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Abstract
Surfactants in solution often self-assemble into spherical micelles. Micellar surfactant solutions display a wide range of dynamic processes. The mechanisms of some
such processes remain poorly understood. Three distinct dynamic processes are studied in this work: single molecule exchange, creation and destruction of micelles, and
adsorption of surfactant from a micellar solution onto an initially bare interface.
Exchange of individual molecules between a micelle and the surrounding solutions is the most important elementary dynamical process in a micellar solution. A
combination of molecular dynamics simulation and self consistent field calculations is
used to study this process for micelles of diblock copolymer surfactants in both small
molecule and polymeric solvents. For micelles in a polymeric solvent considered here,
it is found that the corona does not pose a significant barrier to insertion. Studies
of micelles of copolymer with a long corona block in a small molecule solvent instead
show a measurable insertion barrier due to coronal stretching. Overall rates of insertion are found to depend very weakly on corona block length, however, because of
compensating effects of the changes in the concentration of free molecules that coexist
with micelles and changes in the barrier to insertion.
Studies of relaxation of homogeneous micellar solutions after a weak perturbation
show the existence of fast and slow processes with disparate relaxation times. The fast
process is a relaxation in aggregation number via insertion and expulsion of individual molecules. The slow process is associated with creation and destruction of entire
micelles. Novel simulation techniques are used here to determine the mechanism of
the slow process. In systems of more soluble surfactants, micelles are created and
destroyed by a sequence of single-molecule insertion or expulsion events. In systems
of more sparingly soluble surfactants, the number of micelles changes by fission and
fusion events.
When a micellar solution is exposed to an initially bare interface the resulting relaxation is highly nonlinear and may exhibit several distinct behavior regimes. This
process is studied by developing approximate models for particular time and parameter regimes and comparing the resulting predictions to the results of full numerical
solutions for the relevant diffusion reaction equations for a polydisperse solution. Micelle dissociation is found to be rapid near the interface during the early phases of
adsorption, even in systems in which micelles are very long-lived in equilibrium, because a depletion of local free molecule concentration near the interface removes the
barrier to stepwise micelle dissociation. Dissociation of micelles near the interface
can lead to formation of a micelle free region near the interface.
ii
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3.B.2 Becker-Döring Analysis . . . . . . . . . . . . . . . . . . . . . . 103
3.C Fate of Fission Fragments . . . . . . . . . . . . . . . . . . . . . . . . 106
3.D Statistical Analysis of Fission Data . . . . . . . . . . . . . . . . . . . 109
4 Equilibrium Interfacial Adsorption

113

4.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.3

Particle Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
4.3.1

4.4

4.5

4.6

Determination of Γ . . . . . . . . . . . . . . . . . . . . . . . . 119

Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.4.1

Adsorption Isotherm . . . . . . . . . . . . . . . . . . . . . . . 121

4.4.2

Interfacial Tension . . . . . . . . . . . . . . . . . . . . . . . . 123

Self Consistent Field Theory . . . . . . . . . . . . . . . . . . . . . . . 128
4.5.1

Correspondence of χN and α . . . . . . . . . . . . . . . . . . 129

4.5.2

Interfacial Equation of State . . . . . . . . . . . . . . . . . . . 131

4.5.3

Relationship to bulk concentration . . . . . . . . . . . . . . . 134

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

v

5 Dynamic Adsorption to a Bare Interface

141

5.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.3

Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

5.4

5.5

5.3.1

Micelle Statistical Properties . . . . . . . . . . . . . . . . . . . 148

5.3.2

Equilibrium Size Distribution . . . . . . . . . . . . . . . . . . 149

5.3.3

Partial Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . 152

Reaction Kinetics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
5.4.1

Reaction Rate Laws . . . . . . . . . . . . . . . . . . . . . . . 154

5.4.2

Micelle Statistical Properties . . . . . . . . . . . . . . . . . . . 157

5.4.3

Qualitative Behaviors . . . . . . . . . . . . . . . . . . . . . . . 158

5.4.4

Fast Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.4.5

Slow Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 162

5.4.6

Linear Relaxation . . . . . . . . . . . . . . . . . . . . . . . . . 164

Transport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
5.5.1

Transport Equations . . . . . . . . . . . . . . . . . . . . . . . 165

5.5.2

Micelle Statistical Properties . . . . . . . . . . . . . . . . . . . 167

5.5.3

Reduced Model . . . . . . . . . . . . . . . . . . . . . . . . . . 169

5.5.4

Linear Transport Model . . . . . . . . . . . . . . . . . . . . . 171

5.5.5

Key Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 175

5.6

Particle Simulation Model . . . . . . . . . . . . . . . . . . . . . . . . 177

5.7

Absorbing Interface . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

5.8

5.9

5.7.1

Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

5.7.2

Free Unimer Diffusion . . . . . . . . . . . . . . . . . . . . . . 185

5.7.3

Micelle Shrinkage Near the Interface . . . . . . . . . . . . . . 187

5.7.4

Micelle Exclusion Zone Growth . . . . . . . . . . . . . . . . . 197

Accumulating Interface . . . . . . . . . . . . . . . . . . . . . . . . . . 212
5.8.1

Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

5.8.2

Saturation Time . . . . . . . . . . . . . . . . . . . . . . . . . 220

5.8.3

Closing an Exclusion Zone . . . . . . . . . . . . . . . . . . . . 224

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
vi

5.9.1

Absorbing Interface . . . . . . . . . . . . . . . . . . . . . . . . 229

5.9.2

Accumulating Interface . . . . . . . . . . . . . . . . . . . . . . 231

5.A Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
6 Single Molecule Exchange in Small Molecule Solvents

235

6.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

6.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236

6.3

Theoretical Background . . . . . . . . . . . . . . . . . . . . . . . . . 238

6.4

Simulation Methodology . . . . . . . . . . . . . . . . . . . . . . . . . 241
6.4.1

Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

6.4.2

Copolymer Diffusivity . . . . . . . . . . . . . . . . . . . . . . 243

6.4.3

Insertion and Expulsion Rates . . . . . . . . . . . . . . . . . . 244

6.4.4

Estimating χNB . . . . . . . . . . . . . . . . . . . . . . . . . . 246

6.5

MD Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . 249

6.6

Self-Consistent Field Theory . . . . . . . . . . . . . . . . . . . . . . . 253

6.7

6.6.1

Polymeric Solvent . . . . . . . . . . . . . . . . . . . . . . . . . 256

6.6.2

Point Particle Solvent . . . . . . . . . . . . . . . . . . . . . . 256

6.6.3

Comparison of MD Simulations . . . . . . . . . . . . . . . . . 259

6.6.4

Overall Coronal Effect . . . . . . . . . . . . . . . . . . . . . . 259

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

7 Conclusions

267

Bibliography

270

vii

List of Tables
2.1

Model Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.1

Bulk Surfactant Properties . . . . . . . . . . . . . . . . . . . . . . . . 118

4.2

Surfactant Adsorption Properties . . . . . . . . . . . . . . . . . . . . 123

5.1

Equilibrium Model Properties . . . . . . . . . . . . . . . . . . . . . . 179

5.2

Dynamic and Transport Properties of the Model Surfactant . . . . . . 180

5.3

Case Study Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.1

Point Solvent Model Properties . . . . . . . . . . . . . . . . . . . . . 242

6.2

SCFT Predictions for Point Solvent Model . . . . . . . . . . . . . . . 258

viii

23

List of Figures
2.1

Semi-grand Canonical Free Energy as a Function of N

. . . . . . . .

19

2.2

N P (N ) plotted against N . . . . . . . . . . . . . . . . . . . . . . . .

21

2.3

Exchange chemical potential vs. mole fraction of surfactant . . . . . .

24

2.4

Excess free energy Φex
n as a function of aggregation number n . . . . .

29

2.5

Standard micelle formation free energy

Wn◦

vs. cluster aggregation

number n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

32

2.6

Root-mean-squared radii of the micelle core vs aggregation number .

36

2.7

Pictures of micelles in simulation . . . . . . . . . . . . . . . . . . . .

37

2.8

Average number of free molecules Nf vs. the total number of molecules
N. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.9

41

Comparison of micelle formation free energy Wn and the simulation
free energy Φ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

44

2.10 Corrections to the micelle free energy due to the upper limit on surfactant molecules . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

46

3.1

Mean squared displacement of a micelle . . . . . . . . . . . . . . . . .

62

3.2

Correlation of micelle radius of gyration and hydrodynamic radius . .

64

3.3

Example of measured flux of free molecules into a micelle and dependence on the outer radius . . . . . . . . . . . . . . . . . . . . . . . . .

68

3.4

Effective capture radius for micelles and homopolymer droplets . . . .

69

3.5

Equilibrium micelle dissociation lifetimes . . . . . . . . . . . . . . . .

74

3.6

Relaxation of the micelle radius of gyration and number of free molecules 77

3.7

Distribution of micelle fission products . . . . . . . . . . . . . . . . .
ix

79

3.8

Intrinsic fission lifetimes τnf is . . . . . . . . . . . . . . . . . . . . . . .

3.9

Smoluchowski theory predictions for the fission time compared to the
measured fission time . . . . . . . . . . . . . . . . . . . . . . . . . . .

81
86

3.10 Comparison of the equilibrium micelle distribution and the distribution
of fission parents . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

90

3.11 Assorted estimate of the equilibrium fission lifetime . . . . . . . . . .

94

3.12 Comparison of equilibrium fission and dissociation lifetimes . . . . . .

97

3.13 Effect of Box Size on the Apparent Micelle Diffusivity . . . . . . . . . 100
3.14 Comparison of stepwise dissolution of micelles by the eigenvalue and
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Chapter 1
Introduction
Surfactants are interfacially active molecules that are used to manipulate properties of
interfaces in an array of industrial settings.1 Understanding the dynamic behavior of
these materials is critical to ensuring their efficient use.2 At concentrations above the
critical micelle concentration, surfactant molecules tend to self assemble into a variety
of micellar structures, including spheres, cylinders, and bilayers. This thesis focuses
on solutions of spherical micelles. The assembly and destruction of these structures is
dynamic and involves processes of diffusion, single molecule insertion and expulsion,
and the creation and destruction of entire micelles. In this thesis, dynamic processes
for several “case study” simulation models of spherical micelles formed from simple
diblock copolymer surfactants are studied. In each case a mixture of novel theory and
simulation methods are used in order to gain information and analyze the dynamical
behavior of these solutions. These case studies will hopefully serve as a guide going
forwards for how simulations can be used to study dynamical properties of type of
system.

1.1

Fast and Slow Processes

A key theme that has emerged in the study of surfactant micelle dynamics is the existence of two distinct relaxation processes separated by several orders of magnitude
in time.3–5 The faster of the two is the result of a relaxation of micelle aggregation
1
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number, which is controlled by the rate at which single molecules can exchange between a micelle and the surrounding solution. The second slower relaxation is a result
of much slower changes in the number concentration of micelles.6–8
This existence of a very slow relaxation process poses a significant challenge to
gathering accurate data in simulation. In order to ensure that a simulated system is
in fact at equilibrium, it is necessary that both relaxation processes have completed.
However because of the very long characteristic time for the slow process in some
systems, doing so is not always feasible. Prior SCFT studies done in my research
group indicate that the barrier to creation and destruction can be prohibitively large
particularly when the system is close to or at equilibrium.9 Because of these large
barriers that exist near equilibrium, brute force molecular dynamics simulations are
ineffective, except in systems of very soluble surfactants with unusually low barriers
to micelle creation and destruction. Finding ways to overcome this limitation was a
key goal of the work reported in this thesis.

1.2

Bulk Micelle Thermodynamics

In order to study rare dynamical processes, it is extremely useful to start from a
thorough characterization of equilibrium properties. The slow relaxation of micelle
number discussed in the previous section makes it difficult to gather equilibrium
simulation data by straightforward molecular dynamics (MD) simulations. While numerous simulations have been performed that determine micelle aggregation numbers
and critical micelle concentrations (CMC), many suffer from questions of whether or
not the simulation has reached a true dynamic equilibrium where micelles are being
repeatedly created and destroyed. This requirement that micelles exist in a dynamic
equilibrium where they are both created and destroyed necessitates either studying
only rather soluble surfactants for which the barriers to micelle creation and destruction are low, or employing more sophisticated free energy methods to sample states
that would be rare in equilibrium.
The study of equilibrium properties reported here relies on a reweighted semigrand
canonical simulation method that provides very efficient sampling of micelle size dis-
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tributions for a somewhat special type of system. The type of system considered in
chapters 2-5 of this thesis is a mixture of AB copolymers and A homopolymers in
which the copolymer and homopolymer molecules have the same number of beads per
chain. This allows the use of a Monte Carlo move that converts one type of molecule
into the other by toggling the monomer type of the monomers that correspond to
the B block of the copolymer. By introducing a bias that depends on the number of
copolymers in the simulation cell, it is possible to create a simulation that contains no
more than one micelle with a nearly flat histogram of micelle aggregation numbers,
and thereby accelerate the passage between micelle and non-micelle states.10
In the work presented in Chapter 2, a version of this reweighting scheme introduced in previous work10 is improved so as to allow very accurate measurement of
micelle cluster formation free energies over a wide range of aggregation numbers. The
resulting information about the cluster free energy provides an essential input to the
study of dynamical properties in subsequent chapters.

1.3

Single Molecule Exchange

The aforementioned fast time is associated with single molecule exchange events between micelles and their surroundings. These single molecule exchange events are
thus the fundamental mechanism through which micelle solutions relax, and are a
topic that has been extensively studied for both small molecule and polymeric systems. Thanks to neutron scattering experiments done on polymeric micelles, it is now
understood that there is a hypersensitive dependence on the length of the core block
in determining the rates of exchange.11–14 Simulation results have also confirmed this
hypersensitivity.15, 16 However, the effect of the corona is less well understood. Of
existing experimental studies, the results are contradictory, with some groups seeing
an increase in rates of exchange with increasing corona length,17 and other groups
seeing a decrease.18 Simulation efforts from one group support the view that increasing corona length increases the rate of exchange.16 It is likely that the underlying
issue is that while lengthening the corona block increases the barrier to insertion, and
decreases exchange rates, lengthening the corona also raises the CMC and increases
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frequency of insertion attempts. These two opposed effects make it difficult a priori
to anticipate what effect lengthening the corona will have.
Part of Chapter 3 and the entirety of Chapter 6 focus on single molecule exchange
and what role if any the corona plays. In Chapter 3 a novel method of calculating insertion and expulsion rates is described and implemented for polymer micelles
in a polymer melt solvent. This method relies on the idea of an “effective capture
radius” which allows the separation of coronal effects into an insertion barrier and
the frequency of attempts due to the free molecule concentration. This technique
additionally is capable of correctly quantifying insertion/expulsion events even when
a molecule attempts to leave the micelle but is quickly reabsorbed before adequately
diffusing away. The method is revisited in Chapter 6 for polymer micelles in a small
molecule solvent. Additionally in Chapter 6 self consistent field calculations are performed for both the polymer melt solvent and small molecule solvent system in order
to gain further insight into the magnitude of the barrier to insertion and effect of the
corona on single molecule exchange.

1.4

Micelle Creation and Destruction

The slow time associated with relaxation of micellar surfactant solutions is widely understood to correspond to micelle creation and destruction.6–8 The most frequently
posited mechanism for micelle creation and destruction is a stepwise process in which
a consecutive sequence of either insertion or expulsion events, results in the creation
or destruction of a new micelle. However fission and fusion events occurring between
fully formed micelles is an alternative possible mechanism. Despite the tendency for
most work to assume that the stepwise mechanism dominates, some experimental
studies observe relaxation times that are too fast to be explained by single molecule
exchange.19, 20 Other studies report that the trends associated with changing total
surfactant concentration also do not match the behavior predicted by stepwise theories.8, 21
These contradictions support the need for simulation studies that can provide insights in the creation/destruction process, but currently little simulation work has
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been performed in this area. At or near equilibrium the time required for a creation or destruction event is frequently longer than what can be measured through
brute force molecular dynamics. However by employing free energy methods it is
possible to determine the characteristic times associated with both stepwise association/dissociation and fission/fusion respectively. Doing so however requires knowledge
of the elementrary insertion and expulsion rates, as well as an estimate of the fission
time for micelles with enlarged aggregation numbers.
This topic makes up the bulk of Chapter 3 in which using the micelle free energy
surface, single molecule insertion/expulsion rates, and fission/fusion rates for enlarged
micelles, the average creation/destruction times are calculated for several model surfactants. The methods of calculation employed here allow the determination of both
times associated with fission/fusion and stepwise association/dissociation, even when
these times are not accessible via brute force simulation.

1.5

Equilibrium Adsorption to an Interface

When modelling transport of surfactant to an interface the boundary condition relies
on the adsorption isotherm which relates the adsorbed interfacial concentration and
the free molecule concentration in solution.22 Additionally most experimental studies
of surfactant transport dynamics report changes in interfacial tension rather than
the interfacial concentration.23, 24 Thus in order to make relevant predictions of rates
of adsorption, it is necessary to have equilibrium data relating the free molecule
concentration, interfacial concentration and the interfacial tension. While particle
based simulation techniques may be used to obtain these quantities, self consistent
field theory (SCFT) is a potentially less computationally intensive technique that has
previously been used to predict interfacial properties.25, 26 However in comparisons
of other polymer systems there have been discrepancies between the predictions of
SCFT and the results obtained by particle based simulations.27
In Chapter 4, particle based simulations of adsorption at equilibrium are compared
to self consistent field theory (SCFT) calculations under the same conditions for
several model surfactants. In these particle based simulations, simple semigrand
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Monte Carlo is sufficient to obtain equilibrated data from simulations. It is found
that results from SCFT match those of the particle based simulations, so long as the
χ parameter is matched between the two methods.

1.6

Dynamics of Adsorption to an Interface

Below the critical micelle concentration, transport of surfactant to an interface is well
described by diffusion to a boundary which remains in equilibrium with the subsurface surfactant concentration. In contrast dynamics of surfactant adsorption from a
micellar solution to an interface are only well understood for small deviations from
equilibrium via linearized theory and dilational response measurements.28 However,
for cases where the system is far from equilibrium, such as an initially bare interface, the dynamics are not sufficiently studied. The problem is complicated by the
incredibly strong nonlinear relationship between the free molecule concentration and
rates of micelle creation and destruction. Currently the best treatment of adsorption
to an initially bare interface are a ”two-zone” models29–31 that assume monodisperse
micelles and very fast micelle dissociation. In these ”two-zone” models depletion of
the unimer concentration near the interface frequently leads to dissociation of micelles and the formation of a micelle free region near the interface. The formation
of this micelle free region has been experimentally verified.31 However this model
assumes arbitrarily fast micelle association and dissociation everywhere, which is not
consistent with measurements of the slow time from perturbation experiments. Furthermore these existing models are formulated in the context of finite adsorption
rates, and as a consequence at high total surfactant concentrations, the relaxation
time reaches a terminal value due to becoming adsorption limited. This limiting value
is not observed in experiment.30
In chapter 5 an alternate model of surfactant adsorption is proposed in which it
is not necessary that the micelles are in local equilibrium with its surroundings and
may instead be in only partial local equilibrium. Instead each aggregation number is
allowed to react via associated rate constants for the expulsion and insertion process.
Parameters in this model are obtained in chapters 2, 3, and 4. The predictions of this
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model are compared to the results obtained from an analytical theory which predicts
several different stages of behavior during the adsorption process.

Chapter 2
Micelle Thermodynamics
2.1

Abstract

Semi-grand hybrid Monte Carlo (MC) simulations are used to measure equilibrium
properties of micelles formed in a simple bead-spring model of asymmetric A-B diblock
copolymer surfactant molecules in an A homopolymer solvent, over a range of values
of surfactant solubility. Simulations are used to accurately measure the free energy of
formation of micellar clusters as a function of aggregation number over a wide range
of values, and to characterize the crossover from spherical to rod-like micelle shape
with increasing aggregation number. Dynamical properties of the same model are
discussed in chapter 3.
This chapter was originally published as an article in Physical Review E,32 where it
was immediately followed in the same journal issue by the contents of chapter 3.33

2.2

Introduction

This chapter and chapter 3 present a detailed study of both equilibrium and dynamical properties of a simple simulation model of micellar solutions of non-ionic
surfactants. Both papers consider behavior of a mixture of asymmetric AB diblock
copolymers dissolved in a liquid of A homopolymers, in which the copolymers form
8
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spherical micelles. Equilibrium properties such as micelle free energies are discussed
in this chapter paper, while chapter 3 discusses dynamical properties. The work
reported in both papers was originally motivated by an interest in modelling rare dynamical processes in micellar solutions. An understanding of equilibrium properties
is, however, a prerequisite to the quantitative study of dynamics. When attempting to model rare processes that create and destroy entire micelles, it is necessary
to know how micelle free energies depend on aggregation number. Specifically, one
needs accurate estimates of free energies for micelles with aggregation numbers that
are rare in equilibrium but play a critical role in dynamics.6–8, 20 This need motivated
the development of improved methods for computing micelle free energies, which are
reported here along with our results for a particular simulation model.
Molecular dynamics (MD) simulations of surfactant micelles are complicated by
the fact that equilibration of the total number of micelles in a solution can be extremely slow.34, 35 Exchange of surfactant molecules between micelles can occur comparatively rapidly via expulsion and reinsertion of individual molecules, as can repartitioning of material between micelles and free molecules.36, 37 These single molecule
processes become infrequent in systems of very sparingly soluble surfactants, but can
be observed in simulations of systems with more soluble surfactants.13, 15, 16 Processes
that create or destroy entire micelles are much less frequent, but are required in order to equilibrate the number concentration of micelles in a solution.6–8, 34, 38–40 In
any MD simulation of a closed system, with a fixed number of surfactant molecules,
the system must also be large enough to contain many micelles to avoid otherwise
severe finite size effects. This combination of slow relaxation and finite size effects
make it difficult or impossible to accurately determine the equilibrium average micelle
aggregation number and the critical micelle concentration by straightforward MD
simulations.41 Consequently, many MD and dissipative particle dynamics (DPD)
simulations have instead focused on properties that equilibrate more rapidly, such
as chain conformations, counterion distribution, and changes in micelle shape with
changes in aggregation number.15, 16, 42–45 Some studies have attempted to identify
the CMC and equilibrium aggregation number by MD or DPD simulations of simple
coarse-grained models with relatively soluble surfactants.15, 46–50 Few of these, how-
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ever, have demonstrated that equilibrium has been reached, which requires that the
simulation be long enough for micelles to be repeatedly created and destroyed after
the system appears to have equilibrated.
Many limitations of MD simulations can be avoided by the use of biased Monte
Carlo (MC) simulation techniques in an open ensemble. Such simulations use nonphysical moves that allow the system composition to fluctuate. Panagiotopoulos and
coworkers have emphasized how otherwise severe finite-size effects can be minimized
by the use of Monte Carlo simulations in an open ensemble.51–53 Bolhuis et al. have
also used a similar approach using free energy methods to determine the micelle
formation energy as a function of aggregation number.54
In the current work, we perform a biased MC simulation in a semi-grand ensemble
using a technique similar to one used previously by Cavallo, Müller and Binder to treat
a somewhat specialized class of polymeric systems.10 The technique used both here
and in Ref. 10 can only be applied to solutions of AB diblock copolymer dissolved in
an A homopolymer in which homopolymer and copolymers contain the same number
of beads. In this special case, the algorithm provides extremely fast sampling of
micelle aggregation number in this special case. The simulation is performed in a
semi-grand ensemble in which the number of copolymer molecules can fluctuate, using
a MC move that can transform a copolymer into a homopolymer, or vice versa. The
combination of the use of an open ensemble and a bias potential that creates a nearly
uniform distribution of micelle aggregation numbers allows micelles to be created
and destroyed relatively rapidly, and allows us to measure how the free energy of
formation of a micelle depends on aggregation number. Cavallo et al. simulated a
lattice model and considered a sequence of systems containing chains with different
values for number of beads, N , but equal values of χN , in order to compare to
self-consistent field theory predictions with increasing N . Here, we use a continuum
bead-spring model to simulate chains with a fixed value of N = 32 over a range of
values of the effective χ parameter, in order to study the effects of increasing AB
repulsion (or decreasing solubility) upon micelle thermodynamics. The present work
also introduces several technical improvements in the methods used to compute how
the free energy required to create a micelle or cluster depends on aggregation number.
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These improvements were introduced in order to obtain reliable results for the free
energy of very small and very large micelles that are rare in equilibrium but that play
an important role in the dynamical processes considered in the accompanying paper.
The remainder of this paper is organized as follows. Sec. 2.3 contains details of the
simulation system that is considered in both this paper and the accompanying paper.
Sec. 2.4 describes the details of our Monte Carlo simulations. Sec. 2.5 discusses
the analysis and results for several properties of a hypothetical semi-grand canonical
ensemble, in which the state of the system is specified by the value of an exchange
chemical potential. Sec. 2.6 presents our analysis of semi-grand canonical formation
free energies for clusters of varying aggregation number. Sec. 2.7 presents an analysis
of how the shape of a micelle changes with changing aggregation number, which shows
the existence of a crossover from spherical to rod-like morphology. Conclusions are
summarized in 2.8.

2.3

Simulation Model

The simulations presented here all use a simple bead-spring model of a system containing a highly asymmetric AB diblock copolymer surfactant in an A homopolymer
solvent. In the model used here, the copolymer is a chain of 32 beads containing a
block of 28 A beads and 4 B beads, in which the minority B block forms the micelle
core. Each homopolymer “solvent” molecule is a chain of 32 A beads.
Interactions are controlled by a potential energy model similar to one used previously by our group in studies of block copolymer melts.27, 55–58 Neighboring beads
within each chain are attracted to one another by a harmonic bond potential of the
form
1
Ubond (r) = κr2
2

(2.1)

where r is the distance between beads and κ is a spring constant. All beads interact
through a repulsive non-bonded pair potential of the form
1 
r 2
Upair (r) = ij 1 −
2
σ

(2.2)
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for any pair of beads of types i and j that are separated by a distance r < σ,
with Upair = 0 for r > σ, where σ is the range of the non-bonded interaction. The
parameter ij controls the strength of repulsion between i and j beads, with ji = ij .
All simulations presented here use a spring constant κ = 3.048kB T /σ 2 and a nonbonded repulsion AA = BB = 25kT for interactions between beads of the same
type.
The repulsion between A and B beads is taken to exceed AA by an amount
controlled by a parameter
α = (AB − AA )/kB T

,

(2.3)

which we vary to control copolymer solubility and preferred micelle size. Extensive
simulations have been performed at four values of α = 10, 12, 14, and 16. Systems
with α significantly less than 10 do not exhibit stable micelles.
The “solvent” in this model was chosen to be a polymer with the same number
of beads as the copolymer in order to allow the use of efficient semi-grand ensemble
sampling techniques.10 The copolymer was taken to be a highly asymmetric polymer,
with a core-forming B block much shorter than the corona-forming A block, to favor
the formation of spherical rather than wormlike micelles in equilibrium.
All simulations are performed in the NPT ensemble at a constant pressure P =
20.249kB T /σ 3 . This results in a bead concentration of approximately 3.0σ −3 for long
chains.57 Monte Carlo simulations were used to measure equilibrium properties, such
as the cluster formation free energy, which are reported in this paper. Molecular
dynamics simulations of the same model were used to measure dynamical properties,
which are reported in chapter 3. All simulations presented here were performed using
the open-source Simpatico simulation package, which was developed in our research
group. Source code is available via the github repository, at github.com/dmorse/
simpatico.
When analyzing simulations performed with this model, we use a cluster identification algorithm to identify both micelles and short-lived submicellar clusters. In this
algorithm, two copolymer molecules are taken to be in direct “contact” if any two B
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(i.e., core block) monomers from those two chains are separated by a distance less
than 0.8σ. Any two molecules that are in contact are assigned to the same cluster.
This definition assigns every copolymer in the simulation unit cell to a unique cluster
of one or more molecules. Isolated free molecules are single-molecule clusters. When
applied to a system that contains one micelle, the algorithm typically identifies one
large cluster (the micelle), and a few free molecules. The algorithm also identifies
some small submicellar clusters of two or more molecules that happen to have core
block monomers in contact, but that do not have the long lifetimes characteristic of
proper micelles.

2.4

Equilibrium Simulations

Equilibrium properties for this simulation model have been determined by performing
semi-grand Monte Carlo simulations at constant temperature and pressure. In a
semi-grand ensemble, the composition of the simulation is allowed to fluctuate via
an “alchemical” transformation move that allows a diblock polymer molecule to be
transformed into a homopolymer or vice versa.10 Such a transformation move may
only be efficiently used in dense liquid systems if the two species are approximately
the same size and shape. We have chosen to study a system in which the surfactant
and solvent molecules are chains with the same number of beads in order to allow the
use of this technique.
The semi-grand MC simulations reported here were all performed on a system
with a periodic cubic simulation unit cell that contains a total of 1500 copolymer and
homopolymer molecules. At the pressure used here, this yields a simulation unit cell
with edges of average length L ' 25.2σ. For the range of parameters studied here, a
cell of this size was found to be large enough to prevent steric interaction of a micelle
with its periodic images.

Chapter 2: Micelle Thermodynamics

2.4.1

14

Monte Carlo Moves

All MC simulations presented here used two types of MC move: a hybrid MC move
and a semi-grand transformation move.
In a hybrid MC move,59 a short molecular dynamics simulation is used to generate
an attempted Monte Carlo move. In an NPT ensemble, each attempted hybrid MC
move is generated by running a short constant enthalpy (NPH) MD simulation, using
a reversible, symplectic integrator and an Anderson barostat. Initial velocities for each
attempted hybrid move (i.e., each short MD simulation) are chosen at random from
a Maxwell-Boltzmann distribution with the desired temperature. Attempted hybrid
moves are accepted or rejected on the basis of an acceptance probability that depends
on the change in system enthalpy. When a hybrid move is rejected, particle positions
are reset to the values they had at the beginning of the attempted move. Because the
measured change in enthalpy arises only from integration discretization errors, the
algorithm yields 100% acceptance in the limit of a small MD integration time step
∆t. The resulting algorithm has been proven to satisfy detailed balance in the NPT
ensemble even for nonzero values of ∆t 6= 0, and thus converges to a canonical NPT
distribution.59 In our work, each hybrid move consists of 250 molecular dynamics
integration steps with an integration time ∆t = 0.005τ0 . Here, τ0 is the the Lennardp
Jones time unit, given by τ0 = σ mb /kB T , where mb is a bead mass that is taken to
be the same for all beads.
The semi-grand canonical transformation move changes a single copolymer molecule
into a homopolymer, or vice versa. An attempted transformation move is performed
by choosing a chain at random and simply toggling the bead type of the four beads
of that chain that form the B block of the copolymer, between type B (to obtain a
copolymer) and type A (to obtain an A homopolymer), while leaving the 28 beads
of the corona block unchanged. This move allows the total number of copolymer
molecules in the simulation to fluctuate.
Umbrella sampling is used to obtain a nearly flat probability distribution for the
number of copolymer molecules in the simulation, in order to increase the probabilities of otherwise rare states. Let N denote the total number of copolymers in
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the simulation at any instant. Each attempted transformation of a single molecule
is accepted or rejected using an acceptance criterion that is designed to sample the
0

equilibrium distribution e−U /kB T produced by a modified potential
U 0 = U − V (N ) ,

(2.4)

in which U is the physical potential energy of the model as a function of the bead positions and current assignment of molecule types, and V (N ) is an umbrella potential
that depends only on N , the number of copolymer molecules. The addition of an umbrella potential V (N ) has no effect on the acceptance criterion for hybrid MC moves,
since hybrid moves do not change N . The acceptance criterion for a transformation
move is a conventional Metropolis MC criterion based on the change in the value of
U 0 induced by a change in the monomer type of the last 4 monomers on a randomly
chosen chain. Each simulation was restricted to a finite range of values of N , by
prohibiting transformation moves that would yield values of N outside that range.
Results from simulations performed over overlapping ranges of N were combined to
obtain final results.
In the main loop of the MC algorithm, a decision is made at the beginning of each
step whether to initiate either a hybrid MC/MD move or a “sweep” of a pre-specified
number Nsweep of consecutive attempted transformation moves. Within a sweep of
transformation moves, each attempted transformation of a single molecule is accepted
or rejected using the acceptance criterion described above. A decision whether to
reject a hybrid MC move is instead made only at the end of the attempted move (i.e.,
at the end of a short MD simulation). In what follows, we will refer to both hybrid
MC moves and sweeps of transformation moves as “composite” MC moves.
The equilibrium probability Psim (N ) of obtaining a state with a specified number
of molecules in the box within a biased simulation is given by
Psim (N ) ∝ e−[G(N )−V (N )]/kB T

,

(2.5)

in which G(N ) is the Gibbs free energy for a system with N copolymers, and V (N )
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is the biasing potential used in the simulation. Solving for G(N ) yields
G(N ) = −kB T ln Psim (N ) + V (N ) ,

(2.6)

to within an arbitrary constant.
The umbrella potential V (N ) used in our final calculations of G(N ) was chosen
so as to give a nearly flat histogram P (N ). This potential was determined iteratively,
by running a sequence of simulations in which the estimate of G(N ) obtained from
each simulation is used as the estimate of V (N ) for the next iteration.60

2.4.2

Prohibiting Multiple Micelles

To simplify some aspects of the analysis, MC simulations were performed using an
acceptance criterion that prohibits the formation of states containing more than one
micelle within the simulation cell. For this purpose a “micelle” is defined to be a
cluster of aggregation number greater than or equal to some cutoff value, denoted
by ncut . We used a cutoff ncut = 8 in all of the simulations presented here. A
cluster analysis is performed after each composite MC move, i.e., after each sweep of
transformation moves or each tentatively accepted hybrid MD move. If more than
one cluster of aggregation number greater than ncut is found to be present, the entire
composite move is rejected and the system is returned to the state it had before the
composite move was attempted. This cluster analysis is performed only at the end
of each composite move, rather than after each attempted transformation move or
each time step of the hybrid move, in order to reduce the computational cost of the
required cluster analysis.
The constraint described above allows sampling of states that have an arbitrary
number of small clusters with n < ncut . It thus does not suppress the appearance of
states with multiple unimers, dimers and other small aggregates. The prohibition of
states with more than one cluster of size n > ncut was introduced in order to avoid
potential problems with adequately sampling states in which the system contains
a large number of copolymer molecules. Because the bias potential V (N ) that we
use to enhance the probability of rare states depends only on the total number of
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copolymers in the simulation cell, it does not distinguish between states with one
large micelle and states with two smaller micelles. For sufficiently large values of
N , states in which the system contains a single large micelle can have a higher free
energy than states with two smaller micelles of comparable size. If the simulations
were perfectly ergodic, this would cause large micelles to undergo rapid spontaneous
fission, and cause poor sampling of the small population of very large micelles. Moreover, because fission and fusion are rare events that are not effectively accelerated
by our biasing potential, it could be difficult to ergodically sample the relative equilibrium probabilities of states with one large micelle or two smaller micelles. The
bias potential used here was designed to dramatically accelerate the rate of creation
and destruction of a single micelle by stepwise association and dissociation. This
bias allows us to adequately sample relative probabilities of states with zero or one
micelle, but not relative probabilities of states with different nonzero numbers of micelles. The use of biased simulations with a prohibition on the formation of multiple
micelles avoids this potential problem, and thereby allows us to reliably measure free
energies for large micelles that would otherwise be susceptible to spontaneous fission.
The only effect of this rejection rule upon the thermodynamics of the system is
to constrain the sampling to a subset of microstates in which the system contains no
more than one micelle. The free energy G(N ) that is obtained from a constrained
simulation is thus the constrained free energy of a model that is confined to this set
of microstates, as given by a partition function that is defined as a sum over these
allowed states.

2.5

Semigrand Canonical Ensemble

Results of biased simulations can be reweighted to obtain results for physical properties in a hypothetical semi-grand canonical ensemble, by correcting for the effects of
the artificial bias V (N ). A semi-grand canonical ensemble describes a system with a
fixed total number of molecules that can swap molecules with a reservoir at a fixed
exchange chemical potential, causing fluctuations in N . The exchange chemical potential, denoted by ∆µ, is the difference between chemical potential of the copolymer
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and homopolymer species. Such an ensemble can be used to simulate a small open
subsystem within a macroscopic micellar solution.
Semi-grand canonical average values for any dynamical variable can be obtained
by reweighting the results of an adaptively biased MC simulation. Let f denote the
instantaneous value of any variable that can be computed from knowledge of system
configuration (i.e., from the bead positions and the type of each molecule in the
system). The semi-grand canonical average of any such variable can be obtained as
a re-weighted average
hf i =

hf e[∆µN −V (N )]/kB T isim
he[∆µN −V (N )]/kB T isim

,

(2.7)

where h· · · isim denotes an average over a sequence of states generated by a biased
MC simulation. Somewhat simpler expressions can be given for quantities that only
require knowledge of the Gibbs free energy G(N ) as a function of N , as discussed
below.

2.5.1

Probability Distribution for M

The equilibrium distribution of values of N in a semi-grand canonical ensemble, denoted by Peq (N, ∆µ), is given by a ratio
Peq (N, ∆µ) = e−Φ(N,∆µ)/kB T /Ξ ,

(2.8)

in which Ξ is a semi-grand partition function,
Ξ=

∞
X

e−Φ(N,∆µ)/kB T

(2.9)

N =0

and in which
Φ(N, ∆µ) ≡ G(N ) − N ∆µ

(2.10)

is the constrained semi-grand canonical free energy for a system with a known number
of copolymers. Here, G(N ) is the Gibbs free energy that we obtain by analyzing the
biased MC simulations, as described above.
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Figure 2.1: Semi-grand canonical free energy Φ(N ) of the simulation cell as a function
of N (the total number of copolymer molecules) at ∆µ = ∆µc , for α = 10, 12, 14,
and 16, top to bottom. Curves have been shifted vertically such that Φ = 0 at the
first minimum.
Figure 2.1 shows MC results for the free energy Φ(N, ∆µ) vs. N at α = 10, 12, 14
and 16 at the value of ∆µ for which the free molecule concentration is exactly equal
to the critical micelle concentration CMC. The definition of the CMC used here is
specified in subsection 2.5.3. At values of ∆µ near this critical value, Φ(N, ∆µ) is a
function with two well-separated minima.
States in which N has a value near the smaller value of N at which Φ(N ) is
minimum contain only free surfactant molecules and occasional small clusters, but
no proper micelle. The value of N at this minimum is thus the most probable value
of the number of free surfactant molecules in a system with no micelle. This is
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approximately 23 for α = 10 and about 1 for α = 16. Near this first minimum,
Peq (N ) is well approximated by a Poisson distribution
Peq (N ) ∝ hN1 iN /N ! ,

(2.11)

where hN1 i is the average number of free surfactant molecules. For this distribution,
the value of N at which Peq (N ) is maximum and Φ(N ) is minimum is equal to zero
if hN1 i < 1 and nearly equal to hN1 i for hN1 i > 1.
The second minimum in Φ(N, ∆µ) corresponds to states that almost always contain a single proper micelle coexisting with zero or more free molecules. The value
of N at this minimum is thus approximately equal to the most probable micelle aggregation number plus the average number of free surfactant molecules that would
coexist with such a micelle within our simulation cell. A simple estimate of the most
probable aggregation number at a given value of ∆µ may thus be obtained by taking
the difference between the two minima in such a plot of Φ(N, ∆µ).
Between these two minima is a maxima of Φ(N ), at a critical value of N that
we denote by Nt . This maximum corresponds to a transition state for the formation
of a micelle by stepwise association or for the destruction of a micelle by stepwise
dissociation, which is important in the next article in this series.

2.5.2

Free Copolymer Concentrations

Knowledge of the equilibrium probability Peq (N, ∆µ) can be used to compute how the
total concentration and the concentration of free molecules depends on the exchange
chemical potential ∆µ.
The total copolymer concentration c in a system with exchange chemical potential
∆µ, including contributions from both free molecules and clusters of all sizes, is given
by the ratio c = hN i/V in which hN i is given by the average,

hN i =

∞
X
N =0

∞
P

N Peq (N ) =

N e−βΦ(N,∆µ)

N =0
∞
P
N =0

.
e−βΦ(N,∆µ)

(2.12)
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Figure 2.2: Product N P (N ) vs. the number of copolymer molecules N in the simulation cell at ∆µ = ∆µc for α = 12, where P (N ) is the probability distribution for
N.
This sum is generally dominated by values of N near one or both of the minima of
Φ(N, ∆µ) or (equivalently) the maxima of Peq (N, ∆µ). When ∆µ is near the critical
value - at which the concentration is equal to the critical micelle concentration - the
summand M Peq (M ) has similar contributions from both maxima in Peq , as shown
graphically in Figure 2.2.
To estimate the concentration of free molecules, it is useful to consider a hypothetical system in which micellization is suppressed. Micelle formation can be artificially
suppressed by adding a fictitious infinite free energy penalty to microstates with
N > Nt , where Nt is the value at which Peq (N, ∆µ) has a local minimum. This
is equivalent to simply setting Peq (N, ∆µ) = 0 for all N > Nt . Let c1 denote the
concentration of free molecules at a specified value of ∆µ in a system with such a
truncated probability distribution. This concentration is given by a ratio
c1 = hN if /V

,

(2.13)
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where V is the average volume of the simulation unit cell, and where
Nt
P

hN if =

N e−βΦ(N,∆µ)

N =0
Nt
P

(2.14)
e−βΦ(N,∆µ)

N =0

is the average of N averaged only over states with N ≤ Nt . Here, we denote the
average over such states by the symbol h· · · if . This constrained average is dominated
by values of N near the first minimum in Φ(N, ∆µ), which are states with no micelle.

2.5.3

Critical Micelle Concentrations

We define the critical micelle concentration cc to be the free molecule concentration
c1 in a state in which the average number of free copolymer molecules is equal to the
average number in micelles, or, equivalently, in which the total concentration is twice
the free molecule concentration. We thus determine the corresponding value of ∆µ
in this state, denoted by ∆µc , as the value of ∆µ at which
c = 2c1

,

(2.15)

and at which we define cc = c1 = c/2. All results for Φ(M ) shown in Fig. 2.1 were
computed at ∆µ = ∆µc , corresponding to systems with c1 = cc . Values of ∆µc and
mole fraction of surfactant at ∆µc are given in Table 2.1.

2.5.4

Dilute Solution Equation of State

In a sufficiently dilute solution, in which interactions between dissolved copolymers
are negligible, we expect the exchange chemical potential to be related to the mole
fraction φ of copolymers by a dilute solution equation of state
◦

∆µ = ∆µ + kB T ln



φ
1−φ


.

(2.16)
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α
10
12
14
16

φc
1.63%
0.54%
0.17%
0.072%

∆µc /kB T
5.49
5.96
6.17
6.54

ne
55
70
83
97

σm
12.1
12.8
12.1
12.2

∆Wd /kB T
3.00
4.82
7.87
14.1

∆µ0 /kB T
9.8
11.3
12.6
13.8

a
-12.8
-22.2
-32.2
-40.7

Table 2.1: Properties of micellar solutions at several values of α. Shown here are
values for the copolymer mole fraction φc at the critical micelle concentration, the
corresponding critical exchange chemical potential ∆µc , the most probable micelle
aggregation number ne at ∆µ = ∆µc , the standard deviation σm of the micelle aggregation number at ∆µ = ∆µc , the dissociation barrier ∆Wd defined in Eq. (2.30),
the standard state exchange chemical potential ∆µ0 , and the second virial coefficient
introduced in eq 2.17. The standard deviation σm reported here is computed by considering only clusters with n > nt , in order to exclude unimers and other submicellar
clusters, and computing the standard deviation of the distribution Pn ∝ e−Wn /kB T for
this subpopulation of proper micelles.

where ∆µ◦ is a standard state exchange chemical potential. At concentrations near
the CMC, we find that interactions between individual copolymers cause small but
measurable deviations from this dilute solution law. To more accurately describe that
data, we have thus fit our data to a virial equation of state


 
φ
+ aφ
∆µ = ∆µ + kB T ln
1−φ
0

,

(2.17)

in which a is a dimensionless second virial coefficient.
Figure 2.3 shows a fit of our simulation results for the relationship of φ and ∆µ at
concentrations below the critical micelle concentration to eq 2.17, in which ∆µ◦ and
a have been treated as fitting parameters. The resulting parameters are reported in
Table 2.1.
The Flory-Huggins theory for the type of mixture considered here predicts that,
in the dilute limit, ∆µ should have an equation of state of the form given in eq 2.16,
with
∆µ◦ /kB T = χNB

,

(2.18)
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Figure 2.3: Exchange chemical potential ∆µ vs. mole fraction φ of surfactant in
dilute solutions for α = 10, 12, 14, and 16. Short vertical lines indicate the location
of the CMC for each value of α. Solid blue lines through the data are fits to the
virial equation of state given in eq 2.17. Dashed lines are dilute solution asymptotes
obtained by setting a = 0.
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where NB = 4 denotes the number of monomers in the core block of a copolymer
molecule. The value of ∆µ◦ given in Table 2.1 can thus equally well be interpreted
as an estimated value of χNB .

2.6

Cluster Free Energies

The free energy Φ(N, ∆µ) shown in Fig. 2.1 is a free energy for the entire simulation
cell with a known total number of copolymers N . In this section we present our analysis and results for the free energies required to form clusters of specified aggregation
number.
We consider a solution that can contain aggregates or clusters of all possible sizes.
In what follows, we use the symbol n to denote the aggregation number (i.e., the
number of copolymer surfactant molecules) of a particular species of aggregate, where
n = 1 denotes a free molecule. Let cn denote the number concentration of aggregates
that contain n surfactant molecules, or “n-mers”, while c1 is the concentration of free
surfactant, or “unimers”.

2.6.1

Analysis of Simulation Data

We infer cluster free energies from an analysis of the average number of clusters of
each aggregation number within the simulation unit cell. Let Nn denote the number
of clusters of aggregation number n in a particular microstate state of the simulation
cell, as determined by our cluster identification algorithm. The average value hNn i
in a hypothetical semi-grand canonical ensemble with any specified value of ∆µ can
be obtained from a trajectory of states generated by a biased simulation by applying
eq 2.7 to the dynamical variable Nn .
The joint probability P (N1 , N2 , . . .) of obtaining a state with a specified list of
numbers of clusters of each size (N1 unimers, N2 dimers, etc.) is given by a Boltzmann
factor
P (N1 , N2 , . . .) ∝ e−Φ(N1 ,N2 ,...)/kB T

(2.19)

in which Φ(N1 , N2 , . . .) is the semi-grand canonical free energy of a system constrained
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to have a specified number of clusters of each aggregation number.
Our analysis treats the system as a dilute solution of non-interacting clusters.
The limitations of this assumption are discussed in subsection 2.6.3. In this limit,
the constrained free energy Φ(N1 , N2 , . . .) of our simulation cell can be expressed as
a sum
Φ(N1 , N2 , . . .) = Φh +

X

[Nn Φex
n + ln(Nn !)]

.

(2.20)

n≥1

Here, Φh is the semi-grand canonical free energy of a homopolymer reference system,
with no copolymer molecules, while Φex
n is the excess free energy required to form a
n-mer anywhere in our simulation cell. Our goal is to infer values of Φex
n for all n
from our simulation data.
In our simulations, we have imposed the constraint that there can be no more
than one cluster of size n greater than or equal to a critical size ncut = 8. The
effects of this constraint must be taken into account in our analysis of the frequency
of large clusters, n > ncut . It is useful to begin, however, by considering the behavior
of a simpler model, in which no such constraint is imposed. This can be shown to
correctly describe the statistics of small clusters with n < ncut that are unaffected by
the constraint.
Unconstrained Systems: In the absence of any artificial constraint on the allowed
values of Nn , this model of non-interacting clusters given in eq 2.20 yields a joint
probability distribution
P (N1 , N2 , . . .) ∝

ex
∞
Y
e−βΦn Nn

Nn !

n=1

.

(2.21)

This yields a distribution in which values of Nn for different values of n are statistically
independent, and in which the probability distribution Nn is given for each n by a
Poisson distribution with an average value
ex

hNn i = e−βΦn

.

(2.22)

In the absence of any artificial constraint on the number of micelles, we can thus infer
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ex
Φex
n from a measurement of hNn i by setting Φn = −kB T lnhNn i.

Constrained System: We now consider how to take into account the constraint
prohibiting the appearance of more than one large cluster. Because the constraint
does not involve values of Nn for clusters of size n < ncut , values of Nn for these small
clusters remain statistically independent of one another, and of values of Nn for larger
clusters. As a result, we may correctly infer values of Φex
n for these smaller clusters
by setting Φex
n = −kB T lnhNn i, exactly as in the absence of the constraint. Values
of Nn for larger clusters are, however, strongly correlated by the requirement that no
more than one of them can have a value Nn = 1. The allowed states of the list of
values of Nn for n ≥ ncut are thus: (a) A state with no micelle, for which Nn = 0 for
all n ≥ ncut , and (b) a set of states in which the system contains a single micelle of
some specified size greater than ncut . Let P0 denote the probability that a randomly
chosen state in a semi-grand canonical ensemble will not contain any cluster of size
n ≥ ncut . For n ≥ ncut let hNn i denote the average number of clusters of aggregation
number n in the same ensemble, which is also equal to the probability that one such
cluster exists. These probabilities must satisfy
1 = P0 +

∞
X

hNn i .

