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Abstract 

    Chemical kinetics is of fundamental importance in chemical science. In this 

thesis, I will cover our recent theoretical developments in thermochemical 

kinetics, including kinetics theories at the high-pressure-limit, pressure-

dependent reaction rate theories, and the tests and developments of new 

electronic-structure theories. For the high-pressure-limit theories, I will cover 

our works on multi-path variational transition state theory (VTST), its extension 

to treat chiral molecules, path-dependent variational effects and quantum 

mechanical tunneling, and our further development of dual-level multistructural 

coupled torsional potential anharmonicity (MS-T) theory. For the pressure-

dependent rate theories, I will introduce the system-specific quantum RRK (SS-

QRRK) theory, with chemical activation and thermal activation theories. In the 

area of electronic structure theories, I will cover our recent works on 

multiconfiguration pair-density functional theory (MC-PDFT). 

    In this thesis, I also include a number of applications in which we applied 

the above-mentioned theories to chemically important systems. The applications 

in chemical kinetics include combustion chemistry, atmospheric chemistry and 

nanodusty plasma chemistry; and the applications of electronic-structure 

theories include transition metal chemistry, catalysis, and spin splitting of 

atmospherically important divalent radicals.  
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Chapter 1. Introduction  

 

    In this chapter, I will outline the works that are included in this thesis and 

briefly summarize each chapter. Chapter 2 to chapter 13 are the research conducted 

in the theory and applications of chemical kinetics, and chapter 14 to chapter 21 are 

devoted to the development and tests of new electronic-structure methods.  

    Chapter 2 reviews the fundamentals of variational transition state theory 

(VTST), its recent theoretical development, and some modern applications. The 

theoretical methods reviewed in this chapter include multidimensional quantum 

mechanical tunneling, multistructural VTST (MS-VTST), multi-path VTST (MP-

VTST), both reaction-path VTST (RP-VTST) and variable reaction coordinate 

VTST (VRC-VTST), system-specific quantum Rice–Ramsperger–Kassel theory 

(SS-QRRK) for predicting pressure-dependent rate constants, and VTST in the solid 

phase, liquid phase, and enzymes. We also provide some perspectives regarding the 

general applicability of VTST. 

    Chapter 3 is about the modeling the kinetics of a key reaction involved in the 

combustion of the biofuel 2-butanol. To accomplish this, we extended multi-path 

variational transition state theory (MP-VTST) with the small curvature tunneling 

(SCT) approximation to include multistructural anharmonicity factors for molecules 

with chiral carbons. We use the resulting theory to predict the site-dependent rate 
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constants of the hydrogen abstraction from 2-butanol by hydroperoxyl radical. The 

generalized transmission coefficients were averaged over the four lowest-energy 

reaction paths. The computed forward reaction rate constants indicate that hydrogen 

abstraction from the C-2 site has the largest contribution to the overall reaction from 

200 K to 2400 K, with a contribution ranging from 99.9988% at 200 K to 88.9% at 

800 K to 21.2% at 3000 K, while hydrogen abstraction from the oxygen site makes 

the lowest contribution at all temperatures, ranging from 2.5x10�9% at 200 K to 

0.65% at 800 K to 18% at 3000 K. This work highlights the importance of including 

the multiple-structure and torsional anharmonicity in the computation of the thermal 

rate constants. We also analyzed the role played by the hydrogen bond at the 

transition state, and we illustrated the risks of (a) considering only the lowest-energy 

conformations in the calculations of the rate constants or (b) ignoring the nonlinear 

temperature dependence of the activation energies. A hydrogen bond at the 

transition state can lower the enthalpy of activation but raise the free energy of 

activation. We find an energy of activation that increases from 11 kcal/mol at 200 K 

to more than 36 kcal/mol at high temperature for this radical reaction with a biofuel 

molecule. 

    Multi-path variational transition state theory (MP-VTST) provides a 

conformationally complete framework for calculating gas-phase rate constants. For 

reactions in which the transition state has distinguishable torsional minima (which 
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include most reactions), there are multiple possible reaction paths. In principle MP-

VTST includes the contributions from all the reaction paths, and it should explicitly 

treat the variational and tunneling effects of each path, but in practice one may need 

to truncate the number of paths included in MP-VTST calculations in order to 

achieve a balance between computational cost and accuracy. In chapter 4, we 

present calculations including all paths for two prototype combustion reactions, 

namely the two hydrogen abstraction reactions from tert-butanol by HO2 radical. 

For both reactions we included all the reaction paths. Since abstraction at C has 46 

paths, it provided a good opportunity to carry out a case study in which we 

investigated the errors introduced by truncating the number of paths. For the 

reaction studied, we found that the variational and multidimensional tunneling 

transmission coefficients are very different for different reaction paths, which 

provides new evidence that MP-VTST is necessary for treating path-dependent 

variational effects and multidimensional tunneling. We found that tunneling 

transmission coefficients can be much larger for higher-energy paths than for lower-

energy ones. Interestingly, the simple hypothesis that higher barriers are narrower 

does not explain this finding in the present case; we found instead that the effect is 

due to higher-energy barriers having the possibility of tunneling at energies farther 

below the barrier top. We also show that a previously applied criterion for judging 

convergence with respect to the number of paths may not be reliable at low 
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temperature. 

    Pressure-dependent reactions are ubiquitous in combustion and atmospheric 

chemistry. In chapter 5, we employ a new calibration procedure for quantum Rice-

Ramsperger-Kassel (QRRK) unimolecular rate theory within chemical activation 

mechanism to calculate the pressure-falloff effect of a radical association with an 

aromatic ring. The new theoretical framework is applied to the reaction of H with 

toluene, which is a prototypical reaction in combustion chemistry of aromatic 

hydrocarbons, which are present in most fuels. Both the hydrogen abstraction 

reactions and the hydrogen addition reactions are calculated. Our SS (system-

specific)-QRRK approach is adjusted with system-specific parameters to agree with 

multistructural canonical variational transition state theory with multidimensional 

tunneling (MS-CVT/SCT) in the high-pressure limit. The new method avoids the 

need for the usual empirical estimations of the QRRK parameters, and it eliminates 

the need for variational transition state theory calculations as a function of energy, 

although in this first application we do validate the falloff curves by comparing SS-

QRRK results without tunneling to multistructural microcanonical variational 

transition state theory (MS-µVT) rate constants without tunneling; at low 

temperatures, the two approaches agree well with each other, but at high 

temperatures, SS-QRRK tends to overestimate falloff slightly. We also show that 

the variational effect is important in computing the energy-resolved rate constants. 
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Multiple–structure anharmonicity, torsional–potential anharmonicity, and high-

frequency-mode vibrational anharmonicity are all included in the rate computations, 

and torsional anharmonicity effects on density of states are investigated. Branching 

fractions, which are both temperature and pressure dependent (and for which only 

limited data is available from experiment) are predicted as a function of pressure. 

    Understanding the falloff in rate constants of gas-phase unimolecular reaction 

rate constants as the pressure is lowered is a fundamental problem in chemical 

kinetics, with practical importance for combustion, atmospheric chemistry, and 

essentially all gas-phase reaction mechanisms. In chapter 6, we use our recently 

developed system-specific quantum RRK theory, calibrated by canonical variational 

transition state theory with small-curvature tunneling, combined with the 

Lindemann–Hinshelwood mechanism, to model the dissociation reaction of 

fluoroform (CHF3), which provides a definitive test for falloff modeling. Our 

predicted pressure-dependent thermal rate constants are in excellent agreement with 

experimental values over a wide range of pressures and temperatures. The present 

validation of our methodology, which is able to include variational transition state 

effects, multidimensional tunneling based on the directly calculated potential energy 

surface along the tunneling path, and torsional and other vibrational anharmonicity, 

together with state-of-the-art reaction-path-based direct dynamics calculations, is 

important because the method is less empirical than models routinely used for 
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generating full mechanisms, while also being simpler in key respects than full 

master equation treatments and the full reduced falloff curve and modified strong 

collision methods of Troe. 

    For molecules with multiple torsions, an accurate evaluation of the molecular 

partition function requires consideration of multiple structures and their torsional-

potential anharmonicity. We previously developed a method called MS-T for this 

problem, and it requires an exhaustive conformational search with frequency 

calculations for all the distinguishable conformers; this can become expensive for 

molecules with a large number of torsions (and hence a large number of structures) 

if it is carried out with high-level methods. In chapter 7, we propose a cost-effective 

method to approximate the MS-T partition function when there are a large number 

of structures and we test it on a transition state that has eight torsions. This new 

method is a dual-level method that combines an exhaustive conformer search 

carried out by a low-level electronic structure method (for instance, AM1, which is 

very inexpensive) and selected calculations with a higher-level electronic structure 

method (for example, density functional theory with a functional that is suitable for 

conformational analysis and thermochemistry). To provide a severe test of the new 

method, we consider a transition state structure that has 8 torsional degrees of 

freedom; this transition state structure is formed along one of the reaction pathways 

of the hydrogen abstraction reaction (at carbon-1) of ketohydroperoxide (KHP; its 
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IUPAC name is 4-hydroperoxy-2-pentanone) by OH radical. We find that our 

proposed dual-level method is able to significantly reduce the computational cost 

for computing MS-T partition functions for this test case with large number of 

torsions and with a large number of conformers because we carry out high-level 

calculations for only a fraction of the distinguishable conformers found by the low-

level method. In the example studied here, the dual-level method with 40 high-level 

optimizations (1.8% of the number of optimizations in a coarse-grained full search 

and 0.13% of the number of optimizations in a fine-grained full search) reproduces 

the full calculation of the high-level partition function within a factor of 1.0 to 2.0 

from 200 K to 1000 K. The error in the dual-level method can be further reduced to 

factors of 0.6 to 1.1 over the whole temperature interval from 200 K to 2400 K by 

optimizing 128 structures (5.9% of the number of optimizations in a fine-grained 

full search and 0.41% of the number of optimizations in a fine-grained full search). 

These factor-of-two or better errors are small compared to errors up to a factor of 

1.0 ́  103 if one neglects multistructural effects for the case under study. 

    The aim of chapter 8 is to understand the detailed reaction mechanisms in the 

growth of nanodusty particles, which is critical in plasma chemistry, physics and 

engineering. The polymerization of neutral silane with the silylene or silyl anion, 

which eliminates molecular hydrogen with the formation of their higher 

homologues, governs the silicon hydride clustering in nanodusty plasma chemistry. 



 8 

The detailed mechanisms of these important polymerization reactions in terms of 

elementary reactions have not been proposed yet. In the present work, we 

investigated the initial steps of these polymerization reactions, i.e., the SiH4 + 

Si2H4
–/Si2H5

– reactions, and we propose a three–step mechanism, which is also 

applicable to the following polymerization steps. CM5 charges of all the silicon–

containing species were computed in order to analyze the character of the species in 

the proposed reaction mechanisms. We also calculated thermal rate constant of each 

step using multi-structural canonical variational transition state theory (MS-CVT) 

with the small-curvature tunneling (SCT) approximation, based on the minimum 

energy path computed using M08-HX/MG3S electronic structure method. 

    The growth of anionic silicon hydride clusters is a critically important process 

in nanodusty plasmas. In the chapter 9, we focus on the formation of homologs of 

silylene (Sin+1H2n+2
– , n = 3, 4) and silyl (SinH2n+1

– , n = 4, 5) anions via anion-

neutral reaction pathways. Species like silyl or silylene anions and their related 

elementary reactions, which are involved in the formation of silicon hydride 

clusters, were not used in developing exchange-correlation (xc) density functionals 

(i.e., they were not included in the training set of semiempirical density functionals); 

therefore, we explored the accuracy of various widely used xc density functionals 

based on reaction energies and barrier heights. Among the 21 density functionals we 

tested, M06-2X has the best performance for a hybrid functional, and MN15-L has 
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the best performance for a local functional. Thermal rate constants of the elementary 

reactions involved in the reaction mechanism are calculated using M06-2X and 

multistructural canonical variational transition state theory with the small-curvature 

tunneling approximation (MS-CVT/SCT). The pressure dependence of 

unimolecular isomerization reactions is treated with system-specific quantum RRK 

theory (SS-QRRK) and the Hinshelwood–Lindemann mechanism. 

    Bond dissociation is a fundamental chemical reaction, and the first-principles 

modeling of the kinetics of dissociation reactions with a monotonically increasing 

potential energy along the dissociation coordinate presents a challenge not only for 

modern electronic structure methods, but also for kinetics theory. In chapter 10, we 

use multi-faceted variable-reaction-coordinate variational transition state theory 

(VRC-VTST) to compute the high-pressure-limit dissociation rate constant of 

tetrafluoroethylene (C2F4), in which the potential energies are computed by direct 

dynamics with the M08-HX exchange-correlation functional. To treat the pressure 

dependence of the unimolecular rate constants, we use the recently developed 

system-specific quantum RRK theory. The calculations are carried out by direct 

dynamics using an exchange-correlation functional validated against beyond-

CCSD(T) electronic structure calculations. Our computed dissociation rate constants 

agree well with the recent experimental measurements. 

    Oxygenates with carbonyl and hydroperoxy functional groups are important 
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intermediates that are generated during the autooxidation of organic compounds in 

the atmosphere and during the autoignition of transport fuels. In the troposphere, the 

degradation of carbonyl hydroperoxides leads to low-vapor-pressure polyfunctional 

species that may precipitate in clouds and fog droplets or to the formation of 

secondary organic aerosols (SOAs). In combustion, the fate of carbonyl 

hydroperoxides is important for the performance of advanced combustion engines, 

especially for autoignition. A key fate of the carbonyl hydroperoxides is reaction 

with OH radicals, for which kinetics data are experimentally unavailable. In Chapter 

11, we study 4-hydroperoxy-2-pentanone (CH3C(=O)CH2CH(OOH)CH3) as a 

model compound to clarify the kinetics of OH reactions with carbonyl 

hydroperoxides, in particular H-atom abstraction and OH addition reactions. With a 

combination of electronic structure calculations, we determine previously missing 

thermochemical data, and with multipath variational transition state theory (MP-

VTST), a multidimensional tunneling (MT) approximation, multiple-structure 

anharmonicity, and torsional potential anharmonicity we obtained much more 

accurate rate constants than the ones that can computed by conventional single-

structure harmonic transition state theory (TST) and than the empirically estimated 

rate constants that are currently used in atmospheric and combustion modeling. The 

roles of various factors in determining the rates are elucidated. The pressure-

dependent rate constants for the addition reaction are computed using system-
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specific quantum RRK theory. The calculated temperature range is 298-2400 K, and 

the pressure range is 0.01–100 atm. The accurate thermodynamic and kinetics data 

determined in this work are indispensable in the global modeling of SOAs in 

atmospheric science and in the detailed understanding and prediction of ignition 

properties of hydrocarbons and alternative fuels. 

    Criegee intermediates are produced in the ozonolysis of unsaturated 

hydrocarbons in the troposphere, and understanding their fate is a prerequisite to 

modeling climate-controlling atmospheric aerosol formation. Although some 

experimental and theoretical rate data are available, they are incomplete and 

partially inconsistent, and they do not cover the tropospheric temperature range. In 

Chapter 12, we report quantum chemical rate constants for the reactions of 

stabilized formaldehyde oxide (CH2OO), acetaldehyde oxide (syn-CH3CHOO, and 

anti-CH3CHOO) with H2O and for their unimolecular reactions. Our results are 

obtained by combining post-CCSD(T) electronic structure benchmarks, validated 

density functional theory potential energy surfaces, and multi-path variational 

transition state theory with multidimensional tunneling, coupled-torsions 

anharmonicity, and high-frequency anharmonicity. We consider two different types 

of reaction mechanisms for the bimolecular reactions, namely (i) addition-coupled 

hydrogen transfer and (ii) double hydrogen atom transfer (DHAT). First, we show 

that the MN15-L exchange-correlation functional has kJ/mol accuracy for the 
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CH2OO + H2O and syn-CH3CHOO + H2O reactions. Then we show that, due to 

tunneling, the DHAT mechanism is especially important in the syn-CH3CHOO + 

H2O reaction. We show that the dominant pathways for reactions of Criegee 

intermediates depend on altitude. The results we obtain eliminate the discrepancy 

between experiment and theory under those conditions where experimental results 

are available, and we make predictions for the full range of temperatures and 

pressures encountered in the troposphere and stratosphere. The present results are an 

important cog in clarifying the atmospheric fate and oxidation processes of Criegee 

intermediates, and also, they show how theoretical methods can provide reliable rate 

data for complex atmospheric processes.  

The OH + SO2 reaction plays a critical role in understanding the oxidation of 

SO2 in the atmosphere, and its rate constant is critical for clarifying the fate of SO2 

in the atmosphere. In Chapter 13, the rate constant of the OH + SO2 reaction is 

calculated by using beyond-CCSDT correlation energy calculations for a 

benchmark, validated density functional methods for direct dynamics, canonical 

variational transition state theory with anharmonicity and multidimensional 

tunneling for the high-pressure rate constant, and system-specific quantum RRK 

theory for pressure effects; the combination of these methods can compete in 

accuracy with experiments. There has been a long-term debate in the literature about 

whether the OH + SO2 reaction is barrierless, but our calculations indicate a positive 
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barrier with a transition structure that has an enthalpy of activation of 0.27 kcal/mol 

at 0 K. Our results show that the high-pressure limiting rate constant of the OH + 

SO2 reaction has a positive temperature dependence, but the rate constant at low 

pressures has a negative temperature dependence. The computed high-pressure limit 

rate constant at 298 K is 1.25 × 10−12 cm3 molecule−1 s−1, which agrees excellently 

with the value (1.3 × 10−12 cm3 molecule−1 s−1) recommended in the most recent 

comprehensive evaluation for atmospheric chemistry. We show that the atmospheric 

lifetime of SO2 with respect to oxidation by OH depends strongly on altitude (in the 

range 0-50 km) due to the falloff effect. We introduce a new interpolation procedure 

for fitting the combined temperature and pressure dependence of the rate constant, 

and it fits the calculated rate constants over the whole range with a mean unsigned 

error of only 7%. The present results provide reliable kinetics data for this specific 

reaction, and also, they demonstrate convenient theoretical methods that can be 

reliable for predicting rate constants of other gas-phase reactions. 

The development of more efficient and more accurate ways to calculate the 

energy of systems with inherently multiconfigurational electronic structure (i.e., 

strongly correlated systems) is essential for many applications, including transition 

metal chemistry, systems with partially broken bonds, many transition states, and 

most electronically excited states. In chapter 14, we describe multiconfiguration 

pair-density functional theory (MC-PDFT), which was developed as a way to 
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combine the advantages of wave function theory (WFT) and density functional 

theory (DFT) to provide a better way to treat such problems. First, we review the 

background of Kohn-Sham DFT, multiconfiguration WFT, and previous attempts to 

combine them. Then we review the formulation of MC-PDFT. 

In chapter 15, we study the performance of multi-configuration pair-density 

functional theory (MC-PDFT) and multireference perturbation theory for the 

computation of the bond dissociation energies in 12 transition-metal-containing 

diatomic molecules and three small transition-metal-containing polyatomic 

molecules and in two transition-metal dimers. The first step is a multi-configuration 

self-consistent-field calculation, for which two choices must be made: (i) the active 

space and (ii) its partition, if any, into generalized active space subspaces. In the 

present work, the active space is chosen systematically by using three correlated-

participating-orbitals (CPO) schemes, and the partition is chosen by using the 

separated-pair (SP) approximation. Our calculations show that MC-PDFT generally 

has similar accuracy to CASPT2, and the active-space dependence of MC-PDFT is 

not very great for transition-metal–ligand bond dissociation energies. We also find 

that the SP approximation works very well, and in particular SP with the fully 

translated BLYP functional SP-ftBLYP is more accurate than CASPT2. SP greatly 

reduces the number of configuration state functions relative to CASSCF. For the 

cases of FeO and NiO with extended-CPO active space, for which complete active 
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space calculations are unaffordable, SP calculations are not only affordable but also 

of satisfactory accuracy. All of the MC-PDFT results are significantly better than 

the corresponding results with broken-symmetry spin-unrestricted Kohn-Sham 

density functional theory. Finally, we test a perturbation theory method based on the 

SP reference and find that it performs slightly worse than CASPT2 calculations, and 

for most cases of the nominal-CPO active space, the approximate SP perturbation 

theory calculations are less accurate than the much less expensive SP-PDFT 

calculations. 

Accurately predicting bond length and bond dissociation energy for bimetallic 

diatomic molecules that involve metal-metal multiple bonds is a great challenge for 

electronic structure theory, in part because many of these molecules have inherently 

multi-configuration wave functions, a characteristic that is variously labeled as 

strong correlation or multireference character. Although various popular density 

functionals are widely used in studying metal-metal bonding in catalysis, their 

accuracy can be questioned, and it is important to see both how well and how poorly 

a functional can perform. In chapter 16, we test 50 Kohn-Sham exchange-

correlation density functionals for selected 3d and 4d hetero- and homonuclear 

bimetallic diatomic molecules against experimental bond lengths and bond energies. 

We found that for the majority of the density functionals, the mean unsigned error in 

predicting bond length is larger than 0.08 Å, and for the bond energy, half of the 
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functionals give a mean unsigned error larger than 20 kcal/mol. This indicates that 

such highly multireference bimetallic systems are challenging for KS-DFT. 

However, some exchange-correlation functionals perform significantly better than 

average for both bond energies and bond lengths, in particular, BLYP, M06-L, N12-

SX, OreLYP, RPBE, and revPBE and are recommended for both kinds of 

calculations. Other functionals that perform relatively well for bond lengths include 

MGGA_MS0, MOHLYP, OLYP, PBE, and SOGGA11, and other functionals that 

perform relatively well for bond energies include GAM, M05, M06, MN15, and τ-

HCTHhyb. Although some of these functionals (M05, M06, MN15, N12-SX, and τ-

HCTHhyb) contain a nonzero percentage of Hartree-Fock exchange, a broader 

conclusion is that Hartree-Fock exchange brings in static correlation error and 

usually tends to make the results, especially the bond lengths, less accurate. We find 

some significant differences between all-electron calculations and calculations with 

effective core potentials. For analysis, the article also presents CASSCF calculations 

of the percentage contributions of the dominant configurations, and the paper 

compares orbitals and configurations obtained in DFT calculations to those in 

CASSCF calculations. The equilibrium bond distance of Rh2 is not available from 

experiment, and we predict it to be 2.22 Å. The bond energy of VCr is not available 

from experiment, and we predict it to be 52.9 kcal/mol. 

Metal clusters have broad applicability in catalysis due to their unique 
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reactivity and chemical selectivity, and density functional theory has become an 

important method for understanding catalysis and attempting to design better 

catalysts. In chapter 17, we tested the reliability of the Kohn-Sham density 

functional theory with local correlation functionals and with the nonlocal random 

phase approximation (RPA) correlation functional for the water splitting reaction on 

monatomic Fe(0) and, by implication, for transition-metal-catalyzed reactions more 

generally. We computed four barrier heights and six energies of reaction in the 

catalytic mechanism. If the results are judged by deviation from CCSD(T) 

calculations, it is found that many modern exchange-correlation (xc) functionals 

(about half of the functionals tested) with local correlation perform better than using 

RPA nonlocal correlation; for example, the PWB6K, B97-3, wB97X-D, MPW1K, 

M06-2X, and M05-2X hybrid xc functionals with local correlation have overall 

mean unsigned deviations of 1.9 kcal/mol or less from the CCSD(T) results, as 

compared to a mean unsigned deviation of 3.5 kcal/mol for EXX-RPA@PBE. We 

also find significant differences between the predictions for catalysis at the Fe (100) 

surface. This work provides guidance and challenges for future theoretical 

investigations of transition metal catalysis. 

Predicting the singlet–triplet splittings of divalent radicals is a challenging task 

for electronic structure theory. In chapter 18, we investigate the performance of 

multi-configuration pair-density functional theory (MC-PDFT) for computing the 
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singlet–triplet splitting for small main-group divalent radicals for which accurate 

experimental data are available. In order to define theoretical model chemistries that 

can be assessed consistently, we define three correlated participating orbitals (CPO) 

schemes (nominal, moderate, and extended, abbreviated as nom, mod, and ext) to 

define the constitution of complete active spaces, and we test them systematically. 

Broken-symmetry Kohn-Sham DFT calculations have also been carried out for 

comparison. We found that the extended CPO-PDFT scheme with translated on-top 

pair-density functionals have smaller mean unsigned errors than weighted-average 

broken-symmetry Kohn-Sham DFT with the corresponding exchange-correlation 

functional. The accuracy of the translated Perdew-Burke-Ernzerhof (tPBE) on-top 

pair-density functionals with ext-CPO active space is even better than some of the 

more accurately parametrized exchange-correlation density functionals that we 

tested; this is very encouraging for MC-PDFT theory. 

Delocalization error has been singled out by Yang and coworkers as the 

dominant error in Kohn-Sham density functional theory (KS-DFT) with 

conventional approximate functionals. In chapter 19, by computing the vertical first 

ionization energy for well separated He clusters, we show that multiconfiguration 

pair-density functional theory (MC-PDFT) is free from delo-calization error. To put 

MC-PDFT in perspective, we also compare it with some Kohn-Sham density 

functionals, including both traditional and modern functionals. Whereas large 
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delocalization errors are almost universal in KS-DFT (the only excep-tion being the 

very recent corrected functionals of Yang and coworkers), delocalization error is 

removed by MC-PDFT, which bodes well for its future as a step forward from KS-

DFT. 

Self-interaction error (SIE) is considered to be one of the major sources of error 

in most approximate exchange-correlation functionals for Kohn-Sham density-

functional theory (KS-DFT), and it is large with all local exchange-correlation 

functionals and with some hybrid functionals. In chapter 20, we consider systems 

conventionally considered to be dominated by SIE. for these systems, we 

demonstrate that by using multiconfiguration pair-density functional theory (MC-

PDFT), the error of a translated local density-functional approximation is 

significantly reduced (by a factor of 3) when using an MCSCF density and on-top 

density, as compared to using KS-DFT with the parent functional; the error in MC-

PDFT with local on-top functionals is even lower than the error in some popular 

KS-DFT hybrid functionals. Density-functional theory, either in MC-PDFT form 

with local on-top functionals or in KS-DFT form with some functionals having 50% 

or more nonlocal exchange has smaller errors for SIE-prone systems than does 

CASSCF, which has no SIE. 
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Chapter 2. Variational Transition State Theory: Theoretical Framework 

and Recent Developments 

 

2.1 Introduction 

    Chemical kinetics has a long history in chemical science. In 1864, Waage and 

Guldberg formulated the law of mass action,1 which can be considered as the first 

published work developing the theory of chemical kinetics. About 25 years later, 

Arrhenius proposed his well-known empirical relation for the temperature dependence of 

reaction rates.2 Both of these studies still exert a profound influence on modern chemical 

kinetics. In the 1920s, the concept of a transition state emerged, and in the 1930s it 

became a central theoretical foundation for quantitative theory, especially because of the 

work of Eyring, Wigner, Polanyi, and Evans.3 The direct observation of transition state 

structures by various spectroscopic techniques is considered to be one of the major 

challenges in modern chemical science.4  

For a long time, transition state theory was viewed somewhat skeptically as far as its 

relevance to quantitative work. For example, a group of distinguished researchers wrote 

in 1983 that “The overall picture is that the validity of the transition state theory has not 

yet been really proved and its success seems to be mysterious.”5 This began to change 

though when accurate quantum mechanical calculations became available for prototype 

reactions of small molecules, and when accurate semiclassical tunneling methods became 
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available.6 Now transition state theory is understood on a firm basis, especially since the 

observation of quantized transition state level structure in converged quantum mechanical 

dynamics calculations7,8,9 has provided a solid quantum mechanical foundation for 

transition state theory in terms of short-lived resonance states.10,11,12,13 

Transition state theory is basically a theory for electronically adiabatic reactions, i.e., 

reactions that occur on a single Born-Oppenheimer potential energy surface. There are 

some extensions to multiple-surface reactions, but they involve additional assumptions 

that are not traditionally considered part of transition state theory, and we will not 

consider them here. Furthermore, transition state theory in its basic form predicts reaction 

rates in equilibrated ensembles, in particular canonical reaction rates in thermal 

ensembles and microcanonical reaction rates in ensembles with fixed total energy or 

fixed total energy and total angular momentum; thus it is not designed for state-specific 

reaction rates or for predicting product internal-state distributions, although sometimes it 

is applied to such properties by making additional assumptions. 

Transition state theory is most powerful in the form of variational transition state 

theory14,15,16,17,18,19,20,21,22,23,24,25 (VTST), especially when combined with modern 

electronic structure theory, multidimensional tunneling methods, and statistical 

mechanical and quantum mechanical theory for anharmonicity, and it has become a 

powerful tool in understanding and predicting chemical reaction mechanisms and 

reaction rates.26,27,28,29,30,31,32,33,34,35,36  
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We have reviewed VTST elsewhere in a variety of 

ways,6,20,21,22,23,24,25,30,33,35,37,38,39,40,41 but the current review has a special focus on several 

modern enhancements that were not available when those earlier reviews were written. In 

section 2.2, we cover the fundamental principles of variational transition state theory in 

the context of gas-phase reactions; this section uses a reaction coordinate associated with 

a reaction path, and it includes tunneling. The next four sections continue the treatment of 

gas-phase reactions, covering multistructural transition states (section 2.3), variable 

reaction coordinates (section 2.4), pressure effects (section 2.5), and tests of the 

applicability of the theory (section 2.6).  

Sections 2.1 to 2.3 apply to tight transition states, while section 2.4 applies for loose 

transition states. Section 2.7 discusses extension of the treatment to condensed-phase 

reactions, and Section 2.8 discusses selected applications. We conclude this review in 

Section 2.9. 

Most of the computational methods reviewed here are available in the Polyrate 

computer code.42 

2.2 Fundamentals of gas-phase variational transition state theory 

A detailed pedagogical review of the fundamental theory underlying gas-phase 

variational transition state theory, including derivations, is available elsewhere.41 In this 

section we present a briefer summary including a few new developments. We start by 

using classical mechanics to derive variational transition state theory for gas-phase 



 23 

reactions (subsection 2.2.1), and then we introduce quantum effects into VTST, in 

particular vibrational mode quantization in the partition functions (subsection 2.2.2) and 

quantum mechanical tunneling in the treatment of reaction-coordinate motion, including 

multidimensional coupling of reaction coordinate motion to other coordinates (subsection 

2.2.3). We emphasize the importance of utilizing curvilinear coordinate for carrying out 

the VTST calculations in subsection 2.2.5. State-selected extensions of VTST are 

presented in subsection 2.2.6. 

 

2.2.1 Classical variational transition state theory  

Transition state theory is first justified in classical mechanics; then we add 

quantization effects. In classical mechanics, we work with trajectories. At any given time, 

a trajectory is a point in phase space, which is the space of all the coordinates and their 

conjugate momenta. A point in phase space is called a phase point. 

Transition state theory may be applied to both thermal ensembles and 

microcanonical ensembles. In either case the first assumption is that the reactants are in 

local equilibrium. For thermal ensembles, this means that the population of reactant states 

is given by a Boltzmann distribution, even if reactants are not in equilibrium with 

products. For a microcanonical ensemble, this means for classical systems that all cells of 

equal volume in reactant phase space are equally populated; for microcanonical quantum 

systems it means that all reactant states of a given energy are equally populated. In the 
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rest of this subsection we assume a classical mechanical world.     

The maintenance of reactant equilibrium means that the rate of thermalizing 

collisions for maintaining the equilibrium states of these species is at least as fast as the 

rate at which these states are depopulated by the chemical reaction. Since the phase 

points in the reactant region are assumed to be in thermal equilibrium, Liouville's 

theorem guarantees that as the time evolves, the Boltzmann distribution is also satisfied 

in the transition state region except that if products are absent then phase points 

corresponding to trajectories that originated in the product region are missing.43,44. This 

local-equilibrium assumption in the reactant region is assumed valid for most gas-phase 

bimolecular reactions and reactions in the liquid phase because the inelastic collisions of 

the reactants are efficient enough to repopulate their rovibrational states and maintain 

local equilibrium in phase space, but it is not applicable for unimolecular reactions (and 

some bimolecular reactions) in the gas phase at low pressure. When the equilibrium 

assumption breaks down, “thermal” rate constants become pressure dependent, and the 

thermal rate constants calculated by using the transition state theory are the high-pressure 

limit rate constants. In the high-pressure limit, the word “thermal” refers to rate constants 

averaged over Boltzmann distributions of both reactants and bath gases; but at lower 

pressures, for reactions whose rate constants are pressure-dependent, “thermal” refers to a 

Boltzmann distribution of bath gases, but there is a pressure- and temperature-dependent 

non-Boltzmann energy distribution of reactants. Thus, in the fall-off region, rate constants 
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are functions of both pressure and temperature. We will discuss pressure dependence in 

section 2.5.   

It is convenient to introduce mass-scaled coordinates,22,45 which may also be called 

isoinertial coordinates. With such a coordinate system, the motion of an N-atom system in 

three dimensions can be reduced to that of a single-particle with a reduced mass µ 

moving in 3N-dimensional space. In other words the reduced mass becomes the same for 

all directions of motion (and hence the word “isoinertial”). The reduced mass µ is usually 

chosen to be 1 atomic mass unit, or it can be set to be the reduced mass of the relative 

translational motion for a bimolecular reaction (one can use any value as long as one is 

consistent). The value of µ sets the scale for the reaction coordinate s; however, the value 

of any physical observable is independent of the value of µ. If one sets µ = 1 amu, the 

numerical value of s in Å is the same as the numerical value of s in amu1/2 if one used the 

familiar mass-weighted coordinates46 of spectroscopists. The motions of all the particles 

are governed by a potential energy surface  that depends on the set of N three-

dimensional positions ri of the particles, each with its own mass. Equivalently speaking, 

the motion may be described as that of a single particle with reduced mass µ governed by 

, where q is a 3N-dimensional generalized mass-scaled coordinate, and its conjugate 

momentum is p.  

Now we present classical transition state theory. Consider an ensemble of systems in 

phase space.  Each phase point  in the 6N-dimensional phase space represents an 

   V ({ri})

   V (q)

  (q, p)
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N-atom system, and the motion of each point is governed by the following set of 

Hamilton equations: 

   (1) 

where the classical Hamiltonian is 

   (2) 

Liouville’s theorem states that the phase space volume is conserved as time evolves; 

it can be written in the form of a continuity equation as follows: 

   (3) 

where  is the 6N-dimensional divergence operator,  is a 6N-dimensional velocity 

of a phase point, and  is the density of points in phase space. Integrating  over the 

whole phase space yields the total number of classical phase points (i.e., the total number 

of systems in the ensemble).  

The number of systems located in the reactant region is NR, and it can be evaluated 

by integrating the density of phase points over the phase space of the reactant: 

   (4) 

where R indicates that the volume integral is carried out over the reactant region. 

Differentiating eqn (4) with respect to t and plugging into eqn (3) yields 
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   (5) 

Then we can use Gauss’s theorem to rewrite the volume integral in eqn (5) as a surface 

integral, 

   (6) 

where n is a unit vector normal to the surface S pointing out of the volume R, and S is a 

(6N–1)-dimensional hypersurface that separates the reactant region from the product 

region; this hypersurface is called the dividing surface.  

The local one-way flux of systems going from reactants to products through this 

dividing surface is 

   (7) 

where we consider the portion, S+, of the dividing surface for which the flux is positive. 

We define the coordinate  as the coordinate normal to surface S, and we call this 

coordinate the local reaction coordinate z. Note that the surface S is locally normal to 

some global reaction path from reactants to products. The dividing surface is put at the 

location where the global reaction coordinate is s*, and the local reaction coordinate is z*. 

The local one-way flux is evaluated as: 

  (8) 

As we mentioned at the beginning of this subsection, TST assumes the reactants are 
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in local equilibrium at temperature T and the density of classical phase points satisfies the 

Boltzmann distribution 

   (9) 

where H is the Hamiltonian, kB is Boltzmann constant, T is temperature, and  is a 

constant. Plugging eqn (9) into eqns (8) and (4) yields 

   (10) 

   (11) 

Now, we define a generalized transition state (GT) as a (6N–2)-dimensional fixed-z 

hyperplane with the following Hamiltonian HGT: 

   (12) 

The generalized-transition-state Hamiltonian HGT is defined by removing the kinetic 

energy associated with the motion of the local reaction coordinate z from the total 

Hamiltonian, and fixing the value of z at some specific value z*. Notice that z is a 

parameter rather than a variable in HGT, i.e., HGT depends parametrically on z. 

Substituting eqn (12) into eqn (10), we obtain the one-way flux FGT(T, z*) through a 

generalized transition state fixed at z = z*, as 

   (13) 

where GT indicates that the integral is carried out over the generalized transition state.  
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The local equilibrium one-way flux FGT(T, z*) gives an upper bound to the global 

reactive flux F(T) if we arbitrarily put our dividing surface at the saddle point in this 

classical dynamics approach. There is no guarantee that the trajectories in phase space 

that are originating from the reactant region toward the product region will cross the 

dividing surface once and only once. In the conventional transition state theory, one 

simply puts the dividing surface at the saddle point and makes a non-recrossing 

assumption that there is no recrossing on this surface.  

In order to have the best estimation of the classical rate constant, the ideal location 

to put the dividing surface S would be the location at which FGT(T, z*) = F(T), which 

means all the trajectories originating from the reactant region cross the surface only once 

(no recrossing) and end up in the product region. If one is willing to make the transition 

state hypersurface arbitrarily convoluted in shape, or if one considers simple enough 

systems at low energy,47 one can make classical transition state theory exact. For real 

potential energy surfaces and dividing surfaces that are simple enough to allow for the 

calculation of the flux, completely eliminating all the recrossing is almost impossible, so 

we would put the dividing surface at the so-called dynamical bottleneck, which is the 

position at which the recrossing is minimized. Classical transition state theory will 

overestimate the classical rate constant, but the variational procedure will minimize this 

overestimation. 

For a bimolecular reaction (A + B), the classical generalized transition state theory 
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rate constant , which is the flux per volume divided by the product of the 

concentration of reactants, obtained by the above procedure is  

   (14) 

where V is the three-dimensional real-space volume of the system, and GT indicates that 

the integral is carried out over the generalized transition state. We can use the following 

definition of the classical partition function for A 

   (15) 

where h is Planck's constant, with an analogous expression for B. Recall that Planck's 

constant occurs in the classical partition function because we require the classical 

partition function to equal the quantum one in the classical limit.48 We also define a 

classical partition function per volume as 

   (16) 

For the generalized transition state, we freeze one degree of freedom (the reaction 

coordinate) and take the local zero of energy as the classical potential energy VRP 

evaluated at z = z* on the reaction path (RP). The generalized transition state classical 

partition function per volume for the transition state becomes 

   (17) 
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The total Hamiltonian can be written as the sum of the Hamiltonians of the reactants, HA 

and HB, and using  

   (18) 

where  is the number of atoms in X (  +  = N), and the constant 

, we obtain 

   (19) 

in which X is A or B , X represents that the volume integral is carried out over reactant 

region, and HX is the Hamiltonian of the reactant X.  

We then use eqns (15), (16), (17), and (18) to re-write eqn (14) as 

    (20) 

Follow a similar derivation, the classical generalized TST rate constant for unimolecular 

reactions is: 

   (21) 

A convenient choice for the reaction path is the minimum energy path (MEP) in 

isoinertial coordinates.49 The global reaction coordinate s is then the signed distance 

along the MEP. An MEP is the union of the paths of steepest descent in isoinertial 

coordinates from the saddle point towards reactants and products. The physical meaning 
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of the MEP is that it is the path followed by a classical trajectory that starts at the saddle 

point but is continuously damped so as to always have only an infinitesimal velocity. A 

positive value of s represents for the direction toward the product; s = 0 is the saddle 

point; and a negative value of s represents the direction toward the reactant side. Starting 

from the saddle point with coordinates (which may also be called ), the 

geometry of a non-stationary point that is close to the saddle point on the reaction path is 

computed using: 

   (22) 

where  is the step size (typically chosen to be 0.001 to 0.003 Å) along the MEP, and 

 is the normal-mode eigenvector associated with the imaginary frequency (it is a 

column of the orthogonal matrix that diagonalizes the Hessian matrix evaluated at the 

saddle point). If we start from any non-stationary point  on MEP, then the next 

point can be computed by using the normalized gradient as: 

   (23) 

At each value of s, we can define a new coordinate system by rotating and 

translating the original coordinates so that the coordinate z that we mentioned in the 

generalized TST is tangent to MEP at s, and any surface that is orthogonal to MEP can be 

described by z* = 0. The dividing surface intersects MEP at the reaction coordinate s*. 

Note that s* depends on temperature. 
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In canonical variational transition state theory (CVT), we variationally optimize the 

position of the dividing surface to minimize the generalized transition state rate constant 

 since the local one-way flux provides an upper bound of the global reactive 

flux. The CVT rate constant is computed by 

    (24) 

Therefore 

   (25) 

which leads to the following CVT rate constant for bimolecular reactions 

   (26) 

and for unimolecular reactions 

   (27) 

Another way to understand the canonical variational approach is to re-write the classical 

generalized TST rate constant in terms of the standard-state Gibbs free energy of 

activation . 

   (28) 

where K0 is the reaction quotient (for the formation of TS) evaluated at the standard-state 
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   (29) 

where, for gas-phase bimolecular reaction with unit cm3 molecule-1 s-1,   is 

, where  is 1 bar; for liquid-phase reaction, the standard-state concentration 

is 1 mole L-1.  

        CVT is equivalent to maximizing the free energy of activation 

   (30) 

In a microcanonical ensemble (NVE ensemble), the microcanonical energy-resolved 

classical rate constant (which is obtained by firstly integrating the E, J-resolved rate 

constant  over the angular momentum J distribution) is 

   (31) 

where  is the phase-space volume of the generalized transition state (it is, 

quantum mechanically, the number of states for the generalized transition state), and 

 is the density of states for reactant. The density of states is the inverse Laplace 

transform of the partition function. In microcanonical variational transition state theory 

(µVT), the variational rate constant is obtained by minimizing eqn (31) with respect to s: 

   (32) 
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dependent. To obtain canonical µVT rate constant, one needs to perform the following 

integration: 

   (33) 

where PR(E) is the normalized population distribution of the reactant: 

   (34) 

where QR(T) is the canonical partition function of reactant. If the dividing surface is 

located at the saddle point of the potential energy surface, then eqn (33) is equivalent to 

the rate constant expression of the conventional transition state theory. It can be shown 

that 

   (35) 

Inserting eqn (34) into (33) shows that the canonical rate constant may be 

considered as a Laplace transform of the microcanonical one, or the microcanonical rate 

constant may be considered to be an inverse Laplace transform of the canonical one. This 

will be a useful perspective in Section 2.5. 

 

2.2.2 Quantization: quasiclassical variational transition state theory 

The classical canonical variational transition state theory cannot be rigorously 

quantized because in order to define the generalized transition state appropriately, we 

need to know the local reaction coordinate z and its conjugate momentum pz 
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simultaneously, which is a violation of Heisenberg’s uncertainty principle. However, the 

quantum mechanical effects along the reaction path usually cannot be ignored, and 

therefore we put in the quantum effects approximately to obtain what may be called 

quantized variational transition state theory. In order to quantize classical variational 

transition state theory,38,50,51,52,53,54,55,56,77 we need to: (1) quantize the translational, 

rotational, and vibrational degrees of freedom (the electronic degrees of freedom have 

already been quantized by the Born-Oppenheimer approximation); (2) quantize the 

corresponding partition functions; and (3) quantize the motion along the reaction 

coordinate, which includes quantum mechanical tunneling (including nonclassical 

reflection). We will discuss quantum mechanical tunneling in section 2.2.3.  

First, we quantize all the degrees of freedom except for the vibrational mode 

associated with the reaction coordinate s at a given generalized transition state. This 

degree of quantization was called hybrid in early papers on VTST; now we call it 

quasiclassical. In many cases we ignore the coupling between some of the degrees of the 

freedom; that is, we assume independent normal modes of vibration, and we neglect 

vibration-rotation coupling. VTST theory is not restricted to neglecting these couplings, 

but computations of the partition functions are more complicated if they are included. 

(We do include such coupling in some of the approximations considered later in this 

section and in sections 2.3.1 and 2.4.1.) 
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The quantized translational motion is described by a particle in 3-dimensional box; 

since box length is macroscopic, this agrees exactly with the classical result. For overall 

rotation, usually, it is sufficient to use the classical rotor approximation, provided one 

also correctly includes the rotational symmetry number (which is a quantum effect); 

nevertheless, at accessible temperatures including 300 K and below, all of the diatomic 

hydrides, many important free radicals (e.g., OH, CH, and CH2), and a few polyatomics 

have large rotational constants, for which the classical approximation is not always 

sufficiently accurate. For H2, it is advisable to always use the quantal rotational partition 

function. 

For vibrational motion, the traditional procedure is to use the harmonic oscillator 

approximation, which assumes a quadratic potential. A quadratic potential has only one 

minimum-energy structure, whereas real molecules often have multiple structures 

(conformations) due to torsions and/or rings. In some cases, the single-structure 

approximation causes large errors, and eliminating these errors is the subject of Section 

2.3.  

If the goal is a quantitative calculation, one should explicitly consider anharmonicity 

even for stretches and bends in a single structure (this vibrational anharmonicity needs to 

be corrected because the harmonic-oscillator approximation truncates the series 

expansion of the potential energy at the second-order terms). Vibrational anharmonicity 

can be included by vibrational self-consistent-filed theory (VSCF), vibrational 
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perturbation theory (VPT), vibrational configurational interaction (VCI) and other VSCF-

based methods,57 but this can get expensive. To avoid the cost of those higher-level 

vibrational calculations, it is convenient use a scale factor58 (for a given level of 

electronic structure theory) to scale all the computed harmonic vibrational frequencies in 

order to account for vibrational anharmonicity; such scale factors can also partially 

correct for systematic errors in the chosen level of electronic structure theory. Using the 

harmonic oscillator formulas with effective frequencies (such as those obtained by 

scaling) is called the quasi-harmonic oscillator (QHO) approximation. (Sometimes it is 

just called the harmonic oscillator approximation, but that can lead to confusion.). Note 

that the scaled frequencies can (and usually do) account for vibrational mode coupling as 

well as intramode anharmonicity, so the QHO approximation is a way to include non-

separability in a separable-mode formalism. 

For the purpose of thermochemical kinetics computations, the scale factor we often 

choose is the one that is developed for reproducing an accurate zero point energy; this is 

denoted as , and it includes the corrections both for systematic errors in the 

electronic structure level and for the vibrational anharmonicity. The scale factors58 are 

developed based on a database that consists of 15 representative small molecules, whose 

experimental harmonic vibrational frequencies, fundamental frequencies and zero-point 

vibrational energies are available. The ZPE scale factor ( ) can be written as the 

product of the harmonic frequency scale factor ( , which corrects the systematic error 

 λ
ZPE

 λ
ZPE

 λ
HO
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of a given electronic structure method) with the vibrational anharmonicity scale factor 

( , which corrects the vibrational anharmonicity).  

Instead of using the generic scale factors, The vibrational anharmonicity scale factor 

for a given structure can be computed by using hybrid,59 degeneracy-corrected,60 

second-order61,62,63 vibrational perturbation theory (HDCVPT2); and it is equal to the 

ratio of HDCVPT2 computed anharmonic ZPE to the harmonic-oscillator ZPE. (The use 

of the HDCVPT2 method, like the use of vibrational scale factors, includes the effects of 

mode-mode coupling.) 

To properly take account of anharmonicity, we have usually assumed that it is 

sufficient to include anharmonicity in all bends and stretches by a single scaling factor. 

Note that the scale factors designed to treat the zero-point energy are primarily dictated 

by the stretching frequencies since they are larger than the bending and torsion 

frequencies and hence their contributions dominate the zero-point energy. Since stretches 

usually have negative anharmonicity, frequency-scaling factors are usually smaller than 

unity, which means that partition functions are increased by using a frequency-scaling 

factor. However, anharmonicity of a bend mode could either increase or decrease the 

partition function. To achieve the most accurate possible thermodynamic and kinetic 

calculations requires treating anharmonicity in each high-frequency mode/non-torsional 

mode individually. One approximation for computing such vibrational partition function 

with vibrational anharmonicity is called simple perturbation theory (SPT);64 it only 

 λ
anh
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requires calculation of the fundamental frequencies, which can be computed by the 

above-mentioned HDCVPT2 method.  

        The quantized total partition function of species X can be then written as 

   (36) 

with the vibrational partition function in the QHO approximation given by 

   (37) 

where for the reactant and product, the vibrational degree of freedom F = 3N-5 for linear 

molecule, or 3N-6 for nonlinear molecule, 3N-6 for linear transition states, and 3N-7 for 

nonlinear transition states. And  is the vibrational frequency for the normal mode i. 

Now that we have introduced the zero-point energy, we have to specify what we take 

as the zero of energy for partition functions. Textbooks routinely take the zero-point level 

as the zero of energy; then partition functions tend to unity (or, more generally, to the 

degeneracy of the ground state) when the temperature goes to zero. In our work (and in 

this whole article) the zero of energy for the vibrational partition function is chosen to be 

VMEP(s). We also define the zero of energy for the electronic partition function as VMEP(s), 

and hence, without considering spin-orbit coupling or low-lying electronic states, the 

electronic partition function is just equal to the degeneracy of the ground electronic state, 

but the vibrational partition function is not (and we do include low-lying electronic states 

in the electronic partition function when they are present – see the next paragraph). The 

rotational partition function (which is approximated by the classical rotor approximation) 
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is determined by the principal moments of inertial of the species. For the generalized 

transition state,  is a function of reaction coordinate s.  

In thermochemical kinetics we usually assume the molecules are in their ground 

electronic states. The zero of energy is set equal to be electronic energy of the ground 

state, the electronic partition function is 

   (38) 

where g0 and g1 are the degeneracy of ground state and first excited state, and E1 is the 

adiabatic excitation energy o the first excited state (i.e., the first excited state energy 

relative to the ground state). Usually the first excited state is much higher than the ground 

state, and thus only including the first term is usually sufficient, i.e., the electronic 

partition function is equal to the ground-state degeneracy. Notable exceptions are 

reactions involving halogen atoms and the OH radical. 

 Next we need to consider the vibrational zero-point energy (ZPE), which is of central 

importance in the interpretation of the kinetic isotope effects.65,66,67,68,69,70,71,72,73,74 The 

generalized normal mode analysis is carried out along the MEP, and the total zero-point 

energy at each s is computed as the summation of the ZPEs of all the vibrational modes 

that are orthogonal to the reaction coordinate. We define the vibrationally adiabatic 

ground-state potential energy VaG as follows: 

   (39) 
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where  is the zero-point energy of the transverse vibrational modes.  The 

generalized normal mode analysis along the reaction coordinate is carried out with 

curvilinear coordinates rather than with rectilinear coordinates or Cartesian coordinates. 

In order to eliminate or minimize the appearance of unphysical imaginary frequencies for 

modes transverse to the reaction coordinate, one should use curvilinear coordinates, 

which are physically more meaningful.75,76 Note that only at the stationary points are the 

harmonic vibrational frequencies independent of the choice of coordinates.  

    One important practical issue about the formulas for computing rate constants is the 

choice of the zero of energy for the calculation, which must be done consistently. If one 

chooses the zero of energy as the bottom of the potential energy well, i.e., the equilibrium 

potential energy, for the lowest-energy structure of the reactant in a unimolecular 

reaction, or as the summation of the equilibrium potential energies of the two (infinitely 

separated) reactants in a bimolecular reaction, then the vibrational partition function must 

be computed accordingly, and this is why we include  in the numerator of eqn. 

(37). In the rate constant expressions, the barrier height is then ZPE-exclusive. As stated 

above, this is the choice we make. (If, instead of using bottom of the potential well, one 

uses ZPE(s) of reactant(s) as the zero of energy, then the numerator of the vibrational 

partition function is 1, and the barrier height is ZPE-inclusive, i.e., it is based on VaG.) 

      The quantized CVT rate constant (which we denote as CVT/T, where “/T” means 

tunneling) can be then written as 

εG(s)

  e
−hν i /2kBT
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   (40) 

   (41) 

where  is the (temperature-dependent) tunneling transmission coefficient, which will 

be discussed in section 2.2.3.  is the classical barrier height evaluated as 

the difference between the ground state energy of the variational transition state and the 

reactant(s), and because the latter is the zero of energy,  is simply the 

potential energy of the variational transition state; and  are the translational-

motion-excluded quantized partition functions;  is the product of the reactants’ 

partition functions per volume, which is equal to 

   (42) 

in which mAmB/mGT is just the reduced mass of relative translational motion of A and B 

(because mGT = mA + mB). An alternative (equivalent) way for computing partition 

functions is that, in eqns (40) and (41), the partition functions  and  are the 

total partition function (including translational partition function), and  is the 

product of reactants’ total partition functions per volume.  

    The above eqns (40) and (41) can also be re-written as: 

   (43) 

where  is the conventional TST rate constant, and  is the canonical 

variational transition state theory recrossing transmission coefficient. (A pioneering 
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physical picture for the transmission coefficients was developed in Hirschfelder and 

Wigner’s work245 in the very early days.) If we ignore tunneling (i.e., we set ), 

then the CVT variational transmission coefficient is 

   (44) 

The value of  characterizes the importance of variational effects (recrossing) in the 

studied system, and it is smaller than unity. Under the harmonic-oscillator approximation, 

CVT variational transmission coefficient is computed as 

   (45) 

where  is the vibrational partition function of variational transition state, 

 is the vibrational partition function of the saddle point;  is the potential 

energy of the variational transition state, and  is the potential energy of the saddle 

point. The location of the GT is temperature-dependent, and so does the . 

Similarly, for microcanonical variational transition state theory (µVT), we have 

   (46) 

where  is the microcanonical variational transmission coefficient. 

Microcanonical variational transition state theory provides a variational extension of the 

Rice–Ramsperger–Kassel-Marcus (RRKM) theory, which is based on conventional 

transition state theory. If quantum mechanical tunneling through rovibrational excited 

states of the transition state is considered, the number of states of the generalized 

transition state would be replaced by the cumulative reaction probability,77,78 which 
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thereby becomes an effective number of reactive states.  

Notice that in the above equations, the overall rotational symmetry number of the 

molecule is included in the rotational partition function. Sometimes, the rotational 

symmetry numbers for TS and for reactant(s) in their rotational partition functions are 

factored out to the reaction symmetry number79 

   (47) 

and the corresponding VTST rate constants are expressed as (in which the rotational 

partition function excludes the rotational symmetry number) 

   (48) 

   (49) 

where  and  are the rotational symmetry number for the reactant and transition 

state structure, which are equal to the order of the rotational subgroup for polyatomic 

molecule; rotational symmetry number is 1 for  point group (for instance, a 

heteronuclear diatomic molecule) and 2 for  point group (for instance, a 

homonuclear diatomic molecule); for monoatomic species, which do not have rotational 

motion,  is taken to be 1.  

A common misunderstanding about the reaction symmetry number is that it 

represents the number of equivalent ways (or chemically equivalent positions) for the 

reactants to react; this is simply not true, although in some cases they (the number of 
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equivalent ways to react and the reaction symmetry number) might coincidentally have 

the same value. For instance, in the case of CH4 + OH → CH3 + H2O, the number of 

equivalent ways for OH to abstract the H atom from CH4 is 4 (CH4 has four chemically 

equivalent H atoms), but the reaction symmetry number for forward reaction is 12 (the 

order of rotational subgroup for Td point group (CH4) is 12, and rotational symmetry 

number for OH is 1 and for TS (Cs point group) is 1); but in the case of CH4 + O → CH3 

+ OH, because the point group of the TS is C3v (for which the order of rotational 

subgroup is 3), the forward reaction symmetry number is 4, which coincidently happens 

to be equal to the number of equivalent H atoms on CH4. The reaction symmetry number 

should also include the contributions from the non-superimposable mirror images.80 

However, if the MS-T method137,138 (which will be discussed in later section) has been 

applied, then the reaction symmetry number should exclude the mirror images, because 

they have already been included in MS-T partition function and we should not double 

count them.  

We should remind ourselves that after this non-rigorous quantization of the classical 

canonical variational transition state theory, the CVT rate constant no longer necessarily 

provides an upper bound to the exact quantum rate constant. Nevertheless, the 

variationally optimized rate constants provide much better predictions than the ones 

obtained by putting dividing surface at the saddle point as in the conventional TST. 
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2.2.3 Quantum mechanical tunneling  

2.2.3.1 Importance of tunneling. Tunneling is the quantum mechanical process by 

which a particle has a finite probability to pass through a barrier, even though its energy 

is lower than the barrier. Nonclassical reflection refers to the quantum diffraction 

phenomenon that when the incident particle's energy is higher than the barrier, there is a 

finite probability of the particle being reflected. Because the treatment presented so far 

treats the reaction-coordinate motion as classical, it does not include either quantum 

mechanical tunneling through the reaction barrier or nonclassical reflection from the 

barrier. Tunneling increases the rate constant, and nonclassical reflection decreases it. 

Since tunneling occurs at lower energies where the Boltzmann factors are larger, 

tunneling is usually the more important one of the two phenomena for thermal rate 

constants, and the net effect of including these two quantum effects on reaction-

coordinate motion are usually lumped together in a transmission coefficient that is simply 

called the tunneling transmission coefficient.  

Quantum mechanical tunneling is almost always significant for reactions involving 

transfer of light atoms (such as hydrogen atoms, protons, or hydride ions) at low 

temperatures. It is often most easily noticed in large values of H/D kinetic isotope effects 

(KIEs). Sometimes it is also significant for heavier-atom motion, for example, carbon 

tunneling. 

2.2.3.2 Tunneling transmission coefficient. The tunneling transmission coefficient 
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for VTST is defined as the ratio of the thermally averaged quantum tunneling 

probability to the quasiclassical transmission probability. The quasiclassical transmission 

probability is the one that is assumed in quasiclassical VTST, and it is a Heaviside step 

function that increases from 0 to 1 at the maximum of the effective potential. The 

tunneling transmission coefficient is: 

   (50) 

where E0 is the higher of either the ground-vibrational-state energy of the reactants or the 

ground-vibrational-state energy of the products (this is the lowest energy at which 

reaction can occur),  is the quantum tunneling probability, and  is the 

classical transmission probability. We assume that the effective potential for tunneling is 

the vibrationally adiabatic ground-state potential energy curve VaG of eqn (39), whose 

maximum value is called VAG. Then, if the transition state were at the maximum of the 

vibrationally adiabatic ground-state potential energy curve, we would have 

   (51) 

where  is the maximum of the vibrationally adiabatic ground-state potential energy 

VaG along the reaction coordinate. But in general, the CVT transition state is not at the 

maximum of the vibrationally adiabatic ground-state potential energy; thus we have to 
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replace  by  where  is the location of the CVT transition 

state at temperature T. 

The above definition of the  is consistent with the classical picture of a 

moving particle (i.e., no tunneling under the barrier and no reflection above the barrier). 

Carrying out the integral in the denominator of eqn (50), we get 

   (52) 

As for the quantum tunneling probability , it satisfies: 

   (53) 

The region below barrier is the tunneling region, and the region above barrier is non-

classical reflection region. The remaining problem is approximating the quantum 

tunneling probability . 

2.2.3.3 Semiclassical tunneling approximations. In this section, we review various 

models for approximating the accurate quantum tunneling in reaction rate constant 

computations. Commonly used tunneling models can be divided to two classes: one-

dimensional and multidimensional tunneling models. The multidimensional tunneling 

models include the variation of the vibrational frequencies along the reaction path, as 

included by the final term of eqn (39). The one-dimensional tunneling models do not. 
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The one-dimensional models reviewed in this article include the Eckart tunneling 

model,81,82 the Wigner tunneling model,83 the one-dimensional truncated parabolic 

tunneling approximation;84 and multidimensional tunneling models include zero-

curvature tunneling (ZCT),49,50 the parabolic model with an effective frequency,85 small-

curvature tunneling (SCT),86 large-curvature tunneling (LCT),71,87,88,89,90 

microcanonically optimized multidimensional tunneling (µOMT),71 and least-action 

tunneling (LAT).91,92,93 All of the one-dimensional tunneling models and the ZCT 

tunneling model ignore the reaction-path curvature; this is not a good assumption for 

many cases. The effects of the reaction-path curvature often dramatically increase the 

amount of tunneling. 

Tunneling models can also be divided into two classes another way, namely models 

with analytic results (Wigner model, parabolic models, and Eckart model) and models 

where the tunneling probability must be calculated by numerical integration.  The latter 

models are usually based on the semiclassical WKB approximation94 or – to be more 

precise — on a uniformized WKB approximation. The primitive WKB approximation 

suffers from infinities and has poor behavior for energies near the barrier top; 

uniformization95,96 is the process by which one include higher-order effects to obtain 

more uniformly accurate results, and when one does this, the results for tunneling through 

a barrier are often in good agreement (~15% or better) with a quantal treatment of the 

same barrier model. But converting the multidimensional problem into a tractable 
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problem with an effective barrier as a function of a tunneling coordinate (or a set of such 

tractable problems) is harder.  We will begin with analytic one-dimensional models. 

2.2.3.3.1 One-dimensional tunneling models. A popular approximation is to 

assume that the shape of the potential energy along the reaction coordinate s can be 

approximated by an Eckart potential:82 

   (54) 

where 

   (55) 

   (56) 

in which  is the value of the potential at  relative to ,  is the 

value of the potential at its maximum relative to . And the constant s0 is defined 

to give the maximum value of V(s), (i.e., ) at s = 0: 

   (57) 

The intrinsic barrier height Vb described by the potential is: 

   (58) 

The parameters in Eckart model are usually chosen to fit the enthalpy of reaction at 0 K 

and the enthalpy of activation at 0 K. The parameter  determines the range of the 

potential, and it is related to the magnitude of the second derivative of the potential at its 

maximum by 
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   (59) 

where the second derivative Fs, in practice, can only be approximately computed by: 

   (60) 

where  is the magnitude of the imaginary vibrational frequency of the saddle point, 

and  is the reduced mass associated with the imaginary-frequency vibrational mode. 

The reduced mass for reaction coordinate tunneling is often arbitrarily chosen to be 1 

amu (atomic mass unit), or 1.008 amu for hydrogen atom tunneling (if we assume that the 

mass of the heavy atom is infinitely large). This way of approximating Fs is artificial, and 

it simply cannot be done unambiguously. The only advantages of the Eckart tunneling 

model are that one does not need to compute a reaction path, and the tunneling 

probability  can be analytically evaluated, which provides computational 

simplicity, but it may yield quantitatively unsatisfactory results. The  given by 

Eckart potential is: 

   (61) 

where 

   (62) 

   (63) 

   (64) 

The Eckart tunneling model can be viewed as a crude approximation to the zero-
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curvature tunneling (ZCT) approximation, which systematically underestimates the 

tunneling due to neglecting reaction path curvature; however, the Eckart tunneling model 

often overestimates the ZCT tunneling transmission coefficient, which in turn partially 

compensates its intrinsic error. Eckart tunneling model uses a fit to VMEP, in the sense 

that one fits it to enthalpy at 0 K for the energetics, but the frequency is still fit to the one 

based on VMEP, which is probably why it often overestimates the tunneling probability 

compared to ZCT. (The VMEP curve tends to be thinner for the nearly symmetric barriers 

that have the greatest tunneling.) 

Although  for Eckart tunneling can be expressed analytically, the tunneling 

transmission coefficient  needs to be computed by numerical integration. To 

further simplify the computation of , one could make additional assumptions 

(which may not be appropriate though) based on Eckart tunneling. If we consider a 

symmetric Eckart potential function, that is, we set  in the asymmetric potential 

given by eqn (54) and we can get 

   (65) 

The corresponding tunneling probability, which can be derived from eqn (61), is  

   (66) 

where 

PT(E)

κ T(T )

κ T(T )
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cosh2(s Fs
2Vmax

)

PT(E) = cosh(2γε1/2 )−1

cosh(2γε1/2 )+ cosh( 4γ 2 −π 2 )



 54 

   (67) 

   (68) 

If we assume the barrier is very high or very broad such that , then we have 

   (69) 

Plug the above tunneling probability into eqn (52), we can get 

   (70) 

in which 

   (71) 

Because of our previous assumption ( ), we carry out the integral in eqn (70) from 

 to , with a further assumption that the temperature T is very high, i.e., 

   (72)   

and finally an analytical expression can be arrived: 

   (73) 

This expression could at most be valid when the temperature T is very high and the 

barrier is very high or broad, but actually this simple expression for computing the 

tunneling transmission coefficient is basically never valid primarily because it uses a 
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parabolic fit to VMEP – not to .  

Equation (73) can be further simplified since  for , we 

obtain the simple Wigner tunneling approximation:83 

   (74) 

The Wigner tunneling transmission coefficient is very simple to compute; it only requires 

the imaginary frequency of the saddle point, but it is not useful for quantitative results.  

It can be shown that, eqn (73) can also be derived from an infinite untruncated 

parabolic barrier.97 An untruncated parabola has E0 = –∞, and when T is lowered, the 

tunneling through an untruncated parabola become so unphysically large that the 

Boltzmann average in eqn (52) fails to converge and the transmission coefficient blows 

up when 

   (75) 

Skodje and Truhlar84 have eliminated this issue by using the uniformedized WKB semi-

classical tunneling approximation, and they have further generalized the result to be 

applicable for any unsymmetrically truncated parabolic-type barrier that is defined as: 
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   (76) 

and the intrinsic barrier Vb is 

   (77) 

The Skodje–Truhlar one-dimensional truncated parabolic tunneling transmission 

coefficient  is given by: 

   (78) 

which is a singularity-free generalization of the result given by eqn (73). The above 

results (eqns. (76), (77) and (78)) are for one-dimensional tunneling; later, Skodje et al. 

also showed that this parabolic model could also be generalized so that it includes the 
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effective mass for the SCT tunneling approximation was only derived later;86,98 it is not 

the one that is presented in this earlier paper85 (which is valid only if the reaction-path 

curvature is confined to a single transverse mode, which basically occurs only for atom-

diatom reactions with collinear reaction paths). We will present the SCT tunneling model 

in the next section.  

We do not recommend using any of the one-dimensional models for quantitative 

studies; and they were reviewed in this sub-section for completeness. Although these 

models are computationally inexpensive and certainly very easy to use, their accuracy is 

generally not good, and therefore for quantitative study, we recommend more accurate 

multidimensional tunneling models.  

2.2.3.3.2 Multidimensional tunneling (MT) models. In real dynamics, the motion 

of the reaction coordinate is not decoupled from the other degrees of freedom, and the 

curvature of the MEP in the mass-scaled coordinate system is one manifestation of the 

coupling.41,99 A major consequence of reaction-path curvature is that tunneling occurs in 

a corner cutting fashion.6,40,41,71,84,85,86,87,88,89,90,91,92,93,98, 

99,100,101,102,103,104105,106,107,108,109,110,111,112,113,114,115,116,117,118 That is, the tunneling path does 

not need to follow the MEP;49 internal centrifugal effects cause the dynamical path to be 

displaced from the MEP; specifically, the quantum centrifugal effect makes the system 

move toward the concave side (that is the inside) of the MEP, not the convex side (that is 

the outside) as the classical centrifugal effect does. This is called the corner cutting effect, 
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and it is due to the negative kinetic energy (imaginary momentum) in the classically 

forbidden region leading to a negative internal centrifugal effect. 

First, we begin with the zero-curvature tunneling approximation (ZCT). In ZCT, the 

reaction path curvature is neglected, however, the contributions of other degrees of 

freedom are included in the vibrationally adiabatic potential VaG(s), which contains the 

vibrational ground-state energies of all the vibrational modes that are orthogonal to the 

reaction coordinate s, and this zero-point energy depends on s. The contribution of 

vibrations transverse to the reaction path to VaG(s) is the reason why the SCT 

approximation is multidimensional. The ZCT tunneling probability is given by: 

   (79) 

where E0 is the maximum between the VaG of the reactants and of the products;  is the 

location of the variational transition state, where the VaG reaches its maximum. The 

magnitude of the imaginary action integral is 

   (80) 

where s< and s> are the two turning points, at which VaG = E. The integrand is the 

imaginary part of the momentum of mass  (that is the reduced mass of the isoinertial 

coordinate system). The ZCT approximation underestimates the tunneling transmission 
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coefficient because it neglects reaction-path curvature; there are shorter tunneling paths 

than the MEP that have the same effective potential,119 which is given by eqn (39), and 

those paths dominate the tunneling.  

In the small-curvature tunneling approximation (SCT), an effective reduced mass 

 is introduced in computing the tunneling probability as expressed in eqn (79). The 

value of  is smaller than , which (as can be seen from eqn. (80)) is equivalent to 

shortening the tunneling path. In the current version of SCT (which is also called the 

centrifugal-dominant small curvature approximation), which is used in modern VTST 

calculations,  is determined by reaction-path curvature as follows:86,98 

   (81) 

in which , and the reaction-path curvature , 

where  is the curvature component of vector , which represents the 

coupling between the reaction coordinate s and a mode m that is perpendicular to it: 

   (82) 

where ni(s) is the component i of the unit vector perpendicular to the generalized 

transition state dividing surface at s and  is the i-th component of the eigenvector 
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        The effective harmonic potential V for the vibrational mode u1 (which is 
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constructed by a local rotation of the vibrational axes such that  lies along with it, 

and by construction, the curvature coupling in all other vibrational coordinates u2 to uF-1 

are zero in this rotated coordinate system) is 

   (83) 

where  is the vibrational frequency of mode m at reaction coordinate s. The 

associated turning point  for zero-point motion in this harmonic potential is then: 

   (84) 

This form of turning point is able to avoid unphysically large tunneling probability that 

existed in the old version of the theory,85 which is caused by the assumption that all 

modes are extended to their turning points along the tunneling path; we no longer use the 

effective mass formula from the old version of the theory.   

        The turning-point derivative terms  are evaluated at s by a two-

point central-difference method using the turning-point results obtained at adjacent 

locations at which the normal modes are found. Because the gradient of the potential 

energy at the saddle point is zero, the effective reduced mass  is computed by 

a linear interpolation between the two closest values of  as the following 
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where  is the step size of the reaction coordinate.  

The corner-cutting model that led to the effective reduced mass  does not 

apply to energies above the maximum of VaG, it is therefore inappropriate to compute the 

transmission probability at the non-classical reflection region based on PSCT(E). The 

transmission probability in the non-classical reflection region is computed by  

   (86) 

which means that the effective reduced mass is only used for computing the transmission 

probability at tunneling energies. SCT is currently the most widely used tunneling 

approximation among the many multidimensional tunneling models; and it is usually able 

to give a satisfactory tunneling transmission coefficient with a balanced computational 

cost (when compared to other more complex multidimensional models, which could be 

expensive for medium to large sized molecules).  

Nevertheless, the tunneling path can be further optimized, and in some cases the 

system can tunnel directly into vibrationally excited states (i.e., it is not necessary for 

tunneling to be governed by the ground-state vibrationally adiabatic potential energy 

curve). The large-curvature tunneling approximation71,87,88,89,90 (LCT) was developed for 

more appropriately (as compared to SCT) describing reactions with large curvature of the 

reaction path. One of the key features in the LCT approximation is that the tunneling 

paths are set of straight lines that connect reactant and product sides, and these tunneling 

paths can connect vibrational-ground-state turning points on the reactant side (in the 
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exoergic direction of reaction) with vibrationally excited turning points on the product 

side. In the LCT method, the tunneling paths can be in a wider region than the nearly 

quadratic valley around the MEP, and the region that they pass through is called the 

reaction swath. The LCT tunneling probability includes the contribution from all the 

tunneling paths originating from the reactant valley and some of these occur earlier than 

when the system gets all the way in to where it hits the barrier. That is, in LCT, one can 

have a significant probability of tunneling before reaching the reaction-coordinate turning 

point. The classical reaction-coordinate turning points are the points at which the ground-

state vibrationally adiabatic potential is equal to the total energy E in either the reactant 

and product valley. Unlike the treatment in ZCT and SCT, the LCT tunneling at energy E 

takes place all along the entrance channel up to the turning point, and it is initiated by the 

vibrational modes that are orthogonal to the reaction coordinate rather than the motion 

along the reaction coordinate.  For large reaction-path curvature, the LCT 

approximation gives larger tunneling probability than SCT due to the very significant 

shortening of the tunneling paths; however, in the limit of small reaction-path curvature, 

the tunneling probability PLCT(E) could be smaller than PSCT(E), because SCT is a more 

accurate treatment in this limit region.  At intermediate reaction-path curvature, SCT 

and LCT give similar results.  

In the microcanonically optimized multidimensional tunneling model (µOMT), the 

tunneling probability at energy E is simply set to be the maximum between PLCT(E) and 
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PSCT(E). When one uses µOMT, one often finds some contribution form large-curvature 

tunneling at low energy, even if the more important higher-energy tunneling is dominated 

by small-curvature tunneling. In some older work, we used a method now called the 

canonically optimized multidimensional tunneling model (OMT), in which the thermally 

averaged tunneling transmission coefficient at temperature T is set to be the maximum 

between  and . 

The most complete approximation for the quantum tunneling is the least-action 

tunneling model (LAT).91,92,93 In this model, a sequence of paths that are parameterized 

by a parameter  is considered for each tunneling energy E and each final vibrational 

state (not necessarily the vibrational ground state). The parameter  is defined so that 

these LAT paths are all located at or between the MEP ( ) and LCT paths ( ). 

At every tunneling energy E, within the chosen sequence of paths, the tunneling path that 

has the largest tunneling probability is chosen to be the LAT tunneling path; that is, the 

LAT tunneling path is variationally optimized to minimize the action integral at E, with 

respect to the parameter . The LAT tunneling was originally computationally very 

demanding, because one has to compute the information of huge number of points on 

potential energy surface (not just on MEP) including Hessians, but we have derived 

efficient algorithms for it.93 However, it is seldom used because the results are not 

sufficiently more accurate than those obtained by the µOMT method. 

In the computations of the multi-dimensional tunneling transmission coefficients, it 
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is very important for the computed reaction path (i.e., the range of s being computed) to 

be long enough so that the quantum tunneling is converged; otherwise a non-converged 

quantum tunneling calculation can yield erroneous tunneling transmission coefficients. In 

practice, one can extend the range of the reaction path that was computed in the previous 

calculation and then redo the computation (with some possible restart options to take 

advantage of the information produced in the previous run), and the tunneling 

transmission coefficients should remain the same at all temperatures.  Extrapolation 

techniques are available to minimize the needed length of reaction path computation.120 

 

2.2.3.4 Tunneling and the treatment of reaction intermediates 

An important issue involving tunneling is the treatment of reaction intermediates. 

Consider a two-step reaction: 

   (87) 

The first step is the formation of an intermediate (I), with a forward rate constant of k1; 

the intermediate I further proceeds to yield the product P, with a rate constant of k2. The 

overall reaction rate for the formation of product is: 

   (88) 

and if the intermediate I is in equilibrium with A and B, we would have 
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where K is the equilibrium constant for the first step, and . And thus the 

overall bimolecular rate constant is 

   (90) 

With (variational) transition state theory, the rate constant k2 is  

   (91) 

where  is the tunneling transmission coefficient computed by using the intermediate I 

as the reactant. The equilibrium constant K of the first step is 

   (92) 

and thus, the overall bimolecular rate constant is equivalent to 

   (93) 

        If one ignores the intermediate, that is if one computes the rate constant directly 

for A + B → P, the rate constant expression is almost the same as eq. (93); the difference 

is that  in eq. (93) is replaced by , which is the tunneling transmission 

coefficient computed by using A and B as the reactants. To discuss this, we consider the 

case of an exothermic reaction at low temperature where the reactant is in its ground 

state. If the top of the effective barrier for tunneling is below the zero point energy of the 

reactants, then there is no tunneling because all systems have enough energy to pass over 
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the barrier without tunneling. Thus  is unity (or less than unity if we include 

nonclassical reflection). But if the pressure is large enough to stabilize states of the 

intermediate that have energies lower than the reactant zero point energy and lower than 

the top of the effective barrier for tunneling, those low energy states can tunnel and  

can be greater than unity.  This shows that the well-known dictum that one can ignore 

an intermediate that occurs before the rate-determining transition state is only partially 

true, and it is dangerous to ignore the existence of a van der Waals intermediate in a 

bimolecular reaction (or similarly, in a two-step unimolecular reaction). This is a very 

general issue since most bimolecular reactions have barrier, and a ground-electronic-state 

barrier is always preceded by a van der Waals minimum. However, the issue is usually 

important only for reactions with low barriers.  For a high barrier, since the tunneling 

usually has important contributions only from energies at most a few kcal/mol below the 

barrier top, the tunneling from intermediate states whose energy is below the reactant 

zero point energy is expected to be negligible. 

        There is another complication, namely the assumption that the intermediate is 

in equilibrium with A and B. If one is not in the high-pressure limit, there may be 

inadequate collisional stabilization of the complex. In the low-pressure limit, there are no 

stabilizing collisions, and therefore there are no tunneling contributions at energies below 

the ground-state energy of the reactants121 (which would be the lowest possible energy 

that a complex could have). The low-pressure limit and the high-pressure limit are easily 
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handled as limiting cases, but at intermediate pressures one must use the theory of 

pressure-dependent reactions, which is treated in a later section. 

 

2.2.4 Recrossing transmission coefficient 

        The basic assumption of quasiclassical transition state theory, which may be 

used to derive the equations in Section 2.2.2, is that the systems with energy higher than 

the vibrationally adiabatic potential barrier (which may be called the quasiclassical 

threshold energy) react with unit probability and systems with lower energy do not react, 

i.e., the reaction probability is a Heaviside step function as a function of energy in the 

reaction coordinate. Because the vibrationally adiabatic barrier involves vibrational 

frequencies and rotational moments of inertia that depend on the reaction coordinate, 

VTST goes beyond the assumption of a separable reaction coordinate that is assumed in 

purely classical conventional transition state theory.  

        In Section 2.2.3, we saw the use of a tunneling transmission coefficient to 

account the breakdown of the step function probability due motion along the reaction 

coordinate being quantum mechanical so there is a small probability that systems with 

higher energy than the effective barrier diffract off the barrier top and do not react and a 

small probability that systems with less energy that the barrier tunnel through it.  The 

latter events happen at lower energy where the Boltzmann factor is higher, and so their 

effect usually dominates over the effect of nonclassical reflection, and the tunneling 
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transmission coefficient is usually great than unity.  We take account of tunneling by 

doing a multidimensional semiclassical calculation that accounts for two aspects of 

reaction-coordinate non-separability, namely (i) the already-mentioned reaction-

coordinate dependence of the vibration frequencies and (ii) the corner cutting effect by 

which the tunneling path involves displacement of the transverse vibrations to the 

concave side of the curved minimum energy path during the tunneling event.  

        There is another reason why the step function probability assumption can break 

down, namely that even for classical reaction coordinate motion, the non-separability of 

the reaction path can lead to less than unit probability of reaction for systems with energy 

greater than the quasiclassical threshold because systems cross the transition state but 

then recross it, making the net reactive flux smaller than the one-way flux. We can 

account for this by including another transmission coefficient in the rate constant; we call 

this the recrossing transmission coefficient. Note that the recrossing transmission 

coefficient could also be called the quasiclassical transmission coefficient because the 

effect is present even for classical reaction-coordinate motion. 

        In general, then there are two contributions to the transmission coefficient, and 

we write 

   (94) 

where  is the full transmission coefficient,  is the tunneling transmission 

coefficient, and   is the recrossing transmission coefficient. We can apply this to the 

γ =κΓ

γ κ

Γ
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quasiclassical VTST rate constant calculated without tunneling or recrossing to get a 

better answer.  When we do this, we usually set   = 1.  For example, using 

canonical variational transition state theory, we write the rate constant with tunneling as 

   (95) 

 

 

where  is the quasiclassical VTST rate constant. However, sometimes we use a 

different notation, namely 

   (96) 

where  is the quasiclassical conventional VTST rate constant, and 

   (97) 

These different conventions should be clear from the context. 

        The quantity  is sometimes called the variational effect because it 

accounts for the difference between variational transition state theory and conventional 

transition state theory when both are applied without tunneling. Its deviation from unity is 

a measure of the extent to which VTST accounts for the breakdown of the no-recrossing 

assumption of quasiclassical transition state theory at the conventional transition state 

that passes through the saddle point. For example, a recrossing transmission coefficient of 

0.8 means that 20% of the quasiclassical flux through the conventional transition state 

does not contribute to the net one-way flux because the true dynamical bottleneck is the 

Γ

kCVT/T =κkCVT

kCVT

kCVT/T =κΓCVTkTST = γkTST

kTST

ΓCVT = kCVT kTST
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variational transition state, not the conventional transition state. This would mean that 

20% of the flux through the conventional transition state is nonreactive because it does 

not pass through the variational transition state, which has a higher free energy of 

activation. 

 One can also define an exact recrossing transmission coefficient as 

   (98) 

This is the definition implicitly used in original literature,3 where it is simply called the 

transmission coefficient.  

 

2.2.5 Importance of using curvilinear coordinates in VTST/MT calculations for 

vibrations transverse to the reaction coordinate 

        In the VTST/MT calculations, the computations of both the variational 

transition states and the multi-dimensional quantum tunneling transmission coefficients 

rely on the computed vibrationally adiabatic ground-state energy along the reaction path; 

the generalized normal mode analysis is performed at evenly spaced points along the 

minimum energy path. For non-stationary points (notice that the reactants, products, and 

the conventional transition state structures are stationary points) along the reaction path, 

the frequency calculations have to be carried out based on projected Hessians (which 

project out the translational modes, overall rotational modes and the mode corresponding 

to the reaction-coordinate degree of freedom). One should keep in mind the fact that the 

Γexact or γ exact = kexact kTST
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projected Hessians in this generalized normal mode analysis are coordinate-system-

dependent,75,76 and so are the bound-mode vibrational frequencies of non-stationary 

points.  

The reason that the vibrational frequencies along the MEP are coordinate-dependent 

can be explained as follows. The choice between the rectilinear coordinates (which are 

linear combinations of Cartesian coordinates) and the curvilinear coordinates (internal 

coordinates) is equivalent to the choice between two different definitions, s and s', of the 

reaction coordinate for points off the MEP; they have the same values for stationary 

points on the MEP, but not for non-stationary points. These two different choices of the 

reaction coordinate are related by76,122  

   (99) 

in which F is the number of internal coordinates, and F – 1 excludes the reaction 

coordinate s (which is also called qF). The qi represent curvilinear (internal) coordinates, 

which measure distortions away from the MEP, and by definition they vanish on the 

MEP. The bij involve second-order partial derivatives of s' with respect to qi, and they are 

in general nonzero. The double summation runs over a complete, non-redundant set q1, 

q2, ..., qF-1 of such coordinates that are orthogonal to the MEP. The matrix elements of the 

Hessians expressed using these two different reaction coordinate definitions are related 

by:123 

  
′s = s+ 1

2
bij (s)qiq j

j=1

F−1
∑

i=1

F−1
∑ + o(qi
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   (100) 

in which  and . Clearly, at stationary 

points, where the first-order derivative of V with respect to s is zero, the two Hessians are 

the same; Cartesian coordinates and internal coordinates yield the same frequencies for 

the stationary points. However, at non-stationary points, where the  term does 

not vanish, the frequencies are coordinate-system-dependent.  

And thus, the important consequence is that, the results of the VTST/MT 

calculations depend on the choice of the coordinates75,76 that are used for the generalized 

mode analysis along MEP.  It is highly possible for a set of Cartesian coordinates (a 

linear combination of which yields a set of rectilinear coordinates) to unphysically yield 

one or more imaginary frequencies along the reaction path75,76 (along the reaction path, in 

the absence of a real bifurcation, there should be no imaginary frequency after the 

projection); and the resulting VTST/MT rate constants can be significantly affected, and 

thus they could be unreliable or even wrong. Along the reaction path, the free energy 

cannot be computed at the regions where one has imaginary frequencies, and thus 

Polyrate program42 arbitrarily sets the vibrational partition function to very large number 

(which decreases the Gibbs free energy by a large amount) in order to ensure that the 

computed canonical variational transition state will never occur in these unphysical 

regions which contains imaginary frequencies. Using Cartesian coordinates for 
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generalized normal mode analysis along the reaction path could possibly cause: (1) 

unphysical discontinuity of the vibrationally adiabatic ground-state energy (VaG) along 

the reaction path; (2) unphysical sudden jump(s) on the Gibbs free energy at a given 

temperature along the reaction path, because of the above-mentioned arbitrary setting that 

the program has to make; (3) in the case of microcanonical VTST calculations, using 

Cartesian coordinate can cause unphysical sudden jump(s) in the computed vibrational 

number of states  and thus the energy-dependent microcanonical variational 

transition state would be located in these unphysical regions, which leads to unphysical 

results for the VT rate constants. 

In order to obtain reliable VTST/MT rate constants, one should first choose a set of 

physically reasonable curvilinear coordinates that are capable of describing the atomic 

motion along the whole reaction path, and then use this set of coordinates to carry out the 

generalized normal mode analysis and to further compute the variational transition states 

and multi-dimensional tunneling. In Polyrate, one could choose either a set of 3N – 6 

(where N is total number of atoms) non-redundant internal coordinates75 (via the 

“CURV2” option), or redundant internal coordinates124 (via the “CURV3” option), as 

curvilinear coordinates for performing the generalized normal mode analysis. A set of 

physically meaningful and well-chosen internal coordinates is usually able to give an 

imaginary-frequency-free reaction path in physically important regions (i.e., the regions 

where the variational transition states are located and where the quantum tunneling take 

  N
µVT(E,s)

µ
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place). In some cases, it is useful to also re-orient the generalized-transition-state dividing 

surface (via the “RODS” option) to eliminate the imaginary frequencies along the path.125 

As for the computations of the multi-dimensional tunneling transmission coefficients, it is 

very important for the computed reaction path (i.e., the range of s being computed) to be 

long enough so that the quantum tunneling is converged; otherwise a non-converged 

quantum tunneling calculation can yield erroneously large tunneling transmission 

coefficients. In practice, one can extend the range of the reaction path that was computed 

in the previous calculation and then redo the computation (with some possible restart 

options to take advantage of the information produced in the previous run), and the 

tunneling transmission coefficients should remain the same at all temperatures. 

 

2.2.6 State-selected rate constants 

        Although transition state theory is formulated for the calculation of the reaction 

rates of thermally equilibrated or microcanonically equilibrated reagents, extensions have 

been proposed to approximate vibrational-state-selected rate constants.126,127 Liu recently 

reviewed the experimental progress made in studying the mode-selected reaction 

dynamics.128 In this section, we briefly review using VTST to study state-selected 

reaction rate constants.  

There are two basic ways to extend VTST to reactions in which the initial vibrational 

state is specified to have some specific excitation. One is to assume vibrational 
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adiabaticity of the excited mode;127 then, in the sums over vibrational quantum numbers 

for the state-selected mode, only one term contributes. Another is based on non-

adiabaticity. We first review the former approach and then the latter one.  

Consider the vibrational partition function with F vibrational degrees of freedom 

assumed separable (for stationary points, F includes all the vibrational degrees of 

freedom; and for non-stationary points, F includes all the bound-mode vibrational 

degrees of freedom that are orthogonal to MEP, which excludes the reaction coordinate), 

   (101) 

where m labels a vibrational mode, and nm is the number of quanta in that mode, and 

nmmax is the number of quanta used to converge the summation.  If the vibrational energy 

levels are computed by harmonic oscillator (HO) approximation 

   (102) 

where  is the vibrational frequency of mode m.  This yields the HO vibrational 

partition function of eqn (37), which is used in computing thermal VTST rate constants 

in the harmonic approximation. In mode-selected VTST, one modifies eqn (101) to 

   (103) 

in which the modes from m = 1 to m =  are the selected modes (i.e., each of these 

modes is restricted to have a specific number of excitation quanta equal to ); and the 
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remaining  modes are treated as usual with the summation over all the 

vibrational quantum numbers  of modes m' going up to a high enough value to 

converge the partition function, i.e., up to a large number that converges the summation. 

This restricted vibrational partition function is a function of the selected vibrational 

quantum states, which are characterized by the set of the specified vibrational quantum 

numbers . In adiabatic mode-selected VTST, the locations of the variational 

transition states are determined based on the vibrational partition functions of the 

generalized transition state using eqn (103) with the bound-mode vibrational frequencies 

along the reaction path. This same restriction is also used to generate state-selected 

conventional transition state theory, in which the generalized transition state is chosen to 

be at the saddle point rather than variationally optimized. 

        The multidimensional quantum tunneling transmission coefficients in state-

selected VTST is computed based on the following state-selected vibrationally adiabatic 

potential: 

   (104) 

        The effective potential of eqn (104) is based on the adiabatic approximation, 

which is a good approximation when the dynamical bottleneck occurs prior to the region 

of large reaction-path curvature; large reaction-path curvature causes strong vibrational 

nonadiabaticity,129 and in such a case, one should use the second way to treat state-
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selected reactions, namely the diabatic one126 with the vibrationally diabatic potential 

given by 

   (105) 

which is similar in form to the expression for the vibrationally adiabatic potential , 

but instead of using adiabatic frequencies, it uses diabatic frequencies which change 

smoothly along the reaction coordinate. When the adiabatic frequencies  show an 

avoided crossing in the frequencies  vs. s diagram (this is called the vibrational-mode 

correlation diagram, in which the curves corresponding to modes of the same symmetry 

do not cross), it is often a better approximation physically to assume that the modes 

preserve their character in passing through the avoided crossing region. For instance, in 

the OH + H2 → H2O + H reaction,126 there are five bound vibrational modes along the 

reaction coordinate s, in which the three modes with the lowest adiabatic vibrational 

frequencies (of which the modes are denoted as m = 1, 2, 3) change smoothly along s, and 

the two highest-vibrational-frequency modes (which are denoted as m = 4, 5) with the 

same symmetry have an avoided crossing at s0 (which is about -0.16 Å). The diabatic 

frequencies  are then defined as: 

  (106) 

where  is the step function, and  is Kronecker delta.  
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        State-selected VTST calculations have been tested for various 

systems,130,131,132,133,134,135,136 and good agreement with experimental values or accurate 

quantum dynamics are confirmed. The most sophisticated treatment131 assumes that the 

reaction is vibrationally adiabatic up to the first occurrence in proceeding from reactants 

to products of an appreciable local maximum in the reaction-path curvature; at that point 

the reaction is treated as if all flux is suddenly diverted to the ground vibrational channel.  

 

2.3. Multistructural and multipath variational transition state theory 

2.3.1 Multistructural anharmonicity 

The textbook way of computing molecular partition function is based on a single lowest-

energy structure and on the (quasi-)harmonic oscillator approximation. A harmonic 

oscillator has only one minimum-energy structure, but real species often have multiple 

structures, e.g., gauche and trans 1,2-dichloroethane. This section discusses how to 

include those features in VTST. Some of the material in this section applies to any 

reactant or transition state that has multiple structures, but most of the discussion is 

written in the framework of torsional multistructural anharmonicity, which has two 

components: multiple-structure anharmonicity and torsional potential anharmonicity. The 

multiple-structure and torsional potential anharmonicity effects can be very important in 

the computation of partition functions, especially at high temperatures. 

If a reagent or a transition state being studied has one or more torsional degrees of 
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freedom (internal rotations), the harmonic oscillator approximation fails because (a) the 

potential function is not quadratic and (b) torsions usually generate multiple structures, 

each of which contributes to the partition function. Issue (a) is called torsional potential 

anharmonicity,137 and issue (b) is called multiple structure anharmonicity. Multistructural 

torsion anharmonicity can be treated with the recently developed multistructural torsion 

(MS-T) method, which has two versions: MS-T with uncoupled torsional potential 

method (MS-T(U) method), and MS-T with coupled torsional potential method (MS-

T(C) method). We recommend the second version of this method, which is based on a 

coupled torsional potential138. Including the MS-T treatment of anharmonicity in VTST 

will be called multistructural VTST (MS-VTST) or multipath VTST (MP-VTST), 

depending on how completely it is included. 

A methyl group can usually be safely treated as nearly separable from other torsions, 

but more generally the torsional degrees of freedom in a molecule are coupled; they 

interact with each other, and sometimes this coupling is strong. If we rotate each torsional 

bond to n different angular positions, and if we have t torsions (temporarily excluding 

methyl groups because rotating methyl groups does not generate new distinguishable 

structures; however we do consider all the torsions including methyl groups in the final 

MS-T partition function), we will generate nt initial structures. However, after optimizing 

all these initial structures by some electronic structure method (this step is called the 

conformational search), the distinguishable conformers one finds will not be equal to nt. 
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All of the distinguishable conformers that are generated by torsions are included in the 

computation of the MS-T partition function, including non-superimposable mirror 

images. The multiple structure effect can be very large when one is treating a long chain 

molecule.  

One may propose to treat all the local minima (or in the case of transition state, all 

the first order saddle points on reaction paths from reactants to products) with the 

harmonic oscillator formulas; and this is called the multistructural local harmonic 

oscillator approximation (MS-LH).139 However, treating low-frequency modes that are 

torsions or have large contributions from torsions by the harmonic oscillator 

approximation can be very inaccurate. The harmonic potential is a good approximation to 

the real potential only around the equilibrium structure. The harmonic vibrational 

partition function has the high-temperature limit: 

   (107) 

and this is the vibrational partition function of a classical harmonic oscillator.  

At very low temperatures where , an internal rotation can be reasonably 

well treated with the harmonic-oscillator approximation at each minimum of the torsional 

potential; at very high temperature where  is much larger than the internal rotational 

barrier W, and the internal rotation becomes a free rotor. At intermediate temperature 

where , torsional degrees of freedom should be treated as hindered rotors.  
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Here we review the MS-T method based on a coupled torsional potential (i.e., MS-

T(C) method). By “coupled”, we mean that we are using consistently coupled torsional 

vibrational frequencies, coupled effective torsional barriers, and coupled internal 

moments of inertia; the kinetic couplings between the torsional motions and the overall 

rotation of the molecule are also fully treated.  

The MS-T rotational-vibrational (which can be abbreviated as rovibrational) 

partition function is computed as the summation of the single-structure torsional 

rovibrational partition function (SS-T) of the unique structure j. In the equations used for 

the MS-T partition function, a unique structure refers to a quantum mechanically 

distinguishable (both structurally and energetically) conformational structure, which is 

generated by a change in vibrational coordinates, usually by a torsion; the unique 

structures are torsional conformers – not chemical isomers. And a distinguishable non-

superimposable mirror image that can be generated via torsion also counts as a unique 

structure. The MS-T partition function is: 

   (108) 

where the SS-T rovibrational partition function for distinguishable structure j is defined 

as 

   (109) 

where  is the rotational partition function of structure j,  is the harmonic-
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oscillator (or quasi-harmonic-oscillator) vibrational partition function of structure j, Uj is 

the relative Born-Oppenheimer equilibrium  energy of structure j with respect to the 

Born-Oppenheimer equilibrium energy of the lowest-energy conformer (which is denoted 

as the global minimum or GM), t is the total number of torsions, and  is the 

torsional correction factor for the coupled torsion  of structure j. If we set all the 

torsional correction factors in eqn (109) to unity, then this equation reduces to the 

single-structure harmonic-oscillator rovibrational partition function (SS-HO) of structure 

j. 

The rotational partition function for structure j is computed using the classical rotor 

approximation, which is sufficient for most purposes, and which yields: 

   (110) 

where  is the overall rotational symmetry number for structure j (each conformer j 

has its own symmetry number), and , , and  are the three principal 

moment of inertia associated with the overall rotation of the rigid structure j.  The 

rotational symmetry number of conformer j is equal to the order of the rotational 

subgroup for a polyatomic molecule (conformer j); the rotational symmetry number is 1 

for a heteronuclear diatomic molecule and 2 for a homonuclear diatomic molecule.  

The torsional correction factors of all the coupled torsions are treated together by 
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   (111) 

where  is the reference classical partition function of coupled torsional motion 

 for structure j using the coupled effective torsional barrier, and  is the 

classical harmonic oscillator partition function using consistently coupled frequencies.     

The reference classical partition function of structure j is an approximation to the 

fully coupled classical partition function QFCC (where all t torsions and the overall 

rotation are coupled): 

   (112) 

where  is the overall rotational symmetry number,  is the torsional symmetry 

number for torsion  (the symmetry number for a torsion can be determined by treating 

the least symmetric of the two rotating fragments as a fixed frame and counting the 

number of identical structures obtained when the more symmetrical top is rotated from 0 

to 360 degrees with respect to this torsional bond and relaxed), V is the potential energy 

as function of torsional angles , and det(S) is the determinant of the Kilpatrick and 

Pitzer moment of inertia matrix for overall and internal rotation,140 which is uniquely 

defined by the torsional coordinates (dihedral angles). The fully coupled classical 

partition function cannot be analytically integrated, and the computation of the whole 

potential energy V as function of torsional angles is generally unaffordable for systems 
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with multiple torsions, and therefore several approximations are made in order to 

evaluate QFCC: (a) we approximate the determinant of  matrix in the vicinity 

of each conformational structure j by its value at a local minimum or the saddle point; (b) 

we use a congruent transformation to block diagonalize the S matrix so that it can be 

written as the product of the three principal moment of inertia for the overall rotation of a 

rigid structure, with the torsional moment of inertial matrix D (which fully accounts for 

kinetic coupling of torsions to each other and to overall rotation); (c) we approximate the 

potential  with the uncoupled local reference potential in the vicinity of 

structure j as 

   (113) 

where, in the coupled MS-T calculation,  is the coupled effective torsional barrier 

 for torsion , which is computed by diagonalizing the torsional Wilson-Decius-

Cross GF submatrix,46 and  is the local periodicity of torsion  for conformer j, 

which is related to the number of structures (including both distinguishable and 

indistinguishable ones) that can be generated by torsion .  

The local periodicity of an uncoupled torsional degree of freedom is the same in all 

unique conformers, and it is an integer equal to the number of distinguishable conformers 

(including mirror images) that can be generated by this torsion, multiplied by the 

torsional symmetry number of this torsion. For instance, for a nearly-separable uncoupled 

–CH3 group, there is only one distinguishable conformer that can be generated by rotating 
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this torsional bond, and the torsional symmetry number of methyl group is 3; and thus it 

has M = 3. In strongly coupled systems,  is generally a conformer-dependent non-

integer, and it is assigned by using Voronoi tessellation.141,142,143 As a result of putting all 

these elements together, our reference classical partition function for structure j, in which 

all the coupled torsions are treated together in product form, is 

   (114) 

where I0 is modified Bessel function. Notice that, for coupled torsions, it is the product of 

local periodicities that appears here, rather than a separate dependence on the local 

periodicity of each coupled torsion.  

        When torsions are strongly coupled together, it is sometimes impossible to 

assign integer  values for each torsion. We divide the t torsions into two types: 

nearly separable (NS, for instance CH3 groups) and strongly coupled (SC). We use the 

notation  to denote that  torsions are treated as nearly separable and 

 torsions are treated as strongly coupled. In general, the strongly coupled coordinates 

may be further partitioned into two or more subspaces, with each subspace involving only 

those coordinates that are strongly coupled to each other. Each of the strongly coupled 

subspaces is treated by Voronoi tessellation separately. Voronoi tessellation divides a 

space into cells around a discrete set of points, and the space to be tessellated here is 

described by the dihedral angles , and the points correspond to structures. 
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Each cell corresponds to a specific structure and consists of all torsional configurations 

closer to this structure than to any other structure when only the  strongly coupled 

degrees of freedom are considered. In Voronoi tessellation, all the distinguishable and 

indistinguishable structures that can be interconverted via torsions are included. The 

volume of the SC torsional subspace is then given by 

   (115) 

where tSC is the number of torsions in the strongly coupled space, and  is the 

torsional symmetry number for torsion . Whenever we use Voronoi tessellation, we 

assume that the torsional subspace is so strongly coupled that we cannot assign  

by considering each torsion separately; then we replace all  for strongly coupled 

torsions of a given conformer j by a single  equal to 
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As we can see in eqn (111) and eqn (114), it is the product of the local periodicities 

rather than the individual terms that are needed in the computation of the torsional 

correction. In the practical Voronoi algorithm,141 eqn (116) is computed by: 
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   (117) 

In this sampling algorithm, a total number of Ntot random points in the torsional space are 

generated, and each point is assigned to the structure that is the closest to it (in other 

words, each point is assigned to a particular Voronoi tile), and Nj is the number of points 

that are assigned to structure j. 

Here we give some numerical examples of the  values for the strongly 

coupled (SC) torsional degrees of freedom in some systems; all the methyl groups in the 

following examples are excluded in the given  values, because they are treated as 

nearly separable with M = 3. For 1-pentyl radical (when the conformational search is 

carried out by M06-2X/MG3S), the  values for the SC torsions in its eight 

distinguishable conformers (which excludes 7 distinguishable mirror images) are, from 

lowest-energy conformer to highest-energy conformer, respectively 2.67, 2.63, 2.73, 3.84, 

3.82, 3.82, 3.36, and 3.39. The transition state structure of the hydrogen abstraction 

reaction from a methyl group of the tert-butanol by HO2 radical (the products are 

(CH3)2C(OH)CH2· radical and H2O2) possesses five SC torsions and has 46 

distinguishable conformers (i.e., 23 pairs of non-superimposable mirror images, which 

are found by M08-HX/MG3S); the  values range from 2.00 to 2.45, with a mean 

value of 2.17 and a standard deviation of 0.13. For (S)-sec-butanol (for which the 

conformational search is carried out by M08-HX/MG3S), the  values for the SC 
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torsions in its nine distinguishable conformers (from the lowest-energy conformer to the 

highest-energy one) are respectively 3.01, 2.97, 3.01, 3.00, 3.00, 2.95, 3.02, 3.05, and 

3.00.  

The classical harmonic oscillator partition function  with coupled 

frequencies is: 

   (118) 

where F is the number of vibrational degrees of freedom,  is the vibrational 

frequency of normal mode m, and  are the non-torsional vibrational frequencies; 

these frequencies are computed by diagonalizing respectively the full Wilson-Decius-

Cross GF matrix and its non-torsional submatrix with non-redundant internal 

coordinates. 

The final result is 

   (119) 

In general, for a system with multiple coupled torsional degrees of freedom, the 

accurate partition function is unaffordable to compute. Nevertheless, for two-dimensional 

systems, i.e., molecules with two coupled torsional degrees of freedom, where the highly 

accurate partition functions are available via the extended two-dimensional torsion 
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method144 (E2DT) which is a method that is based on the solution of the torsional 

Schrödinger equation and that includes full coupling in both the kinetic and potential 

energy, the satisfactory accuracy of the MS-T method with coupled torsional potential, 

i.e., MS-T(C) method, has been confirmed; and it is concluded that “If the E2DT method 

is not affordable, the MS-T(C) method is the best option to calculate rovibrational 

partition functions including torsional anharmonicity”. 

To carry out MS-T calculations, one has to do an exhaustive conformational search 

at the first step, which might be unaffordable for structures with a large number of 

torsional degrees of freedom, even when using economical density functional methods. 

Recently we have proposed a much less expensive method called dual-level MS-T,145 

which requires the user to carry out a conformational search with a chosen low-level 

theory (for instance, a semiempirical molecular orbital method) and then re-optimize the 

30% energetically lowest low-level structures at a higher level. Dual-level MS-T is able 

to combine the information from a low-level theory with that from a higher-level theory 

to obtain an approximate MS-T partition function that agrees with the full high-level MS-

T partition function within a factor 2 to 3; an even more encouraging feature is that we 

have shown that when one is using dual-level MS-T partition functions in computing rate 

constants or thermodynamic functions (in which cases one usually needs the ratio of the 

partition functions rather than an individual partition function, and the errors of the dual-

level method canceled out to a large extent), very satisfactory results (as compared to 
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using full high-level MS-T partition functions) can be obtained.   

 

2.3.2 Multistructural variational transition state theory 

In multistructural variational transition state theory146,150 (MS-VTST), we replace the 

single structure harmonic oscillator partition functions in the expression of the VTST rate 

constant, by MS-T partition functions. And therefore, the multistructural and torsional 

anharmonicity is incorporated in the VTST theory.  

    We now derive the MS-VTST rate constant for unimolecular reactions, for 

bimolecular reactions one can follow the similar approach. For unimolecular reactions, 

the single structural variational transition state theory rate constant with multidimensional 

tunneling can be written as 

   (120) 

where  and are respectively the single-structural (lowest-energy 

structure) harmonic-oscillator rovibrational partition function for the generalized 

transition state and for the reactant. The location of the variational transition state is 

denoted as ;  is the potential energy of the variational transition state. We 

can re-write this expression in terms of the recrossing transmission coefficient and the 

conventional (single-structural) TST rate constant 

   (121) 
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where  is the VTST recrossing transmission coefficient (which could be computed 

from canonical, microcanonical, or any other version of variational transition state 

theory) resulting from variational effects. In CVT, the recrossing transmission coefficient 

is a special case of  and is computed as 

 

   (122) 

where  is the single-structural harmonic-oscillator rovibrational partition 

function for the lowest-energy saddle point. In order to take the MS-T effects into VTST 

calculation, we replace the single-structural transition state theory rate constant with the 

multistructural TST (MS-TST) rate constant in eqn (121). The multistructural TST rate 

constant is defined by replacing the single-structural partition functions with MS-T 

partition functions 

   (123) 

which can be written in terms of the multistructural and torsional anharmonicity factor 

 of forward reaction: 

   (124) 

   (125) 
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   (126) 

where the single-structural CVT rate constant is 

   (127) 

Notice that, in the MS-CVT theory presented here, we approximate the ratio of the MS-T 

partition function to the SS-HO partition function at the variational transition state as the 

ratio at the conventional transition state; and the variational transmission coefficients are 

computed based on single-structural (quasi-) harmonic-oscillator approximation. This is 

usually a very good approximation because usually the variational transition states are 

very close to the saddle point (at generally accessible temperatures, the CVT variational 

transition state is usually not more than 0.1 to 0.2 Å away from the saddle point). Also, 

by adopting this approximation, we completely eliminate the need for computing the 

multiple-structural anharmonicity (which requires optimizations and generalized normal 

mode analysis for all the possible generalized conformers of the non-stationary points) 

along the reaction path, which is simply unaffordable for large or even medium-sized 

transition state structures. For bimolecular reactions, the factor  for forward 

reaction is defined as: 

   (128)     

For the reverse reaction, we can also define the  factor for the reverse 

reaction, in which one replaces the reactant partition function in the denominator with the 

product partition function. We can also define the MS-T standard-state reaction 
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equilibrium constant  being the product of  factor for the reaction 

(which is equal to ), with the single-structural harmonic-oscillator 

standard-state reaction equilibrium constant  (which can be derived from SS-

HO standard Gibbs free energy of reaction ); and the MS-T standard Gibbs 

free energy of reaction .  

The basic assumption of transition state theory is that the conformational structures 

of the reactants in phase space are in local equilibrium with each other and with those of 

the transition state that correspond to motion toward the product. MS-VTST is applied 

under this assumption, and it assumes that the interconversion between the conformers of 

the reactant is much faster than the chemical reaction itself.121 However, if the 

interconversion is comparable or even slower than the reaction being considered, as 

possibly in the case where the torsional barriers are high as compared to the reaction 

barrier, then these different conformers should be considered as different reactants. It is 

also interesting to point out that, as compared to the generalized Winstein–Holness 

(GWH) equation,147,148 or other similar treatments (such as the so-called multi-conformer 

TST), which requires one to associate a unique reactant conformer with each 

corresponding transition state conformer, MS-VTST does not require this one-to-one 

mapping; and actually based on the local equilibrium assumption in transition state 

theory, one should not associate a given transition state conformer with a unique path 
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originating from a specific reactant conformer. We view this advantage of MS-VTST as 

the correct formulation of transition state theory with multiple conformers. 

 

2.3.3 Multipath variational transition state theory 

        MS-VTST only considers one single lowest-energy path of the reaction. The 

multistructural effect of the saddle point (i.e., the multiple conformers of the saddle point) 

can lead to different reaction paths for the same chemical reaction (with different barrier 

heights). A more complete approach would be to explicitly consider the contributions 

from all these different reaction paths (of the same reaction) to the total reaction rate 

constant, and treat the variational effects and quantum tunneling of each reaction path 

individually. Multi-path variational transition state theory149,150 (MP-VTST) is a 

generalization based on MS-VTST.  

      We now derive the MP-VTST rate constant for a unimolecular reaction (for a 

bimolecular reaction the derivation follows a similar manner). For a unimolecular 

reaction, the MP-CVT rate constant is the sum of the rate constants of all the reaction 

paths, which includes all the contributions from different paths into the total reactive flux: 

   (129) 

where  is the classical barrier height of the lowest-energy reaction path;  is 

the single-structural rovibrational torsional partition function for the saddle point of path 

p, which represents the contribution from the p-th saddle point structure to the total 
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conformational rovibrational torsional partition function of the transition state: 

   (130) 

where  is the relative electronic energy of the saddle point p with respect to the zero 

of energy set to be the electronic energy of the lowest-energy saddle point structure. 

Notice that the differences between the barrier heights of various paths have already been 

included in the Boltzmann factor of the single-structural rovibrational torsional partition 

function of the saddle point of path p in eqn (130), and therefore in eqn (129) only the 

 of the lowest-energy path was explicitly written out.  

Equation (129) can be further modified as follows 

   (131) 

and it is equal to 

   (132) 

where  is the single-structural rovibrational partition function of the saddle point 

of the lowest-energy path. Notice that if we included all the reaction paths, then the 

denominator of the first term in eqn (132) is equal to the MS-T conformational 

rovibrational partition function . Finally, eqn (129) can be expressed in the 

following form 

   (133) 
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where  is the conventional (single-structural) TST rate constant computed based on 

the lowest-energy path. The averaged generalized transmission coefficient  is 

defined as 

   (134) 

The multistructural and torsional anharmonicity factor  is 

   (135) 

As we can see from eqn (133), if we only include the single lowest-energy path, the MP-

VTST rate constant reduces to the MS-VTST rate constant.  

In the above approach, the torsional anharmonicity is only included for the saddle 

point and the reactant(s); the torsional anharmonicity at the variational transition states 

are approximated as its values at the saddle point. We can also treat the torsional 

anharmonicity as a function of reaction coordinate s along the MEP by replacing the 

single-structural HO rovibrational partition functions  (X is saddle point, 

reactant, or variational transition state) in the above equations with the single-structural 

rovibrational partition function with torsional anharmonicity ;151 the computation 

of variational transmission coefficient is also based on . For the generalized 

transition state,  treats the torsional anharmonicity as a function of the 

reaction coordinate s. The location of the dividing surface (or equivalently speaking, the 

value of variational transmission coefficient ) will be different from the previous 
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approach, because the generalized-transition-state Gibbs free energy of activation 

 is now evaluated with the torsional anharmonicity; and hence the position 

of the generalized-transition-state dividing surface, where  reaches the 

maximum, could be different, i.e., the locations of the variational transition states are 

possibly different from the ones that are determined based on . As a further 

complete treatment, in the full MP-VTST, we use  to compute the variational 

transmission coefficient, which is computationally prohibitive.   

The microcanonical variational transition state theory can also be generalized to 

include MS-T effects; this is multistructural microcanonical VTST (MS- VT). And this 

is done by 

   (136) 

in which the number of states for the saddle point is computed from the integration of 

density of states, and the density of states is computed from the inverse Laplace 

transform of the QMS-T.  
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Ideally, all the reaction paths generated by the multiple conformational structures of the 

transition state structure should be included in the computation of MP-VTST. However, 

for even a medium-sized chain molecule, the number of conformers of the transition state 

structure is very large, and it is simply unaffordable to perform VTST calculations on all 
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of the paths. In eqn (134), formally, the summation is from p =1 to the total number of 

distinguishable reaction paths P (including paths that are mirror images), which is equal 

to the number N of distinguishable structures of the transition state (TS). Practically, we 

have to limit the number of paths included in MP-VTST calculation, that is to say, in the 

practical MP-VTST calculation, P<N. If P = N, then the denominator of eqn (134) is 

exactly equal to QMS-T(TS); and if P < N, then we have introduced truncation errors in the 

computed MP-VTST rate constant.  

A recent study152 compares the MP-VTST results including different numbers of 

paths to the MP-VTST with all the paths included; the comparison is for the hydrogen 

abstraction reaction of tert-butanol. In total there are 46 reaction paths. It was found that 

the variational transmission coefficient could be very different from path to path; for the 

lowest energy path, the variational transmission coefficients at all temperatures are close 

to unity, while for high energy paths, the variational transmission coefficient decreases 

almost linearly as temperature increases. The tunneling transmission coefficients are also 

path-dependent, and higher-energy paths usually have larger tunneling transmission 

coefficients. A simple hypothesis to explain this trend is that taller barrier tend to be 

thinner barriers; interestingly, this explanation does not support the observations in this 

study, where we examines the widths of the VaG potential curves for different paths in the 

energy range that has significant tunneling contributions, and we found that the barriers 

have very similar widths. Therefore we must attribute the difference to something else, 
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and we concluded that because the higher-energy paths can tunnel at energies farther 

below the barrier top, they are able to gain more from tunneling contributions. As for the 

error introduced by truncating the number of paths, it was found that at lower 

temperatures (less than 300 K), one typically needs to include more paths (about 30% of 

the total number of paths) in order to have an error smaller than 20%, whereas at higher 

temperatures, including only a few paths in MP-VTST is good enough (as compared to 

MP-VTST with all paths being included).   

2.4 Loose transition states 

We can divide transition states into two classes.  In one class, the transition state is 

loose. A loose transition state is composed of fragments that rotate with respect to one 

another freely or almost freely in more than one dimension (note that the existence of 

torsions, which are one-dimensional internal rotations, is not enough to make a transition 

state loose).  Typical loose transition states are found in bond fission reactions that do 

not have an intrinsic barrier, i.e., where the potential energy is in monotonically uphill or 

monotonically downhill in the reverse association.  

In the second class, the transition state is tight, which means it is not loose as defined 

above. Reactions with barriers (saddle points) usually have tight transition states. 

Furthermore, if a saddle point is present but it is too low in energy (e.g., below the 

reactants of the downhill direction), then the dynamical bottleneck might be a tight 

transition state near the saddle point, but it also might be a loose transition state leading 
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into a well between the reactants and the saddle point. In fact, there are probably two 

dynamical bottlenecks.  (One can also find successive transition states, i.e., transition 

states in series, when there is no barrier between reactants and products.153) If one of 

them has a much higher free energy of activation than the other, then that one should be 

used for transition state theory. If the two free energies of activation are comparable, one 

can use the unified statistical theory or the canonical unified statistical theory, as 

discussed in Section 2.4.2.  

The implementation of VTST that we have reviewed above is for tight transition 

states, and this version of VTST is called reaction-path VTST (RP-VTST) because we 

search along a reaction path for variationally optimal dividing surfaces that are transverse 

to a reaction path; the accessible coordinate space can be described in terms of nearly 

harmonic vibrations and torsions around the reaction path, and the reaction coordinate is 

usually the distance along a reaction path, typically the MEP. Reaction-path VTST is not 

usually valid for a loose transition state because the accessible coordinate has wide 

amplitude motion that cannot be well descried by torsions and nearly harmonic stretches 

and bends. It is still possible to use reaction-path VTST for barrierless reactions by 

computing a reaction path without starting from the saddle point; however, this strategy is 

expected to give realistic results only (if at all) at fairly high temperatures where the 

transition state may tighten up. A more appropriate way to treat loose transition states is 

with loose transition state theory,154 which has now been well developed in a form called 
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variable-reaction-coordinate VTST155,156,157,158,159 (VRC-VTST), as discussed next. 

 

2.4.1 Variable-reaction-coordinate variational transition state theory 

Next we review the VRC-VTST theory. The VRC-VTST methodology is available in the 

Polyrate code42 and also in the earlier Variflex code.160 The codes were written 

completely independently. The present article discusses the way that the calculations are 

done in Polyrate. 

In VRC-VTST, the vibrational modes are classified as conserved modes and 

transitional modes. The frequencies of the vibrational modes of reactants are assumed to 

be conserved in the association reaction. The transitional modes consist of all of the 

vibrational modes except for conserved modes and the overall rotational and translational 

modes. During the association, the transitional modes are converted from the free 

rotational modes and translational modes of the infinitely separated reactants to 

vibrational modes and overall rotation of the associated species.  

The high-pressure-limit rate constant given by VRC-VTST for association (R1 + R2 

→ P) is 

   (137) 

where ge is the ratio of the electronic partition function of transition state to the product 

of the electronic partition functions of reactants; the ratio of the rotational symmetry 
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numbers  is equal to 0.5 if the reactants are the same, and it is equal to 1 if the 

reactants are different; Q1 and Q2 are the rotational partition functions excluding 

rotational symmetry number for the reactants;  is the reduced mass for the relative 

translational motion of the associating reactants; N(E, J, s) is the number of accessible 

states at energy E and total angular momentum J, at reaction coordinate s.  

The meaning of the reaction coordinate s in VRC-VTST is different from the one in 

reaction–path VTST. In VRC-VTST, the reaction coordinate is defined by pivot points. 

Pivot points are used to orientate the two fragments in the VRC-VTST calculation. The 

locations of the pivot points are critical to the final computed rate constant; they should 

be chosen to yield the variationally lowest rate constants at each of the temperatures that 

one considers, and this is generally done by trial and error. Fixing the location of pivot 

point at the center of mass of the fragment or at the atomic nucleus of the dissociating / 

forming bond, does not necessarily lead to variationally lowest rate constant. Optimal 

locations of pivot points can be temperature-dependent. The reader is referred to the SI of 

our paper161 on 2CF2 ⇌ C2F4 for details of the way we use pivot points to define a 

reaction coordinate. 

In the single faceted VRC-VTST, each reactant has one single pivot point, and we 

denote their coordinates as P1 and P2; the reaction coordinate s is defined as . 

Depends on the location of the pivot points, s may or may not be (and generally it is not) 

the distance between the two centers of mass of the two reactants. In multi-faceted VRC-

σ1σ 2 /σ
‡

µ

s = P1 − P2
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VTST, each reactant can have more than one pivot points. We denote the distance 

between one pivot point on reactant 1 and another pivot point on reactant 2 as rij, where i 

is the index of pivot points on reactant 1, and j is the index of pivot points on reactant 2. 

The reaction coordinate s is defined as the minimal value of the rij set: 

   (138) 

According to variational transition state theory, the pivot points should be defined so that 

the integral in eqn (137) is minimized.  

