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Mathematical Naturalism 

Virtually all the discussion of the "philosophy of mathematics" in our 
century has been concerned with the enterprise of providing a foundation 
for mathematics. There is no doubt that this enterprise has often been 
mathematically fruitful. Indeed, the growth of logic as an important field 
within mathematics owes much to the pioneering work of scholars who 
hoped to exhibit the foundations of mathematics. Yet it should be almost 
equally obvious that the major foundational programs have not achieved 
their main goals. The mathematical results that they have brought forth 
seem more of a piece with the rest of mathematics than first points from 
which the entire edifice of mathematics can be built. 

Under these circumstances, it is tempting to echo a title question of 
Dedekind's and to ask what the philosophy of mathematics is and what 
it ought to be. Many practicing mathematicians and historians of math
ematics will have a brusque reply to the first part of the question: a 
subject noted as much for its irrelevance as for its vaunted rigor, carried 
out with minute attention to a small number of atypical parts of math
ematics and with enormous neglect of what most mathematicians spend 
most of their time doing. My aim in the present essay is to offer an 
answer to the second half of the question, leaving others to quarrel a
bout the proper response to the first. I shall argue that there are good 
reasons to reject the presuppositions of the foundationalist enterprises 
and that, by doing so, we obtain a picture of mathematics that raises 
different-and, to my mind, more interesting-philosophical problems. 
By trying to formulate these problems clearly, I shall try to draw up an 
agenda for a naturalistic philosophy of mathematics that will, I hope, 
have a more obvious relevance for mathematicians and historians of 
mathematics. 
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1. Epistemological Commitments 

Seeking a foundation for a part of mathematics can make exactly the 
same sense as looking for a foundation for some problematic piece of scien
tific theory. At some times in the history of mathematics, practitioners 
have self-consciously set themselves the task of clarifying concepts whose 
antecedent use skirted paradox or of systematizing results whose connec
tions were previously only dimly perceived. Weierstrass's efforts with con
cepts of convergence and Lagrange's explanation of the successes of techni
ques for solving cubic and quartic equations are prime examples of both 
forms of activity. But the grand foundational programs move beyond these 
local projects of intellectual slum clearance. 1 

Foundationalist philosophies of mathematics bear a tacit commitment 
to apriorist epistemology. If mathematics were not taken to be a priori, 
then the foundational programs would have point only insofar as they 
responded to some particular difficulty internal to a field of mathematics. 
Subtract the apriorist commitments and there is no motivation for think
ing that there must be some first mathematics, some special discipline from 
which all the rest must be built. 

Mathematical apriorism has traditionally been popular, so popular that 
there has seemed little reason to articulate and defend it, because it has 
been opposed to the most simplistic versions of empiricism. Apriorists 
come in two varieties. Conservative apriorists claim that there is no 
possibility of obtaining mathematical knowledge without the use of cer
tain special procedures: one does not know a theorem unless one has 
carried out the appropriate procedures for gaining knowledge of the ax
ioms (enlightenment by Platonic intuition, construction in pure intuition, 
stipulative fixing of the meanings of terms, or whatever) and has followed 
a gapless chain of inferences leading from axioms to theorem. Frege, at 
his most militant, is an example of a conservative apriorist. By contrast, 
liberals do not insist on the strict impossibility of knowing a mathematical 
truth without appealing to the favored procedures. Their suggestion is that 
any knowledge so obtained can ultimately be generated through the use 
of a prior procedures and that mathematical knowledge is ultimately im
proved through the production of genuine proofs. 

Empiricists and naturalists2 dissent from both versions of apriorism 
by questioning the existence or the power of the alleged special procedures. 
Insofar as we can make sense of the procedures to which apriorist epis
temologies make their dim appeals, those procedures will not generate 
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knowledge that is independent of our experience. Platonic or construc
tivist intuition, stipulative definition, yield knowledge-to the extent that 
they function at all-only against the background of a kindly experience 
that underwrites their deliverances. From the naturalistic perspective, 
apriorists have misjudged the epistemological status of the features they 
invoke, supposing that processes that are analogous to the heuristic argu
ments or Gedankenexperimente of the natural scientist are able to war
rant belief come what may. 

The contrast may be sharpened by considering Zermelo's introduction 
of his set-theoretic axioms. 3 For the conservative apriorist, there was no 
set-theoretic knowledge prior to 1905 and, in consequence, no knowledge 
of analysis, arithmetic, or any other part of mathematics before the pure 
cumulative hierarchy beamed in on Zermelo's consciousness. Liberals 
may relax this harsh judgment about the pre-Zermelian ignoramuses, 
but they remain committed to the view that mathematical knowledge 
underwent a dramatic transformation when the "merely empirical" justifi
cations of the Greeks, of Fermat, Newton, Euler, Gauss, Cauchy, and 
Weierstrass finally gave way, in the first decade of our century, to genuine 
proof. 

Mathematical naturalism opposes to both positions a different philo
sophical picture. Zermelo's knowledge of the axioms that he introduced 
was based on his recognition of the possibility of systematizing the prior 
corpus of claims about sets, claims that had been tacitly or explicitly 
employed in reasoning about real numbers. Zermelo proposed that these 
antecedently accepted claims could be derived from the principles he 
selected as basic. The justification is exactly analogous to that of a scientist 
who introduces a novel collection of theoretical principles on the grounds 
that they can explain the results achieved by previous workers in the field. 

Strictly speaking, one might accept this picture of Zermelo's knowledge 
without subscribing to mathematical naturalism. Perhaps there are some 
who believe that Zermelo may have known the axioms of his set theory 
by recognizing their ability to systematize previous mathematical work 
but that his successors did better. Their consciousnesses have been illu
minated by the beauties of the cumulative hierarchy. Mathematical natural
ists take this prospect to be illusory. Not only is Zermelo's knowledge to 
be understood in the way that I have suggested but-in a fashion that I 
shall describe in more detail below-the same type of justification is in
herited by those of us who come after him. 
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Yet even this much may be conceded without adopting naturalism. 
There is a hybrid position, with which Russell and Whitehead seem brief
ly to have flirted, 4 according to which our knowledge of the principles 
of set theory is based on our knowledge of arithmetic, even though the 
principles of arithmetic are themselves taken to be a priori. Mathematical 
intuition, stipulative definition, or whatever, is supposed to give us a priori 
knowledge of the Peano postulates and of all the theorems we can deduce 
from them; however, we know the axioms of set theory by seeing that 
they suffice to systematize the Peano postulates. 

Mathematical naturalism embodies a ruthless consistency. Having set 
its face against the procedures to which a priori epistemologies for 
mathematics have appealed, it will not allow that those procedures operate 
by themselves to justify any mathematical beliefs possessed by any math
ematician, past or present. I have tried elsewhere to give reasons for this 
principled objection against the varieties of intuition and apprehension 
of meanings on which apriorist accounts have traditionally relied-usually 
without much explicit epistemological commentary. 5 

Here I shall only offer the sketch of a motivating argument. Many 
people will have no hesitation in supposing that mathematicians know the 
statements they record on blackboards and in books and articles. Perhaps 
there are some who think of the practice of inscribing mathematical sym
bols as a contentless formal game, and who feel squeamish in talking about 
mathematical "knowledge." Yet, even for those who adopt this position, 
there must be an analog to the epistemic concept of justification. lnscrip
tional practices can be performed well or badly, usefully or pointlessly, 
and our common view is that the mathematical community has some 
justification for proceeding in the way that it does. 

Now it seems that there can be a mathematical analog of the distinc
tion between knowledge and conjecture (or ungrounded belief). Sometimes 
a professional mathematician begins with a conjecture and concludes with 
a piece of knowledge. Sometimes completely uninitiated people guess cor
rectly. If two friends who know barely enough of number theory to under
stand some outstanding problems decide to divide up the alternatives, one 
claiming that Goldbach's conjecture is true, the other that it is false, and 
so forth, then there will not be a sudden advance in mathematical 
knowledge. Mathematical knowledge, like knowledge generally, requires 
more than believing the truth. (Similar distinctions can be drawn from 
the perspective of the approach that takes mathematical statements to be 
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contentless. I shall henceforth ignore this approach and leave it to the in
terested reader to see how the argument would be developed from the 
preferred point of view.) 

The obvious way to distinguish mathematical knowledge from mere 
true belief is to suggest that a person only knows a mathematical state
ment when that person has evidence for the truth of the statement
typically, though not invariably, what mathematicians count as a proof. 6 

But that evidence must begin somewhere, and an epistemology for 
mathematics ought to tell us where. If we trace the evidence for the state
ment back to the acknowledged axioms for some part of mathematics, 
then we can ask how the person knows those axioms. 

