




















































































































TABLE 2.9.3. Minimum efficiency of modified estimator, 0 < p < 1, :-~-.:.;6~- . 
p = 2(1)50. 

Asymptotic Efficiency 

p p 
~(2) 
a D2 e Improvement 

2 .6180 1.0000 .7236 .2764 
3 .5931 .9376 .5504 .3872 
4 .5774 .8600 .4300 .4300 
5 .5664 .7806 .3419 .4387 
6 .5583 .7043 .2753 .4290 
7 .5520 .6332 .2239 .4093 
a .5469 e5678 .1835 •3843 W,: 

9 .5428 .5084 e 1514 .3569 fi 
10 .5393 .4545 .1256 .3289 .. 
1 1 e5364 .4060 .1047 .3013 

:i·'. 

I' 12 .5339 .3624 .0876 .2748 ~t 

13 .5317 .3233 .0736 .2497 i 14 .5298 .2883 .0620 .2263 
15 .5281 .2570 .0524 e2046 

f 16 .5266 .2290 .0444 .1846 r:' 

17 • 5252 .2040 .0377 e 1663 \ . 

18 .5240 ·.1817 .0321 .1496 

t 19 e5229 el618 .0273 e 1345 
20 .5219 el440 .0233 .1207 ',;, 

21 e5210 .12s2 .0199 el083 

r 22 .5201 .1141 • 0171 .0970 .· . 

it;:~ 
23 .5193 .1016 .0146 .0869 lf.i; 
24 .5186 .0904 .0126 .077.8 ~::' 

25 e5179 .0904 .01oa .0696 

t 
26 e5173 .0716 .0093 .0623 

,:-'-.-

27 e5167 .0637 .ooao .0557 

\ 28 .5162 .0566 .0069 .0497 
29 e5157 .0504 .0060 .0444 ~;· r 

Ir> 
30 e5152 .0448 .oos2 .0397 fr::,· 
31 e5148 .0399 .0045 .0354 ,., 
32 e5143 .0355 .0039 .0316 :/ 

~> 
33 .5139 .0315 .0033 .0202 . 

34 .5136 .0201 • 0029 .02s2 --.;._ 

35 .5132 .0249 • 0025 .0224 I • 

36 .5129 .0222 .0022 .0200 i;c:. 

37 e5125 .0197 .0019 .0178 ·~t'-
38 .5122 .0175 .0016 .0159 ~~(' 

~.r:· .. 
• 0014 .0142 39 .5119 .0156 !t· 

40 .5117 .0139 .0012 .0126 ·,)~-
41 e5114 .0123 .0011 .o 113 ~r 

42 .5111 .0110 .0009 .0100 t~~~.' 

43 .5109 .0098 .0000 .ooa9 
-~-~, 

-i" ·~; 

i~·:-' 

44 e5107 .0007 .0007 .ooeo ~} 
45 .5104 .0077 .0005 .0071 f~ _-
46 .5102 .0069 • coos .0063 

; _ .. 
f;, 

47 .5100 .0061 .0005 .0056 -~-
?'.)·-,: •• 

.5098 .0004 • 0050 
-~- ·.-..:~ .. 

48 .0054 -.:-,. __ .. 

49 .5096 .0048 • 0004 .0045 
!! ...... 

1~· ' 

50 .5094 .0043 .0003 .0040 f: ,·. 
'· i.,·. 

r C . 

it· 
\.· 
I 



Figure 2.9.3. Minimum efficiency of n~dified estimator, 0 < p < 1, p = 2(1)24, with corresponding 

I 
. I ..• o 

.9 

.8 

.7 

>. ,,.. 
u 
d 

.o 
QJ 
~ 
u 
~ .5 
\&-4 
\&-4 
~ . :,. 

.3 

.2 

.1 

efficiency of sampleestimator. --

\ 
\ 
\ 

\ 
\ 
\ 

o.44 

\ 
\ 

' ' MiniDBJm asymptotic efficiency of i(2) 
\.1 

' ' ' ' ' ' 
Corresponding asympt '~ ...... V

'~, 
efficiency of D2 e ---- · --- --- ...._ --- ~------. . -- --

2 1~ 6 8 10 12 14 

Dimension p 

) 

.... ___ --- ..... --- .... -- ____ ,_, _ ___, ____ ,___ 

1G 18 20 22 24 

\.11 
-..J 

-~--·'""'-"''·''"'""'"''*'·.••,·, . •'>'·~""··· "'~,·· """" "''*''',k""~~"'·~.w,,~~~~41;;· ''""'"''"~.;;;,¥) "" .. , · <• · ,., · 



';] 
·J. 

