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Abstract 
 

In this dissertation I propose a new source imaging algorithm which uses surface 

non-invasive measurements such as EEG and MEG to estimate underlying brain 

activities. I employ sparse signal processing techniques (imposing sparsity in multiple 

domains) as well as an iterative reweighting scheme to come up with an algorithm which 

objectively and without the need of applying any subjective thresholds, yields extended 

solutions that not only precisely estimates the location of underlying sources of activity in 

the brain, but also provides a high quality estimate of the underlying sources’ extent and 

size. This algorithm is formulated as a convex optimization problem. 

I have also proposed a scheme to further develop this algorithm to become 

suitable for imaging sources that evolve over time, basically providing a spatio-temporal 

estimate of underlying brain activity. In this manner an efficient algorithm that can image 

dynamic underlying brain networks is developed.  

The main application this algorithm was motivated by and validated in, is imaging 

the epileptogenic tissue in focal epilepsy patients. It is shown in this dissertation through 

analyzing inter-ictal spikes and ictal signals from the EEG recordings of focal epilepsy 

patients and subsequently comparing it to clinical findings in these patients that the 

proposed algorithm works well in real-world applications and clinical settings. These 

clinical findings included the surgically resected volume and seizure onset zone identified 

by intra-cranial studies; our estimated epileptogenic tissue matched these clinical findings 

well. While this algorithm was developed for and tested in this particular application, i.e. 

epileptic activity imaging, it is a general source imaging algorithm and many other 

applications are also possible, as will be pointed out throughout this dissertation. 
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Chapter 1 

 

Introduction 
 

“If the brain were so simple that we could 

understand it, we would be so simple we 

couldn’t.” 

 

-Emerson M. Pugh 

 

 

In this introductory chapter I briefly motivate the need for the research I have 

conducted in the past 5 years. I will provide a big picture of the research being conducted 

in the field and what specifically has been done and reported in this dissertation. I will 

also provide a concise summary of the topics and materials covered in each chapter, so 

that the reader can decide which chapters to follow more carefully, if any. I hope that the 

materials presented throughout the chapters are rich enough to warrant a regular and 

dense sampling from the reader as opposed to an irregular and sparse skimming through 

the chapters. In either case, this chapter should provide a good resource on how to read 

this dissertation and what one might expect to find in it.   
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1.1. Motivation and Significance 

Brain is the most amazing organ in the human body, the most complicated and the 

most intelligent (or so it thinks!). In terms of numbers it is truly astronomical. The human 

brain is comprised of roughly hundred billions of neurons and quadrillions of synaptic 

connections (Herculano-Houzel, 2009). It is estimated that the Milky Way also contains 

hundreds of billions of stars. 

As astronomers and engineers hand in hand and collaboratively make an endeavor 

to unravel the mysteries of the heavens and the gigantic cosmos, here on earth, 

neuroscientists and biomedical engineers collect their wits together to fathom the inner 

secrets of this inner cosmos, the home of our knowledge, our brains. 

The brain is studied on many different scales; from investigating the effects of sub-

cellular components such as ion-channels and different gene-expressions in the cell 

nuclei that can affect cell membrane excitability to a higher scale of recording single unit 

activity from microelectrodes to investigating a particular neuron’s firing rate changes in 

response to particular stimuli, or recording from the motor cortex using micro-electrode 

arrays to decode movement intents in tetraplegic patients to recording scalp potentials 

with electroencephalogram to determine the stage of sleep in a patient suffering from 

insomnia. 

Studying the brain in each of these scales is important and as the results of research 

on any scale reveals a little more about the brain and the central nervous system, 

connecting and combining these scales and having an integrative approach towards 

different investigations into the brain on various scales is quite critical. As Paul Nunez 
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has mentioned previously, it is adamant that researchers avoid any “chauvinism of spatial 

scale” (Nunez and Srinivasan, 2006). 

Studying normal brain states and a healthy brain is quite important in forming 

adequate understanding of the system under study, i.e. the brain. Such knowledge can 

later on be used to understand pathological states and diseases and potentially even cure 

them. On the other hand, studying the pathological condition and how a system fails will 

also provide useful insights not only on how to fix it (if possible), but on how the normal 

system functions. 

In this dissertation I will be concerned with macroscale recording imaging 

modalities to study a well-known devastating disease; Epilepsy. In this dissertation I will 

be concerned mainly with noninvasive scalp recording systems; in particular the 

electroencephalogram (EEG) and the magnetoencephalogram (MEG).  

EEG and MEG record from the whole head with an almost perfect spatial coverage; 

additionally they record neural signals directly and with high temporal resolution 

(Edelman et al., 2015). However as there is biological tissue (for instance the scalp, the 

skull and the cephalic tissue) that comes between where the signal is originated and 

where it is recorded, spatial mixing and subsequently compromised spatial resolution can 

be a concern. This is where source imaging techniques come to the rescue attempting to 

reduce or possibly eliminate the effect of volume conduction to a great extent.  

Epilepsy alone is estimated to bear 1% of all burden of disease worldwide (Prilipko 

et al., 2005). A huge proportion of the population (between 0.8% - 1% of population) is 

estimated to suffer from epilepsy. This amounts to about 65 million people worldwide.  
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Epilepsy is a devastating disease which detrimentally impacts the patients’ lives 

and their families’ to a great extent; unpredictable seizure attacks, falls, uncontrollable 

behaviors which might be socially unacceptable and cause a lot of harm to the body, 

mind and soul of these patients are just to name a few. Social stigma, potential 

developmental problems specifically in untreated pediatric epilepsy and economic 

hardship awaits these patients and their families more than other groups of people. Being 

able to provide better understanding of underlying mechanisms of seizure generation and 

propagation throughout the brain tissue might help in devising new and more effective 

treatments that could potentially improve the quality of life in these patients or potentially 

cure their condition.   

A plethora of pharmacological agents and drugs have been developed to control 

seizures. Fortunately about 70% of patients respond to these medications and their 

seizures are controlled, but about 30%-40% do not respond to any sort of medication. For 

these patients alternative treatments are available. Implanting electrical stimulation 

devices and surgical resection of the epileptogenic tissue seems to be the most promising 

and viable treatment option for these patients; however in order to identify where to place 

the electrodes for chronic stimulation or where to resect, usually an invasive intra-cranial 

EEG (iEEG) study is necessary.  

These iEEG studies are deemed as gold standard in the field (Sperling, 1986). 

These invasive procedures cause discomfort for the patient and potential infection and 

high costs (Hamer et al., 2002; Platt and Sperling, 2002; Wong et al., 2009). These 

invasive studies are estimated to cost around 29,000-50,000 $ at each hospitalization and 
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usually take about 10-12 days, as the recording has to be done over a log enough period 

to make ensure that recorded seizures are typical and are not transient (Hamer et al., 

2002; Wong et al., 2009). Additionally the iEEG electrodes have limited spatial coverage 

and could potentially miss areas of interest. 

Source imaging using EEG can play an important role here given its noninvasive 

nature, portability, availability, thorough spatial coverage and high temporal resolution. 

Source imaging with EEG/MEG can identify regions of interest and as we will 

demonstrate in this dissertation even potentially the epileptogenic issue and thus if not 

completely supplanting iEEG studies, source imaging can guide the electrode placement 

to at least reduce the length of iEEG studies and potentially guide placement of less 

invasive iEEG studies such as stereo-EEG (sEEG) studies. This technique, sEEG, is 

becoming more popular every day and more epilepsy centers are implementing this safe 

technique as time goes on (Mullin et al., 2016). In this technique multiple electrode 

shanks (even more than 10) each containing about 10 electrode contacts are inserted into 

the brain, sometimes using robotic devices (Spire et al., 2008), by making a small bore 

hole in the skull and pushing the electrode shanks through the brain tissue. Although the 

number of recording channels are high in sEEG, given the limited spatial coverage of 

each electrode only a small volume of the brain is covered. Source imaging can 

potentially guide where the electrodes can be placed to potentially help optimize 

electrode placement and suggest a better strategy for electrode placement. 

Given the potential benefits source imaging has, this dissertation will further 

investigate the possibility of such a potential. Electromagnetic source imaging (ESI) 
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algorithms need to improve the spatial resolution they can offer to become more 

clinically relevant. I will show in this dissertation that if proper mathematical modeling 

and signal processing tools are applied, ESI can provide highly accurate and objective 

information about underlying epilepsy networks and epileptogenic tissue, quite 

comparable to clinical findings sometimes obtained from invasive examinations. 

1.2. The Scope and Organization of this Dissertation 

In this dissertation I will attempt to tackle the low spatial resolution of EEG/MEG 

source imaging and to demonstrate how applying better signal processing tools 

specifically sparse signal processing techniques can alleviate this problem and I will 

show how this proposed new imaging algorithm can provide useful information about 

underlying epileptogenic tissue in focal epilepsy patients. I will briefly describe how the 

rest of this dissertation is organized. 

In chapter 2, a basic review of electrophysiological basis of EEG is presented. A 

biophysical model explaining volume conduction is reviewed and the basic concepts of 

forward and inverse problems in an electrophysiological context are covered. A brief 

review of current source imaging techniques and algorithms are presented and finally the 

importance of high-enough spatial sampling and required EEG channels (for obtaining 

accurate source imaging results) is discussed briefly. 

This dissertation is divided into three parts. In part 1 the source imaging problem is 

formulated as a static problem, by which I mean, the input to the ESI is a single scalp 

potential measurement; basically the temporal aspect and evolution of EEG is 

temporarily set aside. This part comprises chapters 3 and 4. In part 2 the temporal aspect 
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of EEG is considered as well and the formulation proposed in part 1 is modified to 

become capable of handling the time dimension efficiently. It is good to note that one 

rather naïve approach to enabling any ESI to handle the time dimension is by applying it 

to every recorded scalp potential over time; this approach is pretty inefficient and is 

certainly not the adopted approach. In part 3, we will include connectivity analysis and 

estimation of network connections in conjunction with our proposed ESI and show that 

not only underlying sources that have a specific temporal evolution can be imaged using 

our proposed ESI, but the inter-connectivity of these sources can also be imaged; hence 

the term network imaging. 

In chapter 3, I propose a new ESI algorithm and the mathematical foundations for 

this proposed algorithm is laid. Extensive computer simulations and a wide range of 

comparison with other methods are provided as well to assess the performance of this 

newly proposed method. 

In chapter 4, the ESI algorithm proposed in chapter 3 is applied to inter-ictal spikes 

recorded in the EEG of focal epilepsy patients to estimate where these spikes are arising 

from. The analytical solutions are compared to clinical findings in these patients for 

validation. In the beginning of this chapter a brief introduction to epilepsy and some of 

the clinical terms and concepts that will be used throughout the dissertation, is given. 

This is an extremely short introduction mainly to provide an overview and familiarize the 

reader with some of the basic terms that are necessary to follow the work presented in 

this dissertation.  
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In chapter 5, the proposed ESI is slightly modified to handle time evolution of 

underlying sources efficiently.  

In chapter 6, the modified ESI formulated in chapter 5 is applied to analyzing 

seizure data from focal epilepsy patients and the result are compared to clinical findings 

in these patients who became seizure-free after surgical resection of the epileptogenic 

tissue. 

In chapter 7, the proposed ESI algorithm is used in conjunction with directed 

connectivity analysis (spectral Granger causality methods) to estimate the inter-regional 

connectivity of underlying sources related to ictal activity to determine the epileptogenic 

tissue. The results are compared to clinical findings in these patients as in chapter 6. 

Chapter 8 concludes this dissertation and a brief summary of the covered materials 

as well as some potential future works and relevant investigations will be pointed out. 
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Chapter 2 

 

EEG Basics and Source Modeling 
 

“The physical aspects of EEG are naturally 

separated into two mostly disparate areas of 

study, volume conduction and brain 

dynamics.” 

 

-Paul L. Nunez 

 

Electroencephalography (EEG) has been introduced as a tool to study the brain 

for more than a century. Since the first recording of human EEG by Hans Berger in 1924, 

electroencephalograms have been used to study brain waves (brain dynamics). Even 

today, studying the raw waveforms of EEG and its rhythms helps clinicians in 

determining if the brain is functioning normally or not. EEG, however, can be thought of 

as a spatial process where the EEG fingerprints on the scalp form topographical maps; 

these topographical maps are electrical potential distributions generated by underlying 

electrical activity of the brain (volume conduction). It is fascinating to estimate the 

underlying distribution of electrical activities in the brain from EEG recordings, a process 

called source localization. In this chapter we will briefly review the origins of EEG 

signal, biophysical models for current density dipoles modeling brain electrical activity 

and the basics of EEG source imaging. 
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2.1. Origins of EEG Signals 

The human brain is comprised of roughly hundred billions of neurons (Herculano-

Houzel, 2009). These building blocks of the brain typically form between 10
3
-10

4
 

synapses on average, forming a huge interconnected network with quadrillions of 

connections, which enables our brains to function as they do (Pakkenberg et al., 2003). It 

was once believed that the brain is a continuous interconnected mass of fibers; this was 

known as the reticular theory. Cajal later on meticulously showed that the brain is 

comprised of discrete neuronal cells which interconnect at discrete gaps (which were later 

on called synapses), thus bringing forward the neuron doctrine (Bullock et al., 2005). 

These synapses allow for the electrical communication between neurons and facilitate 

synchrony among neurons and brain regions; such a functional coupling, observed from 

afar might be reminiscent of the reticular theory. Although, a lot is known about the 

structure and dynamics of neurons and networks, connecting through the many different 

scales the brain encompasses to provide a single framework that connects all brain scales 

and provide a universal theory of brain functional electrical activity is yet to emerge. 

There are many technical and theoretical challenges that need to be addressed. 

The electrical activity of the brain can be analyzed through a vast variety of scales 

depending on the aim and focus of one’s study; namely from ion channels responsible for 

adjusting the neuron’s electrochemical balance, to neurons, synapses, mini-columns, 

macro-columns, cell assemblies and brain networks. Focusing on each scale can give us 

different and relevant information about how the brain functions. Surface recordings such 

as the Electroencephalogram (EEG) and Magnetoencephalogram (MEG) record from 
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ensemble of neurons roughly containing hundreds of millions of neurons (Nunez and 

Srinivasan, 2006). This means that while, information about mini-columns or even 

macro-columns (which could be obtained from invasive intracranial electrodes with a 

fine tip) cannot be observed and delineated in EEG and MEG recordings, extremely 

useful information about large scale brain networks can be obtained from these 

recordings. This makes EEG and MEG studies most relevant for clinical, cognitive and 

behavioral studies (Michel and Murray, 2012). 

While the measurements from EEG and MEG electrodes provide high temporal 

resolution about underlying brain activity, relying only on surface measurements will 

limit our spatial resolution to a lobar scale; that is information about activity of one lobe 

versus another can be extracted successfully from the raw EEG and MEG recordings (He 

et al., 2011b). This results in a coarse spatial resolution of about 5 cm. However, as we 

will survey the theory and practice of source imaging in this chapter and present our work 

on source imaging in this dissertation, we will show that this figure can improve about an 

order of magnitude to provide a sub-centimeter resolution of about 5 mm. Additionally, 

signals recorded on scalp measurements are not simply due to the electromagnetic 

activity of the brain tissue closest to or right under the electrodes/magnetometers (He and 

Ding, 2013). Due to the electrical conduction of the biological tissue to electromagnetic 

signals, the three-dimensional brain volume acts as a conductor, mixing signals from 

different brain regions in surface measurements; as we will discuss later, source imaging 

can help to reduce the volume conduction effects (Michel and He, 2011). 
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Moving electrical charges produces currents and potentials. When an imbalance 

between the ions inside and outside a neuronal cell occurs, a change will be observed in 

the potential difference of the cell interior and exterior. The cell membrane actively 

responds to changes in the potential and ion concentration to produce its electrical 

signature, which is the sharp deflection of the cell’s interior potential to a positive 

potential compared to the cell’s exterior, called the action potential (Malmivuo and 

Plonsey, 1995). After firing an action potential the cell promptly restores the normal 

electrochemical balance and becomes ready to fire again. These action potentials can 

propagate through the neuron’s axons and travel from one physical point to another, 

allowing neurons to communicate with each other over vast scales (Nunez and 

Srinivasan, 2006). 

The currents are produced by the constant movement of charges inside, outside 

and along the neuronal cells. The electrical/magnetic fields due to these microscopic 

currents will propagate through the conductive brain and cephalic tissue, and if added 

constructively, can produce observable electrical/magnetic fields at the scalp level 

(volume conduction). It is needless to say that the relative geometry and strength of these 

currents will play a role in determining the overall effect at scalp (Malmivuo and 

Plonsey, 1995; Nunez and Srinivasan, 2006). This implies that some currents will cancel 

each other, and thus are unperceivable at the scalp. Basically, only an average effect can 

be sensed at the scalp and fine details will be lost. This is due to the fundamental laws of 

physics (superposition of fields and currents) and determines the lower limit of spatial 

resolution. Some previous literatures have proposed a minimum area/volume of cortical 
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activation for the resulting fields (around a couple of cm
2
 of cortical activation) to be 

observable in scalp (Cooper et al., 1965; Ebersole, 1997; von Ellenrieder et al., 2014a, 

2014b). It is good to note that such measurements will depend on instrumentational noise 

level, source depth (deeper sources will be attenuated more than superficial sources) and 

brain background activity as well as volume of activation; thus it is difficult to thoroughly 

rely on these figures as ground truth. The important point is that there will be a lower 

limit to minimum activated brain tissue which produces observable fields on the scalp 

and meshing the brain with very fine grids (less than ~3 mm) to model mesoscopic 

electrical activity inside the brain is not beneficial. 

As briefly discussed before, EEG records activities of populations of neurons. In 

order for such microscopic activities to combine constructively and produce observable 

fields on the scalp, the microscopic activities should be synchronized and also 

geometrically positioned such that the currents will not cancel each other out. This means 

that these currents should be parallel to each other to produce strong effects on the scalp. 

A common arrangement for this scenario is called the palisade where the main axes of 

dendritic trees are positioned in parallel to each other and perpendicular to the cortex. 

The pyramidal cells of layer IV and V of the cortex follow such an arrangement and are 

thought to be the main contributor to EEG signals (Lopes da Silva and Van Rotterdam, 

2011).  
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As axons in the brain are mostly myelinated and myelin is an insulator (Malmivuo 

and Plonsey, 1995), most signals are expected to arise from post-synaptic potentials in 

the dendrites. Specifically, those oriented in parallel to each other like the pyramidal 

cells. Currents flowing in opposite directions will cancel each other and thus only 

 
 

Fig. 2.1. Electrophysiological Basis of EEG/MEG. EEG/MEG records activities of 

populations of neurons. In order for such microscopic activities to combine constructively and 

produce observable fields on the scalp, the microscopic activities should be synchronized and 

also geometrically positioned such that the currents will not cancel each other out. This means 

that these currents should be parallel to each other to produce strong effects on the scalp. A 

common arrangement for this scenario is called the palisade where the main axes of dendritic 

trees are positioned in parallel to each other and perpendicular to the cortex. The pyramidal 

cells of layer IV and V of the cortex follow such an arrangement and are thought to be the 

main contributor to EEG signals.  
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currents of parallel branches of the dendrites will constitute an overall non-zero field 

which can be sensed on the scalp. The excitatory postsynaptic potentials (EPSP) and 

inhibitory postsynaptic potentials (IPSP) will cause opposite currents in the synapse and 

contribute to field variations, which account for the polarity changes in the EEG. It is 

possible that relatively slow membrane potential variations such as calcium potentials 

may also contribute to extracellular measures of potential (Niedermeyer and Lopes da 

Silva, 2005). Fig. 2.1 is a depiction of this concept.   

On a mesoscopic level, the fields generated by synchronously activated neuron 

ensembles which are positioned in a favorable geometry, i.e. the palisade, can be though 

to have risen from current dipole layers (along the regions with parallel dendritic 

branches). Note that monopoles are not modeled due to the conservation of charges and 

also the fact that positive and negative charges are separated by cell membrane and are 

close to each other, thus better modeled by dipoles (Baillet, 2017; Lopes da Silva and 

Van Rotterdam, 2011; Malmivuo and Plonsey, 1995; Nunez and Srinivasan, 2006). This 

model is capable of explaining the observed potentials and magnetic fields at the scalp 

level. It is good to note, that more complicated configurations such as the quadrupoles or 

octapoles can be added to the dipoles to improve the model (Jerbi et al., 2002; Riera et 

al., 2012). Due to the convoluted geometry of the dendrites and thus the resulting charge 

configurations, more elaborate situations can be modeled by multipoles, but by the laws 

of electromagnetics, multipoles attenuate on a much faster rate than dipoles and given 

that the surface electrodes are far from sources, will not contribute much to the surface 

recordings (Malmivuo and Plonsey, 1995; Nunez and Srinivasan, 2006). 
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Contributions of action potentials to the EEG are minimal, due to two reasons. 

Firstly, action potentials activate a small area of the cell membrane and thus can be 

modeled by point dipoles. Contrary to postsynaptic potentials which create layer dipoles, 

point dipoles attenuate on a higher rate as a function of distance, compared to dipole 

layers (Lopes da Silva and Van Rotterdam, 2011; Nunez and Srinivasan, 2006). 

Secondly, action potentials are very short and thus the probability of synchronization 

between large areas/volumes is much less likely than slow potentials such as the 

postsynaptic potentials; thus resulting in much weaker signals (Lopes da Silva and Van 

Rotterdam, 2011). 

2.2. EEG Source Models 

The electromagnetic source imaging (ESI) is the process of estimating the electrical 

activity of underlying brain sources from non-invasive electromagnetic surface 

measurements such as EEG and MEG (Michel et al., 2004b). Mathematically speaking, 

ESI is an inverse problem. Solving this problem poses serious challenges and is not a 

trivial task, yet by imposing physiologically feasible constraints, it can be achieved. In 

order to understand this process we have to briefly mention how microscopic activities 

produce EEG and MEG, to lay the groundworks for understanding the concept of solving 

the bio-electromagnetic inverse problem and consequently performing source imaging. 

2.2.1. Forward Problem and Volume Conduction 

If the microscopic electrical currents inside the brain are somehow revealed to us, 

finding the potential distribution on the scalp (or magnetic field) is trivial. By Solving 

Maxwell’s equations we can exactly calculate the potential generated by these currents at 
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the scalp (Baillet et al., 2001). This process is called solving the forward problem where 

scalp potential distributions are obtained from currents inside the brain. The 

electric/magnetic field due to these dipoles will propagate through the brain tissue and 

produce an effect at scalp electrodes. 

In practice we might assign a current dipole to represent a certain volume or area 

on the cortex, as the mesoscopic activity observed in the EEG can be attributed to these 

dipole layers. Basically a current dipole density will be attributed to such voxels or 

patches in the brain. By solving the forward problem we can obtain the contribution of 

each such dipole, to the scalp potential. Given the linear nature of Maxwell’s equations, 

the overall potential signal generated at the scalp is the superposition of potentials 

generated by every current. This means the relation between the scalp potentials and the 

current dipole strengths is linear. 

In order to solve Maxwell’s equations we need to know the physical properties of 

the tissue, i.e. electrical conductivity, and the boundary conditions. One of the early and 

simple models used was an infinite homogeneous sphere where all different tissue types 

are modeled with a single conductivity and the head is modeled as a sphere (Malmivuo 

and Plonsey, 1995). This model is simple and has a closed form solution, but is not an 

accurate model. More elaborate models with three or four concentric spheres modeling 

the brain, skull, cerebrospinal fluid (CSF) and scalp with four different values of 

conductivity have also been proposed. These models were more elaborate but still did not 

model the realistic geometry of individual subject’s head. One successful approach to 

solving the forward problem is using the boundary element method (BEM) model (He et 
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al., 1987). In this approach the geometry of the head is extracted from magnetic 

resonance imaging (MRI) and three layers which model the brain, the skull and the scalp 

are considered (Hämäläinen and Sarvas, 1989; He et al., 1987). The conductivity within 

each layer is assumed to be homogeneous and three different conductivities are assigned 

to these tissues. Then the Maxwell’s equations are numerically solved within this 

framework. BEM models have proven to be very efficient and accurate in solving the 

forward problem.  

Another approach would be the finite element method (FEM) models, where 

instead of boundary layers, finite voxels or elements are assumed in the brain volume, to 

solve the numerical electromagnetic problem. These models can assign different 

conductivity values to each element or voxel and thus can be inherently more accurate 

and are computationally more intensive. However, conductivity of each element in the 

brain is not available in most cases, thus forcing FEM models to assume a couple of 

homogeneous tissue types and follow a similar approach as BEM models. Although some 

works in the literature have proposed that FEM models can better model inhomogeneity 

compared to BEM, specifically for modeling cancellous and spongy bones, more data is 

required to assess such claims (Cho et al., 2015). In the meantime it seems that BEM 

models can provide accurate and reliable solutions to the forward problem. 

2.2.2. Inverse Problem 

Solving the forward problem is guaranteed and a straightforward task once 

current dipole distributions are given, this is not the case for the reverse process; namely, 
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to estimate the current dipole densities from scalp potential measurements. This process 

is called solving the inverse problem. 

It was first shown by Helmholtz that it is impossible to find a unique solution for 

an electromagnetic inverse problem (Helmholtz, 1853). This can be intuitively 

understood as follows. While EEG or MEG measurements can provide 100-300 scalp 

measurements, even by a moderate mesh size of 7 mm there are around 10000 current 

dipoles in the brain. This gap between the number of unknown variables and known 

measurements means that the current dipole densities cannot be obtained merely from 

measurements. However, mathematically speaking, this inverse problem or 

deconvolution problem can be solved uniquely if we introduce regularization terms into 

the problem. Regularization terms can intuitively be understood as extra constraints on 

the solution which basically serve as extra a priori information about solutions’ 

characteristics. With the introduction of these a priori information the problem can be 

solved uniquely. It should be noted that depending on the constraint we impose on the 

solution, we will determine the type of solution we obtain, thus regularization terms 

should be selected such that they are compatible with physiological assumptions (as will 

be discussed later). 
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In addition to facing an underdetermined problem where number of measurements 

is much less than unknowns, surface measurements are always contaminated by noise, 

which further emphasizes the need for regularization terms to avoid fitting noise to the 

solution (Hansen, 1992; Hansen and O’Leary, 1993). Fig. 2.2 depicts the brain electrical 

activity origins, the basic biophysical model, forward and inverse problem and the 

concepts of source imaging schematically. 

 
 

Fig. 2.2. Physiological basis of EEG/MEG and the biophysical modeling of the forward 

and inverse problems. The electrical activity of the brain arises from the ions (charges) that 

enter and exit the selective membrane of neurons. EEG/MEG signals manifested on the scalp 

represent the underlying activation of synchronous neuronal ensembles, which encode brain 

function or dysfunction. Current dipoles can be used to model neuronal currents. Maxwell’s 

equations can be solved to obtain the electric potential (EEG) and the magnetic field 

(MEG)—the so-called forward problem. Various numerical techniques, such as the boundary 

element method (BEM) and the finite element method (FEM), can be used to model the head 

volume conductor linking neuronal current dipoles to EEG/MEG. The current density 

distribution of brain activity can be estimated from scalp EEG/MEG by means of signal 

processing algorithms—the so-called inverse problem. The lead-field matrix is denoted by 𝒦, 

the current density distribution as 𝒿, and 𝓃 is the additive noise in the recording E/MEG 

system. 
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2.3. Source Imaging Algorithms 

 

Trying to perform an exhaustive search through the source space, i.e. the gridded 

locations in the brain represented by a current dipole, is not feasible. As an example, 

assume that the number of dipoles thought to generate a given scalp topography are 

known to be three. Even in a moderate meshing situation where there are about 10
4
 

source locations in the brain, this means that all possible location triples need to be 

considered to guarantee a reasonable solution. This means that all the (
10000

3
) triples 

(roughly 166 million triples) have to be considered. This is an extremely large problem 

and it is needless to say that by increasing the number of active dipoles or source 

locations this problem grows exponentially. Thus it is essential to formulate and solve 

this problem in a very precise and mathematical framework to avoid such naïve 

approaches. In this section we will briefly survey some of the well-known and most 

fundamental approaches proposed for source imaging, so far. 

2.3.1. Overdetermined Equivalent Current (ECD) Dipoles Models 

One of the earliest approaches towards source imaging, specifically to model 

epileptic activity, has been to model the whole brain activity with a limited number of 

dipoles (He et al., 1987; Schneider, 1972, 1974). The assumption is that there are only a 

handful of active regions in the brain or cortex which are responsible for the recorded 

scalp potentials. Thus to fit each dipole, 6 variables need to be estimated at most; these 6 

unknowns pertain to three unknowns for the three coordinates of dipole location, two 

variables for the dipole orientation (note that orientation of a dipole is a unit vector and 
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thus only two independent variables are enough to describe it completely) and one 

variable for the dipole amplitude (Malmivuo and Plonsey, 1995). This amasses to the fact 

that if the number of dipoles multiplied by six is less than the number of recording 

channels, this is an overdetermined model, mathematically speaking, as the number of 

unknowns is less than the number of measurements.  

It is important to note that two main assumptions are implicitly made in this 

model. First, that the cortical activity, which is usually an extended activity in the brain as 

seen by the EEG, can be modeled with a single dipole activity; hence the name equivalent 

current dipole. Second, the number of dipoles to be fitted is known a priori. Given these 

assumptions though, an overdetermined problem can be formulated and solved; albeit a 

nonlinear source localization problem (discussed in the following). 

There are three main approaches to solve for the ECDs. One, is to fit a dipole at 

every time point to the recorded scalp potential; this is denoted as a moving dipole 

approach as the location and the orientation of the ECDs are not fixed and must be 

determined at each time point. Another approach is to fix the location of the ECD and let 

the orientation to change freely.  A third variant would be to fix the location and 

orientation of the ECD. It has been suggested that a combination of the second and third 

approaches might eliminate the need for the first approach, as Brain dynamics have 

spatio-temporal coherence (Mosher et al., 1992). It is also suggested that using the first 

model a series of dipoles can be fitted to the data at each time point and then by 

clustering the dipoles in space, a handful of dipoles are obtained (Mosher et al., 1992, 

1999). Another approach is to estimate the ECDs for short intervals of time where it can 
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be assumed the dipole will not be moving (Scherg and Von Cramon, 1985). All these 

approaches can work well in different situations. 

The general solutions proposed for solving the ECDs comprises of a linear and 

nonlinear step (De Munck, 1990). It can be shown that if the location of the dipole is 

fixed (known), then finding the orientation and amplitude of the dipole is a linear 

problem (this is intuitive as Maxwell’s equations state that the total field is the 

superposition of individual fields and dipole strength and orientation are linearly related 

to dipole’s field strength). However, if the orientation and amplitude of the dipole is 

fixed, finding the location of the dipole is a nonlinear optimization problem. Note for 

instance, that the relation between the electric potential amplitude generated by a single 

dipole and the distance between the dipole and the electrode at which the potential is 

measured, is reciprocal to the square of the distance (in an infinite homogeneous 

medium) (Malmivuo and Plonsey, 1995). The typical solvers of ECD, iterate between the 

two steps to minimize the difference between the measured scalp potential and the scalp 

potential generated by the fitted dipole (termed the cost function); that is, first the dipole 

location is fixed and the dipole strength and orientation is updated, and then based on the 

updated dipole strength and orientation the dipole location is updated by solving a 

nonlinear inverse problem (De Munck, 1990; Mosher et al., 1992). It is needless to say, 

that this optimization problem can get stuck in local minima depending on the 

initialization of the optimization problem and thus multiple initial points have to be tested 

to guarantee global minimum solutions. 



 

 24 

Another approach later on proposed by Mosher and colleagues was to adopt the 

multiple signal classification (MUSIC) approach (Mosher et al., 1992; Mosher and 

Leahy, 1998, 1999) originally proposed by Schmit (Schmidt, 1986) to solve for the ECD. 

In this approach the source space needs to be meshed first. Applying MUSIC to solve for 

ECDs will avoid the nonlinear optimization step and thus speeds up the inversion 

process, considerably. 

Solving a nonlinear problem is more difficult and time consuming than a possible 

linear counterpart. Additionally, modeling the brain sources observable by EEG and 

MEG which are extended regions with synchronous activity, with a single dipole might 

be questionable. Knowing the number of dipoles a priori is also another difficulty of ECD 

models, although some objective algorithms have been suggested to find the number of 

underlying dipoles (Bai and He, 2005). Weighing in all these factors, a different approach 

has been proposed, which will be discussed next.  

2.3.2. Underdetermined Distributed Models 

An alternative approach to the ECD model is to fix the dipole locations, but limit 

the dipole locations to a pre-defined mesh which can be meshed based on individual 

subject’s head geometry. In this manner, the nonlinear step can be avoided and the 

problem transforms to a linear problem as now the amplitude and orientation of the 

dipoles at each and every grid location have to be estimated (hence the name distributed 

models). The cost of transforming a non-linear problem to a linear problem is that this 

problem becomes an underdetermined problem now. Even with a moderate 5 mm grid 

size, some 10
4
 dipoles need to be estimated from about ~100 or so measurements.  
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It is good to note that a famous approach used to model the source space is called 

the cortical current density (CCD) model (Dale et al., 2000; Dale and Sereno, 1993). In 

this model, given that pyramidal cells which are thought to be the main contributors of 

the EEG signal in the cortex are oriented normally towards the cortical surface, the 

dipoles are located on the cortical surface with the direction fixed to be orthogonal to the 

surface.  

In order to solve this underdetermined problem which has no unique solution, we 

need to introduce a priori information into the problem to regularize it. Depending on 

what kind of a priori assumptions are brought in, the obtained solution will have different 

characteristics. To the extent which these a priori assumptions are physiologically 

relevant and model reality, the obtained solutions will conform to the ground truth.  In the 

following we will discuss a few important families of inverse solutions. 

