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Abstract

A restricted latent class model is a family of latent variable models with broad appli-

cations in psychological and educational assessment, where the model is restricted via

a latent matrix to reflect pre-specified assumptions on latent attributes. In this disser-

tation, I focus on the design and diagnosis of such models. First, the latent structure

is often provided by experts and assumed to be correct upon construction, which may

be subjective and misspecified. Recognizing this problem, I establish identifiability

conditions that ensure the estimability of the structure matrix. With the theoreti-

cal development, a likelihood-based method is proposed to estimate and update the

latent structure from the data. Second, it is usually assumed in cognitive diagnosis

models, a group of such latent class models, that test items require mastery of specific

skills – represented by latent attributes – and that each is either fully mastered or

not by a subject. As a consequence, the concept of partial mastery may not be well

accounted for. I propose a new class of models, partial mastery CDMs (PM-CDMs).

This class generalizes both CDMs by allowing for partial mastery and mixed member-

ship models by specifying mixed membership for each latent attribute dimension. I

demonstrate that PM-CDMs can be represented as restricted latent class models and

propose a Bayesian approach for estimation. Simulation studies show that the pro-

posed method outperforms the existing approaches in latent structure estimation and

the PM-CDM is able to investigate the impact of model misspecification with respect

to partial mastery. I illustrate these methods through data in educational assessment.

Latent structure estimation results provide interpretable results on the fraction sub-

traction data and the English test data demonstrate a case where PM-CDM improves

the model-fit of the classical model settings.
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Chapter 1

Introduction

1.1 Latent Variables and Measurement

The vast majority of research projects in psychological, medical and social science

carry the purpose of learning about certain characteristics of the target population.

If the feature is quantified, the task becomes measurement. In educational and psy-

chological field, measurements are typically conducted by designing tests and utilize

people’s responses to infer their attributes.Those features are not observed directly,

they are called latent traits. Example of latent traits includes students’ reading abil-

ity, employees’ emotional intelligence or patients’ life quality.

To reduce measurement error and achieve reasonable inference about the latent

traits, Item Response Theory (IRT) are developed in the 1950s. The theory states

that response on a test item depends on the item features and the test-takers’ latent

traits. Many statistical models are developed to reflect such relations. In the case

where responses are binary, one of the earliest is the Rasch Model (Rasch, 1960),

in which the latent traits or ability of test takers θi and the item difficulty parameter

bj affects the correct response probability Pj(θi) as follows:

Pj(θi) =
1

1 + exp{−(θi − bj)}

1
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Both θi and bj takes real values. It is also known as one-parameter logistic (1PL)

model. A popularly-used generalization, the three-parameter logistic (3PL)

model (Lord et al., 1968) models the correct response probability as follows:

Pj(θi) = cj + (1− cj)
1

1 + exp{−aj(θi − bj)}

where aj > 0 is the discrimination parameter, bj is the difficulty parameter and cj ∈

[0, 1] is the guessing parameter. The estimate of θ reflects an overall score of subject’s

ability. In many modern measurement problems, tests that provide profile details,

such as the mastery of different skills or concepts, gain popularity. Latent Class

Models (LCM) are developed for such tasks, where a classification-based decision

is made about an individual’s latent attributes from the collected responses. In this

dissertation, I will focus on a family of latent class models that have diagnostic feature:

the Restricted Latent Class Models.

1.2 Restrict Structure for Latent Class Models

Latent class models are popularly used to model latent attributes that are not directly

measurable by assuming that observed responses can be explained by a set of binary

latent attributes (Goodman, 1974; Agresti, 2013). In LCMs, a subject, such as an

examinee or a patient, provides binary responses R = (R1, ..., RJ)> to J diagnostic

items, where > denotes the transpose. These responses are assumed to be explained

by K unobserved binary latent attributes α = (α1, . . . , αK)>. The binary value

αk ∈ {0, 1} indicates the absence or presence of the kth attribute, respectively. The

vector α specifies a latent class that is usually called an attribute profile or knowledge

state. Such construction of α, which is different from the conventional latent class

model setting, is assumed for the diagnosis purpose. For instance, teachers may want
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to know whether students have mastered certain skills; and psychiatrists want to

know whether patients have certain mental disorders.

For these models, another major difference from the conventional latent class mod-

els is that the model parameters are restricted by a binary latent structure matrix,

called the Q-matrix. The Q-matrix reflects the pre-specified diagnostic relationships

between the J items and the K latent attributes. The Q-restricted latent class mod-

els have the desirable diagnostic feature of providing informative cognitive profiles for

every respondent, which allows for the design of more effective intervention strate-

gies. These models have recently gained great popularity in educational proficiency

assessment (e.g., Junker and Sijtsma, 2001; Hartz and Roussos, 2008; von Davier,

2008; Henson et al., 2009; de la Torre, 2011), psychiatric diagnosis (e.g., Templin and

Henson, 2006; Chen et al., 2015), and many other disciplines (e.g., Tatsuoka, 2009;

Rupp et al., 2010). The models also provide the basis for computerized-adaptive di-

agnosis in online testing and learning (e.g., Wang et al., 2016; Xu et al., 2016; Zhang

and Chang, 2016).

Here I will first give an introduction of the considered restricted latent class

models, followed by examples of several popularly used models. Assume that N

subjects are randomly sampled from a target population and their attribute pro-

files αi, i = 1, ..., N independently follow a categorical distribution with probabilities

pα := P(αi = α) for any α ∈ {0, 1}K , where pα ∈ (0, 1) and
∑
α pα = 1. Given

the ith subject’s attribute profile αi, the response Rij to item j follows a Bernoulli

distribution with positive response probability θj,αi := P(Rij = 1 | αi). In addi-

tion, the ith subject’s responses Ri = {Rij, j = 1, · · · , J} are assumed condition-

ally independent given αi. Such conditional independence assumption is commonly

used in finite mixture literature, such as Hall and Zhou (2003) and Allman et al.

(2009). We write Θ = (θj,α) as a J × 2K matrix containing the θ parameters and

p = (pα : α ∈ {0, 1}K)> as a 2K dimensional vector. The unknown parameters of
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solution

Figure 1.1: An Example of Q-matrix

Q =

attribute
α1 α2 α3

item 1 1 0 0
item 2 0 1 0
item 3 1 0 1
item 4 0 1 1

(1.1)

the latent class model include Θ and p. The cognitive diagnosis models (CDMs)

are a class of restricted latent class models where the model parameters Θ = (θj,α)

are constrained by pre-assumed relationships between the J items and the K latent

attributes. Such relationships are specified through a J × K binary matrix, which

is called Q-matrix in the literature. The entry qjk ∈ {0, 1} of the Q-matrix indi-

cates the absence or presence, respectively, of a link between the jth item and the

kth latent attribute. The Q-matrix can also be expressed via a graph. For instance,

Figure 1.1 corresponds to the following Q-matrix (1.1), which has four items, three

latent attributes and therefore 23 = 8 latent classes.

Denote the jth row vector of Q by Qj,?, which gives the full attribute requirements

of the jth item. For an attribute profile α, we write α � Qj,? if αk ≥ qjk for any

k ∈ {1, . . . , K}, and α � Qj,? if there exists k such that αk < qjk. We write

0k = (0, ..., 0)>k×1 and 1k = (1, ..., 1)>k×1, and omit the index of length when there is no
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ambiguity. .

The constraints on θ’s are motivated as follows. For α � Qj,?, a subject with

α has all the attributes for item j specified by the Q-matrix and would be “most

capable” to provide a positive response; on the other hand, for α′ � Qj,?, a subject

with α′ misses some related attribute and is expected to have a lower positive response

probability than α � Qj,?. In addition, a subject without mastery of any latent traits

is expected to have the lowest positive response probability. These constraints on Θ

are summarized as follows:

max
α:α�Qj,?

θj,α = min
α:α�Qj,?

θj,α > θj,α′ ≥ θj,0, for any α′ � Qj,?. (1.2)

Take item 1 in Equation (1.1) for an example. Under (1.2), subjects with α1 = 1 have

a higher positive response probability than those with α1 = 0; on the other hand,

α = (1, 0, 0)>, (1, 1, 0)>, (1, 0, 1)> and (1, 1, 1)> all have the same correct response

probabilities.

1.3 Examples of Restricted LCM

The introduced models are important statistical tools developed in cognitive diagnosis

to detect the presence or absence of multiple fine-grained skills or attributes. Many

restricted latent class models have been proposed in the past decades for various

application purposes (e.g., Junker and Sijtsma, 2001; Templin and Henson, 2006;

DiBello et al., 1995; Hartz and Roussos, 2008; de la Torre and Douglas, 2004; von

Davier, 2008; Henson et al., 2009; de la Torre, 2011). In this section, I will introduce

some of them as examples.

Example 1.1 (DINA model)

One of the basic cognitive diagnosis model is The deterministic input noisy output
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“and” gate model (DINA; Junker and Sijtsma, 2001), which assumes a conjunctive

relationship among attributes. That is, it is necessary to possess all the attributes

indicated by the Q-matrix to be capable of providing a positive response. In addition,

having additional unnecessary attributes does not compensate for the lack of necessary

attributes.

For an item j and a subject with α, the ideal response ξDINAj,α (Q) = I(α � Qj,?)

indicates the capability of the subject answering the item positively. The uncertainty

is further incorporated using two item-level parameters: the slipping parameter sj =

P{Rj = 0 | ξj,α(Q) = 1} denotes the probability of making a negative response despite

mastering all needed skills, and the guessing parameter gj = P{Rj = 1 | ξj,α(Q) = 0}

denotes the probability of a positive response despite an incorrect ideal response. The

response probability θj,α then takes the form

θj,α = (1− sj)ξ
DINA
j,α g

1−ξDINAj,α

j (1.3)

For the DINA model, (1.2) is satisfied if 1 − sj > gj, which is usually assumed in

practice.

Example 1.2 (Reduced RUM)

Under the reduced version of the reparameterized unified model (DiBello et al., 1995;

Henson et al., 2009), θj,α = πj
∏K

k=1γjk
qjk(1−αk), where πj is the positive response prob-

ability for subjects who possess all required attributes and γjk, the penalty parameter

for not possessing the kth attribute. Different to DINA, the reduced RUM assumes

a cumulative effect of not having required attributes. In practical implementation it

is usually the case that 0 < γjk < 1, ∀j, k, then the assumptions (1.2) is satisfied.

Example 1.3 (LCDM)

The Loglinear-CDM (LCDM, Henson et al., 2009) is a restricted latent class model
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that models the relationships between categorical variables and attribute profiles as

logit(θj,α) = b>j h(α, Qj,?), where the vector βj represents a 2K-dimensional vector of

weights for the jth item and h(α, Qj,?) represents a set of linear combinations of the

α and Qj,?. In particular, the saturated model corresponds to

b>j h(α,qj) = βj0 +
K∑
k=1

βjkqjkαk+
K∑
k=1

∑
k′>k

βjkk′qjkqjk′αkαk′+ · · ·+βj12···K

K∏
k=1

qjk

K∏
k=1

αk.

Note that for any 1 ≤ h ≤ K and any 1 ≤ k1 < · · · < kh ≤ K, if
∏h

l=1 qj,kl = 0,

then βj,k1···kh is not needed in the model and can be set as 0. The main effect model

becomes the linear logistic model (LLM, see Hagenaars, 1993; Maris, 1999; de la Torre

and Douglas, 2004) that logit (θj,α) = βj0 +
∑K

k=1 βjkqjkαk. Similar to LCDM, de la

Torre (2011) generalizes the DINA model to the G-DINA model, which directly

links θj,α and b>j h(α, Qj,?) without the logit function and has similar flexibility in

modeling attribute-response relation. For computational purposes LCDM is used as

a example in Chapter 2 and GDINA is discussed in Chapter 3.

1.4 Contents of the Thesis

Design of latent class models depends on valid assumption on the latent structure

and latent attributes. In Chapter 2, I focus construction of latent structure with

theoretical results and data-driven methodologies. The approaches serve as guidance

to construct and update the latent structure. Successful implementation of the model

also relies on reasonable assumptions on how latent attributes affects the responses.

While classical CDMs works with binary classification of latent profiles, Chapter 3

focuses on introducing a generalized model which allows partial mastery and mixed

membership. This relaxes the assumption on latent variables in CDMs and achieves

better model fit on simulations and real-world case. Summary and discussion of the



1.4. Contents of the Thesis 8

work are gathered in Chapter 4.



Chapter 2

Statistical Learning of the Latent
Structure

This chapter focuses on one fundamental assumption of latent class models: what is

the connection between response and latent attributes. For the family of restricted

latent structure models we work with, as mentioned in the introductory chapter, the

model parameters are restricted via a latent structure matrix to reflect pre-specified

assumptions on the latent attributes. Such a latent matrix is often provided by

experts and assumed to be correct upon construction, yet it may be subjective and

misspecified. Recognizing this problem, researchers have been developing methods to

estimate the matrix from data. However, the fundamental issue of the identifiability

of the latent structure matrix, as known as Q-matrix in cognitive diagnosis models,

has not been addressed. The first goal of this chapter is to establish identifiability

conditions that ensure the estimability of the structure matrix. With the theoretical

development, the following section proposes likelihood-based methods to estimate and

update the latent structure from the data. Simulation studies show that the proposed

method outperforms the existing approaches. I further illustrate the method through

a data set in educational assessment.

The chapter is organized as follows. Section 2.1 introduces the identifiability re-

sult. Section 2.2 proposes a likelihood-based estimation method and studies its the-

9
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oretical properties. Section 2.3 describes the computational details of the approach

and expands it to provide solution to the one of most common problems in measure-

ment design: verification and modification provisional Q-matrix. Sections 2.4 and 2.5

present simulation studies and real data analysis.

2.1 Identifiability of Latent Structures

This section focuses on a general setting that covers most of the popularly used

diagnostic models and develops identifiability results for the Q-matrix, which pro-

vide not only theoretical justification for many of the existing estimation methods,

but also useful information for related experimental designs, whereas in current ap-

plications the designs are usually experience-based and identifiability may not be

ensured. Moreover, the proof techniques can be used to establish large sample theory

of likelihood-based estimators.

First let’s address the identifiability issue and review some related works. While

the latent Q-matrix plays a key role for diagnosis assessment, identifiability of these

restricted latent structure models has long been an issue, as noted in the literature (de

la Torre and Douglas, 2004; Maris and Bechger, 2009; Tatsuoka, 2009; DeCarlo, 2011;

von Davier, 2014; Xu and Zhang, 2016). For unrestricted latent class models with

binary responses, Gyllenberg et al. (1994) showed that they are not identifiable in a

strict sense. On the other hand, researchers have considered the generic identifiability

of such models, which is defined following algebraic geometry terminology and implies

that the set of parameters for which the identifiability does not hold has Lebesgue

measure zero. Elmore et al. (2005) and Allman et al. (2009) established generic

identifiability results for a large set of latent structure models. Related identifiability

results on finite mixture models have also been developed in Hall and Zhou (2003),

Hall et al. (2005), Allman et al. (2011), Henry et al. (2014) and many others. However,
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the existing identifiability results for the unrestricted latent class models cannot be

applied to the Q-restricted models due to the additional constraints that reduce the

parameter space to a measure zero set. To address this issue, Xu (2017) proposed a

marginal probability technique and established a set of sufficient conditions for the

identifiability of these restricted models under the condition that the Q-matrix is

correctly specified beforehand and known.

However, the latent Q-matrix, which is often provided by experts upon construc-

tion, is subjective and can be misspecified. The misspecification of the Q-matrix

could lead to serious lack of fit and consequently inaccurate inferences on the la-

tent attribute profiles. Moreover, in exploratory analysis of newly designed items, a

large part or the whole Q-matrix may not be available. Recognizing these issues, re-

searchers have been developing methods to estimate the Q-matrix from the response

data (e.g., de la Torre, 2008a; Barnes, 2010; DeCarlo, 2012; Liu et al., 2012, 2013;

Chiu, 2013; Chen et al., 2015; de la Torre and Chiu, 2016). However, identifiability

and related statistical properties of the Q-matrix have largely been an underexplored

area in the literature and it is still not clear when the Q-matrix can be consistently

estimated. Some special cases have been recently studied in Liu et al. (2013) and

Chen et al. (2015); nevertheless, their theoretical techniques depend on some strong

model assumptions and cannot be applied for the general cognitive diagnosis models

in psychometrics assessment.

Compared with the problem of identifying model parameters under a pre-specified

structure matrix that was studied in Xu (2017), it is more challenging to establish

the identifiability of the latent Q-matrix for the following reasons: First, the cur-

rent work focuses on a more complicated problem than that in Xu (2017). For the

Q-restricted models, different Q-matrix corresponds to different set of model param-

eters and diagnostic constraints. The estimation of the Q-matrix therefore depends

on the identification of unknown model parameters under each candidate Q-matrix,
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where the model parameters themselves may not always be identifiable under these

candidates. Second, the Q-matrix of interest is a binary matrix; and the discreteness

nature of the identifiability problem makes it different from Xu (2017) and the exist-

ing tools may not be directly applicable. To establish the identifiability results, new

theoretical technique need to be developed.

Before presenting the main identifiability results in this section, I will introduce

some notations and formulate the definition of the identifiability of the Q-matrix. The

distribution of R, conditional on the latent class α, is given by a J-way 2×· · ·×2 table

Pα(Q,Θ) =
⊗J

j=1 (1 − θj,α, θj,α)>, where the r = (r1, · · · , rJ)>th entry of the table

is the probability of observing response vector r given Q-matrix, Θ, and latent class

α, i.e., P(R = r | Q,Θ,α) =
∏J

j=1(θj,α)rj(1 − θj,α)1−rj . The marginal distribution

of R is then given by P(Q,Θ,p) =
∑
α∈{0,1}KPα(Q,Θ) pα, where the rth entry is

P(R = r | Q,Θ,p) =
∑
α∈{0,1}KP(R = r | Q,Θ,α) pα.

The question of interest is when the Q-matrix is estimable from the response data

R. It is worthy to mention that the Q-matrix is expected to be identifiable only

up to rearranging the orders of the columns. This is because when estimating the

Q-matrix, the data do not contain information about the specific meaning of each

attribute. For this reason, if Q and Q̄ have an identical set of column vectors, they

can be considered equivalent and written as Q ∼ Q̄; otherwise, one can write Q � Q̄.

For example,
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Q =

α1 α2

item 1 1 0

item 2 1 1

item 3 1 1

item 4 1 1

∼ Q̄ =

α2 α1

item 1 0 1

item 2 1 1

item 3 1 1

item 4 1 1

For the restricted models satisfying (1.2), it is said that the Q-matrix is identifiable

if for any Q̄ � Q, there does not exist (Θ̄, p̄) such that P(Q,Θ,p) = P(Q̄, Θ̄, p̄). Cer-

tain type of Q-matrix structure is required for the identifiability results. An important

and basic structure that have been studied in the literature is the completeness of the

Q-matrix, where we say a Q-matrix is complete if {e>j : j = 1, ..., K} ⊂ {Qj,? : j =

1, · · · , J}; see, e.g., Chiu et al. (2009). Here ej is a standard basis vector, whose jth

element is one and the rest are zeros In other words, a Q-matrix is complete if there

exist K rows of Q that can be ordered to form the K-dimensional identity matrix

IK . A simple example of a complete Q-matrix is the K ×K identity matrix IK .

Starting with a simple and ideal case, one can consider the model introduced in

Example 1.1 and the ideal case where the jth response Rj = ξj,α(Q), where ξj,α(Q) =

I(α � Qj,?); that is, the capable subjects always provide positive responses and

incapable subjects always give negative responses. In this ideal case, θj,α = ξj,α(Q)

and p is unspecified. The completeness of a Q-matrix is sufficient and necessary for

the identifiability of p in the considered ideal case when Q is known (Chiu et al.,

2009; Xu and Zhang, 2016). Liu et al. (2013) further showed that for this ideal case,

a sufficient condition for the identifiability of the Q-matrix is that the Q-matrix is

complete and each attribute is required by at least two items.
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Example 2.1

Consider Q in Equation (2.1) as an example. It is not complete and one can show

it is not identifiable. In particular, for Q̄ in (2.1), where all elements of Q̄ are same

as Q except q̄31 = 0, we show Q and Q̄ are not distinguishable based on responses

generated under Q.

Q =

α1 α2

item 1 1 0

item 2 1 1

item 3 1 1

item 4 1 1

; Q̄ =

α1 α2

item 1 1 0

item 2 1 1

item 3 0 1

item 4 1 1

(2.1)

Consider the ideal case with θj,α = ξj,α(Q) and θ̄j,α = ξj,α(Q̄). Let the true

model parameter associated with Q be p. On can construct a different p̄ by setting

p̄(0,1) = 0 and p̄(0,0) = p(0,0) + p(0,1) while the other elements same as p. For such p̄

and the Q̄ in (2.1), P(R = r | Q̄, Θ̄,α)p̄α = P(R = r | Q,Θ,α)pα for any r and

α ∈ {(1, 0)>, (1, 1)>}. In addition, P{R = r | Q̄, Θ̄,α = (0, 0)>} · p̄(0,0) + P{R =

r | Q̄, Θ̄,α = (0, 1)>} · p̄(0,1) = P{R = r | Q,Θ,α = (0, 0)>} · p(0,0) + P{R = r |

Q,Θ,α = (0, 1)>} · p(0,1). Therefore, P(R = r | Q̄, Θ̄, p̄) = P(R = r | Q,Θ,p) for any

r. From Definition 1, Q in (2.1) is not identifiable.

