is the exogenous disturbance to the network, the more

expensive is the cost to maintain the feedback channels. Our conclusion that modular

networks are advantageous over non-modular ones at significantly large γ but disad-

vantageous at low γ is in accordance with the systems biologists’ observation that the

modularity is selected in frequently varying environments but anti-selected in constant

environments (see [190, 64] for example).

To exclude the possibility that the reduction of control cost is caused by some

unobserved change of another topological feature, we conducted a simulated annealing

experiment which reconfigures the network to minimize the total control cost given
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Figure 2.5: The correlation between total control cost and modularity.

γ = 10−2. To reduce the computational burden, we adjusted the number of nodes to be

40 and the average degree as k̄ = 3. Fig. 2.5 shows that the decrease in the total control

cost is accompanied by an increase in network modularity, albeit with some oscillations.

This corroborates the negative correlation between control cost and network modularity

under the requirement of sparsity. Since the simulated annealing involves a recursion of

rewiring and replacing the old network by the new one with a probability, similar to the

procedure of mutation and selection in the biological evolution, the simulated annealing

in concept simulates the evolutionary emergence of modularity in networks.

2.4.2 Design of architectures for process control

Model predictive control (MPC) has been one of the major topics in recent studies in

process control, and has been widely applied in industrial practice [274, 337, 454, 254].

Due to the high computational cost of a centralized MPC architecture, distributed

MPC has recently attracted a lot of attention [362, 63]. It is generally agreed that the

decomposition has an impact on the computational performance of distributed MPC

and an optimal decomposition should be found by analyzing the interactions in process

systems. However, for the majority of works in this field, the decomposition is chosen

intuitively.
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The systematic decomposition for distributed MPC has only been recently investi-

gated. Community detection methods have been proposed for input-output bipartite

graphs where the edges are weighted by interaction measures appropriately defined

[406, 408, 417] and system digraphs [180] to obtain decompositions of process networks.

Case studies with a specific process have shown a significant reduction in the compu-

tational cost resulting by these decompositions while retaining a satisfactory control

performance [327, 328].

The findings in this chapter serve as a conceptual justification for decomposing the

network for control in the framework of community detection. The communities in the

network correspond to the minimal subsystems which can be controlled separately while

maintaining control performance, and the decomposition according to the communities

achieves a good trade-off between control performance and computational cost.
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Chapter 3

Optimal Network Topology under Sparse Feed-

back Control of Laplacian Networks

3.1 Introduction

Large scale connected systems with complex functionalities, typically referred to as net-

works [295], are ubiquitous in biology, society and engineered systems. The emergence of

network science provides a wealth of methods of analyzing topological features of given

networks, e.g., distribution and correlation of node degrees [444, 22, 291], modularity

(the existence of node communities that are well-connected within but less connected

across communities) [296], and core-periphery structures (the existence of a small por-

tion of nodes well connected to all nodes) [351]. Based on the structural analysis of

networks, the effects of topological features on the network functionalities, such as re-

silience from attacks [364] and isolation of epidemics [441], have been addressed.

Control is an important aspect of networks. The feedback control mechanisms widely

existing in biomolecular pathways [172] and industrial plants [18] are crucial to their

normal functionality or operability. In the recent years, many works have focused on

specific forms of dynamics on networks, such as consensus dynamics [347, 471, 9], in

which the goal is to achieve the synchronization among network nodes (e.g., unmanned

vehicles). Studies of the effect of network topology on control have mainly focused on

choosing the minimum number of driver nodes to guarantee structural controllability

[236, 399]. From this point of view, however, real biological networks do not appear

to have evolved towards more controllable structures [325]. More recent research has

considered some control energy-related metrics [460, 315] and evaluated the role of

topological features in minimizing such metrics. However, these controllability or control

energy metrics correspond to open-loop rather than feedback controllers. Moreover, due

to the limitations of communication between the sensors and actuators on networks,

real-world feedback controllers need to be sparse, as in the context of decentralized and

distributed control in the engineering fields [73, 16].

In our recent works, we have aimed at understanding the effect of network topology

on control taking into account the sparsity of feedback controllers. In [409], we adopted

c©2019 Elsevier. Reprinted, with permission, from W. Tang, P. H. Constantino, P. Daoutidis.
Optimal sparse network topology under sparse control in Laplacian networks. IFAC-PapersOnLine
(Volume 52, Issue 20, December 2019). DOI:10.1016/j.ifacol.2019.12.193.
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the framework of [228] to reach a trade-off between control performance and controller

sparsity, and revealed the role of network modularity in promoting the controller spar-

sity while preserving good control performance in Laplacian networks. In [69], a larger

ensemble of Laplacian networks with diverse topological features were examined, and

it was shown that modular networks and highly hierarchical networks become advan-

tageous over other networks under moderate and high controller sparsity, respectively,

in the sense of a total control cost including the control performance and the controller

sparsity. In [68], such a total control cost was used as a fitness function and a genetic

algorithm was used to drive the network evolution; the emergence of modularity was

once again observed in this evolutionary process.

In this work, we extend our previous works to incorporate the network topology

(represented by the Laplacian matrix) as a variable to be optimized, and directly solve

for the optimal network topology and optimal controller with a trade-off between control

performance, network sparsity and controller sparsity. The formulation is similar to that

of [228] and that of [83] for finding a sparse representation of uncontrolled Laplacian

dynamics. Two trade-off parameters, standing for the cost of network edges and feed-

back channels, are used to account for the sparsity of the network and controller. As

these parameters increase, the sparsity of the network and the controller is promoted,

resulting in optimal network topologies with modular and hierarchical topological fea-

tures. These features are similar to ones that have been observed in biological networks.

Motivated by this, we discuss how the topology optimization procedure mimics a control

cost-driven evolution process. Also, for engineering networks (e.g., vehicle platoons or

chemical processes), our results suggest some principles of network topology design and

retrofit and controller synthesis.

3.2 Method

We consider undirected weighted networks. Denote by A the adjacency matrix, whose

(i, j)-th entry aij > 0 represents the weight of the edge between node i and node j in the

network. Laplacian dynamics is a common form of dynamics associated with networks,

where each node corresponds to a state xi, whose time rate of change is affected by

the differences with its neighboring nodes, a local control input ui and a exogenous

27



disturbance di:

ẋi(t) = −
n∑
j=1

aij(xi(t)− xj(t)) + ui(t) + di(t). (3.1)

For any node i, let ki be its degree, namely the sum of the weights of all edges incident

to it, i.e., ki =
∑

j aij . Let L be the Laplacian matrix of the network. Then its elements

satisfy lij = ki if i = j and lij = −aij if i 6= j. Then (3.1) can be written as

ẋ = −Lx+ u+ d (3.2)

where u and d are the vectors of control inputs and disturbances, respectively. Given a

feedback gain matrix F such that u = −Fx, with the (i, j)-th element fij representing

the feedback gain from xj to ui, the control performance considered by [228] is the

H2-norm of the system with d as inputs and z = [R
1/2
1 x;R

1/2
2 u] as outputs:

J(L,F ) = trace(P ). (3.3)

Here P is a positive definite matrix dependent on F through the following algebraic

Lyapunov equation

−(L+ F )P − P (L+ F )> + (R1 + F>R2F ) = 0. (3.4)

We assume that the weighting matrices R1 and R2 for the states and control inputs

in z are equal to the unit matrix for simplicity. A small value of J(L,F ) indicates

good performance of disturbance attenuation. Therefore, J(L,F ) is considered as a

cost function of the feedback gain to be minimized.

The minimization of J(L,F ) alone usually does not give a Laplacian matrix of a

sparse network and the feedback gain matrix of a sparse controller. To account for net-

work and controller sparsity, we add two regularization terms γLcard(L) and γF card(F )

to the H2 norm for minimization, where card is the cardinality function counting the

number of nonzero entries in matrices, and γF and γL are the parameters standing for

the cost of each feedback channel and network edge, respectively. As parameters γF

and γL increase, the relative importance of controller and network sparsity over control

performance in the objective function increases, thus promoting the adoption of sparser
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controllers and network topologies. The resulting optimization problem is expressed as

min J(L,F ) + γLcard(L) + γF card(F )

s.t. lij = lji ≤ 0, ∀i, j; lii = ki,
∑
j

lij = 0, ∀i. (3.5)

The constraints on the elements of L require that L be a Laplacian matrix of some

network with the degree of each node fixed (otherwise the degrees can be infinitely

large to minimize the J(L,F )). The degrees of the nodes can be assigned by a graph

generation model, such as Erdős-Rényi and Barabási-Albert [295], which also generates

an initial guess of the network topology.

[228] solved the above problem for the case of fixed L (given network) to obtain a so-

called sparsity-promoting controller using an alternative direction method of multipliers

(ADMM) algorithm. Here we solve (3.5) following a similar procedure. The variables F

and L are first duplicated with equality constraints (L = L̄, F = F̄ ), and an augmented

Lagrangian is constructed:

L(L,F, L̄, F̄ ) =J̄(L,F ) + γLcard(L̄) + γF card(F̄ )

+ 〈ΛL, L− L̄〉+
ρL
2
‖L− L̄‖2 + 〈ΛF , F − F̄ 〉+

ρF
2
‖F − F̄‖2,

(3.6)

where J̄(L,F ) = J(L,F ) if L satisfies the constraints in (3.5) and J̄(L,F ) =∞ other-

wise, ΛF and ΛL are dual matrices, ρF and ρL are penalty parameters, the inner product

〈·, ·〉 between symmetric matrices is the trace of their product, and ‖ · ‖ stands for the

Frobenius norm. The arguments are updated in a block coordinate descent manner fol-

lowed by dual updates iteratively until convergence, i.e., in each iteration, the following

steps are executed:

(L,F ) := arg min
L,F
L(L,F, L̄, F̄ )

L̄ := arg min
L̄
L(L,F, L̄, F̄ ), F̄ := arg min

F̄
L(L,F, L̄, F̄ )

ΛL := ΛL + ρL(L− L̄), ΛF := ΛF + ρF (F − F̄ ).

(3.7)

The updates of the duplicated variables L̄ and F̄ can be solved analytically. One
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can show that

l̄ij =

0, lij + λL,ij/ρL ≥ −
√

2γL/ρL

lij + λL,ij/ρL, otherwise
(3.8)

where l̄ij and λL,ij is the (i, j)-th entry of L and ΛL, respectively. A similar formula

holds for the F̄ entries with the subscripts L substituted by F . The minimization of

(L,F ) does not possess a closed-form expression and L is subject to the constraints in

(3.5). To simplify the (L,F )-minimization step, we approximate the nonlinear objective

function L with its linearization at the previous value of (L,F ), denoted by (L0, F0).

Specifically, let L̃ = L̄− (1/ρL)ΛL and F̃ = F̄ − (1/ρF )ΛF . Then we have

L =J̄(L,F ) +
ρL
2
‖L− L̃‖2 +

ρF
2
‖F − F̃‖2 + const.

≈〈∂J
∂L

∣∣∣∣
(L0,F0)

, L− L0〉+ 〈 ∂J
∂F

∣∣∣∣
(L0,F0)

, F − F0〉+
ρL
2
‖L− L̃‖2 +

ρF
2
‖F − F̃‖2 + const.

(3.9)

The partial derivatives of J are calculated to be

∂J

∂L

∣∣∣∣
(L0,F0)

= −2P0G0,
∂J

∂F

∣∣∣∣
(L0,F0)

= 2(F0 − P0)G0 (3.10)

with the symmetric matrix G0 being the solution of a Lyapunov equation

(L0 + F0)G0 +G0(L0 + F0)> = I (3.11)

and P0 determined from (3.4) with L and F replaced by L0 and F0, respectively. This

leads to the approximate optimizers of F in the form of

F := F̃ − 2

ρF
(F0 − P0)G0 (3.12)

and of L by solving a quadratic programming problem

L := arg min
ρL
2
‖L− L̃‖2 − 2〈P0G0, L− L̃〉

s.t. lij = lji(∀i, j), lii = ki,
∑
j

lij = 0 (∀i). (3.13)
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It is not hard to prove that the solution to (3.13) is

L = Q−Diag(diag(Q)) + Diag(k) + [Diag(µ)− 1

2
µe> − 1

2
eµ>] (3.14)

where Q = L̃+ (1/ρL)(P0G0 +G0P0) and

µ =
1

n− 2
[2v − e>v

n− 1
e], v = Qe− diag(Q) + k. (3.15)

In the above expressions we denote by diag(Q) the vector of diagonal entries of Q,

Diag(·) for any vector the diagonal matrix whose nonzero entries are the components of

this vector, e the vector whose components are all equal to 1, and k = [k1, k2, . . . ]
> the

column vector of node degrees.

3.3 Results

We first generate an unweighted Erdős-Rényi random network of N = 100 nodes with a

connection probability p = 0.06, which is shown in Fig. 3.1 and has an average degree

of k̄ = 5.96. It does not exhibit any significant topological characteristics. If the cost

of feedback channels γF = 0, under the given topology, the minimization of the H2

norm J(L,F ) leads to a feedback gain matrix F where all the elements are nonzero,

i.e., the best-performing controller is non-sparse. If the cost of network edges γL is also

0, starting from the current random topology, the network will be optimized towards

a fully-connected structure (i.e., a complete graph) in which the weight of each edge

takes a small positive value. This is due to the fact that when the mutual influences

between the nodes are small and widely distributed, the dissemination of exogenous dis-

turbances along the edges becomes weak and can be well suppressed by small feedback

control signals. However, such non-sparse controller and non-sparse network topology

are undesirable in that they require a heavy load of feedback information transfer be-

tween all the states and all the inputs, and a dense pattern of physical interactions

between all the nodes on the network. Whenever it is reasonable to consider the feed-

back channels and network edges as associated with an extra cost, the optimal network

topology and feedback controller need to be solved with a trade-off between the control

performance and sparsity in the form of (3.5).

Here we solve problem (3.5) according to the linearized ADMM algorithm described

in the previous section, with the node degrees determined by a random network of
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Figure 3.1: A random Erdős-Rényi network.

N = 100 and p = 0.06. The best achievable control performance for such a random

network is J ≈ 10. Hence we choose the range of the cost of feedback channel γF

and the cost of network edge γL within the range of [10−4, 10−2], such that under low

values of γ parameters, the densest matrices of F and L (card(F ) = card(L) = 104)

result in costs of feedback channels and network edges in the order of O(1) (much lower

than J), and under high values of the γ parameters, such dense matrices F and L

result in costs around O(102) (much higher than J), thus promoting sparse L and F

matrices. In the ADMM algorithm, the two penalty parameters are empirically chosen

as ρL = max(3[log10(γL)]+3, 10−3/γL) ([·] is the roundoff integer) and ρF = 10 to improve

the convergence of the algorithm.

First we consider the case where γL is small, so that the network topology remains

an almost complete graph with small edge weights with almost all node pairs, and γF is

varied. As γF increases from 10−4 to 10−2, the optimized feedback gain matrices with

increasing sparsity are visualized in Fig. 3.2. It is observed that the controller sparsity

is promoted by discarding the feedback channels between nodes of low degrees while

keeping the channels from high-degree nodes to the rest of the nodes. The high-degree

nodes, by their interaction with more neighboring nodes, better dissipate the effect of

disturbances. Hence the information of high-degree states is more valuable as a source

of computing the control signals.

Next, consider the case where γF is small, so that a dense controller can always be

employed, and γL is varied. The optimized network topology under different values of

γL is illustrated in Fig. 3.3. With increasing promotion of the network sparsity, an
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Figure 3.2: Optimal feedback gains under γF = 10−4, 10−3 and 10−2 (from left to right)
and γL = 10−4. A blue pixel stands for 0 and a yellow pixel corresponds to a nonzero
feedback gain. The number of the nodes are sorted in the ascending order of their
degrees.

increasing number of nodes escapes from the dense component and remains connected

to it with fewer edges. When γL reaches a high value, a modular feature emerges on the

optimal network topology. As observed from the last subplot of Fig. 3.3, the majority

of the nodes belong to 3 groups (called communities). The connections inside the

communities are dense, but the communities are mutually disconnected, except that all

of them are linked to a small number of high-degree nodes. The community detection

procedure of [296] confirms the existence of 3 communities (apart from the 6 nodes

adjacent only to the high-degree nodes), as marked by the node colors in Fig. 3.3, and

a modularity level of 0.3557. The nodes that interconnect the otherwise disconnected

components of the network are said to have high betweenness centrality, in the sense that

they act as “hubs” that must be passed through on the shortest path between nodes of

different communities. They can also be considered as the shared parts of overlapping

communities, or “kernels” that form a hierarchy with the ordinary community nodes.

The adjacency matrix of the modular network and its optimized feedback gain ma-

trix are shown in Fig. 3.4. By arranging the node indices according to their community

affiliations, the adjacency matrix exhibits a block diagonal pattern. Comparing the feed-

back gain matrix to the adjacency matrix, we observe that despite under a sufficiently

low feedback channel cost γF , the sparsity of controller is automatically promoted to a

certain extent (with card(F )/N2 = 0.3435). The nonzero controller gains exist mainly

between the nodes within the same communities, and between the first two communities

with strong interactions through the high-degree nodes.
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Figure 3.3: Optimal network topology under γL = 10−4 (upper left), 10−3 (upper right),
10−2.5 (lower left) and 10−2 (lower right) and γF = 10−4. The community structures in
the last network are marked by different colors of nodes.

Figure 3.4: Adjacency matrix of the optimized network topology where the pixel color
ranging from blue to yellow stands for edge weight in [0, 1] (left), and feedback gain
matrix (right) where yellow pixels stands for nonzero gains and blue ones stands for
zeros, obtained under γL = 10−2 and γF = 10−4.

To summarize, γF increases the controller sparsity by preferentially preserving the

feedback channels from high-degree nodes, and γL promotes the network sparsity by
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encouraging the emergence of modularity and hierarchy. We finally investigate the

case with the values of both γL and γF to be high enough to make both the network

topology and feedback controller sparse. For γL = 10−2 and γF increased from 10−4

to 10−2, the obtained feedback matrices are visualized in Fig. 3.5. With the increase

of γF , the controller sparsity is further improved both inside the communities and

across communities. As a result, most feedback channels become concentrated inside the

communities. The inter-community channels are gradually removed with the exception

of those linked to the high-degree nodes bridging the communities. Such an architecture

is typically referred to as a distributed and hierarchical one. Specifically, in distributed

control [73], the system is considered as comprising of several distributed subsystems

and the control mechanisms exist only locally inside the systems; in hierarchical control

[362], the controller allows the subsystems to communicate with a coordinator on a

higher level. The distributed/hierarchical control architecture is in accordance with the

network topology, as the community structures and high-degree, high centrality nodes

play the roles of distributed subsystems and coordinators, respectively.

3.4 Discussions

Through the optimization of network topology together with its feedback controller,

we have highlighted the importance of topological features including modularity and

hierarchy. These features are common in real-world networks, such as in biological ones

capturing protein interactions and gene regulation [342, 184, 114]. In fact, many works

by systems and computational biologists have attempted to understand the evolutionary

origins of topological features of biological networks (see, e.g., [190, 64, 260]), especially

modularity and hierarchy. However, the importance of network topology on the cost of

control in terms of control performance and sparsity has not been explicitly considered.

On the other hand, the control mechanisms in biological networks are distributed and

hierarchical (see, e.g., [89]), while the relation between the control architecture and the

topology of the network under control has attracted little attention.

The optimization procedure as described in Section 3.2 can be interpreted within

an evolutionary perspective as a deterministic emulation of the evolution of network

topology driven by the total cost as specified by the objective function in (3.5). The

optimization is performed with iterative updates, during which the intermediate solution

at each iteration possesses similarities (inherited traits) from the previous iteration as
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Figure 3.5: The optimal feedback gain matrices under γF = 10−4 (upper left), 10−3

(upper right), 10−2.5 (lower left) and 10−2 (lower right) under γL = 10−2. Blue and
yellow pixels stands for zero and nonzero entries, respectively.

well as differences (directed mutations) to be accumulated throughout the iterations

(generations). The triggering mechanism of such directed mutations lies in (3.9), where

the ∂J/∂L and ∂J/∂F drives the network to seek a new topology and a new controller

that potentially give a better control performance, while the ‖L − L̃‖2 and ‖F − F̃‖2

terms adjust the update direction to account for sparsity requirements. The penalty

parameters ρF and ρL act as resistance forces that determine the rate of evolution. The

dual matrices ΛF and ΛL serve as a posteriori fitness indicators assessing whether the

performance-sparsity trade-off has been well achieved, whose values will be used in the

next iterations and influence the subsequent evolution.

Therefore, this study, together with our previous works [409, 69, 68], proposes a new

hypothesis that the topological features widely existing in biological networks, including

modularity and hierarchy, together with their control (regulatory) mechanisms, are the

consequences of an evolution process driven by control performance (i.e., disturbance
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rejection or stability) and sparsity (i.e., complexity of the system and its control mech-

anisms). During the evolution, the degrees of the nodes are considered as fixed at the

values of the initial network, thus preserving the degree distribution in the generative

model of the network.

The simultaneous optimization of network topology and controller also provides

principles on the design and retrofit of networked engineering systems, such as unmanned

vehicle networks or integrated and intensified chemical processes, that are restricted by

sparsity of the network and controller. Specifically, with the distributed and hierarchical

control architectures widely applied to industrial systems [362, 63], we suggest that

network systems should be designed with modular features on the majority of low-

degree nodes and a hierarchical feature between the high-degree nodes and low-degree

nodes. On the other hand, given such a networked system, distributed/hierarchical

control architectures should be designed based on the analysis of the underlying network

topology, which has been addressed by the authors in the context of controlling chemical

plants [77].

Remark 3.1. We note that in the majority of relevant studies where a desirable net-

work topology needs to be constructed, simulated annealing has been adopted as a stan-

dard metaheuristic approach to the optimization of networks due to their combinatorial

nature. In simulated annealing, the edges are repeatedly rewired in a trial-and-error

manner and accepted with a probability based on the effect of such rewiring on the ob-

jective function. The computational inefficiency of such a procedure largely prohibited

the application to networks of moderately large sizes. In this study, we avoid this is-

sue by considering the network as weighted and represented by a Laplacian matrix of

continuous-valued entries, and regularizing the number of network edges by a cost γL in

optimization.

3.5 Conclusion

In this work, we proposed an optimization formulation for directly finding the optimal

network topology with a trade-off between control performance, feedback controller

sparsity and network sparsity, which is solved via a linearized ADMM algorithm. By

optimizing such sparse networks under sparse controllers, networks with modular and

hierarchical topological features have been obtained, with a distributed and hierarchical
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control architecture. These results are in accordance with the observations in real-

world biological networks, and allow the interpretation that these topological features

have resulted from a control performance and sparsity-driven evolution process. In

the future work, it is worth investigating how such conclusions can be extended to

more general linear, nonlinear, or multivariable node dynamics, and systems where the

feedback channels are restricted by a communication graph structure [308, 227].
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Chapter 4

Network Decomposition for Distributed Control

by Community Detection in Input–Output Bipar-

tite Graphs

4.1 Introduction

Large-scale systems with complex interconnections, including biomolecular reactions

[398], electric grids [103], cyber-physical systems [194], and chemical processes [18], typ-

ically exhibit a networked structure. In recent years, a large volume of literature has

emerged on the control and control-relevant analysis of network systems [15, 262, 143].

Distributed control plays a central role in the control of such systems [11]. It is based on

a decomposition of a large-scale network into constituent subsystems, each controlled by

a local controller with some degree of communication between controllers. Distributed

control has been pursued in the context of typical network control problems such as con-

sensus and formation control [307, 418, 306], for which there are well-identified agents

to be coordinated. For more general linear network systems under linear control, signif-

icant effort has been put on the design of well-posed and stabilizing distributed control

laws [73, 210], robust stability analysis [6, 488] and optimal control [277, 228].

A related direction of research of particular importance to process systems is the

design of distributed model predictive control (MPC) schemes (see e.g. [362, 63, 288]).

Such controllers retain the inherent advantages of MPC (e.g. flexibility of using differ-

ent control objective functions, potential of optimizing process economics, and direct

handling of constraints) while addressing its key limitation when applied to large-scale

nonlinear systems, namely the prohibitive cost of the repeated on-line solution of the un-

derlying dynamic optimization problem. In distributed MPC, the plant is decomposed

into constituent subsystems, and the optimal control problem is solved in a distributed

manner, with some information sharing between the controllers [232, 109, 422]. In

tightly interconnected plants with an underlying networked structure the decomposi-

tion of the system into the distributed architecture is both important and difficult to

determine due to the strong and often hidden interactions among the process variables.

It is well recognized that the optimal decomposition for nonlinear distributed MPC, i.e.,

c©2018 Elsevier. Reprinted, with permission, from W. Tang, P. Daoutidis. Network decomposition
for distributed control through community detection in input–output bipartite graphs. Journal of
Process Control (Volume 64, April 2018). DOI:10.1016/j.jprocont.2018.01.009.
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the optimal allocation of the process variables into the distributed control subsystems

in order to reduce the computational effort without compromising control performance,

is an open and challenging problem [362, 63].

Large-scale system decomposition has a long history, especially in the context of

decentralized control. Early efforts seek to detect the underlying acyclic pattern and

permute the system into a hierarchy of subsystems, so that the subsystems become

controllable in sequence [393, 380]. This decomposition is achieved through graph-

theoretic search of strongly connected states [265, 434] or acyclic input-output reachable

systems [321], with sufficiently small elements in the coefficient matrix neglected [372].

Later studies [478, 381] considered the situation when the system has a small number

of complicating components between otherwise separable subsystems and thus exhibit

bordered block diagonal interaction pattern. However, the special graph structures

required for these rearrangements are usually restrictive for process systems, due to the

complex interactions between the system states and the existence of recycle structures.

On a different vein, several papers considered the design of decentralized control

architecture as an optimal graph partitioning problem. In [146], the number of intercon-

necting edges is to be minimized, with size restrictions in the corresponding subsystems.

In [303, 304, 101], algorithms to partition networks into subnetworks of approximately

equal sizes with minimized interconnections were developed. The work in [25] sought

to partition the graph with a trade-off among subsystem sizes, interconnections, pair-

wise distances and information relevance. The work in [186] proposed using a system

digraph representation with sensitivity weights with a merging scheme based on LQG

regulator metrics. In [456], a computationally expensive genetic algorithm was applied

to optimize the effect of decompositions on the control performance for linear systems.

Several other papers have considered application-specific decompositions [53, 197, 284].

From the perspective of network theory, network decomposition can be considered

as a community detection problem. Community detection aims to divide the vertices of

a graph into subsets (communities), such that the links inside communities significantly

exceed the links between communities [114, 294]. The use of community detection in the

context of control-relevant decomposition has only recently been pursued. A hierarchical

agglomerative clustering approach has been proposed for the generation of input-output

clusters with strong intra-cluster interactions (in an input-output connectivity sense)

and weak inter-cluster coupling; agglomerative clustering [153] and divisive clustering

approaches have been followed for this purpose [152] to produce candidate structures
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with different extents of decentralization. Graph theoretic formulations of these methods

and a-posteriori assessment of optimality of the resulting clusters using modularity were

proposed in [188], and extended to PDE-governed systems [267]. Recently, community

detection in the system digraph based on modularity maximization was proposed to

generate well-decoupled subsystems containing inputs, states and outputs [180]. This

approach is based on pure connectivity considerations.

We note that pure variable connectivity such as the one used in [180] does not

account for the intensity of input-output interactions. On the other hand, classical

interaction measures based primarily on relative gain array [258, 192] do not account

for the network topology. A combination of connectivity and response sensitivities (the

coefficients of the linearized system), in the form of a relative sensitivity array (RSA),

was recently proposed [468] and used in the context of input-output pairing, yet not in

the context of network decomposition for distributed control.

In this work, we define a new interaction measure combining connectivity and re-

sponse sensitivities, which we term input-output affinity, and use it as the edge weight

in an input-output bipartite graph. We establish that input-output affinities capture

the intensity of short-time interactions and hence are suitable measures for decompos-

ing networks for the application of nonlinear model predictive control, where, due to

the need for repeated solution of dynamic optimization problems the prediction hori-

zon over which the optimization problem is solved is usually short. To account for the

network topology in the decomposition we focus on the problem of input-output par-

titioning such that intra-subsystem input-output interactions are significantly stronger

than inter-subsystem interactions. This is formulated as a community detection prob-

lem on the weighted input-output bipartite graph. The method of [23], which allows

forming communities from both independent vertex sets (containing the inputs and out-

puts in our case) of a bipartite graph using modularity maximization, is adopted for the

solution of this problem. A chemical process network example is used to illustrate the

application of the proposed method.

4.2 Barber’s Method for Community Detection

The problem of community detection in networks has been studied extensively in net-

work science (see [115] for a recent review). Among the numerous algorithms of commu-

nity detection, modularity-based methods stay as the mainstream, which consider the
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community detection problem as the maximization of a quality function, called modu-

larity, defined for any partition of the nodes of the network. Modularity captures the

difference between the number of intra-community edges in the network and its expected

value in a randomized counterpart, thus characterizing the statistical significance of the

existence of communities in the network [127]. The global optimization of modular-

ity over all possible partitions is an NP-hard problem [46]. Approximate algorithms

have been adopted instead to make the modularity maximization problem computa-

tionally tractable. Newman’s spectral method for unipartite networks [293] performs

the community detection by recursive bisections, in which each bisection is determined

by the spectral decomposition of a modularity matrix and an additional adjustment

(fine-tuning) step. Barber’s method [23] is an extension of Newman’s spectral method

to bipartite graphs, aiming at detecting communities comprising of vertices from both

independent vertex sets of such networks. This is the method that will be used in this

chapter. The procedure is described below.

Consider a bipartite graph in which U = {ui|i = 1, . . . , p} and Y = {yj |j = 1, . . . , l}
are two independent sets of vertices such that an edge exists between a vertex in U

and another vertex in Y . For unweighted graphs, let aij be the (i, j)-th element of the

bipartite adjacency matrix, such that aij = 1 if there is an edge between ui and yj , and

aij = 0 otherwise. Let: β(ui) be the degree of ui, namely the number of edges linking

ui and a vertex in Y ; β(yj) be the degree of yj , namely the number of edges linking a

vertex in U and yj ; and β be the total number of edges, i.e.,

β(ui) =
l∑

j=1

aij , β(yj) =

p∑
i=1

aij , β =

p∑
i=1

l∑
j=1

aij . (4.1)

As there are β edges in total, of which β(ui) are incident with ui, the likelihood for

an edge to be incident with ui is β(ui)/β. Similarly, the likelihood for an edge to be

incident with yj is β(yj)/β. The product β(ui)β(yj)/β
2 can then be viewed as the

likelihood for an edge to exist or the expected fraction of edges between ui and yj . The

difference between the fraction of edges between ui and yj and its expected value,

bij =
aij
β
− β(ui)β(yj)

β2
=

aij∑p
i′=1

∑l
j′=1 ai′j′

−
∑p

i′=1 ai′j
∑l

j′=1 aij′(∑p
i′=1

∑l
j′=1 ai′j′

)2 (4.2)

is a modularity measure for a pair (ui, yj) that captures the extent that the relation
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between ui and yj is closer than randomly expected. For a weighted graph where aij is

a positive real number, bij can be defined in the same way as above.

“Good” communities comprising of vertices from U and Y are those whose members

ui and yj have a positive, large bij . For a partition P of U ∪Y into disjoint communities

Ck, k = 1, 2, . . . , its modularity Q(P) is defined as the sum of all intra-community bij :

Q(P) =
∑
Ck∈P

 ∑
yj∈Ck

∑
ui∈Ck

bij

 . (4.3)

The optimal partition of a bipartite graph can be addressed through recursive bisections.

The bisection of a subset of vertices C ⊆ (U ∪Y ) is chosen by maximizing the bisection

modularity increase ∆Q. Suppose there are pC vertices in C ∩ U and lC vertices in

C ∩ Y . Define BC ∈ RpC×lC as the modularity matrix of C, formed by the bij for

ui, yj ∈ C. Let s ∈ RpC and t ∈ RlC be the vectors indicating the decision of allocating

vertices in C into two subsets C1 and C2

si =

1, ui ∈ C1

−1, ui ∈ C2

, tj =

1, yj ∈ C1

−1, yj ∈ C2

. (4.4)

The modularity change after the bisection can be expressed as [293]

∆Q =
1

2
(s>BCt− 1>BC1). (4.5)

The second term 1>BC1 is fixed, and can be viewed as a modularity loss when C is

collapsed and its elements are not grouped. The first term s>BCt can be viewed as a

modularity gain when all members of C are reorganized into C1 and C2 according to s

and t. This term is to be maximized by a proper choice of s and t. For the trivial choice

s = t = ±1, ∆Q = 0. When this trivial choice is optimal, C should not be divided.

The maximization of G = s>BCt is naturally associated with the largest singular

value of BC . Consider the singular value decomposition of BC

BC =

min{pC ,lC}∑
a=1

σauav
>
a , (4.6)

where σ1 ≥ σ2 ≥ · · · ≥ 0 are the singular values, and ua ∈ Rpc and va ∈ Rlc are
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mutually orthogonal groups of unit vectors. Then

s>BCt =

min{pC ,lC}∑
a=1

σa(s · ua)(t · va). (4.7)

Note that s and t have fixed norms and restricted orientations since their dimensions

are fixed and their components are ±1. Suppose that s and t are allowed to point at any

direction on the spheres prescribed by their norms. Then s>BCt is maximized when

s and t are parallel to u1 and v1, the vectors associated with the maximum singular

value of BC , σ1. Under the restriction on the orientations, choosing s that is “the most

parallel” to u1 and the t that is “the most parallel” to v1, an approximately optimal

solution can be obtained as

s = sign(u1), t = sign(v1), (4.8)

i.e., si = 1 if u1,i > 0 and −1 otherwise, and ti = 1 if v1,j > 0 and −1 otherwise.

Since (4.8) is an approximation, a fine-tuning step is needed. After obtaining the

bisection according to (4.8), we scan every element in C1 (and C2) to examine whether

moving it into C2 (C1) (i.e., flip the sign of each component of s and t) increases

modularity. The move with the largest modularity increase is carried out. We continue

scanning and moving elements until no further increase is available. In this way, a

bisection with a maximal ∆Q is obtained. If the maximal ∆Q is positive, then C is

divided according to the current s and t by (4.4). Recursive bisections are performed

until further bisection does not yield any increase in modularity.

4.3 Community Detection in Input–Output Bipartite Graphs

4.3.1 Problem formulation

We consider nonlinear systems in the control-affine form

ẋ = f(x) + g(x)u, y = h(x) (4.9)

where x(t) ∈ Rn, u(t) ∈ Rp, y(t) ∈ Rl. f(x) ∈ Rn, g(x) ∈ Rn×p and h(x) ∈ Rl are

smooth functions. x is the vector of state variables whose evolution is dependent on

the manipulated inputs u, and y represents the outputs of the system that need to be
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controlled. Let x̄ be the operational steady state at which the states should be controlled

at. The equations are transformed such that f(x̄) = 0, i.e., x̄ is an equilibrium point

under zero input. We denote by Lf the Lie derivative in the direction of vector field

f(x), and by rij the relative degree between ui and yj , i.e., the smallest positive integer

such that LgiL
rij−1
f hj(x) 6= 0 or rij =∞ if such a positive integer does not exist.

Given a system (4.9), we aim to construct a bipartite graph of inputs and output,

i.e., a bipartite graph with U = {ui|i = 1, . . . , p} and Y = {yj |j = 1, . . . , l}. We assign a

weight to each edge to account for the interaction of inputs and outputs, and specifically,

to capture the short-time response of outputs over the inputs.

4.3.2 Weighted system digraph

For the system (4.9), a digraph can be derived (see e.g. [74]) as a directed graph with

vertices representing the components of u, x, y and edges from ui to xk if gki 6≡ 0, from

xk to xl if ∂fl/∂xk 6≡ 0, and from xl to yj if ∂hj/∂xl 6≡ 0. It was proved in [74] that

rij = lij − 1, where lij is the length of the shortest path from ui to yj in the unweighted

system digraph. This establishes relative degree as a measure of dynamic interaction

between ui and yj , which captures the sluggishness of the response of yj to a change in

ui. Specifically, when ui is a unit step input and other inputs are kept at 0, rij is the

lowest order of nonzero time derivative of yj at the initial time [74]:

drijyj
dtrij

∣∣∣∣
t=0

= LgiL
rij−1
f hj(x̄). (4.10)

In what follows we define a weighted system digraph where a weight is assigned on

each edge to capture the intensity of the initial response. We begin by considering the

response sensitivities for each edge in the system digraph, defined as the corresponding

coefficients in the linearized system around the operation point, x̄,

S(ui, xk) = gki(x̄), S(xk, xl) = ∂fl(x̄)/∂xk, S(xl, yj) = ∂hj(x̄)/∂xl. (4.11)

Assumption 4.1. We assume that if gki 6≡ 0 (∂fl/∂xk 6≡ 0, ∂hj/∂xl 6≡ 0), the corre-

sponding sensitivity S(ui, xk) 6= 0 (S(xk, xl) 6= 0, S(xl, yj) 6= 0) at x̄. In other words,

there is no edge with sensitivity 0.
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We now define the edge weights in the equation graph as

w(ui, xk) = 1− log |S(ui, xk)|, w(xk, xl) = 1− log |S(xk, xl)|,

w(xl, yj) = − log |S(xl, yj)|.
(4.12)

The weights comprise of two terms. The first is due to the dynamic effect of the first

variable on the second, assigned to be 1 when there is a differential equation involved

(such as in input-state edges or state-state edges), and 0 when there is an algebraic

relation between the variables (state-output edges). The second term accounts for the

response sensitivity. The use of − log makes the weights negatively correlated to |S| and

closer to a notion of distance, and relates the multiplication of sensitivity coefficients

with the summation of weights, thus allowing expressing the composite effect of an input

on an output through input-output paths in an additive way.

Specifically, let P denote an input-output path and e ∈ P the edges in the path.

The length of the path L(P ) is defined as

L(P ) =
∑
e∈P

w(e). (4.13)

Suppose that this path passes through N(P ) state variables x1, x2, . . . , xN(P ). Then,

given the definitions (4.12),

L(P ) = N(P )− log
∏
e∈P
|S(e)| = N(P )− log

∣∣∣∣g1i
∂f2

∂x1
. . .

∂fN(P )

∂xN(P )−1

∂hj
∂xN(P )

(x̄)

∣∣∣∣. (4.14)

This path length accounts for both the number of states in an input-output path and

the corresponding sensitivities. We now proceed to establish the relation between the

path length derived here and the short-time output response.

Theorem 4.1. Let µ(P ) denote the number of negative sensitivities on the path P . Let

x(t = 0) = x̄. When ui is subject to a small step input, ui(t) = εH(t), where |ε| � 1,

H(·) is the unit step function, and all other inputs are kept at 0, then for t ∈ [0, δ),

where δ is sufficiently small,

yj(t) = hj(x̄) + ε
∑

P∈Wij

(10t)N(P )

N(P )!
(−1)µ(P )10−L(P ) +O(ε2) (4.15)

where Wij is the collection of all paths from ui to yj.
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Proof. Consider the Fliess expansion [173] which gives the response of yj in a short time

interval t ∈ [0, δ), assuming analyticity for the vector fields and scalar functions in (4.9):

yj = hj(x̄) +

∞∑
N=0

n∑
i0,...,iN=0

Lgi0 . . . LgiN hj(x̄)

∫ t

0
dξiN . . . dξi0 (4.16)

wherer g0 = f, ξ0 = t, ξi =
∫ t

0 ui(τ)dτ , and
∫ t

0 dξiN . . . dξi0 =
∫ t

0 dξiN (τ)
∫ τ

0 dξiN−1 . . . dξi0 .

When ui = εH(t) and all other inputs are 0, only the terms involving f , gi and ui can

be nonzero. When ui appears multiple times in the iterated integrals, the corresponding

terms will be O(εk), k ≥ 2. Lie derivatives involving only f are 0 as f(x̄) = 0. So we

consider only the terms involving gi once and f . Since f(x̄) = 0, only such terms for

which f is not on the first position can be nonzero. Based on these arguments, the

expansion in (4.16) takes the form

yj = hj(x̄) +

∞∑
N=0

LgiL
N
f hj(x̄)

∫ t

0
dNξ0dξi +O(ε2)

= hj(x̄) +
∞∑
N=0

LgiL
N
f hj(x̄)

εtN+1

(N + 1)!
+O(ε2)

= hj(x̄) + ε
∞∑
N=1

tN

N !
LgiL

N−1
f hj(0) +O(ε2).

(4.17)

By definition,

LgiL
N−1
f hj(x̄) =

∂

∂x

[
∂

∂x

[
· · · ∂

∂x

[
∂hj
∂x

f

]
f · · ·

]
f

]
︸ ︷︷ ︸

N brackets in total

gi

∣∣∣∣
x̄

=

n∑
k1,...,kN=1

∂

∂xk1

[
∂

∂xk2

· · ·
[
∂hj
∂xkN

fkN

]
· · · fk2

]
gk1i

∣∣∣∣
x̄

.

(4.18)

Since fk(x̄) = 0, k = 1, . . . , n, a nonzero term is obtained only when all partial differen-

tial operators are imposed on the f components. Then

LgiL
N−1
f hj(x̄) =

n∑
k1,...,kN=1

∂hj
∂xkN

(x̄)
∂fkN
∂xkN−1

(x̄) · · · ∂fk2

∂xk1

(x̄)gk1i(x̄)

=

n∑
k1,...,kN=1

S(ui, xk1)S(xk1 , xk2) . . . S(xkN , yj).

(4.19)
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Every nonzero term under summation corresponds to a path from ui to yj with N state

variables. Thus,

LgiL
N−1
f hj(x̄) =

∑
P∈Wij ,N(P )=N

∏
e∈P

S(e). (4.20)

Then (4.17) becomes

yj = hj(x̄) + ε

∞∑
N=1

∑
P∈Wij ,N(P )=N

tN

N !

∏
e∈P

S(e) +O(ε2)

= hj(x̄) + ε
∑

P∈Wij

tN(P )

N(P )!

∏
e∈P

S(e) +O(ε2).

(4.21)

From (4.14) we have

N(P )− L(P ) = log
∏
e∈P
|S(e)| = log

[
(−1)µ(P )

∏
e∈P

S(e)

]
(4.22)

and hence ∏
e∈P

S(e) = (−1)µ(P )10N(P )−L(P ). (4.23)

Substituting (4.23) into (4.21), we obtain the result in (4.24).

The short-time response of any output over any input in (4.15) is expressed as a

summation of the contributions of each input-output path, which is dominated by the

term corresponding to the shortest input-output path.

4.3.3 Shortest path length, distance and affinity

Let SPij denote the shortest path between ui and yj , and Lij its length. If the shortest

path in the weighted graph is identical to the shortest path in the unweighted graph,

then N(SPij) = rij and the expression in (4.14) becomes

Lij = rij − log
∏

e∈SPij

|S(e)|. (4.24)

When the contribution of the response sensitivities,
∏
e∈SPij |S(e)| is small (� 1), Lij

exceeds rij ; when the contribution of the response sensitivities is large (� 1), Lij

is smaller than rij ; and when the product of the response sensitivities is close to 1,
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Lij ≈ rij . Thus the shortest path length in the weighted system digraph is an extension

of the relative degree, by modifying it according to the magnitude of the response

sensitivities.

Noting that the scalings of inputs and outputs influence the path lengths Lij by

changing the sensitivity coefficients, we define a distance between ui and yj as

dij = Lij − min
1≤i′≤p,1≤j′≤l

Li′j′ + 1 (4.25)

such that the smallest distance among all input-output pairs (ui, yj) is fixed at 1. A

scaling of all inputs or all outputs by the same constant does not affect dij , since it causes

the same additional term on the length of every path (4.14). Finally, to capture the

desired property that strongly interacting input-output variables should be topologically

close, we now define the affinity between ui and yj as

aij = 1/dij (4.26)

with aij ∈ [0, 1], resembling the elements of an adjacency matrix. This will now be used

as a weight function in the input-output bipartite graph.

4.3.4 Modularity maximization

Motivated by the modularity measure bij derived in (4.2), we define an analogous mod-

ularity measure for the input-output bipartite graph

bij =
aij∑p

i′=1

∑l
j′=1 ai′j′

−
∑p

i′=1 ai′j
∑l

j′=1 aij′(∑p
i′=1

∑l
j′=1 ai′j′

)2 . (4.27)

For a partition P of the input and output set U ∪ Y = {u1, . . . , up, y1, . . . , yl}, we can

define its modularity as in (4.3). The recursive bisections and fine-tuning steps have

already been described in Section 4.2. In summary, the decomposition is performed

according to the following procedure:

1. Construct the weighted system digraph.

(a) Take all inputs, states and outputs as vertices.

(b) Evaluate sensitivities according to (4.11).

(c) Draw and weight edges between vertices according to (4.12).
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2. Construct the input-output bipartite graph.

(a) Take all inputs and outputs as vertices.

(b) Find the input-output shortest paths and their lengths Lij .

(c) Calculate distances using (4.25) and affinities using (4.26).

(d) Calculate modularity measures with (4.27).

3. Perform community detection.

(a) Initialize by assigning all vertices in a single community and label it as “de-

composable”.

(b) For every “decomposable” community C:

i. Obtain singular value decomposition of the modularity matrix (4.6).

ii. Obtain approximated bisection with (4.4).

iii. Fine-tune the bisection by recursively flipping the signs of each element

of s, t, checking the modularity change, and perform the one with largest

modularity increase.

iv. Compute the modularity change (4.5). If ∆Q > 0, execute the bisection,

otherwise label the community as “indecomposable”.

(c) If there is now no “decomposable” community, the procedure is terminated.

Otherwise return to 3(b).

The shortest path between any input and any output can be found using Dijkstra’s

algorithm with complexity of O(E log V ) [447], and the complexity of the community

detection procedure is O(V 2 log V ) [293], where V and E are the number of vertices and

nodes in the network, respectively. The overall procedure, dominated by the shortest

path searches and community detection, is thus of polynomial complexity. We note that

the network decomposition should be executed off-line and repeated only when there is

a change in the system design.

The following input-reachability property can be stated for the resulting decompo-

sition.

Theorem 4.2. Let P = {Ck|k = 1, . . . ,K} be the obtained partition. If ∀yj ∈ Y, ∃ui ∈
U , s.t. aij 6= 0, then ∀Ck ∈ P, ∀yj ∈ Y ∩ Ck, ∃ui ∈ U ∩ Ck, s.t. aij 6= 0.
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Proof. First, we assert that the sum of intra-community modularities is guaranteed to

be non-negative by fine-tuning:∑
ui∈Ck

bij ≥ 0, ∀Ck ∈ P and ∀yj ∈ Ck. (4.28)

Assume that the first violation of (4.28) takes place at the bisection of C1 ∪C2 into C1

and C2 after fine-tuning. Let ∃yj ∈ C1 satisfy∑
ui∈C1

bij < 0. (4.29)

Because this is the first violation of (4.28), C1 ∪ C2 still satisfies (4.28), i.e.,∑
ui∈C1∪C2

bij =
∑
ui∈C1

bij +
∑
ui∈C2

bij ≥ 0. (4.30)

Then it follows from (4.29) and (4.30) that∑
ui∈C2

bij > 0. (4.31)

If yj is moved from C1 into C2, the modularity change is

∆Q =
∑
ui∈C2

bij −
∑
ui∈C1

bij > 0. (4.32)

However, the fine-tuning procedure guarantees that moving any vertex from C1 into

C2 does not result in modularity increase. This is a contradiction. Thus the assertion

(4.28) is proved.

Now we prove the proposition by contradiction. Assume ∃yj ∈ Ck, ∀ui ∈ Ck, aij = 0.

Then

bij = −kidj/m2 < 0 ⇒
∑
ui∈Ck

bij < 0. (4.33)

This contradicts the assertion (4.28) proved above.

As aij = 0 is equivalent to dij = ∞ and Lij = ∞, and hence there is no path from

ui to yj , the proposition is interpreted as that every output is input-reachable within

the same community.
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Figure 4.1: Reactor-separator process.

4.4 Chemical Process Network Example

Now we consider a reactor-separator process, which has been widely used as a benchmark

for studying distributed model predictive control in the literature [234, 397, 421]. In

this process, first-order reactions A
1−→B

2−→C take place in two continuously stirred tank

reactors (CSTRs) in series followed by a separator which produces a vapor phase recycled

and a liquid phase withdrawn as the product. The second CSTR has a fresh feed stream

(see Fig. 4.1). B is the desired product. Detailed description and dynamical equations

involving 12 states (xA1, xB1, T1, V1, xA2, xB2, T2, V2, xA3, xB3, T3, V3, labeled as

x1 to x12, respectively) can be found in Appendix A. The operating conditions and

parameters are listed in Table A.1. F , Q, T , V , x stand for flow rates, heat exchange

rates, temperatures, holdup volumes, and molar fractions, respectively. m, Cp, k, E,

∆H, E, α, ρ denote molality, heat capacity, pre-exponential coefficient for reaction

rate, enthalpy change, activation energy, relative volatility and density respectively.

Subscripts A,B,C correspond to chemical species, 1, 2, 3 to reactor and separator units,

and f,R to the feed and recycle streams, respectively.

The manipulated variables are the feed flow rates (u1 = Ff1, u2 = Ff2), inventory

flow rates (u3 = F1, u4 = F2, u5 = F3), recycle rate (u6 = FR) and the heat exchange

rates (u7 = Q1, u8 = Q2, u9 = Q3). The controlled variables include the liquid holdup

volumes (y1 = T1, y2 = T2, y3 = T3), temperatures (y4 = T1, y5 = T2, y6 = T3), and the

concentrations of B (y7 = xB1, y8 = xB2, y9 = xB3). Fractional deviations from steady

state values are used to define the dimensionless flow rates, heat exchange rates, holdup

volumes and concentrations. The dimensionless temperature is defined as the deviation
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Table 4.1: Input-output affinities in the reactor-separator process

aij V1 V2 V3 T1 T2 T3 xB1 xB2 xB3

Ff1 0.462 0 0 0.566 0.350 0.241 0.492 0.321 0.218
Ff2 0 0.578 0 0.232 0.667 0.357 0.212 0.578 0.311
F1 0.719 0.918 0 0.293 0.383 0.256 0.322 0.366 0.237
F2 0 1.000 0.769 0.270 0.323 0.454 0.307 0.360 0.568
F3 0 0 0.573 0.183 0.153 0.253 0.140 0.122 0.103
FR 0.665 0 0.665 0.284 0.217 0.270 0.498 0.324 0.565
Q1 0 0 0 0.475 0.313 0.223 0.263 0.205 0.157
Q2 0 0 0 0.213 0.528 0.313 0.156 0.231 0.172
Q3 0 0 0 0.270 0.209 0.454 0.185 0.154 0.126

1Numbers in red, blue, green and magenta correspond to the four subsystems.

from the steady state over 40 K (assumed to be the allowed deviation of temperature

from the steady state).

The weighted system digraph is constructed as in Fig. 4.2. By searching the shortest

paths between the inputs and the outputs, the input-output affinities are calculated and

shown in Table 4.1. Fig. 4.3 describes the procedure of community detection involving

bisections and fine-tuning. The system is ultimately decomposed into 4 communities.

The intra-community affinities in the final decomposition generally have significantly

higher values than the inter-community ones (see Table 4.1), indicating a significant

difference between intra-subsystem and inter-subsystem short-time interactions. Ac-

cording to the decomposition, the temperatures and intermediate concentrations are

controlled by the heat transfer and feed flow rates; feed flow rates are chosen because

of the low temperature of the feed streams, which results in significant effects on the

reactor temperatures as the feed flow rates change. The liquid levels of the reactors

are controlled by the flow rate from reactor 1 to reactor 2, F1. The liquid level of the

separator and the final product concentration are controlled by the flow rates related

to the separator.

The distribution of the resulting subsystems is shown in Fig. 4.4. All the subsys-

tems are located at a single or adjacent process units. Subsystem 1 is located in the

first reactor; subsystem 2 includes the second reactor and the separator; subsystem 3

includes both reactors; subsystem 4 is located at the separator. Subsystems 1 and 2 are

associated with the energy balance of the system and the reaction kinetics (the change

in feed flow rates influences the product concentration), and subsystems 3 and 4 are
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Figure 4.2: The weighted system digraph of the reactor-separator process. The line
width is proportional to the edge weights.

associated with the mass balances. Hence the community detection proposed here gen-

erates a decomposition that combines spatial distribution and underlying physical laws,

i.e., mass and energy balances. This should be contrasted with other decompositions

possible for this system. One is a unit-based decomposition that contains 3 subsystems

corresponding to the 3 units in the process, which can be generated either by commu-

nity detection [180] or a minimally coupled equal-size partition [303] in the unweighted

system digraph. The other is an intuitive mass and energy balance-based decomposition

in line with [234], obtained by grouping heat exchange rates with temperatures, feed

and recycle rates with product concentrations, and inventory flow rates with holdup

volumes.

A detailed comparison of different decompositions for this system in terms of compu-

tational cost and control performance has been performed in [326, 327]. Specifically, a

non-cooperative iterative distributed model predictive control scheme was implemented.

The control performance was characterized by integrated squares of the error and the

control signal (ISE + ISC) for output regulation. A sequential quadratic programming
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Figure 4.3: The procedure of community detection for input-output partitioning. The
superscripts in circle represent the order of moving the nodes to the other community
in the corresponding fine-tuning step.

(SQP) solver was used for the solution of the optimal control problems. (See the afore-

mentioned references for details.) In [327], the decomposition proposed in the present

chapter was shown to result in a shorter computational time (3.8 min, 16% of that of cen-

tralized MPC), compared to the unit-based (4.7 min) and intuitive decompositions (4.3

min). The control performance of the proposed decomposition (ISE+ISC = 6.99×103)

is slightly inferior to that of the unit-based decomposition (6.11× 103), yet still close to

that of centralized MPC (5.65 × 103), and significantly better than the one under the

intuitive decomposition (1.04× 104).

Note that, as expected for a nonlinear system, the decomposition will in general

depend on the operating steady state. For example, if the feed stream is preheated to a

temperature close to the temperature of the process, the process will not be heated or

cooled significantly by a change in the feed flow rate. For the case where T0 = 432.0 K

(close to T1 = 432.4 K and T2 = 427.1 K), the method generates a decomposition where

the temperatures are controlled only by heat exchange rates, and the feed streams are

used to control the product concentrations (see Table 4.2).
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Figure 4.4: The distribution of subsystems in the process network. The system di-
graph (dashed) is embedded in the flowsheet (solid). The inputs and the outputs are
boxed and circled respectively, and colored in red, blue, green and magenta for the four
communities.

Table 4.2: Input-output communities at different feed temperatures

Subsystem Inputs Outputs

1 Ff1, Ff2, Q1 xB2, T1, xB1

2 Ff2, Q1, Q2, Q3 xB2, T1, T2, T3

3 F1 V1, V2

4 F2, F3, FR V3, xB3
2The blue, red and black are under T0 = 359.1 K, T0 = 432.0 K and both, respectively.

4.5 Conclusions

In this chapter we have proposed a method of input-output partitioning to design a

distributed (model predictive) control architecture for a class of nonlinear control affine

network systems. The method is based on community detection in input-output bi-

partite graphs weighted by affinities. The definition of affinity incorporates relative

degrees (which capture the structure of interconnections on the system digraph) and

response sensitivities (the coefficients of the linearized equations). Barber’s modularity

maximization method through recursive bisections is employed to identify the opti-

mal partition. The resulting input-output communities are located within adjacent

physical units, containing outputs reachable from intra-community inputs, while input-

output interactions inside the communities over short time scales are stronger than
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inter-community interactions. The resulting decompositions thus appear well-suited for

the application of nonlinear distributed model predictive controllers with short predic-

tion horizon. However, the proposed approach does not address the effect of input

constraints or uncertainty on the decomposition, or the impact of decomposition on

closed-loop stability. These will be subjects of future research.
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Chapter 5

Relative Time Averaged Gain Array for Distributed

Control-Oriented Network Decomposition

5.1 Introduction

Mass and energy integration, which has become a rule rather than an exception in

modern chemical and energy plants [18], results in large-scale and complex networks.

The control of complex networks is difficult. Recent research has focused on distributed

control strategies [11], as a middle ground between centralized and decentralized control

approaches. Distributed control assumes the decomposition of a large-scale network into

constituent subsystems, with the corresponding controllers coordinated through some

level of information sharing. Regarding the control of process systems, distributed

model predictive control (MPC), where the optimal control problems are solved using

distributed optimization algorithms, has been recognized as a useful approach due to

its capability of addressing process constraints and optimizing process economics while

reducing the computational complexity (see [362, 63, 288] for reviews and references).

In order to implement any distributed control scheme, a decomposition of the net-

work must be predetermined. Large-scale system decomposition utilizing the underlying

network topology in the context of decentralized control has a long history. These efforts

are based on the detection of strongly connected subnetworks [49, 434], and rearrang-

ing these subnetworks in a hierarchy [379], so that by stabilizing the subnetworks, the

stability of the entire system can be guaranteed. With given inputs and outputs, an

algorithm was proposed to decompose the network into subsystems satisfying input-

and output-reachability properties, with the links between the subsystems exhibiting a

hierarchical pattern [321]. Nested ε-decomposition [372] was proposed to neglect small

elements in the coefficient matrix. However, the special network structures required for

these methods are usually restrictive mainly due to the existence of recycles and strong

connectivity in process systems. Neglecting the intensity of interactions, Hangos and

Tuza [146] formulated the network decomposition as an optimization problem to min-

imize the interconnecting edges with size restrictions in the corresponding subsystems

c©2018 Wiley. This is the peer reviewed version of the following article: W. Tang, D. Babaei
Pourkargar, P. Daoutidis. Relative time-averaged gain array (RTAGA) for distributed control-oriented
network decomposition. AIChE Journal (Volume 64, Issue 5, May 2018), which has been published
in final form at DOI:10.1002/aic.16130. This article may be used for non-commercial purposes in
accordance with Wiley Terms and Conditions for Use of Self-Archived Versions.
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(similar formulations are also found in [303] as well as in [40] on fault detection sys-

tem decomposition). These methods, however, involve computationally demanding and

nonscalable integer programming formulations, and lack a detailed analysis of interac-

tions within the system which favors the resulting control performance. Evidently, the

systematic decomposition of a network system into a distributed architecture remains

an open problem.

5.1.1 Relative gain analysis

Instead of analyzing the underlying graph representing the detailed state-space model,

for process control, the classical input-output pairing/partitioning problems based on

input-output models are usually considered for designing controllers. The input-output

partitioning aims at dividing the input and output variables into groups such that the

response characteristics between different groups are well decoupled, and designing the

decentralized/block decentralized control structure for the system. The input-output

pairing problem has been addressed extensively during a half century mostly in the

framework of relative gain analysis (see [258, 386, 192] for reviews) together with the

Niederliński index [298], which guarantees decentralized integral controllability [470],

and has been widely applied in the practice of plant-wide control.

The classical relative gain array (RGA) [47] is defined as the element-by-element

product of the steady state gain array and its transposed inverse (or pseudo-inverse for

non-square systems [345, 54]):

Λ = G(0) ◦G(0)−>, (5.1)

where G(s) is the transfer function matrix and hence G(0) represents the steady state

gains obtained for s = 0. Any element of the RGA can be interpreted as the ratio

of open-loop and closed-loop steady state gains. Hence if the (i, j)-th element of Λ,

λij , is close to 1, then the SISO loop comprising of the i-th output yi and the j-th

input uj is well decoupled from other SISO loops, and yi and uj should be paired.

Integer programming formulations were proposed for optimally pairing the inputs and

outputs [199, 200]. When SISO control is not sufficient for decoupling input-output

interactions, block-decentralized configurations can be generated by the block RGA

(BRGA) [248, 189] method by trial-and-error combinations of the input and output

variables. The RGA method has also been extended to unstable plants with poles on
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the right half complex plane [168] and integrators [451, 12].

The output response over an input is intrinsically dependent on the input frequencies.

By replacing G(0) with G(jω) which shows the responses of the outputs over sinusoidal

inputs, the frequency-dependent dynamical RGA (DRGA) is obtained [450, 424]. In the

effective RGA (ERGA) [457], the bandwidth (crossover frequency) ωcij obtained from

frequency analysis was used as a factor to modify the steady state gain by replacing

gij(0) with gij(0)ωcij . In the effective relative energy array (EREA) [272], the interaction

measure was modified in the form of g2
ij(0)ωcij , which is related to theH2-norm of transfer

functions.

To account for the response in finite time in addition to the steady state or ultimate

response, the steady state gain was replaced by a finite time average
∫ θ

0 yi(t)dt to obtain

the relative dynamic array (RDA) [450] and by 1
θ−dij

∫ θ
dij
yi(t)dt to obtain the average

relative gain array (AGRA) [120], where dij is the time delay between uj and yi. In

the relative normalized gain array (RNGA) proposed [149], the interaction measure,

the normalized gain, is defined as the ratio of the steady state gain over the average

residence time, τ ijAR :=
∫∞

0 [1−yi(t)/yi(∞)]dt. The average residence time can be viewed

as the time scale for yi to reach its steady state, and hence the normalized gain is a

“velocity” of the response of yi.

The analyses of dynamic behavior through relative gain interaction measures gives

overall evaluations of the effects of the inputs on the outputs, and thus provide useful

tools for control structure design. The selection of input and output variables is also

facilitated by the information of RGA singular values [134, 385]. However, since every

input affects its nearby outputs first and then the outputs faraway with increasing time,

the paired inputs and outputs can be distant on the network, and the paths from inputs

to outputs in different subsystems may not be disjoint, causing undesirable interplays

in the closed-loop system, although superficially well-decoupled with a relative gain

characterization. Therefore, the relative gain analysis alone is not sufficient for the

network decomposition for distributed control architecture design without taking the

network topology into consideration.

5.1.2 Relative degree and sensitivity analysis

The relative degree between an input and an output [74], defined as the lowest order

of the time derivative of the output that involves the input, reflects the sluggishness

of the output response over the input, and is equal to the number of states that the
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shortest input-output path must pass through on the system digraph [346], thus char-

acterizing the input-output closeness in the network. Schné and Hangos [363] proposed

the relative degree-based SISO control configuration design by performing weighted bi-

partite matching based on relative degree. Control configurations with different extents

of decentralization based merely on relative degrees were produced through hierarchical

agglomerative clustering [153, 188] or hierarchical divisive clustering [152].

Since the relative degree is a structural measure and does not contain any infor-

mation related to the magnitude of the output response over the input, the sensitivity

coefficient, i.e., the corresponding lowest order nonzero initial time derivative, which

has been used as the supplemental information to relative degree for input selection

in economic MPC [97] and sensor arrangement [467], should also be considered for

input-output partitioning. Tang and Daoutidis [408] defined an input-output inter-

action measure incorporating both relative degree and sensitivity information by the

shortest path length on a weighted system digraph, and applied community detection

algorithm [23] in the input-output bipartite graph to generate an optimal partition.

Recently, Yin and Liu [468] proposed an input-output pairing framework called relative

sensitivity array (RSA). In this approach, the inputs and outputs are first separated into

several groups according to their relative degrees. For the inputs and outputs in the

group corresponding to the relative degree r, the array of sensitivities Sr gives a relative

sensitivity array Ψr = Sr ◦ S−>r . An input and an output with a corresponding RSA

element close to 1 are suggested to be paired. The pairing is performed in the ascending

order of relative degrees, thus generating input-output pairs with small relative degrees

and well-decoupled sensitivities.

The analysis of relative degrees and sensitivities generates distributed control archi-

tectures, where each subsystem includes inputs and outputs closely connected in the

network. The underlying reason is that relative degrees and sensitivities give the or-

der and magnitude of the lowest order term of the response, which can be dominating

locally within a sufficiently short time interval. However, since no information on the

response after this infinitesimal time is contained, the subsystems are not guaranteed

to be dynamically well decoupled. Therefore it is necessary to find a middle ground

between the descriptions of the sufficiently short and sufficiently long time responses.
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5.1.3 This work

In this work, we propose a new input-output interaction measure, G(1/τ), namely the

relative time-averaged gain array (RTAGA), as a middle ground to unify the relative

gain analysis and relative degree and sensitivity analysis, to characterize input-output

interactions within the closed-loop time scale τ .

The remainder of this chapter is organized as follows. Section 5.2 addresses the

concept of RTAGA. In Subsection 5.2.1, we establish that G(1/τ) is a weighted average

of the output responses over the inputs within a time scale of τ , and hence can be

used as an input-output interaction measure. The resulting RTAGA Λ(1/τ) embodies

the coupling of inputs and outputs within the time scale of τ . In Subsection 5.2.2,

we prove that the RTAGA approaches the steady state RGA and RSA as τ → ∞
and τ → 0 respectively. In Subsection 5.2.3 we confer the relative time-averaged gain

an interpretation based on signal flow graph. Section 5.3 addresses the application

of RTAGA. For large-scale systems, we introduce in Subsection 5.3.1 the application

of community detection based on RTAGA for efficient input-output partitioning. In

Subsection 5.3.2 we demonstrate that τ should be chosen as the time scale of closed-

loop dynamics, and discuss how to determine τ for distributed control. Finally, the

RTAGA framework proposed here is examined by an application to the distributed

model predictive control of a reactor-separator process in Section 5.4.

5.2 Relative Time-Averaged Gain Array (RTAGA)

We note that the transfer function matrix G(·) requires a variable with a reciprocal time

dimension, with G(0) equal to the array of steady state gains for step inputs and G(jω)

(evaluated on the imaginary axis) reflecting the ultimate response for sinusoidal inputs.

We now consider the transfer function evaluated on the positive real axis, G(1/τ), where

τ > 0 has a dimension of time.

5.2.1 Definition and interpretation

We consider a linearized system

ẋ = Ax+Bu, y = Cx. (5.2)
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where u, x and y are the vectors of inputs, state variables and outputs respectively. Let

the system state be at the origin under zero inputs for t < 0. After t = 0, the j-th input

is subject to a unit step input and the other inputs are kept at zero. The response of

the i-th output, yi(t) is then given by its Laplace transform

ȳi(s) = gij(s)ūj(s) =
gij(s)

s
. (5.3)

Now we evaluate the intensity of the response of yi for the step change in uj averaged

with an exponential distribution function f(t; τ) = 1
τ e
−t/τ , where τ is a parameter

that characterizes the decaying rate of the distribution function. The f(t; τ) is used

as a normalized (i.e.,
∫∞

0 f(t; τ)dt = 1) weight function to average the time-domain

response. Then the average is expressed as∫ ∞
0

yi(t)f(t; τ)dt =
1

τ

∫ ∞
0

yi(t)e
−t/τdt =

1

τ
ȳi

(
1

τ

)
. (5.4)

According to (5.3), we have ∫ ∞
0

yi(t)f(t; τ)dt = gij(1/τ). (5.5)

Hence we see that gij(1/τ) can be interpreted as the intensity of the response of yi

over the step change in uj weighted with an exponential distribution that decays at a

characteristic time scale of τ . gij(1/τ) is the open-loop time-averaged gain of yi over uj

within the time scale of τ .

Based on the gain array G(1/τ) = [gij(1/τ)], the relative gain array at time scale τ

can be calculated as

Λ(1/τ) = G(1/τ) ◦G(1/τ)−>. (5.6)

Similar to the steady state RGA, the (i, j)-th element of Λ(1/τ), λij(1/τ), can be viewed

as the ratio of open-loop time-averaged gain and closed-loop time-average gain of yi over

uj within the time scale of τ . Also similarly, the optimal input-output pairing can be

chosen such that the Λ(1/τ) is the closest to the identity matrix using a mathematical

programming formulation [201]. The optimal partitioning of inputs and outputs into

MIMO subsystems (not restricted to an input-output pairing into SISO subsystems)

will be discussed later.

Remark 5.1. In the steady state RGA analysis, if integrators appear in a column or a
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row, the integrators are simply ignored [12, 169]. By employing RTAGA, the integrator

1/s is evaluated at s = 1/τ as τ , i.e., the total integrated amount during the time

scale of interest. Since the multiplication of a row or a column in G(1/τ) with the

same number does not change the resulting RTAGA Λ(1/τ), the integrators can also be

directly ignored.

Remark 5.2. The bandwidth ωc has been incorporated into the input-output interac-

tion measure as a multiplying factor [457, 272]. The interaction measure can become

unbounded as ωc increases and thus exaggerating the input-output interactions. By

using time-averaged gains G(1/τ) as the interaction measures, this can be avoided.

For example, for first-order processes with fixed steady state gain and bandwidth ωc,

G(s) = 1/(1 + s/ωc), G(1/τ) = ωcτ/(1 + ωcτ) increases with increasing ωc, but is

bounded by the steady state gain of 1. When ωc is small, G(1/τ) ≈ ωcτ is proportional

to ωc, reducing to the previous methods.

5.2.2 Time scale limits

When τ becomes large enough, the weight function f(t; τ) = 1
τ e
−t/τ favors the response

at long times, and hence the averaged gains approach the steady state gains. The

traditional steady state RGA can be viewed as a limiting case, i.e.,

Λ(0) = lim
τ→∞

Λ(1/τ). (5.7)

We now consider the case when τ is sufficiently small.

Lemma 5.1. When τ → 0, the open-loop time-averaged gain within the time scale τ

can be expressed as

gij(1/τ) = sijτ
rij +O(τ rij+1). (5.8)

where rij is the relative degree between uj and yi, i.e., the smallest positive integer such

that
drijyi
dtrij

∣∣∣∣
t=0

6= 0, (5.9)

and sij is the corresponding sensitivity coefficient

sij =
drijyi
dtrij

∣∣∣∣
t=0

, (5.10)

when uj is subject to a unit step change and all other inputs are kept at zero.
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Proof. According to the definition of time-averaged gain within the time scale of τ ,

when uj is subject to a unit step change and all other inputs are zero,

gij(1/τ) =
1

τ

∫ ∞
0

yi(t)e
−t/τdt =

∫ ∞
0

yi(τσ)e−σdσ. (5.11)

As a function of τ , for any r ∈ N, we have

drgij(1/τ)

dτ r

∣∣∣∣
τ=0

=

∫ ∞
0

dryi(t)

dtr

∣∣∣∣
t=0

σre−σdσ. (5.12)

According to the definitions of relative degree (5.9) and sensitivity (5.10),

drgij(1/τ)

dτ r

∣∣∣∣
τ=0

= 0, r = 0, 1, . . . , rij − 1 (5.13)

and
drijgij(1/τ)

dτ rij

∣∣∣∣
τ=0

=

∫ ∞
0

sijσ
rije−σdσ = sijrij ! (5.14)

which implies the conclusion of the lemma.

