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ABSTRACT 

Shallow lakes (i.e., lakes with maximum depth <5 m) provide critical habitat for wildlife and 

afford recreational opportunities for the public, including fishing and waterfowl hunting. 

However, many shallow lakes have degraded conditions resulting from anthropogenic 

disturbances, such as excessive nutrient inputs from land conversion to agriculture and alteration 

of natural hydrology leading to increased connectivity of surface waters and colonization by 

disruptive fish species. These degraded shallow lakes experience frequent and sometimes toxic 

algal blooms, which decrease the utility of lakes to the public. Additionally, reduced water clarity 

leads to the loss of submerged aquatic vegetation (SAV), which provide an important food source 

for waterfowl. 

Mathematical models tell us that the changing conditions of shallow lakes are reflective 

of alternative stable states, where lakes can be in either a turbid, algae-dominated state with little 

to no SAV or a clear, healthy state supporting abundant SAV. These states are stable in the sense 

that lakes will stay in one of the two states due to strong positive feedback loops (e.g., SAV take 

up nutrients that algae need, release chemicals toxic to algae, and provide a home to zooplankton 

that eat algae) unless: (1) there is a sudden disturbance to the system that forces the lake into the 

other state, or (2) a key component of the system slowly but steadily changes until a threshold is 

reached, at which point the lake “snaps.” The first case is akin to swinging a hammer to break a 

pencil in half and the second is like bending a pencil with increasing pressure until it breaks. 

Much is known about the causes of shifts between clear and turbid states in shallow 

lakes. For instance, we know that increases in phosphorus (P) inputs to lakes (i.e., bending the 

pencil) and colonization of bottom-feeding fish species (i.e., the hammers) are associated with 

shifts from the clear to turbid state. Conversely, we have observed that reducing P inputs and 

eradicating problematic species can sometimes, but not always, cause the reverse shift back to the 

clear state. Mathematical models have helped us understand that the critical P threshold at which 
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a lake transitions from the clear to turbid state is not the same as the critical P threshold at which 

the lake transitions from the turbid state back to the clear state. That is, once a lake transitions to 

the turbid state, P must be reduced far below its previous level in the clear state before SAV 

reappears and restores water clarity. This phenomenon makes shallow lake restoration 

challenging, and efforts to force lakes into the clear state from the turbid state frequently fail or 

have only short-term effects. 

Although we have a deep qualitative understanding of the mechanisms driving these 

shifts, we lack essential quantitative knowledge to improve our ability to manage shallow lakes. 

For instance, there has not previously been a formal statistical framework grounded in 

mathematical theory for alternative stable states to classify the state of a lake, nor to estimate 

critical P thresholds. We lack models to quantify the vulnerability of lakes to state shifts given 

various risk factors, including proximity to P thresholds and the abundance and composition of 

fish populations. And we do not have a way to quantitatively prioritize lakes for management, 

especially without expending significant resources to physically visit and sample lakes. For this 

dissertation, I partnered with researchers at the Minnesota Department of Natural Resources and 

the University of St. Thomas who collected a wealth of data on approximately 130 lakes around 

Minnesota to address these knowledge gaps. I developed methods to accurately classify lake 

states, identify key drivers of state transitions, and quantify state transition risk based on these 

drivers.  

In Chapter 1, I develop a modeling framework that provides the foundation for the 

approaches I use in subsequent chapters. I use relative abundances of algae and SAV, as well as 

differing relationships between P and algal abundance within each state, to classify lake states as 

clear or turbid. The model explicitly incorporates the structure of a cusp catastrophe bifurcation 

diagram to estimate critical P thresholds where shallow lakes transition from the clear to turbid 

state and vice-versa. Using data simulated from a theoretical model describing shallow lake 
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processes, I show that not only does this framework classify lake states and estimate critical P 

thresholds with high accuracy, it also performs better than existing methods.  

 Chapter 2 uses P threshold estimates from Chapter 1 to provide a way to categorize lakes 

that has direct management implications: lakes that have low enough P levels such that only the 

clear state is possible vs. lakes with P levels where the lake may exist in the turbid state. I 

developed a model to predict the category of a lake using only geospatial predictor variables, such 

as the amount of agriculture in a lake’s watershed. This model provides a first step for managers 

to prioritize lakes for management and future sampling efforts without visiting lakes to collect 

water samples or conduct plant surveys.  

In Chapter 3, I extend the modeling framework in Chapter 1 to allow for temporal 

dynamics and estimation of state transition probabilities. I assess how transition risk depends on 

both resilience variables (e.g., current nutrient levels) and perturbation variables (e.g., change in 

fish biomass). The model identifies top predictors and combinations of predictors for anticipating 

state transitions, informing essential data needs for future lake surveys.  

Finally, Chapter 4 describes the development of an R shiny application that allows users 

to input lake data and receive a predicted state classification and estimate of transition risk based 

on the modeling work of Chapter 3. This tool can be used by shallow lake managers to help 

prioritize lakes for management actions based on estimated transition risk according to observed 

or hypothetical changes to nutrient levels and biological communities, including fluctuations in 

fish abundance. 
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CHAPTER 1 

Uncovering state-dependent relationships in shallow lakes using Bayesian latent variable 

regression 

 

Copyright by the Ecological Society of America. Vitense, K., M. A. Hanson, B. R. Herwig, K. D. 

Zimmer, and J. Fieberg. 2018. Uncovering state-dependent relationships in shallow lakes using 

Bayesian latent variable regression. Ecological Applications 28:309–322. 

Data and code associated with this paper have been deposited in the Data Repository for 

University of Minnesota (DRUM): https://doi.org/10.13020/D6408P 

 

SYNOPSIS 

Ecosystems sometimes undergo dramatic shifts between contrasting regimes. Shallow lakes, for 

instance, can transition between two alternative stable states: a clear state dominated by 

submerged aquatic vegetation and a turbid state dominated by phytoplankton. Theoretical models 

suggest that critical nutrient thresholds differentiate three lake types: highly resilient clear lakes, 

lakes that may switch between clear and turbid states following perturbations, and highly resilient 

turbid lakes. For effective and efficient management of shallow lakes and other systems, 

managers need tools to identify critical thresholds and state-dependent relationships between 

driving variables and key system features. Using shallow lakes as a model system for which 

alternative stable states have been demonstrated, we developed an integrated framework using 

Bayesian latent variable regression (BLR) to classify lake states, identify critical total phosphorus 

(TP) thresholds, and estimate steady state relationships between TP and chlorophyll a (Chla) 

using cross-sectional data. We evaluated the method using data simulated from a stochastic 

differential equation model and compared its performance to k-means clustering with regression 

(KMR). We also applied the framework to data comprising 130 shallow lakes. For simulated 
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datasets, BLR had high state classification rates (median/mean accuracy >97%) and accurately 

estimated TP thresholds and state-dependent TP-Chla relationships. Classification and estimation 

improved with increasing sample size and decreasing noise levels. Compared to KMR, BLR had 

higher classification rates and better approximated the TP-Chla steady state relationships and TP 

thresholds. We fit the BLR model to three different years of empirical shallow lake data, and 

managers can use the estimated bifurcation diagrams to prioritize lakes for management 

according to their proximity to thresholds and chance of successful rehabilitation. Our model 

improves upon previous methods for shallow lakes because it allows classification and regression 

to occur simultaneously and inform one another, directly estimates TP thresholds and the 

uncertainty associated with thresholds and state classifications, and enables meaningful 

constraints to be built into models. The BLR framework is broadly applicable to other ecosystems 

known to exhibit alternative stable states in which regression can be used to establish 

relationships between driving variables and state variables. 

 

INTRODUCTION 

Ecosystems can sometimes undergo dramatic regime shifts between two (or more) contrasting 

states. Shallow lakes, for instance, generally exist in one of two alternative stable states: a clear 

state with primary production dominated by submerged aquatic vegetation (SAV) and a turbid 

state with phytoplankton dominating over SAV (Scheffer et al. 1993). These alternative states 

have been described from field studies of shallow lakes in the US (Zimmer et al. 2009, Jolley et 

al. 2013, Kenney et al. 2014), Canada (Bayley et al. 2007), South America (Kosten et al. 2012), 

Great Britain (Moss et al. 1996), the Netherlands (Gulati and Van Donk 2002), Denmark 

(Søndergaard et al. 2007), Sweden (Hargeby et al. 1994), New Zealand (Mitchell et al. 1988), and 

China (Wang et al. 2014). Complex ecological and physical mechanisms are responsible for 

maintaining the stability of each alternative state, such as competition between primary 
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producers. When SAV declines, phytoplankton abundance typically increases, limiting light 

reaching the lake bottom and further restricting SAV in a positive-feedback loop (Scheffer et al. 

1993). Additionally, when SAV is sparse, sediments are easily disturbed by benthivorous fish and 

waves. Suspended sediments further increase turbidity, and mobilized phosphorus (P) stimulates 

even higher phytoplankton growth rates (Scheffer 1998). In contrast, in clear-state lakes, SAV 

remains widely distributed and helps maintain water clarity by stabilizing sediments and taking 

up nutrients (Søndergaard et al. 2003). Charophytes (Chara spp.) often accompany clear-water 

conditions in shallow lakes and are believed to release algal toxins (Berger and Schagerl 2004) 

and provide refuge for zooplankton, which may further reduce the phytoplankton population and 

help stabilize clear-water conditions.  

Theoretical models are useful for understanding how driving variables, such as nutrients, 

help determine which state a system will tend to in the long run. For example, Fig. 1 shows a 

bifurcation diagram derived from a model describing shallow lake dynamics similar to models in 

Scheffer and Carpenter (2003) and Scheffer (1998). At low nutrient levels (left of “tip down” 

threshold in Fig. 1), lakes can only exist in the clear stable state. At high nutrient levels (right of 

the “tip up” threshold in Fig. 1), lakes only exist in the turbid state. In between these two 

thresholds, both the clear and turbid stable states are possible under the same nutrient conditions, 

depending on whether initial chlorophyll a (Chla) levels lie above or below the unstable line in 

this region of bistability (see Fig. 1).  

Bifurcation diagrams are also useful for understanding temporal dynamics and shifts 

between stable states. For instance, if a shallow lake is in the clear state with high SAV (lower 

solid line in Fig. 1) and nutrient input increases beyond the “tip up” bifurcation point, the lake 

will transition to the turbid state with low SAV (upper solid line in Fig. 1). Once SAV is lost, the 

internal loading of nutrients becomes hard to control, and nutrients must be substantially reduced 

to the lower “tip down” bifurcation point to reverse the state shift (Scheffer and Carpenter 2003). 
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In practice, management to achieve such a drastic reduction in nutrients or other controlling 

variables may not be possible. Alternatively, managers may attempt to induce a state shift by 

forcing the system across the unstable line if nutrients can at least be reduced to the region of 

bistability; e.g., by decreasing planktivore and benthivore populations with biomanipulation 

(Jeppesen et al. 2009). Resulting transitions may be short-lived, however, because perturbations 

(e.g., fish recolonization, destruction of SAV in lakes) can force the system back across the 

unstable line to the previous state. That is, lakes that have been forced to the clear state may still 

maintain high nutrient levels and correspondingly low resilience, which can be measured as the 

distance between the stable and unstable state (Beisner et al. 2003). As a result, these clear lakes 

remain highly vulnerable to vertical shifts to the turbid state following perturbations (Hanson et 

al. 2017). 

Previous research provides strong evidence that certain ecosystems (e.g., coral reefs, 

woodlands, deserts, oceans) do indeed conform to conceptual models like those depicted in Fig. 1 

(Scheffer et al. 2001). Theoretical models suggest that multimodal frequency distributions of state 

variables provide evidence for alternate attractors, and if discrete states can first be demarcated, a 

regression analysis finding dual relationships between state variables and controlling variables 

might indicate hysteretic dynamics (Scheffer and Carpenter 2003). Accordingly, in the case of 

shallow lakes, bimodal distributions of Chla have been observed in lake populations (Bayley and 

Prather 2003, Kosten et al. 2012). In a Minnesota study, shallow lakes were first classified as 

clear or turbid using a k-means cluster analysis, and different state-dependent relationships were 

subsequently found to exist between Chla concentration and total phosphorus (TP) (Zimmer et al. 

2009). Hysteresis has also been demonstrated in the response of charophyte vegetation abundance 

to changes in P concentration (Scheffer et al. 2001). 

Additional evidence for alternative stable states in shallow lakes comes from the frequent 

reports of unsuccessful attempts to restore turbid lakes (Søndergaard et al. 2007). Lake Christina, 
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a large shallow lake in Minnesota, has been rehabilitated with fish toxicants three times during 

the past five decades in an effort to improve habitat quality for migrating waterfowl. In each case, 

improved water quality and clear-state characteristics followed lake management, but the lake 

persistently transitioned back to turbid conditions 5-10 years after treatment (Hanson and Butler 

1994, Hansel-Welch et al. 2003, Hobbs et al. 2012). Clear-water conditions in Danish and Dutch 

lakes have also been observed to start deteriorating five years following biomanipulation (Meijer 

et al. 1994). These frequent returns to turbid conditions following biomanipulation suggest that 

some shallow lakes may have nutrient levels beyond the “tip up” threshold in Fig. 1 where only 

the turbid state is possible, or that their clear states may have such low resilience that small 

perturbations easily push the lakes back into the basin of attraction of the turbid state.  

These failed attempts to restore turbid lakes illustrate that managers would benefit from 

better tools to identify shallow lakes that have a high risk of transitioning to turbid states before 

they switch, as well as to evaluate whether management interventions for particular turbid lakes 

have a good chance of being successful. Because we have strong evidence that alternative stable 

states exist for shallow lakes and other systems, researchers have started using features of 

hysteretic differential equation models to develop “early warning signals” for anticipating regime 

shifts (Dakos et al. 2012). For example, increased autocorrelation and/or variance in time series 

data are promising indicators of impending shifts and could be used by managers to rank lakes in 

terms of resilience (Scheffer et al. 2012). However, these metrics require long-term or fine-scale 

time series data, which are less frequently available than cross-sectional data.  

In this paper, we demonstrate how Bayesian latent variable regression (BLR) can serve as 

an integrated framework for using cross-sectional data to classify states and estimate state-

dependent relationships and critical thresholds (the “tip up” and “tip down” points) for shallow 

lakes and other systems known to exhibit hysteretic dynamics. Latent variable regression models 

have been used in ecology to infer, for example, presence/absence of species when detection is < 
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1 (Kéry et al. 2009; Ovaskainen et al. 2010) and to identify facultative/obligate migration 

strategies (Fieberg and Conn 2014) but have not been applied to shallow lakes or other hysteretic 

systems to approximate bifurcation diagrams like Fig. 1. Others have utilized cross-sectional data 

to approximate bifurcation diagrams in hysteretic systems using a two-step process where: 1) 

lakes are classified as clear or turbid (e.g., using k-means clustering or presence/absence of state 

variables), and 2) regression is used to estimate state-dependent relationships assuming lake states 

are known without error (Bayley et al. 2007, Zimmer et al. 2009, Wang et al. 2014). Using 

simulated data, we compare BLR to k-means clustering with regression (KMR) to illustrate the 

advantages of our method compared to previous approaches, including improved handling of 

classification uncertainty and the ability to allow state classification, regression, and threshold 

estimation to occur simultaneously and inform one another. We also compare the performance of 

BLR to a linear model (i.e., a model that assumes there is a single attracting state). Finally, we 

apply our BLR model to empirical data from 130 shallow lakes in Minnesota and discuss how the 

fitted model can be used to help identify appropriate interventions for individual lakes and 

prioritize lakes for management. 

 

MATERIALS AND METHODS 

We evaluated and compared the BLR model to KMR and a linear model using both simulated 

data and shallow lake data collected by the Minnesota Department of Natural Resources 

(MDNR). 

 

Data simulation 

We added a stochastic component to an ordinary differential equation model from Scheffer et al. 

(1993) with three key shallow lake variables (algae, nutrients, and SAV) to produce a stochastic 

differential equation model for simulating data: 
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where A is algal density; N is nutrient concentration; V is SAV abundance; r is the intrinsic algal 

growth rate; η, µ, and ω are half-saturation constants; α is the algal competition coefficient; p is a 

shape parameter; and tW  is a Weiner process with perturbations scaled by algal density and φ, a 

parameter that controls the magnitude of perturbations. Excluding the nutrient and vegetation 

terms, Eq. 1.1 describes logistic algal growth with stochastic perturbations. The nutrient term 

ensures that algal growth rate increases as nutrient levels increase, and the vegetation term 

dictates that algal growth rate decreases as the prevalence of SAV increases. The prevalence of 

SAV, in turn, decreases with algal density (Eq. 1.2).  

We used total phosphorus (TP, μg/L) as a surrogate for nutrient concentration and 

chlorophyll a (Chla, μg/L) as a metric for algal density in Eq. 1.1. We first chose parameters 

(Appendix S1: Table S1) that produced a bifurcation diagram (Fig. 2) associated with the 

deterministic dynamics of the simulation model (i.e., the model in absence of the stochastic 

Weiner process in Eq. 1.1) similar to Fig. 1, where the TP bifurcation points are 69.0 and 303.3 

μg/L (4.23 and 5.71 on the natural logarithm scale). To simulate data sets, we first sampled TP 

values of size n from an empirically informed log-normal distribution with parameters µ=4.5 and 

σ=1, parameterized to be similar to shallow lake data collected by the MDNR (see below). Each 

set of TP values represents a sample of n lakes, and initial Chla levels were set to the stable 

steady state values associated with the deterministic dynamics of the model, where the clear 

steady state was chosen with slightly higher probability (p=0.60) than the turbid steady state if a 
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lake’s TP value fell within the region of bistability. For each lake, we simulated Eq. 1.1 for 30 

days with stochastic perturbations to Chla, and we recorded final state variables such that each 

lake was observed exactly once with normal observation error added to the SAV and Chla 

relationship described by Eq. 1.2.  

We produced 100 simulated datasets at each combination of sample size (n=50, 100, 200) 

and Chla perturbation strength (“low,” “medium,” “high” noise corresponding to different values 

of φ in Eq. 1.1) (Fig. 2, Appendix S1: Table S1). On the log-log scale, state-dependent 

relationships between TP and Chla are fairly linear with approximately normally distributed 

errors about the deterministic steady state lines (Fig. 2). However, linear models fit separately to 

clear and turbid lakes start to diverge from the deterministic steady state relationships as the Chla 

perturbation strength associated with the Weiner process increases; most notably, under “high 

noise”, the regression line relating Chla to TP in clear lakes falls below the deterministic clear 

steady state line (Fig. 2).  

 We also generated 100 datasets at each of the same sample size and Chla noise 

combinations but used simulation model parameters (Appendix S1: Table S2) that did not 

produce a bifurcation (i.e., only one stable steady state existed for all values of TP; Appendix S1: 

Fig. S1) to assess the performance of the BLR model when the simulated data does not match the 

structure of the BLR model. 

 

Minnesota shallow lake data 

The MDNR surveyed 130 lakes once in July during each of three consecutive years, 2009-2011. 

Measures of TP (μg/L), Chla concentration (μg/L), and SAV abundance (kg/sample) were 

obtained in each year. Nine lakes were sampled in only one or two years. Mean lake area was 

22.9 ha (range 1.7-234.5 ha) and average maximum depth was 1.7 m (range 0.2-4.8 m). Water 

samples for TP were collected at two stations in each lake-year and frozen until analysis with 
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persulfate digestion and ascorbic acid colorimetry. Two samples for Chla were collected at the 

same time and place as TP by filtering water through GF/F filters. The filters were frozen until 

analysis for Chla by acetone extraction and flourometric analysis. The average Chla and TP 

values for each lake-year were used for analysis. Submerged aquatic vegetation was sampled with 

a weighted plant rake using methods modified from Deppe & Lathrop (1992). Plants were 

sampled at 15 stations in each lake by dragging the rake across 3 m of lake bottom and weighing 

plant biomass (wet weight) collected on the rake. The average SAV biomass across the 15 

stations for each lake-year was used for analysis. 

