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laboration with me. Our work was published in [2]. In particular, I would like thank

Gideon for the advice and guidance he provided to me during his time at the University

of Minnesota. I would also like to thank David Aristoff for his helpful comments during

this project.

I would like to thank the many excellent professors and staff at the University of

Minnesota. My knowledge of mathematics has grown considerably during my time here.

I would like to thank Bonny Flemming in particular for her great help in answering any

and all questions I have had over the years. She has always been a wonderful help

and exceedingly patient. Finally, I would like to acknowledge my many friends and

colleagues that I have had the pleasure of meeting with over my time at the U that has

made my stay so enjoyable.

Material from Chapters 2 and 4 has been submitted for publication in [3].

i



Dedication

To my loving family, thank you for your support.

ii



Abstract

Experiments have shown that materials at the nanoscale exhibit new material prop-

erties compared to their macro-counterparts as a result of surface effects. We rigorously

examine an atomistic model that exhibits surface effects and estimate the rate of de-

cay of this influence. Despite the highly localized nature of surface effects, the regular

Cauchy-Born method is shown to be incapable of capturing the surface physics in these

systems. Two methods that seek to accurately model the influence of surfaces in a

molecular statics problem are examined.

First, the surface Cauchy-Born method is examined. An asymptotic analysis is

performed to investigate the behavior of this method, and it is shown that the method

does represent an improvement over the regular Cauchy-Born method. However, it

does not fully capture the surface behavior. Next, a novel predictor-corrector method

is introduced to better capture these effects. Using the regular Cauchy-Born solution

as a predictor for material behavior, the solution is corrected over a small boundary

layer at the surface of a 1D material. The decomposition of the approximation into

a bulk and surface component is justified in the analysis, and the convergence of the

approximation to the atomistic solution is shown. The analysis for both methods is

then verified numerically.
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Chapter 1

Introduction

Nano-structures and materials such as carbon nanotubes, nanowires, and quantum dots

have become an increasingly important field of study due to the growing importance of

nanotechnology. The study of nanostructures has drawn special interest due to the fact

that they often exhibit properties incongruent with their macro-counterparts. This size-

dependence in material properties is attributed to the greater influence of surface effects

at smaller length scales [4–6]. Near the surface, atoms experience a different bonding

environment as compared to atoms in an idealized crystalline material. This results in

surface elastic behavior differing from that of the interior. For smaller materials, where

the surface area to volume ratio becomes large, surface effects eventually come come to

play a greater role in the material behavior. Size-dependent material properties driven

by the predominance of these surface effects that have been experimentally observed

include new phase transformations [7], shape memory behavior [8], and yield strengths

in nanowires an order of magnitude greater than the wires’ bulk counterparts [9]. Ad-

ditionally, even in bulk crystals, when the region of interest lies at or near the crystal

boundary, accurately capturing surface physical remains crucial. In experiments such

as nano-indentation [10, 11], surface effects can play a tremendous role despite having

negligible effect on the system as a whole.

Computational models that can take into account surface effects are an important

avenue of research in the study and understanding of these phenomena. Despite the

“small” size of these systems, fully atomistic simulations are often prohibitively ex-

pensive due to the number of degrees of freedom in the system. In order to reduce
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computational cost, it is common to use a classical atomistic description of the system

with the interaction amongst the constituents of the model governed by an empirical

potential as opposed to the far more expensive density functional theory (DFT) or

tight-binding approaches [12]. Even with the utilization of this classical model, though,

a computationally efficient approach is desirable and often still necessary to study these

systems numerically. In this paper, we consider and develop alternative computationally

efficient approaches to simulating surface systems.

For larger or bulk systems absent of defects, continuum elasticity models have often

served as efficient and reliable methods to study material properties. The Cauchy–

Born method [12, 13] is one example of such a model that is useful for approximating

macro-scale materials. In the Cauchy–Born approach, the non-local interactions of

the atomistic system are replaced by a localized continuum approximation. This is

accomplished through a limiting process of the atomistic model so that the underlying

lattice structure and potential in the atomistic system inform the continuum model

[13–16]. This continuum model may then be further approximated using the finite-

element method (FEM), which allows for a further reduction in the number of degrees of

freedom in the system. This leads to a much reduced computational cost for simulation.

However, this approach fails in the presence of defects since they create rapid variations

in the atomistic displacement field which cannot be accurately captured by the Cauchy–

Born model. In particular for this work, the Cauchy–Born method struggles with the

inclusion of surfaces [17–19]. When the aforementioned limiting procedure is applied

to produce the Cauchy–Born model, only a uniform volumetric energy density remains.

The surface behavior is lost in the process.

Despite the failure of the Cauchy–Born method in capturing surface effects, it is still

quite efficient at capturing bulk material behavior. For this reason, many approaches

to efficient computational schemes for studying material behavior include the Cauchy–

Born method in some form or another. In the quasicontinuum methods, a combination

of the atomistic and continuum models are used to describe the system [20–24]. The

atomistic model is used in regions containing defects, in this case at the surface, while

the remainder of the system is treated with the continuum model. Typically, the atom-

istic region is quite localized so that usage of the Cauchy–Born model outside of this

region can lead to large computational savings. Great care must, of course, be taken
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at the interface or “handshake” region where the two models are coupled. The cou-

pling region can introduce an additional source of error into the approximation and

understanding this region’s impact is central to guaranteeing the fidelity of the entire

method of approximation. In energy-based quasicontinuum methods, spurious forces

known as ghost forces are often introduced due the coupling mechanism [25, 26]. In

force-based quasicontinuum methods, energy conservation is lost as a result of this cou-

pling [25,27,28]. Addressing and understanding the consequences of the various coupling

mechanisms is a major area of research in the field of quasicontinuum methods. Research

in this area has led to new blended quasicontinuum methods [29–31] and optimization

based atomistic-to-continuum coupling approaches [32]. Other methods that have been

proposed to efficiently capture surface physics generally entail a modification of the

continuum model [33–36].

While the aforementioned methods do result in a superior approximation than that

which comes from the regular Cauchy–Born method, they still have notable drawbacks

for studying surface-dominated systems. The modified continuum models lack a system-

atic control over the error in their approximation. In addition, computing the additional

surface elasticity constants for the new surface stress tensor requires its own set of com-

putations that are often quite expensive. The various atomistic-to-continuum coupling

methods may suffer from the fact that surfaces are not quite as localized as the defects

it is generally meant to examine, increasing computational cost. Certain surface geome-

tries such as nanowires may be especially troublesome for the approach and significantly

diminish any potential computational savings.

In this work, we discuss two approaches to considering surface physics in the case of

the classical atomistic description. First, we discuss the surface Cauchy–Born method

as introduced by Harold Park et al [17–19,19,37,38]. The surface Cauchy–Born method

attempts to restore a key property of the Cauchy–Born method that is lost when surfaces

are introduced into the system. Namely, the surface Cauchy–Born method seeks to

introduce a surface energy integral so that the surface Cauchy–Born and atomistic

energies and forces agree in the case of a homogeneous strain. This surface energy

integral is found in a limiting process of the surface energy terms analogously to the

bulk case so that the integral depends on the surface structure and potential. An energy

variational formulation consisting of these surface and bulk contributions may then be
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solved using standard non-linear finite element techniques to determine the material

response. The surface Cauchy–Born method has already been applied to a variety of

problems in the literature.

After discussing this model, we introduce a novel approach to efficiently and ac-

curately capturing surface behavior through the use of a predictor-corrector method.

In this predictor-corrector method, the Cauchy–Born method serves as the initial pre-

dictor for material behavior. As the Cauchy–Born method works well for studying

macro-materials, it should serve as an excellent approximation for the response of the

material away from the surface. Since the usual Cauchy–Born method is used, the

standard techniques may be used to efficiently solve this problem. The solution for

the Cauchy–Born method is then corrected over a boundary layer near the surface to

capture surface effects. The size of the boundary layer is a controllable parameter in

this predictor-corrector method and allows for a systematic control over the accuracy of

the approximation. Proving the validity of the decomposition of the atomistic solution

into a bulk response and surface correction will be the primary goal of the analysis for

this method in addition to assessing the quality of the approximation.

We start the analysis with the formulation of the atomistic model that we will

consider throughout. We rigorously analyze the model and examine the rate of decay of

surface effects. In the next chapters, we analyze the surface Cauchy–Born and predictor-

corrector methods discussed above.



Chapter 2

Atomistic and Cauchy–Born

Models

2.1 Atomistic Model

As stated in the introduction, the primary model which we will be examining in this

work will be a semi-infinite, 1D chain of atoms. This model will contain only one

‘surface’: the endpoint of the chain. This is the simplest setting in which we can still

observe non-trivial surface effects.

We index the atoms in the chain by the set of non-negative integers or Z≥0, and

we denote the individual location of the atom with index ` in the chain by y` ∈ R.

The reference position of each atom in the chain is chosen to be y` = ` for all ` ∈ Z≥0

with the unit for distance taken to be the equilibrium spacing for the corresponding

infinite chain model to be described later. We denote the displacement of atom ` from

its reference position with u` ∈ R; that is, u` := y` − `. The displacement gradient, or

the strain in the nearest-neighbor bond between the atoms indexed by ` and ` + 1 in

the chain, will be written as

u′` := u`+1 − u` = y`+1 − y` − 1. (2.1)

Physically, the strain u′` indicates the change in distance between two adjacent atoms

with indices ` and `+ 1 from their reference bond length. Under this choice of reference

5
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lattice, the surface will be located at the atom with index 0 in the reference configuration.

The atoms in this semi-infinite chain will interact according to a nearest-neighbor,

many-body model. Such a model permits both nearest-neighbor, many-body interac-

tions and next-nearest neighbor interactions. We define the energy for this system to

be

Ea(y) := V surf(y1 − y0) +
∞∑
`=1

V (y` − y`−1, y`+1 − y`),

where V denotes the site energy for atoms in the interior of the system while V surf

denotes the surface site energy.

Site energies indicate the energy contribution that can be assigned to an individual

atom as a result of its interactions with the rest of the system and are useful for simply

distinguishing between generalized surface and bulk components of the chain in the

analysis. The surface bond merits a different site energy than the interior atoms because

the 0-th atom has only one nearest neighbor while every other atom in the interior has

two. The surface site energy, however, is related to the bulk energy in that it will be

assumed to be the limit of the bulk site energy as one of the bonds is stretched to

infinity.

We observe that the energy Ea is translation invariant due to the fact that the

energy depends only on bond lengths and note that we do not consider configurations

that differ only by a translation to be meaningfully different. As such, we consider

only equivalence classes of the set of all permissible configurations formed by equating

configurations that differ only by a uniform translation of the chain’s elements. In the

analysis, we will consider only the representative configurations with the end point at

zero, or y0 = 0. Fixing the endpoint has the added effect of making knowledge of the

strain in the entire chain, or knowledge of u′, equivalent to knowing the deformation

of the chain, which we denoted by y. With this equivalency, it will often be more

convenient to consider the energy in terms of the strain rather than the deformation

since this reduces the number of independent arguments in each site energy. In terms

of the strain, the total energy is

Ea(u) := V surf(1 + u′0) +
∞∑
`=1

V (1 + u′`−1, 1 + u′`).
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Figure 2.1: Illustration of interactions at surface and interior of model.

For notational convenience, we absorb the 1 into the site energy functions so that we

may write V (u′`−1, u
′
`) := V (1 +u′`−1, 1 +u′`) and V surf(u′0) := V surf(1 +u′0). Finally, we

arrive at the energy equation that we shall use most often throughout this work:

Ea(u) := V surf(u′0) +

∞∑
`=1

V (u′`−1, u
′
`), (2.2)

An illustration of the model under consideration is provided in Fig. 2.1

The site energies V and V surf shall be assumed to satisfy the following properties:

Site Energy Properties:

(i) V ∈ Ck(R2) and V surf ∈ Ck(R) with k ≥ 3;

(ii) V, V surf and all permissible partial derivatives are bounded.

(iii) V (0, 0) = 0;

(iv) ∂2V (0, 0) > 0;

(v) inf{|(r,s)|>ε} V (r, s) > 0 for any ε > 0;

(vi) For any s ∈ R, limr→∞ V (r, s) = V surf(s);

Properties (iii)–(v) together may be used to deduce the exact ground state of the

infinite bulk model of our system without surfaces. In this bulk model, the energy is

given by

E∞−chain :=

∞∑
`=−∞

V (u′`−1, u
′
`)

and the energy-minimizing configuration would be given by y` = ` for all ` ∈ Z. Assum-

ing the reference configuration was given by y` = ` as well, this would correspond to

a uniform strain of zero. Property (iv) guarantees the stability of the ground state for
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this infinite chain system. In contrast, these properties for the site energies do not yield

an explicit solution for the ground state of the semi-infinite chain system. They are

enough, however, to prove the existence of a ground state for the surface system as well

as provide information on the effective region over which surface effects are relevant,

which will be of importance in developing a method to effectively model these effects

below in this work.

An important consequence of these site energy properties concerns the infimum of

V surf. The surface site energy is defined in terms of the limiting behavior of the bulk

site energy by property (vi). Combining this fact with properties (v) and (vi), we see

that

inf
s∈R

V surf(s) > 0. (2.3)

Essentially, this property states that surfaces cost energy for the system to form. This

is to be expected as, if this were not the case, the system would immediately fracture

and split apart. While this result should therefore be considered physically obvious, it

will play an important role in the proof of the existence of a ground state for the surface

problem.

Property (ii) is one of convenience and is not strictly necessary. The results in this

work hold without this assumption, but it is standard in the field to include it. To see

how this assumption may be removed, see e.g. [39].

To conclude the discussion of the consequences and implications of the site energy

assumptions, we remark that properties (i) and (ii) ensure that the first and second

variations of the total energy are globally Lipschitz continuous. We refer to [24] for this

simple proof.

We denote derivatives of V surf with respect to its argument by ∂FV
surf. Derivatives

of V with respect to its first and second argument will be denoted by ∂1V and ∂2V ,

respectively. Higher-order derivatives for the two site energies will be denoted similarly.

For example, ∂12V denotes the derivative of V with respect to its first and second

arguments.
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2.1.1 Surface Problem

For the generalized semi-infinite model, we are concerned with finding the energy-

minimizing configuration of the chain in the presence of external forces. Such a problem

requires that we define the space of allowable configurations of the chain as well as what

constitutes an acceptable external force. For the former, we restrict our attention to

the configurations admissible in the following finite-energy space of displacements:

U := {u : Z≥0 → R | u(0) = 0 and u′ ∈ `2(Z≥0)}. (2.4)

The fixation of the surface necessitates that u(0) = 0. With this imposition, the semi-

norm |u| := ‖u′‖`2(Z≥0) becomes a norm. The space U becomes a Hilbert space when

equipped with this norm. It is easy to see (e.g., as shown in [24]) that compact displace-

ments are dense in U so that, for arbitrary elements of U , we may define the energy

Ea by continuity. In this analysis, we consider only externally applied forces which are

elements of U∗ and take the form of a lattice function f : Z≥0 → R. These applied

forces represent dead-load forces, which are permanently-applied, static forces. We say

that f ∈ U∗ if and only if there exists a constant ‖f‖U∗ such that

|〈f, u〉| ≤ ‖f‖U∗‖u′‖`2(Z≥0) for all u ∈ U with supp(u) compact,

where 〈f, u〉 :=
∑∞

`=0 f`u`. For arbitrary u ∈ U , 〈f, u〉 is defined by continuity using

compact displacements as usual.