For more general restricted latent class models satisfying constraints (1.2), we

provide in the following a unified sufficient condition that ensures the identifiability

of the Q-matrix. Although the above ideal model is a very special case of the con-

sidered models, it shows the necessity to require that the true Q-matrix is complete.

Moreover, for application purpose, we also need to ensure the identifiability of the

model parameters under the true Q-matrix; such identifiability conditions have been
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studied in Xu (2017). We assume the following identifiability conditions.

C1 The trueQ-matrix takes the form ofQ> = {IK ; IK ; (Q′)>}> after row swapping,

where Q′ is a (J − 2K)×K binary matrix.

C2 Given Q arranged as in C1, for any attribute profiles α 6= α′ and α � α′,

(θj,α; j > 2K)> 6= (θj,α′ ; j > 2K)>.

Remark 1

Condition C1 implies that Q is complete and each attribute is required by at least

two items. The completeness of the Q-matrix is a necessary condition for the identi-

fiability of the population proportion parameters pα under the simple DINA model.

For instance, for the Q-matrix in the previous example, it is not complete and we

can see subjects with α = (0, 0) and α = (0, 1) are not distinguishable from their re-

sponses. Without completeness, one can easily construct nonidentifiable Q-matrix as

illustrated in Example 4. Condition C1 requires two complete matrices. This follows

from the previous study of the DINA model in Example 1.1 (Liu et al., 2013; Chen

et al., 2015). Beyond the literature on cognitive diagnosis, the completeness type

structure has been used in confirmatory analysis of multidimensional item response

theory, where the attributes are modeled as continuous latent variables (e.g., Reckase,

2009). The developed theoretical results in this paper could also be extended to other

latent structure models in social science such as the mixed membership model, where

it has been shown that the mixed membership model can be equivalently represented

as a restricted latent class models with similar completeness requirement (e.g., Ero-

sheva et al., 2007a). Condition C2 implies that for attribute profiles α 6= α′ and

α � α′, there exists at least one item in Q′ such that subjects with α have differ-

ent positive response probabilities from subjects with α′. Both C1 and C2 hold if

there are three identity submatrices in the Q-matrix. From Theorem 1 in Xu (2017),

C1 and C2 ensure the identifiability of the model parameters (Θ,p) under the true
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Q-matrix while C1 itself cannot ensure that.

Theorem 1

Consider the restricted models satisfying (1.2). Under conditions C1 and C2, the

Q-matrix is identifiable.

Theorem 1 specifies conditions under which the Q-matrix is identifiable from the

response data. The result is under a general setting satisfying assumption (1.2) and

it covers many existing models as special cases. More importantly, the result allows

different items to follow different underlying diagnostic assumptions. In addition,

together with Theorem 1 in Xu (2017), we have both Q and the model parameters

(Θ,p) are identifiable under C1 and C2.

Corollary 1

Consider the restricted models satisfying (1.2). The Q-matrix and model parameters

(Θ,p) are identifiable under conditions C1 and C2.

Remark 2

The identifiability result would provide a guideline of how to design the diagnostic

items and how to calibrate the new designed items from response data. It is recom-

mended to have at least two complete matrices in the test; moreover, each attribute is

recommended to be required by at least three items. The identifiability result would

also help to improve existing diagnostic tests. For instance, when researchers find that

the estimation results are problematic and the Q-matrix does not satisfy the identifi-

ability conditions, it is recommended to design new items such that the identifiability

is ensured. Moreover, with a subset of items carefully designed by experts to satisfy

the identifiability conditions, we can use the responses to estimate the Q-matrix of

new items and to detect possible misspecifications of existing items. We propose a

likelihood-based estimation method in the following section.
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Remark 3

The identifiability results generalize the existing results in two ways. First, the current

work provides a unified identifiability result that is applicable to many diagnostic

models. For the identifiability of the Q-matrix, there are few studies in the literature

which only focus on some special cases. For instance, Chen et al. (2015) focused

on the DINA model and showed that identifying Q under the DINA model requires

two copies of IK and a third item measuring each attribute. The first requirement

is the Condition C1 and the second one is related to C2 of this paper. Second, the

identifiability results do not require test items to follow the same diagnostic model.

For instance, some items can follow the DINA while others can follow the Reduced-

RUM or LCDM. More flexible diagnostic tests therefore can be designed following

the identifiability results.

Remark 4

The generic identifiability results in Allman et al. (2009) can not be directly applied

in the current model setting. This is because under the same Q-matrix, there may

be several cognitive diagnosis models of interest. For instance, the DINA model can

be taken as a submodel of the LCDM under the same Q-matrix. In this case, the

parameters under the DINA model lie in a subspace of the parameter space under

the LCDM, and generic identifiability results for the more general LCDM may not

ensure the identifiability of the DINA model. When the identifiability conditions are

not satisfied, such as the Q-matrix is not complete, then we may expect to obtain

partial identification results as recently studied in Henry et al. (2014) and identify

the Q-matrix up to certain equivalent class. For instance, the incomplete Q-matrix

given previously would be in the same identification class as Q̄ in the example. In

analysis with a provisional Q-matrix, such partial identifiability result may lead to

“locally identifiability” near the provisional Q-matrix due to the discreteness of the

Q-matrix. On the other hand, the problem in this work takes a different setting
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from existing studies such as Henry et al. (2014), which assumes the existence of

an additional variable that provides a source of variation in the mixture weights

while leaves component distributions unchanged, and their results cannot be directly

applied.

2.2 Likelihood-based Estimation of Q-matrix

In this Section, we consider the estimation of the Q-matrix in a full exploratory

analysis setting, where no information on the Q-matrix is provided. The word “ex-

ploratory” is used to distinguish this analysis to the cases in Section 2.4, where a

provisional Q-matrix is available. When there is no confusion, in the following, we

use (Q,Θ,p) to denote a general candidate set of the Q-matrix and model parameters,

and use (Q0,Θ0,p0) to denote the true values.

An information-based approach is built to estimate the Q-matrix. Note that under

the general CDM setting, a Q-matrix may correspond to a set of different submodels of

the Q-restricted latent class model. For instance, the DINA model can be considered

as a submodel of the LCDM under the same Q-matrix. In order to account for

the model complexity, a natural choice is to use the information criterion, and we

choose the Q-matrix estimator (up to column permutation) such that it minimizes

the following objective function

Q̂ ∼ arg min
Q,Θ,p

−lN(Q,Θ,p;R) + λ×#{ΘQ}, (2.2)

where lN(Q,Θ,p;R) is the marginal log-likelihood of (Q,Θ,p),R = {Ri, i = 1, · · · , N}

is the observed response data, #{ΘQ} denotes the number of free item parameters in

matrix Θ under the Q-introduced constraints, and λ > 0 is a regularization parameter

that indicates the penalty level on the model complexity. For instance, when λ = 1
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this is equivalent to is Akaike’s information criterion (AIC) and when λ = logN/2,

this is similar to the Bayesian information criterion (BIC).

Due to the discreteness nature of the latent structure matrix, direct estimation

of maximum likelihood estimator is computational demanding. The key idea of

the proposed method is to reformulate the problem of estimating the Q-matrix as

a problem of variable selection. For computational convenience, we consider the

general LCDM framework in Example 1.3 where the monotonicity assumption can

be easily incorporated. The proposed approaches can be easily applied to other

link functions. For any j ∈ {1, · · · , J}, define a 2K-dimensional parameter vector

bj =
(
βj,0, βj,k1···kh , for any 1 ≤ h ≤ K and any 1 ≤ k1 < · · · < kh ≤ K

)>
. We

reparametrize the θj,α parameters under a matrix Q by

logit(θj,α) = βj0 +
K∑
k=1

βjkαk +
K−1∑
k=1

K∑
k′=k+1

βjkk′αkαk′ + · · ·+ βj12···K

K∏
k=1

αk, (2.3)

where for any 1 ≤ h ≤ K and any 1 ≤ k1 < · · · < kh ≤ K, βj,k1···kh = 0 if∏h
l=1 qj,kl = 0. Note that when

∏h
l=1 qj,kl 6= 0, βj,k1···kh may be or not be 0, which

depends on the cognitive diagnosis model assumption on the jth item. For instance,

for Qj,? = 1>K ,
∏h

l=1 qj,kl 6= 0 always holds, but under the DINA model, we have bj =

(βj,0, 0, · · · , 0, βj,1···K)> while under the saturated LCDM, bj = (βj,0, βj,1, · · · , βj,1···K)>.

From the above construction, for any item j, the item vector Qj,? is uniquely

determined by the sparsity structure of the vector bj. On the other hand, the sparsity

structure of bj is not uniquely determined by Qj,?, as illustrated by the example in

the last paragraph. As a consequence, the estimation of the Q-matrix in equation

(2.2) is equivalent to the estimation of the sparsity structure of B, i.e.,

B̂ ∼ arg min
B,p

−lN(B,p;R) + λ
J∑
j=1

∑
1≤h≤K

1≤k1<···<kh≤K

I(βj,k1···kh 6= 0), (2.4)
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where B = {b1, · · · ,bJ} is a set of candidate model parameters, l(B,p;R) is the

log-likelihood evaluated at (B,p) under the model (2.3) with Q = 1J×K . Let Ŝ be

the index set of the nonzero β’s in B̂. Then based on Ŝ, we can uniquely obtain an

estimate Q̂ (up to column permutation).

Directly solving (2.4) is still computationally challenging due to the L0 penalty

terms, i.e., I(βj,k1···kh 6= 0). Motivated by the work of Shen et al. (2012), which

studied constrained L0 likelihood and its computational surrogate, we replace the

L0 function I(βj,k1···kh 6= 0), by its surrogate Jτ (βj,k1···kh) := min (|βj,k1···kh|/τ, 1) to

construct an approximation. The Jτ (·) is a truncated L1 penalty (TLP) function and

the parameter τ decides the size of coefficients to be shrunk toward zero. We then

estimate Q by

B̂ ∼ arg min
B,p

−lN(B,p;R) + λ
J∑
j=1

∑
1≤h≤K

1≤k1<···<kh≤K

Jτ (βj,k1···kh). (2.5)

The constrained counterpart problem of (2.5) can be written as

B̂ ∼ arg min
B,p

−lN(B,p;R) subject to
J∑
j=1

∑
1≤h≤K

1≤k1<···<kh≤K

Jτ (βj,k1···kh) ≤M, (2.6)

for some positive constant M .

Let B0 be the J × 2K vector of true model parameters corresponding to Θ0 under

Q0. Note that when τ < min{|β| 6= 0, β ∈ B0}, the surrogate Jτ (·) becomes exactly

the L0 penalty, and therefore via tuning τ , we expect the selection method in (2.5)

performs similarly to the information-based selection in (2.4). Theoretically, thanks

to the identifiability result in the previous section, we have the following results on

its consistency and asymptotic behaviors.

We need some notations to state the theoretical properties. Let S0 be the index
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set of nonzero β’s in B0 and B0,S0 be the vector of these nonzero β’s. Denote the

cardinality of S0 by M0. Let B̂0 be the oracle maximum likelihood estimator provided

that the true Q0 and the specific diagnostic model assumption were known a priori,

i.e., the index set S0 was known, and B̂0,S0 be the estimated β̂’s indexed by S0.

Similarly, for any candidate B and index set S, we let BS be the vector of β’s indexed

by S. We further write η = (B,p), η0 = (B0,p0), η0,S = (B0,S,p0), η̂ = (B̂, p̂),

η̂0 = (B̂0, p̂), and η̂0,S = (B̂0,S, p̂). In addition, we assume the following condition:

C3 The true parameters B0,S0 are bounded and the Fisher information matrix eval-

uated at η0,S0 , denoted by IS0 , is nonsingular.

Proposition 1

Under the conditions in Theorem 1 and condition C3, if M = M0 and τ < δ for some

small constant δ, then for the optimization problem in (2.6), there exist positive

constants c1 and c2 such that for any N , P (B̂ � B̂0) ≤ exp{−c1N + c2} and P (Q̂ �

Q0) ≤ exp{−c1N + c2}. Furthermore,
√
N(η̂S0−η0,S0) and

√
N(η̂0,S0−η0,S0) have the

same limiting Gaussian distribution with mean zero and covariance I−1
S0

.

Proposition 1 shows the consistency of the estimatedQmatrix and the convergence

rate is of exponential order exp{−c1N + c2}. It also implies that P (Ŝ � S0)→ 0 and

the estimated model parameters η̂ achieve the oracle limiting distribution. We also

obtain the consistency result for the primary optimization problem in (2.5).

Proposition 2

Assume the conditions in Theorem 1 and C3. Further suppose that λ and τ depend

on N such that N−1/2λ → 0, N1/2τ → ∞, and N−1/2λτ−1 → ∞. Then for the

optimization problem in (2.5), P (Ŝ � S0) → 0 and P (Q̂ � Q0) → 0. Furthermore,
√
N(η̂S0 − η0,S0) weakly converges to the Gaussian distribution with mean zero and

covariance I−1
S0

.



2.2. Likelihood-based Estimation of Q-matrix 22

Remark 5

Propositions 1 and 2 theoretically justify the proposed estimation procedure and also

provide the asymptotic distributions for statistical inference on the model parameters.

To compute standard errors of the estimated model parameters, we need a consistent

estimator of IS0 , which can be obtained from the restricted latent class model under

the estimated Q-matrix. Thanks to Propositions 1 and 2, such ÎS0 is consistent under

conditions C1-C3.

The selection of λ and τ is crucial to the successful detection of latent structure.

Proposition 2 gives an asymptotic guideline to choose λ and τ . Note that the condi-

tions imply that λ → ∞, τ → 0, N−1/2λ → 0, N1/2τ → ∞, and N−1/2λτ−1 → ∞.

A sufficient condition is that λ = N1/2−ε1 and τ = N−ε2 for small positive constants

ε2 > ε1 > 0.

For data analysis, we propose to use information criteria such as the BIC to select

the tuning parameters. In particular, for each candidate pair of tuning parameters

(λ, τ), we obtain the estimated vector B̂(λ,τ), the index set of its nonzero elements

Ŝ(λ,τ), and the implied Q-matrix Q̂(λ,τ). Then we estimate the constrained maximum

likelihood estimator of η with the β’s indexed by Ŝc(λ,τ), the complement set of Ŝ(λ,τ),

being constrained to be 0. The maximum likelihood estimator depends on (λ, τ) only

via the estimated Ŝ(λ,τ) and we denote it by η̂∗
Ŝ(λ,τ)

. We further define IC(Ŝ(λ,τ), cN) =

−2lN(η̂∗
Ŝ(λ,τ)

;R)+cN×#{η̂∗
Ŝ(λ,τ)

}, where cN is some constant depending on N . When

cN = logN , the IC becomes the BIC. Among a candidate set of (λ, τ)’s, we choose

the one that minimizes the IC value and take the corresponding Q̂ to be the final

estimator of the Q-matrix. The following proposition gives conditions that ensure the

selection consistency of this procedure.

Proposition 3

Assume the conditions in Theorem 1 and C3. Further assume that cN → ∞, cN =
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o(N), and there exists (λN , τN) in the candidate set of tuning parameters such that

the limiting conditions in Proposition 2 are satisfied. Then the probability of the

above IC procedure selecting the true Q-matrix converges to 1 as N →∞.

Proposition 3 ensures the consistency of the BIC, which is further supported by the

simulation studies in Section 2.4. Alternatively we can use other information criteria

satisfying conditions in Proposition 3 to select the final Q-matrix, such as those

proposed in Chen and Chen (2008), Zhang and Shen (2010), Fan and Tang (2013)

and many others.

Remark 6

Directly solving the optimization problem in (2.5) could be computationally inefficient

due to the latent structure setting. Instead, it is solved via an EM algorithm. We

also propose a fast pre-screening method to get reasonable starting points by solving

a regularized likelihood of the main effect LCDM model.

2.3 Exploratory and Stepwise Estimation

2.3.1 Computation of the Likelihood-base Estimation

Here we will have a detailed description of the computational details of estimating the

Q-matrix with no provisional information. One can write the log-likelihood function

lN(B,p;R) in Equation (2.5) is the marginal log-likelihood taking the form

lN(B,p;R) =
N∑
i=1

log

 ∑
α∈{0,1}K

pα

J∏
j=1

θ
Rij
j,α (1− θj,α)(1−Rij)

 ,

where θj,α is a function of bj specified by the diagnostic model assumption. The log-

likelihood lN(B,p;R) involves the summation over the latent variables α and direct



2.3. Exploratory and Stepwise Estimation 24

optimization of it over B is computationally challenging.

Instead we use the EM algorithm. In particular, the log-likelihood of the complete

data, denoted by (R,A) = (Ri,αi; i = 1, · · · , n), as a function of B = (β1, ...,βJ) is:

lN(B;R,A) =
N∑
i=1

J∑
j=1

[
Rij log θj,αi + (1−Rij) log(1− θj,αi)

]
.

In the E-step, we compute the expectation of lN(B;R,A) with respect to the posterior

distributions of αi, i = 1, · · · , N . Let (B∗,p∗) be the parameter values in the previous

step estimation (or the initial value in first step). For the ith subject, we write the

posterior distribution of αi as P ∗iα = P (αi = α | Ri, B
∗,p∗), for any α ∈ {0, 1}K .

Then the conditional expectation of the complete data log-likelihood lN(B,p;R,A)

is:

Q(B | R, B∗,p∗) :=
J∑
j=1

Qj(bj | R, B∗,p∗)

:=
N∑
i=1

∑
α∈{0,1}K

P ∗iα

J∑
j=1

[
Rij log θj,α + (1−Rij) log(1− θj,α)

]
.

In the M-step, we find the maximizer of the TLP regularized Q(B | R, B∗,p∗),

i.e., −Q(B | R, B∗,p∗) + λ
∑J

j=1

∑
1≤h≤K

1≤k1<···<kh≤K
Jτ (βj,k1···kh). This can be done by

minimizing each bj independently with respect to the following objective function

b̂j = arg min
βj

Hj(bj), (2.7)

where

Hj(bj) := −Qj(bj | R, B∗,p∗) + λ
∑

1≤h≤K
1≤k1<···<kh≤K

Jτ (βj,k1···kh).

To solve the optimization problem in (2.7), we first implement the Difference of
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Figure 2.1: Truncated L1 function and difference of convex decomposition when τ = 1

Convex (DC) decompositions for the nonconvex penalty function Jτ (·) as shown in

the right plot of Figure Figure 2.1, i.e., Jτ (β) = J1,τ (β) − J2,τ (β) where J1,τ (β) =

|β|
τ

and J2,τ (β) = max( |β|
τ
− 1, 0). We then apply the algorithm proposed by Shen

et al. (2012) and write the objective function Hj(bj) as the difference of two convex

functions Hj(bj) = Hj,1(bj)−Hj,2(bj) by defining

Hj,1(bj) = −Qj(bj | R, B∗,p∗) + λ
∑

1≤h≤K
1≤k1<···<kh≤K

J1,τ (βj,k1···kh)

and

Hj,2(β) = λ
∑

1≤h≤K
1≤k1<···<kh≤K

J2,τ (βj,k1···kh).

We start the iterative minimization of Hj(bj) by first solving the initial Lasso problem

β̂(0) = arg minbj
Hj,1(bj). Then at the m ≥ 1 step, we solve for the following weighted

Lasso problem:

b̂
(m)

j = arg min
bj

{
−Qj(bj | R, B∗,p∗) +

λ

τ

∑
1≤h≤K

1≤k1<···<kh≤K

|βj,k1···kh|I(|β̂(m−1)
j,k1···kh | ≤ τ)

}
.
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The update is repeated until the objective function converges. To solve the initial

Lasso and the weighted Lasso problems in the maximization step, we use the coor-

dinate descent method similar to the algorithm solving regularized generalized linear

models discussed by Friedman et al. (2010). We will then check the KKT conditions,

and if they are not satisfied we go back and update the entire parameter again. In the

M-step, we update bj from j = 1 to J sequentially and the EM update is performed

until convergence.

With the above EM algorithm, we can get a set of candidate estimators B̂ =

(β̂1, · · · , β̂J) for a set of tuning parameters (τ, λ). For each B̂, we obtain the corre-

sponding candidate Q-matrix. Then we refit these Q-restricted models and select the

Q-matrix that has the minimal BIC value as the final estimator.

Initial values selection

Under the saturated model setting without restrictions of the Q-matrix, the number

of item parameters is J × 2K . In this case the EM algorithm may stops at some local

maximum especially when the penalty is large. One solution to this problem is to

use different starting points. However, the method becomes less efficient and often

requires much computation time when the number of attributes K becomes larger.

Alternatively, we propose a fast pre-screening method to get a reasonable starting

point. We choose a set of tuning parameter λ’s and conduct the initial screening in

the following steps:

1. For each λ, solve the following L1 regularized likelihood for the additive LCDM

(main effect model) using the above EM algorithm, i.e.,

(b̂1, ...b̂J) = arg min
b1,...,bJ

−
N∑
i=1

∑
α∈{0,1}K

{
pα

J∏
j=1

θ
Rij
j,α (1−θj,α)1−Rij

}
+λ

J∑
j=1

K∑
k=1

|βj,k|;
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where logit(θj,α) = βj0 +
∑K

k=1 βjkαk. Note the total number of item parameters

of this model is only J × (K + 1).