In almost all cases, there will be a straightforward answer to the ques
tion of how the person learned the axioms. They were displayed on a 
blackboard or discovered in a book, endorsed by the appropriate author
ities, and committed to the learner's memory. But nonnaturalistic epis
temologies of mathematics deny that the axioms are known because they 
were acquired in this way. Apriorists offer us the picture of individuals 
throwing away the props that they originally used to obtain their belief 
in the axioms and coming to know those axioms in special ways. At this 
point we should ask a series of questions. What are these special ways 
of knowing? How do they function? Are they able to produce knowledge 
that is independent of the processes through which the beliefs were original
ly acquired? One line of naturalistic argument consists in examining the 
possibilities and showing that the questions cannot be answered in ways 
that are consistent with apriorism. 7 

There is a second, simpler way to argue for a naturalistic epistemology 
for mathematics. Consider the special cases, the episodes in which a new 
axiom or concept is introduced and accepted by the mathematical com
munity. Naturalists regard such episodes as involving the assembly of 
evidence to show that the modification of mathematics through the adop
tion of the new axiom or concept would bring some advance in math
ematical knowledge. Often the arguments involved will be complex-in 
the way that scientific arguments in behalf of a new theoretical idea are 
complex-and the pages in which the innovators argue for the merits of 
their proposal will not simply consist in epistemologically superfluous 
rhetoric. On the rival picture, the history of mathematics is punctuated 
by events in which individuals are illuminated by new insights that bear 
no particular relation to the antecedent state of the discipline. 
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To appreciate the difference, and the merits of naturalism, consider 
Cauchy's introduction of the algebraic concept of limit in the definitions 
of the concepts of convergence, continuity, and derivative. If we suppose 
that Cauchy's claims were backed by some special a priori insight, then 
it is appropriate to ask why this insight was unavailable to his predecessors, 
many of whom had considered the possibility of employing the concept 
of limit to reconstruct fundamental arguments in the differential calcu
lus. We seem compelled to develop an analogy with superior powers of 
visual discrimination: Cauchy just had better powers of mathematical in
tuition, so he saw what Lacroix, Lagrange, l'Huilier, d' Alembert, Euler, 
Maclaurian, Leibniz, and Newton had all missed. This far-fetched story 
is not only unnecessary, it also fails to do justice to the argumentative 
structure of Cauchy's work on the calculus. The Cours d'Analyse displays 
how a thorough use of the algebraic limit concept can be employed to 
reformulate problematic reasoning in the calculus and thus to prepare the 
way for the resolution of outstanding problems. Cauchy does not invite 
his fellow mathematicians to intuit the correctness of his new claims. He 
shows, at some length, how they are useful in continuing the practice of 
mathematics. 8 

This second line of argument anticipates a theme that I shall elaborate 
in the next section. Mathematical naturalism offers an account of math
ematical knowledge that does justice to the historical development of 
mathematics. Apriorism has seemed attractive because the only available 
rival seemed to be the simplistic empiricism of John Stuart Mill. 9 I claim 
that we can transcend a pair of inadequate alternatives by recognizing that 
mathematical knowledge is a historical product. 

2. A Role for History 

Mathematical knowledge is not built from the beginning in each genera
tion. During the course of their education, young mathematicians absorb 
the ideas accepted by the previous generation. If they go on to creative 
work in mathematics, they may alter that body of ideas in ways that are 
reflected in the training of their successors. Like any other part of science, 
mathematics builds new knowledge on what has already been achieved. 
For the epistemologist of mathematics, as for the epistemologist of science, 
a crucial task is to identify those modifications of the corpus of knowledge 
that can yield a new corpus of knowledge. 

We can now outline a naturalist account of mathematical knowledge. 



MATHEMATICAL NATURALISM 299 

Our present body of mathematical beliefs is justified in virtue of its rela
tion to a prior body of beliefs; that prior body of beliefs is justified in 
virtue of its relation to a yet earlier corpus; and so it goes. Somewhere, 
of course, the chain must be grounded. Here, perhaps, we discover a type 
of mathematics about which Mill was right, a state of rudimentary math
ematical knowledge in which people are justified through their percep
tual experiences in situations where they manipulate their environments 
(for example, by shuffling small groups of objects). What naturalism has 
to show is that contemporary mathematical knowledge results from this 
primitive state through a sequence of rational transitions. 10 

A preliminary task is to replace the vague talk of ''states of mathe
matical knowledge" with a more precise account of the units of math
ematical change. The problem is formally parallel to that which confronts 
the philosopher concerned with the growth of scientific knowledge, and 
the solutions are also analogous. In both cases, I suggest, we should under
stand the growth of knowledge in terms of changes in a multidimensional 
unit, a practice, that consists of several different components. 11 Each 
generation transmits to its successor its own practice. In each generation, 
the practice is modified by the creative workers in the field. If the result 
is knowledge, then the new practice emerged from the old by a rational 
interpractice transition. 

As a first analysis, I propose that a mathematical practice has five com
ponents: a language employed by the mathematicians whose practice it 
is, a set of statements accepted by those mathematicians, a set of ques
tions that they regard as important and as currently unsolved, a set of 
reasonings that they use to justify the statements they accept, and a set 
of mathematical views embodying their ideas about how mathematics 
should be done, the ordering of mathematical disciplines, and so forth. 
I claim that we can regard the history of mathematics as a sequence of 
changes in mathematical practices, that most of these change are rational, 12 

and that contemporary mathematical practice can be connected with the 
primitive, empirically grounded practice through a chain of interpractice 
transitions, all of which are rational. 13 

It is probably easier to discern the various components in a mathematical 
practice by looking at a community of mathematicians other than our own. 
As an illustration of my skeletal account, let us consider the practice of 
the British community of mathematicians around 1700, shortly after 
Newton's calculus had become publicly available .14 This community 
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adopted a language that not only lacks concepts belonging to contemporary 
mathematics but also contains concepts we no longer use: Newtonian con
cepts of fluxion, number, series, and function are, I think, different from 
anything that has survived to the present, although are contemporary con
cepts that are similar to these in certain respects. The British mathemati
cians of the time accepted a wide variety of claims about the properties 
of tangents to curves, areas under curves, motions of bodies, and sums 
of infinite series. Many of these statements can be translated into results 
that we would now accept, although some of the suggestions about in
finite series might give us pause. The mathematicians posed for themselves 
the problems of achieving analogous claims for a broader class of curves 
and motions; they did not endorse (as their Leibnizian contemporaries 
did) the general question of finding canonical algebraic representations 
for the integrals of arbitrary functions or for the sums of infinite series; 
problems in algebra arose out of, and were to be interpreted in terms of, 
problems in geometry and kinematics. Members of the community were 
prepared to justify some of their claims by offering geometric proofs
which they took to be strict synthetic demonstrations in the style of tradi
tional geometry-but, in some cases, they were forced to rely on reason
ing that appealed to infinitesimals. Because of their background meta
mathematical views, reasoning of this kind appeared less than ideal. On 
the Newtonian conception of mathematics, the fundamental mathematical 
disciplines are geometry and kinematics, and there is a serious founda
tional problem of showing how infinitesimalist justifications can either 
be recast as or replaced by reasonings in proper geometric style. 

The central part of a naturalistic account of mathematical knowledge 
will consist in specifying the conditions under which transitions between 
practices preserve justification. As I have tried to show elsewhere, 15 the 
Newtonian practice just described can be connected with the practice of 
the late-nineteenth-century community of analysts by a series of transi
tions that are recognizably rational. But it is important to acknowledge 
that my previous efforts at articulating naturalism with respect to this ex
ample fall short of providing a full account of rational interpractice tran
sitions in mathematics. We can appreciate rationality in the growth of 
mathematical knowledge by describing episodes in the history of math
ematics in a way that makes clear their affinity with transitions in science 
(and in our everyday modification of our beliefs) that we count as rational. 
A theory of rationality in mathematics (or, more precisely, in the growth 
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of mathematics) would go further by providing principles that underlie 
such intuitive judgments, making clear the fundamental factors on which 
the rationality of the various transitions rests. 

By emphasizing the connection between transitions in the history of 
mathematics and transitions in the history of science that we view as ra
tional, it is possible to argue for a reduction of the epistemology of 
mathematics to the epistemology of science. In both cases it will be im
portant to distinguish two main types of transition. The first type justifies 
some change in some component (or components) of a prior practice on 
the basis of the state of that practice alone. I shall call such transitions 
internal transitions. The modifications of the second type, the external 
transitions, owe their rationality to something outside the prior state of 
mathematics, some recent experience on the part of the those who make 
the change or some feature of another area of inquiry. It is tempting to 
believe that the natural sciences are altered through external transitions, 
and through these alone, and that mathematics grows solely through 
internal transitions. The temptation should be resisted. Theoretical sciences 
are often changed in dramatic ways through attempts to resolve tensions 
in the prevailing practice-think of Copernicus's original efforts to resolve 
the problem of the planets or the development of population genetics in 
the early 1930s. By the same token, the development of mathematics is 
sometimes affected by the state of other sciences, or even by ordinary ex
perience. To cite just one example, the pursuit of analysis in the early nine
teenth century was profoundly modified through the study of problems 
in theoretical physics. I shall consider the importance of external transi
tions in mathematics in greater detail below. 

The insight that underlies the tempting-but oversimple-thesis is that 
there is a continuum of cases. Some areas of inquiry develop primarily 
through external transitions, others grow mainly through internal transi
tions. What is usually called "pure" mathematics lies at one end of the 
continuum; the applied sciences (for example, metallurgy) lie at the other. 
We can appreciate the fact that there are differences of degree without 
making the mistake of believing that there are differences in kind. 

