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2 THE LYAPUNOV THEOREM

1 Introduction

Among the most fundamental concepts in economic theory is that of a competitive equilibrium,1

which consists of a set of prices and allocations for goods that ensure the equality of supply and
demand. When such a convergence occurs, no actor within the economy can, given the constraints
of his or her income, attain under current prices an allocation of goods which they would prefer to
the allocation that they have received in equilibrium. It is an intuitive concept in the real world,
but requires a subtle irrationality on the part of the traders. In the words of Abraham Wald, “each
of the participants [must be] of the opinion that his own transactions do not influence the prevailing
prices” [20, p. 380]. Or, if they do realize that their actions affect prices in the broader economy,
they must not take this influence into consideration when trading.

This may at first seem to be a fairly innocous miscalculation: when a consumer is deciding
whether to buy a jacket in a modern shopping mall, for example, it would be quite unusual for
them to take into account the minuscule influence that their purchase or lack thereof will have on
the prices of jackets and related goods. Nevertheless, in a mathematical model, wherein traders
are assumed to be perfectly rational, it presents major problems for establishing competitive equi-
librium. Truly capturing the intuitive idea of competitive equilibrium under which all traders can
optimize their consumption for a single set of prices requires more advanced mathematical tech-
niques than were available to economics in Wald’s time. The main such technique was pioneered
by Robert Aumann [4, 3, 2], and involves indexing an economy’s traders with a continuum from
zero to one. Such a set of traders is atomless, so that each of the uncountably infinite number of
traders is represented by a set of zero measure. Here, then, the intuition of competitive equilibrium
is captured precisely, because when there are an uncountably infinite number of traders in the
market, it is mathematically true that no single trader can influence prices.

By allowing for certain non-discrete tools like integration, the math involved in continuum
economic models is in some ways simpler and easier to interpret than comparable models with a
finite number of traders. In other aspects, however, dealing with an uncountably infinite number of
traders brings with it the difficulty that might be expected. To Aumann, the “chief mathematical
difficulties” of his method are found in the application of Lyapunov’s Theorem and the surrounding
techniques of functional analysis [2, p. 15]. Nevertheless, he omits a full proof of this result from
his work [4, 3, 2]. In considering continuum models of trade, then, this paper will be primarily
concerned with the Lyapunov Theorem. Through presenting an accessible proof of the theorem and
examining how it might be applied, the following sections will assist economists and mathematical
modelers in other disciplines who wish to incorporate continuum methods into their work.

The rest of the paper will proceed as follows. Section 2 provides an accessible proof of the
Lyapunov Theorem, beginning with some of its prerequisite results in functional analysis. Section
3 will then discuss how this theorem was applied in the work of Aumann, and briefly explore how
his work has inspired similar continuum frameworks in other economic models. Finally, section 4
concludes with a discussion surrounding the questions that arise when representing a finite number
of things by an infinite continuum.

2 The Lyapunov Theorem

The Lyapunov Theorem rests upon the results of three other theorems: the Banach-Alaoglu, Krein-
Milman, and Radon-Nikodym. These theorems are not the main focus of this present paper, and
so none will be supported here by a full proof. Nevertheless, because their results and the general

1Here and throughout the paper, italicized economic terms are defined in Appendix A.

2



2.1 Banach-Alaoglu Theorem 2 THE LYAPUNOV THEOREM

intuition behind those results are necessary to understand the Lyapunov Theorem, those aspects
will be presented in the following subsections.

2.1 Banach-Alaoglu Theorem

The Banach-Alaoglu Theorem begins with a vector space X on which a norm is defined. This
means that for all x ∈ X, there exists a nonnegative norm ‖x‖ ∈ R that satisfies three conditions:
(1) The triangle inequality holds, so that ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X. (2) ‖αx‖ = |α|‖x‖
for all x ∈ X and α ∈ R. (3) ‖x‖ > 0 if x 6= 0. This norm defines a metric d(x, y) = ‖x− y‖ for all
x, y ∈ X, so that X can be called a metric space. A sequence of vectors {xi} is said to be Cauchy
with respect to this norm if for all ε > 0, there exists some positive integer N such that n,m > N
implies that d(xn, xm) < ε. If every Cauchy sequence {xi} of vectors in X converges to a vector in
X, then X is said to be complete. Assume this to be the case. X is thus a Banach space, which
means that it is a normed space complete in the metric defined by its norm.

With a vector space thus defined, the dual space X∗ is taken to be the set of all continuous linear
functions Λ which map elements of X to a scalar field, be that R or C. Finally, a neighborhood
V ⊆ X of zero is an open subset which satisfies 0 ∈ V . Then, the theorem is as follows [17, th. 3.15]

Lemma 1 (Banach-Alaoglu Theorem). If V is a neighborhood of zero in a topological vector space
X, and if K = {Λ ∈ X∗ : |Λ(x)| ≤ 1 ∀x ∈ V }, then K is weak∗-compact.

For K to be weak∗-compact means that it is compact2 on the weak∗-topology. The weak∗-
topology, in turn, is defined to be the topology3 on X∗ with the fewest open sets such that each
x ∈ X corresponds to a continuous4 map Λ ∈ X∗ to the scalar field. Assume, for example, that the
scalar field is given by R, as it will be in the Lyapunov Theorem. Let B be the family of all open sets
in R. Then, for every x ∈ X and A ∈ B, define the set of linear functions Sx,A = {Λ : Λ(x) ∈ A}
to be an open set in X∗. This guarantees by construction that x : Λ → Λ(x) is a continuous map
from X∗ → R for all x ∈ X. Then, to ensure that the weak∗-topology is indeed a topology, the
finite intersection of any combination of Sx,A is defined to be open, as well as any arbitrary union
of Sx,A.

