
 

Advancements in Imaging of Concrete Members Using Shear Waves 

 

A Dissertation 

SUBMITTED TO THE FACULTY OF 

UNIVERSITY OF MINNESOTA 

BY 

Aziz Asadollahi 

 

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 

FOR THE DEGREE OF 

Doctor of Philosophy 

 

Advisor: Lev Khazanovich 

 

 December 2018 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© Aziz Asadollahi 2018 



i 

 

Acknowledgements 

I would like to express my deepest gratitude to my advisor, Prof. Lev Khazanovich, 

for his excellent guidance and support during my PhD study. I gratefully 

acknowledge the members of my Ph.D. committee, Prof. Henryk Stolarski, Prof. 

Lauren Linderman, and Prof. Alena Talkachova for their time and valuable 

feedback on a preliminary version of this dissertation. I would like to particularly 

acknowledge Prof. Henryk Stolarski for generously and unconditionally offering his 

time and expertise to guide me to advance this research. I would like to thank Dr. 

Merry Rendahl for proofreading and amending the language of my papers. I would 

especially like to thank my wife, Leila, for her patience, constant support and 

encouragement, and for believing me, more than I believe in myself.  

 

 

 

 

 

 

 

 

 



ii 

 

 

 

 

 

 

 

 

 

 

 

Dedicated to: 

My beloved wife and parents 

 

 

 

 

 



iii 

 

Abstract 

The emergence of ultrasound linear array devices employing dry point contact 

transducers emitting horizontal shear waves significantly increased the efficiency 

of data acquisition and enabled using imaging techniques for nondestructive 

evaluation of concrete members. Reverse time migration (RTM) is a mechanics-

based imaging technique that has gained the attention of researchers in the 

context of nondestructive testing (NDT) in recent years. RTM offers a better 

focusing over synthetic aperture focusing technique (SAFT), a well-established 

real-time imaging method for NDT of concrete members, and enables locating  

reflectors with steep slopes and the bottom boundaries of embedded objects. 

Despite all advantages, RTM suffers from some limitations. It is computationally 

costly and demands a massive memory. In addition, RTM algorithm generates 

images with high-amplitude artifacts and assigns amplitudes to the points of a 

reconstructed image that are not a true representative of the reflectivity of the 

scanned medium at those points. This dissertation develops an analytical 

approach to resolve the computational cost and memory demand bottlenecks of 

the RTM when dry point contact transducers emitting horizontal shear waves are 

used for data acquisition.  

Horizontal shear waves preserve more energy than longitudinal waves after 

emission allowing inspection of concrete members in deeper depths. However, the 

lower wavelength of shear waves increases the potential of scattering by 

aggregates and air voids that affects the quality of the reconstructed images. This 

dissertation develops a 3D numerical tool to study the scattering attenuation of 
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shear waves in concrete. An efficient algorithm is introduced to generate non-

overlapping aggregates and air voids to study the effect of size, shape, and 

material properties of aggregates as well as the porosity of concrete on the 

scattering attenuation of shear waves.  Moreover, it develops novel techniques to 

mitigate the high-amplitude artifacts of RTM images and to adjust the amplitudes 

assigned to the points of an image reconstructed by RTM for homogeneous and 

concrete members.  
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1 Introduction 

The quality assurance of newly constructed, rehabilitated, or reconstructed 

concrete structures and the regular assessment of the integrity of aging concrete 

infrastructures plays a vital role in the safety of these structures [1]–[3]. The 

location of tendon ducts or rebars in finished structures, for instance, can be 

different from that in construction drawings [1], [2] which can imperil the safety of 

structures. These all signify the importance of nondestructive testing. 

Nondestructive testing (NDT) allows the evaluation of the health of structures 

without making any damage to them. Ultrasonic nondestructive testing methods 

allows the visualization of major discontinuities in acoustic impedance in deeper 

depths in the test specimens [4]–[6]. Therefore, they are appropriate for visualizing 

defects and inclusions such as cracks, rebars or cavities. Ultrasonic NDT of 

concrete members has witnessed significant advancements during the last two 

decades [3], [7], [8]. Large transducers which needed a coupling agent were 

replaced with 1-2 mm in size dry point contact (DPC) transducers [8]. Data 

acquisition systems integrating multiple DPC sending and receiving transducers 

have further increased the efficiency of data acquisition [7]. These systems provide 

a large amount of data in a fraction of a second and enables using imaging 

techniques for localization and characterization of inclusions and defects [9]. 

Development of DPC transducers emitting horizontal shear waves offered a 

significant advancement in NDT of concrete structures. While most of the energy 

of longitudinal signals converts to shear and surface waves after transmission [10], 

horizontal shear waves preserve a higher level of energy while propagating in 
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concrete, and therefore, permit greater penetration depth. The lower wavelength 

of shear waves in comparison to longitudinal waves and higher energy level of 

shear waves permits detection of smaller inclusions and defects at deeper depths 

in low frequencies. This technology is extensively used in practice to measure 

thickness and to detect rebar, delamination, and damage. 

    The main challenge in ultrasonic NDT of concrete structures is the composite 

nature of concrete. The heterogeneity of concrete can cause scattering of 

propagating ultrasonic waves [11].  Scattering attenuates the energy of the 

coherent waveforms (scattering attenuation) and limits the penetration depth of the 

ultrasonic waves. Scattering attenuation is correlated with the ratio of the 

aggregate size to the wavelength of the transmitted waves [11]. The velocity of 

shear waves in concrete is about 2500 m/s, while the velocity of longitudinal waves 

is around 4300 m/s [5]. The lower wavelength of shear waves in the hosting 

medium (𝜆 = 𝑐/𝑓, where 𝜆 is wavelength, 𝑐 is velocity and 𝑓 is frequency) 

increases the potential of the scattering of shear waves in concrete. Due to the 

broad applications of data acquisition systems that employ DPC shear transducers 

in practice, and since the signal to noise ratio (SNR) plays a significant role in the 

detection of inclusions and defects or geometry measurements, gaining insight into 

the scattering attenuation of horizontal shear waves is in concrete vital. Several 

numerical and experimental investigations have been conducted to understand the 

scattering attenuation of longitudinal waves in concrete; however, to our 

knowledge, the literature lacks a study on the scattering attenuation of shear 

waves. 
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    In this dissertation, we will use numerical simulations to study the effect of 

shape, size and material properties of aggregates as wells as porosity of concrete 

on the scattering attenuation of shear waves in concrete. Because the frequency 

range of 20-150 kHz is generally used in practice [5], we will study the scattering 

attenuation in this frequency range. To investigate the effect of shape and material 

properties of aggregates, we will assume that the aggregates could be ellipsoidal, 

representing rounded aggregates, or cuboid, representing angular aggregates, in 

shape and can have two different material properties. The first material properties 

for aggregates results in  similar acoustical properties for aggregates and cement 

matrix, while the second ones result in a large contrast between acoustical 

properties of aggregates and cement matrix. Furthermore, we will consider 

synthetic concrete specimens with and without air voids to investigate the effect of 

porosity on the scattering attenuation. Because the range of application of 

ultrasonic testing is broad, it is applied to concrete pavements, bridges, tunnel 

linings, foundations, etc., and since the maximum aggregate size in these 

structures is different, we will choose the maximum aggregate sizes of 19, 25, and 

38 mm in the mix design of the synthetic concrete specimens to investigate the 

effect of aggregate size on scattering attenuation.  

To perform the numerical simulations, we will develop a 3D numerical tool. We will 

use the elastodynamic finite integration technique (EFIT) [12] for the spatial 

discretization of the governing equations. While accurate enough, EFIT is the most 

efficient numerical technique for the simulation of propagation of waves in a 

strongly heterogeneous material such as concrete. We will adapt a special 
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formulation of perfectly matched layers to truncate the computational medium 

laterally. Moreover, we will propose a simple and efficient approach for the 

generation of non-overlapping aggregates and air voids and will use it to generate 

synthetic concrete specimens to investigate the influence of heterogeneity on the 

attenuation of shear waves in concrete. 

   As mentioned earlier, the emergence of linear array devices using DPC 

transducers significantly increased the efficiency of data acquisition and enabled 

using imaging techniques for nondestructive evaluation. Synthetic aperture 

focusing technique (SAFT) is a well-established imaging method in NDT of 

concrete members. SAFT is a predominant real-time imaging technique that 

suppresses the effect of non-coherent structural noises by averaging; however, it 

suffers from some shortcomings. For instance, it comes short in locating 

boundaries and interfaces with a steep slope and bottom boundaries of embedded 

reflectors such as tendon ducts [13]. Thus, a more advanced imaging technique is 

needed to overcome these limitations. Recently reverse time migration (RTM) has 

gained attention of researchers in the context of ultrasonic nondestructive testing. 

RTM is a mechanics-based imaging technique that offers a better focusing over 

SAFT. RTM algorithm reconstructs an image of the subsurface of the scanned 

medium by applying an imaging condition, cross-correlation, to the numerically 

reconstructed source and receiver wavefields. Furthermore, while SAFT converts 

multiple reflections to artefacts, RTM takes advantage of multiple reflections to 

locate interfaces and boundaries with steep slopes and bottom boundary of 

inclusions and defects.  
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     Despite aforementioned advantages, reverse time migration suffers from some 

drawbacks that limits its application to nondestructive testing. This imaging 

technique is computationally costly and demands a massive memory. RTM 

algorithm requires performing numerous numerical simulations and saving the 

entire time history of the source wavefield in memory or on a disk. The RTM is 

actively being used in the oil and gas industries where parallel processing and 

other techniques have been developed to alleviate these bottlenecks. These 

solutions are effective in the oil and gas industries, but are still costly for 

nondestructive testing applications. For example, imaging a concrete member of a 

considerable size with RTM can take days. Considering the nature of problems in 

NDT, more affordable solutions must be developed.  

    In this dissertation, we will develop a technique permitting elimination of 

computational and memory bottlenecks so that an operator could apply RTM to 

data acquired by DPC transducers transmitting horizontal shear waves and quickly 

obtain an image of the scanned medium using a standard personal computer. To 

do this, it will be assumed that the condition of anti-plane shear deformations in 

the scanned medium holds; only one displacement component is nonzero in anti-

plane shear. It will also be assumed that the scanning is performed from one side 

of the medium. Using these assumptions, we will generate an analytical approach 

in which a closed-form term will be obtained for the time history of the response of 

a particle in a half-space homogeneous medium to the emitted signal. Then, the 

time history of motion of that one particle will be used to obtain the time history of 

the motion of other particles in the medium by using the asymptotic behavior of the 
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anti-plane shear waves. The reflections from the boundaries will be considered by 

introducing fictitious sources. It will be shown that our analytical approach allows 

reconstruction of source and receiver wavefields, needed in the algorithm of RTM, 

at a very low computational cost. It addition, the imaging condition of reverse time 

migration will be obtained more efficiently.  These will lead to high resolution 

images at a very low computational cost. Those images can be used for geometry 

measurement or localization and characterization of inclusions and defects with a 

high accuracy. Moreover, the analytical approach will enable imaging each point 

of the medium independently, because in this approach the time history of motion 

of any point is dependent on the time history of the motion of only one particle. 

This capability of the analytical approach will further reduce the computation cost 

by restricting imaging to a region of interest (ROI) where the probability of the 

presence of defects or inclusions is higher. A low-resolution image reconstructed 

by the analytical RTM can be used to specify the ROI.  

    Imaging condition, cross-correlation, of reverse time migration reconstructs 

images with low-frequency high-amplitude artifacts. Moreover, amplitudes 

assigned to the points of a reconstructed image by cross-correlation imaging 

condition are not a true representative of the reflection coefficient of the subsurface 

of the scanned medium at those points. The reason for this is geometrical 

spreading attenuation of the source and receiver signals in the process of the 

reconstruction of the source and receiver wavefields. The effect of attenuation in 

the quality of the reconstructed images becomes more significant when the 
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ultrasonic waves are emitted to a specimen with an attenuative material such as 

concrete. 

In this dissertation, we will improve the imaging condition of the reverse time 

migration when DPC shear transducers are used for data acquisition to mitigate 

the low-frequency high-amplitude artifacts. We will find the source of high-

amplitude artifacts and will propose two approaches to suppress them. We will also 

define a normalization factor for taking into account spreading attenuation of both 

source and receiver wavefields in imaging. We will show that by using the 

analytical approach one could simplify the defined normalization factor to facilitate 

its calculation and understanding its role in correcting amplitudes assigned to the 

points of a reconstructed image. Moreover, we will define a weight function and 

will apply it to the imaging condition of RTM to lessen the effect of scattering 

attenuation by aggregates and air voids in concrete members on the reconstructed 

images. We will use synthetic data obtained from 3D simulation of propagation of 

horizontal shear waves in homogeneous and concrete elements to show the 

effectiveness of the new imaging conditions in reduction of artifacts and 

assignment of more precise amplitudes to the points of a reconstructed image. 

The outline of this dissertation is as follows:  

In chapter two, a literature review that covers previous studies of the attenuation 

of ultrasonic waves in concrete and ultrasonic techniques used for the imaging of 

concrete members will be presented. 

In chapter three, we will introduce the numerical tool, waveInConc, we developed 

for the simulation of propagation of waves in concrete. 
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In chapter four, the effect of heterogeneity on the attenuation of ultrasonic waves 

in concrete is numerically investigated. 

In chapter five, an analytical technique for resolving high computation cost and 

memory demand of reverse time migration will be developed.  

In chapter six, new imaging conditions for the mitigation of low-frequency high-

amplitude artifacts and adjustment of the amplitudes of a reconstructed image 

using reverse time migration will be developed.  

In chapter seven, conclusions and  summary of findings will be given and 

recommendations for future research will be provided. 
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2 Literature Review 

2.1 Ultrasonic nondestructive evaluation of concrete members 

Acoustic methods are the oldest nondestructive testing (NDT) approaches, beside 

visual inspection. A simple acoustic approach is striking a test specimen with a 

hammer and detecting the presence of internal voids or cracks by listening to the 

“ringing” sound [14]. The use of ultrasonic waves to detect defects was suggested 

in 1929 by Sokolov [15]. Bradfield and Gatfield were the first researchers who 

developed a pulse-echo technique for thickness measurement of concrete 

members [16] in 1964. using bulky, 0.16×0.10×0.25 m, 100 kHz transducers, they 

could measure the thickness of a 0.3 m deep concrete slab with a high accuracy 

(2% error) in laboratory. However, because of problems in coupling the 

transducers to the concrete surface, field measurements were not successful. 

Numerous pulse-echo and pitch-catch systems were developed until the late 

1980s [17]–[20]. Two main problems of all these pitch-catch or pulse-echo systems 

were that the transducers were bulky and they needed a coupling agent, jelly or 

grease, for transmitting energy to the test specimen and in most cases their 

application were restricted to laboratory tests.    

Dry point contact (DPC) transducers were developed by Acoustic Control System 

(ACS) in Moscow, Russia, in 1980s to eliminate the need for coupling agents. 

These transducers were 1-2 mm in size consisting of a piezoelectric crystal with a 

wear-proof ceramic tip. By the end of 1990s, this technology was used in devices 

enabling NDT of concrete members from one side [21]. With collaboration with 

Federal Institute of Materials Research and Testing in Berlin (BAM), Germany, 
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ACS developed the first array device using the dry point contact transducers [22]. 

The device was employing a linear array of 4×10 DPC transducers emitting low 

frequency shear waves to increase the penetration depth of the emitted signal in 

concrete elements. This technology has extensively been used in practice to 

measure thickness and to detect rebar, delamination, and damage and to assess 

grouting conditions in post-tensioned concrete elements [8], [9], [22]–[27]. 

2.2  Investigating the attenuation of ultrasonic waves in concrete 

2.2.1 Experimental investigations 

The composite nature of concrete attenuates the energy of the transmitted 

ultrasonic waves. Scattering by aggregates and air voids and intrinsic absorption 

attenuate the energy of the coherent waveforms (scattering attenuation) and limits 

the penetration depth of the ultrasonic waves. Scattering attenuation is correlated 

with the ratio of the aggregate size to the wavelength of the transmitted wave [11], 

[31]. Several experimental studies has been conducted to understand the 

attenuation of longitudinal and surface waves in cement-based materials and 

concrete [28]–[32].  

Jacobs et al. (2000) [30] used laser ultrasonics to measure the attenuation of 

surface waves in cement-based materials.  They studied the effect of aggregate 

size on the attenuation of Rayleigh waves in the frequency range of 200 kHz to 1 

MHz; however, they used very fine aggregates (𝑑𝑚𝑎𝑥 < 4.75 mm) in their study. 

They concluded that absorption rather than aggregate size was the dominant 

attenuation source of surface waves in their experiments. Philippidis and Aggelis 

(2005) [31] experimentally studied the effect of water content and aggregate 
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volume fraction and aggregate size on the attenuation of longitudinal waves in 

concrete. They concluded that the effect of water content on the attenuation is not 

clear. However, the velocity of wave in the concrete medium was increased by 

reducing the water to cement ratio (w/c).  Increase in the volume fraction of 

aggregates increased the attenuation of longitudinal waves in mortar, however, its 

influence on attenuation in concrete was not noticeable. In is worth mentioning that 

they used a large volume of aggregates in both of their experiments,   60% and 

66.5%. The increase in the aggregate size increased the attenuation of longitudinal 

waves in concrete, but not noticeably affected the velocity of longitudinal waves. 

Treiber et al. (2010) [32] studied the effect of different volume fractions of fine sand 

aggregates (0.76-0.841 mm) on the attenuation of high-frequency (0.8-3.0 MHz) 

longitudinal waves in cement-based materials. They observed that the attenuation 

is sensitive to the volume fraction of aggregates and it increases as the volume 

fraction of aggregates increases.  

2.2.2 Numerical investigations 

There are several numerical techniques for the spatial discretization of governing 

equations for the simulation of propagation of seismic waves [12], [33]–[36]. Finite 

element methods are appropriate tools for the cases where the geometry of the 

medium is complex [37], [38]. The drawback of these numerical techniques is that 

they are computationally costly. The reason is that a very fine spatial grid is needed 

to avoid numerical dispersion that is caused by the spatial discretization of the 

governing equations. Spectral element method is similar to finite element methods 

in nature while this numerical technique allows using a coarser mesh in the cost of 
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employing higher order basis functions [33], [37]. Finite difference methods are the 

most efficient numerical techniques for the simulation of propagation of seismic 

waves [37], [39], [40]. However, this numerical techniques have limitations in 

simulation of wave propagation in a medium with a complex geometry. 

Elastodynamic finite integration technique has the same order of efficiency as finite 

difference methods, however, this numerical technique offers more flexibility in 

handling strong heterogeneity of materials such as concrete [41].  

There are multiple numerical investigations on the attenuation of longitudinal 

waves in concrete [42]–[45] using elastodynamic finite integration technique. 

Schubert and Köhler (2002) [42] studied the attenuation of longitudinal waves in 

concrete. They used 3D Elastodynamic Finite Integration Technique (EFIT) for 

numerical simulations. Because of limitations in computation power, they used 

very small specimens (0.05×0.05×0.1 m) and assigned periodic boundary 

conditions to the lateral boundaries. They assumed that the maximum aggregate 

size was 12 mm and studied the scattering attenuation in 0-400 kHz frequency 

range. Their studies showed that 2D simulations result in unrealistic large 

scattering attenuation and cannot be used to study the attenuation of longitudinal 

waves in concrete. They also showed that the scattering attenuation is strongly 

dependent on the material properties of aggregates. By considering 1.75% 

porosity, air voids with the diameter of 2 mm, they showed the noticeable 

contribution of the porosity on the scattering attenuation in frequencies higher than 

100 kHz. Nakahata et al. (2015) [44] validated EFIT by comparing numerical and 

experimental data. They considered aggregates with the maximum size of 10 mm 
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and they used a source wavelet with the center frequency of 400 kHz. They studied 

concrete specimens with 10%, 20% and 50% aggregate volume fractions and 

showed that aggregate volume fraction plays a significant role in the attenuation 

of longitudinal waves in concrete. They also studied the influence of absorption on 

the attenuation. They concluded that attenuation due to multiple scattering by 

aggregates is more dominant than the attenuation caused by intrinsic absorption. 

Yu et al. (2018) [45] used two dimensional spectral-element time-domain method 

to study the attenuation of longitudinal waves in concrete. They validated their 

numerical method experimentally and analytically and showed that the shape of 

the aggregate has a slight influence on scattering attenuation. Additionally, they 

demonstrated that aggregate volume fraction is an important factor in the 

scattering attenuation by studying numerical specimens with 12%, 24% and 40% 

aggregate volume fractions. 

2.3   Imaging concrete members using ultrasonic waves 

As mentioned in the first chapter, data acquisition systems integrating an array of 

DPC transducers has significantly increased the efficiency of collecting data. 

These systems provide a large amount of data in a fraction of a second and 

enables using imaging techniques for localization and characterization of 

inclusions and defects. Such an efficient data acquisition system needs powerful 

imaging techniques to exploit the acquired data. 

     Synthetic aperture focusing technique is a well-established real-time imaging 

method for NDT of concrete members. SAFT has been used extensively to 

measure thickness, detect rebar, delamination, and damage [8], [9], [23]–[27], [46]. 
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However, because of shortcomings of SAFT (see chapter 1), Reverse time 

migration has gained attention of the researchers in the context of nondestructive 

testing in recent years [47], [48]. 

2.3.1 Reverse time migration 

Reverse time migration introduced by three independent research groups [49]–

[51]. This imaging technique offers a better focusing over SAFT. In contrast to the 

SAFT, which converts multiple reflections to artefacts, RTM takes advantage of 

multiple reflections to locate interfaces and boundaries with steep slopes and 

bottom boundary of inclusions and defects. Lin and Yuan [52]–[54], and He and 

Yuan [55], [56] used synthetic and real data and showed the ability of RTM to 

detect damages in aluminum and laminated composite plates. Müller et al. [13] by 

using synthetic specimens showed that RTM has the potential of imaging a whole 

circular boundary of tendon ducts and vertical boundaries of stepped foundations. 

Beniwal and Ganguli [47] successfully utilized RTM for the detection of defects 

around rebar located in a concrete medium. Grohmann et al. [48], [57] 

demonstrated that RTM can locate the vertical boundary of a large stepped 

foundation. Nguyen et al. [58] applied reverse time migration to the synthetic data 

obtained from ultrasonic testing of a pipe and they showed that RTM is capable of 

detecting multiple defects.  Liu et al. [59] showed the sensitivity of the RTM 

algorithm to the velocity model. They located the boundaries of a rectangular 

object located in a concrete column and showed that a slight change in the velocity 

model, significantly affects the accuracy of the reconstructed image.  
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    Despite all advantages, reverse time migration suffers from some drawbacks 

that limits its application to nondestructive testing. This imaging technique is 

computationally costly and demands a massive memory. To speed up 

computations, oil and gas industries use parallel computing techniques [60]–[64]. 

To alleviate the memory bottleneck, algorithms have been developed [65]–[70]. 

These algorithms, however, reduce the size of memory by requiring an additional 

numerical simulation backward in time to reconstruct the source wavefields. These 

solutions are effective in the oil and gas industries, but are costly for nondestructive 

testing applications [48].  