Because internal transitions are obviously important in mathematics, 
it is useful to consider some main patterns of mathematical change, to 
consider how they fit into the scheme that I have outlined, and to see how 
they are exemplified in the history of mathematics. Unresolved problems 
that have emerged as significant frequently provide the spur for the fur-
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ther articulation of a branch of mathematics. New language, new 
statements, and new forms of reasoning are introduced to solve them. In 
at least some cases, the newly introduced language is initially ill understood, 
the workings of the new reasonings may be mysterious, and there may 
be legitimate doubts about the truth of the new statements. However, when 
things turn out well, the unclarities are ultimately resolved and the collec
tion of answers is eventually systematized by principles that accord with 
prevailing metamathematical criteria. Moreover, we can easily understand 
prominent ways in which new questions are generated in mathematics: 
as new language is introduced or old problems are resolved, it becomes 
rational to pose new, often more general, questions. 

Consider many famous examples, each of which counts as an internal 
interpractice transition. Descartes's introduction of the concepts of analytic 
geometry was motivated by the ability of the new concepts and modes 
of reasoning to yield answers to questions about locus problems, answers 
that were recognizably correct and recognizably more general than those 
attained by his predecessors. Mysterious though the language of the 
Leibnizian calculus may have been, its defenders could point out, as the 
Marquis de !'Hospital did, that it enabled them to solve problems that 
"previously no one had dared to attempt." Lagrange's use of concepts 
that we see as precursors of group-theoretic ideas was justified through 
its ability to bring order to the ramshackle collection of methods for solv
ing cubic and quartic equations that had been assembled by earlier 
mathematicians. 

In each case, the new extension generated new problems. After Des
cartes, it was rational to seek techniques for associating recalcitrant curves 
with algebraic equations and for computing the "functions" of curves. 16 

Through their use of infinite series, Newton and Leibniz generated new 
families of mathematical questions: What is the series expansion of a given 
function? What is the sum of a given infinite series? This process of 
question generation illustrates a general pattern that has been repeated 
countless times in the history of function theory: given two schemes for 
representing functions, one asks how the two are coordinated, typically 
by seeking canonical representations in well-established terms for func
tions that are defined in some novel fashion. Similarly, the combination 
of two discoveries in the theory of equations-the proof of the insolubili
ty of the quintic and Gauss's demonstration that the cyclotomic equation, 
x P - 1 = 0, is soluble when p is prime-posed the question Galois 
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answered: Under what conditions is an equation soluble in radicals? 
All these episodes can be represented within the framework I have 

sketched, and when they are so represented we see interpractice transi
tions that are recognizably rational. So much suffices for the reduction 
of the epistemology of mathematics to the epistemology of science. But 
it is only the first step toward a complete naturalistic epistemology. Even
tually our confident judgments of rationality should be subsumed under 
principles that explain the rationality of the transitions we applaud. In
stead of responding to a skeptic by pointing to the details of the episode, 
saying "Look! Don't you see that what is going on when Galois poses 
this problem or when Leibniz introduces this reasoning is just like what 
goes on in any number of scientific situations?'', we would strive to iden
tify the crucial epistemic features of the situation and to incorporate them 
within a general theory of rational interpractice transitions, a theory that 
would cover both the mathematical and the scientific cases. 

When we see the problem, and our current ability to tackle it, in this 
way, we should realize that there is presently no prospect of resolving hard 
cases. Consider the current situation in the foundations of set theory. (Set 
theory deserves to count as a subject for philosophers of mathematics to 
explore, even if it is not the only such subject.) There are several different 
proposals for extending the standard collection of set-theoretic axioms. 
Ideally, a naturalistic epistemology of mathematics would enable us to 
adjudicate the situation, to decide which, if any, of the alternatives should 
be incorporated into set theory.17 If my naturalistic reduction of the 
philosophy of mathematics is correct, then the problem has been proper
ly defined. But it has not been solved. 18 

Mathematical naturalism thus identifies a program for philosophical 
research. Apriorists will not find the program worth pursuing because they 
will suppose that the genuine sources of mathematical knowledge lie 
elsewhere. (But, with luck, the naturalistic challenge may prompt them 
to be more forthcoming about exactly where.) However, even those who 
join me in rejecting apriorism may maintain that naturalism is wrong
headed. For they may perceive a deep difficulty in understanding the ra
tionality of mathematics-either because they are skeptical about the ra
tionality of science or because they think that the conditions that allow 
the rationality of science are absent in the mathematical case. The objec
tor speaks: 

Naturalists take the reconstruction of our mathematical knowledge to 
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consist in a selective narration of parts of the history of mathematics, 
a narration designed to give us comfortable feelings about the innova
tive ideas of the great mathematicians. But why should we count the 
end product as knowledge? What is it about these transitions that 
makes us dignify them with the name rational? Even if we had a clear 
set of principles that subsumed the patterns of interpractice transition 
to which the label is attached, it would still be incumbent on the natu
ralist to explain why they are to be given a preferred epistemic status. 

There is a tangle of problems here, among which is a cousin of Humean 
worries about the grounds of methodological principles. In the rest of this 
essay, I shall try to confront the problems, showing that they may help 
us to clarify the naturalistic picture and that some interesting and unan
ticipated conclusions emerge. 

3. Varieties of Rationality 

Those who offer theories of the growth of scientific knowledge must 
answer two main problems. The first of these, the problem of progress, 
requires us to specify the conditions under which fields of science make 
progress. The second, the problem of rationality, requires us to specify 
the conditions under which fields of science proceed rationally. Everyone 
ought to agree that the two problems are closely connected. For a field 
to proceed rationally, the transitions between states of the field at dif
ferent times must offer those who make the transitions the best available 
strategies for making progress. Rationality, as countless philosophers have 
remarked, consists in adjustment of means to ends. Our typical judgments 
of rationality in discussions about scientific change or the growth of 
knowledge tacitly assume that the ends are epistemic. When we attribute 
rationality to a past community of scientists, we consider how people in 
their position would best act to achieve those ends that direct all inquiry, 
and we recognize a fit between what was actually done and our envisaged 
ideal. 

So I start with a general thesis, one that applies equally to mathematics 
and to the sciences. Interpractice transitions count as rational insofar as 
they maximize the chances of attaining the ends of inquiry. The notion 
of rationality with which I am concerned is an absolute one. I suppose 
that there are some goals that dominate the context of inquiry, that are 
not goals simply because they would serve as stepping stones to yet fur
ther ends. The assumption is tricky. What are these goals? Who (or what) 
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is it that stands a chance of attaining them? In what ways should the 
chances be maximized? Finally, are there special mathematical goals, or 
does mathematics serve us in our attempts to achieve more general ends? 

Following Kant, I take it that there are ends of rational inquiry and 
that to be a rational inquirer is to be a being who strives to achieve these 
ends. 19 The ends I identify as ultimate are the achieving of truth and the 
attainment of understanding. If we ask a mathematician why a certain 
style of proof has been widely adopted, or why a particular systematiza
tion of a body of mathematical knowledge has been proposed and ac
cepted, then we shall expect to be told that the proof-pattern is likely to 
issue in the acceptance of true conclusions and that the favored axiomati
zation yields understanding of the body of mathematical theory that it 
systematizes. Similar responses are anticipated if we raise questions about 
the value of certain mathematical concepts or the urgency of some 
mathematical questions: the former help us to appreciate the interrela
tionships among mathematical claims, the latter signal gaps in our cur
rent understanding. But, if we continue by asking why we should be in
terested in true conclusions or in understanding, we can only answer that 
these are the ends of inquiry. 

The ends of rational inquiry are not our only ends, and, in consequence, 
they do not completely dictate the course of rational development of 
mathematics. Our aims also include the goals of providing for the welfare 
of present and future members of our species (and perhaps members of 
other species as well), of securing free and just social arrangements, and 
so forth. The relations between the growth of science and these practical 
ends are typically tenuous and indirect, and the connection with math
ematics is even more attenuated. Nevertheless, if asked to justify the pur
suit of a particular collection of mathematical problems, we may reply 
that these problems arise within the context of a particular scientific in
quiry. That scientific inquiry, in its turn, may be motivated by the desire 
for rational ends of scientific inquiry-greater understanding of some facet 
of the universe, say of the structure of matter or of the springs of animal 
behavior. Or it may be justified through its contribution to some prac
tical project, the securing of a steady supply of food for a group of people 
or the improvement of transmission of information or resources around 
the world. Finally, that practical project, in its turn, may connect directly 
with our ultimate practical ends. 

My division between ends of rational inquiry and practical ends ob-
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viously relates to the previous distinction between internal and external 
rational interpractice transitions. More exactly, an internal interpractice 
transition is rational in virtue of its advancement of the ends of rational 
inquiry in mathematics. An external interpractice transition is rational in 
virtue of its advancement either of the ends of rational inquiry in some 
other branch of knowledge or of some practical ends. 20 

When we consider the rationality of mathematics and science as a prob
lem about the adjusting of means to ends, then it becomes evident that 
judgments of rationality are highly ambiguous. I want to distinguish four 
main senses: 

(1) Individual epistemic rationality: an individual is epistemically ration
al when he or she adjusts practice so as to maximize the probabil
ity that he or she will attain his or her epistemic ends. 

(2) Individual overall rationality: an individual is rational overall when 
that individual adjusts practice so as to maximize the probability 
that he or she will attain his or her total set of ends. 

(3) Community epistemic rationality: a community is epistemically ra
tional when the distribution of practices within it maximizes the prob
ability that the community will ultimately attain its epistemic ends. 

( 4) Community overall rationality: a community is rational overall 
when the distribution of practices within it maximizes the probability 
that the community will ultimately attain its total set of ends. 