2.3.2.1. Minimum Norm (MN) Family 

The minimum norm approach was initially proposed by Hämäläinen as an 

algorithm to solve the inverse bio-electromagnetic problem (Hämäläinen and Ilmoniemi, 

1994). In this approach, the Euclidean norm (also denoted by ℓ2-norm) of the current 

dipole density is simultaneously minimized along the cost function (the ℓ2-norm of the 

difference between the measured scalp potential and the scalp potential generated by the 

estimated current dipole density). Intuitively, among all possible solutions that minimize 

the cost function, the solution with the minimum ℓ2-norm is selected as the optimal 

solution. The advantage of this algorithm is that a closed form solution exists for this 

problem. Mathematically speaking, imposing the minimum norm condition makes the 
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problem solvable and is a reasonable approach to adopt; however, physiologically it is 

not clear why this constraint should be imposed. There is no direct link between the MN 

assumption and brain source characteristics other than the fact that it is expectable that 

biological systems function efficiently and with minimum effort and energy. 

MN solutions are notorious for preferring superficial sources, as superficial 

sources generate stronger fields with less amplitude due to their physical closeness to 

electrodes. A simple fix for this issue, is to weight the solution and impose the minimum 

norm condition on the weighted current density dipoles, hence the name weighted 

minimum norm (WMN) solutions (Fuchs et al., 1994; Greenblatt, 1993; Lawson and 

Hanson, 1995). The conventional WMN solutions weigh the current dipole density by the 

norm of the scalp potential they generate (if only a dipole was placed at that location and 

all other dipoles were set to zero). The rationale behind this approach is to normalize the 

effect of dipole representation on scalp potentials by normalizing the contribution of each 

dipole’s power to the scalp potential. The low resolution electromagnetic tomography 

(LORETA) in which the norm of the second order spatial derivative of current dipoles are 

minimized to ensure spatial coherence and smoothness (Pascual-Marqui et al., 1994), is 

also from the WMN family. 

Another class of inverse algorithms which are based on the MN family, perform a 

post-hoc non-linear normalization of the solutions to derive better estimates. 

Standardized LORETA (sLORETA) is a well-known member of this family (Dale et al., 

2000; Pascual-Marqui, 2002). In this approach, the distortion caused by the volume 

conduction and the inverse kernel, is attempted to be removed based on the resolution 
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matrix concept. Exact LORETA (eLORETA) is another member of this family (Pascual-

Marqui, 2009). 

The extended family of WMN solutions (specifically the more elaborate 

members) are among the most successful and yet relatively simple ESIs. One of the main 

drawbacks is that the solutions obtained from these methods are extremely smooth 

(spatially) and extend far beyond the extent of underlying sources. 

2.3.2.2. Beamforming and Scanning Methods 

Beamforming or spatial filtering is another method proposed to solve the ESI 

problem. This method has been usually utilized in radar and sonar applications (Van 

Veen and Buckley, 1988), but was used by Van Veen and colleagues to solve the ESI 

problem (Van Veen et al., 1997). The idea behind this method is to refocus the signal 

captured at scalp to its originating location. This goal is achieved by finding weights 

pertaining to each location of the source space, such that the variance of the current 

dipole at every location is minimal; this approach is sometimes referred to as linearly 

constrained minimum variance (LCMV) localization (Baillet et al., 2001; Van Veen et 

al., 1997). In this manner the weights obtained for each dipole location can be multiplied 

by the recorded scalp potential to determine the contribution of each dipole location in 

generating the measured scalp potential. The beamforming approach has many extensions 

and modified versions (Dalal et al., 2006; Gross et al., 2001; Robinson, 1999; Sekihara et 

al., 2001, 2002, 2005). 

Beamforming techniques are known to have decreased performance when 

underlying sources have correlation with each other (Robinson, 1999; Sekihara et al., 
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2002). Beamforming methods are sensitive to the numerical approximations used for 

solving the forward problem and might not be as robust against such perturbations in 

practice (specifically for the EEG inverse problem). 

Scanning techniques are another class of methods that attempt to solve for the 

dipole distribution by scanning through all the possible locations of the source space to 

determine the most likely locations of the dipoles. The basic idea behind this approach is 

that the signal and noise sub-spaces are orthogonal to each other, thus by projecting the 

signal space to every possible location in the source space, locations which are generating 

the signal should resonate with the signal sub-space and irrelevant dipole locations should 

not give a large response (Mosher et al., 1992; Schmidt, 1986). There are similarities 

between this method and the beamforming family, but the scanning methods incorporate 

the orthogonality of signal and noise subspace while the beamforming methods minimize 

the variance of activity at each source space location. MUSIC is a famous and successful 

approach proposed by Mosher and colleagues as discussed before. Some modified 

versions of MUSIC are the recursively applied and projected MUSIC (RAP-MUSIC) 

(Mosher and Leahy, 1999) and the first principle vector (FINE) localization method 

(Ding and He, 2006). Scanning methods will have decreased performance for coherent 

and correlated sources, specifically when the sources ae situated close to each other. 

2.3.2.3. Bayesian Methods 

Bayesian inference algorithms are more a general framework within which to 

solve the ESI problem rather than being a particular method. Based on the Bayesian 

update rule, all these methods start by assuming or modeling a prior distribution and 
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updating a posterior distribution based on the scalp measurements and finally by either 

selecting the mode or mean of this posterior distribution, provide an estimate of the 

underlying dipole distribution. The posterior distribution is the probability distribution of 

dipoles’ activities given measurements. If the prior distributions of sources are not 

known, which is often the case in practice, the prior distribution itself is marginalized by 

a set of hyper-parameters which can be estimated in a data-driven fashion (Wipf and 

Nagarajan, 2009). These so called empirical Bayes methods iteratively apply the Bayes 

rule and update the prior and posterior through a process called the expectation 

maximization (EM) method, to estimate the prior and ultimately the posterior distribution 

(Bolstad et al., 2009; Wipf and Nagarajan, 2009).  

A lot of the aforementioned algorithms can be obtained via the Bayesian 

framework by carefully selecting the prior distribution. For instance, the MN is a 

maximum a posteriori (MAP) estimation when the prior is assumed to be a Gaussian 

distribution (Wipf and Nagarajan, 2009). MAP estimation is achieved by calculating the 

posterior distribution and assigning its mode as the estimated value for the current dipole 

values.  

Bayesian methods, generally require a lot of hyper-parameters to function well. 

Additionally, in order to have numerically efficient algorithms the hyper-parameters have 

to be reduced somehow; for instance by assuming that a covariance matrix is diagonal 

rather than a dense matrix and so on. Selecting the prior distribution models and how to 

marginalize the prior or reduce the hyper-parameter space dimension is not always 

intuitive. All in all, once these obstacles are removed, Bayesian methods can provide 
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accurate results. Bayesian methods have many variants (Chowdhury et al., 2013; Friston 

et al., 2008; Henson et al., 2010; Trujillo-Barreto et al., 2004, 2008). Sparse Bayesian 

learning (SBL) algorithms (Owen et al., 2012; Wipf et al., 2010) and coherent maximum 

entropy on the mean (cMEM) (Grova et al., 2006) are examples of the more successful 

Bayesian methods, to name a few. 

2.3.2.4. Sparse Source Imaging Methods 

Sparse signal processing techniques have become widely utilized in modern 

signal processing and mathematical applications, due to their miraculous properties and 

efficient implementations. The general idea is that if the signal under study (current 

dipole distribution in the ESI problem) is sparse, meaning it has a lot of zeros or null 

values in it, then even with number of measurements much less than the number of 

variables (but related to the number of non-zero elements), the underlying signal can be 

obtained uniquely in an underdetermined problem (under some mathematical 

assumptions about the problem). The signal itself might not be sparse, but might be 

sparse in another mathematical domain. For instance the signal might be piece-wise 

continuous and while it is not sparse, the edges of the signal, or the signal in the gradient 

(first order spatial derivative) domain, will be sparse (Ding, 2009). This is sometimes 

referred to as compressed sensing in some engineering literature (Donoho, 2006). 

Basically, sparsity, attempts to retrieve the underlying sources by trying to extract the 

redundancies that might exist in the underlying sources as much as possible, to efficiently 

utilize the limited measurements. 
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Fig. 2.3. Electrophysiological source imaging (ESI) in a glimpse. Different classes and 

families of source imaging algorithms are depicted. In the center, an underlying brain activity 

with two separate sources and the corresponding time course of the activity are simulated; the 

forward problem is solved, and the scalp potential distribution is calculated (simulated EEG). The 

solution of the dipole localization method for the given example is depicted on the top left. The 

rest of the figure shows the major families of inverse algorithms and lists some of the well-known 

algorithms in each family as examples (the list is not exhaustive by any means). For each case, 

the algorithm used to solve and produce the result is shown in bold red text. The mathematical 

formulation for the algorithm is provided for each solution. The lead-field matrix (a 

transformation from the current dipole distribution to the scalp potential) is denoted by 𝒦, the 

scalp potential as 𝜙, the current density distribution as 𝒿, and the dipole moment as 𝒹𝒿 (the lead-

field entries corresponding to 𝒹𝒿 are denoted by 𝒦𝒿). The inverse imaging operator (for the MN 

family) is denoted by 𝒯, and 𝜆 and 𝛼 are regularization parameters. In the beamforming family, 

the data covariance is denoted by ℛϕ and the spatial filter weights by 𝓌𝓇. For the IRES 

algorithm, 𝒱 is the discrete gradient operator, Σ is the estimated noise covariance, and 휀 is the 

estimated noise power. Abbreviations: DICS, dynamic imaging of coherent sources; dSPM, 

dynamic statistical parametric mapping; ECD, equivalent current dipoles; EEG, 

electroencephalography; FINE, first-principle vector; FOCUSS, focal undetermined system 

solution; IRES, iteratively reweighting edge sparsity; LCMV, linearly constrained minimum 

variance; LORETA, low-resolution electromagnetic tomography; MN, minimum norm; MUSIC, 

multiple classification algorithm; SBL, sparse Bayesian learning; sLORETA, standardized 

LORETA; VB-SSI, variation-based sparse source imaging; VBB, vector-based beamformer; 

WMN, weighted MN. 
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Focal underdetermined system solution (FOCUSS) algorithm (Gorodnitsky et al., 

1995) is one of the earliest methods proposed to solve the ESI problem by imposing 

sparsity. Selective minimum norm method (Matsuura and Okabe, 1995), minimum 

current estimate (Uutela et al., 1999) and sparse source imaging (Ding and He, 2008) are 

other examples of sparse methods where the sparsity is imposed on the dipole densities 

themselves. This results in solutions that are overly focused and look spiky.  

Later on, sparse methods have imposed sparsity in different mathematical 

domains such as the gradient domain (Ding, 2009), wavelet coefficients domain (Liao et 

al., 2012), Laplacian domain (Haufe et al., 2008) and even multiple domains (Chang et 

al., 2010; Sohrabpour et al., 2016a; Zhu et al., 2014).  

I have applied iterative reweighting to obtain extended solutions without applying 

subjective thresholding to the estimated dipole distributions (Sohrabpour et al., 2016a). I 

will explain this algorithm in more detail in the next chapter. Overall, some of the later 

sparse algorithms seem to be capable of providing extended source estimates which better 

model the spatio-temporal characteristics of underlying brain sources and dynamics. Fig. 

2.3 summarizes all the categories of ESI algorithms discussed here.  

2.4. Source Imaging Applications 

The brain signals recorded at EEG and MEG can roughly be categorized to 

endogenous and evoked signals based on brain responses. Endogenous responses are 

concurring brain activity when no specific external stimuli are present as opposed to the 

evoked responses which are elicited brain response from specific external stimuli or tasks 
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(Nunez and Srinivasan, 2006). We could further separate the endogenous responses into 

spontaneous and resting state signals and endogenous event related brain activity. Events 

such as inter-ictal spikes (IIS), seizures and motor imagination (MI) are examples of the 

latter. These activities are clearly internal; yet they happen only in discrete times which 

can be treated as internal events regardless of being voluntary or involuntary. Evoked 

potentials (EP), event related potentials (ERP) and steady-state evoked potentials (SSEP) 

are examples of the evoked response category. In the following we will present a few 

examples of applications of source imaging to study brain signals. 

2.4.1. Task/Event Related Brain Activity Imaging 

Due to the high temporal resolution of EEG/MEG, the temporal dynamics of the 

brain responses can be studied accurately. Source imaging can additionally, localize the 

source of these activities and estimate the underlying brain sources location and 

dynamics. ESI has been applied to study olfactory evoked potentials for instance and the 

obtained results were comparable to fMRI study results (Lascano et al., 2010). ESI has 

also been used to study object recognition (Bar et al., 2006), abnormal visual responses in 

autistic patients (Khan et al., 2013) and even consciousness (Sergent et al., 2005) by 

studying evoked visual potentials. Combining EEG and fMRI, researchers have also 

studies fundamental questions pertaining to visual rivalry (Jamison et al., 2015; Roy et 

al., 2017; Zhang et al., 2011). Additionally, auditory evoked potentials were studied and 

localized to better understand speech recognition and its relation to phase-locking of the 

auditory cortex (Ahissar et al., 2001). The application of ESI to analyze event related 

brain activities, as an important class of brain signals which measure brain’s response to 
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external stimuli, indicates the value of source imaging in studying the spatiotemporal 

dynamics of large brain networks.  

2.4.2. Endogenous Event Related Brain Activity Imaging 

Motor imagination can be used to control external devices in brain computer 

interface (BCI) systems (He et al., 2013b, 2015). Performing ESI has been shown to 

increase the capability of decoding subject’s intent, as opposed to directly using sensor 

space signals (Edelman et al., 2016). Combining ESI and fMRI data has also shed light 

on the nature of event related de/synchronization (Yuan et al., 2010). 

ESI has also been applied extensively to study pathological brain conditions such 

as epilepsy. Localizing the source of interictal discharges, researchers have shown the 

possibility of pinpointing the epileptogenic tissue by comparing source imaging results 

with clinical findings or other imaging studies (Ding et al., 2006, 2007a; Heers et al., 

2016; Lai et al., 2011; Lantz et al., 2003; Michel et al., 2004a; Sohrabpour et al., 2015; 

Wang et al., 2011). It has been shown in a study with over 150 patients that source 

imaging of high density EEG caps, has higher sensitivity and specificity compared to 

other imaging modalities such as MRI and PET scans (Brodbeck et al., 2011; Lascano et 

al., 2016). Once accurate forward models and high density EEG caps are utilized, the 

location and dynamics of the epileptogenic zone can be estimated accurately. 

Furthermore, ESI has been used successfully to localize seizures (Ding et al., 2007b; 

Lantz et al., 1997, 1999; Lu et al., 2012a; Worrell et al., 2000; Yang et al., 2011). 

Seizures are more difficult to localize due to the challenges posed by patient movement 

and consequently low signal-to-noise ratio (Yang et al., 2011). Some relatively recent 
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algorithms have been successful in imaging seizures for longer periods and even post-

ictally to study the dynamics of seizure generation and propagation. The effect of theta 

band signals and the role they play in consciousness, for instance, has been studied well 

with these non-invasive techniques (Yang et al., 2012). ESI techniques can be applied 

efficiently to study pathological network phenomenon such as epilepsy as well as normal 

brain functions.  

2.4.3. Spontaneous and Resting State Brain Activity Imaging 

Analyzing on-going and spontaneous activity of the brain is crucial in understanding 

brain function; ESI can assist in such conditions as well. A study by Jerbi and colleagues 

looks at subjects performing continuous visuo-motor task to correlate hand speed with 

primary motor signals (Jerbi et al., 2007). As another example, Hildebrandt and 

colleagues have performed ESI on resting state MEG data and analyzed the frequency 

dependent functional connectivity of brain and its dynamics with respect to different 

frequency bands (Hillebrand et al., 2012). 

Pathological resting state networks have been studied as well. Coito and colleagues 

used ESI algorithms to estimate time-course activity of sources in the brain and estimated 

connectivity networks in the brain (Coito et al., 2016b). Comparing these networks to 

controls, the reorganization of the epileptic brain even when no epileptic activity is 

present was observed (Coito et al., 2015, 2016a). Combining ESI algorithms with 

functional connectivity methods, enables us to estimate underlying brain networks, be it 

healthy or pathological. Studying resting state brain networks could potentially help 
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classify different conditions, understand the organization of the brain and in case of 

pathology, disease stage. 

2.5. EEG and Spatial Sampling 

One major concern for EEG recordings is its low number of scalp recordings, 

which to some degree is lessened by the introduction of high density EEG caps, i.e. nets 

or caps with 128 electrodes or more (Baillet et al., 2001; He et al., 2011b; He and Ding, 

2013; Spitzer et al., 1989). Determining the minimum number of electrodes in order to 

prevent poor performance is an important issue since using too few electrodes translates 

to undersampling the scalp potential distribution. There have been a number of studies in 

the past two decades that have tackled this question (Lantz et al., 2003; Srinivasan et al., 

1998; Tucker, 1993). Traditionally, a 3cm interelectrode spacing has been suggested 

(Spitzer et al., 1989; Tucker, 1993) to be enough, which is generally achieved when about 

100 electrodes are used (Gevins, 1993; Michel et al., 2004b; Plummer et al., 2008; 

Srinivasan et al., 1998). This was experimentally shown to be suitable for a number of 

applications question (Srinivasan et al., 1998; Tucker, 1993).  

Although the relationship between electrode number and epileptogenic source 

localization accuracy has been previously reported in some studies, there is still a need to 

investigate this matter further in a comprehensive study (Plummer et al., 2008). There 

have been studies to show the precision of using 128 electrodes when determining the 

epileptogenic foci (Lantz et al., 2003; Michel et al., 2004a; Sperli et al., 2006); in 

addition, recent work has demonstrated the significance of using high density EEG caps 

versus low density caps in achieving lower localization errors (Lantz et al., 2003; Lu et 
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al., 2012b; Wang et al., 2011). However, presently there does not exist, to our knowledge, 

a comprehensive study to clearly delineate the relationship between localization error of 

interictal spikes and the number of EEG electrodes. 

In this section, the localization error is inspected when the number of electrodes is 

varied from 32 electrodes to 128 electrodes. Furthermore, the localization error (which is 

usually calculated based on resection volume) is also calculated by comparing the 

maxima of the reconstructed solution with electrocorticogram (ECoG) electrodes that 

were marked as seizure onset zone (SOZ) electrodes by the epileptologists. ECoG 

recording is considered the gold standard for identifying SOZ foci (Sperling, 1986); thus, 

including ECoG data to verify source localization results is another important feature of 

the study presented in this chapter. 

2.5.1. Clinical Data Analysis Protocols 

Five pediatric patients with medically intractable partial epilepsy were studied 

using a protocol approved by the Institutional Review Boards of the University of 

Minnesota and University of Alabama at Birmingham. The patients were all under 16 

years of age. The patients were selected based on the following criteria: (1) interictal 

spikes were recorded in their high density EEG recordings, (2) patients underwent 

surgical resection after presurgical workup, (3) patients were seizure free after operation, 

and (4) high resolution MRI images were taken preceding and following the operation. 

The surgical resection was used to evaluate the source localization accuracy and was not 

used to obtain the inverse solution. The clinical information of these patients is 

summarized in Table 2.1. 
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The location of the epileptogenic foci was specified for each patient by 

neurologists using high resolution MRI, long term video-EEG recordings, ictal 

intracranial EEG and SPECT when available. The patients underwent surgery and had the 

epileptogenic foci resected. All patients were seizure free during a one year follow up 

with the exception of one patient (patient 5) who underwent a second surgery and was 

seizure free during a two year follow up. 

Table 2.1. Clinical information of all patients 

Patient Gender Age MRI Lesion Surgery Outcome Follow-

up 

Duration 

 

1 

 

F 

 

2 

 

Right frontal temporal lobe 

lesion 

 

Right frontal 

cortical resection 

 

ILAE-2 

 

5 

 

2 

 

M 

 

11 

 

Encephalomalacia; left 

parieto-occipital regions; 

Arachnoid cyst left temporal 

region; CSF collection in 

dural spaces over left fronto-

parietal regions 

 

Left 

temporal/occipital 

lobectomy 

 

ILAE-1 

 

3 

 

3 

 

M 

 

11 

 

Increased signal in the right 

mesial temporal 

 

Right temporal 

lobectomy 

 

ILAE-1 

 

5 

 

4 

 

M 

 

16 

 

Normal 

 

 

Left temporal 

lobectomy 

 

ILAE-2 

 

3 

 

5 

 

F 

 

4 

 

abnormal lesion, suspicious 

for focal cortical dysplasia at 

the left frontal polar area 

 

Left frontal cortical 

resection 

 

ILAE-1 

 

4 

 

ILAE: International League Against Epilepsy; ILAE-1, completely seizure free outcome; ILAE-2, 

only auras no other seizures. 

 

During the long term monitoring, 128 channel scalp EEG recordings with 250 Hz 

or 500 Hz sampling rate were collected. A band pass filter of 1 to 30 Hz was used to filter 

the linear trend and high frequency noise (Lu et al., 2012b). The MR images (voxel size: 

0.86*0.86*3 mm
3
 or 0.86*0.86*1.5 mm

3
) were obtained from a 1.5T GE MRI scanner 
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(General Electric Medical Systems, Milwaukee, WI). Electrode location for each patient 

was not available (as a digitized file); thus, in order to find the electrode location for each 

patient, a generic electrode location file that was provided by the EEG system vendor 

(Electrical Geodesics Inc., Eugene, OR) was used. The sensors were projected to each 

patient’s head using the patients’ MRI images. In order to study different electrode 

configurations, i.e. electrode numbers, the electrodes were selected in a manner to 

uniformly cover the whole head, in an attempt to be as close as possible to the 

original/modified 10-20 system. 

The scalp EEG recordings were reviewed and the interictal events were identified. 

In order to minimize the possibility of including rare events, i.e. non-epileptic events, all 

scalp potential maps were reviewed and the spikes pertaining to the dominant spatial map 

were selected for analysis. Priority was given to spikes with higher signal to noise ratio 

(SNR) that showed stable potential maps near the peak.  

There has been a controversy in the field as to what instance of a spike should be 

used for analysis (Huppertz et al., 2001; Mirkovic et al., 2003; Plummer et al., 2008; 

Wang et al., 2011). As each spike was analyzed individually, we preferred to use the 

EEG potential map at the spike peak time in the analysis to benefit from its higher SNR 

value. It has been shown that using the peak time might give better results than using the 

half-rise time in certain circumstances (Wang et al., 2011). Wang et al. (2011) argued that 

propagation of activity might still be close to the resected area, and thus better 

localization can be expected due to higher SNR of EEG signal at spike peak.  
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We tested four different EEG montages (128, 96, 64 and 32 electrodes) in this 

study. The electrodes were uniformly spread over the scalp surface and conformed to the 

original/modified 10-20 system as much as possible.  

For each patient, at least 15 spikes were selected based on the aforementioned 

criteria. At each spike event, the time for which the mean global field power (MGFP) 

peaked, was selected. In order to calculate the distributed dipole inverse solution, the 

standardized low-resolution brain electromagnetic tomography (sLORETA) method was 

used (Pascual-Marqui, 2002). A three dimensional grid of 5mm was used to form the 

solution space. A realistic boundary element method (BEM) model was used for 

modeling the head that was composed of a three layer model representing the scalp, skull 

and brain with electrical conductivities of 0.33 S/m, 0.0042 S/m and 0.33 S/m, 

respectively (Hämäläinen and Sarvas, 1989; He et al., 1987). In order to calculate the 

localization error, the distance between the closest point on the resection boundary and 

the maxima of the reconstructed solution was calculated for each spike. The resection 

area was extracted from the post-operative MRI images of patients. CURRY 7 

(Compumedics, Charlotte, NC) was used for these analyses.  

All patients underwent invasive ECoG recording before surgery. The physician 

placed the ECoG grid on the suspected epileptogenic areas on the cortical surface and 

identified the SOZ electrodes. In four of the selected patients (with the exception of 

patient 2) the ECoG grid position was extracted using the computed tomography (CT) 

images and then the electrodes marked as SOZ electrodes were selected based on 

physician’s report. The maximum of the inverse solution was then projected to the 
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cortical surface and the distance between this point and the set of SOZ electrodes was 

calculated for each spike in every electrode montage. The interelectrode distance of 

ECoG electrodes is 10 mm.  

2.5.2. Computer Simulation Protocols 

In addition to the patient data analysis, a series of simulations were performed to 

investigate the relationship between localization error and electrode number. We wanted 

to determine if results similar to clinical data analysis can be obtained using computer 

simulation. By using the MRI images of one patient, we formed a realistic BEM head 

model to have a more realistic simulation. 100 dipoles at random locations and with 

random orientations were selected within the brain volume and their corresponding scalp 

potential was calculated using the lead field matrix obtained from the BEM model. White 

Gaussian noise with different power was added to the scalp potential and the inverse 

solution was obtained using the sLORETA method for each dipole and every electrode 

montage. The distance between the reconstructed source maximum and dipole location 

was calculated as the localization error.  

2.5.3. Results 

In Fig. 2.4, the localization error of all patients is shown. In Fig. 2.4A, the 

individual localization error for different electrode montages is shown. It can be seen that 

in general, increasing the number of electrodes will result in a smaller localization error; 

however, when observing the group average in Fig. 2.4B, we found not only an error 

decrease, but also a decrease in the improvement rate. In other words, the most dramatic 

decrease in localization error can be seen when going from 32 electrodes to 64 electrodes. 
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The average localization error improves by 4mm when going from 32 electrodes to 64 

electrodes, and improves by 1.3 mm when going from 64 electrodes to 96 electrodes, and 

1.0 mm when going from 96 electrodes to 128 electrodes. It should be noted that a paired 

t-test was performed to confirm the significance of the results obtained in group averages. 

Although a significant difference (p < 0.01) was found between any pair of the electrode 

configurations (128, 96, 64 and 32 electrodes), the improvement in localization is lesser 

for larger number of electrodes.  

 
 

Fig. 2.4. Mean source localization error (comparing with resected area) for (A) individual 

patients and (B) all patients stacked together for different electrode numbers. Black bar 

represents standard deviation. 
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Fig. 2.5 shows the localization error with respect to the SOZ defined from ECoG 

recordings. The general trend of lower error when electrode numbers are increased can be 

seen in individual (Fig. 2.5A) and group (Fig. 2.5B) level results. A significant difference 

(p < 0.03) was found between any pair of the electrode configurations (128, 96, 64 and 32 

electrodes) except for 96 and 128 electrodes, which were not significantly different. 

 

In order to further evaluate our clinical findings, a series of computer simulations 

were performed. Fig. 2.6 shows the dipole localization error of different electrode 

 
 

Fig. 2.5. Mean source localization error (comparing with ECoG defined SOZ) for (A) 

individual patients and (B) all patients for different electrode numbers. Black bar corresponds 

to standard deviation. Note that Patient 2 had no ECoG data. 
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configurations (128, 96, 64 and 32 electrodes) with various SNR values (10, 7, 3 and 0 

dB). It is interesting to note that the same relationship observed in clinical findings was 

also found in computer simulation. The localization improvement rate decreases as the 

electrode numbers increased; a trend that was observed, regardless of noise level. 

In order to further investigate the relation between localization error and electrode 

number, the dipole sources were divided, based on their depth (distance to surface 

electrodes), into superficial and deep sources. The localization error for each group was 

calculated, and is represented in Fig. 2.7. Comparing the superficial (Fig. 2.7A) and deep 

(Fig. 2.7B) sources, it can be seen that the same relation seen in clinical data is also 

 
 

Fig. 2.6. Computer Simulation Localization Error. Source localization error for different 

electrode numbers and various SNRs in a realistic BEM model (Simulation Study). Mean 

values corresponding to source localization error of 100 simulated points of random location 

and orientation are depicted. The black bars represent the standard deviation. Each color 

represents different SNR values  
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observed regardless of source depth (noting that deep electrodes have larger localization 

errors).  

2.5.4. Discussion and Conclusion  

In this section we have extensively investigated the localization error and the 

number of scalp electrodes. It was confirmed that the source localization benefitted from 

 
 

Fig. 2.7. Source Depth and Localization Error. Source localization Error for different 

electrode numbers and various SNRs for (A) superficial and (B) deep dipoles in a realistic 

BEM model (Simulation Study). Mean values corresponding to source localization error of 

100 simulated points of random location and orientation, depicted. The black bars represent 

the standard deviation. Each color represents different SNR values. Note that the same 

relation as in (Fig. 2.6) can be seen regardless of source depth. 
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an increased number of scalp electrodes. Moreover, the rate of improvement decreased as 

electrode number increased. This is particularly interesting, considering the question of 

required number of electrodes for accurate localization. The data presented in the present 

study suggests a plateauing pattern for localization error as electrode number increases. It 

is interesting to note that the group average interelectrode distance pertaining to 128 

electrode configuration is about 2 cm (in this study), which is the value traditionally 

reported as the minimum interelectrode spacing for some applications (Spitzer et al., 

1989; Srinivasan et al., 1998; Tucker, 1993); However, a wide range of interelectrode 

spacing can be inferred based on previous studies (Freeman et al., 2003; Nunez and 

Srinivasan, 2006; Spitzer et al., 1989; Srinivasan et al., 1998; Tao et al., 2005; Tucker, 

1993). This range varies from 1 to 3cm. To further complicate the matter, the intrinsic 

low pass filtering effect of the skull (Srinivasan et al., 1996, 1998) needs to be taken into 

consideration as well. This indicates that such studies need to continue with a larger 

number of electrodes to fully investigate the matter. Whether it can be concluded that a 

particular number of electrode configuration is enough, is a question that can only be 

answered when an abundance of experiments with 256 electrode (or more) configuration 

are conducted. Additionally while using more electrodes will improve the results it seems 

a minimum of 64 electrodes might be good enough to secure accurate source localization. 

In the remainder of this thesis our clinical data are high density EEG recordings with 76 

recording electrodes. Some of the results and materials in this chapter have been 

published in a Clinical Neurophysiology paper (Sohrabpour et al., 2015) as well as an 

Annual Review for Biomedical Engineering paper (He et al., 2018). 
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Chapter 3 

 

Iteratively Reweighted Edge 

Sparsity (IRES) - Concept 
 

“… Conceptual systems … aim at the 

greatest possible sparsity of the logically 

independent elements (basic concepts and 

axioms).” 

            

-Albert Einstein 

 

Estimating extended brain sources using EEG/MEG source imaging techniques is 

challenging. EEG and MEG have excellent temporal resolution at millisecond scale but 

their spatial resolution is limited due to the volume conduction effect. We have exploited 

sparse signal processing techniques in this chapter to impose sparsity on the underlying 

source and its transformation in other domains (mathematical domains, like spatial 

gradient). Using an iterative reweighting strategy to penalize locations that are less likely 

to contain any activity, it is shown that the proposed iteratively reweighted edge sparsity 

minimization (IRES) strategy can provide reasonable information regarding the location 

and extent of the underlying sources. This approach is unique in the sense that it enables 

IRES to estimate extended sources without the need of subjectively thresholding the 

solution. The performance of IRES was evaluated in a series of computer simulations. 

Different parameters such as source location and signal-to-noise ratio were varied and the 

estimated results were compared to the targets using metrics such as localization error 

(LE), area under curve (AUC) and overlap between the estimated and simulated sources. 

It is shown that IRES provides extended solutions which not only localize the source but 

also provide estimation for the source extent. In the next chapter IRES will be validated 

using real epilepsy patient data. 

 



 

 49 

3.1. A Quick Survey of Source Imaging Algorithms 

Electroencehalography (EEG) / magnetoencephalography (MEG) source imaging 

is to estimate the underlying brain activity from scalp recorded EEG/MEG signals. The 

locations within the brain involved in a cognitive or pathological process can be 

estimated using associated electromagnetic signals such as scalp EEG or MEG (Baillet et 

al., 2001; He et al., 2011b). The process of estimating underlying sources from scalp 

measurements is a type of inverse problem referred to as electrophysiological source 

imaging (ESI) (Michel et al., 2004b; Michel and He, 2011).  

There are two main strategies to solve the EEG/MEG inverse problem (source 

imaging), namely the equivalent dipole models (He et al., 1987; Scherg and Von Cramon, 

1985) and the distributed source models (Dale and Sereno, 1993; Hämäläinen, 1984; 

Pascual-Marqui et al., 1994). The dipole models assume that the electrical activity of the 

brain can be represented by a small number of equivalent current dipoles (ECD) thus 

resulting in an over-determined inverse problem. This, however leads to a nonlinear 

optimization problem, which ultimately estimates the location, orientation and amplitude 

of a limited number of equivalent dipoles, to fit the measured data. The number of 

dipoles has to be determined a priori (Bai and He, 2006). On the other hand, the 

distributed source models use a large number of dipoles (Dale and Sereno, 1993; 

Hämäläinen, 1984; Pascual-Marqui et al., 1994) or monopoles (He et al., 2002) 

distributed within the brain volume or the cortex. In such models, the problem becomes 

linear since the dipoles (monopoles) are fixed in predefined grid locations, but the model 

is highly underdetermined as the number of unknowns is much more than the number of 
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measurements. Given that functional areas within the brain are extended and not point-

like, the distributed models are more realistic. Additionally, determining the number of 

dipoles to be used in an ECD model is not a straightforward process (Michel et al., 

2004b). 

3.1.1. Under-determined Problems and 𝓵𝟐 Regularization 
 

Solving under-determined inverse problems calls for regularization terms (in the 

optimization problem) or prior information regarding the underlying sources. Weighted 

minimum norm solutions were one of the first and most popular algorithms. In these 

models, the regularization term is the weighted norm of the solution (Lawson and 

Hanson, 1995). Such regularization terms will make the process of inversion (going from 

measurements to underlying sources) possible and will also impose additional qualities to 

the estimation such as smoothness or compactness. Depending on what kind of weighting 

is used within the regularization term, different solutions can be obtained. If a uniform 

weighting or identity matrix is used, the estimate is known as the minimum norm (MN) 

solution (Hämäläinen, 1984). The MN solution is the solution with least energy (ℓ2-

norm) within the possible solutions that fit the measurements. It is due to this preference 

for sources with a small norm that MN solutions are well known for being biased towards 

superficial sources (Hämäläinen and Ilmoniemi, 1994). One modification to this setback 

is to use the norm of the columns of the lead field matrix to weight the regularization 

term in such a manner to penalize superficial sources more than the deep sources as the 

deep sources do not present well in the scalp potential, i.e. the lead field column 

corresponding to such deep locations might have a small norm (Lawson and Hanson, 
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1995). In this manner the tendency towards superficial sourcess is alleviated. This is 

usually referred to as the weighted minimum norm (WMN) solution. Another popular 

choice is the low resolution brain electromagnetic tomography (LORETA) (Pascual-

Marqui et al., 1994). LORETA is basically a WMN solution where the weighting is a 

discrete Laplacian. The solution’s second spatial derivative is minimized so the 

estimation is smooth. In general many inverse methods including all discussed so far 

apply the ℓ2-norm, i.e. Euclidean norm, in the regularization term. This causes the 

estimated solution to be smooth, resulting in solutions that are overly smoothed and 

extended all over the solution space. Determining the active cortical region by 

distinguishing desired source activity from background activity (to determine source 

extent) proves difficult in these algorithms, as the solution is overly smooth and poses no 

clear edges between background and active brain regions (pertinent or desired activity, 

epileptic sources for instance as compared to background activity or noise). This property 

is due to the smoothing properties of the ℓ2-norm as mentioned above. This is one major 

drawback of most conventional algorithms including the ones discussed so far. 