RTM reconstructs images with low-frequency high-amplitude artifacts, and the 

amplitude assigned to a point in a reconstructed image is not a true representative 

of the reflection coefficient at that point. Moreover, the application of RTM to the 

structures made of concrete is challenging due to scattering attenuation of waves 

in this material. To reduce the artifacts, source and receiver wavefields are usually 

decomposed to upgoing and downgoing using Fourier transform, then upgoing 

wavefields are cross-correlated with downgoing wavefields [70], [71]. In should be 

noted that the separation of wavefields into up and downgoing enforces extra 

computational cost. To assign a more accurate amplitude to the reconstructed 

images, the imaging condition is normalized using the source or receiver 

wavefields [72]–[74].  
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3 WaveInConc: A numerical tool for simulation of propagation 

of waves in concrete  

[This chapter is adapted from the following manuscript: Asadollahi, A., & 

Khazanovich, L. waveInConc: A numerical tool for simulation of propagation of 

waves in concrete. To be submitted to SoftwareX (In Progress).] 

WaveInConc is a numerical tool we developed for the simulation of propagation of 

mechanical waves in isotropic linear elastic homogeneous and heterogeneous, 

especially concrete, materials. For developing waveInConc, we used 

elastodynamic finite integration technique for spatial discretization of the governing 

equations. A special formulation of perfectly matched layers was adapted to 

truncate the computational domain in lateral directions. WaveInConc enables 

generating non-overlapping ellipsoidal, cuboid and real shaped aggregates to 

study the scattering of ultrasonic waves in concrete. Moreover, waveInConc can 

simulate propagation of waves in 2D and 3D layered media containing multiple 

scatterers with various shapes. 

3.1 Motivation and Significance 

Aging of concrete infrastructures worldwide indicates the importance of the 

evaluation of their integrity. Ultrasonic non-destructive techniques enable the 

inspection of thick concrete members without causing any damage to them. 

Inclusions and defects have a difference acoustic impedance from that of the 

hosting medium that gives rise to the reflection of the ultrasonic waves from their 

interfaces. The reflected waves are used for the localization and characterization 
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of inclusions and defects and evaluation of the integrity of the test specimens. 

While ultrasonic devices are used for data acquisition, these devices do not 

provide any insight into the propagation and scattering of ultrasonic waves by 

inclusions and defects in homogeneous or heterogeneous materials. Numerical 

tools can bridge this gap. 

Numerical simulation of wave propagation is a challenging task. A very fine spatial 

grid is needed to avoid numerical dispersion that arises from spatial discretization 

of governing equations. Moreover, a very fine temporal grid has to be used to avoid 

numerical instability.  Thus, a very efficient numerical technique is needed to 

overcome the massive computational cost. WaveInConc employs Elastodynamic 

Finite Integration Technique (EFIT) for discretization of governing equations in 

space. While accurate enough, EFIT is the most efficient numerical method for 

spatial discretization of the governing equations and the simulation of wave 

propagation in strongly heterogeneous materials such as concrete. EFIT has been 

extensively used in the literature to study multiple scattering of ultrasonic waves in 

concrete as well as propagation of lamb waves in homogeneous materials [42], 

[75], [76]. 

A special formulation of perfectly matched layers [77] was adapted in waveInConc 

to truncate the computational domain laterally and to reduce the computational 

burden. We provided the formulation of the PML for an isotropic medium in the 

next chapter [78]. The user can choose any of the four lateral faces of a cubic 

computational domain for assigning the perfectly matched layer.  
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WaveInConc enables the study of wave propagation in a layered media in 2D and 

3D. Moreover, one can use waveInConc to study the effect of multiple circular or 

rectangular scatterers on the propagation of wave in 2D and multiple cylindrical 

and cubic scatterers in 3D. Using waveInConc, one can simulate wave propagation 

in a strongly heterogeneous material such as concrete. Aggregates can be 

ellipsoidal, cuboid or be of the shape of real aggregates. Real shaped aggregates 

are generated using spherical harmonic basis functions [79], [80]. To generate the 

real shape aggregates, the user can introduce the 𝐴𝑛𝑚 coefficients [79] for a 

number of aggregates with different shapes to waveInConc through an CSV file. 

The size of all aggregates should be scaled down or up to one. Then, the program 

choose an aggregate from this pool and modify its size by multiplying the 𝐴𝑛𝑚 

coefficients with a scalar factor. Next, the aggregate is rotated and its center is 

transmitted to a new location. Afterwards, a simple and efficient algorithm [78] is 

used to check the overlapping of the newly generated aggregate with the existing 

aggregates.  

 In the current version of waveInConc, the top boundary of the medium can be 

stress free and the bottom boundary can be free or fixed. The lateral boundaries 

can be free, fixed or absorbing. The source wavelets can be transmitted from 

arbitrary points of the medium. The user can also transmit the source wavelet from 

a rectangular area on the top surface of the medium. Defining any other shape for 

the sending transducers is straightforward and can be easily hardcoded to 

waveInConc.  
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WaveInConc was used by the authors to simulate the propagation of wave in a 2D 

medium with anti-plane shear [81] conditions. We used the numerical simulations 

to reconstruct an image of the subsurface of the scanned medium. We also used 

waveInConc to study the effect of size, shape and material properties of 

aggregates and the porosity of concrete on the attenuation of shear waves [78] 

where we proposed a simple and efficient algorithm to generate non-overlapping 

aggregates and air voids. In another study, we used waveInConc to acquire 

synthetic data and these data were used to examine the effectiveness of proposed 

new imaging conditions for the reverse time migration. 

The input data is fed to waveInConc through a text file. In the text file,  the user 

defines whether the problem is 2D or 3D, elastic or viscoelastic, the size of the of 

the numerical specimen, boundary conditions, material properties, the 

configuration of sending and receiving transducers, the velocity model of the 

medium, and etc. The source wavelet is introduced to the code using a CSV file. 

By running an executive file, these data are read by the program, and after 

performing computations, the output data are written into the output (CSV) files. 

The output data are displacements, velocities and stresses in the points that are 

specified by the user or they can be displacement, velocity or stress wavefields. 

The user can use MATLAB or any other visualization tool to visualize the 

wavefields.  
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3.2 Software Description 

3.2.1 Software Architecture 

The program is written in Fortran and parallelized with OpenMP. Based on the 

information provided through the input file, different subroutines are called. We 

defined different files where subroutines in each file perform specific tasks. For 

instance, subroutines in the assignMatProp File are responsible for assigning 

labels to the material grid points of EFIT to define the material properties of these 

points. In the current version, the user can define a layered medium, circular and 

rectangular shaped inclusions and a concrete medium with ellipsoidal, cuboid and 

real shaped aggregates. In the modules file, the type of global variables and 

parameters are declared. These modules are called in the associated subroutines 

to access these variables to use or update their values. Allocating and deallocating 

dynamic arrays are performed in the subroutines provided in the alDeal file. In opCl 

file, we developed subroutines to open the output files, write the output variables 

into them, and close them.  EFIT is implemented in the vefit file. The subroutines 

in this file are responsible to iterate over time and provide displacements, velocities 

and stresses in the discretization points.  

In the next section, we present the formulations we used for the generation of real 

shaped aggregates by spherical harmonic basis functions. We will introduce an 

algorithm for the generation of non-overlapping aggregates in section 4.2.3. 
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3.3 Anm: a technique to approximate the shape of real aggregates 

In the 𝐴𝑛𝑚technique [82], the shape of an aggregate is represented using the 

spherical harmonic shape functions (Eq. 3.1). 

𝑟(𝜃, 𝜙) = ∑ ∑ 𝐴𝑛𝑚 𝑌𝑛
𝑚(𝜃,

𝑛

𝑚=−𝑛

∞

𝑛=0

𝜙). 
(3.1) 

𝐴𝑛𝑚 coefficients in Eq. 3.1 are obtained from Eq. 3.2. 

𝐴𝑛𝑚 = 
1

4𝜋
∫ ∫ 𝑟(𝜃,𝜙)𝑌𝑛

𝑚(𝜃, 𝜙)𝑑𝜃 𝑑𝜙.
2𝜋

0

2𝜋

0

 
(3.2) 

The spherical harmonic base functions are defined by the following equation (Eq. 

3.3): 

𝑌𝑛
𝑚(𝜃, 𝜙) =  {

�̅�𝑛
𝑚(𝑐𝑜𝑠𝜃)cos𝑚𝜙              𝑚 ≥ 0

�̅�𝑛
|𝑚|(𝑐𝑜𝑠𝜃)sin|𝑚|𝜙         𝑚 < 0

, 
(3.3) 

where 

�̅�𝑛
𝑚(𝑥) =  √(2 − 𝛿𝑚0)(2𝑛 + 1)

(𝑛 − 𝑚)!

(𝑛 + 𝑚)!
𝑃𝑛
𝑚. 

(3.4) 

𝑃𝑛
𝑚(x) in Eq. 3.4 is the associated Legendre function. We use the following 

approach to evaluate these functions.  Firstly, we evaluate 𝑃𝑛
𝑛(𝑥) using Eq. 3.5. 

𝑃𝑛
𝑛(𝑥) = (−1)𝑛(2𝑛 − 1)‼ (1 − 𝑥2)

𝑛
2 . (3.5) 

Then, we use 𝑃𝑛
𝑛(𝑥) to evaluate 𝑃𝑛+1

𝑛 (𝑥) by using Eq. 3.6. 
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𝑃𝑛+1
𝑛 (𝑥) = 𝑥(2𝑛 + 1)𝑃𝑛

𝑛(𝑥). (3.6) 

Afterwards, the recursive equation in Eq. 3.7 is used to obtain the rest of the 

functions: 

𝑃𝑛
𝑚−2(𝑥) =

−1

(𝑛 + 𝑚 − 1)(𝑛 − 𝑚 + 2)
(
2(𝑚 − 1)𝑥

√1 − 𝑥2
𝑃𝑛
𝑚−1(𝑥) + 𝑃𝑛

𝑚(𝑥)). 
(3.7) 

Note that the appearance of √1 − 𝑥2 in the denominator of Eq. 3.7, makes 𝑃𝑛
𝑚−2(𝑥) 

singular at 𝑥 =  1. The value of the associate Legendre function at one can be 

obtained from the following equation: 

𝑃𝑛
𝑚(1) =  {

1             𝑚 = 0
0      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

. (3.8) 

From Eq. 3.5 and 3.6, we obtain the last two functions in each row of the triangular 

tree in Figure 1, and from Eq. 3.7 we obtain the rest of the functions in each row. 

𝑃0
0(𝑥)     

𝑃1
0(𝑥) 𝑃1

1(𝑥)    

𝑃2
0(𝑥) 𝑃2

1(𝑥) 𝑃2
2(𝑥)   

𝑃3
0(𝑥) 𝑃3

1(𝑥) 𝑃3
2(𝑥) 𝑃3

3(𝑥)  

𝑃4
0(𝑥) 𝑃4

1(𝑥) 𝑃4
2(𝑥) 𝑃4

3(𝑥) 𝑃4
4(𝑥) 

  ……   

Figure 1 Triangular tree of associated Legendre functions. 

We want to generate a real-shaped aggregate with its center at (𝑥𝑐 , 𝑦𝑐, 𝑧𝑐), and 

rotate it by the values 𝛼, 𝛽 and 𝛾 about the x, y, and z axes, respectively. To this 
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end, first we choose  an aggregates, with its center at origin, from the pool of 

aggregates. Then, we transfer the center of the aggregate to (𝑥𝑐, 𝑦𝑐, 𝑧𝑐). 

Afterwards, the aggregate is rotated about x, y and z axes by angles 𝛼, 𝛽 and 𝛾. 

The rotation matrix is given by the following equation: 

𝑅 = [

𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 −𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛾 + 𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛾 + 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛾 + 𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 −𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛾 + 𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾
−𝑠𝑖𝑛𝛽 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽 𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽

]. 
(3.9) 

Coordinates in the transferred and rotated axis is obtained from 𝒙′ = 𝑅𝒙 where 

𝒙𝑇  = (𝑥 − 𝑥𝑐, 𝑦 − 𝑦𝑐, 𝑧 − 𝑧𝑐). To check if the newly generated aggregate overlaps 

with the previously generated aggregates, first we define a cube that surrounds 

the aggregates. Then, for each point inside the cube, we obtain the value of 𝜃 and 

𝜙 in the spherical coordinates  in the rotated coordinate system with respect of the 

center of the cube. Next, we obtain the value of 𝑟(𝜃, 𝜙). Then, we choose a size 

for the aggregate, 𝑠,  and adjust  𝑟(𝜃, 𝜙) using the size of the aggregate (𝑟′(𝜃, 𝜙) =

𝑠 × 𝑟(𝜃, 𝜙)). Afterwards, we obtain the distance of the point from the center of the 

aggregate (Eq. 3.10):  

𝑑 = √(𝑥 − 𝑥𝑐)
2 + (𝑦 − 𝑦𝑐)

2 + (𝑧 − 𝑧𝑐)
2, (3.10) 

If 𝑑 ≤ 𝑟′(𝜃, 𝜙),  then the point is inside the aggregate. Otherwise, it is located 

outside the aggregate. If the point is inside the aggregate, we check the material 

number assigned to the point to see if the point is available or previously occupied. 

Instead of considering scattering and geometrical attenuation of shear waves in 

concrete in 3D, one can use viscosity to obtain an equivalent attenuation in a 
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simpler problem where it is assumed that the anti-plane shear condition holds. The 

formulation of the viscoelastic for anti-plane shear and its discretization using EFIT 

is given in the next section. 

3.4 Wave propagation in a viscoelastic medium 

WaveInConc can simulate propagation of anti-plane shear waves in a viscoelastic 

medium. It can also be used to study propagation of waves in a 3D viscoelastic 

medium. Here, we provided the details of the discretization of viscoelastic 

formulation for anti-plane shear waves. I proposed the use of viscosity to simulate 

attenuation of shear waves in concrete due to scattering by aggregates and air 

voids and I developed a program and showed that the effectiveness of the method. 

The program was later used by Katelyn Freesman [83] and Lucio Salles de Salles 

[84] for the numerical simulation of propagation of horizontal shear waves in 

concrete. 

3.4.1  Governing equations  

Equations of motion are as follows: 

𝜌�̇�𝑖 =
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
+ 𝑓𝑖 , 

(3.11) 

where ρ is the density of material;  𝑣𝑖 is velocity component oriented in the 𝑥𝑖-

direction; dot on the velocity component denotes derivation with respect to time; 

𝜎𝑖𝑗 is  stress tensor component (𝜎𝑖𝑗 = 𝜎𝑗𝑖); 𝑓𝑖 is body force which is assumed to be 

zero in this study. For linear isotropic behavior in small deformations, the 
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constitutive equation given by Kristek et al. [85] for a Maxwell body connected in 

parallel to a spring is as follows: 

�̇�𝑖𝑗 = 𝜆𝛿𝑖𝑗𝜖�̇�𝑘 + 2𝜇𝜖�̇�𝑗 −∑ [𝜆𝛿𝑖𝑗𝜉𝑘𝑘
𝑙 𝑌𝑙

𝜆 + 2𝜇𝑌𝑙
𝜇
𝜉𝑖𝑗
𝑙 ]

𝑛

𝑙=1
, (3.12) 

where 𝜆 and 𝜇 are Lamé Constants; 𝛿𝑖𝑗 is Kronecker delta, which is one if  𝑖 =  𝑗 , 

and zero otherwise; 𝜖𝑖𝑗 is strain tensor component (𝜖𝑖𝑗 = 𝜖𝑗𝑖), given by the following 

equation:  

𝜖�̇�𝑗 =
1

2
(
𝜕𝑣𝑖
𝜕𝑥𝑗

+
𝜕𝑣𝑗

𝜕𝑥𝑖
), 

(3.13) 

and 𝑌𝑙
𝜆 and 𝑌𝑙

𝜇
 are anelastic coefficients. The values of these coefficients represent 

the amount of attenuation, which needs to be adjusted for a given concrete sample. 

Larger values for these coefficients induce larger attenuation. The anelastic 

function, 𝜉𝑙
𝑖𝑗

, is the solution of the following equation [85]:  

𝜉�̇�𝑗
𝑙 + 𝜔𝑙𝜉𝑖𝑗

𝑙 = 𝜔𝑙𝜖�̇�𝑗 , 𝑙 = 1, 2, … , 𝑛, (3.14) 

where 𝜔𝑙 is the characteristic frequency. To have the same attenuation for 

frequencies in a given range, multiple values of characteristic frequencies are 

usually employed. However, because narrowband signals are emitted by dry point 

contact transducers of the linear array device, only one characteristic frequency is 

used in our simulations in order to reduce the computation cost. The value of the 

characteristic frequency is assumed to be the center frequency of the emitted 

signal. Here, we provide the formulation for anti-plane shear waves. We assume 

that waves propagate in the x-z plane and polarize in the y-direction. Since the 
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only nonzero velocity component is 𝑣𝑦, the equation of motion for this case 

becomes: 

𝜌�̇�𝑦 =
𝜕𝜎𝑥𝑦

𝜕𝑥
+
𝜕𝜎𝑧𝑦

𝜕𝑧
. (3.15) 

The constitutive equations are simplified as follows: 

�̇�𝑥𝑦 = 𝜇
𝜕𝑣𝑦

𝜕𝑥
− 2𝜇𝑌𝜉𝑥𝑦 , 

(3.16) 

�̇�𝑦𝑧 = 𝜇
𝜕𝑣𝑦

𝜕𝑧
− 2𝜇𝑌𝜉𝑧𝑦 . 

(3.17) 

The equations for anelastic functions are: 

𝜉�̇�𝑦 + 𝜔𝜉𝑥𝑦 = 𝜔
𝜕𝑣𝑦

𝜕𝑥
, (3.18) 

 

𝜉�̇�𝑦 +𝜔𝜉𝑧𝑦 = 𝜔
𝜕𝑣𝑦

𝜕𝑧
. (3.19) 

Formulation for elastic case is simply obtained by assuming that Y = 0 in the above 

equations.  

3.4.2  Discretization of equations using finite integration technique 

Elastodynamic finite integration technique discretizes the domain into material, 

velocity, stress, and anelastic variable cells, as shown in Figure 2.The cells outside 

the domain in this figure are ghost cells that are used to apply zero stresses when 

the corresponding boundary is free and no cell associated to the stress is located 

on the boundary.  
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Figure 2 Discretization of the domain to material, velocity, stress, and anelastic 

variable cells. 

We start with the discretization of the equation of motion. After integrating this 

equation over the velocity and stress cells, Green’s theorem is applied to the right 

hand side of the equation to convert it to integral over the boundaries of the cells. 

If the integrals are approximated using the mid-point rule, the following discrete 

form of the equation is obtained: 

�̇�𝑦
𝑛(𝒙𝑐) =

1

�̅�
(
𝜎𝑥𝑦
𝑛 (𝒙𝑐 + 𝒊

∆𝑥
2
) − 𝜎𝑥𝑦

𝑛 (𝒙𝑐 − 𝒊
∆𝑥
2
)

∆𝑥
+
𝜎𝑧𝑦
𝑛 (𝒙𝑐 − 𝒊

∆𝑧
2
) − 𝜎𝑧𝑦

𝑛 (𝒙𝑐 − 𝒊
∆𝑧
2
)

∆𝑧
), 

(3.20) 

where �̇�𝑦
𝑛(𝒙

𝑐
)  denotes acceleration at time 𝑡 = 𝑛∆𝑡 and at the centroid 𝒙𝑐 of velocity 

cell; ∆𝑥, and ∆𝑧 are the spatial grid size in x and z directions, which are equal in 

our calculations; for a heterogeneous medium, �̅� is the average value of density 

which can be approximated by the value of density at the centroid of the 

corresponding velocity cell. Using central difference method, velocity is evaluated 

  𝜎𝑧𝑦 𝑎𝑛𝑑  𝜉𝑧𝑦 𝑐𝑒𝑙𝑙𝑠 
∆𝑧 

∆𝑧  𝜎𝑥𝑦 𝑎𝑛𝑑  𝜉𝑥𝑦 𝑐𝑒𝑙𝑙𝑠   

𝑧 

𝑥 

  𝑉𝑦 𝑎𝑛𝑑 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝑐𝑒𝑙𝑙𝑠       

      

𝜏

 

∆𝑥 ∆𝑥 
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𝑣𝑦
𝑛+1/2

(𝒙𝑐) = 𝑣𝑦
𝑛−1/2

(𝒙
𝑐
) + ∆𝑡�̇�𝑦

𝑛(𝒙𝑐). (3.21) 

Discretization of Eq.  3.18 using finite integration technique results in: 

𝜉�̇�𝑦
𝑛+1/2

(𝒙𝑐) + 𝜔𝜉𝑥𝑦
𝑛+1/2

(𝒙𝑐) = 𝜔(
𝑣𝑦
𝑛+

1
2(𝒙𝑐 + 𝒊

∆𝑥
2
) − 𝑣𝑦

𝑛+
1
2(𝒙𝑐 − 𝒊

∆𝑥
2
)

∆𝑥
).  

(3.22) 

To evaluate the aneslastic function, the following second-order accurate 

approximations are used [85]: 

𝜉�̇�𝑦
𝑛+1/2

(𝒙𝑐) =  
𝜉𝑥𝑦
𝑛+1(𝒙𝑐) − 𝜉𝑥𝑦

𝑛 (𝒙𝑐)

∆𝑡
,  

(3.23) 

𝜉𝑥𝑦
𝑛+1/2

(𝒙𝑐) =  
𝜉𝑥𝑦
𝑛+1(𝒙𝑐) + 𝜉𝑥𝑦

𝑛 (𝒙𝑐)

2
. 

(3.24) 

Substituting equations 3.23 and 3.24 into Eq. 3.22 yields: 

𝜉𝑥𝑦
𝑛+1(𝒙𝑐) =

2 − 𝜔∆𝑡

2 + 𝜔∆𝑡
𝜉𝑥𝑦
𝑛 (𝒙𝑐) +

2𝜔∆𝑡

2 + 𝜔∆𝑡
(
𝑣𝑦
𝑛+

1
2(𝒙𝑐 + 𝒊

∆𝑥
2
) − 𝑣𝑦

𝑛+
1
2(𝒙𝑐 − 𝒊

∆𝑥
2
)

∆𝑥
).  

(3.25) 

The same procedure is applied to Eq. 3.19 and the following discrete form is found: 

𝜉𝑧𝑦
𝑛+1(𝒙𝑐) =

2 − 𝜔∆𝑡

2 + 𝜔∆𝑡
𝜉𝑧𝑦
𝑛 (𝒙𝑐) +

2𝜔∆𝑡

2 + 𝜔∆𝑡
(
𝑣𝑦
𝑛+

1
2(𝒙𝑐 + 𝒊

∆𝑥
2
) − 𝑣𝑦

𝑛+
1
2(𝒙𝑐 − 𝒊

∆𝑥
2
)

∆𝑥
).  