I claim that these notions of rationality are quite distinct and that it is 
important to know which we have in mind before we inquire about the 
rationality of mathematics or of some other science. 21 

To see the difference between the individual and community perspec
tives, consider the following kind of example. Workers in a scientific field 
seek the answer to a certain question, with respect to which various 
methods are available. Considering the decision for each individual scien
tist, we quickly reach the conclusion that, if there is one method that is 
recognizably more likely to lead to the solution, then each scientist ought 
to elect to pursue that method. However, if all the methods are roughly 
comparable, then this is a bad bargain from the point of view of the com
munity. Each individual ought to prefer that he or she belong to a com
munity in which the full range of methods is employed. Hence, from the 
community perspective, a rational transition from the initial situation 
would be one in which the community splits into subgroups, each 
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homogeneous with respect to the pursuit of method. The intuition is that 
the ends of the community can be better advanced if some of the members 
act against their own epistemic interests. 22 

Although the points I have been making may seem to have little to do 
with the growth of mathematical knowledge, they enable us to resolve an 
important type of disagreement among historians and philosophers of 
mathematics. Consider the different research strategies pursued by British 
and Continental mathematicians in the years after the priority dispute be
tween Newton and Leibniz.23 Leibnizians confidently set about using new 
algebraic techniques, vastly increased the set of problems in analysis, and 
postponed the task of attempting to provide a rigorous account of their 
concepts and reasonings. Their attitude is not only made explicit in Leib
niz's exhortations to his followers to extend the scope of his methods, 
without worrying too much about what the more mysterious algebraic 
maneuvers might mean, but also in the acceptance of results about in
finite series sums that their successors would abandon as wrongheaded. 24 

Insofar as they were concerned to articulate the foundations of the new 
mathematics, the Leibnizians seem to have thought that the proper way 
to clarify their concepts and reasonings would emerge from the vigorous 
pursuit of the new techniques. In retrospect, we can say that their con
fidence was justified. 

By contrast, Newton's successors were deeply worried about the 
significance of the symbols that they employed in solving geometric and 
kinematic problems. They refused to admit into their mathematical work 
questions or modes of reasoning that could not be construed in geometric 
terms, and they lavished attention on the problem of giving clear and con
vincing demonstrations of elementary rules for differentiating and in
tegrating (to speak somewhat anachronistically). Some of the ideas that 
emerged from their work were ultimately made central to analysis in the 
reconstruction offered by Cauchy.zs 

Now, we ask, "Which, if either, of these developments was rational?" 
Before we answer the question, it is important to be aware of the dis
tinctions that I have drawn above. When we demand an individualistic 
assessment of the rationality of the rival interpractice transitions, we seem 
compelled to engage in a difficult cost-benefit analysis. To a first approx
imation, we can view both groups of mathematicians as aiming at two 
kinds of epistemic ends: proliferation of answers to problems and increased 
understanding of those answers, the concepts they contain, and the meth-



308 Philip Kitcher 

ods by which they are generated. Newtonians emphasize the need for clari
ty first, holding that secure results in problem solving will be found once 
the concepts and reasonings are well understood. Leibnizians suggest that 
the means of clarification will emerge once a wide variety of problems 
have been tackled. Each tradition is gambling. What are the expected costs 
and benefits? 

Those who are uneasy, as I am, about attributing rationality to one 
tradition and denying it to the other have an obvious first response to the 
situation. They may propose that the alternative strategies were initially 
so close in terms of their objective merits that it would have been perfect
ly reasonable to pursue either of them. Hence there can be no condemna
tion of either the early Newtonians or the early Leibnizians. Neither group 
behaved irrationally. Yet this proposal is unsatisfactory as it stands. For 
it is hard to extend it to account for the continued pursuit of the New
tonian tradition once it had become apparent that the Continental ap
proach stemming from Leibniz and the Bernoullis was achieving vast 
numbers of solutions to problems that the Newtonians also viewed as 
significant (problems that could readily be interpreted in geometric or 
kinematic terms, even though the techniques used to solve them could 
not). Moreover, historians who like to emphasize the role of social fac
tors in the development of science will note, quite correctly, that the na
tional pride of the British mathematicians and the legacy of the dispute 
over priority in the elaboration of the calculus both played an important 
role in the continued opposition to Continental mathematics. 

I suggest that we can understand why British mathematicians dogged
ly persisted in offering clumsy and often opaque geometric arguments if 
we recognize the broader set of goals that they struggled to attain. Among 
these goals was that of establishing the eminence of indigenous British 
mathematics, and we can imagine that this end became especially impor
tant after the Hanoverian succession and after Berkeley's clever challenge 
to the credentials of the Newtonian calculus.26 Moreover, before we deplore 
the fact that some of Newton's successors in the 1740s and 1750s may 
have been moved by such nonepistemic interests as national pride, we 
should also appreciate the possibility that the maintenance of a variety 
of points of view (which chauvinism may sometimes achieve) can advance 
the epistemic ends of the community. The goals of promoting acceptance 
of truth and understanding in the total mathematical community were 
ultimately achieved (in the nineteenth century) because both traditions were 
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kept alive through the eighteenth century. If, as I suspect, one of the tradi
tions was maintained because some mathematicians were motivated by 
nonepistemic interests, then perhaps we should envisage the possibility 
that the deviation from individual epistemic rationality signals the presence 
of an institution in the community of knowers that promotes community 
epistemic rationality. A rational community of knowers will find ways 
to exploit individual overall rationality in the interests of maximizing the 
chances that the community will attain its epistemic ends. 27 

Only if we restrict ourselves to the notion of individual epistemic ra
tionality and seek to find this everywhere in the history of mathematics 
(or of science generally) does the search for rationality in that history com
mit us to a Whiggish enterprise of distributing gold stars and black marks. 
The general form of an interpractice transition is more complex than we 
might have supposed, and the historiography of mathematics should reflect 
the added complexity. We are to imagine that the community of math
ematicians is initially divided into a number of homogeneous groups that 
pursue different practices. In some cases, the claims made by members 
of the groups will be incompatible (Newtonians versus Leibnizians, 
Kronecker and his disciples against Dedekind and Cantor, militant con
structivists against classical mathematicians). In other cases, they will just 
be different. An interpractice transition may modify the particular prac
tices, the group structure, or both. Such interpractice transitions may be 
viewed from the perspective of considering whether (a) they maximize the 
chances that the individuals who participate in them will achieve their in
dividual epistemic ends, (b) they maximize the chances that those in
dividuals will attain their total set of ends with some epistemic ends being 
sacrificed to nonepistemic ends, (c) they maximize the chances that the 
community will attain its epistemic ends, or (d) they maximize the chances 
that the community will attain its total set of ends, with epistemic ends 
being sacrificed to nonepistemic ends. Moreover, with respect to each case 
we may focus on epistemic ends that are internal to mathematics or we 
may look to see whether the ends of other areas of inquiry are also in
volved, and, where (b) and (c) both obtain, we may look for institutions 
within the total mathematical community that promote the attainment of 
epistemic ends by the community at cost to the individual. 

I have been concerned to stress the broad variety of questions that arise 
for the history of mathematics once we adopt the naturalistic perspective 
I have outlined and once we have extended it by differentiating notions 
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of rationality. To the best of my knowledge, these questions remain vir
tually unanswered for virtually all of the major transitions in the history 
of mathematics. 

4. The Ends of Inquiry 

So far I have remained vague about the epistemic ends at which I take 
inquiry to be directed. The vagueness should provoke questions. Are there 
epistemic ends intrinsic to mathematics? If so, what are they? In other 
words, what counts as mathematical progress? How are the epistemic ends 
of mathematics, if there are any, to be balanced against the epistemic ends 
of other branches of inquiry or against nonepistemic (practical) ends? 
These are important issues for a naturalistic philosophy of mathematics 
to address. I shall try to show that they connect with questions that should 
concern historians of mathematics and even professional mathematicians. 

Compare paradigm cases of internal and external interpractice tran
sitions. For the former, imagine that a group of mathematicians introduces 
new concepts or new axioms for the sole purpose of improving their 
understanding of prior mathematical claims. For the latter, suppose that 
they decide to lavish great attention on methods for solution to complicated 
differential equations with important applications, or to develop broadly 
applicable techniques of approximation that allow practical problems to 
be solved with assignable error. In either case, we may applaud the tran
sition for its contribution to some end. Yet the applause is consistent with 
a more global criticism. Perhaps the transition may be felt to strike the 
wrong balance between our epistemic and practical (or, more precisely, 
our extramathematical) ends. The gain in understanding was achieved by 
sacrificing opportunities to pursue a more significant goal, or the con
cern with the practical applications overshadowed a more important 
epistemic interest. 

The recent history of mathematics has shown that the criticism can run 
either way. Critics of post-Weierstrassian analysis (and of the educational 
program that it influenced in the Cambridge mathematical Tripos of most 
decades of our century) may suggest that the emphasis on solving recon
dite problems involving special functions (originally introduced into 
mathematics because of their significance for certain problems in physics)28 

detracted from the achievement of insight into fundamental theorems. 
Detractors of contemporary mathematics might concede that the habit 
of discerning maximum generality, and the embedding of classical results 
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in the broadest possible context, has yielded a collection of sterile investiga
tions that should be abandoned in favor of projects more closely connected 
with the projects of the sciences and with everyday life. 