In order to overcome the extremely smooth solutions, the ℓ2-norm has been 

supplanted by the ℓ1-norm in the regularization terms within the optimization problem. 

This idea is inspired from sparse signal processing literature where the ℓ1-norm has been 

proposed to model sparse signals better and more efficiently, specifically after the 

introduction of the least absolute shrinkage selection operator (LASSO) (Tibshirani, 

1996). While optimization problems involving ℓ1-norms cannot generally be solved in 
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closed form, they are easy to solve numerically as they fall within the category of convex 

optimization problems (Boyd and Vandenberghe, 2004). 

3.1.2. Sparsity Inducing (𝓵𝟏) Regularization 

Selective minimum norm method (Matsuura and Okabe, 1995), minimum current 

estimate (Uutela et al., 1999) and sparse source imaging (Ding and He, 2008) are some of 

such methods. These methods basically use ℓ1-norms in the regularization term and seek 

to minimize the ℓ1-norm of the solution. Another algorithm in this category, which uses a 

weighted minimum ℓ1-norm approach to improve the stability and “spiky-looking” 

character of ℓ1-norm approaches, is the vector-based spatio-temporal analysis using ℓ1-

minimum norm (VESTAL) (Huang et al., 2006). These algorithms encourage extremely 

focused solutions. Such unrealistic solutions root from the fact that by penalizing the ℓ1-

norm of the solution a sparse solution is being encouraged (this is due to the properties of 

ℓ1-norm). As discussed by Donoho (Donoho, 2006) under proper conditions regularizing 

the ℓ1-norm of a solution will result in a sparse solution; a solution which has only a few 

number of non-zero elements. Sparsity is definitely not a desired quality for underlying 

sources which produce EEG/MEG signals as EEG/MEG signals are the result of 

synchronous activity of neurons from a certain extended cortical region (Baillet et al., 

2001; Nunez and Silberstein, 2000).  

To overcome the aforementioned shortcomings and still be able to benefit from 

the advantages of sparse signal processing techniques, new regularization terms which 

encourage sparsity in other domains have been developed. The idea is to find a domain in 

which the solution vector has a sparse representation. This basically means that while the 
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solution vector might not be sparse itself (as is usually the case for underlying sources 

generating the EEG/MEG) it still might be sparsely represented in another domain such 

as the spatial gradient or wavelet coefficient domain. This amounts to the fact that the 

signal still has redundancies that can be exploited in other domains. As the number of 

measurements is very limited, it is sensible to identify the redundancies of the underlying 

source by imposing sparsity in such domains and consequently obtain superior 

estimations (More details in Discussion section 3.5).   

Haufe et al. (Haufe et al., 2008) penalized the Laplacian of the solution (using ℓ1-

norm) instead and showed focal results which are realistically extended. They have 

shown the effect of considering implicit domain sparsity in improving the results by 

comparing their estimation with that of conventional methods using ℓ2-norm 

regularization terms or simple ℓ1-norm terms. Ding (Ding, 2009) has tried penalizing the 

gradient instead of the Laplacian. Due to the selected penalization term which penalizes 

the solution discontinuities or jumps, the solution is piecewise constant and needs 

thresholding to discard the low level semi-constant background activity. Liao et al. (Liao 

et al., 2012) have used the faced-based wavelet in the penalty term and have shown focal 

results. Chang et al. (Chang et al., 2010) and Zhu et al. (Zhu et al., 2014) proposed to 

impose sparsity on multiple domains to better capture the redundancies of the underlying 

sources and have shown positive results. Zhu et al. combined the gradient and wavelet 

transform in the regularization term and Chang et al. used two strategies to combine 

domain sparsity. The first strategy is to impose sparsity on the solution and the Laplacian 

of the solution, and the second strategy is to impose sparsity on the solution and its 
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wavelet transform. Another piece of work worthy of mentioning is the Elastic Net 

(ENET) (Zou and Hastie, 2005) and ENET L (Vega-Hernández et al., 2008). In the 

ENET algorithm both the ℓ1-norm and ℓ2-norm of the solution are regularized to obtain 

estimations that are more robust than LASSO-type solutions. ENET L regularizes the ℓ1 

and ℓ2-norm of the Laplacian to obtain smooth and focal solutions. While imposing 

sparsity on multiple domains improves the results and seems to be a good approach for 

estimating extended sources (which seems to be a good model for underlying sources 

generating the EEG/MEG signals), the solutions presented in the discussed papers cannot 

yet determine the extent of the underlying source objectively, i.e. still a threshold needs 

to be applied to get rid of the background activity. 

Another successful class of inverse algorithms is Bayesian inverse techniques. In 

these methods, the problem is formulated within a Bayesian framework starting with 

prior distributions (of the dipole current density) to converge to a posterior distribution of 

the underlying source. Wipf and Nagarajan (Wipf and Nagarajan, 2009) presented this 

approach thoroughly. In this work many conventional algorithms such as MN, WMN and 

FOCUSS (Gorodnitsky et al., 1995) are re-introduced within this framework. Another 

well-known Bayesian algorithm is the maximum entropy on the mean (MEM) approach 

(Grova et al., 2006) where the mean entropy is regularized. The idea of MEM has been 

further pursued by Chowdhury et al. (Chowdhury et al., 2013) and Lina et al. (Lina et al., 

2014) in a parcelization framework, where the cortical surface is divided into segments 

and then it is determined if each parcel is within the active source patch or not (through 

statistical analysis). Bayesian approaches seem promising; however, there are usually 
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many parameters and a priori assumptions that need to be made about the priori 

distributions. This amounts to many parameters that need to be estimated and tuned in the 

process, which generally leads to long and complex computations and formulations. The 

proposed method in this chapter is not defined within the Bayesian framework, but as a 

convex optimization problem, as will be discussed. 

Model based algorithms inspired by the sparse signal processing literature have 

also been proposed in recent years. Spatial or temporal basis functions which are believed 

to model the underlying source activity of the brain are defined a priori in a huge data set 

called the dictionary (Bolstad et al., 2009; Limpiti et al., 2006); subsequently, a solution 

which best fits the measurements is sought within the dictionary. Haufe et al. proposed a 

Gaussian basis to spatially model extended brain sources (Haufe et al., 2011). These 

methods can be effective in solving the inverse problem as long as the underlying 

assumption about the basis functions holds true (since the solution is basically subsumed 

within the dictionary elements). The proposed method in this chapter does not assume 

any prior dictionaries or basis functions prior to solving the inverse problem (later on 

when expanding IRES to include temporal features, we also will benefit from time basis 

functions). 

Mixed-norm estimates have also gained attention in recent years (Gramfort et al., 

2012, 2013a). These algorithms define two-level (or multi-level) mixed norms (usually 

combining ℓ1 and ℓ2-norms) to obtain focal solutions. Again since the regularization is 

enforced on the solution, very focal estimates are obtained. Basically not much 

information regarding the source extent can be extracted from these algorithms currently, 
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although it is suggested that newer implementations or combination with other algorithms 

may provide such capabilities in the future (Gramfort et al., 2013a). 

In order to come up with an algorithm that is able to objectively determine the 

extent of the underlying sources, we move along the lines of multiple domain sparsity 

and also introduce the notion of iterative reweighting within the sparsity framework to 

achieve this goal. If the initial estimation of the underlying source is relaxed enough to 

provide an overestimation of the extent, it is possible to use this initial estimation and 

launch a series of subsequent optimization problems to gradually converge to a more 

accurate estimation of the underlying source. The sparsity is imposed on both the solution 

and the gradient of the solution. This is the basis of the proposed algorithm, which is 

called iteratively reweighted edge sparsity minimization (IRES). 

The notion of edge sparsity or imposing sparsity on the gradient of the solution is 

also referred to as the total-variation (TV) in image processing literature (Rudin et al., 

1992). Recently some fMRI studies have shown the usefulness of working within the TV 

framework to obtain focal hot-spots within fMRI maps without noisy spiky-looking 

results (Dohmatob et al., 2014; Gramfort et al., 2013b). The results presented in these 

works still need to set a threshold to reject background activity. These approaches are 

similar to the approach adopted in IRES with the difference that IRES initiates a 

sequence of reweighting iterations based on obtained solutions to suppress background 

activity and creates clear edges between sources and background. One example has been 

presented in the supplementary materials to show the effect of thresholding on IRES 

estimates (Fig. 3.10). 
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A series of computer simulations were performed to assess the performance of the 

IRES algorithm in estimating source extent from the scalp EEG. The estimated results 

were compared with the simulated target sources and quantified using different metrics. 

To show the usefulness of IRES in determining the location and extent of the 

epileptogenic zone in case of focal epilepsy, the algorithm has been applied to source 

estimation from scalp EEG recordings and compared to clinical findings such as resection 

and seizure onset zone (SOZ) determined from intracranial EEG by the physician; the 

results of these clinical data analysis will be presented and discussed in the next chapter.  

3.2. Proposing a New Framework 

In order to come up with an algorithm that is able to objectively determine the 

extent of the underlying sources, we move along the lines of multiple domain sparsity 

and also introduce the notion of iterative reweighting within the sparsity framework to 

achieve this goal. If the initial estimation of the underlying source is relaxed enough to 

provide an overestimation of the extent, it is possible to use this initial estimation and 

launch a series of subsequent optimization problems to gradually converge to a more 

accurate estimation of the underlying source. The sparsity is imposed on both the solution 

and the gradient of the solution. This is the basis of the proposed algorithm, which is 

called iteratively reweighted edge sparsity minimization (IRES) startegy. 

3.2.1. Basics of Iteratively Reweighted Edge Sparsity Minimization 

Strategy 

The brain electrical activity can be modeled by current dipole distributions. The 

relation between the current dipole distribution and the scalp EEG/MEG is constituted by 
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Maxwell’s equations. After discretizing the solution space and numerically solving 

Maxwell’s equations, a linear relationship between the current dipole distribution and the 

scalp EEG/MEG can be derived: 

𝜑 = 𝒦𝒿 + 𝓃0             (3.1) 

where 𝜑 is the vector of scalp EEG (or MEG) measurements, 𝒦 is the lead field matrix 

which can be numerically calculated using the boundary element method (BEM) 

modeling, 𝒿 is the vector of current dipoles to be estimated and 𝓃0 models the noise. For 

EEG source imaging, 𝜑 is an M×1 vector, where M refers to the number of sensors; K is 

an M×D matrix, where D refers to the number of current dipoles; j is a vector of D×1, 

and  𝑛0 is an M×1 vector.   

Following the idea of multiple domain sparsity (in the regularization terms), the 

optimization problem is formulated as a second order cone programming (SOCP) (refer 

to (Boyd and Vandenberghe, 2004) for more details) in (3.2). While problems involving 

ℓ1-norm minimization do not have closed-form solutions and may seem complicated, 

such problems are easy to solve as they fall within the convex optimization category 

(Boyd and Vandenberghe, 2004). There are many efficient methods for solving convex 

optimization problems. 

𝒿𝑒𝑠𝑡 = argmin
𝒿

∥ 𝒱𝒿 ∥1 +  𝛼 ∥ 𝒿 ∥1 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜     (𝜑 −  𝒦𝒿)𝑇Σ−1(𝜑 −  𝒦𝒿)  ≤  𝛽2              (3.2) 

Where 𝒱 is the discrete gradient defined based on the source domain geometry (T×D, 

where T is the number of edges as defined by (3.4), later on), 𝛽2 is a parameter to 

determine noise level and Σ is the covariance matrix of residuals, i.e. measurement noise 
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covariance. Under the assumption of additive white Gaussian noise (AWGN), Σ is simply 

a diagonal matrix with its diagonal entries corresponding to the variance of noise for each 

recording channel. In more general and realistic situations, Σ is not diagonal and has to be 

estimated from the data (refer to simulation protocols in section 3.3 for more details on 

how this can be implemented). Under the uncorrelated Gaussian noise assumption it is 

easy to see that the distribution of the residual term will follow the 𝜒𝑛
2 distribution, where 

𝜒𝑛
2 is the chi-squared distribution with n degrees of freedom (n is the number of recording 

channels, i.e. number of EEG/MEG sensors). In case of correlated noise, the noise 

whitening process in (3.2) will eliminate the correlations and hence is an important step. 

This de-correlation process is achieved by multiplying the inverse of the covariance 

matrix (Σ−1) by the residuals, as formulated in the constraint of the optimization problem 

in (3.2). This is easy to show as the residual term is the sum of unit-variance Gaussian 

terms (each term corresponding to channel noise normalized by channel variance) which 

from basic statistical properties belongs to a 𝜒𝑛
2 distribution. In order to determine the 

value of 𝛽2 the discrepancy principle is applied (Morozov, 1966). This translates (in the 

proposed formulation) to finding a value for 𝛽2 for which it can be guaranteed that the 

probability of having the residual energy within the [0  𝛽2] interval is high enough. A 

conservative value of 𝛽2 (Malioutov et al., 2005) was used to minimize the chance of 

fitting data with noise, i.e. overfitting.  

The optimization problem proposed in (3.2) is the SOCP problem that needs to be 

solved at every iteration of IRES. In each iteration, based on the estimated solution, a 

weighting coefficient is assigned to each dipole location. Intuitively, locations which 
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have dipoles with small amplitude will be penalized more than locations which have 

dipoles with larger amplitude. In this manner, the optimization problem will gradually 

slim down to a better estimate of the underlying source. The details of how to update the 

weights at each iteration and why to follow such a procedure is given in 3.2.4. 

Mathematically speaking, the following procedure is repeated until the solution does not 

change significantly in two consecutive iterations as outlined in (3.3): 

At iteration ℒ: 

𝒿ℒ = argmin
𝒿

∥ 𝒲𝑑
ℒ−1𝒱𝒿 ∥1 +  𝛼 ∥ 𝑊ℒ−1𝒿 ∥1 

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜     (𝜑 −  𝒦𝒿)𝑇Σ−1(𝜑 −  𝒦𝒿)  ≤  𝛽2          (3.3) 

𝑤ℎ𝑒𝑟𝑒 𝑊ℒ  𝑎𝑛𝑑 𝒲𝑑
ℒ are updated based on the estimation 𝒿ℒ (refer to 3.2.4 for details).  

The whole procedure is depicted in Fig. 3.1. The effect of different regularization 

terms is illustrated and compared to IRES. As illustrated in the dotted box, the underlying 

source is sparse in the gradient domain as it only has a limited boundary (or edge). This is 

why IRES does better than simple ℓ1-norm estimation (imposing sparsity on the 

solution). The idea of the data-driven weighting is schematically depicted as well. 

Although the number of iterations cannot be determined a priori, the solution converges 

pretty fast, usually within three to five iterations. One of the advantages of IRES is that it 

does not need thresholding; instead it uses data-driven weights to converge to a spatially 

extended source. Following the idea proposed in the sparse signal processing literature 

(Candès et al., 2008; Wipf and Nagarajan, 2010), the heuristic that locations with smaller 

dipole amplitude need to be penalized more than other locations, will be formalized (for 

more detailed analysis please refer to 3.2.4). In the sparse signal processing literature it is 
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well known that under some general conditions (Donoho, 2006) the ℓ1-norm can produce 

sparse solutions; in other words “ℓ0-norm” can be replaced with ℓ1-norm. In reality, “ℓ0-

norm” is not really a norm, mathematically speaking. It assigns 0 to the elements of the 

input vector when those elements are 0, and 1 otherwise. It is easy to imagine that when 

sparsity is considered, such a measure or pseudo-norm is intended (as this measure will 

impose the majority of the elements of the vector to be zero, once minimized). However 

this measure is a non-convex function and including it in an optimization problem makes 

it hard or impossible to solve, so it is replaced by the ℓ1-norm which is a convex function 

and under general conditions the solutions of the two problems are close enough. When 

envisioning “ℓ0-norm” and ℓ1-norm, one might argue that while “ℓ0-norm” takes a 

constant value as the norm of the input vector goes to infinity, ℓ1-norm is unbounded and 

goes to infinity. In order to use a measure which better approximates the ℓ0-norm and yet 

has some good qualities (for the optimization problem to be solvable) it is proposed by 

Fazel et al. (Fazel, 2002; Fazel et al., 2003) that a logarithm function be used instead of 

the “ℓ0-norm”. Logarithmic functions are concave but also quasi-convex (refer to (Boyd 

and Vandenberghe, 2004) for the definition and for seeing more properties), thus the 

problem would be solvable if we use logarithm instead of “ℓ0-norm” but then finding the 

global minimum which is a promise in the convex optimization problems is no more 

guaranteed. This means that the problem is replaced with a series of convex optimization 

problems (as shown in 3.2.4) which converges to a local minimum and thus the final 

outcome of the problem depends on the initial estimation.  
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3.2.2. Selecting Hyper-parameters 

Selecting the hyper-parameter 𝛼 is not a trivial task. Selecting hyper-parameters 

can be a dilemma in any optimization problem and most optimization problems 

inevitably face such a selection. It is proposed to adopt the L-curve approach to 

objectively determine the suitable value for 𝛼 (Hansen, 1990). Referring to Fig. 3.2 it can 

be seen how selecting different values for 𝛼 can affect the solution. In this example a 20 

mm extent source is simulated and a range of different 𝛼 values ranging from 1 to 10
-4

 

 
 

Fig. 3.1. Schematic diagram of the proposed method. Two novel strategies (edge sparse 

estimation and iterative reweighting) were proposed to accurately estimate the source extent. 

The edge sparse estimation is based on the prior information that source is densely distributed 

but the source edge is sparse. The source extent can thus be obtained by adding the edge-

sparse term into the source optimization solution. The iterative reweighting is based on a 

multi-step approach. Initially an estimate of the underlying source is obtained. Consequently 

the locations which have less activity (smaller dipole amplitude) are penalized based on the 

solutions obtained in previous iterations. This process is continued until a focal solution is 

obtained with clear edges. 
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are used to solve the inverse problem. As it can be seen, selecting a large value for 𝛼 will 

result in an overly focused solution (underestimation of the spatial extent). This is due to 

the fact that by selecting a large value for 𝛼 the optimization problem focuses more on 

the ℓ1-norm of the solution rather than the domain sparsity (TV term) so the solution will 

be sparse. In the extreme case when 𝛼 is much larger than 1 the optimization problem 

turns into an ℓ1 estimation problem which is known to be extremely sparse, i.e. focused. 

Conversely selecting very small values for 𝛼 may result in spread solutions 

(overestimation of the spatial extent). Selecting an 𝛼 value near the bend (knee) of the 

curve is a compromise to get a solution which minimizes both terms involved in the 

regularization. The L-curve basically looks at different terms within the regularization 

and tries to find an 𝛼 for which all the terms are small and also changing 𝛼 minimally 

along each axis will not change the other terms drastically. In other words the bend of the 

L-curve gives the optimal 𝛼, as changing 𝛼 will result in at least one of the terms in the 

regularization term to grow larger which is counterproductive in terms of minimization in 

(3.2). In this example an 𝛼 value of 0.05 to 0.005 seems to give reasonable results).  

Another parameter to control for is the number of iterations. Although this cannot 

be theoretically dealt with currently, it is suggested to continue iteration until the 

estimation of two consecutive steps do not vary much (for instance a relative difference 

of 10
-4

). The actual number of iterations needed is usually 2 to 4 iterations, as our 

experience with the data suggests. This is also reported by Candès et al (Candès et al., 

2008). This means that within a few iterations an extended solution with distinctive edges 

from the background activity is reached without subjectively thresholding the solution. 
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Fig. 3.3 shows an example of how the solution might change throughout iterations. In this 

case a source with a 10 mm extent, is estimated and the solution is depicted through 10 

iterations. As it can be seen, the solution stabilizes after 3 iterations and it stays stable 

even after 10 iterations. It is also interesting that these iterations do not cause the solution 

to shrink and produce an overly concentrated solution like the well-known algorithm 

FOCUSS (Gorodnitsky et al., 1995). This is due to the fact that the regularization term in 

IRES contains TV and ℓ1 terms which in turn balance between sparsity and edge-

sparsity, avoiding overly spread or focused solutions.  

 
 

Fig. 3.2. Selecting the hyper-parameter α using the L-curve technique. In order to 

select αwhich is a hyper-parameter balancing between the sparsity of the solution and gradient 

domain, the L-curve technique is adopted. As it can be seen a large value of α will encourage 

a sparse solution while a small value of α encourages a piecewise constant solution which is 

over-extended. The selected α needs to be a compromise. Looking at the curve it seems that 

an α corresponding to the knee is optimum as perturbing α will make either of the terms in the 

goal function grow and thus would not be optimal. The L-curve in this figure is obtained 

when a source with an average radius of 20 mm was simulated. The SNR of the 

simulated scalp potential is 20 dB. 

 

https://www.sciencedirect.com/topics/medicine-and-dentistry/scalp
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3.2.3. Definition of Neighborhood and Edge 

In order to form matrix 𝒱 which approximates some sort of total variation among 

the dipoles on the cortex, it is necessary to constitute the concept of neighborhood. Since 

the cortical surface is triangulated for the purpose of solving the forward problem (using 

the boundary element model) to form the lead field matrix 𝒦, there exists an objective 

and simple way to define neighboring relationship. The center of each triangle is taken as 

the location of the dipoles to be estimated (amplitude) and as each triangle is connected 

to only three other triangles via its edges, each dipole is neighbor to only three other 

dipoles. Based on this simple relation, neighboring dipoles can be detected and the edge 

would be defined as the difference between the amplitude of two neighboring dipoles. 

Based on this explanation it is easy to form matrix 𝑉 (Ding, 2009) as shown in (3.4): 

 𝒱 =  (

𝑣11 ⋯ 𝑣1𝑛

⋮ ⋱ ⋮
𝑣𝑇1 ⋯ 𝑣𝑇𝑛

)

 {
𝑣𝑖𝑗 = 1   𝑎𝑛𝑑 𝑣𝑖𝑘 = −1              𝑖𝑓 𝑑𝑖𝑝𝑜𝑙𝑒 𝑗 𝑎𝑛𝑑 𝑘 𝑎𝑟𝑒 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟𝑠

𝑣𝑖𝑗 = 0                                           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                          
                 (3.4) 

The number of edges is denoted by T. Basically each row of matrix 𝒱 corresponds to an 

edge that is shared between two triangles and the +1 and -1 values within that row are 

located such as to differentiate the two dipoles that are neighbors over that particular 

edge. The operator 𝒱 can be defined regardless of mesh size, as the neighboring elements 

can be always formed and determined in a triangular tessellation (always three 

neighbors). However reducing the size of the mesh to very small values (less than 1 mm) 

is not reasonable as M/EEG recordings are well-known to be responses from ensembles 

of postsynaptic neuronal activity. Having small mesh grids will increase the size of V 
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relentlessly without any meaningful improvement. On the other hand increasing the grid 

size to large values (>1 cm) will also give coarse grids that can potentially give coarse 

results. It is difficult to give a mathematical expression on the optimal grid size but a grid 

size of 3∼4 mm was chosen to avoid too small a grid size and too coarse a tessellation.  

3.2.4. A Mathematical View of IRES’s Weighting Strategy 

Assuming that our problem is the following, where C is a convex set: 

 𝓍𝑒𝑠𝑡 = ∥ 𝓍 ∥1𝓍       
𝑎𝑟𝑔𝑚𝑖𝑛

  

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜     𝓍 ∈ 𝐶              (3.5) 

It is reformulated as follows where 휀 is a positive number,   

 
 

Fig. 3.3. The effect of iteration. A 10 mm source is simulated and IRES estimation at each 

iteration, is depicted. As it can be seen the estimated solution converges to the final solution 

after a few iterations and more so the continuation of the iterations does not affect the 

solution, i.e. shrink it. The bottom right graph shows the norm of the solution (blue) and the 

gradient of the solution (green) and also the goal function (red) at each iteration. The goal 

function (penalizing terms) is the term minimized in (3.2). 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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 argmin ln(
|𝓍|

𝜖
+ 1)       𝓍 ∈ 𝐶               (3.6) 

In order to solve (3.6) we linearize the logarithm function about the solution 

obtained in the previous iteraion using the Taylor expansion’s series as follows, 

 𝓍𝑘+1 = ln(
|𝓍|

𝜖
+ 1)𝓍       

𝑎𝑟𝑔𝑚𝑖𝑛
        𝓍 𝜖 𝐶 

 ln(
|𝓍|

𝜖
+ 1) = ln (

|𝓍𝑘|

𝜖
+ 1) +  

1

𝜖
. (

1

|𝓍𝑘|

𝜖
+1

) . (𝓍 − 𝓍𝑘) + 𝑂((𝓍 − 𝓍𝑘)2)     (3.7) 

Substituting the linearized logarithm into the optimization problem and noting 

that 𝓍𝑘 is treated as a constant (as the minimization is with respect to 𝓍) the following 

optimization problem is achieved, 

 𝓍𝑘+1 = argmin𝑥 (
𝓍

|𝓍𝑘|

𝜖
+1

)  =     argmin𝓍   𝒲𝑘𝓍        𝑠. 𝑡.     𝓍 𝜖 𝐶 

 𝒲𝑘 = (
1

|𝓍𝑘|

𝜖
+1

)            (3.8) 

Note that 𝓍 was treated as a scalar here. In our case where x is a vector the 

weighting is derived for each element individually and finally placed into a diagonal 

matrix format. This is how (3.8) is derived. Treating (𝒱𝒿) as a vector, i.e. 𝑦 =  𝒱𝒿, the 

same procedure can be followed to update 𝒲𝑑
 .  

3.3. Computer Simulation Protocols 

In order to analyze IRES performance, a series of computer simulations were 

conducted in a realistic cortex model. The cortex model was derived from MR images of 

a human subject. The MR images were segmented into three layers, namely the brain 

tissue, the skull and the skin. Based on this segmentation a three layer BEM model was 
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derived to solve the forward problem and obtain the lead field matrix, constituting the 

relation between current density dipoles and the scalp potential. The conductivity of the 

three layers, i.e. brain, skull and skin, were selected respectively as 0.33 S/m, 0.0165 S/m 

and 0.33 S/m (Lai et al., 2005; Oostendorp et al., 2000; Zhang et al., 2006). The number 

of recording electrodes used in the simulation is 128 channels. 100 random locations on 

the cortex were selected and at each location sources with different extent sizes were 

simulated, ranging from 10 mm to 30 mm in radius size (Euclidean distance from the 

center of the source to the furthest active location). The amplitude of the dipoles were set 

to unity, so the cortical surface was partitioned into active (underlying source) and non-

active (not included within the source) area. The orientation of the sources were taken to 

be normal to the cortical surface, as the pyramidal cells located in the gray matter 

responsible for generating the EEG signals are oriented orthogonal to the cortical surface 

(Baillet et al., 2001; Nunez and Silberstein, 2000). The orientation of the dipoles was 

accordingly fixed when solving the inverse problem. Different levels of white Gaussian 

noise were added to the generated scalp potential maps to make simulation more realistic. 

The noise power was controlled to obtain three levels of desired signal to noise ratio 

(SNR), namely 10 dB and 20 dB (another set of simulations with 6dB SNR was also 

conducted as explained in the next paragraph). Thse SNR values are realistic in many 

applications including epileptic source imaging. The inverse solutions were obtained 

using IRES and the estimated solutions were compared to the ground truth (simulated 

sources) for further assessment. The results of these simulations are presented in Figs. 3.4 

to 3.6. 



 

 69 

In order to compare the effect of modeling parameters on the inverse algorithm 

and also to avoid the most obvious form of “inverse crime”, another series of simulations 

were also conducted for which the forward and inverse model was different (in addition 

to the previous results presented in Figs. 3.4 to 3.6). The mesh used for the forward 

problem was very fine with 1mm spacing consisting of 225,879 elements on the cortex. A 

BEM model consisting of three layers, i.e. brain, skull and skin with conductivities of 

0.33 S/m, 0.015 S/m and 0.33 S/m was used for the forward model. For the inverse model 

a coarse mesh of 3mm spacing consisting of 28,042 elements was used. The inverse BEM 

model consists of three layers, i.e. brain, skull and skin with conductivities of 0.33 S/m, 

0.0165 S/m and 0.33 S/m. Basically the conductivity ratio is changed by 10% in the 

inverse model compared to the forward model and also a different and much finer grid is 

 
 

Fig. 3.4. Simulation results. In the left panel three different source sizes were simulated with 

extents of 10 mm, 20 mm and 30 mm (lower row). White Gaussian noise was added and the 

inverse was solved using the proposed method. The results are shown in the top row. The 

same procedure was repeated for random locations over the cortex. The extent of the 

estimated source is compared to that of the simulated source in the right panel. The SNR is 

20 dB. 



 

 70 

used for the forward model in comparison to the inverse model (Auranen et al., 2005, 

2007).  

 

 

Fig. 3.5. Simulation statistics. The performance of the simulation study is quantified using the 

following measures, localization error (upper left), AUC (upper right) and the ratio of the area of 

the overlap between the estimated and true source to either the area of the true source or the area 

of the estimated source (lower row). The SNR is 20 dB in this study. The simulated sources are 

roughly categorized as small, medium and large with average radius sizes of 10 mm, 20 mm and 

30 mm, respectively. The LE, AUC and NOR are then calculated for the sources within each of 

these classes. The boxplots show the distribution of each metric to provide a brief statistical 

review of the distribution of these metrics for all of the data. 
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In this manner we reduced the dependency of IRES performance to modeling 

parameters such as grid size and conductivity values (by using different lead field 

matrices for the forward and inverse problem). In addition to that, we used realistic noise 

recorded from a human subject as the additive noise so as to avoid using only white 

noise. Low SNR of 5∼6 dB was also tested following (Gramfort et al., 2013a) to make 

sure IRES can be used in noisier situations. The results of these simulations are presented 

in Fig. 3.7 and Fig. 3.8.  

 
 

Fig. 3.6. Simulation statistics and performance of the simulation study when the SNR is 

10 dB. Results are quantified using the following measures, localization error, AUC and the 

ratio of the area of the overlap between the estimated and true source to either the area of the 

true source or the area of the estimated source. The statistics are shown in the left panel. In the 

right panel, the relation between the extent of the estimated and simulated source is delineated 

(top row). Two different source sizes namely, 10 mm and 15 mm, were simulated and the 

results are depicted in the right panel (bottom row). 
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To further assess the effect of slight differences in conductivities on inverse 

algorithms’ performance, another inverse model was formed and used as well. This 

inverse model is the same to the inverse model described in the previous paragraph 

(meaning in these simulations the grids used for the forward and inverse model were 

different) with the only difference that the conductivity of the inverse BEM model 

matches the conductivity of the forward model, i.e. 0.33 S/m, 0.015 S/m and 0.33 S/m for 

brain, skull and scalp, respectively. The results of the simulation analysis for these 

simulations are presented in Fig. 3.11 and Fig. 3.12 in the supplementary results section. 

 
 

Fig. 3.7. Monte Carlos simulations for differing BEM models with 6 dB SNR (IRES). 

The estimated source extent is graphed against the true (simulated source) extent (A). Two 

examples of the target (true) sources (B) and their estimated sources (C) are provided. The 

localization Error (D), Normalized overlaps defined as overlap area over estimated source 

area (F) and overlap area over true source area (F), are presented to evaluate the performance 

of IRES (all data). The boxplots show the distribution of each metric to provide a brief 

statistical review of the distribution of these metrics for all of the data. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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Model violations such as non-constant sources (amplitude) and multiple 

simultaneous active sources were also tested. Additionally cLORETA (Wagner et al., 

1996) and focal vector field reconstruction (FVR) (Haufe et al., 2008) were used to 

estimate solutions and the results from these inverse algorithms were compared with 

IRES (these results are presented in Figs. 3.13 and 3.14 of the supplementary results).  

To further evaluate the performance of IRES non-constant sources (for which the 

dipoles within the source patch did not have constant amplitudes and varied in amplitude) 

and multiple simultaneously active sources were also simulated and tested. Results of 

 
 

Fig. 3.8. Monte Carlos simulations for differing BEM models with 20 dB SNR (IRES). 

The estimated source extent is graphed against the true (simulated source) extent (A). Two 

examples of the target (true) sources (B) and their estimated sources (C) are provided. The 

localization Error (D), Normalized overlaps defined as overlap area over estimated source 

area (F) and overlap area over true source area (F), are presented to evaluate the performance 

of IRES (all data). The boxplots show the distribution of each metric to provide a brief 

statistical review of the distribution of these metrics for all of the data. 

https://www.sciencedirect.com/topics/neuroscience/monte-carlo-method
https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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IRES performance are presented in Fig. 3.9 for multiple cases in these scenarios. More 

detailed results and analyses are presented in Figs. 3.15 to 3.18 of the supplementary 

results section.   

3.3.1. Measures of Performance 

In order to evaluate IRES performance, multiple metrics were used. As extended 

sources are being considered in this study, appropriate metrics being able to compare 

extended sources need to be used. The first measure is the localization error (LE). The 

localization error calculates the Euclidean distance between the center of mass of the 

simulated and estimated sources. This metric measures the bias of the solution in terms of 

localization. LE should be as small as possible, ideally 0. Another important measure is 

the estimated extent itself. After the inverse problem is solved, the area of the estimated 

solution is calculated and the mean radius or extent of the estimated source is calculated. 