With the space U and the external forces defined, we may now state the atomistic

surface problem. Given a force f ∈ U∗, we seek a minimizer

ua ∈ arg min{Ea(u)− 〈f, u〉Z≥0
| u ∈ U}. (2.5)

This problem may have a unique solution, several solutions, or no solutions. The exis-

tence and regularity of these solutions is studied in the next section.

Remark. It is possible to rewrite the inner product 〈f, u〉 into another inner product

in terms of the strain u′. To do so, we first observe that f ∈ U∗ if and only if there exists

a g ∈ `2(Z≥0) such that f = −g′, where we define g′ here according to g′` = g` − g`−1
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and use the convention that g−1 = 0. This can be proven by considering a discrete

summation by parts of 〈f, u〉 and by using the Riesz representation theorem from [40].

Using this approach, it can also be shown that

gn =

∞∑
`=n+1

f` <∞.

Below, in lemma 2.2.2, we show that this sum is well-defined. Therefore, 〈f, u〉 =

〈g, u′〉 ≤ ‖g‖`2‖u′‖`2 . An easy consequence of this fact is that ‖f‖U∗ = ‖g‖`2 .

Example: Embedded-Atom Model

In these example sections, we discuss two concrete examples of systems that are encom-

passed by our general model described above. First, we show that a nearest-neighbor

Embedded Atom Model (EAM) [41,42] with only nearest-neighbor interactions for the

semi-infinite chain system is contained in this framework. We may write the energy for

such a system in terms of the strain in the following way:

Ea(u′) = φ(1 + u′0) + ψ(ρ(1 + u′0)) +
∞∑
`=1

[
φ(1 + u′`) + ψ

(
ρ(1 + u′`) + ρ(1 + u′`−1)

)]
,

(2.6)

where φ is a nearest-neighbor pair potential, ψ is an embedding energy function, and ρ

is an electron density function. The electron density function ρ describes the electron

density contribution from a single atom as a function of the distance away from the

atom. The embedding energy function ψ represents the energy required to place an

atom in a location with the given electronic density. By defining the bulk and site

energies, respectively, as

V (u′`−1, u
′
`) =

1

2
φ(1 + u′`−1) +

1

2
φ(1 + u′`) + ψ

(
ρ(1 + u′`−1) + ρ(1 + u′`)

)
, and

V surf(u′0) =
1

2
φ(1 + u′0) + ψ

(
ρ(1 + u′0)

)
,

we see that the generalized energy equation in Eq. (2.2) becomes the EAM energy

defined above.
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In the analysis portion of this work, our focus will remain on the generalized form

of the energy. However, we will return to the EAM model specifically for numerical

experiments throughout the paper. Specifically, for the atomistic model, we will use the

EAM site energies described in (2.6) with φ, ψ, and ρ given by

φ(r) = φeexp

(
−γ
(
r

re
− 1

))
, ρ(r) = feexp

(
−β
(
r

re
− 1

))
,

ψ(ρ) = −Ec
[
1− α

β
log

(
ρ

ρe

)](
ρ

ρe

)α/β
− φe

(
ρ

ρe

)γ/β
,

where φe = 10.6, fe = 1, Ec = 3.54, α = 21, β = 6, ρe = 2, re = 1, and γ = 8. These

parameters and potentials are taken from [41] and represent an EAM potential describ-

ing a system composed of copper atoms. We note that re represents the equilibrium

distance in the infinite atomistic model without surfaces. Therefore, the equilibrium

spacing in the infinite model is simply 1 and corresponds to a strain of 0 as our refer-

ence spacing is also 1. We also note that property (ii) of the site energies does not hold

for this choice of energy, but as mentioned in the earlier discussion of the site energy

assumptions, the results for the predictor-corrector method are unchanged with this

assumption removed.

Example: Next-Nearest Neighbor Model

We next consider a next-nearest neighbor type model and show again how the bulk

and surface site energies must be defined in this framework. Consider the following

next-nearest neighbor system energy for the semi-infinite chain:

Ea(u′) = φ(1 + u′0) +
∞∑
`=1

[
φ(1 + u′`) + φ(2 + u′`−1 + u′`)

]
,

where φ is some potential such as a Lennard-Jones potential [43, 44]. To translate this

into the form of (2.2), we define the bulk and surface site energies, respectively, as

V (u′`−1, u
′
`) =

1

2
φ(1 + u′`−1) +

1

2
φ(1 + u′`) + φ(2 + u′`−1 + u′`) and

V surf(u′0) =
1

2
φ(1 + u′0).
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2.1.2 Existence and Stability of Atomistic Solutions

Unlike for the infinite atomistic model without surfaces that was briefly mentioned

above, we do not expect in general that an energy-minimizing configuration for the

semi-infinite chain will be one with a homogeneous strain. Instead, we expect that a

minimizer will exhibit some form of surface effects. As such, we do not expect to be

able to derive an explicit solution for our atomistic problem. We must be satisfied with

weaker results. In this section, we prove the existence of minimizers to the atomistic

problem, consider the stability of such solutions, and examine their decay rates.

Theorem 2.1.1. There exists a minimizer of Ea : U → R ∪ {+∞}.

Proof. The proof for the existence of the minimizer will closely follow the direct method

from the calculus of variations. To begin with, we establish that the infimum of the

atomistic energy is finite and that the atomistic energy functional is bounded below.

Property (iii) on the site potential energies and the fact that |V surf(0)| < ∞ together

imply that Ea(0) < ∞. Property (v) and Eq. (2.3) show that the atomistic energy is

bounded below by 0. Thus, we have that

0 ≤ inf
u∈U
Ea(u) <∞.

We may then consider an energy minimizing sequence {un}∞n=1 ⊂ U such that

Ea(un)→ inf
u∈U
Ea(u) and Ea(un) < inf

u∈U
Ea(u) + 1, (2.7)

where the latter condition was added without loss of generality.

We now wish to show that the norm ‖u′n‖`2(Z≥0) is uniformly bounded in n; that is,

we will show that there exists some constant Cunif > 0 such that ‖u′n‖`2 ≤ Cunif for all

n. To that end, we will separately consider the small and large strain contributions to

this norm. Let ε > 0. For each n ∈ N, we denote the set of indices that indicate the

locations of strains larger than ε in the chain to be Dn
ε :

Dn
ε := {` ∈ Z≥0 | |u′n,`| > ε}.

The cardinality of Dn
ε is finite for all n since un /∈ U otherwise. From the non-negativity
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of the site energies, we see that

Ea(un) ≥
∑
`∈Dn

ε

V (u′`, u
′
`+1) ≥ #Dn

ε · inf
|(r′,s′)|>ε

V (r′, s′) (2.8)

Property (v) states that the infimum of the bulk site energy is positive. Therefore, the

cardinality of Dn
ε must be uniformly bounded; otherwise, there would exist a subse-

quence of the {un} would tend to infinite energy contradicting the fact that the {un}
are an energy-minimizing sequence. Thus,

max
n

#Dn
ε <∞. (2.9)

We now consider the case for small strains. By Taylor’s Theorem and Property (iv), we

may show that, for small enough ε, there exists a constant Cε > 0 such that

V (u′n,`, u
′
n,`+1) ≥ Cε

(
|u′n,`|2 + |u′n,`+1|2

)
for all ` /∈ Dn

ε .

With this inequality and the non-negativity of the site energies, we obtain

Ea(un) = V surf(u′n,0) +
∑
`∈Z≥0

V (u′n,`, u
′
n,`+1)

= V surf(u′n,0) +
∑
`∈Dn

ε

V (u′n,`, u
′
n,`+1) +

∑
`/∈Dn

ε

V (u′n,`, u
′
n,`+1)

≥ Cε
∑
`/∈Dn

ε

(|u′n,`|2 + |u′n,`+1|2) ≥ Cε
∑
`/∈Dn

ε

|u′n,`|2.

Using the bound on the energy from Eq. (2.7), we may show that

∑
`/∈Dn

ε

|u′n,`|2 ≤ C−1
ε

(
inf
u∈U
Ea(u) + 1

)
<∞. (2.10)

Note that the upper bound here is independent of n and that the sum on the left

excludes only a finite number of strains on the chain; namely, it excludes the contribu-

tions from the strains with ε-defects. If we can show that there exists a positive constant

C > 0 such that

|u′n,`| ≤ C for all n ∈ N, ` ∈ Z≥0, (2.11)
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then we obtain a uniform bound on ‖u′n‖`2 as desired.

Suppose, for contradiction, that (2.11) fails. Then, there exists a subsequence

{unk
}∞k=1 and a sequence of indices {`k}∞k=1 such that

lim
k→∞

|u′nk,`k
| → ∞. (2.12)

Since maxn #Dn
ε is finite, we may add the condition on the indices `k that there exists

a constant S > 0 such that

|u′nk,`k+1| ≤ S for all k. (2.13)

We now split the chain into two components:

Ea(unk
) = V surf(u′nk,0

) +

`k−1∑
`=0

V (u′nk,`
, u′nk,`+1)

+ V (u′nk,`k
, u′nk,`k+1) +

∞∑
`=`k+1

V (u′nk,`
, u′nk,`+1)

=: E1 + E2,

where

E1 := V surf(u′nk,0
) +

`k−1∑
`=0

V (u′nk,`
, u′nk,`+1)

and

E2 := V (u′nk,`k
, u′nk,`k+1) +

∞∑
`=`k+1

V (u′nk,`
, u′nk,`+1).

Since the V are non-negative, we obtain for E1 that

E1 = V surf(u′nk,0
) +

`k−1∑
`=0

V (u′nk,`
, u′nk,`+1) ≥ inf

s′∈R
V surf(s′) > 0.

To bound E2, we observe that the increasing strain at `k represents a fracture of the

chain and the formation of a new surface. Up to a small error, the atoms with index

greater than or equal to `k represent another semi-infinite chain system with a surface,

and as such, will have a similar energy contribution. The fracturing of the chain, then,
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will inevitably raise the energy of the system and will not approximate an energy-

minimizing configuration, leading to a contradiction. To make this precise, let ε1 :=
1
2 infs∈R V

surf(s) > 0. By properties (i) and (vi), there exists R > 0 such that if |r| > R,

then |V (r, s) − V surf(s)| < ε1 for all |s| ≤ S. From (2.12), there exists a K > 0 such

that |u′nk,`k
| > R for all k ≥ K. Therefore, we can conclude that, for k ≥ K,

E2 = V (u′nk,`k
, u′nk,`k+1) +

∞∑
`=`k+1

V (u′nk,`
, u′nk,`+1)

≥ V surf(u′nk,`k+1)− ε1 +

∞∑
`=`k+1

V (u′nk,`
, u′nk,`+1)

≥ inf
u∈U
Ea(u)− ε1.

This inequality together with the previous inequality that contains the energy contri-

bution from the original surface shows that

Ea(unk
) = E1 + E2 ≥ 1

2 inf
s∈R

V surf(s) + inf
u∈U
Ea(u)

for all k ≥ K. Since 1
2 infs∈R V

surf(s) > 0, this contradicts the fact that {unk
} is a

subsequence of the energy-minimizing configuration sequence. Therefore, we must have

that there exists a constant C > 0 such that |u′n,`| ≤ C for all n ∈ N and ` ∈ Z≥0. With

Eq. (2.10), it may finally be shown that

‖u′n‖2`2(Z≥0) ≤ C
2 max

n
#Dn

ε + C−1
ε

(
inf

u∈U1,2
Ea(u) + 1

)
=: Cunif <∞.

From the above, one can show that supn |u′n,`| < ∞ for each ` ∈ Z≥0. By using

this bound and a diagonalization argument as in proofs of the Arzela-Ascoli theorem,

we can find a subsequence of {u′n} that converges pointwise to a u′∞ ∈ `∞(Z≥0). For

convenience, let us again assume that {u′n} has this property. This u′∞ ∈ `2(Z≥0).

This can be shown through a proof by contradiction. If it weren’t in `2(Z≥0), then

there would exist an index L ∈ N such that
∑L

`=0 |u′∞,`|2 > Cunif. However, by the

construction of the subsequence that converges pointwise to u∞, we must have that∑L
`=0 |u′nk,`

|2 converges to
∑L

`=0 |u′∞,`|2 for large enough k and thus converges to a
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value greater than Cunif. This contradicts the uniform bound on the {u′n}, so we must

have that u∞ ∈ U since we can simply set u∞,0 = 0. Maintaining the assumption that

{u′n} converges to u′∞ pointwise, we may use Fatou’s Lemma to show that

inf
u∈U
Ea(u) = lim inf

n→∞
Ea(un)

≥ lim inf
n→∞

V surf(u′n,0) +

∞∑
`=0

lim inf
n→∞

V (u′n,`, u
′
n,`+1)

= V surf(u′∞,0) +

∞∑
`=0

V (u′∞,`, u
′
∞,`+1)

= Ea(u∞) ≥ inf
u∈U
Ea(u).

Thus, u∞ is an energy minimizing configuration of the atomistic energy Ea in U .

It should be noted that this theorem does not state that there exists only one energy-

minimizing configuration. While for many systems it is reasonable and natural to expect

that there exists a unique ground state, the assumptions given on the energy do not

preclude the existence of multiple states for a system that achieve the same minimal

energy value. In the following paragraphs, ua
gr may refer to any ground state.

While the presence of surface effects prevent the explicit computation of the exact

atomistic minimizers in the general case, the decay of these solutions can be examined.

The decay of these solutions affect the degree of influence that surface behavior will

have on the material’s response. As we now prove, surface effects are highly localized

in our model.

Theorem 2.1.2. Let ua
gr be a critical point of Ea. Then, there exists 0 ≤ µa < 1 such

that

|(ua
gr)
′
`| . µ`a for all ` ∈ Z≥0.

Proof. Critical points of Ea satisfy the Euler–Lagrange equation

〈δEa(u′), v′〉 = 0 for all v ∈ U .



17

Expanding the first variation δEa(u′) about u′ = 0 yields

〈δEa(0) + δ2Ea(0)u′ + ζ(u′), v′〉 = 0,

where ζ(u′) is the remainder term from the expansion, which can be readily shown to

satisfy the bounds

|ζ0| . |u′0|2 + |u′1|2 and |ζ`| . |u′`−1|2 + |u′`|2 + |u′`+1|2 for ` ≥ 1. (2.14)

The unlisted constants in these inequalities are the bounds on the third-order derivatives

of the site energies which exist due to property (ii). We may explicitly compute the

remaining terms in the Taylor series expansion keeping in mind that V (F, F ) achieves

its minimum at (0, 0):

〈δEa(0), v′〉 = v′0

{
∂FV

surf(0)
}

and

〈δ2Ea(0)u′, v′〉 = v′0u
′
0

{
∂2
FV

surf(0) + ∂2
11V (0, 0)

}
+ v′0u

′
1

{
∂2

12V (0, 0)
}

+
∞∑
`=1

v′`

[
u′`−1

{
∂2

12V (0, 0)
}

+ u′`

{
∂2

22V (0, 0) + ∂2
11V (0, 0)

}
+u′`+1

{
∂2

12V (0, 0)
}]
.

