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Abstract

Turbulent multiphase flows are found throughout our universe, all over Earth

and in many man-made systems. Despite surrounding us, their dynamics are still in

many ways obscure and require further study. These chaotic systems are however quite

complicated to both simulate or explore experimentally. In this thesis, we present our

laboratory investigation of particle-laden turbulent flows in air. We first focus on the

statistical dynamics of dilute multiphase turbulence. Utilizing a zero-mean-flow air

turbulence chamber, we drop size-selected solid particles and study their dynamics with

particle imaging and tracking velocimetry at multiple resolutions. The carrier flow is

simultaneously measured by particle image velocimetry of suspended tracers, allowing

the characterization of the interplay between both the dispersed and continuous phases.

The turbulence Reynolds number based on the Taylor microscale ranges from Reλ ≈ 200

– 500, while the particle Stokes number based on the Kolmogorov scale varies between

Stη = O(1) and O(10). Clustering is confirmed to be most intense for Stη ≈ 1, but

it extends over larger scales for heavier particles. Individual clusters form a hierarchy

of self-similar, fractal-like objects, preferentially aligned with gravity and sizes that can

reach the integral scale of the turbulence. Remarkably, the settling velocity of Stη ≈ 1

particles can be several times larger than the still-air terminal velocity, and the clusters

can fall even faster. This is caused by downward fluid fluctuations preferentially sweeping

the particles, and we propose that this mechanism is influenced by both large and small

scales of the turbulence. The particle-fluid slip velocities show large variance, and both

the instantaneous particle Reynolds number and drag coefficient can greatly differ from

their nominal values. Finally, for sufficient loadings, the particles generally augment

the small-scale fluid velocity fluctuations, which however may account for a limited

fraction of the turbulent kinetic energy. We also investigate denser particle-laden flows,

specifically plumes driven by the downward buoyancy of inertial particles. With similar
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tools, we conduct two experiments: one to capture the particle-phase behavior and

another to measure the ambient air velocity. Our first focus is on the assumption of

self-similarity, which unlike single-phase plumes is not a trivial assumption. We also

characterize the mean plume properties observed: the particle-phase velocity and the

plume spread comparing their evolution with axial distance from the plume source. From

our measurements of the ambient air flow we calculate the entrainment velocity into the

particle-laden plumes and using the time-averaged value we estimate the entrainment

coefficient along the plume. We find a relatively stable entrainment rate, as expected

in the assumption used to formulate many integral plume models. Lastly we compared

our experimental results to single and multiphase plume models with the same initial

conditions as our experiments. Our multiphase plume model, inspired by the work of

Liu (2003) and Lai et al. (2016), well described our velocity measurements, which single

phase models were completely unequipped for.
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Introduction 2

This thesis concerns laboratory experiments of multiphase-turbulent flows, a mouth-

ful that deserves some explanation. Multiphase simply refers to the phases of matter:

solid, liquid, gas and plasma. A multiphase flow is then any flow with two or more phases.

My thesis concerns disperse multiphase flows specifically, meaning those consisting of

finite particles, droplets or bubbles interspersed in a continuous phase—a fluid like air

or water. What turbulent means deserves a lot more explanation, but to attempt to do

so would be worthy of a whole thesis of its own, and would still be neither sufficient nor

definitive. But we are all intimately familiar with turbulence, whether we have studied

it mathematically or not. From your very breath—at this moment—moving through

your larynx into and out of your lungs, to the wind that reshapes clouds in the sky and

the water rushing over a waterfall, to the smoke plume from a cigarette, turbulent flows

are everywhere. And not just here on Earth, all throughout the universe you’ll find

turbulence. You also see it in the churning plasma of our sun and even in the interstellar

medium, forming the stars and planets of solar systems like ours.

Disperse multiphase turbulent flows are similarly familiar to you. Those clouds

above you are made up of water vapor and droplets continuously mixed in the turbulent

air of the atmosphere. Volcanic eruptions, snow, rain, avalanches, sandstorms, sediment

transport are all disperse multiphase flows. So too is the blood flow in your veins, or

the inhaler you might use to deliver medication to your lungs. In industrial settings,

disperse multiphase flows are also ubiquitous. Any granular material, like grain, that has

to be transported, at some point or another has to flow. To make paper requires flows

suspended with fibers; bubbly flow appears in nuclear reactors and there is gas-particle

flow in combustion reactors, among countless other examples.

But for all their ubiquity, making predictions about these flows can be quite chal-

lenging. Fluid dynamics is a visually stunning discipline (admire figure 1.1 for examples

of turbulent multiphase flows). But the beauty of the flows contrasts sharply with the

nasty equations that govern turbulence in particular. There is no beautiful theory of
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Figure 1.1: (a) A plume of Saharan dust, transporting sand and minerals across the
Atlantic (credit: NOAA Environmental Visualization Laboratory); (b) Swirling storms
on Jupiter (credit: Enhanced image by Gerald Eichstädt and Sean Doran (CC BY-
NC-SA) based on images provided courtesy of NASA/JPL-Caltech/SwRI/MSSS); (c)
Turbulent plasma and interstellar medium in the Orion Nebula seen by the Hubble
Telescope (credit: NASA, ESA, M. Robberto (Space Telescope Science Institute/ESA)
and the Hubble Space Telescope Orion Treasury Project Team); (d) Algal bloom in the
Baltic Sea seen from space (credit: ESA CC BY-SA 3.0 IGO).

https://www.nesdis.noaa.gov/content/saharan-dust-blows-across-atlantic
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://creativecommons.org/licenses/by-nc-sa/3.0/
https://hubblesite.org/contents/media/images/2006/01/1826-Image.html?news=true
https://hubblesite.org/contents/media/images/2006/01/1826-Image.html?news=true
https://creativecommons.org/licenses/by-sa/3.0/igo/
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turbulence as there is in other fields of physics, like Maxwell’s laws of electromagnetism,

or Einstein’s general relativity. Instead, turbulence theory is a mash up of messy tensor

equations, closure models, semi-empirical formulas and statistical theorems. Multiple

phases only further complicates the picture. To explain why requires at least a cursory

definition of turbulence and a review of some of the essentials equations and terminology

of fluid dynamics and multiphase flows.

1.1 Turbulence

To define turbulence generally, one could say that it is a state of a physical system

with many interacting degrees of freedom deviated far from equilibrium, irregular in time

and space and accompanied by dissipation (Cardy et al., 2008). Though fluid dynamics

is not the only system where turbulence exists, it is the one being addressed here.

The foundation of fluid mechanics lies in the conservation of mass and momentum

as expressed through two differential equations.

∂ρ

∂t
= −∇ · (ρu) (1.1)

d(ρu)

dt
= ∇ · σ (1.2)

Here, ρ is the fluid density, u is the fluid velocity and σ is the stress tensor. If the stress

tensor can be expressed in terms of the density and velocity field, then the equations are

closed and can in principle be solved for any arbitraty geometry, given some boundary

condidtions. While there is no a priori reason such a relation should exist, very often a

suitable constitutive law can be found which allows for solution of equations 1.1, while

providing insight into what processes control the flow. One well known constitutive law

is that for a Newtonian fluid, such as air or water, with a viscosity ν. The stress tensor

for these fluids, which we will be dealing with exclusively in this thesis, can be expressed
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as follows:

σij = −
(
pδij +

2

3
ρν∇ · u

)
+ ρν

(
∂ui
∂xj

+
∂uj
∂xi

)
, (1.3)

where p is the isotropic pressue, ui are the components of the velocity vector and xi are

the spatial coordinates. Substituting this back into the momentum equation leads to

the well known Naiver-Stokes equation:

ρ
∂u

∂t
= −ρ(u · ∇)u−∇p+ ρν∇2u (1.4)

The complexity of the Navier-Stokes equation arises from the humble nonlinear

term with the dependent variable, the fluid velocity u, appearing in a quadratic form.

This term means that fluid motion is inherently unstable, with small perturbations

causing instabilities and potentially being propogated by inertia throughout the flow

as eddies, or vortices. The largest eddies produced by the instabilities are themselves

subject to the nonlinear inertial forces leading to their breakup into smaller eddies. In

that manner, with each new instability comes a new degree of freedom for the system.

Controlling these instabilities is the fluid viscosity, which if strong enough, or if the

eddies are small enough, can dampen them through dissipation. The protagonists for

any fluid flow are thus inertia and viscosity and their relationship is captured by the

Reynolds number, Re. When a fluid with velocity U and viscosity ν is perturbed on a

scale D, it will become chaotic when inertia dominates viscous dissipation, e.g. when

Re >> 1.

We generally cannot solve such a nonlinear equation analytically. We can solve it

numerically, integrating forward in time to find the velocity field at each small time-step,

yet such computation is expensive, requiring vast computational resources for even the

most simple configurations. Not all structure is lost in the chaos however. Some statisti-

cal properties, e.g. the velocity fluctuations of the turbulent flow, seem to be predictable,
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at least when discussing their probability distributions. Most theories of turbulence have

thus focused on these statistical quantities and seek to divine what features of turbulence

are universal. Richardson in 1921 observed the continual eddy breakdown and hypoth-

esized the concept of the energy cascade–that as the eddies breakdown they pass their

energy onto those smaller structures and so on until viscosity dissipates them into heat.

Kolmogorov indelibly influenced the field in 1941 with his theory of turbulence which

stated that the statistical properties of the smallest scales, where viscosity finally wins

out dissipating the turbulence, depend only on the viscosity ν and on the rate at which

energy is passed down the energy cascade. Those smallest scales–the Kolmogorov length

(η), time (τη and velocity (uη)–are statistically isotropic and universal. These are just

the two most famous contributions to turbulence theory and as an active field of study,

with over a century of study, we cannot summarize turbulence theory here adequately,

nor will the theory of turbulence further feature in this thesis. The point however, is to

say that the study of turbulence is not completely hopeless. There is a path forward,

through observation of the statistical properties of turbulent flow.

1.2 Fundamentals of Particle-Laden Flows

The turbulent transport of matter by fluid flows is an important phenomenon, per-

vasive throughout the fields of earth science, astrophysics, biology, medicine, chemisty

and engineering. Turbulence is already one of the most challenging topics of classi-

cal physics, and when combined with multiphase flows, they present an even greater

challenge as a couple. Even when the dispersed phase is a passive tracer–following the

turbulent flow field precisely, the random distribution of the large number of particles

one might find in a real environmental or industrial flow humbles even our most advanced

computers today. Again further complicating the picture is the presence of intertial par-

ticles, the topic of this thesis. Inertial particles, droplets or bubbles feel a frictional force

in the fluid, proportional to their relative velocity with respect to the fluid, also known
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as the slip velocity. It is this interaction between the phases, the coupling between them,

that makes studying turbulent multiphase flows so difficult. The dynamics of an inertial

dispersed phase in turbulence follow chaotic non-differentiable governing equations–and

these systems display all sorts of unpredictable behaviors that affect the dispersed phase

transport and, at high concentrations, the turbulent fluid itself.

The addition of a dispersed phase introduces many new parameters and important

non-dimensional parameters used to characterize the multiphase flow. The dispersed

phase concentration is an obvious parameter, and in this thesis will mainly be indicated

through the volume fraction φv, the ratio of the total volume of the dispersed phase in

a system to the total system volume. Multiphase flows are often classified as dilute or

dense by their volume (or mass) fraction. Dense flows are dominated by interparticle

collisions while dilute ones are not. The separation between a dilute a dense flow is

usually taken to be around φv ∼ O(1). Among the dilute regime there are further clas-

sifications. When the volume fraction is small, the particles have an insignificant effect

on the fluid. This regime is called one-way coupled, in that the fluid affects the parti-

cles, but the particles do not (detectably) affect the fluid. Generally dilute flows with

φv < 10−6 can be approximately as one-way coupled flows (Crowe et al., 2011). Above

this (flexible) threshold, the flow becomes two-way coupled, in which both the disperse

and continuous phases significantly affect each other. Momentum transferred between

the particles and the fluid changes the turbulence structures, and can either enhance

or attenuate the turbulence, though the exact nature of the relationship is unclear. At

higher volume fractions we enter regimes of four-way coupling where the dispersed phase

is now dense enough that particle-particle interactions become significant. The thresh-

old for four-way coupling is generally considered to be around volume fractions of 10−3

(Elghobashi, 1994).

We can also define a Reynolds number for the particles, and this particle Reynolds
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number (Rep) is again a balance of inertial and viscous forces, given as:

Rep ≡
ρfdp|up − uf |

µ
(1.5)

where ρf is the density of the fluid, dp is the particle diameter, up is the particle velocity

vector, uf is the fluid velocity vector and µ is the fluid dynamic viscosity. Larger values

Rep correspond to a higher slip velocity between the disperse and continuous phases,

implying longer-lasting and more turbulent wakes. One of the most important non-

dimensional parameters in multiphase flows is the Stokes number, defined as:

St ≡ τp
τf

(1.6)

where τp is the particle aerodynamic response time and τf is some characteristic fluid

time scale. The particle aerodynamic response is defined as the time it takes for a particle

injected into a uniform stream at zero initial velocity to reach 1 − e−1 ≈ 63% of the

freestream velocity. It is thus a measure of the particle’s inertia–how resistant a particle

is to changes in the flow velocity. Of course in turbulence, the flow velocity in constantly

changing. Commonly the Kolmogorov time scale of the turbulence (τη ≡
√
ν/ε, where

ν is the fluid kinematic viscosity and ε is the turbulent dissipation rate) is used as the

fluid time scale and this Stokes number based on the Kolmogorov time scale is written

Stη. The Stokes number compares responsiveness of a solid particle to the rapidity of

turbulent fluctuations; particles with Stη << 1 correspond to flow tracers able to follow

the smallest scale turbulent fluctuations, while particles with Stη >> 1 are unresponsive

to all but the largest turbulent scales.

1.2.1 Particle Equation of Motion

The dispersed phase follows its own governing equations that must be satisfied. However

the coupled nature of the phases means that these equations will both be fed by, and
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feed into the fluid phase conservation laws described above. Both the particle’s mere

presence and its movement relative to the fluid will modify the fluid flow field, which

in turn changes the particle’s trajectory. Maxey & Riley (1983) derived an equation for

the motion of small (i.e. dp < η) spherical particles based on the work of Tchen (1947)

and others:

mp
dup

dt
= −3πµdp

(
up − uf −

1

24
d2p∇2uf

)

− 3

2
πd2pµ

∫ t

0

d
dτ (up − uf − 1

24d
2
p∇2uf√

πν(t− τ)
dτ

− 1

2
mf

d

dt

(
up − uf −

1

40
d2p∇2uf

)

+mf
Duf

Dt
+ (mp −mf )g

(1.7)

where mp is the mass of the fluid and mf is the mass of fluid displaced by the parti-

cle. In this formulation, d/dt denotes a substantial derivative following the particle such

that d/dt = ∂/∂t+up · ∇ and D/Dt is a substantial derivative following the fluid with

velocity uf so that D/Dt = ∂/∂t+ uf · ∇.
This messy-looking force balance has been improved upon (notably Bagchi & Bal-

achandar (2003), who improved the applicability in turbulent flows), but the essentials

of the equation remains the same. The first term on the right-hand side is the steady

viscous Stokes drag with the Faxem correction, accounting for the variation of the fluid

velocity around the particle. The second term is the Basset history force, accounts for

the past trajectory of the particle through the flow. It can be neglected for most dilute

flows where either particle-particle collisions are unimportant or when the particle den-

sity is much greater than the fluid density (Rogers & Eaton, 1989; Kulick et al., 1993).

The third term is the added-mass force required to overcome the inertia of the fluid

displaced by the particle. Although important in unsteady flows, it can also generally

be neglected when the particle density is much larger than the fluid density. The fourth
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term is the force exerted by the pressure gradient and the viscous stresses in the unper-

turbed fluid. Finally, the fifth term is the body force exerted by gravity.

Despite its complexity, this equation is already an approximation as it relies on

three simplifying assumptions: that the particle Reynolds number is small (Rep << 1,

that the strain rate is small (d2p/(ντη) << 1) and that the particle is small compared

to the Kolmogorov length scale as stated above. It also relies on Stokes drag, which in-

evitably will not faithfully represent the drag felt by a particle. Outside the regimes for

which Stokes drag is valid (in particular, vanishingly small Rep), empirical correlations

such as the one of Schiller and Naumann are often used (Schiller & Naumann, 1933).

The work in this thesis addresses the accuracy of the standard Schiller & Naumann drag

formulation.

The general form of eq. 1.7 can be simplified in certain cases, one being gas-solid

flows which we will deal with exclusively throughout this thesis. For small particles,

much denser than the fluid phase, the added mass and fluid acceleration terms can be

neglected, as can the Basset history force when particle collision effects are negligible, a

reasonable assumption for φv < 10−3. Under these assumptions, the particle equation

of motion simplifies greatly becoming (Bagchi & Balachandar, 2003):

dup

dt
= g − 1

τp
(up − uf ) (1.8)

where the particle response time is corrected for finite Rep:

τp =
ρpd

2
p

18µ

1

1 + 0.15Re0.687p

(1.9)

1.2.2 Challenges posed by turbulent multiphase flows

While this equation has been greatly simplified compared to 1.7, it is still coupled

to the turbulent fluid velocity and therefore is difficult to solve. While numerical sim-

ulations have proved valuable, multiphase flow siulations are often simplified, e.g. by
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solving multiphase flows only at the macroscale, while using models to approximate the

physics at the microscale or by simulating lower Reynolds number turbulence or only

incorporating a small number of particles into the simulation (Balachandar & Eaton,

2010). Another approach is to coarse-grain the simulation spatial resolution such as

in volume-averaging methods (Prosperetti & Tryggvason, 2009). Properly used, these

mesoscale simulations can accurately model complex multiphase flows relatively inex-

pensively (Agrawal et al., 2001; Capecelatro et al., 2015).

Since the seminal work of Eaton and Elghobashi, a widespread approach has been

to model particles as material points and track their Lagrangian trajectories through

the Eulerian flow field obtained by direct numerical simulation (DNS) which numeri-

cally solve the Navier-Stokes equations by resolving all spatio-temporal scales of motion

down to the Kolmogorov scales. This led to groundbreaking insights, both when treat-

ing the particles as passively advected by the fluid (one-way coupling, Squires & Eaton

1991a; Elghobashi & Truesdell 1992) and when including their backreaction on the fluid

(two-way coupling, Squires & Eaton 1990; Elghobashi & Truesdell 1993). This approach,

however, has well-known limitations. As mentioned, the particle equation of motion as-

suming Stokes drag (even with the correction terms derived by Maxey & Riley 1983)

is only applicable when particles are much smaller than Kolmogorov scale, and finite-

Rep effects are minimal. Indeed, although the one-way-coupled DNS has led to overall

agreement with experiments (e.g., for Lagrangian accelerations, Bec et al. (see 2006);

Ayyalasomayajula et al. (see 2006), quantitative discrepancies indicate that the Stokes

drag model may miss important dynamics (Saw et al., 2014). Moreover, modeling the

backreaction of the dispersed phase by point-particle methods present technical issues

associated with the application of the point-wise forcing on the fluid computational grid

(Balachandar, 2009; Eaton, 2009; Gualtieri et al., 2013). To overcome these shortcom-

ings, advanced methods have recently been proposed (Gualtieri et al., 2015; Horwitz &

Mani, 2016; Ireland & Desjardins, 2017) whose merits need to be fully appreciated in
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future comparisons with well-controlled experiments. Setting up the turbulent flow in

two-way coupled simulations is also a critical issue: forcing steady-state homogeneous

turbulence in either Fourier or physical space leads to artificial energy transfers hardly

discernible from the actual interphase dynamics (Lucci et al., 2010). Decaying turbu-

lence leaves the natural coupling unaltered, but quickly drops to low Reynolds numbers

and complicates the extraction of statistical quantities.

Laboratory measurements also present significant challenges, especially to extract

the fluid flow information. Techniques such as Laser Doppler Velocimetry (LDV), Par-

ticle Image Velocimetry (PIV) and Particle Tracking Velocimetry (PTV) require tracers

that need to be discriminated from the inertial particles. This can be achieved in LDV

by signal-processing schemes (Rogers & Eaton, 1991; Kulick et al., 1994), which are

relatively complicated and require careful adjustment (Balachandar & Eaton, 2010).

Moreover, single-point techniques as LDV cannot capture the flow structures and par-

ticle clusters that are essential in the dynamics, and as such they have been superseded

by whole-field methods, either by conventional or holographic imaging. Time-resolved

3D PTV (often termed Lagrangian Particle Tracking) has been successfully used to

investigate inertial particle acceleration (Ayyalasomayajula et al., 2006; Gerashchenko

et al., 2008; Volk et al., 2008), dispersion (Sabban & van Hout, 2011), relative veloc-

ity (Bewley et al., 2013; Saw et al., 2014), and collision rates (Bordás et al., 2013). A

limitation of this approach is the low particle concentration needed for unambiguous

stereo-matching from multiple cameras; this has prevented the volumetric investigation

of clustering. For the same reason, experimental studies where both inertial particles

and fluid tracers are captured in three dimensions are scarce, Guala et al. (2008) being a

rare exception. Two-dimensional (2D) imaging has proven capable of capturing inertial

particle distributions and velocities as well as the underlying flow field. Clustering has

been probed by 2D imaging since Fessler et al. (1994), and multiple approaches have

since been utilized to characterize concentration fields, as reviewed by Monchaux et al.
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(2012). To obtain two-phase measurements, the fluid tracers and inertial particles can

be discriminated based on their image size and intensity (Khalitov & Longmire, 2002)

and digital/optical filtering (Kiger & Pan, 2000; Poelma et al., 2007). The motion of the

continuous and dispersed phases is then characterized by PIV and PTV, respectively.