Figure 1 provides a graphical representation, in which points x ∈ X and the real number line R
are represented by the vertical and horizontal axes, respectively. Sx,A ⊆ X∗ is the set of all linear
functions Λ such that Λ(x) ∈ A ⊆ R. The weak∗-topology is constructed so that for all x ∈ X and
open sets A ⊆ R, Sx,A is open. In this context, the theorem concludes that the set of all Λ which
are mapped by an x in some neighborhood of zero V to the closed unit ball is compact under the
weak∗-topology.

2.2 Krein-Milman Theorem

Just as with the Banach-Alaoglu Theorem, the Krein-Milman Theorem begins with a topological
vector space X and corresponding dual space X∗. Here, however, it is further specified that X∗

2A set K is compact with respect to a topology τ if for every collection B of open sets Ai such that K ⊆
⋃

Ai∈B

Ai,

there exists a finite sub-collection of those open sets {A1, A2, ...An} such that K ⊆
n⋃
Ai

Ai.

3A topology τ is a family of subsets of X which satisfy four criteria: (1)X ∈ τ , (2) ∅ ∈ τ , (3) the intersection of
any two open sets is an element of τ , and (4) the union of every collection of open sets is an element of τ . Members
of τ are referred to as open sets of X, and closed sets of X can be analogously defined as sets whose complement in
X is open.

4A function f : X → Y is continuous if for all open sets A ⊆ Y , the preimage of A in X is an open set.
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2.3 Radon-Nikodym Theorem 2 THE LYAPUNOV THEOREM

Figure 1: Illustration of open sets in X∗

separates points of X. This means that for x, y ∈ X, x 6= y , there exists a linear function Λ ∈ X∗
such that Λ(x) 6= Λ(y). Within this environment, the result of the theorem pertains to a subset
M ⊆ X which is assumed to be nonempty, compact, and convex, where convexity requires that for
all x, y ∈M and t ∈ [0, 1], tx+ (1− t)y ∈M . [13]

Lemma 2 (Krein-Milman Theorem). Let X be a topological vector space, and let X∗ separate
points on X. If M is a nonempty compact convex set in X, then M is closure of the convex hull of
the set of its extreme points.

The convex hull co(E) of some set E ⊆ X is defined as the intersection of all convex subsets of
X which contain E. More intuitively, it can be understood as the minimally sized convex set which
contains E, like a balloon that was blown up around E and then allowed to deflate. The closure
co(E) of co(E) is given by the intersection of all closed sets which contain co(E).

E is called an extreme set of a convex set X if no point of E is an interior point of any line
interval whose endpoints are in X, save for when both endpoints of that line interval are themselves
in E. By extension, if there is such an extreme set E that contains a single point, then that point
is an extreme point. An equivalent way to phrase this definition would be that a point x ∈ E is
an extreme point if it is not an interior point of any open line interval fully contained in E. Figure
2 provides a graphical representation of this idea, where the area shaded in blue represents a set,
and the portions of its border shaded in red are extreme points. Taken together, the areas shaded
in red represent an extreme set.

Let E be the extreme set of M . If M did not have an extreme point, then the convex hull of
the set of its extreme points would be the empty set. Therefore, because M = co(E) and M is
nonempty, it follows that M has at least one extreme point. This implication will be important in
the proof of the Lyapunov Theorem.

2.3 Radon-Nikodym Theorem

The Radon-Nikodym Theorem takes a step back from the topological vector spaces considered by
the previous theorems, and considers a more general set of spaces called measurable spaces.5 For

5Every topological space is a measurable space using the Borel σ-algebra.
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2.3 Radon-Nikodym Theorem 2 THE LYAPUNOV THEOREM

Figure 2: Illustration of extreme points of a set E

an arbitrary set X, a σ-algebra is a collection Σ of subsets of X that is closed6 under complement,
countable unions and countable intersections. When Σ meets these criteria, the pairing (X,Σ) is
called a measurable space.7

As the name would imply, the size of sets in a measurable space can in some sense be measured.
This is done with a function µ : Σ → R, which is called a measure and satisfies three properties:
(1) µ(∅) = 0, (2) µ(A) ≥ 0 for all A ∈ Σ, and (3) for all countable collections {Ai}∞i=1 of pairwise

disjoint sets in Σ, µ(
∞⋃
i=1

Ai) =
∞∑
i=1

µ(Ai). While the applicability of this definition to all measurable

spaces forces it to be rather abstract, in practice measures are often quite intuitive. In R, for
example, the Lebesgue measure of any set [a, b] is given by b − a. This is merely length, and it is
clear that similar measures on R2 and R3 could respectively mark area and volume. The Lyapunov
Theorem will apply to a still more general concept called a signed measure, in which property (2)
above that µ(A) ≥ 0 for all A ∈ Σ is relaxed, and µ(A) < 0 is allowed.8 Nevertheless, this signed
measure will be transformed into a positive measure within the first several steps of the proof, so
that the concept of positive measures is the more important.

Given two measures µ and ν, ν is absolutely continuous with respect to µ if for any set A ∈ Σ,
µ(A) = 0 implies that ν(A) = 0. With these concepts in place, the theorem is as follows [16]

Lemma 3 (Radon-Nikodym Theorem). Given a measurable space (X,Σ) and two σ-finite measures
ν and µ, if ν is absolutely continuous with respect to µ, then there exists a measurable function
f : X → [0,∞) which satisfies ν(A) =

∫
A

fdµ for all A ∈ Σ.

Measurable functions are defined analogously to continuous functions, where f : X → Y is
measurable if the preimage of any measurable set in Y is itself measurable in X.9 In this case,

6Here “closed” has a different meaning than it did earlier, namely, to be the complement of an open set. Here, for
Σ to be closed “under” complement means that for all sets A ⊆ Σ, it is also the case that AC ⊆ Σ. Similarly, being
closed under countable unions and countable intersections means that for all countable sets {Ai}∞i=1 where Ai ⊆ Σ
for each i,

⋃
i

Ai ⊆ Σ and
⋂
i

Ai ⊆ Σ.

