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The Causal Theory of Space-time 

"It is not sufficient to say that Einstein's clocks and 
measuring rods are ideal ones: for, before we are in a 
position to speak of them as being ideal, it is necessary to 
have some clear conception as to how one could, at least 
theoretically, recognize ideal clocks or measuring rods in 
case one were ever sufficiently fortunate as to come 
across such things; and in case we have this clear concep
tion, it is quite unnecessary, in our theoretical investiga
tions, to introduce clocks or measuring rods at all." 

A. A. Robb 

1. Introduction 

The special theory of relativity forced a radical rev1s10n of classical 

views about the causal strncture of the world. One of the most obvious 
changes involved the possible rates of causal propagation. According to 
the special the01y there is a finite upper limit to the speed of causal 
chains, whereas classical causality allowed arbitrarily fast signals. Founda
tional studies, such as that of Reichenbach (1969), soon revealed that this 
departure from classical causality in the special theory is intimately re
lated to its most dramatic consequences: the relativity of simultaneity, 
time dilation, and length contraction. By now it has become clear that 
these kinematical effects are best seen as consequences of the geometrical 
strncture of Minkowski space-time, which in turn incorporates a nonclas-
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sical theory of causal strncture. However, it has not been widely recog
nized that the converse of this proposition is also hue: the causal structure 
of Minkowski space-time contains within itself the entire geometry (topo
logical and metrical structure) of Minkowski space-time. 

Most likely, this remarkable result has been overlooked for a variety of 

reasons. First of all, it is by no means obviously correct; its demonstration 
requires a good deal oflogical and mathematical effort, and until recently, 
the existing proofs-in the works of Robb (1914, 1936)-have lacked 
economy and elegance. Second, the causal definability of the geometry of 
flat space-time is in direct conflict with the view that the determination of 
geometry necessarily involves the introduction of metrical conventions. 
Finally, the inability of classical causality to provide more than merely an 
account of temporal order provides plausible grounds for regarding this as 
a fundamental limitation of any causal theory; thus while special relativity 
has been cited by defenders of a causal theory of time as providing fresh 
support for the causal theory of temporal order, these same causal 
theorists have not seen that the causal resources of this theory are so 
powe1ful as to yield in addition a purely causal account of temporal met
ric, spatial geometry, and the topology and metric geometry ofMinkowski 
space-time. Even in general relativity, causal structure determines the 
topological, differentiable, and conformal structures of a wide class of 
physically "reasonable" space-times; the metric of these space-times , 
however, is not causally determinate (see section VIII below). 

In the following section, the classical causal theory is outlined and its 
ability to provide a basis for the construction of time and space is investi
gated . It is shown that the classical theory of causal structure permits at 
111ost the constrnction of an (absolute) temporal order; the source of this 
limitation of classical causality is exhibited. Section III introduces the 
<·a11sality-related notions to be used throughout, developing these from 
1l1 e single symmetrical relation of causal connectibility. In section IV, the 
1·a11sal theory of the topology of Minkowski space-time is then outlined, 
:111d its adequacy as a basis for the topology of the manifolds of general 
r<'la tivity is discussed briefly. In section V the linear strncture of Min
lw wski space-ti me is constrncted out of causality; Robb like methods of de

V < ·loping its me tri cal slr11 cl11re are sampled . These constrnctions illustrate 
illl' way in which !he causal th eory of Minkowski space-time bridges the 
)!; lip hdwc< ~ n "q11alilaliv1·" and 111drieal prop1·rti1·s of space-time . Ade

q111l('Y proof~ Ii 1r I Ii<' causal <'Onsl r11d ion of I Ii< · Ii 1 ll'a r s In 1d11 re of Min kow-
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ski space-time are provided. In section VI it is shown how the causal cone, 
together with the affine structure of Minkowski space-time, may be used 
to define its standard metrical structure: congruence, orthogonality, and 
the space-time interval. In section VII, the causal definability of congru
ence in Minkowski space is again demonstrated using group-theoretical 
methods and a theorem of E. C. Zeeman (1964). The construction of the 
linear strncture of Minkowski space on this basis is more or less im
mediate, and is indicated in outline. Finally, in section VIII, some objec
tions to the causal theory are considered, and the extent to which the 
causal theory may he extended to general relativity is discussed. 

II. Classical Causality and Its Limits 

Leibniz seems to have been the first to conjecture that the structure of 
time and space might be reducible to causality (1956), and the basic ideas 
of his causal theory are both simple and ingenious. The simultaneity of 
two distant events is defined as their lack of causal interaction. Thus if we 
choose a given event and consider all those events in the universe neither 
affecting nor affected by the chosen event, we hope to obtain an acausal 

"slice" of the world: a set of events no two of which causally interact. 
Identify such a slice with an instant of time, and define time itself as the 
set of all such slices or instants. Now order the slices or instants using the 

causality relation between events chosen from within each slice. Instant A 
(slice A) is then prior in time to instant B (slice B) just in case every event 
in A causally influences eve1y event in B. In this way the temporal order 
of the world is reduced to causal relations between its events. 

So far, only the order between acausal slices has been mentioned. What 
of the order within each slice? This, according to Leibniz, is where space 
appears in the construction. The events within each acausal slice have an 
order, presumably the same for all slices, and this order is just the spatial 

order of the world. 
Even this rough sketch of the causal theory shows that the success of its 

constructions will require considerable cooperation from the world's 
causal structure. For example, consider the definition of simultaneity as 
absence of causal interaction. The definition alone cannot guarantee that 
the resulting slices are acausal and mutually exclusive; ye t if two slices 
were to share an event, the account of temporal orde r fails to he unique . 
Consider the unfortunate situation depi cted in Figme 2.0. Tlw insLi.nts 
I(e 1) and I(e:i) intersect, ye t w e ma y s11ppos(' that , ll<' VC' rtlwl<' .~s , tli<' y arc· 
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both acausal world slices. But now consider the instant J(e 2), not depicted 
above. Clearly both e 1 and e3 are in J(e 2), yet e 1 and e3 are causally 
connectible. Thus I(e2) is not an acausal slice, contrary to the intention of 
the causal theory. 

Leibniz was aware of this problem and explicitly set down a postulate 
which handled the difficulty. However, this and similar questions are 
better dealt with after the theory has been formulated more precisely. 

Figure 2.0 

For working purposes let us use the relation of causal precedence, and 
read "e 1 CP e2" as "event e, causally precedes event e2 ." Since there is no 
intention here to build into the relation CP a direction of causal order, 
"CP" could just as well be read "causally succeeds" throughout. This 

awkwardness might be avoided in a "purer" approach by beginning with a 
three-place relation of 'causal betweenness,' and then choosing an arbi
trary pair of causally connected events to orient the event-manifold, and 

define CP accordingly. 1 

To be gin with , le t us assume that the relation of causal precedence is 
irrd1 exive, asymm etrical , and transitive, i.e., 

/'11st11/ate I. For all l'V<mts e 1, ei, e:1: 

(I) not1·1 CP1' 1 , 

12) if1· 1 (.' /'1 ·~ . th<'n not l ' i CP 1·1, and 
(:3) if1·1 Cl' l' i, and l 'i (,'/' 1':1, tlH'111·1Cl'1·:1· 

l.')7 
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We may now define the relation of causal interaction or causal connec

tibility 2 (e 1 y e2) in the natural way: 

Definition 2.0. e 1 y e2 iff e 1 CP e2 or e2 CP e 1• 

The following proposition now follows easily: 

Proposition 2.1. For all events et> e2, and e3 : 

(1) not (e 1 y e1) 

(2) if e1 y e2, then e2 y e1. 

The Leibnizian definition of simultaneity is now given by: 

Definition 2.2. e 1 Simul e2 iffnot (e 1 y e2). 

Instants (of Time) are now event slices all of whose members are simul
taneous with some event or other. 

Definition 2.3. Let Ube the set of all events. Then A is an instant iff AC 
U, and for some event e0 in U, A = {e I e Simul e0 }. -

Assuming the success of these definitions, the set of all instants may be 
ordered as follows: 

Definition 2.4. Let l 1 and 12 be instants. Then 11 temporally precedes 12 (/1 

< TI~ iff there are events e0 EI 1 and e' 0 E 12, such that eo CP e' 0. 
3 

For this account to succeed, simultaneity must be an equivalence rela
tion on the class (U) of all events. Proposition 2.1 and definition 2. 2 yield 
reflexivity and symmetry for simultaneity at once; i.e., we have 

Proposition 2.5. For all events e 1 and e2, 

(1) e1 Simul e1 , 

(2) if e1 Simul e2 , then e2 Simul e 1 • 

However, the transitivity of simultaneity does not yet follow, for we need 
assurance that if e 1 and e2 are simultaneous, there is no other event e3 , 

causally connected. to e 1 but not causally connected to e2 • As Figure ~.O 
has shown, if this were to occur, the instant containing e 2 would also 
contain causally connected events (e 1 and e3). Instants would not then be 
acausal sets, as intended. Thus we need to postulate that such a situation 
never arises: 

Postulate II. (Leibniz postulate). If e 1 and e2 are simultaneous and e 1 is 
causally connected with e3 , then e2 is also causally connected with e;1. '

1 

It now follows easily that Simul is an equivalence re lation on l/ , i.e.,lw<: 
have: 
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Proposition 2. 6. If e1 Simul e2 and e2 Simul e3 , then e 1 Simul e3 . Simul is an 
equivalence relation on U. 

Proof: Suppose e 1 Simul e 2, e 2 Simul e 3, yet not e 1 Simul ea· Then e 1 ye 3, 

and by postulate 11, e2 y e3 , thus contradicting e2 Simul e3 . Hence we 
must have that e 1 Simul e3 . That Simul is an equivalence relation now 
follows from proposition 2.5. Done. 

As a consequence, we also have justification for the above definition (2.4) 
of temporal precedence. 

Proposition 2. 7. Let I 1 and I 2 be nonempty instants. Then I 1 < TI 2 iff for 
all e1 E Ii, e2 E12, e1 CP e2. 

Hence instants are acausal sets (i.e., no two events in an instant are 
causally connectible), and the order of instants has been defined consist
ently. 

Clearly the success of the theory presupposes the correctness of the 
Leibniz postulate; here some further clarification is needed. To begin 
with, the postulate seems to be too strong. Suppose that events e 1 and 
e2 are distant yet simultaneous. Will there not be, in some cases at 
least, an event e3 causally connected with e2 , say e2 CP ea, yet completely 
uninfluenced by the remote happening e 1? Not that some causal chain 
from e 1 could not terminate at e3; but do such chains always so terminate, 
as a matter of actual fact? 

Such a commitment may be avoided by construing our primitive causal 
relations modally, i.e., 'causally connected' becomes 'causally connecti
ble,' etc.; we might even interpret the relation of' causal connectibility' as 
a relation between events that is physically on a par with 'causally con
nected,' only more general. 5 In any case, any such weaker interpretation 
should be construed so as to have causal connectedness entail causal 
connectibility, but not conversely. Postulates I and II, under such an 
interpretation, would, a priori, stand a better chance of being true. 6 

Of course, the most serious objection to the truth of the Leibniz pos
tulate is that (even taken modally) it fails in the space-times of special and 
general relativity . In special relativity we have instead: 

Postulate II* (Einstein poshilate). For any distinct events e 1 and e2 such 

that e 1 Simul e2 , the re exists an event ea such that e3 is causally connect
ible with e2 , yet e 1 Simul e;i . 

M first sight. it seems that if tliis postulate we re tru e, th e result would be 
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the immediate demise of the causal theory. For while the Leibniz pos

tulate (together with postulate I) guarantees that simultaneity will be an 
equivalence relation, the Eins.tein postulate ~irtually guarantees that it 

will not, since, according to this postulate, the only acausal instants are 
unit sets. Hence if we go on to postulate (as we must in any case) the 
existence of at least two simultaneous events, the Einstein postulate 
guarantees that an instant exists which is not acausal. However, it will 

soon be clear that the overthrow of the Leibniz postulate, rather than 
jeopardizing the causal theory, is a necessary condition for its complete 

success. In order to see this clearly , le t us take up the account of the 
classical causal theory from where we left off. 

So far , instants and a temporal order have been defined. However, as it 
stands, the theory of temporal order is incomplete. Are the causal order
ing and its derivative temporal ordering discrete, dense, continuous, or of 
some other order type? We have not yet laid down any postulates to sett!~ 
this question. However, their formulation in causal terms alone presents 
no difficulty. Thus we need add only the following postulate: 

Postulate III . (Causal continuity). 

(1) For any event e there are events e 1 and e2 such that e1 GP e GP e
2

• 

(No first or last event.) 

(2) For any events ei, ez such that e 1 GP e2 , there is an event e such that 
e1 GP e GP e2 . (Density. ) 

(3) For any nonempty sets of events A and B which are such that for any 
e1 EA, ez EB, we have e 1 GP e2 , there exis ts an event e 0 such that if e 1 

EA , ez EB, e1 * eo * ez, then e 1 GP e 0 GP e 2. (Continuity; cut Axiom, 
cf. Tarski, 1961.) Intuitively, this axiom states that if A and B are any 
sets of events such that the elements in A causally precede eve1y 
element in B, then there is some event (e0 , say) which separates A 
and B. The axiom fails for the rational numbers, as A = {x I x1 < 2} 
and B = {x I x2 > 2} show, since the required separator e 0 would be 
v'2-not a rational. 

(4) There is a denumerable set K , K £ U, such that for any two events 

el> ez, where e 1 GP ez, there is an event e in K such that e, GP e CP 
ez. (Existence of a denumerable dense subset.) 

It is now easy to show that the temporal order relation <T on th e st'! 
(Time) of all instants yields a structure ((Tim e, <T)) which is isomorphic 
to the real numbers in th eir standard ordering. 7 I 11 other worJs, inslaiits , 
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ordered by temporal precedence, have the same type of order as the reals 
in their standard ordering. 

Still , the construction of a causal theo1y of space and time has barely 
begun. We must now go on to define: (1) space; (2) spatial topology and 

order; (3) the geometry or metric of space; and (4) the metric of time. 
First, the problem of space. 

It was mentioned earlier that Leibniz spoke of space as the order of 

coexisting, i.e., simultaneous, events. It would be more correct to say 
that Leibniz is here characterizing spatial order, rather than space itself. 
An ordered instant is not (a) space; a space is a set of points that persist 
through the set of instants , and so is best construed as just the set of such 
persisting "points. " Once space has been constructed, then we may turn 
to the question of the order of these points, and indeed might well at
tempt to base this order upon some relation between events within in
stants. The problem then comes down to defining points, and this just 
amounts to specifying for any given event e0 , exactly what other event in 
any chosen instant occupies the same spatial point or place . Thus in 

Figure 2.1 , le t I (e 0) be the instant that contains e0 . Let I' be some other 
instant . What event e0 ' in I' is at th e same place as e0? Once we know this , 

we may define a (spatial) point as the largest class of events all of which are 
at the same place. What we need the n is a function that yields a different 
.. fibre" (see Figure 2.1) through each event in a given acausal slice, with 
110 two fibres intersecting, and each fibre meeting each instant in exactly 
one event . Each fibre is a spatial point; a space is the set of all fibres. Thus 
lh e problem of space, within the causal the01y, is that of defining either a 
11nique fibration of instants , or at least a distinguished class of such fibra-
1 ions. 

The Leibniz postulate precludes a nonarbitrary solution to this prob

l1·rn . Consider again the slices J(e0) and I' . Suppose that we assign e'0 and 
r 0 to the same spatial point or fibre as in the figure , rather than assigning, 
say , event e 1 in I' to the same spatial location as e0 • But I' is a causally 
d<'finable equivalence class (by the Leibniz postulate), so e1 must sustain 
I lie same causal relations to e0 as does e '0 . Thus a nonarbitrary association 
• ,r 1· '0 and e0 cannot be made on causal grounds alone; a fortiori, the same 
is I ru e for any fibration of U. Hence the space problem cannot be solved 
11lilizing only th e resources of classical causality. 

Typica ll y, <'xt ra -causal aid is sought from point-particles and their 
dy11:1111i cs. If ii were pl1 ysicall y possihl< · lo dislinguish a privil eged set of 
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Figure 2.1 

noncolliding particles , their world-lines might then be taken as our fibres 
or points, thereby defining a unique (absolute) space. A weaker approach 
is to distinguish a family of such sets of particles dynamically (inertial 
systems), with the result that we have a number of spaces, one for each 
system. Some of the awkwardness that results from having so many spaces 
on hand would then be reduced should it turn out that these spaces share 
the same (say Euclidean) geometry. But, once again, how are we to con
struct the geometry of space out of causality alone? If the mehic is of the 
right sort (namely, Riemannian; cf. Hicks, 1971 , pp. 70-71) , we may use it 
to define the spatial topology; so let us consider only the spatial metric. 

For simplicity's sake, consider the case in which we have constrncted a 
unique space using a single dynamically distinguished set of point
particles (particles "at rest in absolute space") . The causal situation is 
completely characterized by the simultaneity slices, their temporal order, 
and the fact that any two events within a single particle (or fibre) an· 
causally connectible . Once again , in order to make distance de tynnina
tions possible, additional ontic resources are necessary. Typically , 1•x -
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tended physical objects are now introduced, with a distinguished subset 
of these deemed "rigid." It is commonly believed, correctly, I think, that 
within the context of a classical causal theory and classical dynamics, there 
is an ineradicable element of physical convention which is involved in 
distinguishing rigid from nonrigid extended bodies; but this question is not 
at issue here. 8 

Similar considerations apply to the temporal metric. The continuity of 
the temporal order, as Riemann (1973) pointed out, precludes basing the 
temporal mehic on the cardinality of the intervals between instants , for 
the simple reason that all intervals have the same cardinality . Once again , 
causality requires external aid , and typically, this is provided by periodic 
mate1ial processes (clocks). Just as in the case of rigid bodies, the conven
tions involved in distinguishing isochronous from irregular periodic 
process naturally and rightly emerge as crucial within such a constrnction. 

The above arguments may be summalized as follows. The unaided 
classical causal theory provides no more than a theory of temporal order. 
To go beyond this, extra-causal considerations are necessary. Typically, 
dynamically free point-particles, rigid bodies, or periodic material 
processes are now introduced to constrnct space, its geometry, and the 
temporal mehic. This weakness of classical causal theory derives in large 
part from the Leibniz postulate with its unique acausal slices of simul
taneity. As a result, any map of the universe U onto itself which preserves 
the temporal order relation will also be a mapping which preserves the 
total causal structure of U, i .e., such a map will be a causal automorphism 
of U. This means , roughly, that we may stretch or shrink the classical time 
axis and "distort" the acausal slices at will , while prese1ving all of the 
causal relations of U. It thus follows (see theorem 2.10 below) that space, 
spatial geometry, and temporal metric cannot be constructed from 
classical causality alone. While the preceding arguments have appealed to 
this feature of classical causal structures in a more or less intuitive way, it 
is now time to proceed to demonstrate this rigorously. 

Le t us call any model of postulates I and II (the Leibniz postulate) a 
Leibniz space-time. In other words : 

Definition 2.8. (U, CP) is a Leibniz space-time iff U is a nonempty set, CP 
is a two-place re lation on U, and for all events e1 , e2 , e3 EU, 
(l ) <e,, e 1> ( CP (irreHex ivity) , 
(2) If 1' 1 • 1'i E Cl', then < 1'i, 1· 1> ( CP (asymm etry), 
(:1) If 1•,, 1· i '- EC/'a11d 1·i. <' :1 ECl', 1111·11 1· 1. 1·:1 ECP (transitivity), 
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(4) If <el> e2> , <e2, e1> ~ CP and <e2, e3> E CP or <ea, e2> E CP, 
then either <e1> e3> E CP or <e3 , e1> E CP (Leibniz postulate). 

A causal automorphism of a Leibniz space-time is just a one-one map of its 
universe U onto itself which preserves the causality relation CP; that is: 

Definition 2.9. Let (U, CP) be a Leibniz space-time . Then h is a causal 
automorphism of (U, CP) iff his a bijection: U - U such that for all e1, 
e2 EU, <eh e2> E CP iff <h(e 1), h(e2)> E CP . 

