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Abstract. An animal foraging for prey distributed in patches must de-
cide when to leave one patch and move on to another. In this paper 
it is assumed that an animal forages at random within patches which 
have one of a number of different distributions of the number of prey 
per patch. For each prey distribution I describe the optimal foraging 
strategy and compare its performance with that of other strategies 
which have been suggested. Biologically most important is the case 
in which the number of prey per patch has a negative binomial distri-
bution. This case makes it possible simultaneously to treat variability 
in the number of prey per patch and the decrease in capture rate over 
time in a patch due to exploitation. 

INTRODUCTION 

One of the most important decisions that a forager searching for prey in patches 
must make is when to leave one patch and go on to another. An animal might decide 
to leave a patch for some reason that has nothing to do with the amount of food to be 
found there, but there are two main reasons for leaving a patch that do have something 
to do with the amount of food in the patch. 1. The rate of finding food might decrease 
with time in the patch, perhaps because prey have been eaten, or frightened under cover, 
or 2. The forager might discover from its experience in a patch that the patch is not 
very good, and perhaps was not good from the start. 

The earliest formulation of the problem of when to leave a patch (Chamov 1976) 
considered only the first reason to leave a patch, that is, the rate of finding prey might 
be depressed by the forager during the search. Charnov's formulation was deterministic, 
the experience of an animal in a patch could be described by a particular "gain func-
tion," which was continuous, and had a negative second derivative. Different patches 
might yield different gain functions, but the forager was assumed to know the gain func-
tion for any patch in which it found itself. Charnov's formulation was convenient mathe-
matically and permitted a simple solution to the optimal foraging problem, the marginal 
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value theorem: leave a patch when the rate of increase in the gain function in that patch 
falls to the highest possible long-term net rate of energy gain. Unfortunately, Charnov's 
formulation does not represent a problem that animals actually face, and the marginal 
value theorem does not provide a rule that a forager might actually use. 

An alternative formulation of the problem of deciding when to leave a patch in-
volves a description of the forager's environment and assumptions about the way the 
forager searches for food. In the cases I have dealt with (Green 1980, 1987a) prey are 
assumed to have a particular distribution in patches, and the forager is assumed to use 
a particular mode of search ( either systematic or random search). A variety of possible 
foraging strategies may be considered and their performances compared for various prey 
distributions. 

The probems that I treat are particular examples of Oaten's (1977) general stochas-
tic model of optimal foraging. Two important early explorations of this model were 
made by Breck (1978) and Iwasa, Higashi and Yamamura (1981). Breck's (1978) thesis 
was an excellent piece of work, but uDiortunately was never published. His approach was 
to consider explicitly suboptimal foraging strategies for the cases in which the number of 
prey per patch had a regular (all patches have the same number of prey), a Poisson, or 
a negative binomial distribution. The work of Iwasa et al. (1981), conducted indepen-
dently of Breck's, was quite similar, but included the case of binomial distribution of the 
number of prey per patch, and it also attempted to include the optimal strategies. In 
fa.ct, rules given by Iwasa et al. lead to optimal strategies for the regular, Poisson and 
binomial cases, but a different kind of rule must be used for the negative binomial case. 

In this paper I treat the same four cases as do Iwasa et al. (1981). I extend their 
work slightly by finding the optimal foraging strategy for the negative binomial case, us-
ing a method that I have used before (Green 1980), and by interpreting the rules given 
in the other three cases in terms of a theorem given by McNamara (1982). I also de-
scribe how to find the rate of finding prey achieved by a forager using the optimal strat-
egy for the binomial case. My approach differs from that-of Iwasa et al. (1981), and that 
of most others who have worked on optimal foraging theory, in that I treat particular 
cases and actually find the optimal strategies and compare their performances with with 
the performances of other strategies. 

Most of the work, and especially the early work, on the problem of when to leave a 
patch assumes that search within a patch is random. This is the assumption made by 
Hassell and May (1974), by Murdoch and Oaten (1975), by Breck (1978) and by Iwasa 
et al. (1981). Breck (1978) mentioned systematic search, but did not deal with models 
incorporating this assumption. I have treated cases of systematic search ( Green 1980, 
1981, 1987a,b) in some detail, but in this paper I consider the more commonly used as-
s1.J.Inption that search within patches is random. This assumption may be biologically 
unrealistic in many cases, but it is convenient mathematically, and it makes possible the 
simultaneous treatment of prey depletion within patches and variability in prey numbers 
among patches. 
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In the next section I will first interpret the form of the optimal foraging strategies 
for my (and Iwasa et al.'s) four cases in terms of a general theorem of McNamara. Then 
I will show how to calculate the rate achieved by an optimal forager for the binomial 
case and will find the optimal strategy for the negative binomial case. In the Results 
section I will illustrate the optimal strategies for examples of the four cases and will 
compare the performance of the optimal strategy with a number of other strategies, in-
cluding the giving-up-time rule, for each case. In the Discussion I will give a rather per-
sonal account of some work on optimal foraging theory. Finally, in Appendices, I will 
present annotated programs that were used to do the calculations described in the next 
section. 

THEORY AND CALCULATIONS 

1. General theory. 

The models that I discuss in this paper a.re particular examples of Oaten's (1977) 
general stochastic model of optimal foraging. I treat the same four examples considered 
by Iwasa, Higashi and Yama.mura (1981), whose work is quite similar to the unpublished 
thesis of Jim Breck (1978). Iwasa et al. describe the optimal foraging strategies quali- · 
tatively for the four cases that they consider. The strategies that they give a.re optimal 
in three of the four cases, but not in the fourth case, in which the number of prey per 
patch has a negative binomial distribution. I find the optimal strategies in each of the 
four cases and compare the performance of the optimal strategies with that of some sub-
optimal strategies that have been suggested. I also show how the optimal rate of finding 
prey depends on which model is used, and for each model, how the rate depends on the 
set of parameters chosen. 

a) Oaten's modeL 

Oaten offered a general model of the problem faced by a forager searching for prey 
distributed in patches: How should the forager use the success experienced in a patch to 
decide when to leave one patch and go on to another? Oaten assumed: 

1. Prey are found in patches, and the forager behaves as if it knows the distribution of 
the number of prey per patch. 

2. The forager behaves as if it knows the joint distribution of the capture times, given 
the number of prey in a patch. 

3. Prey are not replaced as they a.re captured. 

4. The forager behaves as if it knows the time T that it takes to go from patch to patch. 
If this travel time is variable, then T is its mean. 
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5. The forager decides when to leave a patch based on its knowledge of 1, 2 and 4, and 
its experience in a patch. 

6. Given a leaving rule, we can calculate 

where 

E(G) 
R= E(T) +r' (1) 

E( G) = the expected number of prey caught in a patch, using the leaving rule; 

E(T) = the expected length of time searching for prey in a patch, using the leaving 
rule, and; 

R = the long-term average rate of finding prey, using the leaving rule. 

7. The forager uses the leaving rule that maximizes R. 

The distributions of prey numbers and capture times mentioned in assumptions 1 
and 2 are assumed not to change with time. This is equivalent to assuming that the en-
vironment is not depleted of patches and is unchanging, and that patches are chosen sys-
tematically, although the patches themselves may be searched randomly and depleted of 
prey. I treat special cases of Oaten's model which are characterized by particular choices 
of the distributions referred to in assumptions 1 and 2. 

ff the distribution of the number of prey per patch is specified by the probability 
function, f ( x ), then the four types of distribution that I consider are: 

(i) Regular: 

f ( x) = 1 for x = n, for some integer, n > O, 
= 0 otherwise. 

(ii) Poisson: 

for x = 0, 1, 2, ... , and A > 0. 

(iii) Binomial: 

for x = 0, 1, 2, ... , n, some integer n > 0, and some number p such that O < p < 1. 

(2) 

(3) 

(4) 
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(iv) Negative binomial: 

f(x) = (a+ x -1) (L)a (-1 )z 
x l+,8 l+,8 

(5) 

Notice that my way of expressing the negative binomial distribution is not the standard 
one. I want to express the negative binomial distribution as a gamma mixture of Pois-
sons, where a and ,8 are the parameters of the gamma (prior) distribution. 

I assume that search is random. This corresponds to assuming that prey are located 
at random on the interval (0,1) and that search within a patch occurs systematically, at 
an exponentially decreasing rate. That is, the proportion of a patch searched by time t 
is given by: 1-e-at , where a is the search rate. Without loss of generality I will assume 
that a= 1. 

A very important practical consequence of the assumption that search is random 
is the fact that the number of prey found during a certain amount of time in a patch 
is a sufficient statistic for estimating future success in a patch. That is, if the number 
of prey found within a certain time is known, then the actual times at which the prey 
were found is irrelevant. Thus, at any time in a patch the experience in that patch may 
be characterized by that time and the number of prey found up to that time. This fact 
makes it possible to simplify the argument in McN amara.'s potential function, as I do 
below. 

b) McNamara 's theorem. 

I will :find the optimal foraging strategy for the ca.se of negative binomial prey dis-
tribution using a slight extension of a method that I ha.ve used earlier for another case 
( Green 1980). The optimal strategies, or at least their general forms, have been given by 
Iwasa et al. (1981). I will use a theorem by McNamara. (1982) to show that the forms of 
the optimal strategies are, in fact, the correct ones for the cases of regular, binomial and 
Poisson prey distributions. 

McNamara's (1982) theorem, which gives a condition that the optimal strategy for 
Ga.ten's (1977) model must satisfy, is based on what McNamara. refers to as a "potential 
function." If we write EG( t, x, S) and ET( t, x, S) for the expected number of prey and 
the expected time in a patch, after time t has been spent in tke patch, given that x prey 
have been found by time t and that leaving rule Sis used, then McNamara's potential 
function is: 

D( t, x) = max[EG(t, x, S) - C"' ET(t, x, S)], 
s 

(6) 

where c• is the maximum possible long-term average rate of :finding prey. McNamara's 
rule is: remain in a patch if D(t, x) > 0 [and leave if D(t, x) < 0]. 
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McNamara's theorem is valuable for two reasons. First, it is based on an idea-the 
potential function-that has intuitive appeal. It corresponds to a behavioral mecha-
nism suggested by Waage (1979). The way the potential function changes over time in a 
patch indicates the way that a forager's behavior should depend on the information that 
it gains in a patch. Second, McNamara's theorem may suggest corollaries that can be 
used to find optimal foraging strategies in particular cases. This is the use that I make 
of the theorem. 

The trouble with McNamara's theorem is that the potential function may be diffi-
cult, or impossible, to find in particular cases. The theorem has been illustrated in some 
simple cases, for example, the number of prey per patch has a binomial distribution 
when n = 1 and search is random (McNamara 1982, McNamara and Houston 1987), but 
the difficulty in applying the theorem has restricted attention to cases in which the po-
tential function may be found easily. I will try to show that McNamara's theorem may 
be extended to cases chosen for their biological interest rather than their mathematical 
simplicity. 

I use a slightly different form of the inequality in McNamara's theorem. A forager 
should remain in a patch if there exists a strategy, S, such that 

( ) EG(t, x, S) C* 
R t,x,S = ET(t,x,S) > . (7) 

The forager should leave a patch when R(t, x, S) < C* for all S, and if the maximum 
value of R(t, x, S) = C*, then the forager may either remain or leave a patch, but is con-
venient to specify that a forager should leave in this case. (In some cases one must re-
quire the forager to leave when the equality holds.) While the underlying condition that 
I use, G(t, x,S)/T(t,x,S) > C*, is equivalent to McNamara's, G(t,x,S) -C*T(t,x, S) > 
0, there is a difference in the way we express the requirement that these conditions hold. 
I require the existence of a strategy that satisfies my condition while McNamara ( equiv-
alently) requires that his condition holds for the strategy that produces the maximum 
value of the difference on the left-hand side of his inequality. McNamara's formulation 
has the advantage of making a proof of his theorem easy, and, in some cases, finding the 
optimal strategy does actually depend on knowing what strategy gives the maximum 
value of this difference. For problems in which a forager's only choice at any time is 
whether or not to remain in a patch, my formulation is equivalent. My formulation has 
the advantage that the ratio has an intuitive interpretation, and in a number of cases it 
is easy to find candidate strategies for which to calculate the ratio to test against C*. 

c. Application.J of McNamara 'J theorem. 