 

Bayesian latent variable regression (BLR) model  

We described relationships between the natural logarithms of TP and Chla with linear models 

with state-dependent intercepts (a
0
 and a

0
 + τ for clear and turbid lakes, respectively), slopes (b

0
 

and b
1
 for clear and turbid lakes, respectively), and normally distributed errors with state-

dependent variance (
2

0  and 
2

1  for clear and turbid lakes, respectively) (Eqs. 1.3-1.5). In the 

BLR model, lake state (S
i
) is estimated as a latent variable that follows a Bernoulli distribution 

(Eq. 1.6). The probability that lake i is in the turbid state (denoted by S
i
 =1) depends on both its 

TP and SAV values (Eq. 1.7). If the lake’s TP level falls below the lower TP threshold (π
1
 on the 

log scale), its probability of being turbid is 0; i.e., the lake is classified as clear. If the lake’s TP 

level falls above the upper TP threshold (π
2
 on the log scale), its probability of being turbid is 1; 

i.e., the lake is classified as turbid. If the lake’s TP level falls between the thresholds, logistic 

regression is used to model its probability of being turbid as a function of SAV abundance. We 

centered SAV observations to have mean 0. Thus, γ
0
 reflects the log-odds of a lake being turbid 

when SAV is set to its mean value and TP falls between the two thresholds; γ
1 gives the increase 

in log-odds of a lake being in a turbid state per unit increase in SAV for lakes with TP falling 
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between the two thresholds. Eq. 1.7 also implies that π
1
 must fall below π

2
; otherwise, a 

contradiction exists in which p
i
 equals both 0 and 1 for observations falling between the 

thresholds. 
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We chose priors that ensured the slopes describing the relationships between Chla and TP were 

positive and that the probability of a lake being turbid decreased as its abundance of SAV 

increased. All other priors were weakly informative: 

 

2

0 0 1 1

0 1

2

2
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a b b Unif Unif

Unif

  

   
 

 

The upper bound for the uniform prior on the TP thresholds lies just beyond the maxima of the 

TP values in both the simulated data and the empirical data (6.40 and 6.45 on the natural 

logarithm scale, respectively). An important assumption of the BLR model (as well as KMR) is 
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that the data for the driving variable span the range of values where critical thresholds could 

reasonably be expected to fall. 

Finally, we included a constraint to force the line connecting the turbid line at 

1log( )iTP   to the clear line at 2log( )iTP  to have a negative or flat slope to reflect the S-

shape of Figs. 1 and 2: 

 

 
  
(t + b

1
p

1
- b

0
p

2
) / (p

1
-p

2
) £ 0   (1.8) 

 

We fit the BLR model to each simulated dataset and to each of the three years of 

Minnesota shallow lake data separately. We ran the models in JAGS (Plummer 2003) using the R 

package ‘R2jags’ (Su and Yajima 2015) and examined convergence using trace plots and the 

Gelman-Rubin convergence statistic (Gelman and Rubin 1992). For the simulated data, we ran 

three chains for 50,000 iterations with a burn-in of 40,000 iterations and saved every third sample 

from the final 10,000 sampled values of each chain. We discarded simulations if the Gelman-

Rubin convergence statistic was greater than 1.2 for either b
0
, b

1
, π1

, or π
2
 to strike a balance 

between computation time, number of simulations with convergence, and adequate representation 

of the sampling distributions. We classified a lake as turbid (clear) if over half of the sampled 

states from the Markov chain Monte Carlo (MCMC) chains were turbid (clear) for that lake. We 

estimated regression coefficients and TP thresholds using medians and modes of the posterior 

distributions, respectively, and computed 95% credible intervals for the regression coefficients 

and TP thresholds. We used the same protocol to analyze the Minnesota shallow lake data as the 

simulated data except that chains were run for 10,000,000 iterations with a burn-in of 2,000,000 

and thinning rate of 2,400.  
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In addition to BLR, we fit a linear regression model (LM) to each simulated and 

empirical dataset and compared the relative support for BLR versus LM using a Pareto-smoothed 

importance sampling approximation to leave-one-out cross-validation (PSIS-LOO) with the R 

package ‘loo’(Vehtari et al. 2016). Ideally, BLR should have more support when alternative 

stable states are present in the simulated data, and LM should have more support when alternative 

stable states do not exist. 

 

k-means clustering with linear regression (KMR) 

For the simulated datasets exhibiting alternative stable states, we compared the performance of 

BLR to KMR for classifying stable states and approximating bifurcation diagrams using cross-

sectional data. We applied a k-means clustering algorithm to classify lakes as clear or turbid 

based on SAV abundance and Chla and then fit linear regression models to estimate state-

dependent relationships between TP and Chla. Specifically, we used the ‘kmeans’ function in R 

version 3.2.1 (R Core Team 2014) with the Hartigan and Wong (1979) clustering algorithm to 

classify lakes as clear or turbid using log(SAV) and log(Chla) as the clustering variables. The 

Hartigan-Wong algorithm splits the lakes into two clusters so that within-cluster sums of squares 

are minimized. Thus, lake states are determined solely by relative abundances of SAV and Chla 

without considering relationships to driving variables (e.g., TP) and critical thresholds, in contrast 

to BLR. Then, using the clusters as state classifications, we fit the linear regression model 

described by Eqs. 1.3-1.5 in R, where S
i
 =1 if the k-means analysis classified a lake as turbid and 

S
i
 =0 if the lake was classified as clear. In contrast to BLR, this procedure does not allow for 

constraints such as Eq. 1.8 or positive slopes for the TP-Chla relationships. We also computed 

95% confidence intervals for the regression coefficients. Lastly, we evaluated the minimum TP of 

the lakes classified as turbid as the estimator for the lower TP threshold and the maximum TP of 

the lakes classified as clear as the estimator for the upper threshold. Thus, KMR TP thresholds are 
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determined by the lake classifications identified by the k-means algorithm, while the BLR TP 

thresholds help inform lake classifications directly. 

 

BLR with multi-year data 

The BLR model described above assumes each lake has been sampled once. However, it is 

common to have 1-3 years of data for a set of lakes, as is true for our dataset from Minnesota. 

Several possibilities exist for handling multiyear data for a population of lakes: 1) within-lake 

observations could be assumed to be independent after conditioning on TP and state, and data 

could simply be pooled (similar to Wang et al. (2014)); 2) the BLR model can be fit separately to 

each year of data and then summarized across years (similar to Zimmer et al. (2009)); 3) 

correlated errors for repeated lake measurements could be built into the BLR model; e.g., a 

multivariate normal distribution could be used to describe the distribution of Chla with state-

dependent within-lake correlated errors specified via a non-diagonal variance-covariance matrix; 

4) a hierarchical approach can be employed with lake-level regression coefficients assumed to be 

random variables arising from a population-level distribution; 5) state transitions could be built 

into the model to create a hidden Markov model for individual lake dynamics. The most 

appropriate approach will likely depend on the data, study system, and underlying research 

questions or intended use of the model. 

We illustrate options 2 and 4 here – i.e., we summarize separate model fits to each year of 

data, and we also fit a model that includes random intercepts in the logistic regression between 

SAV and latent state (Eq. 1.7). Appendix S2 includes details and justification for the random 

logistic BLR model, as well as an example that incorporates random intercepts in Eq. 1.4 and 

random TP thresholds in Eq. 1.7.  
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RESULTS 

Simulation study: BLR vs. KMR when alternative stable states exist 

Due to lack of convergence of the BLR model, 2 and 14 of the 100 simulations were thrown out 

for n=50 at medium and high Chla noise, respectively; and 1 and 4 simulations were discarded for 

n=200 at low and high noise, respectively.  

 

State classification 

Overall, BLR classified lakes as being in the turbid versus clear basin of attraction with high 

accuracy; the median and mean percentage of lakes correctly classified was ≥ 97% at all nine 

parameter combinations. Classification accuracy decreased with increasing Chla noise, and 

accuracy increased with increasing sample size (Appendix S1: Fig. S2). While KMR also 

achieved high classification accuracy, median and mean classification accuracies were higher for 

BLR than KMR at all nine parameter combinations (ranging from 1.2% difference in average 

classification accuracy at n=50 and high noise to 2.2% difference in average accuracy at n=200 

and low noise). 

 

Estimation of TP-Chla steady state relationships  

The state-dependent relationships between TP and Chla estimated by BLR provided good 

approximations to the deterministic steady state relationships of the simulation model overall 

(Fig. 3). Approximations were more accurate with increasing sample size and decreasing noise, 

with the worst approximations occurring at n=50 and high noise (Appendix S1: Table S3). BLR 

more accurately approximated the deterministic steady state relationships (Appendix S1: Table 

S3), with KMR generally estimating steeper turbid steady state lines compared to BLR and the 

true steady state relationships (Appendix S1: Fig. S3). BLR had narrower sampling distributions 

for the turbid steady state line, though the BLR and KMR sampling distributions were similar for 
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the clear steady state line. For both BLR and KMR, the estimated clear steady state lines fell 

further below the true deterministic relationships as noise increased, which matches the behavior 

observed when linear models are fit to the simulated clear lakes with states known exactly (Fig. 

2). 

 

TP threshold estimation 

BLR successfully recovered the true model TP thresholds in the simulation study. Sampling 

distributions of the threshold parameters were generally narrower and less biased as sample size 

increased and noise decreased (Fig. 3, Appendix S1: Fig. S4). Estimated coverage probabilities 

for the BLR 95% threshold credible intervals were close to 0.95, but 95% score intervals for 

coverage rates sometimes fell just short of 0.95 (Appendix S1: Fig. S5). In contrast, the KMR 

method does not produce confidence intervals for TP thresholds. BLR TP threshold estimators 

were generally less biased with narrower sampling distributions compared to the KMR estimators 

(Fig. 3, Appendix S1: Figs. S3, S4), and the BLR threshold estimators had lower estimated mean 

squared error than KMR threshold estimators (Appendix S1: Table S4).   

 

Simulation study: BLR vs. LM when alternative stable states do and do not exist  

For datasets simulated under the model parameterization exhibiting alternative stable states, the 

BLR model readily achieved convergence, nearly always had more support than LM based on 

PSIS-LOO computations, and the support was almost always statistically significant (at α = 0.01; 

Appendix S1: Table S5). By contrast, convergence was difficult to achieve for BLR when 

alternative stable states were not present in the simulated datasets. The proportion of simulations 

in which BLR did not converge ranged from 13% for n=200 at low noise to 71% for n=50 at high 

noise. For simulations that converged, BLR usually had more support than LM. However, this 

support was not statistically significant for the majority of simulations at medium and high noise 
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levels (Appendix S1: Table S5). When the support was statistically significant, the estimated 

widths of the bistable region were typically narrow and of low ecological significance (Appendix 

S1: Figs. S6, S7). In these cases, the BLR model provided a slightly better fit to the nonlinearity 

of the Chla/TP steady state relationship.  

 

Application: shallow lakes 

The BLR model produced reasonable fits to each of the three years of shallow lake data treated 

separately and together (Fig. 4). The fitted models resemble bifurcation diagrams with no 

evidence for lack of convergence. The support for the BLR model is significantly greater than for 

LM in all three years (p<0.05), and alternate states are estimated to exist over a wide range of TP 

values within each year (Table 1). Posterior distributions for 1  appear to be multimodal for the 

separate fits to years 2009-2011, and posterior distributions for 2  
are skewed right (Appendix 

S1: Fig. S8). We report the highest posterior modes and 2.5th and 97.5th posterior quantiles for TP 

thresholds (Table 1).  

The separate fits to the three years of data depict sampling variability between years. We 

summarize the fits across the three different years in a heat map of the state classifications in all 

three years (Fig. 5). The heat map suggests that an approximate Chla threshold of 20 μg/L 

separates clear and turbid lakes in the bistable region (defined by median threshold estimates 

across the three fits: 49.97 μg/L and 366.36 μg/L for the tip down and tip up thresholds, 

respectively). Indeed, roughly equal proportions of clear and turbid lake-years in the bistable 

region are divided by a Chla threshold of 19.9 μg/L (90.6% of clear lake-years have Chla<19.9 

μg/L, and 90.0% of turbid lake-years have Chla>19.9 μg/L). Across all lake-years, 53.7% of lake-

years fall below the lower TP threshold (49.97 μg/L), 43.7% fall in the bistable region, and 2.6% 

fall above the upper TP threshold (366.36 μg/L). Across the three fits, 64.6% of lakes were 
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classified as clear in all available years, 15.4% were turbid in all available years, and 20% 

transitioned at least once.  

 TP threshold posterior distributions and credible intervals are narrower for the random 

logistic intercept model compared to the separate fits (Table 1, Appendix S1: Fig. S8). We note 

that the upper TP threshold estimate for the random logistic intercept model is reduced to ~355 

μg/L from ~437 μg/L if one influential observation from year 2009 is removed. For the random 

logistic model, the estimated unstable line connecting the turbid line at the lower threshold and 

the clear line at the upper threshold ranges over Chla levels 15.0-19.9 μg/L. Additionally, roughly 

equal proportions of clear and turbid lake-years in the bistable region are divided by a Chla value 

of 19.8 μg/L (85.9% of clear lake-years have Chla<19.8 μg/L, and 85.4% of turbid lake-years 

have Chla>19.8 μg/L), which is similar to the Chla threshold estimated using the three separate 

fits. For TP threshold estimates from the random logistic intercept model, 50.3% of lake-years 

fall below the lower threshold estimate (44.29 μg/L), 47.9% fall in the bistable region, and 1.9% 

fall above the upper threshold estimate (437.03 μg/L). Additionally, 65.4% of lakes were clear in 

all available years, 13.8% were turbid in all available years, and 20.8% transitioned at least once 

for classifications from the random logistic intercept model. These proportions are similar to 

those using classifications and median threshold estimates from the separate fits to the three 

different years. Finally, the fitted logistic relationship (Appendix S2: Eq. S5) suggests that a 

typical lake (i.e., a lake with a random effect of zero) in the bistable region is more likely to be 

classified as turbid than clear if its SAV mass is below 0.34 kg/sample (Appendix S1: Fig. S9). 

 

DISCUSSION 

The Bayesian latent variable regression (BLR) method we developed provides an integrated 

framework for state classification and modeling of state-dependent relationships in shallow lakes 

and other systems known to exhibit alternative stable states. Our method has several benefits. The 
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framework allows state classification and regression to be done simultaneously and inform one 

another, and uncertainty in the state classifications is permitted to propagate to the error of the 

regression coefficient estimates. The BLR method also allows meaningful constraints and known 

system features to be incorporated into models. For instance, we were able to constrain the fit of 

our shallow lake model to resemble a simplified bifurcation diagram, which matches how 

scientists and managers understand and explain shallow lake dynamics and also aids in 

interpretation of results. Additionally, we were able to specify priors that ensured Chla increased 

with TP and that the turbid state was more likely as SAV decreased, in accordance with decades 

of shallow lake research (Scheffer 1998). Finally, the BLR method allows for direct estimation of 

TP bifurcation points (i.e., the “tip up” and “tip down” nutrient thresholds in Fig. 1), along with 

their associated uncertainty, as part of the model fitting procedure.   

 The BLR framework provides an attractive alternative to existing methods for state 

classification and steady state estimation using cross-sectional data, such as k-means clustering 

with regression (KMR). Overall, for our simulated datasets, BLR had higher state classification 

rates, as well as more accurate approximation of TP-Chla steady state relationships and 

estimation of TP critical thresholds. The reasons for the better performance of the BLR method 

are related to the benefits mentioned above, namely that state classification, regression, and 

threshold estimation are done simultaneously, and that realistic constraints were enforced for the 

BLR model. KMR tended to estimate steeper, less accurate turbid steady state lines than BLR 

because clear lakes with low TP and low SAV were often misclassified as turbid by KMR, 

pulling the turbid slopes estimates up. Additionally, a key advantage of BLR over KMR is that 

BLR provides estimates of the uncertainty associated with TP threshold estimates and also the 

classifications of lakes into turbid or clear states.  

Estimated coverage probabilities for the BLR 95% TP threshold credible intervals were 

near 95% at low and medium noise, while confidence intervals for TP thresholds are not 
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produced with the KMR approach. At high noise, BLR coverage rates for the TP threshold 

credible intervals sometimes fell short of 95%, but most of the intervals that missed the true 

parameter did so by a very small margin. BLR point estimates for the threshold parameters tended 

to fall above the true lower threshold and below the true upper threshold parameters. We 

speculate that the poorer performance of the BLR threshold estimators at high noise is due to 

turbid lakes with low resilience near the “tip down” threshold shifting over to the clear basin of 

attraction and clear lakes with low resilience near the “tip up” threshold shifting to the turbid 

basin, leaving too few lakes near the thresholds for accurate estimation. We note that KMR also 

exhibited the same bias pattern in threshold estimators but to a greater extent.  

The estimated clear steady state lines fell further below the true deterministic steady state 

relationship as noise increased for both BLR and KMR, as well as for linear models fit to clear 

lakes with states known exactly. For our simulation model, more data points tend to fall below the 

clear deterministic steady state relationship as noise (perturbation strength) increases because the 

standard deviation associated with the Weiner process in Eq. 1.1 is proportional to algal density. 

Thus, the assumption of log-normally distributed errors about the deterministic steady state lines 

seems less appropriate at high Chla perturbation strength. We note that the nature and severity of 

these issues vary with different data-generating models, and the particular biases associated with 

different ecosystems and statistical assumptions will never be fully known in practice because the 

true data-generating process is never known.  

 BLR credible intervals tended to be wider than KMR confidence intervals for the slope 

estimates of the steady state lines at high noise and narrower at low and medium noise levels. The 

narrower intervals at the lower noise levels likely reflect the benefit of incorporating constraints 

and weakly informative priors to ensure that the fitted model resembles an appropriate bifurcation 

diagram, as well as the low uncertainty in lake state classifications. The wider credible intervals 

at high noise are likely due to the increased uncertainty in state classifications, which is 
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propagated to the error of the BLR slope estimates; whereas KMR treats states as known, and the 

uncertainty in lake states is not accounted for in the KMR slope standard error estimates.  

 There was a special case when KMR performed as well as or better than BLR. When less 

observation error was added to the SAV and Chla relationship, KMR and BLR both performed 

well, with KMR sometimes classifying states more accurately (results not shown). In this case, 

KMR is competitive because the strong inverse relationship between SAV and Chla (Eq. 1.2) is 

enough to successfully classify lake states. Similarly, the strong relationship between SAV and 

Chla allows the estimated logistic relationship between state and SAV in the region of bistability 

to hold for a wider range of TP threshold values. As a result, the threshold parameters become 

difficult to identify for BLR, leading to posterior distributions that often have tails extending to 

the outer boundaries of the data (Appendix S1: Fig. S10), although the posterior modes, the upper 

bound for 1,  and the lower bound for 2  are fairly invariant to the magnitude of error added to 

the SAV-Chla relationship. Thus, KMR may be the preferable method when regimes can be 

determined solely based on abundance of one or more variables strongly associated with regime, 

and the steady state relationships estimated by BLR likely hinder more than they help state 

classification accuracy in these situations. However, we do not generally expect it to be possible 

to classify shallow lake regimes using only relative abundance of phytoplankton versus SAV 

because very shallow turbid lakes can have vegetation present (Scheffer 1998), and clear lakes 

can have low abundances of both algae and SAV due to slow macrophyte response as lakes shift 

from turbid to clear (Hanson et al. 2017). We suspect that other ecosystems that exhibit 

alternative stable states are similarly too complex for KMR to perform better than BLR.  

We used a Pareto-smoothed importance sampling approximation to leave-one-out cross 

validation (PSIS-LOO) to compare the support for BLR versus a linear model (LM) both for 

cases when the data-generating model did and did not exhibit alternative stable states. Our 

analysis suggests that BLR will have more support than LM in the desired cases (i.e., when the 
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system has alternative stable states), and that this support is highly likely to be statistically 

significant. The results and implications were more complicated for simulations in which only a 

single stable state existed. The BLR model still had more support for the majority of these 

simulations, but the support was infrequently statistically significant for noisier datasets. This 

result parallels the simulation study in Shertzer et al. (2017) in which support based on PSIS-

LOO for overly complex finite mixture models was often competitive but not statistically 

significant compared to the correct model. Here, the support for BLR was often significant for 

less noisy data because the underlying steady state curve still has a subtle “S”-shape even on the 

log-log scale, and the clear and turbid regression lines of the BLR model fit very well to the two 

slight bends of the curve. However, in these cases, the estimated widths of the bistable region 

were often so narrow that they are not meaningful in an ecological sense. Additionally, 

convergence of the BLR model was much more difficult to achieve for the datasets simulated 

under the non-hysteretic model. Thus, we suggest users should reevaluate whether the structure 

and assumptions of the BLR model are appropriate for their system, including the important 

assumption that alternative stable states are present, whenever convergence is difficult to achieve, 

the estimated width of the bistable region is too narrow to be ecologically meaningful, or the BLR 

model does not have significantly more support than a simpler model that does not define 

multiple states. We do not, however, suggest that these criteria be used as definitive evidence for 

or against the existence of alternative stable states in a given system. 