Assumption 5.1. Assume that the inputs and outputs can be divided into n groups:

{uj , yi|1 ≤ i, j ≤ m1}, {uj , yi|m1 + 1 ≤ i, j ≤ m1 +m2}, . . . , {uj , yi|m1 + · · ·+mn−1 +

1 ≤ i, j ≤ m1 + · · · + mn−1 + mn}, such that each input (output) in the r-th group

(1 ≤ r ≤ n) has a relative degree no smaller than r with any other output (input). Then

according to Lemma 5.1, for any output yi in the r-th group and any input uj in the

r′-th group, the relative degree between them should be at least max(r, r′), and hence

gij(1/τ) ∼ O(τmax(r,r′)). Therefore G(1/τ) can be expressed in the following form:

G(1/τ) =


G11 G12 · · · G1n

G21 G22 · · · G2n

...
...

. . .
...

Gn1 Gn2 · · · Gnn

 , (5.15)

in which the diagonal blocks Grr = τ rSr + O(τ r+1) and off-diagonal blocks Grr′ ∼
O(τmax(r,r′)), r 6= r′, where Sr is the array of corresponding sensitivities.

Assumption 5.2. All the sensitivity matrices S1, S2, . . . , Sn are invertible.
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Theorem 5.1. Under Assumptions 5.1 and 5.2, the RTAGA Λ(1/τ) = G(1/τ) ◦
G(1/τ)−> can be written as

Λ(1/τ) =


Ψ1 0 · · · 0

0 Ψ2 · · · 0
...

...
. . .

...

0 0 · · · Ψn

+O(τ), (5.16)

in which Ψr = Sr ◦ S−>r is called the r-th relative sensitivity array (RSA) [468].

Proof. First we prove the proposition in the presence of only two relative degrees (n =

2).

G(1/τ) =

[
G11 G12

G21 G22

]
, (5.17)

in which G11 = τS1 + O(τ2), G22 = τ2S2 + O(τ3), G12, G21 ∼ O(τ2), where S1, S2 ∼
O(1). Then

(G−1(1/τ))11 = (G11 −G12G
−1
22 G21)−1 = τ−1S−1

1 +O(1),

(G−1(1/τ))12 = −G−1
11 G12(G22 −G21G

−1
11 G12)−1 = −τ−1S−1

1 S12S
−1
2 +O(1)

(G−1(1/τ))21 = −G−1
22 G21(G11 −G12G

−1
22 G21)−1 = −τ−1S−1

2 S21S
−1
1 +O(1)

(G−1(1/τ))22 = (G22 −G21G
−1
11 G12)−1 = τ−2S−1

2 +O(τ−1).

(5.18)

Namely,

G−1(1/τ) =

[
τ−1S−1

1 +O(1) −τ−1S−1
1 S12S

−1
2 +O(1)

−τ−1S−1
2 S21S

−1
1 +O(1) τ−2S−1

2 +O(τ−1)

]
. (5.19)

Hence

Λ(1/τ) = G(1/τ) ◦G−>(1/τ) =

[
S1 ◦ S−>1 +O(τ) O(τ)

O(τ) S2 ◦ S−>2 +O(τ)

]

=

[
Ψ1 0

0 Ψ2

]
+O(τ) (τ → 0).

(5.20)

Next we prove the proposition by mathematical induction. Let the proposition hold
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for n, then for n+ 1,

G(1/τ) =


G11 · · · G1n G1,n+1

...
. . .

...
...

Gn1 · · · Gnn Gn,n+1

Gn+1,1 · · · Gn+1,n Gn+1,n+1

 . (5.21)

Denote

Ḡnn =


G11 · · · G1n

...
. . .

...

Gn1 · · · Gnn

 , Ḡn,n+1 =


G1,n+1

...

Gn,n+1

 ,
Ḡn+1,n =

[
Gn+1,1 · · · Gn+1,n

]
, Ḡn+1,n+1 = Gn+1,n+1.

(5.22)

We have

G(1/τ) =

[
Ḡnn Ḡn,n+1

Ḡn+1,n Ḡn+1,n+1

]
, (5.23)

where Ḡn+1,n, Ḡn,n+1 and Ḡn+1,n+1 are of O(τn+1), and Ḡ−1
nn ∼ O(τ−n). Similar as in

(5.18), G−1(1/τ) can be expressed as

G−1(1/τ) =

[
(Ḡ−1)nn (Ḡ−1)n,n+1

(Ḡ−1)n+1,n (Ḡ−1)n+1,n+1

]
, (5.24)

where

(Ḡ−1)nn = (Ḡnn − Ḡn,n+1Ḡ
−1
n+1,n+1Ḡn+1,n)−1 = Ḡ−1

nn +O(τ−n+1),

(Ḡ−1)n,n+1 = −Ḡ−1
nnḠn,n+1(Ḡn+1,n+1 − Ḡn+1,nḠ

−1
nnḠn,n+1)−1

= −Ḡ−1
nnḠn,n+1Ḡ

−1
n+1,n+1 +O(τ−n+1)

(Ḡ−1)n+1,n = −Ḡ−1
n+1,n+1Ḡn+1,n(Ḡnn − Ḡn,n+1Ḡ

−1
n+1,n+1Ḡn+1,n)−1

= −Ḡ−1
n+1,n+1Ḡn+1,nḠ

−1
nn +O(τ−n+1)

(Ḡ−1)n+1,n+1 = (Ḡn+1,n+1 − Ḡn+1,nḠ
−1
nnḠn,n+1)−1 = Ḡ−1

n+1,n+1 +O(τ−n).

(5.25)

The dominating terms

Ḡ−1
nn ∼ O(τ−n), −Ḡ−1

n+1,n+1Ḡn+1,nḠ
−1
nn ∼ O(τ−n),

− Ḡ−1
nnḠn,n+1Ḡ

−1
n+1,n+1 ∼ O(τ−n), Ḡ−1

n+1,n+1 ∼ O(τ−(n+1)).
(5.26)

67



Therefore

Λ(1/τ) =

[
Ḡnn ◦ Ḡ−>nn 0

0 Ḡn+1,n+1 ◦ Ḡ−>n+1,n+1

]
+O(τ)

=



Ψ1 0 · · · 0 0

0 Ψ2 · · · 0 0
...

...
. . .

... 0

0 0 · · · Ψn 0

0 0 · · · 0 Ψn+1


+O(τ).

(5.27)

Thus the proposition holds for n+ 1. The proposition is thus proved.

We see from the above theorem that when τ → 0, the RTAGA within the time

scale τ approaches a block-diagonal matrix of relative sensitivity arrays (RSAs). As a

consequence, if the time scale of interest is sufficiently short, the input-output pairing

or partitioning according to Λ(1/τ) can be performed according to RSAs Ψ1, Ψ2, . . . ,

Ψn. Therefore Theorem 5.1 serves as a justification of the RSA-based input-output

approach [468].

5.2.3 Small and big time scale expansions

Now we assume that matrix A in (5.2) is invertible. Consider the two cases when (i) τ

is small enough but finite, and specifically, when τ < [λ(A)]−1 = λ(A−1); and (ii) τ is

large enough but finite, and specifically, when τ > [λ(A)]−1 = λ(A−1), where λ and λ

denotes the largest and the smallest eigenvalue modulus, respectively.

In the case (i), any eigenvalues of τA have a modulus smaller than 1, and hence

G(1/τ) can be expanded into a Taylor series:

G(1/τ) = C (1/τ · I −A)−1B = C(τB) + C(τA)(τB) + C(τA)2(τB) + . . . , (5.28)

whose (i, j)-th element, corresponding to the output yi and the input uj , is

gij(1/τ) = ci(τbj) + ci(τA)(τbj) + ci(τA)2(τbj) + . . . , (5.29)
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where ci is the i-th row of C and bj is the j-th column of B, i.e.,

gij(1/τ) =
n∑
k=1

cik(τbkj) +
n∑

k1,k2=1

cik1(τak1k2)(τbk2j)

+

n∑
k1,k2,k3=1

cik1(τak1k2)(τak2k3)(τbk3j) + . . . .

(5.30)

Now we confer the interaction measure gij(1/τ) with a graph-theoretical interpreta-

tion. We construct a signal flow graph [252] for the scaled system (5.31) as the directed

graph in which the nodes represent the inputs, states and outputs, and there is an edge

from uj to xk if bkj 6= 0, from xk to xl if alk 6= 0, and from xk to yi if Cik 6= 0. We

define the gain of edge ujxk by τbkj , the gain of edge xkxl by τalk, and the gain of edge

xkyi by cik. The gains of the edges are defined based on the following motivation. By

scaling the time variable with τ , the system (5.2) can be written as

dx

d(t/τ)
= (τA)x+ (τB)u, y = Cx. (5.31)

Each edge gain (τalk, τbkj , cik) thus captures the effect of the value of one variable

(deviation from origin) on the rate of change, and hence the time-averaged deviation

from the origin in a short time scale of τ , of another variable. Note that every term

in (5.30) is the product of gains on a path from uj to yi, namely the gain of a path

from uj to yi, which captures the contribution of uj on the change in yi through the

corresponding path. Each summation in (5.30) include the paths from uj to yi of a

certain length (containing a certain number of edges). Therefore, gij(1/τ) is the total

gain from uj to yi on the signal flow graph, characterizing the total short-time effect of

uj on yi.

Similarly for the case (ii). When τ > [λ(A)]−1 = λ(A−1), any eigenvalue of A−1/τ

has a modulus smaller than 1, and we have

G(1/τ) = C

(
1

τ
I −A

)−1

B = −CA−1

(
I − 1

τ
A−1

)−1

B

= −CA−1B − 1

τ
CA−2B − 1

τ2
CA−3B − . . .

= C(−A−1B) + C(τA)−1(−A−1B) + C(τA)−2(−A−1B) + . . . .

(5.32)

Denote by ālk the (l, k)-th element of τA−1, b̄kj the (k, j)-th element of −A−1B. Its
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(i, j)-th element can be written as

gij(1/τ) =
n∑
k=1

cik b̄kj +
n∑

k1,k2=1

cik1 āk1k2 b̄k2j +
n∑

k1,k2,k3=1

cik1 āk1k2 āk2k3 b̄k3j + . . . . (5.33)

A graph-theoretical interpretation can be given in a similar fashion, if we define the

gains of the edges ujxk, xkxl, and xkyi as b̄kj , ālk and cik, respectively. We note that

this definition of edge gains is in fact the coefficients in a transformation of the scaled

system:

x = (τA)−1 dx

d(t/τ)
+ (−A−1B)u, y = Cx. (5.34)

The gains ālk and b̄kj capture the effect of the average rate of change of xk within a

time scale of τ , and the effect of the value of uj , on the value that xk settles on after

this time scale. cik still captures the effect of xk on yi. gij(1/τ) in (5.33), as the total

gain from uj to yi on this new signal flow graph, characterizes the total long-time effect

of uj on yi.

Remark 5.3. The idea of representing the information of systems by signal flow graphs

was mentioned in a work of Johnston [182], where the gains capture the steady state

interactions, and the input-output interactions are analyzed by the paths on signal flow

graphs. In this subsection we have provided new constructions of signal flow graphs to

interpret the time-averaged gain gij(1/τ) for both small and large τ values, and hence

extended the application of signal flow graphs in the interaction analysis.

5.3 Control Architecture Design

5.3.1 Network decomposition through community detection in input-

output bipartite graph

With the RTAGA Λ(1/τ) characterizing the dynamic response decoupling within the

time scale of τ , we consider the problem of optimal input-output partition. Although

mathematical programming algorithms for SISO pairing are available [201], MIMO par-

tition is still limited to block RGA [248] which has a combinatorial complexity for

large-scale systems. Here we consider the use of community detection [114, 294] in the

network analysis, which aims to detect subnetworks (called communities) such that the
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interconnections inside are significantly denser (stronger) than the interconnections be-

tween them. Specifically, we adopt the modularity maximization method, which has

been the mainstream of community detection methods, and was used in our previous

study [408].

We first define the input-output bipartite graph where each node represents an input

or an output, and the edge joining uj and yi is given a weight wij ∈ [0, 1] characterizing

the discrepancy between the open-loop and closed-loop time-averaged gain within the

time scale τ . Especially when the open-loop and closed-loop gains have different signs,

we should avoid grouping the corresponding input and output, and hence we define the

weight as 0:

wij =


λij , 0 ≤ λij ≤ 1

1/λij , λij > 1

0, λij < 0

. (5.35)

For a partition P of the inputs and outputs into communities C1, C2, . . . , the mod-

ularity of the partition [23] is defined as

Q(P) =
∑
Ck∈P

∑
uj ,yi∈Ck

[
wij
W
− Wi·W·j

W 2

]
, (5.36)

in which

Wi· =
∑
j′

wij′ , W·j =
∑
i′

wi′j , W =
∑
i′

∑
j′

wi′j′ (5.37)

are the degree of (total edge weights incident to) node yi, degree of node uj and the

total degree of the network, respectively. Thus each term under the summation in

(5.36) is the difference between wij/W , the fraction of edge weights between uj and

yi, and Wi·W·j/W
2, the expected fraction of edge weights between uj and yi when the

edge weights are randomly redistributed while the degrees of all the nodes are kept

unchanged. The modularity Q is therefore equal to the difference between the intra-

community edge weights and its expected value. A good partition should be such that

the intra-community weights significantly exceeds the expected value, and hence has a

large Q value.

The community detection is formulated as an optimization problem that seeks to

maximize modularity (5.36) over all partitions of nodes. Although this is an NP-hard

problem in nature [46], approximate algorithms have been developed in recent years (see
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References [114, 115] for comprehensive reviews). In this work, we adopt the Louvain

algorithm (fast unfolding algorithm) [39] which is known to be the most computationally

efficient so far. This algorithm involves the following steps:

1. Initialize by assigning each node into one community.

2. For each node, calculate the modularity increase when it is tentatively moved

from its original community into the community of every other node. Choose the

maximum modularity increase and perform the corresponding move.

3. Repeat the step 2 to adjust the commmunity affiliation of the nodes, until the

modularity can no more be increased by moving any node between communities.

4. Agglomerate the communities into a single node. For any community, agglomerate

all the intra-community edges into a self-loop with the weights summed. For every

pair of communities, agglomerate the inter-community edges into a single edge

with the weights summed.

5. Repeat steps 2 through 4 until each community is a single node. Then for every

node at this stage, all the nodes that has been agglomerated into this node form

a community.

5.3.2 Choice of time scale variable τ

To obtain the desirable network decomposition through community detection, we must

first choose the time scale parameter τ . Since the Λ(1/τ) only characterizes the effects

of the inputs on the outputs within the time scale of τ , it is implicitly assumed that

the closed-loop dynamics evolves in a characteristic time scale of τ , i.e., the system

should be stabilized with a time constant of approximately τ . Therefore, once the τ is

determined, the controller should be designed such that the time constant of closed-loop

dynamics, for example, the receding horizon of a model predictive control scheme or the

time parameter of a internal model controller, should approximate τ in the sense of

order-of-magnitude.

We use the following example [134] to illustrate that the mismatch between time scale

parameter τ and closed-loop time constant may deteriorate the control performance.

The example can be thus viewed as a proof-of-concept of our claim that τ should be
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the time constant of closed-loop dynamics. Consider a transfer function matrix

G(s) =


−2

10s+1
1.5

5s+1
1
s+1

1.5
5s+1

−1
s+1

2
10s+1

1
s+1

2
10s+1

1.5
5s+1

 . (5.38)

Varying time scale τ , we find that the optimal pairing based on RTAGA is y1−u1/y2−
u3/y3 − u2 when τ > 8, and y1 − u3/y2 − u2/y3 − u1 when τ < 8. For example, when

τ = 10,

G(1/10) =

 −1 1 0.909

1 −0.909 1

0.909 1 1

 , Λ(1/10) =

 0.549 −0.026 0.477

−0.026 0.477 0.549

0.477 0.549 −0.026

 , (5.39)

and when τ = 1,

G(1/1) =

−0.182 0.25 0.5

0.25 0.5 0.182

0.5 0.182 0.25

 , Λ(1/1) =

0.157 0.039 0.805

0.039 0.805 0.157

0.805 0.157 0.039

 . (5.40)

The reason for this switch in the optimal pairing is that within the time scale of τ = 1,

the transfer functions ±2/(10s + 1) with a time constant 10 can not give significant

response, while within the time scale of τ = 10, the response will exceed those of other

transfer functions since the static gain is larger.

Lee and Edgar [212] studied the response of the closed-loop system with internal

model control (IMC)

Cij(s) =
hij(s)

gij(s)[1− hij(s)]
, hij(s) =

g+
ij(s)

(λs+ 1)rij
, (5.41)

where g+
ij(s) is the non-invertible part of gij(s) and rij is the relative degree between

paired input uj and output yi. The closed-loop dynamics has a time scale of λ. When

using λ = 10, the pairing obtained by τ = 10 guarantees the stability while the other

pairing destabilizes the system. When using λ = 1, the pairing obtained by τ = 1

stabilizes the system while the pairing obtained by τ = 10 is destabilizing (see Fig. 5

of [212]). Therefore, the problem of choosing parameter τ for network decomposition is

the problem of determining a time constant for closed-loop dynamics.

73



For large values of τ , the effects of each input traverse on the network from the

outputs close to the input to the outputs far from the input, and hence it becomes

likely to pair inputs and outputs which are distant, resulting in intertwined input-output

paths. Also, the computational burden is large for controllers targeting at longer time

response. For small values of τ , the subsystems generated are of smaller sizes and

well disjoint. However, since small τ dictates a fast evolution of closed-loop system,

the manipulated input must take greedily large values, which may exceed practical

constraints, invalidate the linearization of the system, or cause large deviations in the

longer time scale that triggers instability.

Hence a trade-off in the choice of τ becomes important. Strictly speaking, this

should be a trial-and-error procedure involving the network decomposition by Λ(1/τ)

and controller design and simulation. Here we propose to choose the parameter τ

according to the following guidelines:

1. The decomposition by Λ(1/τ ′) is identical to that generated by Λ(1/τ) for any τ ′

in a neighborhood of τ that is not too small. This guarantees the robustness of

the decomposition with respect to the time scale parameter.

2. The decomposition by Λ(1/τ) generate input-output groups that are well sepa-

rated in the network, in the sense that the inputs and outputs in different subsys-

tems can interact through paths that do not intersect.

3. For the control of a process system, a meaningful time constant of the closed-loop

dynamics should be minutes to hours.

4. The closed-loop time constant should not be too short so that the manipulated

input values are constrained within reasonable ranges, and the closed-loop system

is stable.

5. For model predictive controllers, the receding horizon should not be too long so

that the size of the optimization problem can be efficiently solved with a robust

solution.

5.4 Case Study

We use a reactor-separator process (see Fig. 4.1), which has been widely used for de-

veloping distributed MPC algorithms [234, 397, 421], to examine the quality of the
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decomposition generated in the RTAGA framework proposed in this work. The process

has two CSTRs in series, where reactions A
1−→B

2−→C take place, followed by a separator

which produces a vapor stream recycled and a liquid stream withdrawn as the product.

Cold reactant A is fed into both reactors. B is the product of interest. The governing

equations of the system can be found in Appendix A. The parameters and operation

point is the same as in Table A.1. F denotes flow rate, x mole fraction, V volumetric

holdup, T temperature, Q heat exchange rate, k0 pre-exponential factor of rate con-

stants, E activation energy, ∆Hr heat of reaction, ρ density, Cp heat capacity, α relative

volatility and m molality. The inputs include flow rates Ff1, Ff2, F1, F2, F3, FR and

heat transfer rates Q1, Q2, Q3. The outputs include liquid levels V1, V2, V3, temperatures

T1, T2, T3 and desirable product concentrations xB1, xB2, xB3 in three units.

5.4.1 Network decomposition

By linearizing the system model, G(1/τ) and Λ(1/τ) can be calculated. The network

decomposition is performed for different time scale parameters τ . Fig. 5.1 shows the

change of the number of communities and corresponding modularity obtained by com-

munity detection for different time scales. According to the guideline (i), we see that the

number of communities is relatively robust on 3 intervals of τ , namely when 0 < τ < 0.5

h, 0.6 h < τ < 1.5 h and 10 h < τ < 40 h. The decomposition for these three cases are

given in Table 5.1.

Within these decompositions, the first and the second decompositions guarantee

that the input-output subsystems are separated. For the decomposition obtained for τ

exceeding 10 h, Q1 (Q2 andQ3) is paired with T3 (T1 and T2, correspondingly). However,

the only state that input Q1 (Q2, Q3) directly affects is T1 (T2, T3), which implies that

the input-output paths of different subsystems intersect. Therefore, according to the

guideline (ii), the value of τ must be within the range that generates the first and second

decompositions in Table 5.1. Also, the guideline (iii) excludes the decomposition for τ

longer than 10 hours, and allows only the first and the second decompositions. Easy to

see that these two decompositions are different only in that the subsystems II and III

in the first decomposition are merged in the second decomposition. Here we take the

8-subsystem and 7-subsystem decompositions as candidates to be further examined.
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Figure 5.1: Community number and modularity for different time scales.

5.4.2 Distributed MPC simulation

We follow the method of [326, 327] to compare different network decompositions by the

resulting control performance and computational time using a noncooperative and iter-

ative distributed MPC scheme [232]. Each controller determines the local manipulated

inputs by minimizing locally tailored objective function associated with the predicted

future trajectory. At each iteration, the minimizations are performed in parallel using

the optimization results obtained at the previous iteration of all controllers (see Fig.

5.2). Specifically, we write the underlying (nonlinear) dynamics in the form of

ẋ = f(x) + g(x)u, y = h(x). (5.42)

We use a backward discretization for the differential equations ẋ = f(x)+g(x)u, so that

the xl can be expressed explicitly in terms of ul−1 and xl−1 for l = k+ 1, . . . , k+N . At
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Table 5.1: Decompositions in different time scales

τ Subsyst. Inputs Outputs

0–0.5 h

I Ff1, FR V1, xB1

II Ff2 xB2

III F1 V2

IV F2 xB3

V F3 V3

VI Q1 T1

VII Q2 T2

VIII Q3 T3

0.6–1.5 h

I Ff1, FR V1, xB1

II Ff2, F1 V2, xB2

III F2 xB3

IV F3 V3

V Q1 T1

VI Q2 T2

VII Q3 T3

10–40 h

I Ff1, F2, FR V1, xB1, xB3

II Ff2, F1 V2, xB2

III F3 V3

IV Q1 T3

V Q2 T1

VI Q3 T2

time tk, the i-th controller solves the optimization problem at its c-th iteration:

min
û

[i,c]
k ,...,û

[i,c]
k+N−1

Jk,i =
k+N∑
l=k+1

[
ŷ>l Q

[i]ŷl + (û
[i,c]
l−1)>R[i]û

[i,c]
l−1

]
s.t.

x̂l − x̂l−1

∆t
= f(x̂l−1) + g[i](x̂l−1)û

[i,c]
l−1 +

∑
j∈N(i)

g[j](x̂l−1)û
[j,c−1]
l−1 ,

ŷl = h(x̂l), x̂
[i]
k = x

[i]
k , u

[i] ≤ û[i,c]
l ≤ u[i],

φ[i](x̂l, û
[i,c]
l ) ≤ 0, ψ[i](x̂l, û

[i,c]
l ) = 0,

l = k + 1, . . . , k +N

(5.43)

The sampling time and receding horizon, as well as diagonal weighting matrices for

inputs and outputs, are set in the same values as described in Appendix A. We set the
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Figure 5.2: Iterative distributed MPC scheme.

initial state values as given in Table A.2. The simulation is performed in Matlab 2015b

using a 3.4 GHz Intel R© CoreTM i7-6700 processor. Fig. 5.3 shows the evolution of the

inputs and outputs within 2 hours. For brevity we only plot for the second decomposition

here. It is seen that the state regulation is almost accomplished in 1.0–1.5 hours.

We note that our analysis is based on a single time scale parameter τ . However,

the closed-loop system does not generally evolve exponentially. In other words, there

is no uniform time constant for the closed-loop system. Nevertheless, we can assume

that there is a distribution of time scale τ . In our simulation study, we can roughly

estimate that the closed-loop system time constant is distributed between 0.1–1.0 hours.

Within this distribution, the RTAGA gives the first two decompositions. This further

corroborates that the first two decompositions are correctly chosen.

5.4.3 Comparative studies

To show the advantage of the proposed method for distributed control architecture de-

sign, we compare the different decompositions generated by this work and previous ones
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Figure 5.3: Simulation for the distributed model predictive control of the reactor-
separator process (according to the second decomposition). Subscript “sp” stands for
specified steady state values.

(see Table 5.2), together with the centralized control. Decomposition 1 and decomposi-

tion 2 are the previously mentioned ones obtained by the method in this work. Decom-

position 3 is obtained by community detection in the input-output bipartite graph, in

which the edge weight is defined based on a short-time response measure incorporating

relative degrees and sensitivities (see [408]). Decompositions 4 and 5 are given by direct

community detection in the system digraph which captures the interactions between in-

puts, states and outputs with the information of sensitivities neglected (see Jogwar and

Daoutidis [180]). Specifically, decomposition 3 is the optimal decomposition suggested

by the system digraph-based method, and decomposition 4 is a suboptimal one with a

modularity value close to that of decomposition 5. The criteria that we use to compare

the decompositions are the performance index (PI)

PI =
∞∑
k=0

(
y>k Pyk + u>k Quk

)
(5.44)

and the computational time required to repeatedly solve the control-relevant optimiza-

tion problems within a simulation time of 120 minutes.

The following observations can be drawn from the Table 5.3:
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Table 5.2: Decompositions obtained by different methods

Decomposition Subsyst. Inputs Outputs

1 (this work)

I Ff1, FR V1, xB1

II Ff2 xB2

III F1 V2

IV F2 xB3

V F3 V3

VI Q1 T1

VII Q2 T2

VIII Q3 T3

2 (this work)

I Ff1, FR V1, xB1

II Ff2, F1 V2, xB2

III F2 xB3

IV F3 V3

V Q1 T1

VI Q2 T2

VII Q3 T3

3

I Ff1, Q1 T1, xB1

II Ff2, Q2, Q3 T2, T3, xB2

III F1 V1, V2

IV F2, F3, FR V3, xB3

4
I Ff1, FR, Q1 V1, T1, xB1

II Ff2, F1, Q2 V2, T2, xB2

III F2, F3, Q3 V3, T3, xB3

5

I Ff1, Q1 V1, T1, xB1

II Ff2, F1, Q2 V2, T2, xB2

III F2, F3, FR V3, xB3

IV Q3 T3

1. The centralized architecture gives good control performance (if the optimization

problems can be immediately solved), while on the other hand demands a calcu-

lation time much longer than all the distributed control architectures. Therefore,

the centralized control is generally not preferred and can become impractical for

larger systems.

2. The decompositions 4 and 5 greatly reduce the computational time to nearly 20%

of the computational time required by centralized control by partitioning the en-

tire system into several subsystems. The optimal decomposition (decomposition
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Table 5.3: Dependence of control performance on network decompositions

Decomposition PI (104) Time (min) Quality

1 1.171 1.79 6.35
2 1.014 1.99 6.60
3 0.657 3.85 5.26
4 0.611 4.67 4.67
5 1.182 5.23 2.15

Centralized 0.560 23.78 1

4), with maximized modularity in the system digraph, gives relatively better per-

formance than the suboptimal one (decomposition 5) since the inter-subsystem

interactions are minimized.

3. For decomposition 3, the computational time is further reduced, with a perfor-

mance index very close to that of a centralized control. The reason for this good

performance is that the decomposition is performed accounting for the intensity

of input-output interactions, and hence the optimization subproblems involve in-

puts and outputs that are more relevant. As can be seen from the Table 5.2, the

inputs and outputs within the same subsystems in decomposition 2 are physically

associated with the governing law of mass balances and energy balances.

4. For decompositions 1 and 2, since most of the subsystems in this case has become

single-input-single-output, resulting in optimization problems involving only one

decision variable, the computational time is further reduced to approximately

8% of the centralized control, which are the shortest among all decomposition

methods so far. On the other hand, as the partitioning becomes finer, although the

difference between intra-subsystem and inter-subsystem interactions are large, the

interactions between subsystems are more significant than coarser decompositions

(e.g., decomposition 3), resulting in a larger PI.

In summary, the decomposition given by the method in our previous study [408, 180]

(decompositions 3 and 4) gives good performance as well as a reduced computational

time, and that the proposed method of this work (decompositions 1 and 2) further

reduces the computational time with some performance loss. The preferred control ar-

chitecture should be determined with a trade-off between these two aspects, which is

dependent mostly on the computational capability and the algorithm. With faster com-

putation, we prefer the coarser decompositions to minimizing the interactions for better
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performance index, while with more limited computational capability, finer decompo-

sitions should be suggested in order to avoid the cost resulted from the computational

delay. For the present, we define a comprehensive quality measure of decompositions

based on the product of PI and computation time,

Quality =
(PI× Time)centralized

PI× Time
. (5.45)

We found that the comprehensive performances of the first two decompositions are

similar (with the performance of decomposition 2 slightly better) and exceed the other

decompositions.

5.5 Conclusion and Discussion

In this work, we use the relative time-averaged gain array (RTAGA) at time scale τ ,

Λ(1/τ), as an input-output interaction measure, which offers a middle ground between

classical relative gain analysis (τ →∞) and relative degree and sensitivity analysis (τ →
0). A systematic method of network decomposition minimizing the inter-subsystem

interactions within time scale τ is proposed, which applies bipartite community detection

in the modified Λ(1/τ). The time scale parameter is chosen following the guidelines

including the connectivity of the subnetworks, robustness of decomposition, constraints

on the manipulated inputs, tractability of associated optimization problems, and typical

range of time scales of control problems. Through application to a reactor-separator

benchmark process, we demonstrated the effectiveness of our proposed method of control

architecture design, highlighting a fine decomposition with a significant reduction of

computational time.

So far, the network decomposition approaches and distributed control strategies are

tested only on benchmark reactor-separator process. On-going research is focusing on

large-scale complex networks, for which the decomposition should involve state variables

beyond input-output partitioning, so that each controller make use of only local models

instead of the complete models. It is also of importance to take into consideration the

external disturbances. The decomposition methods applicable to the systems containing

disturbances need to be developed and the operability or the disturbance rejection

performance of the closed-loop system need to be examined.
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Chapter 6

Optimal Decomposition for Distributed Optimiza-

tion in Nonlinear MPC by Community Detection

6.1 Introduction

Large-scale and complex systems are becoming the rule rather than the exception in

process systems engineering problems [135, 18]. The design and operation of these

systems involve large-size, non-convex, mixed-integer, multi-scale and uncertain opti-

mization models [113, 270, 250, 136, 122] which are computationally expensive to solve.

Decomposition is a major approach to solving these large-scale optimization problems.

To deal with the complicating variables and constraints between different groups of unit

operations, Benders and Lagrangian decompositions have been recognized as the most

useful decomposition methods [66, 136]. Computational complexity is also a major is-

sue in the implementation of many advanced closed-loop decision making schemes due

to the requirement of real-time repeated solution of optimization problems. Examples

include nonlinear model predictive control (NMPC) [344, 254], economic MPC (EMPC)

[343, 98], closed-loop scheduling [142, 317] as well as their integration [19, 322, 86].

NMPC is an advanced control strategy where the manipulated inputs of a nonlinear

process are determined by minimizing a cost associated with the predicted trajectory of

the system based on real-time measurements. During the recent decade, highly efficient

nonlinear programming algorithms, toolboxes (e.g., IPOPT [437, 37] and GPOPS [340])

and modelling platforms (e.g., CasADi [8], JuMP [93] and Pyomo [147]) have been

developed to enable fast implementation of NMPC. Under interior-point optimization

algorithms, a decomposition at the linear algebra level can be exploited for further

acceleration by parallelizing the solution of the Karush-Kuhn-Tucker (KKT) conditions,

if there exists an approximate block diagonal [67], bordered block diagonal [477, 187], or

block tridiagonal [440] structure in the KKT matrix. Other techniques such as truncated

Newtonian optimization [87, 474] and advanced-step optimization [476, 461] have also

been proposed for the fast solution of optimal control problems.

c©2018 Elsevier. Reprinted, with permission, from W. Tang, A. Allman, D. Babaei Pourkargar, P.
Daoutidis. Optimal decomposition for distributed optimization in nonlinear model predictive control
through community detection. Computers & Chemical Engineering (Volume 111, March 2018). DOI:

10.1016/j.compchemeng.2017.12.010.
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Figure 6.1: Two formulations and distributed optimization methods of the optimal
control problem in NMPC. (a) BCD algorithms for the “input problem” formulation.
(b) ADMM algorithms for the “input-state problem” formulation. u, s, ŝ, z, and λ stand
for inputs, states, predicted states, primal variables and dual variables, respectively.

6.1.1 Distributed optimization for NMPC

Distributed optimization formulations of the associated optimal control problems, re-

ferred to as distributed model predictive control, have been a major focus recently (see

[362, 63, 288] for reviews and references) due to fewer communication requirements,

resilience to faults, and the potential of further improving the computational perfor-

mance. So far, two types of distributed optimization algorithms – block coordinate

descent (BCD) algorithms [452, 285] and multi-block alternative direction method of

multipliers (ADMM) [44, 229, 162], have been applied in distributed NMPC.

In most of these works, the optimal control problem is formulated such that the

manipulated inputs are the variables to be optimized, and the state and output variables

are explicitly expressed in terms of inputs (see e.g., [234]). We refer to this as an “input

problem” formulation. By BCD (see Fig. 6.1(a)), the input variables in the system are

assigned to different controllers, and each controller solves an optimization problem for

its own inputs. The controllers exchange their local solutions in a sequential, iterative

or neighbor-to-neighbor scheme. We note that the BCD algorithms under an “input

problem” formulation, in the presence of complex constraints, can cause the solution

trajectory to escape from the feasible set if the optimization subproblems are solved in
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parallel, unless the feasible set is box-shaped, i.e., the constraints on the manipulated

inputs include only individual bounds. Further, when the objective function is a complex

function of the manipulated inputs, it becomes difficult to guarantee the optimality of

the solution obtained.

In a different vein, the optimal control problem can also be formulated such that

the inputs and the predicted states are both variables to be optimized, and these vari-

ables are (nonlinearly) constrained by the system dynamical equations (see e.g., [476]).

In this way, the objective function is expressed in a simpler form (usually a quadratic

form in terms of the inputs and the states) while the constraints become more com-

plex. We refer to this as an “input-state problem” formulation. By ADMM (see Fig.

6.1(b)), an augmented Lagrangian is constructed to deal with the complex constraints,

and the primal variables, namely the variables to be optimized, are updated through

optimization in groups, with the dual variables updated after the optimization of pri-

mal variables [332, 166, 167]. The Lagrangian-based algorithms under an “input-state

problem” formulation can potentially avoid the limitations of the “input problem” for-

mulation. Through a dualization of the constraints, the solution trajectory is no longer

confined inside the feasible set. With a simpler form of the objective function, the op-

timality of the solution obtained can be improved. On the other hand, the “input-state

problem” involves a higher-dimensional optimization, and thus may generally require a

longer computational time than the “input problem”.

6.1.2 Choice of optimal decomposition

To implement any distributed control or optimization strategy, a decomposition, from

which good control performance as well as reduced computational time can be expected,

must be predetermined. The topic of system decomposition has been studied in differ-

ent contexts for a long time. For dynamic systems and control systems, decompositions

were proposed for decentralized control design [434, 321, 372]. In process system engi-

neering, algorithms for tearing process flowsheets were proposed for process simulation

and synthesis (see e.g., [24, 320, 426]). The decomposition of systems of equations was

studied even earlier (see e.g., [92, 396, 156]). The key of these decomposition methods

is to detect the underlying structures in the system – most importantly, blocks and

hierarchies – with graph-theoretic representations and tools.

Network science has recently emerged as a promising framework for the analysis of

complex systems based on macroscopic and statistical properties of graphs (networks)
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[21]. In this setting, community detection has become a major field of study. Different

from the traditional decomposition methods that seek a strict block diagonal or block

triangular structure using paths, cycles or coverings, community detection aims to find

subnetworks with significantly more links between the nodes inside than across them

[127]. The decomposition can be efficiently generated for large and complex networks,

and is optimal in the sense of the difference between inter- and intra-community in-

terconnections, which is desirable for distributed control and optimization in networks.

Details of this approach will be introduced later in Section 6.2.

Recently in our research, we have developed some methods of input-ouput parti-

tioning for distributed control [180, 406, 408]. These decomposition methods, based

on the analyses of the interactions among the process variables (inputs, states and

outputs), generate compact and weakly interacting subsystems through community de-

tection. It was shown that the choice of decomposition is indeed a major factor affecting

the control performance and computational time of the resulting control scheme, and

that the adoption of appropriate decompositions can relieve the computational burden

while maintaining good control performance [326, 327]. However, these input-output

partitioning methods were not specifically designed for NMPC applications, and were

applicable only to “input problem” formulations. To find an optimal decomposition for

the “input-state problem” formulation, we need to address the problem of optimally

decomposing the optimization problems.

So far, decomposition for distributed optimization is typically done by intuitively

finding such complicating variables and complicating constraints that the optimization

problem becomes completely separated once these complicating variables or constraints

are removed. For general problems without a special structure, there has been no

systematic method for finding an optimal decomposition for distributed optimization.

In this work, we introduce network representations of a broad class of optimization

problems, and propose an efficient framework of determining the optimal decomposi-

tion of these optimization problems based on community detection in these network

representations. This framework is based on the structure of the optimization problem

rather than on the specific parameters (namely the measurements at different sampling

times). It can therefore be applied offline to generate a decomposition in advance of the

online implementation of NMPC.

The remainder of this chapter is organized as follows. In Section 6.2, we first intro-

duce the notion of variable-constraint bipartite network, variable unipartite network,
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and constraint unipartite network as structural representations of optimization prob-

lems with an objective function in separable form. Through the study of a large-scale

convex optimization problem, we show the computational benefit of decomposing the

network into community structures which are strongly interconnected inside but weakly

interconnected between. Community detection algorithms as powerful tools in net-

work science for finding modular structures are subsequently introduced. In Section

6.3, the network community detection framework is applied to generate the optimal

decomposition of the optimal control problems in NMPC. In Section 6.4, we examine a

benchmark reactor-separator process with comparisons of different decompositions un-

der an ADMM algorithm slightly modified from that of [166] and the IPOPT algorithm.

We conclude that the community detection in the variable unipartite network and the

variable-constraint bipartite network result in the optimal decompositions, respectively.

6.2 Community Detection for the Decomposition of Opti-

mization problems

6.2.1 Network representations of optimization problems

We consider without loss of generality a constrained optimization problem in the fol-

lowing “separable” form:

min f1(v1) + f2(v2) + · · ·+ fn(vn)

s.t. cj(v1, v2, . . . , vn) = 0, j = 1, 2, . . . ,m

vi ∈ Vi, i = 1, 2, . . . , n

(6.1)

where vi, i = 1, 2, . . . , n are scalar variables, and Vi, i = 1, 2, . . . , n represents the set

(interval) to which the variables belong. Note that in (6.1), the objective function is

separable and the variables are coupled only by equality constraints (with every inequal-

ity constraint only acting upon a single variable). If a non-separable objective function

or coupling inequality constraints are present, the original optimization problem can

always be converted to the form of (6.1) by defining suitable new auxiliary variables

and constraints. To decompose the optimization problem into a distributed architec-

ture, we seek to exploit the inherent structure of the optimization formulation, i.e., the

interactions between the variables v1, v2, . . . , vn and the constraints c1, c2, . . . , cm.

The structural information of the variable-constraint interactions can be represented
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Figure 6.2: Network representations of optimization problems. (a) Variable-constraint
bipartite network. (b) Bipartite adjacency matrix. (c) Variable unipartite network. (d)
Edge weight matrix of the variable unipartite network.

by constructing a variable-constraint bipartite network (graph) (see Fig. 6.2(a)). In

this bipartite network, the nodes are classified into two sets – the set of variables

{v1, v2, . . . , vn} and the set of constraints {c1, c2, . . . , cm}, and every edge connects a

variable node and a constraint node: if the variable vi is present in the expression of

cj (i.e., ∂cj/∂vi 6≡ 0, assuming the continuous differentiability of all the constraints),

then there is an edge between vi and cj . The network information can be equivalently

expressed by a bipartite adjacency matrix B ∈ {0, 1}n×m, where its (i, j)-th element

bij = 1 if an edge exists between vi and cj , and bij = 0 otherwise (see Fig. 6.2(b)). The

bipartite adjacency matrix B is simply the transposed Jacobian matrix [∂cj/∂vi], with

every nonzero element substituted by 1.

The information in the bipartite network can be simplified into a variable unipartite

network which captures the interactions between the variables (see Fig. 6.2(c)). The
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nodes in the variable unipartite graph include only the variables v1, v2, . . . , vn. The

weight of the edge between vi and vi′ , uii′ , is defined as the number of the constraints

to which both vi and vi′ are adjacent in the variable-constraint bipartite network, i.e.,

uii′ =

m∑
j=1

bijbi′j =
(
BB>

)
ii′
. (6.2)

The variable unipartite network can also be represented by the edge weight matrix

U = [uii′ ] ∈ Nn×n (see Fig. 6.2(d)). In graph theory, the variable unipartite network is

said to be the one-mode projection of the variable-constraint network onto the variable

set [487]. Compared to the bipartite network, for each pair of variables, the unipartite

network only tells how many constraints they share, without providing information on

which constraints they share.

We can also define the constraint unipartite network to capture the interactions

between the constraints in the same way as for the unipartite unipartite network. The

corresponding edge weight matrix W = [wjj′ ] ∈ Nm×m is obtained by

wjj′ =
n∑
i=1

bijbij′ =
(
B>B

)
jj′
. (6.3)

To decompose the optimization problem, we propose to partition the variables (con-

straints) into groups such that the interactions in the same groups, i.e., the common

involvement in the constraints (variables) between pairs of variables (constraints) in

the same groups, are stronger than the interactions between a pair of variables (con-

straints) across different groups. In network theory terminology, such groups are called

community structures, and the procedure to reveal the communities in networks is called

community detection [127]. Community structures are widely present in biological, so-

cial and technological networks, and community detection has already become a major

area of study in network science [114, 294, 115]. Illustrations of community structures

in bipartite and unipartite networks are given in Fig. 6.3(a) and (b), respectively.

Community structures can not usually be determined intuitively, and therefore effi-

cient community detection algorithms should be adopted. Before introducing such al-

gorithms, we consider a typical large-scale convex `1-norm minimization problem with

highly coupling equality constraints to show how the different decompositions of the
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Figure 6.3: Communities in variable-constraint bipartite network (a,b) and variable
unipartite network (c,d). The edge weights between communities formed by v1, v2, v3

(red) and v4, v5, v6, v7 (blue) is smaller than the edge weights inside the communities.
The communities are represented in both the network topology (a,c) and the adjacency
matrix (b,d).

same optimization problem make a difference in the solution, in the presence of com-

munities.

6.2.2 The role of community structures in the decomposition of opti-

mization problems

We consider a quadratic minimization subject to linear constraints, also known as the

“basis pursuit problem” [44]:

min
v
‖v‖1 =

n∑
i=1

|vi| s.t. Av = b (6.4)
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where A ∈ Rm×n, b ∈ Rn×1. This model can be taken as an optimization problem

associated with the unconstrained MPC of a linear system if the cost function assumes

the form of an `1-norm. We solve the optimization problem in a distributed manner by

dividing the variables into groups v1, v2, . . . , vN , vi = [vi1, v
i
2, . . . , v

i
ni ]
>, i = 1, 2, . . . , N ,

and using the parallel multi-block ADMM method [44]. Specifically, an augmented La-

grangian is constructed, in which λ is the Lagrange multiplier, γ is a penalty coefficient

enforcing the constraints, and Ai is composed of the columns of A corresponding to

variable block vi:

Lγ(v1, v2, . . . , vN ;λ) = ‖v‖1 − λ>(Av − b) +
γ

2
‖Av − b‖22

=
N∑
i=1

‖vi‖1 − λ>
(

N∑
i=1

Aivi − b

)
+
γ

2

∥∥∥∥∥
N∑
i=1

Aivi − b

∥∥∥∥∥
2

2

.
(6.5)

The minimizations are performed on primal variables in parallel blocks, followed by a

dual variable update in each iteration:

v1 := arg min
z1

Lγ(z1, v2, . . . , vN ;λ)

v2 := arg min
z2

Lγ(v1, z2, . . . , vN ;λ)

. . .

vN := arg min
zN

Lγ(v1, v2, . . . , zN ;λ)

λ := λ− γ

(
N∑
i=1

Aivi − b

)
(6.6)

To examine the effect of decompositions on the computational performance, we

generate a matrix A of size 1000 × 600 with nonzero elements more densely located

within 4 separate blocks, which is visualized in Fig. 6.4. These 4 blocks which appear

almost yellow in Fig. 6.4 correspond to 4 communities of variables. The vector b

is generated with the same procedure as in [229] by b = Av∗ + w where v∗ has 50

nonzero components randomly generated in [−1, 1], and w is a random noise vector

with identically distributed Gaussian components, each with a zero mean and a standard

deviation of 10−3.

We consider five different decompositions of the variables: (i) Decomposition ac-

cording to the community structures, i.e., v1 = v1:200, v2 = v201:400, v3 = v401:650,
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Figure 6.4: Visualization of the constraint matrix A in the `1-norm minimization prob-
lem. Each nonzero element is represented a yellow pixel and a zero element by a blue
pixel.

v4 = v651:1000. (ii) Decomposition with equal number of variables v1 = v1:250, v2 =

v251:500, v3 = v501:750, v4 = v751:1000. (iii) Decomposition in randomized four groups of

indices, with the size of the groups equal to those of the communities. (iv) A decom-

position coarser than (i): v1 = v1:400, v2 = v401:1000. (v) A decomposition finer than

(i): v1 = v1:200, v2 = v201:400, v3 = v401:525, v4 = v526:650, v5 = v651:825, v6 = v826:1000.

As the iterations proceed, we record the relative error defined by ‖v − vopt‖2/‖vopt‖2,

in which the vopt is the true optimal solution obtained by directly solving the central-

ized optimization problem. The variations of the relative error with increasing iteration

numbers are shown in Fig. 6.5 for four decompositions, except for the randomized de-

composition which does not result in a solution trajectory convergent to the optimal

solution v∗ with increasing iterations.

Remark 6.1. For the constrained `1-norm minimization problem, each block minimiza-

tion step in (6.6) is performed in the following way. By defining an auxiliary variable

ε ∈ Rm,

Aivi +
∑
j 6=i

Ajvj − b+ ε =
1

γ
λ, (6.7)
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Figure 6.5: Convergence rate of the multi-block ADMM algorithm applied to the `1-
norm minimization problem using different decompositions.

the subproblem of optimizing vi can be transformed to the following form

min
vi,ε

‖vi‖1 +
γ

2
ε>ε. (6.8)

Denote by vi+ and vi− the positive and the negative part of vi, respectively, i.e., vi+ =

(|vi| + vi)/2 and vi− = (|vi| − vi)/2. Denote by 1 the column vector of 1. The vi

optimization step is hence transformed into a quadratic programming problem.

min
vi+,v

i
−,ε

1>vi+ + 1>vi− +
γ

2
ε>ε

s.t. Aivi+ −Aivi− + ε =
1

γ
λ+ b−

∑
j 6=i

Ajvj , vi+ ≥ 0, vi− ≥ 0.
(6.9)

To obtain the true optimal value v∗, the centralized optimization is converted to

the following linear programming problem, which can be exactly solved, by defining the

positive and negative parts of v, v+ = (|v|+ v)/2, v− = (|v| − v)/2.

min
x+,x−

1>v+ + 1>v− s.t. Av+ −Av− = b, v+ ≥ 0, v− ≥ 0. (6.10)
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Remark 6.2. We choose this particular example in the form of (6.4) for the following

reasons: (i) The `1-norm minimization problem is convex, which has a unique optimum,

thus facilitating the comparison. (ii) The problem is not strongly convex, thus allowing

distributed ADMM to diverge under some bad decompositions. (iii) This problem is

often used in the literature of distributed optimization to examine the performance of

algorithms.

From Fig. 6.5, we can make the following observations:

1. Among the five decompositions above, the randomized decomposition results in

divergence, i.e., the distributed optimization can lose its basic performance when

the community structure is totally not accounted for in the decomposition. The

reason for this is that a random decomposition will generally result in strong inter-

actions between variable groups. Therefore, as long as the problem is not strongly

convex (such as the weakly convex `1-norm minimization), the decomposition for

distributed optimization should not be randomly generated.

2. The decomposition of the variables into 4 groups of equal sizes, as a decomposition

that possesses a certain degree of similarity to the community structures in the

network, leads to convergence.

3. The convergence is accelerated by using a decomposition according to the commu-

nities, which renders the difference between cross-group interactions and within-

group interactions significant. The coarser decomposition, where each group in the

decomposition can contain more communities, has about the same performance

as the decomposition exactly based on communities. Thus, community structures

act as the “core” playing a central role in maintaining good performance in the

decomposition for distribution optimization.

4. The finer decomposition, in which each group of variables only contains a portion

of the corresponding community, deteriorates the convergence rate. This implies

that the convergence performance is correlated to the integrity of the community

structures.

Compared to the community-based decomposition, the coarser decompositions merge

weakly interacting variable groups (communities) into larger groups. Except for very

fast problems, larger subproblems will generally increase the computational burden of
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each iteration. Since the interactions are already concentrated in the communities, ac-

counting for inter-community interactions does not significantly improve the optimality

of the solutions.

The above observations and arguments make a strong case for using a community-

based decomposition for distributed optimization. In the following subsection, we in-

troduce the computationally efficient Louvain algorithm (fast unfolding algorithm) of

community detection [39].

6.2.3 Modularity and Louvain algorithm for community detection

Modularity-based methods have been the mainstream among the community detection

algorithms. Modularity-based methods consider the community detection problem as

the maximization of a quality function, called modularity, defined over all the partitions

of the network nodes. Newman-Girvan modularity [296, 292] has been a widely adopted

classical form for unipartite networks. Given the adjacency matrix U = [uii′ ] in which

uii′ is the weight of the edge between nodes vi and vi′ , for any partition of nodes

in a unipartite network, P = (C1, C2, . . . , CK), where Ci denotes the index of the

community to which vi belongs (e.g., Ci = k means that the i-th node belongs to the

k-th community), the corresponding Newman-Girvan modularity is defined as

Q(P) =
n∑
i=1

n∑
i′=1

(uii′
u
− uiui′

u2

)
δ(Ci, Ci′). (6.11)

In the above expression of modularity, δ(Ci, Ci′) = 1 if Ci = Ci′ , i.e., if vi and vi′ belong

to the same community and δ(Ci, Ci′) = 0 otherwise. ui =
∑n

i′=1 uii′ is the degree of

node vi, i.e., the total weight of edges adjacent to vi. u =
∑n

i=1 ui =
∑n

i=1

∑n
i′=1 uii′

is the total edge weight in the network (with each edge counted twice). Hence the

term in parentheses in (6.11) captures the difference between the existing fraction of

edges between vi and vi′ and the expected fraction of edges between vi and vi′ when

all the edge weights are randomly redistributed with the degree of all nodes fixed, thus

measuring the level of interaction between vi and vi′ above a statistical average. The

modularity Q(P), as the sum of all such measures inside the communities, characterizes

the statistical significance of the communities as given by partition P.

The community detection in bipartite networks is therefore formulated as the maxi-

mization of modularity Q(P) with respect to all feasible partitions, and the maximized

modularity Q is called the modularity of the network, i.e., Q = maxP Q(P). The global
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maximization of modularity over all the partitions is an NP-hard problem owing to its

combinatorial nature [46]. Due to the computational complexity of the global maxi-

mization, many approximation algorithms have been proposed (see [114]). The Louvain

algorithm or fast unfolding algorithm [39] has been recognized as the most efficient one

with an observed linear scalability. The algorithm involves the following steps until the

modularity Q reaches a maximal value.

1. Initialize by assigning every node into a separate community.

2. For each node and each community other than the community to which this node

belongs, calculate the modularity increase ∆Q if the node is moved from its orig-

inal community to this new community.

3. Choose the largest ∆Q > 0 among all nodes and all communities and move the

corresponding node into the corresponding community.

4. Repeat the steps 2 and 3 for all nodes until no ∆Q > 0 can be found, i.e., the

modularity has reached a local maximal value.

5. Agglomerate each community into a node. Define the edge weights between ag-

glomerated nodes as the sum of the edge weights between the communities from

which these two nodes are agglomerated. Define a self-edge for every node with a

weight equal to the sum of the edge weights within the community from which it

is agglomerated.

6. Repeat steps 2 to 5 until no move further increases the modularity value.

For bipartite networks, the modularity assumes a different form than that of unipar-

tite networks [23] due to the absence of any expected edges between the nodes within

the same category (in our case, the variables and the constraints). Given the bipartite

adjacency matrix B = [bij ], where bij is the weight of the edge between nodes vi and

cj (for unweighted networks all the weights equal to 1), the modularity of any partition

P = (C1, C2, . . . , CK) is expressed as

Q =

m∑
i=1

n∑
j=1

(
bij
b
−
b′ib
′′
j

b2

)
δ(C ′i, C

′′
j ) (6.12)

in which b′i =
∑n

j=1 bij , b
′′
j =

∑m
i=1 bij are the degrees of vi and cj , respectively. C ′i and

C ′′j are the community affiliations of nodes vi and cj , respectively. b =
∑m

i=1

∑n
j=1 bij is
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the total weight in the network. Similar to the unipartite modularity (6.11), the bipartite

modularity (6.12) also characterizes the difference between intra-community interactions

and its expected level, and hence the statistical significance of the existence of bipartite

communities, each of which contains nodes from both categories. The maximization of

bipartite modularity can follow the same steps in the Louvain algorithm as described

above.

By applying the community detection algorithm to the bipartite and unipartite net-

works constructed in Subsection 6.2.1, groups of variables (or groups of constraints)

are generated such that the variable (constraint) interactions are weak between dif-

ferent groups but strong within each group. In general, these decompositions need

not be identical. Community detection in the bipartite network simultaneously parti-

tions variables and constraints, so that the variable pairs in the same group roughly

share a corresponding group of constraints. Community detection in the variable (con-

straint) unipartite network generates groups of variables (constraints) that share more

constraints (variables) in number, but the constraints (variables) shared by variables

(constraints) in the same group can be highly different and need not form groups.

Remark 6.3. For distributed optimization, it is desirable to have balanced loads for

distributed computing units, i.e., similar sizes for the subsystems generated by the de-

composition method. However, load balancing can not be guaranteed by community

detection. In the case where the subnetworks are highly heterogeneous in size, we can

perform successive community detection (further partition) in the subnetworks that are

computationally cumbersome, and agglomerate the subnetworks that are too small.

6.3 Application to Distributed NMPC

We consider a time-invariant system governed by differential algebraic equations (DAEs):

ẋ = f0(x, u), 0 = g(x, z), (6.13)

in which x(t) ∈ Rnx , z(t) ∈ Rnz are the vectors of differential state variables and

algebraic state variables respectively, and u(t) ∈ Rnu denotes manipulated inputs. For

simplicity, we only consider nominal models without plant-model mismatch, exogenous

disturbances and measurement noise here. The MPC of the system (6.13) requires that

97



at each sampling time the optimization problem (6.14) be solved:

min J =
N−1∑
t=0

Φ(ut1:nu , x
t
1:nx) + Ψ(xN1:nx)

s.t. xtix = fix(xt−1
1:nx

, ut−1
1:nu

), 0 = giz(x
t
1:nx , z

t
1:nz),

0 = rir(u
t
1:nu , x

t
1:nx , z

t
1:nz),

uiu ∈ [uiu , uiu ], xix ∈ [xix , xix ], ziz ∈ [ziz , ziz ],

iu = 1, . . . , nu; ix = 1, . . . , nx;

iz = 1, . . . , nz; ir = 1, . . . , nr; t = 1, . . . , N.

(6.14)

The variables include the manipulated inputs, differential and algebraic states, and

outputs at each discretized time (utiu , xtix , ztiz , y
t
iy

). The constraints include system

equations – fix (obtained by single step discretization), giz (when algebraic equations

exist), upper and lower bounds, and any additional coupling constraints (rir). The

additional constraints are needed for NMPC when, for example, the closed-loop system is

required to be stabilized with a prescribed Lyapunov function [234], or when constraints

on the manipulated inputs are needed to deal with open-loop instability [327]. Without

loss of generality we assume all rir are equalities (for inequalities we can appropriately

define extra algebraic states with bounds). N represents the number of sampling times

in a receding horizon, respectively. The initial states x0
ix

are given by the real-time

measurements.

We assume that the stage cost function Φ and the terminal cost function Ψ are sep-

arable (e.g., in a classical quadratic form). Then the formulation (6.14) is expressed in

the form of (6.1). An illustration of the variable-constraint bipartite network represent-

ing the structure of (6.14) is shown in Fig. 6.6 for a simple case. It shows a recurrent

pattern throughout the time axis as long as the system is time-invariant, where the

algebraic constraints connect variables with the same time index, and the differential

constraints connect variables with the neighboring time indices.

In our previous papers [180, 406, 408], the distributed control architecture was gen-

erated based on interaction analysis in the system digraph, which is a directed network

representation of the relations between process variables in the system. Hence the

decomposition was based on process variables, e.g., if u1 and u2 are assigned into sub-

systems 1 and 2 respectively, then the optimization variables u0:N−1
1 and u0:N−1

2 have

to be divided into two subproblems, although u0
1 through uN−1

1 share no constraint and

98



Figure 6.6: An illustration of variable-constraint bipartite network for optimal control
problems in NMPC.

ut1 and ut2 may interact. Compared to the system digraph-based methods, the variable-

constraint network-based method proposed here considers the optimal control problem

in its optimization formulation, and detects the communities of optimization variables.

The variable-constraint bipartite network and variable and constraint unipartite

networks also provide a more flexible framework than the system digraph, since any

other constraints in addition to the system model can be incorporated into the net-

work representation. Moreover, the variable-constraint network can be applied under

circumstances where the system digraph can not be well established. For DAE systems

which involve algebraic equations, any algebraic constraint can be included by creat-

ing a constraint node and variable-constraint edges. For time delay systems where the

change of some states is dependent not only on the current states but also on the states

of previous times, it suffices to create links between the corresponding constraint node

and the state variables with different time superscripts.

6.4 Case Study: Reactor-Separator Process

6.4.1 System description and network decompositions

The reactor-separator process in Fig. 4.1 is a benchmark system for studying distributed

model predictive control [234, 397, 421]. The system comprises of two reactors where
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Figure 6.7: Variable-constraint bipartite network for the NMPC of reactor-separator
process. The variables are represented by colored circles and the constraints are rep-
resented by squares in gray. Different colors represent time indices t = 1, 2, . . . , N for
inputs ut−1 and states xt.

reactions in series A→B→C take place, and a separator producing a product stream

withdrawn and a recycle stream. 12 state variables – the concentrations of A and B,

temperatures and holdup volumes in three units – describe the system. We use flow

rates Ff1, Ff2, F1, F2, F3, FR and heat exchange rates Q1, Q2, Q3 as 9 manipulated

inputs. The details of the dynamical system model and its NMPC problem are given in

Appendix A.

For the optimal control problem in the NMPC of the reactor-separator process,

a variable-constraint bipartite network and subsequently a variable unipartite and a

constraint unipartite network were constructed. Fig. 6.7 shows the bipartite network,

in which the variable nodes are colored according to the time indices (for the inputs ut−1

and the states xt, t = 1, 2, . . . , N). The edges connecting the variable nodes with the

constraint nodes in grey represent the variable-constraint interactions. The whip-like

bipartite network exhibits a recursive pattern due to the time-invariance of the system,

with the time index increasing as we traverse from one end to the other end on the

whip. For each time index (i.e., each connected variable group in a specific color in Fig.

6.7), the input and state nodes can be seen clearly, as shown in an amplification of the

head of the whip in Fig. 6.7.

To depict the network in a more simplified way, we agglomerate the manipulated

inputs and system state variables according to their time indices, and count the number
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Figure 6.8: Simplified representation of the NMPC of reactor-separator process. Each
number represents the total amount of pairwise interactions between two categories of
variables.

of pairwise interactions between different types of variables and among themselves (by

summing the corresponding edge weights in the unipartite adjacency matrix). This

simplification generates a representation of the optimal control problem as a chain of

triangles, as shown in Fig. 6.8. To decompose such a network into communities, two of

the three edges for some triangles need to be removed. Since the ut–xt+1 and the xt–

xt+1 variables have significantly fewer interactions than the ut–xt variables, we expect

the community detection to generate decompositions by removing the ut–xt+1 and xt–

xt+1 edges. In other words, there should be some time indices t such that xt+1 is not

assigned to the same community as xt and ut.

The community detection in the bipartite network and the unipartite network are

shown in Fig. 6.9(a) and (b). 8 and 7 communities are generated, respectively. In

both cases, the communities are partitioned according to our previous analysis and the

decompositions generated appear to be similar. The difference lies in the location where

triangles are cut off – the ut–xt+1 and xt–xt+1 edges are removed for t = 1, 3, 5, 7, 9, 11, 13

in the bipartite network, and for t = 2, 4, 6, 8, 10, 12 in the unipartite network. This

pattern, which is closely related to the physical structure of the optimization problem,

appears also in the community detection of the constraint unipartite network, the result

of which is omitted here for brevity.

For comparison of different decompositions, we apply the community detection in

the system digraph [180], which generates 3 communities of process variables, according

to the physical topology of the network, and directly extend it to the decomposition of

the optimal control problem. That is, for the process variables in each system digraph
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Figure 6.9: Different decompositions in the network representations of the optimal
control problem of the reactor-separator process for comparison. (a) Communities in
the variable-constraint bipartite network. (b) Communities in the variable unipartite
network. (c) Communities in the system digraph. Different colors are used for different
communities. Constraints are painted in gray expect for bipartite networks.

community, we assign these process variables with all the time indices t = 1, 2, . . . , N to

this community. The decomposition thus obtained in shown in Fig. 6.9(c), where each

community (red, blue, green) extends from the head to the tail of the whip. We also

consider the decomposition completely based on the time indices of the variables into

N = 15 subsystems, i.e., each subsystem includes {ut−1
1:9 , x

t
1:12} for each t ∈ {1, 2, . . . , 15}.

For any decomposition, we characterize its quality by (i) the total computational

time during the simulation time, and (ii) the control performance index (PI), defined

as the sum of the stage costs:

PI =

∞∑
t=0

Φ(ut, xt)∆t. (6.15)

Specifically, when the objective function assumes a quadratic form Φ(ut, xt) = (xt)>Qxt+

(ut)>Rut, then PI is the sum of an integrated square error (ISE) term and an integrated

square control (ISC) term, namely

PI =

∞∑
t=0

(xt)>Qxt∆t︸ ︷︷ ︸
ISE

+
∞∑
t=0

(ut)>Rut∆t︸ ︷︷ ︸
ISC

. (6.16)

6.4.2 Comparison of decompositions under ADMM

Now we investigate the effect of different decompositions on the distributed NMPC un-

der an ADMM algorithm. The optimal control problem (6.14) for the reactor-separator
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process can be expressed in the form of (6.1):

min J(v) s.t. c(v) = 0, v ≤ v ≤ v (6.17)

where v is the vector of variables to be optimized containing all the inputs and states

within the receding horizon, J is the objective function, c(v) = [c1(v), c2(v), . . . , cm(v)]>

is the vector of constraints, and v and v are the element-wise lower bounds and upper

bounds for v, respectively. Community detection is performed based on the structure

of the constraints c(v). The individual variable bounds v and v are not used for the

decomposition. The distributed optimization of problem (6.17) in a parallel multi-block

ADMM formulation with variable decomposition v1, v2, . . . , vN involves the following

iterations:
v1 := arg min

v1≤z1≤x1
Lγ(z1, v2, . . . , vN ;λ)

v2 := arg min
v2≤z2≤v2

Lγ(v1, z2, . . . , vN ;λ)

. . .

vN := arg min
vN≤zN≤xN

Lγ(v1, v2, . . . , zN ;λ)

λ := λ− γc(v)

(6.18)

with the augmented Lagrangian

Lγ(v1, v2, . . . , vN ;λ) = J(v)− λ>c(v) +
γ

2
‖c(v)‖22. (6.19)

To decrease the computational burden of the primal variable minimization steps, we

approximate the arg minzi with the result obtained by performing only one single step

of line search in the gradient direction. The step size is chosen according to the Armijo-

Goldstein condition [31], i.e.,

vi := vi + αd

d = −∇viL(v1, v2, . . . , vN ;λ)

α = max
k∈N
{α0δ

k|Lγ
(
v1, . . . , vi + α0δ

kd, . . . , vN ;λ
)
≤

Lγ(v1, . . . , vi, . . . , vN ;λ)− βα0δ
k‖d‖22}.

(6.20)

More details of the controller are found in Appendix A.

103



Table 6.1: Comparison of control and computational performances for different decom-
positions

Decompositions ISE ISC PI Time Iter.

Centralized 4339 818 5157 1496 s 1134
(a) Bipart. 3975 966 4941 779 s 3175
(b) Var. Unipart. 4005 975 4980 653 s 2365
(c) Syst. Digraph 3854 1150 5004 1221 s 2647
(d) Time Index 4078 1047 5125 1445 s max

1The “max” stands for the maximum allowed iteration number.

The NMPC based on the decompositions mentioned above along with a centralized

ADMM are compared using MATLAB R2017a on a Intel Core i7-2600 CPU with a

16GB RAM, and the results are shown in Table 6.1. Based on the results, we can reach

the following conclusions:

1. Compared to centralized control, distributed control under some decompositions

(a, b) is capable of decreasing the computational time. Although the distributed

algorithms cannot always guarantee a full convergence to the KKT point of the

centralized optimal control problem and may be stopped in stagnation, owing to

the non-convexity of the problem, it turns out that the decompositions do not

deteriorate the overall control performance (PI) compared to that of centralized

control.

2. The quality of distributed MPC is not simplistically correlated to the number of

subsystems that the original optimization problem is decomposed into. In our case,

a fine decomposition into 15 subsystems (d) fails to convergence to an optimum

(although the obtained suboptimal solution also gives a stabilizing control). A

coarse decomposition into 3 subsystems (c) has longer computational times than

the decompositions into 7 and 8 subsystems (a, b). The total computational

time is contributed by two factors – the time for a single iteration, and the total

iteration number until convergence. In order to find a “good” decomposition, an

interaction analysis of the problem structure should be considered.

3. Community detection in the variable unipartite network (b) gives decompositions

with better computational performance than that in the variable-constraint bipar-

tite network (a). This is mainly due to the fact that the constraints are dualized in

augmented Lagrangian-based optimization algorithms, and hence the interactions
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Table 6.2: Comparison of control and computational performances of decomposed and
centralized IPOPT

Decompositions ISE ISC PI Time Iter.

Centralized 4121 1414 5535 131 s –
(a) Bipart. 5682 611 6293 25 s 126
(b) Cons. Unipart. 5682 611 6293 35 s 126

between the variables are better captured by the number of terms in which they

coexist in the augmented Lagrangian.

4. The optimal decomposition that we have found so far is the one by community

detection in the variable unipartite network (b); it brings down the computational

time to approximately 44%, and has a control performance slightly better than

that of centralized control.

6.4.3 Comparison of decompositions under IPOPT

In the previous subsection, the proposed decomposition method was applied to dis-

tributed control under ADMM. However, we also note that ADMM has limitations. For

example, its intrinsic slow convergence rate results in a long computation time even for

this process system of moderate size.

We also considered a fast nonlinear programming algorithm, IPOPT, for distributed

control in the following sense. Through community detection in the variable-constraint

bipartite network and constraint unipartite network, we divide the constraints into

several groups and find the relevant optimization variables for each group of constraints.

In each iteration, we solve in parallel the optimization subproblems, each of which

involving a group of constraints and their relevant variables, using IPOPT. If a variable

is shared by more than one group of constraints and thus appears in more than one

subproblems, each of which generates an optimized value in an iteration, then its value

is updated by taking the average. The iterations are terminated according to the same

criterion as in ADMM, which is described in Appendix A.

This algorithm is implemented in MATLAB 2017a with OPTI Toolbox v2.27 [70].2

The results are shown in Table 6.2. It is seen that the decompositions result in a signif-

icant decrease in computation time down to about 19% and 27% of that of centralized

2Available at https://www.inverseproblem.co.nz/OPTI/index.php. See also https://projects.

coin-or.org/Ipopt/.
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control, respectively. A small control performance deterioration over the centralized

MPC is also observed. The two decompositions give identical control performance due

to the similarity in the community structures detected in the underlying network (as

we have discussed in Subsection 6.4.1), while the community detection in the bipartite

network results in fewer overlapped variables between different groups of constraints,

thus reducing the total computational burden.

We note that distributed optimization algorithms can not in general guarantee the

convergence to the optimum of the centralized problem, and therefore, we can not guar-

antee a priori the closed-loop stability even when the centralized controller is stabilizing.

To this end, after obtaining a good decomposition through community detection, sim-

ulations are still needed to examine the control performance of distributed NMPC.

Remark 6.4. [67] proposed a decomposition based on finding an approximate Newtonian

direction based on a block diagonal approximation of the KKT matrix. In our case,

since the interactions between subsystems are not all weak, it is difficult to do such an

approximation. Alternatively, it is in principle possible to use the value of Jacobian

elements as edge weights and perform community detection in the resulting Jacobian

bipartite network. For this example, we observed that this results in a decomposition

that does not lead to convergence of the system states towards the steady state.

Remark 6.5. Although the application of global optimization in optimal control prob-

lems has been proposed by [100], global algorithms have not been prevalent in NMPC

applications, probably due to the very high computational effort required. However, since

global algorithms (e.g., [10, 358]) guarantee the global optimality of the solution, thus

offering a potential of further improving the process economics, their application and

influence on the NMPC and the resulting computational performances should be ex-

plored. The decomposition of global algorithms for distributed optimization, for which

Lagrangian-based global algorithms [38] may provide a useful tool, is also an open prob-

lem for future studies.

