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Abstract

Using the mathematical theory of liquid crystals, we propose models for equilibrium configurations

of the hexagonal columnar phase of lyotropic chromonic liquid crystals (LCLCs). These models are

applied in a collection of settings in which the underlying phases are naturally observed, includ-

ing LCLC toroidal superstructures, liquid crystal confined to a thin capillary, double-stranded DNA

packed in bacteriophage viruses, and DNA toroidal clusters that form in the presence of condensing

agents. Although the length scale of these superstructures ranges from nanometers to microns, they

show the ability to sustain pressures of up to 60 atmospheres. In each setting, we investigate equi-

librium configurations and discuss well-posedness of our model. The mathematical work focuses in

the analysis of constrained free boundary problems for combined liquid crystal and elastic energies,

with a main focus on the very rich structure of defect cores in lyotropic systems. We conclude with

potential modifications to the model that could be used to incorporate information such as ionic

concentrations present in the medium surrounding this liquid crystal phase.
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1 Introduction

Scientific exploration of soft matter has resulted in numerous industry-changing technologies such

as the bulletproof polymer Kevlar, the widely used liquid crystal displays, and development of new

approaches to drug delivery, nano-templated materials, and colloidal systems. In order to further

develop fundamental science and technologies of the future, it is pivotal to learn how to design, pro-

duce, and control the structure, properties, and dynamic behavior of soft materials within a broad

range of spatial length scales, from the nanometer scale to macroscale. The ability of soft matter

to form a plethora of complex and functional structures with tunable local and non-local responses

to external excitation can easily be exploited once well understood. This dissertation focuses on

the properties of the so-called lyotropic chromonic liquid crystals, a material whose properties are

shared with many systems of interest, such as condensed DNA and the spooling of double-stranded

DNA in viruses that attack bacteria known as bacteriophages. More generally, the chromonic liquid

crystal family embraces a very broad range of materials, examples of which are abundant and in-

clude nucleotides, DNA and RNA, dyes and food additives (e.g. the dye Sunset Yellow), proteins,

and pharmaceutical products [40, 60].

The goal of this dissertation is the study of equilibrium configurations of chromonic liquid crys-

tals, with a main emphasis in the mathematical features of their defect cores. The analysis of con-

strained free boundary problems for chromonic clusters is central to the present work. These include

mathematical studies of packing of the DNA of bacteriophage viruses, showing that the spooling

configuration present in nature is the one with minimum energy.

Lyotropic chromonic liquid crystals (LCLCs) differ dramatically from the typical liquid crystals

found in displays, which have long, rod-like molecules and change phase at well known tempera-

ture thresholds. When it comes to LCLCs, which consist of water-soluble, plank-like molecules with

rigid cores and ionic groups at the periphery that can reversibly assemble into columns by stacking

face to face, the length of these columnar aggregates varies strongly with temperature, concentra-

tion, and ionic content [65]. As the concentration of these molecules increases, the columns tend

to elongate and align parallel, forming a columnar nematic phase. As the concentration further in-

creases, the more organized hexagonal columnar phase appears with the long axes of the columns

forming a two-dimensional hexagonal lattice (see Figure 1). With the addition of condensing agents,

the columns rearrange into toroidal aggregates.

The tendency of LCLC molecules to form macromolecules at high concentrations or in the pres-

ence of certain condensing agents gives rise to complex structures, with properties defined by a

fine balance of anisotropic surface tension and anisotropic bulk elasticity. Shapes of these super-

structures include tactoids and toroids, with typical size on the order of 200 microns with pressures

around 0.1 atmospheres, that are seen to coexist with the disordered isotropic state [60], shown
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Figure 1: Phases of a chromonic liquid crystal

in Figure 2. The toroids form, for example, by groups of six columns bundling together in a hon-

eycomb formation then folding around so that their two ends meet. Double-stranded DNA in free

solution forms toroidal aggregates in the presence of condensing agents, but with clusters of sizes

five orders of magnitude smaller than those formed by the LCLC and anti-asthmatic drug known as

DSCG. Another important natural setting in which the hexagonal columnar structure is exhibited is

in bacteriophage viruses, where the DNA is tightly packed within.

Figure 2: Phase separation of an LCLC with increasing amount of additives, taken from [59]: (A)
Nematic tactoids (B) coexisting tactoids and toroids (C) Columnar toroids (D) scheme of director
distortions inside a tactoid and a toroid

In the case of bacteriophages, viruses that invade bacteria, very little is known or understood about

how they carry, eject, or replicate their DNA. These viruses consist of a protein shell called a capsid
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and a tail with protein receptors. The life cycle of bacteriophages begins when DNA is spooled into

an early form of capsid using a molecular motor while still in a bacterial host cell. The fully formed

bacteriophages then destroy the host and leave to seek a live bacterium in which to replicate. Once

the receptors on the tail detect a viable host, a reaction occurs that causes the DNA to be injected

into the host, using the built up pressure within to release it. The bacteriophages take over the DNA

replication mechanism of the host and copy their own DNA, which occurs rapidly since the viruses

have much smaller genomes than the mechanism is made to handle, and the process begins again.

Figure 3: Image of a bacteriophage, taken from [51]

Bacteriophages are unique in that, with few exceptions, only their genome enters the host cell; in

almost all other viruses the entire virus structure enters the cell cytoplasm [61]. This suggests that

the DNA within the bacteriophage capsid must be optimally packed for ejection, with pressures

strong enough to inject the genome into the host cell. Typical bacteriophages measure about 50 nm

in diameter and sustain internal pressures of around 30 to 60 atmospheres, much greater than the

pressure within a corked bottle of champagne at about 10 atmospheres. This build up of pressure

is caused by the confinement imposed on the DNA by the capsid, the bending rigidity of the DNA

strand, and the electrostatic self-repulsion between the highly negatively charged DNA segments.

Thus, understanding the arrangement of DNA inside a viral capsid is a key step in developing

predictive models of bacteriophage genome delivery.

It is predicted that technologies using phages – such as delivering genes that cause toxicity to target

cells, inhibiting bacterial processes like replication, and detecting pathogens in hospital surfaces and

food preparation – could aid or replace antibiotics in impeding highly resistant strains of disease

causing bacteria [10]. With the number of potential applications of both naturally-occurring and

synthesized bacteriophages growing every day, the ability to understand, accurately describe, and

simulate certain phenomena associated to these objects is of increasing interest. For this reason, the

development of mathematical models that describe the features of bacteriophages will prove to be
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very useful.

Many mathematical models have been proposed to describe the packing of DNA in viruses [2, 28,

41, 50, 61] with energy functionals borrowed from the study of DNA molecules in free solution that

do not account for possible liquid crystalline phases. It has been seen that confined DNA exhibits

liquid crystalline structure, in particular, the segments of spooled DNA act as the columns described

above and form a hexagonal lattice [35, 41, 43]. In fact, the denomination of chromonic comes

directly from the discovery that DNA (i.e. chromosomes) form liquid crystal phases. Therefore, we

present a continuum model for DNA encapsidation using the theory of chromonic liquid crystals,

which has long been used in the study of biological systems [55].

The utility of a well-tuned continuum model includes the ability to accurately and reproducibly

predict features of the system, such as pressure within a capsid, equilibrium shapes of aggregates,

or the amount of disordered material coexisting with ordered material. Thus, one of the main goals of

this dissertation is to thoroughly study the predictive capabilities of the proposed models in relevant

geometries and settings, ensuring that our model is describing the important features of the physical

systems. With that goal in mind, the ability to tune parameters of the model becomes important.

The energy density of a chromonic liquid crystal includes the Oseen-Frank energy of the nematic

liquid crystal phase that penalizes bending of the columns, together with an elastic energy that

accounts for distortions of the cross-sectional lattice perpendicular to the columnar directions at

each point of the domain. Chromonic configurations are described by a set of linearly independent

unit vectors, n, m and p. The nematic director n represents the average direction of column arrays

at a point, and m and p denote the lattice vectors of the local cross-section.

As in the modeling of rigid rod systems, defects correspond to points, lines, or surfaces with n =

0, that is where the order is lost, with the material becoming locally isotropic. Studies of liquid

crystal defects span nearly a hundred years of research with several theories involved. The main

difficulty with the Oseen-Frank theory, one of the first and most widely used in the description

of equilibrium as well as flow configurations of nematics, is in the modeling of two-dimensional

configurations since it assigns infinite energy to point defects in the plane. Our focus on three-

dimensional configurations allows us to postulate and analyze such an energy as part of our studies

of chromonic clustering. The proposed elastic energy to model distortions of the columnar cross-

sections is motivated by that proposed by de Gennes [21] and formulated in terms of deformation

gradients. Following the approach employed in the study of solid crystals, we write the former in

terms of gradients of the lattice vectors m and p. The resulting expression then involves the bulk and

shear moduli of the chromonic material. The proposed energy to describe clusters also includes the

penalty associated with the isotropic core and the surface energy of the interface between the ordered

and the disordered part of the configuration. In the case of the bacteriophage viruses, information

on the disordered core is obtained from the cryogenic electron microscopy images.

4



A main difference between rod and disk-like liquid crystals is on the size of their cores. Whereas

fractions of nanometers characterize the former, chromonic cores can be on the order of 10 microns.

A main goal of this thesis is the study of core defects in chromonics found in experiments with

materials such as Sunset Yellow and the anti-asthmatic drug disodium cromoglycate/water system.

The analysis presented in the dissertation involves three types of systems: toroidal clusters of DNA

and Sunset Yellow, defects in capillary domains of the latter, and packing of the DNA genome of

bacteriophage viruses.

The analysis addresses the minimization of the packing energies subject to multiple constraints.

These lead to free boundary problems for polyconvex energy functionals. The constraints involved

are of geometric type, including those that reflect the rigidity of the material to splay and twist

deformations, the hexagonal structure of the lattice, and the conservation of mass. The elastic energy

is particularly relevant to the modeling of DNA encapsidation, due to the polymeric structure of

the DNA molecule, with persistence length of the same order of magnitude as the capsid size.

The capsid is taken to be an axisymmetric domain, neglecting its polyhedral structure. Although

some viruses present a chiral arrangement, this analysis focuses on standard spooling configurations

around the capsid axis. In fact, it is found that among configurations of interest that the planar

spooling configuration is the minimizer. The shape of the core depends on the physical parameters

of the model, and in particular, the bending rigidity of the DNA.

It is also true of liquid crystal confined to a capillary and of toroidal aggregates that the relative

significance of surface forces between adjacent phases, when compared to the bending contribution

to the energy, is a key feature in determining equilibrium shapes. In both the capillary and toroid

cases, both regimes are considered, demonstrating that with some calibration of the constants of

the model, that a desired configuration can be achieved. A bifurcation study is conducted in the

capillary setting, in which we assume ordered material is confined between coaxial cylinders and

a disordered phase exists within the central cylinder, to find both the size of the inner cylinder

radius and the ratio of surface tension and bending parameters that distinguish between a planar or

twist equilibrium state of the liquid crystal. In the toroid, we first analyze limiting cases in which

either the bending or surface tension is the main contributor to the energy, then compute examples

of equilibrium shapes in each setting based on experimental measurements. We use experimental

work on chromonic liquid crystals in the case where surface tension dominates, and consider DNA

toroidal shapes when bending dominates.

This dissertation is organized in the following way. In Section 2, we outline the process used in

proving the existence of minimizers and give the necessary results for both generic functionals and

for the Oseen-Frank energy functional from liquid crystal theory. We present our basic model for

configurations of hexagonal columnar LCLCs in Section 3. A modified model for DNA packed in

a bacteriophage capsid is presented in Section 4, as well as a explanation of prior work in this area,
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describing the location of the DNA filament, and accounting for the self-repulsion of the spooled

DNA. We go on to investigate equilibrium shapes of these materials in Sections 6 and 7, where

the mathematical results on the well-posedness of the model in these geometries are also proved.

Section 8 that describes expansions of the model to incorporate concentrations of condensing agents

and effects of ionic concentrations. The paper closes with concluding remarks in Section 9.

2 Background Materials

2.1 Calculus of Variations

In this section, we lay out the roadmap used to prove the existence of minimizers of a functional,

which will imply well-posedness of the models proposed in this work. We discuss the notions of

coercivity, compactness, weak lower semicontinuity, and convexity.

We give definitions and theory used in showing the existence of minimizers of a functional defined

by

I[w] :=

∫
Ω
L(∇w(x), w(x), x) dx,

for appropriate w : Ω → R satisfying w = g on ∂Ω for some given function g. The results are

stated and proved in the scalar case, but also hold in the case of vector fields, with

I[w] :=

∫
Ω
L(∇w(x),w(x), x) dx,

unless noted otherwise.

Definition 1. We call a function coercive if there exist constants α > 0, β ≥ 0, and fixed 1 < q <

∞ such that

L(p, z, x) ≥ α|p|q − β,

for all p ∈ Rn, z ∈ R, x ∈ Ω.

This implies

I[w] ≥ δ‖∇w‖qLq(Ω) − γ. (1)

From inequality (1), it becomes reasonable to search for minimizers in W 1,q(Ω) that satisfy the
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boundary condition in the trace sense. Therefore, we can search for minimizers in the class

A = {w ∈W 1,q(Ω) : trace(w) = g}. (2)

In general, coercivity is not enough to guarantee the existence of a minimizer of the functional I .

This becomes an issue when we consider the following.

Set m := infw∈A I[w] and choose a sequence {uk} ⊂ A such that

I[uk]→ m as k →∞.

We call {uk} a minimizing sequence. Due to the infinite dimensionality of W 1,q(Ω), we do not

have the compactness to conclude that there exists a subsequence that converges to a minimizer in

W 1,q(Ω).

Therefore, again assuming 1 < q < ∞ so that Lq(Ω) is reflexive, then there exists a subsequence

{ukj} ⊆ {uk} and a function u ∈W 1,q(Ω) so that

ukj ⇀ u in Lq(Ω),

∇ukj ⇀ ∇u in Lq(Ω).

Also, it will be true that u = g on ∂Ω in the trace sense, so u ∈ A.

Now that we consider sequences in the weak topology, there is enough compactness from (1) to

deduce there is a weakly convergent subsequence. The last hurdle is that I is not continuous with

respect to weak convergence, so we cannot deduce that

I[u] = lim
j→∞

I[ukj ],

which would imply u is a minimizer. It would suffice to know that the following definition holds.

Definition 2. We say a functional I is weak lower semicontinuous on W 1,q(Ω) if whenever uk ⇀ u

in W 1,q(Ω) then

I[u] ≤ lim inf
k→∞

I[uk]. (3)

The next thing to do is identify reasonable conditions on the nonlinear term L to ensure I is weak

7



lower semicontinuous. Looking at the second variation, we find that

n∑
i,j=1

Lpipj (∇u, u, x)ξiξj ≥ 0, (ξ ∈ Rn, x ∈ Ω).

is a necessary condition whenever u is a smooth minimizer. This suggests that it is reasonable to

assume L is convex in its first argument. In fact, we have the following theorem.

Theorem 1. Assume L is smooth, bounded below and that the mapping

p 7→ L(p, z, x)

is convex for each z ∈ R, x ∈ Ω. Then, I is weak lower semicontinuous on W 1,q(Ω).

Proof. Choose any sequence {uk}∞k=1 with uk ⇀ u in W 1,q(Ω), and set ` := lim infk→∞ I[uk].

We must show I[u] ≤ `. Every weakly convergent sequence is bounded so supk‖uk‖W 1,q(Ω) <∞.

Upon passing to a subsequence if necessary, suppose also that ` = limk→∞ I[uk]. Furthermore,

uk → u strongly in Lq(Ω). Thus, passing to yet another subsequence if necessary, we have uk → u

a.e. in Ω.

Fix ε > 0. Then the pointwise convergence and Egoroff’s Theorem assert

uk → u uniformly on Eε,

where Eε is a measurable set with |Ω− Eε| ≤ ε. Let

Fε =

{
x ∈ Ω : |u(x)|+ |∇u(x)| ≤ 1

ε

}
.

Then, |Ω− Fε| → 0 as ε→ 0. Set Gε = Eε ∩ Fε and observe that |Ω−Gε| → 0 as ε→ 0.

Now, since L is bounded below, we can assume L ≥ 0 (which is only a shift by some constant).