This approach has allowed the investigation of particle-turbulence interaction in wall-

bounded (Paris, 2001; Kiger & Pan, 2002; Khalitov & Longmire, 2003) and homogeneous

flows (Yang & Shy, 2003, 2005; Hwang & Eaton, 2006a; Poelma et al., 2007; Tanaka &

Eaton, 2010; Sahu et al., 2014, 2016). Many of these studies were obtained for relatively

large particles, for which significant loadings are obtained with limited number densities.

Sub-Kolmogorov particles are harder to discriminate from tracers, and the velocimetry of

the surrounding fluid is especially challenging in presence of clusters (Yang & Shy, 2005).

1.3 Motivation and Objectives

Due to the aforementioned difficulties in studying multiphase flows, there are still

many aspects of their dynamics physicists and engineers find obscure and uncertain.

The primary focus of the work in this thesis is to take an observational approach to

the statistically relevant dynamics of multiphase turbulence. Through our laboratory

observations, we have attempted to provide useful statistical analyses of two different

types of particle-laden turbulence that might help guide future scientists to better model

these flows and provide a springboard upon which experimentalists may launch their own

investigations. Specifically, we studied: (i) homogeneous turbulence laden with small

(sub-Kolmogorov) inertial particles; and (ii) falling plumes composed of microscopic

solid particles settling in otherwise quiescent air. In (i) the complexity of the inter-

phase coupling is driven by the turbulence in the carrier fluid, while in (ii) the dynamics

are driven by the collective momentum of the particles falling by gravity and dispersing

in the air. In the remainder of this dissertation:
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• Chapter 2 briefly presents the utility of producing homogeneous, isotropic turbu-

lence (HIT) in the lab; past lab setups used to investigate HIT; our design and a

brief characterization of our facility.

• In Chapter 3, we describe our experiments in a dilute-particle regime and our

observations.

• Chapter 4 describes our experiments on a denser particle-laden flow: settling par-

ticle plumes.

• Chapter 5 presents a final discussion of the analyses presented in the thesis and

perspectives for the future.



Chapter 2

On Generating Homogeneous

Turbulence

15
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Experimentation neccesitates the ability to know and/or control the parameters

of the experiment. With turbulent flows, any attempt to “control" them is daunting and

difficult. The experiments contained in the next chapter of this thesis center around

inertial particles in homogeneous turbulence with zero-mean flow. But why this parti-

clular configuration of the turbulent flow? Why build a new apparatus ourselves from

the ground up, instead of using the wonderful wind tunnel at Saint Anthony Falls Lab-

oratory, where we conducted these experiments? We are interested in measuring the

coupling between inertial particles and turbulence–the chaotic fluid fluctuating veloc-

ities, and the absence of a mean flow facilitates this in important ways. Turbulence

without a mean flow allows tracking fluid tracers with stationary cameras for a longer

period than if they were being advected along quickly by a strong mean flow. Previous

studies (Voth et al., 2002; Liberzon et al., 2005; Bourgoin et al., 2006) have used two fac-

ing counter-rotating impellers to generate von Karman flow–fully developed turbulence

with universal traits within a region of negligible mean flow. In our multiphase studies,

a lack of mean flow is important as the gravitational settling of particles in turbulence

can be measured more accurately (Yang & Shy, 2005; Good et al., 2014) as we can avoid

the problem of trying to measure small fall speeds hidden by large convection velocities

as one would obtain in a wind tunnel for example.

Homogeneous, isotropic turbulence (HIT) is an idealized version of turbulence

first introduced by Taylor (1935), useful for numerical and experimental studies due to

the fact that its features are well described by statistical theories (Bachelor, 1953; Kol-

mogorov, 1941; Davidson, 2015). In HIT, the average properties are independent of both

position and direction. It is traditionally approximated by grid turbulence (Comte-Bellot

& Corrsin, 1966; Mydlarski & Warhaft, 1996) in wind tunnels viewed from the frame of

reference of the mean flow, but the streamwise decay of turbulent kinetic energy and the

large mean flow are often undesirable features in certain experiments. These limitations
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led to the development of turbulence boxes and stirred tanks. These have ranged from us-

ing oscillating grids (McKenna & McGillis, 2004; Blum et al., 2010), the double-impeller

design (Voth et al., 2002; Worth & Nickels, 2011), to using loudspeakers or fans facing

radially inward to a central point (Hwang & Eaton, 2004; de Jong et al., 2009; Zimmer-

mann et al., 2010; Sahu et al., 2014; Chang et al., 2012; Dou et al., 2016). Common

to these designs however, is that the homogeneous regions produced are typically small,

and importantly are smaller than the integral length scale of the turbulence–the scale of

the largest eddies in the flow. Bellani & Variano (2014) commented that this is partic-

ularly detrimental when investigating particle-turbulence coupling where the dynamics

are influenced by the history along the particle trajectory and whatever dynamics being

measured could be due in part to the outer non-homogeneous region. Futhermore, such

small regions of turbulence prevent the development of the larger scales of turbulence,

which could have an important effect on the fluid-particle coupling themselves.

Variano et al. (2004) introduced and then qualified [(Variano & Cowen, 2008) a

stirred tank design using randomly and independently controlled jets. This freedom

allowed them to optimize the turbulence properties including achieving relatively high

Reynolds numbers and minmizing the mean flow. Also importantly, the region of ho-

mogeneous turbulence created is much larger than the integral length scales. Bellani &

Variano (2014) improved on their a single jet array design, by including two facing jet

arrays, which produced relatively homogeneous and isotropic turbulence in water.

Our facility

Inspired by their successes, we designed and built a novel turbulence box, with

the goal of creating a large volume of homogeneous air-turbulence with negligible mean

flow, shear and strain. Our facility, depicted in figure 2.1, consists of a 2.4× 2× 1.1m3

chamber, with optical access provided by the acrylic lateral walls and ceiling. Two facing
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jet arrays, able to slide within the chamber, consist of 256 total quasi-synthetic jets con-

trolled by individual solenoid valves (Mac Valves 35 Series, opening time 6 ms). These

are individually actuated by an IO system (cRio-9066, National Instruments) consist-

ing of eight 32-channel output modules embedded in a 667 MHz dual core controller.

The details of the apparatus, the turbulence generation and our the qualification of the

turbulence are detailed in Carter et al. (2016). The unladen flow properties were inves-

tigated in detail by Carter & Coletti (2017, 2018).

Using the jet firing sequence proposed by Variano & Cowen (2008), we obtain

approximately homogeneous turbulence with negligible mean flow and no shear over

a central region of 0.5 by 0.4 by 0.7 m3 in direction x, y and z, respectively (where

x is aligned with the jet axis and z is vertical). This is substantially larger than the

integral scale of the flow, allowing for the natural inter-scale energy transfer without

major effects of the boundary conditions. Importantly, this also means that the parti-

cles, remembering the flow they experience through the history term in their transport

equation (Maxey & Riley, 1983), are not affected by turbulence inhomogeneity. The

lack of mean flow (especially small in the vertical direction, (see Carter et al., 2016) is

beneficial for the unbiased measurement of the particle settling velocity. The properties

of the turbulence can be adjusted by varying the average jet firing time µon, the distance

between both jet arrays, and by adding grids in front of the jets. In the present study,

we keep the distance at 1.81 m and use a combination of firing times and grids that

force turbulence with a Taylor microscale Reynolds number Reλ ≈ 200− 500; the main

properties for the unladen flow are reported in table 3.1. These may be altered by the

presence of particles, although not dramatically in the considered range of particle types

and loadings, as we will discuss in §5. The flow is anisotropic at all scales, with more

intense velocity fluctuations in the x direction (Carter & Coletti, 2017). The fine-scale

structure and topology display all signature features of homogeneous turbulence (Carter

& Coletti, 2018).
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Figure 2.1: Isometric (a) and frontal (b) views of the turbulence chamber design. Photo
of the built apparatus (c) with close-ups on one jet array (d) and an individual nozzle
(e), and a rear view on an actuation valve (f). The chute visible in (a) and (b) is used
to introduce settling particles to the turbulent flow field in the chamber.



Chapter 3

Dynamics of Dilute Turbulent

Multiphase Flows

The contents of this chapter were published in the Journal of Fluid Mechanics in January,

2019 under the title “Experimental study of intertial particles clustering and settling in

homogeneous turbulence“, 864, 925-970. Reprinted with permission.
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The dynamics of particles carried by turbulent fluid flows are rich with fascinating

phenomena, even for the highly simplified case we consider: homogeneous incompressible

turbulence laden with a dilute concentration of spherical, non-Brownian particles smaller

than the Kolmogorov scale. Their behavior is especially complex when the particles are

inertial without being ballistic, i.e. their aerodynamic response time τp is comparable

to some relevant temporal scale of the flow. Several important effects observed in this

regime are summarized below, making no claim of being exhaustive. For more details

the reader is referred to recent reviews from Poelma & Ooms (2006), Balachandar &

Eaton (2010), and Gustavsson & Mehlig (2016).

Inertial particles do not distribute homogeneously in turbulent flows, favoring re-

gions of high strain and low vorticity (Maxey, 1987; Squires & Eaton, 1991). Such

preferential concentration is consistent with early observations of particles accumulating

outside the core of large-scale rollers and vortex rings in shear layers and jets (Lázaro &

Lasheras, 1989; Longmire & Eaton, 1992; Ishima et al., 1993), and has been attributed

to the action of vortices centrifuging the particles outside of their core (Eaton & Fessler,

1994). While this tendency is noticeable even for weakly inertial particles, it is most

intense when the Stokes number based on the Kolmogorov time scale (Stη = τp/τη) is

close to unity (Wang & Maxey, 1993). Such a result is understood as a consequence

of τη being the scale at which the highest vorticity occurs, and indeed particles with

Stη ≈ 1 were reported to form clusters scaling in Kolmogorov units (Kulick et al., 1994;

Aliseda et al., 2002). This interpretation also implies that more inertial particles should

cluster around eddies of larger turnover times, as was indeed shown by Yoshimoto &

Goto (2007) who reported multi-scale preferential concentration from the dissipative to

the inertial range. However, clustering of particles with Stη significantly larger than

unity display different features compared to less inertial ones (Bec et al., 2007), and

mechanisms other than the centrifuging effect have been proposed (Goto & Vassilicos,

2008; Bragg & Collins, 2014; Ireland et al., 2016a).
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An important effect of the particle inertia is that, as they depart from the fluid

streamlines, they may collide. The collision probability is a function of both the local

concentration and the relative velocity (Sundaram & Collins, 1997; Wang et al., 2000)

the latter being potentially large as particles approach each other from different flow

regions (Falkovich et al., 2002; Wilkinson & Mehlig, 2005; Bewley et al., 2013). When

the particles are liquid droplets, collisions can lead to breakup or coalescence, with im-

portant implications for, e.g., atmospheric clouds (Shaw, 2003) and spray combustion

(Jenny et al., 2012). Additionally, in the presence of gravity, the drift of heavy particles

crossing fluid trajectories decorrelates their motion from the turbulent fluctuations (Yu-

dine, 1959; Csanady, 1963), reducing the particle velocity autocorrelation and dispersion

coefficient (Reeks, 1977; Wells & Stock, 1983; Elghobashi & Truesdell, 1992; Squires &

Eatons, 1991).

Beside concentration effects, a major consequence of turbulence in particle-laden

flows is to alter the rate of gravitational settling. In their seminal work, Wang & Maxey

(1993) confirmed by direct numerical simulations (DNS) the ideas put forward by Maxey

(1987) using Gaussian flow simulations, and identified a mechanism by which inertial

particles with Stη = O(1) oversample downward regions of the turbulent eddies. This

process, referred to as preferential sweeping or fast-tracking, can lead to a significant

increase in mean fall speed compared to the expected terminal velocity in quiescent or

laminar fluids, W0 = τpg (g is the gravitational acceleration). Other mechanisms by

which turbulence may modify the settling velocity have been proposed, as reviewed by

Nielsen (1993) and Good et al. (2012). These include: vortex trapping, by which rel-

atively light particles are trapped in vortical orbits (Tooby et al., 1977); loitering, due

to fast-falling particles spending more time in updrafts than in downdrafts (Nielsen,

1993; Kawanisi & Shiozaki, 2008); and non-linear drag increase, which may reduce the

traveling speed of particles with significant Reynolds number based on their diameter

and slip velocity (Mei et al., 1991; Mei, 1994); all of these can lead to a decrease in
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mean fall speed, as opposed to preferential sweeping. Additionally, local hydrodynamic

interactions between particles were shown to increase fallspeed of bi-disperse suspensions

(Wang et al., 2007). While the conditions under which these mechanisms manifest are

not well-known, enhanced settling due to preferential sweeping appears to be prevalent

for sub-Kolmogorov particles with Stη = O(1) (Yang & Lei, 1998; Aliseda et al., 2002;

Yang & Shy, 2003; Dejoan & Monchaux, 2013; Good et al., 2014; Ireland et al., 2016b;

Rosa et al., 2016; Baker et al., 2017). Still, there is no consensus on which turbulence

scales are most relevant for this process.

Though several works reported settling enhancement by turbulence under simi-

lar flow conditions, its extent remains an open question. In numerical simulations, the

maximum increase of vertical velocity (which most authors found for Stη ≈ 1) varies

between studies, from about 0.1W0 to 0.9W0, or between 0.04u′ and 0.16u′, u′ being

the r.m.s. fluid velocity fluctuation (Wang & Maxey, 1993; Yang & Lei, 1998; Dejoan &

Monchaux, 2013; Bec et al., 2014a; Good et al., 2014; Baker et al., 2017). Laboratory

observations have shown unsatisfactory quantitative agreement with simulations, and

between each other. Aliseda et al. (2002) found strong increases in settling velocity of

spray droplets in grid turbulence, as high as 1.6W0 or 0.26u′ for their most dilute case.

Later, Yang & Shy (2003, 2005) reported much weaker settling enhancement for solid

particles in zero-mean-flow turbulence facilities. This led Bosse & Kleiser (2006), com-

paring their simulations to the results of both groups, to speculate on possible sources

of errors in the measurements of Aliseda et al. (2002). Good et al. (2012) also found

dramatic increases of spray droplet fall speed with turbulence, but this was amplified by

mean flow effects (Good et al., 2014). In a subsequent study, Good et al. (2014), using an

extensively tested zero-mean-flow apparatus and high-resolution imaging, found levels

of settling enhancement comparable with Aliseda et al. (2002). But they also showed

that point-particle DNS at matching conditions yielding only qualitative agreement with

the measurements. In a recent field study, Nemes et al. (2017) measured the fall speed
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of compact snowflakes by high-speed imaging. They estimated the Stokes number of

the observed snowflakes as Stη ≈ 0.1 − 0.4, and concluded that the settling velocity in

atmospheric turbulence was several times larger than the expected still-air fall speed.

An aspect of particle-laden turbulent flows in which our understanding is par-

ticularly incomplete is the backreaction of the dispersed phase on the fluid. There is

substantial evidence that particles can alter the turbulent fluctuations, but it is still de-

bated under which conditions these will be excited or inhibited (Balachandar & Eaton,

2010). Gore & Crowe (1991) argued that turbulence intensity is augmented/attenuated

by particles larger/smaller than one tenth of the integral scale. For fully developed tur-

bulence, this threshold concerns particles significantly larger than the Kolmogorov scale,

which will likely modify the turbulence by locally distorting energetic eddies. Hetsroni

(1989) proposed a criterion based on the particle Reynolds number Rep = dpUslip/ν

(where dp is the particle diameter, ν is the kinematic viscosity, and Uslip is the slip

velocity between both phases), predicting augmented and attenuated turbulence for

Rep > 400 and Rep < 100, respectively. These thresholds are also relevant to relatively

large particles. Elghobashi (1994) indicated that turbulence modification occurred when

the volume fraction φv is higher than approximately 10−6. In presence of preferential

concentration, however, the local volume fraction can be much higher than the mean,

enhancing collective effects within and around the clusters (Aliseda et al., 2002). More

recently, Huck et al. (2018) showed that by conditioning on the local volume fraction,

they could identify three regimes affecting settling velocity: the sparsest dominated by

the background flow, the intermediate concentrations suggesting preferential concentra-

tion effects, and the densest clusters triggering collective drag. Other parameters have

been found to be consequential, including the Stokes number and the particle-to-fluid

density ratio ρp/ρf , pointing to the multifaceted nature of the problem (Poelma et al.,

2007; Tanaka & Eaton, 2008). The question of turbulence augmentation versus attenua-

tion is complicated by the fact that the particle-fluid energy transfer is scale-dependent:
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several studies found that the presence of inertial particles increases the energy at small

scales and decreases it at large scales (Elghobashi & Truesdell, 1993; Boivin et al., 1998;

Sundaram & Collins, 1999; Ferrante & Elghobashi, 2003; Poelma et al., 2007). Gravi-

tational settling also contributes to the turbulence modification, as the falling particles

transfer their potential energy to the fluid (Yang & Shy, 2005; Hwang & Eaton, 2006b;

Frankel et al., 2016).

In this chapter we present the results of an extensive measurement campaign in

which sub-Kolmogorov solid particles settle in homogeneous air turbulence created in a

zero-mean-flow chamber. Planar imaging at various resolutions is used to probe both

dispersed and continuous phases over a wide range of scales, providing insight into several

of the outstanding questions discussed above.

3.1 The Experiment

3.1.1 Flow and Inertial Paricle Properties

All experiments were carried out in the turbulence box descirbed in chapter 2.

In the present study, we kept the jet spacing at 1.81 m and used a combination of fir-

ing times and grids that forced turbulence with a Taylor microscale Reynolds number

Reλ ≈ 200 − 500; the main properties for the unladen flow are reported in table 3.1.

These may be altered by the presence of particles, although not dramatically in the

considered range of particle types and loadings, as we will discuss in section 3.4.

The chamber ceiling is provided with a circular opening (15.2 cm in diameter)

connected to a 3 m vertical chute, through which solid particles were introduced at a

steady rate using an AccuRate dry material feeder. The feeding rate was adjusted to

produce different volume fractions in the chamber. The particles interacted with the

turbulence for at least 0.7 m before entering the field-of-view. At typical settling rates

and depending on the particle types, this corresponds to between tens and hundreds of
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Grids µon [s] u′ [ms−1] u′x/u
′
z L [mm] η [mm] τη [ms] Reλ

yes .4 0.34 1.41 73 0.34 7.5 200
yes 10. 0.51 1.72 100 0.28 4.9 300
no .2 0.59 1.41 90 0.27 4.8 300
no .4 0.67 1.46 99 0.24 3.8 360
no 3.2 0.73 1.72 140 0.24 3.6 500
no 10. 0.76 1.67 146 0.24 3.6 500

Table 3.1: Unladen turbulence statistics for the configurations in this study. The r.m.s.
velocity u′ and the longitudinal integral scale L are based on a weighted average between
the x and z directions. The Kolmogorov length scale η = (ν3/ε)1/4 and time scale τη =
(ν/ε)1/2 are based on estimates of the dissipation rate ε from the 2nd order transverse
structure functions. For further details Carter et al. (see 2016)

integral time scales of the turbulence-corroborating our observation that the particles

spread throughout the chamber quickly upon entering it. We use several types of par-

ticles: soda-lime glass beads of various sizes (Mo-Sci Corp.), lycopodium spores (Flinn

Scientific, Inc.), and glass bubbles (The 3M Company), all with a high degree of spheric-

ity as verified by optical microscopy. The properties of the considered particle types are

listed in table 3.2. The aerodynamic response time was iteratively calculated with the

Schiller & Naumann correction (Clift et al., 2005):

τp =
ρpd

2
p

18µ(1 + 0.15Re0.687p,0 )
(3.1)

where µ is the air dynamic viscosity, ρp and dp are the particle density and mean diam-

eter, and Rep,0 = dpW0/ν is the particle Reynolds number based on the still-air settling

velocity.

3.1.2 Measurement techniques

All measurements were performed along the x−z symmetry plane, using the same

hardware as in Carter et al. (2016) and Carter & Coletti (2017, 2018). The air flow was
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dp[µm] material ρp [kg/cm3] τp [ms] Rep,0

91± 11 glass bubbles 100 1.7 0.10
30± 2 lycopodium 1200 3.1 0.06
32± 7 glass 2500 7.4 0.15

52± 6.1 glass 2500 17 0.56
96± 11 glass 2500 47 3.26

Table 3.2: Particle properties. The diameters dp are listed in mean ± standard deviation.

seeded with 1− 2 µm DEHS (di-ethyl-hexyl-sebacate) droplets, which are small enough

to faithfully trace the air motion without altering the particle transport. The imaging

system consisted of a dual-head Nd:YAG laser (532 nm wavelength, 200 mJ/pulse) syn-

chronized with a 4 Megapixel, 12-bit CCD camera. To capture the wide range of spatial

scales, we performed measurements using Nikon lenses with focal lengths of 50, 105, and

200 mm, yielding a range of fields of view (FOV) and resolutions reported in table 3.3.