2. For the candidate Q-matrices Q̂(λ), choose the Q-matrix with least number of

1’s and no all-0 rows or columns. Then we refit the Q-restricted model under

the selected Q via EM and use the estimated parameters as starting value of

the proposed method.

Note that, though fast and straightforward, the above method cannot be used to

estimate Q-matrix directly and usually will not be consistent, especially when the

true model has large interaction effects like the DINA model. However, we find it

useful in providing good initial values by separating those items with fewer attributes

from those with multiple ones. In practice, the method can also be used to provide

multiple initial points by repeatedly fitting resampled data.

2.3.2 Detection and Update of misspecified Q-matrix

As mentioned at the beginning of the chapter, the Q matrix is often given by possibly

subjective and misspecified construct from researchers. In this section we adapt the

estimation method in the previous section to the case when there is an initial yet

maybe misspecified Q-matrix. The provisional Q(0) is often believed by practitioners

to be close to the true Q0 with only a few possible misspecifications. Although the

method in Section 2.2 can be directly applied by using the Q(0) as a starting matrix

of the estimation algorithm, in data analysis with limited sample size, this method

often tends to find a “global optimal” Q-matrix that has a low information criterion

value such as BIC but may differ Q(0) with many items. Such an estimated Q-matrix,

though statistically fits the data better, may be difficult to interpret for the purpose of

cognitive diagnosis. To incorporate such practical need into the estimation procedure,

we adapt the method in Section 2.2 to be a stepwise estimation procedure with each
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step focusing on updating one item.

The stepwise procedure starts the EM algorithm in Section 2.2 using the pro-

visional Q(0) and the estimated model parameters under Q(0) as initial values. We

denote the BIC under the Q(0)-restricted general CDM as BIC(0). In the M-step,

we estimate b̂
(0)

j , j = 1, · · · , J . Instead of update all b’s as in the exploratory

estimation in Section 2.2, for each item j, we introduce a matrix Q(0,j) that up-

dates Q(0) with only the jth row, denoted by Q
(0,j)
j,? , according to the estimated b̂

(0)

j .

Note that Q
(0,j)
j,? is uniquely determined by b̂

(0)

j and Q(0,j) may be the same as Q(0).

Let BIC(0,j) be the BIC under the matrix Q(0,j). If there is an item j(1) such that

j(1) = arg minj: Q(0,j) 6=Q(0), BIC(0,j)<BIC(0) BIC(0,j), then we update the Q-matrix as

Q(1) = Q(0,j(1)). Note that there may exists an item h with BIC(0,h) < BIC(0,j(1)) but

Q(0,h) = Q(0), that is, for the hth item, there is a submodel having a lower BIC than

the general CDM under the same Q-matrix. To account for such submodel effects

during estimation, for any item h such that BIC(0,h) ≤ BIC(0,j(1)), we update the

item response model θh,α according to the nonzero structure of b̂
(0)

h , while for other

items we still use the general CDM. This ends the first step of the stepwise estima-

tion method. We repeat the preceding procedure until the BIC starts to increase.

Theoretically, Proposition 3 ensures the estimation procedure to find at least a local

optimal Q-matrix.

When the sample size is not large enough, the stepwise detection procedure may

overestimate the number of the misspecified items. In order to control the number of

false positive detections, we propose to use a bagging method to reduce the estimation

variance. Specifically, we resample N individuals’ response with replacement from

the original data set and perform the stepwise estimation procedure. We repeat this

M times with M a relatively large number and denote the estimated Q-matrices

by Q∗m,m = 1, · · · ,M . Then we calculate the average estimator Q̄∗ = (q̄∗jk)J×K :=

1
M

∑M
m=1Q

∗
m and the final detected entries are those with q̄∗jk > s if the initial q

(0)
jk = 0
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and q̄∗jk < s if q
(0)
jk = 1. Here s is a threshold value to classify q̄∗jk as 0 or 1, and a

natural choice is 0.5.

2.4 Simulation Studies

We illustrate the performance of the proposed estimation procedures via two simu-

lation studies. For the first study in Section 2.4.1, we assume no prior information

on the Q-matrix. For the second study in Section 2.4.2, a Q-matrix is given yet

misspecified with a few items.

We introduce the simulation setting that will be used in both studies. We consider

latent attributes with dimension K = 3, 4 and 5, and the test length J = 20. The true

Q-matrices, shown as following, are chosen such that our identifiability conditions are

satisfied.

Q3 =



1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1
1 1 0
1 0 1
0 1 1
1 1 0
1 0 1
0 1 1
1 1 0
1 0 1
1 1 1
1 1 1
1 1 1



Q4 =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 0 1 0
0 1 0 1
1 1 0 0
0 0 1 1
0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0



Q5 =



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 1 0 0 0
0 1 1 0 0
0 0 1 1 0
0 0 0 1 1
1 0 0 0 1
1 1 1 0 0
0 1 1 1 0
0 0 1 1 1
1 0 0 1 1
1 1 0 0 1
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In both studies we use simulated data from two types of latent class models: the

DINA and the saturated LCDM. Both are designed such that the correct response

probabilities for all items are between 0.2 and 0.8. For the DINA, the slipping and

guessing parameters of all items are set to be 0.2. For the LCDM and any item j

requiring Kj attributes, we set the correct response probabilities of attribute profiles

with K ′j out of the Kj required attributes to be 0.2 + (0.8 − 0.2) × K ′j/Kj. Note

that the DINA model has 2J item parameters and the LCDM has
∑J

j=1 2Kj item

parameters under the true Q-matrix.

It is natural that one subject’s latent attributes are correlated. To consider the

dependence, we use the following two steps to simulate the true latent profiles (Chen

et al., 2015). First generate xi = (xi1, ..., xiK)
i.i.d.∼ N (0,Σ), for i = 1, ..., N where

Σ = (1− ρ)IK + ρ1K1TK ; then the attribute profile αik is set to be 1 if xik ≥ 0 and 0

otherwise. In both studies, three different situations of dependency is considered by

choosing ρ = 0, 0.15 and 0.25.

After generating latent profiles and item parameters, we simulate the observed

responses for 500 independent replications. Even though the data are generated

under the DINA and LCDM, the true models are assumed to be unknown during the

estimation.

2.4.1 Exploratory estimation of the whole Q-matrix

In this study we estimate the Q-matrix completely from the data. In the case of

K = 3, the following crossover design is applied for the considered two models,

three sample sizes, and three attribute dependent levels: {DINA,LCDM} ⊗ {N =

500, 1000, 2000} ⊗ {ρ = 0, 0.15, 0.25}.
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Table 2.1 presents the simulation results. The column “Matrix” shows matrix-level

estimation results and gives the proportion of the entire Q-matrix correctly recovered

by the estimation method among 500 replications. The column “Item” is the item-

level estimation results and it shows the averaged proportion of the item Q-vectors

being correctly estimated. For the entry-level results, the column “TPR” is the

proportion of true connections between attribute and item being correctly detected,

i.e., the 1’s in the true Q-matrix correctly estimated; and “FPR” is the proportion of

irrelevant item-attribute pairs specified as relevant, i.e., the 0’s in the true Q-matrix

estimated as 1’s. For comparison, we have also performed the estimation method

using the Lasso penalty. Multiple starting values are used. Table 2.1 shows that the

proposed truncated L1 method outperforms the L1 regularized estimation in most

cases. Both methods perform better when sample size increases and attributes are

less correlated. The correct recovery rate of the Q-matrix is higher for the DINA

model than that for the LCDM. This is because in the DINA model each item has

only one non-zero and non-intercept coefficient, which is relatively large and easier to

detect.

We also consider the cases with the number of latent attributes K = 4 and K =

5. We use the non-correlated attributes and two sample size N = 1000 and 2000.

Table 2.2 shows the simulation results for 500 replications. Due to the fact that

the size of parameters in the saturated model increases with K exponentially, the

estimation becomes more difficult, particularly for the LCDM. However, the item-level

(“Item”) and entry-level (“TPR” and “FPR”) estimation results are quite accurate

with more than 98% of the item Q-vectors and almost all entries correctly estimated

when N = 2000. Overall, the TLP outperforms the Lasso method. As in the case
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DINA LCDM
ρ N Matrix Item TPR FPR Matrix Item TPR FPR

0
500

TLP 0.958 0.998 1.000 0.002 0.566 0.972 0.987 0.005
L1 0.948 0.997 1.000 0.002 0.552 0.972 0.988 0.007

1000
TLP 0.980 0.999 1.000 0.001 0.938 0.996 1.000 0.002
L1 0.980 0.999 1.000 0.001 0.926 0.996 0.999 0.003

2000
TLP 0.990 0.999 1.000 0.000 0.980 0.999 1.000 0.001
L1 0.990 0.999 1.000 0.000 0.978 0.999 1.000 0.001

0.15
500

TLP 0.920 0.992 0.999 0.005 0.562 0.970 0.990 0.010
L1 0.920 0.995 1.000 0.004 0.532 0.966 0.988 0.011

1000
TLP 0.958 0.996 1.000 0.003 0.900 0.995 0.999 0.003
L1 0.958 0.996 1.000 0.003 0.900 0.995 1.000 0.003

2000
TLP 0.972 0.997 1.000 0.002 0.974 0.999 1.000 0.001
L1 0.970 0.997 1.000 0.003 0.972 0.998 1.000 0.001

0.25
500

TLP 0.910 0.990 0.998 0.006 0.516 0.966 0.988 0.011
L1 0.886 0.992 1.000 0.006 0.432 0.959 0.986 0.013

1000
TLP 0.958 0.998 1.000 0.002 0.866 0.993 0.999 0.005
L1 0.930 0.996 1.000 0.003 0.826 0.990 0.999 0.006

2000
TLP 0.964 0.996 0.999 0.003 0.980 0.999 1.000 0.001
L1 0.958 0.995 1.000 0.004 0.974 0.999 1.000 0.001

Table 2.1: Exploratory estimation results for K = 3.
The column “Matrix” is the proportion of the entire Q-matrix correctly recovered.
“Item” is the proportion of the item vectors correctly estimated. TPR is the propor-
tion of the 1’s in the true Q-matrix correctly detected. FPR is the proportion of the
0’s in the true Q-matrix falsely estimated as 1’s.

of K = 3, the DINA model has better estimation results than the LCDM due to the

sparser and stronger signals. We also note that under the DINA model, the TLP

estimation results for K = 5 are slightly better than K = 4; this might be due to the

Monte Carlo error and the selection of tuning parameters during the estimation.

Estimation results of the parameters Θ = (θj,α)J×2K are presented in Table 2.3

with K ∈ {3, 4, 5} and ρ = 0. The correlated cases with ρ 6= 0 are similar and

therefore not reported here. Recall that θj,α denotes the correct response probability

to the jth item for latent class α. Two methods are compared. For the proposed
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method, the θ̂’s are calculated from the refitted β̂ values under the estimated model

structure (column “TLP”). For the true model, the θ’s are estimated under the true

Q-matrix and the true diagnostic model assumption (column “True”). We report

the averaged absolute values of the estimated biases of θ̂’s (column “aBias”) and the

averaged squared-root mean squared error (column “RMSE”). Table 2.3 shows that

the proposed method gives similar estimation results to those under the true model,

which is consistent with the theoretical results in Propositions 1 and 2. Please also

refer to Figure A.1 in the Appendix for the box plots of the MSEs.

DINA LCDM
K N Matrix Item TPR FPR Matrix Item TPR FPR

K = 4
1000

TLP 0.956 0.998 1.000 0.001 0.600 0.973 0.997 0.010
L1 0.950 0.997 1.000 0.001 0.566 0.969 0.998 0.012

2000
TLP 0.960 0.998 1.000 0.001 0.890 0.994 1.000 0.003
L1 0.956 0.998 1.000 0.001 0.884 0.994 1.000 0.003

K = 5
1000

TLP 0.970 0.998 1.000 0.001 0.342 0.944 0.991 0.013
L1 0.916 0.995 1.000 0.002 0.136 0.905 0.998 0.029

2000
TLP 0.974 0.998 1.000 0.001 0.712 0.982 1.000 0.005
L1 0.954 0.997 1.000 0.001 0.662 0.980 1.000 0.006

Table 2.2: Exploratory estimation results for K = 4 and 5.
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DINA LCDM
N TLP True TLP True

aBias RMSE aBias RMSE aBias RMSE aBias RMSE

K = 3
500 0.004 0.029 0.004 0.028 0.007 0.044 0.007 0.045
1000 0.003 0.020 0.003 0.020 0.005 0.029 0.005 0.032
2000 0.002 0.014 0.002 0.014 0.004 0.019 0.004 0.022

K = 4
1000 0.004 0.023 0.004 0.022 0.008 0.039 0.007 0.039
2000 0.003 0.016 0.003 0.016 0.006 0.024 0.005 0.027

K = 5
1000 0.004 0.026 0.004 0.026 0.010 0.048 0.008 0.047
2000 0.003 0.018 0.003 0.017 0.006 0.027 0.005 0.032

Table 2.3: Estimation results for Θ.
“aBias” is averaged absolute values of estimated biases of θ’s and “RMSE” is averaged
squared-root mean squared error. “TLP” is the re-fitted estimate under the estimated
model structure; “True” is the estimate under the true model structure.

2.4.2 Stepwise estimation with a provisional Q-matrix

In this simulation study, we aim to estimate theQ-matrix when a provisionalQ-matrix

is available. The provisional Q-matrix is designed to be misspecified at two levels:

10% and 20% on the item level. The misspecified J0 items are selected randomly

from the J = 20 items and the Q-vector of a misspecified item is uniformly selected

from the 2K possible vectors expect the true one and the zero vector.

We first consider K = 3 and use a crossover design of two models, two degrees

of misspecification levels, three sample sizes, and three attribute dependent levels:

{DINA,LCDM} ⊗ {Misspecification 10%, 20%} ⊗ {N = 500, 1000, 2000} ⊗ {ρ =

0, 0.15, 0.25}. For each case, we compare the performance of proposed method with

the GMDI method (de la Torre and Chiu, 2016). The simulation results are summa-

rized in Table 2.4 for low (10%) and Table A.1 for high (20%) misspecification levels.

The column “Total” shows the proportion of correctly estimated item vectors for each

method; note that by the design of our simulation, the baseline “Total” value of the
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initial Q(0)-matrix is 0.9 for low-misspecified case and 0.8 for high-misspecified case.

The column “TPR” (true positive rate) shows the proportion of those misspecified en-

tries/vectors in the initial Q(0) that are correctly detected, and “FPR” (false positive

rate) is the proportion of those correctly-specified entries/vectors in the provisional

Q(0) that are being falsely detected. The results show that the proposed method

outperforms the GMDI method for all simulation conditions. The TPR of proposed

method tends to 1 as sample size increases while such trend is not significant for the

GMDI. Moreover, the performance of our method declines only slightly as the mis-

specification level increases from 10% to 20%, while the GMDI approach is affected

more significantly. With the same sample size, the stepwise procedure works better

for the simpler DINA model while the performance is similar for different dependence

levels.

We use the proposed stopping rule based on the BIC. We also report the results

using a fixed step number J0, which is the number of misspecified items in the initial

Q(0), in the brackets. It shows that the proposed sequential method performs similarly

to that with fixed J0 steps, which indicates that our method detects most of the

misspecified items within the first J0 steps. We also consider the cases with K = 4

and K = 5, and the results are presented in the Chapter 5.

2.4.3 Bootstrap validation

We illustrate the performance of proposed bootstrap-aggregation validation method.

We consider the case with K = 3 and N = 500 under the LCDM. For each replicate

in previous simulation, we perform bootstrap bagging estimation.

Figure 2.2 summarizes the bootstrap aggregating with different threshold values
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DINA LCDM
Entry Vector Entry Vector

ρ N Total TPR FPR TPR FPR Total TPR FPR TPR FPR

0

500
Proposed

0.998 0.986 0.000 0.980 0.001 0.963 0.860 0.009 0.850 0.024
(0.996) (0.981) (0.001) (0.975) (0.002) (0.973) (0.884) (0.005) (0.850) (0.013)

GMDI 0.923 0.252 0.000 0.230 0.000 0.923 0.252 0.000 0.235 0.000

1000
Proposed

0.999 0.996 0.000 0.985 0.000 0.993 0.950 0.000 0.935 0.001
(0.999) (0.996) (0.000) (0.985) (0.000) (0.994) (0.968) (0.001) (0.950) (0.002)

GMDI 0.932 0.345 0.000 0.325 0.000 0.932 0.340 0.000 0.320 0.000

2000
Proposed

0.999 1.000 0.000 0.995 0.001 0.998 0.993 0.000 0.985 0.001
(1.000) (1.000) (0.000) (0.995) (0.000) (0.997) (0.986) (0.000) (0.970) (0.001)

GMDI 0.924 0.290 0.000 0.245 0.000 0.924 0.281 0.000 0.240 0.000

0.15

500
Proposed

0.998 0.991 0.000 0.985 0.001 0.961 0.877 0.009 0.840 0.026
(0.998) (0.991) (0.000) (0.985) (0.001) (0.972) (0.874) (0.005) (0.835) (0.013)

GMDI 0.924 0.247 0.000 0.240 0.000 0.923 0.248 0.000 0.240 0.001

1000
Proposed

0.999 0.991 0.000 0.985 0.000 0.994 0.962 0.001 0.955 0.002
(0.998) (0.991) (0.000) (0.985) (0.001) (0.995) (0.973) (0.001) (0.965) (0.002)

GMDI 0.932 0.345 0.000 0.325 0.000 0.931 0.326 0.000 0.315 0.000

2000
Proposed

1.000 1.000 0.000 1.000 0.000 0.999 0.993 0.000 0.990 0.000
(1.000) (1.000) (0.000) (0.995) (0.000) (0.999) (0.991) (0.000) (0.985) (0.000)

GMDI 0.924 0.284 0.000 0.245 0.000 0.924 0.279 0.000 0.240 0.000

0.25

500
Proposed

0.998 0.991 0.000 0.985 0.001 0.967 0.902 0.008 0.875 0.023
(0.997) (0.986) (0.001) (0.980) (0.002) (0.975) (0.888) (0.004) (0.855) (0.012)

GMDI 0.922 0.234 0.000 0.225 0.000 0.920 0.235 0.001 0.225 0.003

1000
Proposed

0.999 0.995 0.000 0.990 0.000 0.994 0.963 0.001 0.955 0.002
(0.999) (0.995) (0.000) (0.990) (0.000) (0.994) (0.971) (0.001) (0.960) (0.003)

GMDI 0.932 0.333 0.000 0.325 0.000 0.931 0.326 0.000 0.315 0.000

2000
Proposed

1.000 1.000 0.000 1.000 0.000 1.000 0.995 0.000 0.995 0.000
(1.000) (1.000) (0.000) (0.995) (0.000) (0.999) (0.991) (0.000) (0.985) (0.000)

GMDI 0.924 0.272 0.000 0.245 0.000 0.924 0.275 0.000 0.245 0.000

Table 2.4: Low misspecification correction results with K = 3.
“Total” is the proportion of correctly estimated items with the initial baseline 0.9.
“TPR” is true positive rate and “FPR” is the false positive rate. For the proposed
method, results after the first 2 steps are presented in brackets.

from 0 to 1. On the left, the blue curve represents the averaged TPR, i.e., the pro-

portions of misspecified entries that are correctly detected; the red curve is FPR,

i.e., the proportion of correct entries being falsely detected. The right plot shows

the averaged numbers of the true positive (TP) and the false positive (FP). In both

plots, the dashed lines are the results using the proposed method without bootstrap
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Figure 2.2: Bootstrap aggregating curves
The x-axis is the threshold of bootstrap method.TPR is the true positive rate; FPR is the

false positive rate; TP is the true positive number of entries; FPR is the false positive

number of entries.

aggregating. Figure 2.2 shows the TPR (FPR) achieves maximum (minimum) at

about s = 0.5 and therefore validates the choice of the threshold s = 0.5. Further-

more, the bootstrap method with s = 0.5 improves the stepwise detection method

by reducing the overall false detection rates/numbers, especially the number of false

positive entries.

To further illustrate the improvement, Table 2.5 presents the result from one

replication where the sequential method has overestimated the misspecified entries.

The right is the true Q-matrix. The left presents the misspecified initial Q-matrix;

by design the Q-vectors for Item 2 and 19 are incorrect and the misspecified entries

are identified using subscript “∗”. The left also shows the entries detected by the

sequential estimation approach are highlighted in blue. We can see that it detects all

misspecified entries but has two false discoveries (the blue entries without “∗”, i.e,

item 12 with attribute 1 and item 18 with attribute 2). The bootstrap aggregated
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Q-matrix in the middle indicates only the starred entries should be changed, where

recall that a “1” entry is detected if the bootstrap average is < 0.5 and a “0” entry

is detected if > 0.5. This agrees with the true Q-matrix.