The number of states N(E, J, s) is computed as 

   (139) 

where the bracket means the average over all possible orientations of the two reactants 

and of the orientation of the vector s. We define the vector s as a vector connecting two 

pivot points, one in each fragment. The subscript q means a specific orientation of the 

whole system. And this average is carried out by Monte Carlo sampling, where the 

orientations of the system are randomly sampled over the whole phase space 

corresponding to a given s. The practical implementation of the algorithm is presented in 

detail in the SI of our paper on 2CF2 ⇌ C2F4.161 The number of states at a given 

orientation is computed as 

s = min rij{ }

N(E, J, s) = Nq(E, J, s) Ω
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   (140) 

   (141) 

where the bracket denotes the averaging over all possible orientations of the vector of 

total angular momentum J while its length is fixed. , where  and  

are the number of orientations sampled for reactant 1 and 2;   is the ith moment of 

inertia of the kth (k =1, 2) reactant, and  is the ith moment of inertia for the system 

as a whole at a given orientation q.  is the unit vector pointed from one pivot point 

on reactant 2 to the one on reactant 1;  is the vector connecting the center of mass of 

the kth reactant to its pivot point;  is the unit vector directed along the ith principal 

axis of the kth reactant; and ka is number of monoatomic reactant, which is equal to 0 or 

1. 

As in reaction path VTST, the variational calculation can be done in different 

ensembles. For VRC-VTST, the optimization of the transition-state dividing surface can 

be done by canonical variational transition state theory (CVT), microcanonical 

variational transition state theory ( VT), or energy and total angular momentum resolved 
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microcanonical variational theory (E, J- VT). In CVT-VRC-VTST, N(E, J, s) is 

calculated for all E and J at a given value of s, then the rate constant k(T, s) is minimized 

with respect to s at each T. In microcanonical VT-VRC-VTST, the integral over J in 

eqn (137) is computed first to obtain N(E, s); and this is done by integrating eqn (140) 

over J and then averaging Nq(E, s) via eqn (139). Then N(E, s) is minimized with respect 

to s at each E, and this optimized N(E) is used for the integral over E to obtain the final 

rate constant. In E, J- VT, N(E, J) is minimized with respect to s for each E and J, and 

then the integral is carried out to obtain final rate constant; E, J- VT yields the smallest 

rate constant as compared to the former two.  

 

2.4.2 Canonical unified statistical theory and related extensions 

Here we consider the case of two or more transition states in series. This should not 

be confused with multiple transition states in parallel, which are treated by multistructural 

variational transition state theory, multipath variational transition state theory, or 

ensemble-averaged variational transition state theory. 

We will limit our discussion here to two transition states in series, but the 

generalization to three or more is straightforward. When there are two transition state 

regions in series, we may call them inner and outer transition state regions.162 The outer 

region is where the centrifugal barrier is located, and in some cases it may be treated 

using only the long-range form of the interaction potential, although in general – using 

µ

µ

µ

µ
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the language of association reactions – one must also consider the transformation of long-

range rotations to librations (which is a name for loose vibrations) and eventually to tight 

vibrations as the fragments approach. The inner region is where chemical interactions 

(valence forces) have overtaken the long-range forces. In some cases, the inner region 

provides the highest free energy barrier at high temperatures, and the outer region does so 

at low temperatures.  

 The canonical unified statistical theory22,163 (CUS) has been developed as an 

extension to canonical ensembles of Miller’s unified statistical theory164,246 (US) for 

microcanonical ensembles, which is based on the branching analysis of Hirschfelder and 

Wigner.245 In this theory, local fluxes are calculated for dividing surfaces at both 

bottlenecks of the chemical process and also at a dividing surface between them. This 

provides the simplest way to allow for a statistical branching probability for the reaction 

complex to re-dissociate to reactants. In the case of two transition states in series, the 

CUS rate constant is: 

   (142) 

where  is the CUS recrossing transmission coefficient, which plays the role of 

including additional recrossing corrections on the CVT rate constants. The  

factor is calculated as: 

   (143) 

  k
CUS(T ) = kCVT(T )ΓCUS(T )

  Γ
CUS(T )

  Γ
CUS(T )

  
ΓCUS(T ) = qmax (T )

qmax (T )+ qCVT(T )− qmax (T )qCVT(T ) / qmin(T )
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where  is the rovibrational partition function for the canonical variational 

transition state (the location of which is denoted as , which corresponds to the 

highest maximum point on the generalized-transition-state Gibbs free energy surface), 

 is for the second highest maximum point on the generalized-transition-state 

Gibbs free energy surface (the location of which is denoted as ), and  is for 

the lowest local minimum point that is between  and  on the generalized-

transition-state Gibbs free energy surface. All these three partition functions are 

computed based on the zero-of-energy being at the minimum of reactants’ potential well 

(i.e., the value of VMEP at ); notice that, there is a relation between the 

generalized-transition-state vibrational partition function  that is based on the 

zero of energy being at the value of VMEP(s) of the potential on MEP, and the vibrational 

partition function  that is based on the former definition of zero of energy: 

   (144) 

Clearly, if , , and  are the same, as in the case which there is only one 

local maximum on the generalized-transition-state Gibbs free energy surface along the 

reaction coordinate, the CUS recrossing transmission coefficient .  

The CUS theory has been tested for various systems against accurate quantum dynamics 

  q
CVT(T )

  s*
CVT

  q
max (T )

  s*
max

  q
min

  s*
CVT

  s*
max

 s = −∞

  Q
GT(T ,s)

  q
GT(T ,s)

  
qGT(T ,s) = exp −VMEP(s) / kBT⎡⎣ ⎤⎦QGT(T ,s)

  s*
CVT

  s*
max

  s*
min

  Γ
CUS(T ) = 1
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rate constants or the best available experimentally measured rate 

constants.165,166,167,168,169,170,361 It does not necessarily get the recrossing right, but it does 

provide a smooth connection between the regime where the inner bottleneck is dominant 

and the one where the outer bottleneck is dominant. 

The CUS approximation is valid at high enough pressure where the statistical 

dissociation of the complex is promoted by collision-induced energy redistribution, and it 

is valid at low pressure if intramolecular vibrational relaxation is fast enough. But when 

tunneling is important, it has the same issues with total energy conservation as those 

discussed in relation to CVT in Section 2.2.3.4. 

The CUS rate constant kCUS can also be expressed by using the rate constant (or the 

reactive flux coefficient) of passing the highest variational transition state kI, the second 

highest variational transition state kII, and the formation of the lowest local minimum 

complex kC, on the Gibbs free energy surface along the MEP, as follows: 

   (145) 

And when there exists multiple parallel branching reactions after the complex, then it is 

straightforward to generalize eqn (145) to the following: 

   (146) 

where  is the rate constant for the i-th parallel reaction after the complex; here the 

transition state theory gives the overall reactive flux. And this is called the competitive 
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kCUS
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− 1
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canonical unified statistical (CCUS) model.248 The CCUS model has been widely used in 

studying reaction process with competitive reaction paths171,172,173,174,175,176,177,248 with the 

VTST theoretical framework, that is with the statistical model. One especially interesting 

application is the use of CCUS to explain the experimental KIEs for the SN2 ion-

molecule reactions,247 and for the competition between E2 and SN2 reactions.248 A non-

statistical extension of CCUS model will be discussed in section 2.6.  

  

2.5 Pressure-dependent reaction rate constants 

2.5.1 Overview     

For reactions with two reactants and more than one product, it is usually assumed that 

collisional repopulation of states depleted by reaction is fast enough to maintain the 

thermal equilibrium distribution of states, and hence the rate constants for bimolecular 

reaction can be treated as pressure independent. However, in general we must consider 

pressure dependence when either the reactant or the product (or both) is unimolecular, 

i.e., association reactions, unimolecular dissociation, and unimolecular isomerization. 

Variational transition state theory provides the high-pressure-limit rate constants. 

However, in practical laboratory measurements, the pressure is seldom high enough to 

measure the high-pressure limit, and measured rate constants can be significantly 

different from the ones computed for the high-pressure-limit. For thermal unimolecular 

reactions, the rate falls off as pressure decreases, and this is called the falloff effect. It is a 
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consequence of a non-equilibrium state distribution in the reactant. 

A master equation178,179,180 may be used to accurately treat non-equilibrium effects 

if the full matrix of state-selected reaction rates and state-to-state energy transfer rates is 

available.34,181,182 This is essentially never the case, but a master question can still be 

used if one makes additional assumptions. For example, one may assume that the 

unimolecular state-specific rate constants do not depend on the full state specification but 

rather only on the total energy or on the total energy E and total angular momentum J. We 

will make the former assumption. Then the master equation becomes one-dimensional, 

and it may be written:183,184 

  (147) 

   (148) 

where  is the population of isomer i with energy E at time t,  is the 

collision frequency (which is in the unit of s-1; it is the bimolecular collision rate constant 

times the concentration of bath gas M),  is the probability density of 

d
dt
pi (E,t) =ω i (T ,P) Pi (E, ′E ,T )pi ( ′E ,t)d ′E −

0

∞

∫ ω i (T ,P)pi (E,t)

+ kij (E)pj (E,t)
j≠i

Nisom
∑ − k ji (E)pi (E,t)

j≠i

Nisom
∑

+ ynA(t)ynB(t)kin(E)bn(E,t)
n=1

Nreact
∑ − kni (E)pi (E,t)

n=1

Nreact+Nprod
∑

d
dt
ynA(t) =

d
dt
ynB(t)

= kni (E)pi (E,t)dE
0

∞

∫
i=1

Nisom
∑

− ynA(t)ynB(t) kin(E)bn(E,T )dE
0

∞

∫
i=1

Nisom
∑

pi(E, t) ωi(T,P)

P(E, !E , t)
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collisional energy transfer from energy  to E,  and are concentrations 

of the nth arrangement-channel reactants with A and B distinguishing between the two 

reactants, , , and  are the microcanonical rate constants for 

isomerization, association and dissociation reactions,  is the Boltzmann 

distribution for bimolecular reactant channel n, and , , and  are the 

numbers of isomers, bimolecular reactant channels, and bimolecular product channels, 

respectively.  

Popular master equation solvers are available, such as Mesmer,185 Multiwell,186 and 

RMG.187 The computations of microcanonical rate constants in these codes do not 

explicitly include variational effects, microcanonical multidimensional tunneling, or 

multistructural and coupled torsional potential anharmonicity However, in some cases 

variational effects are included effectively, for example, many Mesmer calculations have 

been performed for loose TSs with good success by first computing the parameters 

for a generalized three-parameter Arrhenius expression by using Variflex, which 

includes variational effects, and then using the inverse Laplace transform method for the 

generalized 3-parameter Arrhenius expression to compute k(E). The inverse Laplace 

transform method can be viewed as an approximate way method to include various 

dynamics effects if the computed canonical rate constants include those effects. Multiwell 

calculations have also been reported using variational effects; Multiwell includes a code 

(Ktools) for explicitly calculating k(E,J) (the rate constants as a function of energy and 

!E ynA(t) ynB(t)

kij (E) kin(E) kni (E)

bn(E,T )

Nisom Nreact Nprod
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total angular momentum) for loose TSs (even those with more than one bottleneck); 

Ktools also computes canonical VTST rate constants in two ways: based on the k(E,J)s 

and based on a canonical VTST approach (however, in Multiwell, the canonical variation 

is carried out based on computing a large number of trial TST rate constants at a given 

temperature along the reaction coordinate, and its generalized normal mode analysis is 

based on Cartesian rather than curvilinear coordinates, which, as we discussed in section 

2.2.5, are not well suited for VTST and should be used with caution). Neither Mesmer nor 

Multiwell has the capability to automatically compute multistructural effects and the 

effects of coupled internal rotors. 

However, even when adequate dynamical methods can be employed, master 

equation computations add an extra layer of complexity, and it would require a significant 

effort to compute multidimensional tunneling by summation over calculations for a large 

number of vibrationally excited states for each local conformational structure. In many 

cases we would like to use approximate chemical models to predict the pressure 

dependence without solving a master equation.   

Pressure-dependent elementary reactions can be classified, based on their 

mechanism, as chemically activated and thermally activated. In a chemical activation 

mechanism, a reactive adduct is generated via a chemical reaction; and in a thermal 

activation mechanism, the rovibrationally excited unimolecular states are generated via 

thermal collisions between the reactant and a bath gas. In the chemical activation 
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mechanism, because collisional energy transfer to stabilize the energized adduct is slow 

at low pressure, the low-pressure rate constants of the formation of the stabilized adduct 

are lower than the high-pressure-limit, and the rate constants of the further 

isomerization/dissociation of the formed adduct are larger than the high-pressure 

equilibrium rate constant. Experimentally, Rabinovitch and co-workers are among the 

pioneers who carried out various measurements in investigating the kinetics of chemical 

activated reaction systems.188 However, in thermally activated unimolecular reactions, 

the low-pressure rate constants are smaller than the high-pressure equilibrium rate 

constant because collisional energy transfer is too slow to repopulate the reacting states of 

the reactant (i.e., to form the energized unimolecular reactive states), and hence – as 

already mentioned – the pressure effect for this kind of reaction is called “falloff”. In both 

mechanisms, the microcanonical rate constants can be obtained via quantum RRK 

(QRRK) theory189 or via the full microcanonical variational transition state theory 

(sometimes called variational RRKM). Barker, Westmoreland, Dean, and Bozzelli and 

their coworkers190,191,192,193,194,195,196,197 have carried out important pioneering works in 

the developments and applications of QRRK theory. In many approaches, QRRK theory 

has been replaced by RRKM theory (i.e., transition state theory) or full variational 

transition state theory, which are more complete theories, but QRRK theory can 

significantly lower the computational effort as compared to full microcanonical VTST 

with multidimensional tunneling and anharmonicity. The recently proposed system-
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specific quantum RRK theory78,198,199 (SS-QRRK) is able to incorporate variational 

effects, multidimensional tunneling, and various anharmonicity effects into the 

microcanonical rate constants, without any additional cost except for the computations of 

the high-pressure-limit rate constants. In conventional RRKM theory for k(E), energy-

resolved variational effects, multi-dimensional tunneling and multistructural and coupled 

torsional potential anharmonicity are not included; some of these dynamics effects can be 

directly incorporated into microcanonical rate constants in RRKM theory only with 

considerable effort. SS-QRRK can be viewed as an effective way of recovering the 

above-mentioned effects in k(E) from the high-pressure-limit canonical k(T) that do 

include those effects in the canonical ensemble; and we use it to compute the pressure-

dependence so that the computed k(T, p) can connect with the correct high-pressure-limit. 

     

2.5.2 Thermal activation 

The thermal activation mechanism for unimolecular reaction X → P is 

   (149) 

   (150) 

where X is the reactant, M is bath gas (such as He, Ar, N2, etc.), P is the product, and X* 

is the rovibrationally excited (energized) complex, which is generated by collisions with a 

thermal ensemble of bath molecules M. (Of course M could be X, i.e., reaction could be 

occurring in neat X, and the equations can easily be modified to treat that special case, so 

X(T )+M kact (E,T )
kdeact (T )

⎯ →⎯⎯⎯⎯← ⎯⎯⎯⎯⎯ X*(E)+M

X*(E) kcon,X(E)⎯ →⎯⎯⎯⎯ P
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we need not discuss it explicitly.) The parenthetical arguments following X and X* 

denote that X is thermalized at temperature T, and X* has internal energy E, which is 

greater than the threshold energy E0 for the reaction step. (M is also thermal at 

temperature T, and the translational energy of X* is thermal at temperature T, but these 

conditions are not explicit in the notation.) The rate constant for the thermal activation 

step is kact, and we will call the reverse step de-activation and label it kdeact, although in 

this step the decrease of energy in X* could still yield a molecule that is activated enough 

to react, except in the limit of so called strong collisions, in which each collision fully de-

energizes X*. The rate constant for the step in which reactant is converted to product is 

called  (this could be either isomerization or dissociation). The phenomenological 

unimolecular reaction rate constant is defined as 

   (151) 

In the classical Lindemann theory, all of the rate constants are considered to be 

energy-independent. If we use steady-state approximation to treat X*, i.e., if we assume 

   (152) 

then we get 

   (153) 

If we assume ideal-gas behavior, [M] can be replaced by p/RT, where p is pressure. Then, 

since , we have 

kcon,X

kuni(T ) = −
1
[X]

d[X]
dt

d[X*]
dt

= kact[X][M]− kdeact[X
*][M]− kcon,X[X

*]= 0

[X*]= kact[X][M]
kdeact[M]+ kcon,X

kuni[X]= kcon,X[X*]
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   (154) 

In the high-pressure limit, the Lindemann unimolecular rate constant becomes 

   (155) 

and the unimolecular reaction is of pseudo-first order; whereas in the limit of very low 

pressure, the low-pressure-limit  is much smaller than : 

   (156) 

which depends linearly on the pressure, and the reaction is of second order. The falling 

off of the kuni rate constant predicted by classical Lindemann theory starts too early, i.e., 

the computed pressure at which significant falloff effect begins is too high as compared 

to experiment. 

For higher accuracy, the energy dependence of  should be considered. One 

could use microcanonical VTST to calculate the energy-dependent rate constants, just as 

RRKM theory uses microcanonical conventional TST energy-dependent rate constants. 

Alternatively, one could calculate thermal rate constants and obtain the fixed-energy ones 

by an inverse Laplace transform as mentioned at the end of Section 2.2.1, but inverse 

Laplace transform is often unstable. What we will do instead is to use SS-QRRK as an 

effective kinetics-specific inverse Laplace transform to convert canonical  rate 

constants to microcanonical ones; SS-QRRK is a physical model for achieving this goal, 

but without explicitly carrying out the inverse Laplace transform in its actual 

kuni(T, p) =
p / RT( )kactkcon,X

p / RT( )kdeact + kcon,X

kuni
∞ = kactkcon,X / kdeact

kuni
0 kuni

∞

kuni
0 = p / RT( )kact

kcon,X

kcon,X
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computation. 

In the thermal activation step, the thermally equilibrated reactant X at temperature T 

collides with bath gas M to produce X* with internal energy E, and a key assumption of 

classical RRK theory, which is retained in QRRK and SS-QRRK, is that we neglect 

rotational energy and assume the vibrational energy E is randomly distributed among all 

the modes (nevertheless, in SS-QRRK the rotational contribution is implicitly included in 

k(E) because the canonical high-pressure-limit includes rotational modes, and thus they 

are implicitly in AK and E0, which are discussed below). For simplicity we treat X and X* 

as multi-mode harmonic oscillators with all frequencies the same (i.e., an effective 

geometric mean frequency); this will not be as serious an approximation as it might seem 

because the resulting formula will be used only to make a kinetics-specific inverse 

Laplace transform of thermal rate constants calculated without this assumption. In 

calculations, we will use the geometric mean frequency of X, and we will call in  (in 

wavenumbers). With all the internal energy distributed among harmonic oscillators of the 

same frequency, we may change the independent variable from internal energy E to 

number of vibrational quanta n: 

   (157) 

where c is speed of light. Following a similar derivation to that in classical Lindemann 

theory, but employing n-dependent rate constants, the unimolecular rate constant is 

   (158) 

ν

n = E / hcv

kuni(T , p) =
p / RT( )kact (n,T )kcon,X(n)

p / RT( )kdeact (T )+ kcon,X(n;m)n=m

+∞
∑
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in which m is the number of quanta at the threshold energy E0,  

   (159) 

and the determination of threshold energy in SS-QRRK will be discussed later. 

The ratio of the thermal activation and de-activation rate constants in eqn (149) is a 

mixed-ensemble equilibrium constant, representing the thermal equilibrium of species X* 

in a microcanonical ensemble at energy E with species X in a thermal ensemble with 

temperature T. In the QRRK model, this is the fraction of molecules at temperature T that 

have n quanta of excitation, which is given by200 

   (160) 

where s is the number of vibrational degrees of freedom of X* (which is 3N – 6 for a 

nonlinear molecule). We assume that  does not depend on E, i.e., does not depend 

on number of vibrational quanta n, but does depend on T; then we solve eqn (160) for 

, which yields 

   (161)  

In QRRK, a unimolecular reaction happens when a specific vibrational mode associated 

with the reaction coordinate possesses threshold energy E0. Therefore the QRRK rate 

constant equals a frequency factor AK (the superscript stands for Kassel) times the 

fraction of molecules that have at least m quanta of excitation; this is given by181,201 

   (162) 

m = E0 / hcv

Kact,X(n,T ) =
kact (n,T )
kdeact (T )

= exp(−nhcν
kBT

)[1− exp(−hcν
kBT

)]s (n+ s−1)!
n!(s−1)!

kdeact

kact

kact (n,T ) = kdeact (T )exp(
−nhcν
kBT

)[1− exp(−hcν
kBT

)]s (n+ s−1)!
n!(s−1)!

kcon,X(n;m) = A
K n!(n −m + s −1)!
(n −m)!(n + s −1)!
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Substituting eqns (159), (161), and (162) into (158) yields the QRRK rate constant, 

but in order to finish the calculation we must specify AK, E0, and . The 

computation of  will be discussed in section 2.5.4, and next we turn our attention 

to AK and E0. 

Taking the high-pressure-limit of eqn (158), and using eqn (159), and summing the 

series yields the following pure Arrhenius form: 

   (163) 

and this motivates the approach we proposed to obtain the parameters needed in SS-

QRRK computations. The first step is to calculate the high-pressure-limit canonical-

ensemble VTST rate constant (for example, an MP-CVT/SCT calculation that includes 

variational effects, multidimensional tunneling, various anharmonicity). Next, we fit the 

canonical-ensemble high-pressure-limit rate constant by the four-parameter formula202 

   (164) 

where B, T0, E´, and n´ are fitting constants. In combustion community, the widely used 

fitting formulas are either conventional Arrhenius formula or the three-parameter fitting 

formula in the form BT 
nexp(-E/RT), which assumes a linear dependence of activation 

energy on temperature; however, this linear dependence can be very inaccurate at low 

temperatures, where the tunneling non-linearly reduce the activation energy 

kdeact

kdeact
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∞ (T ) = AK exp(−E0 / kBT )
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⎨
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⎪
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significantly,150 and also at high temperature. Our four-parameter formulas are more 

physically sound, and they permits a nonzero rate constant for an exothermic reaction in 

the low-temperature limit; furthermore they are more accurate in terms of the fitting 

error.202  

        Based on our four-parameter fitting formula, the local Arrhenius activation 

energy (which may also be called the Tolman activation energy)203 for temperatures near 

a given temperature T´ is obtained from the negative slope of the Arrhenius plot,  

   (165) 

which yields 

  (166) 

With this energy of activation, we have a local Arrhenius fit for temperature T given 

by 

 
 

with  obtained by 

   (167) 

Then  and A(T) are used for E0 and AK in the QRRK expression given by 

equations (158), (159), (161), and (162). This yields SS-QRRK. Notice that the 
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parameters E0 and AK are constants in conventional QRRK, but they depend on 

temperature in SS-QRRK, which is a major change. This procedure allows one to 

incorporate the full apparatus of VTST (including variational optimization of the 

transition state, tunneling, and anharmonicity) in the high-pressure-limit rate constants 

and approximately transfer it to the microcanonical energy-dependent rate constants, 

without actually doing the microcanonical computations. We view the subsequently 

obtained SS-QRRK microcanonical rate constants as an effective approximation to the 

microcanonical variational transition state theory rate constants including variational 

optimization, tunneling, and anharmonicity.  

If one wants to do the microcanonical computations (which could be expensive in 

order to fully account for MS-T anharmonicity and microcanonical multidimensional 

tunneling), the sum in eqn (158) can be replaced by an integration, which yields 

   (168) 

in which  

   (169) 

where  is MS-T rovibrational density of states of X,  is the MS-T 

rovibrational partition function of reactant X, Ethr is the threshold energy. Notice that, in 

this rigorous microcanonical treatment where the microcanonical rate constants are 

k uni(T, p) = dE
p / RT( )Kact,X(E,T )kcon,X(E)kdeact (T )

p / RT( )kdeact (T )+ kcon,X(E)E=Ethr

∞

∫

Kact,X(E,T )=
ρ(E)exp −E / RT( )

d ′E ρ( ′E )exp − ′E / RT( )
0

∞

∫
=
ρ(E)exp −E / RT( )

QX(T )
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computed by VT theory (which can be viewed as a variational RRKM theory), the 

threshold energy is the ZPE-included electronic potential-energy barrier height; this is 

different from the way of determining the threshold energy in SS-QRRK theory, which is 

a temperature-dependent activation energy. Also, the rotational contributions are 

explicitly treated in this formalism. The microcanonical rate constants in eqn (168) can 

be computed by MS- VT with multidimensional tunneling. In the case of small-

curvature tunneling (SCT), the MS- VT/SCT rate constant is 

   (170) 

where the cumulative reaction probability  is the convolution of the SCT 

tunneling probability PSCT(E) with the density of states of the saddle point, in which the 

summation goes over all rovibrational states of all conformations of the transition state, 

from vibrational ground-state and continues up in energy until it converges or until one 

reaches the dissociation energy of the transition state. This is computationally demanding 

even for medium-sized systems.  

Finally, let us consider use SS-QRRK for treating unimolecular dissociation with 

multiple parallel dissociation reactions.  

   (171) 

µ

µ

µ

kMS-µVT/SCT(E) = ΓµVT(E)N
‡,MS-T/SCT

hρX,MS-T

N‡,MS-T/SCT

X(T )+M
kact (E,T )

kdeact (T )
⎯ →⎯⎯⎯⎯← ⎯⎯⎯⎯⎯ X*(E)+M
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   (172) 

where the reactant X has multiple parallel dissociation reactions, of which the products 

are respectively P1, P2, …, PN (notice that here the notation Pi for the i-th dissociation 

reaction represents the product(s) of this dissociation reaction). The overall 

phenomenological unimolecular reaction rate constant (for the total dissociation rate 

constant of the reactant X) is defined as: 

   (173) 

which, by using the condition [X] = [P1] + [P2] + … + [PN], can be re-written as the 

summation of the rate constants of all the parallel dissociation reactions 

   (174) 

where 

   (175) 

And the SS-QRRK pressure-dependent rate constant for the i-th dissociation reaction, 

which is a straightforward generalization of eqn (158), is: 

   (176) 
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where mi is the threshold number of quanta for dissociation reaction i, which is 

determined by using eqn (159), and  is determined by eqn (162). Equation 

(176) is equivalent to eqn (A5) of Dollet et al.,204 who applied it to study fall-off in the 

cases such as SiH4 ® SiH3 + H or SiH2 + H2, although theirs work was based on 

conventional TST without including the dynamic effects we consider in SS-QRRK. 

The addition of rate constants for parallel reactions, as in eqn (174), is clearly valid 

for microcanonical rate constants and for high-pressure-limit thermal rate constants for 

which the energy distribution is thermal. But for application to the falloff region, eqn 

(176) involves the additional assumption that energy transfer competes with energy 

relaxation in the same way for all product channels. But this is not necessarily the case in 

the fall-off region if high-energy states are depleted more rapidly by reactions with lower-

energy thresholds than they are by reactions with high-energy thresholds. This 

phenomenon has been discussed in conjunction with the treatment of the unimolecular 

reactions of 2-methylhexyl radicals.205  Thus eqn (176) should be used with caution in 

the falloff region if the parallel reactions have a large difference in threshold energies. 

 

2.5.3 Chemical activation 

For bimolecular association reaction or a two-step reaction with a unimolecular 

intermediate, the chemical activation mechanisms are: 

(a) association reaction (Y + Z → YZ) 

kcon,X
(i) (n)
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   (177) 

(b) two-step reaction (Y + Z → YZ → P) 

   (178) 

where YZ* is the activated adduct generated by reaction between Y and Z, and YZ is the 

stabilized product (it is the intermediate in the case of two-step reaction), P is the product 

of further reaction of the intermediate YZ*. In chemical activation, the rate constant kadd 

of the formation of YZ* is not pressure-dependent because it is formed via a bimolecular 

chemical reaction, of which the value is just the high-pressure-limit temperature-

dependent bimolecular reaction rate . The rate constant for the dissociation of 

YZ* back to the reactants Y and Z is krev, which is treated as energy-dependent; the rate 

constant for the formation of the product(s) from YZ* is .  

Following a similar treatment as for thermally activated unimolecular reactions, and 

defining kstab as the phenomenological bimolecular stabilization rate constant,  

   (179) 

and krxn as the phenomenological bimolecular rate constant for reaction 

   (180) 

We applied steady-state approximation to the activated adduct YZ*. Then the pressure-

dependent rate constants given by SS-QRRK theory are: 

Y+Z kadd
krev

⎯ →⎯⎯← ⎯⎯⎯ YZ* +M
kdeact

⎯ →⎯⎯ YZ

Y+ Z
kadd

krev

⎯ →⎯⎯← ⎯⎯⎯ YZ* +M
kdeact

⎯ →⎯⎯ YZ

                       ↓ kcon,YZ
                        P

kadd
∞ (T )

kcon,YZ(E)

kstab =
1

[Y][Z]
d[YZ]
dt

krxn =
1

[Y][Z]
d[P]
dt
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(a) for association reaction 

   (181) 

(b) for two-step reaction 

   (182) 

and  

   (183) 

where f(E) is the fraction of energized adduct (YZ*) at energy E, which is given by 

   (184) 

and  is given by eqns (157) and (160), and E0 is the SS-QRRK threshold 

energy for YZ dissociating back to reactants Y and Z, and krev and kcon,YZ are computed by 

eqn (162) with the appropriate m (number of quanta at threshold energy) and AK values 

(for krev, these parameters are computed from the reaction of YZ dissociating to Y and Z; 

and for kcon,YZ, from the reaction of YZ dissociation to P).  

Instead of using SS-QRRK to approximate microcanonical rate constants, the above 

eqns can be converted to the form needed to use microcanonical VTST rate constants 

(including microcanonical quantum tunneling):  

kstab = kadd
∞ (T ) (p / RT )kdeact f (E)

(p / RT )kdeact + krev(E)E0

+∞

∑

kstab = kadd
∞ (T ) (p / RT )kdeact f (E)

(p / RT )kdeact + krev(E)+ kcon,YZ(E)E0

+∞
∑

krxn = kadd
∞ (T )

kcon,YZ(E) f (E)
(p / RT )kdeact + krev(E)+ kcon,YZ(E)E0

+∞
∑

f (E) =
krev(E)Kact,YZ(E)

krev(E)Kact,YZ(E)
E0

+∞
∑

Kact,YZ
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(a) association reaction 

   (185) 

(b) two-step reaction 

   (186) 

   (187) 

where the energy distribution function 

   (188) 

and in , the threshold energy is denoted as , and it is ZPE-included electronic 

potential-energy barrier height, which is different from the threshold energy used in SS-

QRRK theory (which is a temperature-dependent activation energy).  

As for the thermal activation process of unimolecular dissociation with multiple 

parallel dissociation reactions, which we discussed in section 2.5.2, here we consider 

using SS-QRRK for chemical activation processes with the intermediate YZ undergoing 

multiple further parallel dissociation reactions. The mechanism is as follows: 

   (189) 

kstab = kadd
∞ (T ) (p / RT )kdeact g(E)dE

(p / RT )kdeact + krev
MS-µVT(E)Ethr

+∞

∫

kstab = kadd
∞ (T ) (p / RT )kdeactg(E)dE

(p / RT )kdeact + krev
MS-µVT(E)+ kcon,YZ

MS-µVT(E)Ethr

+∞

∫

krxn = kadd
∞ (T )

kcon,YZ
MS-µVT(E) g(E)dE

(p / RT )kdeact + krev
MS-µVT(E)+ kcon,YZ

MS-µVT(E)Ethr

+∞

∫

g(E) = krev
MS–µVT(E)ρYZ

MS-T(E)exp(−E / kBT )

krev
MS–µVT(E)ρYZ

MS-T(E)exp(−E / kBT )dE
Ethr

+∞

∫

µVT Ethr

Y+ Z
kadd
krev

⎯ →⎯⎯← ⎯⎯⎯ YZ* +M
kdeact

⎯ →⎯⎯ YZ
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   (190) 

The phenomenological bimolecular rate constant for the formation of the product(s) Pi of 

parallel reaction i in eqn (190) is defined as: 

   (191) 

The SS-QRRK rate constant for the stabilization of the intermediate YZ, which is an 

extension based on eqn (182), is: 

   (192) 

where E0 is the SS-QRRK threshold energy for YZ dissociating back to reactants Y and 

Z. As we have discussed at the end of section 2.5.2, if the depletions of the high-energy 

states by the low-threshold and high-threshold reactions are comparable, then the current 

treatment for parallel channels provides a good approximation. And the pressure-

dependent rate constant  for the formation of the product(s) Pi is: 

   (193) 

 

2.5.4 Collisional deactivation rate constant 

 

YZ*(E)

kcon,YZ
(1) (E)

⎯ →⎯⎯⎯⎯ P1
kcon,YZ
(2) (E)

⎯ →⎯⎯⎯⎯ P2
!!

kcon,YZ
(N ) (E)

⎯ →⎯⎯⎯⎯ PN

⎧

⎨

⎪
⎪
⎪⎪

⎩

⎪
⎪
⎪
⎪

krxn
(i) = 1

[Y][Z]
d[Pi ]
dt

kstab = kadd
∞ (T ) (p / RT )kdeact f (E)

(p / RT )kdeact + krev(E)+ kcon,YZ
(i) (E)

i=1

N
∑E0

+∞
∑

krxn
(i)

krxn
(i) = kadd

∞ (T )
kcon,YZ
(i) (E) f (E)

(p / RT )kdeact + krev(E)+ kcon,YZ
(i) (E)

i=1

N
∑E0

+∞
∑
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In the strong collision approximation, the collision efficiency is unity, which means that, 

in the strong collision limit, each collision produces a Boltzmann distribution of the 

energized complex  (i.e., of the activated adduct in a chemically activated system, and 

the rovibrationally excited unimolecular states in a thermally activated system), which 

usually has a much lower average energy than the energy prior to collision (i.e., de-

activation has occurred). Note that de-activation refers to reducing the total energy below 

the threshold for reaction. However, in reality it may takes multiple energy transfer 

collisions to fully de-activate the energized complex. At lower pressure, where there is 

more time between collisions, the energy relaxation time may be slower than the reaction 

time. Troe developed approximate way to treat single-well, single-reaction-channel 

systems by a master-equation-based weak-collision model,206,207,208,209 which is derived 

from the full master equation with an assumption that the collisional energy transfer 

probability has an exponential form; Troe’s collision model has been tested against 

various bath gases, and its performance is well validated.215 In Troe’s model, the 

bimolecular collisional rate constant kdeact (in units of cm3 molecule-1 s-1) is computed as: 

   (194) 

where  is the hard-sphere collisional rate constant,  is the collision efficiency 

(dimensionless), and is the reduced collisional integral, for which the following 

approximation is available:206,207 

kdeact = βcΩ2,2
* kHS

kHS βc

Ω2,2
*
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   (195) 

where  is the Lennard-Jones interaction parameter between molecule A and M and 

is computed as the geometric average of  and . The collision efficiency is 

computed as: 

   (196) 

where  is the value of the average energy transferred during both energization and 

de-energization processes (this quantity is also denoted as , in order to be 

distinguishable from the energy transferred only for de-energization ,210,211 

which is a positive number) and 

   (197) 

is the thermal population of internal energies of unimolecular states above the threshold 

energy of the reactant normalized by a density of states factor at the threshold energy.212 

If only the 
 
parameter is available, then the collision efficiency could be 

computed as:211 

   (198) 

The factor can be computed directly from the density of states (which is the 

Ω2,2
* =

[0.697+ 0.5185log10(
kBT
εA-M

)]−1 kBT
εA-M

∈ [3,300]

[0.636+ 0.567log10(
kBT
εA-M

)]−1 kBT
εA-M

∉ [3,300]

⎧

⎨

⎪
⎪

⎩

⎪
⎪

εA-M

εA-A εM-M

βc
1−βc

1/2 =
ΔE

FE0 (T )kBT

ΔE

ΔE all

ΔE down

FE0 (T ) =

ρ(E)e−E /kBT dE
E0

+∞

∫

kBTρ(E0)e
−E0 /kBT

ΔE down

  

βc =
ΔE

down
ΔE

down
+ FE0

(T )kBT

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

2
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inverse Laplace transform of the rovibrational partition function), and in this case, the 

multistructural torsional anharmonicity could be included in the factor by using the 

MS-T partition function, which is reviewed in section 2.3.1, in the inverse Laplace 

transform); if the single structure quasi-harmonic oscillator model is a good 

approximation, can also be computed by direct counting algorithms, or (with much 

less computational cost) the empirical Whitten–Rabinovitch approximation,213 which is 

based on the classical harmonic oscillator model. In principle, the value of the energy 

transfer parameter  could be determined from theoretical trajectory calculations, 

as done in references 214, 215, and 216 (although the way to extract information from 

trajectory calculation is not completely unambiguous). Most applications use a value that 

has been used in the literature for similar systems; or this quantity is simply treated as a 

fitting parameter to reproduce the experimental results in a certain range of temperature 

and pressure, and then one hopes that the so-obtained pressure-dependence model 

becomes predictive for other temperatures and pressures.  

    For the numerical value of , Troe studied a set of small molecules and 

concluded that their values are all close to unity.212 Using eqn (197), we also confirmed 

these observations for some cases, although, for larger sized molecules and at high 

temperatures, can deviate from 1 or 1.15 by quite a large amount; in fact, for a large-

sized molecule with lots of vibrational degrees of freedom at high temperatures, 

grows exponentially. For instance, for C2F4 dissociating to two CF2,161  is computed 

FE0

FE0

ΔE all

FE0

FE0

FE0

FE0
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to be 1.01 at 300 K, 1.12 at 400 K, and 1.39 at 1000 K; for (SiH3)2SiHSiH− isomerization 

to (SiH3)2SiSiH3−,199 it is 1.43 at 300 K, 1.63 at 400 K, and 6.54 at 1000 K; and for H 

addition on toluene,78 it is 1.31 at 300 K, 1.47 at 400 K, 4.02 at 1000 K. Therefore it is 

not justified to use a constant value close to unity, as has been done189,190 in the literature. 

When the density of states is obtained via our MS-T partition function (see section 2.3.1) 

and is computed by eqn (197), the multiple structural and torsional anharmonicity 

(and also, the vibrational anharmonicity for high-frequency modes when a vibrational 

scale factor is applied) is built into , and therefore the previously proposed empirical 

internal rotor correction and anharmonicity correction212 to 
 
should not be used. 

The collision efficiency  is smaller than 1 and it is significantly smaller than 1 at 

high temperatures for small molecules; furthermore  decreases with increasing 

temperature. The computed value of  clearly depends on the value of the energy 

transfer parameter , and this is often the largest source of uncertainty in falloff 

computations. Typically one finds that larger molecules have higher values of the energy 

transfer parameter;217,218 and a larger value of the energy transfer parameter leads to a 

larger value of collision efficiency (i.e., a stronger collision). As mentioned above, a 

common practice in the literature is to use a previously used value of the energy transfer 

parameter for similar systems. In principle,  should depend on energy or 

temperature,218,219,220,221 but it is often approximated as a constant; to introduce the 

temperature dependence, an additional empirical parameter is then needed. Furthermore, 

FE0

FE0

FE0

βc

βc

βc

ΔE all

ΔE all
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even when an experimental value is available, the experiment may correspond to a 

different energy or temperature than the one that is needed for the kinetics calculation. 

Yet another complication that occurs in chemical activation mechanisms is that the 

available experiments do not usually identify the adduct. For example, in our calculations 

on addition of H atoms to toluene, we used an experimental value for disappearance of 

toluene, whereas what is really needed is an experimental value for producing the adduct 

of H with toluene. The reader is directed to the literature222,223,224,225,226,227,228 for 

examples of experimental values of . 

A number of collision efficiencies  for a variety of chemical systems that are 

obtained in the experimental work (in some cases, they are not obtained directly or solely 

based on experimental measurements; they are derived with some information from 

theoretical models) are collected in Tardy and Rabinovitch’s review;229 for the collected 

collision efficiencies in their review, the authors emphasized that “much of the 

presentation is qualitative in nature” and they noted a “lack of quantification”. Here we 

give some examples of numerical values in some of the recent SS-QRRK calculations for 

the collision efficiency . For H addition on toluene (Ar as bath gas, with the energy 

transfer parameter  being 130 cm-1),78 it is 0.2 at 300 K, 0.05 at 800 K, and 

0.003 at 1500 K. For the SO2 and OH association reaction in the atmosphere (assuming 

N2 as bath gas, with the energy transfer parameter  being 74 cm-1),232 it is 0.21 

ΔE all

βc

βc

ΔE all

ΔE all
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at 250 K, 0.18 at 298 K, and 0.14 at 400 K. For C2F4 dissociating to two CF2 (with Ar as 

bath gas, with the energy transfer parameter  being 250 cm-1),161 it is 0.4 at 

300 K, 0.2 at 800 K, and 0.1 at 1500 K.  

 

2.5.5 Fitting the pressure-dependent rate constant k(T, p) 

 Functional forms have previously been proposed for fitting the pressure-dependent rate 

constant with respect to both the temperature and pressure,230,231 but recently we have 

suggested a simpler formula for this purpose, and it has been shown that this fitting yields 

quite satisfactory results.232 The formula involves making three one-dimensional fits as a 

function of temperature. 

Step 1: Fit the computed high-pressure-limit rate constant  (for a 

bimolecular association reaction, the units are cm3 molecule-1 s-1; and for a unimolecular 

reaction, the units s-1), which has already been done by using eqn (164). 

Step 2: Fit the low-pressure-limit rate constant , which is defined as the value 

of k(T, p)/[M] in the limit of p going to zero. The low-pressure-limit rate constant is a 

pseudo-third-order rate constant with unit being cm6 molecule-2 s-1 for a bimolecular 

association, and it is a pseudo-second-order rate constant with unit being cm3 molecule-1 

s-1 for a unimolecular reaction. The fitting formula used in this step has the same 

functional form as the one used in step 1, i.e.,  

ΔE all

k∞(T )

k0(T )
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  (199) 

where A, n, E and T0 are the four fitting parameters, T is temperature in K, and R is the 

ideal gas constant (in the unit of 1.9872×10-3 kcal mol-1 K-1). 

Step 3: Fit the transition pressures , which have the units of bar. The 

transition pressure is defined as the pressure at which the rate constant is half of the high-

pressure-limit. The  could be fit with many possible formulas, and we give one 

of the fitting formulas here: 

   (200) 

where a1, a2, a3, l1, l2, T1, and T2 are the fitting parameters, in which a1, a2, and a3 are 

unitless, and l1, l2, T1, and T2 are in K. 

The final fitted pressure-dependent rate constant k(T, p) is expressed in terms of the 

fitted , , and  (and thus it does not require any additional fitting) 

by the following interpolatory equation: 

   (201) 

where 

   (202) 

and 
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T
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] endothermic reaction                    

A(
T +T0

300
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k(T , p) = p2 + B(T )d(T )p
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B = k0(T )
k∞(T )kBT



 136 

   (203) 

in which the Boltzmann constant kB in eqn (202) is 1.38 × 10–22 bar cm3 molecule–1 K–1, 

p is pressure in bar, B is a derived parameter in units of bar–1, and d is in bar2. Equation 

(201) has the following three properties, which ensure the fitted rate constants have the 

right high-pressure-limit, low-pressure-limit, and the transition pressures: 

   (204) 

   (205) 

and 

   (206) 

The pressure-dependent activation energy Ea(T, p) at a given pressure p = p0 can 

then be determined by numerical differentiation by employing the following formula: 

   (207) 

In the high-pressure limit, the above equation would yield results that are identical to the 

ones given by eqn (166) at T = T´. 

  

2.6 Applicability of transition state theory 

In this section, we discuss the applicability of transition state theory. When we say 

transition state theory in such a context, we mean variational transition state theory. 

d =
p1 2(T )⎡⎣ ⎤⎦

2

1− 2Bp1 2(T )

k(T , p = ∞) = k∞(T )

k(T , p = 0) = k0(T )[M]

k T , p = p1/2(T )[ ] = k∞(T ) / 2

  

Ea(T , p0) = RT 2 ∂ln k(T , p)
∂T

⎡

⎣⎢
⎤

⎦⎥ p= p0
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Classical transition state theory without a transmission coefficient involves two main 

assumptions.19,41 The first assumption of transition state theory is that the states (states in 

a quantal treatment, phase points in a classical one) of the reactants are in equilibrium 

(thermal equilibrium when we discuss temperature-dependent rate constants as in a 

canonical ensemble; microcanonical equilibrium when we discuss energy-dependent rate 

constants). The question arises of whether it is an additional assumption to treat the 

transition states by equilibrium statistical mechanics. This question has been answered, 

and in classical mechanical language we have the theorem:43,44 “When products are 

absent the distribution in the transition region is identical to an equilibrium distribution 

except that states [phase points] lying on trajectories originating in the products are 

missing.” Thus it is not a separate assumption to assume that states of the transition state 

have a Boltzmann distribution.  

The second assumption of transition state theory is that the states crossing the 

transition state dividing surface in the direction toward the products are on trajectories 

that originated from the reactant region and that they will proceed to products without 

recrossing the transition state.20  

These two basic assumptions are called the local-equilibrium or quasi-equilibrium 

assumption and the no-recrossing assumption. We have stated the assumptions in 

classical mechanical language, but they can be rephrased quantum mechanically by using 

Heisenberg-transformed projection operators in the flux calculations instead of the 
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classical concept of where trajectories initiated.19,233 However, one cannot fully translate 

the classical justification of transition state theory into quantum mechanics234 (for 

example, one no longer has a practical variational bound on the rate constant) because the 

uncertainty relations prevent us from simultaneously fixing the reaction coordinate at a 

definite value and specifying the sign of the momentum in that coordinate. Thus, in order 

to pass from classical transition state theory to quasiclassical transition state theory, we 

make another assumption, and the assumption we make is that we can replace the 

classical partition functions by quantum mechanical ones in calculating the flux. We may 

call this the quasiclassical postulate since this is the step that converts classical transition 

state theory to what we have called quasiclassical transition state theory. (In early papers 

we called it hybrid transition state theory, but now we recommend the quasiclassical 

notation. Note also that this is called semiclassical transition state theory in the kinetic-

isotope-effects literature,235,236,237 but we prefer to save the word semiclassical for WKB-

like treatments of tunneling. Thus when we say "semiclassical," we refer to including 

tunneling, but when they say "semiclassical" in the kinetic-isotope-effects literature, they 

mean without tunneling, which is our quasiclassical.) 

Although the quasiclassical postulate is far from rigorous, it can be justified in 

various ways. Wigner was the first to do this; he showed that such a substitution is 

justified to the lowest order in ℏ.83,238  

 Modern quantum dynamics provides an even better justification for the 
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quasiclassical postulate. A key aspect of the quasiclassical postulate is that systems 

cannot pass through the transition state with less than zero point energy except by 

tunneling. If we take the quasiclassical postulate literally, it implies that systems actually 

pass through the transition state not just in the quantized ground state (i.e., with zero 

point energy) but in all of quantized vibrational levels (excited levels as well as the zero 

point level). Because the transition state is metastable (i.e., unlike stationary states in 

quantum mechanics, it has a finite lifetime), the quantized levels are broadened, i.e., they 

are quantum mechanical resonance states with finite widths related to their lifetimes.  

Accurate quantum mechanical calculations have confirmed that this is actually the 

case.7,8,9,10 The levels can be observed in the accurate quantum mechanical cumulative 

reaction probabilities; the levels have widths related to the lifetimes of individual 

quantized transition states.  The widths can also be related to tunneling, i.e., tunneling 

through the barrier in a vibrationally adiabatic potential energy curve corresponds to 

reacting at an energy lower than the center of the broadened vibrational level, and thus it 

accounts for the broadening. It is beyond the scope of the present paper to go into this in 

more detail, but reviews are available.8,9 

In addition to the three basic assumptions of quasiclassical transition state theory 

(quasi-equilibrium, no recrossing, and the quasiclassical postulate), there are additional 

approximations in the treatment of the transmission coefficient unless one uses eqn (98), 

but eqn (98) is not generally practical. 
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Confirmation of the quantitative accuracy of transition state theory including 

tunneling transmission coefficients is complicated by the uncertainties in most available 

potential energy surfaces. Thus there are errors in the potential energy surface and errors 

in the dynamics for the given surface, and these two kinds of error can cancel or 

reinforce. One of the few systems for which the potential energy surface is well enough 

known so as not to complicate tests of the dynamics is the H + H2 reaction, and transition 

state theory with tunneling transmission coefficients that include corner cutting agree 

well with experiment for that case.106,239 It is encouraging that as the potential energy 

surfaces have improved in accuracy in recent years, there are many other cases where 

VTST agrees well with experiment. Nevertheless the best tests of the dynamics are still 

the tests against accurate quantum dynamics when the same potential energy surface is 

used because then one can compare approximate and accurate dynamics on the same 

potential energy surface, and the difference cannot be due to inaccuracy of the surface but 

must instead reflect a test of the theory used to calculate the approximate rate constants. 

Transition state theory has fared very well in such tests. For example, in a review of 311 

such rate constant comparisons for collinear and three-dimensional atom-diatom 

reactions in the temperature interval 200-2400 K, CVT/ µOMT rate constants were found 

to agree with accurate quantum mechanical rate constants within 22% on average.6 

Accurate quantal rate constants are also available or H + CH4  ® H2 + CH3 in the 

temperature range 200-1000 K; in this case the average deviation is only 14%.240 
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Transition state theory is a dynamical theory because it calculates the flux through a 

dividing surface. It is also a statistical theory in that it provides a statistically averaged 

high-pressure-limit rate constant of an ensemble, where the high-pressure limit is invoked 

to main the local equilibrium of reactant states. Strictly speaking, non-equilibrium effects 

are not included, although sometimes one extends the theory by including a non-

equilibrium factor in the transmission coefficient and still calls the result transition 

theory, so one must be careful to understand what an author means.  When we calculate 

pressure-dependent reactions, we still make the equilibrium assumption for 

microcanonical ensembles, but we no longer assume that these microcanonical ensembles 

are weighted the same as in a canonical ensemble (as we do for thermal equilibrium); so 

the theory is still applied to equilibrium ensembles but they are not the same ones as for 

thermal rate constants (i.e., as for canonical rate constants). RRKM theory is transition 

state theory applied to microcanonical ensembles for unimolecular reactions, so 

discussion about whether microcanonical ensembles are equilibrated during reactions 

apply to both transition state theory and RRKM theory. 

The local-equilibrium assumption is usually expected to hold well for bimolecular 

reactions because the translational energy, rotational energy, and vibrational energy of 

reactants are assumed to equilibrate on a fast time scale than the time scale for reaction.  

This is usually true, but there may be deviations for very fast reactants.  Thus 

bimolecular reactions without an intermediate are usually treated as pressure 
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independent. The participation of an intermediate in a low-temperature reaction involving 

tunneling, as discussed in section 2.2.3.4, may, however, cause pressure effects, and 

pressure effects are prominent in the cases discussed in section 2.5, namely (i) chemical 

activation, which is a two step mechanism with the first step bimolecular and second 

being unimolecular and (ii) thermally activated unimolecular reactions. Section 2.5 

discusses the reaction of chemically activated intermediates and thermally activated 

intermediates as a function of total energy E (one can similarly treat their rates as 

functions of E and total angular momentum J). The rate at which the distribution of E 

becomes thermalized is not a question that transition state theory answers or makes 

assumptions about; but the transition state quasi-equilibrium assumption enters when we 

assume that for those species with a given E or E and J, phase space is statistically 

occupied subject only to these constraints.  This follows if we assume fast 

intramolecular vibrational-energy relaxation ("fast IVR"), and fast IVR may be 

considered part of the transition state theory quasi-equilibrium assumption in this context. 

Thus transition state theory, and hence also RRKM theory, is not applicable to very short-

lived complexes that do not have time for full intramolecular energy redistribution241 or 

during the induction period of a long-lived complex, i.e., during that period before a 

steady-state phenomenological rate constant is established.. 

Next we turn to the no-recrossing assumption. 

Hase and co-workers discussed the possible breakdown of TST based on trajectory 
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computations for ion-molecule reactions.242,243 As Hase points out,244 “the RRKM 

model for the complexes may be invalid” and “recrossing of the central barrier may also 

be important, violating the fundamental assumption of transition state theory.” One issue 

is that classical trajectory computations could overestimate the recrossing because 

classical trajectory computations do not enforce zero point vibrational energy during the 

trajectory.  Although conservation of zero point energy is not required during dynamics, 

we know –as discussed above – that cumulative reaction probabilities (and hence 

threshold energies) are consistent with its approximate conservation. Therefore, it is not 

clear to what extent these recrossing effects observed in trajectory computations are due 

to the classical nature of the calculations. It has also been pointed though that the 

quantitative validity of transition-state theory may be quite different in classical and 

quantum mechanics.26 Interestingly, a canonical united theory163 (which is an extension 

of the earlier unified statistical theory245, 246) has been applied to study similar 

problems,247,248 and the computed kinetic isotopic effects (KIEs) agree reasonably well 

with experimental observations for gas-phase SN2 reactions.  

Consider, as an example, association reactions involving small molecules, where the 

system crosses a loose bottleneck. If there are not enough low-frequency degrees of 

freedom to redistribute energy, the system can hit the repulsive wall behind the well, and 

bounce right back, and thus the capture probability is small. This fact has been known for 

a long time.249 For many years, there have been studies of whether energy is randomized 
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in unimolecular decay, as assumed in RRK, RRKM, and TST theories. This is actually 

the central issue about the validity of RRKM theory since RRKM theory is TST with the 

RRK assumption that reactants are equilibrated, which is also a fundamental assumption 

of TST. In some cases,250 TST describes small-molecule association reasonably well. 

Transition state theory does not predict product energy distributions,251 and it 

predicts chemical product distributions only when they each have their own transition 

state dividing surface. Therefore it does not predict relative reaction rates that are 

determined by bifurcation of a reaction path after a single dynamical bottleneck that 

applies to both reactions.252,253,254,255,256 Similarly, if there is a high-free-energy 

bottleneck followed by two parallel lower ones, and the later dynamical bottlenecks are 

not separated from the earlier one by a thermalized intermediate, one should not try to 

predict relative reaction rates from the two lower ones by transition state theory – not 

because transition state theory is in error but because it does not address this issue. When 

there is a bifurcation after the overall bottleneck, TST only gives the sum of reaction rates 

along the two paths. One can however, try to model such problems with beyond-

transition-state-theory assumptions. For example, we combined VTST with non-

statistical assumptions to study bifurcation in the BH3 + propene system, and we found 

that our computed selectivity agrees well with experimental observations.257 This method 

is called the canonical competitive non-statistical (CCNM) model.  

The dynamical problem that is modeled by CCNM is that of a reaction with an 
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overall dynamical bottleneck (the maximum of the generalized transition state free energy 

along the MEP) that is followed by a branching into two possible products. In such 

models, we have two types of reaction mechanisms.257 The indirect mechanism, which is 

computed by VTST/MT, applies to some fraction of the molecules in the ensemble that 

become equilibrated in an intermediate complex (which is denoted as “C”), and the 

reaction of the equilibrated intermediate is controlled by the second set of the dynamical 

bottlenecks (that is the two transition states, which are denoted by 2A and 2B, leading to 

the two possible products); and the direct mechanism, which is modeled by non-statistical 

phase space theory,258,259 applies to the remaining portion of the ensemble members, 

which keep a significant amount of energy in the reaction coordinate degree of freedom 

until after passing the second bottleneck region (sometimes this is called a “hot” 

molecule reaction). The total rate constant ktot, which is the sum of the direct (kdir) and 

indirect (kind) components, is computed as: 

   (208) 

where , and ki is the reactive flux coefficient for a dividing 

surface at location i (i = *1, C, 2A, *2B; “*1” is for the first highest local maximum, “C” 

is at the location of the complex, “*2A” and “*2B” are for the two branching reaction A 

and B). The direct component (kdir) is computed as: 

   (209) 

and the total reaction rate constants for the two branches A and B are: 

  

1
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= 1
k*1

− 1
kC

+ 1
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  k*2 = min(kC, k*2A + k*2B)

  kdir = k*1k*2 / kC
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   (210) 

   (211) 

where  is the branching ratio of the direct reactive components, which is 

approximated as the equilibrium constant KA/B given by statistical phase space 

theory260,261 with additional non-statistical corrections: 

   (212) 

where the rovibrational partition function QX (X = A or B, which denote the final product 

of reaction A or reaction B) is 

   (213) 

in which  is the rovibrational partition function that includes all the bound-mode 

vibrations that are orthogonal to the reaction coordinate s, but excluding the reaction 

coordinate s itself, which becomes a bound-mode vibration in the product (and it is 

denoted as mode F, and its corresponding vibrational quantum number is nF and 

vibrational energy is ). The parameter  is the characteristic relaxation time for 

intramolecular vibrational relaxation, which cannot be obtained with a statistical theory, 

and it is treated as an empirical parameter in the CCNM model (although, some 

representative values, which are about 100 fs, are available258 in the literature). The  

characterizes the duration of the collisional thermalization for a given vibrational state, 
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and it is estimated in the model as the ratio of a characteristic distance (sproduct – sTS1) in 

coordinates scaled to a reduced mass to a characteristic velocity in the reaction coordinate 

for reaction coordinate quantum number nF.257 

 Although, we do not expect this proposed CCNM model to be able to 

quantitatively treat any bifurcation systems without any further modification, our point is 

that the VTST theory itself (when applied with a high-level potential energy surface and 

appropriate treatment of anharmonicity and tunneling) can be accurate for the total rate 

constant but it should not be applied to predict what happens after the system passes the 

overall dynamical bottleneck.  

Glowacki and co-workers262 presented an interesting study for the same BH3 + 

propene system by an alternative method. They use a master equation approach with the 

microcanonical rate constants needed in the model being computed by RRKM theory, 

and they also reproduce the experimental selectivity. However, the master equation 

(which is reviewed in section 2.5.1) was originally developed and used for studying the 

pressure and temperature-dependence of gas-phase reactions, and when one tries to apply 

it in the liquid phase, there are huge uncertainties in what to use for the average energy 

transfer parameter and the collision frequency. Glowacki et al varied these parameters to 

reproduce the experimental selectivity, and their adjusted collisional frequencies are 

around 3 – 10 ps-1, and the adjusted  are 900 – 1100 cm-1. We may compare 

this to the gas phase where the usually used value of  for small to medium 
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sized molecules is around 100 – 500 cm-1. These authors consider their adjusted energy 

transfer parameters “are broadly consistent with gas phase studies”, and their adjusted 

collisional frequencies are consistent with “experimental studies of solution phase 

intermolecular vibrational relaxation show fast intermolecular energy transfer to the 

solvent.”  

Another very important question is the accuracy of pressure-dependent VTST 

calculations with SS-QRRK theory. Rigorously speaking, the pressure-dependence 

calculation is beyond transition state theory; transition state theory just provides the key 

ingredients (high-pressure-limit rate constant, and the effectively transformed energy-

resolved microcanonical SS-QRRK rate constants) that are needed in the computation of 

pressure-dependent rate constant.  

One important assumption about the non-statistical effects in such calculations is the 

model we adopted for treating the energy transfer. The collision efficiency we used (i.e., 

eqn (196) in section 2.5) is derived from the solution of master equation with an 

exponential-down model for vibrational energy transfer; the probability of an energy 

transfer collision reducing the energy from E to E' is assumed to have an exponential 

functional form, with the larger the energy being transferred, the smaller the transfer 

probability. This has often been used satisfactorily, especially if one takes the uncertainty 

of the energy transfer parameter itself into consideration; a test for such a model on the 

simple CHF3 dissociation reaction198 (the dissociating products are HF and CF2) and the 
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C2F4 dissociation reaction (which is a uphill from reactant to two CF2 on a PES without 

saddle point) at combustion temperatures and over a wide pressure range was consistent 

with the expected accuracy.  Another deficiency in the current SS-QRRK treatment is 

that we did not explicitly consider the J (angular momentum) dependence of the 

microcanonical rate constant, since the QRRK model is based on vibrational energy 

randomization; but the necessity of introducing the J-dependence in such a SS-QRRK 

treatment needs further investigation since: (a) the appropriately adjusted energy transfer 

parameter (which is essentially an empirical parameter in most common practices) is able 

to compensate such dependence in the final falloff behavior; (b) SS-QRRK is an efficient 

model to approximately capture all the physical effects contained in high-pressure-limit 

thermal rate constants and transfer them into microcanonical rate constants, and the 

resulting microcanonical rate constants therefore implicitly also contain these physical 

effects and information about J.  

2.7 VTST in condensed phases 

2.7.1 Kinetics in liquid solutions 

The central concept for reactions in liquid solutions is the free energy surface (FES), 

which is another name for the potential of mean force (PMF).180,263,264 The degrees of 

freedom for species that are of explicit interest (such as reactants) are called the primary 

degrees of freedom (primary system), and the remaining degrees of freedom (such as 

solvents) are called secondary degrees of freedom (secondary subsystem or 
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environment). The PMF is a free energy function for the secondary subsystem, but an 

appropriately ensemble-averaged potential energy surface for the primary system.  

In practice, the solvent degrees of freedom can be treated using an explicit solvation 

model, an implicit solvation model, or an explicit-implicit hybrid treatment.265,266 In the 

case of explicit solvation, the solvent molecules are treated at the full atomistic level; the 

configuration space has to be statistically sampled (via Monte Carlo or molecular 

dynamics) to provide an ensemble average. In an implicit solvation model, the solute 

molecules are embedded in the reaction field, which is the electrostatic field produced by 

the solvent when it is polarized by the solute; there are many reviews that cover implicit 

solvation models.267,268,269,270,271,272 In the explicit-implicit hybrid treatment or the so-

called mixed discrete-continuum models, one explicitly adds a few solvent molecules 

(first solvation shell) around the solute molecule and then embeds them in a reaction field 

due to the remaining environmental molecules;273 it has been found that,274,275,276 in the 

case of strong interaction between solvent and solute (such as hydrogen bond, and 

molecular anions), adding a few explicit solvent molecules is able to yield better results 

as compared to using purely implicit solvation treatment. 

Let R denote the 3N–6 primary system coordinates, and P denote their conjugate 

momenta; the remaining degrees of freedom of the whole system are denoted by r for 

internal coordinates and p for conjugate momenta. The free energy G(S) of species S is 

   (214) e−G(S)/kBT = C e−H (R,P,r,p)/kBT dRdPdr d p
S
∫
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where the volume integral is carried out over the range of R corresponding to species S; 

and C is a geometry-independent constant. We can carry out this integral in two steps: 

first 

   (215) 

and then 

   (216) 

where  is the Dirac delta function, and W(R) is the PMF. The reason that W(R) is 

called the potential of mean force is that, when we take the derivative of W(R) with 

respect to R, we have 

   (217) 

where  is the total potential energy of the entire system, and the kinetic energy 

has been separated from the total Hamiltonian and has been integrated out over momenta. 

This result indicates that  is the mean force acting on coordinate R that is 

averaged over all other coordinates. 

In the implicit solvation models, the PMF (the free energy surface) W(R) is 

   (218) 

where R denotes the 3N–6 internal solute coordinate,  is the gas-phase Born-

Oppenheimer electronic potential energy surface, and  is the fixed-

concentration Gibbs free energy of solvation; it can be interpreted as the work of 

e−W (R)/kBT = ′C δ (R − ′R )e−H ( ′R ,P,r,p)/kBT d ′R dPdr d p
S
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coupling a solute that is fixed in position to the equilibrated solvent at fixed temperature 

and pressure in an infinitely dilute solution.277 The superscript “*” denotes a Gibbs free 

energy of solvation that corresponds to the same concentration (e.g., 1 mol/L) of the 

molecule both in the gas phase and in the liquid-phase solution; that is an ideal gas at a 

gas-phase concentration of 1 mol/L, dissolving as an ideal solution at a liquid phase 

concentration of 1 mol/L. In a practical calculations that employ an implicit solvation 

model (for instance SMD278),  has already been included in the SCF single-point 

energy, i.e., what we have calculated directly from a self-consistent reaction field (SCRF) 

calculation is the free energy surface.  

The molar Gibbs free energy of a species i in liquid-phase solution is:277  

   (219) 

where  is the chemical potential of a species whose center of mass is constrained to a 

fixed position in the solution (it is called as the pseudo-chemical potential, and it is 

associated with the internal free energy of the species in solution including its coupling to 

the solvent); one may approximate  in as: 

   (220) 

where  is the internal thermal Gibbs free energy summed over all the 

configurations; U0 is  the zero-point inclusive free energy surface, given in the harmonic 

approximation by: 

ΔGS
∗

  
Gi = Gi

* −TSlib,i

  Gi
*

  Gi
*

  Gi
* =U0 +Gint

  Gint



 153 

   (221) 

where Fvib is the number of vibrational degrees of freedom, and  is the vibrational 

frequency of mode m. The entropy term  in eqn (219) is the entropy of liberation 

of species i, which is given by: 

   (222) 

where R is the gas constant, ci is concentration of i in moles per unit volume, NA is 

Avogadro’s constant. The last term of eqn (219) is the free energy of liberation, which is 

formally identical to the translational molar free energy in an ideal gas.  

In order to obtain the thermodynamic standard-state Gibbs free energy (which is 

directly related to partition functions and standard equilibrium constants), the standard-

state Gibbs free energy of species B in solution  (i.e., the chemical potential of 

B) should be computed as: 

   (223) 

where  is the standard-state gas-phase Gibbs free energy of species B, which is 

usually computed based on gas-phase computed frequencies of the gas-phase optimized 

geometries; but one can also use solution-phase computed frequencies of solution-phase 

optimized geometries.279 The superscript “°” in eqn (223) denotes the usual 

thermodynamic standard state, which is defined as follows: (a) gas-phase molecules: all 
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the molecules are ideal gases at a pressure of 1 bar, which corresponds to 0.0404 mol/L at 

298 K; (b) solutes in liquid-phase solution: 1 mol/L; (c) solvents: calculate from the 

density, e.g., 55.5 mol/L for water at 298 K. The quantity  in eqn (223) is 

the amount that one must add to the fixed-concentration Gibbs free energy of solvation to 

change the standard state for the left hand side of the solvation process (the gas phase) to 

a 1 bar standard state from the 1 mol/L standard state that would correspond to fixed 

concentration, while keeping the standard state for the right-hand side of the solvation 

process (the liquid-phase solution) at 1 mol/L; the value of  is +1.9 kcal/mol 

for solutes at 298 K, and it is +2.4 kcal/mol for water (as a pure solvent) at 298 K. 

The inclusion of tunneling in condensed phase calculations with explicit solvent 

does not require additional dynamical approximation although sampling raises new 

issues, as discussed in section 2.7.3.  With implicit solvent though, one only has the 

PMF, which is a statistical quantity, whereas in principle one should carry out tunneling 

on the true potential energy function. In other words, one should calculate the tunneling 

using the potential energy surface and average the dynamics, but with the PMF one has 

averaged the potential, and it is an additional approximation to carry out tunneling on the 

averaged potential. This additional approximation is called the canonical mean shape 

(CMS) approximation.280 With this approximation, VTST calculations are readily 

interfaced with various solvation model calculations.21,23,273,281,282  

Further complications could arise due to strong interactions between solute and 
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solvent, and the dynamic solvent effect becomes non-negligible. The key issue here is 

participation of the solvent in the reaction coordinate.263,283 With explicit solvent the 

reaction coordinate can have a component of solvent motion, but this is not possible 

when one uses the PMF. We should keep in mind that specifying the transition state 

dividing surface is the same as specifying the reaction coordinate since the reaction 

coordinate is the degree of freedom normal to this surface (the degree of freedom missing 

in this surface). If the best dividing surface has a reaction coordinate that includes a 

component of solvent motion, then a reaction coordinate without solvent motion must 

correspond to a dividing surface that leads to a larger transition state theory rate. 

Therefore the effect of including solvent motion in the reaction coordinate can be 

mimicked by adding a friction term that slows down the rate. Such friction terms are 

present in Kramers theory,284 Grote-Hynes theory,26,285,286,287 and other stochastic 

dynamics theories.288  

There are three approaches for computing the reaction rate constant for a liquid-

phase reaction:281,289 (1) separable equilibrium solvation (SES); (2) equilibrium solvation 

path (ESP); (3) non-equilibrium solvation (NES). Both SES and ESP are based on the 

equilibrium solvation assumption, which assumes that the solvation is in equilibrium with 

solvent at all points along the reaction path. In NES, on the other hand, the solvent 

coordinates are explicitly required for defining the reaction path, and this is called 

dynamic or nonadiabatic solvation. 
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In SES, one first finds the reaction path in gas-phase, and then adds the free energy 

of solvation (at a fixed solute geometry) to the gas-phase free energy for each point on 

the gas-phase reaction path, using the gas-phase optimized geometries and gas-phase 

MEP. In ESP, the reaction path is determined by using the potential of mean force, which 

has been described in eqn (218); the position of the variational transition state in ESP not 

only moves along the gas-phase reaction path but also perpendicular to it in the remaining 

3N – 7 degrees of freedom; thus the ESP method is more flexible and more realistic than 

the SES method. Although ESP is a more complete treatment as compared to SES, the 

computationally less expensive SES often reasonably agrees with ESP281 (within a factor 

of 2, when the same solvation model269,273 is employed and quantum tunneling is 

considered). In NES, the specification of the reaction path explicitly involves one or more 

solvent coordinate as well as the solute coordinates. 

Non-equilibrium solvation can be considered via a linear-response theory for solvent 

friction effects, which can be incorporated with VTST and tunneling;290,291 the key 

concept in such linear-response treatment, is the division of the system into an explicit 

subspace and an implicit bath, and a solvent coordinate (which is chosen based on 

physical basis and it is often preferable to use one or more collective solvent coordinates, 

that is a coordinate representing the solvent electric polarization field) is introduced in the 

Hamiltonian using the approximation of a single harmonic oscillator linearly coupled to 

the reaction coordinate.  
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2.7.2 Solid–vapor interface kinetics  

Classical transition state theory has been applied to solids; we will limit our discussion to 

computing the migration and diffusion of atomic species on crystalline surfaces. Voter 

and Doll292 compared classical trajectory simulations results with classical TST results 

for diffusion constants. In trajectory simulations, the diffusion constants D are obtained 

by: 

   (224) 

where d is the dimensionality of the system; it is 2 for most surfaces and 1 for channeled 

surfaces like the (211) surface of bcc crystals, and  is the mean-squared 

displacement of the migrating atom, which can be obtained by averaging over 

trajectories. In practice, D is obtained by plotting  with respect to time t, and 

fitting a line to the limiting slope. The temperature dependence of the diffusion constant 

is approximately described by an Arrhenius-type equation: 

   (225) 

If the motions of the migrating atoms are assumed to be independent random hops 

between adjacent binding sites, the diffusion constants can be computed by transition 

state theory as 
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where l is the distance (hop length) between adjacent minimum-energy binding sites, and 

khop is the hopping rate. One-dimensional harmonic conventional classical transition state 

theory yields 

   (227) 

where  is the energy difference between saddle point (between two binding sites) and 

local binding site minimum;  is the harmonic frequency of the migrating atom 

moving along a pseudo-one-dimensional potential, in which all the other atoms are 

adiabatically relaxed; and  is the number of binding sites accessible by a single hop. 

If we equate  to Ea and equate eqn (225) to eqn (226), the parameter D0 in the 

Arrhenius-type equation for the diffusion constant is: 

   (228) 

Transition state theory can also be used to compute the classical TST rate constant for 

transition from state A to state B without invoking the harmonic approximation: 

   (229) 

where f(R) = 0 defines the dividing surface, and the ensemble average  

is taken over the configuration space belonging to state A (TST).293,294 Voter and Doll 

computed the ensemble average by the Monte Carlo method using the Metropolis 

algorithm as295 
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where  is the width of the simulation box, and  is the fraction of the Monte Carlo 

steps that lie inside the box. 

VTST can be used, instead of conventional TST, to compute the hopping rate khop, 

and therefore it can give a better prediction for diffusion constants. The practical 

computations can be carried out with an embedded-cluster model.296,297,298,299,300  In such 

model systems, there is only one non-metal atom. For instance, in the treatment of H 

atom diffusion on finite copper (100) planes,297,298 the PES is approximated as the sum of 

finite range H-Cu and Cu-Cu pair potentials. The H atom and the near six Cu atoms are 

allowed to move in the calculation, and other Cu atoms are fixed at experimental bulk 

geometry. The areas of these lattice planes and their number are taken large enough so 

that any atoms within the finite ranges of the interaction potentials of the seven non-fixed 

atoms (i.e., H and the six near Cu atoms) are included. The reactant is H located in one 

site (hollow formed by four Cu atoms) and the product is H in the next-door site; and the 

transition state structure is a bridge site between these two fourfold sites. Normal mode 

analysis is carried out along the minimum energy path, and canonical variational 

transition state is determined by maximizing the Gibbs free energy of activation; 

multidimensional quantum mechanical tunneling can also be included in the computation 

for the hopping rate to study the diffusion of hydrogen on metal surface.301,302,303,304 

        For hydrogen diffusion on the Ni (100) surface, it has been experimentally 

observed305,306,307 that there exists a transition temperature, and for temperatures that are 

ω fB
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lower than the transition temperature, the diffusion coefficients were interpreted 

experimentally as nearly temperature-independent due to tunneling. The quantitative 

definition for the transition temperature is the temperature at which the Arrhenius plot has 

maximum curvature. This zero-temperature-limit, where the rate coefficient becomes a 

constant, has also been observed in organic reactions.308 However, the transition 

temperature was misinterpreted.  Reanalysis300 of the low-temperature situation shows 

that the experimental "transition temperature" actually signifies the transition from 

ground-state-dominated tunneling to thermally activated tunneling.  Thermally activated 

tunneling continues to dominate the rate constant at temperatures far above the transition 

temperature. In low-temperature-limit, only the vibrational ground state is populated, and 

the rate constant is constant because it simply corresponds to the rate of reaction by 

tunneling out of a single state. Under the harmonic-oscillator approximation, the low-

temperature-limit diffusion coefficients are: 

   (231) 

where l is the lateral distance between the two minimum-energy sites, d is the 

dimensionality of the systems (which is usually 2 for surface diffusion),   is a 

symmetry factor that accounts for number of equivalent paths from reactants to products 

for the reaction (which is 4 for the (100) surface), c is the speed of light,  is the 

vibrational frequency in wavenumber for the lowest-frequency hydrogenic vibration at 

the reactant well (which corresponds to the reaction coordinate over most of the reaction 
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path away from the reactant well), and  is the quantum transmission 

probability at the harmonic vibrational ground-state energy of the reactant well. At 

higher, but still low temperatures, where other states start to contribute, one can 

approximate the tunneling as occurring at a sequence of discrete energies in the reactant 

well, rather than out of a translational continuum.296 

 

 

2.7.3 Enzyme kinetics 

Unlike in the solution phase, where the solute and solvent can usually be clearly 

separated, in enzymes the partition of the entire system into primary and secondary is 

somewhat arbitrary. In practical computations of enzyme kinetics, one often uses a 

combination of molecular mechanics (MM) and quantum mechanics (QM), i.e., the 

QM/MM method. Enzyme-solvent systems can have huge number of possible 

configurations, and these configurations make significant contributions to the free energy 

of activation; the configurations are usually sampled by MC or MD techniques. 

Ensemble-averaged VTST309 (EA-VTST) with multidimensional tunneling was 

developed for modeling kinetics in enzymes, and we will briefly review EA-VTST here; 

the readers who are interested in the detailed theory are directed to other previous 

publications with a higher concentration of focus on this topic.30,33,36,118,310,311,312,313,314  

EA-VTST calculations can be divided into three stages, and each of the stages 
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corresponds to a different level of completeness of the dynamical treatment.  

• Stage 1 

(Step 1) In this step we perform classical molecular dynamics (via, for instance, 

umbrella sampling) along a pre-defined reaction coordinate z (which can also be called a 

distinguished reaction coordinate, with a good example being the difference between 

internuclear distances of the forming and breaking bonds, and a more sophisticated 

example being a collective coordinate that is defined by the energy gap between the 

valence bond states corresponding to the reactant and product states) to produce the 

classical potential of mean force WC(z) (free energy profile, or – more technically – the 

generalized free energy of activation profile). Once the classical potential of mean force 

is available, the generalized-transition-state (GT) classical potential of mean force 

activation energy  at temperature T is computed by: 

   (232) 

which is the difference between the maximum of classical potential of mean force and the 

reactant classical potential of mean force. Here “C” means classical.  

(Step 2) In the first step,  has already included classical free 

energy contributions associated with all degrees of freedom that are orthogonal to the 

reaction coordinate; at a generalized transition state, the reaction coordinate itself does 

not contribute to the free energy (while all the vibrational modes that are orthogonal to 

  
ΔWGT,C(T , z = z*)

  
ΔWGT,C(T , z = z*) = max

z
WC(T , z)−WC(T , z = zR )

  
ΔWGT,C(T , z = z*)
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reaction coordinate do contribute), but at the reactant it does. Thus, in the 2nd step, we add 

the missing contribution for the vibrational reaction-coordinate-mode free energies of the 

reactant to the computed classical ; and the so-obtained quantity is 

the generalized transition state classical free energy of activation given by 

   (233) 

where  is the classical free energy contribution of the reaction 

coordinate at its value at the reactant state zR; it can be computed by calculating the free 

energy difference with and without this coordinate by not projecting and projecting the 

reaction coordinate from the Hessian matrix respectively. 

(Step 3) The last part of this stage is to replace classical vibrational partition 

functions by quantum mechanical vibrational partition function, in order to include the 

quantization effects in vibrational free energies. In practice, this quantization is only done 

for an N1-atom subsystem; in particular, only 3N1–7 modes are quantized at the transition 

state, and 3N1–6 modes are quantized at the reactant.  The Gibbs free energy of 

activation obtained this way is called the single-reaction-coordinate (SRC) quasiclassical 

(QC) generalized-transition-state (GT) free energy of activation, which is denoted as 

. The VTST rate constant for stage 1, which is denoted as , for a 

unimolecular enzymatic reaction (EP → ES, or EP → E + P, where E, S, and P denote, 

respectively, the enzyme, substrate, and product, and ES is a Michaelis adduct) is thus: 

  
ΔWGT,C(T , z = z*)

  
ΔGGT,C(T , z = z*) = ΔWGT,C(T , z = z*)−GC,F(T , z = zR )

  
GC,F(T , z = zR )

  
ΔGGT,QC

SRC   k(1)
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   (234) 

• Stage 2 

In this stage, we calculate ensemble-averaged recrossing and tunneling transmission 

coefficients in order to obtain the ensemble-averaged quasiclassical variational transition 

state theory rate constant. The EA-VTST with tunneling (abbreviated as “T”), the rate 

constant is: 

   (235) 

where  is the VTST rate constant obtained in stage 1, and  is ensemble-averaged 

transmission coefficient 

   (236) 

where M is the total number of ensemble members included in the average,  is the 

recrossing transmission coefficient of member i, and  is the tunneling transmission 

coefficient of member i. In principle, M is large enough to converge the summation; in 

practice one can use M of about 20. During stage 2, the system evolves in a fixed field of 

its surroundings (these surroundings are called the secondary zone, i.e., solvent and part 

of the substrate and coenzyme); this is called the static secondary-zone approximation. 

This stage involves semiclassical reaction-path calculations for a subsystem (which is 

called the primary zone) within the secondary-zone being in frozen configurations that 

are taken from a quasiclassical transition state ensemble in stage 1. Notice that, in eqn 

  
k(1) =

kBT
h

exp(−ΔGGT,QC
SRC / RT )

  k
EA-VTST/T = γ k(1)

  k(1) γ

  
γ = 1

M
Γiκ i

T

i=1

M
∑

 Γi

  κ i
T
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(236), averaging the transmission coefficient over M ensemble members is equivalent to 

letting the secondary zone participate in the reaction coordinate.  

• Stage 3 

Usually, the static secondary-zone (also called “the frozen bath”) assumption works 

very well, and the non-equilibrium solvation effects are negligible; it is sufficient to stop 

at stage 2. As a further improvement, the entropic contributions from the secondary-zone 

can be included in the transmission coefficient. Then the equilibrium secondary-zone 

approximation (which can be viewed as an analogous to a liquid-phase kinetics 

calculation with the equilibrium solvation model), the free energy (potential of mean 

force) is further corrected by the bath free energy (which is obtained by equilibrating the 

secondary-zone along the reaction path of stage 2, and the bath free energy as a function 

of reaction coordinate is obtained via free energy perturbation simulations), and the 

recrossing transmission coefficient is computed based on this corrected free energy 

surface.  

 

2.8 Selected applications 

In applications, one requires a potential energy surface. There are two options. One 

option is to employ an analytic function, which may be obtained by a simple theory, such 

as the London equation,315 or by a fit to electronic structure 

calculations.316,317,318,319,320,321,322,323,324  The second option is direct dynamics.325,326 In 
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direct dynamics “all required energies and forces for each geometry that is important for 

evaluating dynamical properties are obtained directly from electronic structure 

calculations.”71 In modern work, one almost always uses direct dynamics. 

 

2.8.1 Combustion chemistry 

VTST is a widely used tool for predicting the rate constants of elementary reactions 

that are important in fuel combustion, which is invaluable for selecting potential biofuels 

and fuel additives, for optimizing the combustion process, and for designing next-

generation combustion engines. It has been demonstrated that 

anharmonicity150,327,328,329,330 plays an important role in controlling the VTST rate 

constants of hydrogen abstraction reactions. One interesting study that uses MS and MP-

VTST in analyzing the effect of hydrogen-bonded transition states on rate constants (for 

gas-phase hydrogen abstraction reactions) shows that,150 the conventional thinking of H-

bonded TSs increasing rate constants, which is solely based on the energetic effects of the 

hydrogen bond that excludes the entropic effects, is not reliable; a hydrogen bond can 

reduce the entropy and thereby increase the free energy of the transition state (this is 

enthalpy-entropy compensation), and hence, a strong hydrogen bond interaction may lead 

to a slower reaction rate, and reliable conclusions about rate constants must be based on 

free energies of activation, not barrier heights or enthalpies of activation. 

Among the many reactions that are important for ignition are the hydrogen 
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abstraction reactions from the fuel molecules by various small radicals, such as 

H,78,88,331,332,333 HO2,334,335,336,337 OH,338,339,340,341,342,343,344,345,346,347,348,349,350,351,352,353,354,355 

and O radicals.356,357,358,359,360,361,362 VTST can also supply rate constants for newly 

proposed reaction mechanisms for oxidation chemistry of fuels.363,364,365,366,367,368,369,370 

VTST/MT has also been used to study the kinetics of isomerization reactions between 

organic radicals146,371,372,373,374,375,376,377 that are abundant in combustion flames. Guan 

and co-workers have also applied MS-VTST to study hydrogen transfer between 

dimethyl ether and the methoxy radical,378 and combustion modeling of dimethyl 

ether.379 Kinetics of the unimolecular reactions of ethoxyethylperoxy radicals, which are 

main intermediates in the oxidation of diethyl ether under engine-relevant conditions, 

have also been studied using VTST.380 Klippenstein and co-workers have combined 

VTST with the master equation approach to study some of the key decomposition and 

association reactions in combustion.381,382,383,384  

 

2.8.2 Atmospheric chemistry 

Studying atmospherically important reactions is critical to our understanding of 

climate change and air pollution. VTST together with pressure-dependence theory is 

indispensible in providing accurate rate constants for global climate modeling. We have 

studied the chemistry of Criegee intermediates,385 whose importance in atmospheric 

science is widely appreciated, and understanding their fate is a prerequisite to modeling 
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climate-controlling atmospheric aerosol formation.  

We have modeled the dissociation of C2F4 with VRC-VTST and SS-QRRK 

theory;161 this represents a class of reactions and serves as an example for studying 

hydrofluorocarbon or Freon decomposition. The decomposition of hydrofluorocarbons or 

Freon is related to the destruction of the ozone layer.  

We have also studied the reaction of SO2 with OH in the atmosphere;232 this reaction 

plays an essential role in acid rain and it is still attractive to experimentalists up-to-

date,386 and our temperature- and pressure-dependent rate constant computations help to 

resolve the discrepancies between various experimental studies. Cartoni et. al. have 

studied the formation of HSO2+ ion in the gas phase, which is of special interest because 

of an interesting reverse temperature-dependent kinetics.387 In the study of the important 

roles played by water and ammonia in promoting atmospheric reaction in atmosphere: the 

rate constant of water-catalyzed H2SO4 + OH reaction is about 1000 times larger than that 

of the same reaction without water as reported by Long et al.;388 it has also been found 

that ammonia can accelerate this reaction by enhancing quantum tunneling.389 Using 

VTST with multidimensional tunneling, the unusual temperature dependence of the 

atmospherically important reaction OH + H2S reaction has been understood, and 

predictions have been made for this reaction at higher temperatures.390 Loerting and co-

workers have studied the proton transfer in small cyclic water clusters, which are 

important in understanding water-cluster involved atmospheric reactions.391  
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VTST is a powerful tool for filling the gap between limited experimental 

measurements and the need for rate constants in climate modeling at different altitudes, 

and in understanding previously proposed important atmospheric reaction 

mechanisms,392,393,394,395,396,397,398,399 and to provide rate constants that cover the 

tropospheric and stratospheric temperature and pressure range. As an example for using 

VTST/MT in modeling complex reaction mechanisms in atmospheric science and 

geoscience, Molina and co-workers400 have studied the heterogeneous reactions for 

chlorine nitrate hydrolysis on water-ice surface in polar stratospheric cloud; their study 

incorporates proposed reaction mechanisms with reliable kinetics calculations, which 

lead to a good agreement of the estimated reaction probability with the experientially 

reported one for such a complex system.  

 

2.8.3 Plasma chemistry 

Silicon-based chemically active nanodusty plasmas are an important research subject in 

plasma physics and engineering.401,402,403,404,405,406 Engineers need thermochemical 

properties and rate constants to understand experimentally observed particle distributions, 

particle growth rates, and various transport phenomena in plasma. We have used density 

functional theory and MS-T to study the thermodynamic properties for various branched 

silicon clusters,407,408 and we found that the contribution from multiple conformational 

structures and torsional anharmonicity is significant; the conventional group-additivity 
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based estimations of thermodynamic properties were found to be unreliable. We have 

studied detailed chemical mechanisms for the growth of silicon hydride clusters,409,199 

and we have computed the rate constants for all elementary steps by using VTST and 

multidimensional tunneling. We have also carried out a systematic benchmark study for 

testing various density functionals for their performance on elementary reactions in the 

polymerization of neutral silane with the silylene or silyl anion;199 this could serve as a 

reference for future silicon-based nanodusty plasma chemistry study. Oueslati et al. have 

compared the VTST/MT computed rate constants for hydrogen abstraction from 

tetramethylsilane,410 which can be viewed as a prototypical species in silane-based 

plasmas, and good agreements with experimental values was achieved.  

 

2.8.4 Organic chemistry in solution 

VTST with state-of-the-art solvation models can be used to calculate reaction rates and 

elucidate reaction mechanisms in liquid-phase solutions. As a recent example, we have 

used SMD implicit solvation model to study the E1cb mechanism for elimination reaction 

in liquid phase.264 The paper reporting these results contains an explanation of free 

energy surfaces, and using these we are able to distinguish between the concerted second-

order mechanism for  b eliminations and non-concerted mechanisms with discrete 

carbanion intermediates; distinguishing these experimentally is very difficult.  

Liquid-phase VTST calculations have also been carried out to investigate hydrogen 
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migration in carbenes,411 hydrogen addition on heterocyclic ring,412 and hydrogen 

donation in reductive decarboxylation reactions.413 In the study of the kinetics of 

hydrogen transfer reaction for phenolic compounds in water,414 we have found that the 

M05 exchange-correlation functional415 yields more accurate rate constants than does 

M08-HX, which is a density functional that is generally more accurate for gas-phase 

reactions; this is possibly because the error introduced in the solvation model partially 

cancels the error in the less-accurate density functional.   

When using VTST to compute rate constants in the liquid phase, the accuracy of the 

final computed rate constants depends on many factors, and the accuracy of the solvation 

model is one of the most critical factors.  

 

2.8.5 Enzyme reactions 

Ensemble-averaged VTST with tunneling has been applied to study a number of 

enzyme reactions, including reactions catalyzed by yeast enolase,416 triosephosphate 

isomerase,417 methylamine dehydrogenase,418,419 alcohol dehydrogenase,309 thermophilic 

alcohol dehydrogenase,420 haloalkane dehalogenase,421 dihydrofolate reductase from E. 

coli,422,423 hyperthermophilic DHFR from Thermotoga maritima,424 xylose 

isomerase,425,426 short-chain acyl-CoA dehydrogenase,427 catechol o-

methyltransferase,428 glyoxalase I,429 Coenzyme B12,430,431 HIV-1 Protease,432 4-

oxalocrotonate tautomerase enzyme,433 hydride transfer between Anabaena Tyr303Ser 



 172 

FNRrd/FNRox and NADP+/H,434 hydride transfer from NADH to FMN in morphinone 

reductase.435 Some of this work is reviewed elsewhere.30,33,36,310,311,314,436  

One of the most important quantities in enzyme kinetics is the kinetic isotope effect 

(KIE), which is often used to determine mechanisms (primarily by helping to identify the 

slow step) and which often provides evidence for quantum mechanical tunneling. The 

ability for VTST to accurately computing such KIEs is strong evidence for the soundness 

of the theory.31,36,419,425,437,438,439,440,441,442,443,444,445 

One interesting finding is that, it is possible for the isotope D to tunnel more than 

H,446,447 and this can only be explained by multidimensional tunneling239,448 (as opposed 

to one-dimensional tunneling) because if both isotopes tunnel along the same path with 

the same effective potential, H will always tunnel more. However, in multidimensional 

tunneling, both the tunneling paths and the effective potentials depend on all the masses 

in the system. 

 

2.9 Summary 

In this review, we have discussed the fundamentals of variational transition state theory, 

including multidimensional tunneling and methods for incorporating multiple-structure 

and torsional-potential anharmonicity in VTST. We reviewed variable-reaction-

coordinate VTST as well as reaction-path VTST. We have discussed the recent extension 

of VTST for the convenient calculation of pressure-dependent rate constants and falloff 
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effects. We also briefly reviewed the use of VTST in condensed phases, including solid-

gas interfaces, liquid solutions, and enzyme kinetics. A number of recent applications of 

VTST with its various recent developments are briefly reviewed as well.  

        Here, we summarize the major steps in kinetics studies. Please notice that for 

the sake of brevity, the following guide does not include reaction systems that may 

require special theoretical treatment.   

 

Kinetics in a few words 

1 Benchmark electronic structure methods (usually various density functionals) 

against reaction energies and barrier heights for your system. A good 

summary of the accuracy and the computational cost of hundreds of 

commonly used electronic structure methods for kinetics is given in ref. 415. 

2 For reactions with barriers, use reaction-path variational transition state theory 

(RP-VTST) with multidimensional tunneling (MT); for barrierless reactions, 

use variable reaction coordinate variational transition state theory (VRC-

VTST). Carry out direct dynamics rate constant calculations using one of 

these methods. 

Gas-phase reactions Liquid-phase reactions 

3-1 For RP-VTST, if needed, include the 

effects of multistructural torsional 

anharmonicity (MS-T) in the partition 

functions; this may involve extensive 

conformational searches. Compute 

MS-VTST/MT rate constants. If 

affordable, compute MP-VTST/MT 

rate constants. 

3 For reactions in the condensed 

phase, employ the separable 

equilibrium solvation (SES) VTST, 

the equilibrium solvation path 

(ESP) VTST, or the ensemble-

average (EA) VTST. 

For enzyme reactions, employ 

ensemble-averaged VTST. 

3-2 For reactions whose rate constants are 



 174 

pressure-dependent, do pressure-

dependence calculations either by the 

SS-QRRK method based on canonical 

VTST rate constants or by using a 

master equation solver with 

microcanonical VTST rate constants. 

4 Compare the computed rate constants with experiments and explain any differences. 

5 For the purpose of studying a complex reaction network, update the older reaction 

kinetics data in the model. 

 

Variational transition state theory, combined with the power of modern electronic 

structure methods, has been applied successfully to study the kinetics of a variety of 

chemical systems. We believe that the recent extensions of VTST can be useful tools for 

future research in combustion, atmospheric chemistry, environmental science, and other 

fields, in which accurate kinetics data (which could be experimentally very hard to 

measure) play an indispensable role in understanding the detailed mechanisms of the 

chemical processes. VTST has also been applied successfully to enzyme kinetics and 

other condensed-phase reactions. With the recent progress of the development of more 

accurate and affordable electronic structure methods for treating inherently 

multiconfigurational systems, VTST is readily applicable to study the detailed kinetics in 

modern organometallic and inorganic catalysis. 
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Chapter 3. Multi-path Variational Transition State Theory for Chiral 
Molecules 

 

3.1 Introduction 

Fossil fuels are nonrenewable, and there is considerable effort to develop alternatives 

to petroleum-derived fuels. Bioalcohols can be produced by the biological fermentation 

of biomass such as sugars and glucose, and they constitute a very promising family of 

bio-derived substitutes for petroleum-derived fuels. Butanol is an important member in 

the bioalcohol family and is an advanced biofuel superior to ethanol. The combustion 

chemistry of the four isomers of butanol, namely n-butanol, 2-butanol, isobutanol, and 

tert-butanol, has recently drawn great interest, and understanding the combustion 

chemistry of a fuel is a prerequisite for maximizing its utility. The hydrogen abstraction 

reactions from different sites of a butanol by hydroxyl radical (HO·), hydroperoxyl 

radical (HO2·), and hydrogen radical (H·) are very important in the combustion 

processes, which are the first step in all the kinetic mechanisms proposed, and they have 

received wide study in recent years. For example, the thermal rate constants at various 

temperatures of the hydrogen abstraction reactions of n-butanol449,450 and isobutanol451 

have been calculated via multistructural variational transition state theory (MS-

VTST),452,453,454,455 and they have been measured by shock tube experiments,456 laser 

absorption experiments,457 and the pulsed laser photolysis-laser induced fluorescence 
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technique.458 However, 2-butanol, although having various promising physicochemical 

properties,459 has rarely been studied. Pang and coworkers460 determined the overall rate 

constant for hydroxyl radical (HO·) + 2-butanol by measuring the near-first-order 

hydroxyl radical decay in shock-heated mixtures. Yasunaga461 and coworkers studied the 

pyrolysis and oxidation of all four butanols using reflected shock waves from 1000 K to 

1800 K. Sarathy and others462 proposed a comprehensive combustion model for the four 

butanol isomers, in which, due to the lack of available reliable calculations, the rate 

constants of hydrogen abstraction from different sites of 2-butanol by HO2· radical were 

crudely estimated using an Evans-Polanyi-type correlation463 based on the n-butanol + 

HO2· system.  

Hydroperoxyl radical (HO2·) plays a particularly important role in the ignition 

process at intermediate temperature (~800–1200 K), partly because another important 

radical, HO·, can be formed by the decomposition of H2O2, which is the product of the 

hydrogen abstraction reaction by hydroperoxyl radical. In the present study, we 

calculated the rate constants of hydrogen abstraction from different sites of 2-butanol by 

HO2· radical using the recently developed multi-path variational transition state theory 

(MP-VTST)464,465 with the small-curvature tunneling (SCT) approximation,466 with the 

MP-VTST treatment being extended here to the treatment of a chiral reactant. Multi-

structural variational transition state theory (MS-VTST) calculations, which have now 

been widely applied in previous work, have also been carried out for comparison. MP-
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VTST can be viewed as an extension of MS-VTST; first it accounts for the overbarrier 

contribution of all the reaction paths to the total one-way flux in a more accurate way, 

and secondly it treats the differences in the multi-dimensional tunneling paths and their 

contribution to the thermal rate constants more thoroughly. 

The five possible hydrogen abstraction reactions that we considered in this work are 

the abstraction of a hydrogen atom from each of the four carbon sites of 2-butanol or 

from the oxygen atom. Carbon-2 of the 2-butanol molecule is a chiral center; therefore 2-

butanol has two enantiomers: Rectus (R) and Sinister (S), i.e. (R)-2-butanol and (S)-2-

butanol. When 2-butanol reacts with a non-chiral species, which in the present study is 

the HO2 radical, the thermal rate constants of the R enantiomer and the S enantiomer are 

the same. Therefore the rate constants of the studied reactions R1–R5 can be computed 

based on a single enantiomer. In the present work, we use (S)-2-butanol to compute the 

rate constants. Therefore the reactions we consider are 

S-CH3CH(OH)CH2CH3 + HO2· → S-CH2·CH(OH)CH2CH3 + H2O2 (R1) 

S-CH3CH(OH)CH2CH3 + HO2· → CH3C·(OH)CH2CH3 + H2O2   (R2) 

S-CH3CH(OH)CH2CH3 + HO2· → S-CH3CH(OH)C(H·)CH3 + H2O2 (R3) 

S-CH3CH(OH)CH2CH3 + HO2· → S-CH3CH(OH)CH2CH2· + H2O2 (R4) 

S-CH3CH(OH)CH2CH3 + HO2· → S-CH3CH(O·)CH2CH3 + H2O2   (R5) 

 The present calculations not only yield the total rate constant, which is the sum of the 

five elementary rate constants for reactions R1–R5, but they also yield the five individual 
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elementary rate constants; these site-specific quantities are seldom available 

experimentally, but they are very important for combustion mechanisms because each of 

the five products has a different further reactivity pattern after being produced. 

 Section 3.2 presents the theory, and Section 3.3 has computational details. Readers 

interested only in the results may skip to Section 3.4, which presents results and 

discussion. To facilitate this, Section 3.4 reminds the reader of the definitions of all 

acronyms and mathematical symbols used in that section. Section 3.5 summarizes the 

main conclusions. 

 

3.2 Theoretical background 

Transition state theory assumes that the reaction rate is slower than the 

interconversion rate between conformers of the reactant (or, more precisely, that those 

conformers of the reactant that make a significant contribution to the transition state rate 

constant are all rapidly interconvertable on the atomic time scale of the reaction; if not 

true, it would be necessary to treat the slowly interconverting conformational structures 

as chemical isomers, i.e., as different species). Therefore it is necessary to distinguish 

species (for example a reactant species) from structures (for example, a conformer of a 

reactant), and here we clarify our terms. A species is a reactant, a product, a conventional 

transition state, or a generalized transition state (GT). A transition state is a dividing 

surface454 that separates the reactant region from the product region and is transverse to a 
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selected reaction path. A given reaction may have more than one reaction path and 

therefore more than one saddle point leading from reactants to products. The 

conventional transition state passes through these saddle points, and at each of them it is 

normal to the imaginary-frequency normal mode corresponding to the reaction coordinate 

of some particular path leading from reactants to products. Any other dividing surface is a 

generalized transition state. 

Each species can have several structures. For reactants and products, the structures 

are local minima on the potential energy surface and may be called conformers. For 

conventional transition states, the structures are saddle points with one imaginary 

frequency and they may be called transition structures. Only saddle points that are 

maxima on a minimum energy path are considered; that means that the fluxes through 

transition structures of a given transition state must be added like currents in parallel, not 

in series.465,467 (One could consider transition states in series by the canonical unified 

statistical model,468 but that is not the subject of the present study.) For generalized 

transition states, the structures are the points where the reaction paths pass through the 

dividing surface, and they may be called generalized transition structures.  

For bimolecular reactions, we consider that “the partition function of the reactants” 

is the product of the partition functions for the two reactants, and “the energy of the 

reactants” is the sum of their energies. The electronic energy of a structure including 

nuclear repulsion is the potential energy for nuclear motion. The barrier height 

 

is Vf
‡
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the increase in potential energy from the lowest-energy equilibrium structure of the 

reactants to the lowest-energy conventional transition state. Adding zero-point energy at 

these structures give the conventional-transition-state-theory enthalpy of activation at 0 

K, which is denoted . The energy of reaction DE

 

is the potential energy of the 

lowest-energy equilibrium structure of the products minus that of the lowest-energy 

equilibrium structure of the reactants. Adding zero-point energy at these structures gives 

the enthalpy of reaction at 0 K, which is denoted . 

We are interested in species that have (in the general case) more than one structure, 

and these structures may be called conformers. We must replace the rovibrational 

partition function that is appropriate for a species with a single structure by a 

conformational–rovibrational partition function for species that have multiple structures. 

In many cases the conformers are connected by torsions; the local maxima along the 

torsional coordinates are not barriers along reaction paths connecting reactants to 

products and so they are not treated as transition structures or generalized transition 

structures in considering the kinetics; however, the heights of these barriers do have an 

effect on the conformational–rovibrational partition function when the barrier regions of 

configuration space are thermally accessible at the temperature of interest. The “classical 

barrier height” of the chemical reaction is the increase in potential energy from the 

lowest-energy equilibrium structure of the reactants to the lowest-energy conventional 

transition state. Adding zero-point energy at these structures give the conventional-

ΔH0
‡

ΔH0
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transition-state-theory enthalpy of activation at 0 K, which is denoted . 

With these concepts and terminologies as background, we can proceed to discuss the 

theory. 

 

3.2.1 Multistructural method with torsional anharmonicity 

 

We use the multistructural method with torsional anharmonicity based on a coupled 

torsional potential469 (MS-T(C)) to calculate the conformational-rovibrational partition 

function  for each species;  is defined as 

   (237) 

where j labels a conformer, 

   (238) 

 is the conformer’s classical rotational partition function including the symmetry 

number, t is the number of torsions, and  is the normal-mode quasiharmonic 

oscillator vibrational partition function. We use “quasiharmonic” to denote the use of the 

harmonic oscillator formula with an effective frequency, which in our work is a scaled 

harmonic frequency (see below) with a scale factor designed to give a more accurate 

zero-point energy. Therefore a quasiharmonic partition function is expected to be more 
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accurate than a harmonic one. The total number of structures of a species is denoted as J. 

The local minimum of the potential energy surface is chosen to be the zero of energy for 

each conformational-rovibrational partition function; therefore, as shown in eq (238), 

each conformer is weighted by a Boltzmann factor, in which Uj is the relative potential 

energy of the local potential energy minimum structure j, kB is the Boltzmann’s constant, 

and T is the thermodynamic temperature. The factor  accounts for the potential 

function anharmonicity of each coupled torsion , where torsions are defined by 

internal coordinates (in particular, by dihedral angles, not by normal-mode coordinates).  

A key feature of the MS-T method is that it does not require the calculation of the 

barrier heights along the reaction paths for the interconversion of conformers; rather these 

barriers are implicitly approximated in terms of the local periodicities by using a Voronoi 

tessellation in the available torsional phase space,469,470,471 which are much easier to 

compute. This is a generalization of the relation valid for symmetric one-dimensional 

torsions by which the barrier between equivalent minima can be predicted approximately 

from the local frequency and the periodicity. Due to the coupling between the torsions, 

the number of conformational structures that one finds after the optimizations is less than 

the number of structures generated by ideal torsions, i.e., less than the ideal number of 3t 

for t threefold torsions. Therefore, the periodicity is not well defined, but we replace it by 

a local periodicity as explained previously.470,471 and extended to chiral reagents in 

Section 3.2.5. 

!f j,η

h
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The effect of multistructural torsional anharmonicity on the partition function of a 

species X can be characterized by the following factor 

   (239) 

where  is the single-structural quasiharmonic rovibrational partition 

function for the global minimum structure of X. Note that  for HO2· radical is 

equal to 1 because HO2· has no torsion. 

To demonstrate the multistructural torsional anharmonic effect on the reaction rate, 

we define the following multistructural torsional anharmonicity factor 

   (240) 

where the subscript “act” is an abbreviation for “activation”. In previous papers, this 

factor is written450 as ; however, “activation” is a more appropriate term than 

“reaction” because the numerator refers to the transition state, not the products. 

 

3.2.2 MS-VTST rate constant 

In MS-VTST, the thermal rate constant is calculated by452 

   (241) 

where  is the single-structural canonical variation theory453 (CVT) rate 
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constant with the multidimensional small curvature tunneling (SCT) approximation,466 

employing the lowest-energy structure (labeled here as 1) for reactants and the transition 

state. The CVT rate constant is computed by variationally optimizing the location of the 

dividing surface in order to maximize the free energy of activation. The multistructural 

CVT rate constant is obtained by multiplying the single structural CVT rate constant with 

the multistructural torsional anharmonicity factor .  

The variational transition state location needed for eqn (241) is obtained by 

maximizing the quasiclassical standard-state generalized free energy of activation 

 as a function of the reaction coordinate s, which is defined as the distance from 

the saddle point along the minimum energy path (MEP). For a bimolecular reaction 

without treating torsional anharmonicity as a function of reaction coordinate, we have 

   (242) 

where is the MS-QH conformational-rovibrational-electronic partition 

function of reactants per volume,  is the standard-state concentration, is the 

electronic partition function at the transition state, is the potential energy along 

the MEP that passes through the lowest-energy structure, and  is the 

quasiharmonic rotational-vibrational partition function at location s along that same path. 
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3.2.3 MP-VTST rate constant 

Multi-path variational transition state theory464 (MP-VTST) generalizes the 

multistructural variational transition state theory to include not only multiple transition 

structures in parallel, but also multiple reaction paths in parallel. The multi-path 

canonical variational theory (MP-CVT) rate constant is computed as: 

   (243) 

where  stands for the conventional, single-structural transition state theory (TST) 

rate constant, where only the lowest-energy structures for the reactants and the transition 

state are used in the calculation. The averaged generalized transmission coefficient  

based on using P reaction paths is defined as: 

  (244) 

where  denotes the tunneling transmission coefficient for reaction path p and is 

based on employing the multidimensional small-curvature tunneling approximation. The 

CVT recrossing transmission coefficient, , is computed as the ratio of the CVT 

rate constant  to the TST rate constant ; and  is the single-

structural rovibrational partition function with torsional anharmonicity (T) at the saddle 
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point of the p-th reaction path. Note that the denominator of eqn (244) is a special case of 

eqn (237) and it cancels out when we substitute eqns (237) – (241) and (244) into eqn 

(233). 

 

3.2.4 Anharmonicity along the reaction path in MS-VTST and MP-VTST 

In both kinds of calculations that we discussed above, namely MS–VTST and MP–

VTST calculations, the torsional anharmonicity is calculated only for the reactants, the 

products, and the saddle points, and it is included in rate constants by multiplying the 

CVT/SCT rate constant with the activation anharmonicity factor  at generalized 

transition states approximated by its value at the saddle point along the same reaction 

path. A more accurate approach, introduced469 after the original MS–VTST452 and MP–

VTST464 methods were published, is to include not only the torsional anharmonicity at 

the saddle point but its variation along the reaction path, i.e., to calculate the torsional 

anharmonicity as a function of reaction coordinate s and use the results in locating the 

variational transition state. We might call these MS(full)-VTST and MP(full)-VTST. In 

the present article, the final reported rate constants are based on the results without 

treating the torsional anharmonicity as a function of reaction coordinate because we will 

show in section 3.4.6 that the differences in the rate constants obtained by these two 

approaches are negligible for the reactions studied here. In the rest of this section we 

review the detailed methodology for the “full” methods as background for the results 

MS-T
actF



 187 

presented in Section 3.4.6. We need only discuss MP-VTST since MS-VTST is a special 

case of MP-VTST with p = 1. 

In the MP-VTST method, the recrossing transmission coefficient of the reaction path 

p without treating torsional anharmonicity as a function of reaction coordinate s can be 

written as follows: 

   (245) 

where  is the single-structural (SS) quasiharmonic oscillator (QH) 

rovibrational partition function of the variational transition state (VT); 

represents the rovibrational partition function computed at the saddle point (conventional 

transition state), and  and  are the potential energies at the VT and at the 

conventional transition state, respectively.  

    In contrast, in MP(full)-VTST, we include the s dependence of the torsional 

anharmonicity, and so we obtain:472 

   (246) 

Note that the location of the generalized transition state may differ (and usually will 

differ) from the one determined without treating torsional anharmonicity as a function of 

reaction coordinate, due to the change of the location of the maximum of the free energy 
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of activation, which is now determined now by finding the maximum of  

   (247) 

as a function of s for each path (each path has a different reaction coordinate) where 

 is the MS-T partition functions of the generalized transition state.  

 

3.2.5 Special considerations due to the chirality of 2-butanol 

Because of the creation of a new chiral center on carbon-3 during reaction R3 with 

the (S)-2-butanol reactant, the transition structure can be either (2S,3R) or (2S,3S), which 

are diastereomers. The enantiomers of these diastereomers are (2R,3S) and (2R,3R) 

respectively, which are the transition states formed from (R)-2-butanol. See Fig. 3.1 for 

schematic illustrations.  

The conformational-rotational-vibrational partition function of the transition state of 

R3 includes both diastereomers, (2S,3R) and (2S,3S), (where the zero of energy is set at 

the lowest-energy structure, see eq(1)), and their corresponding enantiomers, (2R,3S) and 

(2R,3R) are not included in the calculation because they are formed from (R)-2-butanol 

(whereas we computed the reaction rates only for (S)-2-butanol). For the other forward 

reactions (i.e., R1, R2, R4 and R5), only the transition structures that can be generated 

from the S enantiomer of 2-butanol, should be included in the calculation of the partition 

function. Next we consider the computation of the local periodicities for all these cases.  
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The local periodicity  needs to be determined in order to compute the 

potential anharmonicity factor  in eqn (237). When the torsions are strongly 

coupled, the Voronoi tessellation method471 is employed to assign the local periodicities. 

First, we define the torsional space as a t-dimensional space described by the torsional 

coordinates; where the torsional coordinates are taken to be a set of dihedral angles φ1, 

φ2, ..., φt. The Voronoi method divides the torsional space into cells around a discrete set 

of points that correspond to structures. All structures used in Voronoi tessellation should 

be interconvertable by internal rotation, i.e. the entire torsional space should be accessible 

by internal rotation. Each geometry belongs to a specific cell, and each cell contains all 

the geometries with values of torsional angles that are closer to the primary structure, 

located at the center of the cell, than to any other structure. A primary structure is a 

conformer of a reactant, product, first-order saddle point (conventional transition state), 

or a point on the reaction path (generalized transition state). 

As explained in the original MS-T paper,470 the Voronoi calculation must include 

both distinguishable and indistinguishable primary structures that can be generated from 

a single structure by internal rotation of one or more torsional coordinates (that is, 

dihedral angles). If the interconversion between distinguishable structures is impossible 

by internal rotation, these structures are not in the same torsional space and they are 

considered separately via independent Voronoi calculations. It is important to analyze the 

torsional space available for each structure before applying the Voronoi tessellation 

,jM h

!f j,η
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method to obtain the local periodicities. 

We illustrate this by an example in Fig. 3.2. This figure shows the hydrogen 

abstraction reactions of butane, which is a nonchiral reactant, by atomic oxygen. A and A´ 

are the two enantiomeric transition structures formed during the hydrogen abstraction 

from C-2; B and B’ are obtained by rotating the torsional bonds of A and A´ respectively. 

Note that B and B’ cannot be superimposed; therefore, the effective periodicities of B and 

B’ should be computed separately, i.e. B´ should not be included in the Voronoi 

calculation for the effective periodicities of B. Generally speaking, the enantiomers of a 

molecule with a chiral carbon cannot be interconverted by torsions and when one 

computes the effective periodicities for conformers that belong to one specific 

configuration (R or S), the corresponding enantiomers should not be included in the 

Voronoi calculation. For example, C and C’ are the two enantiomeric transition structures 

formed during the hydrogen abstraction from C-1. These two structures should be 

included in the same Voronoi calculation because they can be interconverted by internal 

rotations (D and D´, which are obtained by rotating the torsional bonds of C and C´ 

respectively, are identical).  

For a chiral species (chiral reactant, chiral transition state in the case where there are 

chiral reactants, or chiral transition state in the case where the reactants are not chiral), 

two kinds of the structures are used in the Voronoi calculations of the effective 

periodicities, namely indistinguishable primary structures and distinguishable primary 
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structures. However, this does not mean we should include all the distinguishable primary 

structures in the Voronoi calculation. If the interconversion between some distinguishable 

structures and the structures we are considering is impossible by internal rotation, these 

structures are not in the torsional space we are considering and hence should not be 

included in the Voronoi calculation.  

In the present study, since we only consider the transition states and products that 

can be formed from (S)-2-butanol in the Voronoi calculations of all the species except for 

P2 (the product radical of reaction R2, which does not have a chiral carbon); the 

corresponding enantiomers are not included. For the diastereomeric transition structures 

of C-3 in the present case, i.e. (2S,3R) and (2S,3S), we compute the effective periodicities 

of these two classes of transition structures separately via the Voronoi tessellation 

method. For all species, the enantiomers did not need to be included in the 

conformational rovibrational partition function either because they are different 

molecules or because we here consider only the structures that can be formed from (S)-2-

butanol.  

In the present study, all the torsions except the methyl groups are assumed to be 

strongly coupled, and their effective periodicity values are assigned by the Voronoi 

method. Methyl groups are considered as nearly separable and the local periodicity value 

for internal rotation of each methyl group is 3. 
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3.3 Computational details  

An exhaustive conformational search was carried out in the first step. The initial 

conformational geometries were generated by rotating selected bonds using the utility 

code ConfGen, which is included in the MSTor471,473,474 program. The geometry 

optimizations and the frequency calculations of all the reactants, products, and transition 

states for reactions R1–R5 were performed using the M08-HX475/MG3S476 model 

chemistry. For C, H, and O atoms, the MG3S basis is equivalent to the 6-311+G(2df,2p) 

basis set.477,478,479 An integration grid of 974 angular points per shell and 99 radial shells 

was used in all the DFT calculations. All the electronic structure calculations were 

performed using Gaussian09 program480 with the MN-GFM6.4481 module. The 

conformational-rovibrational partition functions were computed with the MSTor program. 

The scale factor482 for M08-HX/MG3S electronic model chemistry is 0.973 and was 

used for computing the partition functions. This scale factor was determined in order to 

reduce the average error of zero point energy calculated using harmonic oscillator 

formulas.  

Benchmark calculations were carried out in order to test and validate various density 

functionals for dynamic calculations. Various combinations of M08-HX, M08-SO,475 

M06-2X483 density functionals with MG3S, jun-cc-pVTZ,484 jul-cc-pVTZ,485 maug-cc-

pVTZ29 and aug-cc-pVTZ486 basis sets were used to compute the single-point energies 

based on M08-HX/MG3S geometries. Single-point energies calculated by the explicitly 
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correlated electronic structure method CCSD(T)-F12a487,488 were chosen as the 

benchmark values. Three different basis sets, namely the orbital (AO) basis, the density 

fitting (DF) basis489 and the resolution of the identity (RI) basis490, are required in F12 

calculations. The basis set jun-cc-pVTZ was used as the orbital basis for constructing the 

molecular orbitals; the F12 integrals were evaluated using density fitting approximations 

with cc-pVTZ/MP2FIT basis;491 and the cc-pVTZ/JKFIT basis490 was chosen as the RI 

basis for approximating the many-electron integrals. All CCSD(T)-F12a calculations 

were performed by using the Molpro492 program. 

The reaction paths were computed via direct dynamics and all the dynamics 

calculations were performed with the POLYRATE493 and GAUSSRATE494 programs. The 

electronic structure method, M08-HX/aug-cc-pVTZ, with the smallest mean unsigned 

error (MUE) in the validations discussed above was employed in all the dynamic 

calculations. For the dynamics calculations, all stationary-point geometries were re-

optimized by M08-HX/aug-cc-pVTZ, and with this basis set a factor of 0.975 was used to 

scale the vibrational frequencies. The generalized normal mode analyses were performed 

using non-redundant internal coordinates. The tunneling transmission probabilities are 

computed using the small-curvature tunneling approximation. In the direct dynamics 

calculations, the minimum energy paths (MEPs) in isoinertial coordinates were computed 

by using the Euler steepest-descents (ESD) method with a step size of 0.005 bohr and the 

Hessian was updated at every 9th point along the path. 
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3.4 Results and discussion  

3.4.1 Conformational search 

We rotated all the torsional bonds except the methyl groups by 0, 120, and -120 

degrees to generate various initial conformational structures. In the conformational search 

step, it is unnecessary to rotate a methyl group because no new structures will be 

generated due to the quantum mechanical indistinguishability of the three hydrogen 

atoms of the methyl group. However, the torsional potential anharmonicity of the methyl 

group is included in the computation of the partition functions. In general, the number of 

structures found after the optimizations can be greater than, equal to, or less than 3t where 

t is the number of torsions; in the present study we found it is always is less than 3t. 

The lowest-energy structures for (S)-2-butanol, for the organic products, and for 

conventional transition states are shown in Fig 3.3. Nine distinguishable structures were 

found for (S)-2-butanol. For products P1–P5, the numbers of distinguishable structures 

are 9, 12 (6 pairs of mirror images), 7, 9 and 3 respectively. Transition states TS1, TS2, 

TS3 (2S,3R), TS3 (2S,3S), TS4 and TS5 have 117, 35, 42, 39, 109 and 44 structures 

respectively. The numbers of distinguishable structures in each relative potential energy 

range for transition states TS1–TS5 are presented in Fig 3.4. For each transition state, the 

zero of relative energy for the transition state structures is chosen as the energy of the 

global-minimum structure. 
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3.4.2 Multistructural torsional anharmonicity factors 

The ratio of the final conformational-rovibrational partition function to the 

quasiharmonic rovibrational partition function is called the multistructural torsional 

anharmonicity factor or FXMS-T. The computed multistructural torsional anharmonicity 

factors for reactants, transition states, and products are shown in Fig 3.5. Among the five 

transition states of reactions R1–R5, the transition state of reaction R4 has the largest 

multistructural torsional anharmonicity factors at 900-3000 K with a peak value of 116.8 

at 2000 K. The multistructural torsional anharmonicity activation factors for forward and 

reverse reactions R1–R5 are depicted in Fig 3.6, which shows that they are quite 

substantial at high temperature. 

The FXMS-T factor is not directly proportional to the number of distinguishable 

conformational structures, and it is interesting to notice that a large number of conformers 

for a species does not necessarily lead to a large value of FXMS-T factor. For instance, TS1 

has 117 distinguishable conformers while TS2 only has 35 conformers, but their FXMS-T 

factors are very close to each other. TS1 has larger QMS-T than TS2 but smaller values of 

the rovibrational partition functions of the global minimum, which is caused by the 

higher values of the high–frequency vibrational modes. 

 

3.4.3 Comparison of various DFT calculations with benchmark 
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Different basis sets were tested for various density functionals in order to choose the 

electronic structure method for dynamic calculations. The geometries of the lowest-

energy structures calculated by the M08-HX exchange-correlation functional with the 

MG3S basis set are used in all the calculations. Reaction R3 has two classes of transition 

states, namely (2S,3R) and (2S,3S). In Table 3.1, the structure with the lowest energy, 

which is in the (2S,3S) class, is used to calculate the barrier height. Table 3.1 shows the 

computed forward classical barrier height, reverse classical barrier height, and energy of 

reaction calculated by several different methods. The calculations show that the order of 

the forward barrier height for reactions R1–R5 is R5 > R1 > R3 > R4 > R2, and this order 

of barrier heights plays an important role in determining the site dependence of the 

hydrogen abstraction kinetics of 2-butanol.  

The transition state of the oxygen-site abstraction reaction (R5) is a multi-reference 

system, and all the calculations carried out here are based on single-reference methods. 