(3.26) 

Applying the same discretization technique to Eq. 3.16 implies: 

�̇�𝑥𝑦
𝑛+1/2

(𝒙𝑐) =
�̅�𝑥𝑦(𝒙𝑐)

∆𝑥
(𝑣𝑦

𝑛+1/2
(𝒙𝑐 + 𝒊

∆𝑥

2
) − 𝑣𝑦

𝑛+1/2
(𝒙𝑐 − 𝒊

∆𝑥

2
)) − 2�̅�𝑥𝑦(𝒙𝑐)𝑌𝜉𝑥𝑦

𝑛+1/2(𝒙𝑐), 
(3.27) 
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𝜉𝑥𝑦
𝑛+1/2

 can be evaluated by using equation 3.24. However, this forces saving both 

𝜉𝑥𝑦
𝑛+1 and 𝜉𝑥𝑦

𝑛  in memory, which increases memory cost [85]. To reduce memory 

cost, 𝜉𝑥𝑦
𝑛  is determined from Eq. 3.25 and substituted into Eq. 3.24 in order to 

obtain 𝜉𝑥𝑦
𝑛+1/2

 in terms of  𝜉𝑥𝑦
𝑛+1. Substituting 𝜉𝑥𝑦

𝑛+1/2
 , which is in terms of  𝜉𝑥𝑦

𝑛+1, into 

Eq. 3.27 and rearranging the equation yields: 

�̇�𝑥𝑦
𝑛+1/2(𝒙𝑐) = (1 +

2𝜔∆𝑡𝑌

2 − 𝜔∆𝑡
)
�̅�𝑥𝑦(𝒙𝑐)

∆𝑥
(𝑣𝑦

𝑛+1/2
(𝒙𝑐 + 𝒊

∆𝑥

2
) − 𝑣𝑦

𝑛+1/2
(𝒙𝑐 − 𝒊

∆𝑥

2
, )) −

4�̅�𝑥𝑦(𝒙𝑐)𝑌

2 − 𝜔∆𝑡
𝜉𝑥𝑦
𝑛+1(𝒙𝑐), 

(3.28) 

For a heterogeneous medium, �̅�𝑥𝑦 is the average of shear modulus in the 

corresponding stress cells which can be approximated by the following equation: 

1

μ̅xy(𝐱c)
=
1

2
(

1

μ(𝐱c − 𝐢
∆x
2
)
+

1

μ(𝐱c + 𝐢
∆x
2
)
). 

(3.29) 

𝜎𝑥𝑦 is evaluated using central difference method: 

𝜎𝑥𝑦
𝑛+1(𝒙𝑐) = 𝜎𝑥𝑦

𝑛 (𝒙𝑐) + ∆𝑡�̇�𝑥𝑦
𝑛+1/2(𝒙𝑐). (3.30) 

Using the same procedure presented for 𝜎𝑥𝑦, 𝜎𝑧𝑦 is evaluated: 

�̇�𝑧𝑦
𝑛+1/2(𝒙𝑐) = (1 +

2𝜔∆𝑡𝑌

2 − 𝜔∆𝑡
)
�̅�𝑧𝑦(𝒙𝑐)

∆𝑥
(𝑣𝑦

𝑛+1/2
(𝒙𝑐 + 𝒊

∆𝑥

2
) − 𝑣𝑦

𝑛+1/2
(𝒙𝑐 − 𝒊

∆𝑥

2
)) −

4�̅�𝑧𝑦(𝑥𝑠𝑐, 𝑧𝑠𝑐)𝑌

2 − 𝜔∆𝑡
𝜉𝑧𝑦
𝑛+1(𝒙𝑐), (3.31) 

1

�̅�𝑧𝑦(𝒙𝑐)
=
1

2
(

1

𝜇(𝒙𝑐 − 𝒊
∆𝑧
2
)
+

1

𝜇(𝒙𝑐 + 𝒊
∆𝑧
2
)
), 

(3.32) 

𝜎𝑧𝑦
𝑛+1(𝒙𝑐) = 𝜎𝑦𝑧

𝑛 (𝒙𝑐) + ∆𝑡�̇�𝑧𝑦
𝑛+1/2(𝒙𝑐). (3.33) 
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We validated the formulation and implementation using an example. In this 

example, we sent the RC2 signal given by the following equation to a viscoelastic 

medium. 

𝑓(𝑡) = (1 − cos (
𝜔𝑜𝑡

2
)) cos(𝜔𝑜𝑡) ;   0 ≤ 𝑡 ≤

4𝜋

𝜔0
. 

(3.34) 

The problem parameters are provided in Table 1. Attenuation of waves in 

viscoelastic medium is demonstrated by increasing the anelastic coefficient from 

0.0 to 0.20 in 0.05 increments. 

Table 1 Simulation verification problem parameters. 

cs µ P ωo Δx, Δz, a Δt R 

2000 m/s 10 GPa 1000 N/m 60,000π rad/s 1 mm 0.2 µs 100 mm 

 

The time history of velocity of a point at R = 100 mm from the source  are presented 

in Figure 3. Clearly, viscoelastic and elastic responses perfectly match for zero 

attenuation. As the value of anelastic coefficient increases, attenuation increases 

steadily indicating the accuracy of the formulation of anti-plane shear waves in a 

viscoelastic medium and its implementation.  
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Figure 3 Numerical solutions considering attenuation at R = 100 mm from the 

source. 

3.5 Illustrative example 

A 100 kHz wavelet was emitted to a 0.40 m thick 3D concrete medium. The source 

is transmitted from a point on the top surface of the medium as a horizontal shear 

wave. We filled 50% of the volume of the medium with ellipsoidal aggregates with 

the maximum size of 25 mm. We assigned PML to the lateral boundaries of the 

computational medium and assumed that the top and the bottom boundaries are 

stress free. A cavity is located in the middle of the medium. Figure 4 shows the 

snapshots of the propagation of the ultrasonic wavelet in the concrete medium that 

illustrates the scattering of the emitted signal due to the heterogeneity of concrete. 

As can be seen, the perfectly matched layers absorbed the outgoing waves and 

the incident waves were reflected from the boundary of cavity and the bottom 

boundary of the medium while preserving their polarity.  
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Figure 4 Propagation of a horizontal shear wave in a concrete medium with a cavity 

in its center. 

3.6 Impact 

waveInConc enables performing numerical experiments to gain insight into 

propagation of mechanical waves in homogeneous material and strongly 

heterogeneous material such as concrete. Moreover, it can be used as a tool to 

investigate the effect of different factors such as aggregate size and aggregate 

volume fraction or porosity on the attenuation of waves in concrete [44], [86]. 

WaveInConc can also be used to design transducers and examine their 

appropriateness in practice [44]. In addition, it can be used as a part of imaging 

techniques that rely on numerical simulations to reconstruct an image of the 

scanned medium. Moreover, the feasibility of the configuration of transducers for 

the detection of inclusions and defects can be studied using waveInConc before 

using in practice.  

 

 

 

 



33 

 

4 Numerical investigation of the effect of heterogeneity on the 

attenuation of shear waves in concrete 

[This chapter is adapted from the following publication: Asadollahi, A., & 

Khazanovich, L. (2019). Numerical investigation of the effect of heterogeneity on 

the attenuation of shear waves in concrete. Ultrasonics, 91, 34-44.] 

 

4.1 Introduction 

Although linear array devices employing dry point contact transducers that emit 

ultrasonic horizontal shear waves are widely used in practice for the evaluation of 

concrete members, no investigation has been conducted to study the attenuation 

of shear waves due to scattering by aggregates and air voids. While most of the 

energy of longitudinal signals converts to shear and surface waves after 

transmission, horizontal shear waves preserve a higher level of energy while 

propagating in concrete, and therefore, permit greater penetration depth. However, 

the lower wavelength of shear waves increases the potential of their scattering 

attenuation in concrete.  This study develops a 3D numerical tool and uses that to 

investigate the scattering attenuation of horizontal shear waves in concrete in the 

20-150 kHz frequency range. We will develop a simple and efficient approach to 

generate non-overlapping aggregates and air voids and will consider them in the 

numerical simulations to investigate the influence of heterogeneity on attenuation 

of shear waves in concrete. We study the effect of size, shape, and material 

properties of aggregates as well as porosity of concrete on the scattering 

attenuation in this frequency range.  
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    This chapter is arranged as follows. First, we discuss the methods by introducing 

the elastodynamic finite integration technique, giving the formulation of the 

perfectly matched layer, and presenting the approach we will use to generate the 

non-overlapping aggregates. Next, we will present the simulation results and 

discussion.    

4.2 Methods 

4.2.1 Elastodynamic finite integration technique 

    We developed a numerical tool to simulate wave propagation in concrete. 

FORTRAN was used for programming, and Elastodynamic Finite Integration 

Technique (EFIT) for spatial discretization of the differential equations. To use 

EFIT for discretization, Cauchy’s equation of motion (Eq. 4.1) and Hook’s law (Eq. 

4.2) are written in terms of velocity and stress: 

𝜌�̇�𝑖 = 𝜎𝑖𝑗,𝑗 ,      (4.1) 

�̇�𝑖𝑗 = 𝜆𝛿𝑖𝑗𝑣𝑘,𝑘 + 𝜇𝑣𝑖,𝑗, (4. 2) 

where 𝜌 is mass density, 𝜎𝑖𝑗 are stress tensor components, 𝑣𝑖 are velocity 

components, and 𝜆 and 𝜇 are Lame constants. EFIT integrates the governing 

equations over each integration cell:  

∫ 𝜌�̇�𝑖𝑑𝑉
V𝑐

= ∫ 𝜎𝑖𝑗𝑛𝑗
𝜕V𝑐

 𝑑𝑆,     
(4. 3) 
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∫ �̇�𝑖𝑗𝑑𝑉
V𝑐

= ∫ (𝜆𝛿𝑖𝑗𝑣𝑘
𝜕V𝑐

𝑛𝑘 + 𝜇𝑣𝑖𝑛𝑗)𝑑𝑆. 
(4. 4) 

 

 Figure 5 Arrangement of stress and velocity components in EFIT. 

The discretization is performed by estimating equations 4.3 and 4.4 over the cell 

volume and boundaries using a one-point Gaussian quadrature rule. Here, we 

assume that the cells are cubic in shape and they have the same size.  The 

arrangement of stress and velocity components in 3D is shown in Figure 5. Velocity 

and stress components are located at different spatial places (Figure 5). These 

components are located in the center of the corresponding integration cells. The 

value of velocity components in the center of the volume cells after discretization 

using EFIT are obtained from the following equations: 

𝜌�̇�𝑥
𝒙𝑐 =

𝜎𝑥𝑥
𝒙𝑐+𝒊∆𝑥/2 − 𝜎𝑥𝑥

𝒙𝑐−𝒊∆𝑥/2

∆𝑥
+
𝜎𝑥𝑦
𝒙𝑐+𝒋∆𝑦/2 − 𝜎𝑥𝑦

𝒙𝑐−𝒋∆𝑦/2

∆𝑦
+
𝜎𝑥𝑧
𝒙𝑐+𝒌∆𝑧/2 − 𝜎𝑥𝑧

𝒙𝑐−𝒌∆𝑧/2

∆𝑧
 ,        

(4. 5) 

𝜌�̇�𝑦
𝒙𝑐 =

𝜎𝑦𝑥
𝒙𝑐+𝒊∆𝑥/2 − 𝜎𝑦𝑥

𝒙𝑐−𝒊∆𝑥/2

∆𝑥
+
𝜎𝑦𝑦
𝒙𝑐+𝒋∆𝑦/2 − 𝜎𝑦𝑦

𝒙𝑐−𝒋∆𝑦/2

∆𝑦
+
𝜎𝑦𝑧
𝒙𝑐+𝒌∆𝑧/2 − 𝜎𝑦𝑧

𝒙𝑐−𝒌∆𝑧/2

∆𝑧
 ,        

(4. 6) 

∆𝑧

2
 

∆𝑧

2
 

∆𝑦
/2  

∆𝑦
/2  

∆𝑥/2  ∆𝑥/2  

𝑧  
𝑦  

𝑥  

𝑣𝑧  

𝑣𝑦  

𝑣𝑥  

𝜎𝑦𝑧  

𝜎𝑥𝑧  

𝜎𝑥𝑦  

𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧  
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𝜌�̇�𝑧
𝒙𝑐 =

𝜎𝑧𝑥
𝒙𝑐+𝒊∆𝑥/2 − 𝜎𝑦𝑥

𝒙𝑐−𝒊∆𝑥/2

∆𝑥
+
𝜎𝑧𝑦
𝒙𝑐+𝒋∆𝑦/2 − 𝜎𝑦𝑦

𝒙𝑐−𝒋∆𝑦/2

∆𝑦
+
𝜎𝑧𝑧
𝒙𝑐+𝒌∆𝑧/2 − 𝜎𝑧𝑧

𝒙𝑐−𝒌∆𝑧/2

∆𝑧
 .        

(4. 7) 

𝒙𝒄 =  (𝑥𝑐, 𝑦𝑐,  𝑧𝑐) in Eqs. 4.5-4.7 represents the center of the velocity cells and 𝒊, 𝒋, 

and 𝒌 are the unit vectors in x, y, and z-directions, respectively. Stress components 

are obtained from the following equations. 

�̇�𝑥𝑥
𝒙𝑐 = (𝜆 + 𝜇)

𝑣𝑥
𝒙𝑐+

𝒊∆𝑥

2 − 𝑣𝑥
𝒙𝑐−

𝒊∆𝑥

2

∆𝑥
+ 𝜇(

𝑣𝑦
𝒙𝑐+

𝒋∆𝑦

2 − 𝑣𝑦
𝒙𝑐−

𝒋∆𝑦

2

∆𝑦
+
𝑣𝑧
𝒙𝑐+

𝒌∆𝑧

2 − 𝑣𝑧
𝒙𝑐−

𝒌∆𝑧

2

∆𝑧
),         

(4. 8) 

�̇�𝑦𝑦
𝒙𝑐 = (𝜆 + 𝜇)

𝑣𝑦
𝒙𝑐+

𝒋∆𝑦

2 − 𝑣𝑦
𝒙𝑐−

𝒋∆𝑦

2

∆𝑦
+ 𝜇(

𝑣𝑥
𝒙𝑐+

𝒊∆𝑥

2 − 𝑣𝑥
𝒙𝑐−

𝒊∆𝑥

2

∆𝑥
+
𝑣𝑧
𝒙𝑐+

𝒌∆𝑧

2 − 𝑣𝑧
𝒙𝑐−

𝒌∆𝑧

2

∆𝑧
),         

(4. 9) 

�̇�𝑧𝑧
𝒙𝑐 = (𝜆 + 𝜇)

𝑣𝑧
𝒙𝑐+

𝒌∆𝑧

2 − 𝑣𝑧
𝒙𝑐−

𝒌∆𝑧

2

∆𝑧
+ 𝜇(

𝑣𝑥
𝒙𝑐+

𝒊∆𝑥

2 − 𝑣𝑥
𝒙𝑐−

𝒊∆𝑥

2

∆𝑥
+
𝑣𝑦
𝒙𝑐+

𝒋∆𝑦

2 − 𝑣𝑦
𝒙𝑐−

𝒋∆𝑦

2

∆𝑦
),         

(4. 10) 

�̇�𝑥𝑦
𝒙𝑐 = 𝜇(

𝑣𝑥
𝒙𝑐+

𝒋∆𝑦

2 − 𝑣𝑥
𝒙𝑐−

𝒋∆𝑦

2

∆𝑦
+
𝑣𝑦
𝒙𝑐+

𝒊∆𝑥

2 − 𝑣𝑦
𝒙𝑐−

𝒊∆𝑥

2

∆𝑥
),         

(4. 11) 

�̇�𝑥𝑧
𝒙𝑐 = 𝜇(

𝑣𝑥
𝒙𝑐+

𝒌∆𝑧

2 − 𝑣𝑥
𝒙𝑐−

𝒌∆𝑧

2

∆𝑧
+
𝑣𝑧
𝒙𝑐+

𝒊∆𝑥

2 − 𝑣𝑧
𝒙𝑐−

𝒊∆𝑥

2

∆𝑥
),         

(4. 12) 

�̇�𝑦𝑧
𝒙𝑐 = 𝜇(

𝑣𝑦
𝒙𝑐+

𝒌∆𝑧

2 − 𝑣𝑦
𝒙𝑐−

𝒌∆𝑧

2

∆𝑧
+
𝑣𝑧
𝒙𝑐+

𝒋∆𝑦

2 − 𝑣𝑧
𝒙𝑐−

𝒋∆𝑦

2

∆𝑦
).        

(4. 13) 
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Material parameters of the heterogeneous concrete are defined on a spatial grid 

that matches with the grid representing the center of 𝜎𝑖𝑖 cells. A special averaging 

is used to estimate the material parameters at the location of velocities and shear 

stresses [75], [76]. Mass densities in Eqs. 4.5, 4.6 and 4.7 are obtained from Eqs. 

4.14, 4.15 and 4.16, respectively. 

𝜌𝒙𝑐 =
𝜌
𝒙𝑐+

𝒊∆𝑥

2 + 𝜌
𝒙𝑐−

𝒊∆𝑥

2

2
,        

(4. 14) 

𝜌𝒙𝑐 =
𝜌
𝒙𝑐+

𝒋∆𝑦

2 + 𝜌
𝒙𝑐−

𝒋∆𝑦

2

2
,    

(4. 15) 

𝜌𝒙𝑐 =
𝜌
𝒙𝑐+

𝒌∆𝑧

2 + 𝜌
𝒙𝑐−

𝒌∆𝑧

2

2
.    

(4. 16) 

Lame constant in Eqs. 4.11, 4.12, and 4.13 are obtained from Eqs. 4.17, 4.18 and 

4.19, respectively. 

𝜇𝒙𝑐 =
4

1

𝜇
𝒙𝑐+

𝒊∆𝑥

2
+
𝒋∆𝑦

2

+
1

𝜇
𝒙𝑐+

𝒊∆𝑥

2
−
𝒋∆𝑦

2

+
1

𝜇
𝒙𝑐−

𝒊∆𝑥

2
+
𝒋∆𝑦

2

+
1

𝜇
𝒙𝑐−

𝒊∆𝑥

2
−
𝒋∆𝑦

2

 ,       
(4. 17) 

𝜇𝒙𝑐 =
4

1

𝜇
𝒙𝑐+

𝒊∆𝑥

2
+
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐+

𝒊∆𝑥

2
−
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐−

𝒊∆𝑥

2
+
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐−

𝒊∆𝑥

2
−
𝒌∆𝑧

2

,        
(4. 18) 

𝜇𝒙𝑐 =
4

1

𝜇
𝒙𝑐+

𝒋∆𝑦

2
+
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐+

𝒋∆𝑦

2
−
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐−

𝒋∆𝑦

2
+
𝒌∆𝑧

2

+
1

𝜇
𝒙𝑐−

𝒋∆𝑦

2
−
𝒌∆𝑧

2

 .       
(4. 19) 
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Note that in this study ∆𝑥 =  ∆𝑦 =  ∆𝑧. A Leap-frog scheme is used for time 

integration (Eqs. 4.20, 4.21):  

𝑣𝑖
𝑚+1/2

= 𝑣𝑖
𝑚−1/2

+ �̇�𝑖
𝑚
∆𝑡, (4. 20) 

𝜎𝑖𝑗
𝑚+1 = 𝜎𝑖𝑗

𝑚 + �̇�𝑖𝑗
𝑚+1/2

∆𝑡. (4. 21) 

To minimize the numerical dispersion, the following expression should be satisfied 

[75]: 

𝑚𝑎𝑥 (∆𝑥, ∆𝑦, ∆𝑧)   ≤
1

8
𝜆𝑚𝑖𝑛 =

1

8

𝑐𝑚𝑖𝑛
𝑓𝑚𝑎𝑥

≈
1

10

𝑐𝑠,𝑚𝑖𝑛
𝑓𝑚𝑎𝑥

, (4. 22) 

where 𝑐 𝑚𝑖𝑛  is the minimum wave speed in the medium, 𝑐𝑠,𝑚𝑖𝑛is the minimum shear 

wave speed in the medium, and 𝑓𝑚𝑎𝑥 is the maximum frequency in the emitted 

signal. To avoid numerical instability, Eq. 4.23 has to be satisfied [76]. 

∆t ≤
1

cmax√
1
∆x2

+
1
∆y2

+
1
∆z2

, (4. 23) 

where 𝑐𝑚𝑎𝑥 is the maximum wave speed in the medium. Assuming that ∆𝑥 =  ∆𝑦 =

∆𝑧, Eq. 4.23 can be simplified to Eq. 4.24. 

∆t ≤
∆x

√3 cmax
. (4. 24) 

It is worth mentioning that EFIT is virtually the same as a second-order velocity-

stress finite difference on a staggered grid. Higher order finite difference methods 

allow using a coarser spatial grid, but a fine spatial grid is required for representing 
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the strong heterogeneity of concrete. Thus, EFIT is the most efficient technique for 

the simulation of wave propagation in this material. 

4.2.2 Implementation of perfectly matched layers  

    Perfectly matched layers (PML) [77], [87], [88] were adapted and implemented 

in the program and assigned to the boundaries with faces perpendicular to the x 

and y-directions to truncate the computational domain laterally (Figure 6).  

 

Figure 6  Perfectly matched layers to truncate computational domain laterally. 

The amplitude of the outgoing waves decays exponentially in the PML by 

employing a damping profile. The value of damping at the interface of the medium 

and absorbing layer is zero in the perfectly matched layer, material properties of 

PML and computational medium match perfectly in the interface, and as moving 

into the absorbing layer the damping is gradually increased. A fixed boundary 

condition can be assigned to the outer boundary of the perfectly matched layer. 

The layers have to be thick enough to dampen virtually all of the energy of the 

outgoing waves. Here, we implemented the formulation for PML given in [77]. 
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Here, we present the equation of motion (Eq. 4.25) and constitutive equation (Eq. 

4.27) in the perfectly matched layers for an isotropic media. The equations after 

time integration using leap-from scheme are shown: 

ρv
i
m+1/2 = ρvi

m−1/2
+ ∆t(cpδjpσij,j

m + (1 − δ
jp
)σij,j

m + dpθi

m−
1

2
,p

),      
(4. 25) 

θi
m+1/2,p

= fpθi
m−1/2,p

− epδjp
σij,j
m  ,          (4. 26) 

σij
m+1 = σij

m + ∆t(cpλδijδkpvk,k

m+
1

2 + cpμδjpvi,j
m+

1

2 + cpμ δipvj,i
m+

1

2 + λ(1 −  δkp)δijvk,k
m+

1

2

+ μ(1 − δjp)vi,j
m+

1

2 + μ(1 − δip)vj,i
m+

1

2 + dpζij
m,p), 

(4. 27) 

ζ
ij
m+1,p = fpζij

m,p − ep(λδijδkpvk,k

m+
1

2 + μδjpvi,j

m+
1

2 + μδipvj,i

m+
1

2). 
(4. 28) 

Assuming that 𝛾 in [77] is one, 𝑐𝑝, 𝑑𝑝, 𝑒𝑝, 𝑎𝑛𝑑 𝑓𝑝  are given in the following 

equations: 

cp =  1 −
𝛺p𝛥t

g
p

 ;  dp =  
2

g
p

;  ep =  
4 − g

p

g
p

;   fp =  −2(1 − cp), 
(4. 29) 

where 𝑔
𝑝
: =  2 + (𝛼 + Ω𝑝)Δ𝑡. The value of 𝛼 is chosen to be 𝜋𝑓𝑐 where 𝑓

𝑐
 is the center 

frequency of the emitted signal. We also assumed that Ω𝑝 = Ω𝑜(𝜉𝑝/𝐿)
2 , where 𝜉

𝑝
 is 

originated from the interface of computational medium and PML and is oriented 

perpendicular to the interface, 𝑝 indicates the direction of 𝜉
𝑝
; 𝐿 is the thickness of 

the absorbing layer. Note that 𝑝 is 𝑥 in region two of Figure 6, it is 𝑦 in region three, 
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and is 𝑥 and 𝑦 in region four. Region one represents the truncated medium. For 

clarity, we give 𝜎𝑥𝑥 in region two and four of Figure 6. In region two, 𝜎𝑥𝑥 is: 

σxx
m+1 = σxx

m + ∆t(cx(λ + 2μ)vx,x
m+

1

2 + λvy,y
m+

1

2 + λvz,z
m+

1

2 + dxζxx
m,x), 

(4. 30) 

ζ
xx
m+1,x = fxζxx

m,x − ex(λ + 2μ)vx,x
m+

1

2, 
(4. 31) 

and in region four, 𝜎𝑥𝑥 is: 

σxx
m+1 = σxx

m + ∆t(cx(λ + 2μ)vx,x
m+

1

2 + cyλvy,y
m+

1

2 + λvz,z
m+

1

2 + dxζxx
m,x + dyζxx

m,y), 
(4. 32) 

ζ
xx
m+1,x = fxζxx

x,m − ex(λ + 2μ)vx,x
m+1/2, (4. 33) 

ζ
xx
m+1,y = fyζxx

y,m − ey(λ + 2μ)vx,y
m+

1

2. 
(4. 34) 

4.2.3   Generation of non-overlapping aggregates and air voids 

Aggregates and air voids have to be modeled explicitly in the numerical simulations 

in order to take scattering attenuation into account. Recently, several algorithms 

have been proposed for generating non-overlapping aggregates and voids and 

using them in the finite element models [78], [89]–[92]. In this dissertation, we 

present a simple approach in that we use the material grid of EFIT to generate 

aggregates and voids. In this approach, we generate the 3D material grid that 

covers the computational domain and we assign a single number to all grid points, 

which represents the background material, cement matrix in our case. Each time 

an aggregate or void with a random size and a random location is generated, the 

numbers assigned to the grid points surrounded by the new aggregate or void’s 
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boundary are examined. If all numbers equal to the material number of the cement 

matrix, then the location is determined to be available. In this case, we assign the 

number associated with the new aggregate’s or void’s material properties to the 

grid points located in the aggregate. Otherwise, the location is preoccupied by 

another aggregate or void. In this case, a new location must be assigned to the 

aggregate or void and the availability of the new location for placing the aggregate 

or void must be checked. This process continues until a certain volume of the 

concrete specimen is occupied by aggregates and voids. Note that each number 

defines a different material properties, and each aggregate can be defined with a 

different number. 