To formulate these issues in a clear way we need a solution to the prob
lem of mathematical progress. We need to know the epistemic ends at 
which mathematics aims. Let us begin with a liberal conception of pro
gress. According to this conception, we must distinguish between epistemic 
and pragmatic appraisal. We make progress so long as we add to the store 
of knowledge in any way. Perhaps some additions are more profitable 
in advancing us toward the totality of our goals, but that is a purely 
pragmatic matter. 

The liberal conception suggests that our applause for both our paradigm 
cases should not be tempered with criticism. To see if so ecumenical an 
attitude can be sustained, we need to consider what theses about the on
tology of mathematics can be integrated with a naturalistic approach. There 
is a variant of ontological Platonism that is compatible with almost all 
my claims about mathematical knowledge. According to this variant, 
mathematical knowledge begins, in prehistoric times, with the apprehen
sion of those structures that are instantiated in everyday physical phe
nomena. On the simplest version, we perceive the properties of small 
concrete sets (that is, sets whose members are physical objects). 29 Math
ematics proceeds by systematically investigating the abstract realm, to 
which our rudimentary perceptual experiences give us initial access. That 
investigation is guided by further perception, by the uses of mathematics 
in the physical sciences, and by attempts to explain and to systematize 
the body of results that has so far been acquired. Platonists can simply 
take over my stories about rational interpractice transitions, regarding 
those transitions as issuing in the recognition of further aspects of the realm 
of abstract objects. 

Mathematical naturalists who are also Platonists can readily draw the 
distinction between pragmatic appraisal and epistemic appraisal. The 
mathematician's task is to draw a map of Platonic heaven, and the ac
quisition of any "geographical" information constitutes progress.30 In 
some cases (the embedding of classical results in an abstract and highly 
general context), we may learn about abstract features of that heaven that 
are of little practical value in steering ourselves around the earth. In other 
instances (the discovery of techniques for solving very special classes of 
differential equations), we may come to know details of considerable utility 
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but of little general import. So long as we continue to amass truths, there 
is no question about making progress. 

Now I think that it is possible to attack this liberal view of progress 
even within the Platonistic perspective. Those who see the natural science 
as aiming at truth do not have to suppose that any accumulation of truths 
constitutes scientific progress: insignificant truth is typically not hard to 
come by.31 Thus my point is not that a naturalistic Platonist is compelled 
to adopt the liberal conception of progress, but that Platonism is one way 
of elaborating the liberal conception. However, I want to press a more 
radical challenge. I claim that we should reject the Platonist's view of the 
ontology of mathematics, substituting for it a picture that does not allow 
for the distinction between pragmatic assessment and epistemic assessment 
on which the liberal conception builds. 

Many of the reasons for worrying about Platonism are familiar. How 
is reference to mathematical objects to be secured? How is it that percep
tion provides us with knowledge about such objects? Even though these 
questions may be blunted by claiming that we initially refer to and know 
about concrete sets, it still remains mysterious how we are ultimately able 
to refer to and know about abstract sets. 32 Other anxieties arise in the 
particular context of a naturalistic approach to mathematical knowledge. 
Like other theoretical realists, Platonists must explain why our ability to 
systematize a body of results provides a basis for belief in the existence 
of antecedently unrecognized entities. It is not easy to understand how 
Lagrange's insights into the possibilities of leaving certain expressions 
invariant through the permutation of roots should constitute recognition 
of the existence of hitherto unappreciated mathematical objects-to wit, 
groups. 

The general problem of understanding the historical transitions that 
have occurred in mathematics as revelations of the inhabitants of Platonic 
heaven arises with particular force when we consider a particular type of 
interpractice transition that is common in mathematics: the resolution of 
apparent incompatibility by reinterpreting alternatives. When mathemati
cians discovered that non-Euclidean geometries were consistent, the tra
ditional vocabulary of geometry was reconstrued. On the Platonist's ac
count, new objects-non-Euclidean spaces and their constituents-were 
discovered. By contrast, the resolution of incompatibilities in the sciences 
often proceeds by dismissing previously countenanced entities. The 
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chemical revolution did not conclude by allowing for both Lavoisierian 
and non-Lavoisierian combustibles. 

Focus on this last example may prompt the conventionalist reaction 
that mathematics simply consists in exploring the consequences of arbitrari
ly selected conventions and that the history of mathematics reveals the 
emergence of the conventions that have happened to interest past 
mathematicians. This is an overreaction to the pitfalls of Platonism. In
terpractice transitions typically involve a nonarbitrary modification of 
antecedent concepts, reasonings, problems, and statements. Thus our task 
is to find an account of the ontology of mathematics that will avoid sup
posing that practices are altered in accordance with the whim of the mo
ment, without lapsing into the idea that the alterations issue in the 
disclosure of truths about Platonic heaven. 

I have suggested elsewhere that the problem can be solved if we treat 
mathematics as an idealized science of human operations.33 The ultimate 
subject matter of mathematics is the way in which human beings struc
ture the world, either through performing crude physical manipulations 
or through operations of thought. We idealize the science of human 
physical and mental operations by considering all the ways in which we 
could collect and order the constituents of our world if we were freed from 
various limitations of time, energy, and ability. One way to articulate the 
content of the science is to conceive of mathematics as a collection of stories 
about the performances of an ideal subject to whom we attribute powers 
in the hope of illuminating the abilities we have to structure our 
environment. 

This proposal goes beyond conventionalism in placing restrictions on 
the stories we tell when we make progress in mathematics. Some stories, 
the stories of elementary mathematics, achieve the epistemic end of directly 
systematizing the operations we find ourselves able to perform on physical 
objects (and on mental representations of such objects). Others achieve 
the epistemic end of answering questions that arise from stories that achieve 
an epistemic end, or of systematizing the results obtained within stories 
that achieve an epistemic end. Ultimately, there must be a link, however 
indirect, to operations on our environment. Nevertheless, it would be 
wrong to think of the entire structure of mathematics as an attempt to sys
tematize and illuminate the elementary operations that are described in 
the rudimentary portions of the subject. For, in an important sense, 
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mathematics generates its own content. The new forms of mathematical 
notation that we introduce not only enable us to systematize and extend 
the mathematics that has already been achieved, but also to perform new 
operations or to appreciate the possibility that beings released from cer
tain physical limitations could perform such operations. Such extensions 
of our repertoire seem to me to have occurred with the development of 
notation for representing morphisms on groups and for constructing sets 
of sets. In both cases, the notation is a vehicle for iterating operations 
that we would not be able to perform without it. a4 

This proposal (which I shall call naturalistic constructivism) resolves 
the difficulties that beset Platonism. There is no question of securing 
reference to or gaining perceptual knowledge of anything other than 
unproblematic entities-to wit, operations that we perform and recognize 
ourselves as performing. The transitions that occur in the history of 
mathematics are taken at face value: they consist in introducing concepts, 
statements, problems, and reasonings as parts of stories that help us 
understand the operations we are able to perform on our environments; 
in some cases, the activity of elaborating these stories itself generates new 
kinds of operations for later mathematics to consider. Finally, the in
stances in which an apparent disagreement is resolved through reinterpreta
tion are cases in which the illumination of what has so far been achieved is 
obtained by embedding what appeared to be a single story within a range 
of alternatives. 

Naturalistic constructivism collapses the notions of justification and 
truth in an interesting way. To say that a mathematical statement is true 
is to make a claim about the powers that are properly attributed to the 
ideal subject (or, more generally, to make a claim to the effect that the 
statement figures in a story that is properly told). What "properly" means 
here is that, in the limit of the development of rational mathematical in
quiry, our mathematical practice contains that statement. Truth is what 
rational inquiry will produce, in the long run. 

We can now see why naturalistic constructivism undercuts the distinc
tion between pragmatic and epistemic appraisal. What we mean by "the 
limit of the development of rational mathematical inquiry'' is the state 
to which mathematics will tend if we allow our entire body of investiga
tions to run their course and to be guided by procedures designed to max
imize our chances of attaining our ends. Since there is no independent 
notion of mathematical truth, the only epistemic end in the case of math-
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ematics is the understanding of the mathematical results so far achieved. 
Mathematics proceeds autonomously through attempting to systematize 
whatever claims have previously been made about our powers to order 
and collect-including those that have been made possible for us through 
the activity of mathematics itself-and is inevitably dependent on other 
sciences and on practical concerns for the material on which it will work. 
Alternatively, we can say that the goal of mathematics is to bring system 
and understanding to the physical and mental operations we find it worth 
performing on the objects of our world, so that the shape and content 
of mathematics are ultimately dictated by our practical interests and the 
epistemic goals of other sciences. 

If this is correct, then epistemic appraisal in mathematics inevitably 
involves pragmatic considerations. It is not only legitimate to reform a 
body of mathematics on the grounds that it fails to answer to our pragmatic 
needs, but also senseless to defend the mathematics so reformed on the 
grounds that it is "useless knowledge." There is room for just one kind 
of useless knowledge in mathematics: claims that have in themselves no 
practical implications but serve to enhance our understanding of results 
that are practically significant. This does not mean that Hardy was wrong 
when he gloried in the uselessness of the results of number theory. But, 
if he was right, then there must be a chain of mathematical practices 
culminating in the refined abstractions of number theory and beginning 
with material of genuine practical significance, such that each member 
of the chain illuminates its predecessor. 