In general, it is difficult to calculate McNamara's potential function. Even when it 
is unnecessary to calculate the potential function it may be difficult to decide whether 
there exists a strategy, S, such that the ratio 

EG(t, x, S)/ ET(t, x, S) > C, 



for a particular choice of C (not necessarily C*). However, there are many problems for 
which we can say what S looks like, and we can use this fact to find the optimal S. 

The key idea is that in many cases we can write the instantaneous rate of finding 
prey after some time in a path, given the number of prey found by that time. We have 
the following 

Definition: r( t, x) is the limit as t - 0 of the expected number of prey 
to be found from t tot+ t:,.t divided by t:i.t, given that x prey have 
been found by time t. 
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If search is random, with search rate a= 1, then r(t,x) may be interpreted (see Iwasa et 
al. 1981) as the expected number of prey remaining in a patch, given that x prey have 
been captured by time t. 

For the four types of prey distribution that I consider we have the following. 

(i) Regular: 
r(t,x) = n - x, (8) 

(ii) Poisson: 
r( t, x) = ,\e-t (9) 

(iii) Binomial: 
pe-t 

r(t,x) = (n -x) t' 1-p+pe- (10) 

(iv) Negative binomial: 
) a+ X -t 

r(t,x = /3 te + 1-e- (11) 

Since the number of prey, x, found by time t [which could be written as x(t), but I 
suppress the argument, which is implicit] is non-decreasing in t, and exp( -t) is decreas-
ing int, we have that r(t,x) is decreasing int for binomial and Poisson prey distribu-
tions, and is non-increasing for a regular prey distribution. 

Now, using McNamara's theorem it is easy to see that a forager should always re-
main in a patch if r( t, x) > C*. The question is, what should a forager do if r( t, x) < 
C*? Foragers should sometimes remain in a patch despite the fact that r( t, x) < C .. -
if there is a chance that this rate may rise above C* later in the patch. However, this is 
impossible if r( t, x) is non-increasing in t. That is, there is a corollary of McNamara's 
theorem, which I state without proof: 



Corollary: If r[t,X(t)] is (almost surely) monotone decreasing then a 
forager having found x prey by time t should remain in the patch if 
and only if 

r(t, s) > C*. 

If r[t,X(t)] is (almost surely) monotone non-decreasing then a for-
ager should remain in the patch if r( t, x) > C*, it should leave ( or 
should have left) the patch if r( t, x) < C*, and can leave or not if 
r( t, x) = C*. [If there are some times at which r( t, x) = C* but is 
decreasing, then the forager should leave at those times.] For definite-
ness it is convenient ( and safe) to use the rule: remain in a patch if 
and only if r(t,x) > C*. 

Iwasa et al. (1981) suggested that a rule of this form is optimal for all four cases 
that I want to consider. The corollary shows that they were correct for the regular, bi-
nomial, and Poisson cases. Such a rule is not best for the negative binomial case, how-
ever. It is a bit more difficult to find the optimal strategy for this case. For a negative 
binomial prey distribution one can use the fact that r( t, x) is decreasing in t and in-
creasing in x to help find the optimal strategy. We may think of strategies as partitions 
of the space of all points (t, x) into a set of "continuation points," such that a forager 
should remain in a patch if x prey have been found by time t, and a set of "stopping 
points," such that a forager should stop ( or should have stopped before reaching the 
point) if x prey have been found by time t. For a negative binomial prey distribution, 
the set of stopping points will be a "corner set," having the property that if any point 
( t0 , x0 ) is in the stopping set, then any other point ( t, x) will also be in the stopping set 
if t t0 and x < x0 • If we assume that search must end by some fixed time, then the 
optimal foraging strategy can be found using dynamic programming, beginning at the 
time at which a patch must be left and working backward toward the beginning of the 
patch visit. With random search there is no time at which a patch must be left, but no 
patch should be searched forever. vVe can find (with as great accuracy as we desire) the 
optimal strategy for negative binomial prey distribution and random search by choos-
ing a suitably long time and assuming that a patch should be left at or before that time. 
I describe the methods of finding the optimal strategy for this, and for the other cases, 
below. 

2. Particular theory: calcu.lation3. 

In this section I will show how to find the optimal foraging strategy for each of the 
four prey distributions, assuming search is random. Then in the Results section, I will 
compare the maximum possible long-term average rates of finding prey for a number of 
cases and sets of parameters. The performance of the optimal strategy will be compared 
with that of the giving-up-time rule and that of a ''naive" rule in which the forager ig-
nores its experience in a patch, as well as a kind of "omniscient" strategy in which a. for-
ager leaves a fixed number of prey in each patch. 
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a) Optimal strategies. 

(i) Regular prey di.,tribution. According to the corollary in the previous section, the 
forager in this case should remain in a patch if r( t, z) > C*, should leave a patch if 
r(t,z) < C*, and may either remain or leave a patch if r(t,z) = C*. (I will say leave.] 
Since r(t,x) = n - x, we have that a forager should leave a patch as soon as r(t,x) = 
n - x < C*. That is, we have 

Rule 1. An animal foraging randomly, confronted with a regular prey 
distribution, should leave a patch as soon as the kth prey has been 
found there, where k is the smallest integer such that 
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k > n -C*. (12) 

Unfortunately, the value of C* is unknown, but we do know that there must be 
some such value. We know what the optimal strategy looks like, qualitatatively, so what 
we do (in this case, in which prey distribution is regular, and also in the binomial and 
Poisson cases) is to calculate the long-term average rate of finding prey that would be 
achieved by various particular choices of the strategy-in this case various choices of k. 
We may write 

EG(k) 
R(k) = ET(k) + T' 

where R,EG and ET all depend on the strategy (k). For every choice of k: 1 < k 5 n, 
we have 

EG(k) = k, and 
/c 1 

ET(k) = . . 
~n-i+l 
1=1 

(13) 

(14) 

For the case that I am most interested in (n = 5, T = 0.1) we have that optimal 
k = EG(k) = 2, ET(k) = 0.45, and R(k) = 3.6364. 

Notice that the optimal strategy for a regular prey distribution and random search-
to take exactly k prey from each patch-is what Krebs, Ryan and Charnov (1974, fol-
lowing Gibb, 1962) referred to as "hunting by expectation," and Breck (1978) referred 
to as a ''fixed-number rule." Such a strategy would be worse than useless in the other 
cases that I want to consider, since in each of the other cases it is possible for a patch 
to contain no prey, in which case a forager using a fixed-number rule would stay forever, 
waiting to find k prey. 

(ii) Poisson prey distribution. In this case a forager should leave a patch when r(t,x) = 
,\e-t = C*. That is, we have 



Rule 2. An animal searching randomly in patches having a Pois-
son prey distribution should remain in each patch for the same length 
of time, t*, where 
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t* = ln(.\/C*). (15) 

Again, C* is unknown, so the simplest thing to do is realize that ( 15) will be satisfied 
for some value oft, and we can find the maximum possible rate R(_t) by calculating the 
rates achieved by a forager using various values oft. Here we have 

R(t) 
EG(t) 

(16) 
ET(t) + r 

[and R(t*) = C*] 

with 

EG(t) = .\(1 - e-t), (17) 
and 

ET(t) = t. (18) 

For,\= 5 and r = 0.1 we have that the optimal t = 0.416, EG(t) = 1.7016,ET(t) = 
0.416 and R(t) = 3.2977. 

For a Poisson prey distribution and random search the optimal strategy is to re-
main in each patch for the same fixed time. As long as the search rate and travel time 
between patches are the same, the optimal value t* will be the same for different values 
of ,\. The optimal rule here is sometimes referred to as the "time expectation rule" or 
the "fixed-time rule." If experience in a patch is ignored then the best rule is the fixed-
time rule. The best time to spend in each patch, t*, does not depend on the type of prey 
distribution or its mean, but the rate achieved, R(t*), does depend on the mean. (It is 
proportional to the mean.) For a given mean, the rate achieved by the fixed-time rule 
does not depend on the type of prey distribution. 

(iii) Binomial prey distribution. In this case the forager should leave a patch when 

pe-t 
r(t,x) = (n - x\ t = C*. -p +pe- (19) 

Again, the thing to do is to choose particular strategies of the required form and calcu-
late the long-term average rate of finding prey achieved by each. 

Each calculation involves two parts: 

1. A value of C ( a guess at C*) is chosen and a rule is found satisfying the equation, 
r(t,x)=C. 



2. The long-term average rate R( C), achieved by the rule found in 1 is calculated. 
Then a new value of C is chosen, and the process is continued until the maximum 
rate is found, or, equivalently, until the equation R( C) = C is satisfied. 
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The first, and easiest, part of the solution is to find a stopping rule satisfying r( t, x) = 
C for a choice of C. Such a rule is illustrated in Fig. 1. A rule is characterized by a 
number of prey, m, and a set of times, tm-1, tm-2, ... , t1, to [with O < tm-1 < tm-2 < 
... < t0 J. By convention, define tm = O. A forager should leave a patch whenever m 
prey have been found, or whenever k prey have been found by (or after) time t1c, for 
k = 0, 1, 2, ... , m - 1. 

The number m is the smallest integer, x, such that r(O, x) :$ C, or equivalently, the 
smallest integer x such that 

x n-C/p. (20) 

Notice that there is no sense in considering very large values of C since if C np then 
m = 0 and, accordingly, a forager should leave every patch immediately upon entering it. 

The times t1c are found by solving the equation r(t,x) = C, or, using (10) and solv-
ing, 

t1c = In[p(n - k - C)/(qC)J. (21) 

Once a strategy, specified by the number m and the times tm-1, tm-2, ... , to, has been 
found for a choice of C, the next step is to find the expected number of prey found, 
EG( C), the expected length of time spent in each patch, ET( C), and the resulting long-
term average rate of finding prey 

EG(C) 
R(C) = ET(C) + T. 

In order to calculate EG and ET for a given strategy, the set of points at which a 
forager using the strategy might leave a patch may be broken into three classes. 

1. The forager might find m prey before time tm-1 and leave at the time that the mth 
prey is found. 

2. The forager might leave at time t1c, fork= 0, 1, 2, ... , or m-1, having found exactly 
k prey by that time. 

3. For i = 1, 2, ... , m -1 and for j = 0, 1, 2, ... , i -1 a forager might have found exactly 
j prey by time ti and then find the ith prey during the interval (ti,ti_i). 

These three classes of stopping points are illustrated in Fig.1. 

I will treat these three classes of stopping points separately, but in order to treat 
them at all I need to use several facts about the number of prey encountered and the 



12 

times of encounter for a forager searching randomly when the number of prey per patch 
has a binomial distribution. 