4.2.3.1 Some hints for generating non-overlapping aggregates and voids 

The following hints can be helpful when generating aggregates and voids. 

 Aggregates and voids should be generated from coarse to fine. If finer 

aggregates or voids were to be generated first, it would be impossible to find 

free locations for coarser aggregates or voids.  

 It is not necessary to check material numbers of all grid points inside the 

aggregate to examine whether the place is previously occupied. When 

looping over grid points in the x-direction, for example, the increment step of 

the loop can be the number of grid points in 1/10 of aggregate size in the x-

direction.  By doing so, the computation burden can be decreased 

significantly. 

 If the size of the spatial grid being used is very small, a multigrid approach 
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can be used to generate the aggregates and voids. A coarse grid can be used 

to generate the coarse aggregates. Then, save the geometry and location of 

those in memory. Next, assign the material number of the saved aggregates 

to the fine grid.  Finally, generate the fine aggregates using the fine grid.   

 To generate aggregates at a specific distance from a boundary or to avoid 

generating aggregates and voids in a specific region, assign a number, which 

is different from the material number of cement matrix, to the region where 

the presence of aggregates and voids should be avoided. Then, generate 

aggregates and voids. After generating the aggregates and voids, the 

material number in the avoided region can be changed back to the material 

number of the material occupying that region.  

In the following sections, we explain how to generate ellipsoidal and cubic 

aggregates.  

4.2.3.2 Generation of an ellipsoidal and a cubic aggregate 

Suppose that we want to generate an ellipsoidal aggregate with semi-axes of 

length 𝑎, 𝑏, and 𝑐, with a center at (𝑥𝑐 , 𝑦𝑐 , 𝑧𝑐), and with principal axes that form the 

angles of  𝛼, 𝛽, and 𝛾 with the x, y, and x-axes, respectively. To this end, first we 

generate a standard ellipsoid by randomly generating the numbers 𝑎, 𝑏, and 𝑐. 

Here, we assume that 0.5𝑎 ≤ 𝑏, 𝑐 ≤ 𝑎. Then, we generate three random numbers, 

(𝑥𝑐 , 𝑦𝑐 , 𝑧𝑐), that represent the center of the ellipsoid, and we transfer the center of 

the standard ellipsoid to this point. Afterward, the principal axes of the standard 

ellipsoid are rotated about x, y, and z-axes by angles 𝛼, 𝛽 and 𝛾. The rotation 
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matrix is given in equation 3.9. Coordinates in the transferred and rotated system 

are obtained from 𝒙′ = 𝑅𝒙 where 𝒙𝑇  = (𝑥 − 𝑥𝑐, 𝑦 − 𝑦𝑐 , 𝑧 − 𝑧𝑐). Point (𝒙′)𝑇  = (𝑥′, 𝑦′, 𝑧′) is 

in the transferred and rotated ellipsoid if: 

(x′/a)2+(y′/b)2 + (z′/c)2 ≤ 1. 

 

(4. 35) 

To produce a cubic aggregate, we first generated three random numbers (𝑎, 𝑏, and 

𝑐) representing the lengths of the edges of the cube. Here, we assume that 0.5𝑎 ≤

𝑏, 𝑐 ≤ 𝑎. Then, we randomly generate the coordinates of a vortex of the cube. Next, 

we generate three unit vectors that start from a vortex of the cube to define the 

direction of the edges. These three unit vectors can be multiplied with a, b, and c, 

and used to obtain the coordinates of other vortices of the cube. The first unit vector 

is generated by producing three random numbers in the range of [−1, 1]. This 

vector is then normalized to obtain the first unit vector.  To generate the second 

unit vector, two random numbers are generated in the range of [−1, 1]. Then, the 

third component of the vector is obtained from the orthogonality of the two edges 

of the cube. The second vector is normalized to obtain the second unit vector. The 

third unit vector is simply obtained from the cross product of the first and second 

unit vectors.  

4.2.3.3 Examining the material number of grid points inside cubic and ellipsoidal 

aggregates 

We want to check the material numbers of grid points located inside a cubic 

aggregate.  To do this, we determine the minimum and maximum of the aggregate 

vortices’ coordinate data. We denote this coordinates with 𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑖𝑛, 𝑦
𝑚𝑎𝑥

, 𝑧𝑚𝑖𝑛, 



45 

 

and 𝑧𝑚𝑎𝑥. New vortices at (𝑥𝑚𝑖𝑛 , 𝑦𝑚𝑖𝑛 , 𝑧𝑚𝑖𝑛 ) and (𝑥𝑚𝑎𝑥 , 𝑦𝑚𝑎𝑥 , 𝑧𝑚𝑎𝑥) define a cube that 

surrounds the cubic aggregate. We loop over all grid points located inside the 

surrounding cube to determine the points that are located inside the cubic 

aggregate. To examine if a point is inside a newly generated aggregate, we obtain 

the dot product of the three unit vectors representing the direction of the edges of 

the aggregate (𝒆𝑎, 𝒆𝑏 , 𝑎𝑛𝑑 𝒆𝑐) with a vector that starts from the vortex where the 

unit vectors start and ends at the point of interest (𝒗) (Figure 7). 

 

  Figure 7 The cubic-like aggregate is surrounded by the cube. 

 

If the following conditions hold (Eq. 4.36), then the point is in the aggregate.  

0 ≤ 𝐞a ∙ 𝐯 ≤ a   and  0 ≤ 𝐞b ∙ 𝐯 ≤ b   and   0 ≤ 𝐞c ∙ 𝐯 ≤ c.   (4. 36) 

Otherwise, it is located outside of the aggregate. If the point is inside the aggregate, 

we check the material number assigned to that point for overlapping control.  
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    For an ellipsoidal aggregate, we generate a cube that surrounds it. Then we 

loop over all points inside the cube. A point is inside the ellipsoidal aggregate if it 

satisfies Eq. 4.35. If the point is inside the ellipsoid, we check the material number 

assigned to that point.  

Images of two specimens with ellipsoidal and cubic aggregates generated using 

the explained approach are depicted in Figure 8.  

  

Figure 8   3D numerical concrete specimens with (a) ellipsoidal and (b) cubic 

aggregates.  

4.3 Results and Discussion 

Some authors assume concrete is a homogeneous material when the frequency 

of emitted signals is in the range of 20-150 kHz [86], [93]. However, the 

experimental data shows the scattering attenuation of shear waves in concrete 

within this frequency range. Figure 9 represents the data collected by a linear array 

device, MIRA, from a concrete slab with the thickness of 210 mm. The center 

frequency of the transmitted signal was 50 kHz and the receiving channel of 

transducers was located at the distance of 120 mm from the transmitting channel 

(a) (b) 
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of transducers, both located on the same side of the slab. As can be seen from 

Figure 9, the amplitude of the noise is large and is decreasing at the time window 

of 170 µs to 820 µs. The main reason for the large amplitude noise in this time 

interval is scattering of incident waves by aggregates, and the reason for the 

decrease in its amplitude is geometric-spreading. The level of the noise is virtually 

constant for t > 820 µs; this noise is primarily environmental noise.  As can be 

observed, even for a signal with the center frequency of 50 kHz the level of 

structural noise, noise caused by scattering, is considerable.  

 

 Figure 9  Signal recorded by a receiving channel of transducers at the distance    

of 120 mm from a sending channel of transducers. 

Note that 2D simulations result in a low signal-to-noise ratio and cannot be used 

to study the effect of heterogeneity of concrete on the scattering attenuation. In 2D 

simulations, waves are enforced to scatter in the same plane they are transmitted. 

Therefore, the acquired data become unrealistically noisy. In a real concrete 

specimen, the random shapes and orientations of aggregates cause scattering of 

the incident waves in all directions in the 3D space. Moreover, the previous studies 

on longitudinal waves show higher scattering attenuation in 2D simulations. Thus, 
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3D numerical simulations are performed to investigate scattering attenuation in this 

study. 

4.3.1 Influence of shape, size and material properties of aggregates on 

scattering attenuation 

We restricted the attenuation to scattering attenuation by transmitting the source 

signal from all points located on the top surface of the synthetic specimens. The 

size of the synthetic specimens in x and y directions were set large enough to 

guarantee that the condition of 1D would hold for the points located in a 

neighborhood of the computational domain center during the recording time. In all 

numerical simulations, the size of the specimens in the x and y-directions were 0.9 

m and the depth of the specimens was 0.30 m. We assumed that the top and 

bottom boundaries of the numerical specimens were free and perfectly matched 

layers were assigned to the lateral boundaries. The thickness of the perfectly 

matched layer was twenty grid spacing in this study. 

We assumed that the maximum sizes of ellipsoidal and cubic aggregates were 19, 

25 and 38 mm.  We used Fuller’s 0.45 power curve [89] to fill 50% of the volume 

of the concrete with aggregates. Using the approach introduced in Sec. 4.2.3, we 

could generate more than two hundred thousand of non-overlapping aggregates 

and voids in less than a minute. We defined two types of materials for aggregates, 

where the contrast of the acoustical properties of the first type of aggregates with 

the cement matrix was lower than that of the second type. In this paper, we named 

the aggregates made of the first material “aggregate type one” and the aggregates 

made of the second material “aggregate type two” in this paper. The material 
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properties of cement matrix and the two types of aggregates are given in Table 2. 

𝜂1, 𝜂2, and 𝜂3 in Table 1 are random numbers uniformly distributed in the range of 

[-1, 1]. It was assumed that 1% of the volume of the synthetic concrete specimens 

was filled with spherical air voids with the diameter of 2 mm [94]. We assigned the 

material properties provided in Table 2 to air voids and treated them similar to 

aggregates. 

Table 2 Material properties of cement matrix and aggregates. 

Material Properties Cement 

Matrix  

Aggregate Type One Aggregate Type Two Air   

Density (kg/m3) 2050 2610 +130 η1  2950 1.20 

Shear Velocity (m/s) 2250 2450 +125η
2
 3330 0 

Longitudinal Velocity (m/s) 3950 4180 +210η3 5730 0 

The transmitted wavelet was assumed to be the RC2 signal given by Eq. 4.37: 

RC2(t) = (1 − 𝑐𝑜𝑠(πfct)) 𝑐𝑜𝑠(2πfct) , 0 ≤ t ≤ 2/fc, (4. 37) 

where 𝑓𝑐 is the center frequency of the signal. Since EFIT uses velocities and 

stresses as prescribed values, the normalized first time derivative of the RC2 

signal (Figure 10) was used as prescribed velocity.  

 

Figure 10  The transmitted wavelet. 

 

2/𝑓𝑐 Time 
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The transmission of horizontal shear waves to the computational domain was 

performed by assigning the normalized wavelet, as the y-component of velocity, to 

the center of all 𝑣𝑦 cells (Figure 5) on the top surface (𝑧 =  0) of the synthetic 

specimens. Twenty-five points located at a depth of 0.15 m and distributed on a 

structured grid with the grid spacing of 0.02 m were used to record the y-

component of velocity as output signals with the sampling rate of 10 MHz. The 

center of the specimen matched with the center of the grid. The average of the 

recorded signals was used to evaluate scattering attenuation. Using averaging the 

structural noise is filtered from the recorded signals. The attenuation was obtained 

by using Eq. 4.38: 

𝛼(𝑓𝑐) = −
20

𝑥
𝑙𝑜𝑔10

𝐴𝑥(𝑓𝑐)

𝐴0(𝑓𝑐)
 , (4. 38) 

where 𝐴𝑥(𝑓𝑐) is the amplitude associated to the frequency 𝑓
𝑐
 (Eq. 4.38) in the 

frequency spectrum of the first arrival signal recorded at distance 𝑥 from emitter. 

Frequency spectrum is obtained by applying fast Fourier transform (FFT) to the 

recorded signal. 𝐴𝑜 is the peak amplitude of the emitted signal, which is associated 

to the frequency 𝑓𝑐  in the frequency spectrum of the RC2 signal (Eq. 4.37). We 

obtained the attenuation corresponding to the transmitted signals with the center 

frequency of 25, 50, 75, 100, 125, and 150 kHz using Eq. 4.38, then we fitted a 

curve to these six values to provide the attenuation curves.    

Maximum frequency in the frequency spectrum of a RC2 signal is virtually 2𝑓𝑐, 

therefore, for 𝑓𝑐 = 150 𝑘𝐻𝑧 and material parameters provided in Table 1 conditions 
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in Eqs. 4.22 and 4.24 lead to ∆𝑥 ≤ 0.0075 𝑚 and ∆𝑡 ≤ 0.075 𝜇𝑠. We chose ∆𝑥 =

0.005 𝑚 and ∆𝑡 = 0.05 𝜇𝑠 in all numerical simulations in this study.  

The numerical simulations were performed and the scattering attenuation was 

computed for the given frequency range (Figure 11). Maximum aggregate size was 

denoted by 𝑑𝑚𝑎𝑥 in Figure 11. As can be observed from the graphs presented in 

Figure 11, the scattering attenuation was strongly dependent on the maximum 

aggregate size. Evidently, the scattering attenuation was larger for aggregates with 

a maximum size of 38 mm. For aggregates with maximum sizes of 25 mm and 38 

mm, as the frequency increased, the difference in the value of scattering 

attenuation decreased.  

Figure 11 illustrates that the type two aggregates caused significantly larger 

scattering attenuation in comparison with type one aggregates, and as the center 

frequency of the emitted signal increased, the effect of the material properties of 

aggregates on the scattering attenuation increased. For all types and sizes of 

aggregates, the scattering attenuation was small for emitted signals with center 

frequencies lower than 50 kHz; for type one aggregates, this range was larger. 

Velocity of shear wave in the synthetic concrete specimens was computed to 

investigate the influence of aggregates’ shape, size, and material properties on the 

velocity of the shear wave in concrete. To do so, we transmitted shear waves from 

a point on the top surface of the specimen and recorded the first arrival signals by 

the receivers located on the top surface of the specimens in a plane that contained 

the sender and was perpendicular to the y-axis. Having the distances of receivers 

and the travel time of the emitted signal from the first to the second receiver, the 
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velocity of the shear wave was computed. The results showed that the velocity of 

the shear wave was virtually not dependent on the size or shape of aggregates. 

The velocity of the shear wave in the concrete specimens with aggregate type one 

was about 2350 m/s. This value for concrete made of aggregate type two was 

around 2550 m/s. Apparently, the velocities of the shear waves in two specimens 

were not considerably different. However, the scattering attenuation was 

significantly larger in the concrete specimen made of aggregate type two. 

The simulation results (Figure 11) show that the scattering attenuation was slightly 

affected by the shape of the aggregates. The scattering attenuation in the synthetic 

concrete specimens with cubic aggregates was slightly larger than that in synthetic 

specimens with the ellipsoidal aggregates.  

 

 

 

 

 

 

 

 

 

 



53 

 

Scattering Attenuation of Horizontal Shear Waves 

 

 

 

 

 

 

 

  

 

  

Figure 11   Scattering attenuation of shear waves versus center frequency of 

emitted signals for synthetic concrete specimens with ellipsoidal aggregates with 

maximum size of (a) 19 mm, (b) 25 mm and (c) 38 mm, and  for synthetic 

concrete specimens with cubic aggregates with maximum size of (d) 19 mm, (e) 

25 mm,  and (f) 38 mm.  

(a) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) (d) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) 

(b)   Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) (e) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) 

(c) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) (f) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) 
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We performed the same numerical experiments for longitudinal waves (Figure 12) 

by exciting the top surface of the synthetic concrete specimens in the z-direction. 

The same behavior as horizontal shear waves can be observed for longitudinal 

waves. However, the scattering attenuation was smaller for longitudinal waves. 

For synthetic concrete specimens with type one aggregates (Figure 12), the 

scattering attenuation of longitudinal waves was insignificant for the three 

aggregate sizes for frequencies lower than around 80 kHz. For higher frequencies, 

the attenuation was virtually one-half of that for horizontal shear waves for 

synthetic concrete specimens with both cubic and ellipsoidal aggregates. For 

synthetic concrete specimens with type two aggregates, the scattering attenuation 

was significantly larger than that for the specimens with type one aggregates. For 

these specimens and for aggregate with the size of 38 mm the attenuation of 

longitudinal waves was large for frequencies higher than 100 kHz. However, 

comparing the graphs in Figure 11 and Figure 12, the attenuation was still 

noticeably lower than that for horizontal shear waves. 
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Scattering Attenuation of Longitudinal Waves 

 

 

 

 

 

 

 

  

 

  

Figure 12  Scattering attenuation of longitudinal waves versus center frequency 

of emitted signals for synthetic concrete specimens with ellipsoidal aggregates 

with maximum size of (a) 19 mm, (b) 25 mm and (c) 38 mm, and for synthetic 

specimens with cubic aggregates with maximum size of (d) 19 mm, (e) 25 mm  

and (f) 38 mm.  

(a) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) (d) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) 

(b)   Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) (e) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) 

(c) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) (f) Cubic Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) 
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The y-component of velocity wavefields (horizontal shear waves) at four different 

times are presented in Figure 13. Numerical simulations were performed on 

specimens with ellipsoidal aggregates with the maximum size of 25 mm to provide 

the snapshots.  The snapshots show transmitted wavelets with the center 

frequencies of 50 kHz, 100 kHz, and 150 kHz. The waveforms recorded by nine 

receivers located at the depth of 150 mm (Figure 19).  As can be observed from 

Figure 13 and Figure 19, the scattering attenuation of horizontal shear waves at 

the center frequency of 50 kHz was low and the transmitted wave kept most of its 

energy when it reached the top boundary. At higher frequencies, the scattering 

attenuation was considerable. At the center frequency of 150 kHz, for example, 

the coherent wave lost virtually all its energy after traveling 0.6 m in a concrete 

specimen made of type two aggregates. It can be seen from Figure 13 that the 

scattering attenuation was path dependent. In the case where the incident waves 

met larger aggregates in their way, the scattering attenuation was larger.   
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Figure 13   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) of  type one (fc  =  50 kHz) 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  
𝑡 =  240  𝜇𝑠  
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Figure 14   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) of type two (fc  =  50 kHz). 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  𝑡 =  240  𝜇𝑠  
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Figure 15   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) of  type one (fc  =  100 kHz). 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  𝑡 =  240  𝜇𝑠  
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Figure 16   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) (d) type two (fc = 100 kHz). 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  𝑡 =  240  𝜇𝑠  



61 

 

 

  
Figure 17   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) of (e) type one (fc  = 150 kHz). 

 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  𝑡 =  240  𝜇𝑠  
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Figure 18   Snapshots taken at t = 20, 80, 180, and 240 µs from the propagation 

of  horizontal shear waves in synthetic concrete specimens with ellipsoidal 

aggregates (dmax = 25 mm) of type two (fc  =  150 kHz). 

 

 

 

𝑡 =  20 𝜇𝑠 𝑡 =  80  𝜇𝑠  

𝑡 =  180  𝜇𝑠  𝑡 =  240  𝜇𝑠  
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Figure 19  Waveforms recorded at nine different points at z =  0.15 m synthetic of 

specimens with ellipsoidal aggregates (dmax  =  25 mm) of (a) type one ( fc  =

 50 kHz), (b) type two (fc  =  50 kHz), (c) type one (fc  =  100 kHz), (d)  type two 

(fc  =  100 kHz), (e) type one (fc  =  150 𝑘𝐻𝑧), and (f) type two (fc = 150 kHz). 

 
 

 

 

(a) 
Aggregate type one (𝑓

𝑐
= 50 𝑘𝐻𝑧) 

Reflected Incident 

(b) 
Aggregate type two (𝑓

𝑐
= 50 𝑘𝐻𝑧) 

(c) 
Aggregate type one (𝑓𝑐 = 100 𝑘𝐻𝑧) 

(d) Aggregate type two  (𝑓𝑐 = 100 𝑘𝐻𝑧) 

(e) 
Aggregate type one  (𝑓

𝑐
= 150 𝑘𝐻𝑧) 

(f) 
Aggregate type two  (𝑓𝑐 = 150 𝑘𝐻𝑧) 
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3.3.1 Influence of air voids on scattering attenuation 

In all simulations presented previously, one percent of the synthetic concrete 

specimens’ volume was filled by air voids. To investigate the effect of air voids on 

scattering attenuation, we removed the air voids, performed the simulations on the 

synthetic specimens with ellipsoidal aggregates and obtained the scattering 

attenuation (Figure 20).  By comparing the graphs in Figure 20a, b and c with those 

in Figure 11a, b, and c, one can deduce that air voids had more influence on 

scattering attenuation of horizontal shear waves at higher frequencies; their 

influence in frequencies lower than 80 kHz was negligible. The influence of air 

voids on scattering attenuation of horizontal shear waves was more noticeable for 

synthetic concrete specimens made of type one aggregates.  Air voids had a 

negligible effect on the scattering attenuation of longitudinal waves (Figure 20d, e 

and f). 
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 Scattering Attenuation of Shear Waves Scattering Attenuation of Longitudinal  Waves 

 

 

 

 

 

 

 

  

 

  Figure 20  Scattering attenuation of horizontal shear waves in synthetic concrete 

specimens with zero air void volume with ellipsoidal aggregates of maximum size 

of (a) 19 mm, (b) 25 mm , and (c) 38 mm, and scattering attenuation specimens. 

of longitudinal waves in the synthetic concrete specimens with zero air void 

volume with ellipsoidal aggregates of maximum size of (d) 19 mm, (e) 25 mm 

and (f) 38 mm.  

(a) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) (d) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 19 𝑚𝑚) 

(b)   Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) (e)   Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 25 𝑚𝑚) 

(c) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) (f) Ellipsoidal Aggregate (𝑑𝑚𝑎𝑥 = 38 𝑚𝑚) 



66 

 

5 Analytical reverse time migration 

[This chapter is adapted from the following publication: Asadollahi, A., & 

Khazanovich, L. (2018). Analytical reverse time migration: An innovation in 

imaging of infrastructures using ultrasonic shear waves. Ultrasonics, 88, 185-193.] 