 
 

Fig. 3.9. Model violation scenarios. Examples of IRES performance when Gaussian sources 

(left panels) and multiple active sources (right panel) are simulated as underlying sources for 

a 6 dB SNR. Simulated (true) sources are depicted in the top row and estimated sources on the 

bottom row. More detailed analysis is provided in the following figures. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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The mean radius or extent of the simulated source is also calculated. These values are 

plotted in a graph to examine the relation between the two quantities. In order to compare 

the shape and relative position of the estimated and simulated sources the overlap metric 

is used. The amount of overlap between the estimated and simulated sources is calculated 

and divided by either the simulated source area or the estimated source area to derive a 

normalized overlap ratio (NOR). This normalized overlap shows how well the two 

distributions match each other. These measures should both be as close as possible to 1. 

If an overestimated or underestimated solution is obtained, one of the two measures will 

be close to 1 while the other decreases significantly. Another important measure is the 

area under curve (AUC) analysis (Grova et al., 2006). The curve mentioned is the 

receiver operating characteristics (ROC) curve (Kay, 1998). Basically different 

thresholds will be applied to the estimated solution (0 to 1, with 1 meaning the threshold 

being equal to the maximum of the dipole amplitude). If the simulated source region is 

set as the active or desired area and the rest of the brain is set as the inactive area, by 

thresholding the inverse solution with various different thresholds, a sensitivity (ratio of 

points in the simulated source with their corresponding value in the inverse solution 

being above the threshold, to all the points in the simulated source) and specificity (ratio 

of points within the inactive region with their corresponding value in the inverse solution 

being below the threshold, to all the points in the inactive region) can be attributed to 

each threshold. Plotting these sensitivity-specificity pairs together in a plot will give a 

curve known as the ROC curve. Calculating the area under this curve gives a value which 

will be called the AUC value. The AUC enables us to compare two source distributions 
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(one is the estimated source distribution and the other one is the simulated source). The 

closer this AUC value is to 1, the better our estimation of the simulated source is. These 

measures were used to analyze the outcome of the computer simulations in this chapter.  

3.3.2. Implementation (in Part I of this Dissertation) 

The BEM based forward problem was solved using CURRY 7 (Compumedics, 

Chalotte, NC). The cortical surface was triangulated into 1 mm and 3 mm mesh for the 

computer simulations and clinical data analysis. In order to solve the SOCP problem 

which is the backbone of IRES a convex problem solver called CVX (Grant and Boyd, 

 
 

Fig. 3.10. The effect of thresholding on IRES vs. FVS. Thresholds of different value (from 

5% to 50%) are applied to the solutions derived from IRES and FVR. As it can be seen IRES 

does not use a set of pre-defined threshold value to separate background from active sources 

and hence is unaffected by thresholding. 
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2008) was used (for the results obtained in Part I of the dissertation). CVX contains many 

solvers including the self-dual-minimization (SeDuMi) (Sturm, 1999) which is a 

MATLAB (Mathworks, Natick, MA) compatible package implementing an interior path 

method (IPM) for solving the SOCP problems.    

3.4. Results 

 The results of the computer simulation of the proposed algorithm are presented in 

this section. Clinical data analysis will be reported in the next chapter.  

3.4.1. Main Results 

Fig. 3.4 through Fig. 3.6 show simulation results using the same lead field matrix 

for the forward and inverse problem. The results presented in Fig 3.4 and 3.5 pertain to 

the case were the SNR of the simulated scalp potential is 20 dB and the same results are 

presented in Fig. 3.6 for the 10 dB case. As it can be seen in Fig. 3.4 IRES can 

distinguish between different source sizes and estimate the extent with good accuracy. In 

the left panel of Fig. 3.4, three different cases are presented with extents of 10, 20 and 30 

mm, respectively. Comparing the simulated sources and estimation results shows that 

IRES can distinguish between different sources reasonably. The right panel in Fig. 3.4 

shows the relation between the extent of the estimated and simulated source. The fitted 

line shows that IRES has small bias and minimal under/over-estimation in general. The 

variance of the estimated solutions is comparable to the estimated extent (about 50% of 

source extent). The overall trend is positive and indicates that IRES is relatively unbiased 

in estimating underlying source extent.  
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Estimating the extent is one major metric but other measures such as LE, NOR 

and AUC are also important to assess the performance of IRES. In Fig. 3.5 the results of 

such different metrics can be seen. The localization error in sources with different extents 

 
 

Fig. 3.11. Monte Carlos simulations for concurring BEM Models with different grid 

meshes at 20dB SNR (IRES). The estimated source extent is graphed against the true 

(simulated source) extent (A). An example of the target (true) source (B) and its estimated 

source (C). The localization Error (D), Normalized overlaps defined as overlap area over 

estimated source area (F) and overlap area over true source area (F), are presented to evaluate 

the performance of IRES (all data). The boxplots show the distribution of each metric to 

provide a brief statistical review of the distribution of these metrics for all of the data. 
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is less than 5 mm over all. Note that the simulated sources were approximately 

categorized into three classes with average extent of 10, 20 and 30 mm, corresponding to 

the three colors seen in Fig. 3.4 (a rather arbitrary grouping). This value is less for 

smaller sources and closer to 3 mm. Such a low localization error shows that IRES can 

localize the underlying extended sources with low bias. Additionally, to better understand 

the combined effect of LE and extent estimation, the normalized overlaps should be 

 
 

Fig. 3.12. Monte Carlos simulations for concurring BEM Models with different grid 

meshes at 6dB SNR (IRES). The estimated source extent is graphed against the true 

(simulated source) extent (A). An example of the target (true) source (B) and its estimated 

source (C). The localization Error (D), Normalized overlaps defined as overlap area over 

estimated source area (E) and overlap area over true source area (F), are presented to evaluate 

the performance of IRES (all data). The boxplots show the distribution of each metric to 

provide a brief statistical review of the distribution of these metrics for all of the data. 
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studied. Looking at Fig. 3.5 one can see that the overlap between the estimated and 

simulated source is relatively high and over 70% for smaller sources (on average) and 

close to 85% for larger sources. The simultaneous high values of the overlap measures 

show that not only the estimated and simulated sources overlap extensively with each 

other, but the estimation is neither an overestimation nor an underestimation of the spatial 

extent (in either case only one of the NOR values would be high and the other would be 

small as explained previously). The high AUC values for various source sizes also 

indicate the overall high sensitivity and specificity of IRES as an estimator. 

Fig. 3.6 shows the same results for the 10 dB case. Comparing Fig. 3.6 with Fig. 

3.5 and Fig. 3.4 it is easy to see the same trends and qualities.  

Fig. 3.7 and Fig. 3.8 show simulation results when different forward and inverse 

models (in terms of grid size and conductivity) are used for two cases of 6 dB and 20 dB 

SNR. The results in Fig. 3.7 show an underestimation for the extent. The localization 

error is as low as 5 mm and the NOR is ~60%-70% on average. Comparing the same 

results when SNR is set to 20 dB, much better results can be obtained. Referring to Fig. 

3.8 it can be seen that the extent estimation is with minimal bias with localization error of 

3 mm (on average)  and high NOR metrics (80% for both values on average). The slight 

decline in IRES performance in noisier conditions (Fig. 3.6 and Fig. 3.7 compared to Fig. 

3.4 and Fig. 3.8) is expected due to the increased level of noise interference.  
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A few examples when source amplitude is not constant and also when multiple 

sources are simultaneously active, are presented in Fig. 3.9. The variation of source 

amplitude was governed by a normal distribution, meaning that the amplitude of the 

dipoles decreased exponentially as the distance of the dipoles increased from the center 

of the source distribution (patch). More detailed analysis and explanations are presented 

in supplementary results section. 

 
 

Fig. 3.13. Monte Carlos simulations for differing BEM models at 6dB SNR (cLORETA). 

The estimated source extent is graphed against the true (simulated source) extent (A). An 

example of the target (true) source (B) and its estimated source (C). The localization Error 

(D), Normalized overlaps defined as overlap area over estimated source area (E) and overlap 

area over true source area (F), are presented to evaluate the performance of IRES. A 50% 

thresholding is applied (all data). The boxplots show the distribution of each metric to provide 

a brief statistical review of the distribution of these metrics for all of the data. 
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These simulation results show that IRES is robust against noise and changes in 

model parameters such as grid size and conductivity. IRES can perform well when 

multiple sources are active or when source amplitude varies within the source extent, as 

well.  

3.4.2. Supplementary Results 

Computer simulations were conducted to assess the effect of thresholding on 

IRES in comparison to FVR (Haufe et al., 2008, 2011). For the given target source 

(simulated source) we can see that thresholding has little effect on IRES while it affects 

the estimated extent by FVR (Fig. 3.10).  

The simulation results when the conductivity values of the inverse BEM model 

concurred with the forward BEM models (while different grid meshes were used for 

forward and inverse) are presented in Fig. 3.11 and Fig. 3.12, for 6 dB and 20 dB SNRs, 

respectively (Not to be confused with results depicted in Fig. 3.7 and Fig. 3.8 which 

pertain to the case where the conductivities of the forward and inverse BEM models were 

also different, in addition to different meshing for forward and inverse models, as 

outlined in the Methods section). Referring to these two figures it is perceivable that 

while the estimated extent is not as accurate as in the case of 20 dB, IRES returns good 

results. The localization error is on average about 5 mm and the overlap between the 

estimated solution and simulated (target) sources are high (for both measures) reaching 

close to 70% overlap (Fig. 3.11). The average localization error of 3 mm and high 

overlap between estimation and target (about 80% for both measures) indicates the strong 

performance even with different forward models (grid meshes) (Fig. 3.12). Another 
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interesting observation is that not a huge difference can be seen between the two models 

(where different skull-brain conductivity ratio is used) by comparing Fig. 3.11 and Fig. 

3.12 to the Fig. 3.7 and Fig. 3.8.  

To further evaluate and compare the performance of IRES with other methods, 

the same simulations (6 dB SNR) were conducted but the inverse algorithms used were 

cLORETA (Wagner et al., 1996) and FVR (Haufe et al., 2008). The results can be seen in 

Figs. 3.13 and Fig. 3.14 for cLOREAT and FVR, respectively. Looking at the extent 

estimation curves (panel A in each figure) it is difficult to find a clear relation between 

 
 

Fig. 3.14. Monte Carlos simulations for differing BEM models at 6dB SNR (FVR). The 

estimated source extent is graphed against the true (simulated source) extent (A). An example 

of the target (true) source (B) and its estimated source (C). The localization Error (D), 

Normalized overlaps defined as overlap area over estimated source area (E) and overlap area 

over true source area (F), are presented to evaluate the performance of IRES. A 50% 

thresholding is applied (all data). The boxplots show the distribution of each metric to provide 

a brief statistical review of the distribution of these metrics for all of the data. 
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the estimated and target sources. It is worthy of attention that while localization error was 

reasonable in these methods (FVR doing better than cLORETA) the overlaps were not 

satisfactory for both methods. Either there was an asymmetry between the overlap 

measures (one high and the other low) which indicates over/under-estimated solutions (in 

terms of source extent), or low overlaps for both NOR measures. 

To further investigate IRES capabilities another test was performed. Instead of 

 
 

Fig. 3.15. Monte Carlos simulations for Gaussian sources (large variations) at 10dB SNR 

(IRES). The estimated source extent is graphed against the true (simulated source) extent (A). 

Two examples of the target (true) sources (B) and their estimated sources (C) are provided. 

The localization Error (D), Normalized overlaps defined as overlap area over estimated source 

area (E) and overlap area over true source area (F), are presented to evaluate the performance 

of IRES (all data). The boxplots show the distribution of each metric to provide a brief 

statistical review of the distribution of these metrics for all of the data. 
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having constant sources, the value of the source was varied inside the source extent. We 

used a Gaussian model to pursue this line of investigation. The amplitude of the source 

falls of following a normal distribution, proportional to dipoles’ distance to the center of 

patch. To test different cases the standard deviation of the normal distribution or the rate 

of change was tested for two different scenarios. One for the case where the standard 

deviation (STD) was set equal to half the extent size (as extent size varies from source to 

source) where more variations would be seen and another case where the STD was set 

equal to the extent size to obtain milder variations. Note that the STD was defined based 

on extent size, to create a more similar condition for sources with different size (fixing 

STD to a constant would have had different effects on sources with different extent sizes 

and is thus avoided in this scheme). The results and examples of this simulation can be 

seen in Figs. 3.15 and Fig. 3.16. In Fig. 3.15 where source variations are more rapid, it is 

clear that the algorithm underestimates the extent size compared to the situation depicted 

in Fig. 3.16. It seems that IRES disregards the tails of the distribution where the signal 

amplitude is low and probably confuses those values with noise. This confusion could 

potentially be overcome in higher SNR values (The SNR value was set to 10 dB and 20 

different scenarios were tested in the “Gaussian Simulation” case). For instance, in Fig. 

3.16, which pertains to slowly varying sources, it can be observed that a better estimation 

of the extent is given. This idea is schematically depicted in Fig. 3.17. Given the 

reasonable localization errors and overlaps, it is fair to say that IRES can handle such 

variations relatively well, although it enforces uniformity for the amplitude of the 

estimated source.  
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Another attempt to test IRES was posed by simulating two active sources at the 

same time in various locations to assess IRES performance. Like the previous simulations 

(“Gaussian Simulations”) we tested 20 different scenarios in a 10 dB SNR. The results 

can be seen in Fig. 3.18. The localization error is low (~ 6 mm) and the overlaps are 

pretty high. However IRES seems to underestimate the extent size. This might be due to 

the limited number of tests. In any case referring to A in Fig. 3.18 it can be seen that a lot 

of points are following the identity line while a few deviating violators. In any case it 

 
 

Fig. 3.16. Monte Carlos simulations for Gaussian sources (small variations) at 10dB SNR 

(IRES). The estimated source extent is graphed against the true (simulated source) extent (A). 

An example of the target (true) source (B) and its estimated source (C). The localization Error 

(D), Normalized overlaps defined as overlap area over estimated source area (E) and overlap 

area over true source area (F), are presented to evaluate the performance of IRES (all data). 

The boxplots show the distribution of each metric to provide a brief statistical review of the 

distribution of these metrics for all of the data. 
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seems that IRES can handle different scenarios pretty well and shows robustness against 

noise and potential modelling parameter inaccuracies (mesh size and conductivity).  

3.4.3. Sensitivity to Source Depth and Orientation 

The accuracy of ESI results can vary depending on the source location and 

orientation. It is well-known that deep sources are more difficult to resolve than 

superficial sources. Additionally tangential source orientations might be more difficult 

for EEG to detect (as normal orientations are more difficult to be detected by MEG). This 

adds further complexity to the already difficult inverse problem. IRES is not different 

from all other ESI algorithms in this aspect and will not function well under every 

circumstance. Some difficult cases where the simulated sources were deep or more 

tangentially oriented (in the inter-hemisphere wall or on the medial wall of the temporal 

lobe) are presented as examples in Fig. 3.19 (these cases are included in the statistical 

 
 

Fig. 3.17. A schematic explanation of IRES estimation for underlying sources with 

varying amplitude over the source extent. IRES can confuse smaller amplitudes with noisy 

background and underestimate the source extent by excluding those dipoles. Variations that 

do not fall into noise range can still be detected. IRES tends to prefer flat solutions. 

 

https://www.sciencedirect.com/science/article/pii/S1053811916301847#f0060
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results presented so far). As it can be seen, specifically in the first row image, in highly 

noisy conditions (SNR of 6 dB, third column), IRES did not do very well in determining 

the extent or shape of the source. Still IRES does not totally fail in determining the 

location and extent of the source in these very difficult conditions. In less noisy 

conditions (second row), IRES does well.  

3.5. Discussion 

 In this chapter a new inverse algorithm was proposed, namely the iterative 

reweighted edge sparsity (IRES). As the simulation results suggest, this algorithm is 

capable of distinguishing between sources with different sizes. The simulation results 

suggest that IRES not only localizes the underlying source but also provides an estimate 

of the extent of the underlying source, as well. Moreover one of the main merits of IRES 

is that it produces extended sources without the need for any kind of thresholding, which 

is a unique quality amongst the existing distributed algorithms.  

3.5.1. Merits and Novelties of IRES 

 Many algorithms have been proposed in the recent years that work within 

the sparse framework and are thus capable of producing relatively focal solutions. Some 

of these methods enforce sparsity on multiple domain like IRES (Chang et al., 2010; 

Haufe et al., 2008; Zhu et al., 2014), but neither of these algorithms provide solutions 

with clear edges between background and desired activity and thus determining how to 

discard the tails of the solution distribution is subjective, i.e. thresholding. IRES, on the 

other hand, achieves this by imposing sparsity on the spatial gradient which in turn 

creates visible edges.  
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Algorithms formulated and operating within the Bayesian framework seem to be 

promising algorithms, such as MEM-type algorithms (Grova et al., 2006). Additionally 

the combination of cortex parcelization with these algorithms (Chowdhury et al., 2013; 

Lina et al., 2014) makes it even stronger. These algorithms use Otsu’s thresholding 

method (Otsu, 1979) to separate the background noise from active sources objectively. 

However, there is an implicit assumption in Otsu’s method that classes (say, background 

 
 

Fig. 3.18. Monte Carlos simulations for two active sources at 10dB SNR (IRES). The 

estimated source extent is graphed against the true (simulated source) extent (A). Two 

examples of the target (true) sources (B) and their estimated sources (C) are provided. The 

localization Error (D), Normalized overlaps defined as overlap area over estimated source 

area (E) and overlap area over true source area (F), are presented to evaluate the performance 

of IRES (all data). The boxplots show the distribution of each metric to provide a brief 

statistical review of the distribution of these metrics for all of the data 
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and desired signal) are distinguished enough, to be separated well with a threshold. In my 

experience this depends on the inverse method used. Most conventional methods do not 

provide strong discriminants. This means that the threshold might not be “unique” in 

practice. Furthermore, no parcelization is used in IRES. Additionally IRES does not work 

within the Bayesian framework and is formulated as a convex optimization problem. 

Bayesian methods usually have complex formulations and take long to run, as mentioned 

previously. 

Mixed norm methods have also proven to be effective in analyzing spatio-

temporal activity of underlying brain sources (Gramfort et al., 2012, 2013a). However as 

mentioned before these methods enforce sparsity on solution and are as a result, highly 

focused (Gramfort et al., 2013a). 

IRES basically operates within a TV-ℓ1 framework. This means that the sparsity 

is enforced on the edges as well as the solution itself. Within this framework data driven 

iterative reweighting are applied to IRES estimates at each step to get rid of small 

amplitude dipoles to obtain more accurate estimates. The formulation of IRES is simple 

yet effective and as demonstrated by our extensive simulations, provides useful 

information about the source extent.  

Solutions derived based on sparse signal theory are proven to be mathematically 

optimal under certain mathematical conditions (Candès et al., 2006b) whether sparsity is 

applied on the solution or another appropriate domain such as wavelet coefficients 

(Candès et al., 2006a). This means that no other algorithm can provide solutions that are 

fundamentally better. Although these mathematical conditions do not hold for the 
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electrophysiological source imaging (ESI) problem (due to ill-conditioned lead field 

matrices), still there is an increasing trend in applying sparse methods to ESI problems in 

recent years as indicated by the recent literature and the results presented in this work. 

Another feature of IRES is its iterative reweighting technique. This procedure has 

enabled IRES to improve the estimation by disregarding the locations that are more 

probable to lie outside the extent of the underlying source. Since the amplitude of the 

dipoles corresponding to locations outside the underlying source is smaller than dipoles 

closer to or within the underlying source (this is due to the formulation of the problem 

where spatially focused sources with zero background are preferred) it is reasonable to 

 
 

Fig. 3.19. IRES sensitivity to source location and depth. Simulation results for four 

difficult cases are presented in this figure for two SNRs, i.e. 20 and 6 dB. The sources were 

simulated in the medial wall located in the interhemispheric region, medial temporal wall and 

sulci wall. The orientation of some of these deep sources is almost tangential. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
https://www.sciencedirect.com/topics/neuroscience/middle-temporal-gyrus
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focus less on locations for which the associated dipoles have very low amplitudes. 

Additionally, after a few iterations, IRES converges to a solution which is zero in the 

background, i.e. a focal solution is obtained, so an extended solution is reached without 

applying any threshold. Due to the limited number of iterations and mostly due to the 

way existing convex optimization problems solvers work (Bolstad et al., 2009) a perfect 

zero background might not be obtained but the amplitude of dipoles located in the 

background is typically less than 3% of dipoles with maximum amplitude.  

The two features of IRES, namely the iteration and use of sparse signal processing 

techniques, makes IRES unique in comparison to existing inverse algorithms and can also 

explain the good performance of IRES in providing extended solutions which estimate 

the extent of the underlying source well. The parameters of the SOCP optimization 

problem in (3.3) need to be selected carefully, for IRES to work well. As discussed 

previously the L-Curve approach is adopted to determine α. The L-Curve in general is a 

tool to examine the dependency of level sets of the optimization problem to a certain 

parameter of the problem when the constraints are fixed. In our problem when β2 is 

determined (β2 intuitively determines noise level based on discrepancy principle) the 

constraint is fixed and then for different values of α the optimization problem is solved to 

find the optimum solution of the optimization problem for the given α. For the obtained 

solution 𝒿∗ the pair (∥ 𝒿∗ ∥1 and ∥ 𝒱𝒿∗ ∥1) are graphed in a plot like Fig. 3.2 (∥ 𝒿 ∥1 and 

∥ 𝒱𝒿 ∥1 are the two terms of the goal function in (3.2)). The curve obtained for different 

values of α (level set of the goal function) which are the best pair of values (∥ 𝒿 ∥1,∥

𝒱𝒿 ∥1) that can be achieved given a fixed constraint. If the curve has a clear pointed 
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bending (knee), selecting the value of α around the knee is equal to selecting the Pareto-

optimal pair (this means that for any other value of α that is selected, either ∥ 𝒿  ∥1or 

∥ 𝒱𝒿 ∥1will be larger than the values of ∥ 𝒿 ∥1or ∥ 𝒱𝒿 ∥1 of the knee). In this manner 

the (Pareto) optimal value of α is selected (Boyd and Vandenberghe, 2004). Another way 

to think about this is to imagine that for a fixed budget (β2) the dependence curve of costs 

(∥ 𝒿  ∥1 and ∥ 𝒱𝒿 ∥1) are obtained (also called “utility curve” in other fields such as 

microeconomics). The best way to minimize costs is to find the cost pair (∥ 𝒿∗ ∥1 and 

∥ 𝒱𝒿∗ ∥1) for which all other pairs are (Pareto) greater, meaning that either one will be 

larger. In the framework of Pareto-optimality the L-Curve formed from the level sets of 

the optimization problem, can determine the optimal value of α. The hyper-parameter β2 

is determined using the discrepancy principle (Morozov, 1966). As briefly discussed 

previously the recorded additive noise in the measurements can be modeled as white 

Gaussian noise when centered and normalized by variance of noise recorded in each 

channel. The sum of these terms in the constraint in (3.3) gives a χn
2 distribution (n is the 

number of EEG channels or number of measurements). Under these reasonable 

assumptions β2 is the number at which the cumulative distribution function (CDF) of  χn
2 

is high enough (in this case close to 1) (Malioutov et al., 2005). This basically determines 

the probability of capturing noise. Another way to look at this is to note that β2 

determines how large the constraint space will be. In other words, selecting a larger β2 

corresponds to searching for an optimal solution within a larger solution space; this 

translates into relaxing the parameters of the optimization problem (with the risk of 

fitting noise). The manner in which the hyper-parameters of IRES are defined is intuitive 
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and bears physical meaning and thus tuning the hyper-parameters can be done easily and 

objectively (as opposed to hyper-parameters that are merely mathematical). 

3.5.2. Model Validity 

 Considering the domain in which sparsity is imposed in IRES, one might wonder 

if this model is realistic; that is to assume that underlying sources are spatially focused 

activities with constant value within their extent. It is not easy to answer this question. In 

practice EEG/MEG signals arise from the mass response of a large number of neurons 

which fire synchronously. Thus it is reasonable to assume that oscillations within the 

source extent, are hard to be detected from EEG/MEG recordings. Even in data recorded 

from intracranial EEG the region defined as SOZ by the physician seem to have a 

uniform activity, i.e., piecewise continuous activity over the recording grid (Lu et al., 

2012a). From a simplistic modeling point of view (and as a first step) the assumption is 

defendable. Face-based wavelets (Zhu et al., 2014) and spherical wavelet transforms 

(Chang et al., 2010) have also been used to model sources but none of the clinical data 

analysis presented in these papers shows solutions with varying amplitudes. 

3.5.3. Ill-posedness and Geometrical Complexities 

Note that while IRES provides information regarding the extent of the underlying 

source, it is still dealing with an underdetermined system and thus the extent information 

is not exact. Referring to Figs. 3.4 to 3.8 it can be seen that there is still a noticeable 

amount of variance in extent estimation (almost half of the true extent). Yet the fact that 

the general trend of IRES in estimating the extent is correct and distinguishes between 

sources with extents as small as 8 mm to as large as 50 mm is encouraging.  
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3.5.4. Chapter Conclusion and Future Directions 

In this chapter the focus was not to develop a specific solver for IRES. It is more a 

proof-of-concept project where the capabilities and usefulness of IRES are evaluated. As 

a result the CVX software which is a general solver for convex optimization problems 

was used. To name a few of the recent solvers and algorithms that have gained attention 

in the recent years one should mention the alternating direction method of multipliers 

(ADMM) (Boyd et al., 2011) and the fast iterative shrinkage thresholding algorithm 

(FISTA) (Beck and Teboulle, 2009a). Implementing these algorithms for solving IRES 

can improve the speed and efficiency of the solver (compared to general solvers such as 

CVX). This implementation is presented in Part II of the thesis. 

          In the current work, the solution space was limited to the cortical space. It is 

necessary to investigate if IRES can be generalized to include a solution space that 

encompasses the three dimensional brain volume. 

          The presented form of IRES in this chapter was intended for single time-points as 

opposed to spatio-temporal analysis. It was my intention to show the feasibility of this 

algorithm and its applicability in real data recording. Spatio-temporal algorithms 

(Gramfort et al., 2013a; Ou et al., 2009) are important as the dynamics of the underlying 

brain sources captured by EEG/MEG has to be studied properly to better understand 

brain networks. Following (Ou et al., 2009) a temporal basis can be extracted from the 

EEG recordings onto which the data is projected. This basis can be derived from 

principal component analysis (PCA), independent component analysis (ICA) and time-

frequency analysis of the data (Gramfort et al., 2013a; Yang et al., 2011). In any case, 
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IRES can be incorporated into the spatio-temporal basis and by no means is developed 

for single time-points, at all (as presented in Part II of this dissertation). 

We have proposed the iteratively reweighted edge sparsity minimization (IRES) 

strategy for estimating the source location and extent from EEG/MEG. We demonstrated 

that, using sparse signal processing techniques, it is possible to extract information about 

the extent of the underlying source objectively. The merits of IRES have been 

demonstrated in a series of computer simulations that indicate that IRES provides source 

solutions that are spatially extended without the need to threshold the solution to separate 

background activity from active sources under study. This gives IRES a unique standing 

within the existing body of inverse algorithms. The results of this chapter have been 

published in a NeuroImage paper (Sohrabpour et al., 2016a). 
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Chapter 4 
 

Iteratively Reweighted Edge 

Sparsity (IRES) – Spike Imaging 
 

“It is difficult to define a [inter-ictal] spike 

... I always say that it hurts if you sit on it.” 

 

-Jean Gotman 

 

In this chapter, the performance of IRES was further tested in epileptic patients 

undergoing intracranial EEG (iEEG) recording for pre-surgical evaluation. IRES was 

applied to scalp EEGs during interictal spikes, and results were compared with iEEG and 

surgical resection outcome in the patients. The pilot clinical study results are promising 

and demonstrate a good concordance between noninvasive IRES source estimation with 

iEEG and surgical resection outcomes in the same patients. The proposed algorithm, i.e. 

IRES, estimates extended source solutions from scalp electromagnetic signals which 

provide relatively accurate information about the location and extent of the underlying 

source. Estimating the extent of the underlying source is a challenge but also highly 

desirable in many applications. Determining the epileptogenic brain tissue is one 

important application. EEG/MEG source imaging is a non-invasive technique making its 

way into the presurgical workup of epilepsy patients undergoing surgery. EEG/MEG 

source imaging helps the physician in localizing the location of activity and if it can more 

reliably and objectively estimate the extent of the underlying epileptogenic tissue, the 

potential merits to improve patient care and quality of life are obvious since EEG/MEG is 

a noninvasive modality. Another important application can be mapping brain functions, 

elucidating roles of different regions of the brain responsible for specific functional tasks 

using EEG/MEG.  

 



 

 98 

4.1. What is Epilepsy? 

Epilepsy has been known to human civilization throughout antiquity and different 

cultures have held different views about it throughout history. Some have seen it as 

demonic possessions (hence the Greek name epilepsy which translates to being seized) 

and even authentic spiritual experiences. Although, different cultures and their medicines 

have proposed treatments to epilepsy and tried to analyze its causes, the Greek physician, 

Hippocrates of Kos is notable of stating that epilepsy is like any other disease, rejecting 

supernatural causes and that its cause lies within the brain (Daras et al., 2008).  

4.1.1. Brief History 

More modern interpretations and understanding of epilepsy did not emerge until 

the eighteenth and nineteenth century with the works of physicians such as Tissot, 

Morgani and the famous John Hughlings Jackson who proposed the role of cortex in 

generating seizures and epileptic activity (Daras et al., 2008) and possible structural 

damages of the brain as underlying cause for epilepsy (Jackson and Beevor, 1889). It was 

also Jackson who famously wrote in a footnote in his article “A Particular Variety of 

Epilepsy” (Jackson, 1888) that “I have suggested that the radical cure of fits in such cases 

is for the surgeon to cut out that discharging lesion, as well as the tumor, if there be one, 

producing it” (Daras et al., 2008). 

Although recording the electrical activity of the brain was demonstrated as early 

as 1857 by Caton (Caton, 1875), it was not until Hans Berger’s seminal work on EEG 

and recording from human brain that breakthroughs were made about the electrical nature 

of seizures. Later on Hallowell Davis and his colleagues, William Lennox, Erna Gibbs 
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and Frederic Gibbs demonstrated Spike-and-wave pattern in petit mal seizures in Davis’s 

laboratory. Tracy Putnam a pioneer on developing anticonvulsant compounds, i.e. anti-

epileptic drugs (AEDs), has reported that it was Gibbs’s belief that “every true seizure is 

attended by an electrical storm in the brain” (Daras et al., 2008). It was in 1937 that the 

Gibbses and their colleagues gave a modern definition of epilepsy as a “paroxysmal 

cerebral dysrhythmia” (Daras et al., 2008).  

Later on the pioneering works of Penfield and Jasper in recording intra-cranial 

EEG directly from human brain shed more light on the nature of epilepsy and introduced 

seizure evaluation techniques that are being used even today during surgical resection of 

epileptic tissue. 

This is an extremely short and by no means inclusive, history of notable 

physicians and scientists of the epilepsy field. What is evident is that a lot has been 

achieved and our views of this pathology has radically changed and yet much more needs 

to be done and achieved. There are many more detailed references for those interested in 

the history of epilepsy and its related developments as detailed by Daras et al. (Daras et 

al., 2008; Engel Jr and Pedley, 2008a). 

4.1.2. Definition and Mechanism 

It is difficult to define epilepsy as epilepsy is not a single syndrome or disease. 

There are many different symptoms and causes for epilepsy, thus the etiology, diagnosis 

and prognosis of the disease can be (and in fact is) very different from patient to patient 

and varies from case to case (Engel Jr and Pedley, 2008b).  
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Epilepsy is defined as “a chronic condition with the enduring propensity of the 

brain to generate recurrent and unprovoked epileptic seizures” (Fisher et al., 2005). 

Basically the brain of an epilepsy patient is epileptogenic and is prone to produce seizures 

whether it is seizing during the ictal periods or if it is behaving normally in between 

seizures (inter-ictal periods). Seizures on the other hand are acute occurrences that affect 

the individual at (usually) brief and sudden moments of time. Epileptic seizures are 

defined as “a transient occurrence of signs and/or symptoms due to abnormal excessive 

or synchronous activity in the brain” (Fisher et al., 2005). Thus the seizures are brief 

manifestations of the chronic propensity of an epileptic brain to seize. 

Epilepsy can be due to many causes and as mentioned previously is not a single 

pathology. Genetics can be a huge factor; congenital defects in the ion channels function 

or structure can lead to abnormal channel behavior and cortical excitability which could 

be a reason for brain’s propensity to generate seizures. Infections such as meningitis are 

risk factors and even trauma can cause structural damage such as Encephalomalacia 

which can all ultimately push the brain to chronically produce seizures and make the 

patient epileptic (Li et al., 1995). Epilepsy causes and risk factors are much more than 

mentioned here (Hesdorffer, 2008). 

Generally, it can be said that when the excitability of cortical regions are changed 

(due to disease, trauma or structural damage) or simply out of balance (due to congenital 

factors, for instance) the depolarization and repolarization balance in a cortical region can 

get disrupted, causing the region to spike abnormally. While this defective process seems 

necessary for the generation and initiation of seizures, network defects or the abnormal 
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synchronization of different cortical regions (adjacent and far apart regions) is also 

necessary to produce paroxysmal electrical activities that are observed in widespread 

cortical regions which cause many detrimental side-effects such as loss of consciousness, 

tonic-clonic movements and many other symptoms (or simply put seizures). The 

imbalance in membrane excitability and the network defect that enables widespread 

cortical regions to abnormally synchronize together can be thought of some basic 

hypothesis that generally describes and formulates seizures (Engel Jr and Pedley, 2008b). 

This general framework is all that will be discussed here, as detailed seizure generation 

and propagation mechanisms themselves are huge topics of research and investigation. 

Roughly speaking there are two abnormal phenomenon related to epileptic 

activity. One is the seizure or ictal activity with its evident clinical manifestations such as 

involuntary movements or jerks, vocalization and loss of consciousness, and another is 

inter-ictal spikes which are abnormally high amplitude electrical surges observed in the 

EEG (or MEG) of the patient. These spikes by definition have no clinical manifestations 

and thus do not push the brain to the ictal state (hence the full name inter-ictal spikes), 

but there is evidence to suggest that sensory information processing is negatively 

impacted during the spikes (Shewmon and Erwin, 1989). 