The T1 diagnostic495 value of the lowest-energy structure of TS5 is 0.0928, which is 

considerably larger than the value of 0.045 that has been suggested as a criterion for 

multi-reference character in an open-shell molecule.496,497,498,499,500 However, since this 

reaction has the largest forward barrier height, it has the least contribution to the total 

reaction rate constant. Therefore, in this study, we are satisfied to use single-reference 

methods to estimate the barrier heights and energy of reaction for reaction R5.  

Mean unsigned errors (MUEs) are calculated with respect to the results obtained by 
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the F12a explicitly correlated CCSD(T) electronic structure theory and are shown in 

Table 3.1 both including and excluding the least important reaction (R5). Based on these 

comparisons, we chose the M08-HX exchange-correlation functional with the aug-cc-

pVTZ basis set to carry out the dynamics calculations.  

 

3.4.4 Correlation between bond dissociation energy and barrier height 

One frequently sees the assumption that barrier heights in a sequence of related 

reactions vary linearly with the energy of the bond being broken (higher barriers being 

associated with stronger bonds to be broken). This is reasonable when better estimates are 

not available, but one might wonder whether it holds in the present case where some of 

the transition state structures have hydrogen bonds whose energies might not correlate 

with the energy of breaking a bond. We therefore investigated the correlation between the 

equilibrium (i.e., classical) bond dissociation energy (De) of the chemical bond that is 

being broken during the reaction (C-H bond for R1–R4, O-H bond for R5) and the 

classical barrier height for the forward reaction using the computational results obtained 

by M08-HX/aug-cc-pVTZ//M08-HX/MG3S. The transition structures that are used to 

examine the correlation relations fall into the following three categories: (a) the lowest-

energy conformer; (b) the lowest-energy conformer with a hydrogen bond; and (c) the 

lowest-energy conformer without a hydrogen bond. The correlation diagrams are shown 

in Fig 3.7. The values of the squared correlation coefficients, R2, indicate that the bond 
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dissociation energy and the forward barrier heights are indeed correlated, although none 

of the R2 values exceeds 0.95. Curiously, there is a better correlation for transition states 

with hydrogen bonds than for those without them; and we have no explanation for this. 

 

3.4.5 Averaged generalized transmission coefficients 

The tunneling transmission coefficients are computed using the small-curvature 

tunneling (SCT) approximation, and canonical variational theory (CVT) is applied to 

compute the recrossing transmission coefficients. The path-averaged generalized 

transmission coefficients for reaction R1–R5 are listed in Table 3.2. The generalized 

transmission coefficient averaged over the first p paths, ordered by increasing values of 

the classical barrier height, is denoted as . For each reaction, the four lowest-

energy reaction paths are included in the averaged generalized transmission coefficients 

because we found that the differences between stopping after the third reaction path and 

stopping after the fourth reaction path are smaller than 15%, which is the convergence 

criterion for the multi-path variational transition state theory (MP-VTST) calculations in 

the present work. The forward and the reverse reactions have the same values of the 

averaged generalized transmission coefficients.  

 

3.4.6 Torsional anharmonicity as a function of reaction coordinate 

Here we examine whether it is necessary to include torsional anharmonicity as a 

pg
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function of the reaction coordinate for the reactions studied in this work. To do this, we 

compare the MS-VTST to MS(full)-VTST, where the notation (originally explained in 

section 3.2.4) is that MS-VTST denotes approximating the multistructural anharmonicity 

factors based on calculating them only at stationary points, and MS(full)-VTST denotes 

also calculating them along the reaction path. 

The reaction we considered for this test is reaction R2, which has the largest 

contribution to the total reaction rate constant from 200 K to 2400 K; and the 

multistructural CVT/SCT rate constants are computed based on reaction path 1 (the 

lowest–energy path). As shown in Fig. 3.8, the differences between the MS-CVT/SCT 

and MS(full)–CVT/SCT rate constants are negligible at all temperatures (from 200 K to 

3000 K). This result can be understood as follows. For path 1 of reaction R2, the 

locations of the variational transition states determined by eqn (242) are -0.021 Å at 200 

K, -0.022 Å at 298 K, and -0.21 Å at 1000 K respectively; and the locations determined 

by equation (247) at these temperatures are -0.023 Å, -0.026 Å, and -0.22 Å 

respectively. We can see that the locations are all close to the saddle point (which is 

defined as s = 0), and the key point is that the multistructural anharmonicity does not 

differ much at the variational transition state and at the conventional TS. For other 

reaction paths, we also found that the locations of the variational transition state are all 

close to the saddle points. Therefore, including the torsional anharmonicity only at the 

saddle point is a good approximation. 
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Thus, for the rate constants reported in the rest of the paper, the torsional 

anharmonicity is only included at the stationary points. 

 

3.4.7 Total rate constants  

The calculated multi-path and multistructural rate constants for the forward and 

reverse reactions of R1–R5 are listed to three significant figures for many temperatures in 

Table 3.3. The reverse rate constants satisfy the principle of detailed balance, which 

requires that the reverse rate constant is equal to the ratio of the forward reaction rate 

constant to the chemical equilibrium constant of the reaction.501 The averaged relative 

differences between the multi-path and multi-structural results are 18% for the overall 

forward reaction rate constants and 17% for the overall reverse reaction rate constants. 

The product of the reverse reaction of R2, P2, has no chiral carbon. However, the 

H2O2 molecule can attack P2 from two different sides (top and bottom) and this leads to 

two possible products, (R)-2-butanol and (S)-2-butanol. If one wants to compute the 

reverse rate constants of R2, which leads to both (R)- and (S)-2-butanol, one should 

multiply the rate constant we reported here by a factor of 2.  

The MP-VTST rate constants for the forward reactions are fitted by the following 

equation502 
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where A, n, E (kcal/mol), T0 (K) are the four fitting parameters and R is the ideal gas 

constant (R=1.9872×10-3 kcal·mol-1·K-1). For the exoergic reverse reactions, a more 

physically meaningful fitting equation465,503 as follows is applied, 

   (249) 

which yields a nonzero rate constant at 0 K. The fitting parameters are tabulated in Table 

3.4. 

 

3.4.8 Effects of hydrogen bonding on thermodynamic functions and rate 

constants 

We classified the structures of reactants and transition states involved in the 

hydrogen abstraction reaction of (S)-2-butanol by HO2 radical by considering the 

presence of hydrogen bonds. For this purpose we used the criteria enunciated by Chen et 

al.504 to carried out the hydrogen bond analysis. According to these criteria, a normal 

hydrogen bond occurs for O-H···O interactions (where O is neutral) that have R(H···O) 

less than or equal to 2.4 Å and that have the O-H-O angle θ greater than or equal to 150°; 

and a strongly bent hydrogen bond occurs when R(H···O) ≤ 2.4 Å and 90 < θ < 150°. If 

all other factors were equal, structures that have hydrogen bonds would be lower in 

energy, and Fig. 3.9 shows that this expectation is met in the present cases. 

The thermal rate constant is related to the quasiclassical standard–state generalized 
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free energy of activation at the variational transition state ( ): the higher 

 is, the lower the rate constant. Because we’ve shown that the positions of GT 

are close to the saddle points in the cases studied here, the quasiclassical standard–state 

generalized free energy of activation is approximately the quasiclassical free energy 

difference between the saddle point and the reactants. Figure 3.10 shows the computed 

quasiclassical standard–state free energies, enthalpies and entropies at 800 K and 2000 K 

for all the transition structures of R2.  

Figure 3.10 shows that an H-bonded transition structure with lower energy or 

enthalpy (for instance, structure 4 in Fig. 3.10) is not necessarily lower in free energy 

than non-H-bonded structures; this is because the presence of the hydrogen bond can also 

reduce the entropy. The H-bonded structure 34 is energetically lower than all of the non-

H-bonded structures, however its free energy is even higher than most of the non-H-

bonded conformers, and therefore it contributes significantly less than other structures to 

the thermal rate constants. Therefore, we conclude here that a hydrogen-bonded transition 

structure does not necessarily contribute significantly to the thermal rate constants.  

Many authors (we give only a couple of examples505,506) have emphasized how a 

hydrogen bond can stabilize transition structures, and sometimes it is assumed that the 

stronger the interaction is, the lower the barrier and the faster the reaction. However, the 

results presented here show that basing such conclusions solely based on the energetic 

effects of the hydrogen bond not the entropic effects is not reliable. We have shown a 

ΔGact
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hydrogen bond can reduce the entropy and thereby increase the free energy of the 

transition state. Hence, a strong hydrogen bond interaction may lead to a slower reaction 

rate; reliable conclusions must be based on free energies of activation, not barrier heights 

or enthalpies of activation. 

 

3.4.9 Temperature–dependence of activation energy 

Activation energies for forward reactions R1–R5 and the overall reaction are 

computed using eqns (248) and (249) and Table 3.4 with the following definition of 

Arrhenius activation energy: 

   (250) 

where Ea is the activation energy (kcal/mol), k is the rate constant at temperature T, and R 

is the gas constant. The activation energies at various temperatures for the forward 

reactions R1–R5 are plotted in Fig. 3.11. As we can see from Fig. 3.11, activation energy 

increases dramatically as the temperature rises, and the difference of the activation 

energies between 298.15 K and 3000 K is not negligible (increases in activation energy 

of 27.9, 21.1, 26.0, 26.4, 23.3, 27.0 kcal/mol for R1–R5 and the overall reaction, 

respectively). For instance, the activation energy of R1 is lower than R5 below 2000 K 

but is higher than R5 above 2000 K. Masgrau et al. have discussed that,507 even without 

considering the quantum mechanical tunneling and variational effects, the activation 

energy is not a constant due to the temperature dependence of the vibrational 

Ea = −R d ln k
d(1 /T )
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contributions from the transition structures. This is also known from earlier 

work,451,452,464,502,503,508 where the temperature dependence comes from both the 

conformational-vibrational-rotational partition function and also from tunneling. In our 

present calculations, because of the importance of quantum mechanical tunneling at 

lower temperatures, the Ea vs. 1/T curve has a noticeable change in slope at around 400 

K, which indicates that at lower temperature than this, the activation energy is being 

further decreased by tunneling.  

The temperature dependence of the activation energy is sometimes ignored in the 

empirical estimations of the rate constants,509 which is a convenient and reasonable 

choice for modeling a small range of temperatures, but this may cause significant errors 

over a wide range of temperatures, especially if one adopts the activation energy 

measured at a lower temperature to estimate the rate constant at very high temperatures in 

combustion chemistry or if one uses higher-temperature measurements of rate constants 

(where they are large enough to be measured) to estimate rate constants at 200–300 K for 

atmospheric applications.  

The formula usually used for fitting rate constants when the temperature dependence 

of the activation energy is taken into account is: 

   (251) 

where B, n and E are three fitting parameters, T is temperature and R is gas constant. This 

fitting expression leads to an activation energy linearly dependent on temperature: 

k = BT n exp(− E
RT
)
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   (252) 

However, we have found that this linear dependence is not observed in all cases, even at 

high temperature.  Interestingly though, Fig. 3.10 shows a nearly linear behavior for T > 

600 K, but eqn 252 is inapplicable at lower temperatures. 

Activation energies of reactions are sometimes estimated using Evans-Polanyi-type 

correlation based on bond dissociation energies.463,510 This approach not only ignores the 

temperature dependence of the activation energies but also assumes a perfect correlation 

between the barriers and bond dissociation energies. The computational accuracy is 

sacrificed in such an approach in order to achieve efficiency for estimating rate constants 

for a large number of elementary reactions proposed511,512 in combustion modeling.   

 

3.4.10 Branching ratios 

The branching ratios for the forward reactions R1–R5 are shown in Fig 3.12. The 

branching ratio is calculated as the ratio of the multi-path rate constant of the given 

reaction to the overall multi-path reaction rate constant.   

Below 2400 K, the order of the contributions from reactions R1–R5 to the total 

reaction rate constant is R2 > R3 > R1 > R5 > R4; above 2400 K, the order is R3 > R2 > 

R1 > R5 > R4. The computed forward reaction rate constants indicate that hydrogen 

abstraction from the C-2 site has the largest contribution to the overall reaction from 200 

K to 2400 K, with a contribution ranging from 99.9988% at 200 K to 88.9% at 800 K to 

Ea = E + nRT



 206 

21.2% at 3000 K, while hydrogen abstraction from the oxygen-site makes the lowest 

contribution at all temperatures, ranging from 2.5x10�9% at 200 K to 0.65% at 800 K to 

18% at 3000 K.  

We also computed the branching ratios using multistructural CVT/SCT, and the 

relative errors with respect to the multi-path CVT/SCT branching ratios have been listed 

in Table 3.5. The relative error can be up to ~50% at 3000 K for R1 and for R3–R5. We 

conclude that if one evaluates the rate constants without taking the multi-path effects into 

consideration, one cannot predict the branching ratios with high accuracy. 

 

3.5 Conclusions 

In this work, we extended multi-path variational transition state theory to chiral 

reactants, and we applied it with the small-curvature tunneling approximation to predict 

the rate constants of the hydrogen abstraction by HO2 radical from the various sites of 2-

butanol. This molecule has a chiral carbon, and hence we developed a strategy for 

computing the local periodicity (needed for the torsional anharmonicity calculations) by 

using the Voronoi tessellation method and conformational rovibrational partition 

functions that differs from the methods used for non-chiral molecules in previous works.  

The convergence criterion we set for the multi-path variational transition state theory 

(MP-VTST) calculations in this work is that we add reaction paths, in order of increasing 

saddle point energy, until the difference in averaged generalized transmission coefficients 
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upon adding one more reaction path is less than 15%. With this criterion, the calculations 

on all the five reactions are converged with the four lowest-energy paths for each case. 

We also found that for the present reactions it is unnecessary to include the torsional 

anharmonicity as a function of reaction coordinate s. 

We found that the decreasing order of the forward barrier heights is R5 > R1 > R3 > 

R4 > R2. The calculations yield the site dependence of the reaction rates, which is 

difficult to obtain experimentally. The predicted forward reaction rate constants and the 

branching ratios illustrate that the overall reaction rate constants are mainly contributed 

by the hydrogen abstraction from the C-2 site below 2400 K and by the hydrogen 

abstraction from the C-3 site above 2400 K, while the hydrogen abstraction from the 

oxygen site contributes the least.  

Hydrogen–bonded structures are very common in chemical reactions, and one might 

think that hydrogen–bonded transition structures, because of their generally lower energy, 

would accelerate the reaction rate. In the current work, we investigated the role played by 

hydrogen–bonded transition structures and concluded that a hydrogen-bonded transition 

structure does not necessarily contribute significantly to the thermal rate constants due to 

enthalpy–entropy compensation. This interesting result corrects a false impression that – 

if used in estimating rate constants for mechanisms – can lead to errors in rate constants; 

its consequences are very broad, extending beyond combustion chemistry to fundamental 

kinetics modeling in general. 
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The temperature dependence of the activation energies is very dramatic, for example, 

the activation energy of reaction R4 increases from 11.4 kcal/mol at 200 K to 19.7 

kcal/mol at 600 K to 36.1 kcal/mol at 2400 K. We also found that this dependence is not 

linear, and this reinforces recent suggestions that eqn (251) is an inadequate 

representation of the temperature dependence of rate constants. 
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Table 3.1 Forward and reverse classical barrier heights and classical energies of reaction (kcal/mol) for R1–R5 

  aFor consistent comparisons, the same set of geometries (those obtained by M08-HX/MG3S) is used throughout this table. The 
lowest-energy structures for reactants, conventional transition states, and products are employed. Mean unsigned errors (MUEs) are 
calculated with respect to the CCSD(T)-F12a/jun-cc-pVTZ method. Barrier heights and energies of reaction are classical, i.e., zero-
point-energy exclusive. 

 

Electronic model 

chemistry //M08-

HX/MG3S 

Forward barrier height  Reverse barrier height  
Energy of reaction DE 

(kcal/mol) 

MUE MUE 

(w/o 

R5) R1 R2 R3 R4 R5 R1 R2 R3 R4 R5 R1 R2 R3 R4 R5 

M08-HX 

/aug-cc-pVTZ 

20.89  12.09  17.66  17.61  22.07  4.46  4.64  4.37  2.83  2.23  16.44  7.45  13.28  14.78  19.84  0.22  0.21  

M08-SO 

/aug-cc-pVTZ 

21.92  13.10  18.56  18.39  21.94  5.06  5.19  5.35  3.00  1.41  16.86  7.90  13.20  15.39  20.52  0.66  0.70  

M06-2X 

/aug-cc-pVTZ 

19.02  10.61  15.87  15.71  19.83  3.11  3.36  3.20  1.40  0.43  15.90  7.25  12.67  14.31  19.40  1.14  1.11  

M08-HX 

/maug-cc-pVTZ 

21.06  12.34  17.84  17.94  22.29  4.61  4.81  4.50  3.09  2.38  16.45  7.52  13.34  14.85  19.90  0.29  0.26  

M08-HX/MG3S 20.63  11.61  17.18  17.31  21.68  3.89  3.94  3.55  2.08  1.64  16.74  7.67  13.62  15.23  20.03  0.50  0.58  

CCSD(T)-F12a 

/jun-cc-pVTZ 

20.32 12.38 17.57 17.47  21.72  4.52 4.76 4.43 2.91  1.90  15.80  7.62  13.14  14.56  19.82  0.00  0.00  

Vf
‡ Vr

‡
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Table 3.2 Averaged generalized transmission coefficients of reaction R1–R5 at various temperatures.  

T/K R1 R2 R3 R4 R5 

   UREb 

(%) 

   URE 

(%) 

   URE 

(%) 

   URE 

(%) 

   URE 

(%) 

200 196 232 244 4.8 20.8 26.9 26.9 0.2 207 215 219 1.8 45.4 59.4 67.7 12 1.42 1.78 1.95 8.4 

300 17.04 18.37 18.95 3.0 3.74 4.12 4.08 1.0 17.09 17.20 17.32 0.7 7.99 9.56 10.55 9.3 1.18 1.35 1.44 5.8 

400 5.79 6.00 6.13 2.2 2.02 2.12 2.11 0.8 5.62 5.63 5.66 0.4 3.62 4.08 4.37 6.6 1.10 1.20 1.25 4.2 

600 2.33 2.35 2.38 1.5 1.27 1.32 1.31 0.9 2.19 2.21 2.23 0.6 1.80 1.91 1.98 3.6 1.04 1.08 1.10 2.4 

1000 1.36 1.35 1.37 1.2 0.73 0.90 0.87 3.3 1.23 1.27 1.29 1.1 1.16 1.17 1.18 1.5 1.01 1.01 1.02 1.5 

1500 1.13 1.11 1.13 1.4 0.54 0.69 0.66 3.6 0.98 1.04 1.06 1.8 0.96 0.95 0.95 0.9 1.00 0.98 0.99 1.3 

2400 1.03 0.98 1.01 2.4 0.42 0.54 0.53 3.3 0.79 0.89 0.92 3.3 0.80 0.79 0.78 0.6 1.00 0.96 0.97 1.4 

a Generalized transmission coefficients averaged over the first p lowest-energy path(s) are denoted as .  

b the unsigned relative error (URE) is given by   
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Table 3.3 MP–CVTS/SCT rate constants (cm3·molecule-1·s-1) for forward reactions R1–R5 and overall reaction at various 

temperatures (K).  

T/K R1 R2 R3 R4 R5 Overall 

200 2.00×10-33 1.76×10-25 4.09×10-30 8.42×10-32 4.42×10-36 1.76×10-25 

300 1.66×10-27 2.78×10-22 2.54×10-25 9.68×10-27 5.93×10-29 2.78×10-22 

400 2.48×10-24 2.13×10-20 1.09×10-22 6.72×10-24 3.28×10-25 2.14×10-20 

600 8.21×10-21 3.44×10-18 1.06×10-19 1.47×10-20 3.25×10-21 3.57×10-18 

1000 1.72×10-17 4.68×10-16 7.99×10-17 2.36×10-17 1.19×10-17 6.01×10-16 

1500 1.62×10-15 9.25×10-15 4.34×10-15 1.79×10-15 1.32×10-15 1.83×10-14 

2400 9.07×10-14 1.45×10-13 1.49×10-13 7.57×10-14 7.87×10-14 5.40×10-13 
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Table 3.4 Fitting parameters for forward and reverse reactions R1–R5 

 Forward reactions Reverse reactions 

 ln A n T0 E ln A n T0 E 

R1 -39.1738 5.5754 104.563 11.230 -38.0230 3.8710 527.398 3.305 

R2 -36.4351 4.0045 139.974 6.581 -39.8651 3.9670 303.680 2.459 

R3 -38.0966 5.0931 117.587 9.240 -37.9467 3.7753 490.295 3.544 

R4 -38.3831 5.0739 138.408 10.766 -31.7528 1.4836 576.178 7.653 

R5 -37.3145 4.8844 91.719 13.875 -34.0876 3.3045 483.334 2.014 

Overall -38.8559 5.6479 120.623 5.351 -34.1251 3.3873 493.788 2.101 
aRate constants are in the unit of cm3·molecule-1·s-1, the parameters T0 and E are in the unit of K, kcal/mol respectively.  
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Table 3.5 Relative errors (%) of the computed MS-CVT/SCT branching ratios at various temperatures with respect to MP-

CVT/SCT results. 

T/K R1 R2 R3 R4 R5 
200 3 0.00 21 -14 -41 
300 -1 0.00 7 -17 -34 
400 -0.5 -0.03 4 -13 -26 
600 29 -1 27 -19 -7 
1000 31 -6 19 22 19 
1500 22 -11 3 12 16 
2400 21 -13 -13 4 18 
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Figure 3.1 Schematic representation of the reactions and transition structures for 

the hydrogen abstraction reaction from 2-butanol by HO2 radical. 
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Figure 3.2 A schematic illustration of the interconversion between enantiomers as 

illustrated by the simple case of butane reacting with oxygen atom. 

 
Figure 3.3 Lowest-energy structures of (S)-2-butanol, products and transition state 

structures. 
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Figure 3.4 Number of distinguishable structures in each relative potential energy 

range for transition states TS1–TS5. 

 

  

Figure 3.5 Multistructural torsional anharmonicity factors  for: (top) (S)-2-

butanol, products P1–P5; (bottom) transition states TS1–TS5. 

 

 

  

MS-T
XF
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Figure 3.6 Multistructural torsional anharmonicity factors  for: (top) 

Forward reactions R1–R5; (bottom) Reverse reactions R1–R5. 

 

 
Figure 3.7 Correlation diagrams between classical bond dissociation energy (De) and 

classical forward barrier heights ( ). Forward barrier heights are computed 

based on: (a) the lowest-energy transition structures; (b) the lowest-energy 

transition structures with a hydrogen bond; (c) the lowest-energy transition 

structures without a hydrogen bond.  

 

  

MS-T
actF

Vf
‡



 218 

 
Figure 3.8 MS-CVT/SCT (denoted as “w/o Torsion” in the figure) and MS(full)–

CVT/SCT (denoted as “with Torsion” in the figure) rate constant of reaction R2, 

path1 computed with / without treating torsional anharmonicity as a function of 

reaction coordinate s at various temperatures. 
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Figure 3.9 Relative potential energy (in kcal/mol) of all the optimized structures for 

(S)-2-butanol and of transition structures of the hydrogen abstraction reactions R1–

R5.  

Green triangles correspond to structures that do not have hydrogen bond; blue 

squares are structures with a strongly bent hydrogen bond, and red circles are 

structures with a normal hydrogen bond, as defined in Section 3.4.8. 
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Figure 3.10 Relative energy (in kcal/mol), standard enthalpy (in kcal/mol), entropy 

(in cal K-1 mol-1) and quasiclassical free energy (in kcal/mol) for all the transition 

structures of reaction R2 at 800 and 2000 K. Red circles correspond to hydrogen–

bonded structures. 
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Figure 3.11 Activation energies for the forward reactions R1–R5 and the overall 

reaction. 

 

 

 

 

 

Figure 3.12 Branching ratios of forward reactions R1–R5 at various temperatures. 
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Chapter 4. Path-dependent Variational Effects and Multidimensional 
Tunneling in Multi-path Variational Transition State Theory 

 

4.1 Introduction  

The recently developed multi-path variational transition state theory513,514 (MP-

VTST) provides a framework for taking account of all reactant and transition state 

conformations and all conformationally different reaction paths for calculating thermal 

rate constants and predicting experimentally unavailable branching ratios for complex 

reactants. It should be especially useful in combustion chemistry, atmospheric chemistry, 

and all problems involving reactions of chain molecules. MP-VTST is an extension of 

multi-structural variational transition state theory515 (MS-VTST), which has now been 

used to study the chemical kinetics of a variety of chemically important systems, 

including hydrogen abstraction reactions in combustion of biofuels516,517,518,519,520 and 

silyl anion–silane polymerization reactions in nanodusty plasma chemistry.521  

The internal rotations (torsions) of a molecule can lead to multiple conformational 

structures, i.e., multiple local minima (for reactants and products) or multiple first-order 

saddle points (for transition structures) on the potential energy surface, and therefore 

multiple reaction paths. The contributions from all the reaction paths that correspond to 

the same chemical reaction are included in the MP-VTST calculations, and the 

variational effect and quantum tunneling contribution of each path is treated explicitly in 
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MP-VTST. In principle, all the reaction paths should be included in the calculations, and 

one should perform variational transition state theory calculations with multi-dimensional 

tunneling calculations for all the paths. Such a calculation can be based on minimum-

energy paths (MEPs) generated by direct dynamics. Practically, however, the 

computational cost for such calculations, which involve calculating the energies, 

gradients, and generalized normal mode analyses at large numbers of points along each 

reaction coordinate, can be demanding. Although density functional theory can greatly 

accelerate such calculations as compared to reliable wave-function-based calculations, it 

is often unaffordable to accurately calculate all the reaction paths, which are generated 

from multiple conformers of the transition state, even for a medium-sized transition state 

(for instance, the transition state for hydrogen abstraction reaction from C-3 of 1-butanol 

by HO2 radical consists of 262 distinguishable conformers522).  

In our previous work,516,520 the number of paths included in MP-VTST was decided 

by ordering the paths in order of increasing barrier height and comparing calculations 

averaged over the first P paths and averaged over the first P – 1 paths (or P and P – 2 

paths if the paths come in optically active pairs), and if the computed final rate constants 

have no significant differences (for instance, if the relative difference is smaller than 

15%), then we stopped including more reaction paths. For a given reaction, it would be 

tempting to assume that various reaction paths are similar to each other except for the 

quantitative energetics, in which case this would be a reasonably reliable method. 
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However, this is a dangerous assumption. In the current work, we will confirm that this 

kind of agreement does not necessarily mean that the MP-VTST rate constant has been 

converged using the first P paths because the transmission coefficients can be very 

different for different paths.  

Hydrogen abstractions by small radicals (such as H, O, OH, HO2, and CH3) are a 

class of important reactions in the combustion mechanisms of common fuels.523,524 In 

Sarathy and co-workers’ work,523 rate constants for HO2 + tert-butanol H-abstraction 

reaction are theoretically computed based on Evans-Polanyi approach, which not only 

ignores the temperature-dependence of the activation energy but also assumes a perfect 

correlation between bond energy and barrier height. Ab initio variational transition state 

calculations are needed in order to more accurately predict the thermal rate constants. In 

this work, we choose the tert-butanol + HO2 reaction to study the effect of truncating the 

number of paths included in MP-VTST calculations, and we use the MP-VTST rate 

constants calculated based on all reaction paths as a reference. To be more specific, the 

reactions we consider here are: 

     (CH3)3COH + HO2· → CH2·(CH3)2COH +H2O2 (R1) 

     (CH3)3COH + HO2· → (CH3)3CO· +H2O2 (R2) 

Reaction R1 has 46 reaction paths (23 pairs of mirror images), and R2 has 6 paths (3 

pairs of mirror images). R1 is the reaction of major interest in the current work since it 

provides a large number of reaction paths and also because it has a larger rate constant 
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than reaction R2. 

 

4.2 Theory 

The thermal rate constant in multi-path variational transition state theory is given 

by513,514 

   (253) 

where  is the rate constant computed by conventional transition state theory 

(ConTST) without tunneling using the lowest-energy transition structure,  is the 

multi-structural torsional anharmonicity factor of activation, which is defined as: 

   (254) 

where MS-R1, MS-R2, and MS-ConTS denote the multi-structural reactant 1, the multi-

structural reactant 2, and the multi-structural conventional transition state, and GM 

denotes “global minimum”;  is the multi-structure (MS) conformational-

rovibrational partition function with torsional anharmonicity (T) computed based on a 

coupled torsional potential;525 and  is the rovibrational partition function 

computed using the rigid-rotator–quasiharmonic-oscillator approximation based on a 

global minimum structure. When we say GM for a transition state we mean the lowest-

energy first-order saddle point that connects reactants to products, i.e., the lowest-energy 

kMP–VTST = Fact
MS-T γ P k1

ConTST

k1
ConTST

Fact
MS-T

Fact
MS–T =

QMS–ConTS
MS–T
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MS–T QMS–R2

MS–T
QR1,GM
SS–QHQR2,GM

SS–QH
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SS–QH

QMS–T

QSS–QH
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transition structure. Note also that a "transition state" is a dividing surface that passes 

through all the transition structures, and the MS-ConTS is a dividing surface that passes 

through all the saddle points. In a full calculation,  includes the contributions 

from all the conformational structures, i.e., there is no truncation error introduced by 

limiting the sums of structures.  

The variational effect and multidimensional tunneling (MT) contributions of each 

reaction path are explicitly treated using the path-averaged generalized transmission 

coefficient: 

   (255) 

where the subscript p denotes the index of reaction path; P denotes the total number of 

reaction paths included in MP-VTST;  is the single-structural rovibrational 

partition function with torsional anharmonicity of the transition structure of path p; 

 is the variational recrossing transmission coefficient computed for path p; and 

 is the multidimensional tunneling transmission coefficient of path p. The factor 

 
is equal to the ratio , where CVT/MT refers to the CVT rate 

constant including multidimensional tunneling. We should emphasize that the 

multidimensional tunneling transmission coefficient not only includes the effect of 

Fact
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quantum mechanical tunneling (which increases the rate constant, especially at lower 

temperatures and for light particles), but also includes the contribution from nonclassical 

reflection (which decreases the rate constant) at energies above the barrier height. Thus a 

better technical name for  would be the transmission coefficient that accounts for 

quantum mechanical effects on reaction coordinate motion, including its coupling to 

other degrees of freedom, but we call it tunneling transmission coefficient for brevity. 

The multidimensional tunneling transmission coefficient is evaluated with the small-

curvature tunneling approximation526 (SCT) in the current work, but a few results are 

shown for the zero-curvature tunneling (ZCT) approximation527,528,529 for comparison. In 

the ZCT approximation, the system tunnels through the vibrationally adiabatic ground-

state potential curve defined for path p by 

   (256) 

where s is the signed distance (from the saddle point) along the MEP through mass-scaled 

coordinates with reduced mass  µ,  is the potential energy along MEP p, and 

 is the local zero-point vibrational energy of modes transverse to this MEP. The 

vibrationally adiabatic ground-state potential curve is sometimes called the effective 

barrier for tunneling. In the SCT approximation, the tunneling is again governed by 

, but  in the imaginary action integral (see next equation) is reduced to 

account for the shortening of the tunneling path by corner cutting in the small-curvature 

  
κ p

MT

Va,p
G s( ) =VMEP,p s( )+ε0,p s( )

VMEP,p s( )

ε0,p s( )

Va,p
G s( ) µds
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limit.526,529 In practice, this reduction is accomplished by replacing  by  < 

, where  depends on the reaction-path curvature at s. Then the SCT tunneling 

probability at energy E is 

   (257) 

where  is Planck’s constant divided by 2p,  is the turning point where  

on the left side of the maximum, and  is the turning point where  on the 

right side of the maximum. 

 In eqn (255), P is formally equal to the total number of distinguishable reaction 

paths (including paths that are mirror images), which is equal to the number N of 

distinguishable structures of the transition state (TS). Practically, due to the existence of a 

large number of reaction paths, we often have to limit the number of paths included in 

MP-VTST calculation by taking P < N. Notice that, if P = N, the denominator of eqn 

(255) is equal to ; and if P < N, and this introduces truncation errors. The 

possible sources of errors introduced in the final calculated rate constant are complex to 

analyze. In the present work, we focus on the errors introduced by truncating the number 

of reaction paths in MP-VTST calculations, regardless of other factors such as the 

accuracy of electronic structure calculations or the accuracy with which anharmonicity is 

treated.  
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4.3 Computational details  

    An exhaustive conformational search was carried out for reactant, product, and 

transition structures by using M08-HX530/MG3S531 for the electronic structure and 

MSTor532 for the vibrational anharmonicity and vibration-rotation coupling. In order to 

choose a reasonably accurate electronic structure method for carrying out VTST 

calculations, classical barrier heights for both forward and reverse reactions (  and 

), and energy of reaction ( ) were computed based on the lowest-energy structures. 

(Classical barrier heights and energies of reaction are difference in Born-Oppenheimer 

energies for stationary structures; they do not include vibrational zero-point energy or 

thermal energy.) Four hybrid density functionals, M05,533 M06-2X,534,535 M08-HX,530 

and M08-SO530 were used, combined with MG3S531 and ma-TZVP536 basis sets. The 

explicitly correlated coupled cluster theory CCSD(T)-F12a537,538,539 with the jun-cc-

pVTZ basis540 was chosen as the benchmark. All the DFT calculations were performed 

with integration grids of 99 radial shells and 974 angular points per shell using a locally 

modified Gaussian 09541,542 program; coupled cluster calculations were carried out with 

Molpro2010543 software.  

Based on the benchmark results discussed below, M08-HX/MG3S was used for 

VTST calculations. Canonical variational transition state theory calculations were carried 

out in nonredundant internal coordinates544,545 by using the Gaussrate546 and 

  
Vf

‡

  Vr
‡  ΔE
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Polyrate547,548 programs. Multidimensional tunneling transmission coefficients were 

computed based on the small-curvature tunneling approximation and reaction paths 

extending from s = –2.0 to +2.0 bohr, where s is the reaction coordinate taken as the 

distance from the saddle point along the isoinertial minimum-energy path scaled to a 

reduced mass of 1 amu. In calculating the rovibrational partition functions and 

performing generalized normal mode analysis, all the vibrational frequencies are scaled 

with a factor of 0.973.549 

 

4.4 Results and discussion  

Benchmarking density functionals. We will judge the accuracy of density functionals 

for the present reactions by estimating errors as the differences of their predictions of 

classical barrier heights and classical energies of reaction at stationary-point geometries 

optimized by M08–HX/MG3S to the results obtained by CCSD(T)-F12a/jun-cc-pVTZ 

with the same geometries. A classical barrier height is the difference in potential energy 

between the lowest-energy saddle point (of the transition state) and the lowest-energy 

structure of reactants (forward barrier height) or the products (reverse barrier height); it is 

the main determinant of the magnitude of the rate constant. A classical energy of reaction 

is the difference in potential energy between the lowest-energy structure of the products 

and the lowest-energy structure of the reactants; it is the main component of the free 

energy of reaction, which is related to the chemical equilibrium constant, that connects 
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the forward and reverse rate constants according to the principle of detailed balance. 

Forward barrier height , reverse barrier height , and energy of reaction  are 

not independent because they are connected by the relation . One may 

argue that for some purposes it is reasonable to compute mean unsigned errors (MUEs) 

based only on forward barrier heights and energies of reaction, rather than based on all 

three of them, whereas for other purposes it is appropriate to consider all three. Therefore 

we report two kinds of MUEs in Figure 4.1: MUE(6) includes both forward barrier 

heights, both reverse barrier heights, and both energies of reaction; MUE(4) only includes 

forward barriers and energies of reaction. MUE(6) and MUE(4) differs less than 0.4 

kcal/mol in all the cases, and the use of either functional leads to similar conclusions 

about the relative accuracies of the method. The numerical results for the three most 

accurate of the eight methods tested are shown in Table 4.1. Among the model 

chemistries we tested, M08-HX/MG3S has the smallest MUEs (0.6 kcal/mol) and 

therefore is chosen for rate constant calculations.  

Multi-structural anharmonicity factors, rate constants, and branching fractions. The 

 factors computed by M08-HX/MG3S are given for six temperatures in Table 

4.2. Computed MP-CVT/SCT rate constants for the forward and reverse reactions of R1 

and R2 are given for six temperatures in Table 4.3. The rate constants are fitted for 200–

2400 K by the four-parameter functions proposed previously.514,550 The final values of 

the forward rate constants (in units of cm3 molecule-1 s-1) given by the fits as 
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   (258) 

   (259) 

   (260) 

where R is the gas constant in kcal/mol, and T is temperature.  

Branching fractions into the two possible products are shown in Figure 4.2. We see 

that the yield of product R2 increases from a very small number at low temperature to 

about 20% at high temperature. 

Activation energies and phenomenological Gibbs free energies of activation. Figure 

4.3 shows temperature-dependent Tolman activation energies, defined by551 

  (261) 

The derivatives were computed analytically from the fits. We see that, over the 

temperature range studied, the activation energy increases by ~25 kcal/mol for reaction 

R1 and by ~15 kcal/mol for reaction R2. This temperature-dependence of activation 

energy is significant and should not be ignored in theoretical combustion modeling. Since 

reaction R1 dominates the overall reaction, the results for the overall reaction are very 

close to those for reaction R1. 

Gibbs free energies of activation for bimolecular gas-phase reactions is given by552,553  

   (262) 
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where kB and h are the Boltzmann and Planck constants,  is in the units of 

m3 molecule-1 s-1, and p0 is the standard-state pressure (105 Pa). As for the activation 

energy, the result is a rapidly increasing function of temperature. 

Path-dependent variational effects. The variational transition states are slightly away 

from the saddle points. For example, numbering the paths in order of increasing classical 

barrier height, we find that at 200 K, the canonical variational generalized transition state 

is 0.002, 0.012, 0.009 Å away from the saddle point for paths 1, 41, and 45, respectively; 

at 600 K, they are 0.003, 0.023, 0.013 Å away from the saddle points for these path; and 

at 2400 K, they are 0.008, 0.081, 0.039 Å away from the saddle points for these paths.  

Figure 4.4 shows the computed CVT variational recrossing transmission coefficients 

of reaction R1 for temperatures from 200 K to 2400 K for paths 1, 7, and 41 (the results 

for paths 2, 8, and 42 are the same as for 1, 7, and 41 because the paths come in 

enantiomeric pairs). Over the entire temperature range, the variational recrossing effect is 

negligible for path 1, for which the recrossing transmission coefficient varies from 0.998 

at 200 K to 0.996 at 2400 K. For reaction path 7, which emanates from a transition 

structure 0.97 kcal/mol higher than that generating path 1, the behavior is significantly 

different from that for path 1. Variational recrossing transmission coefficients of path 7 

increase from 0.913 at 200 K to a maximum 0.941 at 600 K and then gradually decrease 

to 0.930 at 1500 K, following by a rapid decrease to 0.750 at 2400 K. For reaction path 

41, there is an almost linear decrease of the variational recrossing transmission 

  kfwd
MP–CVT/SCT
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coefficient with temperature from 250 to 2400 K. At 2400 K, the variational transmission 

coefficient for the lowest-energy path is larger than the one for path 41 by a factor of 1.4.  

Multidimensional tunneling. Figure 4.5 shows the SCT tunneling transmission 

coefficients for all the reaction paths of R1 at 200 K and 1000 K. At 200 K the tunneling 

transmission coefficients increase dramatically as the barrier heights increase; the 

tunneling transmission coefficients of the highest-energy paths are very much larger than 

the one of the lowest-energy path, with the largest ratio being 17 and several other ratios 

being in the 9–12 range. As expected, the tunneling transmission coefficients are much 

closer to unity at 1000 K, because the Boltzmann factor for overbarrier reaction is much 

larger, but perhaps not so expected is the finding that the tunneling transmission 

coefficients cluster close to one another – with an average value of 1.35 and a standard 

deviation of only 0.04.  

We may now ask: why are the tunneling transmission coefficients larger for the paths 

with higher classical heights? The answer to this question will illuminate an interesting 

feature of the way that tunneling effects enter a multi-path calculation. In order to give 

this answer we need to consider some aspects of the tunneling in more detail, and we now 

turn to this. 

Figure 4.6 shows both the ZCT and SCT tunneling transmission probabilities of 

various paths of reaction R1 as functions of tunneling energy; the figure includes the 

lowest- and highest-energy paths and some intermediate-energy path. SCT tunneling 
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transmission probabilities are greater than ZCT ones because reaction-path curvature 

increases the tunneling probability by allowing corner cutting. The zero of energy for the 

tunneling calculations is the potential energy of the equilibrium structure of reactants. For 

each path the semiclassical tunneling probability rises approximately exponentially with 

energy until it reaches 0.5 at the energy of the maximum of  for that path; this 

maximum is called , and it is usually higher for paths with a higher ordinal number, 

i.e., for paths with a higher classical barrier height.  

The  curves for reaction for path 1 (which, along with its mirror image, path 

2, is the lowest-energy path), for path 41, and for path 45 (which, along with its mirror 

image, path 46, is the highest-energy path) are shown in Figure 4.7, and the potential 

energies along the minimum energy paths (MEPs through the isoinertial coordinate 

system, which are sometimes called IRCs (intrinsic reaction coordinates) for these three 

reaction paths are shown in Figure 4.8. Figure 4.9 shows the forming O–H bond distance 

as a function of the breaking C–H bond distance along the MEPs for paths 1, 41, and 45. 

The MEPs are very similar for these two critical bond distances, but the shapes of the 

vibrationally adiabatic potential energy curves are different because of the variations of 

the zero-point vibrational energy along the reaction paths. We see that  peaks 

close to, but not precisely at s = 0, which, by convention, is placed at the saddle point, 

which is the maximum of .  

Va,p
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The semiclassical tunneling transmission coefficient for path p is given by 

   (263) 

where E0 is the maximum of the ground-state vibrational energy of reactants and the 

ground-state vibrational energy of products (this is the lowest energy at which reaction 

can occur),  is the transmission probability of eqn (257), and  is 

the classical transmission probability along path p at energy E. Since the classical 

transmission probability is a unit step function at E = , we can carry out the integral 

in the denominator, which yields  

   (264) 

the combination of eqns (257) and (264) shows that the different  for various paths 

may result from different effective reduced masses or different . However, since 

the higher-energy paths also have larger transmission coefficients in the ZCT 

approximation, and the reduced masses are all the same in the SCT approximation, we 

look to the shape of the  for an explanation.  

The energy at which the integrand of eqn (264) peaks is called the representative 
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tunneling energy, ; some examples (in the SCT approximation) are shown in 

Table 4.4. Table 4.4 shows that representative tunneling energies are 2.6–5.2 kcal/mol 

below the effective barrier maxima. A simple hypothesis might be that the higher-energy 

paths show larger tunneling transmission coefficients because the effective barriers are 

thinner near their tops. However, examination of the  curves shows that, in this 

energy range, these curves have about the same widths. Consistent with this, Table 4.4 

shows that the tunneling probabilities are about the same for all paths at energies 2 to 3 

kcal/mol below the maximum of the effective potential energy curve for tunneling. So, 

this hypothesis does not explain the observation of larger tunneling transmission 

coefficients for the higher-energy paths. 

We plot the integrand of eqn (264) for the SCT tunneling approximation at 200 K in 

Figure 4.10 for various paths of reaction R1. The curves in this figure start at an energy 

of 107.7 kcal/mol because that is the energy of the lowest-energy state of the products 

(i.e. CH2·(CH3)2COH radical and H2O2) of this endothermic reaction (the zero of energy 

is the potential energy of separated reactants at their equilibrium geometries; on this scale 

the potential energy of products is 17.1 kcal/mol, and their zero-point energy is 90.6 

kcal/mol). The argument of the exponential suggests that it would be instructive to replot 

the results in figure 4.10 as functions of , and this is done in figure 4.11. Figure 

4.11 shows that the curves are very similar as functions of this variable, but curves extend 

Erep,p T( )
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G s( )
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lower for the higher-energy curves, giving more area under the curve. The reason for this 

is that the curves stop at 107.1 kcal/mol, as explained in the previous paragraph. Since 

eqn (12) shows that the area under the curve is proportional to the tunneling transmission 

coefficient, we see that the reason that higher-energy paths have larger tunneling 

transmission coefficients is that they can tunnel at energies farther below the maximum 

of the effective barrier for tunneling. Thus, for an endothermic reaction, the higher-

energy paths have more to gain by tunneling because they can tunnel at energies farther 

below the barrier top. 

Truncation of number of paths included in MP-VTST. The number of paths included 

in MP-VTST affects the values of the generalized transmission coefficients . 

Unsigned percentage errors as compared to using all N paths and unsigned percentage 

deviations between two successive approximations of the generalized transmission 

coefficients for reaction R1 are shown in Figure 4.12. The unsigned percentage errors 

(UPEs) are computed as: 

   (265) 

where UPEP is the unsigned error of generalized transmission coefficient that include P 

distinguishable paths (including paths that are mirror images), and  is the exact 

generalized transmission coefficient that include all 46 distinguishable paths. Unsigned 

percentage deviations (UPDs) are computed as: 

 
γ P

UPEP =
γ P − γ N

γ N
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   (266) 

where UPDP is the unsigned deviation between the generalized transmission coefficient 

based on an average over P paths and the one that that is based on P - 2 paths. (We use 

P - 2 rather than P - 1 because the paths occur in enantiomeric pairs.) Since the 

generalized transmission coefficient is the only P-dependent quantity in eqn (253), UPDP 

defined in eqn (266) is equivalent to the unsigned percentage deviation of the MP-VTST 

rate constants computed including P and P - 2 paths.  

For small values of P, UPDP is fluctuating rather than converging as P increases; 

thus, even if UPDP is very small (<5 %), the truncation error could still be quite large. 

For instance, at 200 K, UPD8 is only 2.5%, however UPE8 is 30 %. Nevertheless, at high 

temperatures (for instance, 1500 K), including a few paths is accurate enough for the final 

generalized transmission coefficients. 

 

4.5 Summary 

In the current work we discussed the errors introduced in truncating the number of paths 

in MP-VTST calculations. For hydrogen abstraction from tert-butanol by HO2 radical, we 

found that the variational effects and the contributions of multidimensional tunneling are 

very different among the various reaction paths. As a consequence, including only one or 

a few paths does not yield accurate rate constants at low temperature. Over the entire 

UPDP =
γ P−2 − γ P

γ P
×100%
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temperature range, the variational effect is negligible for the lowest-energy path; but for 

some of the higher-energy paths, the behavior is significantly different from that for the 

lowest-energy path; we gave an example where the variational recrossing transmission 

coefficients for different paths vary by up to a factor of 1.4. The differences are even 

greater – much greater – for the tunneling transmission coefficients. At 200 K, the 

highest–energy path has a small-curvature tunneling transmission coefficient 17 times 

larger than the one for lowest-energy path. The higher-energy paths can have much larger 

tunneling transmission coefficients because the effective barrier for tunneling extends 

higher above the reactants and products, giving a greater energy range in which tunneling 

can operate. We conclude that the multi-path methodology is necessary for better 

understanding of the detailed kinetics and predicting the thermal rate constants.  
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Table 4.1 Classical barrier height for forward and reverse reaction and classical 

energy of reaction (kcal/mol) computed by various model chemistries. Single-point 

calculations were carried out based on the lowest–energy–structures optimized at 

M08–HX/MG3S level of theory.  

 R1 R2 

Model chemistries 
  

ΔE 
  

ΔE 

M06-2X/ma-TZVP 19.9 2.5 17.3 21.2 1.0 20.2 

M08-HX/MG3S 20.6 3.5 17.1 23.1 2.5 20.5 

M08-SO/MG3S 21.0 4.2 16.7 22.5 1.8 20.7 

CCSD(T)-F12a/jun-cc-pVTZ 20.2 4.1 16.2 23.4 3.4 20.0 

 

 

Table 4.2  factors computed by M08–HX/MG3S for various temperatures for 

R1 and R2 in the forward and reverse directions. 

 R1 R2 

T/K 
    

200 1.8 0.43 1.8 0.95 

298.15 2.5 0.47 1.9 1.00 

600 6.0 0.96 2.3 1.1 

1000 10.9 1.6 2.8 1.3 

1500 15.4 2.4 3.0 1.4 

2400 19.7 3.4 3.0 1.3 
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Table 4.3 MP–CVT/SCT rate constants (cm3 molecule-1 s-1) including all the paths 

for forward and reverse reactions of R1 and R2 at selected temperatures (K) 

 R1 R2 

T/K     

200 4.85×10-33 1.11×10-16 1.02×10-36 2.50×10-15 

298.15 4.87×10-27 1.34×10-16 2.86×10-29 3.88×10-15 

600 3.55×10-20 5.48×10-16 2.76×10-21 1.17×10-14 

1000 6.97×10-17 3.03×10-15 1.06×10-17 4.44×10-14 

1500 6.00×10-15 1.41×10-14 1.13×10-15 1.50×10-13 

2400 2.96×10-13 8.37×10-14 6.38×10-14 6.31×10-13 

 

 

Table 4.4 SCT representative tunneling energies at 200 K, energies of the maxima of 

the vibrationally adiabatic ground-state potential curves, and SCT transmission 

probabilities at energies 2 and 3 kcal/mol lower than for various paths of 

reaction R1.  

Path 
 

(kcal/mol) 

 

(kcal/mol) 

a
 

b
 

 

1 107.67 110.31 0.14 – 

9 107.67 111.06 0.11 0.022 

19 107.67 112.33 0.12 0.024 

29 108.11 112.98 0.12 0.029 

41 109.03 113.72 0.12 0.022 

45 109.14 114.33 0.13 0.030 
aevaluated at an energy 2 kcal/mol below . 
bevaluated at an energy 3 kcal/mol below . 
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Figure 4.1 Mean unsigned errors (MUEs) in kcal/mol computed based on M08-

HX/MG3S geometries using various methods, with respect to CCSD(T)-F12a/jun-

cc-pVTZ as benchmark.  

 

 
Figure 4.2 Branching fractions at various temperatures for forward reactions of R1 

and R2. 
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Figure 4.3 Activation energies (kcal/mol) for forward reactions R1, R2 and the 

overall reaction at various temperatures.  

 

 

 

Figure 4.4 Calculated CVT variational transmission coefficients at various 

temperatures (K) for different paths for reaction R1: (CH3)3COH + HO2· → 

CH2·(CH3)2COH + H2O2.  
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Figure 4.5 SCT transmission coefficient of all the paths for reaction R1 computed at 

200 K and 1000 K. The abscissa is the ordinal number of the path. The paths are 

numbered 1–46 in order of increasing classical barrier height, but because the paths 

come in enantiomeric pairs, we only give the results for odd-numbered paths. 
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Figure 4.6 SCT transmission probabilities PSCT(E) (solid lines) and ZCT 

transmission probabilities PZCT(E) (dashed lines) at tunneling regime of various 

paths of reaction R1.  

Note that each conformer of the transition state generates its own reaction path, and 

so each curve in this figure corresponds to a different reaction path. They are 

labeled with two path numbers because transition state structures that are mirror 

images generate paths that are mirror images and therefore have the same 

transmission coefficient. 
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Figure 4.7 Vibrationally adiabatic potential energy (in kcal/mol) along the minimum 

energy paths (MEP) for paths 1, 41, 45 of reaction R1, where s is the signed distance 

from the saddle point (i.e., transition structure) along each curved MEP in 

isoinertial coordinates scaled to a reduced mass of 1 amu.  

Note that each conformer of the transition state generates its own reaction path, and 

so each curve in this figure corresponds to a different reaction path, where the paths 

are shown in Figure 9. The transition structures are shown next to the vibrationally 

adiabatic ground-state potential energy curve for the path they generate. 

 

  



 248 

 
 

Figure 4.8 Potential energy (in kcal/mol) along the minimum energy path (MEP) for 

paths 1, 41, 45 of reaction R1, where s is the signed distance from the saddle point 

(i.e., transition structure) along the curved MEP in isoinertial coordinates scaled to 

a reduced mass of 1 amu.  

Note that each conformer of the transition state generates its own reaction path, and 

so each curve in this figure corresponds to a different reaction path, where the paths 

are shown in Figure 9. The transition structures are shown next to the vibrationally 

adiabatic ground-state potential energy curve for the path they generate. 
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Figure 4.9 Minimum energy path for paths 1, 41, and 45, where we show the 

breaking C–H bond distance and the forming H–O bond distance.  

Note that all three paths are shown, but as far the forming and breaking bond 

distances are concerned, the paths are so similar as to be hard to distinguish on the 

plot. The locations of the transition structures along the paths are similar for the 

three paths and are indicated by ‡. 
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Figure 4.10 Values of the integrand in eqn (264) at 200 K for various paths of 

reaction R1 as functions of total energy E, with the zero of energy at the overall zero 

of energy, which is taken as the energy of the equilibrium structure of reactants. 

 

 

Figure 4.11 Values of the integrand in eqn (264) as functions of 
 
at 200 K 

for various paths of reaction R1. 
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Figure 4.12 Unsigned percent deviations of the generalized transmission coefficients 

for reaction R1.  

The number of paths included (P) is the abscissa. The paths are indexed 1–46, with 

path numbering in order of increasing classical barrier height. The top figure is the 

deviation between including P paths and including all N paths. The bottom figure is 

the deviation between including P paths and including P – 2 paths.  
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Chapter 5. Kinetics of Hydrogen Radical Reactions with Toluene 
Including Chemical Activation Theory Employing System-Specific 
Quantum RRK Theory Calibrated by Variational Transition State 
Theory 

 

5.1 Introduction 

Aromatic compounds with 7–10 carbon atoms constitute about 34% of a commercial 

gasoline.554 Adding toluene or other alkyl aromatics to gasoline increases the octane 

rating,555 which measures the performances of an internal combustion engine fuel, and 

the higher the value, the more compression the fuel can withstand before ignition. 

Toluene is the simplest alkylbenzene and is a prime candidate for detailed study to 

understand the combustion of alkylbenzenes. Toluene is also widely used as an organic 

solvent, precursor, or feedstock in synthesis and industry.  

The reaction of hydrogen atoms with toluene is one of the important elementary 

reactions in the combustion of toluene and is the subject of this article. The reactions we 

are considering in the present study are shown in Scheme 1.  
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Scheme 1 

 

    There are three classes of reactions in this scheme: hydrogen abstraction (R1–R4), 

hydrogen addition followed by stabilization of an intermediate (R5–R8), and hydrogen 

addition followed by decomposition of an intermediate to form benzene (R9). In this 

paper, we refer to reactions R5–R8 (i.e., methylcyclohexadienyl production reactions) as 

“addition reactions” and reaction R9 (which is a two-step substitution reaction in which 

the first step is an addition) as “formation of benzene” (which is denoted as kbenzene). The 

abstracted hydrogen can be from the methyl group or the ortho, meta, or para position of 

the benzene ring, and the addition rate is also site dependent. Robb et al.556 measured the 

overall rate constant of H + toluene using the heterogeneous removal of atomic hydrogen 

on molybdenum oxide. Sauer and Ward557 reported the rate constant for producing 

methylcyclohexadienyl radical (the sum of the rate constants for reactions R5-R8) at total 

pressures of 12 and 61 atm (mainly Ar) at 298 K. Using gas chromatography, Robaugh 

and Tsang558 measured the ratio of the sum of rate constants for R1-R4 to the rate 

constant for H + CH4  ® H2 + CH3 at 950–1100 K and 2–5 atm of Ar, and they also 

measured the ratio of rate constant for R9 to this methane rate constant over the same 

temperature and pressure range. Hippler and co-workers559 measured the rate constant of 

R1 from 600–1800 K using shock waves and using pyrolysis of C2H5I as H atom source. 

Ellis et al.560 determined the rate constants for reactions R1 and R9 at 773 K and 500 torr 

of a mixture of H2, N2 and O2 as bath gas (the amount of each gas varies in different 
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runs). Hanson et al.561 measured the rate constant of R1 from 1256 K to 1667 K at 1.7 

bar of Ar by using UV laser absorption of benzyl radicals in high-temperature shock-tube 

experiments.  

There are two components to any dynamical calculation. The first is the calculation 

or modeling of structures, energies, and vibrational frequencies; and the second is the 

calculation of dynamics per se. An important approach in modern computational kinetics 

is the use of direct dynamics, in which, instead of using a pre-defined potential energy 

function or empirical thermochemical data about reactants and empirical thermochemical 

kinetics data about transition states, “all required energies and forces for each geometry 

that is important for evaluating dynamical properties are obtained directly from electronic 

structure calculations.”562 The present work employs this approach for both unimolecular 

and bimolecular processes. For the dynamical step, the theory for bimolecular reactions is 

much more advanced than the theory for unimolecular reactions,563 and one of the 

objectives of the present study is to advance the latter theory as introduced next. 

Abstraction reactions such as R1-R4 are bimolecular reactions in both the forward 

and reverse direction; because it is generally safe to consider such reactions in the high-

pressure-limit, the pressure effects on these rate constants are not discussed for these 

reactions. The chemical activation theory that is the main new development of the present 

paper is applied only to adducts formed in association reactions, which are unimolecular 

reactions in the reverse direction; for such reactions, nonequilibrium effects are very 
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important, which is the motivation for the new theory presented here. There are two kinds 

of pressure-dependent nonequilibrium effects in gas-phase kinetics. The first is “falloff,” 

which is characterized by the depletion of the more reactive (higher-energy) states of a 

thermally activated reactant when the pressure is not high enough to repopulate them 

faster than they react; in this case, a unimolecular reaction rate “falls off” as the pressure 

decreases. The unimolecular rate constants are smaller than the equilibrium high-pressure 

ones. The second effect, which is the subject of this work, involves the decomposition of 

a newly formed adduct. If stabilizing collisions are not effective enough to produce a 

thermal distribution of internal states of the adduct prior to its reaction, the adduct is said 

to be chemically activated, and it reacts from a nonequilibrium distribution of states, 

yielding a unimolecular rate constant larger than the high-pressure equilibrium one. In 

contrast, the rate constant for the reverse association reactions of unimolecular 

decompositions are lowered as the pressure is lowered from the high-pressure limit. For 

association reactions (such as the present addition reactions) this is due to the possibility 

of redissociation before energy transfer collisions thermally stabilize the nascent adducts. 

The effect can be very large because the usual experimental pressures are far from high-

pressure-limit for unimolecular reactions. In the Lindemann–Hinshelwood theory for 

unimolecular dissociation reactions (covered in most kinetics textbooks), the pressure–

dependent rate constants reduce to the high–pressure equilibrium limit when the 

collisional energy transfer rate is significantly higher than rate of the dissociation process; 
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at lower pressures, the rate of reaction is equal to the second–order reaction rate of 

collisional activation, which is proportional to the concentration of bath gas. The proper 

way to treat such effects is by a master equation;563,564,565,566 however, in the present 

work we use a simpler method that requires much less input data. In particular, the 

pressure-dependent rate constants for hydrogen addition reactions (R5–R8) are treated in 

terms of a chemical activation mechanism. Pressure dependence of unimolecular rate 

constants is a standard topic in chemical kinetic texts, but – despite its importance – such 

effects in current practice are often treated with empirical estimation of frequency factors 

and activation energies, as in the original version of the very useful and widely used 

quantum Rice-Ramsperger-Kassel (QRRK) formalism of Dean.567 It is important to 

develop less empirical methods that nevertheless retain the simplicity necessary for 

building mechanisms and reaction networks.  

The present work provides a methodology that eliminates the empirical estimation of 

frequency factors and activation energies of the previous QRRK method but retains its 

simplicity as needed for wide application in combustion mechanisms and for convenient 

interpretation of experimental results. In particular, high-pressure multi-structural 

canonical variational theory568,569,570 (MS-CVT) rate constants are used to calibrate 

QRRK rate constants. The resulting method combines, called system-specific RRK or 

SS-QRRK, a chemical activation mechanism,571,572 QRRK theory,567,573,574 MS-CVT, 

and Troe’s modified strong collision assumption,575,576,577 for the rate of energy transfer. 
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This approach can provide reasonable estimates of pressure effects in an efficient way, 

and the use of QRRK theory obviates the need for employing multi-structural 

microcanonical variational theory (MS-µVT), although in the present work we do verify 

the new methodology by comparing results obtained with SS-QRRK theory to more 

complete calculations employing MS-µVT.  

As examples of chemical activation effects in combustion systems, Lefort and 

Tsang578 presented an empirically based approach to deriving the pressure-dependent rate 

constants of chemically activated reactions of adducts formed by association of methyl 

radicals with aromatic radicals. They used a hindered rotor model but noted that they “do 

not attach any particular physical significance to the hindrance" – rather it is used to 

calibrate an empirical methodology,” with a special emphasis on applicability of their 

approach to large molecules. The present work considers the chemically activated 

reactions of adducts formed by association of hydrogen atoms with toluene, and we also 

place a special emphasis on making the calculations more affordable for large molecules, 

in our case by developing a system-specific QRRK theory that incorporates the modified 

strong-collision method in chemical activation theory to provide an efficient and non-

empirical method for predicting pressure-dependent rate constants of unimolecular 

reactions based on direct dynamics calculations of the high-pressure rate constant. 

Furthermore, the present work also develops MS- µVT, which is a more rigorous way to 

compute the microcanonical rate constants, and compares results thus obtained with our 
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system-specific QRRK theory to judge the quality of the theory. Thus, we attempt to 

advance the theory in two ways: (i) at the high-pressure-limit in which we use MS-

CVT/SCT theory with modern exchange-correlation density functionals for electronic 

structure calculations and (ii) in the intermediate- and low-pressure regime for which we 

developed SS-QRRK. Note that MS-CVT/SCT is applicable for both bimolecular and 

unimolecular processes, and it has been widely used in precious work for abstraction 

reactions579,580,581 and high-pressure unimolecular isomerizations;582,583 however, at the 

usual experimental pressures, chemical activation effects are especially important for R5-

R9, and theories taking account of these effects are developed and utilized here for the 

first time.  

In the work reported here, we carried out first-principles direct dynamics 

calculations using multi–structural568 canonical variational transition state 

theory569,570,584,585 (MS-CVT) to calculate the pressure- independent rate constants of 

reactions R1–R4, and we used MS-CVT and multi–structural microcanonical variational 

transition state theory586 (MS-µVT) in a chemical activation formalism to calculate the 

pressure- dependent rate constants of reactions R5–R8. All MS-CVT calculations include 

tunneling by the small-curvature tunneling approximation587 (SCT) and anharmonicity 

by methods introduced in the second last paragraph of this introduction. It will be shown 

that our computational results are consistent with experimental observations. 

For reactions R6–R8, we consider the following mechanism: 
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where T is still temperature, T is toluene, H is the hydrogen atom, HT is the addition 

product (methylcyclohexadienyl radical), HT* is the energized adduct, and M is the bath 

gas, which is H2 in the present work. The rate constants k1 of the formation of HT* via 

addition reactions are the high–pressure-limit rate constants, which are considered to be 

functions of temperature and are therefore computed in a canonical ensemble by MS-

VTST. The dissociation rate constants k-1(E) are treated as functions of total energy, 

where we make the RRK assumption that the dissociation rate constant depends only on 

total energy. The collisional de-activation rate constants are denoted as kc. The rate 

constant of formation of the stabilized HT adduct is called , which is defined as 

(d[HT]/dt)/([H][T]), where brackets denote a concentration is molecules per unit volume. 

For reaction R5, the following mechanism, which allows two possible dissociation 

processes of HT*, is used: 

  

where k2(E) is the energy–dependent unimolecular dissociation rate constant of the 

energized species HT*. The rate constant of formation of the stabilized HT adduct is 

again called . Breaking the carbon–carbon bond in HT* leads to the formation of 

benzene and methyl radical (reaction R9’); we call the rate constant of formation of 

H+T k1(T )
k−1(E)

" →""← """ HT* kc[M]" →"" HT

kstab

H+T k1(T )
k−1(E)

" →""← """ HT* k2(E)" →"" C6H6 +CH3

↓kc[M]
HT

kstab



 260 

benzene , which is defined as (d[C6H6]/dt)/([H][T]). 

Vibrational anharmonicity effects, which include torsional anharmonicity and high-

frequency-mode anharmonicity, play an important role in the kinetics of many chemical 

reactions.579,581,588,589,590,591,592,593 Torsional anharmonicity has two components, namely 

multiple–structure anharmonicity and torsional potential anharmonicity, and they are 

included here by the multi-structural torsion (MS-T) method,594,595,596,597 which includes 

the contributions from all the distinguishable conformers of the reactants and the 

transition states. At very low temperature (where ), low-frequency modes can 

often be treated well enough with the harmonic-oscillator approximation; in the high 

temperature limit (where  is much higher than the torsional barrier), internal 

rotation can be computed by a free-rotor model; in the middle range of temperature, 

torsions have to be treated explicitly, and we treat torsional modes based on an 

approximated-reference fully-coupled torsional partition function in the MS-T method, in 

which only the Hessians of local minima are required. The MS-T partition function is a 

summation of the rovibrational partition functions of all the distinguishable conformers 

with the corresponding Boltzmann weight. We also investigated the torsional 

anharmonicity effects on the density of states for one of the transition states of the toluene 

+ H reactions.  

Note that zero-point energy is usually dominated by high frequencies. High-

frequency-mode anharmonicity is often included by scaling the normal force constants or 

kbenzene

 kBT ≪"ω

kBT
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frequencies with an empirical scaling factor. Frequency scaling factors are usually 

smaller than unity, which means that partition functions are increased by using a 

frequency-scaling factor. It is often true that anharmonicity of a stretching mode increases 

the partition function; however, anharmonicity of a bend mode could either increase or 

decrease the partition function. To take anharmonicity into account in more detail one can 

use different scale factors for bends and stretches,598 but in the present work we use a 

single scale factor599 for a given structure, and we test the validity of this method by 

using vibrational perturbation theory.600,601,602,603 

In subsection 5.2.1, we explain the calculation of the high-pressure-limit rate 

constants. In subsection 5.2.2, we explain how we calculate  and  in 

terms of elementary rate constants k1, k-1, k2, and kc of the above pressure-dependent 

mechanisms. In subsection 5.2.3, we explain how we calculated these elementary rate 

constants. Readers who are interested in the results and discussion but not the theoretical 

methodology and computational details can skip sections 5.2 and 5.3 and go directly to 

section 5.4. 

 

5.2 Theoretical methodologies  

5.2.1 High-pressure-limit rate constants: Unimolecular and bimolecular 

In the present study, toluene and all of the transition state structures have only one 

kstab kbenzene
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torsional degree of freedom, which is the internal rotation of the methyl group. The 

torsion of a methyl group generates indistinguishable structures, and so it does not 

contribute multiple-structure anharmonicity, but it does contribute torsional potential 

anharmonicity, which has a local periodicity of 3. Technically speaking, there is a second 

torsion in one of the cases; in particular, the transition state for abstracting H from the 

methyl group is phenyl–methylene–H–H, and there is a torsion around the methylene–H 

bond because the C–H–H bond angle is not exactly 180 deg. However, this bond angle 

for the optimized geometry is 179.1 degree, and therefore C-H-H is treated as a linear 

bend604 rather than as a torsion. (Unphysical results would be obtained by treating it as a 

non-degenerate bend with an additional torsion.) 

Although torsional anharmonicity does not contribute multiple-structure 

anharmonicity in any of the reactions, the transition states for reactions 6 and 7 have non-

superimposable mirror images so these transition states have multiple (two) structures. 

Thus all reactions except 6 and 7 could be treated by single-structure variational 

transition state theory (and even reactions 6 and 7 could be treated by that because when 

the multiple-structure anharmonicity is due entirely to an optically active transition state, 

it can be treated by symmetry numbers605). Nevertheless, single-structure CVT/SCT is a 

special case of MS-CVT/SCT, and the multiple-structure version provides a convenient 

way to treat torsional potential anharmonicity; therefore we apply MS-CVT/SCT to all 

the cases. 
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The MS-CVT/SCT high-pressure-limit rate constants for the thermal rate constants 

of reactions R1–R8 at temperature T are given by 

   (267) 

for the bimolecular reactions and by: 

   (268) 

for the unimolecular reactions, which in the present case are dissociation reactions, where 

kB is Boltzmann's constant, h is Planck's constant,  is the SCT transmission 

coefficient, is the potential energy relative to reactants along the 

minimum-energy path (MEP) evaluated with the reaction coordinate s equal to its value 

at the canonical variational transition state;  is the conformational–

rotational–vibrational partition function (with zero of energy at ) of the 

canonical variational generalized transition state (GT) evaluated by the MS-T method; 

 is the conformational–rotational–vibrational partition function of the 

reactant evaluated by MS-T method; and  is the reactant partition function per 

unit volume computed by the MS-T method as 

  

kMS-CVT/SCT =κ SCT kBT
h

Qcon−rovib
CVT-MS-T

ΦR-MS-T
e−VMEP(s=s*

CVT )/kBT

  
kMS-CVT/SCT =κ SCT kBT

h
Qcon−rovib

CVT-MS-T

Qcon−rovib
R-MS-T

e−VMEP(s=s*
CVT )/kBT

SCTk

VMEP(s = s*
CVT )

  Qcon−rovib
CVT-MS-T

VMEP(s = s*
CVT )

  Qcon−rovib
R-MS-T

ΦR-MS-T
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   (269) 

where  is the rotational-vibrational partition function of toluene with 

torsional potential anharmonicity.  

The electronic partition functions of all the species,  (X =GT, toluene, H), are 

assumed to be equal to the degeneracy of the ground state, which for the present reactions 

is two for an odd number of electrons and one for an even number of electrons. 

Although some reactions have two transition state structures, as discussed above, 

those structures are optical isomers. Therefore we need to calculate only one MEP per 

reaction. The canonical variational transition state is determined by variationally 

optimizing (in a canonical ensemble) the position of the dividing surface as a function of 

distance s along the MEP while including torsional anharmonicity as a function of s (this 

may be called full MS-VTST,586 as opposed to the original MS-VTST,568 in which 

torsional anharmonicity effects were evaluated only at the stationary points).  

The high-pressure rate constants are fitted by the following equations:606,607 

   (270) 

The temperature–dependent Arrhenius activation energy  (which is also called the 
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Tolman activation energy608,609) is defined by  

   (270a) 

which yields 

   (270b) 

and 

   (270c) 

 

5.2.2 Observable pressure-dependent rate constants 

In this section we explain how the stabilization rate constant  and the benzene 

formation rate constant  are calculated in terms of elementary rate constants. 

 

5.2.2.1 Observable pressure-dependent rate constants by quantum RRK theory 

 Applying the steady-state approximation to the chemical activation mechanism 

chemical activation mechanism yields567,571 

   (271) 

   (272) 
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for reaction R5 and  

   (273) 

for reactions R6–R8, where f(E) is the fraction of energized species (HT*) at energy E, 

which is given by 

   (274) 

where 

   (275) 

In eqs (271), (272), and (273), [M] is the concentration of the bath gas, which is 

calculated using the ideal gas law, [M] = p /RT, E0 is the critical energy for reaction 

(which, in SS-QRRK theory, is set to be equal to Ea(T) determined from MS-CVT/SCT 

high-pressure-limit rate constants), which may also be called the threshold energy, and 

QRRK denotes quantum RRK theory or SS-QRRK theory. 

The summations in eqs (271), (273), and (274) are evaluated with a step size of 

one quantum ( ).  

 

5.2.2.2 Observable pressure-dependent rate constants by MS–µVT 

If, instead of using QRRK theory in the chemical activation mechanism, we use MS–

kstab = k1
MS-CVT/SCT kc[M] f (E)
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µVT, the rate constants of the previous subsection are replaced by the following. For 

reaction R5, we have 

   (276) 

   (277) 

where g(E) is defined as571 

   (278) 

and for reactions R6–R8 we have 

   (279) 

In eqs (276)–(279),  and  are MS–µVT rate constants, 

E0 is barrier height including zero-point vibrational energies in MS–µVT theory, and 

 is the density of states of the adduct HT computed from MS-T 

conformational–rovibrational partition functions. 

 

kstab = k1
MS-CVT/SCT kc[M] g(E)dE

kc[M]+ k−1
MS-µVT(E)+ k2

MS-µVT(E)E0

+∞

∫

kbenzene = k1
MS-CVT/SCT k2

MS-µVT(E) g(E)dE
kc[M]+ k−1

MS-µVT(E)+ k2
MS-µVT(E)E0

+∞

∫

g(E) =
k−1
MS–µVT(E)ρR

MS-T(E)exp(−E / kBT )

k−1
MS–µVT(E)ρR

MS-T(E)exp(−E / kBT )dE
E0

+∞

∫

kstab = k1
MS-CVT/SCT kc[M] g(E)dE

kc[M]+ k−1
MS-µVT(E)E0

+∞

∫

k−1
MS-µVT(E) k2

MS-µVT(E)

ρR
MS-T(E)



 268 

5.2.3 Pressure dependence for reactions R5–R9 

5.2.3.1 Dissociation rate constants 

As indicated in Section 5.2.2, the energy–dependent rate constants in this work are 

computed by either of two methods: (1) QRRK theory (which will be calibrated to MS-

CVT/SCT) or (2) MS–µVT. 

 

5.2.3.1.1 Quantum RRK method for dissociation rate constant 

Despite of its simplicity, QRRK theory has been shown capable of predicting the 

falloff effects with reasonable accurcy;567,573,610 kQRRK(E) is computed as the rate constant 

for a quantum mechanical oscillator with an energy E, with s degenerate modes of 

frequency , and with a frequency A of intramolecular energy exchange to accumulate 

an energy E0 in a single mode. This yields:574,611 

   (280) 

where n is the number of quanta excited at energy E ( ); m is the number of 

quanta at the threshold energy E0 ( ); s is the number of vibrational degrees of 

freedom for the energized complex and is computed as 3N–6 for nonlinear species, 

where N is the number of atoms (for HT*, s = 42). The factorial x! is computed by using 

the gamma function  for  or by Stirling’s approximation, 

, for . 

Our treatment does not involve dividing the actual number of modes by two, as is 

v

kQRRK(E) = A n!(n −m + s −1)!
(n −m)!(n + s −1)!

n = E / hv

m = E0 / hv

x!= Γ(x +1) x <168

x!= 2π xx+1/2 exp(−x +1/12x) x ≥168
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done is many older empirical treatments; we note that it has been shown that choosing s 

equal to number of vibrational degrees of freedom (without dividing by 2) can 

satisfactorily reproduce the experimental falloff curve for recombination of CH3 

radicals;567 and we also show in this work that using s equal to 3N–6 can generate a k(E) 

curve in the medium-energy range that is in good agreement with the one computed by 

MS–µVT (see the Discussion section).  

Schranz and co–workers also proposed modified QRRK theories called 2s–QRRK 

and QRRKω theory, which can be more accurate than the single-frequency QRRK 

approach for reproducing the RRKM falloff curve,612 and Bozzelli, Dean, and 

coworkers613,614,615,616 developed a three-frequency version. Although these theories can 

be expected to be more realistic than the original single-frequency version, they need 

more effort for obtaining the parameters involved, so the present work uses the simple 

and efficient original method of Dean – but with less empiricism. Thus we do not 

abandon QRRK theory, nor do we complicate it with multiple frequencies, but rather we 

show how it can be modified in its single-frequency form to be accurate while remaining 

very practical, as we demonstrate in this work. Our system-specific QRRK theory 

maintains the simplicity of the original single-frequency version while incorporating in it 

the accuracy of state-of-the-art multi-structural variational transition state theory with the 

small-curvature tunneling approximation, in order to explicitly include variational effects, 

tunneling, multiple structures, and torsional potential anharmonicity. 
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Since vibrational frequencies in real molecules are not degenerate, we compute  

as the geometric mean vibrational frequency for the stabilized adduct HT, which is 

computed as: 

   (281) 

Notice that, in the classical limit, where , quantum RRK theory reduces 

to classical RRK theory: 

   (282) 

We show eq (282) here in order to make connection between QRRK theory and classical 

RRK theory; however, we do not apply classical RRK theory in this work for computing 

microcanonical rate constants. 

Integrating the QRRK rate constant kQRRK(E) in the canonical ensemble yields k(T) 

in Arrhenius form. 571 Thus, in order to practically apply the QRRK theory, the high-

pressure-limit of the Arrhenius pre-exponential factor and activation energy are used for 

A and E0.571 The way that this is done is the major difference between the present 

treatment and that of Dean. Dean used empirical relations for these parameters, and we 

determine them from direct dynamics MS–CVT/SCT calculations.  

The MS–CVT/SCT calculations are described in Section 5.2.1; here we describe 

their use to calibrate the QRRK formula. First, MS–CVT/SCT high-pressure-limit rate 

constants are computed, and then they fitted using eq (270); activation energies are 

calculated by eq (270c). The critical energy of QRRK theory is set equal to the MS–
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CVT/SCT activation energy 

   (283) 

and the frequency factor A in QRRK theory set equal to the Arrhenius pre-exponential 

factor of eq (270b), which yields  

   (284) 

Notice that in such an approach, multistructural torsional effects, variational effects, 

and tunneling have been approximately included in the obtained SS-QRRK 

microcanonical rate constants; A does not need to be estimated empirically as in the 

previous567 work.  

Note that  and  are different quantities; but  is interpreted differently 

depending on the context. In particular,  is the effective barrier height or threshold 

energy in MS-µVT, while  is a phenomenological parameter or effective threshold 

energy in the SS-QRRK method proposed here. In the SS-QRRK treatment,  is 

determined by fitting the most accurate available high-pressure limiting k(T), which 

includes multi-frequency, MS-T, variational, and SCT effects. We use  from the high-

pressure limit rather than a computed barrier height as the effective threshold energy in 

SS-QRRK because when you integrate QRRK over a canonical ensemble you get eq 

(270b) with constant A and . One should not interpret the SS-QRRK effective 

threshold energy of the present treatment as an actual barrier or threshold energy on the 

potential energy surface. 

E0(T ) = Ea(T )
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5.2.3.1.2 Variational transition state theory for dissociation rate constant 

The elementary rate constants k-1(E) and k2(E) can also be computed using multi-

structural microcanonical variational transition state theory (MS–µVT). The MS–µVT 

rate constant  is 

   (285) 

where  is the microcanonical variational transmission coefficient and 

 is the microcanonical conventional transition state theory rate 

constant617,618,619,620 with multistructural anharmonicity:586 

   (286) 

where , , and  are respectively the sum of states 

(SOS) of the conventional transition state, the density of states (DOS) of the reactant 

(adduct HT), and the SOS of the generalized transition state at location s. The DOS is 

computed by the inverse Laplace transform626 (IL) of the MS-T partition function using 

the steepest–descents method. Integrating DOS from zero to a given rovibrational energy 

E yields the sum of states at energy E. 

The microcanonical variational transmission coefficient is determined by minimizing 

the sum of states along the reaction coordinate s: 

   (287) 
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where  is calculated from the inverse Laplace transform of the 

conformational-rotational-vibrational partition function along the reaction coordinate s; 

 can deviate significantly from unity and can be a strong function of energy. 

Integrating  with the population (probability distribution) of the reactant 

(adduct) over energy gives the , i.e. 

   (288) 

It is useful to define  as the maximum, along the reaction coordinate s, of the 

ground-state vibrationally adiabatic potential curve (where this curve is defined as the 

sum of the potential energy and the local zero-point energy along the MEP) and to define 

   (289) 

where  is the zero-point energy of the reactant, with both  and   measured 

relative to the overall zero of energy at the reactant equilibrium structure. Since 

 is zero for E < , only the populations of reactant with energy higher 

than the vibrationally adiabatic ground-state barrier contribute to the integral. In the 

present study we find that microcanonical variational thermal rate constants 

 are very close to the canonical variational thermal rate constants 

 (see results and discussion).  

In order to include tunneling in energy-dependent rate constants, we generalize the 

canonical ground-state tunneling approximation570,621 that we have used successfully for 
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thermal rate constants with both CVT and  µVT586 thermal rate constants. To include 

tunneling for thermal µVT rate constants, we used 

   (290) 

To include tunneling for energy-dependent rate constants, we can replace eq (287) with 

   (291) 

The essence of this approximation is to use the tunneling and non-classical reflection 

probabilities for the ground-state vibrationally adiabatic potential curve for all passage 

through all the quantized energy levels. Let the ground-state tunneling probability be 

, and note that it satisfies 

   (292) 

Also note that  

   (293) 

where  is a Heaviside step function, is the location of the microcanonical 

variational transition state at energy E, and 

   (294) 

where  is the local vibrational energy of state n at location s along the MEP. Note 

that the sum over n goes over all states of all conformations of the transition state, n = 0 
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is the ground state, and the sum continues up in energy until it is converged or until one 

reaches the dissociation energy of the transition state. The microcanonical ground-state 

tunneling approximation then involves replacing  by 

   (295) 

This can be rewritten as a convolution of the tunneling probability with the density of 

states, but we shall not use  in the calculations of this paper. 

 

5.2.3.2 Collisional de-activation rate constants 

The collisional de-activation rate constants  are computed using Troe’s modified 

strong collision model,576,577 which is a simplification that eliminates the need to solve 

the master equation. Dean and coworkers622,623 compared the pressure falloff predicted 

by solving the master equation to that predicted using Troe’s modified strong collision 

model; they found generally similar results and pointed out that the differences are often 

smaller than the uncertainties due to not knowing the appropriate values of the energy 

transfer parameters.623 The modified strong collision model assumes that  is the rate 

constant for collisions sufficiently strong to cause de–activation of energized molecules 

and that it is given by the product of a collision efficiency  and a Lennard-Jones 

collision rate constant ;577 the collision efficiency factor accounts for the fact that not 

all the collisions lead to de–activation. For strong collisions, ; for very weak 
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collisions, . 

The collision efficiency is computed by solving the following equation:575,576,577 

   (296) 

where  is the average vibrational energy transferred during both energization and 

de–energization processes (note that | | is smaller than the often encountered 

 parameter that is the average energy transferred in collisions in which the 

vibrational energy goes down); and FE is the thermal fraction of unimolecular states 

above the threshold energy and is defined in Troe’s work.576 For moderate–sized 

molecules, FE is nearly unity.575 The temperature dependence of FE can be treated with 

Troe’s method when it is needed.576  

The Lennard-Jones collision rate constant  is the product of the hard-sphere 

collision rate constant571  and the dimensionless reduced collision integral , 

which is defined by Hirschfelder et al.624 Therefore 

   (297) 

The values of the reduced collision integral can be evaluated by numerical integration 

and have been fitted by other workers with various simple algebraic 

expressions.576,577,625,626 In the present study, we choose Troe’s fitting expression576,577 

for computing : 
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   (298) 

where  is the Lennard-Jones interaction parameter between molecule A and M and 

is computed as the geometric average of  and .  

The hard–sphere collision rate constant kHS is computed as: 

   (299) 

where the vdW diameters dA and dM are computed from the Lennard-Jones parameters 

σA-A and σM-M using the relation , and µ is the reduced mass of A and M.  

 

5.3 Computational details 

5.3.1 Electronic structure calculations and direct dynamics 

The CVT and µVT calculations were performed via direct dynamics by 

MPW1K638/MG3S639 using Gaussrate627 and Polyrate628 software packages; MS-T 

partition functions are computed using MSTor software.629 The small-curvature tunneling 

(SCT) approximation was used for tunneling calculations. Electronic structure 

calculations are carried out with Gaussian 09630 and the locally modified version.631  

 

5.3.2 Deactivating collisions 
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In the current work, we choose  as determined by Hippler’s 

experimental work632 on toluene colliding with bath gas H2, and we choose 

 
on toluene colliding with bath gas Ar;632 we choose FE = 1.15, which 

is the value previously adopted in treating the collisional activation/de–activation 

processes for radical addition to unsaturated hydrocarbons,567 such as the CH3 + C2H2 and 

H + benzene systems.  

The Lennard-Jones parameters,  and σ, that we used are 410 K and 6.0 Å for 

HT (taken to be the same as toluene633), 38 K and 2.93 Å for H2,625 and 120 K and 3.4 Å 

for Ar.634 

All the reported pressure-dependent rate constants are based on H2 gas as the bath 

gas. (Sauer and Ward,557 in their experiments at 298 K, used a mixture of H2 and Ar as 

bath gas, but changing the bath gas to Ar does not make any noticeable difference for 

falloff effects at 298 K because the falloff effect at 298 K is negligible for either third 

body.) 

 

5.4 Results and discussion 

5.4.1 Selection of electronic structure method 

We tested a large number of electronic structure methods, especially multilevel 

methods and combinations of exchange-correlation functions with a variety of basis sets. 

ΔE = 92 cm−1

ΔE = 130 cm−1

ε / kB
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By comparison to results calculated with the relatively accurate CCSD(T)-F12a635,636/jun-

cc-pVTZ637 method, we selected MPW1K638/MG3S639 as the affordable electronic 

structure method with the best accuracy for reactions R1-R8. 

 

5.4.2 Applicability of universal scaling factor for vibrational anharmonicity 

In the calculations of the vibrational frequencies and zero-point energies, there are 

two potential sources of error in conventional treatments: one is the error from the 

electronic structure calculations, i.e., the electronic structure method we use (wave 

function theory or density functional theory) is not capable for generating accurate 

potential energy surface due to the inexactness of the treatment of electron exchange and 

correlation; the other one arises from adoption of the harmonic-oscillator approximation, 

which truncates the series expansion of the potential energy at the second-order terms. 

This section is concerned with correcting the harmonic approximation. 

Our treatment of anharmonicity combines two strategies: (1) We account for the 

dominant anharmonicity in torsions (which are essentially always low-frequency modes) 

by the MS-T method, which in general accounts for both multiple-structure 

anharmonicity and torsional potential anharmonicity (see Section 5.4.1 above). This is 

particularly important at high temperature, and we have discussed torsional 

anharmonicity in the previous section. (2) We account for the dominant anharmonicity in 

other modes by a universal scaling factor for the frequencies. This is particularly 
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important for calculating the zero-point energy and low-temperature enthalpies because 

the high-frequency modes that dominate the zero-point energy are not torsions. The 

present section is concerned with strategy 2 and testing its applicability for the present 

reaction. 

 In order to make the computed values close to the experimental values, the scaling 

factors for reproducing the experimental harmonic frequencies, fundamental frequencies 

and zero-point energies are developed based on a database that consists of 15 small 

molecules, for which the experimental values are available. For a given model chemistry, 

a single (universal) scaling factor is used to scale all the vibrational frequencies in order 

to reproduce the experimental vibrational zero–point energies. In the dynamics 

calculations, one often uses the so-developed scaling factor to scale all the computed 

frequencies for reproducing accurate zero-point energies. A previous study589 has pointed 

out that such approach may not be reliable for some systems, in which the anharmonicity 

effects for the reactants and the transition states are not similar, i.e., different scaling 

factors have to be utilized for reactants and transition structures in order to describe the 

vibrational anharmonicity as accurate as possible. 

A scaling factor (denoted as λZPE) for improving the accuracy of computed ZPEs can 

be re-written as a product of two factors: one factor is the scaling factor (denoted as λAnh) 

for solely correcting vibrational anharmonicity with a given electronic structure theory, 

and this scaling factor is in principle molecule-specific and structure-specific (but in 



 281 

practice, we usually use a universal scaling factor); another factor (denoted as λH) is the 

scaling factor for correcting the errors that solely come from the chosen electronic 

structure theory, and the value of this scaling factor is considered to be the same for all 

the molecules and structures. 

In order to test the applicability of the universal scaling factor of the zero-point 

energies to scale all the computed harmonic vibrational frequencies for all the species 

involved in the current work, we computed the vibrational frequencies and the zero-point 

energies using the hybrid600 degeneracy-corrected601 second-order perturbation theory 

(HDCPT2)602,603 for treating the vibrational anharmonicity. The molecule–specific 

anharmonicity factors λAnh, which solely represent the correction to the vibrational 

anharmonicity at a given model chemistry, are computed as the ratio of HDCPT2 

anharmonic ZPE to the computed harmonic ZPE (without using scaling factor); the 

universal scaling factor for the harmonic frequencies at a given model chemistry, λH, is 

determined as the ratio of computed harmonic frequencies to experimentally extrapolated 

harmonic frequencies, and therefore, only represents the correction to the electronic 

structure method (for MPW1K/MG3S, λH = 0.969); the molecule–specific and structure-

specific scaling factor for ZPE, λZPE, is determined by multiplying λH with λAnh.  

Computed results are shown in Table 5.1. As we can see from table 5.1, the 

anharmonicity factors λAnh of various species involved in toluene + H reactions are very 

close. The standard deviation for λAnh is 0.0011, which means that the anharmonicity 
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corrections for all the species in the current work are essentially the same. The average 

value for λZPE is 0.956, which happens to be equal to the universal scaling factor for ZPE 

at MPW1K/MG3S level. Therefore, for the reactions investigated in the present work, we 

concluded that using the universal scaling factor for correcting the vibrational 

anharmonicity is adequate.  

Therefore a universal scaling factor 0.956 was used to scale all the normal-mode and 

generalized-normal-mode frequencies in all calculations reported here.598   

 

5.4.3 Multiple-structure and torsional anharmonicity 

The rotation of the methyl group does not contribute to multi–structural 

anharmonicity, while the non–superimposable mirror images do. In general the torsional 

anharmonicity consists of multiple-structure anharmonicity and torsional potential 

anharmonicity. All of the local minima involved in reactions R1–R8 have one conformer; 

the transition structures (TSs) of reactions R1–R4, R5, R8 have one conformer and those 

of reactions R6, R7 have two conformers (one pair of enantiomers). Thus, the multiple-

structure anharmonicity contributes either 1 or 2, and the rest of the torsional 

anharmonicity is due to torsional potential anharmonicity. 

The multiple–structure and torsional anharmonicity effects on MS-CVT rate 

constants are characterized by the torsional anharmonicity  factor, which is 

defined as follows: 

Fact
MS-T
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   (300) 

where TS stands for the transition state and R stands for reactant (toluene). The calculated 

 factors for both forward and reverse reactions are listed in Table 5.2, which 

shows that the torsional anharmonicity is quite significant, contributing factors as small 

as 0.2 and as large as 7.3 to the calculated reaction rates. 

The computed quasi-harmonic vibrational frequency of the torsional degree of 

freedom for toluene molecule is 23.84 cm-1. This very-low frequency mode causes great 

torsional potential anharmonicity and therefore the partition function decreases greatly; 

the ratio of the single–structure torsional rovibrational (SS-T) partition function to 

single–structure quasi-harmonic rovibrational (SS-QH) partition is 0.463 at 200 K, 0.246 

at 800 K, 0.144 at 2400 K. We also increase the integration grid to “superfine” (150 radial 

shells around each atom, and 974 angular points in each shell) to re-optimize and 

compute frequencies for toluene to make sure that this low frequency mode is not due to 

the insufficiency of the integration grid; at superfine grid, the frequency of this torsional 

mode is 23.99 cm-1, which means that our choice of integration grid (99 radial shells 

around each atom, and 974 angular points in each shell) is sufficient. 

For TS6, the quasi-harmonic vibrational frequency of the torsional degree of 

freedom is 85.36 cm-1, which is much higher than the one in toluene molecule. The ratio 

of SS-T to SS-QH partition function is 1.07 at 200 K, 0.78 at 800 K and 0.50 at 2400 K.  

The density of states (DOS) and sum of states (SOS) are needed for computing 

Fact
MS-T = QTS

MS-T /QTS
SS-HO

QR
MS-T /QR

SS-HO

Fact
MS-T
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microcanonical rate constants by MS- µVT. Table 5.3 lists the DOS and SOS of TS6 

computed from multiple–structure quasi–harmonic–oscillator640 (MS–QH) and MS–T 

partition functions at several energies; we discuss the results using the relative energy 

defined by 

   (301) 

where  is the analog of  when the energies are evaluated at a saddle point 

rather than the maximum of the ground-state vibrationally adiabatic potential curve;  

is the rovibrational energy above the conventional TST threshold. The MS–T density of 

states for TS6 is plotted in Figure 5.1, and Figure 5.2 shows its ratio to the MS-QH DOS. 

From  = 0 to 0.75 kcal/mol, this ratio increases rapidly from 1.00 to 1.21; for > 

0.75 kcal/mol, the ratio gradually decreases, and above  = 8.42 kcal/mol, DOSMS–T 

is smaller than DOSMS–QH. At a very high energy of  = 50 kcal/mol, torsional 

anharmonicity makes density of states of TS6 smaller than the one computed under 

harmonic–oscillator approximation by a factor of 0.7. 

 

5.4.4 High–pressure–limit rate constants 

Hydrogen abstraction reactions R2–R4 are endothermic; reaction R1 and hydrogen 

addition reactions R5–R8 are exothermic. These high-pressure rate constants are fitted, 

and the fitting parameters for forward reactions are listed in Table 5.4. The rate constants 
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of the dissociation of HT to benzene and methyl radical (R9’) are also tabulated in this 

table. 

Figure 5.3 shows the ratios of overall abstraction reaction rate constants (k1 + k2 + k3 

+ k4) to addition (i.e., methylcyclohexadienyl production) reaction rate constants (k5 + k6 

+ k7 + k8) at various temperatures, and at 0.1 bar, 1 bar, and the high-pressure-limit. At 

high-pressure limit, as temperature increases, the ratio of abstraction to addition varies 

from 0.07 at 298 K to 6.88 at 3000 K. At lower temperatures (< 1500 K), addition 

dominates abstraction; at 1500 K, abstraction and addition have the same contribution to 

the total reaction rate at the high-pressure limit (abstraction/addition = 1.04); at higher 

temperatures, hydrogen abstraction become important. Our computed 

abstraction/addition ratio is consistent with experimental work557 using GC analysis that 

had concluded that, at high-pressure limit, the ratio of abstraction to addition reactions 

must be smaller than 0.17 at 298 K. At 298 K and 1 bar or 0.1 bar, ratios of abstraction to 

addition are essentially the same as high-pressure-limit because of the negligible falloff 

effect at 298 K (details of falloff effect will be discussed in section 5.4.6), though they 

might at first different in the plot because they are plotted using different scales. At 1 bar 

and 0.1 bar, when the temperature is lower than 800 K, ratios of abstraction to addition 

are very close to the values at high-pressure-limit because the falloff effects are not 

significant at these low temperatures. The falloff effects become more significant as 

temperature increases, and thus the rate constants for addition reactions are further 
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decreased, which increases the ratio of abstraction to addition. At high temperatures, the 

ratios of abstraction to addition are significantly different at different pressures; at 3000 

K, these ratios at 0.1 bar, 1 bar, and the high-pressure-limit are respectively 4.9×104, 

5.0×103, and 6.9.  

Figure 5.4 shows MS–CVT/SCT high-pressure-limit rate constants and various 

experimentally measured rate constants for reaction R1 (hydrogen abstraction from the 

methyl group). Reactions R1–R4 are bimolecular reactions and we consider gas-phase 

bimolecular reactions are in the high-pressure plateau where collisions are efficient 

enough to maintain Boltzmann thermal equilibrium states. Our computed high-pressure-

limit rate constants of the bimolecular reaction R1 agree very well with the measured rate 

constants.559,560,561 

 

5.4.5 Microcanonical rate constants 

    Figure 5.5 plotted the calculated microcanonical variational transmission 

coefficients ΓµVT (E) for reactions of R5–R8; reverse and forward reactions have the same 

values of variational transmission coefficients (reverse reactions corresponds to k-1(E) in 

chemical activation mechanism) at various total rovibrational energies. The variational 

effects are important for computing microcanonical rate constants in all of these cases, 

especially for reverse reaction R7 at high energies and for reverse reaction R5 at energies 

that are near the barrier, in which the variational transmission coefficients are 
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significantly smaller than unity.  

Figure 5.6 shows the microcanonical rate constants of reverse reaction of R6 

computed by QRRK theory with s being number of vibrational degrees of freedom 

(denoted as F), QRRK theory with s being half of vibrational degrees of freedom (i.e. 

F/2), and MS–µVT theory. Microcanonical rate constants computed by MS-µVT theory 

do not contain microcanonical tunneling correction; QRRK theory rate constants are 

calibrated by MS-CVT without canonical SCT tunneling. This figure is used to validate 

our calibrated QRRK method.  

For falloff calculations, microcanonical rate constants computed by QRRK theory 

are calibrated by MS-CVT with canonical SCT tunneling corrections. One does not have 

to compute microcanonically tunneling-corrected MS-µVT rate constants; QRRK rate 

constants calibrated by high-pressure-limit MS-CVT with canonical tunneling is a more 

efficient and simpler approach than microcanonical MS-µVT/SCT.  

Canonical VTST and microcanonical VTST are done in different ways: in canonical 

VTST, the generalized Gibbs free energy of activation is maximized; in microcanonical 

VTST, the number of states of the generalized transition state is minimized. Table 5.5 is 

only used to check if our computed MS-µVT microcanonical rate constants are in 

reasonable agreement with CVT values, and this is done by numerically integrating MS-

µVT k(E); the resulting difference between CVT and MS-µVT k(T) is tiny. At medium 

energy range (~10 to 50 kcal/mol), the microcanonical rate constants computed by QRRK 
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with s = F (calibrated by MS-CVT) matches very well with the computed kMS–µVT(E). 

Microcanonical rate constants at very high-energy range do not contribute significantly in 

the canonically averaged rate constants due to negligible populations of reactant at these 

energies.  

Table 5.5 shows canonical unimolecular rate constants for the reverse reaction of R6 

computed by MS-CVT/SCT and MS–µVT/SCT. The canonical rate constants computed 

by these two approaches are in excellent agreement for the studied cases. 

 

5.4.6 Pressure dependence 

The falloff effect of reaction Ri is characterized by the ratio of rate constant at 

pressure p to the high–pressure–limit rate constant, i.e., kstab(Ri)/k1(Ri); the overall falloff 

for addition reactions (reactions R5–R8) is represented by the ratio 

kstab(overall)/k1(overall), where “overall” means the summation from R5 to R8. Figure 5.7 

shows the falloff curves at various temperatures (K) for overall addition reactions at 

various pressures (bar) computed by QRRK theory and by MS–µVT theory. (Pressures up 

to about 100 bar are important for combustion, and even higher pressures are shown to 

illustrate the approach to the high-pressure limit.) At all temperatures, the falloff curves 

predicted by QRRK theory and MS–µVT theory are in excellent agreement. This result is 

very encouraging, which means that our way of doing QRRK calculations can not only 

provide an accurate description of falloff effects (compared with MS–µVT) but also is 
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simple enough so that the required input information is significantly small. This 

represents a breakthrough in using QRRK theory to predict falloff effects. Figure 5.8 

plotted the falloff and dissociation curves (kbenzene/k1) for reaction R5 at various pressures.  

The advantage of the current version of QRRK theory for estimating falloff curves is 

the input data required is substantially simplified, but the method is still able to give 

reasonable estimates for the falloff curves, especially around ignition temperatures. 

Previous study567 has shown that the differences between the simplified strong collision 

model and the master equation approach are very small (~20% error for CH3 + C2H4 

addition reaction), and the extent of error is insensitive to the pressure. Jasper, Miller and 

Klippenstein641 have run classical trajectory calculations for methane colliding with a 

variety of bath gas molecules, and concluded that Troe’s approximation for computing 

the collision efficiency is capable of providing reasonably accurate predictions. Golden 

and co–workers642 concluded that the classical RRK method with s = CV/R is adequate 

for predicting the unimolecular falloff to within a factor of 2 or 3 based on the 

comparisons between classical RRK and RRKM theories for a wide range of dissociation 

reactions. The current approach also allows for analyzing the falloff effects for much 

more complex reactions with a large number of possible reaction channels.  

Thus, for the purpose of efficiently estimating the falloff effects, the QRRK 

approach calibrated to MS-CVT/SCT (the approach used here) is one reasonable choice. 

An alternative would be to use MS-µVT/SCT; however, the formulation of MS- 
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µVT/SCT is significantly more complicated, and even MS- µVT without tunneling 

requires much more work than QRRK because the number of states and density of states 

are needed. In the present work we use MS- µVT without tunneling to validate QRRK, 

and then we use QRRK calibrated to MS-CVT/SCT, which does include tunneling. 

We found that the falloff effects are important at higher temperatures (> 800 K) and 

negligible in lower temperature ranges. This observation is consistent with previous 

studies567 for methyl radical recombination reactions and radical addition to unsaturated 

hydrocarbons. 

The present article removes the empiricism in the treatment of the energy-dependent 

reaction rate constants, but it still uses a simplified treatment of the energy transfer 

collisions. Recent progress643 in the treatment of energy transfer collisions could be 

combined with the approach used here to improve both aspects, but that is a separate 

issue, and it would increase the cost and computational effort considerably. 

A limitation of this approach for multi-reaction pathways from the same excited 

intermediate is that it does not allow for fast depletion of energy levels by low-barrier 

paths that would otherwise have been available to contribute to the slower high-barrier 

pathways. Master equation methods would be able to model this phenomenon. In the 

current system, every channel has a distinct barrier; for barrierless reactions (such as 

radical-radical association reactions), other theoretical methodologies (for instance, 

variable reaction coordinate variational transition state theory644) are needed for 
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computing high-pressure-limit rate constants, which is out of the scope of the current 

work. 

 

5.4.7 Comparison between experimental and computed rate constants 

Our computed high-pressure-limit rate constant for overall reaction (R1-R9) at 298 

K is 4.87×10-14 cm3 molecule-1 s-1, which agrees very well with Robb’s556 experimental 

value of 4.0×10-14 cm3 molecule-1 s-1. 

Our computed high-pressure-limit rate constant for summation of reactions R5–R8 at 

298 K is 4.6×10-14 cm3 molecule-1 s-1. We showed in the previous section that the pressure 

falloff effects for reaction R5–R8 at 298 K are negligible; in particular, log10[kstab(R5–

R8)/k1(R5–R8)] ranges from -1.8×10-9 to -1.6×10-3 in the pressure range of 103 to 10–3 

bar by MS–µVT theory. The experiments557 by Sauer and Ward led to a high-pressure-

limit rate constant for reactions R5–R8 at 298 K of 1.7×10-13 cm3 molecule-1 s-1 (with a 

stated uncertainty of ±20%), which is about a factor of 3.6 larger than our computed high-

pressure-limit value (4.6×10-14 cm3 molecule-1 s-1). They also concluded that within the 

experimental uncertainty, there is no pressure dependence of the overall rate constants, 

and this conclusion is consistent with our falloff calculations.  

Tsang558 measured k(R1-R4)/kmethane and kbenzene/kmethane, where kmethane is the rate 

constant for H + CH4  ® H2 + CH3 at 950–1100 K. We recomputed his k(R1-R4) and 

kbenzene by using the modern experimental values for kmethane reported by Sutherland et 
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al.645 The ratios of kmethane reported by Sutherland et al. to those used in Tsang’s work are 

0.65, 0.67 and 0.71 at 950, 1000 and 1100 K respectively; the final rate constants for 

k(R1-R4) and k(R9) measured by Tsang are multiplied by these three numbers at these 

temperatures in our comparison. The ratios of our computed k(R1-R4) to the resulting 

experimental values at 950, 1000 and 1100 K are 0.96, 1.5, and 1.4 respectively, which is 

excellent agreement. The ratios of the computed kbenzene using 2 atm of Ar as bath gas to 

the experimental reported values in Tsang’s work are 0.34, 0.37 and 0.46 at 950, 1000 

and 1100 K respectively, which is again reasonable agreement for absolute rate constants 

for such a difficult problem, both experimentally and theoretically. 

The experimentally determined rate constants of the bimolecular reaction R1 from 

Hippler et al.559 are shown in figure 5.4, which agree very well with our theoretically 

computed values.  

The rate constant of reaction R1 at 773 K measured by Ellis560 is (4.0±0.8)×10-13 cm3 

molecule-1 s-1; our computed rate constant of R1 at 773 K is 3.0×10-13 cm3 molecule-1 s-1, 

again showing good agreement. By using both experimental benzene yields and computer 

simulations, they estimated kbenzene = (4.4±0.6)×10-13 cm3 molecule-1 s-1, at 773 K for a 

500 torr mixture of H2, O2, and N2 as bath gas (the amount of each gas varies in different 

experimental runs). By using H2 as bath gas, our computed kbenzene at 773 K and 500 torr 

is 7.2×10-14 cm3 molecule-1 s-1.  

    Hanson561 measured the rate constant of bimolecular reaction R1 from 1256 to 1667 
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K. Figure 5.4 shows that our computed rate constant of R1 agree very well with their 

experimental values.  

5.4.8 Branching fractions 

Reaction R6 has the lowest barrier among all the reactions, while reaction R3 has the 

highest. Because hydrogen addition reactions have smaller barriers than hydrogen 

abstraction reactions and because the branching fractions for radical addition at various 

positions are not available experimentally, their calculation in the present study can be 

especially useful in guiding combustion mechanisms. The branching fraction of reaction 

Ri at temperature T and pressure p is computed as the ratio of the rate constant of Ri (with 

the reactions labeled as in Scheme 1) to the overall rate constant (R1–R9) at temperature 

T and pressure p. Branching fractions computed for reactions R1, R3, and R6–R8 (which 

are major contributors to the overall reactions) are plotted in Figure 5.9; the solid curves 

are MS-CVT results in the high pressure limit; the dashed curves are predictions by MS-

µVT at 1.0 bar.  

In the high-pressure-limit and at temperatures lower than 1000 K, hydrogen addition 

reactions R6 and R7 are the dominant reactions; this is consistent with what we show in 

Figure 5.3. The sum of the branching fractions of R6 and R7 gradually decreases from 

81% at 200 K to 57% at 1000 K and to 8.5 % at 3000 K.  

At 1.0 bar, the branching fractions of R6 and R7 decrease more rapidly from 800 K 

than the ones at high-pressure-limit. The maximum of the branching fraction of reaction 
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R1 in the high-pressure-limit is 13% at 1200 K. At a pressure of 1.0 bar, from 600 K on, 

the branching fraction of R1 rises more rapidly than in the high-pressure-limit, and it 

reaches its maximum of 20.4% at 1400 K, and then decreases more slowly than the one at 

high-pressure-limit. Branching fractions of reaction R3 increase more rapidly at 1.0 bar 

than in the high-pressure-limit; at 3000 K, R3’s branching fraction at 1.0 bar is 10.4% 

higher than the one in the high-pressure limit.  

Figure 5.10 shows the predicted branching fractions for reaction R3 (solid lines) and 

R6 (dashed lines) as functions of pressure (bar) at 800 K, 1400 K and 2000 K. Falloff 

effects are negligible at low temperatures (< 800 K), therefore the pressure–dependence 

of branching fractions at low temperatures is negligible.  

5.5 Summary and conclusions 

In the current work, high–pressure–limit rate constants and pressure-dependent rate 

constants have been calculated for both hydrogen abstraction and addition reactions of 

toluene reacting with hydrogen radical. Our computed rate constants agree very well with 

experimentally measured rate constants. We have compared several model chemistries for 

the energetics of toluene + H reactions, and possible sources of errors are analyzed. 

Multiple–structure and torsional anharmonicity effects on the density of rovibrational 

states have been discussed. In order to model the pressure falloff effects on the hydrogen 

addition reactions, a simple but reasonable and efficient model is proposed, which is 

based on chemical activation theory, modified strong collision theory, and our MS–
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CVT/SCT high–pressure–limit rate constants. In the chemical activation mechanism, we 

implemented two approaches to compute the microcanonical rate constant: quantum RRK 

theory and microcanonical variational transition state theory (MS-µVT). This allows the 

radical association to be treated conveniently at a level of dynamical theory consistent 

with the treatment of bimolecular atom transfer reactions. Our version of QRRK theory 

agrees excellently with MS–µVT theory in all temperature ranges.  

We found that the variational effect is important in computing the microcanonical 

rate constants, and thus it is necessary to include such effects in computing k(E). We have 

shown that the pressure falloff effects for the addition reactions at 298 K are negligible, 

which is consistent with our computed overall high-pressure-limit rate constant agreeing 

very well with the experimentally measured rate constant at 298 K and 6.8 torr. Our 

computed high-pressure-limit rate constants for the bimolecular reaction R1 agree very 

well with experimentally measured rate constants at various temperatures. The ratios of 

abstraction to addition reactions in the high-pressure-limit at various temperatures have 

also been calculated, and these ratios are experimentally hard to measure. Branching 

fractions for the H reaction with toluene are both temperature-dependent and pressure–

dependent.  
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Table 5.1 Harmonic vibrational zero-point energies and anharmonic vibrational 

zero-point energies (in kcal/mol) computed by HDCPVT2 method at 

MPW1K/MG3S level 

 

 Toluene TS1 TS2 TS3 TS4 TS5 TS6 TS7 TS8 

ZPE (Harmonic)a  82.26 80.77 80.89 80.78 80.80 83.57 83.23 83.17 83.18 

ZPE (Anharmonic)b  81.31 79.55 79.81 79.62 79.75 82.54 82.18 82.12 82.11 

λAnh c  0.988 0.985 0.987 0.986 0.987 0.988 0.987 0.987 0.987 

λZPE d  0.958 0.954 0.956 0.955 0.956 0.957 0.957 0.957 0.956 

a  ZPE are computed using harmonic-oscillator approximation without using any scaling 

factor 

b ZPE are computed based on HDCPVT2 theory, in which the vibrational anharmonicity 

has been taken into account 

c λAnh represents the correction solely for vibrational anharmonicity, at a given model 

chemistry; λAnh= ZPE (Anharmonic)/ ZPE (Harmonic) 

d λZPE is the scaling factor for improving the accuracy of computed ZPE, which corrects both 

vibrational anharmonicity and accuracy of electronic structure method; λZPE=λAnhλH, where λH 

only corrects the accuracy of electronic structure method and we considered its value are the 

same for all species (λH=0.969 for MPW1K/MG3S) 
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Table 5.2 MS–T anharmonicity factors for forward (fwd) and reverse (rev) 

reactions R1–R8 

T/K R1 R2 R3 R4 R5 

fwd rev fwd rev fwd rev fwd rev fwd rev 

300 2.51 0.97 1.44 1.04 0.87 1.50 0.98 1.04 2.81 3.30 

400 2.91 0.99 1.46 1.04 0.87 1.49 0.98 1.04 3.28 3.38 

600 3.65 1.02 1.48 1.04 0.86 1.49 0.98 1.04 4.00 3.41 

1000 4.91 1.05 1.51 1.04 0.87 1.48 0.98 1.04 4.90 3.23 

1500 6.02 1.03 1.52 1.03 0.86 1.48 0.98 1.05 5.48 2.93 

2400 7.28 0.95 1.53 1.03 0.87 1.49 0.98 1.04 6.03 2.47 

 

T/K R6 R7 R8 

 fwd rev fwd rev fwd rev 

300 5.26 2.03 3.20 6.79 1.52 0.59 

400 5.63 1.90 3.26 6.07 1.54 0.52 

600 6.08 1.70 3.31 5.11 1.55 0.43 

1000 6.52 1.41 3.38 4.02 1.57 0.34 

1500 6.76 1.18 3.40 3.28 1.58 0.28 

2400 6.94 0.93 3.43 2.53 1.59 0.21 

aAll results in this table are calculated by MPW1K/MG3S. 
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Table 5.3 Density of states (DOS) and sum of states (SOS) for TS6 by inverse 

Laplace transform (IL) 

 

E 

kcal/mol 

DOS/eV-1 

MS-QH(IL) 

DOS/eV-1 

MS-T(IL) 

SOS 

MS-QH(IL) 

SOS 

MS-T(IL) 

0.01 2.05×106 2.05×106 5.92×102 5.92×102 

1.00 1.12×108 1.35×108 1.52×106 1.82×106 

5.00 7.68×1010 8.20×1010 2.36×109 2.55×109 

10.00 1.68×1013 1.64×1013 7.24×1011 7.16×1011 

25.00 1.00×1018 8.34×1017 6.97×1016 5.87×1016 

50.00 1.78×1023 1.26×1023 1.85×1022 1.32×1022 

a  All results in this table are calculated by MPW1K/MG3S using the 

inverse Laplace transform algorithm. The energy E for this table is 

relative to zero-point energy of TS6 (which is 79.56 kcal/mol).  
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Table 5.4 Fitting parameters for MS–CVT/SCT high-pressure-limit rate constants 

at various temperatures (K) of forward reactions R1–R9 

 

       Forward reactions 

 ln A n T0 E 

R1 -29.610 2.88 180.77 2.610 

R2 -28.434 2.70 99.644 10.33 

R3 -20.746 1.10 -5.228 15.97 

R4 -25.997 1.82 -10.620 14.48 

R5 -26.651 1.19 -39.943 6.425 

R6 -25.821 1.24 -38.857 3.606 

R7 -26.028 1.29 -39.693 4.103 

R8 -26.736 1.50 -39.594 3.921 

Overall -29.021 3.71 57.022 1.162 

R9’ 28.136 1.18 133.416 19.061 
aRate constants are in the unit of cm3·molecule-1·s-1; the parameters T0 and E are in the 

unit of K, kcal/mol respectively; overall (R1–R8) rate constants for forward reactions are 

fitted with exothermic formula. 
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Table 5.5 Canonical high-pressure-limit unimolecular rate constants (s-1) for the 

reverse reaction of R6 computed by MS-CVT/SCT and MS–µVT/SCT at various 

temperatures (K). 

 

T/K kMS-CVT/SCT(T) kMS-µVT/SCT(T) T/K kMS-CVT/SCT(T) kMS-µVT/SCT(T) 

298.15 2.41×10-9 2.20×10-9 1000 1.06×107 1.05×107 

300 3.27×10-9 3.00×10-9 1200 1.43×108 1.42×108 

400 9.03×10-4 8.92×10-4 1400 9.21×108 9.21×108 

500 1.98 1.91 1500 1.92×109 1.92×109 

600 3.34×102 3.32×102 1800 1.09×1010 1.09×1010 

800 2.15×105 2.14×105 2000 2.55×1010 2.54×1010 

900 1.86×106 1.84×106 2400 9.15×1010 9.10×1010 
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Figure 5.1 MS–T density of states (DOS) of TS6 at various energies. 

 is the energy above the conventional TST threshold. 

 

 

 
Figure 5.2 Ratios of density of states (DOS) computed from MS–T and MS–QH 

partition functions, DOSMS–T/DOSMS–QH, at various energies. 

 is the energy above the conventional TST threshold. 
 

  

E+

E+
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Figure 5.3 Ratios of the sum of abstraction reaction rate constants (k1+ k2+ k3+ k4) to 

the sum of addition (methylcyclohexadienyl production) reaction rate constants (k5+ 

k6+ k7+ k8) at various temperatures at 0.1 bar, 1 bar, and the high-pressure limit. 

The right ordinate scale is for 0.1 and 1 bar; the left ordinate scale is for the high-

pressure limit.  
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Figure 5.4 MS–CVT/SCT rate constants (black line) and various experimental rate 

constants for R1 (hydrogen abstraction from the methyl group).  

 

 

Figure 5.5 Microcanonical variational transmission coefficients for reactions R5–R8 

at various total rovibrational energies (kcal/mol).  
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Figure 5.6 Microcanonical rate constants for reverse reaction of R6 computed by 

MS–µVT theory, by SS-QRRK theory with s being number of vibrational degrees of 

freedom (denoted as F, which is 42 in the present case) and by SS-QRRK theory 

with s = F/2.  

QRRK theory is calibrated by the high-pressure-limit MS-CVT rate constant 

without tunneling; the parameters A and E0 are the same for s=F and F/2 cases. 

Notice that although the validation (shown here) of SS-QRRK is done without 

tunneling, the parameterization of SS-QRRK does include tunneling, as explained in 

the text. 
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Figure 5.7 Falloff curves for overall addition reaction (sum of reactions R5–R8) 

computed by QRRK theory (dashed lines) and by MS-µVT theory (solid lines) at 

various pressures. 

 

 

Figure 5.8 Falloff curves (solid lines, X=stab) and dissociation curves (dashed lines, 

X=benzene) for reaction R5 computed by MS-µVT theory at various pressures 

(bar). 
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Figure 5.9 Branching fractions of reactions R1, R3, R6–R8 as functions of 

temperature as predicted by MS-CVT/SCT high-pressure-limit rate constants (solid 

lines) and by MS-µVT theory at 1.0 bar (dashed lines).  

The branching fraction of reaction Ri is computed as the ratio of rate constant of Ri 

to the overall rate constant (R1-R9).  
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Figure 5.10 Branching fractions of reactions R3 (solid lines) and R6 (dashed lines) 

as functions of pressure (bar) as predicted by MS-µVT theory at 800 K, 1400 K and 

2000 K.  
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Chapter 6. Predicting Pressure-dependent Unimolecular Rate Constants 
Using Variational Transition State Theory with Multidimensional 
Tunneling Combined with System-specific Quantum RRK theory: A 
Definitive Test for Fluoroform Dissociation 

 

6.1 Introduction 

Unimolecular reactions, including isomerizations (A � B) and dissociation 

reactions (A � B + C) are widespread in chemical kinetics. Predicting unimolecular 

rate constants as functions of temperature and pressure is a longstanding goal in kinetics 

modeling.646,647 Methods developed for this purpose can also be used for association 

reactions (B + C � A), whose theoretical treatment involves common elements. The 

present article presents the validation of a recently proposed theoretical method for this 

problem that is simplified enough to be practically useful for mechanistic studies where 

rate constants need to be evaluated for a many-reaction mechanism over a range of 

temperature and pressure. 

Transition state theory (TST)648 assumes that all the trajectories originating from the 

reactant region cross a reactant/product dividing surface in phase space only once, and 

thus all forward-crossing trajectories lead directly to products; thus the dividing surface is 

assumed to be a dynamical bottleneck. This is the non-recrossing assumption, and the 

conventional TST dividing surface passes through a saddle point on the potential energy 

surface; generalized transition states may be placed at other locations. In variational 

transition state theory (VTST),649,650,,651652 the location of the dividing surface is 

variationally optimized either to maximize the Gibbs free energy of activation in a 
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canonical ensemble or to minimize the number of states of the generalized transition state 

in a microcanonical ensemble, and therefore the non-recrossing assumption causes less 

error. VTST (including recent extensions such as multi-structural VTST653 and multi-

path VTST654,655,656,657) has been widely applied in many chemically important systems 

(the reader may consult reviews648,658,659 or representative 

applications653,654,655,656,657,660,661,662,663 for examples). However, in both TST and VTST, 

the phase points in the reactant region are assumed to be in thermal equilibrium, and 

consequently Liouville's theorem guarantees that the Boltzmann distribution is also 

satisfied in the generalized transition state and eventually the product region as time 

evolves. This local equilibrium assumption is generally valid in gas-phase bimolecular 

reactions,664 except for diatomic dissociation,665 because inelastic collisions of the 

reactants are efficient enough to repopulate their rovibrational states and maintain local 

equilibrium in phase space, and in liquid-phase reactions, but not in gas-phase 

unimolecular reactions. In the latter case, unless the pressure is extremely high, the 

rovibrationally excited states at not in local equilibrium, and the rate constants depend on 

pressure, falling off as the pressure is lowered and the reactive states are depleted faster 

than they can be repopulated. 