6.5 Conclusions and Discussion

Decomposition techniques are widely used for large-scale and complex optimization

problems for a distributed solution. Distributed optimization for NMPC has also been a

recent focus of research. This article has proposed community detection as a systematic

method of decomposing optimization problems applicable to NMPC.
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Specifically, we defined a variable-constraint bipartite network and subsequently

variable and constraint unipartite networks to capture the structural interactions in the

optimization problem, and used community detection as a tool to partition the network

into constitutive parts that are strongly interconnected inside but weakly interconnected

between. In this way, the computational performance can be benefited by decomposing

the problem according to its structure; this is corroborated by a comparison of different

decompositions for a constrained `1-norm minimization. The proposed method was

applied to the NMPC of a reactor-separator process. The optimal decompositions found

by community detection in the variable unipartite network and the variable-constraint

bipartite network significantly reduce the computational time while maintaining the

control performance under ADMM and IPOPT algorithms, respectively.

Examples of other complex optimization problems such as in process synthesis, pro-

duction scheduling and supply chain management can also be considered. Although

decompositions have been considered to decrease the complexity of such problems, an

optimal decomposition obtained with the proposed method may be advantageous in

improving computational efficiency and optimality.
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From the east on the grand rock, I view the vast ocean. 東臨碣石，以觀滄海。

The water vibrantly rolls, with isles amidst towering. 水何澹澹，山島竦峙。

Trees have grown luxuriant, and grasses are lush. 樹木叢生，百草豐茂。

In the bleak wind of the autumn, waves go fiercely surging – 秋風蕭瑟，洪波湧起。

as if the Sun and the Moon’s motion rises up from between, 日月之行，若出其中。

as if the Milky Way’s brilliance rises up from inside. 星漢燦爛，若出其裏。

So blessed to see! I sing this poem of the aspiration of mine. 幸甚至哉！歌以詠志。

Cao Cao, “Viewing the Ocean”, ca. 207.

曹操《觀滄海》

Part II

Optimality: Leveraging Mathematical

Programming to Design Control Algorithms
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Chapter 7

Fast and Stable Nonconvex Constrained Distributed

Optimization: The ELLADA Algorithm

7.1 Introduction

Distributed optimization [44, 286, 271] refers to methods of performing optimization

using a distributed architecture – multiple networked agents are used for subsystems

and necessary information among the agents is communicated to coordinate the dis-

tributed computation. An important desirable application of distributed optimization

is in model predictive control (MPC), where control decisions are made through solving

an optimal control problem minimizing the cost associated with the predicted trajectory

in a future horizon subject to the system dynamics and operational constraints [344].

For large-scale systems, it is desirable to seek a decomposition (e.g., using community

detection or network block structures [77, 404, 76]) and deploy distributed MPC strate-

gies [362, 63, 288], which allows better performance than fully decentralized MPC by

enabling coordination, while avoiding assembling and computing on a monolithic model

in centralized MPC.

Despite efficient algorithms for solving monolithic nonlinear programming (NLP)

problems in centralized MPC (e.g., [316, 249, 36]), extending them into distributed al-

gorithms is nontrivial. A typical approach of distributed MPC is to iterate the control

inputs among the subsystems (in sequence or in parallel) [397, 232, 59]. The input iter-

ation routine is typically either semi-decentralized by implicitly assuming that the sub-

systems interact only through inputs and considering state coupling as disturbances, or

semi-centralized by using moving-horizon predictions based on the entire system, which,

however, contradicts the fact that the subsystem models should be usually packaged in-

side the local agents rather than shared over the entire system. Distributed MPC under

truly localized model information is typically restricted to linear systems [431, 104, 128].

We note that in general, distributed nonlinear MPC with subsystem interactions

should be considered as a distributed optimization problem under nonconvex constraints.

To solve such problems using distributed agents with local model knowledge, Lagrangian

decomposition using dual relaxation of complicating interactions [140, Section 9] and

the alternating direction method of multipliers (ADMM) algorithm using augmented

Lagrangian [105, 276] were proposed as general frameworks. These are primal-dual

iterative algorithms. As illustrated in Fig. 7.1, in each iteration, the distributed agents
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Figure 7.1: Primal-dual distributed optimization.

receive the dual information from the coordinator and execute subroutines to solve their

own subproblems, and a coordinator collects information of their solutions to update

the duals.

Convergence is the most basic requirement but also a major challenge in distributed

optimization under nonconvex constraints. Although distributed optimization with non-

convex objective functions has been well discussed [244, 419, 55, 442], the nonconvex

constraints appear much more difficult to handle. To guarantee convergence, [165] sug-

gested dualizing and penalizing all nonconvex constraints, making them undifferentiated

and tractable by ADMM; however, this alteration of the problem structure eliminates

the option for distributed agents to use any subroutine other than the method of multi-

pliers (MM). [167] used a quadratic programming problem to decide the dual variables

in the augmented Lagrangian as well as an extrapolation of primal updates; this algo-

rithm, however, involves a central agent that extracts Hessian and gradient information

of the subsystem models from the distributed agents in every iteration, and is thus es-

sentially semi-centralized. [369] adopted feasibility-preserving convex approximations to

approach the solution, which is applicable to problems without nonconvex equality con-

straints. We note that several recent papers (e.g., [400, 177, 463]) proposed the idea of

placing slack variables corresponding to the inter-subsystem constraints and forcing the

decay to zero by tightening the penalty parameters of slack variables. This modification

to the ADMM with slack variables and their penalties leads to a globally convergent

extra-layer augmented Lagrangian-based algorithm with preserved agent-coordinator

problem architecture.

Computational efficiency is also of critical importance for distributed optimization,

especially in MPC. The slothfulness of primal-dual algorithms typically arises from two

issues. First, the subgradient (first-order) update of dual variables restricts the number
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of iterations to be of linear complexity [229, 161, 245]. For convex problems, momen-

tum methods [131, 310] can be adopted to obtain second-order dual updates. Such

momentum acceleration can not be directly extended to nonconvex problems without

a positive definite curvature, although our previous numerical study showed that a dis-

counted momentum may allow limited improvement [413]. Another effort to accelerate

dual updates in convex ADMM is based on Krylov subspace methods [486]. Under

nonconvexity, it was only very recently realized that Anderson acceleration, a multi-

secant technique for fixed-point problems, can be generally used to accelerate the dual

variables [483, 118, 484].

The second cause for the high computational cost of distributed optimization is the

instruction on the distributed agents to fully solve their subproblems to high precision

in each iteration. Such exhaustive efforts may be unnecessary since the dual informa-

tion to be received from the coordinator will keep changing. For convex problems, it

is possible to linearize the augmented Lagrangian and replace the distributed subprob-

lems with Arrow-Hurwicz-Uzawa gradient flows [84]. In the presence of nonconvexity of

the objective functions, a dual perturbation technique to restore the convergence of the

augmented Lagrangian was proposed in [144]. It is yet unknown how to accommodate

such gradient flows to nonconvex constraints. A different approach is to allow inexact

solution of the subproblems with adaptively tightening tolerances [95]. Such an approx-

imate ADMM algorithm allows a better balance between the primal and dual updates,

and avoids wasteful computational steps inside the subroutines.

The purpose of this work is to develop a convergent and computationally efficient

algorithm for distributed optimization under nonconvex constraints. Although the algo-

rithm is in principle not restricted to any specific problem, we consider the implementa-

tion of distributed nonlinear MPC as an important application. Based on the above dis-

cussion, we identify the following modifications to the classical ADMM algorithm as the

key to mitigating the challenges in convergence and computational complexity: (i) ad-

ditional slack variables are placed on the constraints relating the distributed agents and

the coordinator, (ii) approximate optimization is performed in the distributed agents,

and (iii) the Anderson acceleration technique is adopted by the coordinator. We there-

fore combine and extend as appropriate these techniques into a new algorithm with

a two-layer augmented Lagrangian-based architecture, in which the outer layer han-

dles the slack variables as well as inequality constraints by using a barrier technique,

and the inner layer performs approximate ADMM under an acceleration scheme. With
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guaranteed stability and elevated speed, to the best knowledge of the authors, the pro-

posed algorithm is the first practical and generic algorithm of its kind for distributed

nonlinear MPC with truly localized model information. We name this algorithm as EL-

LADA (standing for extra-layer augmented Lagrangian-based accelerated distributed

approximate optimization).

This chapter discusses the movitation, develops the ELLADA algorithm and estab-

lishes its theoretical properties. An application to a benchmark quadruple tank process

is also presented. The remainder of this chapter is organized as follows. In Section

7.2, we first review the classical ADMM and its modified versions. Then we derive

our ELLADA algorithm in Section 7.3 with a trilogy pattern. First, a basic two-layer

augmented Lagrangian-based algorithm (ELL) is introduced and its convergence is dis-

cussed. Then the approximate solution of equality-constrained NLP problems and the

Anderson acceleration scheme are incorporated to form the ELLA and ELLADA algo-

rithms. The implementation of the ELLADA algorithm on the distributed optimization

problem involved in distributed nonlinear MPC is shown in Section 7.4, and the case

study is examined in Section 7.5. Conclusions and discussions are given in Section 7.6.

7.2 ADMM and Its Modifications

7.2.1 ADMM

The alterating direction method of multipliers is the most commonly used algorithm

for distributed optimization under linear equality constraints [44]. Specifically, consider

the following problem

min
x,x̄

f(x) + g(x̄) s.t. Ax+Bx̄ = 0 (7.1)

with two blocks of variables x and x̄, where f and g are usually assumed to be convex.

(The symbols in (7.1) are not related to the ones in Section 7.4.) The augmented

Lagrangian for such a constrained optimization problem is

L(x, x̄; y) = f(x) + g(x̄) + y>(Ax+Bx̄) +
ρ

2
‖Ax+Bx̄‖2, (7.2)

in which y stands for the vector of dual variables (Lagrangian multipliers) and ρ > 0

is called the penalty parameter. According to the duality theory, the optimal solution
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should be determined by a saddle point of the augmented Lagrangian:

sup
y

min
x,x̄

L(x, x̄; y). (7.3)

The classical method of multipliers (MM) deals with this saddle point problem with

an iterative procedure, where the primal variables are optimized first and then the dual

variables are updated with a subgradient ascent [31, Chapter 6]:

(xk+1, x̄k+1) = arg min
x,x̄

L(x, x̄; yk),

yk+1 = yk + ρ(Axk+1 +Bx̄k+1),
(7.4)

in which the superscript stands for the count of iterations. In a distributed context, x

and x̄ usually can not be optimized simultaneously. ADMM is thus an approximation

of MM that allows the optimization of x and x̄ to be performed separately, i.e.,

xk+1 = arg min
x
L(x, x̄k; yk),

x̄k+1 = arg min
x̄
L(xk, x̄; yk),

yk+1 = yk + ρ(Axk+1 +Bx̄k+1).

(7.5)

Since the appearance of ADMM in 1970s [129, 119], there have been many works

regarding its theoretical properties, extensions and applications. As we have mentioned

in the Introduction, ADMM is known to have a linear convergence rate for convex

problems. This does not change when the variables are constrained in convex sets. For

example, if x ∈ X , it suffices to modify the corresponding term f(x) in the objective

function by adding an indicator function IX (x) (equal to 0 if x ∈ X and +∞ otherwise),

which is still a convex function.

7.2.2 ADMM with approximate updates

Unless the objective terms f(x) and g(x̄) are of simple forms such as quadratic func-

tions, the optimization of x and x̄ in (7.5) does not have an exact solution. Usually,

iterative algorithms for nonlinear programming need to be called for the first two lines of

(7.5), and always searching for a highly accurate solution in each ADMM iteration will

result in an excessive computational cost. It is thus desirable to solve the optimization

subproblems in ADMM inexactly when the dual variables are yet far from the optimum,
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i.e., to allow xk+1 and x̄k+1 to be chosen such that

dk+1
x ∈ ∂xL(xk+1, x̄k; yk), dk+1

x̄ ∈ ∂x̄L(xk+1, x̄k+1; yk), (7.6)

where ∂x and ∂x̄ represent the subgradients with respect to x and x̄, respectively, and

dx and dx̄ are not exactly 0 but only converging to 0 asymptotically. For example, one

can assign externally a shrinking and summable sequence of absolute errors [94]:

‖dkx‖ ≤ εkx, ‖dkx̄‖ ≤ εkx̄,
∞∑
k=1

εkx <∞,
∞∑
k=1

εkx̄ <∞, (7.7)

or a sequence of relative errors to the errors proportional to other variations in the

algorithm [95, 455].

It was shown in [95] that a relative error criterion for terminating the iterations in

subproblems, compared to other approximation criteria such as a summable absolute

error sequence, better reduces the total number of subroutine iterations throughout

the ADMM algorithm. Such a relative error criterion is a constructive one, rendered

to guarantee the decrease of a quadratic distance between the intermediate solutions

(xk, x̄k, yk) and the optimum (x∗, x̄∗, y∗). In the context of distributed optimization

problems under nonconvex constraints, since the convergence proof is established on a

different basis from the quadratic distance, the construction of such a criterion must be

reconsidered. We will address this issue in Subsection 7.3.2.

7.2.3 Anderson acceleration

Linear convergence of the classical ADMM is essentially the result of subgradient dual

update, which uses the information of only the first-order derivatives with respect to

the dual variables: ∂yL = Ax + Bx̄. The idea of creating a quadratically convergent

algorithm using only first-order derivatives originates back from Nesterov’s approach

of solving convex optimization problems, which performs iterations based on a linear

extrapolation of the previous two iterations instead of the current solution alone [290].

Such a momentum method can be used to accelerate the ADMM algorithm, which can

be seen as iterations over the second block of primal variables x̄ and the dual variables

y [131]. However, such a momentum is inappropriate for nonconvex problems, since

the behavior of the extrapolated point can not be well controlled by a bound on the

curvature of the objective function.
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Therefore, we resort to a different type of technique – Anderson acceleration, pro-

posed in [7] first and later “rediscovered” in the field of chemical physics [334]. Generally

speaking, Anderson acceleration is used to solve the fixed-point iteration problem w =

h0(w) for some vector w and non-expansive mapping h0 (satisfying ‖h0(w)− h0(w′)‖ ≤
‖w − w′‖ for any w and w′). Different from the simple Krasnoselskii-Mann iteration

wk+1 = κwk + (1− κ)h0(wk) (κ ∈ (0, 1)), Anderson acceleration takes a quasi-Newton

approach, which aims at a nearly quadratic convergence rate [102]. Specifically1, in

each iteration k, the results from the previous m iterations are recalled from memory

to form the matrix of secants in w and h(w) = w − h0(w):

∆k
w =

[
δk−mw . . . δk−1

w

]
, δk

′
w = wk

′+1 − wk′ , k′ = k −m, . . . , k − 1;

∆k
h =

[
δk−mh . . . δk−1

h

]
, δk

′
h = h(wk

′+1)− h(wk
′
), k′ = k −m, . . . , k − 1.

(7.8)

An estimated inverse Jacobian is given by

Hk = I + (∆k
h −∆k

w)(∆k>
w ∆k

w)−1∆k>
w ⇒ H−1

k = I + (∆k
w −∆k

h)(∆k>
w ∆k

h)−1∆k>
w ,

(7.9)

which minimizes the Frobenius norm of Bk − I subject to Bk∆
k
w = ∆k

h. Then the

quasi-Newton iteration wk+1 = wk −H−1
k hk leads to a weighted sum of the previous m

function values:

wk+1 =

m∑
m′=0

αkm′h0(xk−m+m′) (7.10)

where the weights {αkm′}mm′=0 are specified by

αkm′ =


sk0, m′ = 0

skm′ − skm′−1, m′ = 1, . . . ,m− 1

1− skm−1, m′ = m

, (7.11)

with skm′ being the m′-th component sk:

sk = (∆k>
w ∆k

h)−1∆k>
w hk. (7.12)

1There are two different types of Anderson acceleration. Here we focus on Type I, which was found
to have better performance [102] and was improved in [483].
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Anderson acceleration (7.10) may not always be convergent, although local conver-

gence was studied in some special cases [423]. Recently, a globally convergent modifi-

cation of Anderson acceleration was proposed in [483], where regularization, restarting,

and safeguarding measures are taken to ensure the well-conditioning of the ∆k
w matrix,

boundedness of the inverse Jacobian estimate (7.9), and acceleration only in a safety

region, respectively.

The relevance of Anderson acceleration to ADMM lies in that the ADMM algorithm

(7.5) can be seen as fixed-point iterations (x̄k, yk)→ (x̄k+1, yk+1), k = 0, 1, 2, . . . [484],

which is the same idea underlying the ADMM with Nesterov acceleration. For problems

with nonconvex constraints, the iteration mapping h is not necessarily non-expansive,

and hence one can not directly establish the convergence of Anderson acceleration with

the original techniques used in [483]. We will address this issue in Subsection 7.3.3.

7.2.4 ADMM under nonconvex constraints

The presence of nonconvexity largely increases the difficulty of distributed optimization.

Most of the work in nonconvex ADMM considers problems with nonconvex objective

function with bounded Hessian eigenvalues or the Kurdyka- Lojasiewicz property as-

sumptions, under which a convergence rate of O(1/
√
k) (slower than that of convex

ADMM, O(1/k)) was established [221, 162, 442]. However, for many distributed opti-

mization problems, e.g., the distributed MPC of nonlinear processes, there exist non-

convex constraints on the variables, which is intrinsically inequivalent to the problems

with nonconvex objectives. For our problem of interest, the relevant works are scarce.

Here we introduce the algorithm of [400] for (7.1) under nonconvex constraints x ∈ X
and x̄ ∈ X̄ , reformulated with slack variables z:

min
x,x̄,z

f(x) + g(x̄) s.t. Ax+Bx̄+ z = 0, z = 0, x ∈ X , x̄ ∈ X̄ . (7.13)

The augmented Lagrangian is now written as

L(x, x̄, z; y, λ, ρ, β) = f(x) + g(x̄) + IX (x) + IX̄ (x̄)

+ y>(Ax+Bx̄+ z) +
ρ

2
‖Ax+Bx̄+ z‖2 + λ>z +

β

2
‖z‖2.

(7.14)

The algorithm is a two-layer one, where each outer iteration (indexed by k) contains a

series of inner iterations (indexed by r). In the inner iterations, the classical ADMM
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algorithm is used to update x, x̄, z and y in sequence, while keeping λ and β unchanged:

xk,r+1 = arg min
x
L(x, x̄k,r, zk,r; yk,r, λk, ρk, βk)

= arg min
x∈X

f(x) +
ρk

2

∥∥∥∥Ax+Bx̄k,r + zk,r +
yk,r

ρk

∥∥∥∥2

x̄k,r+1 = arg min
x̄
L(xk,r+1, x̄, zk,r; yk,r, λk, ρk, βk)

= arg min
x̄∈X̄

g(x̄) +
ρk

2

∥∥∥∥Axk,r+1 +Bx̄+ zk,r +
yk,r

ρk

∥∥∥∥2

zk,r+1 = arg min
z
L(xk,r+1, x̄k,r+1, z; yk,r, λk, ρk, βk)

= − ρk

ρk + βk

(
Axk,r+1 +Bx̄k,r+1 +

yk,r

ρk

)
− 1

ρk + βk
λk

yk,r+1 = yk,r + ρk(Axk,r+1 +Bx̄k,r+1 + zk,r+1)

(7.15)

Under mild assumptions, in the presence of slack variables z, it was proved [400] that if

one chooses ρk = 2βk, then the inner iterations converge to the set of stationary points

(xk, x̄k, zk, yk) of the relaxed problem

min
x,x̄,z

f(x) + g(x̄) + λk>z +
βk

2
‖z‖2

s.t. Ax+Bx̄+ z = 0, x ∈ X , x̄ ∈ X̄ .
(7.16)

Then in the outer iterations, the dual variables λk are updated. To enforce the

convergence of the slack variables to zero, the corresponding penalty βk is amplified by

a ratio γ > 1 if the returned zk from the inner iterations does not decay enough from

the previous outer iteration zk−1 (‖zk‖ > ω‖zk−1‖, ω ∈ (0, 1)). The outer iteration is

written as

λk+1 = Π[λ,λ](λ
k + βkzk), βk+1 =

γβk, ‖zk‖ > ω‖zk−1‖

βk, ‖zk‖ ≤ ω‖zk−1‖
(7.17)

in which the projection Π onto a predefined compact hypercube [λ, λ] is used to guar-

antee the boundedness of the dual variables and hence the augmented Lagrangian L.

If the augmented Lagrangian L remains bounded despite the increase of the penalty

parameters ρk and βk, the algorithm converges to a stationary point of the original

problem (7.1). The iterative complexity of such an algorithm to reach an ε-approximate
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stationary point is O(ε−4 ln(ε−1)).

In the next section, building on the algorithm of [400] that guarantees the con-

vergence of distributed optimization under nonconvex constraints, we propose a new

algorithm that integrates into it the ideas of approximate ADMM and Anderson accel-

eration, aiming at improving the computational efficiency.

7.3 Proposed Algorithm

7.3.1 Basic algorithm and its convergence

Consider an optimization problem in the following form:

min
x,x̄

f(x) + g(x̄)

s.t. Ax+Bx̄ = 0, x ∈ X = {x|φ(x) ≤ 0, ψ(x) = 0}, x̄ ∈ X̄
(7.18)

or equivalently with slack variables

min
x,x̄,z

f(x) + g(x̄)

s.t. Ax+Bx̄+ z = 0, z = 0, x ∈ X = {x|φ(x) ≤ 0, ψ(x) = 0}, x̄ ∈ X̄ .
(7.19)

We make the following assumptions.

Assumption 7.1. Assume that f is lower bounded, i.e., there exists f such that f(x) ≥
f for any x ∈ X .

Assumption 7.2. Function g is convex and is lower bounded.

Our basic algorithm (Algorithm 7.1) for (7.19) is slightly modified from the proce-

dure of [400], which considered the case where g(x) = 0 and X̄ is a hypercube. The

algorithm uses an inner loop of ADMM iterations and an outer loop of MM with possibly

amplifying penalty parameters. The inner iterations are terminated when the following

criterion is met

εk1 ≥ ε
k,r
1 := ‖ρkA>(Bx̄k,r+1 + zk,r+1 −Bx̄k,r − zk,r)‖,

εk2 ≥ ε
k,r
2 := ‖ρkB>(zk,r+1 − zk,r)‖,

εk3 ≥ ε
k,r
3 := ‖Axk,r+1 +Bx̄k,r+1 + zk,r+1‖.

(7.20)
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1 Set: Bound of dual variables [λ, λ], shrinking ratio of slack variables ω ∈ [0, 1),
amplifying ratio of penalty parameter γ > 1, diminishing outer iteration tolerances
{εk1 , εk2 , εk3}∞k=1 ↓ 0, terminating tolerances ε1, ε2, ε3 > 0;

2 Initialization: Starting points x0, x̄0, z0, dual variable and bounds λ1 ∈ [λ, λ], penalty
parameter β1 > 0;

3 outer iteration count k ← 0;
4 while stationarity criterion (7.24) is not met do
5 ρk = 2βk;
6 inner iteration count r ← 0;

7 Initialization: xk,0, x̄k,0, zk,0, yk,0 satisfying λk + βkzk,0 + yk,0 = 0;
8 while stopping criterion (7.20) is not met do

9 xk,r+1 = arg minx∈X f(x) + ρk

2

∥∥∥Ax+Bx̄k,r + zk,r + yk,r

ρk

∥∥∥2

;

10 x̄k,r+1 = arg minx̄∈X̄ g(x̄) + ρk

2

∥∥∥Axk,r+1 +Bx̄+ zk,r + yk,r

ρk

∥∥∥2

;

11 zk,r+1 = − ρk

ρk+βk

(
Axk,r+1 +Bx̄k,r+1 + yk,r

ρk

)
− 1

ρk+βk
λk;

12 yk,r+1 = yk,r + ρk(Axk,r+1 +Bx̄k,r+1 + zk,r+1);
13 r ← r + 1;

14 end

15 (xk+1, x̄k+1, zk+1, yk+1)← (xk,r, x̄k,r, zk,r, yk,r);

16 λk+1 = Π[λ,λ](λ
k + βkzk);

17 if ‖zk+1‖ > ω‖zk‖ then
18 βk+1 ← γβk;
19 else
20 βk+1 ← βk;
21 end
22 k ← k + 1;

23 end

Algorithm 7.1: Basic algorithm (ELL).

The proof uses the augmented Lagrangian (7.14) as a decreasing Lyapunov function

[162, 161], which gives the convergence of the inner iterations.

Lemma 7.1 (Descent of the augmented Lagrangian). Suppose that Assumptions 7.1

and 7.2 hold. When ρk = 2βk, it holds that

L(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1) ≤L(xk,r, x̄k,r, zk,r, yk,r)

− βk‖Bx̄k,r+1 −Bx̄k,r‖2 − βk

2
‖zk,r+1 − zk,r‖2

(7.21)

for r = 0, 1, 2, . . . 2, and hence the augmented Lagrangian nonincreasingly converges to

2For simplicity we did not write the last three entries λk, ρk, βk that do not change during inner
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a limit Lk.

Corollary 7.1 (Convergence of inner iterations). Suppose that Assumptions 7.1 and 7.2

hold. As r →∞, Bx̄k,r+1−Bx̄k,r → 0, zk,r+1− zk,r → 0, and Axk,r +Bx̄k,r + zk,r → 0.

Hence the inner iterations are terminated at a finite r when (7.20) is met and the point

(xk,r+1, x̄k,r+1, zk,r+1) the following conditions

dk1 ∈ ∂f(xk,r+1) +NX (xk,r+1) +A>yk,r+1,

dk2 ∈ ∂g(x̄k,r+1) +NX̄ (x̄k,r+1) +B>yk,r+1

0 = λk + βkzk,r+1 + yk,r+1,

dk3 = Axk,r+1 +Bx̄k,r+1 + zk,r+1

(7.22)

for some dk1, dk2 and dk3 satisfying ‖dk1‖ ≤ εk1, ‖dk2‖ ≤ εk2 and ‖dk3‖ ≤ εk3, respectively.

NX (x) (NX̄ (x̄)) refers to the normal cone to the set X (X̄ ) at point x (x̄):

NX (x) = {v|v>(x′ − x) ≤ 0, ∀x′ ∈ X}. (7.23)

The proofs of the above lemma and corollary are given in Appendix B.1 and Ap-

pendix B.2, respectively. It is apparent that if εk1, ε
k
2, ε

k
3 are all equal to 0, (7.22) is the

Karush-Kuhn-Tucker optimality condition of the relaxed problem (7.16) [349].

We note that although the augmented Lagrangian decreases throughout the inner it-

erations, the increase in the penalty parameters may cause an increase in the augmented

Lagrangian across outer iterations, thus losing the guarantee of overall convergence. To

establish the convergence of outer iterations, we need to make the following assumption

to restrict the upper level of the augmented Lagrangian.

Assumption 7.3. The augmented Lagrangians are uniformly upper bounded at initial-

ization of all inner iterations, i.e., there exists L ≥ L(xk,0, x̄k,0, zk,0, yk,0, λk, ρk, βk) for

all k.

The above assumption is actually a “warm start” requirement. Suppose that we have

a feasible solution (x0, x̄0) to the original problem (7.18), then we can always choose

xk,0 = x0, x̄k,0 = x̄0, zk,0 = 0, yk,0 = −λk to guarantee an L = f(x0) + g(x̄0).

Lemma 7.2 (Convergence of outer iterations). Suppose that Assumptions 7.1, 7.2 and

7.3 hold. Then for any ε1, ε2, and ε3 > 0, within a finite number of outer iterations k,

iterations in the augmented Lagrangian.
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Algorithm 7.1 finds an approximate stationary point (xk+1, x̄k+1, zk+1, yk+1) of (7.18),

satisfying

d1 ∈ ∂f(xk+1) +NX (xk+1) +A>yk+1,

d2 ∈ ∂g(x̄k+1) +NX̄ (x̄k+1) +B>yk+1,

d3 = Axk+1 +Bx̄k+1

(7.24)

for some d1, d2, d3 satisfying ‖dj‖ ≤ εj, j = 1, 2, 3.

See Appendix B.3 for a proof. In addition to the convergence, we can also establish a

theoretical complexity. Previously in [400], it was shown that to reach an ε-approximate

stationary point satisfying (7.24) with ε1, ε2, ε3 = ε > 0, the total number of inner

iterations needed is of the order O(ε−4 ln(1/ε)). Here, we show that by appropriately

choosing the way that the tolerances (εk1, ε
k
2, ε

k
3) shrink, the iteration complexity can be

provably reduced anywhere in (O(ε−2),O(ε−4)], for which a proof is given in Appendix

B.4.

Lemma 7.3 (Complexity of the basic algorithm). Suppose that Assumptions 7.1, 7.2

and 7.3 hold. For some constant ϑ ∈ (0, ω], choose εk1 ∼ O(ϑk), εk2 ∼ O(ϑk), and

εk3 ∼ O((ϑ/β)k). Then each outer iteration k requires Rk ∼ O((ϑω)−2k) inner itera-

tions. Hence, for the Algorithm 7.1 to reach an ε-approximate stationary point, the total

iterations needed is R ∼ O(ε−2(1+ς)), where ς = logϑ ω ∈ (0, 1].

7.3.2 Approximate algorithm

We note that the basic algorithm requires complete minimization of x and x̄ in each

inner iteration (Lines 9–10, Algorithm 7.1). However, this is neither desirable due to the

computational cost, nor practical since any nonlinear programming (NLP) solver finds

only a point that approximately satisfies the KKT optimality conditions, except for very

simple cases. For simplicity, we assume that such a minimization oracle3, namely an

explicit mapping G depending on matrix B, Axk,r+1+zk,r+yk,r/ρk, and ρk, exists for x̄.

For example, if g(x̄) = 0 and B>B = aI for some a > 0, then G(B, v, ρ) = − 1
2aB

>v. For

the x-minimization, however, such an oracle usually does not exist. In this subsection,

we will modify Algorithm 7.1 so as to allow approximate x-optimization on Line 9.

3We use the word “oracle” with its typical meaning in mathematics and computer science. An oracle
refers to an ad hoc numerical or computational procedure, regarded as a black box mechanism, to
generate the needed results as its outputs based on some input information.
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Assumption 7.4. The minimization of the augmented Lagrangian with respect to x̄

(Line 10, Algorithm 7.1) admits a unique explicit solution

x̄k,r+1 = G(B,Axk,r+1 + zk,r + yk,r/ρk, ρk). (7.25)

Let us also assume that the problem has a smoothness property as follows.

Assumption 7.5. Functions f , φ and ψ are continuously differentiable, and X has a

nonempty interior.

Under this smoothness assumption, the KKT condition for x-minimization is written

as the following equalities with µ ≥ 0 and ν representing the Lagrangian dual variables

corresponding to the inequalities φ(x) ≤ 0 and ψ(x) = 0, respectively

0 = ∇f(xk,r+1) + ρkA>(Axk,r+1 +Bx̄k,r + zk,r + yk,r/ρk)

+

Cφ∑
c=1

µc∇φc(xk,r+1) +

Cψ∑
c=1

νc∇ψc(xk,r+1),

0 = µcφc(x
k,r+1), c = 1, . . . , Cφ, 0 = ψc(x

k,r+1), c = 1, . . . , Cψ.

(7.26)

Line 9 of Algorithm 7.1 is thus to solve the above equations for xk,r+1. This can be

achieved through an interior point algorithm, which employs double-layer iterations

to find the solution. In the outer iteration, a barrier technique is used to convert the

inequality constraints into an additional term in the objective; the optima (or stationary

points) of the resulting barrier problems converge to true optima (stationary points) as

the barrier parameter converges to 0. In the inner iteration, a proper search method

is used to obtain the optimum of the barrier problem. Since both the interior point

algorithm and the basic ADMM algorithm 7.1 have a double-layer structure, we consider

matching these two layers.

Specifically, in the k-th outer iteration, the function f(x) is appended with a barrier

term −bk
∑Cφ

c=1 ln(−φc(x)) (bk is the barrier parameter, converging to 0 as k → ∞).

Hence a “barrier augmented Lagrangian” can be specified as

Lb = L− b
Cφ∑
c=1

ln(−φc(x)). (7.27)

Based on the arguments in the previous subsection, if the x-optimization step returns a
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xk,r+1 minimizing Lb with respect to x, then the inner iterations result in the descent of

Lbk , which implies the satisfaction of conditions (7.22), with f modified by the barrier

function. Obviously, if Assumption 7.3 holds for L, then it also holds for Lbk when X
has a nonempty interior. It follows that the outer iterations can find an approximate

stationary point of the original problem with the decay of barrier parameters bk.

However, precisely finding the xk,r+1 that minimizes Lb with respect to x, which is

an equality-constrained NLP problem, still requires an iterative search procedure [436].

By matching the inner iterations of the interior point algorithm and the inner iterations

of the ADMM, we propose to perform only a proper amount of searching steps instead

of the entire equality-constrained NLP in each inner iteration, so that the solution to the

equality-constrained NLP problem can be approached throughout the inner iterations.

For this purpose, we assume that we have at hand a solver that can find any approximate

solution of equality-constrained NLP.

Assumption 7.6. Assume that for any equality-constrained smooth NLP problem

min
x

χ(x) s.t. ψ(x) = 0 (7.28)

a solver that guarantees the convergence to any approximate stationary point of the above

problem with a lower objective function is available. That is, starting from any initial

point x0, for any tolerances ε4, ε5 > 0, within a finite number of searches the solver finds

a point (x, ν) satisfying

d4 = ∇χ(x) +

Cψ∑
c=1

νc∇ψc(x), d5c = ψc(x), c = 1, . . . , Cψ. (7.29)

for some ‖d4‖ ≤ ε4, ‖d2‖ ≤ ε5, and f(x) ≤ f(x0). Such an approximate solution is

denoted as F (x0;χ, ψ, ε4, ε5).

The above approximate NLP solution oracle is realizable by NLP solvers where the

tolerances of the KKT conditions are allowed to be specified by the user, e.g., the IPOPT

solver [437]. Under Assumption 7.6, the x-update step on Line 9 of Algorithm 7.1 is

replaced by an approximate NLP solution

xk,r+1 = F (xk,r;χk,r, ψ, εk,r4 , εk,r5 ), (7.30)

where the objective function in the current iteration is the part of barrier augmented
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1 Set: Bound of dual variables [λ, λ], shrinking ratio of slack variables ω ∈ [0, 1),
amplifying ratio of penalty parameter γ > 1, diminishing outer iteration tolerances
{εk1 , εk2 , εk3 , εk4 , εk5 , εk6}∞k=1 ↓ 0, diminishing barrier parameters {bk}∞k=1 ↓ 0, terminating
tolerances ε1, ε2, ε3, ε4, ε5, ε6 > 0;

2 Initialization: Starting points x0, x̄0, z0, dual variable and bounds λ1 ∈ [λ, λ], penalty
parameter β1 > 0;

3 outer iteration count k ← 0;

4 while εk4 ≥ ε4 or εk5 ≥ ε5 or bk ≥ ε6 or stationarity criterion (7.24) is not met do

5 Set: Diminishing tolerances {εk,r4 , εk,r5 }∞r=1 ↓ 0;

6 let ρk = 2βk;
7 inner iteration count r ← 0;

8 Initialization: xk,0, x̄k,0, zk,0, yk,0 satisfying λk + βkzk,0 + yk,0 = 0;

9 while εk,r4 ≥ εk4 or εk,r5 ≥ εk5 or stopping criterion (7.20) is not met do

10 xk,r+1 = F (xk,r;χk,r, ψ, εk,r4 , εk,r5 ), where χk,r is given by (7.31);

11 x̄r+1 = G(B,Axr+1 + zk,r + yk,r/ρk, ρk), where G is given by (7.25);

12 zk,r+1 = − ρk

ρk+βk

(
Axk,r+1 +Bx̄k,r+1 + yk,r

ρk

)
− 1

ρk+βk
λk;

13 yk,r+1 = yk,r + ρk(Axk,r+1 +Bx̄k,r+1 + zk,r+1);
14 r ← r + 1;

15 end

16 (xk+1, x̄k+1, zk+1, yk+1)← (xk,r, x̄k,r, zk,r, yk,r);

17 λk+1 = Π[λ,λ](λ
k + βkzk);

18 if ‖zk+1‖ > ω‖zk‖ then
19 βk+1 ← γβk;
20 else
21 βk+1 ← βk;
22 end
23 k ← k + 1;

24 end

Algorithm 7.2: Approximate algorithm (ELLA).

Lagrangian Lbk that is related to x with the indicator function IX (x) excluded:

χk,r(x) = f(x)− bk
Cφ∑
c=1

ln(−φc(x)) +
ρk

2

∥∥∥Ax+Bx̄k,r + zk,r + yk,r/ρk
∥∥∥2

(7.31)

This approximate algorithm with inexact x-minimization is summarized as Algorithm

7.2. The inner iterations are performed until εk,r4 and εk,r5 are lower than εk4 and εk5,

respectively, and (7.20) holds. The outer iterations are terminated when εk4 ≤ ε4, εk5 ≤ ε5,

the barrier parameter is sufficiently small bk ≤ ε6, and (7.24) holds.

Lemma 7.4 (Convergence of the approximate algorithm). Suppose that Assumptions
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7.1–7.6 hold. For any outer iteration k, given any positive tolerances {εk1, . . . , εk5}, within

a finite number of inner iterations r, the obtained solution satisfies

dk1 + dk4 = ∇f(xk,r+1) +

Cφ∑
c=1

µk,r+1
c ∇φc(xk,r+1) +

Cψ∑
c=1

νk,r+1
c ∇ψc(xk,r+1) +A>yk,r+1,

dk2 ∈ ∂g(x̄k,r+1) +NX̄ (x̄k,r+1) +B>yk,r+1,

0 = λk + βkzk,r+1 + yk,r+1, dk3 = Axk,r+1 +Bx̄k,r+1 + zk,r+1,

dk5 = ψ(xk,r+1), −bk = µk,r+1
c φc(x

k,r+1), c = 1, . . . , Cφ.

(7.32)

for some dk1, . . . , d
k
5 with ‖dk1‖ ≤ εk1, . . . , ‖dk5‖ ≤ εk5. Then, suppose that the outer

iteration tolerances {εk1, . . . , εk5} and barrier parameters bk are diminishing with increas-

ing k, given any terminating tolerances ε1, . . . , ε6 > 0, within a finite number of outer

iterations, Algorithm 7.2 finds a point (xk+1, x̄k+1, zk+1, yk+1, µk+1, νk+1) satisfying

d1 + d4 = ∇f(xk+1) +

Cφ∑
c=1

µk+1
c ∇φc(xk+1) +

Cψ∑
c=1

νk+1
c ∇ψc(xk+1) +A>yk+1

d2 ∈ ∂g(x̄k+1) +NX̄ (x̄k+1) +B>yk+1,

0 = λk + βkzk+1 + yk+1, d3 = Axk+1 +Bx̄k+1,

d5 = ψ(xk+1), −d6 = µk+1
c φc(x

k+1), c = 1, . . . , Cφ.

(7.33)

for some d1, . . . , d6 with ‖dj‖ ≤ εj, j = 1, . . . , 5, d6 ∈ (0, ε6].

The proof is self-evident following the techniques in the Proofs of Lemma 7.1, Corol-

lary 7.1 and Lemma 7.2 given in Appendix B.1 to Appendix B.3. The conditions (7.32)

indicate an (εk1, . . . , ε
k
5)-approximate stationary point to the relaxed barrier problem

min
x,x̄,z

f(x) + g(x̄)− bk
Cφ∑
c=1

ln(−φc(x))

s.t. Ax+Bx̄+ z = 0, ψ(x) = 0, x̄ ∈ X̄

(7.34)

and the condition (7.33) gives an (ε1, . . . , ε6)-approximate stationary point to the original

problem (7.18).
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7.3.3 Accelerated algorithm

The key factor restricting the rate of convergence is the y-update, which is not a full

or approximate maximization but only one step of subgradient ascent. As was proved

in Lemma 7.3, such a subgradient ascent approach for nonconvex problems leads to a

number of inner iterations proportional to the inverse squared error. Here, by modifying

the Anderson acceleration scheme in [483], we propose an accelerated algorithm. Let us

make the following assumption regarding our choice of tolerances εk,r4 and εk,r5 .

Assumption 7.7. Suppose that we choose a continuous and strictly monotonically in-

creasing function π : [0,∞)→ [0,∞) with π(0) = 0 such that εk,r5 = π(εk,r4 ), and choose

εk,r+1
4 proportional to ‖ρkA>(Bx̄k,r+1 − Bx̄k,r + zk,r+1 − zk,r)‖ when such a value is

strictly smaller than the previous tolerance εk,r4 but not smaller the ultimate one εk4.

The choice of function π to relate the stationarity tolerance and equality tolerance

in NLP subroutine is aimed at balancing the effort to reduce both errors. The choice of

εk,r+1
4 is based on the following rationale. After the r-th inner iteration, the obtained

solution xk,r+1 satisfies the approximate stationarity condition

dk,r+1
4 = ∇f(xk,r+1) +

Cφ∑
c=1

µk,r+1
c ∇φc(xk,r+1) +

Cψ∑
c=1

νk,r+1
c ·

∇ψc(xk,r+1) + ρkA>
(
Axk,r+1 +Bx̄k,r + zk,r + yk,r/ρk

) (7.35)

for some dk,r+1
4 with a modulus not exceeding εk,r4 , µk,r+1 satisfying µk,r+1

c φc(x
k,r+1) =

−bk, c = 1, . . . , Cφ. Using the formula for y-update (Line 13, Algorithm 7.2), we

rearrange the above equation to obtain

dk,r+1
4 + ρkA>(Bx̄k,r+1 −Bx̄k,r + zk,r+1 − zk,r) = ∇f(xk,r+1)

+

Cφ∑
c=1

µk,r+1
c ∇φc(xk,r+1) +

Cψ∑
c=1

νk,r+1
c ∇ψc(xk,r+1) +A>yk,r+1

(7.36)

Hence after the update of x̄, z and y variables, the violation of the stationarity condition

is bounded by εk,r4 + ‖ρkA>(Bx̄k,r+1 − Bx̄k,r + zk,r+1 − zk,r)‖. Therefore, εk,r4 should

be balanced with the second term, which, however, is realizable only after the x̄- and

z-updates after the x-update and hence assigned to εk,r+1
4 .

We note from Algorithm 7.2 that under Assumption 7.7, each inner iteration r is a

126



mapping from (xk,r, x̄k,r, zk,r+1, yk,r+1, εk,r4 ) to (xk,r+1, x̄k,r+1, zk,r+1, yk,r+1, εk,r+1
4 ). In

fact, despite the dependence of the latter variables on xk,r and εk,r4 , such dependence can

be ignored in the sense that the descent of the barrier augmented Lagrangian Lbk will

always guide the sequence of intermediate solutions towards the set of εk4-approximate

stationary points of the relaxed barrier problem (7.34). Using Lemma 7.1 with the aug-

mented Lagrangian substituted by the barrier augmented Lagrangian, it immediately

follows that under the approximate algorithm, the sequence {(x̄k,r, zk,r)}∞r=1 will con-

verge to a fixed point, and the convergence of {yk,r} accompanies the convergence of

{zk,r} due to (B.11). It is thus clear that we may resort to Anderson acceleration intro-

duced in Subsection 7.2.3 by denoting w = (x̄, z), the iteration as a mapping h0, and

h(w) = w − h0(w), and collecting at the r-th inner iteration the following multi-secant

information about the previous m inner iterations:

∆k,r
w = [δk,r−mw . . . δk,r−1

w ], ∆k,r
h = [δk,r−mh . . . δk,r−1

h ], (7.37)

where δr−m
′

h = wk,r−m
′+1 − wk,r−m

′
and δr−m

′

h = h(wk,r−m
′+1) − h(wk,r−m

′
), m′ =

m− 1, . . . , 0.

However, the possibility that ∆k
w may not be of full rank and Hk may be singular

requires certain modifications to the original accelration scheme. The following tech-

nique was used in [483]. First, it can be shown that the matrix H defined in (7.9) can

be constructed in an inductive way, starting from H0
k,r = I, by rank-one updates

Hm′+1
k,r = Hm′

k,r +
(δk,r−m+m′

h −Hm′
k,rδ

k,r−m+m′
w )(δ̂k,r−m+m′

w )>

(δ̂k,r−m+m′
w )>δk,r−m+m′

w

(7.38)

for m′ = 0, . . . ,m − 1 with Hm
k,r = Hk,r, where δ̂k,r−mw , . . . , δ̂k,r−1

w are obtained from

δk,r−mw , . . . , δk,r−1
w through Gram-Schmidt orthogonalization. To ensure the invertibility

of Hk,r, the δh vector in (7.38) is perturbed to

δ̃k,r−m+m′

h = (1− θm′k,r)δ
k,r−m+m′

h + θm
′

k,rδ
k,r−m+m′
w , (7.39)

where the perturbation magnitude θm
′

k,r is determined by

θm
′

k,r = ϕ

(
(δ̂k,r−m+m′
w )>(Hm′

k,r)
−1δk,r−m+m′

h

‖δ̂k,r−m+m′
w ‖2

; ηθ

)
. (7.40)
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with regularization hyperparameter ηθ ∈ (0, 1). The function ϕ(θ; η) is defined by

ϕ(θ; η) =

(ηsignθ − θ)/(1− θ) , |θ| ≤ η

0 , |θ| > η
. (7.41)

Using the Sherman-Morrison formula for inverting the rank-one update, H−1
k,r can be

induced from (H0
k,r)
−1 = I according to

(Hm′+1
k,r )−1 = (Hm′

k,r)
−1 +

(
δk,r−m+m′
w − (Hm′

k,r)
−1δ̃k,r−m+m′

h

)
(δ̂k,r−m+m′
w )>(Hm′

k,r)
−1

(δ̂k,r−m+m′
w )>(Hm′

k,r)
−1δ̃k,r−m+m′

h

.

(7.42)

To avoid the rank deficiency ∆w, a restart checking strategy is used, where the

memory is cleared when the Gram-Schmidt orthogonalization becomes ill conditioned

(‖δ̂k,rw ‖ < ηw‖δk,rw ‖ for some ηw ∈ (0, 1)) or the memory exceeds a maximum M ;

otherwise the memory is allowed to grow. Hence the Anderson acceleration is well-

conditioned.

Lemma 7.5 (Well-conditioning of Anderson acceleration, [483]). Using the regulariza-

tion and restart checking techniques, it is guaranteed that

‖H−1
k,r‖2 ≤ θ

−M [3(1 + θ + ηw)Mη−Nw − 2
]N−1

< +∞ (7.43)

where M is the maximum number of steps in the memory and N is the dimension of w.

A well-conditioned Anderson acceleration is not yet sufficient to guarantee the con-

vergence. Hence we employ a safeguarding technique modified from [483] which aims at

suppressing a too large increase in the barrier augmented Lagrangian by rejecting such

acceleration steps. When Anderson acceleration suggests an update from w = (x̄, z) to

w̃ = (˜̄x, z̃) under the current value of Ax, the resulting Lagrangian increase is

L̃k(w, w̃;Ax) = g(˜̄x)− g(x̄) + λk>(z̃ − z) +
βk

2
(‖z̃‖2 − ‖z‖2) + ỹ>(Ax+B ˜̄x+ z̃)

− y>(Ax+Bx̄+ z) +
ρk

2

(
‖Ax+B ˜̄x+ z̃‖2 − ‖Ax+Bx̄+ z̃‖2

)
(7.44)

where y and ỹ are calculated by

y = −λk − βkz, ỹ = −λk − βkz̃, (7.45)
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which results from Line 12–13 of Algorithm 7.2. We require that such a change, if

positive, must not exceed an upper bound:

L̃k(w, w̃;Ax) = L̃0ηL(R+ + 1)−(1+σ) (7.46)

where L̃0 is the expected Lagrangian decrease after the first non-accelerated iteration

after initialization according to Lemma 7.1, used as a scale for the change in the barrier

augmented Lagrangian:

L̃0 = βk‖Bx̄k,1 −Bx̄k,0‖2 +
βk

2
‖zk,1 − zk,0‖2, (7.47)

where ηL, σ > 0 are hyperparameters, and R+ is the number of already accepted ac-

celeration steps. With safeguarding, it can be guaranteed that the barrier augmented

Lagrangian always stays bounded, since
∑∞

R+=0(R+ + 1)−(1+σ) < +∞. We also require

that the acceleration should not lead to a drastic change in w:

‖w̃ − w‖2 ≤ L̃0

βk
ηw̃√

1 +R+
, (7.48)

where ηw̃ > 0 is a hyperparameter. 1/
√

1 +R+ reflects an expected change according to

the plain ADMM iteration, which is used to suppress disproportionate large deviations

due to Anderson acceleration.

Finally, the accelerated algorithm using the Anderson acceleration technique for

fixed-point iteration of (x̄, z) is summarized as Algorithm 7.3. This is our final EL-

LADA algorithm, whose distributed implementation will be briefly discussed in the

next subsection. With well-conditioned H−1
k,r matrix and a bounded barrier augmented

Lagrangian, its convergence can now be guaranteed by the following lemma, the proof

of which is given in Appendix B.5.

Lemma 7.6 (Convergence under Anderson acceleration). Suppose that Assumptions

7.1–7.7 hold. Under regulated and safe-guarded Anderson acceleration, Algorithm 7.3

finds within a finite number of inner iterations r a point satisfying (7.32). The con-

vergence of outer iterations to an approximate stationary point satisfying (7.33) hence

follows.

Summarizing the conclusions of all the previous lemmas in this section, we have

arrived at the following theorem.
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1 Set: Dual bounds [λ, λ], outer iteration parameters ω ∈ [0, 1), γ > 1, {εk1 , εk2 , εk3 , εk4 , εk6}∞k=1 ↓ 0,

{bk}∞k=1 ↓ 0, final tolerances ε1, ε2, ε3, ε4, ε6 > 0, function π, acceleration parameters
θ ∈ (0, 1), σ > 0, ηε > 0, ηw ∈ (0, 1), ηL > 0, ηw̃ > 0, M ∈ N. Let ε5 = π(ε4);

2 Initialization: Starting points x0, x̄0, z0, λ1 ∈ [λ, λ], penalty parameter β1 > 0, ε05 = π(ε04);
3 Outer iteration count k ← 0;

4 while εk4 ≥ ε4 or εk5 ≥ ε5 or bk ≥ ε6 or stationarity criterion (7.24) is not met do

5 Set: Initial tolerances εk,04 , εk,05 = π(εk,04 ), penalty ρk = 2βk, Jacobian estimate H−1
k,0 = I;

6 Inner iteration count r ← 0, count of accelerated steps Rk+ = 0, memory length m← 0;

7 Initialization: xk,0, x̄k,0, zk,0, yk,0 satisfying λk + βkzk,0 + yk,0 = 0;

8 while εk,r4 ≥ εk4 or εk,r5 ≥ εk5 or stopping criterion (7.20) is not met do

9 xk,r+1 = F (xk,r;χk,r, ψ, εk,r4 , εk,r5 ), where χk,r is given by (7.31);

10 x̄k,r+1 = G(B,Axr+1 + zk,r + yk,r/ρk, ρk), where G is given by (7.25);

11 zk,r+1 = − ρk

ρk+βk

(
Axk,r+1 +Bx̄k,r+1 + yk,r

ρk

)
− 1

ρk+βk
λk;

12 yk,r+1 = yk,r + ρk(Axk,r+1 +Bx̄k,r+1 + zk,r+1);

13 ỹk,r = −λk − βkz̃k,r;
14 x̃k,r+1 = F (xk,r; χ̃k,r, ψ, εk,r4 , εk,r5 ), with χ̃ in (7.31) with x̄, z, y replaced by ˜̄x, z̃, ỹ;

15 ˜̄xk,r+1 = G(B,Ax̃r+1 + z̃k,r + ỹk,r/ρk, ρk);

16 z̃k,r+1 = − ρk

ρk+βk

(
Ax̃k,r+1 +B ˜̄xk,r+1 + ỹk,r

ρk

)
− 1

ρk+βk
λk;

17 if r = 0 then

18 w̃k,1 ← (x̄k,1, zk,1), and calculate L̃0 by (7.47);
19 else

20 δk,r−1
w = w̃k,r − wk,r−1, δk,rh = w̃k,r − w̃k,r+1 − wk,r−1 + wk,r, m← m+ 1;

21 δ̂k,r−1
w = δk,r−1

w −
∑m
m′=2

(δ̂k,r−m
′

w )>δk,r−1
w

‖δ̂k,r−m
′

w ‖2
δ̂k,r−m

′
w ;

22 if m = M + 1 or
‖δ̂k,r−1
w ‖
‖δk,r−1
w ‖

< ηw then m← 0, δ̂k,r−1
w ← δk,r−1

w , and H−1
k,r−1 ← I;

23 Compute δ̃k,r−1
h by (7.39) with m′ = m− 1 and

θk,r−1 = ϕ

(
(δ̂k,r−1
w )>H−1

k,r−1
δ
k,r−1
h

‖δ̂k,r−1
w ‖2

; θ

)
;

24 Update H−1
k,r = H−1

k,r−1 +
(δk,r−1
w −H−1

k,r−1
δ̃
k,r−1
h

)(δ̂k,r−1
w )>H−1

k,r−1

(δ̂
k,r−1
w )>H−1

k,r−1
δ̃
k,r−1
w

, and suggest

w̃k,r+1 = wk,r −H−1
k,r(w

k,r − wk,r+1);

25 if L̃k(wk,r,w̃k,r+1;Axk,r)

L̃0ηL(R++1)−(1+σ) ≤ 1 and ‖w̃k,r+1 − wk,r‖2 ≤ L̃0ηw̃
βk
√
R++1

then accept the

acceleration wk,r+1 ← w̃k,r+1, and let yk,r+1 ← −λk − βkz̃k,r+1;

26 end

27 εk,r+1
4 = ‖ρkA>(Bx̄k,r+1 −Bx̄k,r + zk,r+1 − zk,r)‖, εk,r+1

5 = π(εk,r+1
4 );

28 r ← r + 1;

29 end

30 (xk+1, x̄k+1, zk+1, yk+1)← (xk,r, x̄k,r, zk,r, yk,r);

31 Update λk+1 = Π[λ,λ](λ
k + βkzk) and βk+1 according to (7.17);

32 k ← k + 1;

33 end

Algorithm 7.3: Accelerated algorithm (ELLADA).
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Theorem 7.1. Suppose that the following assumptions hold:

1. Function f is lower bounded on X ;

2. Function g is convex and lower bounded on X̄ ;

3. Initialization of outer iterations allows a uniform upper bound of the augmented

Lagrangian, e.g., a feasible solution is known a priori;

4. Minimization of g(x̄) + ρ
2‖Bx̄ + v‖2 with respect to x̄ allows an oracle G(B, v, ρ)

returning a unique solution for any v of appropriate dimension and ρ > 0;

5. Functions f , φ, and ψ are continuously differentiable, and the constraints (φ, ψ)

are strictly feasible;

6. There exists a solver for equality-constrained NLP to any specified tolerances of

KKT conditions.

Then given any tolerances ε1, . . . , ε6 > 0, the ELLADA algorithm (Algorithm 7.3) gives

an (ε1, . . . , ε6)-approximate KKT point satisfying the conditions (7.33).

If the problem itself has intrinsically better properties to guarantee that each KKT

point is a local minimum, e.g., the second-order sufficient condition [31, §4.3.2], then

the algorithm converges to a local minimum. Of course, it is well known that certifying

a local minimum is itself a difficult problem.

7.4 Implementation on Distributed Nonlinear MPC

Consider a nonlinear discrete-time dynamical system

x(t+ 1) = f(x(t), u(t)) (7.49)

where x(t) ∈ Rn and u(t) ∈ Rm are the vectors of states and inputs, respectively, for

t = 0, 1, 2, . . . , and f : Rn × Rm → Rn. Suppose that at time t we have the current

states x = x(t), then in MPC, the control inputs are determined by the following optimal

control problem:

min J =
t+T−1∑
τ=t

`(x̂(τ), û(τ)) + `f(x̂(t+ T ))

s.t. x̂(τ + 1) = f(x̂(τ), û(τ)), τ = t, . . . , t+ T − 1

p(x̂(τ), û(τ), τ) ≤ 0, q(x̂(τ), û(τ), τ) = 0, τ = t, . . . , t+ T − 1

x̂(t) = x.

(7.50)

131



In the above formulation, the optimization variables x̂(τ) and û(τ) represent the pre-

dicted states and inputs in a future horizon {t, t+ 1, . . . , t+T} with length T ∈ N. The

predicted trajectory is constrained by the dynamics (7.49) as well as some additional

path constraints p, q such as the bounds on the inputs and states or Lyapunov descent

to enforce stability. Functions ` and `f are called the stage cost and terminal cost,

respectively. By solving (7.50), one executes u(t) = û(t). For simplicity it is assumed

here that the states are observable; otherwise, the states can be estimated using an op-

timization formulation such as moving horizon estimation (MHE). For continuous-time

systems, collocation techniques can be used to discretize the resulting optimal control

problem into a finite-dimensional one.

Now suppose that the system (7.49) is large-scale with its states and outputs decom-

posed into n subsystems: x = [x>1 , x
>
2 , . . . , x

>
n ]>, u = [u>1 , u

>
2 , . . . , u

>
n ]>, and that the

optimal control problem should be solved by the corresponding n agents, each containing

the model of its own subsystem:

xi(τ + 1) = fi(xi(τ), ui(τ), {xji(τ), uji(τ)}j∈P(i)). (7.51)

where {xji, uji} stands for the states and inputs in subsystem j (i.e., components of

xj and uj) that appear in the arguments of fi, which comprise of the components of f

corresponding to the i-th subsystem. Pi is the collection of subsystems j that has some

inputs and outputs influencing subsystem i. We assume that the cost functions and the

path constraints are separable:

`(x̂, û) =

n∑
i=1

`i(x̂i, ûi), `
f(x̂) =

n∑
i=1

`fi(x̂i),

p(x̂, û, τ) = [p1(x̂1, û1, τ)>, . . . , pn(x̂n, ûn, τ)>]>,

q(x̂, û, τ) = [q1(x̂1, û1, τ)>, . . . , qn(x̂n, ûn, τ)>]>.

(7.52)

7.4.1 Formulation on directed and bipartite graphs

To better visualize the problem structure and systematically reformulate the optimal

control problem (7.50) into the distributed optimization problem in the form of (7.19)

for the implementation of the ELLADA algorithm, we introduce some graph-theoretic

descriptions of optimization problems [76]. For problem (7.50), we first define a directed

graph (digraph), which is a straightforward characterization of the relation of mutual
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impact among the subsystem models.

Definition 7.1 (Digraph). The digraph of system (7.49) under the decomposition x =

[x>1 , x
>
2 , . . . , x

>
n ]> and u = [u>1 , u

>
2 , . . . , u

>
n ]> is G1 = {V1, E1} with nodes V1 = {1, 2, . . . , n}

and edges E1 = {(j, i)|j ∈ P(i)}. If (i, j) ∈ E1, i.e., j ∈ P(i), we say that j is a parent

of i and i is a child of j (denoted as i ∈ C(j)).

Then under the decomposition, (7.50) can be written as

min
∑
i∈V1

Ji =
∑
i∈V

t+T−1∑
τ=t

`i(x̂i(τ), ûi(τ)) + `fi(x̂i(t+ T ))

s.t. x̂i(τ + 1) = fi(x̂i(τ), ûi(τ), {x̂ji(τ), ûji(τ)}j∈P(i)),

pi(x̂i(τ), ûi(τ), τ) ≤ 0, τ = t, . . . , t+ T − 1, i ∈ V1

qi(x̂i(τ), ûi(τ), τ) = 0, τ = t, . . . , t+ T − 1, i ∈ V1

x̂i(t) = xi, i ∈ V1,

(7.53)

We denote the variables of the i-th agent as

ξi = [x̂i(t)
>, ûi(t)

>, . . . , x̂i(t+ T − 1)>, ûi(t+ T − 1)>, x̂i(t+ T )>,

{x̂ji(t)>, ûji(t)>}j∈P(i), . . . , {x̂ji(t+ T − 1)>, ûji(t+ T − 1)>}j∈P(i)]
>,

(7.54)

in which the variables related to the j-th subsystem are denoted as ξji. Since ξji is

a part of the predicted states and inputs from subsystem j, i.e., some components of

ξj , the interactions between the parent j and the child i be captured by a matrix
−→
D ji

with exactly one unit entry (“1”) on every row: ξji =
−→
D jiξj , where the right arrow

represents the impact of the parent subsystem j on the child subsystem i. By denoting

the model and path constraints in agent i as ξi ∈ Ξi, the optimal control problem (7.49)

is expressed in a compact way as follows:

min
∑
i∈V1

Ji(ξi)

s.t. ξi ∈ Ξi, i ∈ V1, ξji =
−→
D jiξj , (j, i) ∈ E1.

(7.55)

This is an optimization problem defined on a directed graph. An illustration for a simple

case when E1 = {(1, 2), (2, 3), (3, 1)} is shown in Fig. 7.2(a).

Although it is natural to represent the interactions among the subsystems in a di-

graph, performing distributed optimization on digraphs where the agents communicate
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Figure 7.2: Graphical illustrations of the problem structure of distributed MPC.

among themselves without a coordinator can be challenging. For example, it is known

that the ADMM algorithm, which behaves well for distributed optimization with 2

blocks of variables, can become divergent when directly extended to multi-block prob-

lems [56]. Hence we construct such a 2-block architecture by using a bipartite graph.

Definition 7.2 (Bipartite graph). The bipartite graph of system (7.49) G2 is constructed

from the digraph G1 by taking both the nodes and edges as the new nodes, and adding

an edge between i ∈ V1 and e ∈ E1 if i is the head or tail of e in the digraph, i.e.,

G2 = (V2, E2) with V2 = V1 ∪ E1, E2 = {(i, e)|i ∈ V1, e ∈ E1, e = (i, j), j ∈ C(i) or e =
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(j, i), j ∈ P(i)}.

Such a graph is bipartite since any edge is between a node of V1 and a node of E1.

We note that the last line of (7.55) corresponds to the digraph edges E1. In the

bipartite graph, these edges should become nodes and hence new groups of variables

should be associated with them. For this purpose, we simply need to pull out ξji as

overlapping variables ξ̄ji, and add the constraint that ξ̄ji are some selected components

of ξi: ξji =
←−
D jiξi:

min
∑
i∈V1

Ji(ξi)

s.t. ξi ∈ Ξi, i ∈ V1, ξ̄ji =
−→
D jiξj =

←−
D jiξj , (j, i) ∈ E1

(7.56)

In (7.56), variables ξi (i ∈ V1) and ξ̄ji ((j, i) ∈ E1) are defined on the nodes of the

bipartite graph, and the constraints captured by the matrices
−→
D ji and

←−
D ji correspond

to the bipartite edges (j, (j, i)) and (i, (j, i)), respectively. We may also write the last

line of (7.56) as

ξ̄e = Dieξi, (i, e) ∈ E2. (7.57)

Therefore (7.56) is an optimization problem on the bipartite graph. An illustration is

given in Fig. 7.2(b). Under this reformulation, the problem structure becomes a 2-block

one – distributed agents i = 1, . . . , N manage the decision variables ξi, V1 in parallel

without interference, and the coordinator regulates the agents by using overlapping

variables ξ̄e, e ∈ E1.

7.4.2 Reformulation with slack variables

It is known that a key condition for distributed optimization in the context of the ADMM

algorithm to converge is that one block of variables can always be made feasible given

the other block [442]. Unfortunately this condition is not always met by the problem

(7.56). For example, given ξ1 and ξ2, there may not be a ξ̄12 satisfying both ξ̄12 =
−→
D12ξ1

and ξ̄12 =
←−
D12ξ2. To deal with this issue, it was proposed to associate with each linear

constraint in (7.56), namely each edge in the bipartite graph, a slack variable ζie:

min
∑
i∈V1

Ji(ξi)

s.t. ξi ∈ Ξi, i ∈ V1, Dieξi − ξ̄e + ζie = 0, (i, e) ∈ E2, ζie = 0, (i, e) ∈ E2.

(7.58)

135



Similar to the notation for D, we write ζie as
−→
ζ ij if e = (i, j) and

←−
ζ ij if e = (j, i). Such

a problem structure is graphically illustrated in Fig. 7.2(c).

Finally, we stack all the subscripted variables into ξ, ξ̄, ζ in a proper ordering of i ∈
V1, e ∈ E1, and (i, e) ∈ E2. The matrices Die are stacked in a block diagonal pattern in

the same ordering of (i, e) ∈ E2 into A. The appearance of ξ̄e in the equality constraints

is represented by a matrix B (satisfying B>B = 2I). We write the objective function

as J(ξ), and the set constraints Ξi are lumped into a Cartesian product Ξ = ×i∈V1Ξi.

Finally, we reach a compact formulation for (7.58):

min J(ξ)

s.t. ξ ∈ Ξ, Aξ +Bξ̄ + ζ = 0, ζ = 0
(7.59)

Such an architecture is shown in Figs. 7.2(d) and 7.2(e). The variables ξ̄ and ζ belong

to the coordinator (marked in red), and ξ is in the distributed agents.

7.4.3 Implementation of ELLADA

Clearly, the optimal control problem formulated as (7.58) is a special form of (7.19)

with ξ, ξ̄ and ζ rewritten as x, x̄ and z, respectively, and g(x̄) = 0, X̄ equal to the entire

Euclidean space. As long as the cost function J is lower bounded (e.g., a quadratic

cost), Algorithm 7.3 is applicable to (7.58), where the operations on x̄, z, y are per-

formed by the coordinator, and the operations on x is handled by the distributed agents.

Specifically,

• The update steps of x̄, z, y (Lines 10–13, 15, 16) and the entire Anderson accelera-

tion (Lines 17–26) belong to the coordinator. The updates of penalty parameters

and outer-layer dual variables λ (Lines 31) should also be performed by the coor-

dinator. The conditions for εk1, ε
k
2, ε

k
3 and ε1, ε2, ε3 are checked by the coordinator.

• The distributed agents are responsible for carrying out a trial x-update step for

the Anderson acceleration (Line 9) as well as the plain x-update (Line 14). The

conditions and updates for εk,r4 , εk,r5 , εk4, ε
k
5, and ε4, ε5, ε6 are checked by the agents.

When executing the updates, the agents need the values of Bx̄+ z + y/ρ to add to

Ax, and the coordinator needs the value of Ax from the agents. When the variables x

are distributed into agents x1, . . . , xn, and the equality constraints between the agents
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and the coordinator is expressed on a bipartite graph:

Diexi − x̄e + zie = 0, (i, e) ∈ E2, (7.60)

the communication of Ax and Bx̄ + z + y/ρ takes place in a distributed and parallel

way, i.e., the i-th agent obtains the information of −x̄e + zie + yie/ρ for all e such that

(i, e) ∈ E2 from the coordinator. The coordinator, based on inter-subsystem edges e

in the digraph, obtains the information of Diexi for all related agents i. When the

objective function and X are separable f(x) =
∑n

i=1 fi(xi), X = X1 × · · · × Xn, based

on such distributed and parallel communication, the optimization problem

min f(x)− b
Cφ∑
c=1

ln(−φc(x)) +
ρ

2

∥∥∥∥Ax+Bx̄+ z +
y

ρ

∥∥∥∥2

s.t. ψ(x) = 0

(7.61)

in an x-update step can be solved in a distributed and parallel manner:

min
xi

fi(xi)− b
Cφ,i∑
c=1

ln(−φc,i(xi))

+
ρ

2

∑
{e|(i,e)∈E2}

∥∥∥∥Diexi − x̄e + zie +
yie
ρ

∥∥∥∥2

s.t. ψi(xi) = 0


// for i. (7.62)

Similarly, the x̄-update with the G-mapping is in parallel for its components e, if X̄ is

separable, i.e., if X̄ is a closed hypercube (whether bounded or unbounded), and if g is

also separable. That is, x̄-update can be expressed as

min
x̄i

gi(x̄i) +
ρ

2

∑
{i|(i,e)∈E2}

∥∥∥∥Diexi − x̄e + zie +
yie
ρ

∥∥∥∥2

s.t. x̄i ∈ X̄i

 // for e. (7.63)

The z and y updates are in parallel for the edges (i, e) on the bipartite graph.

In Algorithm 7.3, the procedures are written such that in each iteration, the update

steps are carried out in sequence. This requires a synchronization of all the agents

i and the coordinating elements e and (i, e). For example, for the x-update, every

distributed agent needs to create a “finish” signal after solving xi in (7.62) and send it
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to the coordinator. Only after the coordinator receives the “finish” signals from all the

distributed agents can the x̄-update be carried out. Due to the possible computational

imbalance among the agents and the coordinator, such synchronization implies that

faster updates must idle for some time to wait for slower ones. In fact, the convergence

properties of the ELLADA algorithm do not rely on the synchronization. Even when the

inner iterations are asynchronous, the update steps still contribute to the convergence of

the barrier augmented Lagrangian and hence result in convergence to KKT conditions.

The only exception is that under Anderson acceleration, the steps for generating the

candidate of accelerated updates are allocated to another coordinator and another set

of distributed agents, and they should communicate to make the decision on executing

the accelerations.

7.5 Application to a Quadruple Tank Process

The quadruple tank process is a simple benchmark process for distributed model pre-

dictive control [181] with 4 states (water heights in the 4 tanks) and 2 inputs (flow rates

from the reservoir). The dynamic model is written as follows:

ḣ1 = − a1

A1

√
h1 +

a3

A1

√
h3 +

γ1k1

A1
v1

ḣ2 = − a2

A2

√
h2 +

a4

A2

√
h4 +

γ2k2

A2
v2

ḣ3 = − a3

A3

√
h3 +

(1− γ2)k2

A3
v2

ḣ4 = − a4

A4

√
h4 +

(1− γ1)k1

A4
v1.

(7.64)

Other parameter values and the nominal steady state are given in Table 7.1. The

process is considered to have 2 subsystems, one containing tanks 1 and 4 and the other

containing tanks 2 and 3. Each subsystem has 2 states, 1 input and 1 upstream state.