] ' . 
- 58 -

Study of Table 2.9.2 and Figure 2.9.1 shows that the improvement 

can be much larger for positive p. 

close to 1 where the difference is 

p becomes infinite. For negative p 

(cf. Figure 2.9.2). 

The best improvement is at p 

1 
1 - - , which tends to 1 as p 

there is very little difference 

The computer programs written to generate the above tables are 

given in Appendix B. 

2.9.4 Testing Homogeneity of Variances. 

We now consider the results of sections 2.7 and 2.8 in the special 

case of all cor.relations equal (and known). From Corollary 2.7.1 we 

obtain 

COROLLARY 2.9.5. ! large sample test of size 

variances has critical region 

(2.9.62) 
2 ·(t) 1 (t) 

N ( 2 + Ee:.) a c a ~ x2 ( 1-e ) , a --~ ---e=-* · -p-1 

e for homogeneity of 

where ~-* j.s .!!. ~Y.!:!!. in Theore~ 2.9.1 and ~ is the centering ~trix. 

Proof. It suffices to show (2.7.13) and (2.9.62) equal. From (2.9.49) 

we have that 

(2.9.63) 
1 2 2 

T = R- *R + I = (2 + PP )I - 2.:. ee'. 
---- a-a-

Substituting (2.9.63) in (2.7.13) yields 

(2.9.64) 

where C is the centering matrix introduced in (2. 7 .12). The result th~n 
----e 

follows directly from Theorem 2.9.1 since ~ and ~l have the same 

limiting distribution. {qed) 
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We may express the quadratic form in (2.9.62) as a "centered," 

or '~corrected for the mean" sum of squares. For from (2.9.11) we may 

write 

where µ
1 

and µ
2 

are expressions in r, p and p as given by 

(2.9.11), and r = {ri} is the column vector of off-diagonal row 

sums of ~- Thus we may write 

(2.9.66) 

where c11 is the i-th sample variance. Thus we obtain 

( ") t (,) p lcii p rc.-i 
a"' C a"' = :E [log (-N_-i_:_)]2 - [ I: log ( ,,./ -ii )]~ 
-~ ~~ i=l µlri + µ2 i=l µlri + µ2 

From Corollary 2.7.3 we obtain the corresponding result for 

testing equality of two variances: 

(2.9.68) ~ = 1. 
COROLLARY 2.9.6. A large sample test of size e for (2.9.68) has 

critical region 

(2.6.69) 

where * ~ = {ai}, !! given in Theorem 2.9.1. 

Proof. It suffices to show (2.7.17) and (2.9.69) equal. From (2.9.51) 

we have 

(2.9.70) tii = tjj = a (l + E.:.)- tij = a (2.:.) 
2a ' 2a • 2a+pp 2 2a+pp2 
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Hence 
2 

= 1 + .Ee:. 
20' 

The result follows 

from Theorem 2.9.1. (qed) 

From Theorem 2.8.2 we obtain an alternate to Corollary 2.9.5. 

COROLLARY 2.9.7. ! large sample test of size e for homogeneity of 

variances based~ the generalized likelihood~ criterion has 

critical region· 

where £ is the sample covariance matrix. 

Proof. It suffices to prove (2.8.10) and (2.9.71) equal. 

we recall that 

(2.9.72) -1 1 0 ' R = - I - i:.. ee , 
- 1-p - Q' ·-

so that -1 1 p , 
tr R C = -1 - tr C - - e Ce. ....... --- -p --- Q' ........ ,,_,..,,.,_ 

Hence the· result. 