Facf.3 about binomial prey di.,tribution and random search. If the number of prey per 
patch has a binomial distribution with parameters n and p, we might imagine that there 
a.re n prey distributed at random in a unit interval, and that the number of prey in the 
patch will be the number of these n prey that a.re located in the subinterval (0,p). By 
random sea.rch I understand that by time t the proportion of a patch that has been searched 
is 1 - e-t. We can think of the proportion of a patch which has been searched as an in-
terval at the beginning of the patch. Thus, we can think that, after time t, the probabil-
ity that a given one of the original n prey will have been found is given by 

(22) 

If it can be done without ambiguity I will suppress the argument t and write, simply, p1 • 

Now we have 

1. The probability that exactly j prey a.re caught by time ti, for i = 0, 1, 2, ... , m-1 
and for j = 0, 1, 2, ... , n, will be 

(23) 

Now if j prey have been found by time ti, we may interpret this as meaning that j 
of then prey originally in the interval (0,1) were located in the interval (0,p[l - e-ti]). 
Thus, there remain n - j prey located at random in the interval (p[l - e-ti], 1). The 
probability that a prey individual not caught by time ti will be caught in the interval 
(ti, ti_i) is given by 

p[e-t; - e-t;_1] 
P2[ti, ti-1] = t· , 1- p+ pe- • (24) 

which I will write as p2 if I can suppress the arguments without ambiguity. 

2. The probability that there a.re k prey to be found in the time interval (ti, ti-d, 
given that j prey were found before time ti, is given by 

3. I will denote the probability that one of then original prey that has not been 
found by time ti is, in fact, in the patch by 

(25) 

(26) 
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Then the probability that there remain exactly n 1 prey to be found in the remainder of 
a patch after j prey have been found by time ti is given by 

(27) 

4. If, at any time, exactly n 1 prey remain to be found in a patch, and if the forager 
remains in the patch until all these prey are found, the time intervals until individual 
prey are found will be independent, exponentially distributed random variables, each 
with mean= 1. The time, ti, until the first prey is found will have an exponential dis-
tribution with mean = 1/n1 • In general, the probability density of the time until the kth 
prey is found will be 

(28) 

If jfj < i] prey have been found by time ti, and if n 1 remain in the patch, then 
there will be a contribution to ET from the interval ( ti, t;_1 ) for the case in which the 
ith prey is caught in the interval ( t;, ti-I). This contribution is given by 

(29) 

Since the function f(t;_;jn 1 ) in (29) is a sum and difference of exponentials int, we can 
evaluate ( 29) using the fact that 

Putting these ideas together we obtain 

and 

m-1 

EG = m[l - L Q(m-1,j)] 
j=O 

m-1 

+ I: iQ(i,i) 
i=l 

(30) 

(31) 
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"' 
ET = L /( n1 )ET( m, 0ln1) 

m-1 i 

+ :z= I:rti - ti+iJQ(i,j) 
i=O j=O 

m-1 i-1 n-j 

+ L L Q(i,j) L R(n1 Ji,j)ET(i,jlni) (32) 
i=l j=O 

In expression (31) the first, second a.nd third terms correspond to the first, second 
and third classes of points at which a forager might leave a patch. In expression (32) 
the first term corresponds to the first class of leaving points (leave during the interval 
(0, tm-d, having found m prey), while the second term corresponds to the second class 
of points, but also, in part, to the third class of points. The third term in expression 
(32) corresponds, in part (from time ti to the time at which the ith prey is found), to 
the third class of points. 

An annotated BASIC program that does this calculation is given in Appendix I. 

(iv) Negative binomial distribution. As indicated earlier, we have 

( ) a+ X -t 
r t, x = fJ + 1 _ e-t e (11) 

when search is random and the number of prey per patch has a negative binomial distri-
bution. We cannot use the corollary to McNamara's theorem for negative binomial prey 
distribution because r(t, x) increases in x. I will show how to find the optimal strat-
egy using dynamic programming. The method is very similar to the one I have used 
to find the optimal strategy for systematic search and negative binomial prey distribu-
tion (Green 1987a,b). There are two differences here. First, the probabilities of finding a 
particular number of prey during a particular time interval will be different for random 
search. Second, in principle, a forager never reaches the end of a patch when search is 
random. This means that there is no "final" time from which to begin finding a patch-
leaving rule and then work backward. Instead I pick some (long) time, T, assume that 
an optimal forager mwt leave the patch by that time, and then find the optimal strategy 
under this assumption. The actual optimal strategy is the limit of the strategies found 
by choosing an ever-increasing sequence of times, T. 

Expression ( 11) for random search may be compared with the corresponding expres-
sion for systematic search: 

a+x 
r(t,x) = -fJ. +t (11') 

The difference between (11) and (11') may be interpreted as follows. The nega-
tive binomial distribution is a gamma mixture of Poissons, with a and fJ the parame-
ters of the gamma distribution. For systematic search the gamma prior is updated by 
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adding the number of prey found, x, too, and adding the time spent searching, t, to /3. 
H search is random the prior is updated by adding the proportion of the patch searched 
by time t, namely, 1 - e-t, to /3. Further, for systematic search the search rate is con-
stant, while for random search the search rate (the rate of searching new area) decreases 
exponentially, and the ratio of (updated) parameters is multiplied by this rate, e-t, to 
give (11). 

When search is random the proportion of a patch newly searched during the interval 
( t 1 , t 2 ) is e-t1 - e-t2 • Thus, the expected number of prey to be found during an interval 
(t1, t2) by a forager that has found x prey by time t1 is 

(33) 

Notice that (11) is the derivative of (33) with respect to tz. 

The probability that exactly y prey are to be found during the interval (t1 , t2 ), given 
that exactly x prey were caught by time t1 , is given by 

(34) 

Now I will use (11), (33) and (34) to find the optimal foraging strategy-or, to be 
more descriptive, the optimal leaving rule-for negative binomial prey distribution and 
random search. For a given set of negative binomial parameters o and /3 and travel time, 
r, I will pick a time T, at which foragers "must" leave a patch, then guess a value C 
for the best long-term average rate of finding prey. I will show how to find a rule that 
"tries to achieve" rate C, for a given choice of o., /3, rand T. New guesses of C may be 
made until the best rule for the given values of a, /3, r and T is obtained. Then, another, 
larger value of Tis chosen and the process continues until larger choices of T have little 
effect on the rule found, or the rate that it achieves. 

Finding a role that "trie3 to achieve" rate C. 

Given a choice of o., /3, C and T, we can find a strategy that "tries to achieve" rate 
C, by beginning at the end of a patch visit, just before time T, and ask: How many prey 
must be found so that a forager should remain in the patch for the remaining short time 
until time T? The answer is some number, n + 1, which will be the smallest integer x 
such that 

r(T,x) > C. (35) 

The first step in finding a candiate optimal foraging strategy is to find the value, n. 
A forager trying to achieve rate C should remain in a patch until time T has been spent 
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searching that patch if n + 1 (or more) prey have been caught in that patch before time 
T. However, if only n prey have been found in a patch, there is some time, tn, less than 
T, such that the forager should leave the patch if only n prey have been found there by 
time tn. 

The next step is finding the stopping time tn. This stopping time, as well as others, 
tn-l, tn_2 , ••• , t 1 , t0 , is found by guessing a value t, and assuming that a forager that 
has found exactly n prey by time t will remain in the patch for a small additional time 
At. H no more prey are found within this small interval the forager will leave the patch 
and go on to another. However, if a prey is found within the interval then the forager 
will continue in the patch until another stopping time, or time T, is reached. For each 
guess, t, for the value of tn, the ratio of the number of prey found to the expected time 
in a patch from that time on is calculated. ff n prey have been found by time t these 
expectations will be 

EG' = r(t, n)At{l + E[G(t, T)l(t, n + l)]} + o(At) (36) 
and 

ET'= At+ r(t, n)At(T - t) + o(At). (37) 

Since I am interested in the ratio EG' / ET' and small values of At, I can cancel the At 
and eliminate o( At) terms and write 

EG' = r(t, n){l + E[G(t, T)l(t, n + l)]} 
ET' = 1 + r(t, n)(T - t). 

(38) 
(39) 

H EG' / ET' = C the desired value oft has been found and tn = t. H EG' / ET' < C 
then the value t is too large and a smaller one is chosen, while if EG' / ET' > C then the 
value tis too small and a larger one is chosen. In general, I find the times t1: by choosing 
t = t1:+i/2, in the middle of the interval (0, t1:+ 1 ), as a first step, and then adding or 
subtracting an amount equal to l/2i times the interval width on the ith step. I use T /2 
for the first choice of tn. 

Once tn has been found, the next step is to find tn-l • Again, this time is found by 
guessing values t for tn-l and considering the rule: remain in the patch for a short time, 
At, if no prey is found, but if a prey is found in the interval ( t, t + At), then remain in 
the patch until a stopping point is reached. When we use this idea to find tn a forager 
that finds a prey in the interval (t, t + At) will have found n + 1 prey and should remain 
in the patch until time Tis reached, whether or not more prey are found. The situation 
is a bit more complicated when we look for tn-l since a forager that finds its nth prey 
during the interval (t, t + At) should leave the patch if no more prey are found by time 
tn, but should remain in the patch until time T if one or more prey are found by time 
tn. 
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For a given guess, t, for the value of tn-1, we may suppress the factor At and terms 
of order o(At)-as we did in (38) and (39)-and write 

EG' = r(t,n -1){1 + E[G(t,T)l(t,n) 
-f[y(t,tn) = Oj(t,n)]E[G(tn,T)l(tn,n)]} 

and 
ET' = 1 + r( t, n - I){ ( T - t) 

-f[y(t,tn) = Oj(t,n)](T-tn)} 

Again, the desired value oft is the one such that EG' / ET' = C. 

(40) 

(41) 

After times tn and tn-l have been found, we find times tn-2, tn-3, ... , t1, to, suc-
cessively. The calculations become increasingly complicated, but there is only one new 
idea that is necessary in doing the calculations. When a value t is guessed for stopping 
time t1c, I again consider a strategy: -remain in the patch for additional time At. IT no 
more prey are found in (t, t + At) then leave the patch. IT a prey is found in (t, t + At) 
then k + 1 prey will have been found [the probability that more than one prey are found 
is o(At), and this possibility is ignored}. IT a prey is found in (t, t + At) then the for-
ager should remain in the patch until time T, or only until time t1c+ 1 if only k + 1 prey 
have been found by that time, or until t1c+2 if only k + 2 prey have been found by that 
time, or, in general, until t1c+i if only k + i prey have been found by that time (where 
k + 1 $ k + i $ n]. The added complication is the need to calculate the probability that a 
forager that has found k + 1 prey by time t + At [which I will treat as time t in my calcu-
lations] will have found exactly k+i prey at time t1c+i, but will not have found k+ j prey 
at time t1c+;, for 1 $ j < i. I will denote this probability by w[(t,k + l),(t1c+1,k + i)]. 
Then we have 

w[( t, k + 1), (t1c+1, k + l)] = J[y(t, t1c+d = Ol(t, k + l)] (42) 

and, for i such that k + 1 < k + i $ n, we have 
w[(t, k + 1), (t1c+i, k + i)] = J[y(t,t1c+i) = i - ll(t, k + l)j 

i-1 
- L w[(t, k + 1), (t1c+;, k + j)] 

j=l 

Now, again ignoring the factor At and terms of order o(At), we have, for each guess 
t for the value t1c 

EG' = r(t, k){l + E[G(t, T)l(t, k + 1)) 
n-k 

- Lw[(t,k+I),(t1c+i,k+i)]E[G(t1c+i,T)l(t1c+i,k+i)J} (44) 
i=l 
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ET' = 1 + r(t, k){(T - t) 
n-k - I: w[(t, k + 1), (tk+i, k + i)](T - tk+i)}. (45) 
i=l 

The desired value oft is the one that satisfies the equation EG' /ET'= C. 

Finding R( C), given the rule that "tries to achieve" rate C. 