Mathematical progress, in a nutshell, consists in constructing a sys
tematic and idealized account of the operations that humans find it prof
itable to perform in organizing their experience. Some of these operations 
are the primitive manipulations with which elementary arithmetic and 
elementary geometry begin. Others are first performed by us through the 
development of mathematical notation that is then employed in the sciences 
as a vehicle for the scientific organization of some area of experience. But 
there is no independent notion of mathematical truth and mathematical 
progress that stands apart from the rational conduct of inquiry and our 
pursuit of nonmathematical ends, both epistemic and nonepistemic. 

I draw a radical conclusion. Epistemic justification of a body of math
ematics must show that the corpus we have obtained contributes either 
to the aims of science or to our practical goals. If parts can be excised 
without loss of understanding or of fruitfulness, then we have no epistemic 
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warrant for retaining them. If there is a distinction between mathematics 
as art and mathematics as cognitive endeavor, it is here that it must be 
drawn. 35 Drawing it must wait on the development of a full theory of ra
tional interpractice transitions, both in mathematics and in the sciences. 

5. An Agenda 

In The Nature of Mathematical Knowledge, I focused on internal tran
sitions and on individual epistemic rationality. My project was to show 
that there have been important and unrecognized inferences in the history 
of mathematics and that similar inferences underlie our knowledge of those 
statements philosophers have often taken to be the foundations of our 
mathematical knowledge. I now think that the position I took was too 
conservative in several different ways. 

First, external interpractice transitions need more emphasis. As I have 
suggested above, mathematics is dependent on other sciences and on our 
practical interests for the concepts that are employed in the spinning of 
our mathematical stories. It is shortsighted to think that the systemati
zation of a branch of mathematics can proceed in neglect of the ways 
in which adjacent fields are responding to external demands. Hamilton 
thought that generalization of claims about complex numbers would nec
essarily be a fruitful project. Ultimately, the field in which he labored was 
changed decisively through attempts to come to terms with problems in 
mathematical physics. Vector algebra and analysis offered a perspective 
from which the lengthy derivations of recondite properties of quaternions 
look beside the point. 3& 

Second, the history of mathematics, like the history of other areas of 
science, needs to be approached from both the individual and the com
munity perspectives. We should ask not only about the reasons people 
have for changing their minds, but also about the fashion in which the 
community takes advantage of our idiosyncrasies to guide us toward ends 
we might otherwise have missed. As I have already noted, the pursuit of 
more than one research program may often advance the community's 
epistemic projects-despite the fact that it will require of some members 
of the community that they act against their individual epistemic interests. 
We can properly ask whether there are enough incentives in mathematics 
for the encouragement of diversity. 

Third, there are serious questions about the balance between the pur
suit of epistemic ends and the pursuit of nonepistemic ends. I have been 
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arguing that it is difficult to distinguish questions of "science policy" from 
questions of epistemology when the science under study is mathematics. 
An important part of an epistemology for mathematics ought to be the 
consideration of the relative importance of mathematical understanding 
and the articulation of methods that will promote our extramathematical 
projects (including our practical projects). 

These conclusions are not likely to be popular, for they contradict an 
image of purity that has dominated much contemporary thinking about 
mathematics and much past philosophy of mathematics. I hold them 
because I take them to follow from a thoroughly naturalistic approach 
to mathematical knowledge, arkt because I believe that there is no plausi
ble alternative to a naturalistic \nathematical epistemology. These con
clusions should be corrected, refined, or discarded by undertaking a pair 
of studies. 

The first of these studies is the philosophical enterprise of giving a 
precise account of rationality and progress in the sciences. The discus
sions of the last sections need to give way to a detailed account of our 
epistemic ends, of the ways in which interpractice transitions contribute 
to these ends, and of the kinds of institutions that can play a role in shap
ing the community pursuit of the ends. If my claims above are correct, 
then the problems of epistemology of mathematics reduce to questions 
in the philosophy of science, questions that I have tried to formulate in 
a preliminary fashion here. 

The second project is more historical. As I have already suggested, vir
tually all the major questions about the growth of mathematical knowledge 
remain unanswered for almost every major transition in the history of 
mathematics. I want to conclude by mentioning two examples that seem 
to me to illustrate some of the historical issues that I am recommending 
and that point toward distinctions that have been underemphasized in the 
previous discussion. 

Philosophers of mathematics routinely concentrate their attention on 
the emergence of set theory and of modern logic in the early decades of 
our century. That historical episode is important, but, to my mind, it is 
far less significant than a contemporaneous development. Part (but only 
part) of that development begins in papers by Dedekind (specifically the 
supplements to Dirichlet's lectures on number theory), is pursued by Emmy 
Noether and her colleagues, and is completed with the publication of van 
der Waerden's Moderne Algebra. In the process, the language of math-
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ematics was radically changed and the problems of mathematics were 
transformed. If we are to assess the way in which the mathematics of our 
century has been driven by internal changes, then there can be no better 
model for our study than the evolution in which the lineage begun by 
Dedekind is one significant strand. 

The example is not only important because it focuses on a transition 
in which an entirely new ideal of mathematical understanding was 
fashioned-an ideal that sees our ability to identify particular results about 
numbers, spaces, functions, and so forth, as special cases of claims about 
very abstract structure. Insight into this transition is essential if the nat
uralistic approach I espouse is to be defended against a commonly heard 
objection. "Naturalism," say the critics, "is all very well for pre-twentieth
century mathematics, but in our own times the subject has come of age 
and has been transformed." 37 Now I shall assume that the historical 
reconstructions that I have given in the case of the emergence of the 
abstract group concept and (in far more detail) in the emergence of the 
main concepts of nineteenth-century analysis are satisfactory. If that is 
so, then it is possible to show how major modifications of mathematical 
practice were achieved on the basis of tensions within prior practice
how such tensions led to the the introduction of new problems, how the 
new problems were solved by employing new concepts and methods of 
reasoning, how ill-understood reasonings and concepts were finally 
systematized with axioms and definitions. There is no obvious reason why 
the development of contemporary mathematics should have gone different
ly, and it is natural to suggest that every successful generation of inquirers 
takes itself to have brought the discipline to maturity. Nonetheless, the 
critics make a telling point when they emphasize the extent of the dif
ferences between current investigations and nineteenth-century mathe
matics, and it is a legitimate challenge to ask whether the transition can 
be understood in the same way as the examples of group theory and 
classical analysis. 

Here is a simple version of a fragment of the story. In the tenth sup
plement to Dirichlet's lectures, Dedekind undertakes to introduce a new, 
general, and perspicuous way of reformulating some of Kummer's results 
on "ideal numbers." Part of his strategy is to consider collections of 
elements in the number domain and to define an analog of multiplication 
when one of the multiplicands is not an element of the domain but acer
tain kind of collection. So we might see set-theoretic constructions as ad-
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mitted into mathematics because of their ability to systematize a class of 
results that had already been assembled in tackling significant problems 
in number theory. 

But the simple version is far too simple. As Harold Edwards has ar
gued, there was a serious debate about whether or not Dedekind's method 
offered an explanatory systematization (and extension) of the theory of 
ideal numbers.38 Kronecker offered a rival version, bereft of set-theoretic 
constructions but also avoiding a detour that Dedekind's reasoning was 
forced to undertake. 39 So why did Dedekind's proposals win adherents 
and, eventually, success? Here we must look at the manifold ways in which 
thinking about various types of abstract structures was beginning to prove 
useful in late-nineteenth-century mathematics. I conjecture that a more 
realistic version of the rational acceptance of the concept of an ideal (or, 
more generally, of the idea of defining analogs of operations on elements 
on collection of such elements) will need to consider the ways in which 
related notions proved useful in a number of quite different mathematical 
subdisciplines. 40 

This is only a conjecture. I offer it merely to turn back the charge that 
it is quite incomprehensible how the naturalistic approach that I have used 
in understanding the transitions that took place in analysis from Newton 
and Leibniz to the end of the nineteenth century could achieve similar 
success in understanding the emergence of contemporary mathematics. 
Critics who contend that it is impossible that twentieth-century algebra 
(for example) could have been the product of a sequence of interpractice 
transitions of the kinds I describe are mistaken. Whether any of the se
quences of rational interpractice transitions that my scheme allows cor
responds to the actual historical developments is another matter-a matter 
for detailed historical research. 

Contrast this first example with cases suggested by an obvious ques
tion. There is little doubt that the practice of some areas of pre-twentieth
century mathematics was decisively affected by developments in the natural 
sciences (particularly in physics). Has this process continued into our own 
times? Three obvious possible positive instances come to mind. The first 
is the development of catastrophe theory, with its roots in the attempts 
to study aspects of biological and social systems. Second is the work of 
Traub and his associates on identifying the reliability of error-prone 
algorithms. Third, and perhaps most exciting, is the investigation of 
periodic equilibria and "chaos," pioneered by Feigenbaum and culminat-
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ing in the identification of new "fundamental constants."41 In each of 
these instances, mathematics is being used in novel ways to address prac
tical and scientific problems. The interesting issue is whether the new work 
provides a basis for modifying mathematical practice. 

Recall a paradigm from nineteenth-century analysis. Fourier's studies 
of the diffusion equation led to problems that could not be resolved within 
the framework of the analysis of the time. In Cauchy's treatment, the cen
tral concepts of analysis were redefined and clarified so as to provide means 
of answering the new questions. Conservatives may declare that the con
temporary applications to which I have alluded are quite different from 
the paradigm. All that Thom, Traub, and Feigenbaum have done is to 
call to our attention hitherto unanticipated ways of developing received 
ideas. Others may see in these (or in different) contemporary developments 
the basis for introducing new concepts that will radically alter mathemat
ical practice. 