We first design a centralized MPC with quadratic objective function for each tank, and

bounds on the inputs 2.5 ≤ v1, v2 ≤ 3.5. We first decide through the simulation of

centralized MPC that a receding horizon of T = 400 with sampling time δt = 10 is

appropriate. (The computations are performed using the Python module pyomo.dae

with an IPOPT solver [297].)
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Table 7.1: Parameters and nominal steady state

Parameter Value Parameter Value
A1, A3 28 a1, a3 3.145
A2, A4 32 a2, a4 2.525
γ1 0.43 k1 3.14
γ2 0.34 k2 3.29

Input Value Input Value
v1 3.15 v2 3.15

State Value State Value
h1 12.44 h2 13.17
h3 4.73 h4 4.99

Figure 7.3: Closed-loop trajectories under traditional MPC controllers.

The closed-loop trajectories under the traditional MPC controllers, including a cen-

tralized MPC (black), a semi-centralized MPC where the inputs are iteratively updated

based on predictions over the entire process (green), a decentralized MPC (blue), and a

distributed MPC with only state feedforwarding among the agents (purple), are shown

in Fig. 7.3. It was observed that a semi-centralized MPC based on system-wide pre-

diction maintains the control performance, yielding trajectories overlapping with those

of the centralized MPC. However, the state-feedforward distributed MPC without suffi-

cient coordination accounting for the state interactions results in unsatisfactory control

performance, whose ultimate deviation from the steady state is even larger than the

decentralized MPC without any communication between the controllers.

Next we use the proposed ELLADA algorithm for distributed nonlinear MPC of

the process. We first examine the basic ELL algorithm (Algorithm 7.1) by solving the
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Figure 7.4: Solution results of the ELL algorithm.

corresponding distributed MPC problem at a state with h1 = 12.6, h2 = 12.4, h3 = 5.0,

h4 = 4.5, where we set ω = 0.75, γ = 2, εk1 = εk2 = 10−2/2k−1, εk3 = 10−1/2k−1, ε1 =

ε2 = 10−4, ε3 = 10−3 and λ = −λ = 10 (in an element-wise sense) through empirical

tuning. The solution results in terms of the variation of the augmented Lagrangian

Lk,r, the violations to the KKT conditions εk,r1,2,3, and penalty parameters ρk throughout

the inner and outer iterations are presented in Fig. 7.4, where the rainbow colormap

from blue to red colors stand for increasing outer iteration number. In accordance to

the conclusion of Lemma 7.1, the augmented Lagrangian is monotonically decreasing

in each outer iterations and remains upper bounded, which guarantees the convergence

of the algorithm. Using the ELL algorithm for the afore-mentioned closed-loop MPC

simulation, the resulting trajectories are found identical to those of the centralized

control, which corroborates the theoretical property of the algorithm of converging to

the set of stationary solutions.

With the preserved control performance of the ELL algorithm, we seek to improve its

computational efficiency with the ELLA and ELLADA algorithms (Algorithms 7.2 and

7.3). In ELLA, the tolerances for approximate NLP solution are set as ε1 = ε2 = ε4 =

103ε3 = 1, εk1 = εk2 = 103εk3 = εk4 = 100/2k−1, εk,r4 = 103εk,r5 = max(εk4, 40(εk,r1 )2). The

barrier constants are updated throughout outer iterations according to ‖z‖ according to

bk+1 = min(10−1,max(10−4, 25(εk3)2)). Compared to ELL, the accumulated number of

iterations and computational time of ELLA are reduced by over an order of magnitude.

To seek for better computational performance, we apply the ELLADA algorithm, where

we set M = 10, σ = 1, ηL = ηw̃ = 0.01, ηθ = 0.5, ηw = 0.05. This further reduces the

number of iterations and computational time. These results are shown in Fig. 7.5.
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Figure 7.5: Iteration and computational time under ELL, ELLA and ELLADA algo-
rithms.

Compared to the basic ELL algorithm, ELLADA achieves acceleration by approxi-

mately 18 times in terms of iterations and 19 times in computational time for the entire

simulation time span. These improvements are more significant when the states are far

from the target steady state (43 and 45 times, respectively, for the first 1/6 of the simu-

lation). We note that the improvement from ELLA to ELLADA by using the Anderson

scheme is not an order-of-magnitude one mainly because each outer iteration needs only

a few number of inner iterations, leaving little space for further acceleration (e.g., for the

first sampling time, 12 outer iterations including only 102 inner iterations are needed

in ELLA, and in ELLADA, 61 inner iterations are needed). Under the accelerations,

ELLADA returns the identical solution to the centralized optimization, thus preserving

the control performance of the centralized MPC.
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7.6 Conclusions and Discussions

We have proposed a new algorithm for distributed optimization allowing nonconvex

constraints, which simultaneously guarantees convergence under mild assumptions and

achieves fast computation. Specifically, convergence is established by adopting a two-

layer architecture. In the outer layer, the slack variables are tightened using the method

of multipliers, and the inequalities are handled using a barrier technique. In the inner

layer, ADMM iterations are performed in a distributed and coordinated manner. Ap-

proximate NLP solution and Anderson acceleration techniques are integrated into inner

iterations for computational acceleration.

Such an algorithm is generically suitable for distributed nonlinear MPC. The ad-

vantages include:

• Arbitrary input and state couplings among subsystems are allowed. No specific

pattern is required a priori.

• The convergence property of the algorithm towards a stationary point is theoret-

ically guaranteed, and its performance can be monitored throughout iterations.

• Equality-constrained NLP solvers can be used only as a subroutine. No inter-

nal modification of solvers is needed, and the choice of any appropriate solver is

flexible.

• Asynchronous updates are allowed without affecting the convergence properties.

• Although motivated with a nominal optimal control problem, the algorithm could

be suitable for more intricate MPC formulations such as stochastic/robust MPC

or sensitivity-based advance-step MPC.

The application of the ELLADA algorithm on the distributed nonlinear MPC of

a quadruple tank process has already shown its improved computational performance

compared to the basic convergent Algorithms 7.1 and 7.2, and improved control perfor-

mance compared to the decentralized MPC and distributed MPC without accounting

for state interactions. Of course, due to the small size of the specific benchmark process,

the control can be realized easily with a centralized MPC. A truly large-scale control

problem is more suitable to demonstrate the effectiveness of our algorithm, and this

shall be presented in the future research.
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Chapter 8

A Bilevel Programming Approach to the Conver-

gence Analysis of Control-Lyapunov Functions

8.1 Introduction

Control-Lyapunov functions are of central importance to the stability of nonlinear con-

trol systems (see, e.g., [193]). Control-Lyapunov functions can be exploited either pas-

sively, i.e., given a control policy, one finds a decaying Lyapunov function to prove

closed-loop stability, or proactively using Lyapunov-based control, i.e., one designs a

Lyapunov function and a control policy accordingly in order to enforce some conver-

gence properties (see, e.g., [198]).

For example, control-Lyapunov functions have been used in model predictive control

(MPC) [254] and economic model predictive control (EMPC) [98]. Typical approaches

to enforce stability, such as terminal constraints or penalty terms, rely on constructing

a decreasing Lyapunov function (see, e.g., [368, 225]). Different from these indirect ap-

proaches, Lyapunov-based MPC and EMPC [263, 59] explicitly guarantee the asymp-

totic convergence of the closed-loop system with a predetermined control-Lyapunov

function.

The convergence analysis of control-Lyapunov functions is the basis of Lyapunov-

based control. The following problems emerge to this end: (i) Given any Lyapunov

function and any domain, what is the fastest convergence rate that this Lyapunov func-

tion can achieve in this domain? (ii) Given any Lyapunov function and any convergence

rate, what is the domain on which this Lyapunov function can achieve this convergence

rate? The answers to these two questions help examine the feasiblity of Lyapunov-

based control and tune a control-Lyapunov function. However, this systematic analysis

has been addressed only for input-affine nonlinear systems under norm-type input con-

straints [96, 263]. In a different approach, the domain of attraction can be estimated

using sum-of-squares (SOS) programming for polynomial systems under unconstrained

polynomial feedback control policies [175, 402, 61].

In this work, we provide a novel optimization framework for the estimation of con-

vergence rate and domain of attraction of Lyapunov functions, which is applicable to

c©2019 IEEE. Reprinted, with permission, from W. Tang, P. Daoutidis. A bilevel programming
approach to the convergence analysis of control-Lyapunov functions. IEEE Transactions on Automatic
Control (Volume: 64, Issue: 10, Oct. 2019). DOI:10.1109/TAC.2019.2892386.
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systems with more general forms of nonlinear dynamics in the presence of operational

constraints on the control inputs, as long as a convexity assumption is satisfied. Specif-

ically, these two estimation problems are formulated as bilevel programs [65], which can

be converted to and solved as mixed-integer nonlinear programs (MINLPs).

Remark 8.1. Our work is motivated by the flexibility analysis of process systems design

in chemical engineering [138, 88] (also see [137] for a recent review), which considers

the following problems:

1. Flexibility test problem – Given any design and any variation range of uncertain

parameters, does the design stay within the feasible region, and if not, how far is

it away from the feasibility boundary?

2. Flexibility index problem – Given any design and the feasibility boundary, what is

the magnitude of parameter variation under which the design remains feasible?

The convergence rate estimation and domain of attraction estimation problems are the

counterparts of the feasibility test problem and the feasibility index problem, respectively,

with a conceptual correspondence between the feasibility of process design and the decay

rate of the control-Lyapunov function, and between the parameter uncertainty set and

the domain of attraction. The optimization techniques to be used in this paper – the

transformation of bilevel programs into MINLPs using KKT conditions and active set

method – are well established in the context of flexibility analysis.

8.2 Preliminaries

Consider a continuous, time-invariant control system:

ẋ = f(x, u) (8.1)

in which x ∈ Rn and u ∈ Rm are the state and control variables, respectively. We

assume that admissible control inputs u obey some operational constraints with the

system states x, written in the form of

π(x, u) ≤ 0, ρ(x, u) = 0, (8.2)

where π and ρ are vector-valued functions. f is Lipschitz continuous and 0 = f(0, 0),

i.e., the origin is an equilibrium point towards which we aim to drive. For system (8.1),
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any admissible control policy u = u(x) gives a closed-loop system

ẋ = f(x, u(x)). (8.3)

A Lyapunov function is a notion of central importance for stability analysis of the closed-

loop system. The relation between closed-loop stability and the decay of a positive

definite Lyapunov function is established by the following fact (see, e.g., Theorems

4.8–4.10 in §4.5 of [193]).

Fact 8.1. Let D ⊆ Rn be a domain containing the origin, and x 7→ u(x) be a given con-

trol policy on D. If there exists a continuously differentiable function (called Lyapunov

function) V : D → R satisfying

w1(x) ≤ V (x) ≤ w2(x),
dV (x)

dt
= ∇V (x)>f(x, u(x)) ≤ 0 (8.4)

for all x ∈ D, in which w1 and w2 are continuous positive definite functions on D, then

x = 0 is stable. If the latter inequality is enhanced by another positive definite function

w3(x) on D:
dV (x)

dt
≤ −w3(x), (8.5)

then x = 0 is asymptotically stable. Furthermore, if power functions of the same order

can be found on D for w1(x), w2(x), w3(x), i.e. wi(x) = ki‖x‖a, ki > 0, i = 1, 2, 3 and

a > 0, then x = 0 is exponentially stable, with a decay rate of the Lyapunov function

d lnV (x)

dt
=

1

V (x)

dV (x)

dt
≤ −k3

k2
< 0. (8.6)

Asymptotic stability is a basic requirement of control1. However, it can not be

automatically guaranteed for any admissible control. For example, for nonlinear MPC

and EMPC, asymptotic stability holds only if the system satisfies a certain dissipativity

condition [281]. To guarantee stability, a control-Lyapunov function can be artificially

appointed, and a constraint on its decay

dV (x)

dt
= ∇V (x)>f(x, u) ≤ −σV (x) (8.7)

1Although asymptotic stability is not always necessary, since a periodical or cyclical operation can
be economically more favorable than a steady-state one. At minimum, the system has to be confined
within a certain operational region for the sake of safety.
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imposed for some σ > 0. In this way, for a control policy u = u(x), as long as the

constraints, including the operational contraints (8.2) and the Lyapunov constraints

(8.7), are feasible for all times starting from any point on a given domain D, the system

is stabilizable from D.

To guarantee the feasibility of Lyapunov-based control, one needs to estimate the

achievable decay rate σ on a given domain D, or the size of the domain D on which a

given decay rate σ is achievable, in advance of imposing the Lyapunov constraint (8.7).

For nonlinear input-affine systems under operational constraints on some type of norm

of the inputs, this problem has been well addressed [263] and a specific explicit control

policy can be constructed2. In the remainder of this work, we will consider a broader

class of nonlinear control systems, and propose a bilevel programming approach to the

convergence analysis of control-Lyapunov functions.

8.3 Estimation of Convergence Rate

We consider the estimation of the convergence rate of any given control-Lyapunov func-

tion V on any given domain. We first introduce the notion of logarithmic decay rate:

Definition 8.1. The (instantaneous) logarithmic decay rate of the Lyapunov function

V when the state is at point x and the control value is u is

φ(V, x, u) = −∇V (x)>f(x, u)

V (x)
= −d lnV (x)

dt
. (8.8)

For any given x, by taking the maximum over all values of u satisfying the opera-

tional constraints, we obtain the fastest attainable decay rate at x. Since the Lyapunov

function value decays at different rates at different points x in the domain D, by tak-

ing the minimum of this rate over all x ∈ D, we obtain a decay rate of V that can

be achieved for any x ∈ D by choosing a suitable u. We thus define the concept of

uniformly achievable logarithmic decay rate σ(V,D):

2Given any σ > 0, if (8.7) is satisfiable, it is always satisfied by the control policy constructed
by [230], uL-S(x). This policy can be implemented directly as a stabilizing control policy, or as the
“baseline” policy to guarantee a decay rate not slower than that under uL-S(x):

dV (x)

dt
≤ ∇V (x)>f(x, uL-S(x)) ≤ −σV (x),

which is a typical approach in Lyapunov-based MPC and EMPC.
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Definition 8.2. The uniformly achievable logarithmic decay rate of V in D is

σ(V,D) = min
x∈D

max
u

φ(V, x, u) s.t. π(x, u) ≤ 0, ρ(x, u) = 0. (8.9)

Remark 8.2. When D contains the origin, the origin (with V (0) = 0) should be ex-

cluded from D to have φ(V, x, u) well defined. This will be implicit in the remaining

text. However, for the practical application of the method (i.e., the solution of the cor-

responding optimization problems), we will need to remove a finite, sufficiently small

open neighborhood of the origin so as to have well-posed optimization formulations.

(8.9) considers the worst case among all x ∈ D of the achievable logarithmic decay

rate by choosing the optimal input u. With this definition, we specify our first problem

as the determination of the uniformly achievable logarithmic decay rate of any Lyapunov

function V in any domain D:

Problem 8.1. Given V and D, find σ(V,D), i.e., solve the bilevel program (8.9).

The uniformly achievable decay rate σ(V,D) specifies an upper bound for the feasible

exponential decay rate of Lyapunov-based control. We consider the typical case when

D is a sublevel set of the Lyapunov function V , i.e., D = {x|V (x) ≤ δ} for some δ > 0.

• If σ(V,D) > 0, then starting from any point in D, the control-Lyapunov function

can reach a positive logarithmic decay rate. The trajectory is thus confined in D

(i.e., D is a positive invariant set of the system), and the origin is exponentially sta-

bilizable at a rate of O(e−σ(V,D)t). A Lyapunov-based control can be implemented

with the corresponding constraint written as in (8.7), where σ is the prescribed

logarithmic decay rate in (0, σ(V,D)]. If σ is chosen to be close to σ(V,D), then

the convergence rate is expected to be “radical”, with a possible compromise in

the control performance since larger control effort may be needed. By choosing a

smaller σ, a “milder” convergence rate is allowed, which can be favorable in the

context of optimal control which accounts for both the state trajectory and the

control effort.

• If σ(V,D) ≤ 0, then there exists some point x ∈ D where any admissible con-

trol will cause the Lyapunov function value to stagnate or increase. It does not

necessarily follow that the trajectory under any control will diverge. However,

σ(V,D) ≤ 0 implies that any Lyapunov-based control using V will have an infea-

sible region.
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Figure 8.1: Different decay rates for different Lyapunov functions.

We note that different choices of V affect the value of σ(V,D). Fig. 8.1 illustrates

the change of two different Lyapunov functions V1, V2, whose contours are concentric

ellipsoids (in blue and red, respectively), when the state moves from point x to point x+.

It is seen that Lyapunov function V1 with the blue contours increases, while V2 decreases.

If at point x, feasible control can only allow trajectories towards x+, a Lyapunov-based

control strategy based on V1 becomes infeasible while a V2-based control is still feasible.

From the uniformly achievable decay rates of different Lyapunov functions, one may tune

the parameters in the Lyapunov function to find suitable contours with a reasonable

shape (ratio between the vertical and horizontal intercepts).

8.4 Estimation of Domain of Attraction

We proceed to consider the second problem of estimating the domain on which a given

Lyapunov function V (x) achieves a given convergence rate of σ. We define the σ-domain

of attraction as the largest domain on which the system states can be attracted to the

origin with a Lyapunov decay rate of σ under an admissible control policy. In other

words, the σ-domain of attraction is the largest region in which there exists a control

u(t) satisfying (8.7) for any time t ≥ 0 as long as the initial point is in this domain.

Definition 8.3. The σ-domain of attraction of Lyapunov function V , D(V, σ) is the

largest one among (or equivalently, the union of all) the domains D such that there exists

a control policy u(x) satisfying π(x, u(x)) ≤ 0, ρ(x, u(x)) = 0 and φ(V, x, u(x)) ≥ σ for

all x ∈ D, and making D positive invariant, i.e., any trajectory under u(x) starting in

D remains in D. Specifically, D(V, 0) is the largest positive invariant set in which V (x)
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is non-increasing. D(V, 0) is a subset (underestimate) of the domain of attraction in

the common sense.

Hence if we have any domain D satisfying σ(V,D) ≥ σ > 0 and being positive invari-

ant under some admissible control policy which makes V to decay at a logarithmic rate

not slower than σ, then D ⊆ D(V, σ). In this sense, the problem of determining D(V, σ)

is the inverse problem of Problem 8.1. However, finding D(V, σ) is computationally dif-

ficult, with only limited approaches (e.g., grid-meshing and expansion) available for low-

dimensional systems (see, e.g., [160]). For this purpose, we consider a one-dimensional

parameterization of the sublevel sets of Lyapunov functions Dδ = {x|V (x) ≤ δ}, δ ≥ 0,

satisfying Dδ ⊂ Dδ′ if δ < δ′. We note that Dδ is necessarily positive invariant as long

as the Lyapunov function decays. If σ(V,Dδ) ≥ σ, then Dδ ⊆ D(V, σ).

Since the convergence rate σ(V,Dδ) is obtained through a minimization over x ∈ Dδ

in (8.9), we have σ(V,Dδ) ≥ σ(V,Dδ′) if δ < δ′, i.e., σ(V,Dδ) is a non-increasing

function of δ. Therefore, the best estimation of the σ-domain of attraction under the

parameterization {Dδ|δ ≥ 0} is determined by the largest δ satisfying σ(V,Dδ) ≥ σ, or

equivalently, the smallest value of δ such that σ(V,Dδ) ≤ σ:

δ(V, σ) = max{δ|σ(V,Dδ) ≥ σ} = min{δ|σ(V,Dδ) ≤ σ}. (8.10)

According to the definition of the decay rate in (8.8), the solution of δ(V, σ) is

δ(V, σ) = min δ

s.t. min
x∈Dδ

max
u

φ(V, x, u) ≤ σ

s.t. π(x, u) ≤ 0, ρ(x, u) = 0.

(8.11)

For any feasible solution δ to (8.11), there exists an x ∈ Dδ such that maxu φ(V, x, u) ≤
σ. For any δ′ smaller than the minimum in (8.11), any x ∈ Dδ′ ⊂ Dδ satisfies

maxu φ(V, x, u) > σ. Hence there must exist a x ∈ Dδ with maxu φ(V, x, u) = σ.

Therefore (8.11) is equivalent to

δ(V, σ) = min
x∈Dδ

δ s.t. σ = max
u

φ(V, x, u)

s.t. π(x, u) ≤ 0, ρ(x, u) = 0.
(8.12)

The equality maxu φ(V, x, u) = σ defines a surface of states parameterized by σ, as
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shown in the blue curves in Fig. 8.2, whose interior is the domain where a convergence

rate of σ can be achieved. δ(V, σ) is the smallest δ such that the boundary of Dδ inter-

sects with such a surface. Hence Dδ(V,σ) is the best approximation to the σ-domain of

attraction among the regions of the prescribed “shape” (specified by the parametriza-

tion {Dδ|δ ≥ 0}). Therefore we specify the estimation of domain of attraction as the

following problem:

Problem 8.2. Given V and σ > 0, find δ(V, σ), i.e., solve the bilevel program (8.12).

If Dδ are chosen as Lyapunov sublevel sets, then Dδ(V,σ) is the largest region in which

the Lyapunov-based control (8.7) is guaranteed to be recursively feasible. By choosing

an increasing sequence σ1 > σ2 > · · · > 0, a nested collection of domains of attraction

Dδ1 ⊂ Dδ2 ⊂ · · · ⊂ Rn can be determined. A multi-phase Lyapunov-based control can

be implemented instead of (8.7):

(∇V (x))>f(x, u) ≤ −σ′iV (x), if x ∈ Dδi \Dδi−1
(i = 1, 2, . . . ) (8.13)

in which σ′i ∈ (0, σi] for any i, and Dδ0 is the origin or a safety region inside which

Lyapunov-based control is not needed.

Remark 8.3. Here we defined φ(V, x, u) based on an exponential decay of the Lyapunov

function. It is possible, depending on the specific form of the system, to examine the

convergence in other forms if the Lyapunov function can not decay exponentially. By

modifying the definition in (8.8) as

φ(V, x, u) = −∇V (x)>f(x, u)/V (x)α, (8.14)

characterizations of exponential, polynomial, linear and sublinear convergence rates can

be obtained for α = 1, 1 < α < 2, α = 2, and α > 2, respectively. Consider Problem

8.1 when D contains the origin. If the optimal value of σ(V,D) is a very small positive

number obtained at a point as close as possible to the origin, then we infer that V can not

decay at the rate corresponding to the current α, and we need to increase α to examine

if V decreases at a lower rate.
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Figure 8.2: Different domains on which different decay rates can be achieved.

8.5 Solution of Bilevel Programs

The most common treatment for solving bilevel programs is to remove the inner level by

deriving its Karush-Kuhn-Tucker (KKT) conditions [65]. For this purpose, we assume

that the system satisfies (or is rendered to satisfy through a coordinate transformation)

the following input-convexity conditions:

Assumption 8.1. f is continuously differentiable and convex in u. π(x, u) (if exists)

is continuously differentiable and convex in u. ρ(x, u) (if exists) is affine in u.

The assumption guarantees that the maximization of φ(x, u) with respect to u, i.e.,

the inner problem of (8.9) and (8.12), is a convex optimization problem for which the

KKT conditions are sufficient for a global optimum (see, e.g., §5.5.3 of [45]). This can

be stated as the following proposition.

Proposition 8.1. Under Assumption 8.1, the bilevel programs (8.9) and (8.12), re-

spectively, are equivalent to

σ(V,D) = min
x∈D

σ = φ(V, x, u)

s.t. 0 = −∂φ
∂u

(V, x, u) + λ>
∂π

∂u
(x, u) + µ>

∂ρ

∂u
(x, u)

0 = λ ◦ π(x, u), 0 ≤ λ, π(x, u), 0 = ρ(x, u)

(8.15)
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and

δ(V, σ) = min δ s.t. σ = φ(V, x, u), x ∈ Dδ

0 = −∂φ
∂u

(V, x, u) + λ>
∂π

∂u
(x, u) + µ>

∂ρ

∂u
(x, u)

0 = λ ◦ π(x, u), 0 ≤ λ, 0 ≥ π(x, u), 0 = ρ(x, u).

(8.16)

In the above problems, λ and µ are the vectors of dual variables associated with the con-

straints π(x, u) and ρ(x, u), respectively, and ◦ stands for element-wise multiplication.

Since the ◦ operation involves a discrete choice of active constraints, the active set

method [138, 88] can be applied to convert such complementary slackness constraints

into constraints with integer variables. Let yj ∈ {0, 1} indicate whether πj is an active

constraint, and sj be the slack variable corresponding to πj , j = 1, . . . , J . Then we have

σ(V,D) = min
x∈D

σ = φ(V, x, u)

s.t. 0 = −∂φ
∂u

(V, x, u) + λ>
∂π

∂u
(x, u) + µ>

∂ρ

∂u
(x, u)

0 ≥ π(x, u) + s, 0 = ρ(x, u)

0 ≥ λ−My, 0 ≥ s−M(1− y)

0 ≤ λ, 0 ≤ s, y ∈ {0, 1}J

(8.17)

where M is an effective upper bound for the dual variables and slack variables. It can

be observed that if yj = 1, i.e., the j-th constraint is active (πj(x, u) = 0), sj has to

be 0 and λj can be any nonnegative number smaller than M . If yj = 0, i.e., the j-th

constraint is inactive (πj(x, u) < 0), λj has to be 0 and 0 ≤ sj ≤ M . The single level

formulations become mixed integer nonlinear programming (MINLP) problems, which

can be tackled using global optimization solvers. Similarly, the estimation of σ-domain

of attraction (8.16) can be written as

δ(V, σ) = min δ s.t. σ = φ(V, x, u), x ∈ Dδ

0 = −∂φ
∂u

(V, x, u) + λ>
∂π

∂u
(x, u) + µ>

∂ρ

∂u
(x, u)

0 ≥ π(x, u) + s, 0 = ρ(x, u)

0 ≥ λ−My, 0 ≥ s−M(1− y)

0 ≤ λ, 0 ≤ s, y ∈ {0, 1}J

(8.18)
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Now Problems 8.1 and 8.2 are restated as follows, respectively, given that Assump-

tion 8.1 holds:

Problem 8.3. Given V and D, obtain σ(V,D) by solving the MINLP problem (8.17).

Problem 8.4. Given V and σ, obtain δ(V, σ) by solving the MINLP problem (8.18).

Remark 8.4. The transformation of bilevel programs using KKT conditions for the

inner problem may lead to suboptimal solutions if the inner problem is non-convex, since

in this case the KKT conditions may not be sufficient for global optimality [45]. In this

case, [141] used convex relaxations of the inner problem. [266] developed a heuristic

approach of bound tightening for bilevel programs with both inner and outer problems

being non-convex. There also exist other algorithms under respective assumptions. In

general, global algorithms for nonlinear bilevel programming, with the potential to solve

our problems without Assumption 8.1, remain to be explored.

Remark 8.5. The transformed bilevel programs (8.17) and (8.18) are generalized dis-

junctive programs (GDPs) [139] with logical constraints:[
yj = 1

sj = 0

]∨[
yj = 0

λj = 0

]
, j = 1, . . . , J. (8.19)

where ∨ is an “exclusive or” operation, and brackets with two propositions represent an

“and” operation. In our discussion we have used a big-M formulation (with the help

of an upper bound parameter M) to convert the GDPs into MINLPs for their solu-

tion. Another conversion method, called hull reformulation [17], is also often applied,

especially for large-scale problems, since it tends to reduce the computational effort of

branch-and-bound procedures during global optimization while needing more variables

and constraints (see, e.g., [465]).

Remark 8.6. A special case satisfying Assumption 8.1 is input-affine systems f(x, u) =

f0(x) + g(x)u with bounds on the input norm ‖u‖α ≤ M(x) for some α ∈ [1,∞]. The

maximization of φ(V, x, u) with respect to u can be obtained through Hölder’s inequality

without resorting to KKT conditions. Specifically,

max
‖u‖α≤M(x)

φ(V, x, u) =
−∇V (x)>f0(x) +M(x)‖∇V (x)>g(x)‖β

V (x)
, (8.20)
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where β ∈ [1,∞] satisfies 1/α+ 1/β = 1. Hence the estimation of convergence rate and

domain of attraction can be expressed as single layer optimization problems:

σ(V,D) = min
x∈D

−∇V (x)>f0(x) +M(x)‖∇V (x)>g(x)‖β
V (x)

(8.21)

and

δ(V, σ) = min δ s.t. σ =
−∇V (x)>f0(x) +M(x)‖∇V (x)>g(x)‖β

V (x)
, x ∈ Dδ. (8.22)

These formulations have been shown in the literature (see, e.g., [263]) for M(x) = 1,

α = 2. This suggests that our bilevel programming formulation is more general.

8.6 Example: An Input-Nonaffine System

Consider the following system adapted from [26]:

ẋ1 =

(
1 +

x2
1

‖x‖2

)
(x2 − x1)− 1

1 + x2
3

u1 cosu2

ẋ2 =

(
1 +

x2
1

‖x‖2

)
(x1 + x3 − 2x2)− (x2 + tanhx2)

ẋ3 =

(
1 +

x2
1

‖x‖2

)
(x2 − x3)− 1

1 + x2
3

u1 sinu2

(8.23)

For the quadratic Lyapunov function V (x) = 1
2‖x‖

2, we have

φ(V, x, u) =
2

‖x‖2

{
u1(x1 cosu2 + x3 sinu2)

1 + x2
3

+ x2 tanhx2

+

(
1 +

x2
1

‖x‖2

)[
(x1 − x2)2 + (x3 − x2)2

]}
.

(8.24)

For the case where u1 ∈ [0, 1], u2 ∈ [0, 2π] and DR = {x|V (x) ≤ 1
2R

2} = {x|‖x‖2 ≤
R2} (where R is a parameterization for difference choices of D in Problem 8.3), the

maximization with respect to u can be obtained analytically without resorting to the
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KKT transformation. Since u1(x1 cosu2 + x3 sinu2) ≤
√
x2

1 + x2
3, we have

max
u

φ(V, x, u) =
2

‖x‖2

{√
x2

1 + x2
3

1 + x2
3

+ x2 tanhx2 +

(
1 +

x2
1

‖x‖2

)[
(x1 − x2)2 + (x3 − x2)2

]}
.

(8.25)

The convergence rate σ(V,DR) is estimated by minimizing the above expression subject

to x ∈ DR.

However, if there exist additional constraints on the input components acting on

the states: −L ≤ u1 cosu2 ≤ L and −L ≤ u1 sinu2 ≤ L, then the maximized φ(V, x, u)

no more has the above analytical form. Instead, we will need the KKT conditions to

resolve the inner problem. We first use a coordinate transformation v1 = u1 cosu2,

v2 = u1 sinu2 which converts the system into an input-affine form with input v =

(v1, v2) constrained by the intersection of the unit disk and a square of side length 2L:

v ∈ {(v1, v2)| − L ≤ v1, v2 ≤ L, v2
1 + v2

2 ≤ 1}, and thus transforms the inner problem

into a convex one to satisfy Assumption 8.1:

v = arg min
v

(−x1v1 − x3v2)

s.t. v1 − L ≤ 0, −v1 − L ≤ 0

v2 − L ≤ 0, −v2 − L ≤ 0, v2
1 + v2

2 − 1 ≤ 0.

(8.26)

This leads to the KKT conditions of the form

− x1 + λ1 − λ2 + 2λ5v1 = 0, −x3 + λ3 − λ4 + 2λ5v2 = 0

v1 − L+ s1 = 0, −v1 − L+ s2 = 0

v2 − L+ s3 = 0, −v2 − L+ s4 = 0, v2
1 + v2

2 − 1 + s5 = 0

λi −Myi ≤ 0, si −M(1− yi) ≤ 0, i = 1, . . . , 5

λi, si ≥ 0, yi ∈ {0, 1}, i = 1, . . . , 5.

(8.27)

According to (8.17), σ(V,DR) can be obtained through global optimization of the fol-

lowing MINLP problem:

min σ =
2

‖x‖2

{
x1v1 + x3v2

1 + x2
3

+ x2 tanhx2 +

(
1 +

x2
1

‖x‖2

)[
(x1 − x2)2 + (x3 − x2)2

]}
s.t. (8.27), ‖x‖2 ≤ R2.

(8.28)
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Figure 8.3: Convergence rate of V (x) in DR under different input bounds L.

We solve the above problem with the BARON solver [420] on GAMS 25.0.2 for a

series of R values ranging from 0.2 to 1 under different parameters of L. The results

are shown in Fig. 8.3. The convergence rate stays positive, i.e., there always exists a

feasible control to stabilize the system from anywhere in the state space. On the other

hand, we observe that tighter bounds on v1 and v2 (lower values of L) slow down the

convergence rate of V .

8.7 Conclusion

The application of Lyapunov-based control requires a generic method of estimating

convergence rate and domain of attraction of control-Lyapunov functions. In this work,

we proposed bilevel optimization formulations for the convergence rate and domain of

attraction estimation, which are amenable to a KKT condition treatment and the active

set method that transforms the problems into single-layer MINLPs. This approach to

the convergence analysis of control-Lyapunov functions can be applied to any system

with input-nonaffinity or general input constraints satisfying a convexity assumption.
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Chapter 9

A Stochastic Programming Approach to the Op-

timal Design of Control-Lyapunov Functions

9.1 Introduction

Lyapunov-based control is a proactive approach to enforce closed-loop convergence based

on a pre-determined positive definite state-dependent function, called control-Lyapunov

function [198]. Given the control-Lyapunov function and its desirable decay rate over

time, one may construct a control policy, e.g., according to the formula of [230], that

explicitly guarantees the decay of the control-Lyapunov function, or incorporate the

decay as an additional constraint to the originally designed control strategy. For exam-

ple, Lyapunov-based model predictive control and economic model predictive control

formulations have been proposed to directly enforce stability [263, 234, 150], differently

from typical techniques for stabilization such as imposing terminal constraints or adding

penalty terms [368].

Despite the wide application of Lyapunov-based control, systematic approaches to

the design of control-Lyapunov functions are scarce. Typically, special forms or re-

strictive conditions satisfied by the system dynamics are needed to construct control-

Lyapunov functions [371, 247]. For polynomial systems under unconstrained polynomial

feedback control laws, sum-of-squares (SOS) programming has been proposed for opti-

mizing control-Lyapunov functions as SOS polynomials [175, 402, 61]. Moreover, since

a cost or performance index is typically associated with control policies, the choice of

control-Lyapunov function is expected to have a significant impact on the cost of the

resulting Lyapunov-based control. Therefore, it is desirable that the control-Lyapunov

function be optimally designed so that the resulting control cost is minimized. This

optimal design problem of control-Lyapunov functions, to our best knowledge, has not

been considered for control systems.

In this work, we formulate the optimal design of control-Lyapunov functions as a

two-stage stochastic programming problem, given a specified decay rate of the control-

Lyapunov function and a domain of interest in the state space. The two-stage stochas-

ticity originates from the expression of the cost associated with the Lyapunov func-

tion (first-stage decision) as the expected cost of the resulting Lyapunov-based control

(second-stage decision) from different states (uncertainty) on the domain. We consider
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two different stochastic programming formulations, and propose corresponding algo-

rithms for their solution, respectively.

• In the first case, we consider the accumulated control cost starting from the initial

state until convergence to the origin (and hence the control is an infinite-horizon

optimal policy), and the expected cost by averaging the accumulated cost over

the domain of interest. A sample average approximation is used to convert the

stochastic programming problem into a deterministic one, expressed as multiple

dynamic programming problems linked by the control-Lyapunov function. For its

solution, we adopt a decomposition-based optimization algorithm that partition

the monolithic problem into subproblems, each corresponding to a single sample.

• In the second case, the control cost is defined based only on the instantaneous

states and inputs. Without a prediction as in the first case, the trajectories can

only be guaranteed to remain in the smallest Lyapunov sublevel set covering the

domain of interest, and hence the cost associated with the Lyapunov function is

defined as the averaged instantaneous cost within such a Lyapunov sublevel set.

For the solution of such a problem, we develop an online optimization algorithm,

called stochastic proximal algorithm, which allows the Lyapunov function to be

updated continually with new samples of uncertainty.

The remainder of this chapter is organized as follows. In Section 9.2, the prelimi-

naries of Lyapunov stability and Lyapunov-based control are introduced. The stochas-

tic programming framework and the two specific formulations of optimally designing

Lyapunov functions are established in Section 9.3. The algorithms for solving these

stochastic programs are described in Section 9.4. A case study on a chemical reactor

example is shown in Section 9.5. Conclusions are made in Section 9.6.

Remark 9.1. This work is motivated by the works on flexibility analysis and flexible

process design in the field of chemical engineering [137], which consider the following

three problems:

1. Flexibility test problem – Given the design of the chemical process and the range

of uncertain parameters, can the operations of the designed process always stay

feasible (satisfy certain constraints)?

2. Flexibility index problem – Given the process design and the constraints for feasible
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operations, what is the magnitude of variation of the parameters, under which the

operations remain feasible?

3. Flexible design problem – Given the range of the uncertain parameters and the

constraints for feasible operations, what is the design that always satisfy the con-

straints under the uncertainties, and minimizes the expected economic cost?

In the previous chapter [410], we studied the convergence rate estimation and domain

of attraction estimation problems as analogues of the flexibility test and flexibility index

problems, respectively, with a conceptual correspondence between the feasibility of process

operations and the decay rate of control-Lyapunov functions, and between the parameter

uncertainty set and the domain of attraction. The optimal Lyapunov function design

problem to be addressed in this work is an analogue of the flexible design problem. The

sample average approximation technique for solving stochastic programs to be used in

this chapter has been commonly employed in the works of flexible process design in the

name of multi-period design [430, 312].

9.2 Preliminaries

We consider a nonlinear control system:

ẋ = f(x, u) (9.1)

in which x ∈ Rn and u ∈ Rm represent the states and control inputs, respectively.

f is Lipschitz with the origin being an equilibrium point (f(0, 0) = 0). The goal is

to stabilize the system (9.1) towards the origin. We also assume that any admissible

control policy u = u(x) should be subject to some operational constraints:

π(x, u) ≤ 0. (9.2)

For any control policy u = u(x), the following theorem relates the closed-loop stability

to the existence of a Lyapunov function [193, Section 4.5].

Fact 9.1. Let D ⊆ Rn be a domain containing the origin, and x 7→ u(x) be a given con-

trol policy on D. If there exists a continuously differentiable function, called a Lyapunov

function, V : D → R, such that there exist some continuous positive definite functions
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w1, w2 on D satisfying

w1(x) ≤ V (x) ≤ w2(x),
dV (x)

dt
= ∇V (x)>f(x, u(x)) ≤ 0 (9.3)

for all x ∈ D, then x = 0 is stable. If the latter inequality is enhanced by a positive

definite function w3(x) on D:
dV (x)

dt
≤ −w3(x), (9.4)

then x = 0 is asymptotically stable.

Stability is not always guaranteed by an admissible control. To enforce closed-

loop stability, a positive definite function V , called control-Lyapunov function, can be

artificially assigned, with a constraint on its decay imposed on the control law. Typically,

the constraint requires that the control-Lyapunov function should have an exponential

decaying rate of σ > 0:

dV (x)

dt
= (∇V (x))>f(x, u) ≤ −σV (x). (9.5)

In this way, for any control policy u = u(x), as long as the operational constraints (9.2)

and the Lyapunov constraint (9.5) remain feasible for all positive times starting from the

initial point, closed-loop stability of the system can be guaranteed with V acting as a

Lyapunov function monotonically decreasing with time. Such a method of determining

the control policy is called Lyapunov-based control.

9.3 Optimal Design of Control-Lyapunov Functions

9.3.1 Stochastic programming framework

Now we consider the optimal design problem of control-Lyapunov functions. The

control-Lyapunov function itself does not explicitly have a cost; its associated cost

is based on the corresponding Lyapunov-based control. We assume that a domain of

interest D in the state space and an exponential decay rate σ > 0 are given, so that

the control cost can be specified by the Lyapunov-based control that attracts any state

x ∈ D towards the origin with the control-Lyapunov function exponentially decaying at

a rate of σ.

Let U the denote the control decisions (in a general sense, to be made specific later)
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to be made when the system states are at point x, and let `(x, U) be a function standing

for the cost of control decisions U . Due to the existence of the Lyapunov constraint

(9.5) and the operational constraints (9.2), the control decisions U will be subject to

corresponding constraints, denoted by Ψ(U, V, x, σ) ≤ 0 and Π(U, x) ≤ 0, respectively.

For a given state x, we first define a pointwise cost of control.

Definition 9.1. The pointwise Lyapunov-based control cost c0(V, x;σ) at point x is the

minimum achievable cost `(x, U) over the control decisions U :

c0(V, x;σ) = min
U

`(x, U) s.t. Ψ(U, V, x, σ) ≤ 0, Π(U, x) ≤ 0. (9.6)

Let KD(V ) be a domain containing D and possibly dependent on the control-

Lyapunov function V . By averaging the pointwise cost over KD(V ), the Lyapunov-

based control cost on the domain D is obtained, which we define as the cost associated

with V .

Definition 9.2. The cost associated with the control-Lyapunov function V is the integral

average

c(V ;D,σ) =
1

Ω(KD(V ))

∫
KD(V )

c0(V, x;σ)dx, (9.7)

where Ω(KD(V )) is the volume of KD(V ):

Ω(KD(V )) =

∫
KD(V )

1dx. (9.8)

The optimal design of control-Lyapunov function is thus formally stated as the

following problem.

Problem 9.0. Determine the optimal control-Lyapunov function V , given a required

decay rate σ and domain D where the initial state is located, with the minimized asso-

ciated cost c(V ;D,σ) specified by Definitions 9.1 and 9.2:

min
V

c(V ;D,σ). (9.9)

Practically, the control-Lyapunov function needs to be parameterized and the op-

timization performed within the corresponding parametric forms. Denote by P the

corresponding parameters, P the domain of P , and VP the corresponding control-

Lyapunov function, e.g., an ellipsoidal parameterization is used for quadratic functions:
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VP (x) = x>Px, P ∈ P = S++ (the set of positive definite matrices). Thus the optimal

design problem is also written as

min
P∈P

c(VP ;D,σ). (9.10)

If x is seen as a random variable uniformly distributed over KD(V ), denoted as

x ∼ KD(V ), the integral average can be expressed as an expectation:

c(V ;D,σ) = Ex∼KD(V )c0(V, x;σ). (9.11)

Therefore, the optimal design of control-Lyapunov function is essentially a two-stage

stochastic programming problem:

min
V

c(V ;D,σ) = Ex∼KD(V )c0(V, x;σ)

c0(V, x;σ) = min
U

`(x, U) s.t. Ψ(U, V, x, σ) ≤ 0, Π(U, x) ≤ 0.
(9.12)

Here the control-Lyapunov function V (or its parameterization P ) is the first-stage

decision, which is made independently of any specific value of the state x. x is viewed as

the uncertainty. If KD(V ) is dependent on V , the random distribution of the uncertainty

is affected by the first-stage decision, and x is said to be an endogenous uncertainty;

otherwise x is called an exogenous uncertainty [130]. The control decision U is the

second-stage decision, which is determined after the random variable x is observed (the

uncertainty is realized) by minimizing the control cost `(x, U).

The specific formulation of the optimal design problem (9.12) depends on the con-

trol decision U to be made at x, the function forms of `, Ψ, Π, and the domain KD(V )

on which the pointwise cost is averaged. In the following subsections we consider two

different ways of specializing these objects, which result in two different stochastic pro-

gramming formulations for (9.12).

Remark 9.2. The essence of stochastic programming is to optimally shape the distri-

bution of the objective function under uncertainty with respect to a risk measure [373].

Besides expectation, there are other indices that account for variance or quantile of

the distribution and are suitable as the risk measure, e.g., the conditional value-at-risk

(CVaR) [319]. As an alternative, robust optimization [34], which seeks to minimize

the maximum cost under uncertainty, leads to a tri-level programming formulation for

two-stage problems and requires more restrictive algorithms [479].
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9.3.2 Optimal design of control-Lyapunov function with respect to the

control cost over infinite horizon

In the first case, the control decision U made at state x is a predictive one, i.e., the

input trajectory for an infinite horizon û(·) : [0,∞) → Rm. The cost of this control

trajectory is defined as

`(x, û(·)) =

∫ ∞
0

l(x̂(t), û(t))dt, (9.13)

where l(x̂, û) is a given function, and x̂(·) is the predicted state trajectory satisfying

˙̂x(t) = f(x̂(t), û(t)), t ≥ 0, x̂(0) = x. (9.14)

The constraints on the infinite-horizon control decision (Ψ and Π) are the Lyapunov

constraint and operational constraints imposed on the entire prediction horizon:

∇V (x̂(t))>f(x̂(t), û(t)) ≤ −σV (x̂(t)), t ≥ 0,

π(x̂(t), û(t)) ≤ 0, t ≥ 0.
(9.15)

Since the cost of control decisions ` is evaluated based on the predicted trajectory until

convergence to the origin, we only need to average the pointwise cost over the domain of

starting points D, i.e., KD(V ) = D. The distribution of uncertainty x is independent of

the first-stage decision V and thus exogenous. Hence we have the following statement

for the optimal design of control-Lyapunov functions with respect to the infinite-horizon

control cost.

Problem 9.1. Determine the optimal control-Lyapunov function V (x), given a decay

rate σ and domain D, by solving the following two-stage stochastic program under ex-

ogenous uncertainty:

min
V

c(V ;D,σ) = Ex∼Dc(V, x;σ)

c(V, x;σ) = min
û(·)

∫ ∞
0

l(x̂(t), û(t))dt s.t. (9.14), (9.15).
(9.16)

To make the Problem 9.1 computationally tractable, the integral over the infinite
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horizon is first approximated by an integral over a finite horizon with a terminal con-

straint that guarantees convergence, i.e.,

c0(V, x;σ) = min
û(·)

∫ T

0
l(x̂(t), û(t))dt

s.t. ˙̂x(t) = f(x̂(t), û(t))

∇V (x̂(t))>f(x̂(t), û(t)) ≤ −σV (x̂(t))

π(x̂(t), û(t)) ≤ 0, t ∈ [0, T ]

x̂(0) = x, x̂(T ) = 0.

(9.17)

The continuous-time formulation can be discretized, e.g., using a Gauss-Legendre collo-

cation [124]. Specifically, the collocation points 0 = t0 < t1 < · · · < tN < tN+1 = T are

generated by the roots −1 ≤ ξ1 < · · · < ξN ≤ 1 of the N -th order Legendre polynomials

PN (t) = 1
2NN !

dN

dtN
(t2 − 1)N through tk = (ξk + 1)T/2. The states and inputs at the

collocation points are used to interpolate x̂(t) and û(t), respectively (the summations

need not involve k = N + 1 since xN+1 = 0 and hence uN+1 = 0):

x̂(t) ≈
N∑
k=0

xkQk(t), û(t) ≈
N∑
k=0

ukQk(t) (9.18)

where Qk(t) is the (N + 2)-th order Lagrangian polynomial

Qk(t) =
∏

0≤j≤N+1,j 6=k

t− tj
tk − tj

,

satisfying Qk(tj) = 1 if k = j and 0 otherwise, and hence xk = x̂(tk), uk = û(tk).

Any integral over [0, T ] is approximated by an average with quadrature weights ωk =

T/(1− ξ2
k)[dPN (ξk)/dt]

2, k = 1, . . . , N , and hence

∫ T

0
l(x̂, û)dt ≈

N∑
k=1

ωkl(xk, uk),

x̂(T ) = x̂(0) +

∫ T

0
f(x̂, û)dt ≈ x+

N∑
k=1

ωkf(xk, uk).

(9.19)

Thus we convert (9.16) into the following form with finite and discretized second-stage
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decision variables:

min
V

c(V ;D,σ) =Ex∼Dc0(V, x;σ)

c0(V, x;σ) = min
u0,...,uN

N∑
k=1

ωkl(xk, uk)

s.t.
N∑
j=0

xjQ̇j(tk) = f(xk, uk)

∇V (xk)
>f(xk, uk) ≤ −σV (xk)

π(xk, uk) ≤ 0 (k = 0, . . . , N)

x0 = x, x+
N∑
k=1

ωkf(xk, uk) = 0.

(9.20)

9.3.3 Optimal design of control-Lyapunov function with respect to the

instantaneous control cost

In the second case, the control decision involves only the here-and-now control input, i.e.,

U = u, and the control cost `(x, u) depends only on the instantaneous state and input.

Hence the control policy is determined in a non-predictive fashion. Nevertheless, under

the Lyapunov-based control, the control-Lyapunov function V becomes a Lyapunov

function monotonically decreasing with time, which guarantees that the trajectories

starting from any point in D will stay inside the smallest sublevel set of V that contains

D, namely

KD(V ) = {x|V (x) ≤ maxx′∈DV (x′)}. (9.21)

In other words, KD(V ) is the smallest positive invariant set for any control policy

resulting from the control-Lyapunov function V that one can ensure a priori. We

therefore define the cost associated with the control-Lyapunov function c(V ;D,σ) as the

pointwise control cost c0(V, x;σ) averaged within such a Lyapunov sublevel set KD(V ),

in the sense that an optimal control-Lyapunov function leads to a lower control cost on

average when the control signal is decided based only on instantaneous information. The

optimal design of control-Lyapunov function with respect to the instantaneous control

cost is stated as the following problem.

Problem 9.2. Determine the optimal control-Lyapunov function V , given decay rate σ

and domain D, by solving the following two-stage stochastic program under endogenous
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uncertainty:

min
V

c(V ;D,σ) = Ex∼KD(V )c0(V, x;σ)

c0(V, x;σ) = min
u

`(x, u)

s.t. ∇V (x)>f(x, u) ≤ −σV (x), π(x, u) ≤ 0.

(9.22)

where KD(V ) is the smallest Lyapunov sublevel set containing D as defined in (9.21).

Problems 9.1 and 9.2 differ in the following two aspects. First, the uncertainty is

exogenous in Problem 9.1 with a fixed distribution of x on D, while it is endogenous

in Problem 9.2, as the range of uncertainty KD(V ) varies with the first-stage decision

V . Second, the second-stage decision in Problem 9.1 has a dynamic optimization for-

mulation, which is a nonlinear program with a larger size and hence computationally

more difficult than an instantaneous decision in Problem 9.2. In the following section,

we propose two different algorithms for their solution, respectively.

9.4 Solution of the Stochastic Programs

9.4.1 Offline optimization of Problem 9.1

Consider Problem 9.1. Since the integral average over D is difficult to evaluate, a sample

average is typically used to replace the expectation in stochastic programming [373].

Specifically, we first generate Monte Carlo samples x(1), x(2), . . . , x(S) from a uniform

distribution in D, and approximate the expectation with the sample average

c(V ;D,σ) ≈ 1

S

S∑
s=1

c0(V, x(s);σ), (9.23)

Thus we have transformed Problem 9.1 from a stochastic program to a deterministic one.

This method is said to be offline since the samples are fixed once chosen, in contrast

to the online optimization in the next subsection, where new samples are generated

throughout the iterations. For each sample x(s), s = 1, . . . , S, we adopt a finite time

approximation in the form of (9.16), and the collocation method which approximates

the continuous-time formulation in the form of (9.22).

Problem 9.3. Given Monte Carlo samples x(1), . . . , x(S) ∼ D and the decay rate σ, find
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P with minimized
∑S

s=1 c0(VP , x
(s);σ) by solving the nonlinear programming problem

min
P∈P

S∑
s=1

N∑
k=1

ωkl(x
(s)
k , u

(s)
k ) s.t.

N∑
j=0

x
(s)
j Q̇j(tk) = f(x

(s)
k , u

(s)
k )

∇VP (x
(s)
k )>f(x

(s)
k , u

(s)
k ) ≤ −σVP (x

(s)
k )

π(x
(s)
k , u

(s)
k ) ≤ 0 (k = 0, . . . , N, s = 1, . . . , S),

x
(s)
0 = x(s), x

(s)
0 +

N∑
k=1

ωkf(x
(s)
k , u

(s)
k ) = 0 (s = 1, . . . , S)

(9.24)

where the optimization variables include control-Lyapunov function parameters (first-

stage decisions) P ∈ P, control signals under all scenarios (second-stage decisions) u
(s)
k

and predicted states associated with second-stage decisions x
(s)
k .

The formulation of (9.24) is a large-scale nonlinear programming problem. We

note that the bordered block diagonal structure between the variables and constraints,

resulting from the dependence of all scenarios on the same control-Lyapunov function:

c P u(1), x(1) u(2), x(2) · · · u(S), x(S)



∗ ∗
∗ ∗
...

. . .

∗ ∗
∗ ∗ ∗ · · · ∗

can be exploited to tackle the problem either by decomposing the linear algebraic oper-

ations involved in the optimization [187] or by decomposing the monolithic formulation

into subproblems corresponding to individual samples [356]. Here we adopt the latter

approach for its relative ease of implementation. We use the alternating direction of mul-

tipliers (ADMM), also known as progressive hedging for two-stage stochastic programs

[350], which is an augmented Lagrangian-based algorithm [44].

Specifically, the decision variables P are duplicated for S times into P (s) with

constraints on their consensus, namely the non-anticipativity constraints P = P (s),

s = 1, . . . , S, and the constraints involving VP and u
(s)
k , x

(s)
k become

∇VP (s)(x
(s)
k )>f(x

(s)
k , u

(s)
k ) ≤ −σVP (s)(x

(s)
k ). (9.25)
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The problem (9.24) is composed of S subproblems:

min
N∑
k=1

ωkl(x
(s)
k , u

(s)
k ) s.t.

N∑
j=0

x
(s)
j Q̇j(tk) = f(x

(s)
k , u

(s)
k )

∇VP (s)(x
(s)
k )>f(x

(s)
k , u

(s)
k ) ≤ −σVP (s)(x

(s)
k )

π(x
(s)
k , u

(s)
k ) ≤ 0 (k = 0, . . . , N)

x
(s)
0 = x(s), x

(s)
0 +

N∑
k=1

ωkf(x
(s)
k , u

(s)
k ) = 0

(9.26)

each corresponding to a sample s, connected by the non-anticipativity constraints. The

augmented Lagrangian is then constructed by introducing dual variables Λ(s) and a

penalty parameter τ > 0:

L =

S∑
s=1

Ls =

S∑
s=1

[ N∑
k=1

ωkl(x
(s)
k , u

(s)
k ) + 〈Λ(s), P − P (s)〉+

τ

2
‖P − P (s)‖2

]
(9.27)

where 〈·, ·〉 is an inner product and ‖·‖ is the correspondingly specified norm (e.g., in the

case that P and Λ are matrices, 〈Λ, P 〉 = tr(Λ>P ) is the trace of their matrix product

with Λ transposed and ‖P‖ =
√

tr(P>P ) is the Frobenius norm). The optimization of

(9.24) is thus equivalent to

max
Λ(s)

min
P,P (s),u(s),x(s)

L
(
P, {P (s), u(s), x(s)}Ss=1, {Λ(s)}Ss=1

)
(9.28)

subject to the constraints involving P (s) and u(s), x(s).

In the ADMM algorithm, each iteration involves the following 3 update steps (in

which the first and the third step can be parallelized with respect to s), namely dis-

tributed primal update, consensus update and dual update:

(P (s), u(s), x(s)) :=arg minLs
(
P, P (s), u(s), x(s),Λ(s)

)
P :=arg minL

(
P, {P (s), u(s), x(s)}Ss=1, {Λ(s)}Ss=1

)
Λ(s) :=Λ(s) + τ(P − P (s)).

(9.29)

With the definition of augmented Lagrangian (9.27), the ADMM algorithm (9.29) can

be formulated as follows.
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Algorithm 9.1 (ADMM). Given the Monte Carlo samples x(1), . . . , x(S) ∼ D, initialize

P and Λ(1), . . . ,Λ(s). Set the penalty constant µ > 0. Iterate the following three steps

in sequence until convergence:

• Distributed primal update, i.e., obtain P (s) by solving the following problem, for

s = 1, . . . , S in parallel:

min
N∑
k=1

ωkl(x
(s)
k , u

(s)
k ) +

τ

2

∥∥∥P − P (s) + Λ(s)/τ
∥∥∥2

s.t.
N∑
j=0

x
(s)
j Q̇j(tk) = f(x

(s)
k , u

(s)
k )

∇VP (s)(x
(s)
k )>f(x

(s)
k , u

(s)
k ) ≤ −σVP (s)(x

(s)
k )

π(x
(s)
k , u

(s)
k ) ≤ 0 (k = 0, . . . , N)

x
(s)
0 = x(s), x

(s)
0 +

N∑
k=1

ωkf(x
(s)
k , u

(s)
k ) = 0

(9.30)

This can be seen as an optimal control problem involving P (s) as static parameters

with an associated quadratic cost, in addition to the predicted states and inputs.

• Consensus update

P :=
1

S

S∑
s=1

(
P (s) − 1

τ
Λ(s)

)
(9.31)

• Dual update for s = 1, . . . , S in parallel

Λ(s) := Λ(s) + τ(P − P (s)) (9.32)

Remark 9.3. ADMM in its usual form is known to converge linearly for convex prob-

lems [148, 161] and some nonconvex problems under specific assumptions [443]. The

acceleration of ADMM has been discussed recently [131]. However, the applicability of

accelerated ADMM algorithms are so far guaranteed only for convex problems.

9.4.2 Online optimization of Problem 9.2

For Problem 9.2, due to the endogeneity of the uncertainty x, i.e. the distribution of x

on KD(V ), it is impossible to obtain samples before the optimization. Instead, the Lya-

punov function needs to be optimized in an online manner, i.e., the first-stage decision
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variables P are continually optimized by new samples from the updated distribution

x ∼ KD(VP ). This type of algorithms are called stochastic approximation ones since

the objective function and/or its gradient are stochastically approximated by their eval-

uations at online samples, and are known to require little data storage and converge to

the true optimum rather than an approximation [373, Chapter 5].

Specifically, we adopt the idea of stochastic gradient descent (SGD), which suc-

cessively updates the decision variable P in the reverse direction of G(VP ;x, σ) for a

random sample x ∈ KD(VP ), where G(VP ;x, σ) is a stochastic estimate of the gra-

dient direction ∇P c(VP ;D,σ) based on the information of x, i.e., ∇P c(VP ;D,σ) =

Ex∼KD(VP )[G(VP ;x, σ)]. The SGD algorithm is written as

P (s+1) = P (s) − ηsG(VP (s) ;x(s), σ), s = 0, 1, . . . , (9.33)

where P (s) is the result after the s-th update, and ηs > 0 is the step size of the s-th

update. The average of all intermediate results weighted by the corresponding step sizes

P̂ (s) =

∑s
r=1 ηrP

(r)∑s
r=1 ηr

(9.34)

is used to approximate the optimal value of P . A step size of the form ηs = η1/
√
s has

been suggested for fast convergence [289]. However, the availability of the stochastic

gradient G(VP ;x, σ) as a prerequisite of implementing (9.33) is usually a “stochastic

oracle” and taken as an assumption in the literature [373]. To execute (9.33), we need

to overcome the following two issues.

The first issue is the endogeity of x. For stochastic programming problems with

exogenous uncertainties, from the definition of c(VP ;D,σ) = Ex∼KD [c0(VP , x;σ)] it

can be inferred that ∇P c0(VP , x;σ) for any x ∼ KD is an unbiased estimate of the

gradient ∇P c(VP ;D,σ) and can be taken as G(VP ;x, σ). In the presence of endogenous

uncertainty, additional terms related to the boundary and volume changes in KD(VP )

should be considered. For a specific type of KD(VP ), we have the following proposition.

Proposition 9.1. Under the definition of cost function in (9.22), assume that KD(VP )

is dependent on P through

KD(VP ) = {x|x = TP y, y ∈ S} (9.35)

for a fixed set S and a positive definite linear transformation TP dependent on P . Then
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the gradient of the control cost with respect to P can be expressed as:

∇P c(VP ;D,σ) = Ex∼KD(VP )[∇P c0(VP , x;σ)

+
1

2
x∇>x c0(VP , x;σ)(∇P lnTP ) +

1

2
(∇P lnTP )∇xc0(VP , x;σ)x>].

(9.36)

Proof. Denote KP = KD(VP ). We have

c(VP ;D,σ) =

∫
KP

c0(VP , x;σ)

Ω(KP )
dx. (9.37)

When P varies, the differentiation with respect to P gives

dP c(VP ;D,σ) =

∫
∂KP

c0(VP , x;σ)

Ω(KP )
(dPx · n)dx

+

∫
KP

[
dP c0(VP , x;σ)

Ω(KP )
− c0(VP , x;σ)dPΩ(KP )

Ω2(KP )

]
dx

=

∫
∂KP

c0(VP , x;σ)

Ω(KP )
(dPx · n)dx

+ E[dP c0(VP , x;σ)]− E[c0(VP , x;σ)]dP ln Ω(KP ).

(9.38)

where ∂KP is the boundary of KP and n is the outward unit normal vector on ∂KP .

Using the Gauss-Ostrogradsky divergence theorem,∫
∂KP

c0(VP , x;σ)

Ω(KP )
(dPx · n)dx =

∫
KP

[
c0(VP , x;σ)∇ · (dPx)

Ω(KP )
+
∇c0(VP , x;σ) · dPx

Ω(KP )

]
dx

(9.39)

With x = TP y, dPx = dPTP y = (dPTP )T−1
P x, hence ∇ · (dPx) = tr((dPTP )T−1

P ), and

R.H.S. of (9.39) = E[c0(VP , x;σ)]tr((dPTP )T−1
P ) + E[∇>x c0(VP , x;σ)(dPTP )T−1

P x].

(9.40)

Substituting the above expression into (9.38), we obtain

dP c(VP ;D,σ) =E[dP c0(VP , x;σ)]− E[c0(VP , x;σ)]dP ln Ω(KP )

+ E[c0(VP , x;σ)]tr((dPTP )T−1
P ) + E[∇>x c0(VP , x;σ)(dPTP )T−1

P x]

=E[dP c0(VP , x;σ)]− E[c0(VP , x;σ)]dP [ln Ω(KP )− tr(lnTP )]

+ tr
(
E[x∇>x c0(VP , x;σ)](dP lnTP )

)
.

(9.41)
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Since KP = {TP y|y ∈ S}, Ω(KP ) = Ω(S) detTP , hence

ln Ω(KP )− tr(lnTP ) = ln Ω(S) = const. (9.42)

The second term on the right-hand side of (9.41) is thus 0. This gives the following

relation in the form of gradients

∇P c(VP ;D,σ) =E[∇P c0(VP , x;σ)] +
1

2
E[x∇>x c0(VP , x;σ)](∇P lnTP )

+
1

2
(∇P lnTP )E[∇xc0(VP , x;σ)x>].

(9.43)

This concludes the proof.

We show that the ellipsoidal parameterization VP (x) = x>Px, P ∈ S++ satisfies

the assumption of Proposition 9.1. Denote by MP = maxx∈D x
>Px. Then we have

KP = {x|x>Px ≤MP }. We have the representation that x = TP y =
√
MPP

−1/2y with

y ∈ S = {y|‖y‖ ≤ 1}. Hence

∇P lnTP = ∇P ln(
√
MPP

−1/2) =
1

2
(∇P lnMP − P−1). (9.44)

Specifically, if D is a unit ball, MP = µmax(P ) is the largest eigenvalue of P , then

∇Pµmax(P ) = e1(P )e1(P )>, where e1(P ) is the unit eigenvector associated with the

largest eigenvalue µmax(P ). Therefore

∇P lnTP =
1

2

(
e1(P )e1(P )>

µmax(P )
− P−1

)
. (9.45)

It follows that a stochastic gradient is

G(VP ;x, σ) =∇P c0(VP , x;σ) +
1

2
x∇>x c0(VP , x;σ)(∇P lnTP )

+
1

2
(∇P lnTP )∇xc0(VP , x;σ)x>,

(9.46)

and hence the SGD is

P (s+1) =P (s) − ηs∇P c0(VP (s) , x(s);σ)− ηs
2

(x(s))∇>x c0(VP (s) , x(s);σ)(∇P lnTP (s))

− ηs
2

(∇P lnTP (s))∇xc0(VP (s) , x(s);σ)(x(s))>.

(9.47)
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The second issue in the implementation of the SGD algorithm is that, due to the

two-stage nature of the problem, the dependence of c0(VP , x
(s);σ) on P and x(s) is

implicit through the optimization problem (9.22) involving u, and that the gradients

∇P c0(VP , x;σ) and ∇xc0(VP , x;σ) in (9.47) can not be analytically obtained. Therefore,

we approximate the gradients by solving the so-called proximal point of P (s) with respect

to function ηsc0 [313, Chapter 4]:

P̄ (s) = arg min
P

[
c0(VP , x

(s);σ) +
1

2ηs
‖P − P (s)‖2

]
. (9.48)

With a small choice of ηs, by linearizing the first term around P0, the minimizer P̄ (s)

approximates P (s) − ηs∇P c0(VP (s) , x(s);σ). An additional trust region constraint is

imposed on P (s) to prevent large deviations: ‖P̄ (s) − P (s)‖∞ ≤ η1/2
s . Hence P (s) − P̄ (s)

is used to replace the ηs∇P c0 term in (9.47). In a similar manner, we solve the proximal

point of x(s) with respect to ηsc0:

x̄(s) := arg min
x

[
c0(VP (s) , x(s);σ) +

1

2ηs
‖x− x(s)‖2

]
, (9.49)

and approximate the ηs∇xc term with x(s)− x̄(s). The SGD (9.47) is thus approximated

with

P (s+1) = P̄ (s) − 1

2
x(s)(x(s) − x̄(s))>(∇P lnTP (s))−

1

2
(∇P lnTP (s))(x(s) − x̄(s))x(s)>.

(9.50)

Finally, we note that the updated P (s+1) may escape from its domain P. Hence we

follow with a projection:

P (s+1) := projPP
(s+1) = arg min

P∈P
‖P − P (s+1)‖2. (9.51)

For example, under V (x) = x>Px where P must be positive semidefinite, the projection

is performed by a spectral decomposition P (s+1) =
∑

i µiviv
>
i followed by the removal

of negative eigenmodes P (s+1) :=
∑

i max(µi, 0)viv
>
i [45, Page 399]. In summary, the

online optimization of (9.22) is solved through the following algorithm.

Algorithm 9.2 (Stochastic Proximal Algorithm). Initialize P (0). For s = 1, 2, . . . ,

iterate the following steps until convergence.

• Determine KD(VP (s)) and sample x(s) ∼ KD(VP (s)).
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• Solve the proximal points

P̄ (s) :=arg min
P,u

[
`(x(s), u) +

1

2ηs
‖P − P (s)‖2

]
s.t. ‖P − P (s)‖∞ ≤ η1/2

s

∇VP (x(s))>f(x(s), u) ≤ −σVP (x(s))

π(x(s), u) ≤ 0

(9.52)

and

x̄(s) :=arg min
x,u

[
`(x, u) +

1

2ηs
‖x− x(s)‖2

]
s.t. ‖x− x(s)‖∞ ≤ η1/2

s

∇VP (s)(x)>f(x, u) ≤ −σVP (s)(x)

π(x, u) ≤ 0

(9.53)

• Compute ∇P lnTP (s).

• Perform the SGD update according to (9.50).

• Project the updated P according to (9.51).

Record the total iteration S. Then obtain the step size-weighted average P̂ (S) according

to (9.34).

Remark 9.4. The convergence rate of SGD towards the optimum is O(1/k) and O(1/
√
k)

for smooth and general convex problems, respectively, where k is the iteration number

[41]. Adaptive variants of SGD that improve its computational efficiency, e.g., the Adam

algorithm [195], have been widely applied in the practice of machine learning. SGD and

its accelerated algorithms for non-convex optimization have also been studied [125]. In

this work, we use the SGD algorithm in its basic form (9.33) for simplicity.

Remark 9.5. Both Problems 9.1 and 9.2 in the present chapter fall into the category

of “simulation optimization” [132], where the objective functions and the constraints

are evaluated through stochastic simulation (of Lyapunov-based control under random

initial states). There exist several categories of algorithms other than gradient-based

methods, e.g., response surface, pattern search, and metaheuristics [5]. However, it

appears that these methods either behave well only on very small-scale problems or are

computationally prohibitive.
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9.5 Case Study on a Chemical Reactor

With the algorithms for Problems 9.1 and 9.2 introduced in the previous section, we now

apply the proposed methods on the optimal Lyapunov function design of a continuously

stirred tank reactor system (CSTR). In the reactor, an exothermic first order reaction

A→ B takes place. The dynamic model is

ẋ1 = 1− x1 − αx1eγ(1−1/x2), ẋ2 = 1− x2 + αβx1eγ(1−1/x2) + ω(u− x2) (9.54)

where x1, x2, u are the dimensionless reactant concentration, reactor temperature, and

coolant temperature, respectively. The parameter values are α = 0.0637, β = 0.167

(β > 0 corresponds to an exothermal reaction), γ = 37.7, ω = 0.1356. For the

system (9.54) under constant control input uss = 1.048, three steady states exist –

x = [0.8498 1.0278]> (low conversion, low temperature), x = [0.1996 1.1234]> (high

conversion, high temperature), and x = [0.5196 1.0764]>(medium conversion and tem-

perature), among which the first two are open-loop stable and the third one is open-loop

unstable.

We consider the state regulation problem that aims to steer the reactor towards the

open-loop unstable steady state xss = [0.5196 1.0764]> under uss = 1.048. The system

equations (9.54) are translated and scaled by x1 := (x1−xss
1 )/0.20, x2 := (x2−xss

2 )/0.03

and u := (u − uss)/0.20 to obtain a form of ẋ = f0(x) + g(x)u for which x = 0, u = 0

represents the steady state to be regulated at. We assume the absence of any operational

constraints π for simplicity. The optimization of the Lyapunov function is performed

under a parameterization of VP (x) = x>Px, P ∈ P = S++, under which Proposition 9.1

holds. We seek to stabilize the reactor from any initial condition in D = {x|x>x ≤ 1}
with an exponential convergence rate faster than σ = 1. This has specified the optimal

control-Lyapunov function design problem (9.9).

We first consider Problem 9.1 with a stage cost of l(x̂, û) = x̂2
1 + x̂2

2 + 2.5û2. The

problem is solved by sample average approximation and ADMM (Algorithm 9.1), for

which S = 100 random samples are generated on D (see the first subplot of Fig. 9.1).