5.1 Introduction 

The emergence of ultrasonic dry point contact (DPC) transducers that emit 

horizontal shear waves has enabled efficient collection of high-quality data in the 

context of nondestructive evaluation of concrete structures. This offers an 

opportunity to improve the quality of evaluation by adapting advanced imaging 

techniques. Reverse time migration (RTM) is a simulation-based reconstruction 

technique that offers advantages over conventional methods, such as the synthetic 

aperture focusing technique. RTM is capable of imaging boundaries and interfaces 

with steep slopes and the bottom boundaries of inclusions and defects. However, 

this imaging technique requires a massive amount of memory and its 

computational cost is high. In this chapter, both bottlenecks of the RTM will be 

resolved when shear transducers are used for data acquisition. An analytical 

approach will be developed to obtain the source and receiver wavefields needed 

for imaging using reverse time migration. We will show that the proposed analytical 

approach not only eliminates the high memory demand, but also drastically 

reduces the computation time from days to seconds.  

In this chapter, we first give the algorithm of the reverse time migration technique. 

Then, the proposed analytical approach is presented and its benefits are 

discussed. Afterwards, some comments on its implementation are given. In the 
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results section, accuracy and efficiency of the analytical RTM approach are shown 

by imaging the bottom boundary of a homogeneous stepped foundation slab.  

5.2 Methods  

2.1.1. Synthetic aperture focusing technique 

In imaging using SAFT, the value assigned to a point at 𝒙 to reconstruct an image 

of the scanned medium is obtained from the time of flight, 𝑡𝑓, from the sender at 𝒙𝑠 

to the point of the medium and from the point to the receiver at  𝒙𝑟 (Figure 21a).  

 

 

Figure 21. Algorithm of synthetic aperture focusing technique 

From the time history of the recorded signal by the receiver, the amplitude 

associated to the time of flight, 𝐴𝑚𝑝(𝒙𝑠, 𝒙𝑟 , 𝑡𝑓),  is obtained (Figure 21b). Then, this 

value is modified by an apodization factor, 𝐴(𝒙𝑠, 𝒙𝑟 , 𝒙), and the modified value is 

assigned to the point at 𝒙 as the image intensity of the point. 

𝐼(𝒙) = 𝐴(𝒙𝑠, 𝒙𝑟 , 𝒙)𝐴𝑚𝑝(𝒙𝑠, 𝒙𝑟 , 𝑡𝑓) (5.1) 

 

 

(a) (b) 
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 Clearly, SAFT algorithm assigns the same value to all points with the same 

associated time of flight. These points form an ellipse with focal points at location 

of the sender and the receiver. In case of using multiple senders and if we use 

several receivers for each sending, the image intensity in each point is obtained 

from stacking the reconstructed images formed by each sending-receiving pair 

(Eq. 5.2). 

𝐼(𝒙) =∑∑𝐴(𝒙𝑠, 𝒙𝑟 , 𝒙)𝐴𝑚𝑝(𝒙𝑠, 𝒙𝑟 , 𝑡𝑓)

𝑟𝑠

 (5.2) 

5.2.1 Reverse time migration algorithm 

Reverse time migration (RTM) is an imaging method that processes data collected 

by an acquisition system consisting of sources and receivers to reconstruct an 

image of the scanned medium. In this study, we assume that the medium is 

accessible only from one side. In most cases for NDT, the RTM algorithm requires 

the average density, velocity of the wave, and the source wavelet as inputs.  RTM 

involves the following steps for each source and corresponding receivers to 

reconstruct an image of the scanned medium:  

Step 1. A numerical simulation is performed assuming a homogeneous elastic 

medium that has an average density and an average shear wave velocity of the 

scanned medium excited by a sender located at the position of the source and 

emitting the source wavelet. This simulation is used to reconstruct the entire time 

history of the wavefield of the source (𝑆(𝒙, 𝑡)), where 𝒙 represents the coordinates 

of a point in the medium and 𝑡 denotes time.  
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Step 2. In a second numerical simulation, the same homogeneous elastic medium 

is excited by sources placed at the location of the receivers corresponded to the 

source at step 1. The recorded signals by the receivers are reversed in time. Then, 

the sources transmit the time-reversed signals to the homogeneous medium to 

reconstruct the receiver wavefields (𝑅(𝒙, 𝑇 − 𝑡)), where T is the total time of data 

collection.  It should be noted that because the signals are reversed in time, the 

obtained wavefields are at time 𝑇 − 𝑡.  

Step 3. Cross-correlation (Eq. 5.3) is used as an imaging condition [95] to 

reconstruct the image of the scanned medium: 

𝐼(𝒙) =  ∫ 𝑆(𝒙, 𝑡)𝑅(𝒙, 𝑡)
𝑇

0

𝑑𝑡. 
(5.3) 

𝐼(𝒙) is obtained from the Eq. 5.4 using numerical integration. 

𝐼(𝒙) ≅  ∑ 𝑆(𝒙,𝑚∆𝑡)𝑅(𝒙,𝑚∆𝑡),
𝑛

𝑚=1

 
(5.4) 

where 𝑇 =  𝑛∆𝑡. A change in the value of image intensity, I(x), from one point to 

another indicates the change of acoustic impedance between those two points 

leading to the detection of reflectors.  

For multiple sources, steps 1 to 3 would be repeated for each source, and then the 

corresponding reconstructed images would be stacked to obtain the final image 

(Eq. 5.5): 



70 

 

𝐼(𝒙) ≅  ∑∑ 𝑆𝑘(𝒙,𝑚∆𝑡)𝑅𝑘(𝒙,𝑚∆𝑡)

𝑛

𝑚=1

𝑛𝑠

𝑘=1

, 
(5.5) 

where 𝑛𝑠is the total number of sources.  

The reason for the high memory demand of RTM is that the cross-correlation (Eq. 

5.3) needs the source and receiver wavefields at the same time. Nonetheless, the 

source wavefield, 𝑆(𝒙, 𝑡), is propagated from time zero up to maximum time, and 

the receiver wavefield, 𝑅(𝒙, 𝑇 − 𝑡), is propagated in the reversed time direction 

from maximum time down to zero. Therefore, one of the wavefields must be saved 

in memory. Because a very fine temporal and spatial grid has to be used to avoid 

instability and grid dispersion, memory demand is high. 

The reason for the high computational cost of RTM is that RTM requires two 

numerical simulations for each sending and receiving. Because a large number of 

sending and receiving is performed in scanning a medium, numerous simulations 

are required for imaging using RTM.  While these simulations can be parallelized, 

the computation time and memory requirements remain a significant obstacle in 

implementation of this technology. 

5.2.2 The proposed analytical RTM approach  

In this study, we develop an analytical approach to overcome the bottlenecks of 

the reverse time migration technique when data are acquired using transducers 

that emit horizontal shear waves. To obtain the time history of motion of one 

particle of the medium, we consider the wave equation corresponding to anti-plane 
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shear. Assuming that the waves propagate in the x-z plane and are polarized in 

the y-direction, the only nonzero displacement component is 𝑢𝑦 and the wave 

equation is [96] 

𝜕2𝑢𝑦

𝜕𝑥2
+
𝜕2𝑢𝑦

𝜕𝑧2
=  

1

𝑐𝑠
2

𝜕2𝑢𝑦

𝜕𝑡2
, 

(5.6) 

𝑤ℎ𝑒𝑟𝑒 𝑐𝑠 is √𝜇/𝜌 and represents the velocity of shear wave in the medium, 𝜇 is 

the shear modulus and 𝜌 is the mass density. 

Next, we derive the time history of motion of a point at distance R from a DPC 

shear transducer. Because the contact area of a DPC transducer with the scanned 

medium is very small, we can assume that the size of source is very small as well. 

We also assume that the source is located at the free surface of a half-space 

elastic homogeneous medium and has a small width, 𝑎. The source transmits a 

stress signal (Eq. 5.7) to a half-space medium.  

𝜎𝑧𝑦(𝑥, 0, 𝑡) =  𝜏(𝑥)𝑓(𝑡),   (5.7) 

where  𝑓(𝑡) is an arbitrary bounded function of time with zero value for  𝑡 ≤ 0. We 

denote 𝜏(𝑥)𝑎 by 𝑃. To solve the wave equation with the prescribed stress, we 

performed the following procedure. The partial differential equation (Eq. 5.6) is 

converted to an ordinary differential equation by taking the Laplace transform with 

respect to 𝑡, and the Fourier transform with respect to 𝑥:  
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Taking the Laplace transform of both sides of the Eq. 5.6 with respect to time yields 

to: 

𝜕2𝑈

𝜕𝑥2
+
𝜕2𝑈

𝜕𝑧2
= 

1

𝑐2
𝑠2𝑈, 

(5.8) 

Where 𝑈 is Laplace transform of  𝑢𝑦 with respect to time. Now, we take Fourier 

transform with respect to  𝑥 

−𝜉2�̂� +
𝜕2�̂�

𝜕𝑧2
= 
𝑠2

𝑐2
�̂�, 

(5.9) 

�̂� is Fourier transform of 𝑈 with respect to 𝑥. Eq. 5.9 can be rearranged to the 

following form: 

𝜕2�̂�

𝜕𝑧2
− ( 

𝑠2

𝑐2
+𝜉2) �̂� = 0,  

(5.10) 

By the following assumption 

𝛾2: =  𝛽2+𝜉2  𝑤ℎ𝑒𝑟𝑒   𝛽2: =  
𝑠2

𝑐2
 .  

(5.11) 

The Eq. 5.10 becomes: 

𝜕2�̂�

𝜕𝑧2
− 𝛾2�̂� = 0. 

(5.12) 

Solution of the ODE in Eq. 5.12 is 

�̂� = 𝐴𝑒−𝛾𝑧 + 𝐵𝑒𝛾𝑧 , (5.13) 

Since  𝑢𝑦 → 0 𝑤ℎ𝑒𝑛 𝑧 → ∞ , the value of 𝐵  must be zero, therefore 
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�̂� = 𝐴𝑒−𝛾𝑧 . (5.14) 

We use the boundary condition (Eq. 5.7) to obtain the value of A 

𝜇
𝑑𝑢𝑦

𝑑𝑥
|𝑧=0 =  𝜏(𝜉)𝑓(𝑡).  

(5.15) 

By applying Laplace transform to both sides of the equation, we have: 

𝜇
𝑑𝑈

𝑑𝑥
|𝑧=0 =  𝜏(𝜉)𝑓(̅𝑠).  

(5.16) 

Now, we apply Fourier transform Eq. 5.16 

𝜇
𝑑�̂�

𝑑𝑥
|𝑧=0 = �̂�(𝜉)𝑓(̅𝑠).  

(5.17) 

Using Eq. 5.14,  𝜇
𝑑𝑈

𝑑𝑥
|𝑧=0 is 

𝜇
𝑑�̂�

𝑑𝑥
|𝑧=0 = −𝛾𝜇𝐴,  

(5.18) 

𝐴 in Eq. 5.18 is obtained from Eqs. 5.17 and 5.18 

𝐴 = −
�̂�(𝜉)𝑓(̅𝑠)

𝛾𝜇
. 

(5.19) 

Thus,  �̂� is Eq. 5.14 is 

�̂� = −
�̂�(𝜉)𝑓(̅𝑠)

𝛾𝜇
𝑒−𝛾𝑧 ,   

(5.20) 

Now, inverse Fourier transform is applied to Eq. 5.20 
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𝑈 = −
𝑓(̅𝑠)

𝜇√2𝜋
∫

�̂�(𝜉)

𝛾
𝑒−𝛾𝑧𝑒𝑖𝜉𝑥𝑑𝜉

∞

−∞

. 
(5.21) 

We know that 

𝑒−𝛾𝑧 = 2ℱ−1 (
𝛾

𝛾2 + 𝜂2
) =

2

√2𝜋
∫

𝛾𝑒𝑖𝜂𝑧

𝛾2 + 𝜂2
𝑑𝜂

∞

−∞

. 
(5.22) 

Using 𝑒−𝛾𝑧 in Eq. 5.22 in Eq. 5.20 yields to  

𝑈(𝑥, 𝑦, 𝑠) = − 
𝑓(̅𝑠)

𝜇𝜋√2𝜋
∫ 𝜏(𝑥′)𝑑𝑥′
∞

−∞

∫ ∫
1

𝛾2 + 𝜂2
𝑒𝑖𝜉𝑥+𝑖𝜂𝑧𝑒−𝑖𝜉𝑥

′
𝑑𝜂𝑑𝜉

∞

−∞

,
∞

−∞

 
(5.23) 

Eq. 5.23 can be written in the following form 

𝑈(𝑥, 𝑦, 𝑠) =  −
𝑓(̅𝑠)

𝜇𝜋√2𝜋
∫ 𝜏(𝑥′)𝑑𝑥′
∞

−∞

∫ ∫
1

𝛾2 + 𝜂2
𝑒𝑖(𝜉(𝑥−𝑥

′)+𝜂𝑧)𝑑𝜂𝑑𝜉.
∞

−∞

∞

−∞

 
(5.24) 

We assume that  

𝑞(𝑥, 𝑧, 𝑥′, 𝑠) =  ∫ ∫
1

𝛾2 + 𝜂2
𝑒𝑖(𝜉(𝑥−𝑥

′)+𝜂𝑧)𝑑𝜂𝑑𝜉
∞

−∞

,
∞

−∞

 
(5.25) 

and define the vectors l and R by the following equations 

𝒍 ∶= 𝜉𝑖 + 𝜂𝑗 𝑎𝑛𝑑 𝑹 ∶= (𝑥 − 𝑥′)𝑖 + 𝑦𝑗.  (5.26) 

Using l and R in Eq. 5.25, we have 

𝑞(𝑅, 𝑠) =  ∫ ∫
1

𝛾2 + 𝜂2
𝑒(𝑖𝒍.𝑹)𝑑𝜂𝑑𝜉.

∞

−∞

∞

−∞

 
(5.27) 

By mapping to polar coordinate system, Eq. 5.27 becomes 
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𝑞(𝑅, 𝑠) =  ∫ ∫
1

𝛽2 + 𝑙2
𝑒(𝑖𝒍.𝑹)𝑙𝑑𝑙𝑑𝛼

2𝜋

0

.
∞

0

 
(5.28) 

The integral in Eq. 5.28 can be written in the following form 

𝑞(𝑅, 𝑠) =  ∫
𝑙𝑑𝑙

𝛽2 + 𝑙2
∫ 𝑒(𝑙𝑅𝑐𝑜𝑠(𝛼))𝑑𝛼
2𝜋

0

.
∞

0

 
(5.29) 

We know that  

2𝜋𝐽0(𝑙𝑅) =  ∫ 𝑒(𝑙𝑅𝑐𝑜𝑠(𝛼))𝑑𝛼
2𝜋

0

, 
(5.30) 

thus 

𝑞(𝑅, 𝑠) =  2𝜋∫
𝐽0(𝑙𝑅)

𝛽2 + 𝑙2

∞

0

𝑙𝑑𝑙 
(5.31) 

We also know that 

∫
𝐽0(𝑙𝑅)

𝛽2 + 𝑙2

∞

0

𝑙𝑑𝑙 = 𝐾0(𝛽𝑅), 
(5.32) 

where 𝐾0(𝛽𝑅) is modified Bessel function of the second kind, thus q is 

𝑞(𝑅, 𝑠) =  2𝜋𝐾0(𝛽𝑅). (5.33) 

Hence, 𝑈 in Eq. 5.24 is: 

𝑈 = −
√2𝑓(̅𝑠)𝐾0(𝛽𝑅)

𝜇√𝜋
∫ 𝜏(𝑥′)𝑑𝑥′
∞

−∞

, 
(5.34) 
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𝑃 ∶= ∫ 𝜏(𝑥′)𝑑𝑥′
∞

−∞
 is the magnitude of the applied force on the surface, so U in Eq. 

5.34 can be simplified to 

𝑈(𝑅, 𝑠) = −√
2

𝜋
 
𝑃

𝜇
𝑓(̅𝑠)𝐾0 (

𝑅

𝑐
𝑠). 

(5.35) 

Now, we apply inverse Laplace transform to Eq. 5.35 to obtain 𝑢𝑦 

𝑢𝑦(𝑅, 𝑡) =  −√
2

𝜋
 
𝑃

𝜇
ℒ−1  (𝑓(̅𝑠)𝐾0 (

𝑅

𝑐
𝑠)). 

(5.36) 

We assume that  

𝑔(𝑡) =  ℒ−1(𝐾0 (
𝑅

𝑐
𝑠)), 

(5.37) 

using convolution theorem, the inverse Laplace transform in Eq. 5.36 is 

ℒ−1  (𝑓(̅𝑠)𝐾0 (
𝑅

𝑐
𝑠)) =  ∫ 𝑓(𝑡 − 𝜏)𝑔(

𝑡

0

𝜏)𝑑𝜏. 
(5.38) 

ℒ−1𝐾0 (
𝑅

𝑐
𝑠) is a known function (Eq. 5.39) 

ℒ−1(𝐾0 (
𝑅

𝑐
𝑠)) =  

{
 
 

 
 0                      𝑡 ≤

𝑅

𝑐
1

√(𝑡2 − (
𝑅
𝑐)

2)

   𝑡 >
𝑅

𝑐
    
, 

(5.39) 

So, the convolution integral in Eq. 5.38 is 
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∫ 𝑓(𝑡 − 𝜏)𝑔(
𝑡

0

𝜏)𝑑𝜏 =  ∫
𝑓(𝑡 − 𝜏)

√(𝜏2 − (
𝑅
𝑐)

2)

𝑡

𝑅/𝑐

𝑑𝜏, 
(5.40) 

and 𝑢𝑦 is 

𝑢𝑦(𝑅, 𝑡) =

{
 
 

 
 0                                                 𝑡 ≤

𝑅

𝑐𝑠

− 
√2𝑃

√𝜋𝜇
∫

𝑓(𝑡 − 𝜏)

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠

𝑑𝜏    𝑡 >
𝑅

𝑐𝑠
 
 .   

(5.41) 

In this study, the velocity field (rather than displacement field) is used for image 

reconstructions using RTM. The velocity is obtained by taking the time derivative 

of displacement (Eq. 5.42): 

𝑣𝑦(𝑅, 𝑡) =

{
 
 

 
   0                                                                                   𝑡 ≤

𝑅

𝑐𝑠

−√
2

𝜋
 
𝑃

𝜇

(

 
𝑓(0)

√𝑡2 − (
𝑅

𝑐
)2

+∫
�̇�(𝑡 − 𝜏)

√𝜏2 − (
𝑅

𝑐
)2

𝑡

𝑅

𝑐

𝑑𝜏

)

      𝑡 >
𝑅

𝑐𝑠
 

 .   

(5.42) 

We assume that 𝑓(0)  =  0. It is worth noting that 𝑅/𝑐𝑠 is the time of flight or time 

of travel of wave to a particle at distance R from the source. At any time less than 

travel time to a particle, the particle is at rest.   

For each source, the integral in Eq. 5.42 needs to be evaluated for all points of the 

medium to obtain the associated time history of the source or receiver wavefields. 

This procedure is a computationally intensive task. In addition, a massive memory 

is required to save the source or the receiver wavefields. To overcome these 
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challenges, we will use the following relationship between signals at distances  𝑅1 

and 𝑅2, far enough from the point source [96]:  

𝑣𝑦 (𝑅2, 𝑡 +
𝑅2

𝑐𝑠
) ≅  √

𝑅1

𝑅2
 𝑣𝑦 (𝑅1, 𝑡 +

𝑅1

𝑐𝑠
). 

(5.43) 

Eq. 8 is the heart of our approach to removing the bottlenecks of RTM and making 

it applicable to nondestructive testing. If we have the response at only one point in 

the medium far enough from the source, Eq. 5.43 enables us to obtain the 

response at all other points for which the asymptotic behavior holds. For example, 

for a source of size 1 mm and a source signal with the center frequency of 50 kHz 

traveling in a medium with the velocity of 2750 m/s, R should be 50 mm or larger 

to use the Eq. 5.41 (Figure 22). In Figure 22, all of the signals are shifted back to 

the origin. However, we cannot use a source signal for localization or 

characterization in near field; therefore, we can apply Eq. 5.43 to all points of a 

medium without losing any beneficial information.  

 

Figure 22 Velocity signals recorded at the distance of 0.010 and 0.30 m from the 
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source versus the velocity signals at 0.01 m and 0.30 m obtained using the 

recorded signal at the distance of 0.05m from the source and Eq. 5.43.  

If multiple sources are transmitting signals to a medium simultaneously, we will 

obtain wavefields of each source. Then we take advantage of the linearity of the 

wave equation to obtain the wavefields of multiple sources by superimposing the 

wavefields of each source. We will present the advantages of this analytical 

approach in obtaining the response of particles in a medium in section 5.2.4.  

5.2.3 Reflections from the bottom and top boundaries 

If a tested medium has a finite thickness, then reflections from the bottom boundary 

of the medium must be accounted for. Here, we introduce a technique in which 

fictitious sources are used to consider reflections. Each fictitious source 

corresponds to a real source and to one reflection from the top or the bottom 

boundary, and each fictitious source emits the same signal as the corresponding 

real source. A fictitious source is located so that the time of flight of a signal 

transmitted from the real and the fictitious sources to any point inside the medium 

is the same (Figure 23a and b). That is, at any time, both real and fictitious sources 

result in the same response at any point inside the medium. To satisfy this 

condition, the fictitious source corresponding to the first reflection from a bottom 

boundary must be the mirror image of the real source with respect to that boundary 

(Figure 23a and b). Figure 23a illustrates the location of fictitious sources for one 

reflection from the bottom and top boundaries when the top and bottom boundaries 

are not parallel. Figure 23b shows the location of fictitious sources for multiple 

reflections from top and bottom boundaries when the top and bottom boundaries 
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Figure 23 Location of the fictitious sources corresponding to a real source (a) to 

consider one reflection from bottom and top boundaries when the boundaries are 

not parallel and (b) to consider multiple reflections from top and bottom boundaries 

when they are parallel. 

are parallel. It is worth noting that if the medium is resting on another medium with 

a significantly lower acoustic impedance, we assume that its bottom boundary is 

free. If it is resting on another medium with a considerably higher acoustic 

impedance, we assume that its bottom boundary is rigid. For a free boundary, the 

source signal sent by the fictitious source remains unchanged. For a rigid 

boundary, the source signal would be multiplied by -1 to take into account the 

change in phase of a wave when it reflects from the rigid boundary.  

It should be pointed out that for a sufficiently thick test specimen, the energy of the 

wave reflected from the top boundary is usually low, therefore, it does not add any 
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beneficial information to the reconstructed image. In this study, we consider only 

one reflection from the bottom boundary for imaging.   