Once the candidate strategy (the values n, and to,t 1 , • •• ,tn) is found that tries to 
achieve rate, C, we calculate the rate, R( C), that this strategy actually achieves. We 
have 

R(C) = EG(C) 
ET(C)+r 

(46) 

The values of EG( C) and ET( C) are calculated by a method similar to that used to 
calculate EG' and ET' in (44) and (45). The difference here is that a forager starts at 
point (0,0)-having found no prey by time zero--and simply remains in the patch un-
til it has spent time T there, or until time t1c is reached and exactly k prey have been 
caught, fork = 0, 1, 2, ... , n. I denote by w((0, 0), (tk, k)] the probability that a forager 
will have found exactly k prey by time tc, but will at no time t; have found exactly j 
prey, for O < j < k. 

The expected number of prey found by a forager that remains until the end of a 
patch ( time = T) is 

(47) 

We have 

EG( C) = E[G(0, T)l(0, 0)] 
n - L w[(0, 0), (tc, k)]E[G(t1c, T)l(t1c, k)] (48) 

k=O 
and 

n 

ET(C) = T- L w[(0, 0), (t1c, k)J(T - t1c). (49) 
k=O 

Now R( C) is calculated from ( 46), using ( 48) and ( 49), and is compared with C. If R( C) =f:. 
C another value of C is chosen [R( C) is a good new choice] and the calculation is re-
peated until R( C) = C. The value of C for which R( C) = C is the highest possible long-
term average rate of finding prey, given the assumption that the forager must spend no 
more than time T in any patch. If a higher value of T is chosen a higher value of R( C) 
will be possible, but as the choice of T increases the optimal value of C will quickly ap-
proach a limit. The reason for this is that the decrease in the rate of prey encounter 
over time will soon swamp the capture rate in any but the best patches, and unless a 
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is large and /3 is relatively small, such good patches are very rare. An annotated BASIC 
program which does this calculation is given in Appendix II. 

The giving•up.time rule. 

According to Charnov's ( 1976) marginal value theorem, if the net energy gained by 
a forager in a patch is a negatively accelerated function of time in a patch, then an opti• 
mal forager should leave a patch when the derivative of net energy gain in a patch falls 
to the highest possible long-term net rate of energy gain. Charnov's theorem does not 
apply to foragers that capture individual prey, since the rate of energy gain-or, at least, 
the number of prey captured by a certain time in a patch-is not continuous. It is pos-
sible, however, that the probability of finding and capturing a prey is a continuous func-
tion, satisfying the conditions of Chamov's theorem. Then the theorem might be used to 
provide an optimal strategy, if the c;apture probability were a known function of time. If 
the probability of capture is an unknown, but decreasing, function of time, then it might 
be possible to estimate the capture rate at any time and decide when to leave a patch 
according to the estimated capture rate. 

Krebs, et al. (1974) suggested using the reciprocal of the interval between captures 
as an estimate of the capture rate. Their suggestion was that a forager might use the 
giving-up-time rule to decide when to leave a patch. That is, for some choice of giving-
up-time, g, a forager should leave a patch as soon as an interval of length g has been 
spent in a patch without finding a prey ( or since a prey was found). 

Finding the best giving-up-time and the rate that it achieves. 

For a given prey distribution and random search, it is not difficult to find the best 
value of g for the giving-up-time rule and find the long-term average rate of finding prey 
for this rule. Solutions to this problem have been given by Murdoch and Oaten (1975), 
Breck (1978) and Iwasa et al. (1981). The main idea is that if a patch contins n prey 
(and search rate, a = 1), then the search time until a prey is found has probability den-
sity 

f(t)=ne-"', for t>O (50) 
The probability that no prey will be found by time g is given by 

P(T > g) = e-ng, (51) 

and the probability of a prey being found before time g is given by 

(52) 

If a patch originally contins n prey, then the probability that a. forager will find at least 
x prey is given by 

% 

P[G(n,g) > x] = IT [1- e-(n-i+l)g], 
i=l 

(53) 
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for x = 1, 2, ... , n, and 
P[G(n,g) ~OJ= 1. (54) 

Then, if E[G(n,g)] and E[T(n,g)J are the expected number of prey found and the 
expected length of time spent searching per patch, given that a patch originally contains 
exactly n prey and giving-up-time g is used, we have 

n 

E[G(n,g)] = L P[G(n,g) xJ, (55) 
.:r:=l 

and 
n-1 

E[T(n,g)J = g + L P[G(n,g) x][l - e-(n-.:r:)g 

(56) 

If f ( n) is the probability function of N, the number of prey originally in a patch, then 
we have 

00 

EG(g) = L f(n)E[G(n,g)J, 
n=l 

and 
00 

ET(g) = L f(n)E[T(n,g)]. 
n=O 

The long-term average rate of finding prey achieved by this rule is given by 

EG(g) 
R(g) = ET(g) + r. 

(57) 

(58) 

(59) 

This rate is calculated for various values of g until the maximum rate is found. The 
best giving-up-time rule is the one which is specified by the value of g that produces the 
maximum rate. An annotated BASIC program that does the calculation is given in Ap-
pendix III. 

The left-over conJtant role 

One foraging strategy which has not received attention in the theoretical litera-
ture is one based on the idea of Mellgren, Misasi and Brown (1984, see also Mellgren 
and Brown 1987) that an optimal forager should leave the same number of prey in each 
patch. In this section I show how to calculate the long-term average rate of finding prey 
that would be achieved by a forager that could leave a constant number of prey, k: ( the 
"left-over constant," or LOC), in each patch ( and would leave each patch immediately 
upon encountering it if the patch containe_?- fewer than k: prey). Such a rule is impossible 
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under the assumptions of Oaten's (1977) model if the number of prey varies from patch 
to patch, search within a patch is random, and the decision whether or not to leave a 
patch is based solely on the forager's knowledge of the environment and experience of 
encountering prey within the patch. However, if foragers may obtain information about 
the number of prey remaining in a patch, perhaps by using their sense of smell, then a 
strategy such as the LOC rule might be possible. Rats do use their sense of smell to lo-
cate food, and they may well have taken advantage of this in the experments reported 
by Mellgren et al. (1984) and by Mellgren and Brown (1987). 

The long-term average rate of finding prey achieved by a forager searching each 
patch randomly and leaving whenever k ( or fewer) prey remain, is given by 

where 

R(k) = EG(k) 
ET(k) +r 

00 

EG(k) = L (x - k)f(x), 

(60) 

(61) 

(62) 

f( x) is the probability that a patch contains exactly x prey, and r is the travel time be-
tween patches. 

RESULTS 

I have treated the four types of prey distribution considered by Iwasa et al. (1981): 
regular, Poisson, binomial and negative binomial. For a given average number of prey 
per patch, all the distributions of these types can be ordered according to variance. The 
variance of a regular distribution is zero. This is the extreme case of a binomial distribu-
tion with p = 1. At the opposite extreme the class of binomial distributions with a given 
mean converges, with increasing variance, to a Poisson distribution as p ......, 0. A Poisson 
distribution is also the limit of the class of negative binomial distributions with a given 
mean, but this time the limit is approached with decreasing variance. Thus, as variance 
increases from zero we have a regular distribution, binomial distributions, a Poisson dis-
tribution, and negative binomial distributions. 

Fig. 2 illustrates qualitatively how the optimal foraging strategy varies with the 
type of distribution. These rules, which are found using the calculations outlined above, 
are the best rules based solely on knowledge of the environment and experience of en-
countering prey within a patch. I call these rules "assessment rules." If search within a 
patch is random, an optimal forager searching in patches, each of which has the same 
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number of prey (a "regular" distribution) should remain in each patch until a fixed num-
ber of prey have been found, no matter how long this takes. H the number of prey per 
patch has a binomial distribution, then a forager should leave a patch eventually, no 
matter how many prey have been found, but the forager should stay longer if few prey 
have been found. H prey are Poisson distributed, then the optimal strategy is to leave 
a patch after a fixed time, no matter how many prey have been found by that time. 
H prey have a negative binomial distribution, then a forager should leave a patch rela-
tively soon if no prey, or few prey have been found, and should remain for a longer time 
if more prey are found. 

The time that a forager has spent in a patch is of no importance to an optimal for-
ager if prey distribution is regular, but it is all-important if prey distribution is Poisson. 
For binomial and negative binomial prey distributions, both time in patch and the num-
ber of prey found matter, but foragers should remain longer in patches when more prey 
have been found if prey distribution is negative binomial, and should leave sooner from 
patches where more prey have been found if prey distribution is binomial. 

In each case illustrated in Fig. 2 the average number of prey per patch is 5 and the 
travel time between patches is T = 0.1. The variance of the distribution of the num-
ber of prey per patch increases from the regular distribution (all patches have exactly 
5 prey and variance= 0) through binomial distributions, as n increases, to the limiting 
case in which prey distribution is Poisson, for which variance = 5. As the variance in-
creases toward 5 the optimal strategy becomes less sensitive to the number of prey found 
until (with a Poisson distribution) the number of prey found in a patch is irrelevant to 
the forager's decision whether or not to leave a patch. As the variance increases from 5 
with negative binomial distributions the optimal strategy becomes more sensitive to the 
number of prey found. 

Figure 3 illustrates how the long-term average rate of finding prey depends on the 
variability of the prey distribution. The rate of finding prey achieved by an optimal for-
ager is lowest when prey distribution is Poisson. The rates achieved by an optimal for-
ager may be compared to the rates achieved by a forager using the optimal giving-up-
time rule for each prey distribution. It is seen that the rate achieved using the optimal 
giving-up-time rules increases steadily with the variance of the prey distribution. 

Another rule that might be considered is the fixed-time rule, in which a forager 
spends a fixed time searching each patch regardless of the number of prey found there. 
Such a rule is best when prey distribution is Poisson. The best such rule would achieve 
the same rate of finding prey (R = 3.2977) for all the prey distributions (whose aver-
age numbers are 5) for which the rates are illustrated in Fig. 3. One might use Fig. 3 to 
try to understand the value of using information about the number of prey in each patch 
in order to determine the advantage of the optimal assessment rule. The advantage of 
using information is greatest when prey variability is greatest. 

Also plotted in Fig. 3 is the rate of finding prey that could be achieved by a for-



ager able to use the LOC rule. It is seen that as the variance in the prey distribution 
increases the advantage of this rule increases over rules that rely only on information 
about the number of prey encountered in a patch and are unable to use information 
about the number of prey that remain. The advantage of the LOC rule may be taken 
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as a measure of the advantage to a forager of developing the sensory ability to detect the 
number of prey remaining in a patch and the mental ability to use this information. 

Numerical values of the rates achieved for the GUT rule, the assessment rule and 
the LOC rule are given in Table 1 for a few prey distributions. The rules illustrated in 
Fig. 2 are the best assessment rules, and the rates given in Table 1 and illustrated in 
Fig. 3 are for the best rules of each type for particular distributions. The rates of find-
ing prey that the best rules of each type achieve may be compared, as I have done, to 
illustrate the relative values of the various rules for different prey distributions. In all 
the :figures and in Table 1 the average number.of prey per patch is :five. Table 2 is sim-
ilar to Table 1 except that the average number of prey per patch is one. Of course, the 
rates of finding prey that can be achieved are lower in Table 2, but the general pattern is 
the same as in Table 1. However, when the average number of prey is lower, the relative 
advantage the assessment rule over the fixed-time rule (which achieves rate= 0.6381 in 
Table 2) is less than it is for comparable (same o) negative binomial distributions, but 
it is greater for comparable ( same p) binomial distributions. The relative advantage of 
the LOC rule over the :fixed-time rule is greater in all comparable cases when the average 
number of prey per patch is lower. 