The finite horizon is set as T = 5 (since e−5 < 0.01), and the number of collocation

points inside [0, T ] is N = 9. For the ADMM algorithm, the penalty parameter is set

as τ = 10 for the first 50 iterations, multiplied by
√

10 at the 51st iteration and for

every 5 subsequent iterations in order to enforce the consensus constraints [300]. The

second subplot of Fig. 9.1 shows the convergence of the components of P , i.e., p11 and
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Figure 9.1: The random samples x(1), . . . , x(S) ∼ D (left) and the evolution of the two
parameters of the Lyapunov function throughout 100 ADMM iterations (right).

p12 = p21, within 100 iterations (p22 is fixed at 1 without loss of generality). After 86

iterations, the consensus constraints are satisfied below a tolerance of 10−4. Hence we

have approximately obtained the optimal control-Lyapunov function with respect to the

infinite horizon control cost: V (x) = x>P∗x where P∗ = [0.5471, 0.4299; 0.4299, 1].

To illustrate the optimality of P∗, we compare the costs associated with the control-

Lyapunov functions of different P values throughout the iterations. For this purpose,

we generate another batch of 100 random samples on D, and evaluate the corresponding

values of c0(VP , x;σ) for all the samples under the P values at iterations 0, 5, 10 and

86, where iteration 0 corresponds to the initial guess P0 = I2 (the unit 2 × 2 matrix),

and iteration 86 corresponds to the optimum. The result is shown by the stem plot in

Fig. 9.2. It can be clearly observed that for the samples, the control cost gradually

decreases as the control-Lyapunov function proceeds from its intermediate solutions at

iterations 0, 5, 10 to the optimum.

Now we consider Problem 9.2 with an instantaneous control cost of `(x, u) = x2
1+x2

2+

2.5u2, which is solved through the stochastic proximal algorithm (Algorithm 9.2). The

step size is of the form ηs = η1/
√
s where η1 = 10−2 is empirically determined. For faster

convergence, the weighted averages (9.34) are evaluated only after 103 iterations. Fig.

9.3 shows the solution trajectories of P (s) and the weighted average of P (1), . . . , P (s)

given by (9.52) throughout 105 iterations. It is observed from Fig. 9.3 that during

iterations 103–105, the oscillation of P (s) has been stabilized in a certain interval, leading

to a well-converging sequence of the weighted average P̂ (s). At the 15731st iteration,

the components of P̂ vary less than 10−4 for the previous 1000 iterations. We take

the P̂ at this iteration as the optimal control-Lyapunov function: P∗ ≈ P̂ (15731) =
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Figure 9.2: Cumulative control cost c0(VP , x;σ) for 100 samples for different P values
throughout the ADMM iterations.

Figure 9.3: Evolution of P (s) (upper) and weighted average P̂ (s) (lower) by stochastic
proximal algorithm.

[0.5608, 0.3721; 0.3721, 1].

The optimum value of P obtained here is compared with the intermediate results

P (s) for s = 1, 10, 102, 103 in terms of the resulting instantaneous control cost using 100

random samples for each. Fig. 9.4 shows the empirical cumulative density function of

the control cost c0(VP , x;σ) under these P values. From the higher and lower parts of

the lines, a left shifting and a right shifting can be observed respectively, implying that

throughout the iterations, the expected control cost is decreased through diminishing
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Figure 9.4: Distribution of the instantaneous control cost for different P values through-
out the stochastic proximal iterations.

the possibility of containing states that require the higher control costs (higher than 3),

at the expense of increasing the cost of the low-cost states that compose 80% of the

samples.

9.6 Conclusion

The wide application of Lyapunov-based control requires a method of systematically

designing a control-Lyapunov function that is optimal with respect to a cost of the re-

sulting Lyapunov-based control strategy. In this work, we propose a two-stage stochastic

programming framework for the optimal design of control-Lyapunov functions, and two

different specific formulations depending on whether the control cost is defined over

an infinite prediction horizon or only on instantaneous values of the states and inputs.

We also propose solution algorithms to these stochastic programs, respectively. Specifi-

cally, the first formulation is approximated via sample average approximation and solved

with a decomposition-based optimization algorithm – ADMM. For the second formula-

tion where the uncertainty is endogenous in nature, we establish a stochastic proximal

algorithm based on stochastic gradient descent, which allows online optimization of the

control-Lyapunov function. Through this study, we have provided a generic approach

to the design of control-Lyapunov functions, thus facilitating the implementation of

Lyapunov-based control strategies.
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Chapter 10

Lyapunov Flexibility Analysis for Integrated De-

sign and Control of Nonlinear Processes

10.1 Introduction

The existence of uncertainties in chemical processes has motivated analyses of flexibil-

ity, resiliency, operability or controllability, and process design with consideration of

these properties [137]. Due to the dependence of process dynamics on the design and

possible conflicts between an economic objective and process operability, traditional de-

sign procedures where the design and control are separated may result in suboptimal

or undesirable solutions; hence, integrated design and control approaches have attracted

attention [370, 348, 473, 374]. Key to these works is the characterization of achievable

attenuation of the uncertainties by manipulating the control inputs, used as the basis

of evaluating and optimizing process design. The approaches to integrated design and

control can be classified into two major categories [473], namely controllability index-

based and mixed-integer dynamic optimization (MIDO)-based ones. In the first type of

approaches, given the process model under any specific design, an index is defined to

capture the operability of the dynamic system and used as a part of the design objective

or constraint [217, 242]. However, such indices are typically extracted from a linearized

model and do not properly and sufficiently capture the dynamic features of nonlinear

processes, while those defined based on nonlinear analysis [224] are used mainly for

analysis and are difficult to be integrated into the optimal design problem.

In the MIDO-based approaches, the dynamic flexibility analysis is directly formu-

lated in the parlance of nonlinear optimal control [88, 112]. Such formulations are

rigorous in that they involve detailed descriptions of all the uncertain scenarios, which,

however, becomes the very reason for their computational difficulty, despite significant

progress in dynamic and stochastic programming. This issue can be partly relieved by

embedding simplified forms of control such as LQG [246] or multi-parametric MPC [85].

In this chapter, we propose an efficient framework for dynamic flexibility analysis of

nonlinear processes based on the concept of Lyapunov function [193], which is a state-

dependent function capturing the deviation of the system states from the designed

c©2019 Elsevier. Reprinted, with permission, from W. Tang, P. Daoutidis. Lyapunov dynamic
flexibility of nonlinear processes. Computer Aided Chemical Engineering (Volume 47, July 2019). DOI:

10.1016/B978-0-12-818597-1.50006-0.
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steady state. Specifically,

• Given any Lyapunov function, a hypothetical Lyapunov-based controller can be

specified in terms of the descent of the Lyapunov function. Under this control

policy, the effect of the uncertainties on the system states can be described by the

resulting average level of the Lyapunov function value, which is compared to the

boundary of operational feasibility to give a characterization of dynamic flexibility.

• The operating cost under uncertainties is related to the average level of the Lya-

punov function value under Lyapunov-based control. By considering the choice

of the Lyapunov function as a part of the process design decisions, the optimal

process design subject to a dynamic flexibility constraint can be found.

Following these lines, we propose in this work formulations for the flexibility test, flexi-

bility index, and optimal flexible process design problems. The framework is illustrated

by a case study on a two-reactor system.

Compared to the MIDO approaches, the Lyapunov perspective gives an alternative

to large-scale optimization problems resulting from a multi-scenario description of the

dynamic process variables; compared to the controllability index-based approaches, the

Lyapunov flexibility analysis proposed here explicitly accounts for nonlinear dynamics

and can be easily combined with optimal design. We note that since the Lyapunov func-

tion only plays an auxiliary role in deriving the optimization problems, and correction

factors based on simulations are introduced to redeem any resulting inexactness, such

an approach does not limit itself to a Lyapunov-based controller.

10.2 Lyapunov Function and L2-Stability

We consider nonlinear dynamic systems of the form:

ẋ = f(x) + g(x)u+ b(x)w (10.1)

where x and u are the vectors of states and control inputs respectively. The vector

of uncertainties w may include parametric uncertainties and time-varying disturbances.

The origin is the operational steady state (f(0) = 0). Lyapunov theory is widely used

in the stability analysis of nonlinear systems. It refers to the construction of a positive

definite function V (x) acting as the distance metric of the states to the desired point.
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Suppose that the inputs are constrained by ‖u‖∞ ≤ 1, and that V (x) is continuously

differentiable. Among all the feasible control policies satisfying the input constraints,

u(x) = −sign(g(x)>∇V (x)) gives the fastest descent of V (x):

V̇ = ∇V (x)>f(x)− ‖∇V (x)>g(x)‖1 +∇V (x)>b(x)w. (10.2)

Under this best possible policy, we consider any output vector in the form of y = h(x).

If there exists a positive number γ and a positive time constant τ , such that for any x

in a domain of the state space X, the Hamilton-Jacobi inequality [427]

∇V (x)>f(x)− ‖∇V (x)>g(x)‖1 +
τ

4γ2
∇V (x)>b(x)b(x)>∇V (x) +

1

τ
h(x)>h(x) ≤ 0

(10.3)

is satisfied, then within this domain X, the L2-gain from the disturbances to the outputs

is finite and upper bounded by γ2. In other words, for any time T ≥ 0 and uncertainty

signal w(t), any trajectory starting from the origin satisfies∫ T

0
‖y(t)‖2dt ≤ γ2

∫ T

0
‖w(t)‖2dt. (10.4)

For the purpose of Lyapunov flexibility analysis, we consider for simplicity a scalar

output h(x) = V (x)1/2 to capture the effect of the uncertainties on the Lyapunov

function value V (x). Then within the domain on which

∇V (x)>f(x)− ‖∇V (x)>g(x)‖1 +
τ

4γ2
∇V (x)>b(x)b(x)>∇V (x) +

1

τ
V (x) ≤ 0 (10.5)

holds, under any uncertainty that has a bounded magnitude ∆ in time-averaged squared

norm 1
T

∫ T
0 ‖w(t)‖2dt ≤ ∆ (e.g., a sinusoidal or static signal), the Lyapunov function

value will be bounded in time average 1
T

∫ T
0 V (t)dt ≤ γ2∆. Hence, given the uncertainty

level ∆ ≥ 0, the response of the system will result in an estimated upper bound γ2∆ of

the Lyapunov function value, as long as the Hamilton-Jacobi inequality (10.5) always

holds at any point within the Lyapunov sublevel set X = {x|V (x) ≤ γ2∆}. With the

third term relaxed and combined with (10.2), (10.5) also implies that in the absence of

uncertainties (w = 0), the fastest descent of V (x) is such that dV (x)/dt ≤ −V (x)/τ ,

i.e., faster than an exponential decay with time constant τ .

Based on the above discussion, given the dynamic model, Lyapunov function V(x)

and the uncertainty level ∆, by choosing a time constant of interest τ for the Lyapunov
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function in the uncertainty-free case, we can estimate an invariant set {x|V (x) ≤ γ2∆}
by finding the minimum L2-gain γ2 such that (10.5) holds for any x in the corresponding

invariant set. We note that such an estimated invariant set is not strict, since the time-

average bound on the Lyapunov function value is a relaxation of its strict upper bound,

while the form of X as a sublevel set is conservative. However, these issues cannot be

circumvented for general nonlinear dynamics without computationally expensive proce-

dures. This compromise for easier computation in the dynamic flexibility analysis and

flexible process design will be validated and amended by dynamic simulations during

the application of the proposed method.

10.3 Lyapunov Dynamic Flexibility Analysis

Dynamic flexibility analysis considers two problems, namely (i) given the process de-

sign and the magnitude of the uncertainties, test whether the process operation remains

feasible; (ii) given the process design, estimate the allowed magnitude of the uncertain-

ties such that the feasibility constraints on process operation are not violated. Now we

formulate these problems in the proposed Lyapunov framework. We denote by d the

vector of process design decisions. Generally the functions f , g and b in the process

model are dependent on d and denoted as f(x; d), g(x; d) and b(x; d), respectively. The

constraints for feasible process operation are denoted by the inequality c(x; d) ≤ 0.

10.3.1 Flexibility test problem

For a given uncertainty level represented by ∆, the smallest L2-gain is estimated by

finding the smallest value of γ2 such that (10.5) holds for any x with V (x) ≤ γ2∆:

max
x,γ

γ2 s.t. V (x) ≤ γ2∆

∇V (x)>f(x; d)− ‖∇V (x)>g(x; d)‖1

+
τ

4γ2
∇V (x)>b(x; d)b(x; d)>∇V (x) +

1

τ
V (x) ≤ 0

(10.6)

where the minimum of γ such that (10.5) holds for any x is equivalently substituted by

the maximum of γ such that (10.5) is violated for some x in the corresponding Lyapunov

sublevel set {x|V (x) ≤ γ2∆}.
By solving the problem in (10.6), we obtain an estimate of the invariant set {x|V (x) ≤

182



γ2∆}. On the other hand, the upper bound of the Lyapunov function value to guarantee

operational feasibility, Φ, is solved by

min
x,Φ

Φ s.t. V (x) ≤ Φ, c(x; d) 6≤ 0. (10.7)

The ratio Φ/γ2∆ represents the gap between the feasibility boundary and the estimated

invariance set of the system, and thus a higher (lower) ratio indicates that the system is

more (less) flexible in the presence of parametric uncertainties and disturbances. How-

ever, due to the non-exactness of the invariance set construction, and the considerations

of the best possible control policy and worst-case uncertainty in the L2 analysis, it does

not necessarily follow that Φ/γ2∆ = 1 is a watershed between flexibility and inflexibil-

ity. Simulations will be needed to validate the process flexibility by sampling multiple

scenarios for the uncertainties under a realistic controller.

10.3.2 Flexibility index problem

For the Lyapunov flexibility index problem, we aim to find the maximum allowed extent

of uncertainties ∆ such that the smallest achievable L2-gain determined by (10.6) is

guaranteed to keep the process operation feasible, with a given gap of R from the

feasibility boundary captured by Φ in (10.8). This problem can be expressed as the

following bilevel programming problem:

max ∆ s.t. γ2∆ ≤ Φ/R

γ2 = max
x,γ

γ2∆

s.t. V (x) ≤ γ2∆

∇V (x)>f(x; d)− ‖∇V (x)>g(x; d)‖1

+
τ

4γ2
∇V (x)>b(x; d)b(x; d)>∇V (x) +

1

τ
V (x) ≤ 0

(10.8)

or equivalently a single-level program:

min
x,γ,∆

∆ s.t. γ2∆ ≤ Φ/R, V (x) ≤ γ2∆

∇V (x)>f(x; d)− ‖∇V (x)>g(x; d)‖1

+
τ

4γ2
∇V (x)>b(x; d)b(x; d)>∇V (x) +

1

τ
V (x) ≤ 0.

(10.9)
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In (10.9), the parameter R is viewed as a correction factor accounting for the gap

between the realized upper bound of the Lyapunov function values and the one from the

L2 analysis. After solving (10.9), we can perform simulations under different scenarios

of uncertainties of magnitude ∆. If the simulated trajectories are yet deep inside the

feasible region, we reduce R to allow larger uncertainties. If a significant portion of

the trajectories have escaped beyond the feasibility boundary, the ratio R should be

increased to restrict the uncertainties to be smaller.

10.4 Optimal Lyapunov Flexible Design Problem

The goal of the flexibility analysis is to pave the way for the formulation of optimally

designing a dynamically flexible process. Given the uncertainty level ∆, we aim to deter-

mine the optimal process design d and Lyapunov function V (x) such that the resulting

process is dynamically flexible with minimized expected cost under uncertainties. The

formulation is given below:

min
d,V

Q(d, V ) + Ew(t)

[
min
u(t)

1

T

∫ T

0
P (d, x(t), u(t))dt

]
s.t. d ∈ D, V ∈ V, γ2∆ ≤ Φ/R

Φ = min
x,Φ

Φ, γ2 = max
x,γ

γ2.

(10.10)

In (10.10), Q is the capital cost of the process determined by the design decisions d

as well as the parameters V that specify the Lyapunov function V (x), whose form

may affect the cost of the controller; P is the operating cost depending on the design

decisions d and states x, minimized by the control inputs u and averaged over a long

time horizon T ; E is the symbol for expectation over uncertainty scenarios. D stands

for the constraints of d, and V is the range of the parameters V , e.g., if the Lyapunov

function is restricted in quadratic forms (V (x) = x>V x), then the range V = S+ (the

set of positive semidefinite matrices). The constraints in the inner level problems are

omitted for brevity.

The involvement of an expected operating cost defined based on dynamic trajectories

in (10.10)results in a mixed-integer dynamic optimization problem that is also stochastic

and bilevel in nature. To reduce the complexity of (10.10), we consider the expected

operating cost as a “baseline” operating cost P (d, V ) multiplied by a correction factor α.

The baseline cost is chosen as such that (i) the control input is determined by the formula
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of Lin and Sontag [230] to guarantee the decay of V (x) faster than dV (x)/dt ≤ −V (x)/τ :

κ(x; d, V ) =

−
L∗fV (x;d)+

√
(L∗fV (x;d))2+‖LgV (x;d)‖4

‖LgV (x;d)‖2
(

1+
√

1+‖LgV (x;d)‖2
) LgV (x; d)>, LgV (x; d) 6= 0

0, LgV (x; d) = 0

,

(10.11)

where the Lie derivative notations are defined as LgV (x; d) = ∇V (x)>g(x; d) and

L∗fV (x; d) = ∇V (x)>f(x; d) + V (x)/τ respectively, and (ii) the cost is evaluated as

the highest possible value in the corrected invariant set. In other words, we reformulate

(10.10) into the following form:

min
d,V

Q(d, V ) + αP

s.t. d ∈ D, V ∈ V, γ2∆ ≤ Φ/R

P = max
x̄

P (d, x̄, κ(x̄; d, V ))

Φ = min
x̌,Φ

Φ s.t. V (x̌) ≤ Φ, c(x̌; d) 6≤ 0

γ2 = max
x̂,γ

γ2 s.t. V (x̂) ≤ γ2∆

V (x̂)>f(x̂; d)− ‖∇V (x̂)>g(x̂; d)‖1

+
τ

4γ2
∇V (x̂)>b(x̂; d)b(x̂; d)>∇V (x̂) +

1

τ
V (x̂) ≤ 0.

(10.12)

The bilevel programming problem (10.12) can then be solved via a typical transfor-

mation into a mixed-integer nonlinear program using the Karush-Kuhn-Tucker (KKT)

optimality conditions involving dual and slack variables [141]. We note that since (10.12)

is a bilevel program with nonconvex inner problems, global optimality is not guaranteed

by solving the transformed problem. However, due to the use of correction factors R

and α, the suboptimality can be accounted for. The quality of the solution to (10.12) is

critically dependent on the choice of the correction factors. We propose that R and α

should be iteratively updated with a posteriori simulations. Specifically, in each itera-

tion, the optimal flexible process design problem (10.12) is first solved under the given R

and α to determine the optimal design decisions d and V . Then, a number of scenarios

of the uncertainties are sampled (given the magnitude level ∆) and for each scenario,

the system is simulated under the user-specified desirable control strategy (which can
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differ from (10.11), e.g., MPC or distributed MPC) to obtain the corresponding tra-

jectories. The Lyapunov function values of the states on the simulated trajectories are

compared to the Φ value given by (10.8) to update R, and the average cost of the sim-

ulated trajectories is compared to the “baseline” operating cost P (d, V ) to update α.

The iterations proceed until the correction factors have converged.

Compared to the typical formulations of the integrated design and control problem,

in our proposed approach, the optimization problem (10.12) has a deterministic and

static form. The dynamic simulations under uncertain scenarios are separated from the

optimization formulation and serve only as a means of adjusting the correction factors

that account for the inexactness of L2-gain analysis, deviations of actual control from

the baseline policy, and bilevel programming sub-optimality. The proposed formulation

is therefore computationally efficient. Also, since we do not require model linearization

or limit our scope to any specific type of controllers, this approach is generally applicable

to nonlinear process systems under any nonlinear control.

10.5 Illustrating Example

We examine the proposed framework with a case study on a two-reactor system with

one or two feed streams (split from a total feed). The detailed model was given in

[359] and adapted here without considering the dynamics of holdup volume. Here the

existence of the second reactor (d1 = 0 or 1), the existence of the second feed stream

(d2 = 0 or 1), the portion of second feed stream in the total feed (0 ≤ d3 ≤ 1), the

reactor volumes (d4, d5) and the operating steady state are the design variables. The

4 states include the deviations of the reactor temperatures and reactant concentrations

from the steady state. The deviations of the cooling rates are used as 2 control inputs.

A disturbance exists in the feed temperature. We scale the control inputs by 1 MJ/min,

states by 20 K, and 0.01 mol/L and the disturbance by 20 K. The control inputs are

assumed to be constrained within ±1. The time constant τ for the fastest convergence

of the nominal system is chosen as 3 sec.

We first perform a dynamic flexibility analysis given the design as d1 = 1, d2 = 1,

d3 = 0.52 and the Lyapunov function V (x) = x>x (Φ = 0.6289). For ∆ = 1, we

obtain from the dynamic flexibility test problem (10.6) that γ2 = 6.45 × 10−4, giving

an estimated invariant set with the value of V (x) upper bounded by 6.45× 10−4, which

implies that the process is highly flexible under the disturbance level ∆ = 1 if the
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Figure 10.1: Lyapunov function values and the practical upper bound under disturbance
level ∆ = 1.

control policy is the ideal one that perfectly results in the fastest achievable decay

of the Lyapunov function. However, such a perfect controller is unrealistic since it

is noncontinuous and the control inputs are almost always saturated. Here we will

use a well-tuned model predictive controller combined with moving horizon estimation

using the reactor temperatures as the observations [8]. Fig. 10.1 shows the simulated

values of V (x) under such a controller for 100 independent bounded disturbance signals

(|w| ≤ ∆) in 5 time scales. It can be observed that the practical upper bound of V (x) is

approximately 0.1640. This suggests a correction factor R = 0.1664/(6.45×10−4) = 258.

Still, the process remains highly feasible as the upper bound of V (x) is much lower than

Φ.

Next, we consider the flexibility index problem that determines the largest allowable

disturbance level without affecting the feasibility of process operation. The process de-

sign d and the Lyapunov function V (x) are the same as before. The initial guess of the

correction factor is the one from the feasibility test problem R = 258. After every iter-

ation of solving ∆ from (10.9), we update the correction factor through the simulation

under the afore-mentioned model predictive control with 100 independent samples of the

disturbance signal using the shrinking step-size rule Ri+1 := Ri+(Rnew−Ri)/i (i is the

iteration number). The changes of disturbance level ∆ and the Lyapunov function value

V (x) with increasing number of iterations are shown in Fig. 10.2. Within 20 iterations,

the simulated upper bound of V (x) approaches close to the level corresponding to the
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Figure 10.2: Maximum allowable disturbance level and Lyapunov function value.

boundary of operational feasibility Φ = 0.6289, which determines the maximum allowed

disturbance level for maintaining operational feasibility as approximately ∆ = 2.06.

Finally, we consider the problem of finding the optimal design of the process d and

the Lyapunov function V (x) by solving (10.12) under the given disturbance level ∆ = 1.

For simplicity we consider quadratic Lyapunov functions V (x) = x>V x, where V is a

positive semidefinite matrix without terms involving terms from two different reactors:

V =


v11 v13 0 0

v13 v12 0 0

v21 v23 0 0

v23 v22 0 0


satisfying vi1, vi2 ≥ 0 and vi1vi2 − v2

i3 ≥ 0, i = 1, 2. In the economic objective function,

the capital cost Q is specified by the reactor volumes (d4, d5), and the operating cost

P is specified by the substrate concentrations (C1, C2) in the reactors as in [359], but

with an additional term accounting for the utility cost of the heat exchange rates with

the reactors (Q1, Q2):

Q = 1.375(d0.6227
4 + d1d

0.6227
5 ),

P = 104|(1− d1)C1 + d1C2 − 0.01|+ 2.5((1− d1)Q1 + d1Q2).
(10.13)

The steady state design is constrained so that the conversion equals 99%, i.e., (1−d1)C1+
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Figure 10.3: Splitting ratio, reactor volumes (left), steady-state reactor temperatures
(middle), capital and operating costs (right).

d1C2 = 0.01. The initial guess of the correction factors are chosen as R = 300 and α = 1,

and during the iterations they are updated with shrinking step-sizes. Fig. 10.3 shows

the change in the solution of the optimal design problem throughout the iterations. A
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converged solution is obtained within a few iterations. This optimal solution requires

that both reactors should be in use, the splitting ratio should be changed to about 0.236,

and the second reactor should be reduced to a half smaller volume. Compared to the

initial guess, the optimal design is found to have approximately 23% less total cost.

10.6 Conclusions

In this work, we have proposed a novel flexibility analysis framework based on the

concepts of Lyapunov control theory, where the effect of the uncertainties on the system

states are evaluated based on the resulting averaged Lyapunov function value. This

approach is computationally efficient compared to the classical MIDO-based approach,

while accurately accounting for the intrinsic nonlinearity of process systems dynamics

compared to the controllability index-based approaches. Especially, we adopt correction

factors to redeem any inexactness and suboptimality that may arise in the derivations

and computations, which makes our Lyapunov flexibility analysis generally applicable

regardless of the actual controller type although based on hypothetical Lyapunov-based

controllers.

While the proposed framework shows a promising direction of integrated process

design and control, for process systems on a larger scale, the implementation of our

proposed approach is not yet apparent due to the following two reasons. First, a detailed

nonlinear dynamic model is required in the current method but can be implicit (i.e., a

black-box model) in a flowsheet simulation environment. Second, it becomes difficult

to appropriately parameterize and optimize the Lyapunov function involving states in

high dimensions. These issues will be further investigated in our future studies.
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The old man had his zeal of youth revived, 老夫聊發少年狂，

leashing a yellow hound on the left side, 左牽黃，

and a falcon in gray on the right. 右擎蒼，

Dressed in silk hats and sable coats, 錦帽貂裘，

thousands of horsemen swept the mountain roads. 千騎卷平岡。

In response to the whole town of people joining the mayor, 為報傾城隨太守，

He is to hunt down himself a tiger, 親射虎，

to present his young General’s vigor. 看孫郎。

Su Shi, “A Tune of Jiang Cheng Zi: Hunting at Mizhou” (excerpt), 1075.

蘇軾《江城子·密州出獵》

Part III

Intelligence: Utilizing Process Data to Learn

Essentially Control-Relevant Information
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Chapter 11

Lie-Sobolev Nonlinear System Identification and

Its Effect on Nonlinear Control

11.1 Introduction

The development of nonlinear control methods has been one of the most important topics

in process control due to the intrinsic nonlinearity of process systems. Examples include

input–output linearization [173], which uses state feedback to cancel out the nonlinear-

ity and shape the output response, and model predictive control (MPC) [344], which

generates control signals by optimizing a cost associated with the predicted trajectory.

It is self-evident that the successful application of these nonlinear model-based control

methods is intrinsically dependent on high-quality dynamic models. Process systems

may be represented as white-box first-principles models, black-box models of completely

unknown dynamics, or grey-box models in between [384]. Whenever a perfect white-box

model is unavailable, the unknown parts of the underlying dynamics must be inferred

from system identification procedures. Despite the complexity of identification-control

interaction and integration (see e.g., discussions on separation principle [14], adaptive

control [106], or dual control [111]), the quality of control strategies generally benefits

from more accurate identification methods.

The specific meaning of system identification may vary with the context. In general,

system identification may refer to any regression or data-driven characterization of the

unknown parts in dynamic models, such as state-space dynamics, transfer functions,

and autoregressive models [367]. A wide spectrum of approaches have been developed

in this sense in the process control literature [91, 489, 108, 382]. In a broader sense,

the identification can be performed in a model-free manner only to learn useful control-

relevant information from data, such as optimal value/policy functions or dissipativity

parameters [412, 411, 414]. Considering nonlinear chemical processes, the aim of system

identification is typically to estimate the unknown parameters, usually physical and

chemical properties, in models of certain a priori structures derived from first principles

or approximations [99, 475]. Also, for chemical processes there usually exist states that

are not directly measurable and the parameter estimation should be combined with

state observation, i.e., both dynamic states and model parameters should be estimated.

In this chapter, we consider system identification as the problem of designing such an

observer-estimator.
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State observer design for dynamic systems is a classical problem in process control

[387, 90, 203], which can in principle be extended to combined observer-estimator de-

sign by viewing parameters as invariant states (see e.g., [208]). The most traditional

approach is to modify the Kalman filter into an extended or unscented Kalman filter

(EKF, UKF) [383]. For specific types of nonlinear systems, the observer-estimator can

be designed through backstepping or following the linear Luenberger observer proce-

dures [207, 107, 425]. Kazantzis and Kravaris [191] formulated a generic nonlinear ob-

server, which guarantees convergence but demands computationally intractable solution

of partial differential equations. Implicit schemes based on nonlinear optimization, such

as maximum likelihood estimator (MLE) [366] and especially moving horizon estimator

(MHE) [341], have gained increasing applications in nonlinear processes.

In this work we focus on the role of derivatives of the model functions in system

identification. We argue that they constitute essential control-relevant information that

is of decisive importance to the resulting control performance. This is apparent in

input–output linearizing control, where the control laws are directly constructed by Lie

derivatives. For MPC, the impact of derivatives can be implied from the local Chen-

Fliess series expansions [173, Section 3.2] of the predicted trajectories, whose coefficients

rely on the Lie derivatives of the nonlinear model. In fact, under certain constructions

these two control strategies can be considered as equivalent [389]. Identification proce-

dures that only seek to match the estimated model with the actual model in the directly

measured input and output values may not be effective for matching the Lie derivatives.

Moreover, since structural errors generally exist, i.e., the true dynamics may not be ex-

actly in the presumed model structure, explicitly accounting for Lie derivatives can help

suppress the effect of structural errors through the estimation of Lie derivatives.

Motivated by the above, in this chapter, we propose a Lie-Sobolev framework for sys-

tem identification, which accounts for the differences between the estimated model and

the actual model in their direct input–output trajectories as well as Lie derivatives. We

will start in Section 11.2 with a simple example to motivate system identification with

derivative considerations, give the general definition of Lie-Sobolev system identification,

and prove its improved performance with a Luenberger observer for linear systems. The

Lie-Sobolev formulations of an explicit gradient descent observer-estimator and an MHE

are derived, and their convergence properties as well as their effects on nonlinear control

are discussed in Section 11.3 and Section 11.4, respectively. The advantages of the Lie-

Sobolev approaches are demonstrated by the application to simple numerical examples
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and a glycerol etherification reactor with complex dynamics in Section 11.5. Regarding

related prior works, we note that the identification of linearly parametrized models with

measurable states accounting for first-order derivatives was discussed in [302], and the

Sobolev training of neural networks, where the errors in direct and derivative values

together contribute to the back-propagation, was proposed in [333, 72].

11.2 Lie-Sobolev System Identification

11.2.1 A motivating example

We motivate our Lie-Sobolev perspective with a simple dynamic system example:

ẋ = f(x) + u, (11.1)

where f : R → R is an unknown odd function defined by f(x) = e−x sin 2πx on x ∈
[0,+∞), which we want to drive from an open-loop stable equilibrium point x = 1 to an

open-loop unstable equilibrium point x = 0. We approximate the model function f with

a 5th-order polynomial with a zero constant term on [0, 1], whose derivative function is

expected to be an approximation of f ′(x) = df
dx(x):

f̂(x|θ) = θ5x
5 + θ4x

4 + · · ·+ θ1x, f̂
′(x|θ) =

df̂

dx
(x|θ) = 5θ5x

4 + 4θ4x
3 + · · ·+ θ1. (11.2)

For model identification, n = 100 sample points {x(i)} are drawn under the uniform

distribution on [0, 1] and the corresponding f values are measured with independently

identically distributed (i.i.d.) Gaussian noises from N (0, 0.22). First-order derivative

values are also measured with i.i.d. noises from N (0, 0.22). The ordinary least-squares

regression gives an estimation of θ = (θ1, . . . , θ5) by minimizing the sum of squared

distances between the measured and predicted function values,

θ̂L = arg min
θ

1

n

n∑
i=1

(
y(i) − f̂(x(i)|θ)

)2
. (11.3)

The objective function can be viewed as an estimation of the squared L2-norm of f − f̂ :

‖f − f̂‖2L2([0,1]) =

∫ 1

0
(f(x)− f̂(x|θ))2dx. (11.4)
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With a Sobolev perspective, the least-squares regression is modified by taking into

account the distance between the measured and predicted derivatives with a weighted

sum:

θ̂W = arg min
θ

1

n

n∑
i=1

[(
y(i) − f̂(x(i)|θ)

)2
+
(
y′(i) − f̂ ′(x(i)|θ)

)2
]
. (11.5)

This objective function is now an estimation of the squared norm of f−f̂ on the Sobolev

space W 1,2([0, 1])1:

‖f − f̂‖2W 1,2([0,1]) =

∫ 1

0

[
(f(x)− f̂(x|θ))2 + (f ′(x)− f̂ ′(x|θ))2

]
dx. (11.6)

The performance of θ̂L and θ̂W is shown by the comparison between the estimated f̂(x|θ)
and true f(x) and between their derivatives in Fig. 11.1(a) and 11.1(b), respectively.

In contrast to θ̂L which leaves considerably large errors in the derivative, the Sobolev

estimator significantly reduces the derivative errors. In fact, an estimation procedure

that considers only the original function values may not provide any guarantee for the

resulting derivatives, due to the lack of an upper bound of Sobolev W k,p-norms (k ≥ 1)

on Lp-, namely W 0,p-norms.2

We specify the ideal control law as u = −f(x) − 0.5x, so that the closed-loop

system is exponentially convergent to the origin by ẋ = −0.5x. The actual closed-loop

system with the identified model is ẋ = f(x)− f̂(x|θ)− 0.5x. Under the ordinary least-

squares estimator θ̂L and Sobolev estimator θ̂W , we simulate the closed-loop system from

x(0) = 1. The resulting trajectories are shown in Fig. 11.1(c). It can be seen that the

Sobolev estimation gives trajectories that are closer to the target trajectory, while the

ordinary estimation may not be able to guarantee asymptotic convergence to the origin.

This is due to the role of derivative in guaranteeing asymptotic convergence to the origin,

1In general, a Sobolev space W k,p(Ω) defined on a set Ω ⊆ Rd is the collection of all functions on Ω
that are differentiable up to k-th order, giving derivatives that are Lp-integrable on Ω, i.e.,

W k,p(Ω) =

{
g : Ω→ R|∀α1, . . . , αd ∈ N with α1 + · · ·+ αd ≤ k,

∂α1+···+αdg

∂xα1
1 . . . ∂x

αd
d

exists and

∫
Ω

∣∣∣∣ ∂α1+···+αdg

∂xα1
1 . . . ∂x

αd
d

(x)

∣∣∣∣pdx < +∞
}
.

2For example, let gm(x) = 1
m

sin 2πmx (m ∈ N, m ≥ 1) with g′m(x) = 2π cos 2πmx. Then we have
‖gm‖2L2([0,1]) = 1

2m2 and ‖gm‖2W1,2([0,1]) = 1
2m2 + 2π2, leading to a ratio of W 1,2-norm and L2-norm of

‖gm‖W1,2([0,1])/‖gm‖L1,2([0,1]) ≥ 2πm, which can become arbitrarily large with varying m.
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Figure 11.1: The identified f̂(x|θ), f̂ ′(x|θ), and simulated closed-loop trajectories under
ordinary and Lie-Sobolev estimation in 100 independent experiments. The green and
blue curves correspond to θ̂L and θ̂W , respectively, and the red curves stand for the true
functions f(x), f ′(x) and the target trajectory.

i.e., the approximation error in the derivative should satisfy |f ′(x)−f̂ ′(x|θ)| < 0.5, and a

smaller derivative approximation error implies smaller deviation from the target system.

It should be highlighted that the combination of the original L2-objective and the

derivative term does not necessarily result in a tradeoff of two conflicting criteria, as

shown by the comparison of green and blue curves in Fig. 11.1(a). In other words,

a better derivative estimation can contribute to a better estimation of the original

function. This can be partly understood by the classical Poincaré inequality, which

establishes the existence of a positive constant c such that ‖g‖L2 ≤ c‖g′‖L2 for any

g ∈W 1,2, thus bounding the L2-norm with the W 1,2-norm for functions g equal to zero

on the boundary. Even considering any function g on [0, 1] with only one side g(0) = 0
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fixed, we have

‖g‖2L2 =

∫ 1

0

(∫ x

0
g′(s)ds

)2

dx ≤
∫ 1

0
‖g′‖2L2xdx =

1

2
‖g′‖2L2 (11.7)

where the inequality results from Cauchy-Schwarz, and hence

‖g‖2L2 ≤ ‖g‖2W 1,2/3. (11.8)

Therefore, a Sobolev estimator can be seen as an “indirect” estimator in the Lp-sense,

which has potential to improve the identification performance by exploiting the global

relations linking the direct Lp-approximation error and approximation errors in the

higher-order derivative functions.

11.2.2 System identification with observer-estimator

Different from the above motivating example where we estimate the function f(x) from

static sample data, for control purposes we use historical measurement data to identify

a nonlinear dynamic model:

ẋ(t) = f(x(t)) + g(x(t))u(t), y(t) = h(x(t)), (11.9)

where x(t) ∈ X ⊆ Rdx , u(t) ∈ U ⊆ Rdu and y(t) ∈ Rdy are the vectors of states, inputs

and outputs, respectively. f : X → Rdx , g : X → Rdx×du and h : X → Rdy are supposed

to be smooth functions but may not be completely known, and hence need to be approx-

imated within parameterized families of smooth functions {(f̂(x|θ), ĝ(x|θ), ĥ(x|θ))|θ ∈
Θ}, where θ ∈ Θ ⊆ Rdθ is a vector of parameters. Suppose that θ is estimated in an

adaptive way. That is, excitation signals are imposed after time 0, and the inputs u and

outputs y are measured throughout time. At any specific time t, the historical mea-

surements in the time interval [0, t] are available for deriving an estimation θ̂(t), which

is updated with new measurements. Such an adaptive parameter estimator is generally

formulated as

θ̂(t) = π({y(s), u(s), θ̂(s)|0 ≤ s < t}) (11.10)

where θ̂ is an estimation of θ varying with time, and π is an adaptation law (also

a functional) to update the parameter estimate according to the past estimates and

historical measurements in the inputs and outputs [459]. Once the parameter estimation
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is completed, a control law (in the form of a functional κ for generality)

u(t) = κ({y(s), u(s), θ̂|0 ≤ s < t}) (11.11)

can be designed to shape the closed-loop trajectory.

In a more concrete form, for the system (11.9) as a state-space model, the parameter

estimation is described by differential equations on t ≥ 0, and is often realized with an

accompanying state observer as a dynamic system that imitates the plant. For nonlinear

systems, it is more convenient to observe ẋ(t) in addition to x(t), and hence the observer

is allowed to have a second-order dynamics (denoted as σ). Here we consider the case

where the state observer σ and the parameter estimator π are both ordinary differential

equations (ODEs) using the historical information of y derivatives and u and the current

observations and estimates:

˙̂x(t) = v̂(t)

˙̂v(t) = σ
(
x̂(t), v̂(t), θ̂(t),

{
{y(r)(s)}ryr=0, u(s),

∣∣0 ≤ s < t
})

˙̂
θ(t) = π

(
x̂(t), v̂(t), θ̂(t),

{
{y(r)(s)}ryr=0, u(s),

∣∣0 ≤ s < t
})

.

(11.12)

As the control law κ is usually constructed based on the estimated model (f̂ , ĝ, ĥ), key

to the construction of the observation and estimation laws (σ, π) is the matching of the

trajectory of x̂(t) and θ̂(t) to the behavior of the plant (11.9) in terms of the measured

historical data. A perfect identification refers to a pair (σ, π) that makes the following

ODEs hold for all t ≥ 0:

˙̂x(t) = f̂(x̂(t)|θ̂(t)) + ĝ(x̂(t)|θ̂(t))u(t), y(t) = ĥ(x̂(t)). (11.13)

11.2.3 Lie-Sobolev identification

For a Sobolev-type identification of the dynamic system (11.9) from input and output

historical trajectories, we review the definition of Lie derivatives in nonlinear control

[173, Chapter 4].

Definition 11.1 (Lie derivative). The Lie derivative of the i-th component of h, hi,

with respect to f and g are defined as

Lfhi =
∂hi
∂x

f, Lfg =
∂hi
∂x

g, (11.14)
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respectively, where ∂hi/∂x ∈ R1×dx. The Lie differentiation operators can be recursively

composed to generate high-order Lie derivatives, e.g., (LfLg)hi = Lf (Lghi). Denote

Lk+1
f = LfL

k
f , k = 0, 1, . . . , with L0

f being identity.

The Lie derivatives capture the instantaneous response of the outputs, as ẏi =

Lfhi + (Lghi)u, ÿi = Lf ẏi + (Lgẏi)u, . . . .

Definition 11.2 (relative degree). The relative degree ρi for the i-th output is the

smallest positive integer r such that LgL
r−1
f hi 6≡ 0.

With relative degree ρi known, we have

yi(t) = L0
fhi(x(t))

ẏi(t) = L1
fhi(x(t))

. . .

y
(ρi)
i (t) = Lρif hi(x(t)) + LgL

ρi−1
f hi(x(t))u(t)

(11.15)

which implies that the direct effect of inputs u falls on the ρi-th time derivative of

t. For controlling the system (11.9) by shaping the responses of y
(ρi)
i , y

(ρi−1)
i , . . . ,

yi, accurately evaluating or managing the errors in approximating the Lie derivatives

Lrfhi(x), r = 0, 1, . . . , ρi and LgL
ρi−1
f hi(x), i = 1, . . . , ny is thus of crucial importance.

Therefore, we propose that the estimator-observer (π, σ) should be defined in a Lie-

Sobolev manner, aiming at matching not only the output values according to (11.13)

but also the Lie derivatives by:

yi(t) = L0
f̂
ĥi(x̂(t)|θ̂(t))

ẏi(t) = L1
f̂
ĥi(x̂(t)|θ̂(t))

. . .

y
(ρi)
i (t) = L

(ρi)

f̂
ĥi(x̂(t)|θ̂(t)) + LĝL

ρi−1

f̂
ĥi(x̂(t)|θ̂(t))u(t).

(11.16)

Definition 11.3 (Lie-Sobolev identification). Lie-Sobolev identification refers to the

design of an observer-estimator law (σ, π) based on not only f̂ , ĝ and ĥ evaluated at

the observed states and estimated parameters, but also Lie derivatives including Lr
f̂
ĥi,

r = 1, . . . , ρi and LĝL
ρi−1

f̂
ĥi, i = 1, . . . , dy, assuming that all the relative degrees are

known a priori.
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As motivated in the previous subsection, the purpose of using Lie-Sobolev identi-

fication instead of an ordinary one is two-fold. First, the Lie derivatives are explicitly

accounted for and their approximation errors can be better restricted, which may be

necessary in constructing control laws κ. Second, there is the potential of improving the

identification performance of the original model by taking a roundabout route through

a Sobolev space. Let us show this advantage through a Luenberger observer for linear

systems.

11.2.4 Lie-Sobolev Luenberger observer for linear systems

Consider a linear system with a Luenberger observer3

ẋ = Ax+Bu, y = Cx, ˙̂x = Ax̂+Bu+ L(y − Cx̂), (11.17)

where the observer gain matrix L is given by L = Y C>V −1 with Y � 0 being the

solution of the algebraic Riccati equation

Y A> +AY − Y C>V −1CY +W = 0. (11.18)

Here W � 0 and V � 0 are tunable matrices of appropriate dimensions. Let the

observation error be e = x − x̂. Then we have ė = (A − LC)e, in which A − LC ≺ 0.

The performance of the observer can be characterized by the eigenvalues of Ā + Ā>

with Ā = A − LC, which reflects the rate of decay of the observation errors. The Lie-

Sobolev modification of the Luenberger observer is to augment the outputs with their

time derivatives, i.e., to supplement the matrix C with rows ciA
r (ci is the ith row of

C) and V with additional diagonal entries vri > 0 for r = 1, . . . , ρi, i = 1, . . . , dy.

Denote the modified C and V by C̃ and Ṽ , respectively. Then C̃>Ṽ −1C̃−C>V −1C =∑dy
i=1

∑ρi
r=1 c

>
i (Ar−1)>Ar−1ci/v

r
i � 0. One can show that in (11.18), when Υ = C>V −1C

is perturbed to Υ + δΥ with δΥ being an infinitesimally small symmetric matrix (by

setting vri at sufficiently large values), the corresponding perturbation in Ā, denoted by

δĀ, satisfies the following algebraic Lyapunov equation

δĀ ·Υ−1Ā> + ĀΥ−1 · δĀ> = ĀΥ−1 · δΥ ·Υ−1Ā> −AΥ−1 · δΥ ·Υ−1A> (11.19)

3We consider the parameters as time-invariant states implicitly, and due to the linearity, the dynamics
of x̂ in the Luenberger observer is first-order, different from the second-order dynamics in (11.12).
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From (11.18) it can be inferred that ĀΥ−1Ā−AΥ−1A = W � 0. If m1Υ � δΥ � m2Υ

for some m1,m2 > 0 with m2/m1 ≤ 1 + λmin(W )/λmax(AΥ−1A), then the right-hand

side above is positive semidefinite. Since Υ−1Ā> is Hurwitz, δĀ + δĀ> � 0. The Lie-

Sobolev modification therefore leads to a higher-gain observer and hence improves the

convergence of the observation errors. For the case with structural errors, the readers are

referred to a brief discussion on an analogous condition for the improved performance

of Lie-Sobolev Luenberger observer in Appendix C.1.

In the next two sections, we formulate the Lie-Sobolev observer-estimator for nonlin-

ear systems based on gradient descent, which underlies the majority of adaptive param-

eter estimation schemes [117]. Specifically, a real-valued criterion J is defined based on

the state observations x̂(t), their time derivatives v̂(t) = ˙̂x(t) and parameter estimates

θ̂(t), given the measured inputs, outputs and output derivatives. The update rules are

designed such that the time derivative of J is made as negative as possible. Depending

on the way that J(t) is defined, we formulate two different Lie-Sobolev identification

schemes.

• In the first type, J(t) is defined based only on the current estimates and measure-

ments. We view this explicit gradient-based identification scheme as a prototype

approach, for which theoretical properties can be analyzed with classical Lyapunov

arguments.

• The second type – MHE, is an implicit observer-estimator formulated as an opti-

mization problem involving the current and past measurements. Its convergence

properties are established in a similar way to the ordinary MHE whose analysis

has been covered in the recent literature.

In nonlinear cases, the advantage of Lie-Sobolev nonlinear system identification is dif-

ficult to prove, and is examined in numerical studies in Section 11.5. In the sequel it is

always assumed that the relative degrees are known and unaffected by the parameteri-

zation of f , g and h.

11.3 Lie-Sobolev Gradient Descent Observer-Estimator

11.3.1 Derivation

Consider the following function J(t), which accounts for the residuals on the equalities

for the perfectly identified model as characterized by (11.13) and (11.16) in a Lie-Sobolev
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setting:

J(t) = Q(x̂(t), ˙̂x(t), θ̂(t))

=
1

2

∥∥∥ ˙̂x(t)− f̂(x̂(t)|θ̂(t))− ĝ(x̂(t)|θ̂(t))u(t)
∥∥∥2

+
1

2

dy∑
i=1

[ ρi−1∑
r=0

wri

∥∥∥y(r)
i (t)− Lr

f̂
ĥi(x̂(t)|θ̂(t))

∥∥∥2

+ wρii

∥∥∥y(ρi)
i (t)− Lρi

f̂
ĥi(x̂(t)|θ̂(t))− LĝLρi−1

f̂
ĥi(x̂(t)|θ̂(t))u(t)

∥∥∥2
]

(11.20)

where the weights wri corresponding to the response of y
(r)
i , r = 0, 1, . . . , ρi, i = 1, . . . , dy

are positive constants. If the summation over r contains only r = 0 and the last term

is not contained either, then the observer-estimator is non-Lie-Sobolev. The criterion

function J(t) is analogous to the squared Sobolev norm objective to be minimized in the

motivating example (11.6), which equals zero whenever the identified model parameters

is equivalent to the true model and state observation is error-free. We call this measure

for the model identification performance as the Lie-Sobolev norm.

Definition 11.4 (Lie-Sobolev norm). For the identified model f̂(x|θ̂), ĝ(x|θ̂), ĥ(x|θ̂),
the squared Lie-Sobolev norm of the model error (∆f,∆g,∆h) = (f, g, h)− (f̂ , ĝ, ĥ) is

‖∆(f, g, h)‖2W =

∫
X×U

‖∆f + ∆gu‖2 +

dy∑
i=1

[ ρi−1∑
r=0

wri

∥∥∥Lrfhi − Lrf̂ ĥi∥∥∥2

+ wρii

∥∥∥Lρif hi + LgL
ρi−1
f hiu− Lρi

f̂
ĥi − LĝLρi−1

f̂
ĥiu
∥∥∥2
]
dP(x, u),

(11.21)

where P(x, u) is a nonnegative measure on X × U with
∫
X×U dP = 1, i.e., a probability

measure.

Assuming that U is full-dimensional and that the characteristic matrix

A(x) =


Lg1L

ρ1

f h1(x) . . . LgduL
ρ1

f h1(x)
...

. . .
...

Lg1L
ρdy
f hdy(x) · · · LgmL

ρdy
f hdy(x)

 (11.22)

is nonsingular, ‖(∆f,∆g,∆h)‖W = 0 only when ∆f(x) = 0, ∆g(x) = 0, ∆h(x) = 0

almost everywhere in X . The observer-estimator should be designed with an aim to

reduce Q(t). Assuming that the input signals and the output signals up to the order of

relative degrees are time differentiable, and writing the part of Q after the first term in
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(11.20) as S, it can be shown that

Q̇ = ( ˙̂x− f̂ − ĝu)>
[

¨̂x−

∂f
∂x̂

+

nu∑
j=1

uj
∂ĝj
∂x̂

 ˙̂x+

(
∂S

∂x̂

)>
− ĝu̇

]
+
∂S

∂x̂
(f̂ + ĝu)

+

[
∂S

∂θ̂
− ( ˙̂x− f̂ − ĝu)>

∂f
∂θ̂

+

nu∑
j=1

uj
∂ĝj

∂θ̂

] ˙̂
θ +

∂S

∂u
u̇+

dy∑
i=1

ρi∑
i=0

∂S

∂y
(r)
i

y
(r+1)
i .

(11.23)

Therefore we construct the laws of state observer σ and parameter estimator π as follows:

σ = −Γσ(v − f̂ − ĝu) +

∂f
∂x̂

+

nu∑
j=1

uj
∂ĝj
∂x̂

 v −
(
∂S

∂x̂

)>
+ ĝu̇

π = −Γπ

[
∂S

∂θ̂
− ( ˙̂x− f̂ − ĝu)>

∂f
∂θ̂

+

nu∑
j=1

uj
∂ĝj

∂θ̂

].
(11.24)

where Γx̂ and Γθ̂ are positive definite matrices of order dx and dθ, respectively.

11.3.2 Convergence properties

Substituting the identification law (11.24) into the expression of Q̇ (11.23) according to

(11.12), we can characterize the convergence property of the observer-estimator (11.24)

based on Lyapunov stability analysis. We first consider the case when there exits a

“true” value of parameters θ such that the errors in functions f, g, h and Lie derivatives

vanish at θ in the absence of observation errors. The following proposition gives the

conditions for the nominal convergence of (11.24).

Proposition 11.1 (Nominal convergence of the gradient descent observer-estimator).

Assume that

• f̂ , ĝ, ĥ, the Lie derivative functions and their partial derivatives with respect to x̂

and θ̂ are bounded, strongly convex in θ̂ and Lipschitz in x̂;

• u, u̇ and ĝ(x̂) are bounded;

• The errors in state observations are linearly bounded by the errors in their esti-

mated dynamics and the parameter estimations, i.e., ‖x̂− x‖ ≤ c1‖ ˙̂x− f̂ − ĝu‖+

c2‖θ̂ − θ‖ for some c1, c2 > 0.

Under the observer-estimator (11.24), if the tunable matrices Γσ and Γπ are chosen

large enough, then Q̇ ≤ 0 and the equality holds when ˙̂x = f̂(x̂) + ĝ(x̂)u and θ̂ = θ.
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In general, when there exists structural errors, i.e., there is non-vanishing errors

between the estimated and true dynamics even when θ̂ = θ and x̂ = x, the Lyapunov

stability will be replaced with ultimate boundedness, if the structural errors are also

bounded. This is stated as the following proposition.

Proposition 11.2 (Boundedness of errors of the gradient descent observer-estimator

under structural uncertainties). Assume that

• f̂ , ĝ, ĥ, Lie derivatives and their partial derivatives are bounded linearly in the

nominal parameter errors, state observation errors plus bounded quantities, i.e.,

for ψ = f, g, h, Lrfhi, LgL
ρi−1
f hi, r = 0, 1, . . . , ρi, i = 1, . . . , dy, there exists

mψ, `ψ, cψ > 0, such that

‖ψ(x)− ψ̂(x̂|θ̂)‖ ≤ mψ‖θ − θ̂‖+ `ψ‖x− x̂‖+ cψ; (11.25)

• Q is strongly convex in θ̂ with a bounded deviation, i.e., ∂S/∂θ̂ = (∂Q/∂θ̂)0 + ε>Q,

with (∂Q/∂θ̂)0(θ̂−θ) ≥ µ‖θ̂−θ‖2 for some µ > 0 and ‖εQ‖ ≤ cQ for some cQ > 0;

• u, u̇ and ĝ(x̂) are bounded;

• The errors in state observations are linearly bounded by the errors in their esti-

mated dynamics and the parameter estimations, i.e., ‖x̂− x‖ ≤ c1‖ ˙̂x− f̂ − ĝu‖+

c2‖θ̂ − θ‖+ c0 for some c1, c2, c0 > 0.

Under (11.24), the errors in state observations and parameter estimations will be ulti-

mately bounded.

Assuming that the trajectory is informative enough in the sense that it can be

rendered close enough to any point in X × U , and that the sensitivity of errors to such

a distance is limited, the boundedness on the trajectory can be generalized to X × U .

Proposition 11.3 (Boundedness of identification error under the gradient descent ob-

server-estimator). Suppose that the assumptions in Proposition 11.2 hold, and assume

that

• For some ε > 0 and the corresponding Tε > 0, there exists t1, . . . , tnk > Tε and

η > 0 such that for any (x, u) ∈ X × U , ‖(x(tk)− x, u(tk)− u‖ ≤ η;

• Lrfhi(x) − Lr
f̂
ĥi(x|θ̂) and LgL

ρi−1
f hi(x) − LĝL

ρi−1

f̂
ĥi(x|θ̂), r = 0, 1, . . . , ρi, i =

1, . . . , dy are uniformally Lipschitz in x for all θ̂ ∈ Θ.

Then there is an upper bound B(ε, η) > 0 such that for any probability measure P(x, u),

‖(∆f,∆g,∆h)‖2W ≤ B(ε, η). (11.26)
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The proofs of the 3 propositions in this subsection are provided in Appendix C.2.

Although it is desirable to establish the non-Lie-Sobolev performance of the Lie-Sobolev

observer-estimator (as (11.7) for the motivating example), this appears to be challeng-

ing. Generally for dynamical systems of equal dimensions, even if the relative degrees

coincide and the Lie derivatives of the outputs up to the order of relative degrees are

equal, the remaining dynamics, known as the zero dynamics, can be different. Since the

system identification is oriented at control, instead of pursuing the coincidence of zero

dynamics, we consider its effect on input–output linearizing control.

11.3.3 Effect on input–output linearizing control

Assuming that the characteristic matrix A(x) is nonsingular, then there exists vector

fields ζk(x), k = 1, . . . , dζ = dx −
∑dy

i=1 ρi to complement the Lie derivatives, satisfying

Lgζk = 0 (k = 1, . . . , dζ), such that the nonlinear transformation of coordinates Φ:

Φ(x) = [ζ1(x), . . . , ζdζ (x), L0
fh1(x), . . . , L

ρdy−1

f hdy(x)]> is nonsingular [173], and thus an

inverse transformation x = Φ−1(ζ, ξ) exists. Under the transformed coordinates, the

original system (11.9) is expressed as

ζ̇ = Z(ζ, ξ), ξ̇0
i = ξ1

i , . . . , ξ̇
ρi−1
i = Lρif hi(x) + LgL

ρi−1
f hi(x)u, (11.27)

where ξ0
i , . . . , ξ

ρi−1
i correspond to yi, . . . , y

ρi−1
i , respectively. In the zero dynamics, ξ

can be considered as the states to the partial states ζ. For the input–output linearizing

control of system (11.27), if the states are accurately known, the inputs are specified as

such that the output trajectories are shaped to satisfy

dy∑
i=1

ρi∑
r=0

βir
dryi
dtr

(t) = ω(t) (11.28)

for a dy-dimensional reference signal ω, in which βir ∈ Rdy with [β1ρ1 , . . . , βdyρdy ] being

a nonsingular matrix. In other words, the control law is designed as

u =
[∑dy

i=1 βiρiLg1L
ρi−1
f hi(x) . . .

∑dy
i=1 βiρiLgduL

ρi−1
f hi(x)

]−1

ω − dy∑
i=1

ρi∑
r=0

βirL
r
fhi(x)

 =: B(x)−1b(x).
(11.29)

205



With observation and estimation errors, the terms in the ideal control law above are

then replaced with the corresponding observed and estimated terms, which results in

an additional term ∆ω = B(B + ∆B)−1∆b −∆B(B + ∆B)−1b to the right-hand side

of (11.28). If the outputs and Lie derivatives are subject to bounded errors, then ∆ω

is bounded by their errors, as long as the nonsingularity of B(x) is retained. Usually

the reference response should be shaped such that the eigenvalues of the left-hand side

of (11.28) should be negative in real parts. Hence the errors in outputs and output

derivatives are bounded in terms of ∆ω and thereafter in terms of the errors. That

is, there exist positive constants cψ for ψ = Lrfhi(x), r = 0, . . . , ρi and LgL
ρi−1
f hi(x),

i = 1, . . . , dy, such that a bound on the deviation of ξ from the reference trajectory

(11.28) can be written as ‖∆ξ‖ ≤
∑

ψ cψ‖ψ(x)− ψ̂(x̂|θ̂)‖. Then consider the deviation

of the zero dynamics states ζ from its reference trajectory. Since the zero dynamics

takes ξ as its input, as long as the incremental zero dynamics

∆ζ̇ = Z(ζ + ∆ζ, ξ + ∆ξ)− Z(ζ, ξ) (11.30)

is input–state stable (ISS), then there exists c′ψ > 0 such that

‖∆ζ‖ ≤
∑
ψ

c′ψ‖ψ(x)− ψ̂(x̂|θ̂)‖. (11.31)

The above discussion is summarized as follows.

Proposition 11.4 (Performance of input–output linearizing control under the gradient

descent observer-estimator). Suppose that the assumptions in Proposition 11.2 hold, and

also assume that

• The eigenvalues for the left-hand side of reference trajectory (11.28) are all nega-

tive in the real part.

• The incremental zero dynamics with ∆ξ as inputs and ∆ζ as states is ISS.

Then the input–output linearizing control based on the observer-estimator given by (11.24)

gives a trajectory with bounded deviations from the reference (11.28).
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11.4 Lie-Sobolev Moving Horizon Estimator

11.4.1 Formulation

Different from the previous explicit observer-estimator, the Lie-Sobolev MHE deter-

mines the state observation x̂(t) and parameter estimation θ̂(t) based on the historical

measurements in the past time period of length T , by solving the following dynamic

optimization problem about θ̂ and x̂(s) for s ∈ [t− T, t]:

min

∫ t

t−T
Q(x̂(s), θ̂|u(s), y(s))ds+R(x̂(t− T ), θ̂) (11.32)

The objective accounts for the discrepancies between the estimated outputs along with

their time derivatives and the measured values. A regulation term R(x̂(t − T ), θ̂) ac-

counts for the truncation before the time instant t − T and the allowed range of pa-

rameters θ. The constraints are the estimated model equations. By solving the above

problem, the obtained x̂(t) and ˙̂x(t) are the observed states and observed time deriva-

tives of the states at the current time t, and θ̂ is the current estimated parameters θ̂(t).

Although the practical approximate solution of the problem requires discretization, here

we use the original formulation for analysis.

Applying variational calculus, one can easily verify that the optimal solution of the

observation-estimation pair ({x̂(s)|s ∈ [t−T, t]}, θ̂) should be specified by the following

first-order optimality conditions:

0 =
d

ds
( ˙̂x(s)− f̂(x̂(s)|θ̂)− ĝ(x̂(s)|θ̂)u(s))− ( ˙̂x(s)− f̂(x̂(s)|θ̂)− ĝ(x̂(s)|θ̂)u(s))>∂f̂
∂x̂

(x̂(s)|θ̂) +
∑
j

uj
∂ĝj
∂x̂

(x̂(s)|θ̂)

 , s ∈ [t− T, t]− ∂S

∂x̂
(x̂(s), θ̂)

0 = ˙̂x(t− T )− f̂(x̂(t− T )|θ̂)− ĝ(x̂(t− T )|θ̂)u(t− T )− ∂R

∂x̂
(x̂(t− T ), θ̂)

0 = ˙̂x(t)− f̂(x̂(t)|θ̂)− ĝ(x̂(t)|θ̂)u(t)

0 =

∫ t

t−T

∂S

∂θ̂
(x̂(s), θ̂) + ( ˙̂x(s)− f̂(x̂(s)|θ̂)− ĝ(x̂(s)|θ̂)u(s))>∂f̂

∂θ̂
(x̂(s)|θ̂) +

∑
j

uj
∂ĝj

∂θ̂
(x̂(s)|θ̂)

 ds+
∂R

∂θ̂
(x̂(t− T ), θ̂).

(11.33)
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As the time t flows for an infinitesimal time δt, there will be infinitesimal changes in

the inputs, outputs and output derivatives in the time horizon [t − T, t], which are

the parameters needed by the optimization problem (11.32). This will then result in

changes δ ¨̂x, δ ˙̂x, δx̂, δθ̂ to guarantee that the first-order optimality conditions still hold.

The procedure to find the changes in the optimal solution originating from changes in

the parameters is known as sensitivity analysis [110].

Specifically, under appropriate regularity assumptions, the variation of the first equa-

tion in (11.33) can be expressed as

δθ̂ = π
({
δ ˙̂x(s), δx̂(s), δu(s), δY (s)|s ∈ [t− T, t]

})
(11.34)

for some linear functional π, and the variation of the third equation is

δ ˙̂x(t) = σ
(
δx̂(t), δθ̂, δu(t), δY (t)

)
(11.35)

for some linear functional σ, in which Y (s) is the collection of y
(r)
i (s) for r = 0, 1, . . . , ρi,

i = 1, . . . , dy. The variations in the states and their derivatives during the horizon are

determined by the variations of the fourth equation of (11.33) as second-order ODEs,

and the variations of the second and third equations of (11.33) as two boundary condi-

tions. This results in δx̂(s) and δ ˙̂x(s) as linear functionals of {δu(s), δY (s)|s ∈ [t−T, t]}
depending on the current solution. Therefore we can rewrite the above two formulas as

δθ̂ = π
({

˙̂x(s), x̂(s), u(s), Y (s), δu(s), δY (s)|s ∈ [t− T, t]
})

,

δ ˙̂x(t) = σ
(
x̂(t), θ̂, , u(s), Y (s), δu(t), δY (t)

)
,

(11.36)

with functionals π and σ linear in δu(s) and δY (s). Since δu(s) = u̇(s)δt and δY (s) =

Ẏ (s)δt, we finally have

˙̂
θ = π

({
˙̂x(s), x̂(s), u(s), Y (s), u̇(s), Ẏ (s)|s ∈ [t− T, t]

})
,

¨̂x(t) = σ
(
x̂(t), θ̂, , u(s), Y (s), u̇(t), Ẏ (t)

)
.

(11.37)

This indicates that the MHE is an implicit dynamic system of an observer-estimator.4

4In many works on MHE (e.g., [208]), the consistency with the identified dynamic model is imposed
as a hard constraint, which is the case with wri → 0. Bounds for x̂ and θ̂ can also be imposed. Under such
formulations, the above analysis of variations and sensitivities can be extended by incorporating the flow
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11.4.2 Convergence properties

Due to the implicitness of MHE, the convergence properties need to be considered in a

roundabout way. The key idea is to establish the conditions under which the objective

function of (11.32) is a Lyapunov function, and the descent or boundedness of such

a Lyapunov function implies convergence or boundedness of the distance to nominal

parameters and true states. Such properties have been well studied in the literature

[341, 176, 280]. Here we rephrase the conditions for the convergence of MHE for state

observation given in [280, Theorem 14]. Compared to the original theorem, we simply

augment the outputs with their derivatives, augment the states with time-invariant

model parameters, and reformulate the conditions in continuous time.

Definition 11.5. A function α is said to belong to class K∞ if it is defined on [0,+∞),

strictly increasing, and such that α(0) = 0 and α(r) → ∞ as r → ∞. A function

β : [0,+∞)× [0,+∞)→ [0,+∞] is said to belong to class KL if it is strictly increasing

in the first variable with β(0, s) = 0 for any s, and decreasing in the second variable

with β(r, s)→ 0 as s→ +∞.

Proposition 11.5 (Convergence properties of Lie-Sobolev MHE). Assume that

• The system represented as the estimation model under nominal parameter values

θ with structural errors w, v:

ẋ = f̂(x|θ) + ĝ(x|θ)u+ w

y
(r)
i =

L
r
f̂
ĥi(x|θ) + vri , r = 0, 1, . . . , ρi − 1

Lρi
f̂
ĥi(x|θ) + LĝL

ρi
f̂
ĥi(x|θ)u+ vρii , r = ρi

(11.38)

is incrementally input-to-state stable (ISS) and output-to-state stable (OSS). That

is, there exists a KL-class function β and two K∞-class functions αw and αv, such

that if the two systems (11.38) starts at time 0 from two different states x(0) and

x(0)′, then at any time t, their states x(t) and x′(t) have a distance bounded by

‖x(t)−x′(t)‖ ≤ β(‖x(0)−x′(0)‖, t)+αw(‖w−w′‖[0,t])+αv(‖v−v′‖[0,t]). (11.39)

• The function β satisfies β(r, s) ≤ cβr
prs−ps for some cβ > 0, pr ≥ 1, and ps > 0.

of the Lagrangian multipliers of equality constraints, known as co-states λ(s), s ∈ [t− T, t]. Optimality
conditions can be derived in a similar appearance to the equations in the Pontryagin maximum principle.
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The functions αw and αv satisfy αw(r) ≤ cwr
qw and αv(r) ≤ cvr

qv , respectively,

for some cw, cv, qw, qv > 0.

• The regulation term R(x̂, θ̂) is restricted by

R(x̂, θ̂) ∈

∥∥∥∥∥
[
x̂(t− T )− x̂∗(t− T )

θ̂ − θ̂∗

]∥∥∥∥∥
q

[mR,MR], (11.40)

where
(
{x̂∗(s)|s ∈ [t− T, t]}, θ̂

)
is the optimal solution to (11.32), MR ≥ mR > 0,

and max(1/qw, 1/qv, 2pr/ps) ≤ q ≤ 2/max(qw, qv).

• The initial observation-estimation error and structural errors are bounded.

Then the observation-estimation errors of the MHE (11.32) remain bounded. Further-

more in the absence of structural error in the model, x̂(t)− x(t)→ 0, θ̂(t)− θ → 0.

11.4.3 Effect on nonlinear MPC

The nonlinear MPC of the system (11.9) is such a control strategy where at each time

instant t, the control signal u(t) is determined by solving the optimization problem:

min

∫ t+T

t
`(x̃(s), ũ(s))ds+ `f(x̃(t+ T ))

s.t. ˙̃x(s) = f(x̃(s)) + g(x̃(s))ũ(s), s ∈ [t, t+ T ], x̃(t) = x(t)

(11.41)

and extracting the first piece of the input signal ũ(s) in the receding horizon [t, t + T ]

(the horizon length T may be different from the one in MHE). The functions ` and `f

are called stage cost and terminal cost, respectively. For simplicity we consider the case

without process constraints. The stability conditions for nonlinear MPC have been well

established in the literature, where the objective function of (11.41), denoted as V , is

considered as a control-Lyapunov function. Specifically, if there exists a control policy

u = κ(x) such that
d`f
dx

(f(x) + g(x)κ(x)) ≤ −`(x, κ(x)) (11.42)

then the asymptotic stability follows from the descent property V̇ (t) ≤ −`(x(t), u(t))

under appropriate assumptions on the choice of the relevant functions [255].

When the model and the states are not precisely known, (f(·), g(·)) in (11.41) should

be replaced by (f̂(·|θ̂), ĝ(·|θ̂), and x(t) should be replaced by the observed state x̂(t). The

effect of the accuracy of Lie derivatives on the solution of the MPC problem is implicit.
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First, the predicted states are related to the predicted outputs, output derivatives and

states of the zero dynamics through the nonlinear transformation Φ: x̃ = Φ−1(ζ̃, ξ̃),

which transforms the MPC problem into the following form:

min

∫ t+T

t
`(ζ̃(s), ξ̃(s), ũ(s))ds+ `f(ζ̃(t+ T ), ξ̃(t+ T ))

s.t.
˙̃
ζ(s) = Z(ζ̃(s), ξ̃(s)), s ∈ [t, t+ T ]

˙̃
ξri (s) = ξ̃r+1

i (s), r = 0, . . . , ρi − 2, s ∈ [t, t+ T ]

˙̃
ξρi−1
i (s) = Lρif hi(x̃(s)) + LgL

ρi−1
f hi(x̃(s))ũ(s), s ∈ [t, t+ T ]

x̃(t) = x(t)

(11.43)

where the Lie derivatives appear in the prediction of the transformed state trajectories.

Alternatively, if only the outputs are accounted for in the objective function, one may

use Chen-Fliess series expansion to express the outputs [173, Section 3.2]:

yi(s) = hi(x(t)) +
∞∑
k=0

du∑
j0,...,jk=0

Lgj0 . . . Lgjkhi(x(t))

∫ s

t
dχjk . . . dχj0 , (11.44)

where g0 = f , χ0(s) = s, χj(s) =
∫ s
t uj(s

′)ds′ (j = 1, . . . , du), and
∫ s
t dχjk . . . dχj0 =∫ s

t dχjk(s′)
∫ s′
t dχjk−1

. . . dχj0 . Again in (11.44) we see the presence of Lie derivatives.