(2.23)

n=ncut

In a constrained system, the probability hNn i finding a cluster of specified size n > ncut
is related to the probability P0 by
ex

e−Φn /kB T =

hNn i
P0

.

(2.24)

2.24 has been used to compute Φex
n each n ≥ ncut from measured values of P0 and
hNn i.
Results for Φex
n are shown plotted vs. n for systems with ∆µ = ∆µc for several
values of α in Fig. (2.4). Results for Φex
n were obtained using eq 2.22 for n < ncut
and eq 2.24 for n ≥ ncut . Reassuringly, the resulting estimate of Φex
n is continuous
at ncut = 8. The location of the local micellar minimum in Φex
n corresponds to the
most probable micelle aggregation number, which we denote by ne . Values of ne at
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∆µ = ∆µc increases with increasing α by almost a factor of 2 over the range studied
here, from ne = 55 for α = 10 to ne = 97 for α = 16. The value of n at which
Φex
n has a local maximum, denoted here by nt , is the critical aggregation number
for creation of a micelle by stepwise association and for destruction of a micelle by
stepwise dissociation.
Plots of Φex
n vs. n shown in Fig. 2.4 broadly resemble the corresponding plots of
Φ(N ) vs. N in Fig. 2.1, except for a few key differences. The behavior is qualitatively
different for small values of n or N , because Φex
n always has a minimum at n = 1, while
Φ(N ) shows a minimum at a value of N corresponding to the most probable number
of free copolymers in the simulation cell. Any attempt to describe the prevalence of
different sizes of small, subcritical clusters must thus be based on a computation of
Φex
n , rather than Φ(N ). The two functions are more qualitatively similar for n > nt .
In this case, the most obvious difference is a shift in the abscissa arising from the fact
that the value of N in this region is the sum of the aggregation number of a large
cluster and the number of unimers that coexist with it within the unit cell, whereas
Φex
n is plotted as a function of the true aggregation number.
In appendix 2.B, we consider the question of whether the behaviour of Φex
n for
n > nt can be inferred from knowledge of Φ(M ) alone. We consider there how well
one can approximate Φex
n for n > nt simply by re-expressing Φ(M ) as a function of
the average number of molecules in the micelle, when we compute the average number
of molecules in a micelle by subtracting the average number of free molecules from
M . We find that this yields an accurate estimate for Φex
n to within a constant for
n ≥ nt in systems with large values of α (and thus very few free molecules), but that
this procedure fails at lower values of α for which the number of free molecules in the
simulation is larger.
The motivation for our introduction of a constraint prohibiting the formation of
more than one micelle can be understood by considering when spontaneous fission
would otherwise become likely. The solid dot on each plot in Fig. 2.4 indicates the
value of n above which, in the absence of this constraint, the appearance of two
clusters of size n/2 within the simulation cell would be predicted to be more probable
than the appearance of one cluster of aggregation number n, for a simulation cell of
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Figure 2.4: Results for the excess free energy Φex
n to form a cluster of aggregation
number n plotted vs. n for systems with ∆µ = ∆µc (i.e., c1 = cc ), at α = 12 (top
plot) and α = 16 (bottom plot). The filled black dot on each curve indicates the value
of n above which, in the absence of any constraint on the number of large micelles,
the appearance of two micelles of aggregation number n/2 within our simulation cell
would become more probable than the appearance of a single micelle of aggregation
number n. The corresponding unfilled dot on the curve marks the aggregation number
n/2 of the corresponding fission products.
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ex
the size used here. These probabilities become equal where Φex
n = Φn/2 + ln(2!). Open

circles show the corresponding value of n/2. The value of n above which existence
of a single large cluster of n molecules would be less probable than the existence of
any two smaller clusters of the same total aggregation number is actually somewhat
less than this estimate, because of the possibility of forming two clusters of unequal
size. The constraint is intended to improve the reliability of sampling these large,
thermodynamically unstable clusters, and to avoid the need to accurately sample the
relative probability of one- and two-micelle states.
The quantity Φex
n (∆µ) is the semi-grand canonical free energy required to form a
single cluster of aggregation number n anywhere in our simulation cell. The contribution of translational entropy thus causes Φn to depend on the size chosen for the
simulation cell: Values for Φex
n obtained from simulations performed using simulation
cells of different volumes V1 and V2 would differ by −kB T ln(V2 /V1 ) because of the
larger translational entropy of the micelle in a larger cell.

2.6.2

Standard Free Energies

When defining a free energy of formation for a mobile cluster, there is no way to
avoid introducing an arbitrary convention regarding the volume to which the cluster
is confined. The above definition of Φex
n uses the volume of the simulation cell for this
purpose, which is convenient when analyzing simulation data. The more conventional
approach is to express the chemical potential of each species relative to that obtained
at some standard concentration. In this approach, the chemical potential for clusters
of aggregation number n (n-mers) in a dilute solution is expressed as a sum
µn = ∆µ◦n + kB T ln(cn /c◦ )

(2.25)

where c◦ is an arbitrary standard concentration and ∆µ◦n is a corresponding standardstate chemical potential. For simplicity, we take c◦ to be the same for all species.
The relationship between the concentrations of n-mers and unimers may be established by considering a hypothetical reaction in which an n-mer is formed by
association of n unimers (see, e.g., Ref.61 for a previous discussion). The equilibrium
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criterion for this reaction requires that µn = nµ1 . Combining this criterion with
eq 2.25 and solving for cn yields an n-mer concentration
c∗n (c1 ) = c◦ e−Wn (c1 )/kB T

(2.26)

for all n > 1, in which we have defined
Wn (c1 ) ≡ ∆µ◦n − nµ1

.

(2.27)

Here and hereafter, c∗n (c1 ) denotes the equilibrium concentration of n-mers in a solution with a known unimer concentration c1 . The quantity Wn (c1 ), which depends
on both n and c1 , is the free energy required to create an additional n-mer in a hypothetical solution with a specified unimer concentration c1 and a standard n-mer
concentration cn = c◦ . The dependence of Wn on c1 can be made explicit by writing
Wn (c1 ) as a sum
Wn (c1 ) = Wn◦ + kB T ln

c 
1

c◦

(2.28)

in which Wn◦ is a standard free energy of formation for an n-mer, given by Wn◦ ≡
Wn (c1 = c◦ ). Note that, if Eq. (2.27) is used to define W1 , then W1◦ = 0, by
definition.
The quantities Wn and Φex
n can be related by comparing equivalent expressions
for cn . Because eq 5.9 is correct only in a dilute system with no artificial constraint
on the number of micelles, we compare it to eq 2.22 for hNn i, which was valid in
under the same conditions. By equating corresponding expressions for c∗n = hNn i/V ,
we obtain
◦
Wn = Φex
n − kB T ln(c V ) .

(2.29)

Values of Wn (c1 ) and Φex
n (c1 ) obtained at the same value of c1 thus differ by a shift
that is independent of n. This implies that Wn and Φex
n have local maxima and local
minima at the same values of n, which we denote by nt and ne , respectively.
It is convenient to choose a standard concentration c◦ = cc equal to the critical
micelle concentration. Values of the standard free energy of formation Wn◦ defined
using this convention are plotted vs. n in Figure 2.5 for systems all four values of
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Figure 2.5: Standard micelle formation free energy Wn◦ plotted vs. cluster aggregation
number n for α = 10, 12, 14, and 16, defined using a standard concentration c◦ = cc .
The standard free energy Wn◦ is defined by Eqs. (2.25-2.28).
α = 10, 12, 14, and 16. With this convention, Wn◦ corresponds to the value of Wn at
c1 = cc or c = 2cc .
The free energy barrier for dissociation of a micelle into unimers by stepwise
processes, which we denote by ∆Wd , is given by the difference
∆Wd ≡ Wnt − Wne

(2.30)

between the values of Wn at its local maximum at nt and at its local minimum at
ne . The difference ∆Wd depends on unimer concentration c1 , and decreases with
decreasing c1 , but is independent of the arbitrary choice of a standard concentration
c◦ . For the system studied here, values of ∆Wd at c1 = cc vary from a 3 - 14 kB T as
α varies from 10 - 16. In chapter 3, we give quantitative predictions for the average
time before a randomly chosen micelle in an equilibrated solution would be destroyed
by stepwise dissociation, which we refer to as the equilibrium dissociation lifetime.
Predictions for this lifetime depend exponentially on ∆Wd /kB T .
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Inter-Micelle Interactions

Throughout the above analysis, we have neglected all effects of interactions between
micelles. Because the simulations from which we infer micelle free energies never
contain more than one micelle, the free energies reported here are correct for systems
with very low micelle number concentrations, as would be found very near the cmc.
Inclusion of the effects of inter-micelle interactions would thus have almost no effect
upon our predictions of the CMC, but could affect predictions for the relationship
between chemical potential and the total surfactant concentration at concentrations
sufficiently far above the CMC.
Effects of interactions between micelles upon thermodynamic properties can be
estimated using a second virial approximation. Because block copolymer micelles
exhibit strong repulsive interactions, due to repulsion of their coronas, we may model
micelles for this purpose as repulsive spheres with an effective hard-core radius d
comparable to the micelle radius of gyration Rg . The micelle number concentration,
which we denote by cm , can be approximated by cm = (c − cc )/ne , where c is total
surfactant number concentration and ne is the most probable micelle aggregation
number. The second virial coefficient B for hard spheres of effective diameter d is
given by B = 2πd3 /3. The corresponding increase δW in the free energy required to
form a micelle of aggregation number n ' ne is δW = kB T cm B.
As an example, consider a system with α = 10 at the total copolymer concentration c = 2cc , which is the concentration at which we have plotted cluster free energies.
Because α = 10 is the lowest value of α we have considered, with the highest CMC,
this is the system for which interaction effects are greatest at this value of c/cc . For
this system, φc = 0.0163, cc = 0.00153σ −3 , and cm = 2.8 × 10−5 σ −3 , corresponding
−1/3

to a characteristic distance cm

' 33σ between micelles. Approximating Rg ' 5σ

and d = 2Rg yields a estimated second virial coefficient B = 2πd3 /2 ' 2 × 103 σ 3 .
This estimate yields a predicted free energy shift of δW ' 6 × 10−2 kB T per micelle.
This free energy change would be relevant in very precise quantitative analysis, but
is negligible for most purposes. The resulting change in free energy per micelle would
be lower for larger values of α at the same value of c/cc .
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2.7

Micelle Shape

The shape of the core of micellar clusters has been characterized by examining the
eigenvalues of the gyration tensor of the micelle core. The instantaneous gyration
tensor, denoted by S, is defined for a cluster of aggregation number n as a sum
S=

N
1 X
ri ri
N i=1

(2.31)

in which ri is the position of the ith B bead in the cluster, defined relative to the
micelle core center of mass, and ri ri is a dyadic tensor product. Here, N = NB n is
the total number of B beads in a cluster of n molecules, where NB = 4 is the number
of B beads per molecule in the cluster.
The eigenvalues of this gyration tensor reveal information about the shape of the
micelle core. If the micelle core were perfectly spherical, then the three eigenvalues of
S would have identical values. If the micelle were instead cylindrical or rod-like there
will be one larger eigenvalue and two equal smaller eigenvalues. To characterize the
shape, we compute for a sequence of states the three eigenvalues of S which we denote
by λ1 , λ2 , and λ3 . By convention, we index the three eigenvalues in ascending order,
such that λ3 ≥ λ2 ≥ λ1 . For each value of the aggregation number n, we evaluate
average values of the largest, middle, and smallest eigenvalues over clusters of that
aggregation number. We then define three associated effective root-mean-squared
radii R1 , R2 , and R3 , defined by setting
Rα = hλα i1/2

(2.32)

for α = 1, 2, 3. By construction, these lengths are also ordered such that R1 ≤ R2 ≤
R3 . The radius of gyration of the core of a cluster of known aggregation number,
denoted by Rg,core is related to these lengths by the relation
Rg2 = hTr[S]i = R12 + R22 + R32
where Tr[· · · ] denotes the trace of a tensor.

,

(2.33)
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Figure 2.6 shows the results of a computation of the three ordered root-meansquared core radii as functions of aggregation number n for α = 12 and α = 16. The
dotted line in this graph shows the common value that would be expected for all
three radii if the core were a perfectly spherical region containing NB n B monomers
with a volume of v = 1/c per monomer, computed using the bulk density c = 3σ −3
appropriate to this model in the limit of long homopolymers. At aggregation numbers near the equilibrium aggregation number the effective radii are similar and stay
clustered near the value expected for a spherical core (the dotted line). The fact that
the three values are never exactly equal reflects the fact that the core shape fluctuates
somewhat about a typical spherical shape, and that the eigenvalues are ordered by
convention. Beginning at some crossover aggregation several tens of percent above
meq , the micelle undergoes a crossover to a more rod-like shape, as indicated by the
onset of a steady increase in the value largest value R3 and the two smaller values,
R1 and R2 , in which R3 increases starts to increase approximately linearly with n,
while R1 and R2 remain similar to one another and change comparatively little with
changes in n. This crossover to a rod-like structure appears to begin in the range n =
100 - 125 for α = 12, for which ne = 70, and begins over the range n = 125 − 150 for
α = 16, for which ne = 97. At values of n slightly above the onset of this crossover,
there is a slight decrease in the values of R1 and R2 , which we believe reflects the
formation of dumbbell like structure with a slightly narrower neck. Images from
simulation demonstrating this transition are shown in Fig. 2.7 which shows typical
micelles for α equal to 16 and for n equal to 99 and 170.
For the model studied here, micelles are roughly spherical for values of n near the
most probable value ne , but start to become rod-like for modestly larger values of n.
While acquiring data at very large values of the aggregation number n it was found
that for micelles with aggregation numbers roughly twice that of the equilibrium
aggregation number the micelles form two separate micelles bridged by one or more
surfactant molecules. Formation of this structure is the result of our prohibition on
forming more than one micelle in each simulation volume which prevents the micelles
from properly separating. The reliable formation of this structure marks an end to
where we are able to gather reliable equilibrium data using this technique and so we
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Figure 2.6: Ordered root-mean-squared radii of the micelle core measured along the
eigendirections of the gyration tensor, plotted as a function of micelle aggregation
number n for α = 12 (upper plot) and α = 16 (lower plot). Solid lines represent the
measured values of R1 , R2 and R3 (from bottom to top). The dotted line represents
the corresponding value expected for a perfectly spherical core with a fixed volume
per core monomer.
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Figure 2.7: Snapshots of micelles with α = 16 with aggregation number n = 99
(upper image) and n = 170 (bottom image). The core forming B beads are shown
as solid red while the corona forming A beads are only outlined in blue. Surrounding
homopolymers are not shown. The aggregation number n = 99 of the micelle in the
upper image is very close to the most probable value ne for this value of α. Micelles
undergo a crossover from spherical to elongated cores with increasing n.
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do not present data where this structure was observed.

2.8

Conclusions

This work presents a methodology for accurately measuring micelle formation free
energies in a particular type of model system. The method used here is a semigrand MC simulation technique similar to one used previously by Cavallo et al.10
The method relies on the use of a semi-grand ensemble and a bias potential that
depends on the total number of copolymer molecules to create an ensemble in which
different values of the micelle aggregation numbers are almost equally probable. The
main differences between the methodology used here and that of Cavallo et al. are
(1) the introduction of a MC acceptance criterion that prohibits the formation of
states containing more than one proper micelle, and (2) the introduction of a method
of computing the micelle free energies from the probabilities of observing clusters
of different sizes. The prohibition on states with more than one micelle improves
the reliability of sampling large micelles that are thermodynamically unstable to
fission into two smaller micelles. Computation of cluster formation free energies from
formation probabilities, rather than from the dependence of the total system free
energy on the number of surfactant molecules, is necessary to obtain accurate free
energies for small clusters, particularly in systems of more soluble surfactants in which
the simulation cell contains many free molecules.
Results were obtained for a highly asymmetric copolymers over a range of values
of the α parameter (or the effective χ parameter), for which the critical micelle mole
fraction ranged from 1.6% to 0.07%. Over this range, the barrier to stepwise dissociation was found to increase from (3-14)kB T . In chapter 3, this is shown to cause the
rate of stepwise micelle dissociation to decrease by many orders of magnitude over
the same parameter range. The relative length of the A and B blocks used in this
study (1/8 of the beads are of type B) was chosen so as to obtain spherical micelles in
equilibrium, and is the same as the composition used by Cavallo et al. A study of the
dependence of micelle shape on aggregation number shows, however, that there is a
crossover from spherical to rod-like morphology beginning at an aggregation number
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that is approximately 50% larger than the most probable aggregation number. This
change in shape is relevant to the interpretation of results for fission rates discussed
in the accompanying paper, where we find that fission occurs most frequently in equilibrium for relatively rare micelles that are significantly larger than the most probable
size.
The main limitation of the semi-grand simulation method used here is the fact
that it is directly applicable only to a very special type of system, i.e., copolymer/homopolymer mixtures with chains of equal length. We chose to study both
equilibrium and dynamical properties of a system of this type in order to take advantage of the efficiency of this method. There is, however, a clear need for more general
methods of efficiently computing absolute formation free energies for micelles in other
types of system.

Appendices
2.A

Free Molecule Concentrations

In states of the simulation in which N , the number of copolymers, is greater than or
comparable to the value of Nt at the CMC, the simulation cell generally contains a
micelle coexisting with a few free copolymer molecules. In such a state, the micelle and
the surrounding solution of free molecules coexist at an exchange chemical potential
∆µ̃(N ) that depends slightly on N , and that is given by
∆µ̃(N ) =

∂G(N )
∂N

.

(2.34)

The chemical potential ∆µ̃(N ) for a system with a known number of copolymers is
generally not equal to the macroscopic chemical potential ∆µ that we used to define
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Φ(N, ∆µ) in our analysis of a semi-grand ensemble. Observe that
∂(G(N ) − ∆µN )
∂Φ(N, ∆µ)
=
∂N
∂N
= ∆µ̃(N ) − ∆µ .

(2.35)

The derivative ∂Φ(N, ∆µ)/∂N vanishes only at the extrema of Φ(N, ∆µ), corresponding to the two local minima of Φ(N, ∆µ) (or maxima of P (N )), and to the maxima
at Nt (or the minimum of P (N )). Eq. (2.35) thus implies that the N -dependent
exchange chemical potential ∆µ̃(N ) of a system with a known value of N is equal to
the macroscopic exchange chemical potential ∆µ used to define a semi-grand ensemble only at values of N corresponding to these extrema. Specifically, this means that
µ(N ) = ∆µ at the most probable micelle size ne , and at the transition state nt , but
not at values of n intermediate between these values.
In a simulation volume that contain a micelle in coexistence with free chains,
the concentration of free molecules in regions of the simulation cell well outside the
micelle corona is equal to a concentration c1 of free chains in a system with chemical
potential ∆µ̃(N ). Figure 2.8 shows the corresponding total average number of free
molecules Nf in our simulation cell for systems with different values of N and α. At
the lowest values of α = 10 and 12, the box contains a substantial number of free
molecules (e.g., 8-25) free molecules, but Nf changes very little with changes in N .
At the highest value of α = 16, fractional variations in Nf (n) are larger, but absolute
values Nf are much smaller. As a result, absolute values of Nf actually never vary
with changes in N by more than about one molecule over the range of values of N
and α studied here.

2.B

Micelle vs. System Free Energy

In this work, we present results for several closely related semi-grand canonical free
energies. The quantity Φ(N ) is the semi-grand canonical free energy of an entire
simulation cell with a constrained number N of copolymer molecules, defined to within
an arbitrary constant. The quantity Wn is instead the free energy required to form
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Figure 2.8: The average number of free molecules in the simulation unit cell, denoted
by Nf , versus the total number of molecules in the cell, denoted by N . The difference
in these two numbers is the micelle excess aggregation number Nex
a cluster of specified aggregation number n. The quantity Φex
n differs from Wn by an
n-independent constant, and is thus essentially equivalent to Wn . For values of values
of n greater than the critical value of nt , the dependence of Wn on n qualitatively
resembles the dependence of Φ(N ) on N . The most obvious difference is that points
on a graph of Φ(N ) occurs at N that exceeds the value of n at corresponding points
on a plot of Wn simply because N includes free molecules, in addition to molecules
that are within the micelle. This suggests that, under favorable circumstances, one
might be able to obtain a close approximation for Wn , to within a constant, by simply
plotting Φ(N ) as a function of an approximation for the micelle aggregation number
that we obtain simply by subtracting the average number of free molecules in the
simulation cell from N .
In what follows we define the average excess aggregation number, denoted by Nex ,
to be equal to the difference
Nex (N ) = N − Nf (N )

(2.36)

between the actual total number of copolymer molecules N in the simulation cell
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and the average number of free molecules Nf that we would expect in the simulation
unit cell in the absence of a micelle. In this definition, Nf is computed at the exchange chemical potential ∆µ̃(N ) characteristic of a system with N copolymers, as
determined in appendix A by using the relevant value of ∆µ(N ) in eq 2.35. Because
∆µ̃(N ) can be expressed as a function N alone, this yields a definition of Nex as a
function of N .
In order to compare Φ(N ) to Wn we use Nex (N ) as an approximation for the average aggregation number in the micelle in a system containing a total of N copolymer
molecules. Performing this approximation allows us to write Φ as a function of Nex ;
however this form of approximation results in a discrete function Φ(Nex ) but the values of Nex are generally noninteger unlike the true free energy surface which is only
well defined for integer aggregation numbers. To make a proper comparison we construct a cubic spline approximation for Φ(Nex ) which allows us to interpolate to the
proper integer values. In Figure 2.9, we compare plots of Wn vs. n to corresponding
plots of Φ plotted as a function of Nex (N ), at several values of α. The plots of Φ vs.
n shown here were obtained by simply replotting Φ(N ) for each value of N using the
corresponding value of Nex (N ) as an abscissa. Results for Φ vs. Nex are not shown
for values of Nex much lower than nt where this approximation expected to fail, since
the behavior of Φ(N ) and Wn is qualitatively different for very small values of N or
n. The two functions agree for all n > nt for the highest value of α = 16, but differ
significantly for α = 10. There is a particularly large discrepancy near the local maximum n ∼ nt that increases with decreasing α. The most important difference between
these two cases is the average number of free molecules in the simulation cell, which is
approximately 23 for α = 10 but approximately 1 for α = 16. The large discrepancy
obtained at n ∼ nt at α = 10 appears to be a result of the fact that, at α = 10, a
system with N such that Nex (N ) ∼ nt , the system may exist in a “supersaturated”
state with no large cluster but an unusually large number of free molecules rather
than in a state with a cluster of aggregation number similar to nt . This reflects the
fact that, in this case, the free energy cost of Wnt ∼ 10kB T of forming such a cluster
is actually somewhat less than the free energy cost of a corresponding fluctuation in
the number of free molecules in such a system. This comparison indicates that this
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simple method of shifting Φ(N ) to construct an approximation for Wn is reliable only
for values of n ≥ nt corresponding to proper micelles only in conditions in which there
are very few free molecules in the simulation cell, so that the relationship between
the two functions is not complicated by fluctuations in the number of free molecules.

2.C

Effect of Constraints on N

In each of the biased MC simulations described here, the value of N (the number of
copolymers in the box) was constrained to remain within some specified range. This
constraint is imposed by simply prohibiting transformation moves that, if accepted,
would take N outside the allowed range. Introduction of such a constraint introduces
an error in the values obtained for the cluster free energy Φex
n for values of the cluster
aggregation number n very near the maximum allowed value of N . An example of
this behavior is shown by the dashed line in Fig. 2.10, which shows the measured
free energy Wn obtained in a simulation in which the total number of copolymers
in the box was constrained to N ≤ 140. Note the rapid increase in the value of
Wn as n approaches 140. A much more accurate estimate of the free energy in this
range is shown by the dotted line, which shows results obtained with a constraint
that N ≤ 160, for which this artifact does not occur within the range shown in this
graph.
This error in our measurement of Φex
n is a result of an artificial constraint on
the number of free unimers that is imposed by the imposition of a constraint on N .
Consider a simulation in which N is constrained to a range N ≤ N . Let Ξn denote
the constrained semi-grand canonical partition function associated with the set of all
microstates in which the system contains one large cluster of aggregation number n
and n unimers. The constrained partition function is thus given to within a constant
by a product
ex

Ξn = e−Φn /kB T SN −n
where we have defined

,

k
X
1 −nΦex
SK ≡
e 1 /kB T
n!
n=0

(2.37)

(2.38)
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Figure 2.9: Comparisons of the micelle formation free energy Wn plotted vs n to the
simulation free energy Φ plotted vs. the excess aggregation Nex , for α = 10, 12, and
16, top to bottom. The solid red line shows Wn vs. n, while the dashed blue line
shows Φ(N ) vs. Nex (N ). Results for Φ(N ) have been shifted vertically by a constant
amount to match the value of Wn at its minimum.
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as a factor that arises from a sum over values of n = 0, . . . , K, which is evaluated here
using an upper limit K = N − n. The probability of finding exactly one cluster of size
n within the simulation is proportional to Ξn . In the absence of the constraint on N ,
the sum over n could be extended to infinity, replacing SN −n by a factor S∞ . Because
the value of S∞ is independent of n, and also independent of the presence or absence
of any large cluster, the existence of such a common prefactor would have no effect on
the normalized probabilities of finding clusters of various sizes. A similar situation is
recovered in a system in which N is constrained for values of n sufficiently far below
N , for which SN −n ' S∞ . A significant error occurs only when N − n is small enough
so that SN −n differs significantly from S∞ . This error occurs whenever N − n is not
ex /k

much greater than e−Φ1

BT

, which is the average number of unimers that would be

present in the absence of a constraint on N . When this occurs, the constraint on the
range of allowed values of n decreases Ξn , thus decreasing the probability of finding
a cluster of size n, and thereby increasing the value of Φex
n that we infer from the
simulation.
The above analysis suggests a simple method to correct this error. In eq 2.37, the
introduction of a constraint on N reduces Ξn by a factor SN −n /S∞ , corresponding to
an increase in the corresponding free energy by an amount
∆Φex
n


= −kB T ln

SN −n
S∞


.

(2.39)

The error caused by proximity of n to the upper bound can thus be corrected simply
ex
by subtracting the above expression from ∆Φex
n from results for Φn for n near the

maximum allowed value of N . This correction has applied whenever needed to obtain
accurate values of Φex
n and Wn in all plots of these quantities.
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Figure 2.10: Comparison of corrected and uncorrected results for the standard micelle
formation free energy Wd vs. n for α = 12. The dashed line shows uncorrected results
obtained from simulations in which the simulation cell was constrained to have no
more than N = 140 copolymer molecules, which show the appearance of an artifact
for n near this limiting value. The solid line is the result obtained after applying
the correction given in eq 2.39. The lighter blue line is the result obtained from a
simulation with a higher limit of N = 160, for which no artifact appears in the range
of n shown here.

Chapter 3
Micelle Kinetics
3.1

Abstract

Molecular dynamics (MD) simulations are used to measure dynamical properties of
a simple bead-spring model of A-B diblock copolymer molecules, and to characterize
rates and mechanisms of several dynamical processes. Dynamical properties are analyzed within the context of a kinetic population model that allows for both stepwise
insertion and expulsion of individual free molecules and occasional fission and fusion
of micelles. Kinetic coefficients for stepwise processes and micelle fission have been
extracted from MD simulations of individual micelles. Insertion of a free surfactant
molecule into a pre-existing micelle is shown to be a completely diffusion controlled
process for the model studied here. Estimates are given for rates of rare events
that create and destroy entire micelles by competing association/dissociation and fission/fusion mechanisms. Both mechanisms are shown to be relevant over the range
of parameters studied here, with association/dissociation dominating in systems with
more soluble surfactants and fission/fusion dominating in systems with less soluble
surfactants.
This chapter was originally published as an article in Physical Review E,33 where it
immediately followed the contents of chapter 2.32 A brief report of the main
conclusions was also published in Physical Review Letters.62
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Introduction

Surfactant solutions containing spherical micelles exhibit a variety of dynamical processes with widely varying time scales. The slowest processes in such systems are
those that create or destroy entire micelles, and thereby change the total number
of micelles in solution. Processes that change the aggregation number of individual
micelles without changing the number of micelles occur more frequently through expulsion and insertion of individual molecules. Internal relaxation processes that do
not change aggregation number are faster still. Slow processes involving micelle creation and destruction play a crucial role in controlling the terminal rate of relaxation
of dilute micellar solutions towards a new equilibrium state after a perturbation, and
play an important role in the transport of copolymer to interfaces.
In this paper, we analyze rates of slow dynamical processes in a simple simulation
model of a nonionic diblock copolymer surfactant. The model studied here is a beadspring model of a highly asymmetric AB diblock copolymer with a minority B block
dissolved in a matrix of A homopolymer. Equilibrium properties of the same model
were studied in chapter 2. The work presented here combines the use of molecular
dynamics (MD) simulations of individual micelles with analysis of a model of micelle
population dynamics in which all parameters are determined from MD simulations.
The primary goal of the study is to clarify the dominant mechanism of rare events that
create and destroy entire micelles, which remains poorly understood despite decades
of study and discussion. A secondary goal is to quantify the barriers associated with
molecular exchange dynamics.

3.3

Background

3.3.1

Experiments

Several experimental techniques have been used to study dynamics of micellar solutions in or near thermal equilibrium. Historically, the most important of these have
been techniques that monitor relaxation of a micellar system to a new equilibrium
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state after the system is disturbed by small step change in temperature, pressure,
or surfactant concentration.3–5, 63–68 Relaxation has been monitored in such experiments by measuring changes of conductivity in ionic systems, light scattering, and
fluorescence of probe molecules. Similar information about some systems has also
been obtained from ultrasonic spectroscopy.65, 69–71
Both relaxation and ultrasonic spectroscopy experiments have demonstrated the
existence of two relaxation processes with disparate time scales, which are often referred to as the fast and slow processes. Corresponding relaxation times are denoted
by τ1 (the fast time) and τ2 (the slow time). The fast process observed in relaxation
experiments is believed to be a partial reequilibration achieved by repartitioning of
surfactant between micelles and free molecules after a disturbance, with negligible
change in the number of micelles. The slow process is instead believed to be the
result of a slower re-adjustment in the number of micelles.6–8, 21
A more recent generation of time-resolved neutron scattering (TR-SANS) experiments on non-ionic and block copolymer surfactants have made it possible to monitor
the rate at which surfactants are exchanged between different micelles.11, 13, 14 Exchange occurs primarily via random expulsion and insertion of individual molecules.13, 14
The time scale over which the excess scattering signal measured in TR-SANS experiments decays is proportional to the time required for a majority of the surfactant
molecules that are in a particular micelle at the beginning of the measurement to be
replaced by molecules that were originally in other micelles. Because this exchange
time is generally much less than the time required to create or destroy entire micelles,
this technique is not sensitive to these slower processes.
The mechanisms of the fast relaxation process in relaxation experiments and of
exchange in TR-SANS experiments are now reasonably well understood. The mechanism by which the number of micelles changes in the slow process of a relaxation
experiment, however, remains controversial.21, 72–74 The number of micelles in an
equilibrated micellar solution could in principle change either by stepwise association
and dissociation processes or by micelle fission and fusion. Stepwise association and
dissociation are processes whereby an entire micelle can be created by association of
free surfactant molecules or destroyed by dissociation into free molecules via random
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sequences of single-molecule insertion and expulsion events. Fission and fusion are
processes in which the number of micelles can instead increase by one when a large
micelle undergoes fission or decrease by one when two micelles undergo fusion. It
has remained difficult for experiments that detect the existence of a slow process to
conclusively rule out either mechanism.

3.3.2

Stepwise Kinetic Models

The simplest and most heavily studied theory of micelle dynamics is the stepwise
model,6–9, 21, 34, 39, 40, 61, 73, 75 which was originally developed by Aniansson and Wall.6–8
This model assumes that fission and fusion rates are negligible, and that changes
in the number of micelles thus occur only by stepwise association and dissociation.
The resulting theory is closely analogous to the Becker-Döring theory of stepwise
nucleation of a liquid from a supersaturated vapor,76 and so has also been referred to
as the Becker-Döring theory.73
The stepwise model predicts the existence of slow and fast processes with widely
disparate time scales, as observed in experiments. The model predicts that the equilibrium rate of association events is proportional to the equilibrium concentration
of very rare clusters of some critical aggregation number, which depends exponentially upon the free energy required to form such clusters. The stepwise model also
makes non-trivial predictions regarding how the fast and slow times τ1 and τ2 depend
on overall surfactant concentration. The rate τ1−1 of the fast process is predicted
to increase with increasing total surfactant concentration, and to vary approximately
linearly with concentration at concentrations well above the critical micelle concentration (CMC). The rate τ2−1 of the slow process is predicted to exhibit a non-monotonic
dependence on concentration, with a maximum rate at a concentration slightly above
the CMC, but to decrease with increasing concentration at concentrations well above
the CMC.8, 21
Predictions of the stepwise growth theory have been compared to observations
of both the fast and slow relaxation times.8, 21 Agreement between predictions and
measurements of the fast relaxation time τ1 is generally satisfactory, for experiments
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on both ionic and non-ionic surfactants.8, 77 Agreement between predictions and measurements of the slow relaxation time τ2 , however, is often poor.8, 21, 73, 77 A variety
of experiments instead suggest that the slow process may occur in some systems
primarily by fission and fusion, rather than by purely stepwise processes.
Experiments on ionic surfactant solutions in solutions of high ionic strength8, 21
and on nonionic surfactants19, 21, 77 have yielded rates for the slow process that increase
monotonically with increasing surfactant concentration, in qualitative disagreement
with predictions of the stepwise model. Experiments on ionic surfactants in systems
with lower ionic strength instead exhibit a relaxation rate τ2−1 that increases with
copolymer concentration, in qualitative agreement with this model. Kahlweit and
coworkers have argued on the basis of these observations that the slow process may
occur primarily by fission and fusion in nonionic systems and in ionic systems at sufficiently high salt concentration, but by stepwise association and dissociation in ionic
systems with sufficiently low ionic strength,21, 72 because fusion may be suppressed by
electrostatic repulsions between micelles in ionic systems of low ionic strength.
Colegate and coworkers19, 73 have compared measurements of τ2−1 in micellar solutions of simple non-ionic surfactants to predictions of a stepwise model with physically
realistic thermodynamic and kinetic parameters. The resulting model was found to
predict values for τ2−1 that are much less than those observed experimentally,20, 73
indicating the possibility of another mechanism.
Experiments on block copolymer surfactants in ionic liquid solvents have shown
that the micelle hydrodynamic radius, as measured by light scattering, can change in
response to significant changes in temperature even in systems of essentially insoluble
surfactants in which TR-SANS experiments show no evidence of exchange.37 Since
the absence of exchange indicates a low or even zero rate for all stepwise processes,
this observation also suggests a role for fission and fusion.

3.3.3

Kinetic Models with Fission and Fusion

Several authors have constructed mathematical models of micelle kinetics that do allow for the possibility of fission and fusion of proper micelles, in addition to stepwise
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processes.20, 75, 78–80 An early analysis of such a model was given by Dormidontova,78
who considered diblock copolymer micelles in a small molecule solvent. Dormidontova’s analysis has been criticized for failing to enforce the principle of detailed balance.34 Several authors have subsequently presented general equations for a model
that allows for fission and fusion involving clusters of arbitrary size in a form that
manifestly satisfies detailed balance.20, 79, 80
At this point, the predictive power of population models that allow for fission
and fusion is limited primarily by limited knowledge of values of rate constants for
fission and fusion reactions. To estimate these rate constants, one must consider the
magnitude of relevant kinetic barriers to fusion and/or fission. (Given knowledge of
equilibrium free energies, an understanding of either fission or fusion would suffice
because the two processes are related by detailed balance.) For block copolymer
surfactants, a barrier to fusion can arise from repulsion between the polymeric coronas
of different micelles. For ionic surfactants, a barrier to fusion instead arises primarily
from electrostatic repulsion.
There has been little theoretical work on quantitative estimates of the barriers to
micelle fusion or fission. A scaling theory of the barrier to fusion of block copolymer
micelles has been presented by Halperin and Alexander.38 The main limitations of
this theory is that the scaling approach used there is appropriate only for very long,
strongly insoluble copolymers, and does not yield reliable predictions for numerical
prefactors in scaling relations for the barrier to fusion and other free energies.
In the absence of more reliable estimates of these barriers, several analyses of
micelle kinetics that allow for fission and fusion have relied either on an assumption
of diffusion limited fusion, or some ad hoc modification of this assumption.20, 78–80
Assuming that fusion is diffusion limited is equivalent to assuming that the barrier
to micelle fusion is negligible. This assumption thus overestimates the fusion rate,
sometimes dramatically. It has been shown, however, that if fusion were diffusion
limited, then fission and fusion reactions could easily dominate the overall rate of
micelle creation and destruction, particularly in systems with a large barrier to the
competing mechanism of stepwise association and dissociation (i.e., a large free energy
of formation for critical clusters). Griffiths, Colegate and coworkers have compared
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experimental kinetic data for a nonionic alkyl - polyoxyethylene glycol surfactant to
a kinetic model that employed a realistic model for the dependence of micelle free
energy on aggregation number. To assess the effects of a barrier to fusion, these
authors assumed that all fusion rate constants were lower than those obtained by
assuming diffusion-limited fusion by a prefactor, which they treated as an adjustable
parameter.20, 73 They found that a purely stepwise model predicted unrealistically
large values for τ2 , but that values of τ2 comparable to those obtained in experiment
could be obtained by assuming that fusion rates are 3-4 orders of magnitude slower
than those predicted by a model of diffusion limited fusion.

3.3.4

Simulations

MD simulations of dynamical phenomena in micellar solutions have thus far been
limited primarily to the study of either systems that are initially far from equilibrium
or of relatively rapid relaxation processes in systems believed near equilibria (such as
relaxation of chain conformation or counterion distribution). Simulations in which
the initial state is a highly supersaturated solution of dissociated surfactants have
been used to study the early stages of aggregation.15, 42, 81 Simulations of the response
of a pre-existing micelle to sudden changes in conditions (e.g., ionic strength) have
shown that large changes can cause a micelle to undergo fission via a dumbbell shaped
intermediate state.43, 82–84 Several simulations of dynamical properties near equilibrium have focused on processes involving single-molecule insertion and expulsion in
model systems of relatively soluble surfactants.16, 85 Pool and Bolhuis have also used
an advanced sampling technique to study the free energy barriers to fission and fusion86 in one model system, but did not compute absolute rates of fission and fusion or
compare rates for different possible mechanisms of the slow process. There is a need
for more systematic use of simulations to study rates and mechanisms of relatively
slow dynamical processes in micellar systems and other self-assembled structures.
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Overview

In the present work, we use MD simulations to estimate rate constants for elementary
processes such as insertion, expulsion, and fission in a simple simulation model of block
copolymer surfactants. The rate constants obtained from these simulations and the
micelle free energies obtained in chapter 2 are then used as input parameters to a
population model that we use to compute overall rates of slow dynamical processes
in an equilibrated solution. This combination of techniques allows us to estimate
rates for some processes that would be too rare to be observed in brute force MD
simulations of a micellar solution. The success of this procedure relies critically on
the fact that the free energy required to form a micelle of arbitrary size has been
accurately computed for the model of interest in chapter 2.
Rate constants for expulsion and insertion of single molecules are obtained from
an analysis of simulations of systems that contain a single micelle in coexistence with
a few free surfactant molecules. Knowledge of both micelle formation free energies
and insertion and expulsion rate constants allows us compute rates of hypothetical
stepwise micelle association and dissociation events.
Micelle fission is studied here by directly simulating spontaneous fission of preassembled micelles. These simulations of fission are performed on micelles that are
somewhat larger the equilibrium size, for which fission is found to occur frequently
enough to allow us to quantify rates. An upper bound on the maximum possible rate
of spontaneous fission is also obtained by computing rates for a model in which fusion
is assumed to be diffusion controlled. The resulting information about how fission
rates depend on aggregation number then allows us to give meaningful estimates and
bounds on overall rates of fission in an equilibrated solution. We have not attempted
to directly simulate fusion processes, but rely on the fact that rates for corresponding
fission and fusion reactions must be equal in equilibrium, by the principle of detailed
balance. A comparison of the resulting estimates of rates of fission/fusion to corresponding estimates of rates of stepwise association/dissociation allows us to shed light
on the conditions under which one mechanism or the other dominates the overall rate
of micelle birth and death.
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The molecular dynamics (MD) simulations presented here all use a very simple
bead-spring model of a highly asymmetric AB diblock copolymer surfactant in an A
homopolymer solvent. This model is described in detail in I, and is merely summarized
here for clarity. Each copolymer surfactant in this model is a chain of 32 beads
with 4 B beads and 28 A beads. Each homopolymer solvent molecule is a chain of
32 A beads. We chose to use a polymeric solvent with the same number of beads
as the copolymer because this allowed the use of very efficient semi-grand Monte
Carlo techniques to measure equilibrium properties in chapter 2. Neighboring beads
within a chain interact via a harmonic bond potential. All beads interact via a soft
repulsive non-bonded pair potential of the type used in dissipative particle dynamics
simulations. The interaction between a pair of particles of types i and j separated
by a distance r is of the form Uij (r) = ij (1 − r/σ)2 /2 for r < σ, with Uij (r) = 0 for
r > σ. Here, ij is an interaction energy, which has a value AA = BB = 25kB T for
interactions between beads of the same type, where kB is Boltzmann’s constant and
T is absolute temperature. The repulsion between unlike A and B beads exceeds the
repulsion between pairs of A beads or pairs of B beads by an amount controlled by a
dimensionless parameter
α = (AB − AA )/kB T

.

(3.1)

We have studied both equilibrium properties and dynamics at four values of α = 10,
12, 14, 16.
All MD simulations presented here were performed in the NPT ensemble using
an integration algorithm based on that of Martyna, Tobias, and Klein.87 All MD
simulations were performed using an integration time step ∆ = 0.005τ0 . Here,
p
τ0 = σ mb /kB T denotes a Lennard-Jones time unit, in which mb is a bead mass
that is the same for all beads. We have compared results obtained with NPT simulations to results obtained from NVE molecular dynamics simulation performed with
initial states generated from an NPT simulation, and confirmed that our use of a relatively weakly coupled thermostat and barostat used here did not affect any measured
dynamical properties.
The remainder of this paper is organized as follows. Sec. 3.5 presents the micelle
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population model used in the analysis of simulation data. Sec. 3.6 presents results for
tracer diffusion coefficients for both free molecules and micelles, which are needed in
analyses of other processes. Sec. 3.7 presents an analysis of rate constants for insertion
and expulsion of individual molecules from or into a micelle. Sec. 3.8 also presents a
similar analysis of rate constants for insertion and expulsion of copolymers into or out
of a homopolymer droplet, which we compare to results obtained in Sec. 3.7 in order
to clarify the effect of the micelle corona on these processes. Sec. 3.9 is an analysis
of the average micelle lifetime before dissociation occurs, which may be calculated
from knowledge of the insertion and expulsion rate constants and the micelle free
energies found in chapter 2. Sec. 3.10 presents an analysis of how the intrinsic
rate of spontaneous fission of a micelle depends on micelle aggregation number. Sec.
3.11 analyzes a model that assumes diffusion limited fusion, which may also be used
to calculate corresponding fission rates, and compares predictions of this model to
those obtained from MD simulations. Sec. 3.12 calculates and compares the different
methods of estimating the average time for a randomly selected micelle to undergo
spontaneous fission, which we refer to as the equilibrium fission lifetime. Conclusions
are discussed in 3.13.

3.5

Population Model

All simulations presented in this paper are interpreted within the context of a simple
population model for a dilute micellar solution containing aggregates of different sizes.
Let n or n0 denote the number of copolymer surfactant molecules in a particular
species of aggregate, where n = 1 denotes the free molecule species. Let cn denote
the number concentration of aggregates that contain n molecules, or “n-mers”, while
c1 is the concentration of free surfactant molecules, or “unimers”. The equilibrium
concentration of n-mers is denoted by c∗n , and has been computed for the simulation
model of interest in chapter 2.
We consider a population model that allows for both stepwise reactions (i.e.,
insertion of a unimer into a micelle or expulsion of a unimer from a micelle) and less
+
frequent reactions involving fission and fusion of larger aggregates.20, 79, 80 Let rn,n
0
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denote the rate of fusion of clusters of aggregation number n and n0 , per unit volume
−
and per unit time. Let rn,n
0 denote the corresponding rate of the fission reaction

in which clusters of aggregation number n + n0 fission into daughters of specified
aggregation number n and n0 . We assume that fusion is a second order reaction,
controlled by the rate law
+
+
rn,n
0 = kn,n0 cn cn0

,

(3.2)

and that fission is controlled by a first-order rate law
−
−
rn,n
0 = kn,n0 cn+n0

,

(3.3)

+
−
where kn,n
0 and kn,n0 are rate constants for these elementary processes. The insertion

reaction, in which a free surfactant molecule is inserted into a micelle of size n to
create a micelle of size n + 1 is a special case of the fusion reaction in which n0 = 1.
The corresponding expulsion reaction is a special case of fission with n0 = 1.
The time dependence of m-mer concentration cn (t) is controlled for all m ≥ 1 by
a master equation
n/2
∞
X
dcn (t) X
0
0
=
In−n ,n −
νn,n0 In,n0
dt
n0 =1
n0 =1

.

(3.4)

Here, Im,m0 is a flux given by the difference
+
−
In,n0 = rn,n
0 − rn,n0

(3.5)

between the rate of fusion of clusters of sizes n, n0 and the rate of fission of clusters of
size n + n0 into reaction products of these sizes. The quantity νn,n0 is a stoichiometric
coefficient equal to the number of aggregates of size n (or n0 ) consumed per fusion of
clusters of size n and n0 , which is given by νn,n0 = 1 for all n 6= n0 but νn,n0 = 2 in the
special case n = n0 .
The first summation in (3.4) represents the net rate of production of n-mers
produced by fusion of smaller aggregates of size m0 and n − n0 , minus the rate of
fission of n-mers into smaller aggregates. To avoid double counting of equivalent
reactions, the sum over m0 in this sum is constrained to values for which n0 ≤ n − n0 .

58

Chapter 3: Micelle Kinetics

This constraint yields an upper bound of m0 = m/2 for even n and n0 = (n − 1)/2
for odd n. The second sum in (3.4) is the net rate of production of n-mers via fission
of larger aggregates into daughters in which at least one of the fission products is an
n-mer, minus the rate of fusion of n-mers with clusters of any other size.
For the special case of unimers, or m = 1, the first term in (3.4) is absent, giving
a rate of change

∞
∞
X
X
dc1 (t)
=−
In0 ,1 =
(rn−0 ,1 − rn+0 ,1 ) .
dt
n0 =1
n0 =1

(3.6)

This is simply the difference between the overall rates of stepwise expulsion and
stepwise insertion.
The principle of detailed balance requires that, in equilibrium,
+
−
rn,n
0 = rn,n0

(3.7)

for all n, n0 ≥ 1 or, equivalently, that In,n0 = 0. Combining this with the fission and
fusion rate laws, Eqs. (3.2) and (3.3), yields the more explicit requirement that
+
−
∗ ∗
∗
kn,n
0 cn cn0 = kn,n0 cn+n0

,

(3.8)

for all n, n0 ≥ 1. Because this condition relates fission and fusion rate constants,
knowledge of either fission or fusion rate constants for all pairs of aggregation numbers
and of c∗n for all n is thus sufficient to specify all parameters in the kinetic model.

3.5.1

Stepwise (Becker-Döring) Model

The stepwise or Becker-Döring model assumes that the only relevant reactions are
stepwise insertion and expulsion reactions. The master equation for this restricted
model can be obtained by assuming that the only non-negligible terms in (3.4) are
those with n0 = 1. In discussions of the stepwise model, we hereafter adopt the
simplified notation
In ≡ In,1

,

±
kn± ≡ kn,1

(3.9)
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to refer to fluxes and rate constants for stepwise processes. In this notation
In = kn+ cn c1 − kn− cn+1

,

(3.10)

is the net rate at which clusters of size n are transformed into clusters of size n + 1
via insertion of unimers into n-mers and expulsion of unimers from (n + 1)-mers.
The time evolution of the stepwise model is controlled by
dcn (t)
= In−1 − In
dt
for all n > 1, and

(3.11)

∞
X
dc1 (t)
=−
In
dt
n=1

(3.12)

for m = 1 (i.e., unimers).
The detailed balance for the stepwise model requires that
c∗n+1
kn+ c1
=
= e−∆Wn /kB T
kn−
c∗n

,

(3.13)

in which ∆Wn ≡ Wn+1 − Wn . Using this relation, In may also be expressed as a
difference
In = −kn− cn+1 − e−∆Wn /kB T cn



,

(3.14)

with no explicit dependence on kn+ .
If ∆Wn  kB T for all n of interest, then we may approximate Eq. (3.11) by a
diffusion equation in which n is treated as a continuous variable. In this limit, we
obtain
∂cn
∂
=
∂t
∂n



kn−



∂cn
∂
+ cn
∂n
∂n



Wn
kB T


.