From (2.9.2) 

(qed) 

We now consider the forms of the above tests when based on the 

modified estimator ;(2 ) rather than (2) 
£* • 

COROLLARY 2.9.8. !!_ large sample~ of size e for homogeneity of 

variances based on the modified estimator -(2) 
(j has critical region ------ - - ---- -----

(2.9.73) ~ t'c t ~ x~ 1(1-e), 
1 2 --a--- --p-p 

where _£e is the centering matrix and t = {log c:ii.), is the column 

vector of logarithms of sample variances. 

Proof. We proceed as in Corollary 2.9.5 but instead of 

say, where from (2.9.44), 

2 
= (l-p 2 )_I_ + .e__ee' 

p --

.!,, use !m' 

\ 
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Hence T = ~ [I - e.:_ ee'], and so 
-m 1-p2 - p ---

(2.9.75) ;( t) 1 
T ;( t) _ _g ( e I a< t) ) 2 = _2 ;( t )~ a< l) • 

- -..rn,,.. p ,.._ ·- 2 - -e ... -1-p 

From (2.9.43), ~(2 ) = A~~!., where A is a function of p, r and p. 

Thus 2o(t) = {log 'k)e + (D2 e)(t) = {log 'k)e + 2t. Substituting in 
....... ,._.. --- ........ .__ ---

(2.9.75) yields 2t'C .t/(l-p 2 ), since C~= O. The result follows. (qed) 
- -.e- ~ -· 

COROLLA.RY 2~9.9. !!_ large sample test of size e for (2.9.68) based 

on the modified estimator ;(2 ) has critical region --- ..... -
_N_ [log (cii/cj .)]2 ~ xf(l-a). 
1-p2 J 

: Proof. Using (2.9.74), 2(tii - tij) = l-p 2 • Substitution in (2.7.17) 
m m 

gives (2.9.76) immediately since a~t) - a~t) = ti - tj. (qed) 

In conclusion, we note that the test in Corollary 2.9.9 remains 

unchanged if we use the sample variances D2 e instead of a(2 ). To 

see this, let (cf. (2.9.36)) 

(2.9.77) 2T-l = R*R = (l-p2 )I + p2 ee'. ....s _,_ ·- -

Then 2{tii - tij) = l-p 2 = 2(tii - tij) and the proof of Corollary 
s s m m 

2.9.9 proceeds unchanged • 

On the other hand, the test in Corollary 2.9.8 changes." From 

(2.9.77) 

(2.9.78) 
2 p2 

T = -- [!,_ - ----- ee' ], 
.. ,.s l-p 2 1 + p2 (p-l) -

and so 
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(2.9.79) N[a(t)'T a(t) - g_(e'a(t))2] = 
- -.e- p - -

2N[-l- ;-(t)'a(t) - (e'cr(t))2{.!. + p2 )] = 
l-p 2 - - -- p (l-p2)(1 + p2(p-l)) 

2N[-1- ;(t)~ .;(t) _ p2(p-l) (e'a(t))2] 
1-p2 - -e- p(l + p2 (p-1)) - -

which is the left-hand side of (2.9.73) minus 

2Np 2 (p-1)(!.'2.(t)) 2 /p(l + p2 {p-1)) • 
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APPENDIX A: ALGEBRA AND BIBLIOGRAPHY OF HADAMARD PRODUCTS - 66 -

1. Preliminaries. 

j We will assume throughout this appendix, unless stated to the 

···1 ·:··._· .. ·· .. ;; 
. ' 

''.~ 
:J]I 

·······].';. :·-, 
I .... 

j ' -... 

.,,,_ .. ·. 

.-

' . 

··1: 
ii1 

. ,.,., 
JJ 

··1'.j 
JI 

·.·t·· - . :.," 

1 

·1:~ 
--tJJ 

contrary, that ~ = {aij} and !_ = {bij} are square matrices of 

order p. Then following (2.2.1) we define the Hadamard product of 

A and B as the square matrix of order p, - -

Halmos (1948), p. 144 appears to be the first to give the name 

Hadamard product to (A.1.1). It is not clear why this product was 

so named. The French mathematician Jacques Hadamard (1865-1963) wrote 

about 400 scientific papers (cf. Hadamard (1935), Cartwright (1965), 

Mandelbrojt & Schwartz (1965)) as well as several books. The two 

references to Hadamard most frequently cited by later writers in this 

area date to 1893 and 1903. In the first,Hadamard obtained an upper 

bound for an arbitrary determinant, the special case of which, for a 

parent positive (semi-) definite matrix, we give below as Lemma A.2.3. 

