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Abstract

Cancer is the second leading cause of death in the United States, claiming the lives of

more than half a million people every year. Cancer is aggressively treated with surgery,

chemotherapy, and radiotherapy. The primary focus of this thesis is to assist clinicians

with hypothesis generation to design novel radiotherapy and chemoradiotherapy frac-

tionation schemes that can improve the results of current clinical practices. We find

solutions for some important questions in radiotherapy and chemotherapy fractiona-

tion problem. Chapter 2 extends the model developed in [1] to consider radiotherapy

fractionated schedules in glioblastomas to best minimize toxicity arising in early- and

late-responding tissues. To this end, we decomposed the problem into two separate

solvable optimization tasks: optimal radiation schedule or the amount of radiation dose

per fraction and optimization of the amount of time that passes between radiation

doses. Chapter 3 proposes a method for determining the optimal fractionation in the

presence of uncertainties in model parameters. We formulated our problem as a conser-

vative model using robust optimization and a risk adjusted probabilistic formulation.

A variable transformation and branch and bound algorithm is implemented to find the

optimal regimen. Chapter 4 considers the radiotherapy fractionation problem with a

new objective: minimizing production of metastatic cancer cells while keeping normal

tissue damage below an acceptable level. A dynamic programming (DP) framework

is utilized to determine the optimal fractionation scheme. In Chapter 5, we introduce

a mathematical model to obtain optimal drug and radiation protocols in a chemora-

diotherapy scheduling problem with two objectives: minimizing metastatic cancer cell

populations at multiple potential sites and maintaining a minimum level of control to

the primary tumor site. We derive closed-form expressions for optimal chemotherapy

fractionation regimens in some special cases. A DP framework is used to determine

the optimal radiotherapy fractionation regimen. Using discretization approach, the ex-

act solution of the resulting DP algorithm is computationally intractable. We design

efficient DP data structure and use some structural properties of the optimal solution

to reduce the complexity of the resulting DP algorithm. In all chapters, we performed

substantial numerical experiments to validate our results.
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Chapter 1

Introduction

Radiotherapy is defined as using high-energy rays to deliver highly conformal prescribed

radiation distribution to a malignant tumor in order to kill tumor cells. It can be given

both externally and internally. External radiotherapy aims high-energy beams at the

affected area using a large machine. Internal radiotherapy involves having radioactive

material placed inside the body. In this thesis, we focus on the external radiotherapy.

External radiotherapy destroys cancer cells using radiation beams irradiated from a

machine. Radiotherapy machines vary slightly in how they look and how they work. The

most common type of these machines is called a linear accelerator machine (LINAC),

which uses electricity to generate the radiotherapy beams (photons or x-rays). The

energy of the photon or x-ray generated by the LINAC will be blocked by a multileaf

collimator (MLC). MLC shapes the radiation beams to closely approximate the shape

of the tumor. The beams which successfully pass the MLC will penetrate the patient’s

body to the tumor. An MLC is made up of individual leaves (with the same rectangular

shape and size) that can move independently in and out of the path of a particle beam

in order to block it. The prescribed dose distribution, called intensity maps (IM), is

delivered to the patient from various directions. This task can be performed by rotating

the source of the radiation around the patient.

Radiotherapy scheduling problem includes two important phases. The first phase

involves determining the total planned dose for the patient and breaking it into several

equal or unequal dose fractions that are administered in multiple, well-separated treat-

ment sessions (called fractions) spread over many weeks. This is called fractionation

1
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and it is designed mainly to give healthy anatomies sufficient time to recover between

consecutive treatment sessions as healthy cells have better damage-repair capabilities

than tumor cells. The second phase in external radiotherapy scheduling is prescribing a

uniform or non-uniform high dose to the cancerous region and put upper limits on the

dose delivered to the healthy anatomies. The IM of the radiation field is then optimized

so that the delivered dose is as close as possible to this tumor-conforming prescription.

This is called fluence-map optimization. The fluence-map optimization problem has

been studied extensively over the last two decades [6, 7, 8]. In this thesis, we will focus

on the fractionation problem.

Some important questions in radiotherapy fractionation optimization concern the

best total treatment size, the best way to divide the total dose into fractional doses,

and the optimal inter-fraction times. An important constraint to obey when delivering

radiation doses to the tumor is the protection of normal tissues exposed to the radiation

beams. Organ-at-risk (OAR) and normal tissue tolerance limit the amount of dose that

can be delivered to the cancerous cells. Therefore, a crucial constraint to enforce when

answering these questions is sufficiently low levels of normal tissue toxicity. Thus, a

natural optimization problem will be to design a schedule that delivers radiation in such

a way that does not exceed a given level of normal tissue damage while achieving different

objectives, e.g. the maximal amount of tumor damage or the minimal metastatic risk a

few years after the conclusion of therapy.

The building block for virtually all mathematical modeling of radiation response is

the linear-quadratic (LQ) model, which matches well with experimental evidence across

a wide range of clinically relevant radiation doses and fractionation schemes ([9] and

[10]). The LQ model states that following exposure to d Gy (SI derived unit of ionizing

radiation), the reproductively viable fraction of cells (S) is given by

S = exp
(
−αd− βd2

)
.

The two parameters α and β depend on the tissue type that is being irradiated. The

parameter α represents killing of cells from a single track of radiation, and β represents

the killing of a cell via two independent tracks of radiation [11]. The basic LQ model

states that if a collection of tumor cells are exposed to N fractions/days of radiation
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with dj Gy in jth fraction/day, the reproductively viable fraction of cells is given by

e−
∑N
j=1(αdj+βd

2
j ). However, reproductively viable tumor cells will eventually begin to

reproduce, and thus the total surviving fraction of surviving cells is often adjusted to

take into consideration the reproduction of tumor cells. A common way to model the

repopulation effect is to assume an exponential repopulation process, see e.g., [12]. Thus

the net surviving fraction (S) due to combined effects of radiation and repopulation after

the conclusion of a fractionated radiotherapy treatment is given by

S = exp

− N∑
j=1

(
αdj + βd2

j

)× exp

(
ln(2)(N − Tk)+

τd

)
(1.0.1)

where N , τd and Tk are respectively radiation delivery duration, effective cellular dou-

bling time and kick-off time (or lag before exponential growth begins). The expression

(N − Tk)+ is defined as max(0, N − Tk).
A natural risk associated with radiotherapy is damage to normal tissue near the

tumor. A further complication to this toxicity is that in any radiotherapy treatment,

there are often a large number of normal tissues exposed to radiation. In addition to the

existence of a large number of normal parenchymal cells in the clinical target volume

of the respective organ, all tumor volume contains various stromal tissues (e.g. blood

vessels and normal connective tissue). In all these normal cells and structures, radiation

side-effects may be different (e.g. see the effect on radiation on parallel, serial and dose-

volume organs in [13]). A common measure of toxicity for various normal tissues is

the biologically equivalent dose (BED) [14]. In particular, assume that for a specific

normal tissue of interest the radiation response is characterized by parameters αi and

βi, furthermore, assume that this tissue is exposed to N fractions of sizes {d1, . . . , dN}
respectively, and lastly assume that for fraction j, normal tissue is only exposed to δidj

Gy of radiation for a sparing factor δi ∈ (0, 1]. For each normal tissue, we define the

BEDi as

BEDi =

N∑
j=1

(
δidj +

δ2
i d

2
j

[α/β]i

)
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and the maximal toxicity as

BEDmax
i = δiDi +

(δiDi)
2

[α/β]iNi

where Di and Ni are tissue specific parameters, e.g. Di is the maximum total dose for

the serial normal tissues and maximum mean dose in parallel normal tissues delivered

in Ni fractions [15]. The toxicity constraints for all the OAR is then given by

N∑
j=1

(
δidj +

δ2
i d

2
j

[α/β]i

)
≤ BEDmax

i for 1 ≤ i ≤M, (1.0.2)

where M is the number of different normal tissues under consideration. By taking

the natural logarithm of objective function defined in (1.0.1), using (1.0.2) to model

acceptable normal tissue damage and canceling out δi from both sides of (1.0.2), the

nominal problem of finding fractionation schedules that lead to maximum tumor damage

while maintaining acceptable levels of normal tissue damage can be modeled as

maximizedj≥0,N∈Z+

N∑
j=1

αdj + βd2
j − g(N) (1.0.3)

subject to
N∑
j=1

(
dj +

δid
2
j

[α/β]i

)
≤ Di +

δiD
2
i

[α/β]iNi
, i = 1, . . . ,M

where g(N) = ln(2)[N−Tk]+

τd
.

Until very recently, there was no work that precisely described the optimal fraction-

ation sizes in formulation (1.0.3). Recent studies [16, 17, 18, 19] show that two possible

solutions to this problem are hyper-fractionated and hypo-fractionated schedules. In

hyper-fractionated schedules, small fraction sizes are delivered over a large number of

treatment days, while in hypo-fractionated schedules, large fraction sizes are delivered

over a small number of treatment days. The work [4] considers dynamic design of frac-

tionation schedules with incomplete repair, repopulation and reoxygenation. A more

recent work [20] considers the optimization problem associated with finding fractiona-

tion schedules under an LQ model with incomplete repair and exponential repopulation.
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The authors theoretically establish the benefits of hypo-fractionation in the setting of a

low α/β value of the tumor. Brenner and Hall [21] utilized the LQ model in combination

with the Lea-Catcheside function (a generalization of the LQ model that is useful at

higher doses or prolonged doses) to conclude that due to its slow response to radiation,

prostate cancer can be treated equally effectively by either uniform radiation scheduling

or hypo-fractionation (which has fewer side effects). The recent work [19] studied the

interdependence between optimal spatial dose distribution and creation of fractiona-

tion schedules. Another work [22] utilized a dynamic programming approach to study

the problem of optimal fractionation schedules in the presence of various repopulation

curves.

In particular, most works considered the optimal schedule with respect to a single

normal tissue. However in practice, there are usually at least two healthy structures

in the vicinity of the tumor. Saberian et al. considered several normal tissues in their

study, however they were unable to find the closed form solution to the problem for

all possible cases and they only discussed the sufficient conditions under which equal-

dosage fractionation is optimal [15]. In [16] two simultaneous normal tissue toxicity

constraints were implemented. In a very recent work, Saberian et al. [17] found the

closed form solution to the problem of optimal fractionation while maintaining multiple

simultaneous normal tissue constraints without considering any presumptions about the

configuration of the optimal solution. They solved the problem to optimality by instead

solving a two-variable linear program with two additional nonlinear constraints.

The concept of optimization plays a significant role in the calculation of radiation

therapy treatment fractionation. In this thesis, we seek to answer several important

questions in radiotherapy fractionation problem using various optimization techniques.

We attempt to provide mathematical and empirical evidence to study how the fractiona-

tion regimes change with respect to various objective functions, models, in the presence

of chemotherapy, and under parametric uncertainty in the problem. Our results are

intuitive to practitioners from the medical physics community and can help them to

design more efficient schedules for patients with various conditions and needs.
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1.1 Fractionation Optimization in Proneural Glioblastoma

There are several mathematical extensions to the LQ framework to incorporate ad-

ditional biological phenomena such as repopulation of the tumor population between

fractions, re-oxygenation of the tumor (this is required for some radiation therapy to

be effective), the effectiveness of DNA repair mechanisms between fractions, and the

redistribution of tumor cells within the cell cycle. Taken together these four extensions

are often referred to as the ’4Rs’ and there have been several works based on these

extensions [23, 24]. In the first part of this thesis, we will focus on a recent study by

Leder et al. [25] where a more detailed model incorporating the ’4Rs’ of radiotherapy

and different responses in resistant and radio-sensitive tumor cells for Glioblastomas

(GBMs) has been proposed.

GBMs are the most frequent and malignant primary brain tumor, with an incidence

of about 3.4 per 100,000 people in the US ([26], [27]). These tumors are aggressively

treated with surgery, chemotherapy and radiation, but have remained uncurable with

little improvements in survival over the last 50 years. Recent molecular profiling ef-

forts have elucidated that GBMs consist of at least 3 subgroups that are dominated by

specific signaling pathways ([28], [29] and [30]). These subgroups include the proneural

GBMs that are related to abnormal platelet-derived growth factor (PDGF) signaling,

the classical GBMs that are driven by epidermal growth factor receptor (EGFR) signal-

ing, and the mesenchymal group that is associated with neurofibromatosis type 1 (NF1)

loss. The discovery of these subgroups has enabled the development of subtype specific

mouse models to accurately mimic the different variants of GBM.

Radiotherapy for glioblastoma is currently administered in 2Gy fractions five days a

week, for 6 weeks total, as the clinical standard of care. Over the past thirty years there

have been several clinical trials that have investigated the survival benefit of various

fractionation schedules for glioblastoma. In particular, studies have investigated the

benefits of hyper-fractionated, hypo-fractionated and accelerated fractionation sched-

ules. Unfortunately none of these schedules has yet shown a significant survival benefit

[31]. Leder et al. recently employed a combined theoretical and experimental approach

to predict the effectiveness of radiation administration schedules, identifying two sched-

ules that led to superior survival in a mouse model of the disease [25].
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Leder et al. [25] considered a dynamic radiation response model calibrated to a

PDGF-driven glioma mouse model. Their model considered two separate populations

of cells: stem-like glioma cells that are largely radio-resistant and differentiated glioma

cells that are predominantly radiosensitive. The model stipulates that after exposure to

radiation, a fraction of the differentiated cells can rapidly revert to the radio-resistant

state. They then used heuristic optimization techniques to find radiation delivery sched-

ules that would lead to a significant model-predicted survival benefit over standard frac-

tionation schedules. The increased efficacy of these schedules was then verified experi-

mentally by survival studies in a mouse model of PDGF-driven glioma. In particular,

one-week optimized schedules predicted to outperform the standard schedule lead to a

nearly 1.5 fold improvement in the median survival time following irradiation, and had

a similar overall survival compared to two weeks of standard therapy. The results of

[25] have the potentially powerful message that short term radiation scheduling deci-

sions have the potential to impact treatment efficacy. In order to further investigate

this potential we mathematically investigate the optimization of short term radiation

scheduling in the context of the model developed in [25]. In addition in [25], authors

were not concerned with normal tissue toxicity issues, since they were only considering

survival in a mouse model. However, in order to move the predictions of this model to

human patients it is necessary to also ensure that any recommended schedule maintains

a fixed level of normal tissue damage.

In Chapter 2, we extended the approach employed in [25] to consider fraction-

ated schedules to best minimize toxicity arising in early- and late-responding tissues

in glioblastoma. To this end, we decomposed the problem into two separate solvable

optimization tasks: (i) optimization of the amount of radiation per dose, and (ii) opti-

mization of the amount of time that passes between radiation doses. To ensure clinical

applicability, we then considered the impact of clinical operating hours by incorporating

time constraints consistent with operational schedules of the radiology clinic.

We formulate and obtain a closed form solution to the problem of optimizing radia-

tion dosing schedules for proneural glioblastoma. We are able to find the global optimal

values of radiation per dose and the amount of time that passes between radiation doses.

We have shown that if we fix the number of fractions, our mixed integer non-linear prob-

lem can be split into two independent models that can be solved separately. The first
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model contains only the dose per fraction (which can be used to determine the optimal

total dose) as its decision variable. In contrast, the second model only has inter-fraction

intervals as its decision variable.

1.2 Uncertainty in LQ Model and Fractionation Problem

An important result emerging from recent work is that the sparing factor of normal

tissues and the magnitude of the α/β ratio for both normal tissues and the tumor

determine the optimal radiation schedule ([16], [18], [17] and [19]). Therefore, the

optimal fractionation schedule is acutely sensitive to perturbations in these parameters.

One consequence of this sensitivity is the following: an optimal fractionation schedule

will have been derived for a fixed set of parameter values (called the nominal values),

but for a specific patient with a distinctly different set of parameter values this schedule

is no longer optimal, and in fact may have poor performance. Therefore, a very major

question to answer in optimizing the fractionation problem is how the structure of the

solution changes in the presence of parametric uncertainty.

The uncertainties in radiotherapy treatment can be categorized into two groups:

geometric and inter-patient variability. Target volumes take account of geometric un-

certainties such as organ motion, inaccuracies or variations in treatment set-up, patient

positioning errors and fluctuations in machine output. Several studies addressed these

uncertainties using different techniques. Stroom et al [32] developed a method for the

automatic calculation of planning target volume margins as a means for incorporating

geometric uncertainties in the region that is irradiated. The traditional approach to

dealing with uncertainty in intensity modulated radiation therapy (IMRT) (considering

a margin surrounding the tumor volume) increases the radiation exposure of healthy

tissue. Chan et al. [33] developed a robust framework to incorporate uncertainty in the

probability distribution that describes breathing motion, and showed that a treatment

plan obtained from the robust formulation delivers 38% less dose to the OARs than

the traditional solution, while providing the same level of protection against breathing

uncertainty. In a similar work, Chu et al. [34] used a robust optimization approach

to find the IMRT treatment plans while considering patient motion and setup uncer-

tainties. More specifically they included uncertain voxel location in their model and as
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a consequence the delivered dose became a random variable. They designed a mathe-

matical model constructing plans that are more adept at sparing healthy tissue while

maintaining the prescribed dose to the target under uncertainty. In [35], two methods

to account for range uncertainties, one method using a probabilistic approach and the

other applying methods from robust linear programming were presented to find opti-

mized treatment plans for intensity modulated proton therapy. Both methods greatly

reduced the sensitivity to range uncertainties of the resulting treatment plans. A modi-

fication of the worst case optimization was applied to a clinical case by Pflugfelder et al.

[36]. In addition to the robust optimization, stochastic programming has also been used

to account for organ motion and setup errors in IMRT optimization (see [37], [38]), e.g.

Unkelbach developed a planning method that accounts for the probabilistic dwelltime

of a tumor evaluated from multiple computerized tomography (CT) scans [39].

Inter-patient variability is due to heterogeneity in patient-specific variables such as

the sensitivity of their normal tissues and tumor to radiation, and the growth rate of

their tumor. In several cancers there have been multiple subtypes discovered driven

by distinct genetic pathways and having distinct phenotypic behaviors such as growth

parameters and response to therapy (e.g. glioblastoma [40], breast cancer [41], head and

neck cancer [42], melanoma [43] and many others). A distinct possibility is that there

is still significant patient variability within these subtypes. In fact this inter patient

heterogeneity is a large reason for the pursuit of personalized medicine [44]. Given

current technologies it is difficult to measure tumor response parameters α and β during

treatment due to confounding effects such as protracted cell death [45], cell cycle arrest

[46], and radiotherapy mediated immune response [47]. Furthermore, toxicity effects

often do not show up until several months or even years after conclusion of therapy,

and it is therefore not possible to learn the tumor response properties of normal tissues

during treatment. We concentrate on the modeling the uncertainties arising in inter-

patient variations, which can be seen as parametric uncertainty in LQ model.

In this thesis, we consider the effects of parameter uncertainty on the optimal radi-

ation schedule in the context of the LQ model. Our interest arises from the observation

that if inter-patient variations in normal tissues and tumor sensitivities to radiation or

sparing factor of the OAR are not accounted for during radiation scheduling, the perfor-

mance of the therapy may be strongly degraded or the OAR may receive a substantially
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larger dose than the maximum threshold. We propose two radiation scheduling concepts

to incorporate inter-patient variability into the scheduling optimization problem. The

first approach is a robust formulation that formulates the problem as a conservative

model that optimizes the worst case dose scheduling that may occur, assuming that the

parameters vary within given intervals. The second method is a probabilistic approach,

where the model parameters are given by a set of random variables. Our probabilistic

formulation insures that our constraints are satisfied with a given probability, and that

our objective function achieves a desired level with a stated probability. We present

the first robust and stochastic optimization approach to radiation therapy scheduling

subject to inter patient uncertainty presented in the LQ model.

We use a variable transformation to reduce the size of the resulting optimization

problem and solve it in two dimensions (2D). If we ignore the uncertainty in tumor

radio-sensitivity parameters (α and β), our robust and stochastic formulation retain

tractability since they, like their deterministic counterpart, can be solved to optimality

by simply solving a few two-variable linear programs. In the case that we incorporate

uncertainty in α and β into the optimization problem, we developed a branch and bound

algorithm to determine the global optimal solution. We show that in this case, stochastic

formulation is still computationally tractable since the problem can be optimized by

using a variable transformation in 2D. We explore the properties of optimal solution

when incorporating parametric uncertainties into the optimization problem. Finally, we

perform numerical experiments in the setting of head-and-neck tumors including several

normal tissues to reveal the effect of parameter uncertainty on optimal schedules and

to evaluate the sensitivity of the model to the choice of key model parameters.

1.3 Metastatic Disease and Fractionation Problem

Metastasis occurs when cancer cells spread from the location of a primary tumor to

anatomically distant locations. The process of cancer metastasis consists of the following

steps: tumor cells detach from the primary tumor site, invade a blood or lymphatic

vessel, transit in the bloodstream, and extravasate from the blood vessels to distant

sites where they proliferate to form new colonies. It is thought that cancer cells evolve

a special set of traits that improve their ability to carry out this process [48, 49, 50].
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The understanding of the metastatic process and how to respond to it has been

greatly aided by the mathematical modeling community (for an overview of this contri-

bution see the recent review paper [51]). An interesting work is [52] where they devel-

oped a mathematical model of the metastatic process to calculate risk from metastatic

disease due to delay in surgery. The paper [53] used a stochastic model to address ques-

tions such as how early do metastasis events occur, how does extirpation of the primary

effect evolution of the metastasis, and how long are metastasis latent? The work [54]

developed a multitype branching process model to study metastasis and in particular

the probability of metastasis being present at diagnosis. In a follow up work [55], they

used their mathematical model to study metastasis data in recently deceased pancreatic

cancer patients. The recent work [56] used an ODE model to study the relationship

between primary and metastatic cancer sites, and in particular, makes predictions about

the clinical course of the disease based on the parameter space of their ODE model.

There has been significant mathematical research in the design of optimal anti-

cancer therapies. This has included studies on optimal chemotherapy, radiotherapy,

and more recently targeted therapies and immunotherapy ([57, 58, 59, 60, 61]). As

mentioned before, an important question in the radiation fractionation field is to decide

on the optimal temporal distribution of a given amount of radiation, i.e., how to kill

the most tumor cells while inflicting the least amount of normal tissue damage. If we

are judging a radiation dose delivery schedule by the primary tumor cell population at

the conclusion of treatment then it has been seen ([18] and [16]) that whether hyper- or

hypo-fractionation is preferable depends on the radiation sensitivity parameters of the

normal and cancerous tissue. However most solid tumors eventually establish colonies

in distant anatomical locations; when these colonies become clinically detectable, they

are called macrometastasis.

While the burden from primary tumors is often extreme, it is in fact metastatic

disease that is responsible for 90% of cancer fatalities [62]. Furthermore, disseminated

disease is far more difficult to treat since it is no longer possible to cure the disease

with radiotherapy or surgery. Despite significant research advanced metastatic cancer

is frequently a terminal diagnosis. Therefore, a very important problem to study is

designing optimal treatments with the goal of minimizing metastatic potential, and

explore how the structure of optimal schedules changes with respect to this new objective
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function.

In Chapter 4, we introduce a novel biologically motivated objective function to the

radiation optimization community that takes into account metastatic risk instead of

the status of the primary tumor where we maximize tumor damage. More specifically

we consider the problem of developing fractionated irradiation schedules that minimize

production of metastatic cancer cells. We utilize a dynamic programming framework

to determine the optimal fractionation scheme. We evaluate our approach on a breast

cancer case using the heart and lung as OAR. Finally we explore the differences between

the schedules obtained by more standard objective functions and optimized schedules

in our formulation in the case of breast cancer.

1.4 Fractionation Problem in Chemoradiotherapy

For many advanced-stage cancers, radiotherapy alone is insufficient to successfully erad-

icate all tumor cells without severely damaging the surrounding normal tissues. In

particular, for inoperable tumors, chemoradiotherapy (CRT) is the standard of care,

in which one or several chemotherapeutic agents are administered along with radiation

to enhance tumor cell kill. CRT treatment regimens are classified into neoadjuvant,

concurrent, or adjuvant depending on whether the chemotherapeutic agents are admin-

istered before, during, or after the course of radiotherapy, respectively. The rationale for

combining chemotherapy with radiation in concurrent CRT may vary across different

chemotherapeutic agents. Nevertheless, Steel and Peckham [63] proposed a conceptual

framework to summarize possible ways of combining the two modalities. In the follow-

ing, we discuss an adaptation of this framework suggested by Bernier and Bentzen [64]

and Salari et al. [65]:

1. spatial cooperation referring to a non-interactive cooperation in which radiation

eradicates the primary local tumor while chemotherapy targets the systemic dis-

ease and sub-clinical metastases.

2. additivity referring to added locoregional effects of the two modalities assuming

no interaction between the cytotoxic activity of radiation and chemotherapeutic

agents.
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3. radio-sensitization referring to enhancement of radiation-induced cell kill due to

chemotherapeutic agents.

4. radio-protection referring to an antagonistic effect of chemotherapeutic agents on

radiation-induced damage.

In [65], authors analyzed the impact of incorporating the additivity and radio-sensitization

mechanisms into the radiation fractionation problem. Considering each mechanism in-

dividually, they derived closed-form expressions for the optimal radiation fractionation

regimen and the corresponding drug administration schedule to maximize the tumor

damage while sparing surrounding normal tissues. They also studied the case in which

both mechanisms are simultaneously present and developed a dynamic programming

framework to determine optimal treatment regimens. Their result show that those

chemotherapeutic agents that interact with radiation change optimal radiation fraction-

ation regimens. Moreover, administration of chemotherapeutic agents possessing both

additivity and radio-sensitization mechanisms may give rise to optimal non-standard

fractionation schemes.

As it was mentioned above, many clinical trials have demonstrated lower incidence

rate of distant metastases in patients treated with concurrent CRT compared to radio-

therapy alone, which verifies the spatial cooperation mechanism. Therefore, for cancer

types treated with concurrent CRT and where the metastatic disease is the primary

cause of death, the schedules obtained by standard objective function of maximizing

tumor probability control is no longer optimal. Thus a very important extension to the

problem of minimizing metastatic potential is developing a mathematical framework to

incorporate the fractionation problem in concurrent CRT. As a result, we can explore

the changes in optimal fractionation regimens that result from adding chemotherapeutic

mechanisms, i.e spatial cooperation, additivity and radio-sensitization to the radiation

treatment with respect to the optimal schedules obtained by [65] for the standard ob-

jective function.

In Chapter 4, we consider the problem of developing fractionated irradiation sched-

ules that minimize production of metastatic cancer cells while keeping normal tissue

damage below an acceptable level. However, Chapter 4 leave out several important

features in the modeling of advanced carcinomas. First, Chapter 4 focuses solely on
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radiotherapy. However, when studying the evolution of metastatic disease under treat-

ment, the role of chemotherapy is clearly paramount, given its systemic nature. This

has been born out in clinical trials where it has been observed that concurrent chemora-

diotherapy reduces the risk of distant metastasis compared to radiotherapy alone (e.g.,

see [66, 67]). In Chapter 5, we address these shortcomings by developing a mathemat-

ical model that allows for multi-site metastatic disease with possible growth at each

location, and include systemic chemotherapy as a possible treatment.

Second, we only consider single-site metastatic disease in Chapter 4. However, it

is well known that some tumors, e.g., lung cancers, metastasize quickly to multiple

sites, whereas others, such as breast and prostate carcinomas, often take years to de-

velop metastatic colonies and then only in a relatively limited number of sites [68].

Importantly, metastatic colonies at different anatomical sites may respond differently

to anti-cancer drugs or have drastically different growth kinetics.

Another shortcoming of the Chapter 4 is that the mathematical model ignored the

growth of tumors at metastatic sites. In particular, we only look at metastatic risk,

which is measured by the total number of successful metastatic cells produced, and

thus treats all successful metastatic cells equally, regardless of what point in time they

initiated metastatic lesions. However, a more accurate model of the clinical situation

allows for the metastatic cells to reproduce in their new location [48]. Incorporating this

important phenomenon now means that metastatic sites that are initiated earlier are

much more dangerous than metastatic lesions initiated late in the course of the disease.

Finally, Chapter 2, 3, and 4 only consider static tumor radio-sensitivity parame-

ters (α and β) of the LQ model over the course of radiotherapy. This ignores tumor

re-oxygenation throughout the course of treatment, which is known to enhance tumor

radio-sensitivity [11, 4]. In Chapter 5, we also consider evolving radio-sensitivity param-

eters due to tumor oxygenation and study the resulting changes in optimal chemoradio-

therapy regimens. This requires the development and implementation of a DP algorithm

with a six-dimensional state space. A naive application of the state-discretization tech-

nique for this DP algorithm will be computationally intractable. Hence, we develop ap-

proximation methods using efficient data structures to significantly lower the required

space to store state-space information. Additionally, we derive and use two mathe-

matical results on the structure of the optimal solution to reduce the computational
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complexity of our DP algorithm.



Chapter 2

Optimization of Radiation Dosing

Schedules for Proneural

Glioblastoma

Many researchers have used modified versions of the LQ model to find clinically rel-

evant optimal radiation delivery schedules in GBMs. Previous reports have indepen-

dently modeled the effect of either fixed or dynamic fractionation schemes ([21] and

[69]), the effect of incomplete DNA damage repair [20], the impact of the 4R’s and

tumor proliferation [70], and the impact of hyper- or hypo-fractionated schedules ([19]

and [18]). Dionysiou et al. [71] further examined hyper-fractionating using a novel four-

dimensional simulation model of GBM and observed an increased tumor reduction when

compared to standard fractionation. Subsequent work [72] improved upon that simula-

tion and found that an accelerated hyper-fractionated therapy has a good performance.

The LQ framework has also been combined with models of glioma invasive growth pat-

terns to predict the response to various radiation dose schedules and distributions ([73]

and [74]).

In [25], authors demonstrated a proof of concept that radiation scheduling decisions

have the potential to impact treatment efficacy. In order to further investigate this

potential, we now construct a non-linear mathematical program to address the issue

of normal brain toxicity, which was not addressed in the initial work. In [25] it was

16
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observed that there was a leveling off of efficacy in the mouse model at 10 Gy, and they

thus limited our study to treatments that considered 10 Gy total. Further they ob-

served that this amount of radiation, in mice, elicits no dose-limiting toxicity even when

administered all at once. However, in order to move the predictions of this model to a

clinical trial with human patients, it is necessary to also ensure that any recommended

schedule maintains a fixed level of normal tissue damage. Therefore, here we consider

a more general framework of the problem and add constraints that specify that the ra-

diation damage to normal tissue be within levels attained by a standard fractionation.

The standard method for measuring tissue toxicity is done via BED ([9] and [75]). With

these added constraints, the problem of finding the optimal radiation delivery schedule

becomes quite difficult. Specifically, it involves finding optimal radiation doses at each

fraction, time between fractions, and total number of fractions administered. To tackle

this complex question, we decompose the optimization problem into two separate prob-

lems: (i) what is the optimal inter-fraction times, and (ii) what is the optimal radiation

dose per fraction.

In order to properly model normal tissue damage, we impose two simultaneous

constraints: (i) the normal tissue with a relatively high turnover rate that reacts quickly

to radiation (i.e. early-responding tissue, such as skin) does not experience excessive

damage, and (ii) the slow-responding tissue with a relatively slow turnover rate (late-

responding tissue, such as neurons) does not experience excessive damage. The two

constraints are achieved by insisting that BED levels for the two tissues stay within

prescribed levels. Note that this problem is present in all uses of the standard BED

model of tissue damage due to radiation.

In this chapter, we will first review the mathematical model derived in [25] . We

then formulate an optimization problem for the optimal radiation delivery schedule

and present a solution to the optimization problem. Subsequently optimized schedules

are found based on parameters from [25]. In addition we utilize simulated annealing to

locate optimal inter-treatment times while observing standard working hour constraints.

Finally we discuss the results.
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2.1 The Mathematical Model

Our model is based on a simplified version of the model studied in [25]. In the remainder

of this section we will describe the model from the paper by Leder et al. [25], and point

out along the way the simplifying assumptions we make to develop the model for the

current work.

Leder et al. [25] studied response of a two cell type tumor model including stem-like

glioma (radio-resistant) cells and differentiated glioma (radio-sensitive) cells to radia-

tion. After exposure to radiation, a fraction of differentiated and stem-like tumor cells

dies. This fraction is calculated using the LQ model. Of those differentiated cells that

survive, a fraction γ (which depends on time since previous dose of radiation) dediffer-

entiate to a stem-like state at a rate ν. If it has been t0 hours since the previous dose

of radiation then we have

γ(t0) =

γ0 exp
[
−(t0 − µ)2/σ2

]
, t0 <∞

γ0, t0 =∞

where γ0, µ, and σ2 are model parameters. The interpretation of t0 =∞ is that we are

considering the effects of the first exposure to ionizing radiation. In particular, after the

first dose of radiation a fraction γ0 of cells is capable of dedifferentiation, the fraction

capable of dedifferentiation after each subsequent dose depends on the time elapsed

since the previous dose (as specified by the function γ(t) for t <∞).

Following exposure to ionizing radiation stem-like and differentiated cells stay, re-

spectively, for Ts and Td hours in a quiescent state and once they return to the cycle,

they start to reproduce at a rate of rs and rd , respectively. Also stem-like cells pro-

duce differentiated cells at a rate of as. Figure 2.1 describes the mathematical model of

glioma cell dynamics in response to radiation therapy.

It has been observed in several experimental settings that stem cells do in fact have

a heightened radio resistance. Based on these observations in [25] we assumed that

radiation response of differentiated and stem-like cells were given by (αd, βd) and (αs, βs)

with the simplifying assumption that (αs, βs) = ρ(αd, βd) for some ρ ∈ (0, 1]. However in

work of Leder et al. [25] they observed that due to the slow growth kinetics of the stem-

like cell population the parameter ρ has little impact on the system when considering
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Figure 2.1: GBM mathematical model description

disease dynamics over relatively short time intervals (approximately 6-12 weeks). Due

to this phenomena discussed by Leder et al. [25] we observed that it was still possible

to match experimental data with ρ = 1, i.e., no added radio resistance in the stem-

like cell population. It should be noted that when modeling human disease dynamics,

where recurrence occurs over a much longer time scale, it is very possible that it is not

appropriate to use ρ = 1. Since this work is focused on shorter time scales of both

treatment and possible recurrence times we set ρ = 1, i.e., (αs, βs) = (αd, βd) = (α, β).