(3.15)

This is a Fokker-Planck equation for the evolution of cn (t) due to diffusion of aggregation number n under the influence of a potential Wn , with an effective diffusivity
given by the expulsion rate constant kn− .
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3.5.2

Diffusion Controlled (Smoluchowski) Model

The range of possible values for fusion rate constants is limited by the rate at which
aggregates randomly collide via diffusion. The classical Smoluchowski model of fast
binary reactions among hypothetical spherical particles assumes that any two particles that diffuse close enough to touch will react, and thus assumes that rates are
+
completely diffusion controlled. In the Smoluchowski model, the rate constant kn,n
0

is given by an expression of the form
+
−1
kn,n
0 = νm,m0 4πRn,n0 (Dn + Dn0 )

(3.16)

in which Dn is the tracer diffusion coefficient for an n-mer, and Rn,n0 is an effective
capture radius for collision of aggregates of size n and n0 . In the classical Smoluchowski model of interacting spherical particles this binary capture radius is assumed
to be equal to the sum
Rn,n0 = Rn + Rn0

(3.17)

of the hard-sphere radii of the two particles.
−1
0
The stoichiometric factor of νn,n
0 in Eq. (3.16) is equal to 1 for all n 6= n and

equal to 1/2 in the special case n = n0 . Note that this factor cancels the factor of νn,n0
in the term representing consumption of n-mers in the master equation, Eq. (3.4).
The overall rate of consumption per unit volume of n-mers by fusion with n0 -mers is
thus given by 4πRn,n (Dn + Dn0 )cn cn0 for all n0 , with no stoichiometric prefactor. The
corresponding probability per unit time that a randomly chosen labelled n-mer will be
annihilated by colliding with any n0 -mer is given for any n0 by 4πRn,n0 (Dn + Dn0 )cn0 .
This predicted rate of collision between a labelled n-mer and any n0 -mer can be
obtained by considering diffusion of a surrounding concentration cn0 of n0 -mers to an
absorbing spherical boundary of radius Rn,n0 surrounding a labelled n-mer.
In this work, we consider a version of the Smoluchowski model in which we approximate the core regions of AB block copolymer micelles as spherical particles that
fuse upon contact, and thus take the radii Rn and Rn0 in (3.17) to be equal to the
micelle core radii. Because fusion and fission rates are related by the principle of de-
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+
tailed balance, a prediction for the fusion rate kn,n
0 can be combined with knowledge

of the equilibrium concentrations to predict corresponding rate constants for fission.
The assumption of diffusion limited fusion can thus be used as the basis of a complete
but very approximate theory of fission and fusion rates.
We do not expect the assumption of diffusion-controlled fusion to accurately describe most real systems. Either the repulsion between micelle coronas in nonionic
block copolymer systems or the electrostatic repulsion between micelles in ionic systems can presumably create a significant barrier to fusion. Predictions of the diffusioncontrolled model are nonetheless considered here because the model has been used as
the starting point of several previous analyses, and because it provides a useful upper
bound on the range of possible values for fusion rate constants.

3.6

Diffusion

Values of the tracer diffusion coefficients for unimers and for micelles of all sizes are
needed in order to predict diffusion-controlled limits for rates of insertion and fusion.
The tracer diffusion coefficient D for either a unimer or a micelle can be obtained from
a measurement of mean-squared displacement as a function of time. At long times,
the mean-squared displacement (MSD) h(∆R)2 i of the center-of-mass of a molecule
or cluster in a large simulation cell varies with time t as
h(∆R)2 i = 6Dt

(3.18)

A typical mean squared displacement curve for a micelle is shown in Figure 3.1. We
have determined apparent diffusivities for both individual copolymers and micelles of
varying sizes by fitting a line to data for h(∆R)2 i vs. t at long times. Results for
micelle MSD were obtained for each choice of parameters considered here from an
average of 144 independent simulations of systems that each contain a single micelle
simulation over a duration of 104 LJ time units in a cubic simulation boxes of size
L = 25.2σ or larger.
When this analysis of MSD was applied to simulations that contain one micelle
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Figure 3.1: Mean squared displacement h(∆R)2 i of a micelle center of mass as a
function of time t for a micelle of aggregation number m = 60 and α = 16 in a box
40σ on a side. The solid line shows the slope of a linear fit to the late time behavior,
and has been displaced above the data for visibility. After correcting for finite size
effects, we obtain a diffusivity of D = 0.001926σ 2 /τ0 for this micelle, where σ is the
range of the DPD potential and τ0 is the Lennard-Jones time unit.
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in a simulation cell that is only a few times larger than the micelle, the resulting
apparent values for D were found to depend noticeably on the size of the periodic
simulation cell.88, 89 This finite-size effect in simulations of a single micelle is a well
understood result of the hydrodynamic interaction of each micelle with its periodic
images.88, 90 Values for the diffusion coefficient reported here were thus corrected to
account for this hydrodynamic effect in order to obtain the diffusion coefficient that
would be obtained in a macroscopic system, which we denote by D. The required
correction is discussed in Appendix 3.A.
We first consider tracer diffusion of individual diblock copolymers in a homopolymer melt. We obtain a tracer diffusivity of D = 0.0125 σ 2 /τ0 for A homopolymers,
corresponding to copolymers with α = 0.0, and D = 0.0117 σ 2 /τ0 for copolymers with
α = 16, the highest value of α considered here. Because this diffusivity was found to
depend only weakly on α, we used the homopolymer (α = 0) tracer diffusivity as an
approximation for the copolymer diffusivity in subsequent analysis.
Results for the diffusion coefficient D for a micelle can be used to define a corresponding micelle hydrodynamic radius Rh by using Stokes-Einstein formula
D = kB T /(6πη0 Rh ) ,

(3.19)

where η0 is the zero shear viscosity of the surrounding solvent, which in this case is a
homopolymer liquid.
Colleague T. Ghasimakbari has measured the stress relaxation modulus G(t) and
´∞
zero shear viscosity η0 = 0 G(t)dt of a homopolymer melt simulated with the model
used here. He found that the dependence of these quantities on time and chain length
is very well described by a Rouse model91 with a viscosity η0 = 7.92 kB T τ0 /σ 2 for
chains of 32 beads.
Figure 3.2 shows simulation results for the dependence of both radius of gyration
Rg (+ symbols) and hydrodynamic radius Rh (circles) upon n, using data obtained
from two different values of α = 12 and α = 16. Results obtained with different
values of α nearly collapse when plotted vs. n, indicating that results for Rh and
Rg at any specified value of n are almost independent of α. Results for Rh shown
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Figure 3.2: The radius of gyration Rg (+ symbols) and hydrodynamic radius Rh
(open circles) plotted vs. aggregation number n. Different colors represent results
obtained with α = 16 (light blue) and α = 12 (dark red).
in this figure were obtained from estimates of diffusivity in an infinite domain, after
correcting for hydrodynamic finite size effects. The hydrodynamic radius Rh is found
to vary somewhat more strongly with n than the radius of gyration Rg , but always
remains comparable to Rg .

3.7

Insertion and Expulsion

This section presents an analysis of rate constants for insertion of a free surfactant
molecule into a micelle and for expulsion of a single surfactant molecule from a micelle.
+
+
Throughout this section, we use the symbols kn+ = kn,1
and kn− = kn,1
for insertion

and expulsion rate constants, respectively.

3.7.1

Methodology

Insertion and expulsion rate constants have been inferred from simulations of systems
that each contain a single micelle in coexistence with a few free surfactant molecules
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within a periodic cubic unit cell. In a system with exactly one micelle of size n, we
−
expect free molecules to be expelled from the micelle at a rate km
and inserted at
+
a rate km
c1 , where c1 is the concentration of free molecules in coexistence with the

micelle. Once the simulation has reached equilibrium over long times the average of
these two rates must be equal.
We define the observed rate of insertion and expulsion in such a simulation as
follows: At each instant, we identify a set of copolymer molecules that are “inside”
the micelle, and another set that are far “outside”. Which copolymer molecules are
inside the micelle is determined by a cluster analysis that identifies molecules for
which the atoms of the core-forming B block are in close contact. (This algorithm is
discussed in greater detail in chapter 2.) A copolymer is defined to be “outside” if
the distance from the center of mass of the micelle to the B bead at the A-B junction
(the B bead that is bonded to an A bead) exceeds some cutoff distance Ro , which
we refer to as the outer radius. We assign every molecule a variable with possible
values “in” or “out” indicating whether that molecule was most recently inside or
outside, in the sense described above. The value of this variable changes from in to
out only when a molecule that was most recently inside the micelle diffuses far enough
from the micelle to be relabelled as “out”. Similarly, the label is changed from out
to in whenever a micelle that was most recently “outside” is incorporated into the
micelle. If a molecule leaves the micelle and is then re-incorporated back into the
micelle before reaching a distance Ro from the center of the micelle, it is thus treated
as if it never left the micelle.
The observed insertion rate, denoted by F , is given by the rate (number per time)
at which surfactant molecules that are labelled “out” enter the micelle. Similarly, the
observed expulsion rate is given by rate at which molecules that have been expelled
from the micelle but are labelled “in” diffuse far enough from the center of the micelle
to be relabelled as “out”. On average, in equilibrium, these insertion and expulsion
rates must exactly balance. The value of the insertion rate F (Ro ) obtained by this
method depends somewhat on the choice of the outer radius Ro , but approaches a
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limiting value in the limit Ro → ∞, denoted by
F∞ ≡ lim F (Ro ) .
Ro →∞

(3.20)

We estimate the limiting value F∞ by an extrapolation procedure that is described
below.
The limiting value F∞ represents the rate at which expelled molecules irreversibly
escape a micelle, or at which the micelle capture molecules that originate from distant
points within a solution (e.g., from other micelles within a dilute micellar solution).
The value for the macroscopic insertion rate constant kn+ for a micelle of aggregation
number n in a dilute micellar solution is thus taken to be related to F∞ by the
relations
F∞ = kn+ c1

,

(3.21)

where c1 is the average concentration of free molecules under the conditions used in
the simulation. Because the instantaneous aggregation number of the micelle in such
a simulation fluctuates slightly as molecules are inserted and expelled, an estimate
of kn+ is obtained from a simulation in which the average aggregation number of the
micelle (excluding free molecules) is equal to n. This measurement is repeated for
systems with different numbers of copolymer molecules and different values of α.

3.7.2

Dependence of Flux on Outer Radius

Our extrapolation of results obtained with a finite outer radius Ro to the limit Ro →
∞ is based on a simple diffusion model of the dependence of the insertion rate F on on
Ro . In this model, we treat chain insertion as diffusion to a micelle with an absorbing
boundary with some effective capture radius Rc . We treat molecules that are labelled
“in” and “out” as two different species that are interconverted by reactions that occur
at the inner and outer boundary of a spherical annulus. Molecules that are labelled
“out” are created (i.e., relabelled) at a steady rate F along the surface of a sphere
of radius Ro around the center of the micelle, and are destroyed (or absorbed by the
micelle) along a surface of radius Rc , the effective capture radius. Let c(r) denote the
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concentration of copolymer molecules that are labelled “out” at points a distance r
from the center of a micelle. Because all molecules that lie a distance greater than Ro
from the micelle are labelled “out”, the concentration of such molecules must equal
the total free molecule concentration c1 for all r ≥ Ro . To compute c(r), we thus
solve a steady-state diffusion equation 0 = ∇2 c in the region Rc < r < Ro subject to
a boundary condition requiring that c(Ro ) = c1 along the outer boundary r = Ro and
an absorbing boundary condition requiring that c(Rc ) = 0 at the effective capture
radius r = Rc . The solution to this diffusion problem yields a concentration that
depends on radius r as
c(r) = c1

Rc−1 − r−1
Rc−1 − Ro−1

.

(3.22)

The corresponding flux of labelled molecules into the micelle satisfies the equation
1
1
1
=
−
F
F∞ 4πDc1 Ro

(3.23)

where D is the copolymer diffusivity, and where
F∞ = 4πDRc c1

(3.24)

is the limiting value of the flux in the limit Ro → ∞.
The validity of (3.23) can be tested by plotting values of the inverse flux 1/F
obtained using different values of Ro as a function of 1/Ro . Because the copolymer
diffusivity D and free copolymer concentration c1 have been measured independently,
the only free parameter in (3.24) is the extrapolated flux F∞ . Figure 3.3 shows
an example of such a plot. The results shown here for different values of Ro were
computed by simply postprocessing the same set of MD trajectories using different
values Ro . The line in this plot was constructed using the predicted slope 1/(4πDc1 ),
computed using independently measured values of D and c1 . The intercept of 1/F∞
was chosen to fit this data. The quality of the fit confirms the validity of the proposed
model for the dependence on Ro , and provides a straightforward method to determine
F∞ for each simulation.
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Figure 3.3: Inverse insertion flux 1/F vs. inverse outer radius 1/Ro , computed using
data for single micelle of average aggregation number n = 80 at α = 12 at several
values of Ro . Inverse flux is measured in inverse Lennard-Jones time units.

3.7.3

Discussion

The above analysis of values of F∞ was performed for micelles of varying aggregation
number n for each of the four values of α considered here. The value of F∞ obtained
from each simulation was then used to compute a corresponding value of the effective
capture radius Rc , by applying (3.24). Figure 3.4 shows a compilation of results for
Rc plotted vs. the nominal micelle core radius Rcore . The nominal core radius Rcore
shown here is computed for a micelle of aggregation n by assuming a spherical micelle
3
core and equating the core volume 4πRcore
/3 to the expected volume NB nv of the

monomers in the core block of n molecules, where NB = 4 is the number of beads in
each core-forming B block and v = 1/c is the average volume per bead in the system
of interest, for which we use c = 3.0σ −3 . Very similar values of Rc are obtained for
systems with the same values of n and Rcore but different values of α, as shown by
the near collapse of data from different values of α in Figure 3.4. The dependence
of the capture radius Rc on the core radius Rcore is reasonably well described by a
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Figure 3.4: Effective capture radius Rc for micelles and homopolymer droplets of
differing aggregation number n plotted vs. the micelle core radius Rcore . Data for
micelles is shown for α = 10, 12, 14, and 16 on a single graph, with distances in units
in σ = 1. Corresponding results obtained from insertion and expulsion of copolymers
into a homopolymer droplet at α = 12 are shown as solid red circles. The dashed line
is the best global fit line drawn through the data, given by Rc = 1.04Rcore + 2.55.
simple linear function
Rc (M ) = Rcore (M ) + ∆ ,

(3.25)

which is shown by the dashed line in Figure 3.4, in which ∆ is a distance ∆ = 2.55σ.
Eq. (3.25) can be motivated by a simple picture of insertion as a diffusion-limited
reaction between a spherical micelle core of radius Rcore and a copolymer that acts
as a sphere of effective radius ∆. If insertion were diffusion controlled but copolymer
surfactants were point-like objects that are captured whenever they touch the micelle
core, we would expect a capture radius Rc = Rcore . The fact that the effective capture
radius is actually larger than the core radius is presumably a result of the fact that
the copolymer is not a point particle, but is instead an extended object. Because
of the strong effective attraction between B monomers in an A matrix, we assume
that a copolymer diffusing near a micelle is nearly certain to be captured as soon as
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any monomer in the B block of the micelle comes in contact with the core of the
micelle. Because the copolymer is an extended object, this first contact may occur
when the center of hydrodynamic resistance of the molecule and the junction between
the A and B blocks both remain outside the core, giving an effective capture radius
somewhat larger than the core radius.
The above discussion is based on an assumption that insertion is diffusion controlled. Consider instead what we would expect to see if the micelle corona created
a large barrier to insertion. In this case, the existence of a barrier would yield an
insertion rate F much less than predicted by a diffusion-controlled model. Because
Rc is proportional to F , by (3.24), existence of a significant barrier to insertion would
thus yield an effective capture radius significantly less than the actual core radius.
Observation of an effective capture radius slightly greater than the core radius thus
implies that the corona does not create a significant barrier to insertion, and that
insertion must thus be at least approximately diffusion controlled.

3.8

Insertion into a Droplet

The above analysis of effective capture radii for micelles suggests that, in the model
studied here, insertion is at least approximately diffusion controlled. To make this
statement more precise, we need to introduce an appropriate definition of what we
would mean to say that this process was completely diffusion controlled. We are
primarily concerned here with the possible effects of the corona of the micelle, which
can produce a barrier to insertion. To define what we mean by diffusion controlled,
or barrierless, insertion, we have thus chosen to compare our results for insertion of a
copolymer molecule into a copolymer micelle to results for insertion of a copolymer
into a liquid droplet of B homopolymers, and compare results for a micelle and liquid
droplet containing an equal number of B monomers. Such a droplet acts as a model
of the core of a micelle with no corona.
To create a homopolymer droplet, we simply create a system containing N =
20 − 100 short B homopolymer chains within a matrix of A homopolymers. Each
of the B chains contains 4 B beads (which is the length of the core block of our
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copolymers), while each A homopolymer contains 32 beads. The repulsion between
A and B causes the homopolymer to form a liquid droplet with a structure similar to
that of the micelle core. To measure the effective radius for capture of a copolymer
by such a droplet we then add a few AB copolymers (much fewer than the number of
B homopolymers) to the same system, measure rates of insertion of copolymers into
a droplet using the method described above for a micelle, and convert the results into
an estimated capture radius Rc
Resulting values for the capture radius Rc of a liquid droplet are plotted vs. Rcore
in Figure 3.4 as solid circles, alongside corresponding results for the capture radii of
micelles. The core radius Rcore for a droplet is computed using a procedure analogous
to that used for micelles, by setting the volume of a sphere of radius Rcore equal to
the volume nNB v computed using the average number n of homopolymers in the
core, excluding any that escape into solution. When plotted vs. Rcore , results for
the effective capture radii of homopolymer droplets all lie within the narrow band of
values obtained for capture radii of micelles. The fact that we obtain nearly identical
results for Rc for a droplet and a micelle of equal core radius demonstrates that the
corona does not cause any measurable barrier to insertion. In the model studied here,
insertion is thus completely diffusion controlled.

3.9

Equilibrium Dissociation Lifetime

In this section, we compute the average rate at which micelles would be created
and destroyed by association and dissociation, in the absence of fission and fusion.
Because we neglect the possibility of fission and fusion, the analysis is based on a
completely stepwise model. As a measure of the frequency of dissociation events, let
τd denote the average time before a randomly selected micelle in equilibrated solution
would undergo stepwise dissociation, in the absence of fission and fusion. We refer
to τd as the equilibrium dissociation lifetime. The value of τd depends on the overall
copolymer concentration. All values reported here are computed for systems at a
concentration twice the critical micelle concentration.
To define and compute τd , we consider the predictions of the stepwise kinetic

72

Chapter 3: Micelle Kinetics

model for the following thought experiment: Imagine that at some time t = 0, we
identify and somehow label all proper micelles of aggregation number greater than
some cutoff size. Imagine that we then keep track of fluctuations in the aggregation
number of each micelle in this labelled population, and note when each of them
undergoes complete dissociation into unimers. Let P (t) denote the probability that
a micelle that had an aggregation number n > b at t = 0 has survived to time t
without undergoing dissociation. Because dissociation is a rare, random event, we
expect P (t) to decay exponentially at long times, giving P (t) ∝ e−t/τd , where τd is
the desired dissociation lifetime.
The computation of τd is discussed in detail in appendix 3.B and summarized more
briefly here. The micelle lifetime can be computed using a slight modification of the
method normally used to compute rates of stepwise nucleation in the Becker-Döring
model. In this approach, one considers a pseudo-steady-state solution to the stepwise
kinetics model in which the distribution cn (t) of surviving micelles closely resembles
the equilibrium distribution c∗n at values of n near the most probably value ne , but
in which there is a small nonzero flux In from the micellar region to the submicellar
region. This flux In is assumed to be nearly independent of n over a range of values
of n near the transition state value nt . The resulting analysis is simply a discrete
version of Kramer’s method treating diffusion over a barrier. Similar answers can be
obtained by applying Kramer’s analysis to the continuum diffusion equation given in
Eq. (3.15).
When applied to the present problem, the Becker-Döring analysis yields a lifetime
τd = Q

ne
X
1 Wn+1 /kB T
e
−
k
n
n=1

in which
Q=

∞
X

e−Wn /kB T

,

(3.26)

(3.27)

n=nt

is a partition function for a polydisperse micelle.
An analytic approximation for τd can be obtained by approximating the summands

73

Chapter 3: Micelle Kinetics

in Eqs. (3.26) and (3.27) by Gaussians and the sums by integrals. This yields a rate
τd−1 '

kn+t
c1 e−∆Wd /kB T
2πσe σt

,

(3.28)

in which
∆Wd = Wnt − Wne

(3.29)

is the barrier to dissociation. Here, σe is the standard deviation of n about ne in the
Gaussian approximation for e−Wn /kB T in (3.27), while σt is the standard deviation in
the Gaussian approximation for e+Wn /kB T in (3.26). In Eq. (3.28), we have chosen
to use the detailed balance condition to express the expulsion rate constant kn−t by a
product kn+t c1 .
The factors of c1 and e−∆Wd /kB T in (3.28) both decrease rapidly with increasing α
or, more generally, decreasing surfactant solubility. Other quantities in this equation,
including the insertion rate kn+t , are much less sensitive to changes in surfactant solubility. All results reported here are for situations where c1 = cc . Values of cc for this
model decrease by approximately a factor of 23 between α = 10 and α = 16. Values
of ∆Wd obtained in chapter 2 range from only 3kB T at α = 10 to 14kB T at α = 16,
corresponding to a change in e−∆Wd /kB T by a factor of approximately 0.7 × 105 . The
most important factor controlling the decrease in the rate of dissociation with increasing α is thus the decrease in the Boltzmann factor associated with the free energy
barrier ∆Wn , though the decrease in the unimer concentration also contributes.
Numerical results for the dependence of τd on α are shown in Fig. 3.5. The
lifetime τd increases by approximately a factor of 106 as α increases from 10 to 16. As
noted above, most of this increase is a result of an increase with increasing α in the
free energy ∆Wd required to shrink an equilibrium micelle to the critical aggregation
number nt by expelling unimers. The value of τd ' 1013 τ0 obtained at α = 16
corresponds to approximately 1015 MD steps. Stepwise dissociation events would
thus be far too infrequent to be observed in brute force MD simulation, but can be
accurately modelled by the combination of techniques used here.
It is worth noting that the dissociation lifetime τd considered here is not exactly
equivalent to the ”slow” relaxation time τ2 predicted by the stepwise model to describe
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Figure 3.5: Calculated equilibrium dissociation lifetime τd plotted against α. This
lifetime increases by approximately 106 over the range α = 10 − 16.
relaxation after a small perturbation. The dissociation lifetime τd is the average time
it would take a randomly chosen micelle in an equilibrated solution to be destroyed by
stepwise dissociation, in the absence of fission or fusion. The slow relaxation time τ2 is
instead the time required for a micellar solution to reach a new equilibrium state with
a new micelle number concentration after equilibrium is disturbed by a step change
in, e.g., temperature or total surfactant concentration. In appendix 3.B, we compute
τd by computing the rate at which a subpopulation of micelles that were present at
some time t = 0 undergo dissociation. Because the solution remains in equilibrium,
the unimer concentration c1 is assumed to remain constant during this process. In
the calculation of τ2 by the stepwise model, as first given by Aniansson and Wall,6–8
one must instead allow for the fact that c1 and average micelle aggregation number
both change during the slow relaxation process. Both τd and τ2 are proportional to
an Arrhenius factor of e−Wd /kB T , and thus both become very large in systems with
Wd  kB T . The slow time τ2 is, however, always less than τd , as a result of changes
in c1 during relaxation that tend to accelerate approach to a new equilibrium state.
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3.10

Intrinsic Fission Rates

We now focus on quantifying rates of spontaneous fission. The total rate of fission of
micelles of a specified aggregation number n (n-mers) into daughters of all possible
sizes can be expressed as product knf is cn , in which knf is is a quantity that we will call
the intrinsic rate constant for n-mers. This quantity is simply given by the sum
knf is

=

n/2
X

kn−0 ,n−n

(3.30)

n0 =1

of the rate constants for fission of n-mers into daughters of all possible pairs of sizes.
We define a corresponding time scale τnf is that is given by the inverse
τnf is ≡ 1/knf is

,

(3.31)

and refer to τnf is as the intrinsic fission lifetime for n-mers.
In this section, we present the results of MD simulations in which we have determined τnf is for micelles of varying aggregation number n by directly observing
spontaneous fission of artificially assembled metastable micelles. The lifetime τnf is is
found to decrease rapidly with increasing n. For micelles with n similar to the most
probable value ne , this lifetime is found to be too long to allow direct observation
of fission in long MD simulations. The simulations presented are instead performed
using larger, less stable micelles in order to obtain computationally accessible fission
lifetimes.

3.10.1

Methodology

For each value of α, we have performed fission simulations at several values of N ,
the total number of molecules in the simulation cell. For each choice of α and N , we
created an ensemble of n equivalent systems, each of which initially contains a single
preassembled micelle containing all N copolymers. All the systems in each such
ensemble are then simulated for an equal time T that is chosen to be long enough to
observe spontaneous fission of the micelle in a significant fraction of the systems. All
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of the results presented here were obtained using ensembles of n = 20 such equivalent
systems.
The pre-assembled micelle in each such system was created by first generating an
initial configuration in which copolymers are distributed randomly throughout the
simulation unit cell, and then running a short preparatory MD simulation with an
artificial external potential that strongly attracts B monomers (those in the copolymer
core block) to a spherical region of radius comparable to the expected radius of the
micelle core. The external potential was then turned off to begin the dynamical
simulation, during which the micelle can undergo fission.
The time required for the NPT integrator to reestablish the target temperature
and pressure after turning off the external potential was small compared to the time
required for any other equilibration process (i.e., the time for the radius of gyration to
equilibrate), and much smaller than the average fission time. After this, the micelle
undergoes a period of local structural equilibration, during which the micelle shape
begins to fluctuate. Over a somewhat longer period, the micelle also generally expels
a few molecules, creating a metastable local equilibrium state in which the micelle is
in equilibrium with a few free copolymers.
Figure 3.6 shows an example of the time dependence of the radius of gyration of the
micelle core (i.e., of the collection of B monomers of molecules in the micellar cluster)
and of the number of free molecules (molecule outside the cluster) as a function
of time t, for α = 14. In this example, the radius of gyration of the cluster has
equilibrated after roughly 103 LJ time units (i.e., approximately 105 MD steps), but
a longer period of approximately 104 LJ units (or 106 MD steps) is required before the
number of free molecules equilibrates. The time required to equilibrate the number
of free molecules increases with increasing α, increasing roughly proportionately to
1/c1 . (This follows from the fact that the the rate of insertion per micelle is given by
a product of the insertion rate constant and c1 , and that the insertion rate constant
for micelles of a specified aggregation number depends very little on α.) The resulting
small decrease in micelle aggregation number also has less effect on other properties
as α increases, however, simply because the average number of free molecules released
from the micelle becomes very small for large values of α.
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Figure 3.6: These plots show the time dependence of the radius of gyration of the micelle core, denoted by Rg (lower plot) and the number Nf of free surfactant molecules
(upper plot) as a function of time t after initiation of a fission simulation. Data
shown here is for a system of N = 140 surfactant molecules and α = 14, for which
the average final aggregation number is n ≈ 136. Time t is given in Lennard-Jones
time units, where t = 0 corresponds to the time at which the potential that we use
to assemble a micelle is removed. For this system, the relaxation time for the radius
of gyration is less than 103 LJ time units, while the relaxation time for the number
of free surfactant molecules is approximately 104 LJ time units.
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Throughout these simulations, we use the cluster identification algorithm to identify fission events. Immediately after we turn off the external potential that is used
to pre-assemble a micelle, this algorithm identifies one large cluster that contains all
of the copolymers. Somewhat later, the algorithm normally finds one large cluster
and a few free molecules. Potential fission events are identified by determining the
earliest time at which this algorithm finds two clusters with aggregation numbers
that are both greater than some cutoff value a, for which we choose a = 10. For the
appearance of a second large cluster to qualify as a fission event, we also require that
almost all of the molecules in these two clusters be molecules that were part of the
single large cluster just prior to this event.
Figure 3.7 shows a coarse histogram of the distribution of values for the ratio of
the aggregation number of each daughter micelle produced by a fission event to the
aggregation number of the parent micelle. The results shown here for each value of
α are averaged over several values of the aggregation number n of the parent cluster.
The fact that the distribution is clustered around a 50/50 split confirms that the
fission events identified here usually produce two daughter clusters of approximately
equal size.
We have observed that, under some conditions, a second micelle can appear within
our simulation cell via stepwise association of free molecules, rather than via fission of
the pre-assemble micelle. This was observed only at the lowest value of α considered
here, α = 10, for which stepwise association is more frequent, and only for systems
with relatively small values of N . Observation of stepwise association becomes more
likely with decreasing N at a fixed value of α because the increase in intrinsic fission
lifetime with decreasing aggregation number leaves more time for stepwise association
to pre-empt fission. Formation of a micelle by stepwise association is characterized by
appearance a second cluster of size n ≥ ncut in which the smaller such cluster initially
has an aggregation number n = a, because it has grown by stepwise insertion from a
cluster with n < a, and in which few if any of the molecules in this smaller cluster
were recently members of the single larger cluster.
We did not attempt to estimate τnf is under conditions for which any stepwise
association events were observed. This requirement limited the lower end of the
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Figure 3.7: Histogram of values of the ratio of aggregation number of each daughter
produced by a fission event to the aggregation number of the parent micelle before
fission. To obtain adequate statistics, the histogram is binned into ranges of value of
width 0.1, so that, for example, the point at 0.4 represents the probability of finding
a daughter for which this ratio lies between 0.35 and 0.45.
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range of values of n over which we could obtain a reliable value for τnf is at α = 10,
but had no effect on our analysis of results obtained with other values of α.
For each pair of values of α and N , we performed simulations of n independent
systems for an equal time T after removal of the external potential used to assemble
each micelle. The simulation time T used for each choice of α and N was chosen (based
on information from preliminary simulations) so that roughly half of the micelles
were expected to undergo fission during the course of the simulation. When each
such set of simulations were complete, we could identify a subset of systems in which
fission occured during the simulation, for which we identify the time at which fission
occurred.
If we had run these simulations long enough for all of the micelles to fission,
the fission lifetime could have been estimated by simply taking the mean value of
all measured fission times. A more sophisticated analysis is required to estimate a
lifetime from results of simulations that are run for a finite time T comparable to the
intrinsic lifetime, as done here. We have estimated τnf is and the root-mean-squared
statistical error of the estimate using a maximum likelihood estimator,92 as discussed
in appendix 3.D.

3.10.2

Results

Fig. 3.8 shows the estimated values of τnf is plotted vs. aggregation number n for all
four values of α considered here. Values of n shown in the abscissa of this plot are
mean values of the micelle aggregation number just prior to fission, as measured by
a cluster identification algorithm, averaged over systems with the same values of α
and N that undergo fission during the simulation. Error bars in this plot show the
estimated root-mean-squared statistical error for τf is . Because of the relatively small
sample size, the statistical error is substantial (typically 20 - 30% of τnf is ), but not
large enough to obscure underlying trends.
Results for τnf is show a clear systematic dependence upon both n and α. At each
value of α, results for ln τnf is decrease approximately linearly with increasing n near
the lower end of the range shown here, but crossover to a slower decrease at higher
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Figure 3.8: Estimated values of the intrinsic fission lifetime τnf is for micelles of differing
size at α = 10, 12, 14, and 16. Error bars show the root mean-squared statistical
errors on the estimated value. Dashed lines show the predictions of the global linear
fit to a function ln τnf is (α) = A + Bα + Cn given in (3.8), plotted vs. n at these
four values of α. Time is given in Lennard-Jones units, with 1 Lennard-Jones time
τ0 being equal to 200 MD steps. Symbols shown in black were used in the used to
obtain (3.32), while lighter blue symbols obtained at higher values of n were excluded
from the fit.
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values of n. The behavior at high values of n appears consistent with saturation to
a nearly constant value. Within the range of linear dependence of ln τnf is on n, the
slope appears to be similar for different values of α. Within this regime, our results
are fit rather well by an assumed linear dependence ln τnf is upon both n and α, of the
form
ln τnf is = A + Bα + Cn ,

(3.32)

with coefficients A = 10.855, B = 2.0984, and C = -0.1877. Dotted lines in Fig. 3.8
show lines predicted by this fit at constant values of α = 10, 12, 14 and 16. This fit
was obtained by fitting only the data points shown in black in 3.8, while excluding
the points at higher values of n that are shown in blue.
Our ability to obtain meaningful results for τnf is for very large values of n is
limited, in part, by the requirement that this fission lifetime must be greater than
the time required for an artificially pre-assembled micelle to reach a metastable local
equilibrium state after the potential that we use to assemble the micelle is turned
off. If this condition were not satisfied, then the measured fission lifetime could be
sensitive to details of the procedure used to produce a pre-assembled initial state. For
all of the data shown in Fig. 3.8, the observed value of τnf is remains greater than the
time required for apparent equilibration of fluctuations of the radius of gyration of
the micelle core, which we use as an indicator of structural relaxation of a micelle of
fixed aggregation number. For some large values of n, the value of τnf is measured here
does, however, become comparable to the time required for a pre-assembled micelle to
expel a few molecules and thereby reach an equilibrium average aggregation number.
For some of the largest micelles studied here, the micelle can thus undergo fission
while the aggregation number is still (on average) slowly decreasing slightly by random
expulsion of unimers. There are, however, two reasons to believe that this does
not significantly affect our conclusions regarding the dependence of τnf is on n. The
first reason is the fact that the aggregation number shown as the abscissa in Fig.
3.8 is actually the average aggregation number of micelles that fission, measured
immediately prior to fission. We assume that the value of n just prior to fission is
what controls the stability of the micelle with respect to fission, even in a simulation
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in which the average aggregation number is still slowly decreasing over the period
when most fission events occur. The second reason is that, for the largest values of
α considered here, the average number of molecules that would be expelled if the
micelle did not undergo fission is simply too small to matter. The number of free
molecules that would coexist in the simulation cell with a known total number of
copolymers is analyzed in Appendix A in I. For α = 16, we know that only 1-2 free
molecules would coexist with the micelle at any value of n considered here. A change
in n by 1-2 molecules would be too small to significantly change the expected value
of τnf is . For both of these reasons, we thus believe that the apparent tendency of τnf is
to saturate at large values of n is a real physical effect, rather than an artifact arising
from slow changes in aggregation number. The evidence for this is particularly clear
for α = 16, for which the change in n is too small to matter.
Some level of understanding of how micelle structure varies with aggregation number can be obtained by re-examining Fig. 6 of I. This figure shows the root-meansquare core radii along principal directions of the gyration tensor plotted vs. n for
systems with α = 12 and α = 16. A comparison of Fig. 6 of chapter 2 and Fig.
3.8 of this work shows that at both of these values of α, the smallest value of n for
which we have reported a fission time is slightly above the range in which Fig. 6
of chapter 2 shows evidence of the start of a transition from a spherical shape to a
dumbbell or slightly elongated rod. Over the range of values of n in which we were
able to directly measure fission rates, the micelles thus appear to have cores that are
typically ellipsoidal or “pill” shaped prior to fission.
We show in Sec. 3.12 that the overall fission rate in an equilibrated solution is
dominated at each value of α by fission of micelles with aggregation numbers greater
than the most probable value ne but somewhat less than the smallest values for
which we have been able to directly measured τnf is . In what follows, we thus use
(3.32) primarily to extrapolate our measurements of τnf is to values of n that are less
than those for which measurements were performed. The nature of the dependence of
τnf is on n at very large values of n, where this dependence is not adequately described
by (3.32), is thus irrelevant to our analysis of overall fission rates in equilibrium.
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3.11

Smoluchowski Model

As a baseline for comparison to our measured fission rates, we now consider fusion
and fission rates predicted by the Smoluchowski model discussed in subsection 3.5.2,
which assumes that micelle fusion is diffusion controlled.
Calculation of fusion rate constants for the Smoluchowski model is straightforward.
+
The rate constant kn,n
0 for fusion between micellar clusters of aggregation numbers

n and n0 is given by Eqs. (3.16) and (3.17). The effective hard-core radius Rn used
in (3.17) is taken to be the idealized core radius for a cluster of aggregation number
n, defined as discussed previously. The effective diffusivity for each micelle has been
computed by using a fit to the dependence of hydrodynamic radius on n shown in
Fig. 3.2, while assuming negligible dependence of Rg on α at fixed n.
In order to allow comparison to our MD results, we focus on predictions of this
model for fission rates. The intrinsic fission rate knf is = 1/τnf is measured in our simulations is the overall rate constant for fission of a parent cluster of aggregation number
n into daughters of unspecified sizes. This is given by the sum of the rate constants
for fission into all possible pairs of daughters. Using the detailed balance condition,
−
+
∗
∗ ∗
f is
kn,n
can be expressed in terms of fusion rate constants as a
0 cn+n0 = kn,n0 cn cn0 , kn

sum
knf is =

1 X +
kn0 ,n−n0 c∗n0 c∗n−n0
∗
cn 0

.

(3.33)

n ≤n/2

By using the values of c∗n obtained in chapter 2, we can thus compute predictions of
this model for the fission lifetime τnf is =

1
f is .
kn

Fig. 3.9 shows the resulting predictions of values of τnf is as a function of aggregation number n. For comparison, this figure also shows the results for τnf is obtained
from MD simulations, which are also shown in Fig. 3.8. Dashed lines in Fig. 3.9
simply show predictions of the Smoluchowki model multiplied by factors of 10, 100,
and 1000, which create a constant vertical offset on this semi-logarithmic plot. As
expected, measured lifetimes of τnf is are greater than those predicted by the Smoluchowski model within the range of values of n for which direct measurement was
performed. At α = 10, measurements of τnf is were limited to rather large values of n,
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complicating a comparison to predictions of the Smoluchowski model. We thus focus
primarily on higher values of α. For the remaining values of α = 12, 14, and 16, the
value of τnf is at the lowest value of n for which this quantity has been measured is
approximately 103 greater than the value predicted by the Smoluchowski model.
The key approximation underlying the Smoluchowski model is, of course, the
neglect of any barrier to fusion. If there were instead a barrier to fusion of magnitude ∆Gfnus , we would expect both fusion rates and corresponding fission rates to
be decreased relative to that predicted by the Smoluchowski by an Arhenius factor
exp(−∆Gfnus /kB T ). For purposes of discussion, it is convenient for us to define an
effective barrier ∆Gfnus to fusion reactions that create an aggregate of aggregation
number n by defining
f us

e∆Gn

/kB T

=

τnf is
τnf is,S

(3.34)

where τnf is,S denotes the intrinsic fission lifetime predicted by the Smoluchowski
model, and τnf is is the true fission lifetime. For reactions involving fission of relatively small micelles, we assume that this barrier is primarily due to the free energy
required to deform the coronas of two colliding micelles in order to bring the micelle
cores into intimate contact. Correspondingly, we picture the transition state for fusion as a state in which the approximately spherical cores of two micelles are nearly in
contact but are connected by a thin throat of B-rich material. This picture suggests
that the corresponding barrier should increase monotonically with increasing n, due
to the larger free energy required to force together larger micelles in which the corona
regions contain more molecules that become somewhat more strongly stretched with
increasing n.
In the data shown in Fig. 3.9, the predictions of the Smoluchowski model for
ln τnf is tend to decrease with increasing n more rapidly than the values measured in
MD simulations. The effective barrier defined in (3.34) thus does appear to increase
with increasing n. One consequence of this difference in slope in a plot of ln τnf is vs.
n is that, for α = 16, a simple linear extrapolation of the dependence of measured
values of ln τnf is on n to lower values (the dotted line) would clearly intersect the
predictions of the Smoluchowski model. Use of (3.32) to extrapolate to very small

86

Chapter 3: Micelle Kinetics

10 15
=10

10 10
10 5
10 0
60

70

80

90

100

110

120

130

10 15
=12

10 10

fis
n

[LJ]

10 5
10 0
70

80

90

100

110

120

130

140

10 15
=14

10 10
10 5
10 0
80

90

100 110 120 130 140 150 160

10 15
=16

10 10
10 5

10 0
100 110 120 130 140 150 160 170 180

n
Figure 3.9: Comparison of the measured values and predictions of the Smoluchowski
theory for the fission lifetime τnf is , plotted vs. aggregation number n. Solid black
curves are predictions of the Smoluchowski theory. Dashed lines show predictions
of the Smoluchowski theory multiplied by factors of F = 10, 100, and 1000. Open
circles are values measured in MD simulations. Dotted straight lines are the fit to
these measurements given by (3.32).
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values of n would thus violate the lower bound provided by the Smoluchowski model.
In order for the true fission lifetime τnf is to be consistent with both our MD results
and this lower bound, while also allowing for the existence of some barrier to fusion
at all values of n, it seems clear that a plot of ln τnf is vs. n must curve upwards
slightly at values of n below the range of n over which τnf is has been measured. This
behavior would naturally yield values of τnf is that always exceed the greater of the
value obtained from the Smoluchowski theory and the value obtained from the linear
extrapolation given in (3.32), i.e., that satisfy
τnf is > max(τnf is,S , τnf is,L )

(3.35)

where τnf is,S denotes the prediction of the Smoluchowski model and τnf is,L denotes the
prediction of (3.32). We propose that this provides a tighter, and more physically
reasonable lower bound on the fission lifetime than that provided by the Smoluchowski
model alone, which yields fission lifetimes that are known to be much too low at large
values of n.
In order to examine the possible effects of the existence of a modest barrier to
fusion for small micelles, we have also considered predictions of a family of models in
which τnf is is approximated as a function
τnf is = max(F τnf is,S , τnf is,L )

(3.36)

where F is a constant factor. In this approximation, F ≡ exp(∆Gf us /kB T ) is a factor
that has been introduced to take into account the effects of a barrier ∆G† that, for
simplicity, been taken to be independent of n over the relevant range of values of n.
Setting F = 1 in this approximation yields the lower bound given in (3.35). Values of
F τnf is,S for F = 10, 100, and 1000 are shown by dotted lines in Fig. 3.9. In order for
this approximation to remain consistent with all measured values of τnf is , the factor
of F used for α = 14 and F must be approximately 103 or less, corresponding to an
effective barrier of ∆Gf us = ln(103 )kB T = 6.9kB T or less. On physical grounds, we
find it implausible that the deformation of the corona’s required to bring the cores of
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two micelles into contact could not produce a free energy barrier of a least a few kB T ,
making it hard to justify a value of F < 10. The comparison of MD results at large
values of n with predictions of the Smoluchowski model thus yields a relatively narrow
range (in a logarithmic sense) of plausible values of the factor of F or (equivalently)
the effective barrier in this approximation.

3.12

Equilibrium Fission Lifetime

We now consider the rate at which micelles undergo fission in equilibrium. Let rf is
denote the rate of fission events of proper micelles in an equilibrated solution, per
unit volume and per unit time. This quantity can be expressed as a sum
rf is =

∞
X

c∗n knf is

,

(3.37)

n=a

where knf is = 1/τnf is is the intrinsic fission rate for micelles of aggregation number
n. Here, a is a lower cutoff that we introduce to exclude fission of small submicellar
aggregates. The corresponding equilibrium rate of fission per micelle, denoted here
by kf is given by the ratio
kf = rf is /cmic
where
cmic =

∞
X

c∗n

(3.38)

(3.39)

n=a

is the total equilibrium number concentration of micelles of size n ≥ a. Let τf denote
the equilibrium fission lifetime, which is defined to be the inverse
τf = 1/kf
of this rate of fission per micelle.

(3.40)
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3.12.1

Distribution of Fission Reactants

To identify which micelles undergo fission most frequently, it is useful to also consider
the probability that a random fission event involved fission of a micelle of aggregation
number n. This probability, denote by Pf is (n), is proportional to the equilibrium rate
of fission of n-mers, and is thus given to within a constant by the product
Pf is (n) ∝ knfis c∗n

.

(3.41)

Because the intrinsic fission rate knf is increases with increasing aggregation number,
while c∗n decreases with increasing n for n > ne , we expect Pf is (n) to reach a maximum
at a value of n somewhat greater than neq .
Computation of the equilibrium fission rate and lifetime is straightforward given
estimates of both the equilibrium concentration c∗n and the intrinsic fission rate knf is
as functions of n over the physically relevant range. Values for equilibrium concentrations have been accurately determined for this model over a wide range of values
of n. Values for intrinsic fission rate constants have, however, been measured only
over a more limited range of rather large values of n. To obtain a simple estimate
of equilibrium fission rate, we have thus taken the empirical formula given in (3.32)
to apply at arbitrary values of n, thus using (3.32) to extrapolate our measurements
of knf is to values of n less than than the lower limit of the range over which direct
measurements were performed.
Figure 3.10 shows the predictions obtained for Pf is (n) by this approximation
alongside corresponding results for the equilibrium micelle size distribution Peq (n)
for systems with α = 16. The predicted value for Pf is (n) shows a maximum at a
value of n ' 128 roughly 30 % greater than the value ne ' 97 at which Peq (n) is
maximum. Fission of a micelle of this size into two daughters of equal size would lead
to two micelles of size n ' 64 that are substantially smaller than the most probable
size. After fission, the aggregation numbers of these fission products would begin to
fluctuate via much more frequent stepwise insertion and expulsion events. Because
these fission products in this example would have aggregation numbers much greater
than the critical aggregation number for dissociation but greater than ne , they would
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Figure 3.10: Comparison of the equilibrium micelle distribution Peq (n) with the distribution Pf is (n) of fission reactants for a system with α = 16 and ∆µ = ∆µc , plotted
vs. micelle aggregation number n. For Pf is (n), n refers to the aggregation of the parent (reactant) micelles. Both distributions have been normalized so that the sum over
integer values of n greater than a cutoff is equal to unity. The equilibrium distribution
Peq (n) is proportional to the equilibrium number concentration Peq (n) ∝ c∗n , while
Pf is (n) is given by (3.41).
be unlikely to dissociate, and will instead tend to revert to the most probably value
ne via stepwise insertion.
These results suggest the following scenario for a typical fission event: A micelle
chosen at random from the equilibrium distribution fluctuates in size as a result of
comparatively frequent insertion and expulsion events. Fission is a much more rare
event that usually occurs during a rare fluctuation when n is significantly greater than
n, and creates two micelles of aggregation numbers significantly less than n. In systems in which stepwise processes are much more frequent than fusion or fission events,
these fission products are very likely to to grow to aggregation numbers near ne by
stepwise insertion before having time to undergo fusion or any other more rare process. Further quantitative justification for this scenario is provided in appendix 3.C,
in which we compare time scales for different possible processes involving products of
a fission reaction.
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Because fusion and fission must obey detailed balance, the most common fusion
events must involve fusion of aggregates with the same sizes as the most common
products of fission events. Because fission is known to usually yield two products
of similar aggregation number, the most common fusion events for the example of
a system with α = 16 must involve fusion of micelles with aggregation numbers
equal to roughly half the value at which Pf is (n) is maximum, i.e., fusion of micelles
with n ' 64. One may see from inspection of the equilibrium distribution Peq (n)
shown in Fig. 3.10 that such small micelles are relatively rare. This implies that
both fusion and fission usually involve rare clusters that appear in the tails of the
equilibrium distribution, with fission typically occurring for clusters with n > ne and
fusion typically occurring for clusters with n < ne .