The causal automorphisms are the symmetries of a causal space; i. e., they 
are the ways of transforming it that do not alter its causality relation . 9 

What we want to show now is that any mapping that merely prese1ves the 
order of instants in a Leibniz space-time is a causal automorphism (the 
converse is t rivial) . This then is the root of the classical causal theory's 
inability to go b eyond an account of temporal order no matter how that 
theory is extended. Here is the theorem and its simple proof. 

Theorem 2.10. Let (U, CP) be a Leibniz space-time and <T the temporal 
precedence relation defined as in definition 2.4 above. Then h is a 
causal automorphism of (U, CP) iff h is a bijection of U onto itself that 
prese1ves <T , i.e ., for any instants I t. 12 (as defined in definition 2.3 
above), 11 <T 12 iff h[I 1] <T h[Iz]. 

Proof: The ''only if' part is trivial. So suppose 11<T12 iff h[I1l <T h[I2L 

where h: U - U is a bijection. 
(1) Suppose e1 CP e2. Let l (e 1) and l (e2) b e instants containing e1 and ez, 

respectively. By definition 2.4, l (e 1) <T I(e z), so h[l(e ,)] <T h[I(e2) ]. 
But h(e1) E h[I(e 1)] and h(e 2) E h[I(e2)]. Hence by proposition 2. 7, h(e ,) 

CP h(ez) . 
(2) Suppose h(e 1) CP h(e 2). Let I(e 1) and l (e2) be as in (1). Now h(e1) E 

h[I(e 1)] and h(e 2) E h[l(e2) ]. Since (by proposition 2.6) instants are 

equivalence classes, we must have h[I(e 1) ] = I[h (e ,)] and h[I (e2) ] = 
I[h(e2)]. By definition 2.4, I(h(e 1)) <T I(h(e 2) ), so we must have 
h[I(e1)] <T h[l(e2)]. But then l(e1) <T I (e2), so by proposition 2.7, e 1 
CP e2. Thus e1 CP e2 iff h(e 1) CP h(e 2), so h is a causal autcnnorphism of 

<U, CP >. Done. 

One example of an application of this result will se1ve for 011r purposes. 
Let Rn be an n-place relation holding only be tween eve nts within an 

instant and defined solely in te rms of the causal re labon CP. (For tli<" sak<" 
of fixing ideas, conside r R" to he a four-plac<' candidak liir spati al congrn 

ence, th e equiclistance ofr•1, <'i and <':1o 1'.1.) Si11 c1· H" is :1 ss 111111·d d..li11abl1· 
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in terms of CP, any mapping that prese1ves CP must also preserve W. Let 
h0 be any causal automorphism which prese1ves instants. Consider h0 

restricted to the instant Ii(hJii). Tampe r with hJii in any way you like as 

long as you leave the result hi fl{ li - Ii· Clearly h i preserves temporal 
precedence ( <T) if h0 does. Hence any hri preserves Rn as well . So if 

R"(a1> . .. , a,, ) holds in li for distinct ai, Rn(b1> ... , bn ) must hold for 
all distinct bi in Ii . D efining a spatial congruence relation is clearly impos
sible: a Leibniz space-time has far too many automorphisms. 

The theorem upon which these results are based does not involve the 
assumption of temporal continuity (postulate III above) in its proof; in 
other words, the definition of a Leibniz space-time does not d emand the 
temporal continuity of such spaces. We re we to go on now to postulate a 
discrete temporal order , a temporal me tric would be obtainable by count
ing instants. Obviously, the (time) order-prese1ving maps would prese rve 
this counting met1ic as well. (Clearly, a causally defined spatial metric is 
still impossible.) 

However, the addition of the temporal continuity postulate leads im
mediately to the causal undefinability of a temporal metric. For the 
betweenness-prese1ving maps of the real line are just its topological 
homeomo1phisms; so too then for instants and their order. Thus in Leib
niz space-times with temporal continuity, causal structure is prese1ved by 
any (topological) homeomorphism of the set of instants. As in the case of 
space , no nontrivial temporal metric exists which is invariant under such a 
large set of transformations. 

These results show that , for Leibniz space-times, temporal continuity 
precludes a causally definable temporal metric. But it should not be 
thought that continuity and homogeneity alone are the source of this 
111e trical impotence . Rathe r, it is the continuity of time taken together 
H' ith the Leibniz postulate that permits the proof of these results . As will 
l)(' corne clear presently , continuity and homogeneity are properties of 
Mi11kowski causal spaces as well , but by virtue of the Leibniz postulate 
t:tiling in such spaces and the Einstein postulate (postulate II* above) 
l1olding in its stead , the above result (theorem 2.10) fails to obtain . ln-
1l1Td , according to a th eorem ofZeeman (1964), any causal automo1phism 
11 1' Minkowski space- time maps a pair of congruent space-time inte1vals 
1111to a11otlwr pair of congru ent inte1vals, although all space-time inter
l'll ls, <·011sid1·r('d as sets of point-events , are continuous and have the same 
l'll l'di11:1lit y. 10 

I· lf'i 
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III. Foundations of the Causal Structure 
of Minkowski Space-tirne 11 

The construction of Leibniz space-time began with the two-place 
relation of causal precedence . In this section we shall see that the causal 
strncture of Minkowski space-time may be derived from the symmetrical 
two-placed relation of causal connectibility. 12 Causal betweenness may 
then be defined in terms of causal connectibility, the space-time may be 
oriented, and the standard asymmetrical re lations of causal and 
chronological precedence may be constrncted easily. Along the way, it 
needs to be shown that the notions so defined do coincide with their 

intended counterparts within a standard interval formulation of the 
geometry of Minkowski space-time. Hence we shall need some such for
mulation to use as a reference throughout. The following definition will 
suffice for the present. 

Let M be a nonempty set, and [2 be a function from M X Minto the real 
numbers. The pair (M, 12) is said to be a Minkowski space-time if and only 
if there is a one-one function <jJ from M onto R4 in which the inte1val [ 2 is 
given by: 

I2(e 1, e2) = -(Lix0(e1 , e2))2 + lk (Lixk(e i, e~)2, k = 1, 2, 3 

where Lixi(e1> e2) is (xi(e 1) - xi(e2)), and the functions xi are the coordinate 
functions of <P (i.e., xi== u; 0 rp, where u;(a1> ... , an)== a;). The coordi
nate functions {xi} derived from <jJ will be called a Lorentz coordinat • 

system; x0 is its time function . Frequently the function x0 will be denoted 
by "t," while "x ," "y," and "z" will be used for x 1

, x2
, and x3

, respectively . 

(A signature of(-, +, +, +)is used throughout.) The topology of Mis 
that of R4 and is induced by the function rp; in other words, if AS M , the11 
A is open in Minkowski space-time just in case its image, rp[A], is open in 
R4 with its standard topology. 

As our single causal relation we now take the re lation (y) of causal 
connectibility. Intuitively, event e 1 is causally connectible to even t e2 just 
in case a signal (massive or massless) can be sent from e 1 to e2 , or l'Oll • 

versely. In terms of (M, 12
), e1 y e2 just in case I 2(e 1 , e2) ~ 0. Note tl111t , 

under this interpretation , the relation y is both symmetrical and rdkxlvp , 
However, y is not transitive , since for any two events e , and e:1 wliid1 111'" 
simultaneous (not e1 y e3), th e re will always he an event e2 in tlit •ir ('Olli • 

mon causal futures. 

I· Hi 
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It is important to realize that the above characterization of causal con

nect~bility is not intended to be a definition of this relation. The present 
v.ers10n of the causal theory takes y as its only descriptive primitive rela
tion. An axiomatic account, such as Robb's (1914) , would now proceed to 

lay down a number of postulates for y, each of which would be provably 
trne under the above interpretation. However, an axiomatization of y is 
not needed to show the adequacy of the causal theory of Minkowski 
space-time. For this purpose, we need only show that all geometiical 
notions in Minkowski space-time may be built up by explicit definitions 
from th ~, causal ~onnectibility relation. In order to do this we proceed on 

pa~allel tracks. Having paired y with its intendeq Minkowski interpre
tat10n, we may now consider another standard relation R on Minkowski 

space-tim.e ~nd propose (---y---) as a constrnction of R. The proof of this 
constrnct10n s adequacy consists in showing that if y has its intended 
int~1pretation , then this is trne of (---y---) as well. We continue in this way 
until. we have provided constructions for a set of standard geometrical 
re lat10ns on Minkowski space-time which we know dete rmine its 
geometry. 

The following construction provides an example of this procedure. The 
intention is to constrnct the 'causal be tweenness' relation from causal 
connectibility. The intended inte1pretation of "CB e

1
e

2
e

3
" is that the rela

lion holds just in case there is a nonspacelike parame terized cmve in M 
through Ci, e2, .and e3 such that the parameter .\2 of e2 (i.e . , f(.\2) = e

2
) is 

lie tween that of e 1 and e:i (i .e. , .\1 ~ ,\2 ~ ,\3 or ,\3 ~ ,\2 
~ ,\

1
). An equivalent 

condition (in Minkowski space-time) is that e1 and e3 are causally connec
l 1ble. and e2 is in the closure of the Alexandroff inte1val 13 of e1 and e

3
. 

Obv10usly, other equivalent characterizations of causal betweenness are 
possible , and we may use our general knowledge of Minkowski space
l 1111 e to es tablish their equivalence to either of the above conditions. 
l•'rom the standpoint of the causal theory, the interesting fact is that causal 
lietweenness may be characterized solely in terms of causal connectibil-
i l y, as the following definitions and the justifying theorem show. 

First of all, consider the set of all events ](e) causally connectible with a 
give n event e. This is just the set of all events e1 such that J2(e

1
, e) ~ O and 

.\ o is definabl e as 

IJi :finilion 3.0 . .f(e) = df'. (<-, I <' i ye}. 

< :l<'arly ll1is d«fi11ilio11 is acrnrak, so a justifying th eore m will not be 

1·17 
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given. However, a proof of the adequacy of the following definition of 

causal betweenness is provided below. 

Definition 3.1. CB e 1e2ea = df. et 'Yea andJ(e2) S:_J(e1) U J(ea). 
Proposition 3.2. CB e tezea if and only if e2 is causally between Ct and ea. 
Proof: (A). Suppose e2 is causally between e1 and e3 • Then Ct is causally 

connectible to ea, and if e1 = ea, e2 = e1 = ea. Hence, trivially, J(e2) <; 
J(e

1
) u J(e3). Suppose et =t- ea, with e2 causally be tween e1 and. ea. Let e* 

be causally connectible with e2 (i.e., e* E J(e2)). Then there 1s a causal 
curve from e2 toe *, and a causal curve from either e 1 or ea to ez . 14 H ence 

there is a causal curve from either e 1 or e3 to e, so e eJ(e1) U J(e2). 

t 

t=o 
,, 

x 

Figure .3. 0 
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(B). Suppose e2 is not causally between e t and ea , with I 2(e1> ea) < 
0. Let {xi} be a Lorentz coordinate system in which t(et) = - 1, t (ea) = 

+ 1and0(e1) = r(ea) = 0 (k = 1, 2, 3). Then the intersection of the t = 
0 hypersurface with the set of all events causally between e 1 and e2 is 
the set of all events S with coordinates t = 0 and l (r)2 

..;; 1 (see Figure 
3.0) . Those events causally between et and ea are just the domain of 
dependence of S, i.e., for all and only such events e* will it be the case 
that every endless timelike curve through e* meets S (Geroch, 1970). 

Hence if e2 is not causally between e 1 and ea, there is an endless 
timelike curve through e2 which does not meet S, and thus does meet 
hypersurface t = 0 outside Sat some event e' simultaneous with e t and 
ea (i .e. , .not e' yet and not e ' yea)· Hence e' eJ(e2) but e' t](e 1) U ](ea). 

When l 2(e 1, ea)= 0, the set S' of all events causally betweene1 andea 
is just the corresponding segment of the null line determined by e t and 
ea. Thus the domain of dependence of S' is just S' itself (Geroch, 1970), 
and the preceding argument may be applied once more. Done. 

Causal connectibility and be tweenness also allow us to distinguish the 

boundary of the causal space J(e) from its interior. We begin by defining 
the appropriate connectibility relations. The corresponding betweenness 
relations then follow at once . 

Events e 1 and e2 are said to be light-connectible just in case I2(e1> e2) = 
0. The light-connectibility of two events may be defined in terms of causal 
connectibility as follows : 

Definition 3.3. Ct A e2 = df. e1 = e2, or Ct_ =t- e2 , e1 'Y ez, and LB = {e I 
CBe tee2} is causally connectible, i.e ., for any two events, e, e ', in LB, e 
Y e '. 

Proposition 3.4 . e1 A. e2 iff I2(e 1 , e2) = 0. 
Proof: The case of e1 = e2 is immediate. So suppose Ct =t- e2. In Minkowski 

space-time, the null line containing two light-connectible events e1 and 
e2 is a causally connectible set. Hence the same is hue of the set of all 

events causally be tween Ct and e2, since they all lie on this line. How
ever, if e 1 and e2 are causally connectible but have timelike separation, 
the inte rsection of th e causal future of one with the causal past of the 
oth e r will contain at least two events which are not causally connecti
ble. Done. 

Ev<·nl~ 1· 1 and l 'i ar<' d1rn11ologicall y co11111 •dih le j11st in case they have 
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timelike separation, i.e., !2(e 1 , e2) < 0. Clearly the following definition 
succeeds: 

Definition 3.5. e1 T e2 = df. e1 y e2 and not e1 A. e2 · 

Notice that since e A. e, chronological connectibility is defined so as to be 
irreflexive (not e T e), while causal and light connectibility are both refl ex
ive . 

With timelike and lightlike connectibility on hand, the causal between
ness relation may be refined furth er to yield chronological betweenness 
and null be tweenness, the latter being the order of events along null 
lines. The intent and adequacy of the definitions below are both obvious, 
so justifying theorems are left as exercises . 

Definition 3.6. (a) TB e1e2e3 = df. CB e1e2e3 and e 1 T e2, e3. 
(b) LB e1e2e3 = df. CB e1e2e3 and e1 A. e3. 

The above constrnctions show that, although we start with causal con
nectibility alone, we may nevertheless distinguish events that are "inside" 
the causal space of e ( {e 1 I e 1 T e }) from those that are on its "surface" ( {e 1 
I e 1 A. e} ). It should be noted, however, that th ese constructions rely upon 
global features of Minkowski space-time and will fail to be adequate in 
Lorentz space-times in general. For example, in the two-dimensional 
Minkowski space-time depicted in Figure 3.1, if segment K is removed, 
definition 3.1 of causal betweenness fails, since the causal space of e2 is a 

subse t of the causal space of el> yet e2 is not causally between e 1 and e3 . 

K (REMOVE) 

F igure .3 . I 
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At this point, it is possible to proceed at once to the development of 
synthetic causal geometry. However, it is technically convenient to work 
with asymmetrical causal relations such as causal "precedence," and much 

contemporary causal research-also Robb-employs such a relation from 
the outset. While the use of such relations does not presuppose a di
rection (a privileged future) to causality, it does assume that space-time 
is causally orientable, that is, an arbitrary but consis tently assigned 

causal direction may be selected. H ence, since Minkowski space-time is 
causally olientable, the question might just as well be faced now so that 
we may freely use the result in later developments. 

The causal space of an event e breaks up into two components: its causal 
"future" j + and its causal "past"}- .· The event e is he re considered to be . 
a membe r of both J+ and 1-. Now one cannot speak of a "future" or 
"pas t" without having first oriented the space-time. Neve rtheless, wi th
out ori entation , one can say that one or the other component of the causal 
space .T of e is the component in which a given event e1 resides. This may 
be accomplished using the causal be tweenness relation as follows : 

Definition 3. 7. Where e2 y e , , and e2 :f. e, , th e e2-com p o 11 e11t of e , is just the 

set of all events e in the causal space of e 1 such that e 1 is not causally 
be tween c and e2 , together with c h i.e., 

Comp Cz (e 1) = df. {e I e E](ei) & not CB ee 1e2} U {e1}. 
Proposition 3.8. Le t {x" } be a Loren tz coordinate sys tem fo r a Minkowski 

space .'lJi. = (M, 12). Let c 1 be an event in M , with e2 in the causal future 
(p as t) of e 1• (Here {x "}, as usual , is used to orient ,'))(_ .) Then for any 
event e, e is in th e causal future (past) of e 1 if and only ifc E Comp e

2 
(e

1
) . 

Proof: If c = c 1, th e result is immediate . So assume e :f. e 1 • Suppose e is in 
th e causal foture of c 1, yet CB cc 1c2. Then the re would be a causal curve 

from C 1 to c and from e to c 1-which , in Minkowski space-time, is 
impossible. Next, suppose that e E Comp e 2 (e 1), i.e., e y e 1 and not CB 

cc 1e2. Since e y eh th e re is either (a) a causal curve from e to c
1 

or (b) a 
causal curve from c 1 to c. If (a), since there is a causal curve -from e

1 
to 

Cz, th e re is a causal curve from c to c 1 to e2, so we would have CB ce1e2, 

contrary to our assumption. Hence (b) must hold , soc is in the causal 
f11t11rC' of<',. Don <'. 

Wl' now 1·a11.w1ffy ori1'11/ Mi11kowski spac<:>-tim e hy se lecting an ordered 
pair of 1·v« 11l s (') 0 "" t';, 1· 1 which are causally connectible (e;ye;), but 
1101 id<'nlical. Such an t'\1('111 -pair w ill lw call1·d an 11ri1'11/ati1111 of .'>It, and 

IS i 
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:m. 1 = (M, 12 , eJ;;) is called an oriented Minkowski s71ace-ti111e. Let F;; be 
the e· com1)onent of e;, with P;; the other component of e; (i.e., those 

J • h 
events in J(e;), which fail to be in the ei component of e;, together wit e; 

itself). We now define the causal precedence relation as follows: 

Definition 3. 9. Let events e 1 and e 2 be causally connectible . Then e 1 

causalh1 precedes e 2 idth respect to orientation eJu = <e;, CJ>, i.e ., e1 
< e2 (reference to eJ;; omitted) iff (see Figure 3.2): 

(1) e 1 = e; and e2 E F;;, or e1 =t- Ci and either 
(2) not e 1 y ei and Comp e2 (c 1) n F;; =t- { }, or 

(3) e1 E Fu and Comp c2 (e1) S. F;; , or 

(4) c1 E Pu and Comp C2 (e1) cJ.. P;;. 

We show the adequacy of this definition as follows. Let .'lll' = (M, 1
2
, 

'" .. ) be an oriented Minkowski space-time with orientation eJ;i = <e;, 
VIJ • } 

ei>. Now let K = {x"} be a Lorentz coordinate system for .'lll'. If {x" is 
such that t(e;) < t(e), then {x " } will be said to be com71atible with .'lit'; 
otherwise K and .cm: 1 will be called incom]Jatible. Clearly, if :lll' and K 

are compatible, the fimction t makes F;; the causal future of e;, rather than 
its causal past. That this works out for all events in M is shown by the 

following proposition: 

Pro]Josition 3.10. Let ;JH.' (M / 2 eJ . ·) be an oriented Minkowski 
' ' I) 

Fig 1 ,, .. ,, :J. 2 
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space-time , with {x"} a Lorentz coordinate system compatible with 
:m. 1

• Then e 1 < e 2 iff e 1 is causally connectible withe 2 and t(e 1) ~ t(e ~· 

Proof: We consider the cases as in definition 3.9. Case (1): immediately 

follows from the adequacy of the definition of components. Case (2): the 
Fu component of C; must intersect some component of e1 • If this were its 
past component, there would be a causal cu1ve from e; to e1, contradict
ing the assumption that note; y e1 • Hence F;; must intersect the future 
component of e1 , which is the intended component. Case (3): in Min
kowski space-time, when e =t- e ' , e' is in the causal future of e iff the 
causal future of e' is a subset of the causal foture of e. Case (4): similar to 
(3) . Done . 

Given an orientation eJ;;, we may now define the causal foture of e 
(!+(e)) as the set of all events which e causally precedes, and the causal 

past of e (J-(e)) as the set of all events that causally precede e. That is, 

Definition 3.11. (a) j+(e) = df. {e1 I e < e1} 

(b) J-(e) = df. {e1 I e1 < e } 

Chronological precedence( <<) and precedence along a null line (~)-

sometimes called the horismos relation-are now definable using causal 
precedence and the appropriate connectibility relation in an obvious way. 