  Our model is most appropriately applied to systems for which strong evidence already 

exists to support the assumption of alternate attractors. Multimodality of state variable 

distributions and dual relationships between state variables and control factors can be symptoms 

of alternative stable states, although they do not provide definitive evidence for their existence 

(Scheffer and Carpenter 2003). Statistical tests exist for diagnosing hysteresis in observational 

data but require extensive time series containing several transitions (Andersen et al. 2009). 
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Laboratory or field experiments, especially those that fully demonstrate hysteresis, provide more 

convincing support for alternate attractors (Schröder et al. 2005), though the most tractable 

experiments are small-scale laboratory or mesocosm studies that may not reflect field conditions 

(Janssen et al. 2017). Finally, mechanistic models such as PCLake (Janse et al. 2008) can be used 

to infer the existence of alternative stable states, but these models may be quite complex and 

require extensive parameterization. Although it is difficult to definitively demonstrate that 

alternate attractors exist using any one of these approaches, the sum of several lines of evidence 

can strongly point to alternative stable states in ecosystems and the validity of applying our 

model, as is the case with shallow lakes. 

 

BLR model modifications and extensions 

Several lake variables could be included in addition to, or in place of, those used in the BLR 

framework we applied to the Minnesota DNR data. Along with P, nitrogen is an important 

limiting nutrient in shallow lakes. Total nitrogen (TN) could be included as another explanatory 

variable in the model, or a new aggregate nutrient variable could be created from the TP and TN 

variables. The percentage of sampled sites in which submerged vegetation is present could be 

used in place of average SAV mass per sample. Finally, another measure of turbidity like 

nephelometric turbidity units (NTUs), which includes non-algal sources of turbidity, could be 

used as a state variable instead of Chla.  

While our focus was on shallow lakes, BLR is applicable to other systems known to 

exhibit alternative stable states in which regression can be used to establish relationships between 

driving variables (here, TP) and state variables (here, Chla), and when other system variables 

exist (here, SAV) to aid in state identification in bistable regions of the parameter space. 

Additionally, BLR provides a formal modeling framework that can be adapted to allow for 

additional data features, such as repeated measures or more extensive time series. We illustrated 
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how multi-year data can be aggregated and the model extended to incorporate random logistic 

intercepts and other random parameters (Appendix S2). We note that this hierarchical modeling 

approach has the advantage of providing a single model fit for multi-year data and narrower TP 

threshold posterior distributions compared to the separate yearly model fits. However, 

summarizing across separate yearly fits reduces the influence of outlying data points (e.g., the 

upper TP threshold estimate in the random logistic BLR fit was still strongly influenced by one 

observation from 2009) and reveals sampling variability between years. We leave it up to future 

researchers to decide whether and which random parameters are appropriate for inclusion given 

their data and study system. We suggest the additional possibility of allowing errors to be 

correlated in the context of repeated measures for those uncomfortable with summarizing 

multiple model fits or imposing a hierarchical model structure. Further, rather than defining 

random parameters to reflect inherent differences in dynamics between individual lakes, variables 

that drive these differences could be directly incorporated into the model. For example, nutrient 

thresholds could be modeled as a function of depth, which in fact varies both between lakes and 

between years, because critical nutrient levels may be higher in shallower lakes (Scheffer and 

Van Nes 2007). Finally, the BLR framework can be modified to include state transitions in which 

the trajectories of lakes crossing thresholds are directly modeled, which would likely allow for 

better identification of critical nutrient thresholds.  

 

Implications for shallow lake management 

We fit the BLR model to three different years of Minnesota shallow lake data. Our TP threshold 

point estimates ranged from 30-96 μg/L for the lower threshold and 350-437 μg/L for the upper 

threshold. Our lower threshold estimates are similar to those previously reported, which typically 

range from 40-100 μg/L (Jeppesen et al. 2000, Ibelings et al. 2007, Zimmer et al. 2009, Wang et 

al. 2014). However, our upper threshold estimates are higher than those published elsewhere, 
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which generally range from 100-200 μg/L (Jeppesen et al. 1990, Hosper 1998, Ibelings et al. 

2007, Wang et al. 2014), with the exception of another cross-sectional study from Minnesota 

(~500 μg/L in Zimmer et al. (2009)). Most TP threshold estimates in the literature are 

approximate, however, and are not estimated within a formal statistical framework. Additionally, 

others have suggested that the upper TP threshold may be as high as 650 μg/L in small lakes (<3 

ha) due to the stronger impact of SAV (Jeppesen et al. 1990, Hosper 1998). The lakes in our 

study with high TP and low Chla that drive the upper threshold estimates range in area from 1.7-

38.8 ha, so TP thresholds do not seem to differ by lake surface area in Minnesota. However, the 

lakes driving our upper threshold estimate all have maximum depths under 2 m. As mentioned 

above, others have argued that TP thresholds differ by depth, and this potential depth effect could 

be incorporated into the BLR model. In our dataset, lakes over 2 m simply are not observed with 

TP concentrations above 200 μg/L, and it is therefore unclear whether these lakes could persist in 

the clear state at such high TP levels. 

Bayley et al. (2007) estimated a Chla threshold of 18 μg/L, and Zimmer et al. (2009) 

observed that Chla levels between 22-31 μg/L separated most of their lakes classified as clear 

versus turbid. Similarly, in our study, Chla levels of 19.8-19.9 μg/L separated clear and turbid 

lakes in the estimated bistable region into roughly equal proportions of clear lakes falling below 

and turbid lakes falling above these values, both when summarizing classifications across 

separate yearly fits and for the random logistic intercept BLR model. However, our method also 

estimates an unstable steady state line separating the clear and turbid basins of attraction so that 

the critical Chla threshold changes with TP to match predictions from differential equation 

models. 

TP and Chla threshold estimates provide important information to help managers make 

decisions about whether and how to treat different shallow lakes, and also help to define realistic 

expectations when attempting to rehabilitate a lake. Shallow lakes with TP levels below the lower 
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estimated critical TP threshold may be deemed high priority clear lakes, with efforts focused on 

protecting adjacent watersheds or other features contributing to their pristine conditions. Indeed, 

the majority of the lakes in this study are highly stable clear lakes, and those with TP levels 

consistently below the lower threshold show especially little fluctuations in lake variables 

between years. On the other end, lakes with TP levels that are frequently above the upper TP 

threshold can be considered lower priority turbid lakes. The internal P loads can be so great in 

these lakes because of historically high nutrient inputs that the lakes will persistently return to 

turbid water conditions following management actions (Hobbs et al. 2012, Ramstack Hobbs et al. 

2016, Hanson et al. 2017). For instance, one lake had TP levels beyond the upper TP threshold 

estimate in year 2009, with low SAV abundance, high Chla, and a large fish population. The fish 

population substantially declined in 2010, corresponding to a shift to the clear state with higher 

SAV abundance and low Chla levels, and TP decreased to below the upper threshold. However, 

fish rebounded in 2011, and the lake returned to almost exactly the same TP and Chla levels as in 

2009 (Fig. 6). Thus, only lakes of unique importance (e.g., critical waterfowl habitat) may be 

good candidates for long-term efforts to maintain high water clarity, robust SAV communities, 

and low algal abundance once they cross the upper nutrient threshold. Fortunately, a very low 

proportion of lakes in this study fall in this category.  

Finally, lakes that tend to fall in between the two thresholds are those for which active 

management is likely to be most practical, and our results suggest that 44-48% of the lake-years 

in our study fell in the bistable region. Lakes that tend to exist in this bistable region are highly 

dynamic, and managers may force these lakes from the turbid to clear stable state through actions 

such as biomanipulation of fish stocks or water level drawdowns. However, establishment of 

macrophyte communities may be slow, and improved conditions may not last beyond 5-10 years 

following such efforts in Minnesota shallow lakes, leading to the need for repeated management 

(Hanson et al. 2017). Additionally, the relative resilience of different lakes in the bistable region 
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can be used to help prioritize lakes for management. For example, lakes can be placed on an 

estimated bifurcation diagram, and resilience can be estimated by each lake’s proximity to TP 

thresholds or the estimated distance between a lake’s steady state and the unstable line or critical 

Chla threshold. Future research will be focused on model extensions for lake transitions to 

understand key factors driving changes to lake nutrient levels and top-down influences (e.g., fish 

and invertebrates) that drive regime shifts. These models will help to further refine predictions 

regarding which lakes are most likely to undergo successful rehabilitations and help to prioritize 

lakes for management. 
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Table 1. Estimated total phosphorus (TP) thresholds with 95% credible intervals from the fit of 

Bayesian latent variable regression models to three different years of shallow lake data collected 

in Minnesota, USA. These thresholds determine which lake states are possible for a specific value 

of TP (only the clear state is possible when TP is less than the lower threshold, only the turbid 

state is possible when TP is higher than the upper threshold, and either state is possible for TP 

values between the two thresholds). The model fit to all three years of data included random 

logistic intercepts for each lake (Appendix S2). 

Year Lower TP threshold (μg/L) Upper TP threshold (μg/L) 

2009 96.03  (41.87, 107.82) 434.93  (410.94, 644.15) 

2010 49.97  (32.61, 124.21) 350.01  (330.02, 639.69) 

2011 30.27  (19.22,   50.97) 366.36  (341.68, 622.97) 

All Years 44.29  (42.30,   52.29) 437.03  (410.42, 480.20) 
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Fig. 1. Bifurcation diagram from a theoretical model describing shallow lake dynamics. At low 

nutrient levels (left of “tip down” threshold), only the clear stable state exists (lower solid line). 

At high nutrient levels (right of the “tip up” threshold), only the turbid stable state exists (upper 

solid line). In between the two thresholds, the system is bistable, meaning two different stable 

states are possible under the same nutrient conditions. Lakes with initial chlorophyll a (Chla) 

levels below the dashed unstable line will tend toward the clear stable state, and lakes with Chla 

levels above the dashed line will tend toward the turbid stable state. SAV, submerged aquatic 

vegetation. 
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Fig. 2. Bifurcation diagrams showing how the chlorophyll a (Chla) deterministic steady states of 

the simulation model (Eqs. 1.1-1.2, model parameters in Appendix S1: Table S1) change as a 

function of total phosphorus (TP) on the log-log scale. A representative simulated data set is 

shown at each combination of sample size (n=50, 100, 200) and strength of Chla perturbation 

(“low noise,” “medium noise,” “high noise”).  Point size is proportional to simulated abundance 

of submerged aquatic vegetation. Stable and unstable deterministic steady states associated with 

the simulation model are represented by black and gray lines, respectively. Lakes in the turbid 

basin of attraction are green, and lakes in the clear basin of attraction are blue. Green lines depict 

the fit of a linear model to the turbid lakes, and blue lines depict the fit of a linear model to the 

clear lakes.  
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Fig. 3. Bayesian latent variable regression (BLR) sampling distributions of the bifurcation 

diagram at each sample size and noise level combination for datasets exhibiting alternative stable 

states. Solid (dashed) green lines depict the median (2.5th, 97.5th quantiles) of the estimated turbid 

steady state (SS) relationships between log(TP) and log(Chla) across the simulated datasets. Solid 

(dashed) blue lines depict the median (2.5th, 97.5th quantiles) of the estimated clear SS regression 

lines across the simulations. SS lines end at the median TP threshold estimates, and pink bands 

represent 2.5th and 97.5th quantiles of the threshold estimates across the simulations. Black solid 

lines (gray line) depict the deterministic stable (unstable) steady state relationships associated 

with the simulation model.  
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Fig. 4. Bayesian latent variable regression (BLR) estimated steady state (SS) relationships 

between total phosphorus (TP) and chlorophyll a (Chla) for three different years of data obtained 

from the Minnesota Department of Natural Resources. Black solid (dashed) lines represent 

average (2.5th, 97.5th quantiles) estimated SS relationships across all MCMC samples. SS lines 

end at the TP threshold point estimates (posterior modes), and gray bands represent 95% credible 

intervals for TP thresholds. Triangular points represent lakes classified as turbid (>50% of 

MCMC sampled states were turbid), and circular points represent lakes classified as clear (>50% 

of MCMC sampled states were clear). The average MCMC sampled state for each lake is shown 

on a blue to green color gradient (0=clear, 1=turbid). Point size is proportional to submerged 
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aquatic vegetation (SAV, units: average kg/sample). The model fit to all three years of data 

included random logistic intercepts for each lake (Appendix S2).  
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Fig. 5. Heat map of all lake-year state classifications from separate fits to three different years of 

shallow lake data in Minnesota. Lakes are more frequently classified as clear (turbid) in blue 

(green) regions, where 0=clear and 1=turbid. The heat map was created using each lake’s state on 

a continuous scale from 0-1 representing the proportion of MCMC samples in which the lake was 

classified as turbid. 
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Fig. 6. The trajectory of one lake in Minnesota for years 2009-2011 superimposed on the fitted 

BLR model containing random logistic intercepts (bottom right panel of Fig. 4; Appendix S2). 

The lake had a TP level (612.50 μg/L) beyond the upper TP threshold estimate in year 2009, with 

low SAV abundance (0.03 kg/sample), high Chla (106.20 μg/L), and a large fish population (33.7 

kg catch per unit effort (CPUE)). The fish population declined in 2010 (10.5 kg CPUE), 

corresponding to a shift to the clear state with higher SAV abundance (0.41 kg/sample) and low 

Chla level (6.83 μg/L), and TP (159.22 μg/L) decreased to below the upper threshold. However, 

fish rebounded in 2011 (32.0 kg CPUE), and the lake returned to almost exactly the same SAV 

(0.00 kg/sample), TP (619.01 μg/L), Chla (143.00 μg/L) levels as in 2009. 
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CHAPTER 2 

Predicting total phosphorus levels as indicators for shallow lake management 

 

Originally published in Ecological Indicators: 

Vitense, K., M. A. Hanson, B. R. Herwig, K. D. Zimmer, and J. Fieberg. 2019. Predicting total 

phosphorus levels as indicators for shallow lake management. Ecological Indicators 96:278–287. 

https://doi.org/10.1016/j.ecolind.2018.09.002 

 

SYNOPSIS 

Total phosphorus (TP) is commonly used to assess water quality in shallow lakes and other 

surface waters. Shallow lakes require special consideration because they can transition between 

two alternative stable states: (1) a clear-water state that typically supports abundant submerged 

vegetation and provides high quality wildlife habitat, and (2) a turbid-water state with frequent 

algal blooms and poor habitat quality. A shallow lake’s TP level in relation to critical TP tipping 

points determines whether the lake is in a highly resilient clear state, a highly resilient turbid 

state, or whether the lake is in a dynamic region where either state is possible. Further, 

management options differ for highly resilient clear lakes versus lakes that may be in the turbid 

state. For example, resilient clear lakes may be assigned special watershed and shoreline 

protection to preserve their healthy conditions. On the other hand, managers may plan to allocate 

resources for assessment and possible in-lake management for lakes that have TP levels where the 

turbid state is possible. Managers would benefit from models that can predict whether a lake is in 

a resilient clear state or may be in the turbid state without physically visiting a lake to collect 

water samples or other in-lake data. 

We used TP data from 118 shallow lakes in Minnesota and previously estimated TP tipping 

points to classify lakes as either highly resilient clear lakes (“stable-clear”) or possibly turbid 
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(“bistable-turbid”). We used random forest methodology to build models for predicting these two 

TP classes using both remotely sensed watershed-scale predictors and in-lake variables, and we 

performed recursive feature elimination to find the most parsimonious model. We demonstrate 

that TP class can be predicted using only watershed-scale remotely sensed variables and that land 

cover and use, soil texture, and ecoregion are key predictor variables for TP class. We highlight 

how our model predictions can be used as indicators to help make management decisions for a set 

of shallow lakes. 

 

INTRODUCTION 

Shallow lakes are crucial global resources that sustain wetland wildlife, provide critical habitat 

links between breeding and wintering areas for continental waterfowl, and afford opportunities 

for outdoor enthusiasts. Shallow lakes generally exist in one of two alternative stable states: a 

clear state with primary production dominated by submerged aquatic vegetation (SAV) and a 

turbid state characterized by extreme algal blooms, sparse SAV, and poor habitat quality 

(Scheffer et al. 1993). SAV and associated epiphyte communities in clear lakes may facilitate the 

removal of nitrogen (N) from shallow lakes by stimulating coupled nitrification-denitrification 

processes (Eriksson and Weisner 1999, Kufel and Kufel 2002), and parasites associated with 

amphibian malformations likely have higher prevalence in turbid lakes (Johnson and Chase 

2004). Thus, managing shallow lakes for the clear, SAV-dominated state is important both for 

wildlife conservation and for removing N from surface waters, which increases local water 

quality and decreases the export of N downstream.  

Theoretical models elucidate how nutrients influence whether lakes tend toward turbid or 

clear conditions. Fig. 1 is an example bifurcation diagram derived from a model describing 

shallow lake dynamics (modified from Scheffer et al. (1993)). At low nutrient levels (left of “tip 

down” threshold in Fig. 1), lakes are attracted to only the clear stable state because the turbid 
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stable state does not exist. Similarly, at high nutrient levels (right of the “tip up” threshold in Fig. 

1), lakes are attracted only to the turbid state because the clear state does not exist. In between the 

two tipping points, the system is bistable, meaning two different stable states are possible under 

the same nutrient conditions. Lakes can switch states either by gradual changes to nutrient levels 

until a tipping point is reached, or by perturbations that force the system across the unstable line 

into the basin of attraction of the other state. Shallow lakes are notoriously difficult to restore 

after shifting from clear to turbid states, with turbid conditions frequently returning within 5-10 

years following lake management (Søndergaard et al. 2007). These relapses to turbid conditions 

suggest that some lakes may fall within the bistable region where perturbations push the system 

back into the turbid state, or perhaps have nutrient levels beyond the “tip up” threshold in Fig. 1 

where only the turbid state exists.  

Phosphorus (P) and N have long been known to limit primary production in freshwater 

lakes (Moss et al. 2013). Recent evidence suggests that local characteristics such as land use and 

soil types influence which nutrient is limiting for a given lake (Kosten et al. 2009). Nutrient 

limitation has also be shown to vary seasonally, with shallow lakes being limited by P in the 

spring and N in later months (Kolzau et al. 2014). Although strong cases have been made for the 

control of both nutrients in watersheds (Finlay et al. 2013, Moss et al. 2013), management efforts 

over the last few decades have focused primarily on reducing P loading. These efforts, when 

successful, have resulted in increased water clarity in shallow lakes (Jeppesen et al. 2007b). Thus, 

we focus here on a model for predicting total phosphorus (TP) levels in shallow lakes as an 

indicator for management purposes, while acknowledging that a more complete ecological and 

management narrative may eventually include N. 

Previous research has produced estimates for TP tipping points in shallow lakes (Zimmer 

et al. 2009, Wang et al. 2014, Vitense et al. 2018a). These estimates provide valuable information 

to managers because a lake’s TP level in relation to the tipping points has implications for 
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identifying effective management actions. Clear lakes with TP levels consistently below the 

lower tipping point are highly resilient, and management efforts for these lakes should typically 

focus on watershed and shoreline protection. Highly dynamic lakes with TP levels frequently in 

the bistable region are those for which active in-lake management, such as water level 

drawdowns or fish removal, is most sensible. Finally, lakes with TP levels beyond the upper 

tipping point may be lower priority lakes because they will require repeated, intensive 

interventions to maintain clear water conditions because of the high resilience of the turbid state. 

Due to the large number of shallow lakes potentially vulnerable to degradation (thousands in the 

state of Minnesota alone) and the costs associated with collecting and analyzing water samples, 

managers would benefit from being able to predict lake TP from remotely sensed data. Managers 

could use these predictions and measures of uncertainty as indicators to prioritize lakes for special 

protection and to determine the need for additional field data. 