3.12.2

Comparison of Different Estimates

The above analysis yields a prediction for Pf is (n) for systems with α = 16 with a
maximum at a value that is significantly below the smallest value of n ' 160 at which
we actually were able to measure a fission rate. Similar analyses at other values of
α yield similar results: The value of n for which events are predicted to be most
frequent is greater than the most probable size ne but is always somewhat less than
the lower limit of the range over which we were able to measure knfis . The accuracy of
our estimate of the equilibrium lifetime τf thus depends critically upon the accuracy
of whatever approximation we use to estimate τnf is outside the range of values of n in
which we measured knfis .
In what follows, we discuss estimates of τf that are based on several different
approximations for the dependence of τnf is on n.
(a) Smoluchowski Model: We have computed an estimate of τf by using the predictions of the Smoluchowski model for τnf is at all n.
(b) Equation (3.32): We have obtained a simple estimate by using (3.32) to approximate τnf is at all n, thus assuming a strictly linear dependence of ln τnf is on
n.
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(c) Equation (3.36) with varying values of F : Several related estimates of τf have
computed by using (3.36) for τnf is with values of F =1, 100, and 1000.
(d) Upper Bound on τf : We have constructed an upper bound on τf by applying
(3.32) over the range of values of large values of n within which this approximation is reliable, and simply ignoring the possibility of fission of micelles for
which n falls outside this range.
Comments about these estimates are given below.
The use of the Smoluchowski model (estimate a) provides a lower bound on the
value of τf is that can be constructed without reference to the results of our MD
simulations of fission rates for large micelles. Because the model predicts unphysically
rapid fission for large micelles, however, it yields an estimate of τnf is that is much less
than any estimate that takes into account the results of our MD simulations for fission
rates.
The estimate obtained by using (3.36) (estimate c) with F = 1 represents the
bound given in (3.36). We believe that this estimate represents the lowest value that
τf could plausibly have in light of the results of our MD simulations and the bound on
τnf is provided by Smoluchowski theory. Estimates computed with (3.36) with values
of F > 1 provide information about how the presence of a modest barrier to fusion
would affect computed fission rates.
To construct an upper bound for τf (estimate d), we used (3.32) for τnf is for all
values of n for which this equation yields τnf is < 5 × 106 LJ units and simply set
knfis = 0 for all smaller values of n. This cutoff on the maximum allowed value of
τnf is is slightly greater than the greatest value that we were able to measure for α =
12, 14, or 16, and corresponds to the upper edge of the plot shown in Fig. 3.8. For
the case α = 16, this bound causes us to neglect fission for all parent micelles with
n < 158. By inspection of Fig. 3.10, one can see one can see that this cutoff ignores
the overwhelming majority of fission events, and must thus produce an estimated
fission rate much lower than the true rate. This upper bound was computed for all
α ≥ 12 but not for α = 10, because of the limited range of values of n over which we
could reliably estimate τnfis for α = 10.
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Fig. 3.8 shows a comparison of estimates for τf obtained by all of the methods
described above. Several conclusions emerge from an inspection of this graph.
Predictions of τf obtained using the Smoluchowski model (open circles) are several
orders of magnitude lower than those obtained by any other method. This is a result
of the unrealistically short fission lifetimes predicted by this model for large values of
n, which are dramatically faster than the results of our MD simulations in the same
range of n. This estimate can thus be discounted as unrealistically fast.
The estimate obtained using (3.32) (+ symbols, estimate b) is very similar, but
slightly less than the estimated obtained using (3.36) and F = 1. These two estimates
are similar because both estimates predict that most fission events involve micelles
with n in a range of values in which (3.32) yields a larger estimate of τnf is than the
Smoluchowski theory. The estimate obtained using (3.36) is, however, necessarily
greater than or equal to that obtained from (3.36) because (3.36) yields an estimate
of τnf is that is greater than obtained from (3.32) for all values of n.
Upon comparing estimates obtained using (3.36) with different values of F , we see
that the range of values predicted for τf is much narrower than the range of values
of F considered, again because many of the fission events occur in a range of values
of n in which the value given by (3.36) is equal to that given by (3.32). The value
obtained using F = 1000 also comes rather close to the upper bound obtained by
ignoring the contribution of fission involving micelles for which n lies below the range
in which it has been measured. This is because the assumption of such a large value
for F shifts the distribution Pf is (n) to higher values of n.
The true value of τf for this model cannot be determined exactly from the available data, but almost certainly lies somewhere between the estimate obtained by
using (3.32) with F = 1 and that obtained using F = 103 . We suspect that the
most accurate estimate may be that provided by using (3.32) using F = 100. More
important, however, is the observation that the comparison of these estimates seems
to constrain the plausible range of values to a range of approximately one order of
magnitude or less at each value of α, with a value τf ∼ 1011 for the highest value of
α = 16. It is also worth noting that this range of possible values for the equilibrium
fission lifetime τf seems to increase much less rapidly with increasing α than our esti-
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Figure 3.11: Comparison of several different estimates of the equilibrium fission lifetime τf . Open circles are calculated using the Smoluchowski model (estimate a). Plus
(+) symbols represent estimates obtained by using (3.32) for τnf is for all n (estimate
b). Open squares represent estimates obtained by using (3.36) with different values
of F =1, 100, 1000, from lowest to highest (estimate c). Cross (×) symbols represent the upper bound by allowing for fission of only very large micelles for which the
behavior of τnf is is known from MD simulations (estimate d).
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mate of the the equilibrium dissociation lifetime, increasing only about 2-3 orders of
magnitude as α increases from 10 to 16, rather than the 6 order of magnitude change
predicted for τd . A direct comparison of our estimates of τd and τf is deferred to the
final section of this paper.

3.13

Discussion and Conclusions

This work is a quantitative study of the rates of several different types of infrequent
dynamical processes in a simple simulation model of a micellar solution of AB diblock
copolymer surfactant in a solvent of A homopolymers. Specifically, we focus here on
quantifying rates for “stepwise” insertion and expulsion of individual molecules, and
rates of processes that can create and destroy entire micelles.

3.13.1

Insertion and Expulsion

Our analysis of insertion and expulsion rates focused on a comparison of the rate
constant for insertion to the predictions of a diffusion limited insertion model. We
chose to focus on predictions for insertion because the rate constant for insertion
is simpler to interpret than the rate constant for expulsion. The rate constant for
insertion is sensitive to the barrier posed by the corona (if any), but not to the large
free energy required to remove the core block of the copolymer from the micelle core,
which is the dominant factor determining the value of the expulsion rate. The question
of whether the corona poses a significant barrier can thus be determined by comparing
the insertion rate constant to a simple model of diffusion-controlled insertion. We
find that, for the model studied here, insertion is completely diffusion limited, and
that the corona surrounding each micelle thus does not present a significant barrier to
insertion. This fact was demonstrated most directly by showing that the rate constant
for insertion into a micelle is essentially indistinguishable from the corresponding rate
constant for insertion into a homopolymer droplet with a radius equal to the radius
of the micelle core.
The fact that the corona poses almost no barrier to insertion in this model may be
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a result of the particular choice of molecules and parameters used here, and need not
be true more generally about block copolymer micelles. The barrier to insertion posed
by the corona of an AB diblock is related to the stretching free energy of the corona
chains, since the free energy required to drag the corona block of a free copolymer into
the micelle corona is similar to the stretching free energy of chains that are already
part of the micelle. The corona in the system studied here remains rather weakly
stretched both as the result of our use of a polymeric solvent, rather than a small
molecule solvent, and the use of relatively modest values of χN . The corona is more
likely to present a barrier to insertion in systems of long, comparatively insoluble
copolymers dissolved in a small molecule solvent.

3.13.2

Micelle Creation and Destruction

The analysis of micelle creation and destruction processes given in Secs. 3.9-3.12
focused on the computation or estimation of rates of the competing mechanisms of
stepwise association and dissociation vs. fission and fusion. Figure 3.12 shows a
comparison of predictions for the equilibrium dissociation lifetime τd (red diamonds)
to three different estimates of the equilibrium fission lifetime τf . The three estimates
of τf is include a strict upper bound (estimate d, open circles), a lower bound on the
range of estimates consistent with our MD results (estimate c with F = 1, squares),
and our proposed best estimate (estimate c with F = 100, shown by + signs).
The predicted dissociation lifetime τd can be seen to increase with increasing α (or
decreasing surfactant solubility) much more rapidly than any of our three estimates
of the equilibrium fission lifetime τf . As a result, there appears to be crossover within
the range of parameters studied here from a regime of comparatively high copolymer
solubility (low α) in which micelles are created by association and dissociation to a
regime of lower solubility (high α) in which the number of micelles changes primarily
by fission and fusion. The fact that τf < τd at the highest value of α = 16 is
shown definitively by the fact that the computed value of τd (which is known quite
accurately), is approximately 10 times greater than the upper bound on τf (open
circles) that we obtained by ignoring the vast majority of fission events and only
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Figure 3.12: Comparison of the dissociation lifetime τd to several different estimates
of equilibrium fission lifetime τf , plotted vs. α. Red open diamonds show computed
values of τd . Blue symbols show three different estimates of τf . Open circles are
the upper bound on τf that we obtained by ignoring fission of micelles with lifetimes
too long to be accurately measured by MD simulation. Plus signs are the estimate
obtained by using (3.36) with F = 100, which is our best estimate of τf . Open squares
are obtained using (3.36) with F = 1, which is the lowest estimate that is consistent
with our MD results.
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counting those involving unusually large, unstable micelles with an intrinsic lifetime
short enough for us to measure. Conversely, it is clear that for α = 12, τf is more
than an order of magnitude less than the lowest of these three estimates of τf .
The results indicate that, for simple non-ionic surfactants of the type described
by this model, stepwise association and dissociation control the slow process for relatively soluble surfactants, but that fission and fusion can dominate for less soluble
surfactants. This conclusion is consistent with the conclusions of a number of authors19–21, 72, 73 who have previously argued on experimental grounds that the slow
process may occur by fission and fusion in this type of system (i.e., in systems of
sparingly soluble non-ionic surfactants). The most important reason for the crossover
from a stepwise mechanism to a fission-fusion mechanism is the rapid increase in the
barrier ∆Wd to dissociation with increasing α or decreasing solubility, which causes
the dissociation lifetime to increase more rapidly with decreasing solubility than the
fission lifetime.
The accuracy of the estimates of fission lifetime given here is limited by our use of
brute force MD simulations to estimate fission lifetime, which allowed us to estimate
intrinsic lifetimes only for rather large, unstable lifetimes. We have worked around this
limitation by combining these simulation results with predictions of the Smoluchowski
theory to construct upper and lower bounds on τf , and found that these bounds were
sufficient to establish the existence of a change in the mechanism of micelle birth
and death with increasing α. It would be useful for further work along these lines
to apply more sophisticated methods of estimating rates of rare processes in order
to allow precise estimates of fission and fusion rate constants to be obtained over a
wider range of values of aggregation number.

Appendices
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3.A

Finite-Size Effects on Diffusivity

When performing explicit solvent simulations via molecular dynamics with periodic
boundary conditions complications can arise due to long range hydrodynamic interaction between a diffusing object and its periodic images. In a cubic box of dimensions
L × L × L, the relative magnitude of this effect depends upon the ratio of the hydrodynamic radius Rh to the box dimension L. For L  Rg , this effect has been shown
to yield a correction to the apparent given by to a first order in 1/L by88, 90
D(L) = D −

ξkB T
6πηL

(3.42)

where D denotes the diffusivity in an infinite system, D(L) is the measured apparent
diffusivity in a periodic cubic cell with sides of length L, η is the fluid viscosity, and
ξ = 2.8372 is a constant that was obtained by analyzing the equivalent hydrodynamics
problem.90
The hydrodynamic radius Rh is related to the diffusivity D in an infinite domain
by the Stoke-Einstein relation D = kB T /(6πηRh ). The finite size correction given
in (3.42) yields a small fractional correction to D only if L  Rh . In the simulations presented here, we found that this condition was satisfied in simulations of free
molecules, for which Rh /L ' 0.02 for a typical value of L ' 25σ. In many of our
simulations of micelles, however, the ratio Rh /L was found to be large enough to
cause an appreciable error.
To test whether the dependence of our results on L can be described by this
analytic theory, we have compared theoretical predictions to measurements of the
apparent diffusivity D(L) for micelles of aggregation numbers 20, 40, 60 and 80 in
boxes with side lengths of length L = 20, 30, 40 and 80σ. This data was compared
to a prediction for the dependence of D(L) on 1/L that is accurate to order O(L−2 ),
for which the theory predicts
kB T
D(L) =
6πη



1
1
−
Rh L



4πRh2
ξ−
3L2

.

(3.43)
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Figure 3.13: Fit of the apparent diffusivity as a function of inverse box length for micelles of different aggregation numbers. From top to bottom the data is for aggregation numbers 20, 40, 60 and 80. Data was collected from 25 independent trajectories.
Error bars are for one standard deviation from the mean.
Figure 3.13 shows a plot of the resulting measurements of D(L) plotted vs. 1/L,
along with a fit of the results for each aggregation number to Eq. (3.43), in which
the true value of Rh for each micelle aggregation number has been treated as a fitting
parameter. The quality of the fit confirms the validity of (3.43).
After confirming that (3.43) accurately described the data shown in Figure 3.13,
values of Rh for other choices of n and α were found by measuring the apparent
diffusivity D(L) for each micelle aggregation number in a single box with L = 25.2σ
and then solving (3.43) for Rh .

3.B

Computing Dissociation Lifetime

In this section, we discuss the computation of the micelle dissociation lifetime τd ,
computed within the context of a model of purely stepwise kinetics. We consider
a system with a unimer concentration c1 and micelle free energy Wn at that value
of c1 with a local maximum at nt and a local minimum ne , for which the difference
∆Wd = Wa − Wne acts as a barrier to dissociation.
To compute τd , we analyze the thought experiment proposed in Sec. 3.9. We
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imagine that at some time t = 0, we label all “proper” micelles of aggregation number
n great than some cutoff size b in an equilibrated solution, for some choice of cutoff
b ∈ [nt , ne ]. Let cn (t) denote the population of micelles that had aggregation number
n > b at t = 0 and that have aggregation number n at time t, and that have survived
over the interval [0, t] without undergoing dissociation into unimers. A micelle will
be assumed to be doomed to dissociation, and thus removed from the population of
surviving micelles, if its aggregation number ever shrinks to a lower cutoff value a, for
some choice of a ∈ [1, nt ]. The resulting estimate of τd will be almost independent of
our exact choice of values for the cutoffs a and b, as long as these values are chosen
appropriately. The value of b should be far enough below ne so that, in equilibrium,
almost all micelles have n > b. The value of a must be far enough below nt so that a
cluster of size a would be very unlikely to grow into a proper micelle before undergoing
dissociation.
The concentration cn (t) described above is assumed to obey the master equation
for the stepwise model, as given in Eqs. (3.11). The assumption that clusters of size
n ≤ a are doomed to dissociation is implemented by imposing an absorbing boundary
condition requiring that cn (t) = 0 for n = a. The initial condition described above
requires that cn (t = 0) = c∗n for n > a and cn (t = 0) = 0 for n ≤ a at t = 0.
The evolution of the surviving subpopulation cn (t) is described by a system of
ordinary differential equations (ODEs) that are linear in the concentration of clusters
of sizes n > a. The resulting equations involve terms of the form kn+ cn c1 that arise
from insertion reactions. The existence of such terms would yield a set of nonlinear
equations if we allowed c1 to vary with time, and thus treated c1 (t) as one of our
dynamical variables. We would, for example, have to allow for a time-dependent
unimer concentration in order to compute the “slow” time measured in experiments
that probe the response of a micellar solution to a small step perturbation (e.g., a
temperature jump). In the thought experiment that we consider here, however, we
consider the evolution of a labelled subpopulation of clusters within a system that
remains in equilibrium, and in which c1 thus remains strictly constant.
Let cm (t) denote the total concentration of surviving micelles of aggregation num-
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ber n > b at time t, as given by the sum
cm (t) =

∞
X

cn (t) .

(3.44)

n=b+1

This quantity decays with time as a result of the flux in aggregation-number space
to the absorbing boundary at n = a. At long times, c(t) can be shown to exhibit an
exponential decay
c(t) ∝ e−t/τd

,

(3.45)

in which τd is the desired dissociation lifetime. In the remainder of this section, we
present two complementary methods of computing τd .

3.B.1

Eigenvalue Analysis

The conceptually simplest method of computing τd is based on the use of an eigenvector expansion to describe the relaxation of cn (t) for n > a. The set of linear ODEs
that describe the time evolution of this model can be expressed as a matrix equation
of the general form
dc(t)
= −Ac(t) .
dt

(3.46)

Here, c(t) is a column vector whose elements are values of the concentration cn (t) for
n > a, and in which A is a constant matrix. The matrix A can be shown to be a
positive semidefinite tridiagonal matrix with constant elements whose values depend
upon the constant c1 and the rate constants kn+ and kn− .
The solution of Eq. 3.46 for the column vector c(t) can be expanded in terms of
the eigenvectors of the matrix A. Let vα for any α ≥ 1 denote an eigenvector of A
that satisfies
Avα = Γα vα

,

(3.47)

where Γα is an associated eigenvalue, and α = 1, 2, 3, . . . is an index for independent
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eigenvectors. The solution of (3.46) can be expanded in these eigenvectors as a sum
c(t) =

X

dα vα e−Γα t

.

(3.48)

α≥1

in which values of the coefficients d1 , d2 , . . . are chosen so as to satisfy the initial
conditions requiring that cn (t = 0) = c∗n , and in which the eigenvalues Γ1 , Γ2 , . . . are
all positive.
Using the eigenvector expansion of c(t) to compute the sum cm (t) defined in Eq.
(3.44) would yield a sum of exponentially decaying contributions, in which each term
arises from one of the eigenvectors, and the decay rate of each term is given by
corresponding eigenvalue Γα . At very long times, the terminal decay is given by the
lowest eigenvalue, which we denote by Γ1 , giving cm (t) ∝ e−Γ1 t . We thus identify the
dissociation time τd as the inverse
τd = 1/Γ1

(3.49)

where Γ1 is the lowest eigenvalue of A.
The dissociation lifetime τd has been computed for the simulation model of interest
at each of the four values of α used in our simulations, for systems with c1 = cc or
(equivalently) c = 2cc . Very similar estimates of τd have been obtained by using the
eigenvalue method described above and the Becker-Döring method described in the
next subsection. Results obtained by both methods are shown in Figure 3.14.

3.B.2

Becker-Döring Analysis

The eigenvalue analysis discussed above provides a straightforward numerical algorithm for computing τd , by computing eigenvalues of a large matrix. It involves very
few limiting assumptions, but also provides very little physical insight into what determines τd . In systems with a large barrier to dissociation, more insight can be gained
by following method analogous to one that was originally introduced by Becker and
Döring to describe homogeneous stepwise nucleation from a supersaturated vapor.76
We again consider the decay of the population cn (t) of micelles that have survived
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Figure 3.14: Comparison of the stepwise dissolution of micelles at equilibrium by
both the eigenvalue and Becker-Döring methods. Dark red diamonds correspond to
the calculation obtained by numerical analysis of eigenvalues, while light blue circles
symbols correspond to results of the Becker-Döring analysis.
over a time interval [0, t]. The Becker-Döring analysis of dissociation is based on an
assumption of quasi-steady decay during the late states of decay. In this approximation, we assume that the current In (t) is independent of n over a range of values near
nt where cn (t) is very small. It is convenient to define a ratio
yn (t) = cn (t)/c∗n

.

(3.50)

where c∗n is the equilibrium concentration of n-mers. The current In (t) can be expressed in terms of yn (t) as a difference
In = −kn− c∗n+1 (yn+1 − yn ) .

(3.51)

We assume that In (t) is equal to an n-independent value I for all n in some range
[a, b] that includes the transition state value nt . By solving for yn+1 − yn for each
n ∈ [a, b], adding these differences of neighboring values, and setting ya (t) = 0 to
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impose an absorbing boundary, we obtain
yb+1 (t) = −I(t)R ,
in which
R=

b
X

1

(3.52)

(3.53)

k − c∗
n=a n n+1

is an effective steady-state “resistance”.
To compute a dissociation rate, we assume in addition that the concentrations of
proper micelles, of sizes n > b, retain a partial equilibrium distribution during the
late stages of decay. A partial equilibrium distribution is one in which the ratio of
concentrations cn /cn0 for micelles of different aggregation numbers n, n0 > b always
has the value c∗n /c∗n0 that would be obtained in complete equilibrium. Such a state is
characterized by a dimensionless concentration yn (t) that is independent of n, giving
yn (t) = Y (t)

(3.54)

for all n > b, where Y (t) is a function that decays with time but that is independent
of n. Setting yb+1 = Y (t) in Eq. (3.52) yields a flux
I(t) = −Y (t)/R .

(3.55)

The same approximation yields a total concentration cm (t) of proper micelles given
by
cm (t) = Y (t)c∗m
in which
c∗m

≡

∞
X

c∗n

,

(3.56)

(3.57)

n=b+1

is the equilibrium concentration of micelles with n > b at the specified unimer concentration.
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The dissociation time can be determined by setting
dcm (t)
= I(t) ,
dt

(3.58)

while using Eq. (3.55) for I(t) and (3.56) for cm (t). Solving for Y (t) then yields an
exponential decay, Y (t) ∝ e−t/τd , with a decay time
τd = Rc∗m

.

(3.59)

Eq. (3.26) in the main text is obtained by evaluating this product and making
convenient choices for limits on the resulting summations.
The Becker-Döring analysis of τd is strictly valid only for systems with a large
barrier to dissociation, ∆Wd  kB T . In this limit, the sum in Eq. (3.57) for c∗m
is dominated by values of n ' ne , while the sum in Eq. (3.53) for R is instead
dominated by values of n ' nt . In the same limit, the values of R and c∗m are both
rather insensitive to the values chosen for the cutoff b used in the above analysis. In
the expression given in Eq. (3.26), for simplicity, we have taken the sum that defines
R to extend over all n ≤ ne and taken the sum that defines c∗m (t) over all n ≥ nt .
Predictions for τd obtained using Eq. (3.26) are compared to those obtained by
the eigenvalue method in Figure 3.14. For the model considered here, these methods
yield results that agree within a few percent at all values of α. We chose to discuss
only the Becker-Döring method in the body of the paper because it is more standard
and provides a clear basis for discussing trends.

3.C

Fate of Fission Fragments

In subsection 3.10, we describe a scenario for a typical fission event. Fission was
shown to usually involve a reactant with an aggregation number significantly greater
than ne (but less than 2ne ) and to produce products with aggregation numbers less
than ne but greater than the critical value nt for stepwise dissociation. Here, we
show that the product of such a fission event is very likely to grow to an aggregation
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number near n via stepwise processes before any competing process (e.g., dissociation
or fusion) could occur. To do so, we compare estimates of characteristic time scales
for several processes that can occur to products of a fission reaction.
Let Pn denote the normalized distribution of aggregation numbers of micelles that
are created by fission, at the rates found in thermal equilibrium. This distribution is
given to within a prefactor by a sum
Pn ∝

∞
X

−
∗
kn,n
0 cn+n0

,

(3.60)

n0 =1

with a prefactor chosen to satisfy the condition

P

n

Pn = 1. It is useful in this context

−
to express kn,n
0 as a product
−
−
−
kn,n
0 = kn+n0 Pn,n0

,

(3.61)

−
in which kn+n
is the overall fission rate constant for clusters of aggregation number

n + n0 and Pn,n0 is the probability that fission of such a cluster will produce fragments
−
is largest for n ' n0 , we
of specified sizes n and n0 . Because the probability Pn,n

expect Pn to be peaked about a most probable size approximately half the value of n
for which the reaction rate kn− c∗n is maximum.
In what follows we consider the fate of a subpopulation of fission products that are
produced at t = 0 with a distribution Pn , and estimate characteristic times for relaxation to the equilibrium distribution by stepwise processes, for stepwise dissociation,
and for fusion processes. For concreteness, we focus in what follows on a system with
α = 16. In this case, fission is most frequent for reactants with n ' 135. We thus
expect a distribution Pn peaked about a value n ' 65 that is intermediate between
the most probable equilibrium value, ne ' 100, and the critical value for dissociation,
nt ' 20.
We first consider the time for relaxation of the average aggregation number of such
a subpopulation to the most probable value ne by stepwise insertion and expulsion.
To treat relaxation to equilibrium, it is useful to approximate the dependence of the
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micelle free energy Wn near its minimum by a harmonic function
Wn ≈ Wne +

1 kB T
(n − ne )2 + ...
2
2 σ

(3.62)

in which σ is the standard deviation of n. If we adopt this approximate for n and
approximate kn− by its value at n = ne , the stepwise model for diffusion of n becomes
equivalent to a model of an overdamped Brownian harmonic oscillator with a diffusivity given by kn−e . The time scale τ for the relaxation of the average coordinate
value of such a Brownian oscillator is given93 by the ratio
τ=

σ2
kn−e

,

(3.63)

where σ is the equilibrium standard deviation of n from ne . For α = 16, we obtain
σ = 12.2, kn−e = 5.9 × 10−4 inverse LJ time units, and τ ' 2.5 × 106 LJ time units for
this process.
Stepwise dissociation is a more rare event that also occurs by stepwise processes.
For a micelle with an initial aggregation number n in the range [nt , ne ], stepwise dissociation is always much less likely than relaxation to ne , simply because dissociation
requires diffusion of n up a gradient in Wn to the maximum value at n = nt , rather
than drift of n down the gradient to the minimum value of Wn at ne .
We next consider the possibility that products of a fission reaction could undergo
fusion with other micelles. The rate per unit time at which a micelle chosen at random
from a population of size distribution Pn is given by a sum
τf−1
us =

X

+
∗
Pn kn,n
0 cn0

.

(3.64)

n,n0
+
−
The required fusion rate constant kn,n
0 is, of course related to kn,n0 by the detailed
+
−
∗
∗ ∗
balance condition kn,n
0 cn cn0 = kn+n0 cn+n0 . To estimate the fusion rate given in Eq.
+
(3.64), given knowledge of c∗n for all n, it is thus sufficient to estimate kn,n
, which is
+
also needed in Eq. (3.60) for Pn . To estimate kn,n
we have used an extrapolation

of simulation results for the overall fission rate kn− and approximated Pn,n0 for fixed
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n + n0 by a Gaussian distribution that yields a distribution of values for products that
is centered around half the reactant aggregation number with a standard deviation
6% of the reactant aggregation number. Using this estimate, we find a fusion lifetime
τf us = 3.8 × 108 in Lennard-Jones units for a system with α = 16. This is more than
100 times the estimated time for the average aggregation number to relax by stepwise
insertion, implying that fusion is unlikely to occur before relaxation of n stepwise
insertion.

3.D

Statistical Analysis of Fission Data

We use a maximum likelihood estimator92 to estimate the average fission lifetime
τf is (M, α) from our data for observed times of fission events. For each choice of a set
of values of α and N , we perform n simulations of the same duration T , with n = 20.
The results of the simulations yield a set of simulations in which fission occurred
before the simulation was ended after a time T , and a set of simulations in which
no fission was observed. If fission occurred in simulation number i, for i ∈ [1, n] we
define a variable yi to be the time at which fission occurred. If fission did not occur
in simulation number i, we set yi = T , by convention.
We assume that survival to time y in each trial is controlled by an exponential
probability density function
P (y; τ ) =

1 −t/τ
e
τ

(3.65)

for y < T , in which the parameter τ ≡ τf is is the fission lifetime. There is also a
probability e−T /τ that fission will not occur before time T , corresponding to y = T . To
derive an expression for the maximum likelihood estimator (MLE) for τ , we maximize
the conditional probability of obtaining the observed sequence of values of y1 , . . . , yn
given a specified value of τ with respect to variations in the parameter τ . Because the
n trials are statistically independent, the joint probability of obtaining a particular
set of values y1 , . . . , yn , given a value for τ , is given by a product
P (y1 , . . . , yn ; τ ) = P (y1 ; τ )P (y2 ; τ ) . . . P (yn ; τ ) .

(3.66)
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The maximum likelihood estimator (MLE) for τ is obtained by setting the values of
y1 , . . . , yn to the observed values, with the understanding that values yi = T represents the case in which no fission occurs, and maximizing the joint probability
P (y1 , . . . , yn ; τ ) with respect to the unknown parameter τ . This can be done by
maximizing the logarithm
ln P (y1 , . . . , yn ; τ ) =

n
X

ln P (yi ; τ ) ,

(3.67)

i=1

which is given explicitly by
ln P (y1 , . . . , yn ; τ ) =

n
X

B(yi < T )(−yi /τ − ln(τ ))

i=1

+

n
X

B(yi = T )(−T /τ ) ,

(3.68)

i=1

where B(x) is a boolean-valued function that evaluates to 1 if its argument is a
true statement and to 0 if its argument is false. The MLE is obtained by setting
the derivative of this quantity with respect to τ equal to zero. A straightforward
calculation of the derivative yields the estimator
n

1 X
τ=
yi
m i=1

,

(3.69)

in which n is the number of micelles that were observed to undergo fission before the
end of the simulation (i.e., for which yi < T ). Here, a value yi = T is used in the sum
for each simulation in which fission did not occur before the end of the simulation.
The values shown in Fig. 3.8 of this supplementary material and Fig. 2 of the main
manuscript are values of this estimator.
It is reassuring (for those of us who are not statisticians) to consider the behavior
of this estimator in the limits of very long and very short simulations. In the limit of
very long simulations, with T  τ , we expect all micelles to undergo fission, giving
m = n. In this case (3.69) reduces to an expression for the average of the measured
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micelle lifetimes,
n

1X
lim τ '
yi
T τ
n i=1

(3.70)

with all yi < T , as expected. In the opposite limit T  τ , in which only a small
fraction undergo fission, this estimator reduces to
lim τ ' T n/m ,

(3.71)

T τ

i.e., to T divided by the fraction that undergo fission in time T . This is consistent
with the statement that, for T  τ and large n, the fraction that fission should
approach T /τ .
The statistical error for a MLE of parameter τ can be estimated by computing the
Fisher information, denoted here by I. The Fisher information for a measurement of
n independent trials of a variable with a distribution P (y; τ ) is given by the average

I=n

−∂ 2 ln P (y; τ )
∂τ 2


,

(3.72)

ˆ

in which
h· · · i =

dyP (y; τ ) · · ·

(3.73)

denotes an average computed with respect to the hypothesized probability distribution, using the estimated value of τ . The mean-squared statistical error σ 2 is given
for n  1 by the inverse Fisher information,
σ 2 ' 1/I

.

(3.74)

We use this as our estimate of the RMS statistical error σ. For the model of P (y; τ )
considered here, the required average is analytically tractable, and yields
σ = τ /hmi1/2

(3.75)
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in which
hmi = n[1 − exp(−T /τ )]

(3.76)

is the expected mean value of the number m of simulations in which fission occurs
before time T .

Chapter 4
Equilibrium Interfacial Adsorption
4.1

Abstract

Molecular dynamics (MD) simulations are used to study adsorption of highly asymmetric diblock copolymers to a polymer/polymer interface, and the results compared
to self-consistent field theory (SCFT) predictions. The simulation model used here
has been used previously to study equilibrium and kinetic properties of spherical
micelles [1,2,3]. Interfacial coverage Γ and interfacial tension γ are measured as functions of bulk copolymer concentration at concentrations up to the critical micelle
concentration (CMC) over a range of values of the Flory-Huggins χ parameter. The
dependence of interfacial pressure Π = γ − γ0 upon Γ (where γ0 is the interfacial
tension in the absence of copolymer) is found to be almost independent of χ, and is
accurately predicted by SCFT. The dependence of γ upon Γ can also be accurately
predicted by SCFT using an estimate of χ obtained from independent analysis of
properties of symmetric diblock copolymer melts. Predictions of SCFT with this estimate of χ do not, however, adequately describe the thermodynamics of the dilute
copolymer solution that coexists with the interface, as a result of the partial collapse
of the strongly interacting core block of dissolved copolymers. A correct description
of the relationship between bulk and interfacial properties is instead obtained for this
system if and only if we supplement an SCFT description of the interfacial equation
of state with an empirical description of bulk solution thermodynamics.
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Introduction

Diblock copolymers are used as interfacial agents in a variety of applications, including their use as compatibilizers in polymer-polymer blends.94–96 Copolymers are also
of interest as a particularly simple type of model surfactant system. In this work, we
study the equilibrium interfacial adsorption of an asymmetric AB diblock copolymer
to an interface between A and B homopolymers, and the resulting decrease in interfacial tension The simulation model used here is the same as that used in previous
studies of micelle properties.32, 33, 62 One goal of this work is to complete an unusually
thorough characterization of properties of a simple coarse-grained surfactant model,
in a form that will allow the model to be used in later studies of more complicated
phenomena, such as dynamic adsorption. A second goal of this work is to quantitatively compare simulation results to SCFT predictions, in order to assess the accuracy
of these SCFT predictions in this context.26, 97 Most such simulations focused on the
special case of symmetric diblock copolymers.25, 26, 97–100 A few MC studies by Mueller
and coworkers reported results for interfacial tension,26, 97, 100 which can be measured
in lattice simulations either by using reweighting methods to infer the interfacial free
energy contribution100 or (more simply) by analyzing capillary wave fluctuations.26, 97
Several more recent studies have examined coarse-grained continuum models of adsorbed copolymers.101–103 One advantage of continuum simulation models is that it
allows interfacial tension to be measured more directly by measuring forces exerted
by the interface.
Self-consistent field theory (SCFT) provides an alternative method of predicting
polymer properties. The key advantages of SCFT over particle based simulation
methods is that SCFT requires orders of magnitude less computational power to
make predictions,104 and allows straightforward calculations of free energy differences.
SCFT predictions have provided very useful predictions of properties of polymerpolymer interfaces with and without adsorbed copolymer surfactants.100, 105–108
In order to determine whether the fluctuation effects ignored by SCFT are significant, SCFT predictions have been compared to more dynamic coarse grained simulation models which include the omitted fluctuation effects. The comparisons are
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most frequently made between lattice based simulations and SCFT, where determining the χ parameter is relatively straightforward.26, 99, 100, 109 Several of the works by
Müller compared the interfacial tension in lattice simulations, measured using capillary waves, with that predicted by SCFT. In these studies the authors had obtained
an accurate estimate of χ for the lattice simulations by accounting for the effective
coordination number of the beads. The resulting agreement was reasonable although
it appears that a slight offset exists between the SCFT and lattice simulation predictions for the interfacial tension.26, 100, 109 Ideally self consistent field predictions could
be shown accurate when compared against free particle based simulation. However
difficulties in determining the χ parameter in free particle based simulations have
made such comparisons rather rare, though in general when χ matching is done the
agreement is quite good.103
Far fewer works have been performed which make comparisons between SCFT
and experimental data.107, 110, 111 Those studies that do exist find good agreement
between SCFT and experimental data, again so long as the value of the χ parameter
is adequately matched across experiments and simulations. However the method for
this matching varies between studies and includes using χ as a free parameter to fit the
data,107 and experimentally determining χ through an independent experiment and
checking agreement of interfacial tension between SCFT and experiment that way.111
The latter method shows fair agreement between experiment and SCFT predictions.
There exists an additional obstacle to accurate determination of interfacial properties in both particle based simulations and SCFT calculations. In a real experimental
system, above a given concentration of surfactant, micelles form in the bulk phase.
Once this concentration threshold is reached, any further increase in the total surfactant concentration only contributes to an increase in the micellar concentration. This
phenomena in turn prevents any increase in the concentration of free surfactant, and
thus prevents any increase in the concentration of adsorbed surfactant.112 This may
pose a difficulty for particle based simulations where there exists a significant barrier
to micelle formation, resulting in the measurement of interfacial tension in oversaturated and metastable states. Similarly in the case of self consistent field calculations,
the system geometry is an important input that determines the result. SCFT cal-
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culations performed in a planar geometry are incapable of predicting the limiting
concentration of free molecules beyond which micelle formation prevents further reduction of the interfacial tension. Our extensive previous work with this polymeric
system ensures that we know where the critical micelle concentration is, and allows
us to avoid this pitfall.
The rest of the paper is as follows. In Sec. 4.3 we discuss the bead spring and our
method of calculating the surface excess. In Sec. 4.4 we discuss the results for the
isotherm, interfacial loading, interfacial pressure, and interfacial tension provided by
the particle based simulations. In Sec. 4.5 we compare the particle based simulation
results with those given by SCFT. We also discuss in this section two different estimates of the χ parameter which we have developed and how these estimates differ in
their predictions of interfacial quantities. Our conclusions are stated in Sec. 4.6.

4.3

Particle Methodology

The bead spring simulations presented here use a model with soft pair interactions and
harmonic bond springs that has been studied elsewhere.32, 33, 56 The system contains
two homopolymer species with beads of types A and B and 32 beads per chain, and
a diblock copolymer species that contains a block of 4 B beads and a block of 28 A
beads. Neighboring beads within each chain are connected via a bond potential of
the form
1
Ubond (r) = κr2
2

(4.1)

where κ is a spring constant equal to 3.048kB T /σ 2 and r is the distance between
beads. All beads also interact through a non-bonded pair potential of the form
1 
r 2
Upair (r) = ij 1 −
2
σ

(4.2)

where ij is a measure of the interaction energy between beads of types i and j, for
which AA = BB = 25kB T . Excess repulsion between unlike beads is controlled by a
parameter
α = (AB − AA )/kB T

(4.3)
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Simulations reported here use values of α = 10, 12, 14 and 16.
The system simulated here uses periodic boundary conditions in which each unit
cell contains 1800 polymer chains. Of these, 300 are B homopolymer chains, and the
remaining 1500 chains are divided between A homopolymer chains and a relatively
small number of AB diblock chains. Each unit cell contains a relatively narrow B-rich
phase and a wider A-rich phase, separated by two A-B interfaces that are oriented
perpendicular to the unique z axis of a tetragonal unit cell. The number of B chains
was chosen in order to ensure that the B phase was wide enough so that diblock
copolymer adsorbed to the two AB interfaces do not interact across the B phase.
The values of α used in our simulations create a moderate solvation free energy for
dissolving the relatively short B block of the copolymer in the A-rich phase, creating
systems with a small but easily measurable critical micelle concentration. Under these
conditions, the longer A block copolymer is completely insoluble in the B-rich phase,
and the two homopolymer are effectively insoluble in one another.
The simulations are carried out using a tetragonal unit cell with fixed dimensions
of Lx = Ly = 21.3σ in the x and y directions, and with a dimension Lz that fluctuates
so as to maintain a constant pressure along the z axis (i.e., a constant zz diagonal
element of the stress tensor). All simulations are carried out using a pressure of P =
20.249kB T /σ 3 , which yields a bead concentration of c = 2.9875/σ 3 for homopolymers
of 32 beads. This yields average box length of Lz ' 42.3σ, in which the thickness of
the B-rich phases is approximately 7.05σ.
In these simulations the system is sampled through a combination of two MonteCarlo (MC) moves detailed in prior work.32 The first is a hybrid type move allowing
the simulation to undergo a brief molecular dynamics trajectory of a few hundred steps
which allows structural relaxation and diffusion of the chains. The integration for this
simulation is performed using a constant enthalpy integrator, and accepted or rejected
using an acceptance criterion based on the change in the enthalpy H = U + P V ,
so as to obtain an N P T ensemble for the MC simulation. The second MC move
is an alchemical move which transforms an A homopolymer into an AB diblock.10
For the purposes of this simulation only the A homopolymer is allowed to undergo
this transformation move into an AB diblock and vice versa. In combination, these
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α
10
12
14
16

∆µ◦ /kB T
9.8
11.3
12.6
13.8

a
-12.8
-22.2
-32.2
-40.7

∆µc /kB T
5.49
5.96
6.17
6.54

φc
1.63%
0.54%
0.17%
0.072%

Table 4.1: Table for dilute surfactant properties in bulk solution. Included in the
table are the parameters for the dilute bulk equation of state, as well as the critical
value of ∆µ and the corresponding critical micelle concentration φc .

two moves yields a constant pressure semi-grand ensemble. Unlike prior work where
we were concerned with adequately sampling rare events, the sampling of adsorbed
material below the critical micelle concentration may be adequately done by using a
simple semigrand ensemble without reweighting. When gathering data on the amount
of adsorbed material, a similar algorithm was used as in32 where molecules on the
interface are defined as those which have at least one minority block B bead within
0.8σ of any of the B homopolymer beads.
Previously we have characterized a dilute equation of state for this model system
when determining the bulk thermodynamic properties of micelles. We found that near
the CMC the solution cannot rigorously be considered dilute, but instead experiences
deviations from ideality due to interactions between the surfactant molecules. For
the surfactant in semigrand ensemble the equation of state is given by
∆µ =

∆µ◦sol


+ ln

φ1
1 − φ1


+ aφ1

(4.4)

Table 4.1 lists the bulk solution properties, including ∆µ◦ , a, and the critical values
of ∆µ and φ1 at the CMC.
In order to calculate the interfacial tension between the two phases, we used the
stress tensor to calculate the pressure anisotropy in the simulation volume. This
anisotropy is related to the interfacial tension through
Lz
γ=
2



Px Py
Pz −
−
2
2

(4.5)
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where Lz is the length of the box perpendicular to the interface, and Px , Py , and Pz
are the principal moments of the stress tensor. The extra factor of two in the Lz term
arises from the fact there are two interfaces in the system.
The simulation program used in this study for the bead spring simulations is
publicly available via github at github.com/dmorse/simpatico.

4.3.1

Determination of Γ

While we described an algorithm in Sec. 4.3 that determines the adsorbed concentration of surfactant via contact between different polymer beads, a more conventional
approach is to define a Gibbs dividing surface and calculate a surface excess. The
adsorbed concentration using the Gibbs dividing surface approach is given by
Γ=

1
vchain

(Lφ − L1 φ1 − L2 φ2 )

(4.6)

where Γ is the interfacial coverage, L is the simulation box length, vchain is the specific
volume for the chain, φ is the total mole fraction of diblock, and φ1 and φ2 are the
concentration of diblock in the homogeneous phases 1 and 2, and L1 and L2 are the
lengths of the respective phases. In practice the concentration of diblock in phase 2
is zero for this study, and so the last term can be considered to be zero. The value
chosen for L1 depends on the position of the Gibbs dividing surface which was chosen
so that the excess concentration of all A and B monomers is equal to zero.
In Fig. 4.1 we compare the results from both these methods for our particle
based simulations. At low to moderate values of ∆µ the two measures are equivalent.
However upon reaching the CMC the surface excess no longer behaves as intended
because micelles form in the bulk solution which interfere with the calculation. In
contrast the interfacial contact approach still functions as intended and accurately
calculates the amount of diblock polymer surfactant adsorbed to the interface. For
this reason we use the contact approach to determine interfacial loading in our particle
based simulations.
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Figure 4.1: Adsorbed concentration found via both the contact algorithm and the
surface excess method plotted against the exchange chemical potential ∆µ. Circles
are the adsorbed concentration calculated as a surface excess. Squares are calculated
by the contact algorithm method. Data shown is for α = 10.
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4.4

Simulation Results

4.4.1

Adsorption Isotherm
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Fig. 4.2 shows simulation results for interfacial coverage as a function of the exchange
chemical potential ∆µ for systems with α equal to 10 and 16. Data is shown for ∆µ
less than the critical value ∆µc above micelles appear. This critical value is indicated
by a vertical dashed line.
The measured relationship between ∆µ and Γ shows no evidence of any approach
of Γ to a “maximum” value over this physically relevant range. The data instead
exhibit an essentially featureless increase of ∆µ with increasing Γ. The dependence
of Γ upon ∆µ is approximately exponential at very low values of Γ, as expected in
the low-density “mushroom” regime of non-interacting adsorbed copolymers. We find
that the behavior at higher coverages, for which the interface becomes crowded, is
adequately described by an equation of state of the form
∆µ = ∆µ◦int + ln (Γ) + cΓ + dΓ2

(4.7)

in which ∆µ◦ , c and d are adjustable parameters. Fits to this functional form are
shown by solid lines in Fig. 4.2. Table 4.2 gives values for the parameters obtained
for this fit for all 4 values of α, in addition to values for the bare interfacial tension
and interfacial tension at the CMC. Reported values for the parameter ∆µ◦ads were
obtained by considering only the lowest values of Γ, for which the adsorbed species
forms a dilute gas on the interface. The predictions of a 2D ideal gas model, in which
we use this value for µ◦ but c = d = 0, is shown by a dotted line in the top plot. The
excess of ∆µ above the value predicted by this ideal gas model reflects the loss of
conformational entropy of adsorbed chains arising from the stretching of the chains
as the interface becomes crowded.
The value of the exchange chemical potential ∆µ of adsorbed copolymers must
match that in the coexisting bulk A-rich phase. Fig. (4.3) shows the dependence of
interfacial coverage upon bulk surfactant mole fraction φ1 . This plot was constructed
by plotting the value of Γ obtained at each value of ∆µ parametrically vs. the value
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Figure 4.2: Interfacial coverage Γ vs. exchange chemical potential ∆µ for α = 10
(upper plot) and α = 16 (lower plot). Open circles show simulation results. The solid
line in each plot is the result of the fit to Eq. (4.7. The dotted line in the upper plot
is the prediction of a dilute equation of state ∆µ = ∆µ◦ + ln(Γ) with ∆µ◦int chosen
to fit the behavior in the dilute limit.
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α
10
12
14
16

∆µ◦int
3.31
3.32
3.49
3.41

c
1.026
1.88
0.773
1.73

d
9.85
8.08
10.2
8.72

γ0
2.23
2.44
2.64
2.81

γc
0.810
0.827
0.990
0.992

Table 4.2: Equilibrium interfacial properties. The bare interfacial tension and interfacial tension at the critical micelle concentration are denoted by γ0 and γc , respectively.
The relationship between adsorbed concentration Γ and exchange chemical potential
∆µ has been fitted to an equation of state ∆µads = ∆µ◦int + ln (Γ) + cΓ + dΓ2 .

of φ1 obtained from the bulk equation of state described in Chapter 2. Solid lines in
this plot show the results of the fit to Eq. (4.7) plotted in the same manner.

4.4.2

Interfacial Tension

In addition to the isotherm developed above, the Gibbs isotherm relates the free
molecule concentration in the bulk, interfacial coverage, and interfacial tension together through the equation
Γ=

1
∂γ
kB T ∂ ln φ1

(4.8)

Which may alternatively be expressed in the form
γ0 − γ
=−
kB T

ˆ
Γdµ

(4.9)

where γ0 is the bare interfacial tension. We can write down an analogous set of
equations for our system using the exchange chemical potential defined as
∆µ = ∆µAB − ∆µA

(4.10)

First we assume that the A and B homopolymers are mutually insoluble with each
other, and the AB diblock is insoluble in the B polymer phase because of the diblock’s
high degree of asymmetry. If this is true at constant temperature and pressure we
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Figure 4.3: Interfacial coverage Γ plotted vs. mole fraction φ1 of dissolved copolymer
in the coexisting bulk A-rich phase, for α = 10 (upper plot) and α = 16 (lower plot).
Upon circles show simulation results while solid lines show the result of the fit to
Eq. (4.7). Both simulation results and this fit are plotted here by using Eq. (4.4) to
convert ∆µ to corresponding values of φ1 .
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can write the change in interfacial tension as
dγ = ΓAB dµAB + ΓA dµA

(4.11)

where the subscripts AB and A denote the AB diblock and A homopolymer species
respectively. Applying the Gibbs Duhem equation gives us
dµA = −

φAB
dµAB
φA

(4.12)

which combined with the above gives


ΓA φAB
dγ = ΓAB 1 −
dµAB
ΓAB φA

(4.13)

Because we have chosen the dividing surface position to be the one which makes
the A and B monomer excesses equal to zero, the ratio of ΓA /ΓAB is equal to the
fraction of A in the diblock, fA . Note that the above equation reduces to the Gibbs
isotherm if φAB is small. Next we rewrite the above replacing µAB with ∆µ using
the definition given above. The resulting equation when simplified and expanded for
small φAB relates for the change in the interfacial tension with changing exchange
chemical potential according to


φAB
dγ = ΓAB 1 − (1 + fA )
d∆µ
φA

(4.14)

The results of numerically integrating this equation are shown in Fig. 4.4 for α equal
to 10 and 16. The solid lines are the prediction of the semigrand isotherm that was
obtained by numerically integrating Eqtn. 4.14 using the average interfacial concentration and value of φ1 for each value of ∆µ in the particle based simulations.
For each curve the interfacial pressure measured at each bulk surfactant concentration closely follows that which is predicted by using the semigrand isotherm relation.
Agreement between the measured interfacial pressure and that predicted by the semigrand isotherm is excellent and further indicates that our data are correct and at
equilibrium.
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Figure 4.4: Plots of the interfacial tension against the surface coverage for α equal to
10 and 16. Squares represent α equal to 16 while circles represent α equal to 10. The
solid lines show the semigrand isotherm prediction of the interfacial tension using the
free molecule concentration and interfacial coverage. Agreement is excellent in each
data set indicating the data is at equilibrium and obeys the semigrand isotherm.
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Figure 4.5: Plot of interfacial pressure against interfacial coverage for multiple different values of α. All of the data shown here collapse onto a single curve indicating the
interfacial pressure is independent of α and only depends on the diblock architecture.
When examining the simulation data in Fig. 4.4, it appears that the interfacial
tension as a function of surface coverage at each different value of α appears to
have the same shape, simply shifted by a constant. To test this we plotted the
surface pressure against surface coverage for all values of α. The results are shown
in Fig. 4.5. We find that the bead-spring simulation data for interfacial pressure as
a function of interfacial loading all collapse onto a single curve. This indicates that
for a strongly adsorbing surfactant the interface equation of state only depends on
the structure of the polymer, and χ does not drastically affect the surface equation
of state. This idea is further supported by the fact that there is no real trend in
the surface virial coefficients, suggesting that the chains on the interface interact the
same way regardless of α.
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4.5

Self Consistent Field Theory

Self consistent field theory provides an alternate computational approach where an
ensemble of polymer chains is treated as a single Gaussian chain interacting with
a potential field which represents the other chains. This degree of coarse graining
drastically decreases the amount of computational power to converge to solutions.
Briefly a chain in self consistent field theory is described by a pair of propagator
functions q(r, s) and q † (r, s) which are in turn defined by a diffusion like equation
each given by
 2

b 2
∂q(r, s)
=
∇ − ωj(s) (r) q(r, s)
∂s
6
 2

∂q † (r, s)
b 2
−
=
∇ − ωj(s) (r) q † (r, s)
∂s
6

(4.15)
(4.16)

where b is the statistical segment length, and ωj(s) is the chemical potential field for
a monomer of type j which may change as you move along the chain contour variable
s. For these chains the chemical potential field is written for monomer type j as
ωj (r) =

X

χij φi (r) + ξ(r)

(4.17)

where χij is the Flory-Huggins free energy parameter and is related to αij from our
particle based simulations as discussed in the next section, φi is the concentration of
monomers of type i, and ξ is a Lagrangian multiplier pressure field necessary to satisfy
the constraint that the liquid is incompressible. The value of φj may be calculated
using
1
φj (r) =
NQ

ˆ
q(r, s)q † (r, s)ds

(4.18)

with N being the number of monomers and Q the partition function for an unconstrained chain given by
1
Q=
V

ˆ
q(r, N )dr

(4.19)

Together these equations may be iteratively solved until they converge at a solution
for both the chemical potential fields and composition fields, which may be used to calculate excess quantities and the interfacial tension. The code used to solve these equa-
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tions is publicly available at morse.cems.umn.edu/morse/code/pscf/home.php.html.
For the calculations done here a sweep was performed both over a range of polymer compositions and values of χN in order to determine the interfacial loading at
different bulk surfactant concentrations. In these sweeps the volume fraction of A
homopolymers and B homopolymers was kept equal to each other while gradually
changing the amount of diblock. The value of χN in these simulations was large
enough that the two homopolymers are completely insoluble with one another and
the asymmetric diblock is totally insoluble in the B phase. Because of this insolubility
it is difficult to achieve convergence in high χN regimes. This issue was resolved by
starting the simulation at a modest value of χN and performing a “sweep” of parameter space where the insolubility was gradually increased to perform a high order
continuation that provided accurate initial guesses that lead to successful convergence.
As described in Sec. 4.4 we use a surface excess calculation to determine the
adsorbed species concentration. The interfacial tension was calculated in a similar
manner by computing the excess pressure in the system with the interface compared
to a homogeneous phase at the same bulk concentration of free molecules. Defined
as such the interfacial tension is equivalent to the excess grand-canonical free energy
per unit area.