Based on the description given above we can specify a mathematical model for how

the two tumor cell populations evolve as a function of time since exposure to radiation,

time elapsed since previous exposure and amount of radiation given. Specifically, if we

assume there are Nd and N s differentiated and stem-like cells respectively at the time

of exposure to d Gy of radiation, it has been t0 hours since the previous exposure to

radiation, then the population of differentiated and stem-like cells t hours after this

exposure is given by
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Nd(t, t0) =Nde−αd−βd
2
(

(1− γ(t0)) erd(t−Td)+
+ γ(t0)e−νt

)
+Nde−αd−βd

2

(
asγ(t0)ν

∫ t

0
erd(t−s)

∫ (s−Ts)+

0
e−νyers(s−y−Ts)

+
dyds

)

+ asN
se−αd−βd

2

∫ t∨Ts

Ts

ers(s−Ts)erd(t−s)+
ds

N s(t, t0) =N se−αd−βd
2
ers(t−Ts)

+
+ γ(t0)Ndeαd−βd

2
ν

∫ t

0
e−νsers(t−s−Ts)

+
ds.

Since the mathematical model above is unwieldy and difficult to analyze, we will

make some parameter assumptions to simplify the analysis. In particular, we first send

ν →∞, i.e., we assume that the dedifferentiation phenomena occurs immediately after

radiation. In Lemma 1 we show that for a > 0 and any function f continuous at 0 we

have

lim
ν→∞

ν

∫ a

0
e−νyf(y)dy = f(0).

Lemma 1. For a > 0 and f a bounded function on [0, a] and continuous at 0,

lim
ν→∞

ν

∫ a

0
e−νyf(y)dy = f(0).

Proof. First note that

ν

∫ a

0
e−νyf(y)dy − f(0) = ν

∫ a

0
e−νy(f(y)− f(0))dy − f(0)e−aν ,

and it thus suffices to establish that

lim
ν→∞

ν

∫ a

0
e−νy(f(y)− f(0))dy = 0.

For ν > 0, define `(ν) = log(ν)/ν and then consider the decomposition

ν

∫ a

0
e−νy(f(y)− f(0))dy = ν

∫ `(ν)

0
e−νy(f(y)− f(0))dy + ν

∫ a

`(ν)
e−νy(f(y)− f(0))dy

≤ max
y≤`(ν)

|f(y)− f(0)|ν
∫ `(ν)

0
e−νydy + 2 max

y≤a
|f(y)|ν

∫ a

`(ν)
e−νydy
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≤ max
y≤`(ν)

|f(y)− f(0)|+ 2 max
y≤a
|f(y)|/ν.

Both terms on the final line in the previous display then go to 0 as ν → ∞ due to our

assumptions on the function f .

Above lemma leads to the following

Nd(t, t0) =Nde−αd−βd
2

[
(1− γ(t0)) erd(t−Td)+

+ 1{t>Ts}asγ(t0)

∫ t

Ts

erd(t−s)ers(s−Ts)ds

]
+ asN

se−αd−βd
2

∫ t∨Ts

Ts

ers(s−Ts)erd(t−s)+
ds

N s(t, t0) =N se−αd−βd
2
ers(t−Ts)

+
+ γ(t0)Nde−αd−βd

2
ers(t−Ts)

+
. (2.1.1)

The parameters used in our model are summarized in Table 2.1.

Parameter Description

Nd
i and N s

i Population of differentiated and stem-like cells prior to treatment i

F di and F si Fraction of differentiated and stem-like cells prior to treatment i

α and β Parameters characterize the response of glioma cells to radiation

γi Fraction of diff. cells reverting to a stem-like state following treatment i

Td Time it takes for differentiated cell to return to cycle

Ts Time it takes for stem-like cells to return to cycle

rd Rate at which differentiated cells reproduce once they return to cycle

rs Rate at which stem-like cells reproduce once they return to cycle

R Initial ratio of differentiated cells to stem-like cells

as Rate at which stem-like cells produce differentiated cells

Tp Time it takes to complete the treatment for a patient (planning period)

Te Performance evaluation time after the conclusion of therapy

αe and βe Radio-sensitivity parameters of early responding normal tissues

αl and βl Radio-sensitivity parameters of late responding normal tissues

δe and δl Sparing factor of early and late responding tissues, respectively

Ce and Cl Maximum limit of BED for early and late responding OAR

Table 2.1: Definition of model parameters used in our study

The primary goal of this project is the mathematical optimization of radiotherapy

fractionation schedules. In order to do this we need to now describe the available

decision variables, and further how the tumor cell populations evolve during the course of
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multiple exposures to radiation. Our decision variables are inter-fraction times, fraction

sizes, and number of fractions. Specifically we define ti as the intermediate time between

treatment i and i+ 1, di the size of dose given in the ith fraction (Gy) and N the total

number of fractions delivered.

In order to describe the population evolution, we first define the population at the

epochs of fraction delivery. We denote the population of the differentiated and stem-like

cells immediately prior to fraction i by Nd
i and N s

i respectively. In addition, we will

work with fraction of initial populations throughout this project, i.e., F di =
Nd
i

Nd
1

and

F si =
Ns
i

Ns
1
. Lastly, we add the inter fraction times to the function γ(·),

γi =

 γ0 × e
−(ti−1−µ)2

σ2 , i ≥ 2

γ0, i = 1.

It is possible to substantially simplify (2.1.1) in the setting of tumor population evolu-

tion between radiation fraction deliveries. This is achieved by assuming that the inter

fraction times are always less than Ts. If we know the fraction of differentiated cells,

F di , immediately prior to treatment i and we administer di Gy in treatment i then

F di+1 = F di (1− γi)erd(ti−Td)+
e−αdi−βd

2
i , i = 1, . . . , N − 1.

If we further assume that the inter fraction times are less than Td then we have that

F di+1 = F di (1− γi)e−αdi−βd
2
i , i = 1, . . . , N − 1. (2.1.2)

Since we start the treatment with F d1 = 1, we have

F dN = e−
∑N−1
i=1 (αdi+βd

2
i )
N−1∏
i=1

(1− γi) (2.1.3)

We can perform a similar simplification for the evolution of the stem-like cells between

fraction. Specifically if the fraction of differentiated and stem-like cells immediately

prior to treatment i are F di and F si respectively and di Gy of radiation are administered
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in this fraction then

F si+1 = e−αdi−βd
2
iF si +Re−αdi−βd

2
i γiF

d
i , i = 1 . . . N − 1, (2.1.4)

where R = Nd
1 /N

s
1 .

We will denote the tumor populations t hours after the conclusion of N fractions

of radiation by (Nd
N (t), N s

N (t)). These variables are evaluated using (2.1.1), of course

after normalizing by the initial tumor populations we get formulas for (F dN (t), F sN (t))

2.2 Mathematical Optimization

In this section, we define the objective function of our problem. Then we formulate the

radiation therapy scheduling problem as a non-linear mathematical model. Lastly the

structure of the optimal policies are described.

2.2.1 Objective Function

The performance of a schedule is evaluated by the fraction of original cells that are

present Te hours after the conclusion of a fractionated radiotherapy treatment. Thus

the objective function of a schedule with N fractions is given by:

Nd
N (Te) +N s

N (Te)

Nd
1 +N s

1

=
F dN (Te)×Nd

1 + F sN (Te)×
Nd

1
R

Nd
1 +

Nd
1
R

=
RF dN (Te) + F sN (Te)

R+ 1

Note that if we are interested in minimizing the expression in the previous display, it of

course suffices to minimize RF dN (Te) + F sN (Te).

All considered fractionation schedules last the same number of hours, denoted by

Tp. In addition, as mentioned in the introduction the focus of this work is on shorter

length schedules and we therefore assume throughout the remainder of the work that

Tp < min(Ts, Td).

2.2.2 Problem Formulation

We now consider the problem of finding fractionation schedules that lead to minimal

population size while maintaining acceptable levels of normal tissue damage. Specifically
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we consider the problem

minimizedi,ti,N F sN (Te) +RF dN (Te) (2.2.5)

Subject to:∑N−1
i=1 ti = Tp∑N
i=1(δldi + βl

αl
δ2
l d

2
i ) ≤ Cl∑N

i=1(δedi + βe
αe
δ2
ed

2
i ) ≤ Ce

di ≥ δ ∀i
ti ≥ ε ∀i
where the formulas relating (F dN (Te), F

s
N (Te)) to (F dN , F

s
N ), i.e., the relationship be-

tween the tumor cell populations Te hours after the final fraction and the tumor cell

population immediately prior to the final fraction are given by

F dN (Te) = [c2(1− γN ) + c3γN ]e−αdN−βd
2
NF dN + c4e

−αdN−βd2
NF sN

and

F sN (Te) = c5e
−αdN−βd2

NF sN + c6γNe
−αdN−βd2

NF dN .

The constants ci, i = 2, . . . , 6 are given by

c2 = erd(Te−Td)

c3 = as

∫ Te

Ts

erd(Te−s)+rs(s−Ts)ds =
as

rs − rd
[ers(Te−Ts) − erd(Te−Ts)]

c4 =
as
R

∫ Te

Ts

erd(Te−s)+rs(s−Ts)ds =
as

R(rs − rd)
[ers(Te−Ts) − erd(Te−Ts)]

c5 = ers(Te−Ts)

c6 = Rers(Te−Ts),

and are derived using (2.1.1).

We use the first constraint to ensure that all fractionation schedules last for the

same length of time. The second and third constraints are BED limits for late and early

responding normal tissues, respectively. The terms (αe, βe) and (αl, βl) characterize

respectively the LQ response of early and late responding normal tissue to ionizing
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radiation. The terms δe and δl are the sparing factors of the early and late tissue that

represent how much of the radiation dose these normal tissues receive. Since for the

late responding tissues, no allowance of repopulation should normally be necessary, we

can use the linear quadratic model to formulate their BED [11]. However for early

responding tissues, we cannot simply use the linear quadratic model. One method

of modeling BED for early responding tissue is to use a repopulation correction factor

which depends on the tissue doubling time and the treatment duration [76]. Specifically,

we use the Fowler formulation [75] to model the BED of early responding tissues as

BED =

N∑
i=1

(δedi +
βe
αe
δ2
ed

2
i )−

0.693

αeTeff
(Tp − Tk)+ (2.2.6)

where Teff and Tk are time parameters defined as effective cellular doubling time and

kick-off time, respectively. All parameters in 0.693
αeTeff

(Tp−Tk) are constants in our model,

hence we can always assume this term as a constant and move it to the right hand side

of the third constraint. Thus we can view Cl as the amount of BED incurred by late

responding tissues from the standard fractionation, and Ce as the amount of BED

incurred by early responding tissues from the standard fractionation after accounting

for the repopulation correction in (2.2.6).

Since we are optimizing the number of fractions (N) and dose per fraction (di,

i = 1, . . . , N) simultaneously, we cannot assign 0 Gy of radiation to any fractions (if

one of the di becomes 0, we actually have N − 1 fractions). Also due to treatment

cost such as running cost, human resource cost and etc., it is uneconomical to deliver

very small dosages in treatment sessions. In order to address these issues we add the

fourth constraint. Finally, the last constraint indicates that two consecutive fractions

cannot be scheduled at the same time or immediately one after another (due to the

same reasoning we used for di 6= 0).

In order to solve the optimization problem formulated in (2.2.5) it is necessary to

express the objective in terms of our decision variables. To address this issue we establish

the following result

Theorem 2. For any N ,

F sN +RF dN = (1 +R)e−
∑N−1
i=1 (αdi+βd

2
i ).
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Proof. We will use induction to prove above theorem. First, it is obvious that above

relationship holds when N = 2, now suppose it holds for N − 1 too, which means

F sN−1 +RF dN−1 = (1 +R)e−
∑N−2
i=1 (αdi+βd

2
i )

Then F sN +RF dN can be calculated by (2.1.2) and (2.1.4):

F sN +RF dN = e−αdN−1−βd2
N−1F sN−1 +Rγ0e

−αdN−1−βd2
N−1e−(tN−2−µ)2/σ2

F dN−1

+RF dN−1(1− γ0e
−(tN−2−µ)2/σ2

)e−αdN−1−βd2
N−1

= e−αdN−1−βd2
N−1(F sN−1 +RF dN−1)

= (1 +R)e−
∑N−1
i=1 (αdi+βd

2
i )

Thus establishing the result.

With this result we can replace F sN by (1 +R)e−
∑N−1
i=1 (αdi+βd

2
i ) −RF dN :

minimizedi,ti,N (Rc4 + c5)(1 +R)e−
∑N
i=1(αdi+βd

2
i )+(

−R(c5 +Rc4 − c2) + (c6 −Rc2 +Rc3)γ0e
−(tN−1−µ)2/σ2

)
e−αdN−βd

2
NF dN .

By replacing F dN with its value from (2.1.3), we get:

minimizedi,ti,N e−
∑N
i=1(αdi+βd

2
i ) ×

(
(Rc4 + c5)(1 +R)+

(
−R(c5 +Rc4 − c2) + (c6 −Rc2 +Rc3)γ0e

−(tN−1−µ)2/σ2
)

(1−γ0)

N−2∏
i=1

(1−γ0e
−(ti−µ)2/σ2

)
)

Finally by minimizing the natural logarithm of the objective function we get:

minimizedi,ti,N −
N∑
i=1

(αdi + βd2
i ) + ln

(
(Rc4 + c5)(1 +R)+

(
−R(c5 +Rc4 − c2) + (c6 −Rc2 +Rc3)γ0e

−(tN−1−µ)2/σ2
)

(1−γ0)
N−2∏
i=1

(1−γ0e
−(ti−µ)2/σ2

)
)

(2.2.7)
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Subject to:∑N−1
i=1 ti = Tp∑N
i=1(δedi + βe

αe
δ2
ed

2
i ) ≤ Cl∑N

i=1(δldi + βl
αl
δ2
l d

2
i ) ≤ Ce

di ≥ δ ∀i
ti ≥ ε ∀i

2.3 Solution Approach

We start by fixing the number of fractions N , i.e., we assume it is a constant. Then

note that in the optimization problem in (2.2.7), we can divide the objective function

in two parts. The first term only includes {di} and the second term only contains

{ti}. In addition the constraints can be split in two sets as well. The first and last

constraint only depend on the inter fraction times {ti} and the remainder only depend

on {di}. Therefore for a fixed value of N , instead of solving (2.2.7), we can solve two

independent models, given in (2.3.8) and (2.3.17). For the first model (2.3.8), we have

a quadratic objective function constrained to two quadratic and N linear constraints

where the decision variables are simply di. Also for the second model (2.3.17), we have

a log function of ti as the objective function constrained to N linear constraints with ti

as decision variables. Therefore instead of solving (2.2.7), we can solve two independent

models for a fixed value of N and then find the optimal number of fractions (N) via a

simple search algorithm.

Note that the following formulations are obtained by making several important as-

sumptions. First, we assume dedifferentiation phenomena occurs immediately after

radiation. Second, we consider the same radio-sensitivity parameters in both differ-

entiated and stem-like cells, i.e. we assume there is no added radio resistance in the

stem-like cell population. Third, since the focus of this work is on shorter length sched-

ules, we assume that treatment duration is shorter than the time to return to cycle of

both the differentiated and stem cells. Lastly, we fix the the duration of all fractionation

schedules to be Tp.
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2.3.1 Model I:

We can define the first model as the optimization model of radiation doses under the

constraint of the radiation effect on normal tissues regardless of ti as (2.3.8).

maximizedi

N∑
i=1

(αdi + βd2
i ) (2.3.8)

Subject to:∑N
i=1(δedi + βe

αe
δ2
ed

2
i ) ≤ Ce∑N

i=1(δldi + βl
αl
δ2
l d

2
i ) ≤ Cl

di ≥ δ ∀i
Here, we are interested in finding the scheduled break-up of a radiotherapy treatment

into a set of treatment increments in a way that complications in normal tissues remain

within their acceptable limits. BED constraints can be transformed to the following

forms:

N∑
i=1

(di +
1

2

αe
βeδe

)2 ≤ αeCe
βeδ2

e

+N(
1

2

αe
βeδe

)2 (2.3.9)

N∑
i=1

(di +
1

2

αl
βlδl

)2 ≤ αlCl
βlδ

2
l

+N(
1

2

αl
βlδl

)2 (2.3.10)

The set of fractionated doses (d1, . . . , dN ) satisfying (2.3.9) and (2.3.10) is repre-

sented by two N -dimensional hyperspheres (HSE) and (HSL), respectively. We can

argue that the optimal solution lies on the feasible boundaries of (2.3.9) and (2.3.10).

Since α and β are positive values, the objective function in (2.3.8) is always increasing

in di. Assume (d∗1, . . . , d
∗
N ) is optimal solution to (2.3.8) and it lies in the interior of

the (2.3.9) and (2.3.10). If we increase one arbitrary element of d∗i , we can keep the

solution feasible and increase the objective function. Therefore it is not an optimal

solution to our problem and the optima must lie on the most confining constraint, the

constraint that imposes the largest restriction on the dose that can be delivered to the

tumor (either (2.3.9) or (2.3.10)).

If we ignore the second constraint in (2.3.8) and only consider the BED limit for
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early responding tissues, we can find the limit of
∑N

i=1 d
2
i from the first constraint as

N∑
i=1

d2
i ≤

Ce − δe
∑N

i=1 di
βe
αe
δ2
e

Since β is a positive value, we see that:

N∑
i=1

αdi + βd2
i ≤

N∑
i=1

αdi + β
Ce − δe

∑N
i=1 di

βe
αe
δ2
e

If we maximize the upper bound of the above equation, we can find the optimal answer

to (2.3.8) while only considering one constraint. The upper bound optimization problem

can be defined as:

maximizedi

N∑
i=1

αdi + β
Ce − δe

∑N
i=1 di

βe
αe
δ2
e

Subject to:∑N
i=1(δedi + βe

αe
δ2
ed

2
i ) = Ce

di ≥ δ ∀i
By rearranging objective function, we can simplify it as:

maximizedi (α− βαe
βeδe

)

N∑
i=1

di + β
αeCe
βeδ2

e

(2.3.11)

The objective function can be interpreted as follows:

a) If α− βαe
βeδe

> 0, the larger
∑N

i=1 di while restricted to the surface of the hypersphere

is, the larger the damage effect on tumor is.

b) If α− βαe
βeδe

< 0, the smaller
∑N

i=1 di while restricted to the surface of the hyper-

sphere is, the larger the damage effect on tumor is.

Note that when α− βαe
βeδe

= 0, any point of the early constraint boundary is optimal. If

we repeat the above steps when only considering the second constraint (late responding

tissues), we will get:

maximizedi (α− βαl
βlδl

)
N∑
i=1

di + β
αlCl
βlδ

2
l
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Subject to:∑N
i=1(δldi + βl

αl
δ2
l d

2
i ) = Cl

di ≥ δ ∀i
The objective function can be interpreted as above in (a) and (b) with respect to

the sign of the α − βαl
βlδl

. Therefore optimal schedule can be found by minimizing and

maximizing
∑N

i=1 di on the feasible boundaries (2.3.9) and (2.3.10). We first need the

following technical lemma.

Lemma 3. The set of d1 = · · · = dN =
√

C
N + a and d1 = · · · = dN−1 = δ, dN =√

C − (N − 1)(δ − a)2 + a are maximizer and minimizer of
∑N

i=1 di under two con-

straints as
∑N

i=1(di − a)2 = C and di ≥ δ, respectively (C and δ are positive numbers).

Proof. The feasible region for the above model is compact and the objective function

is continuous on it. It is obvious from the Weierstrass theorem that optima exist [77].

We can use the KKT conditions [77] to find the necessary conditions for optima. We

write down the KKT conditions [77] for the maximization problem first. In particular

we have the following Lagrangian:

L = −
N∑
i=1

di + ν[
N∑
i=1

(di − a)2 − C] +
N∑
i=1

λi(di − δ)

The next step is constructing KKT conditions:

∂L

∂di
= −1 + 2ν(di − a) + λi = 0, i = 1, . . . , N

λi(di − δ) = 0, i = 1, . . . , N

N∑
i=1

(di − a)2 = C

ν = free, λi ≤ 0, i = 1, . . . , N

From the second condition, either λi = 0 or di = δ. Without loss of generality

we assume that there is an integer m such that for i = 1, . . . ,m, di = δ and for
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i = m + 1, . . . , N , λi = 0. By using the first condition, for i = 1, . . . ,m, we have

−1 + 2ν(δ − a) + λi = 0 and for i = m + 1, . . . , N , we have −1 + 2ν(di − a) = 0.

Therefore we have optimal di as follow:

di =

{
δ, i = 1, . . . ,m
1
2ν + a, i = m+ 1, . . . , N.

Note that if m = 0 then this corresponds to the hyper-fractionated schedule (all doses

equal), and if m = N − 1 this is the semi-hypo-fractionated schedule (all doses but one

equal to minimum value of δ).

From the third condition, we have

dm+1 = · · · = dN =

√
C −m(δ − a)2

N −m
+ a

Using the previous two displays, we can get

N∑
i=1

di = mδ + a(N −m) +
√

(N −m)[C −m(δ − a)2]

Since ∂
∂m

∑N
i=1 di is always negative for all δ, then smaller m results in bigger values

of
∑N

i=1 di. Therefore m = 0 maximizes
∑N

i=1 di. If we repeat these steps for the

minimization problem we will get the second statement of the lemma (in particular we

get that m = N − 1).

The previous lemma shows how the maximizer or minimizer of
∑N

i=1 di on the surface

of a N dimensional hypersphere can be located. Therefore when the hypershperes HSE

and HSL do not intersect we can easily find the optimal solutions based on the relative

magnitude of the ratios of the α
β for the tumor and sensitive tissues using Lemma 3.

We now consider the setting where the hyperspheres HSE and HSL intersect on

the feasible region, i.e. when all coordinates are greater than δ. Note that if the

hyperspheres intersect on this region then one of them will be closer to the origin along

the hyper-fractionation plane, i.e. the plane d1 = · · · = dN , we will denote this as

HS1 from this point forward. The remaining hypersphere will be denoted by HS2. We
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identify HS1 with either HSE or HSL by setting

I = arg min{

√
1

N

αeCe
βeδ2

e

+
1

4

α2
e

β2
eδ

2
e

− 1

2

αe
βeδe

,

√
1

N

αlCl
βlδ

2
l

+
1

4

α2
l

β2
l δ

2
l

− 1

2

αl
βlδl
}, (2.3.12)

if I = 1 then HS1=HSE; otherwise HS1=HSL. We will now study the extrema of
∑N

i=1 di

on the intersection of HS1 and HS2.

Lemma 4. The minimum (maximum) value of
∑N

i=1 di when HS1 (HS2) is the most

restrictive constraint occur at the intersection of HS1 and HS2.

Proof. First we find the separating hyperplane of the two hyperspheres at their inter-

section. Assume the two hyperspheres have the following equations:

N∑
i=1

(di − a1)2 = C1

N∑
i=1

(di − a2)2 = C2

For every point (d1, . . . , dN ) that lies on the intersection of two hyperspheres, the

following two equations are satisfied:

N∑
i=1

d2
i − 2a1

N∑
i=1

di +Na2
1 = C1

N∑
i=1

d2
i − 2a2

N∑
i=1

di +Na2
2 = C2

Hence by subtracting above equations, we can get:

N∑
i=1

di =
C1 −Na2

1 − C2 +Na2
2

2(a2 − a1)

Therefore the intersection of two hyperspheres can be described by a separating

hyperplane having above equation. The regions where the first and second hypersphere

are the most restrictive constraints can be viewed as
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A1 = {(d1, . . . , dN ) :
N∑
i=1

di ≥
C1 −Na2

1 − C2 +Na2
2

2(a2 − a1)
;

N∑
i=1

(di − a1)2 = C1}

A2 = {(d1, . . . , dN )|
N∑
i=1

di ≤
C1 −Na2

1 − C2 +Na2
2

2(a2 − a1)
;

N∑
i=1

(di − a2)2 = C2}

The minimization of
∑N

i=1 di on A1 is given by the following:

minimize
N∑
i=1

di

subject to

N∑
i=1

(di − a1)2 = C1

N∑
i=1

di ≥
C1 −Na2

1 − C2 +Na2
2

2(a2 − a1)

Obviously the minimum value of the objective function in the previous display occurs

when
∑N

i=1 di =
C1−Na2

1−C2+Na2
2

2(a2−a1) .

The maximization of
∑N

i=1 di when HS2 is the most restrictive constraint can be

formulated as:

maximize
N∑
i=1

di

subject to

N∑
i=1

(di − a2)2 = C2

N∑
i=1

di ≤
C1 −Na2

1 − C2 +Na2
2

2(a2 − a1)
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The equation
∑N

i=1 di =
C1−Na2

1−C2+Na2
2

2(a2−a1) satisfies the first constraint and also de-

fines the upper bound of objective function, therefore it is the optimal solution to the

maximization problem.

In Lemma 3, the problem of optimal fractionation was considered with only a sin-

gle normal tissue constraint. In the previous lemma, we studied optimizing the total

radiation delivered when considering two overlapping normal tissue constraints. In the

next result we use these two lemmas to solve the optimal fractionation problem posed

in (2.3.8).

Before stating the result we need further notation. In particular, if the two hy-

perspheres HSE and HSL do not intersect then denote the parameters of the more

restrictive hypersphere by αx, βx, and δx. If the hyperspheres intersect then denote the

parameters corresponding to HS1(as identified in (2.3.12)) by α1, β1, and δ1; similarly

denote the parameters corresponding to HS2 by α2, β2, and δ2

Theorem 5. There are three different solutions for (2.3.8). The solutions may be

grouped into the three following classes:

I. If α− βαl
βlδl

and α− βαe
βeδe

are both positive; or HSE and HSL don’t intersect and α− βαx
βxδx

is positive, then the optimal dose vector is a hyper-fractionated schedule with all doses

equal to

d∗ = min{

√
1

N

αeCe
βeδ2

e

+
1

4

α2
e

β2
eδ

2
e

− 1

2

αe
βeδe

,

√
1

N

αlCl
βlδ

2
l

+
1

4

α2
l

β2
l δ

2
l

− 1

2

αl
βlδl
}. (2.3.13)

II. If both α − βαl
βlδl

and α − βαe
βeδe

are negative; or HSE and HSL don’t intersect and

α − βαx
βxδx

is negative then the optimal dose vector is a semi-hypofractionated schedule

where

di = min{

√
αeCe
βeδ2

e

+N(
1

2

αe
βeδe

)2 − (N − 1)(δ +
1

2

αe
βeδe

)2 − 1

2

αe
βeδe

,

√
αlCl
βlδ

2
l

+N(
1

2

αl
βlδl

)2 − (N − 1)(δ +
1

2

αl
βlδl

)2 − 1

2

αl
βlδl
}

dj = δ ∀j = 1, . . . , N(j 6= i). (2.3.14)
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III. If HSE and HSL intersect, α− βα1

β1δ1
is negative and α− βα2

β2δ2
is positive the solution

vector lies on the surface of the two hyperspheres:

N∑
i=1

(di +
1

2

αe
βeδe

)2 =
αeCe
βeδ2

e

+N(
1

2

αe
βeδe

)2 (2.3.15)

N∑
i=1

(di +
1

2

αl
βlδl

)2 =
αlCl
βlδ

2
l

+N(
1

2

αl
βlδl

)2 (2.3.16)

Proof. First we analyze the case that HSE and HSL do not intersect. In this case,

one of them is redundant and we need only consider the most restrictive hypersphere.

For two-dimensional case, this problem is described in Figure 2.2. In Figure 2.2-A,

the ratio of βαl
βlδl

or βαe
βeδe

related to the smaller circle determines the optimal schedule

regime and in Figure 2.2-B, the optimal doses can be found with respect to the ratio of
βαl
βlδl

or βαe
βeδe

related to the bigger circle. According to lemma 3,
∑N

i=1 di is maximized

when d1 = · · · = dN (hyper-fractionated) and is minimized when one of the di is big

and others take δ (semi-hypo-fractionated). Optimal doses can be calculated by the

maximum amount of BED that late and early tissues can bear. From Lemma 3 and

the discussion after (2.3.11), the optimal doses when α − βαx
βxδx

≥ 0 are given by the

hyper-fractionated schedule with all di = d∗ and

d∗ = min{

√
1

N

αeCe
βeδ2

e

+
1

4

α2
e

β2
eδ

2
e

− 1

2

αe
βeδe

,

√
1

N

αlCl
βlδ

2
l

+
1

4

α2
l

β2
l δ

2
l

− 1

2

αl
βlδl
}.

When α − βαx
βxδx

< 0 the optimal solution are given by the semi-hypo-fractionated

schedules

di = min{

√
αeCe
βeδ2

e

+N(
1

2

αe
βeδe

)2 − (N − 1)(δ +
1

2

αe
βeδe

)2 − 1

2

αe
βeδe

,

√
αlCl
βlδ

2
l

+N(
1

2

αl
βlδl

)2 − (N − 1)(δ +
1

2

αl
βlδl

)2 − 1

2

αl
βlδl
}

dj = δ ∀j = 1, . . . , N(j 6= i)

In the case that HSE and HSL intersect,we face four different situations:

1. α− βα1

β1δ1
≥ 0 and α− βα2

β2δ2
≥ 0: In this case, we want to maximize

∑N
i=1 di on both
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hyperspheres. According to Lemma 3, the maximum value of
∑N

i=1 di on the surface

of a hypersphere is given by a hyper-fractionated schedule. Based on our assumption,

hyper-fractionated schedule is only feasible on HS1. In Lemma 4, we showed that

the minimum (maximum) of
∑N

i=1 di on the boundaries of HS1 (HS2), occurs at the

intersection of two hyperspheres. Therefore d1, . . . , dN obtained by hyper-fractionated

schedule on hypersphere 1 have the biggest value of
∑N

i=1 di among all feasible points.

Thus the optimal schedule is hyper-fractionated schedule with equal doses obtained from

(2.3.13). For 2-dimensional case, the feasible boundaries in the Figure 2.2-C are arcs

between points Z1, Z2, Z3, Z4 and Z5. We draw 4 contours of the function d1 + d2 = c

for different c in Figure 2.2-C (contours are illustrated by l1, l2, l3 and l4 which except

l1, others touch feasible region). In Figure 2.2-C, a point with the largest distance from

origin is Z3.

2. α − βα1

β1δ1
< 0 and α − βα2

β2δ2
< 0: In this case, the optimal schedule is a schedule

minimizing
∑N

i=1 di on both hyperspheres. According to Lemma 3, minimum value of∑N
i=1 di on the surface of the hypersphere restricted to all coordinates being greater

than δ is obtained by a semi-hypo-fractionated schedule. By definition the semi-hypo-

fractionated schedule is only feasible on HS2. Based on Lemma 4, we know that the

intersection has the lowest (highest) value of objective function on the boundaries of

HS1 (HS2), therefore the optimal schedule is located on the boundaries of HS2 and

is given by the semi-hypo-fractionated schedule (2.3.14). For 2-dimensional case, the

optimal solution is the contour with the smallest distance from origin on l0 crossing

feasible region. By looking at Figure 2.2-C, points having this feature can be either Z1

or Z5.

3. α− βα1

β1δ1
≤ 0 and α− βα2

β2δ2
> 0: In this case, we are looking for the minimum value

of
∑N

i=1 di on the boundary of HS1 and its maximum on the boundary of HS2. From

Lemma 3 and scenarios 1 and 2 above, we know that schedules having this property lie

at the intersection of HS1 and HS2. Therefore we can reach optimal schedule which is

represented by a N − 1 dimensional hypersphere satisfying (2.3.15) and (2.3.16). For

two dimensional case, the feasible region of circle 1 are two arcs which connect Z1 to Z2

and Z4 to Z5. Also the feasible region of circle 2 is the arc which connects Z2 to Z4. If

we move from Z1 (Z5) toward Z2 (Z4), d1 +d2 increases and if we move from Z3 toward

Z2 or Z4, d1 + d2 decreases. So the optimal point on both circles are Z2 and Z4 which
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maximize d1 + d2 on the feasible region of circle 1 and minimize d1 + d2 on the feasible

region of circle 2. Note that the situation where HSE and HSL intersect, α − βα1

β1δ1
is

Figure 2.2: A and B: Maximum and minimum conditions of d1 +d2 under the constraint
for the radiation effect on tumor (two hyperspheres don’t intersect). The ratio of βαl

βlδl
or

βαe
βeδe

related to the smaller circle determines the optimal schedule regime in A and the

optimal doses (d1 and d2) can be found with respect to the ratio of βαl
βlδl

or βαe
βeδe

related
to the bigger circle in B. C: Feasible region for two-dimensional case (two hyperspheres
intersect). The feasible boundaries are arcs between points Z1, Z2, Z3, Z4 and Z5. The
maximum (minimum) value of d1 + d2 on both quadrants happens at Z3 (Z1 and Z5).
Also the maximum (minimum) value of d1 + d2 on the red (green) quadrant and the
minimum (maximum) value of d1 + d2 on the green (red) quadrant happen at Z2 and
Z4 (either Z3 or Z1 and Z5)

positive and α− βα2

β2δ2
is negative cannot happen, because requiring α1

δ1β1
< α

β <
α2
δ2β2

and

the definition of HS1 (and HS2) in (2.3.12) lead to a contradiction of the intersection
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HSE and HSL where di ≥ δ ≥ 0 .

In setting (3) we are not able to exactly specify the optimal dose allocation, but

instead specify that the dose allocation vector lies on the intersection of two hypersphere

surfaces. However, it should be noted that any vector (d1, . . . , dN ) satisfying (2.3.15)

and (2.3.16) will necessarily have both
∑N

i=1 di and
∑N

i=1 d
2
i fixed. In particular, the

effect of any dose allocation vector satisfying (2.3.15) and (2.3.16) on either normal or

tumor tissue is fixed.

2.3.2 Model II:

In the second model, we only optimize inter-fraction intervals while assuming that the

optimal number of fractions is N . This model can be defined as:

minti ln
(

(Rc4 + c5)(1 +R) +
(
−R(c5 +Rc4 − c2) + (c6 −Rc2 +Rc3)γ0e

−(tN−1−µ)2/σ2
)

×(1− γ0)

N−2∏
i=1

(1− γ0e
−(ti−µ)2/σ2

)
)

(2.3.17)

Subject to:

N−1∑
i=1

ti = Tp

ti ≥ ε ∀i.