Definition 3.12. (a) e1 << e2 (e 1 chronologically precedes e2) = df ei < 
C2 and C 1 i C2 

(b) e 1 ~ e2 (horismos relation) = df. e1 < e2 ande 1 A c2 . 

These definitions provide the basic causal notions to be used through
out this account. Although these constructions are mere preliminaries to 
lhe construction of Minkowski geometiy proper, it is easy to see that, 
l'Ven at this preliminary level, not all of the preceding constructions 
s11cceed in arbitrary Lorentz space-times. This tendency of Minkowski 
space-time to cooperate with causal constructions will become even more 
('vident as we proceed to construct its linear and metrical structure caus
ally. However , before examining the causal basis of Minkowski metrical 

.~<·ometry , the re is an interesting preliminary matter to consider: the 
(':t11sal hasis of' th e to]Jologu of Minkowski space-time. 

IV . Causality and Space-time Topology 

/\l'l'onli11g to the ca11sal theory, th e e ntire geomet1y of Minkowski 
sp:1<·< ·- ti11u• 111:1 y IH' d<·riv<'d l'rn111 its causal strnct11n'. Not only space-time 
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metric or congruence, but the linear structure and topology ofMinkowski 

space-time, must be definable in terms of causality. For some geometries 
(metric spaces), the problem reduces to defining the metric, since the 
linear structure and topology of such spaces is contained in their metric. 
However, this is not the case for the indefinite metrics of relativity 
theory. For these spaces, the connection between metric and topology is 
more indirect. Nevertheless, for many of these spaces, Minkowski space
time included, their causal structure permits a simple and direct defini
tion of their topology. So while special relativity is the main concern here, 
the following causal construction of standard space-time topology suc
ceeds in many of the space-times encountered in general relativity as 

well. 
In the preceding section Minkowski space-time was defined as a pair 

(M, 12), where the semi-Riemannian metric 12 is specified in terms of a 
bijective coordinate mapping <f> from M ro R4

. However, the mapping <f> 

was also used to define the standard R 4 topology on M by simply calling a 
subset N of M open just in case <f> [N], its image, is open in the standard 
topology of R4 • Thus the mapping <f> serves two independent functions: it 
provides M with a "metrical" structure by specifying the interval 12, and, 

in addition, <f> is used in a quite different way to induce the R4 metric 
topology on M. Naturally, the question arises: what is the relation be
tween these two structures on M? In particular, can the topology of 
Minkowski space-time be derived from the space-time interval !2? 

The problem of the independence of the topological and metrical struc
tures of space-time was clearly recognized by early writers on relativity 

such as Russell (1954) and, of course, Eddington: 

. . . the statement that the world is four-dimensional contains an im
plicit reference to some ordering relation. This relation appears to be the 
interval, though I am not sure whether that alone suffices without some 
relation corresponding to proximity. It must be remembered that if the 
intervals between two events is small, the events are not necessarily near 
together in the ordinary sense. (1959, pp. 186-187.) 

Eddington' s proximity is just the local topological structure of space
time. Whereas Russell (1954, p. 56 ff.) held that space-time topology is 
interval-independent, Eddington did not rule out inte rval-depend enct! 
altogether, although he did recognize that the topology of' space-time is 
not derivable from its interval in th e standard way . As will hcconw yll'ar 
soon, Eddington's caution was justifi ed . For tl1 e topology of 111a11y spa<'('-

1 !)ii 
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times (surely all those Eddington and Russell were considering) is obtain
able from their space-time metric tensor field , although it is the causal 
content of the metric tensor which is exploited. 

To begin with, let us be clear about just what aspect of relativistic 
space-times causes the difficulty . Consider a set Nanda function d from N 
x N into Ri; (the set of nonnegative real numbers). If d is such that: 

(1) d(x, x) = O; (2) if d(x, y) = 0, then x = y; 
(3) d(x, y) = d(y, x), and (4) d(x, y) + d(y , z) ;?o d(x, y), 

then (N, d) is said to be a metric space. When (1), (3), and (4) hold , the 
result is called a pseudo-metric space. If we let N be the point-set of either 
a Euclidean space or any of the classical non-Euclidean spaces , and take d 
to be the corresponding distance function on these point-sets , then each 
of these geometries may be shown to be a metric space in the above 
sense. 15 Furthermore, when a space (N, d) is a mehic space, there is a 
natural way of defining a topology on that space: a subset A of N is open 
just in case, for every point x0 in A, there is a ball B, (x0) = { y I d(x 0 , y) < 
E} , E > 0, containing x0 , and at the same time wholly contained in A 
(B.(x0) ~A). The fact that the open sets so defined indeed yield a topology 
on N is easy to prove, but the proof does require that the space (N, d) be a 
ps eudo-me tric space. For metric spaces, and thus for the classical 
geometries, their metric yields their standard topology when the above 
definition is used. More generally, it can be shown that for any Rieman
nian space with positive definite metric, th e metric topology and manifold 
topology coincide (see Hicks, 1971, pp. 70-71). 

However, Minkowski space-time is neither a metric nor a pseudo
metric space . The Minkowski interval yields distinct events with zero 
separation, and the triangle inequality fails . It is then easy to show that if 
"open" sets are defined in te rms of balls as above, they do not determine 
any topology on M, much less the standard (R 4

) topology. For the in
definite space-times of relativity theory, metrical nearness and topological 
nearness do not coincide. These facts appear to be the basis for Russell's 
conclusion that the topology of a space-time cannot be derived from its 
inte rval. 

In retrospect , it is easy to see that this conclusion was too hasty. For 
although the 11s11111 definition of a topology in terms of balls given by the 
space-tinw i11tl'rval will 1101 do. it does not follow that some other defini
lio11 i11 t1·rn1s of tht• i111<-rval 1'an11ot s11c<'<'t'd. Indeed , we now know that 
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for a wide class of relativistic space-times (Minkowski space-time in
cluded), another type of construction does yield their standard topology. 
Moreove r, this definition utilizes only that content of the interval which 
relates to the causal structure of space-time. In brief, the standard to
pologies of Minkowski and other space-times may be derived solely from 
their causal structure . Such a derivation is the first step on the way to a 
full-fledged causal theory of Minkowski geometry. 

Like any topology, a topology for Minkowski space-time may be de
fined by specifying just which sets are to constitute its basis. The causal 
theory demands that these basis sets be constructed out of causality rela
tions on M. These chosen basis sets are usually called Alexandroff inter

vals and are causally defined as follows : 

Definition 4 .0. For any events e 1, e2 in M, the Alexandroff interval of e1 
and e2 , Alex (e1> e2), is just {e I TB(e 1ee2)}: the set of all events 
chronologically be tween e1 and e2 (see Figure 4.0). 

Figure 4. 0 
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When e1 and e2 are chronologically connectible, then an Alexandroff 
inteival consists of those events in the interior of the cone depicted in 
Figure 4.0; otherwise Alex (e 1> e 1) is simply the empty set. It is now easy 
to show that the Alexandroff intervals do provide a basis for a topology on 
M , i. e., for any two such intervals A 1 and A2 , there is another which is a 
subset of their intersection . A subset A of Minkowski space-time is now 
said to be open in the Alexandroff topology on M just in case every event e 
in A is an element of an Alexandroff interval which is itself a subset of A. 
Clearly in Minkowski space-time, any Euclidean 4-ball contains an 
Alexandroff inte rval, and conversely. Thus we have th e result: the 
Alexandroff topology and the standard E4-topology on M coincide (Hawk
ing and Ellis , 1953, p. 196 fl) . Since an Alexandroff interval is defined 
causally, this straightforward result establishes the adequacy of a causal 
theory of the standard topology of Minkowski space-time. 16 

Thus Russell and Eddington 's questions conce rning the physical 
significance of the topology of space-time are answered by Alexandroffs 
simple construction, at least for the space-time of special relativity. Rus
sell's conclusion that space-time topology is independent of its metric was 
not justified, although he saw quite clearly that the topology of space-time 
does not have the customary relation to the space-time metric, and also 
realized that the space-time interval has an intimate connection with 
causality (1954 , chap. 35) . However, Russell's work on the foundations of 
relativity theory was seriously flawed by his being misled by some of the 
accidental features of the interval , such as its assignment of zero distances 
lo all events on the same light path .17 In general, Russell read the space-
1 im e interval too literally, and as a result never became clear about its 
relation to causal structure. 

While the Alexandroff construction succeeds at once in Minkowski 
space-time, the situation in general relativity is not so straightforward. In 
some cases, the counterpart to the Alexandroff topology will be coarser 
I han (have "fewer" open sets than) the manifold topology of general rela-
1 ivistic space-times . However, th e two topologies do coincide in all 
I .orentz space-times that satisfy the condition of strong causality. This 
rn11dition says, roughly , that every event e has arbitrarily small neighbor
I 100Js to which no causal curve returns once having left that neighbor
l1ood (Hawking and Ellis , 1973, p. 192H) . Since space-times that violate 
sl rn11g causalit y a rl' in some sense "pathological," the physical significance 
.. r I l1t ·s1· 1·x1·1·pl ion s lo a 1'a11sall y d1·fi 11ahlc topology is hy no means clear at 
J 1 l't 'Sl ' I ii , 
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V. Synthetic Causal Geometry 

A. A. Robb appears to have been the first to suggest that the geometry 
of the space-time of special relativity can be developed on a purely causal 
basis. He was certainly the first to work out the details of this idea, and 
the result was a profound work of considerable magnitude and difficulty 
(1914). 18 Given Robb's ambitious aims, and the conceptual economy of his 
foundations , th e complexity of his constructions was inevitable. For 
Robb's account was axiomatic, and the causal theorist who wishes to 
axiomatize his theory cannot avoid this consequence of having but a single 
primitive relation at his disposal. Robb's choice was the relation < of 
causal precedence introduced in the preceding section, and twenty-one 
postulates are laid down for this relation. Only after a few hundred 
theorems do coordinates appear, and with them the Minkowski metric in 
its standard form. On the other hand, the definition of Minkowski space
time in section III above used Lorentz coordinates to achieve its result 
with a single postulate. Nothing could be a better example of the power of 
coordinate methods to introduce in a single step a wealth of structure 
which we do not begin to understand! 

Rather than attempt a detailed survey of Robb's constructions, this 

section will provide a more concise development of the affine geometry of 
~ 

Minkowski space-time. The transition from affine to metric geometry is 
developed in the following section, although a few of the most important 
of Robb's metrical constructions are sampled here. The philosophical 
interes t of these constructions lies in the fact that they show how the 
causal theory solves the central problem of any relational theory: th e 
construction of quantitative (or metrical) comparison out of a qualitative 
causal relation. As we have seen, most contemporary causal th eorists 
(Robb excepted) have turned to extra-causal sources as the basis of con
gruence and metric, and furthermore, they have provided epistemologi
cal and ontological arguments that purport to demonstrate the necess ity 
for introducing extra-causal considerations. The following developments 
show how the causality relation alone permits the construction of thC' 
affine (linear) structure and interval congruence in space-time. As a re
sult, these same constructions show how Reichenbach's argum e nts for tlw 
necessity of coordinative definitions of congruence (HJ.57, chap . I) an• 
circumvented by the causal th eory . The same is tnw of arg1111w11 ls 111111 

appeal to the homogeneity and co11ti1111it y of a 111a11ili>ld as d,·111a11<ly1 g 1111 

I!),"{ 

THE CAUSAL THEORY OF SPACE-TIME 

extrinsic basis for congruence in opposition to the intrinsic temporal order 
afforded by causal relatedness (as in Griinbaum (1969), sec. 3). Both types 
of argument fail as a result of having overlooked the possibility of a purely 
causal construction of spatial, temporal , and space-time congruence. The 
account of the preceding section shows that this underestimation of the 
resources of causality is understandable; nevertheless, the results of the 
succeeding sections show this to have been a serious philosophical error. 

The constructions that follow outline three areas of space-time 
geom.etry: linearity, orthogonality, and congruence. The development of 
the lmear (affine) structure of Minkowski space-time is a considerable 
simplification of Robb's approach; proofs of the adequacy of its definitions 
are reasonably direct, and are either cited or provided. The account of 
orthogonality and congruence follows Robb closely; however, it is incom
plete, and the definitions are not accompanied by adequacy proofs . This is 
remedied in section VI. With few exceptions, the constructions are not 
obvio~sly successful-in general, their adequacy depends upon the 
worlds causal structure in a nontrivial way. The remarkable fact is that in 
the case o~ spe~ial relativity, the right sort of structure is forthcomin~. 

We begm with the linear structure of Minkowski space-time, i.e., the 
construction of its straight (geodesic) lines, planes, parallelism, and 
hyperplanes . 

. Lightlike (null) lines are the easiest to construct. If events e, and e
2 

are 
lr~ht-connectible, i.e., e1 A e2 , the null line containing e

1 
and e

2 
(L(e

1
, e

2
)) 

is .JUSt the set of all events e which are light-connectible to both e 
1 
and e

2
; in 

general: ~ set is a null line just in case it is a set of events such that for 
some d1stmct events ei, e2 , this set is just L(e1' e

2
). 

/Jefinition 5.0. When e , A. e2 , and AC M, 

(a) L(e,, e2) = df. {e I e A e1 & e .\ e2} 

(h) A is a null line = df. for some distinct e 1 , e2 such that e
1 

A. e
2

, A 
L(e,, e2). 

Althou~h the adequacy of this definition is fairly obvious, a proof is pro
vided for the sake of completeness. 

l'm11osition 5.1. The null line L determined by two distinct events e and 
. I i 

1· 2 wit 1 zero separation is just the set of events light-connectible to both 
1· 1 a11d 1:' 2 . 

l'roof: Clroos1• a Lorc11t"1. fra11H' in which the coordinates ofe, and e
2 

(0, O, 
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0, 0) and (1, 1, 0, 0), respectively. Those events light-connectible with 
e 1 have coordinates satisfying: 
(1) -(x0) 2 + I (xk)2 = 0, k = 1, 2, 3, 
while those events light-connectible to e2 satisfy 
(2) -(xo - 1)2 + (x1 - 1)2 + (x2)2 + (x3)2 = 0. 

Subtracting (1) and (2) gives 
(3) XO = x1, 
and substituting (3) in (1), we obtain 

(4) x2 = x3 = 0. 
Hence the points satisfying (1) and (2) are those of the form (a, a, 0, 0), 

i.e. , just those points on the null line L determined by e 1 and e2 • Done. 

The construction of spacelike lines is not so obvious. Robb's approach is 
to use null lines to construct planes of a special kind, which he then 
intersects to recover non-null lines . The following idea is due to Latzer 
(1972), and is much simpler. 

Suppose that the separation of e1 and e2 is spacelike (i.e., not e1 'Y e2). 
Then we say that e3 is S-collinear with e1 and e2 just in case e3 has a 
spacelike separation to both e 1 and e2 (not e3 y e1 and not e3 y e2), and the 
light cones of el> e2, and e3 fail to have a common point of intersection 
(there is no event e such that e A. el> e2, e3). The line S(e1> e2) determined 
by e 1 and e2 is now just the set of all events S-collinear with e1 and e2. That 
is, 

Definition 5.2 (a) Se 1e2e3 = df. (1) not (e1 y ez, e3) & not (e2 'Y e3), and (2) 
there is no event e4 such that e4 'Y el> e2, e3. 

(b) A is a spacelike line = df. A . s; M and for some events e 1 

and e2, A = {e3 I Se1e2e3 }. 

The adequacy of this construction is shown by Latzer (1972, proposition 
2.11) . 

Timelike lines may be constructed using the following approach . Le t e 1 

and e2 be chronologically connectible (e 1 Te 2). Next, consider the in te rse·· 
tion of their light cones; this is defined as just LC(e1' e2) = {e I e A. e1 and II 
>.. e2}, and in a Lorentz coordinate system in which xk(e1) = x""(e2) = 0 (k • 
1, 2, 3), t(e 1) = -2, t(e2) = 0, this intersection will be a space like tlm:t•· 
sphere defined by (x 1)

2 + (x 2
)

2 + (x3
)

2 = 1 in the t = -1 hype rs11 rfac<:. (Still 
Figure 5.0, one dimension suppressed.) Connect any two poi11ls i11 this 
sphere by a spacelike line. Th e se t of all such lines yi<'lds a spa('{'Jlkc • 
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hypersurface H (e1> e2), which is just the t = -1 surface of Figure 5. 0. This 
hypersurface now being fixed, any other event e3 is said to be temporally 
colline~r with e1 and e2 (T(e1> e2, e3)) just in case the hypersurface H(e3, e2) 
(or H(e3, ei)) does not intersect the canonical hypersurface H(e1> e2). In the 
figure, e3 is thus collinear with e 1 and e2 whereas e4 is not. The following 
definition recapitulates this construction, and the theorem which follows 
establishes its accuracy. 

Definition 5.3 . Where e 1 T e2: 

(a) LC(e1> e2) = df. {e j e A el> e2 } 

(b) H(e 1, e2) = df. {A I A is a spacelike line such that there are at least 
two events in LC(e 1> e2) n A} 

(c) T(e 1, e2 , e3) = df. (1) e3 = e i or e3 = ez or (2) e:i =F eh e2, and e2 T e3 & 
H (e1, e2) n H (e2 , e3) = { }. 

t 

H<e 2 .e4 )- section 

y 

---t= -1 

f'i {..!.II /"I' .') .() 
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(d) A is a timelike line = elf. A _s; Mand for some e 1 , e2 EM , such that e 1 

T e2, A = {e3 I T(e 1, e2 , e3)}. 
Proposition 5.4 . If e1 and e2 have timelike separation, then e3 is collinear 

with e1 and e2 iff e2 T e3 and H yp (ei. e2) n Hyp (e2, e3) = { }. 

Proof Let e 1 and e2 have timelike separation, and e3 be any event such 
that e2 T e3 . Choose a Lorentz frame K = {x"} in which: (1) x0(e1) = -2, 
x0(e2) = O; and (2) e3 is in (say) the first quadrant of the x0 

- x1 plane, and 

thus has coordinates (a0 , al> 0, 0) (see Figure 5.0). If e3 is identical with 
e ither e 1 or e2, we are done. Otherwise, le t K' be the Lorentz fram e 

with relative speed u = a Ja 0 to K in the positive direction along the 
.r 1-axis of K, K' being thus the frame in which e3 lies along the x0 '-axis. 
By the Lorentz transformations x0 ' (e 3) = ((a0) 2 - (a 1)2) 112 and thus hyper

smface H (e2, e3) is given by 

.o' ( ) (( )2 ( )2) 112 (1) xo' = ~= ao - <ti 

2 2 
in terms of the K' coordinates. Transforming back to K we obtain : 

(2) a0x0 - a1x1 = ((ao)
2 ~ (a1)2) 

The H(e 1> e2) hypersurface is given by x0 = - 1, so the inte rsection of 

th e two hypersurfaces is give n by substituting in (2) to obtain 

(3) x 1 = ((a,)2 
- (a0)

2 
- 2ao) 

2a 1 

which will have a solution just in case a 1 -=fa 0, i. e . , just in case e3 fails to he 
on the x 0-axis of K. Done . 

Having constructed the straight lines of Minkowski geometry, we ma y 

now go on to define its other linear objects in the standard way. A lirn • 
e 0 and an event eo not in fo de te rmine the plane which is th e 11nio11 of 
all lines containing e 0 and some point in f 0. Parallel lines are those tl111I 

are coplanar and fail to intersect . Finally, linear hypersurfaces are ddi 111•d 
as maximal sets oflines inte rsecting a plane and a given point 011tsid f' tl111I 
plane. 

With these definitions , the causal construction of th e affi nc st n1c:t11 n· ol' 
Minkowski space is essentially comple te. Since th e d<·finil"io 11s of pl11111 ·~ 

and hyperplanes are standard, th ey require no additional j11.~til'y l11 " 

th eore ms. 
The causal construction of th e metri c in all its d<'lails is a 111on · 1·111.npll 

cated matte r, and is carri <'d 0111 111or1 · 1·ITil'i1·11tl y witl1i11 1111 · 111 :ilh1 ·11 11 1ll rn l 
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framework of section VI below. Hence the following account is me rely a 
sample of the techniques Robb employed. Nevertheless, the examples 
chosen (orthogonality and congruence) are of central metrical importance, 
and the following constructions illuminate their causal-geometrical bases. 