Consequently,

I[uk] =

∫
Ω
L(∇uk, uk, x) dx ≥

∫
Gε

L(∇uk, uk, x) dx

≥
∫
Gε

L(∇u, uk, x) dx+

∫
Gε

∂pL(∇u, uk, x) · (∇uk −∇u) dx,

where the last inequality followed from the convexity of L in its first argument. Now, in view of the
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definitions of Eε, Fε, Gε,

lim
k→∞

∫
Gε

L(∇u, uk, x) dx =

∫
Gε

L(∇u, u, x) dx.

In addition, since ∂pL(∇u, uk, x) → ∂pL(∇u, u, x) uniformly on Gε and ∇uk ⇀ ∇u in Lq(Ω),

we have

lim
k→∞

∫
Gε

∂pL(∇u, uk, x) · (∇uk −∇u) dx = 0.

We can deduce that

` = lim
k→∞

I[uk] ≥
∫
Gε

L(∇u, u, x) dx,

for each ε > 0. Recall that L ≥ 0 and the Monotone Convergence Theorem to conclude

` ≥
∫

Ω
L(∇u, u, x) dx = I[u],

as required.

Note that the convergence of uk to u in Lq is much stronger, so we do not need a convexity assump-

tion for z 7→ L(p, z, x).

We can now establish that I has a minimizer among functions in the admissible set A.

Theorem 2. Assume L satisfies the coercivity inequality (1) and is convex in the variable p. Suppose

also that the set A is nonempty. Then there exists at least one function u ∈ A solving

I[u] = min
w∈A

I[w].

Proof. Set m = infw∈A I[w]. If m = ∞ we are done, so assume m is finite. Select a minimizing

sequence {uk}∞k=1. Then I[uk]→ m. Shift L so that L ≥ α|p|q in (1) so that

I[w] ≥ α
∫

Ω
|∇w|qdx.

Since m is finite, we conclude that supk‖∇uk‖Lq(Ω) <∞.

Now fix any function w ∈ A. Since uk and w both equal g on ∂Ω in the trace sense, we have
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uk − w ∈W 1,q
0 (Ω). Therefore, Poincaré’s inequality implies

‖uk‖Lq(Ω) ≤ ‖uk − w‖Lq(Ω) + ‖w‖Lq(Ω)

≤ C‖∇uk −∇w‖Lq(Ω) + C ≤ C,

since supk‖∇uk‖Lq(Ω) < ∞. Hence supk‖uk‖Lq(Ω) < ∞. These estimates imply {uk}∞k=1 is

bounded in W 1,q(Ω).

Consequently, there exists a subsequence {ukj}∞j=1 ⊂ {uk}∞k=1 and a function u ∈ W 1,q(Ω) such

that ukj ⇀ u in W 1,q(Ω).

To see that u ∈ A, note that for w ∈ A as above, uk − w ∈ W 1,q
0 (Ω), which is a weakly closed

subspace of W 1,q(Ω). Hence, u − w ∈ W 1,q
0 (Ω). Thus, the trace of u on ∂Ω is g. Then, I[u] ≤

lim infj→∞ I[ukj ] = m. But since u ∈ A, it follows that

I[u] = m = min
w∈A

I[w].

There are some mathematically and physically interesting systems that are not covered by the vector

version of Theorem 2, which include problems where the Lagrangian L(P, z, x) is not convex in

P , but where I is nonetheless weak lower semicontinuous. We use another notion of convexity to

study these problems.

Definition 3. A Lagrangian L is called polyconvex if L has the form

L(P, z,x) = F (P,detP, z,x), P ∈Mn×n, z ∈ Rn, x ∈ Ω

and for each fixed z, x, the joint mapping (P, r) 7→ F (P, r, z,x) is convex.

We then use analogous results to Theorems 1 and 2 for weak lower semicontinuity and the existence

of minimizers.

Theorem 3. Suppose n < q < ∞ and that L is bounded below and is polyconvex. Then I is weak

lower semicontinuous on W 1,q(Ω;Rn).

Theorem 4. Assume n < q <∞ and that L satisfies the coercivity inequality analogous to (1) and

is polyconvex. Suppose also that the set A is nonempty. Then there exists u ∈ A solving

I[u] = min
w∈A

I[w].

10



A detailed description of this type of theorem can be found in [4, §7].

Key examples of systems that are polyconvex, but not convex, come from problems in elasticity. In

elasticity, where P (x) is the deformation gradient at a point x in Ω, the components of P reflect

local changes under the deformation in the length of curves going through x, the components of

cof P reflect changes in the areas of variously oriented surfaces, and detP reflects the local change

in volume [54].

2.2 Liquid Crystals & Liquid Crystal Models

Liquid crystals are intermediate states of matter, which flow like incompressible viscous fluids but

maintain certain optical properties found in crystals [63, p. 3]. The most commonly known liquid

crystals consist of rigid, rod-like molecules that tend to align along a preferred direction. In addition

to directional ordering, liquid crystal molecules may also present partial positional ordering of their

centers of mass. At high temperatures, liquid crystals are found in the isotropic state, with randomly

aligned molecules, and behave like ordinary liquids. Upon lowering the temperature, a transition

to the nematic phase occurs at a critical temperature, with molecules acquiring orientational order.

Upon reaching a lower temperature threshold, liquid crystals may enter the smectic phase and the

molecules will develop partial ordering of their centers of mass, that appear to be arranged in a

one-dimensional lattice. Furthermore, specifically in the smectic A phase, the molecules tend to be

locally perpendicular to the layers.

As described in the introduction, chromonic liquid crystals are lyotropic systems consisting of disk-

like molecules that undergo phase transitions from isotropic to nematic, then reaching the hexagonal

columnar phase as the concentration of molecules increases. Since a goal of this dissertation is to

exploit the chromonic properties of DNA packing in viruses, a good understanding of the different

aspects of liquid crystal modeling is very relevant.

Nematic Liquid Crystals

One of the earliest theories to model nematic liquid crystals is the director theory, first proposed by

Oseen and Zocher [48], and later reformulated to its present form by Frank [17]. In this approach,

the average orientation of molecules at a point in a domain with a unit vector field called the director.

Equilibrium states of a liquid crystal occupying a domain Ω ⊂ R3 correspond to energy minimizing

states of the Oseen-Frank energy. This is an energy density consisting of quadratic combinations of
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the components of∇n and is defined as

EOF (n) =

∫
Ω
WOF (n,∇n) dx, (4)

WOF (n,∇n) = K1(∇ · n)2 +K2(n · (∇× n))2 +K3|n× (∇× n)|2 (5)

+ (K2 +K4)
[
tr(∇n)2 − (∇ · n)2

]
.

The terms corresponding to the positive constants K1, K2, and K3 represent the splay, twist, and

bend energy densities, respectively. The constants K1,K2,K3,K4 are generally assumed to satisfy

the Ericksen inequalities

K1 > 0, K2 > 0, K3 > 0, K2 ≥ |K4|, 2K1 ≥ K2 +K4, (6)

which guarantee the coercivity of WOF , that is,

WOF (n,∇n) ≥ K|∇n|2,n ∈ S2.

Moreover, this energy density is frame indifferent and indifferent with respect to interchanging n

with −n (due to the fact that n is representing molecules that do not differentiate their head from

tail).

Throughout this work, it will be assumed that K4 = −K2 so that the K2 + K4 term of (5) does

not appear. This assumption is often used and makes sense for the analysis in the following sections

due to the fact that the (K2 + K4) term is what is known as a null Lagrangian; it does not appear

in the Euler-Lagrange equations for (4) and lemma 1 confirms that it only depends on the boundary

condition.

Defects in the Oseen-Frank theory correspond to points, lines, or surfaces in the liquid crystal do-

main where n = 0. The energy may become unbounded even at point defects, due to the localization

of very high values of |∇n| as the unit vector n transitions to zero. This is indeed the case of de-

fects in two-dimensional geometries. The order tensor theory of Landau and de Gennes and that of

Ericksen of liquid crystals with variable degree of orientation aim at regularizing singular behaviors.

Smectic A Liquid Crystals

Upon lowering the temperature, nematic liquid crystals experience a transition to the smectic A

phase, characterized by the one-dimensional ordering of the molecular centers of mass, now located

in an array of equally spaced layers. The orientational order of the nematic phase persists, with

molecules being aligned along the direction perpendicular to the layers.
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When modeling the smectic liquid crystal phase, one must also include an energy term that penalizes

departure of the layer locations from their preferred equally-spaced state. In order to describe layer

configurations with variable geometry, McMillan [42], together with work by de Gennes, introduced

what is called the complex order parameter that carries information on spatial frequency, geometry,

and layer density of the smectic phase. This parameter has the form

ϕ = ρ(x)eiω(x), (7)

where the scalar field ω, when constant, indicates mid-layer locations. The function ρ corresponds

to the intensity of the layering, and when ρ ≡ 0, the liquid crystal reduces to a nematic phase, with

no positional order of the centers of mass of the molecules. When ρ ≡ 1, the material has perfect

smectic layering.

Figure 4: Optical measurements of smectic A layer spacing, from [56]

De Gennes proposed the following model for smectic A liquid crystals with the unit vector field m

representing the director field, and ρ and ω from (7)

Esm(ω, ρ,m) = EOF (m) +B0

∫
Ω
ρ2|∇ω − qm|2 + |∇ρ|2dx, (8)

whereB0 is the layer compressibility modulus of the material. Formally, at the limitB0 � K1,K2,K3,

the constraint∇ω = qm is satisfied, so that the director field is perpendicular to the level surfaces of

ω. The analysis of this model, and particular the phase transitions that it predicts, show a remarkable
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agreement with experimental observation [5].

2.3 Results for the Oseen-Frank Energy Functional

Here we follow the roadmap laid out in section 2.1 to show the existence of minimizers for the

Oseen-Frank energy from (4).

For a given Lipschitz function n0, we search for minimizers of (5) in the admissible set

A := {u ∈ H1(Ω;R3) : |u| = 1, trace(u) = n0}. (9)

First, a lemma regarding the K2 +K4 term.

Lemma 1. For any Lipschitz function n0 : ∂Ω→ S2, there is a number `(n0) such that

`(n0) =

∫
Ω

[
tr(∇u)2 − (∇ · u)2

]
dx,

for all u ∈ A.

The proof of this is somewhat technical for arbitrary u ∈ A, but comes down the fact that

tr(∇u)2 − (∇ · u)2 = ∇ · ((∇u)u− (∇ · u)u)

when |u| = 1, and by the divergence theorem, we can write the stated integral as an integral on the

boundary, thus depending only on n0.

For a given choice of positive K1, K2, K3, let

α = min{K1, K2, K3}, β = 3(K1 +K2 +K3),

and let

ẼOF (u) =

∫
Ω
W̃OF (u,∇u),

W̃OF (u,∇u) := WOF (u,∇u) + (α−K2 −K4)
[
tr(∇u)2 − (∇ · u)2

]
We can see that n ∈ A is a minimizer for EOF if and only if n ∈ A is a minimizer for ẼOF since
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for any u ∈ A,

ẼOF (u)− ẼOF (n) = EOF (u) + (α−K2 −K4)`(n0)− [EOF (n)− (α−K2 −K4)`(n0)]

= EOF (u)− EOF (n). (10)

Therefore, we now consider the existence of minimizer of the functional ẼOF in A.

Lemma 2. The Lagrangian W̃OF is coercive and bounded for each u ∈ H1(Ω; S2).

Proof. For u ∈ H1(Ω; S2), we have the following identities

|∇u|2 = tr(∇u)2 + |∇ × u|2,

|∇ × u|2 = (u · ∇ × u)2 + |u×∇× u|2. (11)

Using these identities and the above definitions of α and β, we have

α|∇u|2 ≤ W̃OF (u,∇u)

= (K1 − α)(∇ · u)2 +K2(u · ∇ × u)2 +K3|u×∇× u|2 + α tr(∇u)2

≤ 2β|∇u|2.

Lemma 3. W̃OF is weak lower semicontinuous on A.

Proof. Theorem 1 implies that we only need to show that W̃OF (u,∇u) is convex with respect to

∇u.

Letting γ = min{K2,K3} and using the identities in (11), we can write

W̃OF (u,∇u) = (K1 − α)(∇ · u)2 + (γ − α)|∇ × u|2 + (K2 − γ)(u · ∇ × u)2+

(K3 − γ)|u×∇× u|2 + α|∇u|2.

Since each term is quadratic in ∇u and has a nonnegative coefficient, we can conclude W̃OF is

convex with respect to that argument. Thus, W̃OF is weak lower semicontinuous.

Theorem 5. For any Lipschitz function n0 : ∂Ω→ S2, there exists an n ∈ A such that

EOF (n) = min
u∈A

EOF (u).
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Proof. Let {nk} be a minimizing sequence in A for the functional ẼOF . This sequence is bounded

in H1 since, for a fixed w ∈ A, we know nk −w ∈ H1
0 (Ω;R3) and so

‖nk‖H1 ≤ ‖nk −w‖H1 + ‖w‖H1

≤ C‖∇nk −∇w‖L2 + C

≤ C.

Therefore, there exists a subsequence {nkj} ⊆ {nk} that weakly converges to a limit n ∈ H1(Ω;R3).

Being thatH1
0 (Ω;R3) is a closed subspace ofH1(Ω;R3), n−w is inH1

0 (Ω;R3) so trace(n) = n0.

By the compact embedding of H1 in L2, it is also true that nkj → n in L2. Thus,

‖nkj‖L2 − ‖n‖L2 ≤
∣∣‖nkj‖L2 − ‖n‖L2

∣∣ ≤ ‖nkj − n‖L2 → 0,

and so |n| = 1. Thus, n ∈ A. Therefore,

ẼOF (n) = min
u∈A

ẼOF (u),

and from the argument in (10), the result follows.

Here we also include a theorem from [23] on the regularity of minimizers of the Oseen-Frank en-

ergy functional with Lipschitz boundary data.

Theorem 6. If n inH1(Ω;R3) is a minimizer ofEOF , then n is analytic on Ω\Z for some relatively

closed subset Z of Ω that has one-dimensional Hausdorff measure zero.

This regularity result will prove to be essential in using liquid crystal theory to determine the con-

figuration of the DNA filament in bacteriophage capsids. The set of discrete points Z in which n is

not analytic will contain the locations at which the filament spirals to another layer in the spooling,

as described in 4.3.

3 Lyotropic Chromonic Liquid Crystals (LCLCs)

The chromonic denomination of this class of liquid crystals emerges directly from the discovery that

clustered DNA, in free solution and in vivo, may form liquid crystal phases. The PhD dissertation

by François Livolant, as well as their other works from around that time, offer the first systematic

classification and identification of the liquid crystalline phases of DNA [37, 38, 39].
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As mentioned in the introduction and in §2.2, chromonic liquid crystals are made up of plank-like

molecules that stack to form columns. By adding these molecules to water, liquid crystal phases

form as their concentration changes. First, at very low concentrations, they form small columnar

stacks that are randomly oriented. By increasing the concentration, larger columnar units emerge

with their axes tending to align along a preferred direction, forming a nematic phase. The nematic

director n of the Oseen-Frank theory is now the average direction of columnar alignment. With

further increase of concentration, the columnar units aggregate into groups of six, resulting in a

hexagonal crystalline phase on planes transverse to the axis. In what follows, we denote the unit

lattice vectors by m and p so that the set {n,m,p} forms an orthogonal system.

The prototypical model for columnar LCLCs was developed in works by de Gennes and Kléman

[21, 29]. The free energy they proposed consists of a sum of a term penalizing distortions of the

liquid crystal configuration and of an elastic energy term associated with deformations of the lattice

structure. Rather than adding an elastic energy term, the basic model in this section takes the lattice

structure as fixed and accounts for its presence with pointwise constraints, discussed below.

We construct a model of the hexagonal columnar phase of chromonic liquid crystal able to predict

aggregates and DNA spooling. Since chromonic liquid crystals are also nematic, we first postulate

the Oseen-Frank density (5) that accounts for local changes in the average columnar direction.

Background and minimization results for this energy are described in Section 2. Altogether, the

proposed energy consists of two terms: the Oseen-Frank energy of the nematic phase subject to

constraints and a surface energy contribution penalizing the area of the aggregates.

The role of the constraints is to express the large resistance to splay and twist deformation of the

molecules. This results in dominance of the splay and twist constants over the bending one. That is,

K1,K2 � K3.

A physical interpretation of such phenomena, given next, can be found in [30, Ch. 5]. The splay

of a liquid crystal is zero whenever dislocations do not occur, that is, the same number of fila-

ments that enter a unit area exit that cross-section. In the case of the hexagonal columnar phase,

nonzero splay would allow for deviations from the lattice structure. Twist is prohibited because of

its incompatibility with the two-dimensional lattice order in planes perpendicular to the director.