Much is known about how watershed features and in-lake biological communities impact 

nutrient levels and nutrient cycling in lakes. Extensive anthropogenic development, including 

agriculture and roadways, have contributed to the degradation of many shallow lakes by 

increasing external nutrient loading, hydrologic connectivity, and drainage from ditches, fields 

and impermeable surfaces (Søndergaard et al. 2007, McCauley et al. 2015). Increased surface 

water connectivity has been associated with higher likelihood of fish colonization in shallow 

lakes (Herwig et al. 2010). Benthivorous fish are particularly problematic in shallow lakes 

because they disrupt sediments while foraging, keeping nutrients and algae (a major source of 

particulate P) in circulation (Breukelaar et al. 1994). Benthivores also consume and destroy 

macrophytes that stabilize sediments (Scheffer 1998) and translocate P from the lake bottom to 

the water column through excretion (Andersson et al. 1988). 

Geological features of lake watersheds also influence P content in lakes. Soils formed 

from glacial outwash tend to be well drained, and Minnesota lakes with a higher proportion of 
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glacial outwash in their watersheds have been associated with lower average summer TP levels 

(Cross and Jacobson 2013). Plach et al. (2016) showed that a shallow lake on coarse-textured 

outwash landforms on the Canadian Boreal Plain received groundwater inputs with lower 

dissolved P and had lower lake TP levels compared to lakes on fine-textured-till hummocky 

moraine and fine-textured clay-till plains. Shallow lakes in watersheds with finer-textured soils 

(e.g., clay and silt) may be expected to have higher P content because fine-textured soils can bind 

more P and are more transportable through watersheds compared to coarse-textured soils 

(Records et al. 2016). 

Here, we use random forest methodology to build models for predicting shallow lake TP 

levels using both remotely sensed watershed-scale predictors (e.g., land use) and in-lake variables 

(e.g., fish presence-absence). We use a modified random forest algorithm, RF++, to account for 

correlation among within-lake observations, and perform recursive feature elimination (RFE) to 

find the most parsimonious model in the context of correlated predictors. We demonstrate that TP 

levels can be predicted using only watershed-scale remotely sensed variables and that land use, 

soil texture, and ecoregion are key predictor variables for TP. Additionally, we highlight how our 

model can be used to help make management decisions for individual lakes. 

 

METHODS 

Data 

The Minnesota Department of Natural Resources (MNDNR) sampled 118 lakes once in July 

during each of three consecutive years, 2009-2011. Six lakes were sampled in only two years, and 

three lakes were sampled just once. TP was measured in each year, and maximum depth was 

measured either once (9 lakes) or yearly (109 lakes). Lake maximum depth was determined by 

measuring depths along parallel transects spaced throughout the open water zone of each site. 

Water samples for TP were collected at two stations in each lake-year and frozen until analysis 
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with persulfate digestion and ascorbic acid colorimetry. We used average TP values for each 

lake-year for analysis, and we used TP threshold estimates from Vitense et al. (2018a) to define 

TP classifications. We first defined classes according to whether TP levels were below the 

estimated tip down threshold where only the clear stable state exists (TP ≤ 50 μg/L), in between 

thresholds where both the clear and turbid stable states are possible (50 μg/L < TP < 350 μg/L), 

or above the estimated tip up threshold where only the turbid stable state exists (TP ≥ 350 μg/L). 

However, only 10 TP observations out of 342 were greater than 350 μg/L, making it difficult to 

accurately predict this final class. Thus, we collapsed these three classifications into two TP 

classes: (1) “stable-clear” (TP ≤ 50 μg/L, where only the clear stable state exists); and (2) 

“bistable-turbid” (TP > 50 μg/L, where the turbid state exists either in conjunction with the clear 

state or alone) (Fig. 1). 

Fish presence-absence, relative abundance, and community composition were determined 

using a combination of gears deployed overnight. Three mini-fyke nets targeting minnows and 

juvenile fishes (6.5-mm bar mesh with 4 hoops, 1 throat, 7.62 m lead, and a 0.69 X 0.99 m 

rectangular frame opening into the trap) were set overnight in the littoral zone of each lake. One 

experimental gill net targeting larger-bodied fish species (2 m by 61 m multifilament net with 

19.0, 25.0, 32.0, 38.0, and 51.0-mm bar meshes) was deployed along the deepest depth contour in 

lakes less than 2 m deep or along a 2 m contour in lakes with sufficient depth. The protocol 

outlined above has been effective in sampling fish assemblages in small lakes in Minnesota 

(Herwig et al. 2010). All fish sampled were sorted by species and weighed in bulk. Data were 

summarized as presence-absence and catch per unit effort (CPUE) of fish species belonging to 

each major feeding guild (planktivores, benthivores, and piscivores), where CPUE was the total 

biomass collected in the four nets. Additionally, lakes were scored on a 0-4 scale according to the 

degree to which they were connected to downstream and upstream fish sources, ranging from 

complete isolation (scored as a 0) to connections to seasonal wetlands (scored as a 1), semi-
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permanent or permanent wetlands (scored as a 2), lakes (scored as a 3), and streams or rivers 

(scored as a 4) (Table 1). We also evaluated whether the lake or near-lake area contained a dock, 

residential home or farmstead, subsurface storm sewer, or adjacent road. Details on methods for 

deriving connectivity metrics are described in Herwig et al. (2010). 

Lake basin area was determined based on 2008 color air photos 

(https://www.fsa.usda.gov/programs-and-services/aerial-photography/imagery-programs/naip-

imagery/index) used to guide on-screen digitization of lake polygons using ArcGIS software and 

included both open water and emergent vegetation portions of each lake. Upstream watershed 

area of each study lake was obtained from and followed the methods of the Minnesota 

Department of Natural Resources statewide Lake Watershed Project 

(http://www.dnr.state.mn.us/watersheds/lakeshed_project.html). We derived land cover data in 

the upstream watershed of each lake by summarizing manually-delineated cover type polygons 

that were created using on-screen digitizing procedures in ArcGIS. We used 2008 color air photos 

as the primary interpretive reference for distinguishing cover types, with the 2001 National Land 

Cover Database (Homer et al. 2007) used to corroborate air photo interpretations as needed. We 

used the Ecological Classification System (ECS) for Minnesota developed by the MNDNR and 

the U.S. Forest Service to assign to each lake the ecological province in which it is located, which 

reflects distinct climatic conditions, vegetation, and biomes 

(http://www.dnr.state.mn.us/ecs/index.html). 

We compiled soil texture data in the upstream watershed of each lake in ArcGIS using a 

map (Miller and White 1998) of the sand, silt, clay, and organic matter fractions in both the top 

layer (5 cm) of soil and the average fractions in the top 10 layers of soil (1.5 m total depth), 

weighted by layer thickness. We summarized these sand, silt, and clay fractions for each 

watershed using a weighted average by area of the soil texture map units contained within the 

watershed. Only four lakes had an organic matter fraction greater than 10%, and we therefore 
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excluded the organic matter fraction from the analysis. We also used a map describing the 

quaternary geology of Minnesota (Hobbs and Goebel 1982) to compute the proportion of each 

upstream watershed containing glacial outwash and gravelly terraces in ArcGIS.  

The predictor variables used in the analyses are publicly archived (Vitense et al. 2018b) 

and are summarized in Table 1 with descriptions and variable name abbreviations used in 

subsequent figures. 

 

Random forest methodology 

Random forests 

Random forests build a large number of classification trees, which provide rules for placing 

observations into discrete classes by recursively selecting binary splits of numerical and/or 

categorical predictor variables (Breiman et al. 1984). Each tree in a random forest is fit to a 

different bootstrapped sample of the dataset (Breiman 2001; Fig. 2). Additionally, a random 

subset of predictor variables is sampled for each split within each tree, and the predictor and 

corresponding cut-off value that most increase class homogeneity within resulting “nodes” are 

selected for each split. The predicted class for an observation is defined by the majority vote 

across all trees in the forest.  

Random forests are highly capable classifiers. Each individual classification tree has low 

bias but high variance (i.e., the prediction of a classification tree is correct on average but is 

sensitive to small fluctuations in the training data), and the aggregation of diverse trees reduces 

the variance of the prediction by smoothing the hard decision boundaries of individual trees 

(Büchlmann and Yu 2002). Additionally, randomly sampling predictors for each split further 

reduces prediction variance by reducing the correlation between trees and also allows variables 

that may be overshadowed by stronger predictors to be a part of the forest, which can improve 

prediction and reveal interaction effects (Strobl et al. 2008). 
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Random forests also allow unbiased estimates of prediction accuracy to be obtained as 

part of the algorithm without reserving a test dataset (Breiman 2001; Fig. 2). Each observation is 

used to build approximately 63% of the trees in the forest (for these trees, the observations will be 

referred to as “in-bag” and for the remaining ~37% of the trees, the observations will be referred 

to as “out-of-bag” [OOB]). The class for each observation can be predicted using the majority 

vote across all trees for which it was part of the OOB sample (Cutler et al. 2007). The OOB error 

rate is the proportion of incorrect OOB predictions across all observations. Additionally, variable 

importance can be assessed using OOB error rates. Specifically, one can calculate permutation-

based variable importance measures, which for variable i is calculated as the average increase in 

OOB error rates across trees when the ith variable is permuted in the OOB samples. Compared to 

other variable importance metrics for random forests, permutation-based variable importance is 

less biased toward continuous predictors or variables with a large number of categories (Strobl et 

al. 2007). 

 

Modified random forest for cluster-correlated TP data 

The lakes in our dataset were sampled in multiple years, resulting in cluster-correlated data such 

that within-lake observations were more similar than between-lake observations. Karpievitch et 

al. (2009) showed that averaging observations within clusters results in loss of information and 

reduced sample size, which leads to lower classification and variable selection accuracy in 

random forests. Further, they showed that applying the unmodified random forest algorithm to 

cluster-correlated data produces severely underestimated OOB estimates of the prediction error 

rate because the OOB samples are not necessarily independent of the in-bag samples. Thus, we 

chose to use a modified random forest algorithm that accounts for clustered data by implementing 

subject-level (i.e., lake-level) bootstrapping using the software RF++ (Karpievitch et al. 2009). 

This algorithm is the same as the original random forest algorithm described in the previous 
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section with the exception that whole clusters, rather than individual samples, are drawn at 

random to create the bootstrapped samples (see Fig. 2 legend). Thus, the observations associated 

with a given lake will not be used to train approximately 37% of the trees in the forest, and 

unbiased classification error rates can be obtained using the independent OOB samples.  

We evaluated OOB error rates at both the within-lake level (i.e., “observation level”) and 

at the lake level. In the latter case, we assigned observed and predicted lake-level classifications 

using the majority observed TP class and majority predicted TP class, respectively, across a 

lake’s observations. For lakes with only two observations and for which the model predicted one 

observation to be stable-clear and the other bistable-turbid, we broke the tie to assign a lake-level 

classification by choosing the class that was selected in a greater number of trees across both 

observations. 

 

Variable selection 

Random forests are generally robust to inclusion of irrelevant variables, but models containing a 

smaller number of variables are easier to interpret, and irrelevant variables can still decrease 

prediction accuracy (Gregorutti et al. 2016). Additionally, even remotely sensed data take time to 

compile. Thus, we performed variable selection using permutation-based variable importance 

metrics to obtain a model with as few predictors as possible without compromising classification 

accuracy.  

Several of our predictor variables were highly correlated. Traditional variable selection 

methods, such as stepwise selection using the Akaike information criterion (AIC), tend to retain 

only one variable from a set of correlated predictors. By contrast, Cutler et al. (2007) noted that 

random forests spread variable importance across variables that are correlated but strong 

predictors. This feature helps to guard against eliminating good predictors that are correlated with 

other variables. Nonetheless, permutation-based variable importance metrics can be difficult to 
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interpret in the presence of correlated predictors. In particular, a variable’s importance measure 

may increase after dropping correlated predictors from consideration. Furthermore, highly 

informative variables that are correlated with other predictors may have lower importance 

measures than less discriminant variables that do not covary with other predictors (Gregorutti et 

al. 2016). 

In the context of correlated predictors, recursive feature elimination (RFE) has been 

shown to more efficiently screen variables (i.e., the lowest OOB error rate can be achieved with a 

smaller number of variables) compared to selection based on the original permutation importance 

measures computed using all variables (Gregorutti et al. 2016). In this algorithm, the permutation 

importance measures are used to rank variables at each iteration, and the lowest scoring variable 

is removed. The random forest is then refit with the remaining variables in the next iteration, and 

the process is repeated until no further variables remain. The model with the minimum OOB error 

is then selected. This method allows a variable’s importance and rank to change as other variables 

are eliminated, which increases the efficiency of the algorithm. We implemented the RFE 

algorithm within the RF++ environment to find the most parsimonious random forest model. We 

set the number of predictors sampled at each split within a tree (‘mtry’ in the random forest 

literature) to the square root of the number of variables (rounded down) remaining at each 

iteration, and we grew forests consisting of a large number of trees (20,000) at each iteration due 

to the short run time of RF++. 

An alternative method for assessing variable importance when predictors are correlated is to 

use conditional permutation variable importance metrics using the ‘cforest’ function in the ‘party’ 

R package, which has been shown to better reflect the true importance of correlated predictor 

variables (Strobl et al. 2008). This function does not allow for subject-level bootstrapping and has 

a longer run time than RF++, but we used this function to check for major differences in variable 

importance rankings for the full set of predictors compared to those produced by RF++.  
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RESULTS 

Performance of full model 

The full random forest model (i.e., the model fit using all 28 variables) correctly classified 

approximately 4 out of 5 OOB observations at both the sample and lake level (Table 2). The full 

model produced ~8-9% higher OOB error rates for the stable-clear class compared to the bistable-

turbid class (Table 2). OOB error rates were lower at the lake level compared to the sample level 

(Table 2). 

Land use variables had the highest variable importance metrics, with PercentWoodland 

having the highest score (Table A.1). Watershed disturbance (lnDisturbed) had the second highest 

importance but had a score less than half that of PercentWoodland. Other watershed-scale 

characteristics, including Province and soil texture, had higher importance than in-lake variables, 

such as depth and fish CPUE. Benthivore CPUE had substantially higher importance than all 

other fish variables. Fish connectivity (upstream and downstream) had higher variable importance 

than all fish presence variables, as well as planktivore and piscivore CPUE. Planktivore presence 

had the lowest importance of all variables considered. We note that removing the fish CPUE and 

connectivity variables as a sensitivity test did not cause the importance rankings of the fish 

presence variables to rise. 

 

Conditional variable importance in full model 

The RF++ and cforest (conditional variable importance) rankings for the full model were similar 

(Table A.1). PercentWoodland remained the top variable in cforest, and four out of the five top 

variables were the same as in RF++. Land use, Province, and soil texture remained more 

important than lake depth and fish variables using cforest. In contrast to RF++, upstream fish 
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connectivity had higher conditional variable importance than benthivore CPUE, and agriculture 

variables had higher conditional importance than soil texture.  

 

Variable selection and resulting parsimonious model 

Predictive performance initially improved as the least informative variables were removed (Fig. 

3). The order in which variables were removed in the RFE algorithm did not change substantially 

compared to the ordering based on the variable importance metrics from the full model (Fig. A.1, 

Table A.1). The random forest with the lowest total OOB error rates included the following six 

variables: PercentWoodland, lnDisturbed, Clay_L1, Province, Silt_L1, and Silt_1.5m. Error rates 

generally increased following removal of any of these remaining variables. These top variables 

were correlated with one another; most notably, Province and PercentWoodland were positively 

correlated, and the clay and two silt variables were all positively correlated (Fig. 4). Benthivore 

CPUE was very nearly in the parsimonious model, but its elimination ultimately lowered OOB 

error rates (Fig. 3). Benthivores were informative for TP class at high CPUE, but lakes with high 

benthivore CPUE also tended to be associated with predictors of higher importance, such as 

PercentWoodland (Fig. A.2). 

Approximately 9 out of 10 truly bistable-turbid observations and lakes were correctly 

classified by the parsimonious model, while approximately 3 out of 4 truly stable-clear 

observations and lakes were correctly classified (Table 2). The probability a lake was classified as 

bistable-turbid steadily increased as the percentage of woodlands in the watershed decreased, 

with lakes being more likely to be classified as bistable-turbid than stable-clear when the 

percentage of woodlands in the watershed was below approximately 27% (Fig. 5). The 

probability a lake was classified as bistable-turbid increased as the area of human disturbance in 

the watershed increased, with lakes being more likely to be classified as bistable-turbid than 

stable-clear when the total area of disturbance exceeded approximately 9.2 ha (Fig. 5). Lakes 
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were more likely to be classified as bistable-turbid as their clay and silt soil fractions increased, 

although lakes with very low clay and silt fractions also had a relatively high probability of being 

classified as bistable-turbid. These lakes with low clay and silt fractions were clustered in space 

(in the Chippewa region of the Laurentian Mixed Forest Province) and had either sandy soils or 

were among the few lakes with organic matter as part of their soil fraction. All lakes in the Prairie 

Parkland Province were classified as bistable-turbid, while the majority of lakes in the Laurentian 

Mixed Forest Province were classified as stable-clear (Fig. 5). Lakes in the transitional Eastern 

Broadleaf Forest Province had several lakes placed in both classes, with many lakes having 

ambiguous classifications (i.e., roughly half of the trees in the forest voted for each class) (Fig. 5). 

The probability a lake was classified as bistable-turbid generally increased with median lake TP 

(Fig. 6). 

 

Misclassifications by the parsimonious model 

The six predictor variables in the parsimonious model did not vary between years (i.e., they were 

static). Thus, observations for each lake were all assigned the same TP classification even though 

the TP classes may have changed between years for a given lake. Most sample- and lake-level 

misclassifications were associated with lakes that tended to have observed TP values close to 50 

μg/L (i.e., the value distinguishing the TP classes) and/or lakes that switched classes between 

years (Figs. 6, A.3). The higher misclassification rates for the stable-clear class may be due to the 

higher density of TP observations just under 50 μg/L compared to just over 50 μg/L (Fig. A.3). 

 

DISCUSSION 

We have demonstrated that random forest methodology can be used to accurately predict whether 

shallow lake TP is likely ≤50 μg/L (stable-clear) or >50 μg/L (bistable-turbid) using only 

remotely sensed data. Below, we discuss how our model can be used to inform shallow lake 
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management. We also discuss implications of the top predictor variables in the context of 

previous studies. 

 

Management implications 

Our most parsimonious model can be used to predict whether a shallow lake is likely to be a 

highly resilient clear lake or possibly turbid without physically visiting a lake to collect water 

samples or other in-lake data. The predicted class and the uncertainty associated with the 

classification (i.e., the percentage of trees voting for each class) can be used as an indicator to 

help make management decisions for a set of lakes. For example, lakes that are predicted to be 

stable-clear with a very low probability of occurring in the bistable-turbid class (e.g., lakes below 

the bottom dotted line of Fig. 6) are likely highly resilient clear lakes. Managers may decide to 

designate these lakes as those whose watersheds and shorelines should receive special protection 

to preserve their likely healthy conditions. On the other hand, lakes that are predicted to be 

bistable-turbid with a high probability (e.g., lakes above the top dotted line in Fig. 6) are those 

which are likely either in the bistable region where lakes are vulnerable to transitions to the turbid 

state or have extremely high TP levels such that the lake can only exist in the turbid state. These 

lakes are those for which managers may plan to allocate resources for in-lake management, such 

as removal of fish populations that drive state transitions or inactivation of phosphorus through, 

for example, the addition of iron (Bakker et al. 2016).  

Lakes that fall in between the dotted lines in Fig. 6 have substantial uncertainty 

associated with their classifications. Managers may designate these lakes as uncertain lakes that 

require further study and assessment. The boundaries defining the area containing uncertain lakes 

can be adjusted depending on constraints associated with future surveys to target the number of 

lakes that can reasonably be visited and assessed. For example, the boundaries shown in Fig. 6 

define a region in which 0.30 < P(bistable-turbid) < 0.70, isolating approximately 30 out of 118 
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lakes as candidates for further assessment for TP. Narrowing these boundaries will reduce the 

number of lakes with this designation. Alternatively, even lakes that have a high probability of 

being bistable-turbid may still need to be visited and assessed for turbidity, fish populations, etc. 

before appropriate in-lake management can be planned. In this case, the total number of lakes 

visited will be all those falling above the lower dashed line in Fig. 6 (i.e., lakes in the “assess for 

in-lake management” and “uncertain” regions in Fig. 6), and the location of this lower bound will 

be most important to adjust for limiting the number of lakes visited either because the TP 

classification is uncertain or to identify whether in-lake treatment is needed. 