Another issue is now sensitive the rate of finding prey is to the particular version 
of the rule which is used. Fig. 4 plots the rate of :finding prey against values specify-
ing which version of each type of rule is used. The rates are all calculated for the same 
case: prey distrubition is Poisson, with A = 5, and the travel time between patches is 
T = 0.1. For this case the best giving-up-time rule is to use a. GUT value of 0.236, the 
best left-over constant rule is to use a. LOC of 4, and the best :fixed-time rule is to re-
main for 0.416 units of time in each patch. In order to make equivalent relative changes 
comparable I have adjusted the scales for ea.ch rule so that the number specfying the 
best rule in each case is assigned the value one. For the LOC rule I have plotted the rate 
against the reciprocal of the LOC to make the treatment comparable to that of the other 
rules since having a lower LOC means having a longer stay in each patch. It is seen that 
the rate of finding prey is not very sensitive to which particular rule of each type is used, 
with the rate least sensitive to the rule for the :fixed-time rule, and most sensitive for the 
LOC rule. For the case that I consider, it is better to use a rule which differs by small 
amounts that increase rather than decrease the time spent in each patch. 

DISCUSSION 

The re.m.lt., of thiJ paper 

The main purpose of this paper is to describe some of the calculations used to ob-
tain the results presented in a paper (Green 1987a) based on a talk that I gave at the 
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International Conference on Foraging Behavior, held at Brown University in June, 1984 .. 
I have added to my earlier paper the treatment o.f the case in which the number of prey 
per patch has a binomial distribution. I do not think that this case is particularly real-
istic biologically, but it is of some theoretical interest because, in a sense, the family of 
binomial distributions lie between regular distributions on one side and Poisson distri-
butions on the other. Again, in a sense, the stopping rules for binomial distributions lie 
between the simple fixed-number rule, which is best for a regular distribution, and the 
equally simple fixed-time rule, which is best for a Poisson distribution. 

The cases treated here are the same as those treated by Iwasa et al. (1981), but I 
have gone a bit further for the binomial case and have described, not only the method of 
finding candidate optimal strategies, but also the method of calculating the rates of find-
ing prey that these candidate rules would achieve and then finding the optimal strategy. 
The method used by Iwasa et al. (1981) to find the optimal strategy does not work for 
the negative binomial case, but I describe a method which does work. I think that the 
assumption that the number of prey per patch has a negative binomial distribution is 
the most realistic biologically [see, for example, Taylor (1984)], and I am most interested 
in this case. 

Fig. 2 shows that the form of the optimal foraging strategy depends on the distri-
bution of the number of prey per patch. This biologically important point was made 
by Iwasa et al. (1981). Fig'. 3 shows how an optimal forager's rate of finding prey de-
pends on the prey distribution. Fig. 3 also shows how different strategies may differ in 
the rate that they achieve for various prey distributions. When the variance in prey dis-
tribution is high the assessment rule is substantially better than the giving-up-time rule, 
but is not nearly as good as the left-over-constant rule. Fig. 4 shows that, at least for 
one case-but this is true for other cases as well-the rate of finding prey for a particu-
lar type of rule is not very sensitive to which version of the rule is used. 

Some general comment., about optimal foraging theory: learning from mistakes 

I started thinking seriously about optimal foraging theory early in 1978, after Richard 
Cowie gave me a preprint of Oaten's (1977) paper. My immediate reaction to Oaten's 
paper was that the long-term average rate of finding prey was calculated incorrectly. I 
was more interested in interspecific competion at the time and was inclined to dismiss 
Oaten's paper until I realized that foraging theory should be relevant to the issue of 
niche partitioning among compettors. I decided to rethink Oaten's model for myself. 
As soon as I started I realized that Oaten was right and I was wrong about how to use 
expectations to calculate the long-term average rate of finding prey. When I eventually 
submitted a paper on my work (Green 1980) a referee, making the same mistake that I 
had made, objected that my work and much other work on foraging theory was based 
on an erroneous assumption. Still later, Templeton and Lawlor (1981) criticized foraging 
theory in a note based on the same mistake. Several people hastened to correct this mis-
take publicly ( Gilliam, Green and Pearson 1982; Turelli, Gillespie and Schoener 1982). 
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It is said that experience is what enables us to recognize mistakes when we make 
them again. While it is not very economical to discover for oneself things that other peo-
ple already know, there is the advantage of having made one's own mistakes that they 
are then more easily recognized when someone else repeats them. I started trying to 
work out an example of Oaten's model and considered a negative binomial prey distribu-
tion and systematic search. I assumed that an optimal forager would leave a patch when 
the expected rate of finding prey there falls to some critical constant. After I found such 
a rule I realized that I was wrong (having ignored the value of future information, which 
tends to require that an optimal forager remain in an apparently poor patch in order to 
obtain better information about patch quality). Then I chose a simpler, discrete-time 
model-a beta mixture of binomial distributions--rather than the continuous-time neg-
ative binomial [gamma mixture of Poissons], and found the optimal foraging strategy. 
Later, Iwasa et al. ( 1981) published a paper which tried to use the same method that I 
had discarded. In fact, this method [using what I referred to ( Green 1980) as the "in-
stantaneous rate rule"] yields the best rule in three of the four cases that they consid-
ered, but not in the negative binomial case. 

It is a good thing to recognize one's own mistakes, and it may be better to make 
mistakes and find them than to avoid them in the first place-especially if avoiding them 
is only a matter of luck-but there is some danger in trying to identify the mistakes 
of others. It is an occupational hazard of teaching mathematics that one gets into the 
habit of trying to understand the reasoning of people who make mistakes. Almost all of 
my work on optimal foraging theory is based on the general stochastic model of Oaten 
(1977), who developed his model to expose what he thought was an erroneous claim by 
Chamov that the deterministic model, for which his "marginal value theorem" ( Charnov 
1976) was devised, could be extended to a stochastic case. In fact, Charnov's claim was 
correct in the sense that if prey are found at random within a patch, but the expected 
rate of finding prey in each patch is a known, deterministic function, then the marginal 
value theorem applies to the expected rates. The original idea of the marginal value the-
orem does not apply to the case that Oaten had in mind, which was that patches vary in 
quality and that a forager must use its experience in a patch to decide when to leave the 
patch. My view of the matter is that Oaten attributed to Charnov a different, but more 
interesting, idea than the one he actually had in mind. 

Cha.rnov's marginal value theorem was important because it led to predictions-
that foragers should be more reluctant to leave patches when travel time between patches 
is greater, and that patches of different quality should be searched until the rates of find-
ing prey in them are equalized-which have been examined in a large number of experi-
mental studies. The marginal value theorem has the disadvantage that it appears to pro-
vide a decision rule that foragers can use (Krebs et al. 1974), but it does not actually do 
so (Stephens and Krebs 1986). Oaten's model has not been studied much experimentally 
[however, see Lima (1984, 1985)], but it does have the advantage of explicitly including a 
description of the environment and of the behavior an optimal forager should use. 

I have treated a number of examples of Oaten's model (Green 1980, 1981, 1987a). 
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This is the last of a series of five technical reports ( Green 1987b, c, d, 1988) elaborating 
the details of the models mentioned in Green (1987a). The main point of this work is to 
demonstrate the advantage to foragers of using information about patch quality obtained 
while searching a patch. I enjoy doing the calculations and I think that there is a real 
advantage in working out a number of particular cases. 

The way to obtain a broad understanding of a subject is to study a variety of pos-
sibilities. I do not think that anything is gained by striving for generality when what 
is meant by generality is the use of a simply expressed, "detail-free" model [as Hassell 
(1978) said of May's (1978) model] whose conclusions depend strongly on the assump-
tions but which is treated as applying to a wide variety of cases, in most of which the 
assumptions are not met. 

My mathematical treatment of a number of cases is analogous to the careful experi-
mental study of a number of possibilities. One may examine a biological theory by test-
ing its predictions experimentally. One may examine a mathematical idea by working 
out the mathematics. It is no more satisfactory to leave a theoretical assertion about a 
model unexamined than it is to leave a biological assertion untested. I think that much 
of foraging theory is guesswork, althought it is not recognized as such. Some of the guesses 
are very good, but they still are guesses, and it takes hard work to decide whether they 
are correct. An example of a good guess is Pyke's (1978) stochastic version of the marginal 
value theorem. This version says that a forager should leave a patch when the expected 
rate of finding prey there falls to the highest long-term average rate of finding prey in 
the environment. This is the rule that Iwasa et al. (1981) used and, as I have pointed 
out above, is correct in three of the four cases they treated. Pyke's "theorem" is not cor-
rect in general. However, I have done some calculations for the negative binomial dis-
tribution and systematic search (for which the "theorem" fails) which show that a rule 
very like the one suggested by Pyke (namely, leave a patch if x prey have been found by 
time t( x) = a + bx, for some positive constants a a.nd b; otherwise remain until the patch 
has been searched completely] is not only simple, but achieves a rate of finding prey very 
close to the best assessment rule. 

Some comments about random search 

One of the important issues in this paper is the idea of random search. The as-
sumption of random search is not particularly realistic biologically. It is equivalent to 
the assumption that foragers search systematically at an exponentially decreasing rate. 
The assumption of random search is mathematically convenient. It does not always 
make it simpler to find the optimal strategy, but does make it much easier to treat the 
giving-up-time rule. 

While random search is a mechanism leading to a pattern of patch depletion simi-
lar to that required by Charnov's (1976) marginal value theorem, and while some early 
models assumed random search (Breck 1978; Iwasa et al. 1981), it seems that the ori-
gin of the idea of random search came from population models (Fiske 1910; see Rogers 
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1972). Experiments using depleting schedules (for example, Y denberg 1984) have used 
functions other than the negative exponential. There is empirical evidence that some 
foragers search patches systematically (Lima 1984; Baum 1987), or at least non-randomly 
(Gill and Wolf 1975; Kamil 1978). 

Ydenberg's (1984) approach was to present rewards to birds which hopped on a 
lever for their rewards, at random with probability C( vn, - v'n'"=!), where C is a con-
stant and n is the number of hops under one condition. The continuous-time analogue 
of Y denberg's reinforcement schedule would be to have a forager which had spent time 
t in a patch encounter prey at expected rate proportional to r 1 / 2 • This is equivalent to 
saying that the waiting time to find a given prey is a random variable having a Pareto 
distribution, and individual prey are found independently of each other. Such a schedule 
would be observed if foragers search patches containing many prey which differ in the 
ease with which they are found, and if the rate of encountering prey is a random variable 
(varying from prey to prey) having a gamma distribution with parameters a= 0.5 and /3 
small. Such a model was described by McNamara and Houston (1985), but the parame-
terization that I suggest was given for a similar problem by Green and Nuiiez (1986). In 
a sense, the gain function in Ydenberg's (1984) experiment lies between those that would 
be expected for systematic search and for random search. Y denberg's schedule may be a 
good model for search that is neither systematic nor random, but something in between. 

While I have concentrated on systematic search in most of my work, I have treated 
random search here, in part because others have done so [especially Iwasa et al. (1981)], 
but also in order to incorporate depletion and patch variability in the same model. It is 
seen in my tables that there is a substantial advantage in evaluating differences in patch 
quality even when patches are depleted by random search. In fact, the relative advan-
tage of assessing patch quality is about the same for systematic and random search in 
the few cases that I have looked at (negative binomial prey distribution withµ= 5). 