Let f 1 and f 5 be tirnelike and spacelike lines, respectively, which 
intersect a t an event e0 . vVhen are we to say that ft and f s ar e 
orthogonal? 

(0) !bl 

Figure 5.1 

Robb 's definition is simplicity itself (1921, p . 46fI) , and incidentally, 
helps in reading orthogonality from of a space-time diagram. Choose an 

.. vent e1 on line ft (e 1 =F e0) , as in Figure 5. l(a). The light cone of e1 will 
11ow intersect fs at events e2 and e3 , and each of th eir cones will in turn 
inte rsect ft once more. If these last intersections are the same point-

1'!'·1'11t on f 1 (as in (a)), then ft and f5 are said to be orthogonal. 19 

Oth erwise (as in (b) below), f sand ft are nonorthogonal. If in Figure 
(:1) ft and f s are the XO and X1-axes of an inertial fram e, then they do 
i11d eed come to "look" orthogonal using this definition. It is not that 
orthogonal lines in Minkowski space fail to look orthogonal, in contrast to 
l•: 11clidcan lines , b11t that Minkowskian "orthogonality" bears only a loose 

1:1111ily rese mblance to its E uclidean counte rpart. 
N<'v<' rllll'l<'ss , E11clidea11 spatial orthogonalitv is now forthcoming . For 

l1 · I I' ~ :111d I' ~ hi · two spae<·lik<' li11<"s whil'h intnsc<:I· at l ' o· We now 
d«11 ·r111i1w (ddi1w) th<"ir 11rll111go 11:ilil~ · as 1;1llrnvs. 1.1'1 /' 1 lw 1111 · ti111<'like 
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line through e0 and orthogonal (in the sense just defined) to both e 1 and e2 

(see Figure 5.2) . Then f J is orthogona l to n just in case eve ry 
timelike line e; in the plane determined by et and n is orthogonal 
to f ;. Remarkably enough, this defin ition is not only intuitively satis
factory , but can be shown quite rigorously to succeed in reconstructing 
standard Euclidean orthogonality . (A proof and further discussion are pro
vided in the following section.) 

f 5 

f t 

Figure 5.2 

The basic idea of this construction (the comparison of a pair of space lik • 
lines or inte rvals using a timelike line as an inte rmediary) is the key to 
unders tanding the metrical constructions of causal geometry; th e samt• 
device is used in the definition of spatial congruence which will soon 
follow. 

Assume now that lines, planes, thei r parallelism, and orthogonality an 
given. How does Robb now proceed to construct a th eory ol' co11grn1•111•t• 
from th ese relations? First of all , consid e r classical (1•:11l'lid1'a11 ) 

1
111'

fin e geometry . Within this th<'ory, congnH·n ct· IH'I Wt't'll st·g111t·11ls lyi11 ).( 
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on parallel lines is easily established. Thus if e I is parallel to e 2, AB is 
a segment on e], and A I is a point on e 2, then the point BI (on a given 
side of A') which is such that AB is congruent to A' B ' is obtained by 
projecting parallels AA I and BB I from line e I to line e 2 in the usual way. 

Furthermore, by reflecting parallels from another parallel line (say f i) the 
interval AB may be "transported" along its own line as well . 

Now just as parallelism allows the definition of a partial congruence 
relation in Euclidean affine geometry, the same is true in space-time 
geometry. Having developed a theory of parallelism, we define intervals 
which are the opposite sides of chains of parallelograms to be congruent in 
space-time. 

But what of nonparallel line segments? In Euclidean affine geometry, it 
is time to add more structure : a congruence predicate and the "compass" 
axiom, the rotation group, or an inner product, depending upon the 
general approach adopted. In each case, a new primitive term and axioms 
are added, and in this straightforward sense, the theory of the total con
gruence relation is external to affine geometry (see Klein , 1939, p. 
L62ff). 20 

In the causal theory of congruence , there is no need to add new primi
tives or coordinative decrees , since constructions involving parallelism do 
not fully exhaust the metrical resources of a causal theory . In addition , 
I he re exists a distinguished set oflines, the causal boundary lines (the null 
lines), and these may be used to extend the theory to a full theory of 
space-time congruence. 21 Perhaps the best way to see this is to consider 
.some examples. 

Let e 1 and e2 be two events with spacelike separation in two
dimensional Minkowski space-time. Then the light cones of e 1 and e2 will 
intersect at two events A and B such that (by Robb's theory of parallelism) 
1· 1 /3 e2 A is a parallelogram. (See Figure 5.3.) Such a parallelogram will be 
1·alled a "light parallelogram" (Robb's "optical" parallelograms). Spacelike 
s<'gments e 1e2 and timelike segment AB will intersect at some event 0 , 

which will be defined as the center of the light parallelogram. The theory 
ol' parallelism now allows a proof that e 10 is congruent to Oe2 , and OA is 
1·011gruent to OB . In other words, the diagonals of a light parallelogram 
l1i st·d each other. So far, th en , only parallelism is involved. 

B11I now conside r fom-dimc nsional Minkowski space-time (Figure 5.4, 
dr:iw11 with on e dim 1:11sio11 s11ppressed). Again let e 1 and e2 have a 
~ l' lll't ' likl' s1:paralio11. Now ll1t·n· arc man y light parall elograms with 
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diagonal e1e2 . Choose two with diagonals which are both orthogonal to 
e 1e2 , with the result as shown in Figure 5.4. The light parallelograms e 1 B 
e2 A and e1 B' e2 A' share the diagonal e1e2 and center 0. The remaining 

half-diagonals OB and OB' are now defined as congruent. This idea may 
now be extended to provide a general definition of congruence of timelike 
intervals along the following lines. 

Suppose we are given intersecting timelike lines e I and e 2> with 
segment OB on f 1 , and we wish to locate B', i.e., the point on the 
"B-side" off 2 such that OB' is congruent to OB. The line with segment 
e1e2 (see Figure 5.4) can be shown to be uniquely determined by the 
condition that it be orthogonal to both f 1 and f 2 . Point-events e 1 and 
e2 are now determined by the "backwards" light cone of event B. The 
"forward" cones of e 1 and e2 (actually only one is necessary) now deter
mine point B' on f 2; in effect, the "top half" of the intersecting light 
parallelograms is determined. 

With this construction, the problem of the congruence of arbitrary 

8 

A 
Vigil/"!' ,') .') 
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timelike intervals is all but solved. Timelike intervals AB and CD on 
intersecting lines are compared by using the above construction to trans
fer segment AB from its line to the other. Parallelism now allows the 
transported segment to be compared with segment CD. If intervals AB 
and CD lie on nonintersecting lines, we merely use a third line intersect
ing the second (CD line) and parallel to the first (AB line) as an inter
mediary and proceed as before. 

An attractive feature of this construction is that it reveals the causal 
basis of the hyperbolas which form the contour lines of the Lorentz met
ric. Thus in Figure 5.5(a), let OA be the unit timelike interval. Then the 
locus of all events later than 0 and also a unit distance from O is given by 
the familiar hyperbola shown in the figure. The causal theory of congru
ence provides some geometrical insight into the situation. Thus let OA be 

Vig11re 5.4 
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a unit interval and consider the problem of finding A' on an arbitrary 
timelike line f through 0 and in the t-x plane (see Figure 5.5(b)). By 
construction, the y-axis is orthogonal to both the t-axis and line f. The 
light cone of A now determines e1 and e2 , and so the diagonal of the top 
half of a light parallelogram . But the e 1 and e2 cones will both intersect 
line e in a unique point A 1

, which, by our earlier definition, yields OA I 
congruent to OA. 

t 

0 y 

Ca> 
x 

(b) 

Figure 5.5 

Now consider all timelike lines like e that intersect 0 and lie in the l 
- x plane. Use only the light cone of e 1 to determine the unit distance on 
this line, since the e2 cone gives the same result. Then the intersection of 
the e 1 cone with such lines is the intersection of the e 1 cone with the x0 

-

x1 plane, which is just the Minkowski hyperbola. 22 

Finally, let us consider the congruence of spacelike intervals. These an! 
compared by first associating them with a timelike interval, and compar
ing the latter as above. Once again, the general idea is to use light paral 
lelograms, and then compare diagonals . For example , le t AB and A '13' 
below be spacelike intervals (see Figure 5.6). Let ADBC be a light paral 
lelogram with AB as diagonal (there will be many such; pick any 011e), allll 
let A'D'B'C' be chosen similarly. Then diagonals DC and D'C' will l>t 1 

timelike (theorem), and AB is congru ent to A' B' if and 011ly if (cldi 11il irn1 ) 
DC is congruent to D 'C '. The u niq11<' <'ongnu'lll'('S 1 li11s spt '<'ili<'d prnya hly 
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yield a Euclidean geometry for both spacelike planes and linear three
dimensional spacelike subspaces of space-time (Robb, 1921 , p. 67fl). 

Of course, this last group of constructions requires supporting proofs of 
accuracy; these are supplied by Robb (1914). Nevertheless, with these 
constrnctions in mind we may stand back and ask: how do they manage to 
succeed? 

Perhaps the two most remarkable features of the causal geometry of flat 
space-time are: first , the ability of the causal relations to yield the affine 
structure of space-time; and second, the lack of necessity for additional 
p~imitives (or coordinative definitions) in order to obtain the congruences 
ot the Lorentz metric. From the Euclidean, or even Riemannian, view
point, this feat appears almost magical. How does causal geometry do the 
trick? 

To answer this question we must go back to the conical structure of the 
causal space of each event. The set of events causally connectible with a 
given event e (the causal space of e) has a boundary or shell , the causal 
cone of e. The causal cone of e is definable in terms of< alone, and light 
lines (better called "causal boundary lines" since we need not suppose 
them to be occupied) are then defined as above. The light lines form the 
foundation for the linear structure of Minkowski space-time. 

Similarly, the light parallelograms form the basis for the comparison of 
11onparallel segments. A comparison with Euclidean space may be useful. 
I .et AB be a segment in Euclidean three-space. Then the Euclidean 
parallelograms which have AB as their common diagonal form a motley 

A' 
A 

B' 

Fig11r" .5. 6' 
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set whose non-AB diagonals have little in common aside from the condi
tion just used to define them. But the light parallelograms of Minkowski 

space with a given diagonal AB form a severely restricted set. For one 
thing, they all have a common center (1914, theorem 59; 1921, p. 31). 
Hence the initial plausibility of defining corresponding half-diagonals of 
such light parallelograms as congruent. What is remarkable is that this 
definition is compatible with the affine congruence relations so that both 
taken together yield a congruence relation which is provably an equiva

lence relation on its domain. 
Next consider the question of spatial geometry from the standpoint of 

the causal theory. As we have just seen, the congruence of spacelike 
interval's is defined uniquely in the causal theory by comparison with 
timelike intervals . The spatial geometry of a spacelike plane (or spacelike, 
three-dimensional, linear subspace of space-time) is then determined by 

the space-time congruences and linear structure of the events in the plane 
(subspace). The resulting geometry is then provably Euclidean. 

At this point, an interesting issue arises. As Griinbaum has pointed out, 
although a metric yields a µnique geometry on a space, the converse is , in 

general , false . In particular, the same set of points may be provided with 
two Euclidean metrics which neve rtheless differ in their congruence ver

dicts (1973 , p . 98 ff.) . 23 However, the causal constructions just outlined 
yield a Euclidean spatial geometry by first delivering the congruence 
verdicts of that geometry! Thus, although the existence of alternative 
Euclidean metrics is a mathematical possibility, it is not, within special 
relativity, a physical possibility! 

There is , of course, an important gap in this argument. For it has only 
been shown (or more precisely, claimed) that given the space-time 

geometry, spatial congruence is uniquely determined. Does Minkowski 
geometry itself allow alternative congruences? If so, we might expect this 
fact to reinstate deiivatively alte rnative spatial congruences as well. 

Clearly the preceding constructions show that this situation does nol 
arise . For space-time congruence is explicitly definable in terms of causal 
structure. Given that this (causal) structure is fix ed , space-ti11w 

congruence-and hence spatial congruence-are unique ly d e te rmined hy 
the preceding constructions . 24 Thus the causal str11ct11re <!/' M inkowskl 

space-time allows the unique determination of SJ>alial l'Olllf.rlll'll(:e witlt/11 

its spatial linear hyperspaces . As a re s11ll , no 1•xtra-ca11sal n ·so11tT1·s
1

<;11< ·l1 

170 

THE CAUSAL THEORY OF SPACE-TIME 

as extended rods are needed in order to specify spatial congruence. On 

the contrary, the causal definition of spatial congruence may be used to 
provide an ontological basis for the assessment of the rigidity or accuracy 
of material congruence standards. 

The preceding constructions were not, in general, accompanied by 
justifying theorems. However, the development of the linear theory was 
reasonably rigorous. The metrical constructions (orthogonality and con
gruence) were not provided with proofs of adequacy, and were, in any 
case, incomplete . The following section repairs this defect by defining the 
Minkowski metric in terms of its linear and causal structure, with proofs of 
adequacy provided. Fortunately, this development may be carried out in 
a reasonably direct way within the framework of modern metric affine 
geometry. 

VI. From Affine Structure to th e Minkowski Metric 

In th e preceding section it was shown that the construction of a space
time metric falls naturally into two parts: (1) the th eory of linear or affine 
structure; and (2) the theory of congruence and metric. Constructions that 

yield th e affine structure of Minkowski space-time have been provided 
and justified. Howeve r, the causal construction of the Minkowski metric 
was me rely outlined. In this section, the construction of the Minkowski 
metric from parallelism will be developed in detail along lines proposed 
hy Robb , but using the techniques of the modern th eory of metric affine 
.-; paces . The aim is to show th at , given the usual linear structure of affine 
spaces, the me re addition of the Minkowski null cone makes possible the 
construction of the metric structure of Minkowski space-time : orthogonal
it y, congruence, and interval. For Minkowski space-time , the transition 
from parallelism to metric--which , in Euclidean spaces , is carried out by 
adding congru ence poshilates or an inner product-may be achieved 
111 vre ly b y adding the null cone structure . We begin by outlining the 
.~('11eral structure of affine metric spaces. 25 

I ,et V he a vector space ove r the fi eld of real numbers . A (nonsingular) 
11wtric vector s7Jace is obtained by providing V with an inner product ( <, 

·) which is j11st a fim c:tion that assigns a real number to every pair of 
l'•Tlors i11 V, and is , in addition , linear, symmetric, and nonsingular. 26 
'1'1111.~ a lll<'l ric Vl'cl or space 27 may he regarded as a pair V1 = (V , <, > 

1
) with 

I ' a n ·al V<Tlor spac<' , and < .> 1 an inne r prnd11ct on V. 
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The choice of this inner product now determines the geometry of V 1· 

For example, if we now require that the inner product be positir.;e de

finite, i.e., 

for all r.; EV, <r.;, r.;> :::?: 0, with 

<r.; , r.; > = Oiffv = 0 

the resulting metric vector space is said to be Euclidean. 28 Minkowski 

r.;ector space (V;I, ) tnay be defined as <1 four-dimensional (dimension here 
is that of the vectot space V) real metric vector space whose inner product 

satisfies the following condition: 

(M) The re are four linearly independent vectors 

v 0 , • . • , v3 such that 
<vo, Vo > < 0, and <vh., vh. > > 0, k = l; 2, .3. 29 

The light cone or null cone of v,;, consists of all vectors v, called null 
vectors, whose length 2 (<v, v >) is zero , Ckarly the zero vector, 0, is in 

the null cone of Vt, , and it is easy to show that the null cone consists of a 
three-dime nsjonai surface (not subspace, however) in V111 • A vector v is 
said to be timelike if <t, v > < 0 and spacelike if < v, v> > 0. Two vectors 
11 and r.; are congnlent if and only if they have the same length, i.e., <11 , 
11 > = <v, v > . Notice that only timelike vectors are congruent to timelike 

vectors , and so too for spacelike vectors . 30 All null vectors are hereby 
made congruent, but this is merely a convenience. Null vectors may be 
compared along a given null line by means of the scalars of V4

• (Thus av 

and -av might be held congru ent, av and 2av not congruent, even when 

v is null.) 
The above account outlines the standard approach to Minkowski me tri c 

vector spaces. A specific imie r product is added to V4
, and then used to 

define vector length 2, the light cone, spacelike and timelike vectors, and, 

if we like , congruence of vectors. The analogue of Robb's approach is 
quite different. He re we begin with the vector space V 4 and its light cone , 
which will be called "Null. " Congru ence , orthogonality , and finally . an 
inner product are now defined in terms of this strnct11re. In other words , 

where the standard account begins with a structure of type (V·1, ), 

and goes on to define Null , a subset of V4, as: 

(1) Null = {v I v E V 4 and < v , i;> = O} , 

the following account defines congrncncP and tlw i111wr prmh1d 1'1111dlrn1 
I 

in terms of Null (and the vcdor spat'<' slr11d111·t· ol'\/ 1
).:

11 I lowt •vt·r . lwli11•1• 
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proceeding , a few remarks are in order concerning the relationship of the 
above Minkowski metric vector space to affine Minkowski space-time, the 
universe of the latter consisting of points (or point-events), that of the 
former being a set of vectors. 

Let X be a nonempty set of points. Recall that V1 = (V, < ,>1) is a 
metric vector space. We now make the set of points X into a geometrical 
space (a real affine metric space) by using the metric vector space V1 to 
induce a metric on X. The obvious way to do this is to associate each pair 
of points in X with a vector in V. Thus if <x, y> is an ordered pair of 
points in X, the vector in V associated with <x, y> is designated by 
" <x-:,IJ> ." The distance 2 between x and yin Xis now defined in a nat

ural way as the length 2 of <x-:u > in V1 (i .e ., as = < < x-:y>, <i:-':1J>>). 
The straight line through x and y is given b y the set of points associated 

with all vectors a <x-:-u > E V, a E Reals , e tc. 
Now the association of point-pairs in X with vectors requires an associa-

1 ion function A , usually called the action (function) of V 1 on X. Of course, 
A must induce the structure ofV1 on X in a "natural'' way, and is accord
ingly subjected to the following requirements: 

(2) A is~ function from V x X to X, such that: 
(a) A(O, x) = x, for all x EX, 

(b) If A(i; , x) = A(w, x), then v = w, and 
(c) A(u + v , x) = A(u , A(u, x)). (Cf. Snapper and Troyer, 1971 , p. 6.) 

i\ real affine metric space is now defined as a set X, and a real metric 
\ <·dor space V1 together with an action function A. 

Now consider two such affine spaces, (X, V1 , A) and (Y, V'1 , A'). It is not 
difficult to show that these spaces are isometric if and only if V1 and V; are 

isome tric (Snapper and Troyer, 1971 , p . 387, ex . 12). This amounts to 
~ a y ing that the study of an affine metric geometry essentially reduces to 
1 lw study of its me tric vector space V1 . In short, while an affine space (say 

1\1i11 kowski space-time) and its associated metric vector space (say vi,) are 
11111 idC'ntical, th e geometric structure of the affine space derives entirely 
i'ro111 its associated met1ic vector space , so the geome try of the former 
1 ·s .~ t · 11lially reduces to that of the latter. H ence Minkowski space-time, 
i .1· .• alTirl<' Minkowski metric space, is defined as a tiiple (M , MV4, A), 

\\' lll'n ' /\I is tl1c set of its "points" (or point-C'V<"nts), MV·' = (V~ , <, >111), 

.111il 1\ SJHTifit•s tlw adirn1111' /11\1'1 011 /11 i11 ac< ·ord wilh th!' rl'q11irl'll1Pnts of 
i '.2 ) ; ii>()\ ' ( •. 
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The above isomorphism theorem shows that , having distinguished 

Minkowski space-time from its metric vector space , we now may proceed 
to concentrate on the latter. Th e first task will be to use the Null vectors of 

V 4 to define congruence of its vectors, and then to go on to show how to 
define orthogonality and a Minkowski inne r product on V 4

• 

The central notion in the following is that of the conjugate class , Conj 
(v) , of a vector v. A vector u is in the conjugate class of v if and only if 

both u and -u yield a null vector when added to v. It turns out (proposi
tion 6.1 be low) that the conjugate class of v contains just those vectors that 

are orthogonal to v and have length 2 equal to negative length 2 of v . 