5.2.4 Benefits of using the analytical RTM approach 

The analytical RTM approach offers several advantages. The memory bottleneck 

is completely resolved because the time history of motion of just one particle is 

needed to obtain the entire time history of the wavefield. The computational burden 

is drastically decreased because the response is just for one particle of a medium 

(Eq. 5.42). The responses of other points are calculated by multiplying the 

response of that one particle by a modification factor (Eq. 5.43). The wave equation 

is not discretized temporally or spatially, so larger pixels and time steps can be 

used to reconstruct the image of the scanned medium. Another advantage is that 

the integration in Eq. 5.1 can be performed in a shorter time than it takes to acquire 

the entire data set. For example, if we consider only one reflection from the bottom 

boundary, no reflection from top boundary, and if the time length of the source 

wavelet is 𝑡𝑒,  then for particles far from the bottom boundary where the incident 

and reflected waves do not interact, the total time of the nonzero response is 

2𝑡𝑒(Figure 24). For particles close to the boundary, where the incident and 

reflected waves interfere, this value is less than 2𝑡𝑒. Therefore, the value of 𝑆(𝒙, 𝑡) 

in Eq. 5.3 is zero for a duration of at least 𝑇 − 2𝑡𝑒. Furthermore, the proposed 

analytical approach enables obtaining the value of I in Eq. 5.1 for any point 

independently. The reason is that the time history of motion of any point can be 

determined individually and can be imaged by Eq. 5.5. Imaging of individual points 

is beneficial when imaging an ROI rather than the entire scanned medium. 
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`                                                   

 

Figure 24  (a) Source signal and (b) propagation of source signal in a 

homogeneous medium. 

 The ROI can be determined from a low-resolution image reconstructed by the 

analytical approach. The analytical approach can take advantage of individual 

point imaging for a further reduction of computation burden.  

5.2.5 Comments on the implementation of the analytical approach  

In the analytical RTM approach, one first needs to obtain the response at distance 

𝑅 from each source transmitting the source signal and the time-reversed signals. 

The responses at distance 𝑅 far enough from the sources are saved in memory 

and are utilized to obtain the response at the other points in the medium using Eq. 

5.43. To simplify this procedure, we save 𝑣𝑦(𝑅, 𝑡 + 𝑅/𝑐𝑠) or eliminate the zero 

responses corresponding to the travel time duration and use Eq. 5.43. To obtain 

the response at distance R from the source, the integral in Eq. 5.42 needs to be 

evaluated. To do this, we approximate function 𝑓(𝑡) using linear B-splines (Eq. 

5.44).  

𝑓(𝑡) =  ∑𝑁𝑖(𝑡)𝑓𝑖
𝑖

, (5.44) 

𝑡𝑒 

(b

) 

(a) (b) 
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where 𝑁𝑖(𝑡) is a triangular function equal to 1 if 𝑡 =  𝑖∆𝑡 and equal to 0 if 𝑡 is less 

than (𝑖 − 1)∆𝑡 or greater than (𝑖 + 1)∆𝑡 (Figure 25). With the linear approximation 

of function 𝑓(𝑡),  𝑑𝑓(𝑡)/𝑑𝑡 becomes constant and the integral in Eq. 5.42 can be 

evaluated analytically. 

                               

Figure 25  Linear B-splines. 

Now, we evaluate 𝑣𝑦, we assume one of the basis functions given in Figure 25.  

This function can be considered as the superposition of three linear functions 

(𝑁𝑖(𝑡) = ℎ1(𝑡) + ℎ2(𝑡) + ℎ3(𝑡)) (Figure 26). 

                               Figure 26  Triangular function is the superposition of three linear functions. 

The response to all triangular functions is obtained using the superposition of 

response to each linear function. If  
𝑅

𝑐𝑠
+ 𝑡𝑖 − ∆𝑡 ≤ 𝑡 ≤

𝑅

𝑐𝑠
+ 𝑡𝑖  , we have: 

2∆𝑡 ∆𝑡 3∆𝑡 𝑖∆𝑡 (𝑖 − 1)∆𝑡 (𝑖 + 1)∆𝑡 

𝑁1(𝑡) 𝑁2(𝑡) 𝑁3(𝑡) 𝑁𝑖(𝑡) 

𝑡 

1 

4∆𝑡 

𝑁𝑖 

𝑡𝑖 + ∆𝑡 𝑡𝑖 𝑡𝑖 − ∆𝑡 

1 

−2 

𝑡 
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𝑣𝑦(𝑅, 𝑡) =  −√
2

𝜋

𝑃𝑓
𝑖

𝜇
 ∫

ℎ̇1(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠

. 
(5.45) 

If 
𝑅

𝑐𝑠
+ 𝑡𝑖 ≤ 𝑡 ≤

𝑅

𝑐𝑠
+ 𝑡𝑖 + ∆𝑡   

𝑣𝑦(𝑅, 𝑡) =   −√
2

𝜋

𝑃𝑓
𝑖

𝜇

(

 ∫
ℎ̇1(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠

+ ∫
ℎ̇2(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠
)

 , 

(5.46) 

and if 𝑡 ≥
𝑅

𝑐𝑠
+ 𝑡𝑖 + ∆𝑡   

𝑣𝑦(𝑅, 𝑡) =   −√
2

𝜋

𝑃𝑓
𝑖

𝜇

(

 ∫
ℎ̇1(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠

+ ∫
ℎ̇2(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠

+∫
ℎ̇3(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅

𝑐𝑠
)2

𝑡

𝑅

𝑐𝑠
)

 . 

(5.47) 

The three integrals in Eq. 5.47 were evaluated analytically: 

∫
ℎ̇1(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡

𝑅
𝑐𝑠

=
1

∆𝑡
∫

𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡−(𝑡𝑖−∆𝑡)

𝑅
𝑐𝑠

=
1

∆𝑡
(ln(𝑡 − (𝑡𝑖 − ∆𝑡) + √(𝑡 − (𝑡𝑖 − ∆𝑡))

2 − (
𝑅

𝑐𝑠
)
2

 ) − ln (
𝑅

𝑐𝑠
)), 

(5.48) 

∫
ℎ̇2(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡

𝑅
𝑐𝑠

=
−2

∆𝑡
∫

𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡−𝑡𝑖

𝑅
𝑐𝑠

=
−2

∆𝑡
(ln (𝑡 − 𝑡𝑖 + √(𝑡 − 𝑡𝑖)

2 − (
𝑅

𝑐𝑠
)
2

 ) − ln (
𝑅

𝑐𝑠
)), 

(5.49) 

∫
ℎ̇3(𝑡 − 𝜏)𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡

𝑅
𝑐𝑠

=
1

∆𝑡
∫

𝑑𝜏

√𝜏2 − (
𝑅
𝑐𝑠
)2

𝑡−(𝑡𝑖+∆𝑡)

𝑅
𝑐𝑠

=
1

∆𝑡
(ln(𝑡 − (𝑡𝑖 + ∆𝑡) + √(𝑡 − (𝑡𝑖 + ∆𝑡))

2 − (
𝑅

𝑐𝑠
)
2

 ) − ln (
𝑅

𝑐𝑠
)) 

(5.50) 
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We developed a Fortran program to quantify the analytical terms. In this study, 

without loss of generality, we assumed that the sources emit velocity signals and 

the receivers record velocities of the in-contact particles. However, to derive the 

analytical solution, we assumed that the source emits a stress signal (Eq. 5.7).  

Therefore, we needed to obtain the stress signal from the velocity signal. To do 

this, we used the fact that for a very small 𝑅, the sent and received signals are 

virtually the same. As a result, to obtain the stress signal we need to consider a 

point very close to the source and obtain the function 𝑓(𝑡) from Eq. 5.42. We 

assume that the values of 𝑓𝑖 in Eq. 5.44 are unknown. To evaluate the unknowns, 

we first assume that 𝑡 =  ∆𝑡 and obtain the value of 𝑓1 using the value of the velocity 

signal at the time ∆𝑡.  

𝑣𝑦
1(∆𝑡)𝑓

1
= 𝑣𝑦(∆𝑡), (5.51) 

Knowing the value of 𝑓1, 𝑓2 is evaluated by assuming that 𝑡 =  2∆t.  

𝑣𝑦
1(2∆𝑡)𝑓

1
+ 𝑣𝑦

2(∆𝑡)𝑓
2
= 𝑣𝑦(2∆𝑡). (5.52) 

Note that 𝑣𝑦
𝑖  denotes the response to the ith triangular function. The same 

procedure is used to evaluate the rest of unknowns (Eq. 5.53). 

(

 

𝑣𝑦
1(∆𝑡)          0 ⋯ 0  0

𝑣𝑦
1(2∆𝑡) 𝑣𝑦

2(∆𝑡) 0 ⋯ 0

⋮

𝑣𝑦
1(𝑛∆𝑡)     

⋮

⋯

⋮

⋯

⋮

⋯

⋮

𝑣𝑦
𝑛(∆𝑡))

 (

𝑓
1

𝑓
2

⋮

𝑓
𝑛

) =  (

𝑣𝑦(∆𝑡)

𝑣𝑦(2∆𝑡)

⋮

𝑣𝑦(𝑛∆𝑡)

). 

(5.53) 
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Here, we explain the implementation of the analytical RTM approach when only 

one reflection from the bottom boundary is considered. To reconstruct the image 

of the scanned medium, the medium is decomposed to rectangular pixels (Figure 

27) and RTM assigns a value to each pixel. For a pixel with center point located at 

x, the RTM algorithm is applied to each source and the corresponding receivers to 

obtain the value of 𝐼(𝒙) (Eq. 5.4). To do this, we obtain the distances from the 

source, the receivers, and the corresponding fictitious sources to the center point 

of the pixel (Figure 27).  

 

Figure 27 Implementation of the analytical approach.  

If the location of the bottom boundary is unknown, we overlook the fictitious 

sources in imaging and locate the bottom boundary by applying RTM to a half-

space medium. These distances are used to obtain the travel time of the waves to 

x. We denote the travel time from the place of the source by 𝑡𝑓
𝑠 and the receivers 

by 𝑡𝑓
𝑟. Travel time of a source corresponding to the fictitious source is denoted by 

𝑡𝑓
𝑠𝑓

and of the fictitious receiver is denoted by 𝑡𝑓
𝑟𝑓

. Then, these distances are used 
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to obtain the response of the medium at x to the source and time-reversed signals 

sent from the location of the source and the receivers, respectively. As mentioned 

earlier, the response at x and at time 𝑡 is the velocity of the vibrating point x at time 

𝑡 (𝑣𝑦(𝒙, 𝑡)).  

To obtain the cross-correlation at x (Eq. 5.4), we first determine the response of 

the medium to the source signal at this point.  The response at x and at time t to 

the incident wave originated from the location of source is nonzero if  𝑡𝑓
𝑠 < 𝑡 < 𝑡𝑓

𝑠 +

𝑡𝑒.   

For the fictitious source, this condition is 𝑡𝑓
𝑓𝑠
< 𝑡 < 𝑡𝑓

𝑓𝑠
+ 𝑡𝑒 . The response to the 

source signal is as follows:  

𝑆(𝒙, 𝑡) = 𝑣𝑦
𝑠(𝒙, 𝑡) + 𝑣𝑦

𝑓𝑠(𝒙, 𝑡), (5.54) 

where 𝑣𝑦
𝑠(𝒙, 𝑡) is the response to the source and 𝑣𝑦

𝑓𝑠(𝒙, 𝑡) is the response to the 

corresponding fictitious source.  If the value of 𝑆(𝒙, 𝑡) is zero, we skip the 

computations for obtaining the response to the sources emitting the time-reversed 

signals and go to the next time step.  

Next, we determine the response to sources emitting the time-reversed signals at 

the location of the receivers. For these sources, the response at time 𝑡 is 𝑅(𝒙, 𝑇 −

𝑡). However, to obtain the  cross-correlations we need the response at time 𝑡. To 

find the time 𝑡 in the algorithm, we subtract 𝑇 − 𝑡 from 𝑇.  Now we loop over sources 

corresponding to receivers to obtain the value of 𝑅(𝒙, 𝑡). For receiver number 𝑖,  if  
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𝑡 ≥ 𝑡𝑓
𝑟(𝑖)

 the response is nonzero, 𝑡𝑓
𝑟(𝑖)

 is the travel time from source number 𝑖 to x. 

The same procedure is repeated for the corresponding fictitious source. The 

response to source number 𝑖 considering reflection is:  

𝑅𝑖(𝒙, 𝑡) = 𝑣𝑦
𝑟(𝑖)(𝒙, 𝑡) + 𝑣𝑦

𝑓𝑟(𝑖)(𝒙, 𝑡), (5.55) 

here 𝑣𝑦
𝑟(𝑖)
(𝒙, 𝑡) is the response to the source and 𝑣𝑦

𝑓𝑟(𝑖)
(𝒙, 𝑡) is the response to the 

corresponding fictitious source. The same procedure is repeated for the other 

receivers to obtain the response at x to the sources at the location of the receivers 

and emitting the time reversed signals. 

𝑅(𝒙, 𝑡) =∑𝑅𝑖(𝒙, 𝑡),

𝑛𝑟

𝑖=1

 
(5.56) 

𝑛𝑟 in Eq. 5.56 is the total number of receivers. By looping over all the time steps, 

the value of 𝐼(𝒙) is determined using Eq. 5.5. 

By looping over all pixels, the image of the scanned medium is reconstructed. For 

multiple sources, the reconstructed images of each source and the corresponding 

receivers are stacked to obtain the final reconstructed image (Eq. 5.5).  

The pseudocode is as follows: 

Compute the distance between the real and fictitious sender and receivers and the 

center of the pixel. 

Compute the time of flight from the real sender and receivers to the center of the 

pixel. 
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assign zero to image intensity. 

 𝑓𝑜𝑟 𝑖 =  1,  𝑛𝑡 

        assign zero to response to real and fictitious senders and receivers  

         𝑡 =  𝑖 × ∆𝑡 

        𝑖𝑓 (𝑡𝑓
𝑠 < 𝑡 < 𝑡𝑓

𝑠 + 𝑡𝑒)  compute  𝑣𝑦
𝑠(𝒙,  𝑡) 

      𝑖𝑓 (𝑡𝑓
𝑓𝑠
< 𝑡 < 𝑡𝑓

𝑓𝑠
+ 𝑡𝑒)  compute  𝑣𝑦

𝑓𝑠(𝒙,  𝑡)       

      𝑆(𝒙,  𝑡) = 𝑣𝑦
𝑠(𝒙,  𝑡) + 𝑣𝑦

𝑓𝑠(𝒙,  𝑡) 

      𝑖𝑓(𝑆(𝒙,  𝑡) =  0) 𝑐𝑦𝑐𝑙𝑒 

         𝑓𝑜𝑟  𝑗 = 1,    𝑛𝑟 

                  𝑡 = 𝑇 − 𝑖 × ∆𝑡 

              𝑖𝑓 (𝑡 > 𝑡𝑓
𝑟(𝑗)

)     compute  𝑣𝑦
𝑟(𝑗)(𝒙,  𝑡) 

              𝑖𝑓 (𝑡 > 𝑡𝑓
𝑓𝑟(𝑗)

)   compute  𝑣𝑦
𝑓𝑟(𝑗)(𝒙,  𝑡) 

                 𝑅𝑗(𝒙,  𝑡) = 𝑣𝑦
𝑟(𝑗)(𝒙,  𝑡) + 𝑣𝑦

𝑓𝑟(𝑗)(𝒙,  𝑡) 

        𝑅(𝒙,  𝑡) = ∑ 𝑅𝑗(𝒙,  𝑡)
𝑛𝑟
𝑗=1  

        𝐼(𝒙) = 𝐼(𝒙) + 𝑆(𝒙,  𝑡)𝑅(𝒙, 𝑡) 

 

5.3 Results and Discussion 

To evaluate the proposed analytical RTM approach, its performance was 

compared with the conventional RTM in terms of accuracy and efficiency. The 

accuracy of the proposed RTM analytical approach is shown by imaging the 

bottom boundary of a homogeneous stepped foundation. The geometry of the 

foundation is given in Figure 28. The material parameters of the homogeneous 

foundation are given in Table 3. Next, the values of runtime and memory usage of 

the analytical RTM approach are compared with those of the conventional RTM. 
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 Figure 28  Geometry and boundary conditions of the foundation and location of the 

virtual device. 

 
Table 3 Material and simulation parameters 

Material parameters 

Density 𝜌 = 2400 𝑘𝑔/𝑚3 

Shear velocity 𝑐𝑠 = 2750 𝑚/𝑠 

Numerical simulations parameters 

Total time of 

simulation 

𝑇 = 0.0015 𝑠 

Time step ∆𝑡 = 0.1 𝜇𝑠 

Grid size ∆𝑥 = 0.001 𝑚 

Since previous studies have proven the ability of RTM to detect vertical boundaries 

of a real concrete foundation [48], this study focuses on using synthetic data. To 

generate these data, we have developed a program that is based on a second-

order accurate in time and space velocity-stress staggered-grid 2D finite difference 

method. The program is written in Fortran and is parallelized with OpenMP. We 

have implemented perfectly matched layers (PML) [77] to truncate the numerical 

medium by absorbing outgoing waves to reduce the cost of computation. The 

thickness of the PML is ten grid spacings. The same program is also used to 

perform numerical simulations for the conventional RTM. The parameters used in 
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the numerical simulations for acquiring data and for reconstructing the source and 

receiver wavefields of conventional RTM are given in Table 3. 

In the data acquisition process, the receivers must be configured based on the 

nature of the problem. For example, if the goal is to detect the bottom boundary of 

a tendon duct, the receivers must be spread out on the top boundary of the 

member to measure the reflected signals from the bottom boundary of the tendon 

duct. For a stepped foundation, a linear array device can be an effective piece of 

equipment for locating its horizontal and vertical boundaries. It is worth noting that 

in the measurements where the device is located above the thinner part of the 

foundation, the device does not sense reflections from the vertical boundary, 

therefore, the measured data do not provide any information on the vertical 

boundary.  

The linear array device we have simulated in this study is ACS A1040 MIRA. MIRA, 

version one, is a linear array device with a 4 × 10 array of DPC transducers 

emitting low frequency shear waves. The distance between the adjacent rows of 

transducers of MIRA is 40 mm. The interaction between the channels of MIRA in 

each scan is such that the first channel of transducers act as source and the 

remaining nine channels act as receivers. Then, the second channel acts as a 

source and the remaining eight channels act as receivers. This pattern holds true 

for the rest of channels. As a result, 45 pairs of signals are provided in each scan. 

In numerical simulation of MIRA, we used the same sending and receiving pattern 

and the same sampling rate, 1 MHz, of the real device. We assumed that the 
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sources emit the RC2 wavelet given by Eq. 4.37. The center frequency of the 

emitted signals is 50 kHz. In sending and receiving with the simulated MIRA, it is 

assumed that the anti-plane shear deformation condition holds and each channel 

has one transducer.  

 In a real concrete foundation, the waves are attenuated due to the heterogeneity 

of concrete, therefore, using a sufficient number of scans is essential to enhance 

the image quality. For acquisition of synthetic data, nine overlapping scans are 

used in this study.  In the first scan, the horizontal distance between the first 

transducer of MIRA and the step is 1.25 m. After each scan, the virtual device is 

moved 0.20 m to the right for the next scan. The location of virtual device in the 

first and the last scans are shown in Figure 28.  

5.3.1 Accuracy analysis 

The imaging of the bottom boundary of a step foundation consists of two steps. In 

the first step, the horizontal parts of the bottom boundary, at the depth of 1.25 m 

and 0.75 m, are located by applying the RTM algorithm to a half-space medium. 

The thickness of the thicker part of foundation is then used as an input to locate 

the vertical boundary in the second step. In the proposed analytical approach, we 

assume that ∆𝑡 in Eq. 5.4 is 1 𝜇𝑠. The imaging results of the analytical approach 

applied to a half-space medium for three different pixel sizes are shown in Figure 

29a, b, and c.  

As can be seen, the horizontal parts of the bottom boundary are located accurately. 

It is worth noting that even with a large pixel size, we obtain an image with a high 
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Figure 29  Images with (a) 1 mm × 1 mm (b) 2 mm × 2 mm and (c) 4 mm ×4 

mm pixels reconstructed by the analytical RTM and (d) by the conventional RTM 

applied to a half-space medium. 

resolution. The reason is the low frequency of the source signal. The reconstructed 

image provided by the conventional RTM is provided in Figure 29d. As expected, 

the conventional RTM locates the horizontal boundaries accurately. To simulate 

half-space medium in the conventional RTM, a perfectly matched layer is assigned 

to the bottom boundary of the medium in the depth of 1.25 m. In the numerical 

simulations of the conventional RTM, the spacing of the spatial grid in the 

numerical simulations cannot be greater than 1 mm to avoid numerical dispersion, 

therefore, the pixel size of the corresponding reconstructed images are 1 mm × 1 

mm. The reason for artefacts that are formed near the top boundary of the medium 

in Figure 29 is first arrival signals. These artefacts can be removed by eliminating 

the first arrivals from the recorded signals. 

(a

) 

(c) (d

) 

(b

) 
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Next, the analytical and conventional RTM are applied to signals sent to a 

foundation with a uniform thickness of 1.25 m; reflections from the bottom 

boundary at the depth of 1.25 m locate the vertical boundary. We consider only 

one reflection from the bottom boundary in the analytical approach; therefore, 

fictitious sources are located under the bottom boundary at the depth of 2.50 m. 

The reconstructed images for the analytical and the conventional RTM are shown 

in Figure 30a, b, c, and d. Both analytical and conventional approaches locate the 

vertical boundary correctly. 

A reason for different types of high-frequency artefacts in the analytical and 

conventional approaches can be a reflection from the perfectly matched layers and 

numerical dispersion. The analytical approach does not require using artificial 

boundaries to absorb outgoing waves. 

The reason for horizontal artefacts at different depths in the thinner part of the 

foundation is using an incorrect velocity model by assuming a uniform thickness in 

the second trial [13]. Reflections from a horizontal boundary located in an incorrect 

place will focus the source and receiver signals in an incorrect location.  
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Figure 30  Images with (a) 1 mm × 1 mm (b) 2 mm × 2 mm and (c)  4 mm ×4 mm 

pixels reconstructed by the analytical RTM and (d) by conventional RTM applied 

to a medium with the thickness of 1.25 m. 

As mentioned in Sec. 5.2.4, the analytical RTM enables imaging a region of 

interest that could not be detected in the first trial. The region of interest for the 

stepped foundation is the neighborhood of the vertical boundary. The 

reconstructed image corresponding to this ROI is shown in Figure 31. This 

capability to reconstruct an ROI allows a further reduction in computation cost by 

imaging only the desired part of a domain rather than the entire domain. 

 

 

 

 

(a) 

(c) 

(b) 

(d) 
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 Figure 31  Reconstructed image of the region of interest. 

 

5.3.2 Efficiency analysis 

In the conventional RTM, the source wavefields are saved in memory after every 

10-time steps to alleviate the high memory demand and to avoid writing/reading 

to/from hard disk. The analytical approach algorithm is implemented with a serial 

Fortran code. Low CPU and memory usage of the analytical RTM approach 

enabled performance of nine analyses in parallel; therefore, the memory and CPU 

usage provided in Table 4 for the analytical approach are for nine simultaneous 

analyses. 

To evaluate the efficiency of the proposed analytical RTM approach, we have 

compared its runtime and its CPU and memory usage with those of conventional 

RTM. A PC with 32 GB of RAM and an Intel (R) Core i7-4790 CPU @ 4.60 GHz 

was used to perform the simulations.  

As can be seen in Table 4, the memory usage is significantly reduced from about 

30, 000.0 MB when conventional RTM is used to under 400 MB when the analytical 

approach is used. The runtime is also decreased drastically from 90,720 s to less 

than 50 s when 4 mm × 4 mm pixels are used in the analytical approach.  
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Table 4 Performance comparison of analytical and conventional RTM. 