7For example, if X = {1, 2, 3, 4}, then a possible σ-algebra on X is Σ = {∅, {1, 2}, {3, 4}, {1, 2, 3, 4}}. In this case,
(X,Σ) forms a measurable space.

8For example, this idea of ”negative area” may be used in physics applications to describe electrical fields with
negative charge.

9That is to say, the preimage is an element of Σ for the measurable space (X,Σ).
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where the function maps elements of X to half of the extended real numbers, this definition can be
simplified so that f is measurable if the set {x ∈ X|f(x) > y} is measurable in X for any y ∈ R. By
the Radon-Nikodym Theorem, there exists such a function f where ν(A) =

∫
A

fdµ for all A ⊆ Σ.

Here,
∫
A

fdµ is the Lebesgue integral10 over A ∈ Σ, which offers results that apply to a wider set

of functions than Riemann integrals, yet capture the same intuitive idea of measuring area under
a curve. Suppose that there is a function s : X → [0,∞), hereafter called a simple function, whose
range takes on a finite number of values {ci}Ni=1. For each ci, the set of x ∈ X for which s(x) = ci
is given by Ei = {x ∈ X : s(x) = ci}. Figure 3 illustrates a case in which Ei = B ∪C, where B and
C are subsets of X. Then, recalling how measures provide the size of a set, one way to represent
the area under the curve s where s(x) = ci is ci multiplied by µ(B ∪ C), that is, the measure of
the sets whose elements are mapped by s to ci. This term can be summed over each i so that
N∑
i=1

ciµ(Ei) represents the area under the entire curve, or taken over a specific set A ⊆ X so that

N∑
i=1

ciµ(Ei ∩A) gives a more specific area.

Figure 3: Illustration of Lebesgue Integration

This is sufficient to understand Lebesgue integration over simple functions, but the power of
Lebesgue integration is that it can be applied to a much wider class of functions. Figure 3, for
example, demonstrates how a simple function could be used to approximate a bell curve. Thinking
of s as a staircase, it is clear that this approximation can be made yet more accurate by adding
more steps to the simple function. Indeed, a sequence {sn} of such simple functions can be formed
that converges to any real function f in the limit [18, th. 11.20]. In this context, the Lebesgue

integral of f over A ∈ Σ is taken to be the supremum of
N∑
i=1

ciµ(Ei ∩ A) over all possible simple

functions s, with the requirement that s(x) ≤ f(x) for all x. By its use of this more general form of
integral, the Lyapunov Theorem is more broadly applicable than it would have been had it relied
upon Riemann integration.

10A rigorous definition of Lebesgue integration requires a significant amount of notation, and can be found in
Rudin’s introductory text on Real Analysis [18, ch. 11]. For the purposes of understanding Lyapunov’s Theorem, the
intuition of Lebesque integration is provided here.
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2.4 Lyapunov Theorem 2 THE LYAPUNOV THEOREM

2.4 Lyapunov Theorem

With the preceding theorems in place, it is now possible to provide a proof of the Lyapunov
Theorem. The last property to be defined is “nonatomic,” which describes a positive measure µ if
for every A ∈ X where µ(A) > 0, there exists a subset B ⊆ A such that µ(A) > µ(B) > 0. The
Lyapunov Theorem applies even to non-positive measures, however, and so defining what it means
to be nonatomic in that case requires the total variation measure |µ|.

Perhaps the most intuitive definition of the total variation measure for a set E is found in the
Jordan decomposition of |µ|(E), which begins by finding subsets P,N ∈ Σ such that P ∪N = E,
P ∩N = ∅, every measurable subset of P has positive measure, and every measurable subset of N
has negative measure. Define µ+(E) = µ(P ) and µ−(E) = µ(N). Then, |µ|(E) = µ+(E)−µ−(E).11

It is clear that µ(E) = |µ|(E) if µ is a positive measure, so that this second definition reduces to the
first. In this context, µ is nonatomic if for every A ∈ Σ where |µ|(A) > 0, there exists a measurable
subset B ⊆ A such that |µ|(A) > |µ|(B) > 0.

For its applications to continuum models of trade, this constitutes perhaps the most important
assumption of the Lyapunov Theorem. By it, atomless groups of traders can be measured in such a
way that no individual trader has the market power to alter prices, which is required for a rigorous
statement of competitive equilibrium. [17, Th. 5.5]

Theorem 4 (Lyapunov Theorem). Let µ1, ..., µn be real-valued bounded nonatomic measures on a
σ-algebra Σ. For all E ∈ Σ, define µ(E) = (µ1(E), ..., µn(E)). Then, µ is a function with domain
Σ whose range is a compact and convex set of Rn.

Proof: L1[σ] is the set of all functions defined on E ∈ Σ whose absolute values are Lebesgue
integrable with measure σ. In other words, f ∈ L1[σ] if and only if (

∫
|f |dσ) < ∞. Notice that

this forms a vector space, where for any f, g ∈ L1[σ], c ∈ R,12 addition and scalar multiplication
are defined by (f + g)(x) = f(x) + g(x) and (cf)(x) = cf(x), respectively. In the limit,13 L∞[σ] is
defined to be the set of all essentially bounded measurable functions g : X → R, where essentially
bounded means bounded on all but a set of points with measure 0.14

L∞[σ] defines the dual space of L1[σ], so that to each function g ∈ L∞[σ] corresponds to a
continuous linear function mapping Φ : L1[σ]→ R defined as follows:

Φg(f) =

∫
fgdσ

Linearity is inherited from the linearity of integration.15 Returning to the discussion of topologies
presented in the Banach-Alaoglu Theorem, this gives rise to a weak∗-topology on L∞[σ]. Specifi-
cally, for every function f ∈ L1[σ] and every open set U ⊆ R, Sf,U = {g ∈ L∞[σ] : Φg(f) ∈ U} is
defined to be an open set. Further, to complete the topology, the finite intersections and arbitrary
unions of such Sf,U are also defined to be open.