There is a lot of controversy regarding inter-ictal spikes whether spikes are 

epiphenomenal or real phenomena related to epilepsy (Hughes, 1989). If spikes and 

seizures are related and spikes being a predictor of ictal onset in time and space (Engel Jr 

and Pedley, 2008b; Gotman, 1991). These controversies are ongoing and to my 

knowledge have not been resolved yet, but what many studies in the literature (Bast et al., 
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2004, 2006; Brodbeck et al., 2011; Lantz et al., 1997) as well as studies performed by our 

group (Lai et al., 2011; Sohrabpour et al., 2015; Wang et al., 2011) and my own 

experience suggests that inter-ictal spikes are very useful tools in determining the seizure 

onset zone or better said the irritative zone. I will explain these terms in the following 

sections (to the extent necessary for understanding the logic of our work and following 

results of this dissertation). 

4.1.3. Seizure Types 

 Following older International League Against Epilepsy (ILAE) guidelines (Engel, 

2001), seizures are roughly categorized as focal seizures and generalized seizures. Focal 

or partial seizures are seizures that can be clinically and electrographically classified as 

having a focal onset in one hemisphere. If these seizures don’t affect the consciousness of 

the patient, i.e. the ability to respond to external stimuli such as responding to inquiries or 

remembering memory phrases, they are further classified as simple partial (not affecting 

consciousness) and if they do they are termed complex partial (impairing consciousness) 

seizures. Partial or focal seizures can subsequently evolve into generalized seizures, 

which are another class of partial seizures referred to as secondarily generalized partial 

seizures. Generalized seizures are seizures that from early onset appear to involve both 

hemispheres simultaneously. This is a crude and yet helpful classification. ILAE has 

more recently published newer guidelines which focus more on seizure manifestations 

and symptoms (Fisher et al., 2017). The current classification here, is still widely used 

and is a common terminology among neurologists and epileptologists so we will uphold 

this terminology for now and in this dissertation. It is good to note that focal seizures are 
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a perfect validation tool and an ideal target to be studied with ESI as focal activity at least 

in the beginning of the seizures can be traced and localized using imaging methods. 

Recently, and with the advancement of connectivity and network analysis tools, there 

have been more and more studies that emphasizes the importance of regarding seizures as 

network phenomenon rather than spatially isolated processes, even in focal epilepsy 

(Kramer and Cash, 2012; Spencer, 2002). We will address this later in Chapter 7 in more 

detail. It is good to note that about 60% of all epilepsy patients suffer from focal seizures 

(Rosenow and Lüders, 2001).  

4.1.4. Cortical Zones  

The cortex and brain can be divided into different zones based on the role it plays 

in seizure generation and propagation. These regions or zones are defined as follows: The 

epileptogenic zone, the symptomatic zone, the epileptogenic lesion, the functional deficit 

zone, the seizure onset zone and the initiative zone.  

The epileptogenic zone is defined as the minimum and indispensable cortical or 

brain regions that are necessary for the generation of epileptic seizures. This zone is 

basically a theoretical concept and there is no definitive imaging modality or medical 

examination to date to directly and unequivocally determine this zone. If all the other 

zones (which will be discussed later), prove to be concordat then the physician can be 

more certain of the location and extent of this region, but generally there is no way to 

doubtlessly determine this zone; only after a successful surgical resection of this region 

leading to complete seizure-freedom (assuming the resection has not been too big). 
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The symptomatic zone is the cortical region which once electrically stimulated 

will manifest clinical symptoms that are identical to clinical seizure manifestations and 

symptoms. Intra-cranial electrical stimulation with sufficient strength might be the best 

way to directly determine the location and extent of this zone other than clinical and 

semiological observation (Mathern and Sperling, 2008). It should be noted that 

symptomatic zone more than often has no or little overlap with the epileptogenic zone 

(Rosenow and Lüders, 2001). Seizures often arise from “silent” cortex and secondarily 

propagate to cortical regions which then manifest symptoms, thus knowing propagation 

routes and putting the findings from other modalities and our knowledge about other 

zones (definitions will follow) can be helpful in determining the epileptogenic zone. 

The epileptogenic lesion is a radiographic lesion usually eminent in an MRI 

image which causes the epileptic seizures. It is necessary to note that not all lesions are 

epileptogenic and that an epileptogenic zone might not completely cover the whole 

epileptogenic zone (Mathern and Sperling, 2008). To further complicate things, tissue 

which is structurally and anatomically normal (thus not classified as a lesion) might be 

functionally abnormal and in the epileptogenic zone (Mathern and Sperling, 2008). 

The functional deficit zone is the area of the cortex which has some sort of inter-

ictal abnormal activity. This abnormality might be found on neurological exams, picked 

up by SPECT and PET (Rosenow and Lüders, 2001) or even by analyzing the dynamics 

and connectivity of the brain/cortex during the inter-ictal period (Coito et al., 2016a). 

Again due to the complicated underlying structure, connection and function of the brain 

and its interaction with the epileptogenic zone, the relation between this zone and the 
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epileptogenic zone is not straightforward (Rosenow and Lüders, 2001) and has to be 

considered alongside other information and knowledge obtained about the other zones 

defined in this section. 

The irritative zone is the region from which inter-ictal spikes arise. EEG, MEG, 

ESI and intra-cranial EEG can be used to determine this zone (Rosenow and Lüders, 

2001). Spikes are generally believed to arise in an area beyond the epileptogenic zone 

and thus usually a smaller area is needed to be resected to make the patient seizure free 

(Mathern and Sperling, 2008; Rosenow and Lüders, 2001). The irritative zone can be 

quite variable and change depending on duration of recording, recording at sleep and 

wakefulness and hormonal cycles during the month (Mathern and Sperling, 2008). Later, 

in this chapter we have localized averaged inter-ictal spikes to determine the 

epileptogenic zone and have found concordant results with seizure onset zone and 

surgical resection area in patients who became seizure-free after surgery, as will be 

discussed. Nonetheless, the irritative zone and the seizure onset zone are different and not 

quite or necessarily the same as the epileptogenic zone, as mentioned before. 

The seizure onset zone (SOZ) as the name suggests is the cortical region from 

which seizures are initiated and is determined using intra-cranial recordings, EEG, MEG 

and ESI. Using intra-cranial and invasive recordings is currently the gold standard to 

determine the SOZ. It is important to emphasize that removing the SOZ does not 

necessarily results in seizure-freedom as removing cortical areas that currently initiate 

seizures and leaving the mysterious epileptogenic zone behind, will give an opportunity 
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for other silent areas inside the epileptogenic zone that are not resected to generate or 

initiate the seizures. 

Being aware of these regions and gathering as much relevant information about 

these regions is quite critical and important for successful determination of the 

epileptogenic zone and any subsequent treatment; this is a routine for the clinicians in 

determining the epileptogenic zone and in coming up with a treatment plan. In this 

dissertation I am mainly focusing on the irritative zone and the seizure onset zone; the 

spike and the seizure. I also compare my results to SOZ and surgical resection in seizure-

free patients. Surgical area determined from post-operative MRI in seizure-free patients is 

the best and closest estimation we have of the illusive epileptogenic zone and thus is the 

best validation we currently have from clinical studies (maybe even better than SOZ). 

Regardless of this point, I have compared my results to SOZ as well. 

4.2. What Are Available Treatments for Epilepsy? 

Epilepsy has and can be treated in many ways. My goal here is not to provide a 

comprehensive view here but to simply point out some of the major treatments available 

to date and to specifically mention surgical resection as an effective treatment when 

pharmacological interventions do not work, as in the remainder of this dissertation often 

surgical removal of epileptogenic tissue is mentioned. 

Three main therapies mostly available and widely used are pharmacological 

interventions or use of anti-epileptic or anti-convulsant drugs, surgical operation to 

remove the epileptogenic tissue and implanting devices and electrodes such as the 

responsive neuro-stimulator (RNS) device or vagus nerve stimulation (VNS) that 
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electrically stimulate the brain to stop seizures from spreading when it detects seizures or 

to prevent or reduce the chance of seizure generation by supplying constant stimulation 

over time (Englot et al., 2011; Morrell, 2011). Other therapies such as ketogenic diets 

(Stafstrom et al., 2008) or behavioral therapies (Wolf, 2008) are also effective and are 

employed. 

The point that I want to emphasize is that unfortunately more than 30% of 

epileptic patients do not respond to medications and continue to have seizures and suffer 

from refractory seizures. It is adamant that these patients receive other therapies to make 

sure that their seizures are controlled as soon as possible (a detailed discussion of why, is 

presented in the following section). 

Electrical stimulation devices and therapies are also new forms of therapies that 

have been introduced lately and can be effective in treating seizures in some patients 

(Fisher and Velasco, 2014). The main advantage of these therapies could be that brain 

tissue does not need to be excised and a lot of valuable information can be extracted from 

these chronic recordings (Karoly et al., 2017). It is not hard to imagine that such chronic 

stimulations might help re-organize the brain to hopefully become seizure-free on its 

own. In this dissertation I do not have such data and will not discuss such methods any 

further.  

The aim of surgical resection is to completely resect the epileptogenic zone while 

preserving the eloquent cortex (Rosenow and Lüders, 2001). Surgical resections on the 

other hand might be one of the best and most successful treatments available to refractory 

patients. It is estimated that about 5% of all patients with epilepsy (about 0.04% of the 
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population) could benefit from surgery (Engel, 1993). It is reported that larger epilepsy 

centers achieve seizure-freedom rates of over 60% (Engel, 1993; Téllez-Zenteno et al., 

2005), seizure-freedom rates of 30%-85% have been reported in the literature (Rosenow 

and Lüders, 2001). The physician and the surgeon have to consider all the information 

they can gather from neurological exams, semiological symptoms, imaging studies, 

electrophysiological recordings and their knowledge of the aforementioned zones and 

pathways to determine if/where to resect. 

4.3. Why Should Seizures Be Treated? 

Epilepsy detrimentally affects the patients and their families, socio-economically 

puts them at a disadvantage and reduces their quality of life enormously. Epilepsy is far 

more than a personal challenge as it is quite prevalent and affects the society and 

healthcare institutions heavily and furthermore can be quiet deadly specifically if seizures 

are not treated. Sudden unexpected death in epilepsy (SUDEP) is a serious issue which is 

often ignored when discussing epilepsy. I will briefly provide some epidemiological data 

about epilepsy prevalence as well as death rates related to SUDEP to further motivate the 

importance of controlling seizures, specifically in the light of the disturbing fact that 

close to one third of seizures are not controlled effectively by anticonvulsant medication 

(Kwan and Brodie, 2000), as discussed before. 

4.3.1. Epidemiological Data 

 Epilepsy is one of the most common neurological diseases in the world (Engel et 

al., 2003). It was estimated that about 50 million people worldwide are suffering from 

this disease in 2005 (Prilipko et al., 2005). This figure is estimates to be somewhere 
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between 60-70 million people today (in 2018). Epidemiological data suggests that 0.8% - 

1% of population worldwide suffers from epilepsy on average (Prilipko et al., 2005). This 

makes the burden of epilepsy quite heavy for human society. Epilepsy is estimated to 

comprise 1% of burden of disease worldwide and has to be taken seriously and treated 

most efficiently. 

4.3.2. Neuronal Networks Remodeling and Gene Expression  

It is perceivable that sustained seizures and abnormal electrical activity in the 

brain can push a lot of electro-chemical and even anatomical structures out of balance, 

and possibly the more these changes and remodeling are sustained, treatment will be 

more difficult. It is suggested that when a node in a network fails to route information 

(traffic) through, other nodes will be overloaded in a compensatory response. These 

sustained compensatory responses can force new connections to materialize and some to 

disappear and ultimately new pathways to form leading to a re-organized cortical 

network. Such changes might for instance, encourage or be susceptible, to seizure 

generation and propagation (Stam, 2014). Structural, long-lasting and inter-regional 

remodeling have been shown in epilepsy disorder (Bernhardt et al., 2011, 2013). This 

combined with the clinical findings (discussed in the following section) that the longer 

the seizures are untreated the more difficult it gets to become seizure-free gives us a 

better view of how critical it is to treat this condition as soon as possible. 

Additionally sustained seizures have been shown to cause genetic remodeling or 

different gene expression in epileptic tissue (Lukasiuk et al., 2008). Resected tissue from 

human epileptic hippocampus with sclerosis compared to non-lesioned tissue showed 



 

 110 

multiple genes being down/up-regulated in epileptic tissue (Becker et al., 2002). It was 

later found in a study where patients with low-frequency and high-frequency seizures 

were compared, that the number of gene expression alterations were different in these 

two groups (Becker et al., 2003).  

Gene expression changes could possibly have effects on cell excitability which 

could further provoke seizures which in response can induce structural remodeling and 

also provoke back gene expression. This harmful cycle can potentially continue until 

sustained seizures become an indispensable part of the patients’ brain and much more 

global and inherent and subsequently, much more difficult to treat, as clinical findings 

suggest (discussed in the following).  

4.3.3. Treatment Success 

A shocking figure often missed or ignored is that 12% of all patients diagnosed as 

drug refractory patients die within 2 years of diagnosis (when including all causes of 

mortality) (Burneo et al., 2016). For SUDEP alone, 1% of refractory patients die every 

year with SUDEP as their cause of mortality (Jehi, 2016). Drug resistant epilepsy has 

been called “neurology’s silent killer” by Dr. Jehi (Jehi, 2016). 

Not only seizures should be treated, they must be treated as early as possible for 

better results. In a study on refractory frontal lobe epilepsy patients where MRI lesions 

were evident, a 60% seizure-freedom rate was achieved after surgical resection of the 

epileptogenic zone if the surgery was performed within 5 year of diagnosis versus a 30% 

seizure-freedom rate in patients operated more than 5 years after their diagnosis. In MRI 

negative cases the gap was much more severe and showed an 80% vs. 10% seizure-
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freedom rate respectively (Simasathien et al., 2013). Other studies have shown that 

refractory patients who undergo surgery maintain a 76.8% of seizure-freedom rate 

compared to a 21% seizure freedom rate in medication-only control groups after 5 years 

(Picot et al., 2016). Additionally this study shows that the direct medical costs of patients 

undergoing surgery is reduced significantly compared to the medication-only patients 

indicating the potentially positive financial effects of timely surgical treatments of 

patients. These studies and similar studies in the literature emphasize the importance of 

timely seizure treatment even with invasive resective surgery (if necessary), to minimize 

risks of untreated seizures. Considering the prevalence of this disease in human 

population, it is evident that the timely treatment of epilepsy has enormous positive 

effects on patients’ quality of lives (and their families) and huge perceivable social and 

financial effects for the society. 

4.4. How Can Source Imaging Help? 

 Whether surgical resection or neurostimulation therapy is selected as a treatment, 

an accurate knowledge of the location and extent of the epileptogenic zone is necessary. 

In surgery the goal is to resect this tissue if possible and in neurostimulation the goal is to 

determine electrode placement. I have to remind the reader that there are some 

neurostimulation therapies and trials where deep brain electrodes are placed in the 

thalamus (Fisher et al., 2010) or on the vagal nerve (Englot et al., 2011), thus localization 

of seizures might not be necessary. 

 Intra-cranial EEG studies are currently the gold standard and best tool available 

that can assist the physician in determining the epileptogenic zone (Sperling, 1986). 
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However, there is two major disadvantage associated with this approach. First, the 

invasive nature of electrode placement in the brain which induces costs of hospitalization 

and potentially risk of infection and patient discomfort (Hamer et al., 2002; Wong et al., 

2009); second, these electrodes can cover only spatially limited regions of the brain (Lai 

et al., 2011). 

 Source imaging using EEG/MEG is noninvasive and provides holistic coverage of 

the scalp/brain. ESI might have limited spatial resolution which can be improved by 

applying better processing tools and in addition has an excellent temporal resolution 

which can help estimate the underlying dynamics of large-scale epilepsy networks as well 

as localizing nodes of major activity. ESI is shown to provide highly specific and 

sensitive data in localizing the epileptogenic zone compared to other imaging modalities 

(Brodbeck et al., 2011; Lascano et al., 2016). 

 While ESI might not completely eliminate the need for invasive iEEG studies, it 

can help guide the placement of these electrodes and in some cases it is perceivable that 

ESI might provide highly sensitive and specific information that combined with other 

information, could convince the physician to decide to skip the long-term iEEG study or 

just use brief intra-operative studies to ascertain their hypothesis about the epileptogenic 

zone rather than long-term iEEG monitoring which could take up to a few days. This also 

can potentially decrease the costs associated with invasive recording studies which are a 

significant portion of hospitalization costs (Platt and Sperling, 2002). Additionally, the 

emerging of less or minimally invasive surgical procedures such as laser interstitial 

thermal therapy (Medvid et al., 2015) which seeks to thermally ablate the epileptogenic 
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zone by sending catheters armed with a laser tip inside the brain and radio-frequency 

ablation techniques (Barbaro et al., 2009) which send radio-frequency rays into the brain 

to ablate epileptogenic tissue, encourages noninvasive monitoring techniques and exams 

such as ESI as well. The goal is to go noninvasive or as minimally-invasive as practically 

possible without sacrificing patient care quality. ESI specifically if done carefully and 

using appropriate analytical tools can help us towards this goal, mightily. 

4.5. Where Does IRES Come in? 

Being able to locate the epileptogenic zone is extremely important both to 

understand the nature of the seizures and the disease (diagnosis) as well as planning for 

the appropriate treatment. Such treatments can be neurostimulation electrode placements 

or surgical resection of seizure onset in focal epilepsy patients; interventions need 

specific targets and IRES in particular can provide such information. Surgical treatment 

options are also moving towards less or minimally invasive treatments by the 

introduction and successful application of laser interstitial tissue ablation (Medvid et al., 

2015) and radio-frequency ablation (Barbaro et al., 2009). Source imaging in general and 

IRES in particular can assist with intra-cranial EEG electrode placement to further assist 

with obtaining spatially relevant data. The increasing use of less invasive iEEG recording 

techniques such as stereo-EEG (sEEG) in clinical practice, indicates a more urgent need 

to develop non-invasive and precise imaging techniques that can supplant or complement 

the work of other invasive or less invasive monitoring techniques and hopefully also 

lessen the burden of disease for epilepsy patients and their families. 
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To show the usefulness of IRES in determining the location and extent of the 

epileptogenic zone in case of focal epilepsy, the algorithm has been applied to scalp EEG 

recordings and the results are compared to clinical findings such as resection and seizure 

onset zone (SOZ) determined from intracranial EEG by the physician. 

4.5.1. Data Analysis Protocol 

In order to determine if IRES could be used in practice and ultimately translated 

into clinical settings, the proposed algorithm was also tested in patients suffering from 

partial (focal) epilepsy. Ten patients were analyzed in this chapter. All clinical studies 

were conducted according to a protocol approved by the IRB of Mayo Clinic, Rochester 

 
 

Fig. 4.1. Source extent estimation results in a patient with temporal epilepsy. (A) Scalp 

EEG waveforms of the inter-ictal spike in butterfly plot on top of the mean global field power 

(in red). (B) The estimated solution at Peak time (by VIRES) is shown on top of 

the ECoG electrodes and SOZ (left) and the surgical resection (right). (C) Scalp potential 

maps and estimation results of source extent at different latency of the interictal spike. 

https://www.sciencedirect.com/topics/neuroscience/epilepsy
https://www.sciencedirect.com/topics/medicine-and-dentistry/scalp
https://www.sciencedirect.com/topics/neuroscience/electroencephalography
https://www.sciencedirect.com/topics/neuroscience/ictal
https://www.sciencedirect.com/topics/neuroscience/electrocorticography
https://www.sciencedirect.com/topics/neuroscience/segmental-resection
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and the University of Minnesota. The detailed clinical information of these patients is 

presented in Table 4.1 and Table 4.2. All patients had pre-surgical recordings with 

multiple inter-ictal spikes in their EEG recording. Seven of the patients were suffering 

from temporal lobe epilepsy (TLE) and the other three were extra-temporal lobe patients. 

Two were diagnosed with fronto-parietal lobe epilepsy and one with front lobe epilepsy. 

All the patients underwent surgery and were seizure free at one year post-op follow-up 

(except one patient who underwent invasive intra-cranial EEG studies but surgery was 

not performed on this patient). Three of the patients also had intracranial EEG recordings 

(before surgery) from which the seizure onset zone (SOZ) and spread activity electrodes 

were determined (Fig. 4.1 and Fig. 4.2). All patients had pre-surgical MRI as well as 

post-surgical MRI images (An example of pre/post-surgical MRI images is presented in 

Fig. 4.3). The pre-surgical MRI was used to form individual realistic geometry head 

models, i.e. BEM models, for every patient. The BEM model composed of three layers. 

The conductivity of the three layers, i.e. brain, skull and skin, were selected respectively 

as 0.33 S/m, 0.0165 S/m and 0.33 S/m (Lai et al., 2005; Oostendorp et al., 2000; Zhang et 

al., 2006). The post-op MRI was used to locate and segment the surgical resection to later 

compare with IRES estimated solution. The EEG recordings were filtered with a band-

pass filter with cut-off frequencies set at 1 Hz and 50 Hz. Inter-ictal spikes were searched 

for, through patient EEG recordings prior to operation, and were checked for scalp map 

consistency and temporal similarities. The spikes that were repeated more often were 

included in the analysis. Then the scalp maps of the spikes were examined to include the 

spikes corresponding to the same scalp maps.  
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Table 4.1. Patient Outcome 

Patient Intracranial SOZ Surgery Outcome Follow Up 

Duration 

 

1 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

2 left temporal strips and 

mesial depth electrodes 

Left anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 32 months 

3 N.A. Left anterior frontal lobe 

excision 

ILAE-1 30 months 

4 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

5 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-2 1 year 

6 N.A. Left temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 32 months 

7 Multiple right lateral 

temporal and sub-temporal 

grids and strips of 

electrodes 

Extended right temporal 

lobectomy with 

amygdalohippocampecomy 

ILAE-1 15 months 

8 Left frontal, parietal, 

temporal and occipital 

grids and strips of 

electrodes 

Left parietal focal cortical 

resection 

ILAE-1 1 year 

9 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Left temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

10 Right frontal, parietal and 

temporal grid and strip 

electrodes 

No Surgery ILAE-5 N.A. 

ILAE, International league against epilepsy; ILAE-1, completely Seizure-free no auras; ILAE-2, only auras no other 

seizures; ILAE-5, less than 50% reduction in baseline number of seizures. 

The spikes were averaged around the peak of their mean global field power 

(MGFP) to produce a single averaged spike; on average 10 spikes were averaged for each 

patient in this study. These averaged spikes were then used for further source imaging 

analysis. The peak time was used for the analysis mainly due to higher SNR and 

smoother scalp map. As will be discussed later, the solution tends to be stable within tens 

of milliseconds around the peak time. The electrode montage used for these patients 

contained 76 electrodes (Yang et al., 2011) and the electrode locations were digitized and 
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used in the lead-field matrix calculation. The estimated solution by IRES is compared to 

the surgical resection surface (as IRES is currently confined to cortical surface) and SOZ 

whenever available.  

Table 4.2. Patient Semiology and Pathology 

Pt. # Sex MRI Semiology Pathology 
1 F Normal Behavioral arrest, staring, chewing-

type oral automatism, followed by 

vocalization and bimanual 

automatism 

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

2 M Left Mesiotemporal 

atrophy 

Loss of awareness, occasional oral 

automatism and left arm posturing, 

aphasia, post-ictal nose wiping with 

either left or right hand 

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

3 F Left anterior frontal 

ecephalomalacia 

Left hand nose wiping, mouth 

movements, lip smacking and 

swallowing, occasionally responsive 

and able to remember during the 

seizure and other times aphasic  

intra-cerebral abscess and left 

frontal encephalomalacia 

4 F Normal Dystonic left arm posture, 

unresponsive and aphasic during and 

after seizures  

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

5 F Normal Sudden [clonic] wave throughout the 

body, occasional oral automatism 

hippocampal marked gliosis and 

sub-pial and sub-cortical 

temporal gliosis 

6 F Left mesio-temporal 

atrophy 

Moving both hands at onset, lip 

smacking, chewing 

Mesial sclerosis, Severe sub-

cortical and sub-pial gliosis 

7 M Normal Semi-rythmic leg movements, mouth 

movements, rocking body side-to-

side, holding left hand with right 

hand 

Severe sub-cortical and sub-pial 

gliosis 

8 F Normal, hyperintensity 

on T2 imaging near 

right frontal horn 

Right arm elevation, shaking and 

jerking 

Severe sub-cortical and sub-pial 

gliosis 

9 F Increased T2 signal, 

Mild to severe general 

cerebral atrophy 

Unresponsive, aphasic, head turning 

to left, left-sided clonic activity, 

moaning, bicycling leg movements 

Mesial sclerosis, Severe sub-

cortical and sub-pial gliosis 

10 M Normal Sudden jerking and flailing of 

extremities, occasional left arm 

posturing and post-ictal nose wipe 

with right hand 

N.A. 

 

4.5.2. Main Results 

The patient data analysis is summarized in Fig. 4.1 and 4.2. Fig. 4.1 shows the 

results of a temporal lobe epilepsy patient who underwent invasive EEG recording and 

ultimately surgical resection. In this case different timings were tested so as to examine 



 

 118 

the effect of estimated results at instances around the peak. It can be seen in Fig. 4.1a, 

that five different timings (instances) were tested, two before the peak time, the peak time 

and two after the peak. The timings were selected at the 50% and 70% rising phase, peak 

and 70% and 50% falling time. Looking at the estimated solution at different timing it is 

clear that the solution is stable within tens of milliseconds around the peak and the 

epileptic activity does not propagate too much. This might be due to the fact that the 

averaged inter-ictal spikes arise from the irritative zone (which is believed to be larger 

than the SOZ), so the propagation of activity might not even be observable using the 

average spike. Comparing the results of IRES with the resection in Fig. 4.1b it can be 

seen that the estimated solution falls within the resection almost completely. Looking at 

the SOZ electrodes colored pink in Fig. 4.1b it is also observed that the SOZ electrodes 

are covered by the solution. SOZ region is small so it is challenging to obtain a solution 

which can be in full concordance with it and as it can be seen, sometimes the SOZ region 

is not continuous (electrodes are not always right next to each other); nonetheless the 

estimated solution by IRES is in concordance with the clinical findings. 

In order to better observe the result of the IRES approach, the results in three 

more patients are presented; one temporal case with anterior tip of temporal lobe 

resection (and thus a smaller resection area) and two extra-temporal cases (fronto-

parietal). Referring to Fig. 4.2 it can be seen that the estimated solution covers most of 

the SOZ electrodes and almost completely the resection. This implies that IRES does well 

for extra-temporal lobe cases as well as temporal cases. Given the fact that not all the 

SOZ electrodes are close to the resection, the estimated solution is a bit spread towards 
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those SOZ electrodes and the neighboring regions. Fig. 4.2 also summarizes the results of 

the quantitative analyses for these ten patients. In order to assess how well the estimated 

results match the clinical findings, the overlap between the solution and the resection and 

the SOZ was calculated. Then this overlap area was either divided by the solution area or 

the resection/SOZ area. The results are classified as resection and SOZ to show how well 

the solution matches either of these clinical findings. 

Looking at Fig. 4.2 it can be seen that the IRES solution generally covers the SOZ 

very well but is also an over-estimate compared to SOZ region. As overlap area 

normalized by solution area is smaller than overlap area normalized by SOZ area; by 

 
 

Fig. 4.2. Source extent estimation results in all patients. (Left) Estimated results 

by IRES in a partial epilepsy patients compared with SOZ determined from the intracranial 

recordings (middle) and surgical resection (right). (Right) Summary of quantitative results of 

the source extent estimation by calculating the area overlapping of the estimated source with 

SOZ and resection in 10 patients. The overlap area is normalized by either the solution area or 

resection/SOZ area. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
https://www.sciencedirect.com/topics/neuroscience/epilepsy
https://www.sciencedirect.com/topics/neuroscience/segmental-resection
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using the NOR measure it can be concluded that the IRES solution is an overestimate 

with respect to the SOZ region. Looking at the right bar-plot it can be seen that this is not 

the case when comparing the IRES solution to resection. The two measures of NOR are 

relatively high (about 80%) and close. Thus it can be seen that IRES solution matches the 

surgical resection well and can cover the SOZ regions thoroughly but might be an 

overestimate for the SOZ. 

Note that for temporal lobe epilepsy cases, due to more geometrical complexity of 

the cortex in the temporal region (compared to other locations within the brain) and the 

fact that mesio-temporal region is not directly recorded by the electrodes over the 

temporal region, Vector-based IRES (VIRES) was used instead of IRES (mathematical 

details of VIRES are given in the following section). VIRES basically relaxes the 

orientation constraint of the dipoles (being orthogonal to the cortical surface as 

implemented by IRES) and leaves that as a variable to be estimated.  

 
 

Fig. 4.3. Pre/Post-Surgical MRI for a Patient with Temporal Lobe Epilepsy. A pre-

surgical and post-surgical MRI of a patient with temporal lobe epilepsy is shown. The 

resected volume can be seen in the post images very clearly. 

https://www.sciencedirect.com/topics/neuroscience/magnetic-resonance-imaging
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Careful comparison of the IRES results to existing techniques is also necessary.  

We also solved the inverse problem using cLORETA in case of a patient with temporal 

lobe epilepsy. The results are depicted in Fig. 4.4. It can be seen that firstly, the effect of 

thresholding is very evident on determining the extent and that (at least in this case) the 

chosen method did not cover the SOZ electrodes in the superior temporal region. Some 

recent literature in identifying extended sources of inter-ictal spikes is noteworthy 

(Chowdhury et al., 2013; Heers et al., 2016). In these works the MEM-type optimization 

alongside cortical parcelization is proposed to find extended sources.  

 
 

Fig. 4.4. cLORETA Reconstruction in a Patient with Temporal Lobe Epilepsy. The IRES 

solution is compared to clinical findings (A) such as resection volume and 

SOZ iEEG electrodes. The inverse was also solved using cLORETA and different threshold 

values were applied to this solution (B), to better visualize the effect of thresholding on the 

solution extent. 

https://www.sciencedirect.com/topics/neuroscience/electrocorticography
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In order to further evaluate IRES, the algorithm was tested on the Brainstorm 

epilepsy data which is publicly available at http://neuroimage.usc.edu/brainstorm (Tadel 

et al., 2011). This tutorial includes the anonymous data of a patient suffering from focal 

fronto-parietal epilepsy, who underwent surgery and is seizure-free within a 5 year 

follow-up duration (http://neuroimage.usc.edu/brainstorm/Tutorials/Epilepsy). The data 

in this tutorial were originally analyzed and published in a paper by Dümpelmann et al. 

(2012). The patient underwent iEEG recording prior to surgery. The iEEG study results 

as well as the post-operational MRI are not available in the data set but are presented in 

the published paper (Dümpelmann et al., 2012). The procedure outlined in the Brainstorm 

 
 

Fig. 4.5. Testing IRES on the Brainstorm epilepsy tutorial data (I). (A) Scalp EEG 

waveforms of the inter-ictal spike in butterfly plot on top of the mean global field power (in 

red). (B) Scalp potential maps of the half rising, first peak and the second peak. (C) IRES 

results at the specified time-points in the inter-ictal spike. 

http://neuroimage.usc.edu/brainstorm
http://neuroimage.usc.edu/brainstorm/Tutorials/Epilepsy
https://www.sciencedirect.com/science/article/pii/S1053811916301847#bb0110
https://www.sciencedirect.com/science/article/pii/S1053811916301847#bb0110
https://www.sciencedirect.com/topics/neuroscience/electrocorticography
https://www.sciencedirect.com/topics/neuroscience/magnetic-resonance-imaging
https://www.sciencedirect.com/topics/medicine-and-dentistry/scalp
https://www.sciencedirect.com/topics/neuroscience/electroencephalography
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tutorial was followed to get the average spikes and the head model, with the exception of 

the head model conductivity (ratio) for which we used the conductivities we have used so 

far, throughout chapter 3 (forward model).  

Fig. 4.5 shows the IRES solutions in this data set. Comparing these results with 

the clinical findings reported in Dümpelmann et al. (2012), the obtained results are in 

well accordance with such findings. Additionally the source localization is performed 

using the cMEM algorithm (Grova et al., 2006) on another Brainstorm tutorial 

(http://neuroimage.usc.edu/brainstorm/Tutorials/EpilepsyBest?highlight=%28cMEM%29). 

 
 

Fig. 4.6. Testing IRES on the Brainstorm epilepsy tutorial data (II). (A) Scalp EEG 

waveforms of the inter-ictal spike in butterfly plot on top of the mean global field power (in 

red). (B) IRES results at the specified time-points in the inter-ictal spike. (C) cMEM results at 

the specified time-points in the inter-ictal spike. 

https://www.sciencedirect.com/science/article/pii/S1053811916301847#f0120
https://www.sciencedirect.com/science/article/pii/S1053811916301847#bb0110
http://neuroimage.usc.edu/brainstorm/Tutorials/EpilepsyBest?highlight=%28cMEM%29
https://www.sciencedirect.com/topics/medicine-and-dentistry/scalp
https://www.sciencedirect.com/topics/neuroscience/electroencephalography
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Comparing IRES and cMEM results, it can be seen that the two solutions are concordant 

(Fig. 4.6), with IRES being objective in rejecting the background without applying any 

threshold. 