For ease of notation we define the terms A = −R(c5 + Rc4 − c2) and B = (c6 − Rc2 +

Rc3)γ0.

Theorem 6. If σ < 2, A > 0, and there exists k ≥ 5 such that

Nmax(µ+ σ
√
k) < Tp (A)

4e−k < γ0 (A1)

then the optimal inter-fraction times are of the form ti ∈ [µ, µ+ σe−k/2] for i ≤ N − 2,

and tN−1 = Tp − (t1 + . . .+ tN−2).
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Proof. Instead of optimizing the logarithm of (2.3.17), we can minimize the term inside

the logarithm. By replacing the value of ci with their definitions in (2.2.5), it can be

seen that B = −γ0A and therefore the objective function can be simplified by ignoring

the terms A, (Rc4 + c5)(1 + R) and (1 − γ0), since they are positive constants. Again

we optimize the logarithm of the objective function and observe:

minimizeti

N−1∑
i=1

ln(1− γ0e
−(ti−µ)2/σ2

)

Subject to:∑N−1
i=1 ti = Tp

ti ≥ ε, ∀i
Since the feasible region for the above optimization problem is compact and the

objective function is continuous on it, the problem admits at least one optimum. It

is evident that our mathematical model is not convex, so that we can only use the

optimality necessary conditions provided by the Karush Kuhn Tucker (KKT) [77]. The

first step is constructing Lagrangian function. Thus for the vector of inter-fraction times

t = (t1, . . . , tN−1):

L(t, ν, λ) =
N−1∑
i=1

ln(1− γ0e
−(ti−µ)2/σ2

) + ν(
N−1∑
i=1

ti − Tp) +
N−1∑
i=1

λi(ti − ε) (2.3.18)

We thus have the KKT conditions:

∂L

∂ti
=

2γ0(ti − µ)

σ2(e(ti−µ)2/σ2 − γ0)
+ ν + λi = 0; ∀i (2.3.19)

N−1∑
i=1

ti − Tp = 0 (2.3.20)

λi × (ti − ε) = 0, ∀i (2.3.21)

ti ≥ ε, λi ≤ 0, ν : free (2.3.22)
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From (2.3.21), it is obvious that one of the conditions ti = ε or λi = 0 must hold

for each i, and further that only one of these conditions may hold at a time. Consider

two disjoint sets S1 and S2 such that for i ∈ S1, ti = ε, for i ∈ S2, λi = 0, and

S1 ∪ S2 = {1, . . . , N − 2}.
Assume that S1 6= ∅, and observe that for i ∈ S1, we have the following KKT

condition:
∂L

∂ti
=

2γ0(ε− µ)

σ2(e(ε−µ)2/σ2 − γ0)
+ ν + λi = 0. (2.3.23)

Since ε < µ, 0 ≤ γ0 ≤ 1 and λi ≤ 0, then ν > 0; thus if S1 6= ∅, we have ν > 0. Also

for every i ∈ S2, we have:

∂L

∂ti
=

2γ0(ti − µ)

σ2(e(ti−µ)2/σ2 − γ0)
+ ν = 0. (2.3.24)

Thus from (2.3.24), we see ti < µ for every i ∈ S2. Since we impose the condition

N ≤ Nmax, and assumption (A) we see that if S1 6= ∅ then we cannot satisfy condition

(2.3.20). Therefore we will always have ν ≤ 0, S1 = ∅ and λi = 0. Note that if ν ≤ 0,

then necessarily the optimal ti ≥ µ.

Next define the function

h(t) =
2γ0(t− µ)

σ2
(
e(t−µ)2/σ2 − γ0

) . (2.3.25)

From straightforward calculations we observe that h′(t) < 0 for t ≥ µ+ σ/
√

2. For

k from condition (A) define νk = h
(
µ+ σ

√
k
)

, and observe that

νk = max
t≥µ+σ

√
k
h(t).

The previous display implies that if we choose ν such that −ν ≥ νk then in order to

satisfy equation (2.3.24) it is necessary that ti ≤ µ+ σ
√
k for all i. However condition

(A) will then imply it is impossible to satisfy condition (2.3.20). We thus conclude that

ν ∈ [−νk, 0].

It now follows that the optimal times necessarily belong to the set

{µ ≤ t ≤ Tp : h(t) ∈ [0, νk]} ⊂ [µ, µ+ ε(k)] ∪ [µ+ σ
√
k, Tp],
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where ε(k) = inf{t ≥ µ : h(t) = νk}. Note that since we require k ≥ 5 we have that

ε(k) ≤ e−k/2σ. Define the set of indices with large inter-fraction times as

J = {j : tj ∈ [µ+ σ
√
k, Tp]}.

In order to establish the result it remains to show that for any optimal set of inter-

fraction times |J | = 1. Thus consider a set of inter-fraction times t = (t1, . . . , tN−1)

such that t1 + . . .+ tN−1 = Tp and |J | ≥ 2. Define

tm = min{tj ; j ∈ J}

tM = max{tj ; j ∈ J}.

Then consider the new set of feasible inter-fraction times t′ = (t′1, . . . , t
′
N−1), where

t′m = µ and t′M = tM + (tm − µ). We will now establish that

L(t′, ν, λ) ≤ L(t, ν, λ). (2.3.26)

Define

`(t) = log
(

1− γ0e
−(t−µ)2/σ2

)
,

then in order to establish (2.3.26) it suffices to show

`(tm) + `(tM )− `(t′m)− `(t′M )

= log


(

1− γ0e
−(tm−µ)2/σ2

)(
1− γ0e

−(tM−µ)2/σ2
)

(1− γ0)
(

1− γ0e
−(t′M−µ)2/σ2

)
 > 0,

or equivalently(
1− γ0e

−(tm−µ)2/σ2
)(

1− γ0e
−(tM−µ)2/σ2

)
> (1− γ0)

(
1− γ0e

−(t′M−µ)2/σ2
)
.

To establish the previous display it suffices to show that

γ0 > γ0e
−(t′M−µ)2/σ2

+ e−(tm−µ)2/σ2
+ e−(tM−µ)2/σ2

,
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which is of course implied by

e−(tm−µ)2/σ2
+ e−(tM−µ)2/σ2

< γ0

(
1− e−(t′M−µ)2/σ2

)
. (2.3.27)

Note that by construction tm ≥ µ+ σ
√
k and tM ≥ µ+ σ

√
k, and therefore

e−(tm−µ)2/σ2
+ e−(tM−µ)2/σ2 ≤ 2e−k.

We also have that t′M = tM + tm−µ ≥ µ+ 2σ
√
k and therefore e−(t′M−µ)2/σ2 ≤ e−2k, or

in other words

1− e−(t′M−µ)2/σ2 ≥ 1− e−2k.

Thus (2.3.27) is implied by

2e−k ≤ γ0(1− e−2k). (2.3.28)

The quadratic equation gives that the previous display holds for

e−k ≤
√

1 + γ2
0 − 1

γ0
.

However, we use the inequality √
1 + γ2

0 − 1

γ0
≥ γ0

4

to see that (2.3.28) is implied by condition (A1).

It should be noted that for the parameters studied in this chapter, we are able to take

k = 15. Therefore the interval [µ, µ+σe−k/2] in any practical setting can be thought of

as simply the point {µ}. Thus we will assume in Section 4 that the optimal treatments

are of the form that N − 2 inter-fraction times are of length µ and the remaining length

is given by Tp − (N − 2)µ.

In order to prove Theorem 6 we needed to assume A > 0. One setting where we

would lose that assumption is if rs > rd, in which case the goal would no longer be

to minimize the differentiated cell population but instead to minimize the stem-like

cell population. Due to the known association between stem-like cells and treatment

resistance it might be the case that when dealing with larger schedules and longer time
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frames it might be of general interest to minimize the stem-like cell population. In

future work we will explore counter parts to Theorem 6 when A < 0

2.3.3 Optimal Number of Fractions

As mentioned earlier, there are three types of decision variables in this problem (N ,

{di} and {ti}). By fixing N we were able to locate optimal values of {di} and {ti}
using methods of non-linear programming. In order to find the optimal value of N , we

implemented the following algorithm.

Inputs:

• Nmax: The maximum number of radiation fractions.

Output:

• N∗: The optimal number of radiation fractions.

• t∗i : The optimal intermediate times between radiation fractions.

• d∗i : The optimal radiation doses.

Steps:

1. Put N∗ = 1, and set global objective function as ∞.

2. Calculate the optimal t∗i , i = 1, . . . , N∗−1 using the approach presented in 3.3.2.

3. Find the optimal doses for N∗ using methodology presented in 3.3.1.

4. Calculate objective function using t∗i and d∗i in (2.2.5). If it improves the objective

function, save it as the new global optimal solution. Otherwise if N∗ < Nmax set

N∗ = N∗+ 1 and go to step 2, otherwise return the optimal global d∗i , t
∗
i and N∗.

Since this approach is guaranteed to terminate after Nmax steps and each step is a

direct calculation based on straightforward formulas we see that as long as Nmax is not

too large this is feasible algorithm. In our examples we consider Nmax to be at most

21, but it is clear that this algorithm would also remain feasible for the more realistic

value of Nmax = 75.
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Parameter Range Unit

α [0.005, 0.22] 1/Gy

β [0, 0.0025] 1/Gy2

γ0 [0.15, 1] −
rd [0.0028, 0.0045] 1/hour

rs [0, 0.0015] 1/hour

as [0, 0.0025] 1/hour

Td [0, 160] hour

λd [0.023,∞] 1/Gy

µ [1.6, 4] hour

σ2 [0, 2] hour2

Table 2.2: The feasible range for several of our model parameters based on the sensitivity
analysis performed by Leder et al. (2014).

2.4 Empirical Results

2.4.1 Parameter Values

In order to estimate model parameters, the same approach implemented by Leder et al.

[25] is used. Model fit is carried out by minimizing the mean square error (MSE) between

the model predictions and the observed values of volumetric time series data presented

in the paper by Leder et al. [25]. Since we assume the same level of radio-sensitivity

for both stem-like and differentiated cells, ρ is excluded from our parameter set. The

minimization is performed under two constraints. First, the stem-like cells divide less

than frequently than the differentiated cells, and second that the differentiated cells exit

quiescence more quickly than stem-like cells. In addition, based on sensitivity analysis

performed by Leder et al. [25], there are several feasible ranges for some of the model

parameters. The relevant ranges for these parameters are reported in the Table 2.2.

The Gradient Descent method is utilized to find the optimal values of model parameters

presented in Table 2.2. The remainder of the tumor parameters in Table 2.3 are based

on the values reported by Leder et al. [25]. It should be noted that quiescence exit

for differentiated cells was modeled by a random variable Ld +Xd by Leder et al. [25]

where Ld is a positive constant and Xd is an exponential random variable with mean

1/λd for a positive rate λd. In order to allow for a mathematically tractable model
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Parameter Value Unit Parameter Value Unit

α 0.2 1/Gy rs 0.0008 1/hour

β 0.0011 1/Gy2 as 0.0019 1/hour

γ0 0.4 − R 20 -

ρ 1 − µ 3.25 hour

Td 159.01 hour σ2 1.46 hour2

λd 0.0654 1/hour Tp 120 or 168 hour

Ts 477.02 hour Te 1000 hour

λs 0.0328 1/hour αe/βe 10 Gy

rd 0.0038 1/hour αl/βl 3 Gy

Table 2.3: Parameters used for finding optimal schedule derived by minimizing the
mean square error (MSE) between the model predictions and the observed values of
volumetric time series data presented by Leder et al. (2014).

we replaced Ld + Xd with the constant value Td = Ld + 1/λd. An exactly analogous

approach is used for the stem-like cell exit time from quiescence. For normal tissues

we set α = 0.315/Gy for both late-responding and early responding tissues. The α/β

ratio is chosen to be 3 Gys and 10 Gys, for the late-responding and early responding

normal tissues, respectively [70]. We use the BED of the standard scheme (2 Gys/day

×5) as the maximum limit of BED for early and late responding normal tissues, Ce

and Cl, respectively. Moreover we study optimal schedules for different values of δe and

δl. Table 2.3 summarizes the values of model parameters used in this model for tumor,

early and late responding normal tissues.

We tested our optimization model for schedules with total time of 120 hours when

considering weekends as break and 168 hours while allowing treatments during weekend.

The response to a given radiation schedule in the context of our mathematical model is

measured by the number of tumor cells present 6 weeks after treatment conclusion as

an endpoint (approximate tumor doubling time for standard schedule).

2.4.2 Determination of Optimum Dosing Schedules

Since in clinical practice, patients may visit the clinic at most three times a day, two

values for Nmax are considered: Nmax = 15 where radiation treatments are not allowed

on weekends and Nmax = 21 where radiation treatments are allowed during weekends.



46

Number of Fractions δe = δl
0.25 0.5 0.75 1

Nmax = N∗ = 15 0.6882 Gy 0.7083 Gy 0.727 Gy 0.7446 Gy

Nmax = N∗ = 21 0.4939 Gy 0.5108 Gy 0.5268 Gy 0.542 Gy

Table 2.4: Optimal dose per fraction for different δe and δl (d∗1 = d∗2 = · · · = d∗N )

We constrained the number of patient weekly visits to the clinic by Nmax, however

when solving model II we allow more than 3 visits per day. In both cases, the optimum

number of fractions equals to N∗ = 15 and N∗ = 21, respectively. Table 2.4 displays

the optimum dose per fraction (optimum times can be calculated from Theorem 6) for

δe = δl = 0.25, 0.5, 0.75, 1.

As expected, the total dose increases with the number of fractions and the dose

proportion received by normal tissues. For the same amount of complications in early

responding and less amount of complications in late responding tissues than standard

schedule, we can increase the total dose by 3.23% to 11.69% for N = 15 and by 3.72% to

13.82% for N = 21 for low and high value of δ, respectively. The optimal dosing times

as determined by Theorem 6 are presented in Figure 2.3 for Tp = 120 and Tp = 168.

Due to clinical restrictions, the optimal schedule provided by Theorem 6 is difficult

to implement in practice. For example based on our parameter set, the solution to Model

II recommends 14 fractions (Nmax = 15) or 20 fractions (Nmax = 21) of radiation in the

first two days of their treatment and receive the last dose of radiation on the last day

of treatment. In order to study the impact of working hour constraints on the objective

function, we find the near optimal schedules in the case that working hour constraints are

imposed on the schedules. Specifically we say that working hour constraints require that

radiation can only be delivered hourly between 8am and 5pm. It is not possible to find

the exact optimal schedule while not violating clinical operating hour constraints using

the approach presented in section 3 . In this case, our problem is a non-linear interger-

programming problem, and we were not able to find the exact optimal solution. We

thus utilized the heuristic method of simulated annealing (SA) to locate near optimal

schedules satisfying the working hours constraint. In all examples we use 5 million

iterations of the SA algorithm. Figure 2.3 displays the optimal treatment schedule

while complying with clinical operating hour constraints for δe = δl = 0.25, 0.5, 0.75
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Figure 2.3: Schematic depicting the standard, optimum constrained and unconstrained
schedules for different δe and δl. The arrow position represents the time of dose during
the 1:00am to 12pm treatment window. The size of the arrow correlates with the size
of the dose.

and 1, respectively. These data are obtained with maximum fractional dose constraint

of 5 Gys, administering doses in a multiple of 0.25 Gy of radiation in a single dose and

no more than 3 daily visits to the clinic by patient. Furthermore in each iteration, we

insure that any schedule created meets the BED constraints for normal tissue. The

structure of the optimized therapy focuses most of the radiation on the first and the

last slots, has three positive slots per day separated by µ (3 hours) and has a large dose

of radiation (4 Gys) in an arbitrary slot.

Tables 2.5, 2.6 display BED for early and late responding tissues of different sched-

ules. It is found that the optimized therapy has a BED for late responding tissues that

is strictly less than that of the standard and optimized therapy obtained by SA. For the

optimal schedules, while delivering more total dose to the tumor, we can reduce BED

for late responding tissues for low and high values of δ by 6.5% to 20%, respectively.

Figure 2.4 and Table 2.7 show the predicted tumor growth in response to standard,

optimum constrained and unconstrained schedules for different δe and δl. It is found



48

(a) Model Comparison (δe = δl = 0.25)

(b) Model Comparison (δe = δl = 1)

Figure 2.4: Predicted tumor growth in response to standard, optimum constrained and
unconstrained schedules for different δe and δl.
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Schedules δe
0.25 0.5 0.75 1

Standard Schedule 2.625 5.5 8.625 12

Constrained Schedule (SA) 2.6242 5.4969 8.618 11.9875

Optimal Schedule, N = 15 2.625 5.5 8.625 12

Optimal Schedule, N = 21 2.625 5.5 8.625 12

Table 2.5: BED of early responding tissues for different schedules

Schedules δl
0.25 0.5 0.75 1

Standard Schedule 2.9167 6.667 11.25 16.6667

Constrained Schedule (SA) 2.9141 6.6563 11.2266 16.625

Optimal Schedule, N = 15 2.7286 5.9389 9.6656 13.9403

Optimal Schedule, N = 21 2.5997 5.8196 9.3899 13.4397

Table 2.6: BED of late responding tissues for different schedules

that the optimum schedules without imposing clinical operating constraint are better

than other schedules. The model predicts that optimal unconstrained schedules can

increase the tumor doubling time by 400 to 450 hours (37% to 41%) than standard

schedule for low and high values of δ, respectively. Since we can deliver more total dose

for high δe and δl, tumor doubling time increases with the proportionality factor for

the normal tissues.The optimum schedule found under working hour constraints is also

able to improve predicted survival time. In particular tumor doubling time changes by

325 hours (30%) compared to the standard schedule. Note that there is only a loss of

roughly 100 hours of survival time by imposing working hour constraints.
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Schedules δl = δe = 0.25 δl = δe = 0.5 δl = δe = 0.75 δl = δe = 1
FN (0) FN (60) FN (0) FN (60) FN (0) FN (60) FN (0) FN (60)

Standard Schedule 9.5% 734.8% 9.5% 734.8% 9.5% 734.8% 9.5% 734.9%
Constrained Schedule (SA) 4.5% 208.1% 4.5% 208.1% 4.5% 208.1% 4.5% 208.1%
Optimal Schedule-N = 15 4.3% 156.9% 4.0% 145.5% 3.8% 137.5% 3.6% 130.4%
Optimal Schedule-N = 21 4.2% 153.0% 3.9% 142.5% 3.7% 133.2% 3.4% 124.9%

Table 2.7: Evaluation of radiation damages to the tumor following the treatment and
60 days after treatment beginning. Reported values show the fraction of surviving
tumor cells following the treatment (FN (0)) and two months after first dose of radiation
(FN (60)).



Chapter 3

Robust and Probabilistic

Optimization of Dose Schedules

in Radiotherapy

The crucial parameters in radiotherapy are subject to uncertainty and may vary amongst

patients. For example the values 3Gy and 10Gy are frequently assumed for the ratio α/β

for late responding normal tissue and tumor tissue respectively. However these values

should be considered as a rough estimate as there is little evidence [13] to show that

these values can be generalized across a wide range of human normal-tissue endpoints

and tumor histologies. For the sparing factor, there has been a significant amount of

effort dedicated to improving the accuracy and precision of radiation therapy delivery in

the past decades. However there still exist sources of uncertainty (e.g., patient motion,

organ deformation, positioning uncertainty) which make it impossible to achieve full

precision in estimating parameters associated with organ movements in radiotherapy,

and thus the exact value of the sparing factor is often not known.

In order to solve the optimization problem (1.0.3) it is vital to know the parameters

α, β, βi/αi, and δi since the optimal fractionation schedule will depend on their value

([16], [18] and [19]). However, it is quite difficult to obtain accurate measurements

of these parameters in a clinical setting and precise estimates of these values are very

difficult to find. Furthermore, due to inter-patient heterogeneity it is possible that a

51
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wide range of parameter values are possible across the patient population. For example

in several cancers there are a multitude of possible mutational pathways responsible for

the creation of the tumor, e.g., breast, glioblastoma, and head & neck. As a result of

this situation we are interested in investigating the effect of parametric uncertainty on

the solution to problem (1.0.3).

We present a mathematical formulation of the optimal fractionation problem in the

presence of multiple normal tissues incorporating uncertainties in model parameters

based on the LQ model adjusted for tumor proliferation with a time lag. This formu-

lation allows for the parametric uncertainty to take two forms: (i) estimation errors for

parameters of constant but unknown value, and (ii) stochasticity of random variables.

In the first case only the range of the uncertain parameters is known, specifically, we

assume parameter a belongs to a symmetric interval [ā − la, ā + la] centered at ā and

for the second scenario we consider a as a continuous random variable with probability

density function f . In the second case, we are interested in finding the optimized radio-

therapy delivery schedule based on two principles: first the nominal values of sensitive

parameters are inaccurate and should be replace by range forecast and second, using the

range forecasts alone may lead to an excessively high level of conservativeness and the

the objective function may suffer as a result. We examine the mathematical properties

of the optimal fractionation scheme in various models. The results are discussed in the

context of head and neck tumors. As a generalization, we broadly consider the effects

of parametric uncertainty on the structure of optimal fractionation schedules.

The organization of the remainder of this chapter is as follows. In the next section we

formulate the robust and probabilistic counter parts of the nominal problem presented

in (1.0.3) for various uncertainty sets. Next, we describe our solution methods for the

problems presented. Finally we solve our optimization problems for the specific case of

head and neck carcinomas and generalize the results to the other tumors.

3.1 Non-probabilistic Robust Formulation

The uncertainties in radiotherapy treatment can be categorized into two groups: geo-

metric and inter-patient variability. Target volumes take account of geometric uncer-

tainties such as organ motion, inaccuracies or variations in treatment set-up, patient



53

positioning errors and fluctuations in machine output. Several studies addressed these

uncertainties using different techniques ([32] ,[33]). Inter-patient variability is due to

heterogeneity in patient-specific variables such as the sensitivity of their normal tissues

and tumor to radiation, and the growth rate of their tumor. In several cancers there

have been multiple subtypes discovered driven by distinct genetic pathways and hav-

ing distinct phenotypic behaviors such as growth parameters and response to therapy

(e.g. glioblastoma [40], breast cancer [41], head and neck cancer [42], melanoma [43]

and many others). A distinct possibility is that there is still significant patient vari-

ability within these subtypes. In fact this inter patient heterogeneity is a large reason

for the pursuit of personalized medicine [44]. Given current technologies it is difficult

to measure tumor response parameters α and β during treatment due to confounding

effects such as protracted cell death [45], cell cycle arrest [46], and radiotherapy me-

diated immune response [47]. Furthermore, toxicity effects often do not show up until

several months or even years after conclusion of therapy, and it is therefore not possible

to learn the tumor response properties of normal tissues during treatment.

As mentioned above the parameters α, β, {δi}Mi=1 and {βi/αi}Mi=1 are subject to

uncertainty and may vary amongst patients. Here our aim is to construct a robust for-

mulation to (1.0.3) that is immune to realizations of the uncertain parameters so long

as they lie within certain sets. This approach may be the only reasonable alternative

when the parameter uncertainty is uniformly distributed, or if no distributional infor-

mation is available. First we consider the case that the values of parameters α and β

are known and we only know that the parameters {βi/αi}Mi=1 and {δi}Mi=1 lie in given

intervals. These uncertainty sources can have a detrimental effect on configurations or

feasibility of optimal schedules. In this chapter, we assume a fixed amount of radiation

are delivered to tumor, however the fraction of radiation absorbed by normal tissues

is subject to uncertainty. Here we assume for the ith normal tissue, βi/αi and δi are

modeled as symmetric and bounded random variables that take lie in given intervals,

or equivalently

βi
αi
∈ [

β̄i
αi
− li,

β̄i
αi

+ li], and δi ∈ [δ̄i − lδi , δ̄i + lδi ], i ∈ {1, . . . ,M}. (3.1.1)

Next we derive a computationally tractable solution to the robust optimization problem
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(1.0.3). In the non-probabilistic robust formulation we do not allow any violation of the

normal tissue constraints for any parameters taking values in the sets (3.1.1). Therefore

the robust counter part of (1.0.3) associated with uncertainty sets defined in (3.1.1) is

found by solving

maximizedj≥0,N∈Z+

N∑
j=1

αdj + βd2
j − g(N) (3.1.2)

subject to

sup


 N∑
j=1

d2
j −

D2
i

Ni

 δi
βi
αi

∣∣∣βi
αi
∈ [

β̄i
αi
− li,

β̄i
αi

+ li] and δi ∈ [δ̄i − lδi , δ̄i + lδi ]


≤ Di −

N∑
j=1

dj ∀i.

Note that when
∑N

j=1 d
2
j ≥

D2
i

Ni
, the supremum happens when βi

αi
and δi take their upper

bounds in the sets (3.1.1), otherwise the supremum is achieved in lower bounds of βi
αi

and δi defined in (3.1.1). We now replace the problem (3.1.2) by a formulation using the

supremum of BED constraints. Formally, the robust counterpart of (1.0.3) considering

uncertainties defined in (3.1.1) can be written as

maximizedj≥0,N∈Z+

N∑
j=1

αdj + βd2
j − g(N) (3.1.3)

subject to

B1 ∩ B2 ∩ · · · ∩ BM−1 ∩ BM

where Bi is defined as follows

Bi =


N∑
j=1

d2
j ≥

D2
i

Ni
,
N∑
j=1

dj + ai

N∑
j=1

d2
j ≤ Di + ai

D2
i

Ni

∪
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N∑
j=1

d2
j ≤

D2
i

Ni
,

N∑
j=1

dj + a′i

N∑
j=1

d2
j ≤ Di + a′i

D2
i

Ni


and ai = (δ̄i + lδi)(

β̄i
αi

+ li) and a′i = (δ̄i − lδi)(
β̄i
αi
− li).

3.2 Probabilistic Optimization Models

Although (3.1.3) provides the strongest protection against excessive toxicity in OAR, it

is also the most conservative solution and results in less tumor cell kill than achieved

by optimizing the nominal formulation. To address this excessive conservativeness,

we control the level of flexibility between robustness and performance of the optimal

schedule by using a probabilistic formulation that provides a notion of a budget of

uncertainty. We view α and β as continuous random variables with joint probability

density function f(·, ·) and we assume that the cdf of βi
αi

and δi in the ith normal

tissue are Fi and Gi respectively. In addition we assume that for each i, βi
αi

and δi are

independent of all other random variables in the model. We will require that BED in

the ith normal tissue does not exceed some level with a high probability. This desire

can be naturally expressed by requiring that the BED in the ith normal tissue exceeds

the maximum allowable BED, BEDmax
i , with probability at most 1 − pi, where pi is

some constant close to 1, e.g., 0.95. Furthermore we require that optimized schedules

obtained by our robust formulations result in an objective value which exceed level z,

with probability more than or equal to pz.

We now describe a formulation that assumes that α, β, and βi
αi

and δi are ran-

dom variables with known probability distributions, and we use our knowledge of this

uncertainty to enforce the constraints in a probabilistic fashion. We require that the

probability of violation of the BED constraint in ith OAR is at most 1 − pi. Written

mathematically we have

P

 N∑
j=1

(dj + δi
βi
αi
d2
j ) ≤ Di + δi

βi
αi

D2
i

Ni

∣∣∣βi
αi
≥ 0, δi ≥ 0

 ≥ pi ∀i. (3.2.4)

Note that from a biological point of view, it is impossible for α, β, βi
αi

and δi to take
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negative values, and since in literature it is often assumed that α, β and βi
αi

are normally

distributed, we need to add the non-negatively conditions above. In order to satisfy

(3.2.4) for random variables δi and βi
αi

we must have:

P
(∑N

j=1 dj + δi
βi
αi

∑N
j=1 d

2
j ≤ Di + δi

βi
αi

D2
i

Ni
, δi

βi
αi
≥ 0
)

P
(
δi
βi
αi
≥ 0
) ≥ pi ∀i. (3.2.5)

Note that we assume δi ∈ [0, 1] and thus the event { βiαi ≥ 0, δi ≥ 0} is equivalent

to {δi βiαi ≥ 0}. By knowing the cdf of βi
αi

and δi (recall that we assume these random

variables are independent), we can easily compute the cdf of their product. Let Hi be the

cdf of δi
βi
αi

. Note that we use the notations P
(
δi
βi
αi
≥ x

)
= H̄i(x) and P

(
δi
βi
αi
≤ x

)
=

Hi(x), therefore (3.2.5) simplifies to

P

(

N∑
j=1

d2
j −

D2
i

Ni
)δi
βi
αi
≤ Di −

N∑
j=1

dj , δi
βi
αi
≥ 0

 ≥ piH̄i(0) ∀i. (3.2.6)

If we consider the events in (3.2.6) for the positive values of
∑N

j=1 d
2
j −

D2
i

Ni
, we can

rewrite the condition (3.2.6) as

P

0 ≤ δi
βi
αi
≤
Di −

∑N
j=1 dj∑N

j=1 d
2
j −

D2
i

Ni

 ≥ piH̄i(0) ∀i (3.2.7)

or equivalently

P

δi βi
αi
≤
Di −

∑N
j=1 dj∑N

j=1 d
2
j −

D2
i

Ni

 ≥ piH̄i(0) +Hi(0) ∀i. (3.2.8)

Thus (3.2.8) is implied by

Di −
∑N

j=1 dj∑N
j=1 d

2
j −

D2
i

Ni

≥ H−1
i (piH̄i(0) +Hi(0)). (3.2.9)

If we consider the events in (3.2.6) for the negative values of
∑N

j=1 d
2
j −

D2
i

Ni
, we can
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rewrite the condition (3.2.6) as

P

δi βi
αi
≥
Di −

∑N
j=1 dj∑N

j=1 d
2
j −

D2
i

Ni

, δi
βi
αi
≥ 0

 ≥ piH̄i(0) ∀i (3.2.10)

Note that if
Di−

∑N
j=1 dj∑N

j=1 d
2
j−

D2
i

Ni

< 0, then in order to satisfy condition (3.2.10) it suffices to have

P
(
δi
βi
δi
≥ 0
)

= H̄i(0) ≥ piH̄i(0) which is equivalent to the obvious inequality pi ≤ 1.

Therefore condition (3.2.10) simplifies to

P

δi βi
αi
≥
Di −

∑N
j=1 dj∑N

j=1 d
2
j −

D2
i

Ni

 ≥ piH̄i(0) ∀i. (3.2.11)

Thus (3.2.11) is implied by

Di −
∑N

j=1 dj∑N
j=1 d

2
j −

D2
i

Ni

≤ H−1
i (1− piH̄i(0)) ∀i. (3.2.12)

Hence the condition defined in (3.2.4) is equivalent to (3.2.9) if
∑N

j=1 d
2
j ≥

D2
i

Ni
and

(3.2.12) if
∑N

j=1 d
2
j <

D2
i

Ni
for positive di, i = 1, . . . ,M . We can rewrite this as the union

of following two sets

Si =


N∑
j=1

d2j ≥
D2
i

Ni
,

N∑
j=1

dj + bi

N∑
j=1

d2j ≤ Di + bi
D2
i

Ni


∪


N∑
j=1

d2j <
D2
i

Ni
,

N∑
j=1

dj + b′i

N∑
j=1

d2j ≤ Di + b′i
D2
i

Ni


where bi = H−1

i (1−(1−pi)H̄i(0)) and b′i = H−1
i (1−piH̄i(0)). Therefore BED constraint

associated with each OAR defines a region as Si. The feasible region defined by the

toxicity constraints can then be obtained by taking the intersection of feasibility region

for all the OAR, that is ∩Mi=1Si.
We require that optimized schedules obtained by our robust formulation result in

an objective value which exceeds level z, with a probability at least pz. Note that for
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the optimization problem

max f(x) + g(x) subject to x ∈ A

with out loss of generality we can rewrite it as

max z + g(x) subject to z ≤ f(x) and x ∈ A.

As a result, we can move data uncertainty in objective function of (1.0.3) to the con-

straint set and write (1.0.3) as

maximizedj≥0,N∈Z+z − g(N)

P

 N∑
j=1

(αdj + βd2
j ) ≥ z

∣∣∣α ≥ 0, β ≥ 0

 ≥ pz (3.2.13)

S1 ∩ S2 ∩ · · · ∩ SM−1 ∩ SM . (3.2.14)

We can simplify condition (3.2.13) to

P
(
α
∑N

j=1 dj + β
∑N

j=1 d
2
j ≥ z, α ≥ 0, β ≥ 0

)
P (α ≥ 0, β ≥ 0)

≥ pz

or equivalently

P

α N∑
j=1

dj + β

N∑
j=1

d2
j ≥ z, α ≥ 0, β ≥ 0

 ≥ pzP (α ≥ 0, β ≥ 0)

P

α N∑
j=1

dj + β
N∑
j=1

d2
j ≤ z, α ≥ 0, β ≥ 0

 ≤ P (α ≥ 0, β ≥ 0)− pzP (α ≥ 0, β ≥ 0)

which can be written in a closed form as

∫ z∑N
j=1

dj

0

∫ z−α
∑N
j=1 dj∑N

j=1
d2
j

0
f(α, β)dβdα ≤ (1− pz)P (α ≥ 0, β ≥ 0).
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Putting together all of above results, we can derive (3.2.15) as our probabilistic

optimization model.

maximizedj≥0,N∈Z+,zz − g(N) (3.2.15)

subject to

∫ z∑N
j=1

dj

0

∫ z−α
∑N
j=1 dj∑N

j=1
d2
j

0
f(α, β)dβdα ≤ (1− pz)P (α ≥ 0, β ≥ 0)

S1 ∩ S2 ∩ · · · ∩ SM−1 ∩ SM .

3.3 Solution Approach

We now turn our attention to the solution of the optimization problems presented in the

previous section. For any fixed N , the feasible regions of models described in Section 2

are compact sets and the objective functions are continuous. Therefore by the extreme

value theorem of Weierstrass [77], optima exist.