The reactive states of the unimolecular reactant can be populated by a chemical 

reaction or by thermal collisions; the former scenarios is called the chemical activation 

mechanism and the latter is called thermal activation or the Lindemann-Hinshelwood 

mechanism.666 In these mechanisms, only the rovibrational quantum states that are of the 

ground electronic state are populated; the atoms move on a single Born-Oppenheimer 

potential energy surface, and the whole chemical reaction is electronically adiabatic. In 
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the chemical activation mechanism, the rovibrationally excited unimolecular states 

(which are denoted as P*) are generated by reactive collisions between reactants A and B, 

and P* can either be de-energized to form the product P (the stabilized adduct) by 

inelastic collisions with bath gas molecules or undergo further dissociation or 

isomerization to form product P´. The low-pressure rate constant of the formation of P is 

lower than the high-pressure-limit, while the dissociation/isomerization reaction rate 

constant is larger than the high-pressure-limit. In the Lindemann–Hinshelwood 

mechanism, thermally activated unimolecular states A* of a reactant A are created by 

thermal collisions between the reactant A and bath gas M; then A* reacts to form the 

products. The high-pressure-limit unimolecular rate constants are higher than the rate 

constants at lower pressures. The pressure-dependence of the unimolecular rate constant 

is known as the “falloff” effect because of the decrease of the thermal rate constant as the 

pressure decreases.  

Modeling the falloff curves as functions of pressure p and temperature T has 

attracted considerable interest dating back to 1921.1,667668,669 A complete solution to the 

problem would require solving the time-dependent kinetics equations for all state 

concentrations as functions of time; this is called the master equation.659,670 A simpler 

approach is the strong collision approximation that an energized molecule is completely 

deactivated by every collision and therefore every reactive state is produced in a single 

step from a molecule in an unactivated state.669 The classic work of Troe671 provided a 

detailed analysis of energy transfer processes during the collisional activation and de-

activation, which he deduced based on approximate solutions to the master equation and 

from which he developed a modified strong collision model,672 which relates the 



 311 

collision efficiency with the amount of energy transferred and the energy dependence of 

the density of states. Jasper and co-workers673 carried out classical trajectory calculations 

for modeling the collisional energy transfer process and concluded that Troe’s modified 

strong collision model is a very good approximation to the real situation. In order to 

calculate the falloff curves, Troe and colleagues674 developed a central broadening factor 

(Fcent) based empirical method for computing the ratio of k(p; T) to the high-pressure-

limit value as a function of pressure, in which a number of parameters are required, and 

these parameters are either estimated empirically or fitted using the experimental data. 

This method has played an important role in interpolating or extrapolating limited 

experimental data points to a wider range of p and T.675  

 Attempts have been made to diminish empiricism for predicting falloff curves and 

to provide treatments simple enough for modeling reaction mechanisms of many-

component mixtures, such as involved in combustion. Whereas solving a one-

dimensional master equation is not a highly computationally demanding task, building 

the master equation involves providing microcanonical rate constants as input, and it 

could be very expensive to compute k(E) reliably. There are two aspects to nonempirical 

calculation of reliable rate constants: the level of dynamical theory employed and the 

potential energy surfaces on which that theory is based. The majority of applications of 

the master equation make the Rice–Ramsperger–Kassel assumption that the rate 

constants are functions of only the total energy (we call such rate constants 

microcanonical) and use conventional Rice–Ramsperger–Kassel-Marcus  (RRKM) 

theory676 as the dynamical theory; this is the same as conventional transition state theory 

for a unimolecular reaction,677 rather than microcanonical variational transition state 
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theory649 (µVT), but we note that the variational effect (which is a shorthand name for the 

difference of variational transition state theory from conventional transition state theory) 

is sometimes very important. Furthermore, the internal rotations are usually simply 

treated using 1D hindered rotors or even by the harmonic oscillator approximation, as 

contrasted to a more complete treatment678 of the contributions from multiple 

conformational structures. Also, the energy-resolved multidimensional tunneling is 

ignored in most treatments due to high computation cost. VTST, multidimensional 

tunneling calculations based on the directly calculated potential energy surface along the 

tunneling path, and multistructural treatments of torsions require more information about 

the potential energy surface than do conventional TST calculations, but in modern work 

canonical VTST can be carried out efficiently obtained by direct dynamics 

calculations653,654,655,656,657,660,662,678,679 with affordable, but reliable exchange-correlation 

density functionals680 to generate the input data. Microcanonical VTST calculations are 

also affordable but considerably more expensive, and so we would like to not require 

them for mechanism modeling. 

Influential work done by Dean, Westmoreland, Bozzelli, and coworkers681 

demonstrated the value of combining quantum Rice–Ramsperger–Kassel (QRRK) 

theory682 for microcanonical rate constants with the modified strong collision model. 

Although a master equation solver is widely implemented in many kinetics-modeling 

programs,683 Dean and Bozzelli showed that their QRRK approach could provide similar 

results with greater simplicity and lower cost and effort in generating the input data.684 In 

their earlier work, empirical methods, such as group additivity and Evans-Polanyi 

correlations, were used to estimate the Arrhenius pre-exponential factor A and 
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thermodynamic functions because of the lack of reliable first-principles data. Although 

these empirical methods are tremendously helpful for rapidly providing the necessary 

thermochemical kinetics information as input for mechanistic studies, the accuracy of the 

so-produced data are sometimes unreliable. For example, the thermodynamic functions 

estimated by single-structure-based group additivity method can deviate significantly 

from values measured experimentally or computed using high-level theory for highly 

branched molecules;685 and estimating the energies of activation as temperature 

independent or depending linearly on temperature is inadequate over a wide temperature 

range because the activation energy at low temperature could be very much lower than 

the one at high temperature.686 The early QRRK work now has led to more advanced 

work. In recent studies by Dean and Bozzelli and coworkers,687 the CBS-QB3 electronic 

structure method is used for computing electronic energetics, thermodynamic functions 

are computed using 1-D hindered rotor with torsional potential scanned using the B3LYP 

density functional, and conventional TST rate constants with one-dimensional tunneling 

are computed, fitted (assuming a linear temperature-dependence of Ea) and serve as high-

pressure-limit input for QRRK. Their work shows how one can diminish empiricism in 

fall-off calculations, and it motivated us to incorporate our own more complete high-

pressure-limit rate constants into this kind of treatment. 

Recently, we proposed the system-specific quantum RRK (SS-QRRK) method,688,689 

which retains the theoretical and computational simplicity of the original QRRK model, 

yet it is able to incorporate high-level electronic structure calculations into the potential 

energy surface and variational effects, multidimensional tunneling based on the directly 

calculated potential energy surface along the tunneling path, and torsional and other 
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vibrational anharmonicity into the dynamical theory. Our SS-QRRK rate constants are 

calibrated by full high-pressure-limit canonical VTST direct dynamics calculations, and 

(aside from estimating collision rates with widely available Lennard–Jones parameters) 

the only empirical parameter needed for predicting falloff curves is the average energy 

transferred. A key advantage is that the VTST calculations based on the most accurate 

available electronic structure methods for the potential energy surface are required only 

for canonical rate constants, with SS-QRRK theory serving as a way to generate the 

required microcanonical data from the canonical rate constants. 

In the present work, we tested our SS-QRRK method for the dissociation reaction of 

fluoroform (CHF3), whose dissociation products are difluoromethylene radical (CF2, with 

the electronic ground state being of 1A1 symmetry) and hydrogen fluoride (HF). 

Fluoroform is found in the atmosphere (where it is a greenhouse gas) as a consequence of 

its use for applications such as refrigeration, fire retardant, and plasma etching. Troe and 

coworkers690 pointed out that the decomposition of fluoroform is a unimolecular 

elimination without extraneous complications and that it can therefore serve as a test case 

for modeling the falloff behavior of a simple, rigid molecule. They noted that, whereas 

previous attempts to understand it, dating back 50 years,691 were unsuccessful or 

fragmentary, their new analysis “has brought about a complete consistency of 

measurements and modelling.”690 The reaction “therefore presents itself as an exemplary 

unimolecular thermal elimination reaction.” For this reason, and because of its simplicity 

and the availability of experimentally measured rate constants over a wide range of 

pressures and temperatures that are of interest in combustion chemistry, we believe it 

presents an ideal case to validate our new SS-QRRK approach. Troe and co-workers used 
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conventional TST to compute the high-pressure-limit rate constants, and they fitted the 

experimental falloff data with reduced falloff curves, in which a number of parameters 

are estimated empirically or fitted. We carried out direct dynamics variational transition 

state theory calculations with multidimensional tunneling based on the directly calculated 

potential energy surface along the tunneling path; and we use the so-obtained high-

pressure-limit data to calibrate SS-QRRK microcanonical rate constants. We will show 

that our computed falloff curves by the SS-QRRK approach is in excellent agreement 

with experimental results. 

 

6.2 Theoretical methods 

6.2.1 Choice of electronic structure method 

We use CCSD(T)-F12a, which is explicitly correlated coupled cluster theory with 

single and double excitations and a quasiperturbative treatment of connected triple 

excitations,692 with the jun-cc-pVTZ693 basis set to obtain reference values of the 

classical barrier heights and classical reaction energies. (“Classical" barrier heights and 

energies of reaction are differences in potential energy without considering zero-point 

energy, and reference values are highly accurate values used to validate more affordable 

levels of theory to be used for the dynamics calculations.) Single-point calculations were 

then carried out with various combinations of exchange-correlation density functionals 

and basis sets at geometries optimized by CCSD(T)-F12a/ jun-cc-pVTZ. These tests 

show that the M08-HX694/aug-cc-pVTZ695 method is very accurate; its mean unsigned 

error (MUE) for the classical forward barrier height, reverse barrier height, and energy of 

reaction is 0.15 kcal/mol. The reference values are respectively 77.75, 18.46, and 59.30 
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kcal/mol, and the M08-HX/aug-cc-pVTZ values are 77.93, 18.67, and 59.25 kcal/mol. 

Therefore, this method was chosen for the direct dynamics calculations. 

All the electronic structure calculations (except for the coupled cluster calculations, 

which are performed using Molpro696) are performed using the locally modified Gaussian 

09.697 Density functional calculations are computed with a numerical integration grid of 

99 radial shells and 974 angular points per shell. 

 

6.2.2 High-pressure-limit rate constants 

Canonical variational transition state theory (CVT) is used to determine the high-

pressure-limit thermal rate constant of the reaction CHF3�CF2 + HF. This reaction has 

significant hydrogenic motion in the reaction coordinate, and therefore tunneling is 

included in our calculations; in particular the small-curvature tunneling approximation698 

(SCT) is used for treating the underbarrier quantum mechanical tunneling and the 

overbarrier nonclassical reflection. The multidimensional SCT method incorporates the 

corner-cutting quantum centrifugal effect by using an effective mass that is dependent on 

the reaction-path-curvature, and it is based on the directly calculated potential energy 

surface along the tunneling path. Because the effective mass used in the imaginary action 

integral is less than the mass used to scale the coordinates, this is equivalent to shortening 

the tunneling path, and this increases the tunneling as compared to tunneling along the 

mass-scaled isoinertial minimum-energy path (MEP). The SCT tunneling approximation 

is a very well validated method that is applicable to large and complex systems,651,698,699 

and one of the strengths of the method employed here is that it allows one to include this 

accuracy in falloff calculations at an affordable cost, as discussed in Section 6.2.3. 

The MEP, with a scaling mass of 1 amu, was computed from -2.75 Å to +2.75 Å 
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with a step size of 1.06×10-3 Å by using the Page-McIver algorithm700 along with the 

reorientation of the dividing surface (RODS) algorithm701 for re-orienting the 

generalized-transition-state-theory dividing surface. The generalized normal mode 

analysis is carried out using non-redundant curvilinear coordinates;702 the Hessians are 

computed and diagonalized at every ninth step along the reaction coordinate. Vibrational 

anharmonicity is included along the reaction coordinate by scaling the generalized 

normal mode frequencies with a factor of 0.975.703 

The high-pressure rate constant is fitted to the following formula appropriate to an 

endothermic reaction:657 

   (302) 

where R is the ideal gas constant (1.9872 cal mol-1 K-1), and A (in s-1 for unimolecular 

reactions), E (in kcal/mol), T0 (in K), and n (dimensionless) are fitting parameters. 

Locally (i. e., in a small temperature range centered at temperature T) fitting the value and 

slope to an Arrhenius-like form . The Arrhenius 

activation energy is defined as: 

   (303) 

This gives the high-pressure local Arrhenius activation energy as  

   (304) 

and the high-pressure local Arrhenius pre-exponential factor as 

   (305) 
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We should not confuse  with the constant parameter A of Eq. (302). 

Direct dynamic calculations were performed with Polyrate704 interfaced with 

Gaussian 09 via Gaussrate.705 

 

6.2.3 Pressure-dependent rate constants 

    This section partially contains a brief review about the classic theories of 

unimolecular reactions because a review of the classical theory helps us make clear the 

connection between the way the old theory treats physical effects and the way the new 

theory does this; and we are able to clearly state the reasons for how and why we choose 

the physical parameters such as A and Ea that are used in SS-QRRK model.  

6.2.3.1 Energy-independent Lindemann theory 

Before we proceed to consider energy-resolved rate constants, we first examine the 

classical Lindemann mechanism667,675 for our studied reaction CHF3 � CF2 + HF: 

 

In the original Lindemann model, the rate constants are assumed to be temperature-

dependent and energy-independent. The thermal activation rate constant k1 is modeled as: 

 !" = $%&'(− *+
,-.

) (306) 

where E0 is the threshold energy, kB is Boltzmann’s constant, and Z is the bimolecular 

collision rate constant (in units of cm3 molecule-1 s-1) between the reactant CHF3 and the 

bath gas M: 

 $ = 0〈2345〉 (307) 

where  is the collision section between CHF3 and M, and  is the average 
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relative velocity. The rate constant  of the de-activation step is simply equal to Z, 

which assumes that every collision of the energized molecule CHF3* with M leads to de-

energization (this is the strong collision assumption). The dissociation rate constant k2 is 

simply the high-pressure-limit Arrhenius pre-exponential factor . Using the steady-

state approximation for CHF3*, the unimolecular dissociation rate constant  (which 

is defined as ) is: 

   (308) 

In the high-pressure-limit ([M] >> 1),  

   (309) 

and the unimolecular dissociation is a (pseudo-) first-order reaction; in the low-pressure-

limit ([M] ≈ 0), , and the dissociation reaction is of second order.  

 

6.2.3.2 Energy-dependent Lindemann–Hinshelwood theory 

Our approach goes beyond the original theory of section 6.2.3.1. It has been 

described in two previous papers688,689 but is summarized here in a form intended to make 

its connection to other work in the field clearer. 

In our approach,  is computed using CVT/SCT theory; and the threshold 

energy E0 of the unimolecular dissociation reaction (step 2) is set to be equal to the 

temperature-dependent high-pressure-limit Arrhenius activation energy  

computed as described in Section 6.2.2. The value of  is now temperature-

dependent and we shall call it the frequency factor when it is used in SS-QRRK theory 

(see below). 
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The energization and dissociation rate constants are treated as energy-dependent 

using SS-QRRK theory, and the collisional de-energization rate constant is computed 

based on modified strong collision model, which are discussed next. In particular, we 

consider the following thermal activation mechanism: 

 

Step 1 is the thermal activation step, in which the thermally equilibrated fluoroform 

molecules (denoted as CHF3(T) in the mechanism) at temperature T collide with bath gas 

M to produce the rovibrationally excited reactant  with total rovibrational 

energy E randomized among all modes. The rate constant of thermal activation k1 is a 

function of energy E and is parametrically dependent on T. The de-activation collisional 

rate constant kc is assumed to be temperature-dependent as in Lindemann–Hinshelwood 

theory; it is computed as  

   (310) 

where Z is the Lennard-Jones collision rate constant, and βc is the collision efficiency 

discussed in section 6.2.3.3. 

To model k1(E; T) and k2(E), we use single-frequency quantum RRK theory 

(QRRK), in which rotation is not treated explicitly, and the molecule consists of s 

identical oscillators with vibrational frequency , where we express  in wave 

numbers (cm-1). In practice, we set s equal to number of vibrational degree of freedom 

(for CHF3, s is 9), and  is chosen to be the reactant geometric mean frequency (for 

CHF3, =1036.69 cm-1, which is computed by M08-HX/aug-cc-pVTZ). In the QRRK 

model of the microcanonical rate constant at energy E equal to nhc , (where h is 

Step 1: CHF3(T )+ M
k1(E; T )

kc(T )
⎯ →⎯⎯⎯← ⎯⎯⎯⎯ CHF3

∗(E)+ M          

Step 2: CHF3
∗(E) k2(E)⎯ →⎯⎯ CF2 + HF                            

CHF3
*(E)

kc T( ) = Zβc

ν ν

ν

ν

ν
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Planck's constant, and c is the speed of light,) a unimolecular reaction happens when a 

specific vibrational mode associated with the reaction coordinate possesses a critical 

energy (or threshold energy) E0 equal to mhc . Note that n and m are not usually 

integers.  

First consider k1(E;T). The equilibrium constant for step 1 is the fraction of the 

molecules with n quanta of excitation, which is 

   (311) 

The equilibrium constant equals the ratio of forward to reverse rates: 

   (312) 

Substituting Eq. (311) into Eq. (312) and solving for the forward rate yields 

. 

Next consider the QRRK rate constant k2(E); this is equal to the frequency factor 

times the fraction of molecules with at least m quanta in one chosen mode, and for a 

quantum mechanical oscillator with s identical frequencies  and temperature T, this is 

given by675,706  

   (313) 

In SS-QRRK, we set the frequency factor  equal to  given by Eq. 

(305), and we set the threshold energy equal to the high-pressure local Arrhenius 

activation energy given by Eq. (304), which yields 

   (314) 

The analog of Eq. (308) is  

ν

KQRRK(n,T ) = exp(−nhcν
kBT

)[1− exp(−hcν
kBT

)]s (n+ s−1)!
n!(s−1)!

KQRRK(n,T ) = k1
QRRK(E = nhcν ;T ) / kc(T )

k1
QRRK(E;T )

ν

k2
QRRK(E = nhcν ) = AQRRK n!(n −m + s −1)!

(n −m)!(n + s −1)!

AQRRK Auni
∞ (T )

m = Ea
CVT/SCT(T ) / hcν
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   (315) 

where  is obtained by eq. (310),  is obtained by Eqs. (311) and 

(312), and ) is from eq. (313). 

   Now, it can be shown why we choose the frequency factor and threshold energy 

by Eqs. (304) and (305). In the high-pressure-limit, Eq. (315) reduces to: 

   (316) 

and, by carrying out the summations, Eq. (309) is obtained. The high-pressure-limit 

canonical rate constants computed by SS-QRRK theory are therefore same as the ones 

determined by CVT/SCT theory. Therefore our SS-QRRK microcanonical rate constant 

formalism can build in variational effects, multidimensional tunneling based on the 

directly calculated potential energy surface along the tunneling path, and vibrational and 

torsional anharmonicity with approximately the same computational effort that CVT/SCT 

allows one to include them efficiently in the high-pressure limit (although in the present 

case, multi-structural and torsional-potential anharmonicity are not needed.)  

The variational effect can be very important in the computation of k(E), and ignoring 

it can be a significant source of error.688 The ability of the new method to incorporate 

variational effects in k(E) has been validated in our previous work688 by comparison to 

full microcanonical variational transition state theory calculations. To compute the 

energy-resolved quantum tunneling would involve using Eq. 32 of ref. 688, and this 

would be very time consuming if based on the directly calculated potential energy surface 

kuni(T , p) =
k1
QRRK(E = nhcν ;T )[M]

1+ kc(T )[M ]
k2
QRRK(E = nhcν )

n=m

+∞
∑

kc T( ) k1
QRRK(E;T )

k2
QRRK(E

kuni(T , p) =
k1(E = nhcν ;T )k2(E = nhcν )

kc(T )n=m

+∞
∑
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along the tunneling path. The variational effect, multidimensional tunneling, and multi-

structural torsional anharmonicity (MS-T) are usually ignored in current practice for 

falloff effects, but the present formalism allows their incorporation in falloff calculations 

with approximately the same affordable effort as is required for the canonical-ensemble 

high-pressure limit.  

 

6.2.3.3 Parameters used in collisional energization/de-energization 

The Lennard-Jones parameters needed to calculate Z in Eq. (310) are taken as  

and σ equal to 114 K and 3.47 Å for Ar and as 268 K and 4.04 Å for CHF3.707 

At high temperatures, the collision efficiency can be much smaller than unity, which 

means that only a small fraction of collisions lead to fully de-activated CHF3. The 

collision efficiency βc is computed using Troe’s modified strong collision model:672 

   (317) 

where FE is the thermal population of unimolecular states above the threshold energy of 

the reactant normalized by a density of states factor at the threshold energy, and  is 

the averaged energy transferred per collision during both activation and de-activation 

processes. We use  equal to 58 cm-1 as determined by Troe and coworkers690 for 

the reaction studied here. The sensitivity to the value of the energy transfer parameter is 

tested and discussed in Section 6.3.  

 In this work, Whitten–Rabinovitch approximation672 is used to compute FE. Notice 

that in our approach, the threshold energy used in Whitten–Rabinovitch approximation is 

not zero-point inclusive barrier height; instead, for consistency with the SS-QRRK 

treatment, we use the temperature-dependent CVT/SCT activation energy  

ε / kB

βc
1− βc

1/2 =
ΔE

FEkBT

ΔE

ΔE

  Ea
CVT/SCT(T )
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as the threshold energy. Our computed FE values at 298 K, 600 K, 800 K, 1000 K, 1600 

K, and 2000 K are 1.060, 1.118, 1.162, 1.210, 1.365 and 1.477 respectively; the 

corresponding collision efficiency βc at these temperatures are 0.159, 8.76×10-2, 6.66×10-

2, 5.31×10-2, 3.14×10-2, and 2.39×10-2. If the zero-point-included barrier had been used as 

threshold energy, the computed FE values at 298 K, 600 K, 800 K, 1000 K, 1600 K, and 

2000 K would have been 1.056, 1.119, 1.164, 1.212, 1.378 and 1.510 respectively; we do 

not use these FE values in the paper, but we present them simply to show that the results 

in the present case are not sensitive to the choice of threshold energy in the FE 

calculation. 

The single-structure Whitten-Rabinovitch approximation does not account for 

multistructural anharmonicity. This is not an issue in the present case, but when multi-

structural torsional-potential anharmonicity (MS-T)678 is important, FE will be computed 

using Troe’s definition:671 

   (318) 

where the rovibrational density of states are computed by inverse Laplace transform of 

the MS-T conformational-rovibrational partition function.  

The collision efficiency can also be estimated as:708 

   (319) 

where  is the averaged energy transferred for only the de-activation process. 

Both Eq. (317) and Eq. (319) involve the assumption that the probability of energy 

transfer obeys the exponential-down model. We use Eq. (317) rather than Eq. (319) for 

FE =

ρ(E)e−E /kBT dE
E0

+∞

∫

kBTρ(E0 )e
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ΔE down
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computing collision efficiency in the current work.  

 

6.3 Results and discussion 

6.3.1 Structure and energetics 

We computed T1 diagnostic709 values by CCSD(T)-F12a/jun-cc-pVTZ level for 

CHF3, CF2, HF, and the transition state structure and obtained respectively 0.0112, 

0.0164, 0.0084, and 0.0195, all of which are smaller than 0.02, which is the suggested710 

criterion for closed-shell species having multireference character. Therefore, we 

concluded that our studied reaction CHF3�CF2+HF does not involve significant 

multireference character, and the energetics can be reliably computed using single-

reference methods, such as Kohn-Sham density functional theory and coupled cluster 

theory. 

Both experimental and theoretical studies have confirmed that the electronic ground 

state of CF2 radical is 1A1.711 Our M08-HX/aug-cc-pVTZ calculation shows that the CF2 

3B1 state is 2.39 eV energetically higher than its 1A1 state; this is in good agreement with 

the experimentally determined adiabatic excitation energy 2.46 eV.712  

Absorption and microwave spectroscopy studies713 have revealed the equilibrium 

geometry of ground state CF2 to have RC-F = 1.300 Å and θ(F-C-F) = 104.94°. Our 

coupled cluster calculation gives RC-F = 1.300 Å and θ(F-C-F) = 104.8°; and our M08-

HX/aug-cc-pVTZ calculation gives RC-F = 1.300 Å and θ(F-C-F) = 104.4°. Thus our 

calculated reactant geometries are quite accurate. 

The dissociation of CHF3 is an endothermic reaction; the ZPE-inclusive energy of 

reaction as computed by M08-HX/aug-cc-pVTZ, CCSD(T)-F12a/jun-cc-pVTZ, CBS-
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QB3,714 and G4,715 is, respectively, 53.7, 53.3, 54.1, and 52.8 kcal/mol. The ZPE-

inclusive forward barrier heights computed at these levels are respectively 73.6, 73.1, 

74.5 and 73.1 kcal/mol. Thus M08-HX/aug-cc-pVTZ appears to be more accurate than 

CBS-QB3; and it has similar accuracy as G4, but M08-HX is computationally much less 

expensive than G4. 

 

6.3.2 High-pressure-limit rate constants, variational effect and tunneling 

CVT/SCT computed high-pressure-limit unimolecular dissociation rate constants (s-

1) are fitted and the fitting yields A = 3.020 ´ 109 s-1, n = 4.231, E = 54.7658 kcal/mol, 

and  = 129.465 K.  

Figure 6.1 shows the canonical variational recrossing transmission coefficients (i.e., 

the ratios of the CVT rate constant to the conventional TST ones) and the small-curvature 

tunneling transmission coefficients at various temperatures.  

From 300 K to 900 K, the variational transmission coefficients are larger than 0.96 

and hence, the canonical variational effect is not important at these temperatures; for 

temperatures higher than 900 K, the variational transmission coefficients decreases from 

0.97 at 900 K to 0.88 at 2400 K. Figure 6.2 shows the vibrationally adiabatic ground-state 

potential energy  (which is the sum, along the MEP, of the electronic potential 

energy and the zero-point vibrational energies of all the modes that are orthogonal to the 

reaction coordinate) along the minimum energy path (MEP), plotted with two key 

distances RC-H and RF-H (Å). At 300 K to 900 K, the variational transition state is very 

close to the saddle point; the location of the variational transition state at 300 K, 400 K, 

600 K and 800 K are 0.025, 0.029, 0.037 and 0.045 Å away from the saddle point (in 

isoinertial coordinates651 scaled to 1 amu). As temperature increases, the variational 

T0

Va
G
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transition state moves away from the conventional transition state; at 2400 K, the 

canonical variational transition state is 0.091 Å away from the conventional transition 

state.  

The dissociation reaction of CHF3 is a hydrogen-transfer reaction; therefore 

quantum mechanical tunneling plays an important role. At 298 K, the small-curvature 

tunneling (SCT) accelerates the reaction rate by a factor of 21.7; at 550 K this has 

decreased to a factor of 1.9, and by 900 K it has decreased almost to 1.2. If reaction-path 

curvature had been ignored in computing the tunneling transmission coefficients, the 

tunneling effect would have been greatly underestimated. For example, at 200 K, the 

tunneling transmission coefficient would have been only 8.7. (The Wigner 

approximation716 for the tunneling transmission coefficient is even less accurate, giving a 

transmission coefficient that is 7 times smaller than the SCT tunneling transmission 

coefficient at 298 K).  

 

6.3.3 Pressure-dependence of dissociation rate constants 

Pressure-dependent unimolecular dissociation rate constants k(p) were computed 

using the SS-QRRK method calibrated with the high-pressure-limit CVT/SCT rate 

constants and using an average energy transfer parameter of 58 cm-1. Figure 6.3 shows 

the unimolecular dissociation rate constants (in the unit of s-1) computed at high-pressure-

limit, at 1.0 bar, at 0.1 bar and at 0.001 bar at various temperatures. The figure shows a 

significant falloff effect at high temperature and low pressure. Figure 6.4 shows the 

predicted falloff curves at various temperatures from 10-3 bar to 103 bar. At 298 K, the 

unimolecular rate constants are essentially pressure-independent; the value of 

log10[k(p)/k(∞)] varies from -2.65×10-3 at 103 bar to -6.89×10-3 at 10-3 bar. However, at 
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temperatures of 600 K and higher, falloff of the unimolecular rate constants is important. 

At 2400 K, dissociation rate constants at 103, 1.0, and 10-3 bar are decreased from the 

high-pressure-limit values by a factor of 8.87×10-2, 3.46×10-4, and 3.59×10-7 respectively. 

We compared our computed unimolecular rate constants with 34 experimentally 

measured data from 1490 K to 1960 K, with pressures ranging from 2.12 bar to 18.04 bar. 

With =58 cm-1, the average ratio of computed to experimental rate constants is 

0.76, with a standard deviation of 0.20. This excellent agreement indicates that our SS-

QRRK methodology is a simple yet accurate way for predicting falloff behaviors, and 

this is the central result of the present paper. 

The uncertainty of  in real applications could be quite large because of the 

lack of available experimental values. In principle, trajectory calculations could be 

carried out to determine , but it is not clear if readily available approximations to 

the potential energy surface would be accurate enough to yield reliable values. In 

practice,  values from similar systems, when available, are often used in modeling 

falloff. In fact there are three kinds of errors in the energy transfer. First, we do not know 

the mean value of . Second, even if we knew it at one temperature, the true value 

should be temperature dependent, even though most treatments used in combustion 

modeling treat it as temperature independent or energy independent. Third, even if we 

knew the correct value as a function of temperature, we would have errors from the 

assumption of the exponential-down model rather than using a full set of state-to-state 

vibrational-rotational energy transfer rates,717 not just a single average . In the 

combustion community, the  value is often treated as a fitting parameter that is 

fitted to limited experimental data; alternatively,  is adopted from other “similar” 
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systems to approximately model the current system of interest.  

Because of these uncertainties in the one empirical parameter needed in our 

treatment, and in order to test the sensitivity of this parameter and try to rationalize the 

possible reliability of the falloff calculations given the uncertainty of  people used 

in the literature, we tested the sensitivity of to the value of  used in our falloff 

calculations. Figure 6.5 shows a scatter plot for the distribution of kcalc/kexptl at 34 data 

points, with different energy transfer parameter being used. For =29, 58, 116, 232, 

and 464 cm-1, the average ratio of computed to experimental rate constants over 34 data 

points are 0.47, 0.76, 1.17, 1.72 and 2.41. In thermal activation mechanism, increasing 

the energy transfer parameter produces activated states more rapidly; therefore, the 

predicted unimolecular rate constants are larger and the falloff effect is smaller.  

At very low pressures, the rate constant, now bimolecular, increases with the 

magnitude of the average energy transfer, but more slowly than linearly. At the higher 

pressures of Figure 6.5, a factor of 5 difference is observed in the unimolecular rate 

constant when  ranges over a factor of 16 (from half the value (58 cm-1) of Troe 

and coworkers to eight times their value). On one hand, the sensitivity to  is quite 

small; on the other hand, our deviation from experimental values is smaller than the 

sensitivity to the  parameter. Our simpler treatment works well and allows one to 

avoid a more expensive master equation treatment. Note that a falloff calculation also 

requires the user to provide the energy transfer parameter in the input; if the error in using 

the SS-QRRK method is smaller than the error due to the uncertainty in the energy 

transfer parameter, there is no solid motivation for making the treatment more laborious. 

However, we did not at all mean that the MS should be abandoned or avoided for treating 
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reaction networks; our approach is an alternative way and computationally less expensive 

way, since E-dependent variational rate constant and microcanonical tunneling are not 

needed. Notice that, in the current MS solvers, the microcanonical variational effects and 

energy-resolved tunneling are generally not included; and the thermally averaged 

quantum tunneling are treated using Eckart or Wigner models, which are not as accurate 

as SCT approximation. 

 

6.3.4 Activation energies 

   Arrhenius activation energies in the high-pressure-limit and at 100 bars, 10 bars, 

1.0 bars and 0.01 bars are plotted in Figure 6.6. In the high-pressure-limit, activation 

energy increases monotonically as temperature increases; the activation energy at 298 K 

is 12.7 kcal/mol smaller than the one at 2400 K; however, at lower pressures, figure 6.6 

shows non-monotonic behavior. At lower pressures and temperatures higher than 600 K, 

the activation energies decrease as pressure decreases; and higher the temperature, the 

more significant amount of the Ea decreases. This is consistent with what we showed in 

Figure 6.3; the magnitude of the curvature of ln k vs. 1/T curve (which is equal to, from 

the definition of Ea, the Arrhenius activation energy Ea multiplied by –1/R) decreases at 

higher temperatures and lower pressures. At temperatures lower than 600 K, the 

activation energy at 1.0 bars increases with the same trend as the one for the high-

pressure-limit; the falloff effect is negligible at temperatures lower than 400 K. Then, as 

temperature increases, the activation energy starts decreasing, from 72.8 kcal/mol at 600 

K to 40.4 kcal/mol at 2400 K; at 2400 K, the activation energy in the high-pressure-limit 

is 40.0 kcal/mol higher than the one at 1.0 bar. 

Figure 6.7 shows the calculated Arrhenius activation energies in the high-pressure-
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limit, both with (green curve) and without (red curve) SCT tunneling; and it also shows 

the activation energies at 1.0 bar computed using SS-QRRK calibrated by CVT/SCT rate 

constants (blue line) and calibrated by high-pressure-limit CVT (without SCT) rate 

constants (orange line). The SS-QRRK method effectively includes the SCT tunneling 

into the microcanonical rate constants while avoiding the high computational cost of 

calculating energy-resolved microcanonical tunneling because SCT is only calculated 

rigorously for canonical ensembles in the high-pressure-limit. Quantum mechanical 

tunneling effectively lowers the activation energy, which is noticeable at low 

temperatures; at high temperatures, Ea computed by CVT/SCT and by CVT are very 

similar. At 1.0 bar, the maximum of the Ea curves arises from the balance between 

temperature-dependence of the high-pressure-limit activation energy (Ea increases as T 

increases) and the fall-off effects (Ea decreases as T increases).  

 

6.4 Summary 

   In the current work, we applied the system-specific quantum RRK theory combined 

with Lindemann–Hinshelwood thermal activation mechanism to study the kinetics of 

dissociation reaction CHF3 � CF2 + HF, which is taken as a well understood reference 

case for validating the relatively new approach. The high-pressure-limit rate constants are 

computed using canonical variational transition state theory with the small-curvature 

tunneling approximation based on the directly calculated potential energy surface along 
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the tunneling path. The predicted falloff curves and pressure-dependent unimolecular rate 

constants agree very well with experimentally measured values.  
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Figure 6.1 Canonical variational transmission coefficients  (blue curve) 

and small-curvature tunneling transmission coefficients  (red curve) at 

various temperatures (K); the left ordinate scale is for , and the right 

ordinate is for .  
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Figure 6.2 Vibrationally adiabatic ground-state potential energy (kcal/mol) along 

the minimum energy path (MEP), depicted with distances of RC-H and RF-H (Å).  

 

  



 335 

 

 

 

 

Figure 6.3 Computed unimolecular dissociation reaction rate constants (s-1) at 

various temperatures (K) at high-pressure-limit, 1.0 bar, 0.1 bar and 0.001 bar.  
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Figure 6.4 Computed falloff curves at various temperatures (K) with average energy 

transfer parameter being 58 cm-1.  
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Figure 6.5 A scatter plot for the distribution of kcalc/kexptl at 34 data points, with 

different energy transfer parameter being used.  
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Figure 6.6 Calculated Arrhenius activation energies (kcal/mol) at high-pressure-

limit (infinity), 100 bar, 10 bar, 1.0 bar, and 0.01 bar at various temperatures (K).  
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Figure 6.7 Calculated Arrhenius activation energies (in kcal/mol) at high-pressure-

limit, with (green curve) and without (red curve) SCT tunneling; and the activation 

energies at 1 bar computed using SS-QRRK calibrated by CVT/SCT rate constants 

(blue line) CVT (without SCT) rate constants (orange line).  
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Chapter 7. Dual-level Method for Estimating Multi-structural Partition 
Functions with Torsional Anharmonicity 

 

7.1 Introduction 

One of the objectives of statistical thermodynamics is providing thermodynamic 

functions for chemical systems, especially for cases where it is hard to measure them, for 

example, because the species is an intermediate (such as short-lived radicals in 

combustion and atmosphere) or a transition state. All thermodynamic functions are 

derivable from the partition function, and therefore that is the main objective. With the 

great progress made in the development of Kohn-Sham density functionals718,719 and 

composite electronic structure theory methods720,721,722,723,724,725,726,727,728,729,730,731,732,733,734 

in recent years, energetics of specific structures can be computed with chemical accuracy 

for majority of the main-group chemistry. With a reasonably accurate electronic structure 

method in hand, statistical thermodynamics plays an indispensable role in connecting the 

microscopic quantum mechanical molecular properties with macroscopic thermodynamic 

properties via partition functions. In computational kinetics, partition functions are 

conventionally computed by using a rigid-rotor harmonic-oscillator model that has a 

single global-minimum structure (or, in the case of a transition state structure, 

corresponds to the lowest-energy saddle point). The vibrational anharmonicity are 

ignored in this common model. However, for systems with multiple torsions, 
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anharmonicity effects can significantly affect the molecular partition functions (and 

hence the computed rate constants), especially at high temperatures, and therefore it is 

important to estimate these anharmonic 

effects.735,736,737,738,739,740,741,742,743,744,745,746,747,748,749,750,751,752,753,754 

We divide torsional anharmonicity effects into two types: the existence of multiple 

structures (this is an anharmonic effect since a harmonic oscillator has only one minimum 

in its potential) and the deviation of the potential from quadratic in the vicinity of a given 

minimum; the latter effect is called torsional potential anharmonicity. For a single torsion, 

one may employ a variety of simple models to estimate the anharmonic effects,755,756 but 

when there are multiple torsions, as in long chain molecules, they tend to be strongly 

coupled, and a coupled treatment is required. We recently developed the multi-structural 

method with torsional anharmonicity757,758,759 (MS-T), and it has been widely applied in 

calculating partition functions for a variety of 

systems.735,736,737,744,745,746,747,750,751,753,754,760,761,762,763,764,765  

We will use the term “configuration” for initial guesses of conformational structures. 

The first step of an MS-T calculation is to carry out an exhaustive conformational search, 

in which a number of initial configurations that are generated by rotating the torsional 

bonds are optimized by some electronic structure theory method; if a molecule has t 

torsions that generate distinguishable structures, and if we rotate each of these torsions to 

three positions (say 0, 120 and -120 degrees), then there will be 3t initial configurations 
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for initial screening; and this can be a large number (for example, 243 structures for t = 5, 

6,561 structures for t = 8, and 14,348,907 structures for t = 15). One of the advantages of 

MS-T method for computing torsional anharmonicity is that this method only requires the 

information at the local minima (or saddle points for a transition state) of the torsional 

potential energy surface, without the need for optimizing the torsional saddle points or 

even for scanning each torsional degree of freedom. Nevertheless, if this exhaustive 

conformational search is done by hybrid density functionals (for instance, the M08-HX 

functional,766 which has been shown very good performance for computing 

thermochemical properties767 of main-group species), the computations can become 

expensive, especially because frequency calculations are required for all of the 

distinguishable conformational structures. If one wishes to use methods that are even 

more expensive than DFT, the cost becomes even higher, but even when using DFT, it 

can be unaffordable. Therefore, there is considerable motivation for examining methods 

that do not require a full high-level structure search.768,769 

The number of torsions in the molecules in biodiesel fuel molecules,770 fatty 

acids,771 and fatty acid esters772 can exceed 15, and the number of torsions in the 

intermediates and transition state structures formed during various elementary reactions 

can be even larger even larger. One strategy is to use a low-level method to do the 

conformational search, and then do high-level optimizations and frequency calculations 

only for the distinguishable conformers found in the low-level search.  But even this 
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could be unaffordable. Therefore, we decided to try to develop an efficient way to 

combine electronic structure information computed by low-level and higher-level method 

that can provide reasonable accuracy for computing the MS-T partition function; this is 

our goal in the present paper.  

If one is only interested in equilibrium structures of stable molecules, one could 

probably use molecular mechanics as the low-level method, and in fact that might even 

be more accurate than using semiempirical molecular orbital theory, but we are also 

interested in reactive intermediates and transition states, so for the current test case, we 

use semiempirical molecular orbital theory and we test the method on a transition state. 

In particular we chose the AM1 semiempirical molecular orbital method773 as the low-

level method, but the user has flexibility to choose other methods that may be expected to 

be more reliable for the case at hand. We will use the M08-HX density functional for the 

higher level. 

 

7.2 Overview of the theory and calculations 

In general, when we say that a structure is optimized, we refer to minimizing the 

gradient of the Born–Oppenheimer energy (electronic energy including nuclear repulsion) 

with respect to its spatial coordinates; and in such optimizations, both local minima (for 

reactants or products) and saddle points (for transition state structures, also called 

transition structures) may be obtained. The dual-level strategy presented in the present 
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article is applicable to both minima and transition states, but our main test in the present 

paper are for a multi-structural transition state. Therefore, in this test, we are only 

concerned with first-order saddle points for a chemical reaction (not local minima, not 

higher-order saddle points, and not saddle points for conformational transitions). 

Therefore, in this test, for all the optimized structures, we confirmed that there is only one 

imaginary frequency and that the imaginary-frequency normal mode connects the 

reactants and products; this is ensured by a combination of checking the values of the 

imaginary frequencies and, in some cases, visualizing the structures and the vibrational 

motion of the imaginary normal mode. Later in the paper we also consider a reaction rate 

where we must also consider the reactant. When one applies the method to reactants 

rather than transition states, similar tests are used to be sure that there are no imaginary 

frequencies and that the structure is indeed a reactant structure.  

We first select a low-level and a high-level electronic structure method, and we 

optimize a set of reasonable starting guesses (called configurations) by the low-level 

theory. We then denote the total number of distinguishable structures found by the low-

level method as ; we arrange the distinguishable structures in order of increasing 

energy, we calculate a low-level Hessian for all of them, and we re-optimize N of them by 

the high-level method. We then arrange the distinguishable high-level structures in order 

of increasing energy, and we calculate their high-level Hessians.  

The number of selected low-level conformers is N (i.e., the N lowest-energy 

Nlow
total
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conformer are picked), and the number of distinguishable conformers found by re-

optimization with the higher-level theory is . Note that  because one could 

lose structures by re-optimization with the higher-level theory; this can be caused either 

by the re-optimized structure being a redundant conformer (i.e., two or more different 

conformers of the low-level theory become the same conformer with the higher-level 

theory), or re-optimizing the structure at higher-level leads to an incorrect structure (for 

instance, some of the structures optimized at the low-level are transition structures that 

connect the desired reactant and product at the low level, but after high-level optimization 

they are not single-imaginary-frequency transition structures for the reaction under 

consideration). 

The dual-level MS-T partition function is computed as: 

   (320) 

where i and j are respectively the indexes of distinguishable conformers at the low and 

high level (with the latter being re-optimized from the N lowest-energy low-level 

distinguishable structures); i = 1 is the lowest-energy conformer in the set of  

low-level theory conformers, and j = 1 is the lowest-energy conformer in the set of  

higher-level conformers. Note that the two sums in eq (320) are not independent 

because each of the local periodicities that appear in the individual partition functions of 

the MS-T method depend on the full set of  structures. 

′N ′N ≤ N
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Nlow
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ʹN
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Nlow
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The single-structure rotational-vibrational torsional partition function  for 

structure i at the low level is 

   (321) 

and, similarly, for structure j at the high-level theory it is 

   (322) 

where kB is Boltzmann's constant, T is temperature,  is the rotational partition 

function for structure k,
 

 is the quasi-harmonic vibrational partition function (where 

“quasi-harmonic” denotes that one uses the harmonic formulas with computed 

frequencies scaled by a factor774 that accounts for systemic errors in the electronic 

structure calculations of harmonic frequencies and for vibrational anharmonicity775), t is 

the total number of torsional degrees of freedom, and  accounts for the torsional 

potential anharmonicity of each coupled torsion τ, where torsions are described by 

internal coordinates (in particular, by dihedral angles, not by normal-mode coordinates). 

For most purposes, since the rotational characteristic temperature for a polyatomic 

molecule is very low, it is sufficient to approximate  classically. 

First, we discuss the computation of the relative Born-Oppenheimer electronic 

potential energy for conformers i and j when we compute the former by low-level theory 

and the latter by high-level theory, since we must merge the two sets of conformers in a 

single summation of Boltzmann factors. In order to merge the two sets of energies, the 
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relative energies are computed as: 

   (323) 

   (324) 

where  is the absolute electronic energy of the lowest-energy structure at the 

higher level,  is the absolute electronic energy of structure j computed at the 

higher level;  is the absolute electronic energy of structure i computed at lower 

level; and  is computed as 

   (325) 

where structure j is a structure that has been optimized at the high level (with energy 

 at the high level) starting with a low-level conformer whose energy is  

by the low-level theory. By using the energy shift in equation (324), we merged the 

electronic energies of the two sets of structures into a single list. Using the average 

energy of the set of the picked conformers in this way is a more stable way to do the 

energy shift than using one specific conformer as the reference, because after re-

optimization it is possible that the relative energy order is different at the two levels of 

theory.  

In equation (320), we are combining the partition functions computed by low-level 

and high-level theory, even though the low-level vibrational partition function can differ 

significantly from the higher-level vibrational partition function. For example, for the test 

Ej, high = ε j, high − ε0, high
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case considered in this paper, the AM1773 computed vibrational partition function could 

be 2 orders of magnitude larger than M08-HX computed one. One factor contributing to 

this overestimation is that AM1 leads to some very low torsional frequencies, much lower 

in AM1 than in M08-HX, and we can have multiple such low-frequency modes in a 

molecule with many internal torsional degrees of freedom.  

This issue motivates us to introduce a floor frequency (it is also called a cutoff 

frequency and denoted as ) into the low-level theory. When this is done, the low-level 

harmonic vibrational partition functions  in equation (321) are computed with a 

new set of vibrational frequencies: 

   (326) 

where  is the vibrational frequency (wavenumber in cm-1) of mode m for 

structure i as directly computed at the low level; and
 

 is the corrected 

vibrational frequency. Then the low-level vibrational partition function  for 

structure i is computed as: 

   (327) 

where c is the speed of light, h is Plank’s constant, and Fvib the total number of 

vibrational degrees of freedom. If we set , then we recover the original 
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vibrational partition function computed by low-level method. We can fix the value of the 

floor frequency at 100 cm-1, which is a threshold we have previously recommended for 

replacing low frequencies in order to use the harmonic oscillator approximation.776,777,778  

Alternatively, the floor frequency can be optimized at different temperatures, by 

minimizing the following target function: 

   (328) 

where  is the low-level single-structure vibrational partition function of the 

global minimum (i.e., the lowest-energy conformer found for reactant or product) or 

lowest-energy first-order saddle point (for transition state structure) found at the low 

level; and  is the vibrational partition function computed at the higher level 

by re-optimizing this structure. In the case of transition state structures, GM means the 

lowest-energy saddle point. Both choices of floor frequency, i.e., the fixed value of 100 

cm-1 and the value optimized by eq (328), have been tested in this work.  

We emphasize here that the corrected set of frequencies is only used to compute 

; it is not used to compute . We use the originally computed vibrational 

frequencies (without using a floor frequency) to compute , because it is 

inappropriate to replace the low frequency torsional modes with a high floor frequency 

when we are explicitly considering the torsional potential anharmonicity. In fact, in the 
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test presented here, the  factors given by low-level computed vibrational 

frequencies are very reasonable, and they are very close to the ones given by the higher-

level method (within a factor of 1.5 from 200 K to 2400 K for the test case studied in this 

paper). The torsional factors  and  are explained in detail elsewhere,757 but 

here – for completeness – we simply summarize the calculation. In particular: 

  (329) 

where k is the index of conformer in the merged set of  low-level and  

higher-level optimized conformers;  is the determinant of Kilpatrick and Pitzer’s 

torsional moment of inertia matrix779,780,781 for structure k;  is an index for a non-

torsional mode;  is the vibrational frequency (wavenumber in cm-1) of the non-

torsional mode , which is computed from the eigenvalues of the Wilson–

Decius−Cross782 non-torsional GF submatrix; I0 is a modified Bessel function; and  

is the coupled torsional potential barrier for structure k, which is computed from the 

eigenvalues of the Wilson torsional submatrix.  

Note that  serves as an effective torsional barrier that enables the algorithm to 

assess the volume of accessible phase space in the vicinity of structure k, but it does not 

correspond to the true torsional barrier on the potential energy surface. We emphasize that 
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τ denotes a coupled torsional motion, and  denotes an uncoupled torsional coordinate 

about which internal rotation is being considered; and one important feature of the 

method is that, one does not need to associate specific τ values with specific  factors. 

The local periodicity  of structure k and torsion  is computed by the Voronoi 

tessellation method759 in a calculation that involves all distinguishable 

structures. In Voronoi computations, all the torsional modes are included except for the 

methyl groups (which are well-treated as nearly-separable torsions with integer local 

periodicity M equal to 3); the torsional phase space is sampled over all the conformers 

(including both distinguishable and indistinguishable conformers) that are connected via 

internal torsions.  

In the computations of final MS-T partition functions, the contributions from all the 

torsional modes (including methyl groups) are included, and all the distinguishable mirror 

images (enantiomers) are also included. We remind the reader that, in the coupled MS-T 

method, we use consistently coupled effective torsional vibrational frequencies, coupled 

effective torsional barriers, and coupled moments of inertia (which are computed from 

the torsion-angle-dependent D matrix of each conformer, that is, the effective moment of 

inertia of each internal rotor is conformer-dependent); the kinetic couplings between the 

torsional motions and the overall rotation of the molecule are also fully included.  

 

′τ

′τ

Mk, ′τ ′τ

Nlow
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7.3 Computations 

Next, we proceed to test the proposed dual-level MS-T method. Note that our goal 

here is to test the dual-level MS-T method against full MS-T calculations. (Testing the 

full MS-T method against more accurate calculations and against experiment is 

considered in other papers.) To provide a severe test of the new method, we chose a 

transition state structure that has 8 torsional degrees of freedom, as shown in Figure 7.1. 

This transition state structure is formed along one of the reaction pathways of the 

hydrogen abstraction reaction (at carbon-1) of ketohydroperoxide (KHP; its IUPAC name 

is 4-hydroperoxy-2-pentanone) by OH radical. KHP is an important intermediate in the 

low-temperature oxidation of n-alkanes, and its fate is important for low-temperature- 

oxidation.783,784 The relative complexity of the transition state structure (some 

conformers of which involve hydrogen bonding interactions) provides a meaningful and 

challenging test of our dual-level method. 

There are many semiempirical methods, and to decide which one to use, we 

tabulated the computed mean unsigned errors (MUEs) for six of them for the computed 

barrier heights of the DBH24/08 database785,786,787 of diverse chemical reaction barrier 

heights. The results are in table 1, where the results for AM1, PM3,788 PM6,789 and 

RM1790 are taken from previous work,785 and the results for PM6-D3789,791 and PM7792 

are calculated in this work with MOPAC.793 As shown in Table 7.1, among the 

semiempirical methods studied, AM1 has the most satisfactory accuracy for hydrogen 
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transfer reactions. Note that in a previous study the computer time for AM1 calculations 

were found785 to be about five orders of magnitude faster than the M08-HX/MG3S 

density functional calculations discussed below; and in our current test case, AM1 is at 

least three orders of magnitude faster than M08-HX/MG3S. Thus AM1 is suitable for 

exhaustive conformational searches. (The recently proposed semi-empirical method 

PM7-TS792 further improves the performance for barrier heights; however, we do not 

consider this method here because this method is not suitable for geometry optimization 

since it is a two-step method that is parameterized to reproduce high-level ab-initio 

barrier heights based on PM7 geometries. Molecular mechanics methods are not suitable 

for describing transition state structures, and therefore we do not consider them here 

either; nevertheless, if one is only interested in stable molecules (for example, reactants), 

molecular mechanics can be useful for massive conformational searches.)  

The accuracy of the computed dual-level MS-T partition function is related to the 

ability of the chosen low-level method to find enough conformers to serve as starting 

guesses for high-level optimization; an inadequate low-level method could possibly miss 

so many conformational structures that the accuracy of the dual-level method would be 

poor. In practice, one can use other methods (such as a local density functional with a 

small basis) as the low-level method if the increased computational cost is affordable. 

The present paper simply shows that even with the very inexpensive AM1 as the lower 

level electronic structure method, the dual-level MS-T method provides useful accuracy 
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with tremendous computer-time savings. 

In this work, we use M08-HX766 with the MG3S basis794 as our choice for a higher-

level method. AM1 and M08-HX calculations are carried out by using locally modified 

Gaussian 09 software.795,796 An integration grid of 974 angular points per shell and 99 

radial shells is used in all the DFT calculations.  

The convergence criterion for geometry optimization is tight (i.e., maximum force < 

1.5 10-5, RMS of force < 1.0 10-5, maximum displacement < 6.0 10-5, RMS of force 

< 4.0 10-5) for both M08-HX and AM1; this convergence criterion is necessary to 

eliminate noticeable numerical differences between the energies of two structures that are 

actually the same. If the default convergence criterion is used (i.e., maximum force < 4.5

10-4, RMS of force < 3.0 10-4, maximum displacement < 1.8 10-3, RMS of force < 

1.2 10-3) for AM1 optimization, the number of distinguishable conformers found will be 

too large; we have found out that two structures with all the torsional angles differing by 

no more than 20 degrees are actually the same structure after re-optimizing them using a 

tight convergence criterion. By using the tight convergence criterion, the torsional angles 

can be very well converged, in particular to within 0.1 deg. To pick out distinguishable 

conformers, we compare all the torsional angles of the optimized structures, and if all 

torsional angles of a given structure obtained in two different optimizations agree within 

20 deg, and the energies between two structures differ less than 10-3 kcal/mol, we 

conclude that they are the same structure.  
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For the quasi-harmonic partition functions (explained above), the computed 

vibrational frequencies are scaled by a factor for accounting vibrational anharmonicity 

and systematic errors in the exchange-correlation functional, in particular, by 0.948 for 

AM1 and 0.973 for M08-HX/MG3S.  

The MS-T partition functions (including both the presently introduced dual-level 

MS-T and the original single-level MS-T) are computed using the MSTor code.758,759,797  

In this work, we compare our computed dual-level MS-T partition functions with the 

full high-level partition functions, which were computed by doing an exhaustive 

conformational search by the higher-level method (in this paper, M08-HX/MG3S), and in 

these full high-level calculations we use all higher-level structures. The whole idea of the 

present method is to never have to do an exhaustive search at a high level, but we do it 

here to test the new more efficient method. 

The initial configurations for a conformational search are generated by rotating each 

torsional bond (excluding the methyl group, which will not generate any new structures 

in the present molecule, but this torsion contributes to the MS-T partition function) of one 

M08-HX/MG3S optimized structure by three different angles (0, 120 and -120 degrees). 

The seven involved torsions are 18-17-16-9, 17-16-9-6, 16-9-6-5, 9-6-5-1, 6-5-1-3, 5-1-3-

19, and 1-3-19-20. This generates 2,187 (which is 37) initial configurations. The bending 

angle 1-3-19 (see Figure 7.1) is about 170 degrees, which is close to linear, and that 

means simultaneously rotating 5-1-3-19 by 120 (or -120) and 1-3-19-20 by -120 (or 120) 
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is not expected to generate new structures; nevertheless, we included rotations of this 

bond in the conformational search. Five of the initial generated configurations were 

automatically eliminated by the conformational search code, because they have an 

interatomic distance that is less than 0.50 Å, which is too short to be a useful starting 

structure. Starting with the remaining 2,182 structures, we carried out two sets of 

optimizations, one described in section 7.4.1 and one described in section 7.4.2. 

 

7.4 Results and discussion 

7.4.1 Full high-level calculations 

The first set of optimizations was carried out with M08-HX. This set of 

optimizations would not need to be carried out in practical applications using the new 

cost-efficient methods presented here, but it is carried out to obtain full high-level results 

for the present validation study. We found 161 structures with M08-HX. Table 7.2 

provides the single-structure harmonic rovibrational partition functions QSS-HO of the 

lowest M08-HX conformer, the full high-level MS-T partition functions QMS-T(full high-

level) computed from all 161 structures, and the ratio of QMS-T(full high-level) to QSS-HO 

at various temperatures. We find that QSS-HO is significantly smaller than QMS-T(full high-

level) at higher temperatures, and even at room temperature, QMS-T(full high-level) is a 

factor of 7.2 larger. This clearly indicates the importance of including multiple 

conformers and torsional anharmonicity in the computation of partition function. The 
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conventional single structure harmonic approximation is wrong by one to three orders of 

magnitude at temperatures above room temperature. 

We made further tests to show that the full high-level calculations are well 

converged. In order not to interrupt the flow of the presentation, these are described in an 

appendix. 

 

7.4.2 Dual-level calculations 

The second set of optimizations, which is the first step in the dual-level method 

presented here, also started from the 2,182 different structures mentioned above, but now 

the structures are optimized using AM1. We found 128 distinguishable conformers by 

AM1 after the conformational search. When compared to the 161 M08-HX conformers, 

we note that most of the missing structures by using AM1 for conformational search are 

hydrogen-bonded structures; this is consistent with the fact that AM1 is not able to very 

well predict the structures with hydrogen bonding. Users of the dual level MS-T method 

may consider other semiempirical methods (for instance, PM6-D3H4,798 which improves 

the performance for hydrogen bonding) as their choices for the low-level method, based 

on their systems and computational recourses. But using AM1 as the low-level structure 

here is particularly interesting because it provides a challenge for the dual-level method 

to work even when the low-level method is not particularly well suited to the reaction at 

hand. 
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We considered the partition functions computed from 200 K to 2400 K. The 

temperature range that is important for atmospheric chemistry is from 200 K to 300 K; 

and the temperature range that is most relevant for combustion studies is from 300 K to 

over 1500 K. Temperatures around 800 K are especially important in ignition studies. 

Next, we compare five approximate schemes for approximating the MS-T partition 

functions:  

� AM1(N) The MS-T partition function is computed with only the N lowest-

energy conformers optimized by AM1; 

� HL(N) high level: The MS-T partition function is computed with only the 

M08-HX re-optimized conformers that are obtained from the N 

lowest-energy conformers obtained by AM1 (note that this yields N´ 

distinguishable structures, where N´ ≤ N); 

� AM1-c(N) AM1 with a cutoff: The MS-T partition function is computed with the 

same N structures used in method AM1, but with applying a floor 

frequency of 100 cm-1; 

� DL-c(N) dual-level with a cutoff: The dual-level MS-T partition function is 

computed using  conformers treated by AM1 and  

M08-HX conformers obtained by re-optimizing N AM1 conformers 

(note that N´ is a function of N) and applying a floor frequency of 100 

cm-1 to the AM1 conformers; 

Nlow
total − N ′N



 359 

� DL-oc(N) dual-level with an optimized cutoff: The dual-level MS-T partition 

function is computed using the same structures that are used in 

method DL-c but with an optimized temperature-dependent floor 

frequency. 

    Note that AM1(N) is presented only for comparison; it is not a calculation one 

would actually use. The other four calculations are comparable to one another in that they 

all involve precisely N high-level optimizations and Hessians; this is important because 

the cost of the work is almost completely dominated by the high-level optimizations and 

N´ Hessians. Figures 7.2, 7.3, and 7.4 show the computed MS-T partition function as 

functions of N at 298, 800, and 2400 K. For N equal to 1, 10, 20, 30, 40, 50, 60, 70, 80, 

90, 100, 110, 120, and 128, the corresponding N´ are respectively equal to 1, 8, 18, 26, 

35, 43, 51, 59, 65, 71, 80, 86, 92 and 95; from N = 30 to N = 128, the average value of 

N´/N is 81.7% with a standard deviation of 4.5%. The red straight line corresponds to the 

full high-level partition function, which is computed by using all the distinguishable 

conformers found by using M08-HX/MG3S (which is the higher-level method in the 

present study) to do the exhaustive conformational search; this full high-level partition 

function will be unknown (calculation is not affordable) in real applications on very-long-

chain molecules.  

As we can see from Figures 7.2 to 7.4, AM1 gives very large partition functions, 

when compared to the full high-level partition function. This means that a single-level 
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AM1 calculation would be useless for the present purpose. However, in our dual-level 

method, we need to combine the low-level partition function with the higher level one, 

i.e., we want to fully take advantage the information form all the conformers found at low 

level theory to account for multi-structural and torsional potential anharmonicity effects; 

hence the floor frequency we introduced is useful. The optimized floor frequency is 

plotted with respect to temperatures (K) in Figure 7.5. At low temperature its value can 

be larger than the 100 cm-1 default value (at 200 K, its value is 195 cm-1), and as 

temperature increases, its value decreases, and it slowly converges to 93 cm-1. This is 

consistent with the observation that at high temperatures, the ratio of AM1 vibrational 

partition function to M08-HX partition function does not very depend sensitively on 

temperature, since in the high-temperature limit this ratio is just equal to the ratio of the 

products of vibrational frequencies computed by the two levels of theory, which is 

temperature independent. As temperature decreases, we observe that the ratio of partition 

functions becomes larger, increasing from 9 at 2400 K to 400 at 200 K.  

As we can see from Figures 7.2 to 7.4, the DL-c(N) and DL-oc(N) methods converge 

to the HL(N) method as N increases, since we are replacing all the low-level conformers 

with re-optimized higher-level conformers. However, the convergence for DL-c(N) and 

DL-oc(N) is quite fast; beyond N ≅ 40, the change of the computed partition function by 

DL-c(N) and DL-oc(N) is small.  

Table 7.3 gives the ratio of the approximate partition functions given by HL, AM1-c, 
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DL-c, and DL-oc, at N = 40 and at N =128 (i.e., all the low level optimized conformers), 

to the full high-level MS-T partition function. At temperatures lower than 300 K, HL(N) 

is quite accurate because at low temperatures, the MS-T effects are not very important, 

and one only needs to include a few of the lowest-energy structures in the partition 

function.  

At temperatures higher than 800 K, the MS-T effects become very large, and 

including only a subset of M08-HX optimized structures does not give good partition 

functions; HL(40) underestimates the partition function by a factor 4 at 800 K and a 

factor of 6 at 1800–2400 K. This is where the dual level DL-oc(N) shows its power; with 

N = 40, it reduces the error to a factor of 2 at 800 K and a factor of 2.4 at 1800 K. This is 

the key result of the present article. Note that the number of high-level optimizations has 

been reduced from 2,182 to 40. 

If one re-optimizes all the low level conformational structures, i.e., if one uses N = 

128, HL(N), DL-c(N), and DL-oc(N) become exactly the same, and the error is only a 

factor of 1.6 or less over the whole 200–2400 K range. In our current case, re-optimizing 

all 128 AM1 conformers by M08-HX gives 95 distinguishable structures; these structures 

are a subset of the 161 M08-HX conformers that are found via exhaustive conformational 

search with M08-HX, but the resulting partition functions are quantitatively accurate with 

only a small fraction of the work. In particular, we optimize only 128 high-level 

structures, as compared to 2,182 in the full search. 
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As already mentioned, because the AM1 calculations are so fast, the cost of the 

calculations is almost entirely due to the cost of the high-level optimizations. Table 7.3 

shows errors of a factor of two or less over the 200 K – 1000 K temperature range with 

only 40 high-level optimizations; this is leads to a remarkable computational savings 

compared to the full high-level calculation, in which one optimizes 2,182 structures since 

40 structures corresponds to only 1.8% of 2,182. The error in the dual-level method is 

further reduced to factors of 0.6 to 1.1 over the whole 200 K to 2400 K temperature 

interval by optimizing 128 structures at the high level, which is 5.9% of the structures 

optimized to carry out the full high-level calculation. 

 

7.4.3 Implications on rate constants and on thermodynamic functions  

Often, when one uses partition functions, one is computing a free energy of 

activation or a free energy of reaction, and these involve the ratio of the partition 

functions of two species (for instance, transition state and reactant in rate constant 

calculations), and in cases where those species share some structural similarity, one can 

reasonably expect that some of the factor of two or three (or less) error in the partition 

functions will approximately be canceled out. 

Next we consider the rate constants computed by multistructural variational 

transition state theory (MS-VTST),751,760 in which multiple-structure anharmonicity and 

torsional potential anharmonicity are included in the rate constants. The MS-CVT (multi-
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structural canonical variational transition state theory) the rate constant with 

multidimensional tunneling (MT) is computed as: 

   (330) 

where  is tunneling transmission coefficient,  is CVT recrossing 

transmission coefficient, and  is the conventional (single-structure) quasi-

harmonic TST rate constant of the lowest-energy reaction path. The MS-T effects on rate 

constants are included in a factor called , which is defined for a bimolecular 

reactant with reactants R1 and R2 as: 

   (331) 

Next consider the ratio of the MS-VTST rate constant computed by the approximate 

dual-level MS-T method (which is abbreviated as “DL”) to the one computed by full 

high-level MS-T method (which is abbreviated as “FHL”). In MS-VTST, this is simply 

equal to the ratio of the  factors computed with DL and with FHL: 

   (332) 

We take the currently studied system as an example, i.e., we consider the forward 

reaction of hydrogen abstraction from carbon-1 of KHP by OH radical; we tabulate the 

ratio, along with the  factors computed with FHL and with DL (with the floor 

frequency being 100 cm-1) in Table 7.4. Notice that for the OH radical, MS-T partition 

function is equal to SS-HO partition function since there are neither multiple conformers 

nor torsional degrees of freedom. For KHP molecule (i.e., R1), the full high-level M08-
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HX conformational search yields 38 conformers (which are used for computing full high-

level MS-T partition functions as a reference), and the full AM1 level search yields 32 

conformers. The dual-level MS-T computations for KHP molecule are based on N = 10 

(i.e., we have chosen the first 30% energetically lowest AM1 level conformers, which is 

consistent with N = 40 (30 %) for DL MS-T computation for the TS structure), and the 

corresponding N´ (number of unique conformers after reoptimization at high level) is 9. 

As we can see from Table 7.4, the errors in the dual-level method for each molecule (for 

TS and for R1) at various temperatures are approximately the same, and thus they 

approximately cancel out in the final computed  factor for forward reaction; the 

MS-VTST rate constants computed by high-level MS-T and by dual-level approximation 

are very close. In particular, although the MS-T effect is as large as a factor of 6.5, the 

error in the dual-level calculation with respect to the full calculation is less than or equal 

to 40% over a temperature range spanning a factor of 12 in temperature. This is very 

encouraging since the test here implies that, if the dual-level method is applied 

consistently to both the TS and reactant (for a unimolecular reaction, there is only one 

reactant; and in the bimolecular reaction case, one of the two reactants often be computed 

accurately at a high level because it is usually a small radical with very limited number of 

conformers), the dual-level MS-T method is an efficient way of recovering the MS-T 

effects while maintaining good cost and performance balance.  

Next, we consider the MS-T effects on the computations of thermodynamic 

Fact
fwd
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functions. As an example, with the dual-level MS-T partition functions in hand, we can 

compute the thermodynamic functions, and we illustrate this by computing the Gibbs free 

energy, entropy, and heat capacity of the transition state that is being used to test the new 

methods in this paper. Table 7.5 provides the values of the thermodynamic functions, 

computed by using single structure harmonic oscillator rovibrational partition function 

QSS-HO of lowest-energy conformer, by using the dual-level MS-T partition function 

obtained with N = 40, and by using the full high-level MS-T partition function, at various 

temperatures. The zero of the Gibbs free energy is chosen at 0 K.  

Figure 7.6 shows that, as we expected, at high temperature the conventional single-

structure harmonic oscillator approximation gives quite a large deviation (33 kcal mol-1 

for G, -13.5 cal mol-1 K-1 for S, and 4.2 cal mol-1 K-1for cp, at 2400 K) from the full high-

level value. Our dual-level MS-T method with N = 40, based on only 1.8% as many 

optimizations as the full high-level calculation reduces the deviations at 2400 K to only 5 

kcal mol-1 for G, -3.5 cal mol-1 K-1 for S, and -0.6 cal mol-1 K-1for cp.  

 

7.5 Summary  

In this work, we proposed a dual-level MS-T method for efficiently estimating the 

multistructural partition functions with torsional potential anharmonicity. The dual-level 

method is able to combine information from low-level and high-level optimizations to 

obtain reasonably accurate results with a much smaller number of high-level 



 366 

optimizations. Our proposed approach is especially useful when one is dealing with long-

chain molecules with multiple torsional degrees of freedom. On the one hand, the 

multiple-structure and torsional potential anharmonicity are very important for such 

systems, especially at high temperatures; but on the other hand, carrying out an 

exhaustive conformational search from the large number (exponentially large with 

respect to number of torsions) of plausible initial structures is expensive, unaffordable, or 

impractical when the calculations are all carried out at a high level of electronic structure 

theory – it can even be prohibitively expensive with DFT. Our dual-level method 

involves a full conformational search with a low-level method (in the present paper, we 

use AM1 as an example, nevertheless, the choice of low-level method could affect the 

accuracy of the dual-level approximation, and thus an appropriate low-level method 

should be chosen wisely according to the system under study), and one only needs to re-

optimize a small fraction (about 25–30 %) of the distinguishable conformers found at the 

low level by a higher-level method; and by using our dual-level MS-T method, one can 

get a satisfactorily accurate MS-T partition function, In particular, the dual-level method 

based on 40 optimizations (1.8% of the number of optimizations in a full high-level 

calculation) reproduces the full calculation of the high-level partition function within a 

factor of 1.0 to 2.0 from 200 K to 1000 K, and the error in the dual-level method can be 

further reduced to factors of 0.6 to 1.1 over the whole 200 K to 2400 K temperature 

interval by optimizing 5.9% of the structures in the full high-level calculation. These 
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factor-of-two or better errors are small compared to errors up to a factor of 1.0 ´ 103 if 

one neglects multistructural effects for the case under study.  

We anticipate that the methods studied here will be useful for calculating the 

multistructural and torsional anharmonicity effects on the partition function and 

thermodynamic functions of molecules with several torsions.  
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Table 7.1 Mean unsigned deviations from best estimates (in kcal/mol) of the classical 

barrier heights (forward and reverse barriers) of the DBH24/08 database as 

computed by using various semiempirical molecule orbital methods. 

SEMO HTBH6c HATBH6d NSBH6e UABH6 f DBH24/08 

AM1 5.1 

6.4 

12.7 

13.5 

14.1 

7.2 

11.8 

16.7 

18.5 

22.6 

22.4 

20.6 

15.6 

14.6 

5.2 

4.2 

4.2 

15.4 

18.9 

13.9 

22.3 

22.1 

22.1 

19.9 

12.9 

12.9 

14.6 

15.6 

15.7 

15.8 

PM3 

PM7 

PM6-D3 

PM6 

RM1 
aSingle-point calculations based on geometries taken from DBH24/08 database 
(QCISD/MG3 geometries); spin-orbit coupling energies for radical Cl (-0.84 kcal/mol), 

O (-0.22 kcal/mol), OH (-0.20 kcal/mol) and HS (-0.54 kcal/mol) have been included. 
bBest estimates for barriers are taken from Ref. 787. 
cHydrogen transfer reactions subset. 
dHeavy-atom transfer reactions subset. 
eNucleophilic substitution reactions subset.  
f Unimolecular and association reactions subset. 
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Table 7.2 Single-structure harmonic rovibrational partition functions QSS-HO of the 

lowest M08-HX conformer, the full high-level MS-T partition functions QMS-T(full 

high-level), and the ratio of QMS-T(full high-level) to QSS-HO at various temperatures 

(K). 

T/K QSS-HO QMS-T(full high-level) QMS-T(full high-level)/ QSS-HO 

200 9.40×10-99 1.89×10-98 2.0  

298 1.26×10-62 9.01×10-62 7.2  

300 3.99×10-62 2.94×10-61 7.4  

400 3.97×10-43 1.01×10-41 25.5  

500 3.31×10-31 2.11×10-29 63.7  

600 7.53×10-23 9.30×10-21 123.5  

700 1.50×10-16 3.02×10-14 201.3  

800 1.49×10-11 4.32×10-09 291.1  

900 1.91×10-7 7.39×10-05 386.4  

1000 5.73×10-4 2.76×10-01 481.9  

1500 6.91×108 5.93×1011 857.9  

1800 6.36×1013 6.20×1016 975.1  

2000 3.83×1016 3.88×1019 1014.6  

2400 1.89×1021 1.94×1024 1027.9  

 

  



 370 

Table 7.3 Ratio of the approximate partition function computed by various methods 

to the full high-level MS-T partition functiona at various temperatures (K).  

 N = 40 N = 128  

T/K HLb AM1-cc DL-cd DL-oce  HL AM1-c DL-c DL-oc 
200 1.08  1037.99  1.47  0.99  1.06  1049.61  1.06  1.06  
298 0.71  154.22  2.06  0.73  0.89  179.15  0.89  0.89  
300 0.70  148.92  2.06  0.73  0.89  173.57  0.89  0.89  
400 0.47  33.37  1.82  0.60  0.78  45.78  0.78  0.78  
500 0.36  11.44  1.47  0.56  0.74  18.03  0.74  0.74  
600 0.30  5.22  1.20  0.54  0.72  9.17  0.72  0.72  
700 0.27  2.88  1.00  0.54  0.70  5.48  0.70  0.70  
800 0.24  1.81  0.86  0.52  0.69  3.65  0.69  0.69  
900 0.23  1.25  0.75  0.52  0.68  2.62  0.68  0.68  
1000 0.21  0.92  0.66  0.51  0.68  1.99  0.68  0.68  
1500 0.18  0.35  0.44  0.45  0.65  0.81  0.65  0.65  
1800 0.17  0.25  0.37  0.42  0.64  0.57  0.64  0.64  
2000 0.17  0.21  0.34  0.40  0.63  0.48  0.63  0.63  
2400 0.17  0.17  0.30  0.37  0.62  0.36  0.62  0.62  

a The full high-level MS-T partition function is computed with all the distinguishable 

conformers found by using M08-HX/MG3S for conformational search (See Table 2). 
b MS-T partition function is computed by only using  M08-HX optimized conformers, 

which are optimized from the first N lowest-energy distinguishable conformers found by 

AM1 (i.e.,  is a function of N). 
c The MS-T partition function is computed by only using the first N lowest-energy 

distinguishable conformers found by AM1, with the floor frequency being 100 cm-1. 
d The dual-level MS-T partition function is computed by with  AM1 

conformers and  M08-HX re-optimized conformers, with the floor frequency being 

100 cm-1. 
e The dual-level MS-T partition function is computed by with  AM1 

conformers and  M08-HX re-optimized conformers, with an optimized floor 

frequency. 

 

  

′N

′N

Nlow
total − N

′N

Nlow
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Table 7.4 Ratio of MS-T partition function to the SS-HO partition function 

computed by full high-level MS-T (FHL) and by dual-level MS-T (DL, with the floor 

frequency being 100 cm-1), for the TS and for KHP (i.e., R1); F factor for forward 

reaction computed at FHL and at DL level; and the ratio in equation (332) at 

various temperatures (K).  

T/K        

200 2.0  3.0  4.9  9.4  0.4  0.3  0.8  
298 7.2  14.7  13.1  21.3  0.5  0.7  1.3  
300 7.4  15.1  13.4  21.6  0.6  0.7  1.3  
400 25.5  46.3  27.6  35.2  0.9  1.3  1.4  
500 63.7  93.6  45.9  47.3  1.4  2.0  1.4  
600 123.5  148.1  66.2  56.7  1.9  2.6  1.4  
700 201.3  201.7  86.4  63.5  2.3  3.2  1.4  
800 291.1  249.3  105.3  68.1  2.8  3.7  1.3  
900 386.4  288.8  122.0  70.9  3.2  4.1  1.3  
1000 481.9  319.9  136.2  72.5  3.5  4.4  1.2  
1500 857.9  375.6  172.5  69.0  5.0  5.4  1.1  
1800 975.1  363.2  174.4  63.2  5.6  5.7  1.0  
2000 1014.6  346.9  171.0  59.1  5.9  5.9  1.0  
2400 1027.9  307.0  158.4  51.0  6.5  6.0  0.9  
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Table 7.5 Thermodynamic functions computed by three methods. 

(i) single-structure harmonic-oscillator (SS-HO) method based on the M08-

HX/MG3S lowest-energy structure, (ii) dual-level MS-T method with N = 40 and 

optimized floor frequency, and (iii) full high-level MS-T method; the table gives the 

Gibbs free energy (G) is in kcal mol-1, the entropy (S) is in cal mol-1 K-1, and 

constant-pressure heat capacity (cp) is in cal mol-1 K-1. 

 QSS-HO QMS-T(dual level) QMS-T(full high-level) 

T/K G S cp G S cp G S cp 

200 -13.7  87.8  31.5  -14.0 92.3 40.8 -14.0 93.2 46.6 

298 -23.0  102.4  42.3  -24.0 111.5 51.8 -24.2 114.5 56.1 

300 -23.2  102.7  42.5  -24.2 111.9 51.9 -24.4 114.9 56.1 

400 -34.2  116.3  52.7  -36.3 128.0 56.5 -36.7 131.3 58.8 

500 -46.5  129.0  61.4  -50.0 141.6 62.1 -50.6 145.0 64.3 

600 -60.0  140.9  68.4  -65.0 153.8 67.7 -65.7 157.2 69.6 

700 -74.6  151.9  74.1  -81.1 164.9 72.6 -82.0 168.3 74.3 

800 -90.3  162.1  78.9  -98.3 175.0 76.8 -99.3 178.5 78.4 

900 -107.0  171.6  82.9  -116.5 184.5 80.4 -117.6 187.9 81.8 

1000 -124.6  180.5  86.3  -135.5 193.2 83.5 -136.9 196.7 84.8 

1500 -224.7  217.9  97.6  -242.4 229.7 93.8 -244.8 233.2 94.7 

1800 -292.8  236.1  101.4  -314.4 247.3 97.2 -317.5 250.7 98.0 

2000 -341.1  246.9  103.3  -365.0 257.7 98.9 -368.7 261.2 99.6 

2400 -443.8  266.0  106.0  -472.2 276.0 101.2 -476.9 279.5 101.8 
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Figure 7.1 Structure of the transition state tested in this work. 

 

 

Figure 7.2 Logarithm of computed MS-T partition functions by various methods 

(see text for descriptions) with respect to N (the number of AM1 structures for 

which HL reoptimization is attempted) and the logarithm of the full high-level 

partition function (red line) at 298 K. 

  



 374 

 

Figure 7.3 Logarithm of computed MS-T partition functions by various methods 

(see text for descriptions) with respect to N (the number of AM1 structures for 

which HL reoptimization is attempted) and the logarithm of the full high-level 

partition function (red line) at 800 K. 
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Figure 7.4 Logarithm of computed MS-T partition functions by various methods 

(see text for descriptions) with respect to N and the logarithm of the full high-level 

partition function (red line) at 2400 K. 

 

Figure 7.5 Optimized floor frequency  as a function of temperature.  

  

ωc
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Figure 7.6 Differences from the full high-level thermodynamic functions X = G (in 

the units of kcal mol-1), X = S (in cal mol-1 K-1), and X = cp (in cal mol-1 K-1).  

Solid lines are computed from M08-HX/MG3S SS-HO partition functions, and 

dashed lines are computed from dual-level MS-T partition functions with N = 40. 

 

 

  



 377 

Chapter 8. Nanodusty Plasma Chemistry: A Mechanistic and 
Variational Transition State Theory Study of the Initial Steps of Silyl 
Anion–Silane and Silylene Anion–Silane Polymerization Reactions 

 

8.1 Introduction 

Pioneering research work on plasmas is quite old,799 and research interest continues 

due to their increasing applications in industry, such as fabrication of chips and other 

microelectronic devices. Dusty plasmas (sometimes called complex plasmas) contain 

dispersed particulates, which may have various sizes. Methodologies for synthesizing and 

growing nanosized particles are a major subject of research in material sciences, and 

plasmas are promising media for such synthesis. Silane�based reactive plasmas800 are 

widely used in the semiconductor industry, and understanding the mechanisms of the 

growth of dust particles with sizes ranging from a few nanometers to several tens of 

microns is of great importance in nanodusty plasma chemistry, plasma physics, and 

engineering, for synthesis of desired nanoparticles, for avoiding the production of 

undesired ones (contaminants), and for equipment design. 

In reactive plasmas, beginning with the formation of subnanometer�sized precursor 

particles nucleated as a result of heterogeneous or homogeneous processes, the generated 

nanodusty particles will eventually become micron-sized dust by slowly accreting ionic 

or neutral monomers801,802,803. Bhandarkar804,805,806 and Gallagher807 utilized steady–state 

homogenous nucleation models to describe the initial stages of the growth of dust 
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particles in pure silane plasma; in these models SiH3
– or neutral SiHm 808,809,810 (such as 

SiH2 radical, SiH4 molecule etc.) triggers the particle growth process, which polymerizes 

the monomers to silicon hydride clusters with a large number of silicon atoms. 

    Silicon hydride clustering in plasmas is governed by reactions between cations, 

anions, and neutrals.805,806 Anion�neutral reactions, involving negative ions trapped by 

the ambipolar potential in the plasma, are an especially important route for generating 

nanodusty powder in silane�based chemically active plasmas; these reactions can 

increase the average residence time of the clusters811 and enable their growth to a critical 

size. By using time-resolved mass spectrometry, Hollenstein et al. concluded812 that the 

anionic pathway is the chief route for generating nanosized particles in silane plasmas. 

Howling and coworkers813 also experimentally observed the existence of anionic species 

with various sizes ranging from monosilicon anions to nanometer clusters.  

    Bhandarkar and co–workers806 studied the following two classes of anion–neutral 

polymerization reactions:  

1. Silylene anion–neutral silane reactions:  

 Sin+1H2n+2
– + SiH4   Sin+2H2n+4

– + H2; 

2. Silyl anion–neutral silane reactions:  

 SinH2n+1
– + SiH4   Sin+1H2n+3

– + H2. 

Both these classes of polymerization reactions eliminate molecular hydrogen and result in 

higher-order homologs of silylene anion or silyl anion clusters. The first step of silylene 
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anion–neutral silane polymerization is  

 Si2H4
– + SiH4  Si3H6

– + H2  (R1) 

and the first step of silyl anion–neutral silane polymerization is  

 Si2H5
– + SiH4   Si3H7

– + H2  (R2) 

The objective of the present article is to elucidate the mechanisms of these reactions at 

the molecular level and to calculate their rates. We propose a three-reaction mechanism 

for both (R1) and (R2), and we study the kinetics of these reactions by using Kohn-Sham 

density functional theory and direct dynamics variational transition state theory 

calculations.  

 

8.2 Computational details 

Geometry optimizations are carried out with the M08-HX814 exchange–correlation 

functional and the MG3S815 basis set, and we perform frequency analysis in order to 

characterize the stationary points as either equilibrium structures (no imaginary 

frequencies) or transition structures with one imaginary frequency. The MG3S basis set is 

an all-electron basis set that for silicon and hydrogen atoms is equivalent to Pople’s 

triple–zeta split–valence basis with diffuse functions added on silicon atoms and 

polarization functions on both silicon and hydrogen atoms, in particular 6–311+G(3d2f, 

2p)816,817,818. The global-hybrid meta–GGA density functional M08-HX is chosen based 

on its superb performances for main–group reaction barrier heights, reaction energies, 
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and thermochemistry.819 The numerical integrations were performed using a grid with 99 

radial shells around each atom and 974 Lebedev angular points820 in each shell. All the 

electronic calculations were carried out with locally modified Gaussian 09 software821,822.  

In order to help us understand the proposed reaction mechanisms, CM5 charges823 

were calculated using the code package CM5PAC824. The CM5 model involves a 

parametrized mapping of Hirshfeld charges,825 where the parameters were determined823 

to reproduce accurate dipole moments. 

Rate constants were calculated by multi–structural canonical variational transition 

state theory826,827,828,829 with small-curvature tunneling830 (MS-CVT/SCT) by using the 

following equation: 

   (333) 

where  and  are respectively the MS-CVT/SCT452 and 

single-structure CVT/SCT454,584 rate constants, and  is the multi–structural 

torsional anharmonicity factor of activation computed as: 

 

  (334) 

where  is the multi–structural rovibrational partition function with torsional 

anharmonicity for the transition state (X = TS) or the reactant (X = R); and  is 

the single–structural rovibrational partition function based on rigid–rotor and 
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quasiharmonic oscillator approximations. The multi-structural partition functions with 

torsional anharmonicity are computed based on coupled torsional barriers831 (the MS-T 

coupled method) using the MSTor program832. The quasiharmonic approximation 

involves using the harmonic oscillator expressions for the partition functions but with 

frequencies empirically scaled to give more accurate zero-point energies. 

The CVT/SCT thermal rate constants were computed by M08-HX/MG3S with 

minimum-energy paths (MEPs) calculated for the range from s = –2.0 to +2.0 bohr, 

where s is the signed distance along the MEP. The generalized normal mode analyses 

were performed using non-redundant curvilinear coordinates833,834 with a scaling factor 

of 0.973835. All the direct dynamics calculations were performed with the Polyrate836 and 

Gaussrate837 programs. 

Energetic results will be reported as relative energies, relative to the reactants of 

(R1) and (R2): potential energies, V, thermodynamic energies, , at temperature T, 

and standard–state enthalpies, , and standard–state Gibbs free energies, , also 

at a given temperature. Potential energies contain neither zero point energy (ZPE) nor 

thermal electronic-vibrational-translational-rotational energies. All partition functions 

include electronic degeneracies, and vibrational anharmonicity and rotations are included 

by the MS-T coupled method. Potential energies, enthalpies, and free energies of 

transition structures relative to reactants are called classical barrier heights, enthalpies of 

activation, and free energies of activation; the latter two quantities are 

ΔUT
°

ΔHT
° ΔGT

°
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quasithermodynamic variables since the transition structures exclude the reaction 

coordinate. As usual, the standard state for gaseous species is taken as an ideal gas at 1 

bar partial pressure. Thermodynamic and quasithermodynamic quantities are given for T 

= 298 K in the paper. At 0 K, the standard-state thermodynamic energy and standard-state 

enthalpy are equal to the standard–state free energy, and all three reduce to the 

summation of potential energy and zero–point vibrational energy.  

 

8.3 Results and discussions 

8.3.1 Proposed mechanisms and potential energetics for silane–silylene/silyl anion 

polymerization reactions 

In order to propose a reasonable reaction pathway, both the thermodynamic and 

kinetic feasibilities have been taken into consideration. In the present case there is little 

experimental information to guide the selection of a pathway, so in order to find a 

chemically reasonable mechanism we mainly relied on exploration of the thermodynamic 

and kinetic requirements for producing possible intermediates. The mechanism we 

propose is given in the next two paragraphs. The chemical reasonableness of our 

proposed reaction mechanism is illustrated by CM5 charge calculations, which will be 

discussed in section 8.3.3.  

For the silane–silylene anion reaction (R1 with n = 1), the first step is the 

nucleophilic attack of the disilan-1,1-diyl anion (Si2H4
–, doublet state) on SiH4 to 
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produce trisilan-2-yl anion (Si3H7
–, singlet state) and hydrogen radical. The second step 

is the abstraction of H atom from the terminal silyl (–SiH3) group of trisilan-2-yl anion 

by H radical to produce trisilan-1,2-diyl anion (Si3H6
–, doublet state) and molecular H2. 

The final step is an intramolecular 1,2 hydrogen transfer from one isomer of Si3H6
–, i.e., 

trisilan-1,2-diyl anion, to another one, which is the final product, the trisilan-1,1-diyl 

anion (singlet state) along with the H2 released in the second step. Total charge is 

conserved at every step, and all steps are spin-allowed. These reactions are summarized 

in Table 8.1, and the potential energy profile for the mechanistic pathway just specified is 

given in Fig. 8.1. The classical barrier heights for the first, second and third step are 

calculated to be 21.1, 1.1, and 23.0 kcal/mol, respectively. 

For silane–silyl anion reaction (R2 with n = 2), the reaction mechanism starts with 

the abstraction of Hydrogen atom from SiH4 by disilan-1-yl anion (Si2H5
–, singlet state) 

to form disilane (Si2H6) and silyl anion (SiH3
–, singlet state). The second step is the 

formation of molecular H2 by the reaction of Si2H6 and SiH3
– yielding trisilan-1-yl anion 

(Si3H7
–, singlet state). The terminally negatively charged (formal charge) trisilan-1-yl 

anion could react with another SiH4 molecule and thus generate higher order 

homologues. In order to get an isomer of Si3H7
– with lower energy, an intramolecular 1,2 

hydrogen transfer from trisilan-1-yl anion to trisilan-2-yl anion (singlet state) could 

further occur. The potential energy profile for the mechanistic pathway of reaction R2 is 

shown in Fig. 8.2. The classical barrier heights for the first, second, and third step are 
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calculated to be 15.0, 13.0, and 27.4 kcal/mol, respectively. 

8.3.2 Thermodynamic and quasithermodynamic quantities 

The M08-HX/MG3S calculated potential energy change for the overall reaction, 

Si2H4
– + SiH4   Si3H6

– + H2, is –3.1 kcal/mol, and the reaction enthalpy at 298 K is –

3.8 kcal/mol. The thermodynamic and quasithermodynamic functions are given for T = 

298 K in Table 8.2 and for other temperatures in ESI. 

The M08-HX/MG3S calculated potential energy of reaction for the overall reaction, 

Si2H5
– + SiH4   Si3H7

– + H2, is –8.0 kcal/mol, and the reaction enthalpy at 298 K is –

8.9 kcal/mol. The thermodynamic and quasithermodynamic functions are given for T = 

298 K in Table 8.3. 

8.3.3 CM5 charge analysis of reaction mechanisms 

In order to further understand the proposed reaction mechanism, we computed 

partial atomic charges on the species in the mechanism. We did this by employing the 

CM5 charge model to extract partial atomic charges for all silicon–containing species 

from the Slater determinants employed in the Kohn-Sham density functional calculations. 

We report the charges in Fig. 8.3 by taking the charge unit as the charge on a proton; the 

labels of the silicon atoms in Fig. 8.3 are consistent with the labels in Figs. 8.1 and 8.2 

(the numbers 1, 2, 3 marked in blue). Notice that in some cases the labels of the two 

symmetric silicon atoms are interchangeable (such as Si–1 and Si–3 in intermediate 1 of 

R1, Si–1 and Si–2 in disilane of R2).  

For reaction Si2H4
– + SiH4   Si3H6

– + H2, as we can see from Fig. 8.3(a) that the 
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charges on Si–3 remain almost the same after the first step, while Si–1 and Si–2 have 

changed considerably. In the starting reactant, SiH3SiH–, Si–2 possesses the most 

negative charge (–0.52), which is consistent with the formal charge –1 assigned on this 

silicon in the Lewis structure. In the first step of nucleophilic reaction, a portion of the 

negative charge of silicon–2 is transferred to the silane silicon (Si–3), which raises the 

charge carried by Si–2 by 0.18, and it lowers the charges on Si–3 by 0.15 in the transition 

structure TS1. In intermediate 1, SiH3SiHSiH3–, Si–2 still has the most negative charge (–

0.37), and the silicon atoms in the two terminal –SiH3 group have the same amount of 

charge (–0.15) due to the Cs point group symmetry. After the first step, Si–3 remains as 

part of a –SiH3 group and therefore the CM5 charge on Si–3 is almost unchanged. In the 

following hydrogen abstraction step, Si–1 loses one bonded hydrogen atom, which lower 

the charges on Si–1. In the resulting intermediate 2, the amounts of charge carried by Si–

1 and Si–2 are very close. After the hydrogen abstraction step, the charges on Si–1 and 

Si–2 change significantly because of the transfer of the hydrogen from Si–1 to Si–2, 

which further lower the charge on Si–1 and increases the charges on Si–2. For the overall 

process, most negative of the charge has been transferred from Si–2 to Si–1, which 

exchanges the location of the formal charge.  

The CM5 charges for Si atoms in the mechanistic pathway of reaction Si2H5
– + SiH4 

  Si3H7
– + H2 are shown in Fig. 8.3(b). In the first step, SiH3SiH2

– abstracts a hydrogen 

atom from the SiH4 molecule, leading to the formation of SiH3– anion, which 
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significantly lowers the charges on Si–3 (from –0.03 to –0.30 in TS1, and to –0.65 in 

SiH3– anion) and increases the charges on Si–1 and Si–2. Then SiH3– attacks disilane to 

become an –SiH3 group, in which the Si–3 partially transferred its negative charge to Si–

1 and Si-2 and remains only slightly negatively charged during the remaining steps. In 

step 2, which eliminates molecular hydrogen, one of the silicon atoms in disilane gains 

more negative charges than the other one, which introduces a negative formal charge on 

the terminal silicon atom. The terminal negative charge could be further transferred to the 

middle silicon, which lower the energy of the molecule and leads to a thermodynamically 

more stable isomer.  

8.3.4 Multi–structural torsional anharmonicity factors 

  Multi–structural effects are very important and must be considered in the high 

temperature range especially for branched silane with long silicon–chain.838 Multi–

structural anharmonicity and torsional anharmonicity are included in our calculations by 

the MS-T coupled method (MS–T(C)). The local periodicities of the –SiH3 groups are 

assigned as 3. The calculated multi–structural torsional anharmonicity factors for 

activation of steps 1–3 in reactions R1 and R2 at various temperatures are listed in Table 

8.4. Because of the relatively small sizes of the molecules we considered in the current 

work, the MS–T factors do not significantly deviate from unity. Nevertheless, we find 

that ignoring such MS–T corrections can still cause an error ranging from 10%–75% in 

the final predicted thermal rate constants. For instance, at 1500 K, for R1 step 2 of 

reaction R1, an error of 75% would be introduced by not multiplying the rate constant 
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with a MS–T factor of 4.13; even at room temperature (~298 K), in the case of Step 2 of 

reaction R2, the multi�structural rate constant differs from the single�structural rate 

constant by 69%.  

The numbers of distinguishable structures found for Si2H4
–, TS1, SiH3SiHSiH3

–, 

TS2, SiH2SiHSiH3
–, TS3 and SiHSiH2SiH3

– are 1, 2, 1, 2, 2, 2, and 2, respectively for 

R1; and they are 1, 2, 1, 2, 3, 2 and 1 for Si2H5
–, TS1, Si2H6, TS2, SiH2SiH2SiH3

–, TS3 

and SiH3SiHSiH3
–, respectively for R2. For all species with 2 distinguishable structures, 

the two structures are a pair of energetically equivalent non�superimposable mirror 

images. For SiH2SiH2SiH3
– anion, there is one Cs�symmetry conformer, which is the 

global minima, and one pair of mirror images, which are 0.76 kcal/mol higher in potential 

energy.  

8.3.5 Thermal rate constants 

The computed MS–CVT/SCT rate constants of step 1–3 of net reactions R1 and R2 

are listed in Table 8.5 for various temperatures. Steps 1 and 2 are bimolecular reactions, 

and step 3 is a unimolecular reaction.  

The MS CVT/SCT rate constants for the forward reactions of steps 1 3 in R1 and 

R2 are fitted using recently proposed839,840 multi-parameter fitting expressions. In 

particular, for endothermic reactions (steps 1 of R1 and R2) 

   (335) 

where A, n, E, and T0 are the four fitting parameters, and R is the gas constant 

  

k = A(
T

300
)n exp[−

E(T +T0)

R(T 2 +T0
2)

]
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(1.9872×10-3 kcal mol-1 K-1). For exothermic reactions (steps 2 and 3 of R1 and R2), a 

fitting equation that allows a nonzero value of the rate constant at 0 K is used: 

   (336) 

The fitting parameters are tabulated in Table 8.6.  

The computed CVT recrossing transmission coefficients Γ and small�curvature 

tunneling transmission coefficients κ are shown in Table 8.7.  

The variational effects for the systems studied in this work are not particularly 

significant, the largest variational effect occurs at 298 K in the last step of R2, with a 

recrossing transmission coefficient Γ=0.84 and a generalized transition state (GT) 0.0579 

Å away from the saddle point (s=0), which is very close to the conventional transition 

state. The potential energy (VMEP) along the ground–state minimum energy path (MEP) 

as a function of the reaction coordinate s for step 3 of reaction R2 is shown in Fig. 8.4(a); 

the vibrationally adiabatic ground–state potential energy (VaG), which is the sum of VMEP 

and the zero point energies of all the vibrational modes that are orthogonal to the reaction 

coordinate, is depicted in Fig. 8.4(b). 

Quantum tunneling effect is especially important for light atoms (such as hydrogen) 

at low temperature range, and the tunneling transmission coefficient gradually converges 

to unity as the temperature increases. For instance, in the second step of reaction R2, 

tunneling at 298 K increases the thermal rate constant by an order of magnitude. The SCT 

tunneling transmission factor at various temperatures for this step are depicted in Fig. 8.5.  

  

k = A(
T +T0

300
)n exp[−

E(T +T0)

R(T 2 +T0
2)

]
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8.3.6 Activation energies 

Arrhenius activation energies (kcal/mol) of steps 1–3 in the reaction pathways of R1 

and R2 at various temperatures are listed in Table 8.8. Temperature�dependence of the 

activation energy is depicted in Fig. 8.6. Arrhenius activation energies are calculated as 

the slopes of the Arrhenius plots (plots of ln k vs. 1/T).841 Based on the fitting formulas 

we adopted in this paper, Arrhenius activation energies can be derived as follows: 

  (337) 

    Arrhenius activation energies are temperature�dependent due to the deviation of 

Arrhenius plots from straight lines. The differences between Ea at 298 K and at 1500 K 

for step 1�3 of R1 and R2 are, respectively, 9.6, 5.9, 0.8, 9.7, 12.4, 1.8 kcal/mol. 

Therefore one would make serious errors if one assumed the simple Arrhenius form for 

the temperature dependences of the rate constants. 

8.3.7 Additional mechanistic steps 

The rate constants we report here are in the high–pressure limit. In the high-pressure 

limit, all of the species are fully thermalized (satisfying the Boltzmann distribution), 

which means that the rates of the collisional energy transfer steps that maintain the 

equilibrium of reactants and intermediates are faster than the rates of reaction. To include 

the deviation from the high-pressure limit would require adding collisional energy 

transfer steps to the mechanism and considering the rates of reaction as functions of 

  

Ea =

E(T 4 + 2T0T 3 −T0
2T 2)

(T 2 +T0
2)2

+ nRT       endothermic reaction

E(T 4 + 2T0T 3 −T0
2T 2)

(T 2 +T0
2)2

+ nRT 2

T +T0
     exothermic reaction

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪
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internal energy distributions.842,843  

Another mechanistic complication is that in real systems there are other species 

present. Consequently, Si3H7
– (intermediate 1 of reaction R1) may collide with SiH4 

before it collides with an H atom, and an H atom may collide with SiH2
– before it 

collides with Si3H7
–. Similarly, all the other intermediates generated during the reaction 

mechanisms can possibly collide with other species in real chemically active plasma 

systems. Thus the present work provides the beginning of a quantitative mechanism by 

presenting forward and reverse rate constants for six elementary steps in the high-

pressure limit, but a full mechanism involves many more reactions. 

 

8.4 Summary 

    The present work is dedicated to understanding the reaction mechanisms in the 

initial steps of the growth of nanoparticles in nanodusty plasmas. We have proposed 

three–step mechanisms for the initial steps of the SiH4 + Si2H4
– and SiH4 + Si2H5

– 

polymerization reactions. CM5 charges were used to interpret the proposed reaction 

mechanisms, and rate constants for all the reactions were calculated by multi–structural 

canonical variational transition state theory with the small-curvature tunneling 

approximation.  
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Table 8.1 Steps in the mechanisms. 

Reaction Step Chemical equation 

1 1 Si2H4
–+SiH4�SiH3SiHSiH3

–+H 

1 2 SiH3SiHSiH3
–+H�SiH2SiHSiH3

–+H2 

1 3 SiH2SiHSiH3
–�SiHSiH2SiH3

– 

2 1 Si2H5
–+SiH4�Si2H6+ SiH3

– 

2 2 Si2H6+ SiH3
–�SiH2SiH2SiH3

–+H2 

2 3 SiH2SiH2SiH3
–�SiH3SiHSiH3

– 

 

Table 8.2 Thermodynamic and quasithermodynamic functions at T = 298 K for 

reaction R1. Enthalpy, Gibbs free energy, and thermodynamic energy are reported 

with respect to reactants (SiH4 + Si2H4
–).  

Species  

(kcal/mol) 

 

(kcal/mol) 

 

(kcal/mol) 

SiH4 + Si2H4
– 0.0 0.0 0.0 

TS1 18.8 27.0 19.4 

SiH3SiHSiH3
– + H 17.3 19.1 17.3 

TS2 17.6 25.2 18.1 

SiH2SiHSiH3
– + H2 -2.5 -2.1 -2.5 

TS3 + H2 19.1 19.9 19.1 

SiHSiH2SiH3
– + H2 -3.8 -3.5 -3.8 

  

ΔH298
° ΔG298

° ΔU298
°
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Table 8.3. Thermodynamic and quasithermodynamic functions at T = 298 K for 

reaction R2. Enthalpy, Gibbs free energy and thermodynamic energy are reported 

with respect to reactants (SiH4 + Si2H5
–).  

Species  

(kcal/mol) 

 

(kcal/mol) 

 

(kcal/mol) 

SiH4 + Si2H5
– 0.0 0.0 0.0 

TS1 12.5 19.5 13.1 

Si2H6 + SiH3
– 11.5 11.0 11.5 

TS2 23.1 34.0 23.7 

SiH2SiH2SiH3
– + H2 -3.7 -3.8 -3.7 

TS3+ H2 23.3 24.6 23.3 

SiH3SiHSiH3
– + H2 -8.9 -8.4 -8.9 

 

Table 8.4 Multi–structural torsional anharmonicity factors for activation of step 1–3 

in reaction R1 and R2 at various temperatures.  

T/K 

R1 R2 

Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 

298 1.78 2.01 0.92 2.18 0.59 1.38 

300 1.78 2.01 0.92 2.18 0.59 1.38 

400 1.79 2.19 0.84 2.13 0.60 1.29 

500 1.78 2.38 0.78 2.08 0.61 1.27 

600 1.75 2.57 0.74 2.03 0.63 1.27 

700 1.72 2.76 0.71 1.99 0.65 1.30 

800 1.68 2.94 0.69 1.95 0.68 1.34 

900 1.64 3.13 0.67 1.92 0.70 1.38 

1000 1.60 3.31 0.66 1.89 0.72 1.42 

1500 1.44 4.13 0.61 1.78 0.84 1.65 

  

ΔH298
° ΔG298

° ΔU298
°
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Table 8.5 MS–CVT/SCT rate constants of step 1–3 in reaction R1 and R2 at various 

temperatures. (Units: for step 1 and 2 are cm3•molecule-1•s-1, for step 3 is s-1.) 

T/K 

R1 R2 

Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 

298 6.17�10-28 1.11�10-11 7.82�10-4 6.22�10-22 5.76�10-24 1.12�10-8 

300 7.65�10-28 1.12�10-11 1.00�10-3 7.23�10-22 6.41�10-24 1.52�10-8 

400 2.86�10-24 1.73�10-11 1.04�101 2.37�10-19 5.11�10-22 1.48�10-3 

500 5.03�10-22 2.79�10-11 2.30�103 9.46�10-18 1.03�10-20 1.44 

600 1.80�10-20 4.16�10-11 8.90�104 1.27�10-16 9.22�10-20 1.47�102 

700 2.57�10-19 5.90�10-11 1.22�106 8.98�10-16 4.98�10-19 4.08�103 

800 2.01�10-18 7.24�10-11 8.82�106 4.16�10-15 1.93�10-18 5.02�104 

900 1.05�10-17 9.47�10-11 4.07�107 1.45�10-14 5.89�10-18 3.46�105 

1000 4.08�10-17 1.21�10-10 1.39�108 4.07�10-14 1.52�10-17 1.68�106 

1500 3.17�10-15 3.10�10-10 5.58�109 1.24�10-12 3.77�10-16 2.08�108 

 

Table 8.6 Fitting parameters for forward reaction rate constants of steps 1–3 in R1 

and R2 

 ln A n T0 E 

R1, Step 1 -36.026 4.560 113.71 13.060 

R1, Step 2 -26.272 2.530 334.20 0.532 

R1, Step 3 28.201 0.667 11.56 20.190 

R2, Step 1 -31.420 4.400 112.61 8.534 

R2, Step 2 -41.694 5.100 158.70 6.924 

R2, Step 3 26.161 1.060 5.00 25.910 
a The units of A for steps 1 and 2 are cm3 molecule-1 s-1 and s-1 for step 3; the parameters 

T0 and E are in units of K and kcal/mol respectively, and n is unitless. 
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Table 8.7 CVT recrossing transmission coefficients and SCT tunneling transmission 

coefficients for R1 and R2 at various temperatures.  

T/K R1–Step 1 R1–Step 2 R1–Step 3 R2–Step 1 R2–Step 2 R2–Step 3 

Γ κ Γ κ Γ κ Γ κ Γ κ Γ κ 

298 0.98 1.87 0.90 1.43  0.98 1.65 0.97 2.48 0.99 10.21 0.84 1.61 

300 0.98 1.85 0.90 1.42  0.99 1.64 0.97 2.45 0.99 9.82 0.84 1.60 

400 0.98 1.39 0.97 1.22  0.99 1.52 0.98 1.71 0.99 3.23 0.88 1.39 

500 0.98 1.23 0.97 1.14  0.99 1.26 0.98 1.42 0.98 2.05 0.91 1.23 

600 0.98 1.14 0.97 1.09  0.99 1.17 0.98 1.28 0.98 1.63 0.92 1.15 

700 0.97 1.10 0.98 1.07  0.99 1.12 0.98 1.20 0.98 1.42 0.93 1.11 

800 0.97 1.07 0.99 1.05  1.00 1.08 0.98 1.15 0.98 1.30 0.94 1.08 

900 0.97 1.05 0.98 1.04  1.00 1.06 0.98 1.12 0.98 1.23 0.96 1.06 

1000 0.97 1.04 0.97 1.03  1.00 1.04 0.99 1.09 0.98 1.18 0.96 1.05 

1500 0.96 1.01 0.95 1.01  0.99 1.01 0.98 1.04 0.97 1.08 0.96 1.02 

 

Table 8.8 Arrhenius Activation energies (kcal/mol) of step 1–3 in reaction R1 and 

R2 at various temperatures. 

T/K 

R1 R2 

Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 

298 18.8 0.9 21.7 13.1 9.5 27.4 

300 18.8 0.9 21.7 13.2 9.5 27.4 

400 20.3 1.5 21.8 14.4 11.4 27.4 

500 21.1 2.0 21.8 15.2 12.6 27.5 

600 21.8 2.5 21.8 15.9 13.6 27.6 

700 22.4 3.0 21.8 16.6 14.6 27.7 

800 23.1 3.5 21.8 17.3 15.5 27.9 

900 23.8 4.0 21.9 18.1 16.4 28.1 

1000 24.5 4.4 22.0 18.8 17.3 28.3 

1500 28.4 6.8 22.5 22.8 21.9 29.2 
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Figure 8.1 Reaction mechanism profile for SiH4 + Si2H4
–. Green balls are silicon 

atoms, and small black balls are hydrogen atoms. The silicon atoms in red carry one 

negative formal charge.  

 

 

Figure 8.2 Reaction mechanism profile for SiH4 + Si2H5
–. Green balls are silicon 

atoms, and small black balls are hydrogen atoms. The silicon atoms in red carry one 

negative formal charge.  
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Figure 8.3 Computed CM5 charges (in the unit of elementary charge) for all the 

silicon–containing species in reaction (a) SiH4+Si2H4
– (b) SiH4+Si2H5

–. The labels of 
the silicon atoms are consistent with Fig. 8.1.  
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Figure 8.4 VMEP and VaG for step 3 of reaction R2 as a function of reaction 

coordinate s, where s is the signed distance along the MEP in isoinerttial coordinates 

scaled to a reduced mass of 1 amu. 

 

  



 398 

 
Figure 8.5 SCT tunneling transmission coefficients (k) for Step 2 of reaction R2 at 

various temperatures.  

 

 

Figure 8.6 Activation energies (kcal/mol) at various temperatures (K) for all of the 

steps in R1 and R2. 
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Chapter 9. Silane-initiated Nucleation in Chemically Active Plasmas: 
Validation of Density Functionals, Mechanisms, and Pressure-
dependent Variational Transition State Calculations 

 

9.1 Introduction  

The growth of nanoparticles in nanodusty plasmas is an active research field in 

plasma physics, chemistry, and engineering. Many physical and chemical processes are 

involved in the formation of nanoparticles in chemically active plasmas, including 

nucleation, isomerization, electron capture and ionization, and mass and momentum 

transport. Anion-neutral reactions are one of the major chemical reactions in silicon 

hydride clustering in silane-containing reactive plasmas.844,845 Rate constants of anion-

neutral reactions are used in building transport equations or boundary conditions in many 

simulation studies for investigating the distribution of the sizes of nanoparticles and their 

population in a plasma.846,847,848,849,850 However, due to the complexity of the systems 

and the unusual conditions of the chemical reactions (i.e., plasma), accurate experimental 

measurements for these anion-neutral reactions are very difficult and hence are scarce. 

The majority of the reaction rates needed for modeling nanodusty plasmas are empirically 

estimated, and Agarwal and Girshick851 noted that “there is considerable uncertainty in 

the values of rate constants for anion-neutral reactions that are primarily responsible for 

clustering in this system, and thus any correction factor one might apply for the predicted 

nucleation rate would itself be highly uncertain”. Theoretical calculations of chemical 
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structures, energetics, and thermal rate constants can play an important role in reducing 

the uncertainty involved in plasma modeling. Although fast empirical methods for 

estimating thermodynamic functions and rate constants exist,852 we do not use such 

approach in the current work; thermodynamic functions and thermal rate constants 

reported in this work are computed from ab initio calculations.  

Silyl anion (SinH2n+1
–) reactions with silane and silylene anion (Sin+1H2n+2

–) 

reactions with silane are the dominant anionic pathways for the formation of 

nanoparticles in plasmas. Higher homologs of silicon hydrides with branched chains are 

generated in these reactions, which proceed with the elimination of molecular hydrogen. 

The silicon hydrides formed via silyl anion-silane reactions are H3SiH2Si:– � 

(H3Si)2HSi:– � (H3Si)3Si:– � (H3Si)3SiH2Si:–, where “ : ” represents paired electrons 

on the terminal Si atom; the silicon hydrides formed via silylene anion-silane reactions 

are H3SiHSi·– � H3SiH2SiHSi·– � (H3Si)2HSiHSi·– � (H3Si)3SiHSi·–, where “ · ” 

represents an unpaired electron on the terminal Si atom. 

 In the present study, we focus on clusters that contain no more than five silicon 

atoms in the current work. The chemical mechanism of the initial step of the clustering 

process, i.e., the formation of (H3Si)2HSi:– and H3SiH2SiHSi·–, has been investigated in a 

previous work.853 In the current work, , since the studied kind of system is not 

represented in the training set of any density functional known to us, we carry out 

benchmark tests for various density functionals, and this provides an opportunity to 
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investigate the transferability of various semiempirical exchange-correlation functionals. 

Chemical structures, energetics, and thermal rate constants in the mechanisms are 

computed using the best functional among the functionals we tested in this work.  

 Two unimolecular isomerization reactions are involved in the reaction mechanism 

we propose in this work, and the pressure dependences of their thermal rate constants are 

estimated using system-specific quantum Rice-Ramsperger-Kassel (SS-QRRK) theory 

combined with the Hinshelwood-Lindemann thermal activation mechanism. The SS-

QRRK method was proposed recently854 as a convenient way to use variational transition 

state theory to treat pressure dependences of chemical reaction rates, and it was applied to 

a chemical activation mechanism; the present article is the first application to a thermally 

activated unimolecular reaction. For a chemically activated unimolecular reaction, the 

low-pressure rate constants of the formation of the stabilized adduct are lower than the 

high-pressure-limit, and the rate constants of the further isomerization/dissociation of the 

formed adduct are larger than the high-pressure equilibrium rate constant; and in 

thermally activated unimolecular reactions, the low-pressure rate constants are smaller 

than the high-pressure equilibrium rate constant, and hence the pressure effect for this 

kind of reaction is called “falloff.” 

 

9.2 Theoretical background 

9.2.1 High-pressure-limit thermal rate constants 
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    High-pressure-limit thermal rate constants are computed using multi-structural 

canonical variational transition state theory with the small-curvature tunneling 

approximation (MS-CVT/SCT) as follows:855,856,857,858 

   (338) 

where Fact is multi-structural torsional potential anharmonicity factor of activation859,860 

computed by MS-T(C) method;861  is a small-curvature tunneling transmission 

coefficient for the lowest-energy conformer of the transition state,  is CVT 

variational transmission coefficient for the lowest–energy path, and  is the 

conventional transition state theory rate constant computed based on the lowest-energy 

path: 

   (339) 

where Q‡ and QR are rigid-rotor-harmonic-oscillator partition functions for the transition 

state structure and reactant; ΦR is the reactants partition function per unit volume. V‡ is 

the barrier height, kB is the Boltzmann constant, h is Planck's constant, and T is absolute 

temperature. Expressing the TST rate constant in the form of equation (339), the 

rotational partition function does not contain rotational symmetry number; the rotational 

symmetry number is included in the reaction symmetry number  as follows:862 

kMS-CVT/SCT = Factκ 1
SCTΓ1

CVTk1
TST

κ 1SCT

Γ1
CVT

k1
TST

k1
TST =

σ rxn
kBT
h

Q‡

QR e−V
‡/kBT unimolecular reaction

σ rxn
kBT
h

Q‡

ΦR e−V
‡/kBT bimolecular reaction

⎧

⎨

⎪
⎪

⎩

⎪
⎪

σ rxn
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   (340) 

where  and  are the rotational symmetry number for the reactant and transition 

state structure, which are equal to the order of the rotational subgroup for polyatomic 

molecule; rotational symmetry number is 1 for heteronuclear diatomic molecule and 2 for 

homonuclear diatomic molecule. The reaction symmetry number we used here excludes 

the non-superimposable mirror-image conformers; the contributions from these mirror-

image conformers are treated within MS-T method. However, the contributions from 

enantiomers should be included in the reaction symmetry number or the rotational 

partition function if the MS-T method is not applied.862,863  

 

9.2.2 System-specific quantum RRK theory with Hinshelwood–Lindemann theory 

In this section, we consider the effect of pressure on the unimolecular reactions by 

using SS-QRRK theory854 with the Hinshelwood-Lindemann mechanism.  

For a unimolecular reaction, the following Hinshelwood-Lindemann thermal 

activation mechanism is considered:864 

  

where A(T) represents the thermally equilibrated reactant at temperature T; M is the bath 

gas;  is the rovibrationally excited molecule with total rovibrational energy E; and 

σ rxn =
σ R σ ‡ unimolecular reaction

σ R1σ R2 σ ‡ bimolecular reaction

⎧
⎨
⎪

⎩⎪

σ R σ ‡

A(T )+ M
k1(E; T )

kc(T )
⎯ →⎯⎯⎯← ⎯⎯⎯⎯ A∗(E)+ M          step 1

A∗(E) k2(E)⎯ →⎯⎯ P                             step 2

A*(E)
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P is the isomerization product. This mechanism includes the RRK assumption that energy 

in A* is rapidly statistically redistributed among modes subject only to the constraint of 

total energy E so that the reactivity of A* is simply a function of total energy. The rate 

constant of energization is k1, and the rate constant of isomerization is k2, and by the RRK 

assumption both of these rate constants depend on the total energy of ; and k1 also 

depends parametrically on temperature T. The rate constant of de-energization is kc and is 

treated as temperature-dependent but energy-independent, which is the strong collision 

assumption. However, the strong-collision assumption is mitigated in the present work by 

computing kc as the product of the Lennard-Jones collision rate constant and a collision 

efficiency factor βc, where the latter is computed by using Troe’s modified collision 

model.865,866 

The pressure–dependent unimolecular reaction rate constant kuni(T, p) for the above 

mechanism is:867,868,869 

   (341) 

where is the equilibrium constant of the first step, [M] is the concentration of 

bath gas, p is pressure, and  is the threshold energy. Note that K(E,T) is mixed-

ensemble equilibrium constant, representing the thermal equilibrium of species A* in a 

microcanonical ensemble at energy E with species A in a thermal ensemble with 

temperature T. Therefore,  

A*

k uni(T, p) = dE K(E,T )k2(E)

1+ k2(E)
kc(T )[M]

E=E0

∞

∫

K(E,T )

E0
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   (342) 

where  is the density of states, and  is the rovibrational partition function 

of A. 

In QRRK theory,867,870 one models the states of A and A* as the discrete states of a 

system with s uncoupled harmonic oscillator modes, each with frequency  in wave 

numbers (e.g., cm-1). Then the integrals over E are replaced by sums over n, where n is 

the number of quanta excited at energy E ( , where the zero of energy is the 

potential energy of the equilibrium structure of A). With this model and with [M] given 

by the ideal gas law, equation (341) can be written as: 

   (343) 

where  

   (344) 

   (345) 

and R is ideal gas constant, and c is the speed of light. Notice that in the limit of , 

the high-pressure-limit unimolecular rate constant is recovered in equations (4) and 

(343), and in the low-pressure limit, the unimolecular rate "constant" is no longer a 

constant (i.e., no longer independent of concentrations), but rather is proportional to [M] 

or p.  

K(E,T )= ρ(E)exp −E / RT( )

d ′E ρ( ′E )exp − ′E / RT( )
0

∞

∫
=
ρ(E)exp −E / RT( )

QA(T )

ρ(E) QA(T )

ω

n = E / hcω

kuni(T, p) =
k2(E = nhcω)K(n,T )

1+ k2(E = nhcω)
kc(T )

⋅
RT
p

n=m

+∞

∑

K(n,T ) = exp(−nhcω
kBT

)[1− exp(−hcω
kBT

)]s (n+ s−1)!
n!(s−1)!

m = E0 / hcω

p→∞
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 In SS-QRRK, we use equations (6)–(8) with  taken as the geometric mean of the s 

vibrational frequencies of A (where s is 3N – 6, and N is the number of atoms in A), and 

with  and the microcanonical isomerization rate constant k2(E) parameterized by 

using QRRK theory calibrated to match the MS-CVT/SCT canonical rate constant at high 

pressure. In QRRK theory, the microcanonical rate constant is a frequency factor A (with 

units of reciprocal time) times the probability that a molecule with n quanta of vibrational 

theory has at least m quanta in one of the modes (the reactive mode), where m is given in 

terms of the threshold energy by equation (8). This yields867 

   (346) 

Substituting this into equation (6), carrying out the sum, and taking the limit of  

yields the Arrhenius form:19,867 

   (347) 

Thus, to parameterize QRRK theory, the parameter m is calculated from the MS–

CVT/SCT Arrhenius activation energy : 

   (348) 

   (349) 

and the frequency factor A in QRRK theory is set equal the MS-CVT/SCT Arrhenius pre-

exponential factor, i.e.,  

   (350) 

ω

E0

k2
QRRK(E = nhcω) = A n!(n−m+ s−1)!