Initial Q-matrix Bootstrap Aggregation True Q-matrix

Item Attr1 Attr2 Attr3 Attr1 Attr2 Attr3 Attr1 Attr2 Attr3

1 1 0 0 1.00 0.00 0.00 1 0 0
2 0 0* 1* 0.01 1.00* 0.10* 0 1 0
3 0 0 1 0.00 0.00 1.00 0 0 1
4 1 0 0 1.00 1.00 0.02 1 0 0
5 0 1 0 0.00 1.00 0.00 0 1 0
6 0 0 1 0.00 0.00 1.00 0 0 1
7 1 0 0 1.00 0.00 0.00 1 0 0
8 0 1 0 0.00 1.00 0.02 0 1 0
9 0 0 1 0.00 0.01 1.00 0 0 1
10 1 1 0 0.99 1.00 0.02 1 1 0
11 1 0 1 1.00 0.00 1.00 1 0 1
12 0 1 1 0.07 1.00 1.00 0 1 1
13 1 1 0 1.00 1.00 0.00 1 1 0
14 1 0 1 1.00 0.01 1.00 1 0 1
15 0 1 1 0.00 1.00 1.00 0 1 1
16 1 1 0 1.00 0.99 0.00 1 1 0
17 1 0 1 1.00 0.00 1.00 1 0 1
18 1 1 1 0.88 0.79 0.98 1 1 1
19 0* 1 0* 0.95* 0.94 0.89* 1 1 1
20 1 1 1 1.00 0.94 1.00 1 1 1

Table 2.5: Bootstrap aggregating for a case with K = 3, N = 500, ρ = 0 under
LCDM.
The left is the initial Q-matrix with Item 2 and 19 misspecified. The middle matrix is the

bootstrap aggregated Q-matrix. Entries in blue are detections from the stepwise method;

and entries with “∗” are true misspecified entries (and also detections with bootstrap sig-

nificance).
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2.5 Case Studies

We consider a data set that has been used for educational assessment. This dataset

contains responses from 536 middle school students to a set of fraction subtraction

items. Various subsets of the items with different numbers of attributes have been

analyzed in the literature, such as Tatsuoka (2002), de la Torre and Douglas (2004),

de la Torre (2011), Chen et al. (2015), and de la Torre and Chiu (2016). We follow

the setting in Chen et al. (2015) and study 17 items. The item contents and the

Q-matrix with 8 attributes given by de la Torre and Douglas (2004) are presented in

the left of Table 2.6. The attributes are defined as follows:

(A1) Convert a whole number to a fraction

(A2) Separate a whole number from a fraction

(A3) Simplify before subtracting

(A4) Find a common denominator

(A5) Borrow from whole number part

(A6) Column borrow to subtract the 2nd numerator from the 1st

(A7) Subtract numerators

(A8) Reduce answer to simplest form

We first apply the proposed stepwise estimation method in Section 2.3. Note that

attribute A7 is required by all the items and for the reason of identifiability, we focus

on the other 7 attributes. The estimation result suggests to update the highlighted

entries. In particular, it suggests that the attributes A2 and A3 should be required by

item 10 and A4 required by item 11 while A2 not needed for item 11. Such changes

appear difficult to interpret under the definitions of the latent attributes. This may
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Pre-specified Bootstrap Aggregation

Item Content A1 A2 A3 A4 A5 A6 A7 A8 A1 A2 A3 A4 A5 A6 A8

1 5
3
− 3

4
0 0 0 1 0 1 1 0 0.00 0.00 0.00 1.00 0.00 1.00 0.00

2 3
4
− 3

8
0 0 0 1 0 0 1 0 0.00 0.03 0.00 1.00 0.00 0.00 0.00

3 5
6
− 1

9
0 0 0 1 0 0 1 0 0.01 0.00 0.00 1.00 0.00 0.00 0.00

4 31
2
− 22

3
0 1 1 0 1 0 1 0 0.00 0.97 1.00 0.01 0.98 0.00 0.01

5 11
8
− 1

8
0 0 0 0 0 0 1 1 0.00 0.03 0.00 0.00 0.02 0.00 1.00

6 34
5
− 32

5
0 1 0 0 0 0 1 0 0.00 1.00 0.00 0.00 0.00 0.00 0.00

7 45
7
− 14

7
0 1 0 0 0 0 1 0 0.00 1.00 0.00 0.00 0.01 0.01 0.00

8 43
5
− 3 4

10
0 1 0 1 0 0 1 1 0.02 0.99 0.00 1.00 0.00 0.01 0.98

9 3− 21
5

1 1 0 0 0 0 1 0 1.00 0.95 0.06 0.00 0.06 0.00 0.00

10 2− 1
3

1 0 0 0 0 0 1 0 1.00 0.03 0.03 0.00 0.00 0.00 0.00

11 4 4
12
− 2 7

12
0 1 0 0 1 0 1 1 0.00 0.92 0.00 0.13 1.00 0.00 0.94

12 41
3
− 24

3
0 1 0 0 1 0 1 0 0.00 0.99 0.01 0.00 1.00 0.00 0.00

13 73
5
− 4

5
0 1 0 0 1 0 1 0 0.01 1.00 0.00 0.00 1.00 0.00 0.00

14 4 1
10
− 2 8

10
0 1 0 0 1 1 1 0 0.00 1.00 0.00 0.00 1.00 1.00 0.00

15 4− 14
3

1 1 1 0 1 0 1 0 0.98 1.00 0.89 0.00 0.91 0.00 0.02

16 41
3
− 15

3
0 1 1 0 1 0 1 0 0.00 1.00 1.00 0.00 1.00 0.00 0.00

17 33
8
− 25

6
0 1 0 1 1 0 1 0 0.00 1.00 0.00 1.00 1.00 0.00 0.00

Table 2.6: Q-matrix Estimation on Fraction subtraction data with K = 8.
The left is the Q-matrix in de la Torre and Douglas (2004). The highlighted entries are

detected from the stepwise method. The right is the bootstrap aggregating result.

be due to the false discoveries of the sequential estimation method with only 536

observations for 8 attributes and the nonidentifiablity issue with the Q-matrix. To

better control the false detection, we conduct the proposed bootstrap bagging method.

The aggregated estimation, shown in Table 2.6, suggests none of the four detected

entries should be changed. The result confirms the validity of the original Q-matrix

in de la Torre and Douglas (2004).

We further consider a simpler Q-matrix proposed in Chen et al. (2015) with K = 3.

The Q-matrix is demonstrated on the left of ?? with the three attributes interpreted

as:

Attribute 1: finding common denominator
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Attribute 2: writing integer as fraction

Attribute 3: subtraction of fraction numbers with integers involved

We perform the proposed sequential approach and it suggests to update item 9 and 10.

Both corrections are further confirmed by the bootstrap bagging results in the middle

of ??. If we check the item content, solving 3−21
5

and 2− 1
3

does involve the process of

writing integers as fractions, hence should require Attribute 2. Therefore, our results

are more consistent with the definition of the attributes and the two detected entries

are recommended to be updated.

Pre-specified Bootstrap Aggregation Exploratory Estimate

Item Content Attr1 Attr2 Attr3 Attr1 Attr2 Attr3 Attr1 Attr2 Attr3
1 5

3 −
3
4 1 0 0 1.00 0.00 0.00 1 0 0

2 3
4 −

3
8 1 0 0 1.00 0.03 0.08 1 0 0

3 5
6 −

1
9 1 0 0 1.00 0.00 0.05 1 0 0

4 31
2 − 22

3 0 1 0 0.03 1.00 0.00 0 1 0
5 11

8 −
1
8 0 0 1 0.04 0.05 1.00 0 0 1

6 34
5 − 32

5 0 0 1 0.06 0.05 1.00 0 0 1
7 45

7 − 14
7 0 0 1 0.10 0.07 1.00 0 0 1

8 43
5 − 3 4

10 1 0 1 1.00 0.05 0.99 1 0 1
9 3− 21

5 1 0* 1 0.99 0.51* 0.95 1 1 0
10 2− 1

3 1 0* 1 1.00 0.55* 1.00 1 1 1
11 4 4

12 − 2 7
12 0 1 1 0.18 1.00 0.97 1 1 0

12 41
3 − 24

3 0 1 1 0.00 1.00 0.99 0 1 0
13 73

5 −
4
5 0 1 1 0.00 1.00 1.00 0 1 0

14 4 1
10 − 2 8

10 0 1 1 0.03 1.00 1.00 0 1 1
15 4− 14

3 0 1 1 0.36 1.00 1.00 1 1 1
16 41

3 − 15
3 0 1 1 0.00 1.00 0.99 0 1 0

17 33
8 − 25

6 1 1 1 1.00 1.00 1.00 1 1 1

Table 2.7: Q-matrix Estimation on Fraction subtraction data with K = 3.
The left is the Q-matrix from Chen et al. (2015). Entries in blue are detections from the

stepwise estimation. The middle is the bagging result. Entries with bootstrap significance

are labeled with “∗”. The right is the exploratory estimation result.

Exploratory estimation of the latent structure is also conducted using the proposed
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approach for K = 3. The result is shown on the right of ?? and it agrees with Chen

et al. (2015) on the first 8 items. Note that Chen et al. (2015) assumes the specific

DINA model when conduct the estimation but our approach does not make such

model assumption. Consequentially the interpretation of the three attributes should

be different from theirs. To further compare the three Q-matrices in ??, we calculate

their BIC values: the BIC of the Q-matrix in Chen et al. (2015) is 7846, the BIC

of the sequential updated one is 7837, and the exploratory one is 7793, which shows

that both proposed methods give better goodness of fit than the initial Q-matrix.

We also perform the exploratory analysis with other K values. In particular, the

estimated Q-matrix with K = 5 is given in Table 2.8. Compared with the Q-matrix

in Table 2.5. the estimated first attribute can be interpreted as “(A1) Convert a whole

number to a fraction”, the second as “(A4) Find common denominator”, the third

one as “(A5) Borrow from whole number part”, while the last two attributes shall be

interpreted differently from theirs due to the dimension reduction. The BIC of the

estimated model is 7485, which gives a better fit than the Q-matrices in Table 2.6 and

??. Nevertheless, it shall be noted that the estimation only serves as a data-driven

guide of constructing the finial Q-matrix, and researchers need to further validate the

estimates based on their understanding of the diagnostic items.



2.5. Case Studies 43

Item Content Attr1 Attr2 Attr3 Attt4 Attr5
1 5

3
− 3

4
0 1 0 0 0

2 3
4
− 3

8
0 1 0 0 0

3 5
6
− 1

9
0 1 0 0 0

4 31
2
− 22

3
0 0 1 0 0

5 11
8
− 1

8
0 0 0 1 1

6 34
5
− 32

5
0 0 0 1 1

7 45
7
− 14

7
0 0 0 1 1

8 43
5
− 3 4

10
0 1 0 1 1

9 3− 21
5

1 0 1 0 0
10 2− 1

3
1 0 1 0 1

11 4 4
12
− 2 7

12
0 0 1 1 1

12 41
3
− 24

3
0 0 1 0 1

13 73
5
− 4

5
0 0 1 0 1

14 4 1
10
− 2 8

10
0 0 1 0 1

15 4− 14
3

1 0 1 0 1
16 41

3
− 15

3
0 0 1 0 1

17 33
8
− 25

6
0 1 1 0 1

Table 2.8: Exploratory analysis results of Fraction Subtraction Data with K = 5.



Chapter 3

Data-driven Design of Latent
Attributes

In Chapter 2, estimation method for the Q-matrix is proposed, which connects the

item and latent attributes. The design of the latent structure is conducted from the

test items perspective. The goal of cognitive diagnosis assessments is to provide infor-

mation on latent attributes, such as skills, knowledge components, personality traits,

or psychological disorders, based on observed responses to carefully designed items.

The examples we reviewed in the last chapter are on detecting the presence or absence

of several distinct skills or traits. The information on mastery or “nonmastery” of

the given skill set for a given individual – a cognitive diagnosis – is used for designing

targeted intervention strategies to remedy those latent attributes that have not been

mastered yet. In this chapter I will focus on design of such attributes.

Most of the CDMs currently assume binary classifications – mastery or nonmastery

– for latent attributes. As a consequence, when partial or incomplete mastery is

possible, heterogeneity in response data may not be well accounted for by standard

CDMs. Likewise, standard CDMs may not be able to provide accurate classification

for subjects with immature – yet better than guessing – mastery skills. Even though

44
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various goodness of fit tests have been developed in the CDM settings (e.g., de la

Torre, 2008b; Rupp and Templin, 2008a; Hansen et al., 2016; Gu et al., 2018), to

our knowledge, no diagnosis tools are available yet for testing for partial mastery.

Moreover, due to the discreteness nature of the CDMs, identifiability conditions might

be difficult to satisfy in practice; for instance, it has been established that single

attribute items are necessary to identify all attribute profiles under the DINA model

(Chiu et al., 2009) and estimate the model parameters (Xu and Zhang, 2016; Xu,

2017; Gu and Xu, 2018).

I propose a new and flexible type of cognitive diagnosis models – Partial-Mastery

CDMs (PM-CDMs) – that builds on the notion of multiple latent dimensions as in

CDMs, but allows for partial mastery. For each subject, we introduce a set of contin-

uous partial mastery scores between 0 and 1 that measure his/her mastery for each

attribute; this assumption subsumes CDMs as special cases when all mastery scores

are either 0 or 1. This general assumption is known as mixed membership (Erosheva

et al., 2004); it has been employed for development of statistical models for complex

multivariate data in many fields, from computer science to genetics and the social

and medical sciences (Airoldi et al., 2014). Mixed membership assumption produces

models that are fundamentally different from those with the binary membership as-

sumption, such as latent class models, when the number of latent dimensions is kept

the same (Erosheva, 2005). Historically, the terms “mixed” and “partial” membership

were used interchangeably (Erosheva, 2002), and this is consistent with our choice

of the term “partial mastery” here. The proposed PM-CDM class extends the class

of mixed membership models in that it assumes a mixed membership for each latent

dimension (attribute) – where the latent dimensions are pre-determined by expert
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knowledge about skills required for each item – as opposed to a mixed membership

among latent dimensions (attributes) in the mixed membership model that are typi-

cally unspecified but inferred from the analysis. Details of the model framework are

in Section 3.1.2.

To estimate the model parameters and latent mastery scores, we develops an

efficient Gibbs sampling algorithm that is applicable to all PM-CDMs and further

demonstrates its good performance using extensive simulation studies and two real

datasets. Moreover, under the proposed PM-CDM framework, we propose two di-

agnostic methods for examine the binary assumption of the attribute mastery level.

Details of these works are demonstrated in Section 3.2.

3.1 Partial Mastery in Cognitive Diagnostic

3.1.1 Data Generating process for CDMs

We consider the similar setting of a cognitive diagnosis test with binary responses,

as in the previous chapter. A subject (examinee, patient) provides a J-dimensional

binary response vector R = (R1, ..., RJ)> to J test items, where the superscript >

denotes the transpose. These responses are assumed to be dependent in a certain

way on K unobserved latent traits. Under the CDMs, a complete set of K latent

traits is known as a latent class or an attribute profile, which is denoted by a column

vector α = (α1, . . . , αK)>, where αk ∈ {0, 1} is assumed to be a binary indicator of

the absence or presence, respectively, of the kth attribute.

Parametric CDMs have the following two-step data generating process, illustrated

in Figure 3.1. The first step proposes a population model for the attributes profile. A
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Figure 3.1: CDM data generating process for a subject

common assumption is that the attribute profile follows from a population categorical

distribution with probabilities p := (pα : α ∈ {0, 1}K)> where pα ∈ (0, 1) and∑
α∈{0,1}K pα = 1.

The second step of the CDMs follows a restricted latent class model framework

with constraints that are incorporated according to the cognitive processes. Given a

subject’s attribute profile α, response Rj to item j under the corresponding model

follows a Bernoulli distribution

P (Rj = r | α) = (θj,α)r(1− θj,α)1−r, r = 0, 1, (3.1)

where θj,α = P (Rj = 1 | α), is the probability of positive response to item j for

subjects with α. Parameters Θ = (θj,α) are constrained by the relationship between

the J items and the K latent attributes, specified through the Q-matrix, a J × K
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binary matrix with entries qjk ∈ {0, 1} indicating the absence or presence as we

defined in the previous chapter.

Recall in Section 2.1 for an attribute profile α and a Q-matrix Q, we defined α �

qj if αk ≥ qjk for any k ∈ {1, . . . , K}, and α � qj if there exists k such that αk <

qjk; similarly for the operations � and �. The monotonic assumption of CDMs is

θj,α ≥ θj,α′ for α � qj and α′ � qj. Another common assumption of CDMs is that

mastering nonrequired attributes will not change the response probability, i.e.,

θj,α = θj,α′ , if α⊗ qj = α′ ⊗ qj, (3.2)

where⊗ is the element-wise multiplication operator. (3.2) implies that maxα�qj θj,α =

minα�qj θj,α, which is a key assumption for the identifiability of the CDM parameters

(Xu, 2017). The CDMs can then be viewed as Q-restricted latent class models with

2K latent classes.

In this Chapter we will work with the popularly used DINA and GDINA models,

which are the representations of the basic and general CDMs respectively. The model

details of DINA are given in Chapter 1. For general CDMs, GDINA is similar to the

LCDM we described in Chapter 1 and worked with in Chapter 2.

G-DINA model de la Torre (2011) generalizes the DINA model to the G-DINA

model. The formulation of the G-DINA model based on θj,α can be decomposed into

the sum of the effects due the presence of specific attributes and their interactions.
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Specifically, for item j with q-vector qj = (qjk : k = 1, · · · , K),

θj,α = βj0 +
K∑
k=1

βjk(qjkαk) +
K∑

k′=k+1

K−1∑
k=1

βjkk′(qjkαk)(qjk′αk′)

+ · · ·+ βj12···K
∏
k

(qjkαk). (3.3)

Note that not all β’s in the above equation are included in the model. For instance,

when qj 6= 1>, we do not need parameter βj12···K since
∏

k(qjkαk) = 0. To interpret,

βj0 represents probability of a positive response when none of the required attributes

are present; when qjk = 1, βjk is included in the model and it shows the change in

the positive response probability as a result of mastering a single attribute αk; when

qjk = qjk′ = 1, βjkk′ is in the model and it shows the change in the positive response

probability due to the interaction effect of mastery of both αk and αk′ ; similarly, when

qj = 1>, βj12···K represents the change in the positive response probability due to the

interaction effect of mastery of all the required attributes.

The above model setup uses R and α to denote the responses and attribute profile

for a random subject from the population. In a cognitive diagnostic assessment,

suppose we have N independent subjects, indexed by i = 1, . . . , N . For the ith

subject, we denote his/her response vector by Ri = (Rij : j = 1, . . . , J)> and his/her

latent attribute profiles by αi = (αik : k = 1, . . . , K)>. Under the local independence

assumption, the likelihood function of the observed responses is

LCDM(p,Θ; R) =
N∏
i=1

∑
αi=α∈{0,1}K

pα

J∏
j=1

θ
Rij
j,α (1− θj,α)1−Rij .

The CDM model parameters can then be estimated by maximizing the likelihood
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function via the EM-algorithm (e.g., de la Torre, 2009; Feng et al., 2014); alternatively,

researchers have proposed Bayesian estimation approaches (e.g., Culpepper, 2015;

Culpepper and Hudson, 2018). An R package “CDM” for CDM estimation and

inference has also been developed by George et al. (2016).

3.1.2 Bayesian Model setup for PM-CDM

We propose a partial-mastery modeling approach for cognitive diagnosis, which pro-

vides a generalization of the CDMs. The CDMs assume each subject pertains to

only one particular attribute profile α ∈ {0, 1}K with each attribute either 0 or 1.

That is, each attribute must be either fully mastered or not mastered. The Partial-

Mastery CDMs (PM-CDMs) relax this assumption by introducing K subject-specific

attribute scores dk ∈ [0, 1], which indicate the probability of the subject mastering

the kth attribute. The attribute mastery score d = (d1, · · · , dK)> then contains the

subject’s attribute profile information. Comparing with the CDMs in Section 2, the

PM-CDMs are more flexible, with dk measuring how well a student masters the kth

skill, a quantity that is not directly provided by the CDMs, yet includes the CDMs

as a special case when dk = αk ∈ {0, 1}.

We assume the latent attribute mastery score d follows a distribution D(·) on

[0, 1]K . Depending on application, different D may be chosen. We propose to use

a Gaussian copula model to allow for the dependencies among the attributes. In

particular, we assume

{Φ−1(dk); k = 1, · · · , K}> ∼ N(µ,Σ) (3.4)

where Φ−1 is the inverse cumulative distribution function of a standard normal dis-
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tribution, µ is a K-dimensional mean vector, and Σ is a K × K covariance matrix.

An advantage of the Gaussian copula model is that it can directly characterize both

the population mean mastery scores via µ and the latent correlations among the

K attributes via the underlying covariance matrix Σ. Our model is similar to the

correlated topic model by Blei et al. (2007) in the sense that it allows for modeling

dependencies among the latent attributes, however, the major difference is that mas-

tery scores for the latent attributes do not add up to one whereas topic proportions

in the correlated topic model do have to add up to one. In other words, the mastery

scores in PM-CDMs live on the hypercube [0, 1]K while the topic proportions in the

correlated topic model live on a simplex.

Under the PM-CDM framework, when responding to item j, the kth attribute αk

is assumed to be correctly applied by a respondent with probability dk, which indicates

the mastery level of the kth attribute. In this way, a subject’s realized attribute profile

α is allowed to be different when responding to different items. More formally, the

subject’s attribute profile for item j, denoted by α∗j = (α∗jk : k = 1, · · · , K), depends

on the mastery score so that α∗jk’s are independent α∗jk ∼ Bernoulli(dk). Given a

“realized” attribute profile α∗j , the correct response probability for item j takes on

the same definition as under a CDM, that is,

θj,α∗j = P (Rj = 1 | α∗j).