From these computations, we see that a solution u′ to the atomistic problem must be a

solution to the following system of equations:{
∂2

12V
bulk(0, 0)

}
u′`+1 +

{
∂2

22V (0, 0) + ∂2
11V (0, 0)

}
u′` +

{
∂2

12V
bulk(0, 0)

}
u′`−1 = −ζ`

(2.15)

for ` ≥ 1 with the boundary condition{
∂2

11V
surf(0) + ∂2

11V (0, 0)
}
u′0 +

{
∂2

12V (0, 0)
}
u′1 = −ζ0 −

(
∂FV

surf(0)
)

=: ζ̃0.

For readability, we define the following constants that we will use to rewrite the above
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system of equations:

a := ∂2
11V (0, 0) + ∂2

22V (0, 0), b := ∂2
12V (0, 0), (2.16)

as := ∂2
FV

surf(0) + ∂2
11V (0, 0), bs := ∂2

12V (0, 0). (2.17)

The system (2.15) can now be written as

asu
′
0 + bu′1 = ζ̃0, (2.18)

bu′`+1 + au′` + bu′`−1 = −ζ` for ` ≥ 1. (2.19)

We now suppose that b 6= 0. The case when b = 0 is analogous. Solving for the

homogeneous solution to this system of equations gives

u′` = c+λ
`
+ + c−λ

`
−, where λ± =

−a±
√
a2 − 4b2

2b
.

The positive definiteness of V from property (iv) implies that a−2b > 0 and a+2b > 0.

Hence, the discriminant is always positive: a2− 4b2 > 0. As a result, the above formula

for λ± provides two distinct values. Since we are considering the case when b 6= 0,

λ± 6= 0. The symmetry of the simple difference equation in Eq. (2.19) then implies

that λ+ = 1/λ−. This relation combined with the fact that the discriminant is never 0

implies that λ± 6= 1. Without loss of generality, then, we must have that 0 < |λ+| < 1

and |λ−| > 1. As solutions to the atomistic problem must belong to U , we require

that u′` → 0 as ` → ∞. This boundary condition at infinity implies that c− = 0 in

order to prevent exponential growth in the strain. Thus, letting λ := λ+, since the

subscript no longer matters, we have that solutions of the homogeneous equation are of

the form u′` = u′0λ
`. A discrete Green’s function argument provides the solution for the

inhomogeneous equation:

u′` = CBCλ
` +D−1

∞∑
k=0

λ|`−k|ζk,

where D :=
√
a2 − 4b2 and CBC can be determined from u′0. Taking the absolute value
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of both sides, using the triangle inequality, and applying (2.14), we can show that

|u′`| ≤ CBC|λ|` +D−1
∞∑
k=0

|λ||`−k||ζk| . CBC|λ|` +D−1
∞∑
k=0

|λ||`−k||u′k|2.

Now, let µ be a constant such that |λ| < µ < (1 + |λ|)/2. Then,

∞∑
m=0

µ|`−m||u′m| .
∞∑
m=0

CBCµ
|`−m||λ|m +D−1

∑
m,k≥0

µ|`−m||λ||m−k||u′k|2.

Observe that
∞∑
m=0

µ|`−m||λ||m−k| . µ|`−k|,

where the ignored coefficient depends solely on λ. Then, from the above, we have that

∞∑
m=0

µ|`−m||u′m| . CBCµ
` +D−1

∞∑
k=0

µ|`−k||u′k|2. (2.20)

Ignoring the prefactor D−1, the second term on the right-hand side of (2.20) can be

bounded by

∞∑
k=0

µ|`−k||u′k|2 =
∑
k≤k0

µ|`−k||u′k|2 +
∑
k≥k0

µ|`−k||u′k|2 . µ` + sup
k≥k0
|u′k|

∑
k≥k0

µ|`−k||u′k|,

where we have used the fact that ‖u′‖2`∞ < ∞ since u ∈ U . For any ε > 0, we can

choose k0 sufficiently large so that supk≥k0 |u
′
k| ≤ ε. This inequality then becomes

D−1
∞∑
k=0

µ|`−k||u′k|2 . µ` + ε
∑
k≥k0

µ|`−k||u′k|.

Substituting this bound into (2.20) yields

(1− ε)|u′`| ≤ (1− ε)
∞∑
k=0

µ|`−k||u′k| . µ`.
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Finally, we have the desired result:

|u′`| . µ`.

Surface effects, then, are extremely concentrated at the surface of the system. This

result implies the existence of two scales within the problem and motivates the approach

of solving the atomistic problem by considering separately the bulk and surface responses

that will be considered in Chapter 4. In addition, the exponential decay of the strain

due to surface effects justifies ignoring surface effects in very large systems as is usually

the case.

We now proceed to incorporating external forces into the analysis and prove the

existence of solutions in the presence of applied forces. To that end, we begin by

assuming that a ground state ua
gr is strongly stable; that is, we suppose that there exists

an atomistic stability constant ca > 0 such that

〈δ2Ea(ua
gr)v, v〉 ≥ ca‖v′‖2`2(Z≥0) for all v ∈ U . (2.21)

This stability assumption on ua
gr enables us to prove the existence of nearby strongly

stable local minimizers of the atomistic problem from (2.5) with small external forces.

We define an element ua ∈ U to be a strongly stable solution to the atomistic problem

if and only if it satisfies the Euler-Lagrange equation

〈δEa(ua), v〉 = 〈f, v〉 for all v ∈ U

as well as the stability condition

〈δ2Ea(ua)v, v〉 ≥ c‖v′‖2`2(Z≥0) for all v ∈ U , (2.22)

for some constant c > 0. The exact form of the first and second variations of Ea for the

general atomistic energy are provided in Propositions A.1.1 and A.1.2.

Corollary 2.1.3. There exist ε, C > 0 such that, for all f ∈ U∗ with ‖f‖U∗ < ε, the

atomistic problem (2.5) has a unique, strongly-stable solution with ‖(ua − ua
gr)
′‖`2 ≤

C‖f‖U∗.
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Proof. This is an immediate consequence of the inverse function theorem (Theorem

A.2.1).

This result implies that the atomistic problem (2.5) is well-defined for small dead-

load forces. In the next section, we discuss the Cauchy–Born approximation to this

atomistic model.

2.2 Cauchy–Born Model

A common approach to determining the approximate bulk behavior of perfect crys-

talline materials involves the utilization of the Cauchy–Born model of atomistic inter-

actions. The Cauchy–Born model approximates the non-local interactions amongst the

constituents in an atomistic system with a local approximation. A limiting procedure

then turns the discrete problem into a continuum one [13]. Applying this approach to

our atomistic problem from above, we find that the Cauchy–Born energy approximation

for the semi-infinite chain model is

Ecb(u) :=

∫ ∞
0

W (∇u(x)) dx for u ∈ Ucb, (2.23)

where W (F ) := V (F, F ) is the Cauchy–Born energy density function and the space of

permissible displacements is given by

Ucb :=
{
u ∈ H1

loc(0,∞) | ∇u ∈ L2(0,∞) and u(0) = 0
}
.

We note that the Cauchy–Born energy density function W inherits the smoothness of

the bulk site energy. As a result, W ∈ C3(R). For clarity, derivatives of W with respect

to its argument as opposed to x will be indicated by ∂FW . We also note that the space

U may be considered a subspace of Ucb if we identify the lattice functions u ∈ U with

their piecewise continuous interpolants.

2.2.1 Inconsistency of Cauchy–Born Method

An important feature of the Cauchy–Born method of approximation is that for atomistic

systems without defects, the Cauchy–Born approximation and the exact model agree
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for homogeneous deformations. In systems containing defects such as surfaces, however,

this property is lost. In the above energy, this discrepancy arises due to the loss of a

distinct surface term in the energy. The Cauchy–Born model treats every point in the

chain as an interior point. The absence of a surface component to the energy results in

an O(1) error in the consistency estimate for the Cauchy–Born model as compared to

the atomistic system. We demonstrate this error in the case of zero external forces, or

f = 0. In this case, the energy-minimizing configuration for the Cauchy–Born system

is clearly ucb = 0 as can be seen using properties (iii)–(v) of the site energies and the

definition of W . We now show that there can be no convergence of the Cauchy–Born

approximate ground state and the atomistic result.

Proposition 2.2.1. The unique minimizer of Ecb in Ucb is ucb = 0. Its atomistic

residual is bounded by

sup
v∈U ,‖v′‖`2(Z≥0)

=1
|〈δEa(0), v〉| = ‖δEa(0)‖U∗ = |∂FV surf(0)|.

In particular, ‖(ua
gr − ucb)′‖`2 ≥M−1|∂FV surf(0)|, where M is the global Lipschitz con-

stant of δEa.

Proof. Let u = 0. Then, properties (iii)–(v) imply that δEa(u) is given by

〈δEa(u), v〉 = v′0

{
∂FV

surf(u′0) + ∂1V (u′0, u
′
1)

}
+
∞∑
`=1

v′`

{
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

}
= v′0∂FV

surf(0).

We can maximize this result by taking v′0 = sign(∂FV
surf(0)) and setting v′` = 0 for all

` > 0. Clearly, such a v ∈ U . Thus, we have that

‖δEa(0)‖U∗ = |∂FV surf(0)|

as desired.

To prove the lower bound on the error, we simply note that

|∂FV surf(0)| = ‖δEa(0)‖U∗ = ‖δEa(0)− δEa(ua
gr)‖U∗ ≤M‖(ucb − ua

gr)
′‖`2 ,
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where we have used the fact that the first variation in the atomistic energy is Lipschitz

continuous.

In general, we expect that |∂FV surf(0)| 6= 0 since we lack the symmetry in interac-

tions at the surface site that is present in the interior. In addition, this term will not

vanish in the usual scaling limit as the atomic spacing is sent to zero. This consistency

error combined with the Lipschitz continuity of the first variation of the atomistic en-

ergy implies that we cannot prove any sort of convergence between the Cauchy–Born

and atomistic solutions in this space [24]. As expected, the Cauchy–Born and atomistic

energy-minimizing configurations are not in agreement because of surface effects.

This lack of convergence of the Cauchy–Born method to the atomistic method shows

that the Cauchy–Born method cannot serve as an accurate approximation to the fully

atomistic system when studying surface effects. However, there may be means of mod-

ifying the Cauchy–Born method in order to capture these missed surface effects while

still maintaining the efficiency of the method. This possibility is made more promising

due to the result in Theorem 2.1.2 as we have shown that surface effects are a highly

localized phenomenon in our atomistic model.

In later chapters, we will explore two possible modifications of the Cauchy–Born

method to improve the method. In the next chapter, we will discuss the introduction

of a surface integral that represents a continuum approximation of these missed surface

effects following the spirit of the original Cauchy–Born approximation. Afterwards,

we will discuss a predictor-corrector method that uses the Cauchy–Born method as an

approximation for the bulk behavior of the material followed by a correction to account

for surface effects. It will be shown that the bulk and surface effects decouple so that a

concurrent coupling scheme is not required to capture these effects. A post-processing

of the Cauchy–Born solution will suffice.

2.2.2 Existence and Regularity of Cauchy–Born Solutions

We are, therefore, still interested in the Cauchy–Born method and its approximation to

the atomistic surface problem. Precisely, we are interested in finding the solutions

ucb ∈ arg min{Ecb(u)− 〈f, u〉R+ | u ∈ Ucb}, (2.24)
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where we identify the lattice function f with its continuous piecewise affine interpolant

and 〈f, u〉R+ :=
∫∞

0 fu dx. It is easy to see that f ∈ U∗ implies that 〈f, ·〉R+ ∈ (Ucb)∗.

We show this in Lemma 2.2.2.

Analogously to the atomistic problem, we say ucb is a strongly stable solution to

(2.24) if it satisfies the first-order and strong second-order optimality conditions:

〈δEcb(ucb), v〉 = 〈f, v〉R+ for all v ∈ Ucb and

〈δ2Ecb(ucb)v, v〉 ≥ ccb‖∇v‖2L2([0,∞)) for all v ∈ Ucb (2.25)

for some constant ccb > 0. This ccb is the Cauchy–Born stability constant. The exact

forms of the first and second variations of the Cauchy–Born energy may be found in

Propositions A.1.1 and A.1.2.

For small enough external forces, we can again guarantee the existence of strongly

stable solutions to the Cauchy–Born problem and deduce some additional facts concern-

ing the regularity of these solutions. Before that, however, we first derive an alternative

form for the energy contribution from the applied forces in terms of the strain rather

than the displacement. This will be useful in proofs later on.

The reformulation of the energy contribution due to the external forces is analogous

to that done for the atomistic case and will be accomplished using integration by parts.

Recall in the atomistic case that f ∈ U∗ if and only if there exists g ∈ `2(Z≥0) such that

〈f, u〉 = 〈g, u′〉. Setting g−1 = 0, we may use a discrete summation by parts to show

that

f` = g` − g`−1. (2.26)

Conversely, if we are given f , we may recover g via

g` :=
∞∑

k=`+1

fk := lim
K→∞

K∑
k=`+1

fk. (2.27)

In the Cauchy–Born model, we identify f with its piecewise-affine interpolant. The

continuous analogue of (2.27) is

g̃(x) :=

∫ ∞
x

f(s) ds := lim
K→∞

∫ K

x
f(s) ds. (2.28)



25

Lemma 2.2.2. Let f ∈ U∗. Then, g and g̃ are well-defined and satisfy

∣∣g` − g̃(`+ 1/2)
∣∣ = 1

8 |f
′
`| for all ` ∈ Z≥0, and (2.29)

|g̃(x)| .
`+1∑

m=`−1

|gm| for all x ∈ [`, `+ 1]. (2.30)

Proof. Since f ∈ U∗, there exists g ∈ `2 such that (2.26) holds as shown above. Let

M > `+ 1. Then,
M∑

m=`+1

fm =
M∑

m=`+1

(g`−1 − g`) = g` − gM

In the limit as M →∞, we then have that

M∑
m=`+1

fm → g`.

Hence, (2.27) is well-defined.

Similarly, let M ∈ Z and M > `+ 1. Then,

∫ M

`+1/2
f(s) ds−

M∑
m=`+1

fm =

∫ `+1

`+1/2
f(s) ds+

∫ M

`+1
f(s) ds−

M∑
m=`+1

fm

= 1
2

[
1
2

(
1
2(f` + f`+1) + f`+1

)]
+

M−1∑
m=`+1

[
1
2(fm + fm+1)− fm

]
− fM

= 1
8(f` − f`+1)− 1

2fM

Taking the limit as M →∞, we may use the definitions of g and g̃ to show that

|g` − g̃(`+ 1/2)| = 1
8 |f` − f`+1|

By defining f ′` := f` − f`+1, we arrive at the first result (2.29) in the lemma. We can

also conclude from this approach that g̃(x) is well-defined for all x.
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To prove the second estimate, we simply note that, for x ∈ [`, `+ 1],

|g̃(x)− g̃(`+ 1/2)| =
∣∣∣∣ ∫ x

`+1/2
f(s) ds

∣∣∣∣ . |f`|+ |f`+1|,

and then apply (2.26).

With the above lemma proven, we now return our consideration to the existence

and regularity of solutions to the Cauchy–Born problem.

Theorem 2.2.3. There exists εcb > 0 such that for all f ∈ U∗ with ‖f‖U∗ < εcb, a

strongly stable solution ucb ∈ Ucb of the Cauchy–Born problem (2.24) exists.

Moreover, ucb ∈ H3
loc, and it satisfies the bounds

|∇ucb(0)| . ‖f‖U∗ , |∇2ucb(x)| . |f(x)|, and |∇3ucb(x)| . |∇f(x)|+ |f(x)|2.