4.5.3. Vector-based IRES (VIRES) 

Applying the same idea as in IRES to the case where the orientation is not fixed 

can be easily done. It is also possible to assume that each of the three dimensions of the 

dipole is an independent variable; in that case following the procedure described in 

section 3.2.4 and (3.3) will yield the intended result. Another way to approach the 

problem is to penalize the amplitude of the vector in the penalization terms as the 

variable under study is a vector now. It is necessary to note that matrix V which 

approximates the discrete gradient must be expanded three time using the Kronecker 

product, 𝒱𝑁𝑒𝑤 = 𝒱 ⊗ 𝐼3 where 𝐼3 is the 3x3 identity matrix. Following what was derived 

in (3.3) it is easy to get the following,  

𝒿𝐿 = argmin
𝒿

∑ 𝒲𝒹
𝐿−1(𝒾, 𝒾)

𝑇

𝒾=1

∥ 𝒱𝑁𝑒𝑤(𝑖,:)𝒿 ∥2 +  𝛼 ∑ 𝒲𝐿−1(𝓅, 𝓅)

𝑛

𝓅=1

∥ [𝒿𝓅(𝓍), 𝒿𝓅(𝓎), 𝒿𝓅(𝓏)] ∥2 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜     (𝜑 −  𝒦𝒿)𝑇Σ−1(𝜑 −  𝒦𝒿)  ≤  𝛽2           (4.1) 

𝒲𝐿 , 𝒲𝑑
𝐿 ⟶ 𝑈𝑝𝑑𝑎𝑡𝑒𝑑 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝒿𝐿  

Where T is the number of edges and n is the number of dipole locations. Also 𝒱𝑁𝑒𝑤(𝑖,:) 

denotes the rows of 𝒱𝑁𝑒𝑤 that correspond to the i
th

 edge. These correspond to the 3*i-2
th

 

to the 3*i
th

 rows of 𝒱𝑁𝑒𝑤.  

Following the steps in section 3.2.4 it is easy to obtain the update rule for the weights at 

iteration L as follows, 
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𝒲𝐿−1(𝓅, 𝓅) = (
1

∥[𝒿𝓅
𝐿−1(𝓍),𝒿𝓅

𝐿−1(𝓎),𝒿𝓅
𝐿−1(𝓏)]∥

2
𝜖

+1

)                            𝑓𝑜𝑟 𝓅 = 1,2, … , 𝑛       (4.2) 

𝒲𝒹
𝐿−1(𝒾, 𝒾)  =  (

1

∥𝒱𝑁𝑒𝑤(𝑖,:)𝒿𝐿−1∥
2

𝜖
+1

)                                              𝑓𝑜𝑟 𝒾 = 1,2, … , 𝑇      (4.3) 

 

4.5.4. Discussion 

Referring to the clinical data analyzed in this chapter it is observed that the area of 

the estimated source is on average 2 times the SOZ area while comparable to resection 

area. Although this question is not directly addressed in this chapter, whether it would be 

possible to get solutions using IRES that are comparable to SOZ or not, is an important 

question. We will attempt to address this question in Part II of this dissertation. This does 

not solely depend on IRES or the inverse algorithm per se, but also to the input fed into 

the inverse algorithm. In the clinical data analysis presented here, inter-ictal spikes have 

been analyzed. It is generally agreed upon that inter-ictal spikes arise from the irritative 

zone which is known to be larger than the SOZ (Rosenow and Lüders, 2001). High 

frequency oscillations on the other hand are shown to be very focal and more concordant 

with SOZs compared to inter-ictal spikes (Worrell et al., 2008). Lu et al. performed a 

study to show that source localization based on HFO’s detected in scalp EEG are more 

accurate than inter-ictal spikes (Lu et al., 2014). Thus it is interesting to extract HFOs 

from scalp EEG recordings of focal epilepsy patients and feed them into IRES to see if 

better results can be achieved; better in the sense that the estimated solution area is 

comparable to SOZ.  
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          The idea of trying to determine the underlying epileptic source is important since 

one third of epilepsy patients do not respond to medication (Cascino, 1994). Surgical 

resection is a viable option for patients with focal epilepsy within this pharmaco-resistant 

population. Currently the gold standard is to use intracranial EEG to determine SOZ 

(Sperling, 1986). This is highly invasive with all the risks associated with such 

procedures. Being able to non-invasively determine the SOZ and assist the physician in 

determining the location and size of the epileptogenic tissue can improve the quality of 

life for many patients.  

4.5.5. Chapter Conclusion and Future Directions 

The initial clinical evaluation study in focal epilepsy patients also shows good 

concordance between clinical findings such as resection and SOZ with IRES solution 

(quantitative results presented in Fig. 4.2 are brought in Table 4.3). This suggests the 

practicality of using IRES in clinical applications such as pre-surgical planning for 

pharmacoresistant focal epilepsy. Although we tested the IRES in imaging focal epilepsy 

sources, IRES is not limited to epilepsy source localization, but is applicable to imaging 

brain sources in other disorders or in healthy subjects from noninvasive EEG (or MEG). 

          In the work presented in this chapter, only a limited number of patients 

were studied as a proof-of-concept for potential clinical application of IRES to localize 

and image epileptogenic zone in patients. Further investigation in a large number of 

patients is needed to determine the usefulness of IRES in aiding pre-surgical planning in 

epilepsy patients. Additionally, it would be interesting to study the effect of electrode 

number on solution precision (within the new framework). While there are several studies 
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suggesting that increasing the number of electrodes helps improve source localization 

results significantly (Brodbeck et al., 2011; Lantz et al., 2003; Michel et al., 2004b; 

Sohrabpour et al., 2015; Srinivasan et al., 1998), determining the relation between the 

number of electrodes and solution precision awaits future experimentation. Whether 

plateauing effects will be observed as suggested by Sohrabpour et al. (Sohrabpour et al., 

2015) or not, can only be determined after further investigations (specifically in clinical 

data). Some of the results of this chapter have been published in a NeuroImage paper 

(Sohrabpour et al., 2016a), before. 

Table 4.3. Analytical Results of Patient Data Analysis 

Ground Truth Normalized By Solution Normalized By Ground Truth 

SOZ from Surgical Resection 0.90 ± 0.11 0.83 ± 0.09 
SOZ from Intracranial EEG 0.40 ± 0.25 0.94 ± 0.10 

Mean value and standard deviation for the normalized overlap ratios (NOR) as defined in the text. 
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Part II 

 

 
A Dynamic Universe – Spatio-temporal Processes 
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Chapter 5 

 

Fast Spatio-Temporal Iteratively 

Reweighted Edge Sparsity (FAST-

IRES) – Formulation 
 

“All models are wrong; some are useful.” 

            

-George E. P. Box 

 

In this part of the dissertation and specifically in this chapter, an attempt is made 

to formulate the proposed algorithm into a spatio-temporal algorithm where not only the 

spatial location and extent of underlying brain activities are estimated from scalp 

measurements but their dynamic and evolution in time is also modeled. As real world 

phenomenon including the brain, are most often dynamic and evolve in time, and given 

that EEG/MEG have high temporal resolution it is necessary to modify IRES to handle 

spatio-temporal processes. The proposed FAST-IRES algorithm is a fast and efficient 

implementation of such an attempt. 
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5.1. Dynamic Source Imaging with IRES 

The proposed algorithm, iteratively reweighted edge sparsity minimization 

strategy (IRES), can be used to image the brain electrical activity over time and provide a 

dynamic image of underlying brain activity. One application of IRES is to perform 

dynamic source imaging as opposed to solving the inverse electromagnetic source 

imaging (ESI) problem for every time point. The scalp potential (or magnetic field) 

measurements over the interval to be studied can be decomposed into spatial and 

temporal components using the independent component analysis (ICA) and/or the 

principal component analysis (PCA) procedures. In this manner, a temporal basis can be 

formed for the underlying sources. Basically we would like to model the underlying 

electrical activity of the source as spatial components that have coherent activity over 

time. In this manner, we are decomposing the brain into multiple regions where each 

region has its specific and coherent activity over time, mathematically speaking: 

𝒿(𝓉) =  ∑ 𝒿𝒾⨂𝑎𝑖(𝓉)𝑁𝑐
𝑖=1               (5.1) 

Where 𝒿(𝑡) is the underlying electrical activity of the brain over time (an N×T 

matrix where N is the number of current sources in the brain and T is the number of time 

points within the time interval of interest in the potential/field recordings), 𝒿𝒾 is the 

activity of region 𝒾, within the brain (an N×1 vector), with its corresponding activation 

over time, 𝑎𝑖(𝑡) (an 1×T vector). The symbol ⨂ represents an outer product operator. 𝑁𝑐 

is the number of active regions. If the time-course of underlying sources’ activity can be 

determined from the scalp measurements, then the IRES optimization problem can be 

solved to determine the 𝒿𝒾’s (𝒿 = [𝒿1, 𝒿2, … ]), as follows: 
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𝒿𝐿 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝒿

∑ ∥ 𝒲𝑑,𝑖
𝐿−1(𝒱𝒿𝒾) ∥1

𝑁𝑐

𝑖=1

 +  𝛼 ∑ ∥ 𝒲𝑖
𝐿−1𝒿𝒾 ∥1

𝑁𝑐

𝑖=1

 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    Trace{(𝜑(𝓉) −  𝐾𝒿𝒜)𝑇𝛴−1(𝜑(𝓉) −  𝐾𝒿𝒜)} ≤  𝛽2         (5.2) 

 

Where 𝜑(𝑡) is the scalp potential (or magnetic field) measurement over the 

interval of interest (an E×T matrix where E is the number of measurements), K is the 

lead field matrix (an E×N matrix), 𝒿 is the unknown current density of the brain regions 

(an N× 𝑁𝑐 matrix), 𝒜 is the time course activation matrix (an 𝑁𝑐 ×T matrix) which is 

given by, 𝒜 = [𝑎1(𝑡), 𝑎2(𝑡), … ], 𝛽2 is essentially the noise power, to be determined by 

the discrepancy theorem, 𝛴 is the covariance matrix of the noise to be determined from 

the baseline activity, 𝒲𝑑,𝑖
𝐿−1 and 𝒲𝑖

𝐿−1 are the weights pertaining to each 𝒿𝒾 and are 

updated with the same rule determined for the IRES, 𝒱 is the discrete gradient operator, 

𝛼 is the hyper-parameter balancing between the two terms in the regularization term 

which will be tuned using the L-curve approach (as discussed in chapter 3) and L is 

counting the iteration steps. The component analysis will be used to estimate the 𝑎𝑖(𝑡)’s 

(and consequently 𝒜) as there is a linear relation between underlying current density 

distribution 𝒿 anf the scalp potential/field measurements 𝜑: 

𝜑(𝓉) = 𝐾𝒿(𝓉) = 𝐾 ∑ 𝒿𝒾⨂𝑎𝑖(𝓉)𝑁𝑐
𝑖=1 =  ∑ (𝐾𝒿𝒾)⨂𝑎𝑖(𝓉)𝑁𝑐

𝑖=1 =  ∑ 𝜓𝒾⨂𝑎𝑖(𝓉)𝑁𝑐
𝑖=1       (5.3) 

Where 𝜓𝒾 =  𝐾𝒿𝒾. Thus, if the scalp measurements can be decomposed into 

spatio-temporal components 𝜑(𝑡) = ∑ 𝜙𝒾⨂𝑎𝑖
∗(𝓉)𝑁𝑐

𝑖=1 , we can extract the time-course 

activity of underlying sources, in the brain, although the decomposed temporal 

components 𝑎𝑖
∗(𝑡) might not be equal to 𝑎𝑖(𝑡) in a one-to-one manner, as long as 
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𝒜∗ = [𝑎1
∗(𝓉), 𝑎2

∗(𝓉), … ] contains the same essential components of 𝒜, the analysis will 

hold, 

𝒜 = ℒ{𝒜∗} = 𝐿𝒜∗               (5.4) 

Where ℒ is a linear transformation between the two matrices (L is an 𝑁𝑐 × 𝑁𝑐 

square matrix). The number of components cannot be determined a priori, but there are 

two methods to accomplish this goal. One, is to discard components which are noisy and 

extremely weak not surpassing the noise level (which can be computed from baseline 

activity in the measurements). The second approach would be to select components that 

are either time-locked to the stimuli present in our experiment (external stimuli such as a 

flash of light in case of visual evoked responses or internal stimuli such as inter-ictal 

spike activity or the onset of seizure activity) or to select components which present 

desirable features in the spectrum such as event related synchronization (ERS) and event 

related desynchronization (ERD) (Edelman et al., 2016). In any case, PCA and ICA are 

used extensively in separating desirable and noisy signals, in the signal processing 

applications and thus provide a powerful framework for us to estimate 𝒜 or the temporal 

basis (Bolstad et al., 2009; Ou et al., 2009). It is good to note that the proposed 

formulation still estimates 𝒿𝒾’s, inverting the effects of volume conduction, as the spatial 

component is affected by the volume conduction, while the temporal activity, which is 

not affected by the volume conduction, is estimated from the scalp measurements. The 

proposed method could also be applied iteratively, to increase accuracy; that is, after the 

locations and time-course activity of the underlying sources are estimated, the time 

course activity of each 𝒿𝒾 can be estimated by projecting the scalp measurements to the 
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columns of K pertaining to source locations in the estimated 𝒿𝒾 to estimate the 

corresponding 𝑎𝑖(𝑡), and then once the temporal basis is formed again, the process of 

estimating 𝒿𝒾’s can be repeated. In this manner, the spatio-temporal source imaging IRES 

will improve at every iteration. 

5.2. Efficient Algorithms for Implementing Fast Spatio-

temporal IRES (FAST-IRES) 

An efficient algorithm will be detailed here which is used to implement IRES in a 

manner suitable for tracking dynamic brain signals with fast variations over time. As 

discussed in section 5.1, in order to solve the problem efficiently it is assumed that 

extended sources with coherent activity over the extended source patch are generating the 

EEG or MEG signal, in a given time window.  

Based on an idea from the convex optimization literature, namely the fast iterative 

shrinkage-thresholding algorithm (FISTA) (Beck and Teboulle, 2009a), we have 

proposed a fast spatio-temporal IRES (FAST-IRES) algorithm. First the time basis 

function is estimated from surface measurements such as EEG and/or MEG (as outlined 

in section 5.1), then the underlying extended source generating these signals will be 

estimated. The mathematical formulation is presented in (5.2). 

Previously we have discussed how the iterations improve our estimates at every 

step and how to update the weights at every iteration, how to find 𝛽2 and determine 𝛼 

and how to determine 𝒜 using component analysis or time-frequency methods such as 

wavelet analysis; what we will discuss here is how to solve the basic problem of the 

following form which is the backbone for solving the FAST-IRES problem: 
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𝒿̂ = 𝑎𝑟𝑔𝑚𝑖𝑛
𝒿

∥ 𝒲𝒹 ⊙ (𝒱𝒿) ∥1 +  𝛼 ∥ 𝒲 ⊙ 𝒿 ∥1 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖𝜑(𝓉) −  𝒦𝒿𝒜‖ℱ
2  ≤  𝛽2           (5.5) 

 

In this formulation we have concatenated all the 𝒲𝒹,𝑖 and 𝒲𝑖 into matrices of the 

same size as 𝒱𝒿 and 𝒿 respectively; noting that the weight matrices were diagonal 

matrices, they can be narrowed down to column vectors without loss of data (diagonal 

elements of the matrix) and subsequently concatenated together to form a matrix of 

corresponding sizes to 𝒱𝒿 and 𝒿. The operator ⊙ denotes an element-by-element matrix 

multiplication. 

Algorithms for solving convex optimization problems which impose sparsity on 

total variation domain, such as our problem proposed in section 5.1, have been proposed 

previously, but such algorithms are very complicated (Beck and Teboulle, 2009b). Our 

idea is to implement this problem using augmented Lagrangian methods (Boyd et al., 

2011); that is to separate variables relating to the current density 𝒿 and edge variables 𝒱𝒿, 

in order to solve the problem in (5.5) efficiently using block-coordinate descent 

algorithms. We have first re-written the problem in (5.5) in its equivalent following form: 

(𝒿 ̂, �̂�) = 𝑎𝑟𝑔𝑚𝑖𝑛
(𝒿,𝒴)

∥ 𝒲𝒹 ⊙ 𝒴 ∥1 +  𝛼 ∥ 𝒲 ⊙ 𝒿 ∥1 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖𝜑(𝓉) −  𝒦𝒿𝒜‖ℱ
2  ≤  𝛽  

                         𝒴 =  𝒱𝒿             (5.6) 

And then using the augmented Lagrangian idea, solve the following modified 

problem which is not only equivalent to solving (5.6) but also a separable and strictly 
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convex optimization problem (Boyd et al., 2011), which can be solved extremely 

efficiently using existing convex optimization problems such as FISTA: 

(𝒿 ̂, �̂�) = 𝑎𝑟𝑔𝑚𝑖𝑛
(𝒿,𝒴)

∥ 𝒲𝒹 ⊙ 𝒴 ∥1 +  𝛼 ∥ 𝒲 ⊙ 𝒿 ∥1 +  
𝜆

2
‖𝒴 −  𝒱𝒿‖Ϝ

2 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖𝜑(𝓉) −  𝒦𝒿𝒜‖Ϝ
2 ≤  𝛽2    

                        𝒴 =  𝒱𝒿                (5.7) 

Where 𝜆 is a smoothing hyper-parameter which can be tuned from data easily. In 

order to solve the problem in (5.7), we will follow a block coordinate approach where 𝒿 is 

updated (estimated) first, assuming that 𝒴 is given, then once 𝒿 is estimated (updated) 𝒴 

will be updated based on the recently estimated 𝒿 at the next iteration. This alternation 

will continue until the solution converges to a fixed point, i.e. 𝒿 and 𝒴 do not vary much 

at successive iterations and converge to a solution. It is proven in convex optimization 

theory that such a strictly convex optimization problem under relatively achievable 

mathematical conditions will converge to the optimal solution regardless of initiation 

(Beck and Teboulle, 2009a; Boyd et al., 2011). Basically the problem proposed in (5.7) 

will be solved in the following manner; by solving the following sub-problems: 

Problem S1: 

𝒿𝐾+1 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝒿

 𝛼 ∥ 𝒲 ⊙ 𝒿 ∥1 + 
𝜆

2
‖𝒴𝐾 −  𝒱𝒿‖Ϝ

2  +  (𝓊𝐾)𝑇(𝒴𝐾 −  𝒱𝒿) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖𝜑(𝓉) −  𝒦𝒿𝒜‖ℱ
2 ≤  𝛽2           (5.8) 

Once 𝒿 is updated then 𝒴 has to be updated based on the updated value, as 

outlined in problem S2: 
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Problem S2: 

𝒴𝐾+1 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝒴

 ∥ 𝒲𝒹 ⊙ 𝒴 ∥1 +  
𝜆

2
‖𝒴 −  𝒱𝒿𝐾+1‖Ϝ

2  +  (𝓊𝐾)𝑇(𝒴 −  𝒱𝒿𝐾+1) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖𝜑(𝓉) −  𝒦𝒿𝐾+1𝒜‖ℱ
2 ≤  𝛽2            (5.9) 

But given that the condition ‖𝜑(𝓉) −  𝒦𝒿𝐾+1𝒜‖ℱ
2 ≤  𝛽2 is already satisfied in 

the previous succession in (5.8) in solving problem S1 (and that we are not updating 𝒿), 

problem S2 is really an unconstrained optimization problem as follows: 

Problem S2: 

𝒴𝐾+1 =   ∥ 𝒲𝒹 ⊙ 𝒴 ∥1+   
𝜆

2
‖𝒴 −  𝒱𝒿𝐾+1‖ℱ

2
𝒴        

𝑎𝑟𝑔𝑚𝑖𝑛
 +  (𝓊𝐾)

𝑇
(𝒴 −  𝒱𝒿)    (5.10) 

Update U: 

𝓊𝐾+1 =  𝓊𝐾 + (𝒴𝐾+1 −  𝒱𝒿𝐾+1)            (5.11) 

Where update U is the dual ascent update on the dual variable 𝓊, which is 

necessary to guarantee the constraint, 𝒴 =  𝒱𝒿. This update has to follow every 

succession at which problems S1 and S2 are solved. 

Thus sub-problems S1 and S2 and update U will have to be solved in succession 

to solve our problem proposed in (5.5). Solving the sub-problems S1 and S2 is easy and 

we have adopted a modified FISTA algorithm to solve these sub-problems. The 

modification is in implementing the hyper-ellipsoid constraint of our problem or the noise 

constraint, ‖𝜑(𝓉) −  𝒦𝒿𝐾+1𝒜‖ℱ
2 ≤  𝛽2. This constraint basically states that any solution 

obtained for problems S1 and S2 that minimizes the goal functions, must also satisfy the 

constraint; geometrically speaking the solution must fall within this hyper-ellipsoid. This 

means that any solutions obtained that minimizes the goal functions of S1 must then be 
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projected to the boundary (hyper-surface) of this hyper-ellipsoid. This means that for a 

given 𝒿𝑜 that say minimizes problem S1, we will have to find the correction vector 𝛿𝑗 

such that 𝒿�̂� =  𝒫�̂� (𝒿𝑜) =   𝒿𝑜 +  𝛿𝑗  falls within the hyper-ellipsoid (𝒫�̂� ( ) denotes the 

projection operator). Mathematically speaking the projection problem can be described 

(formulated) as follows: 

Problem P: 

𝛿�̂� = 𝑎𝑟𝑔𝑚𝑖𝑛
𝛿𝒿

 ‖𝛿𝒿𝒜‖
ℱ

2
 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    ‖�̂� −  𝐾 𝛿𝑗𝒜‖
ℱ

2
≤  �̂� 

This is schematically shown in Fig. 5.1 (note that, �̂� =  𝜑(𝓉) −  𝐾 𝒿𝑜𝒜). The closed 

form solution to problem P is as follows: 

Problem P: 

𝛿�̂� = 𝜆∗𝒦𝑇(𝐼 +  𝜆∗𝒦𝒦𝑇)−1�̂�𝒜𝑇(𝒜𝒜𝑇)−1        (5.12) 

Where 𝜆∗ is a scalar which needs to be calculated by solving the following 

problem (which can be solved numerically using Newton’s method pretty easily): 

∑
∑ 𝜑𝓇(𝑖,𝑡)2

𝑡

(1+𝜆∗𝒹𝒾𝒾)2
𝐸
𝑖=1    =   �̂�          (5.13) 

Where 𝒹𝒾𝒾 are diagonal elements of matrix 𝒟 and 𝜑𝓇 = 𝒰�̂�𝒜𝑇(𝒜𝒜𝑇)−1𝒜 

where 𝒟 and 𝒰 are singular value decomposition of the symmetric matrix 𝒦𝒦𝑇 such that 

𝒦𝒦𝑇 =  𝒰𝑇𝒟𝒰. 

Solving problem S1 is a bit trickier as there is a norm-1 term in the goal function 

which is non-differential; however these problems can be solved easily (as demonstrated 
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in the convex optimization problem literature (Beck and Teboulle, 2009a)) using the soft 

threshold operator which is defined as follows: 

𝒯𝜂(𝑥) =  {

𝑥 −  𝜂 𝑖𝑓 𝑥 ≥ 𝜂
0 𝑖𝑓 −𝜂 ≤ 𝑥 ≤  𝜂

𝑥 + 𝜂 𝑖𝑓 𝑥 ≤  −𝜂
         (5.14) 

Where 𝜂 is a positive number. The solution to an unconstrained minimization 

problem like problem S2 is the following (performing simple partitioning and then 

differentiating the goal function) (Beck and Teboulle, 2009a): 

𝒴𝐾+1 = ∥ 𝒲𝒹 ⊙ 𝒴 ∥1+
𝜆

2
‖𝒴 −  𝒱𝒿𝐾+1‖ℱ

2  +  𝓊𝑇(𝒴𝐾 −  𝒱𝒿)𝒴        
𝑎𝑟𝑔𝑚𝑖𝑛

=  𝒯𝓌𝒹
𝜆

(𝒱𝒿𝐾+1 − 𝓊𝐾)  (5.15) 

Where 𝓌𝒹 denotes the corresponding element of 𝒲𝒹 and 𝒴. Solving problem S1 

might seems more difficult compared to S2, as we have a constraint to satisfy, but based 

on simple principles from optimization theory we know (Beck and Teboulle, 2009a) that 

we can assume the constraint is not present and solve the problem and subsequently 

project the solution to the hyper-ellipsoid to satisfy the constraint (solving problem P for 

the obtained solution). Again following simple partitioning, differentiating and projecting 

the solution to the hyper-ellipsoid, problem S1 is solved as follows: 

𝒿𝐾+1 = 𝛼 ∥ 𝒲 ⊙ 𝒿 ∥1 +  
𝜆

2
‖𝒴𝐾 −  𝒱𝒿‖ℱ

2  𝒿        
𝑎𝑟𝑔𝑚𝑖𝑛

𝒿  =  𝒫�̂� (𝒯𝛼.𝓌

𝜆.ℒ𝓋

(𝒿𝐾 − 
1

ℒ𝓋
(𝒱𝑇𝒱𝒿𝐾 −

 𝒱𝑇(𝒴𝐾 +  𝓊𝐾)))             (5.16) 

Where  𝓌 corresponds to the corresponding elements of 𝒲  in the 𝒿, and ℒ𝓋 is 

the Lipschitz constant of the function 𝑓(𝑥) =  𝒱𝑇𝒱𝑥 (or basically the largest eigenvalue 

of 𝒱𝑇𝒱). Thus all the sub-problems, S1, S2 and P can be solved efficiently and easily. 

The FISTA algorithm has a smart method for the updating rule of the variables that need 
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to be updated at each iteration 𝐾 (this is the internal iterations of the problem and not to 

be confused with outer iterations where the weights are updated). Putting together the 

solutions obtained for problem S1 (5.16), problem S2 (5.15) and the projection problem P 

(5.12-5.13) we can propose the following algorithm to solve the optimization problem 

proposed in (5.5), i.e. spatio-temporal IRES: 

1. Initialize with 𝓉1 = 1, 𝒿̃1 =  𝒿0 = 0 (or any desired initialization), 𝒴1 =  𝒱𝒿̃1 = 0. 

2. 𝒿𝐾 =  𝒫�̂� (𝒯𝛼.𝓌

𝜆.ℒ𝓋

(𝒿̃𝐾 −  
1

ℒ𝓋
(𝒱𝑇𝒱𝒿̃𝐾 − (𝒱𝑇(𝒴𝐾 +  𝓊𝐾)))) 

𝓉𝐾+1 =  
1 + √1 + 4𝓉𝐾

2

2
  

𝒿̃𝐾+1 =  𝒿̃𝐾 + (
𝓉𝐾 − 1

𝓉𝐾+1
) . (𝒿𝐾 −  𝒿𝐾−1) 

3. 𝒴𝐾 =  𝒯𝓌𝒹
𝜆

(𝒱𝒿̃𝐾+1 −  𝓊𝐾) 

4. 𝓊𝐾+1 =  𝓊𝐾 + (𝒴𝐾+1 −  𝒱𝒿𝐾+1)    

5. Continue steps 2 to 4 at every iteration until we converge to a solution where 𝒿 stabilizes 

and converges. 

These simple steps outlined above will solve the spatio-temporal IRES formulated in 

(5.5). As it can be seen, all steps are very easy and efficient to perform and thus the 

algorithm is extremely efficient and fast. The introduction and use of the update rule 

parameter, 𝓉, and the intermediate variable 𝒿̃ at each iteration, is based on the FISTA 

algorithm. It is proven in (Beck and Teboulle, 2009a) that this algorithm will be faster 

than simply updating the variables at each step without considering the values of 𝒿 at 

previous iterations; thus converges to the optimal solution much faster than conventional 

methods and algorithms. The proposed FAST-IRES is very fast and can be solved in a 
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matter of seconds for problems we normally come across in EEG/MEG source imaging; 

that is usually data intervals of lengths which are in the order of seconds (T ~ 3000 

samples or more) and realistic problem sizes with couple of hundreds of 

electrodes/sensors (E ~ 100-200 measurements) and tens of thousands of unknowns (N ~ 

10000-20000 variables or length of 𝒿) for numerous temporal components (𝑁𝑐 ~ 10). 

The FAST-IRES algorithm can be used for any source imaging problem to monitor 

the underlying and highly dynamic brain activities using non-invasive surface 

measurements. This can specifically be extremely useful in identifying the location, 

extent and dynamics of seizures in patients with epilepsy to help guide for surgical 

resection of the epileptogenic zone or electrical grid placement, in medically intractable 

epilepsy patients or for studying epilepsy networks non-invasively. We will present 

 
 

Fig. 5.1. Projecting to a Hyper-ellipsoid Surface. In this figure we can schematically 

observe the role of the constraint and how hyper-ellipsoid surface projection works. 



 

 141 

clinical data analyzed by FATS-IRES in the next chapter. 

Fig. 5.2 depicts the application of FAST-IRES in a computer simulation example. As 

the example indicates, FAST-IRES is successful in efficiently and accurately determining 

the underlying brain networks. Imaging epilepsy networks is only one application of this 

algorithm and potentially any spatio-temporal underlying brain activity can be monitored 

using the proposed FATS-IRES algorithm.  

5.3. Computer Simulations and Examples 

 In order to test the capability of this formulation we further tested this method in 

two simulation examples. Since I have provided extensive simulations in chapter 3 on the 

performance and capabilities of IRES, I will only present a couple of examples alongside 

their quantitative performance evaluations to provide a proof of concept that the proposed 

formulation works. I will test and further validate the proposed FATS-IRES algorithm in 

clinical data in subsequent chapters (chapters 6 and 7).  

 In these examples three sources were simulated. Three sources were randomly 

chosen in the first example and based on this example a more challenging case, where 

two of the sources were moved closer (Refer to Fig. 5.3). Each extended source (source 

sizes are reported in Table 5.2) were assigned a time-course of activity. These time 

courses contain about 800 samples (128 EEG channels) and are almost uncorrelated 

(given all the internal iterations and the iterative reweighting iterations proposed in 

FAST-IRES it takes about 1~2 minutes to obtain solutions). The forward problem was 

solved and different amount of white Gaussian noise were added to the simulated scalp 

maps from these two examples, resulting in a total signal to noise ratio of 5, 10 and 20 
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dB. The forward and inverse model used were different and similar to the one reported in 

chapter 3 for the bulk of our simulations; basically insuring different grid sizes for 

forward and inverse (much finer for forward and coarser for inverse). 

 The results are graphically depicted in Fig. 5.3 and the quantitative assessment of 

the obtained results is summarized in Table 5.1 and 5.2. It can be clearly observed that 

 
Fig. 5.2. FAST-IRES Application to Simulated Data. The figure shows the computer 

simulation results where three sources with corresponding time courses were simulated and 

subsequently the location, extent and the time-course of activity of these sources were 

estimated using the FAST-IRES algorithm. 
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the estimated source match the simulated source in location and estimated size pretty 

well; this conclusion is drawn based on the small localization error and accurately 

estimated average source extent size reported in the two aforementioned tables. 

Additionally, the estimated time-courses of these sources are highly correlated with the 

simulated time-courses indicating the high precision of FAST-IRES in estimating 

temporal activity of underlying sources. 

Table 5.1. Quantitative Analysis (I) 

                       Average Localization Error (mm) Average Temporal Correlation  

                       5 dB 10 dB 20dB 5 dB 10 dB 20dB 
1

st
 Example 4.1 4.1 3.6 0.96 0.97 0.97 

2
nd

 Example 4.3 2.8 3.5 0.96 0.96 0.97 

 Two points have to be emphasized regarding the simulations. First, is that a 

relatively deep source was simulated on the mesial side of the temporal lobe (Source 1). 

Estimating deep sources from EEG (and to a greater extent in MEG) is always a 

challenge and yet applying sparse signal processing techniques implemented in FAST-

IRES this source. Secondly, in the second example the two sources are within a 20 mm 

distance from each other and yet they are distinguished beautifully with precise location 

and extent size. Even in highly noisy cases when an SNR of 5 dB is achieved, FAST-

IRES can identify deep and proximally located sources pretty well. 

Table 5.2. Quantitative Analysis (II) 

               Extent Estimation (mm) Example 1 Extent Estimation (mm) Example 2 

                  5 dB 10 dB 20dB Simulated 5 dB 10 dB 20dB Simulated 
Source 1 14.7 14.7 14.7 15 14.7 15.7 15.2 15 
Source 2 10.7 10.7 10.2 8.1 7.3 7.3 7.3 8.1 
Source 3 10.2 10.2 10.5 8.6 9.5 7.3 5 8.6 

These desirable qualities are important when analyzing real data recorded in EEG 

and MEG. As I will present the clinical data analysis results in subsequent chapters, the 

importance of these features will become more evident. 
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In this chapter we proposed an extremely efficient algorithm to implement a 

spatio-temporal version of IRES named FAST-IRES. This algorithm is easy to 

implement, pretty fast and efficient and achieves high precisions in terms of localization, 

estimating extent size of underlying sources and accurately determining the temporal 

activity of sources (which is extremely important for a precise estimation of underlying 

source dynamics and connectivity as will be discussed in chapter 7). In the subsequent 

chapters FAST-IRES will be applied to seizure data recorded from the EEG of focal 

epilepsy patients to estimate the epileptogenic zone, noninvasively. The results will be 

compared to clinical findings such as SOZ determined from iEEG studies and resection 

volume for further validation.  

 
Fig. 5.3. Two Complete Simulations Examples. The two figures show two instances of a 

three-source configuration simulation. (Left) the simulated and estimated sources and time-

courses of a simulation scenario with a 5dB SNR and (Right) another scenario in a 10dB 

SNR. Complete quantitative results are reported in the tables 5.1 and 5.2. 
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Chapter 6 

 

Fast Spatio-Temporal Iteratively 

Reweighted Edge Sparsity (FAST-

IRES) – Seizure Imaging 
 

“The fact is that the cause of this affection is 

in the brain.” 

 

-Hippocrates 

 

In this chapter seizure data from 17 focal epilepsy patients are analyzed to 

estimate the location and extent of the underlying seizure onset zone for each individual 

patient. Seizures recorded in 76-channel EEG during long-term video EEG monitoring 

sessions are denoised and then supplied as input to the FAST-IRES algorithm. A spatio-

temporal distribution of brain electrical activity is obtained. Analyzing this spatio-

temporal distribution at seizure onset time provides an estimate of the seizure onset zone; 

both its location and its extent. The estimated SOZ is compared to clinical findings such 

as the surgically resected region and the SOZ determined from the intra-cranial studies 

(whenever available) by the physicians. The results obtained from FAST-IRES indicate a 

high concordance between our noninvasive analysis and clinical findings. 
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6.1. Seizure Imaging 

Source imaging can be applied to EEG features recorded at scalp to estimate 

underlying electrical brain activity that generates such signals. Inter-ictal spikes and ictal 

signals can both be localized and provide relevant information about the irritative zone 

and the seizure onset zone. In chapter 4 the usefulness and accuracy of results obtained 

from imaging inter-ictal spikes was demonstrated. It is important to examine if FAST-

IRES can replicate the same precise solutions when imaging seizures. As it was discussed 

in chapter 4, spikes and seizures arise from different cortical zones (refer to chapter 4 for 

the definitions) and gathering as much relevant data about these zones is crucial for 

physicians to reach a better hypothesis regarding the location and extent of the underlying 

epileptogenic zone and enables them to plan better for the course of treatment. 