For instance, if the DINA model is employed, θj,α∗j = (1−sj)
ξDINA
j,α∗

j g
1−ξDINA

j,α∗
j

j as defined

in (1.3), while θj,α∗j takes the form in (3.3) if the GDINA is assumed. Under the

above setup, for a subject with a general mastery score d, the marginal probability
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Figure 3.2: PM-CDM data generating process for a subject

of a positive response to item j, with the latent attribute profile α∗ integrated out, is

θj,d =
∑

α=(α1,··· ,αK)∈{0,1}K
θj,α ×

K∏
k=1

dk
αk(1− dk)1−αk

Note that
∑
α

∏K
k=1 dk

αk(1− dk)1−αk = 1, therefore minα θj,α ≤ θj,d ≤ maxα θj,α and

θj,d are well defined.

Figure 2 summarizes the PM-CDM data generating process for a subject, which

consists of 3 steps as follows.

Step 1) the attribute mastery score d is generated from a population distributionDµ,Σ(·);

Step 2) the attribute profile for item j, α∗j = (α∗jk : k = 1, · · · , K), is generated such

that α∗jk’s are independent across k and α∗jk ∼ Bernoulli(dk).

Step 3) given the attribute profile α∗j for item j, the response Rj is generated with
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Bernoulli(θj,α∗j ).

Under the local independence assumption that responses to different items are in-

dependent given a mastery score, the probability mass function of a subject’s observed

responses R is

PPMCDM(R | Θ, µ,Σ) =

∫
d∈[0,1]K

J∏
j=1

 ∑
α∈{0,1}K

θj,α ×
K∏
k=1

dk
αk(1− dk)1−αk

Rj

×

1−
∑

α∈{0,1}K
θj,α ×

K∏
k=1

dk
αk(1− dk)1−αk

1−Rj

dDµ,Σ(d).

A PM-CDM can be represented by a restricted latent class model. Consider a

vector of J × 2K latent variables A = (α∗1, · · · ,α∗J), where α∗j ∈ {0, 1}K . The set of

all possible A’s is A =
∏J

j=1{0, 1}K , which has 2K×J classes. Define the distribution

of the latent classes A = (α∗1, · · · ,α∗J) ∈ A as

πA = EDµ,Σ(d)

J∏
j=1

K∏
k=1

dk
α∗jk(1−dk)1−α∗jk = EDµ,Σ(d)

K∏
k=1

dk
∑J
j=1 α

∗
jk(1−dk)

∑J
j=1(1−α∗jk).

(3.5)

The conditional distribution of the responses given a latent class A is modeled under

the constraint that P (Rj = 1 | A) = P (Rj = 1 | α∗j) = θj,α∗j . The θj,α∗j ∈ [0, 1] is

as defined in the CDMs. Under the local independence assumption, the probability

mass function of a subject’s observed responses R under the above restricted latent

class model (RLCM) is

PRLCM(R | Θ, µ,Σ) =
∑

A=(α∗1,··· ,α∗J )∈A

πA

J∏
j=1

θj,α∗j
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Following from a similar argument of the Lemma 3.1 in Erosheva et al. (2007b), we

can prove that

PRLCM(R | Θ, µ,Σ) = PPMCDM(R | Θ, µ,Σ).

Therefore, the PM-CDM is equivalent to the above RLCM with the distribution of

the latent classes given in (3.5). The equivalent RLCM representation plays a key

role in our estimation of PM-CDM as introduced in Section 3.1.3.

3.1.3 PM-CDM Estimation

To make inference on model parameters and latent variables, we propose an efficient

Gibbs sampling Markov chain Monte Carlo (MCMC) algorithm to sample from the

posterior distribution. We introduce the algorithm under the general PM-CDM set-

ting introduced in Section 3.1 while it can be easily applied to each specific PM-CDM

such as the PM-DINA and PM-GDINA models.

Suppose we observe N independent subjects, indexed by i = 1, . . . , N , with their

responses generated from a PM-CDM. For the ith subject, we denote his/her response

vector by Ri = (Rij : j = 1, . . . , J)>, latent mastery score by di = (dik : k =

1, . . . , K)>, and attribute profile for item j by α∗ij = (α∗ijk : k = 1, . . . , K)>. Denote

D = {di : i = 1, . . . , N}, A∗ = {α∗i : i = 1, . . . , N}, and R = {Ri : i = 1, . . . , N}.

Following the data generating process in Figure 2 and the restricted latent class

representation, the joint probability distribution of (D,A∗,R) takes the form

P (D,A∗,R | Θ, µ,Σ) =
N∏
i=1

Dµ,Σ(di)
J∏
j=1

K∏
k=1

dik
α∗ijk(1− dik)1−α∗ijkθ

Rij
j,α∗ij

(1− θj,α∗ij)
(1−Rij).

Let p0(µ), p0(Σ), p0(Θ) be the priors of µ,Σ, and Θ. From the latent class represen-
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tation, we have the joint posterior distribution of µ,Σ,Θ:

P (µ,Σ,Θ,D,A∗ | R) = p0(µ)p0(Σ)p0(Θ) (3.6)

×
N∏
i=1

Dµ,Σ(di)
J∏
j=1

K∏
k=1

dik
α∗ijk(1− dik)1−α∗ijkθ

Rij
j,α∗ij

(1− θj,α∗ij)
(1−Rij).

Computationally, it is more convenient to work with d̃i = (d̃ik, k = 1, · · · , K) which

is defined to be Φ−1(di) = (Φ−1(di,k) : k = 1, · · · , K)>. The posterior distribution

represented by D̃ := {d̃i : i = 1, . . . , N} can be expressed as

P (µ,Σ,Θ, D̃,A∗ | R) =p0(µ)p0(Σ)p0(Θ) (3.7)

×
N∏
i=1

Nµ,Σ(d̃i)
J∏
j=1

K∏
k=1

Φ(d̃ik)
α∗ijk(1− Φ(d̃ik))

1−α∗ijk

× θRijj,α∗ij
(1− θj,α∗ij)

(1−Rij).

where Nµ,Σ(d̃i) denotes the normal distribution density with mean µ and covariance

matrix Σ.

To perform the Gibbs sampling based on the posterior distribution in (3.7), the

difficulty arises from the sampling of d̃i. Note that the conditional distribution of d̃i

is

P (d̃i | µ,Σ,Θ,A∗,R) ∝ Nµ,Σ(d̃i)
J∏
j=1

K∏
k=1

Φ(d̃ik)
α∗ijk(1− Φ(d̃ik))

1−α∗ijk . (3.8)

The above conditional distribution of d̃i given α∗ij’s is nontrivial to sample directly. To

overcome this difficulty, we use an equivalent representation of the proposed model by

introducing the auxiliary variables zijk ∼ N(d̃ik, 1) and redefining α∗ijk = 1 if zijk ≥ 0
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and α∗ijk = 0 otherwise. We denote zi = (zijk : j = 1, . . . , J ;K = 1, . . . , K)>. With

this representation, we can first sample zijk from the conditional posterior distribution

p(zijk | µ,Σ,Θ, d̃i,A∗,R) ∝ Nd̃ik,1
(zijk)I(zijk ≥ 0)α

∗
ijkI(zijk < 0)1−α∗ijk

which is a truncated Gaussian distribution with mean dik and variance one; then we

sample d̃i from Gaussian distribution

p(d̃i | µ,Σ, θ,A∗, zi,R) ∝ Nµ,Σ(d̃i)
J∏
j=1

K∏
k=1

Nd̃ik,1
(zijk).

With augmented variables z and conjugate priors, the conditional distribution of

model parameters can be written in closed-form expressions. Sampling from the above

conditional distribution of each parameter can be done using standard statistical

software such as R. Here is the detailed Gibbs sampling steps.

3.1.4 Gibbs Sampling Algorithm Details

The proposed Gibbs sampling is performed with iterative steps drawing Monte Carlo

samples as described in the following.

• We take a conjugate Gaussian prior for µ: µ ∼ NK(µ0,Σ0), where µ0 and

Σ0 are prior mean and covariance parameters. The conditional distribution

of µ given other parameters is p(µ) ∝ p0(µ)
∏N

i=1Nµ,Σ(d̃i), which is still a

Gaussian distribution with covariance Σ∗ = [Σ−1
0 + nΣ−1]−1 and mean µ∗ =

Σ∗[Σ−1
0 µ0 + Σ−1

∑N
i=1 d̃i].

• We take a conjugate Inverse-Wishart prior for Σ: Σ ∼ W−1(Ψ0, ν0), where Ψ0
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is the scale matrix parameter and ν0 is the degrees of freedom of the Inverse-

Wishart prior distribution. With conjugate prior, the conditional posterior of

Σ is also an inverse-Wishart distribution:

Σ | µ, θ, D̃,A∗,R,Ψ0, ν0 ∼ W−1

(
Ψ0 +

N∑
i=1

(d̃i − µ)(d̃i − µ)T , ν0 +N

)
.

• Similarly, the posterior distribution of subject-item specific mastery indicator

αij is Multinomial

α∗ij | µ,Σ, θ, d̃i,Ri ∼ Multinomial(Pα̃, α̃ ∈ {0, 1}K)

where

Pα̃ := P (α∗ij = α̃ | θ, d̃i,Ri)

∝ (θj,αi)
Rij(1− θj,αi)(1−Rij)

K∏
k=1

Φ(d̃ik)
αik

(1− Φ(d̃ik))
1−αik .

• The complete conditional distribution for zijk is truncated Gaussian distribution

with mean dik and variance one. Specifically, if α
(r)
ijk ≥ 0, we have z

(r)
ijk ∼

N[0,+∞)(d̃
(r)
ik , 1); otherwise z

(r)
ijk ∼ N(−∞,0](d̃

(r)
ik , 1). Given the auxiliary variables,

the complete conditional distribution of each di is Gaussian distribution with

covariance Σ∗i = [(Σ)−1 + J ∗ E]−1 and mean Σ∗i [(Σ)−1µ+ E
∑J

j=1 zij].

• We take the following truncated Beta prior (Chen et al., 2018) for each θj,α∗ to

incorporate the monotonicity assumption of θj,α∗ ’s:

p0(θj,α∗) ∝ Beta(a0, b0)I(θj,0 ≤ θj,α∗�qj ≤ θj,α∗�qj),
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where a0 and b0 are the prior parameters. The conditional posterior distribu-

tion of each correct response probability θj,α∗ given other variables then follows

truncated beta distribution:

Beta
(
a0 +

∑
i:α∗ij∼α∗

Rij, b0 +
∑

i:α∗ij∼α∗
(1−Rij)

)
I(θj,α∗�qj ≥ θj,α∗∼α∗ ≥ θj,0)

where {i : αij ∼ α∗} denotes the set of any individual i that satisfies θj,α∗ij =

θj,α∗ under the Q-matrix constraints.

Detailed MCMC algorithm is as follows: start the MCMC with random and rea-

sonable initial values:

µ(0) = (0, ..., 0)T ; Σ(0) = E

d(0) ∼ unif(0.01, 0.99); d̃(0) = Φ−1(d(0))

z
(0)
ijk ∼ N (d̃

(0)
ik , 1) ; α

(0)
ij = 1(z

(0)
ij ≥ 0)

θ
(0)
jl = 0.5 ; ∀j = 1, .., J ; l = 1, ..., 2K

3.2 Simulation Studies

There are three primary objectives of the simulation studies presented in this paper:

(1) to demonstrate parameter recovery via our Gibbs sampling under the new PM-

CDM approach, (2) to investigate the impact of model misspecification with respect to

partial mastery, and (3) to develop diagnostic tools that could be used by practitioners

to decide between CDM and PM-CDM approaches.
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3.2.1 Simulation settings

We conducted simulation studies to compare the model fit for PM-CDM and classical

CDM under various data generation conditions. The proposed model is evaluated

when the data are generated from either a classical CDM or a partial-mastery CDM,

in terms of item parameter estimation and latent profile (attribute) specification. In

the simulation, we consider two popular CDMs in educational measurements, the

DINA and GDINA models, and their partial mastery counterparts, PM-DINA and

PM-GDINA. Specifically, for each model we consider a fixed-length test of J = 20

and the number of latent attributes to be K = 3 and K = 5. For each K, we simulate

two types of Q-matrices as given in (3.9): the complete – under the DINA model –

Q-matrices (Q3 and Q5), with an K ×K identity submatrix, and the incomplete Q-

matrices (Q′3 and Q′5). It is known that when the Q-matrix is incomplete, the CDMs

may suffer from nonidentifiability (Chiu et al., 2009; Xu, 2017).
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Q3 =



1 0 0

0 1 0

0 0 1

1 0 0

0 1 0

0 0 1

1 0 0

0 1 0

0 0 1

1 1 0

1 0 1

0 1 1

1 1 0

1 0 1

0 1 1

1 1 0

1 0 1

1 1 1

1 1 1

1 1 1



Q′3 =



0 1 1

1 0 1

1 1 0

0 1 1

1 0 1

1 1 0

0 1 1

1 0 1

1 1 0

1 1 0

1 0 1

0 1 1

1 1 0

1 0 1

0 1 1

1 1 0

1 0 1

1 1 1

1 1 1

1 1 1



Q5 =



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

1 0 0 0 1

1 1 1 0 0

0 1 1 1 0

0 0 1 1 1

1 0 0 1 1

1 1 0 0 1



Q′5 =



1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

1 0 0 0 1

1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

1 0 0 0 1

1 1 1 0 0

0 1 1 1 0

0 0 1 1 1

1 0 0 1 1

1 1 0 0 1

1 1 1 0 0

0 1 1 1 0

0 0 1 1 1

1 0 0 1 1

1 1 0 0 1


(3.9)

For the latent attributes generated under the PM-CDMs, different means and

correlations are used to reflect different scenarios of the knowledge mastery in the

population. For K = 3, the mean of d̃ is taken as µ3 = 0 or (−1, 0, 1)>, and for

K = 5, the mean is µ5 = 0 or (−1,−0.5, 0, 0.5, 1)>. Note that the non-constant mean

represents imbalanced distribution of the latent attribute profiles. The covariance

matrix of d̃ is defined as Σ = σ2{ρ11T + (1 − ρ)IK}, where 1 = (1, .., 1)> and IK is

the K ×K identity matrix. The diagonal terms of covariance matrix are fixed to be
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σ2 = 1 and the correlation parameter ρ is taken as 0 or 0.8, corresponding to low and

high correlations of the latent attributes. Since CDMs can be considered as special

cases of PM-CDMs with each dk ∈ {0, 1}, when we simulate data from the CDMs, we

follow the PM-CDM data generating process by first simulating d’s and then round

them to be 0 or 1. Note that the used method of simulating correlated attributes

under CDMs are the same to many existing studies (e.g., Chiu et al., 2009; Chen

et al., 2015)

After generating latent attributes d̃i from Normal(µ,Σ) for i = 1, .., N , we follow

schematics in Figures 1 and 2 for generating data under conventional CDMs and

PM-CDMs. In particular, datasets are simulated according to 4 models: DINA, PM-

DINA, GDINA and PM-GDINA. The correct response probability for DINA and

PM-DINA model is set to be 0.2 (non-mastery) and 0.8 (mastery); in other words,

both the slipping and guessing parameters are set to be 0.2 for all items. For GDINA

and PM-GDINA model, there is an additive effect of the mastered attributes on the

probability. For items requiring only 1 attribute, it is either 0.2 (non-mastery) or 0.8

(mastery); for those requiring 2 attributes, it is 0.2 (master none), 0.5 (master 1 of

2) or 0.8 (master both); for 3-attribute items, it’s 0.2 (master none), 0.4 (master 1 of

3), 0.6 (master 2 of 3) or 0.8 (master all).

We consider two sample sizes for each K. For K = 3, we generate N = 500 and

N = 1000 subjects; for K = 5 we use N = 1000 and N = 2000. In summary, this
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simulation study uses the following 128 conditions:



DINA

PM-DINA

GDINA

PM-GDINA


⊗K = 3

K = 5

⊗
QK

Q′K

⊗
µ = 0

µ 6= 0

⊗
 ρ = 0

ρ = 0.8

⊗N ′s.

To get a direct comparison to CDMs, we fit both the DINA and PM-DINA models

for the DINA- and PM-DINA-generated datasets, and both the G-DINA and PM-

GDINA models for the the GDINA- and GPM-DINA-generated datasets. For CDM

estimation, we use the R package “CDM”. For PM-CDM estimation, we perform the

proposed Gibbs sampling algorithm. In particular, we take weakly-informative priors

of µ,Σ and θ’s: for µ, we take µ0 = 0 and Σ0 = IK ; for Σ, we take Ψ0 = IK and ν0 =

K + 1; for θ’s, we take weakly-informative priors Beta(a0 = 1, b0 = 2) for α∗ = 0 and

Beta(a0 = 2, b0 = 1) for α∗ � qj, and noninformative priors Beta(a0 = 1, b0 = 1) for

other α∗’s. Such Beta priors are set to reflect the assumption that students mastering

no skills will have lower probabilities to get the correct response and those mastering

all required skills of item j will have higher chances to answer it correctly (e.g.,

Chen et al., 2018). We take the following initial values: µ(0) = (0, ..., 0)T ; Σ(0) = E;

d(0) ∼ Unif(0.01, 0.99); d̃(0) = Φ−1(d(0)); z
(0)
ijk ∼ Normal(d̃

(0)
ik , 1);α

(0)
ij = 1(z

(0)
ij ≥ 0);

θ
(0)
jl = 0.5 ; ∀j = 1, .., J ; l = 1, ..., 2K . We run MCMC chains in R with a total number

of M = 30, 000 and burn-in size at 10, 000 in the simulation studies. The convergence

of the MCMC chains is diagnosed with trace plots and Gelman-Rubin’s R2 (< 1.1).



3.2. Simulation Studies 63

3.2.2 Simulation Results

Item Parameter Recovery Results

For each simulated dataset, we first compare the CDMs and PM-CDMs in terms

of their estimation of item parameters. Tables 3.1–3.2 and 3.3–3.4 summarize the

simulation results for (K = 3, N = 500) and (K = 5, N = 1000), respectively.

Results for other simulation settings are presented in Chapter 3. For the estimation

of item parameters, we report the mean absolute errors (MAEs) of the posterior

mean estimates of the item parameters (θj,α’s), averaged over 50 replications, and

the corresponding averaged root mean squared errors (RMSEs), which are in the

columns “MAE” and “RMSE” of Tables 3.1–3.4.

When the PM-DINA and PM-GDINA are the true models, simulation results

show that the proposed Gibbs sampling algorithm estimates the item parameters

accurately with small MAEs and RMSEs. Nonconstant means and high correlations

of the mastery scores have little effect on estimating the items parameters, compared

with the cases with constant mean and zero correlation.

Model misspecification impact. When the DINA is fitted for these data gen-

erated from the PM-DINA, the DINA model has severe misfitting and much larger

MAEs and RMSEs for the item parameters. Similarly, we observe that the PM-

GDINA outperform the GDINA in terms of item parameter estimation for all simu-

lation cases when the PM-GDINA is the true model. On the other hand, when the

DINA or GDINA is the true model, the PM-DINA or PM-GDINA has comparable

performance in item parameter estimation as the DINA or GDINA. In particular,

the PM-GDINA outperforms GDINA when the mean is non-constant and latent at-
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tributes are highly correlated, i.e., the distribution of the attribute profiles is unbal-

anced in the population, and when the Q-matrix does not have an K × K identity

submatrix (Table 2).

True Model PM-DINA DINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-DINA 0.051 0.065 0.281 0.235 0.058 0.071 0.069
DINA 0.155 0.189 0.286 0.312 0.024 0.031 0.065

0.8
PM-DINA 0.044 0.057 0.207 0.189 0.040 0.050 0.061

DINA 0.129 0.148 0.253 0.267 0.022 0.028 0.066

Non-const.
0

PM-DINA 0.053 0.071 0.194 0.215 0.066 0.080 0.056
DINA 0.146 0.182 0.269 0.277 0.035 0.049 0.069

0.8
PM-DINA 0.045 0.061 0.175 0.191 0.051 0.063 0.043

DINA 0.138 0.174 0.300 0.305 0.024 0.033 0.068

True Model PM-GDINA GDINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-GDINA 0.058 0.073 0.285 0.238 0.076 0.090 0.084
GDINA 0.145 0.188 0.309 0.364 0.045 0.062 0.090

0.8
PM-GDINA 0.059 0.072 0.207 0.185 0.067 0.083 0.053

GDINA 0.190 0.242 0.274 0.298 0.050 0.076 0.073

Non-const.
0

PM-GDINA 0.065 0.081 0.196 0.229 0.072 0.087 0.067
GDINA 0.188 0.245 0.326 0.342 0.083 0.145 0.089

0.8
PM-GDINA 0.060 0.075 0.161 0.186 0.068 0.081 0.051

GDINA 0.190 0.242 0.287 0.314 0.137 0.234 0.065

Table 3.1: Simulation results for PM-CDMs: K = 3, Q = Q3, and N = 500
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.