In addition, we prove that

|∇ucb(x)| . |g̃(x)|, (2.31)

where g̃ is as defined in (2.28).

Proof. To begin with, we note that throughout this proof, ∇ will always refer to the

gradient with respect to x. The Euler–Lagrange equation of the Cauchy–Born problem

from (2.24) can be written as

−∇
[
∂FW (∇u)

]
= f. (2.32)

We now consider the behavior of this system at x = ∞. Since we are considering

elements u ∈ Ucb, ∇u(x)→ 0 as x→∞.

The derivative ∂FW (F ) is continuous and ∂FW (0) = 0 due to site energy properties

(iii) and (v), so limx→∞ ∂FW (∇u) = 0. Thus, we may integrate (2.32) from x to ∞
making use of this boundary condition to show that

∂FW (∇u) =

∫ ∞
x

f(s)ds = g̃(x).

As f was defined to be piecewise continuous, it is also clear that f(x) = −∇g̃(x) almost

everywhere. We now seek to use the elementary inverse function theorem in order to
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solve for ∇u. First, observe that there exists a G > 0 such that ∂2
FW (F ) > 1

2∂
2
FW (0) >

0 on [−G,G]. This follows immediately from site energy properties (iv) and (i). Thus,

∂FW (F ) is strictly monotone on this interval. Provided that g̃([0,∞)) ⊂ ∂FW ([−G,G]),

which can be guaranteed for small f , we may now use the inverse function theorem to

show that

∇u(x) = (∂FW )−1(g̃(x))

is a solution to the Cauchy–Born problem, where (∂FW )−1 : ∂FW ([−G,G])→ [−G,G]

is the inverse of ∂FW on the given domain. Due to the restriction on the range of

the inverse function, ∇u(x) ∈ [−G,G] so that it is easy to see that the solution must

be stable with a stability constant ccb ≥ 1
2∂

2
FW (0). It is easy to show with this that

(∂FW )−1 is Lipschitz continuous. Noting that (∂FW )−1(0) = 0, Lipschitz continuity

then yields the bound

|∇ucb(x)| = |(∂FW )−1(g̃(x))− (∂FW )−1(0)| . |g̃(x)| =
∣∣∣∣∫ ∞
x

f(x)dx

∣∣∣∣,
where we have ignored the Lipschitz constant for the inverse function. The derivative

∇u inherits the smoothness of g̃ since ∂FW (F ) ∈ C2(R). In particular, ∇u is continuous

everywhere and differentiable almost everywhere. As we have an explicit expression for

∇u, we may compute its derivative to find the following bound:

|∇2u(x)| =
∣∣∣∣− f(x)

∂2
FW (∇u(x))

∣∣∣∣ ≤ |f(x)|
ccb

.

Thus, we have shown two of the three proposed bounds. To show the final bound

on the third derivative, we note that ∂2
FW (F ) is once more differentiable and that

f is differentiable on [0,∞)\Z>0. Thus, we may compute the derivative of ∇2ucb(x)

explicitly to show that ∇3ucb exists almost everywhere. This computed derivative may

then be bounded:

|∇3u(x)| =
∣∣∣∣− ∇f(x)

∂2
FW (∇u(x))

+
f(x)

∂2
FW (∇u(x))2

∂3
FW (∇u(x))∇2u(x)

∣∣∣∣ . |∇f(x)|
ccb

+
|f(x)|2

c2
cb

,

where we have ignored the constant that comes from the bound on ∂3
FW (F ) by site

energy property (ii). This shows that ∇3ucb is Lebesgue integrable. The absolute
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continuity of ∇2ucb then follows immediately from observing that the first fundamental

theorem of calculus holds true for ∇3ucb(x). This completes the proof.

As the Cauchy–Born and atomistic solutions belong to different spaces, they cannot

be directly compared. Earlier, when the inconsistency of the Cauchy–Born model was

examined, we simply assumed that 0 ∈ Ucb should correspond with 0 ∈ U . While that is

quite reasonable in that specific case, comparing non-zero solutions requires a different

approach. To that end, we introduce a projection operator Πa : Ucb → U via

(Πau)0 = 0 and (Πau)′` =

∫ `+1

`
∇u(s) ds for ` ∈ Z≥0, u ∈ Ucb. (2.33)

We verify that Πau
cb ∈ U below. Other projection operators may be chosen as well

without affecting the results of this work; the choice made here is simply convenient.

Next, we recall an auxiliary result that allows us to reduce the continuous Cauchy–Born

model to a discrete model. To that end, we recall that we can identify discrete test

functions v ∈ U with continuous test functions v ∈ Ucb via piecewise affine interpolation.

Through the same identification, we can also admit u ∈ U as arguments for δEcb.

Proposition 2.2.4. Under the conditions of Theorem 2.2.3, we have Πau
cb ∈ U , and

∣∣〈δEcb(ucb)− δEcb(Πau
cb), v

〉∣∣ . ‖∇2ucb‖2L4‖∇v‖L2 for all v ∈ U .

Proof. The inequality is a simplified variant of [24, Lemma 5.2]. To show that Πau
cb

belongs to U , we need only show that (Πau
cb)′ ∈ `2 since (Πau)0 := 0. Using Theorem

2.2.3, the continuity of g̃, Lemma 2.2.2, and the fact that g ∈ `2, we find that

∞∑
`=0

∣∣∣(Πau
cb)′`

∣∣∣2 =

∞∑
`=0

∣∣∣∣∫ `+1

`
∇u(s)ds

∣∣∣∣2 . ∞∑
`=0

∣∣∣∣∫ `+1

`
g̃(s)ds

∣∣∣∣2

≤
∞∑
`=0

[
max

x∈[`,`+1]
g̃(x)

]2

.
∞∑
`=0

[
`+1∑

m=`−1

|gm|

]2

<∞.

Thus, Πau
cb ∈ U .



Chapter 3

Surface Cauchy–Born Method

As shown in Proposition 2.2.1, the Cauchy–Born method is unable to accurately approx-

imate the atomistic system with a surface. The surface Cauchy–Born (SCB) method

seeks to address this issue through a modification of the Cauchy–Born method. Specif-

ically, the surface Cauchy–Born method introduces a surface energy integral to the

Cauchy–Born energy in order to capture the missed effects. For the 1D chain, this cor-

rection manifests simply as an additional surface energy function. The surface Cauchy–

Born approximation to the ground state of the atomistic system is then computed using

the usual energy-minimization approach in the variational formulation. The surface

energy correction in the SCB method naturally allows for size-dependent effects as the

relative importance of the Cauchy–Born energy and the surface correction vary ac-

cording to the size of the system under investigation. In this chapter, we develop the

surface Cauchy–Born method for our surface problem and analyze the accuracy of the

approximation under the finite-element method in certain physical limits.

Recall that the Cauchy–Born energy for the given problem is the following:

Ecb(u) :=

∫ ∞
0

W (∇u(x))dx for u ∈ Ucb,

where W (F ) := V (F, F ) is the Cauchy–Born stored energy density function. Note that

the continuum Cauchy–Born model fails to distinguish between the energy densities

at the surface and the interior of the material. This is indicative of the failure of the

regular Cauchy–Born approximation to capture the surface effects that are present in

29
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the atomistic system. The surface Cauchy–Born model seeks to rectify this deficiency

through the addition of a surface energy term which we will denote by γ. In the

continuum description, the surface Cauchy–Born energy may be written as

Escb(u) := Ecb(u) + γ(∇u(0)),

where we have written the surface energy in terms of the strain at the surface and γ has

yet to be defined. Following the motivation for the original Cauchy–Born approximation

for the bulk, the surface energy introduced in the SCB model is chosen in such a way

that the SCB energy and the atomistic energy agree for homogeneous deformations.

Therefore, we may compute the surface energy by considering the following:

Ea(F ) = Escb(F ) = Ecb(F ) + γ(F ),

where F indicates a constant strain. Computing γ in this way, we find that

γ(F ) = V surf(F )− 1

2
V (F, F ) = V surf(F )− 1

2
W (F ).

As a result, γ ∈ C3(R). Note that this correction is best understood through the lens

of the site energy description of the chain. This surface energy corrects for the fact

that the atom at the end of the chain only has one neighbor instead of two like the

rest of the atoms in the chain. This correction will only affect the longer-range portion

of the interactions. For purely nearest-neighbor interactions, their contributions to

γ will cancel. This is due to the fact that nearest-neighbor interactions are in some

sense already local, so their behavior is well-approximated by the regular Cauchy–Born

method even at surfaces. The longer-range and many-body interactions are the source

of the difficulty for the Cauchy–Born method’s approximation of surface effects.

We now consider a P0 finite-element discretization of the Cauchy–Born model in

terms of the displacement gradient ∇u. Define Xh := {X0, X1, . . .} ⊂ Z≥0 to be a

strictly increasing sequence of grid points with X0 := 0. Define hj := Xj+1 −Xj for all

j ≥ 0. We let U ′j ⊂ R denote the displacement gradient in our interpolation over the
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element (Xj , Xj+1). In this finite-element discretization,

Ecb
h (U ′) :=

∞∑
j=0

hjW (U ′j). (3.1)

The surface Cauchy–Born energy for the finite element discretization of the problem is

defined to be

Escb
h (U ′) := Ecb

h (U ′) + γ(U ′0).

Setting Ea(F ) = Escb
h (F ) and solving for the surface correction energy as required by

the surface Cauchy–Born method will yield the same function as in the continuum

case. Therefore, γ will be used for the surface energy correction function for both the

continuum and discretized descriptions.

For the analysis, we are interested in the first and second variations of the surface

Cauchy–Born method. For consistency, derivatives of the surface correction term γ will

be denoted using the same notation as for W . The first derivative of γ(F ) will be

denoted by ∂Fγ(F ) and so on.

Proposition 3.0.5. Ecb
h and hence Escb

h are well defined and twice Fréchet differentiable

in the weighted-space `2h(Xh) equipped with the norm

‖V ′‖`2h :=
∞∑
j=0

hj |V ′j |2.

The first and second variations of Escb
h are given by

〈δEscb
h (U ′), V ′〉 =

∞∑
j=0

hj∂FW (U ′j)V
′
j + ∂Fγ(U ′0)V ′0 ,

〈δ2Escb
h (U ′)S′, V ′〉 =

∞∑
j=0

hj∂
2
FW (U ′j)S

′
jV
′
j + ∂2

Fγ(U ′0)S′0V
′

0 .

Proof. The energy function Escb
h : `2h(Xh)→ R is Fréchet differentiable if

lim
V ′→0

|Escb
h (U ′ + V ′)− Escb

h (U ′)− 〈δEscb
h (U ′), V ′〉|

‖V ′‖`2h
= 0
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To show this quickly, observe that we may use Taylor’s theorem to show the following:

γ(U ′0 + V ′0) = γ(U ′0) + ∂Fγ(U ′0)V ′0 + ∂2
Fγ(η′0)|V ′0 |2

and

W (U ′j + V ′j ) = W (U ′j) + ∂FW (U ′j)V
′
j + ∂2

FW (ξ′j)|V ′j |2.

The above set of equations gives an expansion for each term in the SCB summation for

Escb
h (U ′ + V ′). Moreover, the first two terms in the Taylor series expansion cancel with

their corresponding entries in the energies Escb
h (U ′j) and 〈Escb

h (U ′j), V
′
j 〉 leaving only the

remainder terms from the Taylor series expansions. Using the fact that the derivatives

of the site energy functions are bounded, we easily see that

|Escb
h (U ′ + V ′)− Escb

h (U ′)− 〈δEscb
h (U ′), V ′〉| . ‖V ′‖2`2h .

Hence, the necessary limit is indeed 0. A similar computation shows that δEscb
h (U ′) is

Fréchet differentiable so that Escb
h (U ′) is twice Fréchet differentiable. The proof of the

Fréchet differentiability of Ecb
h follows immediately from the differentiability of Escb

h .

3.1 Analysis of the Linearized Systems

Recall that the ground state for the Cauchy–Born model is simply the zero strain state

and that W (F ) achieves its minimum for F = 0. It is clear, then, that the discretized

Cauchy–Born energy Ecb
h (U ′) is minimized by setting

(U cb)′j = 0 for all j = 0, 1, 2, . . . .

In this chapter, as in the previous, superscripts will be used to denote ground state

strains with capitals denoting a strain for a discretized system. We also note that

these displacement gradients for the discretized Cauchy–Born model completely describe

the exact ground state of the system as the endpoint of the chain of atoms under

consideration will still be held fixed, or equivalently, (U cb)0 = 0.

We now seek to determine the ground states of the other two models for comparison.

As we expect the Cauchy–Born model to be a somewhat reasonable approximation to
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the atomistic and surface Cauchy–Born models, we will find approximations to the

ground states of these two systems by linearizing their equilibrium equations about the

Cauchy–Born ground state. The force-balance equations for the atomistic and surface

Cauchy–Born systems in the absence of external forces are respectively

Fa(u′) = 0 and F scb
h (U ′) = 0,

where

Fa(u′) := −δEa(u′) and F scb
h (U ′) := −δEscb

h (U ′)

and 0 is an infinite-dimensional 0 vector. These equilibrium equations linearized about

the Cauchy–Born ground state yield the following systems of equations:

δEa(0) + δ2Ea(0)u′ = 0 and δEscb
h (0) + δ2Escb

h (0)U ′ = 0. (3.2)

Extracting the relevant vectors from Proposition 3.0.5 and recalling that ∂FW (0) = 0

from site energy property (iii), we see that the minimizing strain vector of the surface

Cauchy–Born energy satisfies the following linear system:

∂Fγ(0) + (h0∂
2
FW (0) + ∂2

Fγ(0))U ′0 = 0,

hj∂
2
FW (0)U ′j = 0 for j = 1, 2, . . . .

Since ∂2
FW (0) > 0 by site energy property (iv), the linearized surface Cauchy–Born

solution is given by

(U scb)′0 =
−∂Fγ(0)

h0∂2
FW (0) + ∂2

Fγ(0)
and (U scb)′j = 0 for j = 1, 2, . . . (3.3)

provided that h0∂
2
FW (0) + ∂2

Fγ(0) 6= 0, which we expect in general.

From the work in Theorem 2.1.2, we see that the atomistic solution to the linearized

problem is simply

(ua)′` = u′0λ
`, where u′0 =

−∂FV surf(0)

as + bλ
, and λ =

−a+
√
a2 − 4b2

2b
,

with a, b, and as as defined in Eq. (2.16). The exponential behavior of the surface effects
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in this linearized model is dictated entirely by λ. It will be shown that λ ∈ (−1, 1). We

draw attention in particular to the fact that λ can be negative so that the sign of (ua)′`

can alternate. We note that we can rewrite λ as

λ =
−1 +

√
1− η2

η
, where η :=

2b

a
=

2∂2
12V (0, 0)

∂2
11V (0, 0) + ∂2

22V (0, 0)
. (3.4)

It is easy to see from site energy property (iv) that a 6= 0 so that η is well-defined.