Pixel size CPU Usage Memory Usage Runtime 

Analytical RTM applied to half-space 

1 mm × 1 mm 70% 360 MB 190 s 

2 mm × 2 mm 70% 215 MB 70 s 

4 mm × 4 mm 70% 180 MB 20 s 

Conventional RTM applied to half-space 

1 mm × 1 mm 76% 30,500 MB 111,780 s 

Analytical RTM applied to a foundation with the thickness of  1.25 m 

1 mm × 1 mm 70% 350 MB 510 s 

2 mm × 2 mm 70% 210 MB 170 s 

4 mm × 4 mm 70% 175 MB 45 s 

Conventional RTM applied to a foundation with the thickness of  1.25 m 

1 mm × 1 mm 84% 29,900 MB 90,720 s 

 

5.3.3 Locating the entire boundary of a circular void  

We assess the potential of analytical RTM in locating the entire boundary of a 

circular void located in a homogeneous medium (Figure 32a). The material 

parameters of the homogeneous medium and numerical variables used to collect 

the synthetic data are given in Table 3. We assumed that the location of bottom 

boundary is known. The acquisition system consisted of 25 transducers located on 

the top boundary of the specimen. The first transducer was at 0.02 m from the top 

left corner of the specimen, and the gap between adjacent transducers was 0.04 

m. Each of 25 transducers could act as a source. When one transducer was acting 

as a source, all 25 transducers were acting as receivers. The transducers 

transmitted RC2 signal with the center frequency of 100 kHz. As can be seen from 
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the reconstructed image given in Figure 32b, the analytical reverse time migration 

located the entire boundary of the circular void in its correct place.  

 

 

Figure 32  (a) A specimen with a circular void and (b) reconstructed image of the 

specimen using the analytical approach. 

 

 

 

 

 

 

 

 

 

 

(a) (b) 
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6 New Imaging Conditions for Analytical Reverse Time 

Migration   

[This chapter is adapted from the following manuscript: Asadollahi, A., & 

Khazanovich, L. Analytical reverse time migration with new imaging condition for 

one sided nondestructive evaluation of concrete elements. Submitted to 

Ultrasonics (Under Review)]. 

6.1 Introduction  

Cross-correlation imaging condition of reverse time migration generates high-

amplitude low-frequency artifacts in a reconstructed image. In addition, this 

imaging condition assigns amplitudes to the points of the reconstructed image that 

are not a true representative of the reflection coefficient of the scanned medium at 

those points. In this chapter, we will propose new approaches to eliminate the high-

amplitude low-frequency artifacts and to assign more accurate amplitudes to a 

reconstructed image by considering geometrical spreading and scattering 

attenuation in homogeneous and concrete members. We will use data obtained 

from transmitting horizontal shear waves to 3D synthetic homogeneous and 

concrete specimens and will demonstrate the effectiveness of the new imaging 

condition. We organized this chapter as follows. In the methods section, first we 

present the algorithm of the reverse time migration and explain how it works. Then, 

we briefly introduce the analytical approach we used in [81] to obtain source and 

receiver wavefields. After that, we explain how the analytical approach helps to 

decompose the wavefields to upgoing and downgoing in no additional 

computational cost. Afterwards, we introduce our approach for noise reduction and 
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amplitude adjustment in the reconstructed images. Finally, we provide the results 

and discussion before ending the chapter with conclusions.   

6.2 Methods  

6.2.1 Reverse time migration 

To locate a reflector using RTM, first the source wavelet is propagated forward in 

time into a homogeneous medium with average acoustic properties of the original 

medium to extrapolate the source wavefields 𝑆(𝒙, 𝑡), where 𝒙 =  (𝑥, 𝑧). Likewise, 

the acquired data are propagated backward in time from the location of the 

receivers to the homogeneous medium to extrapolate the receiver wavefields, 

𝑅(𝒙, 𝑇 − 𝑡), 𝑇 is the total acquisition time. Generally, numerical simulations are 

used for reconstruction of the source and receiver wavefields. An image of the 

scanned medium, 𝐼(𝒙), is usually reconstructed by zero-lag cross-correlation of 

the source and receiver wavefields: 

𝐼(𝒙) =  ∫ 𝑆(𝒙, 𝑡)𝑅(𝒙, 𝑡)𝑑𝑡.
𝑇

0

 
(6.1) 

To show how the reverse time migration algorithm works, we consider an isotropic 

homogeneous medium with only one reflector. We assume that the time of flight 

from a source to a reflecting point and from that point to a receiver is 𝑡𝑓. The 

received time-reversed signal is shown in Figure 33b.  
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 Figure 33  (a) Source wavelet and (b) received time-reversed waveform. 

 

Using some basic algebra, one can show that the cross-correlations in Eq. 6.1 and 

Eq. 6.2 provide the same result. 

𝐼(𝒙) =  ∫ 𝑆(𝒙, 𝑇 − 𝑡)𝑅(𝒙, 𝑇 − 𝑡)𝑑𝑡
𝑇

0

 . 
(6.2) 

We use Eq. 6.2 to explain how RTM works. When the source emits the signal into 

an isotropic homogeneous medium, its wavefront forms a circle. At time 𝑇 − 𝑡, the 

radius of the wavefront of this circle is 𝑐𝑠(𝑇 − 𝑡), 𝑐𝑠 is the velocity of shear wave in 

the medium. According to Figure 33b, from time 0 to 𝑇 − 𝑡𝑓, no information is sent 

to the medium at the location of the receiver, 𝑡𝑒 is the time length of the emitted 

signal. Thus, the cross-correlation of the source and receiver wavefields is zero 

during this time interval. For 𝑡 > 𝑇 − 𝑡𝑓, the radius of the time-reversed signal 

propagated in the medium is 𝑐𝑠(𝑡 − (𝑇 − 𝑡𝑓)). The time of flight from the sender to 

the intersection point of the wavefronts formed by the two circles, where the cross-

correlation is non-zero, and from the intersection point to the receiver is: 

𝑑 = 𝑐𝑠(𝑇 − 𝑡) + 𝑐𝑠 (𝑡 − (𝑇 − 𝑡𝑓)) =  𝑐𝑠𝑡𝑓 . (6.3) 

𝑡𝑒 

(𝐚) (𝐛) 
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As can be seen from Eq. 6.3, the sum of the distances from the source and the 

receiver to the intersection point is constant. Therefore, the cross-correlation of the 

source and receiver wavefields forms an ellipse (Figure 34). For a better focusing 

of the reflected waves at the location of the reflector and for a higher accuracy, 

numerous sources and for each source numerous receivers are used in practice. 

If multiple receivers are used to locate a reflector, the reflector is in the overlapping 

part of the ellipses formed using the time of flight of the source-receiver pairs 

(Figure 34). The remaining parts of the ellipses form the artifacts in the 

reconstructed images (Figure 34).  

 

Figure 34  Cross-correlation of source wavelet and  received time-received 

signal forms an ellipse. 

6.2.2 Analytical reverse time migration  

We showed in the previous chapter that an analytical approach could be used to 

obtain the source and receiver wavefields. The analytical approach offered multiple 

advantages, including: 

 Elimination of the requirement of saving the entire history of the source or 

receiver wavefields in memory. 
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 Significant reduction of computation cost to provide source and receiver 

wavefields. 

 Significant reduction in the cost of computing cross-correlation of source and 

receiver wavefields. 

 Decomposition of wavefields to upgoing and downgoing wavefields. 

In the analytical approach, we obtained the response to the source or receiver 

signals at a point located in a half-space medium, far enough from each source, 

analytically. Then, the source and receiver wavefields were calculated using the 

asymptotic behavior of the horizontal shear waves (Eq. 6.4) [81]. 

𝑣𝑦 (𝑟
′, 𝑡 +

𝑟′

𝑐𝑠
) =  

√𝑟

√𝑟′
𝑣𝑦 (𝑟, 𝑡 +

𝑟

𝑐𝑠
). 

(6.4) 

To consider reflections from the bottom boundary of a medium when using the 

analytical approach, we developed a technique that is more convenient for planar 

bottom boundaries [81]. In the proposed technique, we used fictitious sources to 

take into account reflections from the bottom boundary of the scanned medium. 

The fictitious sources are the mirror images of the real sources with respect to the 

bottom boundary (backwall) of the medium (Figure 35a). We can use the same 

technique to consider reflections from the lateral boundaries of a medium. To 

consider reflection from a lateral boundary, a fictitious source which is the mirror 

image of the real source with respect to the lateral boundary should be introduced 

(Figure 35b). To consider reflections from bottom boundary, after reflections from 

the lateral boundary, one needs to obtain the mirror image of the factious source 

with respect to the bottom boundary (Figure 35b). It should be mentioned that we 
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only consider one reflection from the bottom boundary of the scanned medium in 

this study. 

 

Figure 35  Fictitious sources to simulate reflection from (a) the bottom and top 

boundaries and from (b) lateral and bottom boundaries of a isotropic 

homogeneous medium. 

6.2.3 Wavefield decomposition  

Decomposition of the source and receiver wavefields to upgoing and downgoing 

(Eqs. 6.5 and 6.6) can provide more insight into the mechanism of image 

reconstruction using RTM. 

𝑆(𝒙, 𝑡) =  𝑆𝑑(𝒙, 𝑡) + 𝑆𝑢(𝒙, 𝑡), (6.5) 

𝑅(𝒙, 𝑡) =  𝑅𝑑(𝒙, 𝑡) + 𝑅𝑢(𝒙, 𝑡). (6.6) 

𝑆𝑑 and 𝑅𝑑 are the downgoing source and receiver wavefields, and 𝑆𝑢 and 𝑅𝑢 are 

the upgoing source and receiver wavefields, respectively. 𝑆𝑑and 𝑅𝑢 are emitted by 

real sources and 𝑆𝑢 and 𝑅𝑑 are emitted by fictitious sources in the analytical 

approach. Note that if the source and receiver wavefields are extrapolated using 

(b) (a) 
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numerical simulations, the decomposition is mostly performed by applying Fourier 

transform to the source and receiver wavefields [70], [71]. The analytical technique 

provides the upgoing and downgoing wavefields by introducing fictitious sources 

at no additional computation cost. By substituting Eqs. 6.5 and 6.6 into Eq. 6.1, the 

imaging condition can be written in terms of upgoing and downgoing source and 

receiver wavefields (Eq. 6.7).  

𝐼(𝒙) =  ∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0
+ ∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡

𝑇

0
+ ∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡

𝑇

0
 

+∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

. 

(6.7) 

We denote the first, second, third, and the fourth terms in the right-hand side of 

Eq. 6.7 by 𝐼𝑑𝑑, 𝐼𝑑𝑢 , 𝐼𝑢𝑑 and 𝐼𝑢𝑢, respectively. Therefore, Eq. 6.7 can be written as 

Eq. 6.8.  

𝐼(𝒙) =  𝐼𝑑𝑑(𝒙) + 𝐼𝑑𝑢(𝒙) + 𝐼𝑢𝑑(𝒙) + 𝐼𝑢𝑢(𝒙). (6.8) 

We explain the role of each of the four terms in the imaging condition in Eq. 6.8 in 

image reconstruction by considering reflections from a cavity located in an isotropic 

homogeneous medium (Figure 36).  

Figures 26a shows that 𝐼𝑑𝑢 term illuminates the top boundary of the embedded 

object. Figures 26b and c indicate that 𝐼𝑑𝑑 and 𝐼𝑢𝑢 terms illuminate the lateral 

boundaries of the embedded object where the reflector’s boundary has a steep 

slope. Based on Figures 26d and e,  𝐼𝑢𝑑 term illuminates the bottom boundary of 

the embedded object. Note that if the reflector does not have a bottom boundary, 

then including  𝐼𝑢𝑑 in Eq. 6.8 can only introduce false images and artifacts into the 
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reconstructed images (see Sec. 6.3.1). We used the decomposed wavefields to 

identify and eliminate the source of artifacts and adjust the amplitude in the 

reconstructed images of RTM. 

 

Figure 36 Cross-correlation of (a) downgoing source and upgoing receiver wavefields 

illuminates the top boundary, (b, c) cross-correlation of downgoing source and 

downgoing receiver as well as upgoing source and upgoing receiver wavefields 

illuminates the boundaries with a steep slope, and (d, e) cross-correlation of upgoing 

source and downgoing receiver wavefields illuminates the bottom boundary of the 

embedded objects. 

6.2.4 Noise suppression 

The backwall reflected signals can be the source of noise in a reconstructed image. 

As can be seen from Figure 37, nonzero time length of the source wavelet (Figure 

33a) gives rise to interpretation of the backwall reflected signal as a reflection from 

a reflector in the medium.  
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Figure 37  Backwall reflected signal can be interpreted as a reflection from a 

reflector in the medium. 

One approach to eliminate these noises from the reconstructed images is replacing 

of the data associated with the reflection from the bottom boundary of the medium 

with zeros when obtaining 𝐼𝑑𝑑, 𝐼𝑢𝑢 terms of the imaging condition. This method is 

straightforward and it does not impose any computation cost. Another approach is 

defining a weight function and apply it to 𝐼𝑑𝑑 and 𝐼𝑢𝑢terms of the imaging condition 

to suppress the artifacts in the reconstructed images (Eq. 6.9) [97].  

𝐼(𝒙) =  ∑∑(𝑤(𝜃𝑑𝑑)∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

+∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0𝑟𝑠

+∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

+𝑤(𝜃𝑢𝑢)∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

) . 

(6.9) 

The weight function should be 0 for 𝜃 = 𝜋/2 (Figure 37) and its value should be 

increased gradually to 1.0 at a threshold angle, 𝜃𝑡. The value of 𝜃𝑡 is a function of 

the time length of the source wavelet and it should be increased as the time length 

of the source wavelet is increased. The weight function that we defined in this study 

is given by Eq. 6.10.  
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𝑤(𝜃) =  {

1                                 𝜃 < 𝜃𝑡

(
𝜋/2 − 𝜃

𝜋/2 − 𝜃𝑡
)4         𝜃𝑡 ≤ 𝜃 ≤ 𝜋/2  

, 
(6.10) 

Note that the value chosen for  𝜃𝑡 should be as small as possible to prevent losing 

beneficial information in the recorded data. We will assess the effectiveness of 

both the approaches mentioned above in eliminating the noises related to the 

backwall reflected signals from the reconstructed images. 

6.2.5 Amplitude adjustment  

Cross-correlation of the source and receiver wavefields cannot represent the 

reflectivity of a reflector correctly. To show this, we assume the same reflector 

located at different depths of a medium. Clearly, 𝑆(𝒙, 𝑡) and 𝑅(𝒙, 𝑡) have smaller 

value for a reflector at a deeper depth; therefore, their cross correlation leads to a 

smaller image intensities due to geometrical spreading attenuation. Generally, 

attenuation influences the amplitude in a reconstructed image. In the following, we 

propose new approaches to obtain images with a more accurate amplitude. 

6.2.5.1 Considering geometrical spreading attenuation 

Normalization is generally used to correct the amplitude in the reconstructed 

images [71], [98], [99]. To do this, source/receiver-normalized imaging conditions 

are used (Eqs. 6.11 and 6.12).  

𝐼(𝒙) =  
∫ 𝑆(𝒙, 𝑡)𝑅(𝒙, 𝑡)𝑑𝑡
𝑇

0

∫ 𝑅2(𝒙, 𝑡)𝑑𝑡
𝑇

0

, 
(6.11) 
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𝐼(𝒙) =  
∫ 𝑆(𝒙, 𝑡)𝑅(𝒙, 𝑡)𝑑𝑡
𝑇

0

∫ 𝑆2(𝒙, 𝑡)𝑑𝑡
𝑇

0

. 
(6.12) 

Normalizations in Eqs. 6.11 and 6.12 somehow take into account geometrical 

spreading attenuation. However, receiver-normalized imaging condition (Eq. 6.11) 

leads to an incorrect reflectivity strength. To show this, we assume a reflector in a 

medium. If we change the material of the reflector to one with different acoustic 

properties, the amplitude of the signal measured after reflection from the one with 

higher acoustic impedance contrast with the background medium will be larger. In 

this case, receiver-normalized imaging condition leads to a smaller image intensity 

in the reconstructed image. This normalization approach also assigns larger image 

intensity to the same reflector located in a deeper depth. While, source-normalized 

imaging condition (Eq. 6.12) does not impose the aforementioned limitations, it can 

misrepresent the geometrical spreading attenuation of received signals. This can 

be shown by considering points A and B in Figure 38 for which the cross-correlation 

of source and receiver wavefields leads to the same value. 

 

Figure 38 Source-normalized imaging condition assigns different values to 

points A and B. 

 

  

Clearly, the value of ∫ 𝑆2(𝒙, 𝑡)𝑑𝑡
𝑇

0
 is different for points A and B (𝑎 ≠ 𝑏) and the 

source-normalized imaging condition leads to two different values in these points. 
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Note that the time of flight from the source to these points and from these points 

to the receiver is the same. To resolve this limitation, we defined a new 

normalization factor with that we consider geometrical spreading attenuation of 

both source and receiver signals. To this end, we transmitted the source wavelet 

from the location of the source and the receivers and defined the new 

normalization factor (Eq. 6.13). 

𝑁𝐹 =  √∫ 𝑆𝑆
2(𝒙, 𝑡)𝑑𝑡

𝑇

0

 √∫ 𝑆𝑅
2(𝒙, 𝑡)𝑑𝑡

𝑇

0

. 

(6.13) 

∫ 𝑆𝑆
2(𝒙, 𝑡)𝑑𝑡

𝑇

0
  and ∫ 𝑆𝑅

2(𝒙, 𝑡)𝑑𝑡
𝑇

0
 are obtained by transmitting the source wavelet from 

the location of the source and the receiver, respectively. It should be noted that 

although obtaining wavefields associated with sending the source signal from the 

location of the receivers enforces extra computational cost in the numerical 

simulations, we will later show that it can be evaluated with no additional cost by 

using the analytical approach. Using the new normalization factor, we obtain a new 

imaging condition (Eq. 6.14).  

𝐼(𝒙) =  ∑∑

(

 
∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

√∫ 𝑆𝑆
2(𝒙, 𝑡)𝑑𝑡

𝑇

0
√∫ 𝑆𝑅

2(𝒙, 𝑡)𝑑𝑡
𝑇

0

+
∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

√∫ 𝑆𝑆
2(𝒙, 𝑡)𝑑𝑡

𝑇

0
√∫ 𝑆𝐹𝑅

2 (𝒙, 𝑡)𝑑𝑡
𝑇

0
𝑟𝑠

+
∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

√∫ 𝑆𝐹𝑆
2 (𝒙, 𝑡)𝑑𝑡

𝑇

0
√∫ 𝑆𝑅

2(𝒙, 𝑡)𝑑𝑡
𝑇

0

+
∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

√∫ 𝑆𝐹𝑆
2 (𝒙, 𝑡)𝑑𝑡

𝑇

0
√∫ 𝑆𝐹𝑅

2 (𝒙, 𝑡)𝑑𝑡
𝑇

0 )

 . 

(6.14) 

Summations in Eq. 6.14 goes over the sources and the corresponding receivers. 

Here, we show that the using of the analytical approach leads to a simple term for 

the normalization factor that helps understanding its role in the imaging condition. 
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If the point at 𝒙 is located at a distance 𝑟′ from the source or receiver, the 

normalization factor in terms of the response at a fixed distance, 𝑟, from the source 

or receiver is:  

∫ 𝑆2(𝑟′, 𝑡)𝑑𝑡
𝑇

0

=  ∫ (
√𝑟

√𝑟′
𝑠(𝑟, 𝑡))2𝑑𝑡

𝑇

0

=
𝑟

𝑟′
 ∫ 𝑠2(𝑟, 𝑡)𝑑𝑡

𝑇

0

=
𝑐𝑟

𝑟′
. 

(6.15) 

Note that the value of ∫ 𝑠2(𝑟, 𝑡)𝑑𝑡
𝑇

0
 for a fixed 𝑟 is constant and is denoted by 𝑐 in Eq. 

6.16. Using Eq. 6.15, the imaging condition in Eq. 6.14 can be simplified to Eq. 

6.16.  

𝐼(𝒙) =  
1

𝑐𝑟
(∑∑(√𝑟𝑠𝑟𝐹𝑅∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡

𝑇

0

+ √𝑟𝑠𝑟𝑅∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0𝑟𝑠

+ √𝑟𝐹𝑆𝑟𝐹𝑅 ∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

+ √𝑟𝐹𝑆𝑟𝑅∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

))). 

(6.16) 

𝑟𝑆  and 𝑟𝐹𝑆 are the distance of the source and the fictitious source from the point at 

𝒙, and 𝑟𝑅 and 𝑟𝐹𝑅 are the distance of the receiver and the fictitious receiver from the 

point at 𝒙, respectively (Figure 39). Note that the value of 1/𝑐𝑟 is constant for all 

points of the medium and it does not affect the reconstructed image; therefore, it 

can be eliminated from Eq. 6.16. Likewise, the source-normalized imaging 

condition can be simplified to Eq. 6.17. 

𝐼(𝒙) =  ∑∑(𝑟𝑆∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

+ 𝑟𝑆∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0𝑟𝑠

+ 𝑟𝐹𝑆∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

+ 𝑟𝐹𝑆∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

)) . 

(6.17) 
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Figure 39 The distance of real and fictitious sources and receivers from the  point 

to which image intensity will be assigned. 

 6.2.5.2 Considering scattering attenuation in concrete 

Scattering by aggregates and air voids attenuates the energy of the transmitted 

waves into concrete members. The amount of attenuation is a function of the 

frequency content of the emitted signal, the size and the material properties of 

aggregates, and the size and volume of air voids [100]. The attenuation is defined 

using an attenuation coefficient which relates the amplitude of the emitted signal 

to the amplitude of the recorded signal after travelling of distance 𝑥 in the medium 

by Eq. 6.18. 

𝛼 = −
20

𝑥
𝑙𝑜𝑔10 (

𝐴𝑥
𝐴𝑜
). (6.18) 

Using Eq. 6.18, the modification factor which is applied to the recorded signal to 

scattering attenuation is obtained from Eq. 6.19. 

𝐴𝑜

𝐴𝑥
= 10

(
𝛼𝑥

20
)
. 

(6.19) 

Attenuation of the emitted signals by the aggregates and air voids in concrete 

results in assigning different image intensities to the boundaries of the same object 
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located at different depths of a medium. Attenuation has a higher effect on 𝐼𝑢𝑢 due 

to a large travelling distance of the emitted signal before measured by a receiver 

(Figure 36d and e). We modified the amplitude of the received signals by the 

modification factor introduced in Eq. 6.19 and used the modified received signal to 

obtain a new imaging condition. The new imaging condition with the new 

normalization factor and modification factor to consider scattering attenuation is 

given in Eq. 6.20.  

𝐼(𝒙) =  ∑∑(√𝑟𝑆𝑟𝐹𝑅10
(
𝛼(𝑟𝑆+𝑟𝐹𝑅)

20
)
∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0𝑟𝑠

+ √𝑟𝑆𝑟𝑅10
(
𝛼(𝑟𝑆+𝑟𝑅)

20
)
∫ 𝑆𝑑(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

+ √𝑟𝐹𝑆𝑟𝐹𝑅10
(
𝛼(𝑟𝐹𝑆+𝑟𝐹𝑅)

20
)
∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑑(𝒙, 𝑡)𝑑𝑡
𝑇

0

 

+ √𝑟𝐹𝑆𝑟𝑅10
(
𝛼(𝑟𝐹𝑆+𝑟𝑅)

20
)
∫ 𝑆𝑢(𝒙, 𝑡)𝑅𝑢(𝒙, 𝑡)𝑑𝑡
𝑇

0

) . 

(6.20) 

6.3 Results and Discussion  

We developed a 3D numerical tool [98] to perform numerical simulations and 

obtain the synthetic data. We used the following assumptions in all numerical 

simulations. The transducers emit horizontal shear waves in y-direction.  The 

sending transducers emit RC2 signal (Eq. 4.37). 