For every function g ∈ L∞[σ], assign a vector in Rn given by

11Alternatively, the total varation measure can be defined as |µ|(E) = sup{Ei}∈E

∞∑
i=1

|µ(Ei)| for E ∈ Σ, where E is

the set of all partitions of E. A partition of E, in turn, is a countable collection Ei of pairwise disjoint sets in Σ such

that the union
∞⋃
i=1

Ei = E [19].

12More generally, this constant could also be in C, but the discussion here will be confined to the real case.
13Specifically, this is the limit of the sets Lp[σ] as p approaches infinity, where a function f ∈ Lp[σ] if and only if

(
∫
|f |pdσ)

1
p <∞ .

14This is a stronger condition than is required for any Lp[σ] with finite p, and so L∞[σ] ⊆ L1[σ].
15For all f1, f2 ∈ L1[σ] and α, β ∈ R, Φg(αf1+βf2) =

∫
(αf1+βf2)gdσ =

∫
αf1gdσ+

∫
βf2gdσ = αΦg(f1)+βΦg(f2)

7



2.4 Lyapunov Theorem 2 THE LYAPUNOV THEOREM

Λg = (

∫
gdµ1, ...,

∫
gdµn) (1)

Notice that up to this point, the assumption has not been made that µ is a positive measure, and
so it could be that for some E ∈ Σ, µ(E) < 0. µ can be transformed into a positive measure by
taking the total variation measure |µ|. Set the measure σ = |µ1|+ · · ·+ |µn|.

Lemma 5. Λ : L∞[σ]→ Rn is a linear, weak∗-continuous mapping.

For g1, g2 ∈ L∞[σ], if g1 = g2 everywhere except for a set of measure 0 on σ, then Λg1 = Λg2.
16

Note that Λ constitutes a linear mapping of L∞[σ] into Rn.17 |µi| is a positive measure for all i,
which implies that σ = |µ1| + . . . + |µn| = 0 if and only if |µi| = 0 for all i. Further, |µi| = 0
implies that µi = 0 , so that µi is absolutely continuous with respect to σ for all i. It follows by the
Radon-Nikodym Theorem that for each i, there exists a function hi ∈ L1[σ] which for all A ∈ Σ
satisfies µi(A) =

∫
A hidσ.

It can now be shown that Λ : L∞[σ] → Rn is in fact a weak∗-continuous mapping, which is to
say that for every open set U ⊆ Rn, the set of all g ∈ L∞[σ] such that Λ(g) ∈ U is open under the
weak∗-topology. From the above application of the Radon-Nikodym theorem, it is found that

{g : Λ(g) ∈ U} = {g : (

∫
gdµ1, ...,

∫
gdµn) ∈ U}

= {g : (

∫
gh1dσ, ...,

∫
ghndσ) ∈ U}

= {g : (Φg(h1), ...,Φg(hn)) ∈ U}

(2)

Then {g : Λ(g) ∈ U} is open on the weak∗-topology, as desired. To see this in more detail, pick
some g0 ∈ Λ−1(U) so that (

∫
g0dµ1, ...,

∫
g0dµn) = x ∈ U . Consider the set V = {u − x : u ∈ U},

which is clearly an open neighborhood of zero because x ∈ U . Λ−1(V ) = {g ∈ L∞[σ] : (
∫

(g −
g0)dµ1, ...,

∫
(g− g0)dµn) ∈ V }. Therefore, to show that g0 is an interior point of Λ−1(U) ⊆ L∞[σ],

it is equivalent to show that g ≡ 0 is an interior point of Λ−1(V ) ⊆ L∞[σ].
V being open implies that there exists some ε > 0 such that the open ball with radius ep-

silon Bε is a subset of V . Then, g ∈ Λ−1(Bε) if and only if
√

(
∫
gdµ1)2 + · · ·+ (

∫
gdµn)2 =√

(
∫
gh1dσ)2 + · · ·+ (

∫
ghndσ)2 < ε. (− ε√

n
, ε√

n
) is an open set in R, which gives rise to a δi for

each hi under the weak∗-topology such that for all g in the open δi ball of zero Bdi = {g ∈ L∞[σ] :
−δ < g < δ}, Φg(hi) ∈ (− ε√

n
, ε√

n
). Set δ = min

i∈{1,...,n}
µi(E), so that Bδ is an open set in the

16This result is intuitive from the definition of Lebesgue integration in the discussion of the Radon-Nikodym
Theorem. If for some value ci in the range of g1, the set Ei = {x ∈ X|g1(x) = ci} has measure zero, then ciµ(Ei) = 0.
Thus, because all sets of measure zero are in this sense removed from the Lebesgue integral, and because the set
of all x ∈ X such g1(x) 6= g2(x) has measure zero, it follows that

∫
g1dµj =

∫
g2dµj for all j ∈ {1, ..., n}. Such

g1, g2 ∈ L∞[σ] are said to belong to the same equivalence class of functions. In the remainder of the proof, each
g ∈ L∞[σ] will be taken as a representative function from an equivalence class. Countably infinite groups traders in
continuum models constitute sets of measure 0, and so this property will imply that no coalition of traders up to a
countable infinity could make a difference on the value of a Lebesgue integral over the continuum of traders.

17This again follows from the linearity of the Lebesgue integral.
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weak∗-topology. Then g ∈ Bδ ⊆ L∞[σ] implies that√
(

∫
gdµ1)2 + · · ·+ (

∫
gdµn)2 <

√
(
ε√
n

)2 + · · ·+ (
ε√
n

)2

=

√
n
ε2

n

= ε

(3)

Thus g ∈ Λ−1(Bε), g0 is an interior point of Λ−1(U) ⊆ L∞[σ], and {g : Λ(g) ∈ U} is open on
the weak∗-topology. It follows that Λ : L∞[σ]→ Rn is a weak∗-continuous mapping.