First we use a variable transformation to simplify the formulations posed in (1.0.3),

(3.1.3), and (3.2.15). The simplification is to introduce the variables

X =

N∑
j=1

dj , Y =

N∑
j=1

d2
j . (3.3.16)

If we have (3.3.16) for some N then by the Cauchy-Schwarz inequality

X2 =

(
N∑
i=1

di

)2

≤

(
N∑
i=1

d2
i

)(
N∑
i=1

1

)
= NY

and since di ≥ 0, we also have

X2 =

(
N∑
i=1

di

)2

≥

(
N∑
i=1

d2
i

)
= Y

In particular, if X2 > NY or X2 < Y then there is no feasible assignment of

fraction sizes for the pair (X,Y ). As a consequence, by adding these constraints, we
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guarantee that the optimal doses d∗i can be retrieved based on the solution of the

adjusted formulations.

The proliferation term, g(N), does not depend on dose. By including tumor prolif-

eration, we can also optimize the number of treatment sessions N . This can be done by

first introducing the maximum number of radiation fractions we are willing to adminis-

ter in the course of radiation therapy, Nmax. The for each 1 ≤ N ≤ Nmax we solve the

simplified versions of problems posed in (1.0.3) and (3.1.3) using transformation intro-

duced in (3.3.16) and the two additional constraints X2 ≤ NY and X2 ≥ Y . Finally,

we choose the N that maximizes the optimal biological effect on the tumor and return

the optimal (X∗, Y ∗) associated with the optimal N as the global optimal solution.

The feasible region defined by each Bi or Si using the transformations in (3.3.16)

can be described in the following simplified form{
Y ≥ D2

i

Ni
, X + ciY ≤ Di + ci

D2
i

Ni

}
∪
{
Y ≤ D2

i

Ni
, X + c′iY ≤ Di + c′i

D2
i

Ni

}
, i = 1, . . . ,M

(3.3.17)

where ci and c′i are the coefficients from Bi or Si. When α and β are fixed, for every N ,

we can replace the conditions X2 ≤ NY and X2 ≥ Y with Y ≥ θNX and Y ≤ θ1X (see

[17]), respectively, where for 1 ≤ k ≤ Nmax, θi = Y (k)

X(k) and the pair (X(k), Y (k)) are the

coordinates of the intersection kY = X2 with polygon defined by the OAR constraints

given by (3.3.17). Therefore in order to solve the optimization problems (3.1.3) and

(3.2.15) with a fixed value N ∈ {1, . . . , Nmax}, we need to specify the corners of the

convex hull defined by the inequalities in (3.3.17), Y ≥ θNX and Y ≤ θ1X. Algorithm

1 describes how to construct the corners of the polygon sorted in increasing order of

their x-coordinates CHN = {(X1, Y1), . . . , (Xk, Yk)}. The optimal solution to (1.0.3)

and (3.1.3) for every N occurs at one of these corners.

For (3.2.15) a more specialized approach is required. The new formulation of (3.2.15)

is

maximizeX,Y≥0,zz − g(N) (3.3.18)

subject to ∫ z
X

0

∫ z−αX
Y

0
f(α, β)dβdα ≤ (1− pz)P (α ≥ 0, β ≥ 0) (3.3.19)
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Algorithm 1 Constructing the corners of feasible region defined by (3.3.17), X2 ≥ Y
and X2 ≤ NY
1: Define L1 as the set of all line segment connecting (0, Di

ci
+
D2
i

Ni
) and (Di,

D2
i

Ni
) and L2 as the set of all line

segment passing through (Di,
D2
i

Ni
) and (Di + c′i

D2
i

Ni
, 0) for i = 1, . . . ,M .

2: Use Bentley-Ottmann algorithm [78] for listing all crossings in the set of {L1 ∪ L2}, call it L.

3: Let L be L∪{(0, Di1
ci1

+
D2
i1

Ni1
)}∪{(Di2 +c′i2

D2
i2

Ni2
, 0)} where i1 = argmink{Dkck +

D2
k

Nk
} and i2 = argmink{Dk+

c′k
D2
k

Nk
}

4: Compute V = {(v1, v′1), . . . , (vp, v′p)}, as the set of all pairs in L satisfying (3.3.17) for all i = 1, . . . ,M ,
sorted in increasing order by the x-coordinate.

5: CH1 ← {(0, 0)}
6: For i← 1 to p− 1
7: Compute (xi, yi) as the intersection of line passing through (vi, v

′
i) and (vi+1, v

′
i+1) and y = x2.

8: If vi ≤ xi < vi+1 and yi > 0
9: index[1]← i

10: CH1 ← CH1 ∪ {(xi, yi)}
11: Break
12: End If
13: End For
14: For i← 2 to Nmax
15: CHi ← CHi−1

16: For j ← index[i− 1] to p
17: If v2

j ≤ iv′j
18: CHi ← CHi ∪ {(vj , v′j)}
19: index[i] ← j
20: Else
21: if j ==index[i− 1] then index[i] ←index[i− 1], else index[i] ← j − 1
22: Break
23: End If
24: End For
25: End For
26: For i← 2 to Nmax
27: Let (xi, yi) be the intersection of x2 = iy and line passing through (vindex[i], v

′
index[i]

) and

(vindex[i]+1, v
′
index[i]+1

)

28: CHi ← CHi ∪ (xi, yi)
29: End For
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S1 ∩ S2 ∩ · · · ∩ SM−1 ∩ SM (3.3.20)

X2 ≤ NmaxY (3.3.21)

X2 ≥ Y (3.3.22)

In the rest of this section, we will present a method for solving (3.3.18)-(3.3.22).

Consider a constrained optimization problem as

maximizef(x), x ∈ Rn,

subject to gi(x) ≤ 0, i = . . . ,m

then we define the ith constraint to be active (at a solution y) if gi(y) = 0. We will now

show that in optimality, (3.3.19) is active and the optimal solution always lies on the

most restrictive constraint(s), i.e., the constraint(s) that impose the largest restriction

on the dose that can be delivered to the tumor.

Lemma 7. The optimal X∗ and Y ∗ in (3.3.18) lie on the feasible boundaries of the

region defined by (3.3.20)..(3.3.22) and furthermore constraint (3.3.19) is active in op-

timality.

Proof. Assume z∗, X∗, Y ∗ and N∗ are optimal solutions to (3.3.18). If X∗ and Y ∗ lie

in the interior of the feasible region, then there exist ∆X > 0 and ∆Y > 0 such that

the pair (X ′, Y ′), where X ′ = X∗ + ∆X and Y ′ = Y ∗ + ∆Y , is a feasible solution. The

left hand side of (3.3.19) is a decreasing function in both X and Y , therefore we can

replace (X∗, Y ∗) with (X ′, Y ′) and increase z without violating feasibility of constraints

set defined in (3.3.19) ... (3.3.22). Therefore there exists a feasible z which is strictly

greater than z∗ and it contradicts the assumption that z∗ is an optimal solution to our

problem. However we need to show that there exist ∆X and ∆Y such that (X ′, Y ′)

results in the same or smaller optimal number of fractions, N∗. First note that the

minimum number of treatment sessions for a given (X,Y ) is dX2/Y e since we require

X2 ≤ NY and g(N) is an increasing function in N . If N∗ = (X∗)2/Y ∗, then we can
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choose ∆X and ∆Y such that (X ′)2/Y ′ = N∗. Also if N∗ > (X∗)2/Y ∗, then we can

take ∆X = 0 and ∆Y = ε small enough such that (X∗, Y ∗ + ε) stay feasible and the

condition N∗ ≥ (X∗)2/(Y ∗ + ∆Y ) still holds. Therefore it is evident that always there

exist ∆X ≥ 0 and ∆Y > 0 such that by replacing (X∗, Y ∗) with (X∗+ ∆X,Y ∗+ ∆Y ),

we can keep g(N) constant and increase z, which shows that the optima must lie on the

boundaries of the feasible region. Also if (3.3.19) is not active in optimality, we have

∫ z
X

0

∫ z−αX
Y

0
f(α, β)dβdα < (1− pz)P (α ≥ 0, β ≥ 0)

and we can increase z without leaving feasible region which contradicts the optimality

assumption.

Now we discuss the impact of adding X2 ≤ NmaxY and X2 ≥ Y on optimal solutions

of (3.3.18).

Lemma 8. At the optimal solution to (3.3.18), the constraints X2 ≤ NmaxY and

X2 ≥ Y are either inactive or the optimal solution occurs at corners (X(1), Y (1)) and

(X(Nmax), Y (Nmax)).

Proof. Let F be the feasible region of (3.3.18) defined by (3.3.20), (3.3.21) and (3.3.22).

Based on lemma 7, the optimal solution of (3.3.18) lies on the feasible boundaries

of F . If X2 ≤ NmaxY and X2 ≥ Y are redundant constraints ((X∗, Y ∗) obtained by

ignoring these constraints satisfy these constraints), then X2 ≤ NmaxY and X2 ≥ Y are

inactive constraints in optimality. Otherwise, consider the three corners p1 = (0, 0), p2 =

(X(1), Y (1)) and p3 = (X(Nmax), Y (Nmax)) where p2 shows the coordinates of intersection

point of X2 = Y and feasible boundaries of the set defined by (3.3.20) and p3 shows

the coordinates of intersection point of X2 = NmaxY and feasible boundaries of the set

defined by (3.3.20) (see Figure 3.1-B). As we move from p1 toward p2 or from p1 toward

p3, we can increase both X and Y . At the end of two curves −−→p0p1 and −−→p0p2, we are at a

feasible solution (p2 or p3) with maximum X and Y , and since the objective function in

(3.3.18) is increasing in both X and Y , we see that the maximal value of z is obtained

at either p1 or p2.

As a direct result of Lemma 7 and Lemma 8, we know that the optimal pair (X∗, Y ∗)

lie along the feasible boundary of the convex hull CHNmax . For each feasible pair we
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Figure 3.1: Feasible region of robust and stochastic optimization problems with 4 OARs.
Different colors show the BED constraints associated with different OARs. A) This plot
shows the feasible region of model (1.0.3). For each N , the optimal solution occurs at
one of the corners of feasible region. B) This plot shows the effect of uncertainty in
model parameters on feasible region. Every line segment is broken down into two line

segments with different slopes and passing through (Di,
D2
i

Ni
). Having α and β as random

variables, the pair (X∗, Y ∗) can be located by searching on all line segments connecting
(X(1), Y (1)) and (X(Nmax), Y (Nmax)).

can find the unique value ẑ(X,Y ) that gives equality in (3.3.19). Thus to solve the

optimization problem we find the pair (X,Y ) on the feasible boundary that maximizes

the function ẑ(X,Y ).

In order to solve problem (3.3.18) we can find ẑi = ẑ(Xi, Yi) for each 1 ≤ i ≤ k, and

then look at max{ẑi − g(N) : 1 ≤ i ≤ k}. This process will tell us the optimal corner,

but it does not necessarily tell us the optimal pair (X∗, Y ∗). In order to find the optimal

pair it is necessary to consider the edges of the polygon because it is possible to construct

numerical examples where the optimal solution does not occur at a corner. Note that

point (Xi, Yi) in CHNmax is only connected to the points (Xi−1, Yi−1) and (Xi+1, Yi+1),

where (X0, Y0) ≡ (Xk, Yk) and (Xk+1, Yk+1) ≡ (X1, Y1).We therefore define the vector
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valued function for 1 ≤ i ≤ k

(Xi(t), Yi(t)) = (tXi + (1− t)Xi+1, tYi + (1− t)Yi+1), 0 ≤ t ≤ 1,

and the inverse function

zi(t) = {z−g
(
dXi(t)

2/Yi(t)e
)
|
∫ z

Xi(t)

0

∫ z−αXi(t)
Yi(t)

0
f(α, β)dβdα = (1−pz)P (α ≥ 0, β ≥ 0)}.

(3.3.23)

Note that the value of z in (3.3.23) for every pair (Xi(t), Yi(t)) can be computed

using bisection method. The minimum number of treatment sessions for a given (X,Y ) is

dX2/Y e, thus g
(
dXi(t)

2/Yi(t)e
)

computes the reproduction effect for every (Xi(t), Yi(t)).

If there is very little chance of α or β being negative we can work with the simpler func-

tion

z̃i(t) = {z − g
(
dXi(t)

2/Yi(t)e
)
|
∫ z

Xi(t)

0

∫ z−αXi(t)
Yi(t)

0
f(α, β)dβdα = (1− pz)}.

If Tk or τd are big enough such that we can assume g(N) u 0, then the function zi is

continuously differentiable by the inverse function theorem. We now show an interesting

feature of zi(t) when g(N) u 0 for three common distributions.

Lemma 9. The function zi(t) when g(N) u 0 is concave at its critical points in the

following three scenarios:

• α and β are distributed according to two independent exponential distributions

• α and β are distributed according to two independent distributions with the follow-

ing densities (c1 and c2 are two positive constants and k1 and k2 are two positive

integers):

f(α) = c1α
k1 , 0 ≤ α ≤ 1, g(β) = c2β

k2 , 0 ≤ β ≤ 1

• If α and β are distributed according to two independent normal distributions and

pz ≥ 0.5 then z̃i is concave at its critical points.
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Proof. Define

φ(zi(t), t) =

∫ zi(t)

tXi+(1−t)Xi+1

0

∫ zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1

0
f(α, β)dβdα.

Then we have

∂

∂t
φ(zi(t), t) =

∂φ(zi(t), t)

∂zi(t)

∂zi(t)

∂t
+
∂φ(zi(t), t)

∂t
= 0

and we can compute that

∂zi(t)

∂t
= −

∂φ(zi(t),t)
∂t

∂φ(zi(t),t)
∂zi(t)

.

In order to compute ∂φ(zi(t),t)
∂t , first define

H(t, α) =

∫ zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1

0
f(α, β)dβ

then consider that

∂φ(zi, t)

∂t
=

∂

∂t
(

∫ zi(t)

tXi+(1−t)Xi+1

0
H(t, α)dα) =

∫ zi(t)

tXi+(1−t)Xi+1

0

∂

∂t
H(t, α)dα.

On the other hand, we have:

∂

∂t
H(t, α) =

z′i(t)(tYi + (1− t)Yi+1) + α(Xi+1Yi −XiYi+1) + zi(t)(Yi+1 − Yi)
(tYi + (1− t)Yi+1)2

×

f(α,
zi(t)− α(tXi + (1− t)Xi+1)

tYi + (1− t)Yi+1
)

therefore we can compute ∂φ(zi,t)
∂t as

∫ zi(t)

tXi+(1−t)Xi+1

0

z′i(t)(tYi + (1− t)Yi+1) + α(Xi+1Yi −XiYi+1) + zi(t)(Yi+1 − Yi)
(tYi + (1− t)Yi+1)2

×

f(α,
zi(t)− α(tXi + (1− t)Xi+1)

tYi + (1− t)Yi+1
)dα
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Our next task is computing ∂φ(zi(t),t)
∂zi(t)

. Let’s define L (zi(t), α) as

∫ zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1

0
f(α, β)dβ

then we have:

∂φ(zi(t), t)

∂zi(t)
=

∫ zi(t)

tXi+(1−t)Xi+1

0

∂

∂zi(t)
L(zi(t), α)dα

and

∂

∂zi(t)
L(zi(t), α) =

1

tYi + (1− t)Yi+1
f(α,

zi(t)− α(tXi + (1− t)Xi+1)

tYi + (1− t)Yi+1
)

thus we can conclude that

∂φ(zi(t), t)

∂zi(t)
=

∫ zi(t)

tXi+(1−t)Xi+1

0

1

tYi + (1− t)Yi+1
f(α,

zi(t)− α(tXi + (1− t)Xi+1)

tYi + (1− t)Yi+1
)dα

and finally compute ∂zi(t)
∂t as

−

∫ zi(t)

tXi+(1−t)Xi+1

0 g(α, t)f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0
1

tYi+(1−t)Yi+1
f(α, zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1
)dα

.

where

g(α, t) =
z′i(t)(tYi + (1− t)Yi+1) + α(Xi+1Yi −XiYi+1) + zi(t)(Yi+1 − Yi)

(tYi + (1− t)Yi+1)2
.

This can be simplified further to

∂zi(t)

∂t
= − zi(t)(Yi+1 − Yi)

2(tYi + (1− t)Yi+1)

− (Xi+1Yi −XiYi+1)

2(tYi + (1− t)Yi+1)
×

∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα

(3.3.24)
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To establish concavity of function zi(t) at its critical points, we require to show that
∂2zi(t)
∂t2

< 0 when ∂zi(t)
∂t = 0.

∂2zi(t)

∂t2
= − (Yi+1 − Yi)

2(tYi + (1− t)Yi+1)2
×zi(t)(Yi+1 − Yi) + (Xi+1Yi −XiYi+1)

∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα



− 1

2(tYi + (1− t)Yi+1)
× ∂

∂tzi(t)(Yi+1 − Yi) + (Xi+1Yi −XiYi+1)

∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα



=
(Yi+1 − Yi)

tYi + (1− t)Yi+1

∂zi(t)

∂t
− 1

2(tYi + (1− t)Yi+1)
× ∂

∂tzi(t)(Yi+1 − Yi) + (Xi+1Yi −XiYi+1)

∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα



= − (Xi+1Yi −XiYi+1)

2(tYi + (1− t)Yi+1)

∂

∂t


∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα

 .

The term − (Xi+1Yi−XiYi+1)
2(tYi+(1−t)Yi+1) is negative, therefore in order to show the concavity of above

function it is enough to show that

∂

∂t


∫ zi(t)

tXi+(1−t)Xi+1

0 αf(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα∫ zi(t)

tXi+(1−t)Xi+1

0 f(α, zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)dα

 (3.3.25)
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is positive. We now prove the concavity of zi(t) for several distributions as follows:

Exponential Distribution: Assume f(α) = µ1e
−µ1α and g(β) = µ2e

−µ2β. Therefore

we can compute (3.3.25) as

∂

∂t

∫
zi(t)

tXi+(1−t)Xi+1

0 αµ1µ2e
−µ1α−µ2(

zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1
)
dα∫ zi(t)

tXi+(1−t)Xi+1

0 µ1µ2e
−µ1α−µ2(

zi(t)−α(tXi+(1−t)Xi+1)

tYi+(1−t)Yi+1
)
dα

 =

∂

∂t

∫
zi(t)

tXi+(1−t)Xi+1

0 αe
−α(µ1+µ2

tXi+(1−t)Xi+1
tYi+(1−t)Yi+1

)
dα∫ zi(t)

tXi+(1−t)Xi+1

0 e
−α(µ1+µ2

tXi+(1−t)Xi+1
tYi+(1−t)Yi+1

)
dα

 .

Define zi(t)
tXi+(1−t)Xi+1

= u and µ1 + µ2
tXi+(1−t)Xi+1

tYi+(1−t)Yi+1
= v, then we can simplify above

equation as follows
∂

∂t

(
1− (1 + uv)e−uv

v(1− e−uv)

)
=

(uv(u′v + uv′)e−uv)v(1− e−uv)− (1− (1 + uv)e−uv)(v′(1− e−uv) + v(u′v + uv′)e−uv)

(v(1− e−uv))2

=
(uv3 + v2e−uv − v2)u′e−uv + (u2v2e−uv − 1 + 2e−uv − e−2uv)v′

(v(1− e−uv))2 .

Therefore we need to show that (uv3 + v2e−uv − v2)u′e−uv + (u2v2e−uv − 1 + 2e−uv −
e−2uv)v′ is positive, note that

u′ =
z′i(t)(tXi + (1− t)Xi+1) + (Xi+1 −Xi)zi(t)

(tXi + (1− t)Xi+1)2

v′ =
(Xi −Xi+1)(tYi + (1− t)Yi+1) + (Yi+1 − Yi)(tXi + (1− t)Xi+1)

(tYi + (1− t)Yi+1)2

=
XiYi+1 −Xi+1Yi

(tYi + (1− t)Yi+1)2

uv =
µ1zi(t)

tXi + (1− t)Xi+1
+

µ2zi(t)

tYi + (1− t)Yi+1

In critical points of zi(t) we have z′i(t) = 0, hence u′ and uv are positive and v′ is

negative. Define w = uv, obviously u, v, w > 0 and we can simplify (uv3 + v2e−uv −
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v2)u′e−uv + (u2v2e−uv − 1 + 2e−uv − e−2uv)v′ as

(w + e−w − 1)v2u′e−w + (w2e−w − 1 + 2e−w − e−2w)v′ (3.3.26)

Note that w + e−w − 1 ≥ 0 and w2 + 2− ew − e−w ≤ 0 for w ≥ 0, therefore (3.3.26) is

always positive.

Normal Distribution without positivity conditions on α and β: If we ignore

the positivity conditions of α and β, zi(t) can be simplified as

zi(t) = {z|P (αXi(t) + βYi(t) ≤ z) = (1− pz), 0 ≤ t ≤ 1}

or equivalently

P

N ≤ zi(t)−Xi(t)µα − Yi(t)µβ√
σ2
αXi(t)

2 + σ2
βYi(t)

2

 = (1− pz).

Hence zi(t) can be computed as

zi(t) = Φ−1 (1− pz)
√
σ2
αXi(t)

2 + σ2
βYi(t)

2 +Xi(t)µα + Yi(t)µβ

or

zi(t) = c
√
u(t) + L(t)

where c = Φ−1 (1− pz) ,u(t) = σ2
αXi(t)

2 + σ2
βYi(t)

2 and L(t) = Xi(t)µα + Yi(t)µβ is a

linear function of t. Note that L(t) is both convex and concave, therefore in order to

establish the concavity of zi(t), it is enough to show the concavity of c
√
u(t). Note that

∂2

∂t2

√
u(t) =

1

2
u′′(t)u(t)−

1
2 − 1

4
(u′(t))2u(t)−

3
2 =

1

2
(2σ2

α(Xi−Xi+1)2+2σ2
β(Yi−Yi+1)2)(σ2

α(tXi+(1−t)Xi+1)2+σ2
β(tYi+(1−t)Yi+1)2)−

1
2−1

4

(2σ2
α(Xi−Xi+1)(tXi+(1−t)Xi+1)+2σ2

β(Yi−Yi+1)(tYi+(1−t)Yi+1))2(σ2
α(tXi+(1−t)Xi+1)2

+σ2
β(tYi + (1− t)Yi+1)2)−

3
2 .

Multiplying the above equation by (σ2
α(tXi + (1− t)Xi+1)2 + σ2

β(tYi + (1− t)Yi+1)2)
3
2 ,
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will not affect the sign of above equation, therefore we can simplify it to

(σ2
α(Xi −Xi+1)2 + σ2

β(Yi − Yi+1)2)(σ2
α(tXi + (1− t)Xi+1)2 + σ2

β(tYi + (1− t)Yi+1)2)

−(σ2
α(Xi −Xi+1)(tXi + (1− t)Xi+1) + σ2

β(Yi − Yi+1)(tYi + (1− t)Yi+1))2 =

σ2
ασ

2
β[(Xi −Xi+1)(tYi + (1− t)Yi+1)− (Yi − Yi+1)(tXi + (1− t)Xi+1)]2 ≥ 0.

Therefore zi(t) is convex when c = Φ−1 (1− pz) is positive (pz < 0.5) and concave when

c = Φ−1 (1− pz) is negative (pz > 0.5).

Generalization of uniform distribution: Assume f(α) = c1α
k1 and g(β) = c2β

k2 ,

for 0 ≤ α ≤ 1 and 0 ≤ β ≤ 1, respectively. Therefore we can compute (3.3.25) as

follows:

∂

∂t


∫ zi(t)

tXi+(1−t)Xi+1

0 αk1+1( zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)k2dα∫ zi(t)

tXi+(1−t)Xi+1

0 αk1( zi(t)−α(tXi+(1−t)Xi+1)
tYi+(1−t)Yi+1

)k2dα


There are two cases, first where k2 = 0, then we simplify above term as

∂

∂t

∫
zi(t)

tXi+(1−t)Xi+1

0 αk1+1dα∫ zi(t)

tXi+(1−t)Xi+1

0 αk1dα

 =
k1 + 1

k1 + 2

∂

∂t

(
zi(t)

tXi + (1− t)Xi+1

)
=

k1 + 1

k1 + 2

(
z′i(t)(tXi + (1− t)Xi+1) + zi(t)(Xi+1 −Xi)

(tXi + (1− t)Xi+1)2

)
.

For critical points, we have z′i(t) = 0, therefore zi(t) is concave for all critical points of

zi(t), 0 ≤ t ≤ 1. The second case is when k2 ≥ 1. Let’s define u = zi(t)
tXi+(1−t)Xi+1

and

v = zi(t)− α(tXi + (1− t)Xi+1), then we can simplify above term as

k2
[
∫ u

0 α
k1+1v′vk2−1dα][

∫ u
0 α

k1vk2dα]− [
∫ u

0 α
k1+1vk2dα][

∫ u
0 α

k1v′vk2−1dα]

(
∫ u

0 α
k1vk2dα)2

Note that v′ = z′i(t) + α(Xi+1 −Xi), and at critical points of zi(t), we have z′i(t) = 0,

therefore we have v′ = α(Xi+1 −Xi) ≥ 0 at critical points of zi(t). Hence to show the

positivity of above term, it suffices to show that

[

∫ u

0
αk1+2vk2−1dα][

∫ u

0
αk1vk2dα] ≥ [

∫ u

0
αk1+1vk2dα][

∫ u

0
αk1+1vk2−1dα] (3.3.27)
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Let’s assume v = a − bα, then we can use the integration by part and simplify some

terms of above inequality as follows:∫ u

0
αk1+2(a− bα)k2−1dα =

1

k2b

(
−uk1+2(a− bu)k2 + (k1 + 2)

∫ u

0
αk1+1(a− bα)k2dα

)
and∫ u

0
αk1+1(a− bα)k2−1dα =

1

k2b

(
−uk1+1(a− bu)k2 + (k1 + 1)

∫ u

0
αk1(a− bα)k2dα

)
and inequality (3.3.27) can be expanded to

−uk1+2(a− bu)k2

k2b

∫ u

0
αk1(a−bα)k2dα+

k1 + 2

k2b

∫ u

0
αk1+1(a−bα)k2dα

∫ u

0
αk1(a−bα)k2dα ≥

−uk1+1(a− bu)k2

k2b

∫ u

0
αk1+1(a−bα)k2dα+

k1 + 1

k2b

∫ u

0
αk1(a−bα)k2dα

∫ u

0
αk1+1(a−bα)k2dα

which is equal to

[ ∫ u

0
αk1+1(a− bα)k2dα

][ ∫ u

0
αk1(a− bα)k2dα+ uk1+1(a− bu)k2

]
≥ (uk1+2(a− bu)k2)

∫ u

0
αk1(a− bα)k2dα

Note that u = a
b and since k2 ≥ 1, above inequality simplifies to

[ ∫ u

0
αk1+1(a− bα)k2dα

][ ∫ u

0
αk1(a− bα)k2dα

]
≥ 0

and since 0 ≤ α ≤ u = a
b , above inequality always hold.

This lemma motivates Algorithm 2 to find the optimal solution of (3.3.18) when

zi(t) is a concave function and g(N) u 0.

Remark 1. Algorithm 2 converges in finite time to the optimal X and Y and it is

computationally tractable for practical M .

The bisection method can be used to find ẑi, z̃i and t′i in steps 2 and 4 of Algorithm 2.

Note that the left hand side of (3.3.19) is an increasing function of z, therefore bisection

method guarantees to return the zi(t) in finite steps for a given accuracy. The number
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Algorithm 2 Maximization of (3.3.18) via searching boundaries of feasible region when
zi(t) is a concave function
1: Compute the complete set of corners, C = {(X1, Y1), . . . , (Xk, Yk)} defined by (3.3.17).
2: For each (Xi, Yi) ∈ C, compute ẑi(1) and set z∗1 = ẑj(1) and (X∗1 , Y

∗
1 ) = (Xj(1), Yj(1)) where

j = argmaxiẑi(1).

3: Compute
∂zi(t)
∂t

∣∣
t=0,1

using (3.3.24) for i ∈ {1, . . . , k}.

4: For i such that
∂zi(t)
∂t

∣∣
t=0

∂zi(t)
∂t

∣∣
t=1

< 0, compute t′i such that
∂zi(t)
∂t

∣∣
t=t′i

= 0 and compute z̃i = zi(t
′
i).

For all other i set z̃i = −∞.
5: Define z∗2 = z̃j(t

′
j) and (X∗2 , Y

∗
2 ) = (Xj(t

′
j), Yj(t

′
j)), where j = argmaxiz̃i(t

′
i).

6: Return (X∗` , Y
∗
` ), where ` = argmax{z∗1 , z∗2}.

of iterations needed, n, to achieve a given error , ε, using bisection algorithm is given

by n = log2

(
ε0
ε

)
, where ε0 is the initial bracket interval [79]. Since 0 < pz < 1, there

are αmax and βmax such that∫ αmax

0

∫ βmax

0
f(α, β)dβdα > (1− pz)P (α ≥ 0, β ≥ 0)

and if we define Xmax = max1≤j≤kXj and Ymax = max1≤j≤k Yj , then by choosing

z = αmaxXmax + βmaxYmax, we always have

∫ αmaxXmax+βmaxYmax
X

0

∫ αmaxXmax+βmaxYmax−αX
Y

0
f(α, β)dβdα ≥

∫ αmax

0

∫ βmax

0
f(α, β)dβdα > (1− pz)P (α ≥ 0, β ≥ 0).

On the other hand, for each (Xj , Yj) ∈ C we have ẑj ≥ 0. Therefore we can choose

ε1 = αmaxXmax + βmaxYmax for finding ẑj and ε2 = 1 for finding t′j in steps 2 and 5

of Algorithm 2. It is obvious that Algorithm 2 terminates finitely. In practice, there is

an upper bound on the number of normal tissues that can be considered for a specific

tumor based on clinical considerations. Generally M is at most several dozen. Since M

is a small integer number, therefore not only does Algorithm 2 terminate in finite steps

but also it is computationally tractable for practical M .

We use Algorithm 3 which is designed based on the branch and bound approach

to find the optimal solution of (3.3.18) when the conditions stated in Lemma 9 are

not satisfied. On each edge of feasible region, the branching is done on variable t and

the global optimal solution is found via searching through all sub-optimal solutions on
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each edge. The choices for upper and lower bounds in each subproblem is given in the

followings. The optimal number of treatment sessions for an optimal pair of (X∗, Y ∗)

is N∗ = d(X∗)2/Y ∗e.

Algorithm 3 Branch and Bound algorithm for maximization of (3.3.18)
1: For each (Xi, Yi) ∈ CHNmax , compute zi(1) and set z∗ = zj(1) and (X∗, Y ∗) = (Xj , Yj) where j =

argmaxizi
2: For l = 1 to |CHNmax | − 1 Do:
3: i← 1.
4: lbt(i)← 0, ubt(i)← 1.
5: lbz(i) = max{z(Xl(0), Yl(0)), z(Xl(1), Yl(1))}, ubz(i) = z(max{Xl(0), Xl(1)},max{Yl(0), Yl(1)}).
6: a(i)← 1.
7: While

∑
i a(i) > 0 Do:

8: ind=find(i|a(i) > 0).
9: For j=1:length(ind) Do:

10: i← i+ 1.
11: lbt(i) = (lbt(ind(j)) + ubt(ind(j)))/2, ubt(i) = ubt(ind(j)).
12: Compute

lbz(i) = max{z(Xl(lbt(i)), Yl(lbt(i))), z(Xl(ubt(i)), Yl(ubt(i)))}

ubz(i) = z(max{Xl(lbt(i)), Xl(ubt(i))},max{Yl(lbt(i)), Yl(ubt(i))}).

13: If (ubz(i)− lbz(i) > ε), then a(i)← 1, else a(i)← 0.
14: lbt(ind(j)) = lbt(ind(j)), ubt(ind(j)) = (lbt(ind(j)) + ubt(ind(j)))/2.
15: Repeat steps 13 and 14 with ind(j) instead of i.
16: Update z∗ and (X∗, Y ∗) for any lbz(j) > z∗.
17: End For Loop.
18: For every j such that ubz(j) < z∗, a(j)← 0.
19: Sort [lbt(:), ubt(:), lbz(:), ubz(:), a(:)]T column-wise based on lbt(i).
20: End While Loop.
21: End For Loop.

Note that for every line segment defined by two points (X1, Y1) and (X2, Y2), we can

compute the lower bound using

Φlb = max{z1(0), z1(1)}

and compute the upper bound using

Φub = {z−g(dmin(X1, X2)

max(Y1, Y2)
e
∣∣∣ ∫ z

max(X1,X2)

0

∫ z−αmax(X1,X2)

max(Y1,Y2)

0

f(α, β)dβdα = (1−pz)P (α ≥ 0, β ≥ 0)}.

On each edge, the branching variable is t ∈ [0, 1]. At node i, we store the lower bound

and upper bound of t as lbt(i) and ubt(i). Similarly lower and upper bounds of optimal

solution at node i are stored in lbz(i) and ubz(i). Note that a(i) = {0, 1} indicates the

state of the node in our optimization tree, if a(i) = 1 then our node is considered as
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active node and further partitioning can be proceeded through that branch, otherwise

we consider that node as an inactive node. Branching in node i continues in this manner

until there are no active nodes in that branch or ubz(i)−ubz(i) < ε, where ε is the given

accuracy for optimal value. Since the objective value of an optimal solution cannot be

smaller than a lower bound, active nodes with upper bounds smaller than an existing

lower bound can be safely deleted (step 19).

Remark 2. Algorithm 3 converges and terminates with certificate proving ε-suboptimality.

Number of line segments in partition Lk is k. Note that total length of these line

segments is L(Qinitial), so

min
Q∈Lk

L(Q) ≤ L(Qinitial)

k

and hence for big k, at least one line segment has small length and having small length

will imply that ubz(k)− lbz(k) is small.

The previous result shows how the solution (X∗, Y ∗, N∗) to the simplified versions

of problems posed in Section 2 can be found. In [17], authors presented a method to

extract the optimal doses d∗1, d
∗
2, . . . , d

∗
N given X∗, Y ∗ and N∗. This method fails if the

optimal number of radiation sessions becomes larger than 2 and (X∗)2/Y ∗ is not an

integer (note that d1 is not necessarily a positive real number in case 3 of Theorem 1

in [17] when (X∗)2/Y ∗ > 2). Here we propose the following result to derive optimal

{d∗1, . . . , d∗N} based on X∗, Y ∗ and N∗.