The laser pulse separation, chosen as a compromise to capture the in-plane motion of

both flow tracers and inertial particles, ranged between 110µs (to image the heavier par-

ticles in the smaller FOV and stronger turbulence) and 850 µs (for the lighter particles

in the larger FOV in weaker turbulence). For all measurements the typical displacement

of both tracers and inertial particles was approximately 5 pixels. For the inertial parti-

cles this corresponds to 1 visual particle diameter on average. The sampling frequency

was 7.25 Hz, which provided approximately uncorrelated realizations (given the typical

large-eddy turnover time between 0.1 and 0.2 s). For most experiments, 2000 image

pairs were recorded. For the cases with highest loading, the finite supply of particles in

the screw-feeder limited the recordings to 1000 – 1500 image pairs. Because those cases

also had the highest number of particles per image (and do not allow accurate fluid mea-

surements), the statistical convergence of the reported quantities was not significantly

altered.

The two-phase flow images were used to perform simultaneous PIV on the tracers

and PTV on the inertial particles. After subtracting a pixel-wise minimum intensity
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background from each image, both phases were separated via an algorithm inspired by

Khalitov & Longmire (2002). We set all pixels below a threshold intensity to zero, which

we choose based on a visual inspection of each individual case. Contiguous groups of non-

zero pixels were identified and labeled as either tracers or inertial particles contingent

on their position in a size-intensity map. Pixels belonging to inertial particles were sub-

tracted and substituted with a Gaussian noise of the same mean and standard deviation

as the corresponding image. The resulting tracer-only images were then processed via a

cross-correlation PIV algorithm with iterative window offset and deformation, applying

one refinement step and 50% overlap (Nemes et al., 2015). A Gaussian fitting function

was used to determine sub-pixel displacements. Tests on synthetic images confirmed that

the cross-correlation algorithm accurately predicts tracer displacements within ±0.1 pix-

els when their images are 2–3 pixels in size, representative of our small-FOV recordings.

For the large and intermediate FOV, moderate peak-locking is present in the distribution

of particle displacements. This only marginally affects the fluid statistics in the present

zero-mean-flow configuration, since the entire range of pixel displacement is associated

with the turbulent motion (Carter et al., 2016). PIV vector validation is based on signal-

to-noise ratio and deviation from the median of the neighboring vectors (Westerweel &

Scarano, 2005). Non-valid vector percentages varied between experiments depending on

camera resolution and inertial particle volume fraction. While most runs had fewer than

8% of vectors rejected, the cases with higher particle concentration had 15–18% rejected

fluid velocity vectors. This is due to the background noise from light scattered by the

ensemble of the inertial particles, rather than to the removal of individual particle images

from local interrogation windows. Indeed for the present cases, no statistical correlation

was found between the location of non-valid vectors and the inertial particle position,

except for the most highly concentrated cases where we do not attempt to extract fluid

information. The dominant source of uncertainty on the flow statistics was the finite

sample size, yielding typical uncertainties of 3% for mean velocity measurements and



Dynamics of Dilute Turbulent Multiphase Flows 29

Focal Field of view Field of view Resolution PIV vector PIV vector
length (mm) (cm2) (L2

L,1) (pix/mm) spacing (mm) spacing (η)

50 302 22 − 3.32 6 N/A N/A
105 12.52 0.82 − 1.62 15 0.88− 1.77 3.3− 7.4
200 4.52 0.32 − 0.62 40 0.33− 0.61 1.1− 2.6

Table 3.3: Imaging parameters obtained with the CCD camera (2048 by 2048 pixels, 7.4
µm pixel size) when mounting the different lenses. The large FOV with the 50 mm lens
is not used for PIV.

5% for root mean square (r.m.s.) velocity fluctuations (Bendat & Piersol, 2011).

The objects labeled as inertial particles were moved to a blank image and tracked

via an in-house PTV algorithm. This is based on the cross-correlation approach (Ohmi

& Li, 2000; Hassan et al., 1992), although our version uses the full 12-bit pixel intensity

information rather than the binarized image. The algorithm searches for a matching ob-

ject within a specified radius around each particle centroid, maximizing the correlation

coefficient between the image pairs. It performs well even with multiple neighboring

particles, since the local distribution pattern remains similar in the image pair. Mild

peak-locking is present in the large-FOV recordings of the smaller particles; however,

as in the PIV of the tracers, the zero-mean-flow configuration limits the impact on the

measured statistics. The process of phase separation is illustrated in figure 3.1, where a

sample image is shown along with the resulting fluctuating velocity of flow tracers and

inertial particles from PIV and PTV, respectively.

An advantage of the cross-correlation PTV approach is that its accuracy is weakly

affected by the uncertainty in locating the object centroid. The latter will, however,

affect the measurement of the particle spatial distribution, which is of interest in our

study. We used different methods for locating the centroid, depending on the imaging

conditions. For the larger FOV, the inertial particles cover typically 3 – 4 non-saturated

pixels and a standard three-point Gaussian fit was appropriate. For the intermediate and

small FOV, the particle images were larger and sometimes saturated. In these cases, we
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(b)

(d) (e)(c)

(a)

Figure 3.1: Image processing procedure for PIV/PTV measurements of tracer and parti-
cle motion: (a) raw image, (b) inset of raw image, (c) particle-only image, (d) tracer-only
image, (e) resulting fluctuating fluid and particle velocity vectors.
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used a least-squares Gaussian fit: for each object, a circular particle image of equivalent

size is generated, following a Gaussian spatial distribution centered on the center-of-

mass of the original object (the weights being the pixel intensities). The position of

the circular particle was then fitted to the original particle through a two-dimensional

least-squares regression, yielding the sub-pixel centroid. The accuracy of both the three-

point and least-squares methods has been tested on synthetic particle images with and

without saturation. The least-squares method is more computationally expensive but

more accurate, with an average error of 0.12 pixels in locating the centroid of saturated

particles, against 0.45 pixels for the three-point fit. Importantly, the spatial distribution

of particle count presented significant inhomogeneities only over the largest FOV, as

shown in figure 3.2 for a representative case, which is due to the somewhat uneven laser

illumination at those scales. This allowed us to compute particle statistics via space-time

ensemble-averages over the full window, without the need of compensating for spatial

gradients (Sumbekova et al., 2017).

Using our particle identification methods, we also are able to estimate the volume

fraction φv, by counting the number of particles in the field of view and comparing their

total volume with the illuminated volume. Even at the higher loading considered, the

average inter-particle distance was at least ∼1 mm, which is larger than the particle

image. Due to clustering, particles may be found much closer to each other, preventing

their individual identification. However, intense clustering usually pertains to a limited

fraction of the particle set (Baker et al., 2017), and thus the number of undetected ones is

expected to be relatively small. Yang & Shy (2005) and recently Sahu et al. (2014, 2016)

carried out experiments in similar conditions and used the same approach to estimate

φv. This method has proven robust also in our recent study of a particle-laden channel

flow, in which we imaged 50 µm glass beads at φv = O(10−5) with a similar PIV system

(Coletti et al., 2016; Nemes et al., 2016). In that case the imaging-based volume fraction

agreed to within 12–15% the value obtained from the amount of particles accumulated



Dynamics of Dilute Turbulent Multiphase Flows 32

(a) (b) (c)

Figure 3.2: Particle counts for example fields of view.

in the exit plenum during a given run time.

3.1.3 Voronoï tessellation and cluster identification

To analyze the spatial distribution and concentration of the inertial particles, and

in particular the properties of discrete clusters, we made use of the Voronoï diagram

method (Monchaux et al., 2010). This approach divides the domain (in this case, the

two-dimensional image) into a tessellation of cells associated to individual particles, each

cell containing the set of points closer to that particle than to any other. The inverse of

the area A of each cell equals the local particle concentration, C = 1/A. The method

has been used to analyze particle-laden turbulent flows in both experimental (Obligado

et al., 2014; Rabencov & van Hout, 2015; Sumbekova et al., 2017) and numerical studies

(Tagawa et al., 2012; Kidanemariam et al., 2013; Dejoan & Monchaux, 2013; Zamansky

et al., 2016; Frankel et al., 2016; Baker et al., 2017; Monchaux & Dejoan, 2017). Figure

3.3a shows the Voronoï tessellation for one small-FOV realization, and a representa-

tive probability density function (PDF) of cell areas normalized by the mean value 〈A〉
is plotted in figure 3.3b. (Here and in the following, angle brackets denote ensemble-

average.) As typical for clustered particle fields, the observed PDF is much wider than

that of a random Poisson process, which follows a Γ distribution (Ferenc & Néda, 2007).
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Figure 3.3c shows the centered and normalized PDFs of the logarithm of the Voronoï

cell areas for all our experiments, indicating a reasonable collapse that emphasizes their

quasi-lognormality. This behavior has been exploited to characterize the particle distri-

bution by a single parameter, the standard deviation σA (Monchaux et al., 2010).

The value A∗, below which the probability of finding sub-average cell areas is

higher than in a Poisson process, is usually taken as the threshold for particles to be

considered clustered (Monchaux et al. 2010, Rabencov & van Hout 2015, Sumbekova et

al. 2017, among others). Individual clusters were then defined as connected groups of

such particles, as shown in figure 3.3a. To avoid spurious edge effects, we applied the

additional constraint that the area of all neighboring cells are also smaller than A∗ (a

condition first introduced by Zamansky et al. (2016). Figure 3.3d shows the PDFs of

cluster areas AC for a representative case, obtained with and without this latter condi-

tion. Such a condition separates objects connected by only one Voronoi cell. The edge

effect produces ripples in the distribution without the neighbor cell condition, indicating

that certain cluster sizes are unlikely to occur, possibly due to the coagulation of neigh-

boring connected objects; the application of the neighboring cell condition removes this

artifact. This allowed us to isolate very small clusters and to separate artificially large

ones; hence the apparent shift in the area PDF.

Following Baker et al. (2017), we use the Voronoï diagram method to identify indi-

vidual clusters, focusing on those sufficiently large to exhibit a scale-invariant structure.

Figure 3.3e displays, for the same case as in figure 3.3d, the scatter plot of cluster perime-

ters (PC) versus the square root of their areas (A1/2
C ). (We refer to ‘cluster perimeter’

and ‘cluster area’, although these are strictly properties of the connected set of Voronoï

cells associated to the particles in each cluster, rather than to the cluster itself). For

small clusters, the data points follow a power law with exponent ∼1 as expected for

regular two-dimensional objects, while for larger ones the exponent is approximately

1.4, indicating a convoluted structure of the cluster borders. This trend, common to all
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our experiments, was observed in several previous studies (e.g., Monchaux et al., 2010;

Rabencov & van Hout, 2015; Baker et al., 2017) using Voronoï tessellation, and earlier

Aliseda et al. (2002) using box-counting), and is consistent with the view of inertial

particle clusters as fractal sets (Bec, 2003; Bec et al., 2007; Calzavarini et al., 2008),

although it must be remarked that this latter feature was shown to be associated to the

dissipative scales. The minimum size for the emergence of fractal clustering is difficult

to identify precisely in figure 3.3e; however, as shown by Baker et al. (2017), this also

corresponds to the emergence of self-similarity of the cluster sizes, as indicated by the

power-law decay in their size distribution. This threshold can be located with more

confidence in figure 3.3d (dashed line); it is taken as the condition for a cluster to be “co-

herent”, i.e. associated to the coherent motions in the underlying turbulent field rather

than by accidental particle proximity (Baker et al., 2017).

3.1.4 Parameter space

Table 3.4 reports the main physical parameters and imaging resolution for all ex-

perimental runs, 57 in total. Not all cases are used for all types of analysis: for example,

the glass bubbles are very light and do not allow sufficiently accurate measurements of

the settling velocity, while the 100 µm glass beads do not disperse homogeneously enough

to perform clustering analysis. The importance of particle weight is characterized by the

settling parameter Svη = W0/uη, where uη = η/τη is the Kolmogorov velocity. Since

both small-scale and large-scale eddies are consequential for the settling process, a defi-

nition based on the r.m.s. fluid velocity fluctuation, SvL = W0/u
′, is also relevant (Good

et al., 2014). The Froude number Fr = Stη/Svη is also often used in literature, and

is reported in table 4 for completeness. From a comparison with previous studies, we

expect the turbulence to induce significant clustering and settling modification, and the

particles to possibly modify the turbulence at the higher volume fractions. We remark

that, as in any laboratory study with a fixed gravitational acceleration, varying only one
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(a) (b)

(c) (d) (e)

Figure 3.3: (a) Example Voronoï tessellation with connected sets of Voronoï cells below
the area threshold colored. (b) Example Voronoï area PDF shows clear departure from
random Poisson distribution indicating the presence of clusters and voids for a case with
Stη = 3.2. (c) All PDFs of log(A), centered at the mean and normalized by the standard
deviation. The black dotted line shows a normal distribution with variance = 1. (d)
PDF of a sample case, with (purple circles) and without (black dashes) the neighboring
cell condition. (e) Scatter plot of cluster perimeter and square root of its area (same
case as in (d)).
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parameter at a time is not feasible. For example, increasing Stη by using heavier parti-

cles leads to higher Svη, unless Reλ is also adjusted. Likewise, varying φv may modify

the turbulence properties, and therefore the effective values of the other parameters.

Therefore, throughout the paper we will often show the simultaneous dependence of the

observables with multiple parameters.

Case material Reλ dp/η Stη Svη SvL Fr φv φm

1 glass 500 0.52 20.8 5.6 0.59 3.7 5.5e-5 1.0e-1

2 glass 500 0.43 14.7 6.5 0.66 2.3 2.6e-6 5.3e-3

3 glass 300 0.43 14.0 6.8 0.77 2.1 3.4e-5 6.9e-2

4 glass 500 0.42 14.0 6.7 0.66 2.1 2.5e-6 5.2e-3

5 glass 500 0.40 12.4 7.1 0.63 1.8 1.5e-5 3.1e-2

6 glass 500 0.40 12.4 7.1 0.63 1.8 1.6e-5 3.7e-2

7 glass 300 0.40 12.5 7.1 0.90 1.8 1.6e-6 3.4e-3

8 glass 300 0.39 12.0 7.2 0.86 1.7 1.7e-6 3.8e-3

9 glass 300 0.35 9.8 8.0 0.77 1.2 1.7e-5 3.5e-2

10 glass 500 0.26 6.5 2.3 0.24 2.9 6.5e-6 1.3e-2

11 glass 500 0.26 6.6 2.3 0.23 2.7 3.2e-7 6.5e-4

12 glass 400 0.26 6.4 2.3 0.26 2.8 2.4e-7 4.9e-4

13 glass 500 0.24 5.8 2.3 0.23 2.5 1.2e-6 2.4e-3

14 glass 500 0.24 5.4 2.4 0.24 2.2 9.5e-7 1.9e-3

15 glass 500 0.23 5.2 2.5 0.23 2.1 1.4e-6 2.8e-3

16 glass 500 0.23 5.1 2.6 0.25 2.0 1.4e-7 2.9e-4

17 glass 300 0.23 5.1 2.5 0.30 2.0 3.6e-7 7.4e-4

18 glass 300 0.23 4.9 2.6 0.31 1.9 2.2e-5 4.6e-2

19 glass 500 0.22 4.6 2.6 0.23 1.8 2.3e-6 4.8e-3

continued on next page
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Table 3.4 – continued

Case material Reλ dp/η Stη Svη SvL Fr φv φm

20 glass 500 0.22 4.6 2.6 0.23 1.8 6.6e-7 1.3e-3

21 glass 500 0.22 4.6 2.6 0.23 1.8 2.8e-5 5.7e-2

22 glass 500 0.21 4.4 2.7 0.26 1.7 3.1e-6 6.3e-3

23 glass 300 0.21 4.2 2.7 0.34 1.5 2.3e-6 4.8e-3

24 glass 300 0.21 4.6 2.6 0.28 1.7 1.8e-6 3.8e-3

25 glass 500 0.20 4.1 2.7 0.30 1.5 6.6e-8 1.4e-4

26 glass 300 0.20 4.1 2.8 0.34 1.5 1.0e-6 2.0e-3

27 glass 300 0.19 3.6 2.9 0.29 1.2 6.5e-6 1.3e-2

28 glass 300 0.19 3.6 2.9 0.29 1.2 3.8e-6 7.8e-3

29 glass 300 0.19 3.2 3.3 0.38 1.0 2.3e-7 4.7e-4

30 glass 300 0.18 3.3 3.0 0.39 1.0 1.6e-7 3.2e-4

31 glass 500 0.15 2.8 1.0 0.10 2.9 4.8e-7 9.8e-4

32 glass 500 0.15 3.2 0.90 0.10 3.5 3.0e-7 6.2e-4

33 glass 500 0.15 2.9 1.0 0.10 3.0 4.4e-8 9.0e-5

34 glass 300 0.14 2.4 1.1 0.13 2.2 8.0e-8 1.6e-4

35 glass 500 0.13 2.4 1.0 0.10 2.3 8.0e-8 1.6e-4

36 glass 300 0.13 2.2 1.1 0.13 2.0 4.2e-7 8.5e-4

37 glass 500 0.12 2.0 1.1 0.10 1.8 5.8e-7 1.2e-3

38 glass 500 0.12 2.0 1.1 0.10 1.8 2.7e-8 5.0e-5

39 glass 500 0.12 2.0 1.1 0.10 1.8 2.6e-6 5.3e-3

40 glass 500 0.12 2.0 1.1 0.10 1.8 1.2e-7 2.4e-4

41 glass 300 0.12 2.0 1.1 0.13 1.7 6.3e-7 1.3e-3

42 glass 300 0.12 1.8 1.2 0.14 1.6 8.4e-7 1.7e-3

43 glass 300 0.11 1.6 1.3 0.12 1.2 7.8e-7 1.6e-3

continued on next page
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Table 3.4 – continued

Case material Reλ dp/η Stη Svη SvL Fr φv φm

44 glass 300 0.11 1.7 1.2 0.14 1.4 8.8e-7 1.8e-3

45 glass 300 0.11 1.7 1.2 0.15 1.4 1.4e-7 2.8e-4

46 glass 300 0.11 1.6 1.3 0.12 1.2 2.1e-6 4.4e-3

47 glass 300 0.11 1.8 1.2 0.14 1.5 6.5e-8 1.3e-4

48 glass 300 0.11 1.6 1.3 0.13 1.2 6.7e-8 1.4e-4

49 glass 300 0.11 1.7 1.2 0.14 1.4 1.3e-7 2.7e-4

50 glass 200 0.09 1.1 1.6 0.22 0.73 1.2e-7 2.4e-4

51 lycopodium 500 0.12 0.80 0.46 0.04 1.8 5.4e-7 5.3e-4

52 lycopodium 500 0.12 0.80 0.46 0.04 1.8 8.6e-8 8.0e-5

53 lycopodium 300 0.12 0.75 0.48 0.06 1.6 1.6e-7 5.0e-4

54 lycopodium 300 0.11 0.63 0.51 0.05 1.2 9.4e-6 9.2e-3

55 lycopodium 300 0.11 0.63 0.51 0.05 1.2 6.0e-7 5.9e-4

56 lycopodium 300 0.11 0.63 0.51 0.05 1.2 1.9e-7 1.8e-4

57 glass bubbles 300 0.34 0.37 0.30 0.03 1.2 3.4e-5 2.7e-3

Table 3.4: Main experimental parameters for all considered cases, ordered in decreasing
particle Stokers number Stη.

3.2 Particle spatial distribution

3.2.1 Clustering analysis

In this section we explore the spatial structure of the inertial particle fields and the

length scales over which clustering occurs. In the literature this has been characterized

by two main tools: the radial distribution function (RDF ) and, more recently, Voronoï

tessellation. Both methods provide different and complementary information—we apply

them both for a comprehensive description.
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The RDF describes the scale-by-scale concentration in the space surrounding a

generic particle, compared to a uniform distribution. For 2D distributions such as those

obtained by planar imaging, this is defined as:

g(r) =
Nr/Ar
N/Atot

(3.2)

where Nr represents the number of particles within an annulus of area Ar, while N

is the total number of particles within the planar domain of area Atot. In presence of

clustering, the RDF is expected to increase for decreasing r, and the range over which it

remains greater than unity indicates the length scale over which clustering occurs (e.g.,

Sundaram & Collins, 1997; Reade & Collins, 2000; Wood et al., 2005; Saw et al., 2008;

de Jong et al., 2010; Ireland et al., 2016a,b). We compute RDFs by binning particle

pairs based on their separation distance. To avoid projection biases at separations be-

low the illuminated volume thickness (Holtzer & Collins, 2002), we only calculate g(r)

for r > 1.5 mm. As noted by de Jong et al. (2010), imaging-based RDF measurements

are sensitive to the size and shape of the observation region, and some sort of edge-

correction strategy is needed for particles near the image boundaries. One can omit

statistics for radial annuli that cross the image boundary, but this approach has two

shortcomings: the maximum separation becomes limited to the radius of the domain-

inscribed circle; and the number of particle pairs per unit area used to calculate the

RDF decreases as the separation increases. Both effects combine to thwart the reliable

assessment of large-scale clustering. Indeed, past RDF measurements at distances O(L)

in flows with wide scale separation were obtained using single-point probes and invoking

Taylor’s hypothesis (Saw et al., 2008, 2012; Bateson & Aliseda, 2012). Here, following

de Jong et al. (2010), we leverage the spatial homogeneity of our fields and apply a

periodic-domain correction: the particle field is mirrored across the image boundaries,

so that the same number of radial annuli can be used for each particle location, yielding
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a maximum separation equal to the full size of the FOV. Although this assumption intro-

duces unphysical correlations between particles near the reflected boundaries, numerical

experiments using DNS showed the associated error to be small (Salazar et al., 2008).