Definition 6.0. Whe re v E V 4
, 

Conj (v ) = df. {u I u E V 4 and v + u , v - u E Null}. 
Proposition 6.1 . For all u , v E V 4

, 

u E Conj (v) iff <u, v> = 0 and < 11, 11 > = -<v, t:>. 
Proof: (a) Suppose u E Conj (v) . Then (1) <u + v, u + v> = 0 

and (2) < 11 - v, u - v> = 0. Expanded, (1) and (2) become: 
(3) < 11 , 11 > + 2< 11 , v> + <v, v > = 0 and (4) <u, u > - 2<u , v > + 
<v , v> = 0. 

Adding and subtracting (3) and (4) yields: 

<u , 11 > = - <v, v> and <u, v> = 0. 
(b) As in case (a). Done . 

The following two propositions will be used later in proving the accuracy 

of the forthcoming congruence definition : 

Pro position 6.2. (a) Conj (0) = Null. 
(b) If u E Null and u =t- 0, then Conj (u) = < < 11 > >. t:Jw 

subspace of V 4 spanned by 11 . 
Proof: (a) Immediately from definition 6.0. 

(b) Suppose v E Conj (u). Then by proposition 6.1, v E Conj (11 ) iff ( I) 

<v v> = -<u u > = 0 and (2) < 11 , v> = 0. H ence ifi; = 0, i; E Co 11 I 
(u) : and thus in ~ <u > >. Suppose then that v E Conj (11 ), i; =t- 0 and r f 
< <u > >. Then u and v are linearly independent , and so < < 11 ; r 
the subspace spanned by u and v, is a plane in V,J,. Le t re he in -"11 : 
v> >. Then w =au + bv , for some a, b E Reals. However, hv virl11t • 111' 

(2), <w, w > = 0. Hence <<11 ; v>> is a null plan e in V;~, . wli l<" l1 
contains no such planes (see Snapper and Troyn, I D7 I , mroll11r~1 

195.2). Thus we must h ave v E <<11 >> . 
. ~ I 

On the oth e r h and , ii 1: E <<11 >--·. r = 1111 , so < r . 1· · ~ 11 · - 11 . 11 • -
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0, and <u, v> = a<u, u> = 0. Hence by proposition 6.1, v E Conj (u). 
Done. 

Next it is shown that a vector and its negative have the same conjugates, 
and that every vector has some conjugate. 

Proposition 6.3. (a) For all u, Conj (u), =t- { } 

(b) For all u, Conj (u) =Conj (-u). 
Proof: (a) If u E Null, then the result follows from proposition 6.2. Sup

pose then that u is timelike. Let v be spacelike and hence linearly 
independent of u. Then <<u, v>> is a Lorentz plane and contains a 

spacelike vector w orthogonal to u . Multiply w by the appropriate scalar 
a to obtain aw: <aw, aw> = - <u, u>, and <u, aw>= 0. Proposition 
6.1 now yields aw E Conj (u). If we suppose u to be spacelike, we choose 
a timelike vector v' and proceed similarly. 

(b) Immediately from definition 6.0. Done. 

We are now in a position to define congruence of vectors in V 4• Note that 

hy proposition 6.1, conjugate vectors are not in general congruent (their 
lengths being of opposite sign), but for any vector u, the vectors in Conj 
(11) are all congruent to each other. Still, if u and v are, say, congruent 
limelike vectors, can we count on there being a spacelike vector w such 
I hat u E Conj (w) and v E Conj (w), thereby yielding their congruence? The 
li>llowing definition relies on this being the case, and the propositions 
which follow justify this confidence. 

n efinition 6.4. ll =-v (u is congruent to v) = df. 
Conj (u) n Conj (v) =t- { }. 

l'rn1iosition 6.5. For all 11, v , 

(l) 11 = u (reflexivity), 
(2) if 11 = v, then v = u (symmetry). 

l'roof: (1) Immediately from definition 6.4 and proposition 6.3.(a) . 
(2) Immediately from definition 6.4. 

'I'll<' li>llowing proposition now establishes the accuracy of the congruence 

clc ·li nilion. 

/'ni110.1·ili1111 6.6. 11 = v iff < 11, 11 > = <v, v>. 
I 'rool': (a) Ass11m e 11 = 1; . Th en for some vector w 0, w 0 E Conj (u) and Wo E 

( :onj (1:). I Jen e<' hy prnposi I ion fi. I , < 11 , 11 > = - < rv 0 , rv 0 > = <v, v >. 
(h) S11ppos1 · 11 , 11 • ,/ ,. , 1:> . 
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(1) 11 , v E Null . By proposition 6.2, 0 E Conj (11) and 0 E Conj (v), 

whether or not t1 and v are the zero vector. 

(2) 11, v f_ Null. 
(a) 11 , v linearly dependent. Then 11 = kv , and thus <u, u> = k2<v , 

v>. But < 11 , 11 > = <v, v> , so k = ±1. 

Hence 11 = v or 11 = -v . In either case, by proposition 6.3, Conj (11 ) n 
Conj (v) =f { }. 
(/3) u , v linearly independent. Since < u, u > = <i;, c>, and 1.1 , u f

Null, 11 and v are either both timelike or both spacelike. Hence 
< < 11 ; i;> > is either a Lorentz plane or a Euclidean plane. In either 
case y4 = <<11 ; v >> (!) <<11 ; i;>>*, where <<u; v> >* is the 

orthogonal complemen t of <<u; v> >. (See Snapper and Troyer, 
1971 , p. 1.55, ex. 4b.) Thus <<11; i;>>* is eithera Euclidean plane 
or a Lorentz plane, respectively. H ence when 11 , v are both 
time like , a space like vector tc0 is in < < 11; v> >*and is thus orthog
onal to both 11 and v. Multiplication by an appropriate scalar will 
now yield an awcl> <aw 0 , aw0 > = -<11 , u> = -<v , v >. Hence 
h y proposition 6.1, aw0 E Conj (11 ) n Conj (v). When 11 , v are both 

spacelike, a similar argument suc~eeds. Done. 

Now that it has been shown that congruence of vectors is definahl<' 
using the null cone of vi,, the orthogonality of vectors in V,t, is defined 

next. We want our definition to yield 11 orthogonal to v just when < 11 , v 
= O. With congruence and orthogonality defined , the construction of tlw 

Minkowski inner product on V4 is simple and direct. 
As an aid to th e constructions to follow we now define what it means for 

two vectors 11 and v to h e of the same type (u ~ v)-intuitively, to be 

either both null , both timelike, or both spacelike. The definition is obvi

ous. The proposition that follows provides justification. 

Definition 6. 7. 11 ~ v = df. for some a =F 0, au -= v. 
Proposition 6.8. 11 ~ v iff t1, v E Null, or 11, v time like, or 11 , i ; spacelik1· . 
Proof: Immediately from proposition 6.6 and from th e fact that if 11 a11d r· 

are of the same type, a suitable choice of o =F 0 will yi<' ld < 1111, 1111 ' -

<v, i;>. 

By the type qf a vector v we shall mean the sd of all v1•<·lors ol' tlw s1 1111t • 

type as i;. However, the above definition has tlw :t.t'l'o v1·<·lor dill(·n·11t 111 
type from any spacelikc or ti11wlik1· Vt'd or; so lc>r tlw sakt · ol' c·rn>v1·1rl1 ·11t •t• 

we add it to <,ach class . 
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Definition 6.9. Where v is any vector, the type of v (Type (v)) is just the 
set of all vectors of the same type as v , together with the zero vector, 
i. e., 
Type (v) = df. {11 I 11 ~ v or 11 = O} . 

The construction of orthogonality is helped by being able to distinguish 
tim elike and spacelike vectors. It is well known (cf. Noll, 1964) that the 
set of spacelike vectors contains a subspace of dimension three, whereas 

the timelike vectors contain subspaces of dimension one at most. We use 
this fact below to distinguish the two sorts of vectors. 

Definition 6.10. Where u is any vector, 
(a) u is timelike = df. Type (u) contains subspaces of at most dimension 

one; 
(b) u is spacelike = df. Type (u) contains subspaces of dimension three . 

We are now in a position to defi ne orthogonality of vectors in v. 

The definition of orthogonality is made easier by recalling that in Min
kowski spaces: (1) timelike vectors are only orthogonal to spacelike vec

tors , (2) two (nonzero) null vectors are orthogonal if and only if they are 
linearly dependent, and (3) the zero vector is orthogonal to every vector 
(cf. Trautman , 1965, section 3.2). Hence only three interesting cases of 
orthogonality remain : spacelike vectors orthogonal to (nonzero) null vec
lors, timelike vectors , and other spacelike vectors. The case of the orthogo-
11ality of a spacelike and a timelike vector am ounts to a simpl e extension 

cl th e idea of conjugate vectors introduced above. The geometrical 
significance of the other two cases of orthogonality is quite different , 

however, and each case merits individual treatment. First, the case of two 
orthogonal spacelike vectors. 

The intuitive idea is this . Let t1 and v be orthogonal spacelike vectors. 

Tlrl'n there will be a plane < <w0 , v> >, containing v, all of whose vectors 
(a11d hence all of whose timelike vectors) are orthogonal to u (see Figure 
:i. 2). 

The orthogonality of a (nonzero) null vector and a spacelike vector has 
~ I ill a11oth e r significance. Let u and v be the null and spacelike vector, 

'' ·s pl'dive ly. Then 11 and v may be such that their " tips" are not causally 
<'<11 111<·dihle , i. e., 11 - v is spacelike. If this is so no matter how v is 

1·r fl'11ill'll (lc>r all 11v , 11 "/= 0), llH•11 and onl y th en are 11 and v orthogonal. In 
11ill<'r words , an i11tc•rs1 •di11g span· lik<' and a n11ll li11e are orthogonal just 
111 1·as1· 110 point 011 tllt' sp:l!'c· likt • li111 ., saV<' tll<' i11['(·rscdion point itself, is 
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causally connectible with any point on the null line (cf. Robb, 1921, p. 46, 

definition B). 
These intuitive explanations are stated more precisely in the following 

definition. The succeeding proposition shows that the construction is suc

cessful. 

Definition 6.11. ti 1 u = df. 
(1) u = 0 or u = 0, or 
(2) u, u E Null, u =F 0 =Fu, and u =au, for some a E Reals, or 

(3) u is spacelike and: 
(a) u is timelike and for some a E Reals, a =F 0, au E Conj (u ); or 
(b) u is spacelike and for some w0 E Conj (u), if tis timelike and in 

<<u:0; v>>, then u 1 t, i.e., t satisfies (a); or 
(c) u is null, v =F 0, and u - au is spacelike for all a ER, a =F O; or 

(4) as in (3), with u and v interchanged. 
Proposition 6.12. u 1 u iff <u , u> = 0. 
Proof: (A) Suppose <u, v> = 0. By the remarks above, definition 6.11 

covers all possible cases. Hence we need only show its accuracy in each 

case. Cases (1) and (2) are trivial. 
Case (3) (a): Choose a =F 0 such that <au, au> = -<v, v>. 
Then by proposition 6.1, au E Conj (v). 
Case (3) (b): Since <u, u> = 0, u and v are linearly independent, so 
<<u; v>> is a Euclidean plane. Let w 0 be a timelike vector, <u, w 0> 

= 0, <u, w 0 > = 0, suitably chosen so that <w0 , w 0> = -<v, u>. By 
proposition 6.1, u:0 E Conj (v). Now suppose t timelike and t E <<wo; 

u>>. Then t = au:0 +bu. 
Hence <u, t> = a<u:0 , u> + b<u , u> = 0. Choose d =F 0, so that < dt , 

dt> = -<u, u>. Then <dt, u> = 0 and by proposition 6.1, dt E Conj 
(u). Case (3) (c): By a standard theorem, (i) <v - au, v - au > = < v, 

v> - 2<v, au> + a2 <u, u> . 
Since <u, u> = <v, u> = 0, (i) becomes (ii) < v - au , v - au > = 

a2 <u, u>. 
Since <u, u> > 0, (ii) shows that u - au is spacelike for all a =F 0. 

Furthermore, (i) shows that unless <u, u > = 0 , some choice of a =F 0 

will make <v - au, v - au > < 0, proving suffi cie ncy as well. 

Case (4): as in case (3). 
(B) Suppose u 1 v. Cases (1) and (3) ar!' trivial. C:as!' Cl) (a) li1llows 

from proposition 6.1. Case (3) (c) was shown 1111d( ·r (A) ahov .. . ( :as1 · ,,(-1) Is 

treated like case (:3). This k av(·s 011l y ( ::is(' (:3) (h). Cl1oos( • / , , / ~ E • • 11 111 : 
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v > > (a Lorentz plane) to be timelike and linearly independent. Then 
by (3) (b), ti 1 t" ti 1 t 2 , so by case (3) (a), <u, t,> = <u, t 2 > = 0. 
Now u =at, + bt2 (since t,, t 2 a basis of <<u:0 ; v>>), so <u, u> 
a<u, t 1> + b<u, t 2 > = 0. Done. 

A Minkowski inner product is now defined as follows. First, choose a 
timelike vector t 0 as a unit. Let s 1 be any vector in Conj (t0). Hence t l .s 1 

and <s 1, s 1> = -<t0 , t 0>. We now complete the set by adding s2 , s3 , 

both spacelike, congruent to s 1, and such that the vectors B = {t0 , s1> s2 , 

s3 } are pairwise orthogonal. (Since this is vi,, we know that such exist.) 

The set B is thus a Lorentz basis of V,~, so we may define the inner 
product <, >,~ in the usual way: 

Definition 6.13. <11, u>m = -11°u 0 + llkuk, k = 1, 2, 3, where 11" and t:"' 

are the components of u and v in any basis B = {t0 , s" s2 , s3}, t 0 is time
like, s1 E Conj (t0), s~ = s2 =- s 1 , and the members of B are pairwise 
orthogonal. 

The following theorem follows automatically: 

l'roposition 6.14. Let <,>*be a Minkowski inner product on V 4
, with 

null cone = Null and <t0 , t 0 >* = -1. Then <11, v>* = <u, v>;\',. 
l'roof: Since the null cone of<,>* is Null, all previous theorems apply. 

Let B = {t 0, s 1, s 2 , s3 } be as specified in definition 6.13. Its members 
are mutually orthogonal 1~ and so, by theorem 6.12, have pairwise 

inner products (< , >*) equal to 0. But <t0 , t 0>* = -1, and so by 
propositions 6.1 and 6. 6, <sk> sk >* = + 1, k = 1, 2, 3. Thus B is a 

Lorentz frame and <u, v>* = -u 0v 0 + 1i"v" = <u, v>~. Done. 

So, given the vector space V 4 and the Minkowski null cone in V\ the 
rvli11kowski metric may be uniquely defined (up to a unit of length). In 
l-'. 11clidean geometry, on the other hand, the choice of a unit vector does 
1101 s1iffice for the construction of the metric. In addition, a set of n - 1 
li1ll'arly independent vectors must be exhibited and defined to be mutu
:dl y rnngruent and pairwise orthogonal. The arbitrariness of the resulting 
1111"1 ri c, from the physical standpoint, will reside in the extent to which 
111 .. d1oi ce of th ese other vectors is based upon factual physical relations. 
\\llw11 M inkowski geom etry is seen in a similar way, the choice of sI> s2 , 

11 111 I .1·:1 <·011ws 11 nde r scrn ti 11 y, and iss11 es involving th e conventionality of 
11,.. sp:ili:il l( •11gtl1 of lra11sporl1·d spatial mcasming standards will naturally 
11 1·is1·. Tli1 · ahov <· crn1slrndirn1 sl1ows l1ow tl1is diffi culty is e liminated 
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within Minkowski space-time. In addition to the vector t 0 , we obtain the 
metric by exhibition , but now by the exhibition of the null cone in V 4

• 

However, the null cone, now interpreted as the boundary of the causal 
connectedness relation, is free from the conventions that attach to the 
choice of various spatial and temporal measuring devices . 

The last theorem (proposition 6.14) is also a step on the way toward 
fulfilling the claim made earlie r (section V) that two Minkowski metrics on 
the same set M which have identical null cones are identical up to a 
constant scale factor. However, proposi tion 6.14 assumes that the two 

metrics yield the same linear structure for space-time, and this is an 
unnecessary restriction , since two Minkowski metrics with the same null 
geodesics agree on all geodesics. H ence the following theorem is just 
what is needed: 

Proposition 6.15. Let :JJ(. 1 = < M , TJ > and ~Jll 2 = <M , TJ'> be Min
kowski space-times 32 with identical null cone structures. Then T)' = k'Y} , 

where k is a positive constant. 
Proof: Since :lll 1 and ~)Jl 2 have the same null cone structure, they are 

conformal , i.e . , 'Y} 1 
= <r'YJ , where <r is a positive real-valued, smooth 

function defined on all of M. Since :))(_ 1 and ~))(. 2 are both flat, it can be 
shown-as in Haantjes (1937), p . 702-that <r must satisfy 

(1) 2S, ,µ = SµS, - (Y/µ,J 2) (Y/"flSaSf:l ), where Si= () ln<r/a xi . Equations 
(1) may be solved , giving <r = constant as a solution,' along with solu
tions of two other types. However, for each of these types, <r is not 

defined on all of M (Haantjes , 1937, section 2). Hence <r = constant. 
Done. 

It now follows that the causal structure of Minkowski space-time fixes 

its metric up to a constant factor. As a result the spatial metric of th<· 
inertial frames of special relativity is determined (up to a constant facto r) 

as well . 

VII. The Causal Definition of Congru e nce 

While the constructions of synthetic causal geometry move d ee pl y iulo 
the structure of Minkowski space, the homogeneous geome try ol' Ml11 · 

kowski space-time p ermits the effective use of group-th eore ti c met hods I 11 
its study. These m e thods provide a considerably eas ie r way t·o show 1lu• 
causal definability of congru ence in Minkowski space. For E. C. Zt·t·1111111 
has shown (1964) that the causal gro11p of fl at spact •- li11w a11d its " I ,01r 111 z" 

group are one and th<' same; in this st·dio11 ii will ht · sl1ow11 Ilia! tl1t • \ '1 111.~ 11 1 
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definability of Minkowski space-time congruence is a relatively easy con
sequence of Zeeman's result. To begin with , let us be quite clear about 
what Zeeman 's theorem asserts. 

Recall that "TB(e1e2e3)" asserts that event e3 is chronologically between 

events ei and ea, and "CB(e 1e2e3)" asserts that e2 is causally between 
events e1 and e3. Now a symmetry (or automorphism) of a given structure, 
say < M, TB > or <M, CB>, is a bijective (one-one onto) mapping of its 
universe M to itself which, in addition, preserves certain (perhaps all) of 
that structure 's relations. The set of all such symmetries is easily shown to 

be a group when functional composition is taken as the group operation, 
and so is called a "symmetry group" of that structure. The symmetry 
groups of <M , TB> and <M, CB > will he nceforth be called the chronol
ogy group (TC ) and the causality group (CG) of Minkowski space-time, 
respectively. Thus TC consists of all one-one mappings of Minkowski 
space-time onto itself that preserve chronological be tweenness , while CG 
contains just those map pings that preserve causal betweenness . 33 

However, in Minkowski space-time, the chronology relation < < and 
lhe causality relation < are interdefinable (see Kronheimer, 1967, section 
2). It follows immediate ly that a mapping which preserves the one will 

preserve the other, and so the chronology group and causality group are 
identical (CG = TC). 

Of course, thi s easy result is not Zeeman 's theorem. What Zeeman has 
shown is that the causality-chronology group is in turn identical with the 

sd of all mappings that preserve the Minkowski metric up to a scale 
1:1ctor. This group thus contains the metrical symmetries together with 
1I1ose maps that uniformly expand or contract Minkowski space-time ("di
lal ations ," "magnifications") . For the sake of clarity, let us define the 
.i.: ronps involved more carefully. 