(n−m)!(n+ s−1)!

p→∞

kuni
QRRK(T, p =∞) = Aexp −mhcω / RT( )

Ea
MS-CVT/SCT(T )

m(T ) = E0(T )
hcω

E0(T ) = Ea
MS-CVT/SCT(T ) = −R d lnk

MS-CVT/SCT(T )
d(1 /T )

A(T ) = kMS-CVT/SCT(T )exp[Ea
MS-CVT/SCT(T ) / RT ]
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Note that both  and A depend on temperature in the parameterized rate expression. 

Therefore  in equation (6) becomes  given by equations (9) and (11)–

(13). The sum in equation (6) is evaluated with a step size of one quantum, and the 

factorials therefore all have non-integer arguments and are evaluated using gamma 

functions. 

The de-energization rate constant is modeled as in our previous work,854 using 

empirical Lennard-Jones parameters, the average energy transferred, and the energy 

dependence factor FE of the density of states (which is the thermal population of 

unimolecular states above the threshold energy of the reactant normalized by a density of 

states factor at the threshold energy); these quantities are given in Section 9.3.4. 

 

9.3 Computational details  

9.3.1 Electronic structure calculations 

Initial geometries of the reactants, products, and transition state structures are 

optimized with the M08-HX functional871 and the MG3S basis872 for benchmark studies; 

tight convergence criteria are used for both the SCF calculations and the geometry 

optimizations. For silicon atoms, the MG3S basis is equivalent to the 6-311+G(3d2f) 

basis, and for hydrogen atoms it is equivalent to the 311G(2p) basis.873,874,875 All the 

density functional integrations are carried out with a grid of 99 radial shells around each 

atom and 974 angular points per shell.876 All the electronic structure calculations are 

E0

k2(E) k2(E,T )
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performed with a locally modified version of the Gaussian 09 software.877,878 

In order to test the accuracy of various popular density functionals for silyl or 

silylene anions reactions, a benchmark study was carried out based on classical barrier 

heights and classical energies of reactions (these are relative Born-Oppenheimer potential 

energies at stationary points and are exclusive of zero-point or thermal vibrational 

energy). Five reactions (as summarized in Table 9.1) were selected from our proposed 

reaction mechanisms for use in the benchmark study.  

Single-point energy calculations are performed based on M08-HX/MG3S 

geometries using various density functionals (tabulated in Table 9.2) combined with the 

MG3S, jun-cc-pVTZ879 and jul-cc-pVTZ880 basis sets. Density functionals tested in the 

current work includes three local functionals (M11-L,881 MN12-L,882 and MN15-L883) 

and 18 hybrid functionals (B3LYP,884 PBE0,885 TPSSh,886 MGGA_MS2h,887 

MPW1K,888 M05,889 M06,890 M05-2X,891 M06-2X,890 M08-HX,871 M08-SO,871 

M11,892 MN12-SX,893 SOGGA11-X,894 B97-3,895 HSE06,896 τHCTHhyb,897 and 

ωB97X-D898). 

The reference energy values are computed by CCSD(T)899/CBS, where the complete 

basis set (CBS) limit is obtained by the following strategy:900 

   (351) 

where SBS means the small basis set (which is aug-cc-pVTZ880,901 in the current work), 

and the MP2902/CBS energy is computed by respectively extrapolating the Hartree-Fock 

ECBS
CCSD(T) = ECBS

MP2 + (ESBS
CCSD(T) −ESBS

MP2)
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(HF) exchange energy and MP2 correlation energy as follows:903,904,905,906,907  

   (352) 

   (353) 

where 

   (354) 

In the above equations, we use X = 4 (which is taken as aug-cc-pVQZ) and X – 1 = 3 

(which is taken as aug-cc-pVTZ). Finally,  

   (355) 

 

9.3.2. Direct dynamics calculations 

    For the direct dynamics calculations, all the species are re-optimized by M06-

2X/MG3S, which was selected as the level for direct dynamics calculations based on the 

benchmark tests (as will be discussed in Section 9.4.1). 

 Canonical variational transition state theory calculations with the small-curvature 

tunneling approximation were carried out in non-redundant internal coordinates908,909 

with a step size of 0.002 a0 (note: 1 a0 = 1 bohr =0.5292 Å). The minimum energy paths 

(MEPs) are computed using Page-McIver algorithm910 from -2.0 to +2.0 a0. The RODS 

algorithm911 was used to re-orient the generalized-transition-state-theory dividing 

surface. A scaling factor 0.970912 was used to scale all the vibrational frequencies in the 

ECBS
HF = EX-1

HF − λEX
HF

1− λ

ECBS
corr = X3EX

corr − (X −1)3EX−1
corr

X3 − (X −1)3

λ = X
X +1

exp[9( X − X −1)]

ECBS
MP2 = ECBS

HF +ECBS
corr
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generalized normal mode calculations.  

 For bimolecular reactions with a negative barrier, the small-curvature tunneling 

transmission coefficient was computed using the ion-dipole complex as the initial state; 

the final bimolecular reaction rate constant is the product of the so-obtained tunneling 

transmission coefficient with the bimolecular reaction rate constant computed without 

tunneling. This is consistent with the fact that the tunneling calculation is performed for 

the high-pressure limit where the ion-dipole complex is fully thermalized (the issue of 

tunneling from the states of the precursor complex at lower energies than the bimolecular 

reactant ground state is discussed elsewhere913914).  Multi-structural torsional 

anharmonicity (MS-T) rovibrational partition functions were computed using the MSTor 

program;915 VTST calculations were performed with the Polyrate916 and Gaussrate917 

programs. 

 

9.3.3. Torsional anharmonicity  

The multi-structural torsional anharmonicity (MS-T) rovibrational partition functions 

are computed based on coupled effective torsional potentials. The local periodicities of –

SiH3 groups are set to be 3. The MS-T partition functions include the contributions from 

all the distinguishable conformational structures including non-superimposable mirror 

images. 
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9.3.4 Parameters used in de-energization  

In the current study, Ar gas, which is commonly used in chemical vapor 

decomposition918 (CVD) and in studying nucleation processes in plasmas,851 is selected 

as the bath gas used in estimation of the pressure-dependent rate constants of the 

unimolecular isomerization reactions. Lennard-Jones parameters  and σ are taken 

for Ar as 120 K and 3.4 Å919 and for Si4Hn species as 254 K and 5.8 Å, as used in 

previous silane plasma modeling.920  

The energy transfer parameter , which is the average energy transferred 

during both energization and de-energization processes and which is used for computing 

the collision efficiency factor, is chosen to be 740 cal mol-1; this value has been used 

previously for modeling SiH4 colliding with Ar.921 The Si cluster we considered in the 

current work are larger than SiH4, and therefore one might hypothesize that a larger 

energy transfer parameter should be used. To test this, we repeated the calculations 

with a doubled energy transfer parameter of 1480 cal mol-1, and we found that the 

obtained falloff curves are not sensitive to this change. Doubling the energy transfer 

parameter leads to larger k(p) values (i.e., stronger collisions and smaller falloff effect) 

and at most a factor of 2 difference. (The maximum effect is at 1500 K, 0.001 bar.) The 

collision parameters and energy transfer parameters, in principle, could be determined 

from theoretical trajectory calculations;922 we do not use such approach in the current 

work based on computational cost and the desire for a simple method that can be widely 

ε / kB

ΔE

ΔE
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used in mechanism development.  

The energy dependence factor FE of the density of states can be directly computed 

using Troe’s definition:865 

   (356) 

with density of states computed from MS-T partition function by inverse Laplace 

transform; alternatively, FE can be computed by the empirical Whitten–Rabinovitch 

approximation using equations (6) and (8) in Troe’s work.923 FE is used to compute the 

collision efficiency coefficient βc using the following equation: 

   (357) 

 For falloff calculations on (SiH3)2SiHSiH–, we used FE values computed from MS-T 

partition function in equation (356) which yields 1.55, 1.84, and 2.85 at 298 K, 400 K, 

and 600 K, respectively, For comparison, FE values computed using Whitten–

Rabinovitch approximation at 298 K, 400 K, and 600 K are 1.43, 1.63, and 2.30, which 

agree with the values we used within 8, 11, and 19%, respectively. The FE values 

computed from MS-T partition function for (SiH3)2SiHSiH2
– are 1.60, 1.97, and 3.32 at 

298 K, 400 K, and 600 K, respectively, and they are used in falloff calculations of RC 

step 3. The corresponding FE values computed by the Whitten–Rabinovitch 

approximation at 298 K, 400 K, and 600 K are 1.45, 1.71, and 2.51, which agree with the 

FE =

ρ(E)e−E /kBT dE
E0

+∞

∫

kBTρ(E0 )e
−E0 /kBT

βc
1− βc

1/2 =
ΔE

FEkBT



 413 

values we used within 9, 13, and 24%, respectively. 

 

9.4 Results and discussion  

9.4.1 Benchmark of various density functionals 

Although coupled cluster theory with single and double excitations and quasi-

perturbative connected triple excitations, i.e., CCSD(T), is often viewed as the gold 

standard in quantum chemistry, it uses a single configuration state function as the 

reference wave function (i.e., it is a “single-reference” method), and therefore it might 

not be appropriate to use CCSD(T) as a benchmark for systems with strong multi-

reference characters (such as bond dissociation924 and transition metal chemistry925). To 

ascertain its expected reliability, we computed the T1 diagnostic926 values for all the 

species involved in the reactions that are used for benchmark study, since this diagnostic 

has been proposed as a measure of the suitability of singe-reference coupled cluster 

theory. The molecule with the largest T1 diagnostic value is the transition state structure 

of reaction R1 (Si4H10
–), for which the value is 0.0252 computed by CCSD(T)/aug-cc-

pVTZ; this value is much smaller than 0.045, which has been suggested927,928,929 as a 

criterion for the applicability of single-reference methods to open-shell molecules, and 

hence we concluded that CCSD(T) can serve as a reference for testing other methods in 

this work. 

The mean unsigned errors (MUEs) of various density functionals computed with 
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respect to CCSD(T)/CBS for reactions R1–R5 and the overall MUEs are shown in Figure 

9.1. MUEs are calculated based on zero-point-vibrational-energy-exclusive forward 

barrier height and energy of reaction. MUEs shown in figure 9.1 are computed using the 

MG3S basis; using larger basis sets such as jun-cc-pVTZ and jul-cc-pVTZ has a 

negligible effect on the MUEs.  

Among the 25 tested density functionals, the global-hybrid meta-GGA functional 

M06-2X performs the best for all the reactions; the MUEs for reactions R1–R5 and the 

overall MUE are 0.34, 0.35, 0.22, 0.76, 0.95 and 0.52 kcal/mol, respectively. They are all 

better than the value of 1 kcal/mol, which is usually quoted as “chemical accuracy”. 

M06-2X, M05-2X, M08-SO, and MPW1K are the four best performing functionals and 

all have overall MUEs within the chemical accuracy criterion. Among the three tested 

local density functionals (M11-L, MN12-L and MN15-L), MN15-L possesses the 

smallest overall MUE, which is 1.25 kcal/mol; it is encouraging that this surpasses the 

accuracy of many popular hybrid density functionals (such as B3LYP and ωB97X-D) and 

the recently developed MGGA_MS2h. This is encouraging for the very new MN15-L 

functional since there is no silyl or silylene–related species in its training set and since 

local functionals are usually less accurate than hybrid functionals for reaction energies 

and barrier heights. 

 Note that the density functional calculations converge more rapidly with respect to 

basis set than CCSD(T), and so CBS extrapolations were not needed. A great advantage 
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of density functional theory in this respect is that the reaction path calculations and the 

required Hessians along the reaction path are affordable even with the reasonably well-

converged MG3S basis set. 

 

9.4.2 Proposed reaction mechanisms 

In this work, we consider the silicon hydride clusters formed from silylene or silyl 

anions reactions with silane that involve no more than 5 silicon atoms. To be more 

specific, the composite reactions we studied are: 

(RA): SiH3SiHSiH2
– + SiH4 → (SiH3)2SiHSiH– + H2 

(RB): (SiH3)2SiHSiH– + SiH4 → (SiH3)3SiSiH– + H2 

(RC): (SiH3)2SiH– + SiH4 → (SiH3)3Si– + H2 

(RD): (SiH3)3Si– + SiH4 → (SiH3)3SiSiH2
– + H2 

In the above reactions, the ground-state spin multiplicities for all the silylene anions 

(i.e., SiH3SiHSiH2
–, (SiH3)2SiHSiH–and (SiH3)3SiSiH–) are doublet and for silyl anions 

(i.e., (SiH3)2SiH–, (SiH3)3Si– and (SiH3)3SiSiH2
–) are singlet. The growth of 

(SiH3)3SiSiH– starts from SiH3SiHSiH2
–, which is produced during the initial 

polymerization reaction of SiH4 + Si2H4
–; (SiH3)2SiH–, which leads to the formation of 

(SiH3)3SiSiH2
–, is generated by the reaction SiH4 + Si2H5

–. 

Potential energy diagrams (relative Born-Oppenheimer potential energy E in 

kcal/mol with respect to reactants) for reaction mechanisms of reactions RA–RD are 
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shown in Figure 9.2 to Figure 9.5. The elementary steps involved and their classical 

energies of reaction (ΔE) are listed in Table 9.3. Energetic values are computed based on 

geometries optimized at M06-2X/MG3S and single point energies calculated with the 

same method. All the elementary reactions are bimolecular reactions except for the first 

step of RB and the third step of RC, which are unimolecular isomerization reactions 

(intramolecular hydrogen transfer). We considered ion-dipole complex in four of the 

elementary bimolecular reactions, in which the barrier is negative: RA step 2, RB step 3, 

RC step 1, and RD step 1; the ion-diploe complex is used in computing tunneling 

transmission coefficient of the bimolecular reactions. 

 

9.4.3 Multi-structural and torsional potential anharmonicity 

Multi-structural and torsional potential anharmonicity factors of activation for the 

forward reactions are tabulated in Table 9.4. MS-T standard-state reaction enthalpy 

(  in kcal/mol) and reaction Gibbs free energy (  in kcal/mol) for all 

the reactions at 298 K and 1000 K are shown in Table 9.6.  

    The errors for computing the thermal rate constants introduced by ignoring the 

multi-structural and torsional anharmonicity effects vary between different reactions and 

temperatures. For reactions RA step1, RB step 3 and RC step 2, the errors are only 

slightly temperature dependent; the averaged errors (over 298–1500 K temperature range) 

for thermal rate constants computed without including MS-T effects for these reactions 

 ΔHrxn
!,MS-T

 ΔGrxn
!,MS-T
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are respectively 32%, 43%, and 44%, with a standard deviation of 4%, 3%, and 5% 

between various temperatures. For reaction RB step 1, the MS-T effect can be ignored for 

temperatures below 800 K, at which temperatures the errors are all smaller than 15%; at 

1500 K, one would have an error of 42% in thermal rate constant if the MS-T factor were 

not included. For reaction RC step 1 at 1500 K, the multi-structural CVT/SCT rate 

constant is a factor of 5 smaller than the single-structural CVT/SCT rate constant; the 

ratio of the single-structural harmonic oscillator rovibrational partition function (SS-HO) 

to the MS-T rovibrational partition function is 0.138 for the TS and is 0.696 for the 

reactant (SiH3)2SiH–, while the ratio of MS-HO partition function to SS-HO partition 

function is 2 for the TS and is 1 for (SiH3)2SiH–, which indicates stronger couplings 

between torsional modes in the TS than in (SiH3)2SiH–.  

 

9.4.4 High-pressure-limit thermal rate constants 

Calculated MS-CVT/SCT rate constants for all the forward reactions are listed in 

Table 9.5. The following equations are used to fit the thermal rate constants:913,930 

   

where A, n, E and T0 are fitting parameters, T is temperature in Kelvin, and R is the ideal 

gas constant (1.9872×10-3 kcal mol-1 K-1). Fitting parameters for forward reactions are 
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⎪
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shown in Table 9.6.  

    Figure 9.6 shows the computed small-curvature tunneling (SCT) transmission 

coefficients at various temperatures for the third step in reaction RC. At low temperature, 

the thermal rate constant can be increased by an order of magnitude due to quantum 

tunneling. The SCT tunneling transmission coefficient decays rapidly as temperature 

increases;  decreases from 11.1 at 298 K to 2.0 at 500K, and to 1.1 at 1500 K. 

 

9.4.5 High-pressure-limit activation energy 

The Arrhenius activation energies are defined by 

   (21) 

and are obtained by putting equations (20a) and (20b) into equation (21), which yields 

   (22) 

    The temperature dependence of activation energies of forward reactions is depicted 

in Figure 9.7.  

    The temperature dependence of activation energy computed based on MS-CVT/SCT 

rate constants could be quite different from the one computed from conventional 

transition state theory (TST), because of the effects of tunneling, recrossing, and multi-

structural torsional anharmonicity. For instance, in step 2 of reaction RC, the MS-

κ SCT
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⎪



 419 

CVT/SCT activation energy is 7.4 kcal/mol at 298 K, and it increases by 12.5 kcal/mol 

from 298 K to 1500 K; the conventional single-structural TST (without tunneling) 

activation energy at 298 K is 10.9 kcal/mol, which is 3.5 kcal/mol higher than MS-

CVT/SCT activation energy at 298 K. We also plot the SS-TST, SS-TST/SCT, MS-CVT, 

and MS-CVT/SCT rate constant for RC step 2 at various temperatures in Figure 9.8. The 

SS-TST/SCT natural logarithm rate constant curve decreases slower than the straight-

line-shape of SS-TST curve as 1000 K/T increases; at high temperature, tunneling is 

negligible and SS-TST overlaps with SS-TST/SCT curve, while at low temperature, SS-

TST curve is significantly lower than SS-TST/SCT curve. The MS-CVT/SCT curve 

differs negligibly from the SS-CVT/SCT curve due to the small MS-T effect. 

 

9.4.6 Falloff effects for unimolecular isomerization reactions 

Step 1 of reaction RB and step 3 of reaction RC are unimolecular isomerization 

reactions. The predicted falloff curves for these two reactions at various temperatures (in 

K) and pressures (in bar) are shown in Figure 9.9. Falloff curves are plotted as 

log10[k(p)/k(p=∞) versus pressure, where k(p) is the thermal unimolecular rate constant at 

pressure p, and k(p=∞) is the high-pressure-limit rate constant computed by MS-

CVT/SCT theory.  

At low and middle temperatures (T < 600 K), falloff effects for these two 

unimolecular reactions are negligible. At 600 K, the rate constant of RB step 1 at 1000 
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bar is 2.83×102 s-1, and at 0.01 bar it is 2.66×102 s-1; the rate constant of RC step 3 at 600 

K and 1000 bar is 2.19×103 s-1, while at the same temperature at 0.01 bar it is 1.90×103 s-

1. For RB step 1, the collision efficiency coefficient βc at 298 K, 600 K, and 1000 K are 

0.34, 0.14 and 0.03, respectively; and for RC step 3, collision efficiency coefficient at 

298 K, 600 K, and 1000 K are 0.33, 0.12 and 0.02, respectively. 

At high temperature, falloff effects become more significant. At 1500 K, the rate 

constant of RB step 1 is 1.45×108 s-1 at 1000 bar and is 2.66×106 s-1 at 1.0 bar, so the 1-

bar result is a factor of 0.014 smaller than the high-pressure-limit. The rate constant of 

RC step 3 at 1500 K is 2.82×108 s-1 at 1000 bar and is 1.25×106 s-1 at 1 bar, so the high-

pressure-limit rate constant is 574 times larger than the one at 1.0 bar.  

 

9.4.7 Pressure-dependent activation energy 

    The activation energies for the unimolecular isomerization reactions RB step 1 and 

RC step 3 depend on both temperature and pressure. We show the pressure–dependent 

activation energies at 600 K, 800 K, and 1000 K in Figure 9.10. At the highest pressures 

shown (103 bar), the activation energies are at the high-pressure limit. At 600 K and 

around 0.1 bar, where falloff effects on the rate become notable, the activation energies 

also start falling as the pressures decreases. At 800 K and 1000 K, the activation energy is 

significantly pressure dependent; the activation energy decreases almost linearly with 

respect to the pressure. At the transition pressure p1/2,868 which is defined as the pressure 
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at which the unimolecular rate constant is half of the high-pressure-limit value, the ratio 

of Ea(p=p1/2) to Ea(p=∞) is 0.6 for RB step 1 (p1/2= 0.01 bar) and 0.6 for RC step 3 (p1/2= 

0.03 bar) at 800 K, and it is 0.5 for RB step 1 (p1/2= 0.3 bar) and 0.4 for RC step 3 (p1/2= 1 

bar) at 1000 K.  

 

9.5 Summary 

    In the current work, we tested various exchange-correlation density functionals for 

an important system in nanodusty plasmas, in particular silylene and silyl anions reacting 

with silane molecules. Among the functionals we tested in this work, M06-2X is the most 

successful hybrid functional and MN15-L is the most successful local functional. 

Reaction mechanisms for the growth of silicon hydride clusters have been proposed, and 

the thermal rate constants of the elementary reactions involved in the reaction 

mechanisms were computed using multi-structural canonical variational transition state 

theory with small-curvature tunneling approximation. Two unimolecular isomerization 

reactions are involved in the reaction mechanism, and their pressure dependent thermal 

rate constants were estimated based on system-specific quantum RRK (SS-QRRK) theory 

combined with Hinshelwood-Lindemann theory.  

 This work provides guidance for choosing density functionals for studying anion–

neutral reactions in the silane-based reactive plasma. The methodology for computing 

thermal rate constants, which values are rarely available experimentally, is also useful in 
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estimating input kinetic data in plasma modeling for engineering applications. The 

extension of the SS-QRRK method to unimolecular isomerizations is also of more 

general use; it may be applied, for example, to atmospheric chemistry and combustion 

chemistry. 
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Table 9.1 Reactions used in benchmark study 

 Chemical equation Reaction type 

R1 SiH3SiHSiH2
– + SiH4 → (SiH3)2SiHSiH2

– + 
H 

Nucleophilic reaction 

R2 (SiH3)2SiHSiH2
– + H → (SiH3)2SiHSiH– + 

H2 

Hydrogen (H) abstraction 

R3 (SiH3)2SiH– + SiH4 → (SiH3)2SiH2 + SiH3
– Hydrogen (H) abstraction 

R4 (SiH3)2SiH2 + SiH3
– → (SiH3)2SiHSiH2

– + 
H2 

Hydrogen (H2) elimination 

R5 (SiH3)2SiHSiH2
–→ (SiH3)2SiSiH3

– Intramolecular hydrogen 

migration 

 

 

 

Table 9.2 Exchange-correlation functionals tested in the current work and their 

percentage of non-local Hartree-Fock exchange (% X) 

Functional % X xcF % X xcF % X 

M11-L 0 ωB97X-D 22.2–100 a SOGGA11-X 35.42 

MN12-L 0 HSE06 25–0 b MPW1K 42.8 

MN15-L 0 MN12-SX 25–0 b M11 42.8–100 a 

MGGAMS2h 9 PBE0 25 M08-HX 52.23 

TPSSh 10 B97-3 26.93 M06-2X 54 

τHCTHhyb 15 M06 27 M05-2X 56 

B3LYP 20 M05 28 M08-SO 56.79 
a The percentage of Hartree−Fock exchange increases from the first value listed for small 

interelectronic separation to 100% at large interelectronic separation. b The percentage of 

Hartree−Fock exchange decreases from 25% at small interelectronic separation to 0 at 

large interelectronic separation.  

  



 424 

Table 9.3 Elementary steps in the proposed reaction mechanisms for reactions RA–

RD, and their classical energies of reactions (kcal/mol) at M06-2X/MG3S level 

Reaction Step Chemical equation ΔE (kcal/mol) 

A 1 SiH3SiHSiH2
– + SiH4 → (SiH3)2SiHSiH2

– + H 27.1  

A 2 (SiH3)2SiHSiH2
– + H → (SiH3)2SiHSiH– + H2 -31.3  

B 1 (SiH3)2SiHSiH–→ (SiH3)2SiH2Si– -3.0  

B 2 (SiH3)2SiH2Si– + SiH4 → (SiH3)3SiSiH2
– + H 31.6  

B 3 (SiH3)3SiSiH2
– + H → (SiH3)3SiSiH– + H2 -31.2  

C 1 (SiH3)2SiH– + SiH4 → (SiH3)2SiH2
 + SiH3

– 24.7  

C 2 (SiH3)2SiH2
 + SiH3

– → (SiH3)2SiHSiH2
– + H2 -20.3  

C 3 (SiH3)2SiHSiH2
–→ (SiH3)2SiSiH3

– -12.6  

D 1 (SiH3)3Si– + SiH4 → (SiH3)3SiH + SiH3
– 34.5  

D 2 (SiH3)3SiH + SiH3
– → (SiH3)3SiSiH2

– + H2 -24.6  

 

Table 9.4 MS-T factors for activation at various temperatures for forward reactions 

computed at M06-2X/MG3S level.  

 RA RB RC RD 

T/K Step 1 Step 2 Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 Step 1 Step 2 

298 1.41  0.57  0.93  1.91  1.68  0.52  1.64  0.75  0.70  0.52  

300 1.41  0.57  0.93  1.90  1.68  0.52  1.64  0.75  0.70  0.52  

400 1.50  0.61  0.92  1.70  1.69  0.47  1.65  0.82  0.66  0.57  

500 1.55  0.66  0.96  1.52  1.72  0.42  1.68  0.91  0.62  0.61  

600 1.56  0.70  1.02  1.36  1.74  0.38  1.72  1.02  0.58  0.66  

700 1.55  0.75  1.09  1.24  1.77  0.35  1.76  1.13  0.55  0.70  

800 1.53  0.80  1.17  1.13  1.80  0.32  1.82  1.25  0.52  0.74  

900 1.50  0.85  1.25  1.05  1.82  0.29  1.87  1.37  0.49  0.78  

1000 1.47  0.90  1.33  0.98  1.84  0.27  1.92  1.48  0.46  0.82  

1500 1.31  1.13  1.71  0.74  1.95  0.20  2.17  2.03  0.36  1.00  
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Table 9.5 MS-CVT/SCT rate constants for forward reactions computed at M06-2X/MG3S level at various temperatures. For 

bimolecular reactions, units of rate constants are cm3 molecule-1 s-1; for unimolecular reactions, units are s-1.  

 RA RB RC RD 

T/K Step 1 Step 2 Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 Step 1 Step 2 

298 9.08E-32 3.71E-10 1.35E-07 2.23E-34 3.30E-10 6.55E-28 3.09E-21 3.57E-06 7.30E-41 2.01E-18 

300 1.22E-31 3.55E-10 1.78E-07 3.14E-34 3.19E-10 8.27E-28 3.35E-21 4.64E-06 9.97E-41 2.09E-18 

400 8.25E-27 8.27E-11 6.33E-03 1.26E-28 8.49E-11 6.27E-24 1.14E-19 9.35E-02 1.58E-35 1.20E-17 

500 8.20E-24 4.09E-11 3.82E+00 3.32E-25 4.51E-11 1.59E-21 1.45E-18 3.89E+01 2.64E-32 5.00E-17 

600 9.32E-22 2.76E-11 2.86E+02 7.15E-23 3.12E-11 6.90E-20 9.62E-18 2.19E+03 4.28E-30 1.57E-16 

700 2.97E-20 2.18E-11 6.47E+03 3.60E-21 2.48E-11 1.08E-18 4.20E-17 4.15E+04 1.79E-28 4.03E-16 

800 4.26E-19 1.89E-11 6.88E+04 7.17E-20 2.15E-11 8.80E-18 1.39E-16 3.85E+05 3.18E-27 8.91E-16 

900 3.52E-18 1.74E-11 4.39E+05 7.66E-19 1.97E-11 4.61E-17 3.73E-16 2.21E+06 3.13E-26 1.76E-15 

1000 1.98E-17 1.66E-11 1.96E+06 5.25E-18 1.84E-11 1.78E-16 8.69E-16 9.04E+06 2.04E-25 3.20E-15 

1500 4.54E-15 1.71E-11 1.88E+08 2.15E-15 1.74E-11 1.16E-14 1.60E-14 7.18E+08 7.78E-23 2.83E-14 
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Table 9.6 Fitting parameters for MS-CVT/SCT rate constants for forward reactions computed by M06-2X/MG3S and MS-T 

reaction enthalpy and reaction Gibbs free energy at 298 K and 1000 K.  

 RA RB RC RD 

Step Step 1 Step 2 Step 1 Step 2 Step 3 Step 1 Step 2 Step 3 Step 1 Step 2 

 endo exo exo endo exo endo exo exo   endo   exo     

molecularity bimol  bimol   unimol  bimol  bimol   bimol   bimol   unimol   bimol  bimol 

ln A -33.986  -29.040  21.176  -33.713  -28.1662  -31.596  -38.010  24.442 -52.742  -38.301  

n 4.7020  1.8197  2.7059  4.7496  1.3979  3.0955  4.8766  1.9478 5.4789  4.6543  

T0 110.23  50.00  107.81  99.92  42.27  114.19  186.33  10.00 104.93  255.65  

E 18.406  -3.673  18.594  21.577  -3.2529  15.207  5.856  21.252 19.512  2.932  

 24.4 -29.4 -2.9 28.5 -29.7 24.0 -21.2 -11.9 33.4 -25.2 

 26.9 -30.3 -2.4 33.3 -33.2 24.3 -19.3 -12.2 33.7 -20.9 

 25.7 -30.5 -2.1 29.6 -30.6 23.5 -21.0 -10.9 32.2 -24.8 

 27.0 -32.7 -0.5 29.4 -31.5 21.9 -22.6 -8.2 29.1 -26.6 

a  The standard-state pressure is one bar. For bimolecular (bimol) reactions, the units of parameter A are cm3 molecule-1 s-1; for 

unimolecular (unimol) reactions, the unit is s-1. The parameters T0 and E are in units of K and kcal mol-1 respectively, and n is unitless; 

enthalpy and free energy are in units of kcal/mol.  

 

  

ΔHrxn,0
!

 ΔH rxn, 298 K
!,MS-T

 ΔH rxn, 1000 K
!,MS-T

 ΔGrxn, 298 K
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 ΔGrxn, 1000 K
!,MS-T
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Figure 9.1 Mean unsigned errors (MUEs, in kcal/mol) for reactions R1–R5 and the 

overall MUEs of various density functionals.  

    MUEs shown in this figure (computed with theMG3S basis) are based on classical 

forward barrier and energy of reaction; CCSD(T)/CBS values are used as references. The 

functionals are in order of increasing overall MUE. 
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Figure 9.2 Potential energy diagram for reaction mechanism of reaction RA.  

    Relative energies (E in kcal/mol, with respect to reactants SiH3SiHSiH2
– + SiH4) are 

computed at M06-2X/MG3S level. 
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Figure 9.3 Potential energy diagram for reaction mechanism of reaction RB.  

    Relative energies (E in kcal/mol, with respect to reactants (SiH3)2SiHSiH– + SiH4) 
are computed at M06-2X/MG3S level. 

 

  



 430 

 

 

Figure 9.4 Potential energy diagram for reaction mechanism of reaction RC.  

    Relative energies (E in kcal/mol, with respect to reactants (SiH3)2SiH– + SiH4) are 
computed at M06-2X/MG3S level. 
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Figure 9.5 Potential energy diagram for reaction mechanism of reaction RD.  

    Relative energies (E in kcal/mol, with respect to reactants (SiH3)3Si– + SiH4) are 
computed at M06-2X/MG3S level. 
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Figure 9.6 Small-curvature tunneling (SCT) transmission coefficient of reaction RC 

step 2 at various temperatures.  
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Figure 9.7 High-pressure-limit activation energies for forward reactions at various 

temperatures. 
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Figure 9.8 The computed high-pressure-limit SS-TST, SS-TST/SCT, MS-CVT, and 

MS-CVT/SCT bimolecular thermal rate constants (cm3 molecule-1 s-1) for reaction 

RC step 2 at various temperatures (K).  
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Figure 9.9 Predicted falloff curves for thermal rate constants of unimolecular 

isomerization reactions at various temperatures (K) and pressures (bar). Solid lines 

are for reaction RB step 1; dashed lines are for reaction RC step 3. 
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Figure 9.10 Predicted pressure–dependent activation energies (kcal/mol) for 

unimolecular isomerization reactions RB step 1 and RC step 3 at 600 K, 800 K, and 

1000 K. Solid lines are for reaction RB step 1; dashed lines are for reaction RC step 

3. 
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Chapter 10. Barrierless Association of CF2 and Dissociation of C2F4 by 
Variational Transition State Theory and System-specific Quantum RRK 
Theory 

 

10.1 Introduction     

    Bond breaking and association of fragments to make new bonds are two of the most 

fundamental processes in chemistry. Gas-phase bond dissociation and radical–radical 

association reactions are of great importance in combustion and plasma chemistry and in 

atmospheric chemistry. Accurately describing the energetics and kinetics of these 

processes in a practical way for mechanistic analysis offers great challenges to modern 

theoretical chemistry.  

The electronic structure of closed-shell singlets can often be described to a good 

approximation by a single configuration state function (CSF); such systems are called 

single-reference systems, and methods employing a single CSF as a reference function 

are called single-reference methods. Bond dissociation is usually an intrinsically multi-

configurational problem, often called a multireference problem.931 Coupled cluster932,933 

(CC) theory, as a high-level single-reference wave function method, is able to provide 

fairly accurate energies for bond dissociation processes only if a high enough excitation 

level (such as quadruple excitations) is used for the cluster operator ; however, lack of 

such expensive higher excitations in coupled cluster calculations (such as in the case of 

CCSD934) can lead to a significant unphysical bump935,936 in the potential energy curve 

T̂
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for dissociation. Kohn-Sham density functional theory937,938 (KS-DFT), on the other 

hand, with carefully chosen exchange-correlation (XC) density functionals, can produce 

smooth potential curves for dissociation with satisfactory accuracy without introducing 

any unphysical bump and with much smaller computational cost; however, at the present 

time, an XC functional that can be used as a panacea does not exist. 

In addition to an adequate level of electronic structure theory, the accurate 

description of dissociation and association reactions requires special attention to reaction 

kinetics theory. The widely applied939,940,941,942 reaction-path variational transition state 

theory943,944,945,946 (RP-VTST) is most appropriate for computing the rate constants of 

reactions with potential energy barriers. In such reactions, the reactive flux can often be 

well described by treating small vibrations and coupled torsional motions centered on one 

or more reaction paths. This path-centered property of the reactive flux does not 

necessarily hold for processes with loose dynamical bottlenecks, which are most likely to 

be found at low temperature for barrierless associations947,948,949,950,951,952,953 or for their 

reverse, which are dissociation processes without an intrinsic barrier, i.e., where the 

potential energy increases monotonically as the bond breaks. One can compute the rate 

constant for a dissociation process straightaway, or one can compute the association rate 

constants and get the dissociation rate constant by detailed balance. Simple collision 

theories of the association rate, perhaps with a steric factor or transmission coefficient, 

played a historical role and are still sometimes used in modern work, but more 
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quantitative results can be obtained with variable-reaction-coordinate variational 

transition state theory954,955,956,957 (VRC-VTST) by minimizing the rate constant with 

respect to the location of the generalized transition state for each total energy E and total 

angular momentum J; this is called variable-reaction-coordinate E,J-conserving 

microcanonical variational theory (VRC-E,J-µVT).  

In previous work, VRC-E,J-µVT has been implemented958 in the Polyrate computer 

program,959 and it is used here to calculate the high-pressure limiting rate constants by 

direct dynamics with KS-DFT, where direct dynamics means the calculation of the 

potential, its gradient, and/or Hessian as needed ("on the fly") during the dynamics 

calculations rather than from an analytic fit to pre-calculated values. Then, following the 

calculation of the high-pressure rate constant, the pressure-dependent dissociation rate 

constants are computed from the high-pressure rate constants using our recently proposed 

system-specific quantum RRK theory (SS-QRRK) with the Lindemann-Hinshelwood 

mechanism.960,961,962 SS-QRRK theory is able to effectively incorporate variational 

effects, anharmonicity, and multidimensional tunneling into the microcanonical rate 

constants needed to calculate pressure effects with negligible additional computational 

cost over and above the previous step of calculating high-pressure unimolecular rate 

constants. 

In the present work, we studied the dissociation of the double bond of 

tetrafluoroethylene molecule (C2F4): 
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 F2C=CF2  ® 2 CF2 

Experimental data have been gathered on this prototypical reaction over a long period of 

time;963,964,965,966,967,968,969,970 recently, reliable experimental rate constants have become 

available through the work of Troe and coworkers,971,972 which provides us an 

opportunity to test our theoretical methods. In the present work, the necessary physical 

parameters for treating the pressure dependence of collisional 

activation973,974,975,976,977,978,979,980 are directly taken from the literature; in the high-

pressure limit, no empirical parameters are adjusted to the experimental data, and our 

calculations are from first principles. At finite pressure, the rate constant depends on the 

average energy transferred per collision <ΔE>, which has been fitted to the experiments 

in refs 971 and 972; however, we shall show that for the available experimental pressure 

range, the results are not very sensitive to this parameter. 

In the current work, the definition we adopted for dissociation rate constant is  

   (358) 

and for its reverse reaction, the association rate constant kass is defined as   

   (359) 

Our definition used here is consistent with Troe’s experimental work.971 Then the 

dissociation equilibrium constant is  

   (360) 

 

kdiss =  – 1 / C2F4[ ]( ) d C2F4[ ] / dt( )

kass =  1 / CF2[ ]2( ) d C2F4[ ] / dt( )

Kc = kdiss / kass
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10.2 Theory 

We directly calculate the association rate constant and the equilibrium constant of the 

dissociation reaction. The dissociation rate constant is then obtained by applying detailed 

balance. 

The electronic ground state of CF2 is a singlet, and the reaction takes place entirely 

on the lowest singlet potential energy surface. First, we studied the Born-Oppenheimer 

potential energy along the bond dissociation coordinate, in which the C=C bond is 

stretched from 1.32 Å (the equilibrium C=C distance in C2F4 as optimized by M06-

L981/aug-cc-pVTZ982) to 7.12 Å. With the C=C bond distance fixed at a specific value, 

the other coordinates are optimized using M06-L/aug-cc-pVTZ; these geometries are 

used for further single-point calculations. Single-point energies are computed by using 

spin-unrestricted density functional theory with various exchange-correlation functionals 

with the aug-cc-pVTZ basis set and with the W3X method (which is discussed in the next 

paragraph). All the density functional theory calculations are spin-unrestricted 

calculations and they are carried out with in-house modified983 Gaussian 09 code,984 

with additional keywords “Guess= Mix” and “Geom= NoCrowd” and with an integration 

grid of 974 angular points per shell and 99 radial shells.  

We choose the W3X985 method as our benchmark; W3X is a composite method 

designed to efficiently approximate CCSDT(Q)986 with a complete basis set (CBS). 

W3X calculations were carried out using Molpro987 interfaced with MRCC.988 Based on 
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comparing the W3X results to KS-DFT results with various functionals, we chose M08-

HX989 for direct dynamics calculations; further details of this validation are given in 

results and discussion.  

Next, we define a variable reaction coordinate for the VRC-VTST calculations. A 

four-faceted dividing surface is obtained by symmetrically placing two pivot points on 

each CF2 fragment. The pivot points on fragment 1 are called pivot points 1 and 2, and 

the pivot points on fragment 2 are called pivot points 3 and 4. The reaction coordinate s is 

defined954c as the minimal value (over i = 1 or 2 and j = 3 or 4) of rij, where rij is the 

distance between points i and j, where i is a pivot point of fragment 1, and j is a pivot 

point of fragment 2. We label the carbon in fragment 1 as carbon 1 and the carbon in 

fragment 2 as carbon 2. In the current work, the pivot points are symmetrically placed 

along the C-C axis (as illustrated in scheme 1), i.e., the distances between pivot point 1 

and carbon 1, between pivot point 2 and carbon 1, between pivot point 3 and carbon 2, 

and between pivot point 4 and carbon 2 are the same; and we denote this distance as d. 

The high-pressure rate constant is calculated by VRC-E,J-µVT by minimizing the 

number of transitional states N(E,J,s) with respect to s.  
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Scheme 1. Placements of the pivot points. 

 

To reduce computational cost, a smaller basis set, MG3S,990 is used with the M08-

HX functional for these direct dynamics calculations; the geometries of CF2 and C2F4 and 

their vibrational frequencies are also computed at this level. Vibrational frequencies are 

scaled by a factor991 of 0.973 to improve the accuracy of the calculated zero-point 

energy. A sequence of pivot distances d from 0.21 Å to 0.29 Å and a sequence of reaction 

coordinate values s from 1.4 to 6.0 Å (with a spacing of 0.1 Å) were tried in order to 

minimize the E,J-resolved rate constants with respect to d and s. Integration of the flux 

through the dividing surface was carried out to find the least crossed dividing surface. For 

each of the four facets of the dividing surface, 1440 geometric configurations are sampled 

by Monte Carlo integration; thus a total of 5760 single-point calculations are performed 

at each combination of E, J, s, and d. All VRC-µVT calculations are carried out with the 

Gaussrate992 and Polyrate959 programs. 

In VRC-VTST, the vibrational modes are classified as conserved modes and 

transitional modes. The frequencies of the vibrational modes of reactants are assumed to 

be conserved in the association reaction. The transitional modes consist of all the 
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vibrational modes except for conserved modes and the overall rotational and translational 

degrees of freedom. During the association, the transitional modes are converted from the 

free rotational modes and translational modes of the infinitely separated reactants to the 

vibrational modes and overall rotation of the association species. The reaction coordinate 

is defined by pivot points,954 as explained above. The VRC-VTST association rate 

constant at temperature T and a generalized transition state at location s along the reaction 

coordinate is computed as follows:954,958 

   (361) 

where h is Planck’s constant, kB the Boltzmann constant, E is the total energy, J is the 

total angular momentum, Q1 and Q2 are the rotational partition functions of reactants 

including rotational symmetry numbers, µ is the reduced mass of relative translation of 

the associating reagents, σ‡ is the rotational symmetry number of the variational transition 

state, ge is the ratio of the electronic partition function of the variational transition state to 

the product of the electronic partition functions of the two reactants, and  

is the microcanonical variational transition state theory result for the number of 

accessible states of the transitional modes. The number of accessible states is computed 

by Monte Carlo sampling as a classical phase space integral over all possible orientations 

(which are defined by Euler angles) in a fixed-E, fixed-J microcanonical ensemble. In the 

present work, k(T, s) is minimized with respect to s at each E and J. The implementation 

details of the VRC-E,J-µVT algorithm are reviewed in the SI. 

k(T, s) = geh
2

(2πµkBT )
3/2σ ‡Q1Q2

NµVT(E, J, s)e−E /kBT dE dJ
E,J
∫∫

NµVT(E, J, s)
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The high-pressure-limit dissociation reaction rate constant (in the units of s-1) is 

obtained by multiplying the computed dissociation equilibrium constant (Kc, with units of 

molecule cm-3) by the high-pressure-limit association rate constant (in the units of cm3 

molecule-1 s-1). The dissociation equilibrium constant is computed from the standard-state 

Gibbs free energies of C2F4 and CF2, which are calculated using M08-HX/aug-cc-pVTZ. 

The rotational-vibrational partition functions for C2F4 are corrected for torsional 

anharmonicity using the MS-T(C)993 method; the M08-HX/aug-cc-pVTZ vibrational 

frequencies are scaled by a factor991 of 0.975. 

The computed high-pressure-limit association and dissociation rate constants are 

fitted using a four-parameter formula994 as follows: 

   (362) 

where A, n, E and T0 are fitting parameters, T is temperature in Kelvin, and R is the ideal 

gas constant (1.9872×10-3 kcal mol-1 K-1). The temperature-dependent Arrhenius 

activation energies Ea are computed as negative local slopes of Arrhenius plots, which 

yields: 

  

k =

A(
T

300
)n exp[−

E(T +T0)

R(T 2 +T0
2)

] endothermic reaction

A(
T +T0

300
)n exp[−

E(T +T0)

R(T 2 +T0
2)

] exothermic reaction

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪
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   (363) 

Finally we add the pressure falloff effects on the dissociation rate constants by using 

SS-QRRK theory with the Lindemann-Hinshelwood mechanism. In this theory,960 the 

effective threshold energies are temperature dependent and are set to be the high-

pressure-limit Arrhenius activation energies computed by using equation (363). A 

simplified version of Troe’s master equation-based treatment of collision effects is used 

for computing the collisional efficiency βc,974,976 and the unimolecular FE factor is 

computed using the Whitten–Rabinovitch method.979,980,995 For these calculations, 

Lennard-Jones parameters, σ and ε/kB, for C2F4 are 4.68 Å and 235.9 K,996 and for Ar are 

3.4 Å and 120 K.997 The average energy transferred is taken from Troe’s work971 in 

which he included a master equation-based treatment of weak collision broadening 

effects,974,976 which yielded a value of 250 cm-1. Our model uses a simplified form in 

which we use the strong collision falloff expressions998 with a collision number 

multiplied by the limiting low-pressure collision efficiency βc but do not account for 

weak-collision broadening. This modified strong collision approach neglects the 

additional weak-collision broadening, so a different value for the average energy transfer 

should in principle be used to compensate for this simplification. To test the effect of this 

on our results, we have done a sensitivity test with respect to the value of energy transfer 

  

Ea =

E(T 4 + 2T0T 3 −T0
2T 2)

(T 2 +T0
2)2

+ nRT       endothermic reaction

E(T 4 + 2T0T 3 −T0
2T 2)

(T 2 +T0
2)2

+ nRT 2

T +T0
     exothermic reaction

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪
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parameter. We found that, for the present reaction and the presently available 

experimental pressure range, changing the energy transfer parameter by even a factor of 

two changes the rate constants on average by only about 20%. (The sensitivity to the 

energy transfer parameter would be greater at lower pressures.) This test shows that the 

pressure-dependent rate constant of the reaction studied here is not very sensitive to the 

change of this parameter, and so we accept the value of 250 cm-1. Note that the sensitivity 

to the energy transfer parameter would be greater at lower pressures; in fact, in the low-

pressure limit the rate constant is approximately proportional to <ΔE>. 

 

10.3 Results and discussion 

Bond dissociation curve. We show only W3X and M08-HX electronic potential 

energy curves along the C-C dissociation coordinate in Figure 10.1. The zero of energy is 

set to be the energy of the two fragments (CF2) separated by 7.12 Å. The dissociation 

curve given by CCSD/jul-cc-pVTZ has a noticeable bump at 2.3 Å, while CCSD(T)/CBS 

greatly reduces this bump, although there is still a tiny bump in the CCSD(T)/CBS 

dissociation curve. The basis set for the CCSDT step is too small (VTZ) to get rid of the 

unphysical bump; this basis set is only used in this step for extrapolating the triplet 

contribution. With full triple and perturbative quadruple added in, the W3X (which is 

approximated to CCSDT(Q)/CBS) is able to eliminate the bump. 

We will show that the variational transition state is around 2.0 Å, and thus we pick 
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out the functional for dynamics calculations mainly based on the performance of the 

functionals around 1.8–2.2 Å. As we can see from Figure 10.1, M08-HX gives the 

dissociation curve that is the closest to the one given by W3X method, among the 

functionals we tested for this study. The mean unsigned deviation from W3X of the 

relative energy by M08-HX at 1.8–2.2 Å is only 1.7 kcal/mol; and the bond dissociation 

enthalpy at 0 K computed by M08-HX/aug-cc-pVTZ is 67.8 kcal/mol, which agrees very 

well with the experimentally measured971 ΔHº (0 K) = 67.5±0.5 kcal/mol. Therefore, we 

use M08-HX functional for dynamics calculations. 

Dissociation equilibrium constant. M08-HX/aug-cc-pVTZ is used to compute the 

dissociation equilibrium constant Kc for reaction C2F4�2CF2. In Table 10.1, we 

compared our computed Kc (in the units of mole cm-3) with the experimental Kc (here we 

use the unit of mole per cc for comparison), and it shows that our theoretical equilibrium 

constants agree well the experimentally reported971 ones (although if the difference in 

temperature dependence were to be accounted for entirely by a change in the enthalpy of 

reaction per CF2, the change would be about 4 kcal/mol).  

High-pressure-limit rate constant. For the high-pressure-limit association rate 

constants, the fitted parameters are A0 = 2.70 ×10-13 cm3 molecule-1 s-1, n = 0.513, T0 = 

1213.3 K, and E = 2.49 kcal/mol. At 573, 673 and 773 K, the computed high-pressure-

limit association rate constants are 1.94×10-13, 2.03×10-13, and 2.15×10-13 cm3 molecule-1 

s-1; the experimentally reported999 high-pressure-limit association rate constants are 
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(8.8±1.4)×10-14, (9.7±1.3)×10-14, and (1.2±0.2)×10-13 cm3 molecule-1 s-1 at 573, 673 and 

773 K respectively, which agree quite well with the computed ones. For the dissociation 

reaction (C2F4�2CF2), the fitted parameters are A0 = 1.28×10-28 cm3 molecule-1 s-1, n = 

35.02, T0 = −373.1 K, and E = −84.4 kcal/mol. 

In the VRC-VTST calculations, pivot points are optimized to minimize the 

calculated rate constants; the optimal pivot points are not necessarily the same at different 

temperatures. In Figure 10.2, we plot the high-pressure-limit association rate constants (in 

the units of cm3 molecule-1 s-1) from 500 K to 2000 K, computed using various pivot 

points (in units of Å) at various temperatures. The minimized rate constants by the 

optimal pivot points are shown as a dashed line (denoted as “optimum”). Below 800 K, 

we found that the optimal pivot point is located at d = 0.25 Å; above 800 K, the optimal d 

is 0.23 Å, where d was defined in the explanation of Scheme 1. Either a too small or too 

large value of d would lead to larger rate constants; for example, at 1000 K, the computed 

association rate constant given by the pivot points at 0.21, 0.23, 0.25, 0.27 and 0.29 Å 

are, respectively, 2.48×10-13, 2.46×10-13, 2.51×10-13, 2.64×10-13, and 2.81×10-13 cm3 

molecule-1 s-1. For the reaction studied here, the locations  of the variational transition 

state at various temperatures do not differ significantly from each other; in particular, at 

298, 500, 800, 1000, 1500, and 2000 K, the locations of the variational transition state 

are, respectively, at s equal to 2.00, 1.96, 1.90, 1.88, 1.81 and 1.75 Å. 

Pressure-dependent dissociation rate constant. We validate the reliability of our 

s*
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computational methods by comparing with the recently reported experimental 

dissociation rate constants. The unimolecular dissociation rate constants measured in the 

laboratory are pressure-dependent; the measured unimolecular rate constants are in the 

falloff region due to the lack of enough inelastic collisions to maintain the thermal 

equilibrium states. The dissociation of the double bond in C2F4 is only detectable at high 

temperatures; C2F4 is kinetically stable at low temperatures (with high-pressure-limit 

dissociation rate constants smaller than 10-15 s-1 below 500 K). The collisional 

efficiencies in the thermal activation step, as computed by using Troe’s master equation-

based treatment of weak collision effects, are 0.34, 0.20, 0.13, 0.10 and 0.079 at 400, 800, 

1200, 1500 and 2000 K, respectively. The calculated falloff curves are shown in Figure 

10.3.  

Table 10.2 shows that our computed unimolecular rate constants agree very well 

with the experimentally determined ones. The maximum and minimum values of the ratio 

of computed to experimental rate constants are 2.1 (at 1172 K and 2.14 bar) and 0.5 (at 

1540 K and 1.66 bar); the average value of kcalc/kexptl is 1.2, with a standard deviation of 

0.4. At high temperatures, the falloff is significant; for instance, at 1750 K, the 

dissociation rate constants at 10-3, 10-2, 0.1, and 1 bar are respectively 1.1×102, 8.9×102, 

6.1×103, and 3.6×104 s-1, which are all significantly lower than the high-pressure-limit 

rate constant 5.0×106 s-1. The transition pressure p1/2, which is defined as the pressure that 

the rate constant is equal to half of the high-pressure-limit, is equal to 4.5×10-3 bar, 0.035 
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bar, and 0.40 bar at 400 K, 800 K, and 1200 K, respectively.  

The significance of the present comparison is that the present calculation, which 

uses a simpler treatment of falloff effects than the previous work, agrees well with 

experiment even though we use the energy transfer parameter determined in the previous 

work by a more complete treatment of falloff effects. We believe that the system-specific 

QRRK approach employed here for falloff effects, with a nonempirical treatment of the 

high-pressure limit, opens the door for convenient calculations of falloff effects on other 

reaction. 

10.4 Summary 

The pressure-dependent rate constants of the dissociation of C2F4, which is a fundamental 

process serving as a prototype for reactions breaking a double bond, are calculated using 

variable-reaction-coordinate variational transition state theory (VRC-VTST) with direct 

dynamics based on the M08-HX density functional. The pressure dependences of the 

unimolecular dissociation reaction rate constants are predicted using system-specific 

quantum RRK theory (SS-QRRK); our predicted rate constants agree well with recently 

reported experimental data. 

The purpose of this study is twofold. First, we have shown that our exchange-correlation 

density functional M08-HX, is able to provide satisfactory performance for studying the 

bond dissociation process; this observation reinforces and extends the well-documented 

applicability1000 of the M08-HX functional for thermochemistry and kinetics. Second, 
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the dynamical theory we have applied in the current work, namely VRC-VTST 

(implemented with DFT) and SS-QRRK, is found to be useful for predicting the thermal 

rate constants for barrierless reactions.  
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Table 10.1 Computed and experimentally measured dissociation equilibrium 

constant Kc (in the units of mol cm-3) at various temperatures (K).  

T/K Computed Kc  Exptl. Kc  computed/exptl. 

1170 2.6E-09 1.9E-9 1.4 
1271 2.3E-08 2.0E-8 1.2 
1329 7.1E-08 6.9E-8 1.0 
1367 1.4E-07 1.4E-7 1.0 
1383 1.8E-07 2.4E-7 0.8 
1450 5.2E-07 7.0E-7 0.7 
1486 8.9E-07 1.3E-6 0.7 

 

Table 10.2 Comparisons between computed dissociation rate constants (s-1) and 

experimental dissociation rate constants at various temperatures (K) and pressures 

(bar). 

T/K p/bar kexptl. (s-1)a kcalc. (s-1) kcalc./kexptl. 

1100 2.19  3.7E+01 4.9E+01 1.3 
1123 2.15  6.5E+01 8.6E+01 1.3 
1128 2.16  9.3E+01 9.7E+01 1.0 
1161 2.22  1.6E+02 2.0E+02 1.3 
1170 11.67  2.9E+02 3.4E+02 1.2 
1172 2.14  1.2E+02 2.6E+02 2.1 
1174 1.95  1.5E+02 2.5E+02 1.7 
1215 11.1  9.0E+02 8.8E+02 1.0 
1224 1.93  4.3E+02 6.8E+02 1.6 
1226 2.04  7.1E+02 7.2E+02 1.0 
1271 11.62  2.1E+03 2.6E+03 1.2 
1329 10.83  4.2E+03 6.4E+03 1.5 
1367 11.14  8.9E+03 1.1E+04 1.2 
1383 11.15  1.4E+04 1.4E+04 1.0 
1450 10.97  5.3E+04 2.9E+04 0.6 
1486 11.12  4.5E+04 4.2E+04 0.9 
1540 1.66  4.7E+04 2.4E+04 0.5 
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Figure 10.1 Electronic potential energy (kcal/mol) along the C-C distance (Å), 

computed by W3X and by M08-HX/aug-cc-pVTZ. 

 
Figure 10.2 High-pressure-limit association rate constants computed using various 

pivot points (in the units of Å) at various temperatures. The minimized rate 

constants corresponding to optimal pivot points at each T are shown as a dashed 

line (denoted as “optimum”). 
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Figure 10.3 Falloff curves for the dissociation rate constants, at various 

temperatures (K) and pressures (bar). Note that  is the high-pressure limit of 
the rate constant. 

  

k∞
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Chapter 11. Degradation of Carbonyl Hydroperoxides in the 
Atmosphere and in Combustion  

11.1 Introduction 

    Biologically generated and anthropogenic organic compounds are precursors for 

tropospheric ozone and secondary organic aerosols (SOAs).1001 The atmospheric 

autooxidation of organic compounds is usually initiated from reactions with oxidants, 

e.g., OH, NO3, and O3, to produce radical intermediates, which then react with O2 and 

form peroxy radicals (RO2). The fates of peroxy radicals play important roles in the 

degradation of organic compounds, which undergo intramolecular H-atom migration or 

bimolecular reactions with HO2, NO, RO2, etc.1002,1003  

    Oxygenates with carbonyl and hydroperoxy functionalities constitute an important 

class of intermediates in organic autooxidation. Recent studies have shown that the 

ozonolysis of unsaturated organic compounds (e.g., long-chain alkenes and 

monoterpenes) leads to highly oxidized molecules with multiple carbonyl and 

hydroperoxy functional groups, and these are a major source of SOAs.1004,1005 Scheme 

1a-c shows the potential reaction pathways to carbonyl hydroperoxides from the 

atmospheric autooxidation of alcohols, ketones, and peroxides. The reactions of carbonyl 

hydroperoxides with OH radicals are expected to be important degradation routes in the 

troposphere. The resulting carbonyl hydroperoxy radicals may react with O2 and lead to 

large RO2 radicals. The further reactions of the large RO2 radicals lead to low-vapor-
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pressure intermediates, which may precipitate in cloud and fog droplets or in the 

formation of SOAs. The reaction with OH is also important in combustion, where OH 

radicals are known to be important in all stages of ignition.1006  

    The chemistry of peroxy radicals also controls the autooxidation of organic 

compounds in combustion (e.g., at 500-700 K).1007 The intramolecular H-atom migration 

of peroxy radical, followed by O2 addition, intramolecular H-atom migration, and 

decomposition produces carbonyl hydroperoxides.1008 Scheme 1 shows the pathway to a 

carbonyl hydroperoxide from the autooxidation of n-pentane and other compounds. The 

produced carbonyl hydroperoxide serves as a major chain-branching agent in 

hydrocarbon autoignition. On one hand, carbonyl hydroperoxides (HOOQ¢=O) allow 

low-temperature chain branching because they have hydroperoxy groups with weak O–O 

bonds that decompose easily to OH and alkoxy radicals. On the other hand, the H-atom 

abstraction reactions on carbonyl hydroperoxides may play a significant role, thus 

decreasing the chain branching effect of the competing initiation reactions. Therefore, we 

must know the fate of carbonyl hydroperoxides to engage in accurate ignition modeling. 

However, the H-abstraction from carbonyl hydroperoxides is seldom considered in 

kinetics modeling, and the reaction pathways and kinetics are not well known. 

Furthermore, it is almost impossible to measure the rates of these H-abstraction reactions 

because carbonyl hydroperoxide species are very reactive; therefore, theoretical 

calculations can fill a gap in the knowledge that is essential for understanding carbonyl 
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hydroperoxide chemistry. 

 

 

Scheme 1. Reaction scheme for the production of carbonyl hydroperoxide from the 

autooxidation of (a) 2-pentanol, (b) 2-pentanone, (c) 2-pentylperoxide, and (d) n-pentane.      

 

    In this work, we select a pentyl carbonyl hydroperoxide (4-hydroperoxy-2-

pentanone) as a model compound to investigate the kinetics of the reaction of OH with a 

carbonyl hydroperoxide; 4-hydroperoxy-2-pentanone is a keto hydroperoxides, and it will 

be called KHP for convenience hereafter. The reaction mechanism including both H-atom 

abstraction and OH radical addition is presented in Scheme 2. As described in previous 

studies by Sharma et al.1009  and Goldsmith et al.,1010 hindered internal rotation in 

hydroperoxy and alkylperoxy radicals cannot be described accurately by independent 1D 

rotors due to variations in the torsional barriers that arise from the presence or absence of 

hydrogen bonding interactions. These fascinating features prompt us to explore the 

kinetics of H-abstraction of carbonyl hydroperoxide to elucidate the species responsible 

for chain branching reactions, as well as for SOA formation. 



 459 

    In this work, we compute the potential energy surfaces for hydrogen abstraction 

from different sites of KHP by OH radical and then use multi-path variational transition 

state theory (MP-VTST) with multi-dimensional tunneling contributions to compute the 

rate constants for producing each of the possible products. These rate calculations include 

multiple-structure anharmonicity and torsional potential anharmonicity. We also consider 

the addition reaction, for which we use system-specific quantum Rice-Ramsperger-

Kassel (SS-QRRK) theory with the Lindemann-Hinshelwood thermal activation 

mechanism to compute the thermal rate constants as functions of pressure. 

11.2 Methods 

11.2.1 Electronic structure methods. 

    As the first step, an exhaustive conformational search was carried out by optimizing 

all the initial conformers that are generated through rotating all the torsional bonds 

(except for methyl group) using the MSTor program. The preliminary conformational 

structure search and geometry optimization were performed using the M08-HX exchange 

correlation functional with the MG3S basis set. The MG3S basis set is identical to the 6-

311+G(2df,2p) basis set for H, C, and O atoms. 
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Scheme 2. Reactions of OH with 4-hydroperoxy-2-pentanone. (R1-R5): hydrogen 

abstraction; (R6): the formation of the stabilized intermediate adduct; (R7): hydroxide 

addition followed by decomposition of an intermediate to form bimolecular products. 

Products are labeled with the prefix P; and transition states are labeled with the prefix TS. 

 

    Single-point energy calculations were performed at M08-HX/MG3S geometries 

using eleven density functionals) with the MG3S and jul-cc-pVTZ basis sets. To test and 

validate the density functionals for the present dynamics calculations, we performed 

benchmark calculations by the explicitly correlated electronic structure method 

CCSD(T)-F12a with the jun-cc-pVTZ basis set. The CCSD(T)-F12a/jun-cc-pVTZ 
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calculations can be viewed as an efficient way to approximate the complete basis set 

(CBS) limit of the CCSD(T) method.  

    The distinguishable conformers that were found by the preliminary conformer 

search with the M08-HX/MG3S method were re-optimized by the electronic structure 

method selected on the basis of having the smallest MUE in the tests of the previous 

paragraph. Frequency analyses were also performed by that method. 

    Both the SCF calculations and the geometry optimizations were performed with 

tight convergence criteria. The density functional integrations were carried out by a grid 

of 99 radial shells per atom with 974 angular points per shell.  

 11.2.2 Thermodynamics and Kinetics.  

    The multistructural method with coupled torsional-potential anharmonicity (MS-T) 

was used for calculating enthalpies, entropies, and heat capacities as functions of 

temperature. The MS-T partition functions were calculated using the MSTor code. All 

structures have a rotational symmetry number of 1. 

    We carried out first-principles direct dynamics calculations using multistructural 

canonical variational transition state theory with small curvature tunneling (MS-

CVT/SCT) to calculate the high-pressure-limit rate constants of reactions R1-R6. For the 

hydrogen abstraction reactions R1-R5 we also performed calculations by more complete 

multipath canonical variational transition state theory with small curvature tunneling 

(MP-CVT/SCT).  
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    The minimum energy paths (MEPs) needed for the calculations were calculated in 

isoinertial coordinates using the Page-McIver method, which is called the local quadratic 

approximation (LQA) in the original reference,1011 and using the reorientation of the 

dividing surface (RODS) algorithm. The step size was 0.0026 Å, and the Hessians were 

updated every 10 steps along the reaction path. Vibrational frequencies were scaled by 

0.975 to account for vibrational anharmonicity and systematic errors in the electronic 

structure. 

    Vibrational frequencies along the reaction path were calculated using nonredundant 

internal coordinates for R2-R6. For R1, redundant internal coordinates were used because 

it has a doubly degenerate linear bend.  

    The multidimensional tunneling contributions (MT) for each path were evaluated 

with the small-curvature tunneling approximation (SCT). The reaction rate constants are 

computed by MS-CVT and by MP-CVT with MT.  

    Reactions R6 and R7 (see Scheme 2) have pressure-dependent rate constants 

because there is a unimolecular intermediate (P6) in the reaction mechanism. These 

reactions can be described by the following chemical activation mechanism:  

  

where T is temperature, M is the bath gas, P6* is the energized adduct, P6 is the 

(stabilized) addition product, kc is the collisional deactivation rate constant, and kconv(E) is 
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the energy-dependent unimolecular dissociation rate constant of the energized species 

P6*, i.e., the rate constant for conversion of the energized intermediate to product.  

    The formation of the stabilized adduct P6 is called reaction R6 and the rate constant 

for producing stabilized P6 is denoted as kR6 and is defined as (d[P6]/dt)/([OH][KHP]). 

The unimolecular dissociation of P6* to produce P7 and CH3COOH is defined as 

reaction R7; and the rate constant for the formation of P7 and CH3COOH is defined as 

kR7 = d[P7]/dt)/([OH][KHP]. The pressure-dependent rate constants kR6 and kR7 were 

computed using system-specific quantum RRK theory (SS-QRRK) combined with the 

chemical activation mechanism. The critical energy and frequency factor of the SS-

QRRK treatment are set equal to the high-pressure-limit temperature-dependent 

Arrhenius parameters computed from the fitting formula for the rate constants. The L-J 

potential parameters needed for kc were chosen as follows: s1 = 5.71 Å, e1/kB = 510.67 K 

for P6; and for the bath gas Ar, s2 = 3.47 Å and e2/kB = 114.0 K respectively. The average 

energy transferred per deactivating collision, which plays an important role in the falloff 

effect, is taken to be ⟨ΔE⟩down =  Q(T/300)0.85 with Q = 300 cm–1; this simple power law 

representation for ⟨ΔE⟩down has proven to allow for a reasonable reproduction of 

experimental data across a wide range of temperature and pressure.1012,1013,1014 In 

previous work, Jalan et al.1015 adopted a value of 150 cm–1 for Q for the 

ketohydroperoxide of propane; based on this and the empirical rule that “larger species 

generally having larger values”,1012,1013,1014 the value of Q is taken as 300 cm–1 in the 
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present paper (and we will also report sensitivity checks).  

11.3 Results and discussion 

11.3.1 Electronic structure calculations.  

    In this work, we tested eleven density functionals. Comparing with the relatively 

accurate CCSD(T)-F12a/jun-cc-pVTZ method, the M08-HX/jul-cc-pVTZ method was 

selected as an affordable electronic structure method because it has the smallest mean 

unsigned error (MUE), in particular 0.51 kcal/mol for the forward and reverse barrier 

heights and energies of reaction (21 data points). Table 11.1 shows the calculated forward 

barrier heights using our selected method and the benchmark. 

11.3.2 Multistructural torsional anharmonicity.  

    All of the torsional bonds except the methyl group were rotated by 0, 120, and -120 

degrees to generate various initial conformational structures. The torsional potential 

anharmonicity of all the torsions, including the methyl groups (which do not generate 

additional distinguishable structures) are included in the partition functions; and in this 

work, the MS-T partition functions are computed at a full75 high-level (i.e., by M08-

HX/jul-cc-pVTZ). For KHP and TS1–TS6, the numbers of torsions (excluding the CH3 

group) and distinguishable structures for KHP and TS1–TS6 are 4/38, 7/179, 6/50, 6/90, 

6/59, 7/136 and 5/74 respectively.  

    The numbers of distinguishable structures in each of nine energy ranges for each of 

the species are shown in Figure 11.1. For KHP, the energy difference between the lowest 
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and highest of the 38 structures is relatively small, being equal to 6.2 kcal/mol. However, 

for TS1, the energy difference between the lowest and highest of the 179 structures is 

relative largely, being 9.9 kcal/mol.  

    Table 11.2 illustrates the effect of multiple-structure anharmonicity and torsional 

potential anharmonicity on the partition functions of KHP by comparing the 

conformational-rotational-vibrational partition function of KHP calculated by using the 

multistructural approximation with torsional anharmonicity (MS-T) and the multi-

structural local harmonic (MS-LH) approximation to the rotational-vibrational partition 

function of the lowest-energy structure (which is the single-structure harmonic (SS-HO) 

approximation. The MS-LH approximation, which neglects torsional potential 

anharmonicity but includes multiple-structure anharmonicity, overestimates the best 

estimate by 4–22% at 298-1000 K, but by much greater amounts (up to a factor of 2.3) at 

higher temperatures. The MS-T approximation exceeds the SS-HO result by a factor 

increasing from 13 at 298 K to 162 at 2400 K. Therefore, the standard approach found in 

textbooks that ignores multiple structures introduces large errors in partition functions.  

    All the local periodicities of structures of the reactant and of transition states TS2 

and TS3 are given for illustration in Figure 11.2. The physical meaning of the Mj,τ 

parameter was explained in detail in the original MS-T paper, but a rough explanation is 

that it tells us the average effective numbers of minima along the torsional coordinates. 

Figure 11.2 shows that the local periodicities are usually between 2 and 3. The most 
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significant reason why we see a variety of Mj,τ values in Figure 11.2 is the influence of 

hydrogen bonding in some of the structures. 

    A hydrogen bond lowers the barrier by stabilizing the transition state. However the 

entropic effect of hydrogen bonding can increase the free energy of activation. We 

analyzed the hydrogen bonding by adopting the criteria defined as a normal hydrogen 

bond has the H…O distance less than 2.4 Å and the O-H…O angle greater than 150°, 

whereas we identify a “strongly bent hydrogen bond” as one with an H…O distance less 

than 2.4 Å and the O-H…O angle in the range 90–150°. Figure 11.3(a) shows some TS 

structures for reactions R2 and R3; the first P paths for each reaction are ordered by 

increasing values of their classical barrier heights and are denoted as path 1, path 2, and 

so on. There are two strongly bent hydrogen bonds for most of the TS2 conformers. Also 

TS3(path 1) has a strongly bent hydrogen bond, and TS3(path 2) has a normal hydrogen 

bond.  

    Figure 11.3(b) shows the relative enthalpies and free energies of transition structures 

for R3, both with and without a hydrogen bond. The figure shows that a non-hydrogen-

bonded transition structure, e.g. conformer 10, although it has a higher enthalpy of 

activation, does not necessarily have a higher free energy of activation than conformers 

with hydrogen bonds (conformers 1–8) at 800 K and 2000 K. This is due to the hydrogen 

bond reducing the entropy. Therefore, a non-hydrogen-bonded structure can contribute 

more to the rate constant than some hydrogen-bonded conformer. This phenomenon was 
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also found in a previous study.1016  

    Classical barrier heights (V‡) and quantum mechanical quasithermodynamic 

quantities for these examples of hydrogen-bonded transition states are in Table 11.3. The 

energy barriers relative to KHP + OH are negative, showing some stabilization; however, 

this does not necessarily indicate fast reaction because the entropy effect should also be 

taken into account. The path with the highest barrier, namely TS3(path 2), has a larger 

entropy than others, this reduces the free energy of activation. In fact, it has the most 

favorable free energy of the four cases shown, even though it has the least favorable 

barrier. This shows that the effects of hydrogen bonding are subtle.  

   Figure 11.4 shows the multistructural torsional anharmonicity factor 	$%&'()for each 

species and $*+,&'()for each reaction at 298-2400 K. It shows that 	$%&'() is in the range 

12–161, 8–2077, 3–219, 5–562, 16–296, 9–951, and 3–1782 for X = KHP and TS1–6, 

respectively. The multistructural torsional anharmonicity is especially large for TS1 and 

TS6 for T > 600 K. The multistructural anharmonicity factors for the reactions are 

smaller than the corresponding transition state factors due to cancellation with 	$%&'() 

of the reactant KHP. The multistructural torsional anharmonicity factors $*+,&'() are 

spread over the ranges 0.6-13, 0.2-1.4, 0.4-3.5, 1.3-1.8, 0.7-5.9, and 0.2-11 for R1-R6, 

respectively. Because these ranges are quite different for the different reactions, 

multistructural anharmonicity has a large effect on the branching ratios. 

   Because we have seen that multistructural anharmonicity plays a significant role in 
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the partition functions, we know that it affects the accuracy of the thermodynamic 

quantities, such as standard-state entropy, heat capacity, relative enthalpy, and relative 

Gibbs free energy. Table 11.4 lists these quantities for KHP at 298–1000 K. The entropy 

and heat capacity obtained by the popular group additivity (GA) method1017,1018 are given 

for comparison. The heat capacities calculated with the MS-T method considering both 

multistructural and torsional anharmonicity deviate by ~3 cal mol-1 K-1 from those 

obtained by the GA method at most temperatures. The MS-LH method overestimates the 

heat capacities especially at high temperatures (³ 700 K). In the temperature range of 

298-600 K, the entropies calculated with MS-T and MS-LH are almost identical and are 

in reasonable agreement with those obtained by the GA method. As the temperature 

increases, the entropies estimated by the widely used GA method show large deviations 

(3~10 cal mol-1 K-1) from our calculated values by the MS-T method. The SS-HO 

approximation has poor accuracy at all temperatures, e.g., at 298 K, it differs by up to 9 

cal mol-1 K-1 from the MS-T result. Due to the increasing contribution of multistructural 

anharmonicity with increasing temperature, the entropies calculated with MS-T and MS-

LH have dramatically large deviations from those calculated by the SS-HO method and 

from the empirical GA results.  

11.3.3 Variational effects.  

    For each reaction, we included the four lowest-energy reaction paths in the MP-

VTST calculations (i.e., P = 4). As mentioned above, the first four paths are ordered by 
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increasing values of their classical barrier heights and are denoted as path 1, path 2, .... 

The potential energy along the minimum energy path (VMEP) and the vibrationally 

adiabatic ground-state potential energy (.*/) for R2 (paths 1–4) are displayed in Figure 

11.5. Note that a vibrationally adiabatic potential-energy curve is the same as a free 

energy of activation profile for T = 0 K; for all four paths of reaction R2, the location of 

the canonical variational transition state is near -0.185 Å at 0 K. At finite temperatures, 

the free energy of activation profiles differs from the .*/ curve, and the location of 

variational transition state is determined by the maximum of the free energy of activation 

profile. For instance, for path 1, at 298 K, 600 K, 1000 K, 1500 K and 2400 K, the 

variational transition state is at -0.180, -0.182, -0.189, -0.201, and -0.224 Å, respectively, 

and the vibrationally adiabatic potential energy at these locations are all in the range 

93.03–93.06 kcal/mol. For path 2, the location of the variational transition state at these 

temperatures is -0.179, -0.195, -0.221, -0.254, and -0.310 Å, and the corresponding 

vibrationally adiabatic ground-state energies are correspondingly 94.28, 94.28, 94.25, 

94.19, and 94.06 kcal/mol. For path 1 to path 4, as the classical barrier height increases, 

VMEP and .*/ barriers become thinner, which is reflected in the tunneling transmission 

coefficients discussed in section 11.3.4. 

    Figure 11.6 shows the CVT recrossing transmission coefficients for the four lowest-

energy paths of R2. The results for the different paths agree with each other within a 

factor of 1.6, and the variational effect is significant, especially at low temperatures, e.g., 
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the conventional TST rate constant is a factor of 8 larger than the CVT one at T = 300 K 

for R2.  

    The recrossing transmission coefficients of reactions R1–R6 are shown in Figure 

11.7. For R2, R3, R4, and R5, the recrossing transmission coefficients are between 0.1 to 

0.6 over the whole temperature range. What causes these large variational effects? To 

answer this, we analyzed the vibrational frequencies along the reaction path. The results 

for R2 are shown in Figure 11.8. We find that the variational effect is mainly due to the 

one vibrational mode that changes dramatically along the reaction path. This mode (v11, 

shown as a dashed curve in Figure 11.8) is the H–C stretch of the breaking bond in the 

reactant region, then it decreases by ~1000 cm-1 from reactants to the saddle point, where 

is a quasisymmetric C–H-O stretching mode, and finally it increases as it transforms into 

the vibration of the new H–O bond in the product. The reason for the decrease in the 

middle region is that the mode has less hydrogenic motion in that region where the 

hydrogenic motion is mainly in the reaction coordinate, which is an asymmetric C–H–O 

stretching motion there. The decrease in the middle region of the reaction path 

significantly increases the vibrational partition function of the generalized transition state 

when it is calculated relative to the local potential energy minimum. While the vibrational 

frequency is changing rapidly, the potential energy change from s = 0 to s = -0.106 Å is 

less than 1.1 kcal/mol, which can be seen from the relatively flat potential energy surface 

around the saddle point in Figure 11.5, so the vibrational partition function relative to 



 471 

VMEP changes more than the Boltzmann factor of VMEP. Therefore, it is necessary to use 

variational transition state theory (rather than conventional transition state theory) for 

treating such a reaction. This kind of large variational effect due to the mode that 

transforms from the bond-breaking vibration to the bond-forming vibration has been 

observed for many reactions in previous studies.  

    We have discussed the effect of the key high-frequency modes, which are most 

important at low T. As the temperature increases, the lower frequencies can be very 

important.  

11.3.4 Multidimensional tunneling effect.  

    The multidimensional tunneling transmission coefficient includes the quantum 

mechanical tunneling effect and the contribution from nonclassical reflection at energies 

above the effective barrier. In the present work, using the vibrationally adiabatic ground-

state potential energy as the effective potential curve and including corner-cutting 

tunneling by means of the effective mass, the small-curvature tunneling (SCT) 

approximation is used to calculate the multidimensional tunneling transmission 

coefficients. The multidimensional SCT tunneling transmission coefficients for the 

lowest-energy reaction paths (path 1 for each reaction) are plotted as functions of 

temperature in Figure 11.9 for R1-R6. These tunneling transmission coefficients show 

essentially no tunneling for R2 and R3 and range from 1.3 to 3.5 at 298 K for the other 

four reactions. The tunneling transmission coefficient for R5 is the largest among the 
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lowest-energy paths for these six reactions, and it is 1.5 even at 600 K.  

    Figure 11.10 shows the calculated tunneling transmission coefficients of R2 for 

paths 1, 2, 3, and 4. They are consistent with the previously discussed .*/ curves. As 

expected, the path with the highest energy barrier has the largest tunneling transmission 

coefficient. Comparing path 1 with path 4, we see a factor of 2.4 difference at room 

temperature.  

11.3.5 MP-CVT/SCT rate constant.  

    Path-averaged generalized transmission coefficients of reactions R1–R5 are in Table 

11.5 for P = 1, 2, and 4. These coefficients include the path-dependent variational effect 

and the path-dependent multidimensional tunneling effect. For example, for R2, the 

multidimensional tunneling coefficient from path 1 to path 4 increases (as shown in 

Figure 11.10), but the recrossing transmission coefficient is a nonmonotonic function of 

path label (as shown in Figure 11.6). Also, the single-structural rovibrational partition 

functions of the transition state computed with torsional anharmonicity are nonmonotonic 

functions of path number. These three factors all contribute to the final 〈2〉4. The 

resulting differences of 〈2〉5	from	〈2〉6	are	12% or less for R2–R5, but as large as 42% 

for R1. This shows that thermal rate constants can be significantly impacted by the 

higher-energy paths. 

    The temperature-dependent Arrhenius activation energies for R1-R6 are plotted in 

Figure 11.11. The activation energy increases dramatically with increasing temperature, 
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especially in the temperature range of 298-600 K. For instance, the deviation between 

298 K and 600 K is 3.2, 12.8, 4.4, 0.8, 3.3 kcal/mol in the MP-CVT/SCT calculations for 

R1-R5 respectively. The MS-CVT/SCT activation energies are close to the MP-

CVT/SCT ones except for R2, where the difference is due to the path dependence of 

quantum mechanical tunneling and multistructural anharmonicity. 

    Figure 11.12 shows the final high-pressure-limit MP-CVT/SCT rate constants and 

the MS-CVT/SCT ones for R1-R6 in the temperature range of 298-2400 K. There are 

four noteworthy aspects: (i) For R1, R2, R3 and R5, the final MP-CVT/SCT rate 

constants and the MS-CVT/SCT ones are almost identical. (ii) The H-abstraction 

reactions (R1-R5) have larger rate constants than the addition reaction (R6). (iii) R2 and 

R3 have a stronger negative temperature dependence effect than the other reactions. (iv) 

At low temperatures (298-400 K), the rate constants of R2 and R3 are close to each other, 

and R3 begins to dominate as temperature is raised. We can explain aspect iv by a 

combination of three factors: (1) the entropy of R3 is ~2 cal/mol/K larger than R2 (as can 

be seen in Table 11.3); (2) the influence of TDS is larger than the reaction enthalpy, 

especially at higher temperatures; (3) the recrossing transmission coefficients for R2 are 

0.25, 0.38, 0.40 and 0.41 at 500, 1000, 1500 and 2000 K, respectively, but for R3 they are 

0.42, 0.60, 0.64 and 0.64 respectively, and these higher recrossing transmission 

coefficients for R3 contribute to the higher rate constants of R3. However, in most of 

current combustion modeling,1019 only R2 was taken into consideration and the 
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corresponding kinetics data have been estimated empirically, such that they have no 

temperature dependence. As shown in blue dotted and dashed lines in Figure 11.12, in the 

temperature range of 500-1000 K, the empirically estimated rates are a factor of 1.4-3.2 

faster than our computed data.  

    The calculated branching fractions for R1-R6 as functions of temperature in the 

high-pressure limit are shown in Figure 11.13. The rate of reaction R7 is zero in the high-

pressure limit. Figure 11.13 also includes the branching fractions calculated using the 

single-structural harmonic conventional TST rate constants. The differences are large, 

and they reflect the cooperative contributions of the multistructural torsional effect, the 

variational effect, and the multidimensional tunneling effect. 

11.3.6 Pressure-dependent rate constants.  

    The SS-QRRK theory, which is used for predicting the falloff effect, allows one to 

conveniently incorporate variational effects, tunneling, and multistructural torsional 

anharmonicity into the calculations of energy-resolved rate constants needed for 

calculating pressure-dependent rate constants, without the complexity of solving the 

master equation or directly calculating the input to the master equation. The pressure-

dependent rate constants kR6 for the stabilization of P6 are plotted in Figure 11.14 in the 

temperature range of 298-2400 K. In the temperature range of 298-600 K, the deviations 

of the rate constants at 100 atm from the HPL are factors of 1.2–4.3; thus, the falloff 

effect cannot be neglected even in high-pressure engines. At atmospheric pressure (1 
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atm), the deviations of the rate constants from the HPL are factors of 21–324 for the low-

temperature range of 298-600 K. As the temperature increases, the rate constants become 

even farther from the high-pressure limit. 

    The falloff curves are plotted in Figure 11.15 as log10[k(p)/k(p=¥)] versus pressure, 

where k(p) represents the rate constant of the stabilization of P6 (kR6) at pressure p and 

k(p=¥) represents the high-pressure-limit of the rate constant. The transition pressure p1/2 

is defined as the pressure where the rate constant is half of the high-pressure-limit rate 

constant. We obtain p1/2(T) by interpolation from a table of k(T, p) vs. p at fixed T; the 

resulting p1/2(T) are plotted in Figure 11.16. At temperatures of 300, 400, 500, and 600 K, 

p1/2 is 21, 69, 158, and 339 atm respectively. However, when the temperature increases 

above 1000 K, p1/2 increases rapidly with temperature. The pressure-dependent rate 

constants are fitted by the previously proposed formula, with a fitting error of about 20% 

in the ranges 298 K to 1500 K and 0.1 atm to 10 atm. 

    As introduced in Section 11.2.2, R7 is a pressure-dependent bimolecular reaction 

because there is a unimolecular intermediate (P6) in its reaction mechanism; the rate 

constants for the formation of the products P7 and CH3COOH (kR7) are plotted as 

functions of temperature and pressure in Figure 11.17. The rate constant for R7 has no 

pressure dependence at 800-2400 K, and over the whole temperature range studied, the 

rate constant for R7 is identical at 0.01 atm and 0.1 atm. However, at room temperature, 

the rate constant for the formation of P7 + CH3COOH at 1 atm is a factor of 5.8 larger 
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than at 100 atm. The falloff effect is greatly influenced by the energy transfer parameters. 

Thus, we analyzed the sensitivity to Q at various temperatures; for example, the falloff 

curves for various Q at 600 K are shown in Figure 11.18. When Q (and hence <DE>down) 

is increased, the stabilization of P6 adduct rate constants becomes more efficient, the rate 

constant for R6 increases, and that for R7 decreases.  

Figure 11.19 shows branching fractions of H abstraction, R6, and R7 as functions of 

temperature at 1atm. Here, H-abstraction denotes the total rate constants for all of H-

abstractions (R1-R5). We can see the significant role of H-abstractions (~99%) for the 

overall KHP + OH kinetics at finite pressures. 

11.3.7 Implication for KHP chemistry.  

    It is essentially impossible to detect the H-abstraction reactions experimentally. 

First, the preparation and purification of KHP is a complex process. Second, storage is 

difficult because KHP is very active. Third, these H-abstraction reactions can produce 

different products such as P1, P2, P3, P4, and P5, which are reactive radicals. Therefore, 

theoretical calculations are essential for understanding these H-abstraction reactions and 

their branching fractions. 

    The products of the reactions studied here can dissociate into diones, cyclic ethers, 

or olefenic ketones via the loss of OH and HO2 radicals. These products have been 

detected experimentally in n-pentane oxidation and the present kinetics data may enable 

their more accurate inclusion in ignition modeling and atmospheric modeling. For 
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example, the product of reaction R2 is an unstable hydroperoxy radical that will 

immediately decompose to pentadione plus an OH radical. This prompt liberation of an 

OH radical is important kinetically in both atmospheric and pre-ignition chemistry.  

    Recent experimental work by Wang et al.1020 studied the auto-oxidation of n-

heptane. In addition to the carbonyl hydroperoxide (C7H14O3, abbreviated as C7KHP), 

they detected mass peaks corresponding to C7H12O2 and C7H12O species. They proposed 

that these intermediates could be produced from the H-atom abstraction of carbonyl 

hydroperoxide by OH radical. A possible structure of the C7H12O2 species is a C7 dione 

and/or a keto cyclic ether (e.g., with one carbonyl and one cyclic ether group); a possible 

structure of C7H12O is a heptenone. This experiment detection highlights the significant 

role in determining the formation of diones, alkenones, and keto cyclic ethers through H-

atom abstraction of carbonyl hydroperoxides. A consequence of the present work is that 

C5 diones and/or keto cyclic ethers (i.e., C5H8O2) and pentenones (i.e., C5H8O) can result 

from the H-atom abstraction of KHP. To study this further, we selected one of the 

carbonyl hydroperoxides from n-pentane auto-oxidation to study H-atom abstraction 

reactions by OH radical.  

     In the original n-pentane kinetic model by Bugler et al.,1021 the reaction pathways 

for KHP + OH were not taken into consideration. To study the effect of these reactions, 

we updated the KHP mechanism in the original n-pentane kinetic model of Bugler et 

al.1021 by considering our new KHP + OH rate constants, and we carried out a simulation 
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with the updated mechanism. The subsequent reactions of the carbonyl hydroperoxide 

radicals, via β-C-O scission, β-O-O scission, cyclization, and concerted elimination, lead 

to C5H8O2 intermediates (e.g., these are P1-2, P2-1, P4-1, and P5-1) and C5H8O 

intermediates (e.g., P1-1 and P3-1). For the simulation, we required thermodynamic data 

for the new species, and these data were estimated by THERM1022 to be consisted with 

the original model.  

     The simulation was performed by using the CHEMKIN-PRO software1023 using 

the perfect stirred reactor module. The input for the simulation is as follows: residence 

time1024 (which is defined as the ratio of the reactor volume and the volume flow rate of 

the gas flowing through the reactor) is set to be 2 s, the pressure is 40 bar, the n-pentane 

mole fraction is 10000 ppm, the equivalence ratio (which is defined as the actual air fuel 

ratio divided by the air fuel ratio for complete combustion) is 0.4, and the dilution gas is 

N2. We investigated the temperature range of 500–650 K.   

     To learn the effect of the new rate constants on the products, we performed two 

simulations. In one, we updated the original n-pentane model1021 by adding our new 

calculated rate constants of R1-R5. In the other, we only added R2 with an estimated rate 

constant of 1.67 ´ 10-12 cm3molecule-1s-1(taken to have no temperature dependence), 

which is the value used in a previous reference.1025 Results from these two simulations 

are compared in Figure 11.20. Figure 11.20(a) shows that the H-abstraction reactions of 

KHP by OH radical and the subsequent reactions produce several C5H8O2 and C5H8O 
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intermediates. The highest-yield C5H8O isomer is a pentenone (i.e., P3-1) produced 

through pathways R3 and R4. The formation mole fractions of 2,4-pentanedione (i.e., P2-

1) and a pentenone (i.e., P1-1) are comparable with the formation of P3-1. In contrast, the 

mole fractions of C5 keto cyclic ethers (i.e., P1-2, P4-1, and P5-1) are much lower. In 

Figure 11.20(b), the mole fraction of 2,4-pentanedione (P2-1) is five times higher than 

that in Figure 11.20(a). One of the main reasons is that the rate constant of R2 

recommended by Bugler et al.1025 is much higher than our calculation result in present 

work. The simulation we have just presented indicates that the new H-abstraction 

reaction rates for reactions of KHP with OH lead to observable changes in the predicted 

production of downstream products in conditions related to auto-ignition. On the other 

hand, differences in reaction rate constants for the H-atom abstraction reactions at 

different sites of KHP lead to a particular distribution of final products (P1-1, P1-2, P2-

1…), which are not distinguished by current experimental diagnostics.  

    Although we performed high-level calculations for rate constants, directly using our 

results in a previously constructed combustion model will not necessarily lead to better 

agreement with experimental signals (such as final product distribution or ignition delay 

times), because of the uncertainty of the rate constants for other reactions that were 

previously added in the model, especially if the model contains some rate constants that 

were previously adjusted empirically to match the experimental data points.1026 

Nevertheless, the process of gradually adding more reliable data to  the models should 
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in the long run produce more reliable models of combustion. 

    In the atmosphere, the products of the reactions studied here are expected to further 

associate with O2, which may contribute to the formation of secondary organic aerosols 

(SOA) via the formation of low-volatility organic compounds.  

    It would be interesting to investigate the reactions of other hydroperoxides with OH 

to learn how the rate constants vary. As a preliminary step in this direction, we calculated 

the classical energy barriers for reaction of OH with some simpler hydroperoxides. The 

formulas of the investigated molecules are HOOCH2CH2CHO, which is called C3, 

HOOCH2CH2C(=O)CH3, which is called C4-1, and CH3CH(OOH)CH2CHO, which is 

called C4-2. The detailed results show the same trends as for the KHP investigated in the 

present work, which is 4-hydroperoxy-2-pentanone. In particular the H-atom on the 

carbon bonded to the OOH group is the preferred reaction site, followed by the OOH 

group, and the least favorable abstraction site is the H-atom on the CH3 group adjacent to 

the carbonyl group. The absolute values of energy barriers vary by about 1 kcal/mol for 

the various hydroperoxides, e.g. for our KHP, as shown in Table 11.1, the energy barriers 

for TS2 and TS3 are -4.76 and -2.73 kcal/mol, and for C4-2, the corresponding energy 

barriers are -4.31 and -2.25 kcal/mol respectively. Comparing KHP with C4-1, the 

differences for R2, R3, and R4 are no larger than 0.18 kcal/mol, but the barrier for 

abstraction of the H-atom on the carbon bonded to OOH group is 0.61 kcal/mol higher 

for C4-1 due to the electronic effect of CH3 group. Our calculations on these small 
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hydroperoxides with OH indicate that the general conclusions of the present work can be 

applied rather generally to the degradation of carbonyl hydroperoxides. 

11.4 Conclusions  

    In this work, multipath and multistructural canonical variational transition-state-

theory with small-curvature tunneling are used to calculate high-pressure-limit rate 

constants for hydrogen abstraction of ketohydroperoxide by hydroxyl radical., and the 

pressure-dependent rate constants have been computed for the addition reactions using 

the SS-QRRK method. Our calculations include accurate determinations of the classical 

barrier heights, the variational effects, internal-coordinate-based vibrationally adiabatic 

potentials, multistructural torsional anharmonicity, and multidimensional tunneling 

effects as put together by multipath VTST.  

    We found that multistructural anharmonicity has a large effect on the 

thermodynamic data, and it changes the rate constants by factors of 0.2 to 12. The 

variational effect plays an important role in the determination of the rate constants, and it 

may be as large as a factor of 10 at low temperatures. We also found that the tunneling 

effect is large and cannot be ignored, e.g., the tunneling coefficient on reaction R4 

(Boltzmann-averaged over four paths) is 4 at 298 K and 10 at 250 K. 

    We find that R2 and R3 are the dominant reactions, and R3 is faster than R2 even 

though R2 has the lowest energy barrier. This result reflects the crucial role of variational 

effects and multistructural torsional anharmonicity, and the details of the present 
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calculation show the importance of including these effects in combustion and 

atmospheric modeling. 

The accurate thermodynamic and kinetics data computed in this work should be 

valuable for improving the accuracy of chemical kinetics models for alkane oxidation and 

the global modeling of secondary organic aerosols. 
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Table 11.1 Calculated forward barrier heights (kcal/mol) for R1-R6.  

 Forward barrier height 

 R1 R2 R3 R4 R5 R6 

M08-HX -0.08 -4.76 -2.73 1.06 1.15 0.79 

CCSD(T) 0.99 -4.38 -2.61 0.88 1.44 2.60 

 

Table 11.2 Conformational-rotational-vibrational partition functions of KHP with 

the multi-structural torsional method (MS-T) and multistructural local harmonic 

(MS-LH) approximation including all structures and the single-structure harmonic 

rotational-vibrational partition function (SS-HO) of the lowest-energy structure of 

KHP.  

T(K) 7+89(:8;<=&'()  7+89(:8;<=&'(>?  7:8;<=,A''(?B 

298 5.84E-59 7.15E-59 4.64E-60 

400 3.43E-40 3.81E-40 1.27E-41 

600 9.36E-21 9.76E-21 1.41E-22 

800 4.98E-10 5.33E-10 4.68E-12 

1000 6.81E-03 7.78E-03 4.93E-05 

1500 1.12E+09 1.61E+09 6.36E+06 

2400 2.38E+20 5.44E+20 1.47E+18 

aThe zero of energy for the partition functions is the energy of the lowest-energy classical 

equilibrium structure. 
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Table 11.3 Classical barrier heights (kcal/mol) and standard-state entropies (cal K-1 

mol-1), and free energies (kcal/mol) of selected conventional transition states (saddle 

points). 

T(K) S° G°  S° G° 

 TS2(path 1)  TS2(path 2) 

  V ‡ = -4.8   V ‡ = -3.5 

298 104.0 68.6  106.1 69.3 

400 118.0 57.3  120.1 57.7 

600 142.4 31.2  144.5 31.2 

800 163.3 0.6  165.4 0.1 

1000 181.5 -34.0  183.6 -34.8 

1500 218.2 -134.3  220.3 -136.2 

2400 265.4 -353.3  267.5 -357.1 

 TS3(path 1)  TS3(path 2) 

  V ‡ = -2.7   V ‡ = -2.4 

298 105.9 69.3  106.9 69.3 

400 120.0 57.8  120.8 57.7 

600 144.4 31.3  145.0 31.1 

800 165.3 0.3  165.9 -0.1 

1000 183.3 -34.6  184.1 -35.1 

1500 220.0 -135.9  221.2 -136.9 

2400 267.1 -356.5  268.6 -358.7 

aThe zero of energy is KHP + OH. The standard state pressure is a 1 bar ideal gas. 
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Table 11.4 Computed standard-state entropy (cal mol-1 K-1), heat capacity (cal mol-1 

K-1), and relative enthalpy (kcal/mol) for KHP using different methods 

 
aZero of energy is set to potential energy of global minimum;   
bCalculated by using the Benson’s group additivity (GA) method.  
cCalculated using the lowest-energy equilibrium conformer. 

 

Table 11.5 Averaged generalized transmission coefficient of reactions R1-R5 

 

T(K) 

 R1   R2   R3   R4   R5  

〈2〉A 〈2〉5 〈2〉6 〈2〉A 〈2〉5 〈2〉6 〈2〉A 〈2〉5 〈2〉6 〈2〉A 〈2〉5 〈2〉6 〈2〉A 〈2〉5 〈2〉6 

298 0.97 0.50 0.86 0.12 0.12 0.13 0.24 0.23 0.25 0.25 1.11 1.06 0.52 0.59 0.61 

400 0.64 0.29 0.59 0.19 0.18 0.19 0.34 0.32 0.34 0.28 0.80 0.76 0.46 0.56 0.54 

600 0.76 0.99 0.82 0.29 0.26 0.27 0.48 0.42 0.44 0.33 0.68 0.63 0.46 0.55 0.53 

800 0.81 0.94 0.79 0.34 0.29 0.30 0.56 0.47 0.49 0.36 0.64 0.59 0.46 0.57 0.53 

1000 0.83 0.93 0.78 0.38 0.31 0.32 0.60 0.50 0.52 0.37 0.61 0.56 0.47 0.59 0.54 

1500 0.86 0.92 0.77 0.40 0.32 0.33 0.64 0.51 0.53 0.38 0.56 0.51 0.46 0.60 0.53 

2400 0.87 0.93 0.76 0.41 0.31 0.33 0.64 0.51 0.53 0.37 0.50 0.44 0.45 0.61 0.52 

 

  



 486 

 

Figure 11.1 Number of distinguishable conformers in each relative potential energy 

range for reactant (KHP), and transition states (TS1–TS6). For KHP, the energy of 

the global-minimal structure is chosen as the zero of the relative energy, and for the 

transition states the energies are relative to the lowest-energy transition state for 

that reaction. 

 

 
Figure 11.2 The unitless local periodicities CD,E for KHP, TS2, and TS3.  
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Figure 11.3 (a) Hydrogen bonding analysis for TS2 (path 1 and path 2) and TS3 

(path 1 and path 2), where TS2 and TS3 are the transition state structures of R2 and 

R3 respectively. (b) Relative enthalpy of activation (H) and relative Gibbs free 

energy of activation (G) (both in kcal/mol) for TS3 (paths 1 to 20).  

The conformers are arranged in order of increasing classical barrier height. Paths 1–8 

have hydrogen bonds; paths 9–20 do not have hydrogen bonds. In this figure, the 

thermodynamic quantities are anharmonic results for the individual structures, as 

calculated by MS-T, and the zero of energy is set equal to the potential energy of the 

energetically lowest conformer of the transition state structure that corresponds to path 1. 
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Figure 11.4 Multistructural torsional anharmonicity factor (a) for species, KHP and 

TS1-TS6; (b) for every forward reactions (R1-R6). 
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Figure 11.5 Vibrationally adiabatic ground-state potential energy curve (FGH)	and the 

potential energy (VMEP) along the minimum energy path for paths 1, 2, 3, and 4 of 

R2.  

 

 
Figure 11.6 Canonical recrossing transmission coefficients (G CVT) for R2 at various 

temperatures.  
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Figure 11.7 Canonical recrossing transmission coefficients (G CVT) for R1-R6 at 

various temperatures. 

 

 
Figure 11.8 The eleven highest vibrational frequencies of R2 as functions of the 

reaction coordinate s. The saddle point is at s = 0. 
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Figure 11.9 Small-curvature tunneling transmission coefficients kSCT (for path 1) of 

reactions R1-R6 at 298-2400 K. 

 

 

Figure 11.10 Small-curvature tunneling transmission coefficients kSCT of R2 for path 

1 through path 4 at 298-1000 K. 
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Figure 11.11 High-pressure-limit activation energies for R1-R6 at 298-2400 K. These 

symbols represent the MS-CVT/SCT results, and the lines are the MP-CVT/SCT 

results. 

 

 

Figure 11.12 Calculated high-pressure-limit rate constants for R1-R6 at 298-2400 K 

using MP-CVT/SCT and MS-CVT/SCT. These symbols represent the MS-

CVT/SCT results, and the lines are the MP-CVT/SCT results. 
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Figure 11.13 In the high-pressure limit, branching fractions of R1-R6 as functions of 

temperature computed by (a) single-structural harmonic conventional TST and (b) 

MP-CVT/SCT.  

 

 

Figure 11.14 Computed rate constants for kR6 (defined as the formation of the 

stabilized intermediate adduct P6). 
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Figure 11.15 Predicted falloff curves for kR6 (defined as the formation of the 

stabilized intermediate adduct-P6) as a function of pressure (atm) at various 

temperatures. 

 

 

Figure 11.16 The transition pressure of the stabilization of P6 (kR6) as a function of 

temperature for Ar bath gas. 
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Figure 11.17 Rate constant of reaction R7 as a function of temperature at various 

pressures. 

 

 

Figure 11.18 Predicted falloff curves for reaction R6 based on using different 

<DE>down parameters. 
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Figure 11.19 Branching fractions of H-abstraction, R6, and R7 as functions of 

temperature at 1 atm.  

 

Figure 11.20 Mole fraction profiles of C5H8O2 species and C5H8O species during n-

pentane auto-oxidation in a jet-stirred reactor at 40 bar. 

(a) Simulation with updated KHP mechanism by adding our new calculated rate constants 

of R1-R5 to the original n-pentane model; (b) simulation by only adding estimated rate 

constant of R2 (without adding other reactions) to the original KHP mechanism of Bugler 

et al.  
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Chapter 12. Atmospheric Chemistry of Criegee Intermediates: 
Unimolecular Reactions and Reactions with Water 

12.1 Introduction  

    Criegee intermediates1027 are carbonyl oxides formed in the ozonolysis of 

unsaturated hydrocarbons; their atmospheric fate plays a critical role in determining the 

oxidative efficacy of the atmosphere and its capacity for free radical generation and 

secondary organic aerosol formation.1028,1029,1030,1031 In the atmosphere, Criegee 

intermediates undergo bimolecular reactions with atmospheric molecules such as H2O, 

SO2, and HCOOH and unimolecular isomerization and decomposition to yield OH.1028 

Inferences about the roles of Criegee intermediates were originally based on indirectly 

estimated rate constants, and there has been no consensus on whether the dominant 

reaction of stabilized Criegee intermediates in the troposphere is with water 

molecules.1028,1032 Furthermore, the unimolecular reactions of Criegee intermediates 

must be considered when estimating the atmospheric fate of Criegee intermediates and 

the production of atmosphere-cleansing OH.1033,1034,1035 In addition to their role as 

sources of OH, exploring the reactions of Criegee intermediates with water and their 

unimolecular reactions is especially critical because of the abundance of water in the 

atmosphere and because the bimolecular reactions of stabilized Criegee intermediates in 

the atmosphere are key processes in the formation of aerosols,1036,1037 which scatter 
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sunlight and affect earth's radiative balance.1034,1035 In particular, the oxidation of sulfur 

dioxide via stabilized Criegee intermediates is an important source of sulfuric 

acid,1038,1039,1040,1041,1042,1043,1044 which plays an important role in aerosol nucleation.  

    Given the importance of Criegee intermediates, it is very exciting that new 

experimental methods have been developed to directly measure bimolecular rate 

constants for reactions of stabilized Criegee intermediates with atmospheric 

compounds.1045,1046,1047,1048,1049,1050,1051 Elucidating the kinetics of bimolecular reactions 

between Criegee intermediates and atmospheric molecules and the kinetics of their 

unimolecular reactions are essential for fully estimating the atmospheric fates of Criegee 

intermediates and for making chemical models of the atmosphere more reliable. 

    However, direct rate data for the reactions of Criegee intermediates with H2O are 

still scarce and are partially inconsistent. Moreover, the rate constants of their 

unimolecular reactions are even more limited and complicated because they depend on 

temperature and pressure. Throughout this article, we will give rate constants in units of 

cm3 molecule−1 s−1 and s−1 for bimolecular reactions and unimolecular reactions, 

respectively. Welz et al.1046 estimated the CH2OO + H2O reaction rate as < 4 × 10−15, 

Chao et al.1052 estimated <1.5 × 10−15, Stone et al.1053 measured 5.4 × 10−18 at 297 K, 

Ouyang et al.1054 measured (2.5 ± 1) × 10−17 at 297 K, and Newland et al.1055 measured 

(1.3 ± 0.4) × 10−15 at 298 K. The kinetic data is even more limited with regard to 

distinguishing the reactions of syn-CH3CHOO and anti-CH3CHOO reactions with H2O. 



 499 

The suggested upper limit rate constant for the syn-CH3CHOO + H2O reaction is <4 × 

10−15 by Taatjes et al.1056 and <2 × 10−16 by Sheps et al.;1057 whereas the experimental 

rate constant for the anti-CH3CHOO + H2O reaction by Taatjes et al.1056 is (1.0 ± 0.4) × 

10−14. The main reason for the uncertainties in the experimental kinetics data is the 

efficient reaction of Criegee intermediates with water dimer. With regard to their 

unimolecular reactions, there are different values due to different temperatures and 

pressures. For example, the experimental unimolecular rate constant of CH2OO is 

reported to be 8.8 ± 13 at 298 K,1055 while the upper limit rate constant is estimated to be 

11.6 ± 8 at 293 K at low pressure between 7 and 30 torr.1058 However, other 

experimental results are 115 ± 20 at 295 K and 5.1 torr1059 and 73 to 283 at 297 K and 

100 torr.1060 As summarized elsewhere,1061 the experimental unimolecular rate constants 

of syn-CH3CHOO extend over an even larger range: 2.5 to 250. Furthermore, there have 

not been any experimental data reported for the unimolecular rate constant of anti-

CH3CHOO.  

    Absolute rate constants can also be obtained by theory, but theoretical rate constants 

are quite sensitive to the electronic structure calculations of barrier heights, which span a 

wide range. For example, CCSD(T)/aug-cc-pVTZ//B3LYP/6-311++G(2df,2p) 

calculations give a barrier of 1.5 kcal for the CH2OO + H2O reaction,1062 while the barrier 

height is estimated to be 2.82 kcal by QCISD(T)/CBS//B3LYP/6-311++G(2d,2p).1065 (All 

energetic and enthalpic quantities in the whole paper are molar quantities, and we use 
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kcal as the unit for energy per mole.). An important aspect of the difficulty of the 

calculations is that the electronic structure of Criegee intermediates is inherently 

multiconfigurational. The uncertainties in the barrier height due to the difficulty in 

treating inherently multiconfigurational systems probably account for much of the large 

differences1032,1062,1063,1064,1065 between recent experimental kinetic data and available 

theoretical studies of bimolecular reactions of Criegee intermediates with H2O. In 

addition to the incompleteness of the electronic structure methods employed (i.e., their 

deviations from complete configuration interaction), there are uncertainties due to the 

previous theoretical dynamics calculations1064,1065 being based on conventional transition 

state theory and very approximate calculations of the tunneling contributions. Higher-

accuracy theoretical methods for both electronic structure and dynamics are needed to 

estimate reliable reaction kinetics for the bimolecular reactions between Criegee 

intermediates and H2O and their unimolecular reactions, and such higher-level theory is 

used in the present study. 

    For the electronic structure we need wave function theory (WFT) at a higher level 

than CCSD(T),1066 and we will utilize the recently developed W3X1067and W3X-L1068 

efficient composite methods to include beyond-CCSD(T) effects. We will use these to 

obtain reference data, and we will use this reference data to validate the use of a density 

functional theory (DFT) exchange-correlation functional that has a low enough cost to be 

used for reasonably complete direct dynamics calculations of the rate constants. By 
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reasonably complete, we mean that the dynamics calculations include variational location 

of the transition state, multi-path multidimensional tunneling, multiple-structure 

anharmonicity, and torsional-potential and high-frequency anharmonicity. 

  We consider the following reactions:  

 CH2OO + H2O ® CH2(OH)OOH (B1a) 

        CH2OO ®   (U1c) 

 CH2OO ® HCO + OH (U1d) 

  CH2OO + H2O ® HCO + OH + H2O (B1dh) 

  syn-CH3CHOO + H2O ® HC(OH)CH3OOH  (B2a) 

  syn-CH3CHOO + H2O ® CH2=CHOOH + H2O (B2dh) 

 syn-CH3CHOO ® CH2=CHOOH (U2hs) 

 syn-CH3CHOO ®    (U2c) 

  anti-CH3CHOO + H2O ® HC(OH)CH3OOH (B3a) 

 anti-CH3CHOO ®  (U3c) 

 anti-CH3CHOO ® CH3CO + OH (U3d) 

Reactions B1a, B2a, and B3a are bimolecular (B) addition (a) reactions accompanied by 

hydrogen transfer of water to the peroxyl group and will be called addition-coupled 

hydrogen-atom transfer (ACHAT). U1c, U2c, and U3c are unimolecular (U) cyclizations 

(c). Reactions U1d and U3d are unimolecular decomposition (d) reactions catalyzed by 

C
O O

H H

C
O O

CH3 H

C
O O

CH3 H
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water, and they are special cases of the class of reactions known1069 as double hydrogen-

atom transfer (DHAT); B1dh and B2dh are DHAT reactions (dh) occurring in bimolecular 

collisions catalyzed by water. U2hs is a unimolecular 1,4-hydrgen shift reaction.  

    The present results not only give reliable rate constants for the reactions between 

Criegee intermediates and H2O and for their unimolecular reactions, they also provide 

insights into the methodological requirements for calculating theoretical rate constants 

with experimental accuracy for atmospheric reactions. In addition, we also provide a new 

insight into how the dominant atmospheric reaction processes of Criegee intermediates 

vary with altitude, depending on temperature and pressure. Therefore, the results in this 

article are of interest both for atmospheric chemistry and for computational chemistry. 

12.2 Computational methods 

Electronic structure. To obtain quantitatively reliable rate constants at atmospheric 

temperatures, the errors in electronic structure calculations must be a few tenths of a kcal 

or less. This is particularly difficult for systems with large nondynamic correlation. The 

extent of nondynamic correlation can be gauged by the T1 diagnostic; for closed-shell 

systems a T1 diagnostic greater than 0.02 is considered to be an indication of large 

nondynamic correlation.1070 We calculated T1 diagnostics of 0.046-0.048, 0.036-0.040, 

and 0.037-0.42 for CH2OO, syn-CH3CHOO, and anti-CH3CHOO respectively, where the 

range indicates values obtained with different basis sets, and we calculated a T1 

diagnostic of 0.026 for the transition state of reaction B1a. We conclude that nondynamic 
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correlation energy is large, and we must examine high-order methods if we are to have 

confidence in the results. 

To learn what level of theory is needed to attain the required accuracy, we performed 

benchmark calculations of beyond-CCSD(T) accuracy. Chan and Radom1067,1068 

developed the W2X composite WFT method as an economical approximation to 

CCSD(T)/CBS, where CBS denotes a complete basis set, and they developed W3X and 

W3X-L (where W3X-L uses a larger basis sets than W3X) as efficient composite WFT 

approximations for estimating CCSDT(Q)/CBS. The accuracy of W3X-L is estimated to 

be on the order of a few tenths of a kcal. In the original W2X, W3X, and W3X-L 

methods, calculations are carried out at geometries optimized using the B3LYP 

exchange-correlation functional; in the present work we used higher-level geometries 

obtained by CCSD(T)-F12a/TZ-F12,1071,1072,1073 CCSD(T)-F12a/DZ-F12, and 

QCISD/TZ,1074 where the shorthand notation “XZ” with X = D or T is used for “cc-

pVXZ” in the names or parts of the names of correlation-consistent1075,1076 basis sets. 

First, we studied the simplest Criegee intermediate (CH2OO) and the transition 

structures and products for its reaction with H2O and its unimolecular reactions. All the 

reactants, precursor complexes, transition states, and products were optimized by 

QCISD/TZ. The frequencies of these stationary points were calculated at the same level 

to confirm that the equilibrium structures do not have any imaginary frequencies and a 

transition state only has one imaginary frequency. We then optimized the geometries and 
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calculated the vibrational frequencies using all three WFT methods specified above. 

Single-point energies were then calculated using the W3X-L and W3X composite 

methods based on these geometries.  

As candidates for including dynamic calculations, we tested three exchange-correlation 

functionals, namely MN15-L,1077 M11-L,1078 and M06-L;1079 we used the MG3S1080 

and maug-TZ1081 basis sets. In addition, minimum-energy paths (MEPs) were calculated 

by MN15-L/MG3S to examine whether the given transition state connects with the 

corresponding reactant and product. We utilized a very fine grid with 225 radial shells 

around each atom and 974 angular points in each shell in the density functional 

calculations. Frequencies were computed to confirm the nature of every stationary point. 

Then we studied reactions of the higher homologs, and, as specified below, we used a 

subset of the methods explained above.  

The electronic structure calculations were executed using the Gaussian 09,1082 MN-

GFM,1083 Molpro 2012,1084 and MRCC1085,1086 electronic structure codes. 

Thermodynamic and activation quantities. Throughout the discussion, we label 

differences in Born-Oppenheimer potential energy at equilibrium and transition structures 

as “energy” E; relative to reactants, this gives energies of reaction when comparing 

products to reactants and classical barrier heights when comparing transition states to 

reactants. Adding zero point energy to the potential energy gives , the enthalpy at 0 K, 

and differences in enthalpy at stationary points may be either enthalpy of reaction or 

H0º
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conventional transition-state-theory enthalpy of activation. All enthalpic quantities in the 

entire article are given for 0 K. Rate constants require free energies, , at temperature 

T, and in the present work the quantities we use are free energies of activation calculated 

as variational transition state free energy minus reactant free energy.  

In calculating enthalpies and energies, scale factors1087 were applied to all directly 

calculated harmonic vibrational frequencies (this improves the zero point energies by 

including both anharmonicity and systematic error correction for the high 

frequencies1087), and all finite-T results employed the multistructural method with 

torsional anharmonicity (MS-T).1088,1089,1090,1091 (this includes the energetic and entropic 

effects of multiple conformations and coupled-torsional-potential anharmonicity).  

Kinetics. The rate constants were calculated using multipath canonical variational 

transition-state theory with small curvature tunneling (MP-CVT/SCT).1092,1093,1094,1095,1096 

We included all reaction paths (i.e., paths through each of the saddle points, when there is 

more than one parallel path), except where it is explicitly noted that a higher-energy 

transion structure is not included in the kinetics. Rate constants were calculated using the 

Polyrate 2010A1097 and Gaussrate 20091098 dynamics codes. The pressure-dependent 

bimolecular and unimolecular isomerization rate constants are computed using our 

recently proposed non-empirical system-specific quantum RRK theory (SS-QRRK) with 

the Lindemann-Hinshelwood mechanism for unimolecular isomerization and chemical 

activation mechanism for bimolecular association.1099,1100,1101 The critical energy 

GTº
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parameters of the SS-QRRK treatment are set equal to the high-pressure-limit 

temperature-dependent Arrhenius activation energies computed from the fitting formula 

(see Section 12.3.3) for the rate constants. Lennard-Jones parameters, σ and ε/kB, for 

CH3CHOO are 5.39 Å and 423 K;1102 for CH2OO are 3.79 Å and 520 K1103; and for the 

bath gas N2, they are 3.74 Å and 82 K.1102 The average energy transferred per 

deactivating collision is taken to be ΔEdown = 200(T/300)0.85 cm-1, which has been used in 

previous atmospheric modeling.1104 The FE parameter is computed by the Whitten–

Rabinovitch method.1105  

    The pressure dependence considered here neglects the small fraction of unstabilized 

Criegee intermediates that would be formed at low pressure. 

    For B1a, the high-pressure limit rate constant is calculated by multipath variational 

transition state theory with small-curvature tunneling with the MN15-L/MG3S potential 

energy surface. For U1c, B2a, B2dh, U2hs, B3a, and U3c, the high-pressure limit rate 

constant is calculated as I = KLMNOMO
PQ

KLMNOMO
QQ I&R(ST)/'S)>> , where MP-CVT/SCT denotes 

multipath variational transition state theory with small-curvature tunneling, MS-TST 

denotes a multi-structural transition state theory calculation without tunneling and 

without variational optimization of the transition state, and LL and HL denote 

respectively lower and higher levels of electronic structure theory. In cases studied here, 

LL is MN15-L/maug-TZ, whereas HL is W3X-L//QCISD/TZ for B2a, B2dh, and B3a 

and W3X-L//CCSD(T)-F12a/DZ-F12 for U1c, U2hs, and U3c. We did not calculate the 
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rate constants of U1d, B1dh, U2c, and U3d because their barrier heights are too high to 

make a significant contribution.  

    For interpretive purposes it is useful to consider the contributions of each reaction 

path to an overall rate constant; this is done as follows. A transition state is a (3N – 7)-

dimensional hypersurface separating reactants from products, where N is the number of 

atoms. A multistructural transition state is a multi-faceted transition state with each facet 

being normal to a reaction path through one of the transition structures, where the 

transition structures are saddle points with one imaginary frequency; the expression for 

the MP-CVT/SCT rate constant can be rearranged and written as a sum over 

contributions from each facet.1094 Having done this we can define Fj as the fractional 

contribution of reaction path j to the overall rate. 

To compare bimolecular (B) reaction rates with water to unimolecular (U) reaction 

rates, it is useful to convert the bimolecular reaction rate constants to pseudo-first-order 

(P1) reaction rate constants by kP1 = kB[H2O], where  is the concentration of 

water. Then the respective reaction-specific lifetimes for disappearance by bimolecular 

reaction with water and by unimolecular reaction are the reciprocals of  and . 

(One should not confuse the reaction-specific lifetime with the overall lifetime due to all 

possible reactions.) In the discussion section we will also use the analog of the above 

equation to compute pseudo-first-order (P1) reaction rate constants for reaction with 

water dimer. 

H2O⎡⎣ ⎤⎦

kP1 kU
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12.3 Results and discussion 

12.3.1 Electronic structure and enthalpies of activation for reaction of CH2OO with H2O  

The electronic structure of CH2OO has been classified as a biradical1106 or 

zwitterion.1047,1107,1108,1109 The bond lengths of the critical bonds and the rotational 

constants of CH2OO for optimized structures are in agreement with the experimental1110 

rotational constants. Using MN15-L/MG3S, we calculated the bond lengths for the 

critical C-O and O-O bonds of CH2OO to be 1.260 and 1.342 Å; these values agree well 

with the values of 1.26–1.27 Å and 1.40–1.43 Å obtained in previous work with other 

methods.1111,1112,1113  

The vibrational frequencies of CH2OO calculated by various methods shows that the 

scaled MN15-L frequencies are accurate enough results to use for dynamics calculations.  

Although the CH2OO + H2O reaction has been studied before,1062, 

1065,1064,1065,1114,1102,1115 the present investigation includes previously neglected structures. 