Due to the large range of scale separation (L/η ∼ O(103), L/dp ∼ O(104 − 105))

it is not feasible to simultaneously resolve all scales at play, and thus the small-FOV

and large-FOV imaging will suffer from large-scale and small-scale cutoffs, respectively.

Comparing the different FOVs, however, provides quantitative information over a wide

range of scales. Figure 3.4a) shows examples from the small-FOV measurements. At

small separations, several authors have found satisfactory fit to the data using a power

law, which indicates a self-similar spatial distribution (Chun et al., 2005; Salazar et al.,

2008; Zaichik & Alipchenkov, 2009; Ireland et al., 2016a,b):

g(r/η) = c0(r/η)−c1 (3.3)

where c0 and c1 are coefficients dependent on Stη (and, in presence of gravity, Svη).

While theoretical arguments consistent with this formulation strictly apply for dissipative

separations (r/η < 1,Chun et al. (2005), Saw et al. (2008) argued that the power-law

form should continue into the correlation scale of the velocity gradients (r/η = O(10)).

In figure 3.4a) we see indeed that RDFs closely follow a power-law decay up to r/η ≈ 40

for Stη close to unity. The departure from the power law at larger separations indicate

the particle set is not self-similar at those scales (Bragg et al., 2015). We evaluate

the coefficients c0 and c1 by least-square fit over the range 10 < r/η < 30, and plot

them in figure 5b and 5c as a function of Stη. The error bars for the coefficients come

from the covariance matrix of the fit. The results, which are only weakly sensitive to

varying the fit upper bound between r/η = 20 and 40, display the higher values in the

approximate range 1.5 < Stη < 4. This confirms that particles with Stokes number O(1)

display the stronger degree of clustering over the near-dissipative range. However, the

most intense clustering occurs for Stη > 1, possibly because of the significant effect of
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gravitational settling as discussed below. The trend and values are in fair quantitative

agreement with the DNS of Ireland et al. (2016b) in similar conditions. The c1 coefficient

is related to the correlation dimension used in dynamical system theory (Bec et al., 2008),

D2 = n−c1, where the number of spatial dimensions is n = 2 for our planar realizations.

Figure 5d plots D2 for the different cases, showing trends and values consistent with the

channel flow experiments by Fessler et al. (1994) and the grid turbulence experiments

by Monchaux et al. (2010, 2012). For increasing particle inertia, one expects a loss of

spatial correlation as the particle response time grows beyond the fine turbulent scales.

Although the present range does not extend to very large Stη, we note that the return to

a homogeneous distribution appears slow. Recent numerical studies compared settling

and non-settling conditions, and concluded that gravity hinders clustering for Stη < 1

but enhances it for Stη > 1, resulting in significant clustering over a wide range of Stokes

numbers (Bec et al., 2014b; Gustavsson et al., 2014; Ireland et al., 2016b; Matsude et al.,

2017; Baker et al., 2017). Ireland et al. (2016b) attributed this behavior to the competing

effects of the particle path history and preferential flow sampling. Sahu et al. (2016)

measured RDFs for spray droplets and also noticed an increasing tendency to cluster for

increasing Stη (although their range was very close to unity).

The large-FOV measurements allow us to probe the spatial distribution over much

greater scales. Figure 3.5a clearly indicates that considerable clustering occurs over

lengths O(L). For a quantitative assessment, we consider the original power-law model

proposed by Reade & Collins (2000):

g(r/η)− 1 = c∗0(r/η)−c
∗
1e−c

∗
2r/η (3.4)

which, unlike eq. 3.3, does recover the return to unity at large separations. The excellent

fit to the data over the entire window confirms the observation made by Reade & Collins

(2000), that the RDFs of preferentially concentrated particles have a power-law decay
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(b) (c) (d)

(a)

Figure 3.4: (a) Example RDFs where symbols represent the calculated RDFs and dashed
lines their fits according to equation 3.3. (b) and (c) show the fitted values versus Stη,
and (d) shows the value of the correlation dimension.

at small scales and an exponential tail at large scales. Figure 3.5b,c,d display the least-

square-fit coefficients as a function of Stη. The c∗2 coefficient decreases as Stη increases,

implying a greater spatial extent of clustering for the more inertial particles. This may

be due to the more inertial particles responding to larger time scales of the turbulence,

and to the influence of gravitational settling as mentioned above. The length scale of

the large-scale clustering can be estimated from the exponential decay as η/c2, which

for Stη > 1 is about 300η − 400η, close to the integral scale of the turbulence. Taken

together, these results confirm that clustering can extend over larger scales for heavier

particles. This is in agreement with the conceptual picture of Goto & Vassilicos (2006)

and Yoshimoto & Goto (2007) and the simulations of Bec et al. (2010) and Ireland et al.

(2016a,b), which showed that particles of Stη > 1 respond to eddies in the inertial range.

However, as we will reiterate in the next sub-section, the present results indicate that

some level of clustering may extend even beyond, approaching the integral scales.
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(a)

(b) (c) (d)

Figure 3.5: (a) Example RDFs where symbols represent the calculated RDFs and dashed
lines their fits according to equation 3.4. (b), (c) and (d) show the fitted coefficients
versus Stη.

The degree of clustering can also be evaluated from the Voronoï diagrams. We

remark that the type of information provided by this method is somewhat different

than the RDF. The latter is strictly a two-particle quantity, while the shape and size

of the Voronoi cells result from the mutual position of multiple particles. Therefore,

we looked for an insight complementary to our RDF results. In figure 3.6a we plot the

standard deviation of the Voronoï cell areas σA as a function of the Stokes number,

normalizing it by the expected value for particles distributed according to a random

Poisson process, σRPP ≈ 0.53 (Monchaux et al., 2010). As a general trend, cluster-

ing is most pronounced for particles of Stη ≈ 1, in agreement with previous studies

(Monchaux et al., 2010; Tagawa et al., 2012; Dejoan & Monchaux, 2013; Monchaux &

Dejoan, 2017). However, the significant scatter suggests that other parameters may also

play a role. Indeed, in their grid turbulence study, Sumbekova et al. (2017) found that

σA was strongly dependent on Reλ, moderately on φv, and negligibly on Stη. While
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the considerable degree of polydispersity in their experiments may have influenced such

conclusion, their results convincingly indicated that clustering is affected by a range of

turbulent scales, whose breadth is controlled by Reλ. Moreover, as pointed out by Baker

et al. (2017), σA is not only a function of the concentration of the clustered particles,

but also of the size and distribution of the voids, and the latter are strongly influenced

by the inertial and integral scales of the turbulence (Yoshimoto & Goto, 2007).

The decrease in σA for Stη > 1 is mild. Since increasing Stη also implies in-

creasing Svη, this again suggests that, in this range, gravitational settling may enhance

clustering. This idea is supported by figure 3.6b, showing the fraction of particles be-

longing to coherent clusters (according to the definition in §2.3) plotted versus σA. A

clear correlation is visible, indicating that the number of clustered particles, Nc, is is

similarly affected by the physical parameters. The values are possibly underestimated

because particles in highly concentrated regions are more likely to be overshadowed by

neighboring particles and go undetected. Still, the results are in fair agreement with the

DNS of Baker et al. (2017), where less than 3% of the particles with Stη < 1 belonged

to coherent clusters, with the percentage increasing up to 14% for Stη = O(10). There-

fore, the more inertial (and faster falling) particles are more likely to belong to clusters;

or, equivalently, they tend to form clusters that are more numerous, larger, or denser.

The question of the cluster size and the concentration within them is addressed in the

following section.

3.2.2 Individual clusters

The multi-scale nature of the clustering process is reflected in the features of the

individual clusters. Figure 3.7 shows several sample clusters from various instantaneous

realizations, as captured by the large-FOV measurements and identified by the Voronoi

diagram method, illustrating the variety of sizes and complex shapes of these objects.

Some of them are even larger than the integral scales of the flow, often exceeding the
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(a) (b)

Figure 3.6: Two qualifications of clustering intensity using the Voronoï tessellation
method: (a) σA/σRPP representing departure from a random particle distribution ver-
sus Stokes number. (b) Fraction of inertial particles belonging to coherent clusters as a
function of normalized σA/σRPP .

limits of the imaging window. Their borders are jagged and convoluted, and their

bodies non-simply connected. In the following, we provide quantitative support to these

observations. We stress that the objects captured by 2D imaging are cross-section of 3D

clusters; this naturally conditions our ability to assess their topology. Such limitation,

however, is not expected to overshadow the main conclusions of the analysis.

Figure 3.8 shows the PDF of the areas AC of the clusters, coherent and not, distin-

guishing between measurements obtained over the small, intermediate, and large FOV.

In agreement with Sumbekova et al. (2017) and Baker et al. (2017), most cases display

a power-law behavior over several decades, suggesting a self-similar hierarchy of struc-

tures, possibly associated to the scale-invariant properties of the underlying turbulent

field (Moisy & Jiménez, 2004; Goto & Vassilicos, 2006). The data is consistent with

the previously suggested values of −2 and −5/3 for the power-law exponent for planar

measurements (Monchaux et al., 2010; Obligado et al., 2014; Sumbekova et al., 2017).

As expected, the spatial resolution influenced the size distributions. The small

FOV is affected by a cut-off at large scales. At small scales, the limited resolution in

the large FOV makes particles more likely to go undetected due to the glare of their
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g

10 cm

Figure 3.7: Example clusters for the cases Stη = 1.6 and 4.6 imaged in the large FOV,
highlighting the wide variety of sizes and shapes.

neighbors, reducing the probability of finding small clusters. The latter effect can partly

explain why the area threshold for self-similarity (see vertical dashed line in figure 3.3d)

varies significantly between cases, while it was found to be very consistent in the simu-

lations of Baker et al. (2017). Another factor influencing this threshold is the particle

volume fraction. Although the value of A∗ was shown to be robust to particle sub-

sampling (Monchaux et al., 2012; Baker et al., 2017), varying the number of particles in

the domain results in a shift of the cluster area distribution (figure 3.9), which in turn af-

fects the number of detected coherent clusters above the self-similar threshold. Finally,

as φv increases, the possibility of significant two-way coupling effects also increases,

which may alter the turbulence structure and consequently the clustering process. This

aspect will be discussed in §3.4.

A remarkable aspect of the distributions in figure 3.8 is the non-negligible prob-

ability of finding clusters of size comparable to the inertial scales of the turbulence.
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(a)

(c)

(b)

Figure 3.8: PDFs of cluster area normalized by η and separated by field-of-view size.
Largest FOV ( 30x30 cm2) in (a), medium field ( 14.5x14.5 cm2) in (b), and the smallest
field in (c) ( 4.5x4.5 cm2).
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Figure 3.9: PDFs of cluster area for experiments with Stη between 1 and 2.5 (30 µm
glass spheres) in the medium field-of-view showing how increasing volume fraction shifts
PDFs to smaller scales.
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Figure 3.10: Mean cluster area versus particle inertia. Marker size is proportional to
Reλ of the underlying turbulent flow.

Since our definition of coherent clusters entails a power-law size distribution, and this

was found to have an exponent close to -2, the mean area of the coherent clusters is

ill-defined. In order to compare with past studies, we calculated the mean area of all

clusters 〈AC〉, below and above the self-similarity threshold, and plot its square root

in figure 3.10. The majority of cases display mean sizes between 10η and 40η, with a

generally increasing trend with Stη. Several previous studies have reported mean cluster

sizes around 10η (Aliseda et al., 2002; Wood et al., 2005; Dejoan & Monchaux, 2013).

Most of these studies, however, considered turbulent flows with relatively low Reλ and

thus limited scale separation. Recently, Sumbekova et al. (2017) investigated droplets

in grid turbulence at Reλ approaching 500, and found cluster size distributions and

averages comparable with ours. At large Reynolds numbers the spectrum of temporal

scales widens, and particles with a broad range of response times become susceptible to

clustering mechanisms (Yoshimoto & Goto, 2007). As noted in §3.2.2, the more inertial

particles respond to larger eddies and therefore can agglomerate in larger sets. The

observed dependence of the cluster size with Stη is consistent with this view.

To investigate the degree of self-similarity exhibited by individual clusters, and to
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provide a descriptor of their complex shape, we calculated their box-counting dimen-

sion. This has been widely used to characterize the topology of both turbulent struc-

tures (Moisy & Jiménez, 2004; Lozano-Durán et al., 2012; Carter & Coletti, 2018) and

particle clusters in turbulence (Baker et al., 2017). The domain is partitioned into non-

overlapping square boxes of side length r, and for each cluster we counted the number of

boxes NB containing at least one particle. If NB(r) follows a power-law, i.e. NB ∼ r−D,
over a sizable range of scales, the exponent D is taken as the box-counting dimension of

the object, which is in turn a measure of its fractal dimension. (Several other definitions

of fractal dimension exist, and typically they only coincide for mathematical constructs,

Falconer (2003)) Relatively large objects are needed for a robust estimate of D over

a wide range of scales, and we thus consider only clusters of area larger than 104η2.

Additionally, we neglect clusters touching the image boundary, as their silhouette would

include spurious straight segments. Figure 3.11 shows, for three sample cases, NB(r)

normalized by the maximum number of boxes for each cluster (corresponding to the

smallest box size, r = η). For each case, curves for only 20 example clusters are shown

for clarity. These reveal a remarkably consistent box-counting dimension D ≈ 1.6 over at

least a decade of scales; the same trend is followed by all other cases. Baker et al. (2017)

found D ≈ 1.9 for 3D clusters. Relating the box-counting dimension of 3D objects and

their 2D cross-sections is not straightforward (Tang & Marangoni, 2006; Carter & Co-

letti, 2018). Rather, the present result may be compared with that of Carter & Coletti

(2018) who evaluated the box-counting dimension of turbulent coherent structures using

2D PIV in the same facility. They found D ≈ 1.5, which suggests a strong link between

the particle cluster topology and the underlying turbulent flow. Beside the precise value

of the box-counting dimension, the main observation is that large clusters of inertial

particles do exhibit a scale-invariant shape in the present range of Stη and Svη.

In order to characterize the spatial distribution of particles within each cluster, we

use the singular value decomposition (SVD) method introduced by Baker et al. (2017).
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Figure 3.11: NB(r) for three cases with Stη = 4.6 in (a), 3.6 in (b)) and 2.0 in (c),
normalized by the respective maximum. The box-counting dimension of 1.6 is consistent
for all cases.

The SVD provides the principal axes and corresponding singular values for a particle set.

In two dimensions, the primary axis lies along the direction of greatest particle spread

from the cluster centroid, the secondary axis being orthogonal to it (figure 3.12a). The

corresponding singular values s1 and s2 measure the particle spread along the respective

principal axes, and can be used as simple shape descriptors through the aspect ratio

s2/s1: the limit s2/s1 = 0 corresponds to particles arranged in a straight line, whereas

s2/s1 = 1 corresponds to a perfect circle. The PDF of the aspect ratio for all considered

cases (figure 3.12b) shows that clusters are likely to exhibit aspect ratios between 0.4

and 0.5, reflecting a tendency to form somewhat elongated objects. Furthermore, the

distribution has a positive skew, indicating that globular shapes were more common

than extremely long streaks. While these observations are influenced by the 2D nature

of the technique, they are consistent with the results of Baker et al. (2017) who found

that 3D clusters had s2/s1 distributions peaking around 0.5, and were positively skewed.

The orientation of the primary axis from the SVD analysis provides information

on the cluster orientation in space. In figure 3.13a we plot the PDF of the cosine of

θg, i.e. the angle between the cluster primary axis and the vertical, evidencing a strong

preference for the clusters to align with gravity. That particles tend to agglomerate along
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(a) (b)

Figure 3.12: (a) A single coherent cluster, with primary and secondary axes as computed
through SVD. The length of each arrow is proportional to the corresponding singular
value. (b) PDFs of the aspect ratios of clusters for each case.

their falling direction was found in past one-way coupled simulations (Woittiez et al.,

2009; Dejoan & Monchaux, 2013; Bec et al., 2014a; Ireland et al., 2016b; Baker et al.,

2017), indicating the mechanism is not necessarily related to the particle backreaction on

the flow. Baker et al. (2017) reasoned that, especially for cases with high Stη and high

Svη, particles are influenced by intermittent downward gusts that add to their fallspeed,

channeling them and creating elongated quasi-vertical structures. The joint probability

distribution of cos(θg) and AC (figure 3.13b) supports this view, showing that a vertical

alignment corresponded to generally larger clusters. Further studies, possibly including

time-resolved information, are needed to gain a mechanistic understanding of the cluster

formation process.

We finally consider the concentration of particles within each coherent cluster,

CC = NPC/AC , where NPC is the number of particles in each cluster. Figure 3.14a,b

shows scatter plots of cluster areas and number of particles for two representative cases.

The excellent fit using a power law of exponent close to unity indicates that the relation-

ship is approximately linear, i.e. the concentration within each cluster is approximately

the same for a given case. This trend is recovered for all cases. Considering the wide
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Figure 3.13: (a) PDFs of the cosine of the angle between clusters’ primary axis and the
vertical. (b) Joint PDF of angle from vertical and size of cluster.

range of sizes, this result (reported by Baker et al. (2017) at a much lower Reλ) in-

dicates again that clusters display scale-invariant features. Figure 14c illustrates the

average in-cluster concentration as a function of Stη. Despite the scatter (which points

to the concurrent effect of the multiple parameters at play), one notices an increase up

to Stη ≈ 2, followed by a plateau. The concentration within clusters can be up to an

order of magnitude higher than the average over the whole particle field (C0 = 1/〈A〉);
these values are likely underestimated as particles may shadow each other at high local

concentration. The present results are comparable to those from the experiments by

Monchaux et al. (2010) and the DNS by Baker et al. (2017).

3.3 Settling velocity

3.3.1 Mean settling velocity

In this section we present and discuss the settling velocity measurements Ws,

obtained ensemble-averaging over all particles and realizations for each case. In figure

3.15a this is normalized by W0 (so that values greater and smaller than one indicate

turbulence-enhanced and turbulence-inhibited settling, respectively) and plotted against
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(b) (c)(a)

Figure 3.14: (a,b): Scatter plots of cluster area (normalized by the Kolmogorov scale)
versus the number of particles in each cluster (normalized by the total number of particles
in the domain) for two sample cases. (c): Average particle concentration in the clusters,
normalized by the global concentration, plotted versus Stη and colored by overall solid-
volume fraction.

Stη. The main contribution to the error is the uncertainty in τp due to the particle size

variance, and the non-zero vertical air velocity measured at the same time as the settling.

We only plot cases in which the mean vertical fluid velocity is smaller than 0.25Ws, and

in fact in most cases it is 0.01− 0.05Ws. The first observation from the plot is that the

vast majority of cases display strong settling enhancement, especially for Stη ≈ 1, which

is consistent with most previous numerical (Wang & Maxey, 1993; Bosse & Kleiser,

2006; Dejoan & Monchaux, 2013; Bec et al., 2014a; Ireland et al., 2016b; Rosa et al.,

2016) and experimental studies (Aliseda et al., 2002; Yang & Shy, 2003, 2005; Good

et al., 2014). The amount of such increase is more remarkable, with the settling velocity

being enhanced by a factor 2.6 for Stη ≈ 1− 2. As mentioned in the Introduction, most

numerical studies reported maximum increase in fallspeed between about 10% and 90%;

some experiments (Yang & Shy, 2003, 2005) found even smaller values. The present

results instead indicate that turbulence can lead to a multi-fold increase in settling rate,

which agrees with the conclusions from the field study of Nemes et al. (2017).

Similar levels of settling enhancement could also be deduced from the data of

Aliseda et al. (2002) and Good et al. (2014); and while the former used concentrations
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(b)(a)

Figure 3.15: (a) Measured settling velocity normalized by the still-fluid Stokes value
versus Stη and colored by solid-volume fraction. (b) Measured settling velocity variation
from the still-fluid Stoked value normalized by the fluid r.m.s. fluctuations.

where collective effects are expected (φv ≥ 10−5), the latter used particle loadings small

enough to neglect two-way coupling (φv ≈ 10−6). In fact, those authors did not explicitly

mention a multi-fold increase in vertical velocity, as they mostly plotted their data as

(Ws − W0)/u
′. We present this scaling in figure 3.15b, where a maximum settling

enhancement of 0.28u′ was found for Stη ≈ 1, again in good agreement with those

authors. (Note that the vertical velocity is positive when downward, hence negative

values imply settling enhancement and vice versa.) The scatter and the superposition

of multiple factors prevented distinguishing a clear trend at the larger Stη. Those data

points were also at relatively high φv, which may have had a non-trivial influence on

settling, as we discuss later. Thus, the reduced settling exhibited by some of the most

inertial cases, while it might appear consistent with recent results (Good et al., 2014;

Rosa et al., 2016), should be considered with caution.

Figure 3.16 shows the results in the Stη −Svη plane. This provides a clearer view

of the data, as both parameters are expected to have significant influence on the dynam-

ics. The maximum enhancement of settling rate occurs when both Stη and Svη are close

to unity, in broad agreement with Good et al. (2014) and Rosa et al. (2016). The distri-

bution of values suggests that a dependence with StSv may capture the observed trend.