Setting n · ∇ × n ≡ 0 is a necessary and sufficient condition for the envelopes of the director to be

perpendicular to a family of surfaces.

The next important feature that is not found in a typical nematic is the cohesive nature of this

material. One way to account for this is through surface tension so that the surface area of the

domain geometrically constrains the system. Without this information in the energy, the equilibrium

shape of toroidal aggregates would no longer exhibit the shapes seen in experiments. Therefore, we
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include a term in the energy to penalize diversions from a cohesive state.

The saddle-splay term of (5), the K2 +K4 term, will not be considered.

Thus, we begin with the most basic model encompassing the above mentioned features. In a domain

Ω, with unit director field n representing the average orientation of the axes of the columns, we have

Echr =

∫
Ω
K3|n×∇× n|2dx + σArea(∂Ω), (12)

|n| = 1, (13)

∇ · n = 0 in Ω, (14)

n · ∇ × n = 0 in Ω, (15)

n · ν = 0 on ∂Ω, (16)

Vol(Ω) = V0, a constant (17)

where ν is the unit outward normal vector to Ω. The boundary condition (16) expresses the tendency

of columnar structures to organize themselves tangentially to the surface. The constant V0 represents

the total volume of chromonic molecules in the solution.

In this expression, the coefficient K3 is a physical constant accounting for the mild bending re-

sistance of LCLC systems and the parameter σ represents the cohesive force holding the system

together. Factoring out K3 from the energy, we observe that the single parameter σ/K3 remains.

Minimizing the energy (12) leads to a free boundary problem for the cluster shape and director

configuration inside. These will be analyzed in Section 6.

Note that this model does not yet include an elastic energy term for the symmetry features of the

hexagonal columnar phase nor the density of the liquid crystal. These features, to be discussed later,

are relevant to the study of dsDNA encapsidation.

4 DNA Encapsidation

During the last two decades, the study of DNA encapsidation has attracted the attention of many

scientists with the aim of solving the amazing puzzle of how a polymeric filament, with persistence

length of the same order of magnitude as the capsid diameter, can actually be packed in such a small

region. These packing conditions result in extreme pressures, between 30 and 60 atmospheres, inside

the capsid. Models were then developed to predict such large pressures.

The great bulk of the earlier work was prior to the availability of cryogenic imaging techniques that

we now have at our disposal. Images provide new data, such as the size of the disordered core region

at the center of the capsid and density graphs (as in Figure 6) that give indication of the spacing
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Figure 5: Cryo-EM reconstructions of viruses (left to right) T4, T7, ε15, P22, φ29 [27]

between adjacent DNA segments. Knowledge of the size of the disordered core provides accurate

information on the bending properties of the system and helps towards a better quantification of the

parameters of the model, which further aids the design of synthetic viruses.

Now we use a similar strategy to Section 3 to develop a model for the configuration of DNA within

bacteriophage capsids. First is a discussion of other modeling approaches that have been used in

previous works. Then, we present the model developed in this dissertation as follows:

1. We consider the energy (12) together with the constraints (13) – (16), with the appropriately

modified volume relation, given below in (21). We include a bulk energy penalty of the dis-

ordered core, whose size is now an unknown of the problem.

2. We include the hexagonal elastic energy of the cross-section to the total energy.

3. We reconstitute the DNA filament and the location of the strands in the capsid.

4. Parameters and their dimensions are discussed.

5. Finally, a potential addition, based on prior work, that accounts for the self-repulsion of the

filament are described.

4.1 Prior Models for DNA Packing in Bacteriophages

A large list of authors have worked on modeling DNA configurations in bacteriophages using Monte

Carlo and Molecular Dynamics methods, such as [2, 3, 28, 61] to name only a few.

In [2], the authors use a simple molecular mechanics model to investigate the optimal DNA pack-

ing configurations in viral capsids. The force constants for the various terms of their energy were
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chosen to approximate known physical properties. To account for the confinement imposed by the

outer capsid walls, an energy term is included that highly penalizes going outside of the specified

bounding radius. The resulting optimal configurations are given in terms of the percentage of the

spherical volume is filled by DNA.

Another work applying these types of methods is [28], which focuses on the forces required to

package and eject the DNA within a bacteriophage capsid. The energy of a “chain” is calculated

as a function of the degree of loading or ejection. They perform Brownian molecular dynamics

simulations of DNA loading into a viral capsid, using a coarse-grained model in which the DNA

strand is represented by a semi-rigid string of beads. These authors use a cohesive energy, similar to

that described below in (19), to account for the hexagonal packing structure and self-repulsion (or

-attraction) of the DNA strand. The capsid-particle interactions are described by a short-ranged re-

pulsive potential that vanishes identically for particles within the capsid radius but increases steeply

for particles at distances greater than the capsid radius (similar to [2]).

Regarding both of the works described above, we make note of a few things. First is that the hexag-

onal structure of the packing is either not accounted for or only appears as an assumption in the

formulation of the cohesive energy. Also, the energy contribution of the self-repulsion of the DNA

strand, among other features, is fit with phenomenological constants. The values may only be valid

for a small number of viruses, and thus would need to be reconsidered for each additional virus stud-

ied. Lastly, the interaction between the DNA and the capsid walls is not represented in the works

above; the authors only enforce the size of the capsid, not the protein structures on the walls that are

now known to interact the strand.

There are also existing works that have taken a continuum modeling approach to this setting. Now

we describe the work [31], which takes a similar approach to ours. As in this paper, they define an

elastic energy whose minimizing director field will give the local orientation and density of DNA

segments within a virus. The energy is defined as a functional of the director field that accounts

for bending, torsion, and for electrostatic interactions through a cohesive energy (also discussed in

[28]).

With a variable length director field m, where |m| = u gives the local DNA-length density per

unit volume, the authors in [31] use rod theory and define the local strain energy per unit volume of

DNA due to bending and torsion to be

W (m,∇m,∇∇m) =

{
A

2
κ2 +

B

2
τ2

}
|m|, (18)

where A and B are, respectively, the bending and torsional stiffnesses, κ is the local curvature, and

τ is the local torsion. The vector fieldm/|m| is equivalent to our director field n.
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The authors also assume the DNA has a cohesive energy per unit volume, which is written as a

function φ(u) of the DNA density u = |m|. This energy is strongly repulsive at high densities and

may be attractive at low densities. They first define what they call the interaction energy per unit

length of hexagonally packed DNA, given by

ea(d) = e0 +
√

3

∫ d0

d
φ0{exp[−(ξ − d0)/c]− 1} dξ,

where the following phenomenological values are provided e0 = 0.8 kBT/nm, φ0 = 0.1kBT/nm3,

d0 = 2.8 nm, and c = 0.15 nm. Then the cohesive energy per unit volume is

φ(u) = uea(d =

√
(2/
√

3)/u), (19)

the inner expression for d coming from the relationship between spacing and density in hexagonally

packed DNA.

4.2 The Free Boundary Model for DNA Encapsidation

We now describe our approach to modeling the packing of DNA within bacteriophage capsids us-

ing modeling techniques developed for liquid crystals. As mentioned in the previous section, the

proposed model assumes that packed DNA forms chromonic liquid crystal phases. This is a natural

assumption especially considering that chromonic liquid crystals are precisely named after DNA

structures.

The DNA is treated as a thin elastic filament with embedded rigid units, a feature shared by many

biological polymers, giving its packed configuration the well known columnar structure of LCLCs.

The notion that DNA segments within capsids form a hexagonal lattice is noted in works such as

[33, 61]. The geometry of the capsid and the length of the DNA together induce an orientational

order on the rod-like components of the filament, and the tightly-packed spooling will create the

effect of layers. This layered structure is clearly exemplified by graphs of the radial density profile

within a capsid. See Figure 6, taken from [16], for such a graph. Due to the rigidity of the filament

induced by the rods, the DNA is unable to indefinitely spool toward the center of the capsid. Instead,

a core region of disorder develops at the center, which will be modeled as an isotropic liquid crystal.
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Figure 6: Density profile of the virus T5

Two main mechanisms are at play in determining the packed configurations. One is that the bending

resistance of the DNA filament prevents it from filling the entire capsid in an organized manner,

and instead becomes disordered when the curvature becomes too large as the filament approaches

the center of the capsid. The other main mechanism that contributes to the packing structure is the

repulsion between neighboring negatively-charged DNA segments. Indeed, the negative charge of

the base pairs, in competition with the bending resistance, determines the resulting packing config-

uration. Similarly, it is the competition between the bending energy and that of the inner disordered

core that determines the radius of the latter.

Another feature of the columnar phase is the lattice in the two-dimensional cross-sections perpen-

dicular to the DNA segments, represented by two unit vectors m and p. As the strands present

resistance to bending, the deformation of the lattice increases the compression and shearing energy

of the system. We need to account for all such effects in the energy. This effectively accounts for

the self-repulsion of the DNA segments.

In our formulation, we suppose that n gives the orientation of the embedded rigid rods in the DNA

filament and is tangent almost everywhere to a curve, except at a discrete set of defects, where the

curve will spiral from one layer to another. This curve will represent the DNA filament. Because n

is tangent to a curve almost everywhere, it is the case that∇·n ≡ 0. Also, we will assume that there

is no twist in the system for the same reason as with the chromonic model, which was due to the

lattice structure perpendicular to the director, and will again set that to zero as a constraint. Thus,

we first consider a similar energy to (12), in this case with the exterior boundary being fixed and the

interior boundary, dividing the ordered and disordered states, being unknown. An additional term

is included that accounts for the energy within the disordered region, which is proportional to the

volume of that region.

Suppose B is the capsid domain and Ω0 is the isotropic core region. The domain containing the
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ordered liquid crystal phase will be defined as Ω := B \ Ω0. Then, (12) is modified to

Ecap =

∫
Ω
K3|n×∇× n|2dx + ν Vol(Ω0) + σArea(∂Ω0), (20)

|n| = 1,

∇ · n = 0 in Ω,

n · ∇ × n = 0 in Ω,

n · ν = 0 on ∂Ω,

Vol(Ω) + Vol(Ω0) = Vol(B). (21)

In addition to the bending constant K3 and the surface tension coefficient σ, the term involving the

parameter ν, taken after the Onsager theory of rigid rods, accounts for the energy of the disordered

core.

In order to illustrate the competition between the bending energy and the isotropic one, the former

tending to increase the size of Ω and the latter to decrease it, we substitute the constraint (21) directly

into the energy to get

Ecap = K3

{∫
Ω

(
|n×∇× n|2 − ν

K3

)
dx +

σ

K3
Area(∂Ω0) +

ν

K3
Vol(B)

}
. (22)

Note that the last term is a constant, and so does not affect energy minimization. Finally, we include

the cross-sectional elastic energy to get

Ecap = K3

{∫
Ω

(
|n×∇× n|2 +

B

K3
|∇(m + p)|2 +

C

K3
|∇(m− p)|2 − ν

K3

)
dx

+
σ

K3
Area(∂Ω0) +

ν

K3
Vol(B)

}
, (23)

with constraints (13)-(16), together with the orthogonality relations

m · p = 0, m · n = 0, n · p = 0, |m| = 1 = |p|. (24)

As stated earlier, B and C represent the three-dimensional bulk and shear moduli of the material.

Although precise values of such parameters for dsDNA do not seem to be available in the literature,

we appeal to the forms proposed by Kléman and Lavrentovich [30]

B = αK3

(
Rc
d

)2

, C = µB. (25)

23



The contribution of the cross-sectional elastic energy is then represented by

B + C = δK3, δ :=

(
µ+ α

(
Rc
d

)2
)

(26)

with α between 0.1 and 10 and µ = O(1) constant, varying among the viruses under consideration.

The quantity δ represents the role of the crystalline structure in the energy since it involves the

lattice parameter d. Taking µ = α, and using data from the virus T4, we get

δ = α

(
1 +

(
Rc
d

)2
)

= α

(
1 +

(
40

2.4

)2
)

= (2.8× 102)α. (27)

In particular,

δ = 2.8× 103, if α = 10. (28)

Since in most configurations of interest the DNA spools around the axis of the capsid, the previ-

ous energy can be further simplified. Indeed, since p = ez , then ∇p = 0. Moreover, from the

orthogonality relations, we have that m = n× p, thus |∇m| = |∇n|. Using the identity

(n · ∇ × n)2 + |n×∇× n|2 + tr(∇n)2 = |∇n|2,

the energy function (23) becomes

Ecap = A

{∫
Ω

(
|n×∇× n|2 +K

(
tr(∇n)2 + (n · ∇ × n)2

)
− ν

A

)
dx

+
σ

A
Area(∂Ω0) +

ν

A
Vol(B)

}
, (29)

where

A = K3 +B + C, K =
B + C

A
. (30)

Using the expressions for B and C as in (25), we further obtain

A = K3(1 + δ), K =
δ

1 + δ
, (31)

with δ from (26).

4.3 The DNA Filament

Although solving the above minimization problem provides the alignment of the DNA in the do-

main, it still lacks information about the location of the DNA filament itself. In this subsection, we
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provide those details.

The location of the center curve of the DNA is calculated a posteriori using the lattice vectors

{m,p} of the cross-sections perpendicular to n, which provide the directions of packing at a point

x in the domain and also act as a space filling mechanism.

Consider a point x on the surface ∂B and the DNA center curve at that point r(s) = x. Let {T :=

n,N,B} denote the corresponding set of Frénet-Serret vectors of the curve r(·) at x, and take

m = N and p = B for each x in ∂B. The directions of packing on the surface are now associated

with m and p. In keeping with the assumption of a spooling arrangement, we further assume that

p points along the capsid axis and remains constant within the ordered region Ω. In this case,

m = n× p.

The fields m and p will each have an associated complex order parameter (first described in §2.2

and equation (7)), eiω and eiϑ, respectively, where the scalar fields ω and ϑ are such that

∇ω ·m = q, ∇ϑ · p = q, (32)

and q is related to the effective diameter of the DNA d by the relation q = 2π/d. The scalar fields

will be used to characterize the spooling of the DNA strand by providing an ordering to the layering

of the molecules. To facilitate the description of the configuration, we assume that the capsid and

the layer surfaces are axisymmetric with non-intersecting layers of the same family. The families of

layer surfaces {Sim}Mi=1 and {Sjp}Pj=1, are given by

ω(x) = mi, i = 1, . . . ,M,

ϑ(x) = pj , j = 1, . . . , P,

respectively, where the integers M and P are determined by information about the capsid and DNA

strand. A collection of curves that are defined by the intersections of these families of surfaces would

be pieced together to represent the DNA filament. The pieces of the curve would be

Ci,j = Sim ∩ Sjp,

and the full curve will be found by solving the differential equations

r′(s) = n(r(s)), s ∈ (0, lij) (33)

r(0) = r0,

where r0 is the end of the DNA filament and lij is the length of the segment Ci,j .

The regularity result for n, as stated in Theorem 6, becomes important at this point. The discrete
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set of points at which n is not analytic are points called defects. It is at these defects that the DNA

filament will jump from one Ci,j to an adjacent Ci+1,j or Ci,j+1.

4.4 Parameters and Dimensions

Here we list the physical parameters of the system, which include the capsid radius, and the persis-

tence length, effective diameter, and length density m0 of the DNA.

Name Value Units

DNA Persistence Length Lp 50× 10−9 to 55× 10−9 m

DNA Diameter d 2× 10−9 m

Capsid Radius Rc 40× 10−9 m

Capsid height h 38× 10−9 m

Boltzmann constant KB 1.3806× 10−23 J/K

room temperature T 298.15 K

atmosphere (atm) 101325 Pa = J/m3

Table 1: Physical constants used in calculations for DNA spooling in bacteriophages

The DNA cross-sectional length density m0 is estimated by taking the ratio of the length of a DNA

strand to the volume of the container in which it is packed. It has dimensions of one over the square

of the length. Thus, for a perfectly packed DNA strand (i.e. no empty space in the volume), we have

that the maximum value ism0 = 1/(π(d/2)2) = 3.183×1017 m−2 for virus T4. More realistically,

for a T4 bacteriophage genome, with length 54 µm, and T4 virus head of radius 50 nm, we get

1.0313× 1017 m−2. In Table 2, we list data from specific viruses.