The η term represents the relative strength of the long-range forces within the crystal

against its stability. The effective strength of the long-range forces is represented by

the numerator while the denominator represents its stability. In order for λ to be real

valued, η can take only values between [−1, 1]. Outside of this range, the strength of the

long-range forces overcomes the stability of the crystal and the ground state becomes

unstable. For |η| ≥ 1, site energy property (iv), the property enforcing stability, no

longer holds as was shown in Theorem 2.1.2. Therefore, we restrict our attention of η

to within the appropriate range for which λ ∈ (−1, 1). In this range, η and λ have the

opposite sign. The sign of η is in turn governed by the sign of the long-range interaction

term b since the assumptions on the stability of the crystal imply that the denominator

of η is always positive. The sign of b, therefore, has a significant effect on the qualitative

behavior of the ground state. To see how this arises due to the interactions in the system,

we can consider the linearized energy for the atomistic system about the Cauchy–Born

ground state:

Ea
lin(u) := 〈δEa(0), u′〉+

1

2
〈δ2Ea(0)u′, u′〉,

where we ignore any irrelevant constant terms. Using the identity

|u′′` |2 := |u′`+1 − u′`|2 = |u′`+1|2 − 2u′`+1u
′
` + |u′`|2,

we may write the linearized energy in the following form:

Ea
lin(u) = ∂FV

surf(0)u′0 + (as − a− b)|u′0|2 +
∞∑
`=0

[
(a+ 2b)|u′`|2 − b|u′′` |2

]
,

where we have again used the constants from Eq. (2.16). The −b|u′′` |2 term represents

a significant portion of the long-range forces’ influence in the system. When b > 0,
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the system favors rapid fluctuations in the strain. In this regime, λ < 0 so that the

alternating behavior in the strain is observed. When b < 0, this behavior is no longer

energetically favorable and is suppressed.

We now wish to rewrite (ua)′0 into an alternative form that will be useful later. To

do so, we first note that W (F ) achieves its minimum at F = 0. Therefore, we have the

equality −∂FV surf(0) = −∂Fγ(0) which we will use to change the numerator of (ua)′0.

For the denominator, we simply use the definition of the constants as and b along with

an explicit computation of ∂2
FW (0) to find that

(ua)′0 =
−∂Fγ(0)

∂2
FW (0) + ∂2

Fγ(0) + b(λ− 1)
.

In this form, it is clear that the strain at the surface in the linearized atomistic solution

is similar to the initial strain found in the linearized surface Cauchy–Born model as

shown in Eq. (3.3). The atomistic solution though includes a long-range force term

represented by b that is absent in the surface Cauchy–Born solution.

The strains in the ground states for the linearized atomistic and surface Cauchy–

Born systems with the EAM energy described in section 2.1.1 are shown in Figure

(3.1). Note that the parameter λ here is negative, leading to an oscillatory behavior in

the strain. Such qualitative behavior is expected as the system is meant to model the

behavior of copper, which exhibits a similar oscillatory decay in the strain at its surface.

We now consider the parameter regime of η in which the surface Cauchy–Born

approximation of the atomistic system is most accurate. Since the linearized surface

Cauchy–Born solution only corrected the strain near the surface of the chain, the surface

Cauchy–Born method should be most accurate when the surface effects are primarily

concentrated at the surface in the atomistic system. As λ dictates the decay rate of the

surface effects, the surface effects will become increasingly concentrated at the surface

when λ→ 0. It is easy to see from the definition of λ that λ is close to 0 when |η| � 1.

For such values of η, the long-range interactions in the crystal are weak relative to the

stability of the crystal. In the limit as the long-range interactions weaken, the ground

state should more closely resemble the homogeneous ground state of the Cauchy–Born

solution, so the Cauchy–Born model should be most accurate in this regime as well. As

|η| → 1, however, the effects of the long-range interactions are of similar magnitude to
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Figure 3.1: Computed ground states according to the linearized atomistic and the dis-
cretized surface Cauchy–Born method for two different surface element sizes.

the stability of the crystal. In this limit, |λ| → 1, so surface effects will be felt far into

the material. The surface Cauchy–Born method will clearly not be as accurate in this

limit. Thus, the surface Cauchy–Born method should be most accurate when |η| � 1.

We now consider a realistic system to see in which regime it falls.

3.1.1 Projected 3D Model

As the accuracy of the linearized surface Cauchy–Born model is dependent upon the

parameter η, it would be useful to know in which regime this parameter falls for a

realistic system. Thus, we will consider a planar surface relaxation model of a semi-

infinite face-centered cubic (FCC) lattice whose constituents interact via a nearest-

neighbor embedded atom model potential using parameters appropriate for copper [41]

to compute η for a realistic problem. We will consider such a system by projecting the

problem into 1-dimension so that we may make use of the analysis given above.

Let

ΛFCC :=

{
ξ =

3∑
i=1

µiνi : µ1, µ2, µ3 ∈ Z

}
denote the set of atomic positions within an FCC lattice with primitive lattice vectors

ν1 =
1

2
(0, 1, 1), ν2 =

1

2
(1, 0, 1), ν3 =

1

2
(1, 1, 0).
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Figure 3.2: Visualization of the projection of (0, 0, 1) planes of atoms into a 1D chain
of atoms.

The cubic supercells are then generated by

(1, 0, 0) = −ν1 + ν2 + ν3 (3.5)

(0, 1, 0) = ν1 − ν2 + ν3 (3.6)

(0, 0, 1) = ν1 + ν2 − ν3. (3.7)

We will consider a semi-infinite crystal slab whose atoms are located at the following

positions:

ΛFCC
slab := {ξ ∈ ΛFCC : ξ · (1, 0, 0) ≥ 0}.

The atoms in the slab will be partitioned into planes which all have as their normal

vector (0, 0, 1). We restrict the movement of these planes of atoms to directions normal

to their surface while holding the atoms’ relative positions within the plane fixed. This

restriction reduces the 3D surface relaxation problem to a 1D problem akin to the semi-

infinite chain problem studied above. We will denote the energy per atom in a plane

using a similar atomistic energy formulation from section 2.1.1 with a modification to
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account for the fact that our atoms now have 12 nearest neighbors. We will let the

planes in our system be indexed by the non-negative integers, and the displacement of

these planes will be denoted by u`, ` ∈ Z≥0. We define this energy per atom as

Ea
FCC(u) := 4φ(0) + 4φ(u′0) + ψ(4ρ(0) + 4ρ(u′0))

+

∞∑
`=0

[
4φ(0) + 4φ(u′`) + ψ

(
4ρ(0) + 4ρ(u′`−1) + 4ρ(u′`+1)

)]
,

where we again absorb the initial interatomic distance of 1 into the potentials and define

u′` := u`+1−u`. Note that our formulations of the potentials must also take into account

the fact that the distance between the atoms in neighboring planes is not simply the

distance between the planes.

Performing a similar analysis as was done for the linearized 1D model, we find that

the strain in the ground state of our system decays exponentially with a base λP3D that

is dependent upon the parameter ηP3D. The parameter ηP3D for this projected model

is

ηP3D =
16ψ′′(12ρ(0))ρ′2(0)

4φ′′(0) + 8ψ′(12ρ(0))ρ′′(0) + 32ψ′′(12ρ(0))ρ′2(0)
.

For the parameter values given in [41] for copper, we find that ηP3D = 0.2546. For

this value of ηP3D, the surface relaxation will be oscillatory in addition to exponentially

decaying into the material as is expected for metals. This value of ηP3D can be con-

sidered to be in the small parameter regime where the surface Cauchy–Born method

is most accurate. Consequently, we are justified in analyzing the surface Cauchy–Born

method for small values of η. We will now continue our examination of the error in

the strain made by the surface Cauchy–Born method for the linearized 1D semi-infinite

chain problem.

3.2 Asymptotic Analysis

Assuming that |η| � 1, we may perform an asymptotic analysis of the strain in the

ground states for the linearized surface Cauchy–Born and atomistic models over the
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first elements of their strain. We consider the limiting case when a→∞. Observe that

η =
2b

a
=

2b

∂2
FW (0)− 2b

.

Thus, we may make the substitution ∂2
FW (0) = 2b(1 + 1

η ) in the linearized solutions to

the ground state of the atomistic and surface Cauchy–Born systems.

Proposition 3.2.1. Asymptotically, as η → 0, we have that

(U scb)′0 = −∂Fγ(0)

[
η

2h0b
− (∂2

Fγ(0) + 2h0b)

(
η

2h0b

)2

+O(η3)

]

(ua)′0 = −∂Fγ(0)

[
η

2b
− (∂2

Fγ(0) + b)
( η

2b

)2
+O(η3)

]
.

Proof. Omitted.

3.2.1 Strain Relative Error Analysis

To investigate the strain error made by the surface Cauchy–Born method in comparison

with the bulk Cauchy–Born method, we will first interpolate the displacement gradients

found using the finite-element approximation of these two methods. We will do so by

defining

u′` := U ′j , for ` = Xj , Xj + 1, . . . , Xj+1 − 1, for all j ∈ Z≥0

for both the surface and bulk Cauchy–Born methods.

We are interested in investigating the relative error between the linearized surface

Cauchy–Born and bulk Cauchy–Born methods. Let p ∈ [1,∞]. We will consider the

relative error defined by

Errp :=
‖(ua)′ − (uscb)′‖`p
‖(ua)′ − (ucb)′‖`p

=
‖(ua)′ − (uscb)′‖`p
‖(ua)′‖`p

.

The rate of convergence of the relative error will depend upon the size of the first

element h0, which should be evident from our formulas for the surface displacement

gradients in the atomistic and surface Cauchy–Born linearized models. This difference

in convergence is a result of the finite element approximation of the surface Cauchy–Born

model.
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Proposition 3.2.2 (Strain Error). Let p ∈ [1,∞] and h0 > 1, then

Errp = Cp +O(η),

where 1
2 ≤ Cp ≤ 2. If h0 = 1, then

Errp = 21/p|η|+O(η2).

Proof. We will first consider the case when h0 = 1 for p ∈ [1,∞). The denominator of

the relative strain error is given by

‖(ua)′‖`p =

( ∞∑
`=0

|(ua)′`|p
)1/p

=
|(ua)′0|

(1− λp)1/p
.

In the limit as η → 0, we may use Eq. (3.4) to show that

λ = −η
2
− η3

8
+O(η5). (3.8)

Therefore, we have that

1

(1− λp)1/p
= 1 +O(λp) = 1 +O(ηp).

Multiplying this result with our asymptotic expansion of (ua)′0 from Proposition 3.2.1

gives us that

‖(ua)′‖`p =

∣∣∣∣∂Fγ(0)

4b
η

∣∣∣∣+O(η2).

Now, we consider the numerator. Using a similar approach as above, we find that

( ∞∑
`=1

|(ua)′`|p
)1/p

=
|(ua)′0||λ|

(1− λp)1/p
=

∣∣∣∣∂Fγ(0)

4b
η2

∣∣∣∣+O(η3).

For the first bond, we take the difference of the asymptotic expansions as stated in
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Proposition 3.2.1:

|(ua)′0 − (uscb)′0| = |∂Fγ(0)|

∣∣∣∣∣ η2b
(

1− 1

h0

)

− η2

2b2

[
b

(
1− 2

h0

)
+ ∂2

Fγ(0)

(
1− 1

h2
0

)]∣∣∣∣∣+O(η3)

=

∣∣∣∣∂Fγ(0)

4b
η2

∣∣∣∣+O(η3).

Therefore,

‖(ua)′ − (uscb)′‖`p = 21/p

∣∣∣∣∂Fγ(0)

4b
η2

∣∣∣∣+O(η3).

The relative error in the case of h0 = 1 is

Errp =
21/p

∣∣∣∂F γ(0)
4b

∣∣∣ |η|2 +O(η3)∣∣∣∂F γ(0)
4b

∣∣∣ |η|+O(η2)
= 21/p|η|+O(η2).

This concludes the proof for the convergence when h0 = 1.

When we have h0 > 1 for p ∈ [1,∞), we do not have the cancellation in lower order

terms over the first bond. The error in the numerator of the relative error will now be

‖(ua)′ − (uscb)′‖`p = |η|
∣∣∣∣∂Fγ(0)

2b

∣∣∣∣
(∣∣∣∣1− 1

h0

∣∣∣∣p +

X1−1∑
`=1

∣∣∣∣ 1

h0

∣∣∣∣p
)1/p

+O(η2).

As the denominator is unchanged for a larger first element in the Cauchy–Born approx-

imations, the above result implies the convergence of the relative error for h0 > 1 is as

stated in the proposition. The proof for the p =∞ case is similar to that given above,

so we will not present it here.

The above result indicates that the surface Cauchy–Born method is actually less

accurate than the bulk Cauchy–Born method with regard to certain `p norms when

we employ a coarse mesh at the boundary. By taking an atomistic spacing at the

boundary layer though, the relative error converges linearly to 0 in terms of η. As we

are considering the regime in which η is small, this implies that the surface Cauchy–

Born has a smaller error than the bulk Cauchy–Born approximation in all norms when
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we use atomistic spacing at the boundary. A log-log plot demonstrating the rates of

convergence shown above for the `2 relative strain error is provided in Figure 3.3.

The previous relative norm represents the pointwise accuracy of the Cauchy–Born

approximations. Often, knowing just the mean strain is useful, so we now consider a

relative mean strain error defined by

Err :=

∣∣∣∣∣
∑∞

`=0

(
(ua)′` − (uscb)′`

)∑∞
`=0

(
(ua)′` − (ucb)′`

) ∣∣∣∣∣ =

∣∣∣∣∣
∑∞

`=0

(
(ua)′` − (uscb)′`

)∑∞
`=0(ua)′`

∣∣∣∣∣ .
Proposition 3.2.3 (Mean Strain Error). Let h0 > 0. Then,

Err =

∣∣∣∣∂2
Fγ(0)

2b

∣∣∣∣ (1− 1

h0

)
|η|+O(η2).

Proof. To begin the proof, we observe that

∞∑
`=0

(ua)′` =
(ua)′0
1− λ

.

Using the asymptotic expansion for η gives us

1

1− λ
= 1 + λ+ λ2 +O(λ3) = 1− η

2
+
η2

4
+O(η3).

Therefore,

∞∑
`=0

(ua)′` = −∂Fγ(0)

[
η

2b
−
( η

2b

)2
(∂2
Fγ(0) + 2b)

]
+O(η3).

The SCB term is easier to compute. It is simply

∞∑
`=0

(uscb)′` = h0(U scb)′0 = −∂Fγ(0)

[
η

2b
−
( η

2b

)2
(
∂Fγ(0)

h0
+ 2b

)
+O(η3)

]
.

Now, subtract the mean atomistic and surface Cauchy–Born strains:

∞∑
`=0

(
(ua)′` − (uscb)′`

)
= ∂Fγ(0)∂2

Fγ(0)

(
1− 1

h0

)( η
2b

)2
+O(η3).



43

10
−3

10
−2

10
−1

10
−3

10
−2

10
−1

10
0

10
1

η

P
oi

nt
w

is
e 

R
el

at
iv

e 
E

rr
or

Strain Error

 

 
h

0
 = 1

h
0
 = 4

10
−3

10
−2

10
−1

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

η

M
ea

n 
R

el
at

iv
e 

E
rr

or

Strain Error

 

 
h

0
 = 1

h
0
 = 4

Figure 3.3: `2 Pointwise and Mean Relative Error Decay Rates

Dividing this difference by the mean atomistic strain yields the stated result.

The mean strain error converges to 0 as η → 0 an order of magnitude faster than the

pointwise error. This behavior has been observed even in applications of the method in

higher dimension such as in [17]. A log-log plot demonstrating this rate of convergence

for the mean strain error is provided in Figure 3.3.