This result is used in §2.6 above and in establishing lower bounds for 

I~~ below (Corollary A.2.6 and Theorem A.2.6). In the 1903 book, 

Hadamard considers quadratic forms of the type ~(~~~ but as 

far as this writer can determine only for the special case x = e • - -
Unaware of any previous work concerning the.product :{A.1.1), the 

German mathematician Issai Schur (1875-1941) proved that whenever 

A and ~ are positive {semi-) definite, then so is ~*1h Schur (1911) 

also proved a remarkable inequality (Theorem A.2.3) concerning the 

characteristic roots of A*B which appears to have been overlooked - -
by subsequent writers. Both results are presented in the next section. 
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Thus the product (A.1.1) deserves the name Schur product, but 

apparently only Majindar (1963) has used this term. Bellman (1960), 

p. 107 presentes the first of Schur's two results but does not name 

the product. Following Halmes (1948), (1958), later writers including 

Marcus & Khan (1959), Fiedler (1961), Marcus & Thompson (1963), and 

Marcus & Mine (1964) call (A;l.1) the Hadamard product. Other writers 

using the product fail to give it a name. 

The notation used in (A.1.1) follows that of Marcus & Mine (1964), 

p. 120. All the other literature on this topic that we have found uses 

a different notation. Fiedler (1957), (1961), Marcus & Khan (1959), 

and Marcus & Thompson (1963) use ~ o ~' while Mirsky (1955), p. 421 

uses ~ x !• Other writers use only scalar notation. 

The Hadamard product differs from the usual product in many ways. 

To begin with, conformability of the orders of the component matrices 

is quite different. When U and V are two matrices of orders -· 
t Xu and v X w, respectively, then we can define !!_*Y whenever 

t = v and u = w (if v = u in addition, we have (A.1.1), but this 

is not, of course, necessary), while UV is defined only if u = v, -
with no further restrictions. 

The role of identity matrix in Hadamard products is taken by 

the matrix with each component unity. That is 

(A.1.2) 

Hadamard multiplication is conmrutative unlike regular matrix multi

plication, i.e., 

(A. l.3) 

ee' - ' 
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The distributive property is retained, for 

where G is also square of order p. 

Diagonal matrices are easy to handle in Hadamard products. The 

diagonal matrix formed from A is written 

(A. l. 5) A.l = A*I. 
"""Ug --

The row sums of A*B are the diagonal elements of AB' or BA'. Hence -- -
we may write 

(A. l. 6) 

= (BA')d e = (BA'*I'e, ------- g--- _,..._. ':../ .,.._ 

which becomes (AB'd e = (AB*I'e, when B is symmetric, and 
~ g~ ,____ ':../,.... --

(~dg~ = (~*!.)~, when ~ is symmetric. 

The trace of AB is the sum of all the elements of A*B', or A*B ........... ...... ....... --- ,__ 

when B is symmetric. Thus -
(A.l.7) tr AB = e' ( A *B ' ) e, 

~ ..... --....-. ...... 

which also follows directly from (A.1.6). 

Multiplication of a Hadamard product by diagonal matrices enjoys 

a useful associative property. When !2.i 

of order p, we may write 

(A.1.8) ~(~*~~ = (~~*~~ = ~~*~ 

= (~~l~~ = ~*~1~ 

. = ~~*J~_D..e = ~ *~~---

and Ee are diagonal matrices 
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We have studied the literature concerning Hadamard products and 

present the main results in the next section. We also consider 

applications to correlation matrices and conclude this appendix with 

a bibliography. 

2. Theorems. 

:·., The most widely used ~d possibly most important result concerning 

I 

' 

'~~ .• ] 

--~a. 
-~ 

,}~ 
. --~ 

·,··i.l ·;., 
... 

.. :.·41 .. ~. ; 

::-/ 

Hadamard products was proved, probably for the first time, by Issai 

Schur in 1911. 