Sending and receiving transducers were located on the top surface of the medium 

and their size was one spatial grid spacing (see Table 5 Material and numerical 

simulations parameters to Table 7) in the x and y-directions. Thickness of the 

synthetic specimens in the y-direction was 0.20 m and the transducers were 
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located at 𝑦 =  0.10 𝑚. The transducers were equally spaced at 0.04 m starting at 

0.02 m from the left edge of the specimen. We assumed that all transducers except 

the last one could act as a source and when a transducer was a source, only the 

transducers located to its right could act as receivers. The reason for this 

configuration is that for a source-receiver pair of transducers (Figure 40), the 

measured signal does not change with switching the role of transducers. That is, 

the transducers that acted as senders in the previous measurements, do not 

provide new information when they act as receivers.  

The top and bottom boundaries of the specimen were stress free. We truncated 

the computational medium laterally by absorbing the outgoing waves using 

perfectly matched layers (PML) [77], [100].  The thickness of PML was 20 grid 

spacing.  

 

Figure 40 If the role of the transmitting and receiving transducers is switched, 

the measured signal will not change. 

 The spatial grid size, or pixel size used for obtaining the reconstructed images in 

the algorithm of the analytical RTM was 0.002 m and the temporal grid size used 

for time integration was 0.5 µs. We eliminated the first arrival signals from the 

measured signals in obtaining all reconstructed images to remove the high 
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amplitude artifacts that are formed near the top surface of the medium in the 

reconstructed images.  

6.3.1 Locating a step in a 3D synthetic homogeneous foundation slab 

Here, we show the effectiveness of the approaches we proposed for noise 

suppression in the reconstructed images by considering a synthetic homogeneous 

stepped foundation slab (Figure 41).  Material parameters of the slab and the 

numerical simulations parameters are given in Table 5. Data acquisition was 

performed by using 20 transducers. The center frequency of transmitted wavelet 

was 50 𝑘𝐻𝑧.  

 

 Figure 41 (a) Geometry of the stepped foundation and the arrangement of the 

transducers, and (b) its cross-section. 

Table 5 Material and numerical simulations parameters 

Material parameters                   slab 

Slab 

Numerical simulation parameters 

Density (𝑘𝑔/𝑚3) 2400 Spatial grid size ∆𝑥 = 0.001 𝑚 

Shear velocity (𝑚/𝑠) 2400 Temporal grid size ∆𝑡 = 0.1 𝜇𝑠 

Longitudinal velocity (𝑚/

𝑠) 

4100 Simulation time 𝑇 = 0.001 𝑠 

The four images reconstructed using 𝐼𝑑𝑑, 𝐼𝑑𝑢, 𝐼𝑢𝑑 and 𝐼𝑢𝑢 terms of the cross-

correlation imaging condition (Eqs. 6.7 and 6.8) are shown in Figure 42. 

(b) (a) 
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 Figure 42  (a) Images Reconstructed by (a) 𝐼𝑑𝑢, (b) 𝐼𝑑𝑑, (c) 𝐼𝑢𝑢, and (d)  𝐼𝑢𝑑 terms 

of the imaging condition (Eqs. 6.7 and 6.8). 

 As can be seen, 𝐼𝑑𝑢 term locates the horizontal parts of the backwall (Figure 42a). 

𝐼𝑑𝑑 and 𝐼𝑢𝑢 terms locate the vertical part of the backwall (Figure 42b and c).  The 

reconstructed images by 𝐼𝑑𝑑 and 𝐼𝑢𝑢 terms locate the vertical part and generate 

high-amplitude low-frequency artifacts due to the presence of the backwall signals 

in the time reversed signals emitted from the location of the receivers. Since the 

medium does not have any object with a bottom boundary, 𝐼𝑢𝑑 term generated only 

artifacts (Figure 42d). The reason for two horizontal artifacts in Figure 42d was 

multiple reflections from the horizontal parts of the backwall. Artifact number 1 was 

formed because of two reflections from the shallower part of the foundation before 

recording by the receivers (Figure 43a). Artifact number 2 was formed due to the 

reflections from both deep and shallow parts of the bottom boundary of the medium 

(Figure 43b).  

(b) (a) 

(c) (d) 

1 

2 
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Figure 43  (a) Two reflections from the thinner part and (b) reflections from 

deeper and thinner parts of the stepped foundation slab. 

These artifacts can be eliminated by replacing the data regarding multiple 

reflections from the backwall with zeros in the acquired data. The reconstructed 

image is given in Figure 44a. We can exclude the 𝐼𝑢𝑑 term from the final image 

since it was adding noise rather than beneficial information to the reconstructed 

image in this specific test specimen. The reconstructed image after removing the 

backwall reflected signals from the acquired data and 𝐼𝑢𝑑 term from the imaging 

condition is given in Figure 44b.  As can be seen, the noises reduced significantly 

in the reconstructed image. Next, we removed the noise induced by the backwall 

reflection using the weight function given in Eq. 6.9. As can be seen from Figure 

44c, by applying the weight function (𝜃𝑡  =  1.4 𝑟𝑎𝑑) the amplitude of the artifacts 

were mitigated significantly. 

The artifacts near the top boundary of the medium in Figure 34c can be removed 

by increasing the value of 𝜃𝑡 in this region of the medium; normalization reduces 

the amplitude of these artifacts significantly. We provided the images 

reconstructed using the normalized imaging condition (Eqs. 6.16 and 6.17) in 

Figure 45 where the 𝐼𝑢𝑑 term was excluded from the imaging condition.  

 

(a) (b) 
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Figure 44 Reconstructed images obtained using the (a) cross-correlation imaging 

condition, (b) cross-correlation of data without backwall reflected signals, and (c) the 

imaging condition modified by the weight function (Eq. 6.9) to remove artifacts. 

The reconstructed image in Figure 45a is obtained by applying the new 

normalization factor (Eq. 6.16) to data without backwall reflected signals. To obtain 

the reconstructed image in Figure 45b, we used the new normalization factor along 

 

Figure 45 Reconstructed images obtained using (a) the new normalization factor 

and removal of backwall reflected signals , (b) new normalization factor and weight 

function to eliminate artifacts, and (c) source-normalized imaging condition and 

removal of the backwall reflected signals. 

 
with the weight function in Eq. 6.10. We applied the source-normalized imaging 

condition (Eq. 6.17) to the acquired data, without backwall reflected signals, to 

obtain the reconstructed image in Figure 45c. Note that because the vertical part 

can be detected by most of the sources and receivers, RTM assigns a higher 

amplitude to this part of the reconstructed image. As it can be observed from Figure 

45b, normalization reduced the amplitude of the artifacts formed near the top 

surface of the medium. By comparing Figure 45a and c, one can deduce that using 

(a) (b) (c) 

(a) (b) (c) 
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the new normalization term leads to artifacts and false images with a lower 

amplitude in the reconstructed images that implies that more accurate amplitude 

is assigned to the reconstructed image using the new normalization term. 

6.3.2 Locating a cavity in  3D synthetic homogeneous and concrete slabs 

Here, we consider locating a circular cavity with the diameter of 0.10 m which is in 

the center of a slab (Figure 46).  In this example, we show the effectiveness of the 

approaches we provided in adjusting the amplitudes in the points of a 

reconstructed image.   

 

Figure 46 (a) Geometry of the slab with cavity and the arrangement of 

transducers and (b) its cross-section. 

  
The material parameters of the slab and numerical parameters used in the 

simulations to provide the synthetic data are provided in Table 6.  

Table 6 Material and numerical simulation parameters 

Material parameters               

Cement Matrix 

Slab Cavity Numerical simulation parameters 

Density (𝑘𝑔/𝑚3) 2400 1.2 Spatial grid size ∆𝑥 = 0.001 𝑚

= 0.001 𝑚 Shear velocity (𝑚/𝑠) 2400 0.0 Temporal grid size ∆𝑡 = 0.1 𝜇𝑠 

Longitudinal velocity (𝑚/𝑠) 4100 0.0 Simulation time 𝑇 = 0.001 𝑠 

Data acquisition system consisted of 25 transducers.  The center frequency of the 

emitted signal was 100 kHz. From the four components of the reconstructed image 

(b) (a) 
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(Eq. 6.7) obtained using cross-correlation of source and receiver wavefields 

(Figure 47), it can be deduced that the image intensity at the bottom boundary of 

the cavity is very small due to a large geometrical attenuation (Figure 47a and b). 

In addition, cross-correlation assigns very small values to the reconstructed image 

at the location of the lateral boundaries of the cavity due to spreading attenuation 

and due to the detection of this parts of the boundary of the cavity by a small 

number of sources and receivers.  

 

Figure 47 (a) Images Reconstructed by (a) 𝐼𝑑𝑢, (b) 𝐼𝑑𝑑, (c) 𝐼𝑢𝑢, and (d)  𝐼𝑢𝑑 termes 

of the imaging condition (Eqs. 6.7 and 6.8). 

  Reconstructed images obtained using Eq. 6.7 is provided in Figure 48a. The 

reconstructed images obtained after elimination of backwall reflected signals and 

using weight function are given in Figure 48b and c, respectively. As can be seen, 

the low-frequency high-amplitude artifacts are virtually eliminated from the two 

reconstructed images.  

(a) (b) 

(c) (d) 
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Figure 48  Reconstructed images obtained using (a) the cross-correlation imaging 

condition, (b) the cross-correlation of data without backwall reflected signals, and 

(c) the imaging condition modified by the weight function (Eq. 6.9) to remove 

artifacts. 

 Then, we used normalization to consider the effect of spreading attenuation 

(Figure 49a and b).  As can be seen from Figure 49a, normalization increased the 

amplitude assigned to the reconstructed image in the location of the bottom and 

the lateral boundaries of the cavity, and using the new normalization factor led to 

artifacts with a lower amplitude (Figure 49a).  

 

Figure 49 Reconstructed images obtained using the (a) new normalization factor 

and removal of backwall reflected signals, and (b) source-normalized imaging 

condition and removal of the backwall reflected signals. 

 
We further performed an experiment on a synthetic concrete slab with the same 

geometry of the homogeneous slab (Figure 46) to study the effect of heterogeneity 

on a reconstructed image. We filled 50% of the volume of the synthetic concrete 

specimen with ellipsoidal aggregates with the maximum size of 25 mm, 1% with 

spherical air voids with the diameter of 2 mm, and the remaining volume with 

cement matrix. The material parameters of the three material components of the 

(a) (b) (c) 

(a) (b) 
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synthetic concrete are given in Table 7. 𝜂1, 𝜂2, and 𝜂3 in this table are random 

numbers uniformly distributed in the range of [-1, 1]. The velocity of shear wave 

and the average density of the medium are 2300 m/s and 2300 kg/m3, respectively. 

The center frequency of the emitted signal was 100 kHz. 

Table 7 Material parameters for synthetic concrete and numerical simulation 

parameters 

Material parameters               

Cement Matrix 

Cement 

Matrix 

Aggregates Air, Cavity Numerical simulation parameters 

Density (𝑘𝑔/𝑚3) 2050 2610 + 130𝜂1 1.2 Spatial grid size ∆𝑥 = 0.001 𝑚 

Shear velocity (𝑚/𝑠) 2250 2450 + 125𝜂2 0.0 Temporal grid size ∆𝑡 = 0.1 𝜇𝑠 

Longitudinal velocity (𝑚/𝑠) 3950 4180 + 210𝜂3 0.0 Simulation time 𝑇 = 0.001 𝑠 

We provided the reconstructed image obtained using cross-correlation imaging 

condition (Eq. 6.7) in Figure 50a and the images obtained after removing the 

backwall reflected signals and using the weight function in the imaging condition 

(Eq. 6.9) in Figure 50b and c, respectively. As shown in Figure 50a-c, cross-

correlation imaging condition assigns low amplitudes to the bottom and lateral 

boundaries of the cavity due to spreading and scattering attenuations. The reason 

for artifacts near the top boundary of the images is scattering by aggregates and 

air voids. The amplitude of these artifacts can be reduced by using normalization. 

Next, we considered spreading and scattering attenuations in the imaging 

condition to obtain the reconstructed images (Figure 51). The value of attenuation 

coefficient we used was 𝛼 = 13 𝑑𝐵/𝑚 [98]. 
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Figure 50 Reconstructed images obtained using (a) the cross-correlation imaging 

condition, (b) the cross-correlation of data without backwall reflected signals, and 

(c) the imaging condition modified by the weight function (Eq. 6.9) to remove 

artifacts. 

As it can be observed from Figure 51a and b, considering spreading and scattering 

attenuations in the imaging condition emboldened the bottom and lateral 

boundaries of the cavity. The new normalization factor (Figure 51a) introduced 

artifacts with lower amplitude in comparison with the source-normalized imaging 

condition (Figure 51b). 

To show the sensitivity to the velocity model, we provided two reconstructed 

images (Figure 52a and b) for which we assumed that the velocity of shear wave 

in the medium are slightly different from the actual value and are 2250 m/s and 

2350 m/s, respectively. By comparing Figure 52a and b with Figure 51a, it can be 

concluded that a slight deviation from the correct velocity model significantly 

affects the quality of a reconstructed image. 

 

 

 

(a) (c) (b) 
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Figure 51 Reconstructed images obtained using the (a) new normalization factor 

and removal of backwall reflected signals, and (b) source-normalized imaging 

condition and removal of the backwall reflected signals. 

 

 

Figure 52 Reconstructed images obtained assuming that the shear velocity in 

the medium is (a) 2250 m/s and (b) 2350 m/s. 

 

 

 

 

 

 

 

 

 

 

(b) (a) 

(a) (b) 
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7 Conclusions and future research 

In this chapter, we will present the summary and conclusions of this research and 

recommendations for the future research.  

7.1 Conclusions 

A goal of this research was to develop an analytical approach to make reverse 

time migration, a mechanics-based advanced imaging technique, affordable for 

nondestructive evaluation of concrete members when imaging is performed using 

ultrasonic horizontal shear waves. Another goal was to develop a 3D numerical 

tool and to use it to investigate the effect of size, shape, and material properties of 

aggregates as well as porosity of concrete on the attenuation of horizontal shear 

waves; attenuation due to scattering is an important factor that can affect the 

quality of the reconstructed images and impede their interpretation. The final goal 

was to develop new techniques to enhance the quality of reconstructed images 

obtained using RTM, by mitigating the artifacts and considering the effect of 

attenuation due to scattering and geometrical spreading in imaging to facilitate the 

interpretation of reconstructed images.  

      Reverse time migration is a mechanics-based imaging technique that does not 

have the limitations of SAFT and is superior to SAFF in focusing the reflected 

waves. SAFT is a well-established real-time imaging technique that comes short 

in locating reflectors with a steep slope and the bottom boundary of embedded 

object such as a tendon duct. However, RTM has two main bottlenecks: it is 

computationally costly and demands a massive memory. The reason for the 
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bottlenecks is that the RTM algorithm requires a large number of numerical 

simulations for the reconstruction of source and time-reversed receiver wavefields 

and requires saving the entire time history of the source or receiver wavefields in 

memory.  

   This dissertation developed an analytical approach for the reconstruction of 

source and receiver wavefields when ultrasonic horizontal shear waves are used 

for imaging to overcome the limitations of the reverse time migration and to make 

it affordable for nondestructive testing applications. In this approach we obtained 

an analytical solution for the response of an isotropic elastic homogeneous half-

space medium to a point source of shear horizontal waves.. By introducing 

fictitious sources and receivers, we simulated reflections from the planar 

boundaries of the scanned medium. We showed that the analytical approach 

removes the memory bottleneck and reduces computation cost drastically by a 

more efficient evaluation of source and receiver wavefields and imaging 

condition. Using an example from literature, we demonstrated that the proposed 

approach can reduce the computation cost of imaging from days to a few minutes 

with the same level of accuracy and resolution,. The analytical approach also 

provided the ability to image the region of interest rather than the entire scanned 

medium. The obtained results indicated that the analytical RTM is comparable to 

SAFT in terms of efficiency which makes RTM practical for nondestructive testing 

applications.  

Next, we numerically investigated the scattering attenuation of shear waves 

in concrete and used the results to increase the quality of the RTM images.We 
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developed an efficient 3D numerical tool for the simulation of propagation of 

ultrasonic waves in homogeneous and concrete medium. We used 

elastodynamic finite integration technique for the spatial discretization of the 

governing equations and adapted a special formulation of perfectly matched 

layers to truncate the computational medium laterally by absorbing the outgoing 

waves. To simulate concrete, we developed an effective algorithm generating 

non-overlapping aggregates and air-voids. The numerical tool was later used in 

synthetic studies.  

    We used the developed numerical tool to investigate the effect of 

heterogeneity of concrete on the attenuation of horizontal shear waves in the 20-

150 kHz frequency range. One of the factors we studied was the influence of 

aggregates size on the scattering attenuation. To do this, we considered 

aggregates with the maximum size of 19, 25, and 38 mm. These three maximum 

aggregate sizes are predominantly used in the mix design of concrete in practice 

for technical and economic reasons. Our studies showed that scattering 

attenuation is nonlinearly correlated with the maximum aggregate size. By 

increasing the maximum aggregate size from 19 mm to 25 mm, the scattering 

attenuation considerably increased. However, the scattering attenuation of 

horizontal shear waves in concrete specimens with the maximum aggregate size 

of 25 and 38 mm were only slightly different.  

    To study the effect of material properties of aggregates on the attenuation of 

shear waves in concrete, we considered two types of aggregates. The type one 

aggregates had acoustical properties close to the acoustical properties of cement 
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matrix and the type two aggregates had acoustical properties of basalt. It is worth 

mentioning that the acoustical properties of real aggregates are greater than or 

equal to the acoustical properties of type one aggregates and less than or equal 

to the acoustical properties of type two aggregates. Therefore, the scattering 

attenuation for concrete specimens with type one aggregates provides a lower 

bound and for concrete specimen with type two aggregates provides an upper 

bound. Our numerical studies showed that the material properties of aggregates 

have a considerable effect on the attenuation of horizontal shear waves in 

concrete. As the contrast between the acoustical properties of aggregates and 

concrete increased, the scattering attenuation increased as well. 

    To study the effect of aggregate shape on the scattering attenuation, we 

considered concrete specimens with cuboid aggregates, representing crushed 

aggregates, and ellipsoidal aggregates, representing rounded aggregates. Our 

studies showed that scattering attenuation in concrete specimens with cuboid 

aggregates was virtually the same as scattering attenuation in the specimens 

with ellipsoidal aggregates in the aforementioned frequency range. In other 

words, the shape and roughness of the aggregate surface is not an important 

factor in the scattering attenuation of ultrasonic waves in concrete.  

    We also studied the effect of aggregate size and shape on the velocity of 

propagation of shear waves in concrete. The numerical simulations 

demonstrated that the velocity of shear waves is virtually independent of the 

aggregate size and shape.   
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     To study the effect of porosity on the scattering attenuation, one percent of 

the volume of synthetic concrete specimens was filled with spherical air-voids 

with the diameter of 2 mm. The numerical study showed that the air-voids do not 

affect the scattering attenuation in the frequencies less than about 80 kHz. The 

porosity slightly increased the scattering attenuation in the frequency range of 

80-150 kHz. We later used the attenuation coefficient to modify the imaging 

condition of reverse time migration to consider the effect of scattering attenuation 

in imaging. 

        Next, we modified the imaging condition of reverse time migration to 

increase the quality of the reconstructed images to facilitate their interpretation. 

The first objective of the modification was to mitigate the low-frequency high-

amplitude artifacts and to remove false images. The second objective was to 

modify the imaging condition to take into account the geometrical spreading and 

scattering attenuation in imaging in order to emend the amplitudes assigned to 

the points of the reconstructed images. 

    We used the analytical approach to decompose the source and receiver 

wavefields into upgoing and downgoing and used these wavefields to determine 

the source of the high-amplitude low-frequency artifacts. Our studies showed that 

the cross-correlation of upgoing source wavefields reflected from the backwall of 

the medium and upgoing receiver wavefields, as well as cross-correlation of 

downgoing source wavefields and downgoing receiver wavefields reflected from 

the backwall of the scanned medium are the source of low frequency high 

amplitude artifacts. We introduced two approaches for the elimination of the 
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artifacts: elimination of backwall reflected signals when obtaining the cross-

correlation of downgoing source and downgoing receiver wavefields as well as 

upgoing source and upgoing receiver wavefields, and introduction of a weight 

function into the imaging condition. We used synthetic homogeneous and 

concrete specimens and showed that both approaches are effective in the 

elimination of high-amplitude low-frequency artifacts.  

    Finally, we introduced a new normalization factor into the imaging condition 

for considering geometrical spreading attenuation of both source and receiver 

wavefields in imaging using RTM. Using synthetic data, we showed that the new 

normalization factor reduces the amplitude of the artifacts formed near the top 

surface of the scanned medium and assigns more accurate amplitudes to the 

points of a reconstructed image. We also showed that the analytical approach 

enables computing the normalization factor more efficiently and provides more 

insight into its role in correcting the amplitudes and reducing artifacts. 

Additionally, we introduced a modification factor into the imaging condition to 

take into account the scattering attenuation in concrete members. Using 

synthetic concrete specimens, we showed the effectiveness of the proposed 

approach. 

7.2 Future research 

In this dissertation, we numerically studied the effect of size, shape, and material 

properties of aggregates as well as the porosity of concrete on the attenuation of 

shear waves. We propose performing experimental study to validate the 

numerical studies. In case of discrepancy, we propose including interfacial 
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transition zone (ITZ), a thin layer (9-50 µm thick) around aggregate particles in 

the numerical simulations. The acoustical properties of ITZ are larger than the 

those of cement matrix and smaller than the those of aggregates.  

          To increase the efficiency of reverse time migration for nondestructive 

evaluation using horizontal shear waves, we used anti-plane shear deformation 

assumption. Based on this assumption, we used the asymptotic behavior of 

shear waves to obtain the source and time-reversed receiver wavefields 

efficiently. We propose performing 3D numerical simulations for obtaining the 

source and receiver wavefields and using them for imaging with RTM. These 

images should be compared to the images obtained using the analytical 

approach to investigate the effect of the simplifying assumption on the quality of 

the reconstructed images.  

     Because of a high computational cost and since it is newly introduced to 

nondestructive testing, very limited number of studies have been conducted on 

investigating the potential of reverse time migration in practice. Since the 

analytical approach significantly increased the efficiency of RTM and made it 

affordable for nondestructive testing applications, the focus of future studies 

should be on examining the potential of analytical reverse time migration in real 

applications. Some of the problems RTM is suitable for are: the localization and 

characterization of defects such as cracks in metallic members and welds, 

localization of tendon ducts in concrete members, determination of the geometry 

of concrete foundations, localization and characterization of bottom-up cracks in 
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concrete pavements, and detection of debonded rebars in reinforced concrete 

members. 

       Reverse time migration generates high quality reconstructed images, 

therefore, it facilitates their interpretation. However, accuracy of the interpretation 

of the reconstructed images still heavily depends on the level of expertise of 

users. Here, we propose using machine learning (ML) for the automation of the 

interpretation of the reconstructed images. Automation of interpretation using 

machine learning models and updating these models using new data can lead to 

a level of accuracy of interpretation that is beyond the capability of typical users. 

It is worth mentioning that due to significant increase in the computational power 

of computers and advancements in parallel computing methods and ML 

algorithms, machine learning has gained attention of researchers in the field of 

ultrasonic NDT and ultrasonic imaging in recent years [101]–[113] and has the 

potential of affecting the future of NDT. 
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