Inevitably, some lakes will receive incorrect classifications using our modeling 

framework. However, we consider the OOB error rates to be acceptable considering that the best 

predictor variables are remotely sensed and relatively inexpensive to obtain compared to 

collecting and analyzing water samples for TP. Additionally, the error rate for stable-clear lakes 

was higher compared to bistable-turbid lakes, which errs on the side of over-visiting lakes for 

diagnosing in-lake management needs under the guidelines proposed above. That is, there are 

more misclassified stable-clear lakes in our study that may have resources allocated for in-lake 

management action/assessment that turn out to be unnecessary, as opposed to misclassified 

bistable-turbid lakes that may be assigned special watershed or shoreline protection measures but 

not receive the in-lake management they need. It is unclear whether the difference in error rates 

between the two classes is simply because our sample contains more stable-clear lakes falling just 

under the 50 μg/L class boundary than bistable-turbid lakes falling just over 50 μg/L, or whether 

bistable-turbid lakes are easier to predict with the variables considered here. 

 

Best predictors 

The most parsimonious model for predicting TP class in our study contained only six predictors: 

proportion of the watershed containing woodlands (PercentWoodland), total area of the watershed 
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experiencing human disturbance (lnDisturbed), ecological province (Province), the clay fraction 

in the top 5 cm of soil in the watershed (CLAY_L1), and the silt fractions in both the top 5 cm of 

soil and top 1.5 m of soil in the watershed (SILT_L1 and SILT_1.5m). These six predictors are 

correlated and likely explain similar patterns in the data, but including all 6 of these variables in 

the model improves predictions; i.e., error rates increase in the final iterations of the RFE 

algorithm when one or more of these variables are removed from the model. In traditional 

variable selection, only one variable from a set of correlated predictors is usually retained. An 

advantage of the random forest and RFE approach is that strong predictors are retained even if 

they are correlated with other variables, which can improve prediction accuracy. 

The parsimonious model predicted the same TP class for each of a lake’s observations 

because the top six variables did not vary between years. This is a limitation of the final model 

because we know lakes can and do switch TP classes. However, our results demonstrate that land 

use and cover, soil texture, and ecological province are key variables for predicting TP in 

Minnesota, and they were more important than the within-lake variables considered in this study 

(i.e., fish presence/CPUE and depth). Furthermore, the top variables did not change substantially 

after sequentially removing less important variables and when using conditional variable 

importance metrics. Thus, the high importance of watershed-scale variables in our study was 

robust to these modeling choices. 

Woodland percentage was the most important land cover predictor in the full model and 

throughout the RFE process, although lnDisturbed surpassed PercentWoodland in the final 

iteration of the RFE algorithm. Woodland coverage is a strong predictor because in addition to 

being negatively correlated with disturbance and agriculture, forests filter out P (Peterjohn and 

Correll 1984), reduce overland flow (Sheridan et al. 1999), decrease wind speeds, and may better 

indicate historical land use (or lack thereof) compared to current presence of agriculture or human 

disturbance. Further, Kissoon et al. (2015) found that woodland percentage was the most 
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important land cover variable explaining the elemental compositions of the sediments in 

Minnesota shallow lakes, with sediment P concentration being negatively correlated with 

woodland percentage. Thus, lakes in watersheds with low woodland percentage may have high 

TP levels partly due to high internal P loading from the sediments. 

Lake TP has been previously linked to ecoregion (Heiskary et al. 1987, Cross and 

Jacobson 2013) and land use/cover (Fraterrigo and Downing 2008, Nielsen et al. 2012, Soranno 

et al. 2015), but to our knowledge, watershed soil texture summarized as average clay/silt/sand 

fractions has not previously been directly linked to shallow lake TP levels. However, other 

variables related to soil texture have been associated with lake TP, such as the surficial geology 

of watersheds (Soranno et al. 2008, Cross and Jacobson 2013, Plach et al. 2016). The results of 

these earlier studies show that lakes in areas with more glacial outwash generally had lower TP, 

possibly because the associated soils were well-drained. Our study further shows that clay 

fraction is the most important watershed soil texture variable for predicting TP levels in 

Minnesota shallow lakes. 

We were surprised that fish presence-absence and fish CPUE variables were not more 

important overall and that they were less important than watershed-scale variables. In previous 

studies of shallow lakes in Minnesota, fish have been found to be important in explaining 

variance in chlorophyll a, TN:TP ratios, and aquatic invertebrate abundance (Hanson et al. 2012, 

Gorman et al. 2014, Ginger et al. 2017). Our results suggest that land use, soils, and ecological 

province are more important predictors than fish for whether shallow lakes are stable-clear (TP < 

50 μg/L) versus bistable-turbid (TP > 50 μg/L). Benthivores were informative for TP 

classification at high CPUE, but high benthivore CPUE also tended to occur in areas with low 

forest cover or where soil texture was informative. Thus, while high benthivore abundance is 

associated with high TP levels and may be important for explaining variance in TP as a 

continuous variable, it added little to the predictive power of our models. 
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Fish connectivity had higher variable importance than fish presence-absence variables. 

The higher importance of the connectivity variables over fish presence-absence suggests that our 

connectivity metrics may capture additional features beyond fish effects that increase TP, such as 

surface water transport of nutrients and organic matter. Indeed, others have found that the effects 

of land use and land cover on lake nutrients differ by lake hydrologic connectivity (Soranno et al. 

2015). However, the importance of our connectivity metrics was low compared to land use/cover, 

soils, and benthivore CPUE. 

Finally, we note that it is challenging to depict relationships between predictor and 

response variables in random forest models because predictions are averaged over many trees. 

Fig. 5 is an attempt to characterize the influence of the top predictors on TP classification, but 

these are marginal response patterns that do not adjust for the effects of other predictors in the 

model. Further, our predictors are correlated, making it difficult to identify unique contributions 

of individual predictors. As a result, it is difficult to interpret, for example, the complex 

relationship between the soil texture variables and the probability of the bistable-turbid class, and 

the specific patterns observed here may differ in other regions. Thus, our model will likely 

perform best when applied to lakes in the same regions of MN. However, the process we have 

illustrated here can be used to build new predictive models in other regions, especially for those 

with repeated lake measurements. 

 

Alternative approaches 

Our final model and Fig. 6 suggest that we could have classified lakes based on a single lake-

level model constructed using median lake TP as the response variable. This approach would 

have allowed us to use the standard random forest algorithm without lake-level bootstrapping. We 

did try refitting the random forest model with the standard algorithm using the six predictors from 

the parsimonious model and the single class associated with each lake’s median TP. This 
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approach provided similar but slightly higher lake-level OOB error estimates compared to RF++. 

Thus, if predictors do not vary within lakes, it likely makes little difference whether all observed 

classes per lake are used versus the class associated with the median observed response. 

However, we used the RF++ approach with lake-level bootstrapping because our full model does 

contain predictors that vary within-lake; these predictors simply turned out to be unimportant 

compared to the watershed-scale variables that do not vary within-lake when performing 

recursive feature elimination. There may be more informative variables that vary between years 

for each lake that we could incorporate with this approach in the future. Additionally, the 

majority observed class may not match the class associated with median observed response when 

more than two classes are distinguished. We therefore advocate for the RF++ approach when 

predictors vary within-lake and/or when more than two response classes are defined. 

We also could have used random forests to predict lake TP as a continuous variable, 

rather than discretizing the response variable based on its relation to estimated TP tipping points. 

However, our simple two-class model facilitates management decisions, which are likely to be 

predicated on a lake state rather than triggered by a predicted TP value. That is, our model is 

actionable, whereas a model that predicts TP directly would need to be translated into a lake state 

relevant to management. Additionally, preliminary attempts using random forests to model 

median TP directly as the response variable produced higher error rates when placing predicted 

median TP (continuous variable) into the stable-clear vs. bistable-turbid (discrete) classes. 

Finally, we are unaware of software that accommodates cluster-level bootstrapping for random 

forests for regression. 

 

Conclusions 

TP is commonly used to assess water quality in shallow lakes and other surface waters. Shallow 

lakes require special consideration because they are known to exhibit alternative stable states. We 
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sense a wide gap between conceptual models of shallow lake dynamics and decision tools used to 

guide lake management decisions. We have argued that a lake’s TP level in relation to tipping 

points that determine the existence of the turbid stable state has important implications for 

assessing management alternatives. We have also demonstrated that remotely sensed watershed 

variables, including proportion of woodland coverage, area of human disturbance, ecoregion, and 

average clay and silt soil fractions, can be used to predict whether shallow lakes exceed the TP 

threshold at which lakes may exist in the turbid state. This result is important because spatial data 

sets are widely available, but field data are expensive to acquire. We believe shallow lake 

managers and conservation planners with access to spatial data will find our approach useful for 

identifying lakes and watersheds for special protection and prioritizing lakes for further 

assessment.  
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Table 1. Description of predictor variables used in the random forest models. 

 

VARIABLE DESCRIPTION 

LAND COVER  

PercentWoodland* Proportion of woodlands in the upstream watershed 

PercentDist Proportion of disturbance (crop/livestock agriculture + human 

development) in the upstream watershed 

lnDisturbed* Total area of disturbance (crop/livestock agriculture + human 

development) in upstream watershed (log m2) 

PercentAg Proportion of agriculture in the upstream watershed 

lnAg Total area of agriculture in upstream watershed (log m2) 

SOILS/GEOLOGY   

CLAY_L1* Clay fraction in top 5cm of soil in upstream watershed (weighted 

average by area) 

CLAY_1.5m Clay fraction in top 1.5m of soil in upstream watershed (weighted 

average by area) 

SILT_L1* Silt fraction in top 5cm of soil in upstream watershed (weighted 

average by area) 

SILT_1.5m* Silt fraction in top 1.5m of soil in upstream watershed (weighted 

average by area) 

SAND_L1 Sand fraction in top 5cm of soil in upstream watershed (weighted 

average by area) 

SAND_1.5m Sand fraction in top 1.5m of soil in upstream watershed 

(weighted average by area) 

prop.outwash Proportion of glacial outwash and terraces in upstream watershed 

Province* Ecological province (1-3) (1=Laurentian Mixed Forest (LMFP), 

2=Eastern Broadleaf Forest (EBFP), 3=Prairie Parkland (PPP)) 

FISH  

BenthPres Benthivorous fish present 

PlankPres Planktivorous fish present 

PiscPres Piscivorous fish present 

Benth Catch per unit effort of benthivorous fish 

Plank Catch per unit effort of planktivorous fish 

Pisc Catch per unit effort of piscivorous fish 

FISH CONNECTIVITY  

UpFishSource5 0-4 scalea: “Connected to upstream fish source” 

DownFishSource5 0-4 scalea: “Connected to downstream fish source” 

RiparianResident True/False: “Residence/farmstead in immediate riparian area” 

StormSewer True/False: “Connected to subsurface storm sewer” 

DockPresent True/False: “Dock present” 

AdjacentRoad True/False: “Road nearby lake” 

BATHYMETRY/SCALE  

Depth Maximum depth (m) 

BasinArea Area of lake basin (m2) 

WAtoLA Ratio of watershed to lake area 
a0= completely isolated, 1= connected to seasonal wetland (type 1-3 wetland), 2= connected to semi-

permanent or permanent wetland (Type 4 or 5 wetland), 3= connected to a lake, 4= connected to a 

stream/river 

*Denotes membership in parsimonious model (Fig. 3) 
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Table 2. Error rates for the full and parsimonious models. The parsimonious model was obtained 

using recursive feature elimination. For each model, the first two rows display the confusion 

matrix at the sample level, where columns represent the observed TP class and rows represent the 

predicted TP class. The “Stable-Clear” column shows error rates for all observations with TP≤50 

μg/L (sample level) and for lakes with a majority of observations with TP≤50 μg/L (lake level). 

The “Bistable-Turbid” column shows error rates for TP>50 μg/L. 

 

 Stable-Clear Bistable-Turbid Total 

Full model1    

Stable-Clear 124 31  

Bistable-Turbid 46 141  

Sample-level error rate 27.1% 18.0% 22.5% 

Lake-level error rate 24.6% 16.4% 20.3% 

Parsimonious model2    

Stable-Clear 123 18  

Bistable-Turbid 47 154  

Sample-level error rate 27.6% 10.5% 19.0% 

Lake-level error rate 24.6% 8.2% 16.1% 
1Model fit using all 28 predictor variables (Table 1). Five variables were randomly sampled for 

consideration at each tree split (i.e., mtry=5). 

2Parsimonious model obtained by recursively removing variables with the lowest permutation-

based variable importance score. This model contains six predictor variables: PercentWoodland, 

lnDisturbed, CLAY_L1, Province, SILT_L1, SILT_1.5m (Table 1). Two variables were 

randomly sampled for consideration at each tree split (i.e., mtry=2). 
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Fig. 1. Bifurcation diagram from a theoretical model describing shallow lake dynamics (modified 

from Scheffer et al. (1993)). At low nutrient levels (left of “tip down” threshold), only the clear 

stable state exists (lower solid line). At high nutrient levels (right of the “tip up” threshold), only 

the turbid stable state exists (upper solid line). In between the two thresholds, the system is 

bistable, meaning two different stable states are possible under the same nutrient conditions. 

Lakes with initial chlorophyll a (Chla) levels below the dashed unstable line will tend toward the 

clear stable state, and lakes with Chla levels above the dashed line will tend toward the turbid 

stable state. In this study, we refer to lakes with nutrient levels below the tip down threshold as 

“stable-clear” and those that fall above the tip down threshold “bistable-turbid”. 
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Fig. 2. The random forest (RF) algorithm. Orange and blue represent two different classes (e.g., 

clear-stable vs. bistable-turbid). In the RF algorithm, n bootstrapped samples are created from the 

original dataset to train n different classification trees. A random subset of predictors is 

considered at each node. An unbiased estimate of the prediction error (the OOB error rate) is 

obtained as part of the process by using each tree to classify its associated out-of-bag (OOB) data 

that were not used to train the tree (red boxes). In the modified RF++ algorithm for clustered data, 

the circles 1-12 represent clusters of correlated data points so that each OOB sample is 

independent from the bootstrapped (in-bag) sample used to train each tree. The predicted class for 

a new data point (green boxes) is the class receiving the majority vote across all n trees. 
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Permutation-based variable importance for each predictor variable i is computed as the average 

increase in the proportion of misclassified OOB observations associated with a tree when variable 

i is randomly permuted in the OOB observations before using the tree to classify the OOB sample 

(permutation-based variable importance is not represented in the diagram). 
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Fig. 3. Error rates for models obtained through recursive feature elimination. Rates are shown for 

progressively simpler models, where the variable with the lowest permutation-based variable 

importance score is removed before the next random forest is built. Numbers and variable names 

on the x-axis represent the number of variables in each model and the lowest scoring variable in 

each successive model, respectively. Open points represent error rates at the sample level, and 

filled points represent error rates at the lake level (majority observed class compared to majority 

predicted class). Black circles represent total overall error rates at the sample level (Total: 

Sample) and lake level (Total: Lake), blue squares represent error rates for samples with observed 

TP below 50 μg/L (Stable-Clear: Sample) or lakes with a majority of TP observations below 50 

μg/L (Stable-Clear: Lake), green triangles represent error rates for samples with observed TP 

above 50 μg/L (Bistable-Turbid: Sample) or lakes with a majority of TP observations above 50 

μg/L (Bistable-Turbid: Lake). The model with the lowest error rates and fewest predictors (i.e., 

the most parsimonious model) occurred with six predictor variables remaining: 

PercentWoodland, lnDisturbed, CLAY_L1, Province, SILT_L1, SILT_1.5m. See Table 1 for 

descriptions of predictor variables. 
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Fig. 4. Pearson correlation coefficients and pairwise plots of the six predictor variables in the 

parsimonious model. Red lines are smoothed curves through the data. For Province, 1=Laurentian 

Mixed Forest Province, 2=Eastern Broadleaf Forest Province, 3=Prairie Parkland Province; 

Eastern Broadleaf Forest Province is a transitional zone between the other two provinces. 

Descriptions of other predictor variables can be found in Table 1. 
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Fig. 5. The out-of-bag probability a lake is in the bistable-turbid TP class (i.e., the percentage of 

trees voting for class “bistable-turbid”) in the parsimonious random forest model plotted against 

the six predictor variables. Black lines are smoothed curves produced using the ‘loess’ function in 

program R. Descriptions of predictor variables can be found in Table 1. 
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Fig. 6. The out-of-bag probability a lake is in the bistable-turbid TP class (i.e., the percentage of 

trees voting for class “bistable-turbid”) in the parsimonious random forest model plotted against 

the natural logarithm of median lake TP. Lakes for which the predicted classification did not 

match the majority observed classification (majority observed class matches the class associated 

with median lake TP for this study) are identified with symbols (see legend). The vertical solid 

line is located at log(50)=3.91, which distinguishes the two TP classes. The horizontal dashed line 

is located at P(bistable-turbid)=0.50, designating the point at which half of the trees in the random 

forest voted for the bistable-turbid class (i.e., the boundary determining predicted class). The 

horizontal dotted lines are located at P(bistable-turbid)=0.30 and P(bistable-turbid)=0.70, 

defining a region for which the random forest model produces substantial classification 

uncertainty.
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CHAPTER 3 

Predicting transitions between clear and turbid alternative stable states in shallow lakes 

 

SYNOPSIS 

Successful conservation of ecosystems exhibiting alternative stable states requires tools to 

accurately classify states and quantify the risk of state transitions. Using short time series from 

123 shallow Minnesota lakes, we developed an integrated framework to (1) classify clear and 

turbid states in a way that reflects the qualitative dynamics of catastrophic regime shifts, (2) 

estimate state transition probabilities, and (3) identify top predictors of state transitions. We found 

that clear lakes with high total phosphorus and/or low occurrence of submerged vegetation were 

more likely to transition to the turbid state; increases in plankti-benthivorous fish biomass also 

elevated transition risk. Our study will inform future conservation strategies for shallow lakes by 

providing a tool to classify lake states and compare relative transition risk among clear lakes. 

Additionally, our approach is instructive for future state classification efforts and transition risk 

assessment in other ecosystems known to exhibit alternative stable states.   

 

INTRODUCTION 

The existence of alternative stable states in various ecosystems, ranging from coral reefs to 

deserts, is supported by a substantial body of evidence (Scheffer 2001). These ecosystems 

sometimes undergo abrupt, dramatic shifts to alternate states but may show seemingly little 

response to changing environmental conditions preceding a shift. Once ecosystems shift to an 

alternate state, it may be difficult or even impossible to restore the system to the previous state by 

reversing the conditions that led to the transition (Carpenter et al. 1999).  Thus, to prevent shifts 

to persistent unhealthy states, conservation planners and managers need tools to accurately assess 

the site-specific transition risk of different ecosystems. 
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The strongest evidence for alternative stable states comes from studies of shallow lakes, 

and it is widely recognized that shallow lakes undergo catastrophic shifts between two stable 

states: a clear-water state that typically supports abundant submerged aquatic vegetation (SAV) 

and a turbid-water state with frequent algal blooms and sparse SAV (Phillips et al. 2016). SAV 

sustains invertebrate communities that provide important food sources for waterfowl, but the 

abundance and diversity of SAV are reduced in the turbid, algae-dominated state. Parasites 

associated with amphibian malformations likely have higher prevalence in turbid lakes (Johnson 

and Chase 2004), and nitrogen may accumulate at higher rates (Ginger et al. 2017). To maintain 

high water quality and habitat for wildlife, it is essential to identify drivers of shallow lake state 

transitions and to assess the vulnerability of clear lakes to turbid shifts. 