Ictal recordings are noisy and a lot of undesirable artifacts such as eye movement, 

blinking, muscle artifacts and movement artifacts are strongly present during the ictal 

events which make imaging the raw ictal recordings extremely difficult. Thus, visual 

inspection of raw EEG recordings might also be extremely difficult in providing accurate 

information about the origin and extent of the underlying seizure onset zone. This is 

another reason why careful analysis and imaging of ictal signals while difficult might be 

an extremely useful and objective tool for the clinician. This might be one of the reasons 

that intra-cranial EEG studies are the gold standard in determining and studying seizure 

onset zone, but hopefully by the end of this chapter and dissertation one comes to the 

conclusion that analytical ESI algorithms can be a major support in studying seizures and 

epileptic signals and improving patient care quality. 
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Strong rhythmic signals are the main characteristic of ictal signals. An evident 

change in the frequency content of the EEG during the ictal period compared to before 

the ictal period is evident. Seizures arising from different cortical areas (for instance 

mesial versus lateral temporal cortex) have been distinguished based on the unique 

differentiation and characterization of frequencies (Blume, 1978; Ebersole and Pacia, 

1996; Geiger and Harner, 1978; Risinger et al., 1989). Such methods have been proposed 

in the literature but are not very successful and not very meticulous in terms of 

considering the spatio-temporal and spectral distribution of signals over the scalp over 

time. Later on based on these findings some studies attempted to localize the dominant 

seizure frequency of the ictal signal at and around seizure onset (Blanke et al., 1997). 

These studies looked at averaged time course of activity in 20 epochs of 2 second length 

after the seizure onset in the dominant frequency (Blanke et al., 2000), the frequency 

maps of the dominant frequency of 2 seconds of data in all the seizures of the patient 

(Lantz et al., 1999) using the “FFT dipole approximation” (Lehmann and Michel, 1990); 

some studies looked at stable microstates during the ictal period (Lantz et al., 2001), and 

some studies simply looked at the raw ictal signals at onset with some filtering around the 

dominant frequency (Assaf et al., 2003; Assaf and Ebersole, 1997; Boon et al., 2002; 

Eliashiv et al., 2002; Merlet and Gotman, 2001; Nemtsas et al., 2017). 

The main shortcoming of these methods is that in order to remove noisy artefacts 

and get higher SNR the signal might have been smoothed too much (by averaging for 

example) and some of the earlier studies used dipole fitting to localize seizure onset zone 

which lacks spatial extent information; however, given that seizures propagate fast and 
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are not generated as focal sources, they did not provide reliable information about the 

extent of the source. 

Recently two works from Ding et al. (Ding et al., 2007b) and Yang et al. (Yang et 

al., 2011), proposed a component based analysis to remove artifact and improve SNR in 

ictal signals. Yang et al. proposed that by performing ICA, major artefacts can be rejected 

and components showing a similar trend of spectral and temporal evolution as the raw 

EEG signal can be extracted and analyzed as seizure relevant signals. They showed 

improved results and showed that their proposed method has considerable advantage 

compared to methods proposed so far (Yang et al., 2011). 

In this chapter, I will continue where they let off and bring the strength of our 

proposed method, IRES, to attempt solving the ictal imaging problem. The main 

advantage will be that subjective thresholding will be avoided and the clean ictal signal at 

onset will be analyzed (without averaging) and once the inverse is solved and the source 

distribution is obtained, the time-course of activity at each source location will be filtered 

around the dominant spectral band to further investigate the spectral characteristics of 

ictal signals. The estimated SOZ in this manner will then be compared to clinical findings 

for further clarification. 

6.2. Clinical Data Pre-processing Procedure 

In this section I will briefly describe the inclusion criteria of patients in this study 

and the detailed information for each included patient in this study. Subsequently the 

denoising process of the ictal signal and the process we used to form the time basis 
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function is detailed; as mentioned in chapter 5 the TBF has to be input into the FAST-

IRES algorithm a priori, albeit in a data-driven manner as outlined in this section. 

6.2.1. Patient and Data Acquisition 

 17 patients were included in this study. These patients suffered from medically 

intractable refractory seizures and underwent long-term video EEG monitoring prior to 

surgery (the ictal signal from these recordings were used to estimate the SOZ), and then 

proceeded to surgery and became seizure-free after surgical resection of the epileptogenic 

zone. This study was approved by the institutional review board of University of 

Minnesota and the Mayo clinic with all patients consenting to be enrolled in this study. 

All patients had pre-operational 1.5 or 3 T MRI and most (n=15) had post-

operational MRI where the surgical resection volume was extracted (will be used later for 

clinical validation). The two patient which did not have post-operational MRI had 

complete anterior temporal lobectomy and based on the description in the reports which 

included the exact depth of resection, the resection was determined precisely on the pre-

operational MRI. Almost all (n=14) patients underwent intra-cranial EEG studies either 

prior to or during operation, but only 6 patients had CT images from which the intra-

cranial electrode locations could be extracted, thus only the solution obtained in these 6 

patients are compared the SOZ derived from iEEG.  

 The patients underwent 76-channel EEG recording in the evaluation phase prior 

to surgery. The 76 electrodes were glued individually based on a 10-10 montage with the 

reference electrode at CPz (later on a common average reference was used or analysis 

and source imaging). The EEG was sampled at 500 Hz rate and the patients all became 
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seizure-free based on the ILAE guidelines (ILAE 1 and 2). Two of these patients reported 

having auras but none reported any seizures during an average follow up period of 1.5 

years. The seizure events, seizure onset, iEEG electrodes where seizures started and other 

relevant patient information was provided by trained clinical epileptologists. Detailed 

clinical information of these patients can be found in Tables 6.1 and 6.2. 

6.2.2. Data Denoising and Time Basis Estimation 

 The ictal recordings were initially filtered between 1-30 Hz to remove high 

frequency noises as well as enormous muscle artifacts that are typically observed in wide 

frequency ranges. Typical dominant frequencies are mainly in the lower frequency and 

rarely does the peak frequency exceed 15 Hz. After initial filtering, channels that showed 

huge movement artifacts (or other high amplitude artifacts) were interpolated with the 

closest four neighboring channels and in rare cases noisy channels were removed (1-2 

patients and up to 4-6 electrodes). 

In an interval of 10 seconds prior to seizure onset (where seizure onset time was 

marked by trained epileptologists) up until seizure termination time, was selected for 

component analysis in each seizure (in 1-2 patients where seizures lasted for more than 2-

3 minutes only the first 1-2 minutes were selected). Typically intervals of 30-90 seconds 

were selected for subsequent ICA analysis. 

After the intervals were selected for each seizure in an individual patient, they 

were fed into the ICA module from the EEGLAB (Delorme and Makeig, 2004). An 

independent component decomposition of ictal data using the logistic infomax ICA 
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algorithm was performed (Bell and Sejnowski, 1995). ICA decomposes the ictal data 

recoded in EEG into spatially fixed and temporally independent sources.  

After components were formed, artifact components such as eye movement or eye 

blinks which have distinct spatial features (high activity in the anterior electrodes) and 

temporal features (sharp high amplitude spikes at blinking or eye rolling moments), were 

visually identified and rejected. Movement artifacts demonstrate abnormally invariant 

wide-frequency activity and occasionally abnormally spatially focused topographical 

potential scalp maps (Jung et al., 2000; Urrestarazu et al., 2004). These well-known 

artefacts were all rejected to form a clean and denoised version of the EEG. 

Furthermore, in order to identify the relevant components to the seizure, IC’s that 

demonstrated high correlation with the temporal evolution of the seizures, i.e. silent or 

less activity before seizure onset and high activity after seizure onset time, were selected 

(Nam et al., 2002; Patel et al., 2008) and the time course of these components were 

selected and used as the TBF to be fed into the FAST-IRES algorithm. We followed 

Yang et al. in our denoising process which has proven quite successful in rejecting noisy 

components and detecting relevant ictal components (Yang et al., 2011). 

6.3. Narrow Band Analysis of Imaged Seizures 

After denoising the ictal signals and forming the TBF, the FAST-IRES algorithm 

was applied to this denoised ictal signal for the initial 3-5 seconds after seizure onset. In 

this manner, a spatio-temporal distribution of the seizure at source space was obtained 

during the initial phase of seizure onset. In line with our expectations of seizure 

propagation and rhythmicity, the distribution fluctuates constantly and propagates in a 
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fast pace involving regions that are not in the SOZ or even spatially adjacent to it. In case 

of temporal lobe epilepsy patients, activity could propagate to the contra-lateral lobe in a 

matter of few milliseconds, so determining the seizure onset zone from this source space 

distribution is very difficult.  

Following, the literature in ictal imaging, it seemed natural to filter the solution at 

the dominant frequency to obtain a more spatially relevant signal. To this end, the 

average spectral power of the pre-ictal period over all channels (a 5 second period right 

before seizure onset) was plotted against the same quantity during the initial 5 seconds 

right after seizure onset. These pre-ictal and ictal periods were further divided into five 

non-overlapping 1 second intervals where the average spectrum was calculated in each 

period and averaged together to finally obtain two average spectrums; one average pre-

ictal spectrum and one average early ictal spectrum. By comparing these two spectrums 

the frequency band that showed distinct differences between the two spectrums (a 

significant increase of power compared to pre-ictal spectrum) was selected as the 

dominant frequency band of analysis. This frequency band was selected based on the 

criteria that its spectral power had to be larger than the pre-ictal spectrum and only the 

single most powerful lobe in the spectrum was selected (basically side-lobes of the ictal 

spectrum were rejected even if significantly larger than pre-ictal spectrum to ensure a 

narrow-band selection). The solution was filtered to keep all the frequencies in this band 

and reject the frequencies outside. Subsequently the average power (energy) of this 

filtered solution during a 1-second interval at the beginning of seizure onset was 

calculated and visualized. The whole process is schematically depicted in Fig. 6.1.    
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Table 6.1. Patient Outcome 

Patient Intracranial SOZ Surgery Outcome Follow Up 

Duration 

1 Multiple right lateral 

temporal and sub-temporal 

grids & strips of electrodes 

Extended right temporal 

lobectomy with 

amygdalohippocampecomy 

ILAE-1 15 months 

2 Left frontal, parietal, 

temporal and occipital 

grids & strips of electrodes 

Left parietal focal cortical 

resection 

ILAE-1 1 year 

3 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 1.5 years 

4 Left frontal and temporal 

grids & strips and mesial 

depth electrodes 

Left anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-2 1 year 

5 Left frontal and temporal 

grids & strips and depth 

electrodes on mesial side 

Left anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 3 years 

6 Bilateral depth electrodes 

into hippocampi 

Right anterior temporal 

lobectomy and 

hippocampectomy 

ILAE-1 3 years 

7 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

8 left temporal strips and 

mesial depth electrodes 

Left anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 32 months 

9 N.A. Left anterior frontal lobe 

excision 

ILAE-1 30 months 

10 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

11 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 2 years 

12 N.A. Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 2 years 

13 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-2 1 year 

14 N.A. Left temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 32 months 

15 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Left temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

16 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right temporal lobectomy and 

amygdalohippocampecomy 

ILAE-1 1 year 

17 Right temporal grids and 

strips and depth electrodes 

on mesial side 

Right anterior temporal 

lobectomy and 

amygdalohippocampecomy 

ILAE-1 5 months 

ILAE, International league against epilepsy; ILAE-1, completely Seizure-free no auras; ILAE-2, only auras no other 

seizures. 
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Table 6.2. Patient Semiology and Pathology 

Pt. # Sex MRI Semiology Pathology 
1 M Normal Semi-rythmic leg movements, mouth 

movements, rocking body side-to-side, 

holding left hand with right hand 

Severe sub-cortical and sub-pial 

gliosis 

2 F Normal, hyperintensity 

on T2 imaging near 

right frontal horn 

Right arm elevation, shaking and 

jerking 

Severe sub-cortical and sub-pial 

gliosis 

3 M Right hippocal atrophy 

and white matter loss 

A Feeling of fear, moaning, breathing 

fast 

Mild to moderate gliosis in 

cerebral cortex, white matter and 

hippocampus 

4 F Normal Aura of funny feeling in stomach, 

aphasia, lip smacking and swallowing 

sub-pial and sub-cortical gliosis 

and leptomeningeal 

inflammation 

5 F Normal Opening eyes, Right hand fisting and 

rapid clonic movements, sitting up 

with occasional loud vocalization and 

forced head turn to right, chewing and 

automatism toward the end of seizure 

Mild to moderate sub-pial and 

sub-cortical gliosis of cerebral 

cortex and white matter 

6 M Normal, multiple non-

specific hyperintensity 

foci on T2 imaging and 

ill-defined region near 

the right fontal horn 

No change from baseline behavior Severe sub-cortical and sub-pial 

gliosis 

7 F Normal Behavioral arrest, staring, chewing-

type oral automatism, followed by 

vocalization and bimanual automatism 

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

8 M Left Mesiotemporal 

atrophy 

Loss of awareness, occasional oral 

automatism and left arm posturing, 

aphasia, post-ictal nose wiping with 

either left or right hand 

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

9 F Left anterior frontal 

ecephalomalacia 

Left hand nose wiping, mouth 

movements, lip smacking and 

swallowing, occasionally responsive 

and able to remember during the 

seizure and other times aphasic  

intra-cerebral abscess and left 

frontal encephalomalacia 

10 F Normal Dystonic left arm posture, 

unresponsive and aphasic during and 

after seizures  

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

11 F Right mesio-temporal/ 

hippocampal atrophy 

Sense of impending doom, Oral 

automatism, left hand tonic fisting 

Mesio-temporal sclerosis, severe 

sub-pial and sub-cortical gliosis 

12 F Normal Strange out-of-body sensation, 

behavioral arrest 

Mesio-temporal and temporal 

cortex severe sub-pial and sub-

cortical gliosis 

13 F Normal Sudden [clonic] wave throughout the 

body, occasional oral automatism 

hippocampal marked gliosis and 

sub-pial and sub-cortical 

temporal gliosis 

14 F Left mesio-temporal 

atrophy 

Moving both hands at onset, lip 

smacking, chewing 

Mesial sclerosis, Severe sub-

cortical and sub-pial gliosis 

15 F Increased T2 signal, 

Mild to severe general 

cerebral atrophy 

Unresponsive, aphasic, head turning to 

left, left-sided clonic activity, 

moaning, bicycling leg movements 

Mesial sclerosis, Severe sub-

cortical and sub-pial gliosis 

16 F Normal Oral automatism, right hand more 

often than left automatism, confusion 

Mesial sclerosis, Severe sub-

cortical and sub-pial gliosis 

17 F Lesion in right infero-

lateral temporal gyrus 

Lip smacking and chewing, left face 

tightness, head turn to left, grunting 

Right temporal low-grade 

astrocytoma, Marked gliosis in 

right hippocampus and sub-pial 

and sub-cortical gliosis in 

temporal cortex and white matter 
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6.4. Clinical Validation Process and Metrics 

Surgical resection volume and the iEEG electrodes identified as SOZ were used 

as ground truth or true SOZ for the purpose of validation and comparison. Resection 

volume was extracted from post-operative MRI and the cortical surface included in the 

resection volume was identified (so as to compare to our solutions which are derived on 

the cortex in a CCD model as explained in chapter 3). Electrodes identified as SOZ were 

also projected to the cortex beneath and an adjacent area, of radius 10 mm, was 

designated as the SOZ on the cortex (since ECoG electrodes grid and strips and depth 

electrodes typically have a 10 mm spacing). 

The filtered solution still contained remnant weak activities all over the cortex 

(Fig. 6.2), so the region containing the source with maximum energy was selected (the 

region contained the maximum all the way down to 20% of the maximum). This obtained 

solution was designated the estimated SOZ from our non-invasive analysis. 

Following the measures defined and subsequently used in chapter 3 and chapter 4, 

the normalized overlap, NOR, of the estimated SOZ and the ground truth were calculated 

and used as a measure for validation. The area of overlap between the estimated SOZ and 

the ground-truth was normalized either by the ground truth area or the estimated SOZ 

area (hence the two NORs as discussed before). The ideal case would be for both of these 

measures to be 1. Note also that since both surgical resection and SOZ from iEEG are 

considered as ground-truth, totally four NOR measures will be reported. NOR measures 

are sometimes referred to as precision and recall in computer science literature.  
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6.5. Results 

The procedure explained previously is depicted in Fig. 6.1.  The result of applying 

this method to analyze the ictal signals in patient 5 can be observed in Fig. 6.2.  In the left 

panel the five spatial distributions of the sources pertaining to the 5 TBFs in this patient 

are shown. Once these spatial components are combined based on their TBF activation 

over time, in an averaged interval at seizure onset a typical spatial distribution similar to 

the one depicted at the center of the left side of the figure can be seen. In order to be 

spatially more specific, the pre-ictal and ictal spectra are computed and compared 

alongside to find the frequency band of interest (as explained previously), which happens 

to be 1-5 Hz in this individual. The solution is filtered and the final estimated SOZ is 

depicted in the middle panel on the right. The estimated SOZ is compared to clinical 

findings as explained before. In this case, there is an overlap of over 80% between the 

estimated SOZ and the ground truth. 

Fig. 6.3 depicts the average filtered solution powers in two patients in 1-second 

intervals during the early phase of seizure initiation. One can observe how fast signals 

propagate over time making it difficult to determine the seizure onset zone if no filtering 

and thresholding is applied. 

 

Table 6.3. Analytical Results of Patient Data Analysis 

Ground Truth Normalized By Solution Normalized By Ground Truth 

SOZ from Surgical Resection 0.92 ± 0.13 0.77 ± 0.18 

SOZ from Intracranial EEG 0.42 ± 0.21 0.85 ± 0.09 

Mean value and standard deviation for the normalized overlap ratios (NOR) as defined in the text. 
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Fig. 6.4 depicts three examples of the estimated SOZ in three patients alongside 

their clinical findings, i.e. surgical resection area and SOZ identified from iEEG 

whenever available. On the right side the average NORs of the 17 patients are depicted as 

bar graphs. The average NOR values for all patients with their standard deviation values 

are brought in Table 6.3.  

 
Fig. 6.1. Schematic overview of narrow band FAST-IRES. (Clockwise Direction) 

Independent component analysis is used to estimate the TBF by eliminating artefactual ICs 

and selecting ICs related to ictal activity. After the TBF is formed, the inverse is solved and 

the solution is filtered in the dominant narrow frequency band. The energy at every source 

location is calculated during a one second interval at seizure onset and the region containing 

the maximum average energy at the dominant frequency is designated as the estimated SOZ. 

(Counter Clockwise Direction) Clinical findings such as the surgical resection volume and 

SOZ identified from iEEG are also extracted from patient’s post-operational MRI and CT and 

compared to estimated SOZ results.  
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6.6. Discussion 

In this chapter FAST-IRES was applied to ictal recordings from the EEG to 

estimate the epileptogenic tissue responsible for generating the seizures. The results are 

well in accord with clinical findings specially the resection volume. When refereeing to 

the quantitative results presented in Table 6.3 it can be observed that the solution has an 

overlap of almost 80% of the ground truth be it surgical resection or SOZ. This indicates 

that the ground truth or the epileptogenic zone is almost completely covered by our 

solution. The overlap of over 90% between the surgical resection and the IRES estimate 

indicates that the estimated SOZ is not extending beyond the surgical resection and 

basically matches it almost perfectly. Given that subjective thresholds are not used in 

IRES algorithm, this translates to an objective determination of the minimum 

epileptogenic tissue to be resected to result in seizure-freedom. This was one of the initial 

motivations for developing IRES which is demonstrated to have been accomplished. 

On a closer inspection of the numbers presented in Table 6.3 it can be observed 

that the overlap between the estimated SOZ and the SOZ determined from the iEEG is 

about 50%. This means that the estimated SOZ extends beyond the SOZ ground truth. Is 

this a problem? I believe that this is not an issue, as the estimated epileptogenic tissue 

from IRES matches pretty well with the surgical resection; surgical resections which 

made the patient seizure-free. Reminding ourselves of the different zones defined in 

chapter 4, we should acknowledge the difference between the seizure onset zone and the 

epileptogenic zone; while epileptogenic zone by definition is the minimum tissue that 

needs to be resected to result in seizure-freedom, there is no guarantee that resecting SOZ 
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will result in seizure-freedom. Thus, our main goal is to estimate the epileptogenic zone 

which once resected results in seizure-freedom, similar to the resected tissue in our 

patients which resulted in seizure-freedom. In the light of this distinction, the results 

obtained indicate that IRES estimation is concordant with clinical findings such as 

resected volume which is probably the best surrogate available for the epileptogenic 

zone.  

After all, resection volume in patients undergoing surgery is much larger than the 

SOZ identified by the iEEG, which further signifies the distinction between the SOZ and 

epileptogenic zone. It is good to note that SOZ electrodes sometime are scattered 

(meaning they are not always neighbors) like in the case of patient 1 in Fig. 6.4. It is also 

 
Fig. 6.2. Data analysis procedure in patient 5. (Left) The FAST-IRES solution applied to 

ictal recordings of Patient 5. The 5 components of the solution pertaining to the 5 TBFs are 

depicted with their corresponding time-course of activity in the middle. (Right) The spectral 

power of the pre-ictal and early ictal EEG is shown with the selected dominant narrow band; 

in the middle the estimated SOZ is presented (in a green box) and the clinical findings are also 

shown at the bottom (black box).   
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well known that signals recorded in intra-cranial EEG might not be strong enough to be 

recorded on the scalp, and thus seizures might already be spread before being visible on 

the scalp, which means that obtaining solutions as small and focal as ictal signals at 

seizure onset on discrete iEEG electrodes, is not possible; this, however, is not an issue as 

estimating the SOZ is not the end goal per se, but estimating the epileptogenic zone, is.  

As a future direction, analyzing high frequency oscillations might be an 

interesting investigation to pursue. HFOs are known to be focal and more correlated with 

the SOZ (Jacobs et al., 2010). In a study by Lu et al, it was demonstrated that applying 

ESI at HFOs resulted in more focal results than applying ESI at spikes (Lu et al., 2014). It 

would be interesting to see if HFOs fed into IRES result in solutions which are more 

 
Fig. 6.3. Source energy distribution over time. The distribution of source energy in the 

narrow dominant frequency band for two of the analyzed patients during one-second intervals 

around seizure onset; with the passage of time seizures propagate and might become stronger 

in regions other than the SOZ.   



 

 161 

focal than spike and seizure solutions and if so, do they match better with the ground 

truth SOZ. 

An issue that can be raised regarding the analysis performed in this chapter and all 

the existing literature, is that while filtering the seizure at its dominant frequency and 

looking at the signals’ energy seems to work, yet it needs some sort of disregard or 

thresholding for remnant sources (remember that we selected the segment that contained 

the maximum energy). Do these regions play a role that we are ignoring? How can we be 

certain that these regions do not play a significant role and should not be considered for 

resection? The brisk and frank answer is that we do not know! This brings us to the third 

and final part of the dissertation, where we take another approach to determining the 

epileptogenic tissue driving the seizures. We enter the realm of directed connectivity and 

Granger causality to try to remove these obstacles.  

 
 

Fig. 6.4. Patient data analysis summary. (Left) Estimated results by IRES in a few focal 

epilepsy patients alongside the clinical findings such as surgical resection volume and SOZ 

identified from iEEG. (Right) Summary of quantitative results of the source extent estimation 

by calculating the area overlapping of the estimated source with SOZ and resection in 17 

patients. The overlap area is normalized by either the solution area or resection/SOZ area. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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Network Phenomena 
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Chapter 7 

 

Epileptic Network Imaging 
 

“When one cell repeatedly assists in firing 

another, the axon of the first cell develops 

synaptic knobs (or enlarges existing ones) in 

contact with the soma of the second cell.” 

 

-Donald Hebb 

 

In this part of the dissertation and specifically in this chapter, an attempt is made 

to demonstrate the capability of ESI in general and FAST-IRES in particular, in 

analyzing underlying epilepsy networks; not only can FAST-IRES localize and determine 

the extent of underlying epileptic activity and seizures, but also the underlying 

connections and dynamics of the epilepsy network. High temporal resolution of ESI 

makes it a powerful tool for analyzing network dynamics and connectivity. A series of 

computer simulations first demonstrate the possibility of imaging the electrophysiological 

connectome (eConnectome) in a series of simplified simulations where the nodes of the 

underlying network consist of single dipoles. Later the same 17 focal epilepsy patients 

analyzed in the previous chapter are analyzed again to determine the SOZ. The results are 

compared to clinical findings and show a high degree of concordance with them.  
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7.1. What is Connectivity? 

The brain is organized as an interconnection of many networks and neural circuits 

which interact with each other constantly (Edelman et al., 2015; Friston, 2011; He et al., 

2011b). In order to understand the functional connections among different brain regions 

and networks, it is important to detect and analyze the nature of such connections. 

Conventional methods such as coherence (Nunez et al., 1997, 1999), measure the 

functional connectivity or the existence of such connections, trying to answer the 

question of which regions are demonstrating highly correlated activity (Bullmore and 

Sporns, 2009). While finding functional connectivity has been a major focus in 

neuroscience research, the more interesting problem, however, is to study the effective 

connectivity of underlying neural networks. A crucial step towards this end, is to study 

the direction of connections among regions of interest in the brain, to investigate for 

example if regions A and B are correlated (functional connectivity), is A driving B or is 

B driving A or neither is influencing the other directly (directional connectivity). In the 

previous example, it might turn out that A and B are being driven by another region C, 

thus resulting in the determination of the effective connectivity (Friston, 1994; Horwitz, 

2003). Thus, directional connectivity analysis is a crucial step in further understanding 

and interacting with the brain, either to study brain functions or dysfunctions or to 

intervene in case of pathophysiological processes (He et al., 2011b, 2013a). 

Granger causality analysis (Geweke, 1982; Granger, 1969, 1980) provides such a 

framework, with the idea that if a time series Y is causally driving a time series X, then 

the previous samples of Y should improve the predictions of future values of X compared 
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to the case where only previous samples of X are used to predict future values of X. This 

idea can be generalized for application to multivariate time series (as opposed to the 

bivariate example with X and Y) which makes it suitable for studying brain signals 

(Kamiński et al., 2001; Kamiński and Blinowska, 1991).  

Modeling the activity of brain regions using multivariate autoregressive (MVAR) 

models, directional connectivity can be inferred from activation of different brain 

 
Fig. 7.1. Mapping and imaging the electrophysiological connectome (eConnectome). The 

combined ESI and directional functional connectivity analysis identifies nodes and inter-

nodal connections of the network under study. ESI can objectively determine the network 

nodes and extract activation time-courses and feed them to a directional functional-

connectivity analysis, such as Granger causality analysis, to determine the directional 

connectivity patterns. 
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regions. Based on the coefficients estimated from the MVAR model, Kaminski and 

Blinowska proposed a spectral measure called directed transfer function (DTF) which 

provides a spectral measure for directed connections among the modeled time series by 

the MVAR (Kamiński et al., 2001; Kamiński and Blinowska, 1991). DTF on intra-cranial 

recordings has proven useful in objectively determining underlying connections, 

specifically in pathological cases such as epilepsy (Brovelli et al., 2004; Ding et al., 2000; 

Kamiński et al., 2001; Korzeniewska et al., 1997; Liang et al., 2000; Wilke et al., 2009, 

2010). Other measures such as partial directed coherence (PDC) and direct DTF (dDTF) 

have also been proposed based on the MVAR model coefficients or DTF coefficients 

(Baccalá and Sameshima, 2001; Korzeniewska et al., 2003). PDC and dDTF are claimed 

to deal better with indirect causal links compared to DTF. Astolfi et al., however, showed 

that all three methods function well in determining underlying brain networks under 

realistic settings (Astolfi et al., 2007).  

While applying directional connectivity to intra-cranial and electrocorticography 

(ECoG) recordings is useful, DTF analysis was tested on noninvasive recordings such as 

EEG and MEG, early on. Initially, the Granger analysis was performed in the sensor 

space and on recorded EEG time series (Kamiński et al., 2001; Kamiński and Blinowska, 

1991). While this provided insight about the nature of underlying brain processes, two 

major disadvantages were evident. Firstly, the analyzed connectivity on sensor space was 

not directly related to source space and brain regions, thus if for example, an electrode 

located in the frontal area was determined as a driving node, it is vague as to where 

exactly in the brain does this activity pertain to. Secondly, due to volume conduction and 



 

 167 

mixing, the time series recorded on the surface EEG could potentially be highly 

correlated which can potentially obscure the connectivity estimation. Due to these issues, 

more effort and emphasis has been put in place to estimate directional connectivity from 

source signals in the brain by combining source imaging techniques and connectivity 

analysis (Babiloni et al., 2005).  

Electromagnetic source imaging (ESI) techniques basically estimate the neuronal 

electrical activity of the brain from electromagnetic surface recordings such as EEG and 

MEG (He and Ding, 2013; Michel et al., 2004b; Michel and He, 2011). Using high-

 
Fig. 7.2. Simulation protocol. The different connectivity configurations in this simulation 

study are presented in this figure (upper left). Network nodes are randomly chosen and 

different noise levels are added to the simulated scalp maps (upper row right). Four different 

electrode configurations are used in this study (lower). The goal is to estimate the underlying 

networks, node location, and nodal interconnections, from scalp measurements. 
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density measurements, ESI techniques can provide quite robust estimates of the cortical 

activation (Brodbeck et al., 2011; Michel et al., 2004a). Combining ESI techniques with 

connectivity analysis not only helps with reducing volume conduction effects but could 

also be used to objectively determine the brain regions involved, rather than resorting to 

pre-defined cortical segmentation (Dai et al., 2012; Ding et al., 2007b; Lu et al., 2012b).  

The underlying assumption of the MVAR analysis is that the underlying signal is 

stationary and the inter-relation of the time series does not change over the window of 

study. As brain signals could change rather fast, an adaptive DTF analysis (ADTF) has 

been proposed  (Ding et al., 2000; Wilke et al., 2008), which looks at data at windows 

that are short enough to ensure quasi-stationarity and at the same time, long enough to 

determine the MVAR model parameters (Gow et al., 2008; Lin et al., 2009).   

In this chapter my aim is to implement the combined ESI and DTF analysis to 

investigate the efficacy of this method in determining brain networks. In order to estimate 

underlying networks the nodes or regions of interest (ROI) will first be determined using 

ESI and then the activation time-course of each ROI will be extracted. Finally the 

directional connections will be analyzed using DTF analysis. The overall strategy of 

combined ESI and directional functional connectivity analysis is schematically depicted 

in Fig. 7.1. This study differs from previous studies in the sense that no pre-defined ROIs 

will be assumed and basically the whole process from identifying network nodes, 

extracting time series for each node and applying DTF analysis will be completely data 

driven under the combined ESI and DTF framework. 
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A series of computer simulations based on this idea is conducted first, to assess 

the feasibility and performance of this approach in practical settings and under realistic 

conditions, when the “ground truth” is available (ground truth is the simulated/target 

network in simulation studies and clinical findings in clinical data analysis). The errors 

computed for these simulations will comprise of localization and connectivity errors to 

determine how well the underlying networks can be determined. Various electrode 

configurations (256, 128, 64 and 32 electrodes) and noise levels have been tested in these 

simulation studies (Fig. 7.2).  

 
Fig. 7.3. Combined ESI and A/DTF analysis applied in this study. The strategy pursued in 

this work to study brain networks is schematically depicted. ESI algorithms not only provide 

information about the activation of source nodes but can also be used to objectively determine 

the network nodes. A/DTF analysis provides vital information about directional information 

flow in the brain. This approach is powerful in studying brain networks in normal conditions 

and/or pathological networks such as epilepsy. 
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7.2. Spectral Connectivity Tools 

DTF analysis was used to derive directional connectivity in this study (Kamiński 

et al., 2001). The MVAR model was first fit to the time series under study, 

𝒳(𝑡) =  ∑ 𝒜(𝑖)𝒳(𝑡 − 𝑖) + 휀(𝑡)𝑝
𝑖=1             (7.1) 

Where X(t) is the multi-dimensional time series under study, 𝒜(𝑖) are coefficient 

matrices of the MVAR model to be estimated and ε(t) is the vector of white noise, 

driving the MVAR model. The order of this MVAR model is p, as the model leans upon 

the effect of p previous values of the time series to predict the future values. The model 

order can be determined using the Schwarz Bayesian criterion (SBC) or the Akaike 

information criterion (AIC) (Akaike, 1974; Schwarz and others, 1978). The transfer 

function of the system can be derived by taking the Fourier transform of (7.1) and 

inverting the coefficient matrix as follows, 

𝒜(f)𝒳(f) = ℰ(f) → 𝒳(f) =  𝒜(f)−1ℰ(f) = ℋ(f)ℰ(f)          (7.2) 

Where ℋ(f) is the transfer matrix of the system. The DTF value γij(f) represents 

the signal flow from time series of node j to node i, which can be obtained as follows, 

γij(f) =  
|ℋij(f)|2

∑ |ℋim(f)|2n
m=1

             (7.3) 

As the relation between the DTF and the time series are highly nonlinear, a 

nonparametric statistical testing was employed to reject spurious connections due to 

random noise (Palus and Hoyer, 1998; Theiler et al., 1992). The surrogate data were 

generated by keeping the amplitude of the time series spectrum the same as the original 

data but permuting the phases. This shuffling procedure was performed for 1000 times 

and if the A/DTF value computed passed the significance level (p < 0.05), they were 
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kept, otherwise replaced by zero (Ding et al., 2007b; Lu et al., 2012b; Wilke et al., 2008). 

This shuffling process has been performed for all DTF analysis presented in this paper. 

The DTF analysis was performed using eConnectome (He et al., 2011a) which is an open 

source software freely available at (http://econnectome.umn.edu). The combined ESI and 

A/DTF analysis adopted in this study is summarized graphically in Fig. 7.3.  