This concludes the analysis for the surface Cauchy–Born method in 1D. While the

analysis is simple, it is instructive in highlighting the advantages and difficulties of the

method. In particular, the surface Cauchy–Born method does represent an improve-

ment over the regular Cauchy–Born method when the surface element has atomistic

spacing. However, there is little control over the error once this choice is made. In the

next chapter, we develop an alternative approach to capturing surface effects that offers

greater control over the quality of the surface model’s approximation.

Remark. The analysis performed in this section may also be performed for a sys-

tem with a finite number of atoms. The results translate almost verbatim with the only

addition being an identical surface effect term arising at the other end of the chain. In

particular, the parameter η for the finite case is the same as for the semi-infinite case

and the physical interpretation of this parameter used above works in the finite case as

well. In addition, these results hold for next-nearest neighbor interaction models like

those discussed in [38].



Chapter 4

Predictor-Corrector Method

4.1 Corrector Model

Proposition 2.2.1 demonstrates that the Cauchy–Born method alone is incapable of

accurately approximating the behavior of atomistic systems with surfaces due to an

inconsistency in the forces at the surface. However, the Cauchy–Born method is an

excellent method for approximating the bulk response of materials and Theorem 2.1.2

indicates that the error due to surface effects may be quite localized. Hence, in this

section, we propose a predictor-corrector method for accurately and efficiently approx-

imating the atomistic surface problem with the initial prediction for material behavior

provided by the Cauchy–Born model. A separate correction to the Cauchy–Born solu-

tion on a boundary layer at the surface of the chain will then be applied to take into

account surface effects. The initial Cauchy–Born solution plus these corrections form

the predictor-corrector method’s approximation of the minimizer of the semi-infinite

chain under dead-load forces. In symbols, we hope to be able to compute a corrector

strain qL so that we have the following approximation:

ua ≈ Πau
cb + qL, (4.1)

where ua is the solution to the atomistic problem (2.5) and ucb is the solution to the

Cauchy–Born problem (2.24). The size of the boundary layer in the corrector method

will be a controllable parameter, and its adjustment will allow for a systematic control

44
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over the accuracy of the approximation. Proving the validity of the decomposition of the

atomistic minimizer into a bulk response and a surface correction will be the primary

goal in the analysis of the method.

Given a predictor ucb solving the Cauchy–Born problem (2.24), we define the cor-

rector problem via the minimization of a corrector energy, which is given by

EΓ(q;F0) = V surf(F0 + q′0)−W (F0)− q′0∂FW (F0) (4.2)

+

∞∑
j=1

(
V (F0 + q′j−1, F0 + q′j)−W (F0)− q′j∂FW (F0)

)
,

where we will normally take F0 := ∇ucb(0).

The idea of the corrector problem is that it should depend only in a local way on

the elastic field ∇ucb. In this case, this dependence is only on ∇ucb(0). This choice was

made deliberately so that the corrector problem can be understood as a cell problem

on a surface element when the Cauchy–Born model is discretized using finite elements.

The major difference between solving the corrector problem versus the fully atomistic

problem is the space in which we seek our minimizer. The corrector strain is found by

solving the following minimization problem:

qL ∈ arg min{EΓ(q;ucb) | q ∈ QL}, (4.3)

where QL is the boundary layer over which we correct the Cauchy–Born solution and

L ∈ N ∪ {∞} is the size of the boundary layer. When L ∈ N,

QL := {q ∈ U | q` = 0 for all ` ≥ L}.

For L =∞, we simply have that

Q∞ := U .

The size of L will affect both the computational expense necessary to solve the corrector

problem and the final accuracy of the predictor-corrector method’s approximation of

the atomistic system’s behavior. Increasing L increases the computational expense and

increases the accuracy of the approximation. However, as we expect surface effects to

be extremely localized, it should be possible to use a boundary layer much smaller than
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the entire domain in order to obtain a reasonably accurate yet less computationally

intensive solution. Note that the external force f does not enter directly into the

corrector problem. The Cauchy–Born method accounts for the external forces on its

own, but the influence of the external force is felt through the F0 term. For small

enough f , the existence of a solution to the corrector problem in the case of the infinite

boundary layer can be proven.

Theorem 4.1.1. There exists εΓ > 0 such that, for all F0 ∈ R with |F0| < εΓ, the

corrector problem (4.3) with L = ∞ has a solution q∞ ∈ Q∞. For all v ∈ Q∞, this

solution q∞ satisfies

〈δ2EΓ(q∞;F0)v, v〉 ≥ ca

2
‖v′‖2`2 , (4.4)

where ca is the atomistic stability constant for ua
gr in (2.21). In addition, there exists a

constant 0 ≤ µq < 1 such that

|(q∞)′`| . µ`q for all ` ∈ Z≥0. (4.5)

Proof. Since the corrector method requires a Cauchy–Born solution, we first suppose

that f is small enough such that Theorem 2.2.3 applies. The quantitative inverse func-

tion theorem, or Theorem A.2.1, will be used to prove the existence of the corrector

solution and its stability for sufficiently small external forces. The inverse function theo-

rem requires that we derive consistency and stability estimates for the corrector energy,

which we will now show.

Consistency: It is reasonable to expect that, for |F0| small, the corrector solution

q∞ be close to ua
gr since the corrector energy simply becomes the atomistic energy.

Therefore, we may find q∞ by applying the inverse function theorem in a neighborhood

of ua
gr. From Proposition A.1.1, the first variation of the corrector energy evaluated at

q̃ = ua
gr is

〈δEΓ(q̃;F0), v〉 = v′0

{
∂FV

surf(F0 + q̃′0) + ∂1V (F0 + q̃′0, F0 + q̃′1)− ∂FW (F0)

}
+
∞∑
`=1

v′`

{
∂2V (F0 + q̃′`−1, F0 + q̃′`) + ∂1V (F0 + q̃′`, F0 + q̃′`+1)− ∂FW (F0)

}
,
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where v ∈ Q∞. Using the fact that δEa(q̃) = 0 and ∂FW (0) = 0, we obtain

〈δEΓ(q̃;F0), v〉 = 〈δEΓ(q̃;F0)− δEa(q̃), v〉

= v′0

{
∂FV

surf(F0 + q̃′0) + ∂1V (F0 + q̃′0, F0 + q̃′1)− ∂FW (F0)

− ∂FV surf(q̃′0)− ∂1V (q̃′0, q̃
′
1) + ∂FW (0)

}
+
∞∑
`=1

v′`

{
∂2V (F0 + q̃′`−1, F0 + q̃′`) + ∂1V (F0 + q̃′`, F0 + q̃′`+1)− ∂FW (F0)

− ∂2V (q̃′`−1, q̃
′
`)− ∂1V (q̃′`, q̃

′
`+1) + ∂FW (0)

}
=:

∞∑
`=0

v′`A`.

From the Lipschitz continuity of the site energies, we see that

|A0| . |F0|.

To estimate A` for ` ≥ 1, we proceed more carefully. Expanding with respect to q̃j for

j = `−1, `, `+1, employing the identity ∂FW (F ) = ∂1V (F, F )+∂2V (F, F ), and finally

making use of the global Lipschitz continuity of ∂2V yields

|A`| =
∣∣∣∣{∂2V (F0, F0) + ∂1V (F0, F0)− ∂FW (F0)

}
−
{
∂2V (0, 0) + ∂1V (0, 0)− ∂FW (0)

}
+

∫ 1

0

{
∂∂2V (F0 + tq̃′`−1, F0 + tq̃′`)− ∂∂2V (tq̃′`−1, tq̃

′
`)
}
·

(
q̃′`−1

q̃′`

)
dt

+

∫ 1

0

{
∂∂1V (F0 + tq̃′`, F0 + tq̃′`+1)− ∂∂1V (tq̃′`, tq̃

′
`+1)

}
·

(
q̃′`

q̃′`+1

)
dt

∣∣∣∣
. |F0|

(
|q̃′`−1|+ |q̃′`|+ |q̃′`+1|

)
.

With the now derived bounds on all of theA`, we may use the Cauchy-Schwarz inequality

to show that

〈δEΓ(q̃;F0), v〉 ≤ ‖A‖`2‖v′‖`2 . |F0|(1 + ‖q̃′‖`2)‖v′‖`2 . (4.6)
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The magnitude of the residual may be controlled through the |F0| term.

Stability: Recall that q̃ = ua
gr is strongly stable in the atomistic model (2.21) with

stability constant ca > 0. To prove the stability of δ2EΓ(q̃;F0), we will simply bound the

error in the Hessians. The second variation in the atomistic energy from Proposition

A.1.2 may be rewritten in the following way:

〈δ2Ea(u)v, v〉 = |v′0|2
{
∂2
FV

surf(u′0)
}

+
∞∑
`=0

[
|v′` + v′`+1|2

{
∂2

12V (u′`, u
′
`+1)

}
+ |v′`|2

{
∂2

11V (u′`, u
′
`+1)− ∂2

12V (u′`, u
′
`+1)

}
+ |v′`+1|2

{
∂2

22V (u′`, u
′
`+1)− ∂2

12V (u′`, u
′
`+1)

}]
.

We note that the second variation for the corrector energy has the same form as the

second variation for the atomistic energy. Therefore, the difference between the Hessians

is

〈(
δ2Ea(q̃)− δ2EΓ(q̃;F0)

)
v, v
〉

= |v′0|2
{
∂2
FV

surf(q̃′0)− ∂2
FV

surf(F0 + q̃′0)
}

+

∞∑
`=0

[
|v′` + v′`+1|2

{
∂2

12V (q̃′`, q̃
′
`+1)− ∂2

12V (F0 + q̃′`, F0 + q̃′`+1)
}

+ |v′`|2
{
∂2

11V (q̃′`, q̃
′
`+1)− ∂2

12V (q̃′`, q̃
′
`+1)

− ∂2
11V (F0 + q̃′`, F0 + q̃′`+1) + ∂2

12V (F0 + q̃′`, F0 + q̃′`+1)
}

+ |v′`+1|2
{
∂2

22V (q̃′`, q̃
′
`+1)− ∂2

12V (q̃′`, q̃
′
`+1)

− ∂2
22V (F0 + q̃′`, F0 + q̃′`+1) + ∂2

12V (F0 + q̃′`, F0 + q̃′`+1)
}]
.

The Lipschitz continuity of ∂2
FV

surf and ∂2V can be used to provide a bound in terms

of |F0|:

∣∣〈(δ2Ea(q̃)− δ2EΓ(q̃;F0)
)
v, v
〉∣∣ ≤ C|F0|‖v′‖2`2 ,

where the constant C is the upper bound on the Lipschitz constants involved in the

estimate multiplied by a simple factor. Thus, we obtain, for |F0| ≤ 1
4ca/C, that

〈δ2EΓ(q̃;F0)v, v〉 ≥ 3ca

4
‖v′‖2`2 for all v ∈ Q∞. (4.7)
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The consistency estimate in (4.6), the stability estimate in (4.7), and the Lipschitz

continuity of q 7→ δ2EΓ(q;F0) satisfy the assumptions of Theorem A.2.1 which then

implies the existence of a minimizer q∞ with ‖q̃′−q′∞‖`2 . |F0|. Choosing F0 sufficiently

small implies the final inequality in (4.4).

The exponential decay in (4.5) follows from a simple modification of Theorem 2.1.2

since the atomistic and corrector energies are so similar.

In order to make the predictor-corrector method computationally reasonable, we

wish to solve the corrector problem over a small boundary layer. This necessitates

a cut-off operator that introduces an additional error to the problem. Therefore, it

is necessary to introduce a projection operator from the space Q∞ to QL. For some

constant L > 0, we define the cut-off operator ΠL : Q∞ → QL by how it modifies

strains: (
ΠLq`

)′
:=

{
q′`, ` = 0, . . . , L,

0, ` > L.

We now prove the error that results from employing this cut-off operator on exponen-

tially decaying solutions.

Lemma 4.1.2. Let q ∈ Q∞ satisfy |q′`| . µ` for some µ ∈ [0, 1) for all `. Then,

‖q′ −ΠLq
′‖`2 . µL.

Proof. First, note that

q′` −
(
ΠLq

)′
`

=

{
0, 0 ≤ ` ≤ L− 1,

q′`, ` > L.

Thus,

‖q′ −ΠLq
′‖2`2 =

∞∑
`=L

|q′`|2 .
∞∑
`=L

µ2` =
µ2L

1− µ2
.

Since µ is independent of L, we have the desired result.

We can now consider the existence of a solution to the corrector problem for a finite

boundary layer as an approximation of the infinite case.
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Proposition 4.1.3. Under the conditions of Theorem 4.1.1, there exists L0 > 0 such

that the corrector problem (4.3) with L ≥ L0 has a solution qL ∈ QL satisfying

‖q′∞ − q′L‖`2 . µLq .

Proof. Let q∞ be the solution to the infinite corrector problem. The result is proven by

an application of the quantitative inverse function theorem, Theorem A.2.1, using the

projected solution ΠLq∞ as an approximate solution. Observe that

〈δEΓ(q∞;F0), v〉 = 0 for all v ∈ QL ⊂ Q∞

since q∞ is a solution in a larger space. By the Lipschitz continuity of the first variation

in the corrector energy,

|〈δEΓ(ΠLq∞;F0), v〉| = |〈δEΓ(ΠLq∞;F0)− δEΓ(q∞;F0), v〉| . ‖q′∞ −ΠLq
′
∞‖`2‖v′‖`2 .

According to Theorem 4.1.1, there exists 0 ≤ µq < 1 such that |(q∞)′`| . µ`q. Hence,

Lemma 4.1.2 may be applied to show that

‖δEΓ(ΠLq∞;F0)‖Q∗L = sup
v∈QL,‖v′‖`2=1

|〈δEΓ(ΠLq∞;F0), v〉| . µLq . (4.8)

For the stability of ΠLq∞, we can make use of the stability of q∞ from Theorem

4.1.1, the result of Lemma 4.1.2, and the Lipschitz continuity of the second variation of

the corrector energy to find that

〈δEΓ(ΠLq∞;F0)v, v〉 = 〈δEΓ(q∞;F0)v, v〉 −
[
〈δEΓ(ΠLq∞;F0)v, v〉 − 〈δEΓ(q∞;F0)v, v〉

]
≥ 〈δEΓ(q∞;F0)v, v〉 −M‖q′∞ −ΠLq

′
∞‖`2‖v′‖2`2

≥
(ca

2
− CMµLq

)
‖v′‖`2 ,

where M is the Lipschitz constant for EΓ and C is the unlisted constant in (4.8).

For L sufficiently large, all assumptions of Theorem A.2.1 are met, and its application

completes the proof.



51

4.2 Predictor-Corrector Approximation

If ‖f‖U∗ is sufficiently small, then Theorem 2.2.3 guarantees the existence of a solution

ucb ∈ Ucb with |∇ucb(0)| ≤ εΓ. Thus, if we choose a sufficiently large boundary layer

for the corrector problem (4.3), Theorem 4.1.1 and Proposition 4.1.3 ensure that the

predictor-corrector approximation

upc
L := Πau

cb + qL

is well-defined. In order to determine the accuracy of this approximation, we show that

a solution to the atomistic problem (2.5) exists in a neighborhood of upc
L , which we

quantify. We first state the result along with a brief remark before proving the essential

components of the theorem.