An experimental te3t of optimal foraging theory 

An issue which I have not treated is how to evaluate experiments that test what 
strategies foragers use. The question is what observations to expect if the foragers use 
particular strategies. This depends on what can be observed. Mellgren, et al. (1984; 
and Mellgren and Brown 1987) conducted experiments in which they observed the num-
ber of pieces of food ("prey") left by rats in each of eight patches which originally con-
tained 6, 8, 10, 12, 14, 16, 18, or 20 prey, respectively. Mellgren and colleagues examined 
the idea that the animals attempted to leave the same number of prey in each patch by 
plotting the average number of prey taken from patches starting with a given number of 
prey ( equivalently, the average number of prey left) against the number originally in the 
patch. Mellgren and Brown (1987) claimed that in most cases the plotted points were 
not significantly different from a line with slope = 1. To me, the slopes look suspiciously 
low, suggesting that more prey are left in patches that start with more prey. In fact, this 
is just what would be observed if foragers used either the giving-up-time rule or the as-
sessment rule. One might be able to distinguish among the rules by looking, not just 
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at the mean number of prey taken per patch with given original prey density, but also 
at the variance. The variance will be much lower if the animals actually use something 
like the LOC rule. I have done some calculations which suggest that the variance in the 
number that are left will be lower for the best giving-up-time rule than for the best as-
sessment rule. 

I have not done a detailed treatment of the statistics of Mellgren's experiments, but 
I have done two things more than just treat my version of the LOC rule. First, I found 
the optimal assessment rule for a negative binomial analogue of the 6-8-10-12-14-16-18-
20 prey distribution. I chose a negative binomial prey distribution with the same mean 
and variance(µ = 13, u 2 = 21; or a = 21.125, {, = 1.625) and I chose the travel time 
( r = 1.867) such that the best fixed- time rule would leave the same average number of 
prey per patch (3) as Mellgren and Brown (1987) observed. Then I found the best as-
sessment rule for the negative binomial case. The best assessment rule was very much 
like the best fixed-time rule, and it achieved a very similar rate (finding 3.0067 prey per 
unit time for the assessment rule vs. 3.0000 for the fixed-time rule). What this means is 
that if the animals in the Mellgren experiments searched randomly in patches and were 
able to use only capture information in order to decide when to leave a patch, and if the 
negative binomial analogue is a good approximation to the prey distribution used, then 
there was essentially no information to be gained a.bout patch quality, and the animals 
might have done just as well by ignoring experience in patches and leaving ea.ch patch 
after a fixed time. Foragers using such a rule would have left in each patch an average 
number of prey directly proportional to the number originally there. It seems that they 
did not do this, perhaps because they were able to smell the food left in a patch and 
thus use more information that they are assumed to have in Ga.ten's model. 

Second, I have calculated the average number of prey left per patch that originally 
has a given number of prey, for the best version of three types of rules. Using the neg-
ative binomial analogue to the Mellgren example I have plotted in Fig. 5 the average 
number of prey remaining against the number originally in a patch for a) the fixed-time 
rule ( with fixed-time = 1.466), b) the giving-up-time rule ( with GUT = .4465), and c) 
the left-over-constant rule ( with LOC = 3). It may be seen in Fig. 5 that the average 
number of prey left by a forager searching randomly, in patches which originally contain 
given numbers of prey, is constant for the LOC rule, is proportional to the number of 
prey originally in the patch for the fixed-time rule, and increases slightly with the orig-
inal number for the giving-up-time rule. The best assessment rule is so similar to the 
fixed-time rule in this case that I have not plotted its performance separately. (For more 
variable patches the assessment rule will perform more like the giving-up-time rule.) For 
the case which I have used to resemble the Mellgren experiments, the rate achieved by 
the giving-up-time rule (R = 2.8998) is only slightly lower than that for the fixed-time 
rule (R = 3), while that for the LOC rule is only slightly higher (R = 3.1725). I have 
not tried to replot the data given by Mellgren and Brown (1987), but it appears that 
these data lie somewhere between the lines for the LOC rule and the fixed-time rule, 
much like the points for the giving-up-time rule do. It is difficult to distinguish among 
these rules without knowing more about the observed distribution of the number of prey 
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taken per patch. 

One of the advantages of working out an optimal foraging model in detail is that 
this suggests ways to examine the data that result from experiments. It is best if an ex-
periment tests a. model for which the theory has been, or can be, worked out. I would 
like to see some experiments in which the numbers of prey per patch have a negative 
binomial distribution. Another advantage of working out the theory is that it might 
suggest what experiments are worth doing. In the experiments done by Mellgren and 
his colleagues the variance in the number of prey per patch is so close to the mean that 
the distribution is, for practical purposes, Poisson. In experimental tests of the effect of 
patch variability it is important that variability be great enough so that there is a signif-
icant advantage to the forager in taking variability into account. My calculations suggest 
that this was not the case in the experiments done by Mellgren and colleagues. 
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Appendix I: 

A33essment rule for binomial prey distribution and random 3earch 

This program finds the optimal strategy and the long-term average rate of finding 
prey that it achieves when the distribution of the number of prey per patch has a bi-
nomial distribution and search is random. The parameters of the prey distribution are 
given in lines 10 and 20. Travel time, r, is given in line 40. Binomial coefficients are cal-
culated in lines 100 to 190. A candidate value, C, is given for the optimal rate in line 
200, a rule intended to achieve that rate is calculated in lines 210 to 330, and the stop-
ping times which determine this rule a.re printed in line 320. If m = 1 the forager should 
stop as soon as one prey is found, or when time to is reached and no prey have been 
found. This special case is treated in lines 800 to 950. The more interesting cases, with 
m > 1, are treated in the rest of the program. 

The expected number of prey found per patch, EG, given by expression (31) in the 
text, is calculated in lines 510 to 730. The first term in (31) is found in line 550, the sec-
ond term in line 725, and the third term in line 710. The quantities P3 and P4 found in 
lines 620 and 630 give the probabilities that a randomly chosen prey ( one of n, includ-
ing those beyond the patch) will be found by time ti or ti-i, respectively. P2, given in 
line 640, is the probability that a randomly chosen prey ( of n) will be found in the in-
terval (ti, ti-1), given that it has not been found by time ti. P5, given in line 680, is the 
probability that there are exactly Jl prey to be found in the interval (ti, ti-t) given that 
J prey have been found by time ti. The sum S, found in lines 660 to 700, is the proba-
bility that a forager which has found J ( < I) prey by time ti will not have found I prey 
by time ti-1, and 1 - S is the probability that a forager which has found J prey by time 
ti will find its Ith prey during the interval (ti, ti-i) [and will therefore leave the patch, 
having found I prey]. 

The probability Q(I,J), used in lines 710 and 725, is the probability that exactly J 
( < I) prey will be found by time ti, and is calculated in line 440. This probability is a 
key part in calculating the value of the second term in expression (32), given in the text 
for the value of ET, the expected time spent searching each patch. This calculation is 
done in lines 390 to 500. 

The first term in (32)-which represents the time spent in a patch by foragers which 
find M prey ( and leave the patch) before time tm_1-is found in lines 1020 to 1120. 
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Rl(Nl), calculated in line 1030, is the probability that a patch contains Nl prey. Line 
1090 incorporates the expression (30) for the integral, while the sum calculated in lines 
1050 to 1110 handles the binomial expansion of [1 - e-tJm-I in expression (28). 

Lines 1200 to 1370 calculate a.nd add to ET the contribution of time from ti until 
the Ith prey is found, for cases in which J ( < I) prey have been found by time ti, a.nd the 
Ith prey is found before ti-I• Rl(Nl ), given in line 1250, is the probability that Nl prey 
remain in a patch, given that J prey have been found by time ti. Line 1320 incorporates 
the expression (30) for the integral, while the sum calculated in lines 1260 to 1330 han-
dles the binomial expansion of [1 - e-tJi-j-l in expression (28). The expected number 
of prey, EG, the expected. time in a patch, ET, a.nd the long-term average rate of finding 
prey achieved by the rule found in lines 210 to 330 are printed in line 1400. 

5 LPRINT "Binomial prey distribution, random search" 
10 N ,. 10 
20 P - .5 
30 Q,. l - P 
40 TO ... l 
45 LPRINT "n a";N;"p a";P;"tau -";TO 
50 DIM T (20) 
60 DIM Q(20,20) 
70 DIM B(20,20) 
80 DIM R2(20,20) 
90 DIM Rl (20) 
100 B(0,0) ,. l 
110 FOR I,. l TO 20 
120 B(I,0) • 1 
130 B(I,I) ,. 1 
140 NEXT I 
150 FOR I,. 2 TO 20 
160 FOR J,. 1 TO I-1 
170 B(I,J) • B(I-l,J-1) + B(I-1,J) 
180 NEXT J 
190 NEXT I 
200 C • 3.36 
205 LPRINT "C -";C 
210 FOR I,. 1 TO 20 
220 IF I>• N-C/P THEN GOTO 240 
230 NEXT I 
240 M,. I 
250 LPRINT "M --";M 
300 FOR I• M-1 TOO STEP -1 
310 T(I) = LOG((P*(N-I-C))/(Q*C)) 
320 LPRINT I;T(I) 
330 NEXT I 
390 Tl ,. 0 
395 IF M,. 1 THEN GOTO 800 
400 FOR I• 1 TO M-1 
410 Pl• P*(l - EXP(-T(I))) 
420 Ql ""1 - Pl 
430 FOR J • 0 TO I 
440 Q(I,J) ,. B(N,J)*(PlAJ)*(QlA(N-J)) 
444 GOTO 447 
445 LPRINT I,J,Q(I,J) 
447 Tl,. Tl+ (T(I) - T(I+l))*Q(I,J) 
450 NEXT J 
460 NEXT I 
500 Tl,. Tl+ (T(0) - T(l))*((l - P*(l - UP(-T(0))))AN) 
510 S,. 0 
520 FOR Jl .. 0 TO M-1 
530 S,. S + Q(M-1,Jl) 
c; A. fl "1~Y"!' .T1 



550 Gl • M*(l - S) 
600 FOR I• M-1 TO l STEP -1 
610 FOR J • 0 TO I-1 
620 P3 • P*(l - EXP(-T(I))) 
630 P4 - P*(l - EXP(-T(I-1))) 
640 P2 • (P4 - P3)/(l - P3) 
650 02 • l - P2 
660 S =- 0 
670 FOR Jl • J TO I-1 
680 PS• B(N-J,Jl-J)*(P2A(Jl-J))*(Q2A(N-Jl)) 
690 S • S + PS 
700 NEXT Jl 
710 Gl • Gl + I*Q(I,J)*(l - S) 
720 NEXT J 
725 Gl • Gl + I*Q(I,I) 
730 NEXT I 
750 LPRINT Gl;Tl;Gl/(T0 + Tl) 
790 GOTO 1000 
800 P2 • P*(l - EXP(-T(0))) 
810 Q2 ,. l - P2 
820 PO• Q2AN 
830 Gl • l - PO 
840 Tl,. T(0)*P0 
850 FOR Nl • l TON 
860 Rl(Nl) ,. B(N,Nl)*(PANl)*(QA(N-Nl)) 
870 El • Nl*T (0) 
880 Fl• (1 - EXP(-El) - El*EXP(-El))/Nl 
890 Tl• Tl+ Fl*Rl(Nl) 
900 NEXT Nl 
910 LPRINT "EG ••;Gl;•ET ••;Tl;•R •";Gl/(T0 + Tl) 
950 STOP 
1000 GOTO 1020 
1020 FOR Nl • M TON 
1030 Rl(Nl) • B(N,Nl)*(PANl)*((l-P)A(N-Nl)) 
1040 T2 • 0 
1050 FOR I• 0 TO M-1 
1060 Al • T(M-1) 
1070 Cl• Nl - M + l + I 
1080 Bl• ((-l)AI)*B(M-1,I) 