Attribute Mastery Recovery Results

We approach evaluating the estimation of subject latent attribute profiles or mas-

tery scores in different ways that depend on the true assumption about subject-level

heterogeneity. We consider two cases: (i) If the true model assumes Binary mastery

(CDMs), the models are evaluated by mis-classification rates. In particular, we con-

sider the Attribute-level Mis-Classification Rate (AMCR) that is the proportion of
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True Model PM-DINA DINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-DINA 0.056 0.073 0.339 0.265 0.054 0.067 0.194
DINA 0.156 0.192 0.348 0.293 0.026 0.034 0.219

0.8
PM-DINA 0.044 0.055 0.256 0.219 0.039 0.046 0.099

DINA 0.122 0.142 0.317 0.227 0.021 0.026 0.186

Non-const.
0

PM-DINA 0.063 0.087 0.248 0.257 0.055 0.069 0.181
DINA 0.179 0.232 0.359 0.303 0.031 0.044 0.234

0.8
PM-DINA 0.051 0.065 0.224 0.224 0.048 0.060 0.150

DINA 0.140 0.176 0.359 0.286 0.026 0.034 0.212

True Model PM-GDINA GDINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-GDINA 0.058 0.072 0.344 0.271 0.073 0.087 0.185
GDINA 0.158 0.208 0.387 0.419 0.081 0.114 0.209

0.8
PM-GDINA 0.055 0.068 0.214 0.193 0.065 0.080 0.096

GDINA 0.176 0.230 0.280 0.334 0.111 0.166 0.145

Non-const.
500

PM-GDINA 0.064 0.079 0.281 0.271 0.069 0.084 0.138
GDINA 0.166 0.217 0.378 0.405 0.117 0.172 0.195

0.8
PM-GDINA 0.062 0.077 0.211 0.221 0.069 0.083 0.082

GDINA 0.187 0.242 0.299 0.363 0.129 0.205 0.145

Table 3.2: Simulation results for PM-CDMs: K = 3, Q = Q′3, and N = 500
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.

incorrectly classified attributes among all subjects and all attributes, i.e.,

AMCR =
1

NK

N∑
i=1

K∑
k=1

|αik − α̂ik|,

where α̂ik ∈ {0, 1} is the estimated kth latent attribute for the ith individual: when

CDMs are fitted to the data, it is estimated based on the maximum likelihood es-

timator and when PM-CDMs are fitted to the data, the estimated α̂ik is computed

by rounding the estimated latent mastery score dik to the nearest binary class. (ii)

When the true model assumes partial mastery (PM-CDMs), we evaluate models by
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True Model PM-DINA DINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-DINA 0.054 0.070 0.328 0.255 0.077 0.089 0.126
DINA 0.140 0.172 0.325 0.301 0.021 0.028 0.129

0.8
PM-DINA 0.040 0.052 0.217 0.198 0.052 0.061 0.073

DINA 0.121 0.138 0.291 0.265 0.018 0.022 0.115

Non-const.
0

PM-DINA 0.056 0.075 0.239 0.239 0.077 0.088 0.098
DINA 0.138 0.179 0.322 0.289 0.030 0.043 0.128

0.8
PM-DINA 0.042 0.055 0.181 0.192 0.061 0.075 0.067

DINA 0.137 0.173 0.319 0.269 0.019 0.025 0.125

True Model PM-GDINA GDINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-GDINA 0.064 0.078 0.324 0.256 0.088 0.101 0.134
GDINA 0.171 0.216 0.353 0.359 0.044 0.057 0.136

0.8
PM-GDINA 0.069 0.085 0.215 0.196 0.070 0.082 0.082

GDINA 0.192 0.251 0.311 0.284 0.054 0.082 0.121

Non-const.
0

PM-GDINA 0.072 0.089 0.253 0.252 0.075 0.098 0.111
GDINA 0.184 0.238 0.370 0.367 0.069 0.106 0.148

0.8
PM-GDINA 0.071 0.089 0.195 0.203 0.072 0.087 0.078

GDINA 0.218 0.277 0.346 0.318 0.117 0.203 0.129

Table 3.3: Simulation results for K = 5, Q = Q5, and N = 1000
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.

the root mean of squared error in estimating the latent attribute:

ARSE =

(
1

NK

N∑
i=1

K∑
k=1

(dik − d̂ik)2

)1/2

,

where d̂ik is the estimated latent mastery score: when CDMs are fitted to the data,

we take the posterior probabilities of latent attributes P̂ (αik = 1) as d̂ik, and when

PM-CDMs are fitted to the data, d̂ik is the posterior mean estimator from the MCMC

algorithm. In addition, to have a direct comparison of the CDMs and PM-CDMs, we

also compute the “AMCR”, where the “true” attribute profile of the ith individual

is set to be I(di ≥ 0.5); then for PM-CDMs we use I(d̂i ≥ 0.5) as the estimator and
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True Model PM-DINA DINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-DINA 0.049 0.071 0.400 0.285 0.072 0.087 0.241
DINA 0.153 0.195 0.398 0.301 0.022 0.030 0.271

0.8
PM-DINA 0.035 0.044 0.261 0.222 0.046 0.053 0.132

DINA 0.120 0.143 0.371 0.224 0.016 0.020 0.250

Non-const.
0

PM-DINA 0.057 0.079 0.307 0.281 0.070 0.085 0.180
DINA 0.166 0.227 0.405 0.309 0.033 0.052 0.261

0.8
PM-DINA 0.040 0.053 0.210 0.209 0.058 0.070 0.122

DINA 0.138 0.178 0.386 0.254 0.020 0.026 0.233

True Model PM-GDINA GDINA
µ ρ Fitted Model MAE RMSE AMCR ARSE MAE RMSE AMCR

Constant
0

PM-GDINA 0.069 0.083 0.389 0.278 0.080 0.095 0.260
GDINA 0.185 0.238 0.433 0.416 0.125 0.173 0.300

0.8
PM-GDINA 0.073 0.088 0.223 0.203 0.070 0.085 0.124

GDINA 0.175 0.238 0.334 0.333 0.148 0.219 0.210

Non-const.
0

PM-GDINA 0.073 0.089 0.307 0.278 0.085 0.102 0.235
GDINA 0.199 0.256 0.427 0.407 0.152 0.204 0.324

0.8
PM-GDINA 0.075 0.091 0.252 0.241 0.078 0.094 0.117

GDINA 0.190 0.246 0.357 0.345 0.170 0.246 0.226

Table 3.4: Simulation results for K = 5, Q = Q′5, and N = 1000
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.

for CDMs we use the maximal likelihood estimators.

Tables 1–2 and 3–4 summarize simulation results for (K = 3, N = 500) and

(K = 5, N = 1000), respectively, while results for other settings are reported in the

Appendix. We can see that the PM-CDMs outperform the CDMs in most cases. In

particular, when the PM-DINA is the true model, the DINA model has higher latent

attribute misclassification rate (AMCR) for latent attributes than the PM-DINA. On

the other hand, when the DINA is the true model, the latent attribute classification

results from the PM-DINA are comparable and in many cases better than the true

DINA model, especially when the correlations are high and the mean is nonconstant.

Similarly, we observe that the PM-GDINA outperform the GDINA in all cases when
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the PM-GDINA is the true model. When the GDINA is true, the PM-GDINA shows

advantage in latent attribute classification (lower AMCR) when the mean is non-

constant and latent classes highly correlated, i.e., the distribution of the attribute

profiles is unbalanced in the population. When the Q-matrix does not contain an

identity submatrix (Q = Q′3 in Table 2 or Q = Q′5 in Table 4), the PM-CDMs always

outperform the CDMs no matter the true generating models.

Model Diagnosis of CDMs Using Mastery Score Plots

In this subsection, we propose two types of diagnosis for the binary assumption of the

attribute mastery status under CDMs and use simulation results to illustrate their

performance.

The first diagnosis method is to examine the estimated covariance matrix from

PM-CDMs. From the definition of the PM-CDMs, the covariance matrix Σ provides

the dependent information about the latent scores. Since the CDMs are special cases

of the PM-CDMs with d ∈ {0, 1}, the estimated d̃’s from the PM-CDMs would diverge

to {−∞,+∞} and we expect that when the CDMs are the true models, the diagonal

elements of the Σ (variances of d̃’s) would be relatively large. This is confirmed by our

simulation study. Table 5 report covariance estimation results from the PM-CDMs

under simulation settings in Table 1, when the data are generated either from CDMs

or PM-CDMs. We can observe that when the PM-CDMs are true, the estimated

diagonal terms are close to the true value and the estimated correlation ρ̂ is close

to the truth; on the other hand, when the CDMs are true, the diagonal terms σ̂2

estimated from the PM-CDMs tend to be large. Based on these results, in practice,

when some of the estimated Σ̂’s is not large, it may imply the CDM’s assumption on
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µ ρ True Model σ̂2 ρ̂

Constant
0

P-DINA 1.03(0.43) 1.02(0.48) 0.99(0.42) -0.01(0.15)
DINA 11.84(3.64) 11.77(3.49) 11.07(3.28) -0.01(0.07)

0.8
P-DINA 1.30(0.48) 1.31(0.49) 1.52(0.91) 0.67(0.06)

DINA 19.08(6.18) 16.22(3.73) 14.85(5.20) 0.70(0.05)

Non-const.
0

P-DINA 1.00(0.37) 1.14(0.59) 0.99(0.25) 0.02(0.16)
DINA 7.50(1.68) 9.87(3.69) 4.25(1.37) 0.03(0.11)

0.8
P-DINA 1.01(0.29) 1.50(0.93) 1.64(0.61) 0.64(0.08)

DINA 10.84(2.79) 11.53(3.24) 4.00(1.19) 0.65(0.14)

Constant
0

P-GDINA 1.16(0.88) 1.04(0.32) 0.87(0.20) 0.05(0.12)
GDINA 4.40(1.28) 4.51(1.58) 4.54(2.40) 0.03(0.07)

0.8
P-GDINA 1.21(0.45) 1.19(0.42) 1.42(0.53) 0.68(0.07)

GDINA 9.91(4.41) 9.60(4.21) 9.90(5.30) 0.73(0.05)

Non-const.
0

P-GDINA 0.78(0.34) 1.08(0.63) 0.94(0.33) 0.04(0.14)
GDINA 3.04(0.89) 4.65(2.05) 3.56(1.23) 0.01(0.09)

0.8
P-GDINA 1.24(0.88) 1.46(0.49) 1.36(1.16) 0.62(0.09)

GDINA 4.06(1.16) 10.49(5.34) 4.33(1.25) 0.64(0.12)

Table 3.5: Covariance estimation results of PM-CDMs, K = 3, Q = Q3 and N = 500.
Values in parentheses are the standard errors.

the corresponding attribute not hold; see real data examples in Section 5.

The second diagnosis method is to examine the scatter plot of the latent attribute

mastery scores estimated from PM-CDMs. If binary mastery is true, the estimated

mastery scores d̂’s from PM-CDMs would be close to 0 or 1; on the other hand, if

partial mastery is true, we would expect d̂’s are distributed between 0 and 1. To

illustrate this, Figures 3–5 report the scatter plots for the settings in the upper panel

of Table 1 (the data are simulated from DINA or PM-DINA with K = 3); simulation

results of other settings are presented in the Appendix. From Figures 3–5, when the

DINA is the true model, we can see that the estimated attribute mastery scores are

concentrated at the corners, corresponding to the binary assumption of the mastery

status of the attributes. On the other hand, if the true model are the PM-DINAs

(with σ = 1), we can observe many data points spread in the middle part of the
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Figure 3.3: Mastery Score Plots Comparison: No correlation
Estimated d of the three attributes by PM-DINA when the true model is DINA (Row 1)

or PM-DINA (Row 2), constant zero mean, and no correlation.
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Figure 3.4: Mastery Score Plots Comparison: High correlation
Estimated d of the three attributes by PM-DINA when the true model is DINA (Row 1)

or PM-DINA (Row 2), constant zero mean, and high correlation.
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Figure 3.5: Mastery Score Plots Comparison: Non-constant mean
Estimated d of the three attributes by PM-DINA when the true model is DINA (Row 1)

or PM-DINA (Row 2), µ = (−1, 0, 1), and high correlation.
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plot. Therefore, in practice, if the plot of the attribute mastery scores shows that

most points are on the edges or corners, it may be preferable to use the CDMs; on

the other hand, if most points are concentrated in the middle, PM-CDMs may be a

better fit. See Section 3.3 for discussions on the application to two real datasets.

3.3 Case Studies

3.3.1 Fraction Subtraction Data

We revisit the Fraction Subtraction Data discussed in Section 2.6. As mentioned,

based on the understanding of the problem solving process, eight latent attributes

required to answer the items and the 20×8 Q-matrix were specified Tatsuoka (1990).

With the Q-matrix, DINA, GDINA, PM-DINA and PM-GDINA. The information

criteria values in Table 3.6 show that the PM-DINA is a much better fit to these data

comparing to the other models. 1 The difference in BIC/AIC values provides a very

strong evidence for supporting this conclusion, according to guidelines suggested by

Kass and Raftery (1995).

Model PM-DINA DINA PM-GDINA GDINA

AIC 8870.3 9394.7 9342.2 9343.9
BIC 9230.1 10659 10345 11250

Table 3.6: AIC and BIC results for Fraction Subtraction data

To compare the DINA and PM-DINA models, the estimated correct response

probability of non-mastery subjects (θ0, the guessing parameter) and mastery subjects

1Note that existing papers in the literature may use different subsets of items and subjects and
the information criteria results may not be directly comparable.
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Item Q PM-DINA DINA

A1 A2 A3 A4 A5 A6 A7 A8 θ̂0 θ̂1 θ̂0 θ̂1

1 0 0 0 1 0 1 1 0 0.013 0.948 0.030 0.911
2 0 0 0 1 0 0 1 0 0.013 0.985 0.016 0.959
3 0 0 0 1 0 0 1 0 0.005 0.914 0.000 0.866
4 0 1 1 0 1 0 1 0 0.208 0.938 0.224 0.890
5 0 1 0 1 0 0 1 1 0.279 0.891 0.301 0.828
6 0 0 0 0 0 0 1 0 0.043 0.975 0.090 0.956
7 1 1 0 0 0 0 1 0 0.009 0.904 0.025 0.803
8 0 0 0 0 0 0 1 0 0.333 0.859 0.443 0.818
9 0 1 0 0 0 0 0 0 0.078 0.788 0.261 0.753
10 0 1 0 0 1 0 1 1 0.014 0.849 0.029 0.786
11 0 1 0 0 1 0 1 0 0.051 0.971 0.066 0.918
12 0 0 0 0 0 0 1 1 0.038 0.975 0.127 0.959
13 0 1 0 1 1 0 1 0 0.004 0.721 0.013 0.665
14 0 1 0 0 0 0 1 0 0.021 0.979 0.060 0.939
15 1 0 0 0 0 0 1 0 0.024 0.958 0.031 0.895
16 0 1 0 0 0 0 1 0 0.022 0.953 0.107 0.889
17 0 1 0 0 1 0 1 0 0.017 0.927 0.038 0.862
18 0 1 0 0 1 1 1 0 0.083 0.924 0.119 0.862
19 1 1 1 0 1 0 1 0 0.008 0.878 0.022 0.759
20 0 1 1 0 1 0 1 0 0.007 0.912 0.013 0.843

Table 3.7: Q-matrix for Fraction Subtraction data and the estimation results.

(θ1, 1 − the slipping parameter) are also reported in Table 3.7. We can see that

the PM-CDMs generally gives smaller slipping parameters on all items and smaller

guessing parameters on all but one item (Item 3), which agrees with the simulation

results when the PM-DINA model is true.

Figure Figure 3.6 shows the plot of the estimated latent attribute mastery scores

from the PM-DINA model. We can see that some of the plots (e.g, A1-A4, A1-A7

pairs) are similar to those in the simulation study when DINA model is true (upper

panels in Figures 3.3-3.5), while others (e.g, A2-A3, A2-A8 pairs) seem to be more

similar to that when the PM-DINA is true (lower panels in Figures 3.3-3.5). In
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Figure 3.6: Scatter plots of attribute scores for Fraction Subtraction data.
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A1 A2 A3 A4 A5 A6 A7 A8
µ̂ -0.719 1.759 0.644 1.246 -0.551 2.512 2.622 2.043

Φ(µ̂) 0.236 0.961 0.740 0.894 0.291 0.994 0.996 0.979
σ̂2 22.687 3.463 15.207 68.514 48.576 2.649 10.043 2.516

Σ̂∗ A1 A2 A3 A4 A5 A6 A7 A8
A1 1.000 0.732 0.755 0.868 0.851 0.189 0.904 0.563
A2 0.732 1.000 0.712 0.656 0.756 0.318 0.809 0.680
A3 0.755 0.712 1.000 0.664 0.882 0.309 0.790 0.644
A4 0.868 0.656 0.664 1.000 0.787 0.174 0.883 0.345
A5 0.851 0.756 0.882 0.787 1.000 0.238 0.875 0.643
A6 0.189 0.318 0.309 0.174 0.238 1.000 0.272 0.271
A7 0.904 0.809 0.790 0.883 0.875 0.272 1.000 0.592
A8 0.563 0.680 0.644 0.345 0.643 0.271 0.592 1.000

Table 3.8: Mean, variance, and correlation estimation results for Fraction data

addition, most of the subjects have the mastery scores of A6 close to 1. We also

report in Table 3.8 the estimated mean, covariance, and correlation matrix from the

PM-DINA model. According to the discussions based on the simulation study, larger

values of the variances σ̂2’s serve as an indicator of an underlying DINA model while

smaller σ̂2’s are likely the result from a PM-DINA model. Interestingly, the results

here show a mixture of both cases. For A1, A3, A4, A5 and A7, σ̂2’s are large,

while A2, A6 and A8 have relatively smaller σ̂2’s. Moreover, we can see that most of

the attributes are strongly-correlated, but A6 is weakly correlated with the others.

Based on our results, we conclude that the DINA model fits well on some attributes

but not on others, while PM-DINA fits better overall. Hence, we recommend to use

PM-DINA to fit the fraction subtraction data.
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3.3.2 English Tests Data

The second dataset is the English tests dataset collected by the Examination for the

Certificate of Proficiency in English (ECPE). Designed and organized by University of

Michigan English Language Institute, the examination is developed to test high-level

English language skills to determine language proficiency of non-native speakers. It

contains questions to evaluate grammar, vocabulary and reading skills of examinees.

We consider a subset of the data from 2003-2004 ECPE grammar section with 2922

subjects and 28 items (Liu et al., 2007). The Q-matrix contains three attributes:

Morphosyntactic Form, Cohesive Form and Lexical Form.

We again use DINA, GDINA and their partial mastery counterparts for fitting this

dataset. The information criteria results in Table 3.9 provide very strong evidence in

favor of partial mastery for the data (Kass and Raftery, 1995), yet the BIC difference

between PM-DINA and PM-GDINA is negligible.

Model PM-DINA DINA PM-GDINA GDINA
AIC 85319 85813 85210 85643
BIC 85707 86190 85706 86140

Table 3.9: AIC and BIC results for English data

Table 3.10 provides the estimated θj,α’s from the GDINA and the PM-GDINA. We

observe that the estimates from the PM-GDINA satisfy the monotonicity assumption

while the results for items 1 and 12 from the GDINA violate that. In addition,

the PM-GDINA generally gives smaller estimates of θ̂j,0 and larger estimates of θ̂j,1

than the GDINA, which agrees with the simulation study when the PM-GDINA is

correct. For the population parameters, the estimated µ’s from the PM-GDINA is

(0.227, 0.624, 0.944) which corresponds to (0.590, 0.734, 0.827) on the 0-1 scales of
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Figure 3.7: Estimated attribute scores by PM-GDINA for English data.

the mastery scores. Comparing to the fraction subtraction data, all estimated µ’s

are relatively small; moreover, all diagonal terms of estimated covariance matrix in

Table 3.10 are fairly close to one. These results suggest that the PM-GDINA may

be a better fit for all attributes than the GDINA. The plots of the attribute mastery

scores in Figure 3.7 further demonstrate this. Instead of concentrating at the edges

and corners, the majority of the subjects’ mastery scores lie in the middle of the plot.

According to the simulation results (e.g., Figure 3.4), this suggests that PM-GDINA

fits the data better than the GDINA model. Overall, our results provide strong

evidence in favor of partial mastery over binary mastery for all items and attributes

in the English test data.