Lemma 6. Define a set K = {g ∈ L∞[σ] : 0 ≤ g ≤ 1} composed of measurable real functions
bounded above by 1 and below by 0. Then, Λ(K) is a compact convex set in Rn.

To show convexity, take λ ∈ (0, 1), g1, g2 ∈ L∞[σ], and consider a new function z = λg1 + (1−
λ)g2. From g1, g2 ≤ 1 it follows that z ≤ λ + (1 − λ) = 1, and from g1, g2 ≥ 0 it follows that
z ≥ 0 + 0 = 0. Thus, z ∈ K, and K is convex.

Next, let f ∈ L1[σ] be a nonnegative function so that
∫
fdσ ≥ 0. [0,

∫
fdσ] forms a closed set

in R, which may be as small as the single point {0}. From the definition of K, it follows that g ∈ K
if and only if for all such nonnegative f ∈ L1[σ]

0 ≤
∫
fgdσ ≤

∫
fdσ

0 ≤ Φg(f) ≤
∫
fdσ (4)

Let J = [0,
∫
fdσ]. J is closed in R so that Jc is open, and the set of all g ∈ L∞[σ] which map

L1[σ] to Jc is given by L∞[σ] rK. It follows that L∞[σ] rK is open in the weak∗-topology, and
that K is weak∗-closed.

The Banach-Alaoglu Theorem shows that the closed unit ball of L∞[σ] = {g ∈ L∞[σ] : |Φg(f)| ≤
1 ∀f ∈ V } is weak∗-compact, where V is a neighborhood of zero in L1[σ]. Recall that any closed
subset of a compact set is itself compact.18 Thus, given that K is weak∗-closed and a subset of
the closed unit ball of L∞[σ], K is itself weak∗-compact. The image of a continuous mapping of a
compact set is itself a compact set.19 Therefore, Λ(K) is a compact convex set in Rn.

Lemma 7. µ(Σ) = Λ(K).

This lemma will complete the proof, because if µ(Σ) = Λ(K), then lemma 6 implies that the
range of µ, namely, µ(Σ), is a compact convex set in Rn. First, it must be shown that µ(Σ) ⊆ Λ(K).
Take an arbitrary element E ∈ Σ so that µ(E) ⊆ µ(Σ). The characteristic function of E ∈ Σ is
given by

χE(x) =

{
1 x ∈ E
0 x /∈ E

18The proof of this fact is brief and intuitive. Let C be a closed subset of a compact space X, and let B be an
arbitrary collection of open sets such that C ⊆

⋃
Bα∈B

Bα. Then, because C is closed, Cc = X r C is open, and

Cc ∪
⋃

Bα∈B

Bα forms an open cover for X. X is compact, and so a finite open cover {Cc, B1, ..., Bn} can be formed.

It follows that {B1, ..., Bn} form a finite open cover of C, and that C is therefore compact.
19An intuitive proof of this fact for metric spaces is available in Rudin’s introductory text on Real Analysis [18,

Th. 4.14].
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2.4 Lyapunov Theorem 2 THE LYAPUNOV THEOREM

This is clearly everywhere bounded up to a set of measure 0 in each µi. Therefore, because
σ(E) ≥ µi(E) for all i, χE ∈ L∞[σ], and further χE ∈ K because χE is bounded below by 0 and
above by 1. This provides a g ∈ K such that

(

∫
gdµ1, ...,

∫
gdµn) = (

∫
χEdµ1, ...,

∫
χEdµn) = (µ1(E), ..., µn(E))

and Λg = µ(E). Thus, µ(Σ) ⊆ Λ(K).
To demonstrate that Λ(K) ⊆ µ(Σ), begin by choosing an arbitrary point p ∈ Λ(K) ⊆ Rn.

Let Kp = {g ∈ K : Λg = p}. For the Krein-Milman Theorem to apply, Kp must be nonempty,
weak∗-compact, and convex. Non-emptiness is automatic, because p was chosen from the range
Λ(K). p is a single point and therefore a closed set, so that Kp is weak∗-closed. Then, as before, Kp

being a weak∗-closed subset of the weak∗-compact set K implies that Kp is itself weak∗-compact.
Finally, Kp is convex.20

Therefore, because Kp is nonempty, weak∗-compact, and convex, the Krein-Milman Theorem
shows that Kp has at least one extreme point. To complete the proof, it must be shown that this
extreme point is a characteristic function χ(E) ∈ Kp for some E ∈ Σ. Then, p = Λ(χE) = µ(E) ⊆
µ(Σ), and it will follow that Λ(K) ⊆ µ(Σ).

Suppose that g0 ∈ Kp, and that g0 is not a characteristic function in L∞[σ]. Therefore, there
must be some set Ẽ ∈ Σ with strictly positive measure such that g0 takes on values other than
0 or 1 on Ẽ. If this were not the case, then g0 would be the characteristic function of the set of
values for which it is equal to 1.21 Because 0 ≤ g0 ≤ 1, it can be further restricted that there exists
Ẽ ∈ Σ, σ(Ẽ) ≥ µ(Ẽ) > 0 and an r ∈ R, r > 0 such that 0 < r ≤ g0 ≤ 1− r < 1 on the set Ẽ.

Define Y = χẼ · L
∞[σ], that is, the set of all measurable functions essentially bounded on σ

multiplied by the characteristic function χẼ . It follows that for every g ∈ Y , g ≡ 0 everywhere but

on the set Ẽ. Note that σ is nonatomic, which is a fact that follows from each µi being nonatomic.
If σ(E) > 0 for some E ⊆ Σ, then σ = |µ1|+ · · ·+ |µn| implies that |µi|(E) > 0 for at least one i.
Hence there exists some E′ ∈ Σ such that σ(E) > σ(E′) = |µ1|(E′) + · · ·+ |µn|(E′) > 0, and σ(E)
is nonatomic.