Figure 3.16b shows the settling enhancement ratio against the group StηSvL, displaying
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Figure 3.16: (a) Settling increase plotted as a function of both Stη and Svη. (b) Settling
increase as a function of the mixed scale, StηSvL.

a significantly improved collapse of the data. This scaling follows the argument of Nemes

et al. (2017) that τη and u′ are the main time and velocity scales, respectively, determin-

ing increase of fallspeed by turbulence. That both the small and large eddies impact the

settling process has been acknowledged (Good et al., 2014), and already Wang & Maxey

(1993) favored u′ over uη as driving parameter. Yang & Lei (1998) explicitly indicated

τη and u′ as the correct flow scales, reasoning that the former controlled clustering and

the latter controlled the drag experienced by the particles. The group StηSvL can be

interpreted as the ratio of the particle stopping distance (τ2p g) and a mixed length scale

(τηu′); settling enhancement appears most effective when this ratio is O(0.1). This is ap-

proximately the condition at which Nemes et al. (2017) reported turbulence-augmented

fallspeeds of snowflakes in the atmospheric surface layer (Reλ ≈ 103). Mixed-scaling ar-

guments have been successfully used in various turbulent flows (e.g., in boundary layers,

(Graff & Eaton, 2000)) but their theoretical underpinning poses issues which are beyond

the scope of the present study.

Overall, the results presented in this section indicate that turbulence greatly en-

hances the settling velocity of sub-Kolmogorov particles with Stokes number around

unity, which is consistent with the preferential sweeping mechanism proposed by Wang
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& Maxey (1993). However, a full demonstration of this view requires the simultaneous

measurements of particle and fluid velocity. These will be presented in §5.2.

3.3.2 Settling velocity conditioned on particle concentration

To explore the interplay between the particle accumulation and settling mecha-

nisms, we consider the fallspeed associated to individual coherent clusters. In figure 3.17

we plot the cluster settling velocityWC , obtained by averaging the vertical velocity of all

particles belonging to a given clustered set. This is normalized by the mean settling ve-

locityWs, and plotted against the cluster area. Overall, clusters settle significantly faster

than the mean, and there was an apparent trend of increasing fallspeed with cluster size,

especially for the larger objects. There are two possible interpretations for this result.

On one hand, clustered particles may affect the flow by virtue of their elevated concen-

tration, exerting a “collective drag” on the surrounding fluid that results in increased

settling velocity. This view reflects the argument proposed by Bosse & Kleiser (2006)

in interpreting their two-way coupled DNS study. On the other hand, particles may be

merely oversampling downward regions of flow according to the preferential sweeping

mechanism, and therefore cluster in such regions, leading to the observed trend. This

latter interpretation, which does not require any significant two-way coupling between

the dispersed and continuous phase, is consistent with the results of Baker et al. (2017),

who reported cluster fallspeeds up to twice the mean particle settling velocity in their

one-way-coupled DNS.

Contrasting the effect of local and global concentration may provide further hints.

In figure 3.18, the particle settling velocity of all particlesWs (normalized by the still-air

fallspeed W0) is plotted against the local relative concentration C/C0 (which is readily

available for each particle from the Voronoï diagrams). As expected, Ws/W0 increases

monotonically with C/C0, in agreement with the trends reported by Aliseda et al. (2002).

Indeed, particles residing in regions of low concentration are often associated with upward
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Figure 3.17: Average settling velocity of all clusters as a function of cluster size. Error
bars indicate ± the standard deviation.

velocity. We also observed, although with some scatter, the beginning of a plateau in the

settling enhancement around C/C0 ≈ 5. More importantly, the plot clearly indicates

that the fallspeed dependence with concentration is strongly mitigated at larger global

volume fractions, φv. If the high fallspeed of the clusters are mainly due to a collective

effect of the particles on the fluid, we would expect such speed to be further enhanced

with increasing φv. The fact that the opposite is true rather suggests that the augmented

cluster settling is mainly caused by preferential sweeping (or other mechanisms not

depending on the mass loading). In fact, figure 3.18 suggests that two-way coupling

may be significant over the considered range of φv, but its effect may be subtle: if the

particles are altering the turbulence structure, this backreaction can have a non-trivial

effect on the settling rate. In general, it should be remarked that the simultaneous

variation of multiple physical parameters between the considered cases (in this as in

other studies) is a confounding factor in determining the role of two-way coupling, and

one cannot rule out the influence of collective drag on the settling velocity (as argued

by Huck et al. (2018)). Future dedicated studies, in which the global volume fraction is

systematically varied while keeping all other parameters constant, may help shed light



Dynamics of Dilute Turbulent Multiphase Flows 58

10−2 10−1 100 101

C/C0

−1

0

1

2

3

4

5

6

W
s
/W

0

1 · 10−7

3 · 10−7

1 · 10−6

3 · 10−6

1 · 10−5

3 · 10−5

φ
v

Figure 3.18: Normalized vertical particle velocity conditioned on the local particle con-
centration.

on this point.

3.4 Analysis of simultaneous particle and fluid fields

In this section we investigate the particle-fluid interaction by exploiting the concurrent

PIV/PTV measurements of both phases. These allow us to demonstrate and quantify

effects which, although considered hallmarks of particle-laden turbulence, had rarely (if

ever) been documented in experiments.

3.4.1 Preferential concentration

The fact that inertial particles oversample high-strain/low-vorticity regions, as

theorized by Maxey (1987) and demonstrated numerically by Squires & Eaton (1991),

was confirmed by several later DNS studies of homogeneous turbulence, at least for

Stη ≤ 1 (Chun et al., 2005; Bec et al., 2006; Cencini et al., 2006; Coleman & Vassilicos,

2009; Salazar & Collins, 2012; Ireland et al., 2016a; Esmaily-Moghadam & Mani, 2016;

Baker et al., 2017). To our knowledge, this prediction has not been directly verified

by experiments in fully turbulent flows. Indeed, most previous laboratory studies on
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this topic only captured the dispersed phase (Fessler et al., 1994; Aliseda et al., 2002;

Wood et al., 2005; Salazar et al., 2008; Saw et al., 2008; Gibert et al., 2012), and as such

could only provide results consistent with a certain picture of preferential concentration,

rather than demonstrating it. We characterized the local balance of strain-rate versus

rotation in the particle-laden air flow measured by PIV, using the second invariant of

the velocity gradient tensor Q = 1/2(Ω2 − S2), where S and Ω are the symmetric and

anti-symmetric parts of the velocity gradient tensor (Hunt et al., 1988). To this end, we

calculated spatial derivatives using a second-order central difference scheme on the small

and medium-FOV fields, where our resolution is sufficient to capture the Kolmogorov

scales (Worth et al., 2010; Hearst et al., 2012). From the planar data we can only deter-

mine the four components in the upper-left 2 x 2 block of the full 3 x 3 velocity gradient

tensor. This limitation needs to be kept in mind, because 2D sections of 3D flows can

sometimes be misleading (Perry & Chong, 1994). However, several studies showed how

high-resolution 2D imaging of homogeneous turbulence yields features of the coherent

structures and high-order statistics in quantitative agreement with 3D imaging and DNS

(Fiscaletti et al., 2014; Carter & Coletti, 2018; Saw et al., 2018). Therefore, we do not

expect the qualitative results of the present analysis to be biased by the nature of the

measurements.

Figure 3.19 shows the fraction of inertial particles found in regions where Q < 0.

As expected, this fraction is larger than 50% for all cases, confirming that the particles

were more likely to be found in strain-dominated regions than rotation-dominated ones.

The figure also presents the percentage of clustered particles found in Q < 0 regions.

Interestingly, the fraction was systematically lower compared to the entire particle set.

This suggests that the preferential sampling of high-strain regions might not be the main

factor (or at least not the only one) for the formation of clusters over the considered

parameter space. Indeed, most of our cases feature particles with Stη > 1, and in this

regime several numerical studies indicate that the nature of the clustering mechanism is
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Figure 3.19: Fraction of particles in rotation-dominated regions. Black circles represent
all particles in the field, while the purple diamonds represent only particles in coherent
clusters.

different compared to weakly inertial particles (Bec et al., 2007; Coleman & Vassilicos,

2009; Bragg & Collins, 2014; Bragg et al., 2015). In particular, Bragg & Collins (2014)

argued for the importance of path-history effects (i.e., particles retaining memory of

the velocity fluctuations they experienced), while Vassilicos & coworkers (Chen et al.,

2006; Goto & Vassilicos, 2008) proposed that clustering in this range is due to a sweep-

stick mechanism (i.e., particles sticking to zero-acceleration points which are swept and

clustered by large-scale motions). A critical discussion of these and other possible ex-

planations is beyond the scope of this work. In fact, while instantaneous realizations

and velocity statistics may provide support to a given theory (see Obligado et al., 2014;

Sumbekova et al., 2017), time-resolved measurements would be better suited to inform

a mechanistic understanding of the process.

3.4.2 Preferential sweeping

As discussed previously, preferential sweeping is considered the most impactful

mechanism by which turbulence affects the fallspeed of sub-Kolmogorov particles. Its

main manifestation is the tendency of particles with Stokes number of order one to
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vertical fluid velocity (normalized by the still-air settling velocity.) Black circles indicate
the full particle set, while purple diamonds represent only particles in clusters.

oversample regions of downward velocity fluctuations. This was first theorized by Maxey

& Corrsin (1986) and Maxey (1987), demonstrated numerically by Wang & Maxey

(1993), and confirmed by several other analytical and computational studies (Yang &

Lei, 1998; Dávila & Hunt, 2001; Dejoan & Monchaux, 2013; Frankel et al., 2016; Baker

et al., 2017). While laboratory studies (Aliseda et al., 2002; Yang & Shy, 2003, 2005;

Good et al., 2014)and field observations (Nemes et al., 2017) showed results consistent

with this picture, no direct experimental verification has been reported. Similar to

preferential concentration, the challenges associated to two-phase measurements may be

responsible.

We provid such verification first by considering the particle concentration condi-

tionally averaged on the local fluid velocity. This was obtained by counting the number

of inertial particles in each PIV interrogation window, and binning the results by the

value of Wf/W0 (because the mean vertical fluid velocity was negligibly small, total

and fluctuating components coincide). The relative concentration was calculated as the
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number of particles in each bin, divided by the sum of window areas associated to that

bin, and finally normalized by the global concentration. The procedure is equivalent

to that originally adopted by Wang & Maxey (1993) and later by Baker et al. (2017)

to analyze DNS results, with the PIV interrogation windows in lieu of the computa-

tional cells. In figure 3.20 we show the result for a representative case, clearly indicating

downward fluid velocity corresponding to higher local concentration. When the process

was repeated only considering particles belonging to clusters, the trend was significantly

more pronounced. This is consistent with the result that clusters fall at faster speeds

than the rest of the particles (figure 3.17). At the same time, it also supports the idea

that preferential sweeping plays an important role in the clustering of settling particles.

To quantify the impact on the settling rate, we considered the vertical compo-

nent of the fluid velocity at the particle location, Wf (xp) (figure 3.21). The latter was

approximated via a piecewise linear interpolant between the particle position and the

four closest fluid velocity vectors; tests with other schemes indicated only a weak depen-

dence with the interpolation method. Error analysis based on the fluid velocity gradient

statistics (see Carter et al., 2016; Carter & Coletti, 2017) yield uncertainty on Wf (xp)

around 2−7% u′. Despite some scatter partly attributable to the several factors at play,

the results indicat that preferential sweeping is important for most considered regimes,

being the strongest for Stη = O(1).

Comparing figure 3.15b and 3.21, the oversampling of downward fluid velocity re-

gions seems to account for a large part of the settling enhancement. A more quantitative

account can be given in the framework of the point-particle approximation. Retaining

only drag and gravity in the particle equation of motion, the fallspeed can be approxi-

mated as (Wang & Maxey 1993):

〈Ws〉 ≈ 〈wf (xp, t)〉+
τpg

〈f〉 (3.5)

where wf (xp) is the vertical fluid velocity at the particle location obtained via the
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Figure 3.21: Vertical fluid velocity at particle location, normalized by the fluid rms
velocity, plotted versus particle Stokes number.

piecewise-linear interpolation, and 〈f〉 is the ensemble-average of Schiller & Naumann

correction factor in equation (2.1), f = 1 + 0.15Re0.687p . We can directly verify this

approximation using the instantaneous Rep measured from the simultaneous PIV/PTV

measurements (which will be discussed further in the next section). Figure 3.22 shows

the ratio between the fallspeed calculated from (3.5) and the measured values. This for-

mulation consistently underpredicts the measured fallspeed. Such a discrepancy between

experiments and theory suggests that the one-way coupled point-particle approach, while

providing the correct qualitative trend, is missing significant aspects of the particle-fluid

interaction. We investigate possible sources of the mismatch in §3.4.4, where we consider

the instantaneous slip velocity.

3.4.3 Crossing-trajectory and continuity effect

Since Yudine (1959), it has been recognized that the drift induced by body forces

such as gravity causes heavy particles to decorrelate from their past velocity faster

than a fluid element. This so-called crossing trajectory effect can be quantified by the

Lagrangian autocorrelation of the particle velocity (Elghobashi & Truesdell, 1992). For

large drift velocities, this reduces to the fluid space-time correlation in an Eulerian frame

(Csanady, 1963; Squires & Eatons, 1991). In this limit, as the longitudinal integral scale
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Figure 3.22: Prediction of settling velocity based on equation 3.5 normalized by the
measured settling velocities, versus particle Stokes number.

is twice the transverse one, the particle dispersion parallel to the drift direction is double

the dispersion perpendicular to it (the so-called continuity effect; Csanady (1963); Wang

& Stock (1993)). The footprints of these effects are visible in the Eulerian particle

velocities. In figure 3.23 we present a scatter plot of the vertical and horizontal r.m.s.

particle velocity fluctuations (Wp,rms and Up,rms, respectively), normalized by the r.m.s.

fluid fluctuations in the respective directions (u′z and u′x) to account for the anisotropy

in our facility. The normalized vertical fluctuations of the particles exceed those in the

horizontal direction, the disparity being more substantial for larger Svη. This trend is

consistent with the continuity effect, and in line with previous analysis of Wang & Stock

(1993) and measurements of Good et al. (2014): the falling particles have more time to

respond to the vertical fluid fluctuations, due to the larger longitudinal integral scale

compared to the transverse one.

3.4.4 Particle-fluid relative velocity

The relative (slip) velocity between suspended particles and the surrounding fluid

plays a vital role in both the particle kinematics and the interphase coupling. The

slip velocity determines the exchanged forces and the local flow regime around a particle

(Maxey & Riley, 1983; Calzavarini et al., 2008; Bellani et al., 2012), and is critical for the
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Figure 3.23: Ratio of vertical particle to fluid rms velocity versus ratio of the same
horizontal velocities.

momentum two-way coupling with the fluid (Sahu et al., 2016). It is also a key quantity

for modeling sub-grid scale dynamics in large-eddy simulations of particle-laden turbu-

lence (Soldati & Marchioli, 2009). Due to the abovementioned difficulties in measuring

both phases, the slip velocity has been reported by only a few experimental studies,

notably Kiger & Pan (2002) and Khalitov & Longmire (2003) in wall-bounded turbulent

flows, and Yang & Shy (2005) and Sahu et al. (2016) in homogeneous turbulence.

Here we evaluate the slip velocity as uslip = vp − uf (xp), where vp is the par-

ticle velocity vector. In the present measurements we only have access to the in-plane

projection of those vectors. Here we only used data from the small and intermediate

FOVs. We remark that the relevant definition of slip velocity (as it appears, e.g., in

Stokes’ drag law) is the difference between the particle velocity and the undisturbed

fluid velocity evaluated at the particle location. Because in the considered cases dp < η

and Rep,0 ≤ 1, the region of perturbation from an individual particle (as estimated,

e.g., by the Oseen’s solution) is expected to be a few particle diameters, i.e. typically
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smaller than the Kolmogorov scale. Under this assumption, the interpolated fluid veloc-

ity approximates the undisturbed velocity. However, as we shall see, the instantaneous

particle Reynolds number Rep can reach much larger values than Rep,0.

Figure 3.24a presents PDFs of the slip velocity magnitude normalized by the fluid

r.m.s. fluctuation. At the higher Stη, uslip can significantly exceed u′, suggesting that

the potential energy transferred to the fluid by the fast falling particles is considerable

with respect to the turbulent kinetic energy. We will return to this point in §3.4.5. In

figure 3.24b we plot the PDF of the vertical component of the slip velocityWslip, normal-

ized by the still-air particle settling velocityW0. The mean vertical slip is approximately

equal to W0, as one expects from eq. 3.5. However, the standard deviation is large and,

especially for the lower Stη, greatly exceeds the mean value; indeed, the probability of

an upward particle slip is significant. This behavior is consistent with the simulations

of particle-laden wall-bounded turbulence by Zhao et al. (2012), who found that the

r.m.s. fluctuations of both streamwise and wall-normal slip velocities were several times

greater than their mean. The r.m.s. slip velocities are presented in figure 3.24c,d sepa-

rating horizontal and vertical components and normalizing by the r.m.s. fluid velocity

fluctuations in their respective directions. The slip velocity fluctuations increas with St,

also consistent with the results of Zhao et al. (2012): the heavier particles increasingly

move independently from the fluid, and their r.m.s. slip velocities reach levels compa-

rable to the r.m.s fluid fluctuations. The vertical r.m.s. is consistently higher than the

horizontal. This is likely a consequence of the vertical r.m.s. velocity of the particles

being larger than the horizontal one, as discussed in the previous section.

The magnitude of the in-plane slip velocity can be used to calculate the instan-

taneous particle Reynolds number. The PDFs of Rep for various cases are plotted in

figure 3.25a, with the vertical lines indicating the respective theoretical Rep,0. The large

slip variance results in long tails of the distributions: while the wake-shedding regime is

never achieved, there is a sizeable probability of Rep being an order of magnitude larger
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Figure 3.24: Probability density functions of slip velocity magnitude normalized by fluid
r.m.s. velocity (a), and vertical slip velocity (b) normalized by the still-fluid settling. (c)
and (d) plot horizontal and vertical r.m.s. particle slip velocity, respectively, normalized
by the fluid r.m.s. fluctuations along the corresponding direction.
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or smaller than the nominal value. The values are in fact somewhat underestimated,

because the out-of-plane slip is not accounted for.

The slip velocity and Reynolds number can be used to evaluate the drag coeffi-

cient on the settling particles. In presence of background turbulence, this is expected to

differ from the “standard drag” in a steady uniform flow (Bagchi & Balachandar, 2003).

The latter can be estimated following Schiller & Naumann correction for finite Reynolds

number:

Cd,SN =
24

Rep,0

(
1 + 0.15Re0.687p,0

)
(3.6)

As suggested by Balachandar & Eaton (2010), for particles settling in zero-mean flow

homogeneous turbulence, one can evaluate an effective drag coefficient:

Cd,eff =
24

〈Rev〉
1

〈Wp〉

∣∣∣∣∣〈uslip〉+ 0.15

(
dp
ν

)0.687

〈u1.687
slip 〉

∣∣∣∣∣ (3.7)

where Rev = dp|vp|/ν. This may differ from the Cd,SN owing to three main factors:

the mean fluid velocity seen by the particles being non-zero (e.g., due to preferential

sweeping); the non-linear relation between drag and slip velocity; and possible two-way

coupling. Most previous studies concerned with the influence of ambient turbulence on

Cd considered larger Rep compared to the present case (typically of order 102 − 103;

e.g., Wu & Faeth (1994); Warnica et al. (1995); Bagchi & Balachandar (2003)). In

these cases, the effect on the mean drag was found to be small. Bagchi & Balachandar

(2003), however, recognized the potential importance of preferential flow sampling for

particles falling freely through turbulence. Here we use eqs. 3.6 and 3.7 and plot the

ratio Cd,eff/Cd,SN in figure 3.25b. There is a significant reduction in effective drag

over the Stη range displaying preferential sweeping. This is consistent with the early

measurements of Rudoff & Bachalo (1988), who found substantially reduced drag for

liquid droplets in turbulent air. We also observe a clear increasing trend with Stη. This

is likely a consequence of diminishing preferential sweeping effects, giving way to those of
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(b)(a)

Figure 3.25: PDFs of instantaneous particle Reynolds number. Vertical lines represent
average Reynolds particle number based on the Stoked still-fluid settling velocity for
each respective grouping of experiments. In (b), the ratios between drag coefficients 5.2
and 5.3, showing reduced drag when the "effective drag" model is used.

non-linear drag and possibly loitering (Good et al., 2014). We remark, however, that the

high-St data points are affected by larger uncertainty due to two factors: non-negligible

perturbation of the local fluid velocity by the particles (because of their relatively large

Rep), and limited spatial resolution (because those are imaged with the intermediate

FOV). Thus, further analysis and measurements are warranted for those regimes.

We then considered the spatial orientation of the particle slip velocity. Figure

3.26a shows the PDF of cos(θ), θ being the angle between vp and uf (xp). For moder-

ate particle inertia (Stη < 10) the fluid and particle velocity vectors tend to be closely

aligned, with θ < 30 deg in more than 90% of the instances. As expected, the more iner-

tial particles are more likely to display a velocity orientation substantially different from

the fluid velocity. The probability of oppositely aligned vectors is also non-negligible,

possibly due to weak upward gusts that are unable to reverse the particle settling mo-

tion. The probability distribution of slip orientation and magnitude is illustrated by the

wind rose diagrams in figure 3.26b for selected cases. The length of each spoke represents

the probability associated to its orientation; additionally, each spoke is broken down in

segments representing the probability of a certain slip velocity magnitude (normalized

by W0). In all cases the slip velocity favors the downward direction, as expected. In the
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Figure 3.26: PDF of the cosine of the angle between the particle velocity and the fluid
velocity at the particle location (a). In (b), three example cases showing the probability
distribution of the slip velocity orientation and magnitude.

larger Reλ cases, however, the strong fluid velocity fluctuations mitigate this tendency

and the azimuthal distribution of the particle slip is less skewed. As discussed above,

particles with Stη ≈ 1 can have slip velocities several times larger than their still-air fall

speed. On the other hand, uslip for the more inertial cases is closer in magnitude to W0

and mostly oriented downward (typically within ±45 deg from the vertical), confirming

that these particles follow more ballistic downward trajectories.