THEOREM A.2.1 [Schur (1911)]. When A and B ------
definite, then~ is their Hadamard product ~*!· 

~ ! is positive definite then~ also is !*!· 

Proof. Consider the quadratic form: 

(A.2.1) x' {A*B)x, 
.-... --..... .... ---

~ positive semi-

When either A 

where x is p X 1. There exists a matrix !,, p X p, such that 

! = !'!.· Substituting in (A.2.1) gives 

which is nonnegative when A and B are positive semi-definite. - -
When either ! or ! is nonsingular, {A.2.2) is positive. Hence 

the result. {qed) 

The above proof shortens the original version given by Schur (1911), 

which is also given by Fej~r (1918), Polya & Szego (1925) & (1954), 

pp. 106-107, 307, Oppenheim (1930), Halmos (1948), pp. 143-144, and 

(1958), pp. 173-174, Mirsky (1955), p. 421, and Bellman (1960), p. 94. 

An interesting shorter proof follows directly from the following 

lemma given by Marcus & Khan (1959) and Marcus & Mine (1964), pp. 120-121. 
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LEMMA A.2.1 [Marcus & Khan (1959)]. The Hadamard product.!!! principal 

submatrix of the Kronecker product. 

Theorem A.2.1 was extended in 1963 by Majindar, who showed that 

any positive (semi-) definite matrix may be expressed as a Hadamard 

product of two positive (semi-) definite matrices, though not necessarily 

uniquely. We omit the proof of this result. Together with theorem 

A.2.1 we now have: 

THEOREM A.2.2 [Schur (1911), Majindar (1963)]. ! symmetric matrix is 

positive (semi-) definite if and only if it can be written as the 

Hadamard product of~ positive (semi-) definite matrices. 

A further result proved by Issai Schur in 1911 appears to have 

been overlooked by later writers. It is 

THEOREM A.2.3 [Schur (1911)]. When A and B .!!=. positive (semi-) 

definite, 

(A.2.3) ch (A)•b i ~ ch (A*B) ~ ch1(A)•b , s = 1, •• ,, p, 
p- mn s-- - max 

where b . and b are the smallest and largest diagonal elements nun max-------

of B. 

Proof. Using (A.2.1) and (A.2.2) we may write 

This proves the right-hand side of (A.2.3). The~left-hand side follows 

similarly. (qed) 

COROLLARY A.2.1. When R is a correlation matrix and A is positive -
{semi-) definite, 
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(A.2.5) 

Since chp(!!.)!.'!. ~ ~·~ s ch1(~)~·~, we obtain chp(!!) ~ bmin ~ 

bmax ~ ch1(~) by putting ?!. = Z..j· Thus we have 

COROLLARY.A.2.2. When ~ and !!_ ~ positive (semi-) definite, 

(A.2.6) 

TheoremA.2.3 and Corollary A.2.2 give the following result 

when A= B: 

COROLLARY A.2.3. When ~ is positive {semi-) definite, 

(A.2.7) ch2 (A) ~ a i ch (A)~ ch (A(2)) -~ a ch1(A) ~ ch2
1(A), s = 1, ••• , p. 

p- mnp-- s- max - -

In 1959, Marcus and Khan considered the connection between the 

.characteristic roots of a Hadamard product and those of the corresponding 

Kronecker product. 

If Q'1 , ••• , Q'p and a are the characteristic roots of 
p 

A and ~ respectively, then the characteristic roots of !®! are 

the p2 quantities Q'.a.; i, j = 1, ••• , p (Marcus (196o) & (1964), p. 5). 
l. J 

THEOREMA.2.4 [Marcus & Khan (1959)]. When A and B are positive -------
{semi-) definite, 

(A.2.8) 

s = 1, ••• , p. 

-Proo£. --Xhe -result follows di-rect;J.y from Cauchy's ""Inequalities (Marcus & 

Mine (1964), p. 119) and Lemma A.2:.1~ (qed) 

The s-th largest characteristic root of A*B is thus seen to 

lie between the s-th and (s + p2 - p)-th largest of the pairs 
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aiaj; i, j = 1, •• ,, p. Extending Theorem A.2.4 we obtain: 