For the CH2OO + H2O reaction and the CH2OO unimolecular reactions, we consider the 

reaction pathways in Fig. 12.1, which shows the bimolecular ACHAT and DHAT 

reactions B1a and B1dh and the unimolecular isomerizations U1c and U1d. We find that 

the two bimolecular reactions start with the formation of a complex with two 

conformations, B1a-C and B1dh-C (shown in Fig. 12.1). Previously the only complex 

considered was B1dh-C,1062 ,1065,1065 but our CCSD(T)-F12a/TZ-F12 calculations show 
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that two complexes should be considered; B1a-C and B1dh-C are both low in energy with 

B1a-C slightly lower. Note that experimental rotational constants are available only for 

B1dh-C.1116 

After passing through the complexes, the bimolecular reaction then proceeds 

through a multi-faceted transition state with three transition structures (saddle points), 

B1a-TS1, B1a-TS2, and B1dh-TS in Fig. 12.1; these transition structures form either the 

CH2(OH)OOH association product with two conformations, B1a-P1 and B1a-P2, of 

reaction B1a or the dissociation products HCO + OH, which are the same as the products 

of reaction U1d. We found that the reaction pathway for ACHAT involves two transition 

structures (differing in the orientation of the free OH group in H2O, as shown in Fig. 

12.1) whereas previous calculations included only one.1062,1114,1102 The existence of 

multiple low-energy structures mainly affects the entropies and free energies, with little 

effect on enthalpies. The contribution of B1a-TS2 should not be neglected because B1a-

TS2 is calculated by W3X-L//QCISD/TZ to have an enthalpy of activation only 0.87 kcal 

higher than B1a-TS1. Although DHAT processes have been known for a long 

time1117,1118,1119,1120 and are important in many atmospheric 

processes,1069,1121,1122,1123,1124,1125 in the present case the enthalpy of activation of water-

assisted DHAT of CH2OO via B1dh-TS is computed by W3X-L//QCISD/TZ to be 13.70 

kcal, which is 9.35 kcal higher than reaction via B1a-TS2 and 10.22 kcal higher than 

reaction via B1a-TS1, as shown in Fig. 12.1. We conclude that the DHAT process is 
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negligible for the CH2OO + H2O reaction. Thus, we only consider the transition 

structures B1a-TS1 and B1a-TS2 for reaction rate calculations.  

The MN15-L/MG3S barrier heights of B1a-TS1 and B1a-TS2 are 0.51 and 1.52 

kcal, respectively, which are in excellent agreement with the values of 0.49 and 1.45 kcal 

obtained with our most accurate calculation, W3X-L//CCSD(T)-F12a/TZ-F12. When the 

zero-point contribution is added, the MN15-L/MG3S conventional transition state theory 

enthalpies of activation for B1a-TS1 and B1a-TS2 are 3.25 and 4.12 kcal, respectively, 

and these agree well with the W3X-L//CCSD(T)-F12a//TZ-F12 values of 3.52 and 4.37 

kcal, as shown in Table 12.1. The mean unsigned error (MUE) of MN15-L/MG3S is even 

lower than that of W2X//CCSD(T)-F12a/TZ-F12. These results show that the MN15-L 

functional has the required accuracy for a quantitative treatment of the CH2OO + H2O 

reaction.  

Our best theoretical method, W3X-L//CCSD(T)-F12a//TZ-F12, yields 3.52 and 4.37 

kcal, respectively, for the enthalpies of activation of B1a-TS1 and B1a-TS2; these values 

are about 0.7 kcal higher than those1065 obtained in previous work by 

QCISD(T)/CBS//B3LYP/6-311+G(2d,2p). This result and other calculations in Table 12.1 

show that going beyond CCSD(T) is important for quantitative accuracy.  

Tables 12.1 shows that the much more affordable W3X-L//QCISD/TZ method 

agrees with W3X-L//CCSD(T)-F12a/TZ-F12 within a few hundredths of kcal. Given the 

huge computational cost of W3X-L//CCSD(T)-F12a/TZ-F12 for larger molecules, we 
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chose the W3X-L//QCISD/TZ theoretical method as the benchmark method for the 

bimolecular reactions. Furthermore, MN15-L with the larger maug-TZ basis set is 

selected for dynamics in the larger systems. 

12.3.2 The unimolecular reaction of CH2OO 

The unimolecular reaction of CH2OO occurs via two different reaction mechanisms: 

hydrogen transfer and the oxygen transfer as shown in Fig. 12.1. The W3X-L//CCSD(T)-

F12a/DZ-F12calculations show that the enthalpy of activation for the oxygen transfer 

(U1c) via U1c-TS is 12.63 kcal lower than that of the hydrogen transfer via U1d-TS. 

Therefore, we only consider U1c-TS for dynamics calculations.  

Table 12.2 shows that the enthalpies of activation of U1c-TS and U1d-TS are 

computed to be 19.03 and 31.66 kcal at the W3X-L//CCSD(T)-F12a/DZ-F12 level, which 

are in excellent agreement with the corresponding values of 19.1 and 31.8 kcal by HEAT-

345(Q).1126 In addition, the enthalpy of reaction U1d is computed to be −7.41 kcal by 

W3X-L//CCSD(T)-F12a/DZ-F12; this is in good agreement with the value of −7.4 kcal 

by HEAT-345(Q).1126 Additionally, Table 12.2 shows that the MUE (relative to our best 

calculation) of W3X-L//CCSD(T)-F12a/DZ-F12 is only 0.01 kcal, whereas that of W3X-

L//QCISD/TZ MUE is 0.12 kcal. Thus, we chose the W3X-L//CCSD(T)-F12a/DZ-F12 

theoretical method as the benchmark method for the unimolecular reactions. 

12.3.3 Electronic structure of syn-CH3CHOO and anti-CH3CHOO and the transition 

states for reaction with H2O 
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Methyl substitution of CH2OO yields two isomers, syn-CH3CHOO and anti- 

CH3CHOO. Calculations by W3X-L//QCISD/TZ show that syn-CH3CHOO is more 

favorable than anti-CH3CHOO by about 3.3 kcal, which is consistent with the previous 

theoretical results.1102,1127,1128 we also found that the transformation of anti-CH3CHOO to 

syn-CH3CHOO has a 38.50 kcal enthalpy of activation, which indicates that the 

unimolecular interconversion between syn-CH3CHOO and anti-CH3CHOO is negligible 

in the atmosphere; therefore, anti-CH3CHOO and syn-CH3CHOO are treated as 

independent reactants. The 38.50 kcal enthalpy of activation of the unimolecular 

interconversion between syn-CH3CHOO and anti-CH3CHOO is about 4 kcal higher than 

that of the previous investigation1102 by MCG31129//QCISD/MG3.This result again 

indicates that beyond-CCSD(T) theoretical methods are necessary for quantitative work 

on the Criegee intermediates. 

The calculated rotational constants of syn-CH3CHOO by MN15-L/maug-TZ are in 

excellent agreement with experiment and coupled cluster theory.1127,1130 

For the Criegee intermediates with methyl groups, a hydrogen atom of the methyl 

group is transferred to the terminal oxygen atom, which is of great importance in the 

atmosphere because this process could lead to the formation of OH.1104,1131,1132,1133 

Although the reaction mechanisms of syn-CH3CHOO and anti-CH3CHOO with H2O are 

similar to that of the CH2OO + H2O reaction, as illustrated in Figures 12.2, the DHAT 

processes are not negligible in the syn-CH3CHOO + H2O reaction because the enthalpies 
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of activation of the ACHAT process via B2a-TS1 and B2a-TS2 are only about 1-2 kcal 

lower than those of DHAT processes via B2dh-TS1 and B2dh-TS2 in Table 12.1 and Fig. 

12.2. However, previous investigations only took into account the ACHAT 

process.1062,1065,1102 In the present work we consider four reaction channels in the syn-

CH3CHOO + H2O reaction. For the anti-CH3CHOO + H2O reaction, we only consider 

the ACHAT process (with two reaction pathways) because the DHAT process involves 

the hydrogen atom of the CHOO group in anti-CH3CHOO migrating to the terminal 

oxygen atom of anti-CH3CHOO, but this is similar to the process in CH2OO + H2O that 

has a high barrier. 

Table 12.1 shows that the MUE of W3X//QCISD/TZ is only 0.07 kcal for B2a. This 

validates W3X//QCISD/TZ for this ACHAT processes. The enthalpies of activation for 

transition states B2a-TS1 and B2a-TS2 calculated by W3X-L//QCISD/TZ are about 0.7 

kcal higher than that calculated1065 by QCISD/CBS//B3LYP/6-311++G(2d,2p).  

In Table 12.1, W3X-L//QCISD/TZ benchmark calculations indicate that the results 

obtained by MN15-L/maug-TZ are again very accurate for the ACHAT process. In 

particular, the MN15-L/maug-TZ conventional transition state theory enthalpies of 

activation of B2a-TS1 and B2a-TS2 are calculated to be 7.84 and 9.23 kcal, which are 

only 0.31 and 0.34 kcal higher than the W3X-L//QCISD/TZ values. In addition, the 

MN15-L/maug-TZ result has B2a-TS2 higher than B2a-TS1 by 1.39 kcal, which agrees 

with the conclusion drawn from the W3X-L//QCISD/VTZ calculations that B2a-TS2 
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makes only a minor contribution to the syn-CH3CHOO + H2O reaction. These two 

comparisons show that the MN15-L functional is quite reliable for describing the 

ACHAT reaction of syn-CH3CHOO.  

The MN15-L enthalpy of activation (7.84 kcal) of B2a-TS1 is 4.49 kcal higher than the 

MN15-L value of 3.25 kcal for B1a-TS1; this shows that the syn-CH3CHOO + H2O 

reaction is much slower than the CH2OO + H2O reaction.  

For the DHAT reaction of syn-CH3CHOO, Table 12.1 shows that the difference in 

enthalpy of activation at 0 K between W3X//QCISD/VTZ and W3X-L//QCISD/VTZ for 

transition states B2dh-TS1 and B2dh-TS2 is about 0.4 kcal, and the MUE of MN15-

L/maug-TZ for the DHAT processes is 1.08 kcal. These comparisons show that the 

DHAT processes are more theoretically challenging than the ACHAT processes.  

Although the anti-CH3CHOO + H2O reaction, like the syn-CH3CHOO + H2O and 

CH2OO + H2O reactions, has two transition state structures, in this case the difference 

between B3a-TS1 and B3a-TS2 enthalpic barriers is only 0.59 kcal, as calculated by 

W3X-L//QCISD/TZ and shown in Table 12.1. This may be compared to a difference of 

1.36 kcal for the syn-CH3CHOO case and to a difference of 0.87 kcal for the CH2OO 

case; this comparison indicates that the second reaction pathway is more significant for 

the anti-CH3CHOO case than for the other two reactions. The enthalpic barrier of B3a-

TS1 is more than 6 kcal lower than that of B2a-TS1; this confirms that the anti-

CH3CHOO + H2O reaction is much faster than the syn-CH3CHOO + H2O reaction, which 
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is consistent with the experimental results in the literature.1056  

The four intermediates B2a-P1, B2a-P2, B3a-P1, and B3a-P2, must be treated as 

conformers rather than as separate species because the enthalpies of activations for 

interconversion among these conformers are below 10 kcal. 

12.3.4 The unimolecular reactions of syn-CH3CHOO and anti-CH3CHOO 

 For the unimolecular reaction of syn-CH3CHOO, the W3X-L calculations in Table 

12.2 indicate that the hydrogen atom transfer process via U2hs-TS has an enthalpy of 

activation (17.01 kcal) that is 6.69 kcal lower than that for the oxygen atom transfer 

process via U2c-TS (23.70 kcal). The table also shows that the MN15-L enthalpy of 

activation for U2hs-TS (16.41 kcal) is reasonably consistent with the W3X-L value of 

17.01 kcal and with the literature value1104 of 17.1 kcal calculated by CCSD(T)/TZ. 

Figure 12.2 shows that water catalytically lowers the enthalpy of activation for the 

production of CH2=CHOOH, which is U2hs-P, from 17.01 kcal to 9.68 kcal.  

The dominant pathway for the unimolecular reaction of anti-CH3CHOO is an 

oxygen atom transfer route similar to that which dominates the unimolecular reaction of 

CH2OO; this route passes through U3c-TS. Table 12.2 shows that the W3X-L enthalpy of 

activation through U3c-TS is 3.4 kcal lower than that through U1c-TS; so, this reaction is 

much faster for anti-CH3CHOO than for CH2OO. 
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12.3.5 Rate constants  

The calculated rate constants in the high-pressure limit are in Table 12.3. In 

principle, all reactions studied here have pressure effects because either the reaction or its 

reverse (or both) is bimolecular. The high-pressure limit of the unimolecular rate 

constants assumes Boltzmann-equilibrated internal energy distributions of the reactants, 

and the high-pressure limit of reactions producing a single product assumes that the 

product is equilibrated before back reaction occurs. Thus, the pressure effects are 

nonequilibrium effects, and when they are not negligible, they decrease the rate constants 

below the high-pressure limit. Such nonequilibrium effects are greater at higher 

temperatures than at atmospheric temperatures, and indeed no pressure effect was 

observed in experimental studies of the bimolecular reactions considered here. We are 

interested in altitudes up to 50 km (the top of the stratosphere) where the pressure has 

dropped to 0.7 × 10-3 bar, and therefore we calculated the pressure effects for all three 

bimolecular reactions and all three unimolecular reactions.  

We predict no significant pressure effect on the bimolecular reactions under the 

conditions of interest, and we need not discuss pressure effects on the bimolecular 

reactions. The pressure effects on unimolecular reactions are greater and are discussed 

below.  

The high-pressure rate constants in Table 12.3 are fitted using the four-parameter 

function1094 in the temperature range between 190 and 350 K, and the parameters are in 
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Table 12.4. The high-pressure Arrhenius activation energies are provided at two 

temperatures in Table 12.4.  

CH2OO. The rate constant of the CH2OO + H2O reaction (reaction B1a) is estimated 

to be 2.4×10−16 at 298 K, which is in excellent agreement with the most recent 

experimental result of (3.2 ± 1.2) × 10−16.1103 Furthermore, the calculated value does not 

exceed the upper limits of 4 × 10−15 and 1.5 × 10−15 from the measurements by Welz et 

al.1046 and Lin et al.1052 respectively. However, the calculated rate constant (2.4 × 10−16) 

does not agree with the values of 5.4 × 10−18 at 297 K,1053 (2.5 ± 1) × 10−17 at 297 K,1054 

(1.3 ± 0.4) × 10−15 at 298 K1055, and 1 × 10−15 at 295 K1134 from indirect kinetics 

measurements.  

We found that the individual fractional contribution to reaction B1a through the 

B1a-TS1 accounts for 77–90% of the reaction. This is in line with the B1a-TS1 

calculated reaction barrier being lower than that for B1a-TS2. The fractional contribution 

of B1a-TS1 to the overall rate constant decreases with increasing temperature, as 

expected when the branching is dominated by an enthalpic factor. 

The high-pressure-limit unimolecular rate constant kU1c for conversion of CH2OO to 

dioxirane is strongly dependent on the temperature, as can be seen in Table 12.3 where 

the rate constant increases to 3.3 × 101 at 350 K from 1.05 × 10−7 at 200 K. Table 12.3 

shows that the calculated high-pressure-limit unimolecular rate constant of CH2OO is 

0.31 at 298 K, and this agrees well with the previous theoretical result of 0.3.1135 
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However, the finite-pressure rate constant of U1c is calculated to be only 0.072 at 298 K 

and 1 bar, which indicates a pressure effect of a factor of 4.3 even at temperatures this 

low and pressures this high. The calculated finite-pressure rate constant is smaller than 

the recent experimental 1055 upper bound of 4 (“zero within uncertainty”) at 298 K and 1 

bar; note though that we consider the elementary rate constant of the first step of the 

unimolecular isomerization of CH2OO, whereas the experiment involves the whole 

mechanism.  

The pressure effect can be even larger at high altitudes, as shown by columns 5 and 

7 of Table 12.5. For example, the ratio of high-pressure limit rate constant to the 

pressure-dependent rate constant is 3.11 × 103 at 50 km.  

We also test the sensitivity of the pressure-dependent rate constant of CH2OO to the 

average energy transfer per deactivation collision from 300 cm−1 to 500 cm−1 from the 

previous studies of Criegee intermediates.1035,1102,1135 

syn-CH3CHOO. The rate constant for the syn-CH3CHOO + H2O reaction is 

estimated to be 1.9 × 10−19 at 298 K, which is below the experimental upper limits of 4 × 

10−15 established by Taatjes et al1056 and 2 × 10−16 established by Sheps et al.1057 The 

branching fraction of rate constants in the syn-CH3CHOO + H2O reaction is of great 

interest, and the branching factions for B2a and B2dh are provided in Fig. 12.3, which 

shows that B2dh is larger than B2a below 290 K. Tunneling transmission coefficients are 

listed in Table 12.6, which shows that the tunneling transmission coefficients are very 
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large for the double hydrogen transfer process at 200 K. Furthermore, the tunneling 

transmission coefficient in the unimolecular reaction of syn-CH3CHOO to CH2=CHOOH 

is even larger than the one in reaction B2dh; in particular it is 4.1 × 106 at 200 K as listed 

in Table 12.6. These results show clearly that tunneling effects make an important 

contribution to the hydrogen transfer processes investigated here. Tunneling often 

contributes a large temperature dependence to the slope of an Arrhenius plot (i.e., to the 

Arrhenius activation energy) at low temperature, and Table 12.4 indeed shows that the 

Arrhenius activation energies of the reactions of syn-CH3CHOO increase significantly 

with increasing temperature over the 200–298 K temperature range. Table 12.4 shows 

that increases are also found for reactions of CH2OO and anti-CH3CHOO, but they are 

smaller.  

The unimolecular rate constant for the isomerization of syn-CH3CHOO to 

CH2=CHOOH (reaction U2hs) is given in Table 12.3, which shows the temperature 

dependence in the high-pressure limit. At 298 K, the high-pressure limit rate constant of 

syn-CH3CHOO to CH2=CHOOH is 328, which is about 13 times larger than a previous 

theoretical value of 24.2,1102 which was computed with CCSD(T)-level electronic 

structure theory (whereas the present work used beyond-CCSD(T) electronic structure 

theory) and less complete dynamics, in particular the Eckart approximation1136 for 

tunneling.  Interestingly, although the beyond-CCSD(T) effect was to raise the barrier 

by 0.44 kcal/mol (see Table 12.2), our rate constant is larger. We attribute this to a more 
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complete treatment of the dynamics. Our SCT transmission coefficient at 298 K is 173 

(in table 12.6), whereas his value, with the less accurate Eckart model, is about three 

times smaller. (At 200 K, our rate constant is 59 times larger that that in Ref. 1102, and 

most of that difference comes from our transmission coefficient being larger by a factor 

of 12. Note that SCT transmission coefficients depend on the shape of the vibrationally 

adiabatic ground-state potential energy curve over a significant range of reaction 

coordinate s and on the reaction-path curvature as a function of s, where  equals 

the sum of the potential energy  along the minimum energy path and the local 

zero point energy for motion transverse to the minimum energy path. Therefore the SCT 

transmission coefficients cannot be easily interpreted using only the barrier height and the 

zero-point energy of the imaginary frequency of the saddle point.) 

A more recent calculation1104 of the reaction rate of U2hs also used the Eckart 

approximation for tunneling and gave a rate constant of 166 at 298 K, about a factor of 

two smaller than our value of 328. We made a detailed analysis of whether the difference 

can be attributed to the different tunneling approximations. In old work, the Eckart 

potential was usually fitted to the potential energy. In modern work, it is often fitted to 

at the reactants, the saddle point, and the products (which is equivalent to fitting it 

to  and ) and (somewhat inconsistently) to ; and this can therefore 

be considered to be an approximation to zero curvature tunneling, which is based on the 

Va
G(s)

Va
G(s)

VMEP(s)

Va
G(s)

ΔH0
º ΔH0

‡,º ∂2VMEP
∂s2
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entire . At 298 K, the Eckart approximation of ref. 78 is a factor of 3.8 greater 

than our ZCT calculation, whereas an Eckart approximation fit in the same way to the 

MN15-L/maug-TZ calculations is only 1.5 times large than our ZCT calculation. This 

illustrates the great sensitivity of the Eckart approximation to the potential energy 

surface. However, the error in overestimating the ZCT transmission coefficient is partly 

cancelled by the fact that the SCT tunneling transmission coefficient is a factor of 5.8 

times larger than the ZCT tunneling transmission coefficient at 298 K. Thus, a more 

complete treatment of the tunneling would be in the correct direction to account for the 

difference of the rate constant of Ref. 1104 from the present result. In fact, the reaction 

path curvature cannot be neglected for a realistic treatment of this reaction at atmospheric 

temperatures. For example, the SCT transmission coefficient is 2.6 times larger than the 

ZCT one at 350 K. 

Our prediction for the effect of pressure shows a significant pressure effect at 350K, 

but a very small pressure effect at 298 K and lower. 

Finally we can compare to a recent experiment for rate constant for OH formation, 

which yields 17 ± 14.1061 This is considerably smaller than our calculated result, but we 

are only considering the first step in the mechanism, and one would have to consider the 

fate of vinyl hydroperoxide to compare to theoretical results to that experiment. 

anti-CH3CHOO. The rate constant of the reaction of anti-CH3CHOO with H2O is 

computed to be 5.2 × 10−15 at 298 K, which is in good agreement (factor of 2) with the 

Va
G(s)



 522 

experimental value of (1.0 ± 0.4) × 10−14.1056  

The high-pressure limit rate constant of U3c at 298 K is 55.4, which agrees well with 

the previous theoretical value of 67.2.1102 However, we found that the unimolecular rate 

constant kU3c is strongly dependent on both T and p, as also shown in Table 12.5. The 

transition pressure, p1/2, is the pressure at which the unimolecular reaction has a value 

only one half of the high-pressure limit. We found that this drops from 0.3 bar at 350 K to 

0.007 bar at 190 K for reaction U3c; this may compare to a drop from 16 bar to 0.07 bar 

over the same temperature range for reaction U1c, which again reinforces the large 

magnitude of the pressure effect for the smallest Criegee intermediate. 

12.3.6 Atmospheric implications  

We note that the dominant removal reaction is not necessarily the only important 

reaction of an atmospheric species, because even if X + Y is the dominant removal for X, 

X + Z could still be the dominant reaction for Z. The present calculations are particularly 

relevant to understanding the removal of Criegee intermediates, and this section will 

focus on that issue.  

Alkene ozonolysis to make stabilized Criegee intermediates occurs primarily in the 

troposphere (the concentration of organics in the troposphere is quite low, and 

stabilization of Criegee intermediates would also be small at the lower pressures in the 

stratosphere). Furthermore, stratospheric radical chemistry is much more strongly 

coupled to photolytic reactions, e.g. the Chapman cycle, than to oxidation of organics. 
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For these reasons so we focus mainly on tropospheric altitudes. i.e., altitudes up to 

about1137 15-17 km. 

Water concentration in the upper atmosphere is variable (with daily and seasonal 

fluctuations as well as systematic changes due to climate change) and is hard to estimate 

in a general way. For illustration purposes we will use the estimate of Brasseur and 

Solomon,1138 who made estimates based on a one-dimensional radiative convective 

photochemical model. Their estimates nominally apply to mid-latitudes at equinox, but 

here we just take them as one plausible scenario for a model atmosphere (sometimes 

called a standard atmosphere).  

We computed the reaction-specific lifetimes with respect to bimolecular reaction with 

water and with respect to unimolecular reaction at the temperatures and pressures 

corresponding to various altitudes; the lifetimes are given in Table 12.7.  

CH2OO. Table 12.7 indicates that for CH2OO, bimolecular reaction with H2O is more 

likely than unimolecular reaction (τB1a < τU1c).   

Criegee intermediates are potentially important in the atmospheric oxidation of SO2, 

which is important because it leads eventually to the formation of sulfuric 

acid.1038,1040,1042,1044,1139,1140,1141,1142,1143 The variation of SO2 with altitude has been 

studied at various locations,1144 but we limit discussion to a single fairly high value 

corresponding to “a polluted mega-city (Mexico City).”1145 Experimental results have 

shown that the rate constant of the CH2OO + SO2 reaction is pressure-independent,1053 so 
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we base our discussion of the reactions with SO2 on the high-pressure-limit rate 

constants. Table 12.8 then shows the competition between Criegee intermediates reacting 

with water as compared to reaction with SO2. This table clearly shows that even with 

such a high concentration of SO2, the CH2OO + H2O a reaction is still much more likely 

than the reaction with SO2.  

Another important reaction to consider is the CH2OO reaction with water dimers. 

Recent experimental investigations1052,1065,1141,1146,1147 have led to rate constants in the 

range 4–8.9 ×10−12 at 294–298 K1052,1146; these rate constants are about 3 ×104 larger than 

the CH2OO + H2O rate constant; if we assume that [(H2O)2]/[H2O] is ~8 × 10−4 or 1.0 

×10−3 as assumed in Ref. 1065, then the dimer reaction is 20–30 times more probable 

than the monomer reaction. At 283 K, the measured dimer rate constant is 1.5 ×10−11, 

although we note that in later work some of these authors of this measurement revised 

their best estimate at 298 K from 7.4 ×10−12 to 6.5 ×10−12 ; applying the same factor at 

283 K would yield 1.3 ×10−11, which is 7 ×104 greater than our rate constant with for the 

monomer at this temperature. At 3 km, we found a temperature close to this, and the 

dimer to monomer ratio is ~4 × 10−4, which makes the reaction rate with dimer only 3 

times more probably than reaction with the monomer. As we further go up in altitude to 

the tropopause (~15–17 km), the [(H2O)2]/[H2O] ratio decreases by 3–4 orders of 

magnitude as compared to the earth's surface, and we do not know how the rate constant 

ratio changes because the dimer rate constant has never been measured below 283 K. 
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When the dimer rate constant is measured or calculated reliably at lower temperature, the 

present monomer calculations as functions of temperature and pressure will be useful for 

understanding the fate of CH2OO at higher altitude. The present results do, however, 

make it likely that the water monomer reaction will dominate the water dimer reaction in 

the higher troposphere (above 7 km). 

syn-CH3CHOO. For syn-CH3CHOO, the unimolecular reaction is more likely than the 

bimolecular one. (τU2hs << τB2). 

Although the syn-CH3CHOO + H2O reaction is much slower than the syn-CH3CHOO 

+ SO2 reaction, the reaction-specific lifetime of syn-CH3CHOO with respect to 

unimolecular isomerization to CH2=CHOOH is only about 0.003 s at 298 K (computed 

from Table 12.3), which is about 102 times shorter than the lifetime with respect to the 

syn-CH3CHOO + SO2 reaction (in Table 12.8). Additionally, the atmospheric lifetime of 

syn-CH3CHOO is on the order of 10−2 s at altitudes 0-50 km (from Table 12.7), whereas 

the rate constant of the syn-CH3CHOO + water dimer reaction is about 10−14 cm3 

molecule−1 s−1;1065 which leads to an atmospheric lifetime with respect to this reaction of 

at least 10 s at low altitudes. This comparison would lead to the conclusion that the 

dominant fate of syn-CH3CHOO is the unimolecular isomerization reaction. However, 

one complication not taken account of in the discussion so far is the reaction with ozone. 

We found that the ozone concentration is close to the water concentration at altitudes 

over 20 km and only a factor of 5 lower at 15 km. Although theoretical methods have 
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been used to investigate the reactions of Criegee intermediates with ozone, the 

computational results are inconsistent.1148,1149 Moreover, these reaction systems have 

strong multiconfigurational character, and further work is probably required to obtain 

reliable rate constants for the ozone reaction. 

Table 12.8 shows that the syn-CH3CHOO + H2O reaction is much slower than the 

syn-CH3CHOO + SO2 reaction, whereas the previous investigation1141 indicated that the 

syn-CH3CHOO + H2O reaction is much faster than the syn-CH3CHOO + SO2 reaction 

because the previous investigation is based on a much larger rate constant of syn-

CH3CHOO + H2O (< 4 × 10−15).  

anti-CH3CHOO. The estimated rate constant of anti-CH3CHOO + (H2O)2 is about 

10−11,1065 which is about 104 times larger that of the anti-CH3CHOO + H2O reaction. 

Since the concentration of water dimer is about 10–7 –10–5 times lower than that of water 

monomer at 7-20 km, the anti-CH3CHOO + H2O reaction is expected to be more 

important than the reaction with water dimer at thee altitudes.  

Table 12.8 shows that even with a high assumed concentration of SO2, the anti-

CH3CHOO + H2O reaction is much faster than the corresponding reaction with SO2. The 

most likely atmospheric reaction for anti-CH3CHOO depends on the altitude, with the 

bimolecular reaction more favorable at altitudes up to 30 km, and unimolecular reaction 

more important at altitudes 30–50 km, although – as noted above – these reactions are 

less important in atmospheric modeling of the latter higher altitude range. 
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Further discussion. At high altitudes in the stratosphere, the photodissociation 

processes of Criegee intermediates could be competitive with their bimolecular reactions. 

At low altitudes, Criegee intermediates can quickly react with atmospheric acids, 

particularly, carboxylic acids, and nitric acid, because experimental data show that the 

reactions of C1 and C2 Criegee intermediates with formic, acetic, and nitric acid 

approach the collision limit.1150,1151 Thus, although the present work has sorted out some 

of the possibilities, future theoretical investigations of the reactions of Criegee 

intermediates with these atmospheric species will be required to draw final conclusions 

about the atmospheric fate of syn-CH3CHOO as a function of altitude. 

12.4 Concluding remarks  

We demonstrated that electronic structure calculations on Criegee intermediates must 

include nondynamic correlation in order to obtain reliable barriers for calculating rate 

constants. We investigate the unimolecular reactions of CH2OO, syn-CH3CHOO, and 

anti-CH3CHOO and their reactions with H2O. The results eliminate the previous 

discrepancy between experiment and theory, and they show that recent advances in 

efficient post-CCSD(T) coupled cluster theory,1067,1068 state-of-the-art exchange-

correlation functionals for density functional theory,1077 and modern kinetics 

theory1091,1092,1093,1094 can be used to successfully reproduce the limited experimental data. 

Therefore, they can also be used to predict the rate constants under a wider range of 

conditions where experimental data are not available. The rate constants were computed 
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as a function of pressure over the entire range of temperatures that is important for 

atmospheric chemistry plus a few higher temperatures and some lower pressures; in 

contrast, the experimental measurements are restricted to 293–298 K with little data on 

pressure dependence. Since our calculated rate constants have been validated against 

experimental data where available, they can be used at tropospheric temperatures where 

no experimental data are available. Thus, we see that theory, utilizing recent advances in 

electronic structure theory and theoretical kinetics that allow for more quantitative 

predictions, can fill the gap between the experimentally available data and the kinetics 

data that are necessary in the global modeling of climate change. 

The main findings of the present study are as follows. 

(1) Our calculations show that CCSD(T) calculations are not reliable for obtaining 

accurate barrier heights for the reactions of Criegee intermediates with H2O. We 

therefore carried out beyond-CCSD(T) calculations, and we found that for the systems 

studied here , the recently developed MN15-L exchange-correlation functional has 

generally good performance, which in some cases is better than CCSD(T)/CBS.  

(2) We considered two different types of reaction mechanisms for the CH2OO + H2O 

and syn-CH3CHOO + H2O reactions: ACHAT and DHAT. The importance of the DHAT 

process has not been elucidated in previous investigations. Furthermore, although the 

barrier height of DHAT is about 2.5 kcal higher than that of ACHAT, the kinetics data 

show that the DHAT process is faster than the ACHAT process for syn-CH3CHOO 
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because of large tunneling effects. The present results have broad implications for the 

reactions between Criegee intermediates and atmospheric molecules, because the two 

reaction mechanisms we studied in this work are in competition in the reactions of 

Criegee intermediates with many small molecules, such as water dimer, HCOOH, HNO3, 

sulfuric acid, and HO2.  

(3) The calculations show that the bimolecular rate constants are slightly dependent on 

temperature, while the unimolecular rate constants are strongly dependent on 

temperature. Additionally, the unimolecular rate constants of the oxygen transfer process 

in CH2OO depend strongly on pressure. Because the atmospheric fates of Criegee 

intermediates are determined by both the rate constants and the corresponding 

concentrations of atmospheric species, and these both vary with altitude, the present 

results show that the dominant sink processes of Criegee intermediates depend on 

altitude. For example, at low altitude, it is more likely that CH2OO and anti-CH3CHOO 

react with water than that they react with SO2; but the opposite is true in the case of syn-

CH3CHOO. The reaction of Criegee intermediates with water dimer dominates the 

corresponding reaction with SO2 at low altitude.1152 However, at higher tropospheric 

altitudes, the reactions of Criegee intermediates with H2O are expected to dominate over 

the reaction with water dimer. In addition, the unimolecular isomerization reaction of 

syn-CH3CHOO occurs much faster than the reaction of syn-CH3CHOO with SO2. In 

summary, the present results provide new data relevant to atmospheric mechanisms at 
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different altitudes. 

    Not only do the present calculations yield reliable rate constants, they also elucidate 

the theoretical requirements for treating peroxyl radicals more generally. Given the 

importance of Criegee intermediates and their structural variety, the present results 

stimulate one to reconsider the reaction mechanisms and reaction kinetics of Criegee 

intermediates reaction with other atmospheric molecules and radicals. Therefore, the 

present results have broad implications in both atmospheric chemistry and computational 

chemistry.  
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Table 12.1 Conventional transition state theory enthalpies of activation  for 

the bimolecular reactions (in kcal/mol). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

aMean unsigned error averaged over the two previous columns. 
 
  

ΔH0
‡,º

Methods 
  MUEa 

 B1a-TS1 B1a-TS2  
W3X-L//CCSD(T)-F12a/TZ-F12 3.52 4.37 0.00 
W3X-L//CCSD(T)-F12a/DZ-F12 3.51 4.39 0.02 
W3X-L//QCISD/TZ 3.48 4.35 0.03 
W3X//QCISD/TZ 3.43 4.27 0.10 
MN15-L/MG3S 3.25 4.12 0.26 
W2X//CCSD(T)-F12a/TZ-F12 2.99 3.82 0.54 
W2X//CCSD(T)-F12a/DZ-F12 2.98 3.84 0.54 
W2X//QCISD/TZ 2.87 3.74 0.64 
 B2a-TS1 B2a-TS2  
W3X-L//QCISD/TZ 7.53 8.89 0.00 
W3X//QCISD/TZ 7.48 8.80 0.07 
MN15-L/maug-TZ 7.84 9.23 0.33 
W2X//QCISD/TZ 7.04 8.39 0.50 
 B2dh-TS1 B2dh-TS2  
W3X-L//QCISD/TZ 9.68 9.87 0.00 
W3X//QCISD/TZ 9.28 9.47 0.40 
W2X//QCISD/TZ 9.19 9.39 0.49 
MN15-L/maug-TZ 10.81 10.89 1.08 
 B3a-TS1 B3a-TS2  
W3X-L//QCISD/TZ 1.18 1.77 0.00 
W3X//QCISD/TZ 1.04 1.61 0.15 
MN15-L/maug-TZ 1.75 2.24 0.52 
W2X//QCISD/TZ 0.55 1.14 0.63 

ΔH0
‡,º



 532 

Table 12.2 Conventional transition state theory enthalpies of activation for the 

unimolecular reactions (in kcal/mol)  

Methods   MUE 

 U1c-TS U1d-TS  

W3X-L//CCSD(T)-F12a/TZ-F12 19.03 31.64 0.00 

W3X-L//CCSD(T)-F12a/DZ-F12 19.03 31.66 0.01�

W3X-L//QCISD/TZ 18.87 31.57 0.12�

W2X//QCISD/TZ 18.91 31.12 0.32�

W2X//CCSD(T)-F12a/DZ-F12 19.29 31.24 0.33�

W2X//CCSD(T)-F12a/TZ-F12 19.30 31.22 0.35�

MN15-L/maug-TZ 20.00 31.26 0.68�

 U2hs-TS U2c-TS  

W3X-L//CCSD(T)-F12a/DZ-F12 17.01 23.70 0.00 

W2X//CCSD(T)-F12a/DZ-F12 16.57 24.04 0.39 

MN15-L/maug-TZ 16.41 23.91 0.41 

 U3c-TS U3d-TS  

W3X-L//CCSD(T)-F12a/DZ-F12 15.63 29.01 0.00 

MN15-L/maug-TZ 16.18 28.98 0.29 

W2X//CCSD(T)-F12a/DZ-F12 15.86 28.50 0.37 

 

  

ΔH0
‡,º

ΔH0
‡,º
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Table 12.3 High-pressure limits of MP-CVT/SCT bimolecular rate constants (cm3 

molecule−1 s−1) of the CH2OO + H2O reaction (B1a), the syn-CH3CHOO + H2O 

reaction (B2 which is the sum of reactions B2a and B2dh), the anti-CH3CHOO + 

H2O reaction (B3a) and unimolecular rate constants (s−1) of CH2OO (U1c), syn-

CH3CHOO (U2hs), and anti-CH3CHOO (U3c). 

T/K kB1a kU1c kB2 kU2hs kB3a kU3c 

200 3.52 × 10−17 1.05 × 10−7 2.62 × 10−20 5.60 × 100 4.24 × 10−15 1.94 × 10−4 

220 5.82 × 10−17 5.75 × 10−6 3.08 × 10−20 1.29 × 101 4.37 × 10−15 5.72 × 10−3 

240 9.00× 10−17 1.75 × 10−4 4.24 × 10−20 2.93 × 101 4.55 × 10−15 1.03 × 10−1 

260 1.32 × 10−16 3.27× 10−3 6.67 × 10−20 6.66 × 101 4.76 × 10−15 1.22 × 100 

280 1.84 × 10−16 4.13 × 10−2 1.14 × 10−19 1.53 × 102 4.99 × 10−15 1.03 × 101 

290 2.15 × 10−16  1.30 × 10−1 1.51 × 10−19 2.33 × 102 5.11 × 10−15 2.69 × 101 

297 2.38 × 10−16  2.76 × 10−1 1.85 × 10−19 3.14 × 102 5.19 × 10−15 5.07 × 101 

298 2.41 × 10−16 3.07 × 10−1  1.90 × 10−19 3.28 × 102 5.21 × 10−15 5.54 × 101 

300 2.48 × 10−16 3.78 × 10−1 2.01 × 10−19 3.57 × 102 5.24 × 10−15 6.61 × 101 

320 3.24 × 10−16 2.65 × 100 3.54 × 10−19 8.47 × 102 5.49 × 10−15 3.38 × 102 

340 4.12 × 10−16 1.49× 101 6.07 × 10−19 2.01 × 103 5.76 × 10−15 1.43 × 103 

350 4.61 × 10−16 3.29× 101 7.86 × 10−19 3.09 × 103 5.89 × 10−15 2.78 × 103 
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Table 12.4 Parameters in fits to high-pressure rate constants and Arrhenius 

activation energies 

Reaction 
ln B 

 

C 

(K) 

D 

(kcal) 

n Ea(200 K) 

(kcal) 

Ea(298 K) 

(kcal) 

B1a −33.493 79.846 1.412 1.524 2.15 2.51 

U1c 26.623 84.963 14.030 1.454 17.21 18.54 

B2b 92.645 246.869 46.717 −84.123 −0.70 5.13 

U2hs −58.152 990.088 44.302 62.322 3.24 7.50 

B3a −31.864 −98.918 0.889 0.296 0.10 0.43 

U3c 29.898 91.210 12.682 −1.169 14.49 15.57 
a B is in units of cm3 molecule-1 s-1. 

b  Reaction B2 is the sum of reactions B2a and B2dh. 

 

 

Table 12.5 Pressure-Dependent Rate Constant and Ratio of the High-Pressure-Limit 

Rate Constant to the Pressure-Dependent Rate Constant for the Unimolecular rate 

constants of U1c and U3c at a sequence of altitudes 

Ha 

km 

Ta 

K 

Pa 

mbar 

kU1c
b vU1c

c kU3c
b vU3c

c 

0 288.8 1013 2.92 × 10−2 3.90 2.02 × 101 1.19 
5 259.3 542 6.85 × 10−4 4.32 2.92 × 10−1 3.84 
10 229.7 269 8.40 × 10−6 3.82 2.00 × 10−2 1.23 
15 212.6 122 3.75 × 10−7 3.79 1.41 × 10−3 1.24 
20 215.5 55 3.00 × 10−7 8.27 1.73 × 10−3 1.62 
25 218.6 25 2.25 × 10−7 19.7  1.81 × 10−3 2.55 
30 223.7 11.5 2.15 × 10−7 52.6 4.08 × 10−3 2.48 
35 235.1 5.4 4.67 × 10−7 170 3.86 × 10−3 13.6 
40 249.9 2.7 1.48 × 10−6 529 9.90 × 10−3 36.7 
45 266.1 1.4 4.98 × 10−6 1480 2.59 × 10−2 92.7 
50 271.0 0.73 4.44 × 10−6 3110 2.15 × 10−2 189 

a H (altitude), T (temperature), and P (pressure) from reference 1138. 
bThe pressure-dependent rate constant 
cThe ratio of the high-pressure-limit rate constant to the pressure-dependent rate constant 
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Table 12.6 The tunneling transmission coefficients (unitless) for various reaction 

paths 

T/K B2a-TS1 B2a-TS2 B2dh-TS1 B2dh-TS2 U2hs-TS 
200 3.14 3.19 3.36 × 104 7.08 × 104 4.13 × 106 
220 2.46 2.48 4.58 × 103 8.92 × 103 1.89 × 105 
240 2.07 2.09 9.96 × 102 1.78 × 103 1.65 × 104 
260 1.83 1.84 3.08 × 102 5.08 × 102 2.37 × 103 
280 1.67 1.67 1.24 × 102 1.89 × 102 5.14 × 102 
290 1.60 1.61 8.53 × 101 1.25 × 102 2.72 × 102 
297 1.57 1.57 6.72 × 101 9.63 × 101 1.82 × 102 
298 1.56 1.57 6.50 × 101 9.29 × 101 1.73 × 102 
300 1.55 1.56 6.10 × 101 8.66 × 101 1.55 × 102 
320 1.46 1.47 3.46 × 101 4.63 × 101 6.14 × 101 
330 1.43 1.43 2.72 × 101 3.55 × 101 4.20 ×101 
350 1.37 1.37 1.80 × 101 2.25 × 101 2.25 × 101 

aSee Figure 2. 

 

Table 12.7 The corresponding atmospheric lifetimes (s) at different temperature and 

pressure. 

Hb 

km 

T b 

K 

P c 

mbar 

τB1a τU1c τB2 τU2hs τB3a τU3c 

0 288.8 1013 1.3 × 10−2 3.4 × 101 1.9 × 101 4.5 × 10−3 5.6 × 10−4 4.9 × 10−2 
5 259.3 542 5.1 × 10−1 1.5 × 103 1.0 × 103 1.5 × 10−2 1.4 × 10−2 3.4 × 100 
10 229.7 269 4.5 × 101 1.2 × 105 9.5 × 104 5.3 × 10−2 7.3 × 10−1 5.0 × 101 
15 212.6 122 1.7 × 103 2.7 × 106 2.8 × 106 1.1 × 10−1 1.9 × 101 7.1 × 102 
20 215.5 55 3.2 × 103 3.3 × 106 5.7 × 106 9.5 × 10−2 3.9 × 101 5.8 × 102 
25 218.6 25 5.5 × 103 4.4 × 106 1.0 × 107 8.3 × 10−2 7.1 × 101 5.5 × 102 
30 223.7 11.5 9.7 × 103 4.7 × 106 1.9 × 107 6.8 × 10−2 1.4 × 102 2.5 × 102 
35 235.1 5.4 1.5 × 104 2.1 × 106 3.3 × 107 4.2 × 10−2 2.7 × 102 2.6 × 102 
40 249.9 2.7 2.3 × 104 6.8 × 105 4.9 × 107 2.3 × 10−2 5.4 × 102 1.0 × 102 
45 266.1 1.4 3.3 × 104 2.0 × 105 6.3 × 107 1.2 × 10−2 1.0 × 103 3.9 × 101 
50 271.0 0.73 5.7 × 104 2.2 × 105 1.0 × 108 9.8 × 10−3 1.9 × 103 4.7 × 101 

a
 For bimolecular reactions, τaAb = 	

A
Kcde[g]

, τa5 = 	
A

Kci[g]
, τajb = 	

A
Kcke[g]

, where kB1a, 

kB2, and kB3a are the bimolecular rate constants of the reactions B1a, B2 (which is the sum of 

B2a and B2dh), and B3a, respectively, and [X] is the concentration of H2O.  

b For the unimolecular reactions, τlAm = 	
A

Kndo
, τl5pq = 	

A
Knirs

, and τljm = 	
A

Knko
, where 

kU1c, kU2hs,, and kU3c are the unimolecular rate constants of reactions U1c, U2hs, and U3c, 

respectively. 
c H, T, and P from reference 1138. 
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Table 12.8 The rate constants of Criegee intermediates reaction with H2O and SO2, 

the concentrations of H2O and SO2, and the corresponding reaction-specific 

atmospheric lifetimes at 298 K and at altitude 0 km. 

Reaction k [Reference] 

(cm3 molecule-1 s-1) 

Concentration  

(molecules cm-3) 

τb  

(s) 

CH2OO + H2O 2.41 × 10−16 [This work] 3.8 × 1017 a 0.011 

syn-CH3CHOO + H2O 5.72 × 10−20 [This work] 3.8 × 1017 a 46.0 

anti-CH3CHOO + H2O 6.32 × 10−15 [This work] 3.8 × 1017 a 0.0004 

CH2OO + SO2 3.9 × 10−11 [1046] 9 × 1010 0.28 

syn-CH3CHOO + SO2 2.4 × 10−11 [1056] 9 × 1010 0.46 

anti-CH3CHOO + SO2 6.7 × 10−11 [1056] 9 × 1010 0.17 
 

a Relative humidity 50%, 1 atm  
b τ = 	 A

K[g]
, where k, and [X] stand for the rate constant and the concentration of H2O or SO2, 

respectively 
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Figure 12.1 Enthalpies for the reactants, intermediates, transition structures, and 

products of the CH2OO + H2O reaction (ACHAT reaction 1a, which may occur by 

either of the bottom two paths) and the unimolecular reaction of CH2OO (reaction 

1b, which is the top path) as calculated by W3X-L//QCISD/TZ and W3X-

L//CCSD(T)-F12a/DZ-F12 (in parentheses).  
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Figure 12.2 Enthalpies for the reactants, intermediates, transition states, and 

products of the syn-CH3CHOO + H2O reaction and the unimolecular reaction of 

syn-CH3CHOO as calculated by W3X-L//QCISD/TZ and W3X-L//CCSD(T)-

F12a/DZ-F12 (in parentheses). Note that the product of reaction B2dh is labeled 

U2hs-P + H2O. 
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Figure 12.3 Branching fractions as the function of temperature 
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Chapter 13. Reaction of SO2 with OH in the Atmosphere 

13.1 Introduction 

Sulfur dioxide (SO2) plays a pivotal role in the atmosphere1153,1154 because it is the 

precursor of sulfuric acid, which is the primary contributor to acid rain1155 and 

atmospheric aerosols, affecting both climate and human health.1156,1157,1158,1159,1160,1161 

The amount of sulfur emitted into the atmosphere from anthropogenic sources is about 

1014 g/year,1162 which mainly leads to the formation of sulfur dioxide. In the atmospheric 

environment, the SO2 reaction with OH is responsible for the formation of 

hydroxysulfonyl radical via  

   (R1) 

where M is a third body. The two-step mechanism of (R1) is called a chemical activation 

mechanism. The rate constant is third order in [OH], [SO2], and [M] at low pressure and 

second order in [OH] and [SO2] at high pressure, with a “falloff regime” between these two 

limits. 

The hydroxysulfonyl radical (HOSO2) can further react with O2 to form SO3, which, 

catalyzed by water1163,1164,1165,1166,1167 and atmospheric acids,1168,1169,1170,1171 can react 

with water monomer to produce sulfuric acid.1153,1172,1173,1174 An alternative route from 

SO2 to form SO3 is the reaction of SO2 with Criegee intermediates.1175  

Although experimental and theoretical investigations have been carried out 

OH + SO2 →  HOSO2* →M HOSO2
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extensively to study the mechanism and kinetics of the OH +SO2 

reaction,1174,1176,1177,1178,1179,1180,1181,1182,1183,1184,1185,1186,1187,1188,1189,1190,1191,1192 some issues 

remain unclear. For example, the experimental results of Wine et al.1187 indicated that the 

OH + SO2 reaction is barrierless, whereas Fulle et al. 1178 and Cobos and Troe1193 found 

that the reaction has a positive barrier. Troe et al1194 pointed out that further 

investigations are needed to resolve the discrepancy between different experiments and 

theoretical work. Although previous theoretical results indicated that the reaction of OH 

with SO2 has an energy barrier of about 0.1–1 kcal/mol,1176,1180,1181 there was considerable 

difficulty in optimizing a transition structure (i.e., optimizing the saddle point for 

reaction). The investigation by Sitha et al. did obtain a realistic transition structure with 

Møller-Plesset second order perturbation theory (MP2) and an augmented polarized 

double zeta basis set (6-31++G(2df,2p)), but they concluded that higher-level calculations 

of the energetics are needed to resolve discrepancies in the rate constants as large as a 

factor of 10.1180 In addition to the uncertainties in the potential energy surface, there are 

additional possible errors in the calculated rate constants because Sitha et al. evaluated 

the rate constant of the OH + SO2 reaction using conventional transition state theory 

without tunneling or anharmonicity.1180  

In the present work, the OH + SO2 reaction is reinvestigated using both a more 

accurate potential energy surface and more complete dynamical calculations. In 

particular, we calculate the potential energy surface using the W3X-L1195 formalism that 
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we have recently shown1196,1197 to provide a very accurate treatment of chemical 

reactions, and we also use a further improved method called MW3.2 (details below). 

These calculations are used to validate a density functional that is affordable for direct 

dynamics calculations. Then direct dynamics calculations are used to calculate the 

temperature- and pressure-dependent rate constant of the OH + SO2 reaction under 

atmospheric conditions using canonical variational transition theory with small-curvature 

tunneling and system-specific quantum RRK theory with a chemical activation 

mechanism. The present results yield reliable rate constants that remove the discrepancy 

between experiment and theory. Our calculations show that the reaction of OH with SO2 

has a positive barrier and that the atmospheric fate of SO2 varies strongly with altitude. 

The present results not only show that theoretical methods can yield reliable kinetic 

data for a specific gas-phase reaction with experimental accuracy, but they also provide 

an example of how to apply theoretical methods to model gas-phase reactions more 

generally to obtain quantitative rate constants. We start by using the beyond-CCSDT 

coupled cluster methods MW3.2 and W3X-L to reach CCSDT(Q)/CBS limit for the 

barrier height and reaction energy of the OH + SO2 reaction, and from this we determine 

that the M08-HX density functional provides a realistic treatment of the reaction, which 

is consistent with other success we have with this functional for hydrogen atom transfer 

reactions. We then use this density functional for direct dynamics calculations by 

variational transition state theory calculations of the high-pressure limiting rate constant, 
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and system-specific quantum RRK theory for predicting the pressure falloff.  

13.2 Computational methods  

Benchmark calculations were performed by various coupled cluster methods with 

various basis sets to obtain the reliable geometrical parameters and a barrier height for the 

OH + SO2 reaction. In particular, we will include geometries optimized by the explicitly 

correlated coupled cluster method CCSD(T)-F12a1198,1199 coupled cluster method with 

the cc-pVTZ-F12 basis set (denoted TZF), and we will include single-point energies 

calculated at these geometries energies calculated by the W3X-L1195 and MW3.2 (details 

below) composite methods. A large number of density functional calculations were 

compared to these benchmarks, and on the basis of these comparisons the M08-HX1200 

density functional with the MG3S1201 basis set was chosen to do direct dynamics 

calculations using multistructural canonical variational transition state theory with small-

curvature tunneling contributions (MS-CVT/SCT)1202,1203,1204,1205,1206 for the high-

pressure rate constant. The torsional anharmonicity effects on the thermodynamic 

functions were calculated using the multi-structural method with torsional anharmonicity 

based on a coupled torsional potential.1207 A scale factor1208 of 0.973 was applied to 

scale all the M08-HX/MG3S frequencies to account for anharmonicity and systematic 

errors in high frequencies.  

The pressure dependence of the rate constant was computed using system-specific 

quantum Rice-Ramsperger-Kassel (SS-QRRK) theory with a chemical activation 
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mechanism.1209,1210,1211 In SS-QRRK one calculates the pressure dependence of the 

reaction rate by variational transition state theory without performing variational 

transition state theory calculations as a function of energy. Instead one performs high-

pressure-limit calculations as a function of temperature and fits them at each temperature 

to a system-specific, temperature-specific QRRK model, which is then used to generate 

the energy-dependent rate constants for use at that temperature. In this way, one avoids 

the need for empirical parameters in the QRRK formulas because the high-pressure rate 

constants are based on the most accurate available electronic structure calculations for the 

potential energy surface; and since the high-pressure temperature-dependent rate 

constants include variational effects, anharmonicity, and multi-dimensional tunneling, 

these effects are included into the energy-dependent rate constants with negligible 

additional computational costs beyond those required for the high-pressure limit 

calculations as a function of temperature. The QRRK calculation requires a treatment of 

the energy transfer processes that compete with reaction to determine the pressure 

dependence of the rate constants; these are treated by Troe's master-equation-based 

treatment of weak-collision broadening effects.1212 The input for the energy transfer 

calculations within the SS-QRRK scheme consists of Lennard-Jones parameters (σ and 

ε/kB) for N2 (3.8 Å and 71.4 K), for He (2.55 Å and 10.2 K), for Ar (3.54 Å and 93.3 K), 

and for the HOSO2 adduct (4.4 Å and 384 K)1178 and a value for the average energy 

transferred <ΔE>all during both up and down energy transfer collisions. These energy 
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transfer parameters are taken as 74 cm-1 for N2 bath gas, 13 cm-1 for He bath gas, and 32 

cm-1 for Ar bath gas.1178  

The electronic structure calculations were executed using the Gaussian 09,1213 MN-

GFM,1214 Molpro 2012,1215 and MRCC1216,1217 electronic structure codes, and the rate 

constants were computed using the Polyrate 2016-2A1218 and Gaussrate 20161219 

dynamics codes. The torsional anharmonicity effects on the thermodynamic functions 

were calculated using the MSTor code.1207,1220 

13.3 Results and discussion 

The barrier height for the reaction is affected by spin-orbit coupling, but since spin-

orbit coupling is quenched near the transition structure (saddle point), it has little effect 

on transition structure geometry or vibrational frequencies. First, we carried out spin-

orbit-free calculations of the transition structure and spin-orbit-free classical barrier 

height to obtain our best estimates. Then we add spin-orbit effects and vibrational zero-

point energy to estimate the enthalpy of activation at 0 K. Next, we select a density 

functional method that yields good agreement with this, and we use that the density 

functional for direct dynamics calculations of the reaction rate constant as a function of 

temperature and pressure.  

The transition structure and spin-orbit-free classical barrier height. The OH + 

SO2 reaction has been theoretically investigated using various theoretical methods,1179, 

1180, 1181 and the results are inconsistent with each other. The reactants have one 
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distinguishable structure, and the transition state and product each have two single 

distinguishable structures (which are enantiomers of C1 symmetry – the transition state 

and the product each have a torsion), and the main controversy is the geometry of the 

transition structure, with, for example, the S–O1 distance (see figure 13.1 for atomic 

numbering) varying from 2.20 Å to 2.58 Å.1180 In the present work, both wave function 

and density functional methods were used to optimize the transition structure. 

The most accurate geometry optimization we carried out is a calculation by 

CCSD(T)-F12a/TZF, which should be close to the complete basis set (CBS) limit of 

CCSD(T) and which should be much more reliable than any previous calculation; this 

yields an S–O1 distance of 2.472 Å and H–O1-S-O2 and H-O1-S-O3 torsion angles of 

169.9 deg and 41.9 deg, respectively. This geometry is in Figure 13.1. The main 

difference in geometries among the various optimizations is the S–O1 distance and the 

H–O1-S-O2 and H-O1-S-O3 torsion angles.  

The classical barrier height and classical energy of reaction obtained from the 

CCSD(T)/TZF calculation are given in the first column of Table 13.1. Next we improved 

the reliability of these energetic quantities by single-point energy calculations with 

higher-level methods. These calculations are at the CCSD(T)/TZF geometries for the 

stationary points (calculations at these geometries denoted by a suffix //C). The first 

higher-level calculation is by the W2X protocol; this is an economical approximation to 

the CCSD(T)/CBS limit, and it is shown in the second row of Table 13.1; the good 
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agreement of the first two rows confirms that we have reached this limit very well in both 

rows.  

Next we consider three methods to estimate the CCSDT(Q)/CBS limit. The first two 

are W3X//C and W3X-L//C (rows 3 and 4), which agree well with each other and with 

CCSD(T)/CBS for the energy of reaction, but predict a barrier 0.4 kcal/mol lower. To 

confirm this, we defined a new method, to be called MW3.2; this uses the CCSD(T) part 

of W3X-L for the CCSD(T) part and uses W3.2lite1221 for the difference of CCSDT(Q) 

from CCSD(T); this latter step involves larger basis sets than those used in W3X-L. Since 

the CCSD(T) part of W3X-L is the same as the W2X method, we can also say that 

MW3.2 uses W2X for the CCSD(T) part and W3.2lite for the T(Q) - (T) part. The result, 

given in the fifth row of Table 13.1, confirms that we have reached the CCSDT(Q)/CBS 

limit within a few tenths of a kcal/mol; this row will be taken as our best estimate. 

We compared calculations with several density functionals to the MW3.2//C 

calculation and found the best energetic results with the M08-HX density functional and 

MG3S basis set. Rows 1 and 2 of Table 13.2 compare key results from this calculation to 

our best estimate; the other density functional results are in the SI. For the M08-HX 

functional, the difference in S-O1 bond lengths of roes 1 and 2 is about 0.18 Å. It is noted 

that the M08-HX/MG3S method gives better results for the bonding lengths than those at 

the MP2(full)/ 6-31++G(2df,2p) and MP2(full)/ aug-cc-pV(T+d)Z levels in Table 13.2. 

We conclude that the M08-HX functional can characterize the transition state of the OH + 
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SO2 reaction realistically. 

Enthalpy of activation. We obtain the enthalpy of activation at 0 K from the 

classical barrier height in two steps. First we add the zero point energy differences; at the 

MW3.2//C level this yields 0.07 kcal/mol. Then we correct for the spin-orbit stabilization 

of the OH radical (the spin-orbit effect at the transition state is assumed to be negligible); 

this correction is 0.20 kcal/mol;1222 this raises  to 0.27 kcal/mol. 

The M08-HX/MG3S spin-orbit-free value of  is 0.15 kcal/mol, which is 

close to our best estimate of 0.27 kcal/mol. The corresponding M08-HX/MG3S reaction 

enthalpy is −26.65 kcal/mol, which agrees well with the values of −26.15 ± 0.5 

kcal�mol1223 and −27.1 ± 1.4 kcal�mol1177 in the literature and even better with the 

MW3.2//C value of −26.57 kcal�mol. These results show that the spin-orbit-free M08-

HX/MG3S theoretical method is accurate enough for a realistic description of the 

reaction of OH with SO2 from both geometrical and energetic points of view. Therefore 

we chose to use spin-orbit-free M08-HX for the direct dynamics calculations 

High-Pressure-Limit Rate Constant. The variational location of the transition state 

for the OH + SO2 reaction differs considerably from the saddle point, as illustrated by the 

fact that the maximum VaAG of the vibrationally adiabatic ground-state potential curve 

VaG occurs 0.216 Å beyond the transition state (note that, with a suitable choice of the 

zero of energy, the VaG curve is the same as the generalized free energy of activation 

profile1224 at 0 K). Table 13.3 shows that variational optimization of the transition state 

ΔH0
‡,º

ΔH0
‡,º
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location reduces the calculated rate constant (as compared to the conventional transition 

state theory one) by 40% at 190 K and by a factor of 2 at 450 K. Torsional anharmonicity 

reduces the rate constant by another 11–23%. Tunneling, however, increases the rate 

constant by less than 10% (the tunneling effect is small because the barrier is small). 

The high-pressure limit rate constant is provided in Table 13.3. It was fitted using 

the following formula:1206  

 I = 3.275	 × 10(A5	(w	x	5yz.{|5
j||

)|.Az}}~�Ä	[− |.}|55(w	x	5yz.{|5)
Å(wix	}Ç6zÇ.|Çz5)

] 

The temperature-dependent activation energy was computed from the fit as1225  

   

The computed activation energy is shown in Table 13.3, which shows that it increases by 

0.56 kcal/mol over the temperature range studied. Furthermore, it is positive over the whole 

range, consistent with the rate constant increasing with temperature. This positive 

temperature dependence does not agree with the previous theoretical results that indicated 

that the high-pressure limiting rate constant has a negative temperature dependence below 

320 K and a positive temperature dependence above 320 K.1181 However, it does agree with 

the experimental results of Hippler and coworkers showing a positive temperature 

dependence of the high-pressure limiting rate constant over the full temperature range they 

measured, namely 220–400 K.1178  

 The high-pressure limit rate constant at 298 K is computed to be 1.25 × 10−12 cm3 

molecule−1 s−1, which agrees very well with one of the suggested values (1.3 × 10−12 cm3 

Ea = −R
d ln k
d(1/T )
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molecule−1 s−1) in the 2004 evaluation of kinetic data for atmospheric chemistry.1194 

Furthermore our calculated value lies within the range of 8 × 10−13 to 3.6 × 10−12 cm3 

molecule−1 s−1 from indirect experimental determinations.1178,1194 However, the temperature 

dependence does not agree with the measured temperature dependence in the experiment 

of Wine et al.1187 In particular, our calculated rate constant increases from 1.1 × 10−12 at 

260 K to 1.7 × 10−12 at 450 K, whereas the experimental results decreases from 1.4 × 10−12 

at 260 K to 1.0 × 10−12 at 420 K. It is not clear how reliable the experimental temperature 

dependence is since the rate constant decreases only a factor of 1.4 over the measured range, 

and the 2004 evaluation estimated the uncertainty to be a factor of 2; our calculated results 

agree with the experiment of Wine et al. within a factor of 0.8 to1.6 over the whole 

temperature range.  

Rate Constants at the Low-Pressure Limit and in the Falloff Regime. We 

emphasize calculations of the pressure-dependent rate constant of the OH + SO2 reaction 

with N2 as the third body because nitrogen is abundant in the atmosphere; results for Ar 

and He being the third body are in the SI. The low-pressure-limit rate constant  is 

a pseudo-third-order rate constant (i.e., a termolecular rate constant with units of cm6 

molecule-2 s-1), which is defined as the limit of k(T, p)/[N2] when p → 0. We calculate 

that  is 3.4 × 10−32 cm6 molecule−2 s−1 at 298 K. The low-pressure limit rate 

constant is not measured in the experiments; it is obtained by extrapolation. The 

experimentally reported low-pressure-limit varies from 1.6 × 10−31 (Paraskevopoulos et 

k0(T )

k0(T )
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al.1183) to 4.5 × 10−31; and therefore our computed low-pressure-limit is a factor of 4.7 

lower than the lowest reported experimental value. Nevertheless our value is closer to 

experiment than that the previous calculated result (1.36 × 10−32 cm6 molecule−2 s−1),1181 

which is based on conventional transition state theory and a full master equation for 

pressure effects  (with the latter being more complicated than our SS-QRRK method for 

pressure effects), but based on a less accurate potential energy surface – in particular the 

enthalpy of activation at 0 K for our direct dynamics variational transition state theory 

calculations is 0.57 kcal/mol lower than value corresponding to the previous result.1181 

(The previous value is 0.72 kcal/mol (3 kJ/mol); our best estimate is 0.27 kcal/mol, and 

the MO8-HX/MG3S value we use for direct dynamics is 0.15 kcal/mol.) 

Our predicted low-p limit is sensitive to the energy transfer parameter. the value we 

use, 74 cm-1, is taken from the analysis of ref. 1178. Raising it by a factor of two to 148 

cm-1 increases the low-p limit rate constant by a factor of 1.7; lowering it a factor of two 

to 37 cm-1 lowers the low-p limit by a factor of 1.6. 

Next we compare our theoretical results with the most complete experimental 

results1178 for the pressure dependence experiment at 298 K in Table 13.4. Because of the 

wide spread in the absolute values of the experimental rate constants, we concern 

ourselves here only with the ratio of the rate constant at each pressure to the rate constant 

at 1 bar. The agreement with experiment is excellent (≤ 11%) for p ≥ 0.5 bar, 17% for p = 

0.3 bar, and within a factor of two down to 0.05 bar. In our calculations, the pressure-
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dependent rate constants are determined by applying the predicted falloff ratio to the 

directly calculated high-pressure-limiting rate constant, but the experimental high-

pressure-limiting rate constant is obtained by extrapolation from the directly measured 

low-pressure rate constant. Table 13.4 also shows that the master equation treatment of 

Somnitz,1181 like the experiment, has a faster falloff at low p than our calculations; but 

this reference does not give the value used for the energy transfer parameter, and it is not 

clear if that was chosen to obtain agreement with experiment. 

Next, we compare our computed low-pressure-limit  with He being the bath 

gas, with the experimentally reported value. Our calculated low-pressure-limit rate 

constant for a He bath gas is 1.1 × 10−32 at 298 K, which is a factor of 7.4 lower than the 

reported value1189 8.1 × 10−32. If we divide 7.4 by the discrepancy from the high-pressure-

limit (2.9), then our pressure-dependence model gives a low-pressure-limit value that is a 

factor of 2.6 higher than the experimental value. Notice that experimentally reported low-

pressure-limit varies from 8.1 × 10−32 to 9.0 × 10−32 (Lee et. al1185).  

    The pressure effect on the OH + SO2 reaction increases with temperature. At 200 K, 

the ratio IÉ/I| is 105 and that the ratio increases to 1628 at 450 K. The temperature 

effect is more striking in the low-pressure limiting rate constants than in the high-

pressure limiting ones. The I| rate constant at 200 K is 106 times larger than the value 

at 450 K, while the IÉ rate constant at 200 K is 1.6 times smaller the value at 450 K. 

Additional pressure-dependent rate constants for Ar, He as the third body are in 

k0(T )
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Figure 13.2. Figure 13.2 shows that the low-pressure rate constant has a negative 

temperature dependence; this similar tendency is observed when the bath gas is Ar and 

He. 

Fitting the pressure-dependent rate constant k(T, p) to an analytical functions. 

Functional forms have previously been proposed for fitting the pressure-dependent rate 

constant with respect to both the temperature and pressure,1226,1227 but here we present a 

simpler formula for this purpose. The formula involves making three one-dimensional fits 

as a function of temperature. 

Step 1: Fit the high-pressure-limit  (in the unit of cm3 molecule-1 s-1 for 

bimolecular reactions) with the four-parameter fitting formula. 

Step 2: Fit the low-pressure-limit pseudo-third-order rate constant  defined 

above to the same functional form, i.e.,  

    

as in used in step 1, where A, n, E and T0 are fitting parameters, T is temperature in Kelvin, 

and R is the ideal gas constant (1.9872 cal mol-1 K-1). 

Step 3: Fit the transition pressure  (with units of bar), which is defined as 

the pressure at which the rate constant is half of the high-pressure-limit. In the present 

work,  is obtained by interpolation from a table of k(T, p) vs. p at fixed T, and 

k∞(T )

k0(T )
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we use the following equation for this fit: 

 
  

where a1, a2, a3, l1, l2, T1, and T2 are the fitting parameters; a1, a2, and a3 are unitless, and 

l1, l2, T1, and T2 are in K. The computed p1/2 are shown in Figure 13.3. 

The final fitted pressure-dependent rate constant k(T, p) is expressed in terms of the 

fitted , , and  (without any additional fitting) by the following 

interpolatory equation: 

 
  

in which 

 
  

and 

 
  

where the ideal gas constant R is 1.38 × 10–22 bar cm3 molecule–1 K–1 (this may also be 

called the Boltzmann constant), p is in bar, B is in units of bar–1, and d is in bar2. The 

above equation has the following properties: 

   

   

and 

log10(p1/2 / bar) = a1 + a2[
a3

1+ e(l1−T )/T1
+ 1− a3
1+ e(l2−T )/T2

]

k∞(T ) k0(T ) p1/2(T )

k(T, p) = p2 +B(T )d(T )p
p2 + d(T )

k∞(T )

B = k0(T )
k∞(T )RT

d =
p1 2(T )⎡⎣ ⎤⎦

2

1− 2Bp1 2(T )

k(T, p =∞) = k∞(T )

k(T, p = 0) = k0(T )[M]
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The mean unsigned percent error of the fit is only 7 %. The maximum error in the fit over 

the temperature range from 298 K to 450 K and pressure range from 1.0 × 10−4 bar to 1.0 

× 102 bar is 5.7% at 298 K and 1.0 × 10−4 bar. These small errors are quite remarkable 

when we recognize that  varies by five and half orders of magnitude 

(from 0.5% at 190 K and 1 bar to 4 ´ 10–6 at the highest T and lowest p in the present 

study), and this shows the power of the functional form we chose to represent falloff 

effects quantitatively. 

SO2 Sinks in the Atmosphere. Reaction (R1) is the key step in the production of 

sulfuric acid, but it is not necessarily the main sink for SO2. Various sinks have been 

proposed including reaction with negative ions,1228 reaction (R1), and reaction with 

Criegee intermediates. We will compare the latter two. 

Table 13.5 gives the lifetime of SO2 in an environment of atmospheric OH at 

different altitudes from 0 to 50 km. When the altitude increases, the rate constant of the 

OH + SO2 reaction decreases due to the decrease of the pressure with altitude. However, 

the OH concentration in the atmosphere slightly varies with altitude. Thus, the 

atmospheric lifetime of SO2 with respect to reaction with OH increases from 7.0 × 105 s 

at 0 km to 2.2 × 108 s at 50 km. This is long enough to indicate that SO2 removal by 

reaction (R1) is not a dominant mechanism in the atmosphere. in the stratosphere.  

We next consider the main competition between SO2 + OH (R1) and SO2 + Criegee 

k T, p = p1/2(T )[ ] = k∞(T ) / 2

k(T, p) / k∞(T )
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intermediates (R2) in the atmospheric environment. The ratio of removal rates by these 

two reactions is 

 ÑA/Ñ5 =	=	  

where kR1 and k R2 are the rate constants, and [OH] and [Criegee intermediates] represent 

the concentrations of OH and Criegee intermediates, respectively. The rate constant kR1 is 

4.75 × 10−13 cm3 molecule−1 s−1 at 298 K and 1 atm, while the rate constant k R2 that we use 

is 3.9 × 10−11 cm3 molecule−1 s−1 for the SO2 + H2COO reaction because the rate constants 

of the different Criegee intermediates reaction with SO2 is slightly different from each 

other.1229,1230 Although the concentration of OH radical is variable, depending on O3 and 

solar ultraviolet radiation,1231.1232 the suggested value is about 1 × 106 molecules cm−3 in 

the low troposphere. When the concentration of Criegee intermediates is about 104 

molecules cm−3 or higher, above, the reaction of SO2 with Criegee intermediates can 

compete well with the OH + SO2 reaction. The recently estimated concentrations of the 

stabilized Criegee Intermediates are about 5 × 104 molecules cm−3.1233 Thus, the SO2 

reactions with Criegee intermediates are predicted to compete well with the reaction with 

OH.  

13.4 Conclusions 

We show that it is necessary to go beyond the CCSD(T) level of electronic structure 

theory to obtain a reliable barrier height for the OH + SO2 reaction. Our benchmark 

calculations indicate that the OH + SO2 transition structure has a small positive enthalpy 
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of activation of 0.27 kcal/mol when spin-orbit coupling is included. The calculated high-

pressure limit of the rate constant of the OH + SO2 reaction has a positive temperature 

dependence, while the low-pressure rate constant has a negative temperature dependence. 

The computed high-pressure limit rate constant at 298 K is 1.25 × 10−12 cm3 molecule−1 

s−1, which is in excellent agreement with the value (1.3 × 10−12 cm3 molecule−1 s−1) 

recommended1194 in the most recent comprehensive evaluation for atmospheric 

chemistry.  

We show that the atmospheric lifetime of SO2 with respect to oxidation by OH 

depends strongly on altitude due to the falloff effect.  

The present results not only show that theoretical methods can yield reliable kinetics data 

for a specific gas-phase reaction with experimental accuracy, but they provide an 

example of how to apply theoretical methods to model other gas-phase reactions to obtain 

quantitative rate constants. In particular, the method used here could have wide 

applicability for predicting the temperature and pressure-dependent rate constants for 

other OH addition reactions in the atmosphere, such as OH + C2H2, OH + C2H4, OH + 

C3H6, and OH + CS2.   
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Table 13.1 Classical Barrier Height (V‡) and Classical Energy of Reaction (DV) for 

Reaction (R1)  

Method V‡(kcal/mol) DV (kcal/mol) 

CCSD(T)/F12a/TZF −0.93 −31.01 

W2X//C 
c −0.92 −31.21 

W3X//C −1.29 −30.68 

W3X-L//C −1.26 −31.00 

MW3.2//C −1.20 −30.93 

aPotential energy at saddle point minus potential energy of separated equilibrium 

reactants 

bPotential energy of equilibrium product minus potential energy of separated equilibrium 

reactants 

c //C denotes “at geometry optimized by CCSD(T)/F12a/TZF” 
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Table 13.2 Key Saddle Point Coordinates, Classical Barrier Height (V‡), and 

Classical Energy of Reaction (DV) for Reaction (R1). 

Method S–O1 

(Å) 

H-O1-S-O2 

deg 

H-O1-S-O3 

Deg 

V‡ 

(kcal/mol) 

DV 

(kcal/mol) 

Best estimatec  2.472 169.9 41.9 −1.20 −30.93 

M08-HX/MG3Sd 2.291 167.3 39.8 −1.24 −30.74 

Sitha et al.e  2.202 179.9 49.8 2.84 −30.13 

MP2(full)/aTZd  2.219 176.6 53.5 1.97 −33.27 

aPotential energy at saddle point minus potential energy of separated equilibrium 

reactants 

bPotential energy of equilibrium product minus potential energy of separated equilibrium 

reactants 

cMW3.2//C (present article) 

dPresent article, where MG3S and aTZ denote respectively the modified G3 

semidiffuse1200 and aug-cc-pV(T+d)Z1234 basis sets. 

eMP2(Full)/6-31++G(2df,2p)  

 

  



 560 

Table 13.3 The high-pressure limit rate constant and the activation energy of the 

OH + SO2 reaction between 190 and 450 K. 

T 

(K) 

I)')	a 

(cm3 molecule−1 s−1) 

IST)	
b 

(cm3 molecule−1 s−1) 

Ö'S)	c $*+,&'()	d	 I&'(ST)/'S)	e 

(cm3 molecule−1 

s−1) 

Üb	
f 

(kcal/mol

) 

190 1.86 × 10−12 1.12 × 10−12 1.08 0.785 9.49 × 10−13 0.17 

210 1.99 × 10−12 1.18 × 10−12 1.07 0.790 9.99 × 10−13 0.22 
220 2.06 × 10−12 1.22 × 10−12 1.06 0.793 1.03 × 10−12 0.25 
240 2.21 × 10−12 1.29 × 10−12 1.05 0.795 1.08 × 10−12 0.30 
260 2.37 × 10−12 1.37 × 10−12 1.04 0.797 1.14 × 10−12 0.35 
280 2.53 × 10−12 1.45 × 10−12 1.04 0.797 1.20 × 10−12 0.40 
297 2.69 × 10−12 1.52 × 10−12 1.03 0.797 1.25 × 10−12 0.45 
298 2.70 × 10−12 1.52 × 10−12 1.03 0.797 1.25 × 10−12 0.45 
300 2.71 × 10−12 1.53 × 10−12 1.03 0.797 1.26 × 10−12 0.45 
320 2.90 × 10−12 1.62 × 10−12 1.03 0.795 1.32 × 10−12 0.50 
340 3.11 × 10−12 1.71 × 10−12 1.03 0.793 1.39 × 10−12 0.54 
360 3.32 × 10−12 1.80 × 10−12 1.02 0.790 1.45 × 10−12 0.58 
380 3.54 × 10−12 1.90 × 10−12 1.02 0.787 1.52 × 10−12 0.62 
400 3.78 × 10−12 2.00 × 10−12 1.02 0.783 1.59 × 10−12 0.65 
420 4.02 × 10−12 2.10 × 10−12 1.02 0.779 1.66 × 10−12 0.69 
450 4.28 × 10−12 2.20 × 10−12 1.02 0.772 1.73 × 10−12 0.73 

arate constant of the OH + SO2 reaction as calculated using conventional transition state 

theory without tunneling 
brate constant of the OH + SO2 reaction as calculated using variational transition state theory 

without tunneling 
ctunneling transmission coefficient of the OH + SO2 reaction as calculated by the small-

curvature tunneling approximation 

d$*+,&'()= áOM
LMNO

áàP
LMNOáMài

LMNO, where $B?&'()  and $'Bi
&'()  are 1, and $)'&'() is calculated using the 

multi-structural method with torsional anharmonicity based on a coupled torsional 

potential. 

erate constant of the OH + SO2 reaction using variational transition state theory with small-

curvature tunneling and torsional anharmonicity 
factivation energy of the OH + SO2 reaction 
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Table 13.4 The experimental and calculated rate constant ratios for 

the OH + SO2 reaction at 298 K in a bath gas of N2 

p/bar experimental  Present Somnitz 

0.05 0.17 0.08 0.19 

0.1 0.28 0.16 0.31 

0.3 0.54 0.45 0.57 

0.5 0.71 0.63 0.75 

1 1.00 1.00 1.00 

5 1.80 1.91 1.7 

10 2.07 2.17 2.0 

50 2.46 2.51 2.4 

100 2.55 2.57 2.4 

Infinity 2.92 2.63 2.60 

 

  

k p( ) / k 1 bar( )
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Table 13.5 The rate constant of the OH + SO2 reaction, the OH concentration, and 

atmospheric lifetimes of SO2 in an environment of atmospheric OH as functions of 

altitude.  

H 
a 

km 

T 
a 

K 

P 
a 

mbar 

k 
b 

(cm3 molecule−1 s−1) 

[OH] a 

molecules/cm3 

â	
c 

(s) 

ä	
d 

0 290.2 1013 4.73 × 10−13 3.0 × 106 7.04 × 105 2.61 

5 250.5 495.9 3.00 × 10−13 1.0 × 106 3.34 × 106 3.71 

10 215.6 242.8 3.71 × 10−13 5.7 × 105 4.72 × 106 2.74 

15 198.0 118.8 5.15 × 10−13 4.2 × 105 4.62 × 106 1.89 

20 208.0 58.18 1.91 × 10−13 3.7 × 105 1.42 × 107 5.21 

25 216.1 28.48 6.38 × 10−14 6.6 × 105 2.38 × 107 15.9 

30 221.5 13.94 2.46 × 10−14 1.6 × 106 2.54 × 107 41.9 

35 228.1 6.826 9.44 × 10−15 3.7 × 106 2.86 × 107 111 

40 240.5 3.341 3.34 × 10−15 6.8 × 106 4.41 × 107 324 

45 251.9 1.636 1.37 × 10−15 8.5 × 106 8.61 × 107 814 

50 253.7 0.801 6.66 × 10−16 6.8 × 106 2.21 × 108 1682 
a

 H (the altitude), T (the temperature), p (the pressure), and [OH] (the OH concentration) are 

from reference 1235.  
b

 The pressure-dependent rate constant 
c
	â=	 1

I[ã], where k is the bimolecular rate constant of the OH + SO2 reaction and [X] is the 

concentration of OH. To obtain the half-life from the lifetime, multiply by 0.693. 
d

 The ratio of the high-pressure-limit rate constant to the pressure-dependent rate constant. 
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Figure 13.1 The optimized geometries of the transition state and product in the OH 

+ SO2 reaction at the CCSD(T)-F12a/TZF level. 

 

 
Figure 13.2 The rate constant of the OH + SO2 reaction at the different 

temperatures and pressures (bath gas: N2). 
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Figure 13.3 The transition pressure of the OH + SO2 reaction as a function of 

temperature for N2 bath gas. 
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Chapter 14. Multiconfiguration Pair-density Functional Theory: A New 
Way to Treat Strongly Correlated Systems 
 

14.1 Introduction  

    Molecular systems with degenerate or nearly degenerate states are usually called 

multi-reference (MR) systems or strongly correlated systems. Examples of MR systems 

include ground states of many molecules and solids that contain transition metals systems 

with partially broken bonds, most excited states, and some transition states. 

    A qualitatively correct description of the electronic structure of an MR molecule 

requires two or more configuration state functions (CSFs), where a CSF is an 

antisymmetric many-electron trial function composed (usually) of the minimum number 

of Slater determinants need to obtain the correct spatial and spin symmetry (it can be 

either single-determinantal or multi-determinantal), and each CSF corresponds to a 

particular way of distributing the electrons in spin-orbitals. Correctly predicting the 

energy of MR systems is a frontier area for quantum chemistry, and a challenge is the 

accurate treatment of electron correlation. The present account is about a new way to 

calculate electron correlation energy for MR systems. 

One can distinguish two types of electron correlation, although the border between 

the two is not strict. One kind of electron correlation is called “dynamic” correlation; this 

arises from electrons avoiding one another at short range to minimize repulsion or 
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correlating their motion at large distances to produce dispersion interactions. The other 

kind of electron correlation is caused by near degeneracies of the electronic state of 

interest with other electronic states of the same symmetry; it is sometimes described as 

“static”, “left–right,” or – most generally – “nondynamic” correlation. It is usually 

negligible in closed-shell ground states with large energy gaps to the first excited state, 

but otherwise it is present to a greater or lesser extent, depending on the system, the state, 

and the geometry. Simply stated, MR systems those with significant nondynamic 

correlation. 

There are two kinds of electronic structure theory. Methods based on electron 

density are called density functional theory (DFT), while methods based on wave 

functions and are called wave function theory (WFT). Both kinds of theory have their 

advantages and disadvantages. The present account is about a new way to combine them 

for treating MR systems. 

14.2 Background 

14.2.A. Background: WFT methods for MR systems 

    WFT methods for calculating correlation energy usually have two steps; first one 

obtains a reference wave function, usually with orbitals that are variationally optimized 

by a self-consistent field (SCF) calculation. The reference wave function should include 

the important non-dynamic correlation; therefore, for MR systems it should be 

multiconfigurational. In the second step one adds additional CSFs (e.g., by configuration 
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interaction, coupled clusters, or perturbation theory) to treat dynamic correlation. The 

usual way to generate reference wave functions for MR systems is multi-configuration 

self-consistent-field (MCSCF) theory. An MCSCF wave function is a 

multiconfigurational wave function in which one variationally optimizes both the orbitals 

used in the CSFs and the coefficients of the CSFs in a configuration interaction expansion 

of the wave function. An MCSCF wave function includes only a portion of the dynamic 

correlation energy, and a more complete treatment is necessary to quantitatively describe 

bond energies, electronic excitations energies of valence or core electrons, and transition 

state barrier heights.  

The choice of which configurations are included in the MCSCF step is often based 

on the concept of an active space. In a complete-active-space SCF (CASSCF) 

calculation,1236 the molecular orbitals are divided into three strata: inactive, active, and 

external. Inactive orbitals are doubly occupied in all CSFs that are used to build the 

multiconfigurational wave function, and the external orbitals are unoccupied in all such 

CSFs. The remaining electrons (beyond those in inactive orbitals) are the active electrons, 

and they are distributed in a number of active orbitals, which may be doubly occupied, 

singly occupied, or unoccupied in the dominant configuration. In a CASSCF calculation, 

all CSFs with spatial and spin symmetry of the state of interest that can be formed by 

assigning the active electrons to active orbitals are included variationally in the wave 

function. When using the CASSCF method, one can take advantage of certain 
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simplifications due to the fact that the many-electron wave function is independent of 

unitary transformations within the spaces of inactive, active, or external orbitals. Modern 

extensions of these methods forego these simplifications by not including all possible 

CSFs that can be obtained by distributing active electrons into active orbitals. This allows 

larger active spaces. Examples of methods employing incomplete configuration lists are 

restricted active space SCF (RASSCF),1237 generalized active space SCF (GASSCF),1238 

and occupation-restricted-multiple-active-space SCF (ORMAS).1239 For example, in the 

GASSCF model, the active orbitals are divided into distinct subspaces, and accumulated 

minimum and maximum electron occupation numbers are applied to each subspace. 

Within a subspace, one includes all possible spin- and symmetry-adapted CSFs that can 

be constructed with this occupation number constraint plus, optionally, a restricted set of 

intersubspace excitations. An interesting special case of the GAS method is the separated 

pair (SP) approximation, which is the special case in which no more than two orbitals are 

included in any GAS subspace and in which inter-subspace excitations are excluded. 

Further restricting the number of configurations such that each subspace is coupled to a 

singlet leads to the generalized valence bond perfect-pairing (GVB-PP) method. The 

separated-pair1240 (SP) approximation typically leads to many less configurations than 

CASSCF, but more than GVB-PP; a key advantage of CASSCF and SP over GVB-PP is 

that they allow size-consistent dissociation to high-spin fragments. 

An MCSCF wave function will yield both nondynamic correlation energy and some 
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dynamic correlation energy, but it is impractical to include in this step enough dynamic 

correlation energy for chemical accuracy because of the cost. For example, the cost of a 

CASSCF calculation increases steeply (exponentially) as a function of the size of the 

active space. One can add additional dynamic correlation by multireference perturbation 

theory (MRPT2), such as complete-active-space second-order perturbation theory 

(CASPT2) or by multireference configuration interaction (MRCI) methods, in either case 

using the MCSCF wave function as a reference. The cost and memory requirements of 

these methods are even greater than for CASSCF. Although the incomplete MCSCF 

methods like GASSCF reduce the computational demand of both the SCF and post-SCF 

steps, MRPT2 and MRCI are still restricted to small systems. For large systems such as 

those involve in catalysis, we need a more affordable approach.  

14.2.B. Background: Kohn-Sham DFT 

Kohn-Sham DFT (KS-DFT) does not involve wave functions, but it does involve 

what may be called a reference wave function, namely a Slater determinant from which 

the kinetic energy of the electrons and the electron density are calculated. KS-DFT 

calculates the kinetic energy and classical Coulomb interactions from the Slater 

determinant and the density that it generates and obtains the rest of the energy from a 

functional of the density, called the exchange-correlation (XC) functional. If one knew 

the exact XC, functional, one could obtain the exact results for any system, even one that 

is not well described by a single Slater determinant in wave function theory. However, the 
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exact XC functional of KS-DFT is very complicated and essentially unknowable, and 

current approximations to it works better when the systems are well described by a Slater 

determinant. If the Slater determinant representing the density does not provide a 

physically realistic description of the system, the density functional will have to correct 

this in a very complicated way that is hard to build into an approximate XC functional. 

Looking ahead to the next section, one hopes that representing the density in a more 

physical way will allow simpler approximations to the density functional to perform well.  

A widely used kind of XC functional is known as a generalized gradient 

approximation (GGA). A GGA of a GGA are the spin densities ra and rb. Alternatively, 

one can use the total density r given by  and the spin magnetization 

density m (which may also be called the net spin density), given by m = ra(r) – rb(r). A 

third choice would be r and the spin polarization å defined as å = (çé − çè)/(çé +

çè), and a fourth would be the singlet and triplet charge densities.  

GGAs are known to be poor for certain kinds of problems such as charge transfer 

and Rydberg states. These problems are ameliorated by including nonlocal Hartree-Fock 

exchange in the density functional; functionals including Hartree-Fock exchange are 

called hybrid functionals. 

14.2.C Background: Combining MCSCF theory with DFT 

Several methods have also been proposed for combining MCSCF with DFT. The 

first approach is based on adding some amount of density functional correlation energy to 

ρ = ρα (r)+ ρβ (r)
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the energy computed in a multi-configurational wave function calculation. There are two 

main problems with this combination.  

The first problem is that an MCSF calculation inevitably contains some dynamic 

correlation, but existing correlation functionals are designed to mainly treat the entire 

dynamic correlation. Thus, the density functional correlation must somehow be scaled 

back so that a portion of dynamic correlation energy is not counted twice; the required 

correlation functional is sometimes called the residual correlation functional, but fully 

successful to treat this have not been developed.  

The second problem with the approach is that the fundamental variables used to 

define functionals in KS-DFT, namely, the spin densities çé and çè , need to be replaced 

when a multi-configuration reference wave functions is employed. We will return to this 

point below. 

In KS-DFT one can formally separate the Coulomb interaction into a short-range 

part and a long-range part. This range separation can also be applied to 

multiconfigurational methods as a way to combine them with DFT. In particular, several 

workers have proposed using multi-configuration WFT for the long-range part and KS-

DFT for the short -range part. The idea of decomposing the Coulomb interaction potential 

into two parts is limited by the assumption that that the short-range correlation potential 

will always result in only short-range correlation effects. Range separation is a promising 

approach with good prospects for improvement. 
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14.3 Multi-configuration pair-density functional theory 

We have recently proposed a simple way to generalize density functional theory to 

multi-configurational reference functions. We call it multi-configuration pair-density 

functional theory (MC-PDFT),1241 and it is a direct generalization of KS-DFT.  

KS-DFT requires full variational optimization of the Slater determinant, including 

allowing different orbitals for different spins even in nominally doubly occupied orbitals, 

which is called spin polarization. Spin-polarized Kohn–Sham theory, defined in terms of 

r and m, yields broken-symmetry Slater determinants for MR systems. Although the 

resulting energies are sometimes reasonable, in other cases they are not, and the broken-

symmetry nature of the solution can even make it ambiguous as to which state is being 

approximated. If one represents the density by CSFs with the correct spin and spatial 

symmetries, one does not obtain accurate energies for MR systems. Thus, the net spin 

densities are not appropriate variables for density functionals if the correct spin symmetry 

is imposed. The problem of the generalization of å to proper-spin wave functions has 

been overcome in some studies by considering a functional in terms of the on-top two-

particle density	Π rather than å,	and that is the method we shall use. The on-top density 

at point r is the probability that two electrons are found at this point; because wave 

functions are antisymmetric under electron interchange, the two electrons must have 

opposite spin. 

Using r and Π, we have proposed an approach for treating strongly correlated 
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systems at much lower computational costs than MR perturbation theory, MR 

configuration interaction, or MTR coupled cluster theory by combining MCSCF with 

DFT in a way that differs fundamentally from the approaches described in section 14.2.C. 

The new approach is called multiconfiguration pair-density functional theory (MC-

PDFT). It may be considered to be a multiconfigurational analog of KS-DFT, as indicated 

schematically in Figure 14.1. The energy is computed as sum of the kinetic energy and 

classical electrostatic energy of an MCSCF reference wave function and a density 

functional integral. The density functional in this integral is called the on-top density 

functional; it includes electron exchange, the electron-electron repulsion contribution to 

the electron correlation, and the difference between the exact kinetic energy and that 

computed from the reference wave function. Notice that the MCSCF energy is not used; 

thus, the correlation energy is not computed by WFT, and so the question of separating 

residual correlation energy from the that included in the MCSCF calculation does not 

arise, although one does have to be careful that the required correction of the MCSCF 

kinetic energy does depend on the amount of correlation energy included in the MCSCF 

calculation. 

    Next, we discuss the choice of on-top density functional. If one approximates an 

exchange-correlation functional using only local densities and their gradients, an 

exchange-correlation functional for a spin-polarized system can be written as a functional 

of r and m, and the magnitudes, r´  |Ñr| and m´  |Ñm|, of their gradients. For a ≡ ≡
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single-determinant wave function, m can be related to P and r by 

, where , and one has that  at all points in 

space. MC-PDFT uses r and P to define the on-top density functional.  

    Ultimately, we must develop new on-top density functionals specifically for use with 

MC-PDFT. For multi-configuration wave functions, is not true, 

and in fact R can be greater than 1. Nevertheless, as a first step, we simply translated 

previously developed exchange-correlation functionals of spin densities by using this 

equation as a guide. In particular, given Exc( , m, r´, m´), we proposed the following 

translation prescription: 

  

Our most extensively tested on-top density functional is called tPBE, which is a 

translation by of the PBE GGA functional. We also proposed a second kind of translation 

(called “fully translated”) that is continuous with continuous first and second derivatives, 

and that includes the gradient of the on-top density.  

Garza et al. explored a similar idea by combining a pair coupled cluster doubles1242 

(pCCD) based wave function with DFT, resulting in the pCCD+DFT approach, which 

greatly improves upon pCCD in the description of typical problems where static and 
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dynamic correlations are both important. A disadvantage of that procedure, as compared 

to MC-PDFT, is that pCCD is only size consistent for closed-shell fragments. 

14.4 Performance of MC-PDFT 

We have tested MC-PDFT on several systems. In our second paper,1243 we applied it 

to the calculation of bond energies of main-group molecules and transition metal 

complexes, barrier heights, and reaction energies for diverse chemical reactions, proton 

affinities, and the water dimerization energy. Averaged over 56 data points, the 

performance of MC-PDFT was found to be superior to that of Kohn-Sham theory with a 

comparable density functional, and the accuracy was even found to be comparable to the 

much more computationally demanding CASPT2.  

We also used MC-PDFT to study ground- and excited-state charge-transfer 

processes.1244 We computed the dissociation energy of seven ground-state charge transfer 

complexes and the electronic excitation energy of three intermolecular charge-transfer 

complexes, namely H2N−H···H−NO2, C2H4···C2F4, and NH3···F2. Results were 

compared with KS-DFT and with linear-response time-dependent KS-DFT calculations 

employing the PBE gradient approximation, the global-hybrid PBE0 functional, and two 

long-range-corrected functionals (CAM-B3LYP and ωB97X) and with CASPT2. For 

ground-state charge transfer, tPBE performs better than either the PBE exchange-

correlation functional or CASPT2. For intermolecular charge-transfer excitations, tPBE is 

superior to PBE, PBE0, and CAM-B3LYP, and is comparable to, if not better than, 
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ωB97X. This is especially notable when we consider that the energy functional is 

calculated without any component of nonlocal exchange, and the current on-top density 

functional used in MC-PDFT is a first-generation gradient approximation. We also tested 

the method for valence and Rydberg excitations of organic molecules and atoms, for 

which it is equally promising. 

    The above-mentioned tests were carried out with CASSCF reference functions. We 

also tested the dependence of the performance of MC-PDFT on the active space choice 

for the multireference wave function, in particular we examined whether we can obtain 

accurate results with the much more affordable SP approximation. The accuracy of the 

SP-PDFT method was tested for predicting the structural properties and bond dissociation 

energies of twelve diatomic molecules and two triatomic molecules. SP-PDFT (MC-

PDFT based on the SP wave function) reproduces the accuracy of CAS-PDFT (MC-

PDFT based on the CASSCF wave function) for predicting C-H bond dissociation 

energies, the reaction barriers of pericyclic reactions and the properties of open-shell 

singlet systems, all at only a small fraction of the computational cost of the full CASSCF 

wave function. It is promising that the SP approximation agrees quite well with CASSCF, 

at greatly reduced cost, and can thus be extended to bigger systems. It is especially 

encouraging that the quality of results obtained from MC-PDFT calculations remains 

largely unchanged even with drastic reductions in the number of included CSFs.  

    Recently we investigated the performance of MC-PDFT for computing the 
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singlet−triplet splitting for small main-group divalent radicals for which accurate 

experimental data are�available.1245 In order to define theoretical model chemistries that 

can be assessed consistently, we proposed three correlated participating orbital schemes, 

in particular nominal, moderate, and extended to define the constitution of complete 

active spaces, and we systematically tested 13 diradicals by tKohn-Sham schemes, and 

MC-PDFT shows significant improvements over the parental functionals in KS-DFT, and 

they are even better than the weighted average broken-symmetry KS calculations. 

14.5 Concluding remarks and future directions 

One of the most compelling challenges for modern quantum chemists is to develop 

quantum chemical methods able to accurately treat large systems with inherently 

multiconfigurational electronic structures, at affordable computational cost. One 

possibility explored by the community is to combine multireference wave functions with 

density functional theory. We reviewed the state-of-the art methods that explore this alley 

and we summarized the features of a recently presented method, multi-configuration pair-

density functional theory, MC-PDFT. It may be considered to be a multiconfigurational 

analog of Kohn–Sham density functional theory. This method is promising in handling 

multireference systems, and applicable to both ground and excited states, including 

Rydberg and charge transfer states. The results to date are very encouraging, and in many 

cases competitive with the much more resource-demanding wave function-based 

CASPT2 method. They are also of better quality than those obtained with Kohn-Sham 
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DFT. Future work will include testing the performance of simplified wave functions, like 

the single-pair approximation, for transition metal complexes, developing better on-top 

functionals of the MCSCF density and on-top pair density, and developing a state 

interaction algorithm that rediagonalizes the low-energy MCSCF states in the presence of 

the on-top density functional.  
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Figure 14.1 Comparison of KS-DFT to MC-PDFT. 
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Chapter 15. Predicting Bond Dissociation Energies of Transition Metal 
Compounds by Multiconfiguration Pair-density Functional Theory and 
Second-order Perturbation Theory Based on Correlated Participating 
Orbitals and Separated Pairs 

 

15.1 Introduction  

The accurate prediction of the bond dissociation energy of transition metal 

compounds is a challenge for modern quantum-chemical methods.1246,1247,1248,1249,1250,1251 

This is generally due to the partially filled character of the d shell of the metal atoms. To 

obtain a quantitative description of these compounds, it is necessary to account for static 

and dynamic correlation effects in a balanced way. The complete active space self-

consistent field (CASSCF) method1252 is one approach widely used for accounting for 

static correlation. Dynamical correlation energy can also, in principle, be progressively 

captured in the CASSCF method by using active spaces of increasing sizes; however, the 

convergence of dynamic correlation energy in CASSCF is very slow with respect to 

active space size, and this would necessitate the use of impractically large active spaces 

to obtain quantitative accuracy.  

Post-CASSCF wave function methods, such as the complete active space second-

order perturbation theory1253,1254,1255 (CASPT2) and multireference configuration 

interaction1256,1257,1258(MRCI), can be used to recover dynamic electron correlation more 

practically than using larger active spaces; nevertheless, such methods are also often too 
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expensive due to the two bottlenecks: the computationally unaffordable huge number of 

configuration state functions in the CASSCF step, and the unaffordable (both in memory 

and in computational time) requirements of the post-CASSCF step. We will show that 

these limitations can be circumvented. The first limitation can be lifted by smartly 

choosing a selected active space that is small enough for practical computations yet large 

enough to capture the requisite static correlation; in particular we propose systematic 

ways for choosing an active space based on the principle of correlated-participating-

orbitals1259,1260 (CPO); this provides a way to specifying an active space consistently 

across a set of applications. The second barricade (i.e., the post-CASSCF step for 

approximating the full dynamical correlation) can be torn down by using a post-SCF 

density functional method instead of a post-SCF wave function method – in particular by 

applying the recently developed multiconfiguration pair-density functional theory1261 

(MC-PDFT).  

In MC-PDFT, the Born-Oppenheimer electronic energy (which includes nuclear 

repulsion) is computed as the sum of (1) the electronic kinetic energy and the classical 

Coulomb energy evaluated using a multiconfiguration self-consistent field (MCSCF) 

wave function and (2) an “on-top energy” which is computed post-SCF using an “on-top 

density functional” of the one-electron density and the on-top pair density of the MCSCF 

wave function. This may be compared to Kohn-Sham density functional theory in which 

the electronic energy is computed as the sum of (1) the electronic kinetic energy and the 
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classical Coulomb energy evaluated using a Slater determinant and (2) an exchange-

correlation energy that is included self-consistently in the optimization of the 

determinant. 

MC-PDFT was originally applied to both main-group compounds1260,1261,1262,1263,1264 

and transition-metal compounds1265 by using CASSCF calculations as the MCSCF first 

step. To extend the applicability of the MC-PDFT framework to larger systems, we 

considered obtaining the total and on-top pair electronic densities from 

multiconfiguration wave functions that are more compact than the analogous CASSCF 

wave functions, in particular that use a limited set of configuration state functions with 

variable occupancy of the active orbitals, as opposed to the characteristic feature of 

complete-active-space methods, which is that they include configuration state functions 

with all possible occupancies of the active orbitals. The generalized valence bond perfect-

pairing (GVB-PP) wave function is a familiar example of a wave function with a limited 

configuration interaction in the active space,1266,1267,1268 but it suffers from an inability to 

dissociate a molecule into open-shell fragments with more than one unpaired electrons. 

More general procedures for limiting the configuration interaction in the active space are 

the generalized active space (GAS) method,1269 the restricted active space (RAS) 

method,1270,1271 and the occupation-restricted-multiple-active-space (ORMAS)1272,1273 

method. Here we chose to use a particular case of the GAS method, which we have 

named the separated-pair1274 (SP) wave function; the SP wave function is intermediate in 
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completeness between the corresponding GVB-PP and CASSCF wave functions with the 

same active orbitals. In the previous work we applied SP to main-group bonds,1274 and in 

the present work we apply it to transition-metal bonds. 

An SP wave function is built by partitioning an active space into subspaces that 

contain at most two orbitals while forbidding all or most interspace excitations. Within 

each subspace, one uses all possible occupancies of a given number of electrons, which is 

called full configuration interaction (FCI) in the subspace. Each subspace has either one 

or two electrons in one or two orbitals (typically two in two). The advantage of using an 

SP reference wave function is that it can greatly reduce the number of configuration state 

functions in the CI expansion, which results in a much less-expensive computation 

compared to the corresponding CASSCF calculation, yet in several tested cases SP-PDFT 

has a similar accuracy to CAS-PDFT. When the total density and the on-top pair density 

of an SP wave function are used in the MC-PDFT framework, the resulting method is 

called separated-pair pair-density functional theory1274 (SP-PDFT).  

In the present work, our goal is to test the accuracy of the CAS-PDFT method and the 

SP-PDFT method for the computation of bond dissociation energies of transition metal 

complexes. CASSCF involves FCI in the whole active space, whereas SP involves a 

partitioned active space as discussed above. In addition to these systematic procedures for 

not partitioning or specifically partitioning an active space, we employ systematic 

procedures for selecting the active space; in particular we use three versions (nominal, 
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moderate, and extended) of the correlated participating orbitals1259,1260 scheme.  

Recently, a generalized active space self-consistent-field second order perturbation 

theory1275 (GASPT2) has been developed; it involves an approximation in that the 

orthogonal complement of the GAS subspace in the CAS space is omitted from the 

perturbed wave function. We also test the performance of this method by using the SP 

wave function as the specific case of GAS; we call this SPPT2. 

15.2 Computational details 

15.2.1 Correlated participating orbitals scheme for selecting the active space orbitals 

Here, we extend our previous1259,1260 definitions of the correlated participating 

orbitals (CPO) scheme to describe the bond dissociation of transition-metal containing 

molecules. We define three levels of the active space: nominal, moderate, and extended. 

Nominal CPO (nom-CPO). For the chemical bond that is being broken or formed, 

include in the active space all the bonding orbitals, all singly occupied non-bonding 

orbitals, all occupied anti-bonding orbitals (if any), and correlate each orbital with its 

correlating orbital. All of the doubly occupied non-bonding orbitals are inactive. 

Moderate CPO (mod-CPO). In addition to the orbitals in the nom-CPO space, for 

metal, add to the active space the d-subshell doubly occupied non-bonding orbitals of the 

metal and their correlating orbitals and add the p-subshell doubly occupied non-bonding 

orbitals of the nonmetal (if any) involved in the bond and their correlating orbitals. 
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Extended CPO (ext-CPO). In addition to the orbitals in the mod-CPO space, for 

metal, add the s-subshell doubly occupied non-bonding orbitals (if any) on the metal and 

their correlating orbitals in the active space and add the s-subshell doubly occupied non-

bonding orbitals of the non-metal (if any) and their correlating orbitals. 

 The correlating orbitals are defined as follows. For an occupied bonding orbital, if its 

antibonding orbital is empty, then the corresponding antibonding orbital is taken as the 

correlating orbital of the bonding orbital; if its antibonding orbital is occupied, then its 

correlating orbital is taken as an unoccupied orbital. For an occupied nonbonding orbital, 

atomic orbital, or antibonding orbital, its correlating orbital is taken as an empty orbital. 

For a non-bonding d orbital, we use the notation d´ to denote its correlating orbital, 

although d´ is not necessarily of d-orbital character (i.e., d´ could be of s-, p-, d- or s/p/d-

hybridized character). 

 

15.2.2 CPO-based GAS subspaces in the separated-pair SCF calculations 

The separated-pair SCF calculations (SP) that use GAS subspaces of an active space 

defined by a CPO scheme are called CPO-SP calculations. In the current work, each GAS 

subspace contains two orbitals. We distribute n occupied active orbitals (in particular the 

bonding, anti-bonding, and singly and doubly occupied non-bonding active orbitals 

chosen in each level of the CPO scheme) in n GAS subspaces, and then we pair each of 

these orbitals with a corresponding correlating orbital. Within each GAS subspace, this is 
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equivalent to doing an (m, 2) CASSCF calculation (i.e., m electrons in two orbitals), 

where m = 1 or 2. Note that when m = 2, we include both the singlet and triplet coupling 

of the two orbitals, and when we combine subspace wave functions into an overall 

configuration state function, we include all spin couplings consistent with the given total 

electron spin (neglecting spin-orbit coupling). 

Inter-subspace electronic excitations are not allowed in the SP calculations, except 

when there are occupied anti-bonding orbitals in the molecule. If there are occupied σ* 

orbitals, inter-subspace excitations (including all the possible excitations) are allowed 

between the two GAS subspaces (σ, σ´) and (σ*, σ*´); and if there are occupied πi* 

orbitals, inter-subspace excitations are allowed between the two GAS subspaces (πi, πi´) 

and (πi*, πi*´), where the subscript i represents the type of the π orbitals (i.e., the π 

orbitals in the xz plane or in the yz plane, where z-axis is along the bond). Without 

allowing inter-subspace excitations for such cases, the bonding and anti-bonding orbitals 

cannot be well correlated, which would cause difficulty in obtaining the correct electronic 

state and introduce significant errors in the calculation of bond dissociation energy.  

Note that, as explained elsewhere,1269 the GASSCF calculation is set up by 

specifying cumulative minimal and maximal occupation numbers, i.e., the minimal and 

maximal number of electrons in GAS1, GAS1+GAS2, GAS1+GAS2+GAS3, etc., where 

1, 2, and 3 number the user-defined GAS spaces. 
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15.2.3 Separated-pair self-consistent-field second order perturbation theory 

    As mentioned in the introduction, an implementation for approximately carrying out 

second order perturbation theory based on a GASSCF wave function1275 has become 

available. We test this here, and we label the theory that uses an SP zeroth order wave 

function in a GASPT2 calculation as separated-pair second-order perturbation theory 

(SPPT2). 

 

15.2.4 Database of bond energies 

In this work, we examine a database of M–L bond energies of 17 transition metal 

complexes whose experimental dissociation energies are known. For metal–ligand 

complexes, M is the metal (neutral for diatomics and a +1 cation for polyatomics) and L 

is the ligand (a neutral atom or radical); for metal dimers, M and L are both metal atoms. 

Table 15.1 gives the experimental equilibrium bond length (re), the bond dissociation 

energy (De), the change of spin-orbit coupling energy upon bond dissociation, and the 

experimental term symbol for the molecules we considered in this work. Note that ΔESO 

= ESO(M) + ESO(L) – ESO(ML), where ESO(X) represents the spin-orbit coupling energy 

for species X. The references1276,1277,1278,1279,1280,1281,1282 for all this data are also given in 

Table 15.1. 

For testing theory, the database is used as follows. First, single-point energies are 

computed without spin-orbit coupling using the geometries and spin multiplicities in 
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Table 15.1. The theoretical spin-orbit-free equilibrium bond dissociation energy is then 

computed as the difference of the electronic energy at the dissociation limit and at the 

equilibrium geometry of ML. Then the theoretical De (for comparison to the experimental 

value in Table 15.1) is computed as De = E(M) + E(L)  - E(ML) + ΔESO,  where E(M), 

E(L), and E(ML) are the electronic energy for isolated M, isolated L, and ML at 

equilibrium geometry, and ΔESO is from Table 15.1. For wave function and PDFT 

calculations, E(M) + E(L) is approximated as the energy of a super-molecule with a M–L 

distance of 12 Å.  

We will compute signed errors as De(theory) minus De(experiment). We will also 

compute the mean signed error (MSE) and the mean unsigned error (MUE).  

 

15.2.5 Details of CPO active spaces  

The definition of the CPO active spaces is shown in Table 15.2. The two orbitals in 

one parenthesis are in one GAS subspace in the CPO-SP calculations. Table 15.3 shows 

the number of configuration state functions for nom-, mod-, and ext-CPO CAS and SP 

calculations; we see that the number of configuration state functions contained in the SP 

calculation is significantly lower than the number in the corresponding CAS calculation. 

 

15.2.6 Multireference calculations 

To assess the multireference character of the molecules studied, we computed the M 
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diagnostic,1259 whose deviation from 0 indicates the multiconfigurational extent of a wave 

function based on natural occupation numbers of the most correlated nominally 

unoccupied orbital, most correlated nominally doubly-occupied orbital, and the singly-

occupied orbitals (it would be zero for a single-configuration wave function). The value 

of this diagnostic is shown in Table 15.3 for all the molecules, along with a second 

diagnostic, namely the percentage weight (the square of the CI coefficient) of the 

dominant configuration; these diagnostics were computed from calculations with nom-

CPO CAS spaces. As we can see from Table 15.3, the majority of the molecules studied 

in this work have M values larger than 0.05, and the percentage weight lower than 95%, 

both of which indicate that they have a significant amount of multireference character.  

We carried out multireference calculations by the following methods:  

• CASSCF,  

• GASSCF (in particular SP),  

• CASPT2 (with the standard empirical IPEA1283 shift of 0.25 hartree),  

• CASPT2-0 (which denotes CASPT2 without an IPEA shift),  

• GASPT2 (in particular SPPT2 and SPPT2-0), and  

• MC-PDFT (including CAS-PDFT and SP-PDFT) 

 To carry out the MC-PDFT calculations we need on-top density functionals, which 

are functionals of the total electron density and the on-top pair density, where the latter is 

the probability of finding two electrons at the same point in space. The required on-top 
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functionals were obtained by protocols that we label “translation” and “full translation.” 

These protocols yield translated on-top functionals1261 (tPBE, trevPBE, tBLYP) and fully 

translated on-top functionals1265 (ftPBE, ftrevPBE, ftBLYP); the precise protocols for 

translation and full translation are given in previous papers,1261,1265 and here we give a 

brief summary.  

The new functionals were obtained by translating the PBE, revPBE, and BLYP 

generalized gradient approximation (GGA) exchange-correlation functionals of Kohn-

Sham theory. A GGA exchange-correlation functional may be written as 

, where  is the total electron density, m(r) is the spin 

magnetization density,  is the gradient of the total density, and  is the 

gradient of the spin magnetization density. Motivated by the way the up-spin and down-

spin densities are related to total density and the on-top pair density in the case of single 

Slater determinant, we have defined a translated (t) functional as1261 

  

 (364) 

where  is the on-top pair density, and the ratio R is defined as 

   (365) 

The translated functionals do not involve the gradient of the on-top pair density and have 

a discontinuous derivative with respect to the density and on-top pair density when R = 1. 
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The fully translated (ft) functionals are defined to include the gradient of the on-top pair 

density and to have continuous first and second derivatives; in particular,1265  

  (366) 

where  is defined as 

   (367) 

where R0 is 0.9 and R1 is 1.15, and  is a fifth order polynomial function of R. We 

note that these are first-generation functionals, and they could almost surely be improved 

by adding more ingredients, by parametrization to accurate data, by nonempirical 

theoretical considerations, or by some combination of these strategies. 

All of the MC-PDFT calculations in the present article are single-point calculations 

carried out in C1 symmetry using a locally modified version of the Molcas 8.11284 

program. We chose C1 symmetry based on the considerations that (a) symmetry is often 

not present in important practical applications, and (b) the full point group symmetry of a 

diatomic molecule is unavailable in the computer code. The calculations are performed 

using the ANO-RCC-VTZP basis1285 and with the Douglas-Kroll-Hess second-order 

scalar relativistic Hamiltonian1286 (DKH2). We use the ultrafine integration grid for MC-

PDFT calculations.  

 

Eot
ft [ρ(r),Π(r)]= Exc ρ(r), ρ(r)χ (R), ∇ρ(r) , χ (R) ∇ρ(r) + ρ(r) ∇χ (R)⎡

⎣⎢
⎤
⎦⎥

χ(R)

χ(R) =
(1− R)1/2

χft (R)
0

R∈[0,R0 )
R∈[R0,R1]
R∈(R1,∞)

⎧

⎨
⎪
⎪

⎩
⎪
⎪

χft (R)



 592 

15.2.7 Kohn-Sham density functional calculations. 

    Spin-unrestricted Kohn-Sham density functional1287,1288 calculations are performed 

with PBE,1289 revPBE1290 and BLYP1291 exchange–correlation functionals by using 

Gaussian 091292 program with “stable = (opt, xqc)” keyword that allows one to reach a 

stable solution,1293,1294 even if that involves breaking symmetry. The Douglas-Kroll-Hess 

second-order scalar relativistic Hamiltonian (DKH2) was used with the aug-cc-pVTZ-DK 

basis1295,1296,1297 and an ultrafine integration grid. Calcualtions on diatomics are carried 

out at experimental geometries, and calculations on polyatomics are carried out at 

geometries optimized by M06-L1298/aug-cc-pVTZ-DK. 

15.3 Results and discussion  

15.3.1 Kohn-Sham density functional theory 

    Table 15.4 shows the signed errors (in kcal/mol), mean signed errors (MSEs), and 

mean unsigned errors (MUEs) for the computed bond dissociation energy for transition 

metal complex by using the PBE, revPBE, and BLYP exchange-correlation functionals. 

These three functionals were chosen for comparison because they are the starting points 

for the translated and fully translated functionals used in the PDFT calculations.  

These three density functionals tend to overestimate the bond dissociation energies, 

and the MUEs for PBE, revPBE and BLYP are respectively 18.6, 13.2, and 15.8 kcal/mol 

for the 17 molecules. Although Kohn-Sham density functional method is a single-

reference method, it is not always true that it works better for single-configuration-
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dominated systems than for systems with significant multireference characters. For CrF, 

which is the molecule with the smallest M diagnostic value (M = 0.03) in our testing set, 

the absolute errors for PBE, revPBE, BLYP are 13.7, 8.2, 15.1 kcal/mol; while for Cr2, 

whose M value is very large (0.40, which indicates very large multireference character), 

the absolute errors for PBE, revPBE, BLYP are only 4.5, 5.7, 9.1 kcal/mol, all of which 

are smaller than the ones for CrF.  

 

15.3.2 Multireference calculations 

Tables 15.5, 15.6, and 15.7 shows the MSEs and MUEs for multireference methods 

with the nom-CPO, mod-CPO, and ext-CPO active spaces, respectively. The MUE-17 

and MSE-17 rows include all 17 molecules, and the MUE-15 and MSE-15 rows exclude 

FeO and NiO, because these two molecules are unaffordable for CAS calculations in the 

ext-CPO space.  

For all three levels of CPO spaces, the MUEs of the MC-PDFT are significantly 

smaller than the corresponding broken-symmetry spin-unrestricted Kohn-Sham density 

functional mean errors. For instance, while BLYP has an MUE-17 of 15.8 kcal/mol for 

17 molecules and an MUE-15 of 15.5 kcal/mol for 15 molecules excluding FeO and NiO; 

the MUE-17 for CAS-ftBLYP with nom-CPO and mod-CPO are 6.0 and 4.8 kcal/mol, 

and the MUE-15 for CAS-ftBLYP with nom-, mod- and ext-CPO are 5.4, 4.0, and 3.1 

kcal/mol, respectively. This clearly shows MC-PDFT is a significant improvement over 
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Kohn-Sham density functional theory for this kind of problem when one uses density 

functionals of comparable complexity. 

With the nom-CPO active space, the MUEs for all 17 molecules for CASPT2 and 

CASPT2-0 are 5.1 and 5.9 kcal/mol; the corresponding MUEs for CAS-ftrevPBE, CAS-

ftBLYP, SP-ftrevPBE, and SP-ftBLYP are 6.3, 6.0, 5.5, and 5.0 kcal/mol, all of which 

are close to the accuracy of CASPT2 or CASPT2-0. Generally, for all three kinds of CPO 

active space, the fully translated functionals have smaller MUEs than the translated 

functionals, and their accuracies are close to or even better than CASPT2 or CASPT2-0. 

The PT2 step is significantly more expensive than the PDFT step (both in computational 

time and memory requirements), and therefore the MC-PDFT method is very promising 

in terms of both the accuracy and computational cost.  

The separated-pair partitioning significantly reduces the number of configuration 

state functions in the SCF step; and generally, as we can see from Table 15.3, SP has 

about two orders of magnitude less configuration state functions than the corresponding 

CASSCF. One of the advantages of SP and SP-PDFT is that, for cases where CASSCF is 

unaffordable (with CASPT2 then being even less affordable), one can still use SP to 

obtain a balanced description of the multireference wave function and then carry out the 

PDFT step to capture dynamic correlation because the SP and SP-PDFT calculations are 

very efficient and timesaving.  

In the present work, FeO and NiO are examples that show the power of the SP 
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approximation. For FeO and NiO, the ext-CPO space has more than 2 × 108 configuration 

state functions, which is not affordable for CASSCF calculations. However, SP 

calculations are affordable, and SP-PDFT can be very accurate with fully translated 

functionals. The absolute errors for FeO and NiO with SP-ftrevPBE are all 1.0 kcal/mol, 

which are significantly smaller than the errors of Kohn-Sham revPBE calculations for 

FeO (17.4 kcal/mol) and NiO (13.8 kcal/mol).  

If we do not consider the empirical IPEA shift of the CASPT2, i.e., if we are 

comparing CASPT2-0 with SP-PDFT, which is a fair comparison because there is no 

adjustable or empirical parameter in MC-PDFT, we find that SP-PDFT can perform 

better than CASPT2-0; such is the cases for SP-ftrevPBE and SP-ftBLYP with the nom-

CPO active space. In all three CPO active spaces, the SP-ftBLYP calculations perform 

better than CASPT2 or CASPT2-0, and this is the most successful MC-PDFT method 

tested in this work. SP-PDFT is generally able to maintain the accuracy of the 

corresponding CAS-PDFT, but with significant reductions of the number of configuration 

state functions.   