We further investigate goodness-of-fit of the GDINA and PM-GDINA on indi-

vidual levels. Take Subject 1792 as an example, the GDINA classifies its attribute

pattern as (0, 0, 0) with its posterior probability (0.48) significantly higher than those

of other attribute profiles, which indicates the test-taker does not master any of the

attributes. On the other hand, the PM-GDINA estimates d̂ = (0.41, 0.65, 0.67) sug-

gest partial mastery of all the three skills. Using 0.5 as the mastery threshold, we
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obtain attribute pattern (0,1,1), which indicates mastery of two out of three skills

instead of none. A careful look at the test-taker’s responses shows that he/she got

correct answers in 20 out of the total 28 questions (Table 3.11), which is better re-

flected by the PM-GDINA than the GDINA estimates. Furthermore, for Subject

1269 who has a similar response pattern to Subject 1792, GDINA has a completely

opposite estimate of s/he’s attribute profile and gives (1, 1, 1) with the highest pos-

terior probability (0.52) among all attribute profiles, while the PM-GDINA indicates

the similarity of the two subject by providing similar attribute score estimates. In

the lower part of Table 3.11, we illustrate more subjects’s responses who answered at

least 18 out of 28 items correctly but were classified as (0, 0, 0) by the G-DINA model;

we also note that all their posterior estimates of mastering each attribute are smaller

than 0.5. On the other hand, the PM-GDINA estimates indicate the partial-mastery

of the three skills. If 0.5 is used as mastery threshold, all subjects are classfied to be

(0, 1, 1).
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Item Q PM-GDINA GDINA

Morph. Coh. Lex. θ̂00 θ̂01 θ̂01 θ̂11 θ̂00 θ̂01 θ̂01 θ̂11

1 1 1 0 0.54 0.76 0.83 0.98 0.70 0.46 0.80 0.94
2 0 1 0 0.59 0.95 0.74 0.91
3 1 0 1 0.35 0.58 0.41 0.90 0.41 0.67 0.50 0.78
4 0 0 1 0.19 0.91 0.47 0.82
5 0 0 1 0.62 0.99 0.75 0.96
6 0 0 1 0.53 0.98 0.70 0.93
7 1 0 1 0.20 0.82 0.74 0.99 0.48 0.95 0.70 0.94
8 0 1 0 0.71 0.99 0.81 0.97
9 0 0 1 0.29 0.86 0.53 0.79
10 1 0 0 0.41 0.99 0.52 0.89
11 1 0 1 0.28 0.75 0.71 0.99 0.49 0.62 0.72 0.93
12 1 0 1 0.06 0.24 0.19 0.94 0.15 0.00 0.38 0.74
13 1 0 0 0.58 0.99 0.66 0.91
14 1 0 0 0.45 0.92 0.54 0.83
15 0 0 1 0.59 0.99 0.73 0.96
16 1 0 1 0.27 0.74 0.68 0.98 0.48 0.84 0.69 0.91
17 0 1 1 0.62 0.86 0.88 0.97 0.79 0.93 0.88 0.94
18 0 0 1 0.56 0.96 0.72 0.91
19 0 0 1 0.16 0.93 0.45 0.84
20 1 0 1 0.09 0.39 0.20 0.95 0.20 0.20 0.38 0.76
21 1 0 1 0.27 0.62 0.86 0.96 0.54 0.77 0.79 0.92
22 0 0 1 0.01 0.89 0.29 0.80
23 0 1 0 0.47 0.99 0.66 0.94
24 0 1 0 0.09 0.77 0.34 0.69
25 1 0 0 0.44 0.87 0.52 0.77
26 0 0 1 0.36 0.84 0.54 0.78
27 1 0 0 0.17 0.82 0.29 0.70
28 0 0 1 0.43 0.97 0.64 0.91

Cov. Morph. Coh. Lex.
Morph. 1.126 0.867 1.010

Coh. 0.867 1.083 0.973
Lex. 1.010 0.973 1.337

Corr. Morph. Coh. Lex.
Morph. 1.000 0.784 0.823

Coh. 0.784 1.000 0.809
Lex. 0.823 0.809 1.000

Table 3.10: Q-matrix and estimation results for English Test Data
θ0,0 is for subjects with α = (0, 0, 0), θ1,0 is for subjects only mastering the first of all

required attributes, θ0,1 is for subjects only mastering the last of all required attributes,

and θ1,1 is for subjects mastering all required attributes, where note that each item j here

at most requires 2 attributes and there are at most 4 different θj,α for each j.
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Subject Response GDINA Class PM-GDINA
1269 1100111101111111110010101101 111 011 (0.44, 0.66, 0.69)
1792 1100111011111111110010111100 000 011 (0.41, 0.65, 0.67)
429 1010111111001010010111111001 000 011 (0.28, 0.56, 0.63)
824 1110011101011001101111011101 000 011 (0.41, 0.62, 0.65)
1366 1001010011111101011010111011 000 011 (0.36, 0.51, 0.51)
2273 1111110111001110110110011011 000 011 (0.38, 0.62, 0.65)

Table 3.11: Individual case study for English Data.
“GDINA Class” column gives the estimated attribute profiles by GDINA and “PM-GDINA”

column gives the estimated mastery scores in parentheses and the corresponding binary

attribute profiles using 0.5 as the mastery threshold.



Chapter 4

Summary and Discussion

My dissertation study focuses on the design and diagnosis of restricted latent class

models, a family of latent variable models that have diagnostic features. In design

of those models, a key step is to make assumptions about the binary latent struc-

ture: Q-matrix. Chapter 2 aims to identify and estimate the Q-matrix. Chapter 3

goes beyond the identifiability conditions on Q-matrix to propose a more generalized

type of models, building on different assumptions on data generation process. The

proposed PM-CDM approach is an extension of mixed membership models in that it

allows to use expert knowledge to pre-specify multiple mixed membership dimensions

via a Q-matrix. We provide statistical analytical tools in both chapters which help

the design and diagnosis of latent class models.

In Chapter 2, Based on the identifiability results, we develop a likelihood-based

estimation method that can be applied to two different cases in practice: estimation

of the whole Q-matrix in exploratory analysis and misspecification detection for a pro-

visional Q-matrix. The simulation studies show that our method is able to recover

the true latent structure with high accuracy in both cases. In detecting misspecifi-

cation, our method outperform one of the existing state-of-the-art approach GMDI.

The case study on the fracture subtraction data demonstrates that our method can

82
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construct interpretable latent structure using exploratory estimation and provide rea-

sonable updates to the existing 3-attribute Q-matrix. For the original K = 8, our

bootstrap-based diagnosis successfully controls the false alarms due to small sample

size.

One advantage of the proposed approach is the capability of adapting with or

without the prior information of the Q-matrix. The exploratory analysis in Section

2.2 provides researcher with useful information on the tests and helps them to explore

the features of new items. The stepwise estimation method in Section 2.3 would serve

as a reliable tool to improve a provisional Q-matrix from a model-fir perspective. It

should be noted that the Q-matrix that statistically fit the data best may not agree

with the one having best practical interpretation. It is always recommended that

researchers and test designers further validate the estimation results.

In Chapter 3, we propose a mixed membership modeling approach for cognitive

diagnosis, PM-CDM, which allows for partial mastery along multiple dimensions of

latent attributes. The proposed approach covers CDMs as special cases and pro-

vides a more flexible tool for cognitive diagnosis assessment. We develop a Bayesian

estimation method that is applicable to all PM-CDMs and demonstrate accurate

parameter recovery in simulated setting with partial mastery assumption. Using sim-

ulation studies, we investigate the impact of model misspecification when the true

data generation process assumes binary mastery but partial mastery models are fit

to the data, and vice versa. Our results indicate that partial mastery models are

able to fit simulated data better than binary mastery CDMs when partial mastery

is present, and are able to fit data just as well as CDMs when binary mastery is

the correct assumption. In addition to goodness-of-fit measures such as AIC and
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BIC, we suggest several diagnostics that could be used for determining when partial

mastery models are more appropriate. In the two real data examples considered in

this paper, we find strong evidence in support of partial mastery. For the fraction

subtraction data, partial mastery was clearly more appropriate than binary mastery

for some attributes (e.g. A3 “simplify before subtracting”) but not for others (e.g.

A7 “subtract numerators”), whereas in the English tests data, partial mastery speci-

fication was found to be more appropriate for all attributes. Examining discrepancies

between estimated individual-level partial mastery scores and attribute profiles, we

observe that PM-CDMs provide more detailed information about the skills learned

that skills that need study. This property of PM-CDMs has the potential to lead to

more effective remediation programs.

The proposed Gaussian copula modeling approach needs K+K(K+1)/2 parame-

ters to model the distribution of the attribute mastery score d. The computation cost

of the proposed Gibbs sampling method increases quadratically with respect to K.

An interesting research direction is to further reduce the model complexity, especially

when the number of attributes K is large. We may consider the factor analysis model

for the latent scores; for instance, the one factor model corresponds to

{Φ−1(dk); k = 1, · · · , K}> = µ+ Λη + ε (4.1)

where Λ is a K × 1 loading vector, η is a subject specific factor following stan-

dard normal distribution and ε follows a multivariate K-dimensional normal distri-

bution with zero mean and diagonal covariance E. Then model (4.1) corresponds to

{Φ−1(dk); k = 1, · · · , K}> ∼ N(µ,ΛΛ>+E), which has fewer model parameters than

the proposed model in Section 2 (K ≥ 4). When applicable, we may also consider
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certain structured covariance matrix, such as independent or compound symmetry

structure in confirmatory type analysis. Alternatively, to reduce the computation

cost when K is large, we may use the variational approximation inference method

(Blei et al., 2003; Erosheva et al., 2007b; Blei et al., 2007) or moment based method

(Zhao et al., 2017) for PM-CDM estimation. Another interesting extension of this

study is to allow for mixtures of binary and partial mastery across attributes. As il-

lustrated in the analysis of the Fraction Subtraction data, in practice some attributes

may satisfy the partial mastery assumption while other may follow the binary as-

sumption.

We establish estimation approach in Chapter 2 for the Q-matrix, since in practice

it is usually constructed by the users and may not be accurate. A misspecified Q-

matrix could lead to substantial lack of fit and, consequently, erroneous classification

of subjects (Rupp and Templin, 2008b; de la Torre, 2008a). Various methods for Q-

matrix validation and estimation have been proposed under the CDMs (e.g., Liu et al.,

2012; DeCarlo, 2012; Chen et al., 2015; de la Torre and Chiu, 2016; Xu and Shang,

2018; Chen et al., 2018). In Chapter 3 we work with the pre-specified Q-matrix,

which we assume to be correct. The PM-CDMs are more robust with incomplete

Q structures. A typical mixed membership analysis estimates mixed membership in

an unsupervised fashion, without the information on skill requirement(Airoldi et al.,

2014). It would be interesting to combine these approaches to develop a more gen-

eral PM-CDM framework for estimating the Q-matrix of multiple latent dimensions.

When the identifiability conditions are not satisfied, how do one establish the partial

identification of the Q-matrix is an interesting question. This would be of practical

importance as well, especially when single attribute items are difficult to design and
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therefore the completeness condition may not be satisfied. Another future research

direction is to estimate the number of latent attributes in exploratory analysis. In

both studies, we assume the latent dimension K to be known. It is of interest to

select the latent dimension according to the model fit and model complexity. Binary

responses are assumed in this dissertation while there could be various types of re-

sponses data in practice. This topic could be expanded to the broader designing and

examining latent variable model for measurement purposes. The key in those models

is the assumption that the collected responses depend on the underlying latent traits.

Most of the work described in this dissertation is dedicated to examine the answers

of 1. how the responses depend on latent traits and 2. what type of latent traits

do they depend on. Some other questions might be raised about the model design

and diagnosis such as whether the responses truly reflect the latent traits, how many

responses do we need to collect to make inference about the latent traits, etc. Liter-

ature addresses the first questions by treat it as a data quality control and establish

aberrant detection approaches (Shao et al., 2016; Van der Linden and Guo, 2008).

I have worked on research project of building mixture model utilizing the response

time data to detect aberrant behaviors in online tests (Wang and Xu, 2015; Wang

et al., 2018b). The work is based on 3PL model for the response rather than latent

class models. Another important issue in the design of latent modeling is computer-

ized adaptive testing (CAT). Related research works of mine include analyzing the

initial item selection of popularly-used cognitive diagnostic CAT item selection ap-

proaches Xu et al. (2016) and proposing stopping criterion for adaptive testing with

multi-dimentional graded response models (Wang et al., 2018a). For the topic in

this dissertation, the estimation method can be extended to the CD-CAT setting to
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calibrate new designed items and estimate their Q-vectors and item parameters.
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Appendix A

Additional Simulation Results
Chapter 2

Exploratory Estimation

Estimation results of the parameters Θ = (θj,α)J×2K are presented in Figure Fig-

ure A.1 with K ∈ {3, 4, 5}, ρ = 0 and N = 1000. For the TLP method, the θ̂’s

are calculated from the refitted β̂ values under the estimated model structure. For

the true model, the θ’s are estimated under the true Q-matrix and the true diagnos-

tic model assumption. We report the box plots of the squared-root mean squared

errors (RMSEs) of θ̂’s. Figure A.1 and Table 2.3 in the main text show that the pro-

posed method gives similar estimation results to those under the true model, which

is consistent with the theoretical results in Propositions 1 and 2.
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Figure A.1: Box plots of RMSEs of θ̂’s.
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Stepwise estimation

Table A.1 presents the simulation results for K = 3 and misspecification rate is 20%.

The cases with higher dimension of latent attributes K = 4 and K = 5 are presented

in Table A.2. In particular, we use the following design with ρ = 0:

K = 4

K = 5

⊗
DINA

LCDM

⊗
10% Misspecification

20% Misspecification

⊗
N = 1000

N = 2000

 .

We can see that the proposed method performs well and similar conclusions to the

case with K = 3 and missepcification level being 10% can be obtained.
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DINA LCDM
Entry Vector Entry Vector

ρ N Total TPR FPR TPR FPR Total TPR FPR TPR FPR

0

500
Proposed

0.997 0.992 0.000 0.985 0.001 0.951 0.886 0.007 0.833 0.020
(0.994) (0.988) (0.001) (0.975) (0.002) (0.969) (0.937) (0.005) (0.900) (0.014)

GMDI 0.842 0.223 0.000 0.210 0.000 0.833 0.185 0.000 0.168 0.001

1000
Proposed

0.998 0.993 0.000 0.990 0.000 0.988 0.958 0.000 0.938 0.000
(0.997) (0.992) (0.000) (0.988) (0.001) (0.991) (0.983) (0.002) (0.970) (0.004)

GMDI 0.856 0.298 0.000 0.282 0.001 0.855 0.290 0.000 0.278 0.001

2000
Proposed

0.997 0.991 0.000 0.985 0.000 0.996 0.992 0.001 0.980 0.000
(0.996) (0.990) (0.001) (0.983) (0.001) (0.995) (0.991) (0.001) (0.980) (0.002)

GMDI 0.862 0.315 0.000 0.310 0.000 0.863 0.323 0.000 0.312 0.000

0.15

500
Proposed

0.995 0.985 0.000 0.975 0.001 0.950 0.876 0.006 0.825 0.019
(0.995) (0.986) (0.001) (0.978) (0.001) (0.965) (0.927) (0.005) (0.877) (0.013)

GMDI 0.840 0.214 0.000 0.205 0.001 0.835 0.202 0.000 0.180 0.001

1000
Proposed

0.999 0.996 0.000 0.993 0.000 0.990 0.969 0.000 0.953 0.001
(0.998) (0.994) (0.000) (0.988) (0.000) (0.995) 0.987) (0.001) (0.975) (0.001)

GMDI 0.852 0.294 0.001 0.270 0.003 0.853 0.284 0.000 0.270 0.001

2000
Proposed

0.998 0.994 0.000 0.990 0.000 0.999 0.998 0.000 0.995 0.000
(0.996) (0.992) (0.001) (0.985) (0.002) (0.998) (0.994) (0.000) (0.988) (0.000)

GMDI 0.860 0.312 0.001 0.307 0.003 0.862 0.307 0.000 0.310 0.000

0.25

500
Proposed

0.995 0.986 0.001 0.978 0.001 0.954 0.887 0.005 0.833 0.016
(0.993) (0.983) (0.001) (0.973) (0.002) (0.965) (0.922) (0.004) (0.877) (0.013)

GMDI 0.840 0.215 0.001 0.210 0.003 0.832 0.193 0.001 0.170 0.003

1000
Proposed

1.000 0.999 0.000 0.998 0.000 0.986 0.957 0.001 0.932 0.001
(0.998) (0.993) (0.000) (0.988) (0.000) (0.992) (0.983) (0.001) (0.968) (0.002)

GMDI 0.851 0.282 0.001 0.270 0.004 0.851 0.271 0.001 0.268 0.003

2000
Proposed

0.998 0.994 0.000 0.990 0.000 0.998 0.996 0.000 0.990 0.000
(0.998) (0.994) (0.000) (0.990) (0.001) (0.998) (0.994) (0.000) (0.988) (0.000)

GMDI 0.860 0.301 0.001 0.305 0.002 0.861 0.305 0.000 0.307 0.001

Table A.1: High misspecification rate detection results with K = 3
For the proposed method, results after the first J0 = 4 steps are presented in brackets.

“Total” is the proportion of correctly estimated items with the initial baseline 0.8. “TPR”

is true positive rate and “FPR” is the false positive rate.
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Low Misspecification
Settings DINA LCDM

Entry Vector Entry Vector
K N Total TPR FPR TPR FPR Total TPR FPR TPR FPR

4

1000
Proposed

0.997 0.984 0.000 0.975 0.001 0.987 0.966 0.002 0.930 0.007
(0.996) (0.984) (0.001) (0.975) (0.002) (0.988) (0.960) (0.001) (0.915) (0.004)

GMDI 0.923 0.263 0.000 0.235 0.000 0.919 0.225 0.000 0.195 0.000

2000
Proposed

0.996 0.976 0.000 0.960 0.001 0.997 0.985 0.000 0.965 0.000
(0.995) (0.976) (0.001) (0.960) (0.001) (0.996) (0.988) (0.001) (0.965) (0.001)

GMDI 0.930 0.360 0.000 0.305 0.000 0.925 0.292 0.000 0.255 0.000

5

1000
Proposed

0.994 0.965 0.000 0.940 0.000 0.977 0.907 0.002 0.865 0.011
(0.994) (0.981) (0.001) (0.950) (0.002) (0.981) (0.942) (0.001) (0.860) (0.006)

GMDI 0.917 0.222 0.000 0.180 0.001 0.914 0.155 0.000 0.145 0.001

2000
Proposed

0.996 0.980 0.000 0.960 0.000 0.996 0.980 0.000 0.960 0.000
(0.994) (0.971) (0.001) (0.940) (0.001) (0.995) (0.982) (0.000) (0.955) (0.001)

GMDI 0.925 0.307 0.000 0.255 0.000 0.921 0.238 0.000 0.220 0.001

High Misspecification
Settings DINA LCDM

Entry Vector Entry Vector
K N Total TPR FPR TPR FPR Total TPR FPR TPR FPR

4

1000
Proposed

0.994 0.986 0.000 0.973 0.001 0.976 0.942 0.003 0.917 0.010
(0.992) (0.986) (0.001) (0.968) (0.002) (0.979) (0.960) (0.003) (0.917) (0.006)

GMDI 0.845 0.257 0.000 0.223 0.000 0.830 0.186 0.000 0.158 0.002

2000
Proposed

0.995 0.989 0.000 0.978 0.001 0.987 0.979 0.002 0.953 0.004
(0.995) (0.990) (0.000) (0.980) (0.002) (0.985) (0.966) (0.002) (0.935) (0.003)

GMDI 0.855 0.312 0.000 0.280 0.002 0.841 0.260 0.002 0.235 0.008

5

1000
Proposed

0.985 0.965 0.001 0.940 0.004 0.973 0.955 0.003 0.912 0.012
(0.985) (0.969) (0.002) (0.943) (0.005) (0.973) (0.954) (0.002) (0.892) (0.007)

GMDI 0.827 0.162 0.001 0.145 0.003 0.817 0.121 0.001 0.100 0.004

2000
Proposed

0.995 0.984 0.000 0.978 0.001 0.985 0.968 0.001 0.940 0.004
(0.990) (0.981) (0.002) (0.958) (0.002) (0.981) (0.963) (0.002) (0.922) (0.005)

GMDI 0.836 0.213 0.001 0.193 0.003 0.828 0.169 0.001 0.160 0.005

Table A.2: Misspecification detection results with K = 4 and 5
Results after the first J0 steps are presented in brackets. “Total” is the proportion of

correctly estimated items with the initial baseline 0.9 or 0.8 for low or high misspecification.

“TPR” is true positive rate and “FPR” is the false positive rate.



Appendix B

Additional Simulation Results for
Chapter 3

We report the additional numerical results from the simulation studies in Section 3.2.

In particular, Table B.1–Table B.6 give the complete simulation results for all the

simulation settings described in Section 4.1. Attribute score plots for the GDINA

and PM-GDINA with K = 3 are presented in Figures Figure B.1-Figure B.3, the

DINA and PM-DINA with K = 5 are presented in Figures Figure B.4-Figure B.6,

and the GDINA and PM-GDINA with K = 5 are presented in Figures Figure B.7-

Figure B.9. From the simulation results in these tables and figures, we can obtain

same conclusions to those reported in Sections 3.2 and 3.3.
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True Model DINA PM-DINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
500

PM-DINA 0.058 0.071 0.069 0.051 0.065 0.281 0.235
DINA 0.024 0.031 0.065 0.155 0.189 0.286 0.312

1000
PM-DINA 0.048 0.059 0.067 0.045 0.055 0.273 0.231

DINA 0.018 0.023 0.068 0.144 0.165 0.276 0.278

0.8
500

PM-DINA 0.040 0.050 0.061 0.044 0.057 0.207 0.189
DINA 0.022 0.028 0.066 0.129 0.148 0.253 0.267

1000
PM-DINA 0.034 0.041 0.049 0.036 0.046 0.209 0.189

DINA 0.015 0.020 0.058 0.135 0.154 0.260 0.269

Non-const.

0
500

PM-DINA 0.066 0.080 0.056 0.053 0.071 0.194 0.215
DINA 0.035 0.049 0.069 0.146 0.182 0.269 0.277

1000
PM-DINA 0.059 0.074 0.053 0.044 0.059 0.186 0.212

DINA 0.026 0.036 0.068 0.159 0.199 0.276 0.255

0.8
500

PM-DINA 0.051 0.063 0.043 0.045 0.061 0.175 0.191
DINA 0.024 0.033 0.068 0.138 0.174 0.300 0.305

1000
PM-DINA 0.049 0.063 0.043 0.043 0.057 0.162 0.180

DINA 0.019 0.025 0.063 0.146 0.183 0.276 0.271

True Model GDINA PM-GDINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
500

PM-GDINA 0.076 0.090 0.084 0.058 0.073 0.285 0.238
GDINA 0.045 0.062 0.090 0.145 0.188 0.309 0.364

1000
PM-GDINA 0.066 0.077 0.084 0.057 0.071 0.272 0.231

GDINA 0.030 0.038 0.085 0.111 0.136 0.286 0.306

0.8
500

PM-GDINA 0.067 0.083 0.053 0.059 0.072 0.207 0.185
GDINA 0.050 0.076 0.073 0.190 0.242 0.274 0.298

1000
PM-GDINA 0.056 0.071 0.055 0.060 0.075 0.202 0.188

GDINA 0.041 0.061 0.076 0.186 0.235 0.262 0.282

Non-const.