Theorem 10. Optimal solution of {d∗1, . . . , d∗N} retrieved from (X∗, Y ∗, N∗) takes one

of the following two forms.

1. N∗Y ∗ = (X∗)2 for some N∗ ∈ {1, . . . , Nmax}. In this case optimal schedule is

given by d∗i = X∗/N∗ for i = 1, . . . , N∗. Note that if N∗ = 1 then the schedule is

hypo-fractionated, and if N∗ > 1 then the schedule is hyper-fractionated.

2. (X∗)2/Y ∗ is not an integer: In this case, the optimal solution given by the follow-

ing. Choose a positive integer j less than (X∗)2/Y ∗ and set

d∗1 = · · · = d∗j =
jX∗ +

√
(N∗ − j)(jN∗Y ∗ − jX∗2)

jN∗
, d∗j+1 = · · · = d∗N∗ =

X∗ − jd∗1
N∗ − j

.

(3.3.28)
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Proof. To establish the result in case 1, we can easily check that equation (3.3.16) holds

for d1, . . . , dN∗ = X∗/N∗ if N∗Y ∗ = (X∗)2. In the second scenario, from straightforward

calculations, we observe that there is always a solution to our problem in the following

form:

d∗1 = · · · = d∗j = d, d∗j+1 = · · · = d∗N∗ = w.

We can now solve for w and d in (3.3.16), and establish that

w =
X∗ − jd
N∗ − j

and

d =
jX∗ +

√
j2(X∗)2 − jN∗((X∗)2 − (N∗ − j)Y ∗)

jN∗

=
jX∗ +

√
(N∗ − j)(jN∗Y ∗ − j(X∗)2)

jN∗
.

It then remains to establish that d and w are non-negative real numbers. First observe

that we require that j ≤ (X∗)2/Y ∗ ≤ N∗. It follows from this that d is a positive real

number, and thus w is a real number as well. It then remains to establish that w is

non-negative. This is of course equivalent to showing that X∗ − jd > 0. Note that

X∗ − jd =
1

N∗

[
(N∗ − j)X∗ −

√
j(N∗ − j)(N∗Y ∗ − (X∗)2)

]
=

1

N∗

[
(N∗ − j)X∗ −

√
jY ∗(N∗ − j)(N∗ − (X∗)2/Y ∗)

]
and therefore

X∗ − jd > 0⇔ (X∗)2

Y ∗
> j.

The result then follows from our conditions on the integer j.
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3.3.1 Solution to Optimization Problem (3.3.18) when α and β are de-

terministic

In this section we provide an approach to locate the optimal fractionation schedule when

we assume α and β are deterministic parameters and we only consider uncertainty in

the radio-sensitivity parameters and the sparing factors of OAR. When α and β are

fixed, for every N , without loss of optimality, we can replace the conditions X2 ≤ NY

and X2 ≥ Y with linear inequalities Y ≥ θNX and Y ≤ θ1X, respectively, where for

1 ≤ k ≤ Nmax, θk = Y (k)

X(k) and the pair (X(k), Y (k)) are the coordinates of the intersection

kY = X2 with region defined by ∩Mi=1Si where Si is given in (3.3.17) (see [17] or proof

of Lemma 8 for more details).

Next we define

B1 =
{

(X,Y ) ∈ R2
+ : X + biY ≤ ci

}
and

B2 =
{

(X,Y ) ∈ R2
+ : X + b′iY ≤ c′i

}
.

Then if condition b′i = H−1
i (1 − piH̄i(0)) ≤ bi = H−1

i (1 − (1 − pi)H̄i(0)) holds (note

that this condition is equivalent to pi ≥ 50%), when Y ≥ D2
i

Ni
, we have B1 ⊂ B2 and

when Y <
D2
i

Ni
, we have B2 ⊂ B1. Therefore constraint (3.3.17) can be simplified to

two inequalities X + biY ≤ ci and X + b′iY ≤ ci (see Figure 3.2-A). Thus if we choose

pi ≥ 50% for all i = 1, . . . ,M , we can rewrite the formulation (3.3.18)-(3.3.22) as

max
X,Y≥0,N∈Z+

αX + βY − g(N) (3.3.29)

subject to

X + biY ≤ ci, i = 1, . . . ,M

X + b′iY ≤ c′i, i = 1, . . . ,M

Y ≥ θNX

Y ≤ θ1X

We can solve (3.3.29) using a brute-force enumeration algorithm, i.e. for each 1 ≤
N ≤ Nmax we solve the formulation in (3.3.29), which is a two-variable linear program,
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and we choose the N that maximizes the optimal biological effect on the tumor (N∗)

and return the triple (X∗, Y ∗, N∗) as the global optimal solution where (X∗, Y ∗) is the

solution to the problem (3.3.29) when assuming N = N∗.

If the condition pi ≥ 50% does not hold for all i = 1, . . . ,M , then the above approach

can not be implemented anymore; since we will have a non-convex set as our feasible

region (see Figure 3.2-B). In this case, we take advantage of the linearity of the objective

function where for a fixed value of N , the optimal pair (X∗, Y ∗) lies on one of the corners

of feasible region defined by ∩Mi=1Si. Therefore in order to solve the optimization problem

(3.2.15) without uncertainty in α and β with a fixed value N ∈ {1, . . . , Nmax}, we need

to specify the corners of the polygon defined by inequalities in (3.3.17), Y ≥ θNX and

Y ≤ θ1X. We can use Algorithm 1 to construct these corners sorted in increasing order

of their x-coordinates PN = {(X1, Y1), . . . , (XkN , YkN )}. Then we use a similar brute-

force technique as explained before to locate the global optimal solution, i.e. for each

1 ≤ N ≤ Nmax, let (X∗N , Y
∗
N ) be the optimal solution to the fractionation problem with

N fractions where

(X∗N , Y
∗
N ) = (X∗j , Y

∗
j ), and j = argmax(Xi,Yi)∈PN {αXi + βYi}

and then return the global solution as triple (X∗N∗g , Y
∗
N∗g
, N∗g ) where

N∗g = argmax1≤N≤Nmax{αX
∗
N + βY ∗N − g(N)}.

3.4 Results

In this section, we first discuss the effect of uncertainty on the structure of the optimal

schedule. Then the application of nominal, robust and stochastic optimization to the

treatment of head and neck tumors via radiotherapy will be discussed. We will describe

the data set and parameters that were used in our numerical experiments, then the so-

lution to the nominal, robust and stochastic optimum dosing schedules will be explored.

At the end of this section the sensitivity of the optimal solution to model parameters is

studied.
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Figure 3.2: This plot shows two different scenarios of feasibility region associated
with the BED constraint of the ith OAR. The feasibility region can be written

as Si = A1 ∪ A2 where A1 =
{

(X,Y ) ∈ R2
+ : Y ≥ D2

i
Ni
, X + biY ≤ ci

}
and A2 ={

(X,Y ) ∈ R2
+ : Y <

D2
i

Ni
, X + b′iY ≤ c′i

}
A) In this case we have b′i ≤ bi, thereforeA1∪A2

is a convex region and can be written as two nonlinear equalities X + biY ≤ ci and
X + b′iY ≤ c′i. B) In this case we have bi < b′i (which happens if we choose pi < 50%),
and A1∪A2 is no longer a convex region. However since the objective function is linear,
optimal solution occurs at one of the corners of the feasible region.

3.4.1 Effect of Uncertainty on the Optimal Solution

Here we study the effects of parametric uncertainty by considering what happens to the

optimal solution when the stochastic robust formulation is used instead of the nominal

formulations. We use (Xn, Yn, Nn) and (Xr, Yr, Nr) to denote the optimal solutions to

the nominal and robust/stochastic problems. Throughout this subsection, we assume

that the nominal and mean values of βi/αi and δi are equal to β̄i/ᾱi and δ̄i, respectively

and the probability pi is greater than 50%. By imposing these two assumptions the

feasible region of the robust/stochastic problem becomes a subset of the feasible region

of the nominal problem (see Figure 3.3). Note that the results presented in the following

are valid only if we do not allow uncertainty in α and β (using same objective function

as (1.0.3)). We will study the effects of uncertainty in α and β in the specific context
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of head and neck cancer in the next section.

The feasibility region in the nominal formulation (1.0.3) is defined by several non-

linear inequalities. Note that after using the transformation (3.3.16), these become

linear inequalities. By introducing linear or stochastic uncertainty every line segment

associated with each inequality will be broken down into two line segments with different

slopes where each segment passes through (Di,
D2
i

Ni
). There are different possibilities, de-

pending on the amount of uncertainty in model parameters, slope of objective function

(α and β), reproduction rate of the tumor and tumor kick-off time, for how the opti-

mal solution of the stochastic problems relates to the optimal solution of the nominal

problem. The feasible region of (3.2.15) can have either more, less or the same number

of corner points as compared to the feasible region of (1.0.3) (see Figure 3.3). We have

three different scenarios for the stochastic optimal schedule.

1. Nr < Nn: In this case we require that the total dose delivered to the tumor de-

crease, i.e., Xr < Xn. However we may have an increase or decrease Yr depending

on the parameters (compare Figure3.3-A and 3.3-B).

2. Nr > Nn: Here we always have Yr < Yn. We can not say much about Xr and it

may be greater or smaller than Xn (compare Figure 3.3-A and 3.3-C).

3. Nr = Nn: In this case since the feasible regions of (3.2.15) are subsets of the

feasible region of (1.0.3), we require that the total dose and total dose squared

delivered to the tumor decrease or stay same. If for two normal tissues, i and j,

we have Di = Dj , Ni = Nj and (Xn, Yn) = (Di,
D2
i

Ni
), then if the corner (Xn, Yn)

stays feasible after adjusting feasibility region based on model uncertainties, we

will have Xr = Xn and Yr = Yn (see Figure 3.3-A and 3.3-D).

To help illuminate the reasoning behind these ideas we give a short proof of (2).

First note that the optimal solution satisfies the condition X2 ≤ NY . We know

that the objective function is decreasing in N , thus the optimal N will be the smallest

integer satisfying the constraint X2 ≤ NY , i.e. Nn = d(X∗)2/Y ∗e.
Let m∗ = X2

∗/Y∗ where (X∗, Y∗) are the optimal pair for the nominal problem

and note that m∗ is not necessarily an integer. Assume Nr > Nn and then obviously

Nr > Nn ≥ m∗. For any real number m1 ∈ (Nr− 1, Nr], let (X1, Y1) be the intersection
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of line X2 = m1Y with the feasible region of the nominal problem. Since m1 ≥ Nn and

the slope of line segments constructing this feasible region are negative, then we have

Y1 ≤ Y∗. Next define (X2, Y2) as the intersection of the line X2 = m1Y with the feasible

region of the stochastic/robust problem. Since the feasible region of stochastic/robust

problem is a subset of the feasible region of the nominal problem defined by line segments

with negative slopes, then we have Y2 ≤ Y1. Since it is true for every m1 ∈ (Nr−1, Nr],

then we can set m1 = X2
r /Yr, and thus conclude Yr ≤ Y1 ≤ Y∗. A similar argument

shows that if Nr < Nn, then we have Xr < X∗. The idea of proof is displayed graphically

in Figure 3.4.

For the linear uncertainties (robust models), the changes in Xr and Yr depend on

both Nr and the amount of uncertainty in the model parameters. Larger possible ranges

result in larger reductions. In model (3.2.15), these reductions not only depend on Nr

and the amount of uncertainty (defined by the variance of uncertain parameters) in the

random variables, but also a key factor is the risk tolerance of the decision maker which

is defined by pi. If we have pi 6= 1, the reduction in (Xr, Yr) in (3.2.15) is smaller than

formulation in (3.1.3).

3.4.2 Hyper- vs Hypo-Fractionation

One interesting question we can investigate is, when is a hyper-fractionated schedule

preferable, and how does this compare to the setting without parameter uncertainty?

In order to answer this question we make some simplifying assumptions. First we

ignore tumor repopulation, and second we assume that there is tumor radio sensitivity

parameters α and β are deterministic (i.e., known values) then we will have following

different scenarios.

1. If (α/β) ≤ min1≤i≤M 1/ci, then a hypo-fractionated schedule is optimal.

2. If (α/β) ≥ max1≤i≤M 1/c′i, then a hyper-fractionated schedule with Nmax fractions

is optimal.

3. If min1≤i≤M 1/ci < (α/β) < max1≤i≤M 1/c′i, either a hypo or a hyper or an

unequal multiple dosage solution can be optimal.
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The constants ci and c′i (defined in (3.3.17)) in stochastic formulations (3.2.15) are

related to the distributions of δiβi/αi (with CDF Hi) and can be simplified to H−1
i (pi)

and H−1
i (1 − pi), respectively, under assumption of P (δi(βi/αi) ≤ 0) = Hi(0) = 1 −

H̄i(0) ≈ 0. Note that H−1
i (p) = x iff P (δi(βi/αi) ≤ x) = p.

In the nominal setting in the absence of tumor reproduction, Chapter 2 showed the

following (see also [17]).

1. If (α/β) ≤ min1≤i≤M (ᾱi/β̄i)/δ̄i, then a hypo-fractionated schedule is optimal.

2. If (α/β) ≥ max1≤i≤M (ᾱi/β̄i)/δ̄i, then a hyper-fractionated schedule with Nmax

fractions is optimal.

3. If min1≤i≤M (ᾱi/β̄i)/δ̄i < (α/β) < max1≤i≤M (ᾱi/β̄i)/δ̄i, either a hypo or a hyper

or an unequal multiple dosage solution can be optimal.

Based on the previous two sets of results we see that we are using 1/ci or 1/c′i instead

of (ᾱi/β̄i)/δ̄i. If pi > 0.5, P (δi(βi/αi) ≤ 0) ≈ 0 and the distribution of δi(βi/αi) is not

highly skewed, then it means that ci = H−1
i (pi) > δ̄iβ̄i/ᾱi and c′i = H−1

i (1 − pi) <

δ̄iβ̄i/ᾱi, therefore it holds that 1/ci < (ᾱi/β̄i)/δ̄i < 1/c′i (note that this result always

holds for ci and c′i in (3.1.3) formulations) and obviously we are making mini{(ᾱi/β̄i)/δ̄i}
smaller and maxi{(ᾱi/β̄i)/δ̄i} greater. The result of this is that we increase the chance

of having mini(1/ci) < (α/β) < maxi(1/c
′
i), where case 3 is more likely to occur which

shows we need to avoid purely hypo- or hyper-fractionation schedule and either a hypo

or a hyper or an unequal multiple dosage solution is optimal.

3.4.3 Application to Head and Neck Tumors

In order to estimate head and neck tumor radiobiologic parameters, we use the data set

in [80]. To improve estimation accuracy, trials with the same properties such as total

dose administered, number of fractions and treatment duration were merged. Model

fit is carried out by minimizing the weighted error between the model predictions of

survival probability and the observed values of survival probabilities in trials associated

with different schedules. In particular, the results of K trials have been considered. The

trial outputs are survival fraction for each trial f1, . . . , fK . We assume that the tumor

cell population regrows exponentially after irradiation with a time lag of Tk and rate
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γ. Then following fractionated radiotherapy with X =
∑N

i=1 di and Y =
∑N

i=1 d
2
i , the

population of tumor cells T units of time after start of therapy is given by

N(T ) = N(0) exp[−αX − βY ] exp[γ(T − Tk)+]. (3.4.30)

As a simplification we say that recurrence is only detectable if N(T )/N(0) ≥ 1, i.e., if

the tumor is bigger than its size at the start of therapy. There are K total trials and

the total radiation in trial i is Xi and the sum of the doses squared in trial i is Yi, and

that the radiotherapy lasted for Tri days. Then from (3.4.30) we want to choose the

distribution of α and β such that for each 1 ≤ i ≤ K

P (exp[−αX − βY ] exp[γ(T − Tk)+] ≤ 1) = fi

Assume that the distributions of α and β are characterized by the joint density f(x; y; θ)

where θ is a parameter that specifies the distribution. We define the probability that

(α, β) take values in some set as (with the θ dependence explicit)

Pθ(a1 ≤ α ≤ a2, b1 ≤ β1 ≤ b2) =

∫ a2

a1

∫ b2

b1

f(x, y; θ)dxdy.

We assume that θ takes values in the space Θ. For each trial 1 ≤ i ≤ K we define

function

φi(θ) = Pθ(exp[−αXi − βYi] exp[γ(T − Tk)] ≤ 1).

Then our procedure for finding the best parameter set is to solve the minimization

problem

min
θ∈Θ

K∑
i=1

ni(φi(θ)− fi)2 (3.4.31)

where ni is the number of patients in ith trial. Simulated annealing algorithm is utilized

to find the optimal values of above model.

We assume that the radiosensitivity parameters of LQ model, α and β are distributed

based on two independent normal distributions with means µα and µβ and standard

deviations σα and σβ, respectively. The radio sensitivity parameters were computed

based on the approach discussed above. The reproduction rate γ (= ln(2)
τd

) and Kick-off
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time, Tk, for head and neck were selected to be 0.003 per day and 21 days respectively

[80]. The parameter T was set to be 5 years and the nominal values of α and β were set

to be equal µα and µβ. All parameters are summarized in Table 3.1. We consider six

Parameters Values unit

µα 0.1708 1/Gy

µβ 0.0537 1/Gy2

σα 0.2142 1/Gy

σβ 0.0812 1/Gy2

Table 3.1: Head and neck tumor parameters used for finding optimal schedule

different normal tissues involved in the treatment of head and neck carcinomas ([81] and

[82]). The nominal values and confidence intervals for β/α for various normal tissues

were extracted from [83], [84], [85], [86], [87], [88], [89] and [90] and are listed in Table 3.2.

We assume that the ratio of {βi/αi}i=Mi=1 and {δi}i=Mi=1 for normal tissues are distributed

based on normal and uniform distributions, respectively. Mandible and spinal cord are

considered as serial structures and the data reported in [91] is utilized to compute their

distribution parameters. Brain stem and parotid glands are assumed to be a serial and

parallel tissues, respectively, and their parameters are estimated from data reported

in [82]. In these papers, average and standard deviation of dose absorbed by a normal

tissue for a given dose radiated to the tumor are reported. In [81], the values for planned

dose, actually delivered dose and re-planned dose have been reported. We used these

values to obtain a range for sparing factors for larynx and skin. Skin is considered a

serial structure and larynx is considered a parallel structure. The tolerance dose values

for various normal tissues were computed from [14], delivered in 35 fractions. We assume

that patients may be treated at most in seven weeks and they visit the clinics three times

a day, n = 3. By considering 5 working days every week, we can compute the maximum

number of allowable fractions as Nmax = 7 × 5 × n = 105. In order to understand the

effects of parametric uncertainty on the structure of the optimal schedule, we consider

one additional setting for β. In particular we change the values of µβ and σβ to 0.0001

(we call this scenario case 2 and the original values are case 1). The consideration of

small values for β enables us to study the effect of uncertainty on schedules with a large

number of fractions. The maximum dose constraints of 32 Gy for parotid glands results
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Parameters Spinal Cord Brain Stem Skin Unit

µ(β/α) 0.48 0.39 0.12 1/Gy

σ(β/α) 0.09 0.05 0.01 1/Gy

(aδi , bδi) (53.7%,63.3%) (68.9%,80.9%) (23.8%,26.8%)

Di 47 Gy 50 Gy 55 Gy Gy

Parameters Mandible Larynx Parotid glands unit

µ(β/α) 0.46 0.66 0.24 1/Gy

σ(β/α) 0.05 0.30 0.07 1/Gy

(aδi , bδi) (49.3%,85.9%) (98.9%,99.2%) (38.8%,42.1%)

Di 60 Gy 70 Gy 32 Gy Gy

Table 3.2: Normal tissue parameters

in optimal schedule with small values of total dose. Since in clinical practice larger dose

has been used, we report optimal solution for two cases, including parotid glands in our

constraint set and excluding it. Table 3.3 displays the optimum schedule for different

models (optimal doses can be calculated from Theorem (10)). Our numerical results

for head and neck tumor show that the presence of uncertainty changes the optimal

schedule to a schedule with larger dose delivered in more fractions (smaller total dose

squared) for case 1 and almost same total dose delivered in smaller fractions for case

2. As expected, the value of the objective function z∗ in (3.2.15) is decreasing in the

probability of having the actual tumor BED less than the optimal value of z∗. The z∗

value drops from 18.01 to 6.22 if we increase pz from 50% to 90%.

With parotid glands Without parotid glands
Parameters Formulation N∗ X∗ Y ∗ Tumor BED N∗ X∗ Y ∗ Tumor BED

Case 1
Nominal 1 13.5 182.36 12.10 1 13.5 182.36 12.10
Robust 2 14.26 139.51 9.93 35 47.00 63.11 11.42
Stochastic 3 18.34 124.23 4.36 11 31.86 95.94 5.08

Case 2
Nominal 105 33.79 10.87 5.69 105 56.26 30.15 9.53
Robust 62 32.47 17.01 5.53 105 52.82 26.57 8.95
Stochastic 54 32.48 19.80 0.90 92 52.84 30.59 1.41

Table 3.3: Optimal solution to problems (1.0.3), robust formulation in [2] and (3.2.15)
assuming pi = pz = 95%. In case 1 we assume µα = 0.1708, µβ = 0.0537, σα = 0.2142
and σβ = 0.0812 and for case 2 we have µα = 0.1708, µβ = 0.0001, σα = 0.2142 and
σβ = 0.0001.

Figure 3.5 plots the N∗ in (3.2.15) for different values of γ = ln(2)
τd

. The optimal
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value of the objective function is a non-increasing function in γ. For short schedules,

since the proliferation effect is negligible g(N) ≈ 0, the objective solution is robust to

drifts in γ. However in fast growing tumors, long treatment times have a negative effect

on the treatment outcome.

3.4.4 Robust vs Stochastic Formulation

Stochastic optimization starts by assuming the uncertainty has a probabilistic descrip-

tion. However in robust optimization, it is assumed that uncertainties presented in the

model are not stochastic, but rather deterministic and set-based. Therefore in robust

optimization, decision maker seeks to constructs solutions that are deterministically im-

mune to realizations of the uncertain parameters in certain sets. A concern with such

an approach is that it might be too conservative and we may lose some optimality in

objective value (called the price of robustness). Here we consider a toy example and

we numerically compare the price of robust and stochastic formulations using computer

simulations.

In our example, we fixed the values of α = 0.35 Gy−1, β = 0.035 Gy−1, Tk = 14 days

and τd = 14 days. We considered two OAR with different effects, e.g. early and late

responding effects, the µ(β/α) ratio is chosen to be 0.3 Gy−1 and 0.1 Gy−1 for the late-

responding and early responding normal tissues, respectively. Here, we considered vari-

ous values of µ(δ) for different normal tissues chosen from set {10%, 20%, . . . , 90%, 100%}
to fully study the different outcomes that could arise in our example. For simplicity,

the distribution of δi
βi
αi

is assumed to be normal with mean µδiµ(β/α)i and standard

deviation µδiµ(β/α)i/5. The tolerance doses for late and early responding normal tissues

are fixed at 80 Gy and 50 Gy, respectively, delivered in 30 days (Ni = 30). For robust

solution, we assume the unknown value of δi
βi
αi

belongs to a known interval of (li, ui),

where we fix li = µδi(β/α)i − K ∗ σδi(β/α)i and ui = µδi(β/α)i + K ∗ σδi(β/α)i (in our

numerical example we considered K =3, 4 and 5, however it should be noted that in

order to achieve a true robust solution we need to choose K large enough to include all

realizations of uncertain parameters).

Figure 3.6 shows the expected loss in objective function as the price of using robust

or stochastic solution instead of nominal solution computed based on our 400 simulation

result for different values of OAR sparing factors. As it is evident in the Figure 3.6, in
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our particular example, the difference between price of robust and stochastic solutions

decrease as the sparing factor of OARs increases. As it is shown in Figure 3.6, for some

values of model parameters (e.g. small values of µ(δi) in our example), the robust solu-

tions are overly pessimistic, i.e. the price of using robust solutions can be significantly

higher than solution obtained by stochastic approach. There are two downsides in using

stochastic optimization in general. First it requires some kind of distributional assump-

tions about the unknown parameters. We should note that in reality, it is often assumed

that unknown parameters in LQ model are normally or log-normally distributed (e.g.

see [92] and [93]). However even if the underlying distribution is not known, similar to

the assumption of robust optimization, we still need to have some data for estimating

the uncertainty intervals. If this data is available, then we can simply use our approach

discussed above to compute the error (see (3.4.31)) for different distributions and choose

the distribution with the smallest error. Secondly the stochastic optimization approach

may result in a problem which is not computationally tractable. However it is not the

case in our stochastic formulations. More specifically if we don’t consider the uncer-

tainty in α and β, the solution to our problem can be found by simply solving a few

two-variable linear programs (the same complexity as the robust solutions). Also for

the branch and bound algorithm we implemented when including the uncertainties in

α and β, we observe that the cpu time does not increase significantly in our examples.

In particular the expected cpu time (all experiments were carried out using CVX soft-

ware installed on MATLAB on a laptop with 2.30 GHz Intel Corei7 CPU and 8 GB of

memory, running a Microsoft Windows 7 operating system) required for solving robust

and stochastic formulations were about the same for most cases (around 25 seconds),

smaller for stochastic approach if the solution lies on one of the corners of feasible re-

gion (15 seconds, which was very often) and at most twice as the time for solving robust

formulations (note that for robust algorithm, we need to solve Nmax two-variable linear

program). On the other hand, the stochastic formulation guarantees the positivity of

model parameters, even if the confidence interval reported by the experimental results

contain negative values (e.g. see table 9.1 in [13]) and decision maker can achieve less

conservative solution which can be adjusted for various level of risk averseness.
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Figure 3.3: This plot shows the effect of uncertainty on the optimal solutions in the
presence of three OARs. In each subfigure the feasible region is shaded and different
colors show the BED constraints associated with different OARs. In panel (A) we plot
the feasible region and optimal solution in the nominal case. Note we also label the

points
(
D′1,

(D′1)2

N1

)
and

(
D′3,

(D′3)2

N3

)
as alternative maximum tolerable doses. In panel

(B) we consider a scenario where the solution to the stochastic problem results in fewer
total fractions, i.e., NB < Nn. In panel (C) we consider different distributions for our
uncertain parameters and we have a scenario where the optimal number of fractions
in the stochastic problem is greater than the number in the nominal, i.e., NC > Nn.

Finally in panel (D) we use the alternative maximum tolerable doses
(
D′1,

(D′1)2

N1

)
and(

D′3,
(D′3)2

N3

)
and construct a scenario where the optimal number of doses is unchanged

by parameter uncertainty, i.e., ND = Nn. If the optimal number of radiation sessions
stays the same in the presence of uncertainty, it is required to deliver equal or less
doses in the presence of uncertainty (D). If we have fewer (more) treatment sessions in
probabilistic or robust solution compared to nominal schedule, a reduction in total dose
(total dose squared) will be seen (B and C).
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Figure 3.4: Effect of uncertainty on the optimal solution with two OARs, where blue
and green solid lines show the simplified form (where X =

∑N
i=1 di and Y =

∑N
i=1 d

2
i )

of BED constraints in the nominal problem and dashed lines show the BED constraint

in stochastic problem. Let m∗ = X2
∗

Y∗
then obviously Nr > Nn ≥ m∗. The pair (X1, Y1)

shows the intersection of line X2 = m1Y with the feasible region of the nominal problem
(blue line) for m1 ∈ (Nr − 1, Nr]. Since m1 ≥ Nn and the slope of line segments
constructing this feasible region are negative, then we have Y1 ≤ Y∗. The pair (X2, Y2)
shows the intersection of the line X2 = m1Y with the feasible region of the stochastic
problem (dashed lines). The feasible region of stochastic problem (shaded blue area)
is a subset of the feasible region of the nominal problem (shaded red area) defined by
line segments with negative slopes, therefore Y2 ≤ Y1. Since it is true for every every
m1 ∈ (Nr − 1, Nr], then we can set m1 = X2

r /Yr, and thus conclude Yr ≤ Y1 ≤ Y∗.
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Figure 3.5: This plot shows the sensitivity of treatment session in (3.2.15) assuming
pi = pz = 95% with respect to tumor growth rate γ assuming Tk = 7 days. For short
schedules the objective solution is robust to drifts in γ and for fast growing tumors,
long treatment time has a negative effect on the treatment outcome.
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Figure 3.6: This plot shows the price (expected value) of using solution obtained by
robust or stochastic model instead of optimal solution in 400 computer simulation for
different values of µ(δi).



Chapter 4

Minimizing Metastatic Risk in

Radiotherapy Fractionation

Schedules

Metastasis is the process by which cells from a primary tumor disperse and form new

tumors at distant anatomical locations. The creation of macrometastasis requires the

successful completion of a sequence of difficult steps. First, cancer cells must gain access

to the general circulation system via the process of intravasation. Next, the cells must

survive in the inhospitable environment of the circulatory system. Following this, the

tumor cells must exit the circulatory system (extravasation) at a distant site and initiate

micrometastsis (clinically undetectable population of tumor cells at a distant anatomical

site). Lastly, the micrometastsis must develop the ability to successfully proliferate in

the distant site and grow into clinically identifiable macrometastasis. The completion

of these steps is very difficult and only a small fraction of tumor cells are able to achieve

this [94]. However, due to the vast number of cells in most primary tumors, metastasis

commonly occurs in later stage solid tumors.

There have been a substantial number of works looking at optimal fractionation. An

important property common to all of previous works is that they utilize an objective

function that seeks to minimize final primary tumor population size in some sense.

While this can be an important objective, in most cancers, it is ultimately metastatic

92
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disease that proves fatal. The treatment and prevention of metastatic cancer remains an

extremely challenging problem. This chapter introduces a novel biologically motivated

objective function to the radiation optimization community that takes into account

metastatic risk instead of the status of the primary tumor. In this chapter, we consider

the problem of developing fractionated irradiation schedules that minimize production

of metastatic cancer cells.

In this chapter, first we discuss a model for metastasis production and how it can be

used to develop an objective function. Next, we describe the optimization model and

solution approach. Finally, we discuss numerical results from using realistic choices of

parameters for breast cancer.

4.1 A New Objective Function

We start by assuming that the total population of primary tumor cells at time t is given

by the function Xt. Note we will assume throughout this work that the population of

cells is large enough that we can treat the population as a deterministic function. We

then assume that each tumor cell initiates a successful macrometastasis at rate ν > 0.

This is similar to the modeling approach taken in [55] where they were able to fit their

model to metastasis data from patients. If we have a total treatment horizon of time T

then our total rate of production of successful macrometastasis is

R1(T ) = ν

∫ T

0
Xtdt.

In particular N(T ), the number of successful metastasis established in the time interval

in [0, T ], is a Poisson random variable with mean R1(T ) and thus the probability of

metastasis occurring is P (N(T ) > 0) = 1 − exp (−R1(T )). Therefore, in order to

minimize P (N(T ) > 0), it suffices to minimize R1(T ).

In the rate R1(T ) we assume that every cell is capable of metastasis. In the geometry

of the actual tumor it might be the case that only those cells on the surface of the tumor

are capable of metastasis, or only those cells in close proximity to a blood vessel are
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capable. Therefore, we consider the generalization

Rξ(T ) = ν

∫ T

0
(Xt)

ξ dt

for 0 < ξ ≤ 1. If we assume that the tumor is three dimensional with a two dimensional

surface and that all cells on the surface are equally capable of metastasis then we can

take ξ = 2/3. However if we assume that only a small fraction of cells on the surface

are capable of metastasis we could take e.g., ξ = 1/3. Notice that in order to minimize

Rξ(T ), we do not need to know the parameter ν, which is difficult to measure.

Note that we are using a rather simplistic model for the metastasis production in

that we assume at most only two rates of metastasis for the primary tumor cells. In

reality, it is likely that the rate of metastasis for a given cell will be a complex function

of its position, migratory potential, and its oxidative state. However, given the lack

of data available, we found it preferable to work with this relatively simplistic model

that does not require the knowledge of any intricate parameters. In addition, since the

primary goal of this work is to introduce a novel objective function, we feel that adding

further biological details can be saved for further exploration. Lastly and importantly,

variants of this relatively simplistic model have been matched to clinical metastasis data

[55].

4.2 Optimization Model and Approach

Our goal is to determine an optimal radiotherapy fractionation scheme that minimizes

the probability that the primary tumor volume metastasizes. Given the discussion from

the previous section, this equates to minimizing the Rξ(T ); however, for simplicity, we

will use an approximate objective that uses a summation rather than an integral during

therapy. Let the time horizon T consists of treatment days and a potentially long period

of no treatment at the end of which metastatic risk is evaluated. Suppose a radiation

dose dt is delivered at time instant t, for t = 1, . . . , N0, then we choose to minimize

N0∑
t=1

(X−t )ξ +

∫ T

N0

(Xt)
ξ ≈ Rξ(T )/ν
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where X−t is the number of cells immediately before the delivery of dose dt.

During the course of the treatment, we assume exponential tumor growth. Beyond

that, we use the Gomp-ex model for tumor growth because we are evaluating long-term

metastatic risk. We assume that tumor is small enough and grows exponentially with

a time lag during the course of the treatment. We only use the Gomp-ex model to

evaluate the metastatic risk in the long term after treatment completion. Therefore

we use Gomp-ex law of growth where assumes that initially there is no competition for

resources, so that the cellular population expands following the exponential law [95].

However, there is a critical size threshold C such that for X > C the growth follows the

Gompertz Law. Thus, we have

X−t = X0 exp

(
−(αT

t−1∑
i=1

di + βT

t−1∑
i=1

d2
i ) +

ln 2

τd
(t− Tk)+

)
, (4.2.1)

for t = 1, . . . , N0 and

Xt =

X0 exp
(
−(αT

∑N0
i=1 di + βT

∑N0
i=1 d

2
i ) + ln 2

τd
(t− Tk)+

)
, Xt ≤ C

K exp
(
log
(
C
K

)
e−δ(t−Tc)

)
, Xt > C

(4.2.2)

for t ∈ (N0, T ] where αT and βT are tumor tissue sensitivity parameters, τd is the tumor

doubling time in units of days, Tk is the tumor kick-off time, X0 is the tumor size at

the starting of treatment, K is the carrying capacity and δ is a constant related to the

proliferative ability of the cells. The expression (t − Tk)+ is defined as max(0, t − Tk).
Tc is the time when the tumor population reaches size C and can be computed using

following equation

Tc =
τd

ln 2

(
ln

(
C

X0

)
+ αT

N0∑
i=1

di + βT

N0∑
i=1

d2
i

)
+ Tk

We also use the concept of BED to constrain the side-effects in the OAR around the

tumor. We assume that a dose d results in a homogeneous dose γid in the ith OAR,

where γi is the sparing factor; for the heterogeneous case, it is possible to use the
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approach in [19]. The BED in the ith OAR is defined by

BEDi =

N0∑
t=1

γidt

(
1 +

γidt
[α/β]i

)
, (4.2.3)

where [α/β]i is an OAR tissue sensitivity parameter. The BED can be derived from the

LQ model and is used to quantify fractionation effects in a clinical setting. Note that

we can also have multiple BED constraints on a single OAR, e.g., to model early and

late effects.