34 

1090 T2 • T2 + Bl*(l - EXP(-(Al*Cl)) - Al*Cl*EXP(-(Al*Cl)))/(Cl*Cl) 
1100 NEXT I 
1110 Tl• Tl+ Rl(Nl)*M*B(Nl,M)*T2 
1120 NEXT Nl 
1200 FOR I• M-1 TO l STEP -1 
1210 FOR J • 0 TO I-1 
1230 P2 • P*EXP(-T(I))/(1 - P + P*EXP(-T(I))) 
1240 Q2 • l - P2 
1245 FOR Nl • I-J TO N-J 
1250 Rl(Nl) • B(N-J,Nl)*(P2AN1)*(Q2A(N-J-Nl)) 
1260 B2 • (I-J)*B(Nl,I-J) 
1270 T2 • 0 
1280 FORK• 0 TO I-J-1 
1290 Al• T(I-1) - T(I) 
1300 Bl• ((-l)AK)*B(I-J-1,K) 
1310 Cl• Nl + J - I+ l + K 
1320 T2 • T2 + Bl*(l - EXP(-(Al*Cl)) - Al*Cl*EXP(-(Al*Cl)))/(Cl*Cl) 
1330 NEXT K 
1340 Tl• Tl+ Q(I,J)*Rl(Nl)*B2*T2 
1350 NEXT Nl 
1360 NEXT J 
1370 NEXT I 
1400 LPRINT "EG •";Gl;"ET •";Tl;"R •";Gl/(T0 + Tl) 
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Appendix II: 

As.,essment rule for negative binomial prey di.,tribution and random search 

This program finds the best assessment rule and the long-term average rate of find-
ing prey that it achieves when the number of prey per patch has a negative binomial 
distribution and search within patches is random. The parameters of the distribution 
are given in lines 10 and 20, and are printed in line 35, along with travel time betwen 
patches, r, which is given as TO in line 30, and the "size" of a patch, T, [that is, the 
time by which a forager is required to leave each patch] which is given as Tl in line 34. 

If' the guessed rate, C, is very small, a forager should remain until the end ( time = 
Tl, in the program) in each patch, even if no prey are found there. This case is treated 
in lines 47 to 51 and the program stops. For larger values of C the first step is to find 
n, the largest number of prey such that a forager should leave before the end is reached. 
If' more than n prey are found the forager should stay in the patch until the end. N is 
found in lines 55 to 90 and the value of N + 1 is printed in line 100. 

Stopping time tn is found in lines 120 to 250 and is printed in line 260. Values for 
EG' and ET', given in expressions (38) and (39), are calculated in lines 170 and 180, 
using values for r(t,n) given in (11), which are calculated as Pin line 150. Part of 

E[G(t, T)l(t,n)], given in (33) and needed in (38), is calculated as Pl in line 160. 
Once tn is found the values of EG, ET and Rare easily calculated if n = 0. This is done 
in lines 272 to 284. 

The more interesting cases, in which n > 0, are treated in the rest of the pro-
gram. The stopping time tn-l is found in lines 300 to 480, and is printed in line 450. 
The other stopping times, tn-2, tn-3, ... , t1, to, are found in lines 510 to 1050, and are 
printed in line 1060. Then, after the rule has been found (the value n and the stopping 
times, to, t1, ... , tn], the rate of finding prey achieved by this rule is found in lines 1100 
to 1480, and the results are printed in lines 1490 and 1495. 

In order to find tn-1 the values of EG' and ET', given in expressions ( 40) a.nd ( 41 ), 
respectively, are calculated in lines 360 and 370, respectively. The expression inside the 
outer parentheses in line 370 is an algebraic rearrangement of that inside the braces in 
(41). The required value of r(t,n - 1) from (11) is calculated in line 340, while line 330 
calculates f[y(t,tn) = 0!(t,n)], and line 350 calculates the first part of E[G(t,T)l(t,n)], 
given in (33). The stopping time tn-1, is printed in line 450, and the probability 

f[y(tn-1,tn) = ll(tn-1,n - l)], denoted by P(N-1,N), is calculated on lines 460 to 
480. 

The stopping times, tn-2, tn-3, ... , t1, t0 , are then calculated in lines 510 to 1180. 
For each desired stopping time tk, and each guess at this value, t, the calculation con-
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sists of four pa.rts. First, f[y(t, tk+1+1) = il(t, k + 1)], denoted by V(J) in the program 
since k and t are implicit, is calculated in lines 600 to 700. Second, these values are used 
to calculate w[(t, k + 1), (t1:+i, k + i)], seen in expressions (42) and (43), in lines 800 
to 860, where they a.re denoted as W( J) [where J plays the rule of i in ( 42) and ( 43), 
and other arguments a.re implicit]. Third, and most important, these W(J)'s a.r~ used 
in lines 900 and 1050 to calculate the stopping times, which a.re printed in line 1060. 
The sums in ( 44) and ( 45) a.re calcualted in the loop in lines 920 to 950, and subtracted 
from the values obtained in lines 900 and 910. The calculation of expressions (44) and 
( 45) is completed in lines 960 an.d 970. Fourth, after ea.ch time tk is found, the values of 
f[y( tk, t1:+;) = j I( tk, k )] a.re found in lines 1100 to 1170 for j = 1, 2, ... , n - k. These 
values a.re given as P(K,K+J) in the program. 

Finally, the values of EG( C), ET( C), given in expressions ( 48) and ( 49), and R( C) 
a.re calculated in lines 1200 and 1480, and the results a.re printed in lines 1490 and 1495. 
The first terms in (48) and (49) a.re given in lines 1200 and 1210. Then values of w[(O, 0),(t1:, k)] 
a.re calculated in lines 1220 to 1440 and these values a.re used in lines 1450 and 1460 to 
calculate EG( C) and ET( C), which are given a.s G and S in the program. 

l PRINT "BROWN3--TR6PROG" 
2 DIM T (100) 
4 DIM V(l00) 
6 DIM W(l00) 
B DIM Q(l00) 
10 A• 2 
12 DIM P(l00,100) 
20 B • .4 
30 TO ... l 
34 Tl - l.B 
35 PRINT "A •";A;"B •";B;"TAO •";T0;"SIZE •";Tl 
36 LPRINT "a •";A;"b •";B;"tau •";T0;"Size •";Tl 
40 C • 3.8035 
45 PRINT "C •";C 
46 IF A*EXP(-Tl)/(B+l-EXP(-Tl))<C THEN GOTO 55 
47 G •(A/B)*(l-EXP(-Tl)) 
48 S • Tl 
49 R • G/(S+T0) 
50 PRINT "C -";C;"R •";R 
51 PRINT "EG •";G;"ET •";S 
52 GOTO 1500 
55 N • 0 
60 FOR I• 1 TO 99 
70 IF I>-C*(B+l-EXP(-Tl))/EXP(-Tl)-A THEN GOTO 100 
80 N • I 
90 NEXT I 
100 PRINT "(N+l,END) •";N+l;Tl 
120 T • .S*Tl 
130 Cl• .S*Tl 
140 FOR I• 1 TO 30 
150 P • ((A+N)/(B+l-EXP(-T)))*EXP(-T) 
160 Pl - (A+N+l)/(B+l-EXP(-T)) 
170 G • P*(l+(EXP(-T) - EXP(-Tl))*Pl) 
180 S • l+P*(Tl-T) 
190 Cl• Cl*.5 



200 IF G/5 < C THEN GOTO 230 
210 T - T+cl 
220 GOTO 240 
230 T,.. T-Cl 
240 NEXT I 
250 T(N) - T 
260 PRINT "(N,T) •";N;T(N) 
265 IJ?RINT "(N,T) •";N;T(N) 
270 IF N>0 THEN GOTO 300 
272 Bl - B/(B+l-EXP(-T(N))) 
274 P - Bl"A 
276 G - (A/B)*(l-EXP(-Tl))-P*(EXP(-T(N))-EXP(-Tl))*A/(B+l-~(-T(N))) 
278 S • Tl-P*(Tl-T(N)) I 
280 R =- G/ (S+T0) 

1 

282 PRINT "C -";C;"R -";R 
284 PRINT "EG -";G;"ET -";S 
286 GOTO 1500 
300 T - T(N)/2 
310 Cl• T(N)/2 
320 FOR I,.. 1 TO 30 
330 PO• ((B+l-EXP(-T))/(B+l-EXP(-T(N))))"(A+N) 
340 P• ( (A+N-1) / (B+l-EXP (-T))) *EXP (-T) i 
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350 Pl - (A+N) / (B+l-EXP (-T)) • 
360 G • P*(l+(EXP(-T)-EXP(-Tl))*Pl-PO*(A+N)*(EXP(-T(N))-EXPf-Tl))/(B+l-EXP(-T(N)))) 
370 S = l+P*(T(N)-T+(l-P0)*(Tl-T(N))) I 
380 Cl• Cl*.5 
390 IF G/5 < C THEN GOTO 420 
400 T .. T+cl 
410 GOTO 430 
420 T • T-Cl 
430 NEXT I 
440 T (N-1) =- T 
450 PRINT "(N-1,T) -";N-l;T(N-1) 
455 IJ?RINT "(N-1,T) •";N-l;T(N-1) 
460 Bl• (B+l-EXP(-T(N-1)))/(B+l-EXP(-T(N))) 
470 B2 - 1-Bl 
480 P(N-1,N) - (Bl"(A+N-l))*(A+N-l)*B2 
500 IF N<•l THEN GOTO 1200 
510 FORK,.. N-2 TOO STEP -1 
520 T - T(K+l)/2 
530 Cl• T(K+l)/2 
540 FOR I - l TO 30 
600 FOR J = 0 TO N-K-1 
610 Bl - (B+l-EXP(-T))/(B+l-EXP(-T(K+J+l))) 
620 B2,. l-Bl 
630 Al - A+K+l 
635 IF J>0 THEN GOTO 660 
640 V(0) .. Bl"'Al 
650 IF J - 0 THEN GOTO 700 
660 V(J) ,.. Bl"Al 
670 FOR L - 1 TO J 
680 V(J) - V(J)*(A+K+L)*B2/L 
690 NEXT L 
700 NEXT J 
800 W(0) ,.. V(0) 
810 FOR J • 1 TO N-K-1 
820 W(J) .. V(J) 
830 FOR L .. 0 TO J-1 
840 W(J)•W(J)-W(L)*P(K+l+L,K+l+J) 
850 NEXT L 
860 NEXT J 