Virus Lp (nm) d (nm) c L (nm) Rc (nm) rc/Rc m0 (m−2)

T4 55.60 2.40 21.37 55047.6 40.00 0.5500 0.550× 1017

T5 58.38 2.94 17.85 39423.8 42.00 0.4286 1.693× 1017

T7 52.88 2.60 18.17 12932.0 26.05 0.5889 2.212× 1017

ε15 53.90 2.55 13.98 12846.0 28.37 0.5735 0.574× 1017

Table 2: Physical measurements of four different bacteriophages. The symbol Lp denotes the persis-
tence length of a DNA chain of length L, effective diameter d, molar concentration c in a sphere-like
capsid of radius Rc with a measured radius rc of the disordered core. T4 [36, 46]; T5 [16]; T7 [8];
ε15 [26].
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Following Tzlil et al. [61] and subsequently [31], we take the bending constant K3 as

K3 = KBTLpm0. (34)

This results in the bending energy penalty in the form K3/r
2 when n exhibits a planar concentric

spooling, and therefore depends on the square of the curvature, as expected.

The estimates for the model parameters can be found in Table 3. Note that α is a dimensionless

tuning parameter. The weak anchoring coefficient is chosen large enough to force the boundary

conditions on n to be planar to the boundary of the capsid.

We conclude this section by introducing the relevant dimensionless parameter groups. Let L0 > 0

denote a typical length scale of the problem, such as the capsid radius Rc. We denote

K̄3 = Lpm0L0, Ā = K̄3 (1 + δ) , ν̄ =
ν

K3(1 + δ)
L2

0, σ̄ =
σ

K3(1 + δ)
L0. (35)

With dimensions, K3 = K̄3KBT/L0. The ν and σ moduli will be discussed in a later section.

The inclusion of the cross-sectional energy results in an effective increase of the bending modulus.

This suggests that for a stiffer material, ν and σ will be scaled accordingly. This is also justified by

dimensional analysis, which becomes apparent in the calculations of the capsid radius. The scaling

is

ν̃ = ν̄(1 + δ), σ̃ = σ̄(1 + δ).

Constant Formula Units
K3 KBTLpm0 J/m
B K3(Rc/d)2 J/m
C αB J/m
A K3 +B + C J/m
K (B + C)/A J/m
σ βKBT/(Lpd) J/m2

ν KBTν0(c)/R3
c J/m3

Table 3: DNA packing parameters for the free boundary model

4.5 Remarks on Effective Mechanical Models

Let us conclude this section with some remarks on the effective treatment of the repulsive electro-

static energy by the proposed mechanical models and a possible modification.
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The encapsidation model in (20) subject to the constraints (13) – (16) and (21) does not account

for the electrostatic repulsion between neighboring segments of DNA. This may result in over-

predicted values of the pressure within the capsid. In the works [28, 31], a cohesive energy term was

included, with its parameters fit to predict measured pressure values. In this dissertation, we propose

a different modeling approach that directly appeals to the liquid crystal nature of the packed DNA

structures. Modeling tools developed for the smectic A phase of liquid crystals play a main role in

this approach.

The previous models mentioned in this work do not account for possible deviations of DNA seg-

ments from ideal level curve locations. In order to address such an issue, we modify them to allow

for the relaxation of the orthogonality constraints on m and p. Inspired by the analogous issue in

the smectic A phase, we expand our basic model to be

E3 = Ecap +D

∫
Ω

(
|∇ω − qm|2 + |∇ϑ− qp|2

)
dx. (36)

The problem now reduces to minimizing this energy with constraints (13) – (16) and (21). The

constant D gives a measure of layer compression and could involve a stochastic component to

account for potential noise in the packing structure.

5 Solutions in a Capillary

This section was a collaboration with UMN mathematics graduate student Ashley Earls, and was a

motivating example for many of the methods applied in later sections of this work.

A prototypical example of an LCLC, often used in experimental studies, is the coloring Sunset

Yellow (SSY). In order to understand the influence of certain boundary anchoring and other condi-

tions on confined LCLCs, a variety of experimental and theoretical works, such as [7, 11, 12, 47]

described below, have been conducted using SSY confined to coaxial cylinders. A common assump-

tion among the aforementioned references and also this work is planar anchoring on the outer cylin-

der, which is motivated by the observation that SSY exhibits natural planar anchoring on smooth

glass surfaces [45].

In [7, 11, 12, 47], the authors consider coaxial cylinders containing nematic liquid crystal and in-

vestigate the minimizers of the Oseen-Frank energy (without the additional surface tension term

with coefficient σ in (12)); the first two references using the one-constant approximation where

K := K1 = K2 = K3 and K4 = 0.

In reference [7], they assume strong anchoring boundary conditions requiring the director to be nor-

mal to the boundaries of both the inner and outer cylinder. They find that when the ratio of the inner
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cylinder radius to the outer cylinder radius is greater than or equal to e−π, a planar configuration

with the director pointing along radial lines and without a z-component minimizes the one-constant

energy. They find that as the ratio of inner to outer radius approaches zero that the minimizer “es-

capes to the third dimension,” (the escaped-twist configuration); in other words, it has a nonzero

z-component.

The work [11] looks at both cases of radial and concentric boundary conditions with a strong an-

choring on the outer cylindrical boundary and weak anchoring on the inner cylindrical boundary.

They assume the one-constant approximation of the Oseen-Frank energy density, and they too seek

to characterize minimizing solutions. Their analysis identifies the planar solution and the escaped-

twist solution, like in [7], as the two configurations of interest.

The newer work [12] focuses on configurations requiring no core and brings the saddle-splay term,

i.e. the K2 + K4 term, into their analysis. Most notably, they find the escaped-twist solution exists

forK2 +K4 > 2K2 and that forK2 +K4 < 2K2, only the trivial solution where the director aligns

with the axis of the cylinder exists.

Here we analyze the one-constant approximation of Ecyl, with the additional surface area penalty,

and aim to characterize minimizing solutions based on the relative values of the Oseen-Frank con-

stant K and the constant σ. Concentric configurations will be of interest, so the director will be

assumed to be tangent to the outer cylinder at that boundary and weak anchoring will be assumed

along the inner boundary. In contrast to other sections, the twist and splay constraints are not ap-

plied, and thus, the phase we consider is a columnar nematic rather than a hexagonal columnar

phase.

We begin along the lines of [7] and find the core radius size over which the planar solution will

minimize the energy. Then, the more delicate case of smaller core sizes is investigated, where we

show that the minimizing solution will either have no core and be the escaped-twist configuration

or will have a core of radius exp(−π/2) and will be the planar solution, depending on the relative

values of σ and K.

The Setup

Consider nematic liquid crystal confined between two coaxial cylinders of height h, the larger of

radius 1 and the smaller of radius rc, centered along the z-axis. We think again of the smaller

cylinder as the “disordered core” region, containing isotropic liquid crystal.
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Define the domain as

Ω := {(r, θ) : rc ≤ r ≤ 1, 0 ≤ θ ≤ 2π},

Ω0 := {(r, θ) : 0 ≤ r < rc, 0 ≤ θ ≤ 2π},

C = Ω× [0, h].

Let n0 = eθ, the cylindrical basis vector.

We look for minimizers of the simplified energy

Ecyl =

∫
C
WOF (n,∇n) rdrdθdz + σArea(∂Ω0)

=

∫
C
K|∇n|2 rdrdθdz + 2πσrch, (37)

such that n = n0 on ∂C, and where K and σ are material constants.

First we take advantage of two lemmas from [7].

Lemma 4. If n is a minimizer for∫
C
K|∇n|2 rdrdθdz + 2πσrch

in the set F = {n ∈ H1(C; S2) : n(r, θ, z) = n0(r, θ) on ∂C}, then n is independent of z and is

also a minimizer of ∫
Ω
K|∇n|2 rdrdθ + 2πσrc (38)

in the set E = {n ∈ H1(Ω; S2) : n(r, θ) = n0(r, θ) on ∂Ω}.

Lemma 5. For each rc ∈ (0, 1), min
n∈E

Ecyl(n) is attained at a map in the set

E0 = {n ∈ H1(Ω; S2) : n(r, θ) = c(r)n0(r, θ) + s(r)(0, 0, 1)},

where c2(r) + s2(r) = 1 for all r.

From these lemmas, we can conclude that the minimizers of (37) are independent of both z and θ.

Now we explore minimizers of (38) for different sizes of the core radius rc. From lemmas 4 and 5,
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we can consider potential minimizers of the form

n(r, θ) = cosϕ(r)eθ + sinϕ(r)ez, (39)

where ϕ(r) : [rc, 1] 7→ [0, π/2] is a smooth function representing the angle of the molecules from

horizontal with boundary conditions

dϕ

dr

∣∣∣∣
r=rc

= 0 and ϕ(1) = 0.

For this parametrization of n, the energy is

Ecyl(n)

2πK
=

∫ 1

rc

[(
dϕ

dr

)2

+
cos2 ϕ

r2

]
rdr +

σ

K
rc. (40)

Characterizing Minimizers Based on Inner Radius Size

We begin by investigating minimizing configurations when the radius of the inner cylinder is deter-

mined and find the size that distinguishes between equilibrium states. The first regime of core size

values to explore is the larger values, which the following lemma covers.

Lemma 6. For each rc ∈ [e−π/2, 1), n0 is the unique minimizer of Ecyl in the class E0.

Proof. We see that n = n0 when ϕ ≡ 0, so

Ecyl(n)− Ecyl(n0)

2πK
=

∫ 1

rc

[
r

(
dϕ

dr

)2

− sin2 ϕ

r

]
dr

=

∫ − log rc

0

[(
dϕ

dt

)2

− sin2 ϕ

]
dt for t = log r − log rc,

and since dϕ
dt

∣∣
t=0

= 0, we can define ϕ̃ to be the even reflection of ϕ(t) over t = 0. Thus,

ϕ̃(log rc) = 0 and ϕ̃(− log rc) = 0. In other words, ϕ̃ has Dirichlet boundary conditions. Therefore,

we have

Ecyl(n)− Ecyl(n0)

2πK
=

1

2

∫ − log rc

log rc

[(
dϕ̃

dt

)2

− sin2 ϕ̃

]
dt

=
1

2

∫ − log rc

log rc

[(
dϕ̃

dt

)2

− ϕ̃2 + ϕ̃2 − sin2 ϕ̃

]
dt

≥ 0
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since ϕ̃2 − sin2 ϕ̃ ≥ 0 and, by the Poincare inequality,∫ − log rc

log rc

(
dϕ̃

dt

)2

dt ≥
(

π

2| log rc|

)2 ∫ − log rc

log rc

ϕ̃2 dt

for rc ≥ e−π/2. We can also note that for rc ≥ e−π/2, (Ecyl(n) − Ecyl(n0))/(2πK) = 0 if and

only if ϕ ≡ 0, so n0 is the unique minimizer.

Note that if rc ∈ (0, e−π/2), n0 is not a minimizer for Ecyl. As an example, consider the function

ϕ(r) = β sin

(
π log r

2| log rc|

)
.

Then the associated n is such that Ecyl(n) < Ecyl(n0) for small values of the coefficient β. Thus,

we consider this core size regime separately.

To begin to learn about minimizers when the inner radius is smaller than e−π/2, we find the Euler-

Lagrange equations for ϕ. For fixed γ ∈ H1
0 ((rc, 1)), define

i(τ) = 2π

∫ 1

rc

[
r

(
dϕ

dr
+ τ

dγ

dr

)2

+
cos2(ϕ+ τγ)

r

]
dr

Then

i′(0) = 2π

∫ 1

rc

[
2r

(
dϕ

dr
+ τ

dγ

dr

)
dγ

dr
− 2 sin(ϕ+ τγ) cos(ϕ+ τγ)

r
γ

] ∣∣∣∣
τ=0

dr

= 4π

∫ 1

rc

(
r
dϕ

dr

dγ

dr
− sinϕ cosϕ

r
γ

)
dr

= −4π

∫ 1

rc

(
d

dr

(
r
dϕ

dr

)
+

sinϕ cosϕ

r

)
γ dr.

Thus any minimum of Ecyl must satisfy

d

dr

(
r
dϕ

dr

)
= −sinϕ cosϕ

r
. (41)

Integrating once, we get (
r
dϕ

dr

)2

= A2 − sin2 ϕ, (42)

where A is a constant. Cladis and Kléman found in [11] that the energy when A > 1 is always

greater than when A ≤ 1, so we consider only the latter case.
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Suppose A ≤ 1. The solution to (42) in that case is

r = exp

[
−Fe

(
arcsin

(
sinϕ

A

)
, A

)]
,

where Fe is the incomplete elliptic integral of the first kind. We solve for ϕ in the expression above

and find

ϕ = arcsin

[
A sn

(
log

1

r
,A

)]
, (43)

where sn is a Jacobi elliptic function.

The additional requirement

dϕ

dr

∣∣∣∣
r=rc

= 0

guarantees that net torque is zero at the core interface. Such a solution exists for rc = r0, where

r0(A) = exp(−Ke(A)) = exp

(
−
∫ π/2

0

1√
1−A2 sin2 θ

dθ

)
,

where Ke is the complete elliptic integral of the first kind.

In the special case A2 = 1, the solution is

ϕ∗ = arcsin

(
1− r2

1 + r2

)
.

Note that in this case, r0 = 0. In other words, no core is exhibited when A = 1. Also, in the special

case A2 = 0, the solution reduces to the previous regime with ϕ ≡ 0 and rc = r0(0) = e−π/2.

Now we search for the value of A that gives the lowest energy. The value of A gives both the size

of the core needed and the angle ϕ of the director at all radii r. The following lemma demonstrates

that a minimum will fall within one of these special cases.

Lemma 7. Let 0 < A∗ < 1 be a critical point of the energy. Then there is a local maximum of the

energy at that value.
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Proof. Let Ecyl(A) denote the energy associated to A. The derivative of Ecyl with respect to A is

∂Ecyl
∂A

= −

[
r

(
dϕ

dr

)2

+
cos2 ϕ

r

] ∣∣∣∣
r=r0(A)

(
dr0

dA

)
+
σ

K

(
dr0

dA

)
=

(
σ

K
− 1−A2

r0(A)

)
dr0

dA ,
(44)

with

dr0

dA
= −r0

∫ π/2

0

A sin2 θ

(1−A2 sin2 θ)3/2
dθ. (45)

This derivative (45) is nonzero when A is nonzero, therefore critical points A in (0, 1) must satisfy(
σ

K
− 1−A2

r0(A)

)
= 0. (46)

Now we find the second derivative in order to determine whether a critical point is a maximum or

minimum. The second derivative of the energy with respect to A is

∂2Ecyl
∂A2

= r′0(A)

(
2Ar0(A) + (1−A2)r′0(A)

(r0(A))2

)
+ r′′0(A)

(
σ

K
− 1−A2

r0(A)

)
.

Now take A∗ to be a critical point of Ecyl satisfying (46). Then

∂2Ecyl
∂A2

∣∣∣∣
A=A∗

= r′0(A∗)

(
2A∗r0(A∗) + (1−A2

∗)r
′
0(A∗)

(r0(A∗))2

)
.

Being that r0(A) ≥ 0 and r′0(A) ≤ 0 for all A, to prove the lemma, we need to show

2A∗r0(A∗) + (1−A2
∗)r
′
0(A∗) > 0.

Let Ke be the complete elliptic integral of the first kind, and let Ee be the complete elliptic integral
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of the second kind. Note that Ke(A) ≥ π/2 and Ee(A) ≤ π/2 for all A in (0, 1). Then,

2Ar0 + (1−A2)r′0 = 2Ar0 − (1−A2)r0

∫ π/2

0

A sin2 θ dθ

(1−A2 sin2 θ)3/2

=

(
2A+ (1−A2)

(1−A2)Ke(A)− Ee(A)

A(1−A2)

)
r0

≥
(

2A+
(1−A2)π/2− π/2

A

)
r0

=
(

2− π

2

)
Ar0

> 0.

Thus, the energy is concave down for all A in (0, 1), so every critical point 0 < A∗ < 1 is a

maximum.

Characterizing Minimizers Based on Constants

Now, we can summarize how to characterize the minimizers based on the value σ/K with the fol-

lowing theorem.

Theorem 7. The energy Ecyl(n) is minimized by either the planar concentric solution (A = 0)

or the escaped twist solution with no core (A = 1), depending on the value of the surface energy

constant σ/K relative to the threshold value of c ≈ 2.06.