We formalize the impact of the observation-estimation errors on the MPC perfor-

mance by considering its perturbation on the stability conditions (11.42) and hence on

the Lyapunov descent. The coordinate-transformed MPC formulation is used, with the

dynamics abbreviated as (ζ̇, ξ̇) = Λ0(ζ, ξ)+Λ(ζ, ξ)u. Suppose that there exists a κ such

that (
d`f
dζ
,
d`f
dξ

)
(Λ0(ζ, ξ) + Λ(ζ, ξ)κ(ζ, ξ)) ≤ −`(ζ, ξ, κ(ζ, ξ)). (11.45)

When the information of Λ0 and Λ is erroneous, the right-hand side above needs to be

augmented with a term to bound such errors. We may assume that structural errors are

linearly bounded by ‖θ̂− θ‖ plus a positive constant. Then the change in the Lyapunov

function becomes

V̇ (t) ≤ −`(x̂(t), u(t)) + cθ‖θ̂ − θ‖+ c0 (11.46)

for some cθ, c0 > 0. Then, as long as the x̂(t) entry in the ` term above can be replaced

by x(t) with an additional term linear in the observation error ‖x(t) − x̂(t)‖, and the
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observation-estimation errors are ultimately bounded, it follows that

V̇ (t) ≤ −`(x(t), u(t)) + ε (11.47)

for some ε > 0, which implies the ultimate boundedness of the states in the closed-loop

system [255]. The conditions are summarized in the following proposition.

Proposition 11.6 (Performance of MPC under the Lie-Sobolev MHE). Assume that

• the state observation and parameter estimation errors (x− x̂, θ− θ̂) are ultimately

bounded, e.g., under the conditions of Proposition 11.5;

• the stage cost |`(x)− `(x̂)| ≤ cx‖x− x̂‖ for some cx > 0;

• the structural errors in the transformed dynamics (11.27) are bounded by cθ‖θ̂ −
θ‖+ c0 for some cθ, c0 > 0;

• there exist K∞ functions α and αf such that `f(x) ≤ αf(x), `(x, u) ≥ α(x).

Then ‖x‖ is ultimately bounded.

11.5 Applications

We apply the proposed Lie-Sobolev system identification approaches to several exam-

ples. First, we use the explicit observer-estimator proposed in Section 11.3 on two nu-

merical examples, one with nominal parameter values that perfectly matches the true

dynamics, and the other with structural error in the estimated model. Then we apply

the Lie-Sobolev MHE in Section 11.4 to a complex chemical reactor system. Through

these case studies, improved convergence of the estimated parameters, smaller struc-

tural errors, and better performance of the resulting nonlinear control can be seen in

Lie-Sobolev approaches compared to the non-Lie-Sobolev ones.

11.5.1 Example without structural errors

Consider the following system [173, Example 4.1.5]:

ẋ =


θ1x1x2 − x3

1

x1

−x3

θ3x
2
1 + x2

+


0

θ2(1 + x3)

1

0

u, y = x4 (11.48)
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Figure 11.2: Observed states and estimated parameters for (11.48) under Lie-Sobolev
(red) and non-Lie-Sobolev (blue) approaches compared to the true values (black).

with true parameter values θ1 = 1, θ2 = 2 and θ3 = 1. By choosing the control input as

a proportional feedback from the output, the resulting state trajectories appear to be

oscillatory around the origin for a considerable time span, and hence this is considered

as a suitable condition to perform identification.

For the Lie-Sobolev approach, the weight constants w0, w1, w2 are all set as 1.

For the non-Lie-Sobolev one, w1 and w2 become 0. The tunable semidefinite matrices

in the observer-estimator are empirically determined as Γσ = diag(5, 2, 2, 1), Γπ =

diag(1, 5, 1.5), under which the observed states and estimated parameters of the Lie-

Sobolev approach converge to the true values.5 The trajectories of (x̂, θ̂) during a

simulation time span of T = 30 are shown in Fig. 11.2. For non-Lie-Sobolev observation

and estimation, the lack of convergence to the nominal values does not appear to be

improved by choosing different tunings of Γσ and Γπ. The reason for this limitation

of the non-Lie-Sobolev approach is that when the output derivatives are not explicitly

considered, the objective function can be insensitive to some of the parameters. After a

short incipient time, the trajectories of the observed states become consistent with the

estimated parameters that deviate from the true values. Afterwards, the updates on the

estimated parameters are driven only by the difference between the output y and the

observed x̂4, which results in changes significant only in θ̂3. Therefore, we conclude that

5The initial state for simulation x(0) is chosen according to a uniform distribution in the hypercube
[−0.5, 0.5]4. The initialized observation error for x, x̂(0)− x(0) is randomized in [−0.25, 0.25]4, and for
ẋ, ˙̂x(0) − ẋ(0) is randomized in [−0.252, 0.252] × [−0.25, 0.25]3. The initial guess for the parameters,
θ̂(0), is randomly chosen in [0.5, 1.5]× [1.5, 2.5]× [0.5, 1.5].
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an advantage of Lie-Sobolev identification is its improved sensitivity in parameters.

11.5.2 Example with structural errors

Consider the following system [173, Example 4.1.4]:

ẋ =

−x1

x1x2

x2

+

φ(x2)

1

0

u, y = x3 (11.49)

where φ(x2) = exp(x2) unknown a priori and parametrized as φ̂(x2|θ) = θ0 + θ1x2 +
1
2θ2x

2
2. A nominal estimation according to the Maclaurin series would be θ0 = 1, θ1 = 1,

θ2 = 1. The tuning of the observer-estimator (11.24) is determined as Γσ = I, and

Γπ = diag(4, 1, 10). The resulting trajectories6 within T = 20 are shown in Fig. 11.3,

where one can observe that the Lie-Sobolev approach results in apparently smaller

state observation errors, while under the non-Lie-Sobolev identification, the state ob-

servation error does not appear to vanish. To quantify the performance of parame-

ter identification, we may calculate the integrated errors on the identified function φ:∫ T
0 (φ(x(t)) − φ̂(x̂(t)|θ̂(t)))2dt, which equals 0.7131 for Lie-Sobolev identification and

7.0140 for non-Lie-Sobolev identification. This result confirms the advantage of using

Lie-Sobolev identification in the presence of structural errors.

A non-trivial problem involved in the identification is how to numerically find the

derivatives of yi up to order ρi at any time instant t > 0. Generally, numerical derivatives

will contain noise inevitably, and typically higher-order derivatives will be noisier than

lower-order ones. If the assumptions in the propositions presented earlier still hold, then

the theoretical convergence properties can be established. Here we use a sliding-mode

differentiator proposed by [220]:

ż0
i = −λ0

i γ
1

ρi+1

i |z0
i − yi|ρi/(ρi+1)sign(z0

i − yi) + z1
i

żri = −λriγ
1

ρi−r+1

i |zri − żr−1
i |

ρi−r
ρi−r+1 sign(zri − żr−1

i ) + zr+1
i , 1 ≤ r ≤ ρi − 1

żρii = −λρii γisign(zρii − ż
ρi−1
i )

(11.50)

6The initial guess of parameters are chosen under a uniform distribution in [0.5, 1.5]3. The initial
state is chosen randomly in [−0.5, 0.5]3, and the initial guess of states and state derivatives are perturbed
from their true values respectively by [−0.5, 0.5]3.
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Figure 11.3: Observed states and estimated parameters for (11.49) under Lie-Sobolev
(red) and ordinary (blue) identification, respectively. The solid curves and dashed lines
in black are true states and nominal parameter values, respectively.

where the parameters are recommended as λ0
i = 12, λ1

i = 8, λ2
i = 5, with γi being a

tunable Lipschitz estimate of the yi signal. zri is thus an estimate of y
(r)
i . For faster

ODE solution, we approximate sign(·) with tanh(·/0.01).

Assuming an initial deviation of z from (y, ẏ, ÿ) randomized according to a uniform

distribution in [0.5, 0.5]3, under the Levant sliding mode differentiator (γ = 1), the

trajectories of the observed states and estimated parameters are shown in Fig. 11.4. It

is observed that the trajectories under the sliding mode differentiator are asymptotically

close to the trajectories with exact output derivatives. The integrated errors for the

numerical differentiation-based identification is 0.8993, 26.1% larger than the exact case.

It is thus concluded that due to the capability of sliding mode differentiator to give

accurate estimations of output derivatives, the performance of numerical differentiation-

based Lie-Sobolev identification remains satisfactory.

11.5.3 A glycerol etherification reactor

We consider a glycerol etherification reactor [233] with 6 states, 1 input and 1 output,

and a relative degree of 1. The true dynamics involving the thermodynamics of non-

ideal mixtures is approximated by a 6-parameter ideal mixture model. It is desirable
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Figure 11.4: Observed states and estimated parameters for (11.49) under the Lie-
Sobolev approach with exact output derivatives (red solid) and sliding mode numerical
differentiation (red dash).

to handle this structural deviation with Lie-Sobolev identification, in which the time

derivative of the output accounts for the sensitivity of reaction rates on component

concentrations. A detailed description of the system is given in Appendix C.3.

For the identification, a sinusoidal excitation is imposed on the input F1 with an

amplitude of 50 kmol/h and a period of 1 hour. The output derivatives are obtained by

Levant’s sliding mode differentiator (11.50). The horizon length for MHE is set as 1.5

hour. The trajectories of observed states, estimated parameters, and the correspond-

ingly inferred outputs and output derivatives of the Lie-Sobolev and non-Lie-Sobolev

MHEs7 are compared to the actual states and nominal parameters in Fig. 11.5. It is

observed that due to the structural error in the parametric model assuming ideal liquid

mixture, the observed states and estimated parameters inevitably have deviations from

the true values of states and nominal kinetic parameters. By using the Lie-Sobolev

MHE, the observation and estimation result in significantly smaller deviations in the

7The MHE is discretized by 30 finite elements. The weights for output and output derivative are 102

and 1, respectively. The MHEs are coded using the pyomo.dae module [297] in Python 3.6 in Anaconda
3 with IPOPT 3.11.1 as the solver. The computational performance is improved by providing a lower
bound (−5,−5, 1, 1, 5, 1) and an upper bound (−0.5,−1, 10, 10, 15, 5) on the parameters. The observed
states are bounded within a proportion of (0.1, 0.025, 0.1, 0.1, 0.1, 0.1) of their respective steady-state
values, and the quadratic inverse of these bounds are used as the weights of the states.
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Figure 11.5: Observed states and estimated parameters for the reactor under Lie-
Sobolev (red dotted) and ordinary (blue dotted) MHE, respectively. The solid curves
and dashed lines in black are true states and nominal parameter values, respectively.

Figure 11.6: Closed-loop trajectories of MHE-MPC based on Lie-Sobolev (red) and
non-Lie-Sobolev identification (blue) compared to the steady state (black).

output derivative. Comparing the trajectories of the Lie-Sobolev MHE to those of the

non-Lie-Sobolev MHE, we note that the different decisions made by the two identifica-

tion schemes include primarily the estimation of θ3 and secondarily the estimation of θ2,

namely the pre-exponential factors of the two main reactions occurring in the system –

the reactions of IB with DE (with a molar fraction of about 0.1045) and with ME (with

a molar fraction of approximately 0.0436).

To examine the impact of Lie-Sobolev MHE on nonlinear control, MPC simulations

are then performed based on the identified model starting from initial points randomly
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sampled around the steady state within the state bounds of the MHEs. The MPC is

activated after one MHE horizon is passed, before which the control signal is fixed at

zero. The prediction horizon length and the discretization scheme is the same as those

of MHE, and the sampling time is 0.1 hours, during which the control input is held

constant. Fig. 11.6 shows the closed-loop trajectories of inputs and states using MPC

based on MHE as the state observer and the models determined by the Lie-Sobolev

and non-Lie-Sobolev identification. Clearly, the model predictive controller using the

Lie-Sobolev estimated model parameters and Lie-Sobolev MHE better stabilizes the

process near the steady state in the presence of structural errors, while the non-Lie-

Sobolev controller steers the molar fractions away from the steady state. In other

words, nonlinear system identification using the Lie-Sobolev MHE results in improved

MPC control performance.

It should be noted, however, that the incorporation of Lie derivative terms signifi-

cantly increases the computational difficulty of solving MHE. The total CPU time in the

above MPC simulation is 372.3 and 116.4 seconds with Lie-Sobolev and non-Lie-Sobolev

state observation, respectively. Solver failures are also more frequently encountered.

11.6 Conclusions

In this chapter we have proposed that for nonlinear control, it is desirable to perform

system identification following a Lie-Sobolev procedure, where the state observation

and parameter estimation explicitly account for Lie derivatives. After showing a simple

motivating example and the improved performance of Luenberger observer for linear

systems, we have discussed the Lie-Sobolev formulations and their convergence proper-

ties for explicit gradient descent-based and implicit moving horizon-based identification

schemes. Their effects on input–output linearizing control and MPC are also discussed,

respectively. The improved performance of Lie-Sobolev identification is demonstrated

by two numerical examples and a case study on a glycerol etherification reactor.

The scope of this chapter is restricted to the identification itself and the control

performance is considered separately. The combination of Lie-Sobolev identification

with robust and adaptive control will be investigated in our future studies.
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Chapter 12

Distributed Adaptive Dynamic Programming for

Data-Driven Optimal Control

12.1 Introduction

The analytics of big data or the doctrine of data science has become a prevalent re-

search focus due to its potential of bringing a transformation to various industries

[257, 336, 466]. Data-driven methods have been used for many different purposes,

including process control and monitoring [170, 213, 215, 433]. For modern chemical

and energy plants which are large-scale and complex [18], while model-based control is

being extensively pursued, it remains difficult to generate an accurate control-oriented

model based on first principles or system identification. Data-driven control methods

are classified into offline, online, and combined offline-online approaches [164]. Online

approaches [428, 62] are advantageous in terms of improving control performance over

time. However, the stability of online designed controllers is difficult to predict and

requires restrictive assumptions. This shortcoming is overcome by offline approaches

[51, 222, 301]. Combined offline-online approaches [403] have been developed to incor-

porate both closed-loop stability and performance improvement with online data. This

work focuses on the idea of adaptive dynamic programming (ADP), which can be either

an offline or an online approach to solve for the optimal control policy [445], and has

significant potential to overcome the curse of dimensionality prevalent in data-driven

techniques [330].

It is well known that the solution to the classical dynamic programming problem is

given by the Hamilton-Jacobi-Bellman (HJB) equations [28], which are partial differen-

tial equations unsolvable analytically for general nonlinear systems. The ADP approach

of approximating the optimal control refers to an iterative algorithm (involving policy

iteration or value iteration) of solving the HJB equations [360, 27]. Such an approach

has been used for model-based optimal control (e.g., [481, 482]). In the context of data-

driven optimal control without model information, neural networks or suitable basis

functions are used to approximate the optimal control policy and cost [446, 33], with

c©2018 Elsevier. Reprinted, with permission, from W. Tang, P. Daoutidis. Distributed adaptive
dynamic programming for data-driven optimal control. Systems & Control Letters (Volume 120, October
2018). DOI:10.1016/j.sysconle.2018.08.002.
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the parameters optimized (trained) by the operational data under appropriate algo-

rithms such as reinforcement learning [401]. This idea has been successfully practiced

in finite-state models, i.e., Markov decision processes [335], and recently explored for

continuous state-space models [480, 178, 279, 231].

We note that in the existing works on ADP-based data-driven optimal control, the

computation is performed in a centralized manner, where all data are processed by a

single computing agent. On the other hand, distributed computing [32, 218] allows the

computation to be performed by multiple agents coordinated through communication.

Due to their parallelizability and applicability to large datasets collected and stored in

a distributed manner, distributed algorithms have been recognized as being of central

importance in statistics and machine learning for the big-data era [81, 235]. Studies

have extended distributed optimization algorithms, including the alternating direction

method of multipliers (ADMM) [44], from convex to nonconvex problems [162], and

have accelerated the convergence from a linear to a quadratic rate [185, 458]. The

recent 2017 IEEE Symposium on Adaptive Dynamic Programming and Reinforcement

Learning (ADPRL) identified the application of distributed algorithms to data-driven

optimal control as an open problem that should be pursued.

In this work, we consider input-affine nonlinear control systems, and point out that

the offline data-based control with ADP formulations involves an optimization problem

where one minimizes a regression objective function expressed as a sum of data-based

terms. This type of problems, with applications in the fields of signal processing and

wireless communications, has been reformulated as a multi-agent optimization prob-

lem (consensus optimization problem to be more specific) and handled with distributed

optimization algorithms [44, Chapter 7]. Inspired by these results, we solve the data-

driven optimal control problem with such distributed optimization algorithms. We call

the resulting framework distributed adaptive dynamic programming (dADP) as it adap-

tively updates the regression parameters to approach the optimal control throughout

the distributed optimization iterations. The remainder of this chapter is organized as

follows. In Section 12.2, preliminaries on HJB equations and their data-driven version

is given. Then in Section 12.3 the multi-agent optimization problem for the regression

of offline data-driven HJB equations is formulated, and the ADMM algorithm and its

accelerated variants for its solution is adopted. The input-constrained optimal control

problem is further considered in Section 12.4. Conclusions are provided in Section 12.5.
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12.2 HJB Equations and Data-Driven Solution

We consider a nonlinear input-affine system:

ẋ = f(x) + g(x)u (12.1)

in which u(t) ∈ Rm is the vector of manipulated inputs, x(t) ∈ Rn is the vector of states,

and f and g are continuous functions. We assume that the origin is an equilibrium of

the system (f(0) = 0) and we consider the state regulation problem. For state feedback

control u(t) := u(x(t)), the infinite-horizon control cost to drive the system to the origin

from the initial position x0, V (x0), is defined as

V (x0) = min
u(t),t∈[0,∞)

∫ ∞
0

C(x(t), u(t))dt, (12.2)

where C(x, u) is a continuously differentiable utility or cost function. According to

Bellman’s principle of optimality, the optimal control u∗(x) and the corresponding

minimized control cost V ∗(x) should satisfy the following conditions, called Hamilton-

Jacobi-Bellman (HJB) equations:

u∗(x) = arg min
u

[
(∇V ∗(x))>(f(x) + g(x)u) + C(x, u)

]
0 = (∇V ∗(x))>(f(x) + g(x)u∗(x)) + C(x, u∗(x))

(12.3)

The first equation can be written as(
∂C

∂u

)
(x,u∗(x))

+ (∇V ∗(x))>g(x) = 0. (12.4)

Now we seek an equation that correlates u∗(x) and V ∗(x) without system model infor-

mation (f, g) but with process data. Assume that we have data of the inputs and the

states (u(t), x(t)) during a time interval [t′, t′′]. Then

dV ∗(x(t))

dt
= (∇V ∗(x(t)))>(f(x(t)) + g(x(t))u(t))

= (∇V ∗(x(t)))>(f(x(t)) + g(x(t))u∗(x(t))) + (∇V ∗(x(t)))>g(x(t))(u(t)− u∗(x(t)))

= −C(x(t), u∗(x(t)))−
(
∂C

∂u

)
(x(t),u∗(x(t)))

(u(t)− u∗(x(t)))

(12.5)
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and by integration on [t′, t′′], we have

V ∗(x(t′))− V ∗(x(t′′)) =

∫ t′′

t′
C(x(t), u∗(x(t))) +

(
∂C

∂u

)
(x(t),u∗(x(t)))

(u(t)− u∗(x(t)))dt.

(12.6)

The left-hand side is the decrease in the cost-to-go as the system states move from x(t′)

to x(t′′). This decrease results by the two terms on the right-hand side, namely the

accumulated cost during [t′, t′′] under the optimal control, and the cost deviation from

the optimal control u∗(x(t)) to the executed control u(t).

We now provide the following theorem which links the solution to (12.6) with the

solution to (12.3), i.e., the optimal control policy and cost. A similar conclusion was es-

tablished [241] for the intermediate functions obtained in reinforcement learning, instead

of the optimal functions u∗(x) and V ∗(x).

Theorem 12.1. Let C(x, u) be convex in u. Assume that all the stabilizing control poli-

cies form a convex set. If any pair of u∗(x) and V ∗(x) satisfies (12.6) for all trajectories

(u(t), x(t)), then u∗(x) and V ∗(x) also satisfy the HJB equations (12.3).

Proof. Since the solution to (12.3) satisfies (12.6), we only need to prove that the solution

to (12.6) is unique up to a constant shift in V ∗(x). Assume that there exist two solutions

to (12.6), (u∗i (x), V ∗i (x)), i = 1, 2. Let W (x) := V ∗1 (x)− V ∗2 (x). Then

dW

dt
=− C(x(t), u∗1(x(t))) +

(
∂C

∂u

)
(x(t),u∗1(x(t)))

(u∗1(x(t))− u(t))

+ C(x(t), u∗2(x(t)))−
(
∂C

∂u

)
(x(t),u∗2(x(t)))

(u∗2(x(t))− u(t)).

(12.7)

When C(x, u) is convex in u, there exists a γ(x) ∈ [0, 1], such that a control signal

u∗(x(t)) = γ(x(t))u∗1(x(t)) + (1− γ(x(t)))u∗2(x(t)) (12.8)

can be constructed with dW (x(t))/dt = 0. Specifically, if
(
∂C
∂u

)
(x,u∗1(x))

=
(
∂C
∂u

)
(x,u∗2(x))

,

any γ(x) ∈ [0, 1] makes dW/dt = 0, otherwise

γ(x) =
C(x, u∗2(x))− C(x, u∗1(x))−

(
∂C
∂u

)
(x,u∗1(x))

(u∗2(x)− u∗1(x))[(
∂C
∂u

)
(x,u∗1(x))

−
(
∂C
∂u

)
(x,u∗2(x))

]
(u∗1(x)− u∗2(x))

. (12.9)

Along the trajectories driven by u∗(x), W (x) is a constant. Since the stabilizing control
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policies form a convex set, the control policy (12.8) is stabilizing. Therefore, starting

from any x, under u∗(x), the trajectory approaches the origin with dW/dt = 0, which

implies that W (x) = W (0), i.e., V ∗1 (x)− V ∗2 (x) ≡W (0).

Different from (12.3), (12.6) requires data instead of the system model f, g. There-

fore the optimal control problem is naturally converted to the problem of finding

(u∗(x), V ∗(x)) which best satisfies (12.6) based on the collected data. For simplicity

we assume C(x, u) = Q(x) + u>Ru, where Q(x) is a positive definite function, and R is

a positive definite matrix. Then (12.6) turns into∫ t′′

t′
(u∗(x(t)))>R(u∗(x(t))− 2u(t))dt+ V ∗(x(t′))− V ∗(x(t′′))−

∫ t′′

t′
Q(x(t))dt = 0.

(12.10)

Now we approximate the functions V ∗(x) and u∗l (x), l = 1, 2, . . . ,m through a

finite set of basis functions, ψk(x), k = 1, 2, . . . ,K0 and φlk(x), k = 1, 2, . . . ,Kl,

l = 1, 2, . . . ,m:

V ∗(x) ≈
K0∑
k=1

ηkψk(x), u∗l (x) ≈
Kl∑
k=1

θlkφlk(x). (12.11)

where ηk is the coefficient of the basis function ψk(x) in the approximate expression of

V ∗(x) and θlk is the coefficient of the basis function φlk(x) in the approximate expression

of u∗l (x), k = 1, 2, . . . ,Kl, l = 1, 2, . . . ,m. The basis functions are usually chosen

as polynomials, given that the u∗(x) and V ∗(x) are linear and quadratic functions,

respectively, for linear systems (which approximate nonlinear systems near the origin),

and that u∗(x) and V ∗(x), as continuous functions, can be uniformly approximated

by polynomials. With a proper choice of basis functions, the approximation error can

become sufficiently small.

Substituting (12.11) into (12.10), one should have the coefficients ηk and θlk, k =

1, 2, . . . ,Kl, l = 1, 2, . . . ,m satisfy

0 ≈
m∑
l=1

m∑
l′=1

Kl∑
k=1

Kl′∑
k′=1

rll′θlkθl′k′

∫ t′′

t′
φlk(x(t))φl′k′(x(t))dt− 2

m∑
l=1

m∑
l′=1

Kl∑
k=1

rll′θlk

∫ t′′

t′
φlk(x(t))ul′(t)dt+

K0∑
k=1

ηk
[
ψk(x(t′))− ψk(x(t′′))

]
−
∫ t′′

t′
Q(x(t))dt.

(12.12)

This can be written in a compact vector-matrix form as α>η + θ>Ξθ − 2β>θ − 1 ≈ 0,
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where α ∈ RK0 , β ∈ RK and Ξ ∈ RK×K (K =
∑m

l=1Kl) with components

αk =
ψk(x(t′))− ψk(x(t′′))∫ t′′

t′ Q(x(t))dt
, βlk =

m∑
l′=1

rll′

∫ t′′
t′ φlk(x(t))ul′(t)dt∫ t′′

t′ Q(x(t))dt
,

ξlk,l′k′ = rll′

∫ t′′
t′ φlk(x(t))φl′k′(x(t))dt∫ t′′

t′ Q(x(t))dt
.

(12.13)

The values of α, β and Ξ are specified by the trajectory sample (x(·), u(·)). For different

samples i = 1, . . . , N , the corresponding parameters αi, βi,Ξi can be calculated, and the

optimal values of θ and η should make all squared regression residuals

Fi(θ, η) = (α>i η + θ>Ξiθ − 2β>i θ − 1)2, i = 1, 2, . . . , N (12.14)

close to 0. Therefore, given data samples i = 1, . . . , N , we solve the following regression

problem for the parameters θ, η:

min
θ,η

1

N

N∑
i=1

Fi(θ, η). (12.15)

Note that the objective function in the optimization problem (12.15) is a summation of

data-based terms. Motivated by this, we proceed to cast the problem as a consensus

optimization problem to be solved with distributed optimization algorithms.

12.3 Distributed Optimization Formulation

12.3.1 Multi-agent optimization

Now we consider solving the optimization problem (12.15) through distributed algo-

rithms. Denoting z = [θ> η>]>, and

Ai =

[
2Ξi 0

0 0

]
, bi =

[
−2βi

αi

]
,

the problem (12.15) is expressed as

min
z

F (z) =
1

N

N∑
i=1

Fi(z) =
1

N

N∑
i=1

(
1

2
z>Aiz + b>i z − 1

)2

. (12.16)
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For the solution of (12.16), we adopt the alternating direction method of multipliers

(ADMM) [44], which is a type of primal-dual algorithms for multi-agent optimization.

Specifically, here we consider a transformation of the problem (12.16) to:

min
z0,z1,...,zN

N∑
i=1

Fi(zi) s.t. z0 = zi, i = 1, . . . , N. (12.17)

The augmented Lagrangian is defined as

L =

N∑
i=1

[
Fi(zi) + λ>i (zi − z0) +

µ

2
‖zi − z0‖2

]
. (12.18)

in which λi is the dual variable corresponding to the consensus constraint zi = z0 and µ

is the penalty parameter. The optimization is performed in iterations of agent updates

(parallelizable), consensus update, and dual update. Specifically, in each iteration, the

following procedures are executed:

zi := arg min
ẑi
L(z0, z1, . . . , ẑi, . . . , zN ), i = 1, . . . , N

z0 := arg min
ẑ0
L(ẑ0, z1, z2, . . . , zN ) =

1

N

N∑
i=1

(
zi +

λi
µ

)
λi := λi + µ(zi − z0), i = 1, . . . , N.

(12.19)

The consensus of z0 with z1, . . . , zN is guaranteed to form by the dual update and the

quadratic penalty term. The ADMM algorithm is known to have a linear convergence

rate under certain conditions (see, e.g., [148, 229]). When the functions Fi are non-

convex, [162] showed that the ADMM linearly converges to a stationary point under

certain conditions. We propose to apply the ADMM method to (12.17) for the solution

of (12.15). We call this method of solving the approximate optimal control problem

as “distributed adaptive dynamic programming” (dADP), in the sense that the param-

eters for the basis functions, θ, η, in (12.11) are updated adaptively in a distributed

optimization algorithm based on data.

Remark 12.1. For the problems in the form of (12.16), a pristine “push-sum” al-

gorithm was initially proposed in [287], where each agent i seeks to optimize its local

objective Fi(z), and the obtained updates are communicated with its neighbors on a

communication graph. The underlying mechanism is that all the agents, with the same
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step size for the gradient descent line search, update their optimized variables in such

a coordinated way that their average is also updated in its gradient descent. The “dual

averaging” algorithm, which has a similar form but performs communication and aver-

aging operations on dual variables, was also proposed (e.g., [472]). These algorithms are

known to be computationally inefficient (e.g., [174]), and hence not used in the present

work. The critical reason for such slow convergence is that all the agents are required

to move in the same pace while their local objectives can be highly different. Different

from the push-sum algorithm, in ADMM, the agents can pursue the minima of local

objectives autonomously without a pre-conditioned uniform step size.

In the following example, we show that through the ADMM iterations, the param-

eters in the approximate expressions of u∗(x) and V ∗(x) are updated with decreasing

regression residual.

Example 12.1. We consider the following system:

ẋ1 = −x1 + x2, ẋ2 = −x1 + x2

2
+
x2

2
(2 + cos 2x1)2 + (2 + cos 2x1)u. (12.20)

The system is open-loop unstable. 100 samples of trajectory data are generated starting

from random initial conditions in [−0.5, 0.5] × [−0.5, 0.5] under a stabilizing control

u = x1 − 5x2 for the linearized model. The optimal control cost V ∗(x) is approximated

using basis functions x2
1, x

2
2, x1x2, and the optimal control u∗(x) is approximated with

the basis functions x2
1, x2

2, x1x2, x1, x2. Let Q(x) = x2
1 + x2

2 and R = 1.

For this problem, the push-sum algorithm fails to converge to a stabilizing control.

Therefore, we use ADMM (12.19) for the solution of problem (12.17), where the mini-

mization operation is executed by the fminunc command in MATLAB. Fig. 12.1 shows

the evolution of the average residual
√

1
N

∑N
i=1 Fi(z) with increasing iterations. Within

105 iterations, the average residual decreases to 3.71% from 426%. The obtained ap-

proximate optimal control is

u∗(x) = −0.0194x2
1 + 1.0281x2

2 − 0.1171x1x2 + 0.2796x1 − 1.7510x2. (12.21)

Starting from multiple initial points, the control given above is applied. The closed-loop

system is stable (see Fig. 12.1).
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Figure 12.1: Evolution of the average residual during iterations (left) and simulation of
the closed-loop system under different initial points (right).

12.3.2 Acceleration of ADMM algorithm

A significant weakness of the above traditional ADMM algorithm (also called vanilla

ADMM [185]) is its high computational cost. This originates from two reasons – the

involvement of minimization procedures and the large number of iterations needed to

converge. Hence we adopt the following techniques to improve the computational per-

formance.

Instead of directly minimizing the Lagrangian with respect to zi, since zi is optimized

near z0 when the quadratic regularization term µ
2‖zi − z0‖2 exists, we linearize Fi(zi)

near z0, i.e.,

Fi(zi) ≈ Fi(z0) +∇Fi(z0)>(zi − z0)

= Fi(z0) + 2

(
1

2
z>0 Aiz0 + b>i z0 − 1

)
(Aiz0 + bi)

>(zi − z0).
(12.22)

With this linearization, the minimizer of zi becomes explicit:

zi ≈ arg min
ẑi

[
2

(
1

2
z>0 Aiz0 + b>i z0 − 1

)
(Aiz0 + bi)

>(ẑi − z0) +
µ

2
‖ẑi − z0 +

λi
µ
‖2
]

= z0 −
1

µ

[
2

(
1

2
z>0 Aiz0 + b>i z0 − 1

)
(Aiz0 + bi) + λi

]
.

(12.23)

This modification is called proximal ADMM [310, 82].
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We also adopt an acceleration scheme which resembles that of [185] for classical two-

block ADMM. This scheme, using Nesterov’s technique [290], accelerates the ADMM to

a quadratic convergence rate. In the j-th iteration (j = 1, 2, . . . ), the minimization of zi

and z0 is not directly based on the primal and dual values from the previous iteration,

but on intermediate variables ẑ0 and λ̂ obtained from the primal and dual values from

the previous two iterations:

zi,j = ẑ0,j −
2

µ

(
1

2
ẑ>0,jAiẑ0,j + b>i ẑ0,j − 1

)
(Aiẑ0,j + bi)−

λ̂i,j
µ

z0,j =
1

N

N∑
i=1

(
zi,j +

λ̂i,j
µ

)
λi,j = λ̂i,j + µ(zi,j − z0,j)

ẑ0,j+1 = z0,j +
νj − 1

νj+1
(z0,j − z0,j−1)

λ̂i,j+1 = λi,j +
νj − 1

νj+1
(λi,j − λi,j−1)

(12.24)

where the series {νj |j ∈ N} is specified by

ν0 = 1, νj+1 =
1

2
[1 + (1 + 4ν2

j )1/2], j = 0, 1, . . . . (12.25)

In the next example, we compare the non-accelerated and accelerated proximal

ADMM algorithms to examine the effect of the acceleration method introduced.

Example 12.2. Consider a second-order system [241]:

ẋ1 = −x1 + x2, ẋ2 = −0.5x1 − 0.5x2 + 0.5x2
1x2 + x1u. (12.26)

Let Q(x) = x2
1 + x2

2 and R = 1. For this system, one can obtain the optimal control by

analytically solving the HJB equations: u∗(x) = −x1x2 and V ∗(x) = 0.5x2
1 +x2

2. We use

x2
1, x2

2, x1x2, x1, x2 as basis functions for u∗(x), and x2
1, x2

2, x1x2 as basis functions

for V ∗(x). The samples are obtained by randomly choosing the initial conditions in

[−1, 1] × [−1, 1] under the stabilizing control u = −0.5x1x2. We compare the proximal

ADMM, where the minimization of zi is approximated by a linearization (12.23) and its

accelerated version (12.24), starting from the initial guess of u∗(x) as −2x1x2 and of

V ∗(x) as 2x2
1 + 2x2

2. Fig. 12.2 shows the evolution of the parameters and the growth of
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Figure 12.2: The effect of acceleration on the performance of ADMM. Subplot (1,1):
Coefficient of x1x2 in u∗(x). Subplot (1,2): Coefficient of x2

1 in V ∗(x). Subplot (2,1):
Coefficient of x2

2 in V ∗(x). Subplot (2,2): Computational time. The non-accelerated and
accelerated ADMM correspond to the solid and dashed line, respectively. The dotted
horizontal lines represent the optimum.

computational time during 10000 iterations. It can be observed that although for each

iteration, the accelerated algorithm requires about twice computational time of that of the

non-accelerated one due to the combination steps (see subplot (2,2) of Fig. 12.2), the

coefficients approach the optimal values much faster – the required number of iterations

decreases by orders of magnitude. In the remaining text, we will use the accelerated

proximal ADMM as the distributed optimization algorithm of choice.

Example 12.3 (Continuously stirred tank reactor, CSTR). We apply our proposed

method to a chemical reactor in which an exothermic first-order reaction A → B takes

place [48]. The dynamics of the system is given as follows, where x1 and x2 represent
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Figure 12.3: Trajectories under the approximate optimal control and suboptimal control.
Solid lines and dash lines correspond to u∗(x) and u0(x), respectively.

the dimensionless reactant concentration and the temperature, respectively.

ẋ1 = 1− x1 −Dx1 exp [ζ (1− 1/x2)] ,

ẋ2 = 1− x2 + εDx1 exp [ζ (1− 1/x2)] + ν(u− x2).
(12.27)

The parameters are D = 0.0637, ζ = 37.70, ν = 0.1356, and ε = 0.1670. Given a steady

state input uss = 1.0480, the system has an open-loop unstable steady state xss1 = 0.5196,

xss2 = 1.0764. We translate the input and states by u := u − uss, x1 := x1 − xss1 and

x2 := x2 − xss2 , and aim to regulate the states towards the origin (the unstable steady

state). Let Q(x) = x2
1 + 50x2

2 and R = 2.5. 100 samples for learning are generated

with an initial concentration deviation in ±0.20 and a temperature deviation in ±0.025

under a stabilizing control u = −8x2. The accelerated proximal ADMM algorithm is

applied to optimize the parameters z. Starting from an initial guess of u∗(x) as −10x2

and V ∗(x) as 1.25x2
1 + 176x2

2 + 32x1x2, through 10000 iterations, the average residual

decreases from 103.2% to 5.07× 10−5. The obtained approximate optimal solutions are

u∗(x) = −0.0010x2
1 − 0.1117x2

2 − 0.0231x1x2 + 0.3447x1 − 15.8547x2

V ∗(x) = 0.3502x2
1 + 12.4834x2

2 + 4.1763x1x2

(12.28)

The closed-loop system is found to be stable. We perform simulations using several
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initial conditions, and compare the trajectories under the approximate optimal control

u∗(x) to the suboptimal initial guess u0(x) = −x2, as shown in Fig. 12.3. It is observed

that the trajectories under u∗(x) lead to smaller deviations from the steady state.

From the result of u∗(x) we see that it suffices to use a linear feedback control as the

coefficients of the quadratic terms are very small in magnitude. In other words, more

basis functions are used for regression than needed, which leads to unnecessary regression

effort, i.e., an overfitting in u∗(x). We also note that the corresponding control cost

V ∗(x) is not in accordance with the simulated result with u∗(x). For example, starting

from [0.1; 0.01]>, the simulation gives a control cost of 8.61×10−2 while V ∗(0.1, 0.01) =

8.93× 10−3. This large discrepancy is due to the underfitting of V ∗(x), for which fewer

basis functions are used than needed. Specifically, since the system is severely nonlinear

away from the steady state, the optimal control cost V ∗(x) can not be well approximated

by a quadratic function with basis functions x2
1, x2

2, and x1x2. If an accurate expression

of V ∗(x) is needed in addition to the optimal control policy, polynomials of higher orders

should be added to the basis functions for V ∗(x). The above observation suggests that

the performance of our proposed method, like that of machine learning algorithms in

general, is critically dependent on the choice of basis functions for u∗(x) and V ∗(x).

12.4 Input-Constrained Control

In the previous text we assumed the absence of constraints on the control signal, based on

which equation (12.4) is derived from Bellman’s optimality conditions. Now we consider

the case when the inputs are subject to the time-invariant constraints ρ(u) ≤ 0, where

ρ is a smooth vector-valued function. Then

u∗(x) = arg min
u

[
(∇V ∗(x))>(f(x) + g(x)u) + C(x, u)

]
s.t. ρ(u) ≤ 0 (12.29)

which leads to the Karush-Kuhn-Tucker (KKT) conditions

∇V ∗(x)>g(x)u∗(x) +

(
∂C

∂u

)
(x,u∗(x))

+ λ∗(x)>
(
dρ

du

)
u∗(x)

= 0

λ∗(x) ≥ 0, ρ(u∗(x)) ≤ 0, λ∗j (x) = 0 if ρj(u
∗(x)) < 0

(12.30)

by introducing the optimal dual variables λ∗(x) dependent on the state variables x

corresponding to the input constraints ρ(u) ≤ 0. Combining with the second equation
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in (12.3), this gives, along any trajectory (x(t), u(t)):

dV ∗

dt
=

[(
∂C

∂u

)
(x(t),u∗(x(t)))

+ λ∗(x(t))>
(
dρ

du

)
u∗(x(t))

]
(u∗(x(t))− u(t))− C(x(t), u∗(x(t))).

(12.31)

Consider the most common case when the constraints on the inputs are the upper

and lower bounds. Without loss of generality, let the bounds be ±1. Also assume for

the moment that R is a diagonal matrix R = diag(r11, . . . , rmm). Denote by λ
∗
(x)

and λ∗(x) the optimal dual variables corresponding to the upper bound constraints and

lower bound constraints on u, and let λ∗(x) = λ
∗
(x)− λ∗(x). Then we have

dV ∗

dt
=

[(
∂C

∂u

)
(x(t),u∗(x(t)))

+ λ∗(x(t))>

]
(u∗(x(t))− u(t))−C(x(t), u∗(x(t))), (12.32)

where any l-th component λ∗l (x), as a function of x, should satisfy the complementary

slackness condition:

λ∗l (x)


≥ 0, u∗l (x) = 1

≤ 0, u∗l (x) = −1

= 0, |u∗l (x)| < 1

. (12.33)

We also assume for simplicity that C(x, u) = Q(x)+u>Ru for a positive definite function

Q and R � 0. Then

dV ∗

dt
= u∗(x(t))>R(u∗(x(t))− 2u(t))−Q(x(t)) + λ∗(x)>(u∗(x(t))− u(t)). (12.34)

i.e., for any trajectory (x(t), u(t)), it holds that∫ t′′

t′
u∗(x(t))>R(u∗(x(t))− 2u(t))dt+ V ∗(x(t′))− V ∗(x(t′′))

−
∫ t′′

t′
Q(x(t))dt+

∫ t′′

t′
λ∗(x)>(u∗(x(t))− u(t))dt = 0.

(12.35)

where λ∗(x) is uniquely determined by u∗(x) through the complementary slackness

condition (12.33). Comparing (12.35) to its input-unconstrained counterpart (12.10),

the difference lies in that for the input-constrained problem, there exists a duality term

related to the input constraints.

For the constrained control, it is infeasible to approximate V ∗(x), u∗(x) and λ∗(x)
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independently and perform an analogous regression to optimize the coefficients, due to

the existence of the complementary slackness condition (12.33), which, for any compo-

nent index l = 1, . . . ,m, allows only one of u∗l (x) and λ∗l (x) to be free. In view of this,

we define a combined optimal primal-dual function dependent on x:

µ∗l (x) = u∗l (x) +
1

2rll
λ∗l (x), (12.36)

from which the optimal control (primal) and optimal dual variables can be recovered:
u∗l (x) = 1, λ∗l (x) = 2rll(µ

∗
l (x)− 1), µ∗l (x) ≥ 1

u∗l (x) = µ∗l (x), λ∗l (x) = 0, |µ∗l (x)| < 1

u∗l (x) = −1, λ∗l (x) = 2rll(µ
∗
l (x) + 1), µ∗l (x) ≤ −1

(12.37)

It follows that

rllu
∗
l (x)2 + λ∗l (x)u∗l (x) = rllwind(µ∗l (x)) (12.38)

where the function wind(·) is defined on R as

wind(y) =

2|y| − 1, |y| ≥ 1

y2, |y| < 1
(12.39)

which is twice differentiable:

d

dy
wind(y) = sat(y) =

sign(y), |y| ≥ 1

y, |y| < 1
,

d

dy
sat(y) = 1[−1,1](y). (12.40)

The notations sat and wind stand for “saturation” and “windup”, respectively. The

function 1[−1,1](y) is the characteristic function of the interval [−1, 1], valued 1 if y ∈
[−1, 1] and 0 otherwise. Substituting (12.38) into (12.35), we obtain the data-driven

HJB equations in terms of the combined optimal primal-dual function µ∗(x) and the

optimal control cost V ∗(x):

m∑
l=1

∫ t′′

t′
[rllwind(µ∗l (x(t)))− 2rllµ

∗
l (x(t))ul(t)] dt

+ V ∗(x(t′))− V ∗(x(t′′))−
∫ t′′

t′
Q(x(t))dt = 0,

(12.41)
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and more generally for a nondiagonal matrix R:

m∑
l=1

∫ t′′

t′
rll [wind(µ∗l (x(t)))− 2µ∗l (x(t))ul(t)] dt

+
∑
l 6=l′

2rll′sat(µ∗l (x(t)))sat(µ∗l′(x(t)))dt

+ V ∗(x(t′))− V ∗(x(t′′))−
∫ t′′

t′
Q(x(t))dt = 0.

(12.42)

For the data-driven solution of the optimal control problem, we approximate the

µ∗l (x) and V ∗(x) (instead of u∗l (x) and V ∗(x)) with basis functions:

V ∗(x) ≈
K0∑
k=1

ηkψk(x), µ∗l (x) ≈
Kl∑
k=1

θlkφlk(x). (12.43)

The parameters θ, η are obtained through a regression such that for any trajectory

(x(t), u(t)),

α>η + Ξ(θ)− 2β>θ − 1 ≈ 0, (12.44)

where the vectors α and β are information extracted from the trajectory samples and

defined in the same form as in (12.13). The quadratic form θ>Ξθ in (12.13) is now

replaced by a more complex form involving saturation and windup functions:

Ξ(θ) =
Ξ◦(θ)∫ t′′

t′ Q(x(t))dt
(12.45)

in which

Ξ◦(θ) =

m∑
l=1

rll

∫ t′′

t′
wind

(
Kl∑
k=1

θlkφlk(x(t))

)
dt

+ 2
∑
l 6=l′

rll′

∫ t′′

t′
sat

(
Kl∑
k=1

θlkφlk(x(t))

)
sat

Kl′∑
k=1

θl′kφl′k(x(t))

 dt.

(12.46)

The regression problem can be solved in a distributed optimization formulation with

an accelerated proximal ADMM algorithm, in which the gradient of Ξ◦(θ) is computed
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using the corresponding data according to

∂Ξ◦(θ)

∂θlk
= 2rll

∫ t′′

t′
sat

(
Kl∑
k=1

θlkφlk(x(t))

)
φlk(x(t))dt

+ 2
∑
l′ 6=l

rll′

∫ t′′

t′
1[−1,1]

(
Kl∑
k=1

θlkφlk(x(t))

)
sat

Kl′∑
k=1

θl′kφl′k(x(t))

φlk(x(t))dt.

(12.47)

The optimal control is thereafter obtained from µ∗(x) according to (12.37), namely

u∗(x) = sat(µ∗(x)).

Remark 12.2. In previous works (see, e.g., [462]), the data-driven constrained optimal

control was considered by replacing the u>Ru term in the control objective function with

a transformation ϕ−1(u)>Rϕ−1(u) where ϕ is a finite-valued function so that the control

cost approaches infinity as any input approaches its bound, e.g., u = ϕ(v) = tanh v,

v → ±∞ as u → ±1. However, due to its distortion of the input domain by the

artificial mapping ϕ, this technique does not give a genuine optimal control with respect

to its original control cost C(x, u).

The above method is illustrated with the following example.

Example 12.4. Consider the following system [462]:

ẋ1 = −0.4 sinx1 + 0.6x2, ẋ2 = − sinx1 cosx2 + 0.3u (12.48)

where the input signal is constrained (−1 ≤ u ≤ 1). Let Q(x) = x2
1 + x2

2 and R = 1.

We choose polynomial terms xa1x
b
2 as the basis functions of u∗(x) for integers a, b ≥

0, a + b = 1, 3, 5, and of V ∗(x) for integers a, b ≥ 0, a + b = 2, 4, 6, 8 (36 parameters

in total). 300 samples for regression are generated by randomly assigning the initial

condition x1, x2 ∈ [−1.5, 1.5] subject to a stabilizing control u = −sat(x2). The initial

guess for µ∗(x) and V ∗(x) is −1.5x2 and 2x2
1 + 2x2

2, respectively.

After 10000 iterations, the average residual converges from 24.2% to 0.152%, with

an approximate optimal control u∗(x) = sat(µ∗(x)), where

µ∗(x) =− 0.0215x5
1 − 0.0679x4

1x2 − 0.0569x3
1x

2
2 − 0.0299x2

1x
3
2 − 0.3113x1x

4
2 + 0.0601x5

2

− 0.2384x3
1 + 0.2061x2

1x2 − 0.3299x1x
2
2 + 0.3438x3

2 + 0.4147x1 − 1.4807x2.

(12.49)
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Figure 12.4: Input trajectories under u∗(x) (solid) and its initial guess (dashed).

Fig. 12.4 shows the comparison of input trajectories under the obtained optimal control

and the initial guess, starting from the initial point [1.5; 1.5]. It is seen that under u∗(x),

the input stays on its bounds for a shorter time, and hence leads to a lower control cost.

12.5 Conclusion

In this work, we have applied distributed optimization algorithms to solve the data-

driven optimal control problem of nonlinear affine systems. We first developed an ap-

proximation and regression formulation of the optimal control policy u∗(x) and control

cost V ∗(x). Distributed algorithms, including ADMM and its proximal and a quadrati-

cally convergent accelerated variant, were then adopted to optimize the regression coef-

ficients in a data-distributed manner. The input-constrained control problem was also

considered, where the optimal control policy u∗(x) and the optimal dual λ∗(x) were

combined into a single state-dependent function, and regressed together with the opti-

mal control cost V ∗(x). Several examples, including a chemical reactor one, were used

to illustrate the potential of the proposed method.
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Chapter 13

Dissipativity Learning Control (DLC): A Frame-

work of Input–Output Data-Driven Control

13.1 Introduction

Big data analytics is playing an increasing role in the operations and optimization of

chemical process systems [338, 432]. Data-driven control, which aims to design con-

trollers based on historical and/or online operational data provides an alternative to

model-based control with the potential of circumventing the difficulties of deriving,

identifying, updating, and modifying dynamic models [163]. Data-driven modeling ap-

proaches, ranging from traditional transfer function identification [211], temporal lin-

earization [62], regression [403, 282], adaptive estimation [151] and Koopman operators

[449, 331, 202, 283] to artificial neural networks [1, 279] and machine learning algorithms

[261], can in principle be incorporated into model-based control methods to resolve the

complexity involved in first-principles modeling. Although intrinsically dependent on

data, these approaches are not truly model-free and their efficacy is strongly affected

by the complexity and accuracy of the learned surrogate models.

Model-free data-driven control approaches have also been developed, mostly based

on approximate dynamic programming (ADP). In these approaches, one focuses on the

optimal control policy and/or control cost (or Q-function) as state-dependent functions

determined by the Hamilton-Jacobi-Bellman (HJB) optimality principle, and obtains

their approximations [216, 215] through either offline regression [241, 407] or online

iterative schemes under the name of reinforcement learning (RL) [223, 392]. Instead of

obtaining a full dynamic model, in these model-free approaches, one seeks otitessential

control-relevant information (e.g., Q-function), thus largely reducing the complexity

of designing well-performing controllers. With the development of machine learning,

especially deep learning methods [376], ADP and RL approaches are expected to find

wider applications.

However, the application of ADP in process control is still limited to small-scale

systems with relatively simple dynamics. This is due to the dependence of ADP formu-

lations on the state-space information of the system, which can be limited for chemical

c©2019 Elsevier. Reprinted, with permission, from W. Tang, P. Daoutidis. Dissipativity learning
control (DLC): A framework of input–output data-driven control. Computers & Chemical Engineering
(Volume 130, November 2019). DOI:10.1016/j.compchemeng.2019.106576.
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processes. For example, for systems with unobservable states, one does not have access

to full state information, and the construction of a model-free state estimator is nontriv-

ial (see, e.g., [126]). Further, in the presence of high-dimensional nonlinear dynamics

of the states, it is difficult to choose the approximators of the state-dependent optimal

control policy and cost functions. It is clear that so far, a data-driven model-free control

framework that applies to process systems with possibly unobservable, high-dimensional,

and nonlinearly-related states, remains an open problem.

A promising approach to such a framework is to adopt an input–output perspective

of process systems towards a data-driven control strategy depending only on input and

output data without involving any state-space description. To this end, we note that the

concept of dissipativity [448, 154, 278, 155], as a characterization of input–output behav-

ior, has been widely exploited for output-feedback control [323, 239]. In the context of

model-based control, through a thermodynamic analysis on the dynamic model under

certain (rather restrictive) assumptions, the dissipative properties of process systems

involving a storage function and a supply rate function can be determined by choosing

inputs and outputs consistent with irreversible thermodynamics [4, 464, 357, 157] or

adopting a Hamiltonian modeling approach [145, 339, 123].

Dissipativity-based control can be naturally extended into an input–output data-

driven control strategy, which we call dissipativity learning control (DLC). Key to this

data-driven framework is the use of machine learning techniques to obtain the dissipa-

tive property from data rather than a first-principles model. The learned dissipativity

is then combined with a dissipativity-based controller synthesis formulation to obtain

a desirable control law. Recently, data-based dissipativity learning approaches have

been introduced [439, 253, 353]; however, these works are restricted to specific simple

forms of dissipativity properties or linear dynamics, and are not followed by controller

design. In [414], we first proposed a dissipativity learning control framework, where

a one-class support vector machine for learning the dissipativity property is combined

with the controller synthesis. This results in an integrated quadratic and semidefinite

programming problem that can be solved via an iterative algorithm, throughout which

the dissipativity property is updated until the optimal estimation is approached. How-

ever, this procedure is computationally expensive due to the repeated learning, and its

performance is dependent on the convergence of the iterative algorithm.

In this work, we propose a more effective approach, where the dissipativity learning

and the controller design are carried out successively, thus avoiding the complexity of
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the iterative algorithm. The learning procedure estimates a range of the supply rate,

and involves the following three steps: (1) the data samples under the system dynamics

are treated with independent component analysis for dimensionality reduction, (2) bi-

exponential distribution inference is performed to obtain a polyhedral confidence region

of trajectory data, and (3) a dual polyhedral cone is constructed as the approximate

range of the parametric representation of the supply rate function. Based on the esti-

mated range of the supply rate, a controller is designed to minimize an upper bound of

the L2-gain by solving a semidefinite programming problem. Such a novel approach can

be applied to both regulating and tracking tasks, for the latter of which deviation vari-

ables from the time varying input and output trajectories are used instead of deviations

from static setpoints.

The remainder of this chapter is organized as follows. We first introduce preliminar-

ies of dissipativity and dissipativity-based control in Section 13.2. The DLC framework

is proposed in Section 13.3. We examine the proposed method with case studies on

regulating control and tracking control of two different chemical reactors in Section 13.4

and Section 13.5, respectively. Conclusions are given in Section 13.6.

13.2 Preliminaries

13.2.1 Dissipativity

Dissipativity is an important characterization of the input–output property of dynamic

systems that describes how the states of the system move across the contours of a

nonnegative function under the effect of the input and output variables. Dissipativity,

as defined by [448], states that the change of a state-dependent storage function V (x)

can not exceed the accumulation of an input and output-dependent supply rate s(u; y).

Definition 13.1. A dynamic system in the general nonlinear form

ẋ = f(x, u), y = h(x, u). (13.1)

is said to be dissipative in the (nonnegative) storage function V (x) with respect to the

supply rate s(u; y) if under the system dynamics (13.1), the dissipative inequality holds
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for any input trajectory u(t) on any time interval [t1, t2]:

V (x(t2))− V (x(t1)) ≤
∫ t2

t1

s(u(t); y(t))dt. (13.2)

Generally, the inputs of the plant include not only control inputs u but also distur-

bances d, whose components are assumed to be equal to 0 in the nominal plant. Here

we consider plants governed by the following (unknown) input-affine dynamics, where

x, u and d are vectors:

ẋ = f(x) + g(x)u+ l(x)d. (13.3)

For reference tracking problems, the setpoint trajectories of inputs, ū, and outputs, ȳ,

which satisfy the undisturbed dynamics

˙̄x = f(x̄) + g(x̄)ū, ȳ = h(x̄), (13.4)

may vary with time. For regulating control, the setpoints are fixed at ū = 0, ȳ = 0. The

setpoint signals are given a priori by a dynamic or static simulator of the plant. Define

the deviations of the control inputs and the outputs from the corresponding setpoints

as ũ := u − ū and ỹ := y − ȳ, respectively. Thus, the plant is viewed as a mapping

(ũ, d, ū)→ ỹ with states x̃ and x̄:

˙̃x = f(x̄+ x̃) + g(x̄+ x̃)(ū+ ũ) + l(x̄+ x̃)d− f(x̄, ū)− g(x̄)ū,

˙̄x = f(x̄) + g(x̄)ū, ỹ = h(x̄+ x̃)− h(x̄).
(13.5)

We consider the controller as a mapping from the output deviations (errors) and the

input setpoints to the input deviations κ : (ỹ, ū)→ ũ to be designed (ȳ is not included

since it is determined by ū), i.e., we seek

ũ = κ(ỹ, ū). (13.6)

Hence the closed-loop system is a map from (d, ū) to the tracking errors in both the

inputs and the outputs (ỹ, ũ). The architecture of such a control system is illustrated

in Fig. 13.1. Under such an architecture, suppose that the dissipative inequality of the
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Figure 13.1: System architecture

open-loop system (13.5) is written as

V (x̃(t2), x̄(t2))− V (x̃(t1), x̄(t1)) ≤
∫ t2

t1

s(ũ(t), d(t), ū(t); ỹ(t))dt. (13.7)

Substituting the feedback control law (13.6) into the above formula, we see that the

closed-loop system, with (x̃, x̄) as its states, is dissipative with respect to a new supply

rate š:

s(κ(ỹ, ū), d, ū; ỹ) =: š(d, ū; ỹ). (13.8)

The closed-loop dissipative inequality is naturally connected to Lyapunov stability.

Consider the undisturbed case when d = 0. If š(0, ū; ỹ) ≤ 0, then according to the

Krasovskii-LaSalle’s principle of invariance [193], the system states will converge to an

invariant set in which the supply rate remains 0 and the storage reaches its minimum.

If š(0, ū; ỹ) ≤ 0 and the equality holds only when ỹ = 0, then the afore-mentioned

invariant set is such that the tracking errors become zero, i.e., the output tracking

control is realized. If we further assume that (13.5) is partially observable in x̃, then we

realize state tracking. For regulating control, it suffices to have the inequality hold only

for ū = 0. When there exist disturbances, the control performance is characterized by

the effect of the disturbances on (ỹ, ũ) in the sense of an L2-gain. To this end, we have

the following assertion.

Theorem 13.1. If the closed-loop supply rate š(d, ū; ỹ) satisfies the bounded noncon-

cavity condition:

š(d, ū; ỹ) ≤ β‖d‖2 − ‖κ(ỹ, ū)‖2 − ‖ỹ‖2, (13.9)

for a positive real number β, then the closed-loop system is L2-stable, with an L2-gain
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(from the disturbances to the input and output tracking errors) no larger than β1/2.

Proof. With (13.8) as a supply rate function and the definition of the controller (13.6),

on any time interval [0, T ] we have

V |t=T − V |t=0 ≤
∫ T

0
šdt ≤

∫ T

0
(β‖d‖2 − ‖ũ‖2 − ‖ỹ‖2)dt. (13.10)

Rearrange and relax the non-positive −V |t=T term on the right-hand side to obtain

‖ũ‖2L2[0,T ] + ‖ỹ‖2L2[0,T ] ≤ β‖d‖
2
L2[0,T ] + V |t=0, (13.11)

which conforms to the definition of L2-stability with the L2-gain bounded by β1/2.

This connection between the dissipativity of the closed-loop system and L2-stability

is the theoretical basis of dissipativity-based control to be discussed next.

13.2.2 Dissipativity-based control

The determination of a supply rate function of the plant satisfying the condition (13.9),

namely the dissipativity learning procedure, will be addressed in the next section. Now

we assume that such a function s is known, and consider the problem of synthesizing

a feedback controller in the form of (13.6) with desired closed-loop performance. For

simplicity, we assume that the supply rate s is quadratic in ũ, d, ỹ, the feedback law κ

is linear in ỹ, and hence š is also quadratic in d, ũ, ỹ, namely

s(ũ, d, ū; ỹ) = [d> ũ> ỹ>]Π(ū)[·], κ(ỹ, ū) = K(ū)ỹ,

š(d, ū, ỹ) = [d> (K(ū)ỹ)> ỹ>]Π(ū)[·],
(13.12)

where Π(ū) is a symmetric matrix called the dissipativity matrix and K(ū) is the feed-

back gain matrix that may depend on ū. The upper bound of the squared closed-loop

L2-gain is estimated by (13.9), i.e., the smallest positive β such that

[d> (K(ū)ỹ)> ỹ>]Π(ū)[·] ≤ β‖d‖2 − ‖K(ū)ỹ‖2 − ‖ỹ‖2 (13.13)
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holds for any d, ỹ and ū, i.e., such that

[
I 0 0

0 K(ū)> I

]Π(ū) +

−βI 0 0

0 I 0

0 0 I



I 0

0 K(ū)

0 I

 � 0. (13.14)

For simplicity, we need to further assume that Π and hence K are independent of ū,

so that the above semidefinite inequality does not need to be repeated for all possible (or

multiple) values of ū. This is equivalent to choosing an overestimate for the supply rate

function s within the possible range of ū. This conservatism aims at designing a control

law that is dependent only on deviations and invariant to the reference trajectory, and is

usually acceptable as long as such a control law gives satisfactory performance. Thus, we

consider the L2-optimal dissipativity-based controller design as the problem of finding

the controller gain K such that the upper bound of the squared L2-gain β is minimized:

min
K

β

s.t.

[
I 0 0

0 K> I

]Π +

−βI 0 0

0 I 0

0 0 I



I 0

0 K

0 I

 � 0.
(13.15)

We note that proportional (P), proportional-integral (PI) and proportional-integral-

differential (PID) control laws are the three most classical forms in process control. For

implementing PID controllers, we need to augment the plant outputs with their integrals

and derivatives, i.e., (yP, yI, yD) = (y,
∫ t

0 y(τ)dτ, dy/dt), and the reference outputs into

(ȳP, ȳI, ȳD) = (ȳ,
∫ t

0 ȳ(τ)dτ, dȳ/dt), so that the feedback signals to the controller include

the integral and derivative of ỹ (assuming that the function h is differentiable, so that

the time derivatives of y and ȳ exist). The augmented outputs can be regarded as the

output variables of the corresponding augmented plant dynamics (with auxiliary state

variables v): [
ẋ

v̇

]
=

[
f(x, u)

h(x)

]
,

yP

yI

yD

 =


h(x)

v
dh(x)

dx
f(x, u)

 . (13.16)

Given the dissipativity property of the above augmented dynamics, if we find the optimal

controller gain matrix K with augmented outputs, then the matrix can be partitioned
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into K = [KP,KI,KD] so that the feedback control law is expressed as

ũ(t) = KPỹ(t) +KI

∫ t

0
ỹ(τ)dτ +KD

dỹ(t)

dt
. (13.17)

In this case, the L2-optimal PID controller design results from the following problem

modified from (13.15):

min
KP,KI,KD

β

s.t. [·]>

Π +


−βI 0 0 0 0

0 I 0 0 0

0 0 I 0 0

0 0 0 0 0

0 0 0 0 0






I 0 0 0

0 KP KI KD

0 I 0 0

0 0 I 0

0 0 0 I

 � 0,
(13.18)

where Π is now a matrix with 5×5 blocks corresponding to d, ũ, ỹP = ỹ, ỹI =
∫ t

0 ỹ(τ)dτ

and ỹD = dỹ/dt, respectively.

Remark 13.1. Although PID is the most widely used type of controllers in practice, its

design or tuning usually requires a transfer function representation of the process. In

passivity-based control [20], a PID controller is proved to be strictly input-passive (i.e.,

dissipative with respect to a supply rate of y>u − ε‖u‖2 for some ε > 0) and results

in closed-loop stability if the plant is passive (i.e., dissipative with respect to y>u).

However, this has not been discussed in a dissipativity-based control setting, where the

plant may have more general forms of supply rate functions. Moreover, an optimal way

of designing the PID controller gain matrices is lacking. These issues are addressed by

the proposed formulation (13.18) for the L2-optimal dissipativity-based PID design.

13.3 Dissipativity Learning Control

13.3.1 Dissipativity set and dual dissipativity set

Now we deal with the problem of determining the dissipativity property of the system.

We note that to obtain a dissipative inequality, a storage function V (x̃, x̄) depending

on the states of the system (13.5) and an input and output dependent supply rate

function s(ũ(t), d(t), ū(t); ỹ(t)) are needed. The involvement of the state-dependent
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storage function is undesirable since only input and output data are available. This can

be avoided by using a theorem similar to the one proved in [154] under the following

assumption.

Assumption 13.1. For the system (13.5), any state (x̃, x̄) is reachable in finite time

from a state with zero state tracking error, i.e., there exists a finite time T > 0 and a

trajectory of inputs (ũ(t), d(t), ū(t)) on t ∈ [0, T ], such that the state at t = 0 is (0, x̄0)

for some x̄0, and the state at t = T is (x̃, x̄).

This assumption is not restrictive, since the reachability from zero state tracking

error is naturally satisfied as long as the system is controllable, which can be usually

guaranteed by appropriate control variable selection.

Theorem 13.2. Suppose that Assumption 13.1 holds. Then the system (13.5) is dis-

sipative with respect to s(ũ, d, ū; ỹ) in a nonnegative storage function V (x̃, x̄) satisfying

V (0, x̄) = 0 for any x̄, if and only if for any trajectory starting from any states (x̃, x̄)

with x̃ = 0, the following inequality holds∫ t2

t1

s(ũ(t), d(t), ū(t); ỹ(t))dt ≥ 0. (13.19)

Proof. The necessity is evident by using Definition 13.1. We only prove the sufficiency

here. Consider the following function

V (x̃, x̄) = inf
(ũ(t),d(t),ū(t)), t∈[0,T ]

x̃(0)=0, x̃(T )=x̃, x̄(T )=x̄

∫ T

0
s(ũ(t), d(t), ū(t); ỹ(t))dt. (13.20)

According to the reachability assumption 13.1, the above function is well-defined and

finite. If (13.19) holds, the value of V is always nonnegative. Consider any trajectory

(ũ(t), d(t), ū(t)) on any time interval [t1, t2] and denote the initial and final states as

(x̃1, x̄1) and (x̃2, x̄2), respectively. We then have

V (x̃2, x̄2)− V (x̃1, x̄1) = inf
(ũ(t),d(t),ū(t)),t∈[0,T2]

x̃(0)=0,x̃(T2)=x̃2,x̄(T2)=x̄2

∫ T2

0
sdt− inf

(ũ(t),d(t),ū(t)),t∈[0,T1]
x̃(0)=0,x̃(T1)=x̃1,x̄(T1)=x̄1

∫ T1

0
sdt

(13.21)

where the first infimum can be relaxed with any trajectory starting from a point with

zero tracking error, passing (x̃1, x̄1), and extended by the given trajectory from (x̃1, x̄1)
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to (x̃2, x̄2). Hence

V (x̃2, x̄2)− V (x̃1, x̄1) ≤
∫ t2

t1

s(ũ(t), d(t), ū(t); ỹ(t))dt. (13.22)

According to Definition 13.1, the system (13.5) is then dissipative in the storage function

V with respect to s.

Under the quadratic form of supply rate

s(ũ, d, ū; ỹ) = [d> ũ> ỹ>]Π[·], (13.23)

the inequality condition (13.19) becomes∫ t2

t1

[d>(t) ũ>(t) ỹ>(t)]Π[·]dt = 〈Π,
∫ t2

t1

[·][d> ũ> ỹ>]dt〉 ≥ 0, (13.24)

where the inner product between any two symmetric matrices 〈·, ·〉 is specified as the

trace of their product. Practically, we limit (13.24) to trajectories on which d and ũ

belong to the L2e class (i.e., are finite-time square integrable), so that the integral term

in the inner product is finite.

Now we give the key definitions that will be used for dissipativity learning.

Definition 13.2. The dual dissipativity parameter of each trajectory (ũ(t), d(t), ū(t), ỹ(t)),

t ∈ [t1, t2] is defined as

Γ =

∫ t2

t1

[·][d(t)> ũ(t)> ỹ(t)>]dt. (13.25)

The collection of dual dissipativity parameters of all the trajectories that start from any

(x̃, x̄) with x̃ = 0 and are L2e (quadratically integrable on any finite time interval) in

the inputs (d, ũ) is called the dual dissipativity set, denoted as S. The dual cone of the

dual dissipativity set S,

S∗ = {Π|〈Π,Γ〉 ≥ 0, ∀Γ ∈ S}, (13.26)

is called the dissipativity set. We also define the dissipativity parameter of the system

as the matrix Π in the supply rate (13.23).

Then it directly follows from Theorem 13.2 that the dissipativity set S∗ defined above

is the range of the dissipativity parameters. This is stated as the following corollary.

246



Corollary 13.1. Suppose that Assumption 13.1 holds. If Π ∈ S∗, then the system

(13.5) is dissipative with respect to s(ũ, d, ū; ỹ) = [d> ũ> ỹ>]Π[·].

Hence, the problem of dissipativity learning refers to the determination of the dis-

sipativity set S∗, which requires only to determine the dual dissipativity set S – the

collection of all possible dual dissipativity parameters Γ. In a model-free setting, S is

constructed by inference from data. Specifically, we collect P independent samples of

trajectories (ũp(t), dp(t), ūp(t); ỹp(t)), t ∈ [tp1, t
p
2], p = 1, 2, . . . , P by randomly generating

L2e-class inputs (d, ũ, ū) and simulating the system dynamics (13.5). Then we calculate

for each trajectory sample the corresponding dual dissipativity parameters

Γp =

∫ tp2

tp1

[·][dp(t)> ũ(t)> ỹp(t)>]dt ∈ S. (13.27)

Then Γp, p = 1, . . . , P are samples of a random distribution whose support set (the

set on which the probability density is nonzero) is S, as long as the input trajectories

are sampled from the L2e class, i.e., any L2e signal has a chance of being chosen. This

can in principle be realized, for example as in the present paper, using independent

Wiener processes of random magnitudes or Orstein-Uhlenbeck processes, although the

optimal or near-optimal sampling methods of input trajectories remain an important

open problem. Now the dissipativity learning is formally expressed as:

Problem 13.1. Given samples Γp, p = 1, 2, . . . , P , infer the support set S of the

underlying distribution of the samples, and explicitly characterize its dual cone S∗.

13.3.2 Dissipativity learning approach

To estimate S, one may directly apply a probability density estimation scheme (see,

e.g., [314]) or kernel [365] or deep [355] one-class support vector machine algorithms.

However, the shape of such an estimated S can be too complex to explicitly characterize

its dual cone S∗ and use it for a subsequent dissipativity-based control mainly due to

its non-convexity. In fact, it suffices to obtain a convex hull of S:

conv(S) =

{
N∑
i=1

αiΓi

∣∣∣∣ N∑
i=1

αi = 1, αi ≥ 0, Γi ∈ S, i = 1, 2, . . . , N, N ∈ N

}
⊇ S

(13.28)

since the dissipativity set that we aim to find, S∗, is also the dual cone of conv(S)

(S∗ = conv(S)∗). Therefore in this work, we will estimate S as a polyhedron, which can
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be viewed as the simplest form of convex sets, from trajectory samples.