3.4.5 Turbulence modification by particles

We finally consider the scale-by-scale effect of the particles on the fluid turbulent

fluctuations by means of the second-order structure functions, which contain analogous

information as the energy spectra used in most previous studies:

Dii(r) = [ui(x + r)− ui(x)]2 (3.8)

Here x is the generic location on the imaging plane, r is the separation vector, and

ui is the i-th component of the velocity fluctuations. Thus, we denote as Duu and

Dww the structure functions associated to the horizontal and vertical components. We
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focus on longitudinal structure functions (i.e., with separations parallel to the velocity

components), the transverse structure functions yielding similar results. For this analysis

we used only small and intermediate FOVs, in order to resolve a sufficient fraction of

the fine-scale fluctuations.

Figure 3.27 displays horizontal and vertical structure functions for representative

cases, comparing the laden and unladen measurements. At very low volume fractions

(φv = O(10−7)), the particles marginally affect the energy distribution across scales, and

the expected scaling Dii(r) ∼ r2/3 is approached entering the inertial range according to

Kolmogorov theory (Fig. 3.27a). At significant loadings (φv = O(10−5)), we observe an

increase of turbulent energy at small scales. For Stη = O(1) (figure 3.27b) the laden and

unladen curves approached each other at larger scales, possibly leading to a cross-over

which however is not captured within the field of view. At Stη = O(10), the crossing

happens at smaller scales as demonstrated in figure 3.27d, in which particles appear to

excite turbulent fluctuations at the small scales and modulate them at the large scales.

This behavior (sometimes termed “pivoting”) was reported by several numerical studies,

as reviewed in detail by Poelma & Ooms (2006). Most of those (e.g., Sundaram & Collins,

1999; Ferrante & Elghobashi, 2003) showed the cross-over wavenumber to increase with

increasing particle response time, consistent with our observations. The only previous

experimental study to clearly demonstrate the pivoting effect was, to our best knowledge,

the one from Poelma et al. (2007). However, a direct comparison is difficult as these

authors considered spatially decaying turbulence at maximum Reλ ≈ 29.

The vertical velocity structure functions (figures 3.27c,e) display the same be-

havior as their horizontal counterpart (figures 3.27b,d), suggesting that the turbulence

responds to the presence of the particles in similar ways in both directions. It is indeed

verified that the anisotropy ratio u′x/u
′
z is not significantly affected by the particles.

Poelma et al. (2007) and Frankel et al. (2016) found that particles enhanced the fluid

velocity fluctuations aligned with gravity compared to the transverse ones, whereas in
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Hwang & Eaton (2006b) the level of isotropy was marginally influenced even at particle

mass loadings that heavily modulated the turbulence intensity. Among these studies,

Hwang & Eaton considered a much higher Reynolds number (Reλ ≈ 240), comparable

to the present study. One may conjecture that the wide range of scales allows for a

redistribution of the energy among the different components; certainly, further studies

that systematically investigate the role of Reλ are needed.

Even for the higher volume fractions, the changes in the fluid turbulence intensi-

ties in both vertical and horizontal directions (not presented) are scattered within the

measurement uncertainty, with no consistent trend in terms of Stη, Svη, or φv. This

suggests that the turbulence augmentation/attenuation, over different scales and from

different mechanisms, largely compensate each other, at least in the considered range

of parameters. On one hand, particles increase the overall inertia of the mixture and

locally enhance the dissipation around them, modulating the turbulence; on the other

hand, the drag force exerted by the falling particles perturbs the fluid an excites the tur-

bulence (Balachandar & Eaton, 2010). Both effects are amplified for larger and heavier

particles (which provide higher loading, distort more the flow around them, and shed

more energetic wakes). For comparison, Hwang & Eaton (2006a) investigated particles

with Stη ≈ 50 settling in homogeneous turbulence and measured a reduction of r.m.s.

fluid velocity of about 10− 15% for a mass fraction of 0.1 (close to the highest loading

considered in the present measurements). The balance between opposing effects was

demonstrated by measurements obtained in the same facility in micro-gravity (Hwang

& Eaton, 2006b), where the turbulence modulation was found to be greater than in

the fixed laboratory frame. Hwang & Eaton (2006b) also compared their laboratory

results against DNS studies which showed significantly smaller turbulence attenuation.

While this suggested that the point-particle approach used in the simulations missed

important physics, the DNS were also at significantly smaller Stη, between 1 and 11 and

comparable to the present cases.
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In this chapter we discuss a flow where the particles are not only in the tur-

bulence, they actively drive it through buoyancy. Instead of being sparsely dispersed

homogeneously within the flow, in this case the particles are more densely packed and

concentrated inhomogeneously. Specifically, we conducted experiments on dense suspen-

sions of inertial particles falling in a quiescent ambient environment, forming particle

plumes. Plumes fall into the same family of flows as jets–shear flow where one fluid

moves through another. Although the flows we studied were driven by particles, multi-

phase plumes/jets can be driven by any dispersed phase: bubbles, droplets or particles,

and the density difference between the ambient fluid and the mixture of fluid and dis-

persed phases is the source of buoyancy. This mixture bulk density, ρb is a function of

the disperse-phase volume fraction:

ρb = φvρd + (1− φv)ρf (4.1)

where, as before φv is the disperse-phase volume fraction, and ρd and ρf are the densities

of the disperse phase and the continuous phase fluid respectively. The initial momentum

of the multiphase plume or jet depends not only on the initial mixture density, but also

the velocities of the dispersed and continuous phases and the relationship between these

two sources determines the flow’s classification. Whether single or multiphase, jets are

driven mainly by their momentum, whereas plumes are driven by buoyancy. There are

also forced plumes, also known as buoyant jets, forced by a combination of momentum

and buoyancy, and the multiphase plumes we studied fall into this last category. No

matter the driving force, plumes and jets are often turbulent, and excellent at mixing

their contents with their surroundings. They do so through entrainment–the process

of engulfing air from the surrounding environment. This mixing can be seen as often

one observes energetic, turbulent motions a the plume edge. These billows–covering a

wide range of temporal and spatial scales–are responsible for diluting and spreading the

plume as well as well-mixing the body of the plume with the ambient.



Dynamics of Settling Particle Plumes 76

Turbulent multiphase plumes are common throughout the natural and human en-

vironment, comprising some of the most dramatic and violent flows on Earth. Volcanic

eruptions for example are mixtures of hot gas and ash particles, driven both by the buoy-

ancy of the mixture and the initial momentum of the explosion. Ash and glass particles

often settle out of the resulting plume and umbrella cloud via convective particle-driven

instablities (Carazzo & Jellinek, 2013; Scollo et al., 2017) forming multiphase plumes.

The particles in these plume settle much faster than they would individually, and the

lack of understanding of their dynamics undermines the accuracy of volcanic ash trans-

port and dispersal models, with differences in field data and model results differing by

up to 150% (Scollo et al., 2008). Sediment deposits in lakes were theorized to be af-

fected by multiphase plumes back in 1965 by Bradley (1965) to explain discrepancies

between predicted Stokes settling and field observations. The same has been theorized

of marine tephra layers which seem to deposit much faster than predicted by individual

particles settling under Stokes’ Law (Manville & Wilson, 2004). Hydrothermal vents on

the seafloor create multiphase plumes composed of hot water, metalliferous sediments

and dissolved chemicals often rising hundreds of meters, transporting their contents and

mixing them throughout the ocean water column (Carey et al., 1988; Carazzo et al.,

2013) Multiphase plumes are even theorized inside the Earth’s crust where low-density

magma replenishes basaltic magma chambers, with implications for geologic deposits

(Carey et al., 1988).

Better understanding turbulent multiphase plumes will not only allow us to better

understand our planet, but how our actions affect it, and potentially how we can better

protect it. Another violent and dramatic multiphase plume was the Deepwater Horizon

oil spill in 2010, where a blowout during drilling of a deepwater well led to 5 million

barrels of oil spilling out into the Gulf of Mexico, along with indelibly harming the gulf

environment and marine life. Many of the ways humans interact and alter the envi-

ronment involve multiphase plumes: dredging operations, discharge of industrial and
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urban waste, pulverized coal combustion, dust emission from mining operations, trans-

port of grain, and many more (Liu, 2003; Hall et al., 2010). We may even use multiphase

plumes in our efforts to mitigate climate change. Carbon sequestration can involve in-

jecting carbon dioxide at the ocean floor, forming multiphase plumes that dissolve the

carbon dioxide into the water (Alendal & Drange, 2001). While these applications and

occurences are vastly different, they share physics and understanding the dynamics of

one can translate to the others. However our collective understanding of turbulent mul-

tiphase plumes is still relatively limited, especially compared to single-phase ones.

Our quantitative understanding of turbulent plumes starts in the late 1930s and

early 1940s with the studies of Zeldovich (1937); Schmidt (1941a,b), who derived simi-

larity solutions for steady plumes. Morton et al. (1956) published a seminal paper which

developed an integral model based on conservation of mass, momentum and buoyancy

with a few key assumptions. They assumed that the entrainment of fluid into the plume

was constant throughout the plume length, and could be related to the plume velocity

by a constant such that ue = αw where ue is the entrainment velocity, w a characteristic

plume velocity (such as the centerline velocity) and α is called the entrainment coeffi-

cient. This assumption was first proposed by Taylor (1946) for the case of convection

currents in the atmosphere. Morton et al. (1956) further assumed that the plume was

self-similar (inspired at least in part by Batchelor (1954, Batchelor’s (1954)) expressions

for mean velocity and temperature profiles also in convection currents) and axisymmet-

ric. Finally they also assumed that the density difference between the plume and the

ambient can be ignored, e.g. that ρb ≈ ρf where ρb and ρf are the bulk plume density

and the density of the ambient fluid respectively (called Boussinesq plumes). Those

three assumptions simplified the coupled system of nonlinear partial differential equa-

tions subject to complicated boundary conditions into a system of ordinary differential

equations–easily solved given the initial plume conditions. Morton et al. (1956, Morton’s

(1955)) theory forms the basis of “classical” plume theory which has been revised and
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improved upon, with the inclusion of non-Boussinesq plumes, where the density differ-

ence is significant (Morton, 1959; Ricou & Spalding, 1961; Rooney & Linden, 1996; van

Den Bremer & Hunt, 2010), but remains as the standard in the literature for modeling

turbulent plumes.

Morton (1959) (later Hunt & Kaye (2001); non-Boussinesq case Carlotti & Hunt

(2005)) also introduced a nondimensional plume number Γ0, essentially a plume Richard-

son number, to relate the relative strengths of the momentum, mass and buoyancy fluxes

at the plume source and is given by:

Γ0 =
5B0Q

2
0

8α
√
πM

5/2
0

(4.2)

where B0, Q0 and M0 are the source buoyancy (= πg(1− ρb/ρf )wb2), volume (= πwb2)

and momentum flux (= π ρbρf w
2b2) respectively and where b is the plume radius. This

plume function provides convenient classification for plumes: fountains (Γ0 < 0) i.e.

negatively buoyant jets driven by an initial momentum directed against gravity, pure

jets driven by momentum (Γ0 = 0),forced plumes driven by a mix of momentum and

buoyancy (0 < Γ < 1), pure plumes (Γ0 = 1) and lazy plumes (Γ0 > 1) characterized by

an excess of buoyancy with respect to momentum. Caulfield (1991) and Hunt & Kaye

(2005) extended Γ as a function of axial distance z from the source such that:

Γ(z) =
5B(z)Q(z)2

8α
√
πM(z)5/2

(4.3)

The well known solutions for pure plumes lead to decay rates for the velocity and

concentration of −1/3 and −5/3 respectively (see eqs. 4.16–4.18). While both forced

and lazy single-phase plumes asymptote to pure-plume behavior in the far field, their

near-field behaviors are unique. Forced plumes expand more rapidly than pure plumes,

transitioning from jet-like to plume-like behavior as evidenced by the plume function

monotonically increasing wit axial distance and converging to Γ(z) = 1 (Hunt & van den
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Bremer, 2010). Lazy plumes on the other hand, initially contract and accelerate before

expanding and slowing down, with their plume function monotonically decreasing–also

asymptotically converging on pure plume behavior with Γ = 1.

These insights into single-phase plumes have informed much of our understanding

of multiphase plumes, and often are used in modeling flows like volcanic eruptions (Fa-

gents et al., 2013). However, it is not trivial to suggest that integral models based on

Morton’s work translate directly to multiphase plumes. The disperse phase is coupled

to the continuous phase flow, and the slip velocity between the two phases as well as

the concentration can affect the plume entrainment and mixing (Parthasarathy & Faeth,

1987). For example, one of the fundamental Morton assumptions, that of self-similarity,

was shown to not hold for bubble plumes by Bombardelli et al. (2007), as it evolves with

a characteristic length scale, which is a function of the bubble slip velocity and buoyancy

flux.

Using the foundation of the three Morton assumptions, single-phase integral mod-

els were extended to bubble plumes by citetDitmars1975,Milgram1983,Sun1986 with the

important inclusion of the bubble slip velocity. LES simulations of bubble plumes have

been conducted in both the two-way (Mudde & Simonin, 1999; Deen et al., 2001; Dhotre

& Smith, 2007) and four-way coupled regimes (Delnoij et al., 1997). The thesis of Mar-

janovic (2018) explored direct numerical simulations of forced, pure and lazy bubble

plumes. Interestingly, the bubbles plumes (whether forced, pure or lazy) shared some

characteristics with lazy-single phase plumes–notably the width contraction and initial

velocity acceleration before entraining back to a self-similar solution. Lazy multiphase

plumes instead differentiated themselves by rapid mixing after the source and a signif-

icantly larger maximum velocity. On the experimental side, empirically derived closure

schemes have provided better predictions of bubble plume dynamics (Lance & Bataille,

1991; Risso & Ellingsen, 2002; Mercado et al., 2010; Alméras et al., 2017).

Less present in the literature are particle plumes, which have some fundamental
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differences with bubble plumes whose disperesed phase is less dense than the ambient

fluid and less inertial. Figure 4.1 illustrates the structure of a generalized particle plume.

Black indicates particle-phase quantities, such as bulk density, velocity and width while

blue indicates the fluid phase quantities which are governed by separate, but coupled

conservation equations. The rest of the chapter will follow the coordinate and labeling

conventions as presented in this illustration. Carey & Sparks (1986) experiementally

studied buoyant particle plumes, specifically relating them to the growth and collapse

of volcanic plumes. Mazurek et al. (2002) photographed sand-laden jets and found they

spread linearly, and their growth rates increased as the ratio of the source momentum

flux to the the buoyancy flux increased. Liu (2003); Liu et al. (2007) studied dense

particle plumes falling in air and was able to measure both the air and particle velocity

profiles, along with other characterstics like the spread rate and compared these val-

ues to an integral model formulation. Jiang et al. (2005) suggested that the vertical

particle-phase velocity (wp) is a sum of the fluid phase velocity (wf ) and a slip velocity

for dilute particle concentrations. This slip velocity is indicated in figure 4.1 by the

difference between the profiles of wf and wp. The sand and slurry jet experiments of

Hall et al. (2010) found that the fluid phase velocity and particle concentration could

be represented by self-similar Gaussian profiles. They also measured centerline concen-

tration and velocity as well as spread rate and momentum fluxes. The thesis of Taub

(2013) explored a forced multiphase plume experimentally, focusing on the decay rate

of centerline variables and the assumption of a constant particle settling velocity. Lai

et al. (2016) developed an integral model for particle plumes based on a spreading hy-

pothesis rather than the classic entrainment hypothesis and compared their model to

past experimental studies.
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Figure 4.1: Particle plume falling through a quiescent environment with relevant vari-
ables.

4.1 The Plume Experiment

To enhance our understanding of particle plume dynamics, we took an observa-

tional approach, imaging the plumes to measure their behavior. The goal of our ex-

periments was to compare the dynamics of particle plumes with different initial mass

fluxes falling into a quiescent environment. We wanted to both capture the dynamics

of the plume itself–the velocity, concentration and spreading–and the induced air flow,

particularly the entrainment velocity into the particle plume. We measured the plume



Dynamics of Settling Particle Plumes 82

properties via high-speed imaging over a large window. In order to revolve the relevant

scales of air entrainment at the particle plume boundary, we performed a separate set

of measurements with a higher resolution.

4.1.1 Setup and Plume Initial Conditions

We again used the same turbulence box, which conviently provided a large, con-

trolled test-section for the particle plumes to fall into. This was key for a few reasons.

The first is that to capture the plume evolution with streamwise distance from the outlet,

the plume needed room to fall for a significant distance compared to its initial diameter.

In our turbulence box, we were able to image the plume over 1.5 m of vertical distance

which when compared to our chute size, D0 of 1.905 cm, came out to an observed plume

length of z/D0 ≈ 75. Secondly, the nearly 5 cubic meters of volume ensures that our

plumes are not affected by any interactions with the walls. In our case, even at the

widest spread, our plumes are always at least 0.25 m or more from the walls of the

turbulence box.

Figure 4.2 shows a schematic (not to scale) of the experimental setup. A high

speed laser (Photonics Industries, DM30 Series, 80 mJ) sits on top of the turbulence

box, and the beam is redirected by two Thorlabs Nd:YAG laser mirrors and spread into

a sheet with a cylindrical lens to illuminate the x− z symmetry plane of the box. The

laser sheet was approximately 3 mm in thickness at the center of the chamber. We used

two high-speed CMOS cameras (Phantom VEO 640L), synchronized with the laser.

As figure 4.2 shows, the chamber ceiling has an opening connected to a 3 m

vertical chute (1.9 cm in diameter, at the top of which is a resevoir of 30 µm glass

particles. The properties of these particles used are the same as in table 3.2 in Chapter

3. Those particles were fed by gravity at a steady rate, through a nozzle at the bottom

of the resevoir. These nozzles are interchangable threaded inserts, and by changing the
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Figure 4.2: Schematic of the turbulence chamber and laser-sheet setup for the particle
plume experiments. The bounding boxes around the plume represent camera views
taken of each plume. Two, labeled Camera 1 & 2, image the whole plume, while 8 views
are zoomed in to image the surrounding air flow.

nozzle size, we could systematically vary the mass flow rate of particles, which corre-

sponds to the initial plume concentration. Using the following equation (Nedderman,

1992) we could use the initial mass flow rate to estimate the initial plume concentration

when planning the experiments:

ṁp = Cρb
√
g (D0 − kdp)2.5 (4.4)

where C is a function of the friction coefficient (taken here to be 0.64), ρb is the bulk

density (related to the packing factor, taken here to be 0.6ρp), D0 is the nozzle diameter,

dp is the particle diameter and k is a shape factor equal to 1.5 for spheres. To obtain



Dynamics of Settling Particle Plumes 84

a finer estimate, we used a digital scale collected the output particles to log the time-

resolved weight of the released particles. Because we conducted the plume experiments

multiple times for each flow-rate setting it was important to ensure the mass flow rate

was repeatable. To that end we measured the mass flow rate multiple times, the mean

and its uncertainty for each nozzle is listed in table 4.1. Table 4.1 also lists the estimated

initial vertical velocity and volume fraction, though we do not directly measure these.

Details on how they are estimated are reported in section 4.2.2.

Plume ṁp [g/s] W0/τpg ρb,0/ρf φv,0

P1 1.42 ± 0.21 9.6 7.17 2.4e-3
P2 2.99 ± 0.22 2.1 68 2.6e-2
P3 8.04 ± 1.2 3.0 128 5e-2

Table 4.1: Initial mass flow rates for the three particle plume experiments in this study
along with the estimated initial vertical velocities and bulk densities (see section 4.2.2
for details on how these were estimated).

The goals of these experiments required imaging the plume over the full height of

the measurement chamber, nearly a meter and a half, while also imaging the air flow

around the plume. Measuring both simultaneously required two separate campaigns,

one for imaging the particle plume itself, and another for capturing the flow around

it. To image the inertial particles, we positioned the two cameras with 50 mm focal

length Nikon lenses such that each captured about 75 cm in vertical distance (with a

little overlap). These views are represented in figure 4.2 by the solid bounding boxes

around the particle plume, labeled Camera 1 and Camera 2. To image the air en-

trainment process, we conducted separate experiments with higher resolution and eight

vertically stacked camera views, slighly overlapping with each other, labeled as Zoomed

V1 through Zoomed V8 in 4.2. The chamber was seeded with 1–2 µm DEHS droplets

ain order to image the air flow motion, and illuminated by the laser. We were able to

image the whole 1.4 m length of the plume, now resolved sufficiently to measure the air
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flow around the plume boundary. Imaging properties for both experiments are listed in

table 4.2.

Experiment # cameras lens resolution field of view frequency # frames

Plume 2 50 mm 3.5 pixels/mm 30 x 146 cm2 600 Hz 19949

Air entrainment 8 200 mm 15 pixels/mm 11 x 17 cm2 300 Hz 12471

Table 4.2: Imaging settings for plume and air entrainment experiments.