Theorem 4.2.1. There exists an ε > 0 such that, for all f ∈ U∗ with ‖f‖U∗ < ε, there

exists an atomistic solution ua ∈ U to (2.5) satisfying

∥∥(ua)′ − (upc
L )′
∥∥
`2
. µLq + |∇2ucb(0)|+ ‖∇2ucb‖2L4 + ‖∇3ucb‖L2 + ‖∇f‖L2 . (4.9)

Proof. This result is a consequence of the inverse function theorem (Theorem A.2.1)

and Theorems 4.2.3 (Consistency) and 4.2.4 (Stability).

Remark. The term µLq arises from the finite boundary layer approximation of the

corrector problem. The term |∇2ucb(0)| stems from the substitution of the nonlinear

elastic field ∇ucb(x) in the corrector with the homogeneous strain ∇ucb(0). This error is

uncontrollable in the sense that it cannot be reduced with a numerical parameter. This

motivates a potential choice for the size of the boundary layer as one can balance the

error due to µLq with the error from the ∇ucb(0) term by choosing L to be proportional

to the appropriate logarithm of |∇2ucb(0)|. Finally, the ‖∇2ucb‖2L4 + ‖∇3ucb‖L2 term

is the usual Cauchy–Born modeling error, and the ‖∇f‖L2 term represents the error

made in the continuum approximation of the applied forces.
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Now, we prove the necessary consistency error estimate in the next two theorems.

We make use of the following notation in the following statements and proofs:

u′′` := u′`+1 − u′` and u′′′` := u′`−1 − 2u′` + u′`.

Theorem 4.2.2. Let w, q ∈ U , u := w + q, and F0 := w′0. Then, for all v ∈ U ,

|〈δEa(u)− δEcb(w)− δEΓ(q;F0), v〉| .

[
‖w′′‖2`4(Z≥0) + ‖w′′′‖`2(Z>0) + ‖q′′ · w′′‖`2(Z≥0)

+ |w′1 − F0|+

( ∞∑
`=1

(|q′`−1|+ |q′`|+ |q′`+1|)2|w′` − F0|2
)1/2 ]

· ‖v′‖`2 .

Proof. The difference in the first variations is given by

〈δEa(u)− δEcb(w)− δEΓ(q;F0), v〉

= v′0

[{
∂FV

surf(u′0) + ∂1V (u′0, u
′
1)
}
−
{
∂FW (F0)

}
−
{
∂FV

surf(F0 + q′0) + ∂1V (F0 + q′0, F0 + q′1)− ∂FW (F0)
}]

+

∞∑
`=1

v′`

[{
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

}
−
{
∂FW (w′`)

}
−
{
∂2V (F0 + q′`−1, F0 + q′`) + ∂1V (F0 + q′`, F0 + q′`+1)− ∂FW (F0)

}]
=: S +B,

where S,B denote, respectively, the surface and bulk contributions to the consistency

error.

Surface term: Using the Lipschitz continuity of the bulk site energy, we can show
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that

|S| =
∣∣∣∣v′0[{∂FV surf(u′0) + ∂1V (u′0, u

′
1)
}
−
{
∂FW (F0)

}
−
{
∂FV

surf(F0 + q′0) + ∂1V (F0 + q′0, F0 + q′1)− ∂FW (F0)
}]∣∣∣∣

= |v′0|
∣∣∣∂1V (F0 + q′0, w

′
1 + q′1)− ∂1V (F0 + q′0, F0 + q′1)

∣∣∣
. |v′0| · |w′1 − F0|, (4.10)

where, for clarity, we again note that F0 := w′0.

Bulk term: We consider the individual terms in the summation. Let B =
∑∞

`=1 v
′
`B`,

where we define

B` :=
{
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

}
−
{
∂FW (w′`)

}
−
{
∂2V (F0 + q′`−1, F0 + q′`) + ∂1V (F0 + q′`, F0 + q′`+1)− ∂FW (F0)

}
.

For these terms, we include an extra term that is a midpoint approximation for the

w′ strain in the atomistic force and make use of the identity ∂FW (F ) = ∂1V (F, F ) +

∂2V (F, F ) to split B` into

B` =

{[
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

]
−
[
∂2V (w′` + q′`−1, w

′
` + q′`) + ∂1V (w′` + q′`, w

′
` + q′`+1)

]}
+

{[
∂2V (w′` + q′`−1, w

′
` + q′`) + ∂1V (w′` + q′`, w

′
` + q′`+1)

]
−
[
∂2V (w′`, w

′
`) + ∂1V (w′`, w

′
`)
]}

−
{
∂2V (F0 + q′`−1, F0 + q′`) + ∂1V (F0 + q′`, F0 + q′`+1)− ∂2V (F0, F0)− ∂1V (F0, F0)

}
=: B

(1)
` +B

(2)
` −B(3)

` .

We first consider B
(1)
` with a partial midpoint approximation. We can expand the the
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site energies and use the definition of u := w + q to find that

B
(1)
` =

[
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

]
−
[
∂2V (w′` + q′`−1, w

′
` + q′`) + ∂1V (w` + q′`, w

′
` + q′`+1)

]
= ∂∂2V (w′` + q′`−1, w

′
` + q′`) ·

(
u′`−1 − w′` − q′`−1

u′` − w′` − q′`

)

+ ∂∂1V (w′` + q′`, w
′
` + q′`+1) ·

(
u′` − w′` − q′`

u′`+1 − w′` − q′`+1

)
+O(|w′′`−1|2 + |w′′` |2)

= ∂12V (w′` + q′`, w
′
` + q′`+1) · w′′` − ∂12V (w′` + q′`−1, w

′
` + q′`) · w′′`−1

+O(|w′′`−1|2 + |w′′` |2).

Expanding the result again yields

B
(1)
` =

(
∂12V (w′`+q

′
`, w
′
`+q

′
`)
)
·(w′′` −w′′`−1)+O

(
|q′′` | · |w′′`−1|+ |q′′` | · |w′′` |+ |w′′`−1|2 + |w′′` |2

)
.

Thus,

|B(1)
` | . |w

′′′
` |+ |w′′`−1|2 + |w′′` |2 + |q′′` | · |w′′`−1|+ |q′′` | · |w′′` |. (4.11)

Finally, we consider the remaining terms in the interior summation. Using the

gradient theorem, we may rewrite B
(2)
` and B

(3)
` in the following way:

B
(2)
` =

∫ 1

0
∂∂2V (w′` + tq′`−1, w

′
` + tq′`) ·

(
q′`−1

q′`

)
dt

+

∫ 1

0
∂∂1V (w′` + tq′`, w

′
` + tq′`+1) ·

(
q′`

q′`+1

)
dt, and

B
(3)
` =

∫ 1

0
∂∂2V (F0 + tq′`−1, F0 + tq′`) ·

(
q′`−1

q′`

)
dt

+

∫ 1

0
∂∂1V (F0 + tq′`, F0 + tq′`+1) ·

(
q′`

q′`+1

)
dt.
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We now consider the difference between B
(2)
` and B

(3)
` :

B
(2)
` −B

(3)
`

=

∫ 1

0

(
∂∂2V (w′` + tq′`−1, w

′
` + tq′`)− ∂∂2V (F0 + tq′`−1, F0 + tq′`)

)
·

(
q′`−1

q′`

)
dt

+

∫ 1

0

(
∂∂1V (w′` + tq′`−1, w

′
` + tq′`)− ∂∂1V (F0 + tq′`, F0 + tq′`+1)

)
·

(
q′`

q′`+1

)
dt.

Taking the absolute value and utilizing the Lipschitz continuity of the Hessians of the

site energy, we have that

∣∣B(2)
` −B

(3)
`

∣∣ . ∫ 1

0

(
|w′` − F0|
|w′` − F0|

)
·

(
q′`−1

q′`

)
dt+

∫ 1

0

(
|w′` − F0|
|w′` − F0|

)
·

(
q′`

q′`+1

)
dt

. (|q′`−1|+ |q′`|+ |q′`+1|)|w′` − F0|.

Summing this error term along with (4.11) and applying the Cauchy-Schwarz inequality

yields the interior contribution of the stated result.

Theorem 4.2.3 (Consistency). Let ‖f‖U∗ be sufficiently small and L be sufficiently

large so that the conditions of Theorem 2.2.3, Theorem 4.1.1 with F0 := ∇ucb(0), and

Proposition 4.1.3 are satisfied. Let ucb and qL denote the corresponding Cauchy–Born

and finite boundary layer corrector solutions. Then,

‖δEa(Πau
cb + qL)− f‖U∗ . µLq + |∇2ucb(0)|+ ‖∇2ucb‖2L4 + ‖∇3ucb‖L2 + ‖∇f‖L2 .

Proof. Let q∞ denote the solution to the corrector problem with infinite boundary

layer from Theorem 4.1.1. As ucb and q∞ are solutions to their respective prob-

lems, 〈δEcb(ucb), v〉 = 〈g̃,∇v〉R≥0
for all v ∈ Ucb with g̃ defined as in (2.28) and

〈δEΓ(q∞;F0), v〉 = 0 for all v ∈ Q∞. We recall that U can be seen as a subspace

of Ucb and that Q∞ = U .

Let ũ := Πau
cb + qL be the predictor-corrector approximation and F0 := ∇ucb(0)

as usual. Then, using the fact that ucb solves the Cauchy–Born problem (2.24), we can
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split the consistency error into

〈δEa(ũ)− f, v〉 = 〈δext + δcb + δΓ + δpc, v〉, where

δext := 〈f, ·〉R≥0
− 〈f, ·〉Z≥0

,

δcb := δEcb(Πau
cb)− δEcb(ucb),

δΓ := δEa(Πau
cb + qL)− δEa(Πau

cb + q∞), and

δpc := δEa(Πau
cb + q∞)− δEcb(Πau

cb)− δEΓ(q∞;F0).

The term δext represents the error in the action of the external forces. In the atom-

istic model, the external forces can be written as 〈f, v〉Z≥0 = 〈g, v′〉Z≥0
, where g is

defined as in (2.27). Using (2.29), we get that

|〈δext, v〉| = |〈g̃,∇v〉R≥0
− 〈g, v′〉Z≥0

| . ‖∇f‖L2‖v′‖`2 for all v ∈ U .

The term δcb represents the error associated with the discretization of the Cauchy–

Born problem and was computed in Theorem 2.2.4:

‖δcb‖U∗ . ‖∇2ucb‖2L4 .

The term δΓ represents the error associated with the Galerkin projection of the

corrector problem and was shown in Theorem 4.1.3 to be

‖δΓ‖U∗ . µLq .

Finally, for δpc, the error due to the predictor-corrector method, we use the result

from Theorem 4.2.2:

‖δpc‖U∗ . ‖(Πau
cb)′′‖2`4 + ‖(Πau

cb)′′′‖`2 + ‖q′′ · (Πau
cb)′′‖`2

+
∣∣(Πau

cb)′0 − F0

∣∣+

( ∞∑
`=1

(
|q′`−1|+ |q′`|+ |q′`+1|

)2 · ∣∣(Πau
cb)′` − F0

∣∣2)1/2

=: P1 + P2 + P3 + P4 + P5,

where each Pi is defined as the corresponding term in the previous sum and we have
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written q := q∞ for readability.

To proceed with the computation of the error bound, we need to relate discrete and

continuous derivatives for the Cauchy–Born solution. Making use of the definition of

the projector Πa from 2.33

∣∣(Πau
cb)′′`

∣∣ =
∣∣(Πau

cb)′`+1 − (Πau
cb)′`
∣∣ =

∣∣∣∣ ∫ `+1

`
∇ucb(x+ 1)−∇ucb(x) dx

∣∣∣∣
=

∣∣∣∣ ∫ `+1

`

∫ 1

0
∇2ucb(x+ t) dt dx

∣∣∣∣ ≤ ∫ `+2

`
|∇2ucb(x)| dx.

Analogously, we can prove that

∣∣(Πau
cb)′′′`

∣∣ ≤ ∫ `+2

`−1
|∇3ucb(x)| dx, and

∣∣(Πau
cb)′` − F0

∣∣ ≤ ∫ `+1

0
|∇2ucb(x)| dx. (4.12)

Using these estimates, it is straightforward to establish that

P1 = ‖(Πau
cb)′′‖2`4 . ‖∇

2ucb‖2L4 , and P2 = ‖(Πau
cb)′′′‖`2 . ‖∇3ucb‖L2 .

The remaining three terms have a similar structure and will be bound in a like

manner. The first cross-term norm will be bounded with an approach similar to the

previous norms with the only difference being that we include the exponential bound

on the corrector strains of q ≡ q∞ from Theorem 4.1.1. Due to the exponential bound

on q`, it is easy to show that |q′′` | . µ`q, where we again note that 0 ≤ µq < 1. There

exists an α > 0 such that µ`q = e−α`. Now, using the earlier bound on
∣∣(Πau

cb)′′`
∣∣, we

can show that

P 2
3 = ‖q′′ · (Πau

cb)′′‖2`2 =

∞∑
`=0

|q′′` |2 ·
∣∣(Πau

cb)′′`
∣∣2 . ∫ ∞

0
e−2αx|∇2ucb(x)|2 dx.

Applying (4.12) and using the fact that e−αx is bounded below on [0, 1], we have that

P 2
4 =

∣∣(Πau
cb)′0 − F0

∣∣2 . ∫ 1

0
e−2αx|∇2ucb(x)|2 dx.
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Finally, applying (4.12) again together with |q′`| . µ`q = e−α`, we derive the following

estimate:

P 2
5 =

∞∑
`=1

(
|q′`−1|+ |q′`|+ |q′`+1|

)2 · ∣∣(Πau
cb)′` − F0

∣∣2
.
∞∑
`=1

µ2`
q

(∫ `+1

0
|∇2ucb(x)| dx

)2

.
∫ ∞

0
e−2αt

(∫ t

0
|∇2ucb(x)| dx

)2

dt

.
∫ ∞

0
e−2αtt

∫ t

0
|∇2ucb(x)|2 dx dt =

∫ ∞
0
|∇2ucb(x)|2

∫ ∞
x

e−2αtt dt dx

.
∫ ∞

0
(1 + x)e−2αx|∇2ucb(x)|2 dx.

Combining the previous error estimates for the P terms yields

P 2
3 + P 2

4 + P 2
5 .

∫ ∞
0

(1 + x)e−2αx|∇2ucb(x)|2 dx.

To finalize, we use the same argument as in the estimate for P5 to deduce that

P 2
3 + P 2

4 + P 2
5 . |∇2ucb(0)|2 +

∫ ∞
0

(1 + x)e−2αx|∇2ucb(x)−∇2ucb(0)|2 dx

. |∇2ucb(0)|2 +

∫ ∞
0

(1 + x)2e−2αx|∇3ucb(x)|2 dx

. |∇2ucb(0)|2 + ‖∇3ucb‖2L2 .

Combining the results for δext, δcb, δΓ and those for Pj , j = 1, . . . , 5, we arrive at the

stated result.

Theorem 4.2.4 (Stability). There exists ε, L0 > 0 such that for all f ∈ U∗ with

‖f‖U∗ < ε and all L ≥ L0, we have

〈δ2Ea(Πau
cb + qL)v, v〉 ≥ ca

2
‖v′‖2`2 ,

where ca denotes the stability constant for ua
gr.