 

15.3.3 Active space dependence of MC-PDFT 

    Most previous attempts to combine multiconfiguration wave function theory with 

density functional theory involve adding density-functional-based correlation energy to 

the MCSCF energy. Since density-functional correlation functionals are usually designed 
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to approximate the entire dynamic correlation energy, and since an MCSCF calculation 

includes not only static correlation, but also some dynamic correlation, this raises the 

possibility of double counting of dynamic correlation energy, a problem that would 

become more serious as the active space is increased in size. But MC-PDFT does not 

follow this procedure. Instead the only energy terms retained from the MCSCF energy 

are the kinetic energy, the electron-nuclear attraction, and the electron-electron 

electrostatic Coulomb energy computed from the one-electron density. Thus, there is no 

double counting of the two-electron correlation energy. However, the kinetic energy does 

depend on the active space size, so the question still arises of whether MC-PDFT 

calculations depend sensitively on active space size. Our past work has indicated that this 

is not a discouraging problem in practical calculations, but additional testing can be 

instructive. Here we provide such additional testing by examining the dependence of the 

MC-PDFT accuracy on active-space choice. 

 Each of the three CPO active space schemes represents a systematic way to specify 

an active space, and an important objective of our current work is to test such systematic 

schemes, which qualify in the language of Pople1299 as verifiable theoretical model 

chemistries. For eight of the 17 molecules studied, the size of the active space increases 

as one proceeds from the nom-CPO active space to the mod-CPO active space to the ext-

CPO active space. However, for CrH, MnH, V2, Cr2, and MnCH3+, the size is the same 

for all three schemes; for ScN, CrN, TiO, and FeO, the size is the same for nom-CPO and 
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mod-CPO; and for CoOH+ the size is the same for mod-CPO and ext-CPO.  

 On increasing from non-CPO to ext-CPO, the MUE-15 for CASSCF decreases from 

26 to 20 kcal/mol, and the MUE-17 for SP decreases from 26 to 24 kcal/mol; for 

CASPT2 and CASPT2-0, the MUE-15 decreases by 0.5 and 0.8 kcal/mol, respectively. 

For CAS-PDFT and SP-PDFT, from nom-CPO to ext-CPO, for most translated or fully 

translated functionals, the change of MUE-15 is smaller or about 1 kcal/mol; to be more 

specific, the change of MUE-15 for CAS-tPBE, CAS-trevPBE, CAS-tBLYP are 0.9, 0.6 

and 0.1 kcal/mol. For SP-ftBLYP, which has excellent performance across all active 

spaces, the MUE-17 decreases by 0.9 kcal/mol from nom- to ext-CPO space. These 

observations are very encouraging. They indicate that, for the systems studied here and 

for the property that we explored, namely dissociation energy, the accuracy of MC-PDFT 

is not sensitive to the size of the active space, and in fact this insensitivity is close to that 

of CASPT2-0. This is a promising feature because: (a) small active spaces are preferable 

for practical work; (b) in the future, the development of density functionals that are 

specially optimized for MC-PDFT theory can benefit from this feature; and (c) this will 

allow us to apply the methods to much larger systems. (The systems studied here are 

small so that we can test the methods on systems where accurate values are available, but 

applications for practical purposes generally involve much larger systems.) It is perhaps 

not surprising in these cases that the small active spaces give reasonable results because 

we are computing dissociation energies and the orbitals involved in the dissociation 



 598 

processes are present by design in the small active spaces. If one instead were to compute 

electronic excitation energies involving several excited states, the picture would be 

different. So even though one has some success making the active space choice more of a 

black-box procedure, one has to keep in mind that the choice of active space may depend 

on the property calculated since, for example, a reasonable choice for ground-state 

dissociation energies might give poor results for bond lengths or electronic excitation 

energies. This is not a feature only of MC-PDFT; such consideration applies to all 

multireference calculations. 

 

15.3.4 SPPT2 

    It is also of interest to test the performance of PT2 based on SP wave functions, so 

we also investigated the performance of SPPT2 in the current work, but only for nom-

CPO spaces. This is because the current implementation1275 of the GASPT2 method has a 

similar cost when compared to the corresponding CASPT2 calculation, and the accuracy 

of SPPT2 is, on average, worse than CASPT2. Table 15.8 lists the signed errors, the 

MSEs, and the MUEs for SPPT2 and SPPT2-0, along with the corresponding CASPT2 

and CASPT2-0 with the nom-CPO space. Notice that, although for SPPT2, the optimal 

IPEA shift value is not necessarily the same as the as the one used in CASPT2 (i.e., 0.25 

hartree), we still use the same value in order to have a consistent comparison. The MUE-

17s for CASPT2, CASPT2-0, SPPT2, and SPPT2-0 are respectively 5.1, 5.9, 6.4, and 7.6 
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kcal/mol; the SPPT2 performs worse than the corresponding CASPT2. The accuracy of 

SPPT2-0 (7.6 kcal/mol) is not better than SP-PDFT results; all SP-PDFT results with the 

nom-CPO space, except for tPBE, are better than SPPT2-0.  

15.4 Conclusions 

    In the current work, the performance of multiconfiguration pair-density functional 

theory for calculating the bond dissociation energy for transition metal complex is tested 

over 17 small molecules against experimental data. We proposed a systematic way for 

choosing the active space, namely three correlated-participating-orbitals schemes, and a 

systematic way of partitioning the active space, namely the separated pair approximation. 

Because these methods are systematic, we could test them as theoretical model 

chemistries. We have found that SP-PDFT is able to give accuracy similar to CASPT2 

and that SP-PDFT provides systematic improvement over the spin-unrestricted Kohn-

Sham density functional calculations. In particular, SP-ftBLYP performs the best on 

average, and it is even better than CASPT2 without an empirical IPEA shift. For cases 

where CASSCF calculations are not affordable, SP and SP-PDFT are still practical, and 

they provide a computationally economical approach with good performance/cost 

balance.  

For the systems studied here, the accuracy of MC-PDFT results is not sensitive to 

the variation of the size of the active space. The currently available approximate version 

of separated-pair second order perturbation theory does not perform as well as CASPT2 
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with the same active space, and in most cases, it is not better than SP-PDFT. We 

therefore conclude that MC-PDFT theory and especially SP-PDFT offers a powerful tool 

for efficiently calculating the electronic structure for transition metal compounds; this can 

be particularly useful for understanding inorganometallic catalysis.  
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Table 15.1 Experimental equilibrium bond length, bond dissociation energy, the 

change of spin-orbit coupling energy, and the electronic ground state for the 

molecules considered in this work. 

ML re (Å) De (kcal/mol) ΔESO (kcal/mol) Ground state 
CrH 1.656 46.8 0 6Σ 

MnH 1.731 31.1 0 7Σ 

FeH 1.610 36.9 -0.12 4Δ 

CoH 1.531 45.6 -0.37 3Φ 

FeC 1.592 88.4 -1.13 3Δ 

ScN 1.687 113 -0.29 1Σ 

VN 1.563 116.7 -0.44 3Δ 

CrN 1.563 87.6 0 4Σ 

TiO 1.620 161 -0.58 3Δ 

FeO 1.616 102.6 -0.09 5Δ 

NiO 1.627 90.4 -3.02 3Σ 

V2 1.77 64.2 -1.82 3Σ 

Cr2 1.679 33.9 0 1Σ 

CrF 1.784 106.3 -0.39 6Σ 

CoOH+  a 73.8 -2.19 4A 

MnCH3+  a 51.9 0 6A 

NiCH2+  a 76.3 -1.72 2A 

aThese geometries are optimized by using M06-L/aug-cc-pVTZ-DK with DKH2 
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Table 15.2 Definition of the CPO active spaces; an active space consists of n electrons in m orbitals is denoted as (n, m). 

      nom-CPO      mod-CPO      ext-CPO 
CrH (7, 12): (σ, σ*), 5(3d, 3d´) (7, 12): (σ, σ*), 5(3d, 3d´) (7, 12): (σ, σ*), 5(3d, 3d´) 
MnH (8, 14): (σ, σ*), 5(3d, 3d´), (4sMn, 4sMn´) (8, 14): (σ, σ*), 5(3d, 3d´), (4sMn, 4sMn´) (8, 14): (σ, σ*), 5(3d, 3d´), (4sMn, 4sMn´) 
FeH (5, 8): (σ, σ*), 3(3d, 3d´) (7, 10): (σ, σ*), 4(3d, 3d´) (9, 12): (σ, σ*), 4(3d, 3d´), (4sFe, 4sFe´) 
CoH (4, 6): (σ, σ*), 2(3d, 3d´) (8, 10): (σ, σ*), 4(3d, 3d´) (10, 12): (σ, σ*), 4(3d, 3d´), (4sCo, 4sCo´) 

FeC (8, 10): (σ, σ*), 2(π, π*), (3d, 3d´),  
(4sFe, 4sFe´) 

(10, 12): (σ, σ*), 2(π, π*), 2(3d, 3d´), (4sFe, 
4sFe´) 

(12, 14): (σ, σ*), 2(π, π*), 2(3d, 3d´), (4sFe, 
4sFe´), (2sC, 2sC´)  

ScN (6, 6): (σ, σ*), 2(π, π*) (6, 6): (σ, σ*), 2(π, π*) (8, 8): (σ, σ*), 2(π, π*), (2sN, 2sN´) 

VN (8, 10): (σ, σ*), 2(π, π*), 2(3d, 3d´) (8, 10): (σ, σ*), 2(π, π*), 2(3d, 3d´) (10, 12): (σ, σ*), 2(π, π*), 2(3d, 3d´), (2sN, 
2sN´) 

CrN (9, 12): (σ, σ*), 2(π, π*), 2(3d, 3d´), (4sCr, 
4sCr´) 

(9, 12): (σ, σ*), 2(π, π*), 2(3d, 3d´), (4sCr, 
4sCr´) 

(11, 14): (σ, σ*), 2(π, π*), 2(3d, 3d´), (4sCr, 
4sCr´), (2sN, 2sN´) 

TiO (8, 10): (σ, σ*), 2(π, π*), (3d, 3d´),  
(4sTi, 4sTi´) 

(8, 10): (σ, σ*), 2(π, π*), (3d, 3d´),  
(4sTi, 4sTi´) 

(10, 12): (σ, σ*), 2(π, π*), (3d, 3d´), (4sTi, 
4sTi´), (2sO, 2sO´) 

FeO (12, 16): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´), 2(3d, 3d´) 

(12, 16): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´), 2(3d, 3d´) 

(14, 18): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´), 2(3d, 3d´), (2sO, 2sO´) 

NiO (10, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´) 

(14, 16): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´), 2(3d, 3d´) 

(16,18): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π´), 2(π*, π*´), 2(3d, 3d´),  
(2sO, 2sO´)  

V2 
(10, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3d, 3d´) 

(10, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3d, 3d´) 

(10, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3d, 3d´) 

Cr2 
(12, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3δ, 3δ´) 

(12, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3δ, 3δ´) 

(12, 12): (σ3dz2, σ3dz2*), (σ4s, σ4s*), 2(π, 
π*), 2(3δ, 3δ´) 

CrF (7, 12): (σ, σ*), 4(3d, 3d´), (4sCr, 4sCr´) (11, 16): (σ, σ*), 4(3d, 3d´), (4sCr, 4sCr´), 
2(pF, pF´) 

(13, 18): (σ, σ*), 4(3d, 3d´), (4sCr, 4sCr´), 
2(pF, pF´), (2sF, 2sF´) 

CoOH+ (7, 10): (σ, σ´), (σ*, σ*´), (π, π´),  
(π*, π*´), (3d, 3d´) 

(13, 16): (σ, σ´), (σ*, σ*´), (π, π´),  
(π*, π*´), 3(3d, 3d´), (2pO, 2pO´) 

(13, 16): (σ, σ´), (σ*, σ*´), (π, π´),  
(π*, π*´), 3(3d, 3d´), (2pO, 2pO´) 

MnCH3
+ (7, 12): (σ, σ*), 5(3d, 3d´) (7, 12): (σ, σ*), 5(3d, 3d´) (7, 12): (σ, σ*), 5(3d, 3d´) 

NiCH2
+ (5, 6): (σ, σ*), (π, π*), (3d, 3d´) (9, 10): (σ, σ*), (π, π*), 3(3d, 3d´) (11, 12): (σ, σ*), (π, π*), 3(3d, 3d´), (4sNi, 

4sNi´) 
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Table 15.3 The M diagnostic values and percentage weight of the dominant configuration (which are computed using nom-

CPO CASSCF), and the number of configuration state functions (configuration state functions) for nom-, mod-, and ext-CPO 

CASSCF and SP 
 
         nom-CPO       mod-CPO       ext-CPO 

 M weight CAS SP CAS SP CAS SP 
CrH 0.08 94% 10296 256 10296 256 10296 256 
MnH 0.04 97% 45045 576 45045 576 45045 576 
FeH 0.57 58% 504 48 9240 272 151008 1504 
CoH 0.48 67% 105 20 20790 504 283140 2568 
FeC 0.22 70% 20790 504 283140 2568 3864861 13236 
ScN 0.09 90% 175 37 175 37 1764 150 
VN 0.10 85% 20790 504 20790 504 283140 2568 
CrN 0.16 77% 151008 1504 151008 1504 2342340 8232 
TiO 0.06 92% 20790 504 20790 504 283140 2568 
FeO 0.15 84% 17017000 134464 17017000 134464 282676680 774912 
NiO 0.16 85% 283140 14704 53093040 392080 734959368 2057488 
V2 0.25 71% 283140 2568 283140 2568 283140 2568 
Cr2 0.40 47% 226512 3012 226512 3012 226512 3012 
CrF 0.03 97% 10296 256 5834400 11264 113070672 69280 

CoOH+ 0.04 96% 9240 1504 35395360 251520 35395360 251520 
MnCH3+ 0.11 92% 10296 256 10296 256 10296 256 
NiCH2+ 0.11 92% 210 34 27720 708 339768 3408 
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Table 15.4 Signed error (kcal/mol), mean signed error (MSE) and mean unsigned error (MUE) for the bond dissociation 

energy De (kcal/mol) computed by broken-symmetry spin-unrestricted Kohn-Sham density functional. 

 PBE revPBE BLYP 
CrH 6.7  6.0  11.6  

MnH 12.8  13.0  7.2  

FeH 19.1  17.3  21.0  
CoH 17.0  14.7  18.4  
FeC 30.2  22.4  22.2  
ScN 5.7  -0.9  -1.0  
VN 29.9  21.6  22.1  
CrN 21.4  13.9  24.3  
TiO 25.5  17.4  16.6  
FeO 25.3  17.4  19.2  
NiO 21.9  13.8  16.7  
V2 38.2  26.4  25.6  
Cr2 4.5  -5.7  9.1  
CrF 13.7  8.2  15.1  
CoOH+ 13.5  7.1  9.2  
MnCH3+ 9.5  5.0  8.2  
NiCH2+ 21.0  14.4  20.4  
MSE-17 a 18.6  12.5  15.6  
MUE-17 a 18.6  13.2  15.8  
MSE-15 b 17.9  12.1  15.3  
MUE-15 b 17.9  12.9  15.5  

a Including all 17 molecules  b excluding FeO and NiO. 
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Table 15.5 Signed errors (kcal/mol), mean signed error (MSE) and mean unsigned error (MUE) for the bond dissociation 

energy De (kcal/mol) computed by multireference methods with nom-CPO spaces. 

 CAS  SP 

 SCF PT2 PT2-0 tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP  SCF tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP 
CrH -10.1 4.1 4.0 3.4 3.4 5.4 7.0 6.5 11.7  -18.0 1.8 1.8 4.1 5.7 5.3 10.1 
MnH 6.9 6.5 6.3 10.5 9.6 8.2 9.1 9.0 5.8  5.5 8.8 8.0 6.7 7.8 8.0 4.1 
FeH -19.9 -5.6 -4.2 -5.7 -6.3 -7.1 -5.3 -5.6 -5.5  -20.4 -7.0 -7.7 -8.5 -6.6 -6.8 -6.8 
CoH -28.6 -6.8 -5.5 9.5 7.7 4.3 9.5 7.7 5.2  -28.7 9.4 7.6 4.2 9.4 7.6 5.2 
FeC -33.2 3.5 1.6 10.4 5.1 -0.6 11.6 5.2 3.0  -40.2 7.8 2.6 -3.5 9.4 3.2 0.3 
ScN -29.6 5.3 -1.9 3.5 0.7 -4.9 8.7 3.0 5.2  -30.3 2.9 0.2 -5.4 8.3 2.5 4.7 
VN -41.8 -2.2 -6.2 9.0 4.6 -0.5 10.2 3.5 3.3  -32.2 9.1 4.5 -2.0 10.8 4.6 1.7 
CrN -25.7 -8.6 -14.2 -2.0 -5.6 -7.9 4.0 -2.8 12.1  -30.8 -2.9 -6.4 -8.5 3.1 -3.5 5.6 
TiO -24.5 -2.3 -5.1 9.6 4.3 0.4 7.7 0.9 0.4  -26.7 13.9 8.3 4.1 11.9 4.8 4.3 
FeO -30.6 8.0 0.0 -1.4 -7.3 -10.2 -6.7 -14.5 -13.3  -6.7 16.0 10.6 9.5 12.2 4.4 9.5 
NiO -1.7 -4.5 -3.9 14.3 9.2 7.1 11.9 4.8 7.8  -12.3 11.2 6.0 4.2 9.8 2.7 6.0 
V2 -46.1 -5.9 -16.0 -13.4 -18.0 -22.1 0.1 -9.2 2.4  -55.2 -13.8 -18.1 -21.0 0.4 -8.4 4.4 
Cr2 -65.5 -8.3 -15.9 -20.6 -24.2 -24.3 -7.0 -15.9 2.8  -69.6 -21.4 -25.1 -25.1 -8.1 -16.9 1.5 
CrF -25.1 5.0 3.3 6.4 3.0 4.3 9.2 4.6 10.5  -27.9 1.5 -1.8 -0.2 4.5 0.0 6.4 
CoOH+ -8.2 3.0 3.3 1.9 -3.7 -1.8 -2.9 -8.6 -6.7  -8.3 1.9 -3.7 -1.8 -3.1 -8.8 -6.9 
MnCH3+ -25.8 -1.9 -3.1 -2.1 -4.9 -7.8 0.5 -3.4 -2.0  -30.4 -4.0 -6.8 -9.5 -1.0 -4.8 -3.2 
NiCH2+ 2.5 5.8 6.1 14.1 8.1 10.4 8.1 1.3 4.7  2.1 14.1 8.2 10.3 8.5 1.7 5.0 
                  
MSE-17a -23.9 -0.3 -3.0 2.8 -0.9 -2.8 4.4 -0.8 2.8  -25.3 2.9 -0.7 -2.5 4.9 -0.3 3.0 
MUE-17a 25.0 5.1 5.9 8.1 7.4 7.5 7.0 6.3 6.0  26.2 8.7 7.5 7.6 7.1 5.5 5.0 
MSE-15b -25.0 -0.6 -3.2 2.3 -1.1 -2.9 4.7 -0.3 3.5  -27.4 1.5 -1.9 -3.8 4.1 -0.8 2.4 
MUE-15b 26.2 5.0 6.4 8.1 7.3 7.3 6.7 5.8 5.4  28.4 8.0 7.4 7.7 6.6 5.8 4.7 

a Including all 17 molecules; b excluding FeO and NiO.  
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Table 15.6 Signed error (kcal/mol), mean signed error (MSE) and mean unsigned error (MUE) for the bond dissociation 

energy De (kcal/mol) computed by multireference methods with the mod-CPO spaces. 

 CAS   SP 

 SCF PT2 PT2-0 tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP  SCF tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP 
CrH -10.1  4.1  4.0  3.4  3.4  5.4  7.0  6.5  11.7   -18.0  1.8  1.8  4.1  5.7  5.3  10.1  
MnH 6.9  6.5  6.3  10.5  9.6  8.2  9.1  9.0  5.8   5.5  8.8  8.0  6.7  7.8  8.0  4.1  
FeH -16.0  -2.8  -1.8  6.1  4.8  3.1  5.9  4.2  4.3   -11.8  3.4  2.4  1.9  3.6  2.7  3.4  
CoH -5.4  -0.6  -0.9  -0.1  -1.0  -3.1  3.6  2.5  0.9   -8.6  -6.0  -6.6  -8.9  -4.1  -5.1  -6.9  
FeC -24.8  3.1  1.3  12.6  7.2  1.4  14.5  8.1  5.8   -35.7  9.9  4.6  -1.4  12.0  5.6  3.1  
ScN -29.6  5.3  -1.9  3.5  0.7  -4.9  8.7  3.0  5.2   -30.3  2.9  0.2  -5.4  8.3  2.5  4.7  
VN -41.8  -2.2  -6.2  9.0  4.6  -0.5  10.2  3.5  3.3   -32.2  9.1  4.5  -2.0  10.8  4.6  1.7  
CrN -25.7  -8.6  -14.2  -2.0  -5.6  -7.9  4.0  -2.8  12.1   -30.8  -2.9  -6.4  -8.5  3.1  -3.5  5.6  
TiO -24.5  -2.3  -5.1  9.6  4.3  0.4  7.7  0.9  0.4   -26.7  13.9  8.3  4.1  11.9  4.8  4.3  
FeO -30.6  8.0  0.0  -1.4  -7.3  -10.2  -6.7  -14.5  -13.3   -6.7  16.0  10.6  9.5  12.2  4.4  9.5  
NiO -6.7  2.8 2.1 13.7  8.6  6.4  11.0  4.0  6.9   -12.9  11.5  6.2  4.5  10.2  3.1  6.4  
V2 -46.1  -5.9  -16.0  -13.4  -18.0  -22.1  0.1  -9.2  2.4   -55.2  -13.8  -18.1  -21.0  0.4  -8.4  4.4  
Cr2 -65.5  -8.3  -15.9  -20.6  -24.2  -24.3  -7.0  -15.9  2.8   -69.6  -21.4  -25.1  -25.1  -8.1  -16.9  1.5  
CrF 3.4  2.8  1.1  -0.5  -4.1  -2.5  1.8  -2.9  3.3   -4.2  -6.7  -10.1  -8.4  -4.0  -8.6  -2.1  
CoOH+ -15.9  3.1  3.0  7.0  1.5  2.9  3.5  -2.0  -0.4   -19.0  2.1  -3.6  -2.6  -2.7  -8.8  -6.5  
MnCH3+ -25.8  -1.9  -3.1  -2.1  -4.9  -7.8  0.5  -3.4  -2.0   -30.4  -4.0  -6.8  -9.5  -1.0  -4.8  -3.2  
NiCH2+ 10.7  5.6  5.2  8.2  2.4  4.7  3.3  -3.4  0.3   9.5  8.2  2.4  4.6  3.5  -3.3  0.5  
                  
MSE-17a -20.4  0.5  -2.5  2.6  -1.1  -3.0  4.5  -0.7  2.9   -22.2  1.9  -1.6  -3.4  4.1  -1.1  2.4  
MUE-17a 22.9  4.3  5.2  7.3  6.6  6.8  6.2  5.6  4.8   23.9  8.4  7.4  7.5  6.4  5.9  4.6  
MSE-15b -20.7  -0.1  -2.9  2.1  -1.3  -3.1  4.9  -0.1  3.7   -23.8  0.4  -3.0  -4.8  3.1  -1.7  1.6  
MUE-15b 23.5  4.2  5.7  7.2  6.4  6.6  5.8  5.2  4.0   25.8  7.7  7.3  7.6  5.8  6.2  4.1  

a including all 17 molecules  b excluding FeO and NiO. 
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Table 15.7 Signed errors (kcal/mol), mean signed error (MSE) and mean unsigned error (MUE) for the bond dissociation 

energy De (kcal/mol) computed by multireference methods with ext-CPO spaces. 

 CAS  SP 

 SCF PT2 PT2-0 tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP  SCF tPBE trevPBE tBLYP ftPBE ftrevPBE ftBLYP 
CrH -10.1  4.1  4.0  3.4  3.4  5.4  7.0  6.5  11.7   -18.0  1.8  1.8  4.1  5.7  5.3  10.1  
MnH 6.9  6.5  6.3  10.5  9.6  8.2  9.1  9.0  5.8   5.5  8.8  8.0  6.7  7.8  8.0  4.1  
FeH -7.2  -3.3  -3.0  2.5  1.4  0.3  2.9  1.6  3.4   -14.0  -3.4  -4.1  -4.1  -2.6  -3.4  -1.0  
CoH -1.0  3.1  2.6  3.0  2.1  0.7  6.3  4.5  6.1   0.1  8.2  6.9  2.6  9.5  7.3  4.9  
FeC -19.5  1.3  -1.6  8.8  3.5  -2.0  11.5  5.0  4.2   -38.3  2.6  -2.4  -7.6  5.0  -1.6  -1.8  
ScN -13.7  5.0  -2.0  -0.5  -3.6  -8.2  5.2  -0.3  1.1   -18.1  -1.8  -4.9  -9.4  3.8  -1.8  -0.1  
VN -35.3  6.5  5.2  7.3  2.9  -2.4  7.1  0.4  0.0   -69.2  -1.2  -6.3  -12.0  -0.4  -7.9  -9.8  
CrN -13.8  -3.0  -7.0  -7.5  -11.1  -13.2  -2.0  -8.9  0.5   -27.9  -3.4  -6.9  -8.4  2.7  -3.9  6.2  
TiO -16.6  -6.0  -7.1  10.4  4.7  1.0  7.7  0.7  0.2   -24.8  11.2  5.6  1.9  9.3  2.1  1.9  
FeO NA a NA  NA  NA  NA  NA  NA  NA  NA   -3.6  12.1  6.8  5.8  8.6  1.0  5.8  
NiO NA  NA  NA  NA  NA  NA  NA  NA  NA  -6.9  7.5  2.3  0.6  6.0  -1.0  2.0  
V2 -46.1  -5.9  -16.0  -13.4  -18.0  -22.1  0.1  -9.2  2.4   -55.2  -13.8  -18.1  -21.0  0.4  -8.4  4.4  
Cr2 -65.5  -8.3  -15.9  -20.6  -24.2  -24.3  -7.0  -15.9  2.8   -69.6  -21.4  -25.1  -25.1  -8.1  -16.9  1.5  
CrF 10.1  3.7  2.3  -1.4  -5.1  -3.5  0.9  -3.7  2.2   1.1  -8.3  -11.7  -9.8  -5.9  -10.5  -4.1  
CoOH+ -15.9  3.1  3.0  7.0  1.5  2.9  3.5  -2.0  -0.4   -19.0  2.1  -3.6  -2.6  -2.7  -8.8  -6.5  
MnCH3+ -25.8  -1.9  -3.1  -2.1  -4.9  -7.8  0.5  -3.4  -2.0   -30.4  -4.0  -6.8  -9.5  -1.0  -4.8  -3.2  
NiCH2+ -5.7  5.2  4.9  10.3  4.8  6.1  6.1  -0.4  3.0   -8.5  9.4  3.9  5.4  5.7  -0.9  2.8  
                  
MSE-17b – – – – – – – – –  -23.3  0.4  -3.2  -4.8  2.6  -2.7  1.0  
MUE-17b – – – – – – – – –  24.1  7.1  7.4  8.0  5.0  5.5  4.1  
MSE-15c -17.3  0.7  -1.8  1.2  -2.2  -3.9  3.9  -1.1  2.7   -25.8  -0.9  -4.2  -5.9  1.9  -3.1  0.6  
MUE-15c 19.5  4.5  5.6  7.2  6.7  7.2  5.1  4.8  3.1   26.6  6.8  7.7  8.7  4.7  6.1  4.2  

a NA denotes CASSCF calculation is not affordable.  b including all 17 molecules  c excluding FeO and NiO  
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Table 15.8 Signed errors (kcal/mol), mean signed error (MSE) and mean unsigned 

error (MUE) for the bond dissociation energy De (kcal/mol) computed by CASPT2 

and SPPT2 using nom-CPO spaces. 

 CASPT2 CASPT2-0 SPPT2 SPPT2-0 
CrH 4.1 4.0 5.7 4.8 
MnH 6.5 6.3 3.5 2.8 
FeH -5.6 -4.2 -6.7 -5.0 
CoH -6.8 -5.5 -7.0 -5.5 
FeC 3.5 1.6 -2.3 -3.5 
ScN 5.3 -1.9 4.8 -2.4 
VN -2.2 -6.2 -4.6 -7.4 
CrN -8.6 -14.2 -11.7 -17.3 
TiO -2.3 -5.1 -1.6 -4.0 
FeO 8.0 0.0 15.4 14.2 
NiO -4.5 -3.9 -14.5 -13.9 
V2 -5.9 -16.0 -7.1 -14.4 
Cr2 -8.3 -15.9 -10.0 -17.5 
CrF 5.0 3.3 0.7 -1.4 
CoOH+ 3.0 3.3 2.8 3.1 
MnCH3+ -1.9 -3.1 -5.2 -6.4 
NiCH2+ 5.8 6.1 5.2 5.6 
MSE-17 a -0.3 -3.0 -1.9 -4.0 
MUE-17 a  5.1 5.9 6.4 7.6 
MSE-15 b -0.6  -3.2  -2.2  -4.6  
MUE-15 b 5.0  6.4  5.3  6.7  

a including all 17 molecules  b excluding FeO and NiO. 
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Chapter 16. Predicting Bond Dissociation Energy and Bond Length for 
Bimetallic Diatomic Molecules: A Challenge for Electronic Structure 
Theory 

 

16.1 Introduction 

Being able to predict the structure and energy of metal-metal bonds is of 

fundamental importance in understanding and designing organometallic and 

inorganometallic catalysts,1300,1301 but accurately describing metal-metal multiple bonds 

is not a simple task for electronic structure theory. Open-shell systems containing metal 

atoms are notoriously strongly correlated and coupled cluster calculations with affordable 

reference functions and affordable levels of excitation are not uniformly accurate for such 

systems, so almost all calculations on metal-containing systems for practical applications 

are carried out by Kohn-Sham density functional theory1302 (KS-DFT). Although 

validation studies have shown that modern exchange-correlation (XC) functionals can 

give good accuracy for most main group nonmetal chemistry,1303 it is harder to test the 

theory systematically for systems containing metal-metal bonds because of the scarcity of 

good data for bond lengths and bond energies of such systems. Bimetallic systems with 

partially filled d orbitals and multiple low-lying electronic configurations are inherently 

multi-configurational, and such systems (called multireference systems because a wave 

function calculation will converge well with respect to excitation level only if one uses a 

multi-configurational reference function) provide a severe test of KS-DFT, which uses a 
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single Slater determinant (single electronic configuration) as a reference wave function. 

The present work considers bimetallic diatomic molecules for which accurate 

experimental data is available. Several previous theoretical studies focus on 3d 

homonuclear diatomic bimetallic molecules;1304,1305,1306,1307,1308 and one recent interesting 

theoretical study explores the bonding pattern in superheavy transition-metal 

diatomics.1309 In our own previous work we studied atomic excitation energies in 3d 

transition metals1310 and 4d transion metals.1311 In this work, we consider selected 3d 

and 4d hetero- and homonuclear diatomics and systematically test 50 XC functionals 

against the most definitive experimental data available. The tests involve four 3d 

transition metals (Sc, V, Cr, and Co) and four 4d transition metals (Y, Nb, Mo, and Rh). 

Coupled cluster theory1312,1313,1314,1315 in the CCSD(T)1316 approximation is in wide 

use as a benchmark for all kinds of chemistry, including transition-metal chemistry1317 

(although many studies only involve metal-ligand rather than metal-metal bonds). 

However, recent studies have shown that CCSD(T) is not necessarily more accurate than 

some of the available XC functionals for predicting physical properties, such as bond 

energy1318 and singlet-triplet gap,1319 of multireference systems. Furthermore, the cost of 

CCSD(T) is often prohibitive for large open-shell systems. The present paper is limited to 

KS-DFT, for which there is great interest in validation because calculations affordable for 

large and complex systems.  

Relativistic effects play an important role in the energetics of transition metals, 
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especially for the 4d series and beyond. To account for scalar relativistic effects, one can 

use either a valence basis set combined with an effective core potential (ECPs) or an all-

electron basis set with a scalar relativistic Hamiltonian. The comparison of these methods 

is particularly interesting because the available ECPs were developed for wave function 

theory, but using them with density functional theory leads to additional uncertainties due 

to the nonlinear dependence of XC functionals on density, which leads to nonlinear core 

corrections.1320,1321,1322,1323,1324,1325 To include vector relativistic effects, spin-orbit (SO) 

coupling would have to be calculated, although such calculations can be unaffordable for 

large systems and sometimes may be neglected for semi-quantitative work. For the 

purpose of the current benchmark, though, we did include such SO coupling 

contributions in the bond dissociation energies. 

We emphasize that despite of the difficulties of KS-DFT for describing intrinsically 

multireference transition metal–transition metal bonds, it is still being widely used in 

studying systems with metal-metal bonds, and the question of accuracies of the various 

available exchange-correlation functionals is a recurring one. Therefore it is critical to 

know not only how well the current approximate density functionals can perform, but 

also, and perhaps even more importantly, how poorly they sometimes perform. That latter 

can inform practitioners to what extent they can trust their calculations and can warn 

them to interpret their computational predictions with caution. Therefore, the present 

exhaustive test for bond energies and bond lengths for transition metal diatomics, which 
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are the fundamental building blocks for large bimetallic complexes, is of essential value.  

 

16.2 Experimental data 

    In the current work, our bimetallic diatomics dataset consists of nine molecules: 

Cr2,1326,1327,1328 V2,1329,1330 Mo2,1327,1331 Rh2,1332 VCr,1333 VNb,1334,1335 ScCo,1336 

YCo,1336,1337 and NbCr,1333 four of which are homonuclear bimetallics, and five of which 

are heteronuclear bimetallics. For seven of the molecules, both the bond length and bond 

energy are known experimentally, but for Rh2, only the bond dissociation energy is 

known experimentally, and for VCr, only the bond length is known experimentally. 

Therefore, we evaluate the performance of various density functionals based on bond 

lengths of eight molecules (i.e., excluding Rh2) and based on bond dissociation energies 

of eight molecules (i.e., excluding VCr). 

 

16.3 Computational methods 

 All density functional calculations were carried out by finding the lowest-energy 

solution in order to approximate the ground electronic state, independent of symmetry. In 

all cases, we tried multiple initial guesses for the orbitals and for the total electron spin 

component MS, and a stability analysis1338,1339 was carried out to see if the solution was 

stable with respect to spin or symmetry breaking (except for fixing the component MS of 
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total electron spin and considering only collinear determinants); if the solution was 

unstable we broke the symmetry. In this way we tried to find the lowest-energy stable 

solution of the self-consistent field equations, independent of symmetry. 

 16.3.A Converting experimental dissociation energy D0 to De. The experimental 

equilibrium dissociation energy De is obtained by adding the zero-point vibrational 

energy (ZPE) of the diatomic molecule to experimental ground-state dissociation energy 

D0. If the experimental harmonic vibrational frequency ωe (in units of wavenumbers) is 

available, then the ZPE is obtained by using the experimental ωe scaled by a factor of 

0.986, which is a generic scale factor1340 for converting a harmonic ZPE to an 

anharmonic one. For cases where the experimental value of ωe is not available, we 

directly computed the vibrational ZPE by M06-L XC functional with the aug-cc-

pwCVTZ-DK1341 all-electron basis set and with the Douglas-Kroll-Hess 2nd order scalar 

relativistic Hamiltonian1342 (DKH2), and scaled by a factor of 0.985, which is the ZPE 

scale factor at this level of theory and it is determined based on a standard database.1340 

The grid size used in the DFT calculation is 99 radial shells with 974 angular points per 

shell. 

 16.3.B Converting experimental bond length r0 to re. The bond length measured in 

the experiments considered here is the vibrationally averaged ground-state bond length r0, 

which is the bond length in the ground vibrational–rotational state. Our directly computed 

bond lengths are equilibrium bond lengths, re, which correspond to the interatomic 
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distance at the minimum of the Born-Oppenheimer potential energy curve of the diatomic 

molecule. For an anharmonic potential, the ground-state bond length is slightly longer 

than equilibrium bond length. Next we explain how we convert the experimental r0 to re 

in order to make an appropriate comparison. 

The equilibrium rotational constant, Be, and the rotational constant in the first 

vibrational state (i.e., the vibrational quantum number is 0), B0, are related by the 

following equation (as is commonly done, we express it in units of energy in this work): 

   (368) 

where αe is the equilibrium rotational-vibrational interaction constant. These quantities 

are given by 

   (369) 

and by Pekeris approximation1343 

   (370) 

where h is Plank’s constant, c is the speed of light, µ is the reduced mass of the diatomic 

molecule, ωe is the harmonic vibrational frequency in cm-1, and xe is the anharmonicity 

constant. In equation (370), the harmonic vibrational frequency ωe is directly taken from 

the experimentally reported value if it is available, or it is calculated by using M06-

L/aug-cc-pwCVTZ-DK with DKH2 and scaled by a factor of λH = 0.999, which is a scale 

factor (determined in this work by the method of Ref. 1340) for reproducing the 

Be = B0 +
αe
2

B0 =
h2

8π 2µr0
2

αe =
6 xecωeBe

3

cωe
− 6Be

2

cωe
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experimental harmonic frequency from the computed harmonic vibrational frequency. 

    We substitute (370) into (368), and we solve the resulting equation iteratively by 

the Newton-Raphson method for Be in terms of r0, ωe, and xe. Then we obtain re from 

   (371) 

to do this, we obtain r0 from the experimentally measured B0, and ωe has already been 

discussed in above. To complete this process we need xe. 

 Based on the assumption of a Morse potential, the anharmonicity constant xe can be 

computed from De and ωe (discussed above) as follows (note that, as is commonly done, 

we express De in energy units and ωe in wave numbers):1344 

   (372) 

 The reference data for the diatomic molecules we considered in the current work are 

shown in Table 16.1. 

 16.3.C Spin-orbit coupling. The spin-orbit coupling energies for atoms are taken 

from the NIST collection of atomic spectroscopy data.1345 The spin-orbit coupling 

energies for atomic V (6D), V (4F), Cr (7S), Mo (7S), Nb (6D), Rh (4F), Co (4F), Sc (2D), 

and Y (2D) are -0.5, -0.9, 0, 0, -1.8, -4.3, -2.3, -0.3, and -0.9 kcal/mol respectively.  

For the diatomic molecules Cr2 (1Σ), V2 (3Σ), VNb (3Σ), Mo2 (1Σ), ScCo (1Σ), and 

YCo (1Σ), the spin-orbit coupling energies are equal to zero because the quantum number 

Λ is 0. For NbCr (2Δ), Rh2 (5Δ) and VCr (2Δ), the spin-orbit matrix elements and 

re =
h2

8π 2µBe

xe =
hcωe
4De
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eigenstates were computed using the full Breit-Pauli spin-orbit operator.1346,1347 In 

particular, state-averaged CASSCF1348,1349 (SA-CASSCF) calculations without spin-orbit 

coupling were followed by state-interaction1350 (CAS-SI) calculations, where new 

eigenstates are obtained by diagonalizing the Hamiltonian with spin-orbit coupling 

included in a basis of the spin-orbit-free eigenfunctions. A full valence active space was 

used in this work, i.e., the active space was CAS (11e, 12o) for NbCr, CAS (18e, 12o) for 

Rh2, and CAS (11e, 12o) for VCr, respectively. The number of states in the CAS-SI 

calculation is the same as the number of states averaged in the SA-CASCF calculation, 

and it is 2 for NbCr, 40 for Rh2, and 2 for VCr. The spin-orbit energy is then equal to the 

energy of the lowest CAS-SI eigenvalue minus the energy of the lowest SA-CASSCF 

eigenvalue. In these SA-CASSCF and CAS-SI calculations, the def2-TZVP basis set1351, 

which is an all-electron basis set for the first-row transition metals, was used for Cr and 

V, the TZP1352 all-electron basis was used for Nb, and an ECP basis set cc-pVTZ-PP1353 

including both scalar (spin-free) relativistic effective potential (in particular ECP28MDF) 

and spin-orbit potential was used for Rh. (The use of spin-orbit potentials to obtain spin-

orbit couplings in nonrelativistic calculations is explained elsewhere.1354) The computed 

spin-orbit coupling energies for NbCr, Rh2 and VCr are -0.5, -3.5 and -0.4 kcal/mol, 

respectively.  

The Molpro 2015.1 package1355 is used for spin-orbit coupling calculations.  

 16.3.D B1 diagnostics. The B1 diagnostic, which is a multireference diagnostic that 
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is much less expensive than the T11356 and M1357 multireference diagnostics, is computed 

as the difference between the equilibrium bond energy computed by BLYP and that 

computed by B1LYP//BLYP. The B1 diagnostic values computed by using the def2-

QZVP basis set with the SDD pseudopotential and by using the aug-cc-pwCVTZ-DK 

basis with the DKH2 Hamiltonian are reported in Table 16.2. All the B1 diagnostic values 

are significantly larger than 10 kcal/mol, which is the usual criterion for multireference 

character. These very large values indicate very large multireference character for all the 

molecules studied here.  

 16.3.E Functionals. Table 16.3 lists the XC functionals we tested in this work along 

with the percentage X of Hartree-Fock exchange in each functional. The percentage of 

Hartree-Fock exchange is important because functionals with high X tend to be less 

accurate for multireference systems but are often more accurate for single-reference 

systems. The table includes local functionals (X = 0), global hybrids (X is a global 

constant), and range-separated hybrids (X depends on interelectronic separation, and the 

range is shown in the table). 

 16.3.F Bond dissociation energy. The equilibrium bond dissociation energy De is 

computed by broken-symmetry (BS) spin-unrestricted Kohn-Sham DFT (UKS-DFT) 

with various exchange-correlation (XC) density functionals.  

    In order to obtain the lowest-energy solution, numerous initial densities generated by 

various XC functionals have been tried as initial guesses for BS-UKS-DFT single-point 
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calculations; this is an exhaustive procedure, but we certainly cannot guarantee that the 

global minima in the SCF solution space is reached. We always test the 

stability1358,1359,1360 of the computed wave function, and if an unstable wave function is 

obtained, we re-optimize it until a stabilized wave function is found; this procedure is 

carried out by using “stable = (opt, xqc)” keywords in Gaussian 09. The resulting 

broken-symmetry Slater determinant does not necessarily belong to an irreducible 

representation of the molecular point group, and often it does not; the Slater determinant 

is optimized for a specified projected component MS of the square S2 of the total electron 

spin, and, in general, the resulting Slater determinant is a mixture of different spin states 

rather than being a spin-eigenfunction (except for cases where the system is closed-shell 

or in the highest spin state for the chosen MS). That is to say, we allow both the spatial 

and spin symmetry of the Slater determinant to vary, aiming to obtain the energetically 

lowest possible SCF solution. We remind the reader that if one had the exact exchange-

correlation functional (which is unknown and probably unknowable1361), the Slater 

determinant would not necessarily have the symmetry of the exact wave function,1362 and 

it would not necessarily be an eigenfunction of S2 (S2 is a two-electron operator, and 

expectation values requiring more than the one-electron density are not necessarily given 

correctly by the reference determinant.1363) 

For the diatomic molecules, the DFT calculations are carried out for spin component 

MS of electron spin equal to S, where S is the experimental electron spin quantum 
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number. For computing dissociation energies, the dissociation products (i.e., the atoms) 

are considered to be in their ground spin state. We computed De as  

 De = E(A) + E(B) - E(AB) + ΔESO(AB)  

where E(X) is the electronic energy (including nuclear repulsion) for species X, and 

ΔESO(AB) is the change of spin-orbit coupling energy during dissociation, which is 

computed as  

 ΔESO = ESO(A) + ESO(B) - ESO(AB)  

where ESO(X) is the spin-orbit coupling energy for species X.  

The calculation of the fourth term of De is discussed in Section 16.3.C. We 

computed the first three terms in the following four ways: 

(1) SP-ECP: The def2-QZVP basis set1364 and the SDD effective core potential 

(ECP)1365 are used to compute single-point (SP) energies at the 

experimental geometry; 

(2) SP-DKH: The all-electron aug-cc-pwCVTZ-DK basis is used with the DKH2 

Hamiltonian to computer single-point energies at experimental 

geometry; 

(3) opt-ECP: same basis and ECP as for SP-ECP, but the geometry is optimized at 

the same level. 

(4) opt-DKH: same basis and Hamiltonian as for SP-DKH, but the geometry is 

optimized at the same level. 
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DFT calculations were carried out with locally modified Gaussian 091366 with a grid 

size of 974 angular points per shell and 99 radial shells. In some cases of the geometry 

optimization was carried out with analytic gradients and in other cases by scanning the 

potential energy curve.  

16.3.G. Analysis of electronic structures. In order to further understand the 

performance of various density functionals, we used the keyword “pop = (NOAB, 

Hirshfeld)” in Gaussian 09 to perform natural orbital analysis and Hirshfeld population 

analysis for the a and b densities of the final broken-symmetry solution. We also carried 

out CASSCF calculations to investigate the dominant configurations and their relative 

contributions in the total wave function of the diatomic molecules; and since we are 

aiming in this part of the work to acquire a qualitative understanding, a full-valence 

active space was deemed sufficient. The ANO-RCC-VTZP basis set and the DKH2 

Hamiltonian are used in the CASSCF calculations; all of these calculations are performed 

by using Molcas 8.11367 at the experimental equilibrium geometry (except for Rh2, whose 

experimental bond length is unavailable, and so we use the BLYP predicted re, which is 

2.234 Å). 

 

16.4 Results 

 As indicated above, not only do we test 50 XC functionals, but also, we compare the 

accuracy of using a valence basis set combined with an effective core potential (this 
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combination is simply denoted as “ECP” in this paper) to that obtained using an all-

electron basis with the DKH2 Hamiltonian (simply denoted as “DKH”). In the article 

proper, we tabulated the results for the twelve XC functionals with the smallest mean 

unsigned errors in each case.   

 16.4.A. Equilibrium bond length. Table 16.4 lists the signed errors and mean 

unsigned errors (MUEs) for computed equilibrium bond lengths using various XC 

functionals, with the ECP protocol; the results for the DKH protocol are in Table 16.5. 

For the ECP calculations, the functional that gives the smallest mean unsigned error 

(MUE) for the computed equilibrium bond length of the eight diatomic molecules is 

BLYP, whose MUE is 0.029 Å. The functionals that give an MUE smaller than 0.05 Å 

are BLYP, MN12-L, MGGA_MS1, RPBE, SOGGA11, revPBE, MGGA_MS2, PBE, 

MOHLYP, MGGA_MS0, OreLYP, M06-L, and OLYP. The best functionals for 

predicting the bond length for specific molecules are as follows: Mo2 and YCo, BLYP; 

Cr2, PW6B95; V2, SOGGA11-X; VCr, MGGA_MS1; VNb, MPWB1K; ScCo, MN12-L; 

and NbCr, M06; and the unsigned errors of these best predictions range from 0.001 Å for 

YCo to 0.015 Å and 0.062 Å, respectively, for the notoriously difficult V2 and Cr2. 

For the DKH calculations, the best functional (on average) for the computed 

equilibrium bond length is still BLYP, for which the MUE now is reduced by more than a 

factor of four to 0.007 Å. The functionals that give an MUE smaller than 0.05 Å are 

BLYP, RPBE, revPBE, SO11, PBE, MOHLYP, OLYP, OreLYP, PBEsol and 
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MGGA_MS0. The best functionals for predicting the bond length for specific molecules 

are as follows: Cr2, Mo2, VNb, and NbCr, BLYP; YCo and ScCo, SOGGA11; V2, 

MGGA_MS2; and VCr, revPBE; and the unsigned errors of these best predictions range 

from 0.000 Å for V2, VCr, and NbCr to 0.006 Å for VNb. 

The improvement, compared to the ECP results, in the very best DKH results (MUE 

of best performing functional and smallest MUEs for individual molecules) is dramatic, 

but the decrease in the number of functionals with an MUE below 0.05 Å from 13 to 10 

is disappointing. In fact, upon changing from the ECP protocol to the DKH one, the 

MUEs of almost half of the functionals we tested become larger – sometimes 

dramatically; for example, the MUE for M11 increases from 0.116 Å to 0.304 Å, and that 

for MPW3LYP increases from 0.080 Å to 0.270 Å. Only four functionals (BLYP, RPBE, 

SOGGA11, and revPBE) have an MUE below 0.04 Å for both the ECP and DKH 

protocols. Clearly further work is needed to obtain ECPs that mimic DKH calculations. 

Some popular functionals do very poorly. For example, the MUEs for PBE0 are 

0.176 Å (ECP) and 0.124 Å (DKH), and those for B3LYP are 0.077 Å (ECP) and 0.135 

Å (DKH). 

16.4.B. Prediction of equilibrium internuclear distance for Rh2. The 

experimental re for Rh2 molecule is unknown, because the rotational constant is quite 

small and the high spin of the molecule (quintet) causes each rotational level to split into 

five sublevels. Therefore, the rotationally resolved spectrum for Rh2 would be difficult to 
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analyze. Based on the benchmark, here we give the computed re for Rh2. Our result for 

the re of Rh2 by the methods that do best in our validation study are 2.234, 2.180 and 

2.361 Å by BLYP, MN12-L and MGGA_MS1 with the ECP protocol and 2.234, 2.223 

and 2.219 Å by BLYP, RPBE and revPBE with the DKH protocol. Taking the average of 

these six values as our best validated prediction gives 2.24 Å with a standard deviation of 

0.06 Å. This indicates that the MGGA_MS1 (ECP) value is an outlier because it differs 

from the average by two standard deviations. We therefore refine our prediction based on 

the other five values, which yields 2.22 Å with a standard deviation of 0.02 Å. 

16.4.C. Equilibrium bond dissociation energy. The signed errors and mean 

unsigned errors of De, by the four ways of computing it (see Section 16.3.F) are given in 

Tables 16.6, 16.7, 16.8, and 16.9. 

First, we compare the bond energies computed based on experimental geometry to 

those based on optimized geometries, i.e., we compare De by SP-ECP to De by opt-ECP 

and De by SP-DKH to De by Opt-DKH. For both SP-ECP and Opt-ECP, the best five 

functionals for De are τ-HCTHhyb, M05, MN15, M06-L and BLYP; for SP-ECP, their 

MUEs are respectively 5.1, 7.4, 9.3, 12.0, and 12.3 kcal/mol, and for Opt-ECP, they are 

6.7, 10.3, 11.9, 11.7, and 11.8 kcal/mol. For SP-DKH and Opt-DKH, the best four 

functionals are τ-HCTHhyb, M06-L, N12-SX and OreLYP, all of which have MUEs 

smaller than 10 kcal/mol. The fifth best functional for SP-DKH is GAM (MUE = 10.8 

kcal/mol) and for Opt-DKH it is OLYP (MUE = 12.0 kcal/mol). Thus, the conclusions 
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about what are the best performing functionals are not sensitive to the choice between 

calculated and experimental geometries. Generally, for a given functional, the difference 

between the MUEs of SP and Opt calculations is smaller than 5 kcal/mol; and on average 

(i.e., averaged over all the functionals), this difference is only 2.6 kcal/mol for the ECP 

protocol and only 3.2 kcal/mol for the DKH one.  

Next, we compare ECP and DKH options for given functionals. For the functional 

that performs best for dissociation energies, i.e., τ-HCTHhyb, the MUE of SP-ECP is 1.2 

kcal/mol larger than the MUE of SP-DKH; but the MUE of opt-ECP is 0.6 kcal/mol 

smaller than the MUE of opt-DKH. For half of the functionals, the differences of the 

MUEs given by ECP from DKH options are smaller than 5 kcal/mol. For some 

functionals, such as M08-SO, M06-2X, and MN15, using an ECP is significantly better 

than using an all-electron DKH calculation. On the other hand, for MN12-L, the all-

electron DKH calculation is more accurate than the ECP one, both for calculations at the 

experimental geometry and for those at consistently optimized geometries. As might be 

expected from these examples, the conclusions about whether one functional performs 

better than another are not the same if based on ECP or DKH calculations. One can make 

the generalization that hybrid functionals tends to perform better when ECP basis is used 

and local functionals seem to be more accurate when all-electron relativistic calculations 

are performed; and this finding is also observed in one previous study on 3d transition 

metal systems.1368  
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16.4.D. Prediction of the equilibrium dissociation energy for VCr. The bond 

energy of VCr is not known experimentally, but we can predict here it by using the 

density functionals that perform best for bond dissociation energies. In particular, τ-

HCTHhyb functional is found to be the best XC functional for both ECP or all-electron 

relativistic calculations with DKH. The De given by τ-HCTHhyb with an optimized bond 

length is 51.0 kcal/mol with the ECP protocol and 54.7 kcal/mol with DKH; on average, 

these predictions give an equilibrium bond dissociation energy of 52.9 kcal/mol. This is 

very close to the equilibrium bond energy predicted in a previous theoretical study1369 

using multi-state CASPT2, which yields 52.2 kcal/mol.  

16.4.E. Assessment of the performance of various XC functionals.  

We rank the performance of various XC functionals based on their MUEs in each 

category in Table 16.10. The overall ranking is determined based on the average ranking 

of all the categories. Based on this overall ranking, nine functionals, in particular, BLYP, 

RPBE, M06-L, OreLYP, N12-SX, OLYP, revPBE, τ-HCTHhyb, and M05, have single-

digit average ranks when averaged over all six columns. However, if one already has the 

experimentally determined structures, one can do single-point energies, and when 

averaged over only those two columns, again there are nine functionals with single-digit 

ranks, with GAM replacing RPBE on the above list. If one considers only the prediction 

of the geometry (i.e., of the equilibrium internuclear distance), the functionals with 

single-digit average ranks are BLYP, RPBE, SOGGA11, revPBE, PBE, MOHLYP, 



 626 

MN12-L, and OreLYP. If we only consider the homonuclear bimetallic bonds tested in 

this work, BLYP, MN12-L, and SOGGA11 gives the best bond lengths, and their mean 

unsigned errors (averaged over both ECP and DKH approaches) are respectively 0.025, 

0.046, and 0.047 Å; and τ-HCTHhyb, N12-SX, and OreLYP gives the best bond lengths, 

and their mean unsigned errors (averaged over all of the four approaches for computing 

De) are respectively 5.8, 8.6, and 9.2 kcal/mol. This order is consistent with the trend of 

considering the performance of functionals for the whole test set. 

A somewhat surprising result of the present study is the sometimes very large 

difference in predictions when using ECPs and when using all-electron calculations. One 

might be tempted to conclude that one should not use ECPS except for the fact that, on 

average, the results with ECPs are more accurate. An interesting contrast is that the 

performance of M06-L is not sensitive to whether one uses an ECP basis or an all-

electron aug-cc-pwCVTZ-DK basis with DKH2, but for MN15, the ECP basis tends to 

give better results than the aug-cc-pwCVTZ-DK basis with the DKH2 Hamiltonian. The 

situation regarding ECPs and DKH calculations needs further study.  

Generally, local functionals have better performances for predicting the bond 

lengths, while some hybrid functionals, such as τ-HCTHhyb, M05, M06, N12-SX, and 

MN15 (when used with an ECP), are able to give reasonably accurate bond energies. The 

meta-GGA functionals and the hybrid meta-GGA functionals with small or moderate 

amounts of Hartree-Fock exchange generally have good performances. This means 
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adding kinetic energy density (i.e., τ) into the XC density functional can improve its 

performance, and this could be attributed to the ability of kinetic energy density to 

recognize the slowly varying electron density and to distinguish various types of 

chemical bonds.1370,1371,1372 Hybrid density functionals with large amounts of Hartree-

Fock exchange fail even qualitatively – this is not surprising since it was pointed out in 

the original papers for functionals like M08-HX, M08-SO, and M06-2X that – because 

functionals with high Hartree-Fock exchange were already known to perform poorly for 

molecules containing transion metals – they were not optimized for (and hence not 

recommended for) transition metal chemistry, although they have excellent performance 

for main-group chemistry. The only functional in the top 50% in in overall average rank 

(Table 16.1) that have nonzero Hartree-Fock exchange are N12-SX (25% at small 

interelectronic separation, decreasing to zero as interelectronic separation increases), τ-

HCTHhyb (15%), M05 (28%), M06 (27%), O3LYP (11.61%), B97-1 (21%), and TPSSh 

(10%). The physical reason for the poor performance when Hartee-Fock exchange is 

included is static correlation error1373 brought in by Hartree-Fock exchange. 

Over 60% of the density functionals we tested here have average unsigned errors 

larger than 20 kcal/mol for predicting the bond energies, and the majority of the density 

functionals cannot give the bond lengths (on average) better than 0.08 Å. Only two 

functionals (M06-L and OreLYP) can give MUEs smaller than 10 kcal/mol for bond 

energies and also give MUEs smaller than 0.05 Å for bond lengths. The N12-SX 
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functional can also give bond energies better than 10 kcal/mol, but with slightly larger 

average errors in bond lengths. This situation clearly exposes the limitations of the 

current exchange-correlation functionals for metal–metal bonds with highly 

multireference character.  

 

16.5 Analysis 

16.5.A. Broken-symmetry solution of V2. In this section, we first discuss the 

broken-symmetry UKS-DFT solution of the V2 molecule, which is chosen as an example 

to illustrate some characteristics of the broken-symmetry calculation. The CASSCF 

calculation shows that the dominant configuration (which contributes 71% to the total 

wave function) of V2 is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)1(δ3dxy)1,  

where the two σ orbitals are actually 3dz2 and 4s hybridized; the second most important 

configuration, which has an contribution of 3%, is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2 (δ3dx2-y2*)1(δ3dxy*)1.  

The CASSCF wave function is a 3Σg- state, where “g” indicates the total electronic wave 

function is symmetric with respect to inversion center (the direct product of the two delta 

orbitals of the dominant configuration is g × g = g), and “–” indicates the total wave 

function changes its sign under reflection in the yz mirror plane (the z axis is along the 

bond) because the direct product of the two delta orbitals “ + ” × “–” = “–”. However, the 



 629 

symmetry of the electronic state of a broken-symmetry UKS-DFT wave function cannot 

be assigned in this way; the symmetry elements (such as inversion center or yz mirror 

plane) can be absent in the BS-UKS wave function. This illustrates a key aspect of the BS 

calculation, namely the breaking of the spatial symmetry. We will further illustrate this 

by comparing the shape of the BS-UKS orbitals and the CASSCF orbitals. 

For τ-HCTHhyb functional, which performs the best for this molecule (also it is the 

best in general), we compare the KS orbitals from three different SP-ECP calculations 

(single-point calculations at the experimental bond length with ECP basis): (1) UKS 

calculation with mixed HOMO and LUMO as the initial guess, but not using “stab = opt” 

to further break the symmetry in order to find the stable SCF solution; (2) BS-UKS 

calculation using “stab = opt” and the same initial guess in (1); and (3) the calculation 

that we actually used in computing the bond energy in this paper, i.e., a BS-UKS 

calculation using “stab = opt” and where we also varied the initial guess (where various 

initial guesses were generated by different preliminary UKS calculations) in order to find 

the lowest-energy stabilized SCF solution. Calculation (3) yields the lowest electronic 

energy; it is 4.8 kcal/mol lower than the solution from calculation (2), and it is 17.8 

kcal/mol lower than calculation (1).  

Next, we compare the shape of some of the KS orbitals obtained from calculations 

(1), (2), (3), with the CASSCF orbitals, which are shown in Figure 16.1; orbitals from 

different calculations but with nearly indistinguishable shape are omitted from discussion 
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here. As we can see from Figure 16.1, the CASSCF orbitals have well-defined 

symmetries; all of the three plotted orbitals have an inversion center and xy and yz mirror 

planes. The KS orbitals from calculation (1) are very similar to the CASSCF orbitals, and 

they also have the symmetry elements mentioned above. However, the spatial symmetries 

are significantly distorted in the KS orbitals generated from calculations (2) and (3). The 

inversion center and xy plane are lost in the δ3dx2-y2, and δ3dx2-y2* orbitals of both (2) 

and (3), while in (2), the yz mirror plane is still present; these two orbitals are further 

twisted in (3) and the yz mirror plane no longer exists. Although these significantly 

broken-symmetry orbitals are clearly δ-like orbitals, the symmetry of the Slater 

determinant of the BS-UKS-DFT solution is no longer well defined. 

Another aspect of broken-symmetry solutions is that the resulting wave function is 

not necessarily a spin-eigenfunction; it mixes multiple electronic configurations in order 

to produce an optimal electron density for a multireference system by using a single 

Slater determinant. The computed <S2> values for calculations (1), (2), and (3) are 

respectively 2.00, 2.94, and 2.01, while the pure triplet state would have <S2> = 2. For the 

BS solution of other functionals, this spin-contamination is sometimes more severe; for 

instance, MPW1K gives <S2> = 3.80, which significantly mixes in some quintuple state 

character. Although such "spin contamination" is considered by many workers to be a 

flaw in KS-DFT, we view it otherwise. This is the way that KS-DFT works; this is the 

way it optimizes the orbitals to try to represent the accurate density of a multireference 
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system by a single Slater determinant. 

16.5.B. Electronic configurations. In this subsection, we compare the dominant 

electronic configurations of the CASSCF calculations to the configurations of the 

optimized DFT Slater determinants. 

16.5.B.1. Mo2, ScCo, YCo, and Cr2. The ground states of all four of these 

diatomics are open-shell singlets. For Mo2, the dominant configuration given by the 

CASSCF wave function is  

 (σ4dz2)2(σ5s)2(π4dxz)2(π4dyz)2(δ4dx2-y2)2(δ4dxy)2,  

which contributes 66% to the total wave function; the next two equally important 

configurations are  

 (σ4dz2)2(σ5s)2(π4dxz)2(π4dyz)2 (δ4dxy)2(δ4dx2-y2*)2  

and  

 (σ4dz2)2(σ5s)2(π4dxz)2(π4dyz)2 (δ4dx2-y2)2(δ4dxy*)2,  

each of which contributes 3.5%. For ScCo, the dominant configuration of the CASSCF 

wave function is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy)2,  

which contributes 81% to the total wave function; the next important configuration is  

 (σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy)2(σ3dz2*)2,  

which contributes 1.5%. For YCo, the dominant configuration of the CASSCF wave 

function is  
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    (σ3dz2-4dz2)2(σ4s-5s)2(π3dxz-4dxz)2(π3dyz-4dyz)2(δ3dx2-y2-4dx2-y2)2(δ3dxy-4dxy)2,  

which contributes 80% to the total wave function; the next important configuration is 

    (σ4s-5s)2(π3dxz-4dxz)2(π3dyz-4dyz)2(δ3dx2-y2-4dx2-y2)2(δ3dxy-4dxy)2(σ3dz2-4dz2*)2,  

which contributes 3.5%. For Cr2, the dominant configuration given by the CASSCF wave 

function is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy)2,  

which contributes 47% to the total wave function; the next two equally important 

configurations are  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dxy)2(δ3dx2-y2*)2  

and  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy*)2,  

each of which contributes 5%. We will use Cr2 as a representative case for this group of 

four molecules. 

To illustrate how KS-DFT models these states, we compare the CASSCF description 

of Cr2 to the descriptions given by four of the exchange-correlation functionals studied 

here, in particular, τ-HCTHhyb, M06-L, PBE0 and MPW1K. The first two functionals 

are among the best functionals for SP-ECP computed bond energies, and the last two are 

among the least accurate functionals (which is not surprising in the case of MPW1K since 

generalized gradient approximation functionals with a percentage of Hartree-Fock 

exchange as high (42.8%) as that in this functional are not designed for treating 
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multireference systems). For all four of these functionals, we found net a electron density 

located on Cr-1 and net b electron density located on Cr-2; the spin densities given by 

Hirshfeld population on Cr-1 for τ-HCTHhyb, M06-L, PBE0, and MPW1K are, 

respectively, 3.08, 2.96, 3.69, and 4.06. The spin density on Cr-2 has the same value as 

on Cr-1 but with a negative sign (which means a net b electron density on Cr-2, and a 

total open-shell singlet for the molecule). The electronic configurations given by all of 

these four functionals may be written as 

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy)2,  

where we combined the spin-orbitals with similar character together. This illustrates a 

general aspect of the results, namely that the quantitative inaccuracies need not result 

from getting the orbital occupancies wrong; just as for single-reference systems, there can 

be significant errors in the bond energies even for a qualitatively correct description of 

the orbital occupancies. This may be attributed to the quantitative dependences of the 

exchange-correlation functionals on spin densities, their gradients, and – for meta 

functionals – on the kinetic energy densities. In other cases, as illustrated in the next 

subsection, we do indeed find different orbital occupancies. 

16.5.B.2. VNb and V2. For VNb, the dominant configuration given by the CASSCF 

wave function is  

    (σ3dz2-4dz2)2(σ4s-5s)2(π3dxz-4dxz)2(π3dyz-4dyz)2(δ3dx2-y2-4dx2-y2)1(δ3dxy-4dxy)1,  

which contributes 73% to the total wave function. For V2, the dominant configuration 
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given by the CASSCF wave function is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)1(δ3dxy)1,  

which contributes 71% to the total wave function.  

We investigate the electronic configuration given by KS-DFT for V2 as an example. 

The net atomic spin densities given by τ-HCTHhyb, M06-L, and PBE0 are the same, with 

1.00 on V-1 and 1.00 on V-2; however, for MPW1K, the spin density on V-1 is 3.62 

while on V-2 it is -1.62. The electronic configurations given by τ-HCTHhyb and PBE0 

are 

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2( )1( )1,  

where  indicates that the orbital symmetry is significantly broken, and one cannot 

assign the MO cleanly to either 3dx2-y2 or 3dxy AO. For M06-L the electronic 

configuration for the lowest-energy stabilized solution is  

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)1(δ3dxy)1;  

which is qualitatively correct, but for MPW1K, the electronic configuration is  

 (σ3dz2)1(σ4s)2(π3dxz)2(π3dyz)2( )2( )1,  

which is not the dominant electronic configuration given by CASSCF. 

 16.5.B.3. Rh2. The dominant configuration given by the CASSCF wave function is 

     (σ4dz2)2(σ5s)2(π4dxz)2(π4dyz)2(δ4dx2-

y2)2(δ4dxy)2(σ4dz2*)1(π4dxz*)1(π4dyz*)1(δ4dx2-y2*)2(δ4dxy*)1, 

which contributes 71% to the total wave function.  

!δ !δ

!δ

!δ !δ
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The net atomic spin densities for Rh-1 given by τ-HCTHhyb, M06-L, PBE0, and 

MPW1K are respectively 1.93, 2.00, 2.00, and 1.91; while for Rh-2 they are 2.07, 2.00, 

2.00 and 2.09. More detailed examination shows that M06-L gives the same electronic 

configuration as CASSCF, with well-defined orbital characters (i.e., σ, π, or δ 

characters); while for τ-HCTHhyb, PBE0, and MPW1K, the BS-UKS orbitals are 

significantly distorted, and one cannot identify the orbital character and the symmetry of 

the orbital.  

16.5.B.4. VCr and NbCr. For VCr, the dominant configuration in the CASSCF 

wave function is 

 (σ3dz2)2(σ4s)2(π3dxz)2(π3dyz)2(δ3dx2-y2)2(δ3dxy)1,  

which contributes 60% to the total wave function. For NbCr, the dominant configuration 

given by CASSCF wave function is 

    (σ3dz2-4dz2)2(σ4s-5s)2(π3dxz-4dxz)2(π3dyz-4dyz)2(δ3dx2-y2-4dx2-y2)2(δ3dxy-4dxy)1,  

which contributes 57% to the total wave function.  

Next we compare the above electronic configuration for NbCr (whose experimental 

bond energy is available) to the electronic configurations of the BS-UKS-DFT 

calculations. The spin-density on Nb as given respectively by τ-HCTHhyb, M06-L, 

PBE0, and MPW1K is 1.34, -1.58, 2.04, and 2.63; on Cr the spin densities are -0.34, 

2.58, -1.04, and -1.63. Further examination of the electronic configurations shows that 

those given by τ-HCTHhyb, PBE0, and MPW1K are the same as CASSCF, but for M06-
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L, the electronic configuration of the lowest-energy stabilized BS solution is  (σ3dz2-

4dz2)2(σ4s-5s)1(π3dxz-4dxz)2(π3dyz-4dyz)2(δ3dx2-y2-4dx2-y2)2(δ3dxy-4dxy)2,  

which differs from the one given by CASSCF.  

16.5.C. Possible sources of errors 

A previous study1308 found that the signed error (SE) for the bond dissociation 

energy of V2 is related to the KS orbital energy difference between the 3dz2 and 4s 

orbitals (Δε = ε3dz2 – ε4s), because two key sigma orbitals (σ3dz2 and σ4s) are 

hybridized from these two AOs. A larger Δε tends to give a negative SE, and a smaller Δε 

tends to give a positive MSE. The electronic structures of the diatomics studied in the 

present work are similar to V2, and the compositions of the MOs are very alike. In the 

case of V2, the percentage of nonlocal exchange is also well correlated with MSE. 

However, in our present study, a few meta functionals with more than 25% Hartree-Fock 

exchange, in particular M05, M06, and MN15 (with Hartree–Fock exchange percentages 

of respectively 28, 27, and 44%), are still able to perform quite well among all the 

functionals we tested when used with ECP basis; we attribute this to the careful 

parameterization of these functional, which were designed to be broadly accurate. 

In the present study, as in all of our applications of KS-DFT, we are seeking the 

lowest-energy solution (for a pre-specified MS quantum number) in the BS-UKS 

formulation. The resulting solution is our best approximation, for a given exchange-

correlation functional, to the ground-state energy, and there is no guarantee that the 
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approximate exchange-correlation functional predicts the correct electronic configuration. 

Furthermore, we have found that attempting to "correct" the symmetry of the Slater 

determinant does not necessarily lead to better results.1310 The broken-symmetry 

character of the solution can make the symmetry assignment of the electronic state 

ambiguous or invalid, which can be a problem for excited states. But we cannot judge the 

success of the density functional entirely by comparing the orbitals to those of a wave 

function calculation (for example, a CASSCF calculation) because the goal of KS-DFT to 

predict the ground-state energy and density, not to predict the multi-configurational wave 

function. In applications to practical problems, an accurate wave function calculation is 

often unavailable and unaffordable, and the applier of DFT does not necessarily know the 

symmetry of the correct ground state. Furthermore, although the exact density can be 

found from the exact wave function, which has all the correct symmetries; nevertheless, 

and the exact density can also be found from the Slater determinant obtained with an 

exact density functional, we should keep in mind that the Slater determinant, although it 

gives the exact density, does not necessarily have the same symmetry properties as the 

exact wave function. Therefore, we optimize the Slater determinant to minimize the 

calculated ground-state energy, independent of symmetry considerations except for the 

total electron spin component MS; this provides a systematic approach whose accuracy 

can be tested for small systems, and that is what we have done in the present article. 
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16.5.D. Future 

It is a continuing challenge to develop more universal Kohn-Sham exchange-

correlation functionals1373 that can improve the performance on this kind of problem. In 

addition, it will be interesting in future work to see how well multi-configuration pair-

density functional theory1374 (MC-PDFT) can do on the present test set. MC-PDFT 

combines density functional theory with multi-configurational reference wave functions. 

We have already seen improvement for transition metal systems over Kohn-Sham density 

functional theory by using the MC-PDFT theoretical framework.1375  

  

16.6 Summary 

Kohn-Sham density functional theory represents the density with a single-

configuration (in particular, a single Slater determinant) reference function. In this work, 

we explore the ability of Kohn-Sham density functional theory, with modern exchange-

correlation functionals, to predict the bond lengths and bond dissociation energies of 

various 3d and 4d bimetallic diatomic molecules. These systems are strongly correlated 

and present a serious challenge for KS-DFT (as well as for wave function theory); in fact, 

these dimers are expected to be more difficult to treat than, for example, closed-shell 

organometallics, and hence they provide a critical test relevant to the treatment of open-

shell systems such as might occur in catalytically active sites and catalytic intermediates. 

We find that most of the functionals give a mean unsigned error in bond energies larger 
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than 20 kcal/mol; in fact, the median of the 50 mean unsigned errors is 28 kcal/mol when 

using ECPs and 26 kcal/mol when using the DKH method. Furthermore, we find that the 

median of the 50 mean unsigned errors in bond length is 0.08 Å using effective core 

potentials and 0.12 Å using the DKH method.  

Nevertheless, a few XC functionals, in particular, M06-L, OreLYP, and N12-SX are 

able to predict both bond energies with mean unsigned error less than 10 kcal/mol, and 

bond lengths with mean unsigned error less than 0.07 Å. A final choice of application for 

a complex application will often have to also consider bond energies, barrier heights, and 

weak interactions for main-group molecules, which are sometimes are critical in catalytic 

cycles), and we refer the reader to other studies3,1376,1377,1378,1379,1380,1381,1382 for 

comparisons of functionals in a broader context.  

For transition-metal systems in which metal–metal bond making or bond breaking 

is involved, even if one is using the functionals with best average performance, the results 

may have significant errors; and predicted differences smaller than 10 kcal/mol between 

different reaction paths should be used with caution. As demonstrated in this work, 

bimetallic diatomics are clearly a challenge for single-reference-based Kohn-Sham 

density functional theory, and the results are less accurate than for main-group chemistry 

or for transition-metal bonds to nonmetallic ligands.  
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Table 16.1 Experimentally determined ground-state spin multiplicity (2S+1), 

experimental r0 and re, experimental D0, ωe, and De, and spin-orbit energy change 

ΔESO for the molecules in the dataset we considered in the current work.  

Reference values are from: Cr2: ref 1326, 1327, 1328; V2: ref 1329, 1330; Mo2: ref 

1327, 1331; Rh2: ref 1332; VCr: ref 1333; VNb: ref 1334, 1335; ScCo: ref 1336; YCo: 

ref 1336, 1337; NbCr: ref 1333. 

Molecule 2S+1 Exptl. r0 

(Å) 

re 

(Å) 

Exptl. D0 

(kcal/mol) 

Exptl. ωe 

(cm-1) 

De a 

(kcal/mol) 

ΔESO b 

(kcal/mol) 

Cr2 1 1.686 1.681 35.3 480.6 36.0 0 

V2 3 \ 1.770c 63.4 537.5 64.2 -1.8 

Mo2 1 1.941 1.938 103.2 449.0 103.9 0 

Rh2 5 \ \ 55.5 \ 55.9 -5.0 

VCr 2 1.726 1.724 \ \ \ -0.1 

VNb 3 \ 1.943c 87.4 476.9 88.1 -2.7 

ScCo 1 1.812 1.809 56.5 246.7 56.8 -2.6 

YCo 1 1.983 1.980 59.7 231.3 60.0 -3.2 

NbCr 2 1.894 1.892 69.8 \ 70.3 -1.3 
aConverted De using experimental D0 and zero-pointe-energy obtained by experimental 

harmonic vibrational frequency ωe (scaled by 0.986) or computed by M06-L/aug-cc-

pwCVTZ-DK with DKH2 (with ZPE scale factor 0.985). 
bΔESO = ESO(A)+ ESO(B)- ESO(AB), where ESO(X) is the spin-orbit coupling energy for 

species X.  
cFor V2 and VNb, the experimentally reported re are available, and thus they are directly 

used. 
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Table 16.2 Computed B1 diagnostic values (kcal/mol). 

Molecule B1 (def2-QZVP basis 

and SDD ECP) 

B1 (aug-cc-pwCVTZ-DK basis 

and DKH2 Hamiltonian) 

Cr2 57.2 56.9 

V2 65.6 78.2 

Mo2 43.5 44.7 

Rh2 36.7 41.5 

VCr 66.8 62.7 

VNb 51.2 57.6 

ScCo 59.9 69.4 

YCo 51.5 61.6 

NbCr 43.9 47.8 
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Table 16.3. Exchange-correlation (XC) functionals tested in this work 
Type XC functional Xa Ref. 

GGA  PBEsol 0 1383 
 SOGGA 0 1384 
 SOGGA11 0 1385 
 BLYP 0 1386,1387 
 MOHLYP  0 1388 
 OLYP 0 1389 
 OreLYP 0 1390 
 PBE 0 1391 
 revPBE 0 1392 
 RPBE 0 1393 
NGA GAM 0 1394 
 N12 0 1395 
meta-GGA M06-L 0 1396 
 M11-L 0 1397 
 MGGA_MS0 0 1398 
 MGGA_MS1 0 1398 
 MGGA_MS2 0 1398 
 τ-HCTH 0 1399 
meta-NGA MN12-L 0 1400 
 MN15-L 0 1401 
Global-hybrid GGA B1LYP 25 1402 
 B3LYP 20 1403 
 B97-1 21 1404 
 B97-3 26.93 1405 
 MPW1B95  31 1406 
 MPW1K 42.8 1407 
 MPW3LYP  21.8 1408 
 MPWB1K 44 1406 
 O3LYP 11.61 1409 
 PBE0 25 1410 
 SOGGA11-X 40.15 1411 
Global-hybrid meta-GGA MGGA_MS2h        9          1398 
                                     M05  28 1412 
 M05-2X  56 1413,1414 
 M06 27 1415,1416 
 M06-2X 54 1413,1416 
 M06-HF  100 1417 
 M08-HX 56.79 1414 
 M08-SO  52.23 1414 
 PW6B95 28 1418 
 PWB6K 46 1418 
 TPSSh 10 1419 
 τ-HCTHhyb 15 1420 
Global-hybrid meta-NGA MN15 44 1421 
Range-separated hybrid GGA HSE06 25–0 1422,1423 
 ωB97X 15.77–100 1424 
Range-separated hybrid GGA + MMb ωB97X-D 22.2–100 1425 
Range-separated hybrid meta-GGA M11 42.8–100 1426 
Screened-exchange NGA  N12-SX 25–0 1427 
Screened-exchange meta-NGA MN12-SX 25–0 1427 
a X is the percentage of nonlocal Hartree–Fock exchange. When a range is given, the first value is for 
small interelectronic distances, and the second is for large interelectronic distances.  
b MM denotes the addition of molecular mechanics (also called an empirical dispersion correction), which 
in this case corresponds to atom–atom pairwise damped dispersion terms added post-SCF to the 
calculated energy. 
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Table 16.4 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond length (re in the units of Å) for the best 12 XC functionals in this 

category, using the ECP protocol. 
Functional Cr2 V2 Mo2 VCr VNb ScCo YCo NbCr MUE 

BLYP -0.083 -0.040 -0.007 -0.055 -0.019 -0.028 -0.001 0.003 0.029 
MN12-L -0.100 -0.019 -0.021 0.064 -0.008 -0.011 -0.002 0.048 0.034 

MGGA_MS1 -0.106 -0.031 -0.031 0.003 -0.034 -0.045 -0.026 0.012 0.036 
RPBE -0.092 -0.048 -0.021 -0.004 -0.031 -0.037 -0.012 -0.049 0.037 

SOGGA11 -0.100 -0.053 -0.041 -0.015 -0.042 -0.035 -0.006 -0.004 0.037 
revPBE -0.093 -0.050 -0.022 -0.006 -0.032 -0.039 -0.015 -0.049 0.038 

MGGA_MS2 -0.103 -0.037 -0.026 -0.043 -0.030 -0.044 -0.021 0.012 0.039 
PBE -0.096 -0.054 -0.025 -0.068 -0.037 -0.046 -0.024 -0.004 0.044 

MOHLYP -0.101 -0.057 -0.035 0.011 -0.042 -0.041 -0.013 -0.058 0.045 
MGGA_MS0 -0.107 -0.106 -0.031 0.012 -0.032 -0.045 -0.026 0.017 0.047 

OreLYP -0.108 -0.066 -0.040 -0.013 -0.051 -0.060 -0.037 -0.005 0.048 
M06-L -0.106 -0.061 -0.046 0.005 -0.044 -0.054 -0.039 0.027 0.048 

Exptl. re 1.681 1.770 1.938 1.724 1.943 1.809 1.980  1.892 � 
 

 

Table 16.5 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond length (re in the units of Å) for the best 12 XC functionals in this 

category, using the DKH protocol. 
Functional Cr2 V2 Mo2 VCr VNb ScCo YCo NbCr MUE 

BLYP 0.003 -0.018 -0.003 -0.015 -0.006 -0.005 0.007 0.000 0.007 
RPBE -0.085 -0.024 -0.020 0.006 -0.017 -0.011 -0.005 0.013 0.023 

revPBE -0.087 -0.026 -0.021 0.000 -0.019 -0.014 -0.008 0.012 0.024 
SOGGA11 0.028 -0.021 -0.040 -0.039 -0.067 0.002 0.003 0.002 0.025 

PBE -0.092 -0.033 -0.024 -0.023 -0.025 -0.025 -0.018 -0.005 0.031 
MOHLYP -0.095 -0.032 -0.035 0.062 -0.028 -0.010 -0.006 -0.036 0.038 

OLYP 0.096 -0.048 -0.043 -0.012 -0.042 -0.037 -0.032 -0.001 0.039 
OreLYP 0.120 -0.048 -0.042 -0.009 -0.041 -0.038 -0.033 -0.004 0.042 
PBEsol -0.105 -0.049 -0.036 -0.053 -0.040 -0.048 -0.042 -0.008 0.048 

MGGA_MS0 -0.106 -0.109 -0.039 0.009 -0.035 -0.035 -0.040 0.018 0.049 
SOGGA -0.107 -0.051 -0.040 -0.052 -0.043 -0.050 -0.045 -0.032 0.053 
τ-HCTH -0.122 -0.066 -0.050 -0.024 -0.056 -0.057 -0.047 -0.009 0.054 
Exptl. re 1.681 1.770 1.938 1.724 1.943 1.809 1.980  1.892 � 
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Table 16.6 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond dissociation energy (DeSP-ECP in the units of kcal/mol) for the best 12 XC 

functionals in this category, using the def2-QZVP basis combined with SDD ECP. 
Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE 
τ-HCTHhyb 2.1 0.1 8.4 5.0 -0.2 7.9 -11.0 -6.2 5.1 

M05 -5.7 9.1 9.0 1.5 7.8 12.1 -12.5 -1.7 7.4 
MN15 -9.0 13.0 -11.4 2.8 -2.0 12.6 -9.9 -13.6 9.3 
M06-L 14.0 22.9 -6.9 9.3 10.5 23.6 -3.9 -4.8 12.0 
BLYP 9.2 25.1 4.5 11.0 8.8 30.8 6.5 -2.3 12.3 

N12-SX -0.6 -24.3 3.3 -3.1 -14.5 -19.0 -32.8 -2.0 12.4 
M06 -10.1 15.7 2.2 10.1 11.0 10.3 -14.4 -29.3 12.9 

OreLYP 2.3 26.6 -1.4 10.3 10.3 39.0 12.7 -12.3 14.4 
MN15-L -14.0 1.8 -33.0 5.0 -14.1 20.6 -2.7 -24.4 14.5 

RPBE -6.4 31.7 -19.7 4.8 3.9 30.9 5.8 -15.3 14.8 
OLYP -2.0 28.2 -10.6 5.8 5.7 37.3 10.9 -18.8 14.9 
O3LYP -23.9 -0.8 -27.6 -10.1 -16.5 11.2 -11.2 -29.2 16.3 

Exptl. De 36.0  64.2  103.9  55.9  88.1  56.8  60.0  70.3  � 

 

Table 16.7 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond dissociation energy (DeSP-DKH in the units of kcal/mol) for the best 12 XC 

functionals in this category, using aug-cc-pwCVTZ-DK all-electron basis and DKH2. 
Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE 
τ-HCTHhyb 0.2 -4.9 4.0 10.8 -0.3 4.6 -5.0 1.6 3.9 

M06-L -3.3 -8.0 -16.9 -7.2 -8.8 9.9 -4.6 -5.6 8.0 
N12-SX 11.8 -14.1 5.7 -0.9 -6.1 -11.3 -17.8 -2.1 8.7 
OreLYP 0.3 16.3 -1.7 10.5 7.3 24.8 13.0 -1.1 9.4 
GAM -7.6 4.6 -19.4 12.5 -4.4 20.6 6.3 -10.8 10.8 
OLYP -5.6 17.1 -11.3 6.4 2.3 23.9 11.6 -16.1 11.8 

MN12-L 21.6 -16.7 -6.8 -16.9 -17.8 -4.2 -13.3 1.7 12.4 
RPBE -6.4 23.5 -21.5 5.9 1.7 22.7 10.7 -17.3 13.7 
M05 -16.7 -19.5 -10.7 -6.3 -12.8 -11.0 -23.1 -11.9 14.0 

BLYP 14.4 25.1 5.5 13.1 11.4 26.9 13.0 7.1 14.6 
revPBE -7.4 26.1 -22.1 6.9 2.6 24.8 12.6 -18.1 15.1 
TPSSh -25.5 -5.0 -32.0 -9.1 -17.9 -1.8 -10.3 -26.3 16.0 

Exptl. De 36.0  64.2  103.9  55.9  88.1  56.8  60.0  70.3  � 

 



 645 

Table 16.8 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond dissociation energy (Deopt-ECP in the units of kcal/mol) for the best 12 XC 

functionals in this category, using the def2-QZVP basis combined with SDD ECP. 
Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE 
τ-HCTHhyb -11.1 -7.7 7.0 5.1 0.5 9.5 -10.3 -1.9 6.7 

M05 -20.4 12.6 8.6 2.9 10.6 14.0 -11.9 -1.7 10.3 
M06-L 6.4 25.0 -7.8 9.3 11.3 24.6 -3.6 5.9 11.7 
BLYP 5.1 25.9 4.5 11.0 9.0 31.0 6.5 1.1 11.8 
MN15 -20.0 21.0 -14.6 1.7 -0.2 16.2 -8.6 -13.2 11.9 
M06 -25.6 18.6 1.7 10.8 12.2 12.4 -13.5 -8.5 12.9 

N12-SX -13.7 -24.8 1.5 -3.0 -14.7 -17.4 -32.0 -4.2 13.9 
OreLYP -5.0 29.0 -1.9 10.3 11.4 40.2 13.0 -3.5 14.3 
OLYP -8.6 30.7 -11.4 5.9 6.9 38.4 11.3 -10.2 15.4 
RPBE -12.0 33.0 -20.3 4.8 4.3 31.3 5.8 -16.2 16.0 
GAM -18.4 21.0 -6.6 15.6 7.3 42.8 15.8 -6.0 16.7 

revPBE -12.8 35.1 -21.2 5.8 4.9 32.9 7.3 -17.1 17.1 
Exptl. De 36.0  64.2  103.9  55.9  88.1  56.8  60.0  70.3  � 

 

Table 16.9 The signed errors and mean unsigned errors (MUEs) for the calculated 

equilibrium bond dissociation energy (Deopt-DKH in the units of kcal/mol) for the best 12 XC 

functionals in this category, using aug-cc-pwCVTZ-DK all-electron basis and DKH2. 
Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE 
τ-HCTHhyb 10.4  -3.1  2.4  10.9  0.2  5.5  -4.4  -21.5  7.3  

N12-SX 10.9  -14.4  4.2  -1.4  -9.5  -10.5  -17.3  2.3  8.8  
M06-L -14.3  -7.2  -18.9  -9.2  -8.4  10.3  -4.4  -4.1  9.6  
OreLYP 1.4  17.3  -2.0  10.5  8.0  25.2  13.3  -1.1  9.8  
OLYP -4.8  18.1  -11.9  6.4  3.0  24.3  11.8  -16.1  12.0  

MN12-L 21.7  -17.5  -8.8  -16.1  -22.2  -3.1  -12.6  3.2  13.2  
RPBE -10.3  23.8  -22.1  5.9  1.8  22.8  10.7  -17.8  14.4  
BLYP 14.4  25.2  5.5  13.2  11.4  27.0  13.0  7.1  14.6  
GAM -20.5  5.9  -22.8  12.2  -3.7  20.9  6.5  -26.9  14.9  
M05 -33.8  -16.8  -13.2  -6.3  -10.8  -10.6  -22.7  -11.2  15.7  

revPBE -11.1  26.4  -22.6  6.9  2.8  24.8  12.6  -18.6  15.7  
B97-1 1.1  -26.4  -12.1  -4.7  -21.3  -21.3  -27.2  -16.7  16.4  

Exptl. De 36.0  64.2  103.9  55.9  88.1  56.8  60.0  70.3  � 
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Table 16.10 Rankings of the performances of various XC density functionals, combined 

across both ways of computing re and all four ways of computing De.  

Functional X re 
ECP 

re  
DKH 

De SP-
ECP 

De SP-
DKH 

De Opt-
ECP 

De Opt-
DKH overall 

BLYP 0 1  1  5  10  4  8  1  
RPBE 0 4  2  10  8  10  7  2  
M06-L 0 12  18  4  2  3  3  3  
OreLYP 0 11  8  8  4  8  4  4  
N12-SX ≤25 19  13  6  3  7  2  5  
OLYP 0 13  7  11  6  9  5  6  

revPBE 0 6  3  14  11  12  11  7  
τ-HCTHhyb 15 27  30  1  1  1  1  8  

M05 28 29  25  2  9  2  10  9  
PBE 0 8  5  20  15  19  14  10  

MOHLYP 0 9  6  16  18  16  17  11  
M06 27 30  26  7  14  6  18  12  

MGGA_MS2 0 7  24  23  16  21  13  13  
SOGGA11 0 5  4  21  24  22  28  14  
MN12-L 0 2  14  42  7  40  6  15  

GAM 0 42  32  13  5  11  9  16  
O3LYP 11.61 22  33  12  13  15  19  17  

MN15-L 0 23  36  9  20  13  15  18  
MGGA_MS1 0 3  17  28  21  28  23  19  

B97-1 21 26  37  15  17  14  12  20  
MGGA_MS0 0 10  10  27  23  27  24  21  

SOGGA 0 16  11  25  26  23  25  22  
PBEsol 0 15  9  26  27  24  26  23  
TPSSh 10 33  31  17  12  18  16  24  
M11-L 0 21  15  22  19  29  22  25  

N12 0 18  16  18  30  17  29  26  
MN15 44 38  46  3  25  5  27  27  

MN12-SX ≤25 32  20  29  22  25  20  28  
B3LYP 20 25  29  24  28  26  30  29  

MPW3LYP 21.8 28  47  19  29  20  21  30  
B97-3 26.93 24  19  30  32  31  37  31  

PW6B95 28 41  21  31  31  30  34  32  
τ-HCTH 0 17  12  48  35  45  33  33  
ωB97X-D ≥22.2 34  23  34  34  33  35  34  

MGGA_MS2h 9 14  28  39  38  38  39  35  
ωB97X ≥15.77 39  34  32  33  32  32  36  
B1LYP 25 20  35  38  39  39  38  37  
PBE0 25 44  27  37  37  36  40  38  

HSE06 25–0 40  40  36  36  34  36  39  
MPW1B95 31 43  44  33  40  35  31  40  

SOGGA11-X 40.15 31  22  44  43  44  44  41  
M08-SO 52.23 36  38  35  49  37  49  42  
M05-2X 56.79 47  39  40  41  41  43  43  

M11 ≥42.8 37  48  45  42  47  41  44  
M06-2X 54 46  42  41  44  42  48  45  

MPWB1K 44 45  41  43  46  43  46  46  
MPW1K 42.8 35  45  50  48  49  47  47  
M08-HX 56.79 48  43  47  47  48  45  48  
PWB6K 46 49  50  46  45  46  42  49  
M06-HF 100 50  49  49  50  50  50  50  
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Figure 16.1 (a) KS orbitals of V2 yielded from calculation (1), (b) from calculation 

(2), (c) from calculation (3); (d) CASSCF orbitals. From left to right are, 

respectively, σ3dz2, δ3dx2-y2, and δ3dx2-y2* orbitals. Please see the section 5.A. for 

the definitions of calculations (1) to (3). All of the orbitals are plotted with the same 

contour value 0.40.  
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Chapter 17. Density Functional Theory of the Water Splitting Reaction 
on Fe(0): Comparison of Local and Nonlocal Correlation Functionals 

 

17.1 Introduction 

Kohn-Sham density functional theory1428,1429 (DFT) has been an indispensible tool in 

modern catalytic, organometallic, and functional materials research due to its excellent 

performance-to-cost ratio. With the exact exchange-correlation (xc) functional in hand, 

the method would provide an exact treatment of all the complicated many-body 

electronic interactions while retaining the computational simplicity of an independent-

particle method like the Hartree–Fock approximation. However, the accurate functional 

form of the exchange-correlation energy remains an enigma. Therefore, approximations 

of the xc functionals have to be made in order to provide practical predictions via DFT 

calculations. Some xc functionals have a set of parameters which are fitted over selected 

training sets (including experimental and/or high-level wave function data) with 

functional forms incorporating some pre-defined constraints, others are based on an 

empirical choice of constraints and functional forms, and variations on these themes are 

also possible — a variety of approaches to approximating the xc functional are available. 

Essentially all the xc functionals possess some empirical and ad hoc ingredients, and their 

accuracy for practical problems can only be ascertained by testing them against reliable 

experimental data or reliable theoretical data, with the latter only available for a limited 
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number of very small systems.  

Metal clusters and single-metal-atom 

clusters1430,1431,1432,1433,1434,1435,1436,1437,1438,1439,1440,1441,1442 play an increasingly important 

role in catalytic chemistry due to their high selectivity and chemical reactivity combined 

with experimental advances in the preparation of well characterized, size-selected metal 

clusters. For instance, it has been shown that an encapsulated copper cluster can be a 

catalyst for hydrogenation with renewability and highly chemoselectivity.1441 Electronic 

structure computations, such as DFT or wave function methods like coupled cluster 

theory and multi-reference calculations, can contribute significantly to our understanding 

of the mechanisms of metal-cluster catalysis at the molecular level, and they can 

eventually lead us to the next generation of catalysts. However, reliable wave function 

methods remain impractically expensive for all but the simplest systems, and, because of 

the multi-reference open-shell character of catalysts containing transition metals, it is a 

very challenging task to develop computationally efficient xc functionals that can make 

reliable predictions. The first step towards achieving this goal is to ascertain the accuracy 

of existing xc functionals for systems small enough to obtain reliable benchmark results 

by wave function theory, for example, small metal clusters or monatomic metallic 

systems of the first-row transition metals, such as iron, cobalt, nickel, and copper, and to 

learn from both the successes and the failures.  

Exchange-correlation functionals may be local (by which we mean that they depend 
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only on local variables such as the local spin densities, their gradients, and the spin-

resolved local kinetic energy densities) or nonlocal, where the latter, until recently, has 

usually meant that nonlocal Hartree-Fock exchange is included. One motivation for 

including nonlocal Hartree-Fock exchange is that the original local xc functionals like 

PW911443 significantly and systematically underestimated barrier heights and 

overestimated bond energies,1444,1445 although these problem have been ameliorated and 

to some extent overcome with modern local functionals.1446,1447,1448 More recently some 

workers have begun to include nonlocal correlation.1449,1450,1451,1452,1453,1454,1455,1456 

(Functionals with nonlocal correlation are often called hybrid, and functionals that also 

have nonlocal correlation have been called doubly hybrid.) Recently Karlický and 

coworkers1457 studied the water splitting reaction on zero-valent iron with a few local-

correlation xc functionals with both local and nonlocal approximations to exchange and 

compared the results to non-self-consistent random phase approximation (RPA) 

calculations that involved two steps, first a calculation with the local PBE1458 exchange-

correlation functional to get orbitals and then a post-SCF calculation employing these 

orbitals with nonlocal Hartree-Fock exchange and nonlocal random phase 

approximation1450,1451,1455,1456,1459,1460,1461 (RPA) correlation. The latter calculation has 

been labeled EXX-RPA,1462 and the combination with the first step has been called 

EXX-RPA@PBE, and we will follow that naming convention here. Karlický and 

coworkers judged the density functional theories by comparison of their results to values 
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obtained by coupled cluster wave function theory and concluded that EXX-RPA provides 

a systematic improvement over methods with local correlation and therefore should serve 

as an accurate and efficient (compared with coupled cluster calculations) method in 

metallic catalytic studies and surface chemistry.  

The theoretical foundations of the EXX-RPA method and applications to various 

material systems have recently been reviewed, and the reader is directed to those reviews 

for background.1463,1464 Karlický and coworkers concluded that the RPA “provides a 

physically correct description of adsorption and systematically improved reaction 

barriers” as compared to local functionals, whose performance was gauged by the PW91 

local xc functional. and even as compared to hybrid functionals that have nonlocal 

exchange. This conclusion could give the impression that using RPA nonlocal correlation 

is inherently more accurate or more accurate at the current state of development than 

using DFT with local correlation functionals. If true, this would be an important 

conclusion because DFT with nonlocal functionals is more expensive than DFT with 

local functionals, especially for extended systems. One goal of the present work is to test 

whether this conclusion is justified. We therefore compare the results of DFT calculations 

with RPA correlation against DFT calculations with local correlation and against DFT 

calculations with both exchange and correlation local. Following the criterion for 

accuracy chosen in he work of Karlický and coworkers, we base our judgments on 

deviations from coupled cluster calculations; the details of the coupled cluster 
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calculations are given in section 17.3.2, and the validity using coupled cluster data as 

reference data is tested and discussed in Section 17.3.1. Such tests for gas-phase catalysis 

are reported in Section 17.3.3. Our tests include the Minnesota functionals, which have 

shown excellent performances for a variety of chemically important systems,1465,1466,1467 

and we also compare results to several other frequently used xc functionals with local 

correlation to test whether RPA provides higher accuracy than existing functionals with 

local correlation. Section 17.3.4 presents results for catalysis at a solid-vacuum interface, 

for which there are no reference data at the present time, although. 

 Previous work1468 has reported calculations for the reaction Fe + H2O � FeO + 

H2. The first step of this reaction, i.e. Fe + H2O � HFeOH, is the same as the reaction 

we consider in this work. The role of the diffuse functions has been reported for the first 

step of the reaction we consider in the current work,1468 but the previous coupled cluster 

calculations1457 for the following steps in the presently studied reaction did not include 

diffuse functions, whose effect is tested here.  

Filip and coworkers have carried out experimental work using Fe M�ssbauer 

spectroscopy and computational work to investigate the mechanism and kinetics of the 

Fe(0) nanoparticle�water reactions.1469 Theoretical modeling of zero-valent iron 

nanoparticles is of great importance for their increasingly practical applications, and 

predicting their nanoscale chemistry via computational tools with a high performance-to-

cost ratio is very challenging.1470 Eder et al. carried out periodic density functional 
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calculations to study the initial stage of the iron (100) and (110) surface – water oxidation 

reaction, which involves the dissociation of the water molecule;1471 the dissociation of 

water on an iron surface has also been investigated using GGA functionals and range-

separated hybrid functionals.1472 

The water splitting reaction on Fe(0), which results in the production of molecular 

hydrogen, has five elementary steps as summarized in Table 17.1; these processes 

involve both transition metal reaction chemistry and physisorption, and hence they 

provide a broad testing ground. 

We computed the classical (zero-point-energy exclusive) barrier heights and 

classical energies of reaction for all these reactions, and all our comparisons of theoretical 

results are made on a consistent basis of including electronic energies and nuclear 

repulsion but not vibration. 

17.2 Computational details 

In order to perform a consistent comparison, all these density functional calculations 

on atoms and molecules are carried out with the cc-pVQZ1473,1474 basis based on the 

geometries optimized by B97-1/cc-pVTZ.1473,1474 These geometries are taken from the 

previous work1457 for a consistent comparison. In all density functional calculations on 

atomic and molecular systems, stability tests1475,1476 of the Slater determinant have been 

carried out in order to find the most stable broken-symmetry solution.  

The treatment of transition metal systems is sometimes troubled by spin 
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contamination of the Kohn-Sham determinant due to intrinsically multidimensional 

character of the wave function and static correlation effects. Although one could 

anticipate that the systems studied here are high-spin systems with little spin 

contamination, we double-checked this as follows. The M06-L xc functional has been 

found to be able to predict correct spin multiplicity for a variety of transition metal 

systems,1477 and we used this functional to find the lowest spin state for the systems 

considered here. In all species considered, Fe(0) is found to be in the high-spin state, i.e., 

the quintet state. The computed <S2> values by M06-L/cc-pVQZ//B97-1/cc-pVTZ level 

are 6.018, 6.023, 6.021, 6.019, 6.030, 6.022, 6.016, and 6.016 for Fe(0), Fe...H2O, TS1, 

HFeOH, HFeOH...H2O, TS2, Fe(OH)2...H2 and Fe(OH)2, respectively. Because these 

values are close to he correct quintet value of 6.000, we conclude that spin contamination 

is not important in the reactions we investigated here. 

Spin-orbit coupling is not negligible for many problems in transition metal chemistry, 

especially for 4d and 5d elements, but sometimes also for 3d elements like Fe. However, 

the main quantitative comparisons in the present paper involve comparing density 

functional energies to coupled cluster calcuations and to one another, and the spin-orbit 

effects would largely cancel in such comparisons, so we did not include them in these 

comparisons. However in the comparisons of coupled cluster and density functional 

theory calculations to experiment for diatomic molecules (discussed below), we do 

include spin-orbit effects for both atoms and molecules. 
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Reference values have been computed for the barrier heights and energies of reaction 

by coupled cluster theory with single and double excitations and a quasiperturbative 

treatment of connected triple excitations1478 with the second order Douglas-Kroll-Hess 

scalar relativistic method1479,1480,1481,1482 and valence plus outer-core 3s3p electronic 

correlations, and with the two-point extrapolated complete basis set (CBS),1483,1484,1485,1486 

which we may abbreviate as CCSD(T)-3s3p-DKH/CBS. As for the density functional 

calculations, all coupled cluster calculations are single-point energies at the geometries 

optimized by B97-1/cc-pVTZ. The reference values for the barrier heights and energies 

of reaction are obtained by extrapolating the aTZ and aQZ data points (see section 17.3.2 

for details); these are the CBS-limit results in Table 17.2. In order to investigate the basis 

set effects in the coupled cluster calculations, triple-zeta (TZ), augmented-triple-zeta 

(aTZ) and augmented-quadruple-zeta (aQZ) basis sets are utilized. Specifically, cc-

pwCVTZ-DK for Fe1474, cc-pVTZ for O1473, cc-pVTZ for H1473 in TZ calculations; 

cc-pwCVTZ-DK for Fe, aug-cc-pVTZ for O, cc-pVTZ for H in aTZ calculations; cc-

pwCVQZ-DK for Fe, aug-cc-pVQZ for O, cc-pVQZ for H in aQZ calculations.  

All the electronic structure calculations on molecular and atomic systems were 

performed with a locally modified Gaussian 091487 program, except that the data for FeH 

and FeCl in table 17.3 were carried out with Molpro2010.1.1488 

The problem of a single water molecule on the (100) iron surface was treated using 

the Vienna ab initio simulation package (VASP).1489,1490 The interactions between the 
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valence electrons and core electron orbitals are described using the projector augmented 

wave (PAW) method,1491 as implemented by Kresse and Joubert.1492 The size of the 

basis set is determined by a cut-off energy, which was fixed at Ec = 400 eV throughout 

the calculations. In all the cases reported on here, spin-polarized atomic configurations 

(ISPIN = 2, in the keyword convention of VASP) are considered.  

Three classes of exchange correlation functionals were tested for heterogeneous 

catalysis: (b) the M06-L and revTPSS meta-GGA functionals, (b) the HSE06 and N12-

SX screened-exchange gradient approximations, and (c) EXX-RPA@PBE, defined above 

as the combination of Hartree-Fock exchange and RPA correlation in a post-SCF 

calculation with PBE orbitals. The EXX-RPA@PBE calculations were carried out using 

the adiabatic-connection fluctuation–dissipation theorem formulation of the RPA method, 

as implemented in the VASP code.1462 The methodology of calculations, adopted in this 

work, has previously been used to study CO adsorption on Cu(111)1493 and CO 

adsorption on Cu, 4d metals and Pt.1455  

The six stationary points (four minima and two saddle points) were optimized using 

the PBE functional, and these geometries were used for the subsequent calculations with 

M06-L, revTPSS, HSE06, N12-SX, and EXX-RPA@PBE. All the heterogeneous 

catalysis calcuations use these PBE geometries, and PBE orbitals are used as the initial 

guess for the self-consistent-field cycles of both the meta-GGA and screened exchange 

calculations. 
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The Fe(100) surface was described by a repeated slab, with the size in the direction 

perpendicular to the (100) surface being three times that in the lateral directions (the 

vacuum spacing thus being ~12.0 Å). The lateral dimensions of the slab correspond to 

p(3x3) surface structure (comprised of a total of 27 Fe atoms positioned in the calculation 

cell of parallelepiped-type geometry, stretched in the Z-direction to accommodate the 

vacuum gap). The Brillouin zone integrations to obtain total energies were performed on 

G-centered grids of sizes 3´3´1 k points. The ionic relaxation was performed using the 

conjugate-gradient algorithm with the convergence criterion for the forces set to 10-4 

eV/Å. The partial occupancies of orbitals were determined using Methfessel-Paxton 

method,1494 which is known to perform well for metallic systems. The dissociation 

barriers were determined using the climbing image nudged elastic band method (CI-

NEB),1495,1496 as implemented1497 in the VASP program. For the M06-L calculations we 

used a very fine grid of 10 points per Å.  

 

17.3 Results and discussion 

17.3.1. Utility of coupled cluster calculations to serve as reference data  

A recent test1498 against experimental bond energies for 20 diatomic molecules that 

contain a 3d transition metal and that have estimated experimental errors of 2 kcal/mol or 

less showed that – on average – CCSD(T) with a minimally augmented multiply 

polarized triple zeta basis set has errors comparable to, but not smaller than, the errors of 
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the best Kohn-Sham density functionals. Two of the 20 diatomics, in particular FeH and 

FeCl, contain an iron atom, and in Table 17.3 [Table 17.3 lists the calculated errors 

(kcal/mol) at CCSD(T)-3s3p-DKH/CBS level for bond dissociation energies of FeH and 

FeCl as compared to the experimental data], we present tests for these two molecules 

showing that increasing the basis set toward to complete-basis-set (CBS) limit does not 

systematically remove the discrepancy of CCSD(T) from experiment. It was 

concluded1498 on the basis of the results for the 20 diatomics that CCSD(T) cannot in 

general serve as a benchmark for testing Kohn-Sham density functional theory, and these 

additional basis set tests do not change that conclusion.  

The 20 diatomic molecules in the previous study comprise a diverse set of molecules, 

but in the present study the only transition metal element is iron. We therefore analyzed 

the previous study from another point of view, considering results from 41 exchange-

correlation functions plus the MP2 and CCSD methods. For each diatomic molecule, we 

“ranked” each of these 43 approximate methods in terms of the magnitude of the 

deviation from CCSD(T)-3s3p-DKH/apTZ calculations [apTZ denotes aug-cc-pwCVTZ-

DK basis sets for transition metal elements and aug-cc-pVTZ-DK basis sets for other 

elements], and we also ranked them in terms of the magnitude of their deviation from 

experiment. We then did a Spearman rank correlation analysis of the two ranks. For some 

molecules, the correlation is good (as high as 0.992), and for others it is very bad (the 

lowest being –0.62; the average being 0.75). However, for FeH the Spearman correlation 
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coefficient is 0.989, and for FeCl it is 0.982. Therefore, since both of these values are 

reasonably high, and although we should be cautious not to overinterpret the results, we 

conclude that we can tentatively use the CCSD(T)/CBS results in the present paper as 

reference values for judging the relative accuracy of other methods for the Fe-atom 

mechanism.  

 

17.3.2. Basis set effects in CCSD(T) calculations 

The present section has two purposes: (i) test the effect of diffuse basis functions on 

the reference results; (2) test the effect of different methods of extrapolation to the 

complete basis set (CBS) limit. 

Table 17.2 shows the computed relative energies of all the species involved in the 

iron–water reaction at CCSD(T)-3s3p-DKH level. The rows labeled CBS are obtained by 

separately extrapolating the Hartree-Fock and correlation energies to the complete basis 

set limit. The last column shows the mean unsigned deviation (MUD) relative to the most 

complete calculation, which is called the final reference value. For the final reference 

values, the CBS limits are based on the following equations1499 
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   (375) 

In the above equations, X and X − 1 represent a pair of basis sets with successive 

cardinalities, which are aQZ (X = 4) and aTZ (X – 1 = 3) respectively in our study; “corr” 

stands for correlation energies and “HF” represents Hartree-Fock energies. Equation (3) 

is derived from the Karton−Martin two-point formula,1485 which has also been employed 

in the extrapolation of CCSD(T) results to the CBS limits.1499 The final extrapolated 

CCSD(T) energy, denoted as CBS(aTZ, aQZ)-3, is computed as the summation of the 

correlation energy and the Hartree-Fock energy. 

   For comparison, we also carried out two other extrapolations, which were performed 

with the following equation1484 

   (376) 

The CBS limits obtained with aTZ and aQZ data points using parameters α = 3.4, β = 

2.4, are denoted by CBS(aTZ, aQZ)-1. These two parameters are fitted for extrapolating 

DZ and TZ to CBS limits.1484 Another set of parameters, α = 4.93, β = 2.13, which are 

fitted for extrapolating aDZ and aTZ to CBS limits,1500 can also be used to extrapolate 

aTZ and aQZ data points. The obtained CBS limits are denoted by CBS(aTZ, aQZ)-2. 

The CBS limits extrapolated from TZ and QZ data points, denoted by CBS(TZ, QZ), as 

reported in ref 1457 are also included in table 17.4.  

The mean unsigned deviation of CBS(TZ,QZ) is 0.12 kcal/mol, which is insignificant 

compared to the relative energy of each species. Therefore, adding diffuse functions on 
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oxygen atoms does not have a noticeable impact on the CCSD(T) results for this system. 

The CBS limits from the four different approaches are very close to each other, the 

standard deviations of these four extrapolated methods for the relative energies of all the 

species are all smaller than 0.30 kcal/mol.  

 

17.3.3. Barrier heights and energies of reaction by density functional theory for 

catalysis at the bare metal atom 

Figure 17.1 shows the schematic energy profile of all the steps involved in the water 

splitting reaction on Fe(0). M06-L functional is found to be able to predict correct spin 

multiplicity for a variety of transition metal systems.1477 For the system we studied in the 

current work, Fe (0) in all the species are in the high spin state, i.e., the quintuple state. 

The computed <S2> values at M06-L/cc-pVQZ//B97-1/cc-PBTZ level for Fe(0), 

Fe...H2O, TS1, HFeOH, HFeOH...H2O, TS2, Fe(OH)2...H2 and Fe(OH)2 are 6.0175, 

6.0234, 6.0207, 6.0186, 6.0300, 6.0216, 6.0162, 6.0163 respectively. Therefore, spin 

contamination is not important in the reactions we investigated here.  

Table 17.4 lists the classical (zero-point-energy exclusive) forward and reverse 

barrier heights for reactions R2 and R4 (four barrier heights) and the classical energies of 

reaction for R1–R5 and the overall reaction RO (six reaction energies). The mean 

unsigned deviations (MUDs) and mean signed deviations (MSDs) are computed with 

respect to the final reference value explained above. In each group of xc functionals in 
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Table 17.4, the functionals are ordered with respect to their overall MUDs for the ten 

data; these MUDs are labeled TK for “thermochemical kinetics.” Table 17.5 shows the 

percentage of Hartree-Fock exchange in the hybrid functionals we tested in the present 

work.  

As we can see from the last column of Table 17.4, the overall MUDs depend strongly 

on the ingredients of the xc functional, being 5.6 to 8.7 kcal/mol for GGAs, 6.2 kcal/mol 

for the NGA, 3.8 to 7.8 kcal/mol for meta-GGAs, 4.15 kcal/mol for the meta-NGA, 3.5 

for the functional with nonlocal correlation, and 1.2–6.8 kcal/mol for hybrid functionals. 

However, most hybrid functionals yield errors closer to the lower end than the higher end 

of that range, with 21 of 23 hybrid functionals having MUDs in the range 1.2 to 3.8, and 

the other two having MUDs of 6.0 and 6.8 kcal/mol. Table 17.5 shows that the two 

hybrid functionals with largest overall MUDs are among those with the highest 

percentages of Hartree-Fock exchange. 

The EXX-RPA@PBE calculations have an overall MUD lower than all 18 local 

functionals, but their overall MUD is lower than only two of the 23 hybrid functionals, 

which have nonlocal exchange. 

If we consider the mean unsigned deviations of the four barrier, eight of the density 

functionals developed in our, namely MPW1K, SOGGA11-X, MN12-SX, M05, M06, 

M06-2X, M08-SO and PWB6K, provide – on average – more accurate predictions than 

EXX-RPA@PBE, and three density functionals developed elsewhere (B97-3, ωB97X-D, 
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ωB97X) also do so. If we consider the overall performances for both the barrier heights 

and the energies of reaction, 11 density functionals developed in our group (MPW1K, 

SOGGA11-X, MN12-SX, M05, M05-2X, M06, M06-2X, M08-HX, M08-SO, PWB6K, 

and PW6B95) and eight density functionals developed elsewhere (B97-3, ωB97X-D, 

B97-2, ωB97X, B97-1, B3LYP, PBE0, and PW6B95-D3(BJ)) have smaller overall mean 

unsigned deviations than the nonlocal-correlation method EXX-RPA@PBE.  

Among all these tested functionals, five have mean unsigned deviations in the range 

1.2–1.7 kcal/mol. This is an encouraging result for this very challenging transition metal 

system, which not only involves the multi-reference characteristic character, but also 

includes physisorption that is sensitive to noncovalent interactions. 

The averaged overall MUD of the GGA/NGA, meta-GGA/meta-NGA, hybrid 

GGA/hybrid NGA, hybrid meta-GGA/ hybrid meta-NGA, and RPA functionals 

examined in the current work are respectively 6.7, 5.2, 2.5, 3.0, and 3.5 kcal/mol. 

Therefore, the hybrid functionals give the best predictions for this system. From the MSD 

values listed in Table 17.4, we found that most of the density functional methods 

underestimate the barrier heights. The averaged MSD for the GGA, meta-GGA, hybrid 

GGA, and hybrid meta-GGA functionals are respectively -9.56, -4.99, -2.39, 0.33 

kcal/mol. Therefore, the hybrid meta-GGA functionals provide the best prediction for the 

barrier heights for this system. RPA gives an overall MUD of 3.48 kcal/mol and has an 

error of 7.26 kcal/mol for the energy of reaction of R1.  
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PWB6K gave the smallest overall mean unsigned deviation from CCSD(T) for this 

system; ωB97X-D gave the smallest mean unsigned deviation for all the reaction barrier 

heights.  

Another way to put the present findings in perspective is to note that Scuseria and 

coworkers1501 showed that the RPA is identical to an approximation to coupled cluster 

theory with only double excitations (CCD) in which only the ring diagrams are retained 

(ring-CCD). In this context it is notable that even full coupled cluster theory with both 

single and double excitations (CCSD without the approximation of being restricted to 

ring diagrams) has been shown to be less accurate than many local-correlation exchange-

correlation density functionals for barrier heights.1502 For the most complete basis set 

tested in each case, the mean unsigned error on 24 diverse barrier heights (for reactions 

involving only nonmetal elements) was found to be 0.5 kcal/mol for CCSD(T), 2.2 

kcal/mol for CCSD, and 0.9 kcal/mol for M06-2X.1502 However, as a possible path to 

future improvement, we note that CCSD is well suited to the introduction of 

semiempirical improvements, and the mean unsigned error on the same data set for the 

BMC-CCSD method,1503 which is based on CCSD with five empirical parameters, 

reduced the error on the same dataset (which was not used in its parametrization) to 0.7 

kcal/mol. The QCISD ("quadratic configuration interaction with single and double 

excitations") method, which consists of a subset of the terms in CCSD (but a different 

subset than those used in ring-CCD), has also been incorporated in a doubly hybrid 
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density functional (with five empirical parameters) that reduced the error on a different 

barrier height database to 0.6 kcal/mol (as compared to 2.8 kcal/mol for straight 

QCISD).1504 

 

17.3.4. Barrier heights and energies of reaction by density functional theory for 

catalysis at the solid-vacuum interface 

In the preceding section, it is shown that several density functionals provide an 

adequate description of the water dissociation on Fe(0) reactions in the gas phase, and a 

variety of local-correlation functionals correlate better with CCSD(T) than does EXX-

RPA@PBE. However, the question as to what extent these conclusions are applicable to 

the problem of chemical reactions on metal surfaces remains to be addressed.  

Chemical reactions on metal surfaces are sufficiently different from those in the gas 

phase that it is imperative to assess the influence of extended metal surfaces on the 

mechanisms and energetics of chemical reactions and on the validity of various 

theoretical approaches that may be applied to them.  

Here we compare the predictions of several methods of describing adsorption and 

dissociation of a water molecule on the iron (100) surface. Two kinds of structures are 

considered, namely four equilibrium adsorption structures and two transition structures, 

where the latter are first-order saddle points. The relative energies for the structures were 

computed by 
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where  is the total energy of the structure on the metal surface,  is the 

energy of the bare iron slab, and  is the energy of a gas-phase water molecule. 

Figure 17.2 illustrates the water dissociation reaction mechanism on the Fe (100) 

surface. Following Ref. 1457 and a reference therein, we optimized six stationary points: 

four minima labeled C0–C3 and two saddle points labeled B1 and B2. The first stationary 

point, C0, corresponds to the bare surface with a water molecule infinitely separated. The 

second, C1, is the physisorbed water flat on the surface, with the oxygen atom over an 

iron atom, i.e., at an on-top site labeled T in fig. 17.2. Water dissociation at 250 K results 

in formation of p(1´2)-OH monolayer on the surface, with O-H bonds being tilted with 

respect to the surface normal. Correspondingly, the third minimum-energy structure, C2, 

corresponds to OH located at the bridge site (B) and H chemisorbed on adjacent hollow 

site (H). The fourth minimum-energy structure, C3, corresponds to the OH moiety also 

having dissociated with all three atoms now at separate hollow sites. Saddle point B1 

connects C1 to C2, and saddle point B2 connects C2 to C3. The trends of the energetics 

of these steps are summarized in Fig. 17.3.  

 First we note that our EXX-RPA@PBE calculations give similar results to those of 

Karlický et al.,1457 but show some quantitative differences that may be due to a different 

sample relaxation methodology and slab size used in our calculations (see above), as well 

ΔEstructure = EFeH2O
− Eslab + EH2O( )

EFeH2O Eslab

EH2O
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as to different density functionals used to optimize geometries. Similarly, our HSE06 

calculations are quantitatively similar to the ones reported in Ref. 1457, showing that the 

present use of PBE geometries leads to only minor differences from their calcuations 

with PW91 geometries. 

 One interesting trend in fig. 17.3, where all results are for the same size slab, is that, 

as functions of the reaction coordinate, the two screened exchange functionals, HSE06 

and N12-SX, give flatter potentials than EXX-RPA@PBE, and the two meta functionals, 

M06-L and revTPSS, give more widely varying potentials. A set of five energies, as in 

fig. 17.3, has 15 pairs of energies (1-2, 1-3, 1-4, 1-5, 2-3, etc.), and we can compare 

various pairs of functionals with one another by computing the average difference in 

these 15 relative energies. Doing this shows that revTPSS and N12-SX both agree with 

EXX-RPA@PBE within 4–5 kcal/mol, on average, while M06-L and HSE06 differ from 

EXX-RPA@PBE by 6 kcal/mol, on average. 