The optimization problem of interest is

minimize
dt≥0

(X0)
ξ
N0∑
t=1

exp

(
−ξ

(
αT

t−1∑
i=1

di + βT

t−1∑
i=1

d2i −
ln 2

τd
(t− Tk)+

))
+

∫ T

N0

(Xt)
ξ, (4.2.4)

s.t.
N0∑
t=1

γidt

(
1 +

γidt
[α/β]i

)
≤ ci, i = 1, . . . ,M

where ci is a constant that specifies an upper bound to the ith BED in the OAR

and M is the total number of OAR in the vicinity of tumor. Note that we do not

work directly with the quantity Rξ during therapy but instead with its approximation

R̂ξ =
∑N0

t=1

(
X−t
)ξ

. Here, R̂ξ is an upper bound for Rξ and is a good approximation for

Rξ if the impact of the exponential growth term in (4.2.1) is relatively small compared

to the dose fraction terms, which is typically the case for most disease sites.

Formulation (4.2.4) is a nonconvex quadratically constrained program. Such prob-

lems are computationally difficult to solve in general. However, we can use a DP ap-

proach with only two states to solve this deterministic problem, similar to the work in

[22]. The states of the system are Ut, the cumulative dose, and Vt, the cumulative dose

squared, delivered to the tumor immediately after time t. We have

Ut = Ut−1 + dt

Vt = Vt−1 + d2
t
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Now we can write the DP algorithm (forward recursion) as

Jt(Ut, Vt) =


mindt≥0[X

ξ
0e
−ξ
(
αT (Ut−1+dt)+βT (Vt−1+d2t )−

ln 2
τd

(t−Tk)+
)

+ Jt−1(Ut−1, Vt−1)], t ≤ N0 − 1

mindt≥0[X
ξ
0e
−ξ
(
αT (Ut−1+dt)+βT (Vt−1+d2t )−

ln 2
τd

(t−Tk)+
)

+ Jt−1(Ut−1, Vt−1)] +
∫ T
N0

(Xt)
ξ, t = N0

with (U0, V0) = (0, 0), J0(0, 0) = 0. We set the function Jt(Ut, Vt) to be ∞ if

γiUt +
γ2
i

[α/β]i
Vt > ci

for any i = 1, . . . ,M . Since there are only two state variables, we can solve our opti-

mization problem by discretizing the states and using this DP algorithm.

4.3 Numerical Results

We solve the optimization problem based on the radiobiological parameters for breast

cancer. We consider two different normal tissues [96], heart and lung tissue. For each

normal tissue, we define the maximal toxicity

ci = γiDi +
γ2
i

[α/β]i

D2
i

Ni

where Di and Ni are tissue specific parameters and define the maximum total dose

Di delivered in Ni fractions for each OAR. A standard fractionated treatment is to

deliver 50 Gy to the tumor with 2 Gy fractions. The tolerance dose values for various

normal tissues were computed based on the 25 fractions (Ni = 25). All radiobiological

parameter values used are listed in Table 4.1 along with their sources.

For other parameters in our model, unless stated otherwise, we set T = 5 years,

ξ = 1
3 and N0 = 25 days. For numerical implementation of the DP algorithm, we

discretize the total dose and dose squared (Ut, Vt). We used 2500 points for each state

variable for every time instant. When evaluating the cost-to-go function Jt(Ut, Vt) for

values in between discretization points, we use bilinear interpolation. The allowed range

for the cumulative dose and cumulative dose squared states are 0 ≤ Ut ≤ mini{ ciγi } and

0 ≤ Vt ≤ mini{ ci[α/β]i
γ2
i
}. For the radiation dose fractions, we allow only multiples of 0.1

Gy. There is a significant amount of debate, [10, 102], as to whether the linear quadratic
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Structure Parameters Values Source

Breast tumor

αT 0.080 Gy−1 [97]
βT 0.028 Gy−2 [97]
τd 14 days [97]
Tk 21 days [98]
X0 0.75× 109 cells [99]
C 4.8× 109 cells [100]
K 3.1× 1012 cells [100]
δ 1.83× 10−3 day−1 [100]

Lung normal tissue

α/β 5 Gy [96]
γ 8.30% [101]
D 17.5 Gy [14]
c 6.04 Gy [14]

Heart normal tissue

α/β 3 Gy [96]
γ 2.04% [101]
D 40 Gy [14]
c 15.52 Gy [14]

Table 4.1: Breast tumor and normal tissues parameters

model of equation (4.2.1) applies to large doses. In view of this, we include a constraint

that the dose fractions be no more than 5 Gy.

Figure 4.1 shows the optimal fractionation schedule when using ξ = 1
3 . Our model

suggests very large initial doses for the first 13 days followed by a smaller dose on the

14th day if T = 25 days or last day of treatment otherwise. The results are not surprising

because previous works ([18], [2]) have suggested hypo-fractionation in the case where

[α/β]T < mini{[α/β]i/γi}. In order to understand the differences between the optimal

schedules in minimizing metastatic risk T years after the beginning of radiotherapy and

minimizing tumor population at the conclusion of therapy, we consider various settings

for model parameters. We report four of them along with their parameters in Figure

4.2. We observe that if [α/β]T ≤ mini{[α/β]i/γi} for all i, then, similar to the case

of minimizing tumor population, a hypo-fractionation schedule is still optimal (case

1 in Figure 4.2). However if we have [α/β]T > mini{[α/β]i/γi} (cases 2, 3 and 4 in

Figure 4.2), depending on the model parameters, a hyper-, semi-hyper (a schedule with

structure of a large initial dose that tapers off slowly) or hypo-fractionation schedule

can be optimal for minimizing metastasis production. Note that in the last three cases
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Figure 4.1: Optimal fractionation schedule when evaluating objective function immedi-
ately after treatment or one to 5 years after conclusion of therapy.

a hyper-fractionation schedule with equal doses is optimal for minimizing number of

tumor cells. In addition, we see that for smaller T , with the same parameters, the

optimal schedule tends to be a hypo-fractionation schedule (see the optimal schedule

for case 2, 3 and 4 in Figure 4.2 when T = 25 days).

We perform an extensive sensitivity analysis of optimal solution with respect to

model parameters (ξ, N0, τd, Tk and δ). We see that after including different parameters

the minimization of metastasis risk is still achieved by a hypo-fractionated schedule

presented in Figure 4.1. In addition, we see that for smaller T we have the radiation

more concentrated at the beginning of the schedule. Figure 4.3 plots the optimal values

of objective function in (4.2.4) for different values of model parameters. However, the

structure of the optimal fractionation is relatively robust to model parameters, and the

only parameters change this structure are T , [α/β]i, [α/β]T and γi (See Figure 4.2).

We lastly consider the relative effectiveness of an optimized schedule versus a stan-

dard schedule. In particular, if we denote the approximate metastasis risk under the

optimized schedule by νR̂optξ , and the risk under a standard uniform fractionation by
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(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

Figure 4.2: Optimal fractionation schedule with evaluating objective function immedi-
ately after the treatment, 1 and 5 years after conclusion of therapy.
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(a) Sensitivity analysis w.r.t ξ (b) Sensitivity analysis w.r.t N0, τd, Tk and δ

Figure 4.3: a) This plot shows the sensitivity of number of metastasis produced by tumor
with respect to ξ. The structure of the optimal schedule is robust to drifts in ξ, however
the metastasis production is affected dramatically by this parameter. b)This plot shows
the sensitivity of number of metastasis produced by tumor with respect to N0, τd, Tk
and δ. The optimal schedules associated with various values of these parameters are the
same as the optimal schedule obtained in Figure 4.1. The effects of treatment duration
and tumor kick-off time are negligible in model’s output however the exponential and
Gompertz growth rate can change the optimal value.

[α/β]T
5 6 7 8 9 10 11 12 13 14

T = 0 58.81% 56.38% 54.37% 52.69% 51.27% 50.05% 49.01% 48.10% 47.3% 46.59%
T = 1 46.81% 41.21% 37.20% 34.18% 31.84% 29.96% 28.42% 27.14% 26.05% 25.12%
T = 2 25.12% 22.11% 19.95% 18.33% 17.07% 16.06% 15.23% 14.55% 13.96% 13.46%
T = 3 16.69% 14.66% 13.21% 12.12% 11.27% 10.60% 10.05% 9.59% 9.2% 8.87%
T = 4 11.94% 10.47% 9.43% 8.65% 8.04% 7.56% 7.16% 6.83% 6.56% 6.32%
T = 5 8.99% 7.88% 7.10% 6.51% 6.05% 5.69% 5.39% 5.14% 4.93% 4.75%

Table 4.2: Metastasis risk reduction of optimized schedule evaluated T years after ther-
apy.

νR̂stdξ . Then, the ratio r = (R̂stdξ − R̂
opt
ξ )/R̂stdξ will give us a measure of the predicted

reduction in metastasis risk associated with using the optimized schedule instead of the

standard schedule. These results are presented in Table 4.2, there we see a significant

reduction in metastasis risk for all values of [α/β]T studied. In general we see that the

risk reduction decreases with [α/β]T and the evaluation period, but still provides for a

substantial risk reduction for all values of [α/β]T and T studied.



Chapter 5

Optimizing chemoradiotherapy to

target multi-site metastatic

disease and tumor growth

Single or multi-site metastasis is a common occurrence in cancer patients. For instance,

bone metastasis occurs in up to 70% of patients with advanced prostrate or breast

cancer [103], or 20% of patients with carcinoma of the uterine cervix develop single

(32%) or multi-site (68%) metastasis at distant locations such as lymph nodes, lung,

bone, or abdomen [3]. The development of metastases significantly lessens the chances

of successful therapy and represents a major cause of mortality in cancer patients. For

instance, only 20% of patients with breast cancer [103] and less than 1% of patients

with carcinoma of the uterine cervix [3] are still alive five years after the discovery of

metastasis.

For many inoperable tumors, radiotherapy alone is not enough to successfully con-

trol the primary tumor. For these tumors, chemoradiotherapy is the standard of care,

in which one or several chemotherapeutic agents are administered along with radia-

tion. There are at least two basic mechanisms by which the combination of the two

modalities may result in a therapeutic gain. First, chemotherapy may be effective

against (occult) systemic disease, such as metastasis. This mechanism is called spa-

tial cooperation. Second, the two modalities act independently (so-called additivity)

102
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or dependently (so-called radio-sensitization) to enhance tumor cell-kill at the primary

site [63]. Recently, Salari et al. [65] studied changes in optimal radiation fractiona-

tion regimens that result from adding chemotherapeutic agents to radiotherapy when

maximizing tumor control probability (TCP). More specifically, they incorporated ad-

ditivity and radio-sensitization mechanisms into the radiation fractionation decision to

identify corresponding changes in optimal radiation fractionation schemes. Their results

suggest that chemotherapeutic agents with only an additive effect do not impact opti-

mal radiation fractionation schemes; however, radio-sensitizers may change the optimal

fractionation schemes and in particular may give rise to optimal nonstationary schemes.

In Chapter 4, we introduced a novel biologically driven objective function that takes

into account metastatic risk instead of maximizing TCP [104]. We observed that when

designing optimal radiotherapy treatments with the goal of minimizing metastatic pro-

duction, hypo-fractionation is preferable for many parameter choices, and standard

fractionation is only preferable when the [α/β] value of the tumor is sufficiently large

and the long-term metastasis risk (several years after therapy) is considered. Our prior

results [104] demonstrated a proof of concept that radiation scheduling decisions have

the potential to significantly impact metastatic risk.

In this chapter, we consider the problem of finding optimal radiotherapy dosing

and a chemotherapy regimen that minimizes the total expected number of metastatic

tumor cells at multiple body sites while keeping normal-tissue damage below clinically

acceptable levels. To study the trade-off between the conventional objective, maximizing

TCP, and our novel approach of minimizing the metastatic population, we consider an

additional constraint requiring the tumor control associated with the optimal regimen

to exceed a user-specified percentage of that of conventional regimens. To the best

of our knowledge, the present study is the first to address optimal chemoradiotherapy

fractionation in the context of targeting multi-site metastatic disease and primary tumor

control. We examine the mathematical properties of the optimal fractionation scheme

in the context of cervical tumors.

In this chapter, we present the first optimization approach in minimizing metastatic

risk in concurrent chemoradiotherapy where chemotherapeutic agents are administered

during the course of radiotherapy to enhance the primary tumor control and to target
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the systemic disease and sub-clinical metastases [105]. We have extended our mathe-

matical models discussed in Chapter 4 to incorporate a broader range of possible action

mechanisms reported in the literature for chemoradiotherapy. The mathematical model

of tumor population dynamics has been revised to not only include the additive cell-kill

effect of chemotherapy, but also to account for the synergistic effect between chemother-

apeutic agents and radiation, reported for radio-sensitizers. Additionally, we have incor-

porated a simple model to study the effect of tumor re-oxygenation over the treatment

course on optimal chemoradiotherapy regimens. To this end, we have used a clinically

developed model that links changes in tumor radio-sensitivity to re-oxygenation over

the treatment course. This is done through the application of the oxygen enhancement

ratio (OER) model to establish a relationship between tumor oxygenation and the LQ

radio-sensitivity parameters. The extended models give rise to DP state spaces of higher

dimensions, which pose additional computational complexity, rendering the DP algo-

rithm used in Chapter 4 computationally intractable. We address this issue by utilizing

dynamic data structures to efficiently store only the relevant part of the state-space

information. We have studied computational results and discussed our new extensions

in the case of cervical cancer.

The remainder of this chapter is organized as follows. In Section 5.1, we discuss

a model with static radio-sensitivity parameters for multi-site metastasis production

and how it can be used to develop a function that reflects metastatic production at

different body locations. In Section 5.2, we formulate an optimization model for the

chemoradiotherapy fractionation problem, derive some mathematical results regarding

the properties of optimal regimens with constant α and β, extend our model to incor-

porate dynamics of reoxygenation throughout the course of treatment, and develop a

DP solution approach. In Section 5.3, we present numerical results in the situation of

cervical cancer.
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5.1 Mathematical model of treatment and metastasis de-

velopment

Consider a treatment regimen in which a radiation dose of di and a drug concentration

of ci are administered at treatment fraction i = 1, . . . , N . Chemoradiotherapy treat-

ment regimens broadly divide into three classes: neoadjuvant, concurrent, or adjuvant

depending on whether the chemotherapeutic agents are administered before, during,

or after the course of radiotherapy, respectively. We consider a sufficiently large N to

accommodate all possible regimens.

Our objective is to minimize total metastatic cell population produced by the pri-

mary tumor at n different sites within the patient’s body at time T after the conclusion

of the treatment, while limiting the normal-tissue toxicity and ensuring a certain level of

control over the primary tumor. The time horizon [0, T ] consists of treatment days and

a potentially long period of no treatment, at the end of which total metastatic popula-

tion is evaluated. In the following, we first model the dynamics of the primary tumor

and metastatic-cell populations in the presence of chemoradiation cell kill. We then

discuss a clinically-established model used to quantify the primary tumor control ad

normal-tissue toxicity. These models will be used to formulate the chemoradiotherapy

fractionation problem.

5.1.1 Modeling primary-tumor population growth

We start by modeling the population of primary tumor cells at time t as a function

of radiation dose using the well-known LQ model, originated from clinical observations

that survival curves of irradiated cell lines follow a linear-quadratic fit on a logarithmic

scale [11]. According to the LQ model, the surviving fraction (SFRT) of tumor cells

after a single exposure to a radiation dose of d is

SFRT(d) = exp
(
−αd− βd2

)
where α and β are tumor radio-sensitivity parameters.

To account for the cytotoxic effect of chemotherapeutic agents on the primary tumor

population, we consider the two action mechanisms of additivity and radio-sensitization
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associated with chemoradiotherapy and incorporate them into the LQ model. Additivity

refers to an added tumor-cell kill due to chemotherapeutic agents, assuming no interac-

tion with radiation. Radio-sensitization, on the other hand, refers to an enhancement

in the radiation-induced cell kill, caused by chemotherapeutic agents [106]. Additivity

is incorporated into the LQ model by adding a linear term of the chemotherapy drug’s

concentration, denoted by c, to the exponent of the LQ model. This is motivated by

the observations that survival curves of cell lines that are exposed to chemotherapeu-

tic agents follow an exponential form in terms of the drug’s concentration [107, 108].

To accommodate radio-sensitization, we use the approach suggested in [65] in which

a multiplicative term of the radiation dose and chemotherapy drug’s concentration is

added to the exponent of the LQ model. This is based on the clinical observations that

radio-sensitizers increase the linear term of the LQ model without causing a consider-

able change in the quadratic term [109, 110]. Hence, the total fraction of surviving cells

after incorporating additivity and radio-sensitization (SFCRT) can be modified as

SFCRT(d, c) = exp
(
−αd− βd2 − θc− ψdc

)
where θ and ψ are chemo-sensitivity parameters associated with the additivity and

radio-sensitization terms, respectively.

The choice of tumor-growth function is strongly driven by the size of cancer being

modeled. Exponential growth is a good model for small-sized tumors. However, limita-

tions of the availability of nutrients, oxygen, and space imply that exponential growth

is not appropriate for the long-term growth of solid tumors, suggesting alternative for-

mulations such as Gompertz or logistic models. The current view of tumor-growth

kinetics during therapy is based on the general assumption that tumor cells grow ex-

ponentially due to the small population [11]. Here, we also assume that the tumor

is small enough and that it grows exponentially with a time lag during the course of

the treatment, known as tumor kick-off time. In particular, we are interested in the

long-term metastatic risk associated with a chemoradiotherapy regimen evaluated at

any time point between the conclusion of therapy and the local recurrence. During this

time period, the primary tumor has not yet reached a clinically detectable size again

and thus is sufficiently small in order to use an exponential growth of the tumor cell
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population.

Consider a chemotherapy regimen (di, ci) (i = 1, . . . , t) that delivers a radiation

dose of di, measured in Gy, and a chemotherapy dose of ci, measured in milligrams per

squared meter of body area, on day i = 1, . . . , t. The primary-tumor population size at

time t ∈ [0, T ], denoted by Xt, can then be computed by

Xt =

X0e
−
∑t
i=1(αdi+βd2

i+θci+ψdici)+ ln 2
τd

(t−Tk)+

, t ≤ N

X0e
−
∑N
i=1(αdi+βd

2
i+θci+ψdici)+

ln 2
τd

(t−Tk)+

, t > N
(5.1.1)

where X0 is the initial tumor population, Tk is the tumor kick-off time, and τd shows

the tumor doubling time in units of days.

5.1.2 Modeling metastatic population growth

We adopt a stochastic model used by other studies [111, 112, 113] to describe the

metastatic production and formation process. Here, we provide details of this model.

The model assumes that only a fraction of the primary tumor cells are capable of

producing successful metastatic cells and that these cells do so at rate ν. This fraction

is dictated by the fractal dimension of the blood vessels infiltrating the tumor, which

we denote by ξ ∈ [0, 1] [114]. For example, if we assume that the tumor is roughly

spherical and all cells on the surface are capable of metastasis, then we would take

ξ = 2/3; however, if we assume only the cells along the boundary of a one-dimensional

blood vessel are capable of metastasis, then we would set ξ = 1/3 (see [111] for a more

detailed discussion and estimation of this parameter). A non-homogeneous Poisson

process with intensity function νXξ
t is then used to describe the successful metastatic-

cell production. Each successful metastatic cell, independent of other cells, will initiate

a metastatic colony at site i (i = 1, . . . , n) with probability pi (
∑n

i=1 pi = 1). Lastly, it

is assumed that the probability of secondary metastasis, which is the formation of new

metastasis originating in other metastatic colonies, is negligible. Therefore, thinning

the original Poisson process tells us that metastasis formation at site i follows a non-

homogeneous Poison process with rate bi(t) = piνX
ξ
t .

We model the growth of each metastatic lesion using a non-homogeneous branching

process with a rate dependent on time t and the metastasis site. More specifically, the
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birth and death rates at site i (i = 1, . . . , n) are denoted by ui(t) and vi(t), respectively.

This is similar to the modeling approach taken in [55], which used multi-type branching

processes to study metastasis and then applied the work to study pancreatic cancer data,

thus fitting the model to metastasis data from patients. We consider the growth rate

of metastatic cells µi(t) = ui(t) − vi(t) in the absence of chemotherapeutic agents as a

positive value that is constant with respect to time (µi(t) = µi). During chemotherapy,

we assume that the growth rate of metastatic cells decreases linearly as a function of

the magnitude of the last dose of chemotherapy drug administrated [115]. Written

mathematically we have

µi(t) =

µi − ωicbtc, t ≤ N

µi, t ∈ (N,T ]
, i = 1, . . . , n (5.1.2)

where ωi is a positive constant, depending on heterogeneity in drug concentrations

among different sites and sensitivity of tumor cells to the chemotherapy at the ith site.

If we have a total evaluation horizon of time T , then the expected number of total

metastatic cells at site i is given by the convolution (see [116])

Ri(T ) =

∫ T

0
bi(t) exp

(∫ T−t

0
µi(η + t)dη

)
dt.

Our goal is to determine an optimal chemo- and radiotherapy fractionation scheme that

minimizes the total expected number of metastatic tumor cells at time T at n body

sites, i.e.,

R(T ) =
n∑
i=1

Ri(T ) = ν
n∑
i=1

pi

∫ T

0
Xξ
t exp

(∫ T−t

0
µi(η + t)dη

)
dt. (5.1.3)

Notice that in order to minimize R(T ), it is sufficient to optimize R(T )/ν, and there is

no need to know parameter ν, which is difficult to estimate.
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5.1.3 Modeling primary tumor control and normal-tissue toxicity due

to radiation

As mentioned before, the notion of BED is used in clinical practice to quantify the

biological damage caused by a given radiotherapy regimen in a structure. More specifi-

cally, the BED for a radiotherapy regimen consisting of N treatment fractions in which

radiation dose di is administered in fraction i (i = 1, . . . , N) is given by

BED =
N∑
i=1

di

(
1 +

di
[α/β]

)
(5.1.4)

where [α/β] is a structure-specific radio-sensitivity parameter. Several clinical studies

have associated different BED values, independent of the number of fractions and the

radiation dose per fraction di (i = 1, . . . , n), to TCP and normal-tissue complication

probability (NTCP) values calculated, based on clinical data [75]. We will use BED to

measure and compare the primary tumor control and the normal-tissue toxicity of the

radiotherapy schedule di (i = 1, . . . , N) in different chemoradiotherapy treatments.

5.2 Optimization model and solution approach

Our goal is to determine the optimal radiation dose vector ~d∗ = {d∗1, . . . , d∗N} and

optimal chemotherapy drug concentration vector ~c∗ = {c∗1, . . . , c∗N} that minimize the

total expected number of metastatic cancer cells at time T at n different anatomical

sites. We do not consider the metastatic dissemination prior to the start of the treatment

course. One reason for this is that it is difficult to estimate the total life history of

a tumor prior to diagnosis. In addition our model is primarily intended for locally

advanced cancer cases, whereas metastasis formation typically occurs in later stages of

the disease once the tumor has reached a significantly large size [117].

We start by computing∫ T−t

0
µi(η + t)dη =

∫ T

t
µi(s)ds =



110µi(T − t)− ωi
(
cbtc(dte − t) +

∑N
j=dte cj

)
, t < N + 1

µi(T − t), t ∈ [N + 1, T ]

with notation c0 = 0 and
∑N

j=dte cj = 0 for t > N . For computational ease, we

assume an equal metastasis production for t ∈ [btc, dte), which is evaluated at time btc.
Specifically we replace Xt with X−t and µi(T − t)− ωi

(
cbtc(dte − t) +

∑N
j=dte cj

)
with

µi(T − t)−ωi
∑N

j=btc cj for 0 ≤ t < N + 1, where X−t is the number of cells immediately

before the delivery of doses dt and ct (note that X−0 = X0). In addition, we use a similar

approximation approach as that taken in [104], which uses a summation rather than an

integral during therapy. To summarize, we make the following approximation:

R(T )/ν ≈
n∑
i=1

pi

N+1∑
t=0

(X−t )ξ exp

µi(T − t)− ωi T∑
j=t

cj

+

∫ T

N+1
Xξ
t e
µi(T−t)dt

 .

(5.2.5)

Substituting Xt from (5.1.1) into (5.2.5) yields

R(T )/ν ≈ f(~d,~c) + g

(
N∑
t=1

dt,
N∑
t=1

d2
t ,

N∑
t=1

ct,
N∑
t=1

dtct

)

where

f(~d,~c) = Xξ
0

n∑
i=1

pie
µiT

N+1∑
t=0

e
−ξ
(∑t−1

j=1(αdj+βd
2
j+θcj+ψdici)−

ln 2
τd

(t−Tk)+
)
−µit−ωi

∑T
j=t cj

(5.2.6)

and

g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

ct,

N∑
t=1

dtct

)
= Xξ

0e
−ξΓ

n∑
i=1

pie
µiT

e
−(µi−ξ ln 2

τd
)(N+1) − e−(µi−ξ ln 2

τd
)T

µi − ξ ln 2
τd

(5.2.7)

where

Γ =
N∑
t=1

(αdt + βd2
t + θct + ψdtct) +

ln 2

τd
Tk.
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Note that in (5.2.6), the summation inside the exponential for t = 0, 1 is zero, i.e.,

t−1∑
j=1

(αdj + βd2
j + θcj + ψdjcj) = 0

for t = 0, 1, and we assume Tk < N , which is typically the case for all disease sites. We

now consider the fractionation problem in terms of decision variables of radiation dose di

and drug concentration ci at fraction i = 1, . . . , N , which lead to a minimal metastasis

population size while maintaining acceptable levels of normal tissues damage.

minimize
dt,ct≥0

f(~d,~c) + g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

ct,

N∑
t=1

dtct

)
(5.2.8)

s.t.
N∑
t=1

γjdt

(
1 +

γjdt
[α/β]j

)
≤ BEDj , j = 1, . . . ,M (5.2.9)

N∑
t=1

dt

(
1 +

dt
[α/β]

)
≥ %× BEDstd (5.2.10)

N∑
t=1

ct ≤ Cmax (5.2.11)

dt ≤ dmax, t = 1, . . . , N (5.2.12)

ct ≤ cmax, t = 1, . . . , N (5.2.13)

The objective function evaluates the cumulative metastasis production divided by ν

at time T at n different body organs over all treatment fractions. Constraints (5.2.9)

and (5.2.11) are toxicity constraints associated with radiotherapy and chemotherapy,

respectively. More specifically, we use the BED model in (5.1.4) to constrain the radia-

tion side effects in the surrounding healthy structures around the tumor [11]. In doing

so, we assume that there are M healthy tissues in the vicinity of the tumor, and a dose

d results in a homogeneous dose γjd in the jth normal tissue, where γj is the spar-

ing factor. Parameter [α/β]j represents the BED parameter, and BEDj specifies the
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maximum BED allowed in the jth healthy tissue. We limit the maximum cumulative

chemotherapy dose by Cmax, which is the total amount of a drug that can be delivered

to a patient over the period of treatment, measured in milligrams/meter squared [118].

Inequalities (5.2.12) and (5.2.13) limit the maximum allowable daily radiation dose and

chemotherapy drug concentration, respectively, where dmax and cmax show the maxi-

mum tolerable dose, measured in Gy and milligrams/meter squared, respectively, that

can be delivered in a single day [118].

Finally, constraint (5.2.10) guarantees that tumor BED imposed by the optimal

schedule is greater than or equal to %× 100 percent of the tumor BED realized by the

standard schedule. Note that TCP is an increasing function of tumor BED for a homo-

geneous radiation dose, and thus TCP and tumor BED maximization are equivalent.

The parameter 0 ≤ % ≤ 1 is an input to our model and characterizes the trade-off

between maximizing TCP and minimizing metastatic cell population (see, e.g., [119] for

a review of optimization methods to characterize the trade-off between the two objec-

tives). If we assume that the primary cause of cancer-related death in a specific tumor

(e.g. pancreatic or cervical cancer) is metastatic dissemination, then we choose a low

value of %, e.g., 70%. However, if the primary tumor may cause patient death (e.g., lung

cancer), then a high value of % will be taken, e.g., 98%.

Formulation (5.2.8)–(5.2.13) is a nonconvex quadratically constrained program. Such

problems are computationally difficult to solve in general. In the rest of this section, we

first derive some mathematical results regarding the structure of the optimal solution

of (5.2.8)–(5.2.13) and then develop a DP algorithm to solve the problem.

We start by discussing an important property of the optimal chemotherapy dose

vector.

Lemma 11. Let the optimal drug vector of problem (5.2.8)–(5.2.13) be ~c∗ = {c∗1, . . . , c∗N},
then in optimality, we have

N∑
t=1

c∗t = Cmax.

Proof. We use contradiction to prove our result. Let the optimal dose vector be ~c′ =

{c′1, . . . , c′N} such that
∑N

t=1 c
′
t < Cmax. Then, we can always construct a feasible

solution ~c′′ based on ~c′ that contradicts the optimality of ~c′. For example first we set

~c′′ = ~c′ and then for an arbitrary integer i, 1 ≤ i ≤ N , such that c′i < cmax (note that
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this integer must exist since we have Cmax < Ncmax), we set c′′i = min{cmax, c
′
i+Cmax−∑N

t=1 c
′
t} and observe that

g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

c′′t ,

N∑
t=1

dtc
′′
t

)
≤ g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

c′t,

N∑
t=1

dtc
′
t

)

and f(~d, ~c′′) ≤ f(~d, ~c′)

since α, β, θ and ψ are always positive values.

Lemma 11 states that any optimal solution to (5.2.8)–(5.2.13) yields a chemotherapy

regimen with the maximum dose allowed. Using the result of Lemma 11, we can rewrite

function f(~d,~c) as

f(~d,~c) = Xξ
0

n∑
i=1

pie
µiT

N+1∑
t=0

e
−ξ
(∑t−1

j=1(αdj+βd
2
j+(θ−ωi/ξ)cj+ψdjcj)− ln 2

τd
(t−Tk)+

)
−µit−ωiCmax .

(5.2.14)

5.2.1 Developing a DP solution method

Using the new form of function f(~d,~c) derived in (5.2.14), we develop a DP algorithm

to find the optimal daily radiation and chemotherapy doses. The stages of the DP

algorithm correspond to treatment days t ∈ {1, . . . , T}. At stage t, the state of the

system is characterized by At = {Ut, Vt, St,Wt}, where Ut and Vt are the cumulative

dose and cumulative dose squared, respectively, St is the cumulative chemotherapy

dose, and Wt is the cumulative product of daily radiotherapy and chemotherapy doses,

all calculated after the delivery of radiation and chemotherapy on day t. The control

variables at stage t are the radiation and chemotherapy doses administered during that

stage. Given control variables (dt, ct), the state of the system is updated according to

Ut = Ut−1 + dt, Vt = Vt−1 + d2
t , St = St−1 + ct, Wt = Wt−1 + dtct.

Let Jt : R4 → R be the cost-to-go function at stage t (t = 1, . . . , T ). Using the functions

introduced in (5.2.7) and (5.2.14), the forward recursion of our DP algorithm can be

written as
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Jt(At) =mindt,ct≥0 Jt−1(At−1) + L(dt, ct,At−1), 1 ≤ t ≤ N − 1

mindt,ct≥0 Jt−1(At−1) + g(Ut−1 + dt, Vt−1 + d2
t , Cmax,Wt−1 + dtct), t = N

where

L(dt, ct,At−1) = Xξ
0

n∑
i=1

pie
−ξ×Ψt,i+µi(T−t)−ωiCmax

Ψt,i = α(Ut−1 +dt)+β(Vt−1 +d2
t )+(θ−ωi/ξ)(St−1 +ct)+ψ(Wt−1 +dtct)−

ln 2

τd
(t−Tk)+

with initial conditions A0 = {0, 0, 0, 0} and J0(A0) = Xξ
0

∑n
i=1 pie

µiT−ωiCmax . We set

the function JN (AN ) to be ∞ if

UN +
β

α
VN < %× BEDstd

and Jt(At), t = 1, . . . , N to be ∞, if any of the following constraints is satisfied:

γjUt +
γ2
j Vt

[α/β]j
> BEDj , j = 1, . . . ,M ; or St > Cmax.

A standard approach to solving Bellman’s equations with forward recursion is to

discretize the state space and use a linear interpolation of appropriate discretized values

to increase the accuracy of cost-to-go function estimations at intermediate state values

[104, 65, 22]. Depending on the size of the state space, a naive implementation of this

approach may be computationally intractable due to the large number of possible dis-

cretized states, known as the curse of dimensionality. To alleviate the computational

burden of the discretization approach in our DP framework, we employ a table data

structure to only store the information of the feasible states. This leads to a significant

reduction in the number of discretized states considered. The details of this implemen-

tation is in the followings.