38 
900 Gl • (EXP(-T)-EXP(-Tl))*(A+K+l)/(B+l-EXP(-T)) 
910 Sl =- Tl-T 
920 FOR J =- 0 TO N-K-1 
930 Gl • Gl-W(J)*(EXP(-T(K+J+l))-EXP(-Tl))*(A+K+J+l)/(B+l-EXP(-T(K+J+l))) 
940 Sl • Sl-W(J)*(Tl-T(K+J+l)) 
950 NEXT J 
960 G • (Gl+l)*(A+K)*EXP(-T)/(B+l-EXP(-T)) 
970 S =- l+Sl*(A+K)*EXP(-T)/(B+l-EXP(-T)) 
980 Cl - Cl*.5 
990 IF G/S<C THEN GOTO 1030 
1010 T .. T+cl 
1020 GOTO 1040 
1030 T • T-Cl 
1040 NEXT I 
1050 T(K) =- T 
1060 PRINT "(K,T) •";K;T(K) 
1070 LPRINT "(K,T) -";K;T(K) 
1100 FOR J • l TO N-K 
1110 Bl= (B+l-EXP(-T(K)))/(B+l-EXP(-T(K+J))) 
1120 B2 == 1-Bl 
1130 P(K,K+J) = BlA(A+K) 
1140 FOR L • l TO J 
1150 P(K,K+J) • P(K,K+J)*(A+K+L-l)*B2/L 
1160 NEXT L 
1170 NEXT J 
1180 NEXT K 
1200 G • (A/B)*(l - EXP(-Tl)) 
1210 S • Tl 
1220 W(0) • (B/(B+l-EXP(-T(0))))AA 
1230 G = G-W(0)*(EXP(-T(0))-EXP(-Tl))*A/(B+l-EXP(-T(0))) 
1240 S = S-W(0)*(Tl-T(0)) 
1250 FORK - l TON 
1260 Bl• B/(B+l-EXP(-T(K))) 
1270 B2 • 1-Bl 
1280 V(K) • BlAA 
1290 FOR J • l TOK 
1300 V(K) • V(K)*(A+J-l)*(B2/J) 
1310 NEXT J 
1320 NEXT K 
1400 FORK• l TON 
1410 W(K)•V(K) 
1420 FOR J • 0 TO K-1 
1430 W(K)•W(K)-W(J)*P(J,K) 
1440 NEXT J 
1450 G • G-W(K)*(EXP(-T(K))-EXP(-Tl))*(A+K)/(B+l-EXP(-T(K))) 
1460 S • S-W(K)*(Tl-T(K)) 
1470 NEXT K 
1480 R • G/(S+T0) 
1490 PRINT "C •";C;"R(C) •";R 
1491 LPRINT "C •";C;"R(C) •";R 
1495 PRINT "EG •";G;"ET •";S 
1496 LPRINT "EG •";G;"ET •";S 
1500 STOP 
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Appendix III: 

Finding the rate achieved by the GUT rule 

This program finds the rate of finding prey achieved by a given GUT rule when the 
number of prey per patch has a negative binomial distribution and search is random 
with rate 1. The value of the giving-up-time, T, is specified in line 100, and the parame-
ters of a negative binomial distribution, a and /3, as represented in expression (5) in the 
text, are given in lines 200 and 210, and are printed in line 220. Travel time, r, is given 
in line 30. The negative binomial probabilities a.re calculated in lines 270 and 310, and 
are used to calculate EG and ET in lines 500 and 510. The probability that at least X 
prey are found in a patch originally containing N prey, given by (53), is calculated in line 
420. The contribution of the time between the X-lat and the Xth capture, given in (56), 
is added in line 440. The expectations EG and ET, given by the sums shown in (57) 
and (58), are calculated in lines 500 and 510, respectively. The giving-up-time specified 
in line 100, the expected number of prey found and the expected search time per patch, 
and the long-term average rate of finding prey are printed in line 610. A check that most 
of the mass of the negative binomial distribution is included in the loop specified in line 
300 is conducted in lines 280 and 315, and the total probability is printed in line 600. 

Notice that the prey distribution has no particular importance in this program. The 
probabilities enter in lines 500 and 510. This program can easily be modified to treat 
prey distributions other than the negative binomial. 

10 DIM F (200) 
20 DIM Pl (200) 
30 TO• .1 
40 LPRINT "tau •";TO 
100 T • .22 
200 A• 2 
210 B • .4 
220 LPRINT "Negative binomial: alpha •";A;"beta ~";B 
250 G • 0 
260 S = T 
270 F(0) • (B/(B+l))AA 
280 PO • F(0) 
300 FOR N • 1 TO 60 
310 F(N) • F(N-l)*(A + N - 1)/((B+l)*N) 
315 PO• PO+ F(N) 
320 Pl(0) • 1 
330 Gl • 0 
340 Sl • 0 
400 FOR X • 1 TON 
410 C • N - X + 1 
420 Pl(X) Pl(X-1)*(1 - EXP(-(C*T))) 
430 Gl • Gl + Pl(X) 
440 Sl • Sl + Pl(X-1)*(1 - EXP(-(C*T)) - C*T*EXP(-(C*T)))/C 
450 NEXT X 
500 G • G + F(N)*Gl 
510 S • S + F(N)*Sl 
520 NEXT N 
600 LPRINT "Check: total probability •";PO 
610 LPRINT "GUT •";T;"EG •";G;"ET •";S;"R •";G/(S + TO) 



Table 1. Long-term average rates of finding prey for several prey distributions* 
and for several types of foraging strategies** 

Rate of finding prey for 
Prey distribution Assessment GUT LOC 

Rule Rule (GUT) Rule (LOC) 

Regular (n = 5) 3.6364 2.9928 (.2332) 3.6364 (3) 
Binomial 

(n = 6,p = 0.83-3) 3.5015 3.0257 (.2342) 3.7377 (3) 
(n = 10,p = 0.5) 3.3607 3.0916 (.2355) 3.9200 (3) 
(n = 20,p = 0.25) 3.3124 3.1410 (.2361) 4.0656 (4) 

Poisson 
( ,\ = 5) 3.2977 3.1903 ( .236) 4.2356 (4) 

Negative binomial 
(a= 2,/3 = 0.4) 3.8035 3.6588 (.227) 5.4497 (5) 
(a= 1,/3 = 0.2) 4.4479 4.0795 (.2134) 6.4022 (6) 
(a= 0.5,/3 = 0.1) 5.6111 4.8115 (.190) 7.9246 (7) 

40 

* In each case the average number of prey per patch is 5, and travel time between 
patches is 0.1. For a regular prey distribution the number of prey in each patch is the 
same and the variance is 0. For a Poisson distribution the variance is 5, for a binomial 
distribution the variance is np(l - p), and for a negative binomial distribution the vari-
ance is a(l + /3)//32 • 

** The rates are given for the best version of each type of rule. For the giving-up 
time (GUT) rule the value of the giving-up-time yielding the highest rate is given in 
parentheses for each prey distribution, and for the left-over constant (LOC) rule the 
value of the best number of prey to leave in each patch is given in parentheses. The 
rates given in this table may be compared with that achieved by the rule in which a for-
ager remains in each patch for a fixed time regardless of the number of prey found there. 
The best fixed time is 0.416, and the rate achieved by a forager remaining in each patch 
for this fixed time is 3.2977. The best fixed-time rule is also the best assessment rule if 
prey distribution is Poisson. 



Table 2. Long-term average rates of finding prey for several prey distributions* 
and for several types of foraging strategies** 

Prey distribution 

Regular (n = 1) 
Binomial 

(n - 2,p - 0.5) 
(n = 3,p = 0.33) 
(n = 4,p = 0.25) 
(n = 10,p = 0.1) 

Poisson 
(A= 1) 

Negative binomial 
(a= 2,,0 = 2) 
(a=l,,0=1) 
(a= 0.5,,0 = 0.5) 
( a = 0.25, ,0 = 0.25) 

Assessment 
Rule 

0.9091 

0.7111 
0.6846 
0.6735 
0.6618 

0.6381 

0.6930 
0.7520 
0.8798 
1.1185 

Rate of finding prey for 
GUT LOC 
Rule 

0.5934 

0.6217 
0.6315 
0.6365 
0.6456 

0.6517 

0.6822 
0.7125 
0.7705 
0.8749 

(GUT) 

(0.315) 

(0.334) 
(0.339) 
(0.342) 
(0.346) 

(0.348) 

(0.356) 
(0.358) 
(0.352) 
(0.328) 

Rule 

0.9091 

1.1111 
1.2245 
1.2719 
1.3468 

1.3910 

1.5691 
1.7056 
1.9171 
2.3347 

(LOC) 

(0) 

(1) 
(1) 
(1) 
(1) 

(1) 

(1) 
(1) 
(1) 
(2) 

* In each case the average number of prey per patch is 1, and travel time between 
patches is 0.1. For a regular prey distribution the number of prey in each patch is the 
same and the variance is 0. For a Poisson distribution the variance is 1, for a binomial 
distribution the variance is np(l - p), and for a negative binomial distribution the vari-
ance is a(l + ,0)/ ,02 • 

** The rates are given for the best version of each type of rule. For the giving-up-
time (GUT) rule the value of the giving-up-time yielding the highest rate is given in 
parentheses for each prey distribution, and for the left-over constant (LOC) rule the 
value of the best number of prey to leave in each patch is given in parentheses. The 
rates given in this table may be compared with that achieved by the fixed time rule in 
which a forager remains in each patch for a fixed time regardless of the number of prey 
found there. The best fixed time is 0.416, and the rate achieved by a forager remaining 
in each patch for this fixed time is 0.6381. The best fixed-time rule is also the best as-
sessment rule if prey distribution is Poisson. 
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Fig. 1. Three classes of stopping points for the optimal strategy when the number of 
prey per patch has a binomial distribution with n = 8,p = 0.625 (µ = np = 5) and 
travel time between patches, T = 0.1. In order to calculate the rate achieved by a candi-
date strategy such as that illustrated, the possible stopping points are broken into three 
classes, described in the text at the bottom of p. 11, corresponding to the three different 
terms given in equations (31) and (32). Class 1: the upper line segment with x = m = 3 
[stop if three prey are found before time t2]. Class 2: the points (t%,x), for x = 0, 1,2 
(stop at time t:r: if x prey have been found by that time]. Class 3: the lower two line seg-
ments [stop if the xth prey is found in the interval (t%, t%_1 ), for x = 1,2]. 
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Fig. 2. Optimal stopping rules for a number of different prey distributions. A forager 
should leave a patch as soon as the point representing the time in a patch and the num-
ber of prey found there hits one of the line segments or one of the points indicated by 
asterisks. The average number of prey per patch is 5, travel time is 0.1, and search within 
patches is random with a rate of 1 in each case. Prey distributions: a) Regular (n = 5); 
b) Binomial (n = 10,p = 0.5); c) Binomial (n = 20,p = 0.25); d) Poisson(>.= 5); 
e) Negative binomial (a= 81 /3 = 1.6); f) Negative binomial (a= 1,/3 = 0.2). 
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Fig. 3. Rates of finding prey for the best of three types of rules plotted against the 
standard deviation of the number of prey per patch. In each case the average number of 
prey per patch is 5, travel time is 0.1, and search within patches is random with a rate 
of 1. While the curves drawn are continuous, only particular values of the standard devi-
ation less than a= v'5 are possible. Foragers using the giving-up-time (GUT) rule leave 
a patch whenever they have spent a time there equal to the giving-up-time without find-
ing a prey. Foragers using the left.::over-constant (LOC) rule search each patch until the 
number of prey remaining equals the LOC. Examples of assessment rules are illustrated 
in Fig. 2. 
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Fig. 4. Sensitivity of the rate of finding prey to various versions of the GUT rule, the 
fixed-time rule, and the LOC rule, when the number of prey per patch has a Poisson 
distribution with .X = 5, travel time is 0.1, and search is random with a rate of 1. The 
values of the GUT, the fixed time and 1/LOC plotted on the abscissa are scaled in such 
a way that the best value for each is given as 1 in the figure. That is, the value of 1 on 
the abscissa. corresponds to 0.236 for the GUT rule, 0.416 for the fixed-time rule, and 
0.25 (1/4 = 1/LOC) for the LOC rule. 
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Fixed-time rule 
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Fig. 5. A vera.ge number of prey left in a patch plotted against the number of prey orig-
inally in the patch, for the best version of ea.ch of three different foraging strategies: a) 
the fixed-time rule (with fixed time= 1.466), b) the giving-up-time rule (with GUT= 
0.4465), and c) the left-over-constant rule (with LOC = 3). The calculations were done 
for a negative binomial prey distribution with parameters chosen to make it correspond 
to the experiments performed by Mellgren et al. (1987). I used a = 21.125, f:J = 1.625, 
and r = 1.867. 