4.5.1

Correspondence of χN and α

In order to accurately compare predictions of surfactant properties made by self consistent field theory and particle based simulations both must be performed at the
same conditions. This requirement poses some difficulty as the natural free energy
control parameter of our particle based simulations α does not immediately correspond to the free energy control parameter of self consistent field theory which is χ.
However we are able to match the two parameters through either of two techniques.
The first is that at a given value of α the dilute solution equation of state in the
semigrand ensemble has the form
∆µsol =

∆µ◦sol


+ ln

φ1
1 − φ1


+ aφ1

(4.20)
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Figure 4.6: Comparison of the value of χNcore calculated through two different methods at different values of α. The increasing deviation at high α is believed to be due
to changes in the conformation of the chain to reduce contact between the minority
block and its surroundings. Blue squares represent the correlation for a diblock melt
given in.56 Red circles represent values found from the dilute solution equation of
state.
where ∆µ◦sol is equal to χNcore where Ncore is the number of core beads. By performing
semigrand simulations at different values of ∆µ and fitting the data to the above
equation we can determine χNcore for each value of α.
The alternative method of calculating χ relies on matching structure factors of
simulation data and perturbation theory and have previously been discussed in56
where it is calculated for a diblock polymer melt. This technique gives a correlation
for χ with α for this model via a fit with the form
χ=

aα + bα2
1 + cα

(4.21)

We find that these two techniques give values of χN which diverge from each other
as α increases as shown in Figure 4.6.
We believe that the increasing deviation as α increases is due to changes in the
chain conformation that occur at high α. At high values of α the individual beads
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attempt to reduce contact with the surroundings through chain collapse which results
in a lower free energy of mixing. This stabilization is not present in the correlation
method used previously which was based on perturbation theory and assumed that
the chain structure does not change with decreasing α.

4.5.2

Interfacial Equation of State

The first comparison that we make between our SCFT calculations and bead-spring
simulations is the interfacial pressure as a function of the interfacial coverage. Based
on our particle based simulation data we first plotted all our SCFT predictions for the
interfacial pressure as a function of surface coverage on the same plot, shown in Fig.
4.7. The resulting collapse mirrors that of our particle based simulations with only
the dilute solution equation of state χ for α equal to 10 falling off of the other curves,
and even then only very close to the CMC. It is possible that this variation is because
at this lowest value of χ fluctuations near or on the interface could be important.
Regardless, the collapse of the data for all values of χ further indicate that for a
strongly adsorbing surfactant the primary factor determining the surface equation of
state is the architecture of the block copolymer and resulting steric repulsions.
Inspired by this result we now compare the interfacial tension for our particle
based simulations with those calculated in SCFT. Results for this comparison are
shown in Fig. 4.8. For the values of α studied, we find excellent agreement between
SCFT and the particle based results. This agreement suggests that SCFT correctly
calculates the coronal stretching and steric repulsion in the block polymer model.
The only real deviation is a slight over prediction of the interfacial pressure at very
high loadings. This discrepancy could be due to fluctuations of the interface in the
particle based simulations, which are unaccounted for in SCFT.
The next quantity we have compared is the prediction of the interfacial tension
with increasing interfacial coverage. The comparison of these quantities for different
values of α and each estimate of χ are shown in Fig. 4.9. Surprisingly we see
that compared to the accurate predictions of interfacial pressure made by SCFT,
SCFT struggles to accurately predict the tension value as a function of the interfacial
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Figure 4.7: This plot shows the interfacial pressure plotted against interfacial coverage
as determined by SCFT for all eight values of χ that SCFT calculations were run for
in this study. We see that almost the entire data set collapses to a single curve with
the exception of the dilute EOS value of χ which is the dashed line.
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Figure 4.8: These plots show interfacial pressure at different interfacial concentrations
for α of 10 and 16. Circles are the data from bead spring simulation, while the solid
line is a self consistent field prediction using the χN predicted by the equation of
state and the dashed line is the self consistent field prediction using the correlation
value of χN . The vertical dashed line marks the interfacial loading at the CMC, while
the straight dotted line extending from the origin is the ideal gas prediction. Because
the interfacial pressure subtracts off the bare interfacial tension, both the correlation
and equation of state χN give very similar and accurate predictions when compared
to the bead spring models.
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coverage. It appears that when comparing predictions for interfacial tension as a
function of interfacial loading the correlation for α previously derived from symmetric
block copolymers is the more accurate, though there is a systematic under-prediction
for the value of the bare interfacial tension.
We believe that the reason that the correlation on the diblock melt gives better
agreement is due to the nature of the estimates relating α and χ. The estimate
obtained by the equation of state accurately measures the value of χ for the diblock
in solution where the chain collapses due to the extremely unfavorable effects of the
surrounding solvent. However at the interface between two homopolymers no such
collapse occurs because each half of the diblock is in its own respective phase and the
two homopolymer species must remain in contact with no reduction in interaction
possible. This contact is more accurately represented in the estimate of χ obtained
previously by correlation approach which does not allow for a change in degree of
contact between beads.

4.5.3

Relationship to bulk concentration

The final test for comparing self consistent field and particle based simulation methods
is the prediction of the interfacial loading and interfacial tension as a function of free
surfactant in the bulk. Figure 4.10 shows the curves of surface coverage plotted
against bulk free surfactant for α = 10 and 16 for the particle based simulations and
the SCFT calculations, one using the dilute solution equations of state for χ and the
other using the diblock melt correlation value of χ. We see that at these high values
of α and thus χ the different SCFT estimates make drastically different predictions
and only the equation of state approach gives an accurate estimate of the interfacial
coverage. We believe that this drastic difference is because at high values of α the
conformation of the beads in particle based simulation is disturbed and the strong
repulsion between unlike beads causes collapse of the minority block. This collapse
is unaccounted for in the correlation approach. However this collapse is present in
the equation of state approach, as seen in Fig. 4.6 where there is a leveling off of
χ with increasing α. Further, the equation of state prediction for χ reproduces the
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Figure 4.9: These plots show interfacial tension at different interfacial concentrations
for α of 10 and 16. Circles are the data from bead spring simulation, while the solid
line is a self consistent field prediction using the χN predicted by the equation of
state and the dashed line is the self consistent field prediction using the diblock melt
correlation value of χN . The vertical dashed line marks the location of the CMC.
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bead spring data incredibly closely and indicates that the value of χ in the bulk that
we have measured using the equation of state approach is remarkably accurate.
We see a similar effect when comparing predictions for the free molecule concentration and the interfacial tension as shown in Fig. 4.11. We observe that neither
SCFT prediction does a good job of replicating the interfacial tension as a function of
interfacial loading. This is because while the equation of state based approach does
a good job of predicting the bulk free molecule concentration, and gets the shape
right, it does not correctly estimate the bare interfacial tension and thus has roughly
a constant offset from the true value. In contrast, the diblock melt correlation χ does
get the bare interfacial tension right, and the values are close to the true value for the
bare interface, but does not accurately describe adsorption, and so gets everything
else incorrect.
In order to achieve an accurate SCFT prediction for the interfacial tension’s relationship with the bulk concentration we must correct for the inaccuracy in the bulk.
Because the melt diblock correlation appears to correctly predict the relationship between the interfacial tension and interfacial coverage, we suspect that the system has
an accurate equation of state for the interface. However this agreement is not the case
for the bulk concentration because of the chain collapse not present in the diblock
melt correlation approach. To correct for this we determine the value of the exchange
chemical potential ∆µ for each SCFT calculation. We then use that value of ∆µ
combined with the bulk solution equation of state from our particle based simulation
to determine a corrected bulk free surfactant concentration. The results are shown
in Fig. 4.11. Here we see that the correction works, and the dotted line representing
the interfacial tension predicted using the diblock melt correlation χ with each value
of ∆µ matched to the dilute equation of state, closely follows the actual simulation
data.

4.6

Conclusions

In this work we have shown comparisons of particle based simulations and field based
calculations for predicting interfacial adsorption properties of an asymmetric diblock
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Figure 4.10: Interfacial loading plotted against the bulk free molecule concentration.
The plots are for values of α equal to 10 and 16. The circles are from beadspring
simulations. The solid line is the self consistent field results using the value of chi
obtained by the equation of state. The dashed line is the self consistent field prediction
using the value of χN from the correlation for a symmetric diblock. The agreement
here is much better using the value of χN found using the equation of state. The
vertical dashed line marks the CMC.

138

Chapter 4: Equilibrium Interfacial Adsorption

2.5

2.5

=10

=12

2

2

1.5

1.5

1

1

0.5

0.5

0

0

0

0.005

0.01

0.015

0.02

0

2

1

4

6

1

3

8
10

-3

10

-4

3
=14

=16

2.5

2

2
1.5

1

1
0.5

0

0
0

0.5

1
1

1.5

2
10

0

2

4

-3

1

6

8

Figure 4.11: These plots show interfacial tension at different bulk surfactant concentrations for α of 10, 12, 14, and 16. Circles are the data from bead spring simulation,
while the solid line is a self consistent field prediction using the χN predicted by the
dilute equation of state and the dashed line is the self consistent field prediction using
the diblock melt correlation value of χN . The dotted line is the corrected SCFT calculation using information from the simulation bulk solution dilute equation of state
combined with the diblock melt correlation SCFT calculation. The vertical dashed
line marks the CMC.
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copolymer surfactant to a polymer-polymer interface. We have found that both the
field based and particle based approaches give similar predictions so long as the value
of χ is consistent between them.
However we have found that having an accurate estimate of χ is not an easy task,
particularly in very insoluble cases where chain collapse can lead to differences in
the effective contact between monomers in the bulk and at the interface as is the
case in this study. However, provided an accurate estimate of χN is available, highly
accurate predictions may be made with SCFT for both the adsorption isotherm and
the interfacial tension as a function of surfactant loading.
This need for an accurate χ is difficult to address as seen here. In this study
the effective value of the χ parameter is different depending on if it is that of the
diblock in the bulk solution, or the same monomers arranged in a bare interface
configuration. However we were able to overcome this difficulty by using the dilute
solution equation of state from the bead-spring simulation model to correct the free
molecule concentration at each value of ∆µ.
Even with accurate predictions of χ, for a real system above a given concentration
the free surfactant will begin forming micellar aggregates. Once this point is reached
further added surfactant only goes towards creating more micelles and the free surfactant concentration stops rising. Beyond this crossover the interfacial coverage no
longer increases with more added surfactant. The SCFT studies here focused on interfaces do not by themselves predict a CMC and additional simulations are needed
to determine this point. However the particle based simulations we have undertaken
naturally form micelles above the CMC and provide a clear indicator of the lowest
possible obtainable interfacial tensions.
Finally we find it somewhat remarkable that SCFT predictions of the interfacial
pressure as a function of interfacial loading collapse onto a single curve for the block
copolymer studied here. In many of the plots shown, for all but the highest values of
interfacial loading, our two SCFT calculations are nearly identical, despite the very
different values of χ in each calculation. The implication of this collapse is that the
interfacial pressure for two chains with identical structure does not depend on the
value of χ. However, it is not clear if this finding is general or if it is only true in
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the case of strongly adsorbed polymer chains as were the ones studied here. This
may not be the case at lower values of χ where the chains are less strongly adsorbed
and there is more competition between the enthalpic benefit of adsorption and the
entropic penalty of the chains stretching and requires further study.

Chapter 5
Dynamic Adsorption to a Bare
Interface
5.1

Abstract

We analyze kinetics of the adsorption of surfactant from a polydisperse micellar solution to an initially bare interface. Our analysis is based on a stepwise reaction model
of micelle kinetics in which we assume that only unimers adsorb directly, and consider
the limit of fast unimer adsorption. We consider two cases: an absorbing boundary,
with negligible interfacial accumulation, and an accumulating boundary, in which all
surfactant that reaches the interface accumulates there. For each case, we present
both a scaling analysis of parameter and time regimes and numerical solutions of the
transport equations for a polydisperse solution. Numerical calculations simulate the
behavior of a coarse-grained molecular model of diblock copolymer surfactants for
which all required parameters are known from previous molecular simulations.
Micelles are found to dissociate relatively rapidly near a subsaturated interface
even in systems in which micelles are very long-lived in equilibrium, because the
depletion in unimer concentration near such an interface destroys the free energy
barrier that hinders dissociation in equilibrium. For an absorbing boundary, a micellefree zone always appears near the interface after some time and then grows wider with
time. For an absorbing boundary and a bulk surfactant concentration well above
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the critical micelle concentration, accelerated dissociation in a narrow region near
the interface leads to transport behavior similar to that which would be produced by
direct micelle adsorption. For an accumulating interface, a micelle-free region appears
temporarily and only in systems with a bulk concentration less than a critical value.
Almost all accumulation occurs while the subsurface unimer concentration remains
low enough to allow facile micelle dissociation. Long equilibrium micelle lifetimes
observed in solutions of sparingly soluble surfactants become relevant only during the
remaining final stage of adsorption.

5.2

Introduction

In some applications, the practical effectiveness of surfactants relies critically on their
rate of adsorption to interfaces. Transport limitations are most often relevant in situations that involve rapid generation of new interfaces (e.g. by mechanical agitation)
or that use sparingly soluble surfactants. Transport rates are often particularly low in
systems that use block copolymers as surfactants, as a result of both the low solubility and low intrinsic diffusivities of most macromolecular surfactants. We focus here
on situations in which surfactant is transferred to an interface from a solution with
a concentration greater than the critical micelle concentration (CMC). In this case,
the transport process involves diffusion of both free surfactant molecules (“unimers”)
and micelles, as well as reactions in which unimers are expelled from or inserted into
micelles. The behavior of the resulting system of equations is reasonably well understood for cases involving small deviations from equilibrium, such as experiments in
which linear interfacial viscoelasticity is measured by imposing small changes in the
interfacial area. In this chapter, we instead focus on the effects of large deviations
from equilibrium. Specifically, we consider situations in which surfactant diffuses to
a freshly created interface with a negligible initial surfactant concentration.
Understanding of transport in micellar solutions must build upon an understanding of micelle kinetics in homogeneous solutions. Relaxation experiments on weakly
perturbed homogeneous micellar solutions have established the existence of “fast”
and “slow” processes with widely disparate time scales τ1 and τ2 , respectively8, 21 The
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“fast” process involves repartitioning of surfactant between micelles and a reservoir
of free unimers by insertion and expulsion of single molecules, with negligible change
in the total number of micelles. The “slow” process instead involves a change in the
total number of micelles by rare processes that can create or destroy entire micelles.
The stepwise reaction model considered by Aniansson and Wall6–8 assumes that the
only relevant elementary processes are stepwise changes in micelle aggregation number by insertion or expulsion of single molecules. The analysis presented by these
authors was limited to small deviations from equilibrium. In the stepwise reaction
model, micelles can be created or destroyed in a system near equilibrium only by
rare sequences of insertion or expulsion events. Creation and destruction events are
predicted to occur at rates that depends exponentially on an activation free energy
given by the free energy required to create a cluster of some critical aggregation number. The ratio τ2 /τ1 is controlled by the magnitude of this free energy barrier. For
typical small molecule surfactants in aqueous solution, values of τ1 are often of order
microseconds and values of τ2 range from milliseconds to seconds. For more sparingly soluble macromolecular surfactants, τ2 can become experimentally inaccessible,
leading to non-ergodic behavior.
Nyrkova and Semenov34 have considered predictions of the stepwise reaction model
for experiments that create large perturbations from equilibrium, such as large amplitude temperature or concentration jumps. Their analysis predicts that rates of micelle
association and dissociation are controlled by the behavior of an instantaneous cluster
formation free energy, denoted here by Wn (c1 ), that depends on the instantaneous
unimer concentration c1 (t) as well as on aggregation number n. Analysis of simple
molecular models9, 34 has shown that the corresponding barrier to dissociation decreases very rapidly with decreasing c1 , and that this barrier vanishes when c1 drops
below a critical value that is somewhat less than cc . The resulting sensitivity of micelle dissociation rates to decreases in unimer concentration is directly relevant to the
transport problems considered here, in which unimer concentration is often strongly
depressed near an interface.
Transport to an interface from a surfactant solution with a bulk concentration
below the CMC is reasonably well understood.113 Transport in submicellar solutions
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can be described by a model of unimer diffusion supplemented by a description of adsorption and desorption kinetics. In the limit of fast adsorption and/or low bulk concentration, transport can be described by a diffusion controlled model that assumes
the existence of local equilibrium between the interface and the adjacent subsurface
layer of solution. Most experiments on sub-micellar systems appear to be adequately
described by this diffusion controlled model,113 which becomes systematically more
accurate with decreasing bulk concentration.
Transport to an interface from a micellar surfactant solution is also reasonably
well understood in the limit of small perturbations from equilibrium. Theories that
consider only small perturbations are sufficient to describe measurements of changes
in interfacial tension caused by small amplitude oscillatory or step changes in interfacial area. Transport in weakly perturbed systems has been studied theoretically
using a variety of simplifying assumptions.22, 28, 114–121 In early work, Lucassen114
introduced and solved a simple model that describes the solution as a mixture of
unimers and monodisperse micelles, both of which undergo diffusion, while treating
micelle dissociation using a simple first order rate law. Subsequently, Noskov28, 115–117
and (somewhat later) Dushkin et al.118, 119 independently constructed a linear model
for polydisperse solutions that is based directly on the stepwise kinetics model, which
generalized that theory so as to treat diffusion in weakly perturbed inhomogeneous
states. The resulting model appears to be in satisfactory agreement with the relevant
linear measurements of dynamic interfacial tension.28, 119
Several workers have developed “two-zone” models29–31 to describe experiments
involving transport from a micellar solution to a rapidly expanding interface29 or an
initially bare quiescent interface.30, 31 These are situations that create large deviations from equilibrium, due the creation of a very low unimer concentration near the
interface. These authors considered a model of monodisperse micelles in the limit of
fast micellar breakdown, in which micelles and unimers are assumed to always exist in
a state of local reaction equilibrium, while treating the critical micelle concentration
as a sharp transition. These assumptions imply that micelles cannot exist in regions
in which c1 is below the CMC, denoted here by cc , and that c1 = cc in regions that
contain micelles. When applied to situations in which c1 < cc along an interface, this
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yields a picture in which there exists region with c1  cc that is completely free of
micelles near the interface, beyond which is a micellar region in which c1 = cc . In
this picture, micelles dissociate only along a moving boundary between the micellefree and micellar regions. In a model that assumes infinitely fast unimer adsorption
as well as fast micelle dissociation, a micelle-free region must always appear immediately near a fresh interface, because the resulting assumption of local equilibrium
at the interface requires that the unimer concentration vanish next to an initially
bare interface. Valkovska et al.29 introduced a diffusion controlled two-zone model to
describe results of an overflowing cylinder device in which surfactant diffuses from a
micellar solution to a rapidly expanding air/water interface. Song et al.30 introduced
and numerically solved a two-zone model for a quiescent interface, which they used to
model measurements of surface tension during transport to an initially bare air/water
interface. Song et al. considered a model with finite rate constants for adsorption and
desorption (while still assuming infinitely fast dissociation), and showed that such
a model predicts that an exclusion zone will form only when the bulk surfactant
concentration remains below a critical value. Bhole et al.31 presented both experimental and theoretical analysis of transport of surfactant from an aqueous phase to
an oil/water interface, for which the surfactant was rather soluble in the oil. Bhole
et al. also directly visualized the growth of an exclusion zone by using a hydrophobic
fluorescent dye, and showed that the measured growth of the exclusion zone with
time was correctly predicted by a diffusion-controlled two-zone model.
In this work, we analyze the predictions of the full step-wise reaction model for
transport from a polydisperse solution to an initially bare interface. Analysis of
the full model leads in some time and parameter ranges to formation of the twozone structure assumed in some previous work. Inclusion of the effects of finite
insertion and expulsion rate constants and of a distribution of cluster sizes also,
however, allows us to describe a variety of time and parameter regimes that could
not be treated by models based on more restrictive assumptions. Use of the full
stepwise reaction model also automatically takes into account the effects of the strong
dependence of micelle dissociation rates on local unimer concentrations predicted by
Nyrkova and Semenov. Two complementary approaches have been pursued. To
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guide qualitative understanding, we have developed a set of reduced models, scaling
arguments and approximate predictions for behavior in particular time and parameter
regimes, and for the boundaries between different regimes. To test the resulting
approximate predictions, we have numerically solved the full set of reaction-diffusion
equations for transport in a system that contains clusters of all sizes (i.e., all values
of cluster aggregation number).
We consider two limiting cases of diffusion to a stationary interface. First, we
consider the somewhat idealized case of an absorbing boundary, for which there is no
accumulation of surfactant on the interface. Second, we consider the case of a quiescent accumulating boundary, for which all surfactant that adsorbs to the interface
is assumed to accumulate there. In both cases, for simplicity, we consider the limit
of fast unimer adsorption and desorption, and assume negligible direct adsorption of
micelles. The behavior in these two cases is found to be nearly identical at early
times, before the interfacial concentration on the accumulating interface approaches
its final equilibrium value. Study of the absorbing boundary condition thus proves
useful not only as a guide to more complicated physical situations in which accumulation is suppressed (e.g. by solubility in a second phase or rapid generation of new
interface) but also as a simple context in which to study the early time behavior of
an accumulating interface.
The stepwise reaction model considered here requires data for insertion and expulsion rate coefficients, diffusion coefficients for clusters of arbitrary aggregation
numbers, and information about the interfacial adsorption isotherm. Predictions of
the model for rates of slow processes are sensitive to values of the formation free energies of rare species, which are difficult to determine experimentally. The numerical
examples presented here simulate the behavior of a simple simulation model of diblock
copolymer surfactant in a homopolymer solvent that we have extensively detailed in
prior chapters. Simulations of individual micelles have been used to determine accurate values for cluster formation free energies in chapter 2, and values for stepwise
reaction rate constants and diffusivities for clusters of arbitrary aggregation number
in chapter 3. Simulations of interfaces have been used to measure the adsorption
isotherm for the same model in chapter 4. Thorough study of this simulation model
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has thus provided a complete set of data that would be difficult to acquire directly
from experiments.
This chapter contains two main parts. First, sections 5.3 - 5.5 give a largely selfcontained analysis of the theory reaction kinetics and transport in micellar surfactant
solutions, in a form appropriate to analysis of systems that are driven far equilibrium.
Second, sections 5.6-5.8 then present our analysis of the specific transport problems of
interest, including a discussion of the molecular simulation model used in numerical
examples.
The contents of individual sections are as follows: Sec. 5.3 introduces notation
for equilibrium behavior in a micellar solution, and discusses the notion of partial
equilibrium. Sec. 5.4 reviews the stepwise reaction theory for homogeneous systems.
Sec. 5.5, reviews and slightly extends the theory of diffusion in surfactant solutions.
Subsection 5.5.5 of this section introduces notation for time scales, length scales and
dimensionless parameters relevant to adsorption problems.
Sec. 5.6 discusses physical properties of the molecular simulation model used in
our numerical examples. Sec. 5.7 presents our analysis of adsorption to an absorbing
boundary. Sec. 5.8 presents our analysis of adsorption to an accumulating boundary.
Sec. 5.9 gives a summary of conclusions.

5.3

Equilibrium

We consider a dilute surfactant solution containing surfactant clusters of all sizes.
Let cn denote the number concentration of clusters with aggregation number n. The
total surfactant concentration, denoted by ρ, is then given by a sum
ρ=

∞
X

ncn

.

(5.1)

n=1

In what follows, clusters of aggregation number n are often referred to as “n-mers”,
while free molecules, with n = 1, are referred to as unimers.
In an equilibrated micellar solution, the dependence of cn upon n is bimodal.
Under these circumstances, cn normally has a maximum at n = 1 and a second local
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maximum at a most probable micelle aggregation number, denoted here by ne . These
maxima in cn are separated by a minimum at some value nt . Under these conditions,
the sum in Eq. (5.1) is then normally dominated by contributions of unimers (n = 1)
and of micelles with n ∼ ne .
The critical micelle concentration (CMC) is denoted here by cc . This CMC is
defined here to be the value of the unimer concentration above which Eq. (5.1) for
ρ is dominated in equilibrium by the contribution of micelles. More precisely, we
define cc to be the value of c1 for which the contribution to the sum in Eq. (5.1) from
clusters with n < nt is equal to the contribution from n ≥ nt .

5.3.1

Micelle Statistical Properties

To define statistical properties of micelles, we classify all clusters with aggregation
numbers greater than some lower cutoff b to be “proper” micelles. Let cm denote the
total number concentration of such proper micelles, given by the sum
cm =

∞
X

cn

.

(5.2)

n=b

Let ρ denote the concentration of surfactant in such micelles, given by the sum
ρm =

∞
X

ncn

.

(5.3)

n=b

Other statistical properties may be expressed as averages with respect to the distribution of micelle aggregation numbers. Suppose Bn micelle property whose value
depends on aggregation number n. Let hBn im denote the number average of property
Bn for proper micelles, defined as
∞
1 X
hBn im ≡
Bn cn
cm n=b

.

(5.4)
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The number average micelle aggregation number, which we denote by q, is given by
the ratio
q = hnim =

ρm
cm

.

(5.5)

The standard deviation of micelle aggregation number, denoted by σm , is defined by
the relation
2
σm
= h(n − q)2 im

,

(5.6)

2
or, equivalently, σm
= hn2 im − hni2m .

5.3.2

Equilibrium Size Distribution

A polydisperse solution containing aggregates of all possible aggregation numbers is
in equilibrium when the reaction equilibrium condition
µn = nµ1

(5.7)

is satisfied for all n > 1. The chemical potential of n-mers, denoted by µn , is given
in any dilute solution by
µn = µ◦n + kB T ln(cn /c◦ ) .

(5.8)

Here, µ◦n is a standard state chemical potential for n-mers, and c◦ is a standard
concentration, which we take to be the same for all values of n.
Let c∗n (c1 ) denote the equilibrium concentration of n-mers in an equilibrium state
characterized by a unimer concentration c1 . By using Eq. (5.8) in Eq. (5.7) and
solving for cn as a function of c1 , we find that
c∗n (c1 )



Wn (c1 )
= c exp −
kB T
◦

(5.9)

for all n ≥ 1, where Wn (c1 ) is a cluster formation free energy defined by the difference
Wn (c1 ) ≡ µ◦n − nµ1 (c1 ) .

(5.10)
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Using Eq. (5.8) for µ1 (c1 ) yields the more explicit expression
Wn (c1 ) = Wn◦ − nkB T ln(cn /c◦ ) ,

(5.11)

where Wn◦ ≡ Wn (c1 = c◦ ) = µ◦n − nµ◦1 is the standard free energy for the formation of
an n-mer from n unimers.
The dependence of Wn (c1 ) upon n is qualitatively different at values of c1 less
than or greater than a critical concentration cd . At concentrations c1 < cd , Wn (c1 )
increases monotonically with increasing n, and c∗n (c1 ) thus decreases monotonically
with n. For c1 > cd , Wn (c1 ) exhibits a local maximum at n = nt , and a minimum at
n = ne . Correspondingly, for c1 > cd , c∗n (c1 ) becomes bimodal, with one maximum at
n = 1 and a second maximum at ne , the most probable micelle aggregation number.
The critical value cd is always somewhat less than the critical micelle concentration
cc .
As an example of this behavior, Figure 5.1 shows simulation results for Wn (c1 ) vs.
n aggregation number for the simulation model already considered in chapters 2-4.
The top and bottom plots show results for two different values of the parameter α
that controls the degree of solvophobicity in this model. Free energies shown here are
defined here using a standard concentration c◦ equal to cc . In each plot, results are
shown for c1 = cc (solid line), for which Wn exhibits a local minimum at n = ne , and
for c1 = cd (dashed line), for which Wn exhibits an inflection but no local extrema.
This model is used as the basis of all of the numerical examples presented in Secs.
5.7 and 5.8.
It is important to understand that, for realistic molecular models of systems with
q ∼ 102 and non-negligible values for cc , the critical concentration cd is less than but
comparable to cc . For the model considered here, we find cd /cc = 0.90 for α = 10
and cd /cc = 0.756 for α = 16. The value of the ratio cd /cc decreases somewhat with
decreasing unimer solubility (or increasing α in this simulation model), but would
become much less than 1 only in the limit of effectively insoluble surfactants.
Rates of dynamical processes in micellar solution with c1 > cd are very sensitive to
the magnitude of the local maximum in Wn (c1 ) at n = nt . In such systems, this local
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Figure 5.1: Dependence of cluster free Wn (c1 ) vs. n for the molecular simulation
model used for at α = 10 (upper plot) and α = 16 (lower plot). In each plot, the solid
line shows results for c1 = cc , and the dashed line shows c1 = cd . The dissociation
concentration cd is given by cd = 0.9cc for α = 10 and cd = 0.75cc or α = 16. Values
of Wn shown here are defined using a standard concentration c◦ equal to the critical
micelle concentration cc .
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maximum acts as a transition state that controls the rate of creation and destruction
of micelles by stepwise association and dissociation. Let ∆Wd (c1 ) denote the barrier
to dissociation in such a system, given by the difference
∆Wd (c1 ) ≡ Wnt (c1 ) − Wne (c1 )

(5.12)

between the value of Wn at this local maximum and its value at the local minimum
at n = ne . The magnitude of this barrier decreases rapidly with decreasing unimer
concentration, and vanishes as c1 approaches cd from above.
∗
In what follows, we use ρ∗ (c1 ), c∗m (c1 ), ρ∗m (c1 ), q ∗ (c1 ), and σm
(c1 ) to denote the

equilibrium values of ρ, cm , ρm , q, and σm , respectively, in an equilibrium state with a
unimer concentration c1 . Each of these quantities is obtained simply by replacing cn
by c∗n (c1 ) in the sum that defines each quantity in Eq. (5.1) or one of Eqs. (5.2-5.5).
It is useful to characterize how these equilibrium micelle properties vary with
changes in c1 . By differentiating Eq. (5.9), we may show that dc∗n (c1 )/dc1 = nc∗n (c1 )/c1 .
Using this in Eqs. (5.2) and (5.3) yields
c∗ q ∗
dc∗m (c1 )
= m
dc1
c1
∗
∗
dρm (c1 )
c hn2 i∗m
= m
dc1
c1

(5.13)
.

(5.14)

Using these relations to compute the corresponding derivative of q ∗ = ρ∗m /c∗m then
yields
dq ∗ (c1 )
(σ ∗ )2
= m
dc1
c1

,

(5.15)

∗ 2
where (σm
) = hn2 i∗m − (q ∗ )2 .

5.3.3

Partial Equilibrium

When an initially equilibrated micellar system is subjected to a small disturbance
(e.g., a temperature jump), the system generally relaxes to a new equilibrium state
by a two stage process. During the first stage, known as the fast process, surfactant is
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re-partitioned between micelles and unimers without changing the number of micelles.
During the second stage, known as the slow process, the micelle number concentration
relaxes cm over a longer time. After completion of the fast process, the system is left
in a state of partial equilibrium in which the distribution of micelle sizes minimizes
the free energy subject to a constraint on the total number of micelles. We show in
sections 5.7 and 5.8 that a state of partial local equilibrium state is also created in
some regions of space during transport to an interface.
In a partial equilibrium state, the equilibrium criteria for individual stepwise insertion reactions are nearly satisfied for reactions involving proper micelles with n ≥ b,
but not for reactions involving rare aggregates with 1 < n < b. The reaction equilibrium criteria for a stepwise change in aggregation number from n to n + 1 by insertion
of a unimer into an n-mer is
µn+1 = µn + µ1

.

(5.16)

This condition is satisfied for all n ≥ b if and only if
µn = nµ1 + λ .

(5.17)

for all n ≥ b, where λ is a constant that is independent of n. Using Eq. (5.17) in Eq.
(5.8) yields a micelle number concentration
cn = Y c∗n (c1 )

(5.18)

for all n ≥ b, where Y is another n-independent constant, Y ≡ eλ/kB T . Full equilibrium, with cn = c∗n (c1 ), is recovered if Y = 1.
In such a partial equilibrium state, it follows from Eq. (5.18) and the definitions
of cm and ρm that
cm = Y c∗m (c1 )

ρm = Y ρ∗m (c1 ) .

(5.19)

These relations imply that the average aggregation q ≡ ρm /cm is equal to the equilibrium value at the relevant unimer concentration,
q = q ∗ (c1 ) ,

(5.20)
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independent of Y . A partial equilibrium state is thus one in which the normalized
distribution of micelle sizes has reached equilibrium consistent with the current unimer
concentration c1 , but the total micelle number concentration cm is constrained by the
slow kinetics of micelle creation and destruction.

5.4

Reaction Kinetics

This section reviews the theory of reactions that allow the redistribution of surfactant
among clusters of different size. For simplicity, we consider only the classical stepwise
reaction model, and thus ignore the possibility of micelle fission and fusion.

5.4.1

Reaction Rate Laws

The elementary steps in the stepwise reaction model are single molecule insertion and
expulsion events. The rate of insertion of free unimers into micelles of aggregation
number n, denoted by rn+ , is given by
rn+ = kn+ c1 cn

(5.21)

where kn+ is an insertion rate constant. The rate of the corresponding reverse reaction,
expulsion of a unimer from an (n + 1)-mer, is given by
rn− = kn− cn+1

(5.22)

where kn− is the expulsion rate constant. Let In denote the net rate of conversion of
n-mers into (n+1)-mers, given by the difference
In = rn+ − rn−

(5.23)

for all n ≥ 1.
Let Gn denote the net rate of creation of n-mers, such that dcn (t)/dt = Gn (t) in
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any homogeneous system. This net creation rate is given by the difference
Gn = In−1 − In
for all n > 1, and by a sum
G1 = −2I1 −

∞
X

,

(5.24)

In

(5.25)

n=2

in the special case n = 1. The pre-factor of 2 multiplying I1 in Eq. (5.25) is required
because formation of a dimer from unimers consumes two unimers, whereas insertion
into an n-er events consume only one unimer for all n > 1.
The principle of detailed balance requires that rn+ = rn− or, equivalently, In = 0
for all n ≥ 1 in any equilibrium state. Let rn∗ (c1 ) denote the equilibrium rate of rn+ or
rn− in an equilibrium state characterized by with unimer concentration c1 , given by
rn∗ (c1 ) = kn+ c1 c∗n (c1 ) = kn− c∗n+1 (c1 )

(5.26)

where c∗n (c1 ) denotes the equilibrium n-mer concentration.
Upon combining the detailed balance criterion with Eq. (5.9) for c∗n+1 (c1 ), we find
that the expulsion and insertion rate constants must satisfy
kn+ c1 = kn− e−∆Wn (c1 )/kB T

(5.27)

for any value of c1 , where β ≡ 1/kB T , and ∆Wn (c1 ) ≡ Wn+1 (c1 ) − Wn (c1 ). Using Eq.
(5.27), we may express Eq. (5.23) for In as a sum
In = kn− cn e−β∆Wn (c1 ) − cn+1



(5.28)

or, equivalently,
In = kn− cn (e−β∆Wn (c1 ) − 1) − kn− (cn+1 − cn ) ,

(5.29)

for all n ≥ 1. In the RHS of Eq. (5.29), the first term is a flux that is driven by the
difference ∆Wn , while the second term is flux arising from diffusion in aggregation
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number space, with an effective diffusivity kn− .
A continuum approximation for the stepwise growth model as a continuous diffusion process may be obtained if ∆Wn  kB T for all relevant values of n. In this
approximation, we treat cn , Wn (c1 ), kn− , and In as continuous functions of a real
variable n and replace finite differences such as ∆Wn by derivatives with respect to
n. The assumption that ∆Wn  kB T allows us to approximate e−β∆Wn (c1 ) − 1 '
−β∂W (n, c1 )/∂n in Eq. (5.29). In this limit, the stepwise growth model reduces to a
model of one-dimensional diffusion of a coordinate n with a diffusivity k − (n) driven
by an effective potential energy W (n, c1 ), in which
∂c(n, t)
∂I(n, t)
=−
∂n
∂n
and
I = −k

−



∂c
∂(βW )
+c
∂n
∂n

(5.30)


.

(5.31)

This continuum approximation is generally valid for weakly perturbed micellar systems with σm  1 in equilibrium, as is true for most real surfactant systems.
The continuum approximation of Eqs. (5.30) and (5.31) is not, unfortunately,
valid in the limit of very low unimer concentration. In the limit c1 → 0, the unimer
chemical potential µ1 diverges logarithmically to −∞. Because Eq. (5.10) for Wn
contains a contribution −nµ1 , ∆Wn → ∞ for all n in this limit, badly violating the
requirement that ∆Wn  kB T . The limiting value of In in the limit c1 → 0 can
instead be obtained by noting that setting c1 = 0 simply suppresses insertion, leaving
only the expulsion contribution
lim In = −rn− = −kn− cn+1

c1 →0

.

(5.32)

This limit is relevant to our discussion of behavior near an absorbing interface or a
nearly bare accumulating interface, where the local unimer concentration is strongly
suppressed by proximity to the interface.
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5.4.2

Micelle Statistical Properties

We next consider changes in the micelle statistical properties. Time derivatives of
cm (t) and ρm (t) can be obtained by combining their definitions, given in Eqs. (5.2)
and (5.3), with Eq. (5.24) for dcn /dt = Gn . This immediately yields
∞
∞
X
X
dcm
=
Gn =
(In−1 − In )
dt
n=b
n=b

(5.33)

∞
∞
X
X
dρm
=
nGn =
n(In−1 − In ) ,
dt
n=b
n=b

(5.34)

where b is the lower cutoff for proper micelles.
We may immediately evaluate the sum of differences in Eq. (5.33), assuming only
that In → 0 as n → ∞, to obtain
dcm
= Ib−1
dt

.

(5.35)

This result is clear on physical grounds: The current Ib−1 is the net rate at which
aggregates of aggregation number n < b grow to the cutoff value b beyond which they
are counted as proper micelles in Eq. (5.2) for cm (t).
The sum in Eq. (5.34) may be simplified by applying Abel’s lemma for summation
by parts, which is closely analogous to integration by parts. This yields
∞

X
dρm
= Ib−1 b +
In
dt
n=b

.

(5.36)

Note that the first term on the r.h.s. is a boundary term that depends explicitly on
the quantity Ib−1 = dcm /dt.
Eqs. (5.35) and (5.36) for dcm /dt and dρm /dt may be combined to obtain an
expression for the time derivative of the ratio q(t) = ρm (t)/cm (t). A straightforward
calculation yields
"∞
#
dq(t)
1 X
In + Ib−1 (b − q)
=
dt
cm n=b

.

(5.37)
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Thus far, the analysis has been exact.
Analysis of dynamics in micellar systems can sometimes be simplified by assuming
that the total surfactant concentration ρ is dominated by unimers and proper micelles,
with negligible contribution from aggregates with n ∈ [2, b − 1], and thus that
ρ ' c1 + ρ m

.

(5.38)

An assumption of negligible rare aggregate concentrations also implies a negligible
value for the derivative dcn (t)/dt = In−1 − In for all n ∈ [2, b − 1]. This, in turn,
implies the existence of pseudo-steady current
I1 = I2 = · · · = Ib−1 = I

(5.39)

throughout the rare aggregate range, where I = dcm /dt is the net rate of micelle
creation. This set of assumptions is the starting point for analysis of activated slow
processes.

5.4.3

Qualitative Behaviors

Qualitative aspects of dynamics in a homogeneous micellar solution can be understood
by considering the evolution of c1 (t), cm (t) and q(t). Consider the evolution of a
homogeneous system from initial conditions in which the system initially contains a
bimodal distribution of aggregates, containing primarily unimers and micelles with
n ' q. To describe such systems, let us assume that the arbitrary cutoff b has been
chosen to be low enough so that almost all of the micellar peak remains above this
cutoff over the time range of interest. Two qualitatively different behaviors can result.
In one scenario, q(t) decreases continuously by unimer expulsion until the micelles all disappear by dissociating into unimers. This steady decrease in q(t) can
occur either in systems with a unimer concentration c1 < cd , for which Wn (c1 ) is
a monotonically increasing function of n, or in systems with initial values c1 > cd
but q < nt (c1 ). In either case, the tendency of q(t) to migrate in the direction of
decreasing Wn causes q(t) to decrease continuously towards zero. As long as q(t) − b
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remains significantly greater than the standard deviation σm (t), however, expulsion
of individual monomers has little effect on the micelle number concentration cm (t).
In this scenario, cm (t) thus tends to remain nearly constant until near the end of this
dissociation process.
A different scenario occurs in weakly perturbed system of stable micelles with
initial values c1 > cd and q > nt . These conditions lead to the two-stage relaxation
with “fast” and “slow” processes observed in linear relaxation experiments. During
the initial “fast” stage of relaxation, q(t) migrates towards the micellar local minimum
in Wn (c1 (t)), and c1 (t) shifts in the opposite direction from q(t), but cm (t) remains
nearly constant. During the subsequent “slow” process, cm (t) relaxes more slowly
by rare, thermally activated dissociation and association events. During the slow
process, the system remains in a slowly evolving state of partial equilibrium in which
q(t) = q ∗ (c1 (t)).
The distinction between “fast” and “slow” processes is only meaningful for systems
with c1 > cd and q > nt , for which the presence of a local maximum in Wn (c1 ) acts as
a barrier to association and dissociation. The physical processes that occur in systems
with c1 < cd before the end of the dissociation process are similar to those that occur
during the “fast” process of a stable system undergoing two stage relaxation - both
involve relatively rapid changes in q(t) and c1 (t) with little change in cm (t). In what
follows, we will thus refer to both the continuous shrinkage of unstable micelles and
the “fast” relaxation process of a stable micellar system as fast processes, and discuss
them together.

5.4.4

Fast Processes

Fast processes in micellar systems are characterized by changes in q(t) and c1 (t) with
negligible change in cm (t). To describe such processes, it is thus sufficient to analyze
the behavior dq(t)/dt in a system with dcm /dt = Ib−1 = 0. The assumption that
Ib−1 = 0 allows us to ignore the boundary term proportional Ib−1 in Eq. (5.37),
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yielding the simpler expression
∞
dq
1 X
'
In
dt
cm n=b

.

(5.40)

By using Eq. (5.29) for In and using summation by parts to evaluate the term arising
from diffusion, Eq. (5.40) may be rewritten without further approximation as an
average over the micelle size distribution,
dq
−
' kn− (e−β∆Wn (c1 ) − 1) + ∆kn−1
dt

m

,

(5.41)

−
−
in which ∆kn−1
≡ kn− − kn−1
. In a continuum approximation, in which β∆Wn  1,

this may expressed as an average


dq
dk −
− ∂(βW )
'− k
+
dt
∂n
dn m
where h· · · im =

´

,

(5.42)

· · · c(n, t)/cm denotes the continuum representation of a number

average. Eq. (5.42) may be obtained either by using the continuum diffusion model
to evaluate dq(t)/dt, or by assuming β∆Wn  1 in Eq. (5.41).
Eq. (5.42) may be further simplified if the micelle distribution is sufficiently
narrow. If ∂W/∂n can be adequately approximated by a linear function of n over the
width of the micelle distribution, and if the dependence of k − on n is weak, we may
further approximate Eq. (5.42) by an expression


dq(t)
− ∂(βW )
'− k
dt
∂n
n=q

.

(5.43)

in which the average of the drift velocity −k − ∂(βW )/∂n is replaced by its value
evaluated at the average aggregation number n = q.
Consider the relaxation of q(t) in a system with c1 > cd that is only slightly
disturbed from a micellar equilibrium state. The free energy W (n, c1 ) in such a
system has a local minimum at a value ne (c1 ), and may be approximated near this
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minimum as a quadratic function
W (n, c1 ) ' We +

kB T
(q − ne (c1 ))2
∗
2
2(σm )

(5.44)

∗ 2
in which We = W (ne (c1 ), c1 ) denotes the local minimum value of W (n, c1 ), and (σm
)

denotes the variance of n in an equilibrated system with unimer concentration c1 .
This approximation leads to a Gaussian equilibrium distribution c∗ (n), for which
q ∗ (c1 ) = ne (c1 ). Using this approximation in Eq. (5.43) yields a linearized dynamical
equation
1
dq
' − [q − q ∗ (c1 )]
dt
τσ

(5.45)

in which q ∗ = q ∗ (c1 (t)) is the instantaneous partial equilibrium value, and in which
τσ ≡

2
σm
kn−e

.

(5.46)

The characteristic time τσ is equal to the autocorrelation time for dynamical fluctuations in the aggregation number of individual micelles in an equilibrated solution.
This time scale is closely related, but not equal, to the “fast” relaxation time τ1
observed in linear relaxation experiments, as discussed in subsection 5.4.6.
The continuum diffusion approximation underlying Eq. (5.42) is not valid in the
limit of very low unimer concentration, for reasons discussed previously. The limiting
value of dq(t)/dt in the limit c1 → 0 can instead be obtained by using Eq. (5.32) for
In in Eq. (5.40), or, equivalently, by setting e−β∆Wn = 0 in Eq. (5.41). Either method
leads to the somewhat obvious conclusion that the average rate of micelle shrinkage
in a system with no unimers is given by the average rate of expulsion per micelle, or
dq(t)
−
' − kn−1
dt

m

,

(5.47)

−
where kn−1
is the rate constant for expulsion of a unimer from an n-mer. Eq. (5.47)

is a useful starting point for describing micelle shrinkage near an absorbing or nearly
bare interface.
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5.4.5

Slow Processes

During the so-called slow relaxation process of a system of metastable micelles, cm (t)
and c1 (t) relax via rare micelle association and dissociation events, while the system
remains in a slowly evolving partial equilibrium state. Aniansson and Wall computed
the rate of this process for systems that are very weakly perturbed from equilibrium.
Here, we show how their calculation can be generalized somewhat so as to avoid the
expansion to linear order in deviations from equilibrium, and instead allow treatment
of any system in which slow and fast processes remain distinct, i.e., in which c1 > cd
and ∆Wd (c1 )  kB T .
It is convenient for this purpose to define a relative concentration yn , defined as a
ratio
yn ≡

cn
∗
cn (c1 )

,

(5.48)

in which cn and c1 denote the actual n-mer and unimer concentrations, while c∗n (c1 )
is the value of cn a hypothetical equilibrated system with the observed unimer concentration. By definition, y1 = 1. A partial equilibrium state is one in which yn is
independent of n over the proper micelle range, within which yn = Y . Because rn+ is
linear in cn at fixed c1 and rn− is linear in cn+1 , it is straightforward to show that
rn+ = yn rn∗ (c1 )

rn− = yn+1 rn∗ (c1 ) ,

(5.49)

where rn∗ (c1 ) is the equilibrium rate of either reaction. This also implies that
In = −rn∗ (c1 )(yn+1 − yn )

(5.50)

for any n ≥ 1.
Consider the calculation of dcm (t)/dt = Ib−1 for a system that is in partial equilibrium in the proper micelle range, and in which ∆Wd  kB T . Following Aniansson
and Wall, we assume negligible concentration of rare aggregates, and thus assume the
existence of a pseudo-steady current I(t) through the rare aggregate range, as in Eq.
(5.39). The value of the flux I(t) through this range may then be computed by a
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method analogous to that used to compute the electrical current through a sequence
of resistors in series: Rewriting Eq. (5.50) in the form yn+1 − yn = −I/rn∗ (c1 ), we
treat I as the analog to an electrical current through resistors, yn as the analog of
the voltage at node n, and 1/r∗ (c1 ) as the “resistance” between between nodes n and
n + 1. We obtain boundary conditions on yn at n = 1 and b by noting that y1 = 1,
by definition, and assuming a partial equilibrium state with yn = Y for all n ≥ b,
giving yb = Y . Summing differences in neighboring values of yn over the range [1, b]
then yields
I=

−1
(Y − 1) ,
R(c1 )

in which
R(c1 ) =

b−1
X

(5.51)

1

(5.52)

r∗ (c )
n=1 n 1

is the total instantaneous “resistance” over this range. By setting dcm (t)/dt = I and
noting that Y = cm /c∗m (c1 ), by Eq. (5.19), we may rewrite Eqs. (5.51) as a differential
equation for for cm (t),
dcm (t)
1
=−
[cm − c∗m (c1 )]
dt
τd (c1 )

,

(5.53)

in which
τd (c1 ) ≡ R(c1 )c∗m (c1 ) .