I ,e t (M, 12) be the points of Minkowski space-time together with the 
i11l<"1val function I2: M X M ~ R, where I2(e 1 , e2) is the interval squared 
I •l'lwee n e 1 and e2 . Then an isometry of M onto Mis a one-one mapping of 
t\I onto M which prese rves I2. The set of all such isometries forms a 
~ ' 111111 c lry group, called the Poincare Group (PG) of M. 34 

11 won ld he too much to expect the causal group CG to be identical with 
llw l'oincart: group of fl at space-time, since the Poincare group fixes the 
w1d .. ol' spal·< :- hm e gconwlry, and this would seem to require extra-causal 
• ·011s idt ·ral io11s or 1·011 vt ·111 ions . I 11 an y cas1-:. 1·he geom etrically fundam en-
11d g rrn1p is 1101 flit · iso111t'lrv gro11p . lint ralh1T th e simi.larily group , of a 
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geometry: the set of all one-one m~ppings of the space onto itself that 
preserve the metric up to a scale factor. 35 

Thus a mapping h is a similarity of Minkowski space if and only if h is a 
bijection of M to M such that: 

I2(e1, e2) = j · F (h(e 1) , h(e 2)), 

for some positive real numberj . The group of all similarities ofMinkowski 
space includes the Poincare Group as a subgroup (take j = 1), and will 
henceforth be called the Extended Poincare Group (EPG). A theorem on 
metric affine spaces (Snapper and Troyer, 1971 , theorem 416.1) now tells 
us that every similarity is the product of a magnification and an isometry, 
so we may characterize EPG as obtained from the Poincare group by 
adding magnifications and closing under fun ctional composition. 36 

We are now in a position to state Zeeman's theorem : 

(Z) The causality ( = chronology) group of Minkowski space is just 

the Extended Poincare Group; i.e ., CG = TC = EPG. 

In other words, any one-one mapping of Minkowski space-time onto itself 
that preserves its causal structure also preserves its metric up to a scale 
factor. (The converse is obvious since < and < < are definable in terms of 
[ 2.) 

Clearly Zeeman's theorem shows that the metrical and causal structurn 
of space-time are very closely related. According to the theorem, tlw 
similarity group of the structure <M, 12> and the symmetry group of 
<M, CB> are identical. Howeve r, exactly what does this te ll us about tli · 
connection between the relation CB of causal betweenness and tlt u 
space-time interval I2? In particular, may we now conclude that these two 
relations are interdefinable? As a first step towards considering this qt1l'S· 

tion , let us consider the relation between symmetry groups and defi nahl I· 
ity in a more general setting. 

Let Th(R, S) be a theory containing just two relation-te rms H and S. 
Then a possible model ofTh(R, S) will be a structure (A, R, S) , where!\ I 
a nonempty set and R and S are relations on A of th e appropriate lyp111i . 

Now let M = (A 1> RI> S 1) be a model ofTh(R, S), and conside r tlH: rl'd11t111I 
structures K = (Ai, R 1) and] =(Ai, S 1). Both K and.f have their assod11l11d 
symmetry groups Sym(K) and SymU). Suppose now tlia! ll11·sc lwo grn11p 
are not identical. Th en Rand S are not intc rdcfi11alil l' in '/'/1 (H, S). Tltl ~ 

result is an immediate conseq11c 11 c1· of llw li>llowing ll11 ·or1 ·111. 
I 
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Theorem 7.0. Let Th(R, S;), i = 1, 2, ... , n be a theory containing the 

relation terms R, Si. Let A = (M, R, S 1, . . . Sn) be any model ofTh(R, 
S;). Then ifR is definable in Th(R, S;) we must have Sym((M, S1 , •. • , 

Sn) C Sym((M, R)). (Here Sym((M, R)) and Sym((M, S;)) are the sym
metry groups of (M, R) and (M, S;), respectively.) 

Proof: Suppose h0 ~ Sym((M, S;)) but h0 t Sym((M, R)). Now consider the 
structure (M, h0[R], ho[S 1], ••• , h0 [S 11 ]) ==A'. By construction, h0 is 
an isomorphism of A and A'; thus A' is also a model of Th(R, S;). Since 
hoE Sym((M, S;)), ho[S;] = S;; but hoE Sym((M, R)), so ho[R] 1= R . Thus A' 

= (M , R' , SI> .. . , Sn) , whereR' = R. Hence, by Padoa's method, R is 
not definable in Th(R, S J.37 
In order to apply this result to the causal definability of congruence, it 

is only necessary to note that the mappings in the Extended Poincare 
< ;roup are just the pairwise congruence-preserving mappings of Min
kowski space-time, since EPG is just the similarity group of Minkowski 
.-; pace-time. This may be seen as follows. As in affine metric spaces in 
.~C' neral, congruence of point-pairs in Minkowski space-time may be de
Ii 11 ed in this way: 

t>ifmition 7.1. Let A = < 11, v> and B = <x, y> be pairs of points in M. 

Then A is congruent to B iff there is an isometry h of M such that h(u) 
= x and h(v) = y. 38 

1\ !"our-placed congruence relation C(u , v, x, y) (read "the pair u, v is 
«rn1gruent to pair x, y" or "u is just as far from v as x is from y") may now 
111 · defined as obtaining just in case <u, v> and <x, y> are congruent 
.wrnrding to the above definition. 

Now suppose his a similarity of M (in particular, h E EPG), and C(u, v, 

1 , 11 ). Then we must also have C(h(u), h(v), h(x), h(y)), since the similarity 
Ir 111agnifies both <u , v> and <x, y> by the same factor. Thus it is easy to 

"''' !hat, quite generally, the similarities of a geometry are just those 
111 :1ppings that preserve the congruence relation. 39 So, for Minkowski 

' P:t1 ·1., the symmetry group of (M,Con) is just the Extended Poincare 
< :ro11p (FPG). 

\\I,· an· now in a position to apply the earlier theore m. Let Th(CB, C) 
111 · :1 tl1 .. orv l·rn1tai11i11g th<' lhw('-plac:e re lation term CB (to be interpre ted 

"" •·: 111 s: d l)('fwt·<·1111<·ss) :111d Ill!' li>11r-plac<' rl'lation term C (to be inter-
1111 ·lt ·d as tl1t · poi11l -p:1ir 1·rn1gr111·111·1· rC'l:tlion ). a11d containing all sen
,, .,,.., ., lnw ol" l\1i11lwwski sp:w•· 1111dt ·r this i11ll'rprl'l:tlio11 . Is f: dl'finahl e 
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in Th( CB, Con)'? The ahove theorem now tells us that this will be the case 

only if 
(1) Svm( < M, CB>) c;_Sym(<M, C > ), when (M, CB , C) is any model 

ofTh(CB: C). But, as we have just seen , Sym( < M, C>) is just EPG , and 

so bv Zeeman's theorem 
.(2) Sym( < M, CB > ) = Sym(<M, Con > ). 

Thus Zeeman's theorem establishes a necessary condition for the causal 

definability of congruence in Minkowski spaces. . . 
Naturallv we now ask: is Zeeman's theorem also a sufficient cond1t10n 

for causal d~finability of congruence? Or , more generally , does the equal

ity of two symmetry groups (as in (2)), both models of a theory Th, insure 

th e interdefinability in Th of the involved relations? 
In general , the answer to this question is negativ:·. The .smal.le r th e_ 

symmetry groups involved , the less likely it is that their 1dent1ty will be. of 

any logical importance. It is just this fact about symmetry groups that hes 
behind the failure of Klein's Erlangen Program to provide a comprehen
sive foundation for geometry. Spaces of highly variable curvature have 

relatively small symmetry groups (in some cases, th e trivial group) , and so 
the structure of these groups provides little or no information about th e 

underlying geometry . .. ,, 
Howeve r, the Extended Poincare Group is not the small symmetry 

group of an inhomogeneous space, but a "large" symmetry group of a 
strongly homogeneous structure: Minkowski space-tim e. So ~lthough the 
causai definability of congruence does not follow in general from a result 
such as Zeeman's theorem , it does indeed follow in this instance owing to 

the homogeneity of Minkowski space . This may be shown. as follows. 
First of all, although Zeeman's theorem merely provides us with a 

causal characterization of the similarity group of Minkowski space-time , 

let us suppose that we have managed to provide , somehow or other, a 
purely causal definition of the isometry group PG of Minkowski space-tmw. 
We may then define congruence as in definition 7.1 abov~, and we an· 
done. However, it should be noted that even this last step 1s not entirely 
trivial , since the homogeneity of Minkowski space ente rs here in an im
portant way. Consider, for example, the following alte rnativ!' approach lo 

congruence in metric spaces : 
,1:, L A < 1·.> .·ind H = <.r, 1.1 Ill' ord('n·d parrs of (**) DeJ'nition. e t . = 11 , 
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points in M. Then A is congruent tu B iff there exists a bijection h from 
A to B which preserves the metric on M. 

Notice that this last definition requires only that h map A onto B, rather 
than all of space M onto itse lf as well. Thus it may serve to define congru

ence for all metric spaces, even those with trivial symmetry groups. In 
addition, this last definition of congruence captures the intuitive ly desira
ble feature that two figures should not be deemed incongruent solely on 
th e basis of remote inhomogeneities of the space. 4° Fortunately it can be 
shown that, for a wide class of geometries-Minkowski space-time 
included-the two definitions of congruence are equivalent. 41 The proof 
of this theorem depends heavily on the metrical homogeneity of the 
spaces involved , and thus the success of the above definition of congru
ence in te rms of the Poincare Group is not a trivial matter. 

It now remains to provide a causal definition of the isometry group PG 
of Minkowski space-time. First of all, Zeeman's theorem tells us that the 
causality group CG is the similarity group of Minkowski space-time, so 
the following succeeds as a causal definition of that group (EPG) . 

Definition 7.1. EPG = df. {h J h: M ~ M, h bijective, andforallx, y , z , E 

M, CB(x, y, z) iff CB(h(x), h(y) , h(z)). } 

Now we need to recove r the isometry group PG from the similarity 
group EPG. The following method succeeds in solving this problem for all 
(nonsingular) real affine metric spaces . 42 

Call the subset of EPG whose membe rs each fix at least two points 
"TF(E PG )." More precisely, 

Definition 7.2. TF(E PG ) = df. {h J h E EPG, and for some s, y EM, x =t- y , 

h(x) =.rand h(y) = y}. 

( :I early TF(EPG) contains only isometries , since it contains only 
sirnilaiities , all of which have ratio 1. Thus TF(EPG ) f; PG . Now close 
'/'J! (EP G ) under finit e functional composition , labe ling the re sult 
(TF(EPG)). That is , 

n1:fi11ilio11 7.3. TF (E PG ) = df. {h J h = h,, 0 h,, _1 ° . .. 0 h 1 , hi E TF(EPG) , 
i = I , . .. , II}. 

Si Ill'<' t 11< · corn position of two or more isome tri es is again an isometry, we 
~ till lia v1· that 'J'l i (/':PC ) S PC . lloweve r, we <'an now say more : TF(EfG) 
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contains all the isometries, i.e., TF(EPG) =PG. This is shown in the proof 

of the following theorem: 

Proposition 7.4. Let Md be any (nonsingular) affine metric space of dimen
sion d ~ 2, with Sim the similarity group of M'1. Then TF(Sim) is the 

isometry group Is of Md. 
Proof: The above argument shows that TF(Sim) ~Is. Suppose then that h 

E Is . According to the Cartan-Dieudonne theorem (see Snapper and 

h · d + 2 t ·es 43 of M" Troyer, 1971, section 69), t ere exist at most symme n 

such that h = s1 ° s2 ° . . . 0 
sr1+2' Since any symmetry of an affine 

metric space pointwise fixes ad - 1 dim ensional subspace of Md , and d 
~ 2, every symmetry is in TF(S irn). Since h is a finite functional compo-

sition of symmetries, h E TF(Sirn). Done. 

H ence the Poincare Group is just TF(EPG), and the accuracy of the 

following definition is established: 

Defi nition 7.5. PG = df. TF(EPG). 44 

Definition 7.1 above may now be used to define the congruence of 

point-pairs in Minkowski space-time. With this construction, congruence. 
in Minkowski space-time is shown to be ontologically independent of 
conventions concerning the isochrony of periodic processes and the con
gruence of transported spatial units. Congruence in Minkowski space

time is reducible to its causal structure. 
The availability of the isometry group PG (or even EPG) of Minkowski 

space-time makes the definability of its linear structure obvious , since 
these transformations are all linear. Thus, beginning with two poinl'

events x and y , first consider all transformations in EPG that leave x a~d II 
fixed. Let L(x, y) b e the set of all points that are left fixed by all of thl' 
above transformations. When x and y are not light-connectible (not x A 11 ). 
L(x, y) will be the straight line in Minkowski space connecting x and!/· Ll' .r 
and y are light-connectible (x A y), then L(x, y) may be defined (as i11 
section V) as the set of all events z, such that z is light-connectibl e to hotl1 
x and y (x A z, y A z) . Lines are classified as spacelike, timclike , 01' 

lightlike, of course , just in case x and y have th e co1Tesp01Hli11g r<'latio11 . 

(Of course, any pair of events on a given line may he chos<'n_.) 
The above constructions use th e similarity group or Mi11lwwski S(lll( '(I 

together with the causality relation < . and , for pr<'st·nt pmpos<'s , )his Is 
perfectly appropiiate. Let me, how!'vt·r , p11I li1rll1 tlll' liillowin g !'t111,l! •t' 
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ture, which is of some independent geometrical interest: given only the 
similarity group (EPG) of M inkowski space-time, it is possible to construct 
the entire space-tim e geometry including the order of points within its 
lines. For Euclidean and classical non-Euclidean geometries , their similar
ity group does not suffice; additional axioms of order must be provided. 45 

However, regardless of the truth of this last claim, the preceding con
structions clearly suffice for present purposes, and thus the causal defina
bility of the geometry of Minkowski space-time is established. 

Epistemological issues are not hereby resolved, for the above construc
tions are profoundly nonoperational. Space-time pairs are congruent if 
(and only if) a global map of M onto itself of the right sort exists; but how 
are we, in concrete measuring situations, to determine the existence or 
nonexistence of such a map? At first sight, the synthetic constmctions of 
congruence outlined earlier might seem to provide a local method, since 
fortuitous light parallelograms of finite dimension might then be used to 
determine inte rval-congruence. But this turns out to be illusory. These 
constructions depend upon a prior determination of the collinearity 
(spacelike and timelike) of at least three events. However, the definitions 
of spacelike collinearity given by Robb and Latzer, and the definition of 
tim elike collinearity given here (section V) are essentially global. Of 

course, this does not show that a local causal definition is impossible , and 
it would be of considerable interest to see this matter resolved. 

It should not be supposed, however, that even if Minkowski space-time 

congmence is bound to global causal structure in an essential way, we are 
the reby left with the conventionality of congmence for all practical pur
poses, or worse still, the view that even if STR congruence is not conven
tional, we cannot know it to be so. For auxiliary hypotheses may now 
serve to provide us with a multiplicity of ways to ascertain global causal 
structure, and with it , space-time congruence. 

VIII. Foundations of Space-time Theories 

Th e reducibility of the metric of Minkowski space-time to its causal 
sl ructu re has not gone unchallenged. Thus Griinbaum , endorsing the 
views of Re iche nbach (1957, section 27) and L. L . Whyte (1953), has held 
that 

l Ising onl y light signals and k111poral succession without eithe r a solid rod 
or an isocl1rnno11s makrial dock, it is not· possible to constru ct ordinary 
11ll':t S 111T .~ ol' l! ·11gll1 and li1111 · (< :riinh:111111 , IH7:1, cl1ap . 1:1 , p . 414). 
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The basis for this claim is a result that emerges in the course of Reichen
bach' s axiomatization of special relativity. Reichenbach (1969) attempts to 
define the Minkowski metric by first constructing the inertial frames of 
special relativity, then showing these frames to be related by the Lorentz 
transformations, and, finally, defining the space-time interval as the in

variant - (& 0
)

2 + !. (&J<)2
, where the coordinates {x"} are those of any 

inertial (Lorentz) frame. The construction begins with the causal prece
dence relation, together with what he calls "real particles," the latter 
being the trajectories of continuous timelike paths. Reichenbach's pos
tulates now enable him to "define" (conventions are adopted along the 

way) the class of all frames of reference S" in which a light signal prop
agates according to 

(1) -(&0) 2 + !, (L~xk) 2 = 0 (k = 1, 2, 3). 

The question now arises: is the class of frames S" just the class of inertial 
frames of special relativity? 

The answer to this question is negative; for it can be shown that if K is 
an inertial frame, then any other frame K' with coordinates {x" '} related 
to those in K by a transformation such as the inversion 

(2) x;' = __ x_; __ _ 

-(xo)2 + !, (xk)3 

will also have an equation of form (1) as its description of the propagation 

of a light signal (cf. Reichenbach, 1957, p. 172). Fortunately, all of these 
non-Lorentz frames are essentially of the same sort: some of their spatial 
points are moving with respect to each other so as to preclude certain 
sorts oflight signal communication. Thus, in Figure 8.0, world lines P' and 

Q are at rest in K' at x' = 1, y' = z ' = 0, and x' = 1/2, y' = z ' = 0, 
respectively. Any signal sent from P' after event e* fails to reach world 
line Q. Why then not use such facts, or the fact that the transformations 
such as (2) above are not one-one, in order to characterize the ine rti11l 
frames of S"? 

This problem was touched upon earlier in the proof of proposition 6. I.') , 
There we were considering those transformations that prese rve liµ;l1t 
paths "actively," as conformal mappings of space-time onto itse lf. ratlinr' 
than "passively," as coordinate transformations. Howeve r, tlr<• rnai11 pol11I 

remains: there is no bijective mapping (or coordinate tra11sfon11at io11) of' M 
(Lorentz frame {x"}) onto M (another frame {.r' ' }) that pn•S('IV('S Jiµ;hl · 

propagation. Jn this and a nurnlH'r ol' otlu·r ways, i11(•rti11l pallis 11111 y hP 
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causally distinguished from accelerated paths, as the constructions of sec
tion V above demonstrate . However, as was mentioned there these con
structions are global: they involve reference to all of the space~time M. As 
a result, the definitions do not provide operational procedures for deter
mining whether or not the defined relations obtain. 

This brings us to the source ofReichenbach's and Whyte's reluctance to 
rul~ out the accelerated reference frames in terms of their global prop
erties. Whyte admits that global restrictions are admissible logical de
vices, but rejects the resulting distinction by calling it "a fact of no opera
tional significance" (Whyte, 1953, p. 161); Reichenbach, in a similar vein , 
remarks: 

: · · sin~e no unlimited spaces can be utilized for a decision, this method 
IS not fru.1tful. We can always describe systems T r of the accelerated sort] 
that deviate from systems of class I [inertial systems] only outside the 
space we have at our disposal. (Reichenbach, 1957, p. 173.) 

t 
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Reichenbach's solution is to introduce rigid material bodies and use them 
to determine the accelerations of the points in the unwanted fram es. 
Since the " rigidity" of such bodies is not subject to prior physical deter
mination, it can be only a matter of convention and utility just which class 

of material bodies is so-taken . Reichenbach realizes that material clocks 
may be used instead of "rigid" rods , but maintains that essentially the 
same problem arises all over again for mate rial clocks, now in the guise of 
attributing congruence to their successive periods. However, as the pre
ceding remarks show, this appeal to 'ri gid rods' or 'isochronous clocks' as 

supplementary to the causal structure of special relativity is needed for 
purposes of verification only, and this is explicitly admitted by Reichen
bach (1969, p . 88) as well as by Whyte. Thus write rs such as Griinbaum 
who are concerned to es tablish the conventionality of Minkowski space
time as a matter of ontological fact gain no support for their views from the 
Reichenbach-Whyte contention. On the contrary , a closer look at the 
context of Reichenbach's contention reveals that his constructions tend to 
support , rather than detract from , the causal theory of Minkowski space
time . 