The key idea underlying the polyhedral estimation is to assume that the components

of Γ form a random vector subject to a linear mixture of independent bi-exponential dis-

tributions, so that its confidence regions yield polyhedral approximations of its support

set, and that such a mixture of bi-exponential distributions can be inferred through

independent component analysis (ICA) and parametric statistical inference of the com-

ponent distributions. Here we first represent the matrix Γ and Π isomorphically as

vectors γ and π, respectively, by choosing an orthonormal basis in the corresponding

matrix space {Ek}, so that 〈Π,Γ〉 = π>γ, i.e.,

Γ =
∑
k

γkEk, Π =
∑
k

πkEk; γk = 〈Γ, Ek〉, πk = 〈Π, Ek〉. (13.29)

By vectorizing all the samples to γp, p = 1, . . . , P , Problem 13.1 is restated as

Problem 13.2. Given samples γp, p = 1, . . . , P , find the underlying independent com-

ponents and infer their bi-exponential distributions, thus explicitly characterizing any

confidence set as a polyhedron and its dual cone.

ICA aims to determine a linear transformation of the translated data samples:

γp = γ̄ +Mηp, p = 1, 2, . . . , P (13.30)

such that ηp, p = 1, . . . , P can be viewed as samples of a random vector η whose

components ηj , j = 1, . . . , J are independent with zero means and unit variances.

γ̄ = 1
P

∑P
p=1 γ

p is the sample average. The classical algorithm based on kurtosis maxi-

mization of η was introduced in [171], to which the readers are referred for details. The

dimension of the independent components, denoted by J , is a tunable hyperparameter.

After the ICA processing, we estimate the bi-exponential distribution of each inde-

pendent component ηj , whose samples are ηpj , p = 1, . . . , P . Specifically, we suppose

that the probability density function of ηj as a random variable is a linear combination

of two exponential distributions that have a contacting endpoint, opposite directions,

and weights summing up to 1:

qj(ηj) =

wjaj exp[−aj(ηj − cj)], ηj ≥ cj
(1− wj)bj exp[−bj(cj − ηj)], ηj < cj

(13.31)
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where the 4 involved parameters aj > 0, bj > 0, cj , 0 < wj < 1 are constrained by the

following 3 equalities:

lim
ηj→c−j

qj(ηj) = lim
ηj→c+j

qj(ηj) (continuity);∫ +∞

−∞
ηjqj(ηj)dηj = 0 (zero mean);∫ +∞

−∞
η2
j qj(ηj)dηj = 1 (unit variance).

(13.32)

One can verify that the only one remaining degree of freedom can be represented by a

parameter θj ∈ [−π/4, π/4], with the following expressions relating aj , bj , cj , wj to θj :

aj = 1/ sin(π/4− θj), bj = 1/ sin(π/4 + θj), cj =
√

2 sin θj , wj = (1− tan θj)/2.

(13.33)

The bi-exponential distribution (13.31) is hence

qj(ηj) =
1√

2 cos θj
exp

[
−(ηj −

√
2 sin θj)+

sin(π/4− θj)
− (ηj −

√
2 sin θj)−

sin(π/4 + θj)

]
, (13.34)

where the subscripts + and − for any real number stand for its positive and negative

parts, respectively, namely p+ = max(0, p), p− = −min(0, p), p ∈ R. We use the

maximum (logarithmic) likelihood estimation to optimize the value of θ, i.e.,

θj = arg min ln(
√

2 cos θj) +
1

P

P∑
p=1

(ηpj −
√

2 sin θj)+

sin(π/4− θj)
+

1

P

P∑
p=1

(ηpj −
√

2 sin θj)−

sin(π/4 + θj)
.

(13.35)

With the distributions pf the independent components determined, we see that

ζ =
1

J

J∑
j=1

[
(ηj −

√
2 sin θj)+

sin(π/4− θj)
+

(ηj −
√

2 sin θj)−
sin(π/4 + θj)

]
(13.36)

as an average of J independent variables, each subject to an exponential distribution

of parameter 1 (see (13.34)), is subject to the Erlang distribution whose probability
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density and cumulative density functions are

q(ζ) =
JJζJ−1 exp(−Jζ)

(J − 1)!
, Q(ζ) = 1−

J−1∑
k=0

1

J !
(Jζ)k exp(−Jζ) (13.37)

respectively, with a mean of 1 and a variance of 1/J . When J is large, the central limit

theorem dictates that the distribution Q is well approximated by a normal distribution

N (1, J−1/2). By letting Q(ζ) ≤ 1 − ε for a small positive number ε, we obtain a

confidence set

J−1∑
k=0

1

J !
(Jζ)k exp(−Jζ) ≥ ε denoted as−−−−−−→ ζ ≤ 1 + J−1/2∆, (13.38)

in which 1− ε or ∆ characterizes the confidence level. In reality, due to the discrepancy

between the empirical distribution of ζ obtained from data samples and the assumed

Erlang distribution, such a confidence level ∆ needs to be chosen according to a specific

portion (e.g., 90% or 95%) of the samples.

By combining the ICA transformation (13.30) and the construction of the Erlang-

distributed random variable (13.36), we have a polyhedral approximation of the dual

dissipativity set:

S∆ = {γ|γ = γ̄ +Mη,
1

J

J∑
j=1

[
(ηj −

√
2 sin θj)+

sin(π/4− θj)
+

(ηj −
√

2 sin θj)−
sin(π/4 + θj)

]
≤ 1 + J−1/2∆}.

(13.39)

Denote by c the J-dimensional vector whose j-th component is
√

2 sin θj , D
+ and D−

the diagonal matrix of bi-exponential scales whose j-th diagonal entry is sin(π/4− θj)
and sin(π/4+θj), respectively. Denote by 1 and 0 the vector with all components equal

to 1 and 0, respectively. Then by using the variables σ+ and σ− representing the scales

of deviations from the contacting endpoint c of the bi-exponential distributions, we have

S∆ = {γ|γ = γ̄+M(c+D+σ+−D−σ−),1>σ+ + 1>σ− ≤ J + J1/2∆, σ+ ≥ 0, σ− ≥ 0}.
(13.40)

Finally, the dissipativity set S∗ is estimated by the dual cone of S∆, calculated using
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Figure 13.2: Illustration of the proposed dissipativity learning method.

linear duality theory,

S∗∆ = {π|λ ≥ 0, π>(γ̄ +Mc) ≥ λ(J + J1/2∆), (MD+)>π ≥ −λ1, (MD−)>π ≤ λ1}.
(13.41)

Our proposed dissipativity learning method is illustrated in Fig. 13.2. The algo-

rithmic steps are represented by the blue arrows, namely the ICA, the inference of bi-

exponential distributions for independent components, and lumping of the independent

components into a one-dimensional random variable ζ. By picking a confidence interval

of ζ, a polyhedral estimation of S is acquired by the inverse reasoning steps represented

by the green arrows. The learning procedure depends on only two hyperparameters –

the number of independent components J and the confidence level ∆.

Remark 13.2. As will be shown in later case studies, the number of independent com-

ponents J is determined through a trial-and-error approach to eliminate too large and

too small choices that give either overly conservative or loose estimations of the dissi-

pativity property. We note that under different choices of orthonormal basis {Ek} to

vectorize Π and Γ, the linear transformation linking the groups of basis will be compen-

sated in the mixing matrix M in the ICA step. Hence S∆ and S∗∆, if expressed in terms

of the original Γ and Π matrices rather than their vectorization, will be invariant to the

choice of basis. In other words, the choice of orthonormal basis {Ek} can be arbitrary.
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Remark 13.3. Since S∗ = coni(S)∗, where coni(S) is the conic hull of S:

coni(S) = {pΓ|p ≥ 0,Γ ∈ conv(S)} ⊇ conv(S) ⊇ S, (13.42)

one may seek to estimate a conic estimation of the dual dissipativity set instead of a

bounded polyhedral one as we have done in the main text. This can be done by first

scaling the samples onto an affine subspace with a magnitude restriction (e.g., the set

of matrices with trace 1), which specifies a section of the conic estimation, and then

inferring a polyhedron on this affine subspace. Compared to a polyhedral estimation that

is compact in space, the conic counterpart better reflects the intrinsic unboundedness of

the dual dissipativity set, as we may have trajectories with sufficiently large input and

output signals. However, these trajectories with too large inputs and outputs may not

be of interest to characterize system behavior for control purposes, and we tend to avoid

them in the data generation procedure due to numerical issues or simulation validity.

Remark 13.4. The ICA and distribution inference approach proposed here for poly-

hedral estimation of the dual dissipativity set is motivated by [485] to approximate the

feasible region of optimization problems for establishing surrogate models, where convex

hulls of data points sampled from the region are found and refined, and the work of

[299] to construct the polyhedral uncertainty set for robust optimization, which involves

a PCA and a nonparametric distribution inference by kernel smoothing.

Remark 13.5. The assumption of bi-exponential distributions of independent compo-

nents of η can be replaced by the following bi-normal distributions, which gives confidence

regions that are linearly transformed ellipsoids following our procedures:

qj(ηj) =


wj√
2πaj

exp

[
−(ηj − cj)2

2a2
j

]
, ηj ≥ cj

1−wj√
2πbj

exp

[
−(cj − ηj)2

2b2j

]
, ηj < cj

(13.43)

13.3.3 Dissipativity learning control

The dissipativity learning controller design problem can be derived by incorporating

the dissipativity set estimation (13.41) into the L2-optimal control formulation (13.15).

However, the trajectory samples are generated on a finite time interval, and, although

starting with zero tracking error, they end up finitely distant from the target trajectory.
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As a result, the dissipativity parameters learned based on trajectories away from the

target may fail to characterize the system behavior near the target and guide us to a

stabilizing controller. Therefore, in addition to the previously constructed estimation of

the dissipativity set, we need an additional constraint that requires the dissipativity pa-

rameters to satisfy the condition (13.19) for infinitesimal trajectories starting from zero

tracking error. Apparently, it suffices that the submatrix of Π corresponding to inputs

(d, ũ) be positive semidefinite. This means that when the tracking error is zero, the stor-

age function has reached its minimum and any nonzero control inputs or disturbances

will increase the storage function. Thus we have reached the following formulation of

dissipativity learning control:

min
Π,K,β

β s.t.

[
I 0 0

0 K> I

]Π +

−βI 0 0

0 I 0

0 0 I



I 0

0 K

0 I

 � 0

Πdũ,dũ � 0, Π ∈ S∗.

(13.44)

Substituting the true dissipativity set S with the learned polyhedral conic approximation

S∗∆ (13.41), and expanding the descriptive definition of S∗∆ combined with the basis

expansion (13.29), the formulation becomes

min
Π,π,K,λ,β

β s.t.

[
I 0 0

0 K> I

]Π +

−βI 0 0

0 I 0

0 0 I



I 0

0 K

0 I

 � 0

Πdũ,dũ � 0, Π =
∑
k

πkEk

λ ≥ 0, π>(γ̄ +Mc) ≥ λ(J + J1/2∆)

(MD+)>π ≥ −λ1, (MD−)>π ≤ λ1.

(13.45)

Remark 13.6. It is not hard to see that if the Assumption 13.1 on the reachability

of any state from a state of zero tracking error does not hold, the above-mentioned

formulation can still be utilized to obtain an L2-optimal controller that works as long as

the initial state of the plant is reachable from a hypothetical state of zero tracking error

under some input trajectories.

The above formulation is a non-convex semidefinite programming problem, which

can not be simplistically tackled by the available convex optimization solvers such as

253



cvx [133]. The non-convexity arises from the trilinear semidefinite inequality involving

the controller gains K twice together with the dissipativity parameters Π and upper

bound of squared L2-gain β. However, the problem is multi-convex – once K is fixed,

the rest of the problem on (Π, π, λ, β) is convex; once (Π, π, λ, β) is fixed, as long as

Πdũ,dũ � 0 is satisfied, we have Πũ,ũ � 0 and hence the remaining problem on K is

a convex (quadratic) feasibility problem. We therefore adopt an iterative algorithm to

solve (13.45), where each iteration involves the following two steps:

(a) fix K to solve (Π, π, λ, β) to the optimum;

(b) seek a different K satisfying the first constraint of (13.45), so that after changing

K the solution obtained in step (a) is still feasible.

When we execute step (a) in the next iteration, the β is updated from the previous

feasible solution to the optimum under the new K. Therefore, the iterations of steps

(a) and (b) lead to a sequence of feasible solutions with non-increasing values of β.

Specifically, since the left-hand side of the first constraint of (13.45) is dependent on K

through its bottom right principal minor, K>(Πũ,ũ+I)K+K>Πũ,ỹ+Πũ,ỹK+(Πỹ,ỹ+I),

which is a quadratic form of K, the different K in step (b) can always be chosen as the

one such that the quadratic form is the most negative definite. In other words, step (b)

updates K according to

K = −(Πũ,ũ + I)−1Πũ,ỹ. (13.46)

If the quantities M , D+, D−, c are obtained from the ICA using the ũ and (ỹP, ỹI, ỹD)

as inputs and outputs, the formulation (13.45) can also be extended to an L2-optimal

dissipativity learning PID controller:

min β

s.t. [·]>

Π +


−βI 0 0 0 0

0 I 0 0 0

0 0 I 0 0

0 0 0 0 0

0 0 0 0 0






I 0 0 0

0 KP KI KD

0 I 0 0

0 0 I 0

0 0 0 I

 � 0

Πdũ,dũ � 0, Π =
∑
k

πkEk, π
>(γ̄ +Mc) ≥ λ(J + ∆J1/2)

λ ≥ 0, (MD+)>π ≥ −λ1, (MD−)>π ≤ λ1.

(13.47)
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The solution algorithm has no formal difference expect that the update ofK = [KP,KI,KD]

is expressed as K = −(Πũ,ũ + I)−1Πũ,ỹPỹIỹD .

Remark 13.7. Although the properties of multiconvex optimization algorithms have

been discussed in some recent works (see, e.g., [375]), it appears that the theoretic con-

vergence of the above algorithm using simple iterations is an open problem. However,

likely due to the exploitation of the quadratic constraint on K, our algorithm achieves

very fast practical convergence (within 20 iterations for the case studies in the following

sections), and is therefore suitable for use.

We summarize the entire procedure of dissipativity learning control as follows.

1. Preliminaries.

(a) Generate data samples.

(b) Calculate dissipativity parameter samples Γp, p = 1, 2, . . . , P according to

(13.27).

(c) Choose orthonormal matrix bases {Ek} and vectorize the Γp into γp according

to (13.29).

(d) Set the number of independent components J and confidence level ∆.

(e) Initialize controller gains K.

2. Dissipativity learning.

(a) Perform ICA and return average γ̄, mixing matrix M and transformed sam-

ples ηp in (13.30).

(b) For each component j, optimize the maximum likelihood estimate of the

parameter θj through (13.35).

(c) Obtain vector c with components cj = [
√

2 sin θj ], and matrices D+ =

diag(1/ sin(π/4− θj)), and D− = diag(1/ sin(π/4 + θj)).

3. Controller design.

(a) With fixed K, solve (13.45) for P control or (13.47) for PID control and

update (Π, π, λ, β).

(b) With fixed (Π, π, λ, β), update K by K = −(Πũ,ũ + I)−1Πũ,ỹ for P control

and K = −(Πũ,ũ + I)−1Πũ,ỹPỹIỹD for PID control.

(c) If the updated K does not have a sufficiently small deviation from the pre-

vious K, return to (a) to iterate. Otherwise terminate.
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13.4 Case study: Dissipativity Learning Regulating Con-

trol of a Polymerization Reactor

In this section we perform a case study of our proposed dissipativity learning control

method on a continuously stirred tank reactor (CSTR) with exothermic polymerization

reactions of methyl methacrylate taking place, which was used as a benchmark for

nonlinear geometric control [75, 388] due to its highly nonlinear dynamics. Here we

consider the regulating control of such a reactor (ū = 0, ȳ = 0) since the polymerization

extent needs to be held constant for the polymer product.

13.4.1 System description

The system model involves 6 states, 2 inputs, 2 outputs and 2 exogenous disturbances.

The 6 states represent the monomer and initiator concentrations, reactor and jacket

temperatures, amount of substance and mass of the product. The initiator feed and

the cold water flow rates are used as control inputs (u1 = Fi, u2 = Fw). The average

molecular weight and temperature are outputs (y1 = D1/D0, y2 = T , where D0 and

D1 are the molar and mass concentration of the polymer products, respectively). There

are two disturbances – monomer concentration and temperature of the feed stream

(d1 = Cm,in, d2 = Tin).

The governing equations are given as follows:

Ċm = −(kp + km)Cmφ+
F

V
(Cm,in − Cm)

Ċi = −kiCi +
FiCi,in − FCi

V

Ṫ = kpCmφ
−∆Hp

ρcp
− UA

ρcpV
(T − Tj) +

F

V
(Tin − T )

Ṫj =
Fw

Vw
(Tw − Tj) +

UA

ρwcwVw
(T − Tj)

Ḋ0 =

(
1

2
kc + kd

)
φ2 + kmCmφ−

FD0

V

Ḋ1 = (kp + km)CmφM −
FD1

V

(13.48)

The reaction rate constants k? for termination by coupling (c), disproportionation (d),

initiation (i), propagation (p) and chain transfer to monomer (m) are expressed in the
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Table 13.1: Parameters and nominal input and state values for the polymerization
reactor system

Par. Value Par. Value

Ac 3.8223× 1010 kmol/(m3·h) f∗ 0.58
Ad 3.1457× 1011 kmol/(m3·h) F 1.00 m3/h
Ai 3.7920× 1018 h−1 ρ 866 kg/m3

Ap 1.7700× 109 kmol/(m3·h) Ci,in 6.0 kmol/m3

Am 1.0067× 1015 kmol/(m3·h) R 8.314 J/(mol·K)
Ec 2944.2 kJ/kmol ∆Hp −57.8 kJ/mol
Ed 2944.2 kJ/kmol V 0.1 m3

Ei 128770 kJ/kmol M 100.12 kg/kmol
Ep 18283 kJ/kmol cp 2.0 kJ/(kg·K)
Em 74478 kJ/kmol Tw 293.2 K
U 720 kJ/(h·K·m2) A 2.0 m2

cw 4.2 kJ/(kg·K) ρw 103 kg/m3

Vw 0.02 m3

Input Nom. value Input Nom. value

Fi 0.01679 m3/h Fw 3.26363 m3/h

State Nom. value State Nom. value

Cm 7.7697 kg/kmol Ci 0.1143 kg/kmol
T 329.98 K Tj 296.67 K
D0 3.5155× 10−4 kmol/m3 D1 23.061 kg/m3

Dist. Nom. value Dist. Nom. value

Cm,in 8.0 kmol/m3 Tin 350 K

form of Arrhenius law:

k? = A? exp(−E?/RT ). (13.49)

The molar fraction of live monomer chains φ is specified by the quasi-equilibrium as-

sumption:

φ =

√
2f∗Ciki

kd + kc
. (13.50)

The parameters and nominal states are given in Table 13.1. The inputs, outputs, dis-

turbed variables and time are translated with the corresponding nominal values (so that

the origin is the steady state to be regulated at) and scaled by 0.001 m3/h, 1 m3/h,

1000 kg/kmol, 1 K, 1 kmol/m3, 1 K and 0.1 h, respectively.
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13.4.2 Data generation and dissipativity learning

The trajectory samples are generated using random walks. Independent Wiener pro-

cesses of random magnitudes uniformly distributed in [0, 1] are assigned to u1, u2, d1

and d2 in the time interval [0, 1] to simulate the system starting from the origin. 3000

independent trajectories are sampled, from which the dual dissipativity parameters Γp

are calculated by (13.27). With 2 disturbances, 2 control inputs and 2 outputs, each

Γp is a symmetric r-th order matrix (Γ ∈ Sr) with r = 6. We choose the orthonormal

bases (r(r + 1)/2 = 21 in total) for Sr according to

E 1
2

(2r−i)(i−1)+j,kl =



δkl/
√
r, i = j = 1

δkl/
√
i(i− 1), i = j 6= 1, k < i

−(i− 1)δkl/
√
i(i− 1), i = j 6= 1, k = i

0, i = j 6= 1, k > i

(δikδjl + δilδjk)/
√

2, i ≤ j

(13.51)

for 1 ≤ i ≤ j ≤ r and 1 ≤ k, l ≤ r to vectorize the matrices Γp into γp ∈ R21, where

the Kronecker’s δ symbol δkl for any two subscripts k and l equals 1 if k = l and 0

otherwise.

We first pick the number of independent components J equal to the dimension of

sample vectors, i.e., J = r(r + 1)/2 = 21 for ICA. Subplots 2–22 in Fig. 13.3 show

the histograms of the obtained components for all the samples, with the probability

density function of their inferred bi-exponential distributions shown as red curves, re-

spectively. The accordingly computed samples of the lumped random variable ζ as

defined in (13.36) and its inferred distribution are shown in the first subplot of Fig.

13.3. It is observed that compared to the inferred bi-exponential distribution, the em-

pirical distribution of the samples has apparently higher densities near the centers (cj

in (13.31)) but lower densities at moderate distances from the centers. To keep the

empirical and the inferred distributions having the same variance equal to 1, the em-

pirical distributions have longer tails than the inferred distributions. The deviations in

ηj result in the significant difference between the empirical and inferred distributions

of ζ. In principle, if our aim is only to capture the dissipative property of the system

based on the data samples, we may seek to modify the bi-exponential distribution by
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Figure 13.3: Distribution of the independent component parameters and the lumped
random variable ζ when J = 21 for the polymerization reactor.

asymmetric generalized normal distributions:

qj(ηj) =

wjµj exp(−aj |ηj − cj |αj ), ηj ≥ cj
(1− wj)νj exp(−bj |ηj − cj |αj ), ηj < cj

(13.52)

with smaller powers αj < 1 and optimized parameters aj , bj , cj , wj and normalizing

constants µj , νj . However, when αj < 1, the confidence region obtained by the lumped

random variable η =
∑J

j=1 aj |ηj − cj |αj is not a convex set, and will cause compu-

tational intractability of the dissipativity learning control problem (13.45) or (13.47).

Unfortunately, this does not seem to improve by changing the number of independent

components J .

After ICA, we construct the polyhedral estimations of the dual dissipativity set and

subsequently the dissipativity set as in (13.41). Since the empirical distribution of ζ

is different from an Erlang or normal distribution, the confidence level ∆ needs to be

assigned according to the empirical distribution of ζ rather than using the properties

of the Erlang or normal distributions such as the 3σ rule of thumb. Instead, due to

the long-tail feature, we should make ∆ larger than the corresponding value to the

desired confident level under the Erlang or normal distribution. For example, if we need
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Table 13.2: Minimized leading eigenvalue of the output blocks of the dissipativity matrix
Π under different numbers of independent components.

J 7 8 9 10

ρmax(Πỹ,ỹ) −∞ −∞ −0.5917 −0.4034

J 11 12 13 14

ρmax(Πỹ,ỹ) −0.4022 −0.3923 −0.3227 −0.1476

J 15 16 17 18

ρmax(Πỹ,ỹ) −0.0689 −0.0684 0.3099 0.3964

J 19 20 21

ρmax(Πỹ,ỹ) 0.5324 +∞ +∞

to cover 95% of the samples, the empirical distribution requires to choose ∆ ≥ 6.5762,

which is significantly higher than the value of 1.6449 required by the normal distribution

N (1, J−1/2).

For J = 21 and ∆ corresponding to 95% of the samples, we found that the origin

is an interior point of S∆ and therefore S∗∆ is a singleton of Π = 0, which is physically

meaningless since the supply rate and hence the storage function are constantly zero.

This can be avoided only when ∆ is as small as to cover 2% of the samples, which fails

to capture the true input–output response of the system. Therefore, the independent

component number J must be well-tuned so that a meaningful dissipativity set can be

generated under a sufficiently high confidence level ∆. For this, we vary J and always

set ∆ at the value to cover 95% of the ζ samples. For each J , we find the element

Π ∈ S∗∆ that minimizes the leading eigenvalue of the output blocks:

min
Π

ρmax(Πỹ,ỹ)

s.t. Π ∈ S∗∆, trace(Πdũ,dũ) = 1
(13.53)

where the last constraint is imposed for a fair comparison since S∗∆ is a cone. The Π

thus determined can be roughly considered as the least conservative estimate of the

dissipativity matrix. Their traces are compared in Table 13.2.

From Table 13.2 we observe that both too large and too small numbers of inde-

pendent components are undesirable. On one hand, when J is large, the dissipativity

learning procedure to construct the dual dissipativity set S∆ takes into consideration

insignificant dimensions of the data samples, and results in an overly conservative es-

timation of S∆ (i.e. the constructed polyhedron is much larger than it need be), thus
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Table 13.3: Optimal control performances (β) under different number of independent
components and confidence levels for the polymerization reactor.

∆ 85% 90% 95% 98% 99%

J = 10 0.1919 1.5152 1.5152 1.5152 1.5152
J = 11 0.4755 0.4844 0.5275 0.5586 0.5783
J = 12 0.7323 0.7589 0.7904 0.8139 0.8297
J = 13 5.3541 5.3541 5.3541 5.3541 5.3541

making its dual cone S∗∆ too small (which reduces to a singleton when J = 20 or 21).

On the other hand, if J is too small, important dimensions of the data are ignored, and

hence the dissipativity learning does not responsibly capture the system dynamics and

gives naively radical estimates, such as in the case of J = 7 or 8, when S∗∆ allows a

dissipativity matrix with Πdũ,dũ = 0 and Πỹ,ỹ ≺ 0, meaning that the storage can not

increase anyhow. When J = 10, 11 and 12, the minimized ρmax(Πỹ,ỹ) results are simi-

lar, which suggest a proper range of J . This can be further justified by the covariance

matrix of the samples γp, p = 1, . . . , P :

Σ =
1

P − 1

P∑
p=1

(γp − γ̄)(γp − γ̄)>, (13.54)

whose 11th eigenvalue in descending order, 0.0059, is an order-of-magnitude smaller

than the 10th eigenvalue 0.0572, and the eigenvalues after the 13th are smaller than

1% of the leading eigenvalue, 0.1944, implying that there are about 10–13 orthogonal

dimensions in which the data variations significantly exist.

13.4.3 Controller design and simulation

Now we use different values of J between 10 and 13 and different values of ∆ to cover

different percentages of the data samples, and solve the L2-optimal P control problem

(13.45) to obtain the guaranteed upper bounds of the squared L2-gain, β. The results

are shown in Table 13.3. It can be observed that J should be chosen as 11 or 12, so

that the confidence level ∆ can be found to have a non-trivial effect on the control

performance. Since J = 11 gives lower upper bound on the L2-gain than the other 3

values of J , in the sequel we set J = 11.

When the degree of polymerization (reflecting the rate of reactions) and the temper-

ature deviate from their setpoints, since the reaction rates increase with temperature
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and the reactions are exothermic, the deviations with opposite (same) signs annihilate

(exacerbate) each other to approach (escape) the setpoints, resulting in a decrease (an

increase) of the storage function. To reflect this dynamic feature of the system, the

output block Πỹ,ỹ should have one negative eigenvalue whose associated eigenvector

has two components with opposite signs, and one positive eigenvalue whose associated

eigenvector lies in the first quadrature. Also, the controller gain K should have 4 pos-

itive elements so that the controller signals are small when the output deviations have

the same signs and large when the output deviations are opposite. We note that this is

true for the optimized results obtained from the L2-optimal controller problem (13.45),

e.g., when the confidence level is 95%, we have

K =

[
1.5424 2.1511

1.0371 0.7978

]
(13.55)

and

Π =



0.3970 0.1460 0.4864 −0.2130 −0.3465 −1.6909

0.1460 0.3642 0.6708 −1.0100 −0.1917 0.2739

0.4864 0.6708 1.3754 −1.7372 −1.8620 −3.7239

−0.2130 −1.0100 −1.7372 2.9100 −1.3759 0.6174

−0.3465 −0.1917 −1.8620 −1.3759 3.0431 6.2436

−1.6909 0.2739 −3.7239 0.6174 6.2436 1.4358


. (13.56)

The same physical explanations can be made for Πũ,ũ and Πd,d. The eigenvectors

associated with the larger eigenvalue of Πũ,ũ and Πd,d should have opposite signs and

same signs, respectively, since the two control inputs have opposite effects (feeding

initiator accelerates polymerization while cooling water decelerates reactions) and the

two disturbances have the same effects (increasing monomer feed and increasing feed

temperature both accelerate reactions). These physical requirements are satisfied by

the obtained Π with Πũ1,ũ2 < 0 and Πd1,d2 > 0.

We simulate the dissipativity learning controllers obtained under confidence levels

85%, 90%, 95% and 99%, along with the open-loop system with feedback gain equal to

the zero matrix. The disturbance signals d1 and d2 that we use are two independent

zero-mean Orstein-Uhlenbeck processes, defined as

dU = −ωUdt+ υdW, U(0) = 0, (13.57)
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Figure 13.4: Process simulation for dissipativity learning controllers under disturbances.
The blue, red, green, and yellow lines correspond to confidence levels 85%, 90%, 95%
and 99%, respectively, under J = 11. The black lines correspond to the open-loop
system (u = 0).

where dW denotes the Wiener process, and υ = 0.1, ω = 6 (corresponding to a time

constant of 1/6 time scales or 1 min). Fig. 13.4 shows the simulated output trajectories

within 100 time scales (10 hours). Apparently, compared to the open-loop system, the

learned controllers have a better performance of disturbance rejection, with the outputs

(degree of polymerization and reactor temperature) kept close to the setpoints and free

from long-lasting significant deviations.

Of course, the use of a P controller in this case study is only for the illustration

of how the dissipativity learning control method can give well-performing controllers

with reasonable physical interpretations of the controller gains. P controllers may be

not suitable and an offset will be expected if the setpoint of the process can vary with

time. In such cases, one may consider designing a dissipativity-based PID controller, as

illustrated in the next case study.
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13.5 Case study: Dissipativity Learning Tracking Control

of an Oscillatory Reactor

In this section we apply the proposed dissipativity learning control method to the track-

ing control of a CSTR [311] in which the catalyzed gas phase oxidization of ethylene

takes place. There exist two side reactions to oxidize the primary product – ethylene

oxide – and the reactant ethylene into carbon dioxide. It is known that appropriate

periodic operation of this reactor can be economically more favorable than the optimal

steady-state operation [57].

13.5.1 System description

The state-space model involves 4 states and 2 inputs:

ẋ1 = (0.35 + u1)(1− x1x4)

ẋ2 = (0.35 + u1)(0.1 + u2 − x2x4)−A1 exp(C1/x4)(x2x4)0.5 −A2 exp(C2/x4)(x2x4)0.25

ẋ3 = −(0.35 + u1)x3x4 +A1 exp(C1/x4)(x2x4)0.5 −A3 exp(C3/x4)(x3x4)0.5

ẋ4 = x−1
1 [(0.35 + u1)(1− x4) +B1 exp(C1/x4)(x2x4)0.5

+B2 exp(C2/x4)(x2x4)0.25 +B3 exp(C3/x4)(x3x4)0.5 −B4(x4 − 1− d)]

(13.58)

The 4 states (x1, x2, x3, x4) are the dimensionless density, ethylene concentration,

ethylene oxide concentration, and temperature, respectively. The gas phase flow rate

and the ethylene concentration at the reactor inlet are used as control inputs. We

assume that there is a disturbance d in the cooling water temperature. The nominal

steady states under zero inputs and disturbances are given in Table 13.4. The reactor

temperature is taken as the output (y = x4 − xss
4 ). The inputs u1 and u2, disturbance

d, and output y are then scaled by 0.35, 0.10, 0.0001 and 0.0001, respectively.

[57] identified for d = 0 the optimal operation under control inputs in sinusoidal and

piecewise constant forms, whose concrete forms are omitted here for brevity and the

resulting trajectories are illustrated in Fig. 13.5. In this section we assume that these

two sets of trajectories are available without model knowledge, and examine whether the

proposed dissipativity learning control method can efficiently track them. For tracking

control where the desired inputs and the output oscillate over considerable ranges, it

may not be sufficient to use P controllers. Hence we consider dissipativity learning
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Table 13.4: Parameters and nominal steady state for the oscillatory reactor system

Par. Value Par. Value

A1 92.80 B1 7.32
A2 12.66 B2 10.39
A3 2412.71 B3 2170.5
C1 −8.13 B4 7.02
C2 −7.12 C3 −11.07

State Value State Value

xss
1 0.99889 xss

2 0.06494
xss

3 0.00949 xss
4 1.00111

with expanded outputs with integral and derivative of y, and controller design in the

formulation of (13.47).

13.5.2 Data generation and dissipativity learning

Independent trajectories (P = 2500) are sampled in a similar way as in Section 13.4.

For each sample, zero-mean stochastic processes bounded in [−1, 1] with a modified

Orstein-Uhlenbeck form:

dU = − ωU

1− U4
dU + σdW (13.59)

(ω = 1, σ = 1) are used to generate ū(t) and u(t), and a standard Wiener process is

used to generate d(t) within a time scale to drive the plant from the nominal steady

state, yielding the trajectory of (ȳP, ȳI, ȳD), (yP, yI, yD) and (ỹP, ỹI, ỹD) by subtraction.

Since the output derivatives are used in dissipativity learning, the output signals need

to be smooth enough. For this purpose, Savitzky-Golay filters [361] of order 3 with

a frame length of 0.5 time scale are applied to the disturbance and inputs. 100 of

these trajectories are shown in Fig. 13.6. From the trajectories, the dual dissipativity

parameters Γp are calculated.

The distributions of independent components ηj , j = 1, . . . , J under J = 21 are

shown in Fig. 13.7. It can be expected that compared with the polymerization reactor

example, the Γp data samples from the oscillatory reactor can be better described by the

bi-exponential distributions of its independent components. This is due to the higher

extent of dispersion of independent components from their distribution centers, which

may be explained by the fact that the data are sampled from a wide range of trajectories

to track rather than a single steady state to regulate at. The approach to determine
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Figure 13.5: Desired input and output trajectories the oscillatory reactor operated
periodically under sinusoidal (upper subplots) and piecewise constant inputs (lower
subplots). Red and green curves correspond to u1 and u2, respectively.

the appropriate range of J is similar to the previous case study, i.e., we perform the

dissipativity learning step under a series of different values of J and check whether

solving (13.53) returns a negative feasible solution. We then calculate the covariance

matrix (13.54) to choose the number of eigenvalues greater than 1% of the leading

eigenvalue, which suggests that J = 5.

13.5.3 Controller design and simulation

Finally we solve the L2-optimal dissipativity learning PID control problem (13.47) under

J = 5 and confidence levels ∆ corresponding to 85%, 90%, 95% and 99% of the samples.

For example, under the confidence level of 95% of the samples, the learned PID controller

is
ũ1 = 2.4407ỹP + 0.2008ỹI + 0.1410ỹD,

ũ2 = −4.7141ỹP − 1.2145ỹI − 0.2655ỹD.
(13.60)

The negative gains for the second input reflect the cooling effect on the reactor temper-

ature of the cooling water. The positive gains for the second input result from the fact

that increasing (decreasing) the gas phase flow rate decreases (increases) the residence

time, thus decreasing (increasing) the reactor temperature with a lower (higher) extent
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Figure 13.6: Trajectory samples of the oscillatory reactor system.

of exothermic reactions.

A stochastic Orstein-Uhlenbeck process is generated as the disturbance signal. The

simulated trajectories under the obtained 4 controllers and the open-loop trajectories

are shown in Fig. 13.8. It becomes apparent that under the learned controllers, the

disturbance is well attenuated compared to the open-loop system, where the disturbance

results in large fluctuations of the output.

13.6 Conclusions

Dissipativity, as an important characterization of the input–output response of dynamic

systems, can be leveraged in the setting of input–output data-driven control. Specifi-

cally, with the trajectories sampled from the dynamics, we can learn the range of the
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Figure 13.7: Distribution of the independent components and the lumped random vari-
able ζ when J = 21 for the oscillatory reactor.

parameters in the supply rate function (dissipativity set), based on which a dissipative

controller can be synthesized to shape the closed-loop stability. In this work, we first

pointed that such a dissipativity learning method is applicable to both regulating and

tracking control, and then proposed a method of learning dissipativity and synthesizing

dissipativity-based controllers from trajectory data based on independent component

analysis and distribution estimation. Two chemical reactor systems are used for de-

tailed case studies that demonstrated the efficacy of our proposed method. The P and

PID controllers designed with the proposed method achieve satisfactory performance.

In addition, we have shown that the learned dissipativity parameters are of good phys-

ical interpretability, based on which the signs of the optimal controller gains are found

to be in accordance with the physical relations among the process variables.

Although tested with only a few case studies so far, this framework is promising

for wider application of input–output data-driven control on process systems, including

those governed by partial differential and differential-algebraic equations, and large-

scale processes. We note that as a machine learning-based approach, the performance of

dissipativity learning control is essentially dependent on the accuracy of the dissipativity

learning result. To better guarantee the learning performance, there are two open

problems yet to be explored in future research, namely how to optimally generate or
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Figure 13.8: Simulated signals of the output errors of tracking the periodic trajectories.
The upper and lower subplots correspond to the trajectories in Fig. 13.5 with sinusoidal
and piecewise constant signals, respectively. The blue, red, green, and yellow lines
correspond to dissipativity learning controllers obtained under J = 5 and confidence
levels 85%, 90%, 95% and 99%, respectively. The black lines correspond to the open-
loop system (u = 0).

select data samples, and how to perform learning when data are less satisfactory, e.g.,

when sufficient open-loop trajectories are not available.
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Chapter 14

Dissipativity Learning Control (DLC): Theoreti-

cal Foundations of Input–Output Data-Driven Pro-

cess Control

14.1 Introduction

The increasing role of machine learning and data-driven techniques in modeling, opti-

mization, control and monitoring has become an important feature of process systems

engineering in the recent years, based on the belief that process data are highly in-

formative of the underlying relations or interactions in the systems of interest, thus

assisting or even replacing the traditional model-based paradigms of decision making

[214, 338, 432]. For control purposes, due to the potential of easing the derivation and

maintenance of dynamic models, a wide range of data-driven control algorithms have

been proposed [163, 301].

Based on the different roles of data in these approaches, we can classify them into

two categories: data-driven model-based ones and data-driven model-free ones. In data-

driven model-based control, data is mainly used for the identification of a dynamic

model. This ranges from the classical approaches of transfer function or linear state-

space model construction [238], parameter estimation in nonlinear models [106], neu-

ral nets [35] to more recent deep learning [240] and Koopman operator approaches

[449, 283]. Apart from the model itself, data may also provide specific auxiliary infor-

mation such as model-plant mismatch or uncertainties, either through passive correc-

tion in classical MPC [121] or active learning in stochastic control methods [261]. In

these model-based approaches, one still encounters the difficulties of establishing mod-

els, which should be sufficiently complex to accurately describe the system dynamics

while sufficiently simple to synthesize controllers.

In contrast, in data-driven model-free control, one directly seeks to learn from data

some essential control-relevant information, which can be much simpler than the full

dynamic model but has a more direct relation to the resulting control performance.

This idea dates back to the traditional PID tuning approaches based on the time and

frequency constants on response curves [13] for simple systems. More generic frame-

works such as iterative feedback tuning (IFT) [159] and virtual reference feedback tun-

ing (VRFT) [50] have been developed for linear systems. Preliminary explorations on
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the theoretical foundations and potential of data-driven model-free control approaches

based on the behavior theory of linear systems have been made [251, 79, 429]. In recent

years, approximate dynamic programming (ADP) and reinforcement learning (RL) have

gained more popularity [412, 376, 391]. In these approaches, the optimal control policy

and cost as state-dependent functions are considered as the essential control-relevant

information to be learned. Rooted in the optimal control theory, ADP and RL ap-

proaches can often provide stability guarantees for nonlinear systems, and appear to be

promising for model-free process control.

Despite the potential advantages of model-free control approaches, their applications

in nonlinear processes are usually limited to small-scale systems with relatively simple

dynamics. We note that this is mainly due to the facts that (i) chemical processes

are intrinsically nonlinear, whose control performance is restrictive if linear controller

synthesis approaches are used, and that (ii) the mechanisms underlying the dynamics is

typically complex with unobservable or unknown states, which makes function approxi-

mations on the state space highly challenging. For these reasons, in our previous works

[414, 411] we have developed an input–output data-driven model-free control framework,

named dissipativity learning control (DLC).

The DLC framework is built upon the dissipative theory in classical nonlinear con-

trol [323, 239], where dissipativity is used as a characterization of the input–output

behavior of systems and as a basis for controller synthesis, and also motivated by the

works on dissipativity-based control of chemical processes [4, 145, 357, 157], where the

dissipativity property is obtained through a rigorous derivation from the irreversible

thermodynamic model. Different from these works on model-based dissipative control,

in DLC, the dissipativity property is considered as the essential control-relevant informa-

tion to be learned from data in the form of input–output trajectories under excitations.

Such a dissipativity learning approach hence avoids the restrictions of thermodynamic

analysis, and establishes itself as a generic data-driven model-free control framework for

process systems. We note that recently in parallel to our works, the determination and

learning of dissipativity (or related properties) from the trajectories data of persistently

excited linear time-invariant (LTI) systems have been discussed [253, 352].

Although the dissipative approach is well established in nonlinear model-based con-

trol theory, the theoretical foundation of the learning of dissipativity from process data

and its impact on the resulting control, which is necessary for formally guaranteeing the

performance of the DLC framework, is still lacking. In this work, we aim at providing
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such a theoretical support for DLC. Specifically, the following points are made:

• If free of statistical errors, the DLC yields the optimal dissipative output-feedback

control law that is in a certain nearly L2-optimal sense defined on a certain neigh-

borhood of the origin;

• The errors resulting from data sampling and statistical inference of the effective

dual dissipativity set cause an error in the dissipativity learning result in terms

of an upper bound of the L2-gain from the exogenous disturbances to the inputs

and outputs;

• Under small errors in dissipativity learning, the perturbation on the resulting up-

per bound of L2-gain is also small, so that nearly L2-optimal control performance

is still achievable.

The remainder is organized as follows. We first give the control-theoretic descrip-

tion of the dissipativity-based control and its related concepts, providing the control-

theoretic foundation in Section 14.2. The statistical aspects of dissipativity learning,

including the sampling of trajectories and inference of the effective dual dissipativity

set, are discussed in Section 14.3. Thus we reach at a standardized DLC algorithm with

a formal guarantee of control performance, formulated in Section 14.4. We examine

such a standardized DLC framework and compare it with linear model identification-

based optimal control through a case study on a two-phase reactor in Section 14.5.

Conclusions are given in Section 14.6.

14.2 Control-Theoretic Foundations

14.2.1 Dissipativity

We consider nonlinear systems in the form of

ẋ(t) = f(x(t), u(t), d(t)), y(t) = h(x(t)) (14.1)

where x(t) ∈ Rnx is the vector of states, y(t) ∈ Rny is the outputs, u(t) ∈ Rnu is the vec-

tor of control inputs (manipulated variables), d(t) ∈ Rnd is the exogenous disturbances.

The vector of inputs v(t) = (u(t), d(t)) ∈ Rnv is stacked from manipulated variables

and disturbances. Functions f and h are assumed to be Lipschitz continuous, satisfying
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f(0, 0, 0) = 0 and h(0) = 0, i.e., the origin is an equilibrium point of (14.1) giving zero

outputs under zero inputs. An output feedback control law is considered as a Lipschitz

continuous function κ : Rny → Rnu , leading to a closed-loop system:

ẋ(t) = f(x(t), κ(h(x(t))), d(t)). (14.2)

For the design of κ, it is desirable that the closed-loop system (14.2) is asymptotically

attracted to the origin from some neighborhood of the origin in the absence of distur-

bances, or is subject to limited impact of disturbances. The concept of dissipativity,

originally introduced in [448] and later developed in [154, 278, 155], provides a global

description of a fundamental constraint on the input–output behavior of dynamical sys-

tems. We note that since a globally dissipative property is difficult to obtain, here we

consider dissipativity in a more restricted but practical context.

We first define the set of admissible input signals.

Definition 14.1 (admissible inputs). The set of admissible input signals on [0, t] is the

collection of real nv-dimensional vector-valued continuous functions on [0, t] that has an

L2-norm not exceeding 1, and for each of its component, if expressed as cosine series,

the L2-norm of all the high-frequency terms with wave number over Nf ∈ N can not

exceed a proportion of a small positive number εf , i.e.,

VNf ,εf (t) =

{
v : [0, t]→ Rnv

∣∣∣∣vj(τ) =
aj0√

2
+
∞∑
i=1

aji cos
iπτ

t

∞∑
i=0

(aji )
2 ≤ 1,

∞∑
i=Nf+1

(aji )
2 ≤ εf

Nf∑
i=1

(aji )
2, j = 1, . . . , nv

} (14.3)

Such defined admissible input signal set excludes very large or highly oscillatory

signals. By using this definition, we are implicitly assuming that for the controller

design of the system (14.1), its behavior under excessively large or oscillatory input

signals does not contain any information that is of interest, nor does the controller

necessarily result in such signals. We also define the domain of states that are reachable

from the origin within time t.

Definition 14.2 (reachable domain). The reachable domain at time t (under admissible

input signals) is the endpoint of all trajectories of system (14.1) on [0, t] under input
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signals whose restriction on [0, τ ] is admissible for all τ ∈ [0, t]:

DNf ,εf (t) =

{
x(t)

∣∣∣∣ẋ(τ) = f(x(τ), v(τ)), τ ∈ [0, t], v|[0,τ ] ∈ VNf ,εf (τ), τ ∈ [0, t], x(0) = 0

}
.

(14.4)

For brevity we will usually omit the Nf , εf in the subscript. Clearly, if x ∈ D(t1)

for some t1 ≥ 0, then there exists v on [0, t1] driving the states from the origin to x;

then for any t2 > t1, the signal v with a time delay of t2 − t1 drives the states from 0

to x in [0, t2], and hence x ∈ D(t2). This implies D(t1) ⊆ D(t2) whenever 0 ≤ t1 ≤ t2,

and hence the reachable domain at time t is equivalent to the reachable domain within

time t. With these definitions, we reconstruct the dissipative control theory through an

adaptation of the approach of [154].

Definition 14.3 (Hill-Moylan inequality). The system (14.1) is said to satisfy Hill-

Moylan inequality on D(T ) for some T > 0, if for any t ∈ [0, T ] and v : [0, t] → Rnv

such that v|[0,τ ] ∈ V(τ) for all τ ∈ [0, t], the resulting trajectory on [0, t] satisfies∫ t

0
s(y(τ), v(τ))dτ ≥ 0 (14.5)

for some continuous function s : Rny ×Rnv → R. Such a function s is called the supply

rate function.

Now we establish the dissipativity property of the system. For this we define the

storage function and the concept of early reachable domain.

Definition 14.4 (storage function). If the system (14.1) satisfies the Hill-Moylan in-

equality on D(T ) for some T > 0, then the following function V (x) defined on D(T ),

which is positive semidefinite with V (0) = 0, is called the storage function:

V (x) = min
v|[0,τ ]∈V(τ) τ∈[0,t]

x(0)=0, x(t)=x

∫ t

0
s(y(τ), v(τ))dτ. (14.6)

For convenience, we refer to any such minimizing input signal from the origin to x as

an effective reaching signal.

The minimum in the above definition is well defined due to the Lipschitz continuity

of the dynamics, continuity of the storage function, and completeness of the admissible
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input signal set. Obviously, the minimum can always be found for an input signal with

t = T (by using the time-delay argument). However, for studying the dissipativity

property, we should consider only the states for which an effective reaching signal exists

for some t < T , so that this signal may be extended after t.

Definition 14.5 (early reaching domain). The early reaching domain D̊(T ) is the subset

of D(T ) with states x such that an effective reaching signal for x defined in (14.6) exists

on some time t strictly less than T . We call any such effective reaching signal as an

early reaching signal.

Now we may follow a similar approach to [154] to establish the dissipativity property.

Lemma 14.1 (Hill-Moylan Lemma). Suppose that the Hill-Moylan inequality (14.5)

holds. Then for any x1 ∈ D̊(T ), suppose that it has early reaching signal that is defined

on [0, t1] for some t1 < T , can be extended to some t2 ∈ [t1, T ] without violating the

admissibility, and drives the states to x2. Then

V (x2)− V (x1) ≤
∫ t2

t1

s(y(t), v(t))dt. (14.7)

We refer to such a property as the dissipativity of storage function V with respect to

supply rate s on D(T ), and (14.7) as the dissipative inequality.

Proof. According to the definition of the storage function (14.6),

V (x2)− V (x1) = min
v|[0,τ ]∈V(τ) τ∈[0,t]

x(0)=0, x(t)=x2

∫ t

0
sdτ −

∫ t1

0
sdτ. (14.8)

The lemma is proved by relaxing the minimum term to this hypothetic trajectory on

[0, t1] from the origin to x1 continued on [t1, t2] from x1 to x2.

Therefore, to acquire the knowledge about the dissipativity property of the system

(14.1), one needs to solve the following problem, which we will further discuss later.

Problem 14.1 (determination of the supply rate function). Given hyperparameters Nf ,

εf and T , find (a range of) continuous functions s satisfying the Hill-Moylan inequality.

14.2.2 Dissipative controller synthesis

Suppose that we now know a supply rate function s (or a range of supply rate func-

tions) of the system. According to the Hill-Moylan Lemma, the system is dissipative
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with respect to supply rate s for some storage function V . We now consider how the

dissipativity property leads to results in controller synthesis to guarantee closed-loop

stability. Key to the desirable stability property is to shape the closed-loop supply rate

function with bounded nonconcavity:

s(y, κ(y), d) ≤ β‖d‖2 − ‖κ(y)‖2 − ‖y‖2, (14.9)

for some β > 0, so that the dissipative inequality (14.7) constrains the L2-gain from d

to the performance outputs z = (y, u) not to exceed β1/2.

To guarantee the dissipative inequality throughout the time, we need to prevent the

concepts given in the previous subsection from becoming ill-defined.

Definition 14.6 (effective reachable domain). The effective reachable domain Ďκ(T ) =

ĎκNf ,εf
(T ) of the output feedback control law κ is such a subset of D̊ satisfying the follow-

ing condition. For any point x0 ∈ D̊(T ) and for any exogenous disturbance signal that is

admissible on [0, t] for all t ≥ 0, the closed-loop system starting from x0 at time 0 under

control u = κ(y) = κ(h(x)) remains in Ď, and the input signal retains the admissibility

of the effective reaching signal for all t ≥ 0.

It appears to be difficult to characterize the effective reachable domain and prove

whether it is a connected open set. For simplicity, we make the following assumption.

Assumption 14.1. Assume that when the output-feedback law κ is chosen within a

predefined range of interest K, there is a neighborhood of the origin Ď that is in the

intersection of all the effective reachable domains, i.e., Ď(T ) = ∩κ∈KĎκ(T ).

With a slight abuse of terminology, we still call this Ď(T ) the effective reachable

domain. Clearly, it is the domain on which the dissipative inequality (14.7) holds

recursively. Moreover, since we only discuss the dissipativity on the effective reachable

domain Ď(T ) under controller κ, it suffices to have a relaxed definition of supply rate,

called effective supply rate function. Of course, since Ď(T ) is difficult to know, so does

the effective supply rate.

Definition 14.7 (effective supply rate). An effective supply rate function is a contin-

uous function s such that Hill-Moylan inequality holds for some effective input signals

on [0, t] for some t < T that is admissible on any [0, τ ], τ ∈ [0, t] for some state in

Ď(T ). We refer to the set of supply rate functions as S and set of effective supply rate

functions as Š. Then Š ⊇ S.
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Now we establish the guarantee of L2-stability according to the following proposition,

for which the proof is simple by combining (14.7) and (14.9).

Lemma 14.2 (stability of dissipative control). Suppose that there exist an output-

feedback control law κ ∈ K and an effective supply rate function s ∈ Š satisfying (14.9)

for some β > 0, then starting from any x(0) ∈ Ď(T ), for any t ≥ 0, we have a

nonnegative constant C such that∫ t

0

(
‖y‖2 + ‖u‖2

)
dτ ≤ β

∫ t

0
‖d‖2dτ + C (14.10)

always holds, and hence the exogenous disturbance has a L2-gain to z = (y, u) not

exceeding β1/2. In other words, the closed-loop system is L2-stable.

Hence the controller synthesis problem based on dissipativity is formally stated as

the following problem.

Problem 14.2 (determination of the control law). Given a (or a range of) supply rate

function s with respect to which the system is dissipative on DNf ,εf (T ), find an output

feedback control law κ such that s(y, κ(y), d) ≤ −‖y‖2 − ‖κ(y)‖2 + β‖d‖2 for some (or

the smallest) β > 0.

For the computational tractability of the controller synthesis, we shall consider sup-

ply rate functions in quadratic forms:

s(y, u, d) =
[
y> u> d>

]
Π

yu
d

 (14.11)

and hence the supply rate function s(y, u, d) is represented by a symmetric matrix

Π ∈ R(ny+nv)×(ny+nv). We also consider controllers in linear form κ(y) = Ky. This ends

up at a semidefinite programming problem of finding a feasible or optimal solution of

(K,β) satisfying the following matrix inequality

[
I K> 0

0 0 I

]Π +

I 0 0

0 I 0

0 0 −βI



 I 0

K 0

0 I

 � 0. (14.12)

Remark 14.1 (PID control). Although we have represented the controller in the form of
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proportional feedback, it is worth noting that the semidefinite programming formulation

can be extended to more general linear controller forms such as PID controllers, by

simply augmenting the output variables with its derivatives and the state variables with

an integrator. If the set of supply rate functions is accurately known and the optimal

controller gain is optimized over all supply rate functions, then we obtain theoretically

the optimal dissipative P/PI/PID controller in the L2-sense within K.

Remark 14.2 (tracking control). For tracking control tasks where the goal is to drive

the system towards a reference trajectory rather than to the origin, it suffices to split

the process variables (v, x, y) into the corresponding reference variables (v̄, x̄, ȳ) (whose

trajectory is specified a priori) and deviation variables (ṽ, x̃, ỹ) (so that the goal is to

drive the deviations to zero), and correspondingly redefine the reachable domain, storage

function, and supply rate functions based on the origin of deviation variables. This was

discussed in our previous work [411].

14.2.3 Dissipativity and dual dissipativity sets

Suppose that the model of the system (14.1) is unknown. In order to find a (or a range

of) supply rate function parameterized by a quadratic form (14.11) in a data-driven

setting, we first note that the Hill-Moylan inequality (14.5) can be rewritten as

〈Π,
∫ t

0

yu
d

[y> u> d>
]
dτ〉 ≥ 0, (14.13)

where the inner product 〈M1,M2〉 for any two symmetric matrices M1 and M2 is defined

as trace(M1M2), with 〈M,M〉 = ‖M‖2 being the Frobenius norm. We note that Π as a

representation of the supply function is a property of the system, and the integral above

is a property of the excitation input signal. Hence we introduce the following definitions

in dual.

Definition 14.8 (dissipativity parameters and sets). The matrix Π is called the (ma-

trix of) dissipativity parameters. The set of dissipativity parameters such that the corre-

sponding supply rate function (14.11) is in S is called the dissipativity set (still denoted

as S). The dissipativity parameter set Π is said to be effective if the corresponding sup-

ply rate is effective. The set of effective dissipativity parameters is called the effective

dissipativity set (still denoted as Š).
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Definition 14.9 (dual dissipativity parameters and sets). The dual dissipativity pa-

rameter of an excitation input signal on [0, t] that is admissible on all [0, τ ] for τ ∈ [0, t]

is defined based on the resulting excited trajectory as

Γ =

∫ t

0

yu
d

[y> u> d>
]
dτ. (14.14)

The set of dual dissipativity parameters is called the dual dissipativity set (denoted as

G), and the set of dual dissipativity parameters of effective input signals is called the

effective dual dissipativity set (denoted as Ǧ).

It directly follows from these definitions that S ⊆ Š, G ⊇ Ǧ, and S and Š are the

dual cones of G and Ǧ, respectively, i.e.,

S = G∗ = {Π|〈Π,Γ〉 ≥ 0, ∀Γ ∈ G}

Š = Ǧ∗ = {Π|〈Π,Γ〉 ≥ 0, ∀Γ ∈ Ǧ}.
(14.15)

The dissipativity sets and dual dissipativity sets defined above are also hyper-parametrized

by Nf , εf and T . These symbols are omitted for brevity. For quadratic supply rate func-

tion and linear feedback laws, we can restate Lemma 14.2 as

Lemma 14.3 (stability of dissipative control). Suppose that there exist Π ∈ Ǧ∗, K ∈ K,

and β > 0 satisfying (14.12). Then the closed-loop system is L2-stable in Ď.

Therefore, the task of obtaining a dissipative controller for system (14.1), involv-

ing the determination of supply rate function (Problem 14.1) and the output-feedback

control (Problem 14.2), is stated as follows.

Problem 14.3 (dissipativity-based control). Given hyperparameters Nf , εf and T , ob-

tain Ǧ and its dual cone Š = Ǧ∗, and solve for a control law K satisfying (14.12) with

some Π ∈ Š and β > 0.

14.3 Statistical Foundations

In a data-driven setting, the determination of the effective dual dissipativity set Ǧ and

its dual cone for the system (14.1) is done on the basis of statistical inference. That is,

an estimation of Ǧ, denoted as Ĝ and its dual cone Ŝ, as an estimation of Š, should be
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obtained from some data samples of the system. In this section, we discuss the effect

of sampling and inference steps, and provide guidelines on how to collect samples and

conduct inference.

14.3.1 Sampling of input excitations

In order to obtain estimations of the dissipativity and dual dissipativity sets, one needs

to create samples of admissible input signals to excite the system (14.1) from the origin,

collect the resulting output trajectories, and calculate the corresponding dual dissipa-

tivity parameters Γ. We note that each admissible input signal in VNf ,εf (T ) is identical

to an infinite-dimensional point (series) a in AnvNf ,εf
(T ), where

ANf ,εf (T ) =

(a0, a1, . . . )

∣∣∣∣ ∞∑
i=1

a2
i ≤ 1,

∞∑
i=Nf+1

a2
i ≤ εf

Nf∑
i=1

a2
i

 . (14.16)

Sampling from AnvNf ,εf
(T ) as an infinite-dimensional set is apparently not tractable.

Hence we consider sampling on its approximation as a finite-dimensional unit ball cen-

tered at the origin:

ÂNf ,εf (T ) =

{
(a0, a1, . . . , aNf

)

∣∣∣∣ Nf∑
i=1

a2
i ≤ 1

}
= BNf

(0, 1). (14.17)

Every element of Â(T ) is also in A(T ) if suffixed with infinite number of zeros, and

in this sense Â(T ) is a subset of A(T ). For each a ∈ A(T ), one can obviously find a

corresponding â ∈ Â(T ) such that ‖a− â‖2 ≤ εf‖â‖ by grounding the numbers after the

Nf -th to zero.

Therefore, if one samples in Â(T ) in a sufficiently “proportionally dense” manner,

such that for any â ∈ Â(T ), there exist a sample a′ that is close enough to â with

‖a′ − â‖ ≤ εâ‖a′‖ for some small εâ > 0, then for any a ∈ A(T ), there exists a sample

a′ with ‖a′ − a‖ ≤ εa‖a′‖ for some εa > 0. We note that the `2-distance on the space of

Fourier coefficients equals the L2-distance of the input signals. Hence a proportionally

dense sampling on Â(T ) implies a proportionally dense sampling of admissible input

signals, which also implies a proportionally dense sampling on the dual dissipativity set

G.

Lemma 14.4 (Denseness of sampling on the dual dissipativity set). If for any input
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signal v ∈ A(T ), there exists a sample input signal v(p) ∈ Â(T ) (where p is the sample

index) such that ‖v − v(p)‖L2([0,T ]) ≤ εv‖v(p)‖L2([0,T ]) for some small εv > 0 (assuming

εv < 1), then there exist constants C0, C1, C2 > 0 such that the corresponding dual

dissipativity parameters Γ and Γ(p) satisfy

‖Γ− Γ(p)‖ ≤ C0(1 + C1e
C2T )εvtrace(Γ(p)). (14.18)

Proof. Consider the incremental dynamics

∆ẋ = f(x+ ∆x, v + ∆v)− f(x, v), ∆y = h(x+ ∆x)− h(x). (14.19)

Let the f and h have Lipschitz constants Lf,x, Lf,v and Lh,x > 0, respectively. Then

we obtain

‖∆ẋ‖ ≤ Lf,x‖∆x‖+ Lf,v‖∆v‖, ‖∆y‖ ≤ Lh,x‖∆x‖. (14.20)

The Grönwall inequality implies that

‖∆y(t)‖ ≤ Lh,xLf,v
∫ t

0
eLf,x(t−τ)‖∆v(τ)‖dτ. (14.21)

Applying Cauchy-Schwartz inequality, one easily obtains

‖∆y(t)‖ ≤
Lh,xLf,v

(2Lf,x)1/2
eLf,xt

(∫ t

0
‖∆v(τ)‖2dτ

)1/2

. (14.22)

Relaxing the right-hand side integral onto [0, T ] and calculating the integral of squares,

we have

‖∆y‖L2([0,T ]) ≤
Lh,xLf,v

2Lf,x
eLf,xT ‖∆v‖L2([0,T ]). (14.23)

The resulting difference of the dual dissipativity parameters can be shown to be upper

boundeded by

‖∆Γ‖2 ≤ 1

3
(
L2
h,xL

2
f,v

4L2
f,x

e2Lf,xT + 1)2(2‖v‖2L2 + ‖∆v‖2L2)‖∆v‖2L2 , (14.24)

and hence

‖∆Γ‖ ≤ 2√
3

(1 +
L2
h,xL

2
f,v

4L2
f,x

e2Lf,xT )εv‖v‖L2 . (14.25)
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This leads to the conclusion of the lemma with C0 = 2/
√

3, C1 = L2
h,xL

2
f,v/4L

2
f,x and

C2 = 2Lf,x, since trace(Γ(p)) = ‖∆v‖2L2 + ‖∆y‖2L2 .

If the sampling is dense on G, then the remaining task is to select the samples that

are useful to estimate the effective subset Ǧ, and perform the inference of Ǧ. However,

due to the very reason that Ǧ is unknown a priori, we have to assume an oracle of sample

selection.

Assumption 14.2 (Effective sample selection or generation oracle). Assume that there

is an approach for the selection of data samples such that for any dual dissipativity

parameter Γ in the effective dual dissipativity set Ǧ, there is a selected sample Γ(p) such

that

‖Γ− Γ(p)‖ ≤ εΓtrace(Γ(p)) (14.26)

for some εΓ > 0. Alternatively we may assume that the samples are directly generated

so that the above inequality is satisfied.

Since the above oracle is only assumed for theoretical analysis and unavailable in

reality, here we propose a simple heuristic rule of selecting effective samples. The

underlying idea is that the effective reaching signal should tend to result in a smaller

extent of oscillations in the inputs and outputs. If expressed as Fourier series, these

input signals should have larger (in absolute values) low-frequency coefficients than

the high-frequency coefficients. Hence we sort the components of the sample points in

ÂNf,εf(T ) in the descending order of absolute values and use the sorted a ∈ Â(T ) to

replace the original one. We shall refer to this rule as the sorting heuristics later.

Remark 14.3 (negligibly small excitations). The condition of proportionally dense

sampling is in fact not realizable with a finite sample set, since the excitation input signal

may be arbitrarily small. We need to compromise such excessively small signals, which

drive the states from the origin to a small neighborhood. As a result, the guaranteed

L2-stability degrades into a practical stability on the effective reaching domain excluding

such a small neighborhood.

14.3.2 Inference of effective dissipativity set

Now suppose that a dense sampling is performed on G and effective samples Γ(p), p =

1, . . . , P are selected such that the condition in Assumption 14.2 is satisfied. A statistical

inference procedure is subsequently used to give an approximate description of the
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effective dual dissipativity set Ǧ. It is easily verifiable that, if such a set Ĝ estimated

from samples may leave a sample out for a small enough distance, i.e., for any Γ(p) there

exists a Γ̂ ∈ Ĝ such that for a small εΓ̂ > 0, ‖Γ(p) − Γ̂‖ ≤ εΓ̂‖Γ̂‖, then there exists a

0 < ε+Γ ≤ εΓ+εΓ̂+εΓεΓ̂
√
ny + nv > 0 such that ‖Γ(p)−Γ̂‖ ≤ ε+Γ ‖Γ̂‖. Hence for any Γ ∈ Ǧ

there exists Γ̂ ∈ Ĝ such that ‖Γ− Γ̂‖ ≤ ε‖Γ̂‖ for some 0 < ε < ε+Γ + εΓ̂. Simply speaking,

if the sampling is effective enough and the inference of Ǧ is close to the samples, then

the estimated Ĝ is close to the actual Ǧ.

The following proposition establishes the impact of the accuracy of Ĝ on the inference

of its dual cone Ŝ.

Lemma 14.5 (Accuracy of effective dual dissipativity set). Suppose that for any Γ ∈ Ǧ
there exists a Γ̂ ∈ Ĝ such that ‖Γ− Γ̂‖ ≤ ε‖Γ̂‖, then

Š ⊇
⋂
Γ̂∈Ĝ

{
Π̂ | 〈Π̂, Γ̂〉 ≥ ε‖Π̂‖ · ‖Γ̂‖

}
. (14.27)

The right-hand side is a modified dual cone of Ĝ with the 90◦ angle specification strength-

ened to arccos ε. Therefore for any Π̂ ∈ Ŝ, there exists a Π ∈ Š with ‖Π − Π̂‖ ≤ δ‖Π̂‖
with δ ∈ [0, 2 sin arcsin(ε/2)].

Proof. According to the condition of the lemma, we have

Ǧ ⊆ {Γ̂ + ∆‖Γ̂‖ | Γ̂ ∈ Ĝ, ‖∆‖ ≤ ε}. (14.28)

Hence Š is a superset of the dual cone of the right-hand side of the “⊆” symbol. Since

for each Γ̂,

{Γ̂ + ∆‖Γ̂‖ | , ‖∆‖ ≤ ε}∗ = {Π̂|〈Π̂, Γ̂〉+ ‖Γ̂‖ min
‖∆‖≤ε

〈Π̂,∆〉 ≥ 0}, (14.29)

where the minimization leads to a −ε‖Π̂‖ · ‖Γ̂‖ term, by taking the intersection over all

Γ̂ ∈ Ĝ we see the conclusion.

For the estimation of the efficient reaching domain Ĝ, any anomaly detection, one-

class classification, probability density estimation, or hull algorithm is in principle suit-

able. However, for computational tractability of controller synthesis, we need the es-

timate Ĝ to have a simple convex form such as polyhedron, polyhedral cone, ellipsoid,

or second-order cone. In our previous works [414, 411] we have used support vector
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machine and probability estimation with independent bi-exponential distributions for

polyhedral sets. Here we provide the procedure for inferring Ĝ as a second-order cone.

Note that any Γ(p) must be a semidefinite matrix, whose trace is positive except for

the singular case of the zero-input trajectory, which we can assume does not exist in the

sample. We first normalize all the samples of dual dissipativity parameters to trace 1:

Γ
(p)
+ = Γ(p)/‖Γ(p)‖, p = 1, . . . , P. (14.30)

Then a principal component analysis (PCA) algorithm is applied to the trace-1 samples.

For this purpose, a basis {Ek}Kk=1 for (ny+nv)-order symmetric matrices is chosen, which

vectorizes the samples into

γ(p) = [〈Ek,Γ
(p)
+ 〉]Kk=1. (14.31)

By finding the sample average γ̄ and the diagonal matrix of component-wise standard

deviations D = diag(Dk, k = 1, . . . ,K), the vectorized samples are whitened by trans-

lation and scaling:

γ̄ =
1

P

P∑
p=1

γ(p), Dk =
1

P − 1

P∑
p=1

(γ
(p)
k − γ̄k)

2, γ
(p)
+ = D−1(γ(p) − γ̄). (14.32)

Then the ellipsoidal range of γ
(p)
+ , p = 1, . . . , P is found by a singular value decomposi-

tion of the horizontally stacked matrix of samples,

1√
P − 1

[
γ

(1)
+ . . . γ

(P )
+

]
= USV >, (14.33)

where U and V are orthogonal matrices, and S ∈ RK×P is a diagonal matrix of singular

values si ≥ 0 (in descending order), i.e., if subscribing the column vectors of U and V

and the singular values, then the right-hand side above is
∑min(K,P )

i=1 siuiv
>
i . Typically

sufficiently small singular values are neglected by choosing the number of principal

values J according to a certain rule, then

1√
P − 1

[
γ

(1)
+ . . . γ

(P )
+

]
≈ U1:JS1:JV

>
1:J , (14.34)

which implies that the sample covariance matrix is approximately U1:JS
2
1:JU

>
1:J (the

subscript 1 : J stands for columns 1 to J for U and V , and also rows 1 to J for
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S). Suppose that the samples are normally distributed. Then the vectors of principle

components

η(p) = S−1
1:JU

>
1:Jγ

(p)
+ ∈ RJ , p = 1, . . . , P (14.35)

should be samples from a standard normal distribution, for which the `2-norm is the

Hotelling statistics, and a threshold hyperparameter Θ > 0 can be chosen.

Through the PCA, an estimation Ĝ is obtained as a confidence region in the form of

Ĝ = {η|‖η‖ ≤ Θ} = {γ+|γ+ = U1:JS1:Jη, ‖η‖ ≤ Θ}

= {γ = γ̄ +DU1:JS1:Jη, ‖η‖ ≤ Θ}
(14.36)

Call the following matrix as the mixing matrix (of vectorized normalized dual dissipa-

tivity matrices from principal components):

G = DU1:JS1:J . (14.37)

Then

Ĝ =

{
Γ

∣∣∣∣Γ = r

K∑
k=1

γkEk, γ = γ̄ +Gη, r ≥ 0, ‖η‖ ≤ Θ

}
, (14.38)

whose dual cone is expressed as

Ŝ =

{
Π

∣∣∣∣Π =
K∑
k=1

πkEk, 〈π, γ̄〉 −Θ‖G>π‖ ≥ 0

}
. (14.39)

14.3.3 The effect of learning on control

Finally, we consider the impact of the statistical errors on the resulting control per-

formance in terms of the upper bound on the L2-gain. Call the third matrix on the

left-hand side of the matrix inequality (14.12) as the loop-closing matrix, and denote it

as H. The perturbation on the resulting L2-gain is then considered by the modification

of the matrix inequality.

Lemma 14.6 (Resulting control performance). Let

H =

 I 0

K 0

0 I

 . (14.40)
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Suppose that the matrix inequality

H>

Π̂ +

I 0 0

0 I 0

0 0 −βI


H � 0, (14.41)

holds for some Π̂ ∈ Ŝ, and that there exists a Π ∈ Š such that ‖Π− Π̂‖ ≤ δ‖Π̂‖. Then

the square L2-gain from exogenous d to z = (y, u) is guaranteed to be upper bounded by

β + δβ on Ď with δβ = (1 + β)δ‖Π̂‖/(1− δ‖Π̂‖), if β‖Π̂‖ ≤ 1.