COROLLARY A.2.4. When ~ and !!_ ~ positive {semi-) definite, 

p-1 p 

(A.2.9) Tr ch 2_t(A® B) ~ IA*B I ~ II chs (A~~ B). 
t=O p S=l 

Thus ~e see that l~*!I lies between the products of the p 

largest and p smallest characteristic roots of !®!· A sharper 

lower bound is obtained below, but first we introduce the following 

additional notation. We will let ~i denote the lower principal 

submatrix of A of order p-i, with A = A. We will use the 
-0 -

following lemma: 
I 

LEMMA A.2.2 [Mirsky .(1955),p~421t .. When ~ is positive (semi-) definite, 

(A.2.1O) 0 ~- t A = A - . e,e, ... ..-... A ................ i. 
-1 

_!! positive semi-definite • 

Proof. When ~ is singular, (A.2.1O) is l and so positive semi

definite by definition. When A is nonsingular, 

(A.2.11) -1 0 -1 t ~l 
~ t = 1- - ~ ~=-i'!. , 

11 ' -1 I I 1.-. I -1 where a · = !i~- ~ = ~ / ~ , the leading element of ~ • Now 

(A.2.11) is symmetric idempotent, so !!.,_0 is positive semi-definite. 

From this lemma we obtain immediately 

(A.2 .12) a a ll. .... 1 
11 c:;. ' 

ii and so aiia ~ 1, i = 1, ••• , p (Fiedler (1961)). Also (A.2.12) may 

be written I~ ~ a11 1~1- Similarly l~I ~ a22 1~1 and so 

I~ ~ a11a22 1~1· Proceeding inductively we obtain Hadamard's classic 

result of 1893. 

(qed) 
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LEMMA A.2.3 [Hadamard (1893)). When ~ _!! positive {semi-) definite, 

(A.2.13) I~ :s: all a22 • • • a PP • 

Marcus (196o) & (1964), p. 14 calls Lemma A.2.3 the Hadamard 

determinant theorem. An alternate proof of (A.2.13) is due to 

Hardy, Littlewood, and P61ya (1934) & (1964), pp. 34, 35 writing A 

in terms of a correlation matrix. We give this as the following 

corollary: 

COROLLARY A.2.5. When R is a correlation matrix, the diagonal -- .. _ -- --
-1 elements of R , - ... ~ 

(A.2.14) ii 
r ~ 1, i = 1, ••• , P, 

and 

(A.2.15) IRI :s: 1. ---

Proof. {A.2.14) follows directly from {A.2.12). To show (A.2.15) we 

use the arithmetic mean/geometric mean inequality: 
p 

. p [I: ch (R)]p 
(A.2.16) ,~, = r ch

8 
(R) S: s=l p 

8 
- = (t; R)p = 1, 

S=l 

and (A.2.15) is proved. (qed) 

Pre- and post-multiplication of R by D yields DRD, where D 
.-.,. ...... .,...,.,.,,,,,. ......., 

is a diagonal matrix. We may express any positive {semi-) definite 

matrix ~- in the form ~ (unless ~ has zero row(s)/column(s)), 

as in (2.1.4). Hence (A.2.13) and (A.2.15) are equivalent. 

We now establish a lower bound for IA*BI, first proved in 1930 
#, .. _ ~-

by the British mathematician (later Sir) Alexander Oppenheim (1903- ). 

THEOREM A.2.5 [Oppenheim (1930)]. When ~ .. and ~ !:.= positive (semi-) 

definite, 
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(A.2.17) 

Proof. When ~ is singular or ~ has a zero diagonal element, (A.2.17) 

is trivially satisfied. When ~ is nonsingular and t has no zero 
1 1 

diagonal elements we may write B =~!RB! and (A.2.17) is equivalent 
- ~g---ug 

to 

(A.2.18) 

Using Theorem A.2.1 and Lemma A.2.2, we have 

= ,~~(l 
1 · 11 e'(A*R)- e /a··). 