Naturally, rejecting operationism , or the verifiability theory of mean
ing, does not amount to maintaining that global hypotheses about causal 
stru cture cannot be confi rmed by experim ent . To b e sure, the results of 
any set of confirming exp eriments will also b e compatible with a diffe re nl 

causal structure in regions not yet inves tigated , but this is an inductiv1· 
proble m of th e sort that inevitably arises wh e n any cosmological 
hypothesis is under consideration. Furthermore, as the causal th eory is 
extended by adding h ypoth eses to the effect that light rays trave l <>11 
causal boundary lines (null lines), free massive particles travel on time lik<' 
lines, e tc. , the ways of obtaining indirect confirmation for global hypoth
eses of causal structure will multiply indefinitely . In thi s connection , it I.~ 

important to note that the equality of the successive p eriods of ato111i l' 
clocks has the status of a hypothesized physical fact within the ca11 s11l 
theory, as does the congruence of standard rigid rods and clocks 1111dp1' 
gentle transport. Rods and clocks are devices that survey a region\ l'illlSlll 
structure , and are accurate or inaccurate to the extent that th ey yie ld tl11 • 
cau sally-grounded congrue nce classes. Just as space- tim e has now I'<' 

placed sp ace and tim e as th e fund a me ntal gcomdri cal ohJ1•<•I , 
"etiometry ," the measure ment of causal strnetnrc , replacl's and 1· x pl11 l 11 ~ 

I 
both chronome try and geomet ry. 
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Still, Reichenbach' s failure to distinguish causally the inertial fram es of 
the special theory is only partly explained by his adherence to the verifia
bility theory of meaning. More fundamental was his failure to r ecognize 
the geometrical power and complexity of the causal structure of relativis
tic space-time. Reichenbach saw clearly that the new causal structure lies 
behind the relativity of simultaneity, and he saw the demise of absolute 
time; but (unlike Robb) he continued to minimize the differences between 
classical and relativistic causal structure . 46 

. . . the light-axioms in the theory of r elativity do not differ from those in 
classical theory except for the assertion of the limiting nature of the veloc
ity of light. (1957, p . 175.) 

And in referring to the experimental confirmation of his axioms: 

Axioms I to 11,4 and Axiom 11,6 express merely facts known before the 
theory of relativity . Only axiom 11,5 and axiom III are new. These [last] 
axioms formulate the limiting character of the velocity of light (1969, p. 
92) . 

Unfortunately, one reason so few of Reichenbach's light axioms are new 
is that not all of the m are true. Thus his Axiom 11 ,l asserts that if we 
choose an arbitrary event e on any timelike world-line P, and P' is any 
other timelike world-line , a signal may be sent from e on P to P'. 
Heichenbach himself recognizes that this is false in relativistic space-times 
(as P and P' in Figure 8.0 illustrate), but proceeds to use it in any case 
( 1969, p . 31, fn. 9)! 

Axiom 11 ,2, however, fares no better. According to this axiom, if e" is 
any event on particle world-line P" and P' is any othe r world-line , then a 
~ ign al may be sent from P' , arriving at e" on P". Once again, this axiom is 
Ldse, as P' and P" in Figure 8. 0 illustrate . 47 

Anothe r aspect of Reichenbach's axiomatization is worth a final note. 

llt·ing convinced that spatial and temporal congruence were infected with 
rn11 ventions , Reichenbach proceeded to axiomatize relativity theory so as 
111 l"xhihit these conventions clearly. In this way, when statements involv
i11 g le mporal or spatial congruence are derived, the conventions that are 
p1t·s11pposed by this assertion may be traced, thereby clarifying the phys-
1rn l conte nt of the original congruence claim. Indeed, by changing con-
1·1·11/ions , and by inves tigating th e effect of th ese changes on the form of 
11 11 r ass<"rl ions , we are bette r ah le to recognize the "accidental" conve n-
11011 11 1 aspl'dS of a gi v1•11 pl1 ysi <"al daim .'18 
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However, the method has its disadvantages. The most serious difficulty 
is that the process of conventional variation leads to a set of apparently 

contradictory statements all having the same physical content. Hence 
none of them mean what they apparently say. We thereby learn what 
parts of a locution ought not to be taken as an assertion of physical fact, 
but we may remain as ignorant as ever of that statement's "core" of 
nonconventional physical content. An appeal to Reichenbach's axioms is 
of no help here, for, having adopted some particular set of conventions, 
we find succeeding axioms couched in terms of those conventions. For 
example, Reichenbach's Axiom V reads: 

It is possible to choose the static system relative to A so that the defined 
spatial geometry will become three-dimensionally Euclidean. (1969, p. 
53.) 

There is no need to know what a "static system" is in this axiom to 
appreciate its power and its opacity. For the physically interesting ques
tion is: by virtue of what non-convention-laden features of the world is 
such a choice possible? The way to exhibit the physical content of our 
theories is not to exhibit their implicit conventions, but to eliminate them. 
Coordinate-free methods are a step in this direction; Robb's axiomatiza
tion exhibits the method in its purest form, along with its attendant 
technical difficulties. 49 

While Reichenbach regards the introduction of metrical conventions as 

importantly involving epistemological issues, Adolf Griinbaum is most 
concerned with the ontological status of spatial, temporal, and space-time 
congruence. For Griinbaum, the philosophical importance of metrical 
conventions results from their being a symptom of the factual un 
derdetermination of physical metrics. The theorist, not nature, forces 
metric closure by the implicit adoption of physically arbitrary but useful 
conventions. The congruence of two disjoint spatial, temporal, or space
time intervals is a matter of convention, not because we are unabl e to 
ascertain their congruence, but because there is no physical relation of 
metrical equality among the world's spatial, temporal, or space-timo 
intervals. 

One moral of this view is clear, and well worth heeding. The standard 

formulations and practices surrounding a physical theory do not provido 
clear and explicit guides to its ontological claims. At best, they furnish 
preliminary clues to be used hy th e criti cal scicntifi<" n·:di.~t· in his 1•lli>rl;; lo 
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create a reconstructed version of the theory that will exhibit its physical 
commitments with greater perspicuity. In particular, the physical claims 
of a theory may become especially problematic when the theory is both 
recent and conceptually revolutionary. For example, it is only by virtue of 
the relatively recent development of invariant methods that it has become 
clear (to most relativists) that the relativistic notion of mass is just as much 
an invariant as was its Newtonian counterpart. 

Yet to applaud the merits of Griinbaum' s critical approach to the prob
lem of congruence and conventions is not necessarily to agree with his 
assessments of conventionality or with his diagnosis of its sources. It is 
well known that Griinbaum locates the source of the conventional ingre
dients in assertions of spatial, temporal, or space-time co,ngtuence in the 
postulated continuity (locally Euclidean topology) and homog®eity of the 
underlying manifolds. 50 However, before such a claim ·may be estab
lished, it is necessary to state explicitly just what relations on a manifold 
M are to be taken as nonconventional, and why. In a recent work (1973, 
chap. 16) Griinbaum has attempted to answer the latter question in his 
general account of the "intrinsicality" of a relation on a set. Only a nar
rower question will be considered here: namely, given that a set of rela
tions {Ri} are held to be "intrinsic" or "objective" on a set M, how are we 
to assess the physical objectivity of a relation S0 not in {R;} with respect to 
the set {R;}? 51 

Following Klein and Weyl (1949, par. 13), a natural group-theoretic 
condition, which I propose be regarded as necessary, is the following: 

Condition 8.0. Let (M, Ri, ... , Rn) be such that Mis a nonempty set 
and the R; are relations on M. Then the relation S on M is objective 

with respect to (M, R;) only ifthe symmetry group of(M, R;)is a subset 
of the symmetry group of (M, S). 52 

When this condition obtains, S is sometimes said to be an invariant of (M, 
R;). Intuitively, the condition amounts to saying that a permutation of M 

that leaves all of the relations {R;} fixed does not alter the "R;-objective 
structure" ofM. Should such a permutation then alter another relation S, 
this would indicate that S brings additional structure to M ovex and above 
that already guaranteed by the relations {R;}; Sis "extrinsic" with respect 
tu (M, H,). 

We may now apply lllis <'011ditio11 to the Le ibniz space-times of section 
11 . L<'I (M, CH) I><· a lt ·111por:dly t·o11li1111rn1s I .1·ilmiz space-time with CB as 
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its causal betweenness relation. Let d1 be any nontrivial temporal metric 
on the set of instants of (M, d) and ds be any nontrivial spatial metric on 
any of its simultaneity slices. Then, by proposition 2.10, d1 and d8 are not 
invariant with respect to (M, CB). 

In many cases, Griinbaum contrasts the extrinsicality of the congruence 
relation on a set M with the relation of'causal connectibility.' Thus in his 
discussion of simultaneity in Newtonian mechanics (1969, section 3, sub
section 1), he asserts that the arbitrarily fast causal chains of the Newto
nian world establish the simultaneity of distant events "as a matter of 
ordinal temporal fact," whereas "there is no ordinal or topological basis 
that would yield" the congruences of successive temporal intervals. These 
remarks imply' that Griinbaum holds causal connectibility between events 
to obtain or'not as a matter of fact, with the causal relations of a Newtonian 
world sufficing only for the determination of the temporal order of its 
events. 

As we have seen, the results of section II confirm this conclusion; 

however, they do not confirm Griinbaum' s diagnosis of the source of this 
causal impotence. For Leibniz space-times, the source is twofold: the 
Leibniz postulate precludes nontrivial spatial metrics which are causally 
invariant, and continuity has nothing to do with this matter. On the othe r 
hand, it is the Leibniz Postulate together with the postulate of temporal 
continuity that precludes nontrivial, causally invariant, temporal metrics. 

From this standpoint it becomes obvious that if we now begin with th " 
relation of causal connectibility yon Minkowski space-time, the question 
of the objectivity or causal invariance of the congruence relations of thi s 
space-time needs to be completely reexamined because of the failu re of 
the Leibniz Postulate in these space-times. The fact that the spatial , te rn · 
poral, and space-time intervals or paths of special (and general) re lativi ly 

remain continuous fails to provide even a plausibility argument for thoii· 
causal noninvariance. Indeed, given Griinbaum' s causal non con ve il · 
tionalism, the causal definability of flat space-time congru e nce would 
appear to provide a clear example of what he regards as a nonlri vlnl 
intrinsic metric. 

Furthermore, as we have seen, causal connectibility need 1101 he I'll• 

garded as merely supplementing a previously supplied lopology on /Ii/ 1 

but we may use the causal connectibility relation to co11strn ct tl1at lopnl• 
ogy as well. In this sense, th e causal th eory und<·rc1ils qtl<'stio11s of l}lt •I • 

rical intrinsicality or extrinsi call y hy prnvidi11g a s i11 g lc • rc ·l:ilio11 1'1 ·111 11 
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which all the various "layers" (topology, affine geometry, metric) of the 
geometry of Minkowski space-time may be constructed. Yet there is a 
sense in which these affine and metrical structures are not unique, for 
there are space-times that have neither the same affine nor metrical struc
ture as Minkowski space-time, yet they have the same causal structure. 
How is this possible? 

Suppose (M, g) is a semi-Riemannian manifold with g as its metric 
tensor field. Then (M, g') is said to be conformal to (M, g) just in case g' = 

<f>g, where</> is some positive, real-valued, smooth function on M. For our 
purposes, the important fact about conformal Lorentz space-times is that 
they have the same null trajectories (see, e.g., Hawking and Ellis (1973), 
p. 42) and thus the same causal structure. Now if (M, g') is conformal to 
Minkowski space-time (M, YJ), we shall call it globally conformally fiat 
(gcf). Unless g' = kYJ, where k is a constant, (M, g') will not be isometric 
to (M, YJ) nor have the same similarity group. But, being conformal to (M, 
YJ), such a nonflat space-time will have the same causal group as (M, YJ). 
The problem posed above is this: how is it possible that the metric YJ is (up 
to a constant factor) definable in terms of the causal structure of (M, YJ), 
while there exist semi-Riemannian manifolds (M, g') not isometric to (M, 
YJ), but conformal to (M, YJ) and hence sharing its causal structure? 

If we apply the invariance condition C. 8. 0 above, we obtain the answer 

lo this question at once . First of all, notice that when (M, g') is (globally) 
rnnformally flat but not flat, its similarity group will be a proper subgroup 
of the similarity group (EPG) of (M, YJ) (cf. Levine, 1936), i.e., 

(1) Sim (M, g') C EPG = Sym(M, YJ) =CG. 

I lence there must be a causal automorphism h0 which is not a similarity of 
(M , g'), 53 so 

(2) CG Cf_ Sim(M, g'), 

i.<'., g' is not invariant with respect to (M, y). 

It now follows from theorem 7.0 above that g' (up to a constant factor) is 
1101 causally definable. As Howard Stein has noted, the problem comes 
down to this. If g' = <f>oYJ , then a mapping which preserves YJ up to a 
c·o11stant factor will not, in gene ral , likewise preserve the function ¢ 0 : M 

• H ' . I 11 foct it is easy to sec that if <Po is any nonconstant function on M, 
so1111 · l'1111dio11 i11 1·11<· <·xlend1·d Poi11care group (EPC) will fail to preserve 
•/•o 11p lo a 1·011sla11I Ll('for . I lc·11C'c ' lli 1· 011ly way 1'<1 ohtai11 th e invariance of 
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g' is to add a distinguished function </>0 to (M, y) , obtaining (M, y , <f>o)· 
Now the metiic g' = <f>oYJ is an invariant of (M, y, <f>0), and may be defined 
in a theory T(y, <f>0) which incorporates an additional primitive term <f>o· In 
terms of the intuitive explanation provided earlier for the invariance con

dition , the permutation ho of M which leaves causality unaltered does 

change a global conformally flat metric of nonzero curvature , ther~by 
showing the latter to be sensitive to extra-causal features of the space-time 

structure. 
Such cases of the failure of causal invariance in conformally flat spaces 

lead naturally to consideration of the status of the causal theory with 

respect to the space-times of general relativity. And if general relativity is 

considered "liberally," the causal theory is clearly false. For there are 
models of general relativity , such as Godel's (1949), such that for every 

point-event e in M, there is a closed causal curve through e. In such a 
universe , every event is causally connectible to every other event; hence 

y is the universal relation, so the automorphisms of (M, y) or (M, CB) are 
just all the diffeomorphisms of M onto M. Clearly , no nontrivial semi

Riemannian metric on Mis invariant with respect to (M, y) or (M, CB), 

and a causal theory of such space-times must fail. 
Suppose, however, that we restrict our attention to relativistic space

times in which the condition of strong causality obtains. 
54 

Indeed, the 
interpretation of general relativity so as to rule out such causality viola

tions was suggested by Einstein in his comments on the Godel solution 

(1959). In this case, the failure of the causal theory is not so clear. For 
example, if we consider all vacuum solutions to Einstein's field equations 

(7 = O, where Tis the matter-energy tensor) these reduce to 

(3) Ricci = 0, 

where 'Ricci ' is the Ricci tensor (cf. Schouten, 1954 , p . 148). Such spaces 
are sometimes called "Einstein spaces, " or " special Einstein spaces. " Wt• 

now have the following result which generalizes Zeeman' s theorem· 

Theorem 8.1. If (M, g) is a geodesically complete four-dim e nsional 
Lorentz space-time in which Ricci = 0, th en eith e r: (1) every local 
conformal transformation of (M, g) is a similarity or (2) evt·ry glohul 

conformal transformation of (M, g) is a similarity. 
Proof: Case (1): (M, g) is not conformally Hat . By a tlt eor<'lll of Bri11lrn11111 

(Schouten , 1954, p. 314), eve ry loca l conformal tra11sforn1ali1!]1 Is 

homoth e ti c. 
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Case (2): (M, g) is conformally flat. Then since Ricci = 0, (M, g) is 
locally flat (Schouten, 1954, p. 314). But all global conformal transfor

mations of a complete locally flat Lorentz space-time are similarities (cf. 

Appendix B for an outline of the proof). 

Since strong causality ensures that the causality-preserving transforma

tions of a Lorentz space-tim e be conformal diffeomorphisms, 55 it follows 
that th e metric of (up to a scale factor) of a large class of relativistic 

space-times is a causal invaiiant . The extent to which this result may be 
generalized poses an interesting question for further investigation. It 

should be noted that the constructions of Ehle rs, Pirani , and Schild 

(1972), Woodhouse (197.3), and Marzke (1964) do not resolve the issue , 

since they rely on adopting "free particles" in addition to causality. 56 

\Vhile the exis tence of space-time s conformal to hut not isometric to 

Minkowski space -time does not impugn the causal theory of Minkowski 
space-time, the existence of such space-times as models of general relativ

ity appears to he a fatal blow to a causal account of these space-times. For 
if :JJi: = CM, YJ, y) is Minkowski space-time, and ;))(:* = (M, <f>2r), y) is 

nontiivially conformal to.'Jn, then ,·m:,~J )2:' are a pair of models of general 

re lativity having the same causal structure yet me trics which difle r non-

1·1ivially. They are analogous to a Padoa pair of models in general model 
theory whose ex istence suffices to show the nondefi nahility of the (in this 

t'ase) me tric tensor. Equivalently, th e simila1ity group of;)}[* is a proper 

o;1diset of the similarity group oL'))( and so (by Zeeman's th eorem) a proper 
s1diset of the antomo1vhisms of (M , y). Hence there is a causal au

lomorphism of ;Jll* which is not a similarity of ;))U. Tims the metric </>2YJ 

(11p to a constant factor) is not a causal invarian t of.'))("'. Since invaiiance is 
;1 necessary condition of definability in any reasonable sense of that term , 

I ii<' failure of causal structure to dete rmine the metric of~)}[* (up to a 

<'o nstant) would appear to be demonstrated . 

It should also he noted that examples like~)}(_* cannot be ruled out by 
i111posing furth e r restrictive causality conditions on the models of general 
ri·lativity since,'))(.':' has th e same causal structure as Minkowski space

! i 11 l<'- i tse If a para cl igm of good causal behavior. More tellingly, ifl.'m. is any 
;1d111issibll' modt·I of general rt"' lativity, the n a conformally equivalent,')](* 

;1.o; aliov« will also Ill' a mod<·L and the arg11men.t proceeds as before . 
;\ <'a11 sa l tlworv of spa<'«- li1111 · is 110! IH '<'<'ssaril v a " relational" tlwory, 

.1, pl1ilosopl11·r.o; l1av1 · 11 sc·d tl1i .o; l1 ·n11. Wl1ilc · rc ·s1dts s11l'li as tl1os1· dis -

1!!7 
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cussed here bear upon the reducibility of space-time structure to causal 

structure, they do not thereby resolve the issue of the ontological status 
of these causal relations. Briefly : are events causally re lated because of 

the obtaining of re lations between material particles or radiation , or do 
the latter, by their presence, merely modify an independently existing 

"absolute" causal structure? One reason for regarding standard relativity 
as endorsing the absolutist interpretation is that there are empty space

times (Tµ v = O; "vacuum" solutions to th e fi eld equations) which never

theless have a determinate causal and metrical strncture; furthermore , 

th ese solutions are not all causally isomorphic or isometric. How can causal 

o"r geometrical structure be a function of matter-radiation relations, when 
there is no matter or radiation present? The difficulty becomes even 

more striking when it is realized that these empty space-times are not 

necessarily devoid of "activity." They may, for example, contain pure 
gravitational waves (plane waves) propagating along some of their null 

geodesics. "7 

Appendix A. The Two-Point Homogeneity Property 
of Real Metric Affine Spaces 

A discussion of the general structure of real affine metric spaces is given 

in section VI above . First , the two-point homogeneity property is de
fined. 

Definition A.I . Let A = (X, (V, <,>)) be a nonsingular, real , affine metric 

space. Then A is two-point homogeneous if and only if for any pairwise 

distinct points a, b, c, d EX such that d2(a, b) = d 2(c, d), there is an 

isometry j: X ~ X such thatj(a) = c andj(b) = d. 

In other words , for every congruent pair of point-pairs, the re is an 

isometry of the entire space that maps the first pair to the second. The 
following theorem now asserts that all such spaces (which includes Min

kowski spaces) are two-point homogeneous. 

Theorem A.I. All nonsingular, real, affine metric spaces are two-poi11t 

homogeneous. 

Proof: Let A = (X, (V, <, >)), with a, h , c, d distinct , in.\'. and s11ch tl1 :1l 
d2(a, b) = d2(c, d). First we construct an isomctry i: V ~ V s11d1 tfo1t 

i(<~b>) = <~ d>, whe re <(-;:/1 > a11d « -:-:rl an· tht· v1Tlors in \I 
associated (by the action fi111 ct'ion ) wilh 11 . /1 and -.... r . rl . . n·s1w"· 
tive ly. 
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Let < < <a~b> >> and << <c,~d> >> be the one-dimensional 

subspaces of V spanned by vectors <;;-: b > and <c-:d>. Define i 0 : < < 

<a-:b > >> ~ << <c--:d> >>by: (1) i0(v) = i0(k<(t:"b>) = k<c, d>, 
where k is a real constant -=/= zero. Clearly i0 is an isometry, and so by 
the Witt theorem (Snapper and Troyer, 1971 , p. 202) may be extended 
to an isometry i: V ~ V. 