4.1.2 Velocity Measurements

PIV was again our tool of choice to measure velocity in these experiments, and

the same PIV algorithm as in chapter 3 was used with interative window offset and

deformation (Nemes et al., 2015). For the plume velocimetry, instead of correlating

images of individual particles, the algorithm correlated patterns in the plume. Figure

4.3(a) shows an example raw image while (b) and (c) show zoomed-in views of the pattern

correlated by PIV between successive frames. PIV was processed with an interative

96x96 to 48x48 refinement with 50% overlap, and thus a 24 pixel vector spacing. The

mean pixel displacement obviously varies in the plume in the streamwise and spanwise

directions, but generally the maximum displacement was around 10-12 pixels. Figure

4.3(d) shows the resulting instantaneous PIV velocity field. The common estimate of

the PIV bias error (± 0.1 pixel, Raffel et al. (2018)) is not necessarily applicable to

the present case, in which patterns are correlated rather than individual particles. To

estimate the pixel-displacement uncertainty, we artifically transformed 1000 images with

a known gaussian shift, and then reprocessed the shifted images. The mean pixel-

displacement uncertainty was 0.1 pixels, with a standard deviation of 0.06 pixels. This

is almost certainly optimistic, since the same shift was applied to the whole image, not

representative of a turbulent motion. We therefore expect that the bias error to be



Dynamics of Settling Particle Plumes 86

somewhat larger, so we conservatively assumed a 0.5 pixel bias error, which figures into

5−15% error on the displacement. The exact percentage depends on the location in the

plume, as centerline displacements are greater than those at the edges. To estimate the

random error due to finite sampling, we calculated a turn-over-time scale (τt of the plume

as the plume half-width (bp) over the centerline velocity (τt = bp/Wc). We used this

time scale to approximate the number of independent realizations in each experiment,

which falls between 500−900 realizations depending on the plume and the streamwise

location. Using only independent realizations, mean and r.m.s. velocities were converged

with some uncertainty, with the random error estimated to vary between 3% and 7%

depending on the streamwise plume location.

Figure 4.3: (a) Example raw image of the particle plume. (b) and (c) show an example
of the patterns correlated between frames by the PIV algorithm. (d) shows the resulting
instantaneous vertical velocity map, with rejected vectors and vectors outside the plume
blanked out in white.

Measuring the fluid velocity involved more traditional PIV, but still with some

complications. Larger, more reflective and highly concentrated, the inertial particles
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making up the plumes outshined the small DEHS tracer droplets. Making out the trac-

ers thus required opening the camera aperature and increasing the laser power enough

that the small particles could be seen by the camera. This resulted in the inertial

particles appearing oversaturated, which made it easy to discriminate between inertial

particles and the tracers. As in the dilute experiments (see section 3.2), we used a simi-

lar separation algorithm based off intensity and size. This version differed in that when

replacing inertial particles with Gaussian noise, it used a local mean and standard de-

viation. This was necessary, because unlike the dilute experiments, the image intensity

was not homogenous over the field of view. A moving 50x50 pixel2 window was used

to calculate local intensity statistics for tracer separation, which was chosen because it

balanced a few considerations best: the size of inertial particles in the field of view,

which is 3− 6 pixels2, as well as the gradient of background noise intensity.

After image separation, we did background substraction as in section 3.2 and then

continued performing PIV on the tracers, processing with 64x64 to 32x32 window refin-

ment, again with 50% overlap. Figure 4.4 summarizes the procedure for processing the

tracer images. The typical tracer displacement was approximately 5 pixels. Similarly

to our plume velocity vectors, since the datasets were time-resolved, the number of in-

dependent frames was less than the total. Using the same time-scale as in the inertial

particle PIV, the number of independent realizations ranged between 1000 and 1800

with the random error from the finite sample size ranging from 2%−4%.

4.1.3 Calculating Plume Width & Spread

To extract the plume width, we use the time-averaged raw images of the particle

plumes. Previous plume studies (Lai et al., 2016) have relied on the observation from

Bernard & Wallace (2002) that the scattered light intensity varies linearly with particle

concentration for monodisperse particles. We therefore use the image light intensity as a

proxy for local particle concentration, allowing us to calculate the particle concentration
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Figure 4.4: (a) Example raw images of the tracers for the first three camera views.
(b) Section of camera view three after separation algorithm is applied. (c) Resulting
instantaneous velocity over the raw image.

profiles across the plume cross-section. The light intensity vary significantly with axial

distance, as the laser sheet continually darkens with distance from the optics shown in

figure 4.2, making conversion to an absolute concentration unreliable.

One complication arose due to the particles themselves blocking out light. As

shown back in figure 4.2, the laser sheet illuminates the plume from the left side. For

the densest plume, P3, as the plume exits the chute, it is dense enough that the edge

blocked transmission of light to the rest of the plume. This results in local concentration

profiles with non-symmetric peaks closer to the side first illuminated by the laser until

z/D0 ≈ 20, when the plume dilutes enough to let the laser sheet through and the hor-

izontal intensity profile become symmetric as expected. Fortunately for the two other
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plumes, P1 and P2, the situation was less severe, and the plumes are better illuminated

through their cross sections by z/D0 = 5. We estimate the error associated with light

attenuation by comparing the concentration profiles from the positive and negative r-

axes. Gaussian widths obtained from each side vary only by approximately 4% past

5z/D0 for plumes P1 and P2 and 20z/D0 for plume P3, whereas before those limits, the

difference reaches 25%. Subsequently, we limit our analysis of the local relative concen-

tration profiles to the regions the error was relatively small.

4.2 Mean Plume Characteristics

In this section, we explore the time-averaged behavior of the particle plumes–

whether they are self-similar, how the centerline concentration and bulk density changes

with height, and the spreading rate of each plumes’ particle phase. Figures 4.5a and

4.5b show a split-view of the time-averaged images (brightness indicating relative con-

centration) and the mean velocity magnitudes (normalized by their maximum) fields for

the three plumes. We use these time-averaged maps to calculate centerline and radial

velocity profiles, as well as concentration profiles and the time-averaged plume width.
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(a) Upper camera view
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(b) Lower camera view

Figure 4.5: Time-averaged velocity magnitude (right) and relative concentration, nor-
malized by their respective local maximums for the upper (a) and lower (b) cameras
view.

4.2.1 Self Similarity

Going back to Morton et al. (1956), the formulation of plume conservation equa-

tions have generally relied on a few important assumptions. Although Morton originally

formulated and solved these equations for single-phase Boussinesq plumes from point
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sources, many non-boussinesq and even multiphase plume models share these assump-

tion: perhaps most importantly, the that these plumes are self-similar–that is, their

profiles of velocity and concentration collapse at all axial locations when appropriately

re-scaled. As mentioned previously, in Morton et al. (1956), self similarity shows up

in the entrainment assumption–that the radial entrainment velocity at the edge of the

plume is proportional to the characteristic vertical velocity of the plume through a con-

stant, which is independent of height. An alternative to the entrainment assumption is

the spreading hypothesis, which specifies the plume spreading rate to close the system of

plume equations (Wood et al., 1993), but this too requires self-similarity: the spreading

rate is assumed to be independent of height. This assumption of self-similarity however

developed out of the analysis of single-phase plumes and there is no promise that the

same holds true for multiphase ones.

Most commonly in modeling, the horizontal variation of time-averaged vertical

velocity and bulk density (or concentration) are described with Gaussian profiles in

axisymmetric plumes such that for a given height:

wf (r) = wce
−r2/b2 ; c = cce

−r2/b2 (4.5)

where r is the radial distance from the plume centerline (as shown in the coordinate

system of 4.1), wc and cc are the centerline velocity and concentration respectively and b

is the plume width. Also common, especially for reducing models to a single dimension,

are top-hat profiles, though the two can be related (often, though not always, by taking

the top-hat to be half the Gaussian-centerline variable, e.g. wavg = wc/2). No matter

how the plume is modeled though, when models are compared to experimental plumes,

Gaussian profiles often fit quite well to the observations (Turner (1979); Ramaprian &

Chandrasekhara (1989); Shabbir & George (1994) among others for single-phase plumes,

Seol et al. (2007) for bubble plumes, Hall et al. (2010); Carey et al. (1988) for particle

plumes/jets.
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One way to identify self-similarity is to examine the horizontal profiles of con-

centration and velocity at various vertical locations. Figure 4.6 shows the velocity and

concentration profiles for plumes P1, P2 and P3 scaled by the respective centerline value.

Previous experimental studies (Hall et al., 2010) used both the maximum value along

the profile, or the the value at the geometric center, though for us as for Hall et al. (2010)

these generally match. On the horizontal axis the radial distance from the centerline r

is scaled by the half-width r1/2, or the width at which the velocity/concentration drop

to one-half their maximum. We do indeed observe reasonable collapse throughout the

length of the plume, with shapes close to a Gaussian, lending some validity to assump-

tions of self-similarity for these multiphase plumes.

Figure 4.6: (top row) particle vertical velocity profiles scaled by the maximum (or cen-
terline) value vs. radial distance from center, scaled by the half-width and (bottom row)
particle concentration profiles scales by its maximum again vs. radial distance scaled by
the half-width for each experimental plume. Colors represent vertical height, z/D0 as
indicated by the colorbar.
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4.2.2 Centerline variables

We then look at the centerline observables in our plumes–the centerline velocity

and width as a function of vertical distance. In figure 4.7, we plot the plume widths, as

measured by the mean concentration profiles. We define the radius of the particle-phase

of the plume bp, to be the radius at which the particle concentration drops to 1/e of

the maximum value, or roughly 36.8%. Lazy single-phase plumes are known to display

necking, i.e. a narrowing of the plume width in the near-field development region, for

example in the simulations of Marjanovic (2018) where the plumes contract between

0 − 2z/D0. Our plumes do not display this necking, although this could be due to our

unbiased measurements not starting until z/D0 ≈ 5 for P1 and P2, and z/D0 ≈ 20

for P3. However we notice that the half-width of the plume at the top of the unbiased

imaging window is very close to the chute radius. Therefore if present, the necking must

be relatively mild.

Interestingly, although all three plumes behave similarly until about z/D0 ≈ 20,

they then diverge significantly. P1, with the smallest initial mass flux begins to spread

faster than the other plumes, followed by P2 and then P3, spreading the slowest. Cal-

culating the slope of the approximately linear growth of plume radii between z/D0 =

20 − 60, it becomes clear that the plume spreading rate, βp = dbp/dz decreases with

increasing mass flux. For P1, βp ≈ 0.068, while for P2 it decreases to βp ≈ 0.051, and

still further for P3, down to βp ≈ 0.032. These spreading rates are generally lower

than found in Hall et al. (2010), which ranged from βp = 0.08 − 0.1. Lai et al. (2016)

and Mazurek et al. (2002) considered particle plumes and found spreading rates more

similar to ours, suggesting that the multiphase nature of the plume is responsible for

this feature. Instead the particle-plume spreading rate seems to depend on the initial

conditions, such as the initial mass flux.

The centerline vertical velocity is another important observable and figure 4.8

shows the results for the three plumes. Each of the three cases initially accelerated,
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Figure 4.7: Plume radii, bp, normalized by the chute diameter D0. The respective spread
rates (dbp/dz) for plumes P1, P2 and P3 are 0.068, 0.051 and 0.032.

though again we are limited in our observations of the initial plume development region,

and can only reliably draw conclusions for the velocity above z/D0 ≈ 5. This accelera-

tion suggests that in the region beyond z/D0 = 5, there probably is some contraction of

the plume, as hypothesized above, and in the simulations of Marjanovic (2018). There

is considerable uncertainty in P3, partially due to convergence issues, and the total un-

certainty on the mean velocity tops at 15% for this case, such that those oscillations are

mostly within the uncertainty. Despite differences in the initial mass flux, there seems

to be little difference between the maximum centerline velocity, which peaks for all cases

around 30 times the Stokes settling velocity. After reaching this peak, the centerline
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velocities in cases P1 and P2 slowly decay, with P2 decaying slower than P1. P3, with

all of its uncertainty taken into account, continues accelerating, or at least plateaus at

a high velocity for an extended stretch–most of our experimental domain. Instead of

differences in the maximum velocity, the plumes seem to differ on the vertical location

where they reach their maximum velocity.

Figure 4.8: Plume centerline velocities normalized in (a) by the Stokes Settling velocity
(τpg) and in (b) by the source velocity at the outlet. While the three plumes accelerate
to approximately the same absolute velocity (a), their relative maximum velocities with
respect to their source velocities seems to depend on the initial conditions.



Dynamics of Settling Particle Plumes 97

We quantify the differences between the plume decay rates by looking for a power-

law relation between the centerline velocity and vertical drop distance, which is suggested

by power-law arguments. Interestingly, it seems to be dependent on the initial mass flux.

P1 displays a gradual decay rate of −0.4, close to the −1/3 power-law trend for the ve-

locity in a single-phase plume. Hall et al. (2010) observed a similar adherence to the

−1/3 power-law behavior for their sand and slurry jets. Marjanovic (2018) saw similar

behavior for the pure and forced plumes, whereas their lazy particle plumes decayed

more slowly, an effect of the particle slip velocity continuing to generate momentum

downstream. P2 has a slower decay rate than P1, with an approximate power-law de-

pendence with a decay rate of −0.1. The densest plume, P3, as discussed previously

seems to be maintain a high velocity for a larger drop distance than the other plumes,

and we do not observe a noticable decay.

Taken together, the trends in plume width and centerline velocity indicate a strong

dependence of the behavior on the initial conditions, and more fundamentally, a stark

contrast between the particle and single-phase plumes: denser plumes accelerate over

much longer distances compared to single-phase lazy plumes. In the case of our densest

plume, we do not capture a significant velocity decay after 60 diameters.

We use these centerline velocity profiles to get an estimate of the initial plume

conditions: the initial average (top-hat) vertical velocity W0 and initial average density

ρb,0 and volume fraction φv,0 listed back in table 4.1. For all the plumes, the initial

velocity growth between z/D0 = 3.5− 5 seems relatively linear, and working under this

assumption we extrapolate the centerline velocity to z/D0 = 0. With these estimated

initial velocities, we then apply conservation of mass. Using our measurements of the

mean mass flow rate ṁp, and bp,0 the initial plume radius, assumed equal to the chute

radius, we solve ṁp = ρb,0wp,0πb
2
p,0 for ρp,0, the average bulk density which we convert

into a volume fraction via the relation φv = (ρf − ρb)/(ρf − ρp).



Dynamics of Settling Particle Plumes 98

Figure 4.9: Plotted in log-log scale, the centerline velocity seems to follow approximately
a power law with exponents indicated by the text.

4.3 Entrainment into Particle Plumes

As mentioned in section 4.1.2, we are able to image the ambient flow surrounding

the particle plumes by zooming in on the interface separating the particles from their

environment. However to calculate the entrainment velocity, ue, into the plume required

additional processing. First, we needed to define a plume boundary. Doing so involved

dilating, thresholding and median filtering the raw images in such a way that the plume

boundary followed the major billows and curves of the instantaneous images, while also

extending into the field of valid PIV vectors. The dilation kernel was chosen so that the
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boundary extended into the tracer field, and is typically the width of the PIV interroga-

tion window ∼ 50 pixels. This ensured that we did not underestimate the entrainment

velocity as the gradient of the tracer velocity changes by a maximum of 10% per inter-

rogation window, though the mean was approximately 3%. The median filter slightly

smoothed out the boundary, so that it limited the effect of noise on the intricacy of the

plume interface, and the filter size was also 1–2 interrogation window sizes. Figure 4.4

c) illustrates the result of this process, as we used the resulting image to mask the tracer

PIV. The boundary between the masked and unmasked regions of that array define the

plume boundary. After defining the plume boundary, we interpolated the tracer PIV

at the boundary location. The final step was to calculate the component of the fluid

velocity orthogonal to the local plume boundary. The angle of the local plume boundary

relative to the velocity was determined by first using a small moving window of 5 bound-

ary locations to define a line. With that line, we computed the fluid velocity normal

to the local plume boundary. Finally, we averaged this entrainment velocity in time at

each streamwise distance z to obtain the average entrainment velocity, shown for each

plume in figure 4.10, with negative velocity indicating it is moving into the plume.

4.10 shows the mean entrainment velocity into the plume, along with the moving

average of that mean. Despite being composed of separate camera views, the average

entrainment velocity shows remarkable continuity. There is an initial jump in the entrain-

ment velocity, followed by an equally sudden decrease, before the entrainment velocity

stabilizes. From the simulations of Marjanovic (2018) we know that bubbles plumes

initially mildly contract and accelerate, consistent with our experiments as shown in

section 4.2. Between z/D0 ≈ 0 − 10 in the plume development region, the plumes en-

gulf relatively little air. We saw this in the plumes visually as well, with few billowing

structures for the first few z/D0 of plume development–structures which are known to

be responsible for entrainment and mixing. After z/D0 ≈ 10, the entrainment velocity

levels out, remaining relatively stable with axial distance.
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Figure 4.10: Mean entrainment velocities into plumes P1 (left) P2 (center) and P3 (right).
Gray dots indicate the mean at each plume-boundary pixel location, while the colored
lines represent moving averages with a kernel size of 100 pixels.

With so much of integral plume theory being built of Morton’s assumption of a

constant entrainment coefficient, we further wanted to directly estimate α in these mul-

tiphase plumes. To do so, we make the assumption that the centerline air velocity can be

related to the centerline particle velocity by a constant slip velocity equal to the Stoke’s

settling velocity of the particles. Since the velocity profiles are well approximated by a

Gaussian, we take the top-hat velocity wf,avg = (Wp,c − τpg)/2 to be the characterstic

air velocity against which to compare the entrainment. The ratio of the entrainment

velocity to the estimated air centerline velocity provides us an estimate of α in each

plume. These results are shown in figure 4.11.

The entrainment coefficient is similar between the three plumes. After the devel-

opment region, the three entrainment coefficients are relatively stable and average out

to αP1 = 0.042, αP2 = 0.044 and αP3 = 0.036. This seems to lend credence to the idea
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Figure 4.11: Estimated entrainment coefficient for the three particle plumes tested.

that α is constant with axial distance as proposed by Morton et al. (1956), at least in the

far-field where the particle plumes have returned to self-similarity. αP3 is slightly lower

than the other two estimates, though this variation is probably within the random error.

For plumes P2 and P3, we se an initial jump in the entrainment coefficient, similar to the

results of Marjanovic (2018) for all their plumes tested (pure, forced, lazy). However we

do not observe the same increasing trend in P1, possibly due to experimental error, or

simply not resolving close enough to the plume source to measure any increase in initial

entrainment where the plume first enters the test chamber. Compared to other stud-

ies which measured entrainment coefficients in multiphase plumes, our estimates were

somewhat lower: McHugh & Cardoso (2011) found experimental values of α ∼ 0.09,

while the simulations of Marjanovic (2018) found α initially spike to between 0.3 and

0.4, followed by a decay and an asymptotic decay to α ≈ 0.12. The thesis of Liu (2003)
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however found a value of 0.03 based on best fits of their experimental air volume flux

measurements.

4.4 Comparing Experiments to 1-D Models

We compared our experimental results with four models: i) single-phase pure

plumes, ii) single-phase lazy plumes, iii) single-phase forced plumes and iv) multiphase

particle plume model inspired by Liu (2003) and Lai et al. (2016). All four models

use Morton’s entrainment hypothesis. Until now, without measurements of α, we were

unable to classify our plumes as either forced, lazy or pure. The equations for mass,

momentum and buoyancy flux are slightly different than those for single-phase plumes,

as they take into account the solid-volume fraction, φv Marjanovic (2018):

Qf (z) =

∫ ∞

0
2πr(1− φv(r, z))wf (r, z)dr (4.6)

Qp(z) =

∫ ∞

0
2πrφv(r, z)wp(r, z)dr (4.7)

M(z) =

∫ ∞

0
2πr

[
wf (r, z)2(1− φv(r, z)) +

ρp
ρf
wp(r, z)

2φv(r, z)

]
dr (4.8)

B(z) =

∫ ∞

0
2πrφv(r, z)g

ρf − ρp
ρf

wp(r, z) (4.9)

Using our estimates of initial velocity and concentration (4.1), and assuming the fluid

lags the particle velocity by τpg, we can calculate these fluxes, and thus our initial

plume function, Γ0 = (5(Qf,0 + Qp,0)
2B0)/(8α

√
πM

5/2
0 ). All three plumes are forced,

with ΓP1,0 = 0.16, ΓP2,0 = 0.052 and ΓP3,0 = 0.015.

van Den Bremer & Hunt (2010) showed that using the entrianment hypothesis,

the solutions to the plume conservation equations are universal for pure, lazy and forced

plumes, with a minor difference between Boussinesq and non-Boussinesq. Those plume

conservation equations generally use top-hat profiles to describe the time-averaged radial
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variation of vertical velocity and density, and can be written as:

d(ηwb2)

dz
= 2bue (4.10)

d(ηw2b2)

dz
= g(1− η)b2 (4.11)

d(wb2)

dz
= 2bue (4.12)

for mass, momentum and volume flux conservation respectively. w denotes vertical ve-

locity, b the plume radius, η the density ratio of the bulk plume density ρb and the

ambient ρf , and ue is the entrainment velocity. van Den Bremer & Hunt (2010) manip-

ulated these equations in terms of the non-dimensional plume function Γ, β̂ = b/b0 the

plume radius normalized by its initial value, ŵ = w/w0, the vertical velocity normal-

ized by its initial value, and a non-dimensional axial distance ζ = 4αz/b0 such that the

conservation equations 4.10–4.12 are recast:

dΓ

dζ
=

Γ(1− Γ)

β̂
sign(w) (4.13)

dβ̂

dζ
=

1

5

(
5

2
− Γ

)
sign(w) (4.14)

dŵ

dζ
=

2

5

ŵ

β̂

(
Γ− 5

4

)
sign(w) (4.15)

Following the notation of van Den Bremer & Hunt (2010), the density ratio η is also

recast as:

∆ =





1− η Boussinesq
1− η
η

non-Boussinesq
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For pure plumes (Γ = 1), the solutions for width, velocity and density to equations

4.13-4.15 are:

b

b0
=

3

10

(
10

3
+ ζ

)
(4.16)

w

w0
=

(
10

3

)1/3(10

3
+ ζ

)−1/3
(4.17)

∆

∆0
=

(
10

3

)5/3(10

3
+ ζ

)−5/3
. (4.18)

The solutions for forced and lazy plumes are more complicated. Equations 4.13 and 4.14

can be solved simulataneously to get the plume radius for these plumes:

b

b0
=

√
Γ

Γ0

(
1− Γ0

1− Γ

)3/10

(4.19)

which is then substituted into 4.13 to get the rate of change of the plume function with

height:
dΓ

dζ
= Γ(1− Γ)

√
Γ0

Γ

(
1− Γ0

1− Γ

)3/10

sign(w) (4.20)

which can then be integrated to find the height ζ at which a given value of Γ is reached

(see eq. 4.3 in van Den Bremer & Hunt (2010)). The solutions for velocity and density

follow as:

w

w0
=

√
Γ0

Γ

(
1− Γ

1− Γ0

)1/10

(4.21)

∆

∆0
=

√
Γ0

Γ

√
1− Γ

1− Γ0
(4.22)

With the requisite source conditions, these equations can be solved.