-~ -- :::.i 

Thus 1~*13J ~ l~*~l·l~/l~I- Similarly l~*~I ~ l~~l·l~l/l~I, 

so that l~~aj ~ I~*~ I· I~/ I~ I• Proceeding inductively we obtain 

(A.2. le) since l~-l *¾,-i 1 / 1~_11 = ap/ app = l~ ( qed) 

Applying Lemma A.2.3 to Theorem A.2.5 yields the following 

additio.nal lower bound for l~X·!!_i: 

COROLLARY A.2.6 [Oppenheim (1930)]. When ~ and ~ ~ positive 

{semi-) definite, 

(A.2.20) 

We use Theorem A.2.5 to obtain a tighter lower bound than that 

in (A.2.17). The only proof we have found in the literature (§3 below) 

is in the same 1930 paper of Oppenheim, who credits it to Schur (1911), 

p. 14, which, however, presents only Theorems A.2.1 and A.2.3. M;rsky 
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(1955), p. 421 met'ttions.:·.t:'he ·:sharpening . of (A.2.17) but gives no 

proof. Mirsky credits Schur, but clearly is following Oppenheim (1930). 

Marcus (196o) & (1964), p. 14 calls (A.2.21) the Schur Inequality. 

THEOREM A.2.6 [Oppenheim (1930)]. When ~ and !_ ~ positive (semi-) 

definite, 

Proof. If either !_ or l is singular,{A.2.21) reduces to (A.2.17). 

Thus let A and B be positive definite. Then we may write A - - -
and B in terms of correlation matrices 

(A.1.8), we may write (A.2.21) as 

{A. 2 • 22) I i*~ + I gj • I !:J :i? I g_j + I~ • 

q_ and ~ so that using 

0 I/ l1 h 11 I -1 From Lemma A.2.2, t = ~ - ~!:.i r , w ere r = ~~ ~, is positive 

semi-definite. Hence by Theorem A.2.1, Q*R0 is positive definite. - --
Thus by (A.2.17), 

(A.2.23) 

That is, 

(A.2.24) I~~ - 1'4*¾1 ,r1-1 :i? lgj - lqj ,ii. 

Let ti+l = 19.a_*~I + l4a.l • l~I - l~I - l~l>i=O,l, .•• ;~_p-l~: Then t 1 :i? 0 is 

equivalent to (A.2.22). We'may write (A.2.24), after some rearrangement, 

as 
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The first factor is (1 - 1!_1 1 )/t11which is nonnegative by (A.2.15). 

The second factor is nonnegative from (A.2.12), and hence so is each 

side of (A.2.25). Thus t·1 ~ t 2 l!_lll!_11. Similarly t 2 ~ t 31~)/l~J, 
so that t 1 ~ t

2
l!_l11!:e1· Proceeding inductively we obtain t 1 ~ 0 

(i.e., (A.2.·2~)), since 

(A.2.26) 

where q = qp,p-l and r = rp,p-l• (qed) 
-1 Fiedler (1957), (1961) studied the characteristic roots of A*A , --

where A is positive definite. From (~.1.6) it ~ollows that all the 

. -1 
row sums are unity, and so A*A has a characteristic root of --
unity with =.. the correspo~ding characteristic vector. This result 

is strengthened when tied in with the reducibility of A. We will -
say that A has reducibility index s-1, when by row and column -
permutations we can write A as -

~11 0 ... ' 0 

~l ~2 ... 0 
(A.2.27) . . ' ~ . . 

~l ~2 ... A -as 

where A~., i = 1, ••• , s, are square and cannot be reduced further. 
-.1.1 

We may call the ~i irreducible, or.with reducibility index O. 

Hence (we omit the proof)_ 

THEOREM A.2.7 [Fiedler (1957)]. When ~ is positive definite with 

reducibility index 
-] . 

s-1, then A*A · has minimum.characteristic root -- -- ---------------
unity, with multiplicity 

index s-1. 

s, characte'ristic vector e, and reducibilty ·- -- -----~ 

Marcus & Khan (1959) considered the Hadamard product of elementwise 
-

nonnegative matrices A and B. - They proved that in such a case 
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In 1963, Marcus and Thompson considered the Hadamard product of 

normal matrices, and proved (t-."e omi.t th.a proof) 

THEOREM A.2 .8 [Marcus & Thompson ( 1963)]. Let ~ and l be normal 

matrices with characteristic roots a1,•••, a and al, ••• , a , 
-- p - p 

respectively. Then the characteristic roots of A*B lie in a -------------- -- -----