Finally, we compose i with a translation T<a-:""c > of A by the vector 

<(L:c>, obtaining (in th e notation of Snapper and Troyer, 1971) j = T 
<a-;G> L(a, i). By a standard theorem (Snapper and Troyer, 1971 , prop. 
381.1), J is an isometry of A. Clearly ] (a) = c and j (b) ·= d. Done. 

Appendix B. The Causal Group of Locally Flat Space-times 

Although a Lorentz space-time (M, g) may be eve1ywhe re locally flat , it 

need not be globally isometric to Minkowski space-time (M, 1J). The 

reason for this is that local flatness does not imply that M has a globally 

Euclidean topology. Even compact fl at space-times are possible , although 
these are rul ed out below by the requirement of strong causality (see 

section VIII above). It will now be shown that for all complete , flat space

times, eve1y global conformal mapping is a similarity. (A Lorentz space
time is said to be complete just in case every affine geodesi.c may be 
l'Xtended to arbitrarily high (or low) valu es of its p arameter.) 

The theory of covering spaces is used freely helow. oM The general idea is 

I his: the universal cove ring manifold of a complete, flat space-time ,' )Jl = 
(M, g) is just Minkowski space-time ;l/l = (M, 1)). Global conformal 

111appings of M onto itse lf lift up to global conformal mappings of M onto 

Min a natural wayY1 H ence a conformal mapping ofM onto M which was 
11ot a similarity would lift to an analogous mapping of M (Minkowski 
space-time) onto itself. But, by Zeeman's theorem, or proposition 6.1.5 

above , the re can be no such mapping of M onto M. 

To begin with let (M , p) be the universal covering manifold of a C"' 
111anifold M. Let <f>: M ~ M be a diffeomorphism . We lifr <f> to a dif
li ·ornorphism <f>: M ~Mas follows. The function <f> o JI is a smooth map

ping from M onto M. Since Mis simply connected, by the unique lifting 
llwon ·m (Massey, th eo rc··m 5.1 ), if.\·0 , .\ · 1 EM , .r 1 EM , and <P 0 JI (.\' 0) = .r, := 
11 (i' 1 ). lhl'n· is a 11niq1H ' s111oolh mapping<i): M ~ M such that <i) is a lift of 
1/1 0 /I , i .('. , 

( I ) /I 0 <l> ,,, " /I 
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and <J> (x0) = x1 . That iJ> is a diffeomorphism follows from: (a) (M, </> op) 
covers M; and (b), from (1), iJ> is a homomorphism of (M, </> 0 p) into (M, p) . 
Hence (Massey, lemma 6.7) (M, iJ>) covers M. Since Mis a universal 

covering manifold, </> is a diffeomorphism. 

Suppose that ,')]( = (M, g) is a complete, flat Lorentz space-time, and 
let (M, p) be the universal covering manifold of ,'lll. The manifold M is 
supplied with a unique metric by using p to lift g to M; explicitly, 

(2) g(11.ro v".) = g(p,(u.r), p,(t;J.)), 

where p* is the differential mapping of p. Since Mis flat and complete, so 

is ,')Jl = (M, [!,); but M is also simply connected, and so by the Cartan

Arnbrose-Hicks theorem (see Wolf~ Spaces of Constant Curvature (Bos

ton: Publish or Pe1ish, Inc., 1974), section 1. 9) is isometric to Minkowski 
space-time. Hence we may let (M, [!,) = (M, YJ), i.e., the universal covering 
manifold of any complete, fiat, Lorent;:; space-time is just Minkowski 
space-time. 60 

A smooth diffeomorphism </>: M ~Mis said to be conformal just in case 

(3) g(<f> .. (11"., vJ.)) = e'1'(.r)g(11J., v".), 

for some smooth function l/J: M ~ R. When lfJ is a constant function, </>is a 

similarity or homothetic. A conformal mapping that is not a similarity is a 

properly conformal mapping; if lfJ = 0, </>is an isometry. 
We have already shown how to lift any diffeomo11Jhism </>: M ~ M to a 

diffeomorphism <J> of ,\1. onto M. From (1) and (2) it follows that if</>: M ~ 
M is a proper (homothetic, isometric) conformal diffeomorphism of' M. 
then iJ> is a proper (homothetic, isometric) conformal diffeomorphism ol' 
M. We now have our result at once; for if</> were a proper conformal 

diffeomorphism of M, then iJ> would be a proper conformal diffeomor

phism of M, Minkowski space-time, and this, h y Zeeman's theorem , we• 

know to be impossible . Hence ei.;ery conformal 11wpping of a co11111fl'l<'.fln1 
space-time is a similarity. Since for strongly causal space-times, tlw co 11 · 

formal group and causal group are identical (see section VIII), we hav<· lh1• 

generalization ofZeeman's theorem: For cvcru strong(!! ca11.wtl, co11111fl'/1', 
fiat space-time, its causal group and its si111ilarit11 grn1111 art• itll'l1lirnl . 

Notes 
1. As in Tarski (1959), where the Euclidean lint· is 11sv1111111·lri1·allv ortl1·n·tl 11 )' 11 .~ /11 11 

betweenness and an arbitrary pair of poi11ls. In wf'li1111 Ill /11·/mv, 1/1i s pnw1.,/11r1· is ' PJ'll "tl 
out in detail for Minkowski sp:w1·- li1111 •. 
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2. Causal connectedness vs. causal connectihility as su itable interpretations of y will be 
discussed h t> low. For now, either construal will do. 

3. The earlier comments on the 11011directionality of causal p recedence thus apply deriva
tively to temporal precedence. 

4. Compare th is postulate and proposition 2.6 with Leibniz's argumen t: "And since my 
prior state, by reason of the connection between all things, involves the prior state of other 
things as well , it also involves a reason for the later state of these other things and is thus 
prior to them. Thcrefr>rc 1cl/(/tcr::cr exists is either si11111/ta11eo11s 1citli other existences or prior 
or /JOsterior. " (19.56), p. 1083; italics in text . 

. 5. See van Fraassen (1970), chap. 6, section 6. 
6. As A. Griinhamn has pointed out (in conversation), we have the following plausible 

options for the pair (U, y): 
(I) (! is the set of actual events, y is 'causal connectedn ess'; 
(2) U is the set of ac.:tual events , y is 'causall y connectible '; or 
(3) U is the set of possible events , y is 'causally connectible. ' 

The third op tion is , to my mind, the most plausible, with the physical claim being that the 
se t described in (! ) is emllt'ddahle in this structure. 

7. A formulation of th e th eory of real order is given in Tarski (1961), p. 214; connectedness 
(Tarski's Ax iom l ') rer1ui res the Leibniz postulate. 

8. It is important to note, howeve r, that such considerations have dear-cut significance 
onlv within the context ofa general program (such as th e causal theory) ofrcd11ction for space 
and time. Often this reduction has been undertaken for operational motives, but this need 
not he it s rationale. Reduction may also he desired for the sake of theoretical explanat ion , in 
which case it is to no avail to reply to the conventionali st that we may 1wst11late an int1insic 
spatial or temporal met1ic without scientific embarrass ment. Of course; hut it is just the 
postulated me tri c wh ich is the object of the causal theorist's a ttempted reduction. It will 
ill'comt' clear in the following that s11ch a reduction succeeds provably for special relati vi ty 
and fai ls for classical physics. 

9. For more on automorphisms, see Wey! (1949) , section 13, and also (1952) for dt'velop
ing the right intuitions. 

I 0. Zeeman' s theorem and its implications are discussed more fully in section VII below. 
11. Throughout this St'ction , I am greatly indebted to tilt' aid of Geoffrey Matthews, 

I 11diana Uni ve rsity. 
12. In Latzer's in teresting paper (I972), chronological betweenness is cons tructed from 

I ii« symmetrical relation (>-. ) of light (null) connectihility. 
1.3. See section IV following for a definition of Alexandroff intervals. 
1 ·t A cu rve in M is here taken to he a smooth mapping from I into M, where I is an open 

i111«rval of real numbers. A causal curve through c, and e2 is said to go.from e 1 to e2 when e2 

l1as the higher parameter value. 
I 0. See Blumenthal (1970), section 9, for these and other examples. 
lfi. Inte resting nonstandard space-time topologies are also possible, as was shown by 

l. .. 1·111an (1967) . 
17 11 « was ll\· no m«<ms alone in this . See , for example , Lewis (1926), and the admittedly 

' I" T11 lati'" id l'as of Bohm (J 96.5) . The point is that interval s along a given light path may he 
•·e1111par«d 11wlricall y by using an affi1H' paramt'lt•r along that path, although inte rvals helong-
111.g le1 cli sliuct 11onparalkl paths may not he com pared meaninh•fully . 

J .~ . Hohh ( l\Jl ·IJ is 011tli11ed with proofs omittt>d in Robb (1 921 ); this is the best introduc-
11<111 111 Hohh's work. Th" la!('r Rohh volum e (1936) is essentially the same as (1914), with 
'"""' ' of il s conslrncl ions and prools simplifi ed . The introd11ction to (1936) is a clear state
""'"' or Hohh 's Vil'WS aho11l tl11· li11111clalions of geometry. 

]\) . /\ 111fll'l' rigorous limn 11lali11n is thi s: let f 1 and f, intPrsect al e 0, f, timelike, f, space
llk1· . Tlw11 f1 """ e, are' orlliog1111a l iff li1 r :Ill)' ('Vf' lll 1' 1 f f1 . ,. , ""l' n, the re are events e,, 
/ ' If {' ., wit l1 , . , A l " t · 1' ;1 • .'i llt'll 1!1111 ll' 1· •• A 1' 1 ;111CI , .,, € c ( a1u l 1·;, A (' '1. an d l' :, A e I• th t·n e., :;;:; t'5 . 

~II . I ...t '/' 1 /11'11 tl11 ·11r)' a11d ·r ., 1111• ·\l1 ·11 ,,i11 11111''/' 1. Tl11·11 '/'., 111;11· llf' ohtai111·d l'rorn '/' 1 hy: ( I) 
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adding postulates which involve no new primitives, or (2) by adding postulates which involve 
new primitive terms not then definable in T,. The above example is of type (2). 

21. Not quite a "full" congruence relation in that compa1isons are made between (1) 
timelike intervals, (2) spacelike intervals, and (3) lightlike intervals on the same or parallel 
light lines. This is more than enough to give us the Minkowski metric. 

22. Contrast this with the misleading account given by Reichenbach (1957), section 28. 
23. A simple way to see this is to consider an 11-dimensional vector space V", choose 11 

linearly independent vectors <i; 1> • • • , i;,, > , and decree them orthogonal and of unit 
length. Define their Euclidean inner product as <11"ca, 1c~c13 > = ~ 11 Y c Y y = 1, . . , n. To 
obtain another Euclidean inner product differing in its congruence verdict, simply choose, 
say, <2i;,, c 2 , . , i;,, > as a basis and define the inner product similarly. Clearly c, is 
congruent to i; 1 in the first cas e and not in the second. (An account of metric vector spaces is 
provided in the following sedion.) 

24. This issue is discussed in more detail in section VI, proposition 6.15, where it is shown 
that no two Minkowski geometries (dim > 2) with the same causal strncture may have 
metrics that deliver differing congruence verdicts. 

25. For the general theory of such spaces, see Snapper and Troyer (1971); this work is 
used as a refenence throughout this section. 

26. These conditions are defined as follows: (1) (linearity) <aw+ be, u;> = a<u, u;> + 
h<11, w>, <ic, a11 + /JJ;> = a<tc, 11 > + h<ic, c>, (2) (symmetry) <11, c> = <i;, 11>, and 
(3) (nonsingularity) if <11 0, i;> = 0, for all i;, then 110 = 0 (the zero vector). 

27. In what follows, the fact that the vector space Vis real and its inner product nonsingu
lar will he assumed throughout, and thus not always stated explicitly. 

28. It should he noted that some writers include positive definiteness in the definition of 
inner product. The approach taken here follows Snapper and Troyer (1971), chap. 2. 

29. The customary formulation of (M) is: there exist basis vectors e0, eh .. , ea of \I 
such that for all 11, i; EV, <11, i; > = -u"i;" + 11"rk (sum on k = l, 2, 3) , where 11; and 1:

1 are 
th e compon ents of 11 and i; in basis e0 , , e,,. However, it is easy to show (using tlw 
Gram-Schmidt process) that th e two formulations are equivalent. The former (M) has th l' 
advantage of obvious basis independence. Note that, again, a signature ( - , +, +, +) is used. 

30. Nothing of importance in what follows depends upon this. Thus we might equally well 
have defined vectors with equal I length 2 i as congru ent. 

31. More precisely, let V(V,~) be the theory of Minkowski 'metric vector spaces forrn11 · 
lated so as to contain both <. > and N (interpreted as 'Minkowski inner product' and 'null 
vector,' respectively) as primitives. Statement (1) above will now be a theorem of T(\/;j, ) 
showing the definability of Nin terms of :S_,_2-. The construction to come shows the deFi nahil 
itv of<.> (under to an arbitrary constant) in terms of N. 

. 32. For generality's sake, a Minkowski space-time is here defined as a four-dim e nsio1 111 I 
differential manifold M, together with a metric tensor field 1) on M, such that th en ' is 11 
coordinate system {x"j on M onto R' in which the components of 1) are everywhere diag ( - 1, 
1, 1, 1). 

33. More precisely: TC = elf. {h I h: M--> M , ha bijection . and fiir all 1' 1, <' 2 , <' a E M, 
TB(e1> e2 , e3) iff TB(h(e 1), h(e 2), h(e:i))}; similarly for CG . 

34. PG is often called the "inhomogeneous Lorentz group." T he Lorl'nlz groups 11 1•11 
subgroups of PG, each consisting of rotations aho11t a given 1)oiut. By virt1"' ol' tli;1 
homogeneity of Minkowski space-time, these groups are isomorphic , IH-'Ul'l' 1/1" Lo1'!· 11l l, 
group. 

35. For more discussion of the relationship between si111ilarilil's :111d is11111 .. 1rl1·s Ill 
geometry, see Wey! (1949), section 14; and Fre udenthal and lla111 ·r ( lfJ71I). ·""·ti1111 22. 

36. A magnification of M with center" and ratio r (r 'i= 0) 1n:iy I,.. ddi11<'d :is a ldj l'l'll 1111 
mapping of M onto itself which ( I) has t•xactly on " fixl'd p11i11I '" :11111 (2) 111ap .s 1'' '"")' 11 111111• 
point e' onto the "tip" of vector k(e-:-'7"). For a prl't-i.s" :1cc111111I . S<'<' S11:ipp1·r 11ud 'l'l'll •ii 
(1971), section 11. 

37. For an acc:o11ut ol' Padoa"s lllt'lliod . -"''' l\1·111 ( l\Hi2). 
38. It sho11ld J,,. 11111 .. d 111.11 " "'I' a d1 ·li11ili1111 """"""I.' 11111)· i11 s111 1"' "' 11 11 11 11 1t · »1ill l1 ·l" 11ll \I 
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homogeneous to have enough isorne tri es to " move" all congrue nt pairs onto each othe r 
(paiiwise free mobility). This property is som etimes called (Birkhoff, 1944) "two-point 
homogeneity. " Euclidean , h yperbolic, and sphe1ieal spaces all possess this property. The 
cylinder is a simple example of a fl at space which does not . Nor do Riemannian and semi
Riemannian spaces of variable curvature. However, all real affine metri c spaces , and hence 
Minkowski sp ace, are two-point hrnogeneous. See Appendix A for a proof of this; also th e 
discussion late r in this section. 

39. In group-theore ti c terms, the similarity group is the normalizer of the isometry group 
(cf. Wey!, 1949, section 14) . 

40. Thus cons ider a E uclidean plane <E, g> , with{!. a Euclidean metric tensor fi eld on E. 
Let A and B be two nearby point-pairs which are congruent (accord ing to b.oth defi nitions) in 
<E, g>. Now choose a new rnetiic tensor g' so as to agree with{!. on a poss ibly quite "large" 
conn~cted region U contai ning A and B, yet have g' place a single "bump" in E - U 
somewh e re. Isome tri cs of <E , g' > must now map the bump onto itself, and thus th e re may 
he none which also map A onto B. 

41. The theorem, mention ed above , is tha t all (nonsi ngular) real affine metric spaces are 
two-point homogeneous. A proof is given in Appendix A below. 

42. For definitions, see the accoun t in Snapper and Troyer (1971). 
43 . A symmetry of Md is defined as a re fl ection of Mrl about a fi xed hypersurface (d 

I-dimensional subspace) of Md. See Snapper and Troyer (1971), pp. 219, 386. 
44. Professor L. Janos, University of Montana, has pointed out that the involutions of 

EPG could be used in place of TF(Sim), since eve ry such involution is an isomet ry and a 
symmetry. 

45. See the work of Bachman fo r a group-theoretic approach to th e classical geome tries , 
<'specially Bachman, Pejas, Wolff, and Baue r (1974). 

46., Lest this judgme nt seem overly harsh , it should b e noted that Robb's initial confi
dence in the causal theory seems to have been based on the unwarranted conviction that 
scientifi c reali sm alone demanded th e truth of the causal theory! (Robb , 1921, p. v. ff.) 

47. In his footn ote commenting on Axiom II , 1 he writes: "Th ere are singular cases in 
which this axiom does not hold; cf. the example on p. 80. Axiom II , 2 , however , holds 
without exception. This fact indicates a fundam ental difference between th e two axioms." 
(1969, p. 31 , note 9). 

48. Pe rhaps the best example of the method is its application to the conventionality of 
simultaneity within the inerti al fram es of special relativity. F or recent analyses , see Griin
lia 11m (1969) , Salmon (1969), Winnie (1970), and th e critical article by Friedman in this 
, ·ol111ne. 

49. An analysis of length-contracti on and time-dilation in special relati vity which elim i
J111fes simultaneity conve ntions is give n in Winnie (forthcoming). 

50. Cf. Griinbaum (1968), chap. 3 , par . 2. 9, 2.10; Griinbaum (1973), chap. 16, is a more 
1 "'"·n t and detailed account. 

!5 I. "Relation " is here used in the broad sense to include functors , sets of re lations proper 
11 11 M , etc. 

!52. Symmetry groups are explai ned more fully in section VII above . 
;,:). In the gene ral context of semi-Rie mannian spaces , h is homothetic or a similarity of 

(1\/ . g) iff/i ''(g) = kg (k = constant) , where h is the differential ofmaph (cf. Hicks, 1971 , pp. 
! I . 7:l). Similarities preserve arc length up to a constant factor. 

!).I_ See section IV, p . 45 above for a rough characterization of thi s condition and a 
11 ·1'1 ·n · 11 ce. 

;,;, Cf. Hawking, King , and McCarth y, Orange Aid Preprint, OAP-405 (1975), or David 
~ l :i l:111H'11l 's diss ertation referred to in th e next note . 

'."1!i. For an exce lle nt critical Slll'Vl')' of these constructions , see Griinbaum (1973, chap . 
c '. ~ ) . For so111" additional rl's11lts alou).( 1lwse lines, see chap . 3 of David Malament's (Rocke
l1 ·ll1 ·r ( I 11iv1 ·rsi ty) doctoral di sst' rlalit111 ( 1\J75). 

;,7, S11d1 !'ast'S and otl1"'"" :on · d is"11ss1· tl l'""t'lratingly and in dt'lail by Adolf'Griinba11m in 
111 •1 1·onl ri lu11io11 to llli s vol111111 " 
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58. For th e basic theory and rel evant results , see, e .g., R. Geroch, "Topology in Ge neral 
Relativity ," ]011nwl of Math ematical Physics 8, no. 4 (1967):782-786. 

59. I am indebted to Professor John Ewing, Department of Mathematics, Indiana U nive r
sity, for helpful comments. 

60. It is assumed that, hy definition, all Lorentz space-times are connected. 
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