Every subset E ⊆ Σ corresponds to its own dimension in the space L∞[σ], and therefore its
own dimension of the space Y .22 σ(Ẽ) > 0, and so an infinite sequence of nested subsets Ẽ1, Ẽ2, ...
can be found such that Ẽ ⊇ Ẽ1 ⊇ Ẽ2 · · · and σ(Ẽ) > σ(Ẽ1) > σ(Ẽ2) · · · > 0. Thus, Y is an
infinite-dimensional space.

Recall that by the Radon-Nikodym Theorem, there exist functions h1, ..., hn such that Λg =
(
∫
Ẽ gdµ1, ...,

∫
Ẽ gdµn) = (

∫
Ẽ gh1dσ, ...,

∫
Ẽ ghndσ). By Φ : L1[σ] → R, every function hi ∈ L1[σ]

can be thought of as a point which is mapped to R. Therefore, because the dimension of Y is
greater than n, (

∫
Ẽ gh1dσ, ...,

∫
Ẽ ghndσ) = 0 does not require a unique g ∈ L∞[σ], and there exists

a g̃ ∈ L∞[σ] other than the zero element g ≡ 0 such that Λg̃ = 0. g̃ ∈ L∞[σ] implies that it is
bounded in absolute value by some M ∈ R.

r

M
(

∫
Ẽ
g̃h1dσ, ...,

∫
Ẽ
g̃hndσ) = (

∫
Ẽ

r

M
g̃h1dσ, ...,

∫
Ẽ

r

M
g̃hndσ)0

20This can be seen by defining some z = λg1 + (1 − λ)g2 for arbitrary g1, g2 ∈ Kp and λ ∈ (0, 1). Λz =
(
∫
zdµ1, ...,

∫
zdµn) = (

∫
(λg1 +(1−λ)g2)dµ1, ...,

∫
(λg1 +(1−λ)g2)dµn) = (λ

∫
g1dµ1 +(1−λ)

∫
g2dµ1, ..., λ

∫
g1dµn+

(1− λ)
∫
g2µn) = (λp1 + (1− λ)p1, ..., λpn + (1− λ)pn) = (p1, ..., pn) = p. Thus, z ∈ Kp, and Kp is convex.

21If g0 were everywhere equal to zero except for a set of measure zero, for example, then it would be the characteristic
function of ∅ ∈ Σ.

22To see this, note that for any two distinct subsets E,E′ ∈ Σ, there is no g ∈ L∞[σ] other than g ≡ 0 such that∫
E
fgdσ =

∫
E′ hgdσ for all f, h ∈ L1[σ].
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3 CONTINUUM MODELS OF TRADE

thus implies that there is a r
M g̃ ∈ L

∞[σ] such that Λ( r
M g̃) = 0 and −r < r

M g̃ < r. Hence, g0 + r
M g̃

and g0 − r
M g̃ are both in Kp, and g0 is not an extreme point of Kp. All extreme points of Kp are

therefore characteristic functions, and Λ(K) ⊆ µ(Σ).
In conclusion, then, Λ(K) = µ(Σ), and it follows from Λ(K) being convex and compact in Rn

that the range of µ : Σ→ Rn is compact and convex. �

3 Continuum Models of Trade

3.1 The Existence of Competitive Equilibria

With the Lyapunov Theorem in place, it is possible to show the existence of competitive equilibrium
in continuum economies. Aumann begins by representing the uncountably infinite traders by the
closed interval T = [0, 1]. This population is measured by the standard Lebesgue measure,23 so
that while all finite groups of traders constitute sets of zero measure, uncountably infinite groups
can have positive measure. Each of l goods in the economy are assigned a dimension of the positive
real orthant Rl+, and the function i : T → Rl+ assigns to each trader t ∈ T an initial endowment of
those goods.

All traders t ∈ T begin with preferences -t over the l goods that are assumed to be complete
pre-orders satisfying strict monotonicity, continuity, and measurability. It must additionally be that∫
T xdµ =

∫
T idµ for all allocations x : [0, 1]→ Rl+, which is simply the market clearing requirement

that the economy end with the same number of goods that it had at the beginning of trading. In
this context, a competitive equilibrium consists of a price vector p ∈ Rl+ and allocation x such that
for all traders t ∈ T , x(t) is maximal with respect to -t given the constraint p · x(t) ≤ p · i(t) that
a trader cannot purchase more than their income p · i(t) will allow.

For each trader t and price vector p, a preferred set Cp(t) can be defined as the set of all bundles
of goods y ∈ Rl+ such that for all affordable bundles y′ ∈ Rl+, y′ - y. Taken over all t ∈ [0, 1],
Cp(t) : T 7→ Rl+ forms a correspondence, that is, a mapping from T to sets in Rl+. “It constitutes
the nub of the proof” [2, p. 5] to show that

∫
T Cpdµ = {

∫
T fdµ ∈ Rl+ : f ∈ LCp} is convex, where

LCp is the set of all µ measurable functions f : T → Rl+ such that f(t) ∈ Cp(t) up to a set of
zero measure. To prove this fact, Aumann uses a theorem which is a direct consequence of the
Lyapunov Theorem

Lemma 8 (Richter’s Theorem). [11, Ch. I.D.II, Th. 3] T is an atomless measure space with σ-
algebra Σ and real-valued bounded measure µ. Let C be a correspondence from T into Rl. Then∫
T Cpdµ is a convex set of Rl.

Proof: Select arbitrary r1, r2 ∈
∫
T Cpdµ and λ ∈ (0, 1). By the definition of the integral of

a correspondence, there exist functions f1, f2 ∈ LCp such that r1 =
∫
T f1dµ and r2 =

∫
T f2dµ.

f1dµ and f2dµ form new bounded real valued measures, so that by application of the Lyapunov
Theorem G = {(

∫
E f1dµ,

∫
E f2dµ) ∈ R2l : E ∈ Σ} is found to be convex. ∅ ∈ Σ so that (0, 0) ∈ G,

and T ∈ Σ so that (r1, r2) ∈ G. Thus, by the convexity of G, there exists a set E ∈ Σ such that
(λr1, λr2) = (

∫
E f1dµ,

∫
E f2dµ).