 Further studies are needed to understand which of the five sets of results in Fig. 17.3 

is the most accurate, but since HSE06, N12-SX, and M06-L have only slightly larger 

deviations than EXX-RPA@PBE from CCSD(T) results for the single-atom catalytic 

mechanism, where CCSD(T) results are available, it is quite possible that these less 

expensive and simple calculations can be a fair alternative to the RPA approach. Further 

understanding will require a direct comparison to quantitatively accurate experimental or 

theoretical results, neither of which is available for the heterogeneous catalysis case.  
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17.4 Conclusion 

In the current work, we first re-examined the reference CCSD(T) results for a zero-

valent atomic iron for the water splitting reaction. We found that adding diffuse basis 

functions on oxygen does not have a noticeable impact on the coupled cluster results for 

all the reaction steps involved, which is consistent with the conclusion obtained 

previously1468 for the first step of the reaction. 

Then, continuing with the zero-valent atomic iron catalyst for the water splitting 

reaction, forty-one density functionals with local correlation and one (EXX-RPA@PBE) 

with nonlocal correlation were tested against the reference results for six reaction 

energies and four barrier heights involved in the mechanism. We found that 19 of the 

functionals with local correlation had smaller average absolute errors than the one with 

nonlocal correlation. This indicates that previous conclusions1457 that there is a 

systematic improvement in the accuracy of density functional theory from the generalized 

gradient approximation, to hybrid functionals, to the random phase approximation, are 

incorrect. Based on our investigation, the hybrid GGA functionals give the best overall 

mean unsigned deviation from the reference values for barrier heights and reaction 

energies combined, whereas hybrid meta-GGA functionals offer the best prediction if one 

only considers barrier heights. Most of the density functionals, including RPA, 

underestimate the barrier heights of this system. Only a few functionals, namely ωB97X, 
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SOGGA11-X, MN12-SX, and PWB6K give a mean unsigned deviation for barriers that 

is smaller than 1.0 kcal/mol.  

Finally, we present a smaller study of the water splitting reaction on the (100) surface 

of iron. However, lack of enough solid experimental data or benchmark wave function 

data on the mechanism of water dissociation and, particularly, barrier heights prevent 

quantitative evaluation of the performance for this heterogeneous case. This presents a 

challenge for future work. 
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Table 17.1 The mechanism of the water splitting reaction on Fe(0) 

Step Description Reaction 

R1 Formation of first vdW complex Fe + H2O → Fe…OH2 

R2 Hydrogen migration reaction Fe…OH2 → HFeOH 

R3 Formation of second vdW complex HFeOH + H2O → 

HFeOH…H2O 

R4 Dehydrogenation HFeOH…H2O → 

HOFeOH…H2 

R5 Dissociation of third vdW complex HOFeOH…H2 → HOFeOH + 

H2 

overall (RO)  Water splitting on Fe(0) Fe + 2H2O → HOFeOH + H2 
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Table 17.2 Relative energies (in units of kcal/mol) of various species at CCSD(T)-3s3p-DKH level of theory for Fe(0)–H2O system based 
on the B97-1/cc-pVTZ geometries  

Basis set Fe + 2H2O Fe–OH2 + H2O TS1 + H2O HFeOH + H2O HFeOH–H2O TS2 Fe(OH)2–H2 Fe(OH)2 + H2 MUD 
TZa 0.00 -3.72 27.46 -26.68 -43.34 -24.19 -47.52 -45.33 1.57 
aTZb 0.00 -2.57 27.41 -27.69 -43.14 -24.27 -49.14 -46.83 0.90 
aQZc 0.00 -2.78 27.01 -28.11 -43.78 -25.19 -49.81 -47.23 0.38 

CBS(TZ, QZ)d 0.00 -2.90 26.90 -28.40 -44.20 -25.70 -50.20 -47.30 0.12 
CBS(aTZ, aQZ)-1e 0.00 -2.93 26.64 -28.54 -44.43 -26.13 -50.49 -47.67 0.14 
CBS(aTZ, aQZ)-2f 0.00 -2.90 26.61 -28.64 -44.55 -26.31 -50.63 -47.77 0.24 
CBS(aTZ, aQZ)-3g 0.00 -2.84 26.77 -28.44 -44.26 -25.88 -50.32 -47.57 0.00 

Standard deviation (d-g) 0.00 0.04 0.13 0.11 0.16 0.27 0.19 0.20  
Standard deviation (e-g) 0.00 0.05 0.09 0.10 0.15 0.22 0.16 0.10  

a
 cc-pwCVTZ-DK for Fe, cc-pVTZ for O, cc-pVTZ for H; b cc-pwCVTZ-DK for Fe, aug-cc-pVTZ for O, cc-pVTZ for H; c cc-pwCVQZ-DK for 

Fe, aug-cc-pVQZ for O, cc-pVQZ for H; d CBS limits extrapolated from TZ and QZ data points, as reported in ref 1457; e CBS limits 
extrapolated from ATZ and AQZ data points using eqn (376) with α=3.4, β=2.4; f CBS limits extrapolated from ATZ and AQZ data points 
using eqn (376) with α = 4.93, β = 2.13; g CBS limits extrapolated from ATZ and AQZ data points using eqns (373), (374), and (375).  
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Table 17.3 The calculated errors (kcal/mol) of CCSD(T)-3s3p-DKH/CBS calculations for the bond dissociation energies of FeH and FeCl 
as compared to experimental data 

 Errors  De 
 aTZa aQZb  CBSc  aTZ′d aQZ′e CBS´f   (Exp.)g,h 

FeHh, i 2.1 4.6 6.3 2.1 4.6 6.3  36.9 
FeClh, j  -1.0 1.6 3.3 -1.2 1.3 2.9  78.5 
MUEk  1.6 3.1 4.8 1.6 2.9 4.6   

aaTZ basis set: cc-pwCVTZ-DK for Fe, aug-cc-pVTZ for Cl, cc-pVTZ for H 
baQZ basis set: cc-pwCVQZ-DK for Fe, aug-cc-pVQZ for Cl, cc-pVQZ for H 
cCBS(aTZ, aQZ)-3: CBS limits extrapolated from aTZ and aQZ data points 
daTZ′ basis set: cc-pwCVTZ-DK for Fe, aug-cc-pVTZ-DK for Cl, cc-pVTZ-DK for H 
eaQZ′ basis set: cc-pwCVQZ-DK for Fe, aug-cc-pVQZ-DK for Cl, cc-pVQZ-DK for H 
fCBS´(aTZ′, aQZ′)-3: CBS limits extrapolated from aTZ and aQZ data points 
gExperimental  
hExperimental data and spin-orbit energies of molecules and atoms are from tables compiled by X. Xu, W. Zhang, M. Tang, and D. G. Truhlar, 
unpublished 

iThe bond lengths of FeH (4D) used in the calculations is 1.630 Å 
jThe bond length of FeCl (6D) used in the calculations is 2.179 Å 
kMUE is the mean unsigned error of bond energies of the two molecules compared to experimental data. 
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Table 17.4 Classical (zero-point-energy exclusive) energies of reaction △Erxn for reactions R1-R5 and the overall reaction RO; forward 
and reverse classical barrier heights for reactions R2 and R4. Mean unsigned deviations (MUDs) are computed with respect to 
CCSD(T)-3s3p-DK/CBS results. (Units: kcal/mol) 

xc 
 functional 

R1  
△Erxn 

R2  
Vf 

R2  
Vr 

R2  
△Erxn 

R3  
△Erxn 

R4  
Vf 

R4  
Vr 

R4  
△Erxn 

R5  
△Erxn 

Ro  
△Erxn 

 barrier heights  
MUDb    MSDc 

TK 
MUD d 

GGA and NGA functionals 
MOHLYP -6.06 19.8 43.38 -23.58 -8.72 11.6 21.77 -10.18 -2.61 -51.14 7.77 -7.77 5.65 

PBELYP1W -11.12 19.79 42.67 -22.89 -14.97 12.21 23.23 -11.02 1.49 -58.49 7.43 -7.43 5.87 
BLYP -10.24 18.75 42.45 -23.69 -13.94 11.7 22.58 -10.88 0.48 -58.28 8.04 -8.04 6.11 
N12 -9.51 20.25 41.78 -21.53 -14.92 9.45 20.13 -10.68 0.93 -55.71 9.00 -9.00 6.22 

MPWLYP1W -11.39 19.06 42.38 -23.32 -15.16 11.77 21.55 -9.78 0.27 -59.38 8.22 -8.22 6.24 
PBE1W -11.58 17.81 41.76 -23.95 -15.21 11.01 20.7 -9.69 1.69 -58.73 9.09 -9.09 6.32 
PW91e -13.00 16.7 41.4 -24.7 -16.4 12.8 23.1 -10.3 3.8 -60.6 8.41 -8.41 6.36 
PBE -12.47 16.61 40.86 -24.25 -16.25 10.31 19.11 -8.81 2.22 -59.56 10.18 -10.18 6.74 

SOGGA11 -8.93 18.6 41.16 -22.56 -11.13 7.46 16.43 -8.98 -1.3 -52.89 10.99 -10.99 7.01 
PBEsol -14.99 13.78 39.14 -25.36 -19.3 8.68 15.78 -7.1 3.62 -63.12 12.56 -12.56 8.36 
SOGGA -15.28 13.21 38.62 -25.41 -18.4 7.16 14.89 -7.72 3.74 -63.08 13.44 -13.44 8.71 

Meta-GGA and meta-NGA functionals 
M11-L -11.56 30.31 45.78 -15.47 -15.67 15.81 23.53 -7.71 1.01 -49.41 3.40 -3.05 3.78 
M06-L -11.39 23.7 50.24 -26.54 -19.05 16.53 21.72 -5.19 4.11 -58.06 3.86 -3.86 4.09 

MN12-L -14.10 31.33 44.16 -12.83 -16.96 18.38 23.39 -5.01 1.83 -47.05 3.46 -2.59 4.15 
M06-L-D3 -11.38 23.33 49.88 -26.56 -19.08 16.52 21.72 -5.20 4.14 -58.07 4.04 -4.04 4.17 
τHCTH -10.17 18.83 45.36 -26.52 -15.89 10.71 19.72 -9.02 2.32 -59.29 8.25 -8.25 5.64 

TPSSLYP1W -11.24 18.48 46.41 -27.94 -14.95 12.22 26.95 -14.73 1.31 -67.54 7.15 -5.89 7.03 
revTPSS -12.00 15.03 46.83 -31.8 -15.95 11.79 25.09 -13.3 1.63 -71.43 7.55 -7.22 7.79 

continued on next page 
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Table 17.4 Continued.  
xc 

functional 
R1  
DErxn 

R2  
Vf 

R2  
Vr 

R2  
DErxn 

R3  
DErxn 

R4  
Vf 

R4  
Vr 

R4  
DErxn 

R5  
DErxn 

Ro  
DErxn 

   barrier heights    
MUDb      MSDc 

TK 
MUDd 

Hybrid GGA and hybrid NGA functionals 
B97-3 -5.19 29.30 53.46 -24.16 -13.77 16.26 22.56 -6.30 1.54 -47.88 1.51 -1.51 1.36 

ωB97X-D -7.33 29.16 55.18 -26.01 -16.24 17.03 22.74 -5.71 2.92 -52.37 0.88 -0.88 1.42 
MPW1K -4.64 28.23 56.15 -27.92 -15.42 17.85 21.37 -3.52 1.96 -49.54 1.48 -1.01 1.57 

SOGGA11-X -1.85 33.50 55.76 -22.26 -16.69 18.58 22.10 -3.52 3.15 -41.17 1.75 0.58 2.15 
B97-2 -6.15 26.98 52.25 -25.28 -14.37 14.32 21.20 -6.88 1.81 -50.88 3.22 -3.22 2.30 
ωB97X -7.63 29.99 58.14 -28.16 -18.46 17.82 23.22 -5.40 4.48 -55.16 1.27 0.39 2.51 
B97-1e -7.60 26.60 51.20 -24.60 -16.00 14.40 21.20 -6.80 2.90 -52.10 3.56 -3.56 2.56 
B3LYP -8.81 25.52 49.75 -24.23 -14.55 15.17 22.85 -7.68 1.32 -53.95 3.58 -3.58 3.24 
PBE0 -9.12 23.68 50.10 -26.42 -15.80 14.75 20.01 -5.26 2.32 -54.28 4.77 -4.77 3.42 

HSE06e -10.30 24.70 49.60 -24.90 -16.20 15.20 20.00 -4.80 2.10 -54.10 4.53 -4.53 3.51 
N12-SX -10.92 25.79 51.08 -25.29 -16.40 13.18 20.73 -7.55 2.52 -57.64 4.21 -4.21 3.76 

continued on next page 
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Table 17.4 Continued.  
xc R1 R2 R2 R2 R3 R4 R4 R4 R5 Ro barrier heights TK 

functional DErxn Vf Vr DErxn DErxn Vf Vr DErxn DErxn DErxn MUDb MSDc MUDd 
 Hybrid-meta GGA and hybrid meta-NGA functionals 

PWB6K -4.12 31.63 57.45 -25.82 -17.11 18.75 22.85 -4.10 3.08 -48.07 1.56 0.77 1.18 
M06-2X -3.96 34.19 57.16 -22.97 -19.57 18.18 24.07 -5.89 4.89 -47.50 1.77 1.50 1.70 
M05-2X -1.33 34.87 60.41 -25.53 -18.86 17.22 23.32 -6.10 4.38 -47.45 3.18 2.05 1.91 

M05 -4.55 31.60 52.26 -20.67 -17.98 16.71 22.76 -6.05 3.61 -45.63 2.07 -1.07 1.99 
PW6B95 -7.95 26.66 51.47 -24.81 -16.04 15.95 22.71 -6.76 2.45 -53.12 2.71 -2.71 2.35 

PW6B95-D3BJ -8.48 26.79 51.45 -24.67 -16.62 15.93 22.65 -6.72 2.80 -53.69 2.70 -2.70 2.50 
M08-HX -4.73 33.50 61.21 -27.71 -19.03 19.22 22.24 -3.02 4.32 -50.17 3.23 2.14 2.74 
M08-SO -4.84 35.73 56.09 -20.35 -18.66 20.02 23.28 -3.26 4.07 -43.03 2.45 1.88 2.85 

MN12-SX -11.78 32.81 55.08 -22.28 -17.05 17.08 25.10 -8.02 2.64 -56.49 1.32 0.61 2.98 
M06 -6.28 31.91 50.79 -18.88 -19.63 17.97 22.89 -4.93 5.59 -44.12 2.17 -1.02 3.00 
M11 -8.60 22.07 61.52 -39.45 -18.04 18.74 21.94 -3.20 3.32 -65.96 4.18 -0.84 6.04 

M06-HF -26.06 36.32 61.78 -25.46 -19.92 18.56 24.40 -5.84 4.68 -72.61 3.38 3.36 6.81 
 Hartree-Fock exchange + nonlocal correlation 

EXX-RPA@PBEe -10.10 31.20 49.00 -17.80 -13.20 19.10 23.10 -4.00 -0.30 -45.40 2.47 -1.31 3.48 
 Benchmarks (not final) 

CCSD(T)/CBS(TZ, 
QZ)e 

-2.90 29.80 55.30 -25.50 -15.80 18.50 24.50 -6.00 2.90 -47.30 0.12 0.12 0.11 

CCSD(T)/CBS(aTZ, 
aQZ)-1 

-2.93 29.57 55.18 -25.61 -15.88 18.29 24.36 -6.06 2.83 -47.67 0.06 -0.06 0.06 

CCSD(T)/CBS(aTZ, 
aQZ)-2 

-2.90 29.51 55.25 -25.74 -15.91 18.24 24.32 -6.07 2.86 -47.77 0.09 -0.08 0.10 

 Final reference values 
CCSD(T)/CBS(aTZ, 

aQZ)-3 
-2.84 29.61 55.21 -25.59 -15.82 18.37 24.43 -6.06 2.75 -47.57 0.00 0.00 0.00 

a Single-point energy calculations of various density functionals with cc-pVQZ basis are performed based on B97-1/cc-pVTZ geometries with 
ultrafine integral grids. b Mean unsigned deviations (MUDs) for the four barrier heights. c Mean signed deviations (MSDs) for the four barrier 
heights. d MUDs for full thermochemical kinetics (TK), i.e., both energies of reaction and forward and reverse barrier heights of all the reactions. 
e Computed from the data reported in ref 1457. 
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Table 17.5 The hybrid functionals tested in the current work and their percentage of nonlocal Hartree-Fock exchange (% X).  
Density functionals % X  Density functionals % X Density functionals % X 

ωB97X 15.77–100a PBE0 25 PWB6K 46 
B3LYP 20 B97-3 26.93 M08-HX 52.23 
B97-1 21 M06 27 M06-2X 54 
B97-2 21 M05 28 M05-2X 56 

ωB97X-D 22.2–100a PW6B95 28 M08-SO 56.79 
HSE06 25–0b  SOGGA11-X 35.42 EXX-RPA@PBE 100@0c  
N12-SX 25–0b  MPW1K 42.8 M06-HF 100 

MN12-SX 25–0b  M11 42.8–100a   
a  The percentage of Hartree-Fock exchange increases from the first  

value listed for small interelectronic separation to 100% at large  
interelectronic separation. 

b The percentage of Hartree-Fock exchange decreases from 25% at  
small interelectronic separation to 0 at large interelectronic separation. 

c  The percentage of Hartree-Fock exchange is 100% in the post-SCF  
calculation based on orbitals obtained with no Hartree-Fock exchange. 
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Figure 17.1 Schematic energy profile of the five-step water splitting reaction at atomic Fe(0).  
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Fig. 2: Illustration of the Fe+H2O ® H-Fe-O-H reaction on (100) iron surface. The 
first snapshot illustrates the Fe(100) slab surface used in the calculation and provides 
definition of the three adsorption sites on the surface: 1) top (T); 2) bridge (B); and 
hollow (H). C1 is a graphical illustration of the initial configuration, corresponding to 
the locally stable site on the surface (T). The process of dissociation proceeds by water 
molecule moving towards the bridge site (B). At this site the molecule rotates in the (z-
x) plane with concurrent elongation of one of the O-H bonds, such that it breaks. The 
free hydrogen atom moves to the hollow (H) site, while O-H moiety remains at the B 
location. In the final stage of dissociation (C3), the corresponding three atoms are 
distributed on the hollow sites. 
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Fig. 3: Relative energies for equilibrium structures C1, C2, and C3 (see Fig. 2) and transition 

structures B1 and B2 as calculated by five density functional methods at geometries 

optimized by PBE. All energies are in kcal/mol. 
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Chapter 18. Correlated-Participating-Orbitals Pair-Density Functional 
Method and Application to Multiplet Energy Splittings of Main-Group 
Divalent Radicals  

 

18.1 Introduction  

Correctly predicting physical observables for multi-reference systems is a very 

demanding and challenging task in quantum chemistry. Transition metal 

chemistry,1505,1506 which is critical to the understanding of catalysis, and bond 

dissociation,1507 which plays an important role in many chemical mechanisms, are two 

common examples involving systems with strong multi-reference character. Singlet states 

of divalent radicals are a third example, and this complicates the calculation of the 

excitation energies of multiplicity-changing transitions that are of great importance for 

many important applications.1508 The character of the singlet states of divalent radicals is 

sensitive to the charge state,1509 and it is important to study both ions and neutral 

radicals. 

Hoffman and co-workers studied the effect of changing the ground state multiplicity 

of carbenes1510 and acetylenyl radical1511 by substitution with various functional groups. 

Gronert etc.1512 have proposed a relation between enthalpies of hydrogenation and 

singlet–triplet splittings of carbenes in order to qualitatively assess the stability of singlet 

and triplet states. Ess and Cook1513 applied scaled opposite-spin MP2 to study the 

singlet–triplet splitting of various typical main-group radicals. Yang and coworkers1514 
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assessed the performance of particle-particle random phase approximation for small 

radicals. Various wave function methods, such as spin-flip configuration interaction1515 

and the spin-extended configuration interaction model,1516 have been developed and 

applied for predicting the singlet–triplet splittings of divalent radicals and diradicals. 

Nevertheless, the quest for improved wave function methods that are broadly applicable 

continues. 

In addition to wave function methods, density functional theory has been widely 

applied to this problem. Spin-flip time-dependent density functional theory1517 and the 

fractional-spin method,1518 have been developed and applied for predicting the singlet–

triplet splittings of divalent radicals and diradicals. However, more widely applied so far 

is single-Slater-determinant-based Kohn-Sham density functional theory1519 (KS-DFT) 

with the weighted-average broken symmetry (WABS) scheme1520,1521,1522,1523 In many 

cases the WABS scheme is able to provide reasonably accurate results, although it does 

involve the assumption that the orbitals are similar in the high-spin and low-spin states, 

which is not always true. Although the WABS method is popular, in one test it was found 

that the variational approach (in which the broken-symmetry solution with MS = S is 

used directly) can give about the same MUE as WABS.1523 Furthermore, it becomes more 

complicated to do WABS as the spectrum gets more crowded because we do not have 

each singlet–triplet pair well isolated from others, and taking linear combinations can 

involve a linear combination of states with different character, which violates the basic 
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assumption of WABS. 

The recently developed multi-configuration pair-density functional theory1524 (MC-

PDFT) has shown promising capabilities for studying multi-reference systems, such as 

calculating excitation energies,1525 barrier heights,1526 bond dissociation,1527 and 

transition metal energetics.1528 In MC-PDFT, a multi-configuration wave function 

method is used to obtain a reference wave function with the correct spin and symmetry, 

and an on-top pair-density functional (which depends on total electronic density and on-

top pair density) is used to account for dynamic correlation. In work carried out so far, 

the multi-configuration wave function is obtained by multi-configuration self-consistent-

field (MCSCF) theory. The MCSCF wave function can be, as examples, a complete 

active space self-consistent field1529 (CASSCF) wave function, a restricted active space 

self-consistent field1530 (RASSCF) wave function, or a generalized active space self-

consistent field1531 (GASSCF) wave function. A special case of GASSCF that has been 

studied successfully is the separated-pair approximation1527 (SP-PDFT). In the present 

work, we only use CASSCF wave functions in MC-PDFT, but we explore various 

choices of active space. At the current stage of development of MCPDFT, we are using 

translated functionals1524 and fully translated functionals,1528 in which the functionals 

being translated are local-spin-density and simple generalized gradient approximations. 

We will compare the MC-PDFT results of the singlet–triplet (S-T) splitting of small 

main-group radicals to CASSCF, to complete-active-space second-order perturbation 
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theory1532 (CASPT2), and to various schemes for using Kohn-Sham DFT. We remind the 

reader that the current version of MC-PDFT still has limitations: the current on-top 

density functionals are not fully optimized in order to take better advantage of the multi-

configuration representation of the density; and optimizing the CI coefficients and 

orbitals in the presence of the on-top density is not implemented yet. 

For the task of choosing the active space in a systematic fashion, we have previously 

defined various levels of a correlated participating orbitals1533 (CPO) scheme for 

chemical reactions. Here we define analogous levels of CPO to treat multiplicity-

changing transitions in non-conjugated main-group systems.  

 

18.2 Computational details 

 In the present article, all MC-DFT calculations are based on CASSCF wave 

functions, so they may be called either MC-PDFT or CAS-PDFT, which is a special case 

of MC-PDFT. 

18.2.1 Correlated participating orbitals (CPO) scheme 

In contrast to the possible ambiguity of applying WABS KS-DFT to compute S-T 

splittings, MC-PDFT always sorts out the spin and symmetry correctly, so there is no 

ambiguity about how to proceed in those regards. However, the choice of active space is 

always an important question. Pople1534 has emphasized the importance of defining 

“theoretical model chemistries,” which must be precisely formulated so that they can be 
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verified or validated. The development of a multi-reference theoretical model chemistry 

requires the definition of a systematic approach to the inclusion of orbitals in the active 

space. The goal of the current work is to define systematic choices of active spaces for 

CASSCF treatments of multiplicity-changing transitions and to test their accuracy when 

used with CASSCF, CASPT2, and CAS-PDFT. The previous CPO schemes were 

defined1533 for treating chemical reactions; here we extend them to treat the S-T splitting 

for non-conjugated main-group radicals, which are studied in the current paper. We 

define three schemes: 

Nominal CPO (nom-CPO): The active space only includes electrons and orbitals 

whose occupation number changes in the dominant configuration during the transition, 

and each such included orbital is correlated with a correlating orbital. 

Moderate CPO (mod-CPO): On the centers where the nom-CPO orbitals are 

primarily located, we add additional orbitals to the active space to include the whole p 

subshells. This may involve adding nonbonding orbitals (n or p), bonding orbitals (ps or 

pπ), or both (where we use the common language of identifying the more strongly-bound 

valence orbitals associated with a given center as s orbitals and the less strongly-bound 

valence orbitals as p orbitals without regard for hybridization and delocalization–this will 

be made clear by examples in Table 18.1). We then correlate each singly- or doubly-

occupied active orbital with a correlating orbital if the correlating orbital is not already 

included.  
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Extended CPO (ext-CPO): On the centers where the mod-CPO orbitals are 

primarily located, we add additional orbitals to the active space so that it includes the 

whole valence shell (both s and p subshells). This may involve adding nonbonding 

orbitals (n or s), bonding orbitals (σ), or both. We then correlate each singly- or doubly-

occupied active orbital with a correlating orbital if the correlating orbital is not already 

included.  

    The correlating orbitals in CPO scheme are defined by the following:  

    (1) For an occupied bonding orbital (σ or π), if its anti-bonding orbital is empty, then 

the corresponding anti-bonding orbitals (σ* or π*) is the correlating orbital of the 

bonding orbital; if its anti-bonding orbital is occupied, then its correlating orbital is an 

unoccupied orbital (denoted as σ´ or π´).  

    (2) For an occupied non-bonding orbital (n), atomic orbital (s or p), or anti-bonding 

orbital (σ* or π*), its correlating orbital is an unoccupied orbital (denoted as n´ for 

correlating a non-bonding orbital, s´ or p´ for correlating an atomic orbital, or σ*´ or π*´ 

for correlating an anti-bonding orbital.)  

    Based on the above definitions, the active spaces corresponding to nom-CPO, mod-

CPO, ext-CPO are tabulated in Table 18.1, which also shows the choice of full-valence 

active space. The full-valence active space consists of all the valence electrons and 

valence orbitals; although popular, it is not necessarily a good choice for the active space 

because it often lacks correlating orbitals needed to account for important physical 
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effects. 

 

18.2.2 Geometry optimization 

    Geometries of the singlets and triplets of all the species except for CF2 are fully 

optimized at the QCISD(T)1535/aug-cc-pVQZ1536 level; for CF2, considering the 

computational cost, we used a less expensive level of excitation and less expensive basis 

set for geometry optimization, namely QCISD1537/MG3S1538, which has previously been 

used for providing reference geometries for multireference systems.1539 For triplet 

geometries, the quadratic configuration interaction calculations are based on unrestricted 

(U) Hartree-Fock (HF) wave functions, i.e., on UQCISD and UQCISD(T); and for singlet 

geometries, restricted Hartree-Fock (RHF) wave functions are used as references, i.e., we 

used RQCISD and RQCISD(T). These optimized geometries are used for single-point 

multi-reference calculations and KS-DFT calculations. Geometry optimizations were 

carried out using internal coordinates with Gaussian 09.1540 

 

18.2.3 Multireference calculations 

    CASSCF, CASPT2 (with the standard empirical IPEA shift1541 of 0.25 hartrees), 

CASPT2-0 (i.e., CASPT2 without an IPEA shift), and MC-PDFT calculations with 

translated functionals1524 (tPBE, trevPBE, tBLYP) and with fully translated 

functionals1528 (ftPBE, ftrevPBE, ftBLYP) are carried out using a locally modified 
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version of Molcas 8.0.1542 The active spaces used in these calculations are shown in 

Table 18.1. All of these calculations are state-specific single-point calculations; they are 

performed using the aug-cc-pVQZ basis in C1 symmetry, with the ultrafine integration 

grid for MC-PDFT  

 

18.2.4 Multireference diagnostics 

The M diagnostic1533 is computed as an indicator of multi-reference character; it is 

defined by the following formula: 

   (377) 

where n(MCDONO) is the natural occupation number of the most correlated doubly 

occupied orbital (where single and double occupation and "unoccupied" refer, as usual, to 

the dominant configuration and where “most correlated doubly occupied” means the 

doubly occupied orbital with natural occupation number deviating most significantly 

from 2); n(MCUNO) is the natural occupation number of the most correlated unoccupied 

orbital in the dominant configuration (where “most correlated unoccupied orbital" means 

the unoccupied orbital with natural occupation number deviating most significantly from 

0); n(j) is the natural occupation number of the singly occupied orbital (SOMO) j (if there 

is no singly occupied orbital in the dominant configuration, then equation (377) does not 

include the summation term). The magnitude of M indicates the importance of the multi-

M = 1
2
[2 − n(MCDONO)+ n( j)−1

j

n(SOMO)
∑ + n(MCUNO)]



 

 688 

reference character in the wave function. Note that M is between 0 (in the case of 

Hartree-Fock wave function) and 1 for closed-shell systems; and for open-shell systems, 

M depends on nSOMO and it could be larger than 1. In the current work, we report the M 

diagnostic values computed using the extended CPO (ext-CPO) active space. We use M 

to classify multi-reference character as small (M < 0.05), modest (0.05≤ M ≤ 0.10), or 

large (M > 0.10). For very strong multireference character, we even find M ≅ 1. 

    A previous study shows that the M diagnostic correlates much better with the very 

expensive %TAE(T4 + T5) diagnostic than does the popular T1 diagnostic.1543 

 

18.2.5 Kohn–Sham DFT calculations 

    The triplet energy is computed using an unrestricted KS-DFT calculation (UKS) 

with MS = 1, and the singlet is computed in one of three ways: 

(1) Variational approach, which means finding the stable MS = 0 UKS solution, 

which in general has broken symmetry. [Broken-symmetry calculations are performed 

with Gaussian 09 by using the keyword “stable=(opt, xqc)” and by explicitly specifying 

“U” (i.e., unrestricted-spin DFT).] 

(2) Weighted-average broken-symmetry (WABS), which means we assume that the 

broken-symmetry MS = 0 state is a linear combination of the high-spin state and the real 

low-spin state, and the Yamaguchi formula1521 is applied to extract a singlet energy. This 

yields: 
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   (378) 

where  is the electronic energy difference between high-spin and the real low-

spin state; HS denotes the high-spin state; BS denotes the broken-symmetry low-spin 

state;  is the expectation value of the square of the total electron spin, E is 

energy, and the spin  is obtained by solving 

   (379) 

 (3) Closed-shell singlet, which means a spin-restricted singlet SCF calculation 

(RKS) i.e., forcing the spatial orbitals to be doubly occupied.  

    The exchange-correlation density functionals we tested in the current work are the 

PBE,1544 PBE0,1545 BLYP,1546 revPBE.1547 All the KS-DFT calculations are performed 

with a grid of 99 radial shells around each atom and 974 Lebedev angular points in each 

shell. KS-DFT calculations are carried out with locally modified1548 version of Gaussian 

09.  

 

18.2.6 Singlet-triplet splitting 

In the current work, the main-group radicals we considered are OH+, NH, NF, O2, 

CH2, SiH2, PH2+, NH2+, CF2, H2CC, O, C, and Si, all for which the experimental singlet–

triplet splittings are available.1549 We define the splitting as the adiabatic difference in 

electronic energies but excluding vibrational zero-point-energy (ZPE) and thermal 

vibrational-rotational energies. In particular, it is defined as: 

ΔEHS-LS = 2SHS(EHS − EBS)
< S2 >HS − < S2 >BS

ΔEHS−LS

< S2 >

SHS

SHS SHS +1( ) =< S2 >HS
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   (380) 

where ET and ES are the electronic energy of triplet and singlet respectively at their 

equilibrium geometries. As usual, electronic energies include nuclear repulsion. 

    For H2CC and CF2, the reference ΔTe is obtained by subtracting ZPE from the 

experimentally measured, ZPE-included adiabatic singlet–triplet splitting (ΔT0). The 

ZPEs of H2CC and CF2 are computed by performing numerical frequency calculations at 

QCISD(T)/aug-cc-pVQZ and QCISD/MG3S level respectively, using internal 

coordinates and a step size of 0.01 Å. A scaling factor1550 is used to scale the computed 

harmonic vibrational zero-point energies; the scaling factor we adopted in the current 

work is 0.989 for QCISD(T)/aug-cc-pVQZ, and 0.978 for QCISD/MG3S. 

 

18.2.7 W3X-L and W2X methods 

    To further place the present results in context, it is interesting to investigate the 

performance of single-reference coupled cluster theory on the current systems. Coupled 

cluster theory, in principle, is accurate if all the possible excitations are included. The 

recently developed W2X and W3X-L methods1551 are highly accurate yet cost-effective 

composite methods. W2X is an efficient approximation for CCSD(T) at complete basis 

limit (CBS); W3X-L is based on W2X and it adds post-CCSD(T) contributions up to the 

CCSDT(Q) level. The W2X and W3X-L are performed using Molpro2015.1 package1552 

interfaced with MRCC codes.1553 

ΔTe = ES −ET
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18.3 Results and discussion 

18.3.1 Broken-symmetry KS-DFT 

Table 18.2 shows the S-T splittings (ΔTe =ES – ET in kcal/mol) computed by UKS-

DFT with variational BS solutions and with WABS calculations, with PBE, PBE0, 

revPBE, and BLYP functionals; Table 18.3 shows the S-T splittings computed by 

subtracting spin-unrestricted (UKS-DFT) calculations of triplets from spin-restricted 

calculations (RKS-DFT) of singlets.  

Tables 18.3 shows that when the closed-shell singlet state is energetically higher 

than the triplet state, the broken-symmetry state is a mixture of singlet and triplet. Then 

eq. (2) removes the contaminant by a lower energy state and raises the S-T splitting over 

the variational one.  

    In Table 18.3, for cases with positive S-T splittings, all S-T splittings are higher than 

the ones in Table 18.2 because RKS-DFT gives higher-energy singlets than does 

stabilized UKS-DFT. Since Table 18.2 shows that UKS-DFT underestimates S-T 

splittings significantly, using RKS-DFT for singlets improves the MUEs as compared to 

variationally stabilized UKS-DFT but not as much as WABS. In other words, it is better 

to run broken-symmetry calculations and improve them by WABS than to run RKS-DFT, 

which does not need removal of spin contamination. 

 If the closed-shell singlet is energetically lower than triplet state (negative S-T 

splitting, for instance, CF2), then the variational solution is approximately the same as the 
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result obtained by the WABS approach. 

    With the WABS approach, the MUE of PBE, PBE0, BLYP, and revPBE are 7.8, 

7.6, 7.2 and 8.1 kcal/mol, respectively. Among the exchange-correlation functionals we 

tested, M08-SO and B97-D gives the best accuracy with an MUE of 3.5 kcal/mol. The 

M06, MN15, MPW1B95, B97-D and M08-SO xc functionals give MUEs of less than 4 

kcal/mol with the WABS approach.  

 

18.3.2 Multi-reference calculations 

Tables 18.4–18.7 show the signed errors (in kcal/mol) computed by CASSCF, 

CASPT2, CASPT2-0, and MC-PDFT using nom-CPO, mod-CPO, ext-CPO, and full-

valence active spaces, respectively. The M diagnostic values computed using ext-CPO 

active space for various species, the dominant configurations and their corresponding 

weights (squares of the CI coefficients, which are shown in the parentheses) in the 

CASSCF wave functions are tabulated in Table 18.8.  

From the nom-CPO to the mod-CPO and then to the ext-CPO active space, the 

MUEs of CASPT2 slightly decrease from 1.5 to 1.2 to 0.8 kcal/mol, which is below the 

so-called "chemical accuracy" value of 1.0 kcal/mol. The MUEs of CASPT2-0 are almost 

the same with these three CPO spaces. In full-valence spaces, CASPT2 and CASPT2-0 

gives MUEs of 2.7 and 3.7 kcal/mol respectively, both of which are larger than the ones 

given by the CPO scheme.  

The full-valence spaces, which include all the valence electrons and valence orbitals, 
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are not necessarily good choices in general; they do not have enough correlating orbitals, 

and they are unaffordable for larger systems. This result is not surprising since it is well-

known1554 that in CASSCF-based approaches it is important to have a balanced 

description between the bonding and antibonding orbitals. In other terms, every orbital 

should have a correlating orbital in the active space. This is of course not always feasible. 

For the H2CC radical, the ext-CPO active space is (6e, 8o), which yields 1176 

configuration state functions, and the full-valence space is (10e, 10o), which yields 19404 

configuration state functions; the unsigned errors for CASPT2, CASPT2-0, and tPBE are 

4.0, 6.1 and 1.3 kcal/mol with ext-CPO active spaces, but they are 4.5, 6.9 and 0.8 

kcal/mol with full-valence active spaces. For the CF2 radical, the ext-CPO active space is 

(6e, 8o), which again has 1176 configuration state functions, and the full-valence active 

space is (18e, 12o), which has 15730 configuration state functions; the unsigned errors 

for CASPT2, CASPT2-0, tPBE are 0.3, 3.1 and 2.6 kcal/mol in ext-CPO, and in the full-

valence space they are 7.4, 9.3, and 3.6 kcal/mol, all of which are worse than ext-CPO, 

because there are not enough correlating orbitals in the active space. In fact, for CF2, even 

the nom-CPO active space gives quite good accuracy; unsigned errors for CASPT2, 

CASPT2-0, tPBE are 0.7, 3.6, and 3.1 kcal/mol, all of which are smaller than the ones 

given by complete active spaces. 

The smallest MUEs for MC-PDFT are obtained by using the ext-CPO active space, 

as one might expect, since with this active space definition, not only all the occupied 
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orbitals in the active space are correlated, but also the ext-CPO space generally contains 

more pairs of correlating orbitals than nom- or mod-CPO spaces. For tPBE, tBLYP, and 

trevPBE, the MUEs are 3.8, 6.2, and 4.4 kcal/mol, which are larger than the MUE of 

CASPT2 (0.8 kcal/mol). CASPT2-0, which has no empirical IPEA shift, gives an MUE 

of 1.7 kcal/mol, which is still 2.1 kcal/mol lower than tPBE; but for some species (such 

as NH2+, Si, CH2, SiH2, H2CC and CF2), tPBE is better than CASPT2-0, which does not 

have an empirical IPEA shift. 

The need for larger active spaces with CAS-PDFT than with CASPT2 will motivate 

future work to see if larger active spaces be used with restrictions, such as in restricted-

active-space SCF1530 (RASSCF) or generalized-active-space SCF1531 (GASSCF). 

The MUEs of fully translated functionals are larger than the corresponding 

translated functionals; although for some species (for example, NH2+, PH2+, SiH2, H2CC 

and CF2), they have quite similar accuracy. The MC-PDFT results vary by about 2 

kcal/mol with the translated set, and the same is true for the fully translated results 

In ext-CPO active space, for PH2+, SiH2, NF, NH, OH+, O, H2CC, and CF2, tPBE is 

worse than CASSCF. As a comparison, without using an empirical IPEA shift, CASPT2-

0 is worse than CASSCF for PH2+, SiH2, H2CC, and CF2. Although our aim is to 

“improve” CASSCF by MC-PDFT, the current implementation of MC-PDFT limits the 

accuracy of the results. The functionals that we used for translation are not quite accurate; 

the broken-symmetry WABS PBE results are worse than CASSCF for all the species 



 

 695 

expect for CH2 and NH2+.  

Interestingly, most of the tPBE results show a signed error with a sign opposite to 

the PBE results, and encouragingly, all the tPBE results are better than WABS PBE ones. 

We discuss the latter issue in the next section. 

 

18.3.3 Comparison between MC-PDFT and broken-symmetry KS-DFT 

  It is interesting, for context, to compare the MC-PDFT results to KS-DFT 

calculations. The MC-PDFT tPBE results are better than the PBE and PBE0 KS-DFT 

WABS calculations for all the active spaces we tested; furthermore, using ext-CPO active 

spaces, all the translated on-top pair-density functionals are better than the corresponding 

WABS KS-DFT calculations. The MUE of tPBE with an ext-CPO active space is 3.8 

kcal/mol, which is only about half of the MUEs given by PBE and PBE0 calculations 

employing the WABS scheme.  

 Encouragingly, tPBE with ext-CPO is more accurate than some of modern exchange-

correlation functionals, in particular M06-L, M06, MN15-L, SOGGA11-X, GAM, and 

MPW1B95 with the WABS scheme; and tPBE with ext-CPO is more accurate than all 

the variational KS-DFT calculations in this study. The accuracy of tPBE with the ext-

CPO space is even close to the best functionals we tested in this work M08-SO (MUE of 

3.8 vs. 3.5 kcal/mol). The present finding that MC-PDFT is more accurate than KS-DFT 

is especially encouraging because KS-DFT is a more mature theory. MC-PDFT is in its 

early stages of development, and several possible improvements are not implemented yet, 
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for example, designing new on-top density functionals that take better advantage of the 

multi-configuration representation of the density and optimizing the CI coefficients and 

orbitals in the presence of the on-top density. 

 

18.3.4 Comparison to performances of W2X and W3X-L 

    The single-reference method W3X-L gives a MUE of 1.0 kcal/mol, which is smaller 

than ext-CPO-CASPT2-0 and about the same as ext-CPO-CASPT2 (MUE = 0.8 

kcal/mol); for very strong multireference systems (with an M diagnostic of 1.0), W3X-L 

(MUE = 1.0 kcal/mol) is worse than CASPT2 (MUE = 0.5 kcal/mol).  

    For radicals with strong multireference characters (which includes OH+, O, NH, NF, 

C, O2 and Si), W3X-L has an MUE of 1.0 kcal/mol, which is much better than W2X 

(MUE = 5.0 kcal/mol); this means that including full triplets and perturbative quadruples 

are essential for good accuracy for strong multi-reference system. MUEs given by WABS 

M08-SO and MPW1B95 are 3.3 and 4.2 kcal/mol for these 7 species, which are better 

than W2X (with MUE 5.0 kcal/mol). For strong multireference systems, the conventional 

gold standard CCSD(T)/CBS seems to have similar or less accurate performance than 

modern XC density functionals; this observation is consistent with previous findings.1505 

 

18.3.5 Timing and memory requirements of MC-PDFT 

It is clear that KS-DFT is less expensive than MC-PDFT because MC-PDFT 

involves MCSCF calculations. MC-PDFT is promising not because it is less expensive 
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than KS-DFT when both methods work well (it isn’t), but rather because it provides more 

definitive answers for cases where KS-DFT suffers from the inability of current 

functionals to deliver good results for many multireference systems and for cases where 

KS-DFT makes ambiguous predictions due to broken symmetry, and in such cases 

(where multireference methods are called for), the time and memory for PDFT are much 

smaller than are required for CASPT2. In fact, CASPT2 is often prohibitively expensive 

in terms of time and memory. In the latter regard, several important distinctions can be 

made with regard to the time and memory requirements for CASPT2 and PDFT. In 

CASPT2, the calculation of the second-order energy correction requires elements from 

the active portion of the four-body density matrix, which scales as N8, where N is the 

number of orbitals in the active space. Generation of the four-body density matrix, either 

directly or indirectly, can be very costly in both time and memory. In contrast, the most 

memory-intensive portion of PDFT is the calculation of the on-top pair density, and this 

requires only the two-body density matrix in the active space (already generated during 

the course of a CASSCF calculation), which scales as N4. In fact, since the CI coefficients 

are not required in the current post-SCF PDFT method, the PDFT step has a lower 

memory requirement than its preceding CASSCF calculation. Because of its low storage 

requirements, MC-PDFT has great promise for utility in large-active-space calculations 

where PT2 becomes unaffordable.  

To illustrate these points, we highlight the timings and costs of the (12e, 14o) 
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calculation of the NF molecule, which has 2,147,145 configuration state functions. For 

serial calculations we obtained the following wall timings: CASSCF (26 iterations) – 41 

minutes, CASPT2 (excluding the CASSCF step) – 61 minutes, MC-PDFT (excluding the 

CASSCF step) – 1 minute. The maximal memory requirements for the post-SCF steps 

were 1.3 GB for CASPT2 and 9 MB for MC-PDFT. The differences would be even more 

dramatic for larger active spaces. 

 

18.4 Conclusions 

A systematic method for active space selection, in contrast to choosing an active 

space individually for each system, is very important for the development and use of 

multi-reference computational schemes that rise to the level of a theoretical model 

chemistry. However, since it is impossible to choose one unique prescription as being 

most suitable for all kinds of problems, it is important to focus on some classes of 

systems and chemical problems. In the present paper, we investigate the singlet-triplet 

splittings of some main-group non-conjugated radical species for which the experimental 

values are available. Both complete active space second-order perturbation theory 

(CASPT2) and complete-active-space pair-density functional theory (CAS-PDFT, a 

special case of multi-configuration pair-density functional theory) have been tested. The 

multi-reference calculations are carried out with active spaces defined by the correlated 

participating orbitals (CPO) scheme. Among the kinds of active space considered, both 
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CASPT2 and CAS-PDFT give the smallest mean unsigned errors (MUEs) when using the 

ext-CPO active space; in the current study, with the ext-CPO complete active space, 

CASPT2 has a mean unsigned error (MUE) equal to 0.8 kcal/mol and performs better 

than CAS-PDFT with the tPBE on-top functional, which has an MUE equal to 3.8 

kcal/mol. (We note that the CASPT2 calculations were performed with the default 

empirical IPEA shift, whereas no empirical correction is used for MCPDFT.) 

Lowering the size of the active space from ext-CPO to mod-CPO raises the MUE to 

1.2 kcal/mol for CASPT2 and to 6.4 kcal/mol for tPBE. As an example of the sizes of 

active space involved, the ext-CPO space for NF is (12e,12o), whereas that for mod-CPO 

is (8,10). Thus, for these spin splittings, the accuracy degrades more rapidly for smaller 

active spaces with CAS-PDFT than with CASPT2. 

For the system with the largest active space in the ext-CPO scheme, which is NF 

with an active space of (12e,14o), the time for the post-SCF PDFT step is less than 2% 

that of the post-SCF PT2 step, and the memory requirement for PDFT is only 0.7% of 

that for PT2. 

For context, we also compared our results to broken symmetry Kohn-Sham DFT. 

The weighted-average broken-symmetry (WABS) scheme for using Kohn-Sham DFT is 

more accurate for the present problem than the variational approach (in which the broken 

symmetry solution is used directly); the MUE of the variational approach for the PBE 

functional is 13.2 kcal/mol, whereas the MUE of the WABS approach for the PBE 
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functional is 7.8 kcal/mol. The MUEs of MC-PDFT with the tPBE functional, with the 

smallest MUE 3.8 kcal/mol given by ext-CPO active space, are smaller than WABS KS-

PBE calculations. The accuracy achieved with tPBE is even better than some of the more 

broadly accurate density functionals we tested, such as the M06-L, M06, MN15-L, 

SOGGA11-X, GAM, and MPW1B95 functionals. We conclude that, even at the current 

stage of MC-PDFT theory (without fully optimizing the on-top pair-density functional, 

and without self-consistently optimizing CI coefficients and molecular orbitals), the 

translated pair-density functionals, with a suitably-chosen active space, are better than the 

corresponding WABS approach for predicting the singlet-triplet splittings of main-group 

non-conjugated radicals.  

Additional context is provided by comparing our results to coupled cluster theory. 

The W3X-L method, which is an efficient approximation to CCSDT(Q)/CBS, gives an 

MUE of 1.0 kcal/mol, which is smaller than ext-CPO-CASPT2-0 and about the same as 

ext-CPO-CASPT2 (MUE = 0.8 kcal/mol); however, W2X, which is an efficient 

approximation to CCSD(T)/CBS, gives an MUE of 3.0 kcal/mol, which is only slightly 

better than tPBE. 
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Table 18.1 Active spaces of various testing species defined by CPO scheme and the full-valence space 
 nom-CPO mod-CPO ext-CPO Complete valence space 

OH+ 2e, 4o: 2pxO, 2pxO', 
2pyO, 2pyO' 

4e, 6o: 2pzO, 2pzO', 
2pxO, 2pxO', 2pyO, 2pyO' 

6e, 8o: σO-H, σO-H*, 2pzO, 2pzO', 2pxO, 
2pxO', 2pyO, 2pyO' 6e, 5o:  σO-H, σO-H*, 2pzO, 2pxO, 2pyO 

O 2e, 4o: 2px, 2px', 2py, 
2py' 

4e, 6o: 2px, 2px', 2py, 
2py', 2pz, 2pz' 

6e, 8o:  2s, 2s', 2px, 2px', 2py, 2py', 2pz, 
2pz' 6e, 4o: 2s, 2px, 2py, 2pz 

NH 2e, 4o: 2pxN, 2pxN', 
2pyN, 2pyN' 

4e, 6o: 2pzN, 2pzN', 
2pxN, 2pxN', 2pyN, 2pyN' 

6e, 8o: σN-H, σN-H*, 2pzN, 2pzN', 2pxN, 
2pxN', 2pyN, 2pyN' 6e, 5o: σN-H, σN-H*, 2pzN, 2pxN, 2pyN 

NF 2e, 4o: 2(π*, π*') 8e, 10o: σ2p, σ2p*, 2(π, 
π*), 2(π', π*') 

12e, 14o: σ2s, σ2s*, σ2s', σ2s*', σ2p, σ2p*, 
2(π, π*), 2(π', π*') 12e, 8o: σ2s, σ2s*, σ2p, σ2p*, 2(π, π*) 

C 2e, 4o: 2px, 2px', 2py, 
2py' 

2e, 5o: 2px, 2px', 2py, 
2py', 2pz 4e, 7o: 2s, 2s', 2px, 2px', 2py, 2py', 2pz 4e, 4o: 2s, 2px, 2py, 2pz 

NH2+ 2e, 4o: 2pzN, 2pzN', 
nN, nN' 

2e, 4o: 2pzN, 2pzN', nN, 
nN' 6e, 8o: 2(σN-H, σN-H*), 2pzN, 2pzN', nN, nN' 6e, 6o: 2(σN-H, σN-H*), 2pzN, nN 

O2 2e, 4o: 2(π*, π*') 8e, 10o: σ2p, σ2p*, 2(π, 
π*), 2(π', π*') 

12e, 14o: σ2s, σ2s*, σ2s', σ2s*', σ2p, σ2p*, 
2(π, π*), 2(π', π*') 12e, 8o: σ2s, σ2s*, σ2p, σ2p*, 2(π, π*) 

Si 2e, 4o: 3px, 3px', 3py, 
3py' 

2e, 5o: 3px, 3px', 3py, 
3py', 3pz 4e, 7o: 3s, 3s', 3px, 3px', 3py, 3py', 3pz 4e, 4o: 3s, 3px, 3py, 3pz 

CH2 2e, 4o: 2pzC, 2pzC', 
nC, nC' 

2e, 4o: 2pzC, 2pzC', nC, 
nC' 6e, 8o: 2(σC-H, σC-H*), 2pzC, 2pzC', nC, nC' 6e, 6o: 2(σC-H, σC-H*), 2pzC, nC 

PH2+ 2e, 4o: 3pzP, 3pzP', 
nP, nP' 

2e, 4o: 3pzP, 3pzP', nP, 
nP' 6e, 8o: 2(σP-H, σP-H*), 3pzP, 3pzP', nP, nP' 6e, 6o: 2(σP-H, σP-H*), 3pzP, nP 

SiH2 2e, 4o: 3pzSi, 3pzSi', 
nSi, nSi' 

2e, 4o: 3pzSi, 3pzSi', nSi, 
nSi' 

6e, 8o: 2(σSi-H, σSi-H*), 3pzSi, 3pzSi', nSi, 
nSi' 6e, 6o: 2(σSi-H, σSi-H*), 3pzSi, nSi 

H2CC 2e, 4o: pC, pC', nC, 
nC' 

4e, 6o: πC-C, πC-C*, pC, 
pC', nC, nC' 

6e, 8o: σC-C, σC-C*, πC-C, πC-C*, pC, pC', 
nC, nC' 

10e, 10o:  2(σC-H, σC-H*), σC-C, σC-C*, 
πC-C, πC-C*, pC, nC 

CF2 2e, 4o: pC, pC', nC, 
nC' 2e, 4o: pC, pC', nC, nC' 6e, 8o: 2(σC-F, σC-F*), pC, pC', nC, nC' 18e, 12o: 2(2sF), 4(2pF), 2(σC-F, σC-F*), 

pC, nC 
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Table 18.2 Computed S-T splittings (ΔTe =ES – ET in kcal/mol) by UKS-DFT with variational BS solutions and with WABS 
  Variational WABS 
 exptl. 

ΔTeb PBE PBE0 BLYP revPBE PBE PBE0 BLYP revPBE 
OH+ 50.5   17.8 18.9  16.5  17.7  35.8  38.0  33.1  35.6  

O 45.4  16.2  17.1  14.9  16.1  32.5  34.4  29.8  32.3  
NH 35.9   23.1 22.3  24.6  23.3  25.7  27.4  22.8  25.4  
NF 34.3   10.8 12.0  10.3  10.8  21.6  24.2  20.6  21.6  
C 29.1   8.6 9.3  7.4  8.0  17.3  18.7  15.0  16.1  

NH2
+ 29.0  20.7  22.3  18.1  20.3  34.1  36.9  29.1  33.5  

O2 22.6    8.7 10.7  8.4  8.6  17.4  21.5  16.9  17.3  
Si 17.3   5.9 5.9  4.2  5.5  12.0  11.9  8.5  11.1  

CH2 9.0   8.9 10.0  5.4  8.6  13.1  14.9  7.6  12.7  
PH2

+ -17.0  -12.5  -11.2  -17.4  -12.0  -12.7  -12.0  -17.4  -12.4  
SiH2 -21.0  -16.0  -14.8  -21.2  -15.4  -16.0  -15.0  -21.2  -15.4  

H2CC -48.6  -43.6  -41.7  -48.5  -43.0  -43.4  -41.3  -48.4  -42.8  
CF2 -56.6  -51.3  -48.6  -53.9  -50.7  -51.3  -48.6  -53.9  -50.7  

MUEa   13.2  13.3  12.8  13.6  7.8  7.6  7.2  8.1  

aMean unsigned error computed with respect to exptl. ΔTe 
bExperimental values are taken from reference 1549: (a) OH+, NH, NF, O2; (b) NH2+; (c) CH2; (d) PH2+; (e) and (f) SiH2; (g) H2CC; 

(h) CF2; (i) O, C, Si.  
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Table 18.3 Computed S-T splittings (ΔTe =ES – ET in kcal/mol) from spin-restricted calculations (RKS-DFT) of singlets and 

spin-unrestricted (UKS-DFT) calculations of triplets  
  Closed shell singlet 
 exptl. 

ΔTe PBE PBE0 BLYP revPBE 
OH+ 50.5  72.4  74.8  67.7  72.7  

O 45.4  66.6  68.9  61.9  66.8  
NH 35.9  53.4  55.5  48.7  53.7  
NF 34.3  45.4  49.4  42.7  45.7  
C 29.1  43.3  45.1  39.5  43.1  

NH2
+ 29.0  35.6  38.1  30.6  35.5  

O2 22.6  38.8  41.3  36.1  38.9  
Si 17.3  28.7  29.9  24.6  28.8  

CH2 9.0  15.6  17.4  10.0  15.5  
PH2

+ -17.0  -12.5  -11.1  -17.4  -11.9  
SiH2 -21.0  -16.0  -14.8  -21.2  -15.4  

H2CC -48.6  -43.6  -41.7  -48.5  -43.0  
CF2 -56.6  -51.3  -48.6  -53.9  -50.7  

MUEa  11.3  13.4  7.1  11.5  

aMean unsigned error computed with respect to exptl. ΔTe 
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Table 18.4 Signed errors (kcal/mol) of S-T splitting (ΔTe =ES – ET in kcal/mol) computed by nom-CPO scheme. 

 

CASSCF CASPT2 

CASPT2-

0 tPBE tBLYP trevPBE ftPBE ftBLYP ftrevPBE 

OH+ 0.6  -1.9  -1.1  -16.5  -17.0  -16.8  -24.6  -26.5  -24.9  
O 2.0  -1.1  -0.5  -14.3  -14.9  -14.6  -21.2  -23.2  -21.4  

NH 1.8  -0.9  -0.2  -10.3  -11.0  -10.5  -16.5  -18.6  -16.7  
NF 3.5  -2.8  -2.1  -12.6  -12.9  -12.7  -19.1  -20.2  -19.2  
C 2.7  -1.5  -0.8  -6.3  -7.0  -6.5  -14.1  -15.8  -14.7  

NH2+ -7.4  1.7  3.7  -7.7  -10.2  -9.6  -8.6  -12.2  -9.9  
O2 7.2  -3.5  -0.7  -6.5  -6.5  -6.6  -10.3  -10.7  -10.4  
Si 3.8  -0.9  -0.4  -3.6  -4.7  -3.8  -6.6  -9.2  -7.0  

CH2 -5.8  1.4  3.2  -5.4  -8.0  -7.0  -5.6  -9.3  -6.7  
PH2+ -10.4  -1.1  1.1  -3.4  -5.3  -4.4  -3.3  -6.1  -3.8  
SiH2 -7.0  -0.3  1.6  -1.8  -4.1  -2.6  -1.8  -4.4  -2.2  
H2CC -6.0  1.3  4.1  -6.8  -10.4  -7.8  -6.2  -9.9  -6.4  
CF2 -3.3  0.7  3.6  -3.1  -5.7  -4.3  -1.6  -4.2  -1.8  

MUEa 4.7  1.5  1.8  7.5  9.1  8.2  10.7  13.1  11.2  

aMean unsigned error computed with respect to exptl. ΔTe 
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Table 18.5 Signed errors (kcal/mol) of S-T splitting (ΔTe =ES – ET in kcal/mol) computed by mod-CPO scheme. 

 

CASSCF CASPT2 

CASPT2-

0 tPBE tBLYP trevPBE ftPBE ftBLYP ftrevPBE 

OH+ 2.9  -0.8  -0.3  -13.8  -14.7  -14.1  -23.6  -25.7  -23.8  
O 2.7  -0.7  -0.2  -12.6  -13.3  -12.9  -21.1  -23.3  -21.4  

NH 2.4  -0.8  0.0  -8.8  -9.7  -9.0  -17.0  -19.4  -17.4  
NF 1.2  -2.4  -1.8  -10.5  -10.9  -10.6  -17.2  -18.3  -17.2  
C 2.7  -1.5  -0.8  -6.3  -7.0  -6.5  -14.1  -15.8  -14.7  

NH2+ -7.4  1.7  3.7  -7.7  -10.2  -9.6  -8.6  -12.2  -9.9  
O2 0.6  -0.1  0.3  -2.4  -2.9  -2.5  -5.2  -5.7  -5.1  
Si 3.8  -0.9  -0.4  -3.6  -4.7  -3.8  -6.6  -9.2  -7.0  

CH2 -5.8  1.4  3.2  -5.4  -8.0  -7.0  -5.6  -9.3  -6.7  
PH2+ -10.4  -1.1  1.1  -3.4  -5.3  -4.4  -3.3  -6.1  -3.8  
SiH2 -7.0  -0.3  1.6  -1.8  -4.1  -2.6  -1.8  -4.4  -2.2  
H2CC 1.4  3.6  6.1  -3.2  -8.0  -4.5  -3.7  -9.0  -3.9  
CF2 -3.3  0.7  3.6  -3.1  -5.7  -4.3  -1.6  -4.2  -1.8  

MUEa 4.0  1.2  1.8  6.4  8.0  7.1  10.0  12.5  10.4  

aMean unsigned error computed with respect to exptl. ΔTe 

 

  



 

 706 

Table 18.6 Signed errors (kcal/mol) of S-T splitting (ΔTe =ES – ET in kcal/mol) computed by ext-CPO scheme. 

 

CASSCF CASPT2 

CASPT2-

0 tPBE tBLYP trevPBE ftPBE ftBLYP ftrevPBE 

OH+ 5.2  -0.5  -0.3  -11.5  -13.1  -11.7  -21.6  -24.1  -21.9  
O 4.1  -0.1  0.2  -9.6  -11.0  -9.9  -18.0  -20.5  -18.2  

NH 5.5  0.3  0.5  -6.0  -7.9  -6.2  -13.8  -16.6  -14.1  
NF 3.1  -1.9  -1.7  -8.1  -9.3  -8.2  -14.4  -15.8  -14.3  
C 4.1  -0.6  -0.4  -1.5  -3.5  -1.8  -10.5  -12.8  -11.4  

NH2+ -6.0  1.5  2.8  -2.7  -7.1  -4.5  -2.9  -8.0  -4.0  
O2 2.5  0.0  0.1  -2.3  -3.1  -2.5  -4.0  -4.5  -3.9  
Si -3.3  0.2  0.9  0.2  -0.5  -0.2  -5.2  -8.1  -6.4  

CH2 -4.8  1.2  2.8  -0.1  -4.3  -1.8  -0.8  -5.9  -1.8  
PH2+ 0.6  -0.1  1.2  -2.7  -5.8  -3.8  -2.4  -6.5  -2.7  
SiH2 0.3  0.2  2.2  1.2  -2.0  0.4  0.7  -3.2  0.3  
H2CC 4.2  4.0  6.1  -1.3  -6.9  -2.5  -1.5  -7.6  -1.6  
CF2 1.4  0.3  3.1  -2.6  -5.5  -3.7  -2.3  -5.3  -2.5  

MUEa 3.5  0.8  1.7  3.8  6.2  4.4  7.6  10.7  7.9  

aMean unsigned error computed with respect to exptl. ΔTe 
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Table 18.7 Signed errors (kcal/mol) of S-T splitting (ΔTe =ES – ET in kcal/mol) computed by full valence space. 

 

CASSCF CASPT2 

CASPT2-

0 tPBE tBLYP trevPBE ftPBE ftBLYP ftrevPBE 

OH+ 6.8  0.8  1.4  -16.3  -17.2  -16.6  -26.1  -28.4  -26.5  
O 4.9  -1.2  -0.2  -15.3  -16.1  -15.7  -19.0  -21.4  -19.0  

NH 7.8  0.5  1.1  -10.6  -11.7  -10.8  -18.5  -21.1  -18.9  
NF 3.7  -2.7  -2.2  -11.5  -12.0  -11.7  -17.9  -19.3  -17.8  
C 5.8  -2.0  -0.2  -0.8  -2.3  -1.2  -10.9  -14.1  -11.7  

NH2+ -0.5  2.2  4.0  -4.3  -8.3  -6.2  -5.2  -9.8  -6.4  
O2 -1.3  8.6  12.3  0.5  -0.9  -0.1  -3.9  -5.3  -4.7  
Si 4.9  -1.8  -0.4  -2.7  -4.1  -2.9  -7.0  -10.2  -7.7  

CH2 1.0  2.0  4.1  -1.9  -5.7  -3.6  -3.0  -7.7  -4.2  
PH2+ -0.1  0.2  2.7  -2.6  -5.4  -3.7  -2.9  -6.9  -3.3  
SiH2 2.6  1.0  3.3  -0.7  -3.9  -1.6  -1.4  -5.3  -1.7  
H2CC 9.2  4.5  6.9  -0.8  -6.2  -2.1  -1.2  -7.1  -1.1  
CF2 0.2  7.4  9.3  3.6  0.4  2.5  7.2  3.5  7.6  

MUEa 3.7  2.7  3.7  5.5  7.2  6.0  9.6  12.3  10.0  

aMean unsigned error computed with respect to exptl. ΔTe 
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Table 18.8 M diagnostic values computed using ext-CPO active spaces for various species; the dominant configuration(s) and 

the corresponding weight (square of the CI coefficient, which is shown in the parentheses) in the CASSCF wave function. 

 Singlet Triplet 

 exptl. ΔTe M dominant configuration(s)a M dominant configuration(s) 

OH+ 50.5  1.00  22200000 (49.0%), 22020000 (49.0%) 0.03  22uu0000 (97.4%) 
O 45.4  1.00  22200000 (49.1%), 22020000 (49.1%) 0.02  22uu0000 (98.0%) 
NH 35.9  1.00  22200000 (48.6%), 22020000 (48.6%) 0.03  22uu0000 (96.7%) 
NF 34.3  1.00  22222200000000 (46.9%), 22222020000000 (46.9%) 0.04  22222uu0000000 (93.8%) 
C 29.1  1.00  2200000 (48.2%), 2020000 (48.2%) 0.05  2uu0000 (96.4%) 
NH2+ 29.0  0.08  22200000 (93.7%) 0.03  22uu0000 (96.7%) 
O2 22.6  1.00  22222200000000 (45.0%), 22222020000000 (45.0%) 0.06  22222uu0000000 (91.6%) 
Si 17.3  1.00  2200000 (48.5%), 2020000 (48.5%) 0.07  2uu0000 (94.4%) 
CH2 9.0  0.09  22200000 (93.0%) 0.03  22uu0000 (96.8%) 
PH2+ -17.0  0.08  22200000 (92.6%) 0.04  22uu0000 (95.8%) 
SiH2 -21.0  0.10  22200000 (91.9%) 0.03  22uu0000 (96.5%) 
H2CC -48.6  0.07  22200000 (92.7%) 0.11  22uu0000 (91.5%) 
CF2 -56.6  0.07  22200000 (94.5%) 0.02  22uu0000 (97.8%) 

aConfigurations are expressed using natural occupation numbers of the orbitals in active space, in which 0 is unoccupied orbital, 2 is 

doubly occupied orbital and u is singly occupied orbital with spin up electron.  
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Table 18.9 Signed errors (kcal/mol) of S-T splitting (ΔTe =ES – ET in kcal/mol) computed by W3X-L and W2X methods. 
  W3X-L W2X 
 exptl. ΔTe Signed error Signed error 

OH+ 50.5 -0.2 6.6 
O 45.4 1.2 4.4 

NH 35.9 0.6 6.9 
NF 34.3 -1.2 6.0 
C 29.1 1.6 2.7 

NH2+ 29.0 -0.6 -0.2 
O2 22.6 1.2 6.6 
Si 17.3 1.3 2.0 

CH2 9.0 0.3 0.5 
PH2+ -17.0 -1.6 -1.6 
SiH2 -21.0 -0.1 0.0 

H2CC -48.6 2.6 2.0 
CF2 -56.6 -0.1 -0.1 

MUE-1a  1.0 3.0 
MUE-2b  1.0 5.0 

a Mean unsigned error (in kcal/mol) computed with respect to exptl. ΔTe, for all the divalent radicals. 
b Mean unsigned error (in kcal/mol) for the divalent radicals with strong multireference character (with M diagnostic being 1.00), 

which includes OH+, O, NH, NF, C, O2 and Si. 
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Chapter 19. Multiconfiguration Pair-Density Functional Theory Is Free 
from Delocalization Error  

 

19.1 Introduction 

Kohn-Sham the most widely used tool in theoretical and computational chemistry and 

physics. Despite the continuing successful efforts in developing better exchange-

correlation (XC) density functionals, KS-DFT still has known difficulties in several areas, 

including inherently multi-configurational systems, transition metal chemistry,1555,1556 the 

energy gap between spin states,1557 and electronic excitation1558 and charge transfer.1559  

It is often stated that all the deficiencies of KS-DFT ultimately stem from self-

interaction errors, and much has been learned by taking this perspective, but Cohen et 

al.,1560 have shown that the kind of error usually ascribed to self-interaction error “is best 

characterized as the delocalization error, as it captures the physical nature of the 

problem.” Delocalization error in KS-DFT can be attributed to an inaccurate estimation 

of the energy for a noninteger number of electrons,1561,1562,1563 which leads to too low an 

energy for delocalized electron distributions and sometimes a qualitatively wrong 

density.1560,1564,1565  

Yang and coworkers1566 have elucidated this argument by discussing how a 

calculation may be self-interaction free but still suffer from errors that are often 

associated with self-interaction error, and they stated that “Delocalization error is one of 

the dominant errors of mainstream density functional approximations (DFAs). It is 
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responsible for many failures of DFT calculations.” Delocalization error predicts too low 

an energy for electronically delocalized distributions, and consequently this error can 

cause computed reaction barriers to be too low, spin states of transition metals to be in the 

incorrect order, band gaps of semiconductors to be too small, and electric conductance of 

electronic devices to be overestimated.1560,1567  

Therefore it is useful to have a test of DFT that isolates the delocalization error and 

makes it manifest with the least distracting complications. Yang and coworkers have 

shown that one powerful such test is based on the theoretical concept of fractional 

charge.1568,1569 In particular, they showed that one can measure delocalization energy by 

calculating the ionization energy of a well separated cluster of He atoms, which are so far 

separated from one another as to be effectively noninteracting. The experimental 

ionization energy would be the same as for a single He atom, but calculations with 

delocalization errors yield smaller and smaller ionization energies as the number of He 

atoms is increased because the hole created by the ionization process is incorrectly 

predicted to be delocalized over all the He atoms, with a fractional positive charge on 

each of them. 

The failure of KS-DFT for treating the He2+ cation has been identified 

before,1568,1570,1571,1572,1573,1574,1575,1576 and it is a special case of the radical cation 

problem. The well separated He cluster ionization test proposed by Yang and coworkers 

puts it in a broader context. Yang and coworkers recently developed a localized orbital 
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scaling correction1566 for eliminating delocalization error in a version of KS-DFT, and 

they showed using this test that this correction significantly reduces the delocalization 

error. 

Another possible way to improve on KS-DFT is to use multi-determinant 

representations in DFT,1577,1578,1579,1580,1581,1582,1583,1584,1585,1586 as in the recently proposed 

multiconfiguration pair-density functional theory (MC-PDFT). This theory works with 

self-interaction-free densities from wave function theory, but the energy is calculated 

using a density functional; MC-PDFT has been successfully applied in a variety of 

problems, including bond dissociation in transition metal compounds, spin splitting, 

main-group chemistry, electronic excitation, and charge transfer. Here, we will show that, 

while conventional KS-DFT has huge delocalization errors as measured by the He cluster 

ionization test, MC-PDFT with either translated or fully translated density functionals is 

immune to delocalization error.  

Overview of MC-PDFT theory. The Born-Oppenheimer energy in MC-PDFT is 

computed as the summation of nuclear repulsion energy VNN, electronic kinetic energy 

TM, electron-nuclear attraction energy VNe, classical electron-electron repulsion Coulomb 

energy Vee, and on-top energy EOT. The TM, VNe and Vee terms are evaluated using a 

variational multiconfiguration self-consistent-field (MCSCF) wave function, and EOT is 

evaluated by using an energy functional that takes the total density from the MCSCF one-

particle density matrix and the on-top pair density from the MCSCF two-particle density 
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matrix. MC-PDFT eliminates the spin symmetry ambiguity1587 of KS-DFT by using on-

top pair density and not directly using spin-up or spin-down density; and it avoids double 

counting of the dynamic correlation energy by not using the MCSCF energy. The on-top 

energy functional is obtained, at the current stage of development, by translating a 

conventional KS XC density functional by replacing the a and b densities and their 

gradients with functions of the total density r and on-top pair density P. The original 

translation involves r, grad r, and P; the later full translation also involves grad P. The 

original translated Perdew-Burke-Ernzerhof functional is denoted tPBE; the full 

translation gives the fully translated PBE functional, denoted ftPBE. Similar translations 

of revPBE and BLYP give trevPBE, ftrevPBE, tBLYP, and ftBLYP. 

Background: MCSCF theory. The most popular kind of MCSCF calculation is 

complete-active space SCF (CASSCF) theory.1588 The active spaces used for the clusters 

were chosen two ways: (a) the systematic correlated-participating-orbitals (CPO) 

scheme,1589 in which we include the 1s orbital and its correlating orbital 1s' for each He 

atom such that for HeN the active space includes 2N electrons in 2N orbitals, and for HeN+ 

the active space includes (2N – 1) electrons in 2N orbitals (more generally the CPO 

scheme correlates each of the most important participants in the chemical problem under 

study with a corresponding correlating orbital, and the resulting active spaces should be 

better balanced than the alternative full-valence scheme); (b) the full valence (FV) active 

space, for which the HeN active space has 2N electrons in N orbitals (this neutral case is 
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equivalent to restricted Hartree-Fock calculation), and for HeN+ the active space includes 

(2N – 1) electrons in N orbitals, which involves N configuration state functions (CSFs).  

As pointed out by McLean et al,1590 in order for small MCSCF wave functions to 

produce a correct potential curve for HeN+, one must allow the variationally optimized 

wave function to have a lower spatial symmetry than the symmetry of the nuclear 

framework. Thus in all cases we study here, we will find the variationally best solution of 

the CASSCF equations without constraining spatial symmetry, but all CASSCF wave 

functions are correct singlet or doublet spin eigenfunctions. 

Quantifying delocalization error using well separated He clusters. The model1566 is 

as follows: Consider a planar HeN cluster (in the present work, N = 1, 2, 3, 4, 6, 8, and 

16), in which all the He atoms are chemically equivalent and are evenly distributed on a 

circle. The Cartesian coordinates (x,y) of He atom i (i = 1, 2, …, N) in the cluster are

, where R is the radius of the circle, which is related to the distance 

d between two neighboring He atoms by R = d[2(1–cosα)]-1/2 with . The physical 

quantity to be computed is the vertical first ionization energy (which is denoted as IP).  

In this work, we consider d = 10 Å; at this distance, the He atoms are effectively not 

interacting with each other, and IP for all HeN clusters should be equal to the first IP of a 

ground-state He atom (which is 24.587 eV). We have checked this by computing the IP 

for the He2 cluster by using coupled cluster theory with large basis sets and up to full 

quadruple excitation (CCSDTQ) (notice that He2 only has 4 electrons, and thus CCSDTQ 

  Rcos[(i − 1)α ], R sin[(i − 1)α ]( )

  α = 2π N
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is equivalent to full CI); the IP of He2 computed this way is 24.579 eV, which is only 

0.008 eV less than first ionization energy of a ground state He atom; this confirms that 10 

Å is large enough that the experimental result is independent of N. 

We will see that if one uses KS-DFT to compute the IP of the HeN cluster, the error 

increases as the cluster size increases, until the error (which is huge for almost all 

functionals tested) roughly approaches convergence at He16. The ionization creates a 

positive hole in the system, and DFT tends to delocalize the hole over all N He centers. 

The signed error is computed as the difference between the computed IP and the 

experimental IP, which is taken as 24.587 eV for all sizes of HeN clusters. The 

delocalization error (DE) is defined as the variation of the signed error in the IP as the 

cluster size increases; in particular, DE is computed as the signed error of the computed 

IP for He minus the signed error for well-separated He16.  

19.2 Computations  

We calculated the IPs by KS-DFT with several functionals, HF theory, CASSCF, 

complete active-space 2nd order perturbation theory, CASPT2, and MC-PDFT. The basis 

set used for KS-DFT and HF is aug-cc-pVTZ. The integral grid was ultrafine. 

Multiconfiguration calculations. CASSCF, CASPT2 (with a standard IPEA shift of 

0.25 hartrees), CASPT2-0 (in which no empirical IPEA shift is applied), and MC-PFT 

calculations were carried out in C1 point group (without enforcing symmetry) by using a 

locally modified version of Molcas 8.1 program. The active space used for all the He 
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clusters were chosen based on:  

(a) the systematic Correlated-Participating-Orbitals (CPO) scheme in which we 

include a 1s orbital and its correlating 1s' orbital for each Helium atom so that the 

active space for HeN the includes 2N electrons in 2N orbitals, and that for HeN+ 

includes (2N – 1) electrons in 2N orbitals;  

(b) full valence space, i.e., for HeN the active space includes 2N electrons in N orbitals 

(this is equivalent to restricted Hartree-Fock calculation), and for HeN+ the active 

space includes (2N – 1) electrons in N orbitals, which involves N configuration 

state functions (CSFs).  

CAS-PDFT calculations were computed by using tPBE, trevPBE, tBLYP, ftPBE, 

ftrevPBE, and ftBLYP on-top density functionals. These calculations are all single-state 

calculations.  

Single-configuration calculations. We carried out KS-DFT calculations with PBE, 

revPBE, BLYP and several more modern functionals. All KS-DFT calculations used the 

same basis set and integral grids, and they were computed by using a locally modified 

Gaussian 09 code.  

Spatial symmetry. For HF and KS-DFT, stability tests1591 were carried out using the 

keyword stab=(opt, xqc) to make sure the SCF solution is a stable broken-symmetry 

solution; unstable solutions were further optimized until stability was achieved.  

Our CASSCF calculations are done in C1 point group (without enforcing any 
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symmetry), and for HeN+, the converged solutions are spatial symmetry-broken, i.e., they 

do not have inversion symmetry that is possessed in the cluster. 

For well-separated He2+, we have also tried a symmetry-enforced calculation, i.e., 

the calculation is done in Ci point group with σg and σu orbitals being put in different 

irreducible representations so that the calculation gives the  state for well-separated 

He2+. Using this symmetry-restricted solution raises the energy of the CASSCF wave 

function and the computed IP by 0.94 eV for FV and by 0.05 eV for CPO. In other words, 

it gives results that are consistent with the work of McLean et al.1592 Using this MCSCF 

wave function in MC-PDFT lowers the energy of the MC-PDFT wave function and the 

computed IP by 3.7 eV for FV and by 3.5 eV lower for CPO. 

Spin symmetry. The CASSCF calculations are all pure singlets for neutral clusters and 

pure doublets for cations. The Hartree-Fock calculations and the KS-DFT calculations for 

neutral clusters are all closed-shell singlets. These calculations are denoted as RHK and 

RKS, where R denotes spin-restricted. 

The Hartree-Fock calculations and the KS-DFT calculations for cations are done two 

ways:  

• by the restricted open-shell formalism, which is denoted ROHF or ROKS, and which 

yields pure doublets 

• by the spin-unrestricted formalism, which is denoted UHF or UKS, and which yields 

states that are eigenfunctions of Sz with eigenvalue ½ but are not eigenfunctions of S2. 

  
2Σu

+
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All HF and KS-DFT results in the article proper correspond to RHF/UHF and RKS/UKS 

for the singlets/doublets. Additional RHF/UHF and RKS/UKS results are given this SI, 

which also gives ROHF and ROKS results for comparison and shows that they are 

similar. 

The variational solutions for both CASSCF (used in MC-PDFT) and KS-DFT have 

spatial symmetry lower than the nuclear framework. This allows both CASSCF and MC-

PDFT to avoid delocalization error, even with an eigenfunction of S2. However, KS-DFT, 

whether or not it breaks spin symmetry (i.e., for both UKS ad ROKS) has large 

delocalization error. In fact, with the exception of the M06-HF functional, the 

delocalization error is in the range 3–8 eV. 

Localized solutions in Kohn-Sham theory. We also made attempts to converge Kohn-

sham calculations to solutions with localized orbitals that avoid fractional atomic charges. 

To do this, we carried out UKS calculations with initial guess in which the hole is located 

on a single He atoms, via guess = (only, fragment = N), where we divided the cluster to N 

fragments, and for the N – 1 fragments the initial guess charge is 0 and spin-multiplicity 

is 1, and for one fragment, the initial guessing charge is 1 and spin-multiplicity is 2; and 

then such initial guess was read in (via guess = read) and followed by a UKS calculation 

with the stability test (stab=(opt, xqc)) turned on.  

The tests with localized initial fragment densities for a variety of density functionals 

and values of N lead to five different outcomes:  
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• 20.3% of the calculations did not converge,  

• 53.1% of the calculations converged to localized holes with much higher in 

energy than the lowest-energy stable solutions. 

• 17.2% of the calculations converged to a delocalized solution with much 

higher energy than the lowest-energy stable solution.  

• 5.7% of the calculations converge to delocalized solution, but their energies 

are slightly higher than our best low-energy delocalized solution (within ~0.01 

a.u.). 

• 3.6% of the calculations converged to our best low-energy delocalized 

solution. 

Notice that none of these calculations converge to localized solution with a lower 

energy than our lowest-energy stable solution with delocalized holes. In other words, 

none of the KS-DFT calculations led to a lowest-energy solution that was devoid of 

delocalization error. Interestingly, for a few of these functionals, such as ωB97X, which 

has high HF exchange for large interelectronic distances, and GAM, which is a local 

functional, one can obtain charge-localized solutions for which the variation in IP goes 

away. However, these are not the lowest-energy solutions of the KS equations, so the 

delocalization error is not avoided if one correctly finds the variationally lowest-energy 

stable solution. 
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19.3 Results and discussions  

Single-configuration calculations for background and comparison. In order to 

provide background for the MC-PDFT results, we place them in the context of what can 

be predicted by previous density functional theory methods by also carrying out KS-DFT 

calculations with PBE, revPBE, BLYP, B3LYP, and several of more modern functionals, 

including M06-L, M06, M06-2X and M06-HF. KS-DFT computations mentioned in the 

article proper are done by restricted Kohn-Sham for neutral clusters and unrestricted (i.e., 

spin-polarized) Kohn-Sham (UKS) for cations. 

Table 19.1 lists the delocalization errors for selected XC functionals in KS-DFT 

calculation, and they show that the delocalization error can be huge. As the size of the 

cluster gets larger, the IP computed by KS-DFT becomes smaller. The PBE functional has 

a DE of 7.9 eV, and BLYP has DE = 8.1 eV, illustrating the enormous delocalization error 

that is built into KS-DFT. Even though UKS does break the symmetry for the cations 

(different  a and b orbital energies), the IPs produced by RKS/UKS and RKS/ROKS 

calculations are very similar.  

For Hartree-Fock theory, on the other hand, the computed IP increases as N increase, 

and thus the delocalization error is -1.4 eV. Therefore, we might expect that mixing HF 

exchange into XC functionals will reduce the delocalization error; and, indeed, this is 

what we observed in the series (percentage of HF exchange is in parentheses) of M06-L 

(0), M06 (27), M06-2X (54), M06-HF (100), whose DEs are respectively 7.4, 5.9, 3.8 
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and 0.67 eV. M06-HF has the smallest DE among all the 35 functionals we tested in this 

work, and it is even smaller in magnitude than that for HF (0.67 eV vs. 1.38 eV), 

although by definition HF also has 100% HF exchange. The nonzero DE for these two 

methods with 100% HF exchange (and therefore no one-electron self-interaction energy) 

confirms that delocalization error is indeed different from one-electron self-interaction 

(and, as discussed by Yang and coworkers,1566 it is also different from and more 

fundamental than many-electron self-interaction). For other functionals such as LC-

ωPBE1593 and ωB97X,1594 which have 100% Hartree-Fock exchange at long range, their 

delocalization error is still very high (respectively 3.2 and 3.5 eV).  

We have also done UKS calculations that started with an initial guess in which the 

hole was localized on one of the He atoms, followed by stability test of the solution (and 

if the solution is not stable, further optimization of the solution is carried out until a stable 

solution is reached); for none of the functionals does the lowest-energy solution have zero 

or small DE. 

It is interesting to check whether or not the HeN+ system is an inherently 

multiconfigurational system so that the errors we observe in these single-configuration 

methods is indeed delocalization error rather than static correlation error.  We checked 

the weight (square of the configuration interaction coefficient of the dominant 

configuration) in the configuration interaction expansion for HeN+ (from N = 1 to 6) and 

found that it remains approximately unchanged and is larger than 0.97. This confirms that 
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we can attribute the errors to over-stabilized delocalized electronic distributions rather 

than to static correlation error. 

MC-PDFT eliminates the delocalization error in this fundamental test problem. The 

signed errors of the computed IP of tPBE, trevPBE, tBLYP, ftPBE, ftrevPBE, and ftBLYP 

do not vary as cluster size increases. In particular, with the CPO active spaces, the 

constant signed errors in the IP for the six on-top functionals are respectively 0.0, 0.2, 

0.4, 0.0, 0.1, and 0.4 eV, and with the FV active spaces they are respectively -0.1, 0.0, 

0.2, -0.1, 0.1 and 0.3 eV.  Since the DE is the signed error for He minus the signed error 

for well-separated He16, and since the signed errors are constant, we see that all six on-

top functionals have zero delocalization error with both active spaces. Thus MC-PDFT 

removes delocalization error. We plot the computed IPs by MC-PDFT and the 

corresponding KS-DFT methods for HeN clusters in Figure 19.1.  

For comparison, the signed errors for CASSCF, CASPT2, and CASPT2-0 are also 

constant, and they are respectively -0.7, -0.1, -0.1 for CPO active spaces and -1.1, -0.2, -

0.2 for FV.  

The variational solutions for both CASSCF (used in MC-PDFT) and KS-DFT have 

spatial symmetry lower than the nuclear framework. This allows both CASSCF and MC-

PDFT to avoid delocalization error, even with an eigenfunction of S2. However, KS-DFT, 

whether or not it breaks spin symmetry (i.e., for both UKS and restricted open-shell 

calculations) or spatial symmetry has large delocalization error. In fact, with the 
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exception of the M06-HF functional, the delocalization error is in the range 3–8 eV. 

Final perspective. From our previous studies, the major advantages of combining 

density functional theory with MCSCF wave functions in MC-PDFT theory are: (1) MC-

PDFT improves the accuracy of density functional theory for treating inherently 

multiconfigurational systems; (2) MC-PDFT reduces cost and memory requirements as 

compared to CASPT2 (especially for systems with a large number of active electrons, for 

which cases CASPT2 is impractical) with similar (and sometimes better) accuracy. The 

present work adds to this that (3) MC-PDFT eliminates delocalization error, which 

plagues Kohn-Sham theory in many ways. 
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Table 19.1 Delocalization error (eV) 

  
MC-PDFT 0.00a 
CASPT2 0.00 
CASSCF 0.00 
Hartree-Fock -1.38 
M06-HF 0.67b 
M11 3.12b 
average 5.47c 
B3LYPd 6.31 
PBEd 7.89 
BLYPd 8.09  
a same for all six on-top functionals and both kinds of active space 

b best and second best of the 35 KS functionals in the SI   

c average of 35 KS functionals in the SI 

d popular KS functional 

 

  

Figure 19.1 Computed ionization energies (in eV) for well-separated HeN clusters by 

PBE and revPBE in UKS-DFT, and by tPBE, trevPBE, ftPBE, and ftrevPBE in 

MC-PDFT (with CPO active space selection). 
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Chapter 20. Self-Interaction Error in Density Functional Theory: An 
Appraisal  

 

20.1 Introduction 

It is widely accepted that one of the key failings of Kohn-Sham density functional 

theory1595,1596 (KS-DFT) with approximate density functionals in common use is self-

interaction error. In wave function theory, one includes Coulomb interactions only for 

two-particle interactions; an electron does not interact with itself. In KS-DFT, the energy 

is a functional of the single-particle density (or the single-particle spin densities) so there 

is no way to precisely distinguish two-body Coulomb interactions from self-interaction. 

One therefore includes the interaction of each electron with the entire electron density 

(including its own density) as a Coulomb energy, and one attempts to remove self-

interaction from the Coulomb energy by an approximate density functional, called the 

exchange-correlation functional. For a one-electron system, the self-interaction error 

(SIE) is equal to the entire Coulomb energy, and for a many-electron system whose 

density is described by a single Slater determinant (as in KS-DFT), one can define the 

self-interaction energy as the sum of the energies of each orbital interacting with 

itself.1597 However, that definition is not compelling from all points of view, and it has 

been shown that “For systems with more than one electron, the SIE definition is not all 

that obvious.”1598  
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Regardless of the difficulty of defining it exactly or precisely separating it from 

other sources of error, it is recognized that approximate density functionals in common 

use do not totally remove the self-interaction error, and there is general agreement as to 

the kind of systems where SIE dominates. The classic example is a collection of weakly 

interacting identical or nearly identical fragments from which one removes a single 

electron; the energy required in an accurate quantum mechanical description is expected 

to be approximately equal to the energy of removing it from the most easily ionized 

fragment, but KS-DFT may delocalize the hole over many fragments and yield a very 

poor approximation to the correct energy. Yang and coworkers1599 have proposed that 

this delocalization is an even more fundamental issue than self-interaction, and, in light 

of the difficulty of precisely defining SIE, they have proposed centering attention on 

delocalization error. They defined a test for delocalization error in which one removes an 

electron from a cluster of weakly interacting He atoms.  

Self-interaction-error is clearest for one-electron systems but is clearly present and 

important in many-electron systems as well.1600 Many workers have considered that 

delocalization error is a consequence of self-interaction error, but Yang and 

coworkers1601,1602 have pointed out that some exchange-correlation functionals that are 

considered to be SIE-free still have delocalization error. Although Hartree-Fock 

exchange might be considered to correct one-electron SIE, mixing some amount of 

Hartree-Fock exchange into the exchange-correlation functional (as is done in hybrid 
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functionals) can involve incomplete cancellation of local-exchange delocalization error 

and Hartree-Fock-exchange localization error. In a previous paper, we addressed the 

issue of delocalization error independent of self-interaction considerations, but in the 

present paper we address the related issue of SIE by considering some cases that have 

traditionally been held up as the kind of system most likely to suffer from SIE. 

Pederson and coworkers1603 recently proposed an extension of the Perdew-Zunger 

self-interaction correction (SIC) correction1604 to KS-DFT in which a size-extensive 

construction of SIC orbitals makes SIC computationally efficient. Yang and coworkers 

recently proposed a localized orbital scaling correction for systematic elimination of 

delocalization error that uses additional ingredients beyond those in mainstream KS-DFT 

functionals to eliminate or minimize the SIEs of mainstream KS-DFT functionals.1599 

Hartree-Fock nonlocal exchange eliminates SIE in Hartree-Fock theory, and we will 

discuss below the extent to which it reduces errors in systems traditionally considered to 

be dominated by SIE in Kohn-Sham theory. Multi-configuration pair-density functional 

theory1605,1606 (MC-PDFT) is an alternative to KS-DFT in which the electronic 

subsystem is described not just by the one-particle density  r(rj=r), where rj is the 

coordinate of electron j, but also by a local functional of the diagonal part (r1=r, r2=r) of 

the two-particle density r(r1, r2). In a previous study we showed that,1607 as judged by 

the helium cluster ionization test, MC-PDFT has no delocalization error, whereas KS-

DFT has a very large one with most functionals. Here we return to the older concept of 
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SIE, and we test MC-PDFT for three classes of problem where the errors of mainstream 

KS-DFT functionals have traditionally been considered1608,1609,1610,1611,1612,1613,1614,1615 to 

be dominated by SIE: 

(i) the potential energy curves for dissociation of rare gas cation dimers; 

(ii) the dissociation energies of dimeric radical cations; 

(iii) neutral reactions that are considered1614 “extremely prone to the SIE”. 

For class (i), we consider the potential curves for He2+  ® He + He+ and ArKr+ ® Ar + 

Kr+. For class (ii) we consider the SIE4×4 test set of Goerigk et al.,1615 which consists of 

the dissociation energies of four positively charged dimers (H2+, He2+, (NH3)2+, and 

(H2O)2+), each calculated at 1.0, 1.25, 1.5, and 1.75 times their equilibrium inter-

monomeric distance. (Note that, the H2+ calculations are performed in the presence of a 

spectator He atom.) For class (iii) we consider the six neutral reactions in the SIE11 test 

set of an older paper by Goerigk et al.1614 

The MC-PDFT calculations presented in this paper are based on complete active 

space self-consistent-field (CASSCF) reference wave functions (For the cases of H2+ and 

He2+ dissociation curve computed with full-valence active space, our CASSCF 

calculations reduce to restricted open-shell Hartree-Fock (ROHF), and we will also 

present results for ROHF.) We allow spatial symmetry breaking,1616,1617 but all reference 

wave functions are eigenfunctions of S2, where S is total electron spin. The active spaces 

are selected by the full-valence and by the correlated-participating-orbitals1618,1619,1620 
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schemes. Our results are compared to benchmark-quality (coupled-cluster calculations) 

results obtained by wave function theory to test the accuracy of the MC-PDFT 

calculations and to CASPT2 calculations and KS-DFT calculations with mainstream 

functionals to judge the relative accuracy of various methods.  

In MC-PDFT, we use on-top density functionals, which at the present stage of 

development of the theory are obtained by translation1605 of parent exchange-correlation 

functionals developed for Kohn-Sham theory, and in the present article the parent 

functional is the PBE one, in which the ingredients are the total electron density, the spin 

magnetization density, and their gradients. In the original translation, called tPBE, where 

“t” denotes “translated,” the ingredients of the on-top functional are total density, its 

gradient, and the on-top pair density. In the second form of translation, denoted ftPBE, 

where “ft” denotes “fully-translated,1621 we add the gradient of the on-top pair density as 

another ingredient. Furthermore, the tPBE functional has a discontinuous derivative, and 

this is smoothed in the ftPBE functional. 

20.2 Results and discussions 

Dissociation curves of He2+ and ArKr+. Generating qualitatively correct dissociation 

curves for He2+ is a well-known challenging task for local exchange-correlation 

functionals. KS-DFT yields reasonable results when the internuclear distance R is at its 

equilibrium value (Re), but approximate exchange-correlation functionals can greatly 

underestimate the energy when R is large, due to spurious delocalization – potentially 
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caused by self-interaction. Figure 20.1(a) shows that PBE calculations (i.e., unrestricted 

KS-DFT calculations with the PBE exchange-correlation density functional) predict a 

potential curve that is physical for R near Re but rapidly becomes too low in energy as R 

increases. We also see that tPBE calculations (by which we mean MC-PDFT calculations 

with the translated PBE on-top density functional1605) yield a monotonically increasing 

potential curve in agreement with the shape of the benchmark calculations by CCSD(T). 

Figure 20.1 also shows results for dissociation of the asymmetric system ArKr+. Because 

the first ionization potential of Ar (15.8 eV) is only slightly higher than that of Kr (14.0 

eV), KS-DFT with the PBE functional delocalizes the positive hole and again predicts an 

unphysical potential curve, whereas MC-PDFT with the tPBE functional produces a 

qualitatively correct dissociation curve.  

The quantitative accuracy of MC-PDFT is much better than the corresponding 

functional in UKS-DFT (by a factor of 3 when averaged over all the data in Table 20.1) 

and than the corresponding hybrid functional in UKS-DFT (by a factor of 1.8 in Table 

20.1). However, although tPBE has a much smaller error than PBE, the error is still not 

negligible. We assume that the error can be reduced further by optimizing the functional. 

Tests against the SIE4×4 cationic dataset. To more quantitatively assess the ability 

of MC-PDFT for reducing the SIE, we next compute the reaction energies for four 

molecular cation dissociation processes, each of which includes dissociation starting from 

four different internuclear distances R. In both our KS-DFT and our MC-PDFT 
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calculations, the dissociation limit is a supermolecule of the two fragments that are 

separated by a large distance; for H2+ we also add a spectator He atom at 6 Å from one H.  

For all of the species considered in this test, the weight (square of the configuration 

interaction coefficient) of the dominant configuration is 0.95 or greater, and the M 

diagnostic1618 is 0.05 or less, indicating that the multireference character of these systems 

is small. The errors are therefore not dominated by static correlation errors, confirming 

that they are good tests for isolating SIE, as has been assumed in the literature.  

Table 20.1 shows that for KS-DFT, the KS-DFT calculations with the PBE 

functional – which is the parent functional of tPBE and ftPBE – has a mean unsigned 

error of 45 kcal/mol for the computed dissociation energies of molecular cation 

dissociations, while the errors of MC-PDFT with the tPBE and ftPBE functionals are 

only about one third as large (about 14.7 kcal/mol). Hybrid functionals (both global 

hybrid functionals and range-separated hybrid functionals) reduce SIE by including some 

nonlocal Hartree-Fock (HF) exchange. However, the PBE0 functional, which replaces 

25% of PBE’s local exchange with nonlocal HF exchange, only reduces the MUE to 26 

kcal/mol. MC-PDFT even shows better performance than the highly successful M06-2X 

functional, which has 54% HF exchange and gives an MUE of 16 kcal/mol. It also shows 

that the M06-HF and HFLYP1622,1623,1624 functionals, which have 100% HF exchange, 

bring the error in KS-DFT down to the 5–6 kcal/mol range, but 100% HF exchange can 
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lead to large errors for systems with high static correlation so it is not used in the most 

popular functionals. 

Tests against the SIE11 neutral reactions. Five of the neutral molecule reactions 

involve dissociation, and the two products are again computed as a supermolecule in 

which the product molecules are separated by a large distance. For this test set, MC-

PDFT with the tPBE or the ftPBE functional has an MUE of only 3 kcal/mol, which is 

much better than KS-DFT with the parent PBE functional (MUE = 10 kcal/mol). For the 

neutral molecule reactions, MC-PDFT even shows similar performance as the M06-HF 

functional with 100% HF exchange (MUE = 3 kcal/mol) and much better performance 

than HFLYP with 100% HF exchange (MUE = 10 kcal/mol). 

20.3 Overall appraisal  

In addition to the functionals we have discussed so far, we made tests against the 

cationic dissociations of test set SIE4×4 and the neutral dissociations of SIE11 for other 

density functionals and for unrestricted1623 and restricted open-shell Hartree-Fock and 

unrestricted MP2,1625 and we computed the average MUE for each method, where the 

average MUE is defined as the average of the cationic MUE and the neutral MUE, i.e., 

[MUE(cationic)+MUE(neutral)]/2. The results are shown in Table 20.3, which provides 

an overall assessment. The tests in Table 20.3 include the two hybrid functionals 

(BHLYP1626 and M08-HX1627) that were found to do best for SIE4×4 in ref. 1615 and 

the local functional (MN12-L1628) that did best of all local functionals in the tests of that 
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reference; plus, they include unrestricted MP2, five range-separate hybrid functionals, 

and other functionals we added to aid in the appraisal. Note that UHF, UMP2, and the 

KS-DFT calculations minimize delocalization in the cation tests by sacrificing spin 

symmetry to put the extra majority-spin electron on a single monomer. Tables 20.1–20.3 

taken together show that MC-PDFT with a purely local functional and reference wave 

functions with the correct spin symmetry reduce the self-interaction error that causes 

large errors in KS-DFT when it is used with exchange-correlation functionals having less 

than 50% nonlocal HF exchange, and sometimes it even does better than KS-DFT with 

functionals that have 100% nonlocal HF exchange. We see that the average MUE for 

MC-PDFT is in the 8–9 kcal/mol range, depending on functional, whereas KS-DFT with 

the parent functionals have average MUEs in the range 27–28 kcal/mol. Notice that the 

popular B3LYP hybrid functional, with 20% nonlocal exchange, has an average MUE of 

18 kcal/mol, only slightly better than that of the best local functional, 20 kcal/mol. Some 

KS-DFT functionals with 25–54% HF exchange bring the average error down to the 9-16 

kcal/mol range, and some KS-DFT functionals with 100% HF exchange (either globally 

as in M06-HF and HFLYP, or at large interelectronic separation as in the five range-

separated hybrid functions) bring the average MUE down to 5–9 kcal/mol.  

Because the on-top energy of MC-PDFT is added to the classical Coulomb energy, 

which manifestly includes self-interaction, the local on-top functionals we have used 

must remove self-interaction energy just as exchange-correlation functionals must do so 
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in KS-DFT, and the tests presented here show how well this is done without using 

nonlocal functionals. We must, however, view this success in light of the diffculty1599 – 

already remarked – of precisely separating SIE from other sources of error. We observe 

that UHF, ROHF, and CASSCF, none of which has any self-interaction because only 

inter-particle Coulomb interactions are used, have average MUEs of 12–15 kcal/mol, and 

all of the MC-PDFT functionals and some of the KS-DFT functionals have average 

MUEs smaller than this, so errors in dynamic electron correlation cannot be discounted, 

and SIE is not necessarily the dominant error in these methods, although for the systems 

studied here it has been considered the dominant error in mainstream KS-DFT 

calculations when they do not include nonlocal exchange, and the larger errors we see for 

such calculations (up to 28 kcal/mol) are not inconsistent with this interpretation. 

The delocalization error in KS functionals is a different and more fundamental issue 

than the self-interaction error.1599 The delocalization error can be isolated by using the 

widely-separated He cluster tests proposed by Yang and coworkers1599 that we used in 

our previous work to demonstrate that MC-PDFT does not suffer from delocalization 

error. However, unlike delocalization error, the many-electron self-interaction error is not 

well defined and cannot be unambiguously separated from the other sources of errors in a 

density-functional calculation (including both KS-DFT and MC-PDFT). By showing that 

MC-PDFT with local functionals can have a smaller error than some methods in which 

self-interaction error is completely removed by using 100% Hartree-Fock exchange for 
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all interelectronic separations (as in HFLYP), the present work shows that the SIE is not 

the dominant error in some systems in which the error has been traditionally attributed to 

mainly to SIE. We also show that the errors for these systems can be reduced by using 

Kohn-Sham theory with other exchange-correlation functionals having 100% nonlocal 

exchange at all or some interelectronic separations; however, introducing nonlocal 

exchange in Kohn-Sham density functional theory also brings in static correlation error, 

which is avoided by using local functionals in MC-PDFT.  

The functionals currently used in MC-PDFT are obtained by translation of 

functionals developed for other uses (with no re-parametrization for MC-PDFT); their 

current good performance (as compared to KS-DFT with functionals originally defined 

for KS-DFT and refined since the 1980s) is especially encouraging in showing that the 

formalism itself, rather than functionals optimized for this purpose, reduces the self-

interaction errors below the level of the error in CASSCF. Kohn-Sham theory with 50% 

or more nonlocal exchange can also reduce the errors for SIE-prone test sets to below the 

error in CASSCF. We conclude that density functional theory, either in MC-PDFT form 

with local functionals or in KS-DFT form with 50% or more nonlocal exchange, does not 

suffer from the large SIEs that appear in tests of KS-DFT with local functionals and even 

with popular hybrid functionals like B3LYP.  

20.4 Computational details  
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20.4.1.1. Potential curve calculations 

The potential curve calculations are all carried out with the aug-cc-pVTZ 

basis.1629,1630  

The benchmark calculations for the potential curves are coupled cluster theory with 

single and double excitations and quasi-perturbative triple excitations (CCSD(T)1631). The 

adequacy of the aug-cc-pVTZ basis set for these calculations was checked by computing 

the ionization potential of He, for which CCSD(T) reduces to CCSD, which is equivalent 

to full configuration interaction for a two-electron system; this calculation yields 24.54 

eV, in good agreement with the experimental value1632 of 24.59 eV.  

The CASSCF calculations for the He2+ potential curves have a full valence active 

space, corresponding to 3 active electrons in 2 active orbitals. The CASSCF calculations 

for the ArKr+ potential curves also have full-valence active spaces; they have 15 active 

electrons in 8 active orbitals (Ar 3s3p and Kr 4s4p). 

 

20.4.1.2. Reaction energy calculations 

Geometries. The geometries of the molecules for test classes (ii) and (iii) are taken 

from the SIE111633 and SIE4x41634 datasets. In all of our calculations (including KS-

DFT), the dissociation limit for molecular cation dissociations is computed as a 

supermolecule, and for neutral molecule reactions, the products are also computed as a 

supermolecule; the two product molecules are separated by a large distance in the 
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supermolecule calculations.  

For H2+, the H–H distance in the dissociation limit is 10 times its equilibrium bond 

length; please refer to the “Treatment of H2+” section below for additional considerations 

involved in how we computed H2+ in this work.  

For He2+, the He–He distance is 10 times the equilibrium bond length ("He-He
eq  = 

1.074 Å). 

For (NH3)2+ and (H2O)2+, the N–N and O–O distances in the dissociation limit are 15 

Å; and for all of the neutral molecule reactions, the centers of mass (COMs) of the two 

product molecules are separated by 20 Å in the supermolecule. The geometries of the two 

fragments in the supermolecules are taken as the optimized geometries for isolated 

molecules. 

Reaction energies. The benchmark dissociation energies (De) for molecular cation 

dissociations are taken from the SIE4*4 dataset, in which they were calculated by W2-

F12.1635 The benchmark reaction energies (∆E) of the neutral reactions are taken from 

the SIE11 dataset, in which they were calculated by CCSD(T)/CBS,1636,1637 except for 

C6H6Li dissociation reaction.  

For the reaction energy ∆E of the C6H6Li dissociation, a discrepancy between 

Goerigk et al.’s1633 value and that of other workers has been reported in the literature,1638 

where the authors stated that they were unable to find a reasonable explanation for the 

discrepancy, although qualitatively both values lead to the same conclusion that the 
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lowest-energy solution for C6H6Li is indeed an ionic state with a C2v geometry, which 

possesses charge transfer character (C6H6–Li+). It was suggested that a coupled cluster 

calculation with quadruple excitations should be performed in order to give a more 

definite value, and thus in this work, we re-evaluate ∆E for C6H6Li dissociation reaction 

by the W3X-L method1639 with Grimme's optimized geometries. W3X-L is a cost-

efficient composite method for adding quadruple contributions (at the CCSDT(Q) level) 

to the all-electron correlated CCSD(T)/CBS level. Our W3X-L calculations were 

performed with the Molpro 2015.1 package interfaced with the MRCC code, in which the 

coupled cluster calculations done in Molpro are based on RHF/ROHF reference wave 

functions followed by RCC (restricted coupled cluster) for closed-shell and UCC 

(unrestricted coupled cluster) for open-shell molecules.  

KS-DFT. In KS-DFT calculations, we allow both the spatial symmetry and spin 

symmetry to be broken in order to find the variationally lowest-energy and stable SCF 

solutions. We checked the stability of each SCF solution, and if it is not stable we find 

the stable solution via the stab = (opt, xqc) keyword in Gaussian 16. In a few cases, for 

closed-shell singlets, the restricted solution is stable, and unrestricted calculations reduce 

to restricted calculations. The ultrafine integration grids with the aug-cc-pVTZ basis set 

are used for KS-DFT calculations.  

It is especially important that in all of the density functional calculations of 

dissociation reactions, the dissociation limit of molecular cations or the products of 
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neutral reactions are computed as supermolecules rather than separately calculated; in 

this way, the delocalization error in KS-DFT is fully exposed. For instance, if the 

dissociation limit of He2+ is computed as the summation of the energies of He+ and He, 

the computed dissociation energy will not exhibit the dramatically low relative energy 

seen in the supermolecule calculation for large internuclear separations, where the hole is 

delocalized by self-interaction (see the discussion of delocalization as an enhancer of SIE 

in the second paragraph of the article proper). For the PBE functional, the difference 

between considering separated atoms and considering a supermolecule is 87.8 kcal/mol 

(De = -11.4 kcal/mol with supermolecule as the dissociation limit, and De = +76.4 

kcal/mol when the dissociation products are separately calculated). In many cases, our 

MUEs are about twice as large as those in ref. 1634 when computed with the same 

functional, because ref. 1634 used separate calculations on separated products, but this 

procedure does not provide a full test of self-interaction error. A second reason for 

considering supermolecule calculations is that it provides a better test of the suitability of 

quantum chemical methods for dynamics calculation because in dynamics calculations 

one must use a consistent geometry for a whole reaction process; and therefore one must 

use supermolecule geometries throughout a dissociation process.  

Hartree-Fock. Unrestricted Hartree–Fock (UHF) calculations are also carried out 

for comparison. These involve the same basis and the same treatment of symmetry and 

stability as the KS-DFT calculations. In a few cases, for closed-shell singlets, the UHF 
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calculations are the same as restricted Hartree–Fock. Restricted open-shell Hartree-Fock 

(ROHF) are also carried out for comparison.  

MCSCF. We carried out CASSCF, CASPT2, and MC-PDFT calculations by using 

Molcas 8.1. The ultrafine integration grids with the aug-cc-pVTZ basis set were used for 

most calculations – the exceptions being C6H6Li, LiF2, and NaOMg, for which the ANO-

RCC-VTZP basis is used.  

We used C1 point-group symmetry in all the calculations. For CASSCF, one always 

preserves the spin symmetry in the wave function because one uses configuration state 

functions that are eigenfunctions of S2, where S is total electron spin, but we allow spatial 

symmetry to possibly be broken in order to obtain the variationally lowest-energy 

solution.  

Treatment of H2+. Because H2+ has only a single electron, and for single-electron 

system, there is no electron correlation, CASSC, UHF, and ROHF all give the same exact 

energy. Thus H2+ is not a typical system; nevertheless, it has historically played a large 

role in discussions of self-interaction energy, and so we treat it in the present paper. In 

testing the problem of delocalization error for real applications, we should keep in mind 

that practical problems seldom have high symmetry if dynamics is included. Thus, during 

molecular dynamics simulations on systems with four or more atoms, the system passes 

through symmetric geometries, if at all, only at isolated points on a trajectory (and one 

expects even this to be rare). In the case of H2+, as previous workers have noted,1640 
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“removing the center of inversion and thus lowering the symmetry to C∞v will give the 

system an extra degree of freedom and allow localization.” Therefore, for H2+, all 

calculations (at all geometries and with all methods) were done with a He atom on the 

H–H axis, at a distance 6 Å from the nearest H. This is done to decouple the 

delocalization error from the question of symmetry breaking. The inclusion of the 

spectator he atom reduces the symmetry from D∞h to C∞v, and it converts a one-electron 

problem to a three-electron problem. The rest of this section gives further details of the 

treatment of H2+...He. 

For CASSCF (the active space includes one electron and the H-H bonding and 

antibonding orbitals; the 1s orbital of He is inactive), with or without a He atom to lower 

the symmetry, at short distances (i.e., at 1.0, 1.25, 1.5 and 1.75 times the equilibrium 

bond length, which are the distances of interest here), the SCF solutions are always found 

to be spatially symmetric solutions as far as the H2+ part is concerned with identical 

electronic density distributions on the two centers, i.e., with  symmetry as far as the 

H2+ moiety is concerned. But without a spectator He atom, we found that at the 

dissociation limit (i.e., ten times the equilibrium bond length) the energy of the spatially 

broken symmetry SCF solution is only 9.85×10-3 kcal/mol (that is only 3.4 cm-1) higher 

than the spatial-symmetry preserving  exact solution. However, the calculation with 

H2+ at the H–H+ dissociation limit and with a spectator He at 6 Å automatically 

(variationally) breaks the spatial symmetry such that one has a proton and a hydrogen 

2Σg+

2Σg+
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atom. The stability of the wave function has been tested in Gaussian, and it has been 

confirmed that this broken-spatial-symmetry Hartree-Fock solution is stable. For this 

calculation at the H–H+ dissociation limit with a spectator He at 6 Å, the localized 

solution is lower than the delocalized one by 1.2 kcal/mol (the delocalized solution is 

obtained by reading in the orbitals obtained with H-H distance being three times its 

equilibrium distance of the H2+...He model, because at that distance the solution has an 

approximately equal electron distribution between the H atoms, and then re-doing the 

“CIONLY” (i.e., without optimizing orbitals) CAS(1,2) calculation at the dissociation 

limit while keeping the orbitals fixed; this is done in Molcas.). We have put the He atom 

20 Å away from H2+, and the SCF energy remains the same as at 6 Å, which indicates 

that He simply serves as a spatial-symmetry breaker and does not interact with H2+, and 

thus the presence of He atom does not affect the dissociation energy of H2+. In keeping 

with our protocol of using the lowest-energy variational solution for the MCSCF step of 

MC-PDFT, we use the localized-hole state for our MC-PDFT calculations at large H–H+ 

distances and the delocalized-hole state at short H–H+ distances. 

    In contrast, for KS-DFT, the stable solution to the H2+...He model has the electrons 

delocalized between the two H atoms at the H–H dissociation limit; the delocalized 

solution is stable. With all functionals tested, the localized solution has a much higher 

energy even with He on the axis. Thus, even when localization is allowed by symmetry, it 

is not obtained in KS-DFT except partially with HFLYP, which is somewhat localized 
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(with the H–H+ distance being 7 Å in H2+...He, the spin density given by HFLYP on one 

H is 0.1, and on the other one it is 0.9).  

For two of the KS-DFT density functions (PBE and B3LYP), we have compared the 

computed H–H bond dissociation energy at the four distances by using the single H2+ 

model and the collinear H2+...He model, and they yield the same H–H bond energy at the 

KS-DFT level. 

Note that the tests without symmetry are the only ones relevant to applications 

where the question of localization is most important. For example, consider the question 

of polaron localization is a defected solid. Very often the physically correct solution is a 

localized polaron, but KS-DFT with local exchange-correlation functionals usually 

predicts delocalized polarons.1641,1642 In those cases, there is no symmetry to force 

delocalization in the absence of decoherence, and so the question of delocalization is 

automatically decoupled from the question of symmetry. Therefore, we believe that 

putting a He atom on the H2+ axis to decouple delocalization from symmetry provides the 

most relevant test of electronic structure methods with regard to self-interaction error. 

Other symmetry considerations. Note that delocalization is also naturally decoupled 

from symmetry in the (NH3)2+ and (H2O)2+ problems because they do not have inversion 

symmetry.  The He2+ problem has inversion symmetry, but we found that the 

variationally best MCSCF wave function for He+...He is the localized-hole solution, even 

without an asymmetrically placed atom to break the symmetry, and so it was not 
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necessary to add such an atom in that case. 

MC-PDFT. We carried out MC-PDFT calculations by using Molcas 8.1. We used 

ultrafine integration grids with the aug-cc-pVTZ basis set. The MC-PDFT calculations 

are performed with translated functionals (tPBE, trevPBE, and tBLYP), and fully 

translated functionals (ftPBE, ftrevPBE and ftBLYP).  

Note that the MC-PDFT dissociation energy of He2+ in Table 20.1 is different from 

that seen in Figure 20.1 because in Table 20.1, the active space is nom-CPO space, and in 

Figure 20.1 it is the full-valence active space. 

CASPT2. We carried out MC-PDFT calculations by using Molcas 8.1. We performed 

CASPT2 calculations performed with the standard IPEA shift (0.25 hartrees), and these 

are denoted simply as CASPT2; we also carried out calculations without applying the 

empirical IPEA shift, and these are denoted is denoted as CASPT2-0.  

UMP2. We carried out second-order unrestricted Møller-Plesset perturbation theory MC-

PDFT calculations by using Gaussian.   
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Table 20.1 Benchmark reaction energies (in kcal/mol), signed errors for the 

computed reaction energies (in kcal/mol), and mean unsigned errors (MUEs) for 

ionic dissociation energies in SIE4×4.  

Reaction R/Re 

Bench

-mark 

 Error 

 CASSCF CASPT

2 

tPBE ftPBE PBE PBE0 

H2
+� H + H+ 1.0 64.4  -0.1 -0.1 3.7 3.7 -54.8 -40.2 

 1.25 58.9  0.0 0.0 7.2 7.2 -50.9 -37.4 
 1.5 48.7  0.0 0.0 10.9 10.9 -46.7 -34.5 
 1.75 38.3  -0.1 -0.1 14.6 14.6 -42.3 -31.4 

He2
+ � He + He+ 1.0 56.9  -3.4 -0.3 14.7 15.7 -68.3 -49.1 

 1.25 46.9  -1.9 0.0 22.9 23.4 -58.9 -43.1 
 1.5 31.3  -1.7 0.1 30.8 30.7 -49.5 -36.7 
 1.75 19.1  -2.1 0.1 38.4 37.9 -41.2 -30.8 

(NH3)2
+� NH3 + 

NH3
+ 

1.0 35.9  -16.8 1.2 7.1 6.4 34.0 -14.6 

 1.25 25.9  -14.0 1.1 11.5 10.7 40.7 -11.0 
 1.5 13.4  -13.4 1.1 16.3 15.2 47.1 -7.0 
 1.75 4.9  -13.9 1.2 21.2 19.7 52.5 -3.3 

(H2O)2
+ � H2O + 
H2O+ 

1.0 39.7  -13.0 0.8 12.3 11.2 22.0 -25.8 

 1.25 29.1  -11.3 0.9 19.3 18.0 30.7 -20.9 
 1.5 16.9  -7.7 -5.1 -1.9 -2.0 38.1 -16.1 
 1.75 9.3  -3.8 -3.1 -2.6 -2.5 43.7 -12.3 

MUE(cationic)  0  6.4 1.0 14.7 14.4 45.1 25.9 

 

 

Table 20.2 Benchmark reaction energies (in kcal/mol), signed errors of the 

computed reaction energies, and mean unsigned errors (MUEs) for neutral reaction 

energies in SIE11  

Reaction 
Bench- 

mark 

 Error 

 CASSCF CASPT2 tPBE ftPBE PBE PBE0 
ClFCl � ClClF 1.0  22.4 5.0 -0.3 0.5 -23.0 -10.8 
C2H4...F2 � C2H4 + 
F2 

1.1  -1.3 1.9 -0.8 -0.7 1.5 0.0 

C6H6Li � C6H6 + Li 5.7  -38.8 -1.5 -2.1 -2.0 0.2 0.0 
NH3...ClF � NH3 + 
ClF 

10.5  -8.5 3.1 1.1 1.6 6.1 2.9 

NaOMg � Na + 
MgO 

69.6  17.8 -2.4 -4.3 -2.9 -5.3 -0.6 

FLiF � Li + F2 94.4  -12.2 1.0 -10.3 -8.6 22.6 19.9 
MUE (neutral) 0  16.8 2.5 3.2 2.7 9.8 5.7 
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Table 20.3 Average mean unsigned errors (in kcal/mol) on the two SIE test sets for 

various methods and density functionals 

Category Method/Functional Xb 
Average 

MUEc 
wave-function theory UHF 100 13.8 

 UMP2 100 6.3 
 ROHF 100 14.6 
 CASSCF 100 11.6 
 CASPT2-0 100 1.3 
 CASPT2 100 1.7 

KS-DFT BLYP 0 28.1 
 PBE 0 27.4 
 revPBE 0 27.5 
 M06-L 0 25.7 
 MN12-Ld 0 20.0 
 B3LYP 20 18.2 
 PBE0 25 15.8 
 BHLYPe, f 50 9.1 
 M08-HXf 52.23 10.7 
 M06-2X 54 10.3 
 CAM-B3LYPg 19–65 9.9 
 LC-#PBEg 0–100 4.8 
 LC-BLYPg 0–100 5.0 
 #B97Xg 15.8–

100 
7.2 

 M11g 42.8–
100 

7.4 

 HFLYP 100 7.6 
 M06-HF 100 4.6 

MC-PDFT tPBE 0 8.9 
 tBLYP 0 9.5 
 ftPBE 0 8.5 
 ftBLYP 0 9.6 
 trevPBE 0 9.4 
 ftrevPBE 0 8.9 

areference for method or functional; bpercentage of nonlocal exchange for wave function methods; 
percentage of nonlocal exchange in the density functional for density functional methods; caverage of 
the MUE for ionic reactions of Table 1 and the MUE for neutral reactions of Table 2; dbest local 
functional for SIE4×4 out of 27 local functionals tested in Ref. 1615; ealso known as BHandH; fone 
of the two best hybrid functionals for SIE4×4 out of 44 hybrid functionals tested in Ref. 1615. grange-
separated function (for such functionals the X column shows the range, with the first number being 
percentage of nonlocal exchange at small interelectronic separation, and the second number being that 
for large interelectronic separation. 
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Figure 20.1 Dissociation curves of (a) He2+ and (b) ArKr+ computed by tPBE (MC-

PDFT), PBE (KS-DFT), and CCSD(T) (wave function theory) with the aug-cc-pVTZ 

basis. Each curve is separately referenced to have its zero of energy at its minimum 

energy point. 
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