(5.54)

It was shown Chapter 3 that the time τd (c1 ) defined above is the equilibrium micelle
dissociation lifetime in an equilibrated micellar solution with unimer concentration
c1 , i.e., the average time before a randomly chosen micelle would be destroyed by
stepwise dissociation in the absence of competing processes.
Eq. (5.54) can be further simplified by using the assumption that ∆Wd (c1 ) 
kB T . In this case, the sum in Eq. (5.52) for R is dominated by the vicinity n ' nt (c1 )
of the transition state at which c∗n is minimum. The sum defining c∗m is instead
dominated by the vicinity n ' ne of the most probable value at which c∗n (c1 ) is
maximum. Approximating both of these sums by Gaussian integrals yields a standard
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expression for the time for diffusion over a barrier, given here by
τd '

∗
2πσm
σt β∆Wd (c1 )
e
−
knt

,

(5.55)

∗
in which kn−t is the value of the expulsion constant at the transition state n = nt , σm
is

the standard deviation of the peak in c∗n at n = ne , and σt denotes the corresponding
width of the peak in 1/c∗n at n = nt .

5.4.6

Linear Relaxation

Micelle kinetics are often studied experimentally by studying relaxation to a new equilibrium state after applying a small perturbation such as a temperature or pressure
jump. In these relaxation experiments, micellar systems are observed to undergo a
two-stage relaxation, with “fast” and “slow” processes with relaxation times denoted
by τ1 and τ2 , with τ1  τ2 . Analysis of such an experiment must take into account
the fact that unimer concentration c1 changes during relaxation, to compensate for
changes in ρm (t), and that these changes in c1 can strongly affect overall relaxation
rates for both processes. By properly accounting for the coupled relaxation of unimer
concentration and micelle properties, Aniansson and Wall predicted fast and slow
relaxation rates
1
1
= (1 + κp )
τ1
τσ
1
1 + κe 1
=
.
τ2
1 + κp τd

(5.56)
(5.57)

Here, τσ is the aggregation number autocorrelation time defined in Eq. (5.46), τd is
the micelle dissociation lifetime defined in Eq. (5.54), and κp and κe are dimensionless
quantities defined as
2
dq ∗ (c1 )
ρm σm
=
dc1
c1 q
∗
dρ (c1 )
ρm hn2 i∗m
≡
=
dc1
c1 q

κp ≡ cm
κe

(5.58)
.

(5.59)
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All parameters in Eqs. (5.56) and (5.57) are evaluated in the equilibrium state.
2
In a typical equilibrated micellar solution q ∼ σm
∼ 102 and hn2 i∗m ' q 2 . In this

situation, κp ∼ ρm /c1 , while κe ∼ (ρm /c1 )q. This yields κe  1 everywhere outside of
a narrow range of concentrations near the CMC, and κp  1 at concentrations well
above the CMC, for which ρm  c1 . In this situation, we thus obtain a slow relaxation
time τ2  τd at all concentrations of interest, with τ2 /τd ∼ q −1 for ρm  c1 .

5.5

Transport

We now consider diffusion of surfactant from a micellar solution to an initially bare
interface. The interface is taken to occupy the plane z = 0 of a Cartesian coordinate
system with coordinates (x, y, z), in which a polydisperse micellar solution occupies
the subspace z > 0. The concentration of n-mers is assumed to be a function cn (z, t)
of the distance z from the interface and time t.

5.5.1

Transport Equations

The evolution of the n-mer concentration cn (z, t) is governed for each n ≥ 1 by a
reaction-diffusion equation
∂cn
∂ 2 cn
= Dn 2 + Gn
∂t
∂z

,

(5.60)

in which Dn is the diffusivity of n-mers and Gn is the local rate of generation of
n-mers by stepwise reactions, given by Eq. (5.24) for n > 1 or Eq. (5.25) for n = 1.
Far from the interface, the solution is assumed to remain in an equilibrium state.
Let c∞
n denote the concentration of n-mers in this bulk equilibrium state for any
∞
n ≥ 1. For any n > 1, the value of c∞
n is related to c1 by the equilibrium condition
∗ ∞
c∞
n ≡ cn (c1 ) .

(5.61)
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We seek solutions of Eq. (5.60) for which
lim cn (z, t) = c∞
n

z→∞

(5.62)

for all t ≥ 0 and all n ≥ 1. For simplicity, we consider an idealized initial condition
in which the solution is initially homogeneous, so that
cn (z, t = 0) = c∞
n

(5.63)

for all z > 0.
We assume throughout this analysis that only unimers can adsorb to the interface,
and that direct adsorption of clusters with n > 1 is negligible. This assumption is
implemented by imposing a reflecting boundary condition
∂cn
∂z

=0

(5.64)

z=0

for all n > 1. Secs. 5.7 and 5.8 discuss two closely related problems that differ only in
the choice of a boundary condition for the unimer concentration c1 at the interface.
5.5.1.1

Absorbing Boundary

Sec. 5.7 discusses the case of an absorbing boundary. In this case, unimers that reach
the interface are assumed to be rapidly transferred into a second phase occupying the
half-space z < 0, with negligible accumulation on the interface. This is implemented
by imposing an absorbing boundary condition for the unimer concentration, requiring
that
c1 (z = 0, t) = 0

(5.65)

for all t ≥ 0.
5.5.1.2

Accumulating Boundary

Sec. 5.8 discusses the case of an initially bare stationary interface that accumulates
surfactant. In this case, surfactant is assumed to be completely insoluble in the
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second phase, so that all unimers that diffuse to the interface must accumulate on
the interface, which is initially bare.
Let Γ(t) denote the adsorbed surfactant concentration (i.e., molecules per unit
area) on the interface at time t. We assume that the interface is initially bare, and
thus take
Γ(t = 0) = 0 .

(5.66)

Conservation of surfactant then requires that
dΓ(t)
∂c1 (z, t)
= D1
dt
∂z

,

(5.67)

z=0

where D1 is unimer diffusivity.
We consider the limit of fast unimer adsorption and desorption, and thus assume
that the interface remains in local equilibrium with adjacent solution. Let Γ∗ (c1 )
denote the equilibrium adsorption isotherm, i.e., the areal concentration of an interface that is in equilibrium with a coexisting bulk unimer concentration c1 . Let c1s (t)
denote the concentration of unimers adjacent to the interface,
c1s (t) ≡ c1 (z = 0, t) ,

(5.68)

also known as the subsurface unimer concentration. The assumption of local equilibrium implies that
Γ(t) = Γ∗ (c1s (t))

(5.69)

for all t > 0. In the limit t → ∞, cn (z, t) will approach c∞
n for all z > 0, and Γ(t) will
approach a final value
Γ∞ = Γ∗ (c∞
1 ) .

5.5.2

(5.70)

Micelle Statistical Properties

The partial derivatives of cm (r, t) and ρm (r, t) with respect to time can be computed
by combining their definitions as summations over species concentrations in Eqs. (5.2)
and (5.3) with the transport equation for each species, Eq. (5.60). Using Eq. (5.24)
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for Gn , we obtain
∞
X
X
∂cm
2
= ∇
D n cn +
(In−1 − In )
∂t
n=b
n=b

(5.71)

∞
X
X
∂ρm
= ∇2
Dn ncn +
n(In−1 − In ) .
∂t
n=b
n=b

(5.72)

The diffusion terms in Eqs. (5.71) and (5.72) may be written more compactly by
(0)

defining a number averaged micelle diffusivity Dm = hDn im , given by the ratio
(0)
Dm

P∞
n=b Dn cn
≡ P
∞
n=b cn

,

(5.73)

(1)

and a corresponding mass averaged diffusivity, Dm , defined as
(1)
Dm

P∞
n=b Dn ncn
≡ P
∞
n=b ncn

.

(5.74)

By using these definition and also simplifying the remaining sums involving stepwise
reactions in Eqs. (5.71) and (5.72), we obtain
∂cm
(0)
= ∇2 (Dm
cm ) + Ib−1
∂t
∞
X
∂ρm
(1)
= ∇2 (Dm
ρm ) +
In + Ib−1 b .
∂t
n=b

(5.75)
(5.76)

If applied to a homogeneous system, these equations reduce to Eqs. (5.35) and (5.36).
The diffusive term in Eq. (5.76) can be expressed as a divergence −∇ · Jm , where
Jm = −∇ D(1) ρm



.

(5.77)

is the flux of surfactant carried by diffusion of micelles. Using the fact that ρm = cm q,
Jm may also be expressed as a sum
Jm = −D(1) (q∇cm + cm ∇q) − ρm ∇D(1)

.

(5.78)
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The term proportional to ∇D(1) on the right-hand-side of Eq. (5.78) is usually small,
and will be ignored in most subsequent discussion. If we ignore this term, Eq. (5.78)
makes it clear that surfactant flux can arise from a gradient in q as well as from a
gradient in cm . To see why a gradient in q can drive transport, consider a hypothetical situation with an inhomogeneous field q(r, t) field but homogeneous number
concentration cm . For simplicity, consider the case in which the cluster diffusivity Dn
is independent of n, for which the average D(1) is necessarily homogeneous. In such a
system, interdiffusion of large and small micelles would cause a nonzero flux Jm down
∇q, thus tending to homogenize both ρm (r, t) and q(r, t), while having no effect on
cm .
Expressions for time derivatives of cm and ρm may be combined to obtain a corresponding time derivative of q = ρm /cm . A straightforward calculation yields
∂q
(1) 2
(1)
cm
= cm Dm
∇ q + 2∇q · ∇(Dm
cm ) + cm
∂t
+q∇

2

(1)
[(Dm

in which


dq
dt


rxn

−

(0)
Dm
)cm ]

,

"∞
#
1 X
In + Ib−1 (b − q)
≡
cm n=b



dq
dt


rxn

(5.79)

(5.80)

is the contribution to (∂q/∂t) arising from stepwise reactions. The contribution in(1)

(0)

volving the difference Dm −Dm is generally small, and will be neglected in subsequent
discussion.

5.5.3

Reduced Model

A slightly simplified model for the evolution of c1 , cm and q may be constructed by
introducing two physically motivated assumptions. First, we assume the existence
of a bimodal aggregate size distribution in which ρ is dominated by contributions
of unimers and proper micelles, with negligible concentrations for n ∈ [2, b − b], so
that ρ ' c1 + cm q. Second, we assume that Dn depends only weakly on n, and
(1)

(0)

(1)

thus approximate Dm ' Dm and ∇Dm ' 0. In the resulting approximate theory,
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we thus use Dm to denote the average micelle diffusivity defined using either type of
average, interchangeably. With these assumptions, we obtain the simplified transport
equations


∂cm
dcm
2
= Dm ∇ cm +
∂t
dt rxn
 


∂ρm
dq
dcm
2
= Dm ∇ ρm + cm
+q
∂t
dt rxn
dt rxn
 


∂c1
dq
dcm
2
= D1 ∇ c1 − cm
−q
,
∂t
dt rxn
dt rxn

(5.81)
(5.82)
(5.83)

and the simplified auxiliary equation
∂q
2Dm
= Dm ∇2 q +
∇cm · ∇q +
∂t
cm



dq
dt


(5.84)
rxn

for the ratio q = ρm /cm . In the above,


dcm
dt


≡ Ib−1

(5.85)

rxn

denotes the local net rate of micelle creation, while (dq/dt)rxn denotes the contribution
of insertion and expulsion reactions to ∂q/∂t, as given by Eq. (5.80).
It is straightforward to confirm, by adding Eqs. (5.82) and (5.83), that total
surfactant concentration ρ = ρm + c1 obeys a diffusion equation
∂ρ
= −∇ · J
∂t

(5.86)

J = −Dm ∇ρm − D1 ∇c1

(5.87)

in which the flux

is simply a sum of micelle and unimer fluxes.
Eqs. (5.81-5.83) provide a useful starting point for the development of simplified
models for the evolution of c1 (z, t), cm (z, t) and q(z, t) in particular limiting situations.
In order to obtain a closed set of equations for these quantities, however, these equa-
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tions must be supplemented by expressions in which the unspecified reaction rates
(dcm /dt)rxn and (dq/dt)rxn are approximated as local functions of the same three fields,
c1 , cm and q. Phenomena that occur in micellar regions in which c1 (z, t) > cd may be
described by using Eq. (5.80) to describe the rate (dq/dt)rxn of the fast process, and
using Eq. (5.85) for the rate (dcm /dt)rxn of the slow process. It is more complicated,
however, to construct a closed set of equations for these fields that can describe the
entire transport process in problems that contain different regions in which c1 (z, t) is
less than or greater than cd . One key challenge is the need to construct a model for
(dcm /dt)rxn that correctly describes both the phenomena slow, thermally activated
micelle destruction in micellar regions, which can occur without substantial changes
in q(z, t) and destruction of unstable micelles in regions with c1 (z, t) ' cd via shrinkage of q(z, t) to nearly zero. We have not attempted to construct such a “global”
reduced model here. We instead focus here on using the simplified model Eqs. (5.815.83) as a starting point for understanding behavior in particular limiting cases, and
for comparison to the results of full numerical simulations.

5.5.4

Linear Transport Model

During the final stages of transport to an accumulating interface, the values of c1 (r, t),
cm (r, t) and q(r, t) approach their bulk values for all z > 0 as t → ∞. At late times,
partial equilibrium is also established everywhere, giving q(r, t) ' q ∗ (c1 (r, t)). The
final stages of adsorption to an accumulating interface may thus be described by a
linear model of slow processes in a weakly perturbed micellar system that remains in
partial local equilibrium.
The required linear model of slow processes model was developed independently
by Noskov28, 115–117 and Dushkin et al.118, 119 We summarize the relevant theory here.
To describe small perturbations from a homogeneous state, let δc1 = c1 − c∞
1 , δcm =
∞
cm − c∞
denote local deviations of c1 (r, t), cm (r, t), and δq(r, t)
m and δq = q − q

from their bulk values. The corresponding deviation δρ in the total concentration
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ρ = c1 + cm q can be expressed to linear order as a sum
δρ = δc1 + cm δq + qδcm

,

(5.88)

where cm and q represent bulk values. Because δc1 and δq are related by the partial
equilibrium condition q = q ∗ (c1 ), we may approximate
2
δq = δq ∗ = (σm
/c1 )δc1

(5.89)

to linear order in c1 . This allows us to write δρ as a sum
δρ = ψ1 + ψm

(5.90)

in which we have defined deviation fields
ψ1 ≡ δc1 + cm δq ∗
= (1 + κp )δc1
ψm ≡ qδcm

(5.91)

,

(5.92)

2
/c1 , as defined in Eq.
proportional to δc1 and δcm , respectively. Here, κp = cm σm

(5.58). By combining Eq. (5.83) and (5.84) to compute ∂ψ1 /dt, and using Eq. (5.81)
to compute ∂ψm /∂t, we obtain the two coupled PDES


dcm
∂ψ1
2
= Dp ∇ ψ1 − q
∂t
dt rxn


∂ψm
dcm
2
= Dm ∇ ψm + q
∂t
dt rxn

(5.93)
,

(5.94)

in which
Dp ≡

D1 + κp Dm
1 + κp

(5.95)

is an effective diffusivity for ψ1 , i.e., for the coupled evolution of c1 and q ∗ (c1 ). Lin-
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earization of Eq. (5.53) for the micelle creation rate (dcm /dt)rxn then yields

q

in which

dcm
dt



q
(δcm − δc∗m )
τd
1
= − (ψm − γψ1 ) ,
τd
= −

rxn

(5.96)

τ2
cm q 2
=
−1 ,
γ≡
c1 (1 + κp )
τd

(5.97)

where τ2 is the slow relaxation rate given in Eq. (5.57).
If applied to a homogeneous system, this theory reduces to the Aniansson and
Wall linear theory of the slow process. In a homogeneous system, Eqs. (5.93) and
(5.94) reduce to a pair of coupled ordinary differential equations, given in matrix form
as
d
dt

"

ψ1

#

ψm

1
=
τd

"

−γ

1

γ

−1

#"

ψ1
ψm

#
.

(5.98)

The matrix on the right hand side has one vanishing eigenvalue and one nonzero
eigenvalue −τ2−1 = τd−1 (γ + 1).

The eigenvector with a vanishing eigenvalue is

[ψ1 , ψm ] ∝ [1, γ], which corresponds to an infinitesimal change in equilibrium state
induced by a change in c1 . The eigenvector with a nonzero eigenvalue −τ2−1 is a
vector [ψ1 , ψm ] ∝ [1, −1] that leaves the total concentration δρ = ψ1 + ψm unchanged.
The model thus predicts exponential relaxation to an equilibrium state with the same
concentration as the initial state, with a single relaxation time τ2 .
When applied to weakly inhomogeneous systems, this model predicts qualitatively
different types of diffusive behavior at times much less than or much greater than τ2 .
Because it assumes partial equilibration, the model is valid only at times much greater
than τ1
5.5.4.1

Intermediate times: τ1  t  τ2

Systems with τ2  τ1 can exhibit an intermediate time regime in which τ1  t  τ2 .
At times t  τ2 , effects of the reaction rate (dcm /dt)rxn remain negligible. Behavior
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in this intermediate time regime can thus be described by setting (dcm /dt)rxn = 0 in
Eqs. (5.93) and (5.94). This yields a pair of uncoupled diffusion equations
∂ψ1
' Dp ∇2 ψ1
∂t
∂ψm
' Dm ∇2 ψm
∂t

(5.99)
.

(5.100)

In this intermediate time regime, the linear model thus predicts diffusion of cm with
a diffusivity Dm , and coupled diffusion of c1 and q with an effective diffusivity Dp ,
with no interaction between these processes.
5.5.4.2

Late times: t  τ2

At times t  τ2 after a weak disturbance, micelle systems reach a state of full local
equilibrium in which cm (z, t) = c∗m (c1 (z, t)) and q(z, t) = q ∗ (c1 (z, t)) throughout space.
To linear order in deviations from a homogeneous equilibrium, these local equilibrium
criteria can be shown to imply a proportionality
ψm (z, t) ' γψ1 (z, t) ,

(5.101)

which leads to (dcm /dt)rxn ' 0 in Eq. (5.96).
To describe local equilibrium dynamics, we combine Eqs. (5.93) and (5.94) to
calculate the temporal partial derivative of the total deviation δρ = ψ1 + ψm while
assuming ψm = γψ1 . This yields a diffusion equation
∂(δρ)
' De ∇2 δρ
∂t

(5.102)

with an effective diffusivity
De =

D1 + κe Dm
1 + κe

,

(5.103)

in which κe = dρ∗m (c1 )/dc1 is defined by Eq. (5.59). Because deviations of c1 , cm
and ρ are all proportional in a linear local equilibrium approximation, each of these
quantities obeys a similar diffusion equation with the same diffusivity De .
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Because κe  D1 /Dm for typical micellar systems, the effective diffusivity is
usually very similar to the micelle diffusivity,
De ' Dm

.

(5.104)

The only exception to this occurs in systems with concentrations greater than but
very close to cc , for which κe < D1 /Dm .
Inhomogeneities in unimer concentration c1 (z, t) are strongly suppressed in local
equilibrium states. To linear order in deviations, the local equilibrium criteria imply
that
δcm (z, t)
δc1 (z, t)
'q
cm
c1

,

(5.105)

by Eq. (5.13) for dc∗m (c1 )/dc1 . For a typical value q ∼ 102 , fractional deviations
in c1 (z, t) are thus two orders of magnitude smaller than fractional deviations in
2
cm (z, t). In systems with q ∼ σm
, fractional deviations in q(z, t) can be shown to be

comparable in magnitude to fractional deviations in c1 , and thus also much smaller
than deviations in cm . Full local equilibrium is thus, to first approximation, a state
in which a generally inhomogeneous concentration of nearly monodisperse micelles
coexists with a nearly homogeneous unimer concentration c1 ' cc . As a result, in
the usual case κe  D1 /Dm , the overall diffusion flux J is dominated by gradients in
cm (z, t), leading to the effective diffusivity De ' Dm obtained above in this limit.

5.5.5

Key Parameters

We now introduce notation for several parameters that are useful for characterizing
relevant time, length and parameter regimes in the adsorption problems of interest.
Let k − , with no subscript, denote a the number average of the unimer expulsion
rate constant for micelles in the bulk equilibrium state, given by
−
k − = hkn−1
i∗m

,

(5.106)
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−
where kn−1
is the rate constant for expulsion from an n-mer, and where h· · · i∗m de-

notes an average over proper micelles in the bulk equilibrium state. Let τq denote a
characteristic time for micelle dissolution, given by the ratio
q∗
k−

τq ≡

,

(5.107)

in which q ∗ is the average micelle aggregation number in the bulk equilibrium state.
This is approximately equal to time that would be required for bulk micelles to
completely dissolve by stepwise expulsion if placed in an environment with c1 = 0, in
which insertion is suppressed. Let lq denote a corresponding length scale
lq ≡

p

D1 τq

,

(5.108)

which is approximately the distance that a unimer can diffuse in time τq .
Parameter regimes are conveniently classified in terms of the values of a few dimensionless parameters X, Y , and S:
Let X represent the ratio
X≡

ρ∞
m
∞
c1

.

(5.109)

of the concentration of surfactant in micelles to the concentration of unimers in the
∞
∞
' ρ∞
bulk state, far from the interface. Because c∞
m + c1 , X can also
1 ' cc , while ρ

be approximated as
X'

ρ∞
m − cc
cc

(5.110)

The case X  1 thus corresponds to a bulk concentration ρ only slightly greater than
∞
the CMC. For X  1, the presence of a low micellar concentration ρ∞
m  c1 has

little effect on overall flux to an interface. We focus in what follows primarily on the
opposite limit X  1, corresponding to concentrations well above the CMC.
Let Y represent the ratio
Y =

Dm
D1

,

(5.111)

of micelle diffusivity Dm to unimer diffusivity D1 . Here and hereafter, we use Dm to
(0)

denote the number averaged micelle diffusivity Dm evaluated in the bulk equilibrium

177

Chapter 5: Dynamic Adsorption to a Bare Interface

state. The ratio Y can also be expressed as ratio of unimer to micelle hydrodynamic
radii. A value of Y ∼ 10−1 is typical of many surfactant systems, including both small
molecule surfactants and moderately segregated diblock copolymeric surfactants. The
simulation model studied here has Y ' 0.1.
Let S denote the ratio
S = XY =

Dm ρm
D 1 c1

.

(5.112)

We show in what follows that the value of S determines the relative importance of
micelle diffusion and unimer diffusion in controlling the overall flux to the interface.
Because Y < 1 in all systems of interest, S < X. For a typical value of Y = 0.1, we
obtain S > 1 for X > 10, and S < 1 but X > 1 for 1 < X < 10.

5.6

Particle Simulation Model

All of the numerical examples presented in Secs. 5.7 and 5.8 have been calculated
using parameters appropriate to the bead-spring simulation model of an asymmetric
AB diblock copolymer that was studied in chapters 2-4. The model is used here to
describe adsorption of an asymmetric AB diblock copolymer to an interface between
immiscible A and B homopolymers. We summarize the relevant properties of this
model here.
In this simulation model, the copolymer contains a majority block of A monomers,
and is initially dissolved in a solvent of A homopolymers, in which the copolymer
forms micelles with a B-rich core block. In our model of adsorption to an accumulating interface, copolymers diffuse to an interface between this A-rich phase and a
phase of nearly pure B homopolymer. All molecular species in this model contain 32
beads per chain. Each copolymer contains a majority block of 28 A beads connected
to a minority block of 4 B beads. Neighboring beads within each chain are connected
by a simple harmonic spring. All monomers interact via a soft non-bonded pair interaction of the type introduced in DPD simulations, in which the interaction between
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monomers of types i and j separated by a distance d is given by
1 
r 2
Uij (r) = ij 1 −
2
σ

(5.113)

or r < σ and Vij (r) = 0 for r > σ. Here σ is a range of interaction and ij is an energy
that controls the strength of interaction, for which AA = BB = 25kB T . The driving
force for phase separation of A and B is controlled by the magnitude of a parameter
α = (AA − BB )/kB T

.

(5.114)

Simulations of copolymer dissolved in A homopolymer show micelle formation for
α ≥ 8. In this model, higher values of α leads to a lower free molecule solubility
(i.e., lower values of cc ), lower rate constants for free molecule expulsion, and larger
values for the dissociation barrier ∆Wd . The equilibrium micelle dissociation time τd
increases particularly rapidly with changes in α, in part because of its exponential
dependence on ∆Wd .
The numerical examples shown in subsequent sections all use parameters obtained
at one of two values of α, α = 10 or α = 16. Equilibrium properties obtained at these
two values are summarized in Table 5.1. Unless otherwise stated, all properties of
this model given in this and subsequent tables are given in simulation units, in which
σ = kB T = mb = 1, where mb denotes bead mass. The case α = 10 provides an
example of a relatively soluble surfactant, for which the CMC of cc = 1.53 × 10−3 σ −3
corresponds to a critical unimer mole fraction of φc = 1.63 × 10−2 (i.e., 1.63%). The
case α = 16 yields a CMC cc = 6.75 × 10−5 (or φc = 7.2 × 10−4 ) approximately 20
times lower. This difference in solubility leads to substantial differences in values of
expulsion rate constants, and particularly large differences in values for the micelle
dissociation time τd , as discussed below.
Insertion and expulsion rate constants were measured for micelles of varying aggregation number in chapter 3 by directly measuring rates at which surfactants enter
and leave micelles in small simulation systems containing a single micelle. Results
for insertion rate constants were shown to be well described by an empirical model
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α
10
16

φc
1.63 × 10−2
7.02 × 10−4

cc
1.53 × 10−3
6.75 × 10−5

q
55
97

σm
12.1
12.2

∆Wd
3.00
14.1

cd /cc
0.905
0.756

Γc
0.55
0.58

Γd /Γc
0.98
0.97

Table 5.1: Equilibrium properties of the MD simulation model at the two different
values of α considered here. In this and subsequent tables, values of quantities with
dimensions are given in simulation units in which kB T , range σ of the nonbonded interaction, and bead mass are all equal to 1. All values in this table are calculated for
a system with a unimer concentration c1 = cc . Values are given for the free molecule
mole fraction φc and free molecule concentration cc , the average micelle aggregation
number q, the standard deviation of the aggregation number σm , the barrier to dissociation ∆Wd , the ratio cd /cc of dissociation concentration to the critical micelle
concentration, the equilibrium adsorbed concentration Γc = Γ∗ (cc ) in equilibrium
with a unimer concentration c1 = cc , and the ratio Γd /Γc , where Γd = Γ∗ (cd ) is the
equilibrium adsorbed concentration at c1 = cd .

of diffusion controlled adsorption to a spherical surface with an effective capture radius somewhat larger than the core radius. Values for insertion and expulsion rate
constants used in the dynamical simulation presented here were obtained by using
a simple fit of the n-dependence of this capture radius to model insertion rate constants, and then computing expulsion rate constants from the principle of detailed
balance. The average micelle expulsion constant k − defined in Eq. (5.106) has a value
of k − = 1.1 × 10−3 for α = 10 and k − = 5.68 × 10−5 for α = 16 in simulation time
units for systems with c1 = cc , or ρ ' 2cc .
Values of the diffusivity Dn where measured in chapter 3 for both unimers and
clusters of varying aggregation number. Measured values are used for the unimer
diffusivity D1 , for which D1 = 0.0125 for α = 10 and D1 = 0.0125 for α = 16 in
simulation units. The values of Dn for n > 1 used in our transport simulations have
been estimated for all n > 1 by using a simple fit of the hydrodynamic radius RH,n
to a function RH,n = An1/3 + B with values of A and B that have been fitted to
measured diffusivities of proper micelles given in Chapter 3. While this fit does not
accurately describe the diffusivity of very small clusters (e.g., dimers, trimers, etc.),
we do not expect this limitation to affect overall accuracy because the concentrations

180

Chapter 5: Dynamic Adsorption to a Bare Interface

α
10
16

τq
5.00 × 104
1.71 × 106

τd /τq
11.8
4.09 × 106

D1 /Dm
9.61
12.1

lq
25.0
146

Table 5.2: Dynamical and transport properties of the simulation model. Shown here
are values for the bare micelle dissociation time τq , the equilibrium micelle dissociation
lifetime τd normalized by τq , the ratio D1 /Dm of unimer to average micelle diffusivity,
and the distance lq a unimer can diffuse in time τq . Values of τq and lq are given in
simulation units.

Label
10L
16L
16H

α
10
16
16

X
3.00
3.00
225

S
0.313
0.248
18.6

τ1 /τq
0.300
0.275
0.0047

τ2 /τq
0.6171
7.04 × 104
5.39 × 104

Table 5.3: Simulation model case study parameters. Shown here for cases studied are
∞
the case study label, the relevant value of α, the dimensionless parameter X = ρ∞
m /c1 ,
the dimensionless parameter S, and the fast and slow relaxation times τ1 and τ2
predicted for linear relaxation experiments on weakly perturbed systems.

of such clusters are generally very low.
Table 5.2 gives values for kinetic and diffusion properties of this model for α = 10
and α = 16. The ratio D1 /Dm is similar for both values of α, with D1 /Dm ∼ 10. The
most striking difference between α = 10 and α = 16 is the difference of 5 orders of
magnitude in the value of τd /τq . This difference reflects the exponential dependence
of τd on the dissociation barrier, and the existence of a much larger barrier for α = 16,
for which ∆Wd ' 14kB T , than for α = 10, for which ∆Wd ' 3kB T .
The analysis of adsorption to an accumulating interface given in section 5.8 requires information about equilibrium interfacial properties as well as bulk properties.
The equilibrium adsorption isotherm Γ∗ (c1 ) was measured for models of interest in
chapter 4 for both values of α considered here. The measured adsorption isotherm
for α = 16 is shown in Figure 5.2.
Values of the equilibrium interfacial coverage corresponding to subsurface unimer
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Figure 5.2: Equilibrium adsorption isotherm Γ∗ (c1 ) vs. unimer concentration c1 for
the simulation model with α = 16. The vertical dashed line represents the CMC,
c1 = cc . The range of the nonbonded pair interaction is denoted by σ.
concentrations c1 = cc and c1 = cd are given in table 5.1, where they are denoted by
Γc ≡ Γ∗ (cc ) and Γd ≡ Γ∗ (cd ). Because the adsorption isotherm Γ∗ (c1 ) is a strongly
nonlinear function that flattens out as c1 approaches cc , the ratio Γd /Γc is much closer
to unity that the ratio cd /cc . For all of systems considered here, Γd /Γc ' 0.97 - 0.98.
In a model of adsorption to a saturating interface that assumes local equilibrium at
the interface, this implies that all but 2-3 % of the final adsorption occurs at times
when the free energy surface Wn (c1s ) does not contain a barrier to dissociation of
micelles near the interface.

5.7

Absorbing Interface

In this section, we discuss transport of surfactant from a micellar solution in the
limit of an absorbing interface, for which the unimer concentration vanishes at the
interface. One motivation for studying this limit, aside from its intrinsic interest, is
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that the behavior seen during initial stages of adsorption to an accumulating boundary
is very similar to that seen over the same time range for an absorbing boundary.
The governing equations for this problem are given by reaction diffusion Eq. (5.60),
boundary conditions Eq. (5.62), Eq. (5.64), and Eq. (5.65) and initial condition Eq.
(5.63). Numerical examples shown here are calculated using the method outlined in
appendix (5.A), using parameters appropriate to the bead-spring simulation model
discussed in Sec. 5.6).
To facilitate comparison between the cases of absorbing and accumulating boundaries, it is useful to keep track in our discussion of an absorbing boundary of the total
amount of surfactant absorbed by the interface since t = 0. This quantity, which we
denote by Γ(t), is given by the integral
ˆ

t

J(t0 )dt0

Γ(t) =

(5.115)

0

in which J(t0 ) is the flux to the interface at time t0 .
In what follows, values of micelle properties that are measured at z = 0, along
the interface, are indicated by a subscript s, denoting “subsurface”. Specifically, we
define
qs (t) ≡ q(z = 0, t)
cms (t) ≡ cm (z = 0, t) ,

(5.116)

in addition to the subsurface unimer concentration c1s (t) defined in Eq. (5.68).
Symbols with carets are used to denote normalized values of functions of z and t,
normalized by their bulk values. Specifically, we define
ĉ1 (z, t) = c1 (z, t)/c∞
1
q̂(z, t) = q(z, t)/q ∞
ĉm (z, t) = cm (z, t)/c∞
m

(5.117)
.

Similarly, ĉ1s , q̂s and ĉms indicate normalized subsurface values of c1 , q and cm , re-
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spectively.
Values of the micelle properties q(z, t) and cm (z, t) shown in plots throughout the
remainder of this paper have all been computed using a cutoff value of b = 5 for the
aggregation number of “proper” micelles. A rather low cutoff value has been used to
allow a meaningful definition of q(z, t) to be given in regions where micelles have lost
most of their surfactant.

5.7.1

Overview

Different behaviors are obtained for systems with concentrations well above the CMC
and X  1, in which most surfactant is in micelles, compared to systems with
concentrations very near the CMC and X < 1. We focus primarily on the case
X  1.
Figure 5.3 shows an example of numerical results for the time dependence of Γ(t)
for systems with X > 1, using case 16H as an example (model parameters available
table 5.3). Results for such systems exhibit three time regimes, characterized by power
laws Γ(t) ∝ t1/2 in the first and third stages, and a faster growth of approximately
Γ(t) ∝ t during the second stage. Qualitative features of these three stages are
summarized below.
1. Free unimer diffusion: At very early times, free unimers diffuse to the interface
in a manner that is almost entirely unaffected by the presence of micelles. This
causes a depletion in unimer concentration c1 (z, t) over a region whose width initially
increases as t1/2 , giving Γ(t) ∝ t1/2 .
2. Micelle shrinkage near the interface: At intermediate times in systems with
X  1, expulsion of unimers from micelles within a region of depressed unimer
concentration near the interface becomes the primary source of the flux of unimers to
the interface. During this period, the width of this unimer depletion region and the
flux J(t) to the interface both become almost independent of time, giving Γ(t) ∝ t.
The average aggregation number q(t) of micelles near the interface decreases steadily
during this stage.
3. Exclusion zone growth: The intermediate stage ends when the micelles nearest
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Figure 5.3: Total absorption per unit area Γ(t) plotted against normalized time t/τq
for case 16H and an absorbing boundary, using definition (5.115) for Γ(t). Solid line
is the prediction of the numerical simulation of a polydisperse solution. Dashed lines
represent asymptotic predictions in the three predicted time regimes. Labels of 1/2
and 1 indicate predicted power laws of Γ(t) ∝ t1/2 or Γ(t) ∝ t1 , respectively. The
dashed line labeled 1/2 at early times shows Eq. (5.120) for Γ(t) ∝ t1/2 . The dashed
line labelled 1 in the intermediate regime shows Eq. (5.127). The dashed line in the
final region shows Eq. (5.144).
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the interface “die” by expelling all of their molecules, creating a region near the
interface with no micelles. The final stage of adsorption is characterized by a steady
growth in the width of the micelle-free exclusion zone, which grows as t1/2 . During
this stage, Γ(t) again increases as Γ(t) ∝ t1/2 .
Subsections 5.7.2, 5.7.3, 5.7.4 discuss the three stages of behavior of systems with
X  1 in greater detail.

5.7.2

Free Unimer Diffusion

For an absorbing boundary, the requirement that c1 (z, t) vanishes at z = 0 guarantees
that there will be a region of significantly depressed unimer concentration near the
interface. We will refer to this region in what follows as the unimer depletion region.
When more specificity is needed, we define this to be the region in which the unimer
concentration c1 (z, t) is less than the dissociation concentration cd , and in which there
is thus no free energy barrier to micelle dissociation. We denote the width of this
region by l1 (t).
At very early times, free unimers diffuse to the interface without involving the
micelles. During this stage, diffusion creates a unimer depletion region of width l1 (t)
√
proportional to the unimer diffusion length D1 t, denoted here by
l1 (t) ≡

p
D1 t .

(5.118)

Within this time regime, the unimer concentration is well approximated quantitatively
by classical error-function profile characteristic of diffusion to an absorbing boundary,
which yields a flux
r
J'

D1 c∞
1
πt

(5.119)

and a corresponding time dependent adsorption
r
Γ(t) =

2c∞
1

D1 t
π

in which c∞
1 ' cc is the bulk unimer concentration.

,

(5.120)
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Figure 5.4: Normalized unimer concentration ĉ1 (z, t) (dashed line), average aggregation number q̂(z, t) (dash-dotted line), and micelle number concentration ĉm (z, t)
(solid line) plotted against normalized distance z/lq from the interface for case study
16L at a a very early time t = 0.01τq .
Figure 5.4 shows an example of the dependence of c1 (z, t), cm (z, t) and q(z, t) on
distance z from the interface during this initial stage of adsorption. Results for q̂(z, t)
and cˆm (z, t) are indistinguishable in this plot because q̂(z, t) = cˆm (z, t) ' 1 at this
very early time. Results for c1 (z, t) are well described by the classical error-function
solution.
The depletion of unimer concentration near the interface suppresses the rate of insertion of unimers into micelles while having no effect on the rate of unimer expulsion.
This depletion thereby creates a net rate of expulsion of surfactant from micelles near
the interface commencing shrinkage. At the interface, where c1 (z, t) = 0, insertion is
suppressed completely. The net rate of expulsion within the unimer depletion region
is thus of order k − per micelle, or k − cm per unit volume, where k − is a characteristic
value of the expulsion rate constant. If the micelle number concentration cm remains
similar to its bulk value, the total rate of expulsion per unit area over a depletion
region of width l1 (t) is thus of order k − cm l1 (t). Because l1 (t) initially increases as t1/2 ,
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this total expulsion rate per unit area initially increases as t1/2 . The total unimer
flux J instead initially decreases as t−1/2 , and diverges in the limit t → 0. The rate
of expulsion from micelles is thus initially negligible compared to J, but becomes
more important with increasing t. A simple comparison of total expulsion rate per
k − cm l1 (t) to the total unimer flux D1 c∞
1 /l1 (t) shows that these quantities become
comparable when l1 (t) reaches a characteristic value lx for which
lx2 =

D1 cc
D1 τ q
=
−
k cm
X

,

(5.121)

in which τq = q/k − is the bare micelle dissociation time. The unimer diffusion length
l1 (t) become equal to lx at a corresponding time
τx ≡

lx2
τq
=
D1
X

(5.122)

The initial stage of free unimer diffusion is thus predicted to end at a crossover time
of order τx . We show in what follows that the assumptions underlying this prediction
are actually valid if and only if X  1.

5.7.3

Micelle Shrinkage Near the Interface

Over a range of intermediate times t > τx , the flux of unimers to the interface in
a system with X  1 remains nearly equal to the rate of expulsion from micelles
within the unimer depletion region. For this to occur, the width l1 (t) of this unimer
depletion region must remain approximately equal to lx , approximately independent
of time. The resulting unimer flux to the interface J(t) is of order a constant value
D1 c∞
1
Jx ≡
=
lx



∞
D1 c∞
1 ρm
τq

1/2
,

(5.123)

and is also nearly independent of time during this stage.
Examples of this temporary halt in the growth of the unimer depletion region are
shown in Figure 5.5 for case studies 16L (X = 3.0) and 16H (X = 225). In this plot
l1 (t) is the width of the region of depressed unimer concentration c1 (z, t), which we
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Figure 5.5: Normalized width l1 (t) of the region of depressed free molecule concentration c1 (z, t) plotted vs. normalized time. The upper curve shows results for case
16L and the lower curve for case 16H.
have defined for this purpose as the width of the region in which c1 (z, t) < cd . Both
cases show a range of times over which l1 (t) increases much more slowly, though this
is much more pronounced for case 16H than for 16L. In both cases, the magnitude of
the “plateau” value of l1 (t) is roughly consistent with the predicted value of l1 /lq ∼
p
1/X. Values of t at the onset of the plateau also appear to be roughly consistent
with predicted values of t/τq ∼ 1/X.
During this intermediate time regime, expulsion of molecules from micelles within
the unimer depletion region causes a steady shrinkage in the average micelle aggregation number q within this region. This process ends when the micelles closest to the
interface “die” by losing all of their molecules, which causes a micelle-free exclusion
zone to form near the interface.
Before micelles begin to vanish at t ' τe , the expulsion of individual molecules
from micelles has almost no effect on the micelle number concentration. The micelle
number concentration cm (z, t) thus remains approximately constant and equal to the
bulk value throughout the intermediate time regime, while q(z, t) and c1 (z, t) are both
locally depressed.
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Figure 5.6: Normalized unimer concentration ĉ1 (dotted line), average aggregation
number q̂ (dash-dotted line), and micelle number concentration ĉm (solid line) plotted
against normalized distance z/lq from the interface time t = 0.500τq for case study
16L.
An example of this behavior is shown in Figure 5.6, which shows the behavior of
case 16L at t = 0.5τq . At this time, q(z, t) is significantly depressed near the interface
but cm (z, t) ' c∞
m , indicating that almost no micelles have finished dissociating.
A useful simplified model of the behavior of c1 (z, t) during this time regime can
be obtained if we ignore the relatively weak dependence of expulsion rate constants
on aggregation number. In this model, we assume that expulsion occurs at a constant
rate k − per micelle, independent of n, and insertion occurs at a rate k + c1 with k + =
−
k − /c∞
to be equal to the number average expulsion
1 . For simplicity, we take k

constant in the bulk equilibrium state. Assuming a nearly time-independent micelle
number concentration cm = c∞
m within this time regime then yields
∂c1
∂ 2 c1 c∞ k −
= D1 2 + m∞ [c1 (z, t) − c∞
1 ]
∂t
∂z
c1

.

(5.124)
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This model has a pseudo-steady state solution
−z/lx
c1 (z, t) = c∞
] ,
1 [1 − e

(5.125)

in which lx is defined by Eq. (5.121). It predicts a time independent flux to the
interface given by exactly
J(t) = Jx

,

(5.126)

where Jx is defined by Eq. (5.123), giving an asymptotic net accumulation
Γ(t) ' Jx t

(5.127)

at times t  τx . In Figure 5.3, Eq. (5.127) is shown to agree very well with the
behavior of case 16H at intermediate times, with no adjustable parameters.
We may characterize the rate at which micelles near the interface shrink during
this period by considering the time dependence of qs (t) = q(z = 0, t). A micellefree exclusion zone appears when the subsurface micelle number concentration cms (t)
drops to nearly zero. In what follows, we denote the time at which an exclusion zone
appears as τe .
The rate at which qs (t) decreases with time depends on whether the micelle diffusivity Dm is large enough to spread the depression in q(z, t) over a region wider than
the width lx of the unimer depletion region. We show in what follows that importance of micelle diffusion is controlled by the dimensionless parameter S defined in
Eq. (5.112). Different behaviors are obtained in the cases S  1 and S  1.
5.7.3.1

Limit S  1 (Immobile Micelles)

Consider the limit of negligible micelle diffusivity. We will show below that this
corresponds to the case S  1. In this limit, we may think of micelles as stationary
objects that may shrink by unimer expulsion, but that do not diffuse. In this case, the
expulsion of unimers from micelles at a rate of order k − per micelle causes the average
micelle aggregation number qs (t) adjacent to the interface to decrease approximately
linearly with time, at a rate dq(t)/dt ∼ k − . This gives q ∞ − qs (t) ' k − t near the
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interface or, equivalently,
1−

qs (t)
t
'
∞
q
τq

.

(5.128)

In the limit of a narrow micelle size distribution and negligible micelle diffusivity, a
micelle-free exclusion zone thus begins to appear near the interface at approximately
the time
τe ' τq

(5.129)

at which qs (t) extrapolates to zero, which is when micelles near the interface finish
expelling all of their molecules.
The simple picture discussed above ignores all effects of micelle diffusion. The
time required for disturbances in q(z, t) to spread out by micelle diffusion over the
width lx of the unimer depletion region is approximately lx2 /Dm . It is straightforward
to show that lx2 /Dm  τq for S  1 and, conversely, lx2 /Dm  τq for S  1. Effects
of micelle diffusion are thus negligible in the case S  1 considered here, but become
important for S  1.
The above arguments predict the existence of an intermediate time regime that
begins at a time τx = τq /X and that ends at a time τq . The inequality τx < τq is
satisfied only if X > 1. The above picture is thus approximately valid only for X > 1
and S < 1, and strictly valid only for X  1 and S  1. Because S = X(Dm /D1 ),
and D1 > Dm for all systems of interest, both inequalities are satisfied only for
dimensionless concentration X in the range 1 < X < D1 /Dm .
For the model of interest here, D1 /Dm ∼ 10, implying that X > 1 and S < 1
are both satisfied only over approximately one decade in concentration. Because it
is thus never possible to obtain X  1 and S  1, the picture considered here is
always somewhat approximate for this simulation model. The assumption of negligible micelle diffusivity on which this picture is based is, however, also potentially
applicable to systems in which surfactant self-assembles into larger aggregates such
as worm-like micelles or vesicles, for which aggregate diffusivity would be much lower
than for spherical micelles.
Figure 5.7 shows numerical results for the time dependence of qs (t) for case studies
16L (X = 3 and S = 0.5) and 16H (X = 225 and S = 18.5). To illustrate the effect
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of micelle diffusivity, this plot also shows results for a variant of model 16L in which
micelle diffusivity has been artificially suppressed by setting Dn = 0 for all n > 1,
giving S = 0, but in which values for D1 and all other parameters are identical to
those of case 16L. Results for this variant are indicated by the label 16L0.
For case 16L0, in which micelle diffusivity is suppressed, the decay of qs (t) initially
follows the prediction of Eq. (5.128) rather accurately. The highly simplified picture
of monodisperse micelles with negligible diffusivity underlying Eq. (5.128) would
predict a linear decrease in qs (t) for all t/τq < 1, and then a sudden drop in the cms (t)
at t = τq , as all of the micelle near the interface simultaneously finish dissociating.
Numerical results for case 16L0 instead show a smooth decrease in cms (t) over the
time t/τq ∈ [1, 2] presumably as a result of the effects of significant polydispersity.
The effects of a micelle diffusivity can be seen most directly by comparing cases
16L0 and 16L, which differ only in the treatment of micelle diffusion. Inclusion
of micelle diffusion causes both a slightly slower initial decay and a significantly
delayed decrease in cms (t), due to constant diffusion of larger micelles into the region
of depleted unimer concentration near the interface. The much slower decay of both
q(t) and cms (t) for model 16H is also a result of micelle diffusivity, as discussed in
more detail below in our discussion of systems with S  1.
Figure 5.8 shows the evolution of the distribution of micelle aggregation numbers
for case 16L. At times t/τq ≤ 0.75, the peak in this distribution simply drifts steadily
to lower values of n at a rate slightly slower than predicted by Eq. (5.128), while also
broadening slightly. At times t/τq > 1, however, the micellar peak ceases to be well
separate from the unimer peak at n = 1. The slow decrease in both qs (t) and cms (t)
at times t/τq > 1 appears to be related to this change in the behavior of cn (t), which
signals a breakdown of the physical picture of a bimodal distribution with a narrow
micellar peak that underlies Eq. (5.128).
5.7.3.2

Limit S  1 (Mobile Micelles)

We now consider the effect of micelle diffusion, which can be shown to become important for S  1. Because the micelle number concentration cm (z, t) remains nearly
uniform in the early and intermediate time regimes, the main effect of diffusion is
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Figure 5.7: Decrease of the normalized subsurface average aggregation number q̂s (t) =
q(z = 0, t)/q ∞ (upper plot) and normalized subsurface micelle concentration ĉm,s (t) =
cm (z = 0, t)/c∞
m (lower plot) vs. normalized time t/τq for systems with α = 16.
Results are shown for cases 16L, 16H, and for the variant of 16L in which micelle
diffusivity is artificially suppressed, indicated by the label 16L0. The dashed line in
the upper plot shows the initial asymptote q̂s (t) = 1 − t/τq predicted by Eq. (5.128
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Figure 5.8: Evolution of the distribution cn (z = 0, t) of subsurface cluster aggregation
numbers for case 16L during micelle shrinkage.
to spread out inhomogeneities in average aggregation number q(z, t). Specifically, we
expect diffusion to “smear” the local depression in q(z, t) caused by unimer expulsion
near the interface over a distance
dm (t) =

p
Dm t .