The DP algorithm employs a dynamic table to only store unique and feasible states

at each stage. To this end, all discretized states are enumerated and only those that

have unique attribute combinations (i.e., T.U, T.V, T.S, T.W, T.Û , and T.V̂ ) are stored.
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Algorithm 4 DP algorithm to solve problem (5.2.8)–(5.2.13)
1: Create a data table with headers: T={day, U, V, S,W, d, c, obj, id, track}
2: counter ← 1
3: For i ∈ {0 : dmin : dmax} do:
4: For j ∈ {0 : cmin : cmax} do:
5: Create a temporary data table with headers: Ttemp = {day, U, V, S,W, d, c, obj, id, track}
6: Ttemp.day ← 1, Ttemp.U ← i, Ttemp.V ← i2, T.S ← j, Ttemp.W ← i × j, Ttemp.d ← i, Ttemp.c ← j,

Ttemp.id← counter, Ttemp.track ← 0, and

Ttemp.obj ← Xξ
0

n∑
i=1

pie
µiT−ωiCmax

(
1 + e−µi + e

−ξ
(
αi+βi2+(θ−ωi/ξ)j+ψij− ln 2

τd
(2−Tk)+

)
−2µi

)

7: counter ← counter + 1
8: concatenate(T, Ttemp)
9: For t ∈ {2 : 1 : N} do:

10: Set T ′ = {all rows in table T |T.day = t− 1}
11: For k ∈ {1 : 1 : height(T ′)} do:
12: For i ∈ {0 : dmin : dmax} do:
13: For j ∈ {0 : cmin : cmax} do:
14: Create a temporary data table with headers: Ttemp = {day, U, V, S,W, d, c, obj, id, track}
15: Set

Ttemp.day ← t, Ttemp.U ← T ′.U(k) + i, Ttemp.V ← T ′.V (k) + i2, Ttemp.S ← T ′.S(k) + j,

Ttemp.W ← T ′.W (k) + i× j, Ttemp.d← i, Ttemp.c← j,

Ψt,i = µi(T − t)− ωiCmax − ξ× (αTtemp.U + βTtemp.V + (θ− ωi/ξ)Ttemp.S +ψTtemp.W −
ln 2

τd
(t− Tk)+)

Ttemp.obj ← T ′.obj(k) +

{
Xξ

0

∑n
i=1 pie

Ψt,i t ≤ N − 1

Xξ
0

∑n
i=1 pie

Ψt,i + ĝ(Ttemp.Û , Ttemp.V̂ , Ttemp.S, Ttemp.W ) t = N

16: If (all feasibility constraints satisfied):
17: Set index = {T.id|T.day = t, T.U = Ttemp.U, T.V = Ttemp.V, T.S = Ttemp.S, T.W = Ttemp.W}
18: If (index == NULL):
19: Ttemp.id← counter
20: Ttemp.track ← T ′.id(k)
21: concatenate(T, Ttemp)
22: counter ← counter + 1
23: Elseif (Ttemp.obj < T.obj(T.id == index)):
24: T.d(T.id == index)← Ttemp.d
25: T.c(T.id == index)← Ttemp.c
26: T.obj(T.id == index)← Ttemp.obj
27: T.track(T.id == index)← T ′.id(k)
28: id∗ ← {T.id|T.obj = min{T.obj|T.day = N}}
29: Return d∗N ← T.d(T.id == id∗), c∗N ← T.c(T.id == id∗)
30: For t ∈ {N − 1 : −1 : 1} do:
31: id∗ ← T.track(T.id == id∗)
32: Return d∗t ← T.d(T.id == id∗), c∗t ← T.c(T.id == id∗)
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The pseudo code is provided in Algorithm 1. dmin and cmin represent the discretization

step length for radiation and chemotherapy dose fractions, respectively.

In the rest of this section, we study two special cases of the proposed model. The

first special case considers chemoradiotherapy in the absence of radio-sensitization and

derives a closed-form solution for the optimal chemotherapy schedule, which significantly

reduces the computational complexity of the DP algorithm. The second case considers

a new version of the proposed model in which tumor radio-sensitivity parameters vary

during the course of the treatment.

5.2.2 Optimal chemoradiotherapy regimens in the absence of radio-

sensitization

Several cytotoxic agents, such as Temozolomide, are suggested to only have an additive

effect [120]. This corresponds to those chemotherapeutic agents that exhibit insignificant

or no radio-sensitization, which translates to ψ = 0 in tumor population dynamics

introduced in (5.1.1). In this section, we solve the problem (5.2.8)–(5.2.13) for the

special case of negligible radio-sensitization effect (ψ = 0). First, we use the new form

of function f(~d,~c) stated in (5.2.14) and show an interesting property of the optimal

structure of radiation and chemotherapy schedules.

Lemma 12. Let the optimal dose and drug vector of problem (5.2.8)–(5.2.13) be ~d∗ =

{d∗1, . . . , d∗N} and ~c∗ = {c∗1, . . . , c∗N}, respectively; if ψ = 0, then, in optimality, we have

d∗1 ≥ d∗2 ≥ · · · ≥ d∗N

and c∗1 ≥ c∗2 ≥ · · · ≥ c∗N , if θξ ≥ maxi=1,...,n ωi

c∗1 ≤ c∗2 ≤ · · · ≤ c∗N , if θξ < mini=1,...,n ωi.

Proof. We use contradiction to Prove our result. Assume that there exists an optimal

dose vector ~d∗ = {d∗1, . . . , d∗i , . . . , d∗j , . . . , d∗N} such that for some j > i, we have d∗j > d∗i .

Now we construct a new feasible solution ~d′ = {d′1, . . . , d′N}, where d′i = d∗j , d
′
j = d∗i

and d′k = d∗k for k 6= i, j with the identical drug vector ~c. Since we have ψ = 0, the

feasibility constraints and the value of function g in (5.2.8) are order independent, i.e.,
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if we change the order of the dose vector, then the resulting dose vector is still feasible

with the same value for function g; hence, ~d′ is a feasible solution to (5.2.8)–(5.2.13)

where

g

(
N∑
t=1

d′t,
N∑
t=1

(d′t)
2,

N∑
t=1

ct,
N∑
t=1

d′tct

)
= g

(
N∑
t=1

d∗t ,
N∑
t=1

(d∗t )
2,

N∑
t=1

ct,
N∑
t=1

d∗t ct

)
.

Thus to prove the result it is sufficient to show that f(~d′,~c) ≤ f( ~d∗,~c), i.e.

N+1∑
t=0

e
−ξ
(∑t−1

j=1(αd
′
j+β(d

′
j)

2+(θ−ωi/ξ)cj)− ln 2
τd

(t−Tk)+
)
−µit−ωiCmax

≤
N+1∑
t=0

e
−ξ
(∑t−1

j=1(αd
∗
j+β(d

∗
j )

2+(θ−ωi/ξ)cj)− ln 2
τd

(t−Tk)+
)
−µit−ωiCmax

for all i = 1, . . . , n. The above inequality is implied by

α
t−1∑
j=1

d′j + β
t−1∑
j=1

(d′j)
2 ≥ α

t−1∑
j=1

d∗j + β
t−1∑
j=1

(d∗j )
2 for all t = 1, . . . , N + 1 and i = 1, . . . , n

We can use the same approach to prove the same result for ~c∗ (see proof of Theorem 13

for more details).

In Lemma 12, we specify the general structure of the optimal chemoradiotherapy

regimen in absence of radio-sensitivity effect. In the following result, we find the optimal

chemotherapy drug vector for two special cases.

Theorem 13. Let the optimal drug vector of problem (5.2.8)–(5.2.13) be ~c∗ = {c∗1, . . . , c∗N};
if ψ = 0, then, ~c∗ takes one of the following two forms, if we have θξ ≥ maxi=1,...,n ωi

or θξ < mini=1,...,n ωi:

1. θξ ≥ maxi=1,...,n ωi: Optimal schedule is given by c∗i = cmax for i = 1, . . . , k,

c∗k+1 = Cmax − kcmax and c∗i = 0 for i = k + 2, . . . , N , where k = bCmax/cmaxc.

2. θξ < mini=1,...,n ωi: Optimal schedule is given by c∗i = cmax for i = N−k+1, . . . , N ,

c∗N−k = Cmax−kcmax and c∗i = 0 for i = 1, . . . , N−k−1, where k = bCmax/cmaxc.

Proof. We first prove our results when θξ ≥ maxi=1,...,n ωi. This condition implies that

θ−ωi/ξ ≥ 0 for all i = 1, . . . , n. First, we use contradiction to show that, in optimality,
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we must have c∗1 = · · · = c∗k = cmax for k = bCmax/cmaxc. Assume that there exists

an optimal dose vector ~c∗ = {c∗1, . . . , c∗i , . . . , c∗j , . . . , c∗N} such that for some j > i, we

have c∗i < cmax and c∗j > 0. Now we construct a new feasible solution ~c′ = {c′1, . . . , c′N},
where c′i = min{cmax, c

∗
i + c∗j}, c′j = c∗j − (c′i − c∗i ) and c′k = c∗k for k 6= i, j with the

identical dose vector ~d. First, note that the drug vector ~c′ is a feasible solution, since∑N
t=1 c

′
t =

∑N
t=1 c

∗
t and c′t ≤ cmax for t = 1, . . . , N . Second, the value of function g in

(5.2.8) has the same value for both ~c∗ and ~c′, since
∑N

t=1 c
∗
t =

∑N
t=1 c

′
t and ψ = 0, i.e.,

g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

c∗t ,

N∑
t=1

dtc
∗
t

)
= g

(
N∑
t=1

dt,

N∑
t=1

d2
t ,

N∑
t=1

c′t,

N∑
t=1

dtc
′
t

)
.

Thus, to prove that ~c′ results in a smaller objective function, it is sufficient to show that

f(~d, ~c′) ≤ f(~d, ~c∗), i.e.,

N+1∑
t=0

e
−ξ
(∑t−1

j=1(αdj+βd
2
j+(θ−ωi/ξ)c′j)−

ln 2
τd

(t−Tk)+
)
−µit−ωiCmax

≤
N+1∑
t=0

e
−ξ
(∑t−1

j=1(αdj+βd
2
j+(θ−ωi/ξ)c∗j )− ln 2

τd
(t−Tk)+

)
−µit−ωiCmax

for all i = 1, . . . , n. The above inequality can be shown if and only if we show the

following inequality for t = 0, . . . , N + 1

−ξ

 t−1∑
j=1

(αdj + βd2
j + (θ − ωi/ξ)c′j)−

ln 2

τd
(t− Tk)+

− µit− ωiCmax

≤ −ξ

 t−1∑
j=1

(αdj + βd2
j + (θ − ωi/ξ)c∗j )−

ln 2

τd
(t− Tk)+

− µit− ωiCmax

or equivalently

t−1∑
k=1

(αdk + βd2
k + (θ − ωi/ξ)c′k) ≥

t−1∑
k=1

(αdk + βd2
k + (θ − ωi/ξ)c∗k), i = 1, . . . , n
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Since both schedules have an identical radiation dose vector, we need to show that

(θ − ωi/ξ)
t−1∑
k=1

c′k ≥ (θ − ωi/ξ)
t−1∑
k=1

c∗k t = 1, . . . , N + 1 and i = 1, . . . , n.

We assume that θ − ωi/ξ ≥ 0 for all i = 1, . . . , n; therefore, the above inequality is

implied by
t−1∑
k=1

c′k ≥
t−1∑
k=1

c∗k for all t = 1, . . . , N + 1.

Note that c′i = min{cmax, c
∗
i + c∗j}, c′j = c∗j − (c′i − c∗i ) and c′k = c∗k for j > i and k /∈ i, j;

therefore, we have c′i > c∗i , which implies that
∑l

t=1 c
′
t >

∑l
t=1 c

∗
t for l : i ≤ l < j and∑l

t=1 c
′
t =

∑l
t=1 c

∗
t for l ≥ j and l < i.

Next, note that as a result of Lemma 11, we know that
∑N

t=1 c
∗
t = Cmax. Hence,

we can repeat the above procedure to improve the optimal solution until we get c∗1 =

· · · = c∗k = cmax for k = bCmax/cmaxc, where no more improvement can be achieved.

At this step, we have two scenarios: first, bCmax/cmaxc ∈ N, where we must have

c∗k+1 = · · · = c∗N = 0, which proves our result; second, bCmax/cmaxc 6= Cmax/cmax,

where
∑N

t=k+1 ct = Cmax − kcmax < cmax. In this case, by using the same contradiction

as before, we can show that if we choose ck+1 < Cmax − kcmax, then we can always

construct a feasible solution with a smaller objective function.

We can use a similar approach when θξ < mini=1,...,n ωi. In this case, we have

θ − ωi/ξ < 0, i = 1, . . . , n. Therefore, for any schedule with c∗i < cmax and c∗j > 0

for i > j, we can construct a new feasible solution ~c′ = {c′1, . . . , c′N}, where c′i =

min{cmax, c
∗
i + c∗j} > c∗i , c

′
j = c∗j − (c′i − c∗i ) < c∗j and c′k = c∗k for k 6= i, j with a smaller

objective function. Similar to the previous case, here we require that

t−1∑
k=1

(αdk + βd2k + (θ − ωi/ξ)c′k) ≥
t−1∑
k=1

(αdk + βd2k + (θ − ωi/ξ)c∗k), i = 1, . . . , n

since θ − ωi/ξ < 0 i, which equivalently shows that

t−1∑
k=1

c′k ≤
t−1∑
k=1

c∗k for all t = 1, . . . , N + 1.

This inequality is implied by
∑l

t=1 c
′
t <

∑l
t=1 c

∗
t for l : j ≤ l < i and

∑l
t=1 c

′
t =

∑l
t=1 c

∗
t
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for l ≥ i and l < j. The rest is similar to the situation where θξ > maxi=1,...,n ωi.

The following three important observations are made for optimal treatment regimens

associated with chemoradiotherapy based on the results of Lemma 12 and Theorem 13.

Note that in the following we assume that radio-sensitization effect is negligible.

Remark 1. The non-increasing order of the optimal radiation dose vector obtained

in Lemma 12 suggests that it is always optimal to immediately start the radiother-

apy treatment. Furthermore, it is optimal to immediately initiate chemotherapy if

θξ ≥ maxi=1,...,n ωi, or to postpone chemotherapy until the end of the treatment if

θξ < mini=1,...,n ωi, suggesting a concurrent and adjuvant chemoradiotherapy regimen,

respectively. Hence, Lemma 12 tells us that it is never optimal to use neoadjuvant

chemoradiotherapy regimens, which is consistent with clinical observations [121](see

conclusion for more discussion).

Remark 2. The resulting radiotherapy fractionation schedules for minimizing total

metastatic cancer cells suggest a non-increasing radiation fractionated structure, which

is due to the structure of the model. Metastatic cells initiated at distant locations are not

killed by radiotherapy doses. Thus, in order to minimize the metastatic cell population

using radiation, it is necessary to quickly reduce the primary tumor cell population since

this is the source of metastatic lesions. Also, note that given the growth of metastatic

lesions, we are particularly concerned with metastatic lesions created early in the course

of therapy.

Remark 3. The resulting chemotherapy fractionation schedules for minimizing total

metastatic cancer cells suggest a hypo-fractionated structure concentrated at the begin-

ning or the end of the schedule. This is due to the fact that if the combined effect (θξ)

of chemotherapy-induced cell-kill (θ) and the fraction of cells capable of metastasis in

the primary tumor (ξ) is larger than the chemotherapy-induced metastatic cell-kill at all

distant locations (maxi=1,...,n{ωi}), then we consider the primary tumor cell population

as dangerous, due to the inability of chemotherapy to control the metastatic cell popula-

tions. Hence, it is preferable to target the primary tumor and reduce its size as quickly as

possible. However, if the effect of the chemotherapeutic agents on all distant metastatic

sites (mini=1,...,n{ωi}) is larger than the product of chemotherapy-induced cell-kill (θ)
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and the fraction of cells that are capable of metastasis in the primary tumor (ξ), then

we consider that the chemotherapeutic agents are more effective in controlling metastatic

disease than the primary tumor control. Hence, we prefer to administer chemotherapy

at the end of treatment when we can target the accumulated metastatic cells.

Finally, we establish a result that describes the closed-form solution of the optimal

radiotherapy schedule for a special case in which β = 0 in equation (5.1.1), [α/β]j →
∞ (j = 1, . . . ,M) in inequalities (5.2.9), and [α/β] → ∞ in inequality (5.2.10). The

special case entails the use of a linear log-survival model, rather than LQ, to describe

tumor cell-kill. Also, it implies the use of physical dose, rather than BED, to measure

normal-tissue toxicity and primary tumor control. This case is motivated by the fact

that tissue response to small radiation doses is dominated by the linear term [122, 123],

which is applicable to our model when dmax is sufficiently small (around 2 Gy [124]).

Proposition 14. If we assume that radiation-induced tumor cell-kill has a linear form,

i.e., β = 0 and radiation-induced toxicity in normal-tissue j (j = 1, . . . ,M) and the

primary tumor control are evaluated using the physical dose, i.e., [α/β]j → ∞ and

[α/β] → ∞, then the optimal radiotherapy schedule is given by d∗i = dmax for i =

1, . . . , k, d∗k+1 = Dmax−kdmax and d∗i = 0 for i = k+2, . . . , N , where k = bDmax/dmaxc
and Dmax = minj=1,...,M {BEDj/γj}.

In order to explain this result, we first note that the inequality

N∑
t=1

dt ≤ min
j=1,...,M

{BEDj/γj}

defines the set of feasible regions associated with the radiation-induced toxicity con-

straints in normal tissues, and thus we can remove the remaining M − 1 redundant

inequalities from the constraint set. Then, an almost identical argument as used in

proof of Theorem 13 for the case of θξ ≥ maxi=1,...,n ωi can be implemented to derive

the optimal dose vector.

If either of the conditions outlined in Theorem 13 are applicable, then the optimal

chemotherapy schedule exists in closed-form. It then remains to find the optimal ra-

diation doses, which can be determined using a reduced version of the DP algorithm

developed in Section 5.2.1 considering only a 2D state space consisting of Ut and Vt.
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Otherwise, the optimal solution can be obtained using the DP algorithm with a 3D

state space consisting of Ut, Vt, and St since there is no radio-sensitization in this case.

5.2.3 Dynamic tumor radio-sensitivity parameters

The degree of tumor oxygenation is a crucial determinant of the effectiveness of ra-

diotherapy. In particular, an insufficient supply of oxygen in tumor, known as hypoxia,

causes radio-resistance in most tumors, thereby adversely affecting the cancer treatment

outcome in solid tumors [5]. It is suggested that radiation fractionation alleviates tumor

hypoxia through the phenomenon of re-oxygenation, the process by which hypoxic cells

surviving a given radiation fraction become more oxygenated and thus more susceptible

to radiation prior to the next fraction [11]. In this section, we account for the tumor

re-oxygenation effect by explicitly modeling the dependence of tumor radio-sensitivity

parameters on the tumor oxygen level. To this end, we first review a mathematical

model for calculating oxygen-dependent radio-sensitivity parameters. We then extend

the tumor population dynamics introduced in Section 5.1.1 to the case of dynamic

radio-sensitivity parameters. Finally, we propose an efficient DP algorithm to solve the

revised model.

The common approach to modeling the evolution of radio-sensitivity parameters is

to incorporate the concept of (OER), which models the dependence of radio-sensitivity

parameters on tumor oxygen partial pressure as follows [5, 125]:

αt =
αmax

OERα

(
yt ×OERα +K

yt +K

)
, βt =

βmax

OER2
β

(
yt ×OERβ +K

yt +K

)2

(5.2.15)

In the equations above, αmax and βmax are radio-sensitivity parameters under well-

oxygenated conditions and yt denotes the average tumor oxygen partial pressure at

time t. Additionally, OERα, OERβ, and K are the fitted parameters of the OER

model. To model the evolution of tumor oxygen partial pressure, we consider a spherical

tumor whose radius, denoted by rt, changes throughout the treatment course as a result

of radiation and chemotherapy cell kill as well as tumor repopulation. In particular,

assuming a constant tumor-cell density per unit volume, denoted by ρ, we express the

radius of the tumor prior to the start of treatment session t as a function of the tumor

population size, that is, rt = 3

√
3Xt−1

4πρ [4]. We then assume a simple model in which the
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average oxygen partial pressure yt in (5.2.15) is linearly proportional to the radius of the

spherical tumor, that is, yt ∝ rt. This assumption is motivated by the clinical studies

indicating that large tumors have large hypoxic regions [126]. Substituting Xt−1 from

equation (5.1.1), we can express the average tumor oxygen partial pressure on treatment

session t as

yt = ymax − ι× 3

√
3X0

4πρ
exp

(
−1

3

t−1∑
i=1

(
αidi + βid

2
i + θci + ψdici

)
+

ln 2

3τd
(t− Tk)+

)
(5.2.16)

where ymax is the maximum average oxygen partial pressure, usually achieved toward

the end of treatment when tumor radius is sufficiently small and ι is the model parameter

representing the increase in average oxygen partial pressure per unit reduction in tumor

radius. Note that the value ymax − ι × 3

√
3X0
4πρ represents the average oxygen partial

pressure for the tumor at the beginning of the therapy, which depends on the initial

tumor size and the tumor oxygenation level. Hence, we can use the average tumor

oxygenation level of an arbitrary tumor at the beginning and end of the treatment to

calibrate our model.

The equation (5.1.1) describing the tumor population size needs to be updated to

account for dynamic tumor radio-sensitivity parameters as follows:

Xt =

X0e
−
∑t
i=1(αidi+βid2

i+θci+ψdici)+ ln 2
τd

(t−Tk)+

, t ≤ N

X0e
−
∑N
i=1(αidi+βid

2
i+θci+ψdici)+

ln 2
τd

(t−Tk)+

, t > N.

This changes the objective function of problem (5.2.8)–(5.2.13) into

f̂(~d,~c, ~α, ~β) + ĝ

(
N∑
t=1

αtdt,

N∑
t=1

βtd
2
t ,

N∑
t=1

ct,

N∑
t=1

dtct

)

where

f̂(~d,~c, ~α, ~β) =

Xξ
0

n∑
i=1

pie
µiT

N+1∑
t=0

e
−ξ
(∑t−1

j=1(αjdj+βjd
2
j+(θ−ωi/ξ)cj+ψdjcj)− ln 2

τd
(t−Tk)+

)
−µit−ωiCmax
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ĝ

(
N∑
t=1

αtdt,

N∑
t=1

βtd
2
t ,

N∑
t=1

ct,

N∑
t=1

dtct

)
=

Xξ
0e
−ξΓ̂

n∑
i=1

pie
µiT

e
−(µi−ξ ln 2

τd
)(N+1) − e−(µi−ξ ln 2

τd
)T

µi − ξ ln 2
τd

where

Γ̂ =

N∑
t=1

(αtdt + βtd
2
t + θct + ψdtct) +

ln 2

τd
Tk.

To solve the formulation in (5.2.8)–(5.2.13) with the modified objective function using

the DP approach, we need to store two additional state variables, Ût =
∑t−1

i=1 αtdt and

V̂t =
∑t−1

i=1 βtd
2
t . This leads to a 6D state space characterized by

Bt = {Ut, Vt, St,Wt, Ût, V̂t}.

The cost-to-go functions Ĵt : R6 → R for the new state space are defined as

Ĵt(Bt) = Ĵt−1(Bt−1) +


min
dt,ct≥0

L̂(dt, ct,Bt−1), 1 ≤ t ≤ N − 1

min
dt,ct≥0

ĝ(Ût−1 + dt, V̂t−1 + d2
t , Cmax,Wt−1 + dtct), t = N

where

L̂(dt, ct,Bt−1) = Xξ
0

n∑
i=1

pie
−ξ×Ψ̂t,i+µi(T−t)−ωiCmax

Ψ̂t,i = Ût−1 +αtdt+ V̂t−1 +βtd
2
t + (θ−ωi/ξ)(St−1 + ct) +ψ(Wt−1 +dtct)−

ln 2

τd
(t−Tk)+.

Tumor radio-sensitivity parameters αt and βt (t = 1, . . . , N) used in the cost-to-go

functions can be computed using equations (5.2.15)–(5.2.16). The special data structure

developed for our DP implementation significantly reduces the computational burden

of our DP algorithm with 6D state space.

The structure of the 6D DP algorithm is similar to the 4D case. However, we need to

store information related to two additional state dimensions, which are {Ût, V̂t}, leading

to a larger number of rows and columns in our DP table. Hence, the 6D DP algorithm

has a higher computational and space complexity compared to the 4D case. To ease

this additional burden, we derive and use the following structural results on the optimal
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solution to significantly reduce the height of the DP table by only storing information

related to promising states and skipping those that lead to sub-optimal solutions.

Lemma 15. Consider two arbitrary states at time stage t, B1,t = {u1, v1, s1, w1, û1, v̂1}
and B2,t = {u2, v2, s2, w2, û2, v̂2} where Ĵ(B2,t) ≤ Ĵ(B1,t). Then we can discard the row

associated with state B1,t in our DP table if u2 ≤ u1, v2 ≤ v1, s1 = s2, w2 ≥ w1, û2 ≥ û1

and v̂2 ≥ v̂1.

Proof. We prove this result by contradiction. Suppose there exists an optimal path

initiated from B1,t, then we construct a solution using B2,t with a smaller objective value.

To this end, let the optimal solution associated with B1,t be ~d∗ = {d∗1, . . . , d∗t , . . . , d∗N}
and ~c∗ = {c∗1, . . . , c∗t , . . . , c∗N} and the path resulting in Ĵ(B2,t) be {d′1, . . . , d′t} and

{c′1, . . . , c′t}. Then a solution with smaller or equal objective value can be constructed

using {d′1, . . . , d′t, d∗t+1, . . . , d
∗
N} and {c′1, . . . , c′t, c∗t+1, . . . , c

∗
N}. It suffices to establish that

Ĵ(B2,k) ≤ Ĵ(B1,k),∀k = t+ 1, . . . , N + 1

We show the validity of the inequality above for k = t + 1, and the proof for k =

t+ 2, . . . , N + 1 is similar. The inequality Ĵ(B2,t+1) ≤ Ĵ(B1,t+1) is equivalent to

Ĵ(B2,t) +Xξ
0

n∑
i=1

pie
−ξ×Ψ̂2,i,t+1+µi(T−t−1)−ωiCmax

≤ Ĵ(B1,t) +Xξ
0

n∑
i=1

pie
−ξ×Ψ̂1,i,t+1+µi(T−t−1)−ωiCmax .

Note that the above inequality is implied by

Ĵ(B2,t) ≤ Ĵ(B1,t) and Ψ̂2,i,t+1 ≥ Ψ̂1,i,t+1 ∀i.

The inequality Ψ̂2,i,t+1 ≥ Ψ̂1,i,t+1 follows from

û2 + α2,t+1d
∗
t+1 + v̂2 + β2,t+1(d∗t+1)2 + (θ − ωi/ξ)(s2 + c∗t+1) + ψ(w2 + d∗t+1c

∗
t+1) ≥

(5.2.17)

û1 + α1,t+1d
∗
t+1 + v̂1 + β1,t+1(d∗t+1)2 + (θ − ωi/ξ)(s1 + c∗t+1) + ψ(w1 + d∗t+1c

∗
t+1).
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Note that we have s1 = s2, w2 ≥ w1, û2 ≥ û1, and v̂2 ≥ v̂1, and we can conclude that

y2,t ≥ y1,t. Therefore, to prove inequality (5.2.17), it suffices to show

α2,t+1d
∗
t+1 + β2,t+1(d∗t+1)2 ≥ α1,t+1d

∗
t+1 + β1,t+1(d∗t+1)2.

Since we always have OERα ≥ 1 and OERβ ≥ 1, and the inequality y2,t ≥ y1,t holds,

we can use (5.2.15) to complete the proof

α2,t+1 ≥ α1,t+1 and β2,t+1 ≥ β1,t+1.

We next use the result of Lemma 11 to discard another set of sub-optimal states

during the state enumerations at each stage.

Observation 1: Consider an arbitrary state at time stage t, Bt = {Ut, Vt, St,Wt, Ût, V̂t}.
Then we can discard Bt if (N − t)cmax < Cmax − St.

Using the above results, we use Algorithm 5 to solve problem (5.2.8)–(5.2.13) with

dynamic radio-sensitivity parameters α and β.

5.3 Numerical results

In this section, we test the performance of our formulation and solution methods on a

locally advanced cervical cancer case. We consider the toxicity effects of radiotherapy

in three different organs at risk: bladder, small intestine, and rectum [127], using the

BED model introduced in (5.1.4). A standard fractionated treatment for cervical cancer

delivers 45 Gy to the tumor over five weeks (25 working days). The maximum tolerated

doses for each organ at risk is computed based on this standard fractionation scheme

(1.8 Gy × 25).

Treatment days comprise a course of external beam radiotherapy and chemother-

apy administration, followed by a short rest period lasting Nr days, and low-dose-rate

brachytherapy with a dose rate of R Gy per day delivered within Nb days. This treat-

ment sequence is motivated by the combined-modality treatment protocols used in clin-

ical practice for cervical cancer, which often involve adjuvant brachytherapy. Equation
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Algorithm 5 DP algorithm to solve problem (5.2.8)–(5.2.13) with dynamic α and β

1: Create a data table with headers: T={day, U, V, S,W, Û, V̂ , d, c, obj, id, track}
2: y1 ← ymax − ι× 3

√
3X0
4πρ

, counter ← 1 and compute α1 and β1 based on (5.2.15)

3: For i ∈ {0 : dmin : dmax} do:
4: For j ∈ {0 : cmin : cmax} do:

5: Create a temporary data table with headers: Tte = {day, U, V, S,W, Û, V̂ , d, c, obj, id, track}
6: Tte.day ← 1, Tt.U ← i, Tte.V ← i2, T.S ← j, Tte.W ← i × j, Tte.Û ← α1 × i, Tte.V̂ ← β1 × i2, Tte.d ←

i, Tte.c← j, Tte.id← counter, Tte.track ← 0, and

Tte.obj ← Xξ
0

n∑
i=1

pie
µiT−ωiCmax

(
1 + e−µi + e

−ξ
(
α1i+β1i

2+(θ−ωi/ξ)j+ψij− ln 2
τd

(2−Tk)+
)
−2µi

)

7: counter ← counter + 1
8: concatenate(T, Tte)
9: For t ∈ {2 : 1 : N} do:

10: Set T ′ = {all entities in table T |T.day = t− 1}
11: For k ∈ {1 : 1 : height(T ′)} do:

12: yt ← ymax − ι × 3
√

3X0
4πρ

exp
(
− 1

3

(
T ′.Û(k) + T ′.V̂ (k) + θT ′.S(k) + ψT ′.W (k) + ln 2

τd
(t− Tk)+

))
and

compute αt and βt using equations (5.2.15)
13: For i ∈ {0 : dmin : dmax} do:
14: For j ∈ {0 : cmin : cmax} do:

15: Create a temporary data table with headers: Tte = {day, U, V, S,W, Û, V̂ , d, c, obj, id, track}
16: Set

Tte.day ← t, Tte.U ← T ′.U(k) + i, Tte.V ← T ′.V (k) + i2, Tte.S ← T ′.S(k) + j, Tte.W ← T ′.W (k) + i× j,

Tte.Û ← T ′.Û(k) + i× αt, Tte.V̂ ← T ′.V̂ (k) + i2 × βt, Tt.d← i, Tte.c← j,

Ψi,t = µi(T − t)− ωiCmax − ξ × (Tte.Û + Tte.V̂ + (θ − ωi/ξ)Tte.S + ψTte.W −
ln 2

τd
(t− Tk)+)

Tte.obj ← T ′.obj(k) +

{
Xξ

0

∑n
i=1 pie

Ψi,t t ≤ N − 1

Xξ
0

∑n
i=1 pie

Ψi,t + ĝ(Tte.Û , Tte.V̂ , Tte.S, Tte.W ) t = N

17: If (all feasibility constraints satisfied and (N − t)cmax ≥ Cmax − Tte.S):
18: Set

~index = {∀ T.id|T.day = t, Tte.U ≤ T.U, Tte.V ≤ T.V, Tte.S = T.S, Tte.W ≥ T.W, Tte.Û ≥ T.Û , Tte.V̂ ≥ T.V̂ }

19: If ( ~index == NULL):
20: Tte.id← counter
21: Tte.track ← T ′.id(k)
22: concatenate(T, Tte)
23: counter ← counter + 1
24: Else:
25: For k ∈ ~index
26: If (Tte.obj ≤ T.obj(T.id == index(k))):
27: Remove row with ID index(k) from table T
28: check ← 1
29: If check=1
30: Tte.id← counter
31: Tte.track ← T ′.id(k)
32: concatenate(T, Tte)
33: counter ← counter + 1
34: id∗ ← {T.id|T.obj = min{T.obj|T.day = N}}
35: Return d∗N ← T.d(T.id == id∗), c∗N ← T.c(T.id == id∗)
36: For t ∈ {N − 1 : −1 : 1} do:
37: id∗ ← T.track(T.id == id∗)
38: Return d∗t ← T.d(T.id == id∗), c∗t ← T.c(T.id == id∗)
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(5.1.1) can be adjusted to account for the additional brachytherapy as follows (see [128]

for more details):

Xt =


X0e

−
∑t
i=1(αdi+βd2i+θci+ψdici)+ ln 2

τd
(t−Tk)+

, t ≤ N +Nr

X0e
−
∑N
i=1(αdi+βd2i+θci+ψdici)−egR(t−N−Nr)(αN+2βNR/σ)+ ln 2

τd
(t−Tk)+

, N +Nr < t ≤ N +Nr +Nb

X0e
−
∑N
i=1(αdi+βd

2
i+θci+ψdici)−egRNb(αN+2βNR/σ)+ ln 2

τd
(t−Tk)+

, t > N +Nr +Nb

(5.3.18)

where σ is the monoexponential repair rate of sublethal damage and eg represents the ef-

fects of the dose gradients around the brachytherapy sources (see [128, 129]). We assume

low-dose brachytherapy is performed in two days within one week after the completion

of pelvic external radiotherapy [128]. Note that this assumption does not affect the

optimal solution, and our result still applies to different brachytherapy schedules.

The standard chemotherapy agents used in locally advanced cervical tumors are

Cisplatin, given at low daily doses, and Fluorouracil (5-FU), given at high daily doses

[130, 66]. We assume Cisplatin delivered at low doses augments the effects of radio-

therapy through radio-sensitization [131, 132]. Hence, the LQ parameter α in (5.3.18)

is substituted with α+ κccis, where ccis shows the average daily dose of Cisplatin. Cis-

platin is usually administered intravenously at a dose of 40 mg per square meter of

body-surface area per week (mg/m2) [130], therefore we set ccis = 8 mg/m2. Note that

Cisplatin is given at low doses; hence, its resulting independent cell-kill is negligible.