Define a new function f ∈ LCp by

f(t) =

{
f1(t) t ∈ E
f2(t) t /∈ E

23The standard Lebesgue measure of an interval [a, b] is given by b−a. If A is the set of all traders indexed between
0.25 and 0.75, for example, then µ(A) = 0.5.
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3.2 Applications of Continuum Models of Trade 3 CONTINUUM MODELS OF TRADE

It is now clear that ∫
T
fdµ =

∫
E
f1dµ+

∫
TrE

f2dµ

=

∫
E
f1dµ+

∫
T
f2dµ−

∫
E
f2dµ

= λr1 + r2 − λr2
= λr1 + (1− λ)r2

(5)

Thus, because f ∈ LCp , it follows that λr1 + (1− λ)r2 ∈
∫
T Cpdµ, and

∫
T Cpdµ is a convex set. �

With this result in place, it can be shown that a competitive equilibrium exists in this form of
continuum economy. The full details of this proof can be found in [3] and [2].

3.2 Applications of Continuum Models of Trade

It is worth calling attention to two additional benefits continuum models afford their users beyond
a rigorous proof of competitive equilibrium. First, note that nowhere in Aumann’s continuum econ-
omy was it required that trader preferences satisfy Strict Convexity, or even the weaker condition
of Convexity. Instead, under Richter’s Theorem, the preferences of an uncountably infinite number
of traders satisfying a much weaker set of assumptions are found to be convex in the aggregate
[2]. This is useful because convexity is not an uncontroversial assumption, and yet finite economic
models require it in order to establish the existence of competitive equilibria.

Second, the welfare theorems are found to hold rigorously under the continuum model as well.
Much of the value placed on competitive equilibria in economic theory comes from their connection
to a still more fundamental idea called the core, which can be thought of as the set of allocations for
which no group of traders can exchange goods among themselves in such away that some member
of the group is better off and no member is worse off. Given any initial endowment of goods, it
is possible for traders to barter with one another until such an optimal allocation is reached, but
such a bartering method is obviously inefficient for large groups of people. The current real-world
solution to this problem is to make a universally recognized currency, with which prices can be set
to create a competitive equilibrium.

Unfortunately, however, by adding prices, competitive equilibria in finite economies are only
able to approximate the core in a mathematically rigorous sense, despite the clear intuition that
adding money should only help people in reaching the trading outcomes possible in a bartering
economy. It requires a certain limited set of assumptions to be sure that a competitive equilibrium
is always in the core, and a more lengthy list of assumptions to show that an allocation in the
core is a competitive equilibrium. These two results are referred to as the first and second welfare
theorems, respectively. In the case of continuum economies, however, Aumann was able to show
that the same minimal criteria with which he proved the existence of competitive equilibria also
establish that the core is exactly equal to the set of competitive equilibria in continuum economies
[4]. Thus, competitive equilibria in continuum economies fully capture the intuitive benefits of
facilitating trade with money. What is more, because competitive equilibria are guaranteed to
exist, the core is guaranteed to be nonempty [2].

These results are general enough that with minor adjustments to Aumann’s original model,
researchers can apply continuum models to other applications and reap the same benefits. It has
been applied to game theoretic models of assigning students to public schools [1], for example, and
to macroeconomic models of countries engaging in international trade [8][9].24 In each case, the

24Here, a continuum of goods is considered, as opposed to a continuum of traders.
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idea of one entity being unable to meaningfully alter the price of a good is made rigorous, capturing
the intuition in a mathematically explicit way.

4 Discussion

While continuum models capture certain economic ideas more accurately than finite models, their
use is not immediately intuitive. No existing market contains a continuum of traders, and it
is difficult to imagine how such a market would look. Even if the present population were to
increase by one each day into eternity, the result after an infinite amount of time would be a mere
countably infinite set of people. Here, an uncountably infinite set of people is considered, somehow
all interacting simultaneously in a common market. To use such a model to approximate present
day markets, then, seems immediately absurd. At the same time, it is near equally absurd to think
of a modern day trader who, before every potential transaction, considers the implications of his
or her decision on the prices of all related goods. The typical effect is so minuscule that this would
constitute a waste of time and energy. Therefore, while a finite model requires a consideration of
these effects, doing so is overly complicated compared to the way traders actually make decisions
and as a result makes certain intuitive concepts like competitive equilibrium impossible to capture
rigorously.

Aumann encourages his audience to think of continuum economies as an “ideal state” compa-
rable to similar ideal states in the physical sciences [4]. Water of any finite volume, for example, is
composed a finite collection of individual water molecules, and yet typical fluids equations treat it
as though it were an “atomless” continuum. The result is a profound simplification, and one that
is justified in ignoring the interactions between individual molecules by the relative insignificance
of those interactions in the context of a body of water. There are, of course, equations that can
be applied to small volumes of water which treat water molecules individually, just as there are
game-theoretic models for application in small markets which give individual treatment to traders.
The point here is to say that when the volume of water or an economy becomes larger, it is simpler
and more intuitive to render the individual irrelevant by considering a continuum.

A key premise of this argument is that as the number of finite objects tends toward infinity,
the results of equations based on those finite models tend toward analogous continuum results.
Moreover, these results ought to converge to the continuum results relatively quickly, so that a
continuum gives a meaningful approximation of the finite economy that is to be modeled. If this
were not the case, then continuum models would not be useful as empirical tools because, as noted
earlier, all known economies are finite. Augustine Cournot was first to note the intuition that “the
effects of competition have reached their limit” when the number of actors in an economy grows
to be so large that any one of them could be added or removed “without any appreciable variation
resulting in the price” of commodities [5, p. 90]. This notion needs to be formalized in order for
the application of a continuum economy to make sense.