Proof. From the previous lemma, we can conclude that the minimum value of the energy Ecyl is

achieved at either A = 0 or A = 1. We have that

Ecyl(A = 1)

2πK
= 2,

and
Ecyl(A = 0)

2πK
=

∫ 1

r0(0)

1

r
dr +

σ

K
r0(0) = − log(r0(0)) +

σ

K
r0(0) =

π

2
+
σ

K
e−π/2

Let us define the following constant

c := (2− π/2)eπ/2 ≈ 2.06.

Then for σ/K > c, the energy with A = 1 is less than the energy with A = 0, and for σ/K < c,

the energy with A = 1 is greater than that with A = 0. This is because, if we suppose σ/K > c,

(2− π/2)eπ/2 <
σ

K
,
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which implies that

2 <
π

2
+
σ

K
e−π/2.

Thus we can conclude Ecyl(A = 1) < Ecyl(A = 0). The other inequality follows from the same

argument.

To provide some perspective on σ/K, first let us discuss dimensions of these parameters. The liquid

crystal modulus typically has units of Newtons, and in terms of the dimensionless K, is defined as

K̄ =
KKBT

L0
,

where L0 is a typical length scale, KB is the Boltzmann constant, and T is the temperature in

degrees Kelvin. The constant σ would have had dimensions of “energy per unit area” amounting to

σ̄ =
σKBT

L2
0

.

In the well-studied liquid crystals not belonging to the chromonic family, meaning it has small rod-

like molecules and changes phase with temperature, we can say a bit more about this ratio. A typical

value for K̄3 in this type of liquid crystal is K̄3 = 4.8×10−12 N [63]. There are molecular dynamics

works that have been focused on determining the surface tension per unit area between nematic and

isotropic phases, and [15] suggests

σ̄ =
0.257KBT

L̄d̄
,

where L̄ = 2 nm is the length of a molecule and d̄ = 0.5 nm is the diameter of a molecule. Thus,

σ̄ = 0.257(1.4× 10−3)T J/m2.

The length scale we have used throughout this section is the radius of the cylinder, assuming it to

be thin.

6 Solutions in LCLCs

The goal of this section is to demonstrate the applicability of our proposed model for hexagonal

columnar LCLCs in geometries of interest. The focus will be on equilibrium shapes, and exploring

the outcomes when the relative importance of surface interactions versus the resistance to bending

is altered.
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6.1 Existence of Solutions in a Fixed Domain

We begin by showing the existence of minimizers of the Oseen-Frank energy (4) with constraints

(13) – (16). This amounts to showing that minimizers exist for Echr and Ecap in a fixed domain,

meaning that no boundaries are free or to be determined, to lay some groundwork for the next

sections.

Suppose we are in a domain Ω with Lipschitz boundary ∂Ω. Minimizing these energies amounts to

looking for minimizers of the energy with density

WOF (n,∇n) = K1(∇ · n)2 +K2(n · (∇× n))2 +K3|n× (∇× n)|2

in the admissible set

A = {n ∈ H1(Ω;R3) : |n| = 1, ∇ · n = 0 = n · ∇ × n in Ω, trace(n) = n0} (47)

for a given Lipschitz function n0. Thus, we prove the existence of minimizers n of the following

problem

EOF (n) = min
u∈A

EOF (u).

Theorem 8. Suppose Ω ⊂ R3 is a bounded domain with Lipschitz boundary. Then there exists a

minimizer n ofWOF inA that is analytic at all but a relatively closed subset of Ω of one-dimensional

Hausdorff measure zero.

Furthermore, there exist vector fields m and p and scalar fields ω and ϑ such that

i.) n ·m = m · p = n · p = 0 almost everywhere in Ω,

ii.) ∇ω ·m = q, ∇ϑ · p = q in Ω.

Proof. We repeat the part of the proof of Theorem 5 showing that a minimizing sequence {nk} ⊆ A
converges to a limit n ∈ H1(Ω; S2) such that |n| = 1 and trace(n) = n0:

Let {nk} be a minimizing sequence in A for the functional ẼOF . This sequence is bounded in H1

since, for a fixed w ∈ A, we know nk −w ∈ H1
0 (Ω;R3) and so

‖nk‖H1 ≤ ‖nk −w‖H1 + ‖w‖H1

≤ C‖∇nk −∇w‖L2 + C

≤ C.

Therefore, there exists a subsequence {nkj} ⊆ {nk} that weakly converges to a limit n ∈ H1(Ω;R3).
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Being thatH1
0 (Ω;R3) is a closed subspace ofH1(Ω;R3), n−w is inH1

0 (Ω;R3) so trace(n) = n0.

By the compact embedding of H1 in L2, it is also true that nkj → n in L2. Thus,

‖nkj‖L2 − ‖n‖L2 ≤
∣∣‖nkj‖L2 − ‖n‖L2

∣∣ ≤ ‖nkj − n‖L2 → 0,

and so |n| = 1.

To show that the limit n satisfies the constraints ∇ · n = 0 and n · ∇ × n = 0 in Ω, first note that

due to the convergence in H1,∇nk ⇀ ∇n in L2. Therefore,

(nk)i,j ⇀ ni,j for each i, j = 1, 2, 3,

3∑
j=1

(nk)j,j ⇀

3∑
j=1

nj,j ,

εij`(nk)j,` ⇀ εij`nj,` for each i,

so we have

∇ · nk ⇀ ∇ · n,

∇× nk ⇀ ∇× n in L2.

Now note that the inner product of a weakly convergent sequence and strongly convergent sequence

in L2 is weakly convergent in L1, since for vn → v, wn ⇀ w in L2and ψ ∈ L∞,∣∣∣∣ ∫ (vn ·wn)ψ −
∫

(v ·w)ψ

∣∣∣∣ =

∣∣∣∣ ∫ (wn · (vn − v) + v · (wn −w))ψ

∣∣∣∣
≤ ‖ψ‖L∞‖wn‖L2‖vn − v‖L2 +

∣∣∣∣ ∫ (wn −w) · ψv
∣∣∣∣

→ 0,

so that nk · ∇ × nk ⇀ n · ∇ × n in L1.

Due to the fact that nk ∈ A, we have that the following are all true

∇ · nk ⇀ ∇ · n and ∇ · nk ⇀ 0 in L2,

nk · ∇ × n⇀ n · ∇ × n and nk · ∇ × nk ⇀ 0 in L1,

and by the uniqueness of limits, we can conclude that there exists a minimizer n ∈ A. The regularity

result follows directly from Theorem 6.

Because n is analytic almost everywhere, we can find vectors m and p such that i. holds; for

example, we can define them to be the normal and binormal vectors to the curve to which n is
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almost everywhere tangent. With m and p thereafter known, the differential equations in ii. can be

integrated to find ω and ϑ.

6.2 Solutions in a Torus with Elliptic Cross-section

The next scenario that we investigate arises when considering the superstructures formed by aggre-

gates of chromonic columns folding on themselves or the toroids formed by DNA filaments under

certain conditions. Features of these systems differ, with the stiffness of DNA causing a large resis-

tance to bending and the cohesive nature of LCLCs, which affects the size and shape of the toroids

that form in each case. Therefore, we use our model to determine the toroidal shape that forms in

the following two scenarios: when bending is the dominant contribution to the energy and when

surface interactions dominate.

Suppose n is the given director of the liquid crystal molecules within one of these clusters Ω. Then

the energy we aim to minimize with respect to the domain Ω is given by

Echr =

∫
Ω
K3|n×∇× n|2 dx + σArea(∂Ω)

along with some assumptions on Ω, discussed later. There are measured values for the constant K3,

and the constant σ will account for the relative importance of the cohesive nature of the substance.

The domain under consideration is a toroidal shape, formed by revolving an elliptic disc about the

z-axis. See Figure 7 below. We will define a coordinate system to suit this domain in the following

way. Let a and b be the lengths of the semi-major and semi-minor axes, respectively, of the ellipse

that has been revolved, and r be the radial distance from the center of the ellipse. LetR be the radius

of the circle forming the center of the toroid. Let θ be the planar angle about the torus, and let γ be

the angle about the elliptic cross-section.
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Figure 7: Toroidal domain Ω

Then, if the center line of the torus is laying in the xy-plane, with axis along the z-axis, we have the

following relationships

x = (R+ r cos γ) cos θ,

y = (R+ r cos γ) sin θ,

z = r sin γ.

Now we consider minimizing the energy Echr with respect to the domain Ω. The molecules within

a cluster have axes parallel to the central axis of the cluster so, we assume the director n = eθ =

(− sin θ, cos θ, 0). Then, in these toroidal coordinates,

∇× eθ =
1

R+ r cos γ
(sin γ, 0, cos γ),

eθ × (∇× eθ) =
1

R+ r cos γ
(cos γ, 0,− sin γ),

|eθ × (∇× eθ)|2 =
1

(R+ r cos γ)2
. (48)

The other term in the energy expression is the surface area penalty, which is given by

Area(∂Ω) = 4aEe

(√
1− b2/a2

)
2πR, (49)

with Ee(k) =

∫ π/2

0

√
1− k2 sin2 ϑdϑ, (50)

where Ee(k) is the complete elliptic integral of the second kind.
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Therefore the K3 term, the energy of the twist, is

Etw = K3

∫
Ω

1

(R+ r cos γ)2
r(R+ r cos γ)drdγdθ. (51)

In order to evaluate this integral to get an expression in terms of the unknown parameters a, b and

R, suppose we switch to cylindrical coordinates denoted (ρ, θ, z), with θ the same as above, and let

E be the elliptic cross-section of Ω at θ = 0. We can rewrite the energy above in this coordinate

system as

Etw = K3

∫ 2π

0

∫
E

1

ρ2
ρdρdzdθ (52)

Now applying Green’s theorem and parametrizing the boundary of E by ρ = R + b cos γ, z =

a sin γ, and dz = a cos γdγ, we have

Etw = K3

∫ 2π

0

∫
∂E

log(ρ) dzdθ (53)

= K3

∫ 2π

0

∫ 2π

0
log(R+ b cos γ)a cos γ dγdθ (54)

= K3

∫ 2π

0
a

[
sin γ log(R+ b cos γ)

∣∣∣∣2π
0

+
b

R

∫ 2π

0

sin2 γ

1 + b
R cos γ

dγ

]
dθ

= K3

∫ 2π

0

ab

R

[∫ 2π

0

(
2u

1 + u2

)2 2

(1 + u2) + b
R(1− u2)

du

]
dθ, where u = tan(γ/2)

= K3

∫ 2π

0

8ab

R− b

[∫ 2π

0

u2

(1 + u2)2(α2 + u2)
du

]
dθ, with α2 =

1 + b/R

1− b/R

= K3

∫ 2π

0

8ab

R− b

(
π

4(α+ 1)2

)
dθ

= K3
2π2ab

R+
√
R2 − b2

. (55)

Thus, the full energy in terms of a, b, and R is

Echr = K3
2π2ab

R+
√
R2 − b2

+ σ
(

8πaREe

(√
1− b2/a2

))
(56)

We consider tori made of a fixed amount of material, meaning that the volume of the domain is

constant. We require

Vol(Ω) = 2π2abR = V0. (57)
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This constraint, along with the requirement that a ≥ b ≥ d/2, where d is the diameter of a molecule,

dictates the following constraints on the parameters

a = V0/(2π
2bR),

d/2 ≤ b ≤ R,

b ≤ R ≤ 2V0/(π
2d2).

Therefore, we can eliminate a and minimize with respect to (b, R) in a compact domain, which we

call S.

We now have all of the information needed to find the energy minimizing toroidal shape. The exis-

tence of minimizing (b, R) in S is guaranteed by the Extreme Value Theorem, so all that remains

is characterizing minima of Echr with respect to the relative values of K3 and σ. We will consider

each limiting scenario, K3 � σ and σ � K3. Note that for functions f and g, the minima of f + εg

will approach the minima of f as ε approaches zero.

Let k be defined so that

k2 := 1− b2/a2 = 1− 4π4R2b4

V 2
0

, using (57).

The following are the components of the gradient of Echr with respect to (b, R)

∂Echr
∂b

= K3
V0b

R
√
R2 − b2(R+

√
R2 − b2)2

− σ4V0

πb2
Ee(k)− σ32π3R2b2

V0k2
(Ee(k)−Ke(k)),

(58)

∂Echr
∂R

= K3
−V0

R2
√
R2 − b2

− σ16π3Rb3

V0k2
(Ee(k)−Ke(k)), (59)

where Ke is the complete elliptic integral of the first kind and Ee is the complete elliptic integral of

the second kind as above.

Minimizing when Bending Dominates

Let us first consider the limiting case where bending costs much more energy than surface interac-

tions with the surrounding medium. Let εb := σ/K3 � 1. Then we aim to minimize

Eb := Echr/K3 =
V0

R2(1 +
√

1− b2/R2)
+ εb

(
4V0

πb
Ee(k)

)
, (60)
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which is the same expression as (56) but the volume constraint in (57) has been used to write a in

terms of b andR. Minimizing (60) as εb → 0 amounts to minimizing its first term, and by inspecting

the K3 terms of its gradient, one notices

∂Eb
∂b

∣∣∣∣
εb→0

≥ 0,
∂Eb
∂R

∣∣∣∣
εb→0

≤ 0, for all b, R ∈ S.

Thus, the minimizing configuration will be a torus with large radius and small width of its vertical

cross-sections.

According to [24] and references therein, a variety of experimental conditions produce DNA toroids

of outside diameter 100 nm and hole size of 30 nm in diameter.

Figure 8: Experimental image of a DNA toroidal condensate from [24]

Using these measurement to determine a value for V0 and to find initial conditions for b and R,

minimizing our energy with εb = 0.05 gives this configuration with

a = 17.55 nm,

b = 16.77 nm,

R = 33.83 nm,

which gives an outside diameter of 101.2 nm and hole size diameter of 34.1 nm.

Minimizing when Surface Forces Dominate

The other case is where the surface interaction energy is far greater than the cost of bending. This

case is more akin to LCLC experiments, particularly those where a condensing agent is introduced.
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Let εs := K3/σ � 1. The energy is now

Es := Echr/σ = εs
V0

R2(1 +
√

1− b2/R2)
+

4V0

πb
Ee(k). (61)

Minimizing (61) as εs → 0 amounts to minimizing its second term, so we look at the terms of the

gradient with coefficient σ. With the knowledge that Ke(k) ≥ Ee(k) for all k, it is clear that

∂Es
∂R

∣∣∣∣
εs→0

≥ 0, for all b, R ∈ S.

To show that ∂Es∂b
∣∣
εs→0

≤ 0, we will show

32π3R2b2

V0k2
(Ke(k)− Ee(k))− 4V0

πb2
Ee(k) ≤ 0

=⇒ (1− k2)
4

πk2
(Ke(k)− Ee(k)) ≤ 2

π
Ee(k).

The following uses [13, Eq. 19.9.4, 19.9.6] which hold for 0 < k < 1

(1− k2)
4

πk2
(Ke(k)− Ee(k)) < (1− k2)5/4

≤ 1− k2

=
(

(1− k2)3/2
)2/3

≤

(
1 + (1− k2)3/2

2

)2/3

<
2

π
Ee.

Therefore, ∂Es∂b
∣∣
εs→0

≤ 0 for all b, R ∈ S . Thus, in this case, the minimum is achieved for R at its

smallest value and b at its largest, implying that it occurs on the R = b boundary of S. This is seen

experimentally when observing superstructures of a hexagonal columnar phase of chromonic liquid

crystal, where bending is mildly resisted but exposure to the solvent is highly unfavorable.
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Figure 9: Experimental images of chromonic liquid crystal superstructures

Using the same initial conditions as in the previous case, thinking in µm this time, and setting

εs = 0.05, we find the minimizing configuration is

a = 29.22 µm,

b = 18.45721 µm,

R = 18.45727 µm.

Noting that b and R differ by only about 0.00006, this indicates that the center hole will nearly

disappear, as is seen in experimental images such as Figure 9.

Here is a table of the intermediate results in either unit.

K3/σ a b R

K3 = 0, σ = 1 29.2520 18.4460 18.4460

0.1 28.9096 18.5516 18.5582

1.0 26.6371 19.1047 19.5584

5.0 22.2264 19.0459 23.5120

10.0 19.8736 18.1872 27.5370

K3 = 1, σ = 0 1.4000 1.4000 5077.7112

Table 4: Dimensions of tori formed for different ratios of K3/σ.