The agent 5-FU administrated at high doses is considered to have an inherent cytotoxic

activity and acts as a systemic therapeutic agent [133]. The standard chemotherapy

protocol for delivering 5-FU concurrently with radiotherapy consists of administrating

a dose of 1, 000 mg/m2 per day for 8 days [134]. Hence, we set the maximum daily dose

of 5-FU to be cmax = 1, 000 mg/m2 and the total dose to be Cmax = 8, 000 mg/m2.

We set N to be 25 days (five weeks, considering weekends as breaks) since 5-FU is

given concurrently with radiotherapy. We employ the calibration method discussed in

[128] to estimate the values of parameters κ, θ and ψ associated with radio-sensitization

(Cisplatin and 5-FU) and additivity (5-FU), respectively, from clinical trial studies.

In particular, to estimate parameter κ, we compare the progression-free survival rates

reported in [130] (radiotherapy vs radiotherapy+Cisplatin), among patients treated with

radiotherapy alone and those who were treated with chemoradiotherapy, which are

denoted by TCPRT and TCPCRT, respectively. This yields the following estimation for
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parameter κ (see [128] for more details):

κ = − ln(ln(TCPCRT)/ ln(TCPRT))

ccis ×
∑N

t=1 dt
,

Similarly, we compare the progression-free survival rates of radiotherapy alone against

radiotherapy plus 5-FU regimens reported by two different clinical studies to estimate

parameters θ and ψ [134, 135]. This yields the following two equations for estimating

parameters θ and ψ

θ

N∑
i=1

c
(m)
i + ψ

N∑
i=1

d
(m)
i × c(m)

i = − ln

(
ln TCP

(m)
CRT

ln TCP
(m)
RT

)
m = 1, 2.

in which the chemoradiotherapy regimens reported in the two studies are indexed by

m = 1, 2.

The model parameters are all summarized in Table 5.1. Based on the survival

rates reported in [134] and [135], we observed insignificant value for parameter ψ (i.e.,

ψ ≈ 0). However, to study the structure of the optimal solution in the presence of radio-

sensitization, we use the same radio-sensitization parameter value used for Cisplatin (i.e.,

ψ = κ). To fully explore how the structure of the optimal solution relates to the optimal

conventional fractionation regimes in different scenarios, we consider a wide range of

values for the parameters [α/β]. There is a significant amount of debate as to whether

or not the LQ model applies to large doses [102, 10]. In view of this, we set dmax to be

5 Gy.

Distribution of the most common sites of cervical cancer metastases is outlined in

Table 5.2 (see [3]). Metastases often grow at the same rate as the primary tumor [139];

hence, it is natural to assume µ1 = · · · = µn = ln 2
τd

. Although distant metastases

may appear any time after treatment, approximately 88% of multi-organ metastases in

cervical cancer occur within three years of the conclusion of treatment [3]. Hence, we

set parameter T to three years. Parameter ωi represents the reduction in metastatic cell

growth rate at site i in relation to the chemotherapy dose administrated and has a unit

of mg/m2 per day. There is a lack of reliable clinical data on the rate of chemotherapy-

induced cell-kill in metastatic lesions. Therefore, to estimate ωi, we compare it to the

drug’s cell-kill effect in the primary tumor. More specifically, a chemotherapy dose of



130

Structure Parameters Values Source

Cervical Tumor

α 0.43 Gy−1 [136]
[α/β] {3,12,20} Gy
κ 3.21× 10−3 m2/(mg×Gy) [130]
θ 7.15× 10−5 m2/mg [134, 135]
ψ {0, 3.21× 10−3} m2/(mg×Gy) [130, 134, 135]
R 20 Gy/day [128]
eg 1.16 [128]
σ 12 day−1 [128]
τd 4.5 days [137]
Tk 21 days [128]
X0 109 cells [128]
ι 10.48 mmHg [138]
ymax 26 mmHg [138]

Bladder
[α/β] 2.00 [136]
γ 60.48% [127]

Small Intestine
[α/β] 8.00 [13]
γ 34.24% [127]

Rectum
[α/β] 5.00 [136]
γ 46.37% [127]

Table 5.1: Tumor and normal tissues parameters

ct mg/m2 on day t reduces the primary-tumor cell population by a factor of e−θct , in

which θ has a m2/mg unit (see equation (5.1.1)). It also reduces the metastatic cell

population 24 hours after delivering the chemotherapy at site i by a factor of e−ωict ,

and thus ωi has a m2/mg per day unit (see equation (5.1.2)). Comparing the two cell-

kill factors in the primary tumor and metastatic site i, we set the cell-kill parameter

to ωi = ζiθ, in which ζi (with unit day−1) is a positive constant depending on the

drug’s concentration and sensitivity of metastatic cells to chemotherapy at the ith site.

The constant ζi = 1 represents a similar drug’s concentration and cell-kill in both the

primary tumor and the metastatic lesion at site i. For other parameters in our model,

unless stated otherwise, we set ξ = 2
3 and ζi = 1, and use the values specified in Table

5.2 for pi (i = 1, ..., n).

For numerical implementation of our DP algorithm, when there is no radio-sensitization

and either of the conditions stated in Theorem 13 is satisfied (2D state space), we use a
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Parameters Nodes Lung Bone Abdomen

pi 33.3% 40.30% 18.11% 8.29%

Table 5.2: Metastasis site probabilities based on data presented in [3]

discretization step of 0.1 Gy for the radiation dose fractions. However, the DP algorithm

is computationally more expensive when applied to the cases of radio-sensitizers (4D

state space) or dynamic tumor radio-sensitivity parameters (6D state space). Hence, to

ease the computational burden for those cases, we use discretization steps of 1 Gy and

500 mg/m2 for radiation and chemotherapy dose fractions, respectively.

5.3.1 Optimal CRT regimens under static tumor radio-sensitivity pa-

rameters

Figure 5.1 shows the optimal chemotherapy fractionation schedule assuming no radio-

sensitization (ψ = 0) with identical chemotherapy cell-kill parameters at distant metastatic

sites (ζ1 = · · · = ζn). In particular, if ζi (i = 1, . . . , n) are equal at all distant metastatic

sites or only a single metastatic site is considered, then either of the conditions stated

in Theorem 13 will be always satisfied. In that case, the optimal chemoradiotherapy

regimen will deliver cmax

(
mg/m2

)
at consecutive treatment sessions concentrated at

either the beginning or the end of the planning horizon.

Figure 5.2 plots the optimal radiotherapy fractionation schedule for three different

values of [α/β] = {3, 12, 20} and % = {70%, 98%}. We observe that the minimiza-

tion of metastatic-cell population in the absence of radio-sensitization leads to a hypo-

fractionated schedule with large initial doses that taper off quickly, regardless of the

values for [α/β] and min{[α/β]j /γj}j=1,...,M . If [α/β] is sufficiently large and % is close

to 1, then in order to satisfy inequality (5.2.10), the optimal schedule tends to be a semi-

hypo-fractionation schedule with large initial doses that taper off slowly. An extensive

sensitivity analysis of the radiotherapy optimal solution to model parameters (T , ξ, N ,

Tk) (not reported here) shows that the radiotherapy optimal schedule is robust to per-

turbations in these parameters and only depends on [α/β], {[α/β]i /γi}i=1,...,M and %.

To study the structure of the optimal schedules in the absence of radio-sensitization and

when none of the conditions stated in Theorem 13 is satisfied, we use our DP approach
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(a) (b)

Figure 5.1: (a) Schematic of optimal regimens for chemotherapy when assuming same
ωi for all distant metastasis sites and no radio-sensitivity effect. Green and blue regions
illustrate whether it is optimal to immediately initiate the chemotherapy or to postpone
it until the end of the planning horizon, respectively. (b) Optimal chemotherapy frac-
tionation schedule associated with each region displayed in Figure 5.1 (a) for planning
horizon of five weeks (25 days).

with a 3D state space to solve the formulation for a wide range of values of ξ and pi.

We observe that the optimal radiotherapy schedule is determined independently of ξ,

θ, pi, and ωi and follows the same pattern as displayed in Figure 5.2 (see black arrows

in Figure 5.3-a and b).

Figure 5.3 illustrates optimal chemotherapy regimens for different values of pi and ξ

when reducing ζ of the lung to one-third for fixed values of [α/β] = 12 and % = 70%. By

reducing the value of ω in the lung, we ensure that a hypo-fractionated chemotherapy

regimen concentrated at the beginning of therapy minimizes the metastasis population

in the lung, whereas a hypo-fractionated chemotherapy regimen concentrated at the

end of the planning horizon minimizes the metastasis population at three other distant

metastatic sites, i.e., nodes, bone, and abdomen. Figure 5.3-a shows that for the case

of negligible radio-sensitization, if the probability of metastasis occurrence in the lung

is small (large), then the optimal chemotherapy regimen is dominated by the schedule

that minimizes expected metastatic population at other three sites (lung), i.e., a hypo-

fractionated chemotherapy regimen concentrated at the end (beginning) of the planning
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(a) % = 70% (b) % = 98%

Figure 5.2: Optimal radiotherapy fractionation schedule for different values of [α/β]
in the absence of radio-sensitivity effect. Black bars in plots (a) and (b) indicate that
when [α/β] ≤ minj{[α/β]j /γj}, a hypo-fractionated schedule minimizes both tumor
cell population and expected metastatic cell population. For larger values of [α/β], i.e.,
[α/β] > minj{[α/β]j /γj}, where an equal-dosage routine (hyper-fractionated schedule)
minimizes the number of tumor cells at the conclusion of therapy, a hypo-fractionated
schedules is still the best solution to minimizing the metastatic cell population. By
increasing the parameter % for tumors with large values of [α/β], in order to satisfy the
BED constraint stated in (5.2.10), we observe that the resulting fractionation schedule
is a semi-hypo-fractionated structure with large initial doses that taper off slowly.
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horizon.

Figure 5.3-b illustrates how parameter ξ changes the optimal solution in the case

where conditions stated in Theorem 13 do not hold, e.g., ξ ∈ (0.3, 1). In particular, we

observe that for high (low) values of ξ, the overall structure of an optimal solution is

dominated by the schedule that minimizes the expected metastatic population in lung

(nodes, bones and abdomen). This is due to the fact that as we increase parameter

ξ, there is less incentive to schedule a chemotherapy regimen concentrating toward the

end of the treatment. Hence, the optimal solution favors scheduling chemotherapy

sessions at the beginning of the treatment. Figure 5.3-c shows that if radio-sensitization

is present (ψ > 0), then the optimal solution escalates the radiation dose in those

fractions in which chemotherapy is administered. In particular, the optimal regimen

shifts several radiotherapy fractions toward the end of the treatment, or schedules several

chemotherapy doses at the beginning of therapy, to benefit from the radio-sensitization

mechanism. Additionally, we observe that in that case the optimal regimen is not

sensitive to parameter plung. Based on this result, we observe that radio-sensitization

favors schedules in which radiotherapy and chemotherapy are administered concurrently,

particularly when the metastatic dissemination has a larger rate and/or higher success

probability.

We consider the relative effectiveness of an optimized schedule versus a standard

schedule (delivering 45 Gy of radiotherapy with 1.8 Gy fractions per day in five weeks

and 8, 000 m2/mg of 5-FU with 1, 000 m2/mg per day delivered on Tuesdays, Wednes-

day, Thursday, and Fridays of the first and fourth weeks [134]). In particular, we denote

the approximate metastatic population at n sites under the optimized schedule when

setting % = x% in (5.2.10) by Rxopt and the metastatic population under a standard

uniform fractionation by Rstd. Then we denote the BED delivered to the primary tu-

mor under optimized and standard schedules by BEDx
opt and BEDstd, respectively. The

ratios (Rstd − Rxopt)/Rstd and (BEDstd − BEDx
opt)/BEDstd will give us a measure of

the predicted relative reduction in metastasis population and tumor BED, respectively,

associated with using the optimized schedule with % = x% instead of the standard

schedule. The results illustrated in Figure 5.4 show that the choice of % < 100% can

lead to a significant reduction in metastasis population for all values of [α/β] and ξ.
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Figure 5.3: Optimal chemotherapy regimen when conditions stated in Theorem 13 do
not hold. For these examples, we assume that ωnodes = ωbone = ωabdomen = θ, ωlung =
0.3×θ, [α/β] = 12, % = 70% and ψ = {0, 3.21×10−3}. (a) and (c) Optimal chemotherapy
regimen for different values of plung. (b) and (d) Optimal chemotherapy regimen for
different values of ξ. The red and gray arrows represent the chemotherapy doses, where
the black and yellow arrows represents the radiotherapy doses. The arrow position
represents the time of dose during the Monday-to-Friday treatment window. The size
of the arrow correlates with the size of the 5-FU or radiation dose, given that the
maximum daily dose cannot exceed 1, 000 m2/mg and 5 Gy for chemotherapy and
radiation, respectively.
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(a) Varying [α/β], ξ = 2
3

(b) Varying ξ, [α/β] = 12

Figure 5.4: Trade-off between the reduction in metastatic population size and tumor
BED relative to optimal conventional protocols assuming ψ = 0. (a) The maximum
metastatic population reduction for all values of [α/β] examined in this plot is 42%
(obtained at % = 0%). (b) The maximum metastatic population reduction (obtained at
% = 0%) for ξ = 0.2, 0.5 and 0.8 examined in this plot is 59%, 48% and 36%, respectively.

Note that for [α/β] ≥ (mini [α/β]i /γi = 3.3), the standard regimen is indeed the opti-

mal schedule for the conventional fractionation problem that maximizes TCP [140, 16],

whereas a hypo-fractionated radiotherapy schedule minimizes the metastatic population

size. Hence, Figure 5.4 illustrates the trade-off between the two conflicting objectives:

(i) minimizing metastatic population size and (ii) maximizing tumor TCP for differ-

ent [α/β] and ξ values. One can observe a diminishing return in the reduction of the

metastatic population. In particular, the fractionation solution obtained by setting

1 − % = 4% seems to yield an interesting trade-off between the two objectives beyond

which allowing for larger tumor BED reductions, i.e., using smaller % = x%, does not

lead to any significant gain in metastatic-population reduction (with the exception of

very small values of ξ). Last, for the tumor [α/β] < 3.3, the two objectives (i) and

(ii) are not of a conflicting nature since a hypo-fractionated regimen is desired by both

objectives.
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5.3.2 Optimal CRT regimens under dynamic tumor radio-sensitivity

parameters

Figure 5.5 illustrates optimal chemoradiotherapy regimens for the case in which the

tumor radio-sensitivity parameters α and β change throughout the treatment course

due to tumor re-oxygenation, as shown by equation (5.2.15). Under dynamic radio-

sensitivity parameters, it is optimal to immediately start the chemotherapy treatment.

Additionally, a careful comparison of Figures 5.3 and 5.5 reveals that in contrast to

static radio-sensitivity parameters, the structure of the optimal chemotherapy schedule

is robust to changes in model parameters plung and ξ. With respect to the radiotherapy

schedule, it is optimal to deliver few large fractions at the beginning of the treatment

course followed by several smaller radiation doses in the second and third weeks of

therapy. We believe this can be explained by the increasing order of αt and βt values

over the treatment course. In fact, there is an exponential increase in αt and βt at

the beginning of the treatment course, reaching the maximum possible values after

delivering few large fractions of chemotherapy and radiation (within 3 or 4 sessions).

Hence, in the optimal schedule, a few large radiation and chemotherapy fractions are

administered at the beginning of the therapy to reduce the tumor size significantly.

This leads to a well-oxygenated tumor at subsequent radiation fractions, rendering the

remaining tumor population more susceptible to radiation. Thus, to benefit from this

phenomenon, the optimal regimen administers a set of small radiation fractions at later

sessions.
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Figure 5.5: Optimal chemoradiotherapy regimen with dynamic radio-sensitivity pa-
rameters. For these examples, we assume that ωnodes = ωbone = ωabdomen = θ,
ωlung = 0.3× θ, αmax = 0.45, [αmax/βmax] = 12, % = 70%, ψ = 3.21× 10−3, ρ = 108 [4],
OERα = 2.5, OERβ = 3 and K = 3.28 [5].



Chapter 6

Conclusion and Future Work

In Chapter 2, we have analyzed the problem of finding optimum radiation administra-

tion schedules for PDGF-driven primary GBMs. In particular, we aimed to identify the

optimized total dose, number of fractions, dose per fraction and inter-fraction intervals

for a schedule with a pre-determined fixed treatment duration. We used a simplified

version of our previously published model [25] to investigate the dynamics of radiation

response in two separate populations of cells, stem-like and differentiated cells. We as-

sumed that the dosage delivered to the tumor is constrained by two sensitive structures:

the early responding normal tissues that have a relatively high turnover rate, and the

late responding tissues that have a slow to undetectable turnover rate.

We have shown that if we fix the number of fractions, our problem can be split into

two independent models that can be solved separately. The first model contains only the

dose per fraction (which can be used to determine the optimal total dose) as its decision

variable. In contrast, the second model only has inter-fraction intervals as its decision

variable. For the first model, we proved that any solution must lie on the boundary

of the feasible set, i.e., the maximum allowable BED for (at least) one normal tissue

complying the second normal tissue constraint. We found that the ratio of the dose that

normal tissues absorb and the magnitude of the α/β ratio for both normal tissue and the

tumor determine the optimal radiation scheme. Depending on the model parameters,

the optimal schedule can be either hyper-fractionated or semi-hypo-fractionated (i.e., a

fractionation schedule where all doses, but one are equal to minimum value of δ). Note

that this solution is valid for the LQ model with two normal tissue constraints, and is

139
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not specific to the de-differentiation model previously developed by Leder et al. (2014).

For the second model, we showed that optimal inter-fraction intervals only depend on

the time dynamics of the dedifferentiation process and treatment duration. In particular,

in a treatment with N fractions, we found that N − 2 inter-fraction intervals are equal

to the dose spacing that leads to the maximal amount of cell reversion to the stem-

like state (µ), and can be calculated from number of fractions, treatment duration and

µ. Lastly, since the total number of fractions is generally limited to be a rather small

number, it is then feasible to search through all possible fraction numbers and find the

optimal number of fractions.

Using data gathered previously [25], we parametrized our model to investigate the

behavior of optimal schedules. The theoretical optimum is observed to be a hyper-

fractionated schedule with the maximum number of allowable fractions. This optimum

is found to increase the model-predicted doubling times from roughly 1000 hours with

standard therapy to roughly 1500 hours. If we impose realistic operating hours for a

radiation clinic (i.e., 8am to 5pm every day), then the optimization of inter-fraction

times becomes too difficult to solve mathematically. We thus utilized the heuristic

method of simulated annealing, which is able to find schedules that satisfy working

hours constraints and have very good performance. Interestingly we found that for

the parameters we considered, there is only a minor cost to adding the working hours

constraint. Specifically, Figure 2.4 shows that the doubling time for the working hour

constraint problem is roughly 1400 hours versus the 1500 hours obtained by ignoring

the constraint.

An important extension of this chapter will be to consider the problem of larger scale

schedules, i.e., 60 Gy over 6 weeks. A mathematical issue that will make the solution

of such problems difficult is that it might not be biologically reasonable to assume that

ρ = 1 (radio-sensitivity factor for stem-like cells) any longer. In particular, over such

long time scales it could be that the stem-like cell population plays a much larger role

in tumor repopulation and it is therefore important to incorporate the increased radio-

resistance of stem-like cells. If we allow ρ < 1 then it appears to us that it will no

longer be possible to mathematically optimize this system and it will be necessary to

rely purely on heuristic approaches such as simulated annealing. This is one of the

subject of the future work.
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Chapter 2 considers the problem of finding radiation schedules that optimally delay

regrowth of tumor populations. The response to radiation is based on the model devel-

oped by Leder et al. [25]. While the parameters for the Chapter 2 are focused on glioma

and a particular mouse models of the PDGF-driven subtype of the disease, our work is

applicable to a wider range of cancers that are treated via ionizing radiation. In partic-

ular, it would be interesting to further investigate additional cancers where the ability

to split the optimization problem (2.2.7) into two tractable optimization problems can

be leveraged.

In Chapter 3, we have analyzed the problem of finding optimal radiation adminis-

tration schedules considering various types of normal tissues in the presence of model

parameter uncertainty. We used the traditional linear quadratic model including tumor

proliferation to model the dynamics of radiation response. In the context of this model,

we aimed to identify the optimized total dose, number of fractions, dose per fraction

and treatment duration for a variety of formulations considering uncertain parameters

as random variables. Since using range uncertainties alone may lead to an excessively

high level of conservativeness (see [141]), here we imposed the risk aversion factors in the

objective function and the feasibility of constraints using some pre-defined probabilities.

We used a variable transformation, defining the total radiation as X and sum of

doses squared as Y , and showed that our problem can be significantly simplified and

easily solved in two dimensions when uncertainty in α and β are disregarded in the

problem. In this case we observed that if the constraint X2 = NY is active in optimality,

then the largest possible BED to the tumor can be given in an equal-dosage schedule,

otherwise the optimal solution is a semi-equal dosage schedule. When we consider α

and β as two continuous random variables, the problem becomes more challenging and

optimal solution can happen at a non-corner point. In this case, first we have shown

that the optimal value occurs at the boundaries of the feasible region defined by normal

tissues BED constraints. We the designed a branch and bound algorithm to solve these

stochastic models to optimality.

As a generalization of our results, we observed that when the presence of uncertainty

does not change the number of treatments in the optimal schedule, it is preferable to

administer the same or smaller total dose and total dose squared. However if we have

a larger (smaller) number of treatment sessions in the probabilistic or robust solution
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compared to the nominal schedule, a reduction in total dose squared (total dose) will

be seen.

Using data gathered previously [80], we parametrized the uncertainty in α and β to

investigate the behavior of optimal schedules for head and neck tumors. For the numer-

ical results, we assumed that the head and neck cancer site includes six normal tissues,

spinal cord, brain stem, skin, mandible, larynx and parotid glands. The uncertain-

ties in normal tissues have been estimated based on various data sets in the literature.

The nominal optimal solution is a hypo-fractionated schedule changing to a schedule

with larger total dose delivered in more fractions in the presence of parameter uncer-

tainty. We found that when we consider small values of β, the optimal schedule is a

hyper-fractionated schedule with maximum allowable fractions. In this case the robust

solution has an insignificant change in the optimal total dose and total dose squared for

different schedules, however the optimal number of fractions decreases in some cases.

We saw that as the tumor regrowth rate increases, shorter treatments are preferable.

There are several possible extensions to Chapter 3 that can be considered in the

future. For example, this work does not incorporate spatial structure of the tumor,

including possible spatial heterogeneities in the parameters α and β. Another possible

extension is the incorporation of repair effects, this would be useful if we wanted to

consider shorter inter fraction periods. Lastly, it would be interesting to incorporate

immune response and how inter-patient heterogeneity in immune response could impact

the design of optimal fractionation schedules (see [47]).

Chapter 4 has considered the classic problem of optimal fractionation schedules in

the delivery of radiation. We have however done this with the non-traditional goal

of minimizing the production of metastasis. This is motivated by the fact that the

majority of cancer fatalities are driven by metastasis [142, 62], and that this disseminated

disease can be very difficult to treat. We addressed this goal by considering the optimal

fractionation problem with a novel objective function based on minimizing the total

rate of metastasis production, which we argue is equivalent to minimizing the time

integrated tumor cell population. We were able to numerically solve this optimization

problem with a dynamic programming approach.

A very interesting discovery of Chapter 4 is the optimality of hypo-fractionated

schedules. In particular, consider the standard optimal fractionation problem with the
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objective function of minimal tumor cell population at the conclusion of treatment. In

this setting it was established in Chapter 2 that if [α/β]T ≤ mini{[α/β]i/γi} then hypo-

fractionated schedules are in fact preferable. Under this condition, we also observe that

hypo-fractionated schedules optimally protect against metastasis creation. However if

we have [α/β]T > mini{[α/β]i/γi}, Chapter 2 showed that in fact a hyper-fractionation

schedule results in the minimum number of tumor cells at the end of the treatment.

Interestingly, even in that parameter regime, we observed that a hypo-fractionated

schedules may still be the best choice, depending on the model parameters, to minimize

the metastatic risk in radiotherapy. We also found that there are some examples where

a hyper-fractionated or a semi-hyper-fractionated schedule is optimal when [α/β]T >

mini{[α/β]i/γi}. This can in fact be seen for a wide range of parameters in Figure 4.2.

We observed that the optimal schedules have a fairly consistent structure. When we

evaluate the metastasis risk immediately after the conclusion of therapy, independent of

the relationship between [α/β]T and mini{[α/β]i/γi}, the resulting fractionation sched-

ules for minimizing metastatic risk is a hypo-fractionated structure with large initial

doses that taper off quickly. Also evaluating metastasis risk in long time frames (several

years) after therapy results in a similar structure if [α/β]T ≤ mini{[α/β]i/γi}. However

if we have [α/β]T > mini{[α/β]i/γi}, then a schedule with medium initial doses tapering

off slowly (that is, a schedule where d1 ≥ d2 ≥ · · · ≥ dN0) or equal-dosage routine where

we have d1 = d2 = · · · = dN0 is optimal. This is due to the structure of the objective

function. In order to minimize the time integrated tumor cell population immediately

after treatment, it is necessary to quickly reduce the tumor cell population since this

is the high point of the tumor cell population over the course of the treatment. If we

think of the tumor cell population as quite dangerous due to its metastasis potential,

then it is natural to want to reduce their population as quickly as possible. However if

we change the evaluation point of metastatic risk to several years after the conclusion of

therapy, not only are we interested in minimizing the tumor cell population as soon as

possible, but also we want to keep the tumor cell population as small as possible during

the whole evaluation period.

Another possible interpretation of Chapter 4 is to view the output Rξ as the risk of

the tumor developing resistance to a chemotherapeutic treatment. This can be achieved
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by simply viewing the parameter ν as the rate at which tumor cells develop drug re-

sistance. Due to the severe consequences of drug resistance, this is also an interesting

direction for further exploration.

We feel that this type of work minimizing metastatic production opens the potential

for a new line of research in the radiation optimization community as well as cancer

biology. In particular, there are several important biological phenomena that we have

not included. This includes oxygenation status (and history) of cells as well as the

vascular structure of the tumor of interest. Lastly, a potentially interesting extension of

this work will be to attempt to validate our predictions in animal models of metastatic

cancer.

Chapter 5 is a significant extension of Chapter 4, which incorporates multi-site

metastatic disease as well as the effect of chemotherapy through additivity, radio-

sensitization, and spatial-cooperation mechanisms. In Chapter 4 that considers optimal

fractionation of chemotherapy and radiotherapy, the goal has been to maximize the

probability of controlling the primary tumor, i.e., local control. From the observation

that the majority of cancer fatalities are due to metastatic disease [142], we consider an

alternative objective: design fractionation schedules of chemoradiotherapy that mini-

mize the metastatic population over a sufficiently long window of time. We also account

for tumor re-oxygenation during the course of chemoradiotherapy treatments. We mod-

eled the metastasis population as a multi-type non-homogeneous branching process,

where each successful metastatic cell is able to colonize a new tumor at one of the sev-

eral potential distant sites with a known probability. We were able to derive closed-form

solutions to optimal chemotherapy regimens and proved an interesting structure of op-

timal radiotherapy schedules under easily verified conditions. We numerically solved

this optimization problem using a DP approach.

The resulting optimal schedules had an interesting structure that is quite different

from that observed in the traditional optimal fractionation problem where, the goal is to

minimize the local tumor population at the conclusion of therapy. In the traditional op-

timal fractionation problem, Chapter 2 showed that if the tumor [α/β] ratio is smaller

(bigger) than the effective [α/β] ratio of all OAR, then a hypo-fractionated (hyper-

fractionated) schedule is optimal [18]. For the case of chemoradiotherapy with only
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additivity and spatial cooperation mechanisms, we proved that the optimal radiother-

apy schedule has a non-increasing structure and that it is optimal to immediately start

radiotherapy treatment. Also, we numerically observed that, a hypo-fractionated radio-

therapy regimen with large initial doses that taper off quickly, minimizes the metastatic

population, regardless of the tumor and normal-tissue [α/β] ratios. This result is par-

tially consistent with our previous results presented in Chapter 4, where the benefit of

hypo-fractionation was observed for low values of the tumor [α/β] ratio and high values

of the tumor [α/β] ratio, if the length of time for which we evaluated metastatic risk

is short [104]. In Chapter 5, we observed that if we consider metastases as actively

growing tumor cell colonies and model them as a non-homogeneous branching process,

then regardless of evaluation period and magnitude of tumor [α/β] ratio, our results

show that a hypo-fractionated schedule is nearly always optimal.

Our sensitivity analysis for cervical tumors reveals that chemotherapeutic agents

with no radio-sensitization property do not change the optimal radiation fractionation

regimens, and vice-versa. However in the case of active radio-sensitization effect, opti-

mal regimens use an escalated radiation dose on treatment sessions with chemotherapy

administrations to benefit from the radio-sensitization mechanism. This can be com-

pared to an earlier work by Salari et al. where it was shown that radio-sensitizers may

alter the optimal radiation fractionation regimens in a similar fashion [65]. We proved

that it is always optimal to deliver the maximum drug concentration allowed during

the course of therapy, Cmax. When the value θξ, where θ is the chemotherapy-induced

cell-kill at the primary site and ξ is the fractal dimension of the primary tumor cells

capable of metastasizing, is larger than the chemotherapy-induced cell-kill at all dis-

tant sites (maxi=1,...,n{ωi}), the optimal chemotherapy fractionation regimen suggests

delivering Cmax in consecutive days starting from the first day of the planning hori-

zon and administering the maximum tolerable daily dose at each fraction (concurrent

regimen). However, under condition θξ < mini=1,...,n{ωi}, it is optimal to postpone

delivering chemotherapy (or part of the chemotherapy along with few radiation doses in

the presence of radio-sensitization effect) until the end of treatment (adjuvant regimen).

We observed that when these two conditions are not satisfied, the optimal regimen is

delivering a portion of the total chemotherapeutic agents at the beginning of the plan-

ning horizon and administrating the remaining amount at the end of the therapy. This
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portion is a function of θ, ξ, the probability that a successful metastatic cell colonizes at

a specific distant site and ωi for each site. Moreover, we consider an extended version of

the model with dynamic tumor radio-sensitivity parameters due to tumor re-oxygenation

throughout the treatment course. This leads to optimal chemoradiotherapy regimens

in which few large chemoradiation fractions are administered during the first week of

treatment, followed by small doses of radiation in the second and third weeks of the

therapy.

Interestingly, previous clinical trials (see e.g., [121] for a review) show the benefit of

chemoradiotherapy on overall and progression-free survival, and local and distant con-

trol in patients with cervical cancer. In particular, in clinical trials, it was observed that

there is a significant reduction in the rate of distant metastases in patients diagnosed

with cervical cancer treated with both platinum and non-platinum chemotherapy. This

reduction was achieved with a short course of chemotherapy combined with local treat-

ment. However, there is presently no evidence that neoadjuvant chemoradiotherapy

reduces the incidence of distant metastases [121], which is consistent with our result

discussed in Remark 1 of Section 3.

Our goal here is not to recommend alternative clinical practice but to assist clinicians

with hypothesis generation to design novel chemoradiotherapy fractionation schemes

that can be tested in clinical trials. Our results provide a motivation for using hypo-

fractionated schedules ordered in a non-increasing structure and delivering maximum

daily chemotherapeutic agents at the beginning or towards the end of therapy in pur-

suit of the reduction of the metastatic population. Our numerical results suggest that

using optimal schedules instead of standard regimens has the potential of reducing the

metastatic population by more than 40%, and even for some cases where the tumor

[α/β] ratio is small, we can improve the tumor BED as well.

Chapter 5 is an initial step toward developing a new framework to incorporate the

risk of metastatic disease into chemoradiotherapy fractionation decisions. In the fol-

lowing, we discuss some limitations in our framework, which are partly imposed by the

lack of clinically-established models of the underlying biological processes. First, it is

assumed that the chemotherapeutic drugs administered at previous treatment fractions

do not carry over to the current fraction. However, this may not be necessarily a valid

assumption. Therefore, an important extension of this chapter will be to incorporate the
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effects of previously administered drugs to subsequent fractions. A possible solution to

this could be modeling the effective dose at each fraction as a weighted moving average

of the current and previously administrated doses. Second, the process of metastatic

formation and growth at distant sites was modeled using a non-homogeneous Poisson

process and a multi-type branching process, respectively, which were adopted from pre-

vious studies. Those models assume that the metastatic cells act independently from

each other for analytical tractability. However, metastatic lesions may compete over

limited oxygen and nutrient supplies required for growth, rendering the independence

assumption unfavorable. Lastly, a simple linear model was used to describe the relation-

ship between the tumor radius and its average oxygen partial pressure. In particular,

the model assumes a dynamic and yet uniform oxygen partial pressure that changes

linearly as the tumor radius shrinks. The assumptions of the uniformity of the oxygen

pressure and its linear relationship to tumor radius may be overly simplistic; however,

this linear model is mainly intended to mimic the increasing behavior of tumor oxygen

pressure during therapy, as suggested by some clinical studies [138].

Chapter 5 considers the problem of finding radiation and chemotherapy schedules

that optimally minimize the total metastatic populations. While the parameter values

for Chapter 5 are focused on cervical cancer, our approach is applicable to a wider range

of cancers that are treated via radiotherapy and chemotherapy. In particular, we are

very eager to further investigate additional cancers where we can implement our model

in order to find the optimal chemoradiotherapy regimen and see how these optimal

fractionation schedules vary in different cancer cases.

Last, our model is based on the assumption that the total population of the primary

tumor can be accurately approximated with a deterministic function. However, the

nature of tumor response to chemotherapeutic agents and ionizing radiation is stochastic

and varies across different patients. Therefore, a potentially interesting extension of this

chapter could be modeling the primary tumor site as a stochastic process as well.

While the decision problem modeled and solved in Chapter 5 focuses on cancer

treatment, it can be classified as belonging to a broader category of decision problems

related to the optimal control of spatiotemporal spread of threats. Other forms of

threats include infectious diseases, invasive spices, and Internet security threats. The

common goal is to find the optimal combination and timing of intervention strategies
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that minimize the threat dispersal, while ensuring that budget (resource) limitations

are met. The intervention strategies may involve, among others, slowing down the

dispersion rate, directly targeting localized outbreaks, and surveillance. The modeling

and solution approach developed in Chapter 5 can be, in principle, extended and applied

to other decision problems in this category.
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