Much is known about the complex ecological and physical mechanisms responsible for 

maintaining the stability of alternative states in shallow lakes (Scheffer et al. 1993). In the turbid 

state, high phytoplankton abundance limits light reaching the lake bottom and restricts SAV 

growth. When SAV is sparse, benthivorous fish and waves easily disturb sediments. Suspended 

sediments further increase turbidity, and mobilized P stimulates even higher phytoplankton 

growth rates. In contrast, SAV typically remains widely distributed in clear lakes and helps 

maintain water clarity by stabilizing sediments and storing nutrients (Søndergaard et al. 2003). 

Charophytes (Chara spp.) often accompany clear-water conditions and are believed to release 

algal toxins (Berger and Schagerl 2004) and provide refuge for zooplankton, which may further 

reduce the phytoplankton population and help stabilize clear-water conditions.  

Theoretical models are useful for understanding how changing conditions can influence 

which states are possible for an ecosystem. For example, models describing shallow lake 

dynamics (Fig. 1, modified from Scheffer et al. (1993)) reveal a hysteretic response of lake state 

to changing nutrient levels. At low nutrient levels (left of “tip down” point in Fig. 1), lakes can 

only exist in the clear state. At high nutrient levels (right of the “tip up” point in Fig. 1), lakes 
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only exist in the turbid state. In between these two tipping points is the bistable region in which 

two different stable states are possible under the same nutrient conditions. Lakes will tend to the 

turbid state in the bistable region if initial conditions are above the unstable line and to the clear 

state if initial conditions are below the unstable line. 

The bifurcation diagram is also useful for understanding temporal dynamics and shifts 

between states. If a clear lake’s nutrient level increases beyond the “tip up” bifurcation point, the 

lake will transition to the turbid state with low SAV. Once SAV is lost, sediment resuspension 

becomes hard to control, and nutrient levels must be reduced to the lower “tip down” bifurcation 

point to reverse the state shift (Scheffer and Carpenter 2003). Further, as nutrient levels increase 

in the bistable region, the resilience (i.e., the distance between the stable line and the unstable 

line) of the clear state decreases while the resilience of the turbid state increases. Perturbations 

may induce a state transition by forcing a lake within the bistable region across the unstable line 

and into the basin of attraction of the other state, and the resilience of each state is indicative of 

the strength of perturbations necessary to push the system into the alternate state. For example, 

transitions from the turbid to clear state have been achieved by reducing plankti-benthivorous fish 

stocks through biomanipulation, which results in increased grazing on algae by zooplankton 

(Jeppesen et al. 2009). However, these transitions may be short-lived due to the return of strong 

cohorts of fish, for example, or low resilience of the clear state caused by persistent internal 

loading of phosphorus (Søndergaard et al. 2007). 

Successful conservation of shallow lakes and other ecosystems that exhibit alternative 

stable states requires tools to both accurately classify states and quantify the risk of systems to 

state transitions. Early warning signals offer a promising approach for predicting impending state 

transitions, and scientists have demonstrated that the approach can predict transitions in lakes 

(Carpenter et al. 2011, Wilkinson et al. 2018). However, the use of early warning signals requires 

fine-scale temporal data acquired by placing sondes in lakes of interest, which may be difficult to 
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implement on a broad spatial scale. Additionally, certain biological variables may be important 

for assessing ecosystem state or resilience but cannot be measured with sondes, such as SAV 

occurrence. An alternative approach for assessing transition risk is to develop predictive models 

for state transitions using short time series of comprehensive field data from many sites and over 

a broad range of conditions. These types of data are often already collected as part of monitoring 

efforts by natural resource agencies, providing an opportunity to repurpose these high quality data 

to model state transition risk and inform management. Other studies have used similar datasets to 

evaluate the stability of states and to associate transitions with changing conditions in lakes (e.g., 

Bayley et al. (2007); Zimmer et al. (2009)). However, an integrated framework has not been 

developed to simultaneously (1) classify states in a way that accounts for the qualitative dynamics 

of catastrophic regime shifts, (2) estimate state transition probabilities, and (3) identify top 

predictors of state transitions. 

 Vitense et al. (2018) developed a modeling framework to improve classification accuracy 

of attracting states in shallow lakes compared to previous methods. The framework specified 

state-dependent relationships between total phosphorus (TP) and chlorophyll a (chl a), 

incorporating TP tipping point estimation, and including constraints to ensure model fits matched 

the shape of a cusp catastrophe bifurcation diagram (Fig. 1). Here, we extend the modeling 

framework in Vitense et al. (2018) to allow for temporal dynamics and estimation of state 

transition probabilities using short time series from 123 shallow Minnesota lakes. We assess how 

transition probabilities depend on what we term “resilience predictors” (e.g., current nutrient 

levels) and “perturbation predictors” (e.g., change in fish biomass), and identify top predictors of 

transitions using indicator variable selection. The information provided by our study will inform 

future conservation strategies for shallow lakes by providing a tool to classify lake states and 

compare transition risk among lakes based on resilience and perturbation variables. Additionally, 
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our modeling framework will be instructive for efforts to classify states and assess vulnerability 

to transitions in other ecosystems known to exhibit alternative stable states. 

 

MATERIALS AND METHODS 

Data 

We sampled 123 lakes in Minnesota, USA once in July during each of three consecutive years, 

2009-2011. A stratified random sampling design was used to select study lakes, with an 

approximately equal number of lakes randomly selected from five study areas spanning three 

ecoregions (Laurentian Mixed Forest Province, Eastern Broadleaf Forest Province, Prairie 

Parkland Province). Mean lake area was 22.9 ha (range 1.7-234.5 ha) and average maximum lake 

depth was 1.7 m (range 0.3-5.4 m). Water samples were collected at two stations in each lake-

year and frozen until analysis, with total phosphorus (TP) analyzed by persulfate digestion and 

ascorbic acid colorimetry, and total nitrogen (TN) by persulfate oxidation and second derivative 

spectrophotometry. Two samples for chl a were collected at the same time and place as TP and 

TN by filtering water through GF/F filters. The filters were frozen until analysis by acetone 

extraction and flourometric analysis. We used averaged chl a (μg/L), TP (μg/L), and TN (μg/L) 

values for each lake-year for analysis. Submerged aquatic vegetation was sampled with a 

weighted plant rake using methods modified from Deppe & Lathrop (1992). Plants were sampled 

at 15 stations spaced evenly along three transects in each lake by dragging the rake across 3 m of 

lake bottom and weighing plant biomass (wet weight) collected on the rake. The average SAV 

biomass (kg) across the 15 stations and proportion of vegetated stations for each lake-year were 

used for analysis. Lake maximum depth (m) was measured either once (23 lakes) or yearly (100 

lakes) by measuring depths along parallel transects spaced throughout the open water zone of 

each site.  
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Fish presence-absence, biomass, and community composition were determined each year using a 

combination of gears deployed overnight. Three mini-fyke nets targeting minnows and juvenile 

fishes (6.5-mm bar mesh with 4 hoops, 1 throat, 7.62 m lead, and a 0.69 X 0.99 m rectangular 

frame opening into the trap) were set overnight in the littoral zone of each lake. One experimental 

gill net targeting larger-bodied fish species (2 m by 61 m multifilament net with 19.0, 25.0, 32.0, 

38.0, and 51.0-mm bar meshes) was deployed along the deepest depth contour in lakes less than 2 

m deep or along a 2 m contour in lakes with sufficient depth. The protocol outlined above has 

been effective in sampling fish assemblages in small lakes in Minnesota (Herwig et al. 2010). All 

fish sampled were sorted by species and weighed in bulk. Data were summarized as presence-

absence and total biomass (kg) collected in the four nets of fish species belonging to each major 

feeding guild (planktivores, benthivores, and piscivores).  

 

Models 

We fit three variants of a hidden Markov model (HMM) to the shallow lake data. The first model 

formulation incorporates estimation of TP tipping points to aid in state classification, as in 

Vitense et al. (2018). However, as explained below, this model structure allows transition 

probabilities to be estimated using only lake-year pairs in which the TP value of the later year 

falls within the bistable region (i.e., between the two tipping points). To resolve this issue, the 

second model fixes TP tipping points at the estimates from the first model to allow estimation of 

transition probabilities using all lake-year pairs. Finally, the third model formulation allows 

transition probabilities to depend on additional covariates beyond lake state.  

 

Model 1: HMM with TP tipping point estimation 

For Model 1, the state (clear/turbid) of lake i in year t is a latent variable, and chl a concentration 

and SAV biomass are observed variables with probability distributions that depend on the 
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underlying state. We defined relationships between the natural logarithms of TP and chl a using 

log-linear models with state-dependent intercepts, slopes, and variances (Eqs. 3.1-3.3).  
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We assumed SAV biomass follows a gamma distribution, where the expected value is a linear 

function of lake depth, and all parameters except d below are state dependent (Eqs. 3.4-3.6). We 
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Additionally, lake state follows a Bernoulli distribution, where the probability lake i is in the clear 

state at year t depends on the lake’s state in year t-1 (Eqs. 3.7-3.8). However, if a lake’s TP level 

was below the TP tip down point parameter ( 1   on the log scale) at time t, its probability of 

being clear at time t was set to 1 to ensure the lake was classified as clear. Similarly, if a lake’s 

TP level fell above the TP tip up point parameter ( 2  on the log scale) at time t, its probability of 

being clear at time t was set to 0. 

  , , ~S a Bt te erni t i tp   (3.7) 
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We defined the initial state distribution for observations in the first year (2009) similarly (Eqs. 

3.9-3.10). 
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We included a constraint to force the line connecting the turbid line at 
  
log(TP

i,t
) = p

1
 to the clear 

line at 
  
log(TP

i,t
) = p

2
 to have either a negative or flat slope (Eq. 11), and we used priors for 0b  

and 1b  to ensure the slopes describing the relationships between TP and chl a were positive (Eq. 

3.12). This model structure reflects the steady state relationships characteristic of a cusp 

catastrophe bifurcation diagram (Fig. 1). All other priors were weakly informative. 
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Inclusion of TP tipping points and constraints on the shape of the TP-chl a relationships have 

been shown to improve classification accuracy of alternative stable states compared to previously 

used classification methods, such as k-means clustering (Vitense et al. 2018a). However, the 

formulation in Eq. 3.8 dictates that transition probability parameters ( CCp  and TCp ) are estimated 

using only adjacent lake-year pairs (times t-1 and t) in which the TP level of lake i at time t falls 
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within the bistable region (i.e., between 
 
p

1
 and 

 
p

2
). Otherwise, the transition probabilities are set 

to 0 or 1 to ensure the state classifications are consistent with the implied bifurcation diagram. An 

undesirable consequence of this framework is that estimated transition probabilities do not 

account for lakes that move out of the bistable region by crossing tipping points, clear lakes with 

TP levels consistently below the tip down point, or turbid lakes with TP levels consistently above 

the tip up point. Thus, we developed the formulation in Model 2. 

 

Model 2: HMM with fixed TP tipping points 

In the second model formulation, we refit the model above but used fixed TP tipping points based 

on posterior modes for 
 
p

1
 and 

 
p

2
 from Model 1. Here, state is a partially latent variable in which 

states were fixed for lake-years with TP levels falling outside the fixed bistable region so that the 

transition probabilities no longer needed to be conditioned on TP as in Eq. 3.8. However, we still 

allowed the model to classify lake states within the bistable region due to the considerably greater 

uncertainty of state classifications in this region. Thus, Eq. 3.8 simplifies to 
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and Eqs. 3.9-3.10 simplify to 

  , 2009 ~ Bern .Statei    (3.14) 

The rest of the formulation remains the same as in Model 1, except that priors are no longer 

needed for 
 
p

1
 and 

 
p

2
. This formulation allows transition probabilities and f  to be estimated 

using all of the data. 

 

Model 3: HMM with transition probabilities dependent on resilience and perturbation variables 
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For the third model formulation, we used logistic regression and indicator variable selection to 

identify top predictors of state transitions. TP tipping points were fixed as in Model 2 so that all 

data were allowed to inform estimates of transition probabilities. We used the Kuo & Mallick 

(1998) approach to indicator variable selection (reviewed in O’Hara & Sillanpää (2009)), where 

an indicator variable is introduced for each covariate denoting whether or not the variable is 

included in the model (Eq. 3.15). We allowed the logit of the transition probabilities to be equal 

to a linear combination of all considered covariates, where the coefficient for variable j is 

, {C or T} , {C or T}j jI   and is dependent on the state at time t-1 (Eq. 3.16). The state-dependent 

indicator variables follow Bernoulli distributions, and we set a prior on the inclusion probabilities 

  
(q

C
 and q

T
) for each variable to reflect our uncertainty about the degree of sparsity of the model 

(Eq. 3.17).  
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We considered 12 covariates, which are a mix of what we term “resilience predictors” 

and “perturbation predictors.” Resilience predictors reflect transition risk under current conditions 

(i.e., they are measured at time t-1), and perturbation predictors reflect disturbances that may 

force a lake into the alternate state (i.e., measured change between time t-1 and t). The resilience 

predictors included log(TP), log(TN), SAV occurrence (proportion of vegetated stations, denoted 

%SAV), presence/absence and biomass of planktivores, benthivores, and piscivores (denoted 
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PlankPres, PlankMass, BenthPres, BenthMass, PiscPres, PiscMass). We centered log(TP) at 
 
p̂

1
 

(estimated from Model 1) and centered log(TN) at its observed mean. We scaled the fish biomass 

variables by dividing each by its respective sample standard deviation. We also considered 3 

perturbation predictors: change in planktivore, benthivore, and piscivore biomass between years 

t-1 and t (denoted ΔPlankMass, ΔBenthMass, ΔPiscMass). We scaled the change in fish biomass 

variables by dividing each by its respective sample standard deviation. We used  priors 

for all coefficients, , {C or T}j .  

 

Model implementation 

We fit all models in JAGS (Plummer 2003) using the R package R2jags (Su and Yajima 2015). 

We ran three chains for Model 1, each for 1 million iterations with a burn-in of 200,000 and 

thinning rate of 240. We ran three chains for Models 2 and 3 for 500,000 iterations with a burn-in 

of 100,000 and thinning rate of 120. We confirmed model convergence using trace plots and the 

Gelman-Rubin convergence statistic (Gelman and Rubin 1992). 

 

RESULTS 

All models successfully converged (i.e., Gelman-Rubin convergence statistics were less than 1.1 

for all model parameters).  

 

Model 1: HMM with TP tipping point estimation 

The exponentiated posterior modes for 
 
p

1
 and 

 
p

2
with 95% credible intervals were 43.6 (24.2, 

53.3) and 346.7 (340.0, 528.5), respectively. We also report below the estimated transition 
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probability matrix (posterior medians with 95% credible intervals, Eq. 3.18), but we note that  

only captures transitions that end in the bistable region, as explained above.  

 
0.72 (0.57,0.85) 0.28 (0.15,0.43)

0.11 (0.03,0.26) 0.89 (0.74,0.97)
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TC TT
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  (3.18) 

 

Model 2: HMM with fixed TP tipping points 

We set the TP tip down point to 43 μg/L and the TP tip up point to 350 μg/L for Model 2. We 

arrived at these numbers by slightly rounding down the tip down point estimate and rounding up 

the tip up point estimate from Model 1 above to avoid assigning state classifications for uncertain 

lakes that were right on the cusp of the bistable region. 

The turbid and clear states were both estimated to be highly stable. The estimated 

transition probability matrix (posterior medians with 95% credible intervals) is 

 
0.91 (0.87,0.95) 0.09 (0.05,0.13)

0.12 (0.03,0.25) 0.88 (0.75,0.97)
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TC TT

p p
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  (3.19) 

The fitted TP-chl a relationships and state classifications are characteristic of a cusp catastrophe 

bifurcation diagram, as intended, though there is some overlap of state classifications in the 

bistable region (Fig. 2). Additionally, expected SAV biomass decreases as maximum lake depth 

increases, and less SAV is expected in turbid lakes than clear lakes at a given lake depth (Fig. 2). 

 

Model 3: HMM with transition probabilities dependent on resilience and perturbation variables 

The most frequently sampled combination of predictors for the clear-to-turbid transitions 

contained change in benthivore biomass (ΔBenthMass), TP, SAV occurrence (%SAV), and 

change in planktivore biomass (ΔPlankMass) (Table 1). Change in benthivore biomass was 

included in the most models sampled overall (100.0%), followed by TP (99.8%), SAV occurrence 

(93.4%), and change in planktivore biomass (92.5%) (Table 2). The next most frequently sampled 
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predictor (piscivore presence) occurred in only 39.5% of models. TN also occurred in a low 

percentage of models (35.9%). Clear lakes were more likely to transition to the turbid state when 

benthivore and/or planktivore biomass increased between years (Fig. 3). Additionally, clear lakes 

were more likely to transition at higher levels of TP or lower SAV occurrence. However, our 

model suggests that clear lakes can withstand high TP levels if SAV occurrence is high and 

planktivores and benthivores do not increase between years (Fig. 3). 

 The most frequently sampled model for the turbid-to-clear transitions contained only the 

intercept (i.e., an indicator variable denoting the lake is in the turbid state) and no additional 

predictors (Table 1). The next most frequently sampled model contained only benthivore 

biomass, and this variable was also the most frequently included predictor across all models 

(57.8%, Table 2). Only four turbid-to-clear transitions were estimated to have occurred in these 

data, which was likely too few to accurately identify predictors of transitions in this direction. 

 

DISCUSSION 

We developed a new modeling framework that (1) uses the qualitative dynamics of catastrophic 

regime shifts to inform classification of alternative stable states, (2) estimates state transition 

probabilities, and (3) identifies top resilience and perturbation variables and quantifies their 

influence on transition probabilities. Our approach accommodates the use of short time series data 

collected at a large number of sites, affording researchers and managers the opportunity to 

repurpose datasets frequently acquired by natural resource agencies to quantify transition risk for 

systems known to exhibit alternative stable states. Below, we discuss our specific results for 

shallow lakes in the context of previous research and highlight how our model can be used to help 

prioritize shallow lakes and other systems for conservation efforts.  

 

Estimating state transition probabilities in shallow lakes 
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Models 1 and 2 both indicate that clear and turbid states are highly stable in Minnesota shallow 

lakes. Clear and turbid lakes both have a ~90% chance of remaining in their current state 

according to Model 2. However, the estimated transition probability matrices differed between 

Models 1 and 2 because Model 1 does not account for lake-year pairs that end outside the bistable 

region. That is, transition probabilities for Model 1 were estimated only for lakes located in the 

bistable region or that moved into the bistable region. Thus, we might expect Model 1 to produce 

higher estimates of transition risk. Indeed, clear lakes had an estimated 28% chance of 

transitioning in Model 1 versus 9% in Model 2.  In this study, the difference was primarily due to 

the exclusion of several highly stable clear lakes with low TP levels outside the bistable region in 

Model 1. However, this pattern may not always hold and will depend on the system and sample. 

For example, if a larger number of transitions had occurred in our sample by crossing tipping 

points (which are not accounted for in Model 1), Model 1 could have produced lower estimates of 

transition risk compared to Model 2. Thus, if Model 1 is used to estimate a transition probability 

matrix, we recommend a thorough investigation of how transitions tend to occur in the system 

(crossing tipping points vs. crossing the unstable line in the bistable region) and which types of 

sites are excluded for Model 1. For our purposes, we used Model 1 primarily to produce estimates 

of the tipping points and then refit the model with tipping points fixed at these estimates (i.e., we 

refit the model with the formulation in Model 2).  

 However, the results from Model 3 indicate that not all clear lakes have the same 

probability of transitioning. The top predictors of clear-to-turbid transitions were a mix of 

resilience variables (current TP level and SAV occurrence) and perturbation variables (change in 

benthivore and planktivore biomass). An increase in benthivorous and/or planktivorous fish 

between years sharply increased the chance a clear lake transitioned to the turbid state, and clear 

lakes with high TP and/or low SAV occurrence were more likely to transition to the turbid state. 

Our model indicates that clear lakes can withstand high TP levels up to the tip up point if SAV 
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occurrence is high (and planktivores and benthivores do not increase between years), congruent 

with previous observations of shallow lakes (Bayley et al. 2007).  

 Our results are also consistent with studies of drivers of state transitions in shallow lakes. 

In Minnesota, TP and proportional change in combined planktivore and benthivore biomass have 

been shown to be strong predictors of lakes that transition in either direction (Zimmer et al. 