Proof. Since for any symmetric matrix the spectral radius can not exceed its Frobenius

norm, ‖Π− Π̂‖ ≤ δ‖Π̂‖ implies that

Π− Π̂−

δ‖Π̂‖I 0 0

0 δ‖Π̂‖I 0

0 0 δ‖Π̂‖I

 � 0. (14.42)

Hence

H>

Π− Π̂−

δ‖Π̂‖I 0 0

0 δ‖Π̂‖I 0

0 0 δ‖Π̂‖I


H � 0, (14.43)

which implies the following inequality by adding to (14.41) and multiplying by 1/(1 −
δ‖Π̂‖):

H>

 1

1− δ‖Π̂‖
Π +

I 0 0

0 I 0

0 0 (β + δβ)I


H � 0. (14.44)

Since Š is a cone, when Π ∈ Š, 1
1−δ‖Π̂‖

Π ∈ Š. According to Lemma 14.2, the conclusion

is proved.

Due to the possibility that the adopted schemes of sample generation, selection and

statistical inference may not be effective enough to cover a significant part of Ǧ (satisfy-

ing the condition of Lemma 14.5), the above-mentioned perturbed control performance

is guaranteed only on a subset of Ď that is positive-invariant under control laws in K
without violating admissibility of input signals. Finally we assume that this true domain

of attraction Ω is still a neighborhood of the origin with a satisfactory size.
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Figure 14.1: Procedures involved in the DLC framework.

14.4 The DLC Framework

14.4.1 General DLC algorithm and its performance

At this point we summarize the results in the previous two sections. Generally, the

DLC approach to input–output data-driven model-free control contains the following

procedures, for which an illustration is given in Figure 14.1.

1. Sampling by excitation: Densely choose admissible input signals by the vector

of Fourier coefficients, and heuristically select effective samples (e.g., using the

sorting heuristics). Alternatively, samples may be generated directly by a heuristic

rule.

2. Sample processing : Calculate the dual dissipativity parameters of the sample

input–output trajectories. Then choose matrix basis, and vectorize the dual dis-

sipativity parameters and normalize to trace 1.
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3. Dissipativity learning : Perform a PCA procedure on the vector samples to find

the mixing matrix. Characterize the dissipativity set by (14.39).

4. Controller synthesis: Find a solution (or the optimal solution) of K satisfying the

matrix inequality (14.41) with some Π̂ ∈ Ŝ and some (or the smallest) β ≥ 0.

The performance guarantee of DLC is formalized as the following theorem, which

follows from the lemmas in the previous two sections.

Theorem 14.1 (Performance of DLC). Suppose that

• Assumption 14.1 (on the existence of an effective reaching domain in the vicinity

of the origin) and Assumption 14.2 (on the selection of dense samples around the

effective reaching domain) hold;

• For any Γ ∈ Ĝ, there exists Γ̂ ∈ Ĝ such that ‖Γ− Γ̂‖ ≤ ε‖Γ̂‖ for some ε > 0;

• There exists K ∈ K, Π̂ ∈ Ŝ, and β ≥ 0 satisfying (14.41), with H specified in

(14.40);

• 2 sin arcsin(ε/2) · ‖Π̂‖ < 1.

Then on Ď the closed-loop system under output-feedback control law u = Ky is L2-

stable, with the L2-gain from d to z = (y, u) upper bounded by β + δβ, where δβ =

(1 + β)δ‖Π̂‖/(1− δ‖Π̂‖).

14.4.2 Solution of the DLC algorithm

For controller synthesis where we consider to seek the optimal solution (K, Π̂, β) ∈
K × Ŝ × [0,+∞), it often helps to accelerate the semidefinite programming problem

solution by tightening the feasible region. We first impose constraints Π̂vv � 0, which

indicates that an excitation at the origin can not lead to any further decrease of the

storage function. The two-letter subscript stands for the matrix block whose rows and

columns correspond to the indicated process variables, i.e.,

Π =

Πyy Πyu Πyd

Πuy Πuu Πud

Πdy Πdu Πdd

 =

[
Πyy Πyv

Πvy Πvv

]
. (14.45)
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We then note that the matrix inequality (14.41) is not convex, but is multi-convex in

(Π̂, β) and K as two groups of variables. An iterative algorithm can therefore be adopted

[411]. That is, in each iteration, the controller K is first fixed to solve the remaining

variables, and then the remaining variables are fixed to update K.

To update K, we let Π′ = Π̂ + diag(I, I,−βI) and rewrite (14.41) as[
Π′yy +K>Π′>yu + Π′yuK +K>Π′uuK Π′yd +K>Π′ud

Π′>yd + Π′>udK Π′dd

]
� 0. (14.46)

When (14.41) is satisfied by some Π and β, the bottom-right block Π′dd is negative

semidefinite. The Schur complement of the above matrix over the Π′dd block is therefore

K>
(

Π′uu −Π′udΠ
′−1
dd Π′>ud

)
K +K>

(
Π′>yu −Π′udΠ

′−1
dd Π′>yd

)
+
(

Π′yu −Π′ydΠ
′−1
dd Π′>ud

)
K +

(
Π′yy −Π′ydΠ

′−1
dd Π′>yd

)
.

(14.47)

Since Π′uu � 0, Π′dd � 0, and hence Π′uu−Π′udΠ
′−1
dd Π′>ud � 0, the negative semidefiniteness

of the Schur complement is best achieved by a controller gain matrix of

K = projK

(
−
(

Π′uu −Π′udΠ
′−1
dd Π′>ud

)−1 (
Π′>yu −Π′udΠ

′−1
dd Π′>yd

))
(14.48)

where the projection operator projK(·) means the element ofK with the smallest distance

to the object in the parentheses, which is computationally tractable if K is convex.

Hence each iteration executes the following three steps.

1. Obtain (Π, β) from

min
Π̂,β

β

s.t. H>
(

Π̂ + diag(I, I,−βI)
)
H � 0

Π̂ ∈ Ŝ, Π̂vv � 0, β ≥ 0;

(14.49)

2. Let Π′ = Π̂ + diag(I, I,−βI) and update K by (14.48);

3. Reset the loop-closing matrix H according to (14.40).

The solution of semidefinite programming problem (14.49) can be executed with the

cvx software installed into Matlab or the cvxopt package for Python. For example, when
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cvxopt is used and the estimated dissipativity set is given by (14.39), one can verify

that (14.49) can be converted into the following standard form of conic programming

[305] with variables χ = (π, π′, β, ξ0, ξ1, π
′′, πv):

min β

s.t. Mχ = c

β ≥ 0, (ξ0, ξ1) ∈ L, π′′ ∈ S, πv ∈ S.

(14.50)

where

M =


I −I −vec(diag(0, 0, I)) 0 0 0 0

0 Ψ 0 0 0 I 0

−Φvv 0 0 0 0 0 I

γ̄> 0 0 −1 0 0 0

ΘG> 0 0 0 −I 0 0


c = (−vec(diag(I, I, 0)), 0, 0, 0, 0).

Here the matrix Ψ is a transformation of π′ equivalent to the loop closing operator

H>Π′H imposed on the original matrix π′, Π′. That is, if vec()̇ is such that Π′ij = π′k(i,j),

then Ψk(i,j)k(i′,j′) = Hi′iHj′j . The matrix Φvv selects components of π corresponding to

the (v, v)-block of Π. The function vec converts matrices into vectors. L stands for the

second-order cone (also known as Lorentz cone) {(ξ0, ξ1)|ξ0 ≥ ‖ξ1‖}, and S is the cone

of positive semidefinite matrices of appropriate order.

14.4.3 Tuning of the DLC algorithm

The DLC algorithm contains multiple hyperparameters in the sampling and dissipativity

learning steps, which may affect the performance of the final controller. Specifically, in

the sampling stage, the hyperparameters for the set of admissible input signals, namely

Nf (number of significant terms in Fourier series) and εf (allowable truncation error),

affect the range of excitation signals generated, and T (time span of excitations) affects

the reachable domain. Generally, if Nf is too high or εf is too low, there may be an abuse

of signals with high-frequency oscillations. On the contrary, the allowed bandwidth of

the signals may be too shallow. Both extremes can restrict the effectiveness of the

excitation signals. T should also be well chosen so that the reachable domain is of a

proper size, in which the control performance is of interest.

For the statistical inference of effective reaching domain, two hyperparameters are
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Figure 14.2: Two phase reactor.

involved if using PCA for a second-order cone estimation, namely the number of prin-

cipal components J and the threshold of the Hotelling statistics Θ. These two hy-

perparameters represent the reduced dimension and the confidence level, respectively.

Two analogous hyperparameters appeared in a polyhedral cone estimation scheme used

in our previous work [411]. If J and Θ are large, the estimated Ĝ is large and hence

the estimated dissipativity set Ŝ is small, which may result in the conservativeness

(namely sub-optimality) of controller performance. On the other hand, if J and Θ are

too small, Ŝ is large, which may bring the risk of obtaining unrealistically optimistic

L2-performance. Therefore, J and Θ needs to be tuned to a suitable range. Since J

affects the dimension of the feasible region of the semidefinite programming problem,

we expect that the impact of J on the control performance is more significant than that

of Θ, and needs to be tuned in priority.

14.5 Case Study: Two-Phase Reactor

In this section we examine the efficacy of DLC in data-driven model-free control with

a two-phase reactor system [209], shown in Fig. 14.2. The deterministic first-principles

model in the aforementioned paper is considered as the true dynamics, which we as-

sume to be unknown for the controller synthesis and only used for generating simulated

trajectories. For simplicity we consider regulating control at a steady state. DLC is
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compared to LQG optimal control based on a linear state-space model identified using

the Kalman-Ho subspace method [80].

14.5.1 System description

Consider a two-phase reactor where the vapor holdup is not negligible compared to the

liquid. The reactants A and B are fed into the vapor and liquid phase, respectively.

The reaction A + B −−→ C takes place in the liquid phase at a total rate of

Rtot = k0 exp(−Ea/RT )MLρxAxB. (14.51)

B is assumed to be a non-volatile component, and components A and C in the two

phases are in equilibrium, whose saturated pressures are dependent on temperature by

the Antoine equations (the unit for pressures is Pa and temperature is K):

lnP ◦A = 30.5− 3919.7

T − 34.1
, lnP ◦C = 30.0− 5000.0

T + 70.0
. (14.52)

The dynamic model is expressed as a set of differential algebraic equations (DAE) of

index 2:
ṀV = FA0 −NA +NC − FV

ẏA =
1

MV
[(FA0 −NA)(1− yA)−NCyA]

ṀL = FB0 − FL − rtot +NA −NC

ẋA =
1

ML
[(NA − rtot)(1− xA) + (NC − FB0)xA]

ẋB =
1

ML
[(FB0 − rtot)(1− xB) + (NC −NA)xB]

Ṫ =
1

(ML +MV)cp
[FA0cp(TA0 − T ) + FB0cp(TB0 − T )

+ (NA −NC)∆Hvap − rtot(∆H
◦
R − cp(T − T ◦)) +Q]

0 = P ◦A(T )xA − PyA

0 = P ◦C(T )(1− xA − xB)− P (1− yA)

0 = MVRT − P (Vtot −ML/ρ).

(14.53)

The parameters and nominal values of variables are given in Table 14.1. For simulation,

we convert the DAE model into a set of ordinary differential equations (ODEs) by

solving for the pressure P from the last algebraic equation and differentiating the two
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Table 14.1: Parameters and nominal values of variables for the two-phase reactor

cp 80 J/(mol ·K) ρ 15 kmol/m3

k0 1011 m3/(mol · s) Ea 110 kJ/mol
FA0 171.25 mol/s FB0 300 mol/s
TA0 310 K TB0 298 K
Vtot 3.0 m3 FL 375 mol/s

∆HR −50 kJ/mol ∆Hvap 20 kJ/mol
R 8.314 J/(mol ·K) T ◦ 298 K

FV 50 mol/s Q −3422.6 kW
ML 12812.88 mol MV 12834.25 mol
xA 0.23789 xB 0.67667
yA 0.71579 T 341.51 K

phase equilibrium equations to solve for NA and NC.

For the system, we consider the outlet flow rates FV and FV simultaneously and the

heating rate Q as manipulated inputs, and the vapor phase composition of A yA and

temperature T as controlled outputs. Disturbances in FB0 and TA0 are considered. The

control inputs, disturbances and outputs are scaled by:

FV = FV,nom + u1, FL = FL,nom − u1, Q = Qnom + 25u2, FB0 = FB0,nom + d1

TB0 = TB0,nom + 2.5d2, yA = yA,nom + 0.001y1, T = Tnom + 0.5y2.

(14.54)

14.5.2 Dissipativity learning control

For dissipativity learning we generate 1000 trajectory samples, where the excitation

signals are randomly generated using 5 terms in the Fourier series during T = 120 sec-

onds. 100 of the sample trajectories are shown in Fig. 14.3, where the output endpoints

cover approximately output ranges of [−5, 5] for y1 and [−2, 2] for y2. We consider this

as an appropriate domain from which the system is expected to be controlled towards

the origin. We consider designing a PID controller and therefore the outputs are aug-

mented with their integrals and derivatives. The dual dissipativity parameters for each

trajectory sample comprise a symmetric matrix of order 10 which is vectorized into a

100-dimensional vector by column stacking.

After whitening the dual dissipativity parameter samples, PCA is performed. The

293



Figure 14.3: Trajectory samples for DLC of the two-phase reactor.

resulting singular values sp and the remaining fraction of the singular value cumulative

sum
∑K
q=p+1 s

2
q∑K

q=1 s
2
q

are shown in Fig. 14.4(a), from which it can be shown that for retaining

99%, 99.9%, and 99.99% of the data variations, only the 4, 10, and 19 leading singular

values are needed, respectively. The empirical distributions of the 10 leading principal

components of the samples’ dual dissipativity parameters are shown in Fig. 14.4(b) in

the form of empirical cumulative density functions (CDFs), which are observed to be

close to that of the standard normal distribution N (0, 1). It is hence appropriate to use

a PCA-based estimation of the dissipativity set (14.39) for the subsequent controller

synthesis.

Setting the number of principal components as 4 and the confidence level as 90%

(i.e., the Ĝ covers 90% of the dual dissipativity parameter samples) and following the

iterative procedure in Subsection 14.4.2, the following PID controller is obtained from
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(a) Singular values

(b) Distribution of the principal components

Figure 14.4: PCA results of the dissipativity parameter samples.

DLC synthesis:[
u1(t)

u2(t)

]
= KP

[
y1(t)

y2(t)

]
+KI

∫ t

0

[
y1(τ)

y2(τ)

]
dτ +KD

[
dy1(t)/dt

dy2(t)/dt

]
, (14.55)

where

KP =

[
−1.1632 0.4930

1.7109 −2.9244

]
, KI =

[
1.4628 7.3509

−0.6166 0

]
(h−1),
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KD =

[
−0.8131 5.0374

11.1784 −18.9960

]
(s).

The above procedures can be used for synthesizing PI and P controllers by removing

the rows and columns of the dual dissipativity parameter samples corresponding to the

output derivatives and integrals. The DLC-PI controller is given by

KP =

[
−0.4035 0.6516

0.2325 −3.7077

]
, KI =

[
1.7731 2.8824

−0.9406 0.0040

]
(h−1), (14.56)

and the DLC-P controller is

KP =

[
−0.3033 0.1631

0.1479 −2.3213

]
. (14.57)

To test the performance of the DLC controllers, we generate the disturbances as

piecewise constant signals, where each component in each time interval of 10 seconds

is held at a value randomly generated through a standard normal distribution, and

obtain the closed-loop input and output trajectories in 3600 seconds. The results of

such simulations under the DLC-PID, DLC-PI and DLC-P controllers are shown in Fig.

14.5). The control performance can be measured by the integrated squares of errors of

the outputs (ISE) 1
3600

∫ 3600
0 ‖y(t)‖2dt and of control inputs (ISC) 1

3600

∫ 3600
0 ‖u(t)‖2dt.

The ISE+ISC index is 2.5846, 2.4316, and 2.5345 for the PID, PI and P controllers, re-

spectively, among which the PI controller slightly outperforms the other two, indicating

that it suffices to use a PI or even a P controller for disturbance rejection around the

steady state. The performance of the DLC controllers is also compared to the open-loop

trajectories (with fixed u = 0) which result in significantly larger deviations in the two

outputs, with ISE + ISC = 35.0907.

14.5.3 Comparison with identification-based LQG control

The Kalman-Ho algorithm is a classical algorithm for finding the minimal realization of

a linear time-invariant (LTI) system from the impulse response, which can be obtained

through the differences of step responses. Given a desirable reduced order of states, the

algorithm can be used for identification with an approximate singular value decomposi-

tion. For the two-phase reactor, we choose a sampling time of 10 seconds and specify the

order of states as 6 to match the step responses. With the LTI system model (A,B,C),
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Figure 14.5: Simulated closed-loop input and output trajectories under the DLC-P,
DLC-PI, and DLC-PID controllers compared to open-loop trajectories (black dashed).

under a state disturbance covariance matrix Q = I12 and output noise covariance matrix

R = 0.1I2, a linear quadratic Gaussian (LQG) controller [386] is obtained:

˙̂x = Ax̂+Bu+Kf(y − Cx̂), u = −Krx̂, (14.58)

in which x̂ stands for the filtered state observations, Kf is the filter gain, and Kr is the

regulator gain.

Fig. 14.6 shows the closed-loop input and output trajectories under the LQG con-

troller during a simulation time of 3600 seconds. It is observed that in comparison to

the open-loop trajectories, the LQG controller also apparently reduced the impact of

disturbances on the system (with an ISE+ISC measure for the LQG controller equal to

2.6766). Although increasing the number of states in the linear system identification to

8, 10, and 12 results in step responses of the identified system that better resemble those

of the original nonlinear system, the LQG performance is not improved (with ISE+ISC

equal to 2.7535, 2.7806 and 2.8103, respectively). On the other hand, reducing the

number of states to 4 results in closed-loop divergence. Hence the performance of the
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Figure 14.6: Simulated closed-loop trajectories under the LQG control (solid) compared
to the open-loop trajectories (dashed).

LQG controller with 6 states is considered as the best achievable by such linear system

identification-based optimal control.

Comparing the performance of the DLC-PI and 6-state LQG controllers, we con-

clude that DLC (ISE + ISC = 2.4316) outperforms LQG (ISE + ISC = 2.6766) by

approximately 9.2%. Moreover, by comparing the trajectories in Figures 14.5 and 14.6,

we observe that DLC and LQG choose different ways to reject exogenous disturbances.

For DLC, the magnitudes of inputs and outputs turn out to be more balanced, while

the LQG prefers to tradeoff larger output deviations (especially y1) for smaller inputs

(especially u1). This may be related to the different ways that these two types of

controllers are synthesized. The dissipativity learning relies on the overall (integrated)

input–output responses over an excitation time period, while linear system identification

is based on the incremental responses during each short sampling time.
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14.6 Conclusions

As a continuation of our previous work [411], in this paper we have discussed the DLC

framework for input–output data-driven control of chemical processes. The nominal

control performance of DLC and the impact of the dissipativity learning procedures,

including the sampling of excitation signals and statistical inference of the effective dual

dissipativity set, are formalized. Concisely speaking, DLC achieves nearly L2-optimal

control within an effective reachable domain, assuming that the sampling and statistical

inference steps are sufficiently accurate with respect to the effective dual dissipativity

set. The DLC strategy is implemented on a two-phase reactor, where its performance

is compared to an optimal controller based on linear system identification. Through

the current studies, we have established DLC as a generic and standardized input–

output data-driven control strategy for process systems that gives satisfactory control

performance.

We note that the current DLC approach is limited to the standard form of (14.1)

and the resulting control law is limited to PID forms due to the quadratic supply rate

function. Extending the DLC framework to more general dynamics, e.g., time-delay

systems, and designing various forms of linear and nonlinear controllers, will be of

importance to expand the applications. More importantly, the applications are yet

limited to small systems at the process unit level. It is highly desirable to extend DLC

to large-scale interconnected chemical plants. These topics will be addressed in our

upcoming works.
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Chapter 15

Conclusion and Future Directions

(I’ll) wait until the thousand miles of snow melts, 等到千里冰雪消融，

until the arrival on the prairie of the breeze of spring. 等到草原上送來春風，

When the land of Kokdala has changed into a brand new look, 可克達拉改變了模樣，

then along with my music the loved one will come to sing. 姑娘就會來伴我的琴聲。

Zhang Jiayi, “The Night in the Prairie”, 1959.

(張加毅《草原之夜》)

In the three parts of this thesis, three important aspects of process control – struc-

turedness, optimality and intelligence – have been discussed. For these three aspects,

conclusions and discussions on potential future directions are made in the following

sections, respectively. As a whole, these works provide new perspectives to the future

of process control aiming at the three main objectives mentioned in the Introduction

section. It is hoped that the methods proposed here are of interest and applicability in

the process control practice, and may inspire some beneficial further explorations.

15.1 Deepening the Understanding of Network Structures

The works in Part I have revealed that the community structures play a crucial role in

the control of networks by reducing the total control cost under a significant cost of feed-

back channels. If such a total control cost accounting for sparsity is used as an objective

function for network topology and feedback controller design, then the fittest network

will become modular with a distributed control architecture. Based on this principle,

the design of a distributed control architecture can follow a community detection pro-

cedure in network representations of process systems. For such systems three different

paths have been proposed, namely input–output bipartite networks using short-time

interaction measures, bipartite networks using RTAGA, and variable-constraint bipar-

tite/unipartite networks. With ongoing works in the research group in using commu-

nity detection in optimization problems, the potential of integrating network theory in

a wider range of process systems engineering applications will be further developed.

It appears that studies regarding network dynamics and control have attracted more

and more attention from network scientists, electrical engineers, systems biologists,

psychologists, and economists. In chemical engineering, the investigations on utilizing
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network structures for control and optimization had been scarce. Based on the research

included in this thesis, the following directions are proposed.

Future direction 1: The role of network structures other than communities.

Studies in network science have revealed many other types of macroscopic and mesoscale

structures in real-world networks. For example, in [69], it was found that under high

costs of feedback channels, the overall distribution of node degrees has a stronger im-

pact on the total control cost than community structures. It was also discussed in [76]

that core-periphery structures may be useful in designing a hierarchically structured

controller or optimizer. Assortativity (or disassortativity), i.e., the inclination of nodes

to connect to nodes of higher degrees (or lower degrees), namely the positive (or neg-

ative) degree correlativity, is another distinctive feature of many networks [291]. The

effects of these structures on sparse optimal control of networks have not yet been under-

stood. Moreover, since network topology may be an optimal combination or a tradeoff

among these topological features, it is desirable to explore the underlying mechanism,

for example in the setting of sparse control, for networks to form such topology. This

research at the interface of network science and control theory will facilitate a deeper

understanding of the structural and functional organization of biological systems such

as metabolic map and brains.

Future direction 2: Elucidation of the effect of decompositions on control

and optimization. Although the advantages of finding decompositions through com-

munity detection have been examined in simulation studies, the mechanism of the effect

of decompositions on the algorithms of control or optimization has not been understood

through rigorous derivations. For such an investigation, one needs to properly quantify

at least (i) the computational time required for calculating each step in iterative algo-

rithms, (ii) the communication effort required for coordinating distributed controllers

or optimization solvers, and (iii) the anticipated final result or performance under de-

compositions. This will help to discover the truly optimal decomposition for control and

optimization problems from their formulations in general. However, difficulties should

be expected to this end. An a priori accurate estimation of the performance before

actually solving the problem is usually unavailable. Typically, one may only infer the

computational complexity in orders-of-magnitude (e.g., linear/quadratic convergence)

from the nature of the problem and the type of algorithm, which does not reflect the
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effect of decompositions. Moreover, for nonconvex and especially nonconvex constrained

problems, the theory of distributed algorithms is not yet well established.

Future direction 3: The role of network structures in control-relevant prop-

erties other than sparsity. In the current research, the importance of community

structures in network control is based on the argument of sparsity, which is conceptually

related to the complexity of the feedback mechanism or the communication load among

the controller agents. Apart from sparsity, there are other desirable properties of control

that have not been considered here. For example, in the presence of faults in the system,

it is desirable that the controller is reconfigured to result in minimal influence on the

production, i.e., the controller is fault-tolerant [264]. One may also want the controller

to be structured in such a way that the disturbance propagation on the process is well

suppressed, i.e., the controller is robust. Also, it is hoped that the failure of one single

or a few communication channels does not cause serious deterioration in the control

performance, i.e., the controller is resilient. In network science, the studies of epidemic

or percolation dynamics [273] and network resilience [318] may be relevant for insights

into such properties.

15.2 Exploring the Interface of Optimization and Control

The chapters in Part II of the thesis offered answers to two important questions faced

by the state-of-the-art nonlinear control, namely (i) how to solve distributed nonlinear

MPC problem with a rigorous algorithm, and (ii) how to analyze the Lyapunov sta-

bility and design the Lyapunov function in an optimal sense. For the former question,

the ELLADA algorithm is proposed for distributed nonconvex constrained optimization

problems, which guarantees the convergence towards a stationary point, while at the

same time adopting acceleration and approximation techniques. For the latter problem,

bilevel and stochastic programming tools, widely used in the PSE research, are em-

ployed to formulate the problems in Lyapunov stability analysis and Lyapunov function

and design, through the conceptual analogy between Lyapunov analysis and flexibility

analysis. Moreover, based on Lyapunov analysis and design, a concept of Lyapunov

dynamic flexibility is introduced, which can be used for integrating process design and

control.

In the recent years, optimization algorithms are more and more deeply involved in
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the theory and applications of automatic control, and apparently, this has resulted in the

development of methods and tools that have not attracted the attention of earlier chem-

ical engineers, such as semidefinite programming (SDP) and linear matrix inequalities

(LMIs) for linear systems theory [43], sum-of-squares (SOS) programming for polyno-

mial systems theory [61], and robust optimization [29] for robust control. On the other

hand, the optimization algorithms are not yet sufficiently well developed and efficient

in dealing with control problems. The control and optimization perspectives are often

not well combined. Hence the following directions are proposed.

Future direction 4: Efficient optimization algorithms for control. For the

incorporation of more and more intricate optimization techniques into the control of

chemical processes, algorithms for nonconvex problems and especially nonconvex con-

strained problems are of utmost importance. Although global optimization solvers such

as BARON have been well developed, using them for real-time control is not sufficiently

efficient, and a compromise to stationary solutions (e.g., using the IPOPT solver for

NLP) is usually used. For stochastic MPC and robust MPC, solving the resulting NLP

problems usually still requires prohibitive computational time. Moreover, for distributed

optimization, there is no global algorithm to the best knowledge of the author, and even

the algorithms for stationary solution are scarce. So far, it is unclear whether it is

even realistic for distributed optimization algorithms to always reach solutions that are

of equal quality to the centralized problem. Developing efficient algorithms under the

complexities of optimization formulations may be extremely challenging.

Future direction 5: Simplification of optimization problems in control. As

MPC problems as well as other control-related optimization problems may be difficult

to solve, actions need to be taken to simplify the formulations without too much com-

promise in the resulting performance. A typical example is advanced-step MPC, where

the solution of the MPC problems is estimated in advance of the sampling time and

then corrected by the actual measurements using sensitivity analysis [476]. Apart from

the optimization solver itself, the simplification of models may be of interest. Gener-

ally, it would be beneficial to explore methods of model reduction for nonlinear systems

according to the model features, e.g., inertial manifolds for multi-time-scale dynamics

[435] and clustering for repetitive subproblems [60]. For the components with complex

transport-reaction kinetics, surrogate models on an empirical basis may be considered.
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Complicating interactions may be encapsulated into uncertain regions if they are not

too significant, while dealing with uncertainties in a both accurate and parsimonious

way seems to be a long-lasting issue.

Future direction 6: Control theory of optimization. While optimization can

be used for control, the use of control theory in optimization has been less discussed.

Intuitively, it may be easily said that iterative optimization algorithms are in principle

dynamic systems, where the iterated points are the states, and the search direction and

step size correspond to the control inputs. However, it was only in recent years that

the goal of deriving generic and well-tuned convex optimization algorithms motivated

contributions from control theorists (e.g., [219]), where the convergence property and

its rate are obtained through the stability analysis using the Lyapunov theory or inte-

gral quadratic constraints (IQC). For problems with constraints, nonconvexity, or even

integer decision variables, it is not yet clear how to carry out analysis based on control

perspectives. Especially, global optimization algorithms typically employ a branching

strategy to avoid local optima, which does not conform to the existing paradigms of

control systems.

15.3 Systematizing Data-Driven Techniques for Control

Part III of the thesis is focused on the topic of data-driven control. First, for the

identification of nonlinear processes, it is pointed out that explicitly accounting for Lie

derivatives in the objective function that captures the deviation of the identified model

from the measured data helps to improve the performance of system identification and

hence the performance of identification-based control. Then, for model-free control, an

exploration of combining distributed optimization algorithms with adaptive dynamic

programming was made. Finally, motivated by the fact that the states of chemical

process systems are mostly partially observable and high-dimensional, input–output

data-driven model-free control is considered, for which a framework based on learning

the dissipativity property is adopted. Successful applications to some chemical process

systems are documented, and a preliminary discussion on its statistical and control-

theoretic foundations are presented.

The recent development of machine learning, especially deep learning, has provided

more and more powerful approaches to empirically describing datasets and exploiting
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them for a wide spectrum of applications. In chemical engineering, these efforts are

mostly focused on process fault detection and diagnosis (e.g., [453]). For process con-

trol, it is fair to claim that the application of machine learning techniques for practical

data-driven control strategies is still in its infancy. This is because chemical processes

typically consist of transport-reaction systems such as reactors, columns and heat ex-

changers, and have distinctive dynamic features. These units are nonlinear systems,

often under disturbances and uncertainties, that may be integrated into large-scale sys-

tems. It is apparent that there is much more to explore in this field.

Future direction 7: Improved algorithms of data-driven process control. De-

spite the successful applications to several chemical processes, the proposed DLC ap-

proach is yet limited to small-scale and relatively simple processes with PID forms of

controllers. Moreover, prior to the training procedure, offline open-loop trajectories

must be collected, which requires to schedule nonproductive periods for plant tests. In

the future development of data-driven process control, the following three important

problems will need to be solved. First, the methods should be extensible to large-scale

interconnected systems. In principle, the additivity of the dissipativity property can be

used in a similar way to model-based dissipative control [157]. However, the interac-

tions among subsystems through the internal unobservable states are not accounted for

in such an approach, and the need to incorporate distributed algorithms in controller

synthesis may emerge. Second, the methods should be extensible to controllers of more

complex forms, e.g., linear controller represented by generic state-space dynamics and

nonlinear controllers, which would require a generalization of the dissipativity property

from standard quadratic forms. Third, it is desirable to develop the methods into adap-

tive algorithms, where the essential control-relevant information can be updated online

in a recursive way, thus avoiding collecting a large number of trajectories for learning.

Future direction 8: Complexity, informativeness and reconciliation of data.

For the utilization of process data for control, it is necessary to develop a better funda-

mental understanding of how the data affect the learning procedures and subsequently

the control performance. This involves at least the following three aspects. First, it

is beneficial to derive theoretical conditions (e.g., how much and what kind of data is

needed) for the learner to infer the control-relevant information from available data.
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From these conditions, the data complexity for obtaining the control-relevant informa-

tion or the error of such inference is better understood. Second, there always appears

to be an instrinsic tradeoff in the data-driven technology – big data and intricate tech-

niques (e.g., deep learning) may give more accurate descriptions of the object, while

relatively simpler descriptions based on smaller data may be easier to handle and use

for specific purposes (e.g., in optimization problems one prefer to have linear or con-

vex constraints). It is hence desirable to evaluate the informativeness of datasets and

decide a priori how to generate the appropriate data for the use in control. Third, in

the presence of noise, delays, dropouts or other flaws in the process measurements, one

may need to know how to validate or reconcile the data, i.e., to correct the flawed raw

datasets into consistent and informative ones.

Future direction 9: Data-driven optimization. Optimality is an important as-

pect of control that has been discussed at length in this thesis. The pursuit of control

strategies that are in a properly defined sense optimal is reflected in MPC and EMPC

techniques. Apart from control, other decision making problems in PSE, including

scheduling, planning and process or product design, are typically solved via standard-

ized mathematical programming formulations. So far, it remains highly challenging to

deal with optimization problems where the objective value and constraints can only be

evaluated as black box functions without explicit descriptions, known as block-box or

derivative-free optimization [5, 42]. It is desirable to consider how to apply data-driven

optimization to control or even develop such algorithms with a control perspective. As

a long-term goal, the integrations of multiple data-driven decision making technologies,

such as the integration of process monitoring and control and the integration of control

and optimization, may be of interest.

15.4 Widening Applications

Finally, it should be emphasized that applying the already proposed and potential new

methods to a wide spectrum of chemical engineering applications are important, both

for examining the effectiveness of the proposed methods and for identifying the short-

comings, thus motivating more generic and practical approaches. For each type of

problems, suitable examples, from low-dimensional, slightly nonlinear, certain, easily

understandable and numerically constructed systems to large-scale, highly nonlinear,

306



uncertain, poorly understood and realistic ones, should be found. It is desirable to

establish benchmark libraries for system identification, control, monitoring purposes.

However, it is fair to claim that many benchmark chemical processes in the available

literature are inaccessible, inflexible to use, with errors in the information provided, or

already outdated. Compared to the optimization problem libraries that are continually

being updated, it was 27 years ago when a number of “industrial challenge problems”

was collected1. Re-examining industrial processes and identifying current challenges

will help researchers to better orient their work.

1See Volume 17, Issue 3 of Computers & Chemical Engineering.
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Appendix A

Nonlinear MPC of the Reactor-Separator Process

The differential equations governing the process are:

dV1

dt
= Ff1 + FR − F1

dV2

dt
= Ff2 + F1 − F2

dV3

dt
= F2 − FP − FR − F3

dT1

dt
=
Ff1

V1
(Tf − F1) +

FR
V1

(T3 − T1) +
Q1

ρCpV1
− m

Cp
(k11xA1∆H1 + k21xB1∆H2)

dT2

dt
=
Ff2

V2
(Tf − F2) +

F1

V2
(T1 − T2) +

Q2

ρCpV2
− m

Cp
(k12xA2∆H1 + k22xB2∆H2)

dT3

dt
=
F2

V3
(T2 − T3) +

Q3

ρCpV3

dxA1

dt
=
Ff1

V1
(xAf − xA1) +

FR
V1

(xAR − xA1)− k11xA1

dxB1

dt
=
FR
V1

(xBR − xB1)−
Ff1

V1
xB1 + k11xA1 − k21xB1

dxA2

dt
=
Ff2

V2
(xAf − xA2) +

F1

V2
(xA1 − xA2)− k12xA2

dxB2

dt
=
F1

V2
(xB1 − xB2)−

Ff2

V2
xB2 + k12xA2 − k22xB2

dxA3

dt
=
F2

V3
(xA2 − xA3) +

FP + FR
V3

(xAR − xA3)

dxB3

dt
=
F2

V3
(xB2 − xB3)− FP + FR

V3
(xBR − xB3).

(A.1)

The percentage of the purge flow rate is fixed at FP /FR = 0.02. The process parameters

and the setpoint is given in Table A.1. The inputs and states are then translated so

that the origin is the operational steady state. The initial conditions for simulation are

given in Table A.2. We consider a state regulation problem which aims to bring the

system states to the origin.

For the NMPC controller, the sampling time is determined as ∆t = 90 seconds. We

use a simple backwards discretization:

xt+1 = xt + f0(xt, ut)∆t. (A.2)
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Table A.1: Process parameters and operational steady state

Parameters Value Variables Value

Tf 359.1 K Ff1 5.04 m3/h
xAf 1 Ff2 5.04 m3/h
m 2.79 mol/kg F3 9.74 m3/h
ρ 1000 kg/m3 FR 17 m3/h
Cp 4.2 kJ/(kg·K) Q1 715.3 MJ/h
k0

1 9.97× 106 h−1 Q2 579.8 MJ/h
k0

2 9× 106 h−1 Q3 568.7 MJ/h
E1 50 kJ/mol V1 1.0 m3

E2 60 kJ/mol V2 0.5 m3

∆H1 −60 kJ/mol V3 1.0 m3

∆H2 −70 kJ/mol T1 432.4 K
αA 5.0 T2 427.1 K
αB 1.0 T3 432.1 K
αC 0.5 xB3 0.670

Table A.2: Initial conditions for simulation

State Initial Value State Initial value

V1 0.7 m3 xA1 0.890
V2 0.7 m3 xA2 0.886
V3 1.5 m3 xA3 0.748
T1 388.7 K xB1 0.110
T2 386.3 K xB2 0.113
T3 390.6 K xB3 0.251

The receding horizon is N = 15 (22.5 min). The input variables are bound between

20% and 180% of their steady state absolute values. To regulate the holdup volumes,

we impose three additional constraints on the flow rates such that the holdup volumes

of all units approach the corresponding steady state values with a time constant of 0.1

hour, i.e.,

Ff1 + FR − F1 = −V1/0.1 h,

Ff2 + F1 − F2 = −V2/0.1 h,

F2 − F3 − FP − FR = −V3/0.1 h.

(A.3)

The above descriptions and requirements amount to 315 variables and 225 equality

constraints in total. The MPC controllers use a quadratic stage cost function Φ(ut, xt) =
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(xt)>Qxt + (ut)>Rut, in which the weight matrices for the states Q and the inputs R

are diagonal:

Q = diag(103, 103, 103, 101, 101, 101, 103, 103, 103, 103, 103, 103)

R = diag(102, 102, 102, 102, 102, 102, 10−3, 10−3, 10−3)
(A.4)

when the units for flow rates, heat exchange rates, holdup volume, temperature are

m3/h, kJ/h, m3, K, respectively, and the concentrations are measured by molar frac-

tions. The terminal cost is also a quadratic function:

Ψ(xN ) = (xN )>PxN , P = diag(103, 103, 103, 101, 101, 101, 103, 103, 103, 103, 103, 103)

(A.5)

For the distributed MPC under ADMM (6.17)–(6.19) used in Subsection 6.4.2, the

parameters β = 0.5 and δ = 0.5. α0, the initial step size for gradient line search,

is the largest possible value such that the resulting succeeding point stays within the

feasible set. To maintain the well-conditioning of the augmented Lagrangian as well

as a reasonably small deviation from the feasible set, the penalty coefficient γ is em-

pirically tuned to 30. The ADMM iterations are terminated if either the relative error

‖vnew−vold‖2/‖vold‖2 or the absolute error ‖vnew−vold‖2 is sufficiently small. We found

that a lower bound smaller than 10−2 may increase the iteration number without sig-

nificantly improving the control performance, while relaxing this bound to 0.05 or 0.1

will significantly deteriorate the solution optimality; hence we set this error lower bound

as 10−2. The computation is forced to terminate after 100 iterations if the previously

mentioned termination condition has not been satisfied. After solving the optimization

problem at a sampling time, the solution of primal variables is saved as the initial guess

for the next sampling time. The initial dual variables are always reset to zero.

Remark A.1. To guarantee the optimality of the solution, the terminating condition

should be set as such that the constraints are well satisfied, i.e., ‖c(v)‖ < ε for a small ε >

0. However, here the terminating condition is based on the change in primal variables

‖vnew − vold‖ instead of the constraint tolerance ‖c(v)‖. Since the manipulated inputs

to be determined are contained in the primal variables, when the change in the primal

variables becomes small, it would be desirable to terminate the iterations rather than

proceed to the optimal solution.
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Appendix B

Proofs for the ELLADA Algorithm

B.1 Proof of Lemma 7.1

First, since xk,r+1 is chosen as the minimizer of the augmented Lagrangian with respect

to x (Line 9, Algorithm 7.1), the update of x leads to a decrease in L:

L(xk,r+1, x̄k,r, zk,r, yk,r) ≤ L(xk,r, x̄k,r, zk,r, yk,r). (B.1)

Second, we consider the decrease resulted from x̄-update:

L(xk,r+1, x̄k,r+1, zk,r, yk,r)− L(xk,r+1, x̄k,r, zk,r, yk,r)

= g(x̄k,r+1)− g(x̄k,r) + yk,r>(Bx̄k,r+1 −Bx̄k,r)

+ (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r‖2 − (ρk/2)‖Axk,r+1 +Bx̄k,r + zk,r‖2

= g(x̄k,r+1)− g(x̄k,r)− (ρk/2)‖Bx̄k,r+1 −Bx̄k,r‖2

− ρk(x̄k,r − x̄k,r+1)>B>
(
Axk,r+1 +Bx̄k,r+1 + zk,r + yk,r/ρk

)
.

(B.2)

The minimization of x̄ (Line 10, Algorithm 7.1) should satisfy the optimality condition

0 ∈ ∂g(x̄k,r+1) + ρkB>
(
Axk,r+1 +Bx̄k,r+1 + zk,r + yk,r/ρk

)
+NX̄ (x̄k,r+1), (B.3)

i.e., there exist vectors v1 ∈ ∂g(x̄k,r+1) and v2 ∈ NX̄ (x̄k,r+1) with

ρkB>
(
Axk,r+1 +Bx̄k,r+1 + zk,r + yk,r/ρk

)
= −v1 − v2. (B.4)

Since v1 ∈ ∂g(x̄k,r+1) and g is convex, v>1 (x̄k,r − x̄k,r+1) ≤ g(x̄k,r) − g(x̄k,r+1). And

v2 ∈ NX̄ (x̄k,r+1) implies v>2 (x̄k,r − x̄k,r+1) ≤ 0. Hence

ρk(x̄k,r − x̄k,r+1)>B>
(
Axk,r+1 +Bx̄k,r+1 + zk,r + yk,r/ρk

)
= −v>1 (x̄k,r − x̄k,r+1)− v>2 (x̄k,r − x̄k,r+1) ≥ −(g(x̄k,r)− g(x̄k,r+1)).

(B.5)

Substituting the above inequality in (B.2), we obtain

L(xk,r+1, x̄k,r+1, zk,r, yk,r) ≤ L(xk,r+1, x̄k,r, zk,r, yk,r)−(ρk/2)‖Bx̄k,r+1−Bx̄k,r‖2. (B.6)
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Third, we consider the decrease resulted from z- and y-updates:

L(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1)− L(xk,r+1, x̄k,r+1, zk,r, yk,r) =

λk>(zk,r+1 − zk,r) + (βk/2)(‖zk,r+1‖2 − ‖zk,r‖2)

+ yk,r+1>(Axk,r+1 +Bx̄k,r+1 + zk,r+1)− yk,r>(Axk,r+1 +Bx̄k,r+1 + zk,r)

+ (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r+1‖2 − (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r‖2.

(B.7)

Since υ(z;λ, β) = λ>z + β
2 ‖z‖

2 is a convex function, whose gradient is ∇υ(z;λ, β) =

λ+ βz,

υ(zk,r+1;λk, βk)− υ(zk,r;λk, βk) ≤ (λk + βkzk,r+1)>(zk,r+1 − zk,r), (B.8)

From Line 11 of Algorithm 7.1 it can be obtained

λk + βkzk,r+1 = −yk,r+1. (B.9)

Substituting into (B.7), we obtain

L(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1)− L(xk,r+1, x̄k,r+1, zk,r, yk,r)

≤ (yk,r+1 − yk,r)>(Axk,r+1 +Bx̄k,r+1 + zk,r)

+ (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r+1‖2 − (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r‖2

= (ρk/2)(Axk,r+1 +Bx̄k,r+1 + zk,r+1)>(Axk,r+1 +Bx̄k,r+1 + zk,r)

+ (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r+1‖2 − (ρk/2)‖Axk,r+1 +Bx̄k,r+1 + zk,r‖2

= −(ρk/2)‖zk,r+1 − zk,r‖2 + ρk‖Axk,r+1 +Bx̄k,r+1 + zk,r+1‖2
(B.10)

From (B.9),

Axk,r+1 +Bx̄k,r+1 + zk,r+1 = (yk,r+1 − yk,r)/ρk = −(βk/ρk)(zk,r+1 − zk,r). (B.11)

Then (B.10) becomes

L(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1)− L(xk,r+1, x̄k,r+1, zk,r, yk,r)

≤ −
(
ρk/2− (βk)2/ρk

)
‖zk,r+1 − zk,r‖2 = −(βk/2)‖zk,r+1 − zk,r‖2.

(B.12)

Summing up the inequalities (B.1), (B.6) and (B.12), we have proved the inequality
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(7.21). Next, we show that the augmented Lagrangian is lower bounded, and hence

is convergent towards some Lk ∈ R. We note that υ(z;λ, β) is a convex function of

modulus β, it can be easily verified that

υ(zk,r;λk, βk) + (λk + βkzk,r)>(z′ − zk,r) + (ρk/2)‖z′ − zk,r‖2 ≥ υ(z′;λk, βk) (B.13)

for any z′, i.e.,

υ(zk,r;λk, βk) + yk,r>(zk,r − z′) ≥ υ(z′;λk, βk)− (ρk/2)‖z′ − zk,r‖2. (B.14)

Let z′ = −(Axk,r +Bx̄k,r) and remove the last term on the right-hand side. Then

υ(zk,r;λk, βk) + yk,r>(Axk,r +Bx̄k,r + zk,r) ≥ υ(−(Axk,r +Bx̄k,r);λk, βk). (B.15)

Hence

L(xk,r, x̄k,r+1, zk,r, yk,r) = f(xk,r) + g(x̄k,r) + υ(zk,r;λk, βk)

+ yk,r>(Axk,r +Bx̄k,r + zk,r) + (ρk/2)‖Axk,r +Bx̄k,r + zk,r‖2

≥ f(xk,r) + g(x̄k,r) + υ(−(Axk,r +Bx̄k,r);λk, βk).

(B.16)

Since υ(z) = λ>z + β
2 ‖z‖

2 ≥ −‖λ‖2/(2β), λ is bounded in [λ, λ], βk ≥ β1, and f and g

are bounded below, L has a lower bound. Lemma 7.1 is proved.

B.2 Proof of Corollary 7.1

Taking the limit r → ∞ on the both sides of inequality (7.21), it becomes obvious

that Bx̄k,r+1 − Bx̄k,r and zk,r+1 − zk,r converge to 0. Due to (B.11), we have Axk,r +

Bx̄k,r + zk,r → 0. Hence there must exist a r such that (7.20) is met. At this time, the

optimality conditions for xk,r+1 is written as

0 ∈ ∂f(xk,r+1) +NX (xk,r+1) +A>yk,r + ρkA>(Axk,r+1 +Bx̄k,r + zk,r). (B.17)

According to the update rule of yk,r, the above expression is equivalent to

0 ∈ ∂f(xk,r+1)+NX (xk,r+1)+A>yk,r+1−ρkA>(Bx̄k,r+1+zk,r+1−Bx̄k,r−zk,r), (B.18)
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i.e.,

ρkA>(Bx̄k,r+1 + zk,r+1 −Bx̄k,r − zk,r) ∈ ∂f(xk,r+1) +NX (xk,r+1) +A>yk,r+1. (B.19)

According to the first inequality of (7.20), the norm of the left hand side above is not

larger than εk1, which directly implies the first condition in (7.22).

In a similar manner, the second condition in (7.22) can be established. The third

one follows from (B.9) and the fourth condition is obvious.

B.3 Proof of Lemma 7.2

We first consider the situation when βk is unbounded. From (B.16), we have

L ≥ f(xk+1) + g(xk+1)− λk>(Axk+1 +Bx̄k+1) +
βk

2
‖Axk+1 +Bx̄k+1‖2. (B.20)

Since f and g are both lower bounded, as βk → ∞, we have Axk+1 + Bx̄k+1 → 0.

Combined with the first two conditions of (7.22) in the limit of εk1, εk2, εk3 ↓ 0, we

have reached (7.24). Then we suppose that βk is bounded, i.e., the amplification step

βk+1 = γβk is executed for only a finite number of outer iterations. According to Lines

17–21 of Algorithm 7.1, expect for some finite choices of k, ‖zk+1‖ ≤ ω‖zk‖ always hold.

Therefore zk+1 → 0. Apparently, (7.24) follows from the limit of (7.22).

B.4 Proof of Lemma 7.3

From Lemma 7.1 one knows that within R inner iterations

L− Lk ≥ βk
R∑
r=1

‖Bx̄k,r+1 −Bx̄k,r‖2 +
βk

2

R∑
r=1

‖z̄k,r+1 − zk,r‖2. (B.21)

Hence

min
r=1,...,R

‖Bx̄k,r+1 −Bx̄k,r‖2, min
r=1,...,R

‖zk,r+1 − zk,r‖2 ∼ O(1/βkR). (B.22)

Then

‖Bx̄k,R+1 −Bx̄k,R‖, ‖zk,R+1 − zk,R‖ ∼ O(1/
√
βkR). (B.23)
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For the k-th outer iteration, its inner iterations are terminated when (7.20) is met,

which is translated into the following relations:

O(ρk/
√
βkRk) ≤ εk1 ∼ O(ϑk),

O(ρk/
√
βkRk) ≤ εk2 ∼ O(ϑk),

O(1/
√
βkRk) ≤ εk3 ∼ O(ϑk/βk).

(B.24)

where the last relation uses (B.11) with ρk = 2βk. Therefore

Rk ∼ O(βk/ϑ2k). (B.25)

At the end of the k-th iteration, suppose that Lines 19–20 and Lines 17–18 of

Algorithm 7.1 have been executed for k1 and k2 times, respectively (k1 + k2 = k).

Then the obtained zk+1 satisfies ‖zk+1‖ ∼ O(ωk1), and ‖Axk+1 +Bx̄k+1 +zk+1‖ ≤ εk3 ∼
O(ϑk/βk), which imply

‖Axk+1 +Bx̄k+1‖ ≤ O(ϑk/βk) +O(ωk1). (B.26)

From (B.20),

βk‖Axk+1 +Bx̄k+1‖2 ∼ βk(O(ϑk/βk) +O(ωk1))2 ∼ O(1). (B.27)

Substituting (B.27) into (B.25), we obtain

Rk ∼ O
(

1

ϑ2k

1

(O(ϑk/βk) +O(ωk1))2

)
. (B.28)

When ϑ ≤ ω, ϑk ≤ ωk ≤ ωk1γk2 , and hence γk2ϑk ≤ ωk1 , i.e., ωk1 dominates over

ϑk/βk, leading to

Rk ∼ O(1/ϑ2kω2k1) ∼ O(1/ϑ2kω2k). (B.29)

For K outer iterations, the total number of inner iterations is

R =

K∑
k=1

Rk ∼ O

(
K∑
k=1

1

ϑ2kω2k

)
∼ O

(
1

ϑ2Kω2K

)
. (B.30)

The number of outer iterations needed to reach an ε-approximate stationary point is
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obviously K ∼ O(logϑ ε). Then

R ∼ O(ε−2(1+ς)). (B.31)

B.5 Proof of Lemma 7.6

Through the inner iterations, only Anderson acceleration might lead to an increase in

the barrier augmented Lagrangian. Combining Assumption 7.3, Assumption 7.5, and

the safeguarding criterion (7.46), we obtain

Lbk(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1) ≤ L+ L̃0ηL

∞∑
r=0

1

r1+σ
< +∞, (B.32)

Together with Assumptions 7.1 and 7.2, Lbk is also bounded below. Therefore Lbk is

bounded in a closed interval and must have converging subsequences. Therefore we can

choose a subsequence converging to the lower limit L. For any ε > 0 there exists an

index R of inner iteration in this subsequence, such that L̃0ηL
∑∞

r=R r
−(1+σ) < ε/2 and

Lbk(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1) < L+ ε/2 for any r ≥ R on this subsequence. It then

follows that for any r ≥ R, whether on the subsequence or not, it holds that

Lbk(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1) < L+ ε. (B.33)

Hence the upper limit is not larger than L + ε. Due to the arbitrariness of ε > 0, the

lower limit coincides with the upper limit, and hence the sequence of barrier augmented

Lagrangian is convergent.

The Lagrangian convergence implies that as r →∞,

Lbk(xk,r+1, x̄k,r+1, zk,r+1, yk,r+1)− Lbk(xk,r, x̄k,r, zk,r, yk,r)→ 0. (B.34)

Suppose that r is not an accelerated iteration, then since this quantity does not exceed

−βk‖Bx̄k,r+1 − Bx̄k,r‖2 − (βk/2)‖zk,r+1 − zk,r‖2, we must have Bx̄k,r+1 − Bx̄k,r → 0

and zk,r+1 − zk,r → 0. Otherwise if inner iteration r is accelerated, the convergence of

Bx̄k,r+1 −Bx̄k,r and zk,r+1 − zk,r are automatically guaranteed by the second criterion

(7.48) of accepting Anderson acceleration. The convergence properties of these two

sequences naturally fall into the paradigm of Lemma 7.1 for establishing the convergence

to approximate KKT conditions of the relaxed problem.
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Appendix C

Supplementary Information to Lie-Sobolev Sys-

tem Identification

C.1 Performance of Lie-Sobolev Luenberger for Linear Sys-

tems with Structural Errors

Consider a linear system

ẋ = Ax+Bu+ ϕ(x), y = Cx, (C.1)

where the structural error ϕ(x) is unknown but assumed to be upper bounded in its

norm. Following the discussions in Subsection 2.4 of the main text, the Luenberger

observer results in an observation error e that satisfies

ė = (A− LC)e+ ϕ(x), (C.2)

in which Ā := A− LC is Hurwitz. The performance of the observer is captured by the

norm of Ā−1ϕ(x). Assuming that the structural error ϕ(x) does not affect the relative

degrees, when a Lie-Sobolev formulation is used, the resulting observation errors ẽ will

satisfy

˙̃e = (A− L̃C̃)ẽ+ ϕ(x)−
dy∑
i=1

ρi∑
r=1

`ri ciL
r−1
Ax ϕ(x), (C.3)

where `ri is the column of L̃ corresponding to the augmented y
(r)
i in the Luenberger

observer, and L stands for Lie derivatives.

We note that the last term on the right-hand side of the above formula, which is

related to the output derivatives in the Lie-Sobolev observer, can be written as δĀ ·
ϕ̃(x) for a proper vector ϕ̃ of Lie derivatives of ϕ(x). Consider the squared norm of

Ā−1ϕ(x). With an infinitesimal Lie-Sobolev modification (meaning that the weights vri ,

r = 1, . . . , ρi, i = 1, . . . , dy corresponding to the output derivatives are set as sufficiently

large values), which leads to infinitesimal changes in Υ and thereafter Y and L, the

resulting change in ‖Ā−1ϕ(x)‖2 can be calculated as the following quadratic form:

δ(‖Ā−1ϕ(x)‖2) =(ϕ̃(x)− Ā−1ϕ(x))> · δĀ> · Ā−>Ā−1ϕ(x)

+ ϕ(x)>Ā−>Ā−1 · δĀ · (ϕ̃(x)− Ā−1ϕ(x)).
(C.4)
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Since δĀ+ δĀ> � 0, as long as ϕ̃(x) is appropriately oriented, e.g., is such that ϕ̃(x)−
Ā−1ϕ(x) is approximately parallel to Ā−>Ā−1ϕ(x), by adjusting the closed-loop transfer

matrix Ā through the tuning of the observer gain L, the above formula becomes non-

positive. Therefore ‖Ā−1ϕ(x)‖2 is reduced and hence the performance of the Luenberger

observer can be improved by adopting a Lie-Sobolev formulation.

C.2 Proofs of Propositions

C.2.1 Proof of Proposition 11.1

The design of the gradient descent-based observer-estimator results in the time deriva-

tive of Q equal to

Q̇ = −
∥∥∥ ˙̂x− f̂ − ĝu

∥∥∥2

Γσ
−
∥∥∥∥∂Q∂θ̂

∥∥∥∥2

Γπ

+
∂S

∂x̂
(f̂ + ĝu) +

∂S

∂u
u̇+

dy∑
i=1

ρi∑
r=0

∂S

∂y
(r)
i

y
(r+1)
i . (C.5)

The first two terms are negative whenever ˙̂x(t) = f̂(x̂(t)|θ̂(t)) + ĝ(x̂(t)|θ̂(t))u(t) and

∂Q/∂θ̂ = 0 are not satisfied, i.e., when there exist state observer errors and the param-

eter estimates are not at their temporal stationary values, respectively. The remaining

three terms are not manipulable by the construction of σ and π, in which the first term is

the change of S resulted from the flow of the state observations, and the other two terms

are resulted from the exogenous changes in the input and output and output derivative

signals, respectively. For convergence, these non-manipulable terms should be small

enough compared to the negative definite terms. By finding the partial derivatives of S

and substituting them into (C.5), after simplifications we have

Q̇ =−
∥∥∥ ˙̂x− f̂ − ĝu

∥∥∥2

Γσ
−
∥∥∥∥∂Q∂θ̂

∥∥∥∥2

Γπ

+

dy∑
i=1

{ ρi−1∑
r=0

wri∆(Lrfhi)

[
∆

(
∂Lrfhi

∂x

)
(f + gu) +

∂Lrfhi

∂x
(∆f + ∆gu)

]

+ wρii

[
∆(Lρif hi) + ∆(LgL

ρi
f hi)u

] [
∆

(
∂Lρif hi

∂x
+
∂LgL

ρi−1
f hi

∂x
u

)
(f + gu)

+

(
∂Lρif hi

∂x
+
∂LgL

ρi−1
f hi

∂x
u

)
(∆f + ∆gu) + ∆(LgL

ρi−1
f hi)u̇

]}
.

(C.6)
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where ∆ denotes the differences between the true dynamics evaluated at true states x(t)

and the estimated dynamics at observed states x̂(t).

Under the assumptions of Proposition 11.1, there exist constants cσ, cπ > 0 such

that

Q̇ ≤ −cσ‖ ˙̂x− f̂ − ĝu‖2 − cπ‖θ̂ − θ‖2, (C.7)

and hence the criterion Q(t) becomes a Lyapunov function. As t → 0, we have ˙̂x(t) −
f̂(x̂(t)|θ̂(t))− ĝ(x̂(t)|θ̂(t))u(t)→ 0 and θ̂(t)− θ → 0, and therefore x̂(t)− x(t)→ 0. Of

course, in real situations the assumptions may not hold globally on X × U , but rather

locally in a neighborhood of zero errors in state observations and parameter estimates.

Hence the matrices Γσ and Γπ can not be chosen arbitrarily large when the errors in

the solutions are not sufficiently small.

C.2.2 Proof of Proposition 11.2

Under the first two assumptions, we may specify constants M11,M12,M22,M0 > 0 such

that

Q̇ ≤ −‖ ˙̂x− f̂ − ĝu‖2Γσ −
∥∥∥∥(∂Q∂θ̂

)
0

+ ε>Q

∥∥∥∥2

Γπ

+M11‖ ˙̂x− f̂ − ĝu‖2

+ 2M12‖ ˙̂x− f̂ − ĝu‖‖θ̂ − θ‖+M22‖θ̂ − θ‖2 +M0,

(C.8)

where the second term on the right hand side is further bounded by −µλmin(Γπ)‖θ̂ −
θ‖2 + 2cQλmax(Γπ)(∂Q/∂θ̂), where ∂Q/∂θ̂ can be bounded linearly with mQ, `Q, cQ > 0

as in the first assumption. It follows that

Q̇ ≤ −M2

(∥∥∥ ˙̂x− f̂ − ĝu
∥∥∥2

+ µ‖θ̂ − θ‖2
)

+M1

(∥∥∥ ˙̂x− f̂ − ĝu
∥∥∥2

+ µ‖θ̂ − θ‖2
)1/2

+M0,

(C.9)

where

M1 = 2cQλmax(Γπ)(`Q +mQ/µ) max(`Q,mQ),

M2 = min (λmin(Γσ)−M11 −M12/µ, λmin(Γπ)−M12 −M22/µ) .
(C.10)

Therefore Q is guaranteed to decrease unless

∥∥∥ ˙̂x− f̂ − ĝu
∥∥∥2

+ µ‖θ̂ − θ‖2 ≤

(
M1 + (M2

1 + 4M0M2)1/2

2M2

)2

. (C.11)
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When this inequality is satisfied, according to the first assumption, there will be a

corresponding upper bound Qmax > 0 of Q. In other words, whenever Q ≥ Qmax,

Q̇ < 0, implying that Q is ultimately bounded, and hence the errors are ultimately

bounded. Thus we have proved the proposition. We note that the right-hand side

expression above is always lower-bounded by a constant:

M1/M2 ≥ cQ(`Q +mQ/µ) max(`Q,mQ). (C.12)

This implies that the use of high-gain observers and estimators can not eliminate the

intrinsic uncertainties due to the existence of non-vanishing structural errors.

C.2.3 Proof of Proposition 11.3

Having assumed the Lipschitz continuity of f, g, h and Lie derivatives, we can claim

that the difference between the estimated model and the true dynamics and their Lie

derivatives will be ultimately bounded. That is, ∃B > 0, ∀ε > 0, ∃Tε > 0 such that

∀t > Tε,

‖f(x(t))− f̂(x(t)|θ̂(t)) + g(x(t))u(t)− ĝ(x(t)|θ̂(t))u(t)‖2+

dy∑
i=1

[ ρi−1∑
r=0

wri ‖Lrfhi(x(t))− Lr
f̂
ĥi(x(t))‖2 + wρii ‖L

ρi
f hi(x(t))− Lρi

f̂
ĥi(x(t))

+ LgL
ρi−1
f hi(x(t))u(t)− LĝLρi−1

f̂
ĥi(x(t))u(t)‖2

]
≤ B + ε.

(C.13)

Under the assumptions of Propositions 11.2 and 11.3, replacing the x(t) and u(t) with

any x ∈ X and u ∈ U leads to an increase linearly bounded by η on the right-hand side

of the above formula. That is, ∀x ∈ X , ∀u ∈ U ,

‖f(x)− f̂(x|θ) + g(x)u− ĝ(x̂|θ)u‖2 +

dy∑
i=1

[ ρi−1∑
r=0

wri ‖Lrfhi(x)− Lr
f̂
ĥi(x|θ)‖2

+ wρii ‖L
ρi
f hi(x)− Lρi

f̂
ĥi(x|θ) + LgL

ρi−1
f hi(x)u− LĝLρi−1

f̂
ĥi(x|θ)u‖2

]
≤ B(ε, η).

(C.14)

Thus proving the proposition.
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C.3 Dynamics of the Etherification Reactor

In the glycerol etherification process, glycerol reacts with isobutene to yield mono-, di-,

and tri-tert-butyl ethers of glycerol with a side dimerization reaction of isobutene:

G + IB −−⇀↽−− ME, ME + IB −−⇀↽−− DE, DE + IB −−⇀↽−− TE, 2 IB −−→ DIB.

Apart from these components, water (W) exists in the system as the solvent. The

stoichiometric constants νij of the 7 species (1=G, 2=IB, 3=ME, 4=DE, 5=TE, 6=DIB,

7=W, subscripted by i) in the 4 reactions (subscripted by j) are given as

ν11 = −1, ν21 = −1, ν31 = 1, ν22 = −1, ν32 = −1, ν42 = 1

ν23 = −1, ν43 = −1, ν53 = 1, ν24 = −2, ν64 = 1, other νij = 0.
(C.15)

The rates of the 4 reactions, in terms of total extent per unit time per mole of active

catalytic site (kmol · h−1 · (mol H)−1), are

r1 =
k1(a1a2 − a3/Ke1)

(1 +Ka1a1 +Ka2a2)2
, r2 =

k2(a2a
2
3 − a4/Ke2)

1 +Ka1a1 +Ka2a2
,

r3 =
k3(a2a

2
4 − a5/Ke3)

1 +Ka1a1 +Ka2a2
, r4 =

k4a
2
2

(1 +Ka1a1 +Ka2a2)2
,

(C.16)

where k and Ke stands for the rate constants, related to pre-exponential factors and

activation energies, and equilibrium constants, related to the enthalpy and entropy

changes, respectively. The adsorption equilibrium constants Ka follow similar rules:

kj = k◦j exp(−Ej/RT ), Kej = exp(−∆Hj/RT + ∆S/R),

Kai = K◦ai exp(−∆Hai/RT ).
(C.17)

The reaction rate for each species is therefore

Ri =
4∑
j=1

νijrjV ρcatq, V = M
7∑
j=1

wjxj
ρj

. (C.18)

with q being the quantity of active sites in moles per mass of catalyst, ρcat the density

of catalyst, and V the volume of reacting liquid linked to the total molar holdup M

and molar fractions xj by densities ρj and molar weights wj . The true values of these

constants are listed in Table C.1. We assume that the thermodynamic constants Ej ,
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Table C.1: Parameters related to the reaction kinetics

E1 21.3 kJ/mol k◦1 2.56× 102 kmol/(h ·mol H)
E2 39.1 kJ/mol k◦2 1.14× 105 kmol/(h ·mol H)
E3 25.6 kJ/mol k◦3 7.52× 103 kmol/(h ·mol H)
E4 39.9 kJ/mol k◦4 5.59× 103 kmol/(h ·mol H)

∆H1 −49.4 kJ/mol ∆S1 −119.1 J/(mol ·K)
∆H2 −6.0 kJ/mol ∆S2 −36.9 J/(mol ·K)
∆H3 −27.1 kJ/mol ∆S3 −89.8 J/(mol ·K)
∆Ha1 −7.6 kJ/mol K◦a1 2.51× 10−1

∆Ha2 −12.3 kJ/mol K◦a2 2.24× 10−4

w1 92 kg/mol ρ1 1261 kg/m3

w2 56 kg/mol ρ2 588 kg/m3

w3 148 kg/mol ρ3 1015 kg/m3

w4 204 kg/mol ρ4 920 kg/m3

w5 260 kg/mol ρ5 880 kg/m3

w6 112 kg/mol ρ6 718 kg/m3

w7 18 kg/mol ρ7 1000 kg/m3

ρcat 60 kg/m3 q 4.7 mol H/kg

∆Hj , ∆Sj , ∆Hai are known exactly, while the pre-exponential factors k◦j (j = 1, 2, 3, 4)

for the reaction rates and K◦ai (i = 1, 2) for adsorption equilibria are to be estimated.

For the activity of the chemical species in the multicomponent liquid mixture, the

NRTL model is used:

ai =γixi,

ln γi =

∑
j xj

Aji
RT exp

(
−αjiAji

RT

)
∑

j xj exp
(
−αjiAji

RT

) +
∑
j

xj exp
(
−αijAij

RT

)
∑

k xk exp
(
−αikAik

RT

)
×

Aij
RT
−

∑
k xkAkj exp

(
−αkjAkj

RT

)
∑

k xk exp
(
−αkjAkj

RT

)
 , i = 1, . . . , 7.

(C.19)

The parameters in the NRTL model is listed in Table C.2. For i = 1, . . . , 7, Aii = 0 and

αii = 0. For i, j = 1, . . . , 7, αij = αji. We assume that the NRTL model is unknown,

and in the identification the mixture is considered ideal, i.e., γi = 1, ∀i.
For simplicity we consider an isothermal reactor with constant temperature T =

353 K and constant molar holdup M . The inlet stream to the reactor is mixed by

4 streams, in which one is the fresh feed of pure isobutene, whose molar flow rate is
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Table C.2: Parameters in the NRTL model

A12 6000.6295 A21 7790.3843 α12 0.2
A13 5093.9878 A31 −261.0596 α13 0.2
A14 15394.2024 A41 3470.2636 α14 0.2
A15 18947.6060 A51 9748.1650 α15 0.2
A16 10108.9095 A61 16721.0340 α16 0.2
A17 −2280.9459 A71 2145.9265 α17 1.011
A23 10225.3886 A32 −2579.3354 α23 0.2
A24 −3867.1740 A42 −6172.8956 α24 0.2
A25 −3867.1740 A52 −6172.8956 α25 0.2
A26 −735.1239 A62 472.8172 α26 0.329
A27 11654.4821 A72 11799.1457 α27 0.255
A34 −4605.9560 A43 8587.5306 α34 0.2
A35 7737.8398 A53 −1327.7458 α35 0.2
A36 2163.8848 A63 10377.8670 α36 0.275
A37 −3457.2938 A73 13410.9808 α37 0.392
A45 9937.7242 A54 −3728.8290 α45 0.2
A46 −1867.1581 A64 8318.6558 α46 0.286
A47 −168.9405 A74 20784.1686 α47 0.345
A56 −3141.0292 A65 6209.7266 α56 0.398
A57 −386.1022 A75 20784.9169 α57 0.202
A67 9981.2064 A76 20784.9169 α67 0.2

considered as the manipulated input. The flow rates and compositions of other 3 streams

to the reactor are fixed. The molar flow rate of the outlet stream is adjusted accordingly

to keep the molar holdup constant. Hence the dynamic model has 6 states standing for

the molar fractions of the previous 6 components (with the 7th one dependent). Let the

controlled output be the total reaction rate R =
∑7

i=1Ri, namely the difference between

the molar flow rates of the inlet stream and the outlet, which are assumed measurable.

Hence the model is

ẋi =
F0 + u

M
(x0,i − xi) +

3∑
l=1

Fl
M

(xl,i − xi) +
Ri(x)

M
, y =

7∑
i=1

Ri(x). (C.20)

Under the nominal input u = 0, the steady states along with the parameters are given

in Table C.3. The approximate model is the one with Ri in the above accurate model

substituted with an ideal mixture (with all γi = 1) and kinetic coefficients k◦1/104,

k◦2/103, k◦3/103, k◦4/103, Ka1, Ka2/10−4 (scaled by orders of magnitudes that are assumed
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Table C.3: Parameters and steady states in the reactor dynamics

x1 0.0035 x2 0.7267 x3 0.0436
x4 0.1045 x5 0.0156 x6 0.0887
x1,1 0.0000 x1,2 0.9198 x1,3 0.0000
x1,4 0.0000 x1,5 0.0000 x1,6 0.0584
x2,1 0.0000 x2,2 0.9731 x2,3 0.0000
x2,4 0.0000 x2,5 0.0000 x2,6 0.0192
x3,1 0.7674 x3,2 0.0000 x3,3 0.2294
x3,4 0.0001 x3,5 0.0000 x3,6 0.0000
F1 185.4900 F2 1.7267 F3 40.1762

to be known) left as 5 unknown parameters, represented as R̂(x|θ).
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