0
500

PM-GDINA 0.072 0.087 0.067 0.065 0.081 0.196 0.229
GDINA 0.083 0.145 0.089 0.188 0.245 0.326 0.342

1000
PM-GDINA 0.073 0.090 0.065 0.061 0.074 0.201 0.229

GDINA 0.052 0.084 0.078 0.142 0.185 0.322 0.322

0.8
500

PM-GDINA 0.068 0.081 0.051 0.060 0.075 0.161 0.186
GDINA 0.137 0.234 0.065 0.190 0.242 0.287 0.314

1000
PM-GDINA 0.062 0.076 0.046 0.061 0.078 0.161 0.183

GDINA 0.115 0.209 0.071 0.168 0.217 0.289 0.283

Table B.1: PM-CDM Simulation results for K = 3 with Complete Q-matrix
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.
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True Model DINA PM-DINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
1000

PM-DINA 0.077 0.089 0.126 0.054 0.070 0.328 0.255
DINA 0.021 0.028 0.129 0.140 0.172 0.325 0.301

2000
PM-DINA 0.073 0.084 0.124 0.049 0.061 0.323 0.255

DINA 0.014 0.018 0.130 0.134 0.156 0.319 0.283

0.8
1000

PM-DINA 0.052 0.061 0.073 0.040 0.052 0.217 0.198
DINA 0.018 0.022 0.115 0.121 0.138 0.291 0.265

2000
PM-DINA 0.043 0.050 0.071 0.036 0.045 0.216 0.194

DINA 0.012 0.015 0.123 0.125 0.141 0.283 0.259

Non-const.

0
1000

PM-DINA 0.077 0.088 0.098 0.056 0.075 0.239 0.239
DINA 0.030 0.043 0.128 0.138 0.179 0.322 0.289

2000
PM-DINA 0.073 0.086 0.097 0.053 0.069 0.232 0.238

DINA 0.022 0.032 0.129 0.142 0.176 0.324 0.272

0.8
1000

PM-DINA 0.061 0.075 0.067 0.042 0.055 0.181 0.192
DINA 0.019 0.025 0.125 0.137 0.173 0.319 0.269

2000
PM-DINA 0.056 0.069 0.065 0.034 0.045 0.175 0.184

DINA 0.014 0.020 0.121 0.137 0.172 0.318 0.266

True Model DINA PM-DINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
1000

PM-GDINA 0.088 0.101 0.134 0.064 0.078 0.324 0.256
GDINA 0.044 0.057 0.136 0.171 0.216 0.353 0.359

2000
PM-GDINA 0.089 0.101 0.135 0.066 0.080 0.324 0.255

GDINA 0.031 0.040 0.134 0.143 0.185 0.342 0.334

0.8
1000

PM-GDINA 0.070 0.082 0.082 0.069 0.085 0.215 0.196
GDINA 0.054 0.082 0.121 0.192 0.251 0.311 0.284

2000
PM-GDINA 0.059 0.070 0.079 0.063 0.080 0.212 0.192

GDINA 0.037 0.056 0.115 0.199 0.254 0.323 0.274

Non-const.

0
1000

PM-GDINA 0.085 0.098 0.111 0.072 0.089 0.253 0.252
GDINA 0.069 0.106 0.148 0.184 0.238 0.370 0.367

2000
PM-GDINA 0.084 0.097 0.110 0.072 0.087 0.246 0.250

GDINA 0.051 0.084 0.139 0.156 0.203 0.358 0.334

0.8
1000

PM-GDINA 0.072 0.087 0.078 0.071 0.089 0.195 0.203
GDINA 0.117 0.203 0.129 0.218 0.277 0.346 0.318

2000
PM-GDINA 0.071 0.086 0.075 0.066 0.083 0.188 0.195

GDINA 0.090 0.173 0.126 0.187 0.246 0.344 0.283

Table B.2: Full PM-CDM Simulation results for K = 5 with Complete Q-matrix
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.
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True Model DINA PM-DINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
500

PM-DINA 0.054 0.067 0.194 0.056 0.073 0.339 0.265
DINA 0.026 0.034 0.219 0.156 0.192 0.348 0.293

1000
PM-DINA 0.046 0.056 0.183 0.044 0.058 0.338 0.259

DINA 0.017 0.023 0.220 0.165 0.196 0.351 0.272

0.8
500

PM-DINA 0.039 0.046 0.099 0.044 0.055 0.256 0.219
DINA 0.021 0.026 0.186 0.122 0.142 0.317 0.227

1000
PM-DINA 0.031 0.037 0.088 0.036 0.046 0.228 0.205

DINA 0.016 0.02 0.186 0.125 0.141 0.315 0.221

Non-const.

0
500

PM-DINA 0.055 0.069 0.181 0.063 0.087 0.248 0.257
DINA 0.031 0.044 0.234 0.179 0.232 0.359 0.303

1000
PM-DINA 0.056 0.070 0.169 0.049 0.066 0.265 0.260

DINA 0.022 0.032 0.230 0.157 0.195 0.358 0.281

0.8
500

PM-DINA 0.048 0.060 0.150 0.051 0.065 0.224 0.224
DINA 0.026 0.034 0.212 0.140 0.176 0.359 0.286

1000
PM-DINA 0.041 0.051 0.140 0.039 0.051 0.199 0.203

DINA 0.017 0.023 0.222 0.138 0.169 0.352 0.275

True Model GDINA PM-GDINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
500

PM-GDINA 0.073 0.087 0.185 0.058 0.072 0.344 0.271
GDINA 0.081 0.114 0.209 0.158 0.208 0.387 0.419

1000
PM-GDINA 0.084 0.097 0.172 0.056 0.069 0.344 0.266

GDINA 0.047 0.062 0.174 0.145 0.189 0.375 0.381

0.8
500

PM-GDINA 0.065 0.080 0.096 0.055 0.068 0.214 0.193
GDINA 0.111 0.166 0.145 0.176 0.230 0.280 0.334

1000
PM-GDINA 0.063 0.081 0.097 0.057 0.071 0.208 0.195

GDINA 0.074 0.120 0.130 0.159 0.207 0.273 0.307

Non-const.

0
500

PM-GDINA 0.069 0.084 0.138 0.064 0.079 0.281 0.271
GDINA 0.117 0.172 0.195 0.166 0.217 0.378 0.405

1000
PM-GDINA 0.071 0.085 0.120 0.055 0.068 0.233 0.254

GDINA 0.090 0.144 0.180 0.154 0.198 0.386 0.362

0.8
500

PM-GDINA 0.069 0.083 0.082 0.062 0.077 0.211 0.221
GDINA 0.129 0.205 0.145 0.187 0.242 0.299 0.363

1000
PM-GDINA 0.069 0.083 0.078 0.060 0.074 0.200 0.215

GDINA 0.117 0.201 0.134 0.164 0.219 0.307 0.331

Table B.3: Full PM-CDM Simulation results for K = 3 with Incomplete Q-matrix
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.
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True Model DINA PM-DINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
1000

PM-DINA 0.072 0.087 0.241 0.049 0.071 0.400 0.285
DINA 0.022 0.030 0.271 0.153 0.195 0.398 0.301

2000
PM-DINA 0.074 0.090 0.235 0.043 0.058 0.399 0.281

DINA 0.016 0.023 0.273 0.158 0.197 0.393 0.284

0.8
1000

PM-DINA 0.046 0.053 0.132 0.035 0.044 0.261 0.222
DINA 0.016 0.020 0.250 0.120 0.143 0.371 0.224

2000
PM-DINA 0.038 0.043 0.121 0.034 0.045 0.245 0.212

DINA 0.011 0.014 0.251 0.121 0.142 0.372 0.221

Non-const.

0
1000

PM-DINA 0.070 0.085 0.180 0.057 0.079 0.307 0.281
DINA 0.033 0.052 0.261 0.166 0.227 0.405 0.309

2000
PM-DINA 0.072 0.087 0.172 0.049 0.068 0.286 0.266

DINA 0.022 0.033 0.262 0.158 0.204 0.393 0.278

0.8
1000

PM-DINA 0.058 0.070 0.122 0.040 0.053 0.210 0.209
DINA 0.020 0.026 0.233 0.138 0.178 0.386 0.254

2000
PM-DINA 0.053 0.065 0.109 0.036 0.048 0.214 0.213

DINA 0.013 0.018 0.230 0.133 0.170 0.388 0.255

True Model GDINA PM-GDINA
µ ρ N Fitted Model MAE RMSE AMCR MAE RMSE AMCR ARSE

Constant

0
1000

PM-GDINA 0.080 0.095 0.260 0.069 0.083 0.389 0.278
GDINA 0.125 0.173 0.300 0.185 0.238 0.433 0.416

2000
PM-GDINA 0.082 0.097 0.260 0.069 0.083 0.386 0.276

GDINA 0.099 0.138 0.288 0.161 0.210 0.415 0.371

0.8
1000

PM-GDINA 0.070 0.085 0.124 0.073 0.088 0.223 0.203
GDINA 0.148 0.219 0.210 0.175 0.238 0.334 0.333

2000
PM-GDINA 0.063 0.079 0.121 0.068 0.083 0.212 0.196

GDINA 0.108 0.166 0.206 0.165 0.223 0.325 0.293

Non-const.

0
1000

PM-GDINA 0.085 0.102 0.235 0.073 0.089 0.307 0.278
GDINA 0.152 0.204 0.324 0.199 0.256 0.427 0.407

2000
PM-GDINA 0.083 0.098 0.199 0.075 0.091 0.317 0.281

GDINA 0.117 0.168 0.295 0.176 0.235 0.432 0.385

0.8
1000

PM-GDINA 0.078 0.094 0.117 0.075 0.091 0.252 0.241
GDINA 0.170 0.246 0.226 0.190 0.246 0.357 0.345

2000
PM-GDINA 0.084 0.104 0.117 0.074 0.090 0.213 0.215

GDINA 0.146 0.223 0.253 0.173 0.229 0.369 0.336

Table B.4: Full PM-CDM Simulation results for K = 5 with Incomplete Q-matrix
MAE is the mean absolute error of item parameter estimates; RMSE is the root mean

squared error of item parameter estimates; AMCR is the attribute level misclassfication

rate; ARSE is the root mean squared error of mastery score estimates.
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µ ρ N True Model σ̂2 ρ̂

Constant

0
500

P-DINA 1.03(0.43) 1.02(0.48) 0.99(0.42) -0.01(0.15)
DINA 11.84(3.64) 11.77(3.49) 11.07(3.28) -0.01(0.07)

1000
P-DINA 0.94(0.39) 0.83(0.29) 0.89(0.39) 0.01(0.09)

DINA 17.94(4.57) 16.95(5.51) 18.97(4.57) -0.01(0.05)

0.8
500

P-DINA 1.30(0.48) 1.31(0.49) 1.52(0.91) 0.67(0.06)
DINA 19.08(6.18) 16.22(3.73) 14.85(5.20) 0.70(0.05)

1000
P-DINA 1.14(0.35) 1.17(0.31) 1.27(0.53) 0.70(0.06)

DINA 27.88(7.45) 24.90(6.67) 26.54(6.61) 0.72(0.03)

Non-const.

0
500

P-DINA 1.00(0.37) 1.14(0.59) 0.99(0.25) 0.02(0.16)
DINA 7.50(1.68) 9.87(3.69) 4.25(1.37) 0.03(0.11)

1000
P-DINA 0.92(0.38) 1.10(0.53) 0.71(0.21) 0.03(0.11)

DINA 9.13(1.61) 15.04(5.20) 5.50(1.44) -0.01(0.08)

0.8
500

P-DINA 1.01(0.29) 1.50(0.93) 1.64(0.61) 0.64(0.08)
DINA 10.84(2.79) 11.53(3.24) 4.00(1.19) 0.65(0.14)

1000
P-DINA 0.96(0.25) 1.14(0.40) 1.22(0.37) 0.66(0.07)

DINA 14.55(2.04) 17.32(4.51) 5.89(1.50) 0.63(0.15)

µ ρ N True Model σ̂2 ρ̂

Constant

0
500

P-GDINA 1.16(0.88) 1.04(0.32) 0.87(0.20) 0.05(0.12)
GDINA 4.40(1.28) 4.51(1.58) 4.54(2.40) 0.03(0.07)

1000
P-GDINA 0.82(0.18) 0.92(0.28) 0.81(0.27) 0.02(0.09)

GDINA 5.66(2.96) 5.61(1.81) 4.79(1.81) 0.01(0.05)

0.8
500

P-GDINA 1.21(0.45) 1.19(0.42) 1.42(0.53) 0.68(0.07)
GDINA 9.91(4.41) 9.60(4.21) 9.90(5.30) 0.73(0.05)

1000
P-GDINA 1.15(0.40) 1.55(0.93) 1.13(0.56) 0.70(0.04)

GDINA 15.70(3.50) 13.52(3.66) 13.70(4.88) 0.73(0.03)

Non-const.

0
500

P-GDINA 0.78(0.34) 1.08(0.63) 0.94(0.33) 0.04(0.14)
GDINA 3.04(0.89) 4.65(2.05) 3.56(1.23) 0.01(0.09)

1000
P-GDINA 0.72(0.26) 0.87(0.28) 0.75(0.49) 0.04(0.15)

GDINA 3.41(0.66) 6.07(1.91) 4.20(0.99) 0.02(0.07)

0.8
500

P-GDINA 1.24(0.88) 1.46(0.49) 1.36(1.16) 0.62(0.09)
GDINA 4.06(1.16) 10.49(5.34) 4.33(1.25) 0.64(0.12)

1000
P-GDINA 1.02(0.40) 1.04(0.29) 1.08(0.37) 0.64(0.07)

GDINA 5.82(1.48) 12.37(3.50) 5.57(1.71) 0.63(0.12)

Table B.5: Covariance estimation results for K = 3.
The fitted models are PM-CDMs. Values in parenthesis are the standard errors.
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µ ρ N True Model σ̂2 ρ̂

Constant

0
500

P-DINA 0.71(0.24) 0.88(0.47) 0.71(0.24) 0.81(0.29) 0.99(0.50) 0.02(0.13)
DINA 6.67(1.90) 6.61(1.93) 6.80(2.46) 6.17(2.65) 6.44(2.30) 0.00(0.07)

1000
P-DINA 0.77(0.33) 0.82(0.32) 0.88(0.37) 0.72(0.25) 0.86(0.25) 0.02(0.09)

DINA 7.94(3.32) 8.70(2.25) 8.19(2.52) 7.83(2.48) 8.98(2.29) 0.00(0.05)

0.8
500

P-DINA 1.44(1.04) 1.81(1.04) 1.36(0.47) 1.65(0.95) 1.51(0.70) 0.70(0.07)
DINA 9.71(3.14) 10.20(2.78) 10.43(2.94) 11.02(2.85) 10.45(3.20) 0.69(0.05)

1000
P-DINA 1.24(0.42) 1.05(0.19) 1.55(0.64) 0.99(0.41) 1.30(0.55) 0.73(0.05)

DINA 16.96(3.37) 15.84(3.61) 14.70(3.16) 14.20(2.67) 14.48(2.85) 0.70(0.04)

Non-const.

0
500

P-DINA 0.88(0.39) 0.82(0.23) 1.01(0.47) 1.14(0.69) 0.83(0.40) 0.02(0.17)
DINA 4.40(0.87) 4.87(1.36) 5.57(1.50) 4.79(1.47) 2.58(0.56) 0.01(0.09)

1000
P-DINA 0.71(0.17) 0.80(0.29) 0.82(0.36) 0.66(0.22) 0.66(0.15) 0.02(0.13)

DINA 5.07(1.15) 5.97(1.74) 7.16(1.82) 6.03(2.28) 4.00(0.99) 0.00(0.05)

0.8
500

P-DINA 1.04(0.27) 1.35(0.64) 1.21(0.40) 1.47(0.83) 1.56(0.88) 0.66(0.08)
DINA 7.46(1.10) 9.52(1.24) 10.84(3.05) 5.89(1.56) 3.40(0.84) 0.64(0.11)

1000
P-DINA 1.19(0.60) 1.38(0.46) 1.32(0.43) 1.44(0.48) 1.34(0.68) 0.71(0.07)

DINA 9.93(1.39) 13.36(2.79) 14.64(3.10) 8.92(2.42) 4.54(0.79) 0.65(0.11)

µ ρ N True Model σ̂2 ρ̂

Constant

0
500

P-GDINA 0.79(0.36) 0.81(0.18) 0.80(0.22) 0.86(0.53) 0.92(0.44) 0.01(0.15)
GDINA 3.17(0.96) 3.12(0.89) 2.64(0.44) 2.62(0.55) 2.77(0.98) 0.02(0.06)

1000
P-GDINA 0.71(0.21) 0.74(0.27) 0.79(0.33) 0.77(0.22) 0.69(0.24) 0.02(0.10)

GDINA 2.99(0.86) 2.69(0.83) 3.04(1.09) 2.70(0.55) 2.96(0.93) 0.00(0.04)

0.8
500

P-GDINA 1.35(0.28) 1.61(0.75) 1.38(0.41) 1.42(0.44) 1.59(0.81) 0.71(0.06)
GDINA 6.14(2.18) 6.25(2.30) 6.75(2.81) 5.66(2.01) 6.23(2.12) 0.71(0.06)

1000
P-GDINA 1.33(0.64) 1.17(0.35) 1.83(1.43) 1.51(0.25) 1.14(0.28) 0.73(0.05)

GDINA 10.03(2.25) 11.24(3.55) 10.81(3.39) 10.35(3.89) 7.64(2.42) 0.71(0.04)

Non-const.

0
500

P-GDINA 0.68(0.22) 0.79(0.23) 1.00(0.59) 0.76(0.25) 0.73(0.22) 0.03(0.16)
GDINA -1.07(0.20) 2.68(0.80) 2.77(0.75) 2.84(0.85) 1.86(0.86) 0.01(0.08)

1000
P-GDINA 0.64(0.17) 0.70(0.15) 0.78(0.36) 0.76(0.39) 0.64(0.28) 0.04(0.11)

GDINA 2.14(0.62) 2.45(0.59) 2.87(0.62) 2.93(0.76) 2.34(0.82) 0.01(0.05)

0.8
500

P-GDINA 1.24(0.46) 1.21(0.30) 1.21(0.45) 1.39(0.48) 1.28(0.76) 0.66(0.08)
GDINA 3.45(0.75) 5.21(1.75) 6.01(2.10) 5.02(1.66) 3.36(0.84) 0.65(0.11)

1000
P-GDINA 0.99(0.30) 1.15(0.46) 1.33(0.49) 1.30(0.45) 1.25(0.39) 0.68(0.07)

GDINA 4.27(0.87) 6.54(1.27) 9.16(2.11) 6.90(1.78) 4.40(1.19) 0.65(0.11)

Table B.6: Covariance estimation results for K = 5.
The fitted models are PM-CDMs. Values in parenthesis are the standard errors.
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Figure B.1: Mastery Score Plots Comparison: GDINA
Estimated d of the three attributes by PM-GDINA when the true model is GDINA (Row

1) or PM-GDINA (Row 2), zero mean, and zero correlation.
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Figure B.2: Mastery Score Plots Comparison: GDINA with high correlation
Estimated d of the three attributes by PM-GDINA when the true model is GDINA (Row

1) or PM-GDINA (Row 2), zero mean, and high correlation.
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Figure B.3: Mastery Score Plots Comparison: GDINA non-constant mean
Estimated d of the three attributes by PM-GDINA when the true model is GDINA (Row

1) or PM-GDINA (Row 2), nonzero mean, and high correlation.



Appendix B. Additional Simulation Results for Chapter 3 113

Figure B.4: Mastery Score Plots Comparison: K = 5
Estimated d of the five attributes by PM-DINA when the true model is DINA (Row 1) or

PM-DINA (Row 2), zero mean, and zero correlation.
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Figure B.5: Mastery Score Plots Comparison: K = 5, High correlation
Estimated d of the five attributes by PM-DINA when the true model is DINA (Row 1) or

PM-DINA (Row 2), zero mean, and high correlation.
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Figure B.6: Mastery Score Plots Comparison: K = 5, non-constant mean
Estimated d of the five attributes by PM-DINA when the true model is DINA (Row 1) or

PM-DINA (Row 2), nonzero mean, and high correlation.
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Figure B.7: Mastery Score Plots: K = 5, GDINA
Estimated d of the five attributes by PM-GDINA when the true model is GDINA (Row 1)

or PM-GDINA (Row 2), zero mean, and zero correlation.
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Figure B.8: Mastery Score Plots: K = 5, GDINA, high correlation
Estimated d of the five attributes by PM-GDINA when the true model is GDINA (Row 1)

or PM-GDINA (Row 2), zero mean, and high correlation.
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Figure B.9: Mastery Score Plots: K = 5, GDINA, non-constant mean
Estimated d of the five attributes by PM-GDINA when the true model is GDINA (Row 1)

or PM-GDINA (Row 2), nonzero mean, and high correlation.