Fortunately, it has been shown that finite models do indeed converge relatively quickly toward
the conclusions of continuum models on some of their most fundamental results, namely, competitive
equilibrium and the welfare theorems.25 In 1881, long before continuum models of trade were being
considered, Edgeworth was pioneering this work through an expansion of his Edgeworth box [10].
A basic Edgeworth box is a rectangle that defines every possible allocation of two goods across

25In this particular area, it will be shown true that the results of growing finite economies will converge to the
results of continuum economies. That is not always the case, however. One counterexample is provided in a recent
Working Paper by Miralles and Pycia regarding the random assignment of finite resources across traders, which can
beget results in finite economies that do not converge to continuum economy results even as the finite economy grows
toward infinity [15].
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two people engaged in trade. It is possible in such an environment to identify a set of points
that constitute competitive equilibrium allocations and another set of points which constitute the
core using minimal assumptions on the preferences of each trader. In his expansion, Edgeworth
substituted the assumption of two traders with an assumption that there are two types of preferences
that traders may have, and then allowed the two groups of traders defined by their respective
preferences to grow together at the same rate. As these two groups continued to grow, Edgeworth’s
intuition proved correct, and the set of allocations in the core shrunk until it contained only
allocations which were also competitive equilibria.

Still, Edgeworth’s result was limited by its ties to the more basic model with two commodities
and two traders. Some eighty years later, Scarf and Debreu showed that the core converges to the
set of competitive equilibria in a more general case with an arbitrary finite number of commodities,
production of those commodities, and trader preferences that needed only satisfy minimal require-
ments of insatiability, strict convexity, and continuity [7]. Thus, not only did competitive equilibria
exist in the limit of a growing finite economy, but equilibria of a type which satisfied the welfare
theorems. Kannai then made the link explicit by proving under still more generalized assumptions
that continuum economies can be thought of as the limit of finite economies [12].

Despite this eventual limit, if results of finite models were to converge slowly enough to the
continuum counterparts, continuum economic models would still lack any empirical use. It is
known, for example, that the harmonic series 1 + 1

2 + 1
3 + 1

4 + · · · diverges to infinity, and so any
finite number can be reached by summing the appropriate number of its terms. The number of
terms required to model a number so small as 20, however, makes the use of this method unwise.
Fortunately, Debreau would go on to show that in the case of equilibrium models, the convergence of
finite models to continuum models occurred at a rate comparable to the convergence of one divided
by the number of agents in the economy, which converges to zero relatively quickly as the number
of agents increases [6]. Economists are therefore justified in applying continuum models to large
economies, despite the seemingly unreasonable assumption of an uncountably infinite continuum
of agents.
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5 APPENDIX A: DEFINITIONS OF ECONOMIC TERMS

5 Appendix A: Definitions of Economic Terms

5.1 Preferences and their Properties

Bundles of l goods are represented by vectors in the positive orthant of Rl, which will be here
denoted as Rl+. Preferences across bundles of goods x, y ∈ Rl+ are recorded in preorders, that is,
binary relations - that are reflexive and transitive. If x % y but it is not the case that y % x, then
this relationship is denoted x � y. On the other hand, x ∼ y denotes to the case where x % y and
y % x.

Definition 9. - is complete if for all x, y ∈ Rl+, either y % x or x % y.

Definition 10. - is continuous if for any x ∈ Rl+, {y|y % x} and {y|y - x} are both closed sets.

Definition 11. - is convex if for all x, y ∈ Rl+ such that x % y, λx+ (1−λ)y % y for all λ ∈ (0, 1)

Definition 12. - is insatiable if for all x ∈ Rl+, there exists some x ∈ Rl+ such that y � x. In other
words, no matter what bundle of goods an individual has, it is always possible to find a bundle of
goods that the individual would like better.

Definition 13. - is measurable if for any x ∈ Rl+, {y|y % x} and {y|y - x} are both Lebesgue
measurable sets.

Definition 14. - is strictly convex if for all x, y ∈ Rl+ such that x ∼ y, λx+ (1− λ)y � x for all
λ ∈ (0, 1). This loosely means that people prefer to consume a variety of goods.

Definition 15. Take some x, y ∈ Rl+ so that x ≥ y, that is, x is greater than or equal to y in
every vector component, and is strictly greater in at least one component. - is strictly monotone
if x � y. Less formally, this assumption is that all goods considered in this market are desirable,
so that having more of any one of them is always a good thing.

5.2 Allocations

Given l goods, the amount of each that a particular individual owns is represented by a vector in
Rl+. In a typical exchange economy model, each trader i ∈ {1, 2, 3, ...m} will begin the trading
period with some pre-assigned vector of goods called an endowment ei ∈ Rl+. The prices of each
of the l goods can be stored together in a price vector p ∈ Rl, so that the value of a trader’s initial
endowment is given by ei · p. In this context, an allocation x ∈ Rl×m is simply a collection of these
vectors representing each of m traders in an economy.

Definition 16. [14] A competitive equilibrium for an economy of m traders, each with their own
preferences -i and initial endowments ei, is a price vector p ∈ Rl and allocation x ∈ Rl×m which
together satisfy two conditions:

1. Utility maximization. Each trader receives a bundle of goods xi such that it would be im-
possible under the price vector p, and give the constraint of their income ei · p, to purchase a
different bundle of goods that they would like more under their preferences -i.

2. Market Clearing.
∑m

i=1 xi =
∑m

i=1 ei, so that the allocation includes an amount of each good
exactly equal to the amount of that good which is avaliable.

Definition 17. [4] The core is the set of all allocations x ∈ Rl×m for which it would be impossible
for any group of traders to exchange goods in such a way that all members are at least as well off
as they were before, and at least one member is strictly better off than they were before.
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