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• Effective TB model: honeycomb lattice, (px,py)-orbital

Noah Yuan & LF, arXiv: 1803.09699  

TB model with specific hopping parameters: 

Koshino, Yuan, Ochi, Kuroki & LF, arXiv: 1805.06819 

• Electronic instabilities from weak-coupling

Hiroki Isobe, Yuan & LF, arXiv: 1805.06449

Outline



Nearly-Flat Band at Magic Angle
Bistritzer & MacDonald, PNAS (2011)

Lam & Koshino
PRB (2017)

• Gap at 𝚪 point separates 4 lowest-energy mini-bands from others

• Inter-valley hybridization can be neglected at small twist angle: 

=> 2 mini-band from vicinity of K;  2 from -K  

• at magic angle, mini-band width of order 10meV  



Band Symmetry at high 
symmetry points

Centers and Symmetry of 
Wannier Orbitals

Tight-Binding Model

Fit and 
Reproduce

Band Structure

Our Approach

to construct TB model for isolated lowest-energy band 

Noah Yuan & LF, arXiv: 1803.09699 
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Q: what kind of Wannier

orbital configuration in real 

space can reproduce band 

symmetry in k space? 

Note: Wannier orbitals associated with a set of bands do not depend on Ei(k) 



Coordinate System in Real Space
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Generators of point group 𝐷3:

Three-fold rotation 𝐶3𝑧 around registered

A sites, denoted as the origin 𝑂;

Two-fold rotation 𝐶2𝑦 around 𝑦 axis 

passing through the origin.𝐶3𝑧

𝐶2𝑦

In this figure 𝜃 = 21.8° for illustration
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Symmetry Group Representation

Point group 𝐷3 = {𝐶3𝑧
𝑚 , 𝐶2𝑦

𝑛 |𝑚, 𝑛 ∈ ℤ}

1D Reps  𝐴1: 𝐶3𝑧 = 𝐶2𝑦 = +1,

𝐴2: 𝐶3𝑧 = +1, 𝐶2𝑦 = −1.

𝐸: 𝐶3𝑧 =
𝑒−2𝑖𝜋/3 0

0 𝑒2𝑖𝜋/3
,  𝐶2𝑦 =

0 1
1 0

2D Rep

s-orbital

pz-orbital

px, py-orbital



Coordinate System in k-Space

MBZ
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Valley folding:

𝑲1, −𝑲2 → +𝑲
𝑲2, −𝑲1 → −𝑲
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At +/-K point, the Bloch wave functions 

of A, B sites will assign different phases 

to different sites.

𝜔 = 𝑒2𝑖𝜋/3 = exp(𝑖𝐾 ⋅ 𝑅)

With respect to rotation center of 𝐶3𝑧
at A site, Bloch states at A sites have 

𝐿𝑧 = 0.

Bloch states at B sites have 𝐿𝑧 = 1 at 

+K and 𝐿𝑧 = −1 at -K 

Example: Monolayer Graphene



Band Symmetry at 𝑲 Point

𝑲 point: Symmetry group 𝐷3

From valley folding scheme, the 

lowest four bands form two singlets 

and one doublet.

(𝐴1, 𝐴2, 𝐸)
𝐴1: 𝐴2:

𝐸:

𝑲𝟏

𝑲𝟐

-𝑲𝟐

-𝑲𝟏

𝑲1, −𝑲2 → +𝑲
𝑲2, −𝑲1 → −𝑲

(Four degenerate states at Dirac point are NOT 

exact, and NOT protected by any lattice symmetry.)



Band Symmetry at 𝑴 Point

𝑴 point: Symmetry group 𝐶2

From valley folding scheme, the lowest 

four bands form four singlets.

(𝐴, 𝐴, 𝐵, 𝐵)

𝐴: 𝐵:

n=A, B is sublattice

index. 

𝐌𝐌



Band Symmetry at 𝚪

𝚪 point: Symmetry group 𝐷3

We infer the lowest four bands furnish two 

doublets on electron and hole sides.

Nguyen N. T. Nam and Mikito Koshino, PRB 96, 075311 (2017).

(𝐸, 𝐸)



Band Symmetry at High Symmetry Points

Q: what kind of Wannier orbital configuration in real space 

can reproduce the above band symmetry in k space? 