Proof. First, let f be small enough and L be large enough so that Theorem 2.2.3,

Theorem 4.1.1, and Proposition 4.1.3 holds. The second variation of the atomistic
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energy evaluated at the predictor-corrector solution can be written as

〈δ2Ea(Πau
cb + qL)v, v〉 = 〈δ2Ea(ua

gr)v, v〉 −
[
〈δ2Ea(ua

gr)v, v〉 − 〈δ2Ea(q∞)v, v〉
]

−
[
〈δ2Ea(q∞)v, v〉 − 〈δ2Ea(qL)v, v〉

]
−
[
〈δ2Ea(qL)v, v〉 − 〈δ2Ea(Πau

cb + qL)v, v〉
]
.

The highlighted difference terms can all be bound using the Lipschitz continuity of the

second variation of the atomistic energy:

|〈δ2Ea(ua
gr)v, v〉 − 〈δ2Ea(q∞)v, v〉| . ‖(ua

gr)
′ − (q∞)′‖`2‖v′‖2`2 (4.13)

|〈δ2Ea(q∞)v, v〉 − 〈δ2Ea(qL)v, v〉| . ‖(q∞)′ − (qL)′‖`2‖v′‖2`2 (4.14)

|〈δ2Ea(qL)v, v〉 − 〈δ2Ea(Πau
cb + qL)v, v〉| . ‖

(
Πau

cb
)′‖`2‖v′‖2`2 (4.15)

Each of these bounds goes to zero either for large L or for small ‖f‖U∗ . The bound in

(4.13) goes to zero as ‖f‖U∗ → 0 by Theorem 4.1.1, the bound in (4.14) goes to zero

as L → ∞ by Proposition 4.1.3, and the bound in (4.15) goes to zero as f → 0 by

Theorem 2.2.3. Finally, 〈δ2Ea(ua
gr)v, v〉 ≥ ca‖v′‖2`2 by definition. Thus, there exists an

L0 > 0 and an ε > 0 such that the theorem statement holds.

With the conclusion of the proof of stability, we have proven all of the necessary

results for Theorem 4.2.1 to hold. In the next two sections, we discuss the error estimate

of the predictor-corrector solution in terms of the applied force and conduct numerical

experiments to verify the results of the analysis.

4.2.1 Error Bound in Terms of the External Forces

When discussing the Cauchy–Born model, it is common to consider its convergence to

the atomistic model under a standard rescaling of the external force [24, 39]. We wish

to examine the predictor-corrector method’s behavior in such a situation. To that end,

the error estimate of the previous section can be rewritten using Theorem 2.2.3 in terms

of f only: ∥∥(ua)′ − (upc
L )′
∥∥
`2
. µLq + |f(0)|+ ‖f‖2L4 + ‖∇f‖L2 . (4.16)

We now informally motivate the standard scaling of the external force. Let λ−1

denote a length-scale over which we expect elastic strains to vary. After rescaling space
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according to x  λx and u  λu, we expect that this variation will now occur on an

O(1) scale. The corresponding dual scaling for the external force is f(x)  λf(λx).

This is the scaling that we will consider in the numerical results section with the external

force f := f (λ) given by

f
(λ)
` := λf̂(λ`).

It is simple to use the prescribed scaling to show that

|f (λ)(0)| = λ|f̂(0)|, ‖f (λ)‖2L4 = λ3/2‖f̂‖2L4 , and ‖∇f (λ)‖L2 = λ3/2‖∇f̂‖L2 .

As with the atomistic and continuum problems, there exists some ĝ ∈ H2 such that

f̂ = −∇ĝ. For ‖ĝ‖H2 sufficiently small, the error bound in Eq. (4.16) holds independent

of λ, and we can then show that

∥∥(ua)′ − (upc
L )′
∥∥
`2
. µLq + λ+ λ3/2.

It is clear that the dominant error in this scaling is due to the surface contribution to

the error as opposed to the Cauchy–Born modeling error in the interior. We may now

balance the error by choosing L = log λ/ logµq to finally obtain

∥∥(ua)′ − (upc
L )′
∥∥
`2
. λ+ λ3/2.

We verify the linear dependence on λ for the error in Test 2 in the following section for

this scaling of the external force.

Remark. If we take fλ as a smooth function rather than a piecewise affine inter-

polant, then the Cauchy–Born solution is rescaled due to the force rescaling according

to ∇ucb
λ (x) = ∇ucb(λx). In particular, ∇ucb

λ (0) would then be independent of λ, and

thus the corrector problem is independent of λ as well.

For the choice of interpolation of f used in this analysis, this observation should still

be approximately true. Thus, the analysis given for the predictor-corrector method can

be made rigorous in the context of the force scaling given in this section.
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4.3 Numerical Results

In this section, we provide numerical demonstrations of the predictor-corrector method

as well as corroboration of the error estimates we established. We use the EAM model

described in 2.1.1.

The semi-infinite chain model as developed above contains an infinite number of

degrees of freedom and cannot be minimized numerically. Therefore, we will instead

consider an approximation of the semi-infinite chain model that has only a finite num-

ber of strain degrees of freedom with the rest fixed. We will seek energy-minimizing

configurations in the space

UN := {u ∈ U | u′` = 0 for ` ≥ N}.

The existence of a solution to the atomistic system in such a space for large enough

N is an easy consequence of the quantitative inverse function theorem. The difference

between the approximate solution in this space and the actual solution is dependent on

the rate of decay of the atomistic solution. From theorem 2.1.2, the decay was shown

to be exponential in the strongly stable ground state. Provided that N is sufficiently

large in comparison to the support of f , it can trivially be proven using the techniques

employed thus far in the analysis that the additional error committed is exponentially

small in N . As a result of this exponentially decreasing error, it is realistically possible to

choose a large enough N such that the difference between the approximate solution and

the actual solution is quite small. Due to the low computational cost in one-dimensional

experiments, we choose N = 1000 throughout in order to guarantee that the additional

error committed from replacing U with UN is negligible.

We will need to consider an approximation of the Cauchy–Born model as well;

however, here, we can simply seek minimizers of a discretized Cauchy–Born model:

Ecb(u) :=
∞∑
`=0

W (u′`), where W (F ) =
1

2
φ(1 + F ) +

1

2
φ(1 + F ) + ψ

(
2ρ(1 + F )

)
.

Proposition 2.2.4 can be employed to prove that this discretization does not introduce

new terms to the error bound (4.9). Due to the local nature of the Cauchy–Born

model, we can still look for minimizers in an infinite dimensional space provided that
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Figure 4.1: Ground states for the atomistic and Cauchy–Born models.

the external force f is only non-zero for a finite number of elements. Wherever it is zero,

the minimizing strain value will simply be 0 due to how we constructed the model. The

corrector method needs no further modification since we always consider finite boundary

layers.

The energy-minimizing configurations for the above models are found using the

steepest-descent method with a backtracking algorithm.

Test 1: Ground State

In the first numerical ground state, we compute the ground states (f = 0) of the atom-

istic, pure Cauchy–Born, and predictor-corrector method which are shown in Figures

4.1 and 4.2. The atomistic ground state exhibits the predicted exponential decay. In

addition to this behavior, we also observe an alternating sign in the strain, a behavior

that the EAM model under consideration is intended to capture.

The pure Cauchy–Born solution clearly does not capture any surface effects: its

solution is the zero strain as mentioned earlier. For the predictor-corrector method

solutions, we see that upc
2 is already a good approximation while upc

5 is almost visually

indistinguishable from ua
gr over its boundary layer.

Since f = 0 and the Cauchy–Born solution is ∇ucb = 0, it is easy to see that the

Cauchy–Born error contributions and the error in the approximation of the external force

for the predictor-corrector method error bound in 4.9 vanish. The only remaining error
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Figure 4.2: Ground states for the atomistic model and the predictor-corrector method.

is the corrector’s finite boundary layer error contribution. We numerically demonstrate

the exponential convergence of qL = upc
L to the atomistic ground state in Figure 4.3.

Test 2: Long Wavelength Limit

We next consider the behavior of the error in the predictor-corrector method’s approx-

imation of the atomistic ground state under the usual long-wavelength limit described

in § 4.2.1. For this test, we define f̂(x) := cos(3πx/8)χ[0,4)(x), where χA(x) denotes

the characteristic function, and let the applied force be given by f` := λf̂(λ`). The

choice of the size of the boundary layer, L, is motivated from a balancing of the error

terms in the predictor-corrector method approximation as mentioned in the remarks

after Theorem 4.2.1. For each λ, we compute the solution to the predictor-corrector

method with the size of the boundary layer set to be L = 3+dlog10/9(λ−1)e. The base of

the logarithm was selected to be less than µ−1
q , the base in the exponential decay of the

corrector solution. This ensures that the surface contribution to the error becomes λη

where η > 1 is a constant. The value of µq was numerically estimated in order to choose

the value of 10/9 as the logarithm’s base. Figure 4.4 shows the first-order convergence

that results when the scaling factor λ is taken to zero. The predictor-corrector method

behaves precisely as predicted in § 4.2.1.
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Figure 4.3: Rate of convergence to atomistic solution in infinite boundary layer limit.

Test 3: Error with External Forces

We conclude the numerical experiments by highlighting the fact that the error made by

the predictor-corrector method’s approximation will not vanish with increasing bound-

ary layer in the case of fixed non-zero external forces. To that end, we consider f` = f̂(`),

where f̂ is as in the previous test. In Figure 4.5, we display the energy-minimizing

configurations for the atomistic solution, the Cauchy–Born solution, and the predictor-

corrector method with L = 5. We note that the Cauchy–Born solution is no longer

trivial and that the predictor-corrector approximation is not quite as accurate as in the

case of zero external forces. In Figure, 4.6, we numerically demonstrate that the er-

ror in the predictor-corrector’s method approximation does not vanish as the boundary

layer is taken increasingly large. We observe that a small error in the boundary layer

still persists. Indeed, since the error depends on the magnitude and regularity of f as

demonstrated in Eq. (4.16), it cannot be driven to zero. We emphasize, however, that

despite our extremely concentrated and non-smooth choice of f , the predictor-corrector

method is able to reduce the error by a factor of 30, which is an excellent improvement

given the simplicity of the chosen predictor-corrector scheme.
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Chapter 5

Conclusion

In this work, a detailed analysis of a 1D surface model problem was produced. We

proved the existence of ground states exhibiting surface effects for the atomistic model.

In addition, it was shown that these surface effects are extremely concentrated at the

surface. The regular Cauchy-Born method, often used to model bulk materials, was

shown to be inadequate for the task of capturing these surface effects. To address this

issue, two different approaches were considered.

In the surface Cauchy-Born method, a surface energy integral was introduced in

order to capture missed surface effects. The addition of this surface integral restored the

agreement with the atomistic model for homogeneous strains that was lost in the regular

Cauchy-Born method. The analysis showed that the surface Cauchy-Born method does

indeed represent an improvement over the regular Cauchy-Born method in a given

physical parameter regime. However, the method lacks a systematic form of control

over the error. In addition, even for materials which lie in the appropriate parameter

regime, the surface Cauchy-Born method cannot entirely account for surface relaxation.

This prompted consideration of another method.

Since surface effects had been shown to be extremely concentrated at the surface,

a new method was suggested in which the regular Cauchy-Born solution, which nicely

captures the bulk material behavior, would be post-processed in order to capture the

missed surface effects. By solving a computationally cheap surface cell-problem, a cor-

rector strain was produced to form a predictor-corrector approximation of the atomistic

solution. A sharp error analysis of this predictor-corrector method was given, and the
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convergence of this approximation to the atomistic solution in natural limits was proven.

Numerical results show promising quantitative behavior of the proposed scheme.

Despite the analysis of these two methods being one-dimensional, it is anticipated

that they can shed some light in higher-dimensional cases when surface behavior dom-

inates edge or corner effects. An important new effect that will have to be taken into

account in higher dimensions are surface stresses that act tangentially. Despite the

presence of this additional stress, we still expect surface effects to be quite localized

for certain higher-dimensional systems as numerical experiments in [38] and analysis

in [45] have indicated exponentially decaying responses in 2D; thus, we are optimistic

regarding the validity of an extension of the proposed approaches in this work to higher

dimensions.
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Appendix A

Common Results

A.1 Variations in Energies

Proposition A.1.1 (First Variations.). Let u, v ∈ U . Then,

〈δEa(u), v〉 = v′0

{
∂1V

surf(u′0) + ∂1V (u′0, u
′
1)

}
+

∞∑
`=1

v′`

{
∂2V (u′`−1, u

′
`) + ∂1V (u′`, u

′
`+1)

}
,

〈δEΓ(q;ucb), v〉 = v′0

{
∂1V

surf(F0 + q′0) + ∂1V (F0 + q′0, F0 + q′1)− ∂FW (F0)

}
,

+

∞∑
`=1

v′`

{
∂2V (F0 + q′`−1, F0 + q′`) + ∂1V (F0 + q′`, F0 + q′`+1)− ∂FW (F0)

}
.

Let u, v ∈ Ucb. Then,

〈δEcb(u), v〉 =

∫ ∞
0

∂FW (∇u) · ∇vdx (A.1)
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Proposition A.1.2 (Second Variations.). Let u, v, w ∈ U . Then,

〈δ2Ea(u)w, v〉 = v′0F0

{
∂2
FV

surf(u′0) + ∂2
11V (u′0, u

′
1)
}

+ v′0w
′
1

{
∂2

12V (u′0, u
′
1)
}

+
∞∑
`=1

v′`

[
w′`−1

{
∂2

12V (u′`−1, u
′
`)
}

+ w′`

{
∂2

22V (u′`−1, u
′
`) + ∂2

11V (u′`, u
′
`+1)

}
+w′`+1

{
∂2

12V (u′`, u
′
`+1)

}]
〈δ2EΓ(q;ucb)w, v〉 = v′0F0

{
∂2
FV

surf(F0 + q′0) + ∂2
11V (F0 + q′0, F0 + q′1)

}
+ v′0w

′
1

{
∂2

12V (F0 + q′0, F0 + q′1)
}

+
∞∑
`=1

v′`

[
w′`−1

{
∂2

12V (F0 + q′`−1, F0 + q′`)
}

+w′`

{
∂2

22V (F0 + q′`−1, F0q
′
`) + ∂2

11V (F0 + q′`, F0 + q′`+1)
}

+w′`+1

{
∂2

12V (F0 + q′`, F0 + q′`+1)
}]

Let u, v, w ∈ Ucb. Then,

〈δ2Ecb(u)w, v〉 =

∫ ∞
0

∂2
FW (∇u) · ∇w · ∇vdx (A.2)

A.2 Inverse Function Theorem

Theorem A.2.1. Let H be a Hilbert space equipped with norm ‖ · ‖H, and let G ∈
C1(H,H∗) with Lipschitz-continuous derivative δG :

‖δG(u)− δG(v)‖L ≤M‖u− v‖H for all u, v ∈ H, (A.3)

where ‖ · ‖L denotes the L(H,H∗)-operator norm.

Let ū ∈ H satisfy

‖G(ū)‖H∗ ≤ η

〈δG(ū)v, v〉 ≥ γ‖v‖2H for all v ∈ H,
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such that M,η, γ satisfy the relation

2Mη

γ2
< 1. (A.4)

Then, there exists a (locally unique) u ∈ H such that G(u) = 0,

‖u− ū‖H ≤ 2
η

γ
, and

〈δG(u)v, v〉 ≥
(

1− 2Mη

γ2

)
γ‖v‖2H for all v ∈ H.

Proof. See [21].
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