2009). Similarly, TP and combined planktivore and benthivore biomass are key explanatory 

variables of concurrently measured chl a levels in Minnesota (Gorman et al. 2014). Indeed, high 

TP levels, loss of SAV, and plankti-benthivorous fish have long been associated with transitions 

to the turbid state (Scheffer 1998). Our study builds upon these previous works by providing an 

integrated framework to more accurately classify lake states while simultaneously identifying the 

most informative resilience and perturbation predictors to monitor for assessing state transition 

risk in a population of lakes. Our model explicitly quantifies the probability a clear lake 

transitions as a function of TP, SAV occurrence, and change in benthivore and planktivore 

biomass and further identifies change in benthivore biomass as the top driver of clear-to-turbid 

shifts in Minnesota shallow lakes.  

Although change in biomass of both planktivores and benthivores were predictive of 

clear-to-turbid transitions in our study, the piscivore variables were not included in the top model, 

suggesting that plankti-benthivorous fish populations have a more primary influence on stability 

than piscivores. Our results can be interpreted in light of previous work finding that piscivore 

biomass is correlated with both planktivore and benthivore biomass, but piscivore biomass does 

not ultimately explain phytoplankton abundance in Minnesota (Friederichs et al. 2011). 

Piscivores likely do impact clear-to-turbid transition risk to some extent, but their influence is 

weak because it is mediated through complex interactions with other fish. We note that piscivore 

presence was included in our second most frequently selected model and was estimated to 

decrease the probability a clear lake transitioned. 
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The top predictor of turbid-to-clear transitions was current benthivore biomass, but no 

additional predictors were included in the top model beyond the lake’s turbid state. 

Unfortunately, only a few turbid lakes transitioned to the clear state in our dataset, which we 

believe was insufficient to identify predictors of these transitions. These lakes were not 

manipulated, and the conditions leading to the degraded condition of the turbid lakes likely did 

not change enough on their own during the study to induce many shifts to the clear state. We note 

that the few turbid lakes that did transition all experienced substantial declines in planktivore 

and/or benthivore biomass between years. Accordingly, biomanipulation through reductions in 

fish stocks is a commonly employed management tactic for encouraging turbid lakes to shift to 

the clear state, with varying degrees of success reported (Jeppesen et al. 2007a). Additional data 

are needed to identify top turbid-to-clear predictors and quantify their impact on transition risk 

with our modeling framework, possibly by manipulating lakes to induce transitions. 

 

Implications for conservation and future work 

To successfully conserve shallow lakes and other ecosystems that exhibit alternative stable states, 

we need to both accurately identify attracting states and quantify the probability of state 

transitions for individual sites. We developed a new modeling framework grounded in alternative 

stable state theory that both accurately classifies attracting states and identifies the most 

informative set of predictors to consider when assessing state transition risk. For shallow lakes in 

Minnesota, we found that the top predictors of clear-to-turbid transitions are a mix of resilience 

and perturbation variables. That is, our study demonstrates that it is necessary to consider both the 

resilience of a lake (as measured by current nutrient levels and SAV cover) as well as possible 

strength of perturbations (as measured by increases in plankti-benthivorous fish populations) 

when assessing transition risk in clear lakes. Our model also suggests that the strongest driver of 

clear-to-turbid transitions in Minnesota shallow lakes are increases in benthivorous fish 
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populations; namely, black bullheads and common carp. Thus, efforts to remove and prevent 

(re)colonization of lakes by these benthivorous fish would provide crucial protection for clear 

lakes in Minnesota. Additionally, reducing TP levels (e.g., by decreasing external P loading or 

inactivating sediment P) or encouraging the expansion of SAV cover (e.g., by conducting water-

level drawdowns) can substantially reduce the probability a clear lakes transitions by increasing 

the resilience of the clear state. 

Our model can also be used to help prioritize clear lakes for management actions 

according to their relative transition risk. The model produces estimates of the probability a clear 

lake transitions as a function of current TP levels, current SAV occurrence, and future changes in 

benthivore and planktivore biomass. Thus, the fitted model serves as a tool whereby managers 

can input real data for a set of lakes, assign predicted states to the lakes, and compare the relative 

predicted transition risk of the clear lakes. Inputs for relative transition risk include measured TP 

and SAV occurrence, and future changes in fish populations can either be set to zero or managers 

can explore how relative transition risk changes as a function of hypothetical changes in fish 

biomass. 

Finally, our approach will prove useful for future efforts to improve state classification 

accuracy and predict transitions in other ecosystems known to exhibit alternative stable states. 

Our modeling framework can be modified by substituting in appropriate state, resilience, and 

perturbation variables for other systems. Further, our approach utilizing short time series from 

many sites affords opportunities to repurpose similar datasets that may already be collected by 

natural resource agencies to assess transition risk in other ecosystems exhibiting alternative stable 

states. 
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Table 1. Top ten combinations of predictors for clear-to-turbid (C-T) transitions and turbid-to-

clear (T-C) transitions. The model proportion columns denote the proportion of MCMC samples 

in which the particular combination of predictors was selected. 

C-T models 

C-T model 

proportions T-C models 

T-C model 

proportions 

ΔPlankMass + ΔBenthMass + TP + %SAV 0.1138 (intercept only) 0.1669 

PiscPres + ΔPlankMass + ΔBenthMass + TP + 

%SAV 0.0505 BenthMass 0.0444 

ΔPlankMass + ΔBenthMass + TP + %SAV + TN 0.0391 ΔBenthMass + BenthMass 0.0211 

PiscPres + ΔPlankMass + ΔBenthMass + TP + 

%SAV + TN 0.0323 TP 0.0192 

ΔPlankMass + ΔBenthMass + TP + PlankMass + 

%SAV 0.0314 TN 0.0191 

ΔBenthMass + TP + %SAV 0.0275 PiscPres + BenthMass 0.0155 

ΔPlankMass + ΔBenthMass + TP + BenthMass 

+ %SAV 0.0232 BenthPres 0.0145 

ΔPlankMass + ΔBenthMass + TP 0.0184 PlankPres 0.0144 

PiscPres + ΔPlankMass + ΔBenthMass + TP + 

BenthMass + %SAV 0.0179 

BenthPres + ΔBenthMass + 

BenthMass 0.0134 

PlankPres + ΔPlankMass + ΔBenthMass + TP + 

%SAV 0.0177 PiscMass 0.0128 
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Table 2. Proportion of MCMC-sampled models in which each predictor was included for clear-

to-turbid (C-T) transitions and turbid-to-clear (T-C) transitions.  

C-T variables C-T variable proportions T-C variables T-C variable proportions 

ΔBenthMass 1.0000 BenthMass 0.5780 

TP 0.9975 PiscPres 0.3164 

%SAV 0.9339 ΔBenthMass 0.3136 

ΔPlankMass 0.9253 TN 0.2332 

PiscPres 0.3951 ΔPlankMass 0.2262 

TN 0.3593 PiscMass 0.2231 

PlankMass 0.2836 BenthPres 0.2199 

BenthMass 0.2736 TP 0.2156 

PlankPres 0.2012 PlankPres 0.2121 

BenthPres 0.1910 %SAV 0.1597 

PiscMass 0.1787 PlankMass 0.1092 

ΔPiscMass 0.1348 ΔPiscMass 0.1069 
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Fig. 1. Bifurcation diagram describing shallow lake dynamics. Below the tip down point, only the 

clear stable state is possible. Above the tip up point, only the turbid stable state is possible. In 

between the tipping points, either state is possible depending on initial conditions. Lakes may 

switch states when tipping points are crossed due to changes in nutrient levels or when 

disturbances force lakes across the unstable line and into the alternate state. 
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Fig. 2. Fitted state-dependent relationships between (left panel) expected chlorophyll a (chl a) 

and total phosphorus (TP) and (right panel) expected submerged aquatic vegetation (SAV) 

biomass and maximum lake depth for the hidden Markov model with fixed TP tipping points 

(Model 2). Solid lines represent average estimated relationships across all Markov chain Monte 

Carlo (MCMC) samples, and dashed lines are 2.5th and 97.5th quantiles for the regression lines 

(blue=clear, green=turbid). The average MCMC sampled state for each lake-year in the bistable 

region is shown on a blue to green color gradient (0=clear, 1=turbid). Triangles represent lake-

years classified as turbid (>50% of MCMC sampled states were turbid), and circles represent 

lake-years classified as clear (>50% of sampled states were clear). In the left panel, the line 

representing the relationship between TP and chl a for clear lakes ends at the TP tip up point 

estimate (350 μg/L), and the line for turbid lakes ends at the TP tip down point estimate (43 

μg/L). Point size is proportional to SAV biomass. 
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Fig. 3. Probability a clear lake remains clear the following year as a function of current total 

phosphorus (TP) level, change in benthivore biomass between years, and change in planktivore 

biomass between years. Yellow and blue relationships represent submerged aquatic vegetation 

occurrence of 0% and 100%, respectively, and colored bands are 90% credible intervals. The left 

panel represents the influence of TP with no change in fish biomass between years. Vertical 

dashed lines occur at estimated TP tipping points. The middle panel shows the impact of change 

in benthivore biomass between years (with TP fixed at the tip down point and no change in 

planktivore biomass). The right panel displays the influence of change in planktivore biomass 

between years (with TP fixed at the tip down point and no change in benthivore biomass). For 

simplicity in interpretation, the model was refit to include only the four predictors in the top 

model (identified using indicator variable selection) to produce the fits shown here.
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CHAPTER 4 

Application to classify lake states and estimate transition probabilities 

 

SYNOPSIS 

We developed an R shiny application that outputs predicted lake state classifications and 

estimates of transition probabilities using lake data and the model from Chapter 3. The user inputs 

observed or hypothetical values for total phosphorus (TP), chlorophyll a, submerged aquatic 

vegetation (SAV) biomass, and maximum depth. In turn, the user receives a predicted state (clear 

vs. turbid) and the probability the lake is in the predicted state. For lakes classified as clear, the 

user may input observed or hypothetical values for TP, SAV occurrence, change in benthivore 

biomass, and change in planktivore biomass to receive an estimated probability that the lake will 

remain clear or transition to the turbid state. For lakes classified as turbid, the application 

produces the probability that the lake will remain turbid (or transition to the clear state). These 

probabilities are the same for all turbid lakes due to insufficient data to identify additional drivers 

of turbid-to-clear transitions. The application contains figures for observed relationships between 

the input variables for both clear and turbid lakes to help guide the user when inputs are 

unknown. 

 

INTRODUCTION 

Lake managers need tools to accurately classify shallow lake states as clear or turbid and to 

quantify the risk of state transitions. The model we developed in Chapter 3 fulfills both of these 

needs. The fitted model can be used to classify lake states as clear or turbid based on measured 

chlorophyll a (Chla), total phosphorus (TP), submerged aquatic vegetation (SAV) biomass, and 

maximum depth. The model also produces estimates of the probability a clear lake transitions to 

the turbid state as a function of current TP levels and SAV occurrence, as well as future changes 
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in benthivorous and planktivorous fish biomass. Thus, the fitted model serves as a tool whereby 

managers can input real data for a set of lakes, assign lake state classifications, and compare the 

predicted transition risk of the clear lakes. The estimates of transition risk will allow managers to 

identify vulnerable clear lakes and possibly intervene before lakes shift to the turbid state. 

Additionally, managers can prioritize lakes for management actions by comparing the relative 

transition risk among lakes according to observed or hypothetical changes to nutrient levels and 

biological communities, resulting in more efficient allocation of limited resources. 

 We developed a user-friendly application that allows users to input lake data and receive 

a predicted state classification and estimate of transition risk based on the fitted models of 

Chapter 3. Managers can use this information to prioritize lakes for management intervention as 

described above. This tool may also aid in planning future sampling efforts by allowing users to 

assess whether enough information is available to confidently develop a management plan for a 

lake, and if not, what kind of data would help reduce uncertainty in the state classification or 

estimated transition probability. Below, we restate the model from Chapter 3, derive predicted 

state classifications and transition probabilities for newly observed lakes, and describe the 

application. 

 

CLASSIFYING STATES AND ESTIMATING TRANSITION PROBABILITIES FOR 

NEWLY OBSERVED LAKES 

Restatement of model from Chapter 3 

We used the hidden Markov model (HMM) from Chapter 3 to classify states of newly observed 

lakes and estimate state transition probabilities. In the HMM, chlorophyll a (Chla) and submerged 

aquatic vegetation (SAV) are observed random variables whose distributions depend on the 

hidden state (clear vs. turbid). For simplicity, we assumed that Chla and SAV are independent 

after conditioning on the hidden state. We also assumed that the distribution of Chla depends on 
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observed total phosphorus (TP) and the distribution of SAV depends on observed depth. We 

allowed transition probabilities to depend on covariates in Model 3 from Chapter 3 and found that 

a lake’s current levels of TP and SAV occurrence, as well as changes in planktivorous and 

benthivorous fish populations between years, are predictive of clear-to-turbid transitions. We also 

found that no additional covariates were identified to predict turbid-to-clear transitions beyond 

the current turbid state of the lake, likely because only a few of these transitions occurred in the 

data used to train the model.  

We use this model (Model 3) from Chapter 3 to classify states and predict next year’s 

state. We restate the model below using abbreviated notation to simplify the derivation of 

predicted states in the following subsection, where C is Chla, V is SAV, P is TP, D is depth, and S 

is the partially latent state (clear or turbid). Data used to fit model consisted of 123 lakes 

{1,2,...,123})(i  measured once in each of three consecutive years {0,1,2})(t . 

    2
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Note that we let 
2

,  , , /i t i ti t v   and  ,,  ,/i t i ti t v   such that   , , it tiE V   and    ,, .var t i ti vV  ). 

For t=0:  
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  , 0 ~ Bern .iS    (4.7) 

For t=1,2: 

  , , ~ Berni t i tS p   (4.8) 

If , 1i tS   is clear:  

, , 1 , 1 Plank , 1 Benth , 10, C P Vlogit( ) lnPcent SAV% Plank Benthi i t i t i t it tp                , 

where , 1lnPcent i t  is log(TP) of lake i at year t-1 (centered at log(43), the estimated tip down 

point from Model 1 in Chapter 3); , 1SAV%i t  is SAV occurrence (0-100%) at t-1; , 1Plank i t  is 

change in planktivore biomass between years t-1 and t (in number of sample standard deviations); 

and , 1Benth i t  is change in benthivore biomass between years t-1 and t (in number of sample 

standard deviations).  

 

If , 1i tS   is turbid:  

T, 0, logit( )i tp   

 

We note that states, , Si t , were set to clear before fitting the model if lake TP was below 43 µg/L 

and to turbid if above 350 µg/L (the estimated tip down and tip up points from Model 1 in 

Chapter 3; see Chapter 3 for details). 

 

Classifying the state of a newly observed lake 

Let S  be the state of a new lake with observed random variables Chla ( )C  and SAV ( )V  with 

covariates TP ( )P , and depth ( )D . To classify the state of a new lake, we first check whether its 

TP value, P , falls within the estimated bistable region (i.e., where 43 ≤ P ≤ 350). If it falls 
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outside the bistable region, the lake is classified as clear if 43P   µg/L and turbid if 350P   

µg/L. If the lake is within the bistable region, we used the fitted model described above to classify 

the state by computing the probability the lake is in the clear state.  

 

Let:  

1 0 1 0 10( , , , , , )C a a b b   ; 

1 00 1( , , , , )V d   ; 

0, C 0, T P V Plank Benth ,  ,  , ) ,  ,( ,  S        ; 

tC , tV   are matrices for previously observed Chla and SAV random variables, respectively; 

tD  and tP  are predictor matrices for previously observed depth and TP covariates; 

tS  is the matrix for partially latent states of previously observed lakes; 

1 1 1 1lnPcent , SAV% ,  Plank , Bentht t t t     are matrices for previously observed centered TP, 

SAV occurrence, change in planktivore biomass, and change in benthivore biomass. 

 

In the interest of brevity: 

Let ( , )X D P , ( , )t t tX D P , 1 1 1 1 1T (lnPcent , SAV% ,  Plank , Benth )t t t t t       . 

 

We are interested in the probability a newly observed lake is in the clear state given observed 

values for C , V , P , D , and the data used to fit the model. That is, we want the following 

probability: 

 1( Clear | , , , , , ), , t t t t tS C V Xp C V X S T    (4.9) 

We have 

1( Clear | , , , , , ), , t t t t tS C V Xp C V X S T   
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Note that we can drop X  from the posterior because it is not a random variable. By conditional 

independence of C and V given S, independence of lakes, and dropping unneeded conditional 

dependencies, we have: 
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where we move the sum outside the integral in the denominator. 

We then plug in state-dependent parameter estimates at each MCMC iteration into the 

likelihood pieces to obtain approximations of the posterior predictive distributions under either

ClearS   or TurbidS  in Eq. 4.11. However, consider the term 1( ,| , )t t SS Tp S  . Note that we 
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do not have information about the new lake’s previous state to use the model’s transition 

probabilities for this probability term. We could treat the state of the new lake as if it follows the 

initial distribution for state (Eq. 4.7), in which case we would have 1Clear | ,( , )t t Sp S TS     

and 1Turbid | ,( , ) 1t t Sp S TS     . However, a better estimate of the probability a given lake 

in the bistable region is clear may be the proportion of all latent states within the bistable region 

that were classified as clear for the previously observed data (i.e., the proportion of tS  in the 

bistable region classified as clear). Thus, we use the proportion of latent states in the bistable 

region classified as clear vs. turbid (across all three years) at each MCMC iteration to 

approximate 1( ,| , )t t SS Tp S  .  

Then the estimated probability of the clear state (Eq. 4.11) is the average likelihood for 

observed values of C  and V  (given covariates P  and D ) across all MCMC iterations if the 

state is clear (weighted by the proportion of lakes classified as clear in the bistable region) 

divided by the sum of the average likelihoods if the state is clear vs. turbid (each weighted by the 

proportion of their respective state classifications in the bistable region). The probability the state 

is turbid is computed similarly or by subtracting this probability from 1. The state of the newly 

observed lake is then classified as clear if the probability the state is clear exceeds 0.5. This 

determination is equivalent to checking if the average likelihood of the data when the state is 

clear (weighted by the proportion of clear classifications in the bistable region) exceeds the 

average likelihood when the state is turbid (weighted by the proportion of turbid classifications in 

the bistable region). 

 

Estimating state transition probabilities 

Let tS  be the state of a newly observed lake, and let BSA )V t%(lnPcent , ,  Plank , en ht t t t tT    

be covariates for the clear-to-turbid transition probabilities as described above for this new lake 
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(analogous to 1tT   for the previously observed data). We are interested in the following 

probability: 

 1 1( Clear | , , , , , ),t t t t t t t tS S Tp C V X S T    (4.12)  

 

We can find 1 1( Turbid | , , , , , ),t t t t t t t tS S Tp C V X S T   by subtracting the above probability from 1. 

For simplicity, we treat the state of the lake, tS , as if it is a known covariate; i.e., the estimated 

transition probability does not account for uncertainty or randomness in the current state 

classification. We have: 

1 1( Clear | , , , , , ),t t t t t t t tS S Tp C V X S T   

1 1 1( Clear | , , , , , , ) p( | , , , , ,, , )

S

t t t t t t t t S S t t t t t t t Sp C V X S T C V X S T dS S T S T


       

 1 1( Clear | , ) p( | , , , , ),

S

t t t S S t t t t t Sp C V X S T dS S T


       (4.13) 

 

where we deleted unneeded conditional dependencies to arrive at Eq. 4.13.  

  

If tS  is clear: 

 P0, C P BV

1

1 lank enth
( Clear | Clear, ) logit lnPcent Plank Benth, SAV%

t t S t t t ttSp S T     


  
         

and if tS  is turbid:  

 T1 0, 

1( Clear | Turbid ) log t, it t Sp S S  

    . 

 

We can obtain the posterior predictive distribution of next year’s state (Eq. 4.13) by evaluating 

the above probabilities (corresponding to the appropriate state for tS ) at each MCMC iteration, 

plugging in observed or hypothetical values for the covariates ,lnPcent t SAV% ,t  ,Plank t and 
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Benth t  if the current state is clear. We may then compute posterior means and quantiles to 

obtain a point estimate and associated uncertainty for the transition probabilities.  