The following multiphase model is inspired by the thesis of Liu (2003), but modified

to better represent the conditions of our plumes. Starting with the forces, drag, FD, and
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buoyancy forces, FB act on the the particles via the following equations:

FD =
1

2
ρfCDCs(πd

2
p/4)(wp − wf )2 (4.23)

FB =
1

6
πd3p(ρp − ρf )g (4.24)

where dp is the particle diameter, g is the gravitational acceleration, CD is coefficient and

Cs is a factor meant to modify the drag to better describe drag acting on a multiparticle

system. In Liu (2003), this factor is taken to be proportional to the solid-volume fraction:

Cs = (1− φv)−4.7. We use the drag coefficient with the Schiller & Naumann correction

as described in Crowe et al. (2011): CD = (24/Rep)(1 + 0.15Re0.687p ), where Rep is the

particle Reynolds number (Rep = (wp−wf )dp/ν, with ν being the kinematic viscosity of

air in our case). Assuming that with time, the plume will average out to an axisymmetric

cone shape, the number of particles within a given annular ring of width ∆r and height

∆z is given by:

Np =
φv,avg2πr∆r∆z

1
6πd

3
p

(4.25)

and therefore the sum of forces acting on the volume of that annular ring is Np(FB−FD).

The rate of change of the momentum of falling particles is then: ṁp
dwp

dt = Np(FB−FD),

which under the assumption of steady flow becomes a relation with axial distance:

dwp
dt

= ṁpwp
dwp
dz

= Np(FB − FD) (4.26)

To model the volume flux of entrained air Liu (2003) also used the entrainment hypoth-

esis, and simplifying with top-hat profiles, the conservation equation is written as:

d

dz

(
πb2fwf

)
= 2πbfαwf (4.27)

where bf is the radius of the fluid-phase of the plume. The momentum of the air-phase

is modeled using Newton’s second law–the rate of change of momentum flux of the
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entrained air with respect to axial distance has to be equal to the sum of drag forces

acting on the particles per unit drop height:

d

dz

(
ρfπb

2
fw

2
f

)
=

1

wp
FD (4.28)

Equations 4.25, 4.26 and 4.27 can then be discretized, and solved using Euler’s

method. Specifying initial conditions, the remainder of the variables can be solved for.

Using conservation of mass, the bulk density of the plume at each step of axial distance

is:

ρb =
ṁp

πb2pwp
+ ρf (4.29)

which can be converted to a volume fraction for calculating Cs. Finally, Liu (2003)

uses the expression for the volume of air entrained, Qf = πb2fwf , to solve for bf , and

the definition of the entrained air momentum Mf = ρfπb
2
fw

2
f to solve for wf . Missing

from Liu’s model is a solution for bp, the radius of the particle-phase of the plume.

Liu’s original model assumes particles fall in a stream, with a stable core of particles

that does not expand. Thus if we wanted to additionally solve for bp, we had to find

another equation to close the system of equations. This equation was inspired by the

spreading hypothesis model of Lai et al. (2016). They assumed that the particles’ spread

over a differential time dt is proportional to the fluid’s: dbp ∼ dbf
dz wfdt where wf is the

characteristic velocity of the fluid, as before. Using the mean vertical particle velocity,

wp, the axial distance particles travel over a time dt is dz ∼ wpdt, leading to the particle-

phase spread rate:
dbp
dz

=
dbf
dz

wf
wp

. (4.30)

Equation 4.30 is a fourth differential equation, which can also be discretized and solved

via Euler’s method and completes our system of equations.

We solve the pure plume equations (eqs. 4.16–4.18), forced/lazy plume equations

(eqs. 4.19–4.22) and the multiphase plume model (eqs. 4.26–4.30, in addition to the
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definitions of Qf ,Mf and Cs) and compare the predictions of the preceeding four models

with the observables from our experiments: the particle-phase plume width and the

particle velocity.

The initial conditions are chosen to match our experimental parameters. For the

multiphase model, the mass flow rate, initial particle velocity and bulk density are taken

from table 4.1. The initial fluid velocity is, as before, assumed to lag by τpg. For

the single-phase models, the mass flow rate, initial bulk density and velocity are the

same as in table 4.1. For the lazy plume model, these source conditions determine the

plume function Γ0; while to model the force plumes, we substitute in our experimental

estimates for Γ0. The inital particle and fluid phase radii are initialized as equaling the

chute outlet diameter, D0, in all cases. Finally, we use our experimentally determined

values of the entrainment coefficient, α to close the equations. Though the models are

written and solved for top-hat quantities, assuming a Gaussian profile, they can be

converted between each other. The top-hat velocity is related to the centerline Gaussian

value by:

wavg =
wc
2

(4.31)

while the radius of a top-hat distribution is related to the 1/e radius calculated in section

4.2 as:

bavg = b
√

ln(2) (4.32)

Figure 4.12 compares the experimentally measured particle-phase radius to the

model predictions. The spread rates seem to be described best by our multiphase phase

model, followed by the lazy single-phase model, both of which display the initial “neck-

ing” behavior. Our experimentally measured plume widths are not as linear as the model

predictions, though this could be due to experimental error. As the image intensity de-

creased due to the particles spreading and mixing into the domain (and the laser sheet
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intensity decreasing) the “signal” to noise ratio of the centerline intensity to the back-

ground noise lessened, which could be responsible for the increased spread past 50 z/D0.

Figure 4.12: From left to right: model and experimental data comparisons for P1, P2

and P3 for the plume widths normalized by the source diameter. The multiphase model
is the best performing in all cases.

Figure 4.13 presents our final comparison between the experimental and model

centerline velocities, normalized by the Stokes’ settling. Here, the limitations of approx-

imating multiphase plumes with single-phase models becomes clear–the forced and pure

plumes cannot capture the initial acceleration we observed. The lazy plume does predict

an acceleration, though neither of the correct magnitude nor the correct peak location.
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The multiphase plume also predicts an initial acceleration with axial distance, and ap-

proaches the experimental results. It much more accurately predicts the axial location

where the velocity reaches its maximum than the single-phase models. Encouragingly, it

also seemed to predict the decay rate of the velocity in plume P2 particularly accurately.

Figure 4.13: From left to right: model and experimental data comparisons for P1, P2 and
P3 for the centerline velocities normalized by the source velocity. Again the multiphase
model well-represents our laboratory findings.

There are several ways the multiphase model in particular could be improved

upon. Besides a better formulation for predicting the particle plume radius, the drag

particles experience when in dense clusters could also be important. We attempted to

capture these physics through the drag factor Cs in our multiphase model, though it
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would be interesting to see other formulations tested. Additionally, our model relies

on experimentally determined entrainment coefficients. A model for that all-important

quantity based on plume initial conditions would be immensely helpful, especially when

trying to predict the behavior of particle plumes outside the laboratory setting. Still,

these comparisons are useful for determining where, when and how very simple 1-D

integral models can be helpful when predicting the time-averaged dynamics of turbulent

particle plumes in particular. Pure and forced single-phase plumes in particular cannot

capture the initial acceleration particle plumes undergo. This is particularly interesting

considering the single-phase forced plumes are prescribed the same value of Γ as our

multiphase plumes. Evidently the plume function does not directly translate between

multi and single-phase plumes. One major difference between the single and multiphase

plume models is the presence of a slip velocity between the phases. As Marjanovic

(2018); Socolofsky & Adams (2002) have noted, the slip velocity is important because

it does not decay as the average plume velocity does. This leads directly to the erosion

of self-similarity, and correctly predicting the slip velocity could be responsible for the

difference between a representative multiphase model, and an unsuccessful one.
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In this thesis, we conducted experimental studies of inertial particles falling in

air. Using the high-speed imaging, PIV and PTV we were able to access the motion of

inertial particles as well as the dynamics of the surrounding turbulent air flow. For the

dilute-regime experiments, simultaneous measurment of the inertial particle trajectories

and the turbulence yielded statistical analyses of the particle-turbulence coupling that

was previously inaccessible experimentally. The results from the homogeneous particle-

laden turbulence section of the thesis can be summarized as follows:

1. The jet-stirred homogeneous air turbulence chamber is particularly suitable to

characterize the considered regime: the lack of mean flow enables the unbiased

measurement of the settling velocity, also yielding a much larger dynamic range for

the velocity fluctuations compared to wind tunnel experiments (Carter & Coletti,

2017). Moreover, the large region of homogeneous turbulence is crucial for the

particles to interact with the full range of turbulent scales (Bellani & Variano,

2014). The simultaneous imaging of both phases allows the characterization of

their interplay, within the inherent limits posed by the imaging accuracy and its

planar nature. Finally, the relatively high Reλ warrants the separation of scales

needed to identify the dominant flow parameters.

2. We have characterized the particle spatial distribution using both RDF and Voronoï

diagrams. The former show a power-law decay over (and beyond) the near-

dissipative scales, followed by a long exponential tail. The latter indicates that

clustering extends far beyond the dissipation range, although the particle field

does not display scale-invariant properties over such distances. It is confirmed that

clustering is most intense for Stη ≈ 1, but remains significant even for more iner-

tial particles, which in fact cluster over larger regions. This is due partly to their

response time being comparable to the time scales of larger eddies, and partly to

the effect of gravity. It was indeed reported in several numerical investigations that
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gravitational settling enhances clustering for Stη > 1 (see Ireland et al., 2016b).

Gravity is unavoidable in laboratory experiments, thus its effect is hard to discern

from inertia. However, our results for various Stη and Svη are at least consistent

with this trend. We argue that such an effect is associated to u′ becoming the

relevant velocity scale for the interaction of turbulence with fast-falling particles:

the latter quickly decorrelate from Kolmogorov-size eddies, and rather respond to

large-scale velocity fluctuations. Indeed, the fraction of clustered particles and the

cluster size generally increases with particle inertia.

3. The Voronoï diagram method generally confirms the findings from the RDF analy-

sis, and allows us to explore further aspects of the particle distribution, focusing on

individual clusters. The properties of those discrete groups of highly concentrated

particles bears particular significance, as these may interact with one other and,

by virtue of their collective action, modify the surrounding flow (Monchaux et al.,

2012). We find that sufficiently large clusters (i.e. “coherent clusters” in the defini-

tion of Baker et al. (2017) follow power-law size distributions over several decades,

and display a precise fractal dimension. Therefore, borrowing the terminology pro-

posed by Paola et al. (2009) to describe scale-invariance in geomorphology, these

objects exhibit both internal similarity (between the system and small parts of

it) and external similarity (between the system and small copies of it). This also

suggests that they follow (without necessarily replicating) the self-similar topology

of the underlying turbulence. The clusters are usually elongated and often aligned

with the vertical direction. The mean particle concentration in a cluster can be

an order of magnitude higher than the average, and is largely independent on the

cluster size.

4. It may appear surprising that particle clusters display both internal and external

similarity, and over such a wide range of scales. After all, turbulence is known
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to display strong departures from self-similarity associated to its intermittent be-

havior. However, a few considerations are in order. First, intermittency is most

evident in high-order quantities in which the size and shape of the clusters of

inertial particles might be relatively insensitive. In fact, the intense vortex fila-

ments usually regarded as responsible for scale-variant behaviors are precisely the

structures where particles of Stη = O(1) are unlikely to be found. Also, by focus-

ing on coherent clusters, we set a size threshold larger than the scale over which

intermittency is manifest.

5. One of the major findings of the study is that, for Stη and Svη of order unity and

in the considered range of Reλ, turbulence produces almost a three-fold increase

in settling velocity with respect to quiescent conditions. Such a dramatic effect

has far-reaching consequences in a myriad of natural and engineering settings,

from atmospheric precipitation to industrial processes and pollutant dispersion.

Remarkably, the effects of turbulence on the fallspeed of hydrometeors have only

recently begun to be addressed in field studies (Garrett & Yuter, 2014). In par-

ticular, the present results are consistent with the measurements by Nemes et al.

(2017) who imaged snowflakes settling in the atmospheric surface layer. The data

is best collapsed by a mixed scaling based on τη and u′, which may reflect how

the latter is indeed the relevant velocity scale ruling the settling enhancement.

This argument is consistent with the idea of distant-scale interaction, which has

been used in wall-bounded flows to explain the success of mixed scaling of the

streamwise turbulent fluctuations (Marusic & Kunkel, 2003).

6. Clusters fall even faster than the average particle in turbulence. In the considered

range of parameters, this appears to be due to the particle tendency to oversample

downward flow regions, according to the preferential sweeping mechanism. The

latter is shown to be responsible for the observed enhanced settling, and in the

present regime is a more recognizable feature than the preferential concentration in
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high-strain/low-vorticity regions. Owing to the crossing trajectory and continuity

effects, the vertical velocity fluctuations of the particles are stronger than the

horizontal ones. The r.m.s. of the vertical slip velocities are also larger than the

horizontal, and both can largely exceed their respective mean values. Thus, the

actual particle Reynolds number can greatly differ from the nominal value usually

used to correct Stokes’ law. Indeed, the effective drag coefficient calculated via the

simultaneous two-phase measurements is found to depart significantly from the

standard estimate. This points to clear limitations of the point-particle approach,

perhaps accounting for some of the quantitative disagreement between experiments

and DNS at matching conditions (Good et al., 2014).

7. At sufficient concentrations, the particles excite small-scale fluid velocity fluctua-

tions, which however may represent a small fraction of the turbulent kinetic energy.

For the heavier particles, we generally observe a reduction of turbulent energy at

the larger scales. Over the considered range of parameters, the measurements did

not indicate a trend of augmentation versus attenuation of the overall turbulence

intensity. This is perhaps not surprising, considering the multiple counteracting

effects contributing to turbulence modification at the different scales, along with

the difficulty of varying one parameter at a time. Dedicated experiments in which

the volume fraction is systematically varied over a wide range, keeping all other

settings constant, stand a higher chance of providing some conclusive answer. Such

a study, however, is expected to be challenging: for sub-Kolmogorov particles and

relatively high Reλ, substantial mass loadings require large number densities, pos-

ing problems for the fluid velocimetry. Those can be alleviated by imaging at very

high resolution; but this limits the FOV, and consequently the insight into multi-

scale mechanisms. Therefore, the use of very large sensors and/or the simultaneous

deployment of multiple cameras appear necessary to fully quantify two-way cou-

pling effects in preferentially concentrated particle-laden turbulence.
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Our study of dense, falling particle-laden plumes provided unique experimental

results into the dynamics of these multiphase plumes. By conducting two experiments–

one capturing the inertial particle behavior and another zoomed in onto the plume

interface–we were able to measure both the time-averged particle phase dynamics and

the air entrainment across the plume interface. Our observations revealed the following:

1. The particle-laden plumes were reasonably self-similar in their mean velocity and

concentration radial profiles. This is an important conclusions, especially when

using or developing integral models of particle-laden plumes as the self-similarity

assumption greatly simplifies the governing equations. It is not a trivial assumption

either, as the slip velocity between the disperse and continuous phase generally acts

to degrade the self-similarity of multiphase plumes (Marjanovic, 2018).

2. We found a trend of decreased spread for lower plume functions, Γ0 (corresponding

to higher initial mass flux). Evidently, more jet-like particle-laden plumes are more

resistant to mixing with the ambient, retaining their dense cores for longer. The

centerline plume velocity initially acclerated in all three plumes, but to different

magnitudes. The least dense plume accelerated to <2×W0, the source velocity

whereas the denser plumes accelerated to between 4.5–6×W0. After the initial

acceleration region, the least dense plume’s centerline velocity decayed according

to a power law with a−0.4 exponent, similar to the expected decay rate for a single-

phase pure plume of −1/3. However, increasing the initial mass flux changed the

decay rate. The two more jet-like plume centerline velocities decayed much more

slowly, with the densest not significantly decaying at all over our imaging area.

3. Our PIV measurements of the ambient fluid flow field allowed us to calculate the

entrainment velocity into the particle plumes along the ambient-plume interface

instantaneously. The time-averaged quantity was remarkably consistent with axial
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distance despite being a composite of multiple runs. We estimated the average fluid

velocity assuming the slip velocity was constant and equal to the Stoke’s settling

velocity. This allowed us to calculated an estimated entrainment coefficient for

the three particle-laden plumes. After the initial plume development region, the

entrainment rate was relatively constant for the extent of the measurement length,

indicating that at least over the axial distance we observed a constant entrainment

coefficient, as assumed by many plume models, is a reasonable assumption.

4. Finally, we compared our experimental results to single and multiphase 1-dimensional

plume models. While our multiphase plumes were all forced, the single-phase

forced plume model generally performed worst when predicting the characteris-

tics of multiphase plumes in large part due to the differences in how multiphase

plumes evolve in the near-field region. The initial acceleration is only observed in

lazy single-phase plumes, but the lazy plume model was unable to capture the peak

of the average velocity. A 1-D multiphase plume model inspired by Liu (2003) and

Lai et al. (2016) was generally the best performer, as it was able to predict the

average velocity and plume spread quite well.

Future Outlook

The ideas and observations provided in this thesis can be improved upon in sev-

eral ways. Overcoming the limitations of planar measurements will require a leap in

performance of 3D particle imaging at high concentrations. Novel approaches based

on Tomographic PTV are breaking grounds in single-phase velocimetry (Schanz et al.,

2016), and may be applied to inertial particles. Advanced numerical methods are also

expected to shed new light on dilute particle suspensions in turbulence: particle-resolved

DNS has been successfully applied to investigate relatively large particles (Naso & Pros-

peretti, 2010; Lucci et al., 2010; Tenneti & Subramaniam, 2014; Cisse et al., 2013;
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Gao et al., 2013; Uhlmann & Doychev, 2014; Fornari et al., 2016), and recently even

Kolmogorov-sized particles (Schneiders, Meinke & Schroeder 2017). The ever-increasing

computational power will soon allow resolving even smaller objects, elucidating the role

of mechanisms such as the local hydrodynamic interaction between particles (Wang

et al., 2007). Still, capturing truly collective effects with this approach will require enor-

mous computational resources. Considering the dilute experiments in this thesis as an

example (e.g., L ≈ 100 mm and dp ≈ 50µm), a cubic domain of size 2πL with a volume

fraction of 5 · 10−5 contains ∼ O(108) particles. Low-order methods able to incorporate

the essential physics are therefore sorely needed; the role of experiments and particle-

resolved simulations in informing and validating them will be essential. Furthermore,

future experiments could better investigation particle back-reaction onto the flow by

systematically varying quantities like the φv, Stη and Svη to examine any underlying

trends between those quantities and turbulence augmentation/attenuation.

Understanding the dynamics of multiphase plumes will require more study on the

experimental and computational side. There are relatively few works on particle-laden

plumes in air in particular due to the experimental challenges, but there are also few

computational studies on the systems studied in this thesis. Our study on particle-laden

plumes in this thesis focused on first-order statistics of the particle and fluid phases. Fu-

ture investigations into higher order quantities are planned. Examining for example, the

turbulent fluxes and seeing to what degree the eddy-viscosity and gradient-diffusion hy-

potheses hold for these multiphase shear flows. Our datasets also permit the study of the

instantaneous plume structures, like the billowing instabilities at the plume boundary.

These structures seem largely responsible for air entrainment and mixing, but we have

not yet examined their role quantitatively. Our integral model of multiphase plumes

could also be improved upon. We see two particular avenues–incorporating a model for

the entrainment coefficient and trying different formulations for the drag experienced

by dense groupings of inertial particles. Finally, our setup inside the turbulence box
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described in chapter 2 begs the question: how would a turbulent ambient environment

affect these particle-laden plumes? Real world scenarios in which one might find these

plumes are bound not to be shielded from turbulent fluid flow, which could have drastic

effects on the structure of these plumes and thus the transport of the dispersed phase.
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