Who is right? Again, the question can only be resolved by detailed in
vestigation. But it is important to see that there is a live issue here, an 
issue related to the exchanges in which pessimistic mathematicians engage 
over the coffeepot at numerous institutions all over the world. Is the field 
going to the dogs because it has lost itself in arid abstractions that serve 
no cognitive purpose? Or is it in decline because mathematics is no longer 
queen, but very much the servant, of science (or, worse, engineering)? 
On my view of mathematical knowledge, these common complaints pose 
central-but neglected-problems in the philosophy of mathematics: What 
is the right balance between the epistemic end of understanding the 
mathematics already achieved and the ends set for us by the sciences and 
our practical needs? Does contemporary practice strike that balance? I 
have tried to construct a framework within which historians, philosophers, 
and mathematicians can collaborate to find answers. 

Notes 
1. The transition is evident in the work of Frege, who notes in the Introduction to the 

Grundlagen (The Foundations of Arithmetic [Oxford: Blackwell, 1959)) that he has "felt 
bound to go back rather further into the general logical foundations of our science than 
perhaps most mathematicians will consider necessary" (p. x). His stated reason is that, with
out the successful completion of the project he undertakes, mathematics has no more than 
"an empirical certainty" (ibid.). Later, he suggests that the achievements of the nineteenth 
century in defining the main concepts of analysis point inexorably to an analogous clarifica
tion of the concept of natural number. To those who ask why, Frege offers the same 
epistemological contrast, pointing out that mathematics prefers "proof, where proof is possi
ble, to any confirmation by induction" (pp. 1-2). For a more detailed investigation of Frege's 
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epistemological motives and of his transformation of the philosophy of mathematics, see 
my "Frege's Epistomology," Philosophical Review 88 (1979): 235-62, and "Frege, Dedekind, 
and the Philosophy of Mathematics" (to appear in Synthesizing Frege, ed. L. Haaparanta 
and J. Hintikka). 

2. In The Nature of Mathematical Knowledge (New York: Oxford University Press, 1983), 
I developed an anti-apriorist philosophy of mathematics that I called empiricism. However, 
that position differs from most approaches that have called themselves empiricism in several 
important ways, and I now prefer the name naturalism, both for the view I defended in 
the book and the refinement of it presented in this essay. I hope that the change of labels 
will help some of my mathematical readers to avoid the provocations of my earlier termi
nology. I am grateful to Felix Browder for suggesting that the choice of that earlier ter
minology was "a philosophical fetish." 

3. This example was used to similar ends by Hilary Putnam in "What Is Mathematical 
Truth?" in his Collected Papers, vol. Mathematics, Matter, and Method (Cambridge: Cam
bridge University Press, 1976). 

4. Principia Mathematica, vol. 1 (Cambridge: Cambridge University Press, 1910), p. x. 
5. See Nature of Mathematical Knowledge, chap. 1-4. One important part of my argu

ment is that the notion of a priori knowledge stands in need of preliminary clarification. 
Perhaps the thesis that mathematical knowledge is a priori obtains its total credibility from 
the fact that the crucial notion of apriority is usually left so vague that it is possible to mistake 
heuristic devices for vehicles of a priori knowledge. 

6. Not, of course, what logicians count as a proof. Complete derivations with all steps 
made explicit are not available except in the case of extremely elementary parts of mathematics. 
Moreover, it is a serious epistemological question to ask what such derivations would do 
for us if we had them. 

7. Again, see Nature of Mathematical Knowledge, chap. 1-4. I think that the best reply 
for the apriorist is to contend that the conditions I take to be necessary for a priori knowledge 
are too stringent, and this reply has been offered by a number of people, most lucidly by 
Charles Parsons (review of The Nature of Mathematical Knowledge, in Philosophical Re
view 95 [1986]: 129-37). As Parsons correctly points out, my arguments against apriorism 
depend on a condition to the effect that the procedures that give a priori justificatory func
tion no matter what our experience. So apriorism could be salvaged by dropping that condi
tion. But it seems to me that the suggestion is vulnerable in two different ways. First, if 
"a priori" procedures could be undermined by recalcitrant experiences, then it would ap
pear that experience is doing some positive work when the procedures actually function to 
justify our beliefs. Thus our "a priori" knowledge would be dependent on our experience. 
To overcome this difficulty, it would seem necessary to argue for an asymmetry: recalcitrant 
experience can play a negative role, but kindly experience does nothing positive. I do not 
at present see how such an asymmetry could be articulated and defended. Second, there 
seem to be many procedures in the natural sciences-the thought experiments of Galileo 
and Einstein, for example-that also seem to fit the notion of "a priori knowledge" if one 
abandons the condition that generates trouble for the apriorist. Hence, I do not think there 
is much point in defending "apriorism" by dropping that condition. 

8. For an account with much more detail, see chap. 10 of Nature of Mathematical 
Knowledge. Other significant features of the episode are presented in Judith Grabiner's The 
Origins of Cauchy's Rigorous Calculus (Cambridge, Mass.: MIT Press, 1981). 

9. However, Mill was not as muddled as his critics (notably Frege) have often made him 
out to be. For a more charitable assessment of his views, see Glenn Kessler's "Frege, Mill, 
and the Foundations of Arithmetic," Journal of Philosophy 77 (1980): 65-79; and my paper 
"Arithmetic for the Millian," Philosophical Studies 37 (1980): 215-36. 

10. Two important points need to be noted here. First, because the chain is so long it 
seems misleading to emphasize the empirical character of the foundation. Indeed, it seems 
to me to be possible that the roots of primitive mathematical knowledge may lie so deep 
in prehistory that our first mathematical knowledge may be coeval with our first proposi
tional knowledge of any kind. Thus, as we envision the evolution of human thought (or 
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of hominid thought, or of primate thought) from a state in which there is no propositional 
knowledge to a state in which some of our ancestors know some propositions, elements of 
mathematical knowledge may emerge with the first elements of the system of representa
tion. Of course, this is extremely speculative, but it should serve as a reminder that the main 
thrust of the naturalistic approach to mathematical knowledge is to understand changes in 
mathematical knowledge; although a naturalist contends that mathematical knowledge orig
inated in some kind of responses to the environment, it is eminently reasonable to propose 
that there are a number of possibilities and that this aspect of the naturalistic theory of 
knowledge is (for the moment, and perhaps permanently) less accessible to elaboration. (I 
am indebted to Thomas Kuhn for an illuminating discussion of this point.) 

Second, it is not necessary for a naturalist to believe that all the transitions that have 
occurred in the history of mathematics were rational. There may be temporary fallacies in 
the arguments that mathematicians initially give to introduce new ideas, or the reasons they 
present may be inadequate. Such lapses are of no account provided that good reasons are 
later supplied, for, in such cases, we may see the change as an episode in which mathematical 
practice develops for a while in an unjustified fashion before securing proper justification 
that then prepares the way for later transitions. Hence it is possible for the chain of rational 
interpractice transitions to diverge from the actual course of events. It seems to me likely 
that this occurred in the case of the introduction of complex numbers, where the initial reasons 
for extending the language of mathematics were not very strong. However, Euler's demonstra
tions of the fruitfulness of the new language eventually provided compelling reasons for 
the modification, and the "rational reconstruction" favored by the naturalistic epistemological 
will depart from the chronology by treating the Eulerian transition as the pertinent link in 
the justificatory chain and by ignoring the arguments originally proposed by Bombelli. 

11. The same approach is also useful in understanding issues in the growth of scientific 
knowledge. I have discussed two particularly important cases in "1953 and All That: A Tale 
of Two Sciences," Philosophical Review 93 (1984): 335-73; and "Darwin's Achievement," 
in Reason and Rationality in Science, ed. N. Rescher (Washington, D.C.: University Press 
of America, 1985), pp. 127-89. 

12. Strictly speaking, it is not necessary to assume the rationality of the majority-or 
even of any-of the major interpractice transitions that have actually occurred in the history 
of mathematics. All that is needed is to suppose that unjustified leaps are later made good 
through the provision of reasons that support the practices that emerged from the leaps. 
As a matter of fact, I think that modifications of practice in the history of mathematics 
are usually made for good reason, and hence I offer the formulation of the text. However, 
because the point has so frequently been misunderstood, it seems worth reemphasizing one 
conclusion of note 10: the naturalism I have proposed allows for a distinction between 
discovery and justification, and it does not commit the genetic fallacy. 

13. One part of this work is done in chap. 10 of Nature of Mathematical Knowledge. 
14. For an illuminating account of how Newton's mathematical ideas became available 

to his contemporaries, see R. S. Westfall's Never at Rest (Cambridge: Cambridge Universi
ty Press, 1980). 