Note in the last row of the table that we set d/2 = 1.4, which we take to be the effective radius of

one column and the minimum value for both a and b.

One takeaway from the calculations of this section is that the model is able to aptly predict equi-

librium shapes of toroidal aggregates, but another, possibly more important, takeaway is that the

constant σ can easily be calibrated in this simpler geometry then be applied in slightly less restric-

tive scenarios. For example, with a slight adjustment of experimental conditions, scientists could
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also appropriately adjust the calibrated value for σ, and predict equilibrium shapes in which the ge-

ometry is allowed to deviate from having an elliptic cross-section, possibly attaining another shape.

6.3 Existence of Solutions in a Lipschitz Domain

The aim now is to show existence of minimizers of (12) in a more general domain with a volume

constraint. The hope is that this theorem could be used in conjunction with the previous results

to relax certain assumptions, like symmetry about a given axis or constraints on shape. We adapt

Theorem 9 from [25].

First a definition for a term that appears in Theorem 9:

Definition 4 (From [1]). The perimeter PΩ(A) for any Borel set A ⊂ Rn is defined by

PΩ(A) = sup

{∫
A
∇ · g dx : g ∈ C1

c (Ω;Rn), |g| ≤ 1

}
.

Theorem 9 (From [25]). Let

I(A, u) =

∫
Ω
|∇u|2dx+ PΩ(A),

where PΩ(A) denotes the perimeter of A inside Ω in the sense of de Giorgi. Then, there exists at

least one minimizing pair (A, u) such that u = u0 on ∂Ω for any u0 ∈ H1(Ω,Rn), Vol(A) =

βVol(Ω) for given constant 0 < β < 1, and u ∈ Σ where Σ is a smooth embedded q-dimensional

submanifold of Rn with 0 ≤ q < n.

The proof they give is the following.

Proof from [25]. We use the direct method of the calculus of variations. First let Ã ⊂⊂ Ω be any

smooth subset such that Vol(Ã) = βVol(Ω). Let ũ ∈ H1
u0(Ω,Rn) be such that ũ ≡ P in Ã for

some point P ∈ Σ and ũ is harmonic in Ω \ Ã. Then (Ã, ũ) is a pair satisfying the constraints and

the corresponding energy is finite.

Now let (Ai, ui) be a minimizing sequence such that χAi ∈ BV (Ω) and ui ∈ H1
u0(Ω,Rn). Since

χAi and ui are uniformly bounded in BV (Ω) and H1, respectively, we may assume, by passing to a

subsequence if necessary, that χAi ⇀ χA weakly inBV (Ω) and strongly in L1(Ω), and that ui ⇀ u

weakly in H1(Ω,Rn) and strongly in L2(Ω,Rn). Here A ⊂ Ω is also a set of finite perimeter.
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By lower semicontinuity of the BV norm and Sobolev norm, we have∫
Ω
|∇u|2 + PΩ(A) ≤ lim inf

i→∞

∫
Ω
|∇ui|2 + PΩ(Ai).

Moreover, from the convergence, we have u ∈ H1
u0(Ω,Rn) and Vol(A) = βVol(Ω).

To show that (A, u) is actually a minimizing pair, we only need to check that u maps A into Σ. To

see this, by passing to a subsequence again if necessary, we can assume χAi → χA a.e. and ui → u

a.e. So for any x ∈ A such that χAi(x) → χA(x) and ui(x) → u(x), we have x ∈ Ai for any i

sufficiently large, thus ui(x) ∈ Σ. And since Σ is closed, we have u(x) ∈ Σ as we wanted.

In our case, we consider a system with hexagonal columnar liquid crystal surrounded by isotropic

liquid crystal, with tangential surface anchoring at the interface between the two materials.

Let U ⊂ R3 be a bounded Lipschitz domain containing both phases. We aim to find a measurable,

Lipschitz subset Ω of U , containing the chromonic phase, with χΩ in BV (U) and a function n in

H1(U ;R3) such that the pair (n,Ω) minimizes the energy proposed below in (62). This expression

accounts for the energy of the isotropic phase in U \Ω, and both the surface area of and the surface

anchoring on ∂Ω:

Egen(u, Ω̂) =

∫
Ω̂
K3|u×∇× u|2 dx + ν Vol(U \ Ω̂) + σ

∫
∂Ω̂

1 + (u · ν)2 dS (62)

with the constraints

|u| = 1 in Ω̂,

∇ · u = 0 in Ω̂,

u · ∇ × u = 0 in Ω̂,

trace(u) = n0 on ∂Ω̂,

Vol(Ω̂) = V0, a constant. (63)

Let the admissible set be

A = {(u, Ω̂) : u ∈ H1(U ;R3), χ
Ω̂
∈ BV (U), the conditions in (63) are satisfied}.

Theorem 10. For any Lipschitz n0, there exists at least one minimizing pair (n,Ω) in A.

Proof. Let (nk,Ωk) be a minimizing sequence in A. Since χΩk and nk are uniformly bounded in

BV (U) and H1(U ;R3), respectively, there exist subsequences (still referred to as χΩk and nk) that
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χΩk ⇀ χΩ weakly in BV (U) and strongly in L1(U), and nk ⇀ n weakly in H1(U ;R3) and

strongly in L2(U ;R3).

Therefore, trace(n) = n0, |n| = 1, Vol(Ω) = V0 from the convergence in the respective spaces.

Also note that, for the sequence of normal vectors {νk} to Ωk, we can pass to (possibly another)

subsequence of the same name in which νk → ν, χΩk → χΩ, and nk → n pointwise almost

everywhere. Then,

lim
k→∞

∫
∂Ωk

(nk · νk)2 =

∫
∂Ω

(n · ν)2.

By the weak lower semicontinuity of the Oseen-Frank energy, shown in lemma 3, and of the BV

norm,

Egen(n,Ω) ≤ lim inf
k→∞

Egen(nk,Ωk).

By the same arguments as in Theorem 8, the splay and twist constraints are satisfied, and thus the

limits n and Ω are in A and are a minimizing pair of the energy Egen.

One way the proof of Theorem 10 differs from that in [25] is that the domain to be minimized must

be Lipschitz in order to ensure the normal vector ν exists almost everywhere.

7 Solutions in a Capsid

This section focuses on using the model from Section 4 to predict the size and shape of the core

region of disorder that forms at the center of bacteriophage capsids. Applications involving bacte-

riophages, including their use in attacking harmful bacteria, require effective ejection properties of

the phages, and knowledge of the disordered region becomes useful here; the efficiency of ejection

depends on the pressure within the capsid, which in turn, depends on the organization of the DNA.

7.1 Core Radius Size & Capsid Pressure: Free Boundary Model

In order to test the validity of our description in a capsid, we first take a simple geometric setting

and use the model Ecap and some chosen parameter values to predict the size of the disordered

core region and the pressure exerted at the surface of the capsid. The computed values will then be

compared to the experimentally measured values for each quantity. We will first retain the param-

eters K3, ν, and σ and neglect the elastic energy, by setting B = 0 = C. This will lead to good
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predictions of the radius but pressures of two orders of magnitude smaller than the experimentally

measured ones.

Suppose the capsid is represented as a sphere with radius scaled to be 1, truncated at the poles at a

distance 0 < h < 1, where h ≈ 1, from the equator. Throughout §7.1, we assume that the core is a

truncated prolate spheroid with semiaxes 0 < a < 1 and 1, with axis aligned with the z-axis. The

cross-section of the spheroid in the xz−plane is an ellipse given by the equation

x2

a2
+ z2 = 1.

Let B ⊂ R3 denote the capsid region and Ω0 ⊂ B the disordered core. In cylindrical coordinates,

they are given by

B = {(r, θ, z) : 0 ≤ r ≤
√

1− z2, 0 ≤ θ < 2π,−h ≤ z ≤ h},

Ω0 = {(r, θ, z) : 0 ≤ r ≤ rc(z), 0 ≤ θ < 2π,−h ≤ z ≤ h}, with

rc = a
√

1− z2.

The surface area of the truncated spheroid with semi-axes {a, b = 1} is given by

Area (∂Ω0) = 2πa2

(
1 +

1

a
√

1− a2
arcsin

(√
1− a2

))
− 2π(1− h). (64)

Figure 10: Prescribed capsid geometry

Let Ω = B \ Ω0. The DNA configuration is assumed to be a spooling which is concentric in the

xy-direction about the z-axis so that n = eθ almost everywhere, where {er, eθ, ez} is the standard

basis for R3 in cylindrical coordinates. The remaining quantities, summarized in Tables 1, 2, and

3, include the following: d is the DNA diameter which also plays the role of the interlayer distance

in the representation where strands occupy level curve locations (in both the horizontal and vertical

directions), Lp is the persistence length of the strand, ν will quantify the energy of the disordered

material in the core, and σ will quantify the surface tension between the ordered and disordered
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regions. We have discussed their dimensions and typical values in Section 4.

The quantity K3 in the Oseen-Frank energy is usually a constant determined by the material under

consideration. In the setting of the capsid, the DNA behaves like a uniform elastic string, where its

total length is two to three orders of magnitude larger than its persistence length, and accordingly,

the bend modulus can be written in terms of the persistence length and the linear density m0 [20].

For K3, we use the expression given in (34).

Our definition for σ is based on a molecular dynamics expression for the surface tension of rigid

rods between nematic and isotropic phases which is

σ = β
KBT

Lpd
,

where d is acting as the diameter of the molecules and the persistence length Lp as the length of a

liquid crystal molecule. The particular estimate β = 0.257 was found from the Onsager theory of

rigid rods [15]. In the application of viruses, this factor turns out to be 10 times larger. For the virus

T4, we estimate β ≈ 2.9.

For ν, we use

ν = KBTν0(c)/R3
c , ν0 = ln

( c

4π

)
− 1 + c (65)

where c is the concentration of molecules that has been nondimensionalized by the quantity 4/(πdL2
p)

[62]. In the molecular theory of Onsager, this expression for ν is the free energy density in the

isotropic state.

Therefore, the energy after having imposed the volume constraint (21), and taking into account that

the domains Ω, B, and Ω0 are dimensionless, is

1

KBT
Ecap(a) =

∫
Ω

(
K̄3|n×∇× n|2 − ν̄

)
dx + σ̄Area(∂Ω0) + ν̄ Vol(B)

= K̄3

{∫ h

−h

∫ √1−z2

a
√

1−z2

∫ 2π

0

(
1

2r
− ν̄

K̄3
r

)
dθdrdz +

σ̄

K̄3
Area(∂Ω0)

}
+ ν̄ Vol(B)

= K̄3πh

{
ln

(
1

a

)
− ν̄

K̄3
h1(a) +

σ̄

K̄3
h2(a)

}
+ ν̄Vol(B) +O(1− h), (66)

h1(a) =

(
1− 1

12
h2

)
(1− a2), (67)

h2(a) =
2a

h

(
a+

1√
1− a2

arcsin
(√

1− a2
))

. (68)

A simple modification of the previous expression, that replaces K̄3 with (1 + δ)K̄3 and includes

the terms multiplying K̄ in (29), yields the energy expression in the case that the cross-sectional
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elastic contribution is included. If we consider the DNA as a stiff filament but neglect transverse

interactions, then the bending constant is K3. However, when the transverse energy is accounted

for, it effectively results in a larger bending modulus A = K3(1 + δ). In the same vein, we assume

that the effective values of the other parameters carry this factor of 1 + δ. These look like

ν̃ = ν̄(1 + δ), σ̃ = σ̄(1 + δ)

Including this elastic energy also accounts for the electrostatic forces between adjacent segments,

which contribute in both the ordered and disordered phases. We further suppress the last two con-

stant terms in the previous expression of the energy, and denote the dimensionless energy as follows:

E(a) = (1 + δ)K̄3πh

{(
1 +

2δ

1 + δ

)
ln

(
1

a

)
− ν̃

(1 + δ)K̄3
h1(a) +

σ̃

(1 + δ)K̄3
h2(a)

}
= (1 + δ)K̄3πh

{(
1 +

2δ

1 + δ

)
ln

(
1

a

)
− ν̄

K̄3
h1(a) +

σ̄

K̄3
h2(a)

}
.

(69)

Before proceeding to minimizing the energy, let us revise the form of the nondimensional groups

ν̃/K̄3 and the analogous one for σ. For this, we write down the dimensionless versions of the

parameters in the energy equation:

ν̄

K̄3
= dim

(
ν

K3

)
=
πν0(c)

LpL
L2

0,
σ̄

K̄3
= dim

(
σ

K3

)
= βπ

R3
c

L2
pLd

L0, (70)

where L0 is a typical length scale that we choose so that

dim

(
ν

K3

)
= dim

(
σ

K3

)
= 1.

In particular, we take

L2
0 =

LpL

πν0(c)
.

The previous energy reduces then to

(1 + δ)K̄3πh

{(
1 +

2δ

1 + δ

)
ln

(
1

a

)
− h1(a) + βσ0h2(a)

}
, (71)

where

σ0 =
R3
c

L
3/2
p L1/2dν0(c)1/2

, α =

(
1 +

2δ

1 + δ

)
.

Let us use the virus ε15 as benchmark, and take a typical pressure of 35 atm, gives δ = 70.
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Then

α =

(
1 +

2δ

1 + δ

)
=

(
1 +

140

71

)
= 2.9718.

Virus ν0(c) σ0 pB(atm) β rc exp (nm) rc model (nm) error (%)

T4 23.19 0.057 0.388 3.1 22.00 22.80 3.5

T5 19.04 0.065 0.228 3.1 17.64 21.48 17

T7 19.82 0.034 0.592 3.1 15.34 16.15 5.0

ε15 15.37 0.052 0.499 3.1 16.25 16.17 0.5

Table 5: The dimensionless quantities ν0(c) and σ0 represent the expressions in the corresponding
moduli that depend on the geometry of the system. β is a parameter, that, in the case of systems of
rigid rods is calculated using Onsager’s theory. The lack of a theory of this type for DNA prompted
us to search for appropriate fitting values. For the T5 virus, with the largest capsid in the group, a
good parameter fit is β = 5.5 that gives rc = 17.22.

Here, we present the plots of the energy functions (71), precisely, the expression between braces.

Figure 11: Energy graph for T4-virus. In this plot, we take β = 3.0 with the minimum corresponding
to rc = 21.7 nm.
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Figure 12: Energy graph for T5-virus. In this plot, we take β = 5.5 with the minimum corresponding
to rc = 17.22 nm.

Note that the original capsid energy results from setting δ = 0 in the previous one, in which case

only the penalty to bending is included in the ordered region of the capsid. Even with the scaling of ν

and σ, we still see the contribution of the elastic moduli in the factor in front of the bending energy.

For parameters values from the tables in §4.4, and taking δ = 400, the graphs for the different

viruses show an absolute minimum in the range of a between 0.3 and 0.6.

Pressure Estimates. Another test of the capsid model is its ability to predict the forces within a

bacteriophage capsid. To do so, we begin with a calculation of the Cauchy stress tensor associated

with the total energy (20) using a standard variational argument. Quantities obtained from the stress

tensor will give the pressure at a point in Ω, the force tangent to the DNA filament, and the force

that is responsible for its ejection.

The Cauchy stress tensor T results from the first variation of the free energy of a system with respect

to the deformation of the material, keeping the layer positions and director orientation fixed [64].

Let Ωr be the reference domain and Ω be the present liquid crystal configuration.

Let us calculate the tensor associated to the Oseen-Frank energy (4). Suppose X denotes a point in

Ωr and x denotes a point in Ω. The deformation will be represented by sending x 7→ x + δx. Let

F = ∇Xx and J = det(F ). The symbol δx will signify the difference between the deformed and

undeformed states.
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Therefore the change in the Oseen-Frank energy due to deformation is the following:

δxEOF = δx

∫
Ω
WOF dx

= δx

∫
Ωr

WOF J dX

=

∫
Ωr

δx(WOFJ) dX

=

∫
Ω
δx(WOFJ) J−1dx

=

∫
Ω

[
∂WOF

∂n
δxn +

∂WOF

∂∇n
δx(∇n) +WOF δxJ J

−1

]
dx.

The following calculations will help us to simplify:

δxn = 0,

δx(∇n) = ∇Xnδx(F−1) = −∇XnF−1∇δx = −∇n∇δx,

δxJ = det(F +∇Xδx)− det(F )

= det(F )
(
det(I +∇XδxF

−1)− 1
)

= det(F ) (det(I +∇δx)− 1)

= det(F )
(
1 + tr(∇δx) +O(|δx|2)− 1

)
= J(∇ · δx) +O(|δx|2).