(5.130)

It is straightforward to show that
dm (t)
∝
lx

s

St
τq

,

(5.131)

and thus that dm (t) > lx for t greater than a crossover time τq /S. In the case S  1,
dm (t) < lx at t = τq , and so micelles near the interface dissolve before micelle diffusion
becomes relevant, as noted previously. In the case S  1 of interest here, however,
diffusion becomes relevant after a crossover time τq /S that is less than τq . Also note
that, for S  1 and X  1, τq /S is always greater than τx , since τq /S ∼ (D1 /Dm )τx
and D1 /Dm > 1.
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Consider the case S  1 at times t > τq /S, for which dm (t) > lx . Under these
conditions, micelle diffusion has had time to spread the depression in q(z, t) over a
region of width dm (t) that is wider than the width lx of the unimer depletion region
in which micelles are losing unimers. The resulting gradient in q(z, t) in this region
causes a diffusive flux Jm of micellar surfactant into the unimer depletion region, of
magnitude
Jm (t) ∼

D m cm ∞
[q − qs (t)] .
dm (t)

(5.132)

This micellar flux must be approximately equal to the rate per area at which unimers
are expelled in the unimer depletion region, which is in turn equal to the unimer flux
J ' Jx to the interface. By requiring that Jm ∼ Jx , and solving for q ∞ − qs (t) in Eq.
(5.132), we obtain
q ∞ − qs (t)
∼
q∞



t
Sτq

1/2
.

(5.133)

This implies that the intermediate time regime for systems with S  1 should end
when qs (t) extrapolates to zero at a time
τe ∼ Sτq

.

(5.134)

For S  1 and τq /S < t < Sτq , we thus obtain a depression in q(t) of magnitude
∆qs (t) ∼ t1/2 over a region that spreads out as dm (t) ∝ t1/2 , rather than the depression
∆qs (t) ∝ t over a region of constant width dm (t) ∼ lx that is predicted for S  1.
The total amount of surfactant expelled from micelles and transferred to the interface
before a specified time t is predicted to be nearly the same for S  1 and S  1,
however, since our predictions for rate of unimer expulsion and unimer flux to the
interface are independent of Dm , and thus independent of S. The decrease in qs (t)
for S  1 is slower than obtained for S  1 simply because, for S  1, the loss of
micellar material is spread over a wider region.
We now briefly reconsider the behavior of a system with S  1 at times τx <
t < τq /S. Over this limited time window, the unimer depletion region has a width
l1 (t) ' lx that is nearly independent of time, but insufficient time has passed for
micelles to be able to diffuse a distance lx . Because micelle diffusion is thus not yet

196

Chapter 5: Dynamic Adsorption to a Bare Interface

10 0
1/2
10 -1

10 -2

10 -3
10 -3

10 -2

10 -1

10 0

10 1

Figure 5.9: Normalized decrease 1 − q̂s (t) in subsurface aggregation number vs. normalized time t/τq for case 16H at early and intermediate times. The dashed line with
slope 1/2 is the asymptotic prediction for intermediate times τq /S < t < τq S and
S  1.
relevant, the depression in q(z, t) thus remains confined to the unimer depletion region
in which the expulsion occurs. Because micelle diffusion plays a negligible role, we
again obtain [q ∞ − qs (t)]/q ∞ ∼ t/τq , as in the case S  1. At the crossover time
t ∼ τq /S, this yields [q ∞ − qs (t)]/q ∞ ∼ 1/S, consistent with the prediction of Eq.
(5.133) at this time.
Figure 5.9 shows the predicted behavior of 1 − q̂s (t) vs. time on a log-log plot
for case 16H. Over the range shown, the apparent slope on a log-log plot varies from
slightly less than unity at early times to slight greater than 1/2 for t/τq ' 10−1 - 100 ,
which is near the end of the intermediate time regime for this system. The appearance
of a regime with a slope close to 1/2 is approximately consistent with the prediction
of Eq. (5.133) for times τq /S < t < τq S for a system with S = 18.6.
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Figure 5.10: Micelle number concentration ĉm plotted against distance from the interface for case 16L and an absorbing boundary, for times t = τq , 20τq , 100τq , 250τq ,
and 1000τq .

5.7.4

Micelle Exclusion Zone Growth

At times t > τe in systems with X > 1, destruction of micelles by dissociation leads to
creation of a region near the interface that is devoid of micelles, so that cm (z, t) ' 0.
We refer to this as a micelle exclusion zone. Once such an exclusion zone appears, for
an absorbing boundary, its width grows continuously with time. An example of this
behavior is shown in Figure 5.10, which shows how the micelle number concentration
cm (z, t) changes with time for case 16L.
At times t > τe , the perturbed region near the interface generally contains two
subregions. Adjacent to the interface is a micelle exclusion zone. No micelles are
present in this region, but free molecules remain, and carry a flux of free surfactant to
the interface. Let h(t) denote the width of this exclusion zone. Beyond the exclusion
zone is a micelle depletion region in which micelles are present but in which ρm (z, t)
is depressed below its bulk value, due to depression of both cm (z, t) and q(z, t). Let
lm (t) denote the width of this micelle depletion region.
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We focus in what follows on systems with X  1 and a large free energy barrier
to dissociation in equilibrium, for which τ2  τe . We further restrict our attention for
the moment, here and in subsubsections 5.7.4.1 and 5.7.4.2, to the behavior of such
systems at times much less than slow time τ2 , for which we may assume a negligible
rate of micelle dissociation deep the micellar region. We defer a discussion of behavior
at late times t  τ2 where activated dissociation becomes relevant to subsubsection
5.7.4.4.
In systems with τ2  τe , micelles are unstable to steady shrinkage in regions with
c1 (z, t) < cd , but become very long lived where c1 (z, t) > cd . To describe behavior at
times t < τ2 , it is thus appropriate to define the width h(t) of the exclusion zone as the
width of the region in which c1 (z, t) < cd , in which there is no local barrier to micelle
dissociation. In systems with X  1, we assume the existence of a pseudo-steady
unimer flux within the exclusion zone, for which J(z) = −D∂c1 /∂z is independent of
z, and so c1 (z, t) must be a linear function of z. By setting c1 (z, t) = cd at the edge
of the exclusion zone, at z = h(t), and c1 (0, t) = 0 at the interface, we then obtain a
unimer flux
J'

D 1 cd
h(t)

(5.135)

throughout the exclusion zone.
Beyond the exclusion zone, there must exist a depression in cm (z, t) in order for
cm (z, t) to extrapolate to zero near the edge of the exclusion zone. The gradient
associated with the corresponding drop in total micellar concentration ρm (z, t) is
expected to give rise to a diffusive micellar surfactant flux
Jm ∼

Dm ρ ∞
m
lm (t)

(5.136)

at the edge of the exclusion zone.
We assume that the micellar diffusion flux Jm in the depletion region is converted
to a unimer flux by unimer expulsion and micelle dissociation within a narrow region
near the moving boundary of the exclusion zone. If so, then the fluxes J1 and Jm
must balance near this boundary. By equating Eq. (5.135) for J1 and Eq. (5.136) for
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Jm , we find that

Dm ρ∞
lm (t)
m
∼
∼S
h(t)
D1 cd

,

(5.137)

where we have assumed cd ∼ c∞
1 to the accuracy required in a scaling argument. Eq.
(5.137 predicts h(t)  lm (t) for systems with S  1 and h(t)  lm (t) for S  1.
These two cases are considered separately below.
5.7.4.1

Limit S  1 (Immobile Micelles)

The limit S  1 may be understood by considering the limit of vanishing micelle
diffusivity, for which S → 0. In the absence of micelle diffusion, the micelle exclusion
zone grows by eating away a micellar region containing essentially stationary micelles.
This process is akin to the Stefan problem for diffusion of temperature near a melting
solid or of dissolved solute near a shrinking precipitate.122 In this case, the unimer flux
across the exclusion zone given in Eq. (5.135) must equal the rate at which unimers
are generated by micelle dissolution along the moving boundary of the exclusion zone,
implying that
J(t) ' ρ∞
m

dh(t)
dt

.

(5.138)

By equating Eqs. (5.135) and (5.138) and integrating the resulting differential equation for h(t), we obtain an exclusion zone width
s
h(t) '

2cd D1 t
ρ∞
m

.

(5.139)

The corresponding flux of free molecules as a function of time is thus given by

J(t) '

D1 cd ρ∞
m
2t

1/2
.

(5.140)

At very long times, this yields a total absorption
Γ(t) ' h(t)ρ∞
m '

p

2D1 cd ρ∞
mt

(5.141)
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The predicted time dependences h(t) ∝ t1/2 and J1 ∝ t−1/2 predicted for this regime
have the same exponents as those obtained at earlier times from free unimer diffusion
regime. Note, however, that prefactors obtained in Eqs. (5.139) and (5.140) depend
on both ρ∞
m and cd , and thus differ from those obtained from either unimer diffusion
or micelle diffusion alone.
Our assumption of a pseudo-steady unimer flux across the exclusion zone is con√
sistent only if h(t)  D1 t, since the exclusion zone cannot grow as fast or faster
√
than the free unimer diffusion length D1 t. The above analysis yields h(t)/d1 (t) '
(cd /ρm ), implying that h(t)  d1 (t) for all X  1. This assumption is thus valid for
all X  1, but is expected to break down at concentrations near the CMC.
The width lm (t) of the micellar region in which micelle concentration is nonzero but
depressed below its bulk value is given by Eq. (5.137), which implies that lm (t)  h(t)
in the case S  1 considered here. It is straightforward to show that this equation
√
yields lm (t) ∼ SDm t in the case of interest, implying that lm (t) is also less than the
√
micelle diffusion length Dm t in the limit S  1.
Figure 5.11 shows the measured width of the micelle exclusion region for case 16L
plotted vs. time on a log plot, compared to predictions of Eq. (5.139). The width
l1 (t) is defined here as the value of z at which c1 (z, t) = cd . The width clearly grows
as l1 (t) ∝ t1/2 at long times, as indicated by approach to a slope 1/2 on a log-log
plot. In addition, the quantitative prediction of the prefactor given in Eq. (5.139),
shown by the dashed line, is reasonably accurate here despite the fact that S is only
modestly less than unity for this system.
Figure 5.12 shows the calculated time dependence of Γ(t) for case 16L. This case
leads to a rather narrow intermediate regime, in which the asymptotic prediction of
Eq. (5.127) is never quantitatively accurate. Eq. (5.141) is, however, found to agree
well with simulation results at late times.
Figure 5.13 shows an example of the spatial structure of the exclusion and micelle
depletion regions for case 16L at a fixed time t ' 104 τq . In this system, the subsurface
micelle concentration cm (z = 0, t) first decreases to zero, thus opening a micelle free
region, at a much earlier time t ' 5τq . The vertical line in both plots in this graph
shows the value of z at which c1 (z, t) = cd , which we use as a boundary between the
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Figure 5.11: Normalized Width h(t)/lq of the micelle exclusion vs. normalized time
t/τq for case 16L. The dashed line is the prediction of Eq. (5.139) for h(t) in systems
with S  1.
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Figure 5.12: Total absorption Γ(t) vs. normalized time t/τq for case 16L and an
absorbing boundary, as in Figure 5.3. Solid line shows the results of a full numerical
simulation. Dashed lines show asymptotic predictions at early, intermediate and late
times for a system with S  1, as given by Eqs. (5.119), (5.127), and Eq. (5.141),
respectively.
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exclusion zone and micellar region for systems that have a large dissociation barrier
in the bulk equilibrium state, as is the case for the model with α = 16. Within the
exclusion, the unimer concentration c1 (z, t) shown in the upper plot is a nearly linear
function of z, while J1 is nearly independent of z, consistent with our assumption
of a pseudo-steady flux in the above analysis. In the lower plot, the local rate of
unimer generation G(z, t) has a relatively narrow peak near the boundary between
exclusion and micellar regions, which acts as a source for this unimer flux. The
fact that q̂(z, t) agrees with the predicted most probable partial equilibrium micelle
aggregation number ne (c1 (z, t)) throughout most of the micellar region indicates that
almost all of the micellar region has reached a state of partial equilibrium, as discussed
in more detail in sub-subsection 5.7.4.3.
5.7.4.2

Limit S  1 (Mobile Micelles)

We now consider growth of an exclusion zone for a system with S  1. In this
case, Eq. (5.137) implies that the width h(t) of the micelle exclusion zone will be
much less than the width lm (t) of the micelle depletion region. Because the micelle
number concentration must extrapolates to zero along the edge of the exclusion zone
at z = h(t), and micelles dissociate into unimers there, the surface z = h(t) thus acts
as an effective absorbing boundary for micelle diffusion. In the limit S  1 in which
this moving boundary remains very close to the interface, we thus expect behavior
very similar to that predicted for a model of micelle diffusion with an absorbing
boundary at z = 0. Specifically, we expect to see the formation of a depletion region
with a width that scales like the micelle diffusion length
lm (t) ∝

p
Dm t

(5.142)

Assuming an error-function micelle concentration profile appropriate to diffusion to
an absorbing boundary yields a surfactant flux
r
J(t) '

Dm ∞
ρ
πt m

,

(5.143)
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Figure 5.13: Spatial structure of the exclusion zone for case 16L (S < 1) and an
absorbing boundary at t = 1000τq . The upper plot shows ĉ1 (dashed line), q̂ (dotdashed) and ĉm (solid line) plotted vs. normalized distance from the interface. The
vertical line in both plots marks the value of z at which c1 (z, t) = cd . The upper plot
also shows the predicted most probable partial local equilibrium aggregation number
n̂e (c1 (z, t)) as a solid line that is shown only in the micellar region to the right of
this vertical line. The lower figure shows the free molecule flux J1 (dashed line), the
micellar surfactant flux Jm (solid line), and the net rate of unimer generation G1 (dot
dashed) at the same instant.
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and a corresponding total absorption
r
Γ(t) ' 2ρ∞
m

Dm t
π

,

(5.144)

This flux is carried to the boundary of the exclusion zone by micelle diffusion, but
converted into a unimer flux by micelle dissociation near this boundary, giving a
unimer flux to the interface of the same magnitude. In the limit S  1, we thus
obtain a flux that is controlled by micelle diffusion, with a magnitude nearly equal to
what would be obtained by micelles adsorbing directly to the interface.
Figure 5.14 shows a snapshot of spatial structure of the micelle-free and micelle
depletion regions for case 16H, for which X = 225 and S ∼ 15. The time of t/τq =
10000 chosen for this snapshot is an order of magnitude later than that used for case
16H because the higher concentration of case 16H delays the opening of the exclusion
zone, forcing us to consider a later time in order to capture a well developed exclusion
zone. As expected, this case exhibits a depletion in micelle concentration cm (z, t) over
a comparatively wide region, and micelle exclusion only within a much narrower region
near the interface. Figure 5.15 shows a blow-up of the structure of the micelle free
region on an expanded scale. The structure of this inner region is similar in most
respects to that found for case 16L, except for the smaller overall width (despite the
use of a later time), and the fact that the micelle diffusive flux Jm appears to decay
much more slowly with increasing z on this scale.
5.7.4.3

Partial Local Equilibrium (τe < t < τ2 )

Throughout the micellar region of a system with an exclusion zone, micelles coexist with a unimer concentration c1 (z, t) > cd . Under these circumstances, unimer
expulsion tends to drive the micelle size distribution towards a state of partial local
equilibrium, with a characteristic relaxation time given by the fast time τ1 . Time τ1 is
2
always less than or comparable to τσ = σm
/k − . In systems with a typical equilibrium
2
polydispersity σm
∼ q ∼ 102 , τσ is usually also comparable to the bare dissolution

time τq = q/k − , implying that τ1 ≤ τq . The time τe at which an exclusion zone first
appears is, in turn, always greater than or equal to τq , implying τ1 ≤ τe . We thus
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Figure 5.14: Dependence of ĉ1 (dashed lines), q̂ (dash dotted) and ĉm (solid) vs.
normalized distance z/lq from the interface for t = 10000τq for case 16H.
expect systems that are old enough to exhibit a well developed exclusion zone also be
old enough to have reached a partial equilibrium size distribution in micellar regions.
In systems with τ2  τ1 , the micelle depletion region is expected to reach a state
of full local equilibrium only times t > τ2 . At intermediate times τe  t  τ2 , the
micelle depletion region is thus expected to exhibit a state of partial but not full local
equilibrium in which q(z, t) = q ∗ (c1 (z, t)) but cm (z, t) 6= c∗m (c1 (z, t)). Under these
conditions, we expect the unimer concentration c1 (z, t) to drop over the width of the
micelle depletion region from its bulk value c1 (∞, t) = c∞
1 to a value c1 (h(t), t) = cd
at the edge of the exclusion zone. The partial equilibrium condition implies that the
resulting gradient in c1 (z, t) should be accompanied by a corresponding gradient in
q(z, t) within the same region.
One way of testing results of numerical simulations for existence of partial local
equilibrium is compare values of q(z, t) and q ∗ (c1 (z, t)) at each location, using the
numerical results for c1 (z, t). For values of c1 that are large enough to create a strongly
bimodal equilibrium size distribution c∗n (c1 ), the micellar average value q ∗ (c1 ) becomes
almost equal to the aggregation number ne (c1 ) at which c∗n exhibits a local maximum.
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Figure 5.15: Blow-up of of dependence of ĉ1 (dashed lines), q̂ (dash dotted) and ĉm
(solid) vs. normalized distance z/lq from the interface at small z for t = 10000τq
for case 16H. The upper plot also shows the predicted most probable partial local
equilibrium aggregation number n̂e (c1 (z, t)) as a solid line that is shown only in the
micellar region to the right of this vertical line.
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We can thus also test for partial local equilibrium by comparing q(z, t) to ne (c1 (z, t)).
One advantage of a comparison to ne (c1 ) is that ne (c1 ) has an unambiguous definition
for all c1 > cd . The value of q ∗ (c1 ), however, becomes somewhat ill-defined for values
of c1 near cd , because the absence of a sufficiently deep minimum in c∗n (c1 ) makes the
computed value of q ∗ (c1 ) very sensitive to our choice of an arbitrary value for the
lower cutoff b of the aggregation number for “proper” micelles. In what follows, we
thus test for partial equilibrium by comparing q(z, t) to ne (c1 (z, t)) in regions where
c1 (z, t) > cd .
In Figures 5.13 and 5.15, the value of ne (c1 (z, t)) is shown as a solid line in the
micellar region where c1 (z, t) > cd . The fact that this line is almost indistinguishable
from the computed value of q(z, t) confirms that, in both of the cases shown in these
figures, the system has reached partial equilibrium throughout the micellar region, as
expected.
5.7.4.4

Full Local Equilibrium (t > τ2 )

At times t  τ2 , we expect activated micelle dissociation to establish full (rather than
partial) local equilibrium throughout the micellar region. A system that is in full local
equilibrium satisfies the criteria for partial local equilibrium and, in addition, exhibits
a micelle number concentration that satisfies condition
cm (z, t) ' c∗m (c1 (z, t)) .

(5.145)

In systems of very sparingly soluble surfactant with a large barrier to dissociation in
equilibrium, τ2 can be much greater than τe . In this case, we expect local equilibrium
to be established in the micellar region only long after the appearance of an exclusion
zone. In systems with very fast dissociation dynamics, however, it is possible to
instead obtain τ2 ∼ τe .
The case studies considered here provide examples of both of these extremes. Case
studies 16L and 16H both have values of τe /τq ∼ 101 , but values of τ2 /τq ∼ 104 105 as shown in Table 5.3. In these cases, there thus exists a range τe < t < τ2
of several orders of magnitude in time in which an exclusion zone exists in contact
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with a micellar region that is in partial but not full local equilibrium. For case 10L,
however, τ2 ∼ τe ∼ 100 - 101 .
The question of whether the micellar region of a system with an exclusion zone
is in full local equilibrium at a particular time t can be answered computationally
by comparing plots of the micelle number concentration cm (z, t) obtained from a full
transport calculation to the value c∗m (c1 (z, t)) that would be in local equilibrium with
the calculated unimer concentration c1 (z, t). Figure 5.16 shows the results of such a
comparison for cases 16L and 10L at a single time t/τq = 103 . For case 16L, cm (z, t)
differs dramatically from c∗m (c1 (z, t)), confirming that the micellar region is not in full
local equilibrium, though it is known to be in partial local equilibrium For case 10L,
cm (z, t) and c∗m (c1 (z, t)) are instead very similar, indicating full local equilibrium.
The main qualitative difference between the structure of systems in full and partial
local equilibrium states is that full local equilibrium leads to a more nearly homogeneous unimer concentration in the micellar region. A simplified view of micellar
equilibrium, in which we treat the CMC as a sharp transition, would require that
c1 (z, t) = cc wherever micelles are present. A more rigorous relationship can be obtained by considering a linear model of deviations from bulk equilibrium. The exact
conditions for full local equilibrium in regions in which both cm (z, t) and c1 (z, t) lie
near their bulk values, so that equilibrium conditions can be linearized about the
bulk values, require that the magnitude of fraction deviations in c1 (z, t) be smaller
than fractional deviations in cm (z, t) by a factor of the bulk value of q. In systems
with q ' 102 , this implies that inhomogeneities in c1 (z, t) should of order 1% or less
throughout most of the micelle depletion region. This should be contrasted with the
structure found for systems in partial equilibrium, in which we expect c1 (z, t) to vary
a few tens of percent, from cc to cd , over a region whose width can be comparable to
or greater than the width of the region of depressed micelle concentration.
An example of this behavior is shown in Figure 5.17, which shows the spatial
structure of the interfacial region for case 10L at a time t/τq = 1000. Note that the
normalized unimer concentration cˆ1 (z, t) remains very close to 1 throughout most
of the region of depleted micelle concentration. The unimer concentration differs
significantly from unity only within a relatively narrow region near the boundary of
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Figure 5.16: Comparison of micelle number concentration to local equilibrium value
for cases 16L (upper) and 10L (lower) at t/τq = 103 . In each plot, solid lines depict
the value of cm (z, t) and the dashed line is the local equilibrium value c∗m (c1 (z, t))
corresponding to the computed unimer concentration.
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Figure 5.17: Spatial structure of the exclusion zone for case 10L (S < 1) and an
absorbing boundary at t = 1000τq . This plot shows ĉ1 (dashed line), q̂ (dot-dashed)
and ĉm (solid line) plotted vs. normalized distance from the interface. The vertical
line in both plots marks the value of z at which c1 (z, t) = cd .
between the micelle-free and micellar regions, because the relatively rapid expulsion
of unimers drives the system somewhat out of full equilibrium near this boundary.
The appearance of slight deviations from local equilibrium near the boundary between
micelle free and micellar regions in this system is visible in the lower plot of Figure
5.16. The distinction between full and partial local equilibrium can be seen most
clearly by comparing the dependence of the unimer concentration on z shown in
Figure 5.17 for case 10L to that shown for case 16L in Figure 5.13. Both figures show
snapshots at the same normalized time of t/τq = 1000. Because case 16L is in partial
but not full local equilibrium at this time, the depletion in ĉ1 (z, t) decays much more
slowly with increasing distance from the edge of the micellar region in case 16L than
in case 10L, and actually extends in case 16L over a region somewhat wider than the
region of depressed micelle concentration.
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Accumulating Interface

We now consider the case of an initially bare accumulating interface, in which all surfactant that is absorbed to the interface accumulates there. In this case, Γ(t) denotes
the areal concentration, with an initial condition Γ(t = 0) = 0. A close approximation
to this situation can be created in experiments in which a fresh interface is created
suddenly, e.g., by expanding a bubble, and retains a constant area thereafter. For
simplicity, we assume here that exchange between adsorbed and dissolved unimers
is rapid enough that the interface is always in local equilibrium with the subsurface
concentration c1s .
The assumptions of vanishing initial interfacial concentration, or Γ(t = 0) = 0,
and local interfacial equilibrium assumption, or Γ(t) = Γ∗ (c1s (t)), together imply that
the subsurface unimer concentration c1s (t) must vanish at t = 0. The initial value
of c1s (t) in the problem considered here is thus the same as the value imposed at all
times in the case of an absorbing boundary. As a result, the dynamical behavior of an
initially bare accumulating interface is initially very similar to that of an absorbing
interface. The predictions of these two models remain similar at times t much less
than an absorption saturation time τa at which the value of Γ(t) predicted for an
absorbing interface becomes equal to the saturation value Γ∞ , and at which the subsurface concentration c1s (t) approaches the bulk unimer concentration c∞
1 . To avoid
repetition, our discussion of the accumulating interface focuses primarily on identifying the crossover time τa and discussing phenomena that occur in the accumulating
interface case at times t comparable to and greater than τa .
Our discussion is organized as follows: Subsection 5.8.1 presents results of numerical results for Γ(t) and some related quantities for case studies 16L, 16H, and
10L (Table 5.3), and a discussion of qualitative differences between some of these
cases. Subsection 5.8.2 discusses the dependence of the absorption saturation time τa
on various input parameters. Subsection 5.8.3 , discusses several aspects of behavior
observed at later times.
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Overview

Figure 5.18 shows our results for the time dependence of the normalized surface
coverage Γ(t), subsurface unimer concentration c1s (t), and corresponding interfacial
tension γ(t) for case study 16L, using a linear time scale. All three properties show
saturation to a final value after an absorption saturation time of order 500τq . At times
less than this, the time dependence of Γ(t) exhibits a negative second derivative with
respect to time, qualitatively consistent with a t1/2 growth. The time dependence of
c1s (t) instead exhibits a region of positive curvature at early times as a result of the
strongly nonlinear nature of the equilibrium isotherm Γ∗ (c1s ).
The upper plot of Figure 5.19 present numerical results Γ(t) vs. t for the same case
study (16L) using a logarithmic axis for time to illustrate a wider range of time scales.
Results obtained for this case with an absorbing boundary are also shown in Figure
5.19 as a dashed line. Results obtained with these different boundary conditions
are nearly identical until the value of Γ(t) obtained using an absorbing boundary
approaches the saturation value Γ∞ for the accumulating boundary at t/τq ' 500.
This representation makes it clear that Γ(t) for an absorbing boundary does indeed
increase as t1/2 for t/τq ≥ 5. Because the relevant t1/2 region occurs after the feature
associated with the intermediate regime, which is centered around t/τq ' 100 , we see
that saturation occurs during the exclusion zone growth stage.
The lower plot of Figure 5.19 confirms more directly that an exclusion zone appears
in this system before the interface saturates. This plot shows the subsurface micelle
concentration cms (t) = cm (z = 0, t) obtained for the accumulating interface, using the
same time axis. The presence of an exclusion zone is indicated in this plot by the
existence of a value cms (t) ' 0, which indicates that there are no micelles in contact
with the interface. For this system, an exclusion first appears at t/τq ' 5, and then
grows until the interface saturates at t/τq ' 500. The slow recovery of the cms (t) at
times t/τq > 1000 is the result of diffusion of micelles back towards the interface after
the exclusion zone stops growing, as discussed in more detail below.
Figure 5.20 shows corresponding results for Γ(t) and cms (t) for case 10L. This
case has the same relative concentration X = 3 as case 16L, but a significantly higher
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Figure 5.18: Time dependence of the normalized subsurface unimer concentration ĉ1s (t) = c1 (z = 0, t)/c∞
1 (top plot), the normalized interfacial concentration
Γ̂(t) = Γ(t)/Γ∞ (middle plot), and normalized interfacial tension γ̂(t) = γ(t)/γ(t = 0)
(bottom plot) plotted versus normalized time t/τq for case study 16L.
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Figure 5.19: Normalized surface concentration Γ̂(t) = Γ(t)/Γ∞ (upper plot) and
subsurface micelle concentration ĉms (t) = ĉm (z = 0, t) (lower plot) vs. normalized
time t/τq for case study 16L
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CMC. The behavior is qualitatively similar to that of case 16L, except for a somewhat
narrower range of exclusion zone growth.
Figure 5.20 shows corresponding results for case study 16H. This case is characterized by a reduced concentration X = 225 two orders of magnitude greater than
that of case 16L, which shares the same value of α = 16. In this case, the subsurface
micelle concentration always stays close to its bulk value, indicating that an exclusion
zone never appears. Upon inspecting the time dependence of Γ(t) in the upper plot,
and comparing to that shown for an absorbing interface over a wider time range in
Figure 5.3, we see that the interface saturates during the intermediate time regime,
before the appearance of the exclusion zone.
Cases 16L and 16H, which differ only in bulk concentration, have nearly equal
values of the bulk unimer concentration c∞
1 ' cc , and thus also have nearly equal
values for the saturation coverage Γ∞ = Γ∗ (c∞
1 ). The higher bulk concentration in
case 16H leads, however, to much faster growth of Γ(t) than in case 16L. More rapid
accumulation, in turn, allows the interface to become saturated before micelles have
had time to completely dissociate, leaving micelles in contact with the interface when
c1s (t) reaches the concentration cd above which micelles become metastable.
For any system, we thus expect an temporary exclusion zone to be created near an
accumulating interface only when the dimensionless concentration X remains below
some critical value that we denote by Xe . For X > Xe , interfacial accumulation occurs
so rapidly that the interface saturates before the characteristic time τe required to
open an exclusion zone.
We may identify whether an exclusion zone forms for a particular simulation
model by computing the minimum value cm (z = 0, t) observed during transport to
the accumulating interface. If an exclusion zone was formed, this minimum value
should equal zero. Figure 5.22 shows numerical results for this minimum value of
cm (z = 0, t) for systems of varying bulk concentration, plotted versus dimensionless
concentration X. As expected, the results show that an exclusion zone is created only
for X below a threshold value Xe . For the model studied here Xe ' 20 for α = 16
and Xe ' 5 for α = 10.
Figure 5.23 shows the evolution of the normalized surface coverage Γ̂(t) vs. nor-
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Figure 5.20: Normalized interfacial concentration Γ̂(t) = Γ(t)/Γ∞ (upper plot) and
subsurface micelle concentration ĉms (t) = ĉm (z = 0, t) (lower plot) vs. t/τq for case
study 10L
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Figure 5.21: Normalized surface concentration Γ̂(t) = Γ(t)/Γ∞ (upper plot) and
subsurface micelle concentration ĉms (t) = ĉm (z = 0, t) (lower plot) vs. normalized
time t/τq for case study 16H
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Figure 5.22: The minimum subsurface concentration of micellar aggregates that occurs during the adsorption process for α equal to 16. Open circles are the minimum
normalized by the bulk concentration.
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Figure 5.23: Normalized interfacial concentration Γ̂(t) plotted against normalized
time t for different values of dimensionless concentration X. From left to right the
curves correspond to X = 1000, 500, 225, 100, 50, 25, 15, 10, 5, 3. The dashed line is
X = 25, which is the value closest to the value Xe ' 20.
malized time on a linear scale over a range of value of X both less than and greater
than Xe . The displayed value of X = 25 that is nearest the critical value Xe ' 20
for the appearance of an exclusion zone is indicated by a dotted line. Note that the
rate of adsorption increases steadily with increasing bulk concentration for X both
less than and greater than Xe . For values of values of X substantially greater than
Xe , the increase in Γ(t) is approximately linear before the absorption saturation time,
consistent with the prediction of a constant flux during the intermediate time regime.

5.8.2

Saturation Time

The results shown in Figures 5.19-5.21 show that predictions of Γ(t) for accumulating
and absorbing interfaces appear quite similar until the prediction for an absorbing
interface reaches the saturation value Γ∞ that Γ(t) approaches as t → ∞. It is
thus convenient to define an absorption saturation time τa for each model of an
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accumulating interface to be the time t at which the corresponding model with an
absorbing interface would yield Γ(t) = Γ∞ . At times t  τa , the behavior of the two
models is almost identical, and can thus be understood on the basis of our earlier
analysis of an absorbing boundary.
The absorption saturation time τa can in principle occur in a system with X > 1
during any of the three stages of behavior found for an absorbing boundary. In
what follows we consider the criteria for saturation to occur during each stage of the
adsorption process and provide estimates of the absorption saturation time in each
case.
5.8.2.1

Free Unimer Diffusion

In the first stage of transport to an absorbing interface, free molecules diffuse to the
interface unaffected by the presence of micelles. The resulting error-function unimer
concentration profile results in a net absorbed amount Γ(t) given by Eq. (5.120). Eq.
(5.120) yields a value of Γ(t) = Γ∞ at a time that we denote by τ1a , which is given by
τ1a

2
π (Γ∞ /c∞
1 )
≡
4
D1

.

(5.146)

To determine whether saturation actually occurs during this first stage of adsorption,
we must compare τ1a to the time at which this adsorption stage ends. We must
consider systems with X > 1 and X < 1 separately.
In a system with X < 1, micelles start to vanish near the interface at a time τq .
In this case, interfacial saturation can occur and an exclusion begins to form only if
τ1a < τq . The time scales τ1a and τq are both nearly independent of dimensionless
concentration X, and are thus material properties of a particular surfactant-solvent
system.
For the simulation model that we consider here, we find that τq  τ1a for both
α = 10 where τ1a = 207τq and α = 16 where τ1a = 3453τq . Note that τ1a varies
with changes in cc (i.e., changes in solubility) as τ1a ∝ 1/c2c , while τq = q/k − varies
roughly as τ ∝ 1/cc , because k − = k + cc by detailed balance. The ratio τq /τ1a is thus
approximately proportional to cc , and is thus highest for more soluble surfactants,
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but is still much less than one for the more soluble case α = 10 considered here.
In a system with X > 1, saturation can actually occur during this first stage if and
only if τ1a < τx , where τx ∼ τq /X is the time at which expulsion from micelles becomes
significant a significant source of unimers. This implies that, in this case, saturation
can occur during the unimer adsorption stage only at dimensionless concentrations
X < τq /τ1a . For systems in which τq  τ1a , like those studied here, the requirement
that X < τq /τ1a contradicts the assumption that X > 1. Saturation thus cannot
occur during the unimer diffusion stage in a system τq  τ1a and X > 1.
We thus conclude that, for systems with τq  τ1a , like those studied here, saturation can never occur before expulsion of unimers either begins to effect the unimer
flux (for X > 1) or causes a micelle exclusion zone to appear (for X < 1).
5.8.2.2

Micelle Shrinkage Near the Interface

We now consider the possibility of saturation during the subsurface micelle shrinkage
stage of a system with X > 1. During this stage, the flux to the interface is approximately independent of time, and is given by Eq. (5.123). The time to saturate the
interface is thus obtained by setting Jτa = Γ∞ , using Eq. (5.123) for J. This yields
τa

1/2

Γ∞ Xτq
' ∞
ρm
D1
 τ τ 1/2
q 1a
'
.
X

(5.147)

Saturation occurs during this stage if and only if this time falls within the range
between the beginning of this stage, at time τx , and the end of this stage, at the
time τe when micelles begin to vanish near the interface. Because we have obtained
different estimates for τe in the limits S  1 and S  1, we must consider these
two limits separately in order to determine criteria for saturation to occur during this
stage.
In the hypothetical case S  1  X, τe ∼ τq . In this case, an assumption that
saturation occurs before an exclusion zone opens, or τa < τq , implies that X > Xe ,
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with
Xe '

τ1a
τq

(S  1) .

(5.148)

For systems with τq  τ1a , the criterion X > Xe implies X  1. For systems with
S < 1 and 1 < X < Xe , saturation instead occurs during the exclusion zone growth
stage.
In the case S  1, τe ∼ τq S. In this case, assuming that that τa < τ S implies
that X > Xe with

Xe '

τ1a
τq

1/3 

D1
Dm

2/3
(S  1) .

(5.149)

For systems with τ1a  τq and D1 > Dm , this always yields a crossover Xe  1.
5.8.2.3

Exclusion Zone Growth

In systems with a dimensionless concentration X > 1 but X less than a cutoff value,
saturation occurs during the period of exclusion zone growth. As shown in Sec. 5.7,
the total absorption varies as Γ(t) ∝ t1/2 during this stage, with different expressions
for the prefactor in the limits S  1 and S  1.
For the case S  1 of effectively immobile micelles, total absorption Γ(t) is given
by Eq. (5.141). This yields Γ(t) = Γ∞ at a time
τa =

(Γ∞ )2
∞
4D1 c∞
1 ρm

(5.150)

for 1 < X < τ1a /τq and S < 1.
In the case S  1, flux to an absorbing interface would be approximately equal
to that obtained by micelle diffusion to an absorbing boundary, and so the total
absorption is given by Eq. (5.144). This yields an absorption saturation time
τa =

π (Γ∞ )2
2
4 Dm (ρ∞
m)

.

As already noted, however, formation of an exclusion zone does not appear to be
possible in systems with S  1 over the range of parameters studied here, for which
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we obtain a maximum value of S ' 2 for X ' Xe ' 20 for α = 16.

5.8.3

Closing an Exclusion Zone

We now consider the later stages of adsorption in systems with τa > τ that saturate
after forming an exclusion zone. We have chosen focus on this because this is the
case that leads to behavior least similar to that predicted by previous work on models
of weakly perturbed systems. To further simplify the discussion, we also restrict
discussion to the case τ2  τa in which the interface nearly saturates before full local
equilibrium is established in the micellar region. This description fits case study 16H,
which is the basis for all numerical results shown in this subsection.
5.8.3.1

Shutoff of Micelle Dissociation

As time t approaches τa and Γ(t) approaches Γ∞ from below, the subsurface concentration c1s (t) must increase so as to maintain local equilibrium. This increase in
c1s (t) causes a decrease in the gradient of c1 (z, t) across the exclusion zone. The
corresponding decrease in flux eventually halts the growth of the exclusion zone.
Once c1s (t) > cd , we obtain c1 (z, t) > cd throughout the solution, and the barrier
to micelle dissolution thus reappears throughout the solution. In systems with a
large equilibrium barrier to dissociation, and correspondingly long slow time τ2 , this
reappearance of the barrier causes the destruction of micelles to cease throughout
the solution. In such systems, while c1s (t) < cd , the boundary of the exclusion
zone corresponds approximately to the plane along which c1 (z, t) = cd . When c1s (t)
reaches cd , there is thus also no longer any gradient across the exclusion zone to drive
a unimer flux. We thus expect exclusion zone growth and micelle destruction near the
exclusion zone boundary to continue only while c1s (t) < cd , and stop approximately
when c1s (t) = cd .
The relationship between subsurface concentration c1s (t) and the overall rate of
micelle dissociation is illustrated for case 16L in Figure 5.24. The upper plot shows
the growth c1s (t). The middle plot shows the rate of micelle destruction, which is
computed here by calculating the spatial integral of the quantity −(dcm /dt)rxn =
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−Ib using a cutoff aggregation number b = 20. Note that the total rate of micelle
destruction extrapolates to zero at a time very near the time at which c1s (t) = cd .
The bottom plot shows the overall rate of unimer generation by stepwise reactions,
which also slows down dramatically when c1s (t) reaches cd .
5.8.3.2

Micelle BackFilling

In the case τe < τa  τa , micelle dissociation is negligible during the period after
c1s (t) reaches cd and before time τ2 . The evolution of cm (z, t) during this period is
well approximated by the solution of a diffusion equation with no source term,
∂cm
∂cm
= Dm 2
∂t
∂z

,

(5.151)

with a reflecting boundary requiring that ∂cm /∂t = 0 at z = 0. During this period,
the simultaneous evolution of c1 (z, t) and q(z, t) has almost no effect on the evolution
of cm (z, t).
At the onset of this period, the system contains an exclusion zone near the interface
in which cm (z, t) ' 0, as well as a micellar depletion region with a gradient in cm (z, t).
The relative widths of these regions is controlled by the magnitude of S. After
micelle dissociation ceases, micelles tend to initially diffuse toward the interface so
as “backfill” the exclusion zone. Figure 5.25 shows an example of the evolution of
cm (z, t) for case 16L during this stage of diffusive backfilling.
In the case S < 1 appropriate to case 16L, the final width of the micelle-free
region is wider than either the width of the micelle depletion region or the distance
√
Dm t that micelles could have diffused since t = 0. In this case, the time for micelles
to diffuse back to the interface is thus expected to be somewhat longer than time
required for exclusion zone growth. In the hypothetical case of a system with S  1
and τe  τa  τ2 , the final width of the micelle-free region would be much less than
√
Dm t. In this case, the time required for micelles to diffuse back to the interface
would be less than the time required to create the micelle-free and micelle-depletion
regions. This case appears, however, to be inaccessible with the class of simulation
models considered here.
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Figure 5.24: The top plot shows the subsurface free molecule concentration as a function of time for case 16L. The solid vertical line indicates where the barrier to micelle
dissolution occurs at the subsurface. The middle plot shows the net rate of micelle
dissolution throughout the simulation volume as a function of time. The bottom plot
shows the net rate of unimer generation throughout the simulation volume.
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Figure 5.25: This plot shows the micelle number concentration plotted against distance from the interface for α equal to 16 at s equal to 1/3 where the time is equal
to 500τq , 1000τq , 5000τq and 10000τq As time passes the exclusion zone becomes
shallower and wider as the exclusion zone backfills.
Over longer times, τe  t  τ2 , micelle diffusion will simply spread the depletion
√
in cm (z, t) near the interface over a wider region of width Dm t. The spatial integral
of this depletion in micelle number will change significantly only at times t ≥ τ2 ,
when activated micelle dissociation again becomes relevant and drives the system to
a state of full local equilibrium.

5.9

Conclusions

In this chapter, we analyze the dynamics of adsorption of surfactant from a micellar
solution to an initially bare liquid-liquid interface. Specifically, we consider the limiting cases of an absorbing interface, for which there is no interfacial accumulation,
and of an initially bare accumulating interface. Like most previous treatments, this
analysis assumes fast adsorption of unimers once they reach the surface and negligible
direct adsorption of larger aggregates.

Chapter 5: Dynamic Adsorption to a Bare Interface

228

Numerical analysis of the full stepwise reaction model should be based on an
internally consistent set of models for the cluster formation free energies, insertion and
expulsion rate constants, and cluster diffusivities for clusters of arbitrary aggregation
number. The analysis presented here makes use of parameters that were extracted
from extensive previous simulations of a simple bead-spring simulation model of an
asymmetric nonionic AB diblock copolymer surfactant. The choice of values for the
parameter that controls surfactant solubility and interfacial tension was chosen so
as to yield an experimentally relevant range of values of the free molecule volume
fraction in a micellar solution (i.e., for the CMC).
Our discussion emphasizes the close relationship between micelle kinetics at each
point in space and a cluster free energy Wn (c1 (z, t)) that depends on local unimer
concentration c1 (z, t) as well as aggregation number n. This free energy exhibits a
barrier to micelle dissociation (i.e., a local maximum) only when c1 exceeds a critical
dissociation concentration cd . In the examples considered here, cd is only 10 - 25 %
less than the critical micelle concentration cc .
For both of the boundary conditions considered here, very low unimer concentrations occur near the interface, either for all times (for an absorbing interface) or
temporarily (for an accumulating interface). This local unimer depletion destroys the
barrier to micelle dissociation, allowing micelles to dissociation relatively quickly near
the interface, even in systems that exhibit very long micelle lifetimes in equilibrium.
This dramatic acceleration of the rate of dissociation near an interface is a key feature of the full stepwise reaction model considered here, one which is not captured by
linearized models of weakly perturbed systems. In the model considered here, micelle
dissociation occurs primarily in regions in which the local unimer concentration is
less than cd , and in which micelles tend to steadily expel molecules until the micelle
evaporates. The large values of the slow time τ2 observed in experiments of micellar
systems near equilibrium are thus irrelevant to the early stages of adsorption that we
focus on here.
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Absorbing Interface

For an absorbing interface with a concentration well above the CMC, or X  1, the
diffusion-controlled model considered here predicts three stages of adsorption.
At very early times, pre-existing monomers adsorb without involving micelles.
This stage ends at a time τx ∝ 1/X at which expulsion of unimers from micelles
becomes a significant contribution to the unimer transport equation.
Over a range of intermediate times, τx < t < τe , the flux to the interface is provided
primarily by the shrinkage of micelles near the interface within a region of depressed
unimer concentration next to the interface. During this period, both the width of this
region and the resulting flux to the interface both become approximately independent
of time. The intermediate regime ends when micelles near the interface finish expelling
all of their unimers, and thus open a micelle-free zone, at a time that we denote by
τe . Because micelles near the interface expel unimers at a rate comparable to the
bare expulsion rate constant throughout the early and intermediate time regime, τe
is generally much less than the slow relaxation time τ2 measured in near-equilibrium
experiments on systems with widely disparate slow and fast times.
At late times, t  τe , the region near an interface generally contains a micelle-free
region adjacent to the interface that grows wider with time. Beyond the micellefree region is also a region of depressed but nonzero micelle number concentration.
The widths of both of these regions generically grow as t1/2 , and yield a flux to the
interface that decreases as J(t) ∝ t1/2 , as also predicted by simpler two-zone models.
The relative widths of these two regions depends on the value of a dimensionless
parameter S = Dm ρm /D1 c1 that controls the relative importance of micelle and
unimer diffusion in controlling overall transport. In the limit S  1, the micelle-free
region is much wider than the micelle depletion region, and grows by eating away
essentially stationary micelles. Because S is proportional to micelle concentration,
the inequalities S  1 and X  1 are simultaneously satisfied in systems with
a typical value of D1 /Dm ∼ 10 only for values of the dimensionless concentration
X = ρm /c1 in the approximate range 1 < X < 10. For S  1, corresponding
approximately to X  10, the micelle depletion region instead becomes much wider
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than the micelle-free free region.
In systems with S  1 at times t  τe , the overall flux to the interface is
controlled by micelle diffusion within the micelle depletion region. In this limit,
micelles are predicted to dissociate along a boundary between the micelle-free region
and micellar region that remains very close to the interface, along which the micelle
number concentration extrapolates to zero. The result of this rapid dissociation of
micelles along a boundary that remains close to the interface is that the predicted flux
J(t) to the interface is nearly equal to that which would be predicted by a model in
which transport occurs solely by micelle diffusion and in which micelles are assumed
to rapidly dissociate directly on the interface.
This description of the flux in the limit S  1 is potentially relevant to the interpretation of experiments Colegate and Bain123 on adsorption of a nonionic surfactant
to the rapidly created air-water surface of a liquid jet. Experiments were performed
on a solution of C14 E8 in water at bulk surfactant concentrations of 1 mM that is approximately 100 times the cmc of 10 µM, for which we expect to obtain S  1. These
authors argued that the value of the time scale τ2 ' 4 sec observed in experiments
on weakly perturbed systems was too long for appreciable micelle dissociation to occur during their experiment. They also argued that the observed values of interfacial
coverage Γ measured by ellipsometry were too large to be explained by a model of the
“fast” process that allows micelles to lose only a small fraction of their molecules, as
occurs during the fast process of a weakly perturbed homogeneous system. Colegate
and Bain then showed that their measurements were instead consistent with predictions of a model that assumes rapid direct adsorption of micelles onto the interface,
which gives a rate of adsorption that is limited by micelle diffusion. We suggest that
this experiment could instead be an example of a system with S  1 and rapid dissociation near (rather than directly) on the interface as a result of the suppression of
unimer concentration, as predicted by the model considered here. Further analysis is
needed to more thoroughly test the viability of this interpretation.
The late time behavior of the model considered here becomes equivalent to that
of earlier two-zone models at times t  τ2 , but is somewhat different at times τe <
t < τ2 . At times t > τ2 , the micellar region is expected to reach a state of full local
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equilibrium with c1 ' cc and uniform q, exactly as assumed in previous two-zone
models. At times τe < t < τ2 , however, the micellar region instead reaches a state of
partial local equilibrium that supports the existence of a somewhat larger gradient
in unimer concentration. In this latter case, c1 (z, t) varies from cc to cd within the
micelle depletion region, and c1 (z, t) ' cd near the boundary between micelle-free
and micellar regions, rather than c1 (z, t) ' cc . The difference in structure between
these two cases is admittedly rather subtle, since cc and cd differ by only a few tens
of percent in the cases considered here. The main importance of this distinction is
instead that it implies that a slightly modified version of the two zone picture is
actually valid over a much wider range of time and parameter values than the range
of validity of the assumption of full local equilibrium invoked to justify earlier versions
of the two-zone models.