Centers & Symmetries of Wannier Orbitals
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• Wannier centers are located at C3z-symmetric AB and BA points, and form a 

honeycomb superlattice. 

• A doublet of Wannier orbitals at each honeycomb site, with (px,py) site symmetry  

𝑝𝑥

+−

𝑝𝑦

+

−Noah Yuan & LF, arXiv: 1803.09699 



Band Symmetry at High Symmetry Points
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Reproduce



Tight-Binding Model: hexagonal warping

𝒕𝟐′

Equivalent to second nearest neighbors within the same sublattice with

imaginary amplitudes according to the arrows, opposite for two valleys



Hexagonal warping
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Nodal line of hexagonal warping term

Near 𝚪 point

𝑘± = 𝑘𝑥 ± 𝑖𝑘𝑦





Tight-Binding Model: Fitting

Nguyen N. T. Nam and Mikito Koshino, PRB 96, 075311 (2017).

𝑲 𝚪 𝐌 𝑲′

𝑬



“The obtained Wannier state is centered at AB or BA point…
the pair of Wannier orbitals centered at a given AB or BA
point has px,py on-site symmetry… consistent with the
symmetry analysis [4].”

“According to the symmetry analysis [4], the two orbitals should
be centered at AB and BA points to form a honeycomb lattice. Our
strategy is to first prepare certain initial orbitals centered at AB
and BA, and then apply the maximally localized algorithm [39]”



Lenv = 0

Lenv = 0

Lenv = 0 Lenv = -1

Lenv = 0 Lenv = -1

Lenv = 1

Lenv = 1

Orbital 1 (A-like): AB-centered

Orbital 2 (B-like) : BA-centered

AB / BA-centered Wannier functions: px+ipy symmetry

A1 [LBloch = 0] B1 [LBloch = 1] A2 [LBloch = 1] B2 [LBloch = -1]

A1 [LBloch = 1] B1 [LBloch = -1] A2 [LBloch = 0] B2 [LBloch = 1]



TB Model with Realistic Parameters

Three dominant hoppings: t1, t2 (imaginary), t5



Superconductivity & Correlated Insulator at θ=1.1



Normal State at θ=1.8

Hall conductivity changes sign when Fermi surface

changes from electron to hole-like

Kim et al, Nano Lett (2016)



Fermi Surface, Lifshitz Transition & 
Van Hove Singularity 

• Below VHS, electron pockets around Dirac point

• Above VHS, warped hole pockets around 𝚪 point



Van Hove Singularity seen in STM  

θ=1.8

θ=1.1

Eva Andrei et al, Nat Phys (2010)



Fermi Surface Nesting and Hot Spots



Three distinct wave vectors (Q+, Q−,
Q’), along with symmetry-related ones,
connect nearly nested segments of
Fermi surfaces where density of states
are large.

Enhanced fluctuations of inter-valley
density waves at Q’ and Q-, and pair
density wave at Q+

Fermi Surface Nesting and Hot Spots

Hot spot approach: poor man’s functional RG





• g11, g14, g22, g24, g44: forward scattering processes
• g31, g32, g41, g42: BCS scattering processes

Scattering Processes



RG Equation for 9 Coupling Constants



Parameter d characterizes density wave susceptibility.

d=1 corresponds to same log divergent as BCS channel

Here d<1 is approximately constant within the energy
range where Fermi surface can be regarded as nested,
i.e., susceptibility has logarithmic dependence on energy

RG Equation for 2 Coupling Constants

• g42 : inter-valley density interaction
• g41 : valley exchange interaction



Intertwined SC and Density Wave



Comparison with Experiment

Resistivity changing from metallic
to insulating and finally to SC
behavior is consistent with
intertwined SC and density wave
instabilities .

In-plane upper critical fiend is
close to Pauli limit, indicates spin-
singlet pairing

If so, our theory proposes “Mott”
insulator is a CDW that breaks
translation & preserves spin rotation



Open Questions

Intertwinement of spin-singlet SC and CDW
requires repulsive intervalley density interaction
and attractive intervalley exchange interaction
at the cutoff energy scale of patch theory.

Possbible origin of attraction: mediated by
intervalley electron-phonon coupling ?

negative Hund-coupling? (c.f. Kivelson et al)

Strong coupling description of CDW insulator ?

Experimental signature of CDW: STM ?