Considering the above and neglecting higher order terms in |δx|, the change is

δxEOF =

∫
Ω

[
−∂WOF

∂∇n
: ∇n∇δx +WOF (∇ · δx)

]
dx

=

∫
Ω

[
−(∇n)T

∂WOF

∂∇n
+WOF (n,∇n)I

]
: ∇δx dx

:=

∫
Ω
TOF : ∇δx.

where I is the identity tensor.

Returning to the test case outlined above, where n = eθ, we first calculate the Cauchy stress tensor

for the energy (20) without the elastic energy terms of the cross-sections.

54



In this case, the stress is

TOF = −(∇n)T
∂WOF

∂∇n
+WOF (n,∇n)I

= −(∇n)T
[
8K3

(
1

2
(∇n− (∇n)T )

)
n⊗ n

]
skew

+K3|n× (∇× n)|2I. (72)

Substituting eθ for n, the above simplifies to

−(∇n)T
[
8K3

(
1

2
(∇n− (∇n)T )

)
n⊗ n

]
skew

=

0 0 0

0 −2K3
r2

0

0 0 0


.

Therefore,

TOF =

0 0 0

0 −2K3
r2

0

0 0 0

+


K3
r2

0 0

0 K3
r2

0

0 0 K3
r2

 =


K3
r2

0 0

0 −K3
r2

0

0 0 K3
r2

 (73)

In this test case, there are no shear forces; the stress is purely in the form of a pressure, as is shown

below.

Using this expression for the Cauchy stress tensor TOF , we can derive expressions for the forces

within the capsid. Let

ν = rer + zez = rer +
√

1− r2ez

be a unit outward normal on the surface of Ω, recalling that the sphere is scaled to have radius 1.

The pressure is then defined as

TOFν · ν = K3


1
r2

0 0

0 − 1
r2

0

0 0 1
r2


 r

0√
1− r2

 ·
 r

0√
1− r2

 =
K3

r2
. (74)

Therefore, the pressure at any (cylindrical) radius rc ≤ r ≤ 1 within Ω is given by p(r) = K3/r
2.

The force tangent to the DNA strand is given by

TOFν · n = K3


1
r2

0 0

0 − 1
r2

0

0 0 1
r2


 r

0√
1− r2

 ·
0

1

0

 = 0, (75)
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which is expected when there are no shear forces.

Last, we calculate the force along the director to find the force of ejection. This force is

TOFn · n = K3


1
r2

0 0

0 − 1
r2

0

0 0 1
r2


0

1

0

 ·
0

1

0

 = −K3

r2
. (76)

Measurements of the pressure and force of ejection of a virus are gathered by placing viruses in a

solution of PEG (polyethylene glycol) along with proteins that trigger ejection. The concentration of

the PEG can be used to estimate the force of ejection and pressure within a viral capsid. Graphs such

as those in Figure 13, found in [22], show the relationship between external osmotic pressure, PEG

concentration, and percentage of genome length ejected. It should be noted here that the pressures

measured in experiments depends on PEG concentration, which our models do not currently account

for. This feature is discussed in §8.1.

Figure 13: DNA ejection as a function of osmotic pressure for two strains of λ phages

Let us estimate the pressure on the capsid surface, in Pascal units,

pB := KBTm0
Lp
R2
c

.

This pressure deficiency is due to having neglected the cross-sectional elasticity from our calcula-

tion. To include the cross-sectional energy, we can proceed exactly as above but with the density

from (29), which is

W(n,∇n) := A
(
|n×∇× n|2 +K

(
tr(∇n)2 + (n · ∇ × n)2

)
− ν

A

)
. (77)
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h
Virus Pressure (atm)

T4 0.388
T5 0.228
T7 0.592
ε15 0.499

Table 6: Pressure is underpredicted in the absence of the elastic energy

Then the stress tensor is

T = −(∇n)T
∂W
∂∇n

+W(n,∇n)I

= A

{
− (∇n)T

[
8

(
1

2
(∇n− (∇n)T )

)
n⊗ n

]
skew

− 2K(∇n)T
[
(∇n)T + (n · ∇ × n) rot(n)

]
+
(
|n×∇× n|2 +K

(
tr(∇n)2 + (n · ∇ × n)2

)
− ν

A

)
I

}
, (78)

where rot(n)u := n× u for any vector u ∈ R3.

Now, in the test case n = eθ,

−(∇n)T
[
8

(
1

2
(∇n− (∇n)T )

)
n⊗ n

]
skew

=

0 0 0

0 − 2
r2

0

0 0 0



−2K(∇n)T
[
(∇n)T + (n · ∇ × n) rot(n)

]
=

0 0 0

0 0 0

0 0 0


(
|n×∇× n|2 +K

(
tr(∇n)2 + (n · ∇ × n)2

)
− ν

A

)
I =


1
r2
− ν

A 0 0

0 1
r2
− ν

A 0

0 0 1
r2
− ν

A


.

Thus, summing the above terms,

T = A


1
r2
− ν

A 0 0

0 − 1
r2
− ν

A 0

0 0 1
r2
− ν

A


,

(79)
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and the pressure is

Tν · ν = A


1
r2
− ν

A 0 0

0 − 1
r2
− ν

A 0

0 0 1
r2
− ν

A


 r

0√
1− r2

 ·
 r

0√
1− r2

 = A

(
1

r2
− ν

A

)
.

(80)

We saw in Table 6 that when the cross-sectional elasticity is omitted, and the pressure is controlled

primarily by the constant K3, that the pressures were under predicted. Now, as is evident in (80),

the pressure with the presence of those elastic terms is controlled by A, which had the form

A = K3 +B + C,

with B and C being the bulk and shear moduli, respectively.

Appealing to relations (29) and (31) and assuming ν/A is small, the resulting pressure is approxi-

mately

p = (1 + δ)pB. (81)

In particular, for the T4 virus, and taking α = 10 as shown in (28), we get

p = 41.44 atm, (82)

which is exactly in the proper range.

7.2 Free Inner Boundary

In images of bacteriophages, like that in Figure 14, it appears that the disordered core region is a

spheroidal region surrounded by ordered material. Therefore, we now aim to use the energy Ecap in

the case where the inner boundary separating the disordered region of DNA from the well-organized

region is unknown and the outer boundary of the capsid is fixed.
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Figure 14: Cryoelectron microscopy image of the bacteriophage ε15, [27]

To set up the problem, we consider a semicircular region with center at the origin. The spherical

coordinates (r, φ) are used to describe this two-dimensional cross-section, and this cross-section

will be revolved in the direction of the coordinate θ to form a three-dimensional hemisphere. An

axisymmetric region is removed, whose boundary is given by a function p(φ) satisfying p(π/2) =

r0 (see Figure 15). In this case, the function p defines the free boundary.

Figure 15: Visualization of free boundary

The energy Ecap from (20) in the three-dimensional hemisphere Ω, formed by revolving the two-

dimensional cross-section about the z-axis, would be of the following form

Ecap =

∫ 2π

0

∫ π/2

φ∗

∫ 1

p(φ)
WOF (n,∇n) r2 sinφ drdφdθ + ν Vol(Ω0) + σArea(∂Ω0), (83)

where Ω0 is the region formed by revolving the area under p about the z-axis. The lower bound

φ∗ comes from the results of [61] which states there is a small cylinder of empty space above the

disordered core region where the pressure goes to zero. The value φ∗ = 0.05 corresponds to the

ratio of DNA length L to persistence length Lp of L/Lp = 290. This ratio for viruses T4 and T5 is
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much larger and thus corresponds to a lower value for φ∗.

It should be noted that in choosing to include the whole of WOF , which includes K1, K2, and K3

terms, we make the assumption that K1,K2 � K3 to relax the splay and twist constraints. In other

words, for example, saying that K1 is large in the term∫
Ω
K1(∇ · n)2 dx

is a relaxation of the pointwise constraint∇ · n = 0 in Ω from (14).

Suppose, as before, we let B be the capsid domain and let Ω := B \Ω0. Then the volume constraint

from (21) can be rearranged as

Vol(Ω0) = Vol(B)−Vol(Ω).

Therefore, we can rewrite (83), after substituting the volume constraint, as

Ecap =

∫ 2π

0

∫ π/2

φ∗

∫ 1

p(φ)
(WOF (n,∇n)− ν) r2 sinφ drdφdθ + σArea(∂Ω0) + ν Vol(B) (84)

to impose the constraint directly. Notice that Vol(B) is a constant since the outer boundary of the

capsid is taken to be of a fixed size. Therefore, in what follows, we analyze a modified energy where

this constant is removed, which is

Ẽcap =

∫ 2π

0

∫ π/2

φ∗

∫ 1

p(φ)
(WOF (n,∇n)− ν) r2 sinφ drdφdθ + σArea(∂Ω0). (85)

We consider liquid crystal configurations of the form n = sinϕeφ + cosϕeθ, where ϕ = ϕ(r, φ) is

the angle of the molecules at (r, φ, θ) from horizontal. The energy in terms of ϕ is the following

Ẽcap =

∫
Ω

{
K1

r2

(
cosϕϕφ + sinϕ

cosφ

sinφ

)2

+K2ϕ
2
r

+
K3

r2
+
K3

r2

(
sinϕϕφ − cosϕ

cosφ

sinφ

)2

− ν
}
r2 sinφdrdφdθ

+ 2πσ

∫ π/2

φ∗
p
√
p2(φ) + (p′(φ))2 sinφ dφ.

In order to minimize the energy Ẽcap and to determine p, we define a coordinate transformation for

r that removes p from the integral bounds, assuming that p is sufficiently smooth. This transformed

coordinate s is defined so that the outer radius r = 1 is fixed and so that the free boundary p is
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mapped to a constant radius r0, as in Figure 16. Thus,

∂s

∂r
= c(1− r) =⇒ s(r) = −c1(1− r)2 + c2

and

s(p) = r0 & s(1) = 1 =⇒ c1 =
1− r0

(1− p)2
, c2 = 1.

Therefore, s = 1 − (1 − r0)(1 − r)2/(1 − p)2 and the new coordinates (s, φ, θ) are related to the

previous coordinates (r, φ, θ) by

r = 1−
√

(1− s)(1− p)2/(1− r0),

φ = φ,

θ = θ.

Figure 16: Visualization of coordinate change

In these coordinates,

Ẽcap =

∫ 2π

0

∫ π/2

φ∗

∫ 1

r0

(WOF (n,∇n)− ν) r2(s)
∂r

∂s
sinφ dsdφdθ + σArea(∂Ω0). (86)

With the coordinate transformation defined above and ϕ(r, φ) 7→ ϕ̂(s(r, φ), φ), then

ϕr = ϕ̂s
∂s

∂r
, ϕφ = ϕ̂s

∂s

∂φ
+ ϕ̂φ =

2(1− s)p′

(1− p)
ϕ̂s + ϕ̂φ.
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So the Oseen-Frank energy terms become

Ẽcap =

∫
Ω

{
K1

[
cos ϕ̂

(
ϕ̂s
∂s

∂φ
+ ϕ̂φ

)
+ sin ϕ̂ cotφ

]2

+K2r
2(s)

(
ϕ̂s
∂s

∂r

)2

+K3 + K3

[
sin ϕ̂

(
ϕ̂s
∂s

∂φ
+ ϕ̂φ

)
− cos ϕ̂ cotφ

]2

− νr2(s)

}
∂r

∂s
sinφ dsdφdθ

+ 2πσ

∫ π/2

φ∗
p
√
p2(φ) + (p′(φ))2 sinφdφ

=

∫
Ω

{
K1

[
cos ϕ̂

(
−2(1− s)

1− p
(−p′ϕ̂s) + ϕ̂φ

)
+ sin ϕ̂ cotφ

]2

+

+K2

(
2
√

(1− r0)(1− s)
1− p

− 2(1− s)

)2

ϕ̂2
s +K3+

+ K3

[
sin ϕ̂

(
−2(1− s)

1− p
(−p′ϕ̂s) + ϕ̂φ

)
− cos ϕ̂ cotφ

]2

− ν
(

1−
√

1− s
1− r0

(1− p)
)2
}

sinφ(1− p)
2
√

(1− r0)(1− s)
dsdφdθ

+

∫
Ω

σ

1− r0
p
√
p2(φ) + (p′(φ))2 sinφdsdφdθ (87)

:=

∫
Ω
W̃cap dsdφdθ. (88)

In order to verify the existence of minimizing pairs (p, ϕ̂), we will use a result like Theorem 4 stat-

ing that coercivity and polyconvexity of a functional imply the existence of minimizers. Recall the

definition for polyconvexity from Definition 3 in §2.1:

Definition 3 (Restated). A Lagrangian L is called polyconvex if L has the form

L(P, z,x) = F (P,detP, z,x), P ∈Mn×n, z ∈ Rn, x ∈ Ω

and for each fixed z, x, the joint mapping (P, r) 7→ F (P, r, z,x) is convex.

Then, to match our setup with the definition above,

L = W̃cap, z = (p, ϕ̂), x = (s, φ), P =

(
0 p′(φ)

ϕ̂s ϕ̂φ

)
, detP = −p′ϕ̂s. (89)
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The following lemma provides a way to verify if the Lagrangian W̃cap is polyconvex.

Lemma 8. Let f be a twice-differentiable function on an open convex set U ⊂ Rn. Then f(u,x)

is convex with respect to u on U if and only if its Hessian matrix is positive semidefinite for every

x ∈ U .

We are now set up to show the Lagrangian is polyconvex with respect to P . One thing that may

stand out in (89) is that in the definition of P , one entry of the matrix is zero. If we were to show

polyconvexity with an arbitrary entry, say ps, it would result in a row and column of all zeros in

the Hessian since no such terms appear in W̃cap and not provide any insights. Therefore, that entry

remains set to zero. We can use the above lemma and (89) to show the following:

Lemma 9. The Lagrangian W̃cap of Ẽcap is polyconvex with respect to the gradient of (p, ϕ).

Proof. To show polyconvexity, we find the Hessian of W̃cap with respect to the variables

(p′, ϕ̂s, ϕ̂φ,−p′ϕ̂s), and show that the eigenvalues are nonnegative. Let

` :=
sinφ

2
√

(1− r0)(1− s)(1− p)2

Then, the nonzero terms of the Hessian are

∂2W̃cap

∂p′2
=

σ

1− r0

p3

(p2 + (p′)2)3/2
sinφ,

∂2W̃cap

∂ϕ̂2
s

= 8K2

(√
(1− r0)(1− s)− (1− s)(1− p)

)2
`,

∂2W̃cap

∂ϕ̂2
φ

= 2(1− p)2(K1 cos2 ϕ̂+K3 sin2 ϕ̂)`,

∂2W̃cap

∂ϕ̂φ∂(−p′ϕ̂s)
=

∂2W̃cap

∂(−p′ϕ̂s)∂ϕ̂φ
= −4(1− s)(1− p)(K1 cos2 ϕ̂+K3 sin2 ϕ̂)`,

∂2W̃cap

∂(−p′ϕ̂s)2
= 8(1− s)2(K1 cos2 ϕ̂+K3 sin2 ϕ̂)`.
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Therefore, replacing ` with its full expression, the matrix has eigenvalues

λ1 = 0,

λ2 =
σ

1− r0

p3

(p2 + (p′)2)3/2
sinφ,

λ3 =
sinφ

2
√

(1− r0)(1− s)(1− p)2
·
(
8(1− s)2 + 2(1− p)2

)
(K1 cos2 ϕ̂+K3 sin2 ϕ̂),

λ4 =
sinφ

2
√

(1− r0)(1− s)(1− p)2
· 8K2

(√
(1− r0)(1− s)− (1− s)(1− p)

)2
,

and the sinφ factor is nonnegative since 0 < φ ≤ π/2.

Being that all of the eigenvalues are nonnegative, we can conclude that the Hessian is positive

semidefinite and that the Lagrangian is polyconvex with respect to the noted variables.

With this result in place, the next steps are to determine appropriate boundary conditions for p and

ϕ and to show that there exist minimizers satisfying those and the constraints of the model. The

boundary conditions for the DNA are naturally enforced on the outer boundary by the proteins of

the capsid wall, so we use images as a guide when choosing the conditions for ϕ. The condition for

p′ below ensures that upon reflection across the z = 0 axis, there will be no cusps on the boundary

of Ω0. We impose the following boundary conditions:

p(π/2) = r0, p′(π/2) = 0,

ϕ(r, φ∗) = 0, ϕ(r, π/2) = 0,

ϕ(1, φ) = 0,
∂ϕ

∂ν
(p, φ) = 0, (90)

where ν is the unit normal vector. The splay (14) and twist (15) constraints in terms of ϕ are

0 = ∇ · n = cosϕϕφ + sinϕ cotφ in Ω, (91)

0 = n · ∇ × n = ϕr in Ω. (92)

The following theorem establishes the existence of critical points for the energy.