 

APPLICATION 

We developed an application that produces predicted lake state classifications and estimates of 

transition probabilities as derived above using the ‘shiny’ package in R (Chang et al. 2018). The 

user inputs observed or hypothetical values for total phosphorus (TP), chlorophyll a (Chla), 

submerged aquatic vegetation (SAV) biomass, and maximum depth. In turn, the user receives a 

predicted state (clear vs. turbid) and the probability the lake is in the predicted state based on the 

“Classifying the state of a newly observed lake” subsection above. However, there is an option in 

the app when determining state classifications to set 1e( , )Cl ar | ,t t Sp S TS   and 

1Turbid | )( , ,t t Sp S TS   both equal to 0.5 rather than using the proportion of latent states in the 

bistable region classified as clear vs. turbid in the training data to approximate these probabilities 

(see above). This is a way of forcing the state classification to be informed only by the likelihoods 

of Chla and SAV under the two competing state classifications and not also by the particular 

distribution of states in the sample used to train the model. 

For lakes classified as clear, the user may input observed or hypothetical values for 

current levels of TP and SAV occurrence, as well as change in benthivore and planktivore 

biomass (measured in number of sample standard deviations based on data used to train the 

model), and receive an estimated probability with 95% credible interval that the clear lake will 

remain clear or transition to the turbid state. Users can compare transition probabilities among 

clear lakes to determine which have greatest risk of transitioning and prioritize management 

efforts accordingly. Users may also try changing values for a particular lake to explore how 

transition risk changes depending on TP, SAV occurrence, and changes in fish biomass. For lakes 
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classified as turbid, the application produces the probability and 95% credible interval that the 

lake will remain turbid (or transition to the clear state); this probability is the same for all turbid 

lakes because the model did not identify additional covariates for these transitions. The estimate 

for the probability a turbid lake remains turbid is 0.89 (0.75, 0.97). 

The application contains figures (Figs. 1 and 2) displaying observed relationships 

between the input variables for both clear and turbid lakes to help guide the user when inputs are 

unknown. Users may input TP values ranging from 0-650 µg/L, 0-250 µg/L for Chla, 0-3 

kg/sample for SAV biomass, and 0-5.5 m for maximum depth to limit inference to observed 

ranges in the data used to train the model. However, the predictors also covary in the sample of 

lakes used to parameterize the model, and certain combinations of predictor values are unlikely to 

occur together. The app may produce strange state classifications in these cases for predictor 

values outside the convex hull of the observed data. Future versions of the app will include more 

guidance to help choose appropriate values for predictors (e.g., users will be warned when their 

inputs fall outside the range of the data used to parameterize the model).  
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Fig. 1. Observed relationships among the four variables used to classify state: chlorophyll a 

(Chla), total phosphorus (TP), submerged aquatic vegetation (SAV) biomass, and maximum 

depth. Blue dots are lake-years that were classified as clear, and green dots are lake-years that 

were classified as turbid. Vertical dashed lines are estimated TP tipping points (i.e., both the clear 

and turbid states are possible between the dashed lines). 
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Fig 2. Observed relationships among the four variables used to predict clear-to-turbid state 

transitions: current total phosphorus (TP), current submerged aquatic vegetation occurrence 

(SAV%), change in planktivore biomass, and change in benthivore biomass. Blue dots are lake-

years that were classified as clear, and green dots are lake-years that were classified as turbid. 

Relationships between change in fish biomass and current TP or SAV% are not shown. Vertical 

dashed lines in the left figure are estimated TP tipping points (i.e., both the clear and turbid states 

are possible between the dashed lines). Dashed lines in the right figure occur at zero change in 

planktivore biomass (vertical line) or benthivore biomass (horizontal line). 
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CHAPTER 1 APPENDICES 

 

APPENDIX S1. ADDITIONAL TABLES AND FIGURES FOR CHAPTER 1 

 

Table S1. Parameter values for the dynamical model (Eqs. 1.1-1.2) exhibiting alternative stable 

states. 

Parameter Meaning Value Units 

 r  Intrinsic algal growth rate 0.63 day-1 
h  Nutrient half-saturation constant 270 μg/L 
m  Vegetation half-saturation constant 0.17 % 

a  

w  

 p  

Algal competition coefficient 

Algal half-saturation constant 

Shape parameter 

1/200 

14 

8 

(μg/L) -1 day-1 

μg/L 

-- 

f  Controls perturbation strength 0.05; 0.125; 0.2 -- 
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Table S2. Parameter values for the dynamical model (Eqs. 1.1-1.2) with a single stable state. 

Parameter Meaning Value Units 

 r  Intrinsic algal growth rate 0.63 day-1 
h  Nutrient half-saturation constant 270 μg/L 
m  Vegetation half-saturation constant 0.5 % 

a  

w  

 p  

Algal competition coefficient 

Algal half-saturation constant 

Shape parameter 

1/200 

14 

2 

(μg/L) -1 day-1 

μg/L 

-- 

f  Controls perturbation strength 0.05; 0.125; 0.2 -- 
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Table S3. Estimated mean integrated squared error (MISE) for Bayesian latent variable 

regression (BLR) and k-means clustering with regression (KMR) deterministic steady state 

relationship estimators compared to the true deterministic steady state relationships. Columns 

denote chlorophyll a noise level, and rows denote sample size. The large estimated MISE for the 

BLR turbid line at n=50 at high noise is reduced to 0.0871 if one outlying simulation is removed 

(MISE for the KMR turbid line is 0.2631 with this simulation removed). 

      Low noise         Medium noise      High noise 

 Clear
 

Turbid
 

Clear
 

Turbid
 

Clear
 

Turbid
 

n=50       

     BLR 

0.0355 0.0097 0.2232 0.0303 1.0411 

15.584

6 

     KMR 0.0383 0.1281 0.2523 0.1583 1.2725 0.2612 

n=100       

     BLR 0.0241 0.0075 0.1471 0.0190 0.7978 0.0642 

     KMR 0.0255 0.0842 0.1743 0.1297 1.0034 0.1981 

n=200       

     BLR 0.0202 0.0063 0.1218 0.0138 0.7468 0.0394 

     KMR 0.0205 0.0470 0.1410 0.0862 0.9150 0.1489 
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Table S4. Estimated mean squared error for Bayesian latent variable regression (BLR) and k-

means clustering with regression (KMR) threshold estimators ( 1
ˆ and  2

ˆ ). Columns denote 

chlorophyll a noise level, and rows denote sample size. 

   Low noise  Medium noise High noise 

  1
ˆ   2

ˆ   1
ˆ   2

ˆ   1
ˆ   2

ˆ  

n=50       

     BLR 0.0114 0.0207 0.0377 0.0254 0.1394 0.0474 

     KMR 0.0839 0.0437 0.0778 0.0659 0.1402 0.0830 

n=100       

     BLR 0.0042 0.0069 0.0189 0.0100 0.0844 0.0134 

     KMR 0.0798 0.0137 0.1327 0.0254 0.2040 0.0286 

n=200       

     BLR 0.0023 0.0012 0.0092 0.0029 0.0644 0.0034 

     KMR 0.0480 0.0039 0.1410 0.0063 0.2457 0.0079 
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Table S5. Proportion of converged simulations in which BLR has greater support than LM when 

alternative stables states are present (simulation model parameters in Table S1; BLR should have 

more support) versus when a single stable state exists (simulation model parameters in Table S2; 

LM should have more support). The proportion of converged simulations in which the support for 

BLR is significantly greater than that for LM is shown in parentheses (α = 0.01). 

Alternative stable states    

 Low noise Medium noise High noise 

n=50 1.00 (1.00) 1.00 (0.89) 0.99 (0.57) 

n =100 1.00 (1.00) 1.00 (0.99) 0.99 (0.75) 

n =200 1.00 (1.00) 1.00 (1.00) 1.00 (0.99) 

Single stable state    

n =50 0.98 (0.66) 0.78 (0.08) 0.59 (0.07) 

n =100 1.00 (0.85) 0.96 (0.36) 0.87 (0.11) 

n =200 1.00 (0.97) 1.00 (0.42) 0.84 (0.07) 

  



 

114 
 

 

 

 

Fig. S1. Representative simulated data sets at each combination of sample size (n=50, 100, 200) 

and strength of chlorophyll a (Chla) perturbation (“low noise,” “medium noise,” “high noise”) for 

simulation model parameters in Table S2. The black line represents the single stable deterministic 

steady state associated with the simulation model. Point size is proportional to abundance of 

submerged aquatic vegetation.  
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Fig. S2. Distributions of the percentage of lakes correctly classified at each of the nine parameter 

combinations for Bayesian latent variable regression (BLR) and k-means clustering with 

regression (KMR) for datasets exhibiting alternative stable states. Sample size (n) of the 

simulations is denoted in each row. The x-axis represents the noise level and method.  
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Fig. S3. Summary of k-means clustering with regression (KMR) bifurcation diagram sampling 

distributions at each sample size and noise level combination for datasets exhibiting alternative 

stable states. Solid (dashed) green lines depict the median (2.5th, 97.5th quantiles) of the estimated 

turbid steady state (SS) relationships between log(TP) and log(Chla) across the simulated 

datasets. Solid (dashed) blue lines depict the median (2.5th, 97.5th quantiles) of the estimated clear 

SS regression lines across the simulations. SS lines end at the median TP threshold estimates, and 

pink bands represent 2.5th and 97.5th quantiles of the threshold estimates across the simulations. 

Black solid lines (gray line) depict the deterministic stable (unstable) steady state relationships 

associated with the simulation model. 
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Fig. S4. Sampling distributions of Bayesian latent variable regression (BLR) and k-means 

clustering with regression (KMR) total phosphorus (TP) threshold estimators. Dashed lines are 

the true TP thresholds associated with the simulation model (parameter values in Table S1). Color 

distinguishes method and sample size, and noise level of the simulations is denoted in each row. 
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Fig. S5. Estimated coverage probabilities (with 95% Wilson score intervals) for Bayesian latent 

variable regression (BLR) interval estimators associated with lower (left column panels) and 

upper (right column panels) total phosphorus threshold parameters. 95% coverage is marked with 

a dashed line. Sample size (n) of the simulations is denoted in each row, and noise level varies 

along each x-axis. 
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Fig. S6. Summary of Bayesian latent variable regression (BLR) bifurcation diagram sampling 

distributions at each sample size and noise level combination for datasets with a single stable 

state. Solid (dashed) green lines depict the median (2.5th, 97.5th quantiles) of the estimated turbid 

steady state (SS) relationships between log(TP) and log(Chla) across the simulated datasets. Solid 

(dashed) blue lines depict the median (2.5th, 97.5th quantiles) of the estimated clear SS regression 

lines across the simulations. SS lines end at the median TP threshold estimates, and pink bands 

represent 2.5th and 97.5th quantiles of the threshold estimates across the simulations. The black 

solid line depicts the single stable steady state relationships associated with the simulation model. 

Simulations for which the BLR model did not converge are excluded. 



 

120 
 

 

 

Fig. S7. Estimated widths of the bistable region (
 
p̂

2
- p̂

1
) for the Bayesian latent variable 

regression (BLR) model when a single stable state exists (simulation model parameters in Table 

S2). Widths are shown for only those simulations that both converged and for which BLR had 

statistically significantly more support than the linear model (i.e, the problematic simulations 

where lack of convergence or lack of statistical significance fails to signal that the BLR model is 

not appropriate for the data). Thus, the number of simulations represented varies in each plot (see 

y-axes).   
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Fig. S8. Posterior distributions for total phosphorus thresholds from the fit of Bayesian latent 

variable regression (BLR) models to three different years of shallow lake data collected in 

Minnesota, USA. The model fit to all three years of data includes random logistic intercepts for 

each lake (Appendix S2). 
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Fig. S9. Estimated logistic relationship between average submerged aquatic vegetation (SAV) 

mass per sample and the probability a lake is turbid in the bistable region. This model was fit 

using all three years of data obtained from the Minnesota Department of Natural Resources and 

included a random intercept for each lake in the logistic regression between SAV and state in the 

Bayesian latent variable regression model (Appendix S2: Eq. S5). The black solid line represents 

the average estimated relationship for a typical lake (i.e., a lake with a random effect of zero) 

across all MCMC samples, and the gray band represents 2.5th and 97.5th quantiles across all 

MCMC samples. 
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Fig. S10. Bayesian latent variable regression (BLR) fits to the same simulated data set at two 

different levels of submerged aquatic vegetation (SAV) observation error (top row). The right 

column has more noise added to the SAV-chlorophyll a (Chla) relationship (Eq. 1.2) than the left 

column. Point size is proportional to SAV prevalence. Blue circles represent lakes classified as 

clear (>50% of MCMC sampled states were clear), and green triangles represent lakes classified 

as turbid (>50% of MCMC sampled states were turbid). Pink bands represent 95% credible 

intervals for the total phosphorus (TP) threshold parameters, and dashed lines mark the true TP 

thresholds. The bottom figures display corresponding density plots of the MCMC samples from 

the posterior distributions of the TP thresholds. TP threshold posterior distributions are wider 

when less error is added to the SAV-Chla relationship because the same logistic relationship 

between state and SAV can hold for a wider range of TP threshold values. As a result, the 

posterior distributions for the thresholds often have tails extending to the outer boundaries of the 
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data, although the posterior modes, the upper bound for 
1, and the lower bound for 

2  are 

largely invariant to the magnitude of error added to the SAV-Chla relationship. 
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APPENDIX S2. RANDOM PARAMETER EXTENSION OF BLR MODEL 

 

Code and output for the models below can be found at: https://doi.org/10.13020/D6408P 

 

Random logistic intercept extension of the BLR model 

We extended the BLR model as formulated in Eqs. 1.3-1.8 to account for the case when some or 

all lakes have repeated measures. The BLR model is flexible, and random parameters can be 

incorporated to account for correlation among repeated measurements or to allow for certain 

relationships to vary among lakes. In this study, we chose to highlight a model that incorporates a 

random intercept into the logistic regression describing how the probability a lake is turbid 

changes with SAV (Eq. S5). This model formulation reflects that the lakes’ inherent chances of 

being turbid may vary in the bistable region because of factors not accounted for here (e.g., 

zooplankton community characteristics), but changes in SAV abundance are assumed to have the 

same effect on the probability of being turbid for all lakes (i.e., γ
1
 in Eq. S5 is a fixed effect). The 

random logistic intercept model we fit is formulated as follows, where i, j denotes the jth 

observation from lake i: 

 , ,

2

,log( ) ~ ( , )i ji j i jChla N     (S1) 

 , 0 , 0 , , 1 , ,(1 ) log( ) log( )i j i j i j i j i j i ja S b S TP b S TP        (S2) 

 , ,, 0 1(1 )i j i ji j S S       (S3) 

 
, , ,

if observation  for lake  is clear
~ ( ),  S

if observation  for lake  

,

is tur, bid

0

1
i j i j i j

i
S Bern p

i

j

j





  (S4) 

 

, 1

1

, 0, 1 , 1 , 2

, 2

0, if log( )

(turbid) logit ( ), if log( )

1, log( )

i j

i j i i j i j

i j

TP

p P SAV TP

TP



   





 


     
 

  (S5) 

 1 1 0 2 1 2( ) / ( ) 0b b         (S6) 



 

126 
 

 

 

0 0 0 0

0 0 1

0 1 1 2 1

0,

2 2

2 2

~ (0,10 );       ~ (0,3.16 );     , ~ (0,10)

, ~ (0,20);   , ~ (0,6.5);       ~ ln (0.5,1)

 ~ ( , );             ~ (0,10 );  ~ (0,10);     

  

              

  

           i

a b b Unif

Unif Unif

Unif   



    

  


   (S7) 

Random logistic intercept, random TP-Chla intercept, random TP threshold extension 

For illustration purposes, we present here a model that includes random logistic intercepts as 

described above, as well as random TP-Chla intercepts (Eq. S9) and random TP thresholds (Eq. 

S12). Thus, this model fits a nearly unique bifurcation diagram to each individual lake, which 

may be appropriate for some systems or data. We do not prefer this formulation for our data due 

to the limited number of observations available for each lake. Nevertheless, we present the 

formulation below and corresponding code in an online repository in case it is useful to other 

researchers.  
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CHAPTER 2 APPENDICES 

 

APPENDIX A. ADDITIONAL TABLES AND FIGURES FOR CHAPTER 2 

 

Table A.1. RF++ and cforest variable importance rankings and metrics for the full model. The 

“Rank RF++” and “Rank cforest” columns are variable importance rankings based on the 

permutation-based variable importance metrics for the full model. The “Rank RFE” column 

reflects the order in which variables were removed during the recursive feature elimination 

process using RF++, where higher numbered variables were removed earlier. The “VI RF++” and 

“VI cforest” columns are permutation-based variable importance metrics for the full model. 

 

Variable Rank RF++ Rank RFE Rank cforest VI RF++ VI cforest 

PercentWoodland 1 2 1 0.0620 0.0617 

lnDisturbed 2 1 5 0.0284 0.0161 

Province 3 4 2 0.0254 0.0382 

CLAY_L1 4 3 4 0.0240 0.0167 

SILT_1.5m 5 6 11 0.0156 0.0059 

CLAY_1.5m 6 8 14 0.0131 0.0044 

SILT_L1 7 5 15 0.0130 0.0036 

Benth  8 7 9 0.0130 0.0064 

SAND_L1 9 9 10 0.0112 0.0063 

PercentDist 10 12 7 0.0110 0.0130 

lnAg 11 10 3 0.0096 0.0180 

PercentAg  12 13 6 0.0096 0.0148 

SAND_1.5m 13 14 18 0.0078 0.0027 

Depth 14 15 17 0.0067 0.0027 

BasinArea 15 11 16 0.0066 0.0035 

UpFishSource5 16 16 8 0.0045 0.0077 

DownFishSource5 17 17 13 0.0039 0.0045 

prop.outwash 18 18 12 0.0034 0.0048 

WAtoLA 19 20 21 0.0013 0.0013 

Plank 20 19 24 0.0011 0.0007 

RiparianResident 21 21 20 0.0010 0.0015 

PiscPres 22 23 25 0.0008 0.0005 

Pisc 23 22 26 0.0007 0.0003 

StormSewer 24 24 22 0.0005 0.0011 

BenthPres 25 25 19 0.0005 0.0019 

DockPresent 26 26 23 0.0000 0.0008 

AdjacentRoad 27 27 28 -0.0007 0.0001 

PlankPres 28 28 27 -0.0007 0.0001 
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Fig. A.1. Permutation-based variable importance scores for predictor variables in models 

obtained through recursive feature elimination. Scores are shown for progressively simpler 

models, where the variable with the lowest permutation-based variable importance score is 

removed before the next random forest is built. Numbers and variable names on the x-axis 

represent the number of variables in each model and the lowest scoring variable in each 
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successive model, respectively. Variables are listed in the legend according to their variable 

rankings in the full model (i.e., containing all 28 variables). See Table 1 for descriptions of 

predictor variables. Not shown: variable importance is approximately 19% for lnDisturbed in a 

single predictor forest. 
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Fig. A.2. The left plot shows the out-of-bag probability a lake is in the bistable-turbid TP class 

(i.e., the percentage of trees voting for class “bistable-turbid”) plotted against benthivorous fish 

catch per unit effort (CPUE) in the random forest model containing seven predictors (i.e., the 

model preceding the removal of benthivores during recursive feature elimination; Figs. 3, 4). The 

black line is a smoothed curve produced using the ‘loess’ function in program R. The right plot is 

a boxplot of the PercentWoodland variable for observations with benthivore CPUE ≤15 kg vs. 

>15 kg.  
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Fig. A.3. Observed chlorophyll a (Chla) versus observed total phosphorus (TP) plotted on the 

log-log scale. The dashed line represents the estimated TP “tip down” point (50 μg/L) dividing 

the two TP classes, and the dotted line is a density curve for observed log(TP). Misclassified 

observations from the most parsimonious model are colored points (green=observations with 

TP≤50 misclassified as bistable-turbid; blue=observations with TP>50 misclassified as stable-

clear). Lakes with no misclassified observations are small black dots. Observations from lakes 

that have at least one misclassified observation are represented with characters, with each lake 

having its own unique character. Thus, black character points represent observations correctly 

classified but for which the lake has one or more misclassified observation.  

 

 