15. Nature of Mathematical Knowledge, chap. 10. 
16. The original notion of function is geometric. The functions of curves are such things 

as subtangents, subnormals, radii of curvature, and so forth. 
17. It is possible that mathematics should rationally proceed by adopting more than one, 

so that there would be alternative set theories as there are alternative geometries. 
18. Penelope Maddy has argued that a naturalistic account of mathematical knowledge 

ought to enable us to resolve current disputes in the foundations of set theory (review of 
Nature of Mathematical Knowledge, in Philosophy of Science 52 [1985]: 312-14). Here, I 
think she expects too much. The initial task for naturalistic epistemology, the task under
taken in Nature of Mathematical Knowledge, is to integrate mathematical knowledge into 
the naturalistic framework. A subsequent project is to give a sufficiently detailed account 
of scientific methodology to allow for the resolution of hard cases. The latter is the vast 
problem of characterizing scientific rationality. 
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19. Here I draw on an interpretation of Kant that I have developed in "Kant's Philosophy 
of Science," in Self and Nature in Kant's Philosophy, ed. A. Wood (Ithaca, N.Y.: Cornell 
University Press, 1984), pp. 185-215; and "Projecting the Order of Nature" (to appear in 
Kant's Philosophy of Physical Science, ed. R. E. Butts). I should note that my interpreta
tion is heretical in cutting away the apriorist strands in Kant's thought. 

20. Of course, external transitions may create new branches of mathematics that are then 
subject to internal interpractice transitions. If we credit popular anecdotes about Pascal and 
Euler, then the fields of probability theory and topology may have originated in this way. 

21. A large number of further distinctions may obviously be drawn here, for we may 
take very different approaches to the question of how the maximization is to be done. This 
is especially clear in cases where our ends admit of degrees, so that we may contrast max
imizing the expected value with minimizing the risk of failing to obtain a certain value, and 
so forth. I ignore such niceties for the purposes of present discussion. 

22. I think that it can often be shown in cases of this type that consideration of the prac
tical interests of individuals reveals that the community optimum is more likely to result 
if the individuals are motivated by nonepistemic factors. In other words, a sine qua non 
for community epistemic rationality may be the abandonment by some individuals of in
dividual epistemic rationality. However, it is possible that those individuals are overall ra
tional. Something like this has been suggested by Kuhn (see, for example, his "Objectivity, 
Value Judgment, and Theory Choice," in The Essential Tension [Chicago: University of 
Chicago Press, 1977], pp. 320-39). 

23. For a brief account, see chap. 10 of Nature of Mathematical Knowledge, and, for 
more detail about the Leibnizians, Ivor Grattan-Guinness, The Development of the Foun
dations of Analysis from Euler to Riemann (Cambridge, Mass.: MIT Press, 1970). 

24. An especially clear example is furnished by the discussion among the Leibnizians 
of the "result" that 1 - 1 + 1 - 1 + ... = 1/2. See Leibniz's Mathematische Schrijten, 
ed. Gerhardt, 5 vols. (Halle, 1849-63), vol. 5, pp. 382ff., and vol. 4, p. 388. Euler was ex
tremely dubious about the conclusions favored by Leibniz and Varignon. Nevertheless, his 
own writings are full of inspired attempts to assign sums to divergent series that such later 
writers as Abel would find appalling. 

25. Important figures in the sequence are Benjamin Robins, Colin Maclaurin, and Simon 
l'Huilier. The case of Maclaurin offers a clear contrast with the Continental tradition. When 
Treatise on Fluxions is compared with any volume of Euler's works in analysis, one sees 
two talented (though not equally talented mathematicians) proceeding by working on very 
different problems. Maclaurin turns again and again to the question of finding an explana
tion of the basic rules of the Newtonian calculus. Euler builds up a wealth of results about 
integrals, series, maximization problems, and so forth, and is almost perfunctory about the 
basic algorithms for differentiating and integrating. 

26. In The Analyst (reprinted in The Works of George Berkeley, vol. 4, A. Luce and 
T. Jessop, eds. [London: Nelson, 1950]). Berkeley's challenge provoked a number of 
responses, some fairly inept (the essays of James Jurin, for example), others that helped 
elucidate some important Newtonian ideas (the work of Maclaurian and, even more, the 
papers of Benjamin Robins). 

27. Plainly, this is simply part of a long and complicated story. The purpose of telling 
it here is to show that a simplistic historiography is not forced on us by thinking about the 
rationality of mathematical change. (I am grateful to Lorraine Daston for some penetrat
ing remarks that raised for me the issue of whether my ascriptions of rationality to past 
mathematicians commit me to Whig history. See her review of Nature of Mathematical 
Knowledge, in Isis 75 [1984]: 717-21). 

28. See Roger Cooke, The Mathematics of Sonya Kovaleskaya (New York: Springer, 
1984), for some beautiful examples of the influence of physical problems on late-nineteenth
century analysis. 

29. See Penelope Maddy's "Perception and Mathematical Intuition," Philosophical 
Review 89, (1980): 163-96. Related views have been elaborated by Michael Resnik in his 
"Mathematics As a Science of Patterns: Ontology," Nous 15 (1981): 529-50. 
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30. The geographical analogy stems from Frege; see Grundlagen, p. 108. 
31. This is a point that has been emphasized by Karl Popper (see, for example, The Logic 

of Scientific Discovery [London: Hutchinson, 1959], pp. 27-145); in the Popperian tradi
tion, it leads to the notorious problems of constructing measures of verisimilitude (for re
views, see I. Niiniluoto's "Scientific Progress," Synthese 45 [1980]: 427-62; and W. Newton
Smith's The Rationality of Science [London: Routledge and Kegan Paul, 1981], chap. 2 
and 8). I believe that the problem can be overcome if we break the spell of the idea that 
the search for the significant is always the search for the general, but this is a long story 
for another occasion. 

32. Thus, for example, the account offered by Maddy in her "Perception and Mathematical 
Intuition" seems at best to reveal how we are able to refer and to know about concrete sets. 
It is not at all clear how this knowledge is supposed to provide us with a basis for reference 
to and knowledge of abstract objects, where we are no longer in causal interaction with the 
supposed objects. So even if we grant that our causal relation to an object provides us with 
a basis for knowledge about the set whose sole member is that object, it is hard to see how 
we obtain a similar basis when the sets under discussion do not have concrete objects as 
members. 

33. Nature of Mathematica/ Knowledge, chap. 6. This chapter has often been 
misunderstood, and I have been taken to substitute one kind of abstract object (ideal agents) 
for another (sets). But, as I took some pains to emphasize, there are no more any ideal agents 
than there are such things as ideal gases. In both ideal gas theory and in mathematics, we 
tell stories-stories designed to highlight salient features of a messy reality. I hope that my 
present stress on storytelling will forestall any further misconceptions on this point. 

34. See Nature of Mathematical Knowledge, pp. 128-29. It is crucial to appreciate that 
some forms of human constructive activity consist in achieving representations of objects-as 
when, paradigmatically, we cluster objects in thought. My claim is that the use of various 
kinds of mathematical notation-designed to describe the properties of various con
structions-makes possible new constructive activity. Thus we have constructive operations 
that are iterated, sometimes to quite dizzying complexity, through the use of notation. Math
ematics does not describe the notation but does provide (idealized) descriptions of the con
structive acts that we can carry out with the help of the notation. 

35. Mathematicians sometimes toy with the idea that mathematics is art-or is like art. 
One consequence of my naturalistic epistemology for mathematics is that it enables us to 
see what this idea might amount to and how it might apply to various parts of mathematics. 

36. Since quaternions are now coming back into fashion, it may appear that the example 
does not support my claims. However, what is now being done with quaternions is quite 
distinct from what Hamilton did. For Hamilton, quaternions were to be treated in just the 
ways that real and complex numbers had previously been treated. So, to cite only one exam
ple, Hamilton set himself the task of defining the logarithm of a quaternion. So far as I 
know, that perspective is a long way from the context of present discussion. 

37. This is a common response from mathematicians who have read Nature of 
Mathematical Knowledge. As I shall argue below in the text, the complaint seems to me 
a very important one, and its justice can only be resolved by combining sophisticated under
standing of contemporary mathematics with sophisticated understanding of the philosophi
cal and historical issues. Here, I think, collaboration is clearly required 

38. See H. M. Edwards, "The Genesis of Ideal Theory," Archive for the History of 
the Exact Sciences 23 (1980): 321-78. 

39. For Dedekind's argument, see his essay Sur la theorie des nombres entiers algebriques, 
in Gesammelte Mathematische Werke, vol. 3, ed. E. Noether and 0. Ore (Braunschweigh: 
Vieweg, 1932). The crucial passage occurs on pp. 268-69. 

40. In his presentation in Minneapolis, Garrett Birkhoff stressed the intertwining of threads 
in "the tapestry of mathematics." It seems to me that there are numerous occasions in the 
history of mathematics in which one area of mathematical practice is modified in response 
to the state of others, and that concentration on the development of a mathematical field 
can blind one to the ways in which fields emerge, modify one another, and are fused. For 
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some stimulating attempts to reveal these processes in concrete cases, see Emily Grosholz's 
papers "Descartes' Unification of Algebra and Geometry," in Descartes, Mathematics and 
Physics, ed. S. Gaukroger (Hassocks: Harvester Press, 1980); and "The Unification of Logic 
and Topology," British Journal for the Philosophy of Science 36 (1985): 147-57. 

41. See R. Thom, Structural Stability and Morphogenesis, trans. D. Fowler (New York: 
Benjamin, 1975); J. F. Traub and H. Wozniakowksi, Information and Computation," Ad
vances in Computers 23 (1984): 23-92; and M. Feigenbaum, "Universal Behavior in Nonlinear 
Systems," Los Alamos Science (Summer 1980), pp. 3-27. 