Theorem 11. There exist n = sinϕeφ + cosϕeθ and free boundary functions p of Ω0 in the set

A = {(p, ϕ) ∈ H1([φ∗, π/2])×H1(Ω) : ∇ · n = 0 = n · ∇ × n in Ω, conditions (90) hold}

that minimize Ecap.

Proof. By the theory in §2.1, we can conclude that W̃cap is weak lower semicontinuous. What
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remains to show the existence of minimizers is that the limit of a minimizing sequence from the

admissible setA is itself inA. Let (pk, ϕk) be a minimizing sequence of W̃cap inA with weak limit

(p, ϕ) in H1([φ∗, π/2])×H1(Ω). To first address the constraints on n, let

nk = sinϕkeφ + cosϕkeθ.

Because nk is continuous with respect to ϕk and ϕk → ϕ in L2(Ω) implies pointwise convergence

almost everywhere of a subsequence (by the same name), then nk → n. Therefore, the constraints

are satisfied by the same arguments as in Theorem 8.

Now, to show that the boundary conditions will hold, let (p0, ϕ0) be a fixed element of A. Then

pk − p0 ∈ H1
0 ([φ∗, π/2]) and ϕk −ϕ0 ∈ H1

0 (Ω). Being that H1
0 is a closed space, we can conclude

p − p0 ∈ H1
0 ([φ∗, π/2]) and ϕ − ϕ0 ∈ H1

0 (Ω). Thus, the boundary conditions are satisfied, and

(p, ϕ) is in A.

Of course, the energy may have many critical points. A configuration of interest in this work is

the planar spooling configuration n = eθ, which corresponds to ϕ ≡ 0. This solution satisfies the

boundary conditions, splay and twist constraints, and the Euler-Lagrange equations for ϕ (omitted),

and thus, the question of whether this configuration has the least energy begs to be addressed. In

Theorem 12, we show that it, indeed, does have the least energy among configurations that we

consider.

This result was anticipated due to the fact that the packing is at near-crystalline density, which leaves

little room for randomness in the configuration. Theoretical works done by experimentalists, such as

[20, 28, 61], assume this configuration without remark. In fact, in Theorem 12, we will demonstrate

that even with weaker boundary information, as long as it is satisfied by n = eθ, the solution ϕ ≡ 0

will have lower energy than a non-constant minimizer ϕ∗, such that ϕ∗θ ≡ 0, when each is paired

with a fixed free boundary p∗ that corresponds with ϕ∗.

Theorem 12. The function ϕ ≡ 0 is the unique minimizer inA for a given inner boundary function

p∗.

Proof. Suppose (p∗, ϕ∗) ∈ A is a minimizing pair for Ẽcap such that ϕ∗ is not identically zero.

Suppose also that ϕ∗θ ≡ 0. Let

n∗ = sinϕ∗eφ + cosϕ∗eθ. (93)

We compare the energy for n∗ with that of eθ = sin(0)eφ + cos(0)eθ. Therefore, with the splay
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and twist constraints from (91) and (92) applied,

Ẽcap(n
∗)− Ẽcap(eθ) =

∫
Ω
K3

{[
1 +

(
sinϕ∗ϕ∗φ − cosϕ∗ cotφ

)2]− [1 + cot2 φ
]}

sinφ drdφdθ

= K3

∫
Ω

[
ϕ∗2φ −

(
cosϕ∗ϕ∗φ + sinϕ∗ cotφ

)2]
sinφ drdφdθ

= K3

∫
Ω
|∇ϕ∗|2 r2 sinφ drdφdθ

≥ 0,

and only equals zero if ϕ∗ ≡ 0. Thus, ϕ ≡ 0 is the unique minimizer in A for a given p∗.

Therefore, what remains is to determine minimizing free boundary functions p that pair with ϕ ≡ 0,

i.e. n = eθ. The energy is

Ẽcap(eθ) = K3

∫ π/2

φ∗

∫ 2π

0

∫ 1

p(φ)
(cscφ− νr2 sinφ)drdθdφ+ 2πσ

∫ π/2

φ∗
p
√
p2 + (p′)2 sinφdφ

=

∫ π/2

φ∗

(
2πK3 csc2 φ(1− p)− 2πν

3
(1− p3) + 2πσp

√
p2 + (p′)2

)
sinφdφ. (94)

To learn about minimizers, we find the Euler-Lagrange equation for p. To do so, we take fixed

q ∈ H1
0 ([φ∗, π/2]) and let

i(ε) = 2π

∫ π/2

φ∗

(
K3 csc2 φ(1− p− εq)− ν

3

(
1− (p+ εq)3

)
+ σ(p+ εq)

√
(p+ εq)2 + (p′ + εq′)2

)
sinφdφ.

Then,

i′(0) = 2π

∫ π/2

φ∗

[
−K3 csc2 φ+ νp2 − σ

(
pp′√

p2 + (p′)2

)′
+ σ

2p2 + (p′)2 − pp′ cotφ√
p2 + (p′)2

]
q sinφ dφ

Therefore, any minimizing p must satisfy

K3 csc2 φ = νp2 − σ

(
pp′√

p2 + (p′)2

)′
+ σ

2p2 + (p′)2 − pp′ cotφ√
p2 + (p′)2

. (95)

One thing to immediately notice is that the trivial free boundary p ≡ r0 is not a solution to (95)

because of the forcing term on the left-hand side.
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8 Modifications to the Basic Models

We have seen that mechanical models of DNA clustering provide information on its packing con-

figurations, whether in free solution or confined within viral capsids. In these models, negative

electrostatic repulsion between neighboring strands of DNA have been accounted for by selecting

effective parameter values, such as the diameter of the DNA and the bulk and shear moduli.

Experiments regarding the dependence on mechanical properties of single DNA molecules in an

ionic environment are not ubiquitous but have a fairly long history. In their article from 1997, Bau-

mann et al [6] studied the effect of several types of ions on the elasticity of single DNA molecules.

They studied the dependence of the DNA persistence length Lp on the ionic content of the sam-

ple. They found that Lp is inversely proportional to the ionic concentration, that is, the higher the

concentration, the more isotropic the behavior of the DNA. The response is also very much depen-

dent on the ionic size. For multivalent salts, values of Lp are in the range of 25 to 30 nm, whereas

for monovalent salts, Lp was found to be between 45 and 50 nm. Spermidine (a 3+ ionic group)

is found to cause larger increase of persistence length than other ionic groups like Mg2+. From a

different point of view, the elastic stretch modulus is found to increase with Lp, contrary to the

prediction from three-dimensional elasticity.

Other groups of experimental scientists have studied the effect of ions on packing pressure and

speeds of ejection, with the article by Puck and Sagic being one the pioneers in the topic [52].

The work by Purohit et al [53] provides measures of forces in the capsid with varying ionic con-

centration, and, in particular, during the ejection process. Fuller et al [18] investigated how ion

concentration affects the functioning of the portal motor. Dogic et al [14] studied the effect of ions

on the ordering of packed DNA. Analogous work for DNA in free solution was earlier carried out

by [34]. How ions affect the packing energy and pressure is reported in [58].

From another perspective, ions are found to play an important role on how viruses interact with

the environment and in their invasion of bacteria, as investigated in the pioneering work by Garen

et al. [19]. Hence, mathematical models of ionic behavior of bacteriophage viruses are relevant to

applications. Research on interactions of virus with hosts, in environments with a wide range of

ionic strengths is reported in [32].

In order to study ionic effects in viruses, one approach is to model the capsid and virus, together

with its surroundings as a gel. That is, the virus is placed in an aqueous environment that is able

to sustain ions. Due to the permeability of the capsid, ions can then move through it and change

conditions inside the bacteriophage.
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8.1 An Energy for Mixing

The introduction of solvent into our model systems will be necessary to capture realistic behavior

seen in experiments. The natural solvent in both LCLC and condensed DNA systems is, of course,

water with immersed ions. In experiments, their concentrations are adjusted by the addition of con-

densing agents, such as polyethylene glycol (PEG) or spermine, these often being positive multiva-

lent ions, to induce changes of configuration, such as shape and size of aggregates. Experimental

works on LCLCs, such as [59, 60], demonstrate that the shapes of the macromolecular structures

can be controlled with neutral and weakly charged additives. They observe that these additives can

cause phase separations, such as the highly ordered hexagonal columnar phase coexisting with the

isotropic phase.

The goal of this subsection is to model the role of condensing effects in the system, deferring the

explicit electrostatic treatment to the next section. We now assume that our systems, LCLCs as well

as bacteriophage viruses, are polyelectrolyte gels.

We assume that the liquid crystal occupies the domain B ⊂ R3. According to the two-component

mixture theory, at each point of the gel (mixture) domain, both components, liquid crystal and water

are present with volume fractions φ1 and φ2, respectively. Assuming that no other components are

present (ions and condensing agents will be represented as points, with concentrations assigned to

them but occupying zero volume), we assume that the constraint

φ1 + φ2 = 1, φ := φ1, (96)

holds. The optimal proportion of the components in the mixture is that which minimizes the Flory-

Huggins energy [57],
∫
BWFH(φ(x), 1− φ(x)) dx, with

WFH(φ, 1− φ) = µH(φ), φ := φ1, (97)

H(φ) :=
N2

N1
φ ln (φ) + (1− φ) ln (1− φ) +

χ

2
φ (1− φ) , (98)

µ =
KBT

N2Vm
. (99)

The first and second terms of this energy correspond to the entropic, attractive, interactive contribu-

tions between the two components, favoring their mixing; the third term represents repulsive forces

between them. The Flory’s parameter χ is, then, a dimensionless measure of the repulsive interac-

tions. It has a threshold value, χc ≈ 1, such that χ < χc corresponds to mixed states, with χ ≥ χc

characterizing phase separating regimes where clusters of one component form within the second.

The quantities N1 and N2 are the number of lattice sites occupied by species 1 and 2, respectively.

(For instance, in polymer-solvent mixtures, N1 = 1000, N2 = 1.)
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Figure 17: Profiles of the Flory-Huggins energy density for different values of χ. For χ > 1, the
graphs represent phase separation regimes, whereas χ < 1 corresponds to a mixing regime, with a
single well.

The total energy of the chromonic liquid crystal, taking into account both components, water and

liquid crystal molecules is now

Emix =

∫
B

(
φK3|n×∇× n|2 + µH(φ)

)
dx + σArea(∂Ω),

subject to the constraints (13-16) together with∫
B
φdx = m, (100)

where m represents the total mass of chromonic molecules (here we have taken the density to be 1).

In the modeling of the Sunset Yellow LCLC, the bending constant is

K3 =
KBTLp
D2

, (101)

where D is the typical cluster size [65], ranging from nanometers to microns according to whether

we model DNA in free solution or Sunset Yellow, respectively.
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8.2 Ionic Forces in Bacteriophage DNA Model

Experiments designed to understand toroidal DNA condensates, which have been motivated by

relevance to gene packing and potential applications in artificial gene delivery [24], use similar

condensing agents to manipulate the system. Also, experimentalists investigate the various sizes of

DNA toroids that form by altering the amount of salt ions in the system, relevant due to the fact that

the DNA strand carries a largely negative charge. This feature of the DNA strand also plays a major

role in the setting of bacteriophage capsids, so we discuss an energy below that will encompass both

the solvent and the charges of the system in that case.

When it comes to DNA spooling in bacteriophages, the inclusion of ionic forces will prove to be

essential in fully understanding bacteriophage processes. For instance, the ejection behavior of virus

T5 has been seen to be different from that of virus λ, which are similar in structure [43], and this

suggests that more than mechanics are at play.

In this section, we explicitly account for the negative charge that we assume distributed along the

DNA axis and for several families of soluble ions, which diffuse in the water contained inside the

capsid and in the fluid surrounding the capsid. The permeability of the capsid walls allows for water

to diffuse through, so ionic changes in the environment affect the conditions inside the capsid.

Following earlier work on polyelectrolyte gels, we now construct the energy of the present system.

We consider a larger domain U that contains the capsid B to account for the permeability of the

capsid walls. In addition to the orientational fields n,m and p and DNA volume fraction φ, the

model includes the diameter of the DNA d, the electrostatic potential Φ, and the concentrations

{ci}i=1,...,Z of the Z ion species with valence zi. The electric displacement vector D is given by

D = ε0εE, E = −∇Φ, (102)

where ε0 is the dielectric permitivity coefficient of the vacuum and ε is the permitivity matrix of the

material. Specifically,

ε = ε⊥I + εan⊗ n, εa = ε‖ − ε⊥ (103)

where ε⊥ and ε‖ denote are the permitivity coefficients when the electric field E is applied along

the directions perpendicular and parallel to n, respectively.

The total energy of the system is

Eionic = Ecap + Ed +

∫
U

[WFH(φ, 1− φ) +
1

2
D ·E +Wion(ci)] dx (104)
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where

Ed =

∫
Ω

1

ε2
|∇d|2 dx (105)

Wion = KBT
Z∑
i=1

ci ln ci. (106)

E(d) is a regularization term associated with the DNA interstrand distance d, and Wion is the

entropic energy associated with ionic concentrations. The configurations of the capsid correspond

to critical points of Eionic subject to constraints

∇ ·D = −χB
πq0d

4
+

Z∑
i=1

zici in U , (107)

where q0 = 5.88 e/nm is the linear charge density of the DNA. Here χB denotes the character-

istic function of the domain B. Taking the first variation of the energy, we recover the boundary

conditions corresponding to the electrostatic contribution[
ε̄
∂Φ

∂ν

]
= 0 on ∂B, ∂Φ

∂ν
= 0 on ∂U . (108)

The analysis of the critical points of the energy (104) follows along the steps in the analogous work

on ferroelectric liquid crystals [49] and it is also related to earlier studies on polyelectrolyte gels

[9, 44].

9 Concluding Remarks

The aims of this dissertation were to present a simple, user-friendly continuum model for the hexag-

onal phase of LCLCs and to demonstrate its utility in settings in which this phase is naturally ob-

served. We introduced two models, one a variation of the other, that accounted for the energy of

distorting the liquid crystal director, as well as the energy of interaction between adjacent phases.

Constraints were imposed to enforce the lattice structure of the planes perpendicular to the director

seen in the hexagonal columnar phase.

Our first study was to consider nematic liquid crystal confined between coaxial cylinders to inves-

tigate the addition of a surface energy term to the classic Oseen-Frank energy for liquid crystals.

We omitted the constraints of our model for the hexagonal columnar phase. With this model, we

conducted a bifurcation study on two important values of the problem: the inner cylinder radius and

relative importance of surface tension versus liquid crystal moduli.
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Next, we tested the predictive power our LCLC model for the hexagonal columnar phase by cal-

culating equilibrium shapes of toroidal aggregates in two regimes, where the bending contribution

to the energy dominated and where the surface forces dominated. The results were compared with

experimental images of DNA toroids and LCLC toroids, respectively. This investigation concluded

with a discussion of how the parameters calibrated in a simpler geometry could be used in minimiz-

ing the energy in the less restrictive geometry.

The last test case explored in this work is that of DNA confined within a bacteriophage capsid.

The LCLC model for the hexagonal columnar phase was modified to also account for the energy

within the disordered core region that forms at the center of capsids, due to the inability of DNA

to spool indefinitely. The boundary between ordered and disordered states was taken to be an un-

known function, and an existence result for simultaneously minimizing DNA configurations and the

free boundary was proved. We showed that with physical boundary conditions in place, there is a

unique minimizer for the DNA configuration that agrees completely with experimental images. A

discussion of the associated minimizing free boundary functions followed.

The tests described above demonstrated practical applications, as well as assure well-posedness, of

the models in relevant geometries. The final section provided modifications that expand the mod-

els to allow for features assumed as given to, instead, be treated as unknowns of the problem. In

summary, this dissertation gives scientists and researchers a set of tools to aid with predictions and

analysis of substances exhibiting the hexagonal columnar phase. With its broad scope, the hope is

that scholars will pursue the potential future directions of this work and continue along this path.
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