- 77 -

subset_ of the convex polygon in the plane supported ~ a.i~j_J ½(aia j+ Ci ja i) 

when A and B commute]. ------
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APPENDIX B: COMPUTER PROGRAMS 

i~.,;A. 
~ 

We present listings of the computer programs used on the CDC 9600 at the University of Minnesota 
to generate Tables 2.9.2 and 2.9.3. 1 

1. TABLE 2.9.2. 

PROGRAM EFCY(OUTPUT,PUNCH) 
DIMENSION ROWt<l3),ROW2Ct3)•ROW3C13>•NPC13>•IMAT<t4>•IMAU<t4> 
DO 1 I= 1 ,9 

1 NP ( I ) =I+ 1 
DO 2 1=10,13 

2 NP(l)=tO*Cl-8) 
PRINT 100,NP 

100 FORMAT(1H1•16X,2HP=,13Iq//10X,tOH RELeEFFe/) 
RHO=Oe99 

4 DO 3 1=1•13 
P=NP < I ) 
T=1eO+<P-2eO)*RHO-<P-leO)*RHO*RHO 
RESV=RESM(RHO,P,T) 
ROWt<I>=<teO+<P-teO)*RHO*RHO)*RESV 
ROW2(I)=BDRE(RHO,P,T) 
ROW:3<I>=RESV 

j CONTINUE 
PUNCH 103, RHO• ROWl• ROW3 

103 FORMAT(F5e2t10H MODIFIED •13F5e2/5X,t0H SAMPLE ,t3F5e2/) 
PRINT t0t,RHO,ROW1,ROW~,ROW2 

t01 FORMAT(tH •4HRH0=tFSe2•tOH MODIFIED,13F6e3/ 
1/IOX, tOH SAMPLE ,13F6e3/10X,t0H BOUND ,13F6e3//) 

lF(RHOeEOe0e99) RHO=l•O 
tFCRHOeEO.OeOt) GO TO 6 
RHO=RHO-Oel 
IF(RHOeLE.O.O) RHO=Oe01 
GO TO 4 

6 CONTINUE 
PRINT 100,NP 
DO 22 J=l,13 
K=14--J 

~;; ... - ,i ... ) 

-<1 ' 



·-•=~C#§~,~--~--- --- ,. 

TABLE 2.9.2 (ctd.) 

i ' J f:,' .• , - M 

ENCODECl00,104,IMAU) K,K 

Fl!;~ ~ ~ ~ ~,.;.i.l 
~ ~ 

t04 FORMAT<*C4H -1/•l2,9H MOOIFIED•*l3*F5e2/5X,t0H SAMPLE •*13* 
1F5.2/)*> 

ENCODE<t00,102,IMAT> CK,J=t•3) 

.L...f.,:! 
~ 

t02 FORMAT<*<tH0,7HRH0:-1/•J3•9H MODIFJED*I3*F6•3//tOX,tOH SAMPLE * 
1 I3*F6.3/t0X,t0H BOUND *I3*F6•3>*> 

NQ=NPCK) 
Q=NPCK) 
RHO=-teO/Q 
DO 21 I= 1 • K 
P=NP CI) 
T=t•O+CP-2.0>*RHO-<P-JeO)*RHO*RHO 
RESV=RESM(RHO,P,T) 
ROWt(J)=<t.O+<P-leO)*RHO*RHO)*RESV 
ROW3(I)=BDRE(RHO,PtT) 

21 ROW2<I)=RESV 
PRtNT tMATt NQ, CROWt<L>•L=t•K>,<ROW3<L>•L=t•K>,<ROW2<L>•L=t•K> 

22 PUNCH IMAU• NO, CROW! CL) ,L=t •K> • CROW3<L> •L=t ,K) 
STOP 
END 
FUNCTION RESMCRHO,P,T) 
NP=P 
A=1•0+(P-1e0)*RHO*RHO 
8=1.0-RHO*RHO 
C=teO+P*RHO*RHO/CT+T> 
RESM~(B*C>**<t-NP)/A 
RETURN 
ENO 
FUNCTION BDRE(RHO•P,i) 
NP=P 
A=1eO+(P-ie0)4RHO*RHO/(T+Ti 
£3DRE~A'*"*'-NP~ 
RETURN 
END 

~i . . r.L. ,.~ 
~ ~~b If, ,.. 

u ., :l .. ~ 
•·' . ~ 

g, 