7.3. Computer Simulation Protocol 

A series of computer simulations were performed in this study to investigate the 

 
 

Fig. 7.4. Simulation results (I). The connectivity performance of the sensor-space 

connectivity (left column) and the source-space connectivity (right column) are presented in 

this figure. The source-space connectivity is for the case where the nodes’ locations are 

estimated from sLORETA but the time series are estimated from projecting the scalp 

potentials to the known lead field columns. Error bars depict standard deviation. Refer to (9) 

in the Methods section for more details. 

http://econnectome.umn.edu/
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efficacy of the combined ESI and DTF analysis (graphically depicted in Fig. 7.3). Three 

different network configurations (in terms of connectivity) were modeled (refer to Fig. 

7.2). The networks consisted of three nodes. The three nodes of the network were 

randomly placed on a realistic cortex (very deep nodes near the thalamus or in the inter-

hemisphere region were excluded) segmented from a human MRI. The time activity of 

the three nodes was simulated based on the MVAR model of (7.1) to create the desired 

configurations depicted in Fig. 7.2.  

The forward problem was solved and white noise with different strength was 

added to the simulated scalp maps (in addition to the internal noise driving the MVAR 

model of the underlying source activities) to obtain average signal-to-noise ratios (SNR) 

of 5, 10 and 20dB. Additionally the whole process was repeated for various electrode 

configurations of 32, 64, 128 and 256 electrodes. 

After the forward problem was solved and EEG signals simulated, the inverse 

problem was solved using sLORETA for each case (connectivity type, node location, 

SNR, electrode number) and the nodes of the network were determined by observing the 

hot-spots of the source space to find dipole locations which demonstrated a strong and 

frequent dipole activity. This process was achieved by taking the singular value 

decomposition (SVD) of the estimated source currents and looking at the dominant 

components (components corresponding to large singular values which were distinct 

from noisy and background components once the singular values were plotted), which 

spatially corresponded to simulated nodes of the network. Once nodes of the networks 

were determined the activation of the dipole located at the estimated node was extracted 
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and used for the subsequent DTF analysis. Additionally, we used another method to 

extract the activation time-courses of the underlying sources. After the location of the 

network nodes were estimated, the lead field matrix columns corresponding to those 

locations were selected and the scalp potential was projected to these columns to estimate 

the source activation of each estimated node location, 

jŝ(t) = (Ks
TKs)−1Ks

Tϕ(t)            (7.4) 

Where Ks is the reduced lead field matrix where only the columns corresponding 

to the estimated nodes are selected; thus Ks is a tall matrix and Ks
TKs is full rank. The 

connectivity results for time-courses extracted using the method formulated in (7.4) are 

analyzed and presented separately (Fig. 7.4) from the results pertaining to the case where 

time courses were extracted from sLORETA solutions. The results of connectivity 

analysis when activation time-courses are extracted directly from sLORETA solution are 

presented with the localization error (of network nodes) in Fig. 7.5. To compare the 

connectivity results two measures are used: correlation and normalized error. The true 

DTF matrix is derived from simulated time-courses, first. The DTF are N×N×F matrices 

where N is the number of network nodes or time series and F is the number of frequency 

bins at which the DTF is calculated. These three-dimensional matrices are averaged over 

frequency to obtain two-dimensional matrices (N×N) which bear average information 

regarding the connectivity among nodes over the span of the spectrum. These average 

DTF matrices are computed for the original and estimated time-courses, as mentioned 

before. To compare these two matrices which show the pattern of connectivity among 

nodes, a simple metric would be to look at the correlation coefficient between the DTF 
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matrices of the simulated and estimated time-courses. Basically, the estimated DTF is 

computed and correlated with the true DTF to see how close the two matrices are (higher 

values indicate a better match). Additionally the estimated and true DTF are normalized 

by the total outflow (sum of the elements in each column of the DTF matrix) of the 

network nodes (to better deal with potential scaling) and the norm of the difference is 

calculated (smaller values indicate a better match). This metric basically seeks the norm 

of the difference between the original and estimated DTF matrices (the norm of the 

matrix obtained by subtracting the DTF matrix derived from original and estimated time-

courses). Thus, it can be concluded that the correlation matrix measures the similarity of 

the estimated DTF matrices with the ground truth while the normalized error measures 

the deviation of the two. The simulation results are summarized in Fig. 7.4 and 7.5. 

Additionally the DTF values were computed on the sensors. To avoid applying 

the analysis on all electrodes (due to the large number of electrodes), three electrodes 

were selected for further Granger causality analysis. The scalp maps (for each network 

configuration and noise level) were searched to find electrodes that demonstrated strong 

and frequent activity (over the simulation time course) compared to their neighboring 

electrodes; basically being a local maxima in the scalp topography. Among all such 

electrodes, the three electrodes demonstrating the strongest activity (over the scalp map) 

were chosen as the three nodes of the network reflecting the underlying three brain 

network nodes. Although, knowing the number of nodes a priori is not usually an option 

in practice, this approach was pursued to provide a fair framework to compare sensor 
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space connectivity and source space connectivity. The results of sensor and source space 

connectivity are presented side by side, in Fig. 7.4, for better comparison.  

7.4. Computer Simulation Results 

The simulation results are presented in Fig. 7.4 and Fig. 7.5. Comparing the 

results in these figures, it is observed that connectivity results in sensor space show more 

spurious activity than source space results (smaller correlation values and higher 

normalized error values). This is expected due to the volume conduction effect and 

 
Fig. 7.5. Simulation results (II). The connectivity results for a simulated network (a 

particular configuration: left upper panel) is presented (left column) for different electrode 

configurations and SNR levels, as an example. The “ground truth” network connectivity map, 

i.e., simulated network, is depicted in the upper middle panel. The localization error (of 

network nodes), and connectivity metrics are also depicted for the case where the activation 

time-courses are extracted from sLORETA solutions (right column). Error bars depict 

standard deviation. 
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mixing, as previously reported for Granger causality analyses (Hui et al., 2010; Vinck et 

al., 2015). Comparing Fig. 7.4 and Fig. 7.5, it is also interesting to note that connectivity 

results are slightly better when the time-course of source activation is estimated (Fig. 7.4, 

right column) using (7.4) compared to the case where the time-courses are extracted from 

sLORETA solution (Fig. 7.5, right column).  

 
Fig. 7.6. Schematic overview of combined FAST-IRES and connectivity analysis. 
(Clockwise) Independent component analysis is used to estimate the TBF by eliminating 

artefactual ICs and selecting ICs related to ictal activity. After the TBF is formed, the inverse 

is solved and the spatio-temporal segmentation algorithm (explained in the following 

section) is applied to find the spatially extended nodes of the network as well as 

extracting their corresponding time-course of activity. DTF analysis is performed on 

these time-courses and the region with maximal information outflow is selected as the 

epileptogenic tissue. (Counter Clockwise) Clinical findings re also extracted from patient’s 

post-operational MRI and CT and compared to estimated epileptogenic tissue. 
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7.5. Seizure Data Analysis 

The simulation results presented so far indicate the feasibility of the eConnectome 

approach as well as the precise results it bears. As mentioned in chapter 6, we are in dire 

need of an approach to identify the SOZ and epileptogenic responsible for generating 

seizures; an objective method that avoids subjective thresholding to determine a region of 

interest that drives other regions into seizures. The idea of applying directed connectivity 

to source imaging results to determine the seizure driver nodes has been investigated 

previously (Ding et al., 2007b; Lu et al., 2012b) and has proven to be successful. 

In this part of the study a similar line of investigation is adopted; however, the 

main difference of applying FAST-IRES to ictal signals is that instead of achieving 

dipoles or solution foci obtained by arbitrary thresholds, an extended spatial distribution 

can be achieved. Basically nodes in the network are not necessarily focal points but 

spatially extended as one expects from generators of EEG signal in general and seizures 

in particular. 

7.5.1. Data Analysis Protocol 

The data acquisition and patient inclusion criteria and detailed clinical 

information is the same as the previous chapter and will not be described again to avoid 

needless repetition (refer to section 6.2 for more details and Tables 6.1 and 6.2). The 

clinical validation process detailed in section 6.4 is exactly the same with the difference 

that the estimated SOZ is calculated in a different manner in this chapter.  
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The main difference is that after the spatio-temporal distribution is obtained using 

FAST-IRES, the source is partitioned into spatially distinct segments (the detailed 

process is outlined in the following section). The time-course of activity for each of these 

regions are extracted and the DTF coefficients are calculated for these regions of interest 

in a 1 second interval around the seizure onset time (from around 0.5 second prior to 

seizure onset to 0.5 second after seizure onset). The DTF was calculated in the 1-15 Hz 

 
Fig. 7.7. Schematic Overview of the Spatio-temporal segmentation process. (Top Row) 

After the inverse problem is solved using the FAST-IRES method, regions of activity in each 

column of the solution are extracted. Overlapping regions are segmented as independent 

regions, thus a set of spatially non-overlapping segments are obtained. The average time 

courses from each of these regions are extracted. (Bottom Row) The correlation matrix od 

these extracted time-courses are formed and re-grouped to form a block diagonal matrix. 

Neighboring regions are re-integrated if they demonstrate high correlation and the final non-

overlapping minimally correlated segments are obtained and the average time-course of 

activity from these regions are extracted for further connectivity analysis. 
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frequency band as ictal signals recorded in EEG are generally low-frequency (Lu et al., 

2012b). The model order (for the MVAR model) was selected based on the AIC criterion 

(explained in previous sections). The average DTF over this frequency bands was 

calculated for this 1 second interval at seizure onset. The region(s) which has the 

maximum outflow (sum of columns in the average DTF matrix) will be designated as the 

estimated SOZ or epileptogenic tissue. Once this region is identified, it is compared to 

clinical findings; the same procedure described in chapter 6. The overall procedure for 

patient data analysis is schematically depicted in Fig. 7.6. 

7.5.2. Spatio-temporal Segmentation 

The process of partitioning the source space based on the IRES solution is a key 

concept in the process of forming the estimated SOZ. First it is necessary to note that 

FAST-IRES estimates a spatial distribution (in source space) for each time course of the 

TBF (pertaining to columns of IRES solution, i.e. columns of 𝒥). Second, the IRES 

solution is piecewise homogenous with clear edges. Based on these facts, what needs to 

be done is to treat the non-zero amplitudes within the spatial distribution of each column 

of the IRES solution, as 1 and the rest as 0. Thus all non-zero regions were selected and 

these regions are well-defined with clear edges due to the characteristics of IRES 

solution, as our results have shown so far. Subsequently, any region that was within the 

non-zero region of more than one column of 𝒥, was treated as a separate region. This is 

due to the fact that if a region is non-zero in more than one column of 𝒥 then more than 

one-time course of activity is assigned to that region as each column of 𝒥 pertains to one 

row of the TBF (refer to Fig. 7.6). After this step was completed the source space is 
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partitioned into non-overlapping regions. The mean time-course within each region was 

then extracted. The number of regions after applying this process could be more than the 

number of the TBF rows or independent time-courses, thus in order for the Granger 

causality analysis to work properly, some of these regions needed to be re-integrated 

together to reduce the number of the segments. To this end the correlation matrix among 

the mean time-course of these spatially non-overlapping regions were calculated. Regions 

that were spatially adjacent (neighboring regions) and demonstrated high correlation 

during the initial seizure phase (remember that all the analysis was performed for the 3-5 

seconds after seizure onset as mentioned before), that is an absolute correlation 

coefficient of 0.8 were integrated together. Non-neighboring regions with high 

correlation (rare event) were not integrated together and treated as separate regions 

(unless the correlation was perfect, that is 1 or -1).  

This procedure is depicted in Fig. 7.7 for the particular example of patient 5. An 

interesting observation is that if we inspect the correlation matrix (the absolute value of 

the correlation matrix) of the time-course of activities sin the original segmentation, we 

observe that in a lot of rows, high value correlations (hotter colors) can be seen, once we 

re-index the correlation matrix such that these nodes are placed right next to each other 

(in the correlation matrix), we observe super nodes; nodes that have high correlations 

with themselves and much less cross-correlations with other super-nodes. In other words 

we can form almost a block diagonal matrix. Basically, I decided to integrate all the 

nodes within a super-node as one node; with the exception that if the nodes were not 
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spatially adjacent and the correlation was not perfect I did not integrate the region. Refer 

to the example correlation matrices in Fig. 7.7. 

At the end of this process a spatio-temporal segmentation was achieved, where 

adjacent regions with highly similar temporal evolution were placed in a single segment. 

In this process no threshold was applied to our solutions, spatially.  

After the new spatially non-overlapping regions with temporally coherent regions 

were formed, the mean time-course of activity was extracted from these regions once 

again. These time-courses were fed into the DTF connectivity analysis to determine the 

driving nodes which demonstrated high information outflow (described in the previous 

section). 

 
Fig. 7.8. Data analysis procedure in patient 5. (Left) The final segmentation results after 

following the spatio-temporal segmentation process and the resulting directional connectivity 

results (Patient 5). The arrows show the connections among the spatially extended nodes of 

this network (arrow width is representative of DTF strength between the two region). The 

region(s) with high information outflow is selected as the estimated epileptogenic tissue. 

(Right) In the top row the estimated epileptogenic tissue is presented (in a green box) and the 

clinical findings are also shown at the bottom (black box). 
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7.5.3. Data Analysis Results 

Fig. 7.8 and Fig 7.9 present the results obtained from applying the aforementioned 

procedure to the ictal signals in 17 focal epilepsy patients. In Fig. 7.8, the result of 

applying this method to patient 4 is observed. On the left side the directed connectivity 

among the ictal nodes derived from the aforementioned DTF analysis is shown. Note that 

the term node does not imply a spatial focus, but rather that the temporal evolution of 

these spatial locations are similar and are represented by one time-course. In fact, in the 

left panel the pertaining spatial region of each node is depicted. The width of the arrows 

represents the relative strength of connection. In this particular patient two nodes (node 

on the top and the node on the middle right) had comparable and large information 

outflow while the other nodes were silent; thus these nodes were both selected as the 

estimated epileptogenic nodes (also depicted on top of the right panel). Almost all other 

patients had only one dominant driving node which was selected as the estimated 

epileptogenic zone. The clinical findings in this patient are also depicted on the bottom 

right panel. A high degree of concordance is observed between the estimated SOZ and 

the ground truth. 

 

Table 7.1. Analytical Results of Patient Data Analysis 

Ground Truth Normalized By Solution Normalized By Ground Truth 

SOZ from Surgical Resection 0.92 ± 0.11 0.84 ± 0.15 
SOZ from Intracranial EEG 0.46 ± 0.24 0.90 ± 0.14 

Mean value and standard deviation for the normalized overlap ratios (NOR) as defined in the text. 

 

Fig. 7.9 depicts the estimated epileptogenic zone in three other patients alongside 

the resected volume and the SOZ determined from iEEG studies whenever available (on 
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the left) and the average normalized overlap ratios on the right for all patients with the 

error bar representing the standard deviation of these values over the patients.  

The average NOR values and their corresponding standard deviations are 

summarized in Table 7.1. 

7.6. Discussion 

In this chapter I initially looked into the idea that epilepsy networks can be fully 

studied with a combined ESI and directed connectivity (DTF) approach; estimating the 

location and extend of underlying activity as well as the connections among different 

nodes of the network (which are spatially extended regions in the brain). Initially 

simplified simulations were performed in which network nodes were dipoles (not 

extended sources). The simulations demonstrated that locations of activity (regions of 

interest) and their dynamics and connectivity can be estimated accurately under realistic 

 
Fig. 7.9. Patient data analysis summary. (Left) Estimated results by IRES in a few focal 

epilepsy patients alongside the clinical findings such as surgical resection volume and SOZ 

identified from iEEG. (Right) Summary of quantitative results of the source extent estimation 

by calculating the area overlap of the estimated source with SOZ and resection (in 17 patients) 

are shown. The overlap area is normalized by either the solution area or resection/SOZ area. 

https://www.sciencedirect.com/topics/neuroscience/internal-ribosome-entry-site
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conditions; all by ESI.  Later, I tested this eConnectome approach to analyze ictal signals 

in focal epilepsy patients and demonstrated that using the right ESI algorithm, FAST-

IRES, not only is it possible to identify node locations and their corresponding 

connectivity among these nodes, but also to estimate the extent of underlying nodes and 

their spatial distribution. These results were confirmed by comparing them to clinical 

findings such as surgical resection volume and SOZ identified from iEEG studies. This 

idea that a proper ESI algorithm such as IRES, can fully estimate underlying networks 

while treating network nodes as being spatially extended and not as focal points, is quite 

unique in the literature and this study has shown its feasibility.  

Granger causality analysis is basically a data-driven technique where no prior 

assumptions about the type, direction and strength of interactions among the network 

nodes are assumed. As opposed to data-driven techniques, model-driven techniques 

assume prior models about the underlying network interactions and update the model 

parameters or compare between different viable models to choose the model that best 

explains the data. Structural equation modeling (SEM) and dynamic causal modeling 

(DCM)  are two noteworthy algorithms belonging to the model-based category (Friston et 

al., 2003; Mclntosh and Gonzalez-Lima, 1994). The number of citations for both DCM 

and Granger causality analysis has been increasing over the past years (Friston, 2009). In 

order for DCM to work efficiently, the experiment has to be designed in such a manner 

that brain responses to defined stimuli can be measured and a good prior model to explain 

the observations and hidden states of the model should exist; additionally many 

alternative models need to be assumed as well to ensure unbiased results (Daunizeau et 
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al., 2011). This means that DCM computations can be time-consuming and that there 

must be enough prior knowledge about the network under study for one to be able to 

construct alternative models and hypothesis, whereas in Granger causality analysis we do 

not face such issues. However, this enables DCM to deal with nonlinearity and non-

stationarity. It should be noted though, that nonlinear and adaptive Granger causality 

analysis techniques have been proposed which could potentially circumvent the 

difficulties caused by non-stationarity and nonlinearity (Ding et al., 2000; Marinazzo et 

al., 2011; Wilke et al., 2008). All in all, Granger causality analysis and DCM might have 

more in common (although based on different premises) and ultimately converge in many 

ways (Friston et al., 2013).  

Granger causality methods have been criticized for being susceptible to noise 

(Friston et al., 2014; Haufe et al., 2013). Haufe et al. (Haufe et al., 2013) have shown in a 

simulation study (sensor space) that conventional Granger causality analysis and 

surrogate testing by phase shuffling, might not be as effective as measures such as phase-

slope index (PSI) (Nolte et al., 2008; Stam et al., 2007). Haufe et al. have also proposed a 

time-reversed scheme for Granger causality analyses and have shown that this improves 

the results and makes it as good as PSI performance (Haufe et al., 2013). A later study by 

Vinck et al. demonstrated that correlated and uncorrelated noise might have different 

effects on the causality analysis results (Vinck et al., 2015). They also demonstrated that 

the time-reversed scheme applied to Granger causality analysis produces much less false 

positives compared to PSI or conventional Granger analysis results in case of correlated 

noise (Vinck et al., 2015). This can be thought of as another opportunity for ESI 
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algorithms to remove the effect of correlated and uncorrelated noise through the process 

of solving the inverse problem, provided that noise covariance matrix is estimated and 

dealt with properly (Engemann and Gramfort, 2015). We have shown the efficacy of ESI 

in removing/reducing correlated noise in a simulation study before (Sohrabpour et al., 

2016b). 

Volume conduction and mixing in the source space could potentially cause 

Granger analysis results to detect more spurious links (Schoffelen and Gross, 2009). 

Although, solving the inverse problem could potentially neutralize the effect of volume 

conduction, but it cannot remove the effects completely. Our simulations results also 

showed the detrimental effect of volume conduction on estimating connectivity. It was 

observed that sensor space connectivity results show much more spurious connections 

than source space connectivity results. Hui et al. performed a simulation study, starting 

from ECoG recordings and solving the forward problem to obtain corresponding EEG 

signals (Hui et al., 2010). Then by solving the inverse problem and going back to the 

cortex, calculated the connectivity on the ECoG nodes (a priori known locations) and 

compared their results to the connectivity derived from directly feeding the ECoG 

activity into the Granger causality analysis. They have shown that MN-type solutions 

might detect erroneous links, due to the ineffective removal of volume conduction and 

proposed to use a nulling beamformer technique to alleviate this problem and have shown 

improvements (Hui et al., 2010). While nulling beamformer can be very effective, it only 

works well if the number of ROIs are less than number of measurements (electrodes) and 

the location of the nodes need to be specified prior to applying the method, which could 
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limit its application in practice. On a similar note, Cheung et al. proposed a combined 

algorithm where estimating the MVAR model of the source activity and solving the 

inverse problem is combined into one step rather than two steps (Cheung et al., 2010) and 

show that their method is less susceptible to detection of erroneous connections. 

However, this method also needs the prior knowledge of network nodes on the cortex, 

which is generally unknown in practice. 

The combined ESI and DTF analysis presented in this chaper seems a viable path 

to objectively estimate network nodes and interactions. It has been tested in previous 

studied specifically in estimating epilepsy network nodes (Coben and Mohammad-

Rezazadeh, 2015; Ding et al., 2007b; Lu et al., 2012b; Zhang et al., 2015). Other 

networks like the pain network have also been studied using combined ESI and ADTF 

analysis (Zhang et al., 2016). However, for inverse solutions to be accurate enough, the 

number of measurements needs to be large enough. Placing electrodes on the scalp can be 

thought of as a spatial sampling process (Srinivasan et al., 1998; Tucker, 1993), thus 

using too few electrodes can result in undersampling and aliasing happens. The effect of 

electrode numbers on source localization has been studied previously (Brodbeck et al., 

2011; Lantz et al., 2003; Lu et al., 2012b; Sohrabpour et al., 2015; Wang et al., 2011). As 

it has been shown in these studies, source localization accuracy is improved when more 

electrodes are used but the rate of improvement decreases with the increasing electrode 

number. The results presented in this chapter indicate that high density electrode 

configuration (64 electrodes and above) is necessary for more accurate localization of 

network nodes, as well as the underlying connectivity. The simulations results provided 



 

 188 

in this chapter quantify this effect to some extent.  

In this chapter FAST-IRES was applied to ictal signals of focal epilepsy patients 

who became seize-free after surgical resection of epileptogenic tissue. The results are in 

full concordance with clinical findings. Referring to Table 7.1 it can be observed that the 

estimated epileptogenic zone from IRES analysis has about 90% overlap with ground 

truth once normalized by the ground truth, which indicates that our estimate covers the 

ground truth area. Additionally the estimated epileptogenic zone has over 90% overlap 

with the resected volume when normalized by the solution area and about 50% when 

normalized by ground truth SOZ area. As discussed extensively, in the previous chapter, 

these results indicate that the estimated SOZ from IRES well estimates the resection, the 

closest surrogate to the true epileptogenic zone, not being smaller or larger than the 

resection volume. This means that the epileptogenic zone (that once resected results in 

seizure-freedom) has been objectively determined by the FAST-IRES and in an 

eConnectome approach without applying subjective thresholds. This is a unique feature 

which is currently missing in the existing studies in the literature, to the best of my 

knowledge.  

I will not repeat the previous discussion about the lower NOR when normalized 

by SOZ area. The interested reader should refer to that discussion in chapter 6 that 

differentiates between the concept of SOZ and epileptogenic zone and how it is related to 

our results here. 

Comparing the NORs obtained in chapter 6 and chapter 7, while all the overlap 

ratios are higher when using the eConnectome approach combined with IRES (proposed 
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in this chapter), this difference is not significant (compare values reported in Table 7.1 

and Table 6.3). The significant difference is that the estimated epileptogenic tissue was 

accurately identified with analytical precision and no threshold was applied. In chapter 6 

we were worried about other regions that did not contain as much energy as the identified 

SOZ, yet they were non-zero and we were not completely sure if those regions play a role 

in the generation of seizures or not; in the approach adopted in this chapter these 

concerns were addressed. 

For future investigations, it would be insightful to analyze the ictal signals in focal 

epilepsy patient who did not become seizure-free to see if the same results apply or can 

we differentiate these patients from patients who respond to surgical treatment; for 

instance by finding regions outside or non-overlapping with the resected volume (that my 

proposed approach might indicate as epileptogenic) which might be the cause of 

continuing seizures. 

Parts of the results presented in this chapter have been published in an IEEE-

TBME paper (Sohrabpour et al., 2016b). 
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Chapter 8 

 

Conclusion and Future Works 
 

“This volume has come to an end and yet 

the story has not …” 

 

-Sa’di, Persian Poet (13
th

 Century) 

 

 

In this closing chapter I will provide an overview of the materials I have covered 

in this dissertation as well as some potential future directions for this research. 

Throughout the three parts of this dissertation I have shown how the proposed ESI 

algorithm can provide accurate information about the location and extent of underlying 

sources and also provide valuable information about underlying network dynamics and 

directed connectivity. The focus in this dissertation was on analyzing data from focal 

epilepsy patients and the proposed approach was validated in a spike and seizure imaging 

framework. 
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8.1. A Map of the Travelled Roads 

In this dissertation a new ESI algorithm was introduced, IRES. This algorithm 

enforces sparsity on the edges or jumps of the solution; this is based on the observation 

that only synchronized activity of many neurons are perceived at scalp by EEG/MEG 

which implies that visible sources to these modalities are spatially coherent focused 

sources. An idea from convex optimization, namely the iterative reweighting strategy was 

also implemented to softly reject irrelevant background from desirable signals. These two 

innovations resulted in an algorithm capable of producing extended source with clear 

edges from the background without the need for any thresholds. 

We demonstrated the efficacy of IRES in determining the location and extent of 

underlying sources in computer simulations and ultimately tested its relevance to real-

world applications by using it to image epileptic activity in focal epilepsy patients who 

became seizure-free after surgical resection of the epileptogenic tissue.   

Later by combining directed connectivity analysis with IRES, epileptic networks 

were imaged and epileptogenic tissue was identified objectively. 

One of the main conclusions of this dissertation is that although physical 

limitations always hold true, careful analysis and modeling of a well-studied problem 

such as EEG and ESI can improve the results and information that can be extracted from 

this modality. 

The direct application and validation of the framework introduced in this 

dissertation is to identify epileptogenic tissue which once resected results in seizure-

freedom of focal epilepsy patients. However, there are potentially more basic research 
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ideas that can be investigated with the proposed framework, even in epilepsy-related 

research. For instance focal epilepsy is suggested to be more of a network phenomenon 

than simple locally defective seizure generating foci (Netoff et al., 2004; Paz and 

Huguenard, 2015; Spencer, 2002). The proposed framework could potentially investigate 

that; the bird’s-eye view that ESI imaging possesses, combined with the precision and 

extent estimation properties of IRES in particular, indicates that large-scale networks all 

around the brain and cortex can be images studied. 

In this dissertation we decided to use DTF analysis as a special spectral Granger 

causality tool to study epileptic networks, but other directed (or even undirected) 

connectivity measures can be applied to estimates of IRES. Once the time-course of 

underlying brain activities are extracted, potentially any connectivity metric can be 

applied to these time-courses; specifically that we have shown with computer simulations 

that the estimated time-course has high correlation with the true underlying activity. 

8.2. Roads Less Travelled 

As mentioned in the very beginning of this dissertation, the brain is studied and 

imaged with modalities that encompass many different scales (He et al., 2011b). In this 

dissertation I studied EEG as a stand-alone imaging modality on a millimeter scale, 

spatially, and on a millisecond scale, temporally, with a field of view as big as the whole 

head. However, information from other modalities can be combined with ESI to yield 

more accurate information; other mathematical models (maybe even applicable to 

different scales) can be considered, to improve results, as well. I will explain in the 
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following, some of the ideas I believe to be worthy of further investigation as a potential 

continuation of this research and investigation and its similar counterparts. 

8.2.1. Multi-modal Imaging 

Combining different imaging modalities can potentially improve the spatio-

temporal resolution of the overall combined-technique as opposed to using each modality 

individually (He et al., 2011b). 

Combining EEG and MEG can be an easy first step as the guiding physical 

principles behind EEG and MEG are similar. Basically IRES can be applied to MEG 

recordings in the same manner it is applied to EEG recordings. Will combining EEG and 

MEG help, given their similarity? Potentially yes. MEG and EEG are known to be 

sensitive to different regions of the brain and dipole orientation (Cohen and Cuffin, 1991; 

Hämäläinen et al., 1993). MEG is more sensitive to radial dipoles and EEG is more prone 

to detect deeper sources (Ahlfors et al., 2010). This difference in sensitivity even causes 

EEG and MEG to detect different number of inter-ictal spikes in patients suffering from 

epilepsy (Bast et al., 2004; Ebersole and Ebersole, 2010). Combining EEG and MEG has 

been shown in simulations and clinical data analysis to yield better results than EEG and 

MEG alone (Liu et al., 2002). Our own initial testing with the data also suggests the same 

(Sohrabpour et al., 2016b). 

Combining EEG and fMRI has also been done before but in the light of the new 

proposed method, potentially more accurate information regarding underlying sources’ 

temporal evolution can be provided. This information can be used to extract spectral 

information from these estimated time-courses or just used as is to explore co-activations 
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of blood oxygen-level dependent (BOLD) signal recorded by fMRI to hopefully yield 

more accurate results with higher temporal resolution. This is specifically important when 

studying dynamic sources with fast dynamics; such fast dynamics might be missed or 

smeared in fMRI, but with extra information provided by ESI this could potentially be 

avoided or improved. It is important to note that IRES is not specifically designated for 

seizure imaging. For instance studying the visual system and the binocular rivalry 

phenomenon (Jamison et al., 2015; Zhang et al., 2011), where high temporal and spatial 

resolution is needed (Roy et al., 2017), IRES can provide more accurate information 

about source dynamics and also help seed the fMRI or be informed by fMRI to update 

spatial priors/weighting and give more accurate solutions. 

ESI in general and IRES in particular can be combined with neuro-modulatory 

devices such as transcranial magnetic stimulation (TMS), transcranial focused ultrasound 

(tFUS) and even deep brain stimulation electrodes (DBS). Our initial experimentation 

with combined tFUS and ESI in animal subjects has proven successful (Yu et al., 2016). 

We have also shown the improvement one can expect by combining information from 

deep electrode recordings and scalp measurements (Hosseini et al., 2018). We have also 

had some success in applying ESI and connectivity in BCI subjects undergoing 

transcranial direct-current stimulation (tDCS) (Baxter et al., 2017).  

The concept of perturbation-imaging in which a node in an underlying brain 

network is stimulated and the response of the brain to such perturbations is monitored, is 

an extremely useful one in studying normal and pathological brain states and conditions 

(Gollo et al., 2017; He, 2016). IRES can provide useful information in this regard as it is 
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apt spatially and fast-pace temporally, which is important for studying whole-brain 

dynamic networks. Our initial experimentation with data (in which ESI was not 

performed by IRES) has proven insightful, thus applying IRES to the expanding world of 

perturbation imaging seems only a natural expansion.  

There are many other ways that IRES can be combined with multi-modal imaging 

and perturbation imaging; the aforementioned applications are just the more significant 

ones in my opinion.  

8.2.2. Neural Mass Models 

Many computational models have been developed since the pioneering work of 

Hodgkin and Huxley (Hodgkin and Huxley, 1952). Computational models have expanded 

to the extent that not only individual neurons can be modeled accurately, but also 

ensembles of connected neurons are modeled (Lopes da Silva et al., 1974). These mass 

neuronal models have been used to model EEG/MEG rhythms (David and Friston, 2003; 

Jansen and Rit, 1995).  

In the field of epilepsy models such as the Epileptor (Jirsa et al., 2014) have 

combined these underlying brain dynamics with intra-cranial and ECoG recordings to 

form hypothesis regarding the seizure onset in epileptic patients (Jirsa et al., 2017). Some 

studies have even linked these models with EEG and MEG in the forward problem, 

connecting these meso-scale dynamics to EEG/MEG oscillations (Sotero et al., 2007; 

Wendling et al., 2016). Integrating this approach with the inverse problem and potentially 

implementing machine learning techniques to estimate some of these micro/meso-scale 

parameters from EEG/MEG recordings with/without the help of IRES would be 
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insightful, similar to Freestone et al. (Freestone et al., 2013) who tested their model in 

real ECoG data recordings.  

Combining these models with EEG/MEG and then potentially with source 

imaging estimates in general and IRES in particular could potentially link between 

macro-scale and micro-scale dynamics in the brain. The immediate application could be 

to study epilepsy in more details and attempt to answer more basic questions such as, 

how do basic physical properties such as inter-neuron inhibition or abnormal cortical 

excitability in a particular cortical region affect seizure generation in a particular 

individual’s brain? IRES can provide the accurate information on sub-gyral spatial scale 

and a millisecond temporal scale and thus is a good candidate to be integrated with finer-

scale models. 

8.2.3. Structural and Functional Networks 

When I was learning physiology and anatomy a famous phrase which was 

repeated again and again was “function follows form and form follows function”. The 

brain is no exception from this basic rule. Underlying structural connections in the brain 

make every other form of functional connectivity possible; be it white matter tracts that 

connect neurons in different hemispheres and allow electrical conduction or blood vessels 

that nourish the brain and play major role in creating BOLD signals. Structural 

connections are the foundation upon which the functional connectivity is built with all of 

its facades.  

The Human Connectome Project has made enormous improvements in estimating 

white matter fiber tracts from diffusion tensor imaging (DTI) and estimating the meso-
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scale structural connections (Van Essen et al., 2013). Can such structural information be 

combined with functional imaging results from IRES to better understand epileptic 

seizures? Often, malformations in cortical structure can lead to pathological 

developments such as epilepsy. Can knowing such abnormalities alongside the secrets 

that functional imaging reveals about underlying epileptic networks assist us to form 

hypotheses about how patients will respond to surgical treatment or stimulation of 

particular nodes in this network? Can we bring in mathematical models from the graph 

theory and network analysis techniques to find ways to optimally perturb the epilepsy 

network and obtain more successful treatments and cure for epilepsy? This remains to be 

seen but IRES can help with providing accurate information about the underlying 

functional connectivity of epilepsy networks. 

ESI in general and IRES in particular can provide accurate spatial information 

with high temporal resolution albeit with all the physical limitations in place; this 

information which is rich in large scale brain dynamics is extremely relevant in providing 

insightful information about the brain’s state and can have direct impact on the clinical 

care and potentially improving patients’ quality of life. It is inexpensive and accessible in 

almost any clinical setting.  
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