5.9.2

Accumulating Interface

The growth of surface coverage Γ(t) during the early stages of adsorption to an accumulating interface is very similar to the behavior of the total absorption predicted
for the simpler case of an absorbing boundary. This remains true until an absorption
saturation time τa at which Γ(t) becomes comparable to the equilibrium value Γ∞ .
A useful first approximation to the behavior of an accumulating interface may thus
be constructed simply by estimating the time at which predictions for an absorbing
interface yield a coverage Γ(t) equal to the final equilibrium adsorption Γ∞ . Because
the flux to an absorbing interface increases with increasing bulk concentration, τa
decreases with increasing concentration. For values of the dimensionless bulk concentration X below a critical value Xe , saturation occurs after a micelle free exclusion
zone has appeared near the interface. For values of X > Xe , however, saturation
occurs before micelles near the interface have had time to expel all of their molecules,
and thus before a micelle free zone can appear. For the systems considered here,
this value of Xe varied from 5 (for α = 10) to 20 (for α = 16). Appearance of a
temporary exclusion zone thus appears to be most easily observable in systems with
concentrations only a few times the CMC.
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As the Γ(t) approaches Γ∞ at times of order τa , the subsurface unimer concentration also becomes greater than the dissociation concentration cd . In the models
considered here, the value of the equilibrium interfacial concentration Γ at c1 = cd is
found to be 97 - 98 % of the equilibrium concentration Γ∞ . A barrier to dissociation
exists near the interface only when c1 > cd . All but a few percent of the overall loading
of the interface thus occurs at times for which there is no barrier to dissociation for
micelles near the interface. The physical picture of micelle association and dissociation as a rare activated process is thus relevant only during final stages of adsorption,
which correspond to only a small fraction of the overall adsorption. Because the final
stages of this process are adequately described by the existing linearized theory of
weakly perturbed systems, we have chosen to focus here on a detailed description of
early stages of rapid adsorption and on estimates of τa .
Song et al.30 have previously considered a two-zone model for adsorption to an accumulating interface in which they assumed monodisperse micelles and infinitely fast
micelle dissociation, but allowed for inclusion of finite rate constants for interfacial
adsorption and desorption. These authors showed that this model predicts the appearance of a micelle-free zone only at concentrations below a critical value, as does
the model considered here. The two models differ qualitatively, however, in their
predictions for the dependence of the rate of adsorption upon bulk concentrations
at higher concentrations, for which no exclusion zone appears. The model of Song
et al. predicts that the time dependence of Γ(t) should become independent of bulk
concentration when the bulk concentration exceeds the critical value. This occurs
because the model predicts a uniform unimer concentration c1 (z, t) = cc for all z > 0
in this limit, and so predicts absorption that is completely controlled by the rate
of adsorption of an interface in contact with a constant subsurface concentration.
The model considered here instead predicts more rapid adsorption with increasing
bulk concentration even at concentrations above the critical concentration. These
authors observed that the rate of adsorption actually does increase with increasing
concentrations at concentrations above the estimated critical concentration in their
experiments. Noting that this is not consistent with the simplest version of their
model, Song et al. suggested that this behavior could be a result of direct absorption
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of micelles onto the interface. The model considered here instead yields increased
rate of adsorption with increasing concentration during the intermediate time regime
because of an increase in the rate per unit area at which unimers are expelled from
micelles in the region of depressed unimer concentration near the interface.
The most important limitation of the work presented here is our use of an assumption of fast unimer adsorption, and thus of local equilibrium at the interface. Further
work is needed on models that allow for finite rates for both stepwise reactions and
adsorption. In order to provide insight into the relative importance of these two types
of kinetic limitations, such work would need to rely on sound physical estimates or
measurements of the relationship between rate constants for adsorption/desorption
at an interface and those for micelle insertion/expulsion reactions.

Appendices
5.A

Numerical Methods

The system of partial differential equations given in Sec. 5.5 has been solved numerically using a finite difference scheme for spatial derivatives to obtain a corresponding
set of nonlinear ordinary differential equations (ODEs) for the values of cn (t) at each
grid point. The resulting large system of ODEs has then been solved in MATLAB
using the numerical solver package ODE15s.
The discretization of the majority of the boundary and governing PDEs is relatively straightforward. The reaction-diffusion equation for each species is solved over
a spatial domain z ∈ [0, L] on a set of N + 1 evenly spaced grid points, with a spacing
∆z = L/N between neighboring grid points. Grid points are indexed by an integer
j = 1, . . . , N + 1 where j = 1 corresponds to z = 0 and j = N + 1 corresponds to
z = L. Let ci,j denote the number concentration of clusters of aggregation number i
at grid point j. The time derivative of ci,j (t) is given for j = 2, N by
∂ci,j
ci,j−1 − 2ci,j + ci,j+1
= Di
+ Gi,j
∂t
∆z 2

.

(5.152)
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Here, Gi,j is the net rate of generation of i-mers at grid point j. In the stepwise
reaction model, the Gi,j at grid point j is a function of concentrations ci,j , ci+1,j ,
ci−1,j and c1,j at the same grid point.
For all clusters with aggregation number i > 1, the boundary condition at grid
point j = 1 is a standard no flux condition. We take this into account by requiring
that

∂ci,1
2(ci,2 − ci,1 )
= Di
+ Gi,1
∂t
∆z 2

.

(5.153)

for j = 1 and i > 1. An analogous no flux boundary condition is also applied for all
values of i, including i = 1, at the last grid point, j = N + 1.
In the case of an absorbing boundary, the boundary condition for the unimer
concentration is imposed by requiring that
c1,1 = 0

(5.154)

for all t ≥ 0.
In the case of an accumulating boundary, the combination of the local equilibrium
condition and conservation of surfactant yields the boundary condition
dΓ∗ (c1s ) ∂c1
dc1s ∂t

= D1
z=0

∂c1 (z, t)
∂z

.

(5.155)

z=0

Discretizing this equation and combining with the other governing equations yields
∂c1,1
=
∂t
1+

2
2 dΓ∗ (c1s )
∆z
dc1



c1,2 − c1,1
+ G1,1
D1
∆z 2

where dΓ∗ (c1s )/dc1s is evaluated at c1s = c1,1 .

(5.156)

Chapter 6
Single Molecule Exchange in Small
Molecule Solvents
6.1

Abstract

The rates at which surfactant molecules exchange between micelles and their surroundings has been studied using molecular dynamics (MD) simulations, supplemented by self-consistent field (SCFT) calculations of estimated free energy barriers.
This study examines a model system of A-B diblock copolymer surfactants in a small
molecule solvent of type A, and considers the effect of changes in the length of the
corona-forming B block. MD simulations of micelles are used to quantify how exchange rates depend on these parameters. Simulations of micelles are compared to
corresponding simulations of droplets of A homopolymers, with no attached B block,
in order to quantify the effect of the corona block on the insertion rate constant.
SCFT estimates of the magnitude of the insertion barrier are compared to simulation
results, and used to examine trends as the corona is lengthened in both the overall
exchange rate and the barrier to insertion.
Changing the corona length affects the insertion rate in several ways: Increasing
the corona length: (1) decreases the free energy required to expel a molecule from a
micelle, which tends to increase the equilibrium free molecule concentration and the
resulting insertion rate, (2) increases the magnitude of the barrier to insertion, which
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tends to decrease the insertion rate, and (3) decreases free molecule diffusivity, which
also decreases the insertion rate. In the examples considered here, the magnitude of
the first two effects is nearly equal, and as a result exchange rates decrease slightly
with increasing corona length due to decreases in the free molecule diffusivity.

6.2

Introduction

Single molecule exchange events between micelles are the fundamental process through
which micelle aggregation number relaxes.8, 14–16, 38 Recent experiments have examined how exchange rates depend on a variety of molecular parameters in model systems of diblock copolymer surfactants. In such systems, exchange rates are known to
be extremely sensitive to changes in the value of χNcore for the core block, where χ is
a Flory-Huggins interaction parameter and Ncore is the length of the core block. We
focus here on using simulations and self-consistent field theory (SCFT) to examine
the more subtle changes caused by increasing the length of the corona block.
Time-resolved small angle neutron scattering (TR-SANS) experiments have been
used to measure rates of single molecule exchange processes in micellar solutions of
diblock copolymer surfactants in small molecule solvents.11 In these experiments,
separate samples containing deuterated and undeuterated copolymers are allowed to
form micelles, then mixed at a temperature at which the micelle cores are frozen,
then heated to a temperature at which micelles can begin to exchange molecules.
The onset of molecular exchange causes a decay in the magnitude of the scattering
from micelles as the neutron scattering contrast between initially deuterated and
undeuterated micelle decreases, from which it is possible to infer rates of exchange.
Several early experiments focused on the dependence of exchange rates on the
length of the core block.11–14, 124 This initial focus was natural, as the expulsion
rate of a monodisperse system is expected to depend exponentially on the product
χN , where χ is a Flory-Huggins interaction parameter and N is the length of the core
block. This exponential dependence has been observed in simulations of monodisperse
systems.11 In polydisperse experimental systems, the dependence of exchange rates
on core block length is significantly modified by even a relatively small degree of
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polydispersity.12, 13
The effect of changes of the corona block length on exchange rates are more subtle,
and have been less heavily studied. In one study of a system with a monodisperse core
and an extremely long corona dissolved in water, they found that increasing corona
length led to a decrease in exchange rates18 in accordance with the strong stretching
theory put forth by Halperin and Alexander.38 In contrast with this, Wang et al.17
have found that lengthening the corona increases the rate of exchange. This finding
was consistent with results of simulations by Dormidontova et al.,16 who found that
increasing the corona length resulted in smaller micelles with a larger cmc and larger
exchange rates.16
Rates of single-molecule insertion and expulsion were measured in Chapter 3 for
the model of a highly asymmetric AB diblock copolymer in an A homopolymer solvent that was used throughout chapters 2-5. The most important conclusion of that
analysis was the demonstration that, for that particular model, insertion is a simple diffusion controlled process in which the corona poses no measurable barrier to
insertion. That was shown most directly by demonstrating that the same value for
the insertion rate constant was obtained for insertion of a copolymer into micelle and
insertion of a copolymer into a homopolymer droplet with a radius equal to that of
the micelle, thus showing that the presence or absence of a corona had no effect on
this quantity. In a micelle with a strongly stretched corona, we would expect the
interaction of the corona and a test molecule to create a barrier to insertion that is
caused by the increase in the stretching free energy that arises when a test molecule
is dragged from outside the micelle to the relevant transition state. The fact that no
such barrier could be detected suggests that the corona block was not significantly
stretched in this model, as a result of the use of moderate values of χNB and the use
of a polymeric solvent.
While the above analysis is correct for the case of a polymer solvent, experimental
TR-SANS measurements of exchange rate have been carried out using block copolymers in small molecule solvents. All else being equal, we expect the corona of a micelle
of AB diblock copolymers to be more strongly stretched for micelles in a oligomeric
solvent of type A than in a polymeric A solvent, because use of a smaller solvent is
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known to lead to a larger second virial coefficient for interactions among tethered A
blocks within the corona, leading to an effectively higher quality solvent. In order to
come somewhat closer to the conditions used in these experiments, we thus analyze
exchange rates for diblock copolymers in a small molecule solvent in this chapter.
In this chapter, we study exchange rates using MD simulations and SCFT calculations. The methodology used here for MD simulations is the same as that used
in Chapter 3, applied here to systems with a small molecule solvent. Here, as in
chapter 3, we isolate the effect of the corona on insertion rate constant and effective
“capture radius” of a micelle by comparing measurements of the rate of insertion of
copolymers into copolymer micelles to corresponding measurements of insertion of
copolymers into homopolymer droplets. SCFT is used here primarily as a tool to
predict the barrier to free molecule insertion. The estimated barrier to insertion is
computed by calculating the constrained free energy of a test molecule as a function
of the distance between the center of mass of the micelle and the junction between A
and B blocks of the copolymer.
The rest of this chapter is as follows. Section 6.3 briefly revisits our view of
insertion and expulsion, which provides the basis for how we analyze MD simulations.
Section 6.4 reviews the simulation models and analysis methods used in our MD
simulations. Section 6.5 presents the results of our MD simulations, focusing on
results for the effective capture radius defined in Chapter 3. Section 6.6 explains our
method for using SCFT to predict insertion barriers in SCFT, compares the predicted
barriers those which we infer from our MD simulations, and presents predictions for
the overall effect of lengthening the corona. Conclusions are summarized in 6.7

6.3

Theoretical Background

The rates of single molecule insertion and expulsion in a micellar solution may be
expressed in terms of a pair of simple rate laws. The overall rate r+ of insertion of
free molecules into micelles may be expressed as a product
r + = k + cm c1

,

(6.1)

Chapter 6: Single Molecule Exchange in Small Molecule Solvents

239

in which cm is the total number concentration of micelles, c1 is the concentration of
free molecules (i.e.unimers), and k + is an insertion rate constant. The overall rate
r− of expulsion from micelles is instead given by
r − = k − cm

,

(6.2)

in which k − is an expulsion rate constant. In equilibrium, we must have r+ = r− .
Our understanding of these rates is based on a picture in which some measure of
the separation between a surfactant molecule and the center of a micelle micelle is
used as a reaction coordinate. In SCFT calculations, we use the distance between the
center-of-mass of a micelle and the junction between the solvophilic and solvophobic
blocks as a convenient approximate reaction coordinate. We expect dependence of
the surfactant molecule free energy on this coordinate to exhibit a deep well for small
separations, where the test molecule is fully incorporated into the micelle, a local
maximum near the point at which the copolymer core block finishes detaching from
the micelle core, and a plateau at large values of the reaction coordinate, where the
test molecule is completely free of the corona.
Because the insertion and expulsion rates must be equal in equilibrium, one may
frame a discussion of the dependence of these rates on molecular parameters in terms
of an analysis of either r+ or r− . We prefer to focus on analysis of the insertion rate
r+ = k + cm c1 , because the rate law for this quantity provides a natural separation of
thermodynamic and purely kinetic factors. Changes in molecular parameters generally lead to changes in both the equilibrium free molecule concentration c1 and the
insertion rate constant k + . Changes in c1 directly reflect changes in the free energy
required to completely remove a surfactant molecule from a micelle. Changes in k +
instead reflect changes in the barrier to insertion, which is primarily a result of the
free energy required to drag a free molecule into the corona, as well as changes in free
molecule diffusivity.
In the limit of diffusion controlled insertion, we may express the insertion rate
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constant in the limit of negligible micelle diffusivity as a product
k + = 4πD1 Rc

(6.3)

in which D1 is the diffusivity of a free surfactant molecule, and Rc is an effective
capture radius. The rate constant k + and the copolymer tracer diffusivity D1 can be
measured independently in MD simulations. When analyzing simulation results, it is
thus convenient to treat Eq. (6.3) as a definition of an effective capture radius Rc .
In the limit of diffusion-controlled insertion, in which the corona does not create a
significant barrier to insertion, we expect Rc to be slightly larger than the core radius
of the micelle, as found for copolymers with moderate values for χN in a polymeric
solvent in Chapter 3. The presence of a large barrier to insertion would yield a value
of k + much less than that obtained for a diffusion-controlled system, and would yield
a value of Rc significantly less than the physical core radius.
To more precisely isolate the effect of the corona on the insertion rate constant,
we compare measurements of k + for insertion of AB copolymers dissolved in an A
point-particle solvent into a copolymer micelle to corresponding measurements of k +
for insertion of copolymers a corresponding B homopolymer droplet. Simulations
of homopolymer droplets are performed using ternary systems containing solvent,
homopolymer and very small amounts of copolymer. Measurements performed on a
micelle are compared to measurements on a droplet with a radius equal to the core
radius of the micelle. Insertion is said to be “diffusion controlled”, by definition, if
indistinguishable values of Rc are obtained for these two systems. When insertion is
not diffusion controlled, we may define an apparent barrier to insertion, denoted by
∆F , by defining
k + = kd+ exp(−∆F/kB T )

(6.4)

where k + and kd+ are insertion rate constants for a micelle and a corresponding droplet,
respectively.
The apparent barrier defined in Eq. (6.4) can then be compared to a free energy
barrier computed using SCFT. The barrier predicted by SCFT is computed by calculating the free energy of a test molecule with a constrained position for the junction
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between A and B blocks as a function of the distance r between the junction and
the center of a micelle and identify the maximum in the resulting free energy as a
transition state for insertion.
We expect changes in the length of the corona block to cause three competing
effects that show up in different measurable quantities. First, increasing the corona
block length increases the stretching of the corona of molecules within the micelle,
and thus decreases the free energy required to expel a molecule from a micelle of fixed
aggregation number. This decrease in solvation free energy causes a corresponding
increase in the free molecule concentration c1 . Second, increasing the corona block
length increases the free energy required to drag a free molecule into the corona brush,
increasing the barrier to insertion, and thereby decreasing k + . This effect should be
reflected by a decrease in Rc . Finally, increasing the corona block length increases the
copolymer hydrodynamic radius and thus decreases the diffusivity D1 that appears
in Eq. (6.3), which also decreases k + . Because different effects can cause changes of
opposite signs, it is not clear at the outset whether we should expect increasing the
corona length to increase or decrease the overall exchange rate per micelle.

6.4
6.4.1

Simulation Methodology
Model

The simulations of micelles presented in this chapter were performed on systems
containing AB diblock copolymer surfactants and a point-particle solvent of type A.
All simulations used copolymers that have a core block containing 16 B beads, with
corona blocks that have either 16, 32, or 48 A beads. These three corona block lengths
are identified using labels PS16, PS32, and PS48.
Simulations used a potential energy similar to that used in chapters 2-5. Neighboring beads within each polymer interact via bond potential
1
Ubond (r) = κr2
2

(6.5)
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Label
PS16
PS32
PS48

α
8.5
8.5
8.5

χN
27.0
26.9
27.0

D1
0.0523
0.0356
0.0233
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Rh
1.38
2.03
3.11

Table 6.1: Model Surfactant properties for the small molecule solvent system. Values
for χN , D1 , and Rh were determined using particle based simulations.

where r is the distance between beads and κ is a spring constant. All pairs of beads
of types i and j that are separated by a distance r less than an interaction range σ
interact via a repulsive nonbonded potential
r 2
1 
Upair (r) = ij 1 −
2
σ

(6.6)

with Upair = 0 for r > σ. All simulations use a spring constant κ = 3.048kB T /σ 2
and a non-bonded repulsion AA = BB = 25kT for interactions between beads of the
same type. As elsewhere in this thesis, we define a parameter
α = (AB − AA )/kB T

(6.7)

that can be adjusted to control the cost of contact between A and B beads. Throughout this chapter, we use a value α = 8.5 which is shown below to be equivalent to
a value χNB ' 27.0, where NB = 16 denotes the degree of polymerization of the
copolymer core block and χ is the effective Flory-Huggins parameter for interactions
between the core block and solvent. All simulations are performed in NPT ensemble molecular dynamics using a pressure P = 20.249 kB T /σ 3 that was used in prior
work. Model properties are summarized in Table 6.1. Simulations of micelles are
performed using periodic boundary conditions using an L × L × L cubic unit cell for
which L ' 38σ. Each simulation is initialized by applying an external potential that
gathers the B blocks of all the diblock copolymers in the system into the core of a
single micelle. The system is then allowed to relax for ten million molecular dynamics
steps after turning off this external potential before beginning data collection. The
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average aggregation number of the micelle in each simulation is determined by using a
cluster analysis to determine the instantaneous number of copolymers in the micelle,
and taking a time average. The average number of free molecules is then given by the
difference between the fixed total number of copolymer molecules in the simulation
and the average number in the micelle.
Simulations of insertion of copolymers into a homopolymer droplet are performed
on ternary systems containing A homopolymers of 16 beads (the same degree of
polymerization as the core block of the copolymer, a few copolymers, and solvent.
Each such contained 10 copolymer molecules, with different numbers of homopolymer
molecules in different simulations. We find that an average of approximately 8 of the
copolymers are incorporated into the droplet, almost independent of the number of
homopolymers. An average total aggregation number for the droplet in each simulation is computed by using the cluster analysis to compute the average total number
of molecules in the droplet, homopolymers and copolymers. We report results for
simulations for which this average total aggregation number varies from 20 to 80. We
assume that the number of copolymers within each droplet (approximately 8) is small
enough so that the copolymer coronas do not create a significant barrier to insertion.

6.4.2

Copolymer Diffusivity

Values of the copolymer tracer diffusivity are needed for some parts of our analysis.
Diffusivity is measured by measuring the mean squared displacement of a diblock
copolymer in a simulation of a single copolymer in solvent. Results for PS16, PS32,
and PS48 are shown in Fig. 6.1. Values for the diffusivity D1 are extracted from a fit
of mean-squared displacement at long times to a linear function of time with a slope
6D1 t. Values of D1 are given in Table 6.1
Previously it was shown that for objects with a hydrodynamic radius comparable
to the periodic simulation dimensions that the diffusivity of the object is suppressed.
In order to ensure this was not the case for these longer polymers the hydrodynamic
radius was calculated for each of them via the Einstein formula. The copolymer diffusivity D1 is related to the hydrodynamic radius Rh by the Stokes-Einstein relation,
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Figure 6.1: Mean squared displacements plotted against time for cases PS16, PS32,
and PS48. Solid lines are the actual MSD, dashed lines are the fits used to determine
the diffusivity
D1 = kB T /(6πηRh ). Solvent viscosity η was determined by measuring shear stress
autocorrelations to obtain the stress relaxation modulus G(t) and evaluating the in´
tegral η = dtG(t). The modulus and associated integral are both shown in Fig. 6.2
By this method, we obtained η = 0.733 in simulation units, in which σ, kB T and the
bead mass are all equal to unity. The corresponding hydrodynamic radii were found
to be 1.38σ, 2.03σ, and 3.11σ for models PC16, PC32, and PC48, respectively.

6.4.3

Insertion and Expulsion Rates

Insertion and expulsion rate constants are determined for micelles and droplets of
various sizes by the method described in Chapter 3. This method involves counting
how frequently molecules actually enter and leave an aggregate (i.e., a micelle or
droplet) in a simulation with periodic boundary conditions and a single aggregate
per unit cell. As discussed in chapter 3, we measure the rate F of events in which a
micelle that is expelled from the aggregate reaches a distance Ro from the center of the
aggregate without first being re-inserted into the aggregate. This rate is measured for
several choices of the outer radius Ro . We also measure the average concentration c1 of
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Figure 6.2: Upper plot is the stress relaxation modulus plotted against time, while
the bottom plot is the integral of this curve. The asymptote of the lower curve is the
value of the viscosity for this solvent.
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free molecules that coexist with the micelle in each such simulation. The macroscopic
expulsion rate constant k − is the obtained from the extrapolated value of the limit
k − = lim F (Ro )

(6.8)

Ro →∞

As discussed in chapter 3, a simple diffusion model predicts that rate F should depend
on the outer radius Ro as
1
1
=
F (Ro )
4πD1 c1



1
1
−
Ro Rc


(6.9)

The value of k − is thus determined by plotting values of 1/F (Ro ) obtained using
several values of Ro vs. 1/ro and fitting values obtained using the largest few values
of Ro to a straight line with the predicted slope 1/(4πD1 c1 ), using independently
measured values of D1 and c1 . The y-intercept of this line gives the value 1/k − ,
which is the expulsion time. Values of Rc can then be inferred by setting k − =
1/F (∞) = 4πD1 c1 Ro .
Fig. 6.3 shows typical results for the dependence of inverse expulsion rate F from
a homopolymer droplet plotted against the inverse of the outer radius. Fig. 6.4 shows
corresponding examples of rates for copolymers entering and leaving a micelle. The
solid lines are fits of the leftmost few points to Eq. (6.9), in which the the y-intercept
is treated as a fitting parameter but the slope 1/(4πD1 c1 ) is constrained to be equal
to the value obtained from independent measurements of D1 and c1 . In each of these
cases, results for the largest values Ro (or smallest values of 1/Ro ), fit this prediction
rather well. For smaller values of Ro (or larger 1/Ro ), the data falls off this line. We
assume that this is a result of interactions between the copolymer and the micelle or
droplet when the outer radius Ro is not large enough.

6.4.4

Estimating χNB

In order to compare MD results with SCFT predictions, we will need an estimate of
the value of the Flory-Huggins χ parameter for our simulation model at our chosen
value of α = 8.5. We have chosen to estimate this for a system by using thermody-
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Figure 6.3: Inverse 1/F of the rate of copolymer insertion and expulsion for homopolymer droplets plotted vs. inverse of the outer radius Ro , for a micelle of approximately
60 molecules. Line is a fit to Eq. (6.9).
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namic integration with respect to α to compute the difference in free energy between
a system containing a single A homopolymer dissolved in a point particle A solvent
(α = 0) and a system containing a single diblock copolymer with the same total number of beads and α = 8.5. This calculation was repeated for each of the three choices
of corona block length used here, but the same free energy difference of 27.0kB T was
found for all three cases. In Flory-Huggins theory (which is a special case of SCFT
applied to a homogeneous system), this difference would be given by χNB kB T , where
NB = 16 is the number of beads in the copolymer core block. We thus estimate
χNB = 27.0 for the relevant simulation model.

6.5

MD Simulation Results

Fig. 6.5 shows simulation results for the concentration of free molecules that were
found in coexistence with micelles of varying average aggregation number n and
corona block length. Error bars show estimated standard deviation on the mean
calculated from the variance of results for time averages obtained from 24 independent simulations. For each species of copolymer, the free molecule concentration was
found to be almost independent of micelle aggregation number, to within remaining
statistical errors. The free molecule concentration does, however, depend noticeably
on corona length. Measured free molecule concentrations for the two species with 32
and 48 beads in the corona block (PS32 and PS48), are almost twice those obtained
for 16 beads (PS16). The fact that almost equal free molecule concentrations are obtained for PS32 and PS48 also suggests, however, that the effect of increasing corona
length saturates fairly quickly with increasing corona length.
Figures 6.6 and 6.7 show results for the capture radius Rc for both droplets and
micelles plotted versus estimated core radius, denoted by Rcore . The estimated core
radius Rcore shown in these figures has been calculated from a measurement of the
average number of molecules within the aggregate for each simulation, i.e., the average
number of copolymers within each micelle and the average number of homopolymers
and copolymers within each droplet. The core radius for a simulation of an aggregate
with average aggregation number n has been estimated by assuming that all 16 of
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Figure 6.5: Concentration of free molecules measured in equilibrium with micelles of
different aggregation numbers for cases PS16, PS32, and PS48
the B monomers of each copolymer or homopolymer molecule pack within the core
with some constant monomer density c and computing the radius of a sphere large
3
/3, using a monomer
enough to enclose these monomers, by setting 16n/c = 4πRcore

concentration c = 3σ −3 . For simplicity, this estimate treats the core as if it were a
pure component B, and thus ignores penetration of a small volume fraction of solvent
into the core. The estimated penetration of order 10% solvent by volume is expected
to cause us to underestimate Rcore by a few percent. Because the extent of solvent
penetration is very similar for droplets and micelles, this error is not expected to
corrupt comparisons of rate constants for droplets and micelles of similar core radius.
Results for the capture radii of droplets (+ symbols) are shown in Fig. 6.6 for
all three copolymer species. For droplets, the capture radius Rc is found to increase
roughly linearly with increasing core radius Rcore , with Rc > Rcore . The difference
Rc −Rcore appears to be nearly independent of Rcore for PS16 and PS32, but increases
somewhat with increasing droplet size for PS48. This behavior is similar in most
respects to that found in Chapter 3 for insertion into either a homopolymer droplet
or a copolymer micelle for systems with homopolymer solvent.
Results for the capture radii of micelles (circles) and droplets (+ symbols) are
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Figure 6.6: Capture radii for insertion of PS16 (◦), PS32 (×) and PS48 (+) into
homopolymer droplets plotted vs. estimated core radius of the droplet, for cases
PS16 (top), PS32 (middle), and PS48 (bottom).
compared in Fig. 6.7. Capture radii for micelles in Fig. 6.7 are consistently lower
than those obtained for droplets of similar core radii. This difference shows that, for
these systems with small molecule solvent, the micelle corona creates a measurable
barrier to insertion. The results also show that the magnitude of the difference increases as either corona length or core radius increases. This is as expected, since
we expect either a longer corona or larger aggregation number to lead to a more
strongly stretched corona, and thus to a larger barrier to insertion. Interestingly,
for each corona block length, capture radii for micelles appear to be approximately
independent of core radius or micelle aggregation number. We do not know of any
fundamental reason to expect this, except as the result of an accidental cancellation
of opposing changes arising from an increase in core radius and an increase in the
magnitude of the barrier to insertion.
Figure 6.8 shows results for the inverse expulsion rate 1/k − , or exchange time, for
micelles of varying corona length and aggregation number. These results are inferred
directly from the measured value of the exchange rate F (Ro ) extrapolated to Ro = ∞
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Figure 6.7: Capture radius Rc for micelles (◦) and homopolymer droplets (+) plotted
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PS16 (top), PS32 (middle), and PS48 (bottom).
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().
by the procedure shown in Figs. 6.3 and 6.4. A comparison of results for PS16 and
PS48 indicate a slight but apparently systematic increase in expulsion time, or a
decrease in expulsion rate, with increasing corona block length.

6.6

Self-Consistent Field Theory

Self-consistent field theory (SCFT) is a computational method in which polymer
chains are treated as continuous random walks interacting with chemical potential
fields that are different for different monomer types. The behavior of a polymer chain
is described in this theory by a function q(r, s) that satisfies a partial differential
equation (PDE)
 2

∂q(r, s)
b 2
= − − ∇ + ωj(s) (r) q(r, s) ,
∂s
6

(6.10)

in which b is a statistical segment length and ωj(s) (r) is the monomer chemical potential field for the monomer type j(s) of monomer s. The function q is proportional
to the constrained partition for a chain segment that contains monomers [0, s] the
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position of monomer s is constrained to position r. A related function q † (r, s), which
represents a partition function for the remaining monomers [s, N ] of a chain of length
N , satisfies a similar PDE
 2

∂q † (r, s)
b 2
= − ∇ + ωj(s) (r) q(r, s)
∂s
6

(6.11)

The chemical potential field for a monomer of type i is given in the standard model
for an incompressible liquid by
ωi (r) =

X

χij φj (r) + ξ(r)

(6.12)

j

where χij is the Flory-Huggins interaction parameter between monomers of type i
and j, defined such that χAA = χBB = 0 and χAB = χBA = χ. Here, φi (r) is the
concentration of monomers of type i at, and ξ(r) is a Lagrangian multiplier field that
is chosen to satisfy a constraint of incompressibility.
SCFT may be used to calculate the critical micelle concentration and micelle
structure for an equilibrium micelle. Calculations of micelle structure are performed
over a range of values of surfactant concentration near the expected critical micelle
concentration (CMC). The CMC is taken to be the value of the bulk free molecule
concentration above which the SCFT prediction for the excess grand canonical free
energy becomes negative. The equilibrium aggregation number is given by the excess
number of molecules in the micelle when the bulk concentration is equal to the CMC.
SCFT can also be used to estimate the barrier to insertion of an additional copolymer into a micelle. Our strategy for doing this is to compute the self-consistent field
free energy of a diblock copolymer for which the junction is constrained to a specified
distance from the center of the micelle, and to treat this distance as an approximate
reaction coordinate. Imagine that, as a first step, we have solved the SCFT problem
for a spherical micelle to obtain self-consistent solutions for ωA (r), ωB (r), q(r, s) and
q † (r, s). Consider a system with copolymers of N monomers in which monomers with
contour variable s ∈ [0, NB ] are of type B and monomers with s ∈ [NB , N ] are of
type A, so that the junction between A and B blocks is at s = NB . Let qA (r) and
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qB (r) denote values of the constrained partition functions for the A and B blocks,
respectively, when the A-B junction is constrained to a position r. These quantities
are given by
qB (r) ≡ q(r, s = NB )
qA (r) ≡ q † (r, s = NB ) .

(6.13)

The partition function for an entire copolymer for which the junction is constrained to
a point r is then given to within a multiplicative constant by the product qA (r)qB (r).
The corresponding constrained free energy, denoted by ∆F (r) is thus given to within
an additive constant by
∆F (r) = −kB T ln(qA (r)qB (r))
= ∆FA (r) + ∆FB (r) ,

(6.14)

in which
∆Fi (r) ≡ −kB T ln qi (r)

(6.15)

is the constrained free energy arising from the i block alone. When applied to a
spherical micelle ∆FA , ∆FB and ∆F are functions of the distance r between the center
of the micelle and the copolymer junction. By convention, we define the arbitrary
additive constants in the definitions of these free energies such that ∆Fi → 0 far
outside the micelle, where r → ∞.
To estimate the barrier insertion into a spherical micelle, we treat the distance
r between the center of a micelle and the junction of a test polymer as a reaction
coordinate. We then look for a value of r at which ∆F (r) has a local maximum,
denoted by r∗ , and identify this as a transition state. The estimated barrier to
insertion is then given by the value ∆F (r∗ ) of ∆F at its maximum.

Chapter 6: Single Molecule Exchange in Small Molecule Solvents

6.6.1

256

Polymeric Solvent

Before discussing the case of micelle in a small molecule solvent considered in this
chapter, we briefly revisit the model of a micelle in a polymeric solvent considered
in chapters 2-5. SCFT calculations for the model with a polymeric solvent were
performed using the estimate of χNB obtained by evaluating the energy to convert
an A homopolymer into an AB diblock copolymer, as discussed above.
Results for an equilibrium micelle with α = 16 are shown in Fig. 6.9. We have
chosen to perform this calculation using conditions chosen to yield an aggregation
number of n = 97 that corresponds to that obtained in Chapter 3 as the equilibrium
value for the particle model. The upper plot of Fig. 6.9, which shows the average
volume fractions associated with different blocks or molecules, shows that the core
radius is approximately r ' 3σ. The lower plot shows a weak maximum in ∆F (r) at
r∗ ' 5.75σ, with a very small barrier of ∆F (r∗ )/kB T ' 0.25, with a rapid drop in
∆F (r) for r < r∗ . Corresponding results for lower values of α in the range α ∈ [10, 16]
studied in chapters 2-5 are found to be very similar, with similarly small values of
∆F (r∗ ). The value of r at which ∆F (r) is maximum corresponds roughly to the
distance to the junction below which the end of the copolymer B block can reach into
the favorable environment of the core without excessive cost in stretching free energy.
The predicted barrier of much less than kB T is too small to significantly hinder
insertion. This is completely consistent with our conclusion that for this model, with
a polymeric solvent, the micelle corona is not stretched enough to create a significant
barrier to insertion of another molecule.

6.6.2

Point Particle Solvent

SCFT predictions for equilibrium properties of micelles in small molecule solvents are
given in Table 6.2 for species PS16, PS32, and PS48. All of these SCFT calculations
were carried out using a common value of χNB = 27.0 that was obtained from analysis
of the free energy of a solvation of a copolymer in our particle-based simulations.
Increasing corona length from 16 to 48 leads to a substantial decrease in predicted
micelle aggregation ne , from 45.7 to 17.8, and an increase in the critical micelle
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Figure 6.9: SCFT predictions for radial composition profile (upper plot) and constrained free energies (lower plot) for the model used in chapters 2-5 of micelles in
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258

Chapter 6: Single Molecule Exchange in Small Molecule Solvents

Label
PS16
PS32
PS48

α
8.5
8.5
8.5

χNB
27.0
26.9
27.0

φc
0.100%
0.333%
0.656%

cc
9.38 × 10−5
2.08 × 10−4
3.08 × 10−4

ne
45.7
25.6
17.8

Table 6.2: SCFT predictions for equilibrium properties of spherical micelles in the
model of diblock copolymers in a point-particle solvent. Values are given for the
critical micelle volume fraction φc (the volume fraction of free surfactant molecules
outside the micelle at the CMC), the critical micelle number concentration cc (i.e, the
corresponding number concentration), and the equilibrium aggregation number ne .

concentration cc by approximately a factor of 3. The predicted values of cc ' 1.0 ×
10−4 σ −3 for PS16 is approximately twice the value of c1 ' 0.5 × 10−4 measured
for the free molecule concentration in MD simulations. The predicted increase in
cc by approximately a factor of 3 with increasing corona length from PS16 to PS48
is comparable to but somewhat larger than the observed increase in free molecule
concentrations by a factor of approximately 2 - 2.5 observed in MD simulations.
Figures 6.10 and 6.11 show results for SCFT predictions of micelle structure and
free energy landscapes for micelles of species PS16 and PS48, respectively. For these
cases of micelles in a point particle solvent, results are shown for the bulk unimer
concentration corresponding to the SCFT prediction for the CMC, for which the aggregation number corresponds to the SCFT prediction for the equilibrium aggregation
number ne .
Upper plots of Figs. 6.10 and 6.11 show micelle composition profiles for PS16 and
PS48. One important difference between these profiles and those obtained for micelle
in a polymeric solvent is that the use of a point particle solvent allows significant
penetration of the solvent into the core, giving a core that contains approximately
10 % solvent by volume. In addition, the volume fraction of corona is much lower
near the micelle core, indicating a more diffuse, highly swollen corona. This is a direct
result of greater swelling power of a less bulky solvent, arising from the larger increase
in solvent translational entropy upon swelling of the corona.
Lower plots of Figs. 6.10 and 6.11 show the free energy ∆F (r) for a molecule with
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constrained junction position for PS16 and PS48. SCFT predictions for PS16 yield a
negligible barrier to insertion, with ∆F (r∗ ) = 0.23kB T . Predictions for PS48 instead
show a substantial barrier of approximately ∆F (r∗ ) = 1.47kB T .

6.6.3

Comparison of MD Simulations

Eq. (6.16) defines an apparent barrier to insertion caused by presence of a micelle
corona, as measured in MD simulations. This quantity is obtained from a comparison
of the measurements of insertion into a micelle and into a corresponding droplet, and
is given by
∆F = −kB T ln(k + /kd+ ) ,

(6.16)

where k + is the rate constant for insertion into a micelle and kd+ denotes the rate
constant for insertion into a droplet with a core radius equal to that of the micelle.
Fig. 6.12 shows a comparison of the values of the apparent barriers inferred from
MD simulations (circles) and SCFT predictions for the barrier ∆F (r∗ ) obtained from
predictions of the free energy of a molecule with a constrained junction position (solid
lines). SCFT predictions and MD results are in gross qualitative agreement, insofar
as both predicted barriers increase with both increasing corona length and increasing
aggregation number. Predicted and apparent barriers also both increase from values
significantly less than kB T for PS16 to barriers of order kB T for PS48. At a more
quantitative level, this SCFT estimate appears to overestimate the apparent barrier
somewhat for cases PS32 and PS48, for which the barrier is beginning to be significant,
and has particularly a noticeable tendency to overestimate the increase in the barrier
with increasing aggregation number in these cases.

6.6.4

Overall Coronal Effect

The overall rate of insertion or expulsion into a micelle can be expressed at a phenomenological level as a product
k − = k + c1 = 4πD1 c1 Rd e−∆F/kB T

(6.17)
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Figure 6.10: SCFT predictions for radial composition profile (upper plot) and constrained free energies (lower plot) for micelles of PS16 in a small molecule solvent.
Values of the distance r from the center of the micelle are given in units of σ
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Figure 6.12: Comparison of the free energy barriers predicted by SCFT and the
particle based simulation based on − log(Rd /Rc ) where Rd is the droplet capture
radius and Rc is the micelle capture radius.
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in which c1 is free molecule concentration, D1 is free molecule diffusivity, Rd is the
capture radius of a corresponding droplet, with no corona, and ∆F is the barrier
to insertion caused by the presence of a corona. Increasing the length of the corona
block of a copolymer is expected to change several variables in this expression. Specifically, increasing the length of the corona block is expected to increase c1 , increase
∆F and decrease D1 . Changes in c1 and ∆F are both results of increases in the
extent of stretching of the corona block, and are expected to yield compensating effects. Increasing the length of the corona block increases c1 because it increases the
stretching free energy of molecules that are fully incorporated into the micelle, and
thereby decreases the free energy required to remove a molecule from the micelle. The
increase in ∆F with increasing corona block length instead reflects the total change
in stretching energy of the micelle when a molecule is taken from outside the micelle
and moved to the transition state.
Changes in corona block length also cause changes in the equilibrium aggregation
number of the micelle. These changes in equilibrium structure indirectly affect the
values of other parameters if we compare values for equilibrated systems of molecules
with different corona block lengths. Unfortunately, our MD simulations for copolymers in small molecule solvents do not allow us to estimate the equilibrium micelle
aggregation number, because we have not attempted to measure the dependence of
cluster free energy on aggregation number. We can, however, instead use SCFT
prediction for changes in equilibrium aggregation number.
Fig. 6.13 shows SCFT predictions for the change in overall expulsion rate constant
k

−

for equilibrium micelles of varying corona block length, for the MD simulation

model considered here. There we predict the logarithm of the ratio k − /k0− , in which
k − is the expulsion rate constant for a micelle with a corona block with a variable
number NA beads and core block of fixed length NB = 16 beads, while k0− denotes the
corresponding value for a reference length NA,0 = 16 corresponding to PS16. Using
Eq. (6.17) this ratio can be expressed as a sum
ln

k−
D1
Rd
∆F − ∆F0
c1
+ ln
+ ln
−
− = ln
c1,0
D1,0
Rd,0
kB T
k0

(6.18)
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in which quantities with a 0 subscript denote values measured for the reference system, with NA,0 = 16. The predictions shown in Fig. 6.13 were obtained by using
SCFT predictions for changes in the equilibrium aggregation number ne , free molecule
concentration c1 , and barrier ∆F . Changes in diffusivity D1 were estimated by as√
suming D1 ∝ 1/RH and assuming a free molecule hydrodynamic radius RH ∝ N ,
where N is overall copolymer degree of polymerization. Changes in the droplet capture radius R0 have been ignored because these quantities cannot be predicted on the
basis of SCFT calculations, but values of the droplet capture radii obtained from MD
simulations appear to change very little with increasing corona block length when
evaluated at the equilibrium aggregation number predicted by SCFT. All predictions
used χNB = 27.0 and NB = 16.
The results shown in Fig. 6.13 show that the net change in predicted expulsion
rate constant decreases slightly with increasing corona length. This is qualitatively
consistent with the results of our MD simulations, which also showed a slight decrease
in k − as corona length was increased from 16 to 48 beads.
Interestingly, the prediction of the net decrease in k − with increasing NA closely
tracks the prediction of the decrease in D1 . This implies that changes in k − that
arise from changes in free molecule concentration and changes in the predicted insertion barrier cancel almost exactly. Because −kB T ln c1 is related to the free energy
change required to remove a molecule entirely from a micelle, while ∆F is a barrier
to insertion, the sum ∆F − kB T ln c1 gives a measure of the barrier to expulsion.
This barrier to expulsion is given physically by the difference between the free energy
at the transition state and the free energy of a copolymer within the micelle. The
fact that changes in −kB T ln c1 and ∆F exhibit equal and opposite changes when the
corona block length is changed implies that the barrier to expulsion, which controls
the overall 1/k − , is almost independent of corona block length. The barrier to expulsion always contains an enthalpic contribution of approximately χNB arising from the
removal of the core block from the core and solvation in an A-rich environment. This
contribution is independent of corona block length, however, and so is not expected
to show up in a comparison of rates for chains with the same core block length and
varying corona block length. Changes in the barrier to expulsion with changes in
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against increasing corona block length for the case where χNcore is equal to 27.0.
NA /NB is the ratio of beads in the corona block to beads in the core block. Data is
shown for the equilibrium micelle at the CMC for all cases.
corona block length are instead expected to arise primarily from changes in chain
stretching free energy between a chain at the transition state and a chain that is
fully incorporated into the micelle. These predictions suggest that the stretching free
energy changes very little as a chain moves from inside the micelle to the transition
state, but that there is a significant difference between the stretching free energy of
a chain at the transition state and that of a free chain.

6.7

Conclusions

In this chapter we have used both MD simulations and SCFT calculations to study
rates of single-molecule insertion for diblock copolymers in a small molecule solvent.
We considered a series of systems with a fixed core block length of NB = 16 beads
and a varying corona block block length of NA = 16 - 48 beads. A fixed value
of the repulsion parameter was chosen that was shown to correspond to a value of
χNB ' 27. This value, which was chosen for computational convenience, yields free
molecule volume fractions of order 10−3 − 10−2 .
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Results of MD simulations indicate a relatively small decrease in single molecule
exchange rates with increasing corona block length. The measured change in exchange rate with increasing corona length appears to be roughly comparable to the
corresponding change in free molecule diffusivity. This suggests that the free energy
barrier to expulsion changes rather little with changes in corona block length over the
range of parameters considered here.
SCFT has been used to predict both equilibrium properties of micelles in a point
solvent and to estimate the barrier to insertion of a free molecule into a micelle.
Comparisons of SCFT and MD simulations were performed using a value of χ that
was inferred from SCFT by measuring the difference in free energy between an A
homopolymer dissolved in point particle A solvent and that of a dissolved AB diblock
copolymer. SCFT predictions for the CMC obtained using this estimate of χ and a
simple method of identifying when the formation of micelles becomes favorable exceeded free molecule concentrations measured in simulations by a factor of 2-3. Using
SCFT predictions for free molecule concentrations and insertion barriers to predict
changes in exchange rates was found to yield predictions that agree qualitatively with
those found in MD simulations: While the stretched corona does create a measurable
barrier to exchange events, overall exchange rates were found to decrease slowly with
increasing corona length, with the decrease controlled by the change in free molecule
diffusivity.

Chapter 7
Conclusions
This chapter summarizes the key conclusions of the different topics studied in this
thesis. The conclusions are broken down by the topics studied.
Thermodynamics of Dilute Micelle Solutions
By using umbrella reweighting schemes related to the total number of molecules
in the simulation volume and the semigrand ensemble, free energy surfaces were
calculated as a function of aggregation number for micelles in a polymeric solvent.
The method of calculating the free energy of clusters is based upon the frequency
upon which they occur, combined with biasing the total number of molecules in the
box and is novel and has not been done elsewhere. This method offers improved
sampling that results in an accurate micelle free energy surface.
The methodology developed here is unfortunately limited in the systems to which
it can be applied. The reliance on a semigrand flipping move confines this technique
to solutions where micelles are dissolved in a melt polymer. In order to extend the
analysis here to polymeric micelles in a small molecule solvent it is necessary to
find a different method of determining the free energy surface. Possible solutions
for the more general problem include a “confined” thermodynamic integration where
a standard thermodynamic integration is performed but the micelle is prohibited
from undergoing exchange events. Alternatively the free energy surface case could be
found through calculating the sequential free energy differences between a micelle of
aggregation number n and n + 1 for all n of interest by extracting chains one at a
267
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time from the micelle.
Role of the Corona Block in Single Molecule Exchange
SCFT and particle based simulation were used to better understand the role the
corona plays in the single molecule exchange process. In the case of polymeric micelles
in a polymer solvent, the lack of solvent penetration into the corona and subsequent
low stretching of the corona results in a minimal barrier to insertion, and the insertion
process in this case is diffusion controlled. However in the case of a micelle dissolved in
a small molecule solvent, stretching of the corona due to solvent penetration leads to a
substantial barrier to insertion. Despite this barrier, the overall effect of lengthening
the corona appears to be only a very weak decrease in the exchange rate due to lower
free molecule diffusivity. Increases in the barrier to exchange are almost exactly
counteracted by increases in the surrounding free molecule concentration.
These observations were made with the help of a novel method of measuring insertion and expulsion rates, and characterizing insertion via an effective capture radius.
However this methodology is phenomenological, and while it provides a rough estimate of the barrier in the form of a reduced capture radius, it provides no insight into
the shape of the barrier. Furthermore the SCFT calculations performed here require
that the partition function of the chain being inserted into the micelle remains at
thermodynamic equilibrium at all times during the insertion process. This assumption is not necessarily true in an actual molecular system which may experience local
fluctuations. To more accurately determine the shape of the insertion barrier in a
particle based system, simulations should be performed using reweighting schemes for
a single chain entering and leaving a micelle. This would allow a direct comparison
with the barrier profiles calculated in SCFT and give more insight into the molecular
exchange process.
Relaxation of Dilute Micelle Solutions Near Equilibrium
By calculating the average time before a micelle undergoes an association/dissociation
or fission/fusion event, it was determined that the dominant mechanism for number
relaxation of micelles depends strongly on surfactant solubility. At lower α and correspondingly higher solubilities, association/dissociation is the dominant mechanism,
but at low solubilities fission/fusion dominates. However the analysis here relies on
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extrapolating fission times associated with enlarged micelles that undergo fission in
a range of times that are computationally accessible.
Future work in this area should focus on developing methods capable of sampling
these fission and fusion events amongst the micelles that our extrapolation suggests
contribute most to the relaxation. Such methods would determine the free energy barrier associated with the fission/fusion transition state, and could determine the total
barrier to fission/fusion such that it could be compared with association/dissociation.
Adsorption of Surfactant to a Bare Interface from a Micellar Solution
When a micellar solution is exposed to an initially bare interface, the adsorption
process proceeds through several distinct nonlinear behavior regimes. Depletion of the
free molecule concentration results in a localized acceleration in the rate of micelle
dissociation. This accelerated dissociation creates a micelle exclusion zone in the
vicinity of the interface. Depending on the parameter S, which is a measure of the
micelle mass mobility relative to the free surfactant mass mobility, the exclusion zone
has two drastically different behaviors. If S is much less than one, an exclusion zone
may grow outward eating away at relatively stationary micelles. However if S is
large the micelle diffusion plays a key role and micelles appear to diffuse towards
the interface where they rapidly dissociate. Further it was shown that depending
on number relaxation of the micelles, the micelles may exist in either partial local
equilibrium or full local equilibrium. Predictions of analytical theory for both of these
cases closely match the results from full numerical integration of a system of equations
tracking the evolution of each individual aggregation number.
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